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Abstract
Recent developments indicate the possibility to obtain compact reduced order models for systems with many
inputs by Krylov subspace techniques. Therefore, this paper looks into the possibility of applying these
reduced order models for the numerical assembly of a structure consisting of unit cells with dynamic sub-
structuring methods. The proposed strategy consists of two steps: First the unit cell is reduced by using the
aforementioned Krylov subspace technique, where the inputs are defined as the interface degrees of freedom.
Then, these reduced unit cells are combined by a dual assembly technique to arrive at the numerical model
of the full structure. This model is then reduced for a second time with Krylov based model order reduction.
Several strategies for the assembly of the reduced basis on unit cell level are shown. The performance of the
several reduction strategies are compared, and show that the resulting reduced order models are very accurate
and compact.

1 Introduction

Structures that are based on Unit Cells (UCs), such as meta-materials [1, 2], are commonly modeled with the
assumption that the UCs are extended to infinity, by using Bloch’s theorem [3]. However, in real applications
the amount of UCs is always limited and therefore it is necessary to perform additional simulations with only
a limited amount of UCs and realistic boundary conditions to evaluate the real performance of the structure.
Depending on the complexity of the problem, these additional calculations can be quite expensive.

The dynamic analysis of finite structures based on a repetition of UCs can be done efficiently with substruc-
turing methods [4]. When substructuring methods are used in a Finite Element (FE) model, they allow both
for a straightforward assembly that can be specified by the end user and they can lead to a gain in computa-
tional efficiency when they are combined with Model Order Reduction (MOR) techniques, since the UC is
reduced in size before assembly. Furthermore, by using parametric MOR (pMOR) [5], the end user can even
retain parametric dependencies in the Reduced Order Model (ROM), thus providing a powerful design tool
for periodic structures with fluctuations in the UC properties.

The most commonly used MOR techniques in a substructuring context are modal based methods, also known
as Component Mode Synthesis (CMS). In particular, the Craig-Bampton method is well known and widely
used [6]. When no damping is present, modal analysis leads to a set of decoupled equations that can be redu-
ced by truncating the eigenvalues and corresponding eigenvectors at a user set threshold. The combination
of decoupled equations and small system sizes can make it possible to solve the resulting system effecti-
vely, even when a large amount of substructures are present. A known disadvantage of using modal analysis
to reduce the system is that the method lacks accuracy, because it does not take into account input/output
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information.

Recently, other MOR methods are gaining popularity, namely Balanced Truncation [7], Proper Orthogonal
Decomposition [8, 9] and Krylov based MOR [10]. In contrast to modal reduction methods, these schemes
are based on preserving the input/output behavior of the system. This naturally leads to the question of their
performance in a substructuring context. In [11] it has been shown that the reduced basis resulting from
these newer MOR techniques can effectively act as an replacement of the eigenmodes in the Craig-Bampton
scheme, although they mention that Krylov based methods might not be the most effective, due the growth
in model size as function of the amount of inputs. In fact, in the worst case the model size increases linearly
with the amount of inputs, meaning that for a large amount of inputs, there would be no reduction [11, 12].

Recently, it has been shown that in most cases this increase in system size is not necessary to obtain a
good ROM and can be kept moderate by either tangential interpolation techniques [13] or by combining
block second order Krylov techniques with an a-posteriori Singular Value Decomposition (SVD) [14, 15].
Therefore, in this paper it is opted to use the algorithm presented in [14] for MOR on a unit cell. Several
methods to effectively reduce the UC are detailed in Sec. 2. Since the assembly of unit cells again leads to
an increase in model size, a second MOR step is done to reduce the assembled system of reduced unit cells.
Therefore, different procedures to assemble the reduction basis are compared in Sec. 3. Due to the specific
shape of the assembled system matrices, the Arnoldi procedure can be calculated by mainly performing
operations on UC level and on the coupling matrices, leading to a very efficient reduction procedure, as has
been shown in Sec. 4.1. The paper concludes with a numerical example that shows the effectiveness of the
chosen strategy in Sec. 5.

2 Model order reduction of the UCs

The first step of the proposed strategy for efficient but accurate MOR of combined UCs is the reduction of
the UC itself. With most existing methods, like Craig-Bampton, the boundaries and inner nodes are treated
separately when the reduction step is performed. We will show several strategies, of which some of them
also explicitly split the boundary nodes and the inner nodes in the reduction step, while others do not separate
them. Firstly, a strategy is proposed that does not require the separation between internal and external nodes.
This strategy is straightforward to implement and leads to the smallest reduction basis of all the methods that
are shown in this section. However, it leads to fully populated coupling matrices when the substructures are
coupled. Secondly, a Krylov/Craig-Bampton hybrid, as proposed in [11] is evaluated. The explicit inclusion
of the interface DOFs leads to a larger ROM, but also leads to sparsely populated coupling matrices. The
final strategy is based on a split basis approach: The resulting reduced basis is shown to be the same as
the combined Krylov/Craig-Bampton basis, but without the coupling matrix. This leads to a more memory
efficient implementation, while the accuracy is retained.

2.1 Krylov based model order reduction

The Krylov based MOR techniques are based on a concept called moment matching. They aim to match the
transfer function of the Full Order Model (FOM) around an expansion point (or shift) σ by applying a power
series of the following form:

h(s) = µ0 + µ1(s− σ) + µ2(σ − s)2 + · · · =
∞∑

j=1

(s− σ)j−1µj−1, (1)

in which µi is the i-th moment. The explicit calculation of these moments is known to have numerical issues
[16]. It can be shown however, that the reduced order model resulting from a Krylov subspace implicitly
matches these moments [10]. For a second order system of the following form
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Mẍ(t) +Cẋ(t) +Kx(t) = Fu(t), (2)

the input second order Krylov subspace is defined as follows:

Kr = (A1,A2, b) = span {p0,p1, · · · ,pr} , (3)

with

A1 = −(K+ sC+ s2M)−1(C+ 2sM), (4)

A2 = −(K+ sC+ s2M)−1M, (5)

b = −(K+ sC+ s2M)−1F . (6)

The reduced bases V that span these Krylov subspaces can be calculated with an efficient numerical pro-
cedure, called the Second Order Arnoldi SOAR algorithm [17]. The resulting ROM for a reduced basis
V ∈ Cn×r is then calculated as follows:

Mr = VHMV, Kr = VHKV, (7)

Cr = VHCV, Fr = VHF, (8)

Lr = LV, x = Vxr, (9)

resulting in

Mrẍr(t) +Crẋr(t) +Kxr(t) = F ru(t), (10)

yr = Lrxr. (11)

Several strategies for calculating V are compared in the following sections.

2.2 Strategy I: MIMO Krylov

The first strategy builds up a reduction basis by running a MIMO reduction scheme on the full UC, and
considers all the interface DOFs as extra inputs. The system that is reduced by the scheme proposed in [14]
is defined as follows (shown here in the time domain, but also valid in the frequency domain. assuming that
all the matrices are frequency independent):

[
Mii Mib

Mbi Mbb

]

︸ ︷︷ ︸
MUC

[
ẍi

ẍb

]

︸ ︷︷ ︸
ẍUC

+

[
Cii Cib

Cbi Cbb

]

︸ ︷︷ ︸
CUC

[
ẋi

ẋb

]

︸ ︷︷ ︸
ẋUC

+

[
Kii Kib

Kbi Kbb

]

︸ ︷︷ ︸
KUC

[
xi

xb

]

︸ ︷︷ ︸
xUC

=

[
Fi

Gi

]

︸ ︷︷ ︸
FUC

. (12)

The subscript ()ii defines the interior DOFs, ()bb are the boundary DOFs, and ()ib, ()bi describe the coupling
between the two. The reduction is performed on the full system matrices MUC , CUC and KUC , using the
algorithm in [14], but with a slightly different error estimate: To take into account the relative importance of
the interfaces, the estimated relative error is calculated by summing contributions of all the inputs at a few
output locations. Thus, if an input does not contribute significantly to the output, it is seen as less important.
The resulting reduced basis Vkr,UC is directly used in the substructuring approach in Sec. 3. As stated
before, this approach leads to the smallest ROMs, but a disadvantage of this strategy is that the coupling
matrices of the substructures are not sparse anymore after reduction, leading to an increase in memory usage
and computational effort when many interfaces are present.
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2.3 strategy II: Craig-Bampton like basis with Krylov vectors

The second strategy uses a Craig-Bampton inspired method to calculate the reduction basis, with the diffe-
rence that no modes are considered, but Krylov vectors. This approach has been previously described in [11].
Consider a partioning of the system matrices, as shown in Eq. (12). Then, the reduction basis according to
Craig-Bampton has the following form:

VCB,UC =

[
Vi K−1ii Kib

0 I

]
. (13)

The basis consists of a part resulting from static condensation K−1ii Kib and a dynamic part (Vi). As is shown
in [18] the reduction basis for the dynamic part can be calculated by using the following system (the damping
is neglected):

Miiẍi +Kiixi =
[
Fi −(Mib +MiiK

−1
ii Kib)

]
︸ ︷︷ ︸

F̃i

[
u
ẍb

]
(14)

making it possible to perform Krylov subspace reduction, even when no inputs are present. This equation
is derived by applying the Craig-Bampton based reduced basis in Eq. (13) to Eq. (12), and noting that the
terms related to the stiffness coupling forces are zero. The disadvantage of the reduction basis in Eq. (13) as
compared to strategy I is that the size of the ROMs is almost doubled. Since the inputs due to the interface
connections are still present on the right hand side, the size of Vi will be almost the same as V, while the
explicit addition of the boundary DOFs will lead to an increase of DOFs proportional to the boundary DOFs.
On the other hand, the sparsity pattern of the coupling matrices is retained, while the previous strategy leads
to fully populated coupling matrices.

2.4 strategy III: Split Krylov reduction basis

Another possibility to split the interior DOFs and the exterior DOFs is to use a split basis approach. Starting
from the reduced basis given in Sec. 2.2, the reduced basis is rewritten as follows:

VUC =

[
Vi

Vb

]
. (15)

Then, the reduced basis is split as follows:

Vsplit,UC =

[
orth(Vi) 0

0 orth(Vb)

]
. (16)

In practice, the matrix orth(Vb) rarely contains less columns that rows, meaning that the subdomain relating
to the boundary DOFs is not reduced. This means that this matrix can be replaced by an identity matrix,
without any loss of accuracy. Thus, the resulting reduced basis is given by

Vsplit,UC =

[
orth(Vi) 0

0 I

]
. (17)

Comparison to the reduced basis in Eq. (13) leads to the conclusion that the addition of the static condensation
information is not necessary in the context of Krylov based MOR. This statement will be further validated in
Sec. 5.
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2.5 Interface reduction

When a large amount of inputs are considered, it might be interesting to reduce the amount of DOFs that
represent the interface. This corresponds to the case that the matrix orth(Vb) in Eq. (16) has less columns
than rows. This could be achieved by applying an SVD on the reduced basis corresponding to the interface,
and only retaining the most significant left-singular vectors as new projection basis, which is a similar stra-
tegy to [14]. Another possibility is to already reduce the inputs a-priori, as is suggested by [18]. In the rest
of the paper interface reduction will not be considered.

3 Substructuring approach

The substructuring approach that we follow is based on a dual formulation and is described in [4]. This
formulation is chosen, because it preserves the sparsity of the system matrices, making an efficient second
reduction step possible. The technique will be explained shortly in the following section. Assume that we
have n substructures of which we know the reduced basis V(i), i = 1 : n, for example by the methods
described in the previous section. The reduced bases are put on the diagonals of an assembled reduced basis
V:

V = diag
(
V(1), . . . ,V(n)

)
. (18)

This leads to a reduced state vector x̂, with x ≈ Vx̂. The UCs are coupled by a connecting force matrix G
on the interfaces between the domains. Additionally, the external forces that are not related to the interfaces
are captured in matrix F . The system matrices then are

M = diag
(
M(1), . . . ,M(n)

)
, (19)

C = diag
(
C(1), . . . ,C(n)

)
, (20)

K = diag
(
K(1), . . . ,K(n)

)
. (21)

The fully assembled system can be written as

M̂x̂+ Ĉx̂+ K̂x̂ = F̂+ Ĝ, (22)

with

M̂ = VHMV,

Ĉ = VHCV,

K̂ = VHKV,

F̂ = VHF ,

Ĝ = VHG. (23)

To couple the substructures, compatibility conditions are introduced in matrix B that conform to the follo-
wing condition
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Figure 1: MOR strategy.

Bu = 0 (24)

B̂û = 0. (25)

The matrix B is a Boolean matrix that describes the matching of the interface DOFs such that the displa-
cements in the coupled DOFs is the same. A dual assembly is considered, thus the interface forces are
described as follows

G = −BTλ, (26)

where λ is the vector of Lagrange multipliers that represent the intensity of the interface forces. This allows
us to write the assembled system in the following form:

[
M̂ 0
0 0

]

︸ ︷︷ ︸
M̂d

[
¨̂x
λ

]

︸︷︷︸
ẍd

+

[
Ĉ 0
0 0

]

︸ ︷︷ ︸
Ĉd

[
˙̂x
λ

]

︸︷︷︸
ẋd

+

[
K̂ B̂

B̂T 0

]

︸ ︷︷ ︸
K̂d

[
x̂
λ

]

︸︷︷︸
x̂d

=

[
F̂
0

]

︸︷︷︸
F̂d

, (27)

which is then reduced in the second MOR step.

4 Resulting MOR strategy

The resulting algorithm has been shown schematically in Fig. 1. It can be seen that two MOR steps are
performed: One on the UC before assembly and one on the fully assembled structure. The second step is
performed with an automatic Krylov reduction algorithm for single inputs, as shown in [19].

4.1 Efficient implementation of the Arnoldi step in the second ROM

When a large amount of substructures are coupled, it is straightforward to see that the system matrices in Eq.
(27) can still become quite large. Since an LU-decomposition is performed at the beginning of the Arnoldi
procedure to calculate the starting vector on which moment matching is applied, this step could use a large
amount of memory. Fortunately, the specific structure allows to rewrite the system in blocks following the
strategy in [20]. Considering that the dynamic system matrix for a certain frequency ω = 2πf is of the
following form:

K̂dyn,d =

[
Kdyn B̂

B̂T 0

]
, (28)

with

Kdyn = −ω2M̂+ jωĈ+ K̂. (29)
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Properties Symbol Value
Young’s modulus shell E1 69e9 Pa

Density shell ρ1 2700 kg/m3

Poisson’s ratio shell ν1 0.33
Thickness shell t1 0.001 m

Young’s modulus solid E2 4.85e9 Pa
Density solid ρ2 1185 kg/m3

Poisson’s ratio solid ν2 0.31

Table 1: Physical properties of the UC.

It is then possible to solve Eq. (27) in two steps, namely

x̂ = K̂−1dyn(F− B̂λ), (30)

and

(−B̂T K̂−1B̂)λ = −B̂T K̂−1dynF. (31)

Since the matrix K̂dyn consists of blocks that are uncoupled, the inverse or LU-decomposition of this matrix
can be calculated block-wise. This not only leads to a reduction in the used memory, but also gives the option
to calculate x̂ for the several UCs in parallel. As can be seen in Eqs. (30), (31), the full coupling matrices B̂
are still present. This shows the importance of choosing the correct reduced basis on UC level to have the
proper balance between memory usage on one hand and small system size on the other hand.

4.2 Obtaining the Frequency Response Function

After the second MOR step is performed, the system response is calculated. Since the system has been
reduced in two steps, also two steps have to be performed to return to the Full Order Model (FOM) response.
Firstly, the system is solved for x̂d(ω) and the response is calculated at every generalized output point ŷd(ω)
by

ŷd(ω) = IdVdx̂d(ω), (32)

in which Id is an identity matrix. Then, the response of the FOM is obtained by using the reduced basis in
Eq. (18), as follows

y(ω) = lVŷd(ω), (33)

in which l is a vector that indicates the position of the desired output point. Since V is a block diagonal
matrix, Eq. (33) only has to be calculated for the relevant UC, thus the explicit construction of V is not
necessary.

5 Numerical results

To validate the numerical accuracy of the given methodology, a metamaterial assembly of 5 by 3 UCs is
considered, see Fig. 2. The size of the assembly is kept moderate, since it allows for a comparison of the
solution to the full order model in a relatively short time frame. The UC consists of shell elements on the
base and a resonator modeled with solid elements, both with linear shape functions. The material properties
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Figure 2: Dimensions of the UC in m (left hand side) and the assembly of the UCs (right hand side). Also
the locations of the force and the output for the FRF comparison are indicated in red.

of both are shown in Table 1. The assembly is excited by a point force of 1 N on the top left UC, and
the Frequency Response Function (FRF) is evaluated on the bottom right UC: Both points are indicated in
Fig. 2. The initial UC is reduced with the algorithm explained in [14] such that the relative error on the
sum of FRFs is below 1e − 3 from 1 to 1500 Hz. The inclusion of all the interface DOFs as input forces
leads to a total of 311 inputs. As a comparison, also the model was reduced by skipping reduction step 1,
thus directly assembling the full UC matrices and reducing it once. This leads to the following ROM sizes:
Vkr,UC ∈ C2178×396, VCB,UC ∈ C2178×815, and Vsplit,UC ∈ C2178×706. Thus, as stated before, strategy
I gives the smallest reduced basis, and the Craig-Bampton inspired reduced basis is the largest. The second
reduction step is performed with a relative error estimate that should be below 1e − 5. After the second
reduction step, the ROMs are compared in accuracy and size by using the FOM as reference.

In Fig. 3 the FRFs and the relative error are plotted for the reduced models, resulting from the proposed
reduced bases. It can be seen that they all give a very accurate result over the full desired frequency range.
The second reduced basis has the following sizes for the different strategies: Vd,kr ∈ C7750×55, Vd,CB ∈
C18645×67 and Vd,split ∈ C12360×78, and Vd,one ∈ C34440×51 (which is the reduced basis resulting from
skipping the first reduction step). Furthermore, the sparsity Kd for the different formulations are shown in
Fig. 4. It has to be noted here that the block matrices on the diagonals of the ROM resulting from step one
can be diagonalized by eigenvalue decomposition, under the assumption that the matrices are symmetric and
no (or proportional) damping is applied. This has been demonstrated as a special case in Fig. 4. It can be seen
that the split basis strategy, in combination with diagonalization, leads to a matrix that is relatively sparse,
while the direct application of Krylov reduction on the UC leads to a less sparse matrix, which on the other
hand is of smaller size.

Since the resulting assembled matrices are quite large, the most efficient method for this specific problem,
both from a memory standpoint, speed of reduction and final model size, is the one step Krylov reduction
method. It is expected that the proposed two step strategy will be more successful when the amount of DOFs
on the edge is significantly less in comparison to the rest of the model, due to the dependence of the Krylov
reduction bases on the amount of inputs. This would happen when the UC has a more complex shape, thus
more inner DOFs. Furthermore, this can be achieved by re-meshing the problem, so that there are less DOFs
at the edge, or by applying an interface reduction technique that reduces the inputs, such as SVDMOR [18].
Another observation that can be made is that the addition of the static condensation term in the reduced basis
is not required to arrive at an efficient ROM.
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Figure 3: Reduction error with the several reduced bases.

6 Conclusions

Recent developments have demonstrated how to build a compact reduced basis for dynamic systems with
many inputs, by using Krylov subspace projection. This paves the way to new applications, such as reduced
order modeling of structures resulting from the substructuring of unit cells, which are traditionally done by
techniques with a modal basis, such as Craig-Bampton. The advantage of Krylov methods over methods such
as Craig-Bampton, is that the resulting ROM has more accurate input/output behavior. Also, the addition of
damping to the system is quite straightforward.

A two stage reduction method is described, that first reduces the size of the UC, and then applies MOR
on the fully assembled system with the reduced order system matrices of step I. Several ways to formulate
the reduced basis are shown and compared from both a performance and computational perspective. It is
shown that the static condensation term in the reduction basis, such as is done with Craig-Bampton, is not
required to arrive at an accurate ROM. Furthermore, it is shown that, although the splitting of the basis leads
to larger ROMs, the sparsity in the coupling matrices is preserved, which might be desirable from a memory
perspective.

Further steps are devoted to a more in-depth analysis of the efficiency of the several implementations. Also,
the need of the first MOR step will be investigated, since it was observed that the preservation of sparsity
might be more important than the reduction of the UCs for both memory efficiency and calculation complex-
ity. Due to the dependency of the Krylov subspace on the input size, also interface reduction techniques will
be investigated. Another interesting future research topic is the addition of parametric model order reduction
for the modeling of fluctuations in the UCs, such as they often occur in the assembly/production process.
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Figure 4: Sparsity of Kd before second reduction step. The number of non-zero terms is indicated with nz.
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