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Abstract
The motion of autonomous nonlinear non-conservative mechanical systems is in general non-periodic which
contradicts the computation of their nonlinear modes as natural periodic solutions. Utilizing the harmonic
balance method (HBM) two approaches for nonlinear mode computation of non-conservative systems exist
- the damped motion concept (DMC) and the extended periodic motion concept (E-PMC). Each nonlinear
mode computed using one of these methods is then described by its frequency, damping, the harmonics,
and the corresponding phase angles of each degree of freedom as functions of the generalized amplitude.
Applying averaging methods transient system responses of the system can be efficiently computed regarding
one nonlinear mode. In this work differences between the damped motion concept and the extended periodic
motion concept as well as corresponding results will be addressed.

1 Introduction

For autonomous nonlinear mechanical systems periodic solutions exist like the normal modes of autonomous
linear mechanical systems. One major difference between these nonlinear modes and their linear counterpart
is that they may not be designated normal as they may not be described by a set of vectors that span an ortho-
normal base in the state-space of the systems displacements. For this reason it is impossible to perform a
modal reduction of a nonlinear mechanical system using the corresponding nonlinear modes. A common
property of normal modes and nonlinear modes is that for weakly damped systems the system response
shows maxima in the regions of the modes of the corresponding systems, although for nonlinear modes
the frequency of the corresponding periodic motion usually depends on the amplitude of the vibration. In
general the motion of autonomous damped systems is not periodic, so for linear systems normal modes are
computed for the underlying conservative system first and damping will be added afterwards. For general
nonlinear systems there is no counterpart for this procedure as the underlying conservative system might be
linear, so that the corresponding normal modes had to be expanded by nonlinear damping which contradicts
to the existence of normal modes. To overcome this conflict and compute periodic solutions for damped
nonlinear mechanical systems two methods based on harmonic balance exist – the damped motion concept
and the extended periodic motion concept — which are also suitable for non-modal damped linear systems.
Using one of these methods the nonlinear modes of damped nonlinear systems can be computed. Existing
averaging methods like the decomposition of the systems dynamics into its slow and fast dynamics might be
applied to this description of a damped nonlinear mode to efficiently compute stationary or transient system
responses. The focus of this work is on the differences between the methods to compute nonlinear modes
for non-conservative nonlinear systems. Computational effort or certain phenomena occurring at nonlinear
modes are not adressed.
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2 Modes of nonlinear systems

Linear dynamic systems can be analyzed by their vibration eigenmodes. These modes are obtained by a
modal analysis of the undamped and unforced conservative equation of motion where every mode is char-
acterized by a synchronous motion of all material points. Rosenberg [1] proposed a similar definition for
nonlinear conservative systems. All material points of a nonlinear mode should reach simultaneously their
maximum and zero displacement, respectively. In contrast to the linear case, Rosenberg’s idea of nonlinear
modes includes an energy-dependent relationship between displacements of material points to each other.
Kerschen et al. [2] adapted Rosenberg’s synchronous motion condition by a nonnecessarily synchronous
motion condition to consider internal resonances. At high energy levels free vibrations of nonlinear conser-
vative systems can exhibit different frequencies within one structure. One material point can e.g. vibrate
with a multiple of the frequency of another point. The overall motion at these internal resonances is still
periodic and allows for numerical approximation methods developed for finding periodic solutions.

The general equation of motion of a nonlinear autonomous system reads

M~̈x+ C~̇x+K~x+ ~fnl(~̇x, ~x) = ~0 (1)

with the structural matrices M,C and K of the underlying linear system and the nonlinear forces gathered
in ~fnl(~̇x, ~x). Rosenberg’s definiton is not compatible with non-conservative nonlinearities which are buried
in the nonlinear force vector and cannot be switched off for a separate analysis like linear damping. Periodic
solutions to eq. 1 only exist either for the undamped system with conservative nonlinearity or for limit cycles
of self-excited systems where self-excitation and damping are cancelling each other out.

Given that a periodic solution exists it can be computed by the HBM. The motion is approximated by a
fourier series of the form

~x(t) =

N∑

n=−N
~̂xnejnωt (2)

using a truncated set of N harmonics with fourier coefficients ~̂xn. Inserting eq. 2 into eq. 1 and balancing out
the harmonic components yields a system of nonlinear equations for each harmonic n

(
−(nω)2M + jnωC +K

)
~̂xn + ~̂FAFT,n(~̂x(−N...N)) = ~0 ; n = −N, ..., N . (3)

The nonlinear forces are assumed to be periodic and can be evaluated by the alternating frequency time
method (AFT) [3]. Within the AFT-procedure the nonlinear signal is computed in the time domain and its
harmonic content is extracted by the fourier transform. In the following the general form in eq. 3 representing
multiple degree of freedom (MDOF) systems is reduced to the single degree of freedom (SDOF) case

(
−(nω)2m+ jnωc+ k

)
x̂n + F̂AFT,n(x̂(−N...N)) = 0 ; n = −N, ..., N . (4)

The SDOF equation retains all necessary information and raises the possibility of describing each nonlinear
equation by its complex pointer representation.

2.1 Conservative Systems

In the case of pure conservative systems there is no linear damping and nonlinear forces are not dissipative.
Eq. 4 turns into

(
−(nω)2m+ k

)
x̂n + F̂AFT,n(x̂(−N...N)) = 0 ; n = −N, ..., N (5)

and fig. 1 (a) shows the corresponding complex pointer diagram. For each harmonic component of the ap-
proximation the nonlinear amplitude F̂AFT,n is balanced by the system dynamics. The oscillation frequency
ω generally changes with the energy level of the system.
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Figure 1: Complex pointer diagrams of the SDOF system; (a) harmonic component of a conservative nonlin-
ear system; (b) linear system with external excitation; (c) linear system with external excitation in resonance;
(d) self-excited linear system; (e) harmonic component (n > 0) of self-excited nonlinear system (extended
periodic motion concept)

2.2 Non-conservative Systems

Non-conservative systems do not vibrate in a periodic manner by their own. If the nonlinearity has a dis-
sipative character energy is reduced during vibratory motion. When nonlinear damping is neglected the
computed modes of the conservative nonlinear system are in general not suitable to describe the dynamics
of the non-conservative system. To overcome this restriction in the computation of nonlinear modes two
approaches have been developed, the extended periodic motion concept [4] and the damped motion concept
[5], which is also known as complex modes. Both existing approaches will be derived and compared in this
work.

2.2.1 Extension of the Periodic Motion Concept - Linear SDOF System

Starting with a linear SDOF system including damping the complex pointer diagram is given in fig. 1 (b).
Due to the damping term the chain of pointers is expanded into the complex plane and can only be closed by
an external force to realize periodic motion. The corresponding equation is given by

(
−ω2m+ jωc+ k

)
x̂ = F̂ ejϕ . (6)

The disadvantage in using an external signal F (t) = F̂ ej(Ωt+ϕ) for enforcing periodic motion is that the
resulting vibration frequency ω always equals the imposed excitation frequency Ω. The solution is not
connected to the dynamic of the autonomous system. However, in resonance when ϕ = π

2 and ω = Ω = ω0

a pure imaginary excitation pointer follows. The corresponding complex pointer diagram is shown in fig. 1 (c)
representing the following equation

(
−ω2

0m+ jω0c+ k
)
x̂ = F̂ ejπ

2 = jF̂ (7)
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where the excitation is only working against the damping term. This particular configuration can be achieved
by self-excitation and an appropriated force term proportional to the mass is chosen by F̂ = ω0ξmx̂, cp.
fig. 1 (d). The factor ξ is a measure for balancing the damping term of the linear system and the equation

(
−ω2

0m+ jω0(c− ξm) + k
)
x̂ = 0 (8)

can be solved when c = ξm. The linear damping ratio 2Dω0 = c
m is connected to the factor ξ by

D =
ξ

2ω0
. (9)

2.2.2 Extension of the Periodic Motion Concept - Nonlinear SDOF System

Mass proportional self-excitation as explained in the previous section can be used to calculate periodic so-
lutions of non-conservative nonlinear systems using the HBM. The fourier series approximation yields a
nonlinear system of equations for the harmonic coefficients where nonlinear forces are evaluated by the AFT
method in the time domain. Each harmonic component is obtained by solving the corresponding equation

(
−(nω)2m+ jnω(c− ξm) + k

)
x̂n + F̂AFT,n(x̂(−N...N)) = 0 ; n = −N, ..., N (10)

which can be solved due to the ξm-term. The artificial damping term is the key to calculate the energy
dependent nonlinear eigenfrequency and nonlinear damping. In fig. 1 (e) the corresponding complex pointer
diagram is shown (n > 0). The factor ξ cannot be calculated in advance but is part of the argument of the
harmonic balance residual function. As a result the self-excitation is balancing both the linear and nonlinear
damping of the system. The nonlinear damping can be computed afterwards from the obtained values of ξ
and ω similar to eq. 9. Although the damping ratio D is not defined for nonlinear systems this methodology
provides a way to evaluate the energy dependent damping of nonlinear non-conservative systems.

2.2.3 Extension of the Periodic Motion Concept - Nonlinear MDOF Systems

Considering MDOF systems eq. 10 turns into
(
−(nω)2M + jnω(C − ξM) +K

)
~̂xn + ~̂FAFT,n(~̂x(−N...N)) = ~0 ; n = −N, ..., N . (11)

For each solution the damping ratio is computed from the obtained values of ξ and ω similar to eq. 9 as done
for the SDOF system. In eq. 11 the reason for choosing a mass proportional self-excitation can be seen as
the mass matrix in ξM distributes the artificial damping force over all degrees of freedom. The advantage of
using the mass matrix is that at least one of its entrys is unequal to zero so that the method works even if the
considered system only consists of masses and exclusively nonlinear restoring elements.

2.2.4 Damped Motion Concept - Linear SDOF System

For the damped motion concept a linear SDOF system is considered first. The damped autonomous differ-
ential equation is given by

mẍ+ cẋ+ kx = 0 (12)

and its general solution is composed of a harmonic oscillation with a decay term

x(t) = x̂
e(jω−β)t + e(−jω−β)t

2
. (13)

Inserting eq. 13 into eq. 12 results in two complex algebraic equations for each of the two counter rotating
pointers of eq. 13. Starting at t = 0 the first complex equation reads

(jω − β)2mx̂+ (jω − β)cx̂+ kx̂ = 0 (14)
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Figure 2: Complex pointer diagrams of the damped SDOF system, (a) autonomous linear system (black
arrows), real and imaginary components (blue), with free decay curve; (b) harmonic component (n > 0)
of autonomous nonlinear system (damped motion concept); (c) autonomous linear system (damped motion
concept, restoring force computed with AFT); (d) like previous fig. with phase correction of F̂AFT; (e)
harmonic component (n > 0) with phase correction (phase corrected damped motion concept)

and describes the free decay vibration of a damped SDOF oscillator. The complex pointer diagram in fig. 2 (a)
shows a closed loop of the three components and the free decay curve is added. Attention should be paid to
the fact that ω in eq. 13 is the damped frequency ω =

√
1−D2ω0. From jω− β = j

√
1−D2ω0 −Dω0 the

systems eigenfrequency ω0 and the damping ratio D can be computed depending on ω und β in the form

ω0 =
√
ω2 + β2 , (15)

D =
β√

ω2 + β2
. (16)

2.2.5 Damped Motion Concept - Nonlinear SDOF System

Following eq. 13 the damped motion concept for nonlinear SDOF systems is based on the multiharmonic
ansatz

x(t) =
N∑

n=−N
x̂ne(jnω−|n|β)t . (17)

The solution to the non-conservative system consists of a set of complex pointers for the harmonic com-
ponents each of which describing a free decay curve in the complex plane shown examplarily in fig. 2 (a).
Considering a nonlinear system and applying the harmonic balance method the resulting algebraic system
of equations is solved only for the initial state of the beginning decay motion. The phase angles between
arrows within a chain of complex pointers is the same for each harmonic component. Nonlinear forces are
evaluated again using the AFT method, however the undamped ansatz from eq. 2 is used. This is due to the
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need of periodic functions to perform the Fourier transform [5]. For each harmonic component an equation
of the form

(jnω − |n|β)2mx̂n + (jnω − |n|β)cx̂n + kx̂n + F̂AFT,n(x̂(−N...N)) = 0 ; n = −N, ..., N (18)

is obtained. Components with n > 0 can be illustrated by fig. 2 (b). The complex pointer resulting from
the nonlinear force is added to the chain of pointers of the linear system. With this method even for the
non-conservative nonlinear system a solution can be found, since β causes the needed tilt in the pointers
of the linear components cẋ and mẍ. Eigenfrequency ω0 and damping ratio D are obtained from ω and β
similar to eq. 15 and eq. 16, respectively.

2.2.6 Damped Motion Concept - Nonlinear MDOF System

For multiple DOF systems eq. 18 is changed to

(jnω − |n|β)2M~̂xn + (jnω − |n|β)C~̂xn +K~̂xn + ~̂FAFT,n(~̂x(−N...N)) = ~0 ; n = −N, ..., N . (19)

Here, still eigenfrequency ω0 and damping ratio D can be calculated similar to eq. 15 and eq. 16. If linear
problems with modal damping are considered eq. 19 yields the exact solution to the problem. Furthermore
if linear non modal damped problems are considered eq. 19 still yields solutions with an evaluation of the
present damping as will be shown in the numerical examples. The same holds for eq. 11 and the E-PMC
regarding non modal damped systems.

2.2.7 Phase correction of Damped Motion Concept

The damped motion concept is based on a damped description of the linear part and the conventional eval-
uation of the nonlinear forces within the HBM. This can be a problem with respect to accuracy as shown in
the following.

We consider the following linear SDOF system of the form

mẍ+ frf(ẋ, x) = 0 (20)

whose linear restoring forces are gathered in the force frf(ẋ, x). Even though the system is linear we apply
the damped motion concept and assume a possible nonlinearity in the mixed linear/nonlinear restoring forces.
As a reference solution the same damped motion procedure is applied to the system definition given in eq. 12
where the linear system is defined explicitly and nonlinear forces are zero. Exemplarily, the parameters are
set to m = 1, c = 1 und k = 1. The general description with separate linear and nonlinear parts yields the
correct values ω0 = 1 und D = 0.5 which are found analytically from eq. 14.

However, applying the damped motion concept on the mixed linear/nonlinear restoring force which is purely
linear in this case the HBM approach from eq. 2 yields

(jω − β)2mx̂+ F̂AFT(x̂) = 0 (21)

and fails to cover the correct decay behavior. The resulting components

F̂k = kx̂ ; jF̂c = jωcx̂ (22)

are shown in the diagram in fig. 2 (c). Comparing fig. 2 (c) and fig. 2 (a) makes clear that the component
−βcx̂ is missing which causes incorrect values ω0 = 1.225 und D = 0.408 obtained by the damped motion
concept considering the system definition given in eq. 20. The present definition of the damped motion
concept thus yields different values for ω0 and D depending on whether the non-conservative linear parts are
included in the nonlinear forces and evaluated by the AFT method or described separately from the nonlinear
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forces. We deduce that the computed nonlinear modes of non-conservative nonlinear systems are affected in
the same way and the damped motion concept should be adjusted accordingly.

We propose a phase correction of the complex amplitude obtained from the AFT method. A component
−β
ω F̂c is added to the complex amplitude F̂AFT as follows

F̂ ∗AFT = F̂k + jF̂c · (1 + j
β

ω
) = F̂k + jF̂c −

β

ω
F̂c . (23)

The additional component is aligned in parallel to F̂k, see fig. 2 (d). Consequently, the adjusted version of
the aforementioned mixed linear/nonlinear problem from eq. 21 is given by

(jω − β)2mx̂+ F̂ ∗AFT(x̂) = 0 (24)

and yields the exact values ω0 = 1 and D = 0.5. Fig. 2 (d) shows the corresponding chain of complex
pointers.

As far as higher harmonics are concerned the phase correction needs to be applied to the F̂AFT,n of each
harmonic n individually. We thus obtain an equation for each harmonic given in eq. 18 but with phase
corrected F̂ ∗AFT(x̂). The corresponding complex pointer diagram for harmonic components with n > 0 is
given in fig. 2 (e).

Due to the HBM approximation we are not able to quantify for MDOF systems how the complex amplitudes

of individual DOF’s affect the values of the vector ~̂FAFT,n. The phase correction can still be applied in a first

approximation for each entry in ~̂FAFT,n with respect to the corresponding entry in ~̂xn. The effectiveness of
the phase correction for MDOF systems as explained above can not be estimated yet and is part of ongoing
research.

3 Numerical examples

In the following section numerical examples are presented to show differences and similarities of the ex-
plained methods. To keep it clear each method is abbreviated by E-PMC (extended periodic motion concept),
DMC (damped motion concept), and PC-DMC (phase corrected damped motion concept), respectively.

3.1 Linear two DOF System

In a first example a linear two DOF oscillator is considered which can be solved analytically.

3.1.1 System with Modal Damping

The equation of motion for free vibrations is the known differential equation system

M~̈x+ C~̇x+K~x = ~0 (25)

with the chosen matrices

M =

[
1 0
0 1

]
; C =

[
1 0
0 1

]
; K =

[
4 −3
−3 3

]
. (26)

The structure of the damping matrix is similar to the mass matrix to easily achieve modal damping. We
compare the results of the different methods with the analytical result obtained from the eingenproblem

(
K − ω2

0M
)
~Φ = ~0 . (27)
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In tab. 1 eigenfrequency ω0, damping ratio D, and the entries of the first eigenvector are given. As all of the
considered methods are derived from linear modal analysis they all yield the exact solution for this linear
modal damped problem. Since no AFT evaluation is executed the numerical procedure performed evaluating
the DMC and the PC-DMC are identical. This example is trivial but provides a good reference for the next
test case with mixed linear/nonlinear parts. Similar to eq. 20 the linear stiffness and damping components of
the system description are gathered in the potential nonlinear force vector

M~̈x+ ~frf(~̇x, ~x) = ~0 with ~frf(~̇x, ~x) = C~̇x+K~x . (28)

When the AFT method is applied to the actually linear force vector we end up with the results given in tab. 2.
Like for the SDOF case in section 2.2.7 eigenfrequency and damping values are inaccurate in the DMC
computation even though its a linear problem. However, the eigenvector is computed correctly.

ω0 D Φ1,1 Φ2,1

analytic 0.6772 0.1477 0.6464 0.7630
E-PMC 0.6772 0.1477 0.6464 0.7630

DMC; PC-DMC 0.6772 0.1477 0.6464 0.7630

Table 1: Parameters of first mode of the modal damped linear system computed with different methods
without utilization of the AFT procedure

ω0 D Φ1,1 Φ2,1

analytic 0.6772 0.1477 0.6464 0.7630
E-PMC 0.6772 0.1477 0.6464 0.7630
DMC 0.6918 0.1445 0.6464 0.7630

PC-DMC 0.6772 0.1477 0.6464 0.7630

Table 2: Parameters of first mode of the modal damped linear system computed with different methods
utilizing AFT procedure for restoring forces

3.1.2 System with non modal Damping

The next example is still the linear system given in eq. 25 but with a different damping matrix

M =

[
1 0
0 1

]
; C =

[
0 0
0 1

]
; K =

[
4 −3
−3 3

]
. (29)

The system is characterized by non modal damping which prohibits a modal decoupling and makes the given
problem an interesting test case even though it is linear. An analytical solution is available but it does not
allow for an evaluation of ω0 and D. Results from the E-PMC, DMC, and PC-DMC are presented in tab. 3.
The non-modal damping causes complex valued eigenvectors. In general, nonlinear systems can have non-
modal damping like this as well and it is noteworthy that even when nonlinearities are absent the results vary
with the selected method.

ω0 D Φ1,1 Φ2,1

E-PMC 0.6912 0.4215 0.6460ej0π 0.7634e−j0.036π

DMC; PC-DMC 0.6909 0.4390 0.6272ej0π 0.7789e−j0.032π

Table 3: Parameters of first mode of the non modal damped linear system computed with different methods
without utilization of the AFT procedure
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Figure 3: Friction damped single mass vibrating system

3.2 Nonlinear Systems

Each result of the nonlinear mode computation is represented by an energy dependent eigenfrequency and
modal damping ratio. To be able to condense the energy dependency into only one parameter the fundamental
harmonic denoted by the index ( )h1 of the solution is considered. The generalized amplitude a of the solution
is defined as the ratio between the vector representing the fundamental harmonic ~̂xh1 and its normalization
with respect to the mass matrix ~̂xM,h1

~̂xh1 = a~̂xM,h1 with ~̂xT
M,h1M~̂xM,h1 = 1 . (30)

The solutions of the nonlinear equations are computed utilizing a predictor corrector continuation scheme
with analytically determined jacobian of the residual function.

It should be mentioned that the results presented in the following sections cannot be assessed right or wrong
as the compared parameters eigenfrequency and damping ratio are not defined for nonlinear systems. As
the approaches compared in this work were derived from relations within linear systems they provide these
parameters with similar meaning to characterize nonlinear systems.

3.2.1 Friction Damped SDOF System

The first considered nonlinear system consists of a single vibrating mass with elastic coupling to a dry friction
element. The corresponding set of differential equations of the autonomous system reads

[
m 0
0 0

] [
ẍ
z̈

]
+

[
k1 + k2 −k2

−k2 k2

] [
x
z

]
+

[
0

µFnsgn(ż)

]
= ~0 . (31)

The degree of freedom z describes the displacement of the friction element which is needed as an internal
state of the system ending up in a second line of the set of differential equations. The entrys of the solutions
describing the dynamics of z are a byproduct of the computation and will not be considered. For the compu-
tation of the nonlinear mode of the system the parameters m = 1, k1 = 1, k2 = 3 and µFn = 1 are chosen.
The sgn( ) function is approximated by the differentiable function

sgn(z) ≈ 2

π
atan(1000 · z) . (32)

which allows for a straight forward computation of the analytical Jacobian of the residual function. The
eigenfrequencies ω0 and damping ratios D were computed utilizing the three approaches mentioned before
using 49 harmonincs which were chosen after a convergence study that was carried out in advance. The
results are depicted with respect to the corresponding generalized amplitude a in fig. 4. The amplitude
dependent eigenfrequency of the systems mode in fig. 4 (a) shows the characteristic frequency drop of friction
damped systems with constant eigenfrequencies besides the drop. The results of the E-PMC and the PC-
DMC are in excellent agreement to each other while a slight deviation of the DMC-result is present in
the region of the frequency drop. The damping ratio in fig. 4 (b) shows the characteristic maximum in the
amplitude range of the frequency drop for all the results. The magnitudes of the damping ratios computed
with the different approaches differ from each other while the results are in good agreement apart from that
again.
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Figure 4: (a) Eigenfrequency and (b) damping ratio of friction damped single mass vibrating system over
generalized amplitude computed with different approaches for non conservative nonlinear systems

3.2.2 Van der Pol Oscillator

The second nonlinear system investigated in this work is the self excited Van der Pol oscillator with the
nonlinear differential equation

ẍ+

(
1

10
x2 − 2

5

)
ẋ+ x = 0 . (33)

The corresponding eigenfrequencies and damping ratios computed with the three different approaches are
depicted in fig. 5 over the generalized amplitude using 11 harmonics which were chosen after investigating
the convergence in advance. The qualitative courses of the eigenfrequency curves resulting from the E-
PMC and PC-DMC in fig. 5 (a) are in good agreement again, even if slight deviations are present. The
eigenfrequency computed with the DMC deviates from the others and shows a different qualitative trend.
The damping ratios in fig. 5 (b) are in good agreement for the results of all of the three approaches. Slight
deviations occur for the result of the DMC from the other two results in the amplitude range 1 < a < 6 and
for the result of the PC-DMC from the corresponding other two results in the amplitude range a > 7. A
certain condition is reached for the system at an amplitude level around a = 6.37 where the damping ratio is
zero. This condition describes the limit cycle of the system. As mentioned before in the case of a limit cycle
the system vibrates like a conservative system so that eq. 3 can be solved with the HBM without the need
of extensions for nonconservative systems. For this reason the damping parameters ξ for the E-PMC and β
for the DMC and PC-DMC are zero at this amplitude so that the corresponding numerical problems of the
E-PMC in eq. 11 and the DMC (and corresponding PC-DMC) in eq. 19 degenerate to the classic harmonic
balance problem for autonomous systems in eq. 3. Since the three approaches lead to the same numerical
problem at this amplitude, the results for the eigenfrequencies are the same, too. This can be seen in fig. 5 (a)
where the three curves cross at about a = 6.37.

Although the computational effort is not investigated in this work the authors would like to point out that
the phase correction of the PC-DMC introduced in section 2.2.7 ends up in a significant increase of the
computation time. Furthermore solving the PC-DMC requires increased solution tolerances in some cases to
find a solution at all.
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Figure 5: (a) Eigenfrequency and (b) damping ratio of Van der Pol oscillator over generalized amplitude
computed with different approaches for non conservative nonlinear systems

3.3 Averaged System Response

In section 3.2 the parameters eigenfrequency and damping ratio of nonlinear modes have been compared
for different approaches. Since no reference solution exists it was not possible to assess the quality of the
different results. In the following sections the results for free vibrations of the considered systems determined
from the nonlinear modal parameters from the previous sections will be compared with each other and with a
reference solution computed by time step integration. The computation of the dynamics of nonlinear systems
from parameters of a nonlinear mode is carried out utilizing a slow dynamics decomposition as described in
[6]. For free vibrations the dynamics of the generalized amplitude is given as

ȧ = −D(a)ω0(a)a , (34)

and can be computed utilizing time step integration. With the result of the so called slow dynamics a(t) and
the parameters of the nonlinear mode the fast dynamics of the system can be reconstructed by

x(t) = a(t)
N∑

n=0

[
x̂M,n(a(t)) · cos

(∫ t

0
nω0(a(τ)) dτ + ϕn(a(t))

)]
(35)

with the normalized real amplitudes of the harmonics x̂M,n(a) and their corresponding phase angles ϕn(a).

3.3.1 Friction Damped SDOF System

For the friction damped single mass vibrating system from section 3.2.1 free vibrations have been computed
with the slow dynamics decomposition mentioned in section 3.3 using the nonlinear modal parameters in
fig. 4 and with time step integration of eq. 31 with the approximation of the sgn( ) function in eq. 32 to
provide a reference solution. In fig. 6 (a) the results for free vibration is depicted over time. It can be seen
that the vibration computed from the nonlinear modes are in good agreement with each other and deviate
slightly from the reference solution. The decay at the beginning of the simulation is in good agreement with
the reference solution as well as the doubling of the frequency after the decay. The deviation of the results
computed from the nonlinear modes occure at the end of the decay of the vibration resulting in a phase
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Figure 6: Free decay of friction damped single mass vibrating system, comparison of results of different
computation approaches; (a) displacement over time; (b) phase curve

difference to the reference solution at the end. In fig. 6 (b) the corresponding phase curves are shown. It can
be seen that all of the curves reach the same periodic condition at the end while the decay of the results from
the nonlinear modes are a bit too slow compared to the reference solution. The small differences between the
free vibration results show how comperatively small the effect of the deviations between the damping ratios
in fig. 4 (b) are.

3.3.2 Van der Pol Oscillator

The same comparison as in the previous section was done for the free vibration of the Van der Pol oscillator
and the corresponding modal parameters from fig. 5. The vibration is depicted over time in fig. 7 (a). The
results computed from the nonlinear modes E-PMC and PC-DMC are in good agreement with each other and
with the reference solution. The DMC result deviates in the beginning of the vibration resulting in a phase
difference to the other results when the limit cycle is reached. In fig. 7 (b) the corresponding phase curves
are depicted. It can be seen that the E-PMC und PC-DMC results are in excellent agreement with each other
while they are closer to the reference solution than the DMC result at most of the time until all of the results
reach the same limit cycle.

4 Summary

In this work methods to compute nonlinear modes of non-conservative nonlinear systems within the har-
monic balance method have been addressed. The E-PMC and the DMC have been explained in the complex
plain regarding their corresponding main ideas derived from linear system relations. Investigating linear sys-
tems a deviation of the results yielded by the DMC depending on the linear system formalism was pointed
out and an enhancement in form of a phase correction was proposed, the PC-DMC. The eigenfrequency and
the damping ratio of different linear and nonliner systems provided by the mentioned methods were com-
pared. Investigation of a linear modal damped system showed correct results for the E-PMC and PC-DMC
while the accuracy of the DMC results depend on the linear system formalism. For a linear system with non
modal damping the first eigenfrequency, corresponding damping ratio and eigenvector have been determined
with the different methods. The results slightly differ from each other since the applied methods approximate
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Figure 7: Free vibration of Van der Pol oscillator, comparison of results of different computation approaches;
(a) displacement over time; (b) phase curve

these parameters which are only defined for modal damped linear systems. Two non-conservative nonlin-
ear single mass vibrating systems have been adressed to compare eigenfrequencies and damping ratios of
nonlinear systems obtained by the different methods. For a friction damped single mass vibrating system
the eigenfrequency results from the E-PMC and PC-DMC show the same amplitude dependency while the
result of the DMC slightly differs. The corresponding damping ratios show a similar qualitative behavior.
Investigating a Van der Pol oscillator the eigenfrequencies provided by the E-PMC and PC-DMC show a
similar amplitude dependency while the amplitude dependency of the DMC differs again. The damping
ratios provided by all of the three methods were in good agreement in this case. To be able to compare the
nonlinear modal parameters with a reference solution free vibrations were computed applying a slow- and
fast-dynamics decomposition to the nonlinear modal parameters of the mentioned systems provided by the
different approaches. For the friction damped system the deviations between the free vibrations computed
from the nonliner modal parameters were smaller than their deviation to the reference solution. The free
vibration of the Van der Pol oscillator showed a good agreement of the E-PMC and PC-DMC results and the
reference solution. The free vibration computed from the modal parameters provided by the DMC showed
a slight deviation from the other solutions while all solutions reach the same limit cycle. Concluding the
comparison of the three mentioned methods for computing nonlinear modes for non-conservative nonlinear
systems the authors would prefer the E-PMC as it didn’t show disadvantages compared to the other two
methods. Considering problems where a reference solution was available the DMC showed stronger devi-
ations than the other methods. The introduced PC-DMC showed a reduced deviation to reference solutions
compared to the DMC. However, the disadvantage of the PC-DMC is that the computational effort of its
usage is much higher since the phase correction may cause numerical inaccuracies.
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