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Abstract
This paper deals with vibration of a bladed disk containing internal friction dampers (FD). The disk is
considered as a weakly coupled discrete cyclic structure where the blades are moreover mutually coupled
by means of friction couplings. The global dynamics of the structure is studied. First, two limit cases are
considered: unlocked FD and completely locked FD. Further, the behaviour of the structure is analysed with
respect to time-dependent excitation (external force pulses). Different local behaviour is analysed along with
discontinuity induced bifurcations like crossing-sliding and adding-sliding bifurcations. The stress is laid on
the evaluation of dissipated power in FD per a defined time frame.

1 Introduction

Cyclic structures are commonly used in large number of mechanical and civil engineering applications.
Typically, bladed disks assemblies represent such a system with cyclic symmetry. These structures usually
involve small deviations from the idealized structural models and can show unexpected localized behaviour
in the response of the system [3, 10, 11]. In turbomachinery and in other applications, these structures
are subjected to non-stationary, high-amplitude external excitation which can exhibit unstable behaviour
of the structure considering different bifurcation scenarios [6, 2, 4]. To capture dynamical properties of
the structure more accurately, special reduced-order methods are employed [5, 1]. Such a large structural
models need to be validated using experimental setups. To suppress large amplitude vibrations regimes,
different damping mechanism are employed. Specifically, in turbomachinery, friction couplings by means of
wedge or shrouding dampers are designed and their damping capability is studied in detail [8].

This paper deals with vibration of a bladed disk containing internal friction dampers (FD). The disk is
considered as a weakly coupled discrete cyclic structure where the blades are moreover mutually coupled
by means of friction couplings. The global dynamics of the structure is studied. First, two limit cases are
considered: unlocked FD and completely locked FD. Further, the behaviour of the structure is analysed with
respect to time-dependent excitation (external force pulses). The main goal is to study the behaviour of FD in
dependence on amplitude of normal contact forces and on the shape of the excitation. There appear different
phases of motion with locally either locked or unlocked friction dampers. The stress is laid on the evaluation
of dissipated energy in FD per a defined time frame.

The main contribution of the work lays in the investigation of a cyclic symmetric structure with respect to
resonance dynamical states which are undesirable from operational point of view and which can be sup-
pressed by means of properly designed friction dampers. A case study is performed using a structural and
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experimental data from an experimental set-up of a bladed wheel which has been designed installed at In-
stitute of Thermomechanics of the Czech Academy of Sciences in Prague. All the analyses are performed
using an in-house computational model created in MATLAB based on the developed mathematical models
and corresponding modelling methodology.

2 Problem description

2.1 Motivation

In many engineering applications, especially in turbine bladed disk, the usage of damping elements is nec-
essary. The friction dampers play a significant role and are often used. Their efficiency depends on complex
tuning of the system for a particular application with respect to operational states. For the purpose to analyse
the influence of friction dampers experimentally and to validate different computational models an experi-
mental bladed disk has been designed and manufactured [9], see Fig. 1.

The experimental disk is equipped with thirty prismatic blades. Picture of a design of bladed wheels with
so-called tie-boss couplings and additional weights is shown in Fig. 1. The tie-bosses are shoulders of blades
whose ends are in a contact with shoulders of the neighbouring blades. The ends of the shoulders are cut so
that its areas, i.e. contact areas, are parallel to a direction of the flexural vibration of a single blade.

Because of setting up the pre-stress in the contacts between the tie-bosses of the neighbouring blades, the
tie-bosses were consisted of extensible shoulders screwed with left (right side) and right (left side shoulder)
winding into the suspension bolt that was fixed to the blade by two nuts. By screwing the bolt in the nuts
the shoulders extend simultaneously on both sides. The detail of the tie-boss structure is in Fig. 1, too. Each
blade is fixed to the disk by the system of two small finger consoles. Bottom console is bolted down to the
disk and upper console is bolted to the blade. The consoles are bolted together and their mutual position is
set by angle 45◦ before their bolting together. At the end of the blades an additional mass is bolted to lower
its first flexural eigen-frequency.

Figure 1: Experimental bladed disk
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2.2 Dry friction force modelling

The way how is the dry friction modelled plays a key role in the dynamics which can be excited. The
dry friction coupling allows two modes of motion: sticking and sliding. In the literature, there exist many
approaches (models) which are capable to capture basic properties of the dry friction coupling [7, 2]. The
models differ each other especially by the way how they can capture the sticking and sliding phases of the
motion within the dry friction coupling. Three different models for unidirectional motion are depicted in
Fig. 2.

Figure 2: Friction characteristics

The model in Fig. 2 a can be managed by using the tools of non-smooth mechanics, one can express the
friction coefficient by means of inclusions [2, 4]

f(vrel) ∈




−g(vrel) vrel > 0,
[−fs, fs] vrel = 0,
g(vrel) vrel < 0,

(1)

where g(vrel) is a velocity-dependent function which can reproduce Coulomb and friction effect, vrel is
relative (sliding) velocity. Typically, one can express the velocity-dependent function as [7]

g(vrel) = fd + (fs − fd)e−
( |vrel|
vStribeck

)α
. (2)

The Stribeck velocity vStribeck defines the point at which the steady-state friction force starts decreasing.
The real valued coefficient α has a value between 1 and 2.

The dry friction model (1) cannot be implemented into numerical simulations schemes directly because of
the properties of the inclusion. The corresponding mathematical model of a dynamical systems with dry
friction (1) is then formulated by means of differential inclusion. Such a dynamical system is discontinuous
of Filippov-type [4].

The first approach how to deal (especially numerically) with the discontinuous function is to use its smoothen-
ing approximation, typically smoothening of the sign-function which is contained in the definition of the
friction coefficient function. It is commonly used the arctangent approximation of (1)

f(vrel) =
2

π
arctan(γvrel)g(vrel), γ � 1, (3)

where γ is a coefficient which shapes the slope of the characteristic around zero sliding velocity. Based on
the smoothed approximation, the sticking phases of the motion can not be captured with required accuracy.
The sticking is then given by micro-slipping whose rate is given by the slope of the friction characteristic
in the neighbourhood of the zero relative velocity, see Fig. 2b. The dynamical system which includes this
approximation of dry friction suffers from stiff differential equation within the sliding mode.

A numerical technique for integrating differential inclusions with sliding modes without suffering from stiff
differential equation is represented by switch model which is an improved version of the Karnopp model
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[7, 4]. The switch model is based on the fact that it introduces a vector field in the stick band, such that the
state of the system is pushed to the middle of the stick band. Therefore, the numerical instabilities can be
avoided.

Another group of dry friction models is represented by so called dynamic friction models. These models
are based on the Coulomb friction model with a lag in the change of the friction force during the switching
the direction of motion. The models can reproduce Coulomb friction and Stribeck effect, e.g. Dahl model,
LuGre model and their modifications like Gonthier model [7]. In the next, the attention will be paid at LuGre
dry friction model where the coefficient of friction is formulated in following form [7]

f(z, vrel) = σ0z + σ1ż + σ2vrel, (4)

where σ0 is a stiffness, σ1 corresponds to micro damping and σ2 stands for viscous damping. The state
variable z connected with the friction coupling satisfies following differential equation

ż = vrel

(
1− σ0z

g(vrel)
sign(vrel)

)
. (5)

Other parameters used in (4) and (5) were defined above.

It is worthy to note, that there are some limitations of the mentioned dry friction models. Regarding multi-
body systems, especially with cyclic structure, the switch model and simillar models, which assume set
valued function philosophy, are not suitable. Within the switch model, in case of (almost) zero relative slip
velocity, there is necessary to decide on the absolute value of the force transmitted by the friction coupling.
The cyclic structure implies that the force transmitted e.g. by ith coupling is dependent even on forces
transmitted by (i − 1)th and (i + 1)th couplings, i.e. the definition tends to be recursively defined which is
not suitable for numerical integration scheme. While the smoothing models or dynamic friction models are
suitable for cyclic structures because the friction models depend on relative velocity only, or an additional
state variables are added.

In the next sections, switch model and LuGre model are chosen and some comparison of them will be
provided. The LuGre model is then employed with formulation of mathematical model of a dynamical
system with cyclic structure.

2.3 Friction damped and friction induced vibration

Dynamical system with dry friction couplings can exhibit different vibration regimes. Usually, the presence
of dry friction in any mechanical system is understood as an element which dissipates energy. This holds for
example in cases of non-autonomous systems, e.g. externally forced spring-mass oscillator, see Fig. 3a. Such
a system represents friction damped vibration. On the other side, e.g. spring-mass model on a moving belt
represents autonomous system, where the friction is a source of internal excitation. This case is designated
as friction induced vibration, see Fig. 3 b.

Mathematical model of the spring-mass model displayed in Fig. 3a (upper friction coupling is neglected),
completed by viscous damping can be written as follows

ẍ+ 2DΩẋ+ Ω2x =
1

m
(f(vrel)N0 + F (t)) , (6)

where D is damping ratio, Ω =
√
k/m, k is spring stiffness, m is mass of the mass point, friction function

f(vrel) has been defined above,N0 is normal contact force, F (t) stands for external excitation and vrel = −ẋ
is relative velocity between the mass and the frame.

Mathematical model of the spring-mass model with two belts displayed in Fig. 2 b, completed by viscous
damping has following form

ẍ+ 2DΩẋ+ Ω2x =
N0

m
(f1(vrel1) + f2(vrel2)) . (7)

2016 PROCEEDINGS OF ISMA2018 AND USD2018



Figure 3: Spring-mass models: (a) friction damped vibration model, (b) friction induced vibration model,
(c) combination of friction damped and induced vibration

where, comparing the previous model (6), friction functions f1(vrel) and f2(vrel) are defined for each friction
coupling separately. The relative velocities between the mass and the belt are vrel1 = −ẋ + vdr1, vrel2 =
−ẋ+ vdr2.

Mathematical model of a single triplet of spring-masses taken out form a general cyclic structure displayed
in Fig. 3c, where each spring is completed by viscous damping, has following form

ẍi−1 + 2DΩẋi−1 + Ω2xi−1 =
1

m

(
f(vrel(i−1))N0 + Fi−1(t)

)
,

ẍi + 2DΩẋi + Ω2xi =
N0

m

(
−f(vrel(i−1)) + f(vrel(i))

)
,

ẍi+1 + 2DΩẋi+1 + Ω2xi+1 = − 1

m

(
f(vrel(i))N0 + Fi+1(t)

)
.

(8)

The vibrating masses are mutually interconnected by friction couplings only. The outer masses are forced
externally, since the inner one not. This mechanical system can exhibit both friction damped and friction
induced vibration. The relative velocities between two adjacent masses are defined as vrel(i) = ẋi − ẋi−1.
For further usage, we will suppose three masses system and the indices will have values i − 1 = 1, i = 2
and i+ 1 = 3.

2.4 Sliding bifurcations

The presented three mechanical systems can be classified as Filippov-type systems, as mentioned above. The
approaches to modelling and analysing dynamical systems by the tools of non-smooth mechanics can help to
understand their behaviour [2, 4]. Here, we try to focus on sliding bifurcations or adding-sliding bifurcations.
It is convenient to define the sliding region locally with respect to particular dry friction coupling. Let us
assume, we have a non-autonomous dynamical system with NC friction couplings. With respect to a jth
coupling, one can formulate the mathematical model on a local region D ∈ Rn as follows

ẋ =

{
F1(x, µ, t) hj(x) > 0,
F2(x, µ, t) hj(x) < 0.

(9)

The surface defined by the condition hj(x) = 0 defines a boundary

Σj = {x ∈ D : hj(x) = 0} (10)

separates D locally with respect to Σj into two regions

Sj1 = {x ∈ D : hj(x) < 0} ,
Sj2 = {x ∈ D : hj(x) > 0} . (11)

We consider Filippov systems for which F1(x, µ, t) 6= F2(x, µ, t) for all x ∈ Σj . The boundary Σj contains
sliding region Σ̂j with a boundary ∂Σ̂±

j . Based on the above terms, in general four different codimension-one
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discontinuity induced bifurcations involving interaction with the boundary ∂Σ̂±
j of a sliding region can be

identified [2]. They are a crossing-sliding bifurcation, a grazing-sliding bifurcation, a switching sliding and
adding-sliding bifurcation. During all the bifurcations, the topological change of the trajectories is observed.
The trajectories which cross the boundary change after meeting the bifurcation point and they undergo a
segment of sliding motion and then leave the switching manifold.

Figure 4: Spring-mass model (a): sliding bifurcation appear there where zero velocity points
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Figure 5: Spring-mass model (a): time courses of displacements and velocities for different values of relative
excitation frequency: 0.1, 0.12, 0.2, 0.45. Sliding bifrcation appear there where zero velocity points.

As has been mentioned above, there are many ways to model the dry friction. The switch model (numerical
scheme based on the approaches of non-smooth formulations) is numerically effective and can capture the
sliding motions but its drawback lays in the impossibility to implement it in systems having two or more
friction couplings acting at one body simultaneously. It has been shown that dynamics of a system with
friction modelled by switch model and by LuGre model show good agreement. Therefore, all numerical
simulations are performed using LuGre dry friction model and the evaluation of the results is carried out by
means of formulations of non-smooth mechanics.

In case of friction damped model (Fig. 3 a) the (switching) boundary has a following form h(x) = vrel =
−ẋ2 = 0. The boundary is formed by by all points in state space of the system which correspond to zero
velocity, i.e. the mass point is sticking. Because of the external excitation (we assume to be periodic) the
system response is expected to be predominantly periodic as well. Let us assume the relative excitation
frequency ω = ω/Ω is a bifurcation parameter µ. At certain parameters of the friction coupling and under
harmonic excitation with frequency ω > 0.5, the trajectory of the system crosses the switching boundary
transversally. Decreasing the frequency ω a crossing-sliding bifurcation appears at ω ≈ 0.4 (see Fig. 5).
Continuing the decreasing the frequency adding-sliding bifurcation occurs (the number of sliding regions
during one period of the motion grows). Moreover, there are amplitude jumps in the response which are
connected with interaction of excitation frequency, eigen-frequency of the linear spring-mass model and of
the sliding motions.
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Figure 6: Spring-mass model (c): bifurcation diagram for displacements and velocities in both contacts,
phase shift ϕ = π/2

Figure 7: Spring-mass model (c): bifurcation diagram for displacements and velocities in both contacts,
phase shift ϕ = π

To have a more insight in the dynamics, both displacement and velocity has been subjected to Monte-Carlo
bifurcation diagrams which are displayed in Fig. 4 for subharmonic range of excitation frequency. The
numerical simulations have shown that discontinuity induced bifurcations arise in the subharmonic range
only. In case of the resonant and superharmonic response to harmonic excitation, the dry friction has a
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damping influence only. There do not arise any nonlinear dynamical phenomena. Therefore, these areas are
not studied. The presence of zero-valued velocities indicates sliding motions in the response. Based on the
bifurcation diagrams, the adding-sliding bifurcation cannot be detected. Another maps has to be employed
as presented in [3].

Similarly, the mechanical system from Fig. 3 c can be studied. Its dynamic is influenced by the presence of
two dry friction couplings. The excitations are assumed to be harmonic (sine function) with a phase shift ϕ.
Monte-Carlo bifurcation diagrams are plotted in Fig. 6 for phase shift ϕ = π/2 and Fig. 7 for phase shift
ϕ = π.

3 Bladed disk as a cyclic structure

The bladed disc creates rotationally periodic structure where the basic structure is formed by a single blade
structure. The structure studied here is equipped with 30 prismatic blades fixed to a rotating disc. Blade
tips are designed with friction couplings between adjacent blades. The prismatic blades have a rectangular
cross-section which influences the form of flexural vibration mode shapes. Moreover, the vibration modes
fluctuate between two regimes. The first one corresponds to open friction contacts and the second one to
locked friction couplings. In the next, we will focus only on the first flexural vibration mode of each blade
including the dry friction coupling.

Figure 8: Scheme of a discrete cyclic structure with dry friction couplings

3.1 Simplification - cyclic structure (non-autonomous system)

In case of autonomous system, there exist boundary conditions induced vibration only. The dry friction
couplings serve as friction dampers and the vibration vanishes. The dynamical behaviour will be investigated
considering periodic excitation, i.e. non-autonomous system. The mathematical model of ith substructure of
a discrete cyclic structure with N point masses displayed in Fig. 8 can be written as

ẍi + 2DΩẋi + Ω2xi =
N0

m

(
−f(vrel(i−1)) + f(vrel(i)) + Fi(t)

)
, (12)

where all used quantities were already generally defined in the text above. Particularly here, the stiffness k
corresponds to flexural stiffness of the blade, xi displays the displacement of the blade tip and m is mass of
the blade concentrated into its tip.
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3.2 Tuning of the model structural parameters based on modal properties

An experimental modal analysis of the experimental bladed wheel with dry friction couplings has been
performed (see Fig. 1). Based on the results, parameters of the model (12) have been tuned. Especially,
the natural frequency of a particular blade. During the experiment, two limit cases have been analysed.
First, the bladed wheel with open contacts and second, the bladed wheel with closed (bonded) contacts.
Simultaneously, a computational model has been created and compared with the experimental one [9]. To
perform the modal analysis using the model (12), the dry friction couplings has been replaced by linear elastic
couplings. The linearization enabled to model the two limit cases: open and bonded (closed) contact. The
elastic coupling stiffness has non-zero values in both cases of open and bonded contact because, regarding
the real experimental model, the contact geometry is geometrically complex and even in case of open contact
some residual stiffness remains. In case of bonded contact, the modal properties depend on the structural
stiffness of the coupling which is mostly given by normal contact force resulting from prestressing of the
contact.

Figure 9: Mode shapes of a discrete cyclic structure with 1 and 2 nodal diameters (ND)

open contacts bonded contacts
ND experiment discrete model experiment discrete model
0 — 43.00 — 43.00
1 37.34 43.28 43.66 47.47
1 37.71 43.28 46.85 47.47
2 43.51 43.10 62.51 58.72
2 — 43.10 66.92 58.72

Table 1: Modal analysis - overview of eigen-frequencies gained experimentally and couputationally

Here, we have chosen mode shapes which are characterized by one and two nodal diameters and are de-
picted in Fig. 9. Corresponding eigen-frequencies which were found out experimentally and numerically are
presented in Tab. 1. The differences in eigen-frequencies for bonded contact are caused by the fact, that the
computational model (12) takes into account the first flexural mode of each blade only, since the behaviour
of the experimental model is more complex due to its geometry which influences the motion shapes with
bonded contact.

4 Computational analysis

Based on the above presented mathematical model of the discrete cyclic structure, a computational model
has been created. In many applications like steam turbines, the bladed disks are force by nozzle excitation
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which is formed by stator bladed wheel. Generally, we consider following form of the excitation acting on
the ith blade

Fi(t) = Ai(1− e−βt) sin(ωt+ (i− 1)∆ϕ)H(sin(ωt+ (i− 1)∆ϕ)), i = 1, . . . , Nb. (13)

Ai represents the amplitude, the function (1 − e−βt) constitutes exponential ramp of the excitation with
coefficient β. ∆ϕ is a phase shift between blades and it enables to model running waves on the cyclic
structure. H is standard Heaviside function which practically assures that the excitation simulates positive
sine force pulses and Nb designates the number of blades.

Even if the model parameters are tuned based on the experiment data, the model is non-dimensionalised with
respect to blade flexural eigen-frequency to perform simulations in time domain. The dynamic behaviour is
investigated locally with respect to particular friction coupling, i.e. the attention is paid on time courses of
relative displacements and velocities between adjacent blades. There are two significant parameters which
influence the dynamics. The first one is the normalized excitation frequency ω and the second one is the
ration between normal contact force and the excitation amplitude N0/Ai, i = 1 . . . Nb. In all simulations,
we assume Ai = const. ∀i.

(a) (b)

(c) (d)

Figure 10: Phase trajectories on relative displacements and velocities of dry friction contact couplings caused
by excitation with 1 nodal diameters (ND)

4.1 Running wave with 1ND

First, a running wave with a shape corresponding to eigen-mode with 1 ND is excited and the excitation
frequency is chosen as a parameter. Four cases are presented: (a) the excitation frequency is close to the
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(a) (b)

(c) (d)

Figure 11: Normalised dissipated power of all frictionn couplings

Figure 12: Chosen timespan of relative contact displacements, velocities and excitation of four neigbouring
contacts for the case (c)

Figure 13: Dissipated normalised power in chosed dry friction contacts in dependence on excitation fre-
quency

eigen-frequency of the 1 ND mode-shape Ω1ND, i.e ω = ω/Ω1ND ≈ 1, (b) ω = ω/Ω1ND = 0.78, (c)
ω = ω/Ω1ND = 0.56 and (d) ω = ω/Ω1ND = 0.49.

Fig. 10 shows phase trajectories of steady-state of relative contact displacements and velocities for either all
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or chosen contacts for excitation frequencies (a) – (d), respectively and the normalised dissipated power is
shown in Fig. 11. The behaviours can be classified as follows:

(a) There are localised three different limit cycles in the coupling around the circumference, all contact
show full slip motion.

(b) There are localised different limit cycles in the coupling around the circumference. Some contacts are
sticking which corresponds to almost zero value of dissipated power; even if the vibration of blades
follows the running wave excitation. The activity of contacts is not evenly distributed, some contact
crossed the crossing-sliding bifurcation.

(c) Here, the behaviour shows a chaotic pattern with sticking and slipping motions. The dissipated power
significantly decreased. Time courses of chosen contact displacement and velocities along with exci-
tation force are plotted in Fig. 12.

(d) The phase trajectories of all contacts tend to a single limit cycle. The dissipated power is higher than
in case (c).

Further, the so called normalised dissipated power which is related to the period of excitation can be evalu-
ated. Fig. 13 clearly shows that the most energy is dissipated around the resonant state and the amount of the
energy dissipated depends on the contact position on the bladed wheel circumference.

4.2 Running wave with 2ND

Secondly, a running wave with a shape corresponding to eigen-mode with 2 ND is excited. The same
cases and quantities have been investigated as in previous case for 1 ND. Fig. 14 shows phase trajectories
of steady-state of relative contact displacements and velocities for all contacts. The normalised dissipated
power is plotted in Fig. 15.

Comparing to the previous case, the response in contacts is not described localised limit cycles, the behaviour
is more complicated. On the other side, the normalised dissipated power in dry friction contacts is higher
than in the case of 1ND running wave excitation.

To have a more insight into the response, contact kinematic properties for the case (a) are displayed in Fig. 16.

5 Conclusion

The work focuses on discrete mechanical systems with cyclic structure containing dry friction couplings.
The motivation lays in designing of elements for vibration suppression of bladed wheels which are operated
i.e. in steam turbines. In the first part, a short overview of dry friction couplings modelling and basic prop-
erties of friction induced and friction damped systems is presented. The 1 DoF spring-mass oscillators show
discontinuity induced bifurcation in the subharmonic area with respect to its linear eigen-frequency. Espe-
cially, crossing-sliding and adding-sliding bifurcations are detected. The dynamics is influenced not only by
the excitation frequency but also by dry friction coupling parameters (especially by friction characteristics,
normal contact force). To analyse the system a hybrid approach is used. The conditions of discontinu-
ity induced bifurcation are formulated analytically using the non-smooth approaches applied on Filippov’s
systems, since the computational implementation uses dynamic dry friction model. The results gained us-
ing LuGre model show very good agreement with results gained by switch model which cannot be easily
implemented in systems with multiple dry friction couplings acting on one body.

The methodology is applied on a simplified model of an experimental bladed wheel with especially proposed
design of blades with tunable friction couplings. The dynamics of the bladed wheel is investigated for two
different excitations, for two running waves with 1 nodal diameter and with 2 nodal diameters. From the
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(a) (b)

(c) (d)

Figure 14: Phase trajectories on relative displacements and velocities of dry friction contact couplings caused
by excitation with 2 nodal diameters (ND)

(a) (b)

(c) (d)

Figure 15: Normalised dissipated power of all frictionn couplings

dissipated power view, the most energy is dissipated around the resonance states when the blades vibrate
with greatest amplitudes with no sticking phases. In subharmonic areas, the amount of dissipated energy is
low but the vibration is accompanied by crossing-sliding and adding-sliding bifurcations.
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Figure 16: Chosen timespan of relative contact displacements, velocities and excitation of four neigbouring
contacts, case (a)
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