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Abstract
Stochastic model updating techniques aim at reducing the epistemic uncertainty mainly related to the lack of
knowledge. These techniques are usually computationally demanding and the use of non-probabilistic meth-
ods allows for the reduction of the computational effort, typically associated with stochastic model updating
methods. This paper presents a fuzzy model updating method based on a convex joint fuzzy membership
of all the experimental responses and on the sensitivity-based updating of the interval centre at each alpha-
cut of the uncertain model parameters. Moreover, the covariance updating concept is used to estimate the
interval radii of the referred intervals directly from the covariance matrix of the experimental response set.
The developed method allows to achieve precise predictions of the intervals of the parameters with a reduced
computational effort. A numerical example is given to evaluate the implementation and performance of the
proposed fuzzy model updating method.

1 Introduction

Due to lack-of-knowledge or imprecise information, one may assume that the probabilistic structure of both
the data and modelling parameters is not clear. Hence, rather than consider a probabilistic approach to
uncertainty quantification, one may use a non-probabilistic approach to the problem of stochastic model
updating. In this context, one may consider techniques based on interval arithmetic, although it is known
that this kind of techniques tends to overestimate the parameters bounds, due to the fact that it is assumed
that the parameters are uniformly distributed over the entire design space. This leads to the inability to
distinguish regions inside the response intervals, and consequently inside the parameter intervals, which can
be overcome using fuzzy logic. Detailed reviews on non-probabilistic model analysis can be found in [1–3],
where a special focus on interval and fuzzy finite element (FE) model analysis is given.

The concept of fuzzy sets was introduced in [4], under the assumption that the membership assigned to a real
world object is, in a given context, imprecise. In opposition to the classical set theory, where the membership
of an object is determined in binary terms, the membership of an object to a fuzzy set is assigned by a
membership function, where the membership levels (α-level) vary continuously between zero and one.

As the uncertainty can be often expressed in terms of real numbers, an object in a fuzzy set P̂ ∈ P̂(R) is de-
fined as a fuzzy number p̂, iff it satisfies a set of conditions [5], from which the fuzzy set convexity condition
is of paramount importance within the framework of model updating, as it allows for a decomposition of a
fuzzy number into continuous intervals at each α-level, and therefore the fuzzy arithmetic can be reduced to
interval arithmetic at each α-level.

Additionally, if a fuzzy set P̂ ∈ P̂(Rn) is considered and all the conditions listed above are satisfied, then a
fuzzy vector is defined. Note that a fuzzy number is a particular case of a fuzzy vector, defined for n = 1.
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From now on, a fuzzy set P̂ ∈ P̂(Rn) is referred to as a hyper fuzzy set, in the sense of its multiple
dimensionality.

Concerning the use of fuzzy arithmetic, one can find several works exploiting the forward propagations
of fuzzy numbers in order to assess the uncertainties in the model responses. This is the basic concept
of stochastic FEA [6]. The authors of [7] discussed the computational efficiency of the Zadeh’s extension
principle when used to solve fuzzy modal analysis problems, and proposed to use Pad approximants to com-
pute the extreme eigensolutions for each α-level set. A surrogate model was proposed in [8], the random
sampling High-Dimensional Model Representation (RS-HDMR), which captures the input-output system
relation in order to obtain the fuzzy description of the model responses at each α-level. Within the frame-
work of the IWT-SBO project “The Fuzzy Finite Element Method” [9], the forward uncertainty propagation
was extensively analysed, mainly for civil structures. Moreover, the fuzzy FEM model updating was also
addressed [10]. In their work, the optimization problem solution is achieved considering that the fuzzy FEM
can be applied as a multi-level interval analysis, using the Gradual α-level Decreasing (GαD) algorithm [11].
The work [12] assesses the performance of interval analysis at each α-level in order to built a fuzzy model
response membership function based on optimized interval bounds for the modelling parameters.

Specifically concerning the fuzzy FEM model updating, few works have been published. Among the avail-
able fuzzy FEM model updating techniques, in [13], the authors proposed a fuzzy FEM model updating
method based on a fuzzyfied objective function defined in terms of the eigensensitivities. The proposed
method is used to update a bridge model using, as reference, data from a single modal test. Therefore, it
means that the uncertainty in the measured data can only arise from measurement noise and thus the ex-
istence of epistemic uncertainty [14] is not considered. Within the same context, a fuzzy arithmetic based
model updating procedure is proposed in [15], where the membership functions of each updating parameter
are determined by minimising an objective function, using a hybrid global optimization strategy, based on
the combined use of the genetic (GA) and particle swarm optimization (PSO) algorithms.

Regarding the uncertainty quantification in terms of epistemic or parametric uncertainty, which arises due
to the lack of knowledge and therefore is reducible, Haag et al. identified a valid fuzzy model for a brake
pad, considering experimental modal analysis (EMA) of just one brake pad specimen [16]. The epistemic
uncertainty identification or quantification using inverse fuzzy arithmetic was previously considered in [17].
The authors considered the use of the reduced transformation method [5], whose application is limited to
monotonic relations between model inputs and outputs. In [16], the monotonicity was investigated and it was
assumed, due to the fact that the fuzzy membership functions of the outputs were linear and monotonous.
Note that if monotonicity can be considered, the inverse fuzzy arithmetic problem, i.e., the inverse interval
arithmetic problem at each α-level, can be solved using the vertex method [18]. However, when monotonicity
is not verified, such as in the cases where mode shape data is to be included in the reference outputs, the
applicability of approaches based on the vertex method is limited. A general solution for the inverse interval
arithmetic was proposed in [19] and it consists in an interval model updating method based on the Kriging
predictor sensitivity analysis.

All the referred works on fuzzy FEM model analysis consider a prior knowledge or, to be more precise, a
prior assumption of the fuzzy membership functions of the modelling parameters. Taking some risk, all the
already published works consider triangular or left-right (L-R) membership functions [5], as it can be con-
cluded from a wide range of works. Chronologically, citing some selected works, [12, 20–25]. However, in
real experiments it is unusual or even impossible to know beforehand the deterministic value or the statistical
distribution of a certain model parameter. Nevertheless, experimental responses, such as natural frequencies
and mode shapes, are readily available from EMA and the estimation of the uncertain model parameters via
the inverse problem solution can be addressed as an approach to develop valid models. In this context, the
idea of generating a hyper fuzzy membership, strictly based on the available reference data, namely experi-
mental modal data and therefore of a completely inverse fuzzy model updating strategy was proposed in [26].
This fuzzy model updating strategy does not assume nor impose any kind of behaviour or structure regarding
the updating parameters, instead the proposed fuzzy model updating process relies only on the fuzzy mem-
bership function constructed from a experimental data set, measured eigenfrequencies and/or eigenmodes.
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Its implementation is based on the interval model updating method [19] applied at each α-level, taking as
reference several cuts of a convex hyper membership function of the responses, and therefore a discretized
fuzzy number is generated for each updating parameter.

In this work, the proposed implementation of a fuzzy model updating strategy is based on this basic idea of
reducing the problem to a series of interval model updating problems, as mentioned. Here, one considers
the construction of a convex joint fuzzy membership function containing the entire experimental data set,
using the inverse Zadeh’s extension principle, introduced in [26]. Moreover, it combines the concepts of
covariance matrix updating given in [28] and the perturbation based interval updating proposed in [27]. This
extends the work [27] to its application in the context of fuzzy model updating and introduces an efficient
manner to compute the radii of the interval at each α-level.

2 Fuzzy model updating

If the modelling parameters and responses are fuzzy variables, a sensitivity-based model updating method
can be framed by the well-known relation between the system responses and modelling parameters,

(ẑm − ẑj) = Ŝj

(
θ̂j+1 − θ̂j

)
(1)

where ẑm is the fuzzy vector of reference or measured responses and ẑj is its model counter-part; θ̂j is a
fuzzy vector of modelling parameters; and Sj is the sensitivity matrix, all these computed at the jth iteration
of the model updating procedure.

Equation (1) can the recast to compute the updated fuzzy modelling parameters vector, in a least-squares
sense, giving

θ̂j+1 = θ̂j + T̂j (ẑm − ẑj) (2)

As previously referred, it is useful to consider the decomposition of the fuzzy vectors into interval variables
at a given number of α-levels, allowing to treat the fuzzy model updating problem as a series of interval ones.
Thus, a generic fuzzy number x̂ is decomposed into an interval vector at each α-level as

x̌(α) = cutαx̂ = [x , x](α) :
{
x(α) ≤ x ≤ x(α), 0 ≤ α ≤ 1

}
(3)

and consequently eq. (2) is recast to form the interval model updating equation at each α-level,

θ̌
(α)
j+1 = θ̌

(α)
j + Ť

(α)
j

(
ž(α)m − ž(α)j

)
(4)

where •̌ stand for a interval variable.

Concerning the fuzzy model updating, if an empirical hyper-membership function for the experimental/reference
response set is already available, the updating process starts at α = 1, aiming to find the centre of the pa-
rameters hyper-cube, which is the basis for the parameters initial interval. Note that the initial interval on
the parameters space must lead to a solution hyper-space, encompassing the entire hyper-space of the exper-
imental responses. With a feasible initial hyper-interval for the parameter set, the interval model updating is
carried on at each α-level of the fuzzy membership. Details on the interval model updating method using the
Kriging predictor can be found in [19].

In this work, the proposed implementation of a fuzzy model updating strategy is based on this basic idea
of reducing the problem to a series of interval model updating problems, as mentioned. Moreover, it com-
bines the concepts of covariance matrix updating given in [28] and the perturbation based interval updating
proposed in [27].
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Based on the perturbation method to define a random variable, in [28] it is shown that a stochastic model up-
dating problem can be reduced to a deterministic one by transforming the covariance matrix of the reference
data into the one of the modelling parameters after updating their means. This is attained by

cov (∆θj+1,∆θj+1) = T̃jcov (∆zm,∆zm) T̃T
j (5)

where cov (∆θj+1,∆θj+1) is the covariance matrix of the updating parameters, while cov (∆zm,∆zm)
is the one of the reference data set. T̃T

j is the weighted/regularized pseudo-inverse of the sensitivity matrix
computed for the mean values of the updating parameters.

In [27], the interval variables were defined by the perturbation method, using the centre and radius of the
interval. Thus, the reference data vector can be cast as an interval variable at each α-level as

ž(α)m = z̃(α)m ± δz(α)m (6)

where z̃(α)m is the centre and δz(α)m the radius of the interval reference data vector at a given α-level.

Recalling that the variance σ2 of a generic continuous random variable x, uniformly distributed in a given
interval, can be obtained from its bounds, one has,

σ2 =
(2δx)2

12
(7)

where 2δx is the interval range of x.

Hence, if one considers the combined use of the concepts given in [27, 28], one can compute the interval
radii of the updating parameters right after updating their centres, as the variance of the updating parameters
is available from the diagonal of the updated covariance matrix (eq. (5)). Thus, the interval radii of the
updating parameters can be computed as,

δθj+1 =
√

3σj+1 (8)

where σj+1 is a vector with the updated variance values of the modelling parameters.

3 Numerical example

The numerical example considered is the 3 degree of freedom (DoF) mass-spring system shown in fig. 1.
This is a simple example that has been used by several authors, e.g. [28]. In this work, the presented results
(section 4) consider the case for which the updating parameters for the 3 DoF system are θ = [θ1 θ2 θ3]

T =

[k1 k2 k5]
T and their reference values at the support are µα0.0

(
θ̂i

)
=
[
θi θi

]
= [1.8 2.2] for i = 1, 2, 3.

Note that the reference sample was generated using latin-hipercube sampling from a normal distribution with
30 observations and the correspondent reference response set is given by its fuzzy memberships. Here, the
reference response set is ẑm = [ẑ1 · · · ẑ4]T = [f1 f2 f3 |φ1,1|]T , i.e. the first three eigenfrequencies and the
modulus of the first element of the first eigenvector.

4 Results and discussion

In this section a set of results for the fuzzy model updating problem of the numerical example are discussed.
The presented results summarize the outcome of the updating process in terms of the fuzzy memberships
of the updating parameters. Note that in this case one can compare the updated results with the reference
ones, as this is a numerical example. Recall that the reference response set contains 30 observed values for
ẑm. This is considered to be a fair simulation of an experimental data set that is usually obtained from a
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Figure 1: Three degree of freedom mass-spring system example.

Figure 2: Triangular fuzzy membership of each reference response (µẑm) (points at the intersections with
the considered α-levels).
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Figure 3: Fuzzy memberships of each updating parameter (µθ̂i) - Case with reference triangular member-
ships (extension of the method of [27]).

Figure 4: Fuzzy memberships of each updating parameter (µθ̂i) - Case with reference triangular member-
ships (proposed method).

series of tests in identical structures. From the observed reference response set, the obtained triangular fuzzy
membership of each reference response is given in fig. 2.

Using the interval updating procedure proposed in [27], one obtained the results given in fig. 3. In this imple-
mentation of the fuzzy model updating method, one must solve a two-steps interval optimization problem at
each α-level. From fig. 3, one may observe a good agreement between the reference and the updated mem-
berships, although the reference memberships are not recovered perfectly. Note that this example considered
a sample with 30 observations for both reference and updating data sets.

If the same example case is solved with the fuzzy model updating method proposed in this work, the results
are the ones of fig. 4. This results are overall worst that the ones of fig. 3, although there are significant
differences between the two implementations and one should not expect that both methods perform equally
in all situations. One must bear in mind that, in terms of updating, proposed method is completely based
on the updating of the centre of the interval at each α-level only. In more detail, the proposed method only
needs to solve a deterministic sensitivity-based updating of those centres, followed by a transformation of
the covariance matrix of the reference data contained in each α-level to estimate each interval radius. By
this, the results given in fig. 4 are in agreement with the difficulty of estimating the variance for a limited
sample size. Note that the highest the memberships level the smaller the number of sampled values in each
interval. In both implemented methods, the interval at α = 1 is considered to be the crisp value, therefore at
this level the updating method is reduced to update of the centre only. Note that the crisp values are as well
updated by both methods.

In [26], it was shown that the use of empirical fuzzy memberships can enhance the updating outcomes. If
the concept of empirical fuzzy membership is applied, the fuzzy memberships obtained for the reference
responses are the ones shown in fig. 5, instead of the triangular ones used in the previous results (fig. 2).

Figures 6 and 7 show results for both implementation of the updating procedure for both types of fuzzy
memberships considered. As the empirical memberships tend to encompass better the observed data, the
intervals are more accurately updated for the same sample size. The membership of θ2 is not recovered
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Figure 5: Empirical fuzzy membership of each reference response (µẑm) - Case with reference empirical
memberships (proposed method).

correctly by the proposed method (fig. 7), although the others are quite in agreement with the reference ones.

Figure 6: Fuzzy memberships of each updating parameter (µθ̂i) - Case with reference empirical memberships
(extension of the method of [27]).
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Figure 7: Fuzzy memberships of each updating parameter (µθ̂i) - Case with reference empirical memberships
(points at the intersections with the considered α-levels).

Figure 8: Response space in the hyper-planes defined by each pair of responses.
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The response space obtained with the support of the updated parameters of fig. 7 is given in fig. 8. In fig. 8,
it is possible to observe that all the reference points are contained within the space of updated solutions.

Regarding the issue with limited sample sizes, one knows that often it is unfeasible to acquire experimentally
large sample, concerning the test of identical structures, for instance. However, for theses implementations
it is advisable to work with samples as larger as possible in order to be able to estimate correctly the interval
radii, as it is expected that for samples with higher the number of observations the estimation of the intervals
is more accurate.

5 Conclusion

A purely inverse implementation of a fuzzy model updating method is proposed and its performance assessed
using a numerical example. The method can be framed as a successive application of the interval model
updating method at each α-level of a hyper-membership function of the reference response set. The method
performs quite fast, as it is a backward implementation that avoids unnecessary forward propagation of the
parameters through the model. Moreover, the accuracy of the predicted solutions is quite good, even for
reference data samples of reduced dimension. Regarding the generation of the membership functions, one
uses the inverse Zadeh?s extension principle, which is the key for the purely inverse implementation of the
method. The major novelty of this work is the combined use of the successive application of the interval
model updating at each α-level and the covariance matrix updating to estimate the each interval radius from
its updated centre.
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