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Abstract
Recently the authors proposed a model and related analysis on waves in long-range metamaterials. Nonlocal
elasticity can be produced by several interacting forces acting between particles at long distance, as Coulomb
or magnetic-static forces. The chance of introducing this long-distance forces has a disruptive effect in the
elastic dynamics. In fact, classical elasticity is based only upon closest particles interaction in which short
range-elastic forces act. A particular characteristic of these forces is that they can couple distant structures,
as for example two elastic beams or rods, each made of an elastic support with embedded magnets. The
interaction produces intra-forces and inter-forces that change the dynamics of the coupled structure. This
paper investigates new phenomena that can be observed in such unusual systems, providing a theoretical
framework, as well as numerical simulations.

1 Introduction

Metamaterials represent a rather new science, though extensively studied. The subject involves mainly acous-
tic and electromagnetic metamaterials, for which the atypical refraction index produces uncommon effects
and opens to new technological developments, as the chance to achieve invisible cloaking [1] or holographic
images [2].
The increasing enhancement of additive manufacturing and micro-nanotechnologies [3, 4], and the con-
sequent complex microstructures these materials are composed by, support the achievement of particular
dynamic behaviours, as unusual wave propagation [5] and exceptional dissipation features [6, 7, 8, 9], i.e. all
those phenomena classical dynamic can desribe only by introducing unconventional mathematical models
[10, 11, 12].
In this context, the present work analyses elastic metamaterials and unveils some remarkable effects, namely
superluminal and hypersonic propagation, and negative group velocity, as a consequence of the introduction
of long-range interactions. These new connections, additional to the conventional elastic ones, have the ef-
fect to modify the topology of the interactions and, thus, the dynamic response of the structure.
Long-range interactions have been investigated: in [13, 14, 15, 16, 17], Tarasov presents a mathematical
model, in which nonlocal connections affect the static response of the structure. Zingales in [18, 19, 20, 21]
discusses how the dynamic behaviour is influenced by this type of interactions, but only numerical solutions
confirm his theory. The novelty introduced in our work is the chance to discuss the dynamic response in
terms of analytical solutions. The proposed mathematical model is based on the nonlocal elasticity theory
developed by Eringen, in which several types of long-range connections are investigated. However, even
tough in his study is complete from a mathematical point of view, the effect related to wave propagation are
discussed only in [22].
The present work not only analyses a specific type of long-range interaction, but also provides a thorough
investigation of the different propagation phenomena, suggesting a map of the possible scenarios according
to the intrinsic physical properties of the system. A similar analysis was conducted by [23] and [24], but it is
applied to micro and nano scales only.
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Here, the straightforward approach showed in [25] has been applied to the topic investigated in [26]. The
analysed system is composed by two identical, continuous, unbounded waveguides (twin system), in which
long-range interactions act in addition to the conventional elastic connections. A Gauss-like type of force is
used to model these long-range interactions, and it mimics magnetic coupling. The advantages related to the
application of this type of forces was already demonstrated: they accurately model natural forces and lead
to analytical solution of the equation of motion, since their Fourier Transform has an analytical expression.
A long-range interaction exists within one waveguide, but also in the case of the twin system. Indeed, with
no external connection involved, it can be seen how the two identical rod-like structures are coupled with
each other, thanks to the magnetic interaction only. The mathematical analysis anticipates the existence of
unconventional propagating phenomena, which are confirmed by numerical simulations.

2 Long-range waves and integro-differential equations

In this section, the contribution of long-range forces is considered as additional to the conventional elastic
one.
Let us examine first the interaction between two points, belonging to the same three-dimensional medium.
If their initial configuration is at x and ξ, their mutual force is:

F (x+ u(x, t), ξ + u(ξ, t)) = f(|rs|)rs (1)

where
rs = x− ξ + u(x, t)− u(ξ, t) (2)

and u(x, t) is the displacement in the elastic medium.

The interaction forces are modelled so to have the following properties: i) they guarantee the legitimacy of
the action-reaction principle and ii) they decay with the distance, lim

|r|→∞
f(|r|)r = 0. These assumptions are

conventional for many natural forces as gravitational force, molecular bond, magnetostatic and Coulomb.
Any formulation of the equation of motion, which considers the contribution of these forces, assumes a
non-linear feature, since the ordinary concept of short-range interaction is left aside. If this interaction is
extended from particle-particle to master-cluster or all-to-all and the particle distribution within the medium
is assumed as infinitely dense, the long-range interaction appears as an integral contribution over the entire
domain of the solid. The obtained equation of motion for a continuous, unbounded, three-dimensional elastic
medium is:

ρ utt(x, t) + E uxx(x, t) +

∫

ξ∈R3

f1(|r|)r dV = 0 (3)

The chance to achieve closed form solutions for the problem of equation (3) has been outlined in [25]. The
authors propose a straightforward method to linearise the long-range force with respect to u(x, t)− u(ξ, t),
under the assumption of small deformations. Indeed, as long as the force is in the form F (r) = f (|r|) r, it
can be linearised by using Taylor’s expansion up to the first order, as:

f(|r|)r ∼ (x− ξ) f0 + h0ε+ f0ε (4)

As shown in [25], the first term represents the static antisymmetric component, the other two are the dynamic
components that rule the behaviour of the structure; the former is a second order tensor depending on the
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gradient of the force with respect to the distance, the latter is related to the pre-stress exerted by the long-
range forces.
The resulting equation of motion, for the dynamic component of the displacement only, is:

ρwtt + Ewxx + h̄0 ·w − [h0 ∗w] + f̄0w − [f0 ∗w] = 0 (5)

with clear notation of the symbols (see [25]). The variables are space-dependant.

3 Gauss-like force and one-dimensional approach

The one-dimensional counterpart of equation (5) is here considered, when the long-range interaction force
is assumed to be of a Gauss-like type f(r) = µe−βr

2
. The parameter µ, which can be either positive or

negative depending on whether the actions is attractive or repulsive, controls the intensity of the force. β
rules the length of interaction. [25] enlightens the advantages of using such forces, as they accurately model
natural forces’, and guarantee the achievement of analytical solutions.

According to [25], equation (5) becomes:

ρ
∂2w

∂t2
− E∂

2w

∂x2
− g(x) ∗ w(x) = 0 (6)

This approach discloses closed form analytical solutions, able to unveil propagation properties and phenom-
ena. Indeed, an analytical expression of the dispersion relationship is obtained:

ρω2 − Ek2 +G(k) = 0 (7)

with G(k) = F{g(x)} =
µ

2
√

2β
3
2

k2e
− k2

4β , if

w(x, t) =

∫∫ +∞

−∞
W (k, ω)ej(kx−ωt)dk dω (8)

which leads to:

Ω = ±
√

1− χe−K
2

4 (9)

The resulting propagating phenomena have been clearly exposed in [25].

4 Twin waves

Long-range forces are a useful tool to perform desired and unusual propagating behaviours within a structure.
Furthermore, the same long-range characteristic opens new scenarios in the coupling between structures and
the chance to remotely control some of them arise.
A coupled system, as in Figure 1, consisting of two identical waveguides, is considered. As long as the
mutual distance between the two rod-like structures is smaller than the typical interaction length, the inter-
body forces play a non-negligible role, which effects the equation of motion and the consequent dynamic
behaviour of the overall structure: indeed, the motion of each particle is the result of the actions generated
by both its belonging waveguide and the other one.
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Figure 1: Twin waves model

For this model, it is assumed that i) the cross-interaction depends on the distance between the points P and

Q, |r| =
[
(x− η + εd1)2 +D2

] 1
2 , where εd1 = w1(x)− w2(η), and ii) the motion to be longitudinal only,

which means the components on the x-axis are the non-neglected ones.
The long-range force, according to [25], is:

F (r) = f (|r|) r = f0 · (x− η) + h0εd + f0εd (10)

if the action exerted by the bottom waveguide on the top one is considered, it becomes:

F (r) = µe−β|r0|
2
[
(x− η)− 2β (x− η)2 [w1(x)− w2(η)] + [w1(x)− w2(η)]

D − 2βD (x− η)

]
(11)

If the forces along the z-axis can be assumed overall balanced, only the x component remains.

Fx(x, η) = µe−β[(x−η)2+D2] (x− η)− µe−β[(x−η)2+D2]
[
1− 2β (x− η)2

]
(12)

Only the third term produces a non-null result when the integral is applied and the expression of the long-
range interaction due to the coupling is:

∫

η∈R
µe−βD

2
e−β(x−η)2

[
1− 2β (x− η)2

]
w2(η) dη = −l(x) ∗ w2(x) (13)

This represents the long-range contribution due to the bottom waveguide on the upper one.

Combining equation (6) and (13), equation (3), which represents the dynamics of the top waveguide, be-
comes:

ρ
∂2w1(x, t)

∂t2
− E∂

2w1(x, t)

∂x2
− g(x) ∗ w1(x)− l(x) ∗ w2(x) = 0 (14)

Similarly, the equation of motion for the bottom waveguide is:

ρ
∂2w2(x, t)

∂t2
− E∂

2w2(x, t)

∂x2
− g(x) ∗ w2(x)− l(x) ∗ w1(x) = 0 (15)

5 Insights into the dispersion relationship

If the displacement is assumed as in equation (8), analytic forms of the dispersion relationship can be ob-
tained, with a structure analogous to equation (7).
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For w1(x, t) = ϕ1(x)e−jωt and w2(x, t) = ϕ2(x)e−jωt, the system of dispersion relationships related to the
coupled structure is:

{
−ρ1ω

2Φ1 + E1k
2Φ1 −G1Φ1 − LΦ2 = 0

−ρ2ω
2Φ2 + E2k

2Φ2 −G2Φ2 − LΦ1 = 0
(16)

It is convenient to discuss the problem in terms of the non-dimensional parameters Ω =
√

ρ
Eβω, K = 1√

β
k,

∆ = D
√
β and χ = µ

2
√

2Eβ
3
2

. In [25], it was already underlined the importance of the parameter χ, which

measures the intensity of the long-range interactions, through their corresponding elastic modulus E∗, with
respect to the conventional interactions, represented by the Young’s modulus E.
Since the two waveguides are identical, it is reasonable to assume that the displacements in the two rods is
a function of the same frequency and wavenumber. This means that the dispersion relationships (16) can be
combined in one fourth-order equation, with two couples of solution, here reported:





Ω1 = ±
√
K2 − χK2e−∆2−K2

4 − χK2e−
K2

4

Ω2 = ±
√
K2 − χK2e−∆2−K2

4 + χK2e−
K2

4

(17)

6 Numerical simulations

In [25], it is shown as the parameter χ plays a key role in the dynamic of the one-dimensional waveguide
system, conditioning phase and group velocity and, hence, the overall response. It is revealed the arising of
new phenomena, as superluminal and hypersonic effects, wave stopping and negative group velocity.
We analyse the twin-wave system as extension of the one-dimensional case, aiming at unveiling further
intrinsic properties of the long-range interactions and possibly new and various propagating phenomena.
Therefore, the dispersion relationships are examined as varying with respect to the parameter χ.
Figure 2 shows the trend of the nondimensional dispersion relationship for χ = −50 and χ = 50, with
respect to the conventional D’Alembert waveguide. A unique curve, one for each solution of Ω, describes
the behaviour of the entire system, since the two rods are identical and a single equation contains both
the intra-body and the inter-body long-range interaction contributions. The mutual distance between the
waveguides is set to ∆ = 0.1 and both the positive solutions of Ω are displayed.

For both values of χ, one solution, namely Ω1, produces interesting effects. When the parameter χ is positive,
a region of no propagation appears for low values of the nondimensional wavenumber K. Indeed, for such
values of K, only complex values of Ω1 are obtained. With no chance to damp the divergent contribution of
the solution, the system is subdued to instability. A steep slope closes the unstable band and unveils a narrow
wavenumber region in which the group velocity tends to infinite and superluminal propagation arises, before
the system converges to the D’Alembert model. For negative values of χ, the curve has both a maximum
and a minimum, at which the group velocity vanishes. This means that for positive χ the existence of a
wave-stopping region is proved. Furthermore, while the positive slope implies conventional propagation, the
negative slope reveals negative group velocity. On the other hand, the solution related to Ω2 does not show
remarkable effects. This is due to the destructive combination in the solution between the two long-range
contributions, the one related to the intra-body interactions and the one given by the magnetic coupling,
which causes the annihilation of the long-range effect.
A propagation map is presented in Figure 3. It shows different propagating scenarios, occurring at the
varying of the parameter χ, accordingly with the effects discussed for the dispersion curves. Because of the
aforementioned reason, the map is given for Ω1 only.

Each line is an isofrequency contour. The instability region is surrounded by the superluminal propagation
region; the negative group velocity is delimited by the conventional propagation regimes.
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(a) Positive χ (b) Negative χ

Figure 2: Dispersion relationship

Figure 3: Propagation map

To conclude the investigation, space-time visualization are presented in Figure 4, in which the history line of
the displacement in the both waveguides is displayed. According to Figure 2, at low wavenumbers (Figure 4),
both phase and group velocity are positive. However, the increasing of the wavenumber induces a changing
in the group velocity, which becomes negative and discordant, with respect to the phase velocity.

7 Conclusions

The work here presented shows the effects of long-range interactions on the dynamic of a system composed
by two identical waveguides. These nonlocal interactions mimic a magnetic coupling and act additionally
with respect to the elastic connections.
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Figure 4: Space-time visualization

The mathematical approach is based on the one proposed in [25], in which a Gauss-like force is used to
model the long-range interactions. Its properties have, indeed, the great advantage to produce closed form
solutions for the dispersion relationship.
The analysis is discussed in terms of the nondimensional parameter χ, which provides an esteem of the
strength of the long-range interactions, through their effective Young’s modulus E∗, compared to the con-
ventional ones, represented by E.
Interesting phenomena appear: instability region and superluminal propagation are characteristic effects as-
sociated to the dispersion relationship obtained for positive values of χ; wave-stopping and negative group
velocity are instead related to negative χ. A propagating map summarises all the possible propagating scen-
arios. The space-time visualizations conclude and confirmed what previously observed.
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