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Abstract 
The paper illustrates the technique to handle optical signals coming from optical fiber lines equipped with 

Fiber Bragg Grating (FBG) strain sensors. The case of interest is that of vibration monitoring of very large 

structures equipped with Glass Fibers Reinforced Polymers (GFRP) with an embedded set of optical fiber 

sensors. Due to the production process of such elements, it is difficult to locate precisely the FBG along the 

reinforcement bar, therefore it is difficult to recover the actual position of the measurement points knowing 

the acquired strain signals only. A technique for the identification of the placements of these sensors is here 

proposed, which relies on two main algorithms. The first one is based on a modal approximation of the 

elastic shape of the beam, allowing a theorical estimation of the sensor placements; the second algorithm is 

based on an Artificial Neural Network, which is able to predict the robustness of the previous estimation. 

Numerical results are shown to illustrate the methodology. 

1 Introduction 

The use of vibration measurements for structural health monitoring has attracted significant research 

attention during the last three decades [1-6]. Traditional strengthened concrete members, such as beams, are 

composed of concrete included cement and steel bars reinforcement. In such structures, the main function 

of concrete is to provide resistance to compressive loads. Steel bars embedded in the concrete, instead, 

provide resistance to tensile and shear loads. Nevertheless, the problem of corrosion associated with the 

steel bars reduced its live time. Recent technologies have resulted in alternative reinforcing materials such 

as Glass Fibers Reinforced Polymer materials [7] that can be embedded in concrete members to satisfy 

several desired properties. 

GFRP represents an attractive opportunity in the field of new concrete constructions as well as in the field 

of restoration of old ones. Their weight and resistance properties provide good chances of replacement of 

traditional steel reinforcements in many applications for civil and mechanical structures [8-11].  

This project started as a collaboration between the department of Mechanical and Aerospace Engineering 

of Sapienza University of Rome, BASF Italy Spa and SIREG GEOTECH srl. The main task of such project 

is to perform a structural restoration on a train bridge, located over Bormida river, in northern Italy. Instead 

of using traditional steel bars reinforcements, for this structure the mentioned GFRP bars with embedded 

FBG sensors, will be adopted, as shown in Fig. 1. The research is focused on using GFRP (i) as a 

reinforcement material, with embedded optical fibers, equipped with Fiber Bragg Grating sensors, also (ii) 

to monitor the structural health of the reinforced existing structure.  

FBG sensors allow indeed distributed sensing over significant areas by multiplexing a large number of 

sensors on a single fiber, which are immune to electromagnetic interference and have compact size. Due to 
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all these advantages, they have been widely used in many applications for the structural health monitoring 

[12,13]. 

The paper is organised as follow: section 2 is devoted to discuss the main technological limitation of 

embedding FBG optical sensors within GFRP bars, which does not allow an accurate placement of such 

sensors along the beam. A general mechanical model of the GFRP/FBG system is presented in section 3, 

where a technique for the identification of the placements of the FBG sensors is also introduced. The 

performance of the technique are tested in section 4, where an Artificial Neural Network algorithm is also 

introduced, to predict the robustness of the estimation with an index that forecasts the maximum error 

involved in the identification process. 

 

 

Figure 1: Schematics of the restoration blueprint (left) and picture of a GFRP bar (right). 

2 Technological limitation of embedding FBG optical sensors within 
GFRP 

A general difficulty with fiber glass reinforcement bars is related to the poor localization of the actual sensor 

position along the bar. The production of the GFRP/FBG bars [14-15], as shown in Fig. 2, involves a classic 

pultrusion process in which glass fibers, impregnated with epoxy resin, and optical fibers with the FBG 

sensors, are pulled together through a heated stationary die to perform the polimerization of the resin. 

The final bar issued from the production line is cut into several pieces of a certain length L, depending on 

the product specification. As a consequence of the cutting procedure, the actual localization of the sensors 

along the line is unkonwn. 

 

Figure 2: Schematic of the pultrusion process for the production of GFRP bar with embedded FBG sensors. 

GRFP bars 

GRFP bars 
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Each bar should be equipped with three embedded optical lines, each one equipped with at least one sensor. 

This configuration, as it comes out from the following considerations, permits to solve the under-

determinacy intrinsically related to: (i) the axial positioning of the sensors on each line along each bar, (ii) 

the angular positioning of each bar inside the beam.  

However, since the radius of each bar is small with respect to the characteristic size of the beam section, 

and the radius of the circle over which the optical lines are placed is even smaller, we can approximate the 

nominal optical line positioning on each section as it is identified by the centre of each bar. In this way the 

only unknown parameter of the sensors placements is related to their axial positions. 

3 Analytical model for predicting the system deformation 

Task of the proposed method is to estimate the elastic shape of the beam through the measurements of axial 

deformations in several points along the beam, whose positions are unknown. This method [16] is applied 

to a beam subjected to bending deformation according to the Euler-Bernoulli hypothesis. The unknown 

elastic shape of the beam can be expressed in form of an expansion of known eigenfunctions 𝜙𝑘(𝑥), 
combined through a set of weighting unknown time-dependent coefficients, that are the modal coordinates 

𝐴𝑘(𝑡). Since the distributed-parameter system has infinitely many vibration modes, the general response is 

a linear combination from all vibration modes: 

𝑤(𝑥, 𝑡) = ∑𝐴𝑘(𝑡)𝜙𝑘(𝑥)

∞

𝑘=1

 (1) 

where 𝑤(𝑥, 𝑡) is the transverse displacement of the neutral axis (at the point x and the time t) due to bending. 

Let us analyze first the static case: from the theory of Euler beam, we can deduce that the j-th optical fiber 

embedded within the GFRP beam (generally we have three fibers within each beam as explained in the 

previous section) has an axial deformation, the one measured by the the i-th FBG sensor, that is simply 

proportional to the curvature of the beam at that position (x): 

𝜀𝑖
(𝑗)
= −𝑧𝑖

(𝑗) 𝑑
2𝑤

𝑑𝑥2
(𝑥𝑠𝑖

(𝑗)
) = −𝑧𝑖

(𝑗)
∑𝐴𝑘

𝑑2𝜙𝑘
𝑑𝑥2

(𝑥𝑠𝑖
(𝑗)
)

∞

𝑘=1

 (2) 

Where 𝑥𝑠𝑖
(𝑗)

 is the longitudinal position of the i-th sensor along the j-th fiber, and 𝑧𝑖
(𝑗)
 is the distance with 

respect to the neutral axis. However, since the radius of the circumference at which the three optical lines 

are placed is small with respect to the characteristic size of the beam, the following approximation holds: 

 𝑧𝑖
(𝑗)
~𝑧(𝑗), i.e. the distance from the neutral axis only depends on the centre of the bar we consider. 

However, if the positions 𝑥𝑠𝑖
(𝑗)

 are unknown, together with the unknown coefficients Ak, an undetermined 

set of conditions is produced, since the number of unknowns is larger than the number of equations. A 

simple trick to proceed at the identification of the sensor location is to produce a fiber in which the sensors 

are placed at constant known distance d. This requirement does not affect at all the production process, and 

it is only related the layout of the FBGs that is ordered to the fiber supplier. In this case, eq. (2) becomes: 

−
𝜀𝑖
(𝑗)

𝑧𝑖
(𝑗)
=∑𝐴𝑘

𝑑2𝜙𝑘
𝑑𝑥2

(𝑥𝑠𝑜
(𝑗)
+ (𝑖 − 1) 𝑑)

∞

𝑘=1

 (3) 

where now only the line offset 𝑥𝑠𝑜
(𝑗)

 is unknown for each fiber. 

The information balance is easily analyzed: using NB fibers, each one carrying NS sensors, the total number 

of available signals is NBNS. On the right hand side of eq. (3), N+1 unknowns appear, i.e. the N coefficients 

Ak and the offsets 𝑥𝑠𝑜
(𝑗)

. To solve the system of equations it is necessary to satisfy the balance NBNS=N+1. 
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The problem of determining the elastic shape of the beam is simultaneously solved, since the solution of the 

previous system provides also the coefficients Ak, i.e. through 𝑤(𝑥) = ∑ 𝐴𝑘𝜙𝑘(𝑥)
∞
𝑘=1  one can determine 

the elastic shape.  

3.1 Algorithm for the identification of the coefficients Ak 

Let us assume that the elastic shape is represented only by two coefficients A1 A2 and considering the beam 

simply supported, we can write the mode shape in harmonic form as: 

𝑤(𝑥, 𝑡) = 𝐴1(𝑡) sin (
𝜋𝑥

𝐿
) + 𝐴2(𝑡) sin (

2𝜋𝑥

𝐿
) (4) 

where the two mode shapes have different wavenumbers, the first completing one cycle along 2L, the second 

one cycle along L. Eq. (3) becomes:  

−
𝜀𝑖
(𝑗)(𝑡)

𝑧𝑖
(𝑗)

= −∑(𝑘
𝜋

𝐿
)
2

𝐴𝑘(𝑡)𝑠𝑖𝑛 [
𝑘𝜋 (𝑥𝑠𝑜

(𝑗)
+ (𝑖 − 1) 𝑑)

𝐿
]

𝑁

𝑘=1

 (5) 

with N=2. An algorithm for the solution of these nonlinear equations can now be set. Note that in terms of 

the Ak coefficients the system is linear, and the nonlinearity is only related to the offsets 𝑥𝑠𝑜
(𝑗)

. In order to 

solve the problem recursively, let introduce a first guess for the offsets 𝑥𝑠𝑜
(𝑗)

, the linear system is defined: 

𝒃 = {
𝜀𝑖
(𝑗)(𝑡)

𝑧𝑖
(𝑗)

} , 𝑼 = {(𝑘
𝜋

𝐿
)
2

𝑠𝑖𝑛 [
𝑘𝜋 (𝑥𝑠𝑜

(𝑗)
+ (𝑖 − 1) 𝑑)

𝐿
]} 

(6) 

 

Where 𝒃  is the column vector of the acquired strains and U is an 𝑁𝑠 ×𝑁 matrix. In matrix form, the previous 

equation reads: 

𝑼(𝑥𝑠𝑜
(𝑗)
)𝑨 = 𝒃    →      𝑨 = 𝑼+ (𝑥𝑠𝑜

(𝑗)
)𝒃 (7) 

Where 𝑼+ is the pseudo-inverse matrix. 

The estimation error for the set of coefficient Ak is now introduced: 

𝑒 = ‖𝑨− 𝑼+ (𝑥𝑠𝑜
(𝑗)
)𝒃‖ (8) 

Now, fixed an initial guess for the offsets 𝑥𝑠𝑜
(𝑗)

, an optimal set of coefficient A is obtained, then the problem 

is iterated varying 𝑥𝑠𝑜
(𝑗)

, to find the minimum point �̅�𝑠𝑜
(𝑗)
 so that a suitable error function will be minimised 

and �̅�𝑠𝑜
(𝑗)

 will be the estimated offset for the fiber j. 

3.2 A practical example of application 

Let’s now consider the following setup: assume we use a single GFRP bar of a certain length L, i.e. NB=1, 

with embedded a number of FBG sensors equal to seven, that means NS=7, all sensors are equally spaced of 

a distance d. As explained, the uncertainty related to the location of the array of FBG sensors is reduced 

only to the placement of the first sensor, that is the line offset. That means that the maximum error for the 

identification of such offset is equal to the spacing d, which can be written as 𝑑 =
𝐿

𝑁𝑠
. This setup is 

represented in Fig. 3.  
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Figure 3: Schematics of the FBG sensors embedded within a GFRP beam. The red dot is the offset of the 

optical line, while the blue dots are the remaining six sensors. 

 

In order to provide an example of application of the algorithm, for the sake of simplicity it is here analysed 

a static problem, considering a punctual load. In fact, the calibration of the measurement apparatus, e.g. the 

GFRP with embedded FBG sensors inserted into the mechanical/civil structure, can be easily carried out 

employing suitable static loads. 

Considering seven FBG sensors, eq. (5) becomes: 

{
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𝜋 

𝐿
)
2
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𝐿
) + (

2𝜋 

𝐿
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2
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𝐿
)
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𝜋 

𝐿
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2
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𝐿
) + (

2𝜋 

𝐿
)
2

𝐴2 sin(
2𝜋𝑥𝑠𝑜

(1)
+ 2𝜋𝑑 

𝐿
)

⋮
⋮
⋮
⋮

𝜀7
(1)

𝑧7
(1)
= (

𝜋 

𝐿
)
2

𝐴1 sin(
𝜋𝑥𝑠𝑜

(1) + 6𝜋𝑑 

𝐿
) + (

2𝜋 

𝐿
)
2

𝐴2 sin(
2𝜋𝑥𝑠𝑜

(1) + 12𝜋𝑑 

𝐿
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 (9) 

Therefore, we have two unknown coefficients A1 A2 and the line offset 𝑥𝑠𝑜
(1)

, i.e. three unknowns in seven 

equations that can be solved in terms of A1 A2 and 𝑥𝑠𝑜
(1)

 in two steps. 

As explained, the error function 𝑒(𝑥𝑠𝑜
(𝑗)
) defined in eq. (8) depends on the initial guess of the offset. We can 

set a first guess for 𝑥𝑠𝑜
(1)

, for example  𝑥𝑠𝑜𝑔𝑢𝑒𝑠𝑠
(1) =

𝐿

𝑀
, where M is a given positive integer, thus we obtain an 

overdetermined set of seven equations in two unknowns A1 A2 that can be solved in a least square sense (by 

using the pseudo-inverse), and evaluate the corresponding error 𝑒(𝑥𝑠𝑜
(𝑗)
).  

Now we are able to introduce another error function err, slightly different than eq. (8), which is defined as 

the mean error between the strains measured by the FBG sensors and the strains estimated by eq.(5) having 

used the optimal set of coefficients A1 A2: 

𝑒𝑟𝑟(𝑥𝑠𝑜) =∑
𝜀𝑖 − 𝜀𝑖(𝑥𝑠𝑜)

𝑠𝜀𝑖

𝑠

𝑖=1

 (10) 

Then we can modify the value, as  𝑥𝑠𝑜
(1) =

2𝐿

𝑀
 , and solve again in the least square sense for A1 A2, and compute 

again the error. Let us proceed in this way evaluating the set of errors  for 𝑥𝑠𝑜
(1) =

𝑘𝐿

𝑀
, k=1,2,3,...,M. 

The value of k for which the equation error (10) is minimum identifies the estimated value of the offset 𝑥𝑠𝑜
(1)

, 

at which are associated the optimal values for A1 A2.  

Therefore, in this way we can to each strain measurement the related position along the longitudinal axis, 

i.e. 𝑥𝑠𝑜 𝑖
(1) = 𝑥𝑠𝑜 

(1) + (𝑖 − 1)𝑑.  

Offset 
location 

Max error =  𝑑 =
𝐿

𝑁𝑆
 

d 

L 

𝑥𝑠𝑜  
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The algorithm has been tested varying the position of the same load P all over the length of the beam, 

between 0 and L, for a fixed value of the actual line offset. Then the same set of loads have been applied 

varying the position of the offset in the range of the maximum error of location, namely between 0 and d. 

The simulation has been carried out considering 39 positions for the load, equally spaced over the entire 

length of the beam, for a number of fixed offsets equal to 28; the results of the test are represented in Fig. 4. 

Note that, for explanatory purpose, the results reported in Fig. 4 refer to just one fixed value of the line offset 

𝑥𝑠𝑜. In this graphic, each curve is the error function, eq. (10), related to a single load applied in a specific 

position. The error function curves have the same trend and most of them have a minimum in the 

neighbourhood of the actual offset. However among these curves, there are some that provide a better 

estimation of the offset, while other provide larger errors. The estimation error is therefore introduced, 

namely the relative error between the actual and the estimated offset: 

𝑒𝑐 = |
𝑥𝑜𝑠 − 𝑥𝑜𝑠𝑒𝑠𝑡

𝑥𝑜𝑠
|. (11) 

Where, for the sake of notation, the dependence on the load position xp, e.g. ec(xp), has been omitted.  

 

Figure 4: Simulation results: trend of the 𝑒𝑟𝑟(𝑥𝑠𝑜) functions for one fixed offset (𝑥𝑠𝑜 = 0.115) and 39 loads. 

Schematics of the beam is reported on the lower side of the picture. 

Over the entire set of obtained curves, only for certain positions of the load the optimal solution provides a 

relative error close to zero. 

The reasons behind this behaviour may depend on the generality of the model, which relies only on a few 

periodic eigenfunctions adopted to model the mechanical system; however this limits the reliability of the 

algorithm introduced so far. An Artificial Neural Network algorithm will be indeed implemented, to classify 

the reliable curves, which provide a good localization of the line offset, from the other curves that, on the 

contrary, provide wrong estimations. 

4 Data post processing with an ANN algorithm 

The algorithm previously introduced works under rather general hypothesis, so that it is able to provide an 

estimate of the flexural deformation without requiring an accurate mechanical model of the structure. As a 

Offset position 
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result, the algorithm can be applied to a wide set of structures, the trade-off is that the accuracy of the offset 

estimation is affected by the actual placement of the offset and of the load that is exciting the structure. For 

a specific placement of the offset, the proposed technique shows indeed good accuracy for certain load 

positions, while it is not effective for others, as shown in Fig. 4. 

The objective of the present section is to develop an Artificial Neural Network [17], which is able to predict 

the robustness of the estimated offset, providing an index that forecasts the error involved in the estimation 

process. This is obtained designing a multilayer artificial neural network, which will use the deformation 

signal measured by the sensors embedded into the structure. 

For each actual placement of the offset and of the load, the input vector that feeds the neural network will 

be composed by the following features: 

1. A set of g-error values 𝑒𝑟𝑟 (𝑥𝑠𝑜𝑔𝑢𝑒𝑠𝑠𝑗), defined in eq. (10), evaluated on an array of initial guess, 

𝑥𝑠𝑜𝑔𝑢𝑒𝑠𝑠𝑗, uniformly distributed within the interval [0, d]=[0, ∆𝑥,… , 𝑗∆𝑥, …, (g−1)∆𝑥], where d<L, 

being L the length of the structure, with g=51; 

2. the estimated offset value 𝑥𝑜𝑠𝑒𝑠𝑡; 

3. the prominence value of the error  function, e. g. 
𝑒𝑟𝑟(𝑥𝑜𝑠𝑒𝑠𝑡)

𝑒𝑟𝑟(𝑥𝑠𝑜𝑔𝑢𝑒𝑠𝑠𝑗)
; where 𝑒𝑟𝑟 (𝑥𝑠𝑜𝑔𝑢𝑒𝑠𝑠𝑗) is the mean 

value of the error.  

4. the total number of minima. 

To each input vector is associated a target value, which is the relative error ec involved in the estimation of 

the offset position, previously introduced in eq. (11).  

In order to train the net, a dataset is generated by the iteration of the process above, considering n-different 

positions for the offset, uniformly distributed within the interval [0, d], and m-different positions for the 

load, uniformly distributed within [0, L], with n=2848 and m=191. To summarize, the generated dataset 

will contain a total number of records 𝑛 ×𝑚 = 543968; each record is composed by g+3=54 variables, 

which form the input of a column vector V. The target vector T has only one value, which ranges from 0 to 

1. 

One of the problems with the data set is that the number of records needed for good estimations, i.e. the 

value of the function e smaller than 0.1, is smaller than the ones for bad estimations, i.e. e>0.5, respectively 

true and false cases, for notation. If we train the network using a higher number of false cases, the network 

will be biased to indicate false events. A simple solution is to select an equal number of good and bad 

estimates in the dataset dedicated to the training. 

After the data has been collected and divided, an important step is the data normalisation, which makes it 

easier for the neural network training to extract the relevant information. The input and output data is 

normalized so that they fall into a standard range, typically -1 to 1. 

When coding the target values we also need to consider the transfer function that is used in the output layer 

of the network. For pattern recognition problems, sigmoid functions are generally adopted: log-sigmoid or 

tangent-sigmoid, the latter is used in the present document so target values range from -1 to 1, which 

represent the asymptotes of the function. 

However, this tends to cause difficulties for the training algorithm, which tries to saturate the sigmoid 

function to meet the target value. It is better to assign target values at the point where the second derivative 

of the sigmoid function is maximum. For the tangent-sigmoid function, this occurs when the net input is -1 

and 1, which corresponds to output values of -0.76 and +0.76, therefore the targets are set to values of -0.76 

and +0.76 instead of -1 and 1. 

Fig.5 shows the network architecture, which consists of two hidden layers with 54 and 2 neurons and the 

tangent-sigmoid transfer function is used in all the layers. This architecture, which is rather standard for 

pattern recognition, has been determined starting from one hidden layer with 10 neurons and then testing 

the network performance after training. 
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Figure 5: Actual architecture of the Feedforward Network used in the proposed algorithm. 

The training data consist of 6350 samples of good estimations and 6350 of bad ones, for a total of 12700 

records dedicated to the training. To guarantee a better learning of the network, a larger training set is 

generated, by randomly selecting, 4 times, one (good-bad) pair at the time from the original data set. The 

final datasets will be composed of 50800 of record, 75 % (38100) of which will be used for training. The 

program is implemented in Matlab where the function train is used, which automatically set aside 15% of 

the training data for validation and 15% for testing. The network is trained using the scaled conjugate 

gradient algorithm, which is very efficient for pattern recognition problems.  

After the network has been determined, its performance are tested using the remaining 12700 records at 

disposal. Results will be discussed in the devoted section. 

4.1 Testing the Network 

Results of the network testing are here reported in the left side of Fig.6: red circles represent the actual 

values of the normalised target used for testing, while the blue dots are the predictions made by the 

developed ANN. In detail, in the lower side of the graph there are the good estimations while in the upper 

side there are the false cases. The network is able to properly classify the vast majority of the cases: there is 

an almost perfect fit between the false cases and the output of the net, while for what concerns the true cases, 

ANN roughly provides a mean value between less (-0.6) and more (0.8) accurate estimations of the expected 

target, demonstrating that the reliability of the dataset processing performed by the ANN is high. In the right 

side of Fig. 6, same results are reported in terms of probability density function: target and ANN predictions 

have indeed the same shape, mean value and variance. 

In the end, with reference to Fig. 7, it is reported the relative Network error, as the relative error between 

the target values and the predictions performed by the ANN algorithm, that is: 𝑒𝑛𝑒𝑡 = |
𝑇𝑎𝑟𝑔𝑒𝑡−𝑂𝑢𝑡𝑝𝑢𝑡

𝑇𝑎𝑟𝑔𝑒𝑡
| ∙ 100. 

As shown, the network is able to classify both true and false cases with an error which is, except some few 

cases over the entire dataset, below 10%. 
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Figure 6: Network testing results (left) and Probability Density function (right). 

 

Figure 7: Relative network error:  𝑒𝑛𝑒𝑡 = |
𝑇𝑎𝑟𝑔𝑒𝑡−𝑂𝑢𝑡𝑝𝑢𝑡

𝑇𝑎𝑟𝑔𝑒𝑡
| ∙ 100. 

Concluding Remarks 

The production process does not allow an accurate placements of FBG sensors along a Glass Reinforced 

Fibers beam. A technique for the identification of the placements of these sensors has been proposed, which 

relies on two main algorithms. The first algorithm is based on a modal approximation of the elastic shape 

of the beam, allowing a theorical estimation of its deformation, to be compared with the one arising from 

the strain measurements, which permits a first estimation of the sensors placements.  

The accuracy of the estimation is however affected by the combination of the actual placement of the sensors 

and of the load that is exciting the structure. Since the calibration of the measurement apparatus, e.g. the 
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GFRP with embedded FBG sensors inserted into the structure, can be carried out employing a number of 

suitable loads, a set of estimations will be at disposal but, among them, only some unknown trials, will 

provide good results, while other will provide larger errors.  

The problem of classify good from bad estimations is solved with a second algorithm, which is based on  an 

Artificial Neural Network, and is able to predict the robustness of the estimation, providing an index that 

forecasts the error involved in the estimation process, for each position of the exciting load.  

Numerical results shows that the proposed technique is able to locate properly the actual position of the 

sensors with good accuracy, performing a relative error as high as 10%. 
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