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Abstract
When conducting uncertainty quantification, probability methods are widely used to represent quantities
of a variable nature. First, a type of probability density function has to be chosen, often based on initial
assumptions and physical boundary conditions, defining a set of stochastically parameters. Because the
available data is physically limited to a finite number, there will always be uncertainty on the exact value of
these parameters. At some point, the amount of experiments will be too low for the estimated parameters
to be of practical use. In the case of very low data availability, one can attempt to use intervals instead
to quantify the variability. Because no probability density function is defined, intervals can be used in the
presence of low data availability, leaving only an upper and lower bound to be defined. This paper will
present a method to estimate interval bounds based on a limited set of experiments, trying to optimally use
the information they contain and determine practically usable interval bounds.

1 Introduction

Interval estimation concerns the capturing of the variability of a quantity x by an upper and a lower bound
that effectively limit the possible values that x can take. Besides this, we also assume that in between these
bounds, all values have a finite nonzero possibility of occurring. However, we do not attempt to assign any
probability to any value of x, except to those which fall out of the interval, as they have a probability equal
to 0. Obviously, this means that before using interval quantitation, we should not be concerned with this
probability. This is for example the case in a worst-case scenario analysis, where we only try to identify the
lowest performing possible outcome of a non-deterministic system and attempt to ensure it is still sufficiently
performing according to the demands. All quantities in our field of interest are theoretically bounded. Many
quantities cannot drop below zero (eigenfrequencies, thicknesses, stiffnesses, etc.). However, their physical
bounds are of greater interest, which are usually much narrower and therefore of greater practical use. Sup-
pose we have a quantity x we want to estimate by an interval, on a total population of N. We have tested n
samples (n � N) of this population and observed a minimal value and maximal value 〈x̂m|x̂M 〉. We now
which to estimate the minimal and maximal value of x, and x within our entire population, and use this as
bounds for our interval xI = 〈x|x〉. Obviously, a first estimate could be to just take the observed bounds as
estimate for the interval: xI = 〈x̂m|x̂M 〉, but for very small n, this will be possibly a very non-conservative
result, with many samples in the total population falling out of the estimated interval. This renders the in-
terval not usable for further reliability analysis, as too little variability of the quantity x is captured by the
interval. We therefore look for a conservative result that still takes into account as much of the available
information contained in the limited dataset as possible.
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2 Bayesian updating

2.1 General definition

Bayesian inference or Bayesian updating is a widely used technique to incorporate (additional) experimental
knowledge on a variable quantity to estimate the quantitys stochastic parameter (citeBayes). Starting from
an initial guess on the parameter value θ, or prior distribution p(θ) (which may either be inferred from
previous experiments or completely from theoretical assumptions), the posterior distribution incorporating
the experimental knowledge p(θD) can be calculated by multiplying with the likelihood function p(F |θ) in
what is known as Bayes theorem:

p(θ|D) =
p(D|θ)p(θ)
p(D)

(1)

p(D) serves as a normalizing constant so that
∫∞
−∞ p(θD)dθ = 1. Obviously, the posterior depends greatly

on the choice of the prior, but also on the type of PDF and the associated parameter vector that is used. If
the PDF is well chosen and enough data is available, performing Bayesian inference can lead to a posterior
distribution that approaches a delta function located at the true parameter value. However, if the PDF is
chosen badly the posterior may not converge or it may even converge to a wrong parameter value. Because
of this, additional testing is often done to assess the goodness-of-fit. However, in the presence of little
available data, these tests often fail. E.g. if we compare the maximum value of the likelihood given by the
Gaussian distribution and the uniform distribution, for a set of 30 samples drawn from the standard normal
distribution, the uniform distribution almost always scores better. One would need at least about 60 samples
to be able to unambiguously distinguish the normal from the uniform distribution. And for PDF types that
resemble the shape of the Gaussian distribution more closely, this number will be even higher.

2.2 non-possibilistic Bayesian updating

In the presence of low data availability, non-possiblistic approaches can be an answer. Interval estimation
or, by extension, non-possibilistic parameter estimation using Bayesian approaches has not been subject to
extensive research. Only recently, Yi et a al. proposed a Bayesian updating framework for intervals based
on the definition of the Interval escape rate and interval coverage rate and defined a bayesian-like updating
scheme. ([1]). Also quite recently, Hanselowski et al. proposed a Bayesian updating scheme based on
fuzzy numbers ([2]), in which a fuzzy prior is defined directly on a limited data set. Through use of inverse
fuzzy arithmetic the posterior fuzzy numbers are determined. The work in this paper is based on one major
assumption: the interval concept is often used in the presence of low data availability and omits the need of
defining a suitable PDF. However, we assume the interval does capture an unknown finitely bounded PDF,
even though we cannot identify it properly. Instead we will introduce a continuous set of possible PDFs and
define new interval bound estimators in a Bayesian framework. Through this a preliminary choice of PDF is
no longer necessary, but much of standard Bayesian analysis is still applicable.

3 Bayesian Interval Estimation based on a generalized PDF shape

3.1 Extreme Value Distributions

Consider a PDF fx(x) for quantity x with parameter vector θ. Suppose we have a total population of N
samples, with a maximum value x and a minimum value x. If fx(x) is known, we can directly calculate the
PDFs on the extreme values x and x, which are dependent on the population size N and are given by:

M (N)
x (x, θ) = Nfx(x)

(∫ x

−∞
fx(t)dt

)N−1
(2)
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Figure 1: 2D extreme value distributions for the uniform and gaussian distribution

m(N)
x (x, θ) = Nfx(x)

(∫ ∞

x
fx(t)dt

)N−1
(3)

Since these distributions depend on the prior determination of fx(x) and parameter vector θ, we can also
interpret these extreme value PDFs as the conditional probability p(xθ) and p(xθ). These functions are
known as the extreme value distributions ([3]). Some of these distributions are well known and have been
applied in reliability analysis before, such as the Gumbel, Frchet and Weibull distributions. In the next step
we can also define a 2-D PDF on the occurrence of an interval xI = 〈x|x〉 as:

p(xI = fx(x)fx(x)

(∫ x

x
fx(t)dt

)N−2
, x ≤ x (4)

Figure 1, shows an example of the 2D-extreme value distribution in case that fx(x) equals the uniform
distribution and in case it equals the Gaussian distribution, for a sample size of 10. Note that these are all a
priori-distributions that are only valid for a certain population size N .

3.2 Bayesian Inference for interval bounds

Consider n experimental samples with a maximum observed value x̂M and a minimum observed value x̂m.
What we are interested in now is an estimate for the populationwide extreme values given the observed
extreme values, defined by p(xx̂M , x̂m) and p(xx̂M , x̂m). First, we assume the minimum observed value
does not affect the populationwide maximum too much and vice versa, leading to p(xx̂M , x̂m) ≈ p(xx̂M )
and p(xx̂M , x̂m) ≈ p(xx̂M ). Now, we can apply Bayes theorem by writing these probabilities in terms of a
prior distribution on x and x and an appropriate likelihood function (from now on, only the expressions for
the maximum are given, the expressions for the minimum are quite similar):

p(x|x̂M ) =
p(x̂M |x)p(x)

p(x̂M )
(5)

We now write the likelihood back in terms of a stochastic parameter vector θ as:

p(x̂M |x) =
∫

S

∫

θ
p(x̂M |θ) · p(θx)dθdS =

∫

S

∫

θ
M (n)
x (x̂M , θ) · p(θx)dθdS (6)
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Figure 2: 2D extreme value distributions for the uniform distribution if N = 500

The S-integral refers to the fact that for equation 6 to be true, we need to integrate over all possible types
of PDFs, and for each PDF integrate over all possible values of the corresponding parameter value θ. The
second term in the integral p(θx) we can also express using bayes theorem in terms of a likelihood function
as:

p(θ|x) = p(x|θ)p(θ)
p(x)

(7)

In equation 7, p(x|θ) now describes the likelihood of obtaining a maximum value x in the entire population
of size N , for a certain parameter value θ. If N is large enough, it can be proven that for PDFs with
finite bounds this function will approach a delta function at x, a parameter value that defines a PDF with a
maximum possible value equal to x. This can be easily illustrated in the case of the uniform distribution:
figure 2 show the likelihood p(x) for N = 500. This means the inner integral in equation 6 drops out:

p(x̂M |x) =
∫

S

∫

θ
M (n)
x (x̂M , θ) · δ(θ − θx)dθdS =

∫

S
M (n)
x (x̂M , θx)dS (8)

Combining similar expressions for p(x̂m|x), we can write the interval Bayesian inference equation as:

p(xI x̂M , x̂m) =

∫
SM

(n)
x (x̂M , θx,x)dS · p(xI)

p(x̂M , x̂m)
(9)

In equation 9, all probabilities are 2D-PDFs. It expresses the conditional probability of an observed interval
in terms of a prior distribution on the interval bounds and a likelihood function that incorporates the extreme
value distributions.

3.3 Generalized PDF

For the outer integral, we still have to integrate over all PDFs with finite bounds equal to x and x. For this
we will parametrize the shape of the PDF. We assume the PDF is continuous, except at the bounds where it
may have a probability density different from zero. Also, by definition,

∫ +∞
−∞ fx(x)dx =

∫ x
x fx(x)dx = 1.

We will use the following parametrization, given by equation 10:

fx(x) = ax4 + bx3 + cx2 + dx+ e (10)
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Figure 3: example of interval Bayesian inference for an experiment size of 10.

We define four adjustable parameters as given in table 1 The coefficients in equation 10 are linked to these

symbol description
p0 Probability density at x
p1 Probability density at x

dfx(x)
dx

∣∣∣
0

first derivative of the PDF at x
dfx(x)
dx

∣∣∣
1

first derivative of the PDF at x

Table 1: parameters used to determine the PDF shape

parameters through (equation 11):



a
b
c
d
e



=




−15 −15 −2.5 2.5
32 28 6 −4
−18 −12 −4.5 1.5
0 0 1 0
1 0 0 0



·




p0
p1

dfx(x)
dx

∣∣∣
0

dfx(x)
dx

∣∣∣
1



+




30
−60
30
0
0




(11)

Appropiate bounds on these parameters have been determined so that fx(x) > 0 within the interval 〈x|x〉.
This defines a wide set of PDFs (including asymmetrical ones) which allows us to evaluate the likelihood as
defined in equation intervalBayesian. Figure 3 shows an example of the posterior distribution obtained using
a prior that equals the EVD for a normal distribution with a total population N = 1000, and a sample set of
10.

4 Average likelihood and worst-case likelihood estimation

The likelihood used in equation 9 can be calculated in two ways:

• Equation 6 describes the average likelihood estimate, as it determines an average likelihood over a
parametrized set of PDFs. The likelihood is simply calculated by explicitely evaluating the integral
over thee parameters defined in table 1, thereby determining the average likelihood over a large set of
possible PDF shapes.

• Another way to deal with the integration in equation 6, is not integrating at all, but instead determining
the maximum value of p(x̂M , x̂m|x, x) over all possible PDFs, and use this quantity as an estimate for
the likelihood function. This reasoning relates well to the concept of interval theory: assuming the true
nature of the PDF is unknown, we let our likelihood be determined by the PDF that makes the observed
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data the most likely, given certain bounds. This comes down to a sort of worst-case-likelihood and may
fit better with the concept of intervals than the integrated likelihood estimate.

Figure 4 shows an example of both estimators for 5 randomly chosen points in the interval 〈0|1〉 and shows
how the likelihood evolves with increasing interval size. To evaluate the validity of the use of the average

Figure 4: average and worst case likelihood for a sample size of 5

and worst-case likelihood estimators, their convergence rate for increasing data availability is compared to
standard Bayesian estimation where the Gaussian distribution is assumed. An important requirement of
an estimator is that once the amount of data approaches infinity, the estimator will converge to the actual
value (i.e. an unbiased estimator), but preferably it will also converge monotonically and as fast as possible.
First, a non-informative prior is considered for the interval bounds, i.e. a uniform distribution bounded by the
observed extremes and six times the observed interval radius. Since the Gaussian distribution is not bounded,
we will use the truncated Gaussian distribution truncated at ±3σ. The variable of interest is given a random
PDF performing a 2D-polynomial transformation on a uniformly distributed germ variable. Figures 5, 6
and 7 show the evolution of the estimated 95%-confidence intervals on the interval bounds for an increasing
number of samples. On th xx-axis the logarithm of the sample size is given, which ranges from 7 up to 270.
The intervals are normalized so the desired interval equals 〈0|1〉. We clearly see that because of the (wrong)
assumption of a Gaussian distribution, the estimation of the bounds converge to a wrong value. Both the
average likelihood and the worst case likelihood estimator converge to the right interval bounds and also
outperform the Gaussian estimator in the case of small sample size. Also, we see that for a sample size
bigger than 40, the average and worst case likelihood estimator almost coincide, and that for smaller sample
size, the average likelihood tends to perform better.
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Figure 5: evolution of the 95%-confidence estimate on the lower and upper bound for increasing sample size
(1) 5

Figure 6: evolution of the 95%-confidence estimate on the lower and upper bound for increasing sample size
(2)

Figure 7: evolution of the 95%-confidence estimate on the lower and upper bound for increasing sample size
(3)
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5 Conclusions

This paper introduced a Bayesian inference scheme that can be used to determine interval bounds on small
data sets where therre is high uncertainty on the exact type of distribution, Bayes’ theorem was adapted to an
interval-equivalent form and the resulting likelihood is determined, including a large set of possible PDFs in
the calculation, thereby increasing the robustness of the final result. The likelihood can either be estimated
by averaging over the entire set of PDFs, or by taking the worst-case likelihood, further increasing robustness
in the case of low data availability. Initial numerical experiments show that the method is better capable of
estimating the true interval bounds than the Gaussian distribution estimate.
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