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Abstract 
Feedback control techniques for vibrations suppression are widely investigated in the technical literature. 

However, the most powerful method in this context, the optimal control theory, despites its generality and 

flexibility related to the user defined cost function, meets serious engineering limitations. This is due to the 

lack of a feedback law, because of the intrinsic formulation of the Pontryagin optimality criterion. This 

paper proposes a novel method of control that, still maintaining the structure of the optimal control 

technique, provides a feedback control. The method is applied to one of the most challenging nonlinear 

oscillation control, the inverse pendulum, that is a benchmark in the field. 

The FLOP- Feedback Local OPtimality control, provides excellent results obtaining with a unique control 

law a very rapid swing-up of the pendulum and its inverse position characterized by instable vibrations is 

maintained by the FLOP control in a more efficient way with respect to competitor recent methods.   

1 Introduction 

In this paper, a new method of solution for optimal control problems, named FLOP- Feedback Local 

OPtimality is presented. The method is based on the use of a variational method that is modified to obtain a 

feedback control. In this sense FLOP is part of a new class of algorithms the group is developing under the 

name of VFC- Variational Feedback Controllers. The FLOP gives the possibility to control complex systems 

through a feedback control law. Currently, VFC methods are being tested in various engineering fields, from 

autonomous driving systems to intelligent suspensions [1-4] and from vibrations control to smart materials 

field [5-7]. This new method is based on classical variational approach based on Pontryagin’s optimal 

problem [8, 9], but it gives the possibility to reach a form of feedback control by changing the optimality 

condition, as it will be seen in next section. Through the application of this new optimality condition, VFC 

can be applied also to non-linear dynamical systems. VFC approach belongs to the category of nonlinear 

controls such as Sliding Mode, Lyapunov and feedback linearization controls [10-12] but FLOP adds the 

possibility to perform specific objective functions respecting assigned constraints. 

Pendula problems are generally used to approximate many engineering problems as vertical rocket landing, 

human locomotion and balancing vertical objects. These systems are typically under-actuated, hence 

extremely unstable and difficult to control. Therefore, pendula problems represent a useful test for new 

control algorithms.  Nowadays, many strategies have already been proposed and implemented to such 

systems and usually these strategies are based on fuzzy logic by switching different type of controls e.g. 

[13-17] . 

This paper shows that the proposed FLOP method can control both a swing up maneuver and an upward 

pendulum position. Moreover, it is shown the robustness of the tuned control.  
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2 Resume of FLOP theory 

2.1 Description of the new local optimality principle 

Recently the authors have developed a control strategy based on classical variational approach. This 

approach introduces a local optimality condition trough which is possible to obtain a feedback control law 

for non-linear dynamical system. Classical variational problem states the cost functional 𝐽 ̅ needs to be 

minimized in the entire time interval [0, 𝑇]. The main idea of the FLOP- Feedback Local OPtimality control 

is to divide the original functional (1) into 𝑁 functionals with a short time interval Δ𝜏 (equation (2)) and to 

minimize each one of them, creating a local optimality condition. With local optimality condition, FLOP 

approach creates a new scenario for the control of dynamical system, for three, main reasons:  

(i) Dynamical system can be a non-linear one, and complete theory has been developed for class of 

dynamical system of the form �̇� = 𝜙(𝑥) + 𝐵𝑢 + 𝐶. Recently, authors are working also on non-linear 

dynamical system in control variable, considering also the control constraints.  

(ii) A new class of non-linear functions, differentiable in the state and control variables, can be introduced 

in a general objective function 𝐸(𝑥, 𝑢). It can be customized to add some high/low potential zones to reach 

a specific target point (low potential area) and, simultaneously, avoid some obstacle points (high potential 

zones), as it will be shown in next section. The possibility to add this class of non-linear functions permits 

to overcome difficulties derived from classical quadratic cost function used in the LQR approach.  

(iii) The FLOP is a feedback control based on an optimal principle and permits to overcome the main 

drawback of classical optimal problem solved by Pontryagin’s or Bellman’s method, which solutions are 

represented by feed-forward law. 

Although, it is important to denote that FLOP approach, in general, does not leads to the optimal control but 

it leads to a local optimal control. Therefore, with the assumption stated in (2) for obtaining the local 

optimality condition, an error from the minimization problem in (1) is produced. It has been demonstrated 

that, in some cases, this error goes to zero but, in general, an error will be committed by using the FLOP 

approach.  

Classical variational approach is based on a minimization problem as:  

      min 𝐽 ̅ = ∫𝐸(𝑥(𝑡), 𝑢(𝑡))

𝑇

0

𝑑𝑡 

subject to 

�̇� = 𝑓(𝑥(𝑡), 𝑢(𝑡)) 

𝑥(0) = 𝑥0  

 

min𝐽 = ∫𝐸(𝑥, 𝑢) + 𝜆(�̇� − 𝑓(𝑥, 𝑢)) 𝑑𝑡

𝑇

0

= ∫ ℒ(�̇�, 𝑥, 𝑢, 𝜆)𝑑𝑡
𝑇

0

, 

(1) 

In (1), 𝑥 is the system state and 𝑢 is the input control. The associated equation of the controlled process �̇� =
𝑓(𝑥, 𝑢, 𝑡) with its known initial condition 𝑥(0) = 𝑥0 represents a constraint between 𝑥 and 𝑢. The inclusion 

of the constraint is made by the Euler-Lagrange multiplier 𝜆(𝑡). The problem (1) is solved by finding an 

optimal control 𝑢∗(𝑡) to which the optimal trajectory 𝑥∗(𝑡) is associated. 
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  The new proposed method of control FLOP is based on a less accurate solution by solving not the entire 

time domain [0 T] but N-subintervals. 

𝐽 = ∫ ℒ(�̇�, 𝑥, 𝑢, 𝜆)𝑑𝑡
𝑇

0

=∑𝐽𝑖

𝑁

1

= ∫ ℒ(�̇�, 𝑥, 𝑢, 𝜆)𝑑𝑡
𝜏1

𝜏0

+⋯+∫ ℒ(�̇�, 𝑥, 𝑢, 𝜆)𝑑𝑡
𝜏𝑁

𝜏𝑁−1

 (2) 

In (2) a new optimality condition is required, so that a minimization for each of time-limited functional is 

required:  

min 𝐽𝑖 = ∫ ℒ(�̇�, 𝑥, 𝑢, 𝜆)𝑑𝑡
𝜏𝑈𝐵𝑖

𝜏𝐿𝐵𝑖

 (3) 

where 𝑈𝐵 and 𝐿𝐵 pedixs are indicating upper bound and lower bound. For each integral is required to satisfy 

the boundary conditions for the related Pontryagin’s equations, the initial and transversality conditions, so 

that: 

𝑥𝐿𝐵𝑖(𝜏𝑖−1) = 𝑥𝑈𝐵𝑖−1(𝜏𝑖−1) 

𝜆𝑈𝐵𝑖(𝜏𝑖) = 0 
(4) 

The new criterion of optimality expressed by (3) leads to find the optimal local trajectory and control (𝑥i
∗,𝑢𝑖

∗)  

and the sum of each integrals lead to the optimal local solution 𝐽′∗:  

𝐽′∗ =∑∫ ℒ(𝑥𝑖
∗, 𝑢𝑖

∗)𝑑𝑡
𝜏𝑖−1+∆𝜏𝑖

𝜏𝑖−1

𝑁

𝑖=1

 (5) 

In general, 𝐽∗ represents the optimum over the whole interval [0, 𝑇], instead  𝐽′∗ is based on a sequence of 

local optimality principles and is possible to demonstrate that 𝐽∗ ≤ 𝐽′∗ or rather: 

∆𝐽 = 𝐽∗ − 𝐽′∗ =∑∫ ℒ(𝜈∗) − ℒ(𝜈𝑖
∗)  𝑑𝑡

𝜏𝑖−1+∆𝜏𝑖

𝜏𝑖−1

𝑁

𝑖=1

= ∆𝝉𝑇𝓣∆𝝉   (6) 

The term ∆𝝉 𝓣∆𝝉 is the residual term, with  𝓣 a ℝ𝑁𝑥𝑁 matrix depending on the couple of (𝑥∗,𝑢∗) and 

(𝑥𝑖
∗,𝑢𝑖

∗) and ∆𝝉 is a ℝ𝑁 vector of ∆𝜏𝑖 elements. 

The last expression shows the error is a quadratic form in terms of the smalls time intervals, neglecting 

higher order terms. 

2.2 Resume of FLOP application strategy 

Starting from (5), applying variational approach and by discretizing result using the Euler first-order 

approximation for �̇�𝑖 and �̇�𝑖, it results:  

{
  
 

  
 

   

𝜕𝐸

𝜕𝑥
|
𝐿𝐵𝑖

+ (𝜆
𝜕𝑓

𝜕𝑥
)|
𝐿𝐵𝑖

−
𝜆𝑈𝐵𝑖 − 𝜆𝐿𝐵𝑖

∆𝜏
= 0

𝜕𝐸

𝜕𝑢
|
𝐿𝐵𝑖

+ (𝜆
𝜕𝑓

𝜕𝑢
)|
𝐿𝐵𝑖

= 0

𝑥𝑈𝐵𝑖 − 𝑥𝐿𝐵𝑖
∆𝜏

= 𝑓(𝑥𝐿𝐵𝑖 , 𝑢𝐿𝐵𝑖)

∀  𝑖 ∈ [1, 𝑁] (7) 

Set of equations (6) leads to a system of three equations in three unknowns for each 𝑖. By applying local 

optimality condition (4), it follows that �̇�𝑖 =
𝜆𝑈𝐵𝑖

−𝜆𝐿𝐵𝑖
∆𝜏

= −
𝜆𝐿𝐵𝑖
∆𝜏

.  Looking at the continuous counterpart of 

this equation, it is natural to assume �̇� = −
𝜆

∆𝜏
= 𝐺𝜆. This leads to a reformulation of the Pontryagin’s 

problem in the following augmented form:  
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{
 
 
 

 
 
 

   

𝜕𝐸

𝜕𝑥
+ 𝜆

𝜕𝑓

𝜕𝑥
− �̇� = 0

𝜕𝐸

𝜕𝑢
+ 𝜆

𝜕𝑓

𝜕𝑢
= 0

�̇� = 𝑓(𝑥, 𝑢, 𝑡)

�̇� = 𝐺𝜆 
         

∀  𝑡 ∈ [0, 𝑇] (8) 

Starting from general dynamical system in the form of �̇� = 𝝓(𝒙) + 𝑩𝒖 + 𝑪 with 𝝓(𝒙) to be a generical 

differentiable non-linear function and writing the cost function 𝐸(𝒙, 𝒖) with classical quadratic cost function 

plus a generical non-linear function in the state variable, functional in (1) is written as: 

𝐽 = ∫
1

2
𝒙𝑇𝑸𝒙 +

1

2
𝒖𝑇𝑹𝒖 + 𝑔(𝒙) + 𝝀𝑻(�̇� − (𝝓(𝒙) + 𝑩𝒖+ 𝑪)) 𝑑𝑡

𝑇

0

 (9) 

From expression (8) it is possible to apply the FLOP method and to obtain:  

�̇� = 𝝓(𝒙) + 𝑩𝒖+ 𝑪

𝒖 = (𝑹𝑇)−1𝑩𝑇[𝚽(𝒙)𝑇 + 𝑮]−𝟏[𝑸𝑇𝒙 + 𝜸𝑇(𝒙)]
 (10) 

where:  

• 𝑮 = −
1

∆𝜏
𝑰 

• 𝚽(𝒙) = 𝛁𝒙𝝓(𝒙) 
• 𝛄(𝒙) = 𝛁𝐱𝑔(𝒙) 

In equation (9), the function 𝑔(𝑥) in the cost function 𝐸(𝑥, 𝑢) is introduced, for which the only requirement 

is to be differentiable in the state variable. A wider class of objective functions, that goes beyond the limit 

of quadratic terms as usual for LQR, permits generalizations because of the chance of introducing sharp 

local effects, especially useful for obstacle avoidance as well as for target reaching. 

3 FLOP control of inverse pendulum 

3.1 The inverted Pendulum 

A schematics representation of the inverted pendulum in Figure 1 is shown. 

 

 

Figure 1 inverted pendulum 
 

 

 

  𝑀 

𝑚 
𝜃 

𝑥,  𝑢 

𝐶 

𝑂 
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The variable used are described in Table 1: 

 

Symbol Description 

𝑀 Mass of the cart  0.5 [kg] 

𝑚 Mass of the pendulum 0.2 [kg] 

𝑙 Length of the pendulum 0.3 [m] 

𝑥 Position of the cart [m] 

𝜃 Angular rotation [rad] 

𝑢 Force on the actuator [N] 

𝑔 Acceleration of gravity [𝑚/𝑠2] 

Table 1:  Symbols and values used 

 

The dynamic system starting from the classical Hamilton-Lagrange’s equations is derived, so that:  

𝑑

𝑑𝑡

𝜕𝐿

𝜕�̇�𝑘
−
𝜕𝐿

𝜕𝑞𝑘
= 𝑄𝑘  

𝐿 = 𝑇 − 𝑈 

(11) 

with 𝑇, 𝑈, 𝑄𝑘 and 𝑞𝑘 are the kinetic, the potential energy, the generalized forces of the system and the 

Lagrange’s variables respectively. 

Considering the Lagrange’s vector  𝒒 = [𝑥, 𝜃]𝑇 , the kinetic and potential energy are defined as:  

The resulting dynamical system is:  

(𝑚 +𝑀)�̈� + 𝑚𝑙�̈� cos 𝜃 −𝑚𝑙�̇�2 sin𝜃 = 𝑢 

𝑙�̈� + �̈� cos 𝜃 = 𝑔 sin 𝜃 
(13) 

Arranging the (13) in four first order differential equations, it is obtained:  

�̇� = 𝝓(𝒙) + 𝒉(𝒙)𝑢 (14) 

where:  

𝒙 = [𝑥, 𝜃, �̇�, �̇�]
𝑇
           𝝓(𝒙) = [

�̇�
�̇�

𝑴(𝒙)−1𝑷(𝒙)
]          𝒉(𝒙) = [

0
0

𝑴(𝒙)−1𝒅
] 

𝑴(𝒙) = [
𝑀 +𝑚 𝑚𝑙 cos(𝜃)

cos(𝜃) 𝑙
]       𝑷(𝒙) = [

𝑚𝑙�̇�2 sin(𝜃)

𝑔 sin(𝜃)
]       𝒅 = [

1
0
] 

(15) 

The here presented simplified version of the FLOP requires 𝒉(𝒙) to be linear in the state variable, therefore 

it is linearized in the target position, i.e. 𝒙𝑇 = 𝟎. After the partial linearization, the dynamical system in (14) 

is rewritten as it follows:  

𝑇 =
1

2
𝑀�̇�2 +

1

2
𝑚(�̇�2𝑙2 + �̇�2 + 2�̇��̇�𝑙 cos 𝜃 ) 

𝑈 = 𝑚𝑔𝑙(1 + cos 𝜃) 

(12) 

ACTIVE VIBRATION CONTROL 97



 

�̇� = �̃�(𝒙) + 𝑩𝑢 + 𝑪 

with: 

𝑩 = 𝒉(𝒙𝑇) 

�̃�(𝒙) = 𝝓(𝒙) +𝓐𝒙 

𝓐 = 𝛁𝒙(𝒉(𝒙)𝑢)|𝒙𝑇,𝑢𝑇 

𝑪 = −𝛁𝒙(𝒉(𝒙)𝑢)|𝒙𝑇,𝑢𝑇 𝒙𝑇 

𝑢𝑇 = 0 

(16) 

 

3.2 Swing up controller 

The functional to be minimized is 𝐽: 

𝐽 = ∫
1

2
𝒙𝑇𝑸𝒙 +

1

2
�̇�𝑇𝑺�̇� +

1

2
𝑅𝑢2 + 𝑔(𝒙) + 𝝀𝑻 (�̇� − (�̃�(𝒙) + 𝑩𝑢 + 𝑪))  𝑑𝑡

𝑇

0

 (17) 

where 𝑔(𝒙) is suitably chosen 𝜃-dependent to perform the swing up manoeuvre. Namely, 𝑔(𝒙) is shaped to 

create a potential-attractive function at the upward position of the pendulum, and a potential-repulsive 

function at the downward pendulum position. The sum of three Gaussian-like functions is useful to obtain 

this goal: 

𝑔(𝜃) = −𝑘1𝑒
−𝛼1𝜃

2
+ 𝑘2𝑒

−𝛼2(𝜃+𝝅)
2
+ 𝑘3𝑒

−𝛼3(𝜃−𝝅)
2
 (18) 

the last two terms are due to the downward position can be reached for clockwise or anti-clockwise rotations, 

and  𝑘𝑖 and 𝛼𝑖 are tuning parameters. 

 

 

  

𝜃 = −
4

5
𝜋 

  

𝜃 = −
3

10
𝜋 

 

𝜃 =
3

10
𝜋 

  

𝜃 =
4

5
𝜋 

 

𝜃 ≈ 0 
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Figure 2 inverted pendulum  
 

The FLOP formulation (10) leads to a control feedback:  

𝑢∗ = 𝑓(𝑸, 𝑺, 𝑹, 𝑮, 𝑔(𝜃), 𝒙) (19) 

specifically:  

 

𝑢∗ = (𝑹𝑇 +𝑩𝑇𝑺𝑩)−1 𝑩𝑇(𝝀 − 𝑺�̃�(𝒙) − 𝑺𝑩𝒖𝑇 − 𝑪) + 𝒖𝑇 

with 

𝒖𝑇 = −𝑩
+[�̃�(𝒙𝑇) + 𝑪] 

𝚽(𝒙) = 𝛁𝒙�̃�(𝒙) 

𝜸(𝒙) = 𝛁𝒙𝑔(𝒙) 

𝝀 = �̃�−𝟏 [𝑸𝑇(𝒙 − 𝒙𝑻) + 𝜸
𝑇(𝒙 − 𝒙𝑻) + 𝚽(𝒙)

𝑇𝑺[�̃�(𝒙) − 𝑩[𝑹𝟏
−1𝑩𝑇(𝑺�̃�(𝒙) + 𝑺𝑩𝒖𝑇 + 𝑪) − 𝒖𝑻] + 𝑪]] 

𝑹𝟏 = 𝑹
𝑇 + 𝑩𝑇𝑺𝑩 

�̃� = [𝚽(𝒙)𝑇(𝑰 − 𝑺𝑩𝑹𝟏
−1𝑩𝑇) + 𝑮] 

𝑮 = −
1

∆𝜏
𝑰 

𝒙𝑇  𝑖𝑠 𝑡ℎ𝑒 𝑡𝑎𝑟𝑔𝑒𝑡 𝑠𝑡𝑎𝑡𝑒 𝑣𝑒𝑐𝑡𝑜𝑟  

(20) 

 

An optimization procedure is needed to find the best values for 𝑸, 𝑺, 𝑹, 𝑮 𝑘𝑖 and 𝛼𝑖, that are tested analysing 

the control features in the next sections. 

3.3 Numerical results  

In the Table 2 the parameters values and the tuning parameter used in the numerical simulations are listed. 

Tuning 

parameters 
Value 

𝑸 [

10 0 0 0
0 0 0 0
0 0 8 0
0 0 0 0

] 

𝑺 [

24 0 0 0
0 100 0 0
0 0 22 0
0 0 0 7

] 

𝑅 1 

𝒌 = [𝑘1, 𝑘2, 𝑘3] [ 80, 4 , 4] 

𝜶 = [𝛼1, 𝛼2, 𝛼3] [0.125 , 50 , 50 ] 

 

Table 2:  Parameters used 
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Numerical results for FLOP control under different conditions are obtained, showing its robustness and 

effectiveness in bringing the pendulum in the upper position. To test the control algorithm, limitations were 

imposed on both the maximum 𝑢𝑚𝑎𝑥  actuation force and the 10Hz response time of the actuator for all 

simulations. All the following figures shows the positions of the carriage, the angular position of the 

pendulum and the respective speeds, finally the force control 𝑢 is shown in the lower part of the figure. 

Figure 3 shows four different cases of swing up. Cases 1 and 4 have the same trend and are overlapped until 

the 15th second in which, in case 4, the pendulum undergoes a disturbance. Both cases oscillate around the 

equilibrium position and carry out the ascent manoeuvre that ends after only 7 seconds of oscillation. The 

trolley moves only 20 cm from the origin, exploiting maximum actuator accelerations less than 0.2g. When 

the pendulum is now in the upper vertical position, a disturbance is applied and it is possible to notice how 

the cart reacts quickly in such a way to keep the upper position of the rod stable and then slowly returning 

to the position of the zero displacement. Case 3 is very similar to case 1, except for the inertial characteristics 

of the pendulum. In fact, to validate the control, random variations of 10% is introduced for the mass of the 

carriage, mass and length of the rod while maintaining constant the tuning parameters of the control logic. 

Case 2 is instead a swing up test starting from the initial pendulum conditions of π/2. This condition is very 

favourable, because the pendulum is already oscillating and is pulled up in less than one second, keeping 

the carriage travel very limited near the origin. 

Finally, to verify the robustness of the presented controller, a large set of simulations with random initial 

conditions are performed, changing the initial speed of the cart and rod and different angular rod position 

(Figure 4). The control shows good results in all cases, driving both the cart and the rod to the desired 

positions. 

The Figure 5 shows a comparison simulation with a nonlinear control logic based on energy [17]. In 

particular, this technique is based on the fusion of two controls, the first of Lyapunov type, used when the 

pendulum is in its lower configuration, and the second, LQR based, intervenes when a threshold set for the 

angle close to the origin is exceeded. Synthetically, energy-based control is formulated as follows: 

𝑢𝑒𝑛𝑒𝑟𝑔𝑦 = {
−𝑲𝐿𝑄𝑅𝒙

𝑠𝑎𝑡𝑢𝑚𝑎𝑥(𝜇(𝐸 − 𝐸𝑟)𝑠𝑖𝑔𝑛(�̇� cos 𝜃))
           

|𝜃| < 𝜀
𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 (21) 

where 𝑲𝐿𝑄𝑅 , 𝐸,  𝐸𝑟 , 𝜇, 𝜀 are the Riccati gain of LQR, the instantaneous potential and kinetic energy of the 

pendulum, the reference energy of the upward position and the last two terms are tuning parameters.  

In the Figure 5 and Figure 6 it is possible to observe a comparison between FLOP and Energy control based. 

To compare FLOP ceteris paribus with the method proposed in [17], the limit 𝑢𝑚𝑎𝑥 must be moved up to 

5N and the response time of the actuator is increased up to 100Hz because it is difficult to find tuning 

parameters admissible for control in energy. The switch threshold was set to ε = 30°. Both controls behave 

very well and the energy method is able to pull up the pendulum in a very short time if it starts from the rest 

condition. In the case illustrated in Figure 5, in which the pendulum starts from the 𝜋 rest condition, the 

energy method, although very reactive in the swing up operation, moves far away from the origin, almost 2 

meters. On the contrary, FLOP shows a trend of oscillations that move away the pendulum of only 50cm 

from the origin. FLOP control proves to be slow only starting from the rest condition; in fact, in Figure 6 it 

is possible to observe a much faster dynamics starting both from 3/4 π rod position. In addition, in the last 

simulation FLOP demonstrates an excellent control ability to rise up combining small movements. Finally, 

FLOP use the actuator in a smoother way, arriving only a few times to the saturation condition. 
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Figure 3 Swing-up maneuver with perturbed parameters 
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Figure 4 Swing-up maneuver with different initial conditions 
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Figure 5 Swing-up maneuver vs energy method   
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Figure 6 Swing-up maneuver vs energy method from 𝜃0 = 𝜋3/4  
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4 Conclusions 

A new method of control for mechanical systems, named FLOP is introduced. This method belongs to a 

class of methods developed at the Sapienza Mechatronic Lab and named Variational Feedback Control VFC 

methods based on local optimality principle with the possibility to include both non-linear dynamics and to 

formulate a wider class of cost functions such as in the classic LQR. In fact, FLOP permits to introduce in 

the objective function specific requests giving the chance of introducing sharp local effects, especially useful 

for obstacle avoidance as well as for reaching specific targets. 

In this paper the FLOP method is applied to control an inverse pendulum showing robustness and 

effectiveness for the swing up manoeuvre. The control, thanks to its formulation, allows to choose how the 

pendulum is accompanied and maintained in the upper position. In fact, in the objective function it is 

possible to create customized potential functions allowing different control behaviours, such as managing 

the initial oscillations of the pendulum in the downward position, differently from the maintenance of the 

upward position. The FLOP control is also compared with Lyapunov control law method mixed to LQR 

control and it reaches excellent results. 

References 

[1] G. Pepe and A. Carcaterra, VFC – Variational Feedback Controller and its application to semi-

active suspensions, Mechanical Systems and Signal Processing, (2016). 

[2] G. Pepe, N. Roveri, and A. Carcaterra, Prototyping a new car semi-active suspension by 

variational feedback controller, presented at the ISMA 2016, Leuven, Belgium, (2016).  

[3] G. Pepe and A. Carcaterra, Semi-Active Damping by Variational Control Algorithms, presented at 

the Proceedings of the 9th International Conference on Structural Dynamics, EURODYN 2014, 

Porto, Portugal, (2014). 

 [4] G. Pepe and A. Carcaterra, A new semi-active variational based damping control, in MESA (2014 

- 10th IEEE/ASME International Conference on Mechatronic and Embedded Systems and 

Applications, Conference Proceedings, (2014). 

[5] G. Pepe, A. Carcaterra, I. Giorgio, and D. Del Vescovo, Variational Feedback Control for a 

nonlinear beam under an earthquake excitation, Mathematics and Mechanics of Solids, (2014). 

[6] S. Pensalfini, F. Coppo, F. Mezzani, G. Pepe, and A. Carcaterra, Optimal control theory based 

design of elasto-magnetic metamaterial, Procedia Engineering, vol. 199, pp. 1761-1766, (2017). 

[7] G. Pepe, I. Giorgio, A. Carcaterra, D. Del Vescovo, and A. Sestieri,  Semiactive vibration control 

via VFC-Variational  Feedback by piezoelectric actuation, in NOVEM2015, (2015). 

[8] L. S. B. Pontryagin, V. G., R. V. Gamkrelidze, and E. F. Mishchenko, The Mathematical Theory 

of Optimal Processes, Interscience,  ISBN 2-88124-077-1, (1962). 

[9] A. E. Bryson, Applied Optimal Control: Optimization, Estimation and Control (Halsted Press 

book'). Taylor & Francis, (1975). 

[10] A. Bacciotti and L. Rosier, Liapunov Functions and Stability in Control Theory (Communications 

and Control Engineering). Springer Berlin Heidelberg, (2005). 

[11] V. Utkin, J. Guldner, and J. Shi, Sliding Mode Control in Electro-Mechanical Systems, Second 

Edition (Automation and Control Engineering). CRC Press, (2017). 

[12] A. Isidori, Nonlinear control systems. 2 (1999), Communications and control engineering, 

Springer, (1999). 

[13] S. Jadlovska and J. Sarnovsky, A complex overview of modeling and control of the rotary single 

inverted pendulum system, Advances in Electrical and Electronic Engineering, Article vol. 11, no. 

2, pp. 73-85, (2013). 

[14] T. Horibe and N. Sakamoto, Optimal Swing Up and Stabilization Control for Inverted Pendulum 

via Stable Manifold Method, IEEE Transactions on Control Systems Technology, Article vol. 26, 

no. 2, pp. 708-715, (2018). 

ACTIVE VIBRATION CONTROL 105



[15] T. T. Sarkar and L. Dewan, Application of LQR and MRAC for swing up control of inverted 

pendulum, in 2017 4th International Conference on Power, Control and Embedded Systems, 

ICPCES 2017, 2017, vol. (2017). 

[16] X. Yang and X. Zheng, Swing-Up and Stabilization Control Design for an Underactuated Rotary 

Inverted Pendulum System: Theory and Experiments, IEEE Transactions on Industrial Electronics, 

Article vol. 65, no. 9, pp. 7229-7238, (2018). 

[17] K. J. Åström and K. Furuta, Swinging up a pendulum by energy control, Automatica, vol. 36, no. 

2, pp. 287-295, 2000/02/01/ (2000). 

106 PROCEEDINGS OF ISMA2018 AND USD2018


