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Abstract
The analysis of oscillating systems controlled by mechatronic devices, relies classically on dif-
ferential equations, and the problem is frequently attacked in the frequency domain, for linear
systems based on more conventional controls, or in the time space-state formulation to include
also nonlinearities. In this paper we are faced with a system that exhibits memory effects. These
are borne because of the presence of added mass and damping that are due to the rigid body mo-
tion coupling with the surrounding water. Memory effects are also generated by the presence of
lifting surfaces (control wings) due to vortex shedding and transport along the wake. The math-
ematical formulation of the system dynamics, relies in these cases on an integral-differential
equation. This paper introduces a novel formulation for the control of the vehicle that can in-
clude in the optimal control integral terms besides the more conventional differential ones.

1 Introduction

The goal of this paper is to develop a new optimal control strategy for oscillating systems af-
fected by memory effects and described by integral-differential equations. Memory effects are
induced by the fluid-structure interaction. In this paper two main phenomena claim for these
effects in the model: vortex shedding and added mass and damping due to the presence of a
free surface in the fluid. Underwater autonomous or remotely operated vehicles are examples
[1, 2]. Vorticity is generated by the motion of the vehicle as well as by the presence of cables
(ROV-Sonar array), [3, 4]. Also a vehicle moving close to the water free surface presents mem-
ory effects [5, 6].
Memory effects are represented, in time domain, by convolution integral between kernel func-
tions and the vehicle state [7]. Control techniques are often used to control underwater vehicle
[8] but they involve differential equations of motion. In fact, the underwater vehicles are nor-
mally represented by rigid body model [9] not involving integral memory effects. The control
method presented in this paper, is an extension of the Pontryagin optimal solution, normally ap-
plied to differential equations. The novel approach is based on the variational feedback control.
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This control logic has been applied in recent investigations of car mechatronics [10]. Moreover
the same approach has been applied to optimal control problems of damping in structural dy-
namics as well [11, 12]. In this paper, a feedback formulation via model predictive control is
also presented for integral-differential dynamic systems.

2 Modelling of the controlled underwater vehicle

2.1 The engineering problem

A classical towed mechanical system used in ocean exploration and military applications, is
composed by a towed vehicle V and a towed line array (TLA) sonar [13]. The two subsystems

Figure 1: Underwater towed system

are towed by the towing cable attached to the moving boat, B (Figure 1). The goal of the vehicle
V is to guarantee a TLA’s depth of navigation and the reduction of the TLA’s oscillations [14].
V is called "depressor" [15] and its heave motion generates memory effects which influence
the proper operation of the TLA [16]. As already explained, if the depressor moves near to
the free surface, memory effects called added mass and added damping respectively, are borne.
The mathematical formulation of the underwater vehicle, implies the use of integral-differential
equations in the time domain, that requires a nonstandard optimal control strategy.

2.2 Modelling

A fluctuations control method which presents a single degree of freedom is here investigated
(Figure 2).
The x-axis is chord-wise and the z-axis is the heave direction. The equation of motion of the
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Figure 2: Force balance on finned vehicle

vehicle is [17]:
(
m+

1

µ

)
v̇z +

∫ t

−∞
KW (t− τ)v̇z(τ) dτ+

+

∫ t

−∞
KM (t− τ)v̇z(τ) dτ +

∫ t

−∞
KD(t− τ)vz(τ) dτ + F = 0

(1)

where m is the mass of the vehicle, vz the heave velocity, µ = πρb2/m the mass ratio and F
the control force along the z-axis. The external forces F ext are represented by the three integral
terms. The first integral represents the circulatory part of the lift, due to the wake where KW (t)
is the Wagner function [18]. The others convolution terms are the added mass contribution and
the added damping to which KM (t) and KD(t) remain associated [17]. Using the property of
the convolution, the final equation of motion is

Mv̇z +

∫ t

−∞
K(t− τ)vz(τ) dτ + F = 0 (2)

where M = m+ 1
µ and K(t) = KW (t) + K̇M (t) +KD(t).

3 An indirect variational approach of the controlled vehicle

Using standard notation in control theory, eq. (2) becames:

v̇z = bu+ b

∫ t

−∞
K(t− τ)vz(τ) dτ (3)

where F=bu, which b = − 1
M and u is the control variable. Equation (3) is completed with

the initial conditions vz(τ)=vz0(τ), τ ∈ (−∞, t]. The cost function of the variational optimal
control problem is described by the quadratic functional J̃ , the optimal control problem is stated
as:

min J̃ =

∫ T

−∞

1

2
qvz

2 +
1

2
ru2 dt

subjected to

v̇z = bu+ bK ∗ vz
(4)
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where ∗ is the convolution product. When, introducing the Lagrange multiplier λ, the cost
function becomes:

J =

∫ T

−∞

1

2
qvz

2 +
1

2
ru2 + λ(v̇z − bu− bK ∗ vz) dt (5)

where q and r are gain parameters. The minimization of the functional J implies:

δJ = δ

∫ T

−∞
L(vz, v̇z, λ, u) dt− δ

∫ T

−∞
λbK ∗ vz dt (6)

and when it is expressed in terms of the variations δvz , δv̇z , δλ, δu, produces the associated
Euler-Lagrange equations:





λ̇ = qvz − b
∫ T

t
λ(τ)K(τ − t) dτ

v̇z = λ
b2

r
+ b

∫ t

−∞
K(t− τ)vz(τ) dt

vz(τ) = vz0(τ), τ ∈ (−∞, t]

λ(T ) = 0

(7)

Where the variations of the last term of equation (6) are:

∫ T

−∞
λ(t)

[
δ

∫ t

−∞
bK(t− τ)vz(τ) dτ

]
dt =

∫ T

−∞
b

∫ T

t
λ(τ)K(τ − t) dτ δvz(t) dt (8)

The system (7) consists of two integral-differential equations and one linear algebraic equation,
which u = b

rλ.

4 Implicit solution of the variational problem

Equations (7) can be solved by numerical techniques, for example based on forward finite dif-
ferences formulation:





qvzi −
λi+1

∆T
+

λi
∆T
− b

N∑

j=i

λjKj−i∆t = 0

vzi+1

∆T
− vzi

∆T
− λi

b2

r
− b

i∑

j=−∞
vzjKi−j∆t = 0

vzj = vz0 , j ∈ (−∞, i]
λT = 0

(9)
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with N = T
∆t and ∆t the discretization time interval.

We start with the vector of unknowns as {η(1,N)
vz ,η

(0,N−1)
λ }T , η(1,N)

vz ={vz1 , ..., vzi , ..., vzN }T ,
η
(0,N−1)
λ ={λ0, λ1, ..., λi, ..., λN−1}T , where the (N,M) indicates dependence on the time values

of ti for i ∈ [N,M ]. Analogusly, {ξ(0)vz , 0}T where ξ
(0)
vz ={x0}. Equation (9) in matrix form

becomes:

χ(0,N−2)

{
η
(1,N)
vz

η
(0,N−1)
λ

}
= Ψ(0,N−1)

{
ξ
(0)
vz

0

}
(10)

with obvious solution:
{

η
(1,N)
vz

η
(0,N−1)
λ

}
= χ(0,N−2)−1

Ψ(0,N−1)

{
ξ
(0)
vz

0

}
(11)

5 Feedback via model predictive control

The key strategy does not implies the use of the complete solution {η(1,N)
vz ,η

(0,N−1)
λ }T and

u = b
rη

(0,N−1)
λ along the time interval [0, T ] determined in the previous section, as for equation

(11). We use only the first output for u, associated at the time t = t0, to which is associated
the first output for the state at the time t = t1. Therefore, at the time t = t1 we know vz0 , vz1 ,
λ0 (and u0). This terms are collected into the vector {ξ(0,1)vz , ξ

(0)
λ }T and the unknowns are re-

duced to {η(2,N)
vz ,η

(1,N−1)
λ }T={vz2 , vz2 ..., vzN , λ1, ..., λN−1}T . The matrix χ(1,N−2) reduces

obviously its dimensions, following the reduction of the number of the unknowns. The matrix
Ψ(1,N−1) increases its dimension, following the increase of the known term {ξ(0,1)vz , ξ

(0)
λ }T .

Iterating this process at the generic k-th step one obtains:

{
η
(k,N)
vz

η
(k−1,N−1)
λ

}
= χ(k−1,N−2)−1

Ψ(k−1,N−1)





ξ
(0,k−1)
vz

ξ
(0,k−2)
λ

0





(12)

In equation (7) an external disturbance nvz(t) is now introduced which models an error in the
theoretical modelling of the system or/and an external not controllable force. In fact, the solution
of the two boundary problem in (7) precludes the knowledge of these external disturbances along
the entire time domain [0, T ], that would imply the knowledge of the future values for nvz(t).
Introducing nvz(t) equation (3) becomes:

v̇z = bu+ b

∫ t

−∞
K(t− τ)vz(τ) dt+ nvz(t) (13)

with the initial condition vz(τ) = vz0(τ), τ ∈ (−∞, t]. Equation (13) corresponds to the model
of the system that includes the noise, while equation (7), the best representation of the system,
is used to determine the control law to be applied to equation (13).
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6 Numerical results

The integral MPC method, which includes memory effects, is applied to the control of the heave
motion of the vehicle. This optimal control starting from an initial known value of the vehicle
velocity, is finalized to minimize the vehicle fluctuations. The external noise nvz(µ, σ) is a
random variable described by Gaussian normal distribution, µ its mean value, σ its standard
deviation. The values of the parameters which characterize the dynamic of the model are shown
in Table 1. Different kind of external disturbances are considered. Table 2 shows the expression
of the disturbances inserted into the simulated dynamic system.

Table 1: Parameters values

Parameter Value Unit
M 10 kg

vz0(τ) 1 m
s

∆T 0.1 s

T 15 s

Table 2: External modeled disturbances

Disturbances Expression
Zero nvz = 0
Gaussian random σ = 0.2 nvz = N(0, 0.2)
Gaussian random σ = 0.5 nvz = N(0, 0.5)
Gaussian random σ = 0.8 nvz = N(0, 0.8)

The performances of the integral MPC is measured by the merit parameter:

QMPC,α =
JMPC − Jα

Jα
· 100 (14)

where JMPC and Jα represent the cost function of the integral MPC and that of the method α,
the LQR or Pontryagin solution. Figures 3 show the heave velocity and the control force when
nvz = 0. In this case the integral MPC matches with the Pontryagin solution and presents best
performaces than the LQR control method.
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Figure 3: Zero external disturbances
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Figure 4: Gaussian random disturbances σ = 0.2

The performance of the integral MPC are compared with the LQR and the Pontryagin solution.
Different levels of the disturbance in terms of standard deviation σ are considered: σ = 0.2 (fig.
4), σ = 0.5 (fig. 5) and σ = 0.8 (fig. 6). It appears the integral MPC shows better performances
with respect to the benchmark LQR method for any type of numerical test. Table 3 shows the
comparison between the Q’s, defined by eq. (14).
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Figure 5: Gaussian random disturbances σ = 0.5
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Figure 6: Gaussian random disturbances σ = 0.8

Figure 7 shows the cost function values J for each solution method for increasing random noise
levels. A random external disturbance is applied on the system nv(µ, σ) which has zero mean
value µ and a standard deviation, σ, from zero value up to 1. The results show higher perfor-
maces in term of minimization of cost function of the integral MPC method respect to the LQR
one and also to the Pontryagin solution when 0 < σ < 0.7. For 0.7 < σ < 1 values Pontryagin
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Table 3: Merit parameter [%]

Simulation QMPC,LQR QMPC,P

Zero disturbances 9 0
Gaussian random σ = 0.2 28 1.4
Gaussian random σ = 0.5 67.5 1.5
Gaussian random σ = 0.8 118.4 1

Figure 7: Cost function J at different disturbance levels

solution shows a better behaviour respect to the integral MPC.

7 Final comments

In this paper we examine a problem related to the control of fluctuations of small vehicles in
a marine environment. The mathematical model of this engineering problem is an integral-
differential equation that describes vortex shedding, added damping and mass effects. The
optimal control literature does not include such mathematical model in standard control, that
normally refers to differential equations. In the present work we describe a prototype equation
that is integral-differential, such that a suitable method of optimal control is presented. Techni-
cally, the equations are solved by a direct discretization approach and through the use of a MPC
model predictive control scheme. This allows the inclusion of external disturbances that are not
known a priori. The method shows very good results, and comparisons are made with respect to
the LQR analysis and the exact Pontryagin optimality solution.
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