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Abstract
During oilwell drilling operations, downhole tools experience inevitable harmful shocks and vibrations. In
this paper modern methods for nonlinear time series analysis are applied to investigate drillstring dynamics.
The attractor is the subset of the phase space covering the characteristic dynamic behaviour. From a single
time series an attractor can be reconstructed by applying delay embedding. Transitions in the system dynam-
ics can be effectively detected using the recurrence quantification analysis. It is employed on a Laval rotor
with contact as a simple drillstring model for different friction coefficients, which have significant influence
on the solution behaviour.

1 Introduction

The dynamics of deep drilling operations are characterized by non-linearities, some of which are of course
necessary for the drilling process. While friction and material removal at the drill bit are inevitable for
drilling progress, contact between the drill string and the borehole wall can lead to undesirable effects. The
classification of drillstring vibrations usually is conducted according to their direction of motion, which
results in three different types: axial, torsional and lateral vibrations.

The interaction of the drillstring with the borehole wall during lateral vibrations may lead to several motion
patterns, named forward or backward whirl and snaking [1]. Unfortunately, these known periodic processes
are only parts of the drill string dynamics. Irregular vibrations are more common due to the unilateral contact
with friction in the bore hole. Motion patterns like the backward whirl (drill string kinematically rolling on
the borehole wall) cause high frequency bending cycles which are considered to be the most significant cause
of inefficient drilling, poor borehole quality and premature tools failure [2]. Altogether, these factors result
in prolonged well construction time and thus increased costs. Therefore, the design of downhole tools and
the choice of the operational parameters need to be optimized to mitigate vibrations and improve drilling
performance. Consequently, a better understanding of downhole tool dynamics and their interaction with the
downhole environment is a key issue in optimizing the drilling performance.

In this context, dynamics and vibrations measurement tools have been developed to acquire, process, and
record a comprehensive suite of data, including downhole loads, accelerations, pressures, and temperatures.
Compiling this information and subsequently combining it with surface data will allow for an accurate in-
vestigation of drilling performance.

Due to non-linearities, analysis methods for linear systems as the modal analysis is not enough. Sophisticated
methods such as the harmonic balance method for calculating nonlinear forced responses require periodicity.
However, periodicity is not always given in the drilling process and more general methods are needed to
analyse possible chaotic motion. A promising alternative is the attractor reconstruction of a time series of
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a nonlinear dynamic system. Qilong Xue [4] has successfully applied attractor reconstruction on a drill
string to investigate stability of torsional vibrations. The attractor allows the evaluation of various indicators
for stability analysis. Both simulated data and measurements can be used for time series analysis. The
embedding theorem of TAKEN [3] provides the reconstruction of a multidimensional phase space on the
basis of a single scalar quantity. In the context of this work the embedding and attractor reconstruction is
shown using the example of a lateral oscillator with contact, whereby the focus is on simulated time series.

The future goal is an improved vibration monitoring of drillstring processes by real-time data analysis. This
enables the prediction of critical conditions and forms the basis for process control reducing harmful vibra-
tions.

2 Laval rotor rodel with contact

To investigate drilling dynamics a lumped parameter Laval rotor with unilateral constraint is observed. The
rotor mass is concentrated in a disc mounted on a simply supported flexible shaft, see fig. 1(a). Fig. 1(b)
shows the eccentricity of the center of gravity (black dot) and the disks centre of rotation. Shaft dynamics
are approximated by stiffness k and damping c, respectively. Applying COULOMB’S Law the equations of
motion in the x− y−plane are given by

mẍ+ cẋ+ kx+ Θkc

(
1− r0

r

)
[x− µ sgn(vrel)y] = meΩ2 cos Ωt (1)

mÿ + cẏ + ky + Θkc

(
1− r0

r

)
[y + µ sgn(vrel)x] = meΩ2 sin Ωt (2)

vrel = Ωrdisk + Ωwr (3)

When the rotor contacts the borehole wall a unilateral penalty spring is activated and causes a repulsing
normal contact force. The force value is computed with penalty stiffness kc as well as friction forces due to
relative motion in the contact point. The activation of the unilateral contact is controlled by the Heavyside
function Θ in eq. (1) and eq. (2). As long as r < r0 there is no contact and Θ = 0. For r ≥ r0 the gap
between rotor and stator vanishes and Θ = 1 allowing contact forces to contribute to the equation system.

(a) (b)

Figure 1: Laval-Rotor Model
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3 Methods

Continuous dynamical systems are usually defined by a set of first-order ordinary differential equations (ODE)

dx(t)

dt
= F(x(t)) (4)

with the state vector x ∈ Rm. The ODE can also be written in time discrete form

xn → F(xn) = xn+1. (5)

Under certain conditions (PAENO existence theorem, PICARD-LINDELÖF theorem, e. g.), the mathematical
theory of ODE’s ensures the existence and uniqueness of trajectories. These are the basic principles and
requirements for the following method.

3.1 Phase Space Reconstruction

TAKENS theorem [3] allows the reconstruction of the phase space from a scalar observation sn = s(xn).
The reconstructed phase space of the time series s0, s1, . . . , sn−1 is a diffeomorphism in the m-dimensional
phase space, which can be built from time delay vectors

x̃i =
[
si, si−τ , . . . , si−(m−1)τ

]
(6)

of the present scalar time series (e. g. Fig. 4), where τ is the delay time.

An embedding can also be reconstructed by deriving the time series m times. This is a more intuitive way,
because e. g. in mechanics it is unambiguous, that the derivation of the spatial coordinate gives the velocity
coordinate. It is obvious, that one can reconstruct the phase-space of a SDOF-oscillator while measuring one
state and calculate the other by deriving it. The disadvantage at higher derivatives is the increased smoothness
requirements on the original signal. Moreover, approximating the derivatives by finite differences is nothing
more than linear combinations of time delayed quantities.

In practical application we have to determine the delay time τ as well as the embedding dimensionm. At first
we look at the delay time. TAKENS makes no statement about the choice of τ , since it is irrelevant in theory.
But using high-resolution time data, where the successive elements are strongly correlated in combination
with small τ compared to the internal time scales of the dynamical system, yields to a clustered attractor
around the diagonal in the Rm.[5]

si ≈ si+1 ≈ · · · ≈ si+n−1 ≈ si+n ⇒
x̃i︷ ︸︸ ︷

(si, . . . , si+n−1) ≈
x̃i+1︷ ︸︸ ︷

(si+1, . . . , si+n) (7)

Choosing τ to large, successive elements are already almost independent. Furthermore, real time-series are
not infinitely long and the length is reduced by the factor mτ . A good estimation for τ can be the first
minimum on the autocorrelation function. This corresponds to a π/2 shift of the highest frequency, which
is very similar to the first derivation in case of simple harmonic motion. While the autocorrelation function
captures only linear correlation, the average mutual information (AMI) [6] uses the idea of the SHANNON-
entropy [7], which attempts to characterize the unpredictability of a random state.

In terms of the embedding dimension m TAKENS states that the embedding is generally possible if m > 2d,
with the boxcounting-dimension d of the attractor. ”Roughly speaking, larger than twice the number of active
degrees of freedom, regardless of how high the dimensionality of the true state space is. Depending on the
application, even smaller m values satisfying m > 2d can be sufficient.”[5]

In our case it is obvious that the embedding should have the same dimension as the underlying attractor,
which is m = 4 for the simulation model. Nevertheless, using this method with experimental time series
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Figure 2: Simple example to illustrate false neighbours due to projection
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Figure 3: (a) Determine embedding dimension m with the method of false-nearest-neighbours and (b) time
lag τ with the average-mutual-information

where the boxcounting-dimension d is not known, it is necessary to make an estimation. Therefore, the
concept of false nearest neighbours (FNN)[8] will be used. Due to unsatisfactory embedding dimension,
some not adjacent state vectors (e.g. same spatial but different velocity coordinate) become false neighbours
as a result of subspace projection. An example is illustrated in Fig. 2 where the green diamond ��� is a
false neighbour till the dimension was unfolded to R3. By considering how the number of false neighbours
relatively changes with increasing dimension (Fig. 3(a)), an appropriate embedding can be determined.

With the embedding parameters τ and m the attractor

X̃ = [x̃1, . . . , x̃m] ∈ Rm (8)

can be reconstructed from the time delayed scalar vectors x̃i of Eq. (6).

3.2 Recurrence Analysis

After the attractor has been reconstructed, the recurrence matrix

Ri,j = Θ(ε− ||X̃(i)− X̃(j)||) ∈ {0, 1} ∀i, j = (1, . . . , N) ∈ N (9)

can be setup. Here, Ri,j stands for one single element in the recurrence matrix, Θ describes the HEAVYSIDE

function and ε the neighbourhood size. In this paper the euclidean norm for distance calculation was applied.
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The corresponding recurrence plot (RP) visualizes similar states of the dynamic system (up to an error ε)

Ri,j =

{
1 : x̃i ≈ x̃j

0 : x̃i 6≈ x̃j
∀i, j = (1, . . . , N) ∈ N (10)

as illustrated in Fig. 5. The diagonal oriented periodic recurrent lines parallel to the line-of-identity (LOI)
are characteristic for oscillating systems, while single points in white areas occur if states are rare.

Although conclusions can be drawn on system behaviour on the RPs, this requires a bit of experience.
However, scalar indicators that quantify the plot are much easier to interpret. In this paper the focus is on
the most common indicators of the recurrence quantification analysis (RQA). They are based on the point
density and line structures of the RP and described in detail in [12].

One of them is the recurrence rate
RR =

1

N2

∑

i,j∈W
Ri,j (11)

which describes the density of recurrence points within the window W of the RP (LOI excluded).

Stochastic or weakly correlated processes cause none or very short diagonals, whereas deterministic pro-
cesses cause longer diagonals. To quantify these information, we use the determinism

DET =

∑N
l=lmin

lP (l)
∑N

l=1 lP (l)
, (12)

which is the ratio of recurrence points that form a diagonal line l > lmin to all recurrence points. It is based
on the histogram

P (l) =
∑

i,j∈W
(1−Ri−1,j−1)(1−Ri+l,j+l)

l−1∏

k=0

Ri+k,j+k (13)

of diagonal lines of length l.

The last measure is the inverse of the maximum diagonal length, called divergence

DIV =
1

Lmax
, Lmax = max

(
{li}Nt

i=1

)
(14)

with Nt as the total number of diagonal lines. It is related to the largest positive Lyapunov exponent [13].

Since we are interested in analysing the changes in systems behaviour, we do not compute these measures for
the hole RP. Instead we use a moving window with Nwin points (i, j ∈W ⊂ (1, . . . , N) ∈ N}) to capture
deviations in the solution behaviour.

4 Results and discussion

After computing the model from Chap. 2 for various friction parameters µ = {0.1, 0.2, 0.3}. The different
dynamical behaviour can be seen in Fig. 6(a), as well as the original and reconstructed phase-space. The
initial conditions remain constant, so that every case starts with forward whirl. With increasing the friction µ
the rotor drifts from stable forward whirl (µ = 0.1) to chaotic motion (µ = 0.2). Depending on the friction,
chaotic motion can be transient and lead to stable backward whirl (µ = 0.3).

Since the method will also be applied to measurement data in the future, where not all state variables are
known, we extract only one single scalar times series, e. g. the spatial coordinate x as seen Fig. 4.

Then the embedding parameters can be determined (Fig. 3.1) and the attractor can be reconstructed. For
the neighbourhood size ε = 0.3σ has been chosen, where σ is the statistically expected value (normal
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Figure 4: Time series of spatial coordinate x. Red line marks detected point in time for instability by RQA
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Figure 5: Recurrence plot of the time series from fig. 4 with embedding parameter m = 4, τ = 38, ε = 0.3σ

distribution). The original phase-space of the state vectors (Fig. 6(b)) are of course not absolutely identical
with the reconstructed phase-space (Fig. 6(c)) since they are only similar in the sense of a diffeomorphism.
Furthermore, the 2D-projection distorts the structure, as the transient chaotic motion is not in the plane of
stable periodic circles.

Already in the RP (Fig. 5) one can see that the periodicity is disturbed from about 1200 time frames, which
can be seen by the interruptions of the diagonal lines. The RQA-measures clearly indicate the system be-
haviour, as seen in Fig. 6(e). Stable periodic oscillations reflected in constant recurrence rate (RR) and
determinism (DET) while the divergence (DIV) is very low. They turn significantly as soon as the solution
becomes unstable. This can happen even before an instability can be detected by looking at the time series
itself (red line in Fig. 4).

Using the method for recurrence analysis, it was possible to separate areas of transient and periodic solutions
of a nonlinear system by a single scalar time series. This method, can give additional information to the
FOURIER-Transform, which is made for linear, time invariant systems. By taking further RQA-measures
into account, the information value can be further increased. In the future, the influence of noisy signals will
be investigated, as well as the application to real measurement data.
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Figure 6: Stable forward whirl (left), chaotic motion (middle) which can evolve to stable backward whirl
(right) (a) Black circle: borehole, blue circle: rotor. Inner lines shows trajectory of rotors centre point.
(b) Phase-space of state vectors, (c) Reconstructed phase-space, (d) Recurrence plot of reconstruction, (e)
Normalized measures: Recurrence rate (RR), determinism (DET), divergence (DIV)
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