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Abstract 
Sound source localization using microphone arrays is largely applied in industrial engineering to diagnose 

acoustic issues appearing on complex machineries. An important number of algorithms have been developed 

to enhance the source identification procedure in terms of spatial resolution and quantification capabilities, 

such that engineers have to understand a lot of methods to cover the majority of industrial applications. 

Recently, it has been proven that a Bayesian approach can generalize some of these methods by 

automatically calculating the optimal basis functions depending on the geometrical experimental set-up. 

Moreover, the probabilistic way of solving the acoustic inverse problem offers the opportunity to introduce 

prior knowledge about the source, the noise and the propagation model. The aim of this publication is to 

apply the method to experimental cases and to show how the results can be exploited in practice to help the 

acoustics engineer to better characterize sound sources. 

1 Introduction 

Acoustic imaging techniques represent an effective tool to both localize and quantify sound sources using 

pressure measurements done by a microphone array. The main difficulty lies in recovering continuous 

sources based on noisy and discrete number of microphone measurements and an approached model. In 

general case, the solution of the problem is not unique and constraints must be defined to reach satisfactory 

results. Then, a large number of methods have been developed for decades to respond to specific needs 

depending on the application. Leclère et al. [1] attempt to classify every method by analyzing their main 

assumptions, their priors and their algorithms to resolve the obtained cost functions. Authors separate the 

methods into two large categories: (i) beamforming-based methods, which aims at reconstruct uncorrelated 

sources, and (ii) inverse methods, which look for the distribution of the sources at once without considering 

any assumptions about the correlation of sources. Deconvolution methods (CLEAN [2], DAMAS [3] …), 

extensively used in aeroacoustics field, fall within the first category whereas holography methods (NAH 

[4], HELS [5], SONAH [6], iBem [7]…) belongs to the second. Putting aside the algorithm considerations, 

the beamforming-based methods may be defective in low frequencies, where the uncorrelated assumption 

is frequently violated. Inverse methods, on the other hand, suffer from an unstable behavior coming from 

the innate ill-posed problem characteristic. To tackle this issue, the Tikhonov regularization [8] [9] process 

is often used and its efficiency has been largely demonstrated. This technique implicitly aims at recovering 

the solution as the compromise between the fidelity to the measured data and the minimal energy of the 

sources. This compromise is found by the estimation of the regularization parameter. Even if this parameter 

is well-tuned, researchers observed that the given solution becomes quantitatively non-satisfactory in high 

frequencies when the spatial sampling of the array is not sufficient [10] [11].  

In that context, Bayesian Focusing (BF) has been introduced by Antoni [12]. This method considers both 

the source and the measurement as random variables. The probabilistic formalism and the use of the Bayes 

rule are exploited to derivate solutions depending on explicit priors about the source and the noise perturbing 

4389



 

the measurements. Then, it has been demonstrated that if the noise and the source are a priori modelled as 

Gaussian laws, the optimal solution can be written as the general-form Tikhonov solution. By the way, the 

superiority of the Bayesian estimation of the regularization parameter have been proven in different types 

of applications [13] [14] [15]. In order to improve quantitative results in high frequencies and to go beyond 

the limitations of the Tikhonov solution, one can play with the prior probability density function (pdf). The 

most intuitive way to add some physical information to the problem is to define a spatial aperture function 

that acts as a lens to focus on a particular zone of the space. Both spatial resolution and quantification 

performances may be improved by the definition of that prior [16] [17] [10]. The process of focusing and 

its definition in terms of pdf is largely described in an upcoming submitted paper [18]. Moreover, it can be 

shown that this Bayesian formalism is general enough to consider the cases of NAH or beamforming as a 

special case [12]. This flexibility in terms of (i) geometry, (ii) explicit prior definition and (iii) validity of 

the solutions in a wide frequency range makes the method attractive but yet not applied enough in practical 

cases.  

The goal of the present communication is to apply BF on experimental cases and to show how one can 

exploit the wealth of information obtained. 

2 Bayesian focusing: theory 

2.1 Forward problem 

The aim of the inverse problem is to reconstruct the finite source distribution over the object of interest 

using: 

1. The cross-spectral matrix measured by an array composed of M microphones; 

2. The acoustical model relating the radiation of sources placed on the surface of the object and the 

sound pressure measurement at the positions of the microphones of the array; 

3. Any kind of prior information about the source (correlation length of sources, initial idea of the 

localization pattern, spatial sparsity of the sources…) 

The classical forward problem is written as a matrix form, at a given frequency𝑓: 

𝐩 = 𝐆𝐪 + 𝐛, (1) 

with 𝐩 the measured vector of dimensions of [MX1], with M the number of microphones, 𝐪 the vector of 

the volume velocity of the sources placed on the nodes of the object of dimensions of [NX1] with N the 

number of nodes and 𝐆 the transfer function relating the volume velocity of the sources and the sound 

pressure measured by the array. As a remark, one can write the forward problem as a function of the parietal 

pressure or the normal velocity if the transfer function between these quantities and the measured sound 

pressure is available (by Boundary Element Method for instance). In the case studies of this work, the 

propagation is considered in the free-field: 

𝐆 =  −
iωρejk𝐑

4π𝐑
, 

(2) 

 

with 𝑹 the matrix of distances between the microphones and nodes. It is usual in imagery technique to 

decompose the acoustic field into basis functions. Depending on the geometrical configuration, the user has 

to choose the adapted basis to its problem. The direct problem expressed in eq. (1) could be re-written by 

introducing the decomposition of the source distribution into the basis 𝚽: 

𝐩 = 𝐆𝚽𝐜 + 𝐛, 

 
(3) 

with 𝒄 the basis coefficients and 𝒒 = 𝚽𝒄. 
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2.2 Bayesian formalism 

If one considers the measured spectra as random variables, the goal consists in finding the conditional pdf  

𝐪 given 𝐩, written [𝐪|𝐩]. This pdf is unknown but it can be estimated according to the Bayes rule which 

expresses the searched posterior probability as: 

[𝐪|𝐩] =
[𝐩|𝐪][𝐪]

[𝐩]
, (4) 

where [X] represents the pdf of the random variable X and [X|Y] the conditional probability of X given Y. 

The density [𝐩|𝐪] represents the likelihood function i.e. the probability of observing the measurements 𝐩 

knowing the spectrum of the source. The prior probability [𝐪] is the probability of the sources before 

knowing the measurements. Finally, the quantity [𝐩] expresses the probability for all possible sources 

considered.  

Experimental errors caused by measurement noise are modelled by a Gaussian pdf because experimental 

errors have many different origins. Additive noise then follows a complex zero-mean Gaussian law 

𝒩c(0, β2𝛀𝐛) where β2  stands for the unknown energy of noise and 𝛀𝐛is a known structure matrix defining 

the nature of the noise (an identity matrix is generally chosen to enforce the zero correlation of noise between 

microphones) : 

[𝐛|β2] =  𝒩c(0, β2𝛀𝐛) (5) 

In practice, 𝛀𝐛 is usually equal to the identity matrix. For the next developments, 𝛀𝐛 = 𝐈.The likelihood 

function [𝐩|𝐪] is derived using the direct problem of eq. (1). The measurements are perturbed by the additive 

noise defined above: 

[𝐩|𝐪, β2] =  𝒩c(𝐆𝐪, β2𝐈). (6) 

Lastly, prior information about nature of sound sources is also chosen as a Gaussian distribution. This 

hypothesis is mathematically convenient and other choices could be adopted [19] however these will not be 

investigated in this paper. The pdf of sources is finally written: 

[𝐪|α2 𝛀𝐪] =  𝒩c(0, α2 𝛀𝐪) (7) 

with 𝛀𝐪a known structure matrix defining spatial correlation of sources. As a summary of this section where 

all the pdf have been defined, the following figure illustrates the studied system. 

 

Figure 1 : Illustration of the studied acoustical direct problem 
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The result of the inverse problem is given by the maximum a posteriori estimator which is the most probable 

solution of the posterior pdf (from eq. (4)): 

𝒒𝑚𝑎𝑝 = 𝐴𝑟𝑔𝑚𝑎𝑥[𝒑|𝒒][𝒒]. (8) 

The most probable source distribution will be estimated passing through the estimation of the basis 

coefficients. Then, the basis functions can be derived using the Bayes rule [12] : 

𝚽 = 𝛀𝐪
𝟏/𝟐

𝑮∗𝑺−𝟏𝛀𝒃
−𝟏/𝟐

𝑼 (9) 

with  𝑼the singular matrix of the singular value decomposition of the propagation matrix G and 𝑺 its singular 

values : 

𝛀𝒃
−𝟏/𝟐

𝑮𝛀𝐪
𝟏/𝟐

= 𝑼𝑺𝑽𝐻.  (10) 

As a remark, 𝚽 can be replaced by known basis function as plane waves of spherical harmonics if the set-

up is convenient.  

The most probable solution of the inverse problem is called the maximum a posteriori estimator. This value 

is given by maximizing the numerator of the Bayes equation: 

J =   Argmax { [𝐜, α2 , β2 | 𝐩] }  

J =  Argmin { −ln [𝐜, α2, β2 | 𝐩] } 

Enforcing the derivative of this cost function to zero with respect to the solution 𝐜 bring us to an analytical 

expression of the sources: 

�̃�  =   
𝐬

𝐬2  +  η2 𝐔H𝐩 (11) 

with �̃� the regularized form solution, and 𝜂2 =
𝛽2

𝛼2 the regularization parameter. It is noteworthy that this 

solution is similar to the well-known Tikhonov solution. Then the regularization parameter is determined 

by marginalizing the joint pdf [𝛼2, 𝛽2|𝐩]. Interested readers can refer to [20]. 

From the estimation of the regularization parameter and the knowledge of the basis functions, the inverse 

filter can be calculated as: 

𝑯𝑖𝑛𝑣 = 𝚽
𝑺

𝑺2 + 𝜂2 𝑼𝐻, (12) 

and the final cross spectral matrix of the sources is then deduced: 

𝑺𝑞𝑞 =  𝑯𝑖𝑛𝑣𝑺𝑝𝑝𝑯𝑖𝑛𝑣
𝐻 . (13) 

From this matrix, the information of the energy of each node is driven by the diagonal of the matrix.  

2.3 “Focusing” iterative process 

The quantification and localization performance of the method can be improved by iteratively enforcing the 

algorithm to concentrate the reconstructed energy on a particular zone. This process is largely explained in 

[18]. The covariance matrix of the prior pdf can be iteratively updated: 

𝛀𝑞
1/2

= diag(𝑺𝒒𝒒)
[𝑛−1]

1−
𝑝

2  (14) 

with diag(𝑺𝒒𝒒)[𝑛−1] the squared-volume velocity of each node of the mesh for the previous iteration and p 

the norm with 1<p≤2. The choice of p=2 leads to reaching the standard Tikhonov solution. Setting p to 1 

enforces the sparsity of the sources. The sparsity constraint means that the reconstructed acoustic field can 

be explained using a few number of sources. The convergence of this algorithm can be observed and a 

stopping criterion has to be adjusted by the user.  
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2.4 Sound power estimation 

In practice, the acoustic quantity of interest is the sound power that can be expressed from the volume 

velocity cross spectral matrix: 

𝑾𝑒𝑞 =
𝜌𝑐𝑘2𝑑𝑖𝑎𝑔(𝑺𝒒𝒒)

4𝜋
 (15) 

As a remark, this expression describes the sound power of each equivalent source taken independently. 

Another expression can be used to model the interference created between the identified sources [10]. 

3 Experimental validations 

A first experimental and academic case is proposed. The considered object is a rigid wooden box equipped 

with holes where point sources can be flush mounted on the panels. The mock-up has been built with the 

dimension range of an automotive engine. For the considered case, two fully correlated sources (denoted A 

and C) and one other uncorrelated source (B) are placed on the same panel. One microphone is mounted 

inside each of these sources to be able to measure the true coherence criterion as a function of the frequency. 

Then, a 36 microphones array is placed at 12cm of the source plane. The measurements have been carried 

out in the semi-anechoic room of the Laboratoire Vibrations Acoustique, University of Lyon. The ground 

has been locally treated with acoustic foam. The full experimental set-up is displayed in Figure 2.  

 

  

(a) (b) (c) 

Figure 2 : a) Photography of the array in front of the object inside the semi-anechoic room, b) position of 

the sources in the object and c) photography of the used source 

Sound power maps have been calculated using BF on the 3-dimensions mesh of the box. The distribution of 

sources is assumed to propagate in the space as baffled sources. The norm of the equation (14) has been 

fixed at p=1.1 and the iterative process stops when two successive iterations give less than 0.1dB of 

deviation on the global reconstructed sound power. Figure 3 presents the results at 1.5 kHz.  
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Figure 3 : Classical sound power map given by Bayesian focusing (on the left) and sound power map 

correlated with the identified source A (on the right) in dB (ref. 1e-12W) with a display dynamic of 8 dB 

The three sources are well-localized with a satisfactory spatial resolution. Generally speaking, users of 

imaging techniques consider this result as the final one, whereas this result only represents a partial 

information about the sources, namely the diagonal of the sources cross-spectral matrix. The sound power 

map of the right side of Figure 3 represents the map correlated with the identified source A defined as: 

𝑾𝑐𝑜ℎ =
𝜌𝑐𝑘2|𝑺𝒒𝒒(: , 𝑟𝑟𝑒𝑓)|

4𝜋
, (16) 

with 𝑟𝑟𝑒𝑓 the index of source A. It is interesting to note that the uncorrelated source B disappears from the 

map (given with a dynamic display of 8dB). This type of map could be useful in order to understand the 

mutual origin of identified sources.  

The cross spectral matrix of the sources may also be used to estimate the coherence function between two 

nodes of the map. Figure 4 depicts this quantity measured by the microphones situated inside the sources 

(ground truth) and this same criterion reconstructed by BF when source B switched on or off. 
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Figure 4 : Coherence between sources A and C measured directly inside the source (green), and 

reconstructed by Bayesian Focusing when source B is OFF (orange) and ON (blue) 

The coherence function is well-recovered especially if source B is switched off. At around 3 kHz and 3.5 

kHz, the source B radiates more energy than the two other and it perturbs the estimation of the coherence. 

For design engineers, it also can be useful to propagate the identified sources in the space in order to estimate 

the directivity or to predict the sound pressure level at 1m for example and act on it if necessary (to improve 

the acoustic comfort). Theoretically, BF is able to recover these quantities by simply applying eq. (1). To 

experimentally validate this point, a quarter-of-sphere array has been placed in front of the source plane. 

The radiation of the three sources has been measured by two positions of this array to catch the total 

directivity pattern of the sources (see Figure 5). 

 
 

Figure 5 : Positions of the quarter-of-sphere array around the three sources 

Figure 6 shows the spatial measured field and the recovered field by propagation of the identified sources 

to the microphones at 1.5 kHz. The spatial patterns are similar. 
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(a) 

 

(b)  

Figure 6 : a) Measured pressure field radiated from sources A, B and C and b) recovered pressure field by 

propagation of the sources identified by Bayesian Focusing at 1.5 kHz with 12dB display dynamic 

The same process has been applied to predict the sound pressure level at 0.5m from the source plane. Figure 

7 shows the comparison between the measured sound field at this location and the estimation by BF and 

classical beamforming. The estimation from classical beamforming has been obtained by propagating the 

acoustic field based on the three sources amplitudes since phase relationship is by essence neglected in 

beamforming.  

 

Figure 7 : Autospectra measured by the far-field microphone (in blue), and synthetized by the propagation 

of the identified sources by Bayesian Focusing (orange) and Beamforming (Green) 

The propagation of the sources identified by BF respects the frequency evolution of the measured sound 

field. In particular, the three “humps” at 1.8 kHz, 2.3 kHz and 2.8 kHz are well-predicted. These shapes 

have probably been created by the wave interferences between the two correlated sources. In the other hand, 

the propagation of the source identified by beamforming does not reproduce this behavior because it 

assumes uncorrelated sources. Moreover, the prediction at low frequencies is not as accurate as provided by 

BF. This observation is probably due to the fact that the spatial support of the point spread function of the 

two correlated sources is not disjoint in this frequency range [1] (in that case, the two sources are not 

separated by beamforming). As a remark, Clean-SC will provide the same results as beamforming since it 

is based on the same assumptions.  
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4 Industrial application: windtunnel tests 

The academic case validates the consistency of the reconstructed quantities with the physical reality (given 

by the ground truth coherence measurements or the directivity measurements). However, the interest would 

be limited if the method was only applied to artificial point sources.  

To go further than previous validations, wind tunnel array-based measurements have been exploited. The 

measurement data was carried out at the Daimler Wind Tunnel Centre in Sindelfingen. The automobile is 

the current C-class Coupe subjected to the wind speed of 140 km/h with 0° yaw angle. The acoustic radiation 

has been recorded by a microphone array system which is located 6m from the ground.  

The sources have been reconstructed on a 2D grid assuming a free-field propagation modified by the 

convection phenomenon due to the presence of the wind. It is well-known that the autospectra of the array 

measurements are critically corrupted by the generation of a “pseudo-sound” produced by the interaction 

between the rigidity of the microphone cartridge and the wind. Methods have been developed to de-noise 

the cross-spectral matrix [20] [21] [22] but these considerations are not on the scope of this paper. As a 

consequence, noisy cross-spectra are considered in that case.  

Sound power maps given by Clean-SC and BF are shown in Figure 7 for the frequency of 2kHz. 

Additionally, the sound power maps correlated with 2 points of the left mirror have been plotted.  

 

Figure 8 : Sound power maps given by Clean-SC (a) and BF (b). Sound power maps correlated with the 

maximum amplitude point recovered on the left mirror (c) and with the source recovered at the tip of the 

left mirror (d) at 2kHz with a dynamic display of 16dB. 

Both Clean-SC and BF results are consistent, highlighting the same location of sources. However, the 

correlation information between sources given by the methods is different: Clean-SC recovers only 

uncorrelated sources whereas BF respects and keeps the spatial correlation relation between identified 

sources. This property can be exploited by displaying the sound power map correlated with one source 

pointed by the user. As an example, Figure 8 displays the sound power map correlated with two locations 

of the left mirror: the tip and the maximum amplitude location recovered by Bayesian focusing. Clean-SC 

identified these two locations as uncorrelated sources, as does the Bayesian focusing. 

As a remark, the spatial correlation distance between sources is “smoothed” by the regularization process 

of the inverse method. Then, the recovered spatial correlation function is probably blurred.  

To go beyond the classical localization maps, the reconstructed phase relationship between sources could 

be exploited by re-propagating the sources in the volume around the vehicle. Figure 8 shows the propagation 

over two cross-sections of the sources identified on a 2D grid. Moreover, the sources belonging to the red 
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square zone (displayed on the Figure 8 (b)) have also been propagated over a hemisphere in the nearfield of 

the mirror.  

 

Figure 9 : Sound field propagated over two cross-sections (from the whole cross-spectrum matrix of the 

identified sources) and over a hemisphere in the nearfield of the mirror (from the sources belonging to the 

red square zone)1 

The re-propagated pressure field could be used by the manufacturer in order to optimize the design of the 

vehicle to reach a certain sound level given by automotive standards for example. 

These results are based on measurements recorded on the top of the vehicle. The sound pressure seems to 

foster the radiation towards the array. The complete directivity of each acoustic component present in the 

vehicle would be better estimated if the radiation was measured all around the vehicle. Moreover, the 

scattering effect of the vehicle, the real 3D geometry and the convection effect should be taken into account 

to improve the prediction of the propagation of the acoustic field in the volume.  

5 Conclusions 

Imaging techniques and more specifically inverse methods provide more information about sources than 

expected localization maps. The output of the method may inform the user about the coherence complexity 

of the source distribution as well as its directivity or about the sound level propagated anywhere in the space 

(from the source to the ears of the user of the machine for example). Then, imaging techniques coupled with 

a precise propagation model could play a major role in the design of the machineries. 

To illustrate this point, Bayesian focusing has been applied on experimental data for its flexibility in terms 

of geometry, frequency range of validity and stability in regards with noise. Moreover, this method is able 

to provide statistical criteria that reflect the quality of the reconstruction. This formalism could offer to the 

users confidence intervals associated to the estimated quantities for example [17] [10]. 
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