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Abstract
In non-conservative systems with frictional contact interfaces, the complex eigenvalue analysis is widely
used to detect the instabilities of the system and it is generally performed on a linearized model around
the equilibrium position. The change of contact status, due to the apparent negative damping, modifies the
system dynamics and in certain condition it can induce instabilities. For instance, an equilibrium position
that is stable in uniform sliding conditions can become a limit cycle when a portion of the contact interface
passes from sliding to sticking condition, due to the action of an external perturbation force. In this paper
this bi-stable behavior, that is typical of mechanical system with subcritical Hopf bifurcations, is investigated
by a lumped parameter model with frictional contact. The effect of the friction on the system eigenvalues is
analyzed not only for the uniform sliding condition but also for the other possible contact states, finding the
ranges of the friction coefficient value that could lead to a bi-stable behavior.

1 Introduction

In the study of mechanical system composed by bodies in frictional contact, the coupling between the contact
behavior and the vibrational response is definitely an essential point for the understanding of the system
dynamics [1, 2]. In fact, the frictional contact forces can excite the system dynamics in different ways,
leading to different contact instabilities phenomena as a function of system parameters (sliding velocity,
contact pressure or material damping) [3]. The Complex Eigenvalue Analysis (CEA) is widely used to
detect the instabilities of the system, and the analysis of the locus plot of the eigenvalues, with respect to the
friction coefficient, is generally performed on a linearized model around the equilibrium position (a uniform
sliding condition at the interface is generally chosen) [4]. This approach allows to investigate the effects of
friction forces on the stability of the system [5]. In unstable systems, the increase of vibration amplitude due
to the apparent negative damping reaches a saturation level given by the presence of material damping [6] or
by the change of contact status (i.e. sliding, sticking and detachment transitions) [7]. The change of contact
status modifies the system dynamics and in certain conditions it can induce instabilities. For instance, an
equilibrium position that is stable in uniform sliding conditions can become a limit cycle when a portion of
the contact interface passes from sliding to sticking condition. The initial condition (i.e. initial position and
perturbation force) or external applied forces can lead the system from the stable equilibrium position to the
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limit cycle. It is typical of bi-stable systems with subcritical Hopf bifurcations [8].

In this paper a lumped parameter model with frictional contact, previously developed by the authors [7, 9],
has been exploited to investigate the bi-stable behavior on a mechanical system. The model is composed of
both masses directly involved in the contact dynamic and masses that are not in contact but are linked to one
other and to the contacting masses to represent the bulk. The system is basically a cyclic chain of nonlinear
oscillators with a frictional contact point and the symmetries could be at the origin of localization phenomena
of high interest within vibration engineering community [10, 11]. For the model under study, the effects of
the friction on the system eigenvalues have been investigated not only for the starting equilibrium condition
(i.e. uniform sliding at the interface) but also for the other possible contact states. To investigate the nonlinear
behavior of the mechanical system, the forward increment Lagrange multiplier method is implemented [12,
13] and several analyses have been carried out in order to identify the ranges of the friction coefficient that
could lead to a bi-stable behavior.

2 Method

2.1 Stability assessment

For a multi Degrees of Freedom (DoF’s) mechanical system with frictional contact surfaces the equation of
motion can be expressed as:

[M ] {ẍ}+ [C] {ẋ}+ [K] {x} = {Fe}+ {Fc} (1)

where, [M ], [C] and [K] are respectively the mass, the viscous damping and the stiffness matrix of the
system; {x} is the displacement vector and {Fe} and {Fc} are respectively the vectors of external forces and
of contact forces acting on the mechanical system.

The contact forces {Fc} can be expressed as a function of positions {x} and velocities {ẋ} of the system.
The contact condition acts as unilateral constraint in the direction normal to the contact, the normal contact
force N ≤ 0 and the contact can be closed or open. If the normal contact force N is negative a compression
force is exchanged between the contacting bodies and the contact is closed. Conversely if N is nil, no forces
are exchanged at the interface and the contact is open.

Moreover, in the direction tangential to the contact, the friction force T opposes to the relative motion vr
between the two contacting bodies and is proportional to the normal contact force N . The proportionality
factor between N and T is the friction coefficient µ.

T = −sign (vr)µN (2)

Several laws exist to express the friction coefficient as function of local contact quantities [14]. In this work
the Amonton-Coulomb model is adopted for the friction force and a constant value of the friction coefficient
µ is considered [7].

The contact forces represent a nonlinear boundary condition for the mechanical system. And each contact
point can assume four contact state, i.e. sliding, reverse sliding, sticking or detachment. Hence, for a system
with n contact points, 4n possible configuration exist [9].

A very common approach to analyse the dynamic behavior of system with frictional interface is the Complex
Eigenvalue Analysis (CEA) of the system linearized in uniform sliding condition. In this case, the contact
forces {Fc} add an asymmetric term to the stiffness matrix and the Equation (1) can be expressed as:

[M̃ ] {ü}+ [C̃] {u̇}+
[
[K̃] + [K̃c]

]
{u} = {F̃e} (3)

where {u} represents the set of DoFs accounting for the assumed contact conditions, the ·̃ mark indicates
that the system matrices and the external forces are expressed in the {u} set of DoFs and the [K̃c] is the
asymmetric term that makes the system not self-adjoint.
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The Equation (3) can be recast in state space coordinate {Y } =
{
{u}T {u̇}T

}T :

[A] {Ẏ }+ [B] {Y } = {Q} (4)

where:

[A] =

[
[C̃] [M̃ ]

[M̃ ] [0]

]
, [B] =

[
[K̃] + [K̃c] [0]

[0] −[M̃ ]

]
and {Q} =

{
{F̃e}
{0}

}
. (5)

The solutions of the right complex eigenvalue problem

λr [A] {ξ}r = − [B] {ξ}r (6)

are the complex eigenvalues λ and the right complex eigenvectors ξ. The sign of the real part of the complex
eigenvalues is a stability indicator of the mechanical system in Equation (3). If at least one eigenvalue real
part is positive the system is unstable.

Nevertheless, the solutions of (6) refer to the uniform sliding condition, but if any of the contacting points
is not in sliding, the linearization of contact could lead to a significantly different result. This is one of
the main limitations on the use of CEA on linearized system to describe the nonlinear behavior. In fact,
when the system is unstable it can exhibit very large amplitude vibrations with a relevant impact of contact
nonlinearities. Typically, frictional unstable systems reach a limit cycle (stable orbit) that can be described
as a dynamic energy equilibrium, where the contact nonlinearities bound the power absorbed by the system
in sliding condition [4].

In this context, the stability of the system can be investigated also when the contact interface is not in
uniform sliding condition [9]. For example, the system can be stable when in uniform sliding condition and
exhibit some instabilities in states that are different from the uniform sliding. This could be associated to the
presence of sub-critical instabilities, characterized by the coexistence of a static equilibrium position and a
stable orbit, separated by an unstable orbit. In this case, the system is also called bi-stable and an external
perturbation can move the system form one stable solution to the other.

2.2 Transient response

The time response of the system in Equation (1) can be obtained by explicit time integration using the forward
increment Lagrange multiplier method [12, 13]. The contact conditions can be considered by constraint
equation such as:

[G] ({x}+ {X}) = {0} (7)

where {X} is the vector of nodal coordinates at equilibrium, ({x}+ {X}) is the current vector of nodal
coordinates and [G] is an a-priori unknown time-varying contact displacement constraint matrix. Hence, in
Equation (1), the contact forces {Fc} can be expressed using Lagrange multipliers {Fc} = −[G]T {λ}.
Equations (1) and (7) lead to a singular form that cannot be solved in the time domain. Therefore, to
overcome this singularity the Forward increment Lagrange multipliers method can be used.

This formulation relates constraints at time tn+1 = tn + h with Lagrange multipliers at time tn, and the
equation of motion becomes:

{
[M ] {ẍ}n + [C] {ẋ}n + [K] {x}n + [G]Tn+1 {λ}n = {Fe}n
[G]n+1

(
{x}n+1 + {X}

)
= {0}

(8)

For explicit integration of the equation, the Newmark β2 scheme can be used, that for β2 = 0.5 reduces to
the central difference scheme:

{ẋ}n =
1

2h

(
{x}n+1 − {x}n−1

)
(9)
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{ẍ}n =
1

h2
(
{x}n+1 − 2 {x}n + {x}n−1

)
(10)

The equation of motion can be rewritten as:

{ẍ}n = [M ]−1
[
{Fe}n − [C] {ẋ}n − [K] {x}n − [G]Tn+1 {λ}n

]
(11)

By substituting the central difference expression of {ẍ}n in the equation of motion, and by using
{ẋ}n =

(
{x}n − {x}n−1

)
/h one obtains:

{x}n+1=h2[M ]−1

[
{Fe}n−

1

h
[C]
(
{x}n−{x}n−1

)
−K{x}n

]
+2 {x}n−{x}n−1−h2[M ]−1[G]Tn+1{λ}n (12)

By defining the predictor of displacement {x}?n+1 as:

{x}?n+1 = h2 [M ]−1 ({Fe}n − [C] {ẋ}n − [K] {x}n) + 2 {x}n − {x}n−1 (13)

the displacement at time tn+1 is:

{x}n+1 = {x}?n+1 − h2 [M ]−1 [G]Tn+1 {λ}n (14)

Therefore, by substituting Eq. (14) in the second line of Eq. (8) one obtains:

[G]n+1

(
{x}?n+1 + {X}

)
= h2 [G]n+1 [M ]−1 [G]Tn+1 {λ}n (15)

Hence, an estimate of the contact forces {λ}n can be computed from the predictor {x}?n+1:

{λ}n =
(
h2 [G]n+1 [M ]−1 [G]Tn+1

)−1
[G]n+1

(
{x}?n+1 + {X}

)
(16)

Finally, the corrector of the displacement {x}cn+1 is defined as:

{x}cn+1 = −h2 [M ]−1 [G]Tn+1 {λ}n (17)

and the displacement at time tn+1 is expressed as:

{x}n+1 = {x}?n+1 + {x}cn+1 (18)

For problems with M contact points the Equations (16) and (17) are solved together using a Gauss-Seidel
iteration method. The i to i + 1 Gauss-Seidel iteration for I = 1, 2, . . . , M can be expressed as follows
omitting the step indexes:

i+1{p}I = [G]I
{
i+1 {x}c + {x}? + {X}

}
(19)

{∆λ}I =
[
h2 [G]I [M ]−1 [G]TI

]−1
i+1 {p}I (20)

i+1 {λ}I = i {λ}I + {∆λ}I (21)

{∆x}cI = −h2 [M ]−1 [G]TI {∆λ}I (22)
i+1 {x}c ← i+1{x}c + {∆x}cI (23)

The Gauss-Seidel iteration preceeds by simple element level calculations, until is satisfied the following
convergence check:

| {∆λ} | < tol|i+1 {λ} |. (24)
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3 Model

The model considered in this work is shown in Figure 1, it is a lumped parameter model composed by masses
m connected by springs k. The presence of both masses that are directly involved in the contact and masses
that are not in contact allows to represent both the bulk and surface dynamic behavior of a system with
frictional contact [7]. The circularity condition allows to account for the double modes that are generally
due to the symmetry of a system [15, 10]. Finally, the presence of several contact points can reproduce in a
discrete way the distribution of contact stresses and tangential velocity over an extended contact surface [5].
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Figure 1: Lumped parameter model with frictional contact.

The system is composed by 2 modules circularly linked. Each module i is made of 2 masses and character-
ized by 4 DoFs (x(i)1 , x(i)2 , x(i)3 and x(i)4 ). The mass m(i)

2 is in frictional contact (µ) with a rigid slider and is
able to switch among the different contact states (Sliding, Sticking and Detachment). The slider moves with
a tangential speed v and is inclined of an angle θ. The mass m(i)

1 is simply linked to the adjacent masses. A
static pre-load displacement δ(i) can be applied on each module.

Two set of parameters will be considered for the model represented in Figure 1, the numerical values of the
“Set 1” are shown in Table 1.

Parameter Set 1 Unity

m
(i)
1:2

{
0.3 0.7

}
kg

k
(i)
1:6

{
55 60 22 60 300 250

}
kN/m

θ 0.5 rad

δ 5.0E − 3 m

v 2.5E-2 m/s

β 3.0E − 5 s

Table 1: Parameters of the lumped model.

Values of the “Set 2” are the same as the Set 1 except for the value of the stiffness k(i)2 = 53 kN/m. The
viscous damping C in Equation (1) is defined as proportional to the stiffness matrix [C] = β[K].
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4 Results

In this section the dynamic behavior of the lumped parameter system described in the previous section has
been analyzed using both the CEA for the stability assessment and the transient simulation to observe the
time history response.
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(a) Parametric CEA for the parameters in the Set 1
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(b) Parametric CEA for the parameters in the Set 2

Mode 1 (34.00 Hz) Mode 2 (65.99 Hz) Mode 3 (163.90 Hz) Mode 4 (186.56 Hz) Mode 5(215.24 Hz) Mode 6 (225.79 Hz)

(c) Real mode shapes (µ = 0) for the parameters of the Set 1

Figure 2: Complex eigenvalue analysis results

Figures 2(a) and (b) show the real and imaginary part of the complex eigenvalues, respectively for the pa-
rameters of the Set 1 and Set 2, with the friction coefficient in the range 0 ≤ µ ≤ 3.5. Figure 2(c) shows the
real mode shapes of the system eigenvalues obtained for the parameters of Set 1 and a nil friction coefficient.
Mode shapes for the Set 2 are not shown because they are very similar to mode shapes obtained for the Set 1.

For both sets of parameters the system exhibits two modal coupling in the considered range of the friction
coefficient. The mode 3 coalesces with the mode 4 while the mode 5 coalesces with the mode 6. The two
coalescences give rise to two unstable modes at frequencies of approximately 170 [Hz] and 215 [Hz]. For
the parameters in the Set 1 the modes 5 and 6 coalesce for lower friction coefficient than modes 3 and 4 (cf.
Figure 2(a)). The opposite occurs using the parameters in the Set 2 (see Figure 2(b)). In fact, the decrease
of the stiffness k2, connecting the vertical displacements of masses m(i)

1 of adjacent subsystems, produces a
relevant variation of the frequencies of modes 5 and 6, that are characterized by out of phase displacements
of the upper masses m(i)

1 , without modifying the frequencies of modes 3 and 4 that are characterized by in
phase displacements. Consequently, for the Set 2 of parameters the mode coupling between modes 5 and 6
occurs for higher values of friction coefficient than for the Set 1.

For a friction coefficient µ = 1.5 the system with Set 1 of parameters is unstable since the real part of
the mode 6 is positive (see Figure 2(a)). Figure 3 shows the limit cycle for different values of the slider
velocity v. Figure 3(a) shows the amplitude of the limit cycle measured along the x(i)1 direction, the plot
can be decomposed into three quasi-linear portions with different slopes. The slope variations are located
at a slider velocity v ' 0.1 m/s and v ' 0.2 m/s. In the first range (0 < v < 0.1 [m/s]) the limit cycle is
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Figure 3: Unstable response of the system with the first set of parameters for µ = 1.5. Effect of the slider
velocity v on the limit cycle.

characterized by only stick-slip motion of the contacting massesm(i)
2 (see the plots in Figures 3(b) and (c) for

v = 0.05 m/s). The presence of horizontal portion for ẋ(1)3 = 0.05 [m/s] in Figure 3(b) indicates the sticking
motion and the point-wise plot in Figure 3(c) indicates that no detachment occurs (x(1)4 = 0 and ẋ(1)4 = 0).
In the second range (0.1 < v < 0.2 [m/s]) the limit cycle is composed by stick slip and detachment of the
contacting masses m(i)

2 (see the plots in Figures 3(b) and (c) for v = 0.15 m/s). In Figure 3(b) the horizontal
portion for ẋ(1)3 = 0.15 [m/s] indicates the sticking motion and the plot in Figure 3(c) shows the detachment
motion during the limit cycle (x(1)4 6= 0 and ẋ(1)4 6= 0). In the third range (v > 0.2 [m/s]) the limit cycle is
composed by only slip and detachment motion of the contacting masses m(i)

2 (see the plots in Figures 3(b)
and (c) for v = 0.25 m/s). The absence of horizontal portion in Figure 3(b) indicates the absence of sticking.
Furthermore, in absence of sticking and for a constant friction coefficient µ the limit cycle is independent
from the slider velocity v (horizontal portion of Figure 3(a)).
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Figure 4: System response of the system with the Set 1 of parameters and µ = 1.96.

In Figure 4 the response of the system with the Set 1 of parameters for a friction coefficient µ = 1.96 is
shown. The system is unstable (see Figure 2(a)) and the time history response to a small initial perturbation
is shown in Figure 4(a). Table 2 shows the eigenvalues of the system in all the possible contact statuses
for µ = 1.96. Observing the results in Figure 4(a) it is worth noting that the initial exponential increase of
the amplitude moves the system form unstable equilibrium position to an orbit at about 1 s. Nevertheless,
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Module 1 Sl R-Sl St Dt
Module 2

Sl −0.18 ± 43.52i −0.11 ± 34.59i −0.28 ± 54.57i −7.29 ± 44.65i
−0.40 ± 65.10i −0.41 ± 65.75i −7.04 ± 167.53i 6.92 ± 44.77i
−3.90 ± 172.34i −2.53 ± 163.96i 1.74 ± 167.81i −0.40 ± 65.07i
−1.70 ± 172.41i −3.28 ± 186.41i −9.89 ± 217.00i −10.36 ± 179.83i
−11.72 ± 218.79i −4.32 ± 214.00i 1.00 ± 217.45i 4.25 ± 180.32i
2.68 ± 219.38i −4.85 ± 226.89i - −8.81 ± 224.02i

- - - −0.66 ± 224.37i
- - - -

R-Sl −0.11 ± 34.59i −0.05 ± 22.27i −0.21 ± 47.62i −0.05 ± 22.47i
−0.41 ± 65.75i −0.42 ± 66.83i −2.46 ± 161.67i −0.26 ± 52.15i
−2.53 ± 163.96i −2.46 ± 161.66i −3.01 ± 178.58i −0.42 ± 66.83i
−3.28 ± 186.41i −3.55 ± 194.09i −4.21 ± 211.34i −2.79 ± 172.17i
−4.32 ± 214.00i −4.21 ± 211.32i −4.86 ± 226.94i −3.55 ± 194.01i
−4.85 ± 226.89i −5.09 ± 232.35i - −4.47 ± 217.85i

- - −5.08 ± 232.22i
- - -

St −0.28 ± 54.57i −0.21 ± 47.62i −2.47 ± 161.77i −0.22 ± 47.85i
−7.04 ± 167.53i −2.46 ± 161.67i −2.56 ± 164.87i −0.26 ± 52.03i
1.74 ± 167.81i −3.01 ± 178.58i −4.22 ± 211.50i −2.80 ± 172.34i
−9.89 ± 217.00i −4.21 ± 211.34i −4.47 ± 217.79i −3.00 ± 178.33i
1.00 ± 217.45i −4.86 ± 226.94i - −4.48 ± 218.02i

- - - −4.84 ± 226.65i
- - - -
- - - -

Dt −7.29 ± 44.65i −0.05 ± 22.47i −0.22 ± 47.85i −0.05 ± 23.19i
6.92 ± 44.77i −0.26 ± 52.15i −0.26 ± 52.03i −0.13 ± 36.79i
−0.40 ± 65.07i −0.42 ± 66.83i −2.80 ± 172.34i −0.41 ± 65.75i

−10.36 ± 179.83i −2.79 ± 172.17i −3.00 ± 178.33i −0.42 ± 66.78i
4.25 ± 180.32i −3.55 ± 194.01i −4.48 ± 218.02i −3.19 ± 184.00i
−8.81 ± 224.02i −4.47 ± 217.85i −4.84 ± 226.65i −3.53 ± 193.63i
−0.66 ± 224.37i −5.08 ± 232.22i - −4.66 ± 222.38i

- - - −5.08 ± 232.00i

Table 2: Complex eigenvalues in [Hz] in all the possible contact configurations for µ = 1.96 for the param-
eters in Set 1.

this orbit does not represent a stable condition and a second exponential increase of the amplitude leads the
system to another orbit that this time is stable. This is because the system presents one instability at about
219 Hz, as shown in Table 2 when both the contact points are in sliding (Sl-Sl configuration). The coupled
modes 5 and 6 are characterized by out of phase displacements of the two modules, hence, the two mod-
ules reach alternatively the sticking condition. When one of the two contact points is in sticking condition
(configurations Sl-St or St-Sl) the system presents two unstable modes at about 168 Hz and 217 Hz. This is
at the origin of the second exponential increase of the amplitude shown in Figure 4(a). The spectrogram in
Figure 4(b) confirms the previous observations showing the presence of a band at about 220 Hz that begins
at 0.6 s and a second band at about 180 Hz that increases its intensity between 1 and 3 s. Finally, during the
limit cycle, both the frequencies at about 170 and 215 Hz appear in the spectrogram, even if the mode at the
lowest frequency is stable in Sl-Sl configuration (see Figure 2(a) and Table 2).

As previously shown, the Set 2 of parameters allows to move the coalescence between modes 5 and 6 towards
higher friction coefficients. Figure 2(b) highlights that for the friction coefficient adopted in the previous
simulations (µ = 1.96) the system is still stable in uniform sliding condition, since all the modes have
negative real part (see Table 3 in Sl-Sl configuration). However, the system becomes unstable if one of the
two masses is in sticking status (see eigenvalues in Table 3 in Sl-St or St-Sl conditions). Therefore the system
in this conditions exhibits a bistable behavior. If the initial perturbation is small the system oscillates around
the static equilibrium position as shown in Figure 5(a). If a large perturbation is imposed, that leads one of
the two contact points in the sticking condition, the system reaches a stable orbit as shown in Figure 5(b).

Figure 6 shows the results of a “pseudo-continuation” analysis performed to investigate the effects of the
friction coefficient on the presence and on the amplitude of the limit cycle for the system with the Set 2 of
parameters. To obtain the curve for decreasing values of µ, the transient simulation is performed initially
with a friction coefficient µ = 2.5 and a small perturbation. Once that the system has reached the limit cycle,
the transient simulation is arrested and restarted with a lower value of the friction coefficient µ? = µ −∆µ
adopting as initial condition the ending state (displacement and velocity) of the previous simulation. This
restart procedure is repeated to span the desired range of the friction coefficient. To obtain the curve for
increasing values of µ the procedure is very similar, except for the small perturbation that is applied for each
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Module 1 Sl R-Sl St Dt
Module 2

Sl −0.18 ± 43.52i −0.11 ± 33.91i −0.29 ± 55.29i −7.43 ± 43.62i
−0.42 ± 66.48i −0.41 ± 65.75i −7.05 ± 167.61i 7.08 ± 43.74i
−3.90 ± 172.34i −2.54 ± 164.11i 1.75 ± 167.89i −0.42 ± 66.46i
−1.70 ± 172.41i −3.25 ± 185.73i −6.27 ± 214.44i −10.25 ± 179.40i
−4.39 ± 215.67i −4.24 ± 212.09i −2.40 ± 214.60i 4.18 ± 179.88i
−4.44 ± 216.90i −4.75 ± 224.49i - −8.02 ± 221.98i

- - - −1.28 ± 222.27i
- - - -

R-Sl −0.11 ± 33.91i −0.05 ± 22.27i −0.20 ± 46.30i −0.05 ± 22.47i
−0.41 ± 65.75i −0.39 ± 64.51i −2.46 ± 161.67i −0.26 ± 52.21i
−2.54 ± 164.11i −2.46 ± 161.66i −2.99 ± 178.08i −0.39 ± 64.51i
−3.25 ± 185.73i −3.55 ± 194.09i −4.22 ± 211.46i −2.80 ± 172.19i
−4.24 ± 212.09i −4.22 ± 211.45i −4.68 ± 222.72i −3.55 ± 194.00i
−4.75 ± 224.49i −4.91 ± 228.22i - −4.48 ± 217.90i

- - −4.91 ± 228.13i
- - -

St −0.29 ± 55.29i −0.20 ± 46.30i −2.47 ± 161.77i −0.20 ± 46.60i
−7.05 ± 167.61i −2.46 ± 161.67i −2.56 ± 164.87i −0.26 ± 52.03i
1.75 ± 167.89i −2.99 ± 178.08i −4.22 ± 211.50i −2.80 ± 172.34i
−6.27 ± 214.44i −4.22 ± 211.46i −4.27 ± 212.79i −2.98 ± 177.86i
−2.40 ± 214.60i −4.68 ± 222.72i - −4.48 ± 218.02i

- - - −4.67 ± 222.49i
- - - -
- - - -

Dt −7.43 ± 43.62i −0.05 ± 22.47i −0.20 ± 46.60i −0.05 ± 23.19i
7.08 ± 43.74i −0.26 ± 52.21i −0.26 ± 52.03i −0.13 ± 36.79i
−0.42 ± 66.46i −0.39 ± 64.51i −2.80 ± 172.34i −0.39 ± 64.57i

−10.25 ± 179.40i −2.79 ± 172.19i −2.98 ± 177.86i −0.41 ± 65.75i
4.18 ± 179.88i −3.55 ± 194.00i −4.48 ± 218.02i −3.19 ± 184.00i
−8.02 ± 221.98i −4.48 ± 217.90i −4.67 ± 222.49i −3.53 ± 193.63i
−1.28 ± 222.27i −4.91 ± 228.13i - −4.66 ± 222.38i

- - - −4.90 ± 227.94i

Table 3: Complex eigenvalues in [Hz] in all the possible contact configurations for µ = 1.96 for the param-
eters in Set 2.
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(a) Time history response for a small perturbation.
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ẋ
(
1
)

1
[m

/s
]

(b) Time history response for a large perturbation.

Figure 5: System response of the system with the Set 2 of parameters and µ = 1.96 for different values of
the initial perturbation.
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Figure 6: Amplitude of the limit cycle for increasing and decreasing values of the friction coefficient µ (with
∆µ = 0.01) for the Set 2 of parameters.

restart analysis. In this case, in fact the initial value of the friction coefficient µ = 1.5 corresponds to a stable
equilibrium position of the system in steady sliding and the small perturbation pushes the system away form
the equilibrium position once it becomes unstable. Results in Figure 6 allows to clearly identify the bistable
region.
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Figure 7: Amplitude of the limit cycle for increasing and decreasing values of the friction coefficient µ (with
∆µ = 0.01) for the Set 1 of parameters.

The same analysis approach can be applied to the system with the Set 1 of parameters. In this case the results
in Figure 7 show the transition between two unstable branches at µ ' 2. This transition occurs in different
ways for increasing and decreasing values of the friction coefficient µ, highlighting the presence of a range
of µ where the obtained solution is not unique but depends on boundary conditions.

Conclusions

In this paper a lumped parameter model with frictional contact has been exploited to investigate the bi-stable
behavior of a mechanical system. The effects of the friction coefficient on the system stability have been
investigated not only for the uniform sliding condition at the interface but also for different contact statuses.
The results of transient simulations highlighted that the changes of contact status affect the system dynamics
and in certain conditions they can induce instabilities. Subcritical instabilities have been related to the change
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of contact status showing how a system that is stable in uniform sliding conditions can become unstable if
an external perturbation modifies the contact status. Moreover, the same approach has been applied to a
system with multiple instabilities showing the co-existence of multiple limit cycles depending on the initial
conditions.
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