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Abstract
This paper improves the accuracy of the non-intrusively developed nonlinear reduced order models (NLROM)
using two methods which are novel to the nonlinear Model Order Reduction (MOR) field. Non-intrusive MOR
techniques have the advantage compared to intrusive methods that they can be implemented in any FE package
which has nonlinear static solution capability, without having to handle closed form nonlinear FE formulation.
In the first method, which is called Mode Acceleration Correction, quasi-static contribution of truncated modes
due to forced excitation is added to the NLROM response. In the second method, known as Modal Truncation
Augmentation, Ritz vectors, which compensate the mode truncation inaccuracies on the spatial distribution of
the applied loads, are used to determine modal truncation (MT) vectors. The MT vectors are then appended to
the linear basis for input generation to accurately construct the NLROM. The proposed approaches are examined
on a numerical example and the results show an improvement compared to the classical non-intrusive method.
Keywods: Modal Truncation Augmentation, Residual Flexibility, Model Reduction, Geometric Nonlinearity,
Mode Acceleration

1 Introduction

Model order reduction (MOR) has become an important topic in many industrial applications which deal with
nonlinear finite element (FE) models. This is due to the fact that prediction of the structural response of large
nonlinear FEs to static and dynamic loads is extremely time consuming. Therefore, the full order FE model in
MOR techniques are transformed to a reduced number of generalized coordinates, to increase the computational
efficiency. The number of reduced coordinates is generally much smaller than the number of the full-order FE
model. Accordingly, the structural response to different load cases (acoustic, thermal, etc.) can be computed
much faster using the reduced order model (ROM).

There are generally two different approaches in the literature to developing the nonlinear reduced order model
(NLROM) from large nonlinear finite element models: direct and indirect methods. Direct (or intrusive) methods
[2, 17, 18] are usually based on the Galerkin projection method which transforms the full physical coordinates
to a reduced set of generalized (or modal) coordinates. To perform MOR with direct methods, it is necessary
to deal with the full-order nonlinear finite element formulation in closed form. In other words, NLROM is
developed by direct projection of the nonlinear internal force by a chosen reduction basis matrix. This limitation
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does not allow an engineer to reduce the nonlinear FE models which are constructed in FE packages provided
by third parties who don’t share their nonlinear element formulations (e.g. commercial software). Alternatively,
an NLROM can be developed using an indirect (or non-intrusive) approach [8, 11, 14], which need no directly
access the full-order nonlinear element formulation. The linear part of the NLROM is reduced using a proper
projection basis which usually consists of a truncated number of linear normal modes of the structure. The
reduced nonlinear internal force (or nonlinear stiffness vector) is written as a summation of quadratic and cubic
multiplication of generalized coordinates. Each term is multiplied by its corresponding unknown coefficient. A
series of nonlinear static solutions are then performed to identify the unknown Nonlinear Stiffness Coefficients
(NSCs) of the quadratic and cubic terms. Consequently, the only requirement for developing an NLROM from
the FE package, is to be capable of performing nonlinear static analysis.

In order to identify the NSCs, appropriate inputs have to be assigned to the FE packages, which also capture
nonlinear interactions between the nonlinear modes. E.g., for beam-like structures (i.e. beams, shells and
plates) the input has to trigger the coupling between bending and membrane (in-plane) displacement (also called
stretching effects). Two approaches have been considered in the literature to determine the unknown parameters.
In the first approach which is introduced in [11] and further developed in [8], the procedure of fitting the NLROM
to the full-order FE model is conducted by prescribing series of selected static loads to the FE package to be
solved for the corresponding displacements. This method is here referred to as Applied Force (AF) or Implicit
Condensation (IC) Method). In the second class of approaches which is outlined in [14], a set of pre-processed
displacements are statically prescribed to the FE package to obtain the corresponding reaction forces to identify
the NSCs (which is referred to as the Enforced Displacement (ED) Method).

When using the ED Method for coefficient identification, the bending and in-plane modes have to be explicitly
imposed to achieve a reasonably accurate response for transverse displacements. Whereas, in the AF method,
the prescribed forces which are generated using only the bending modes, suffice for accurate response prediction
of transverse displacements [13].

For identification of the NSCs in a non-intrusive approach, linear modes are often used to generate the inputs to
be prescribed to the FE package. However, we know from linear structural dynamics that taking a few modes in
the modal response of a linear system for linear model reduction without considering the static deflection of the
truncated modes due to spatial distribution of external loads will cause inaccuracies in the system. The Mode
Acceleration (MA) [1, 5, 16] and Modal Truncation Augmentation (MTA) [6, 5, 16] methods have been widely
studied to best approximate the effect of modal truncation on the spatial distribution of applied loads in the linear
systems.

This paper proposes two ways to extend the MA and MTA methods for nonlinear response prediction. In the
first approach, the contribution of the truncated modes are assumed linear and quasi-statically affect the response
of the system. Consequently, theses quasi-static deflections due to applied load are computed from the linear
flexibility matrix of the FE model and added to the dynamic response of the NLROM which is developed from
the AF method. In the second approach, Modal Truncation (MT) vectors are first computes using the Reileygh-
Ritz method. Afterwards, these vectors are appended to the reduced mode basis and the stiffness coefficient
identification of the AF method is performed with the new reduction basis.

2 Nonlinear Model Order Reduction

The governing Equations of Motion (EoM) for a discretized finite element problem with large deflections and
linear elastic material can be written as [3]

Mü(t) +Cu̇(t) +Ku(t) + fnl(u(t)) = f(t) (1)
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Where M (n × n, where n is the number of full-order DOFs), C (n × n), K (n × n), and fnl (n × 1) are
the mass, damping and stiffness matrices and nonlinear internal force vector, respectively; u(t) (n × 1) is the
physical displacement vector and the overdots denote the derivations with respect to time. The vector f(t)
(n× 1) denotes the applied loads on the structure. For the sake of simplicity, the dependency of the parameters
in Equation (Eq.) (1) on time, t, is omitted in the remainder of this paper, unless it is required.

To obtain a reduced order model for Eq. (1), a transformation matrix T is constructed, which projects the
full-order physical DOFs, n, on to a reduced number of generalized coordinates, m (m << n):

u = T q (2)

Here, q is the reduced generalized coordinate vector, and T is the transformation matrix, projecting the physical
DOFs on to a set of reduced generalized coordinate of the system. By substituting Eq. (2) in (1) and applying
the Galerkin projection method, the EoM for the NLROM is obtained:

M̂q̈ + Ĉq̇ + K̂q + f̂nl(q) = f̂ (3)

with
M̂ = T TMT (4)

Ĉ = T TCT (5)

K̂ = T TKT (6)

f̂nl(q) = T
Tfnl(Tq) (7)

f̂ = T Tf (8)

If the relationship between the strain and displacement for a FE problem is quadratic, the nonlinear internal force
for the reduced (and full-order) model can be written in a polynomial form with quadratic and cubic terms [3,
15]. Therefore, the ith element of the nonlinear reduced internal force vector is written as

f̂nli = K̂
(2)
ijl qjql + K̂

(3)
ijlpqjqlqp (9)

where, K̂(2)
ijl and K̂(3)

ijlp are the components of the third-and-fourth-order stiffness tensors, respectively. One way
to compute the Nonlinear Stiffness Coefficients (NSCs) of Eq. (9) is to project directly the full-order nonlinear
internal force on to the reduced space. However, the challenge here is that the full-order nonlinear internal
force is not accessible in many commercial FE packages. Alternatively, one can estimate the unknown tensors
in an indirect way, namely, based on assignment of inputs to the FE package and fitting the NLROM to the
static solution from that [13]. The Implicit Condensation (IC) method [8] is an indirect nonlinear coefficient
estimation method which is based on application of a set of static forces as input to the FE package. The IC
method has the advantage that it allows for the coupling between the generalized coordinates in nonlinear form
(e.g. stretching effects) by just applying the transverse modes as input forces. As a result, this paper investigates
the enhancement of the IC method, which will be explained in section (2.1).

The transformation matrix for the IC method contains a truncated number of (transverse) linear modes. However,
the problem with taking a truncated number of linear modes as projection basis is that it fails to accurately ap-
proximate the spatial distribution of the applied loads. Accordingly, in this paper we propose two augmentation
methods to compensate for the effect of modal truncation on applied loads (see sections (3.2) and (3.3)).
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2.1 Applied Load or Implicit Condensation

The applied load method was first developed by McEwan et al. [11] and later extended by Hollcamp and
Gordon [8] to improve the approximation of in-plane motions. This method attempts to identify the unknown
NSCs based on prescription of selected static forces to the nonlinear FE-EoM to solve for the corresponding
displacements. The procedure can be employed in any FE package which is capable of performing nonlinear
static FE analysis. Since the load in the applied load method is enforced statically, the velocity and acceleration
in Eq. (3) are equal to zero, giving

K̂q + f̂nl(q) = f̂ (10)

or
K̂ijqj + K̂

(2)
ijl qjql + K̂

(3)
ijlpqjqlqp = f̂i (11)

for the ith component of Eq. (10). By applying a set of static loads to solve Eq. (10) for their corresponding
displacements, the NSCs can be obtained using any regression analysis method. One of the most critical points
in all non-intrusive MOR methods is the appropriate generation of the prescribing inputs which can trigger all
the essential nonlinear properties in the full-order FE model. This will be studied in section (3). Let us assume
that the static loads are formed from a combination of weighted basis vectors, Vi, which results in fulfillment of
the properties that are discussed in section (3) for the applied loads, namely:

f = s1V1 + s2V2 + ...+ smVm =

m∑

i=1

siVi (12)

where, si are the scalar weighting factors corresponding to their vectors, Vi. The most common choice for the
basis vectors, Vi, is a truncated number of eigenmodes of the linearized Eq. (1), as used by McEwan et al.
[11] in the original IC method. This choice is based on the idea of the Mode Displacement method (see section
(3.1)). Additionally, for the case that the basis vectors are the truncated linear (transverse) eigenmodes, Gordon
and Hollcamp [7] have proposed a physically meaningful value for the scaling factor. In other words, they have
defined a scaling factor for each mode as the force which is required to linearly obtain the maximum desired
displacement as

si =
Wimax

Vimax

ω2
i (13)

where, Wimax , Vimax , and ωi denote the maximum desired displacement for the linearized EoM, the maximum
(transnational) eigenmode component and the eigenfrequency, respectively, all for the ith mode. The eigen-
modes, Vimax , are usually normalized with respect to the mass matrix. The maximum desired displacement is
usually chosen in the order of the thickness of the structure. The computed scaling factors from Eq. (13) are
used in both positive and negative signs to generate the prescribing forces.

A certain number of such static loads are generated and assigned to the FE code to obtain the corresponding
displacements. These forces are afterwards projected onto the modal domain to be substituted in Eq. (11).

f̂ = T Tf (14)

Likewise, the displacement is projected onto the reduced set of generalized coordinates by solving

u = Tq (15)
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for q. The linear stiffness of the FE model is usually available in FE packages. Therefore, the reduced linear
stiffness matrix in (11) can be calculated directly from Eq. (6) without performing a regression procedure. The
number of NSCs which dominantly contribute in the nonlinear behavior of a structure can be drastically reduced
depending on the type of the model, nonlinearity, loading condition, etc. For instance, if a structure is symmetric
with respect to transverse modes, initially flat and geometric nonlinear, one can neglect all quadratic terms as
well as those cubic terms which contain the multiplication of more than two generalized coordinates, as shown
by McEwan et al. [12]. In other words, the NSCs consisting of more than three unequal indices are zero:

K̂
(3)
ijlp = 0 for i 6= j 6= l 6= p (16)

Consequently, in this case, the nonlinear restoring force in Eq. (10) for the rth EoM is reduced to

fr = K̂
(3)
ijjpqj

2qp + K̂
(3)
ippjqp

2qi + K̂
(3)
ijjjqj

3 + K̂
(3)
ipppqp

3 (17)

However, it has been shown in the literature (e.g. see [9, 7]) that for many structures such as cantilevered or
curved FE models, the truncated form of the nonlinear restoring force (Eq. 17) no longer applies. In this paper,
the full form of the quadratic and cubic terms with the presence of all NSCs is investigated, for the sake of
generality.
For the case of a geometrical nonlinear FE problem, it is sufficient to generate the required loads for IC using
permutations of one, two and three basis vectors. One usual possibility to choose the basis vectors for the static
loads is to set them equal to the columns of the reduction basis matrix, T times the stiffness matrix as

f =K(Tisi + Tjsj + Tksk) i, j, k = 0, 1, 2, ...,m (18)

In this case, the scaling factor to obtain the required force for the linear maximum desired displacement defined
by [7] in Eq. (13) is

si =
Wimax

Timax

(19)

Finally, recalling that each scaling factor is used with both signs, the total number of required prescribing forces
[7] is given by

2m+ 4mC2 + 8mC2 (20)

where

mCr =
m!

(m− r)! r! (21)

Once all the prescribed loads and their corresponding displacements are calculated from the nonlinear static
analysis, the NCSs are computed from a regression analysis procedure, e.g. as explained in [11]. The next
section discusses the possible basis vectors for the projection basis, T .

3 Basis Selection Methods

The accuracy of the developed NLROM by IC method, strongly depends on the “correct” selection of the basis
vectors in Eq. (18). Generally, the prescribing load sets have to be constructed based on the following properties:

• They have to be large enough to trigger the essential nonlinear effects and the coupling between the modes.
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• They have to contain the required modes corresponding to the desired frequency range of excitation as
well as the modes which have strong modal interaction between them.

• They have to consider the spatial distribution of the external loads in operational condition

• They have to be easy to compute.

The original IC method selects the load bases using the idea of Mode Displacement (MD) method for linear FE
models. The projection in MD method contains a truncated number of linear modes based on mode superposition
[4, 1, 19]. When using the MD method, the applied loads on the system will also be projected by the reduction
basis which can then change the spatial shape of these loads. This is because it is usual to choose the truncated
modes that only contain the excitation frequencies of the applied loads. However, these modes do not necessarily
represent the spatial shape of the applied loads accurately. To solve this problem for the linear elastic FE model,
Mode Acceleration (MA) [1, 5, 16] and Modal Truncation Augmentation (MTA) methods [6, 5, 16] have been
developed in the literature.
In this paper, we aim to extend these methods to the nonlinear FE structures. First, we give an overview of
the classical MD method, in order to further explain why this method can cause inaccuracies in the dynamic
response of systems.

3.1 Mode Displacement

Let us define the governing EoM for the linearized finite element Eq. (1) as

Mü(t) +Cu̇(t) +Ku(t) = f(t) = F0 g(t) (22)

where, the applied loads, f(t), are decomposed into a constant matrix, F0 (n × k, where k is the number of
spatial distribution vectors), which represents its spatial distribution, and a time varying vector, g(t) (k × 1).

According to the MD method, to reduce the dimension of the system, the displacement of the system is approx-
imated by a superposition of a truncated number of modes multiplied by their corresponding coordinates:

u = Φq =

m∑

i=1

qiϕi (23)

here, Φ (n×k, where k is the number of kept modes in the superposition) is the reduction basis matrix containing
the kept eigenmodes of the system in its columns and q is the vector of the reduced number of modal coordinates.
The ith modal coordinate and eigenmodes of the system are denoted by qi and ϕi, respectively. The eigenvalue
problem for obtaining the ith eigenmode of Eq. (22) is given as

(K − ω2
iM)ϕi = 0 (24)

where, the ith eigenfrequency of the system is denoted by ω2
i . The eigenmodes of the system are usually mass

normalized such that:

ΦTMΦ = I
ΦTKΦ = Ω = Diag(ω2

1, ω
2
2, ..., ω

2
k)

(25)
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the matrix Ω here is a diagonal matrix that contains the square of the eigenfrequencies of the system in its
diagonals, and I is the identity matrix. The set of k uncoupled equations of motion is obtained by substituting
eq. (23) in (22) and premultiplying (22) by ΦT :

q̈ + Ωq = F̂ 0g (26)

where

F̂ 0 = ΦTF 0 (27)

McEwan et al. [11] took the MD projection basis also for the nonlinear FE-EoM, namely

T =
[
ϕ1 ϕ2 ... ϕm

]
(28)

therefore, the NLROM can then be written in the following form

q̈ + Ωq + f̂nl(q) = F̂ 0g (29)

The prescribing static forces are computed from Eq. (18) to be further employed in the IC method (section (2.1))
and identify the NSCs. After development of the (nonlinear) ROM, the velocity and acceleration vector of the
physical DOFs can be obtained from the corresponding ones in the ROM

u̇ = Φq̇ =
k∑

i=1

q̇iϕi (30)

ü = Φq̈ =
k∑

i=1

q̈iϕi (31)

In the procedure for choosing the number of kept modes in the reduction basis, it is usually the case that the
eigenvectors are kept such that their corresponding eigenfrequencies cover the excitation frequencies imposed
by the time varying part of the applied load, g(t), with a predefined margin. However, choosing the modes in
this way can cause inaccuracies due to the poor approximation of the spatial distribution of the applied loads by
the chosen reduction basis. To quantify the error of the spatial distribution approximation caused by truncation
of the eigenmodes in the reduction basis, let us define the residual spatial distribution matrix, Fr, which is
the portion of the full spatial distribution matrix not represented by the superposition of the kept modes. The
residual spatial distribution matrix is obtained by subtracting the spatial distribution represented by the truncated
eigenmodes from the full spatial distribution matrix, F0:

Fr = F0 − Ft (32)

where the spatial distribution represented by the truncated eigenmodes is given by

Ft =MΦΦTF0 (33)

The residual spatial distribution, Fr, is in fact the part of the full spatial distribution which is lost due to the
use of its truncated mode representation. Accordingly, the more the number of modes in the reduction basis are
taken, the less Fr becomes. However, choosing too many modes in the reduction basis which can reasonably
reduce Fr, may lose the advantage of computational efficiency achieved by the MD method. To reduce the loss
of spatial distribution of the applied load and simultaneously take the advantage of dealing with just a few sets
of equation of motions, Mode Acceleration [1, 5, 16] and Modal Truncation Augmentation [6, 5, 16] methods
have been developed. These will be explained next.

MODEL ORDER REDUCTION 2451



3.2 Mode Acceleration Correction

The mode acceleration method [1, 5, 16] is proposed to minimize the error of spatial distribution of the applied
loads induced by modal representation of them in linear FE analysis. The idea of the MA method is based on
the definition that the kept modes in the MD method span all the frequency content which is imposed by the
applied loads. Therefore, the response of the system due to the truncated modes is quasi-static and contains no
dynamics. In other words, the truncated modes do not make any appreciable contribution to the velocity and
acceleration of the system and the acceleration, for example, can be computed using Eq. (31). The truncated
modes affect only the displacement of the system, and therefore, the only parameter which has to be modified is
the displacement.

To compute the modified displacement from the MA method, let us consider the governing equations of motion
(22) and rewrite it in the following form:

Ku = f −Mü (34)

since by definition the truncated modes quasi-statically affect the response of the system, the acceleration of Eq.
(34) can be directly substituted by Eq. (31), and Eq. (34) is solved for the displacement:

u =K(−1)f −K(−1)M
k∑

i=1

q̈iϕi (35)

From Eq. (26) the acceleration for the ith generalized coordinate is written as

q̈i = ϕi
Tf − ωi

2qi (36)

Substituting eq. (36) in (35) and rearranging (35) gives

u =K(−1)f −K(−1)M
k∑

i=1

(ϕi
Tf − ωi

2qi)ϕi (37)

Finally, from eq. (37), the displacement achieved by the MA method is derived:

u =
k∑

i=1

qiϕi + (K(−1) −
k∑

i=1

ϕiϕ
T
i

ω2
i

)f (38)

If a structure contains rigid body modes, the linear stiffness matrix is singular and the generalized inverse
methods have to be used. In this paper, the generalized coordinates, q, are first computed from the NLROM
Eq. (29) and substituted in Eq. (38) instead of (23) to correct, in a post-processing step, the linear quasi-static
effect of the truncated modes on the external loads.

3.3 Modal Truncation Augmentation

The method of Modal Truncation augmentation [6, 5, 16] compensates for the inaccuracies in the modal repre-
sentation of the spatial distribution of the applied loads by appending some correction vectors to the reduction
basis. The MTA method employs the Rayleigh-Ritz method to compute the modal truncation (MT) vectors,
which has the advantage of being mathematically consistent. First, Ritz vectors are obtained as a static defor-
mation due to residual spatial force distribution, Fr,(defined in Eq. (32)). Afterwards, an eigenvalue problem is
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solved from the mass and stiffness matrices which are projected by Ritz vectors and the MT vectors are obtained
from them. The MT vectors are orthogonal to the kept modes in the reduction basis, since the residual spatial
distribution of the applied loads does not by definition comprise the contribution of the kept modes, by definition
(see eq. (32)).

To compute the MT vectors, we start from the computation of the Ritz vectors by a static problem under the
residual force distribution:

KX = Fr (39)

where,X is the static displacement matrix which comprises the static displacement (Ritz) vectors in its columns.
Afterwards, the reduced mass matrix, M̄ , and stiffness matrix, K̄ are obtained using these Ritz vectors.

K̄ =XTKX (40)

M̄ =XTMX (41)

The reduced eigenvalue problem is then given by

(K̄ − ω2
i M̄)vi (42)

here, the ith eigenvector and eigenfrequency of the reduced eigenvalue problem are denoted by ωi and vi,
respectively. The MT vectors are consequently defined by

Φmt =XV (43)

where, the matrix V contains the reduced eigenvectors, vi, in its columns. Finally, the new reduction basis
according to the MTA method is constructed by appending the MT vector to the set of kept modes, Φ, namely

Ψ = [ Φ Φmt ] (44)

Now, the procedure of model reduction is exactly the same as the MD method, except that the new reduction
basis, Ψ, is used as the reduction basis.

u = Ψ q (45)

ü = Ψ q̈ (46)

The novelty of this paper is that we propose to use the MT vectors in addition to the linear modes as the basis
vectors in the identification procedure of the IC method, namely

T = [ Φ Φmt ] (47)

to compensate for the spatial representation of the external loads in the nonlinear restoring forces, which was
constructed using only linear modes in the original IC method.
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Figure 1: Schematic of the simply-supported beam

4 Numerical Example

A simply-supported beam (figure (1)) made from linear elastic material and with a geometric nonlinear effect
is investigated in this study to examine the performance of the proposed methods. The material, geometry and
mesh properties of the beam are outlined in table (1). The beam has 179 active DOFs in total. There are a few
important parameters for the development of a NLROM in any non-intrusive approach that have to be carefully
selected, because of their possibly huge effect on the accuracy of the NLROM. The scaling factor and basis
vectors for generating the static forces (in IC) are two of these parameters. Previous research, e.g. in [10, 7],
has discussed some of the possibilities to choose or compute such parameters. For the beam investigated in this
paper, Eq. (19) is used to calculate the required scaling factors. As soon as the basis vectors are selected, the
only unknown parameter in Eq. (19) is the maximum desired displacement,Wimax . Most of the researchers have
reported good results, when this parameter is chosen to have the order of the thickness of the structure. Here, we
have performed a comparative study for different proportion of the thickness of the beam, and Wimax is chosen
as

Wimax = 1
2 t (48)

where, t is the thickness of the beam. Two types of error measures have been use in this work. The first measure
is called the relative error

ε =
‖ufull − urom‖

uaverage
(49)

with ufull, urom as the displacements of the full-and-reduced-order solutions, respectively, and uaverage as the
average value of the full-order solution displacement, ‖ufull‖. The second error is the Global Relative Error
(GRE), defined by

GRE =

√∑
t∈T (ufull − urom)′(ufull − urom)√∑

t∈T (ufull)′(ufull)
(50)

which is a scalar value. The summation in both numerator and denominator is over the whole time period. the
sign (′) denotes the transpose of the matrices. The relative error, ε represents the change of NLROM’s error
over time for all or a set of DOFs, while the global relative error, GRE, represents the quality of the NLROM
approximation for all DOFs and over the whole time period. An acoustic pressure which is uniform in space and
random in time is applied to the beam. The time history of the acoustic pressure is shown in figure (2) which
has the average level of 149.6 dB. The NLROM is developed using the IC method (section (2.1)). The NLROM
is developed in MATLAB R© using the IC method with three different bases as force basis vectors:
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Table 1: Properties of the investigated clamped-clamped beam

Property Value Property Value
Length, 0.3 m Density 7870 kg/m3

Width 0.013 m E modulus 2.05×1011Pa
Thickness 1.5×10−3m Poisson’s ratio 0.28
No. of elements 60 Element type Abaqus, B21

0 5 · 10−2 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
−0.15

−0.1

−5 · 10−2

0

5 · 10−2

0.1

0.15

time (s)

fo
rc

e
am

pl
itu

de
(N

)

Figure 2: Time history of the uniformly distributed random sound pressure excitation. The average level is 149.6
dB and the frequency band is [0, 500] Hz.

• NLROM: the first five linear (transverse) modes.

• NLROMMA: the NLROM obtained using the first five modes is augmented with the MA method ex-
plained in section (3.2).

• NLROMMT: the first five modes in companion with one MT vector proposed in section (3.3).

Abaqus R© is used as the FE package to develop the full-order model and perform the nonlinear static analysis
required for IC. Furthermore, to validate the accuracy of different NLROMs, the time responses of the mentioned
NLROMs are compared with those of the full-order model which was computed in Abaqus. The Newmark-β
method is used to obtain the time response of the NLROMs. A constant time increment of 2.5×10−4s is chosen
for all time integration studies.

Figure (3) shows the relative error for all transverse displacements with respect to the full-order model (the in-
plane motion is not studied in this paper). In this figure, the NLROM error is relatively much smaller than the
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Figure 3: Relative error (in percent), for all transverse displacements of the simply-supported beam over time
for different NLROM strategies.

linear response; however, the augmentation of the MT vector (NLROMMT) has apparently reduced the relative
error of NLROM. Moreover, it can be seen that the static augmentation with the MA method has no improvement
in the accuracy of the NLROM. This is due to the fact that for nonlinear structures with large vibrations, the
error induced by the truncation of the linearized internal forces is negligible compared to the error induced by
the nonlinear terms in the internal force vector.

Figures (4) and (5) depict the Power Spectral Density (PSD) of the mid-point (shown by point A in figure
(1)) and quarter-point (shown by point B in figure (1)) displacement of the beam in the transverse direction,
respectively. While the PSD of NLROM and NLROMMA responses have the same accuracy to follow the PSD
of the full-model response, the PSD of the NLROMMT response improves this accuracy significantly.

Finally, the GRE of the beam’s reduced order model compared to the full-order nonlinear response is calculated
for Linear ROM (LROM), NLROM, NLROMMA and NLROMMT, respectively, as shown in table (2). The
GREs of the NLROM and NLROMMA in this case are the same in this case and 9 times better than LROM.
Whereas, NLROMMT is 39 times better than LROM and 4 times better than both NLROM and NLROMMA.
It is concluded that among all the three different developed NLROMs in this paper, the best result has been
delivered by the NLROMMT. The NLROMMT includes the Modal Truncation vectors in addition to the linear
modes to generate force basis vectors in the identification procedure of the Nonlinear Stiffness Coefficients using
the Implicit Condensation method.

In this work, the expansion procedure of the in-plane displacement explained in [8] is not investigated, is to be
studied in future studies. Furthermore, the effect of higher order terms of the MT vectors considered in [16] will
be investigated for the nonlinear model order reduction in further studies.
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Figure 4: Displacement power spectral density of the beam’s mid-point (node 30) in transverse direction. Com-
parison for different NLROM strategies compared with the full-order linear and nonlinear models.
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Figure 5: Displacement power spectral density of the beam’s mid-point (node 15) in transverse direction. Com-
parison for different NLROM strategies compared with the full-order linear and nonlinear models.

Table 2: Global Relative Error (GRE) for different model order reduction strategies

Method LROM NLROM NLROMMA NLROMMT
GRE 2.2978 0.2544 0.2544 0.0591
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5 Conclusion

This paper is the first step in extending the Mode Acceleration Correction (MA) and Modal Truncation Aug-
mentation (MTA) methods in nonlinear model order reduction. To develop the nonlinear reduced order model
(NLROM), a force-based non-intrusive approach has been employed. This has the advantage that the model
order reduction procedure can be performed in any FE package without requiring direct access to the nonlinear
finite element equations of motion of the full-order model. In this way, a set of static loads has to be generated
and applied to the nonlinear FE formulation, which is called Implicit Condensation (IC) method. In the original
IC method, the static loads are constructed using a truncated number of linear (transverse) eigenmodes which
are in the frequency range of interest with a margin and a scaling factor which can trigger the nonlinear restoring
force. However, these modes are not able to accurately approximate the spatial distribution of the external exci-
tation. Therefore, in this paper we extended the classical force bases with two new methods in nonlinear model
order reduction field.

In the MA method, the displacements computed from the original IC method are augmented by linear static
contribution of truncated modes due to external loads, whereas in the MTA method, the quasi-static contribution
of truncated modes is obtained using the Rayleigh-Ritz method, as Modal Truncation (MT) vectors. These
vectors are afterwards employed as new basis vectors to generate the static loads required for the identification
of the Nonlinear Stiffness Coefficients (NSC) in the IC method.

The two proposed methods are implemented for a simply-supported beam example with geometric nonlinear
effects. A random excitation is imposed on the structure to check the accuracy of the proposed methods. It
has been shown that the MA method does not improve the time response of the NLROM when the response is
in the nonlinear regime. However, the proposed nonlinear MTA method significantly enhances the accuracy of
the NLROM for both linear an nonlinear regimes. In the next step, the effect of higher order terms of the MT
method can be investigated.
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