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Abstract
The present work aims to develop a reliable kinematic and dynamic model of a Tensegrity Membrane struc-
ture. The modeling of the dynamic system is preceded by the determination of the static configuration. This
configuration depends on the pre-tensioning of the cables and membrane. The dynamics of the structure
are represented by its eigen-modes and natural frequencies. The stiffness depends on the materials prop-
erties and on the pre-tension, which is calculated in the force density method and considered in the modal
analysis. Numerical results of the kinematics and the vibration of the structure are presented. The adaptive
force density method is used to in order to achieve the relation between the pretension of the structure’s
elements. Static analysis is performed in order to incorporate the pretensions into the structure’s elements.
Comparisons of the natural frequencies are made between tensegrities with and without membrane.

1 Introduction

Tensegrity structures have many applications in civil, mechanical, robotic, biomechanical and aerospace
areas. The main advantage of this type of structure is its geometric adaptability. Tensegrity structures are
formated by rigid bodies (bars) and cables, which are always in compression and tension, respectively. If
the initial configuration of the tensegrity is in compression, when applying a force in a certain point of the
structure, then it will open and will create a new equilibrium stable structure, capable of supporting this load.

The numerical model of tensegrity systems is of great interest in the stiffness controllers design, mainly
because this kind of structure presents a nonlinear behavior. Motro [1] showed a linear model that gives a
good approximation of the nonlinear behavior of simple structures. Bel Hadj Ali [2] proposed a tensegrity
structure model to obtain the modal characteristics in order to develop a vibration control strategy. In his
work, Bel Hadj Ali reduced the structural response to acceptable levels at minimum control cost. Sultan
[3] used the Lagrange’s method to model a four-bar tensegrity-membrane system and determined a set of
differential-algebraic equations to active control design. Other parameter to consider is the opening mecha-
nism. In the literature, there are several proposals as Pellegrino [4], who suggested to vary the bars or cables
size. Arsenault [5] replaced tendons by springs and added actuators that change the bars length. Zhang e
Ohsaki [6] used the force density algorithm to find the shape of the tensegrity given the pre-stresses in the
cables, responsible for the expansion of the structure. Moored [7], Bel Hadj Ali [8] and Schenk [9] applied
the energy method to determine analytically the actuator force necessary for opening system.

Some applications in the spatial area of tensegrity-membrane structures are radar antennas [11], membrane
reflectors [12] [13], the support structure of optical membranes [14] and solar sails [15].
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The tensegrity structure considered in the present work contains 6 bars, forming two hexagonal bases (Fig-
ure 1(a)). The distance between them, i.e. the height of the structure, changes during the movement, but the
two bases remain parallel to each other all time. The movement is driven by the cables connecting the bases,
which will be referred as vertical cables. The lengths of this cables change in the same rate so the bases
remain parallel.

(a) 6 bars. (b) Reflector Antenna.

Figure 1: Tensegrity and Reflector Antenna structures.

This system could be applied on a satellite antenna, for example, as a deployable stand for the reflector,
replacing the cone and also part of the the structures below the reflector surface (Figure 1(b)).

The contribution of the present work is to propose a methodology to model the openning mechanism and to
represent the vibration characteristics of a tensegrity structure with six bars and a membrane. The method for
solving the kinematics of the opening mechanism was validated experimentally with a four bars tensegrity
structure [16], [17]. A vibration analysis of the model was done through finite element method and the results
were compared with a commercial software.

This paper is organized as follows. Section 2 shows the static model that describes the tensegrity structure
geometry and the opening mechanism. Section 3 presents the dynamics characteristics, which are obtained
through the finite element method. Section 4 describes the necessary conditions of the twist angle and the
velocity of the inclined cables to open the tensegrity structure. Section 5 presents the simulations results
of the tensegrity structure with and without membrane element and opening mechanism developed in the
softwares Ansys R© and Matlab R©. Section 6 discusses the results obtained and draws the relevant conclusions.

2 Static model

A tensegrity structure with 6 bars, which goal is to be the stand of a reflector antenna, is modeled geomet-
rically through nodal analysis. The methodology is described in the section 2.1. Opening mechanism is
studied and described in the section 2.2.

2.1 Tensegrity structure configuration

The geometry of the tensegrity structure, as shown [22], is defined by nodes, connectivity matrices and
members. The nodes are the extremity of the bars and tendons. The members are the bars and tendons itself.
The 3D expression of the nodes is shown by (Eq 1):

nl ∈ <3 (1)

The nodes are organized in the matrix N, where the coordinates of each node are contained in the vectors x,
y, and z as follows:
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N =





n1
...
nn





=
[
x y z

]
(2)

The members (mk) are the result of the difference between nodes interconnected. It can be written as:

mk = nik − njk (3)

where the terms nik and njk are, respectively, the ith and jth nodes that are related to the kth member.

The members are organized in the matrix M. The corresponding member lengths in each direction are
defined by the vectors u, v and w as follows:

M =





m1
...

mm





=
[
u v w

]
(4)

The matrices M and N are related by the connectivity matrix C :

C.N = M (5)

With the definitions presented above, one can start with the structure’s force analysis.

The equilibrium equation can be written in function of the nodal coordinates. To do this, it must enter the
force density (q) concept. Which it is the ratio between the traction or compression forces and the length of
the members. That relation is shown in the equation 6 to an arbitrary member k:

qk =
sk
lk

(6)

So, it is possible to obtain the force density matrix (E):

E = CTQC (7)

where,

Q = diag(q) (8)

The diag(vec) is a diagonal matrix with the terms of the vector vec.The equilibrium equation in nodes
coordinates function. For structures without fixations, there are:





E.x = 0

E.y = 0

E.z = 0

(9)

The equation 9 is not linear due to the fact that the force densities are in function of the members length, that
are dependent of the nodes positions. However, it can be linearized, predetermining the values of the force
densities.
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2.1.1 Form-finding method

The problem in working with tensegrity structures lies in finding the structure’s equilibrium form. Some
researchers as [25] used analytical approaches and [26] used nonlinear methods to solve this problem. The
method used in the present study uses the force density concept and the methodology explained in [19],
which will be explained below.

2.1.2 Force Density Method

Schek presents in one of his works the definition of force density where it’s pointed the leverage of deter-
mining the final structure’s configuration by the solution of a linear system [23]. However, the method has
disadvantages of having few restrictions on the final shape of the structure, although some methods to re-
strain the final form exist. This disadvantage is due to the fact that the inputs of the model are only the force
densities and the fixed nodes of the structure.

2.1.3 Condition of non-degeneracy

To obtain structures with nd dimensions, the matrix Enxn must have the following condition:

rank(Enxn) = n− h′ (10)

where,

h′ = nd + 1 (11)

Choosing force density values that makes E have the required rank value is one of the difficulties of this
process of determining the form of tensegrity structures. In [24], three types of processes are listed. The
first process would be the intuitive method, whose application would be for systems that have few members.
Another process would be the analytical method, where the matrix is analyzed in a symbolic way, and it is
possible to arrive at the relations between force densities in which the desired results can be obtained.

There is also the iterative method, where the values of qk are evaluated step by step until the desired rank is
obtained for the matrix E. This method will be described in the next topic.

2.1.4 Iterative method

In [18] and [19], is proposed a iterative method in order to obtain the desired rank of E.

First, initial values for the vector qi is chosen. From this vector, E is obtained by using Equations 7 and 8.
Then, through Equation 12, the eigenvectors and eigenvalues of E are obtained.

E = ΦTΛΦ (12)

For the rank of E to have the value shown in Equation 10, there must be a number of h′ (Equation 11) zeros
between the eigenvalues of the matrix Λ. Therefore, in the iterative method, we analyze the values of the
diagonal matrix Λ and observe if the number of zeros is equal to h′. If it is not, there’s two possibilities. The
first case would be the number of zeros being smaller than h′. For this case, simply substitute those smaller
values to zero in order to reach the required number of zeros. The second case would be that the number of
zeros are larger than h′.
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For this work, only case 1 is addressed. Therefore, giving continuity to the iterative method, a new value of
Λ by replacing the h′ smaller values with zero. This new Λ will be denoted as Λ. With this new matrix, E is
calculated through Equation 12.

Using E, one can get q, which are the updated values of force densities, with the Equation 13. The formula-
tion of this equation is detailed in [19].

q = (RTR)−1RTg (13)

With q and the Equation 7, Ei+1 is obtained, which is the updated force density matrix. Then, using Equa-
tion 12, we get a new value of Λ, which will be denoted by Λi+1. If this eigenvalue matrix does not yet have
the required number of zeros, the iterative process is repeated until this condition is reached.

Also, through this method, some restrictions can be introduced to the configuration of the structure that the
method can find.

One of these constraints is that of force density, in which a relation can be established between the force
densities of each member by writing them by means of the following equation:

Fq = 0 (14)

Where we establish the relations between the force density vector components q through the matrix F.

Further, the heights of the nodes of the tensegrity structure can be determined by Equation 15 as shown
in [19].

CTdiag(Cz)q = 0 (15)

These height restrictions and force densities can be written as the following linear equation system:

(
F

CTdiag(Cz)

)
q = Gq = 0 (16)

The solution of this system is given by:

q = φ(Rφ)−1g (17)

where φ is the null space of G.

Finally, to consider these constraints in the iterative method, to find q it’s used Equation 17 instead of
Equation 13.

After finding the value of the force density vector, one must calculate the final form of the structure. Thus,
the homogeneous Equation 18 must be solved, in order to find the nodal coordinates X.

HX = 0 (18)

where,

H =



E On On

On E On

E On E


 (19)
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X =




x
y
z



 (20)

As shown in [18], the solution for the Equation 18 is given by:

X = AA
−1

X (21)

where A is the null space of H and A is the corresponding components in A of related to the independent
set of nodal coordinates X.

The form-finding procedure is summarized in Figure 2.

Figure 2: Flowchart showing the iterative process to find force density vector values.

2.1.5 Finding the shape of a Tensegrity-Membrane structure

In [20], the shape of a tensegrity-membrane structure is found by minimizing the potential energy of the
system. However, the same procedure used for tensegrities without membranes can be applied in this case,
such as the iterative method described in section 2.1.4. This can be achieved by replacing the membrane
with tendons that develop the same function in the model. Therefore, after finding the tractions in each
tendon and the nodes forces, the finite element method can be used to calculate the membrane displacements
necessary to exert the same equilibrium forces in the resultant system. Thus, the necessary behavior of the
membrane is determined so it performs the same function of the tendons used to calculate the equilibrium
configuration. Then, the membrane to be used in the final model of the system can be defined. When the
deployed configuration is obtained, one starts to the development of its dynamic model.

2.2 Opening mechanism

As the lower base is fixed (equation 22), the shape of the tensegrity is determined by the positions of the
nodes in the upper base (figure4). These can be given in function of the height h, twist angle ϕ and side l of
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(a) Tensegrity-Membrane. (b) Tensegrity.

Figure 3: Tensegrity and Tensegrity-Membrane structures.

the hexagon (equation 23).

Figure 4: Top view.

Nlw = l




√
3
2

√
3
2 0 −

√
3
2 −

√
3
2 0

−0.5 0.5 1 0.5 −0.5 −1
0 0 0 0 0 0


 (22)

Nup = l



cos(π6 − ϕ) sin(ϕ) −cos(ϕ+ π

6 ) −cos(π6 − ϕ) −sin(ϕ) cos(ϕ+ π
6 )

sin(π6 − ϕ) cos(ϕ) sin(ϕ+ π
6 ) −sin(π6 − ϕ) −cos(ϕ) −sin(ϕ+ π

6 )
h
l

h
l

h
l

h
l

h
l

h
l


 (23)

N =
[
Nlw Nup

]
(24)

The distance between nodes 1 and 9 is equal to the length of a strut b. Then, the height h can be expressed
in function of b, l and ϕ (equation 25). Analogously, the vertical cable v separates nodes 1 and 8 and can be
given in function of the height (equation 26).

h =

√√√√b2 −
(
−lcos

(
ϕ+

π

6

)
− l
√

3

2

)2

−
(
lsin

(
ϕ+

π

6

)
+
l

2

)2

(25)
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v =

√√√√h2 +

(
lsin(ϕ)− l

√
3

2

)2

+

(
lcos(ϕ)− l

2

)2

(26)

3 Modal analysis

The dynamic characteristic of the tensegrity structure are determined numerically thought a Finite elements
model. A bar element with stiffness in axial direction is used in the structure bars and cables. The membranes
is represented by the Shell element.

3.1 Bar element

The displacement solution of the bar element can be approximated by:

uaxial = ω1uaxial1 + ω2uaxial2 (27)

where ω1 and ω2 are shape functions. This shape functions can be written as:

ω1 =
L− x
L

, (28)

and

ω2 =
x

L
, (29)

where, x is the position on the element and L is its length.

This shape functions can be organized in the displacement interpolation matrix (H) as:

H =

{
ω1

ω2

}
(30)

The stiffness matrix of an element, as shown in [21], is given by Equation 31

ke =

∫

V
BTCBdV (31)

where B is the strain-displacement matrix, C is the material matrix and V is the element volume. For the
bar element, C = E and V = AdL. The B matrix is calculated as ∂H

∂x . Thus, using the terms presented
above and using Equation 31, the stiffness matrix for the element is calculated.

The mass matrix for the bar element is obtained using the Equation 32.

where ρ is the bar element density.

Me =

∫

V
ρHTHdV (32)

In local coordinates, the bar element is written as:

rTe =
[
uaxial1 uaxial2

]
(33)
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The vector re in local coordinates can be transformed into globals coordinates Re through the following
expression:

Re = TT re, (34)

where T is the transformation matrix with angles formed between the local and global coordinates. The
stiffness matrix is described as:

Ke = TTkere, (35)

In order to take into account the pretensions applied in the cables and the bars of the structure, the geometric
stiffness matrix (KG) presented in [19], which is given by:

KG = I⊗E (36)

where I is the identity matrix and E is the equilibrium matrix.

3.2 Shell element

The Shell element used in this paper is presented in [21]. It’s used an eight node element and it’s considered
isotropic material for the material matrix (C) and a plane stress state.

The dynamic model will be obtained through a finite element mesh built over the geometry defined by the
static model. From this dynamic model, one can calculate the natural frequencies and modes of the structure.

4 Kinematic model

A tensegrity prism which bases have n sides is stable when the twist angle reaches the value given in equation
37, in that case, the height is maximum and v is minimum. If we try to shorten the vertical cables more than
this minimum, the structure becomes more tensioned instead of moving up or down. In this model, the twist
angle goes from 0 to π/, taking v from maximum to minimum and h from zero to maximum.

ϕs =
π

2
− π

n
(37)

The only variable we truly control is v, so we can assign a velocity/acceleration to v to calculate time. Now,
the positions of the nodes are determined for each instant of time.

5 Simulations

We used the following parameters in this simulation: hexagon side l = 0.3m, bar length b = 0.6m and twist
angle ϕ going from 0 to π/3rad, leading h to vary from 0 to 0.3m (Figure 5) and the vertical cable from
0.52 to 0.42m (Figure 6(a)).

A small pull of 20% in the vertical cable caused this model to reach its maximum height. This high sensitivity
of the height to the vertical cable, if properly managed, may become an advantage instead of a problem for
the designer, therefore it has been highlighted.

The relationship between h and v depends only on geometry, not being affected by materials properties or
time. We may assume a velocity of 0.01m/s for this (approximately) 0.1m reduction of the inclined cable,
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Figure 5: Tensegrity expansion.

(a) Height of the tensegrity h and vertical ca-
ble pulling v.

(b) Tensegrity height h. (c) Tensegrity twist angle ϕ.

Figure 6: Tensegrity kinematic results.

3382 PROCEEDINGS OF ISMA2018 AND USD2018



leading to a reasonable time of around 10s for the expansion process. Height and twist angle are expected to
increase with time and the graphs confirm it (Figure 6(c)).

As v was forced to decrease linearly over time and the relationship between h and v is known, h’s curve
in time had to be similar, except increasing instead of decreasing. The same applies to the behavior of the
vertical cable v.

5.1 Tensegrity structure with and without membrane

5.1.1 Finding the shape of the tensegrity structure

The method presented in Sections 2.1.2 - 2.1.4 was implemented with the help of Matlab R© software. The
four nodes chosen as input data for the method can be seen in the Table 1.

Position x
(mm)

y
(mm)

z
(mm)

Node 1 459 -265 0
Node 2 459 265 0
Node 3 0 530 0
Node 4 459 -265 300

Table 1: Positions of predetermined nodes

The initial force densities used in the routine in Matlab R© is shown in Table 2.

Base Tendons Top Tendons Vertical Tendons Vertical Bars
Force Density

[N/m] 1.0 1.0 2.0 -2.0

Table 2: Initial force densities

Also, the restriction was used that the members of each portion of the structure (Top, base and vertical
members) had equal force densities between them. Finally, the height of the frame was restricted to 300 mm.

The configuration obtained after 262 iterations is the same presented in Figure 1(a) and the values of the
nodes were the same shown in Eq 23, but with l = 306mm, h = 300mm and ϕ = 60o. The application
of this method reached the goal of achieving the configuration of the structures proposed and finding the
pretension values presented in the structure. Also, it makes possible the subsequent modal analysis of the
pretensioned structure. It is perceived by the results that the height restriction was met and that there were
some variations in the predetermined nodes.

The force densities, and the final tensile and compression forces, are shown in Table 3. Then, in order to
the configuration of the structure to be met, its pre-stresses must obey the same proportion of the forces
presented in Table 3.

Force density
[N/m]

Member lengths
[mm]

Member forces
[N]

Base Tendons 1.2624 306.0 0.3863
Top Tendons 1.2624 306.0 0.3863

Vertical Tendons 1.2624 428.5 0.5410
Vertical bars -1.2624 609.0 -0.7688

Table 3: Pretensions present in the final configuration of the structure.
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5.1.2 Modal analysis of the structure

Modal analysis was performed using bar elements for the bars and tendons, and shell elements for the mem-
brane. Also, the pre-tension of the structure was considered during the simulations.

The simulated structure is composed of 1 mm diameter nylon lines, 5 mm square steel bars and a thin
membrane of 51µm. The properties of the materials used are shown in the Table 4.

Young’s Module
[GPa]

Poisson
[-]

Density
[kg/m3]

Nylon tendons 2.000 0.30 1130
Steel bars 200.000 0.30 7800

Membrane 0.165 0.34 1400

Table 4: Properties of the materials used in the simulation

For tensegrity structures, the addition of pretension in their longiline elements is simple. So, in considering
efforts in only one direction, one can only insert a stress directly to the elements.

However, for the membrane, a static structural simulation is performed in which a restriction is applied to the
center of the membrane and pressure forces are applied at its ends. These constraints and force application
can be seen in Figure 7(a). The force applied to the membrane is equivalent to the force due to the pre-tension
that occurs at the node where the ends of the membrane are connected.

(a) Boundary conditions. (b) Stress Map.

Figure 7: Boundary conditions for the membrane simulation and its stress map

Figure 8: Behavior of the natural frequencies of vibration in relation to the tension in the vertical tendons.
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Once the stress map shown in Figure 7(b), is entered, the map is inserted into the simulation of the complete
structure, shown in Figure 3(a).

For the finite element analysis, it was used one truss element for each bar and tendon. For the membrane, it
was used shell elements with size of approximately 7mm. Also, the structure is fixed at the six nodes located
at the lower base of the tensegrity.

First, the behavior of the first vibrating mode for membrane and non-membrane structures was evaluated.
The behavior of the natural frequency of the first mode of vibration in relation to the pretension applied in
the vertical tendons can be seen in Figure 8.

(a) 1st mode - Tensegrity without
membrane.

(b) 2nd mode - Tensegrity without
membrane.

(c) 4th mode - Tensegrity without mem-
brane.

Figure 9: Vibration mode of the tensegrity structure without membrane

It can be seen from the Figure 8 that the natural frequency of the first mode increases for greater pretension
on the structures. Also, the frequencies of this mode is similar for the structure with and without membrane.
However, the behavior of the natural frequencies between both structures are different for the second and
fourth mode when pretension iss is near to zero. This behavior is due to the mode of vibration of the
membrane. For low pretensions, the second and fourth mode of the membrane are lower than the modes
of the tendon and rod structure, shown in Fig 9. Thus, this modes is influenced only by the membrane.
But, for higher pretensions, the second and fourth modes become a couple of the modes of the structure and
membrane. At this higher pretension, the behavior is approximately linear but still always lower than the
tensegrity structure without membrane.

The influence of the material type of the structure on its dynamic behavior was investigated. Simulations
with modulus of elasticity between 2Gpa and 200GPa were performed. Observing the Figure 10(a), it will
be appreciated that, for the first vibration mode (Fig 9(b)), the modulus of elasticity of the material has little
influence. For this case, the pre-tension applied has a predominant influence.

However, the second mode (Fig 9(b)) is strongly influenced by the elasticity modulus of the tendon. However,
it has little influence of the applied pretension, as can be observed in Figure 10(b). The explanation would
be that while in the first mode of vibration there is little deformation of the tendons and bars, in the second
mode this is predominant.

6 Discussions of the results and conclusions

The mechanical behavior of a tensegrity and a tensegrity-membrane are studied in this paper. A tensegrity
with 6 bar accomplished to a membrane is proposed to substitute a satellite reflector antenna. The deployment
requirement is analyzed though the opening mechanism. Using a 0.6m bar, the total height of the tensegrity
varies from 0.0m to 0.3m. This amplitude was achieved by pulling the cable in 0.1m. This hight sensitivity
of the height to the vertical cable can bring saves regarding cable volume/mass and energy of the pulling
motor.The adaptive force density method is used to achieve a tensegrity configuration similar to that studied
in the kinematics section. Also, with this method, is possible to obtain the pretension presented in the
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(a) First mode - Tensegrity without membrane. (b) Second mode - Tensegrity without membrane.

Figure 10: First and second vibration mode vs. young modulus and vs. pre-tensioning of the vertical tendons

structure. This result was found after 262 iterations and makes possible the modal analysis of the structure
through the finite element method (FEM). Static analyses are made in order to incorporate the pretension into
the FEM model. Thereon, modal analysis is performed to analyze the vibration behavior of the structure.
For lower pretensions, the behavior of the second and fourth modes of the tensegrity-membrane structure
is different from that presented by tensegrity structures composed only by tendons and bars. This behavior
takes place due to the low natural frequency presented by the membrane with low pretension. So, for the
lower pretensions, the natural frequency of the membrane is lower than that of the tendon and bar of the
structure. For higher pretensions, the modes of the membrane and the tensegrity are coupled. Also, it’s noted
that, the young modulus of the tendon, for this structure, only affects the affects the second mode. The first
mode is mainly influenced by the pretension, while the second, is mainly influenced by the young modulus.
This behavior could present design advantages.
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