
Waves path in an elastic membrane with selective 
nonlocality 

F. Coppo1, A. S. Rezaei1, F. Mezzani1, S. Pensalfini1, A. Carcaterra1 
1 Department of Mechanical and Aerospace Engineering 

Sapienza, University of Rome 

Via Eudossiana 18, 00184, Roma 

e-mail: antonio.carcaterra@uniroma1.it 

Abstract 
Nonlocal long-range effects are at the base of new phenomena investigated by the authors. In one 

dimensional systems, this permits the chance of modifying the phase and group velocity of the waveguide, 

even producing waves transporting energy backwards. In the two-dimensional case a richer scenario is 

opened. This paper investigates the chance of transporting the energy over a two-dimensional domain 

through vibrations that can follow a given path. The relationship between the path and the connection 

template is investigated. This directional effect is shown presenting the theoretical analysis and 

corroborating its results through numerical simulations. 

1 Introduction 

Tailoring and combining different geometries with not necessarily identical elastic properties may give rise 

to a certain type of materials, which are called metamaterials, that can be used in wide range of applications 

such as noise cancelling and acoustic cloaking [1-9]. On the other hand, the nonlocal interactions have 

attracted many researchers’ attention in different areas of science and engineering. Several studies have 

shown how the introduction of unconventional connection leads to a more complicated wave propagation 

behavior, as those investigated in [10-18]. The present paper is an attempt to investigate the way that waves 

travel in an unbounded rectangular membrane made of linearly elastic materials with long-range 

interactions. Such materials induce some propagation regimes that have not been in typical elastic solids. It 

is not the first time that unconventional effects are discussed for plates and membranes [19-22], but not even 

in these cases the correlation between nonlocality and waves is directly appreciated. 

Very recently, Carcaterra and co-authors [23-25] have studied the characteristics of plane waves travelling 

in one-dimensional elastic media with long-range interaction and their related propagation regimes. Their 

research has been often carried out by linearizing the force in order to achieve closed form solutions which 

can shed light on the propagation of waves in such media. Their approach has been applied on both 

continuous systems and their discrete counterparts, and it unveil the existence of peculiar propagation 

regimes, as for instance the backward energy flow.  

This paper has a double nature. Indeed, it combines the linearized long-range approach developed by 

Carcaterra et al. [26] to the membrane theory, extending what so far determined for one-dimensional 

structures. In the present paper, the equation of motion for an elastic membrane, containing a region of 

interaction in which each point is connected to nonadjacent counterparts by spring-like connection is 

formulated. In order to provide an insight into the wave propagation characteristics, the plane wave solution 

is considered and, the nondimensional form of the dispersion relation is derived. Using this, purely 

dispersive modes are identified. The numerical results illustrate how the propagation regimes are dependent 

upon the value of the nondimensional regulator parameter 𝜒 and some discontinuities may be found in the 

modal density function if the aforementioned parameter is large enough. It implies that the envelope of the 

wave pocket tends to move in the opposite direction. 
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2 Mathematical description 

The equation of motion for linear free vibration of a rectangular membrane is 

 𝜌�̈� − 𝑃 ∇2𝑊 = 0 (1) 

where 𝑊(𝑥, 𝑦, 𝑡) is the deflection of the membrane, 𝜌 is the mass per unit area and 𝑃 denotes the tension 

per unit length. A wave equation which is typical of a topological structure of elastic connections that 

involve only the closest neighbors. New advances in additive manufacturing open the chance to include into 

this systems elastic connections that involve points of the membrane at far distance. To fit their presence 

into the previous equation, an additional integral term is added: 

 𝜌�̈� − 𝑃 ∇2𝑊 − ∬ �̃� [𝑊(𝑥, 𝑦) − 𝑊(𝜉, 𝜂)]𝑑𝜉𝑑𝜂 = 0 (2) 

where �̃� represents the spatial stiffness modulation of the elastic connections. Indeed, ∬ �̃� [𝑊(𝑥, 𝑦) −
𝑊(𝜉, 𝜂)] mechanically resembles simple springs, which connect each point to nonadjacent counterparts in 

a defined region. This mathematical model carries two distinct elastic behavior: the short-range interaction, 

described by the differential term ∇2𝑊, and the long-range interaction described by ∬ �̃� [𝑊(𝑥, 𝑦) −
𝑊(𝜉, 𝜂)]. 

Introducing in the plane the axis-symmetric rectangular window function 𝐻(𝑟) = 𝐻(√𝑥2 + 𝑦2) (Figure 1) 

in order to control the region of interaction, equation (2) reads into: 

 𝜌�̈� − 𝑃 ∇2𝑊 − �̃�𝑆𝑊 + 𝑘 𝐻(𝑟) ∗ 𝑊 = 0 (3) 

where S is the area of the region of interaction and ∗ denotes the convolution operation.  

(𝑟) can be chosen as follows: 

 𝐻(𝑟) = {
1, |𝑟| ≤ 𝑎
0, |𝑟| > 𝑎

 (4) 

 

Figure 1: Two-dimensional circularly symmetric window 

where 𝑎 is a positive quantity representing the interaction radius. In order to determine the dispersion 

relationship, the Fourier transform with respect to time and space variables is applied, and the following 

dispersion relationship is obtained: 

 𝜌𝜔2 = 𝑃(𝑘𝑥
2 + 𝑘𝑦

2) + �̃�𝑆 −
�̃�𝑎

√𝑘𝑥
2+𝑘𝑦

2
𝐽1 (𝑎√𝑘𝑥

2 + 𝑘𝑦
2) (5) 

Here 𝐽1 is the Bessel function of first kind. This equation is fundamentally different with respect to the 

conventional short-range interaction equation that leads trivially to 𝜌𝜔2 = 𝑃(𝑘𝑥
2 + 𝑘𝑦

2). 

2372 PROCEEDINGS OF ISMA2018 AND USD2018



For the sake of simplicity, the dispersion relation is rewritten in nondimensional form, as follows: 

 Ω2 = (𝐾𝑥
2 + 𝐾𝑦

2) + 𝜒 [𝜋 −
𝐽1(√𝐾𝑥

2+𝐾𝑦
2)

√𝐾𝑥
2+𝐾𝑦

2
] (6) 

where the nondimensional parameters are: 

 

Ω2 = 𝑎√
𝜌

𝑃
 𝜔

𝐾𝑥,𝑦 = 𝑎 𝑘𝑥,𝑦

𝜒 =
�̃�𝑎4

𝑃

 (7) 

The parameter 𝜒, which stems from the physical and geometrical parameters, regulates the relation between 

the nondimensional frequency Ω and the nondimensional wavenumbers (𝐾𝑥  , 𝐾𝑦); moreover it contains 

information on the ratio between the long-range interaction and the short-range elasticity. The 

nondimensional dispersion relation reveals that the frequencies are always real, assuming positive 𝜒. This 

fact is shown in Figure 2, where the variations of the nondimensional frequency is plotted against 𝐾 =

√𝐾𝑥
2 + 𝐾𝑦

2. One should also note that the horizontal axis does not intersect the curves, demonstrating that 

there is no region in the 𝐾𝑥 − 𝐾𝑦 plane in which the system’s frequencies are imaginary. 

 

Figure 2: Dispersion relationship for the long-range membrane 

3 Numerical results 

The solution to equation (6) is represented as dispersion surfaces in Figure 3. This figure shows the trend of 

Ω versus 𝐾𝑥 and 𝐾𝑦. Since 𝐶𝑔 = ∂Ω/ ∂K, a direct measure of group velocity is the surfaces’ slope, and its 

variation discloses the chance to achieve particular trends of the group velocity itself, by changing the 

frequency. Namely, the presence of multiple crests for each surface, at which the group velocity vanishes, 

implies potential wave-stopping phenomenon. 

K



-20 -10 0 10 20
0

10

20

30

40

50

60

70

 = 1

 = 10

 = 100

 = 1000

MEDIUM AND HIGH FREQUENCY TECHNIQUES 2373



 

Figure 3: Dispersion surface for different values the nondimensional parameter 𝜒 

The phase and group velocities as well as the modal density [27] are as follows:  

 

𝐶𝜑𝑥
=

Ω

𝐾𝑥

𝐶𝜑𝑦
=

Ω

𝐾𝑦

𝐶𝑔𝑥
=

∂Ω

𝜕𝐾𝑥

𝐶𝑔𝑦 =
∂Ω

𝜕𝐾𝑦

n(Ω) ∝ ∫ 𝐾
𝜕𝐾

𝜕Ω
 𝑑𝜃

𝜃2

𝜃1

 (8) 

Figure 4 shows the variations of 𝐶𝜑𝑥
 as a function of the wavenumbers. The phase velocity in the 𝑥-direction 

grows rapidly as 𝐾𝑥 approaches zero, because of the presence of 𝐾𝑥 in the denominator. Plotting 𝐶𝜑𝑦
 against 

the wavenumber along 𝐾𝑥 and 𝐾𝑦 generates surfaces like those presented in Figure 4. However, in this case 

the frequency grows rapidly as 𝐾𝑦 becomes smaller.  

Figure 5 demonstrates the changes in the group velocity and modal density for a long-range membrane with 

fairly small long-range interactions. As depicted, the group velocity is always positive, showing that no 

wave-stopping phenomenon appears, when 𝜒 is small enough. These surfaces are in good agreement with 

those of modal density where no singularity could be observed. 
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Figure 4: Phase velocity for long-range membranes for different values of 𝜒 

 

(a) 
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(b) 

Figure 5: Different low values of  : (a) Group velocity, (b) modal density 

For larger values of 𝜒, which indicate stronger long-range interactions (Figure 6), the negative terms in 

group velocity relation overcome the positive ones for some sets of (𝐾𝑥, 𝐾𝑦), leading to negative group 

velocity. This identifies the wave-stopping phenomenon when the group velocity vanishes. Hence, this 

interesting propagation regime occurs only when the long-range interactions are strong enough. 

 

Figure 6: Group velocity for long-range membranes for different values of 𝜒 (High values) 
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Figure 7 shows the modal density in case of stronger long-range interaction, for which two discontinuity 

rings appear, where wave-stopping phenomena occurs [14].  

 

Figure 7: Modal density for long-range membranes (𝜒=500). 

4 Conclusions 

This paper analyzes the plane wave dispersion characteristics of an elastic membrane. The configuration 

consists of a finite area in which there are spring-like connections with similar stiffness between nonadjacent 

points. The solution for plane waves is analytically obtained in the wavenumber domain for the medium 

under investigation. Note that the mechanisms contributing to wave attenuation are disregarded in this study. 

Since this paper is an attempt to identify the purely propagating modes, complex-valued wavenumbers are 

not taken into account. Such modes are found by solving the dispersion equation for real frequencies. The 

main effects observed in this study are as follow: 

 Relatively small values of the regulator parameter do not cause any significant effect on the group 

velocity surface of the system, since the group velocity is always positive and the waves propagate 

normally along the membrane.  

 As the crests of group velocity surface become larger by increasing the regulator parameter, we are 

able to observe some sectorial areas in which the group velocity is negative, indicating wave-

stopping phenomena.   
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