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Abstract
Non-deterministic methods such as the random field approach suffer from the curse of dimensionality from
computational burden of industrially sized models. The computational complexity increases at high dimen-
sions due to increased time complexity of eigenvalue computations, leading to the Karhunen-Loéve series
expansion becoming intractable. This makes the corresponding propagation routines to become inviable. A
novel methodology is proposed for efficient propagation of a random field by tackling this problem from
the discretization perspective. The method uses a twin-model that efficiently discretizes a random field on a
coarse mesh grid using a KL expansion, which is then propagated on a high-dimensional grid of the Finite
Element model. A two-dimensional model of moderate-dimensionality with 10000 elements is used to illus-
trate the numerical efficiency of this approach through a convergence study focusing on the resolution of the
twin-model when applied in a dynamic analysis. The method is also well suited for higher dimensions.

1 Introduction

In order to obtain an optimised reliable design, it is imperative to apply Uncertainty Quantification (UQ) in
numerical models. Towards this end, non-deterministic approaches have been the subject of extensive studies
over the past decades [1, 2, 3]. Specifically the current use of advanced materials and production processes in
modern engineering has recently increased the need for spatial variability modelling. Historically, the main
activity in this field has been in probabilistic approaches in which random fields have reached a high level
of maturity, predominantly through the use of the Karhunen-Loève (KL) expansion scheme [4, 5]. Other
methods such as the non-probabilistic interval field approach have also been introduced that quantify the
local uncertainty objectively while with a reduced information requirement to do so [6, 7, 8].

However, when scaled to current high dimensional state-of-the-art industrial Finite Element (FE) mod-
els, these approaches significantly exceed the viable computational cost [9]. With an exponential increase
in computing capabilities, such models with millions of degrees of freedom lead to a high number of non-
deterministic variables. In the random field context, this leads to the Karhunen-Loeve expansion to become
intractible. As a result, analysis of industrially sized problems become impractical which may lead to an
analyst to resort to numerical compromises that affect accuracy of the approach.

To address these challenges, certain approaches have been proposed such as an extension of the Multi-
Level Monte Carlo probabilistic approach [12]. In this work, Pisaroni et al. have drawn samples on several
approximations of the complex numerical models on a hierarchy of nested computational grids containing
different levels of discretization. In a following work, a method was proposed that estimated the optimal
number of levels and the realisations required on each level, obtaining designs with decreased sensitivity to
uncertain conditions [13]. The objective of this work is to study whether this efficient methodology could
also be translated towards the discretization of a random field.
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The computational complexity of a non-deterministic model using a random field increases at higher
dimensions due to the increased time complexity of the eigenvalue computations, leading to intractiblity of
the KL series expansion. This makes the corresponding propagation routines to become inviable. Normally,
the deterministic FE mesh discretization is chosen for an accurate approximation of the model physics and
is not tuned to the requirements of the probabilistic parameters. Therefore, in this paper a method has
been developed that efficiently discretizes a random field on the high resolution Finite Element mesh. This
has been accomplished by means of a low-resolution twin of the high-resolution FE mesh. A two-level
grid hierarchy is considered, one for random field discretization with a KL expansion and the other for
propagating the resultant random field. The former grid is a coarse mesh while the latter is considerably
finer. This methodology is presented using the case study of a two-dimensional model of a plate that is
subjected to global uncertainty in Young’s modulus.

The structure of the paper is as follows. Section 2 first introduces the mathematical background of
random fields and presents the twin-model approach. The applicability of the latter is where the main novelty
of this work lies. In section 3, it is illustrated how a moderate-dimensional twin-mesh model has been
constructed on the selected numerical model to demonstrate the efficiency and accuracy of the proposed
approach. Finally, the conclusions are summarised in section 4.

2 Non-deterministic modeling of spatial non-determinism

2.1 Stochastic Finite Element Analysis

Consider a numerical modelM(x) that is formulated using a FE approach, where its continuous domain of
a finite dimension Ω is discretised through a set of finite elements producing t structural degrees of freedom
(DOF). A vector of model responses y(r) is generated as a function of a spatial coordinate r ∈ Ω ⊂ Rd with
dimension d ∈ N over Ω. Within this model, spatial uncertainty is introduced on one of its parameter vectors
x(r) ∈ X ⊂ Rk, where X is the set of physically permissible parameters and k ∈ N.

Such an uncertainty can be modelled as a random field x(r, θ), which can be defined as a random
function that describes a set of correlated random quantities for each location r ∈ Ω ⊂ Rd. θ ∈ Θ is a
coordinate in the sample space Θ and (Θ, σ, P ) is a complete probability space, with σ the sigma-algebra.
The dimension of the resulting random field is the dimension of Ω. If the random quantity attached to each
location r is a random variable x(θ), the random field is said to be univariate, which is the focus of this
paper. If the random quantity is a random vector, the field is then referred to as multivariate. In addition, the
discussion has also been restricted to isotropic random fields, which entirely defined by its mean function
µx(r) : Ω 7→ R and its auto-covariance function Γx(r, r′) : Ω× Ω 7→ R. Mathematically, a random field is
represented as a truncated series expansion, discretized over Ω by following a KL series expansion [5]. The
expansion is based on a spectral decomposition of the autocovariance function of the field, and is depicted
as follows:

x̃(r, θ) = µx(r) +
m∑

i=1

√
λiψi(r)ξi(θ) (1)

where λi ∈ [0,∞) andψi(r) : Ω 7→ R represent the eigenvalues and eigenfunctions respectively of the auto-
covariance matrix. ξi(θ), i = 1, . . . ,m are standard uncorrelated random variables. The KL expansion can
be approximated by sorting the eigenvalues λi and their corresponding eigenfunctions ψi(r) in a descending
order and truncating the expansion after m terms [14]. The application of Mercer’s theorem on the latter
yields the spectral decomposition as follows:

Γx(r, r′) =
m∑

i=1

λiψi(r)ψi(r′) (2)

5112 PROCEEDINGS OF ISMA2018 AND USD2018



Please note that the auto-covariance function Γx(r, r′) is considered to be continuous, bounded, sym-
metric and positive definite. Hence, the eigenvalues λi are non-negative and the eigenfunctionsψi(r) satisfy
the orthogonality condition

∫
Ωψi(r)ψj(r)dr = δij , with δij denoting the Kronecker delta [16]. In such a

case, the series expansion of eq. (2) converges and the random field can be expressed as in eq. (1). Based
on this discretised field, N realisations are generated over Ω by using a Monte Carlo sampling approach to
obtain samples from ξi(θ). Each of these realisations are then propagated over the numerical modelM.

When large scale problems containing multiple uncertain parameters are considered, non-determinstic
model evaluations become substantially expensive which is referred to as the curse of dimensionality. This is
because the computational efficiency of random field representations with the KL expansion relies on the so-
lution of an eigendecomposition problem. Most of the algorithms for eigenvalue computations scale O(n3),
where O represents the computational time complexity and n is the dimension of the resulting covariance
matrix. This makes the propagation routines at high-dimensions inviable.

This scenario is most evident in typical industrial FE models that can contain up to millions of degrees
of freedom, which lead to the propagation of random fields on such models to be impractical. However,
the deterministic FE mesh discretization is typically chosen such that it approximates the modelled physics
accurately, and is not related to the definition of the probabilistic parameters. Therefore, it is proposed
to define and propagate the random field parameters on a twin-model whose spatial discretization can be
tailored to the specific needs of the random field definition.

2.2 Twin-mesh approach for random field analysis

Typically, high-fidelity models are used to describe a system with very high accuracy albeit with a trade-
off in terms of computational cost. On the other hand, lower-fidelity models are computationally cheaper
albeit with a reduced accuracy. In order to avoid the excessive computational demand due to the propagation
routines mentioned in the previous section, the solution of UQ methods can be accelerated by multi-fidelity
models that combine high-fidelity and low-fidelity model evaluations. The low-fidelity models approximate
the same output quantities as high-fidelity models using methods such as model reduction, data-fit surrogates
or simplified physics approximation methods. As a result, these Multi-Fidelity techniques ensure that the
speedup of low-fidelity models are leveraged while taking into account the accuracy levels of the high-fidelity
models.

While addressing the same problems as these techniques, our proposed twin-mesh method approaches
the problem from the discretization perspective rather than from a propagation standpoint. The core objec-
tive is the development of a methodology that optimally discretizes a random field on the high-resolution
FE mesh. This has been accomplished by considering a two-level grid hierarchy, one for random field dis-
cretization with a KL expansion and the other for propagating the resultant random field. The former grid is a
coarse mesh while the latter is considerably finer. Figure 1 demonstrates the two levels of discretisation used
in the low-resolution twin of the high-resolution FE mesh where the mesh used for propagating a random
field is ten-times more coarse than the FE mesh.

Figure 1: A twin-mesh model represented using a coarse mesh and a finely discretized mesh
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The propagation of random fields on a continuous two-dimensional model domain using a twin-mesh
approach requires discretization using two different mesh densities resulting in: 1) coarse mesh domain
Ω1 ⊂ Rd1 with discretization d1 ∈ N; 2) fine FE mesh domain Ω2 ⊂ Rd2 with discretization d2 ∈ N. First,
the uncertainty is defined over the coarse domain Ω1, and the eigenfunctions ψi(r) : Ω1 7→ R, are obtained
by applying Mercer’s theorem on the autocovariance function Γ(r, r′). Secondly, the eigenfunctions ψi(r)
are interpolated to obtain an approximation of the eigenfunctions ψi(t) : Ω2 7→ R over the FE mesh Ω2

using a polynomial function:

y =
n+1∑

i=1

pix
n+1−i (3)

where n+1 is the order of the polynomial which gives the number of coefficient parameters pi approximated.
The polynomial function is used to interpolate the eigenfunctions, obtained from Ω1, to generate a response
surface as demonstrated in Figure 2. The parameters pi in eq. (3) are determined through least-squares
regression, which calculates the partial derivatives of the coefficients and then minimises the sum of the
squares of the residuals of predicted values from the actual values. Once an approximate model is obtained,
the goodness-of-fit characterised by statistical evaluations such as the sum of squares due to error (SSE)
determines if the approximated solution is satisfactory. SSE measures the total deviation of the approximated
response values ỹi to the response values yi of the coarse mesh, and is given by

∑n
i=1wi(yi − ỹ)2. The

polynomial degree is deemed to be sufficient when the SSE is value close to 0, indicating that the model has
a small random error component, and that the fit will be useful for prediction.

Figure 2: Approximation of ψi(t) over the FE mesh (right) obtained from ψi(r) of the coarse domain (left)
using an interpolation scheme

Finally, these interpolated eigenfunctions ψi(t) are used to generate the random field on the FE mesh
Ω2 using eq. (1) to eq. (2). Furthermore, the random variables in this field are mutually correlated with
a correlation length L. A smaller L leads to rough random fields which necessitates the FE mesh to be
refined to accommodate the random field discretization. This is then followed by propagating the resultant
realisations over the numerical model M that lead to a probabilistic definition y(t, θ) of the FE model’s
responses y(t):

y (t, θi) =M (x̃ (t, θi)) i = 1, . . . , N (4)

3 Case study

The case study in this section aims at illustrating the efficiency and accuracy of the proposed twin-mesh
approach by deploying it on a two-dimensional dynamic model of a plate. The model dimensions are 1
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m by 1 m, with thickness 5 mm. Poisson’s ratio and density are considered to be 0.3 and 7800 kg/m3

respectively. The geometry of the plate is fully constrained on one of its edges, and is approximated using
the FE method. The FE model domain Ω2 is discretized into 10000 elements yielding 30603 degrees of
freedom. Although this section focuses on Ω2 with moderate dimensions, the methodology is also well
suited for higher dimensional models.

In this model, the non-determinism arises due to the uncertainty introduced in Young’s modulus over
domain Ω2, which is modelled using a probabilistic modelling approach. An isotropic random field with an
exponential covariance kernel and correlation length of 30 cm is constructed. The field is considered to be
two-dimensional, and is propagated over the FE mesh Ω2. In this study, the global mean value of Young’s
modulus over the domain is 210 GPa, while the standard deviation of the random field is 50 GPa.

Application of random fields x(r, θ) requires their discretization over the continuous model domain, as
explained in section 2.1. A secondary coarse mesh Ω1 is used for this discretization that can be obtained using
the KL series expansion, as illustrated in section 2.2. The truncation orderm has been considered as 100. The
discretization d1 of the coarse mesh is varied for determining the optimum value to minimize computational
complexity while maintaining the level of accuracy, which will be explored later in this section. The basis
functions

√
λiψi(r) are obtained from spectral decomposition of the exponential covariance function. In this

paper, this large symmetric eigenvalue problem has been solved using the Krylov–Schur method. Following
this, these basis functions are interpolated over the finer FE mesh Ω2 using a polynomial function, as shown
in eq. (3). Finally, realisations of the random field are generated after obtaining 500 samples from ξi(θ)
using a Monte Carlo sampling approach. Please note that to enable a fair comparison between the different
cases in this chapter, the seed of the random number generator is kept constant.

The twin-mesh approach is evaluated with respect to the conventional random field analysis using a
two-fold comparison of efficiency and accuracy. To quantify the efficiency, the analysis time that is required
for the Matlab computations is investigated with respect to the discretization d2 of the FE mesh Ω2. In terms
of accuracy, error metrics are obtained both at the input and output ends of the analysis. The objective is
to substantiate that the basis functions and eigenfrequencies obtained from this approach are of the required
level of precision. In addition, the effect of correlation length on the computational cost is also discussed.

3.1 Reduction in computational time

To highlight the computational gain from twin-mesh approach, its analysis time obtained from Matlab for
evaluating the spectral decomposition is compared with that of the conventional random field approach,
which drastically grows when scaled to higher dimensions. For the latter approach, the discretization of
the KL expansion is considered equivalent to the one of the FE mesh. First, the computational time is
plotted in figure 3 (blue curve) for several discretizations of the mesh domain Ω2 from d2 = 25 to 10000
using a conventional random field approach. Next, the corresponding computational times are plotted for
the twin-mesh approach (red curve) using coarse discretizations of Ω1: d1 = 25, 100 and 400. For each
of these coarse discretizations, the spectral decomposition is first computed over Ω1, following which the
interpolation scheme is employed for obtaining the polynomial response surface over the finer FE mesh
domain Ω2 for each discretization d2 = 25 to 10000.

The resultant Figure 3 reveals a significant time gain. Please note that for these comparisons, it is
imperative to consider the same truncation order m while computing the spectral decompositions. Figure 3
doesn’t explictly elucidate the optimum discretization d1 of the coarse mesh Ω1 for the twin-model. However,
this becomes comprehensible after investigation of the accuracy of spectral decomposition in the twin-mesh
approach with respect to the conventional approach, as described in the next section.
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Figure 3: Computational time in Matlab with respect to discretization of Ω2

3.2 Accuracy of the approach on the input side of analysis

In order to quantify the accuracy of this approach, comparisons have been performed on both input and
output sides of the random field analysis. On the input side, two data sets have been used for comparison:

• Reference case (conventional random field approach): Eigenfunctions ψi(r) of the covariance ma-
trix are obtained such that the domain used for spectral decomposition maintains the same level of
discretization d1 = 10000 as that of the FE mesh discretization d2 = 10000 on which the random field
is propagated.

• Twin-mesh approach case: Calculates the first hundred eigenfunctions ψi(r) for different levels of
discretizations of the coarse mesh Ω1 from d1 = 25 to 10000. ψi(r) are then used to approximate the
corresponding ψi(t) for the finer FE mesh, as described in Section 2.2.

Next, the Root Mean Square (RMS) of pairwise differences between both these data sets containing
each of their first ten corresponding basis functions

√
λiψi(r) have been calculated. The resultant RMS

value, referred to as ”error” from here on, can serve as a measure of accuracy on the input side. Please note
that this error is made relative with respect to the RMS value of the reference case. The error for the first
ten eigenfunctions have been obtained with respect to the discretization of the coarse mesh Ω1. Figure 5
demonstrates this using a plot for the first eigenfunction ψ1. The plots for four of these eigenfunctions over
the domain Ω2 are illustrated in Figure 4.

From Figure 5, there are a couple of observations. First, there is an observed decrease in this error for
each ψi when discretization of the coarse mesh Ω1 is made finer. In particular, an abrupt and profound drop
in the error can be observed at d1 = 100. Further, the error continues to decrease rapidly till d2 = 900.
This observation is obtained in each of the first ten basis functions (figure 6). These show that beyond
an optimal coarse mesh discretization between d1 = 100 and 900, an increase in the mesh discretization
doesn’t necessarily add to the level of accuracy at the input side. In other words, beyond this optimal Ω2

discretization level, the error converges rapidly towards zero.

Second, when the correlation length L of the analysis is gradually decreased from 0.3 to 0.001 m, the
curves are observed to shift to the right (figure 7) indicating that the optimal level of discretization obtained
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Figure 4: Plots for eigenfunctions ψ1, ψ3, ψ6 and ψ10 over the domain Ω2

Figure 5: Dependance of error on the coarse mesh discretization Ω1 obtained for the first eigenfunction ψ1.
A sudden drop, indicated at the striped line, demonstrates that an optimal mesh discretization can be achieved
between this point, d1 = 100, and d1 = 900

above is dependant on the correlation length. This behavioural pattern becomes more profound when the
correlation length is very low i.e., when L = 0.001. It is observed that for the correlation length of 0.3, the
drop is observed to occur from d1 = 100 to 400. With a decrease to 0.15, the corresponding drop is found
from d1 = 144 instead. Further, when it is decreased to 0.001, the drop occurs from d1 = 320. This shift can
be reasoned by the fact that a decrease in the correlation length L induces a decreased smoothening of the
random field i.e., generates rougher fields. In the context of the twin-mesh approach, this entails that a higher
level of KL discretization of the coarse mesh Ω1 is required to characterize the fields with the equivalent error
as that of cases with a lower L.
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Figure 6: Dependance of error on the coarse mesh discretization Ω1 obtained for four eigenfunction ψ1, ψ3,
ψ6 and ψ10

Figure 7: Dependance of the error on correlation length L

3.3 Accuracy of the approach on output side of analysis

To quantify the level of accuracy on the output side, eigenfrequencies φi of the first 10 eigenmodes have
been obtained for 500 realisations of the random field. In this section, these φi for the following two cases
will be compared:

• Reference case (conventional random field approach): Uses the discretization d1 = 10000 for
propagating a random field through a FE model of discretization d2 = 10000.
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• Twin-mesh approach case: Calculates the eigenfrequencies using coarse mesh discretization varying
from d1 = 25 to 3600.

Of the first ten eigenmodes, the eigenfrequencies of the first three (φ1, φ2 and φ3) for all 500 realisations
have been plotted against φ9 to create eigenfrequency clouds as illustrated in Figure 8. In this figure, the
above clouds have also been generated for three different levels of discretization d1 = 100, 400 and 3600. A
comparison between these three levels show that with an increase in discretization, the clouds move closer
indicating an increased accuracy of the twin-mesh approach case with respect to the reference case. Further,
the clouds exhibit the same behaviour when the comparison is repeated for φ10 by plotting it against φ1, φ2

and φ3, as shown in Figure 9.

Figure 8: Clouds generated from eigenfrequencies φi for different discretizations d1 such that φ1, φ2, φ3 on
the x-axis and φ9 on the y-axis. Reference (blue) and twin-mesh cases (green) are compared.

To substantiate on the observation from these figures, the level of accuracy is accurately quantified
using a statistical approach. For this, the generated eigenfrequencies of the first ten eigenmodes for all 500
realisations of the random field are stored in a 10 x 500 matrix. The distance between this matrix for both
cases is calculated using Bhattacharya distance, which is a widely used metric to determine relative closeness
between two probability distributions [17]. Additionally, two-by-two comparisons of eigenfrequencies have
been made i.e., the realisations of two selected eigenfrequencies for both cases have been compared using
Bhattacharya distance. In each of these comparisons, a distance closer to zero indicates high level of accuracy
with respect to the reference case. Overall, three different two-by-two comparisons have been conducted, as
shown in Figure 10.

From Figures 8 and 9, it was observed that when a coarse mesh Ω1 is discretized with d1 = 100,
the twin-mesh approach generates eigenfrequency clouds with relatively low overlap with the corresponding
ones from reference case. Hence, this can be considered a relatively bad correspondence level, which is
quantified using Bhattacharya distance as 0.0267. For the discretizations d1 = 100 to 400, the resultant
observations highlight that there is a rapid decrease in distance within this interval followed by a steady
decrease towards zero. This is indicative of the convergence of eigenfrequencies of the twin-mesh approach
case with that of reference case. Based on this, it can be concluded that a low-dimensional twin of the FE
mesh generates eigenfrequencies with a satisfactory level of accuracy at an optimal discretization d1 = 400.

This is also illustrated in Figure 11 which plots the Bhattacharya distances between both cases for
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Figure 9: Clouds generated from eigenfrequencies φi for different discretizations d1 such that φ1, φ2, φ3 on
the x-axis and φ10 on the y-axis. Reference (blue) and twin-mesh cases (green) are compared.

Figure 10: Bhattacharya distances generated for φ1−2, φ2−4, φ7−8 are plotted for different levels of dis-
cretization of Ω1

eigenfrequencies of the first ten eigenmodes for 500 realisations of the random field. The figure also shows
the corresponding computational time-dependence with discretization Ω1 when such a twin-mesh approach
is executed in Matlab. This time-dependance, which shows a quasi linear increase, illustrates a stark contrast
with that obtained from the reference case as shown in Figure 3. Coupled with maintaining the level of
accuracy at both the input and output sides of the analysis, this leads to a conclusion that the proposed
approach indeed results in a reduction in computational time by requiring a reduced discretization of the grid
for KL expansion between 10% and 20% of the FE grid (as shown in Figure 5).
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Figure 11: 1) Bhattacharya distance (blue curve) between the first 10 eigenfrequencies. 2) Computational
time (red curve) in Matlab for running a twin-mesh model with discretization d1 = 100.

4 Conclusions

Non-deterministic approaches, such as random field analysis, face significant computational challenges when
analysing high-dimensional models required at the industrial scale. The computational efficiency of random
field representations with the Karhunen-Loeve expansion relies on the solution of an eigendecomposition
problem, which increases in complexity at high dimensions. A novel methodology has been presented for
optimally propagating a random field on a high-resolution Finite Element model using a two-level grid
hierarchy. More specifically, a twin-mesh approach is used to efficiently discretize a random field on a
coarse mesh grid using a KL series expansion, which is then propagated on a high-dimensional grid of the FE
model. The numerical efficiency and accuracy of this approach with respect to a conventional random field
approach have been studied using a case study on a dynamic model of moderate-dimensionality. Overall, this
study was successful in rendering a reduction in computational cost for evaluating the eigendecomposition
by requiring a discretization for KL expansion of 10-20% of the FE grid, while keeping the accuracy at an
acceptable level. Furthermore, the numerical accuracy after propagating the random field on the FE model
is demonstrated using a convergence study, which shows that from a discretisation level of 20% of FE mesh,
an acceptable accuracy is achieved by the low-dimensional twin model. In addition, it was illustrated that
the optimal level of discretization of KL mesh is dependant on the correlation length. For future work, it is
suggested to substantiate this study using more complex models. Finally, it is recommended to adapt this
approach to other non-deterministic methods such as the interval fields.
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