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(1) University of Ljubljana, Slovenia

1101

Development of a highly adaptable method for structural integrity assessment by means of a
removable piezoelectric measurement head for electromechanical impedance determination
Y. J. Park (1), C. Contell Asins (1), D. Laveuve (1), M. Brandt (1), S. Rieß (1), M. Gerhardt (1)

(1) Fraunhofer Institute for Structural Durability and System Reliability LBF, Germany

1109

Component replacement transfer path analysis
J. W. Meggitt (1), A. S. Elliott (1), A. T. Moorhouse (1), A. Jalibert (2), G. Franks (3)

(1) University of Salford, England
(2) Bentley Motors Ltd., England
(3) Bruel & Kjaer Sound & Vibration Engineering Services, England

1123

Component TPA: benefit of including rotational degrees of freedom and over-determination
M. Haeussler (1), T. Mueller (1), E. A. Pasma (1), J. Freund (2), O. Westphal (2), T. Voehringer (2)

(1) VIBES.technology, Germany
(2) ZF Friedrichshafen AG, Germany

1135

JOINT
Session Dynamics of Joints

Virtual testing methodology for extraction of parameters of simplified joint model
C. Lopez (1), S. Gallas (2,4), J. Stroobants (1), V. Iliopoulu (1), J. Jordens (3), H. Devriendt (2,4), W.
Desmet (2,4)

(1) Corelab CodesignS, Flanders Make
(2) Corelab DMMS-D, Flanders Make
(3) Corelab ProductionS, Flanders Make
(4) Department of Mechanical Engineering, Division LMSD, KU Leuven

1149



TABLE OF CONTENTS xv

Dynamics of frictional interfaces in a bolted joint
H. G. D. Goyder (1), P. Ind (2), D. Brown (2)

(1) Cranfield University, United Kingdom
(2) AWE Aldermaston, United Kingdom

1161

Using piezoelectrically excited transverse vibrations for bolt tension estimation
M. Brøns (1), K. L. Ebbehøj (1), D. Tcherniak (2), J. J. Thomsen (1)

(1) Technical University of Denmark, Denmark
(2) Bruel & Kjaer Sound and Vibration Measurement A/S, Denmark

1175

Experimental identification of the dynamic behaviour of a bolted joint
C. Stephan (1)

(1) ONERA, France

1189

Numerical and experimental investigations of nonlinearities in bolted joints
N. Jamia (1), J. Taghipour (1), H. Jalali (2), M. I. Friswell (1), H. H. Khodaparast (1), A. D. Shaw (1)

(1) Swansea University, United Kingdom
(2) Arak University of Technology, Iran

1199

Bolt looseness detection using Spectral Kurtosis analysis for structural health monitoring
S. K. Ho (1), H. C. Nedunuri (1), W. Balachandran (1), T.-H. Gan (1,2)

(1) Brunel University London, United Kingdom
(2) TWI, UK

1215

A parametric model order reduction strategy for viscoelastic adhesive joints
S. Zhang (1,2), H. Devriendt (1,2), W. Desmet (1,2)

(1) KU Leuven, Mechanical Engineering, LMSD division, Belgium
(2) Flanders Make, Core Lab DMMS, Belgium

1223

Wave and finite element modelling of automotive joints including lightweight composites
T. Dutton (1), D. Chappell (1), D. Smith (2)

(1) Nottingham Trent University, United Kingdom
(2) Far-UK Ltd., United Kingdom

1235

RMD
Session Dynamics of Rotating Machinery

Estimation of time-varying forces loading the vane in balanced vane pumps
M. Battarra (1), E. Mucchi (1)

(1) University of Ferrara, Italy

1245

Steady-state harmonic vibrations of a linear rotor-bearing system with a discontinuous shaft
and arbitrary distributed mass unbalance
M. Klanner (1), M. S. Prem (1), K. Ellermann (1)

(1) University of Technology Graz, Austria

1257

Stabilization of ultra-high-speed air bearings with shunted piezo ceramics
Y. Lu (1,2), D. Reynaerts (1,2), F. Al-Bender (1,2)

(1) KU Leuven, Belgium
(2) Flanders Make, Belgium

1273



xvi PROCEEDINGS OF ISMA2020 AND USD2020

Experimental validation of the analytical transducer and linearized lumped equivalent
network model of a permanent magnet synchronous motor
T. Kimpián (1), F. Augusztinovicz (2)

(1) thyssenkrupp Components Technology Hungary Ltd.
(2) Budapest University of Technology and Economics

1285

Design and validation of a highly dynamic testing facility for e-motors
J. De Smet (1), S. Maxl (2), G. Pinte (1), C. Lauwerys (1)

(1) Flanders Make, Belgium
(2) Tectos gmbh, Austria

1293

A rotor dynamic balancing method based on EMA
L. Li (1), S. Cao (1), Z. Ma (1), S. Zhong (1)

(1) Tianjin University, China, People’s Republic of

1309

Improved identification of a blade-disk coupling through a parametric study of the dynamic
hybrid models
Z. Saeed (1), M. Kazeminasab (1), C. M. Firrone (1), T. M. Berruti (1)

(1) Politecnico di Torino, Italy

1323

Parametrically induced Jeffcott rotor due to varying stiffness of the supporting rolling bearing
elements
G. Ghannad Tehrani (1), C. Gastaldi (1), T. Berruti (1)

(1) Politecnico Di Torino, Italy

1337

The numerical study of elasto-hydrodynamic lubrication on piston assembly considering
secondary motion
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2775

SHM
Session Structural health monitoring (Structures)

Constraining Gaussian processes for grey-box acoustic emission source localisation
M. R. Jones (1), T. J. Rogers (1), P. Gardner (1), E. J. Cross (1)

(1) The University of Sheffield, United Kingdom

2789

Comparative study of time delay estimators for steadystate and transient acoustic leak signals
N. Uchendu (1), J. M. Muggleton (1), E. Rustighi (1), P. R. White (1)

(1) Institute of Sound and Vibration Research (ISVR), University of Southampton, United Kingdom

2801

Machine learning and sensor swarm for structural health monitoring of a bridge
N. Roveri (1), S. Milana (1), A. Culla (1), P. Conte (1), G. Pepe (1), F. Mezzani (1), A. Carcaterra (1)

(1) University of Rome, Italy

2817

Automated strain-based operational modal analysis of a steel railway bridge: influence of
temperature vs. influence of retrofitting
D. Anastasopoulos (1), G. De Roeck (1), E. P. B. Reynders (1)

(1) KU Leuven, Belgium

2825

Fast loose rivet detection by using Scanning Laser Doppler Vibrometry
M. Stamm (1,2), S. Schlemme-Weber (3), S. Appl (3), J. Köser (3), H. Pfeiffer (1)
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(1) Université Paris-Est Marne-la-Vallée, France
(2) University of Southern California, USA

3033

Concurrent design method for controlling resonance characteristics using frequency based
substructuring
S. Yoshikawa (1), Y. Matsumura (2), M. Inaba (3), K. Furuya (2), J. Semura (3)

(1) Graduate School of Gifu University,Japan
(2) Gifu University,Japan
(3) DENSO Corporation,Japan

3043

TVD
Session Tuned Vibration Absorbers and Dampers

Low rotational-speed aspects of centrifugal pendulum vibration absorbers
E. R. Gomez (1,2), I. Lopez Arteaga (2,3), L. Kari (2)

(1) Scania CV AB, Sweden
(2) KTH Royal Institute of Technology, Sweden
(3) Eindhoven University of Technology, The Netherlands

3053

A coupled hybrid damper concept for the reduction of torsional vibrations and rotational
irregularities
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Feedback active control using an acoustic black hole

K. Hook, S. Daley, J. Cheer
Institute of Sound and Vibration Research, University of Southampton,
Highfield, Southampton, SO17 1BJ, United Kingdom

Abstract
Acoustic black holes (ABHs) are tapered structural features that can achieve high levels of structural damping
within lightweight constraints. It has previously been proposed to integrate feedforward active vibration
control into an ABH to enable control over a broad spectrum, however, the time advance information required
in this control strategy is not always available. Therefore, this paper investigates a feedback control system,
where a piezoelectric patch is used to provide the control actuation and a remote damping method is used to
examine the different compensators available to control either the local taper vibration or the reflected wave
component. The investigation highlights that at most frequencies minimising the taper vibration does not
significantly affect the reflected wave, however minimising the reflected wave enhances the taper vibration.
It is also shown that in some cases both quantities can be reduced and that it is possible to maintain the passive
ABH performance whilst simultaneously limiting the taper vibration, which reduces structural fatigue.

1 Introduction

An ABH can be realised as a smoothly varying structural feature that tapers from a thicker to a thinner profile
[1]. The flexural wave speed in a beam can be related to the thickness of the structure and so as a flexural
wave travels down the taper its speed is reduced, resulting in a low amount of reflected energy from the tip.
In practice, a small amount of damping material is required to achieve good passive performance [2] and it
has been shown that this damping material can be optimally placed to minimise vibration [3–5] or radiated
sound [6]. The properties of the damping material can also be modified using temperature [7]. In addition to
studies into the damping, there have been a variety of studies that examine different ways to tune the narrow
and broadband performance of an ABH by varying the geometric design parameters, such as taper length,
power law and tip height [3, 4, 8–14]. Different ABH constructions have also been examined such as rolling
up a long taper to reduce the size of the ABH whilst maintaining good low frequency performance [15].
In addition to the passive tuning methods available, it has been proposed that active components could be
used to enhance an ABH. The active ABH (AABH) could then be subjected to a number of different active
control strategies in order to minimise different cost functions and this was demonstrated in the context of
a feedforward wave-based control system in [16]. This feedforward control strategy required time-advance
knowledge of the disturbance signal, something that is not always available in industrial applications. A
feedback approach may, therefore, provide a number of practical benefits and a controller can be designed
that uses a local feedback loop to minimise a remote quantity [17–19]. To provide further insight into
the effect of wave control and to demonstrate a different approach to using an AABH, this paper presents an
investigation into the frequency domain implementation of the feedback remote damping vibration controller
designed in [17]. The tradeoff between minimising the local taper vibration and minimising the reflected
wave component is examined over a broad frequency range. The paper is organised as follows. Section 2
presents the experimental setup used in this investigation, a brief overview of the wave decomposition method
used to estimate the wave components in the structure and uses the geometric controller design from [17] to
highlight four control strategies that can be used to calculate a control compensator. Section 3 contains the
results from a frequency domain implementation of each control strategy and the conclusions of this work
are presented in Section 4.
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2 Controller Design

In this section, the geometric controller in [17] is presented for use on an active ABH termination. Initially,
the experimental setup is described from which the frequency responses have been acquired. The wave de-
composition method used to estimate the reflected wave component is outlined and the frequency responses
are then used to examine the tradeoff between minimising the local taper vibration and minimising the re-
flected wave component. Four control case studies are then selected and the corresponding compensator
values are calculated.

2.1 Experimental Setup

Table 1 lists the dimensions of the experimental setup and a diagram of the setup is presented in Figure 1.
The primary force, FP, was implemented by driving a shaker with broadband white noise using a sampling
frequency of 22 kHz. The secondary force, FG, was produced by driving the piezoelectric transducer with
broadband white noise using a sampling frequency of 22 kHz. Accelerometers 1 and 2 were used to calculate
the reflected wave component in the beam, φ−, and accelerometer 3 was used to measure the local vibration in
the taper. The frequency responses measured at each of the locations can be written in terms of contributions

Table 1: Dimensions of the experimental setup

Parameter Value
Beam length 300 mm
Beam height 10 mm
Beam width 40 mm
ABH length 70 mm

ABH power law 4
ABH tip height 0.5 mm

Piezo length 61 mm
Piezo height 0.4 mm
Piezo width 35 mm

Piezoelectric	
Transducer

Accelerometers
𝑎"

FPFG

𝑎#

𝑎$

𝜙&

Figure 1: The physical system showing how the local vibration is measured in the taper and the reflected
wave is calculated in the beam section.

from the primary and secondary sources as
{
φ−(ω)
a3(ω)

}
=

[
g11(ω) g12(ω)
g21(ω) g22(ω)

] {
u(ω)
d(ω)

}
, (1)

where g11 is the frequency response between the piezoelectric transducer and the accelerometer on the taper,
g12 is the frequency response between the primary force and the accelerometer on the taper, g21 is the
frequency response between the piezoelectric transducer and the reflected wave component and g22 is the
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frequency response between the primary force and the reflected wave component [17]. d is the signal driving
the primary shaker and the control signal, u, that is used to drive the piezoelectric transducer can be calculated
using the feedback control law,

u(ω) = −κ(ω)a3(ω). (2)

A block diagram of the control system is shown in Figure 2.

𝒈𝟐𝟐

−𝜿

𝒈𝟏𝟐
&	
�

�

& 	
�

�

𝒈𝟏𝟏

𝒈𝟐𝟏

𝒅

𝝓+

𝒖

𝒂𝟑

Figure 2: A block diagram showing the feedback control system. The local signal from accelerometer 3 is
fed back through a compensator, κ, to obtain the control signal, u. The control signal is used to drive the
piezoelectric transducer and the control of both the taper vibration and the reflected wave component can be
examined.

2.2 Calculating the reflected wave component

In the frequency domain, the incident and reflected wave components, φ+(ω) and φ−(ω), can be written in
terms of the signal measured at the two accelerometers, a1 and a2, as

{
a1(ω)
a2(ω)

}
= −ω2

[
eik∆/2 e−ik∆/2

e−ik∆/2 eik∆/2

] {
φ+(ω)
φ−(ω)

}
, (3)

where ω is the angular frequency, k is the flexural wavenumber and ∆ is the sensor separation [20, 21].
Equation 3 can be rearranged to give

{
φ+(ω)
φ−(ω)

}
=

[
(h1(ω) − h2(ω)) (h1(ω) + h2(ω))
(h1(ω) + h2(ω)) (h1(ω) − h2(ω))

] {
a1(ω)
a2(ω)

}
, (4)

where

h1(ω) =
−i

4ω cos(k∆/2)
; h2(ω) =

1
4ω sin(k∆/2)

. (5)

In order to implement Equation 4 in the time domain, h1(ω) + h2(ω) and h1(ω) − h2(ω) can be approximated
using discrete-time FIR filters [20, 22, 23], which gives the vectors of filter coefficients h1+2 and h1−2 re-
spectively. To ensure that the filters are causal, a small delay can be applied to the frequency responses prior
to calculating the filters. Although effective, these wave decomposition filters are subjected to some limita-
tions imposed by the sensor separation and sensor array location, which results in lower and upper frequency
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limits. In this investigation, the frequency range of interest has been limited to 400 Hz – 10 kHz and further
information regarding the derivation of these limits can be found in [20, 22, 23].

2.3 Remote Damping Circles

In order to find a compensator, κ, that minimises either or both the local vibration and reflected wave com-
ponent, the closed loop transfer functions can be written as

∣∣∣∣∣
1

1 + g11(ω)κ(ω)

∣∣∣∣∣ < 1 (6)
∣∣∣∣∣1 −

κ(ω)g12(ω)g21(ω)
g22(ω)(1 + g11(ω)κ(ω))

∣∣∣∣∣ < 1, (7)

where satisfying Equation 6 results in a reduction of the local vibration at accelerometer 3 and satisfying
Equation 7 results in a reduction of the reflected wave component [17]. The frequency dependency is sup-
pressed from this point forward for clarity, but it should be assumed unless stated otherwise. As shown
in [17], Equation 7 can be also be expressed as

|β + 1| < 1, (8)

where

β =

(
1

1 + g11κ
− 1

)
g12g21

g11g22
(9)

and Equation 6 can be expressed in terms of β as
∣∣∣∣∣β

g11g22

g12g21
+ 1

∣∣∣∣∣ = |γ + 1| < 1. (10)

Both Equation 8 and Equation 10 describe a unit circle with a centre point (-1, 0) on the complex plane and
are expressed in terms of β. Therefore, if Equation 10 is plotted as a unit circle on the complex γ-plane,
Equation 8 can be mapped onto the γ-plane as a circle with a centre point at −g̃ [17], where

g̃ =
g11g22

g12g21
(11)

and radius |g̃|. The centre point of each of these circles can be used to calculate a compensator that minimises
the respective error signal and the points around the outer edge of each circle can be used to calculate a
compensator that neither attenuates or enhances the error. Both circles will intersect at the origin (0,0) of the
complex plane, which represents no control being implemented. A point, γ, from the complex plane can be
selected and the corresponding compensator calculated as

κ =
γ

(1 + γ)g11
. (12)

Two examples are given in Figure 3 at 600 Hz and at 5186 Hz. From the results shown in Figure 4(a), it
can be seen that the (−1,0) point that corresponds to minimisation of the local vibration lies within the circle
of control of the reflected wave. Since the point lies approximately half way between the ± 0 dB circle and
the − 6 dB circle, a compensator calculated from this point will result in the reflected wave being attenuated
by approximately 3 dB. In this case, a blue circle marks this point because it corresponds to the optimum
local vibration reduction without an enhancement of the reflected wave. If, however, the reflected wave is
minimised by calculating a compensator from the point −g̃, then the local vibration will be enhanced by
a little over 6 dB because this point falls just outside of the + 6 dB circle. To reduce the reflected wave
without enhancing the local vibration, the point marked by the blue circle at approximately (−1.9,−0.4) can
be used to calculate a compensator. Figure 4(b) shows a similar set of results, however, in this case the
frequency being controlled is 5186 Hz. This frequency also represents a more common set of circles, where
minimising either quantity will result in enhancement of the other. From these results, it can be seen that
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Figure 3: The red circle representing control of the reflected wave component plotted with respect to the
black unit circle representing control of the local vibration at (a) 600 Hz and (b) 5186 Hz. The solid lines
represent 0 dB of attenuation, the dot-dash lines represent 6 dB of attenuation and the asterisk represents
minimisation of the respective quantity. The blue circles represent the best possible control in each case
without enhancing either the local vibration or the reflected wave component.

a compensator calculated from the (−1,0) point will minimise the local vibration, but will slightly enhance
the reflected wave. A compensator calculated from the −g̃ point will minimise the reflected wave but will
strongly enhance the local vibration. Calculating a compensator from the blue circle at (−0.9,−0.3) will result
in the best possible reduction in the local vibration, approximately 11 dB, without enhancing the reflected
wave. Similarly, calculating a compensator from the blue circle at (−0.6,−0.6) will attenuate the reflected
wave by approximately 2 dB without enhancing the local vibration. Each of these control cases will be
examined in the following section. It is important to note that this implementation has been performed in
the frequency domain and does not take into account issues such as stability, robustness and causality that
will be present in real-time implementation. Approaches that resolve these issues for the design of a remote
vibration controller can be found in [17–19].

3 Frequency Domain Tonal Control

In this section, the results from an offline frequency domain implementation of the 4 control cases highlighted
in Section 2.3 are presented. The four control cases are minimisation of the local vibration, minimisation of
the reflected wave, reduction of the local vibration without enhancing the reflected wave and reduction of
the reflected wave without enhancing the local vibration. In each case, regularisation has been added to the
selected γ to constrain the maximum attenuation to approximately 20 dB for clarity and to avoid unrealistic
levels of control. The results from these control implementations are presented over a frequency range of
400 Hz – 10 kHz and can be seen in Figure 4.

From the results presented in Figure 4, it can be seen that when control is set to minimise the local taper
vibration (shown by the solid blue lines), the vibration in the taper is reduced by approximately 20 dB at
all frequencies, which is simply limited by the level of regularisation used in the study. The corresponding
reflected wave component is generally unchanged, varying by approximately ± 1 dB over the bandwidth
presented. However, there are specific frequencies and frequency bands that are attenuated or enhanced
slightly more. For instance, at 600 Hz, the resonant frequency used as an example in Figure 4(a), there is
approximately 3 dB of attenuation, which is consistent with the prediction. The band of frequencies around
the resonance at 1640 Hz are enhanced by up to 8 dB. The final notable change is the large reduction around
4100 Hz, which is approximately 10 dB.
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Figure 4: Feedback control implemented for the four cases and presented in terms of the response and at-
tenuation. The effect that each compensator has in the local vibration is shown in the top plots and the effect
that each compensator has in the reflected wave is shown in the bottom plots. The uncontrolled case is rep-
resented by 0 dB of attenuation, the local minimisation case is represented by a solid blue line, the reflected
wave minimisation case is represented by a solid yellow line, the local reduction without enhancement of the
reflected wave case is represented by a dashed red line and the reflected wave reduction without enhancement
of the local vibration is represented by a purple dashed line.

When control is set to minimise the reflected wave component (shown by the solid yellow lines), the results
in Figure 4 show that the reflected wave component is reduced by approximately 20 dB at all frequencies,
which is again limited by the selected level of regularisation. It can be seen from the response in the taper, that
this control strategy leads to a significant increase in the taper vibration of up to 40 dB. There are, however,
two narrow frequency bands where the local vibration is reduced by up to 12 dB and these are around 620 Hz
and 4108 Hz. This control strategy is of particular interest because one of the key performance criteria of an
ABH is its reflection coefficient. It has been previously shown that the reflection coefficient can be controlled
using a feedforward architecture [16] and this study provides more insight into the effect that minimising the
reflection coefficient has on the vibration level in the taper. It is clear that vibration is significantly enhanced
and this may lead to structural fatigue.

In order to reduce effects of structural fatigue, the reflected wave can be controlled without enhancing the
level of vibration in the tip or, alternatively, the local vibration in the tip can be reduced without enhancing the
reflected wave component, thus maintaining the passive performance of the ABH whilst reducing structural
fatigue. The performance of the former control strategy is shown by the dashed purple line in Figure 4 and the
latter control strategy is shown by the dashed red line. When control is implemented to reduce the reflected
wave component without enhancing the local vibration in the taper, it can be seen from the results in Figure
4 that there are only two narrow bandwidths where the reflected wave can be reduced by approximately
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20 dB without enhancing the taper vibration. These narrow bandwidths occur around 610 Hz – 624 Hz and
4090 Hz – 4134 Hz. There is also a reasonable reduction in the reflected wave of around 6 dB – 8 dB at and
around the 200 Hz, 600 Hz, 1328 Hz, 1654 Hz and 1964 Hz resonances. When control is set to reduce the
local taper vibration without enhancing the reflected wave component, it can be seen from Figure 4 that there
are a number of wide frequency bands where the taper vibration can be reduced by approximately 20 dB
without enhancing the reflected wave. These frequency bands are 422 Hz – 622 Hz, 1100 Hz – 1350 Hz,
1970 Hz – 2550 Hz, 3524 Hz – 3620 Hz, 4032 Hz – 4122 Hz and 5044 Hz – 5144 Hz. It can also be seen
from the results in Figure 4 that there is a good reduction in the local taper vibration outside of these bands
of up to 16 dB.

4 Conclusions

This paper has presented an investigation into the use of feedback control in an active ABH. In this study,
a remote damping method has been used to examine how four different control strategies affect the local
vibration in the taper and the reflected wave component. The results from this investigation have shown
that when the local taper vibration is controlled, there is very little effect on the reflected wave component,
which limits the use of this control strategy in the improvement of ABH performance. This indicates that
a control strategy such as pure velocity feedback is unlikely to have any significant performance benefits,
except perhaps at one or two very specific frequencies. When the reflected wave is controlled, the vibration
in the taper is greatly enhanced. This control strategy can be compared to the feedforward control strategy
presented in [16] and provides more insight into what actively reducing the reflection coefficient does to the
ABH taper. Although the performance has been greatly improved in terms of the reflected wave control,
the enhancement of vibration in the thin region of the taper may increase structural fatigue and lead to
early failure in industrial applications. When the reflected wave is controlled without enhancing the local
vibration in the taper, it has been shown that there are only a small number of narrow bands where a large
reduction in the reflected wave can be achieved. However, a reasonable level of control can be performed
at the resonant frequencies and so this control strategy may be of interest if examining the radiated sound
from the structure, which has not been addressed in this paper. When the local vibration in the taper is
controlled without enhancing the reflected wave component, is has been shown that at a significant number of
frequencies, including the resonances, the local taper vibration can be greatly reduced without incurring any
enhancement in the reflected wave. This control strategy may, therefore, be useful in industrial applications
where a passive ABH provides enough damping but is suffering from fatigue due to high vibrational levels
in the taper. Therefore, the final two control strategies have shown that, in applications where it may not be
suitable to completely minimise the reflected wave in the taper, a compromise can be met where limitations
can be set on the vibration level in the taper and the reflection attenuating performance can be maintained or
improved whilst adhering to these limits.
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Model-free active vibration control approach using proof-
mass actuator with uncertainty  
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Abstract 
The purpose of this study is to construct a simple controller design method considering actuator’s parameter 

uncertainty without using a model of controlled objects. In this approach, a SDOF virtual structure is inserted 

between an actuator and a controlled object. The model-free design without the actual object model can be 

realized by designing a controller for the 2DOF system composed of the actuator and the virtual object. Both 

the high vibration control performance and robust stability against the actuator uncertainty are realized by 

applying a mixed 𝐻2/𝐻∞ control theory. In the present approach, because the virtual object is a simple low-

order model and traditional model-based control theory can be applied directly, the easier design process 

than previous model-free techniques offers a vibration controller with a high damping effect and the 

robustness with respect to the actuator uncertainty. Finally, the effectiveness of the proposed method is 

demonstrated by numerical simulations. 

1 Introduction 

Vibration control is necessary to reduce the size and weight of mechanical systems and improve their 

performance. Active vibration control is widely used in recent years because of its high vibration reduction 

performance. However, active vibration control generally requires a mathematical model of the controlled 

object in the design of the controller. Therefore, in order to design a control system, modeling the controlled 

object is indispensable and imposes a heavy burden on the designer and an increase in cost. In addition, the 

controller based on the model of the controlled object has vulnerable to modeling errors and model changes 

because the control performance and stability largely depend on the accuracy of the model. 

Therefore, in recent years, many studies have been conducted on model-free control systems that do not use 

the mathematical model of the controlled object [1][2][3]. 

The introduction of neural networks is one of the effective approaches for realizing model-free control, and 

various application examples have been studied for control systems [4][5][6][7]. Nevertheless, in general, 

controller design based on neural networks has the disadvantages that a large amount of training data to be 

learned is required in advance and that it takes a lot of learning calculations to obtain the appropriate action. 

Fuzzy control describes ambiguous information such as empirical knowledge of plant information in fuzzy 

set, and determines if-then type control rules. Thus, designing a controller without a mathematical model of 

the plant and constructing a model-free control system are possible. Many studies of adaptation to real 

systems were conducted [8][9][10]. However, generally, in fuzzy controller design, there is no systematic 

approaches to the setting of control rules and membership functions, and it depends largely on the experience 

and intuition of the designer. 

Sliding mode control (SMC) tends to be applied to model-free control systems due to its characteristics 

[11][12][13]. Nevertheless, high-frequency vibration called chattering, which generally occurs due to 

switching input of the SMC, poses a serious problem in implementing on mechanical systems. 
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From the above, in previous studies, there are few model-free vibration control approaches that have simple 

design processes and are suitable for implementation. In previous research, we proposed the vibration 

control method using a proof-mass actuator and a virtual structure defined as a single-degree-of-freedom 

(SDOF) system as a model-free vibration control system that realizes this goal [14][15]. However, the 

problem is that the actuator, including its parameter values, used in the previous research must be accurate. 

Generally, there are always uncertainties in the parameters of actuators due to individual differences and 

deterioration over time. The uncertainties have bad influences on control performance and stability. 

Accordingly, the model-free control system must be robust against the uncertainty of the actuator parameters. 

This study proposes a model-free vibration control method that is simple and practical, and that guarantees 

robustness against the actuator’s parameter uncertainty. The proposed method realizes the model-free design 

based on the introduction of the virtual structure proposed by our previous study, and designs the controller 

to compensate the actuator’s parameter uncertainty. Specifically, a model-free control is achieved by 

introducing a virtual structure represented by a SDOF system between the actual controlled object and the 

actuator, and determining its appropriate parameters by considering the frequency transfer characteristics. 

Next, for the configured control system, the actuator’s parameter uncertainty is modeled and evaluated 

quantitatively by the 𝐻∞ norm. Then, based on mixed 𝐻2/𝐻∞ control theory, which can achieve both robust 

stabilization and control performance, a controller that compensates for the actuator uncertainty is designed. 

Model-free controller design is possible with a few design variables for the control problem based on the 

actuator model including the virtual structure defined as a simple SDOF system. Compensating the 

actuator’s parameter uncertainty is possible by applying mixed 𝐻2/𝐻∞ control theory, which is one of the 

mature linear robust control theory. Finally, to verify the effectiveness of the proposed method, vibration 

control simulations are performed on a both-end-supported plate as a typical continuous structure. 

2 System for model-free controller design  

2.1 Description of proof-mass actuator 

Figure 1 shows the actuator employed in this study. This is a proof-mass type actuator. This actuator is used 

by installing it on the surface of the controlled object, and suppresses the vibration of the controlled object 

by applying the exciting inertia force in the normal direction of the surface due to the moving mass 

composed of the coil. Excitation force is generated in proportion to the current value of the actuator circuit, 

which is determined by the value from the controller. Consequently, a proof-mass type actuator can be 

modeled as a SDOF system [14][15]. 

 

Figure 1: Inertial mass type electromagnetic actuator 

2.2 Controller design for model-free control strategy  

In this study, inserting a virtual controlled object between an actuator and a controlled object realizes the 

model-free active vibration control [14][15]. Figure 2(a) shows the actual control system, and (𝑚,𝑘, 𝑐) 
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indicate the mass, stiffness and damping, respectively. The subscript 0 indicates the actuator model and 1 

does the actual controlled object. Figure 2(b) shows the model for controller design. In this model, the virtual 

controlled object is inserted between the actuator and the controlled object. The subscript 𝑣 indicates the 

parameters of the virtual controlled object. In controller design, the aim is to control the displacement 𝑥1 of 

the actual controlled object indirectly by regarding the virtual structure as the controlled object and 

controlling the displacement 𝑥𝑣 of the virtual controlled object. The controller is designed by the traditional 

model-based control theory for this two-degree-of-freedom (2DOF) system composed of the actuator model 

and the virtual controlled object.  

 

Figure 2: Model for control system design (a) actual system; (b) system with virtual structure. 

The equations of motion of the actuator and the virtual controlled object are described as 

 𝑚0�̈�0 + 𝑐0(�̇�0 − �̇�𝑣) + 𝑘0(𝑥0 − 𝑥𝑣) = 𝑢 (1) 

 𝑚𝑣�̈�𝑣 + 𝑐𝑣(�̇�𝑣 − �̇�1) + 𝑘𝑣(𝑥𝑣 − 𝑥1) + 𝑐0(�̇�𝑣 − �̇�0) + 𝑘0(𝑥𝑣 − 𝑥0) = −𝑢 (2) 

From equations (1) and (2), 𝑇𝑥𝑣𝑥1, which indicates the transfer characteristic from 𝑥1 to 𝑥𝑣, can be written 

as equation (3) by setting 𝑐𝑣 as 0. 𝑠 indicates Laplace variable.  

 𝑇𝑥𝑣𝑥1 =
𝑋𝑣(𝑠)

𝑋1(𝑠)
=

(𝑚0𝑠
2 + 𝑐0𝑠 + 𝑘0)𝑘𝑣

{𝑚𝑣𝑠
2 + 𝑐0𝑠 + (𝑘0 + 𝑘𝑣)}(𝑚0𝑠

2 + 𝑐0𝑠 + 𝑘0) − (𝑐0𝑠 + 𝑘0)
2
 (3) 

In equation (3), the transfer characteristic 𝑇𝑥𝑣𝑥1 equals to 1 when the parameters of virtual controlled object 

are set as 𝑘𝑣 → ∞ and 𝑚𝑣 = 0. In other words, the displacement of the virtual controlled object equals to 

that of the actual controlled object. Consequently, the vibration of actual controlled object can be reduced 

by suppressing the vibration of the virtual controlled object. On the other hands, 𝑘𝑣 must be finite positive 

value and 𝑚𝑣 must be non-zero positive value due to numerical calculations for the controller derivation. 

Then, we aim to establish the following transfer characteristic: 

 𝑇𝑥𝑣𝑥1 ≈ 1 (4) 

Equation (4) is satisfied by setting 𝑘𝑣 as enough large finite positive value and 𝑚𝑣 as small finite positive 

value. Table 1 shows the parameters for the actuator and the virtual controlled object used in this study. 
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Table 1: Parameters for the control system design 

Properties Value Unit 

𝑚0 0.2013 kg 

𝑘0 3518 N/m 

𝑐0 1.186 Ns/m 

𝑚𝑣 10−5 kg 

𝑘𝑣 7.0 × 105 N/m 

𝑐𝑣 0.0 Ns/m 

In equations (1) and (2), disturbance 𝑤 is defined as 

 𝑤 = 𝑐𝑣�̇�1 + 𝑘𝑣𝑥1 (5) 

Then, a state equation of the 2DOF system is derived as  

 �̇�𝑣𝑎 = 𝐴𝑣𝑎𝑥𝑣𝑎 + 𝐵𝑣𝑎1𝑤 + 𝐵𝑣𝑎2𝑢 (6) 

 𝑥𝑣𝑎 = [𝑥𝑣 𝑥0 �̇�𝑣 �̇�0]
𝑇 (7) 

 𝐴𝑣𝑎 =

[
 
 
 
 
 

0 0 1 0
0 0 0 1

−
𝑘0 + 𝑘𝑣

𝑚𝑣

𝑘0

𝑚𝑣
−

𝑐0 + 𝑐𝑣

𝑚𝑣

𝑐0

𝑚𝑣

𝑘0

𝑚0
−

𝑘0

𝑚0

𝑐0

𝑚0
−

𝑐0

𝑚0]
 
 
 
 
 

, 𝐵𝑣𝑎1 =

[
 
 
 
 

0
0
1

𝑚𝑣

0 ]
 
 
 
 

, 𝐵𝑣𝑎2 =

[
 
 
 
 
 

0
0

−
1

𝑚𝑣

1

𝑚0 ]
 
 
 
 
 

 (8) 

In this state equation, model-free vibration control is achieved by designing the controller for the state 

equation (6) that considers virtual structure as controlled object. 

In the control system composed of the above model, vibration control is achieved by feeding back the 

vibration of virtual controlled object as the observed output. However, the virtual controlled object does not 

exist in the actual system. In actual feedback control system, from equation (4), 𝑥1, which is vibration of the 

actual controlled object and almost equals to 𝑥𝑣, is employed as the observed output. 

2.3 Parameters determination of virtual controlled object 

As mentioned above, for numerical calculations of controller derivation, parameters of virtual controlled 

object cannot settle as 𝑘𝑣 → ∞ and 𝑚𝑣 = 0. From this reason, equation (4) is achieved in limited frequency 

band. Therefore, in the control frequency band, designing a virtual controlled object so as to satisfy equation 

(4) is necessary. In this paper, the control frequency band is from 0 to 1000 Hz. Then, the parameters of 

virtual controlled object are determined as Table 1 based on the conditional expression for designing a 

virtual controlled object derived in previous studies [15]. Figure 3 shows Bode diagram of the transfer 

characteristic 𝑇𝑥𝑣𝑥1 of this study. In the control frequency band, gain is regarded as 1 and phase is regarded 

as 0 degree. Hence, equation (4) is satisfied appropriately.  
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Figure 3: Bode diagram of 𝑇𝑥𝑣𝑥1 

3 Controller design 

3.1 Modeling of actuator’s parameter uncertainties 

In this study, the model-free controller is designed so as to compensate the actuator’s parameter uncertainty. 

When the stiffness and damping of actuator have uncertainties, each parameter is described as   

 
𝑘0𝑚 = 𝑘0𝑛 + ∆𝑘𝑘𝑒 , −1 ≤ ∆𝑘≤ 1 

𝑐0𝑚 = 𝑐0𝑛 + ∆𝑐𝑐𝑒 , −1 ≤ ∆𝑐≤ 1 
(9) 

The parameter with subscript 0𝑚 represents the actual value of the parameter with subscript 0, and is the 

value with uncertainty added to the value shown in Table 1. The parameter of the subscript 0𝑛 is the value 

when the actuator is nominal and is equal to the parameter with subscript 0 shown in Table 1.  ∆𝑘 and ∆𝑐 

represent the normalized fluctuations. The parameter of the subscript 𝑒  is the maximum amount of 

parameter uncertainty for which the robust stability should be guaranteed, and is set at designing. Then the 

actual stiffness 𝑘0𝑚  and damping 𝑐0𝑚  represent uncertain values with variations of ±𝑘𝑒  and ±𝑐𝑒  at 

maximum from the nominal values 𝑘0𝑛 and 𝑐0𝑛, respectively. The controlled output and observed output 

are set as the acceleration �̈�𝑣 of the virtual structure.  By substituting 𝑘0𝑚 and 𝑐0𝑚 in equation (9) into 𝑘0 

and 𝑐0 in equations (1) and (2), the transfer function �̃�(𝑠) from control input to observed output is obtained 

as 

 �̃�(𝑠) =
𝑠2𝑋𝑣

𝑈
=

𝑃(𝑠)

1 + ∆𝑊(𝑠)
 (10) 

 𝑃(𝑠) =
−𝑚0𝑠

4

𝑚0𝑚𝑣𝑠
4 + (𝑚0 + 𝑚𝑣)𝑐0𝑛𝑠3 + {(𝑚0 + 𝑚𝑣)𝑘0𝑛 + 𝑚0𝑘𝑣}𝑠

2 + 𝑐0𝑛𝑘𝑣𝑠 + 𝑘0𝑛𝑘𝑣
 (11) 

 

𝑊(𝑠) = [
𝑊1(𝑠)
𝑊2(𝑠)

]

=

[
 
 
 
 

(𝑚0 + 𝑚𝑣)𝑐𝑒𝑠
3 + 𝑘𝑣𝑐𝑒𝑠

𝑚0𝑚𝑣𝑠
4 + (𝑚0 + 𝑚𝑣)𝑐0𝑛𝑠3 + {(𝑚0 + 𝑚𝑣)𝑘0𝑛 + 𝑚0𝑘𝑣}𝑠

2 + 𝑐0𝑛𝑘𝑣𝑠 + 𝑘0𝑛𝑘𝑣

(𝑚0 + 𝑚𝑣)𝑘𝑒𝑠
2 + 𝑘𝑣𝑘𝑒

𝑚0𝑚𝑣𝑠
4 + (𝑚0 + 𝑚𝑣)𝑐0𝑛𝑠3 + {(𝑚0 + 𝑚𝑣)𝑘0𝑛 + 𝑚0𝑘𝑣}𝑠

2 + 𝑐0𝑛𝑘𝑣𝑠 + 𝑘0𝑛𝑘𝑣]
 
 
 
 

 

(12) 

 ∆= [∆𝑐 ∆𝑘]，‖∆‖∞ ≤ 1 (13) 
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𝑃(𝑠) represents the transfer function from control input to observed output when the actuator has nominal 

parameters. 𝑊(𝑠) is the weighting function which represents fluctuation of the transfer function due to the 

actuator uncertainty. ∆ represents the normalized fluctuation matrix. From equation (10), Figure 4 shows 

that the model-free control system with actuator uncertainty can be written as the plant set with feedback 

type fluctuations.  

 

Figure 4: plant set with feedback type fluctuation 

3.2 Mixed 𝑯𝟐/𝑯∞ controller design 

For the plant shown in Figure 4, the controller that can achieve both vibration suppression and robust 

stability against actuator’s uncertainty is designed by mixed 𝐻2/𝐻∞ control theory. Based on Small-gain 

theorem[16], for the constructed plant set, Figure 5 shows a generalized plant for compensating the 

actuator’s uncertainty. In Figure 5, 𝑤′ is the disturbance and 𝑧2 and 𝑧∞ are the controlled outputs. Equations 

(14)–(18) show formulations of each property shown in Figure 5.  

 𝑃 : {
�̇�𝑃 = 𝐴𝑃𝑥𝑃 + 𝐵𝑃1𝑤′ + 𝐵𝑃2𝑢

𝑦 = 𝐶𝑃𝑥𝑃 + 𝐷𝑃1𝑤′ + 𝐷𝑃2𝑢
 (14) 

 𝑊1 : {
�̇�𝑒1 = 𝐴𝑒1𝑥𝑒1 + 𝐵𝑒1𝑦′

𝑧𝑒1 = 𝐶𝑒1𝑥𝑒1 + 𝐷𝑒1𝑦′
 (15) 

 𝑊2 : {
�̇�𝑒2 = 𝐴𝑒2𝑥𝑒2 + 𝐵𝑒2𝑦′

𝑧𝑒2 = 𝐶𝑒2𝑥𝑒2 + 𝐷𝑒2𝑦′
 (16) 

 𝐼 : {
�̇�𝐼 = 𝐴𝐼𝑥𝐼 + 𝐵𝐼𝑦′

𝑦′′ = 𝐶𝐼𝑥𝐼 + 𝐷𝐼𝑦′
 (17) 

 𝑦′ = 𝑦 − 𝑤𝑒   𝑧 = 𝑄𝑦′′   𝑧𝑢 = 𝑅𝑢 (18) 

Equation (14) is the realization of equation (11) and is the state equation of the actuator and virtual controlled 

object. Output 𝑦 is the acceleration �̈�𝑣 of virtual controlled object when the actuator is nominal. Equations 

(15) and (16) are the realizations of equation (12). Equation (17) is the realization of the approximate 

integrator shown in equation (19). 𝛿 is a small positive value, and its value is shown in Table 2. 𝑄 and 𝑅 in 

equation (18) are constant weight, and these values are shown in Table 2. 

 𝐼(𝑠) =
1

𝑠 + 𝛿
 (19) 

By mixed 𝐻2/𝐻∞ control theory[17][18], for both compensating the actuator’s uncertainty and suppressing 

the vibration, the controller 𝐾 is designed so as to minimize the 𝐻2 norm of the transfer function 𝑇𝑧2𝑤′(𝑠) 

from 𝑤′ to 𝑧2 under the 𝐻∞ norm constraint of the transfer function 𝑇𝑧∞𝑤′(𝑠) from 𝑤′ to 𝑧∞ for the closed-

loop system shown in Figure 5. In this paper, solving of the mixed 𝐻2/𝐻∞ problem (20) is based on the 

linear matrix inequality approach. The controller is derived by Control System Toolbox and Robust Control 

Toolbox of MATLAB.  

 
min ‖𝑇𝑧2𝑤′(𝑠)‖2 

subject to ‖𝑇𝑧∞𝑤′(𝑠)‖∞ < γ 
(20) 
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Table 2: Parameters for mixed 𝐻2/𝐻∞ controller design 

Properties Value 

𝛿 1.0 × 10−7 

𝑄 1.0 × 100 

𝑅 1.2 × 101 

 

Figure 5: Generalized plant for mixed 𝐻2/𝐻∞ controller design 

4 Vibration control simulations 

4.1 Configuration of the simulation 

The effectiveness of the proposed approach is verified by vibration control simulations. The controlled 

object is a both-end-supported plate made of aluminum shown in Figure 6 that is modeled by experimental 

modal analysis. In Figure 6, A is the excitation point of disturbance and B and C are the point where both 

the actuator and acceleration sensor for observed output are mount. The disturbance is a 1–1000 Hz linear 

sweep sinusoidal wave. The controller is discretized in the simulations. The discretization method is a 

bilinear transformation, and the sampling frequency is 20 kHz. Vibration control simulations are performed 

using the mixed 𝐻2/𝐻∞ controller considering the actuator uncertainty in the Chapter 3, and the vibration 

suppression performance at B and C in Figure 6 and the robustness to the actuator uncertainty are verified. 

The error range of the actuator to be compensated is ±50% with respect to its damping and stiffness, and 

vibration suppression performance is evaluated based on accelerance of the controlled object.  

In this paper, since the model obtained by the experimental modal analysis is used, fluctuating the actuator’s 

parameters directly is difficult. Then, parameters of the actuator model which is defined as nominal for 

controller design and shown in Table 1 are fluctuated. By deriving the controller with that actuator model, 

the parameter error is generated for the simulation model equivalently. 
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Figure 6: Controlled object for the simulations 

4.2 Simulation results and discussion 

Figures 7–11 show the accelerance from disturbance to observed output obtained by simulations. Blue line 

indicates a frequency response without control. Red line indicates a frequency response with control. The 

symbols 𝐸𝑟𝐾 and 𝐸𝑟𝐶 represent that the stiffness and damping of the actuator parameters applied for the 

simulations had errors of 𝐸𝑟𝐾[%] and 𝐸𝑟𝐶[%], respectively, regarding the stiffness and damping of the 

actuator employed for controller design. Table 3 shows important suppression achievements shown in 

Figures 7–11.  

Table 3: Results of vibration control simulations 

Parameters of Actuator Reduction amount [dB] 

𝐸𝑟𝐾[%] 𝐸𝑟𝐶[%]            1st peak (224 Hz) 

0 0 −20.3 

50 50 −20.6 

−50 50 −19.7 

50 −50 −20.2 

−50 −50 −19.8 

As shown in Figure 7 and Table 3, when the parameters of the actuator are nominal, a sufficient vibration 

suppression effect is obtained for the first order mode near 224 Hz in the control frequency band. Similarly, 

from Figures 8–11 and Table 3, sufficient damping effects are obtained without destabilizing, despite the 

fact that the actuator’s stiffness and damping effect have an error of ±50%, respectively. Therefore, both a 

high damping effect to the controlled object and a high robustness of the controller designed by the proposed 

method against the actuator’s parameter uncertainty are confirmed. 

Due to the way in which errors are given to actuator parameters, Figures 7–11 and Table 3 show the results 

with controllers designed using different actuator parameters. On the other hand, smoothing parameter of 

approximate integrator 𝛿  and constant weights 𝑄  and 𝑅  are the same in all controller designs. More 

appropriate values of  𝛿, 𝑄 and 𝑅 than these shown in Table 3 exist for each actuator parameters used for 

controller design. Therefore, further tuning these values improves further vibration suppression performance 

of the control system. 
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Figure 7: Frequency response obtained by the simulations (𝐸𝑟𝐾 ∶ 0% 𝐸𝑟𝐶 ∶ 0%) 

 

Figure 8: Frequency response obtained by the simulations (𝐸𝑟𝐾 ∶ 50% 𝐸𝑟𝐶 ∶ 50%) 

 

Figure 9: Frequency response obtained by the simulations (𝐸𝑟𝐾 ∶ −50% 𝐸𝑟𝐶 ∶ 50%) 
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Figure 10: Frequency response obtained by the simulations (𝐸𝑟𝐾 ∶ 50% 𝐸𝑟𝐶 ∶ −50%) 

 

Figure 11: Frequency response obtained by the simulations (𝐸𝑟𝐾 ∶ −50% 𝐸𝑟𝐶 ∶ −50%) 

5 Conclusion 

This paper proposed a model-free vibration control method considering an actuator’s parameter uncertainty 

based on an actuator model including a virtual controlled object and mixed 𝐻2/𝐻∞ control theory. Inserting 

a virtual structure between an actuator expressed by a SDOF system and an actual controlled object, a state 

equation for a controller design was derived without any mathematical models of an actual controlled object. 

Actuator’s parameter uncertainty was modeled quantitatively so as to obtain the robustness against modeling 

errors of the actuator. As a result, a model for controller design with actuator uncertainty could be described 

by a plant set with feedback type fluctuations. For the derived plant set, a controller that considers the 

actuator’s parameter uncertainty was designed based on mixed 𝐻2/𝐻∞ control theory. Vibration control 

simulations were conducted so as to verify the effectiveness of proposed method. From the control 

simulation results, both a sufficient damping performance and a high robustness against the actuator’s 

parameter uncertainty were confirmed. 
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Abstract 
In order to solve the problem of low-frequency disturbance of large space structure, an adaptive semi-active 

control method based on piezoelectric elements is proposed in this paper. Firstly, a simulation model of the 

deployable antenna arm is achieved with three composite rods and two spring equivalent joints. Then, a 

ground test platform for a large-scale deployable antenna arm is established. The control system collects the 

electric signal of the piezoelectric sensor at the root of the flexible antenna arm, generates the switch control 

signal through a semi-active controller, and sends the control command to the groups of piezoelectric 

actuators which provide the driving force at the root of the arm structure. Finally, the tests show that the 

equivalent damping ratio of the system increases from 0.6% to 4.03% for the case of transient excitation of 

an initial displacement of 100 mm. For the case of steady state excitation with a 50 mm amplitude, the 

amplitude of steady state vibration decreases is reduced to less than 10 mm. 

1 Introduction 

When the spacecraft suffers all kinds of external and internal disturbing factors during the on-orbit working, 

a low-frequency, nonlinear and large amplitude vibration is excited which will seriously affect the 

performance of the spacecraft. Therefore, how to effectively suppress the vibration of large flexible 

spacecraft structures is crucial problem to the development of large flexible spacecraft. The vibration control 

method based on intelligent structure is a hot research direction to solve the problem. 

As a kind of intelligent material, piezoelectric material with its good electrical and mechanical coupling 

features has extensive applications in the field of structural vibration control. The piezoelectric vibration 

control system has three main types: the active, passive and semi-active control. Semi-active control applies 

the energy on semi-active control loop, but not piezoelectric actuator. It changes the system characteristics 

by controlling the parameters of the ends of the piezoelectric element circuits, to achieve the control aim. 

The energy consumption of semi-active control is between active and passive method that has a good 

application prospect. 

Semi-active control method based on synchronized switch damping technique (SSD) has many advantages. 

It is a simple control system, and need only small external energy. The control method can work well and 

stably, and is suitable for wide band vibration control. Since the method was proposed by the French 

professor Guyomar [1-4], many scholars pay special attention to this method and have got great 

development. There are various kinds of SSD, and it’s been firstly presented as SSD technique based on 

short circuit (SSDS) [2]. In order to further enhance the control result, Richard, C. proposed the SSD 

technique based on inductance (SSDI) [4]. He uses a series inductance L, to make a LC resonant circuit with 

piezoelectric element capacitance, which increases the control voltage of the piezoelectric elements, and 
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promote the control effect. In order to amplify the voltage on piezoelectric elements, Lefeuvre, E. proposed 

SSD technique based on voltage source (SSDV) in 2006 [5] which has an extra cascade of power supply in 

SSDI loop. Because of extra power supply, the voltage is further improved, which enhance the control effect. 

Grasso, E. proposed a self-sensing driving technology in 2013 under driving voltage and high driving 

voltage. The hysteresis model was used to describe the self-sensing reconfiguration of the piezoelectric 

capacitor [6]. In 2017, Bin Bao implemented semi-active vibration control of the structure using self-sensing 

SSDV method, and carried out experimental verification [7]. 

In the research of large flexible structure control, Huang Wenhu [8] point out intelligent structure, such as 

piezoelectric elements, is especially suit for the vibration control of large flexible structure. The Japanese 

professor Onoda, J. used piezoelectric stacks to do the research on the vibration control of the truss structure 

[9-11]. According to the vibration and control require of truss structure, a variety of piezoelectric stacks are 

pasted on some arthrosises that have large displacement on the truss structure. A semi-active control method 

based on synchronized switch damping technique can successfully implement the multi-mode vibration 

control, and work well on control. The Italian scholar Sabatini proposed an optimal adaptive vibration 

control based on piezoelectric devices, and in the process of research, Sabatini analyzed and optimized the 

number and location of piezoelectric devices [13]. In 2014, Hernán Garrido proposed a new semi-active 

control system with variable-friction dampers linked to the structure through cables. The application of the 

method to multi-degree-of-freedom structures is presented through numerical simulation which 

demonstrates that the system in semi-active mode is more effective than in passive mode and its 

effectiveness is less sensitive to loss of pre-tension [14]. 

In this article, the semi-active vibration control technique is applied to the large-sized antenna arm structure. 

With the limited piezoelectric devices pasted on the antenna root, the complex antenna arm model with three 

composite rods and two spring equivalent joints is achieved. Through simulation analysis and experimental 

comparison, the effectiveness of semi-active vibration control technology is verified to control the vibration 

of large space structures caused by external disturbances. 

2 Adaptive SSDV control method 

2.1 Semi-active control theory 

When the excitation frequency of the structure is close to a certain order of its resonant frequencies, the 

mechanical model can be simplified as a single degree of freedom spring-quality-damping system. The 

electrical and mechanical model is shown in Figure 1. 

 

Figure 1: The principle diagram of electrical and mechanical model 

Assuming all structures, including piezoelectric elements, are linear elastic, the differential equation can be 

obtained by Newton's law as follows: 

 𝑀�̈� + 𝐶𝑠�̇� + 𝐾𝐸𝑢 = 𝐹 + 𝐹𝑝    (1) 
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M is the structural equivalent modal mass, Cs is the mechanical loss factor, KE is the structural equivalent 

stiffness when the piezoelectric element is in a short circuit, u is the displacement of modal mass, FP is the 

force generated by the inverse piezoelectric effect of piezoelectric elements, F is the external exciting force. 

If the piezoelectric elements are embedded or pasted, the electrical and mechanical coupling equation is: 

 {
𝐹𝑝 = −𝛼𝑉

       𝐼 = 𝛼�̇� − 𝐶�̇�
  (2) 

where 𝐶 is the clamp capacitance of the piezoelectric element, 𝛼 is force factor, I is electric current through 

the piezoelectric element. 

Multiply both side of (1) by the velocity u  ̇ and compute their time integral, the energy equation (3) is 

obtained: 

 
∫ 𝐹�̇�𝑑𝑡 =

1

2
𝑀�̇�2 +

1

2
𝐾𝐸𝑢2 +

∫ 𝐶𝑠�̇�2𝑑𝑡 + ∫ 𝛼𝑉�̇�𝑑𝑡
 (3) 

The total energy input ∫ 𝐹�̇�𝑑𝑡 includes: the kinetic energy 𝑀�̇�2/2, the elastic potential energy 𝐾𝐸𝑢2/2, the 

loss mechanical energy∫ 𝐶𝑠�̇�2𝑑𝑡, and the electromechanical conversion energy ∫ 𝛼𝑉�̇�𝑑𝑡. 

The principle of semi-active vibration control is based on the energy conservation theorem. On the premise 

of the input energy is constant, to improve transformation between the mechanical and electrical energy can 

reduce the mechanical vibration energy, so as to achieve the purpose of vibration control. 

2.2 Synchronized Switch Damping on Inductor 

The SSDI technique(Synchronized Switch Damping on Inductor) is connecting the inductance and switch 

between the poles of piezoelectric elements to make oscillation control circuit as shown in Figure 2. When 

the structural vibration displacement reaches the extreme, the switch will be turn off that would cause the 

circuit shock. And the switch should be turned on again after the voltage reversing to keep the opposite 

direction of the structure relative to the controlling force produced by the voltage from the piezoelectric 

element. Namely, the power always hinder the vibration of structure to achieve the purpose of vibration 

control. 

 

(a) Principle control diagram 

 

(b) Control voltage and displacement 

Figure 2: The principle diagram of SSDI 

2.3 Synchronized Switch Damping on Voltage 

As shown in Figure 3, a series of polar opposite voltage source group in the piezoelectric element loop can 

supplement the energy caused by the switch network consumption of piezoelectric capacitance. Due to the 

effect of applied voltage source Vcc, which increases the voltage on the piezoelectric element and enhances 

the control effect of damping. 
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Figure 3: The principle diagram of SSDV 

The displacement and voltage curves are shown in Figure 4. When the displacement of piezoelectric element 

reaches maximum, making the switch closed, the LC oscillator circuit resonance will occur at this time. 

When this resonance movement through half a cycle ti, quickly disconnecting the switch, the voltage on the 

piezoelectric element will flip. When the voltage on the piezoelectric element reaches the positive maximum 

value, the switch is made to attach a power -Vcc to the voltage on the piezoelectric element after the voltage 

reversing; when the voltage on the piezoelectric element reaches the negative maximum value, the switch 

is made to at-tach a power +Vcc to the voltage on the piezoelectric element. 
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Figure 4: SSDV displacement and voltage curve 
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2.4 Adaptive SSDV control 

In the traditional SSDV control, the voltage source is often a constant value Vcc. If the voltage source Vcc is 

too small, it cannot meet the requirement of the system control performance. And if the voltage is too large, 

it may cause that the control force is too large which may induce a larger structural vibration. In order to 

solve the problems of the voltage value selection of traditional SSDV source, E. lefeuvre [12] developed an 

improved SSDV method that  the value of the voltage source Vcc is not constant, but change adaptively with 

the amplitude of structural vibration. When the structural vibration amplitude is large, the Vcc value can 

increase adaptively to improve the control effect. When the structural vibration amplitude is small, Vcc can 

follow its trend to decrease to improve the robustness of the system. The rate of change is: 

 Vcc = βuext (5) 

where VCC is the voltage value applied from the voltage source, which updates when the displacement 

reaches the extreme value, and it is always in direct proportion to the extreme value of displacement 𝑢𝑒𝑥𝑡. 

26 PROCEEDINGS OF ISMA2020 AND USD2020



The ratio 𝛽 is a constant positive value. The improved SSDV technique can avoid the disadvantages of the 

classic SSDV theoretically, and avoid the buckling problem of control under transient excitation. 

3 Modelling and Simulation 

 

Figure 5: Antenna arm model with piezo elements 

A simulation model of the antenna arm with piezoelectric elements is built in ABAQUS according to the 

real antenna arm test system, as shown in Figure 5. The antenna arm is fixed at one end and free at one end. 

The piezoelectric element is disposed on the surface of the antenna arm structure. The load at the free end 

of the arm and the zero-gravity gas on the arm are simulated with a concentrated mass, and the joints between 

the arms are equivalent to spring (Figure 5). Adjust the stiffness of each arm to obtain the first two natural 

vibration frequencies that match the true antenna arm system modal test results, as shown in Figure 6, the 

frequencies are 0.085 Hz and 1.125 Hz, respectively. Adjust the damping coefficient of the system so that 

the first-order damping ratio is 0.6%. 

 

Figure 6: The first two modes of structure 

3.1 Antenna arm simulation under transient load excitation without control 

The free attenuation displacement curve of the end of the arm with the initial displacement of 0.1 m is shown 

in Fig. 7. 

Simulate the transient load action, apply an initial displacement of 100 mm at the end of the antenna arm, 

and then release, and the displacement curve of the end of the antenna arm under free attenuation is shown 

in Fig. 7. 

 

Figure 7: The free attenuation displacement curve of the end of the arm (0.1m initial displacement) 
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3.2 Simulation of SSDV Control of Antenna Arm under Transient Load 
Excitation 

Under the transient load, the initial displacement of 100mm is controlled by the piezoelectric element on the 

surface of the arm structure. The displacement curve of the end of the arm and the voltage curve of the 

piezoelectric element are shown in Fig. 8. 

The equivalent damping ratio of the antenna arm system is increased to 8%, the maximum control voltage 

of the piezoelectric element is 1166V, and the reverse maximum voltage is -388V. The final system vibration 

is controlled to a range of 10 mm. 

 

Figure 8: Displacement-voltage curve with initial displacement 100mm. 

In the above SSDV control, the control voltage always maintains a certain value, and when the displacement 

of the antenna arm is controlled to a small displacement amplitude, control instability at low displacement 

and high voltage is liable to occur. 

Figure 9 shows that under transient load, the control voltage is too large, and the structure vibration is 

reversed, which leads to chaotic switching of the control system, and the system oscillates within a certain 

range. Furthermore, improper switching caused by flyback may result in a control divergence finally (Figure 

10). 

 

Figure 9: The end displacement and piezo element voltage curves when control is unstable. 
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Figure 10: Self-excited oscillation curve when control is unstable. 

3.3 Antenna arm adaptive SSDV control simulation under transient load 
excitation 

In the progress of control, it is necessary to adjust the control voltage according to the end displacement 

adaptively in real time, that is, adding a feedback in the control to adjust the magnitude of the voltage to 

avoid structural instability. 

For transient load conditions with an initial displacement of 100 mm at the end, an adaptive control voltage 

proportional to the end displacement is used. The simulation results are shown in Fig. 11. The equivalent 

damping ratio of the antenna arm is 5.4%, although it is reduced compared with the SSDV control, but the 

control instability of mismatch between displacement and control force at low displacement is avoided. In 

addition, in the case of low displacement amplitude, the control system can still continuously control the 

structure because the structural instability is avoided, and the control precision is greatly improved. Finally, 

the system converges in a small vibration of 3 mm. 

 

Figure 11: Displacement voltage curve with 100mm initial displacement. 

4 System test validation 

In order to do the vibration suppression test for the flexible antenna arm, the experiment platform is build 

up with the semi-control method based on Synchronous Switch Damping technique, as shown in Figure 12 

and 13. The arm structure is fixed at one end, free at the other end, and load 200 kg weight load at the free 

end to simulate the antenna weight. The air-floating feet are used to simulate a zero gravity situation. The 

piezoelectric sensors and actuators are deployed to focus on the first-order bending modal. 

In the experiment, the displacement signal is collected by laser displacement sensors at the front and root of 

the flexible antenna arm, and the structural strain is obtained by a piezoelectric sensor at the root. The driving 

force is provided by several paralleled piezoelectric devices arranged at the root of the arm structure. The 
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control system collects the electrical signal of the piezoelectric sensor at the root, generates the switch 

control signal through the semi-active controller box, and transmits the control command to the piezoelectric 

actuator for execution. The semi-active control has two channels and capacitors connected in parallel at both 

ends, in order to avoid excessive voltage drop of actuator in open circuit. 

 

 

 

Figure 12. The flexible antenna arm 

 

 

Figure 13. Semi-active controller 

After applying 100 mm initial displacement at the end of the structure, and then release, the free damping 

structure ends moving curve was shown in Figure 14, the system damping ratio is 0.6%. 

The experiments are from two aspects of the transient and steady state load excitation to verify this control 

system: the transient load excitation gives the arm end a 100 mm initial displacement, make it stable and 

convergent by control system, and increases the equivalent damping ratio of system; the steady state load 

excitation gives a steady excitation with 50 mm amplitude at the root of the arm, produces equivalent 

additional damping force by control system, and reduce the steady state vibration amplitude. 
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Figure 14: Structure free attenuation ends moving curve after 100mm initial displacement 

4.1 The vibration suppression test under transient load excitation 

With the transient load excitation with a 100 mm initial displacement, the structure ends moving curves 

before and after SSDV control are shown in Figure 15 and 16. The voltage source voltage Vcc is 130V。
The equivalent damping ratio after control is approximately 5.83%, and the system damping ratio increased 

by 5.2%. The system displacement was controlled from 100 mm to 5 mm in about 100 seconds. And relying 

on the system's own damping for 100 seconds can only be attenuated to 60mm. The maximum control 

voltage is 1167V and the reverse maximum voltage is -329V. 

 

Figure 15: Structure ends moving curves before control and after control with the 100mm initial 

displacement 
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Figure 16: Displacement-voltages curves with 100mm initial displacement 

4.2 Adaptive SSDV vibration suppression test under transient load excitation 

For transient load excitation with an initial displacement of 100 mm, the end displacement and voltage curve 

of the structure after adaptive control is applied, as shown in Figure 17. The control voltage decreases as the 

system displacement decreases, and the structure is always controlled without structural vibration. The final 

control accuracy is much higher, achieving a control accuracy of about 3 mm. The equivalent damping ratio 

after applying control is about 4.03%, the maximum control voltage is 777V, and the reverse maximum 

voltage is -282V. 

 

Figure 17: The end displacement and piezoelectric element voltage curves after adaptive control (100mm 

initial displacement) 
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4.3 The vibration suppression test under steady state loading 

Placing a steady state excitation at the root of the flexible antenna arm to produce 50 mm amplitude, before 

and after control, the structure ends moving curves are shown in Figure 16. Before the control, the steady 

state vibration amplitude of the arm is 50 mm. After the control, the structural vibration amplitude is reduced 

to 10 mm. Applying FFT analysis to the captured displacement signals, before and after control, amplitude-

frequency characteristic curves are shown in Figure 17. With the basic frequency of 0.09 Hz, the amplitude 

before control is 25.82 dB. After the control, the amplitude is reduced to 8.977 dB and decreases 16.843 dB. 

 

Figure 18: Displacement-voltages curves before and after adaptive control under steady-state amplitude 

50mm excitation 

 

Figure 19: Amplitude-frequency characteristic curve before and after control under steady-state amplitude 

50mm excitation 
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5 Conclusion 

A vibration suppression to the large flexible antenna arm is studied, which is based on adaptive synchronized 

switch damping semi-active vibration control method and the piezoelectric elements. The experimental 

results show that adaptive semi-active vibration control can effectively increase the equivalent damping 

system, accelerate the system free attenuation, and reduce the system steady state response of vibration 

amplitude. Compared with other control method, the semi-active vibration control is not need accurate 

structure vibration model, and the control effect is stable, which can be applied appropriately to the vibration 

control of flexible arms. 
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Abstract 
The goal of this study is to investigate the potential to actively isolate a platform from seismic vibrations 

using non-feedback inertial sensors. To this purpose, a two-degree-of-freedom (TDOF) system is considered 

which consists of a bar supported by two dashpot-spring pairs at both ends. Two actuators are placed next 

to the locations of the dashpot-spring pairs, close to which two vertical inertial sensors are mounted. A 

dynamic analysis is firstly performed by considering the tilt-translational coupling of the inertial sensor. 

When the sensor is not perfectly aligned with gravity, it is found that a right half plane zero will be induced 

in certain control plants which would limit the maximum control gain.  A multi-input-multi-output (MIMO) 

control law which combines a state feedback controller and a decentralized controller is then applied on the 

proposed actuator-sensor pairs to isolate the TDOF from seismic vibrations. It shows a reduction of the 

transmitted motion of up to 50 dB in a frequency range from 0.1Hz to 10Hz.  

1 Introduction 

Isolation from seismic vibrations is a major concern in many fields, for example, to ensure the safety of 

ground-based infrastructures [1], [2], to allow conducting precise experiments [3], [4], or to manufacture 

small components [5]. Soft supports such as pneumatic elements [6] or mechanical springs [7] whose 

effective stiffness can be reduced thanks to negative stiffness mechanisms [8], [9], are often used for seismic 

isolation applications. These supports are referred to as passive isolation systems which are only effective 

above the suspension resonance. Therefore, for applications requiring a good isolation at low frequency 

(say, below 1 Hz), these passive isolators often fail to mitigate the transmission of seismic motion, due to 

the difficulty of building compact isolators with a fundamental frequency smaller than 0.5 Hz. 

Consequently, the isolation has to be obtained using active control. For example, active seismic isolation 

systems are particularly required for large instruments dedicated to experimental physics, like synchrotrons, 

particle colliders [10] and gravitational wave detectors [11], [12]. In addition, active isolation systems have 

also been developed for the stabilization of atomic gravimeters [13], [14].  

The general topic of active vibration control was admirably treated in the text by Fuller et al. [15]. Various 

control concepts were discussed for both single-input-single-output (SISO) and multiple-input-multiple-

output (MIMO) systems. In order to develop an effective active vibration isolation system, the noise of the 

employed sensor and its tilt-translation coupling need to be well addressed. Serrand and Elliott [16] 

investigated the potential of using absolute velocity feedback for vibration isolation of a two-degree-of-

freedom (TDOF) system. Preumont et al. [17] compared the force feedback and acceleration feedback for 

vibration isolation of a flexible structure. It was demonstrated that force feedback outperforms the 

acceleration feedback in the sense that it could guarantee the stability of the close loop system. Matichard 

et al. [11], [12] presented an active vibration isolation system used for the detection of the gravitational 

wave, where displacement and velocity inertial sensors as well as positioning sensors are employed. Zhao 
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et al. [18] investigated the potential of using non-feedback inertial sensors for actively isolating a single-

degree-of-freedom (SDOF) system from seismic vibrations.  

In this work, the same non-feedback vertical inertial sensor as in [18] are used but for a TDOF system. The 

TDOF system consists of a bar supported by two dashpot-spring pairs at both ends. The AVIS is realized 

by mounting two actuators and two inertial sensors next to the locations of the dashpot-spring pairs. A 

theoretical study is firstly performed studying the tilt-translational coupling of the vertical inertial sensor. It 

is shown that the vertical inertial sensor is not only sensitive to translational motion but also to tilt motion 

when it is not perfectly aligned with gravity. As a consequence, a right half plane zero will be induced in 

certain control plants which would limit the maximum control gain.  In addition, it is also challenging to 

achieve good control performance if the sensors possess different natural frequencies.  

The rest of the paper continues as follows. Section 2 presents the dynamic analysis of the system under 

consideration. The control strategy is described in Section 3. Section 4 draws the conclusions. 

2 Mathematical modelling  

The system under investigation is shown Figure 1. It represents a two-degree-of-freedom-system, consisting 

of a rigid platform, and two pairs of spring and dashpot  1 1,k d  and  2 2,k d . Close to the suspensions, two 

actuators are placed. Two inertial sensors as developed in [18] are mounted right above the actuators on the 

rigid frame. The control loop is implemented by feeding the signals measured by the inertial sensors through 

a controller to drive the actuators. In this context, a two-inputs-two-outputs control system is formed which 

aims to suppress the seismic vibration propagation to the platform. The rotational inertia of the rigid frame 

around its center of mass (COM) is denoted as 1I  and its mass 1m . In Figure 1, 1c , 2c  and 3c  are the COM 

positions of the frame and two inertial sensors, respectively; 1s  and 2s  the locations where the reference 

masses of the inertial sensors are attached to their bodies; 1P  and 2P  the locations where the springs 

connected with the frame. w  and w  represent the translational and rotational seismic vibrations. The 

coordinates of different points are defined as follows:  2 2 2

T

c c cr x z ,  3 3 3

T

c c cr x z , 

T

pi pi pir x z    ,   
T

si si sir x z ,  
T

ai ai air x z ,  
T

wi wi wir x z ,  1,2i . 
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Figure 1: The sketch of the system under consideration 

Considering the COM of the frame i.e. 1c , its dynamics of can be governed as: 
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2 2 3 2 2
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               (2) 

where 2 1 2c c cz z x  , 3 1 3c c cz z x  , 1 1 1p c rz z x  , 2 1 2p c rz z x  , 1 1w w w wz z x  , 2 2w w w wz z x   

, 1 1 1s c sz z x  , 2 1 2s c sz z x  , 31 2

1 2 3, ,
mm m

m y m y m yH I H I H I     , 1 1s sF mz  , 2 2s sF mz  . 

The contributions from the gravity can be eliminated when the coordinates are redefined by subtracting the 

initial conditions, which yields: 

  
2 2 2

1 1 2 2 3 3

1 1 1

c c c ai si i pi wi

i i i

m z m z m z F F k z z
  

         (3) 

    
3 3 2 2 2 2

1

1 2 1 1 1 1

mi i ci c ci i pi wi pi ai ai si si si

i i i i i i

H m x z x k z z x F x F x M
     

             (4) 

where the notations representing the responses remain unchanged for the sake of simplicity.  

Now, consider the sensor dynamics and the interaction with the main structure. As the reference mass of the 

sensor only rotates around the joint, the joint thus undergoes one translational force si siF mz    and one 

moment siM  which can be derived as in [18]: 

 0 0cos sinsi sisi si si si
si si si si si si si si

si si

I z R I
M m R w m gR

L L
         (5) 

The Substituting Eq. (5) into Eq. (4), the governing equations of the system can be solved. The geometric 

parameters and the system property parameters are given in Table 1 and Table 2, respectively. These 

parameters may not represent a physical system but chosen to have a similar pole location of the system 

under construction in the lab. 

The frequency response of the transfer functions between the disturbances and the sensor outputs as well as 

the control forces and sensor outputs are shown in Figure 2. These curve mainly exhibits three peaks. The 

first one corresponds to the sensor resonance. In this study, the resonance frequencies of the two sensors are 

set to 0.2 Hz and 0.3 Hz, respectively, in order to investigate the influence of this imperfection to the control 

performance. The second peak at 2 Hz and the third peak at 2.5 Hz correspond to the bouncing and rocking 

modes of the platform. It can be also noted that there is one pair of complex zeros at very low frequencies. 

This occurs when the platform is under rotational excitation and the inertial sensor is with an initial tilt as 

illustrated in [18]. For the considered system, the control actuator actually drives the platform in the 

translational and rotational direction. In addition, there is also a pair of real zeros (one on the left half real 

axis and one on the right half axis) for the off-diagonal terms of the last two columns. This is because the 

initial tilt and the excitation direction are out of phase for these pairs. This right half plane zero could raise 

limitations for the control performance. If the platform is not well-tuned, the complex zeros and real zeros 

will occur simultaneously, which is not evitable. In practical applications, it is desired to pay attention to 

the tilt of the inertial sensors such that the zeros can be tuned locating out of the frequency range of interest. 

Apart from these visible resonance frequencies, there is one additional pair of complex zeros and poles for 

each row of the transfer function matrix shown in Figure 2. For example, considering the first row of the 

transfer function matrix, there exists an invisible pair complex zeros and poles around 0.3 Hz which 

corresponds to the resonance frequency of the inertial sensor 2. This is because the reference mass of the 

sensor is much smaller than that of the rest of the system whereas the zeros and the poles are cancelled out 

with each other. For the second row, there is a pair of overlapping complex zeros and poles around 0.2 Hz.  
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Figure 2: Magnitude plot of the transfer functions between the disturbances and the sensor outputs as well 

as the control inputs and the sensor outputs 

Table 1 Geometric parameters 

Components X (m) Z (m) 

spring k1 xp1=-0.5 zp1=0.03 

spring k2 xp2=0.55 zp2=0.03 

actuator a1 xa1=-0.5 za1=0.03 

actuator a2 xa2=0.55 za2=0.03 

COM of m1 xc1=0 zc1=0.04 

COM of m2 xc2=-0.45 zc2=0.06 

COM of m3 xc3=0.495 zc3=0.06 

sensor mounting point s1 xs1=-0.425  zs1=0.062 

sensor mounting point s2 xs2=0.5225  zs2=0.062 

Table 2 System parameters 

Components values unit 

spring k1 k1 = 1.0659e+03  N/m 

spring k2 k2 = 1.1725e+03 N/m 

restoring spring of sensor 1 
1 4.7374e-05k   Nm/radian 

restoring spring of sensor 1 
1 1.0659e-04k   Nm/radian 

mass m1 m1 = 3 kg 

mass m2 m2 = 5 kg 

mass m3 m3 = 5 kg 
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mass ms1 ms1 = 0.3 kg 

mass ms2 ms2 = 0.3 kg 

Rotational inertia 1m

yI  1 0.1
m

yI    kg*m^2 

Rotational inertia 2m

yI  2 0.02
m

yI    kg*m^2 

Rotational inertia 3m

yI  3m

yI  = 0.02  kg*m^2 

Rotational inertia 1sm

yI  1sm

yI  = 3e-5  kg*m^2 

Rotational inertia 2sm

yI  2sm

yI  = 3e-5  kg*m^2 

3 Control strategy 

The proposed controller consists of a state feedback controller and a decentralized controller. The 

corresponding control scheme is shown in Figure 3 where d and e  represent the disturbance and error 

vectors, G  the control plant, G  the state space model of G , X  the state vector of G , K  the state 

feedback gain and Q  the diagonal control matrix. The state feedback controller is introduced mainly aiming 

to damp the structural resonances such that the control plants are less coupled at the resonance frequencies. 

This may further facilitate the controller design for a multivariable system. In this sense, a decentralized 

controller is developed based on the modified control plants in order to reduce the sensitivity of the system 

to the disturbance.  

G

d

e
Q U

G 

-K

X

 

Figure 3 The control scheme of the proposed control strategy 

For the state space controller, a pole placement procedure is used. The estimation of the states is the key to 

this approach. In practice, only transfer functions are accessible which can be obtained for example by 

performing a system identification. Based on the measured transfer functions, the canonical formulation 

technique can be used to estimate the states. This is different to the Luenberger observer or Kalman filter, 

where no measurement outputs are used in this study. The main reason behind is that more than often the 

external disturbances are quite difficult to access whereas the convergence of the estimation cannot be 

guaranteed. After the construction of the states, a proportional controller K  is applied to place the poles of 

the system. In this study, the new poles are distributed in the left half axis in the range [0.2, 10] Hz. The 

comparison between the original control plants and the new control plants is depicted in Figure 4. The 

original complex poles are now replaced by real poles and the original zeros are preserved as the observation 

matrix is not modified. Also, two additional pairs of complex zeros are shown. This is because the original 

poles of the system around the inertial sensor resonance frequency are relocated such that they don't coincide 

with the nearby zeros anymore.   
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Figure 4 Comparison of the original control plants and the modified control plants 

Based on the new control plants, a decentralized controller is then proposed which neglects the remaining 

cross couplings. The resultant diagonal loop gain is shown in  Figure 5. It is seen that a reduction up to 50 

dB can be achieved between 10 mHz and 10 Hz. For each diagonal loop gain, the control effectiveness is 

poor around the zeros of the control plant. As a result, the total control effectiveness may be degraded around 

all the zeros presented in the control plants. The overall control performance is preliminarily assessed by 

the maximum singular values of the sensitivity   1new


I QG  which defines the worst scenario of the 

developed control system in terms of disturbance rejection. According to the singular values property, the 

following equation is used to assess the boundaries of the maximum singular values of the sensitivity: 

 
 

  
    

11 1 1

1 1
new

new newnew


 


   

 
I QG

QG QGI QG
 (6) 

where  new QG  denotes the minimal singular values of the loop gain.  

Figure 5 Open loop gain of the control pairs: (a) actuator 1 and inertial sensor 1 and (b) actuator 2 and 

inertial sensor 2 
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The results of Eq. (6) are shown in Figure 6. It can be seen that the proposed controller is not effective 

around four locations which correspond to the original system resonance frequencies. Around the sensor 

resonance frequencies, this is caused by the left uncancelled zeros as shown in Figure 4. In the same sense, 

the poor control performance at the other two locations is due to the nearby zeros. Apart from these four 

locations, the control performance also degrades at low frequencies as the decentralized loop gain is low. 

At the locations around 0.1 Hz, 1 Hz and 5 Hz, a better control performance can be expected as the system 

is at least 20 dB less sensitive to the external disturbance even for the worst scenario.     

 

Figure 6 Boundaries of the maximum singular values of the sensitivity  

The stability of the controller is checked through the closed loop poles which ensures the proposed controller 

is stable. In addition, the control performance is numerically investigated via Simulink. Two identical sets 

of white noise are injected as the translational and the rotational disturbances. Figure 7 plots the power 

spectrum density (PSD) of the two sensors when the control is off and on. As shown, a reduction up to 50 

dB can be achieved, but the vibrations around the resonance frequencies are relatively less suppressed as 

predicted by the maximum singular values of the sensitivity. In order to further improve the control 

performance, a better decentralized controller or a full multi-input-multi-output control strategy such as 

LQG or ℋ∞ controllers can be used. Another important lesson learnt in this study is the choice of the inertial 

sensors. If non-force feedback inertial sensors are employed, their resonance frequencies are desired to be 

made identical such that there will be less couplings.    

 

 

Figure 7 Power spectrum density of the two sensors: (a) inertial sensor 1 and (b) inertial sensor 2 
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4 Conclusion 

This paper has presented a numerical study of low frequency seismic isolation system using non-feedback 

inertial sensors. The first part of the paper has been dedicated to the study of the system dynamics where 

the tilt-translational coupling of the inertial sensor is considered. When the sensor is not perfectly aligned 

with gravity, it is found that a right half plane zero will be induced in certain control plants which would 

limit the maximum control gain.  A MIMO control law which combines a state feedback controller and a 

decentralized controller is then applied on the proposed actuator-sensor pairs to isolate the TDOF from 

seismic vibrations. A reduction of the transmitted motion of up to 50 dB in a frequency range from 0.1Hz 

to 10Hz is obtained. In order to further improve the control performance, it is suggested to (i) have the non-

feedback inertial sensors possessing the same natural frequencies and (ii) align carefully the sensor such 

that the tilt-translational coupling is suppressed.  
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Abstract
This paper investigates the use of Integral Force Feedback (IFF) for the active damping of rotating mechanical
systems. Guaranteed stability, typical benefit of IFF, is lost as soon as the system is rotating due to gyroscopic
effects. To overcome this issue, two modifications of the classical IFF control scheme are proposed. The first
consists of slightly modifying the control law while the second consists of adding springs in parallel with the
force sensors. Conditions for stability and optimal parameters are derived. The results reveal that, despite
their different implementations, both modified IFF control scheme have almost identical damping authority
on suspension modes.

1 Introduction

There is an increasing need to reduce the undesirable vibration of many sensitive equipment. A common
method to reduce vibration is to mount the sensitive equipment on a suspended platform which attenuates the
vibrations above the frequency of the suspension modes. In order to further decrease the residual vibrations,
active damping can be used for reducing the magnification of the response in the vicinity of the resonances.

In [1], the Integral Force Feedback (IFF) control scheme has been proposed, where a force sensor, a force
actuator and an integral controller are used to directly augment the damping of a mechanical system. When
the force sensor is collocated with the actuator, the open-loop transfer function has alternating poles and
zeros which facilitate to guarantee the stability of the closed loop system [2].

However, when the platform is rotating, gyroscopic effects alter the system dynamics and IFF cannot be
applied as is. The purpose of this paper is to study how the IFF strategy can be adapted to deal with these
Gyroscopic effects.

The paper is structured as follows. Section 2 presents a simple model of a rotating suspended platform that
will be used throughout this study. Section 3 explains how the unconditional stability of IFF is lost due to
Gyroscopic effects induced by the rotation. Section 4 suggests a simple modification of the control law such
that damping can be added to the suspension modes in a robust way. Section 5 proposes to add springs in
parallel with the force sensors to regain the unconditional stability of IFF. Section 6 compares both proposed
modifications to the classical IFF in terms of damping authority and closed-loop system behavior.
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2 Dynamics of Rotating Platforms

In order to study how the rotation does affect the use of IFF, a model of a suspended platform on top of a
rotating stage is used. Figure 1 represents the model schematically which is the simplest in which gyroscopic
forces can be studied.

Rotating Stage

Suspended Platform

Payload•
•

Fu

k

c

Fv

k
c

~ix

~iy

~iz

~iw

~iu

~iv

θ

Ω

Figure 1: Schematic of the studied System

The rotating stage is supposed to be ideal, meaning it induces a perfect rotation θ(t) = Ωt where Ω is the
rotational speed in rad s−1.

The suspended platform consists of two orthogonal actuators represented by three elements in parallel: a
spring with a stiffness k in N m−1, a dashpot with a damping coefficient c in N m−1 s and an ideal force
source Fu, Fv. A payload with a mass m in kg, representing the sensitive equipment, is mounted on the
(rotating) suspended platform.

Two reference frames are used: an inertial frame (~ix,~iy,~iz) and a uniform rotating frame (~iu,~iv,~iw) rigidly
fixed on top of the rotating stage with ~iw aligned with the rotation axis. The position of the payload is
represented by (du, dv, 0) expressed in the rotating frame.

To obtain the equations of motion for the system represented in Figure 1, the Lagrangian equations are used:

d

dt

(
∂L

∂q̇i

)
+
∂D

∂q̇i
− ∂L

∂qi
= Qi (1)

with L = T − V the Lagrangian, T the kinetic coenergy, V the potential energy, D the dissipation function,
and Qi the generalized force associated with the generalized variable

[
q1 q2

]
=
[
du dv

]
. The equation of

motion corresponding to the constant rotation in the (~ix,~iy) plane is disregarded as the motion is considered
to be imposed by the rotation stage.

T =
1

2
m

((
ḋu − Ωdv

)2
+
(
ḋv + Ωdu

)2
)
, V =

1

2
k
(
du

2 + dv
2
)
,

D =
1

2
c
(
ḋu

2 + ḋv
2
)
, Q1 = Fu, Q2 = Fv

(2)
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Substituting equations (2) into (1) for both generalized coordinates gives two coupled differential equations

md̈u + cḋu + (k −mΩ2)du = Fu + 2mΩḋv (3a)

md̈v + cḋv + (k−mΩ2
︸ ︷︷ ︸
Centrif.

)dv = Fv − 2mΩḋu︸ ︷︷ ︸
Coriolis

(3b)

The uniform rotation of the system induces two Gyroscopic effects as shown in (3):

• Centrifugal forces: that can been seen as added negative stiffness −mΩ2 along~iu and~iv
• Coriolis Forces: that couples the motion in the two orthogonal directions

To study the dynamics of the system, the differential equations of motions (3) are transformed in the Laplace
domain and the 2× 2 transfer function matrix Gd from

[
Fu Fv

]
to
[
du dv

]
is obtained

[
du
dv

]
= Gd

[
Fu
Fv

]
(4)

Gd =




ms2+cs+k−mΩ2

(ms2+cs+k−mΩ2)2+(2mΩs)2
2mΩs

(ms2+cs+k−mΩ2)2+(2mΩs)2

−2mΩs
(ms2+cs+k−mΩ2)2+(2mΩs)2

ms2+cs+k−mΩ2

(ms2+cs+k−mΩ2)2+(2mΩs)2


 (5)

To simplify the analysis, the undamped natural frequency ω0 and the damping ratio ξ are used

ω0 =

√
k

m
in rad s−1, ξ =

c

2
√
km

(6)

The transfer function matrix Gd becomes equal to

Gd =
1

k
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2 +2ξ s
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)2
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2 Ω
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s
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)2
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ω0
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2

)2
+
(

2 Ω
ω0
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ω0

)2

−2 Ω
ω0

s
ω0(

s2

ω0
2 +2ξ s

ω0
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ω0
2
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+
(

2 Ω
ω0

s
ω0

)2

s2

ω0
2 +2ξ s

ω0
+1− Ω2

ω0
2

(
s2

ω0
2 +2ξ s

ω0
+1− Ω2

ω0
2

)2
+
(

2 Ω
ω0

s
ω0

)2




(7)

For all further numerical analysis in this study, we consider ω0 = 1 rad s−1, k = 1 N m−1 and ξ = 0.025 =
2.5 %. Even though no system with such parameters will be encountered in practice, conclusions can be
drawn relative to these parameters such that they can be generalized to any other set of parameters.

The poles of Gd are the complex solutions p of

(
p2

ω0
2

+ 2ξ
p

ω0
+ 1− Ω2

ω0
2

)2

+

(
2

Ω

ω0

p

ω0

)2

= 0 (8)

Supposing small damping (ξ � 1), two pairs of complex conjugate poles are obtained:

p+ = −ξω0

(
1 +

Ω

ω0

)
± jω0

(
1 +

Ω

ω0

)
(9a)

p− = −ξω0

(
1− Ω

ω0

)
± jω0

(
1− Ω

ω0

)
(9b)

The real part and complex part of these two pairs of complex conjugate poles are represented in Figure 2 as
a function of the rotational speed Ω. As the rotational speed increases, p+ goes to higher frequencies and p−
to lower frequencies. The system becomes unstable for Ω > ω0 as the real part of p− is positive. Physically,
the negative stiffness term −mΩ2 induced by centrifugal forces exceeds the spring stiffness k.

ACTIVE VIBRATION CONTROL 47



In the rest of this study, rotational speeds smaller than the undamped natural frequency of the system are
assumed (Ω < ω0).

(a) Real Part (b) Imaginary Part

Figure 2: Campbell Diagram : Evolution of the complex and real parts of the system’s poles as a function of
the rotational speed Ω

Looking at the transfer function matrix Gd in Eq. (7), one can see that the two diagonal (direct) terms are
equal and the two off-diagonal (coupling) terms are opposite. The bode plot of these two terms are shown
in Figure 3 for several rotational speeds Ω. These plots confirm the expected behavior: the frequency of the
two pairs of complex conjugate poles are further separated as Ω increases. For Ω > ω0, the low frequency
pair of complex conjugate poles p− becomes unstable.

(a) Direct Terms du/Fu, dv/Fv (b) Coupling Terms dv/Fu, −du/Fv

Figure 3: Bode Plots for Gd for several rotational speed Ω
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3 Decentralized Integral Force Feedback

In order to apply IFF to the system, force sensors are added in series with the two actuators (Figure 4). As
this study focuses on decentralized control, two identical controllers KF are used to feedback each of the
sensed force to its associated actuator and no attempt is made to counteract the interactions in the system.
The control diagram is schematically shown in Figure 5.

Rotating Stage

Suspended Platform

Payload•
•

k

k
KF fu

Fu
−

KF

fv

Fv

−

~ix

~iy

~iz

~iw

~iu

~iv

θ
•

Ω

Figure 4: System with added Force Sensor in series
with the actuators

KF

Gf

KF

KF

Fu

−
Fv

−

fu

fv

Figure 5: Control Diagram for decentralized IFF

The forces
[
fu fv

]
measured by the two force sensors represented in Figure 4 are equal to

[
fu
fv

]
=

[
Fu
Fv

]
− (cs+ k)

[
du
dv

]
(10)

Inserting (7) into (10) yields
[
fu
fv

]
= Gf

[
Fu
Fv

]
(11)

Gf =
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(12)

The zeros of the diagonal terms of Gf are equal to (neglecting the damping for simplicity)

zc = ±jω0

√√√√1

2

√
8

Ω2

ω0
2

+ 1 +
Ω2

ω0
2

+
1

2
(13a)

zr = ±ω0

√√√√1

2

√
8

Ω2

ω0
2

+ 1− Ω2

ω0
2
− 1

2
(13b)

The frequency of the pair of complex conjugate zeros zc (13a) always lies between the frequency of the two
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pairs of complex conjugate poles p− and p+ (9).

For non-null rotational speeds, two real zeros zr (13b) appear in the diagonal terms inducing a non-minimum
phase behavior. This can be seen in the Bode plot of the diagonal terms (Figure 6) where the low frequency
gain is no longer zero while the phase stays at 180°.

The low frequency gain of Gf increases with the rotational speed Ω

lim
ω→0
|Gf (jω)| =

[
Ω2

ω0
2−Ω2 0

0 Ω2

ω0
2−Ω2

]
(14)

This can be explained as follows: a constant force Fu induces a small displacement of the mass du = Fu
k−mΩ2 ,

which increases the centrifugal force mΩ2du = Ω2

ω0
2−Ω2Fu which is then measured by the force sensors.

Figure 6: Bode plot of the dynamics from a force actuator to its collocated force sensor (fu/Fu, fv/Fv) for
several rotational speeds Ω

The two IFF controllers KF consist of a pure integrator

KF (s) =

[
KF (s) 0

0 KF (s)

]
, KF (s) = g · 1

s
(15)

where g is a scalar representing the gain of the controller.

In order to see how the IFF affects the poles of the closed loop system, a Root Locus plot (Figure 7) is
constructed as follows: the poles of the closed-loop system are drawn in the complex plane as the controller
gain g varies from 0 to∞ for the two controllers KF simultaneously. As explained in [3, 4], the closed-loop
poles start at the open-loop poles (shown by ) for g = 0 and coincide with the transmission zeros (shown
by ) as g →∞. The direction of increasing gain is indicated by arrows .

Whereas collocated IFF is usually associated with unconditional stability [5], this property is lost as soon as
the rotational speed in non-null due to gyroscopic effects. This can be seen in the Root Locus plot (Figure
7) where the poles corresponding to the controller are bound to the right half plane implying closed-loop
system instability.

Physically, this can be explain like so: at low frequency, the loop gain is very large due to the pure integrators
in KF . The control system is thus canceling the spring forces which makes the suspended platform no able
to hold the payload against centrifugal forces, hence the instability.
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Figure 7: Root Locus: evolution of the closed-loop poles with increasing controller gains g

In order to apply decentralized IFF on rotating platforms, two solutions are proposed to deal with this insta-
bility problem. The first one consists of slightly modifying the control law (Section 4) while the second one
consists of adding springs in parallel with the force sensors (Section 5).

4 Integral Force Feedback with High Pass Filter

As was explained in the previous section, the instability comes in part from the high gain at low frequency
caused by the pure integrators.

In order to limit this low frequency controller gain, an high pass filter (HPF) can be added to the controller

KF (s) = g · 1

s
· s/ωi

1 + s/ωi︸ ︷︷ ︸
HPF

= g · 1

s+ ωi
(16)

This is equivalent to slightly shifting the controller pole to the left along the real axis.

This modification of the IFF controller is typically done to avoid saturation associated with the pure integrator
[5]. This is however not the case in this study as it will become clear in the next section.

The loop gains, KF (s) times the direct dynamics fu/Fu, with and without the added HPF are shown in
Figure 8. The effect of the added HPF limits the low frequency gain as expected.

The Root Loci for the decentralized IFF with and without the HPF are displayed in Figure 9. With the added
HPF, the poles of the closed loop system are shown to be stable up to some value of the gain gmax

gmax = ωi

(
ω0

2

Ω2
− 1

)
(17)

It is interesting to note that gmax also corresponds to the gain where the low frequency loop gain (Figure 8)
reaches one.
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Figure 8: Modification of the loop gain with the
added HFP, g = 2, ωi = 0.1ω0 and Ω = 0.1ω0

Figure 9: Modification of the Root Locus with the
added HPF, ωi = 0.1ω0 and Ω = 0.1ω0

Two parameters can be tuned for the modified controller (16): the gain g and the pole’s location ωi. The
optimal values of ωi and g are here considered as the values for which the damping of all the closed-loop
poles are simultaneously maximized.

In order to visualize how ωi does affect the attainable damping, the Root Loci for several ωi are displayed in
Figure 10. It is shown that even though small ωi seem to allow more damping to be added to the suspension
modes, the control gain g may be limited to small values due to (17).

Figure 10: Root Locus for several HPF cut-off frequencies ωi, Ω = 0.1ω0

In order to study this trade off, the attainable closed-loop damping ratio ξcl is computed as a function of
ωi/ω0. The gain gopt at which this maximum damping is obtained is also displayed and compared with the
gain gmax at which the system becomes unstable (Figure 11).

Three regions can be observed:

• ωi/ω0 < 0.02: the added damping is limited by the maximum allowed control gain gmax

• 0.02 < ωi/ω0 < 0.2: the attainable damping ratio is maximized and is reached for g ≈ 2

• 0.2 < ωi/ω0: the added damping decreases as ωi/ω0 increases
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Figure 11: Attainable damping ratio ξcl as a function of ωi/ω0. Corresponding control gain gopt and gmax are
also shown

5 Integral Force Feedback with Parallel Springs

In this section additional springs in parallel with the force sensors are added to counteract the negative
stiffness induced by the rotation. Such springs are schematically shown in Figure 12 where ka is the stiffness
of the actuator and kp the stiffness in parallel with the actuator and force sensor.

Amplified piezoelectric stack actuators can also be used for such purpose where a part of the piezoelectric
stack is used as an actuator while the rest is used as a force sensor [6]. The parallel stiffness kp then
corresponds to the amplification structure. An example of such system is shown in Figure 13.

Rotating Stage

Suspended Platform

Payload

fu

fv

Fu

ka

kp

Fv

ka
kp

~ix

~iy

~iz

~iw

~iu

~iv

θ
•

Ω

Figure 12: Studied system with additional springs in
parallel with the actuators and force sensors

Figure 13: XY Piezoelectric Stage (XY25XS from
Cedrat Technology)

The forces
[
fu fv

]
measured by the two force sensors represented in Figure 12 are equal to

[
fu
fv

]
=

[
Fu
Fv

]
− (cs+ ka)

[
du
dv

]
(18)

In order to keep the overall stiffness k = ka + kp constant, thus not modifying the open-loop poles as kp is
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changed, a scalar parameter α (0 ≤ α < 1) is defined to describe the fraction of the total stiffness in parallel
with the actuator and force sensor

kp = αk, ka = (1− α)k (19)

The equations of motion are derived and transformed in the Laplace domain
[
fu
fv

]
= Gk

[
Fu
Fv

]
(20)

Gk =
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(21)

Comparing Gk (21) with Gf (12) shows that while the poles of the system are kept the same, the zeros of the
diagonal terms have changed. The two real zeros zr (13b) that were inducing non-minimum phase behavior
are transformed into complex conjugate zeros if the following condition hold

α >
Ω2

ω0
2
⇔ kp > mΩ2 (22)

Thus, if the added parallel stiffness kp is higher than the negative stiffness induced by centrifugal forcesmΩ2,
the direct dynamics from actuator to force sensor will show minimum phase behavior. This is confirmed by
the Bode plot of the direct dynamics in Figure 14.

Figure 15 shows Root Loci plots for kp = 0, kp < mΩ2 and kp > mΩ2 whenKF is a pure integrator (15). It
is shown that if the added stiffness is higher than the maximum negative stiffness, the poles of the closed-loop
system stay in the (stable) right half-plane, and hence the unconditional stability of IFF is recovered.

Figure 14: Bode Plot of fu/Fu without paral-
lel spring, with parallel springs with stiffness
kp < mΩ2 and kp > mΩ2, Ω = 0.1ω0

Figure 15: Root Locus for IFF without parallel spring,
with parallel springs with stiffness kp < mΩ2 and kp >
mΩ2, Ω = 0.1ω0

Even though the parallel stiffness kp has no impact on the open-loop poles (as the overall stiffness k stays
constant), it has a large impact on the transmission zeros. Moreover, as the attainable damping is generally
proportional to the distance between poles and zeros [7], the parallel stiffness kp is foreseen to have a large
impact on the attainable damping.

To study this effect, Root Locus plots for several parallel stiffnesses kp > mΩ2 are shown in Figure 16.
The frequencies of the transmission zeros of the system are increasing with the parallel stiffness kp and the
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associated attainable damping is reduced. Therefore, even though the parallel stiffness kp should be larger
than mΩ2 for stability reasons, it should not be taken too high as this would limit the attainable bandwidth.

This is confirmed in Figure 17 where the attainable closed-loop damping ratio ξcl and the associated control
gain gopt are computed as a function of α.

Figure 16: Comparison the Root Locus for three
parallel stiffnessses kp

Figure 17: Optimal Damping Ratio ξopt and the cor-
responding optimal gain gopt as a function of α

6 Comparison and Discussion

Two modifications to adapt the IFF control strategy to rotating platforms have been proposed in Sections
4 and 5. These two methods are now compared in terms of added damping, closed-loop compliance and
transmissibility.

For the following comparisons, the cut-off frequency for the HPF is set to ωi = 0.1ω0 and the stiffness of
the parallel springs is set to kp = 5mΩ2.

Figure 18 shows the Root Loci for the two proposed IFF modifications. While the two pairs of complex
conjugate open-loop poles are identical for both techniques, the transmission zeros are not. This means that
the closed-loop behavior of both systems will differ when large control gains are used.

One can observe that the closed loop poles of the system with added springs (in red) are bounded to the
left half plane implying unconditional stability. This is not the case for the system where the controller is
augmented with an HPF (in blue).

It is interesting to note that the maximum added damping is very similar for both techniques and is reached
for the same control gain gopt ≈ 2ω0.

The two proposed techniques are now compared in terms of closed-loop transmissibility and compliance.

The transmissibility is defined as the transfer function from the displacement of the rotating stage to the dis-
placement of the payload. It is used to characterize how much vibration is transmitted through the suspended
platform to the payload.

The compliance describes the displacement response of the payload to external forces applied to it. This is a
useful metric when disturbances are directly applied to the payload.

The two techniques are also compared with passive damping (Figure 1) where the damping coefficient c is
tuned to critically damp the resonance when the rotating speed is null.

ccrit = 2
√
km (23)
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Figure 18: Root Locus for the two proposed modifications of decentralized IFF, Ω = 0.1ω0

Very similar results are obtained for the two proposed IFF modifications in terms of transmissibility (Figure
19a) and compliance (Figure 19b). It is also confirmed that these two techniques can significantly damp the
suspension modes.

(a) Transmissibility (b) Compliance

Figure 19: Comparison of the two proposed Active Damping Techniques, Ω = 0.1ω0

On can see in Figure 19a that the problem of the degradation of the transmissibility at high frequency when
using passive damping techniques is overcome by the use of IFF.

The addition of the HPF or the use of the parallel stiffness permit to limit the degradation of the compliance
as compared with classical IFF (Figure 19b).
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7 Conclusion

Due to gyroscopic effects, decentralized IFF with pure integrators was shown to be unstable when applied
to rotating platforms. Two modifications of the classical IFF control have been proposed to overcome this
issue.

The first modification concerns the controller and consists of adding an high pass filter to the pure integrators.
This is equivalent as to moving the controller pole to the left along the real axis. This renders the closed loop
system stable up to some value of the controller gain gmax.

The second proposed modification concerns the mechanical system. Additional springs are added in parallel
with the actuators and force sensors. It was shown that if the stiffness kp of the additional springs is larger
than the negative stiffness mΩ2 induced by centrifugal forces, the classical decentralized IFF regains its
unconditional stability property.

While having very different implementations, both proposed modifications are very similar when it comes to
the attainable damping and the obtained closed loop system behavior.

Future work will focus on the experimental validation of the proposed active damping techniques.

The Matlab code that was used for this study is available under a MIT License and archived in Zenodo [8].
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Abstract 
In this study, we discussed the characteristics of an active noise control for plane sound waves using an on-

axis parametric speaker. The characteristics of parametric speakers are determined in a numerical simulation 

using the Khokhlov–Zabolotskaya–Kuznetov equation. The amplitude and phase of the speaker are 

calculated and compared with those of a plane wave and a point sound source. The phase characteristics of 

the parametric and ordinary speakers are similar. However, the amplitude change of the parametric speaker 

is less than that of the ordinary speaker. Hence, the reduction area of the parametric speaker spreads 

significantly. The identified characteristics are confirmed experimentally. 

1 Introduction 

Owing to their sharp directivity, parametric speakers using ultrasonic waves modulated by audio sound 

signals from an array transmitter have attracted significant attention in the sound industry [1-7]. Although 

used to direct sound within a specific area, such systems can also reduce sounds generated by other sources 

by generating soundwaves with opposite phases [7-12].  Reducing the sound pressure from a distant noise 

source is desired in some situations. For example, the sound of dam-discharge warning systems should be 

reduced in private dwellings near a warning area. Parametric speakers can effectively reduce noise in 

specific areas. It has been reported that sound generated by a parametric speaker is more suitable for 

reducing plane sound waves than spherical waves generated by ordinary speakers [12]. In the active noise 

control of a plane wave over a wide area, amplitude and phase characteristics of the control audio signal 

that are similar to those of the noise audio signal are required. The amplitude should be constant over a wide 

area, and the phase should change linearly with the distance at the angular wavenumber rate. Such audio 

signals are a point source of sound that is placed distantly on the axis. The amplitude and phase of the sound 

wave generated by a parametric speaker change in a complex manner. Although it was reported that 

parametric speaker control reduces the noise sound pressure in an area wider than that of the ordinary 

speaker control, the mechanism has not been discussed.  

Herein, the characteristics of an active noise control for plane sound waves using an on-axis parametric 

speaker are discussed. The characteristics of parametric speakers are determined in a numerical simulation 

using the Khokhlov–Zabolotskaya–Kuznetov (KZK) equation. The amplitude and phase of the speaker were 

calculated and compared with those of a plane wave and a point sound source. The wide reduction area 

obtained by the parametric speaker is discussed. The identified characteristics were confirmed 

experimentally. 
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2 Numerical simulation of parametric speaker 

2.1 Theory 

The soundwave generated by the parametric speaker was calculated using the following KZK equation and 

transformed beam equation [4,13-15]: 
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The variables are defined as follows: 

�̅�: Sound pressure normalized by reference sound pressure. 𝑝0 

𝜔𝑝: Angular frequency of first-order parametric sound 

𝑡: Time 

𝑐0: Sound velocity 

𝜉 =
𝑟

𝑎
: Radial distance from central axis normalized by radius of circular sound source 𝑎 

𝜎 =
𝑧

𝑅𝑑𝑚
: Axial distance normalized by Rayleigh length on ultrasonic center frequency 𝑅𝑑𝑚 

𝜔𝑚 m : Absorption coefficient at center frequency of ultrasonic sound 

dm

sm
Dm

R

x
 : Shock formation distance, normalized by Rayleigh length on ultrasonic center frequency 𝑅𝑑𝑚 

The Rayleigh length 𝑅𝑑𝑚, absorption coefficient, 𝛼𝑚 and shock formation distance 𝑥𝑠𝑚 are calculated as 

follows, respectively: 

 𝑅𝑑𝑚 =
𝜔𝑚

2𝑐0
𝑎2 (8) 

 𝛼𝑚 = 1 × 10−10𝑓𝑚
2 (9) 

 𝑥𝑠𝑚 =
𝜌0𝑐0

3

𝛽𝜔𝑚𝑝0
 (10) 

where 𝜌0 is the air density, and 𝛽 is a nonlinear coefficient. 

  

60 PROCEEDINGS OF ISMA2020 AND USD2020



Taking the Fourier transform of T,  

 𝑇(𝜏𝑝, 𝜉, 𝜎) =∑ [𝑔𝑛(𝜉, 𝜎)sin𝑛𝜏𝑝 + ℎ𝑛(𝜉, 𝜎)cos𝑛𝜏𝑝]
𝑛

 (11) 

The sound pressure with angular frequency 𝑛𝜔𝑝 is described as follows:  

 �̅�𝑛(𝜏, 𝜉, 𝜎) =
𝑔𝑛(𝜉,𝜎)sin𝑛𝜏𝑝+ℎ𝑛(𝜉,𝜎)cos𝑛𝜏𝑝

1+𝜎
 (12) 

The sound pressure and phase were calculated using this equation. 

The ultrasonic sound was amplitude modulated (AM) by an audible sound as follows: 

 
�̅� = �̅�𝑚

1

2
(1 + 𝐴cos𝜔𝑠𝑡)sin𝜔0𝑡

= �̅�𝑚 {
𝐴

4
{sin(𝜔0 +𝜔𝑠)𝑡 + sin(𝜔0 − 𝜔𝑠)𝑡} +

sin𝜔0𝑡

2
}
 (13) 

Here, 𝜔0  and 𝜔𝑠  are the angular frequencies of the carrier (ultrasonic sound) and modulation (audible 

sound) signals, respectively; A is the amplitude modulation factor; �̅�𝑚is the amplitude of the carrier signal. 

The speaker transmitting the AM signal was placed at a normalized distance of 0 in the axial direction, 

i.e., 𝑢 = 𝜉 =
𝑟

𝑎
. Therefore, the boundary conditions are as follows: 

 

{
 
 
 
 
 
 

 
 
 
 
 
 𝑔𝑚−1(𝑢, 0) = �̅�𝑚

𝐴

4
cos (

𝑛𝑚−1

𝑛𝑚
𝑢2)

𝑔𝑚(𝑢, 0) = �̅�𝑚
1

2
cos(𝑢2)

𝑔𝑚+1(𝑢, 0) = �̅�𝑚
𝐴

4
cos (

𝑛𝑚+1

𝑛𝑚
𝑢2)

𝑔𝑛≠𝑚−1,𝑚,𝑚+1(𝑢, 0) = 0

ℎ𝑚−1(𝑢, 0) = �̅�𝑚
𝐴

4
sin (

𝑛𝑚−1

𝑛𝑚
𝑢2)

ℎ𝑚(𝑢, 0) = �̅�𝑚
1

2
sin(𝑢2)

ℎ𝑚+1(𝑢, 0) = �̅�𝑚
𝐴

4
sin (

𝑛𝑚+1

𝑛𝑚
𝑢2)

ℎ𝑛≠𝑚−1,𝑚,𝑚+1(𝑢, 0) = 0

 1u  (14) 

 {
𝑔𝑛(𝑢, 0) = 0

ℎ𝑛(𝑢, 0) = 0
 1u  (15) 

 

By solving the KZK equation subjected to Eqs. (14) and (15), we obtained the sound pressure and phase of 

the parametric speaker and then added the sound wave to the noise. The parametric effect of the noise was 

negligibly small and therefore disregarded in this equation. 

2.2 Characteristics of parametric speaker 

The wave generated by the parametric speaker was calculated using the Richtmyer method [4]. The primary 

calculation parameters and their values are listed in Table 1. We assumed a circular parametric sound source 

with a radius of 7.5 cm. The other parameters (see Table 2) were calculated from the parameters above. 

Figure 1 shows the calculated sound pressures of the parametric speaker at audible sounds of 1 kHz. The 

directivity of the audible sound was within 10 deg. (half width, half maximum). The sound was limited to 

an extremely small area. 
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Table 1: Primary parameters used in calculation. 

Center angular frequency of the ultrasonic sound 𝜔𝑚 40 kHz 

Amplitude modulation factor A 0.5 

Radius of the circular sound source a 7.5 cm 

Sound pressure of the ultrasonic sound 𝑝0 120 dB S.P.L. 

Sound speed 𝑐0 345 m/s 

Air density 𝜌0 1.2 kg/m3 

Nonlinear coefficient 𝛽 1.2 

 

Table 2: Derived calculation parameters in the calculation. 

Rayleigh length 𝑅𝑑𝑚 131 (cm) 

Shock formation distance 𝑥𝑠𝑚 10.28 (cm) 

Shock formation distance normalized by the Rayleigh length on the 

ultrasonic center frequency 𝜎𝐷𝑚 

0.0784 

Ultrasonic absorption coefficient 𝛼𝑚 0.16 

 

 

Fig. 1: Calculated audible sound pressure of parametric speaker at audible sounds of 1 kHz. Horizontal and 

vertical axes represent central (speaker) axis and radial direction, respectively. 

Figure 2 shows a plot of the 1 kHz sound pressure versus the axial distance from the parametric speaker. 

The sound pressure is little reduced over the short distance. Figure 3 shows the sound pressure attenuation 

factor of the parametric speaker along the central axis. Over distances shorter than 6 m, the attenuation factor 

of the parametric speaker was smaller than that of the ordinary point source (which attenuates by 20 dB/dec). 
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Fig. 2: Sound pressure of 1 kHz audible signal 

versus distance along central axis of parametric 

speaker. 

Fig. 3: Attenuation factor of 1 kHz signal along 

central axis of parametric speaker. 

Next, we consider a point sound source located behind the real speaker position having the same reduction 

rates with those of these sounds as virtual sound source. At (0, z), the attenuation factor 𝑓𝑎(𝑧) is expressed 

as  

 𝑓𝑎(𝑧) = −
𝑑𝑃(𝑧)

𝑑 log𝑧
, (16) 

where P(z) is the sound pressure. For a point sound source located at the virtual position (0,-, we have 

 −
𝑑𝑃(𝑧)

𝑑 log(𝛼+𝑧)
= 20 (17) 

Therefore, the virtual sound position is calculated as follows:  

 α = (
20

𝑓𝑎(𝑧)
− 1) z (18) 

 

The virtual point of the sound source was calculated for a 1 kHz parametric speaker and is plotted as a 

function of axial distance in Fig. 4. A plane wave arriving from a distant source exerts a constant sound 

pressure (i.e., its attenuation factor is 0 dB/dec). To generate such a soundwave, the apparent position of the 

control sound source should be far from the control point. Therefore, over short distances, the parametric 

speaker can more effectively control plane-wave noises than a spherical sound source generated by an 

ordinary speaker. 

 

 

Fig. 4: Calculated virtual point of sound source of parametric speaker emitting at 1 kHz. 
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The phase of the control sound is an important factor in determining the characteristics of active noise 

canceling. Figure 5 shows how the phase of a 1 kHz sound from the parametric speaker depends on the 

distance along the central axis. The plot is linear with a slope of −1.04 × 104 deg./m. The same slope was 

observed for ordinal sound sources (−360 deg. 𝜆⁄ = −1.04 × 104 deg./m), confirming that the phases of 

the sounds generated by the parametric speaker and the ordinal source exhibit the same characteristics along 

the central axis. Therefore, if a soundwave from the parametric speaker and a plane soundwave are 

oppositely phased at a specific point on the central axis, the two phases oppose at any point along that axis. 

Figure 6 shows the variation in phase difference at a point (relative to the phase on the central axis) with the 

angular direction. The point was 3 m from the center of the speaker, and the sound frequency was 1 kHz. 

The phase differences of the spherical and plane soundwaves are shown. The phase difference was 0 deg. 

in all directions for spherical waves and decreased with increasing angular direction for plane waves. The 

phase-difference characteristics of the soundwaves generated by the parametric speaker and spherical wave 

source were similar. Therefore, even when the phases of the sounds generated from the two sources oppose 

at a specific point on the central axis, they do not oppose at the off-central point. Figure 7 shows the phase 

differences of the 1 kHz sound at 1, 3, and 5 m from the speaker. The behaviors were similar at the three 

distances.  

 

 

Fig. 5: Phase of audible (1 kHz) signal from parametric speaker versus distance along central axis. 

  

Fig. 6: Phase difference (relative to phase along 

central axis) versus angular direction at a point 3 m 

from the center of the speaker; sound frequency is 

1 kHz. Phase differences of spherical and plane 

soundwaves are shown. 

Fig. 7: Phase differences at 1, 3, and 5 m from 

speaker; sound frequency is 1 kHz. 

64 PROCEEDINGS OF ISMA2020 AND USD2020



For the active noise control of the plane sound wave, the control soundwave should exert a constant sound 

pressure over a wide area, and its phase should oppose the noise phase. The phase of the spherical control 

wave opposes the noise phase at any point along the central axis but not along an off-central axis. If the 

control soundwave overlaps the plane soundwave in phase, the sound pressure exceeds that of the original 

plane sound. Furthermore, the sound pressure changes with distance from the control speaker. Therefore, 

spherical waves are unsuitable for the active noise control of plane soundwaves. Meanwhile, the sound 

pressure of the parametric speaker is reasonably constant along the central axis at distances below 6 m. 

Although the phases do not exactly oppose along the off-central axes, the sound pressure of the parametric 

speaker is small within the area. Even if the control and noise sounds overlap in phase, the sound pressure 

does not increase. Therefore, the sound generated by the parametric speaker is more suitable for reducing 

plane soundwaves than the spherical waves generated by ordinary speakers. 

2.3 Characteristics of active noise control 

Figures 8 show the sound pressure levels normalized by the pressure of the plane wave in active noise 

control by a parametric speaker (a) and an ordinary speaker (b). The reduction point was 5 m on the central 

axis, and the frequency was 1 kHz. The pressure level enlarges around the reduction point under spherical-

wave control but remained low under the proposed control. At distances below 2 m, the spherical wave 

enlarges the sound pressure above the original pressure of the plane wave, but the parametric wave reduced 

the original pressure. Although the parametric wave narrows the reduction area, it reduced the sound 

pressure to less that of the original soundwave in all directions. On the other hand, the spherical wave 

doubled the sound pressure level in the worst-case scenario. That is, the active noise control by the 

parametric speaker had a wide reduction area along the central axis and reduced the sound pressure around 

the reduction area. These characteristics can be explained by the results obtained in the previous section. 

The phase characteristics of the parametric and ordinary speakers were similar. However, the amplitude 

change of the parametric speaker was less than that of the ordinary speaker. Although a phase mismatch 

occurred outside the reduction area, the sound pressure of the parametric speaker was low and enlarge of 

the noise sound does not occurs as the system using an ordinary speaker. 

 

  

(a) Parametric speaker (b) Ordinary speaker 

Fig. 8: Sound pressure level normalized by plane-wave pressure in active noise control using parametric 

speaker (a) and ordinary speaker (b). Reduction point is 5 m on the central axis; frequency is 1 kHz. 
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3 Experimental 

3.1 Experimental setup 

Figure 9 shows the experimental setup with two speakers: an ordinary speaker used as an original sound 

source (noise speaker) and a control speaker (a parametric or ordinary speaker) that reduced the original 

sound. The noise speaker was placed 10 m behind the control speaker. A microphone (Type 46BE 1/ 4-inch, 

dynamic range 4 Hz–80 kHz, by GRAS Inc.) was placed in front of the control speaker at (x, y, z) = (0–3 

m, 0 m, 4–6 m). The noise sound pressure decreased by 0.5 dB between (x, z) = (0 m, 5 m) and (x, z) = (0 

m, 6 m). The noise was approximately a plane wave. The height of the noise speaker, control speaker, and 

microphone was 1.5 m. To prevent the direct input of the ultrasonic sound into the microphone, we placed 

a sound absorber (10 cm × 10 cm) 10 cm in front of the microphone. The output signal from the microphone 

was converted into a digital signal with a sampling rate of 102.4 kbps and 24-bit resolution using an A/D 

converter (NI USB-4431; National Instruments Co.). After the digital signal was passed through a bandpass 

filter, it was observed on a personal computer using a signal processing application (NI Sound and Vibration 

Suite; National Instruments Co.). The ordinary speaker was a cone-type speaker with a diameter of 20 cm. 

The parametric speaker (AS195A; Nippon Ceramic Co.) comprised 195 ultrasonic transducer elements. The 

ultrasonic transducer elements (T4010B4; Nippon Ceramic Co.) were arranged hexagonally in a circle of 

diameter 15 cm. The parametric speaker was driven by a class-D amplifier with an AM signal operated by 

a 40-kHz carrier signal [16]. The single-frequency audio signal, pulse-modulated with a width of 50 ms, 

was generated using an oscillator and fed into the noise speaker. After adjusting the time delay and amplitude 

until the pressure became small at the point (x, z) = (0 cm, 5 m), this signal was then fed into the control 

speaker. 

 

Fig. 9: Setup of noise-control experiment. 

3.2 Characteristics of parametric speaker 

Figures 10 show the measured sound pressures generated by the parametric speaker (a) and ordinary speaker 

(b) at 1 kHz. The microphone was set at x = 0, 25, 50, 100, 150, 200, 250, and 300 cm and at z = 4.0, 4.5, 

5.0, 5.5, and 6.0 m, and the pressures were interpolated between these points. All pressures were normalized 

by the sound pressure at (x, z) = (0 cm, 5 m). The sound divergence of the parametric speaker was below 50 

cm in the radial direction, which agreed well with the numerical simulations. The behavior of the ordinary 

speaker resembled that of a spherical wave. The sound was widely spread, and its pressure decreased with 

increasing distance from the speaker. 

Figure 11 shows a plot of the normalized sound pressures of the 1 kHz signal generated by the parametric 

and ordinary speakers versus distance along the central axis. At distances below 5.5 m, the sound pressure 
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change of the parametric speaker was smaller than that of the ordinary speaker, consistent with the numerical 

simulations. 

 

  

(a) Parametric speaker (b) Ordinary speaker 

Fig. 10: Measured sound pressure generated by parametric and ordinary speakers operated at 1 kHz, 

normalized by sound pressure at (x, z) = (0 cm, 5 m). 

 

 

Fig. 11: Dependences of sound pressures generated by parametric and ordinary speakers on distance along 

central axis, normalized by sound pressure at (x, z) = (0 cm, 5 m). The sound frequency was 1 kHz.  

Figure 12 shows the phase differences of the 1 kHz soundwaves generated by the parametric speaker, 

relative to the phase at (0 cm, 5 m). The results were interpolated between the measurement points. Panels 

(a) and (b) of Figures 13 show the phase differences at different distances along the central axis and at 5 m 

from the center of the parametric speaker, respectively. Along the center axis, the phase decreased at -1050 

deg./m, consistent with the phase change of spherical and plane waves (-1 kHz×360 deg./345 m = -1040 

deg./m). At a fixed distance (5 m) from the speaker, the phase was almost constant. The measurement error 

was 1 kHz × 360 deg. × 0.05 m/345 ms-1 = 50 deg. (where 0.05 m is the microphone positioning error). 

Therefore, the phase of the sound generated by the parametric speaker behaved similarly to that of the 

spherical waves. This is consistent with the simulation results. 
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Fig. 12: Measured phase difference of 1 kHz sound wave generated by parametric speaker, relative to the 

phase at (0 cm, 5 m). 

 

  

(a) Along central axis (b) At 5 m from center of parametric speaker. 

Fig. 13: Measured phase differences of sound generated by parametric speaker (relative to phase at (0 

cm, 5 m)) (a) along central axis and (b) at 5 m from center of parametric speaker. 

3.3 Active noise control 

Active noise control was performed using a parametric speaker and (for comparison) an ordinary speaker. 

Figure 14 (a) shows the measured reduction rate of 1 kHz sound controlled by an ordinary speaker. Although 

the sound was successfully reduced along the center axis, the sound pressures of the 1 kHz signal  increased 

in the 17 deg. direction. Figure 14 (b) shows the measured reduction rates during the active control of 1 kHz 

noise by a parametric speaker. The sound pressure was reduced along the central axis. Although phase 

mismatch was not eliminated by the parametric speaker, the sound pressure remained small throughout the 

region. The parametric speaker control reduced the noise sound pressure in an area wider than that of the 

ordinary speaker control. These results were consistent with the numerical simulations. 
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(a) Ordinary speaker (b) Parametric speaker 

Fig. 18: Reduction rates measured for 1 kHz active noise control by ordinary and parametric speakers. 

4 Conclusions 

The characteristics of active noise control for plane sound waves using on-axis parametric speakers were 

discussed. The characteristics of the parametric speakers were determined in a numerical simulation using 

the KZK equation. The amplitude and phase of the speaker were calculated and compared with those of a 

plane wave and a point sound source. The wide reduction area obtained by the parametric speaker was 

clarified. The phase characteristics of the parametric and ordinary speakers were similar. However, the 

amplitude change of the parametric speaker was less than that of the ordinary speaker. Additionally, the 

identified characteristics were confirmed experimentally. 
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Abstract 
The deployment of cable-driven parallel robots (CDPR) in the industry is studied in very various application 

fields for their low cost and large workspace. However, the lack of rigidity of a CDPR raises issues such as 

the lack of accuracy and the rise of vibrations. During the last decades, several control strategies have been 

developed in order to isolate a flexible structure from a disturbance source. The integral force feedback 

(IFF) has been put forward, as active damping, obtained by driving actuators with signals proportional to 

the integral of the forces applied to the structure. Additionally, the use of collocated force sensor and actuator 

ensures unconditional stability. In this contribution, we will present the dynamic behaviours of a simplified 

CDPR, the performance of IFF controller for CDPR and the effects of an external force on the degrees of 

freedom. Then the damping and the stability of the system will be determined thanks to open-loop root locus 

and frequency response plots. Modifications of IFF will be proposed to improve the performance of the 

system. Finally, we will present an optimization method to set the parameters. 

1 Introduction 

During the last decades, an increasing number of large and lightweight structures are considered in many 

mechanical fields such as robotics, aerospace engineering, high technology and vehicle industries. This 

contribution focuses on the use of Cable-Driven Parallel Robots (CDPR) for 3D printing. A CDPR is a type 

of parallel kinematic manipulator in which cables link a mobile platform called effector to a fixed base. The 

lengths and the tensions of the cables can be controlled using reels and motors. CDPR are studied for their 

large workspace and their low cost for example in objects visualisation [1, 2], haptic perception [3], heavy 

materials handling [4] and high speed manipulation [5]. CDPR are recently considered for printing large 3D 

objects [6]. However, the performance of CDPR is limited in terms of accuracy and robustness by vibration 

resonances due to their low internal damping. To overcome these limitations in similar systems, such as 

cable structures [7], cable-stayed bridges [8] or cable actuated systems [9], active damping methods have 

been proposed to increase the damping of systems by integrating sensors, actuators and control units into 

the mechanical design. Preumont has demonstrated [10, 11] that an active damping can be obtained with a 

guaranteed stability using the Integral Force Feedback (IFF) approach. The actuator is driven with a signal 

proportional to the integral of the sensor force. If the actuator and the sensor are collocated, and if the time 

delay of actuator is negligible, the open-loop transfer function has alternating poles and zeros and the system 

is unconditionally stable. IFF has been widely used in several fields for its relative simplicity, and because 

no particular knowledge on the system is required. 

In the following study, we focus on a CDPR with 8 cables. The paper is structured as followed: firstly is 

presented a simple model of a CDPR with active devices mounted on cables, each composed of collocated 

sensor and actuator. Equations are derived and we explain how to analytically predict the performance of 

the system. Then the performance of the vibration control is investigated and modifications of IFF are 

proposed to improve the performance of the system. Finally, a genetic algorithm is used to determine sets 

of parameters for optimal performances and conclusions are drowned. 
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2 Active control CDPR model 

In this contribution, a CDPR with 8 cables is considered, as shown in figure 1. The effector of the robot is 

a cylindrical platform of mass 𝑚𝑒 = 2.565 kg. It is positioned in the centre of an orthonormal system and 

the anchor points of the cables are located at the corners of a 1 meter length cube. An active mount 

constituted of a force sensor and a piezoelectric actuator can be mounted on each cable. 

 

Figure 1: CDPR with 8 cables 

2.1 Active CDPR Model 

The effector is subject to a perturbation vector 𝑓 and �⃗� is the vector of the resulting displacements. If the 

cables are only working axially in tension, the movement can be described using this equation: 

 𝑀�̈⃗� + 𝐽𝑢𝑡 = 𝑓  (1) 

where 𝑀 is the mass matrix of the effector and 𝐽𝑢 the Jacobian matrix [12] obtained by: 

 𝐽𝑢 = [
𝑢1

0⃗⃗⃗⃗⃗ … 𝑢0
𝑚⃗⃗ ⃗⃗ ⃗⃗

𝐶𝐵1
0⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗⃗ ∧ 𝑢1

0⃗⃗⃗⃗⃗ … 𝐶𝐵𝑚
0⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗ ∧ 𝑢𝑚

0⃗⃗ ⃗⃗ ⃗⃗
]  (2) 

𝐶𝐵𝑖
0⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗⃗ is the vector between the effector centre 𝐶 and the anchor point 𝐵𝑖, 𝑢𝑖

0⃗⃗⃗⃗⃗ is the unitary orientation vector 

of cable 𝑖. The diagonal matrix containing the cable stiffness is denoted by [𝑘𝑖], with 𝑘𝑖 =
𝐸𝜋𝑑2

4𝑙𝑖
, where 𝐸 =
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6.95 ∗ 1010 Pa is the Young’s modulus of each cable, 𝑑 = 0.54 mm its diameter and 𝑙𝑖 their respective 

lengths. The vector of active displacements of the active mounts acting along the cables is denoted by 𝛿. 

The cable tensions [13] can be described by: 

 𝑡 = [𝑘𝑖](𝐽𝑢
𝑇�⃗� − 𝛿) (3) 

The equation (3) is moved into the Laplace domain and the control law is denoted by: 𝐻(𝑠) = [ℎ𝑖(𝑠)]. The 

matrix 𝐻(𝑠) is diagonal because the control laws are decentralized. [𝑘𝑖]−1𝑇 is the extension of the cables 

so we can set [13]: 

 Δ⃗⃗⃗(𝑠) = [
ℎ𝑖(𝑠)

𝑘𝑖
] �⃗⃗�(𝑠) (4) 

𝑇(𝑠) is isolated after injecting equation (4) in (3): 

 �⃗⃗�(𝑠) = [
𝑘𝑖

1+ℎ𝑖(𝑠)
] 𝐽𝑢

𝑇�⃗�(𝑠) (5) 

�⃗⃗�(𝑠) is substituted in equation (1) and one derives: 

 𝑠2𝑀�⃗�(𝑠) + 𝐽𝑢 [
𝑘𝑖

1+ℎ𝑖(𝑠)
] 𝐽𝑢

𝑇�⃗�(𝑠) = �⃗�(𝑠) (6) 

2.2 Using 8 active cables with the same control law 

In this paragraph, we consider all the cables active and the control law is IFF with the same feedback gain 

𝑔 for all active mounts. So, 

 𝐻(𝑠) = [ℎ𝑖(𝑠)] =
𝑔

𝑠
𝐼8 (7) 

where, 𝐼8 is the identity matrix of dimension 8. Equation (6) can be written as: 

 (𝑠2𝑀 +
𝑠

𝑠+𝑔
𝐽𝑢[𝑘𝑖]𝐽𝑢

𝑇) �⃗�(𝑠) = �⃗�(𝑠) (8) 

Then, the system is projected in modal space and the matrices 𝑀 and 𝐽𝑢[𝑘𝑖]𝐽𝑢
𝑇 are diagonalized using the 

matrix Φ. [𝜔𝑖
2] denotes the diagonal matrix with the rapports of diagonal terms: [𝜔𝑖

2] =

(Φ𝑇𝑀Φ)−1 Φ𝑇𝐽𝑢[𝑘𝑖]𝐽𝑢
𝑇Φ. Thus, we can write: 

 (𝑠2 +
𝑠

𝑠+𝑔
[𝜔𝑖

2]) Φ−1�⃗�(𝑠) = Φ−1𝑀�⃗�(𝑠) (9) 

The obtained natural frequencies are in sequence: 
𝜔𝑖

2𝜋
 = [75,  39,  33,  21,  21,  25] Hz. Then, the equations 

are decoupled and we note 𝑋(𝑖)̃(𝑠) the terms of the vector Φ−1�⃗�(𝑠) and 𝐹(𝑖)̃(𝑠) those of Φ−1𝑀�⃗�(𝑠) and we 

derive: 

 (𝑠2 +
𝜔𝑖

2𝑠

𝑠+𝑔
) 𝑋�̃�(𝑠) = 𝐹�̃�(𝑠) (10) 

The characteristic equation of 
𝑋(𝑖)̃ (𝑠)

𝐹(𝑖)̃ (𝑠)
 is: 

 𝑠2 + 𝑔𝑠 + 𝜔𝑖
2 = 0 (11) 

The equation (11) enables to plot the root locus of each mode in Figure 2. 
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Figure 2: Root locus for 8 active cables and IFF with same gains. 

The system has no damping for 𝑔 = 0. The loops of each mode have the same form and goes from the 

imaginary axis to the real axis. Each loop joins the real axis for 𝑔 = 2𝜔𝑖. For a given gain, the complex 

conjugated poles are all vertically aligned as they share the same real part for 𝑔 < 2𝜔𝑖:  

 𝑝𝑖 =
1

2
(−𝑔 ± 𝒋√4𝜔𝑖

2 − 𝑔2) (12) 

2.3 Using 2 active cables 

In practice, it is difficult to get all 8 cables active because of the complexity of the implementation in a real 

experiment. When all the cables are not active, when the control laws are different or when the feedback 

gains are not equal, the previous method does not work because the matrix 𝐽𝑢 [
𝑘𝑖

1+ℎ𝑖(𝑠)
] 𝐽𝑢

𝑇, which represents 

the stiffness of the robot and the effect of the active mount, cannot be simplified. One can note 𝑅(𝑠) =

𝑠2𝑀 + 𝐽𝑢 [
𝑘𝑖

1+ℎ𝑖(𝑠)
] 𝐽𝑢

𝑇, so equation (6) can be written as: 

 �⃗�(𝑠) = 𝑅(𝑠)−1�⃗�(𝑠) (13) 

We assume that �⃗� has only one non-zero component 𝑓𝑗. The effect of the perturbations on the 𝑖𝑡ℎ degree of 

freedom of the effector’s position is given by the characteristic equation of the transfer function 
𝑥𝑖(𝑠)

𝑓𝑗(𝑠)
 : 
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1

𝑅(𝑠)−1
(𝑖,𝑗)

= 0 (14) 

For example, we consider a configuration with 2 active cables, the 1rst and the 7th, driven with IFF and the 

same feedback gain 𝑔, thus 𝐻(𝑠) = [ℎ𝑖(𝑠)] = [
𝑔𝑖

𝑠
] =

𝑔

𝑠
[1,0,0,0,0,0,1,0]. The next figure represents the 

obtained root locus. 

 

Figure 3: Root locus with 2 active cables and IFF with same gains. 

The behaviour is more complex than with 8 active cables: interactions between the loops can be observed. 

Moreover, the damping is limited for each mode. 

The matrix 𝑅(𝑠)−1 enables us to draw the predicted frequency response of  
𝑥𝑗

𝑓𝑖
: 

 
𝑥𝑗

𝑓𝑖
(𝒋𝜔) = 𝑅(𝒋𝜔)−1

(𝑗,𝑖) (15) 

This result can be confirmed with a simulation. We use Matlab software to simulate the equation (1) and 

(3) during 𝑡𝑚𝑎𝑥 = 10 s and to estimate the obtained frequency response. The perturbation force �⃗� has only 

one non-zero component, 𝐹(1) for this example, and are randomly generated with values between -1 and 1 

with a sampling time 𝑇 = 1 ms. The next figure compares the frequency responses of 
𝑋(1)

𝐹(1)
 computed with 

the 𝑅(𝒋𝜔)−1 matrix and calculated with a simulation.  
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Figure 4: Frequency response of 
𝑋(1)

𝐹(1)
 analytically computed (full lines) and from simulations (doted lines). 

The frequency responses from simulation and analytics are consistent. With a gain of 𝑔 = 100, the 

resonance is damped but in low frequencies, the amplitude is higher than with no control. 

2.4 Performance index and analysis 

The performances of active vibration control can be evaluated using different tools, depending on the desired 

application. 𝐻∞ optimization is for example used in [14] to obtain the minimum of the maximum frequency 

response: max
𝜔

‖�⃗⃗�‖

‖�⃗�‖
(𝒋𝜔). The figure 5 shows the maximum of the frequency response as a function of the 

feedback gain 𝑔. 
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Figure 5: Maximum of the frequency response as a function of the feedback gain 𝑔 

The plot shows that the maximum frequency response can easily be decreased with an IFF and a gain 𝑔 

between 50 and 300.  

In this contribution, we also propose to use the Root Mean Square (RMS) value, which indicates the power 

of the resulting displacements. The RMS value of the �⃗� norm is obtained by: 

 𝑅𝑀𝑆(‖�⃗�‖) =
1

𝑁
∑ ∑ 𝑥𝑖,𝑛

26
𝑖=1

𝑁
𝑛=1  (16) 

�⃗� norm’s RMS value as a function of the feedback gain 𝑔 can be seen in figure 6. 
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Figure 6: �⃗� norm’s RMS value as a function of the feedback gain 𝑔 

The plot shows that the RMS value can easily be decreased by setting a feedback gain between 100 and 300. 

3 Enhanced control law 

3.1 New proposed controller 

In this paragraph, we admit that the CDPR can be equipped with 2 active mounts. In order to increase 

the damping, a proportional feedback term can be added to the IFF controller. It moves the loops of the 

root locus to the left. We add a proportional feedback of the sensor force in the control law as:  

 𝐻(𝑠) =
𝑔

𝑠
− 𝑝 (17) 

From equation (13) it can be inferred that the stability relies on the matrix 𝑅(𝑠)−1 and is guaranteed for 𝑝 <
1: the poles change of sign for 𝑝 > 1. The figure 7 shows the root locus of the robot for 𝑝 = 0 and for 𝑝 =
0.2. 
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Figure 7: Root locus for 2 active cables with IFF and a proportional feedback term. 

The root locus shows an improvement of the damping for all modes. In terms of damping, the improvement 

is stronger when 𝑝 is close to 1, but in terms of performance, a compromise has to be made, because the 

gain and phase margins decrease when 𝑝 get close to 1. This result is reflecting itself on both performance 

indexes: the figures 8 and 9 show respectively the 𝐻∞ and the RMS values as a function of the integral and 

proportional feedback 𝑔 and 𝑝. 
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Figure 8: Maximum of the frequency response as a function of the integral feedback gain 𝑔 and of the 

proportional feedback 𝑝. 

The minimal value of the frequency response’s maximum is 7.54 ∗ 10−3 and is reached for g=10 and 

p=0.627. This result is satisfying compared to the IFF: the lowest value calculated in section 2 is 1.26 ∗
10−2. 
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Figure 9: �⃗� norm’s RMS as a function of the integral feedback gain 𝑔 and of the proportional feedback 𝑝. 

The minimal RMS value of the �⃗� norm is 5.42 ∗ 10−3 and is reached for g=40 and p=0.5985. To compare 

with simple IFF, the lowest RMS value is specified:  6.67 ∗ 10−3.  

Adding a feedback proportional term to IFF enables to improve the 𝐻∞ and the RMS values. 

3.2 Optimization of the parameters 

When using IFF, the active damping is obtained at the cost of a degradation of the compliance at low 

frequency. The performance can be increased with an adequately high-pass filter [10, 15]. The modified 

control law is: 

 𝐻(𝑠) = (
𝑔

𝑠
− 𝑝) ∗

𝑠

𝑠+𝑎
=

𝑔−𝑝∗𝑠

𝑠+𝑎
 (18) 

All the gains can be different for each active mount. For a configuration of 2 active cables, there are 8 

parameters: 2 active cables among 8, 2 integral feedback gains, 2 proportional feedback gains and 2 high-

pass filter gains. A classical gradient optimization method does not work for this problem because the 

algorithms always find local minimums. Indeed, the figures 8 and 9 show that the performance tools values 

are irregular with a lot of local minimums. We propose in this contribution to use a genetic algorithm to 

optimize the set of parameters. 

A genetic algorithm is an optimization method inspired by the process of natural selection. An initial 

population is randomly chosen; here each individual is a set of 8 parameters. Each iteration, the performance 
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of the population is evaluated, and then a selection is made among the population regarding the performance. 

Then a new population is created: the selected individuals’ parameters are crossed and random mutations 

are applied. New individuals are also added to provide diversity to the population. The process is repeated 

until the performance is satisfying enough. In this example, there are 80 individuals. The two next figures 

respectively represent the evolution of the performance of the population for two performance index: 𝐻∞ 

and RMS values.  

 

Figure 10: Evolution of the maximum of the frequency response during iterations. 

With max
𝜔

‖�⃗⃗�‖

‖�⃗�‖
(𝒋𝜔)−

1

2 as a performance index, the best 𝐻∞ value obtained is 6. 6 ∗ 10−3 (Figure 10). The 

genetic algorithm selected as best parameters: 

 2nd and 6th for the active cables, 

 26.1 and 74.7 for the respective integral feedback gains, 

 0.849 and 0.8579 for the respective proportional feedback gains, 

 286.4 and 200.2 for the respective high-pass filter gains. 
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Figure 11: Evolution of the �⃗� norm’s RMS value during iterations. 

With 𝑅𝑀𝑆(‖�⃗�‖)
−

1

2 as a performance index, the best RMS value obtained is 3.8 ∗ 10−3 (Figure 11). The 

genetic algorithm selected as best parameters: 

 2nd and 6th for the active cables, 

 34.9 and 40.8 for the respective integral feedback gains, 

 0.76 and 0.88 for the respective proportional feedback gains, 

 47.8 and 91.0 for the respective high-pass filter gains. 

In both cases, the achieved performance is better than those obtained in figures 8 and 9 (7.54 ∗ 10−3 for 𝐻∞ 

and 5.42 ∗ 10−3 for RMS). The configuration of active cables is the same in both optimizations (2nd and 

6th), and proportional feedback gains are closed. 

To illustrate the benefit made with the improved control laws, the figure 12 plots a comparison between 

frequency responses estimated with different control laws: 

 no control, 

 IFF with an optimal gain 𝑔 = 230, 

 IFF and a proportional feedback with g=40 and p=0.5985, 

 the set of parameters determined with the genetic algorithm (listed above). 

All optimal gains have been determined for the performance index of the RMS value. 
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Figure 12: Frequency responses with no control (blue), with IFF (red), with IFF and a proportional feedback 

(yellow) and with a set of parameters determined with the genetic algorithm (purple). 

4 Conclusion 

In this contribution, a model of a simple CDPR model is proposed, including the effect of active devices 

mounted on the cables. A method is proposed to study the performances of a complex control system with 

different gains on each control law. This method enables to plot root locus and frequency response and to 

understand the behaviour of the control system. Modifications of IFF are proposed to improve the 

performance of the control law: the use of a high-pass filter and the addition of a proportional feedback 

term. Conventional gradient methods cannot be applied in this problem when using performance tools such 

as 𝐻∞ and RMS values, thus a genetic algorithm is proposed to determine an optimal set of parameters with 

which the 𝐻∞ and RMS values are the lowest. Additional parameters can easily be added to the control law 

and the genetic algorithm can determine the optimal parameters regarding a chosen performance tool. In 

further studies, the vibration control strategy will be tested in an experiment to reduce vibrations on CDPR. 
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Abstract 
This paper presents simulation results on the flexural vibration of a plate structure equipped with 

piezoelectric patches connected to multi-resonant shunts tuned to control the response in a target frequency 

band. The multi-resonant shunts are made by multiple resistor-inductor-capacitor (RLC) branches. The RLC 

components in each branch are tuned with a mapping procedure, which sets in turn each branch to maximise 

the electric power absorbed by the shunts with respect to the resonant response of a specific flexural mode 

of the structure. The study first shows preliminary tuning considerations for simple RL and RLC shunt 

configurations. It then proceeds to show the equivalence of performance indicators given by the 

maximisation of the time-averaged electric power absorption by the shunts and the minimisation of the time-

averaged kinetic energy associated to the resonant response of target flexural modes of the plate. Finally it 

shows the global vibration control performance produced by the proposed multi-branch shunt. 

1 Introduction 

A classical approach to reduce the flexural response and sound transmission of thin structures is to increase 

their mass. According to the mass law [1], this remedy is particularly effective at mid and high audio 

frequencies, where normally the flexural response of the structure is characterised by the overlap of multiple 

modes [2]. However, the growing demand of lightweight thin structures suited for low-energy consumption 

vehicles (e.g. aircraft, cars, etc.) poses new challenges for the design of vibro-acoustic mitigation treatments 

[3-5]. This is particularly the case for treatments meant to work at low audio frequencies where the flexural 

vibration of the structure is characterised by the resonant responses of lightly damped low-order modes of 

the structure [6,7]. In general, mass treatments have little effects on the resonant responses of the low-order 

modes, unless disproportionately large masses are added to the structure. Tuneable Vibration Absorbers 

(TVA) [8-11] can be successfully employed to control the resonant response of mechanical systems with a 

limited amount of added mass. However, the flexural response of thin structures is characterised by a 

significant number of resonant modes even at low frequency bands [2] such that, quite a large and 

unpractical number of TVAs would be necessary to control the response [12-15]. In this respect, 

electromechanical TVAs formed by electromagnetic [16-23] and piezoelectric [24-32] transducers 

connected to an electrical shunt have been investigated as alternative practical solutions. In particular, units 

formed by a piezoelectric patch transducer connected to a resistive-inductive (RL) shunt have shown 

interesting potentials, particularly in view of the fact that they can be used in large arrays, with each unit 

tuned to control the resonant response of a specific mode of the structure [33-38]. Nevertheless, this setup 

would still result quite cumbersome if the control of several resonant modes were required. An interesting 

solution was therefore proposed, where the piezoelectric patches are connected to multi-resonant shunts 

formed by multiple resistive-capacitive-inductive (RLC) branches [39,40]. Here, each shunted piezoelectric 

path can effectively absorb energy from the resonant response of multiple modes [39-41]. Therefore, a 

smaller number of piezoelectric patches connected to multi-resonant shunts may be sufficient to control the 

flexural response of thin structures over the typical low-frequencies band where the response is characterised 

by the resonant responses of individual modes, i.e. where the modal overlap is lower than unity [2]. In 
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principle, the tuning of the shunt multi-resonant branches is quite straightforward. Indeed, their working 

principle is based on the idea that each branch is set to resonate at the resonance frequency of the target 

mode ought to be controlled. The branch resistance is then tuned in such a way as to dampen the coupled 

response of the structural mode and resonating shunt. However, there is no explicit tuning formulae or tuning 

approach that can be used in practice, In this respect, Gardonio et al. [41] proposed a local tuning approach 

based on the maximisation of the electrical power absorbed by the shunt. The aim of this paper is to 

investigate with simulations the physics of this tuning approach and to discuss how it can be implemented 

in practice. 

The paper is thus structured in 4 sections. Section 2 describes the model problem considered in the study, 

which is composed by a thin plate structure excited by a point force and equipped with an array of 5 

piezoelectric patches connected to either classical single-branch shunts or multi-resonant shunts. Also, it 

provides the principal elements of the mathematical formulation used to derive the Power Spectral Density 

(PSD) of the panel flexural kinetic energy and of the electrical power absorbed by the shunt. Then, Section 

3 discusses the tuning and vibration control effects of elementary RL and RLC shunts and of the proposed 

multi RLC branches shunt. 

2 Smart panel with piezoelectric patches connected to multi-
resonant shunts 

Figure 1 shows the smart plate considered in this work. The plate is simply supported along the four edges 

and is equipped with five piezoelectric patches connected to either single or multiple branch shunts. The 

plate is excited by a stochastic point force, which is characterised by a white noise spectrum. The physical 

and geometrical parameters of both the plate and the piezoelectric patches are shown on Table 1. 

 

Figure 1: Sketch of the panel with piezoelectric patches for case study 

Table 1: Physical and geometric parameters of the panel 

Parameter Plate value Piezo. Patch Value 

Dimensions 𝑙𝑥𝑝 x 𝑙𝑦𝑝 = 414 x 314 mm 𝑙𝑥𝑝𝑒 x 𝑙𝑦𝑝𝑒 = 50 x 50 mm 

Thickness ℎ𝑝 = 1 mm ℎ𝑝𝑒 = 0.1 mm 

Density 𝜌𝑝 = 2700 kg/m3 𝜌𝑝𝑒 = 7600 kg/m3 

Young’s modulus 𝑌𝑝 = 7x1010 N/m 𝑌𝑝𝑒 = 5x1010 N/m 

Poisson ratio 𝜈𝑝 = 0.33 𝜈𝑝𝑒 = 0.35 

Modal damping ratio 𝜉𝑝 = 0.02 - 

Centre positions - 𝑥𝑝𝑒3, 𝑦𝑝𝑒3 = 𝑙𝑥𝑝/2, 𝑙𝑦𝑝/2 

𝑗 = 1,2,4,5 - 𝑥𝑝𝑒𝑗 , 𝑦𝑝𝑒𝑗  = 𝑙𝑥𝑝/2±72.5, 𝑙𝑦𝑝/2±62.5 

Strain/charge constants - 𝑑31=𝑑32 = -190x10-12 m/V 

Capacitance - 𝐶𝑝𝑒 = 52 nF 
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2.1 Power spectral density of kinetic energy  

The global flexural response of the smart panel is derived in terms of the power spectral density (PSD) of 

the total flexural kinetic energy of the panel and five piezoelectric patches. Considering the formulation 

presented in Refs [32,41,42], this quantity is given by the following expression: 

      
5

k

1

1 1
S , , , ,

2 2
p pej

p p ww p pe pe ww pej
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h x y dA h x y dA    


        F R F R , (1) 

where  F  is the Fourier Transform operator and  ww R is the autocorrelation function of the panel 

transverse velocity  , ,w x y t . The kinetic energy PSD function can thus be derived recalling the definition 

of Fourier Transform [43,44], such that: 

          
5

* *

k

1

1 1 1 1
S E w , , w , , E w , , w , ,

2 2
lim lim

p pej

p p p pe pe pej
T TjA A

h x y x y dA h x y x y dA
T T
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Here, the superscript * indicates the complex conjugate operator. According to Ref. [45], separation af 

variables can be applied to derive the transverse velocity of the plate, which can thus be expressed as the 

linear combination of space-functions and time-functions. The complex amplitude of the time-harmonic 

transverse velocity of the panel can then be derived from the Fourier transform of the time-function such 

that: 

      w , , ,x y x y  q . (3) 

where  ,x y  is a row vector with the first N modal amplitudes at positon ,x y  and  q  is a column vector 

with the complex amplitudes of the time-harmonic modal velocities. Substituting Eq. (3) in Eq. (2) and 

performing the area integration gives into the following matrix expression: 

          k

1 1
S E , ,

2
lim

H T

T

Tr x y x y
T

  


  
   

  
M q φ φ q . (4) 

The vector  q with the complex amplitudes of the modal velocities can be derived from the modal 

mobility transfer matrix as follows: 

        q Y f , (5) 

where, 

    
1

2 ( )T

spej j    


     Y M C θZ θ , (6) 

The modal mobility matrix,  Y  is formed by the modal mass M , the modal stiffness K , and modal 

damping C  diagonal matrices. As shown in Ref. [32], the modal stiffness and mass matrices take into 

account the modal inertia and bending stiffness effects of both the plate and piezoelectric patches. Also, the 

modal damping matrix encompasses the air damping effects on each mode of the plate. The rectangular 

matrix θ  contains the electromechanical coupling effects [32], i.e. the modal excitations per unit voltage 

applied to each patch. Finally,  spe Z  is a diagonal matrix with the electrical impedance functions for each 

piezoelectric patch and shunt. Substituting (5) into (4) gives, 

            k

1
S , ,

2

T H

f f ff f fTr x y x y    
 
MY φ S φ Y , (7) 

where the superscript H is the Hermitian operator and  ff S is the PSD of the force excitation acting on 

the plate, which has been taken equal to 1. 
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2.2 Power spectral density of shunt power 

The electric power absorbed by the shunt, for a single patch is given by: 

     pjS Re
sj sjv i  

 
F R , (8) 

where  Re  is the real part operator and  
sj sjv i R  is the cross correlation function between the voltage sjv  

and current sji  at the terminals of the j-th shunt. Similarly to the kinetic energy PSD, the electrical power 

PSD can be rewritten using the definition of Fourier Transform as follows: 

      *

pj

1
S Re Elim sj sj

T

v i
T

  


  
   

  
, (9) 

where the complex amplitudes of the time-harmonic voltage ( )sjv   and time-harmonic current ( )sji   are 

linked by the shunt impedance function sZ : 

      s s sv Z i    . (10) 

The total electric power absorbed by the five shunts can then be written with the following matrix expression 

        *

pj

1
S Re Elim

H

s s s
T T

   


  
   

  
Z i i , (11) 

where si  is the column vector with the complex currents at the terminals of the shunts and sZ  is a diagonal 

matrix with the electrical impedances of the shunts. According to Ref. [32], the vector with the shunt currents 

is given by: 

      T

s pe pe sj j      i θ q C v , (12) 

where sv  is the column vector with the complex voltages at the terminals of the shunts. Also, peC  is the 

diagonal matrix with the inherent capacitance of the patches. Substituting (12) into (11) and after some 

mathematical manipulations, the PSD of the total electric power absorbed by the five shunts is given by the 

following matrix expression: 

            *

pj

1
S Re Elim

T H

s
T T

     


  
   

  
Z H q q H . (13) 

where  H  is the following diagonal matrix with the transfer functions relating currents and modal 

velocities: 

    
1

T

pe sj 


  H I C Z θ , (14) 

Now, recalling Eqs. (5) and (6), after some mathematical manipulations, the PSD of the total electric power 

absorbed by the five shunts results: 

                   *S Re T H H

p s ffTr          
 

Z H Y φ S φ Y H . (15) 

Here, the trace operator gives the total electric power, i.e. the sum of the electric power of each patch. This 

expression can be used also to derive the electric power absorbed by each shunt. In this case it is sufficient 

to express the matrix  H  into a vector for the selected shunt.  
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3 Shunt implementations 

The formulations presented in Section 2 are based on the combined impedance function that takes into 

account both the effect of the inherent capacitance of the piezoelectric patches, peC  and the effects of the 

shunt components, which is given by [32]: 

 
1

s

spe

s pej C


 

 
. (16) 

Here, ( )s   is the impedance function of the shunt. For multiple shunts, the diagonal matrix with the 

combined impedance functions for each shunted patch given in Eq. (16) can be derived from the following 

matrix expression: 

 1( )spe s s pej  Ζ Ζ I Ζ C , (17) 

where sΖ  and peC  are diagonal matrices with the impedance functions of the shunts and the capacitances 

of the piezoelectric patches.  

The study presented in this section is based on two types of Figures. The first type of Figures show the 

overall effect of the shunted patches using two maps for the time-averaged kinetic energy and time-averaged 

power absorbed by the shunts with reference to a range of resistances (left hand side axis) and inductances 

(top axis). As shown in Ref. [42], the time-averaged kinetic energy and time-averaged power absorbed by 

the shunts are derived from the PSD functions given in Eqs. (7), (15) integrated in the 0-300 Hz frequency 

range. The combined effects of the piezoelectric patch inherent capacitance and shunt inductance defines 

the resonance frequency of the shunted patch, that is, the frequency at which the shunted patch effectively 

couples to a mode of the structure to produce the control action. Since the capacitance is fixed for all patches, 

the inductance actually defines the resonance frequency of the shunted patch. Therefore, the values of 

resonances, that is the values of tuning frequencies, are also reported in the graph (bottom axis). Finally, the 

points, that is the values of the resistance and inductance, for which the kinetic energy is minimum and the 

electric power absorbed by the shunt are highlighted with triangular markers pointing downward and upward 

respectively. The second type of Figures show the spectra of the kinetic energy PSD and electric power 

absorption PSD with the patches in short circuit and connected to the optimal shunts accordingly to the 

criteria that will emerge from the maps with the time-averaged kinetic energy and time-average absorbed 

electric power. The maps  

3.1 RL series shunt 

The effect of the basic RL shunt formed by a resistance R  and inductance L  in series is examined first. The 

impedance function of this shunt is given by the following expression:  

 sZ R j L  , (18) 

As shown in Ref. [37], this shunted patch produces on the modal responses of the structure an equivalent 

mass-spring-damper effect, which resemble the effect of a TVA. 

3.1.1 Single patch  

To start with, the effects produced only by the patch located at (𝑙𝑥𝑝/2-72.5, 𝑙𝑦𝑝/2-62.5) is considered, with 

the other patches set in short circuit. The left-hand side plot in Figure 2 shows that the map of the time-

averaged kinetic energy is characterised by a sequence of narrow troughs with inverted bell shapes. 

Therefore, each trough is characterised by two principal axes, one parallel to the resistance axis and one 

parallel to the inductance axis. The axes parallel to the resistance occur for inductances values such that the 

resonance frequency of the shunted patch corresponds to the resonance frequencies of the flexural modes. 
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This confirms that indeed, as indicated in Ref. [34] for example, to effectively reduce the flexural response 

of a target resonant mode of the structure, the shunt inductance should be set in such a way as the shunt 

resonates at the same resonance frequency of the target mode. The resistance should then be tuned in such 

a way as to critically dampen the coupled electromechanical response of the target mode and shunt. The 

right-hand side plot in Figure 2 shows that the map of the time-averaged power absorbed by the shunt is 

characterised by a mirror graph than that for the time-averaged kinetic energy. Indeed, in this case the map 

is characterised by an array of narrow crests with bell shapes. Also in this case, each crest is characterised 

by two principal axes, one parallel to the resistance axis and one parallel to the inductance axis. The axes 

parallel to the resistance occur for inductances values such that the resonance frequency of the shunted patch 

corresponds to the resonance frequencies of the flexural modes. As highlighted by the triangles, the 

minimum point of the second trough in kinetic energy map corresponds to the maximum point of the second 

crest in the absorbed power map. This indicates that, as found in Ref. [41], the optimal shunt inductance and 

resistance that minimise the kinetic energy due to the resonant response of the second flexural mode of the 

panel also maximise the electric power absorbed from the resonant response of this mode. This is quite an 

interesting finding since it suggest that the optimal shunt resistance and inductance can be found by 

maximising the time averaged electric power absorbed by the shunt band filtered around the resonance 

frequency of the target mode.  

 

 

Figure 2: Time averaged plate flexural kinetic energy (left) and shunt absorbed electric power (right) for the 

patch N.1 connected to a series RL shunt. Markers indicate the minima and maxima respectively. 

 

Figure 3: Time averaged plate flexural kinetic energy (left) and shunt absorbed electric power (right) for the 

patch N.3 connected to a series RL shunt. Markers indicate the minima and maxima respectively.  
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Figure 3 shows the two maps when the patch positioned at the centre of the panel is connected to the RL 

shunt. Again the two graphs show mirror maps, where the time averaged kinetic energy is characterized by 

a sequence of troughs and the time-averaged electric power absorbed by the shunt is characterized by a 

sequence of crest. However, these two maps show a different arrangement of troughs or crests than those 

shown in the two maps of Figure 2. This is simply because the two shunted patches couple differently with 

the flexural modes resonating in the target frequency bands. Therefore the maps in Figure 3 show trough 

and crests at different resonance frequencies that the maps in Figure 2.  

3.1.2 Multiple patches 

In order to mitigate the modal coupling effect described above, the five patches arrangement shown in Figure  

was considered, which, overall, guarantees a good coupling with all flexural modes that resonate in the 0-

300 Hz frequency band considered in this study. Each patch is connected to a shunt, which has the same 

tuning parameters than the other shunts. In this case, Figure 4 shows the map of the time-averaged kinetic 

energy (left-hand side graph) and the map of the time-averaged total power absorbed by the five shunts 

(right-hand side graph). As expected, the two maps are characterised by a greater number of troughs and 

crests respectively, which are related to all flexural modes that resonate in the frequency band comprised 

between 0 and 300 Hz. Also, the two graphs show that the troughs and crests are now smoother compared 

to those found for the single shunted patch arrangement. Finally, contrasting the maps shown in Figure 4 

with the respective maps shown in Figures 2, 3, it can be noticed that, the arrangement with five shunted 

piezoelectric patches, besides controlling a larger number of resonant modes, it also generates larger 

reductions of the flexural kinetic energy which are due to larger overall electric power absorptions by the 

five patches. This is the result of two concurrent effects. On one hand, the five patches grantees a greater 

coupling effect with the target flexural modes of the panel. On the other hand, the overall capacitance of the 

five patches is larger than that of a single patch. Therefore, recalling that, as shown in Ref. [37], the 

capacitance and inductance of each shunted patch produce an equivalent mass-spring TVA effect on the 

structure. Also, recalling that the spring effect is proportional to the inverse of the capacitance and the mass 

effect is proportional to the inductance. In can be concluded that ensemble of five patches with equal shunts 

generates an equivalent TVA with a greater mass ratio [8-11], that is a much heavier and thus a much 

effective equivalent TVA. 

 

 

Figure 4: Time averaged plate flexural kinetic energy (left) and shunt absorbed electric power (right) for the 

5 patches connected to series RL shunts. Markers indicate the minima and maxima respectively. 
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3.2 RLC series shunt 

The effect of a RLC shunt formed by a resistance R , an inductance L  and a capacitance C  in series [32] is 

now investigated, which is characterised by the following electric impedance: 

 
1

sZ R j L
j C




   , (19) 

As discussed in Ref. [32], [41], a RLC shunt is characterised by an inherent resonant response and thus 

produces a band filtering effect centred at the resonance frequency [41]. Nevertheless, when this type of 

shunt is connected to a piezoelectric patch it still generates the typical vibration absorption effect seen above. 

Therefore, the effects produced by the five piezoelectric patches shown in Figure 1 with the RLC shunts is 

now examined. The shunts are equipped with a fixed capacitance of 5nF. Therefore, recalling that the 

piezoelectric patch has about 10 times greater capacitance of 52nF, which acts in parallel with the 

capacitance of the shunt, the resulting overall capacitive effect of the shunted piezoelectric patch is quite 

close to that of the shunt, that is 4.6 nF. This suggests that the equivalent vibration absorbers generated by 

the shunted patches with the RLC shunt is characterised by a larger equivalent spring effect, which therefore 

to generate a given tuning frequency, requires a larger mass effect, that is a larger inductance. Thus, in 

principle, the patches connected to the RLC shunts should produce an equivalent TVA with a larger mass 

ratio than the shunted patches with the classical RL shunt. Therefore, they should be more effective.  

 

 

Figure 5: Time averaged plate flexural kinetic energy (left) and shunt absorbed electric power (right) for the 

5 patches connected to series RLC shunts. Markers indicate the minima and maxima respectively. 

Figure 5 shows the map of the time-averaged kinetic energy (left-hand side graph) and the map of the time-

averaged total power absorbed by the five shunts (right-hand side graph) when the five piezoelectric patches 

are equipped with the RLC shunts. As expected, the troughs and crests in the two plots are much narrower 

than those shown in Figure 4 for the patches connected to the RL shunts. However, in contrast with the 

conclusions drawn above, the two maps indicate that the piezoelectric patches with the RLC shunts generate 

lower reductions of the kinetic energy than the piezoelectric patches with the RL shunts, which are due to 

the lower power absorptions effects. This unexpected result is probably due to the fact that the RLC shunts 

produce a filtering effect, which narrows to a very small frequency band the action of the shunted patch 

such that a lower control effect is produced on the resonant responses of the target modes. 

The four graphs in Figure  plots display slice plots of the maps shown in Figure 5, which are taken assuming 

the optimal tuning parameters for the control of the second mode resonant response at about 86 Hz, that is 

a constant resistance of 10 kΩ and a fixed inductance of 735 H. 

The top plots (a), (c) show the sequence of troughs and crests, which characterise the time-averaged kinetic 

energy and time-averaged electric power absorption when the shunts implement the optimal resistance of 

10 kΩ to control the second resonant mode and vary the inductance between 3000 H and 50 H, that is, vary 
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the tuning frequency between 40 and 340 Hz. The vertical red-dashed lines highlight that, indeed, the bottom 

value of the kinetic energy trough and the peak value of the absorbed electric power crest for the target 

second mode occur exactly at the same shunt inductance of 735 H, i.e. at the same tuning frequency of 

86 Hz. It is interesting to notice that, when the shunts are tuned to control the second resonant mode, they 

generate a 0.5 dB larger reduction of the time-averaged kinetic energy than when they are tuned to control 

the first resonant mode. However, this effect is obtained with a comparatively much larger increment of the 

absorbed electric power of about 6 dB.  

 

 

 

Figure 6: Sections of the maps shown in Figure 5 cut at 10 kΩ resistance (plots a,c) and at 735 H (plots c,d). 

Plots (a,b) time averaged kinetic energy, Plots (c), (d) tme-averaged electric power.  

The bottom plots (b) and (d) show the typical bell-shape functions of the time-averaged kinetic energy and 

absorbed electric power when the shunts implement the optimal inductance of 735 H to control the second 

resonant mode and vary the resistance between 100 Ω and 104 kΩ. The two graphs suggest that the resistance 

in the shunts generates three physical effects. For low resistances comprised between 100 Ω and about 1 kΩ, 

there is little electric power absorption in the shunt and thus little reduction of the flexural kinetic energy. 

For such low resistances, the shunted patches generate RLC effects characterised by very small electric 

losses. Therefore, the shunted patches produce equivalent lightly damped TVAs, which, as shown for 

example in Ref. [32], transform the lightly damped resonant response of the target mode into a couple of 

lightly damped resonant responses. Therefore, the spectrum of the kinetic energy passes from a single sharp 

resonance peak to a couple of neighbouring sharp resonance peaks such that, overall, the frequency-averaged 

kinetic energy falls down only by little and the frequency-averaged absorbed electric power rises only by 

little too. For resistances close to 10 kΩ the shunts effectively absorb electric power and thus generate large 

reductions of the flexural kinetic energy. When the shunts implement the optimal resistances, the shunted 

(a) 

(b) 

(c) 

(d) 
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patches generate optimally dampen equivalent TVAs, which, according to Ref. [32], transform the lightly 

damped resonant response of the target mode into a couple of critically dampen resonant responses. 

Therefore, the spectrum of the kinetic energy passes from a single sharp resonance peak to a wide band 

smoothened peak such that the frequency-averaged kinetic energy is significantly reduced and the 

frequency-averaged absorbed electric power is clearly raised. Finally, for shunt resistances higher than 100 k 

Ω, there is again little electric power absorption in the shunts and thus little reduction of the flexural kinetic 

energy. In this case, for such high resistances, the shunts turn into open circuits such that the shunted patches 

simply generate electro-mechanical stiffening effects. Indeed, as shown in Ref. [32], in this case there is a 

current flow only through the patch capacitance, which generates an additional stiffening effect on the panel. 

3.3 RLC series multi-branch shunt 

The effect of a shunt formed by multiple RLC shunts connected in parallel is now considered. In this case 

the impedance of the shunt is given by  

 
1 2 3 4 5

1 1 1 1 1 1

s b b b b bZ Z Z Z Z Z
     , (20) 

where the impedance of the j-th branch is given by: 

 
1

bj j j

j

Z R j L
j C




   , (21) 

Here, jR , jL , jC  are the resistance, inductance and capacitance of the j-th branch, which are connected in 

series. As discussed above, all branches encompass a capacitance of 5nF. 

The optimal RL components of the first branch can be derived from the maps of the time-averaged kinetic 

energy (left-hand side graph) and time-averaged total power absorbed by the five shunts (right-hand side 

graph) shown in Figure 5. Let us assume the first branch is tuned to control the response of the first mode, 

which resonates at 50 Hz. The optimal RL components are thus given by R1 = 13 kΩ and L1 = 2158 H. If 

now a second branch is added to the shunt and its RL components are varied in the given ranges, then the 

time-averaged kinetic energy and the time-averaged total power absorbed by the five shunts are 

characterised by the new maps shown in Figure 7. The optimal RL components of the second branch can 

now be derived from these two maps. For example, let us assume they are tuned to control the response of 

the second mode, which resonates at 86 Hz. In this case, the optimal RL components are given by R2 = 8 kΩ 

and L2 = 734 H. The two spectra in Figure 8 show the PSD of the plate kinetic energy (left hand side) and 

the PSD of the shunts electric power absorbed (right hand side). The left hand side plot confirm that the 

shunt with two branches controls the resonant response of the first two modes. Indeed contrasting the blue 

line (short circuit patches) and the red line (2-branches shunts) it can be noticed that the first two resonance 

peaks at 50 and 86 Hz are attenuated by about 4 dB and 5 dB respectively. Also, the right hand side plot 

indicates that, as expected, the shunts effectively absorb power at the first two resonance frequencies. 

Figure 9 shows a detail of the kinetic energy PSD spectrum in proximity of the first resonance frequency. 

The plot shows the kinetic energy PSD when the patches are in short circuit, when they are connected to the 

first branch only, which is, indeed, tuned to control the first resonant mode, and when they are connected to 

the first and second branches, which are thus tuned to control the first and second resonant modes 

respectively. The graph shows that when the second branch is added to the shunt, the first one becomes 

slightly mistuned. Thus in principle, to ensure all branches are optimally tuned, an iterative process should 

be implemented such that, after the whole set of 5 branches has been tuned sequentially the first time, the 

procedure described above is repeated with all shunts implemented. Nevertheless, the plot shown in Figure 

9 indicates that the mistuning is quite small and thus the first tuning sequence for the 5 branches may be 

sufficient. 
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Figure 7: Time averaged plate flexural kinetic energy (left) and shunt absorbed electric power (right) for the 

5 patches connected to the RLC branch N.2 of the shunts. Markers indicate minima and maxima 

respectively. 

 

Figure 8: Spectra of the plate total flexural kinetic energy PSD (left, blue line – short circuit, red line – multi-

resonant shunt) and absorbed electric power PSD (right, black line) with branches 1-2. 

 

Figure 9: Spectrum of the plate total flexural kinetic energy PSD at the first resonance frequency. Blue line 

– short circuit, black dashed line 1 branch, red dash dotted line 2 branches. 
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Figure 10: Time averaged plate flexural kinetic energy (left) and shunt absorbed electric power (right) for 

the 5 patches connected to the RLC branch N.3 of the shunts. Markers indicate minima and maxima 

respectively. 

 

Figure 11: Time averaged plate flexural kinetic energy (left) and shunt absorbed electric power (right) for 

the 5 patches connected to the RLC branch N.4 of the shunts. Markers indicate minima and maxima 

respectively. 

 

Figure 12: Time averaged plate flexural kinetic energy (left) and shunt absorbed electric power (right) for 

the 5 patches connected to the RLC branch N.5 of the shunts. Markers indicate minima and maxima 

respectively. 

98 PROCEEDINGS OF ISMA2020 AND USD2020



Figures 10, 11 and 12 show the maps of the time-averaged kinetic energy (left-hand side graphs) and time-

averaged total power absorbed by the five shunts (right-hand side graphs) when the third, fourth and fifth 

branches are added to the shunts. The optimal RL components for these branches are derived sequentially 

in such a way as to control the resonant responses of the third, fourth and fifth modes, which resonate 

respectively at 125 Hz, 141 Hz and 215 Hz. The optimal RL components in the branches resulted: 

R3 = 9.2 kΩ and L3 = 352 H, R4 = 6.5 kΩ and L4 = 288 H, R5 = 2.4 kΩ and L5 = 120 H. 

 

 

Figure 13: Spectra of the plate total flexural kinetic energy PSD (left, blue line – short circuit, red line – 

multi-resonant shunt) and absorbed electric power PSD (right, black line) with branches 1-3. 

 

Figure 14: Spectra of the plate total flexural kinetic energy PSD (left, blue line – short circuit, red line – 

multi-resonant shunt) and absorbed electric power PSD (right, black line) with branches 1-4. 
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Figure 15: Spectra of the plate total flexural kinetic energy PSD (left, blue line – short circuit, red line – 

multi-resonant shunt) and absorbed electric power PSD (right, black line) with branches 1-5. 

Figures 13, 14 and 15 show the spectra of the PSD of the plate kinetic energy (left hand side) and of the 

PSD of the shunts electric power absorbed (right hand side). The left hand side plots show that when the 

third, fourth and fifth branches are added to the shunts, the resonant responses of the third, fourth and fifth 

modes are also controlled. Indeed, contrasting the blue lines (short circuit patches) with the red lines (3,4,5-

branches shunts) it can be noticed that, progressively, the third, fourth and fifth resonance peaks at 125 Hz, 

141 Hz and 215 Hz are attenuated by about 3 dB, 5 dB and 4 dB respectively. Also in this case, the right 

hand side plots indicates that, the shunts effectively absorb power also at the third, fourth and fifth resonance 

frequencies.  

4 Conclusion 

This paper has presented a simulation study on the broad-band control of the flexural response of a plate 

equipped with five piezoelectric patches connected to multi-resonant shunts. More specifically, the shunt is 

composed by five branches connected in parallel and each branch encompass RLC elements connected in 

series. The study has considered two cost functions for the tuning of the branches: first, the time-averaged 

total flexural kinetic energy of the panel, second, the time-averaged electric power absorbed by the five 

shunts.  

The study has shown that, assuming the capacitive component is fixed in each branch, when the RL 

components of a branch are varied, the kinetic energy cost function is characterized by a surface with a 

sequence of narrow troughs with inverted bell shapes. The troughs are characterized by two principal axes, 

one parallel to the inductance axis and the other parallel to the resistance axis. Since the capacitances in the 

branches are fixed, the inductance axis can also be re-scaled in terms of a tuning frequency of the branch. 

The simulation results have shown that the minima of each through give the optimal RL parameters for the 

control of resonant responses of the modes that resonates in the target frequency band.  

The study has also shown that, the local cost function given by the time-averaged electric power absorbed 

by the five shunts with respect to the RL components of a branch is characterized by a mirror surface with 

a sequence of narrow crests with bell shapes. The crests are also characterized by two principal axes, which 

are parallel to the inductance axis and to the resistance axis. In this case, the simulation results have shown 

that the maxima of each crest give the optimal RL parameters for the control of resonant responses of the 

modes that resonates in the target frequency band. 

The study has also shown that the minima and the maxima of the two cost functions occur for the same RL 

values. Therefore, the local cost function based on the maximization of the time-averaged electric power 

absorbed by the five shunts can be effectively used to tune the RL components in the branches of the shunts. 
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More specifically, the study has shown that an iterative procedure can be used where the RL parameters of 

each branch are tuned sequentially with respect to the crests for the first, second, etc. resonant modes. 

These are rather interesting findings, particularly in view of the fact that the cost function based on the 

maximization of the time-averaged electric power absorbed by the five shunts can be easily measured in 

practice so that on-line tuning can be implemented without the need of system identification of the flexural 

response of the structure. Moreover, the units can be set to work as a vibration energy harvesters [46,47], 

which store and use to run the tuning system the absorbed vibration energy.  
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Abstract
This paper investigates the potential of using an active control system to mitigate broadband vibrations of
bladed structures. Piezoelectric patches are used for both sensing the motion and actuating the control force.
To maximize control authority, the size and location of piezoelectric patches are optimized based on max-
imizing the strain energy. Two new designs of active control law, which are inspired by force-feedback
configuration, are developed for the plant having alternating pole-zero pairs in the frequency response func-
tion (FRF). Numerical simulations are performed to assess the performance of the designed control system
in terms of the closed-loop damping of the system with high modal density. The parameters of the control
law are tuned based on maximizing the minimum damping of the first family of modes. Experimental tests
are performed to validate the numerical design.

1 Introduction

Bladed assemblies are widely used in aerospace applications and in particular turbomachinery structures.
New technologies have been developed to improve the performance of the system in terms of the energy
consumption by using low-density structures. These structures, however, possess a very low internal damping
which may lead to high-cycle fatigue problem and malfunctions. Suppressing their vibration is of interest
for many researchers and engineers in this field. There are two common methods for reducing vibrations i.e.
passive and active.

Passive control systems are simply integrated to the structures with no need of external power sources and
additional hardware for their operations. Friction damping devices [1–4] and piezoelectric shunt damping
[5–9] are two passive techniques which have been used to damp the vibration of the bladed assemblies.
Friction damping devices dissipate energy when a relative motion occur between the structure and the device
[1]. Although this can be used as an effective vibration absorber, its performance is difficult to assess since
friction is a nonlinear phenomenon [2–4]. Piezoelectric patches connected to an electrical network known
as shunt damping is another passive technique to mitigate the vibration of bladed structures. Basically,
the piezoelectric effect transforms mechanical energy into electrical energy which is dissipated through the
electrical network [10]. Schwarzendahl et al. [5] implemented this technique on a bladed structure and
optimized the parameters of the shunt to minimize the amplitude of the first mode. Mokrani et al. [6]
tuned the shunt elements using the average frequency of the first bending modes family. It should be noted
that the performance of the controlled system is basically dependent on the electromechanical coupling
factor [11]. Therefore, the use of active control system in order to improve the control authority of the
piezoelectric shunt damping was studied on the bladed structures as well. Kauffman et al. [7] proposed a
semi-active approach using low-power frequency-switching. The use of negative capacitance was proposed
in [11] and implemented on a test-rig of a bladed disk model with eight blades [8]. Note that the negative
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capacitance is an active electrical device. Tang et al. [9] implemented an active-passive-hybrid-piezoelectric-
network (known as APPN), which was first introduced by Agnes [12], on a rotationally periodic structure.
Basically, APPN integrates piezoelectric shunt damping with an active voltage or charge source to improve
the performance of the system.

Active control systems were introduced to overcome the performance limitations of the passive methods
since they are less sensitive to the system’s parameters [13]. These approaches require an integration of sen-
sors, actuators and control units to artificially increase the total damping in the systems. A special attention
to the use of piezoelectric transducers has been given in active control methods since they can be used as
both sensors as well as actuators and it is easy to integrate them on the fan rotor-stator [14], the composite
fan blades [15], rotor blades [16]. Although effective, the piezoelectric transducers were placed directly on
the blades where the strain energy is maximized. In practice, locating the transducers on the blades may lead
to an important perturbation in the aerodynamic flow.

When piezoelectric sensor and actuator are collocated, the open-loop transfer function contains alternating
pole-zero configuration which has no high frequency roll-off. Depending on the strain distribution of a mode
at the location of the piezoelectric patches, the zero of the open-loop transfer function may appear either
after or before the pole, which is an important key in the design of the active control system. When the zero
comes after pole, positive-position-feedback (PPF) is proposed as an interesting active control law. Although
it amplifies the static response which may lead to a decrease in the stiffness of the structure, the controller
adds the high-frequency roll-off. PPF can be implemented by using a first- or a second-order filter. The
second-order PPF is a resonant control which outperforms the first-order PPF in terms of the damping ratio
of the system; however, its performance degrades rapidly under the resonance uncertainty in comparison to
that of the first-order PPF. This technique was implemented on a cantilever beam when its parameters were
optimized based on the method of maximum damping [17] and H∞ optimization [18]. In case the zero goes
before the pole, the open-loop transfer function is similar to the system when a force actuator is collocated
to a force sensor. For such systems, integral-feedback (IF) [19] and α-controller [20], which includes a
simple integrator and a double integrator combined with a real zero in the feedback loop, respectively, were
introduced as effective control laws. It was shown that α-controller provides a better control performance
in comparison to IF although it is less robust to resonant uncertainty. Consequently, the control law can
be inspired by IF and/or α-controller if the zero of the open-loop transfer function from the piezoelectric
actuator to the piezoelectric sensor appear before pole.

Figure 1: The bladed rail

This paper studies the potential of using an active control system to damp the vibration of a bladed rail
structure. A numerical modeling of the system is discussed in details. This includes the dynamic behavior
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Figure 2: (a) Model of the bladed rail structure. (b) Normalized resonance frequencies of the bladed assem-
blies (ω1 is the first bending mode frequency of the first family)

of the system, the optimal location of the piezoelectric patches and the design of controller. In Section 3,
experimental results are presented. The conclusions are drawn in Section 4.

(a) Mode1 (b) Mode6 (c) Mode12

Figure 3: First mode shape of the (a) first, (b) second, and (c) third families

2 Numerical modeling of the bladed rail

Figure 1 shows the manufactured bladed rail which was made of aluminium. The monobloc bladed rail
comprises five identical blades placed on a support. Its geometry is adapted to that of the conventional
compressor bladed drum (BluM) [21]. As a boundary condition, the bottom part of the structure is clamped
to a rigid wall. Due to the complexity of the structure, its finite-element-model (FEM), shown in Figure
2a, was built using shell elements. The normalized frequencies of the first seventeen modes of the structure
are shown in Figure 2b. Note that the frequencies are normalized with respect to the frequency of the first
resonance. Clearly, modes can be categorized into two types. The first type corresponds to the mode family
consisting of five resonances with very close frequencies. Figure 3 shows the first mode shapes of the first
three families. One sees that the motion of the blades are dominant such that the mode shapes of the first,
second and third families are representing the first bending, the first torsion and the second bending of the
blades, respectively. Note that the separation of the resonance frequencies in a family depends on the rigidity
of the support. In addition, the second type of modes represent the resonances of the support which are
isolated from others. In this study, the vibration of the first family of modes is of interest.
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Figure 4: Strain energy distribution of the first five modes corresponding to the first family

Mode1 Mode2 Mode3 Mode4 Mode5

(a)
(b)

Figure 5: (a) Strain distribution of the internal part of the support for the first family of modes. (b) Configu-
ration of the piezoelectric patches on the structure

2.1 Optimal location of piezoelectric patches

Piezoelectric devices transform mechanical energy into electrical energy and vice versa. This property allows
us to use the transducers as either sensors and/or actuators. When a piezoelectric patch is used as a sensor,
the output voltage is proportional to the relative rotation of its extremities. Similarly, the moment applied by
a piezoelectric patch is proportional to the relative rotation of its extremities. To maximize the observability
and controlability, the optimal location of these transducers is the area of the structure where the strain energy
is maximized. The strain energy map of the first five modes corresponding to the first family of modes is
shown in Figure 4. One sees that the strain energy is maximized at the root of each blades. However,
the patches cannot be placed there because they can easily disturb the aerodynamic flow. To overcome
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the aforementioned limitation, it is required to place the transducers on the internal part of the support.
For this area, the strain map is shown in Figure 5a. It is clearly visible that a local strain distribution is
generated below each blade. The local deformations are separated by an artificial nodal line where no strain
is generated. Depending on the motion of a blade, the deformation is either in tension or in compression;
and subsequently, the charge generated in a piezoelectric patch is either positive or negative. In order to
avoid charge cancellation in the patches, the size of piezoelectric patches can not be greater than the local
deformation area.

Assuming that the relative rotation of the extremities of both sensor and actuator is almost the same when they
are placed next to each other, the frequency response function (FRF) from voltage applied by the actuator to
the voltage measured by the sensor contains alternating pole-zero, i.e. collocated system, which is of interest
in active control techniques since its phase is always between -180◦ and 180◦. Consequently, two collocated
piezoelectric patches (using one of them as sensor and the other one as an actuator) are placed on the support
below each blade such that they cover local strain distribution as it can be seen in Figure 5b.

2.2 Control design

The open-loop transfer function from each piezoelectric actuator to its collocated piezoelectric sensor is
shown in Figure 6. One sees that the system contains alternating zero-pole configuration with no high
frequency roll-off. For each mode, the frequency of the pole is the same for all pairs because it corresponds
to a resonance frequency of the blades, while the frequency of the zero changes. In an active control system,
the controllability of a target resonance can be assessed by the distance between the frequency of the pole and
the frequency of the zero. For example, the third pair is not efficient enough to damp the second resonance
due to the close location of second zero with respect to the second pole. It is also similar for the fourth
resonance too. However, this pair can highly add damping to the first, third and fifth resonances.
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Figure 6: (a) FRF of the open-loop transfer function from each piezoelectric actuator to its collocated piezo-
electric sensor. (b) Zoom close to the resonances.

The control configuration is shown in Figure 7, which is a multi-input-multi-output (MIMO) system with
decentralized control system using the same control law. The choice of the control law is dependent on the
location of zeroes with respect to poles. When the zeroes appear before poles, the open-loop transfer function
is similar to that of a system when a force actuator is collocated to a force sensor. For such a system, two
active control laws, including a simple integrator, known as integral-feedback (IF), or a double integrator
combined with a real zero, known as α-controller, were proposed. Therefore, these two control laws are
implemented in the present system as shown below:

H(s) =
gi

s
(1)
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H(s) =
gii(s+α)

s2 (2)
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Figure 7: Block diagram of the numerical controller architecture.
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Figure 8: (a) Minimum damping ratio of the system against the number of closed loops. (b) Numerical FRF
of the performance index with and without control system.

In order to tune the control parameters, a numerical optimization in MATLAB is employed using fminsearch
function. The optimization consists in maximizing the minimum damping of the system. Figure 8a shows
the minimum damping ratio of the first family of modes against the number of the closed-loops. As it can be
seen when all the loops are closed, the minimum damping of the system is about 2.5% and 8% when the IF or
α-controller is used, respectively. To check how effective the control system is, the performance index of the
system is defined as the transfer function from the force injected at a tip of the fifth blade to the displacement
at the same location. The FRF of the performance index with and without control systems is shown in Figure
8b. It can be clearly seen that the maximum amplitude of response when α-controller is used is three times
lower than that of IF controller. Better control performance obtained by α-controller comes at the expense
of a decrease in the phase margin. This can be seen in Figure 9 where the phase margin is plotted against the
number of the closed-loop system. Note that the system is assumed to be multi-single-input-single-output
(multi-SISO).
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3 Experimental verification

To perform the experimental tests, a dSPACE MicroLabBox was used for the purpose of both the data ac-
quisition and the control system. The control configuration is designed first inside the graphical SIMULINK
environment of MATLAB and then compiled. The compiled file is uploaded into the ControlDesk software
connected directly to the MicroLabBox hardware. The system is running in real time at a sampling frequency
of 20 kHz. The measured data were recorded at the same sampling frequency.

System+

VsVa

Fd
vtip

s

gi
s+w
s

Figure 10: Block diagram of the experimental controller architecture.

In this study, the experiments were performed using only the fourth pair of patches. The configuration scheme
for the experimental study is shown in Figure 10. Fd and Va are the disturbance force and the actuation control
voltage, respectively. Note that the same piezoelectric actuator was used for the excitation. A chirp signal
generator excited the structure around the first family of resonances. vtip and Vs are the tip velocity of the
fifth blade and the voltage measured by the fourth piezoelectric patch, respectively. The velocity of the tip
blade vtip was measured by the polytec laser vibrometer. Therefore, the performance index is defined as the
transfer function from the disturbance force Fd to the velocity of the tip blade vtip.

The FRF of the experimental open-loop transfer function from the fourth piezoelectric patch to the fourth
piezoelectric sensor is shown in Figure 11a. In order to further design the control system, a curve is fitted
to the experimental FRF as it can be seen by red-dotted line. The obtained modal damping of the these
resonances is 0.5%, 0.062%, 0.055%, 0.05% and 0.045% for the first, second, third, fourth and fifth modes,
respectively. One sees that the first and fourth resonances do not clearly appear in the FRF. This is because
the fourth blade does not almost move at the first and fourth resonance frequencies. Therefore, almost no
strain is generated at the location of the piezoelectric patches.

In this study, we only focus on the implementation of an integral feedback. In order to avoid integrating the
low-frequency contents of the sensor, a high-pass filter is also added in the feedback loop. The optimal value
of the feedback gain is tuned following the procedure explained in the previous section. Figure 11b shows
the loop gain of the system with optimal IF. 90◦ phase margin ensures the stability of the closed-loop system.
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Figure 11: (a) Experimental FRF of the open-loop transfer function from the fourth piezoelectric patch to
the fourth piezoelectric sensor. (b) Loop-gain of the system with the application of IF.
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Figure 12: Experimental FRF of the performance index with and without control system.
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The FRF of the experimental performance index from the disturbance force to the velocity of the tip fifth
blade is presented in Figure 12. All resonances of the first family are visible. It can be seen that, the controller
can damp the second, third and fifth resonance while it has no control over the first and fourth resonances as
it was expected.

The experimental implementation of IF and the α-controller using all pairs of the patches is left for future
work.

4 Conclusions

This paper proposed two active vibration damping techniques to damp the high modal density resonances of
a bladed rail structure. The control laws were inspired by the force-feedback control system due to the similar
pole-zero pattern in the open-loop transfer function. Piezoelectric patches were used for the implementation
of the control system. The optimal placement of the piezoelectric patches was also investigated. It has been
shown that locating the patches at the blade root maximizes the strain energy; however, it results in important
perturbations of the aerodynamic flow. Therefore, a pair of sensor and actuator is placed inside the structure
below each blades. The control systems were first designed numerically and then verified experimentally.
The method of maximum damping which consists in maximizing the minimum damping of the first family
of modes was used to optimize the parameters of the controller.
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Abstract
In this paper, a representative three-storey building structure is utilised as a case study for the development of
a digital twin that is used for control in dynamics applications. The structure is subject to an earthquake-like
excitation and the control action is provided by an inertial actuator. Firstly, low and high fidelity physics-
based models are created to determine the behaviour of the structure. Secondly, experimental tests are carried
out, and the discrepancies between the model and experimental data are measured. At this stage a digital
twin framework offers opportunities to assign or infer model parameters with nominal, bounded or distributed
values, as well as the addition of data-based components to further increase the validity of model predictions.
Finally, two representative active control algorithms are investigated for the vibration attenuation, specifically
using a linear-quadratic Gaussian regulator and a direct velocity feedback controller. The control strategies
are compared not only in terms of performance, but also in terms of robustness.

1 Introduction

The idea of a digital twin as a combination of models and data that evolves over time has recently gained
significant interest in the field of structural dynamics [1]. One key aspect of a digital twin is that it is
connected to its physical counterpart by a continuous flow of real-time data. The data is then analysed so
that the operation of the physical twin can be optimised by scheduling signals streaming from the digital twin.
This loop between the physical and the digital twins resembles the arrangement of a feedback control system.
The digital twin framework could thus be beneficial for the development and the analysis of control strategies
used in dynamics applications. The propagation of uncertainty present in the structure and associated with the
digital twin can help evaluate the robustness of various control algorithms. Also, the scenarios of structural
damage and sensor faults can aide the development of fault tolerant control strategies that can operate even
in the presence of uncertainty.

In this paper the active vibration control of a representative three-storey aluminium structure is considered
as a case study for the development of such a digital twin. The structure, which is shown in Figure 1 is
subject to an external force acting on the first floor and the control force is provided by an electromagnetic
actuator that can be placed at any of the three storeys. Models of the structure can be created using the
available physical knowledge and their parameters can later be updated to match the experimental data. A
digital twin framework allows information about parameter uncertainty, along with their nominal values, to
be propagated such that expected errors in the system response to a certain control signal can be calculated.

The paper is organised as follows. Multi-fidelity physics-based models of the three-storey structure are
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(a) (b)

Figure 1: Three-storey structure (a) physical twin and (b) its virtual realisation

investigated in Section 2. Experimental modal analysis on the physical twin is presented in Section 3,
where the results are also compared with the numerical models. Model-updating techniques and data-based
augmented models [2] are discussed in Section 4. Two types of feedback control strategies for the reduction
of structural vibrations are investigated in Section 5, namely a linear-quadratic-Gaussian regulator (LQG)
and a direct velocity feedback controller (VFC). The conclusions are summarised in Section 6.

2 Multi-fidelity physics-based models

The structure shown in Figure 1 can be modelled in different ways depending on the level of detail required,
the knowledge about its physical behaviour, the external loads that are expected to act upon the structure and
the parameters or states that we desire to monitor. In this paper, the aim of the digital twin is to calculate
the velocity of each storey when the structure is excited by a lateral white noise point force on the side of
the structure. Two models with different levels of fidelity are presented in this section, the first one being
a mono-directional three degree-of-freedom (DoF) model and the second one a two-dimensional (2D) finite
element model.

2.1 3-DoF model

The three-storey structure is represented in front view in Figure 2(a). A 3-DoF model of this structure can be
easily derived by assuming that each floor can be represented by a lumped mass and the four beams between
the storeys as four springs in parallel with negligible weight. The equation of motion of the 3-DoF model
shown in Figure 2(b) can then be written as,

Msẍ + Csẋ + Ksx = fext, (1)

where x is the displacement vector, Ms, Cs, Ks are the classical mass, stiffness and damping matrices of
a lumped parameter model fixed on one end and free at the other, and fext is the vector of external forces
acting on each storey. The lumped mass is defined by the geometry of each floor and the material, which is
Aluminium 6062. The stiffness between each floor is given by,

k = 4 · 12EJ

l3
, (2)
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(a) (b) (c)

Figure 2: (a) Front view of the 3-storey structure; (b) its 3-DoF model; (c) its 2D finite element model

where E is the modulus of elasticity, l is the clearance between two floors and J = bh3/12 is the moment of
inertia, where b and h define the rectangular cross-section of the beams. The damping matrix can be derived
considering a Rayleigh type of damping, hence

Cs = αMs + βKs, (3)

where the coefficients α and β are given by,
{
α
β

}
=

2ζ

ω1 + ω2

{
ω1ω2

1

}
, (4)

where a fixed damping ratio ζ has been assumed for the first two modes of the structure with natural frequen-
cies ω1,2. The velocity of the structure in the frequency domain can then be calculated from equation (1)
as,

Ẋ(jω) = [jωMs + Cs + Ks/(jω)]−1Fext(jω), (5)

where j =
√
−1 and ω is the excitation frequency in rad/s. The nominal parameters used for this 3-DoF

model are reported in Table 1.

Table 1: Geometrical and physical properties of the three-storey structure

mass Young’s modulus leg length leg thickness leg width stiffness damping ratio
m E l h b k ζ
5.2 70 153 3 25 5.25 · 104 0.2%
kg GPa mm mm mm N/m -

2.2 2D finite element model

The model presented in the previous section is mono-directional and it neglects the mass of the vertical beams
and the stiffness of the floors. A higher fidelity model of the 3-storey structure is a 2D finite element model.
The structure shown in Figure 2(a) can be represented as a 2D frame in which each segment is discretised
with a number of beam elements, as shown in Figure 2(c). In this study the vertical beams have been
discretised with 20 elements of rectangular cross-section of 3x25mm, whereas the floors with 10 elements of
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rectangular cross-section of 25x127mm. Due to the symmetric nature of this problem, only the front half of
the structure has been considered. The analysis of this model has been performed using linear beam elements
with Ansys Mechanical solver. The response of this model is compared with the experimental investigation
and the response of the 3-DoF model in the next section.

3 Experimental modal analysis

The dynamic behaviour of the structure was then studied by performing impact tests followed by experimen-
tal modal analysis on the physical twin shown in Figure 1(a). The experiments were conducted using LMS
Test.Lab software with a SCADAS data acquisition system. The structure was excited by an instrumented
roving hammer (Dytran Dynapulse 5800B3) equipped with a medium stiff Delrin tip due to the light damp-
ing of the structure under test. The response was measured by three B&K accelerometers (type 4507) located
at each of the three storeys, as shown in Figure 1(a). The experimental analysis consisted of hammering 10
times on each storey, recording the sensor signals for 30 seconds each time and taking the averaged FRFs
of the impulse response. The LMS Test.Lab software was then used to extract the mode shapes and natural
frequencies of the structure.

3.1 Comparison of numerical and experimental results

A comparison between the results from the experiment and the multi-fidelity models is shown in Figure 3.
The driving point mobility (velocity per unit input force) of the 3rd storey measured during the experimental
tests is shown in Figure 3 with the black solid line. The driving point mobility of the nominal 3-DoF model
can be extracted from Equation (5) as the 3rd row and 3rd column entry of the inverse matrix, which is
shown in Figure 3 with the blue dash-dotted line. Similarly, the mobility of the 2D finite element model is
exported from the Ansys solver and is displayed with the green dash-dotted line. Figure 3 shows a very good
agreement between the higher fidelity 2D FE model and the experiment, whereas it presents a substantial
mismatch with the lower fidelity 3-DoF model. The 3-DoF model parameters can thus be updated in order
to ensure a better fit of the experimental results. This is done by minimising the sum of the squared errors
between the model and the experimental FRFs across a frequency range (in this case from 3Hz to 100Hz),
not only for the driving point mobility of the 3rd storey, but for the whole mobility matrix. The result of
the updated 3-DoF model is shown in Figure 3 with the red dash-dotted line, which ensures a better match
with the results from the experimental test and the higher fidelity model. Quantitatively, the mean squared
error between the experimental FRF and the FRF of the nominal 3-dof model shown in Figure 3 amounts at
38.5 dB, whereas the mean squared error between the experimental FRF and the FRF of the updated 3-dof
model is 3.8 dB.

Table 2: Variation of updated model parameters with respect to nominal values

mass # error stiffness # error damping # error
m1 3.1% k1 27.0% c1 3.9%
m2 1.1% k2 15.0% c2 27.0%
m3 1.1% k3 13.0% c3 8.4%

Commonly, only the updated model parameters would be used for further studies and the nominal values
would be discarded. Although the updated 3-DoF model will be used for the remainder of the paper, the
nominal model can still assist with useful information. The variation of each parameter from its nominal
value can be thought as a lack of knowledge or as an error in the modelling assumptions. A digital twin
framework offers the opportunity of assigning the model parameters not only with a nominal value, but also
with an interval, or a distribution of values. This means that the updated model carries also the information of
the errors associated with each of its parameters, which in turn can be useful when studying the performance
and the robustness of the system. The errors between the nominal and updated values of the 3-DoF model
are reported in Table 2, where the larger variation can be seen in stiffness k1 and in damping c2. In particular,

118 PROCEEDINGS OF ISMA2020 AND USD2020



3 5 10 30 50 100
f [Hz] 

-100

-90

-80

-70

-60

-50

-40

-30

-20

-10

0

experimental
3-DoF nominal
3-DoF updated
FEM beam model

Figure 3: Comparison between the experimental driving point mobility of the 3rd storey and the mobility
calculated using the numerical models with different levels of fidelity

stiffness k1 connects the first floor to the ground and its large error in the nominal model is due to the fact
that the assumption of a infinitely rigid boundary condition does not hold, instead some level of flexibility
should have been introduced in the model for the connection between the vertical beams and the ground.

4 Model updating and data-based models

A key aspect of a digital twin is the ability to utilise information from data in updating predictive perfor-
mance [1, 2]. Several strategies are available for combining information from data in the digital twin model,
such as using data to perform model updating [3, 4], providing better estimates of the parameters and their
associated uncertainties [5, 6], or in the addition of black-box data-based models [1, 2, 7], which can be used
to compensate for missing physics within the digital twin model. Both changing model parameters, and the
additional data-based corrective models, provide significant challenges to control strategies, particularly if a
model based control strategy is implemented. In this paper the impact of parameter uncertainty on the perfor-
mance of both non-model and model based strategies are investigated. However, further research will seek
to understand the changes in performance of control strategies when model parameters are time evolving,
and where the undying state equations are augmented with a data-based component.

It is noted that model updating was conducted in the previous section based on experimental modal analysis.
The structure is under well-controlled environment and the loading is measured for analysis. However, in
most real world applications structural response data is commonly measured when the structure is under
operational conditions. The environmental condition cannot be directly controlled and it may not be feasible
to measure the loading information. In this scenario, model updating is conducted based on system response
data only, using operational modal analysis techniques [8, 9]. Without knowing the loading information, the
associated uncertainty of identified model parameters can be significant. Consider a measurement from the
structure with a duration of 30 seconds and frequency band of [6.30,6.33]Hz for modal analysis. Figure 4
shows the coefficient of variation (i.e., standard deviation divided by mean) of the natural frequency and
damping ratio of the first mode against the signal-to-noise ratio (i.e., power spectral density of the modal
force divided by that of the measurement noise) as an example. The plot is based on a recent theory on
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Figure 4: Coefficient of Variation of (a) natural frequency, (b) damping ratio against signal-to-noise ratio for
the first mode

’uncertainty law’ in operational modal analysis that provides asymptotic formulae capturing the behaviour
of identification uncertainty [10]. The results can provide guidance on the uncertainty levels that would be
encountered when the loading is unknown. The uncertainty from performing output only analysis will be
further propagated to the model parameters (i.e., stiffness, mass and damping), affecting both the digital twin
and any active control schemes.

5 Active control using an inertial actuator

In this paper, the purpose of adding a control (or secondary) force to the three-storey structure is disturbance
rejection, which is given by a white noise force fp = [1 0 0] fext on the first floor of the structure, as shown
in Figure 5. The objective of the controller is not only to attenuate the vibration induced by the external
force, but also to be robust against the model uncertainties. Since the controller has to deal with unknown
disturbances and model uncertainty, then feedback control is preferred over feed-forward strategies. Two
different control architectures are investigated, a linear-quadratic-Gaussian (LQG) regulator that is a model
based control strategy, and a direct velocity feedback controller (VFC) that is a non-model based approach.
The vibration attenuation performance of these control strategies is evaluated using the time-averaged kinetic
energy of the structure [11], which is defined as,

T (jω) =
1

4
ẊH(jω)Ms∗Ẋ(jω), (6)

where H stands for Hermitian transpose, Ms∗ = Ms + φTsmbφs and φs = {1 0 0} defines the location of
the secondary force on the 3-DoF model, which in this paper is located on the first floor. It is noted that
optimal location of passive or active control devices on high-rise buildings depends on the control objective
and external loading [12].

The vibration attenuation performance of the control strategies is compared in terms of same control efforts
P (jω) = f∗c (jω)fc(jω), where ∗ denotes the complex conjugate, and fc(jω) is the active control force
that acts on the first floor of the structure by reacting against the proof mass of the actuator, as shown in
Figure 5. The control force is provided by an electromagnetic inertial actuator mounted on the first floor
of the structure and the feedback signal is given by a single co-located velocity sensor ẋ1. The model
of the inertial actuator is shown in Figure 5, where mp represents the moving mass and kp, cp are the
stiffness and damping parameters associated with the suspension. The actuator is rigidly connected to the
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Figure 5: Model of the structure and inertial actuator in a feedback control loop. The structure is subject to
a primary force fp on the first floor.

structure via a base mass mb. The secondary force fs generated by the inertial actuator on the structure is
given by the sum of the passive mechanical impedance of the actuator and the active force fc given by the
electromagnetic transducer. The force factor of the transducer is Φ = Bl where B is the magnetic flux of
the permanent magnet and l is the length of the coil exposed to the magnetic flux B. The voice coil has an
electrical impedance Ze and the current signal has been amplified by the amplifier gain ga before entering
the actuator’s electrical winding. The inertial actuator parameters used in this study are reported in Table 3.

Table 3: Inertial actuator parameters

base mass proof mass stiffness internal damping force factor amplifier’s gain
mb mp kp cp Φ ga
0.5 1 1670 5 10 3
kg kg N/m Ns/m N/A -

Since the addition of the inertial actuator, the active structure has an additional DoF, hence the equation of
motion becomes,

Mscẍc + Cscẋc + Kscxc = φpcfp, (7)

where xc = {x xp} and the mass, stiffness and damping matrices are defined as,

Msc =

[
Ms∗ 0φTs
0φs mp

]
, Ksc =

[
Ks + φTs kpφs −kpφTs
−kpφs kp

]
, Csc =

[
Cs + φTs cpφs −cpφTs
−cpφs cp

]
, (8)

and φpc = {φp 0} with φp = {1 0 0} is the location of the primary force on the structure.
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(a)

(b)

Figure 6: Block diagrams of the feedback control strategies compared: (a) direct velocity feedback control,
(b) linear-quadratic-Gaussian regulator

A state-space representation of the active structure can be written as,

ẇ = Aw + Bsfc + Bpfp
y = Cw

, (9)

where w represents the states of the system, y = ẋ1 the measured output, and the state-space matrices are
defined as,

A =

[
0 I

−M−1sc Ksc −M−1sc Csc

]
, Bs = −

[
0

M−1sc

]
φTsc, Bp =

[
0

M−1sc

]
φTpc, (10)

with the output matrix C = {01,4 φss}, where φsc = {φs − 1} defines the location of the active force on the
system and φss = {φs 0} the location of the velocity sensor. Hence the external force acting on the structure
becomes fext = φTscfc + φTpcfp. The controller block in Figure 5 can be either the direct VFC or the LQG
regulator. The mechanical impedance of the inertial actuator has been designed to act as the one of a tuned
mass damped (TMD) in order to lower the response of the first resonance of the structure even in the absence
of an active input.

5.1 Direct velocity feedback control

The block diagram of the direct VFC is shown in Figure 6(a). The VFC has been chosen as a the non-model
based control method, since it does not need a model of the structure. The impedance of the controller, hence
the control force over the input velocity, is defined as,

Zc(jω) = −gaΦCp(jω)h, (11)
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where h is the feedback gain and Cp(jω) is an electronic compensator, which was introduced in [13] and
results in,

Cp(jω) =
ω̂2
p + 2jζ̂pω̂pω − ω2

ω2
c + 2jζcωcω − ω2

, (12)

where ω̂p = ωp =
√
kp/mp is the estimated natural frequency of the actuator, ζ̂p = ζp = cp/(2

√
kpmp) is

the estimated internal damping of the actuator, whereas ωc =3.5 Hz, ζc =36% are the compensated natural
frequency and damping ratio, respectively. The electronic compensator was introduced in order to lower the
apparent natural frequency of the actuator and to increase its apparent internal damping in order to improve
the stability of the controller. The impedance of the active structure with the direct VFC becomes,

Zs,vcf (jω) = jωMsc + Csc + φTscZc(jω)φss + Ksc/(jω), (13)

hence the velocity vector results in,

Ẋc(jω) = Z−1s,vcf (jω)φTpcFp(jω), (14)

which can be used to calculate the kinetic energy of the structure using Equation (6).

5.2 Linear-quadratic Gaussian regulator

The block diagram of the LQG regulator is shown in Figure 6(b). The LQG regulator has been chosen as
a full-state model based control method to be compared with the previous non-model based approach. The
control force generated by the LQG regulator is

fc = −gaΦKlqrŵ, (15)

where ŵ are the estimates of the system states w and Klqr is the optimal full-state feedback gain matrix that
minimises the following quadratic cost function,

J =

∫ ∞

0

(
wTQw + fTc Rfc

)
dt, (16)

where Q = qI, with q4,4 = 0 and q8,8 = 0 is the state weight matrix, and R is the cost weight. The LQG
regulator is formed by connecting a Kalman filter for state estimation with the optimal feedback gain matrix
[14]. The Kalman filter equation is given by [15],

ˆ̇w = Aŵ + Bsfc + L (y −Cŵ) , (17)

where y = ẋ1 is the measured output and L is the Kalman gain, which minimises the states error covariance
of the following system,

ẇ = Aw + Bsfc + Bpvp
y = Cw + vm

, (18)

where vp is the process disturbance with covarianceQv = 1 and vm is the measurement noise with covariance
Rv = 10−12. Combining the Kalman filter of Equation (17) with the solution of the optimal feedback gain
gives the following LQG regulator state-space equations,

Ŵ(jω) = [jωI−A + LC + gaΦBsKlqr]
−1 + Ly

fc = −gaΦKlqrŴ(jω)
, (19)

Substituting Equation (19) in Equation (9) results in,

W(jω) =
[
jωI−A + gaΦBsKlqr [jωI−A + LC + gaΦBsKlqr]

−1 + LC
]−1

BpFp(jω), (20)

from where the velocity of the structure Ẋ(jω) can be obtained to calculate the kinetic energy.
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Figure 7: Kinetic energy of the ideal structure with and without active control

5.3 Ideal structure

The active control strategies presented in the previous sections have been compared in terms of vibration
attenuation performance when operating with the same level of control effort and the structure is excited by
a white noise point force fp. The performance index is given by,

KE =

∫ ωsup

ωinf

T (jω)dω, (21)

where T (jω) is the time-average kinetic energy defined in Equation (6), while ωinf = 1Hz and ωsup =
100Hz define the frequency range of interest. The comparison between the VFC and LQG control strategies
for the ideal structure, meaning that the model parameters are exactly the same as the real structure, is shown
in Figure 7. The black solid line represents the kinetic energy of the original structure without the additional
DoF given by the inertial actuator. The green dash-dotted line shows the reduction on the first mode when
the inertial actuator is used as a passive device. This leads to an overall reduction of around 6dB. The inertial
actuator operating under a VFC law gives a larger reduction, which is shown with the red dash-dotted line.
The active structure with the LQG regulator is shown with the blue dash-dotted line, which underperforms
the VFC by around 2dB. Even though the LQG feedback gain is, by definition, optimal for a given control
effort, this is true only for static feedback gains. This is why the VFC with the addition of an electronic
compensator in the feedback loop can give a better performance with respect to the LQG. In fact, for this
level of control effort, the VFC without the compensator would be unstable. Of course, the parameters
of the compensator (Equation (12)) have to be tuned according to the system under control, meaning that
although the VFC is a non-model based control method it still needs some knowledge about the structure
and the actuator to deliver a good performance. Changes in the structural parameters or structure and model
mismatches could lead to a worse then expected performance or reduce the stability margins of the control
loops examined here. This relationship with model uncertainty is investigated in the next section.
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Figure 8: Kinetic energy of the structure subject to 25% uncertainty on the stiffness k1 with and without
active control designed for the nominal model of the structure

5.4 Structure with uncertain parameters

The study performed in the previous section has been replicated on a structure subject to parameter uncer-
tainty. This means that the controllers, especially the LQG regulator, are designed for the model of the
structure using its nominal parameters, but in practice on the real structure these parameters can vary to a
certain extent as discussed in Section 3.1. In particular, in this section the stiffness k1 is associated with an
interval uncertainty of ±25% around its nominal value. This causes a change in the stiffness matrix of the
structure, as well as the system matrix of the state space, hence the response of the active structure with the
LQG regulator becomes,

W(jω) =
[
jωI−Ap + gaΦBspKlqr [jωI−Am + LC + gaΦBsmKlqr]

−1 + LC
]−1

BpFp(jω), (22)

where Ap and Bsp are the state and input matrices of the real structure and Am and Bsm i.e. the ones used
in the model.

The comparison between the performance of the VFC and LQG control strategies for the structure with
uncertainty is shown in Figure 8. The shaded grey area represents the region of kinetic energy of the original
passive structure with uncertainty. The red shaded area shows the kinetic energy region when the VFC is
applied on the uncertain structure, whereas the blue shaded area when the LQG regulator is implemented. It
can be noticed that even though the uncertainty has only a small effect on the response for frequency higher
than 10Hz, it has quite a significant impact on the response of the active structure at lower frequencies,
especially around 4Hz. The response can be significantly higher than their nominal counterpart in this
frequency region, in particular for the VFC. The uncertainty in a structural parameter can thus cause a loss
of performance, however, its impact on the stability of both control loops should also be assessed, as both
controllers are conditionally stable [13, 16].
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(a) (b)

Figure 9: (a) Nyquist plots of the open-loop transfer functionG(jω) for the VFC and LQG when the structure
is subject to 25% interval uncertainty on the stiffness k1 (b) close-up near the −1 + j0 point

Figure 9 shows the Nyquist plots of the open-loop FRFs of both control systems subject to the uncertainty on
stiffness k1. The Nyquist of the VFC are shown with the red dash-dotted lines, whereas the Nyquist of the
LQG are presented with the blue dash-dotted lines. The magenta asterisk denotes the−1+j0 point. It can be
noticed that the LQG regulator presents very small phase margins compared to the ones of the VFC, hence a
relatively small delay in the LQG control loop can lead to instability. The gain margins of the LQG instead
are mostly higher than the ones of the VFC. An interesting result is that the stability margins of the LQG
regulator seem to be less affected by the uncertainty in stiffness k1 than the stability margins of the VFC
are. Of course, this study should be replicated to take into account all the other sources of uncertainty. The
stability margins of both control loops for the nominal structure, as well as their maximum and minimum
values as a consequence of the structural parameter uncertainty are reported in Table 4. Given these results,
a digital twin framework can help in the choice of the controller that reaches the required level of robustness
by means of uncertainty propagation studies, but also it could be used to recalibrate the controller during the
asset operation once and if the digital twin parameters have been updated.

Table 4: Stability margins of the control loops for the nominal structure and the structure with uncertainty

Gain margin [dB] Phase margin [deg]
nominal max min nominal max min

VFC 7.36 9.72 4.09 51.44 67.99 27.73
LQG 8.33 9.25 7.32 18.97 20.87 16.69

6 Conclusion

This paper presented the preliminary steps of the development of a digital twin for the active vibration control
of a representative three-storey structure. Multi-fidelity physics based models have been developed and their
dynamic behaviour was compared with the experimental tests on the real structure. The model parameters
can be updated to mirror the response of the physical structure, however, the error between nominal and
updated parameters can be attached to the digital twin as an index of lack of knowledge.

A model based controller and a non-model based controller have been investigated for the vibration attenua-
tion of the structure when subject to a white noise excitation on the first storey. A LQG regulator was chosen
as the model based controller, whereas a direct VFC with an electronic compensator in series was chosen as
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the non-model based controller. When applied to an ideal structure with parameters identical to the model,
the VFC showed marginally better performance than the LQG thanks to the addition of the electronic com-
pensator. Without a tuned compensator, the VFC loop would have been unstable. This implies that although
the VFC is a non-model based controller it still requires some knowledge about the structure and the actuator.

On the other hand, the structure with stiffness uncertainty generates larger uncertainty intervals for the stabil-
ity margins of the VFC than for the ones of the LQG regulator. That said, the stability of the LQG regulator
is highly susceptible to small delays in the control loop even for the nominal system, as the phase margin is
minimal. Further developments of the control digital twin may consider other sources of parameter uncer-
tainty as well as measurement noise.

In summary, from a vibration control perspective, the digital twin concept could be used to both evaluate
the robustness of the controller in the presence of known levels of uncertainty, and to retune the controller
during the asset management phase each time the digital twin is updated.
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Abstract 
In active vibration isolation systems direct velocity feedback may be used. A particular approach in this 

framework is known as “skyhook damping”. Skyhook damping is implemented by using a velocity sensor 

mounted on the receiving body whose output is used to drive a force actuator reacting between the source 

and the receiving bodies through a feedback gain. In such an arrangement the velocity sensor is collocated 

with the component of the actuator force acting on the receiving body. The other component reacting against 

the source body lacks a collocated sensor. If the fundamental natural frequency of the receiving body is 

lower than the fundamental natural frequency of the source body, the feedback loop exhibits unconditional 

stability and can generate significant vibration isolation effects in a broad band of frequencies. If the 

situation is opposite, the feedback loop becomes conditionally stable and only limited feedback gains can 

be implemented. This results in poor vibration isolation effects. However, if an inerter with a large enough 

inertance is used in the isolator suspension, the feedback loop becomes unconditionally stable and 

performant again. In this paper it is calculated using a lumped parameter model of the general vibration 

isolation problem that the minimum inertance to stabilise the feedback loop equals the stiffness of the 

isolator spring times the squared natural frequency of the source body. Furthermore, it is shown that time-

averaged kinetic energy of the receiving body monotonically reduces with the increase of the feedback gain.  

1 Introduction 

An appealing property of inerters is that they can be designed and realised in practice having their inertance 

significantly larger than their mass [1], [2]. Adding the inerter to classical dampers and springs fills an empty 

niche enabling a complete synthesis of passive mechanical networks [1], [2]. This opens many interesting 

possibilities so that many authors reported on how to design and use inerters to suppress mechanical 

vibrations [1]–[10].  

For example, inerters can be very useful in vibration absorber systems. The performance of dynamic 

vibration absorbers is known to very much depend on the proof mass added to a primary structure to reduce 

its vibration. This mass is added to structures exclusively to control their vibrations, so it is penalised in 

lightweight automotive and aerospace applications [11]. In this context, the use of inerter elements can be 

interesting given the fact that their inertance can be significantly larger than their mass. Consequently a 

number of new concepts have arisen. These include tuned inerter damper (TID), tuned mass–damper–inerter 

(TMDI), and inerter–based dynamic vibration absorber (IDVA) [12]–[16]. In these systems the working 

frequency of the absorber can be tuned by changing the inertance. In particular, it can be reduced without 

increasing the physical mass of the vibration absorber while preserving the static stiffness of the absorber 

suspension spring. Various applications have been considered using tuned inerter dampers including 

vibration reduction of cables in cable-stayed bridges [13].  

Dynamic vibration absorbers can be made active. Active vibration absorbers can be realised using proof-

mass actuators implementing a velocity or velocity + displacement feedback control loop [17]–[21]. 

Normally, active vibration absorbers must be designed with a low mounted natural frequency [18], [19], 
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[22]. This requires either a large proof mass or soft suspension stiffness. Both is hard to realise in practice 

since the mass must not be too large as this would add too much weight to the structure, and the stiffness 

cannot be too small due to large sags in case of constant accelerations (gravity, vehicle manoeuvring). The 

need for soft suspension also limits the applicability of co-rotating proof-mass actuators for vibration control 

of structures rotating at a high speed which exposes the proof mass to large centrifugal forces [23]–[25]. 

This problem can be overcame by using an inerter between the proof mass and the structure under control. 

In such a way the natural frequency may be decreased without significantly increasing the weight of the 

system and without using excessively soft suspension springs. 

Inerters can also be very useful in vibration isolation systems. In this sense, many authors focused their 

efforts on improving vehicle suspension systems using inerters [2], [29], [30]. Further applications of 

inerters include vibration isolation in civil engineering structures, such as multi-storey buildings under 

earthquake base excitation [31]. In vibration isolation problems it is often necessary to tune the impedance 

of the isolator elements based on some optimisation criteria. This can be done by either minimising maxima 

of the response (H∞ optimisation), or by minimising the energy in the response signals (H2 optimisation) 

[32]. 

In this paper the benefits of using inerter in an active vibration isolation problem are considered. It is shown 

that the use of an inerter in the isolator can significantly improve the stability and performance of the active 

vibration isolation system in certain situations. In particular, it is shown analytically on a simplified model 

problem that the use of inerter enables successful active vibration isolation in a family of mechanical systems 

that are otherwise difficult to control. This family of system has been referred to as subcritical 2 DOF 

systems. Subcritical systems are those characterised by the natural frequency of the receiving body larger 

than the natural frequency of the source body. In such vibration isolation problems the use of inerter is 

shown to stabilise the feedback loop and therefore to enable a remarkable active vibration isolation effect.  

The paper is structured into three sections. In the second section, the model problem is presented and the 

corresponding mathematical formulation is given. In Section 3 a comprehensive stability analysis of the 

active vibration isolation scheme is given. This analysis indicates the subcritical family of vibration isolation 

systems that requires the use of inerters in the isolator to have stable and performant active vibration isolator. 

In Section 4 the performance of the active vibration isolation system is discussed through its ability to reduce 

the mean kinetic energy of the receiving body. In each system, tuneable parameters are adjusted in order to 

minimise the kinetic energy of the receiving body per unit, spectrally white, dynamic excitation of the source 

body.  

2 Mathematical model 

In this section mathematical model of an inerter-based active vibration isolation system is formulated. As 

shown in Figure 1, the problem studied is represented by a lumped parameter two degree of freedom (DOF) 

mechanical system. The system consists of two masses m1 and m2 coupled by a spring k2, a viscous damper 

c2 and an inerter of inertance b2. The inerter produces a force proportional to the relative acceleration 

between masses m1 and m2. The two masses are attached to fixed reference bases via the two mounting 

springs k1 and k3. The lower mass m1 is excited by the disturbance force F1. It is assumed that the force F1 

has characteristics of an ideal white noise and that the power spectral density (PSD) of the force equals one 

over all frequencies. 

The purpose of the vibration isolation system is to reduce vibrations of mass m2 which are due to the forcing 

F1 acting on mass m1. Therefore, a structure approximated by mass m1 and spring k1 is referred to as the 

source body, and a structure characterised by the mass m2 and stiffness k3 is referred to as the receiving body 

(Figure 1).  

Such a lumped parameter approximation may be representative of a system of more complicated nature, 

incorporating structures with distributed mass and stiffness parameters. For example, modal mass and 

stiffness of the fundamental mode of a flexible rectangular source panel can be represented through mass 

m1 and stiffness k1. Similarly, mass m2 and stiffness k3 can represent modal mass and stiffness corresponding 

to the fundamental mode of a flexible radiating panel. Finally, the stiffness k2 between the two masses could 
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represent a coupling impedance associated with the breathing mode of an air cavity between the two panels. 

In such a way the simplified 2 DOF model could be used to describe the low-frequency dynamic behaviour 

of acoustically coupled double panels as discussed in, for example [33]. Other systems may also be 

representable by the general configuration shown in Figure 1, such as those discussed in [17], [34]–[36]. In 

case a more detailed and accurate analysis is required, attention should be paid to the influence of higher 

order residual modes, see for example [6]. 

 

Figure 1. The two degree of freedom active vibration isolation system 

The active part of the vibration isolation system is realised through a skyhook damping unit [35], [37]. The 

skyhook damper consists of a reactive actuator, a velocity sensor, and a feedback loop between the output 

of the sensor and the input to the actuator. The actuator is mounted in parallel with the passive part of the 

isolation system (spring, dashpot and inerter) with its terminals also attached to the two masses, Figure 1. 

The velocity sensor is mounted onto mass m2 in order to realise a disturbance rejection control scheme. In 

this scheme the actuator is driven with a signal proportional to the negative absolute velocity of the receiving 

body amplified by a constant control gain g. Idealised sensor-actuator transducers are assumed. Thus the 

feedback gain g has physical dimension of Ns/m and could be referred to as the active damping coefficient. 

Practical velocity sensors are normally realized using standard accelerometers with time-integrated outputs. 

The cut-off frequency of the integration circuit is usually chosen low, so that in the frequency range between 

the cut-off frequency of the integrator and the blocked natural frequency of the accelerometer, the time-

integrated output of the accelerometer is proportional to velocity [17], [18]. Also, an advanced MEMS 

velocity sensor with internal velocity feedback that could be used for this purpose has been proposed in 

[38]. 

The actuator force FA is given by 

 
A 2F gx  . (1) 

The equations of motion are 

      

     

1 2 1 2 2 2 1 2 2 1 2 1 2 2 1

2 1 2 2 2 2 1 2 2 2 1 2 3 2 0

m b x b x c x c g x k k x k x F

b x m b x c x c g x k x k k x

        

         
. (2a,b) 

Equations of motion Eq. (2a,b) can be written in the matrix form as 

   Mx Cx Kx F , (3) 
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where M is the mass matrix, K is the stiffness matrix, C is the damping matrix, x(t),  tx  and  tx  are the 

displacement, velocity and acceleration column vectors respectively, and F(t) is excitation column vector. 

These matrices/vectors are given by the following expressions 
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F , (5a-b) 

where the parameters/functions in the matrices/vectors are as indicated in Figure 1. Note that the gain g 

generates diagonally asymmetric active damping terms in the system damping matrix C. Throughout this 

study, the damping of the source and receiving structures is assumed to be light. Thus the effects of dampers 

between the source mass m1 and the ground and between the receiving mass m2 and the ground are neglected 

i.e. c1 ≈ c3 ≈ 0. This enables significantly less complex mathematical derivations in the forthcoming parts of 

the study. Furthermore it leads to a more transparent model regarding the physics governing the system 

dynamical behaviour. 

Assuming a simple harmonic excitation and expressing the excitation and the steady-state response in the 

exponential form   jˆ tt e F F  and 
jˆ te x x , where j 1  , Eq. (3) can be written as 

      j j j  S x F , (6) 

where S(jω) is the dynamic stiffness matrix with the following form 

   2j j     S M C K . (7) 

Solution of Eq. (6) can be obtained by inversion of the dynamic stiffness matrix S(jω) as 

      1j j j  x S F . (8) 

Differentiating Eq. (8) in order to obtain velocities results in expression 

      j j j  x Y F , (9) 

where    j j j  x x  is the velocity vector and    1j j j  Y S  is the mobility matrix representing 

four frequency response functions (FRFs) between velocities and forces. By taking M, K and C matrices 

from Eq. (4a-c), the steady-state complex response can be expressed in terms of the two driving points and 

two transfer mobilities as 
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, (10d) 

where ij i jY x F  is a mobility function of the system, representing a velocity of the mass i due to a unit force 

at the mass j. If i = j then the corresponding FRF is referred to as a driving point mobility, otherwise it is a 

referred to as a transfer mobility. 

The transfer mobility Y21, representing the velocity response of the receiving body per unit forcing of the 

source body, is used to assess the quality of the vibration isolation throughout this paper. With the aim of 

more general approach, mobility Y21 in Eq. (10c) can be expressed in the following dimensionless form 

  
     

       

2 3

0 1 2 3

2 3 4

0 1 2 3 4

21

j j j
j

j j j j

B B B B

A A A A A

  
 

   

  


   

, (11) 

where coefficients A0...A4 and B0…B3 are given by 
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and 
1 2121 1m Y   is now the dimensionless transfer mobility. Throughout the rest of the paper, it is assumed 

that m1 and Ω1 are constant values, used for scaling the transfer mobility function Y21 to convenient 

dimensionless form. In Eqs. (13a-g), α and β are squared natural frequency ratios, η2 is the damping ratio, λ 

is the feedback gain normalised with respect to the passive damping coefficient, and μ1 and μ2 are the mass 

and inertance ratios respectively. Furthermore, Ω is dimensionless circular frequency normalised with 

respect to the natural frequency of the uncoupled source body Ω1 (as if the source body was uncoupled by 

removing spring k2), Ω3 is the natural frequency of the uncoupled receiving body (as if the receiving body 

was uncoupled by removing spring k2), and Ω2 is the natural frequency of the receiving body as if it was 

attached to a fixed reference base through the spring of stiffness k2 only. The three natural frequencies 

Ω1…Ω3 are thus 

 1
1

1

k

m
  , 2

2

2

k

m
  , 3

3

2

k

m
  . (14a-c) 

Given that the excitation force F1 with unit PSD has been assumed, the specific kinetic energy of the 

receiving body (per unit mass, per unit excitation force) can be calculated as 
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21 djkI   




  , (15) 

The specific kinetic energy index Ik
 
is used throughout this study as a measure of the performance of broad 

frequency band vibration isolation. The objective of the active vibration isolation system is to minimise this 

quantity. 

The specific kinetic energy index in Eq. (15) can according to [39] be calculated as 
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Substituting coefficients A0...A4 and B0…B3 from Eq. (12) into Eq. (16) yields 
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In the remaining parts of the paper, two types of vibration isolation systems are studied and compared with 

respect to their performance in minimising the kinetic energy index Ik. These are the active control system 

without inerter and the active control system with inerter. First, stability properties of the feedback loop are 

discussed for the two types of active vibration isolation systems: without and with the inerter. Second, the 

performance of the two active vibration isolation systems are analysed.  

3 Stability 

3.1 Stability in general 

With the frequency domain analysis, the stability of active control systems cannot be seen directly from the 

frequency response of the system. In other words, the model presented in Section 2 mathematically allows 

for calculating frequency response functions using Eqs. (10) for both stable and unstable systems. However, 

such FRFs for unstable systems would be physically meaningless. It is thus necessary to carefully investigate 

the active control system stability properties before calculating the prospective performance metrics, such 

as the kinetic energy index given by Eq. (16). It has previously been shown that active vibration isolation 

systems can exhibit stability problems as discussed in for example [17], [34], [40], [41]. In this subsection, 

the stability of the feedback control loop is studied with reference to the dimensionless active damping 

coefficient λ by applying the Routh-Hurwitz stability criterion to the characteristic equation of the system. 

The characteristic equation is the denominator of Eq. (11).  

According to the Routh-Hurwitz necessary stability condition and Eq. (12) in order for A1,3 > 0, it must be 

  11 1        in order for A1 > 0, (18) 

  11 1        in order for A3 > 0. (19) 

In other words, if β < 1 the condition A1 > 0 is a stricter one and if β > 1, then A3 > 0 is the stricter condition. 

Considering now the Routh-Hurwitz sufficient condition for stability, it states that all diagonal sub-

determinants H1, H2 and H3, as well as the main determinant H4 of Hurwitz matrix must be positive. The 
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principal determinant H4 is proportional to the sub-determinant H3 with an always positive term 

1 1( ( 1) )      and is thus automatically positive if H3 is positive. Thus the relevant criteria that must be 

satisfied simultaneously are Eqs. (18) and (19) plus the following additional ones 

 
1 10 1 0H       , (20) 

      1 2 1 2 1 12 0 2 1 1 0(2 )H                        
, (21) 

         2 2 2

3 1 2 2 2 1 1 10 4 1 1 1 1 0H                           . (22) 

Note that A1, A3, H1 and H2 are linear functions of the dimensionless feedback gain λ, whereas H3 is a 

quadratic function of λ. The quadratic determinant H3 changes sign at the following values of the feedback 

gain 
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. (23a,b) 

In the forthcoming discussion, it is shown that by ensuring the validity of inequality (22), all other stability 

conditions are satisfied automatically. In other words, the condition (22) is a sufficient stability condition 

for the problem studied. 

3.2 Stability without inerter – subcritical and supercritical systems 

If the inerter is not used, i.e. μ2 = 0, Eqs. (23a,b) can be simplified to 

 
        

2 22

1 1 1

1,2

1 1 2 11 1 1

2

        




      
 , (24a,b) 

where λ1 is the lower value out of two zeros. At this point it is convenient to graphically represent all 

expressions relevant for the system stability as a function of the dimensionless feedback gain λ. This is done 

in Figure 2. Two different cases are presented. Figure 2(a) shows the case when the squared natural 

frequency ratio β < 1 and Figure 2(b) shows the case with β > 1.  

(a) 

 

(b) 

 

Figure 2: Hurwitz coefficients H1 (solid line), H2 (dashed line), H3 (dash-dotted line) and A1 (dotted line) 

plotted against the active damping ratio λ without inerter: (a) β < 1, (b) β > 1 
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The parameters of an example system shown in Figure 2(a) are α = 2, μ1 = 1/2, η2 = 1 and β(a) = 1/2, and the 

parameters for an example system shown in Figure 2(b) are the same, except β(b) = 5. The zeros of the 3rd 

principal diagonal minor H3 from Eqs. (24a,b) are denoted by the two circles. In both plots can be seen that 

if the principal diagonal minor with the quadratic dependence on the feedback gain is positive, i.e. 
3 0H  , 

then all other stability conditions are automatically satisfied. In fact, by closely inspecting Eqs. (18-22) it 

could be deduced that it is generally true that if H3 > 0 then all other conditions, i.e. Eqs. (18-21), are 

automatically satisfied and the stability is guaranteed. Thus Eq. (22) represents the strictest stability 

condition and it becomes sufficient to make sure that H3 > 0 in order to have a stable feedback loop. 

Physically this indicates that if the uncoupled natural frequency of the source body is larger than the 

uncoupled natural frequency of the receiving body, then a negative velocity feedback loop with an arbitrary 

large feedback gain can be used. As discussed in the forthcoming Section 4.1, this is a situation in which 

very convincing active vibration isolation effects can be achieved. On the other hand, in situation in which 

the uncoupled natural frequency of the source body is smaller than the uncoupled natural frequency of the 

receiving body, as shown in Figure 2(b), the range of dimensionless feedback gains is limited between λ1 

and λ2, according to Eq. 24. Therefore, the maximum feedback gain is limited by λ2 above which the second 

order principal diagonal minor becomes negative with further increasing the feedback gain. This is because 

the parabola in Figure 2(b) is oriented downwards whereas the parabola in Figure 2(a) is oriented upwards. 

This situation results in a limited active vibration control performance as discussed in the forthcoming 

section 4.1. 

In conclusion, it can be stated that all systems representable by the scheme in Figure 1 can be divided into 

two families. The first family can be referred to as supercritical and it is characterised by β < 1. The systems 

belonging to this group allow for the implementation of unconditionally stable active vibration isolation 

scheme based on the direct feedback of the absolute velocity of the receiving body. The second family is 

characterised by β > 1 and it can be referred to as subcritical. The systems belonging to this group do not 

allow for the implementation of unconditionally stable absolute velocity feedback scheme. On the contrary, 

the feedback loop is conditionally stable with a limited maximum feedback gain. 

Practical vibration isolation problems belonging to the supercritical family are the problems of isolating 

vibrations coming from a flexible base towards sensitive equipment mounted on the base. A practical 

problem belonging to the subcritical group could be a problem in which running machinery is elastically 

mounted on the flexible base, for example a punching press. In such case, the broadband vibrations 

originating from the impact, transmit from the machine to the base. It appears from the above analysis that 

it would be significantly more difficult to guarantee the stability of the absolute velocity feedback control 

applied on the latter, subcritical family of vibration isolation problems. Given these difficulties, it is 

interesting to investigate the effects of the use of an inerter with subcritical systems characterised by β > 1. 

This investigation is carried out in the following subsection. 

3.3 Stability with inerter – stabilising the feedback loop in a subcritical system 

If an inerter is used in an isolator of a subcritical system characterised by β > 1, then interesting effects can 

be observed with regard to the stability of the feedback loop. By inspecting Eq. (22), it can be seen that the 

third principal diagonal minor H3, which is essential for the stability of the active control, has the quadratic 

coefficient in λ equal to μ2 – α. This coefficient determines whether the corresponding parabola is pointing 

upwards or downwards. Given that the term (β – 1) multiplying the squared bracket expression is positive 

with subcritical systems, it turns out that an inerter with dimensionless inertance μ2 > α can make the 

quadratic coefficient of the parabola positive. This in turn results in an upward pointing parabola. Therefore 

unconditional stability can be achieved also with subcritical systems simply by adding an inerter with μ2 > 

α. This is illustrated in Figure 3 which shows all principal diagonal minors calculated according to Eqs. (20

-22). The system is again characterised by α = 2, μ1 = 1/2, η2 = 1 and β = 5, just like in Figure 2(b). As shown 

in Figure 3(a), with the inclusion of inerter when β > 1 and μ2(a) = α/2, the limited stable range of λ between 

λH1 < λ < λH2, is expanded in comparison with Figure 2(b). If the inertance is further increased, so that μ2 = 2α, 

the system becomes stable for any λ > λH2, as shown in Figure 3(b). Therefore, for subcritical systems where 

the fundamental natural frequency of the receiving body is larger than that of the source body, the use of 
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inerter characterised by μ2 > α drastically improves the stability by turning a subcritical active vibration 

isolation problem into a supercritical one. This is quite essential for the performance of the active vibration 

isolation, as discussed in the following Section 4. 

(a) 

 

(b) 

 

Figure 3: Hurwitz coefficients H1 (solid line), H2 (dashed line), H3 (dash-dotted line) and A1 (dotted line) 

plotted against the active damping ratio λ with inerter and with β > 1: (a) μ2 < α, (b) μ2 > α 

4 Performance 

4.1 Without inerter 

The performance of the active control is first studied without the use of inerter, therefore dimensionless 

parameter μ2 equals zero. Figure 4(a) shows the specific kinetic energy index of the receiving body plotted 

as a function of the passive and active damping ratio.  

(a) 

 

(b) 

 

Figure 4. Active vibration isolation system performance without inerter b2 (μ2 = 0) and β < 1: (a) Specific 

kinetic energy index Ik, (b) Transfer mobility function  21 j  , λ = 0 (solid line), λ = 2 (dashed line), λ = 

10 (dash-dotted line), λ = 20 (dotted line) 
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Firstly, a supercritical system is assumed so the frequency ratio β is smaller than one. Figure 4(a) indicates 

that as the active damping ratio (the feedback gain) is increased, the kinetic energy index monotonically 

decreases demonstrating that the desired active vibration isolation effect is achieved. Figure 4(b) shows the 

dimensionless transfer mobility function (the velocity of the receiving body per unit forcing of the source 

body, as a function of frequency) for increasing active damping ratios. It can be seen that the amplitude of 

the dimensionless transfer mobility function  21 j   diminishes in the vicinity of Ωn1 and Ωn2 which is 

tied to significant reduction of the receiving body specific kinetic energy Ik. In addition, no increase of the 

amplitude of the mobility with an increase in the feedback gain can be seen at any frequency. Thus a true 

broadband active vibration isolation effect can be achieved. The characteristic parameters of the example 

system illustrated in Figure 4(a) are α = 1/2, β = 1/2 and μ1 = 1/2. Parameters of the example system shown 

in Figure 4(b) are the same, except that the damping ratio had to be fixed to η2 = 0.5 %. Therefore in such a 

supercritical system, the use of inerter appears to be unnecessary, since the system is stable for any given 

positive value of λ. 

Considering now the subcritical case, where β > 1, the system is stable for a limited narrow λ - range as 

already discussed in Section 3.1 and as shown in Figure 2(b). Therefore it is interesting to investigate into 

performance of the active control for subcritical systems when the stable feedback gain is restricted between 

the lower and upper margins shown in Figure 2(b). 

The kinetic energy index of the receiving body in this case (β > 1) is shown in Figure 5(a). The parameters 

of the example system shown in Figure 5(a) are α = 1/2, β = 2 and μ1 = 1/2. It can be seen the figure that 

there is an optimum combination of the passive and active damping ratios that minimises the kinetic energy 

index which is marked by the red circle. 

(a) 

 

(b) 

 

Figure 5: Active vibration isolation system performance without inerter b2 (μ2 = 0) and βII > 1: (a) Specific 

kinetic energy index Ik, (b) Transfer mobility function  21 j  , λ = 0 (solid line), λ = 0.5 (dashed line), λ 

= 1 (dash-dotted line), λ = 1.5 (dotted line) 

The optimum passive damping ratio as a function of the active damping ratio is shown by the red dashed 

line in the plot (a). This function can be calculated by differentiating Eq. (17) with respect to λ and equalling 

with zero which yields the following relation: 

 1 1
2opt,

1

1

2 1


  


 

 





. (25) 

Eq. (25) is denoted by the dashed line in Figure 5(a). By substituting Eq. (25) into Eq. (17), the expression 

for minimum specific kinetic energy along the dashed line can be obtained 

138 PROCEEDINGS OF ISMA2020 AND USD2020



   

   
1 1

2

1

min

1

1 1
2π

1 1 1
kI

     

       

   

        





. (26) 

By differentiating Eq. (26) with respect to λ, equalling with zero and solving for λ, optimal active damping 

coefficient λopt may be obtained. Inserting both η2opt,λ from Eq. (25) and λopt into Eq. (17) yields an expression 

for minimum specific kinetic energy Ik. However, the relations for λopt, η2opt, and Ik are too cumbersome and 

not easily interpretable, so they are omitted here. Nevertheless, the global minimum position for Ik with 

respect to two variables λopt and η2opt,λ2 exists and it is denoted by the circle in contour plot. The asterisk in 

Figure 5.(a) denotes the minimum kinetic energy index if value of λ is set to zero, which implies the use of 

optimised passive control. By comparing the surface levels in Figure 5(a) at the optimum active control 

(circle) and the optimum passive control (asterisk) it can be seen that the level difference is about one dB. 

Therefore, the active control can outperform the passive control, but the corresponding improvement in 

performance is not particularly convincing. It can be concluded that with subcritical system the performance 

of the active vibration scheme is questionable, since a significantly simpler passive system can achieve 

nearly the same vibration isolation effect. The reasons for this are further investigated by plotting the 

dimensionless transfer mobility  21 j   as a function of frequency for cases with no control (λ = 0) and 

with the active control using increasing active damping ratios (increasing feedback gains) in Figure 5(b). 

The parameters for the example system shown in Figure 5(b) are the same as those in Figure 5(a), except 

that a fixed passive damping ratio η2 = 0.02 is used. It can be seen in Figure 5(b), that although the amplitude 

of the dimensionless mobility  21 j   reduces in the vicinity of second natural frequency Ωn2 with rising λ, 

a significant overshoot can be observed in the vicinity of first natural frequency Ωn1 for rising λ. Figure 5(a) 

shows that for rising λ, the specific kinetic energy Ik also rises significantly until instability occurs. 

Therefore, using active control without inerter in cases when β > 1 results in generally doubtful performance. 

Figure 6(b) shows the comparison between the optimum active vibration isolation and the optimum passive 

vibration isolation for a subcritical system characterised by α = 1/2, β = 2 and μ1 = 1/2 in terms of the 

amplitude of the transfer mobility plotted as a function of frequency. 

(a) 

 

(b) 

 

Figure 6: Active vibration isolation system performance without inerter b2 (μ2 = 0) and β > 1: (a) Specific 

kinetic energy index Ik, (b) Transfer mobility function  21 j  , λ = 0, η2 = η2opt1 (solid line), λ = λopt, η2 = η2opt 

(dashed line) 

The same parameters are used in Figure 6(a) where the passive damping ratio is set to η2 = 0.02. The 

optimised active control results in a slightly lesser kinetic energy index compared to the optimised passive 

control, which is obtained by damping down the velocity response around the first natural frequency at the 

expense of slightly increasing the response around the second natural frequency, Figure 6 (b). However, the 

*
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improvement in performance due to the use of active control probably does not justify the complexity of the 

active vibration isolation system. 

4.2 With inerter 

Figure 7(a) shows the specific kinetic energy Ik of the receiving body plotted as a function of the active 

damping ratio λ of a subcritical system characterised by α = 1/2, β = 2, μ1 = 1/2 and η2 = 0.01, equipped with 

an inerter of inertance μ2 = 2. Therefore an inertance large enough to stabilise the feedback loop is used (μ2 

> α). It can be seen that with an increase in the dimensionless feedback gain λ, the specific kinetic energy 

index monotonically decreases indicating that the desired vibration isolation effect is accomplished. 

(a) 

 

(b) 

 

Figure 7: Active vibration isolation system performance with inerter b2 (μ2 ≠ 0), β > 1 and μ2 > α: (a) Specific 

kinetic energy index Ik, (b) Transfer mobility function  21 j  , λ = 0 (solid line), λ = 5 (dashed line), λ = 10 

(dash-dotted line), λ = 20 (dotted line) 

Figure 7(b) shows the amplitude of the dimensionless transfer mobility plotted against frequency for 

increasing feedback gains. Note the anti-resonance effect at frequencies below the first resonance, 

introduced by inerter. It can be seen that with the increase in the feedback gain, the receiving body response 

is decreased at either resonance frequency. The higher the gain, the lower is the velocity response. There 

can be seen no frequencies at which the increase of the feedback gain causes an increase of the response. 

Therefore, it can be concluded that the inclusion of the inerter in the active vibration isolation scheme with 

subcritical problems is essential in establishing stable and efficient active vibration isolation. It should be 

noted that the inerter can be seen from the control point of view as a relative acceleration feedback. In other 

words, subtracted outputs of two accelerometers mounted on the receiving and source bodies could 

theoretically be fed to the reactive actuator in addition to the existing velocity feedback in order to synthesize 

the inerter element actively. However, such derivative active vibration control has never been achieved in 

practice to the best of authors’ knowledge. It appears that the corresponding sensor-actuator frequency 

response function does not roll-off with frequency which causes very pronounced stability problems 

associated with high frequency poles, as discussed for example in [42]. It is therefore very useful in the 

present scheme to include the inerter as a passive element which mimics the effects of a relative acceleration 

feedback to reactive force actuator. 
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5 Conclusions 

In this paper, a novel, inerter-based active vibration isolation system is presented. By investigating the 

stability of the active control when no inerter is used, it is found that there are two fundamental families of 

vibration isolation problems. With the first family (supercritical systems), which is characterised by the 

natural frequency of the uncoupled source body larger than the natural frequency of the uncoupled receiving 

body, large feedback gains can be used without compromising the stability of the feedback control system. 

This results in a convincing broadband vibration isolation effect. With the second family of systems 

(subcritical systems), the natural frequency of the uncoupled source body is below the natural frequency of 

the uncoupled receiving body. The range of stable feedback gains is limited which results in poor vibration 

isolation performance. However with the inclusion of the inerter, broadband active vibration isolation can 

also be achieved in the subcritical family of systems. Adding the inerter into the isolator effectively 

generates a sort of relative acceleration feedback that stabilises the control loop. In fact, it is analytically 

calculated in the paper that the minimum inertance to stabilise the loop is proportional to the stiffness of the 

isolator spring and inversely proportional to the squared natural frequency of the source body. It is important 

to mention that direct acceleration feedback would not be possible in practice due to very pronounced 

stability problems, therefore the passive element which mimics such feedback is very useful. 

Acknowledgements 

This work has been supported by Croatian Science Foundation under the project lP-2019-04-5402. 

References 

[1] M. C. Smith, “Synthesis of mechanical networks: the inerter,” IEEE Transactions on Automatic 

Control, vol. 47, no. 10, pp. 1648–1662, Oct. 2002. 

[2] M. C. Smith and F.-C. Wang, “Performance Benefits in Passive Vehicle Suspensions Employing 

Inerters,” Vehicle System Dynamics, vol. 42, no. 4, pp. 235–257, Dec. 2004. 

[3] A. Gonzalez-Buelga, L. R. Clare, S. A. Neild, J. Z. Jiang, and D. J. Inman, “An electromagnetic inerter-

based vibration suppression device,” Smart Materials and Structures, vol. 24, no. 5, p. 055015, May 

2015. 

[4] D. De Domenico, P. Deastra, G. Ricciardi, N. D. Sims, and D. J. Wagg, “Novel fluid inerter based tuned 

mass dampers for optimised structural control of base-isolated buildings,” Journal of the Franklin 

Institute, Nov. 2018. 

[5] G. Zhao, G. Raze, A. Paknejad, A. Deraemaeker, G. Kerschen, and C. Collette, “Active tuned inerter-

damper for smart structures and its ℋ∞ optimisation,” Mechanical Systems and Signal Processing, vol. 

129, pp. 470–478, 2019. 

[6] J. Høgsberg, M. L. Brodersen, and S. Krenk, “Resonant passive-active vibration absorber with 

integrated force feedback control,” Smart Materials and Structures, vol. 25, no. 4, p. 047001, Apr. 

2016. 

[7] M. Zilletti, “Feedback control unit with an inerter proof-mass electrodynamic actuator,” Journal of 

Sound and Vibration, vol. 369, pp. 16–28, May 2015. 

[8] Z. Zhao, R. Zhang, and Z. Lu, “A particle inerter system for structural seismic response mitigation,” 

Journal of the Franklin Institute, vol. 356, no. 14, pp. 7669–7688, 2019. 

[9] R. Faraj, Ł. Jankowski, C. Graczykowski, and J. Holnicki-Szulc, “Can the inerter be a successful shock-

absorber? The case of a ball-screw inerter with a variable thread lead,” Journal of the Franklin Institute, 

Apr. 2019. 

ACTIVE VIBRATION CONTROL 141



[10] F. Palacios-Quiñonero, J. Rubió-Massegú, J. M. Rossell, and H. R. Karimi, “Design of inerter-based 

multi-actuator systems for vibration control of adjacent structures,” Journal of the Franklin Institute, 

vol. 356, no. 14, pp. 7785–7809, 2019. 

[11] T. Bein, J. Bös, S. Herold, D. Mayer, T. Melz, and M. Thomaier, “Smart interfaces and semi-active 

vibration absorber for noise reduction in vehicle structures,” Aerospace Science and Technology, vol. 

12, no. 1, pp. 62–73, Jan. 2008. 

[12] I. F. Lazar, S. A. Neild, and D. J. Wagg, “Performance Analysis of Cables with Attached Tuned-Inerter-

Dampers,” 2015, pp. 433–441. 

[13] I. F. Lazar, S. A. Neild, and D. J. Wagg, “Vibration suppression of cables using tuned inerter dampers,” 

Engineering Structures, vol. 122, pp. 62–71, Sep. 2016. 

[14] P. Brzeski, T. Kapitaniak, and P. Perlikowski, “Novel type of tuned mass damper with inerter which 

enables changes of inertance,” Journal of Sound and Vibration, vol. 349, pp. 56–66, Aug. 2015. 

[15] P. Brzeski, E. Pavlovskaia, T. Kapitaniak, and P. Perlikowski, “The application of inerter in tuned mass 

absorber,” International Journal of Non-Linear Mechanics, vol. 70, pp. 20–29, Apr. 2015. 

[16] Y. Hu and M. Z. Q. Chen, “Performance evaluation for inerter-based dynamic vibration absorbers,” 

International Journal of Mechanical Sciences, vol. 99, pp. 297–307, Aug. 2015. 

[17] S. J. Elliott, M. Serrand, and P. Gardonio, “Feedback Stability Limits for Active Isolation Systems with 

Reactive and Inertial Actuators,” Journal of Vibration and Acoustics, vol. 123, no. 2, pp. 250–261, Apr. 

2001. 

[18] C. Paulitsch, P. Gardonio, and S. J. Elliott, “Active vibration control using an inertial actuator with 

internal damping,” The Journal of the Acoustical Society of America, vol. 119, no. 4, pp. 2131–2140, 

2006. 

[19] N. Alujević, G. Zhao, B. Depraetere, P. Sas, B. Pluymers, and W. Desmet, “H&lt;inf&gt;2&lt;/inf&gt; 

optimal vibration control using inertial actuators and a comparison with tuned mass dampers,” Journal 

of Sound and Vibration, vol. 333, no. 18, pp. 4073–4083, 2014. 

[20] J. Rohlfing, S. J. Elliott, and P. Gardonio, “Feedback compensator for control units with proof-mass 

electrodynamic actuators,” Journal of Sound and Vibration, vol. 331, no. 15, pp. 3437–3450, 2012. 

[21] J. Rohlfing, S. J. Elliott, and P. Gardonio, “Compensation Filter for Feedback Control Units with Proof-

Mass Electrodynamic Actuators, Simulations and Experimental Studies,” Southampton, 2011. 

[22] J. Rohlfing, S. J. Elliott, and P. Gardonio, “Feedback compensator for control units with proof-mass 

electrodynamic actuators,” Journal of Sound and Vibration, vol. 331, no. 15, pp. 3437–3450, Jul. 2012. 

[23] G. Zhao, N. Alujević, B. Depraetere, and P. Sas, “Dynamic analysis and &lt;inf&gt;2&lt;/inf&gt; 

optimisation of a piezo-based tuned vibration absorber,” Journal of Intelligent Material Systems and 

Structures, vol. 26, no. 15, pp. 1995–2010, 2015. 

[24] G. Zhao, N. Alujević, B. Depraetere, G. Pinte, J. Swevers, and P. Sas, “Experimental study on active 

structural acoustic control of rotating machinery using rotating piezo-based inertial actuators,” Journal 

of Sound and Vibration, vol. 348, pp. 15–30, 2015. 

[25] G. Zhao, N. Alujevia, B. Depraetere, G. Pinte, and P. Sas, “Adaptive-passive control of structure-borne 

noise of rotating machinery using a pair of shunted inertial actuators,” Journal of Intelligent Material 

Systems and Structures, vol. 27, no. 12, pp. 1584–1599, 2016. 

[26] A. Kras and P. Gardonio, “Active vibration control unit with a flywheel inertial actuator,” Journal of 

Sound and Vibration, vol. 464, p. 114987, 2020. 

[27] M. Zilletti, P. Gardonio, and S. J. Elliott, “Optimisation of a velocity feedback controller to minimise 

kinetic energy and maximise power dissipation,” Journal of Sound and Vibration, vol. 333, no. 19, pp. 

4405–4414, Sep. 2014. 

142 PROCEEDINGS OF ISMA2020 AND USD2020



[28] A. Kras and P. Gardonio, “Velocity feedback control with a flywheel proof mass actuator,” Journal of 

Sound and Vibration, vol. 402, pp. 31–50, Aug. 2017. 

[29] M. Z. Q. Chen, Y. Hu, C. Li, and G. Chen, “Application of Semi-Active Inerter in Semi-Active 

Suspensions Via Force Tracking,” Journal of Vibration and Acoustics, vol. 138, no. 4, Aug. 2016. 

[30] A. Kuznetsov, M. Mammadov, I. Sultan, and E. Hajilarov, “Optimization of improved suspension 

system with inerter device of the quarter-car model in vibration analysis,” Archive of Applied 

Mechanics, vol. 81, no. 10, pp. 1427–1437, Oct. 2011. 

[31] I. F. Lazar, S. A. Neild, and D. J. Wagg, “Using an inerter-based device for structural vibration 

suppression,” Earthquake Engineering & Structural Dynamics, vol. 43, no. 8, pp. 1129–1147, Jul. 2014. 

[32] Y. Hu, M. Z. Q. Chen, Z. Shu, and L. Huang, “Analysis and optimisation for inerter-based isolators via 

fixed-point theory and algebraic solution,” Journal of Sound and Vibration, vol. 346, pp. 17–36, Jun. 

2015. 

[33] A. Caiazzo, N. Alujević, B. Pluymers, and W. Desmet, “Active control of turbulent boundary layer-

induced sound transmission through the cavity-backed double panels,” Journal of Sound and Vibration, 

vol. 422, pp. 161–188, 2018. 

[34] A. Preumont, Vibration Control of Active Structures, vol. 246. Cham: Springer International Publishing, 

2018. 

[35] C. E. Kaplow and J. R. Velman, “Active Local Vibration Isolation Applied to a Flexible Space 

Telescope,” Journal of Guidance, Control, and Dynamics, vol. 3, no. 3, pp. 227–233, May 1980. 

[36] X. Wang, Vehicle noise and vibration refinement. CRC Press, 2010. 

[37] D. C. Karnopp and A. K. Trikha, “Comparative Study of Optimization Techniques for Shock and 

Vibration Isolation,” Journal of Engineering for Industry, vol. 91, no. 4, pp. 1128–1132, Nov. 1969. 

[38] P. Gardonio, M. Gavagni, and A. Bagolini, “Seismic Velocity Sensor With an Internal Sky-Hook 

Damping Feedback Loop,” IEEE Sensors Journal, vol. 8, no. 11, pp. 1776–1784, Nov. 2008. 

[39] D. E. Newland, An introduction to random vibrations, spectral and wavelet analysis. Dover 

Publications, 2005. 

[40] A. Preumont, A. Francois, F. Bossens, and A. Abu-Hanieh, “Force feedback versus acceleration 

feedback in active vibration isolation,” Journal of Sound and Vibration, vol. 257, no. 4, pp. 605–613, 

Oct. 2002. 

[41] N. Alujević, H. Wolf, P. Gardonio, and I. Tomac, “Stability and performance limits for active vibration 

isolation using blended velocity feedback,” Journal of Sound and Vibration, vol. 330, no. 21, pp. 4981–

4997, 2011. 

[42] N. Alujević, I. Tomac, and P. Gardonio, “Tuneable vibration absorber using acceleration and 

displacement feedback,” Journal of Sound and Vibration, vol. 331, no. 12, pp. 2713–2728, 2012. 

 

ACTIVE VIBRATION CONTROL 143



144 PROCEEDINGS OF ISMA2020 AND USD2020



Passive control of a periodic structure using a network of
periodically-coupled piezoelectric shunt circuits

G. Raze 1, J. Dietrich 1, A. Paknejad 2, B. Lossouarn 3, G. Zhao 2, A. Deraemaeker 4, C. Collette 1,2,
G. Kerschen 1

1 Aerospace and Mechanical Engineering Department, University of Liège,
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Abstract
This work proposes a method to synthesize an electrical network which, when coupled to a complex periodic
or nearly-periodic structure through an array of piezoelectric transducers, provides multimodal vibration mit-
igation. The structure is decomposed into multiple substructures and a reduced-order model is built for each
of them. From these models, it is possible to synthesize a network with simple algebraic transformations.
The link between these transformations and electromechanical modal coupling is derived, and conditions are
given in order to guarantee the passivity of the electrical network. The proposed approach is illustrated on a
bladed rail, for which damping of one or multiple families of blade modes is demonstrated.

1 Introduction

In mechanical and aerospace engineering, periodic structures such as truss beam structures, wheels and
bladed disks are a frequent encounter. These structures tend to be light, mainly for performance requirements.
An undesirable consequence of such characteristic is that they are becoming flexible. There is also a growth
in the use of monolithic structures, but they often exhibit low structural damping. These issues combined with
mistuning can drastically reduce their lifespan because of high cycle fatigue. Enhanced damping processes
for such structures constitute an active field of research.

Among the existing solutions, there has been a growing interest for piezoelectric shunt damping [1], whereby
a piezoelectric transducer bonded to a vibrating structure converts part of its mechanical energy to electrical
energy, which is then dissipated in resistive elements, resulting in effective structural damping. Mokrani
and Preumont [2] investigated the performance of this approach applied to integrally bladed disks. Another
solution involving piezoelectric coupling is to use electrical networks interconnecting multiple piezoelectric
transducers, which generally allows to control multiple modes. Alessandroni et al [3] showed that effec-
tive vibration mitigation can be achieved provided these networks mimic the modal characteristics of the
structure. The efficiency of this kind of approach was experimentally demonstrated on structures such as
plates [4, 5]. It was also applied to a bladed disk using an equivalent spring-mass model [6], and was shown
to still be relatively effective in presence of mistuning or non-engine order excitation [7]. Because of the
simplifications made, this model is able to reproduce qualitatively but not quantitatively the dynamics of real
bladed disks. In this respect, a technique based on standard modeling techniques such as the finite element
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method [8, 9] seems more attractive. Giorgio et al [10] proposed a general method to design an electrical
network connected to several piezoelectric transducers. Shortcomings of that method are that to damp n
modes this method requires n piezoelectric transducers, and it is also needed to solve a quadratic system of
n2 equations.

This work aims to derive a method to design a network based on a finite element model of a periodic (or
nearly-periodic) structure. Taking advantage of its nature, a reduced-order model (ROM) of the structure
is built from an assembly of ROMs of its substructures. These ROMs allow to synthesize subnetworks
with a few electrical degrees of freedom, which, when assembled, provide multimodal damping on the
overall structure. Section 2 briefly provides reminders on the salient features of resonant piezoelectric shunt
damping. In Section 3, a ROM of a structure is built from an assembly of ROMs of substructures. Section 4
then shows how the ROM can be used to synthesize an electrical subnetwork analogous to the mechanical
substructure. Upon assembling the mechanical substructures and electrical subnetworks to form the whole
electromechanical system, multimodal damping of the structure is achieved. This performance is illustrated
with a bladed rail in Section 5. The conclusions of this work are eventually drawn in Section 6.

2 Theoretical reminders: parallel RL shunt
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Figure 1: Schematic representation of the electromechanical system (a) and FRF of the structure (b) with
short-circuited patches (—) and with a parallel RL shunt circuit (—: Kc = 0.01, —: Kc = 0.05, —: Kc =
0.1).

Figure 1(a) depicts a single-degree-of-freedom oscillator to which is bonded a piezoelectric transducer con-
nected to a parallel RL shunt circuit. The structure is excited by an external forcing f and responds with a
displacement x. The direct piezoelectric effect also creates a flux linkage ψ =

∫
V dt (where V is the voltage

across the electrodes of the transducer). The electromechanical equations of the system read
{
mẍ+ cẋ+ kscx+ γψ̇ = f

Cεpψ̈ +
1

R
ψ̇ +

1

L
ψ − γẋ = 0

, (1)

where m is the structural mass, ksc = k + kp is the structural stiffness with short-circuited transducer, γ is a
coupling constant, Cεp is the capacitance at constant strain, and R and L are the resistance and inductance of
the shunt circuit, respectively [10, 11]. From the parameters appearing in Equation (1), it is possible to define
a short-circuit resonance frequency ωsc and a dimensionless quantity called the effective electromechanical
coupling factor (EEMCF) [9] Kc as

ω2
sc =

ksc
m
, K2

c =
γ2

Cεpksc
. (2)

The EEMCF assesses the coupling between the mechanical and electrical dynamics. Knowing Cεp , ωsc
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and Kc, the resistance and inductance of the shunt circuit may be tuned in order to reduce the maximum
amplitude of vibration of the mechanical oscillator under harmonic excitation. For instance, using the tuning
rules from Yamada et al [11],

L =
2

(2−K2
c )ω

2
scC

ε
p

, R =

√
2

3K2
c

1

ωscCεp
. (3)

Note that in general Kc � 1, so that LCεp ≈ ω−2
sc , i.e., the electrical resonance frequency is equal to the

short-circuit mechanical one. The amplitude of the frequency response function (FRF) of the structure with
this shunt circuit is shown in Figure 1(b) for various values of the EEMCF. Clearly, the stronger the coupling,
the better the performance in terms of vibration attenuation.

If multiple resonance frequencies are to be damped, the problem becomes more involved. Section 4 will
discuss one way to achieve this and will base itself on results presented in the present section as well as
results of the next section.

3 Reduced-order model

This work deals with structures which can be seen as an assembly of substructures, a category in which
periodic structures fall. A schematic representation of this situation is shown in Figure 2. It is considered
that each substructure may be connected to its neighboring peers through its left and right interfaces for
simplicity of the derivation, but the results can easily be generalized to more complex interfaces.

· · · Substructure (k − 1) Substructure (k) Substructure (k + 1) · · ·

Piezo (k − 1) Piezo (k) Piezo (k + 1)

Figure 2: Schematics of the piezoelectric structure.

The model of the structure may possess a large number of degrees of freedom (DOFs). ROMs are typically
used to reduce this number, while retaining an accurate description of the structure’s dynamics. Model-order
reduction can also be applied to each substructure. Adopting such approach will allow to design an electrical
network as an assembly of subnetworks built from the ROMs of substructures, as shall be shown in the next
section. The goal of this section is thus to give a procedure to build ROMs of substructures with a very few
number of DOFs.

3.1 Craig-Bampton reduction procedure for piezoelectric structures

A structure or substructure with bonded piezoelectric transducers is considered. The vector of generalized
mechanical DOFs x is partitioned into boundary and internal DOFs indicated by subscripts B and I , re-
spectively. The governing equations of this structure can be obtained through finite element modeling [8, 9].
They read




MBB MBI 0
MIB MII 0

0 0 0






ẍB
ẍI
V̈


+




KBB KBI ΓB
KIB KII ΓI
ΓTB ΓTI −Ke






xB
xI
V


 =




fB
fI
−q


 , (4)

where M and K denote structural mass and stiffness matrices, respectively, Γ is a piezoelectric coupling
matrix, Ke is a capacitance matrix, f is a vector of generalized mechanical loads and V and q are vectors of
voltages and charges associated with the electrodes of the piezoelectric transducers, respectively. Following
the classical Craig-Bampton reduction procedure [12, 13], the boundary and electrical DOFs are retained,
while the internal DOFs are assumed unforced (fI = 0) and are approximated by

xI ≈ ΦcxB + ΦeV + ΦIηI , (5)
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where the constraint modes are given by

Φc = −K−1
II KIB, (6)

the piezoelectric constraint modes are given by

Φe = −K−1
II ΓI , (7)

and the retained mass-normalized component normal modes (CNM) are defined by

KIIΦI = MIIΦIΩ
2
I , ΦT

I MIIΦI = I, ΦT
I KIIΦI = Ω2

I , (8)

where I is the identity matrix, ΩI is a diagonal matrix containing the CNM angular frequencies, ηI is the
vector of associated modal coordinates and superscript T denotes matrix transposition. Equation (5) defines
a reduction matrix as




xB
xI
V


 =




I 0 0
Φc ΦI Φe

0 0 I






xB
ηI
V


 = RCB




xB
ηI
V


 . (9)

The reduced mass and stiffness matrices are obtained as

MCB = RT
CBMRCB =




M̃BB M̃BI M̃BE

M̃IB I M̃IE

M̃EB M̃EI M̃EE


 (10)

and

KCB = RT
CBKRCB =




K̃BB 0 K̃BE

0 Ω2
I 0

K̃EB 0 K̃EE


 , (11)

respectively, where M and K are the full mass and stiffness matrices featured in Equation (4). The ex-
pressions of the submatrices are not given here for conciseness. Equation (10) indicates that piezoelectric
coupling is no longer represented with static coupling terms (as in Equation (4)), but also features non-trivial
inertial coupling terms in the reduced model. To retrieve a static coupling, the following transformation
matrix that modifies the CNM coordinates ηI to υI is introduced

RMCB =




I 0 0

0 I −M̃IE

0 0 I


 ,




xB
ηI
V


 = RMCB




xB
υI
V


 (12)

and the modified Craig-Bampton (MCB) reduced mass and stiffness matrices are obtained as

MMCB = RT
MCBMCBRMCB, KMCB = RT

MCBKCBRMCB. (13)

It can be shown that these matrices contain the following entries

MMCB =



M̃BB M̃BI (ΦT
c MII −MBI)

(
M−1

II −ΦIΦ
T
I

)
MIIΦe

M̃IB I 0
ΦT
e MII

(
M−1

II −ΦIΦ
T
I

)
(MIIΦc −MIB) 0 ΦT

e MII

(
M−1

II −ΦIΦ
T
I

)
MIIΦe




(14)
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and

KMCB =




K̃BB 0 ΓB + ΦT
c ΓI

0 Ω2
I ΦT

I ΓI

ΓTB + ΓTI Φc ΓTI ΦI −Ke − ΓTI
(
K−1
II −ΦIΩ

−2
I ΦT

I

)
ΓI


 . (15)

Upon performing the transformation given by Equation (13), part of the inertial coupling terms have been
transformed back to static coupling terms. As shown by the mass matrix in Equation (14), there remains
non-zero entries associated with the electrical DOFs. To remove these terms, the following assumption is
made

M−1
II −ΦIΦ

T
I ≈ 0. (16)

It can be recognized (Equation (8)) that this equation consists in the mass matrix associated to the internal
DOFs minus its spectral expansion trucated to the set of retained CNMs [13], which justifies the approxima-
tion in the framework of a ROM. Thus, the approximation is made on the reduced mass matrix:

MMCB ≈




M̃BB M̃BI 0

M̃IB I 0

0 0 0


 (17)

so that no generalized inertia load acts on the electric DOFs, as in Equation (4).

3.2 Characteristic constraint modes

In this subsection, the different substructures are discriminated by indexing their associated terms with brack-
eted superscripts. To accurately describe the dynamics of the substructures’ boundaries, each DOF in these
boundaries should be retained. This may lead to a large number of DOFs in the reduced model, especially if
the interfaces are complex. Since the goal of this section is to provide a ROM with as few DOFs as possible,
a reduction of the interface DOFs is sought. The characteristic constraint modes (CCMs) of the interfaces
can be used as reduction bases to simplify the description of these interfaces [14]. The boundary DOFs B
are now splitted into DOFs belonging to the left (L) and right (R) interface. The stiffness matrix of the
full structure can be obtained by assembling the stiffness matrices of all the substructures. Focusing on the
interface between substructure k and k + 1, this matrix reads

KStr =




. . . . . .

. . . K
(k)
II K

(k)
IR 0

K
(k)
RI K

(k)
RR + K

(k+1)
LL K

(k+1)
LI

0 K
(k+1)
LI K

(k+1)
II

. . .
. . . . . .




(18)

and the mass matrix of the full structure features a similar form. The CCMs are obtained by performing the
following modal analysis

(
K

(k)
RR + K

(k+1)
LL

)
Ψ

(k)
CCM =

(
M

(k)
RR + M

(k+1)
LL

)
Ψ

(k)
CCMΩ2

CCM . (19)

Using a reduced subset of CCMs, the generalized DOFs at the interface may then be approximated by

x
(k)
R = x

(k+1)
L ≈ Ψ

(k)
CCMµ

(k)
R = Ψ

(k)
CCMµ

(k+1)
L , (20)
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where µ(k) is the vector of modal coordinates of the CCMs. This relation can be used to define a reduction
matrix for each substructure




x
(k)
L

x
(k)
R

υ
(k)
I

V(k)



=




Ψ
(k−1)
CCM 0 0 0

0 Ψ
(k)
CCM 0 0

0 0 I 0

0 0 0 I







µ
(k)
L

µ
(k)
R

υ
(k)
I

V(k)



= R

(k)
CCM




µ
(k)
L

µ
(k)
R

υ
(k)
I

V(k)




(21)

and to obtain the reduced mass and stiffness matrices of each substructure, respectively, as

M
(k)
MCB−CCM =

(
R

(k)
CCM

)T
M

(k)
MCBR

(k)
CCM =

[
M̂(k) 0

0 0

]
(22)

and

K
(k)
MCB−CCM =

(
R

(k)
CCM

)T
K

(k)
MCBR

(k)
CCM =


 K̂(k) Γ̂(k)

(
Γ̂(k)

)T
−K̂

(k)
e


 . (23)

In the sequel, superscript (k) shall be dropped, being understood that one is working with a specific sub-
structure at a time. The left and right reduced interface DOFs shall also be gathered into boundary interface
DOFs for brevity, i.e., BT = [LT , RT ].

4 Electrical network

Vibration mitigation of a piezoelectric structure may be achieved by piezoelectric coupling with an electri-
cal network if the latter possesses identical modal characteristics to those of the former [3]. The goal of
this section is thus to design such network. It is considered in this work that each substructure has a single
transducer. Starting from the ROM of a substructure, a subnetwork is designed, which has the same resonant
frequencies and possess interface nodes which are analogous to the interfaces of its mechanical counterpart.
Since this ROM has been obtained from a Craig-Bampton reduction, the resonance frequencies of the (full
model of the) substructure and those of the subnetwork are identical when their interface DOFs are fixed.
The subnetwork also integrates the piezoelectric transducer in order to couple it with the substructure. As-
sembling the substructure and the subnetworks as depicted in Figure 3, an overall electromechanical system
is formed in which vibration mitigation of targeted modes is achieved.

· · · Substructure (k − 1) Substructure (k) Substructure (k + 1) · · ·

Piezo (k − 1) Piezo (k) Piezo (k + 1)

· · · Subnetwork (k − 1) Subnetwork (k) Subnetwork (k + 1) · · ·

Mechanical structure

Electrical network

Figure 3: Schematics of the electromechanical system.

4.1 Governing equations

A subsystem composed of an undamped substructure coupled to an electrical subnetwork is governed by the
equations {

M̂ẍ + K̂x + ΓEM ψ̇ = f

Cψ̈ + Sψ̇ + Bψ − ΓTEM ẋ = 0
, (24)
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where x is the ROM’s vector of generalized mechanical degrees of freedom, f is the generalized load vector,
ψ is the flux linkage vector (whose time derivative gives the nodal voltages), C, S and B are electrical
capacitance, conductance (inverse of resistance) and reluctance (inverse of inductance) matrices, respectively,
and ΓEM is a piezoelectric coupling matrix.

The Laplace transform of the electrical equation in Equation (24) indicates that the electrical subnetwork’s
dynamics are governed by the nodal admittance matrix Y

Y(s)ψ = ΓTEMx, Y(s) = sC + S +
1

s
B. (25)

The matrices C and B will be built from the ROM using the indirect electromechanical analogy [15], whereas
S will be chosen to ensure optimal electrical damping.

4.2 Piezoelectric lumping transformation

It is now sought to derive an expression for the capacitance and reluctance matrices of a subnetwork from the
mechanical mass and stiffness matrices of its associated substructure with short-circuited patch. The subnet-
work is chosen to have the same number of DOFs as that of the ROM of the substructure. When assembled
into the network, the subnetwork should behave analogously to the substructure within the structure, thereby
securing a spatial similarity between the structure and the network. A simple way to ensure that is to use
interface electrical DOFs ψB which are analogous to interface DOFs µB . The remaining electrical DOFs
still need to be specified.

In order to couple the substructure and the subnetwork, the electrodes of the piezoelectric transducer hosted
by the substructure must be connected to the subnetwork. One port of the electrical network is thus chosen
as a host for this transducer. Now, the electrical DOFs ψB analogous to mechanical boundary DOFs must
remain unaltered in order to ensure compatibility when assembling the subnetworks. Hence, one of the DOFs
analogous to the CNMs is to be transformed to host the transducer. The analogous internal DOFs I are thus
splitted into this piezoelectric DOF (ψP ) and remaining electrical DOFs analogous to the remaining CNMs
(ψM ). A priori, ψP can be formed from any combination of the DOFs of the ROM. It is thus sought to find
a network satisfying the following relation between the mechanical and electrical variables



ψB
ψM
ψP


 =




DBµB
DMυM
WTx


 =




DB 0 0
0 DM 0

WT
B WT

M WT
P





µB
υM
υP


 = R−1



µB
υM
υP


 , (26)

where WT = [WT
B,W

T
M ,W

T
P ] is a vector describing how each electrical DOF is coupled to the piezoelec-

tric transducer, and DB and DM are diagonal scaling matrices ensuring dimensional homogeneity. These
quantities are arbitrary for now, and their influence shall be discussed in the next sections. The matrix R−1

can readily be inverted to yield the transformation matrix R



µB

υM

υP


 = R



ψB

ψM

ψP


 , R =




D−1
B 0 0

0 D−1
M 0

−W−T
P WT

B −W−T
P WT

M W−T
P


 . (27)

According to the indirect electromechanical analogy [15], the capacitance and reluctance matrices are formed
from the mass and stiffness matrices of the reduced-order model, respectively, after proper reordering of
either these matrices or the transformation matrix.

C = RTM̂R, B = RT K̂R. (28)

The matrices being transformed are the submatrices given by Equations (22) and (23). With the current
ordering of electrical DOFs, the electromechanical coupling matrix is built from Γ̂ (Equation (23)) as

ΓEM =
[
0,0, Γ̂

]
. (29)
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4.3 Coupling assessment

Since matrix transformations defined in Equation (28) do not alter the generalized eigenvalues (as long as the
matrix R is non-singular), the resonance frequencies of the subnetwork are identical to those of the ROM. It
may then be assumed that the mechanical mode φm,i and its electrical counterpart φe,i are dominant in the
response of the system around the resonance frequency of a specific mode ωsc,i

x ≈ φm,iηm,i, ψ ≈ φe,iηe,i, (30)

where ηm,i and ηe,i are mechanical and electrical modal coordinates, respectively. If the mechanical modes
are mass-normalized,

φTm,iM̂φm,i = 1, φTm,iK̂φm,i = ω2
sc,i, (31)

and the electrical modes are capacitance-normalized,

φTe,iCφe,i = 1, φTe,iSφe,i = 2ζe,iωsc,i, φTsc,iBφe,i = ω2
sc,i, (32)

then, inserting Equation (30) into Equation (24) and projecting the mechanical (electrical) equation on the
mechanical (electrical) mode, the following modal coupled equations are obtained

{
η̈m,i + ω2

sc,iηm,i + φ
T
mΓEMφe,iη̇e,i = φTmf

η̈e,i + 2ζe,iωe,iη̇e,i + ω2
e,iηe,i − φTe,iΓTEMφm,iη̇m,i = 0

. (33)

This system has the same form as that given by Equation (1): the mechanical oscillator has modal mass
and stiffness of 1 and ω2

sc, respectively, and the electrical oscillator has modal capacitance, conductance
and reluctance of 1, 2ζe,iωe,i and ω2

e,i, respectively. These two systems are coupled by a modal constant
φTe,iΓEMφm,i. An EEMCF is defined by analogy to Equation (2) as

K̂2
c,i ≈

(
φTe,iΓ

T
EMφm,i

)2

ω2
sc,i

. (34)

Since the electrical mode shapes are related to the mechanical ones by

φe,i = R−1φm,i, (35)

and, by virtue of Equations (26) and (29),

R−TΓTEM = WΓ̂T , (36)

Equation (34) may be rewritten as

K̂2
c,i ≈

(
φTm,iWΓ̂Tφm,i

)2

ω2
sc,i

=
w2
φi
γ2φi

ω2
sc,i

= w2
φi
CεpK

2
c,i, (37)

where

φTm,iW = wφi , Γ̂Tφm,i = γφi , K2
c,i =

γ2φi
Cεpω

2
sc,i

. (38)

Kc,i and K̂c,i are the EEMCFs of mode i without and with electrical subnetwork, respectively. Equation (37)
shows that in order to maximize the electromechanical modal coupling,wφi should have a magnitude as large
as possible. This magnitude is nonetheless limited by passivity constraints, as will be shown hereafter.
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4.4 Passivity

According to Gannett and Chua [16], the nodal admittance matrix must fulfill the following conditions in
order to be the admittance matrix of a passive network (i.e., realizable using passive capacitors, resistors,
inductors and ideal transformers):

(i) Y(s) has no poles in {s ∈ C|<(s) > 0} (< denotes the real part operator).

(ii) Y(σ) is a real matrix for σ ∈ R+.

(iii) Y(s) +YH(s) is positive semidefinite in {s ∈ C|<(s) > 0} (superscript H denotes Hermitian trans-
position).

(iv) The network associated to Y is controllable.

According to Equation (25), Y(s) has one simple pole at s = 0 (for a nonzero reluctance matrix), so
Condition (i) is satisfied. Condition (ii) is satisfied since C, S and B are real matrices. Condition (iv) is also
verified. Now, since C, S and B are real symmetric matrices, using Equation (25), the matrix

Y(σ + jω) + YH(σ + jω) = 2σC + 2S +
2σ

σ2 + ω2
B (39)

is positive semidefinite for σ > 0 and ω ∈ R if C, S and B are positive semidefinite themselves, which
gives the criteria to satisfy Condition (iii). The matrices C and B are guaranteed to be positive semidefinite,
because they are obtained from a series of reductions and transformations that do not alter this character
originating from M and K. S can be chosen so as to respect this condition. Now, one must consider that the
piezoelectric transducer is integrated into the subnetwork associated with the matrix C. The subnetwork that
is to be connected to the transducer is obtained by removing the contribution of the piezoelectric capacitance
from C, yielding another capacitance matrix CN , which is algebraically expressed as

CN = C− CεpePeTP , (40)

where Cεp = K̂e (Equation (23) with a single transducer), and the localization vector eP is given by

eTP = [0B,0M , 1] . (41)

The matrix CN ceases to be positive definite when one of its eigenvalues becomes zero, or equivalently when
its determinant vanishes. The removal of the piezoelectric element from the subnetwork is represented by
a rank-one update of the capacitance matrix in Equation (40). Since the matrix C is assumed non-singular,
Lemma 1.1 from [17] may then be used to compute the updated determinant as

det (CN ) = det
(
C− CεpePeTP

)
=
(
1− CεpeTPC−1eP

)
det (C) , (42)

which vanishes if the first factor in the right hand side equals zero. Using Equations (26) and (28),

eTPC−1eP = eTPR−1M̂−1R−TeP = WTM̂−1W. (43)

Inserting Equation (43) into Equation (42) yields a passivity constraint

WTM̂−1W − 1

Cεp
≤ 0. (44)

Using the spectral expansion of the inverse mass matrix, Equation (44) can be rewritten as

WTΦΦTW =

N∑

i=1

w2
φi
≤ 1

Cεp
. (45)
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Equations (37) and (45) show that passivity constrains the maximum modal electromechanical coupling
factor attainable by the network. This sets a practical limitation for the choice of W. Large wφi may result
in a negative determinant of CN , meaning that it is no longer positive semidefinite and thus that the network
cannot be realized with passive components. Going back to Equation (27), it is observed that the scaling
matrices DB and DM play no role in coupling or in passivity of the network. The associated variables are
purely electrical, internal to the network and not directly coupled to the structure. They are expected to be
of importance when the network has to be realized, but this issue is beyond the scope of the present work.
Presently, they are chosen arbitrarily, with the only constraint that matrices DB for two matching interfaces
must be identical in order to maintain compatibility. For simplicity, they are taken equal to identity matrices.

4.5 Network tuning procedure

A passive subnetwork can now be synthesized by choosing a set of N modal coefficients wφi respecting the
passivity constraint (Equation (45)) and then computing its physical form as

WT
φ = [wφ1 , · · · , wφN ] , W = Φ−TWφ. (46)

Matrices C and B can then be computed using the transformation matrix given by Equation (27) in Equa-
tion (28). The EEMCF can be computed with the modal coefficients wφi from Equation (37). From the
knowledge of this EEMCF, the equivalent capacitance (which is unitary in this case) and the resonance fre-
quency ωsc,i, the resistive elements of the networks can be tuned using e.g. the formula given in Yamada et
al [11]

φTe,iSφe,i =

√
3K̂2

c,i

2
ωsc,i = 2ζe,iωsc,i. (47)

Computing this quantity for all the modes to be controlled, the conductance matrix may then be found by

S = Φ−T
e




2ζe,1ωsc,1
. . .

2ζe,Nωsc,N


Φ−1

e = RTΦ−T




2ζe,1ωsc,1
. . .

2ζe,Nωsc,N


Φ−1R.

(48)
The conductance matrix built this way is thus positive semidefinite.

The procedure can be repeated for each substructure, and the capacitance, conductance and reluctance matri-
ces of the global electrical network can be obtained through standard assembly procedures identical to those
used for the mechanical structure.

5 Application to a bladed rail

The proposed approach is illustrated with the example of a monolithic bladed rail made of aluminum. The
blades of this structure have a rather complex geometry, requiring the use of finite element modeling. It
features qualitatively similar dynamics to those of bladed assemblies. Figure 4(a) shows the model of the
bladed rail and Figure 4(b) depicts its breakdown into five identical bladed substructures and two edge
substructures to apply the proposed method. Each bladed substructure is endowed with a piezoelectric patch
placed near the root of the blade, on the underside of the support. The five patches (PIC 255 - 15 mm × 10
mm × 0.5 mm) are visible on the bottom view of the structure in Figure 4(c).

The leftmost and rightmost edges of the rail in Figure 4(a) were clamped. Four finite element models were
built: one for each edge substructure retaining the interface DOFs, one for a bladed substructure retaining
the two interfaces’ DOFs, the patch voltage and twenty CNMs, and one for the full structure, retaining the
piezoelectric voltage of each patch, the blades’ tip displacement DOFs and fifty CNMs. The edges and bladed
substructure models were used to synthesize the electrical network, and the ROM of the full structure was
used to assess its performance. The finite element models were built using shell elements in the SAMCEF
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software [8], and superelement matrices were exported to MATLAB. Modal damping of 0.01% was added
to the model, as can be encountered in bladed assemblies [2].

(a)

+ 5× +

(b) (c)

Figure 4: Bladed rail structure (a), decomposition of the structure (b) and bottom view of the structure
featuring the patches (in yellow) (c).

Figure 5 shows the natural frequencies of the bladed rail when the patches are short-circuited. Each frequency
given in this work has been normalized with the first resonance frequency. Qualitatively, the modes are
organized in two types. The first type is recognizable with the nearly-horizontal lines in the plot. Each line
correspond to a family of modes, where the blades vibrate according to one of their cantilever mode shapes.
This type of mode is termed blade mode. The modes outside these families features significant motion of the
support, and are therefore termed support modes. For illustration, the shapes of the third, eighth, eleventh
and fifteenth modes are shown in Figure 6.
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Figure 5: Natural frequencies of the bladed rail with short-circuited patches: family of first blade bending
modes (◦), family of first blade torsion modes (�), family of second blade bending modes (O) and support
modes (♦).

5.1 Reduced-order model

Figure 7(a) compares the natural frequencies of the full model with those of an assembled model where a
various number of CNMs of the bladed substructure are retained (and all the mechanical interface DOFs are
used). Figures 7(b) to (d) depict the first three CNMs. Clearly, each CNM is closely related to the cantilever
modes of the blade. Including a CNM in the model enables a correct representation of its associated family
of modes in the assembled structure.

The influence of the CCMs is now studied, by considering an assembled model with bladed substructures
having 20 CNMs, but a variable number of CCMs. Figure 8(a) shows the evolution of the relative error on
the natural frequencies for various number of retained CCMs (CCMs with lowest natural frequencies are
selected). A relatively good accuracy with less than 2% error is obtained for the blade modes with only one
CCM. However, support modes are missing when only one CCM is retained. In general, adding more CCM
can reduce the error on the last modes of the blade modes families quite efficiently. A rather large number of
CCMs is required to capture the support modes and to increase the accuracy of the first modes of the blade
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(a) (b)

(c) (d)

Figure 6: Mode shapes of the third (a), eighth (b), eleventh (c) and fiftheenth (d) modes of the bladed rail.
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Figure 7: Natural frequencies of the bladed rail (a) (reference model (− • −) and assembled model with 1
(−×−), 2 (− ◦ −), 3 (−�−), 4 (−+−) and 20 (−♦−) CNMs), first (b), second (c) and third (d) CNM of
the bladed substructure (the color scale indicates amplitude of displacement).

modes families. Figure 8(b) shows a more detailed convergence study on specific modes. The fifth mode
is the last of the first family of blade modes, and is also the one which involves the least participation from
the support. The first mode is still a member of this family, but features more support participation. The
eleventh mode is the first support mode. Quite expectedly, modes involving support motion are generally
more affected by the CCM truncation.

5.2 Damping performance

An electrical network is now connected to the patches to reduce the vibratory amplitude of the resonant
modes at the blades. One CCM is used in the synthesis procedure in regards to the accuracy highlighted
previously. At first, a ROM with one CNM and one CCM is synthesized, in order to control the first family
of blade modes. The modal coefficients respecting the passivity constraint (Equation (45)) are chosen such
that w2

φ1
= 1/Cεp and wφ2 = wφ3 = 0. Emphasis on the first mode is maximized because it corresponds the

most to the first cantilever mode of the blade.

The performance of the network is also compared to the performance attainable when the patches are shunted
individually with a parallel RL circuit. Each of the five modes of the family is attributed to one patch based
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Figure 8: Relative error on the first twenty natural frequencies of the bladed rail (a) (assembled model with
1 (−×−), 2 (− ◦ −), 3 (−�−), 4 (−+−) and 25 (−♦−) CCMs; black dashed lines separate the different
families and grey zones indicate support modes) and relative error of the first (—), fifth (—) and eleventh (—)
mode as a function of the number of retained CCMs (b).

on the maximization their respective EEMCF. Table 1 details the mode-patch pairs. The resistance and
inductance were tuned using Equation (3).

Table 1: Patch number associated to each mode for individual RL shunting.

Mode 1 2 3 4 5
Patch 3 4 5 1 2

Figure 9 shows the FRF of the tip of the fourth blade along its flapwise direction, which is representative
of the FRFs of other blades’ tip (xst, the static response of the blade under unit force, is used to normalize
the amplitude). Appreciable vibration reduction is observed with both techniques, and their performance is
somewhat comparable.
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Figure 9: FRF of the fourth blade tip with short-circuited patches (—), with five independent parallel RL
shunts (—) and with an electrical network synthesized with one CNM and one CCM (—).

An advantage of the proposed method is that other families can be controlled in a pretty straightforward way.
To demonstrate this, a network is synthesized with three CNMs and one CCM, so as to control the three first
families of blade modes. Balanced modal coefficients are chosen as w2

φ1
= w2

φ2
= w2

φ3
= 1/(3Cεp) and

wφ4 = wφ5 = 0. Figure 10 shows that the proposed approach is effective to control these three families. The
support mode located at ω/ωsc,1 = 3.58 is not damped because it is not captured by the ROM, as discussed
earlier. It could be controlled using a rather large number of CCMs, but this would result in a complex
network with numerous electrical elements. By contrast, the second support mode located at ω/ωsc,1 = 4.38
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is damped, probably because of the control action of the network on the third family, which is quite close in
frequency to that support mode.
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Figure 10: FRF of the fourth blade tip with short-circuited patches (—) and with an electrical network
synthesized with three CNMs and one CCM (—).

6 Conclusion

This work proposed to synthesize an electrical network from an assembly of ROMs of substructures in order
to provide multimodal vibration mitigation. ROMs were obtained with a classical Craig-Bampton reduction
technique followed by a CCM reduction of the interface DOFs. A transformation allowed to obtain ma-
trices describing the network’s dynamics from the reduced matrices, and conditions on this transformation
to optimize electromechanical coupling while preserving passivity were derived. In particular, it was high-
lighted that passivity plays the role of a performance limiter. The effectiveness of the proposed approach was
illustrated on a bladed rail.

The proposed approach is implementable with standard modeling and numerical techniques, and there is a
clear relation between the choices made at design step and the performance of the resulting network. Future
works will involve the possibility to include multiple piezoelectric transducers into each substructure. The
network realization from passive electrical elements has been left out in this work and shall also be tackled.
Finally, the experimental validation of the proposed approach shall be undertaken.
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Abstract
The participants of the EU-project ACASIAS develop advanced concepts for aero-structures with multifunc-
tional capabilities. Within work package 3 an active system for noise reduction is integrated into a lining
panel. The application scope includes current propeller driven aircraft and future aircraft with counter-
rotating open rotor (CROR) engines. The drawback of these CO2-efficient engines is their high sound emis-
sion in the frequency band up to 500 Hz. Active noise reduction systems are able to achieve performance in
this frequency band while passive sound insulation materials fall behind. In this paper an integration concept
for the actuators and sensors of an active noise reduction system is presented. It includes the protection of
the components from humidity, dust, etc. and the integration into industrial manufacturing processes. A
tool- and connector-free assembly of the components allows a fast and reliable maintenance. The concept is
implemented on a lining with size 1300×1690 mm2.

1 Introduction

The European Commission demands in the Horizon 2020 framework program for fuel and CO2-efficient
mobility. Especially aviation has a key role to play. CROR propulsion systems are in discussion for sub-
stitution of jet engines. Their sound pressure level of up to 130 dB [1] in their near-field and blade passing
frequencies starting at around 100 Hz are challenging for common acoustic insulation concepts of the cabin.
New strategies for the reduction of sound pressure in the cabin need to be established. Active noise reduction
systems are a promising technology to achieve significant reduction of tonal noise transmission. Many active
systems that reduce the sound transmission through single and double-walled structures are developed in the
past [2, 3]. Most contributions deal with the placement of actuators and sensors and the enhancement of
the controller and its algorithm. Often, cost-intensive components like high-end microphones are used in
laboratory setups.

The ACASIAS project has set itself the goal to go the next step towards an industrial realization of an active
noise reduction system. In this paper low-cost and off-the-shelf components are selected for a cost efficient
implementation. An integration technology for the actuators and sensors of the active system is proposed
that is applicable in series production and provides fast maintainability. In the beginning the components
of the system are discussed. Afterwards, the manufacturing process is described followed by look on the
experimental setup.
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Figure 1: Lining in front of A350 fuselage Figure 2: Lining layup

2 Components

2.1 Lining

The platform for demonstrating the ACASIAS work package 3 innovations is a curved lining panel. With
its dimensions of 1300× 1690 mm2 (W×H) it complies to the dimensions of original A350 sidewall panel.
The partners agreed to neglect the window cut-outs since the effort and the costs for manufacturing an
adequate mold would have exceeded the financial framework. Furthermore, the new technologies can be
presented without loss of generality with the given approach. To provide compatibility with original linings,
the positions of the windows and the air ducts are handled as restricted areas. No actuators, sensors or wiring
can be placed in these areas. In Fig. 1 the lining panel is shown in front of a A350 fuselage section. This
section is available at DLR and consists of three frames with two windows. At each frame two shock mounts
hold the lining. Together with original fuselage insulation packages a realistic mounting of the lining in the
acoustic test stand is given.

The lining is designed as a sandwich part. An inner honeycomb core is stabilized by a top layer of glass fiber
prepreg on each side. In series production the core is crushed in a press during the curing cycle. Since a
press is not available for manufacturing at the partner’s site, the active lining is manufactured with an intact
honeycomb core. The results generated here can later be transferred to the crushed core component without
restrictions. Nevertheless, the final thickness shall comply to the original one. The layup of the lining is
shown in Figure 2. It has been defined together with the industrial advisory board member Diehl Aviation.
The inner layer is a fine meshed prepreg with thickness tI . It generates a very flat surface that faces the
passengers and it is equipped with customer-specific coating. On the inner layer a honeycomb core with
thickness tC is placed. On top of the core a single layer of very rough and open glass fiber prepreg with
thickness tO finalizes the layup. Table 1 summarizes the material and the dimension of each layer. The
target thickness of the final lining is approximately 7 mm.

2.2 Actuators

The actuators of an active system have to initiate forces in order to manipulate the vibrations of the underlying
structure. Most common types of actuators in smart-structures technology for the control of vibrations
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Table 1: Lining layers

Description Material Thickness

Outer layer Gurit PF811-G231-32 tO = 0.20mm

Core Nomex honeycomb tC = 6.50mm

Inner layer Gurti PH600-G227-40 tI = 0.19mm

Table 2: CROR frequencies

f1 = 119.4 Hz
f2 = 149.2 Hz
f3 = 268.6 Hz = f1 + f2

f4 = 388.0 Hz = 2f1 + f2

f5 = 417.9 Hz = f1 + 2f2

Figure 3: Exciter ELACr 84006

and noise are electrodynamic exciters and piezoelectric patches or stacks. In this paper vibrations in the
frequency bandwidth from 100 to 500 Hz have to be controlled, see Table 2. In previous projects [4, 5,
6] electrodynamic exciters showed outstanding performance in this bandwidth compared to piezoelectric
actuators. Additionally, instead of several hundreds of volts the electrodynamic exciters are driven with
voltages lower than 24 V. These facts make them ideally suited and they are chosen as actuators for this
active lining.

For the choice of the exciter brand, a market survey among leading exciter manufacturers like VISATONr,
DAYTONr, TECTONICr and ELACr with a subsequent experimental performance test have been conducted
in [7]. The experimental exciter comparison based on the determination of the force factor Bl of each exciter.
Finally, the ELACr 84005 was chosen for application. Drawback of this exciter type is its high mass of 100 g.
To overcome this issue, it was agreed with the manufacturer to setup a small batch of custom made exciters
with reduced weight but comparable performance. The result is the exciter ELACr 84006 which is shown in
Figure 3. Its weight could be reduced to 77 g by decreasing the size of the iron core.

2.3 Sensors

Controller decisions base upon signals from sensors. The controlled variables are either directly measured
or reconstructed by an observer. In this application the objective of the controller is to reduce the sound
pressure level at the passenger’s ears while the noise transmits through the lining. The lining itself shall
be an integrated component without external sensors. Thus, microphones located at the seats are excluded
by default. The so-called remote microphone technique [8] gives the opportunity to estimate the sound
pressure level at certain predefined position in front of the lining. The required observer uses measurements
of structural accelerations normal to the surface of the lining. One objective of the ACASIAS project is
to bring active structures closer to series production. Therefore, accelerometers realized as micro-electro-
mechanical system (MEMS) are chosen for the active lining. Comparative measurements with laboratory
equipment, from PCBr e.g., showed the suitability of MEMS for control applications. In a market survey
devices from two main manufacturers, STr and ANALOGDEVICESr, were compared in terms of their specs.
In order to fulfill the requirements given in [7] the accelerometer ADXL 354B is chosen for the active lining.
It is a three axis accelerometer with two switchable measurement ranges of ±2 g and ±4 g in a bandwidth
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Figure 4: ADXL 354B evaluation board Figure 5: Accelerometer connection diagram

of 1.5 kHz. Only a single axis which measures perpendicular to the surface of the lining is used for control.
The acceleration is output as analogue signal. Digital signal output via serial peripheral interface (SPI) and
Inter-Integrated Circuit (I2C) were taken into account. Timing issues, limited address space and connection
complexity lead to neglect them finally. With analogue output the controller is able to minimize time delay
by synchronous sampling. Figure 5 shows the connection of three ADXL 354B with the controller (master)
for example. For all sensors supply (VS) and ground (GND) are provided as input. Each sensor delivers its
output on a separate data line directly to the master. The use of analogue output leads to an efficient design
with only three lines per sensor.

2.4 Actuator & sensor definition

The actuators and sensors are defined in a two-step procedure. Firstly, the required number and secondly,
the placement of the transducers is determined. This process is not independent from the dominant noise
sources (load case) present in the aircraft. Here, two different load cases are considered for the definition
of the sensors and the actuators. These are, first, a multi-tonal excitation of a CROR engine and, second, a
broadband excitation typical for a turbulent boundary layer excitation (TBL). For the sensor definition, the
defining load case is the broadband excitation whereas the actuators are defined for the CROR load case. In
both cases the number of transducers is more important than the placement. A detailed description of the
process of actuator and sensor definition is provided in [8]. The following description briefly summarizes
the main considerations and results of this process. Theoretically, for the deterministic CROR load case, a
single remote sensor is sufficient to estimate the pressure at the virtual locations. However, the use of a single
remote sensor is considered unreasonable with regard to robustness because its failure would tie the whole
system. Furthermore, in the broadband case, an accurate pressure estimate requires a sufficient number of
remote sensors. A quantification of sufficiency is provided by the multiple coherence function. Therefore,
it is applied as a metric to, firstly, define the required number and, secondly, the best combination of remote
sensors. The best sensor configuration with six remote sensors, see Figure 6 achieves a mean coherence
value (averaged in the considered frequency range and over all microphones) of app. 80 % which explains
roughly 90 % of the sound pressure level (SPL) in front of the lining (for the broadband load case).

The number of actuators is determined by the requirement of sufficient control authority to counteract the
SPL in front of the lining induced by the CROR engine. The SPL produced in the laboratory by a loudspeaker
array in front of the fuselage is roughly 113 dB and the SPL estimated for a real CROR engine is 130 dB [1].
Therefore, the selected actuator configuration must provide a gain margin of at least 17 dB (app. a factor of
7). The evaluation of actuator FRF (voltage to sound pressure) for different positions on the lining provides
an estimate of the required actuator number and, furthermore, permits the selection of the most suitable
positions. It turns out that four actuators of the type ELACr 84006 are suitable to reduce the SPL in front
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Figure 6: Sensor and actuator placement on lining, passenger’s view

of the lining. Figure 6 summarizes the placement of the components. For a transfer of the results to a lining
from series production, the areas with windows and air condition ducts are treated as forbidden with regard
to placement and routing.

2.5 Wiring

In order to minimize the interfaces between lining and the aircraft, all sensor and actuator signals are routed to
a single main connector per lining. Flexible printed circuits (FPC) are used to generate a wiring that connects
all components while keeping its weight on a minimum. The FPC and the main connector are bonded on the
outer side of the lining comparable to the inserts. Figure 7 shows a few samples from manufacturing tests.
The wires are equipped with soldering pads for the main connector. The two top ones are actuator wires
with two lines each. They are terminated by a connector to establish the connection to the insert. The lower
two wires are made for sensor inserts. Three lines run from the soldering pads to the open connector pads.
The pads are directly inserted into the connector of the sensor insert. The connection to the insert differs
for actuators and sensors since the amperage is much higher for the actuator inserts. Each wire type has a
small and a broad version. In the broad version additional shielding lines are placed in between the data
lines. Even though test in the lab show low signal interference, the broader version with shielding is chosen
for manufacturing the final active lining. According to the positions of actuators and sensors on the lining a
routing of the wires is calculated, see Figure 8. The square where all wires end is the position of the main
connector.

2.6 Inserts

Choosing low-cost and lightweight actuators and sensors is only one step towards series production. Beside
this, the components have to be integrated into the structure and also in the manufacturing process. Topics
like handling and maintainability have to be addressed. To cover all these topics in an appropriate manner, an
integration concept using inserts is proposed in ACASIAS. Typically, an insert is a part that is integrated into
a sandwich or fiber-reinforced structure by bonding. It integrates additional functionality into the structure
like threads to join different structural components. In ACASIAS the inserts are used to integrate actuator
and sensor functions to the structure. The inserts proposed here completely encapsulate the actuator/sensor
in order to protect it from moisture and dust intrusion, see Figures 9-10. This approach allows an easy
handling of the components and a seamless integration into the manufacturing process. To enable a repair
and maintenance, the inserts are subdivided into two parts. A base part, see Figures 9(a)-10(a), which is
connected to the wiring and is bonded in an indentation of the sandwich. A second top part houses the
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Figure 7: Wire samples Figure 8: Routing of the wires on backside of lining

actuator/sensor, see Figures 9(b)-10(b). It can be easily inserted into the base part and removed and replaced
in case of failure. The mechanical connection of base and top part is realized with a kind of bayonet lock.
While inserting and turning the top part the electrical connection is established as well. Spring contacts
in the top part guarantee a reliable connection in case of vibrations and manufacturing inaccuracies. Two
snap connectors at the outer side prevent the loosening of top and base part due to shock or vibration. An
appropriate load transmission between top and base part is addressed with a circumferential shoulder. Since
the actuator and sensor types have different footprint sizes and heights, two versions of the inserts with nearly
identical design exist.

The base part of the insert integrates a printed circuit board (PCB) that connects the FPC on the lining to the
actuator/sensor. The connector in the outside tab is placed in the same indentation as the base part. After the
connection to the FPC is established this part of the indentation is sealed with resin to prevent moisture and
dust intrusion. In the top part the spring contacts are placed on a PCB as well. The actuators and sensors
connect to this PCB by flexible wires that run through a strain relief. Relevant insert data is summarized in
Table 3.

(a) Base (b) Top (c) Combined

Figure 9: Actuator insert
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(a) Base (b) Top (c) Combined

Figure 10: Sensor insert

Table 3: Insert data

Description Sensor Actuator

Max. diameter 62.4 mm 82.0 mm
Height above lining 13.2 mm 27.2 mm

Weight 27 g 120 g

3 Manufacturing

As mentioned above, manufacturing of a lining panel with crushed core is beyond the scope and the financial
framework of the project. An alternative method had to be established to manufacture the active lining for
ACASIAS keeping in mind that additional steps for the insert and wiring integration have to be portable to
the methods in series production.

Based on the curvature design of the lining a positive mold is milled from an epoxy reinforced Polyutherane
(PU) foam block. The layup is built upon the mold in the order given in Table 1. The inner layer is the first
one on the mold pointing towards the passengers. After laying the outer coarse-meshed prepreg, aluminum
stamps are placed on it. These stamps are located at the desired sensor and actuator positions as well as the six
mounting points. At the positions of the stamps the core is crushed to a predefined height and a indentation
is created for the integration of the components. For reinforcement of the indentations an additional layer of

Figure 11: Lining on the mold (blue) Figure 12: Fully equipped active lining
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Figure 13: Manufacturing of lining

fine prepreg is placed under the stamps. The entire setup is sealed and cured under vacuum in an autoclave
process. Figure 13 summarizes the curing process.

Up to the curing the entire process can easily be mirrored to series production. The next step, the application
of the wiring and the insert’s bases, supplements series production. Experiments with wiring and the open
prepreg from the outer layer showed that a reliable bonding is achieved. As mentioned above, the wiring
is fed into the insert’s bases, sealed and mechanically stabilized with adhesive. Beside the inserts, the six
mounting brackets are bonded. Afterwards, the main connector is soldered to the terminating solder pads of
the wiring. Finally, all insert’s top parts are mounted. The entire manufacturing process can be summarized
as follows:

• Layup lining panel on mold

• Position aluminum stamps

• Cure lining in autoclave

• Bond wiring, insert’s bases & mounting brackets

• Solder main connector

• Mount insert’s top parts

This process extends the series production of lining panels and makes the additional integration of active
components easy to realize. The result of the manufacturing process is shown in Figure 12. It is a view on
the backside of the manufactured ACASIAS active lining.

4 Experiments

The experiments with the active lining will be conducted in the acoustic transmission loss test facility (ATB)
of DLR in the remaining duration of the project. The facility consists of a reverberation and an anechoic room
which are connected by a test opening to mount the test specimen. To create a realistic test environment for
the active lining, a Airbus A350-like fuselage panel is mounted in the test opening, see Figure 14. A wooden
frame adapts the size of the opening to the size of the fuselage panel. The panel has two windows and three
frames with a distance of 635 mm. Nine stringers run perpendicular to the frames with a distance of 200 mm.
Here, the stringers are covered by insulation material. Six shock mounts, two at each frame, are available for
the mounting of the active lining. Figure 15 shows the active lining mounted in front of the A350 panel. To
avoid leakage the sides around the lining are filled with insulation material for acoustic tests. Here, a shaker
with a load cell is attached to the lining for modal testing.

Beside the excitation with a shaker, a realistic CROR excitation is generated by a loudspeaker array (LA)
in the reverberation room of the ATB, see Figure 16. The 112-channel LA is composed of 14 rows each
containing eight loudspeakers. The rows of the array are arranged on a circular path to enable a constant
distance from each loudspeaker membrane to a cylindrical fuselage structure. By linear bearings these rows
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Figure 14: A350-like fuselage panel Figure 15: Active lining with shaker

are adjustable to different fuselage diameters or even a planar panel. The loudspeakers have a horizontal
and vertical distance of 140 mm and can be driven by independent signals using a PC playback system.
The frequency response of the loudspeaker is linear in the bandwidth of 80-8,000 Hz. The fuselage panel is
positioned in the near-field of the loudspeaker array.

Each loudspeaker signal is calculated individually. Driving each loudspeaker by a particular signal, complex
sound pressure fields can be synthesized on the fuselage. The algorithm used here calculates loudspeaker
signals to synthesize the target sound pressure spectra at specified microphone positions on the fuselage.
These target spectra are derived from numerical CROR engine simulations and propagated towards virtual
surface microphone positions on the test fuselage [9].

For the analysis of the performance of the control system different measures have to be taken into account.
The normal velocity of the lining panel is measured using a POLYTECr PSV-400 scanning vibrometer (LSV)
on a grid of app. 1,000 scan points. The emitted sound intensity of the lining is measured with a BRÜEL
& KJÆRr probe 3599 (SIP) and a PULSE front-end. The transmission loss of the lining is determined by
measurements of the sound pressure level in the reverberation room and the sound intensity of the lining in
the anechoic room. For this purpose an omnipower sound source (OSS) is placed in the reverberation room
where it emits white noise.

Figure 16: 112-channel loudspeaker array
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The experiments to be carried out are summarized in Table 4.

Table 4: Experiments

Description Excitation Measurement

Modal testing Shaker LSV
Operating deflection shapes CROR with LA LSV

Transmission loss OSS SIP
Controller tests CROR with LA LSV, SIP

5 Conclusion & Outlook

Within this paper a concept for the integration of components in an active lining panel is presented. An
industrial manufacturing process supplements the series production process. The insert concept allows a
seamless integration of the actuators and sensors into this process. Handling and maintenance requirements
are addressed by the two part insert. Lightweight FPC facilitate the wiring process and realizes robust
connections in terms of shock and vibration. The entire concept of an active lining as an embedded system
gives the opportunity to retrofit existing turboprop aircraft with an active noise reduction.

The next step in ACASIAS will be the execution of the experiments presented above. The results of the
modal analysis will be the input to update finite element calculations of the active lining. Transmission
loss tests will be compared to results measured with linings from series production. The controller test will
demonstrate the power of active noise reduction with respect to CROR excitation. Finally, a weight analysis
will explore the possibility of series production.
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Abstract 
In most of the investigations, the active noise barriers are configured placing both secondary sources and 

error sensors close to the edge of barriers, but it is unclear how far is this approach from the maximum 

theoretical performance of the active noise barrier. The purpose of this study is to compare the 

performance of the active noise barrier when error sensors are on the top edge of the barrier with the 

maximum attainable reduction at a target zone and then two positions proposed for locating the error 

sensors which improves the performance of active noise barrier. The maximum achievable reduction at the 

shadow zone computes when the control sources are 0.5 m far from the edge and along the line which 

connects the noise source to the edge. The control sources are adjusted to minimize the total squared 

pressure at receivers placed in the shadow zone. Then the minimization procedure is performed to 

minimize the squared pressure at the error sensors. The results show poor attenuations when the sound is 

canceled at the diffractive edge and the new configuration for the error sensors improves the performance 

of the control system. 

1 Introduction 

The use of acoustic barriers to reduce undesired noise propagation is a fairly widespread solution. 

However, it offers rather limited results, especially in low-frequency ranges [1]. During the past two 

decades, several studies have been carried out to improve the performance of acoustic barriers. Among 

these, the application of active noise control (ANC) gives appreciable results, specifically for low-

frequency noise [2]–[6]. The efficiency of an active noise barrier (ANB), largely depends on the number 

and location of error microphones and control sources relative to the barrier; a key factor which has been 

the focus of many studies [7]–[14] which investigate these parameters to increase the performance of 

active noise barriers. For instance, Omoto and Fujiwara [10] numerically and experimentally, applied an 

active control system to a barrier with the error microphones located on the edge of the barrier. Their 

results revealed that good attenuation is achieved when the intervals between error sensors on the edge are 

shorter than half the wavelength and the secondary sources are at their closest position to the primary 

source.  

Niu et al. [9] suggested the best position for error microphones near the edge of a noise barrier when 16 

control sources were fixed on the top edge, and the noise reduction computed at 6 observational points 

placed at the shadow zone of the barrier. Their results proposed an optimum distance between control 

sources and error microphones and the best position for this set up occurs when the error microphones are 

placed above the secondary sources.  

In previous studies, the control sources and error microphones’ locations are usually restricted to a limited 

range of configurations, consisting of locating the control sources and error sensors close to the diffractive 

edge, thus there is no evidence if this is a good approach. This study evaluates the efficiency of the active 

noise barrier when the sound is canceled on the diffractive edge. To do this, the comparison is performed 
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between the achieved reduction with the error sensors on the edge with the maximum attainable reduction 

could achieve by the active noise barrier. 

2 Theory 

2.1 Diffraction Model 

There are several methods to calculate diffracted pressure, but an analytical model is preferable due to its 

low computational requirements. Various analytical models have been proposed for calculating the 

pressure of diffracted field, but the one put forward by Sommerfeld [15] and developed by MacDonald 

[16] for general sound diffraction around a wedge due to incident spherical waves is widely used for 

barrier calculations and is the one used throughout this study. MacDonald’s solution can compute the 

diffracted sound field form the edges of a barrier positioned between a noise source and receiver. 

Depending on the location of the source and receiver, the receiver may receive three different acoustic 

pressures [17]. These acoustic pressures include diffracted pressure (𝑃𝐷), reflected pressure (𝑃𝑟), and direct 

pressure (𝑃𝑑). Figure 1 shows the lines θ = θs − π and θ = 3π − θs that divide the field into three 

regions.  

 

 

Figure 1: Schematic diagram of the sound waves around a barrier. 

Receivers located in region III are in the direct, reflected, and diffracted field of the noise source. 

Reflected pressure disappears in region II and only diffracted field remains in the region I. 

Equation (1) represents MacDonald’s solution for computing the pressure diffracted in a cylindrical 

coordinate system along the barrier edge.  

 PD =
𝑘2𝜌 𝑐 

4π
𝑞0[sgn(ζ1) ∫

H1
(1)

(𝑘𝑅1+𝑠2)

√𝑠2+2𝑘𝑅1
 𝑑𝑠

∞

|ζ1|
+ sgn(ζ2) ∫

H1
(1)

(𝑘𝑅2+𝑠2)

√𝑠2+2𝑘𝑅2

∞

|ζ2|
𝑑𝑠]   (1) 

where 𝑘 is the wavenumber, 𝑞0 is the source strength, and 𝜌 and c are the air density and speed of sound 

in air, respectively. H1
(1)

( ) is the Hankel function of the first kind, 𝑅1 and 𝑅2 are the distances from the 

source and its barrier image to the receiver, respectively, indicated in Figure 1. 𝑠 is the variable of the 

contour integral and the limits of the two contour integrals in Equation (1) are determined according to:  

 ζ1 = sgn(|𝜃𝑠 − 𝜃𝑟| − π)√k(𝑅′ − 𝑅1) (2,a) 

 ζ2 = sgn(𝜃𝑠 + 𝜃𝑟 − π)√k(𝑅′ − 𝑅2) (2,b) 
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where sgn() is the sign function, and 𝜃𝑠 and 𝜃𝑟 are the source and receiver angles, respectively, according 

to Figure 1. 𝑅′ is the shortest path from the source to the receiver through the edge. With this in mind that 

all the sources consider as 3- dimensional point source they create direct and reflection acoustic pressure 

as following,  

 𝑃𝑑 =
−𝑖𝑘𝜌 𝑐

4𝜋
𝑞0

𝑒𝑖𝑘𝑅1

𝑅1
 (3,a) 

 𝑃𝑟 =
−𝑖𝑘𝜌 𝑐

4𝜋
𝑞0

𝑒𝑖𝑘𝑅2

𝑅2
 (3,b) 

2.2 Active noise control 

In this approach, the far-field noise is reduced by introducing a multiplicity of secondary sources whose 

complex strength is adjusted to minimize the squared pressure at a discrete number of error sensors. 

Considering M error sensors, and N secondary sources, the vector 𝑷𝑡𝑜𝑡 shows the total acoustic pressure 

obtained in error microphone positions due to primary and secondary sources. 

 𝑷𝒕𝒐𝒕 = 𝒁𝑃𝑞𝑃 + 𝒁𝑠𝒒𝑠 (4) 

where 𝒁𝑃 is the vector of complex acoustic transfer impedances for the primary source with strength 𝑞𝑃, 

𝒁𝑠 is an 𝑀 × 𝑁 matrix, corresponding to the control source impedance matrix, and 𝒒𝑠 is the vector for 

secondary source strength [18].  

Equation (5) is the total squared pressure at the error sensors which should be minimized, 

 𝑱𝑝 = 𝑷𝐻𝑷 = 𝒁𝑃
𝐻𝒁𝑃 + 𝒁𝑃

𝐻𝒁𝑠𝒒𝑠 + 𝒒𝑠
𝐻𝒁𝑠

𝐻𝒁𝑝 + 𝒒𝑠
𝐻𝒁𝑠

𝐻𝒁𝑠𝒒𝑠 (5) 

This equation is a quadratic function of the control sources’ strengths, which obtained by minimizing this 

function. Equation (6) demonstrates the modulus of the vector for control sources strength. 

In this study, the achieved reduction at an observational point at a single frequency is defined by 

Equation(7). 

 𝒒𝑠 = −(𝒁𝑠
𝐻𝒁𝑠)−1(𝒁𝑠

𝐻𝒁𝑝) (6) 

 𝐼�̅�𝑟 = 10 𝑙𝑜𝑔10(
|𝑃𝑗

𝑂𝑁|
2

|𝑃𝑗
𝑂𝐹𝐹|

2) (7) 

where, 𝑃𝑗
𝑂𝑁 and 𝑃𝑗

𝑂𝐹𝐹are the total pressure when the control system is On and Off, respectively. 

Equation 8, computes the overall insertion loss, 𝐼�̅�𝑜, obtains at the observational points within the whole 

frequency range. 

 𝐼�̅�𝑜 = 10 𝑙𝑜𝑔(
∑ ∑ |𝑃𝑖𝑗

𝑂𝑁|
2

𝑀
𝑗=1

𝐹
𝑖=1

∑ ∑ |𝑃𝑖𝑗
𝑂𝐹𝐹|

2
𝑀
𝑗=1

𝐹
𝑖=1

) (8) 

where i refers to the frequency between 50 Hz and 500 Hz, at any observational points of j. 

3 Method 

The infinite barrier in this study is completely rigid at both sides and it is 2.5 m tall, which is in the range 

of real barriers’ height and uses in most of the published research works [19]. For the sake of simplicity, 

the barrier’s thickness assumed to be less the shortest wavelength and thus it is negligible. The diffracted 

sound pressure is measured at the positions of fifteen observational points in the shadow zone of the 

barrier. These points form a rectangular grid shape region are called the target area and is the target region 

for the noise control by the active noise barrier. Figure 2 demonstrates the schematic model of the 

observational points that are ordered in an area of 10×8 m2 and at a height of 1.65 m. The effect of the 
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sound reflection from the ground is also considered based on the image method which explained in ref. 

[20].  

The barrier is supposed to locate 7 m far from the stationary noise source to protect the target area, and the 

control source is modeled in the middle of the noise barrier at plane Y=0 and a height of Z=0.3 m. The 

noise source frequency spectra throughout this work are in the range of 50 to 500 Hz and it operates with a 

power output of 1 Watt at each frequency. 

 

 

Figure 2: The top view of the barrier, secondary sources, and the target area for the noise cancellation. 

In this work the secondary sources are located in the incident side of the barrier and 0.5 m far from the 

edge along the line that connects the noise source to the edge, and the error sensors are located at three 

different positions always distributed linearly along Y-axis and symmetrically with respect to the X-axis. 

The span of adjacent error sensors and secondary sources is 0.2 m which is less than half of the shortest 

wavelength [10]. 

The performances of the ANB are measured at three positions of error sensors, (1) on the edge of the 

barrier (𝐸𝑆𝑥 = 0 , 𝐸𝑆𝑧 = 𝐻𝑏), (2) at 𝐸𝑆𝑥 = 0.1 m, 𝐸𝑆𝑧 = 2.4 𝑚  and (3) at 𝐸𝑆𝑥 = 0.5 𝑚, 𝐸𝑆𝑧 = 2.5 𝑚, 

where 𝐸𝑆𝑥  and 𝐸𝑆𝑧 are the X- and Z-coordinate of the error sensors positions, respectively. 

The maximum performance of the active noise barrier is computed when the sound signals are canceled 

directly at the position of observational points (receivers). However deploying the error sensors in the 

target area requires considerable hardware and also the great outdoor distances between control sources 

and the receivers could lead to a degradation in the coherence of the error and reference signals, causing a 

loss in performance [19]. In this study, the maximum theoretical reduction is calculated to evaluate the 

efficiency of the active noise barrier when the error sensors position changes around the edge. 

4 Results and discussion 

4.1 Noise cancelation at the target area 

To have a suitable and cost-effective ANB, it is important to define the number of transducers correctly.  

For this purpose, in the first step, the performance of the active noise barrier is measured for the different 

number of control sources. Figure 3 shows the overall insertion loss (𝐼�̅�𝑜), calculated by Equation (8) for 

two cancelation approaches, noise cancelation at receivers positions, and noise cancelation at error 

sensors. In the latter approach, the same number of error sensors as the control sources are located at the 
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barrier’s edge and the squared pressure is minimized at the error sensors. For both of these methods, the 

secondary sources are located in the position described in the previous section. 

 

 

Figure 3:  𝐼�̅�𝑜  at the target area, for the different numbers of secondary sources. 

Figure 3 shows, regardless of which approach is employed, the reduction increases in the shadow zone by 

increasing the number of secondary sources. It is because the control system can reduce the sound field in 

the target area more homogenously when the number of the control system increases.  

The slight rate of changes in insertion loss with the approach of cancelation at the edge confirms the low 

impact of the number of control sources in comparison with cancelation at observational (receivers) 

points. In the following part of this study, ten secondary sources are considered to degrade the noise level 

in the target area. 

Figure 4 shows the insertion loss at each observational point when the noise signals are canceled at these 

positions. As mentioned before, it is the maximum reduction the active noise barrier could achieve, and 

thus it is the benchmark to assess the performance of ANB with error sensors. 

 

 

Figure 4: The overall insertion  loss 𝐼�̅�𝑜 (dB) at observational points in the target area, when the squared 

pressures are minimized at these positions. 

ACTIVE VIBRATION CONTROL 177



4.2 Noise cancelation at the error sensors 

In the approach of noise cancelation at the error sensors, the number of error sensors plays an important 

role that affects the performance of the active noise control system. Figure 5, shows the overall insertion 

loss at the shadow zone when the noise is canceled at the different number of error sensors on the 

diffractive edge.  

 

Figure 5: 𝐼�̅�𝑜 at the observational points when the numberof error sensors changes.  

This figure demonstrates that the control system with the current setup achieves the maximum reduction 

when 23 error sensors are used on the edge. Thus, the following calculations are performed when 23 error 

sensors are employed to reduce the noise level in the target area. Furthermore, reducing the performance 

of the active noise barrier when the number of error sensors increases more than 27, might be explained by 

the complex pressure field produced by control sources to minimize the pressure at the position of error 

sensors however it fails to degrade the total sound field at the points in the shadow zone. 

Figure 6 shows the distribution of insertion loss, 𝐼�̅�𝑟 , at the observational points when the squared 

pressure is minimized at 23 error sensors located on the edge. 

 

 

Figure 6: Distribution of insertion loss, 𝐼�̅�𝑟  (dB), at the observational points. 23 error sensors are located 

on the edge of the barrier. 
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Comparing Figure 4 and Figure 6, shows a significant difference between these two cancelation 

approaches. In order to improve the efficiency of the ANB, the insertion loss at observational points is 

measured for two different positions for the error sensors. These positions are (a) 𝐸𝑆𝑥 = 0.1, 𝐸𝑆𝑧 = 2.4, 

and (b) 𝐸𝑆𝑥 = 0.5, 𝐸𝑆𝑧 = 2.5, where 𝐸𝑆𝑥 and 𝐸𝑆𝑧 are the X- and Z-coordinates of error sensors. These 

positions are intentionally selected close to the edge to be feasible for installation in real conditions. 

Figure 7 demonstrates the distribution of insertion loss at the observational points when squared pressure 

at the error sensors is minimized. 

 

 
 

(a) (b) 

 

Figure 7: Noise reduction at the observational points when the error sensors are located at (a) 𝐸𝑆𝑥 =
0.1 m,  𝐸𝑆𝑧 = 2.4 𝑚 (b) at 𝐸𝑆𝑥 = 0.5 m, 𝐸𝑆𝑧 = 2.5 𝑚 

Figure 7 demonstrates that the performance of ANB improves by changing the position of error sensors 

and it shows more reduction achieves at observational points when the error sensors are located at the 

ESx = 0.5,  ESz = 2.5,  in comparison with noise cancelation at the diffractive edge. This result suggests 

using optimization algorithms to achieve more reduction in the shadow zone.  

5 conclusion 

This study is conducted to evaluate the efficiency of an infinite active noise barrier to reduce the diffracted 

noise level in the shadow zone. The results show that the performance of the active noise barrier with the 

error sensors on the top edge is far from the maximum attainable reduction. To improve the performance, 

two different positions proposed for the error sensors. The results show, the control system achieves more 

insertion loss when the error sensors are in the shadow side of the barrier rather than the top edge. It is also 

showed that the insertion loss increases when the error sensors are close to the target area where it is 

aimed to control the noise level. The changes in the position of control sources and error microphones may 

increase the efficiency of the active noise barrier. Further studies need to be carried out to improve the 

performance of active noise barrier by searching the suitable positions for the error microphones and 

control sources simultaneously.  
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2 University of Liège, Aerospace and Mechanical Engineering Department
Quartier Polytech 1, Allée de la découverte, 9, 4000, Liège, Belgium

Abstract
Flutter and divergence behaviour for discrete bodies in the farfield has long been considered, such as in
wing-empennage interaction but not for long, slender bodies in a non-rotating frame (like that encountered
in wind turbines). This work focuses on filling that knowledge gap. As such, flutter behaviour has been
determined for flat plates of varying planforms in various combinations and configured either in parallel or
in series. A dimensionless separation parameter based upon the chord has been selected. A closed form
state-space model for the nonlinear aeroelastic response of thin cantilevered flat plates has been derived
using a combination of the MSC.NASTRAN® commercial structural solver and a linearised continuous time
vortex lattice aerodynamic model with an image inspired cascade. The modal-based model is solved for the
amplitude and period of the limit cycles of the flat plates using numerical continuation. These results are
compared to experimental data obtained from identical flat plates in a wind tunnel.

1 Introduction

Aeroelastic behaviour is of critical importance to the operation and performance of all bodies exposed to fluid
flow. The consequence of poor aeroelastic behaviour is a spectrum of various effects ranging from increased
acoustic generation, reduced lifting performance or increased drag to the more severe reduced cycle life and
mechanical impingement from oscillations to finally potentially lethal structural failure or control reversal.

Aeroelastic effects have been of interest for near a century with the first recorded instance in 1916 of the
Handley Page O/400 bomber. [1] In the following decades interest and research continued to grow culmi-
nating in the early seminal reference texts [2], [3] and later [4]. From these early efforts, aeroelasticity has
grown into a significant field deeply immersed in the field of Fluid-Structure Interaction (FSI) dominated by
four over-arching generalised classes: vortex-induced vibration (VIV), flutter, galloping, and buffeting. [5]

Conventional approaches to analysis of aeroelastic behaviour leverages wind tunnels due to the certainty
of the physics involved as compared to the more modern approach of computational modelling. [6, 7]
Whilst both methods are valid with their own advantages and disadvantages, a resounding disadvantage of
computational methods for aeroelastic problems is the time investment due to the necessity of resolving both
a structural and a fluid problem.

Flutter analysis on aerospace vehicles has continued to evolve with the operation of vehicles in the transonic
[8, 9], supersonic [10, 11] and hypersonic [12, 13, 14] regimes with minimal research into the area of interest
of this paper. The primary sector for coupled-flutter and vortex-induced vibration is that of propulsion and
turbomachinery where numerous small aerofoils are held in close proximity. [15, 16, 17, 18] Regardless of
this turobmachinery research, a dedicated study of the behaviour of these aerofoil cascades for larger, less
rigid bodies with specific focus on serial versus parallel arrangements and not subject to whirl flutter or other
rotational effects has not been clearly noted. [19]
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The aim of this work is therefore to try to fill the knowledge gap by quantifying the behaviour of simple flat
plate planforms undergoing coupled, structurally independent flutter in either a binary parallel or serial con-
figuration via a computationally inexpensive model. Validation of the model will be provided by equivalent
wind tunnel testing.

2 Numeric model

The numeric model was developed with the aim of providing rapid, practically accurate predictions for the
coupled flutter behaviour of aerodynamic bodies. The model is a three-stage process. The stages are: 1)
Structural solver to extract mode shapes; 2) Aerodynamic solver to extract aerodynamic influence coeffi-
cients; and 3) A branch finding method to determine flutter speed and frequency, and divergence speed. The
overarching package was written in MATLAB® due to its ease of use and debugging capabilities. To note,
complete derivations for the aerodynamic solver without the cascade addition, can be obtained from [20].

2.1 Structural solver

Leveraging existing structural solvers allows for general flexibility and development cycle acceleration. Due
to the availability and flexibility, MSC.NASTRAN®’s suite of software was selected as the structural solver.
Geometry of the target cantilevered plate generated in MATLAB® was passed to the MSC.NASTRAN®

solver using CQUAD4 panels (4-node specified quadrilateral panels of a uniform thickness). The material
properties for the structure as input to MSC.NASTRAN® are in Table 1. The modal analysis solver (SOL103)
was selected in order to output the required mode shapes of the structure. Oversampling of the mode shapes
was performed with the first 50 modes extracted with the target sample being the first 10 out-of-plane modes.
From this analysis the mode shape, mass and stiffness matrices of the cantilevered plate were obtained.

Table 1: Al5005 sheet material properties [21]

Property Value Units
ρ 2700 kg/m3

E 68.9 GPa
G 25.9 GPa
ν 0.33

2.2 Aerodynamic solver

To calculate the aerodynamic influence coefficient matrix an unsteady, 3D Vortex Lattice Method (VLM)
was used. To implement the presence of additional bodies a technique akin to the method of images was
applied. The implementation calculates three influence coefficient matrices. These are:

1. Main body on main body;

2. Main wake on main body;

3. Secondary body on main body.

The secondary wake on main body has been neglected owing to its distance from the main body, thus having
negligible effects for the computational overhead. The three influence coefficient matrices for the secondary
body are calculated in a separate case where the main body is now the secondary and vice versa. This avoids
carrying the additional wake.
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The total induced flow (u = [u v w]T ) at the control point i, j, in a set of mv spanwise and nv chordwise
panels, from a bound vortex ring k, l with an image vortex ring (k, l)im as adapted from [22] is given by:

ub(i,j),(k,l) = ub(i,j),[(k,l)−(k,l+1)]
+ ub(i,j),[(k,l+1)−(k+1,l+1)]

+ ub(i,j),[(k+1,l+1)−(k+1,l)]
+ ub(i,j),[(k+1,l)−(k,l)]

(1)

ub(i,j),(k,l)im = ±uimb(i,j),[(k,l)−(k,l+1)]im
± uimb(i,j),[(k,l+1)−(k+1,l+1)]im

± uimb(i,j),[(k+1,l+1)−(k+1,l)]im

± uimb(i,j),[(k+1,l)−(k,l)]im
(2)

Where

ub(i,j),(k,l)−(k,l+1)
=

Γbi,j
4π

(xci,j − xvk,l)× (xci,j − xvk,l+1
)

|(xci,j − xvk,l)× (xci,j − xvk,l+1
)|2 (xvk,l+1

− xvk,l)

·
(

(xci,j − xvk,l)

|xci,j − xvk,l |
−

(xci,j − xvk,l+1
)

|(xci,j − xvk,l+1
)|

)
(3)

With similar expressions for the other three segments along the ring k, l. The use of± is to indicate that for a
secondary body with greater coordinates than the main (i.e ahead or above), the terms are positive, otherwise
they are negative. A similar solution can be determined for the flow induced by the wake:

uw(i,j),(k,l)
= uw(i,j),[(k,l)−(k,l+1)]

+ uw(i,j),[(k,l+1)−(k+1,l+1)]
+ uw(i,j),[(k+1,l+1)−(k+1,l)]

+ uw(i,j),[(k+1,l)−(k,l)]
(4)

With the appropriate substitutions of Γw for Γb, xw for xv. Assuming a unitary circulation solution, the
specific aerodynamic influence coefficient matrices are then:

Abi,j =

(
mv∑

k=1

nv∑

l=1

ub(i,j),(k,l)

)
· ni,j (5)

Aim
bi,j

=

(
mv∑

k=1

nv∑

l=1

ub(i,j),(k,l)im

)
· ni,j (6)

Awi,j =

(
mv∑

k=1

nv∑

l=1

uw(i,j),(k,l)

)
· ni,j (7)

Where Ab is the main body on main body; Aim
b is the secondary body on main body; Aw is the main wake

on main body; n is a matrix of the panel normals.

2.3 Aeroelastic coupling

The work in this section is derived from [23]. The classic frequency-domain linear aeroelastic equation is
given by: [

−
(
kU

b

)2

A + E− ρU2Q1(k)

]
r(k) = −ρU2Q0(k) sin(α) (8)

Where A is the structural mass matrix, E is the structural stiffness matrix, r is the modal displacement matrix,
ρ is the fluid density, U is flow velocity, α is the angle between the relative wind and the chord line of the
plate (i.e. angle of attack), and Q0 and Q1 are aerodynamic force matrices given by:

Q0(k) =
1

2

(
L0(k)Tw

)
(9)

Q1(k) =
1

2

(
L1(k)Tw

)
(10)
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With w the modal shape matrix. The lift components of the above equation are given by:

L0(k) =

(
cos(α)Gy + i

k

b
Gs

)
(Ab + AwPe(k)Pc)−1 nzδ(k) (11)

L1(k) =

(
cos(α)Gy + i

k

b
Gs

)
(Ab + AwPe(k)Pc)−1

(
wx + i

k

b
w
)

(12)

Where Ab and Aw are the aerodynamic influence matrices for the body and wake respectively; nz is a vector
composed by the z-direction components of the unit vectors normal to the surfaces; δ(k) is the Dirac-delta
function; w is a matrix made up of the out-of plane mode shapes on each aerodynamic panel; wx is the
derivative of the mode shape matrix with respect to the flow direction coordinate; Gy and Gs map panel
spanwise-length and panel areas compactly as given by:

Gy =

[
Imvnv +

(
0nv×(mv−1)nv

0nv×nv

I(mv−1)nv
0(mv−1)nv×nv

)]
◦ (∆y∆y . . .∆y) (13)

Gs = Imvnv ◦ (∆S∆S . . .∆S) (14)

and Pc and Pe are transformation matrices given by:

Pc =
(
0nv×(mv−1)nv

Inv

)
(15)

Pe(k) =




Inve
−2ik/mv

Inve
−4ik/mv

...
Inve

−2ikmw/mv


 (16)

2.4 Branch finding

To determine the flutter and divergence characteristics of the plates a combination of the Rational Function
Approximation (RFA) and Newton-Raphson iteration method was applied. A range of velocities were solved
via RFA with the flutter and divergence point identified. The corresponding velocities and reduced frequency
for the flutter case were then used to initialise the Newton-Raphson iteration. This was necessary as the
Newton-Raphson iteration would produce unrealistic results if started with poor initial guesses.

2.4.1 Rational Function Approximation

For the branch finding algorithms it is necessary to represent Equation 8 in the time domain. The method
to do this is the Rational Function Approximation (RFA). The inverse Fourier transform of the aerodynamic
force matrix, following from Roger (1977) [24] and his Q1 approximation, is:

Q(t) = −ρU2Q0 sinα+ ρU2S0r(t) + ρUbS1ṙ(t) + ρb2S2r̈(t) + ρU2
nl∑

i=1

S2+iηi(t) (17)

Where nl is the number of lag terms and:

ηi(t) =

∫ t

0
ṙ(τ)e−Uγi(t−τ)/bdτ (18)

Applying Leibniz’s integral rule:

η̇i(t) = ṙ− Uγi
b

ηi (19)
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The complete system of equations is then:

M̄r̈ + C̄ṙ + K̄r− ρU2
nl∑

i=1

S2+iηi = −ρU2Q0 sinα (20)

Where:
M̄ = A− ρb2S2, C̄ = −ρUbS1, K̄ = E− ρU2S0, η̇i(t)− ṙ + Uγi

b ηi = 0 (21)

To find Si, Q1(k) is evaluated at a range of reduced frequencies yielding a minimisation problem of:





S1
...

S2+nl





=




Iik1 I(ik1)2 I ik1
ik1+γ1

. . . I ik1
ik1+γ1

...
...

...
. . .

...
Iikp I(ikp)2 I ikp

ikp+γ1
. . . I ikp

ikp+γ1




−1



Q1(k1)− S0
...

Q1(kp)− S0





(22)

With initial values for γi proscribed as in the ZONA software package [25] by:

γi = 1.7kp

(
i

nl + 1

)2

(23)

The system stability can then be determined by the usual eigenvalue analysis of Equation 20. From these
eigenvalues bifurcation branches can be detected to find flutter and divergence speeds by knowing that flutter
occurs for <(λ) = 0,=(λ) 6= 0 and divergence occurs for <(λ) = 0,=(λ) = 0.

2.4.2 Newton-Raphson iteration

As previously mentioned, given the discretisation limits of velocity imposed on the RFA approximation,
additional refinement to the branch estimates were conducted via Newton-Raphson iteration of the flutter
determinant and divergence determinant objective functions. The flutter objective function is:

J =


R

(
det
[
−
(
kU
b

)2 A + E− ρU2Q1(k)
])

I
(

det
[
−
(
kU
b

)2 A + E− ρU2Q1(k)
])

 = 0 (24)

The Jacobian is calculated using a forward difference scheme for an initial velocity and frequency guess and
iterated until convergence. The divergence objective function is:

det[E− ρU2Q1(0)] = 0 (25)

Velocity was incremented in 1× 10−8m/s intervals with a convergence criteria of 1× 10−12 as given by:

ε =

√
[J−1
i J0]T [J−1

i J0] (26)

3 Wind tunnel model

For the experimental validation the low speed wind tunnel at The University of Sydney was used. The wind
tunnel features a 4 ft x 3 ft closed return system with a maximum airspeed of 60 m/s and octagonal cross
section.

During the testing the response of the plate was measured via an infra-red optical tracking system manufac-
tured by OptiTrack®. The use of such a data acquisition method over the more classical accelerometer is the
easier implementation onto a flat plate where there is no interior volume to route cabling. In operation each
camera emits infra-red light which is then reflected from infra-red reflective dots located on the surface. The
reflection from the dots is then acquired by the same camera and processed. By using multiple cameras the
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position of these dots can be triangulated and the location mapped to 3D space. A general layout of the tun-
nel with the approximate locations of the OptiTrack® cameras and the parallel or serial plate configuration is
shown in Figure 1. The plates are attached to the tunnel floor via four bolts that clamp the base of the plate.
This configuration can be seen in Figure 2a, including an example of the reflective dot placement in Figure
2b.

Flow direction

Working section

Working section slides left
giving access to model

Camera 1 Camera 2

Camera 3

Camera 4

Camera 5

Plates

Figure 1: Schematic of experimental set-up, dashed lines indicate camera FOV. Red plates = serial configu-
ration, blue plates = parallel configuration.

4 Results

The cases considered for analysis are detailed in Table 2 below. All plates featured the same thickness
(1mm) and chord (200mm) with no taper. Compact notation has been used indicating aspect ratio (Y) and
sweep in degrees (X) as given Y.XX-Y.XX where the first group is the upstream/above/right wing and the
second group is the downstream/below/left wing. Identical case configurations were used for both serial
(upstream-downstream) and parallel (side-by-side/above-below) configurations.

4.1 Numerical results

The following numerical results are those as produced by the developed software.
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(a) Wind tunnel mount (b) Reflective dots

Figure 2: Plate attachments

Table 2: Chosen cases for serial and parallel results - t = 1mm, c = 200mm, taper (λ) = 1

Case Description Case Description
1 3.00-3.00 7 4.00-4.40
2 3.00-3.40 8 4.20-4.20
2 3.20-3.20 9 4.40-4.00
4 3.40-3.00 10 4.40-4.40
5 3.40-3.40 11 3.00-4.00
6 4.00-4.00 12 4.00-3.00

4.1.1 All cases

A compact summary of results for all cases can be found in Figure 3. Results are presented using normalised
parameters for the spacing and the velocities where for the velocities the normalisation factor is the far-
field performance. From 3 it can be seen that there is indeed a dependency for both flutter and divergence
speed based upon separation. At a spacing of 5 chord-lengths both for serial and parallel configurations the
respective velocities converge to a far-field. As spacing decreases there is a tangible decrease in the serial
configuration for both upstream and downstream wings with an average change of -1.36% in flutter speed
and -2.2% in divergence speed across all cases at a spacing of 1. For parallel cases, this far-field convergence
is also observed. For decreasing spacing, the upper wing is positively effected in all cases with an average
0.98% flutter delta and 1.72% divergence delta. The lower wing was negatively effected in all cases with an
average -0.98% flutter delta and -1.78% divergence delta.

4.1.2 Worst cases

Isolated scatterplots of the worst performing cases can be found in Figure 4 for the serial and parallel config-
urations. When considering the numerical results the worst cases across all spacings for flutter performance
in the serial configuration were 5 and 10. In parallel they were 5, 6 and 8. The worst cases across all spacings
for divergence performance in the serial configuration were 1, 6 and 12 (9 again has numerically unstable
close spacing results) whilst for parallel they were 1, 6, 11 and 12. The common worst case for flutter is case
5 which was also the single worst case in serial.

Consistently poor flutter performance was observed for the matched, highly-swept planforms (case 5 and
10) in both serial and parallel configurations. This behaviour did not extend to divergence where the worst
performers were, as expected, the unswept pairings (cases 1, 6, 11, 12). Of these cases having a higher
aspect ratio in the system exacerbates the flutter destabilisation - particularly notable in the overall worst per-
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(b) Parallel configuration

Figure 3: All cases scatterplots of normalised flutter and divergence speeds for numerical model

formance of case 12 which features a leading higher aspect wing whilst its reverse case of 11 is significantly
better performing. Notably, in parallel the cases 11 and 12 displayed mirror symmetry, the AR3 wing in
case 11 had an increase of 2.16% whilst in 12 had a decrease of -2.16% and the AR4 had -3.25% and 3.25%
respectively.

4.2 Wind tunnel

The following results were obtained from wind tunnel testing of identical plates to those considered numer-
ically. Given the large range of tests performed numerically, it was only feasible to test a select few cases
and consequently the worst cases numerically were selected. Normalisation to produce the respective flutter
ratios was performed by individually testing the planforms to flutter. Flutter was determined based upon
development of large amplitude oscillations. Practical limitations were inherent due to the available test
section dimensions constraining the maximum spacing. Additionally, due to external camera locations the
tunnel structure blocked line of sight to some of the dots. This enforced practical limits for the swept cases.

To clarify, the experimental wings were mounted hanging to mitigate gravitational effects as the numeric
model did not include any. As a consequence the plates have been re-termed ‘left’ and ‘right’ with ‘right’
representing the ‘above’ case and ‘left’ the ‘below’ case in the Y.XX-Y.XX naming scheme. Figure 1 shows
the orientation for ‘left’ and ‘right’ with respect to the flow direction.
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Figure 4: Numerical worst case results

4.2.1 Worst cases

The results for the collection of worst cases between the numeric serial and parallel cases (that is, cases 1,
4, 5, 6 and 7) are presented in Figure 5. General trends across both configuration types for all cases indicate
a dependence on spacing for flutter speed - a closer spacing leads to a reduction in flutter speed. Greater
spacings seem to plateau out to what could be the far-field behaviour. Overall, a greater range of spacings
would be needed to verify this behaviour and clearly establish any trend.

4.3 Comparison

When comparing the wind tunnel and numerical results there are clear differences. Firstly, focusing on the
serial cases both the numerical and experimental results show a detrimental dependence on spacing for either
wing. Due to the low test resolution it is difficult to confirm trends of the numerical results. Additionally,
case 4 exhibits an overall positive increase of the upstream wing flutter speed which was not present in the
numerical. Case 1 shows exceptionally poor performance.

Secondly, when considering the parallel plates it is clear that the behaviour differs between the numerical
and experimental, specifically that in a parallel configuration the numerical results show one wing increasing
in flutter speed as spacing decreases whilst the other decreases. This contrasts the experimental results where
both plates show a decrease in flutter speed for a decrease in spacing. Given that the flat plate has no camber
it is difficult to define which surface of the plate will be the suction surface, and so when pairing two plates
it is unclear as to which one constitutes the upper and lower plates as in the numerical model. It is likely
any nonlinearities and environmental uncertainties form the initial surface pressure differences. In the VLM
model there is no uncertainty as by definition the wing with the greater z-height will experience upwash
whilst the lower wing downwash.
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Figure 5: Wind tunnel worst case results

An interesting note is that during the testing suction between both plates was observed leading to a quasi-
Venturi duct. This occurred for cases 1 and 6. For case 6 it was noted that the plates contacted and remained
fixed together at the contact point. High speeds past flutter were needed to separate these plates, however,
they would repeatedly come back together for a period leading to a bi-stable state.

Based on both trends alone the adequacy of the VLM model for computation is called into question. It is
likely that orienting the plates within the VLM would yield a trend similar to the experimental - it would also
remove the obfuscation of ‘above’/‘right’ and ‘below’/‘left’ naming to a uniform ‘right’ and ‘left’ between
the numerical and experimental. Alternatively, it is likely that cambered wings would display the VLM
behaviour when tested experimentally. Regardless, with respect to the serial results, it has been shown that
the developed numerical solution is useful and does indeed allow for rapid comparison. The accuracy of the
flutter ratios can not be properly assessed with the experimental resolution available, however, with further
optimisation it is possible for a smaller deviation between the two. Summarily, it is likely the geometric
implementation of the plates is the issue.

5 Conclusion

From the numerical and experimental testing of varying flat plate planforms in various combinations in a
parallel or serial configuration it was found that there is a spacing dependency on the flutter speed of both
bodies. Serially, both wings will experience a decrease in flutter speed as spacing decreases as indicated both
experimentally and numerically. In parallel, the relationship is not as clear owing to the nature of the numeric
solver chosen and physically due to the lack of camber. What is clear is that there is a dependence, whether
negative for both wings or only for one requires further investigation both numerically by trying equivalent
experimental orientation, and experimentally by implementing camber. Regardless, the numerical method
implemented is valuable for rapid computation of the trends, at least so far as for the serial configuration.
Overall, the results would benefit from further fidelity in the experimental results which would necessitate
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overcoming certain practical limitations. As grounds for further work, it is clear what needs to be improved
and that there is indeed grounds for continued investigation - specifically in regards to the bi-stable flutter
observed for cases 1 and 6 in parallel.
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Abstract
This research considers the development of gain-scheduling approaches in receptance-based control of
aeroservoelastic systems. The Receptance-Method is extended so that the control gains are variable with
respect to the freestream speed. This enables the system’s poles to be placed at a set of reference speeds
and not just a single speed. In the standard Receptance Method, input-output transfer function data can only
be collected at speeds well below the open-loop flutter speed. This means that the flutter speed is often not
pushed as high as is possible, within the physical constraints of the controller. This problem is circumvented
through the development of an iteration technique, whereby the control gains are computed as a modification
to an existing controller, which is active during collection of the receptances. The method is tested numer-
ically on a reference pitch-plunge aeroelastic model. It is shown that the flutter speed can be successfully
increased with such an approach and that the technique has scope for applications in large-scale aircraft.

1 Introduction

With the advent of composite materials with large specific strengths and the continued development of highly
precise manufacturing processes, aircraft are becoming increasingly lightweight and flexible. Although in-
creasing fuel and aerodynamic efficiency, these next generation aircraft are more susceptible to detrimental
aeroelastic phenomena, such as divergence, control reversal, and flutter. Flutter, in particular, presents a sig-
nificant problem in modern aircraft and, if not mitigated during the design phase, can lead to fatigue, damage
or even structural failure.

In recent years, active flutter suppression (AFS) has been proposed as a solution to the above-mentioned
problem. AFS systems use one or more actuators, usually in the form of control surfaces, to modify the
dynamics of the aerostructure such that the speed at which flutter arises is pushed higher. This enables
aircraft to fly at higher speeds, without the need for weight-inducing structural modifications. Although
this technique has significant benefits over traditional, passive solutions, conventional AFS methods require
accurate modelling of the structure and aerodynamic during the design phase. This is particular difficult in
complex aeroelastic systems and usually one must be prepared to accept some degree of uncertainty in the
new, modified flutter speed.

In recent years, receptance-based control approaches have been used in aeroservoelastic systems [1, 2, 3].
These techniques use input-output transfer function data, measured experimentally be means of modal test-
ing, to perform eigenstructure assignment. This avoids the problems associated with numerical modelling
and produces a controller that is designed without the need to estimate structural or aerodynamic parame-
ters. One particular technique that is widely used is known as the Receptance Method [4, 5, 6] and has been
applied to numerous experimental models. Despite the promising results, however, it is yet to be extended
to large, full-scale aircraft. One of the limiting factors is the use of fixed gains in the feedback controller.
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The Receptance Method, as it is defined today, considers only linear time-invariant systems. That is, linear
systems with fixed mass, stiffness and damping parameters. Aeroelastic systems, however, are parameter de-
pendent; usually the varying parameter is taken to be the freestream speed or dynamic pressure. Therefore,
if the technique is to be applied commercially, this limitation must be addressed.

This work considers the extension of the Receptance Method to consider gain scheduling. This allows the
controller to vary according to the freestream speed and thus the performance can be improved significantly.
By extending the Receptance Method to parameter varying systems, control gains are calculated at a set of
reference speeds and an interpolation method is used. Conventionally, the Receptance Method can only be
applied at speeds where the open-loop system is stable. However, in this work, this limitation is mitigated
through the development of a controller iteration method, which allows the input-output transfer function
vectors to be measured at speeds well beyond the original flutter speed.

The outline of this paper is as follows. Firstly, the fundamental theory of the gain scheduling approach is
discussed. Next, the technique is tested numerically on a reference aeroseroelastic model that is widely used
in the literature. Finally, a discussion of the results is given and areas of future work are identified.

2 Methodology

This section outlines the theory of the proposed technique. First, the gain-scheduling approach is intro-
duced and a brief review of the Receptance Method is given. Following this, a control iteration method is
developed, which allows closed-loop receptance data to be used to find the necessary gains for eigenvalue
assignment. Next, an optimisation-based approach is detailed and the process of optimum eigenvalue assign-
ment is outlined. Finally, a gain interpolation method, which enables a smooth transition of the control gains
with respect to the freestream speed, is discussed.

2.1 Gain-Scheduling

Consider a single-input, n-degree-of-freedom linear aeroservoelastic system governed by the input-output
equation

x(s) = r(s, v)u(s) (1)

where x(s) ∈ Cn is the output vector, r(s, v) ∈ Cn is the transfer function vector, and u(s) ∈ C is the input.
In the standard Receptance Method [4], the input is selected as

u(s) =
(
sfT + gT

)
x(s) (2)

where f ,g ∈ Rn are vectors of control gains. However, in this study, the input equation is modified to

u(s, v) =
(
sf(v)T + g(v)T

)
x(s) (3)

That is, the input is scheduled according to some variable v ∈ R. In this work, v is taken as the freestream
speed. This is a natural choice for aeroservoelastic systems where both viscosity and compressibility effects
may be ignored. Substituting Eq. 3 into Eq. 1 gives that

x(s) = r(s, v)
(
sf(v)T + g(v)T

)
x(s) (4)

The aim is to now design a controller, and hence determine the required control gains, across the domain of
v.

Suppose that a set of reference speeds is chosen and is denoted by {v1, v2, . . . , vp}. Further suppose that at
each speed vj the set of closed-loop poles is µj = {µj1 , µj2 , . . . , µj2n}, which is closed under conjugation.
The eigenvalue problem associated with Eq. 4 becomes

wji = r(µji , vj)
(
µjif(vj)

T + g(vj)
T
)
wji , i = 1, 2, . . . , 2n, j = 1, 2, . . . , p (5)
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Since the eigenvectors may be scaled arbitrarily, wji is selected such that
(
µjif(vj)

T + g(vj)
T
)
wji = 1, i = 1, 2, . . . , 2n, j = 1, 2, . . . , p (6)

Therefore, by substituting Eq. 6 into Eq. 5,

wji = r(µji , vj), i = 1, 2, . . . , 2n, j = 1, 2, . . . , p (7)

and so
r(µji , vj)

T (µjif(vj) + g(vj)) = 1, i = 1, 2, . . . , 2n, j = 1, 2, . . . , p (8)

This form allows the gains to be solved as follows. Let

P(vj) =




µj1r(µj1 , vj)
T r(µj1 , vj)

T

µj2r(µj2 , vj)
T r(µj2 , vj)

T

...
...

µj2nr(µj2n , vj)
T r(µj2n , vj)

T


 (9)

and

e =




1
1
...
1


 (10)

The control gains necessary to assign the desired set of closed-loop poles at each speed vj is given by
(

f(vj)
g(vj)

)
= P(vj)

−1e (11)

Eq. 11 is valid if, and only if, the set of closed-loop poles and the set of open-loop poles are distinct. In
practice, some poles may be unmodified from the open-loop and thus an alternative approach is required.
Further details on how to deal with this situation are provided in [6].

2.2 Controller Iteration

The procedure given above calculates the control gains using the open-loop input-output transfer function
matrix at each freestream speed. Since the transfer function matrix can only be measured experimentally
when the system is stable, one cannot apply the method at speeds close to or above the flutter speed. This
significantly restricts the usefulness of the technique since a flutter suppression controller can only be de-
signed at speeds below the original, open-loop flutter speed. Because of this, it is often the case that the
designed controller is far from optimum and may not push the flutter speed as high as possible.

Here, an alternative strategy is considered that allows closed-loop input-output transfer function data to be
used. This is done by updating the controller using an iterative approach so that speeds above the original
open-loop flutter speed may be considered.

Suppose instead that the input in Eq. 3 is modified to

u(s, vj) = u(s, vj−1) + ∆u(s, vj) =
(
sf(vj−1)T + g(vj−1)T

)
x(s) +

(
s∆f(vj)

T + ∆g(vj)
T
)
x(s) (12)

That is, the input at the speed vj is comprised of the controller corresponding to the speed vj−1 and a
subsequent modification to that controller. Substituting Eq. 12 into Eq. 1 gives that

x(s) = r(s, vj)
(
sf(vj−1)T + g(vj−1)T

)
x(s) + r(s, vj)

(
s∆f(vj)

T + ∆g(vj)
T
)
x(s) (13)
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or equivalently
(
I− r(s, vj)

(
sf(vj−1)T + g(vj−1)T

))
x(s) = r(s, vj)

(
s∆f(vj)

T + ∆g(vj)
T
)
x(s) (14)

This may be written more compactly in the form

x(s) = r̂(s, vj)
(
s∆f(vj)

T + ∆g(vj)
T
)
x(s) (15)

where
r̂(s, vj) =

(
I− r(s, vj)

(
sf(vj−1)T + g(vj−1)T

))−1
r(s, vj) (16)

The term r̂(s, vj) is the equivalent closed-loop transfer function vector and, analogous to Eq. 1, gives the
input-output relationship but now with the controller corresponding to vj−1 active at the speed vj . This is
advantageous as the flutter speed can be gradually increased; the constraint of designing a controller below
the open-loop flutter speed is removed.

The process given above calculates the control gains at vj as a modification to the controller vj−1. It is
straightforward, however, to convert these control gains back to a form that represents a modification to the
open-loop transfer function vector at vj , despite this quantity not being measured. Using Eq. 12, it is easily
verified that

f(vj) = f(vj−1) + ∆f(vj) (17)
g(vj) = g(vj−1) + ∆g(vj) (18)

and thus

f(vj) = f(v1) +

j∑

i=2

∆f(vi) (19)

g(vj) = g(v1) +

j∑

i=2

∆g(vi) (20)

The iterative-based control technique is summarised as follows:

1. Collect the open-loop input-output transfer function vector experimentally at the initial speed v1.

2. At the speed v1, choose the desired eigenvalue assignment and solve Eq. 11

3. With the controller from (2) active, collect the new transfer function vector r̂(s, v2).

4. At the speed v2, perform the desired eigenvalue assignment and calculate the modified control gains.

5. Repeat (3)-(4) at each speed in the set {v1, v2, . . . , vp}.

6. Once all modification control gains have been computed, use Eqs. 19 and 20 to determine the control
gains with respect to the open-loop system.

2.3 Optimum Eigenvalue Assignment

The technique developed above allows the poles to be assigned using closed-loop equivalent input-output
transfer function data. It does not, however, consider where to best place the poles at each freestream speed
or the effect each controller has on the flutter speed.

A significant drawback of receptance-based techniques is that, since only experimental data is used, the effect
of a controller on the flutter speed cannot be explicitly predicted. Indeed, it is only the location of the poles
at the chosen set of reference speeds that can be determined. An, at first, obvious strategy is to place the
poles so that the damping is increased as much as possible. In other words, to maximally increase the margin
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of stability. This approach, however, does not necessarily guarantee that the flutter speed is pushed higher.
As shown by Mokrani [3], the flutter speed is actually pushed higher by either: (i) increasing damping in
particular modes, (ii) increasing the frequency separation between modes, or (iii) a combination of (i) and
(ii). In this work, the final strategy of separating both the frequencies and increasing the damping is used.

Let each pole µji be decomposed as

µji = −ζjiωji(+/−)ωji

√
1− ζ2ji i (21)

where ζji and ωji are the damping ratio and natural frequency of each pole, respectively. At each speed vj
an objective function is defined as

ρj = −min (ζj |ζj ∈ {ζji}ni=1) + αmax

(
1

(ωji − ωjk)2
|ωji,k ∈ {ωji,k}ni,k=1,i 6=k

)
(22)

where α is a constant that weights the frequency separation penalty to the minimum damping penalty.

Let a set of gain constraints be written as
√

fTΛf f +
√

gTΛgg ≤ c (23)

where Λf ,Λg ∈ Rn×n are diagonal matrices with entries that weight the control gains associated with f and
g. The optimisation problem is:

Optimisation: Minimise the objective function in Eq. 22 by placing the system’s poles subject to the
constraints given in Eq. 23.

In general, there is no guarantee that the objective function is convex. Therefore, traditional gradient-based
optimisation methods may become stuck on local minima, which lie far from the optimum solution. To
avoid this problem, a global optimisation approach is used in this work. The specific algorithm used is the
Differential Evolution method presented by Storn and Price [7]. It has been shown in the literature that this
optimisation is appropriate for use in receptance-based methods [8, 9].

2.4 Gain Interpolation

Thus far, the control gains have been calculated at a discrete number of freestream speeds. Therefore, the
behaviour of the controller is presently undefined for other speeds. To remedy this, a gain interpolation
method is developed.

2.4.1 Spline Interpolation

As before, let the control gains at each speed vj be denoted by f(vj) and g(vj). Between each pair vj and
vj+1 the aim is to find a vector of polynomials q(v) such that q(vj) = [f(vj)

Tg(vj)
T ]T and q(vj+1) =

[f(vj+1)
Tg(vj+1)

T ]T . This can be achieved by using a third order spline interpolation between this points
and is the method used in this work. Such an approach minimises the ‘bending’ of the curve whilst also
enforcing that the curve passes through the calculated gains found using the iterative method.

2.4.2 Controller Transition Zone

The spline interpolation method produces a smooth variation in the control gains between the fixed speed
measurements. It does not, however, consider the behaviour below the lowest speed v1. One strategy is
to extrapolate the control gains linearly so that the controller corresponding to v1 is used for speeds at or
below v1. Although conceptually straightforward and easy to implement, this approach suffers from several
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drawbacks. One such drawback is that, at speeds well below v1 the poles will not be assigned to the locations
required in v1 and thus it is possible that the controller may push the system unstable. This is especially
problematic in aeroelastic systems where there is a transition between the inertia and aerodynamic effects on
the dynamics of the control surfaces.

To counteract the above-mentioned problems, a so-called ‘control transition zone’ is introduced. At speeds
below v1, the gains are linearly interpolated from a zero vector at 0 m/s to the gains calculated at v1. Above
the final speed vp, the control gains are fixed at the final values and remain static up to the closed-loop flutter
speed, where the system then becomes unstable.

3 Case Study

In this section, the gain scheduling method is applied to a numerical aeroservoelastic model. First, the model
is described and key results from the open-loop system are presented. Following this, the iterative based
control approach is used and the effect of varying the frequency separation metric is discussed. Finally, the
gain interpolation method is applied and the final controller is tested.

3.1 Numerical Model

The model used in this work is that of Platanitis and Strganac [10]. It is a standard reference model, widely
used in the research community, and is a typical pitch-plunge system, as shown in Fig. 1. The system is
restrained by two springs, one placed in the pitch degree-of-freedom and one placed in the plunge degree-
of-freedom. The aerofoil is equipped with two control surfaces; one at the leading-edge and one at the
trailing-edge. In this work, however, only the trailing-edge control surface is used and the system is thus
treated as single input. The aerodynamics are approximated by a quasi-steady model and have been verified
experimentally, as detailed in the original paper [10].

kh
Trailing-edge

Leading-edge

kα
Freestream

Figure 1: Platanitis and Strganac 2-DoF aerofoil.

Figure 2 shows the variation of the system’s poles as the freestream speed changes. As shown, the curve
corresponding to the plunge mode transitions from stable to unstable at a speed of 11.4 m/s and thus this is
taken to be the original, open-loop flutter speed.

3.2 Numerical Example

The gain scheduling technique is now applied to the reference numerical model. Two objective functions are
considered and the practicality of the method is discussed.

3.2.1 Iterative Control

Objective Function 1
In practice, one would determine the first control speed v1 by gradually increasing the freestream speed
and measuring whether the response had a sufficiently high level of damping that permits modal testing.
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Figure 2: Variation of the open-loop poles in the numerical model with respect to the freestream speed.

Numerically, however, this cannot be done and therefore at alternative approach is needed. In this work,
a minimum damping speed vlim is defined and corresponds to the speed above which the damping drops
below 0.03. Across all control iterations, vlim is the speed at which subsequent measurements are taken; it
is considered impractical to measure receptance beyond this point.

To demonstrate the practical need for the frequency distance metric, the objective function is initially taken
as

ρj = −min
(
ζj |ζj ∈ {ζji}2i=1

)
(24)

This is equivalent to assuming α to be zero and implies that the objective function should only consider the
minimum damping and not the frequency separation of modes. In this example, the constants in the gain
constraints (Eq. 23) are set as

1

15
Λf = Λg =

(
0.032 0

0 0.17452

)
, c = 5 ∗ π

180

These values are based on a maximum control surface deflection of 5 degrees and uses the rough estimates
of the maximum displacement and velocity in each degree-of-freedom from [10].

Table 1 shows the results of this first optimisation. Although this optimisation has successfully increased
the flutter speed from 11.4 m/s to 12.4 m/s, it is unlikely that this would be practically possible. This is due
to the very small changes in the iteration velocity vit. In practice, noise in the measured receptances would
dominate and thus a 0.1 m/s change in the freestream speed would: (i) be difficult to achieve experimentally
with precision, and (ii) yield poles that vary very little, especially when measurement noise is considered.
This is confirmed by Fig. 3, which shows the placement of the poles at each iteration step.

Table 1: Optimisation strategy one.

vit (m/s) vlim (m/s) v∗ (m/s)
0 11.0 11.4
11.0 11.1 11.6
11.1 11.2 11.7
11.2 11.4 11.8
11.4 11.5 12.0
11.5 11.6 12.1
11.6 11.8 12.2
11.8 11.8 12.4

The stopping condition for this example is demonstrated in Table 1. At the 6th iteration (row 7), the limit

AERO-ELASTICITY 201



0 5 10 15

v m/s

-4

-3

-2

-1

0

1

2

3

R
e
(

)

(a) Real part

0 5 10 15

v m/s

8

10

12

14

16

Im
(

)

Open-loop variation

Optimised poles

(b) Imaginary part

Figure 3: Pole placement in optimisation 1.

speed vlim becomes 11.8 m/s. In the subsequent iteration (row 8), vit is equal to vlim and thus the controller
is unable to increase the minimum damping requirement above the measured speed.

Objective Function 2
From the first optimisation, it is clear that simply maximising the damping in all modes of the system does not
necessarily push the flutter speed much higher, especially with conservative control constraints. Therefore,
to remedy this, the objective function is now modified to

ρj = −min
(
ζj |ζj ∈ {ζji}2i=1

)
+

1.47× 10−2

(ωj1 − ωj2)2
(25)

Here, the weighting constant α has been selected in such a way that the iterative method performs best. Table
2 shows the results of the new optimisation. The flutter speed now increases to a value of 14.8 m/s and thus
the controller performs better, despite the control constraints remaining unchanged. This demonstrates the
need to include a frequency distance metric; without it, the controller is likely to be sub-optimal and does
not utilise the full control authority with the aim of increasing the flutter speed. Another interesting point
is that this approach increases the speed sepearation between successive iterations. In practice, this is much
more feasible and one could, potentially, take less measurements from the system and achieve a higher flutter
speed in fewer steps. Figure 4 shows the placement of the poles in the second optimisation. As desired, the
poles have a greater spacing and are now regularised in a much more desirable way.

Table 2: Optimisation strategy two.

vit (m/s) vlim (m/s) v∗ (m/s)
0 11.0 11.4
11.0 11.8 12.2
11.8 12.7 13.1
12.7 13.5 14.0
13.5 14.3 14.8
14.3 14.3 14.8

3.2.2 Gain Interpolation

The gain scheduling method is now applied to the results from optimisation 2. Figures 5 (a), (b), (c) and
(d) show the computed control gains at each iteration velocity. The aim is to now interpolate between these
points to yield a smooth transition of the gains for all freestream speeds. The result of this interpolation is
shown in the same figure as a solid line.
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Figure 4: Pole placement in optimisation 2.
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Figure 5: Computed control gains at the reference set of iteration speeds.
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To verify and assess the final result, the interpolated, gain scheduled controller is applied to the system and,
like before, the velocity is changed and the system’s poles are determined. As shown in Fig. 6, the poles
corresponding to the gain scheduled system pass through the poles found from the second optimisation.
Furthermore, there is a smooth transition of the poles between the set of reference vit speeds. It is noticeable,
that the pole trends jump at speeds of 11 m/s and 14.3 m/s. This is due to discontinuities in the control gains.
The avoidance of such discontinuities will be considered in future work.
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Figure 6: Variation of the gain scheduled poles.

It is important to note that, in this work, the inertia of the flap is not included in the numerical model.
Therefore the flap has negligible control authority at low speeds due to the small aerodynamic influence and
thus the dynamics of the system is modified only very slightly. In experimental systems, this may not be the
case as the inertia of the flap can be significant. In such cases, it is suggested that interpolating the control
gains from 0 m/s may be an inappropriate strategy and an alternative approach should be considered. This,
however, is left as an area of future research.

4 Conclusions

This paper considers the extension of the Receptance Method to support gain scheduling in aeroservoelastic
systems. An iterative control methodology is developed that allows the poles to be assigned using transfer
function data at different reference speeds. The gains calculated at each successive reference speed are
computed with the previously calculated gains active. In this way, receptances from the system can be
measured above the open-loop flutter speed; this was not previously possible under the standard Receptance
Method. At each of the reference speeds, the poles are placed optimally according to an objective function
that considers both the damping and frequency separation of aeroelastic modes. A spline-based interpolation
strategy is then used to determine a smooth variation in the control gains across the domain of all speeds, not
just the reference values. The method is tested numerically and shows that the flutter speed can be increased,
in an optimal fashion, provided that suitable weighting constants are chosen in the objective function. Future
research may consider alternative strategies for the interpolation of the control gains such that discontinuities
at the upper and lower limits of the reference speeds are avoided.
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Abstract
A closed form state-space model of the nonlinear aeroelastic response of thin cantilever flat plates is de-
rived using a combination of Inextensible thin plate theory and a linearized continuous time vortex lattice
aerodynamic model. The modal-based model is solved for the amplitude and period of the limit cycles of
the flat plates using numerical integration. The resulting predictions are compared to theoretical predictions
obtained using Von Kármán thin plate theory for an identical flat plate. It is shown that the aeroelastic model
predicts the linear flutter conditions and nonlinear response of the plates with reasonable accuracy and the
Limit Cycle Oscillation (LCO) amplitude, calculated from the inextensible plate theory, has an initial curva-
ture very similar to the one obtained during of experimental test on similar plates, contrary to the amplitude
predictions of the Von Kármán model. This striking feature is very encouraging for future experimental and
numerical work.

1 Introduction

The aim of this work is to investigate numerically the Limit Cycle Oscillations (LCOs) of cantilever flat
plate in low speed airflows. In particular, the applicability of inextensible plate theory [1] to the structural
modelling of this problem will be assessed. Mathematical models of the plates are developed using inex-
tensible plate theory [1] and a modal frequency-domain generalised force version of the unsteady Vortex
Lattice method [3]. The emphasis is on predicting LCO amplitudes and frequencies with accuracy, as the
VLM approach has already been demonstrated to yield good predictions of the instability onset conditions
(flutter speed and frequency) [4]. The coupled fluid-structure interaction modal equations will be solved
for the LCO amplitudes and frequencies using a numerical integration scheme [5]. The predictions of the
model will be compared to estimates obtained from an earlier model that makes use of Von Kármán thin
plate theory, which overpredicted the LCO amplitude [6].

2 Mathematical model

2.1 Structural modelling

The mathematical model used in this work consists of a combination of inextensible thin plate theory and the
Vortex Lattice aerodynamic modelling method, as described by Dimitriadis [1]. Following the work of Tang
et al. [2], this work uses the Rayleigh–Ritz methodology and the Lagrange equations to derive the equations
of motion.
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The potential energy of a plate is

Up =
1

2

E

1− ν2

∫ h

0

∫ s

0

∫ c

0

[
ε2xx + ε2yy + 2νεxxεyy +

1− ν
2

ε2xy

]
dxdydz (1)

where c is the chord length of the plate, s is the spanwise length of the plate and h the thickness of the plate.
From Novozhilov [3]

εxx = ε̂xx + zκxx

εyy = ε̂yy + zκyy

εxy = ε̂xy + zκxy

(2)

or
{ε} = {ε̂}+ z{κ}

where {ε̂} is the mid-plane strain of the plate and κ is the middle surface curvature.
In the inextensible plate theory the following hypotheses are made, i.e.

ε̂xx = ε̂yy = ε̂xy = 0, or {ε̂} = 0 (3)

Now, substituting Eq. 3 into Eq. 1 and performing the integration with respect to z, the potential energy of
the plate can be expressed as

Up
∼= 1

2

Eh3

12(1− ν2)

∫ s

0

∫ c

0

[
κ2
xx + κ2

yy + 2νκxxκyy +
1− ν

2
κ2
xy

]
dxdy (4)

Using the inextensible plate theory, for the detailed derivation see Tang et al. [2], κ2
xx, κ2

yy, κxy and κxxκyy
can be expressed as

κ2
xx
∼=
(
∂2w

∂x2

)2
[

1 +

(
∂w

∂x

)2

+

(
∂w

∂y

)2
]

κ2
yy
∼=
(
∂2w

∂y2

)2
[

1 +

(
∂w

∂x

)2

+

(
∂w

∂y

)2
]

κ2
xy
∼= 4

(
∂2w

∂x∂y

)2
[

1 +

(
∂w

∂x

)2

+

(
∂w

∂y

)2
]

κxx ∼= −
(
∂2w

∂x2

)2
(

1 +
1

2

(
∂w

∂x

)2

+
1

2

(
∂w

∂y

)2
)

+HOT

κyy ∼= −
(
∂2w

∂y2

)2
(

1 +
1

2

(
∂w

∂x

)2

+
1

2

(
∂w

∂y

)2
)

+HOT

(5)

where HOT are negligible terms of higher order. Substituting Eq. 5 in Eq. 1, the potential energy of an
inextensible plate is given by

Up =
D

2

∫ s

0

∫ c

0

[
1 +

(
∂w

∂x

)2

+

(
∂w

∂y

)2][(∂2w

∂x2

)2

+

(
∂2w

∂y2

)2

+ 2ν
∂2w

∂x2

∂2w

∂y2
+

+ 2(1− ν)

(
∂2w

∂x∂y

)2]
dxdy

(6)

where D =
Eh3

12(1− ν2)
is the stiffness of the plate.
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The kinetic energy of a plate can be written as

Tp =
1

2

∫ s

0

∫ c

0
mm(u̇2 + v̇2 + ẇ2)dxdy (7)

where mm = ρmh is the mass per unit area. Recalling Eq. 3, u and v can be calculated from

u(x, y, t) = −1

2

∫ x

c/2

(
∂w(ζ, y, t)

∂ζ

)2

dζ

v(x, y, t) = −1

2

∫ y

0

(
∂w(x, η, t)

∂η

)2

dη

and thus

u̇(x, y, t) = −
∫ x

c/2

∂w(ζ, y, t)

∂ζ

∂2w(ζ, y, t)

∂ζ∂t
dζ

v̇(x, y, t) = −
∫ y

0

∂w(x, η, t)

∂η

∂2w(x, η, t)

∂η∂t
dη

The expression for u invokes symmetry for the in-plane deflection field. Note that for the rectangular can-
tilever plate u at x = c/2 and v = 0 at y = 0. For a more general formulation see the work by McHugh et
al. [4].
Therefore, the expression for the kinetic energy of an inextensible plate is given by

Tp =
1

2

∫ s

0

∫ c

0
mm



(∫ x

c/2

∂w

∂ζ

∂2w

∂ζ∂t
dζ

)2

+

(∫ y

0

∂w

∂η

∂2w

∂η∂t
dη

)2

+ ẇ2


 dxdy (8)

As shown in Eqs. 6 and 8, both the kinetic and potential energy of an inextensible plate are functions only of
a single unknown, i.e. the transversal deflection w of the plate, which can be expanded using a Rayleigh-Ritz
approach

w(x, y, t) =

mr∑

j=1

wj(x, y)rj(t) (9)

where wj(x, y) are mode shapes of the transverse deflection of the plate and rj(t) are the generalized coordi-
nates of the plate in the z direction. The equations of motion for the problem can be derived using Lagrange’s
equations

d

dt

(
∂L

∂ṙj

)
− ∂L

∂rj
= Qi (10)

for i = 1, ...mr, where L = Tp − Up and Qi are the generalized forces in the out of plane directions, in this
case the aerodynamic load which will be derived in the next subsection via VLM method.
For any set of mode shapes, it can be shown that Lagrange’s equations can be written in matrix form as

Ar̈ + Er + Ns(r⊗ r⊗ r) + Ni [(r⊗ ṙ⊗ ṙ) + (r⊗ r⊗ r̈)] = Q(t) (11)

where A is the mr ×mr mass matrix, E is the mr ×mr stiffness matrix, Ns is a mr ×m3
r matrix related to

the nonlinear stiffness term and Ni is a mr ×m3
r matrix related to the nonlinear inertial term. Furthermore,

the symbol ⊗ denotes the Kroneker product of two vectors or matrices. The column vectors r contains
rj generalized coordinates and the column vector Q contains the rj generalized forces. The equation of
motion obtained with inextensible plate theory has the substantial advantage of being a function only of the
r generalized coordinate, unlike Von Kármán’s plate theory for example, and can be more easily combined
with a fluid model to study fluid–structural interaction.
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Figure 1: Wing discretization for the Vortex Lattice method

2.2 Aerodynamic modelling

The generalised aerodynamic forces in Eq. 11 are calculated by applying the unsteady Vortex Lattice Method
[5]. Figure 1 demonstrates the discretization scheme for the wing and wake. Geometric panels are defined
on the mean (camber) surface of the wing and vortex rings are placed on them, such that the leading edge of
each vortex ring coincides with the quarter-chord line of each panel. The impermeability boundary condition
is imposed on control points placed on the three-quarter-chord of each panel. Vortex rings are also placed
in the wake behind the wing, the leading edge of the first wake ring coinciding with the trailing edge of the
last bound vortex ring. Therefore, the wing is discretised into m chordwise and n spanwise panels and its
wake is described by mw chordwise and n spanwise vortex rings. The wing is immersed in a free stream
with velocity U∞ = [U V W ] , i.e. with airspeed Q∞ = |U∞| and direction û = [U V W ] /Q∞. The wake
is flat and propagates in the streamwise direction with the free stream airspeed. The chordwise spacing of
the wake vortex rings is chosen as c/m, where c is the chord. The geometries of the wing and wake remain
unchanged (frozen) throughout the time history. Structural motion is represented only aerodynamically, by
introducing a downwash term caused by structural motion in the z direction (in-plane motion is ignored).
The impermeability boundary condition is then formulated as

Q∞diag(ÛnT ) − Uwxr(t) − wxṙ(t) + AbΓb(t) + AwΓw(t) = 0 (12)

where Û is the mn × 3 matrix whose rows are all equal to û, n is the mn × 3 matrix of unit vectors normal
to the surface of the panels (see figure 1), U is the x-component of the free stream velocity, w is a mn ×
1 vector of out-of-plane mode shapes (resampled versions of the wj mode shapes of Eq. 9), Ab is the mn
× mn influence coefficient matrix of the bound vorticity, Γb(t) is the mn × 1 vector of the strengths of the
bound vortex rings, Aw is the mwn × mwn influence coefficient matrix of the wake vorticity and Γw(t) is
the mwn × 1 vector of the strengths of the wake vortex rings. In order to satisfy the Kutta condition, the
trailing bound vortex ring is shed into the wake at the next time instance, such that the leading row of wake
vortices at time t has the strength of the trailing row of bound vortices at time t − ∆t. Consequently, the
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wake vortex strength becomes

Γw(t) =




PcΓb(t−∆t)
PcΓb(t− 2∆t)

...
PcΓb(t− mw∆t)


 (13)

where Pc is a n × mn matrix that is used to select only the trailing spanwise bound vortex segments. Note
that ∆t is the time it takes for a row of wake vortices to move by c/m with the free stream airspeed, so that
∆t = c/mU . This description of Γw(t) is still not practical since it contains values of the bound vorticity
from previous time steps. This problem can be resolved by taking the Fourier Transform of Eq. 12, such that

Q∞diag(ÛnT )δ(ω)− Uwxr(ω)− iωwxr(ω) +AbΓb(ω) +AwΓw(ω) = 0 (14)

where δ(ω) is the Dirac delta function and ω is the frequency. The wake vorticity can now be written as

Γw(ω) = Pe(ω)PcΓb(ω) (15)

where

Pe(ω) =




Ine
−iω∆t

Ine
−iω2∆t

...
Ine
−iωmw∆t


 (16)

Substituting Eq. 16 into Eq. 14 and solving for Γb(ω) yields

Γb(ω) = −(Ab +AwPe(ω)Pc)
−1
(

Q∞diag(ÛnT )δ(ω)− (Uwx − iωwxr(ω)
)

r(ω) (17)

The value of Γb(ω) now depends exclusively on the constant geometry of the wing and wake, the free stream
airspeed and the downwash induced by the modal deformations.
The aerodynamic normal force acting on the panels can be obtained from [5, 6]

L =ρ

(
diag

(
(Q∞Û + Uw)τT

c

)
−
(
U
∂z

∂x
+
∂z

∂t

)
◦ τcz

)
◦GcΓb

+ ρ

(
diag

(
(Q∞Û + Uw)τT

s

)
−
(
U
∂z

∂x
+
∂z

∂t

)
◦ τsz

)
◦GsΓb

+ ρGAΓ̇b

(18)

where Gw is amn× 3 vector of flow speeds induced by the wake, τc and τs s aremn× 3 matrices containing
the spanwise and chordwise tangential vectors, τcz and τsz are mn × 1 vectors of the z-components only of
the chordwise and spanwise tangent vectors and the ◦ symbol denotes the Hadamard product, i.e. element-
by-element multiplication of vectors and/or matrices with identical dimensions. The matrices Gc and Gs

are sparse matrices that, when post-multiplied by Γb, form the products (Γi,j −Γi−1,j)Ai,j /∆ci,j and (Γi,j −
Γi,j−1)Ai,j /∆si,j for all panels in matrix form respectively. The area of panel i, j is denoted by Ai,j , its
chord by ∆ci,j and its span by ∆si,j . Finally, GA is a mn ×mn diagonal matrix whose diagonal elements
are Ai,j .

After linearisation, Eq. 18 becomes

L = ρQ∞
(

diag
(
ÛτT

c

)
◦GcΓb(t) + diag

(
ÛτT

s

)
◦GsΓb(t)

)
+ ρGAΓ̇b(t) (19)

Taking the Fourier Transform of this equation results in

L(ω) = ρ(Q∞Gcs + iωGA)Γb(ω) (20)
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where
Gcs =

(
diag

(
ÛτT

c

)
diag

(
ÛτT

c

)
· · · diag

(
ÛτT

c

))
◦Gc

(
diag

(
ÛτT

s

)
diag

(
ÛτT

s

)
· · · diag

(
ÛτT

s

))
◦Gs

Finally, after substituting from Eq. 17 and using the definition of the reduced frequency k = ωb/Q∞, where
b is the half-chord, the lift equation becomes

L(k) = −ρQ2
∞(L0(k)− L1(k)r1(k)) (21)

where

L0(k) =

(
Gcs + i

k

b
GA

)
(Ab + AwPe(k)Pc)

−1diag
(
ÛnT

)
δ(k)

and

L1(k) =

(
Gcs + i

k

b
GA

)
(Ab + AwPe(k)Pc)

−1

(
wx + i

k

b
w

)

where it was assumed that the angle of attack is small, such that U ≈ Q∞. Furthermore, due to the presence
of the Dirac delta function, L0(k) can be written simply as

L0(k) = L0(0) = Gcs(Ab + AwPe(0)Pc)
−1diag

(
ÛnT

)
δ(0)

Noting that ∆pdS is an infinitesimal lift force and that the lift calculated by the VLM is not continuous but
composed of discrete vectors on the control points of each panel the generalized forces can be written in
matrix form as

Q(k) =
(
L(k)Twr

)
(22)

where Q(k) is the nm × nm generalized force matrix. Substituting from Eq. 21 the final form of the
generalized force matrix is obtained as

Q(k) = −ρQ2
∞(Q0(k)−Q1(k)r1(k)) (23)

where

Q(k) =
(
L0(0)Tw

)T
, or Q1(k) =

(
L1(k)Tw

)T
(24)

The generalized force of Eq. 22 is in the frequency domain and cannot be inserted into the time domain
equations of motion 11. Roger’s rational function approximation [7] is used in order to transform Q(k) into
the time domain, such that

Q(t) = −ρQ2
∞Q0 + ρQ2

∞S0r(t) + ρQ∞bS1ṙ(t) + ρb2S2r̈(t) + ρQ2
∞

nl∑

i=1

S2+iηi(t) (25)

where S0 to Snl are aerodynamic stiffness, damping, mass and lag matrices, ηi are aerodynamic lags and nl
is the total number of lags retained in the approximation.
A complete set of time-domain aeroelastic equations can now be written by substituting into Eq. 11

(A− ρb2S2)r̈− (ρQ∞bS1)ṙ + (E− ρQ2
∞S0)r + ρQ2

∞

nl∑

i=1

S2+iηi

+ Ns(r⊗ r⊗ r) + Ni [(r⊗ ṙ⊗ ṙ) + (r⊗ r⊗ r̈)] = −ρQ2
∞Q0

(26)

η̇i − ṙ− Uγi
b
ηi = 0 (27)

where γi are the aerodynamic lag coefficients.
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2.3 Implementation of linear model

An aluminium cantilever plate, with E = 68.7× 109 Pa and ρm = 2770 Kg/m3 has been analyzed. The
plate has a constant chord length, c, of 20 cm and a constant span length, s, of 80 cm, thus the aspect ratio
of the plate, denoted by AR and defined as s/c, is equal to 4. For the out-of-plane displacement, Weiliang
and Dowell [8] chose to express the mode shapes as products of approximate free-free and cantilever beam
modes. Here, we will use exact linear beam modes instead, given by Rao [9] as

Φm(x) = −sinhβmx/c− sinβmx/c−
sinβm − sinhβm
coshβm − cosβm

(coshβmx/c+ cosβmx/c)

Ψn(y) = − sinhβm − sinβm
cosβm + coshβm

(sinβny/s− sinhβny/s) + (coshβny/s− cosβny/s)
(28)

where Φm(x) are free-free beam modes and Ψn(y) are cantilever beam modes. Eqs. 28 are written for
m = 1, ...,mx, n = 1, ..., ny and

βm =





0 if m = 1

4.730 if m = 2

7.853 if m = 3

(2m− 1)π/2 if m > 3

, βn =





1.875 if n = 1

4.693 if n = 2

7.856 if n = 3

(2m− 1)π/2 if n > 3

The complete 2D modes shapes are then given by

wj(x, y) = Φm(x)Ψn(y) (29)

for j = 1, ...,mr where mr = mxny. The first free-free mode is a rigid body translation and all the higher
modes are bending modes. There is no rigid body rotation mode to represent the first torsion mode of the
plate. Weiliang and Dowell [8] introduced

Φ2(x) = 2
(

1− 2
x

c

)
(30)

as the rigid body rotation mode shape. Figure 2 plots the first four of these shapes (i.e. mx = 2, ny = 2),
demonstrating that for m = 1 we obtain pure spanwise bending modes while m = 2 results in torsion modes.
The higher modes are combinations of spanwise and chordwise bending.
The mode shapes obtained from the Eq. 29 were interpolated linearly on the control points of the VLM
panels. However, as the flat plates are cantilevered on one end, a representative aerodynamic model can only
be obtained if the wing is mirrored around its centreline so that a symmetric flowfield can be set up. Hence,
the wings modelled with the VLM spanned from −0.8 m to 0.8 m and were perfectly symmetrical.
The plate has been discretized into m = 20 chordwise and n = 40 spanwise panels and mw = 10m wake
panels. The variation of the flutter speed, UF , with the number of chordwise and spanwise out-of-plane
modes is presented in Table 1. The table shows that the flutter predictions converge monotonically as both
mx and ny increase, however with mx = 2 and ny = 2 a good level of convergence is reached. From
there on, the selected number of modes depends on the required accuracy. The converged value of the flutter
speed for this kind of cantilever plate is near 17 m/s, also confirmed by the experimental value of 17.1 m/s
reported in [10] for the same plate.
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Table 1: Variation of flutter speed with number of chordwise and spanwise out-of-plane modes.

mx ny UF [m/s] mx ny UF [m/s] mx ny UF [m/s]

2 1 21.4430 3 1 21.3842 4 1 21.3618

2 2 17.6186 3 2 17.4895 4 2 17.4865

2 3 17.5820 3 3 17.4452 4 3 17.4408

2 4 17.2918 3 4 17.1653 4 4 17.1630
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Figure 2: First four out-of-plane mode shapes for the plate and their relative natural frequencies.
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Figure 3: LCO amplitude and period variation with increasing of chordwise chordwise modes.
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Figure 4: LCO amplitude and period variation with increasing of chordwise spanwise modes.
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Figure 5: On the left a comparison of the limit cycle amplitude between Von Kármán plate theory and
inextensible plate theory. On the right a comparison of the limit cycle period between Von Kármán plate
theory and inextensible plate theory.

2.3.1 Nonlinear Results

The complete nonlinear equations of motion 26 and 27 were solved using a numerical integration scheme
based on the Runge–Kutta–Fehlberg scheme [1]. The solution procedure started at the linear flutter airspeed,
where the limit cycle oscillations have zero amplitude and frequency equal to the flutter frequency. The
next step was to integrate numerically Eqs. 26 and 27 at a slightly higher airspeed UF + ∆U until the
response settled onto a steady-state condition and collect the maximum amplitude of the response. Then,
the procedure was repeated for gradually higher values of the flow speed. Figures 3 and 4 plot the predicted
limit cycle amplitude and period variation with airspeed for the cantilever plate analyzed in this work, for
increasing number of, respectively, chordwise and spanwise modes. The amplitude plotted is that of the
out-of-plane displacement of the plate tip trailing edge. It is clear that the solution converges monotonically
as the number of both spanwise modes and chordwise modes increases, however a good level of convergence
is already achieved for mx = 2 and ny = 4.
In Figure 5 (a) and 5 (b) are compared, respectively, the LCO amplitude and frequency numerical predictions
obtained from inextensible plate theory to the numerical predictions obtained from Von Kármán plate theory.
It can be seen that, right after the flutter point, the slope of the amplitude decreases with airspeed for the Von
Kármán results while it increases for the inextensible theory predictions. The curvature of the LCO amplitude
obtained from inextensible plate theory is very similar to the one observed in experimental measurements
as shown in Figure 6. The experimental LCO amplitude, plotted in Figure 6 (a), and the inextensible plate
LCO numerical predictions can be compared only qualitatively but not quantitatively since they are slightly
different flat plates (e.g. the experimental results of Figure 6 (a) refers to a plate with the same material and
the same geometry of that used in this work but with a sweep angle of 20◦).
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Figure 6: Qualitative comparison between experimental LCO amplitude obtained for an aluminium swept
wing and numerical LCO amplitude predictions obtained both with Von Kármán plate theory and inextensible
plate theory for an unswept wing but with the same material and geometrical properties.

2.4 Conclusions

This work presents a closed form state-space model of the nonlinear aeroelastic response of a thin cantilever
flat rectangular plate in low speed airflows. The model is based on a combination of inextensible thin plate
theory and a linearized continuous time vortex lattice aerodynamic model. Comparison to experimental mea-
surements in a low speed wind tunnel shows that the model predicts the linear flutter airspeed and frequency
with reasonable accuracy. The predicted limit cycle amplitude has a very peculiar feature, since the slope
of the LCO amplitude vs airspeed curve increases just after the bifurcation point. This kind of behaviour
in LCO amplitude was observed in experimental measurements for a plate similar to the used in this work,
e.g. the swept wing used in [10], and cannot be predicted employing Von Kármán plate theory as the struc-
tural model. Unfortunately, reliable experimental tests on LCOs for rectangular cantilever thin plates are not
available at the moment, however the results presented here are very encouraging for future experimental
and numerical analysis. The model developed here can not only be used to predict LCO amplitudes and
frequencies but may also shed light on the nature of the nonlinearity present in the wings and the type of
bifurcation that causes the LCOs.
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Abstract
Airfoil oscillations induced by the stall represent highly complex nonlinear aeroelastic phenomena. Nonlin-
earities from stall-induced aeroelastic problems come from the aerodynamic loading. The unsteady behavior
of airfoils depends on their shape, which is also impacted by the flow regime. In the context of low Reynolds
airfoils, a range of asymmetric profiles have been extensively used for many aerodynamic and aeroelastic
applications. This work presents the aeroelastic analysis for the airfoil low Reynolds SD7003 is stall-induced
oscillations using Beddoes-Leishman model. The Beddoes-Leishman model is coupled to the equations of
motion and it receives the constants for the NACA0012 and SD7003 airfoils regarding their properties in
low Reynolds flow regime. In-house experimental data from wind tunnel test of SD7003 are used to assess
the Beddoes-Leishman constants. Evolution on limit cycle amplitudes are used to reveal bifurcation points,
thereby providing important information to assess and characterize the SD7003 low Reynolds behavior.

1 Introduction

Nonlinear aeroelastic responses regarding high angles of attack vibrations represent great challenge in mod-
eling and analysis. These problems may lead to highly nonlinear phenomena, when the unsteady aerodynam-
ics gives a major contribution to the aeroelastic system complexity. Helicopter industry has to deal with the
complex effects of stall-induced vibrations, since the helicopter blades are constantly subjected to the effect
of dynamic stall per rotor revolution, particularly in forward flight [1, 2, 3]. In wind energy industry, modern
slender blade design and pitching control approaches may induce severe vibrations at dynamic stall regime
[4, 5]. Persistent oscillations due stall effects also offer a potential source for energy extraction, which may
be explored in many devices design for a broad range of fluids from air to water [6, 7].

Aeroelastic problems are influenced by nonlinear behavior originated in the structural dynamics and unsteady
aerodynamics. Structural nonlinearities can be classified as distributed and concentrated ones may be related
to the effects of aging, loose attachments, material properties, and large deformations. The concentrated
nonlinearities can usually be approximated by one of the classical structural nonlinearities, namely, cubic
polynomial (hardening or softening), free-play, hysteresis, etc.. Regarding nonlinear low airspeed aeroelastic
investigations, an important source of aerodynamic nonlinearity is associated with the flow separation at high
angles of incidence. Dimitriadis and Li [8], Razak et al. [9], Vasconcellos et al. [10], and dos Santos et al.
[11] have shown experimental and numerical results where limit cycle oscillations driven by the dynamic
stall were observed. Such nonlinear phenomenon leads to responses that are related to complex trailing and
leading edge vortex interactions [12, 13, 14, 15].

For unsteady aerodynamic modeling, the nonlinear flow effects of interest are mostly due to separated flows
and compressibility effects leading to the appearance and dynamic excursion of shock waves. Their mod-
eling is particularly difficult because of the lack of complete understanding on some physical aspects of
unsteady flows; for example, separation and turbulence mechanisms. For aeroelastic applications, the ideal
and, perhaps, most general aero-structural model would be based on solutions of the nonlinear fluid me-
chanics equations, which considers unsteady, compressibility and viscous effects, simultaneously with the
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solution of the equations of motion [16]. For practical applications, however, solutions of the general fluid
mechanics equations can usually be attained only by means of numerical techniques, or computational fluid
dynamics (CFD) methods [17, 18], that normally demand extensive computations. These methods encom-
pass any numerical technique for specific fluid mechanics applications. For instance, finite-difference, finite
volume, and finite element techniques are frequently used in numerical solutions of fluid mechanics ap-
plications. Alternatively, the semi-empirical methods [19, 20, 21, 22, 23, 24, 25, 26] comprise a class of
aerodynamic models that already proved their efficiency is dealing with highly separated flows. Because,
most of the knowledge about unsteady flows is due to experimental work, and basically, semi-empirical
models use the information from these experiments to establish a mathematical formulation of the events
that determine the unsteady aerodynamic response over a range of incidence motions and flow regimes. The
nature of semi-empirical methods facilitates their incorporation into aeroelastic stability and control design.
In addition, semi-empirical methods have the advantage of providing fast numerical computation. Besides,
semi-empirical models need extensive, specific, and precise experimental data.

The Beddoes-Leishman model [20, 21, 22, 24, 25] is a very popular semi-empirical method that has been
developed in the helicopter industry. More recently, the Beddoes-Leishman model has gained the attention in
wind energy applications. The Beddoes-Leishman approach is based on the convolution of indicial response
functions and further corrections to account for the flow physics during the dynamic stall phenomenon.
The Beddoes-Leishman model includes contributions to each stage when important separated flow events
occur, which considers the effects of trailing edge separation, vortex flow or dynamic stall effects, and flow
reattachment when rebuilding lower angles of attack. For the most recent applications to wind turbine blades,
modified formulations have been developed for low airspeed [27, 28, 6, 7]. Indeed, many applications assume
different airfoil profiles with specific aerodynamic behavior. The unsteady loading due to asymmetric shapes
or Reynolds number dependence must be incorporated to the Beddoes-Leishman model, thereby leading to
different stall-induced oscillations in the aeroelastic response context.

This paper presents an investigation on a typical aeroelastic section subjected to stall-induced oscillations.
The low Reynolds profile SD7003 is used in the analysis with the purpose of studying the effects of sym-
metric and asymmetric airfoils to the stall-induced oscillations. A NACA0012 airfoil with semi-empirical
properties adjusted to low Reynolds is also considered to promote comparable results with respect to the
SD7003 airfoil. This work considers the airfoil in pitching and plunging motion and the unsteady aerody-
namic loading is attained with the Beddoes-Leishman model [20, 21, 22, 24, 25, 6]. Nonlinear analyses
are performed by inspecting the response from simulated aeroelastic model and the resulting limit cycle
oscillations and periodic motions at high angles of attack. The coupling effect in pitching and plunging mo-
tions are discussed, revealing the dominance of the unsteady aerodynamics nonlinearities due to the dynamic
stall, and the differences between the low Reynolds symmetric NACA0012 and asymmetric SD7003 airfoil
shapes. This paper follows with a description of the aeroelastic model, the Beddoes-Leishman model. The
evolution of the oscillation amplitudes regarding the flow speed are presented.

2 Aeroelastic model

The aeroelastic model is based on typical section for pitching motion only. To take into account the effects
of separated flow around the airfoil the Beddoes-Leishman dynamic stall model is used [20, 21, 22, 29]. The
typical aeroelastic section model comprises pitch and plunge stiffness values restraining an airfoil response.
Unsteady aerodynamic force and moment are applied at the elastic axis. The aeroelastic equations of motion
admitting large displacements are given by:

ḧ+ (cxθ/2)
(
θ̈ cos θ − θ̇2 sin θ

)
+ ωh

2h = −(2V 2Cl(t))/(µπc)

(2xθ/cr
2
θ)
(
ḧ cos θ + θ̇ḣ sin θ

)
+ θ̈ + ωθ

2θ = (8V 2Cmea(t))/(µπr2θc
2)

, (1)

where h(t) = 2h(t)/c is the dimensionless plunge displacement (positive downwards), c is the airfoil chord
length, µ = 4m/(πρc2) is the airfoil mass ratio, m is the airfoil mass per span length, ρ is the air den-
sity, xθ is the dimensionless distance from the elastic axis to the airfoil center of gravity, rθ is the radius
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of gyration about elastic axis, ωh and ωθ are the uncoupled linear natural frequency in plunge and pitch,
respectively, V is the airspeed, Cl(t) = (2L(t))/(ρV 2c) is the aerodynamic lift force coefficient, and
Cmea(t) = (2Mα(t))/(ρV 2c2) is the aerodynamic pitching moment coefficient at the elastic axis.

2.1 Semi-empirical aerodynamic model

The Beddoes-Leishman method [6, 25] admits corrections regarding the effects of dynamic stall of pitching
airfoils at high angles of attack. In order to distinguish the incidence angle θ̄(t) (which is related to structural
displacements) from the airfoil aerodynamic angle of attack α(t) (which is related to the aerodynamic loads),
it follows that:

α(t) = θ(t) + arctan
(
ḣ(t)/V

)
, (2)

and the pitch rate at the elastic axis is q(t) = θ̇(t)(c/V ).

The method can be conveniently written in a state space representation [30]. The potential normal force
coefficient, Cpn, and aerodynamic pitching moment at 1/4 of the chord, Cpm, are given in state space as,

ẋ = Ax + Bu
y = Cx + Du

(3)

where x is the state vector of eight aerodynamic states, u = [α q]T is the input vector, y = [Cpn Cpm]T is
the output vector, B is the input matrix, C is the output matrix, D is the direct transmission matrix, and A is
the state matrix given by:

A = diag[aii] for i = 1, 2, . . . , 8 , (4)

along with coefficients:





a11 = −b1β2
(
2V
c

)

a22 = −b2β2
(
2V
c

)

a33 = − 1
KαTI

a44 = − 1
KqTI

,





a55 = − 1
b3KαMTI

a66 = − 1
b4KαMTI

a77 = −b5β2
(
2V
c

)

a88 = − 1
KqMTI

, (5)

where β =
√

1−M2, M is the Mach number, Kα = 0.75[(1 −M) + πβ2M2(A1b1 + A2b2)]
−1, Kq =

0.75[(1−M)+2πβ2M2(A1b1+A2b2)]
−1,KαM = (A3b4+A4b3)[b3b4(1−M)]−1,KqM = 7[15(1−M)+

3πβM2b5]
−1, TI = c/Vs, with Vs denoting the sound speed, and the remaining parameters are: A1 = 0.3,

A2 = 0.7, A3 = 1.5, A4 = −0.5, b1 = 0.14, b2 = 0.53, b3 = 0.25, b4 = 0.1, and b5 = 0.5.

The input matrix B and the output matrix C are, respectively:

B =

[
1 1 1 0 1 1 0 0

0.5 0.5 0 1 0 0 1 1

]T
, C =

[
c11 c12 c13 c14 0 0 0 0
c21 c22 0 0 c25 c26 c27 c28

]
, (6)

with 



c11 = Cnαβ
2
(
2V
c

)
A1b1

c12 = Cnαβ
2
(
2V
c

)
A2b2

c13 = 4
M

(
−1
KαTI

)

c14 = 1
M

(
−1
KqTI

)

c21 = c11(0.25− xac)

,





c22 = c12(0.25− xac)
c25 = −1

M

(
−A3

b3KαMTI

)

c26 = −1
M

(
−A4

b4KαMTI

)

c27 = −Cnα
16 b5β

2
(
2V
c

)

c28 = −7
12M

(
−1

KqMTI

)

, (7)

where Cnα is the normal force coefficient curve slope with angle of attack in the linear range and xac is the
position of the aerodynamic center from the leading edge of the airfoil in chord length.

The matrix D is given by:

D =

[
4
M

1
M

− 1
M − 7

12M

]
. (8)
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An effective angle of attack due to circulatory terms, αE , is defined as:

αE(t) = β2
(

2V

c

)
(A1b1x1 +A2b2x2) . (9)

To impose nonlinear characteristics due to dynamic stall effects, more dynamical states must be included in
the model. These new states depend on dimensionless time constants. However, they can be converted to a
dimensional time approach by multiplying each one by the factor c/(2V ). By doing so, the state x9 imposes
a lag in the previously calculated normal force by considering a time constant Tp, that is:

ẋ9 =

(
2V

c

)
Cpn(t)− x9

TP
, (10)

leading to the delayed normal force, C ′n:
C ′n(t) = x9 . (11)

Two new states, x10 and x11, are related to the flow separation from the airfoil trailing edge. Leishman and
Beddoes [25] defined an empirical approach based on the Kirchhoff flow model to represent the portion f
of the airfoil with respect to the chord length, where the flow is attached under static conditions. Then, f as
function of an arbitrary angle α̂ is given by:

f(α̂) =





1− 0.3e
|α̂|−α1
s1 if |α̂| ≤ α1

0.04− 0.66e
α1−|α̂|
s2 if |α̂| > α1

, (12)

where α1 is defined when f(α1) = 0.7, and s1 and s2 are constants determined from experimental data.

Under dynamic conditions, the delay observed in the leading edge separation is modeled as dependent on a
time constant Tf0 . Then, the state x10, which is related to an equivalent angle of attack associated with C ′n,
is

ẋ10 =

(
2V

c

) f(C
′
n(t)
Cnα

)− x10
Tf

, (13)

fa(t) = x10 , (14)

where the time constant Tf varies from Tf0 during the vortex shedding phase and fa(t) is the value of the
delayed separation point considering the angle (C ′n(t)/Cnα).

For the state x11, which is related to the separation point by considering the instantaneous angle of attack, it
follows:

ẋ11 =

(
2V

c

)
2(f(α)− x11)

Tf0
, (15)

fb(t) = x11 . (16)

Taking f̂(t) as the maximum value between fa(t) and fb(t), the aerodynamic coefficients contributions
considering the trailing edge flow separation are given by:





Cfn(t) = Cnα

(
1+
√
fa(t)

2

)2

αE(t)

Cfm(t) =
{
K0 +K1(1− f̂(t)) +K2 sin(πf̂(t)m)

}
CnααE(t) + Cm0

Cft (t) = η Cnα
√
fa(t) α

2
E(t)

, (17)

where typically m = 2, η represents the percentage of tangential force measured experimentally under fully
attached conditions in relation to the value expected from Cnα

√
fa(t)α

2
E(t), K0, K1, and K2 are empirical

constants that match the pitching moment coefficient curve under static conditions, and Cm0 is the pitching
moment coefficient when the normal force is zero.
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The vortex shedding phase influences the airfoil unsteady aerodynamic behavior. Some methodologies have
been proposed to represent the dynamic stall onset. For low wind speeds [31, 32] have used a lagged value of
the angle of attack to trigger the beginning of the dynamic stall onset. Such flow event occurs when the value
of the delayed angle of attack reaches a critical value. For the present work, the classical theory is based on
the delayed value of the normal force coefficient. When |C ′n| ≥ Cn1 , with Cn1 being the value of Cn at the
stall imminence under static conditions, the vortex shedding phase is triggered. A dimensionless counter τv
is established and marches according to the dimensionless time 2V t/c. During this condition, the parcel of
the normal force coefficient associated with the vortex shedding Cvn is given by the state x12 as:

ẋ12 =

(
2V

c

)
Ċv(t)− x12

Tv
, (18)

Cvn(t) = x12 , (19)

where:

Cv =

{
Cnα [1− 0.25(1 +

√
fa(t))

2]αE(t) , if τv ≤ 2Tvl ,

0 , if τv > 2Tvl ,
(20)

with Tvl being an empirical time constant defined as the dimensionless time window in which the shedding
vortex travels from the leading edge to the trailing edge.

The vortex travel over the airfoil also changes its pressure center position and a term of pitching moment
coefficient due to this motion can be expressed as:

Cvm(t) = −0.25

[
1− cos

(
πτv
Tvl

)]
Cvn . (21)

Moreover, during the vortex shedding phase, the time constants Tf and Tv, and the angle α1 (cf. Eq. (12))
are modified. The lift and pitching moment (at the elastic axis) aerodynamic coefficients are:

Cl(t) =
[
Cpn(t) + Cfn(t) + Cvn(t)− CnααE(t)

]
cos(α(t))− Cft (t) sin(α(t)) , (22)

Cmea(t) =
[
Cpn(t) + Cfn(t) + Cvn(t)− CnααE(t)

]
(xea − xca) +

+
[
Cpm(t) + Cfm(t) + Cvm(t)

]
, (23)

where xea is the elastic axis position from the airfoil leading edge regarding the chord length.

3 Results and Discuss

The aerodynamic model was tested and compared with experimental data for the NACA0012 profile en-
countered in the literature [24, 25]. For the SD7003 airfoil the Beddoes-Leishman (BL) model parameters
were determined for experiments performed in the Department of Mechanical Engineering of the São Carlos
School of Engineering. The empirical parameters are presented in Table 1 and Figure 1 shows the model
match regarding the SD7003 ramp-up tests. For the NACA0012 airfoil, previous works as by dos Santos et
al. [11].

The nonlinear aeroelastic analysis comprises the examination of bifurcation diagrams attained with airspeed
variation. Numerical evaluation of the aeroelastic responses through time integration of the equations of mo-
tion allows observing the pre- and post-flutter behavior. While damped responses asymptotically reaching
the stable point of the system characterizes the pre-flutter range of airspeed. From a critical airspeed, the non-
linear aeroelastic responses assume the limit cycle oscillation pattern, in which variations to the amplitudes
allow the construction of a Hopf bifurcation diagram. Table 2 presents the aeroelastic system parameters
used as a reference case for the nonlinear analysis via bifurcation diagrams. The reference model is taken as
a basis for two cases, namely, one considering the NACA0012 airfoil, and another for the SD7033 airfoil.
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Table 1: Beddoes-Leishman model parameters.

BL parameter NACA0012 SD7003
Cnα 6.188 rad-1 4.9607 rad-1

α10 15.25 deg 15.178 (+) / 9.455 (-) deg
αcl0 0 deg 1.7383 deg
s1 3.00 deg 2.036 (+) / 4.741 (-) deg
s2 2.30 deg 6.453 (+) / 4.766 (-) deg
K0 0.0025 0.001 (+) / 0.058 (-)
K1 -0.135 -0.137 (+) / -0.248 (-)
K2 0.04 -0.03 (+) / -0.104 (-)
η 0.965 0.95
Cn1 1.45 1.04 (+) / -0.6464 (-)
Tp 1.7 1.7
Tf0 3.0 3.0
Tv0 6.0 6.0
Tvl 7.0 7.0
δα1 2.10 deg 2.10 deg

Symbols to denote airfoil motion direction: (+) for pitch-up and (−) for pitch-down.
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Figure 1: Ramp up prediction through BL model – SD7003 airfoil case.

Table 2: Parameters for the nonlinear reference aeroelastic model.

Variables Description Values
c Chord length (m) 0.25
rθ Radius of gyration 0.7
µ Mass ration 50
ωθ Decoupled pitch natural frequency (Hz) 5.0
ωh Decoupled plunge natural frequency (Hz) 0.6 ωθ
xθ Distance between elastic axis and CG of airfoil (with respect to the chord) 0.2
xea Elastic axis position from the leading edge (with respect to the chord) 0.25

Figures 2(a) and 2(b) provide a comparative illustration of pitch and plunge motions bifurcation diagrams for
the reference aeroelastic model with NACA0012 and SD7003 airfoils, respectively. Results show differences
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on the post-flutter behavior caused mainly by the airfoil shapes. The reference model with NACA0012 airfoil
presents critical flutter speed of 16.0m/s, while the model with SD7003 airfoil is of 16.8m/s. The asymme-
try of SD7003 is responsible for a delayed stall, which affects the whole separation process of the pitching
airfoil. As expected, it is observed that the SD7003 airfoil departures to post-flutter limit cycle oscillations
from non-zero pitch angle and plunge displacement. The post-flutter oscillations of the NACA0012 present
larger displacements in both pitch and plunge dof. Bifurcation diagrams for the reference aeroelastic case
with NACA0012 and SD7003 demonstrate that the SD7003 airfoil has well-defined limit cycles, while the
NACA0012 presents a transition from limit cycle oscillations to periodical and chaotic motion. For higher
flow speeds the motion amplitudes exceed the structural and aerodynamic model validity, thereby they were
not considered in this work.
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Figure 2: Bifurcation diagrams for the reference aeroelastic model with NACA0012 and SD7003 airfoil.

Parametric studies are performed for the aeroelastic cases with NACA0012 and SD7003 airfoils. This inves-
tigation permits inspecting how sensitive the system is, also showing the influences from the chosen airfoil
profile. Table 3 presents the respective critical flutter speeds, also denoted as the Hopf bifurcation point
in the context of the nonlinear dynamics theory. The cases under investigation in this parametric analysis
are associated with the structural stiffness properties through the ration ω̄ = ωh/ωθ, the inertia properties
through the mass ratio µ, and, finally, a geometry parameter chosen here as the elastic axis position from
the leading edge with respect to the chord length, namely, xea. It is observed that the SD7003 airfoil affects
the flutter by increasing the airspeed for the instability. Because the flutter onset is closely related with the
linear aeroelastic behavior, the SD7003 airfoil aerodynamic features at lower angles of incidence must be
associated with lower sensitivity in pitching moment. This leads to higher flutter speed. For each parameter
in Table 3, the aeroelastic model with the SD7003 airfoil present approximately 1m/s higher flutter speed
than that of the NACA0012 case.

Table 3: Flutter speed per airfoil case.

Parameter Value NACA0012 SD7003
0.4 20.4m/s 21.1m/s

ω̄ 0.6 16.0m/s 16.8m/s
0.8 12.4m/s 13.4m/s
40 14.6m/s 15.3m/s

µ 50 16.0m/s 16.8m/s
60 17.3m/s 18.2m/s

0.20 17.8m/s 18.4m/s
xea 0.25 16.0m/s 16.8m/s

0.30 14.7m/s 15.6m/s

Figure 3 shows the cases of parameters ω̄, µ, and xea variations for the aeroelastic model with NACA0012
airfoil regarding the pitch and plunge motions. Here the airspeed range was taken in such way that the
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structural and aerodynamic modeling is valid. All cases are normalized regarding their flutter onset speed
(cf. Table 3). The reference case is the one where the post-flutter airspeed range is the highest within the
model validity (maximum speed reaches 12% over the flutter onset).
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Figure 3: Pitch and plunge motions bifurcation diagrams for the case with NACA0012 airfoil.

It is observed that the aeroelastic model with the symmetric NACA0012 airfoil behaves in the post-flutter
range with two characteristic forms. Generally, after the flutter point, a range of increasingly amplitude
limit cycle oscillations is observed. At a certain speed the motion change to present periodic and non-
periodic features. Chaotic behavior is possible to occur at this airspeed range. For Structural stiffness
parameter variation (cf. Figure 3(a)), for the pitch motion one can observe that the amplitude of the limit
cycle oscillations phase tend to increase as ω̄ increases. For a lower ω̄ = 0.4, the transition to periodical
and non-periodical does not occur, and the responses tend to very high amplitudes in pitch and plunge. Such
feature is clearly related with the reduction in pitching stiffness. Moreover, it is observable that for the plunge
motion the amplitudes of the post-flutter motion increase with the reduction in ω̄. The inertia parameter for
the pitch and plunge motions in post-flutter condition (cf. Figure 3(b)) reveal minor changes for reducing of
increasing the system’s mass ratio. The post-flutter evolution present transition from limit cycle oscillations
to periodic and non-periodic behavior. For the structural and inertia parameters, it is noticed that the lowest
parameter values (ω̄ = 0.4 and µ = 40) lead to a smaller post-flutter speed range for model validity. For
ω̄ = 0.8 and µ = 60, one can also observe a reduction in the post-flutter speed range for model validity, but
this reduction is intermediate with respect to the remaining parameter values.

The geometric parameter analysis based on the elastic axis position, xea (cf. Figure 3(c)), also reveal limit
cycles, periodic, and non-periodic zones as the airspeed progresses. Minor changes in the pitch limit cycle
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oscillation phase can be observed, but it is observed that the amplitudes increases as the elastic axis is more
distant from the airfoil leading edge. The opposite behavior is seen in the plunge motion bifurcation diagram.
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Figure 4: Pitch and plunge motions bifurcation diagrams for the case with SD7003 airfoil.

Figures 4(a) to 4(c) show the nonlinear aeroelastic behavior for the case with SD7003 airfoil considering
the pitch and plunge motions. Here, it is also shown results based on the structural stiffness parameter (ω̄),
inertia parameter based on the mass ratio (µ), and the geometric parameter based on the elastic axis position
(xea). All cases are also normalized regarding their flutter onset speed (cf. Table 3). By assuming the range
of validity of the aeroelastic model, the range of airspeed is limited per each case.

The previous analyses with the aeroelastic model with the NACA0012 airfoil have revealed ranges of speed
where periodic and non-periodic motion occurred. The cases involving the SD7003 for the same values of
parameters do not expose any region with periodic and non-periodic motions. The post-flutter characteristics
are basically associated with limit cycle oscillations with increasing amplitudes as the airspeed also increases.
The first expected feature of the bifurcation diagram regarding an asymmetric loading originated in the
aerodynamic model is the pre-flutter damped responses assuming a non-zero value. This is observed form
the numerical solutions, and few cases are depicted in Figures 4.

The results regarding the structural stiffness parameter can be seen in Figure 4(a). Differently from Fig-
ure 3(a), here the bifurcation diagram does not keep a symmetric among the bifurcation branches. The
reference case, namely, for ω̄ = 0.6, is the one with larger range of airspeed for the model validity. The
lower value of ω̄ presents the lowest limit cycle amplitudes, being the case for ω̄ = 0.8 with the largest
amplitudes. Despite reaching the dynamic stall region of the unsteady motion, the SD7003 demonstrate
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smoother transitions pre- to post-stall. For the plunge motion, the variations in ω̄ show that the amplitude
peaks present a motion barrier for lower stiffness ratios. With ω̄ = 0.8 the aeroelastic model presented a
drastic reduction in the plunge amplitudes, while the opposite is happening for the pitch motion.

The inertia parameter for the case with SD7003 airfoil (cf. Figure 4(b)) indicates very little change in the
bifurcation behavior for the µ range under consideration. It is worth noticing the for µ = 40 the aeroelastic
model could the used for a larger range of airspeed, exceeding the range of the reference case. Moreover,
certain symmetry to the bifurcation diagram is seen.

The last parameter, that is, the elastic axis position demonstrates more impact to the pitch motion rather than
to the plunge oscillations. The post-flutter range of airspeed for the pitch motion when the elastic axis is
located most rear implies in larger limit cycle oscillation amplitudes. Here, it is also observable a certain
level of symmetry to the bifurcation diagram as in the case of µ variation.

4 Concluding Remarks

This paper presented the nonlinear aeroelastic analysis for stall-induced oscillations of an airfoil in plunge
and pitch response considering an asymmetric airfoil, namely, the SD7003 airfoil. A typical aeroelastic
section modeled for large displacements with a dynamic stall aerodynamic model was used, thereby allowing
suitable predictions of higher angles of attack motions. The dynamic stall model a semi-empirical method
given by the Beddoes-Leishman model. The NACA0012 ans the SD7003 profiles were considered, nad
results compared. Results have compared the nonlinear response to a reference case where the two airfoils
were tested.

The bifurcation diagrams were depicted and reveal relevant different between the aeroelastic responses for
the airfoils. While the NACA0012 bifurcation diagram for the pitch and plunge motions present regions of
limit cycle oscillations and non-periodic responses, the SD7003 airfoil case has just limit cycle oscillations
with lower amplitudes. Asymmetric shape of the airfoil also leads to lack of symmetry to the bifurcation
diagram. Despite its asymmetry, the SD700 airfoil case bifurcation diagram indicates mild transitions during
stall effects, which explains the well-behaved Hopf bifurcation diagrams for pitch and plunge motions.

Parametric study of the reference case with the NACA0012 and SD7003 were also performed. Three pa-
rameters were chosen to this investigation, namely, a structural stiffness parameter based on the decoupled
natural frequencies ratio, an inertia parameter based on the mass ratio, and a geometric parameter based on
the elastic axis position. The most relevant differences between the parametric study for the NACA0012 and
SD7003 airfoil cases rely on the maintenance of the behavior observed in the reference case comparison. The
structural stiffness parameter is more relevant for the plunge of the NACA0012 airfoil, but affects equally
for the pitch of the SD7003 airfoil. In this case, the asymmetry of the bifurcation diagram for the plunge is
intensified for different values of ω̄. The inertia parameter has small influence on both airfoil cases. There is
a weak influence of the elastic axis position on the NACA0012 case for pitch and plunge motions, but for the
SD7003 airfoil, only the pitch motion bifurcation diagram presents significant influence from xea variations.
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Abstract 
This paper presents the development of a small-scale unpowered experimental test rig with a bladed rotor 

along with its dynamic model. The novel attributes of this work are: (1) the use of a compact portable vertical 

wind tunnel and with the pendulum-like accelerometer-instrumented rotor rig, (2) assessment of the in-

operation vibrations and whirling dynamics for future use in the large scale experiments, and (3) analysis of 

the rig-specific rotor dynamics phenomena. This work experimentally and numerically studies the proposed 

rotor rig with the main emphasis on its modal characteristics.  Owing to its design characteristics, it is shown 

analytically and experimentally, that the rig features four dominant lateral backward and forward whirling 

vibration modes in relatively wide frequency range during its windmilling operation. Consequently, it is 

determined that the rotor rig represents a useful simplified low order system suitable for studies of a range 

or dynamic phenomena such as transient resonance crossing, whirl flutter and geometric nonlinearity effects.  

1 Introduction 

Whirl flutter is an aeroelastic instability condition, which affects a broad range of bladed rotors supported 

on elastically deformable foundations. Whirl flutter occurs due to the coupling between aerodynamic and 

gyroscopic moments acting on the propeller-rotor when the support stiffness or damping between the 

propeller-rotor and nacelle are relatively low [1], [2]. Whirl flutter can limit the performance of propeller 

configurations in fixed-wing and tilt-rotor aircrafts. So far, good progress has been achieved in 

understanding the physics behind it such as backward whirling mode instability [1]–[3].  

In rotorcraft aeromechanics, two dynamic models which are known as Reed’s [1] and Johnson’s [4] model 

are widely used to understand the physics behind the whirl flutter phenomenon. The so-called Reed’s model 

has 2 degrees of freedom (DOF), describing the pitching and yawing motions of the rotor. It basically 

represents a bladed-rotor system on the elastic support. The more advanced Johnson’s model has 9 DOF, 

which include rotor-blade, pylon and wing dynamics. For tiltrotors, proprotors, turboprops and propellers, 

numerous linear and nonlinear analyses have been conducted to investigate whirl flutter and its boundaries 

[3], [5]. Rotors are designed to avoid any possible whirl flutter effects within their operational boundaries 

[6]–[9]. By the 2000’s, aeromechanics of tiltrotors have become an important research topic due to its 

complex nature. Consequently, new tiltrotor test rigs have been developed to investigate their aeroelastic 

behaviour in wind tunnels in recent years [10]–[16]. Further whirl flutter rig development and wind tunnel 

test activities have been carried out for propellers [17], [18]. Selected rigs designed for the whirl flutter tests 

in wind tunnels can be seen in Figure 1. 

Modal parameter identification associated with the classical fixed-wing flutter instability has also attracted 

attention of many researchers over the years. In 2019, the online wing flutter monitoring studies were 

performed during wind tunnel testing and flight operations using operational modal analysis techniques 

[19]–[21]. However, more research is required to develop the online modal parameter identification for the 

whirl flutter problems and experiments. The development of an early warning whirl flutter detection system 

is the central theme of this study. 
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Figure 1: Selected whirl flutter test rigs: a) hinged blades propeller [22], b) small-scale tiltrotor [7],  

c) medium-scale tiltrotor [16], d) large-scale tiltrotor  [11]  

This paper provides an update on the vibration identification and monitoring research of potentially 

catastrophic rotor dynamics phenomena in the framework of the UK-funded EPSRC MENtOR (Methods 

and Experiments for Novel Rotorcraft) project. This project intends to develop knowledge and modelling 

tools for future energy efficient reconfigurable multi-rotor aerospace vehicles with focus on their improved 

vibration and aeroelastic stability characteristics. The main aim of this paper is to describe the development 

of the small-scale unpowered (wind milling) whirl flutter test rig and to present the numerical and 

experimental dynamics characterization of this rig when operated in a vertical wind tunnel. For this purpose, 

a 3D dynamic model of the whirl flutter test rig is developed using the finite element method by 

incorporating gravity and gyroscopic forces. In the non-rotating case, experimental and numerical modal 

analyses are carried out to identify the modal behaviour. Similarly, the vibration responses of the test rig 

during operation are investigated in the vertical wind tunnel under varying air stream speed conditions. To 

identify the modal parameters of the whirl flutter test rig, a vibration monitoring algorithm is proposed, 

where peak-finding and logarithmic decrement methods are used. 

2 Development of rotor test rig  

A new whirl flutter test rig named the Bristol Whirling Rotor Rig (BWRR) is motivated by the classical 2 

DOF Reed’s model and its well-known experimental realization [1]. At the same time, the presented design 

takes into consideration the requisite compact nature of the rig and its simple architecture. Figure 2 shows 

the CAD model and manufactured assembly of the BWRR, respectively.  

  

Figure 2: Bristol Whirling Rotor Rig (BWRR), a) CAD model, b) manufactured assembly 

The key design feature of the rig is its pendulum-like configuration where the gravity loads help to 

longitudinally stabilise the rig, which is otherwise very soft in its transversal (bending) direction. This 

feature enables the dynamics of interest to exist within the limited speed range of the vertical wind tunnel. 

Another important design feature of the rig is the intended separation between the sources of inertial and 

a) b) 

c) b) d) a) 
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restoring loads. This division promotes the dominance of a small number of vibration modes in the desired 

frequency range as well as ability to adjust the rig’s modal frequencies through either inertia or stiffness-

driven modifications.  

The BWRR consists of a propeller, two bearings, a steel shaft, an aluminium tube, two aluminium grippers, 

a steel piano wire and an aluminium supporting element, respectively, as seen in Figure 2a. The two-bladed 

propeller of diameter 279 mm and pitch of 102 mm is made of a fibre-glass composite. It is supported on 

the non-rotating shaft via two ball bearings. The shaft is connected to the left gripper. The left and right 

grippers are connected to an aluminium tube via bolted connections. The tube allows placement of the 

accelerometers for vibration monitoring. These parts are connected to the support through the 1 mm diameter 

piano wire. The length of the wire can be changed leading to the adjustable support stiffness. This design 

feature enables significant alterations in the rig’s dynamic behaviour. The propeller-rotor system is expected 

to present the whirling dynamics in the small vertical wind tunnel. Important geometry and material 

properties of the BWRR are presented in Table 1. 

Table 1: Selected parameters of the BWRR 

Parameter Propeller Shaft Tube Left Gripper Right Gripper Wire 

Length [m]  0.05 0.15 0.05 0.05 0.2 

Outer diameter [m] 0.279 0.04    0.001 

Inner diameter [m] 0.00635 0.02     

Thickness [m] 0.002  0.001    

Mass [kg] 0.0261 0.0045 0.0145 0.0140 0.0147 0.0012 

Material density [kg/m3]  7800 2700 2700  7800 

Young’s modulus [GPa]  210 70 70  210 

Shear modulus [GPa]  80 27 27  80 

The BWRR is sized to be used in the small-scale vertical wind tunnel where the propeller can rotate freely 

under the controlled free stream air flow. The vertical wind tunnel consists of the fan segment, collector and 

working sections as shown in Figure 3a. The fan segment, located at the bottom of the wind tunnel, houses 

the 3×3 grid of off-the-shelf fans which produce the required air flow. The collector section accelerates the 

air flow to the working section where it can reach a velocity of up to 2.5 m/s. The working section has a 

length of 600 mm and a cross section of 340 mm × 340 mm, which can conveniently accommodate the main 

working part of the BWRR, as seen in Figure 3b. 

               

Figure 3: Vertical wind tunnel, a) CAD model, b) test configuration with BWRR 

Vertical 

wind tunnel 

BWRR 

Mounting 

frame 

a) b) 
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3 Methods 

3.1 Numerical modelling 

A dynamic model for the BWRR was developed using the finite element method (FEM). The beam elements 

where each node has 6 DOFs; including lateral, torsional and axial motions; are used. The components of 

the BWRR, namely the shaft, grippers, tube, piano wire, are modelled with Timoshenko beam elements 

[23]. The propeller is assumed to be rigid while the bearing-holding shaft is flexible. The model is fixed at 

the support. The main characteristics of the dynamic model is that the finite element formulation 

incorporates gyroscopic forces, gravity and potentially other axial forces induced during its operation. The 

stiffening effect due to gravity forces in the axial direction of the rotor rig is considered in the Timoshenko 

beam formulation [23]. For creating the final model, 85 nodes in total are used by taking into account 

locations of the key parts of the assembled rig. Each beam element is around 0.005 m long. 

To maintain initial focus on the rotor dynamics behaviour, the model without aerodynamic forces is formed 

and studied first. Consequently, this study effectively evaluates the in-vacuo properties caused by the 

gyroscopic effects and gravity. The system’s equations of motion can be written in the following form 

 𝐌�̈�(𝑡) + [𝐂 + 𝐆]�̇�(𝑡) + 𝐊𝒒(𝑡) = 0 (1) 

where 𝐌, 𝐂, 𝐆, 𝐊 are system mass, damping, gyroscopic and stiffness matrices, respectively. Here, 𝒒 

represents the nodal coordinates with axial, torsional and lateral displacements. After defining the system 

equation of motion in Eq.1, the state space representation of the dynamic model can be written as 

 {
�̇�
�̈�

} = [
𝟎 𝑰

−𝐌−𝟏𝐊 −𝐌−𝟏[𝐂 + 𝐆]
] {

𝒒
�̇�} . (2) 

By defining 𝒙𝑇 = {𝒒, �̇�}, Eq.2 can be written in the compact state space form 

 {�̇�}2𝑛 ×1 = [𝐀]2𝑛 × 2𝑛{𝒙}2𝑛 ×1 (3) 

where  𝒙 is known as the state vector and 𝐀 is the state space system matrix. 

The natural frequencies and mode shapes of the problem in Eq.1 are calculated by solving the standard 

eigenvalue problem arising from Eq.3. This model and various types of analyses, including eigenvalue 

analysis, are completed in MATLAB 2019a software environment.  

3.2 Experimental modal parameter identification 

Modal parameters such as natural frequencies, mode shapes, modal damping can be obtained using 

Experimental Modal Analysis (EMA) and Operational Modal Analysis (OMA) [24]. In this section, the use 

of these two methods to provide relevant experimental information is provided. 

EMA is employed to provide baseline information about the underlaying dynamics of the rig with non-

rotating rotor. The resulting information supports model-experiment correlation effort and provides the 

starting point for the following in-operation experimental activities. An OMA approach is chosen to observe 

the changes in the selected modal properties during the rig operation triggered in response to the imposed 

air flow conditions.  

During both experimental stages, EMA and OMA, the same test infrastructure was used. The data 

acquisition was completed using National Instruments NI-9234 4-Channel Dynamic Signal Acquisition 

Module in one (OMA with single accelerometer) or two channel (EMA in SISO configuration) 

configurations. The dynamic response of the rig was measured using one single-axis accelerometer PCB 

Piezotronics 352A24. The data acquisition was managed and controlled by an in-house software utilizing 

Data Acquisition Toolbox of MATLAB 2019a. The sampling frequency was 2048 Hz during all experiments 

whilst the length of acquired signal varied depending on the specifics of individual experiments. 
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3.2.1 Experimental modal analysis setup 

In EMA, an impact excitation and output accelerations are both measured so that the appropriate Frequency 

Response Function (FRF) can be computed. Subsequently, the modal parameters are estimated by fitting 

the FRFs. A basic experimental setup with an impact hammer and non-rotating rotor is shown in Figure 4. 

A PCB Piezotronics modally tuned impact hammer for small sized structures with a soft rubber tip and a 

single-axis ICP accelerometer were used to identify FRFs. The analysis was principally carried out to 

identify the natural frequencies of the BWRR. In this study, these quantities support the model-experiment 

correlation, experiment-driven dynamic rig tuning and provide the reference for the following in-operation 

OMA tests. In response to the dynamic tuning effort whilst aiming at sufficiently low global rig natural 

frequencies, the length of the steel piano wire was adjusted to 203 mm. 

 

Figure 4: Experimental setup for impact hammer test  

3.2.2 Operational modal analysis setup 

An OMA test strategy is employed to determine the changes in the selected modal properties during test rig 

operation under the controlled flow conditions. Whilst only outputs are expected to be observed during a 

conventional OMA, the approach chosen here is to introduce the time-localized impulsive perturbations 

which are superimposed on the dynamic responses of the rig produced by the steady-state or slowly varying 

wind tunnel-induced rig operation. 

The vibration behaviour of the BWRR is thus monitored by observing the manually triggered transient 

dynamics in the working wind tunnel. For this study, only one single-axis accelerometer is used to measure 

the output accelerations. A non-instrumented soft impact method was used to trigger the presence of the low 

modes of interest in the transient impulse response of the rig. 

For identifying the in-operation modal parameters and future online monitoring, a suite of off-the-shelf and 

in-house developed MATLAB tools is employed according to the baseline architecture shown in Figure 5. 
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Figure 5: The proposed monitoring process flowchart 

The monitoring starts with the measured raw accelerations. Then, these data are processed using the Fast 

Fourier Transform (FFT) and cepstrum analysis [25], respectively. The FFT reveals the key participating 

frequencies in the frequency range of interest, including both the resonant and harmonic content. The 

cepstral analysis determines the repeating patterns in the frequency domain related to the rotor harmonics 

or other effects. This step is performed to enable the observation and then separation of the steady harmonic 

and transient modal content. Next, bandpass filtering tools can be used to further pre-process the data for 

the focused identification of the excited backward and forward whirling frequencies. The obtained filtered 

data can be also used to engage other basic (e.g. the Logarithmic Decrement) or advanced (e.g. Least Square 

Complex Exponential method, Stochastic Subspace Identification) methods to identify the modal damping 

or mode shapes. 

4 Results  

4.1 Non-rotating modal behaviour  

4.1.1 Experimental modal analysis  

Figure 6 presents an example of the identified inertance FRF (acceleration/force) for the selected SISO 

configuration (see section 3.2.1). This FRF indicates the presence of lateral (bending) modes. Only the 

frequency range from 0 to 20 Hz is included to evidence the distribution of the key dynamic features. The 

presented FRF also indicates that there is a very good modal separation between the low frequency modes 

of interest and any subsequent higher order modes. 

 

Figure 6: Frequency response function for lateral vibrations 

1st Mode 

2nd Mode 

236 PROCEEDINGS OF ISMA2020 AND USD2020



As can be seen in Figure 6, there is also good modal separation between the two indicated modal peaks. The 

first bending mode is detected at 0.9 Hz and the second bending mode is present at 7.1 Hz for this non-

rotating stationary case. It should be noted that the propeller was not locked and was able to move freely 

during the tests. As a result, small misalignment, free-play and other rotor hub joint imperfections were able 

to introduce spurious effects that effectively polluted the main modes of interest. Additionally, whilst the 

rig is nominally axisymmetric, the presence of only two-bladed rotor creates a noticeable inertial asymmetry. 

This small asymmetry manifests itself as a small modal separation between two pairs of theoretically 

multiple modes of an axisymmetric structure. 

It can be concluded that, withing the wide frequency range, there are only four bending modes which are 

well separated from the higher modes. Additionally, these four modes come in two families or pairs where 

the first pair can be attributed to the first classical modal pattern (with only a single modal node matched 

with the clamping location) and the second modal pair linked with the second classical modal pattern (with 

one additional modal node located in the region of the aluminium tube). The modal separation within each 

observed modal family is small and caused by the lack of perfect inertial axial symmetry. However, the 

introduction of rotation will accentuate and increase this separation across the four modes.  

4.1.2 Model-experiment correlation 

The numerical modal analysis of the BWRR for an undamped non-rotating (stationary) case was carried out 

using the numerical modelling approach defined in section 3.1 and system parameters given Table 1. 

Normalized mode shapes are plotted for the first nine modes in Figure 7, where the corresponding natural 

frequencies are also shown. 

 

Figure 7: Numerically calculated mode shapes of the BWRR – non-rotating case 

Inspecting Figure 7, there are 8 bending and 1 torsional mode among the first nine modes. Further, in 

agreement with the previous experimental observations, it can be seen that the first two pairs of bending 

modes, and previously not observed torsional mode at 1.89 Hz, are well separated from the rest of the modal 

spectrum. The next calculated mode families are present at 138 Hz and 147 Hz and they are significantly 

dominated by the piano wire activity. 
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Experimentally and numerically computed vibration modes are compared in Table 2, where the errors 

between the two sets of data are also shown. During EMA, the lateral modes which are numbered as modes 

1, 2, 4 and 5 were captured successfully. However, modes 6, 7, 8 and 9 are not observed well because an 

accelerometer and impact locations on the tube cannot be used to detect (or excite) the associated modes 

properly. Furthermore, the mode 3 which is a torsional mode could not be captured since the instrumentation 

was not configured to observe this motion. The error in the second lateral mode family (modes 4 and 5) 

highlights the very good correlation. However, the error in the first lateral mode family (mode 1 and 2) are 

thought to be only satisfactory. It should be noted that the frequency correlation for the very low frequencies 

of the first mode family is comparatively more difficult to establish. 

Table 2: Vibration modes of the BWRR in non-rotating (stationary) case  

Mode 

# 

Numerical Natural 

Freq. [Hz] 

Experimental 

Natural Freq. [Hz] 
Error % Mode Type 

1 0.74 0.90 17.6 Lateral  

2 0.74 0.90 17.6 Lateral  

3 1.89 -- -- Torsional  

4 7.23 7.10 1.8 Lateral  

5 7.23 7.10 1.8 Lateral  

6 137.69 -- -- Lateral 

7 137.85 -- -- Lateral 

8 147.03 -- -- Lateral 

9 147.22 -- -- Lateral  

4.2 Rotating case modal behaviour   

4.2.1 Vertical wind tunnel run-up vibration tests  

The free-wheeling run-up vibration tests of the BWRR were carried out in the vertical wind tunnel by 

introducing the step change between the zero and maximum value of the air stream speed (corresponding to 

13 Volts). In the unblocked vertical wind tunnel, the air stream speed with respect to the controlled operating 

fan voltage was measured with an anemometer and the resulting relationship is shown in Figure 8. Since the 

propeller cannot rotate freely, due to its own mechanical resistances, with the air stream produced by the 

voltage under 6 Volts, only the measured results from 6 to 13 Volts are given. 

 

Figure 8: Air stream speed versus fan voltage 
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The outcome of this test is presented using the short-time FFT technique and the resulting spectrogram 

(waterfall diagram) is shown in Figure 9, for which “spectrogram” function in MATLAB 2019a is used. 

Here, the lateral (bending) backward and forward whirling modes, rotational frequencies and other features 

are clearly seen. 

 

Figure 9: Free-wheeling BWRR run-up test response and its spectrogram 

The spectrogram in Figure 9 is divided into 4 regions denoted as “A”, “B”, “C” and “D”. Region B and D 

are identified as the run-up regions. Here, the propeller speed increases in response to the step-changed free 

stream velocity. Therefore, the harmonics related to the rotational frequency Ω can easily be tracked. First 

(1BW and 1FW) and second (2BW and 2FW) lateral mode families are also tracked. In this rotating system, 

forward (FW) lateral modes increases while backward (BW) lateral modes decreases with respect to the 

increasing propeller speed. In region C, the second lateral mode family (2nd backward and forward lateral 

modes) at around 7 Hz, which was already detected during the impact hammer test, is excited due to its 

match with the rotor frequency. Therefore, the strong resonance and other broadband frequency effects are 

triggered and seen in this region. Region A is identified as the steady-state region since the propeller speed 

does not change with time. The propeller reaches its maximum speed which is identified as 824 rpm in this 

region. The sideband effects become also visible due to the rotating machinery features such as the bearing 

and blade imperfections. Overall, the harmonic and resonant responses can be clearly seen in the 

spectrogram where the rotational and blade passing frequencies are predominant. Therefore, these 

frequencies will be identified and filtered out for further whirling dynamics investigations. 

4.2.2 Vertical wind tunnel steady-perturbation test 

Impulse response tests in the vertical wind tunnel were done by tapping the stationary (no rotor rotation and 

air flow) and operating (induced rotor rotation due to applied air flow) BWRR in its steady-state conditions 

without recording the applied input force. In the case presented here, the propeller rotated at 824 rpm ≈ 

13.73 Hz under 2.5 m/sec air stream velocity (produced by 13V) whilst being loaded by both aerodynamic 

and gyroscopic forces. Impulse responses in time domain for both non-rotating and rotating cases are plotted 

in Figure 10a. Time domain vibration responses clearly show that there is a free decay observed in the non-

rotating case whereas vibration response in the rotating case is dominated by the steady-state vibration 

component produced a variety of the sources, e.g. unbalance and aerodynamic loads. 

stabilised Ω 

2nd mode 

resonance at 7 Hz 

A 

C 

B 

D 
increasing Ω 

 

1xΩ 

propeller 

 

Resonance 
zoom in 

2FW 2BW 

1BW 

1FW 

Ω = 0 

AERO-ELASTICITY 239



 

   

Figure 10: Impulse responses for non-rotating and rotating cases: a) time domain, b) frequency domain 

Throughout the use of the vibration monitoring algorithm, the FFT analysis is used for resonance detection 

and the cepstrum analysis tool is used for the rotor harmonics detection as seen in Figure 10b and Figure 

11a, respectively. Based on the significant peak values in the power cepstrum and amplitude spectrum, the 

harmonics and resonance frequencies can be detected with the simple peak-finding tools. FFTs of the 

acceleration impulse responses are plotted up to 20 Hz for both non-rotating (static) and rotating (under 

aerodynamic and gyroscopic forces) cases as seen in Figure 10b. For the non-rotating case, the first and 

second lateral modes were found to be at 0.94 Hz and 7.19 Hz, respectively. For the rotating case, the first 

(BW1) and second (BW2) lateral backward whirling modes were detected at 0.87 Hz and 5.93 Hz, 

respectively, whereas the first (FW1) and second (FW2) lateral forward whirling modes were detected at 

1.00 Hz and 7.80 Hz, respectively. 

During the monitoring process, band-pass filtering is used to isolate single-mode components for modal 

damping identification of the corresponding vibration mode from its impact-induced free decay response. 

For the band-pass filtering, “bandpass” function is employed from Signal Processing Toolbox of MATLAB 

2019a, where a minimum-order filter with a stopband attenuation of 60 dB is used. After applying a band-

pass filter for the specified narrow frequency band, the free vibration response of the 3rd whirling mode 

(BW2) at 5.93 Hz is plotted in Figure 11b. Under these conditions, natural frequencies and modal damping 

values are estimated with peak-finding and logarithmic decrement methods [26]. Modal parameter estimates 

for the first four lateral vibration modes and 13V wind tunnel input are presented in Table 3. 

Table 3: Estimated modal parameters of the BWRR in the rotating case with 13V input 

Modal Parameter 
Mode 1 

(BW1) 

Mode 2 

(FW1) 

Mode 3 

(BW2) 

Mode 4 

(FW2) 

Natural Frequency [Hz] 0.87 1.00 5.93 7.80 

Modal Damping  0.0256 0.0222 0.0108 0.0090 

1st Mode 
2nd Mode 

BW1 

FW1 

BW2 

FW2 

1xΩ 

a) 

b) 
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Figure 11: Vibration responses for 13V wind tunnel input: a) cepstrum analysis, b) BW2 band-pass filtered 

impulse response 

For further illustration of the test strategy, two tests cases with and without impulse input in the working 

vertical wind tunnel are described next. These two tests were carried out under 790 rpm (13.17 Hz) rotor 

speed and 2.2 m/sec air stream velocity. The resulting spectrograms are plotted in Figure 12. Figure 12b 

clearly shows free decay responses at the second lateral backward (BW2) and forward whirling (FW2) 

modes. Interestingly, albeit weakly present, Figure 12a also features these two whirling modes even though 

no impulse was applied. These results suggest that conducting the natural frequency monitoring without any 

input is a plausible option that will be considered in future studies and in the large-scale rotor rig context. 

 

Figure 12: Steady-state test spectrogram (air speed 2.2 m/sec): a) without impulse, b) with impulse 

4.2.3 Numerical and experimental correlation 

Experimentally and numerically determined natural frequencies of the BWRR are compared in Table 4 for 

selected rotating conditions. The rotor and wind speeds during this experiment were found to be 824 rpm ≈ 

13.73 Hz and 2.5 m/sec, respectively, and the numerical modal analysis was executed for the same set of 

operational parameters. 

Table 4: Experimental and numerical lateral mode comparison of the BWRR (824 rpm, 2.5 m/sec) 

Lateral 

Mode # 

Numerical  

Natural Freq. [Hz] 

Experimental  

Natural Freq. [Hz] 
Error % Mode Type 

1 0.57 0.87 34.0 Lateral BW 

2 0.94 1.00 5.8 Lateral FW 

3 6.06 5.93 2.1 Lateral BW 

4 8.78 7.80 12.5 Lateral FW 

a) b) 
2π/Ω 

1xΩ 

 
2xΩ 

 

2xΩ 

 

1xΩ 

 

BW2 

 

FW2 

 

b) 

BW2 

 

FW2 

 

a) 
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From this table, the errors between the numerically and experimentally determined natural frequencies can 

be thought to be satisfactory in all cases except for the significant discrepancy in mode 1 (BW1). Ignoring 

aerodynamic forces and moments in the dynamic modelling is thought to be one of the reasons of this 

discrepancy. The results of the numerical BWRR modal analysis are also summarised in Figure 13 for all 

four lateral modes of interest, where lateral backward and forward whirling mode shapes are clearly seen. 

 

Figure 13: Computed mode shapes of the BWRR at 824 rpm 

For these modes, experimentally and numerically obtained natural frequencies are summarised with respect 

to the wind tunnel’s fan voltage in Figure 14. When comparing the experimental and numerical values, it 

can be seen that the lateral backward and forward modes have similar rate of decrease and increase, 

respectively. Furthermore, the identified rotor speed matches the 2nd lateral mode family between 6 and 8 

Hz at the 7V fan control input. This result is consistent with that presented in Figure 9 where the strong 

resonance occurrence is observed during the run-up test in the close proximity of the same frequency values. 

Theoretically, BW1 and FW1 may also experience resonance at around 1V. However, in practice, the 

propeller does not rotate in relatively weak air stream produced by the fans at 1V. Therefore, no resonance 

is observed in connection with the 1st lateral mode family in the current configuration. Finally, both sets of 

results indicate their satisfactory mutual correlation as well as further potential in modelling improvement. 

 

Figure 14: Numerical and experimental natural frequency map 

2nd Mode 

Resonant Region 

1st Mode 

Resonant Region 
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5 Discussion 

Numerical and experimental modal analysis as well as initial comparison of the determined natural 

frequencies is the main focus of this study. On the modelling side, a new 3D beam element-based model of 

the BWRR was developed using the finite element method, which included the effects of gyroscopic and 

gravity forces. On the experimental side, a simple yet robust process for natural frequency and modal 

damping identification and in-operation tracking was demonstrated. The proposed procedure involves 

combined application of the cepstrum, peak-finding and filtering tools followed by the use of the modified 

logarithmic decrement method for natural frequency and modal damping identification. 

In the first stage, the non-rotating test rig is characterized with EMA and numerical modal analysis in the 

linear response regime. First four lateral modes are successfully captured with both experimental and 

numerical modal analysis. It should be noted that EMA was only carried out in the lateral directions, 

therefore numerically identified torsional modes could not be detected. In the second stage, vibrational 

behaviour of the rotating test rig is studied in operation across changing air stream speed with experimental 

and numerical vibration analyses. Lateral BW and FW modes and harmonics related to the propeller rotation 

were successfully detected with the experiments in the run-up and steady state vibration tests. A good initial 

correlation between the experimental vibration analysis and numerical computations was found for the non-

rotating and rotating modal behaviour of the 1st and 2nd lateral mode families in terms of their natural 

frequencies. Assuming low damping, natural frequency estimation with peak-finding and modal damping 

estimation with logarithmic decrement method present particularly useful results for the 2nd lateral mode 

family. However, the quality of the 1st lateral mode family identification is found to be insufficient because 

the 1st BW and FW lateral modes are very close to each other, requiring the use of enhanced test and 

identification procedure in future. Among these required improvements, more focused impulse excitation 

and longer data acquisition periods for higher frequency resolution are needed. 

Throughout experiments, there were various nonlinear effects observed such as free-play nonlinearity due 

to the blade and rotor-hub joint imperfections and misalignments as well as geometric nonlinearity during 

the resonant rig response. These nonlinearities affect the correlation between the numerical and experimental 

results. During the non-rotating modal analysis, only the first two lateral mode families could be detected 

successfully using experimental methods because acceleration response and force input locations did not 

allow detection of the higher modes properly. For identification of these modes accurately, full scale 

experimental modal analysis is needed, in which FRFs should be collected from a sufficient number of 

measurement locations. In the rotating case modal studies, the rotor frequency higher harmonics were 

observed because of the unwanted distortion in the uniformness of the air stream speed in the wind tunnel 

as well as due to other mechanical and aerodynamic imperfections in the rig. For example, air speed can 

fluctuate during the operation leading to the fluctuating aerodynamic forcing, which can lead to other 

unbalanced loading to be experienced by the rig during its operation. This makes the harmonics tracking 

and narrow band detection for subsequent filtering challenging. Furthermore, decoupling of the test rig from 

the vertical wind tunnel is necessary for eliminating the possible harmonics in the BWRR induced by the 

wind tunnel’s fans. Finally, to achieve a better focused modal excitation, an impact device with suitably soft 

tip can be employed for achieving improved impact rig excitation during the wind tunnel operation. 

Numerical modelling has its own limitations in term of achieving representative simulations of the real 

experimental environment in the vertical wind tunnel. For example, the current dynamic model does not 

include aerodynamic forces and moments and their resulting aeroelastic effect on the rotor. Therefore, 

aeromechanical analyses including aeroelastic stability assessment were not provided in this study. For 

further improvement and accurate modelling, aerodynamic forces and moments on the rotor, as well as the 

corresponding experimental data, should be included in the future dynamic modelling to achieve better 

validation. 
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6 Conclusion 

A novel whirl flutter test rig called the Bristol Whirling Rotor Rig (BWRR) was developed and presented. 

The dynamics of BWRR was investigated in both stationary and free-rotating (windmilling) conditions, with 

the latter operated within a vertical wind tunnel. The results of initial experimental studies on the BWRR 

combining impact hammer tests, run-up and steady-state vibration tests were presented and discussed in this 

paper. For the non-spinning configuration, the first and second lateral mode families of the BWRR were 

clearly detected in the identified FRFs. Likewise, the backward and forward whirling modes as well as the 

rotational frequencies with their harmonics were observed in both run-up and steady-state vibration tests, 

when the rig was operated in the wind tunnel. The initial version of the modal parameter monitoring 

procedure was also proposed and evaluated. Here, the natural frequencies and modal damping were 

proposed to be identified with the peak-finding and logarithmic decrement methods, respectively. The modal 

parameter estimation procedure was found to be reliable and automatable for the second lateral mode family 

while it became insufficient for the first lateral mode family because of the low frequency resolution, low 

frequency values and close peak separation. For the numerical analyses, a new beam element-based dynamic 

model of the BWRR, which includes the gravity and gyroscopic forces, was created using the finite element 

method. The experimental and computed natural frequencies were compared and sources of errors 

discussed. Overall, there was a relatively higher agreement in the second mode family than in the first one. 

In the future, an enhanced OMA procedure for mode tracking and whirl flutter identification will be 

developed. In particular, the stochastic subspace identification approach and other automatable techniques 

will be considered for use in online mode tracking. The dynamic model will be updated by incorporating 

aerodynamic moments and forces for conducting aeroelastic stability analyses. These studies will contribute 

to assessing the feasibility of an early warning whirl flutter detection and online rotor monitoring system in 

large scale test campaigns. 
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Abstract
In a transonic flow, autonomous shock oscillations over rigid aerofoil sections may develop from the inter-
action between shock waves and intermittently separated shear layers. This unsteady flow phenomenon is
exacerbated in an aeroelastic context, wherein large-amplitude structural limit cycle oscillations may evolve
from the synchronisation between fluidic and structural modes. Where recent research has employed linear
stability analysis to probe the physics of this synchronisation phenomenon, this study investigates the effi-
cacy of the data-driven Hilbert-Huang Transform at extracting physically meaningful information on these
underlying modal interactions. The method is found to identify the key characteristics of the pitching re-
sponse of an aerofoil experiencing shock buffet, with modal interactions that parallel the results of classical
stability analysis, albeit with constraints on the breadth of applicability relative to the traditional methods.
With this, shock buffet synchronisation is shown to result from an instability in the dominant structural mode.

1 Introduction

Given particular flight conditions in a transonic flow, self-sustained oscillations of shock waves involving
intermittently separated shear layers may develop [1, 2]. This transonic shock buffet phenomenon imposes
limits on the flight envelope and is detrimental to both aircraft handling and structural fatigue life. When this
transonic buffet instability interacts with a forced or freely oscillating structure, frequency synchronisation
between the aerodynamic and structural modes can occur, resulting in large amplitude limit cycle oscillations
of the structure [3, 4, 5, 6, 7]. Recent studies in the field have employed linear stability analysis on a reduced-
order representation of the high-order coupled fluidic and structural systems to show that the emergence of
frequency lock-in for an aerofoil at shock buffet conditions can be attributed to an instability in the structural
mode [8, 9].

The construction of such reduced-order models is costly, requiring dedicated simulations with specific per-
turbations to yield a moderately robust model for the expected conditions to be investigated. Further, accurate
representation of the complex aerodynamic phenomena requires access to complete flowfield data. While this
may be convenient for simulated data, construction of such a Reduced-Order Model (ROM) from real-world
signals, particularly those collected from flight tests, would not be feasible. As an alternative, the data-driven
Hilbert-Huang Transform (HHT) method for probing the underlying mechanism governing shock buffet
lock-in is considered. This method is demonstrated for the pitching OAT15A profile [10] and it is assumed
that only the pitch displacement time-history is available (as could be derived by appropriate integration of
acceleration signals). The HHT is then employed to decompose the signal into its aerodynamic and structural
modes, from which modal damping estimates are computed for a range of pitch wind-off eigenfrequencies
and used to perform stability analysis on the aeroelastic system.

The remainder of the paper is structured as follows: Section 2 outlines the method employed in this inves-
tigation, including the selection of a relevant test case, numerics employed in the rigid aerofoil simulations,
a description of the aeroelastic computations and an overview of the HHT method. Section 3 then presents
the key results, beginning with the aeroelastic response of the OAT15A subject to shock buffet and a varying
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structural configuration and the subsequent HHT analysis of this data. The paper then concludes in Section 4
with a summary of the key findings and avenues for future study.

2 Method

2.1 Test case

This study investigates the transonic shock buffeting flow over the two-dimensional OAT15A wing profile.
An extensive test campaign to characterise shock buffet onset for this aerofoil has been conducted by ONERA
and is detailed by Jacquin et. al. [10]. The experiments were performed in the S3Ch Continuous Research
Tunnel at ONERA Chalais-Meudon Centre, for which steady and unsteady pressures, oil flow visualisations,
Schlieren cinematography and Laser Doppler Velocimetry measurements were collected across a range of
Mach numbers and angles of attack. In this study, the nominal developed buffet condition at Mach number
of M = 0.73, Reynolds number of Re ≈ 3× 106 and mean angle of attack of αm = 3.5◦ is considered.

2.2 Flow solver

Computational Fluid Dynamics (CFD) simulations have been performed using the cell-centred finite vol-
ume code ANSYS Fluent R18.2 [11]. The two-dimensional density-based implicit solver is employed in
formulating the coupled continuity, momentum and energy equations. The Euler fluxes are resolved by an
upwind Roe flux difference splitting scheme and extrapolation of the convective flow variables is achieved
with the blended central-difference/second-order upwind Monotone Upstream-Centred Scheme for Conser-
vation Laws (MUSCL). Diffusive fluxes are each treated through a second-order accurate central-difference
scheme and gradients of all convective and diffusive terms are reconstructed using the cell-based least-
squares method and solved via Gram-Schmidt decomposition of the cell coefficient matrix.

For turbulent closure of the Navier-Stokes equations Menter’s k-ω Shear-Stress Transport (SST) model [12]
has been selected. This model has been shown to be superior to other turbulence models in prior work by
the authors [13]. For time-advancement of the Navier-Stokes equations an implicit, second-order accurate
backward Euler Dual Time-Stepping scheme has been used. Temporal convergence of the transient solutions
is achieved once the L1 norm of the density, velocity and continuity residuals of the governing equations
falls below 10−5. During a developed buffet oscillation this criteria translates to a relative change in the
aerodynamic coefficients between successive subiterations of 10−7.

For a complete validation of the rigid aerofoil simulations to the experimental data of Jacquin et. al. [10],
in addition to a spatial and temporal discretisation study, the reader is directed to Giannelis et. al. [13]. In
summary, spatially independent solutions are realised using a moderately low-density quadrilateral CH mesh
consisting of approximately 48000 nodes, while temporal convergence is demonstrated using a nondimen-
sional time-step (based on acoustic velocity and aerofoil chord) of ∆τ = 0.01.

2.3 Aeroelastic computations

In the present computations, the aeroelastic aeroelastic profile is modelled as a Single Degree-of-Freedom
(SDOF) linear spring-mass-damper system, constrained to motion in the pitch degree-of-freedom. Fluent’s
Six-DOF Rigid Body Solver [11] is employed to integrate the structural equations of motion, marching
forward in time with a second-order accurate backward Euler scheme. The equation of motion governing the
aeroelastic pitching system is given by:

Iθ(θ̈ + 2ζθωθθ̇ + ω2
θθ) = Mcg (1)

where θ, θ̇ and θ̈ are the pitch displacement, velocity and acceleration, respectively, ωθ is the pitch natural
angular frequency, ζθ is the pitch damping ratio and Mcg is the pitching-moment about the centre of gravity,
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nominally at 40% chord. The elastic axis and centre of gravity are enforced to be coincident such that all
moments in Equation 1 are taken about the centre of gravity. The pitch moment of inertia Iθ is computed by:

Iθ = µπρb3r2θ (2)

where ρ is the freestream density, b is the aerofoil semi-chord and r2θ = 0.75 is the radius of gyration, which
is held constant across all simulations. The parameter µ is the sectional mass ratio, given by:

µ =
m

πρb2
(3)

where m is the section mass.

For the subsequent analysis, a nominal structural configuration of µ = 100 and ζθ = 1% is chosen. These
cases are initialised with the steady-state aerodynamic limit cycle solution of the rigid aerofoil. Further, to
mitigate the influence of static aeroelastic deflections, the torsional springs are pre-stressed to negate the
mean pitching-moment in the pitch. As the base flow is inherently unsteady, these offsets are taken as the
mean of the fluctuating pitching-moment computed for the rigid profile.

2.4 The Hilbert-Huang Transform

The Hilbert-Huang Transform (HHT) is an empirical technique generally applicable in data-analysis. The
method provides a means of extracting modal contributions from a signal generated by a nonlinear or nonsta-
tionary process. Contrary to conventional transforms for which rigorous mathematical definitions exist, such
as the Laplace or Fourier, the HHT functions as an algorithm comprised of the Empirical Mode Decomposi-
tion (EMD) to isolate components of the original signal and the Hilbert Transform (HT) to perform spectral
analysis. Huang [14] gives a comprehensive account of the method and its broad applicability. Relevant to
this work, the following discussion provides a brief overview of the mathematical description of both the HT
and the EMD algorithm, with further details offered in the authors’ prior work [15].

2.4.1 Hilbert Transform

The Hilbert Transform (HT) [16] is a mathematical operator that is commonly employed as a signal pro-
cessing tool in the analysis of mechanical vibrations. It effectively shifts each frequency component of the
instantaneous spectrum by 90 degrees without affecting the amplitude. As an example, for a pure sine signal
the Hilbert transform will correspond to a pure cosine wave with the same amplitude. Formally, the Hilbert
transform of an arbitrary signal x(t) can be defined as:

x̂(t) = H (x(t)) =
1

π

∫ ∞

−∞
x(t)

1

t− τ dτ (4)

Equation 4 is a convolution in the time domain, which may be transformed into the frequency domain via
Fourier transform:

F {x̂(t)} =
1

π
F

{
1

t

}
· F {x(t)} = jsgn(f) · F {x(t)} (5)

where j is the complex variable, f is frequency and sgn(·) is the signum function. The process of extracting
the Hilbert transform of a time-domain signal x(t) (denoted as the analytic signalX(t)) involves the rotation
of a vector in the complex plane:

X(t) = x(t) + jx̂(t) (6)

From here, the amplitude envelope of the analytic signal may be expressed as:

A(t) =
√
x2(t) + x̂2(t) (7)
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Additionally, its instantaneous phase angle as a rotating vector in the complex plane may be defined as:

φ(t) = arctan

(
x̂(t)

x(t)

)
(8)

Finally, the instantaneous angular frequency may be defined as the time-derivative of the instantaneous phase:

ω(t) = φ̇(t) =
x(t) ˙̂x− ẋ(t)x̂(t)

A2(t)
= =

(
Ẋ(t)

X(t)

)
(9)

where = denotes the imaginary component. Consider then the quasilinear vibration system with viscous
damping:

ẍ+ 2ζ0(A)ẋ+ ω2
0(A)x = 0 (10)

where ζ0(A) is an amplitude-dependent damping constant and ω0(A) is an amplitude dependent stiffness
constant. So long as ζ0(t) represents a low-pass signal and x(t) a high-pass signal, application of the Hilbert
transform to Equation 10 yields:

Ẍ + 2ζ0(A)Ẋ + ω2
0(A)X = 0 (11)

Instantaneous modal parameters may then be expressed as functions of the derivatives of the signal envelope
and the instantaneous frequency. Ignoring second-order effects, the instantaneous frequency and damping
may be approximated through:

ω0(t) ≈ ω(t) (12)

ζ0(t) = −Ȧ
A
− ω̇

2ω
(13)

While the Hilbert transform has been broadly applied for the analysis of mechanical vibrations [16] and
nonlinearity detection [17], an fundamental limitation persists in that only a single instantaneous frequency
may be computed at a time for a given input signal [14]. Thus, for a multicomponent signal comprised of
several interacting modal responses, the input signal must first be decomposed into single-frequency intrinsic
mode functions. The Empirical Mode Decomposition (EMD) may be employed for this purpose.

2.4.2 Empirical Mode Decomposition

The EMD has been developed by Huang et. al. [18] as a means of extending the HT for use is analysing mul-
ticomponent, nonlinear and nonstationary signals. It should be noted that while the technique has seen broad
application and success, a strong theoretical founding of the algorithm has yet to be developed. Nonethe-
less, the technique offers an algorithmic framework for the decomposition of a multicomponent signal into
multiple single-frequency component Intrinsic Mode Functions (IMFs). To permit a well-behaved Hilbert
transform, these intrinsic mode functions must adhere to two criteria:

1. The number of zero-crossings and extrema across the signal cannot differ by more than one.

2. The mean of the envelope function derived from the local extrema must be zero at all points.

The method of generating such intrinsic mode functions from an input signal is known as the sifting process
and proceeds as outlined by Candon et. al. [19]:

1. The envelope function of an input signal x(t) is developed through cubic spline interpolation over each
local maxima and minima.

2. The mean of the envelope function is computed and subtracted from the original signal. This mean
signal is further examined for adherence to the intrinsic mode function criteria.
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3. If the criteria are not satisfied, step 2 is repeated until the first intrinsic mode function c1(t) is com-
puted. This completes the sifting process.

4. Steps 1 - 3 are repeated on the residue signal rn(t) = x(t) − cn(t). The remaining intrinsic mode
functions cn(t) are then generated, and the process concludes when only the long-time trend remains.

Section 3.3 applies this methodology in a similar manner to that presented here to pitch response data of an
elastically-suspended aerofoil at shock buffet conditions to probe the stability of the contributing modes.

3 Results

3.1 Single degree-of-freedom pitch response

Figure 1 shows the variation in pitch amplitude and dominant response frequency with changes in the wind-
off pitch natural frequency. The parameter k̃s,θ represents the dominant pitch response frequency during
steady-state limit cycle oscillation and k̃θ is the ratio of wind-off pitch and rigid aerofoil buffet frequency.
The pitch response exhibits five distinct regions, where dissimilar dynamic behaviour is observed.

From Figure 1(b) it is evident that within frequency range 0.5 < k̃θ < 0.75 (Region I), both the amplitude
and coupled pitch response frequency are essentially constant, with the latter lying approximately 10% above
the buffet frequency. As the structural eigenfrequency approaches the buffet in Region II, the limit cycle
amplitude and response frequency experience a gradual increase as the response character transitions from
low-amplitude LCOs of spectral content insensitive to the pitch natural frequency to increasing displacements
synchronised with the structural mode. This behaviour is consistent with the findings of Gao et. al. [8], where
linear stability analysis identified this transitional region to be a consequence of a mode veering phenomenon,
whereby an unstable fluid mode exchanges stability with a stable structural mode.
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Figure 1: Effect of frequency ratio on pitch response amplitude and frequency (µ = 100 and ζθ = 1%):
Transition Lock-in Beating .

From approximately k̃θ = 1.06 (Region III), lock-in of the shock oscillation frequency to the pitching
mode is observed. In Figure 1(b), the structural response is shown to follow the pitch modal frequency
through to k̃θ ≈ 1.75. Within this region, increasing amplitude pitch oscillations are observed, with the
maximum amplitude limit cycle response occurring at k̃θ ≈ 1.5. This shift in the maximum amplitude
aeroelastic response to higher frequencies relative to the dominant aerodynamic mode is supported by similar
findings for forced harmonic motions [20, 21, 22, 23] and elastically-suspended profiles [6, 8, 24]. From the
time and frequency responses shown in Figure 2, the pitch response at lock-in conditions exhibits spectral
content solely at the pitch eigenfrequency, yielding a pitch displacement time history akin to a damped linear
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oscillator at resonant forcing. However, such a shift in peak response from the natural frequency of the
system is a distinction relative to classical resonance phenomena, such as that observed in vortex-induced
vibrations of bluff bodies at low Reynolds numbers [25, 26].
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(b) Frequency response

Figure 2: Typical time & frequency pitch responses at µ = 100 and with varying pitch natural frequency:
k̃θ = 0.7 k̃θ = 1.3 k̃θ = 1.8 k̃θ = 2.1 .

At the lower bound of Region IV, an abrupt reduction in LCO amplitude is observed, indicating the offset
of shock buffet lock-in. As shown in Figure 2(b), offset does not necessarily coincide with the dominant re-
sponse frequency returning to the fundamental flow frequency. Rather, the frequency response of Figure 2(b)
shows that within this region, both the aerodynamic and structural modes contain comparable spectral con-
tent, yielding a low-amplitude beating response. Moving to Region V, the increase in frequency separation
between the aerodynamic and structural modes yields a response typical of a forced SDOF oscillator. Con-
trary to Region I, where the comparatively low structural frequency incited a coupling to the fluid mode
and produced a primarily single frequency response (see Figure 2(b)), the dynamics of the high-frequency
structural mode act on significantly shorter time-scales, decaying before any significant interaction with the
fluid mode occurs.
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Figure 3: Phase portraits of pitch responses at µ = 100 and with: (a) k̃θ = 0.9; (b) k̃θ = 1.3; (c) k̃θ = 1.8;
(d) k̃θ = 1.9; (e) k̃θ = 2.1; (f) k̃θ = 2.2.
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In Figure 3, phase portraits (equivalent to Poincaré sections for an SDOF system) of the pitch response are
shown at pitch natural frequencies throughout the region considered in Figure 1. In both Region I and the
transitional Region II (Figure 3(a)), the aeroelastic system responds in an asymmetric period-1 orbit. The
asymmetry is likely a consequence of a static aeroelastic unbalance; the offset moment derived from the
mean pitching-moment of the rigid profile has mitigated, but not entirely eliminated, a static aeroelastic
displacement. As responses in Regions I, II and III exhibit spectral content at frequencies commensurate
with the fundamental frequency, the phase portraits are topologically equivalent to that within the lock-in
region shown in Figure 3(b), albeit with smaller amplitudes.

The distinction between the lock-in Region III and beating Region IV is clear; highly periodic dynamics
of moderate to large amplitudes present for wind-off pitch frequencies below the offset of lock-in. Within
Region IV, nonperiodic low-amplitude oscillations persist that exhibit double-welled trajectories. A quasi-
periodic response develops as the system moves away from the beating Region in Figure 3(d). A further
increase in the structural natural frequency then yields a separation of time-scales, indicated by the period-2
trajectory evident in Figure 3(e).

3.2 Sensitivity of aeroelastic response to changes in mass ratio

Considering the effect of mass ratio on the aeroelastic response of an aerofoil at shock buffet conditions,
Figure 4 provides the limit cycle amplitude and dominant response frequency of the pitch angle for the
OAT15A at varying mass ratio and structural eigenfrequencies. From Figure 4(b), the mass ratio has little
bearing on the lock-in onset frequency and synchronisation occurs at approximately the rigid aerofoil buffet
frequency for each configuration. From Figure 4(a), an increase in mass ratio is seen to reduce the pitch
response amplitude across the entire frequency range. This is an expected inertial effect; for a given excitation
an aerofoil of larger mass offers greater resistance to motion. A further influence of the sectional mass on
shock buffet synchronisation is reflected in the range of the lock-in region. As mass ratio increases the lock-
in region contracts, reducing the sychronisation frequency band by 20% between µ = 400 and the nominal
condition.
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Figure 4: Effect of mass ratio on pitch response amplitude and frequency.

3.3 Hilbert-Huang Transform modal decomposition

Using an Auto-Regressive with eXogenous input (ARX) Reduced-Order Model (ROM) to represent the un-
steady aerodynamics and coupling this to a simple spring-mass-damper structural system, Gao et. al. [8]
have shown that the emergence of frequency lock-in for an aerofoil at shock buffet conditions can be at-
tributed to an instability in the structural mode. Frequency synchronisation was found to occur when the
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complex eigenvalues related to the pitching mode in a single degree-of-freedom system exhibit a positive
real component. Here, an alternative approach is considered, whereby the HHT is employed to extract modal
information from the pitch displacement time-history.

As detailed in Section 2.4, the HHT is a signal processing technique that applies the HT to the Intrinsic
Mode Functions (IMFs) derived from the EMD of Huang et. al. [18]. The IMFs computed by the EMD
algorithm are ensured to contain a single instantaneous frequency, making them amenable to the computa-
tion of instantaneous damping through the HT. The work of Crouch et. al. [27] and numerous subsequent
studies [28, 10, 29] strongly supports the notion of shock buffet arising from a global aerodynamic mode
instability. When considered in an aeroelastic framework, Gao et. al. [8] have shown that in the coupling
between this oscillatory fluid mode and a structural degree-of-freedom, lock-in ensues when the coupled
structural mode becomes unstable. Such inherently modal interactions in the aeroelastic response of a profile
at shock buffet conditions are naturally suited to analysis via the modal decomposition provided by the HHT.
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Figure 5: OAT15A elastically-suspended profile for µ = 200 and: (a), (c) & (e) - k̃θ = 1.60, (b), (d) & (f) -
k̃θ = 1.65. Correspondingly, (a) and (b) show the pitch angle, (c) and (d) the fluidic IMF and (e) and (f) the
structural IMF.

The EMD algorithm is applied to the pitch displacement data collected from numerical simulation of the
elastically-suspended OAT15A profile. The sifting process then identifies two energetic IMFs for each con-
dition considered; one where the mean instantaneous frequency corresponds to the wind-off pitch mode and
a second for which the mean instantaneous frequency is the frequency of shock oscillation. In the following
discussion, these modes are referred to as the structural and fluidic modes, respectively. Additional IMFs are
also identified; however, the modal energies are orders of magnitude below the two dominant modes and no
physically meaningful interpretation can be drawn from them.

Figure 5 provides typical examples of the IMFs computed both when the profile is subject to lock-in (Fig-
ure 5(a), 5(c) & 5(e)) and at pitch natural frequencies exceeding the offset of lock-in (Figure 5(b), 5(d) &
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5(f)). Both correspond to the µ = 200 and ζ = 1% configuration, and with reference to Figure 1, Figure 5(a)
represents a typical Region III lock-in pitch response, whereas Figure 5(b) is characteristic of the forced
vibration behaviour of Region V.

Figure 5(c) shows the intrinsic mode function within the lock-in region for an instantaneous frequency that
is centred about the rigid aerofoil buffet frequency (the dominant fluidic mode) and Figure 5(c) provides
the IMF of the corresponding dominant structural mode. Initially, the contribution of both the fluidic and
structural modes to the pitch response is of similar magnitude. As the aerodynamics synchronise with the
pitch eigenfrequency, a reduction in the buffet and increase in the structural modal amplitudes is observed.
At τ = 3000, the pitch response has become primarily dictated by the structural mode. The converse is noted
in the IMF behaviour at structural eigenfrequencies outside of the lock-in region. Figure 5(d) indicates that
the fluidic response exhibits a short transient before converging to a steady-state, while the contribution of
the structural mode continues to decay in Figure 5(f). Overall, without amplification in the structural mode,
the pitch response adopts a character typical of forced vibration of an SDOF oscillator driven by the unsteady
shock motion.
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Figure 6: HHT computed instantaneous frequency and damping of the pitch response at µ = 200 and k̃θ =
1.60: (a) Fluidic reduced frequency; (b) Fluidic damping; (c) Structural reduced frequency; (d) Structural
damping. Extent of signal to be used in estimation of mean modal frequency and damping is indicated by

.

Considering the lock-in condition at µ = 200 and k̃θ = 1.60, Figure 6 provides the instantaneous frequency
and damping of the fluidic and structural modes computed through the HT. Immediately apparent is a discon-
tinuity in the fluidic instantaneous frequency in Figure 6(a) at τ ≈ 3000, where the modal frequency jumps
from k̃θ ≈ 1 to k ≈ k̃θ. This is accompanied by erratic estimates of instantaneous damping in Figure 6(b)
and is also evident in the transition from slowly oscillatory to effectively constant instantaneous frequency
and damping in the structural mode in Figures 6(c) and 6(d), respectively. Such behaviour is naturally a
result of synchronisation between the two modes; as the fluidic mode locks-in to the pitch eigenfrequency,
the contribution of the aerodynamic mode on the pitch response dissipates and the purely data-driven EMD
is unable to distinguish between the two modes. This also highlights one of the principal issues with the
EMD in the original form derived by Huang et. al. [18]; namely, the difficulty in separating closely spaced
modes, which in turn, is problematic for the estimation of modal stability in the present context.

To address this issue, a 10000-point moving average of the instantaneous modal frequency is computed for
each IMF. The point of mode sychronisation is determined to be when this moving average varies by greater
than 10% of the value computed in the initial 10000-point window. The mean instantaneous frequency and
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damping of each mode is then computed on a portion of the respective signals ranging 10% and 50% of
the signal length prior to synchronisation, with these values selected to avoid contamination of the estimates
by end effects [30]. The extent of the signals used in the estimation of modal parameters are shaded in
Figure 6 and Figure 7 then shows this portion of the signals on a larger scale. As the computed parameters
are inherently nonstationary, the shaded regions of Figure 7 are included to provide a measure of the variance
in the estimated modal parameters, indicating the 95% confidence bounds about the mean.

The process outlined above is repeated on the pitch response at a range of structural eigenfrequencies in the
vicinity of lock-in offset. Ideally, the complete extent of wind-off pitch natural frequencies would be consid-
ered, however, as previously outlined, the algorithm has difficulty separating closely spaced frequencies, as
is the case when k̃θ ≈ 1. The three mass ratios investigated in Section 3.2 are also considered to determine
the sensitivity of the method to changes in the structural parameters.
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Figure 7: Truncated instantaneous frequency and damping signals used in computation of mean modal fre-
quency and damping at µ = 200 and k̃θ = 1.60: (a) Fluidic reduced frequency; (b) Fluidic damping; (c)
Structural reduced frequency; (d) Structural damping. 95% confidence bounds (2σ) from the mean of each
signal are indicated by .

The resulting 95% confidence bounds of the computed modal frequency and damping ratios at each struc-
tural configuration are provided in Figure 8, with the lock-in frequency band identified through numerical
simulation shaded. Considering the modal damping, the results indicate that within the lock-in region the
fluidic mode is stable and the structural mode unstable. As the pitch natural frequency is increased, the
structural mode approaches the neutral stability condition, crossing ζ = 0% at a pitch natural frequency
coincident with lock-in offset. Conversely, the damping of the fluidic mode decreases with an increase in
k̃θ, with the mean value settling to a small, but negative, damping for pitch eigenfrequencies exceeding the
offset of lock-in. These findings agree with the study of Gao et. al. [8]; the lock-in region is characterised
by an unstable structural mode and stable fluidic mode, with an exchange in modal stability returning the
structural response to a forced oscillation character as offset occurs.

Although the HT has been employed here to extract physically meaningful information on the modal in-
teractions governing shock buffet lock-in purely through analysis of a single signal, the method exhibits
certain limitations. The most prominent of these is the variability in the damping estimates. While the modal
frequencies presented in Figure 8 are globally estimated with narrow confidence bounds, significantly di-
minished confidence is evident in the computed modal damping. It is noted that these confidence bounds are
generally tighter in the vicinity of lock-in offset; broadening for the structural mode and narrowing for the
fluidic mode as k̃θ increases. This is a consequence of the relative contribution of each mode to the overall
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pitch signal; the structural mode dominates within the lock-in region and the fluidic mode under forced vi-
bration. While the trends of exchanging stability between the modes are clear, the high level of uncertainty
far from the offset of lock-in limits the analysis to a qualitative scope.
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Figure 8: Fluidic and structural modal frequency and damping estimates (95% confidence bounds) computed
by the HHT for varying wind-off pitch frequency and mass ratio: Fluidic mode Structural mode
Lock-in region . (a) & (b) – µ = 100; (c) & (d) – µ = 200; (e) & (f) – µ = 400;

A secondary issue is evident in the frequency separation problem. For pitch natural frequencies near the
onset of lock-in the method is inviable, inhibiting the study of modal contributions in the mode veering fre-
quency band (in which the fluidic and structural modes exchange stability), and consequently, the means by
which lock-in is initiated. Further implications of this limitation are imposed on the appropriate bounds for
truncation of the signal to employ in estimation of the modal parameters. While the parameters were tuned
in the present study, a priori knowledge of the expected modal behaviour was available and extension of the
approach for robust identification given a generic multicomponent signal may be difficult. Further devel-
opment of this method is suggested as a future research direction, however, an alternate method to address
this limitations using the Higher-Order Dynamic Mode Decomposition (HODMD) has been developed by
Giannelis [31].
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4 Conclusions

In this paper, a numerical study of shock buffet lock-in on a supercritical aerofoil has been presented, with the
underlying mechanism contributing to frequency synchronisation analysed via the data-driven modal frame-
work of the Hilbert-Huang Transform. Aeroelastic simulations of an elastically-suspended OAT15A aerofoil
profile with activated pitch degree-of-freedom have shown the structural response is largely dependent on
the ratio of the wind-off structural natural frequency and the rigid aerofoil buffet frequency. For this system,
the following frequency bands of distinct dynamic behaviour have been identified:

1. Region I - At pitch natural frequencies well below the buffet, a moderate-amplitude coupled forced
vibration response develops at a frequency above the rigid buffet.

2. Region II - At pitch natural frequencies near the buffet, a transitional response exists where oscillation
amplitudes increase and the response frequency migrates from the coupled frequency of Region I to
the pitch mode.

3. Region III - For a range of pitch natural frequencies above the buffet, sychronisation between the
aerodynamic and structural modes occurs, resulting in a large-amplitude single-frequency response at
the structural natural frequency.

4. Region IV - For pitch natural frequencies near the offset of lock-in, a low-amplitude beating appears.

5. Region V - At pitch natural frequencies well above the offset of lock-in, a forced vibration response
develops with dynamics acting on multiple time-scales.

The influence of changes in mass ratio on the aeroelastic response of an aerofoil subject to shock buffet
have also been investigated. Increases in mass ratio act to narrow the lock-in frequency band and reduce
the peak response amplitudes, although the broader dynamical characteristics of lock-in region, such as the
onset frequency, are not significantly affected.

The Hilbert-Huang Transform has also been demonstrated as a potential means of performing aeroelastic
stability analysis for an elastically-suspended profile subject to shock buffet. In applying the method to pitch
displacement signals across a range of structural natural frequencies and mass ratios, the Empirical Mode
Decomposition was shown to consistently identify two dominant modes in the aeroelastic response; one cor-
responding to the buffeting flow and a second to the structural degree-of-freedom. Within the lock-in region
this coupled structural mode was found to be unstable, with offset of shock buffet synchronisation occurring
as the pitch mode regained stability. Limitations of the method were also outlined, specifically pertaining to
the high degree of uncertainty in the modal damping estimates and sensitivity to the signal lengths employed
in the modal decomposition, pointing to the need for a more robust means of mode extraction in future
studies.
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Abstract
In this paper, we take a staged approach to the model identification of an aerofoil undergoing limit-cycle
oscillations (LCOs). The aerofoil has two degrees of freedom (heave and pitch) and its response is charac-
terised by a subcritical Hopf bifurcation leading to the coexistence of LCOs alongside the stable equilibrium
of the system. First, the linearised part of the model is identified using free decay experimental data. Second,
control-based continuation is used to obtain an experimental bifurcation diagram characterising the system’s
stable and unstable LCOs during wind tunnel tests. The nonlinear part of the model is then identified by
minimizing the prediction error of the unstable LCO amplitudes as calculated by normal form analysis.

1 Introduction

Limit-cycle oscillations (LCOs), which commonly refers to self-excited, periodic responses, are present in
a wide range of engineered systems. Take, for example, aircraft wings, towed wheels and machine tools
where this phenomena is sometimes called shimmy or chatter. LCOs are often caused by the presence of a
Hopf bifurcation which can either be supercritical or subcritical. The latter case is particularly problematic
for engineered systems as it can lead to a sudden jump in the system response to high-amplitude LCOs at the
bifurcation point. Furthermore, LCOs are present even before the bifurcation point is reached. They coexist
with the stable equilibrium of the system, and perturbations to the system can therefore lead to a sudden
transition to those LCOs. If not accounted for during design, they can have catastrophic consequences as in
the case of the Helios flying wing prototype [1] and the Facebook’s Aquila UAV [].

Although the mathematical theory underlying Hopf bifurcations and LCOs is well-established [2], accurately
predicting the region of existence of such behaviours remains very challenging. For aeroelastic systems,
models can be very sophisticated and include numerous states to capture aerodynamic effects. These states
are typically not measured during experimental tests, which complicates the problem of parameter estimation
and model validation. Testing those systems can also be fraught with difficulties. For instance, as the
boundary between steady and oscillatory responses is approached, increasingly small perturbations to the
system will kick the response to the coexisting stable state. As such, it is usually difficult to precisely
measure bifurcation points such as a subcritical Hopf.

In this paper, we focus on building a mathematical model of an aerofoil that exhibits LCOs. This model in-
cludes two mechanical DOFs and an additional DOF capturing unsteady aerodynamic effects [3]. The linear
part of this model is identified using free-decay responses measured at zero wind speed. To identify the non-
linear parameters, the LCOs are measured during wind tunnel tests. To overcome the experimental challenges
previously mentioned, control-based continuation (CBC) is used. CBC is a recently-developed experimental
method that relies on feedback control to steer the response of a physical system towards behaviours of inter-
est and then uses path following techniques to track their evolution as experimental parameters (such as wind
speed) are changed [4, 5, 6]. If properly designed, the feedback controller also makes unstable orbits stable
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and hence observable. The nonlinear part of the model is then identified by minimizing the prediction error
of the unstable LCO amplitudes as calculated by normal form analysis. To avoid computationally-intensive
simulations, we use center manifold reduction and Hopf normal form to predict the response amplitude of
the unstable LCOs. This approach also resolves the problem with the unmeasured states of the model.

2 Measurement of LCOs using control based continuation

2.1 Phase-plane CBC

In this paper, we consider a simple proportional plus derivative control signal given by

Γ(t) = Kp(z
∗(t) − z(t)) +Kd(ż

∗(t) − ż(t)) (1)

where z(t) is the scalar system output (measured signal), z∗(t) is the scalar control target, Kp is the propor-
tional control gain, and Kd is the derivative control gain. The fundamental idea underlying CBC is to make
this control signal non-invasive such that responses observed in the controlled experiment correspond to the
behaviour of the underlying uncontrolled system of interest [7]. This non-invasiveness requirement defines
a zero-problem where the reference signal z∗(t) has to be found such that Γ(t) ≡ 0. Although the control
signal Γ is equivalently zero, the feedback controller modifies the system linearization and hence the stability
of its LCOs. If properly designed, this can make unstable LCOs stable and hence observable.

CBC has been applied to a wide range of harmonically-forced systems including nonlinear energy har-
vesters [8, 9, 10], a bilinear oscillator [11, 12, 13] and a nonlinear beam with harmonically-coupled modes [14,
6]. The notable difference between these previous applications of CBC and the one considered here is that
the frequency of oscillation of the system is here not given by an external excitation and is a priori unknown.
To overcome this issue, we impose a phase-locking between the control reference and the system’s response.
This can be interpreted as choosing a particular phase condition for the response of the autonomous system
and removing the temporal aspect of the problem. Finding the suitable control target is thus a geometric
problem where an accurate representation of the periodic orbit (i.e. a closed curve) has to be found in phase
plane [15].

We assume the measured signal, z(t), and its time derivative, ż, are single harmonic signals

z(t) =A cosφ,

ż(t) = −Aφ̇ sinφ,
(2)

where A is the signal amplitude and φ its instantaneous phase. φ̇ is the frequency of the response which is
constant if the system is at the steady-state. Setting the control target to

z∗(t) = Â cos
(

tan−1
(−ż(t)
φ̇z(t)

))
, (3)

the problem of finding a non-invasive control signal reduces to finding the amplitude of the reference signal
Â such that Ξ = Â − A(Â) = 0. Finding the solution of this problem is achieved using a fixed point
algorithm. In practice, non-invasiveness is achieved when Ξ ≤ 2e−3. φ̇ is estimated from the zero-crossing
points of z(t) and updated until convergence is achieved.

2.2 Wind tunnel results

The aerofoil considered here is made of a NACA-0015 wing profile which moves in heave and pitch. Coil
springs provide linear stiffnesses in torsion and translation, and a spring plate adds a nonlinear stiffness to
the system. CBC ran on a laptop computer connected to the real-time controller (RTC) built on BeagleBone
Black fitted with a custom data acquisition board [16]. Measurements were taken with a 5 kHz sampling
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Figure 1: Aeroelastic system. (a) Schematic. (b) Physical rig in one of Bristol’s wind tunnels.
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Figure 2: Bifurcation diagrams obtained using phase-locked CBC. (a, b) Heave amplitudes obtained for two
different torsional springs. Blue and red circles represent stable and unstable LCOs, respectively.

frequency and without any filter. The control force used to stabilize the unstable LCOs was applied to the
heave direction using an APS Electro-Seis shaker (see Figure 1).

The experiments were repeated for two different torsional springs. The bifurcation diagrams measured using
CBC are presented in Figures 2(a) and 2(b). Stable and unstable LCOs are shown using blue and red markers,
respectively. For velocity values smaller than ≈ 17.2 m/s in Figure 2(a) and 24 m/s in Figure 2(b), the aerofoil
can also exhibit a stable steady response (i.e. equilibrium) which thus coexists with the stable LCOs. Figure 3
compares the control target (red) and the response of the system (blue) for a range of wind speeds. The
excellent agreement between the two shows the control is noninvasive.
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Figure 3: Comparison between the control target and the aerofoil response in heave. (a) Unstable LCO
(U=14.9 m/sec), (b) Unstable LCO (U=15.6 m/sec), (c) Unstable LCO (U=16.5 m/sec), (d) Stable LCO
(U=14.9 m/sec), (e) Stable LCO (U=15.6 m/sec), (f) Stable LCO (U=16.5 m/sec). Blue line is the heave
response of the rig, red line is the control target.

3 Modelling and parameter estimation

3.1 Physics-based mathematical model

We use the model presented in [3] that captures unsteady aerodynamic effects and was shown to give more
accurate results than quasi-static aerodynamic models [17]. The equations of motion are

Mp̈ + Dṗ + Kpp + N(p) = 0. (4)

where p = [h, α,w]T ; h is the heave, α is the pitch, and w is an aerodynamic state. The vector N(p) =
[0, kα2α

2 + kα3α
3, 0]T represents the nonlinear torsional stiffness forces acting on the pitch DOF. Other

nonlinearities introduced by, for instance, friction and aerodynamic forces are not considered in this model.
The linear mass M, damping D and stiffness K matrices are given by

M =




mT + πρb2 mxαb− aπρb3 0
mxαb− aπρb3 Iα + π(1/8 + a2)ρb4 0

0 0 1


 , (5)

D =




ch + πρbU (1 + (1/2 − a))πb2U 2πU2b(c1c2 + c3c4)
−π(a+ 1/2)ρb2 cα + (1/4 − a2)πρb3U −2πrhob2U2(a+ 1/2)(c1c2 + c3c4)

−1/b a− 1/2 (c2 + c4)U/b


 , (6)

and

K =



kh πρbU2 2πU3c2c4(c1 + c3)
0 kα − π(1/2 + a)ρb2U2 −2πrhobU3(a+ 1/2)(c2c4(c1 + c3)
0 −U/b c2c4U

2/b2


 , (7)

where c0 = 1, c1 = 0.105, c2 = 0.0455, c3 = 0.335, c4 = 0.3, U is wind speed, and other parameters are
described in Table 1 and illustrated in Figure 4.
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Figure 4: Schematic drawing of simplified aeroelastic model.

Table 1: Parameters of aeroelastic model.

Parameter Description
b Wing semi-chord (m)
a Position of elastic axis relative to the semi-chord
ρ Air density (m/m3)
mw Mass of the wing (kg)
mT Mass of wing and support (kg)
Iα Moment of inertia of wing about the elastic axis (kgm2)
cα Linear damping coefficient in pitch (N m s/rad)
ch Linear damping coefficient in heave (N s/m)
kα Linear stiffness in pitch (N m/rad)
kα2 Quadratic stiffness coefficient in pitch (N m/rad2)
kα3 Cubic stiffness coefficient in pitch (Nm/rad3)
kh Linear stiffness in heave (N/m)
xα Nondimensional distance between center of gravity and elastic axis

3.2 Linear parameter estimation

Assuming that the contribution of the nonlinear terms N(p) is negligible when the response amplitude is
small, the unknown parameters of the underlying linear model (4) can be estimated from free-decay responses
at zero wind velocity (U = 0). The wing semi-chord b, the position of the elastic axis relative to the semi-
chord a, the mass of the wing m, the total mass of the structure including support mT , the modal frequency
of pitch ωα =

√
kα/Iα, the modal frequency of the heave ωh =

√
kh/mT , the air density ρ and the

non-dimensional distance between the center of gravity and the elastic axis xα are the coefficients that are
known (or relatively easy to measure). The vector of unknown parameters θ = [Iα, cα, ch, ḣ(0), α̇(0)]T was
identified via prediction-error methods [18]. Measured and identified parameters are given in Table 2. Values
obtained for each torsional spring are given.

Table 2: Linear parameter values measured or identified using PEM. Values in brackets refer to parameters
obtained for the second torsional stiffness.

Measured Parameter Value Identified Parameter Value
b 0.15 Iα 0.1724
a -0.5 cα 0.5628 (1.0338)
ρ 1.204 ch 14.5756
kh 3529.4 kα 54.11 (60.29)
mw 5.3
mT 16.9
xα 0.24
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3.3 Nonlinear parameter estimation

The nonlinear stiffness parameters kα2 and kα3 are now estimated by comparing the amplitude of the LCOs
measured experimentally and predicted by the model. To avoid computationally expensive simulations, we
use normal form theory to predict the LCO amplitude. As this is an analytical technique which is accu-
rate only locally around the Hopf bifurcation point, only the unstable LCOs are considered for parameter
estimation.

Rewriting Eqs. (4) in terms of first-order differential equations and introducing a new parameter µ such
that the Hopf bifurcation occurs at µ = 0, a center manifold reduction can be applied [19]. The transfor-
mation considered here leads to the simplest normal form of a Hopf bifurcation [20]. The algorithm was
implemented using the Julia programming language [21] and are available at [22].

The amplitude R of the LCO can then be expressed as

dR

dt
=p1µR+ (p2kα3 + p3k

2
α2)R

3, (8)

where coefficients p1, p2, p3 are given in Table 3 and depend on the previously-identified parameters of the
underlying linear system. Nonlinear parameters can then be identified by minimizing the prediction error
using the derived normal form. Obtained parameter values are also shown in Table 3.

Table 3: Parameter values for the reduced LCO dynamics and identified nonlinear stiffness parameters.
Values in brackets refer to parameters obtained for the second torsional stiffness.

Parameter Value
p1 8.7 ×10−3 (6.7 ×10−3)
p2 -4.5 ×10−5 (-2.9 ×10−5)
p3 8.4 ×10−7 (4.6 ×10−7)

kα2 (N/m) 751.6 (774.7)
kα3 (N ) 5006.7 (3490.7)

The response of the system for estimated parameter values was then investigated using numerical continua-
tion. In Figure 5 the computed bifurcation diagram is directly compared to the bifurcation diagram measured
experimentally. For both srping configurations, the model seems to capture accurately the unstable LCOs.
In Figure 5(a), the model also captures accurately the fold point and the first two stable LCOs. However, as
the response amplitude increases, the trend exhibit by stable LCOs is not well captured by the model (clearly
visible in Figure 5(b)). It is though to be due to unmodelled aerodynamic effects which are not captured by
the conceptually-simple 1-DOF aerodynamic model considered here.

4 Conclusions

In this research, the procedure to identify the unknown parameters of the nonlinear differential equation
model with subcritical Hopf bifurcation is developed. CBC is used to measure the unstable LCOs by stabi-
lizing it. The linearised part of the model is identified via state-space approach. The nonlinear part of the
model is identified by parametrizing the amplitude of the LCO using center manifold reduction and normal
form. The identified model is compared with the measured results of CBC by numerical continuation and it
shows a good agreement.
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Figure 5: Comparison between measured and Computed amplitude of limit cycle. (a) Heave amplitude of
system 1 (b) Heave amplitude of system 2. Blue line is computed amplitude by numerical continuation, blue
circle is measured stable limit cycle, and red circle is measured unstable limit cycle.
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[13] M. Elmegård, B. Krauskopf, H. M. Osinga, J. Starke, and J. J. Thomsen, “Bifurcation analysis of a
smoothed model of a forced impacting beam and comparison with an experiment,” Nonlinear Dynam-
ics, vol. 77, no. 3, pp. 951–966, 2014.

[14] L. Renson, A. Shaw, D. Barton, and S. Neild, “Application of control-based continuation to a nonlinear
structure with harmonically coupled modes,” Mechanical Systems and Signal Processing, vol. 120, pp.
449 – 464, 2019.

[15] I. Tartaruga, “Experimental identification of unstable lcos in a wing profile,” NODYCON 2019 PRO-
CEEDINGS, 2019.

[16] D. A. W. Barton, A real-time controller (RTC) based on the Beaglebone Black, 2018 (accessed Sep,
2018). [Online]. Available: https://github.com/dawbarton/rtc

[17] T. W. Strganac, J. Ko, and D. E. Thompson, “Identification and control of limit cycle oscillations in
aeroelastic systems,” Journal of Guidance, Control, and Dynamics, vol. 23, no. 6, pp. 1127–1133,
2000.

[18] L. Ljung, “System identification,” Wiley Encyclopedia of Electrical and Electronics Engineering, 2001.

[19] J. Carr, Applications of centre manifold theory. Springer Science & Business Media, 2012, vol. 35.

[20] P. Yu and A. Leung, “The simplest normal form of Hopf bifurcation,” Nonlinearity, vol. 16, no. 1, p.
277, 2002.

[21] J. Bezanson, A. Edelman, S. Karpinski, and V. B. Shah, “Julia: A fresh approach to numerical comput-
ing,” SIAM review, vol. 59, no. 1, pp. 65–98, 2017.

[22] K. Lee, Computation of center manifold and Hopf normal from of autonomous differential
equation, 2019 (accessed Dec, 2019). [Online]. Available: https://github.com/Kyounghyunlee/
HopfNormalForm.jl

268 PROCEEDINGS OF ISMA2020 AND USD2020



Aeroelastic stability of a labyrinth seal coupled to a
flexible stator, with a one control-volume bulk-flow model
including temperature fluctuations

M. Fleury 1,2, F. Thouverez 1, L. Blanc 1, P. Girard 2

1 Ecole Centrale de Lyon, Laboratoire de Tribologie et Dynamique des Systèmes,
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Abstract
In turbomachinery, labyrinth seals are key components to reach high performance of the engine. To that
end, manufacturers of sealing systems tend to reduce the radial clearance between stationary and rotating
parts of the turbine to increase efficiency. They also reduce the thickness of structural parts to get lighter
designs. These new designs could lead to aeroelastic instability issues. To prevent such instability problems,
an accurate prediction of the aeroelastic effective damping is necessary. Stability criteria used in the industry
are mainly based on empirical observations and show limitations. A more representative prediction can be
done using CFD calculations, but it remains computationally expensive. In this paper, a semi-analytical
model is developed to analyze the fluid-structure interaction inside a multi-fins straight labyrinth seal. Fluid
equations are written using a one control-volume bulk flow model, and assuming temperature fluctuations.
This last feature is rarely addressed in the literature and is expected to provide better fidelity.

1 Introduction

In gas turbomachinery, labyrinth seals are used to control the leakage between high-pressure and low-
pressure regions. They are located between the rotating and stationary parts of the structure. They are
composed of several radial fins, forming annular cavities with gas recirculation inside. The axial leakage
is allowed by a clearance of a few hundreds of microns, that leads to pressure drops all through the seal.
New designs of seals present more deformable structural parts and even reduced clearances. Under certain
operating conditions, this can lead to aeroelastic instabilities, such as flutter, which entails fatigue cracks.
Such phenomenon has been historically observed on different labyrinth seals [1, 2] and becomes nowadays
even more sensitive. Thus, it is necessary to achieve an accurate prediction of the seal behavior, to prevent
damage.

Sealing systems stability has been studied for many years. In the 1960s, Alford [3] and Ehrich [4] are the
first to highlight different parameters of influence. Radial clearance and fin-support position (high-pressure
or low-pressure side) are shown to have both critical impact. Alford also proposes a stability criterion
[1], considering radial deflection, and based on empirical results. This model neglects a lot of physical
parameters, such as radial clearance, and cannot be used to predict flutter in seals. In the early 1980s, Lewis
et al. [2] and Abbott [5] propose an improvement of Alford model. Abbott’s criterion suggests that in the
case of a high-pressure side support, the seal is stable as long as the mechanical frequency is lower than the
acoustic frequency, at same nodal diameter. The phenomenon is reversed in the case of a low-pressure side
support. This model, even if employed in the industry, assumes a weak coupling between fluid and structure,
and remains poorly predictive in some cases.
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Then, in the 1990s, a semi-analytical model, based on Iwatsubo work [6], was proposed by Childs and
Scharrer [7]. The continuity and momentum equations are written for a control volume in each cavity,
assuming isothermal flow along the seal. Resolution is carried out in two steps, assuming small perturbations
around the steady state, leading to linearized equations for the resolution of the unsteady problem. The main
flaw of this model is to consider a whole rigid structure, whereas new geometries of aircraft engines present
thin parts, that might undergo deformations.

Then, developments in CFD calculations allowed better understanding of labyrinth seal behavior. In their
different works, Rhode [8], Kwanka, Tsukuda and Hirano [9, 10] perform predictions of rotordynamic co-
efficients of the seal. Although reliable, CFD approach remains computationally expensive with respect to
bulk-flow model, and cannot be used for pre-design studies. Recently, Cangioli et al. [11, 12] propose a one
control-volume bulk-flow model involving thermodynamics, by introducing the energy equation at steady-
state, with an enthalpic formulation. Corral and Vega [13, 14] also propose a stability criterion based on an
explicit expression of the work per cycle: stability is assessed through the comparison between discharge
time and acoustic propagation time along cavity.

The purpose of this paper is to propose a new semi-analytical model, rewritting the Navier-Stokes continuity
and momentum equations, adding the energy equation to take the effect of temperature fluctuations into ac-
count, at both steady and unsteady states - this last point being the most remarkable novelty. One considers
a simplified but representative design of phenomena occuring in labyrinth seals. For confidentiality issues,
tested geometries presented are not real industrial seals. The model includes a rigid shaft, supporting the
seal, and a flexible stator. It allows for different configurations of seal (multi-cavities, shaft rotation, inlet
circumferential velocity). The structural motion induces pressure and velocity fluctuations inside the cavities
of the labyrinth seal. The structure dynamics is described using a cylindrical shell model taking into account
the support position (high-pressure side or low-pressure side, hereinafter ’HP’ or ’LP’). A monolithic res-
olution of fluid and structural equations is carried out, leading to a strongly coupled model. While models
historically used to be based on isothermic approaches [7, 15], or adiabatic ones [13], the approach in this
paper is more general. With this model, these two limit cases can be identified and a better interpretation of
seal behavior is obtained.

2 Fluid governing equations

2.1 Problem definition and hypotheses

This model is based on the one-control volume bulk-flow model of Childs and Scharrer [7]. It includes
multi-cavities and shaft rotation. Each cavity i is represented by one control-volume (Fig. 1). The fluid
characteristics assumptions are as follows :

1. Air is supposed to be a perfect gas ; consequently, the ideal gas law will be used to describe the fluid
state;

2. Air is a compressible gas, its density will vary in time and space.

3. A viscous flow is considered : the circumferential shear stresses will be calculated using a Colebrook
model [16];

4. Pressure variations inside a cavity is negligible with respect to pressure variations between the cavities;

5. A choked flow condition is assumed on the last fin of the labyrinth seal.

Thermodynamically, rotor and stator are supposed to be adiabatic walls. The main contribution of this work is
to introduce the energy equation to the model, allowing to consider the influence of temperature fluctuations
through the seal. Indeed, this new approach enables to be more representative of industrial configurations,
where shaft rotation might introduce heating due to wall friction. Moreover, a formulation in temperature
has been preferred to an enthalpic one [11], because it enables a better physical interpretation of the results,
as it is a measurable variable. The temperature fluctuation is taken into account at both steady and unsteady
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states. The implementation of energy equation at unsteady state represents the main improvement of this
model with respect to other one control-volume models such as Cangioli’s one [11].

ROTOR

STATOR

ṁi+1ṁi 1 CV

Pi−1

Ti−1

Ui−1

Hi−1

Pi

Ti

Ui

Hi

Pi+1

Ti+1

Ui+1

Hi+1

ω

Figure 1: Control Volume of the i-th cavity with thermodynamic and kinematic variables

Fluid behavior is described by the Navier-Stokes equations in each cavity, that leads to a highly non-linear
system. Variables describing the system in a cavity i (Fig. 1) are: pressure Pi, temperature Ti, circumferential
velocity Ui, fluid density ρi , radial displacement Hi and mass flow rate ṁi. Nominal radial clearance Cr
denotes the distance between teeth tip and stator at rest.

2.2 Navier-Stokes equations

The model governing fluid behavior within a cavity is inspired by Childs work [17, 7] and based on Navier-
Stokes equations. Unlikely to Childs hypotheses, one does not consider an isothermic flow. For each control
volume of a cavity i, the fluid integrated governing equations are the following:

• Continuity equation:
∂

∂t
(ρiAi) +

1

Rs
[
∂

∂θ
(UiAiρi)] + ṁi+1 − ṁi = 0 (1)

• Circumferential momentum equation:

∂

∂t
(ρiUiAi) +

1

Rs

∂

∂θ
(ρiAiU

2
i ) + Uiṁi+1 − Ui−1ṁi = −

Ai
Rs

∂Pi
∂θ

+ τr,iar,iL− τs,ias,iL (2)

The fluid shear stress τr,i and τs,i (respectively for the rotor and the stator) are expressed using a
Colebrook formulation [16]. This formulation as been preferred to a Blasius one as it shown better
results, especially for high Reynolds number [15].

• Energy equation:

∂

∂t
((CpTi +

U2
i

2
)ρiAi) +

∂

∂θ
((CpTi +

U2
i

2
)
ρiAiUi
Rs

) + ṁi(CpTi +
U2
i

2
)− ṁi−1(CpTi−1 +

U2
i−1
2

)

= τr,iar,iLiRsω +
∂

∂t
(PiAi)

(3)

This last equation is based on the White’s enthalpic formulation [18], assuming we have:

ui = hi − Pi
ρi
, and hi = CpTi + h0, where h0 is an arbitrary constant.

Here, a temperature formulation is chosen as it is a physical and measurable variable.
Finally, to represent fluid leakage behavior in axial direction, a mass-flow equation is necessary. This last
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one induces pressure coupling between cavity i and cavity i − 1. Here, mass flow-rate is modeled using a
modified form of the Neumann’s empirical formula [19]:

ṁi = µ0µiHi

√
P 2
i−1 − P 2

i

RTi
, (4)

with µi being the kinetic carry-over coefficient, and µ0 the discharge coefficient.

The system of equations (1), (2), (3), (4) provides a fully-coupled and highly non-linear problem to describe
fluid behavior within the seal. Small perturbation method is carried out below.

2.3 Linearized problem

To predict system’s dynamics, equations (1), (2), (3), (4) are developed using a perturbation method. It
assumes small variations around a mean value. In cavity i, thermodynamic and kinematic variables are
written as sums of a mean term (zeroth order) and a fluctuation term (first order), where ε denotes the
perturbation parameter:

Pi = P0i + εP ′i ,

Ti = T0i + εT ′i ,

Ui = U0i + εU ′i ,

ρi = ρ0i + ερ′i,

Hi = Cr + εH ′i,

ṁi = ṁ0i + εṁ′i.

(5)

Equations (5) can be solved separately, cascading linear algorithms to solve zeroth and first epsilon orders.

2.3.1 Steady-state problem

Equations at steady-state are established here to provide mean distributions of pressure, circumferential
velocity and temperature within the seal. At steady-state, Navier-Stokes equations are reduced to :

• Continuity equation:
ṁ0i+1 = ṁ0i = ṁ0 ∀i (6)

• Circumferential momentum equation:

ṁ0(U0i − U0i−1) = τr0,iar0L− τs0,ias0L (7)

with

τr0,i =
1

2

P0i

RT0i
(Rsω − U0i)

2nr(
|Rsω − U0i|Dh

ν
)
mr

sgn(Rsω − U0i) (8)

and
τs0,i =

1

2

P0i

RT0i
U0i

2nr(
U0iDh

ν
)
mr

sgn(U0i) (9)

• Energy equation:

ṁ0(CpT0i +
Ui

2

2
)− ṁ0(CpT0i−1 +

Ui−12

2
) = τr0,iRsωL (10)

To solve this system, we need to provide fluid input parameters and evaluate the mass flow rate assuming a
choked flow hypothesis [20].

Problem inputs are inlet and outlet pressures, inlet temperature, inlet velocity, and shaft rotation velocity. To
obtain solution at steady-state, a first approximation of the flow-rate has to be achieved. To that end, choked
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flow conditions are assumed on the last fin [20]. This enables to define the ratio between the oultet pressure
PS and the last cavity pressure P0N−1 as 0.528 [15]. then, the steady mass flow-rate in the last cavity is
given by Fliegner’s formula [21]:

ṁ0 =
0.510µ0√
RT0

P0N−1Cr. (11)

By means of this equation and Neumann’s one (eq. (4)) , we get a closed system of fully-coupled equations.

The addition of the energy equation induces a coupling between the three equations at zeroth order. More-
over, the cavities are linked to each other : the state of the cavity i clearly depends on the cavities i − 1
and i + 1. This implies a monolithic resolution of the steady state problem, involving a Newton-Raphson
algorithm. To perform the resolution, a well chosen initial point is necessary to prevent convergence issues.
The solution result of the Navier-Stokes equations without the energy equation is chosen as initial point.

It is to be noticed that the choked flow condition is checked after each iteration of the whole procedure, and
a correction on the flow-rate is made until satisfactory convergence on the pressure distribution. This first
step provides pressure, circumferential velocity and temperature distributions at steady-state.

2.3.2 First-Order problem

As stated before, the governing equations (1), (2), (3) are expanded using a perturbation analysis method (eq.
(5)). The linearized equations at order ε are presented in Appendix A of this paper.

Due to the geometry, the solution is expanded as Fourier series (according to the angle θ); each fluctuation
variable y′i is written as follows:

y′i =
J∑

n=1

[ycn,icos(nθ) + ysn,isin(nθ)], (12)

where n is the spatial harmonic and J is the truncature order.

Pressure, circumferential velocity, radial displacement and temperature variables are expressed by means
of the relation (12) and susbtituted into the linearized system (cf. appendix A) leading to a trigonometric
equations system. The resolution of the new system is carried out using a Galerkin approach in order to
obtain a linear algebraic problem. We may note that such projection lead to a separation of the harmonics
between them.

3 Structural equations

The structural model assumes a rigid shaft and a deformable stator. This last point constitutes the main differ-
ence with the Childs’ structure modelling [17] and is expected to provide a more representative description.
Fins can be located either on rotor or stator. We assume there is no excentricity between rotor and stator axis;
the displacement fluctuation is due to the flexibility of stator part. A flexural cylindrical shell theory [22] is
used to describe the stator dynamic behavior.

The structure undergoes flexural vibration along the axis, as illustrated in figure 2. This kinematics is intro-
duced adding a quadratic factor depending on axial position and clamping condition to the radial displace-
ment.

The radial displacement is expanded as a Fourier series. Due to the fact that the spatial harmonics are
uncoupled, we will consider the harmonics one by one. With such formulation, each harmonic n can be
directly identified to the nodal diameter of the structure.

The radial displacement for a given harmonic n takes the form (with function z defined in Fig. 2):

w(x, θ, t) = z(x)[an(t)cos(nθ) + bn(t)sin(nθ)].

AERO-ELASTICITY 273



Figure 2: First bending mode for high-pressure support side (left) and low-pressure support side (right)

The stator dynamics equations are obtained calculating the Lagrangian L of the problem:

L = Ec − Ed +Wext.

with, Ec being the kinetic energy, Ed the strain energy and Wext the work of external forces.

The strain energy is calculated from the Frey model [22]:

Ed =
1

2

∫∫
D
[
(
1

R2

∂2w

∂θ2
)2 + 2

ν

R2

∂2w

∂x2
∂2w

∂θ2
+ (

∂2w

∂x2
)2 +

2(1− ν)
R2

(
∂2w

∂x∂θ
)2
]
Rdθdx. (13)

The kinetic energy is expressed as follows:

Ec =
1

2

∫∫∫
ρẇ2(x, θ, t)rdrdθdx. (14)

The fluid work on the structure is given by:

Wext = −
∫ 2π

0

∫ Ltot

0
P (x, θ, t)~u.~nRsdθdx, (15)

where ~u = w(x, θ, t)~er is the radial displacement, and ~n is the normalized surface normal vector.

As the pressure is variable within the seal, the work calculation is performed cavity per cavity, the fluid work
then takes the form of a sum of contributions:

Wext = −
N∑

i=1

∫ 2π

0

∫ L(xi)

L(xi−1)
Pi(θ, t)~u(xi).~nRsdθdx. (16)

Coefficients resulting from the calculation of Lagrangian equations are given in appendix B. We define S1,
S2, S3,i and S4,i the coefficients respectively associated with kinetic energy, strain energy, work induced by
pressure fluctuation and work induced by mean pressure. This enables to write the matrix system associated
to the structural equation of one cavity i:



S1 0 0 0

0 S1 0 0







än

b̈n

p̈cn,i

p̈sn,i




+



S2 + S4,i 0 S3,i 0

0 S2 + S4,i 0 S3,i







an

bn

pcn,i

psn,i




= 0. (17)

Natural frequencies of a given geometry of cylindrical shell have been calculated, and compared to results of
experimental modal analysis. For a large frequency range (the first 6 nodal diameters have been considered),
results between numerical model and experimental data were consistent, allowing to validate the structural
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model. FE simulations also confirm the correct prediction of mechanical frequencies. Moreover, based on
experimental results, a correction can be added to the flexural rigidity to obtain more accurate values of
mechanical frequencies for a given nodal diameter.

4 Strong fluid-structure coupling

To couple fluid and structural equations, one have to link the kinematics variables describing the stator
motion. For each fluid cavity i, the radial displacement H ′i (corresponding to the clearance variation) can be
expressed as a function of the generalized coordinates of the cylindrical shell an and bn, depending on the
clamping condition, then:

H ′i(θ, t) = w(xi, θ, t). (18)

This rearrangement allows to describe the kinematics of whole problem with the variables an and bn.

Considering (N-1) cavities, the fluid system provides a set of 6(N − 1) equations. Two additional equations
are added coming from the structural problem. The global system can be written as follows:

[M ]Ẍ+ [C]Ẋ+ [K]X = 0, (19)

where [M ], [C] and [K] are [6(N − 1) + 2]× [6(N − 1) + 2] banded matrix. X is containing kinematic and
fluid variables, with the following arrangement:

[X]T = [an bn X1 ... Xi ... XN], (20)

with
[Xi]

T = [pc
n,i ps

n,i uc
n,i us

n,i Tc
n,i Ts

n,i],

where i is the cavity number and n the harmonic number. We will seek the complex eigenvalues (λk) of (19)
to analyze the evolution of the pulsation (associated to the imaginary part) and the stability (associated to the
real part). In order to connect the results to the classical mechanical analysis [23], we will prefer display the
following quantities: ζk = Re(λk)

|λk| , fk = 1
2π

Im(λk)√
1−ζ2k

. By convention, a positive value of ζk is associated to an

unstable system.

5 Results

5.1 Global view of operating strategy

Different modal analyses are carried out to highlight critical parameters on seal stability. Results of these
analyses are presented in this section. Tested geometries and operational fluid parameters are representative
of industrial seals. Configuration data inputs are presented in table 1. The considered solicitation mode is the
2 nodal diameter one, as it is commonly among the most subject to aeroelastic issues. Sensitivity analyses
presented here give some qualitative results, to be compared and correlated with empirical knowledge of seal
stability. The analysis is performed on a range of fluid inlet circumferential velocities (preswirl). Figures
show evolution of fully-coupled acoustic and structural frequencies, and the corresponding evolution of
reduced damping ratios.

Also, to evaluate the coupling effect, acoustic frequency and natural mechanical frequency of the cylinder in
vacuum are plotted with dashed lines. The theoretical acoustic frequency is given by the formula:

fac =
nc

2πRs
, (21)

where n is the nodal diameter and c the sound velocity.

Firstly, a one-cavity seal is studied to highlight the influence of seal-cavity length on the structural and
acoustic frequencies in section 5.2. The model enables to evaluate sensitivity to different notable parameters,
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Table 1: Data inputs of tested configurations - invariant parameters: inlet pressure Pin = 8 bar, outlet
pressure Pout = 1 bar, inlet temperature Tin = 293 K, shaft radius Rs = 76.4 mm, stator thickness
e = 4.5mm, stator length Lt = 130mm, nodal diameter n = 2 , varying parameters are given below.

Configuration reference C1 C2 C3 C4 C5 C6 C7
Support side HP HP HP HP HP HP LP
Nominal clearance Cr[µm] 150 150 150 150 500 150 150
Number of cavities Ncav 1 1 1 1 1 3 3
Length L1[mm] (cf.Fig. 3) 5 5 5 5 5 5 5
Length L2[mm] (cf. Fig. 3) 105 5 50 90 90 50 20
Cavity length Lcav[mm] 20 120 75 35 35 75/3 105/3

Shaft rotation ω[rpm] 0 0 0 0 0 0 5000

such as inlet pressure, radial clearance, number of cavities, nodal diameter, clamping condition. In section
5.3, we present the stability sensitivity to the radial clearance and number of cavities. Finally, the influence
of energy equation is illustrated for a 3 cavities seal, showing our results changes when the energy equation
is removed .

5.2 Fluid-Structure coupling sensitivity to seal cavity length

In this section, attention is paid to the influence of cavity length on the fluid-structure coupling. For a given
configuration (fixed fluid parameters and cylinder geometry), the varying parameter is the cavity length
(Fig. 3). The evolution of frequencies appears to be very different from one case to another (Fig. 4). For

Figure 3: Cavity length description

configuration C1 (Fig. 4.a), the smallest cavity, there is no visible coupling between the acoustic frequency of
the cavity and the structural frequency of the cylinder. For this case, the structural frequency does not appear
to vary with preswirl, and its value is equal to the uncoupled natural frequency (1086 Hz). A difference
between the fixed acoustic frequency (absence of preswirl) and theoretical acoustic frequency (represented
with dashed lines at 1430 Hz) is observed. This point is due to the presence of leakage flow in axial direction
(in opposition to a closed acoustic cavity). Conversely, in configuration C2 (Fig. 4.b), the one-cavity seal
presents a very large cavity length, almost equal to the cylinder length. In this configuration, the structural
frequency changes according to the preswirl, and differs from the uncoupled natural frequency. A split
between these two modes is well observed. In this case, interaction between the acoustic and structural
waves is notable. In configuration C3 (Fig. 4.c), the cavity length is approximately equal to half the cylinder
length. The coupling between the acoustic backward wave and structural wave is notable. Indeed, from a
preswirl of 70 m/s, a mode shape exchange is visible between acoustic and structural modes. This result
highlights the influence of cavity geometry on fluid-structure coupling. This point is consistent with other
literature studies [24].
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(a) Configuration C1 (b) Configuration C2

(c) Configuration C3

Figure 4: Acoustic and structural frequencies evolutions for 3 different cavity lengths
(—) Forward acoustics dominated mode, (—) Backward acoustics dominated mode, (—) Forward structure
dominated mode, (—) Backward structure dominated mode, (- -) Uncoupled acoustic frequency, (- -) Natural
mechanical frequency.

5.3 Stability analysis: results

5.3.1 Radial clearance influence

In this section, we will present the influence of radial clearance on configurations C4 and C5. First, focusing
on frequencies in figures 5.a and 5.b, we note a coupling between structural and acoustic waves: an exchange
of mode shapes is visible at around 50 m/s. Frequencies evolution between the two configurations are similar.
Thus, it can be noticed that the forward acoustic wave tends to evolve more with respect to the preswirl, in
the case of a radial clearance of 500 µm. This can be explained by a greater mass flow rate through the seal,
allowed by a bigger clearance. It is to be noticed that the choked flow condition is verified in both cases.
Damping ratios evolutions (Fig. 5.c and 5.d) present notable differences. In the case of a smaller clearance,
an instability appears for a preswirl of 50 m/s whereas the other configuration remains stable until a preswirl
of 140 m/s. This instability is assigned to the acoustic wave. The high sensitivity to radial clearance is in
agreement and confirms the known trends of seal stability [2, 13, 24].
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(a) Configuration C4 - frequencies (b) Configuration C5 - frequencies

(c) Configuration C4 - reduced damping ratios (d) Configuration C5 - reduced damping ratios

Figure 5: Frequencies and reduced damping ratios evolutions for a 150 and a 500 µm clearance seals
(—) Forward acoustics dominated mode, (—) Backward acoustics dominated mode, (—) Forward structure
dominated mode, (—) Backward structure dominated mode, (- -) Uncoupled acoustic frequency, (- -) Natural
mechanical frequency.

5.3.2 Number of cavities influence

To provide a more comprehensive analysis, the model is extended to the study of a 3 cavities labyrinth seal.
This section presents behavior differences between a single cavity and a 3 cavities seals (configurations C3
and C6 respectively). Focusing on the coupled frequencies of the 3 cavities seal (Fig. 6.b), one identifies this
time 2 additional couples of forward and backward (hereinafter respectively fwd and bwd) waves, associated
with the acoustic frequencies of second and third cavities. Also, at zero preswirl velocity, a closer look reveals
slightly different values of frequencies from one cavity to another, which is due to the pressure distribution
along the seal. This last point also explains the difference in the evolution of acoustic frequencies with
preswirl. Considering respective damping ratios evolutions (Fig. 6.c and 6.d), a stabilizing effect is clearly
visible between configurations C3 (single cavity) and C6 (3 cavities). Whereas the one cavity seal appears to
be unstable for values of preswirl over 30 m/s, the 3 cavities seals remains stable at any preswirl value. We
may note that minimal damping ratio values for C6 are one order of magnitude larger than for configuration
C3.

278 PROCEEDINGS OF ISMA2020 AND USD2020



(a) Configuration C3 - frequencies (b) Configuration C6 - frequencies

(c) Configuration C3 - reduced damping ratios (d) Configuration C6 - reduced damping ratios

Figure 6: Evolutions of acoustic and structural frequencies for a single cavity and a 3 cavities labyrinth seals
(—) Fwd acoustics dominated mode 1, (—) Bwd acoustics dominated mode 1, (—) Fwd structure dominated
mode, (—) Bwd structure dominated mode (—) Fwd acoustics dominated mode 2, (—) Bwd acoustics
dominated mode 2, (—) Fwd acoustics dominated mode 3, (—) Bwd acoustics dominated mode 3, (- -)
Uncoupled acoustic frequency, (- -) Natural mechanical frequency.

5.3.3 Energy equation influence

This section focuses on the effect of energy equation. We will compare results obtained from the whole
model (including energy equation) with the one without the energy equation, for configuration (C7).This
configuration is a 3-cavities labyrinth seal, considering a shaft rotation of ω = 5000 rpm, and LP clamping
condition. Results are given in figure 7. Figures 7.a and 7.b show acoustic and structural frequencies evo-
lutions. At zero preswirl velocity, gaps between forward and backward waves are observed due to the shaft
rotation ω. In this configuration, energy equation has a weak influence on frequencies evolution. But, we
may note a strong dependency on the stability. Focusing on the damping ratios evolutions (Fig. 7.c and 7.d),
the backward structural mode appears to be unstable on a larger range of preswirl for the whole model. A
positive damping ratio is observed for preswirl values of 25 to 170 m/s compared to 30 to 100 m/s for the
model without energy equation.
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(a) Frequencies without energy equation (b) Frequencies with energy equation

(c) Reduced damping ratios without energy equation (d) Reduced damping ratios with energy equation

Figure 7: Frequencies and reduced damping ratios evolutions of config. C7 with and w/o energy equation
(—) Fwd acoustics dominated mode 1, (—) Bwd acoustics dominated mode 1, (—) Fwd structure dominated
mode, (—) Bwd structure dominated mode (—) Fwd acoustics dominated mode 2, (—) Bwd acoustics
dominated mode 2, (—) Fwd acoustics dominated mode 3, (—) Bwd acoustics dominated mode 3, (- -)
Uncoupled acoustic frequency, (- -) Natural mechanical frequency.

6 Conclusions

This work proposes a new analytical model, considering a full coupling between fluid behavior and stator
dynamics. It enables to take temperature fluctuations into account, including energy equation at both steady
and unsteady states. The model allows to conduct quick stability analyses and identify notable influence
parameters. Results show that coupling phenomenon and system stability are both very sensitive to param-
eters like radial clearance, cavity length, number of cavities, and inlet circumferential velocity. This novel
approach agrees with literature trends. The model is expected to provide better fidelity results, especially
for operating conditions where temperature fluctuations have significant impact. Temperature do not have
notable effect on coupled frequencies, but we observed a strong dependency of energy equation on stability
results. This last point constitutes the main novelty of this new model. At the moment, a lack of experimental
data cannot allow to conduct a correlation between numerical and experimental results. This point will be
addressed in further investigation.
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[15] A. Dairien,“Stabilité des écoulements et interaction fluide-structure dans les joints labyrinthes,”phd
thesis, 2019.

AERO-ELASTICITY 281



[16] C. F. Colebrook, “Turbulent flow in pipes, with particular reference to the transition region between the
smooth and rough pipe laws.” Journal of the Institution of Civil Engineers, vol. 11, no. 4, pp. 133–156,
1939.

[17] D. Childs, “Turbomachinery Dynamics, Phenomena Modeling and Analysis.”, pp.290–354, 1993.

[18] F. M. White, “Integral relations for a control volume,” in Fluid Mechanics. McGraw-Hill, 2011, pp.
184–186.

[19] Y. Dereli and D. Eser, “Flow calculations in straight-through labyrinth seals by using moody’s friction-
factor model,” Mathematical & Computational Applications, vol. 9, 2004.

[20] R. Malvano, F. Vatta, and A. Vigliani, “Rotordynamic coefficients for labyrinth gas seals: Single control
volume model,” Meccanica, vol. 36, no. 6, pp. 731–744, 2001.

[21] E.A.J. John, “Gas Dynamics”. Wiley, 1979.

[22] F. Frey, “Analyse des structures et milieux continus”, volume 5. Presses polytechniques et universitaires
romandes, CH-1015 Lausanne, 2003.
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Appendices

A Nomenclature

A Cross-sectional area
Cp Heat capacity at constant pressure
Cr Nominal radial clearance
c Sound velocity
D Flexural rigidity
Dh Hydraulic diameter
Ed, Ec Strain energy, Kinetic energy
fac Uncoupled acoustic frequency
H Radial displacement, also radial clearance
h Enthalpy per mass unit
L Seal cavity length
ṁ Mass-flow rate per circumferential length unit
N Number of teeth
n Nodal diameter, also spatial harmonic
P Pressure
Rs Shaft radius
R Specific gas constant
T Temperature
U Fluid circumferential velocity
Wext Work of external forces
u Internal energy per mass unit
ω Shaft rotational speed
ρ Fluid density
τr, τs Rotor shear stress, Stator shear stress
ν Poisson ratio
γ Heat capacity ratio

µ0=
(

N
(1−j)N+j

)1/2
. Kinetic energy carry-over coefficient

j = 1−
(
1 + 16.6CrL

)−2
µi =

π
π+2−5si+2si2

. Discharge coefficient for the i-th cavity

si = −1 + (Pi−1

Pi
)
γ−1
γ

Sub-scripts and Super-scripts
i Of the i-th cavity
0 Steady state
′ Fluctuation term
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B Linearized fluid equations

The developments of the linearization of fluid equations, using the small perturbation method.

• Continuity equation:

ρ0iL
∂H ′i
∂t

+A0i
∂ρ′i
∂t

+
1

Rs
[U0iA0i

∂ρ′i
∂θ

+A0iρ0i
∂U ′i
∂θ

+ U0iρ0iL
∂H ′i
∂θ

] + ṁ′i+1 − ṁ′i = 0 (22)

• Circumferential momentum equation:

ρ0iU0iL
∂H ′i
∂t

+A0iU0i
∂ρ′i
∂t

+A0iρ0i
∂U ′i
∂t

+
1

Rs
[2ρ0iA0iU0i

∂U ′i
∂θ

+A0iU
2
0i

∂ρ′i
∂θ

+ ρ0iU
2
0iL

∂H ′i
∂θ

]+

U ′iṁ0i+1 − U ′i−1ṁ0i + U0iṁ
′
i+1 − U0i−1ṁ′i = −

A0i

Rs

∂P ′i
∂θ

+ τ ′riariL− τ ′siasiL (23)

• Energy equation:

ρ0iA0i[Cp
∂T ′i
∂t

+U0i
∂U ′i
∂t

]+
ρ0iA0iU0i

Rs
[Cp

∂T ′i
∂θ

+U0i
∂U ′i
∂θ

]+ṁ′i+1(CpT0i+
U2
0i

2
)−ṁ′i(CpT0i−1+

U2
0i−1
2

)

+ ṁ0i+1(CpT
′
i + U0iU

′
i)− ṁ0i(CpT

′
i−1 + U0i−1U ′i−1) = τ ′r,iar,iLiRsωrotor +A0i

∂P ′i
∂t

(24)

C Structural equation coefficients

The calculation of kinetic energy, strain energy and fluid work respectively give:

Ec =
N∑

n=2

1

2
ρ
(e2 + 2Re)

2

πL

5
(ȧ2n + ḃ2n) (25)

Ed =

N∑

n=2

RDπ

2
(a2n + b2n)

[Ln4
5R4

+
4νn2

3LR2
+

4

L3
+

8(1− ν)n2
3LR2

]
(26)

W =
N∑

i=1

(
− πRs

L(xi)
3 − L(xi−1)3
3L2

tot

(pcn,ian + psn,ibn)− π
L(xi)

5 − L(xi−1)5
5L4

tot

P0i(a
2
n + b2n)

)
(27)
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Abstract
In the search for better noise abatement solutions in flow ducts, a better understanding of the interaction be-
tween unsteady aerodynamics, the acoustic field and the dynamics of the confining structure is required. Due
to the large differences in time and length scales, a monolithic simulation of this multiphysical interaction
would result in high computational loads. A more efficient option is a partitioned approach, which means
coupling domain-dedicated solvers. This paper focuses on the vibro-acoustic coupling in the time domain be-
tween a flow-acoustic solver for the linearized Euler equations and a structural solver for the Euler-Bernoulli
beam equation. These two solvers, using different spatial and temporal discretization schemes, are coupled
through the open-source library preCICE and run in a co-simulation. A 2D verification case is simulated and
compared to the results of a commercial monolithic solver in the frequency domain, showing that the parti-
tioned approach properly captures the mutual interaction between duct acoustics and structural vibrations.

1 Introduction

Lightweight materials are entering the industrial practice for flow-confining structures, such as ventilation
ducts and automotive exhaust systems. Unfortunately, such lightweight constructions typically exhibit poor
vibro-acoustic properties and unsteady pressure fluctuations in the flow can easily excite structural vibrations.
These vibrations lead to unwanted noise emissions, which are often only discovered after installation. This
limits the possibilities for noise mitigation to adding heavy damping layers, compromising the lightweight
design.

The pressure fluctuations causing the vibrations can have an aerodynamic or acoustic nature. Several semi-
analytic models describe how a turbulent flow excites a flexible structure through aerodynamic wall pressure
fluctuations [1]. For the vibro-acoustic interaction between propagating acoustic waves and a flexible con-
fining structure, analytical models for simple duct geometries exist [2, 3, 4, 5]. To describe the interaction
between flow, acoustics and structural vibrations both the vibro-acoustic and aero-elastic interaction should
be considered. David et al. [6] therefore proposed a semi-analytical model, summing the aero-elastic and
vibro-acoustic contributions. However, such a semi-analytical model is limited to simple duct geometries.

Numerical models allow studying the multiphysical interactions for any kind of duct geometries. For the
development of an appropriate monolithic solver, modelling all multiphysical interactions simultaneously,
the different time and length scales of each physical domain needs to be taken into account, resulting in
a high computational cost. Conventional simulation techniques therefore limit themselves to a sequential
approach, where the result of a first domain-specific solver is used in a second one. In this way only so-
called weak one-way interactions are modelled, while strong two-way interactions are neglected.

A way to take the strong interactions into account, is a partitioned simulation approach. Such an approach
starts from efficient domain-specific solvers, between which data is exhanged in both directions to model the
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multiphysical interactions. Partitioned approaches for the aeroacoustic-structural interaction were already
developed in [7, 8], coupling an aeroacoustic solver and a structural solver. Their aeroacoustic solvers
solve the compressible Navier-Stokes equations and simulate monolithically the strong two-way interaction
between aerodynamics and acoustics. This results in a high computational cost, which limits the usage of
these techniques to small computational domains. For flow-carrying structures like ventilation ducts and
exhaust systems, the aeroacoustic simulation can be performed more efficiently using a hybrid approach,
solving a linearized version of the compressible Navier-Stokes equations [9]. These linearized equations
model the propagation and interaction of the aerodynamic and acoustic first-order fluctuations in the flow,
while the mean flow parameters are considered known and steady. Such an approach is adopted in this work
for modelling the flow-acoustic interaction. This term is preferred in this work over the term aeroacoustic to
underline the difference with the solvers used in [7, 8].

As a first step towards the simulation of the flow-acoustic-structural interaction, this paper focuses on mod-
elling the vibro-acoustic interaction by coupling an existing flow-acoustic and a structural solver. In section
2 the set-up of the partitioned approach is explained. Section 3 shows a verification case for the 2D vibro-
acoustic interaction. Section 4 summarizes the main conclusions of the presented work.

2 Partitioned simulation approach

The partitioned simulation approach used in this work couples in the time domain a flow-acoustic solver for
the linearized Euler equations and a structural solver for the Euler-Bernoulli beam equation. The kinematic
and dynamic continuity at the interface between the different physical domains is ensured by a data exchange
between the solvers at each time step. Subsection 2.1 gives more background about the flow-acoustic solver
and subsection 2.2 about the structural solver. The communication scheme managing the data exchange
during the time marching is explained in subsection 2.3. The spatial mapping allowing data transfer between
non-matching meshes is clarified in subsection 2.4.

2.1 Flow-acoustic solver

The flow-acoustic interaction is modelled using an in-house solver for the Linearized Euler Equations (LEE)
in the time domain [10, 11]. As the LEE make no assumptions regarding the nature of the pressure fluctu-
ations, all linear interactions between aerodynamic and acoustic perturbations are accounted for. However,
the mean flow profile will not be affected. In this work the mean flow is not yet taken into account and the
LEE are therefore equivalent to the Acoustic Wave equation.

The time domain LEE can be written in matrix notation for a two-dimensional cartesian domain [11]:

∂q

∂t
+
∂Fr

∂xr
+ �q = 0 (1)

The Einstein’s summation convention is used for r being one of the two cartesian coordinates (x1 = x, x2 = y).
The unknown first-order fluctuations are indicated by q, Fr = �rq contains the flux Jacobians in the r-
direction and the term �q models the effects of a non-uniform mean flow:

q =



ρ
ρ0u1
ρ0u2

p


,�r =



u0r δ1r δ2r 0
0 u0r 0 δ1r
0 0 u0r δ2r
0 c2

0δ1r c2
0δ2r u0r


,� =



0 0 0 0
u0r

∂u01
xr

∂u01
x1

∂u01
x2

0
u0r

∂u02
xr

∂u02
x1

∂u02
x2

0
0 1−γ

ρ0

∂p0
∂x1

1−γ
ρ0

∂p0
∂x2

(γ − 1)∂u0r
∂xr


(2)

The perturbations (ρ,u = [u1, u2]T , p) and the mean flow parameters (ρ0,u0 = [u01, u02]T , p0) indicate
respectively the density, the velocity vector and the pressure. The speed of sound is calculated as c2

0 =
γp0
ρ0

with γ the adiabatic index for air as an ideal gas. The symbol δi j indicates the Kronecker delta.

The nodal quadrature-free discontinuous Galerkin method is applied to spatially discretize the LEE over an
unstructured straight-edge triangular grid. The in-depth discussion about the implementation can be found
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in [11]. Important to highlight is that within each element pth-order Langrangian polynomials are used, in-
terpolating between the nodal points which positions are chosen to optimize the interpolation characteristics
[12]. The discontinuity of the nodal values q̂ over the edge ∂Ωi between the element Ω− and its neighbour
element Ω+ gives rise to a Riemann flux F̂ ∂Ωi

R . This numerical flux is implemented as the Lax-Friederich
flux within the computational domain. At the boundary edge ∂Ωb the numerical flux is adjusted to prescibe
the boundary conditions:

F̂ ∂Ωb
R = �

∂Ωb
n q̂∂Ωb

BC with �∂Ωb
n =

2∑

r=1

�
∂Ωb
r n∂Ωb

r (3)

The nodal values q̂∂Ωb
BC are taken from the corresponding nodes in the boundary element Ω−b . For an anechoic

inlet and outlet, the non-reflecting boundary condition is imposed by performing an eigendecomposition of
the projected flux Jacobian�∂Ωb

n and maintaining only the outgoing characteristics. For a rigid wall, the slip
condition (u · n = 0), with n the outgoing normal, is prescribed by replacing in q̂∂Ωb

BC the nodal velocity
fluctuations by their tangential components: û − (û · n∂Ωb)n∂Ωb . For a flexible wall a normal nodal velocity
(v̂ · n∂Ωb)n∂Ωb is imposed by the vibrating structure and summed to the tangential velocity fluctuations in
q̂∂Ωb

BC . This flexible wall boundary condition assumes that no aerodynamic boundary layer is present. The
effect of an infinitely thin boundary layer could be accounted for using the Ingard-Myers boundary condition
[13], which expresses the continuity of wall normal displacement instead of normal velocity. However, this
formulation is ill-posed in the time domain [14]. Well-posed time domain formulations are available in
literature [15], but are not considered in this paper as the mean flow is not yet taken into account.

The temporal discretization is carried out with a low-memory storage explicit fourth order of accuracy
Runge-Kutta scheme with eight stages, designated as RKC84 [16]. The stage coefficients are optimized
for the discontinuous Galerkin spatial discretization. As it is an explicit method, the solution at the end of
the time step is obtained solely from information available at the beginning of the time step. The time step is
determined using a CFL condition based on the minimum height of the triangular elements [17].

2.2 Structural solver

To impose the normal velocities of the vibrating structure at the boundary of the flow-acoustic domain, the
flow-acoustic solver is coupled to a linear elasto-dynamics solver in the time domain. As the flow-acoustic
domain is 2D, the flexible wall can be modelled with the Euler-Bernoulli beam equation:

EI
∂4w(t, xt)
∂x4

t
+ hρs

∂2w(t, xt)
∂t2 = p1(t, xt) − p2(t, xt) (4)

This equation describes the deformation w of a beam along the xt-axis through time. The xt-axis is tangential
to the flexible wall boundary of the flow-acoustic domain and w indicates a displacement perpendicular to this
axis. The Young’s modulus of the linear elastic material is indicated by E, the density by ρs, the thickness by
h and the second area moment by I = h3

12 . On each side of the xt-axis a flow-acoustic domain can be situated,
exerting a pressure force p1 − p2 on the beam.

Spatial discretization is done with the isoparametric finite element method, as described in [18]. The beam is
divided into beam elements of equal length with each 2 nodes. The boundary conditions for a clamped beam
are enforced by setting the nodal value for the displacement w and the rotation θ = dw

dxt
at the beam’s ends on

zero.

The time integration is performed following the Newmark-Beta’s algorithm, described in [18]. By choosing
the algorithm’s coefficients as β = 1/4 and α = 1/2, this implicit algorithm is unconditionallly stable and
known as the method of constant acceleration. The time step size determines the accuracy in terms of
numerical dissipation and dispersion. Due to its implicit character, the flow-acoustic pressures at the end of
the time step need to be known at the start of the time step.
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Figure 1: Illustration of the communication during runtime for one common time step ∆t following the
Conventional Serial Staggered scheme (CSS). RKDG stands for Runge-Kutta Discontinuous Galerkin and
FENB stands for Finite Elements Newmark-Beta.

2.3 Time domain coupling

The flow-acoustic and structural solver are run in a co-simulation. This means that a common time step
needs to be defined to keep both solvers synchronized. At the end of such a common time step, data is
exchanged between both solvers to ensure kinematic and dynamic continuity over the interface. The pressure
fluctuations acting on the flexible wall boundary of the flow-acoustic mesh are transferred to the structural
model and the normal velocity of the flexible wall is communicated in the other direction. It is assumed that
the structural deformations are small and the flow-acoustic mesh does not change over time. The time steps
of both solvers can be chosen according to the solver’s own stability and accuracy rules. The common time
step can then be set equal to the largest time step, such that the solver with the smaller time step subcycles
until it reaches the end of the common time step. During these subcycles predictions for the evolution of the
other solver’s data can be made to increase the accuracy [8].

The communication between the flow-acoustic solver and the structural solver is realized with a Conventional
Serial Staggered scheme (CSS), as shown in Figure 1. The explicit Runge-Kutta scheme of the flow-acoustic
solver requires the wall velocity vt at the beginning of the common time step. On the other hand, the
implicit Newmark-Beta scheme of the structural solver requires the pressure load pt+∆t at the beginning of
the common time step. The flow-acoustic solver is therefore run first until the end of the common time step.
The computed wall pressures are then communicated to the structural solver, which then completes its time
marching until the end of the common time step. At that point, the wall normal velocity is communicated
back to the flow-acoustic solver and the process is repeated. As decribed in [19], for a compressible fluid the
CSS scheme is stable and should obtain an order of accuracy comparable to a monolithic method in the limit
of a vanishing common time step size. Algorithms for repeating each common time step until convergence
can be used if the benefits in terms of accuracy outweighs the added computational cost. The CSS scheme is
managed through the routines of the open-source library preCICE [20], licensed under LGPL3. This results
in only high-level adaptations in the source code of the solvers.

2.4 Spatial mapping

The spatial discretization of the flow-acoustic and structural domain are independent from each other. This
means that at the interface the nodal positions from the flow-acoustic mesh (total amount na) do not match
the ones of the structural mesh (total amount ns). Hence, the nodal values need to be mapped each common
time step. The mapping from flow-acoustic mesh to the structural mesh is represented by the (ns×na) matrix
�sa and in the other direction by the (na × ns) matrix �as:

p̂1 − p̂2 ≡ P̂s = �saP̂a (5)

v̂ ≡ V̂a = �asV̂s (6)

To define these mapping matrices different approaches are known in literature [21, 22]. These approaches
are determined by a mapping constraint and a mapping method. The mapping constraint can be consistent or
conservative. A consistent mapping exactly transfers a constant function between two non-matching meshes
and is used for parameters like velocity. The corresponding constraint to the mapping matrix is that each
row sum equals one. Conservative mappings preserve the total sum of a parameter over the interface and are
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Figure 2: Illustration of the consistent Nearest Projection mapping, assuming that the flexible wall boundary
of the flow-acoustic mesh (top line) exists of 2 elements and the structural mesh (bottom line) has also 2
elements. For simplifying the figure, the flow-acoustic and structural element sizes are taken almost equal
and the order p of the flow-acoustic mesh is 2. The red arrows indicate the orthogonal projection of the target
mesh on the source mesh and the blue arrows illustrate the linear interpolation and the copying of the value
onto the target mesh.

used for parameters like forces. The constraint to the mapping matrix is then that each column sum equals
one. To map pressures, which are distributed forces, the consistent constraint is used in this paper.

Conform the chosen constraint, the mapping method further defines the mapping matrix. Several methods
exist in literature and a classification based on [21, 22] is given. A first class are the projection-based
methods, which includes the simplest kind of mapping, namely Nearest Neighbour mapping. As the name
indicates, each node gets the value from its nearest neighbour in the other mesh. This method only has
first order accuracy. A better choice is then the Nearest Projection mapping, which works as shown in
Figure 2. The nodes of the target mesh are orthogonally projected on the source mesh, where the projected
image gets its value by linear interpolation between the neighbouring source mesh nodal values. This value
is then copied back to the target mesh. When the projected image coincides with a source mesh node, no
interpolation is necessary. The Nearest Projection mapping is second order accurate. To increase the order of
accuracy, the Nearest Projection mapping can be extended by using the solver’s higher-order shape functions
for the interpolation. A further extension is the Weighted Residual mapping, which determines the mapping
matrix out of a weak formulation of the mapping residual with as weighing functions the solver’s shape
functions.

A second class of mapping methods is the Radial Basis Function mapping. This approach constructs a global
interpolant over the source mesh out of radially symmetric basis functions at its nodes. The interpolant can
then be directly evaluated at the target mesh nodes. The order of accuracy depends on the chosen radial basis
functions. These mapping methods are computationally more efficient than the projection-based mapping
methods as they do not need a projection and search algorithm.

The spatial mapping is managed through the routines of the open-source library preCICE [20]. As preCICE
regards each domain-specific solver as a black-box, it does not know the solver’s shape functions. Therefore
it only provides consistent and conservative implementations of the Nearest Neighbour, Nearest Projection
and Radial Basis Function mapping. The mapping matrices only need to be computed once, as the meshes
do not change assuming small vibrational amplitudes.

3 2D vibro-acoustic verification case

The verification case describes the propagation of plane acoustic waves through a 2D duct with a flexible
side wall backed by a cavity and is simulated with the developed partitioned model and with a monolithic
reference model. A two-port characterization of the flexible wall duct segment is used to facilitate the
comparison of the results. Subsection 3.1 presents the geometry and some analytical considerations. The
model settings for the partitioned approach are given in subsection 3.2 and in subsection 3.3 for the reference
model. The two-port characterization is explained in subsection 3.4 and subsection 3.5 discusses the results.
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Figure 3: Geometry of the 2D vibro-acoustic verification case.

3.1 Geometry and analytical cosiderations

The geometry of the verification case is shown in Figure 3. The duct has a length of 3 m and a height H of
0.04 m. A duct segment with a length L of 0.2 m has a flexible wall backed by a cavity. The remaining walls
of the cavity and the duct are modelled as rigid. The ambient pressure p0 and density ρ0 of the fluid are
respectively 101.325 kPa and 1.225 kg/m3, which makes the speed of sound c0 equal to 340.3 m/s. Acoustic
plane wave propagation can be assumed in the duct below the first cut-on frequency fcut−on,1 [23]:

fcut−on,1 =
c0

2H
= 4253.75 Hz (7)

Only the plane acoustic wave region is considered in this paper. The backing cavity has a width Lx of 0.2 m
and a height Ly of 0.45 m. Under the assumption of rigid walls the first two cavity modes are determined
analytically at 378.1 Hz (m = 1, n = 0) and at 756.2 Hz (m = 2, n = 0) [23]:

fcavity,(m,n) =
c0

2π

√(
nπ
Lx

)2

+

(
mπ
Ly

)2

(8)

The beam is made out of steel with a Young’s modulus E equal to 233.1 GPa and a density ρs of 7766.9 kg/m3.
It has a length L of 0.2 m and a thickness h equal to 0.5 mm. The beam is clamped on both sides and the first
four beam modes following the analytical in-vacuo solution lie at 70.4 Hz, 194 Hz, 380.4 Hz and 628.8 Hz
[24]:

fbeam,s =
k2

s

2π

√
EI
hρ

with ks the sth solution of cos(ksL) = sech(ksL) (9)

At very high frequencies the structural wavelengths of the beam become sufficiently short to describe them
as a propagating flexural wave. Important for the vibro-acoustic interaction is in that case the coincidence
frequency fc. This is the frequency at which the structural wavelength λb equals the acoustic wavelength λ.
The beam becomes then transparent for the acoustic waves. The coincidence frequency lies for this beam at
23.309 kHz [25], which is well above the frequency range of interest:

fc =
c2

0

2π

√
ρh
EI

(10)

3.2 Partitioned time domain model

As described in section 2, the partitioned approach divides the computational domain into a flow-acoustic
and a structural domain with each a domain-specific solver. A schematic of this decomposition for the
verification case can be seen in Figure 4. The solver coupling is realized through the flexible wall boundary
condition of Equation 3 in the flow-acoustic model and the pressure loads in Equation 4 in the structural
model. In the flow-acoustic model, the anechoic inlet and outlet of the duct are modelled with the non-
reflecting characteristic boundary condition and the slip boundary condition is imposed at the rigid walls of
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Figure 4: Schematic overview of the 2D vibro-acoustic verification case and the partitioned modelling ap-
proach. A plane Gaussian acoustic pulse propagates through the duct and initiates the vibro-acoustic inter-
action between the acoustic field in the duct and cavity and the structural vibrations of the beam.

the duct and the cavity. In the structural model, the beam’s ends are represented by a clamped boundary
condition.

As indicated in subsections 2.3 en 2.4, the element size and time step size of the two solvers do not need to
match, which is an important instrument to lower computational cost and a key argument for the development
of a partitioned solver. As only the plane acoustic wave region is considered in this work, the frequencies of
interest are well below the coincidence frequency of the beam and the excited structural waves cannot be seen
as propagating flexural waves, but only as standing waves. Therefore the structural solver can have a larger
element size and a larger time step size than the flow-acoustic solver. The choice has however been made
to take the element size and the time step size of both solvers equal in this paper, such that the partitioned
method and the monolithic reference method can be properly compared.

For the element size a characteristic length of 0.01 m has been chosen, resulting in 5404 flow-acoustic el-
ements and 20 structural elements. For both solvers independently these grids are overly fine. The flow-
acoustic mesh is made out of straight-edge triangles and the nodes at the triangle edge vertices on the flex-
ible wall boundary match the nodal positions in the structural mesh. So the mapping of the pressure values
from the flow-acoustic mesh to the structural mesh is exact. For the mapping of the velocity values from
the structural mesh to the flow-acoustic mesh, the values at the flow-acoustic nodes in between the triangle
edge vertices due to the higher-order shape functions still need to be determined. In this work, the order
p is chosen as 5, giving 4 extra nodes on the triangle edge, and the consistent Nearest Projection Mapping
is used. The time step size of both solvers, thus also the common time step, is set as 1.47 µs based on the
minimum height CFL rule of the flow-acoustic solver [17]. No solver needs to subcycle and also no iterative
algorithm to reach convergence each common time step is used.

One of the advantages of a time domain simulation is the capability of assessing the system’s behavior over
a broad frequency range by exciting the system with a pulse and monitoring its broadband response. In
this verification case a Gaussian acoustic pulse excitation is imposed at the duct inlet. The pulse propagates
through the duct as a plane wave and initiates a vibro-acoustic interaction with the beam and the cavity. The
system’s response is monitored at several positions located on the centerline of the duct.

3.3 Monolithic reference model

A reference solution for the verification of the 2D vibro-acoustic case is obtained using the frequency domain
finite element model of COMSOL Multiphysics 5.4.

In the acoustic domain the Helmholtz equation is solved over an unstructured straight-edge triangular grid,
existing of 5054 elements. A Perfectly Matched Layer is put at the inlet and outlet of the duct and meshed
with a structured grid of 40 rectangles on each side. The slip boundary condition is defined at the rigid walls.
A time-harmonic pressure source at the inlet excites plane acoustic waves, propagating through the duct.
The dynamics of the beam are modelled by the equations of motion in the frequency domain for a linear
elastic material with the fixed boundary condition at the outer ends. The plane stress assumption is used such
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Figure 5: Schematic overview of the two-port element and the scattering matrix coefficients T± and R±,
representing the amplitude and phase change that incoming plane waves undergo in the black-box.

that the solution is equivalent to the one of the Euler-Bernoulli beam equation. The structural domain is a
structured mesh with 5 rows of 80 rectangular elements. The Acoustics-Structure boundary condition is set
at the interfaces between both physical domains and enforces the continuity of pressure and normal velocity.

The acoustic and structural models are discretized with the finite element method, creating a single system
matrix that is solved in the chosen frequency range to determine the time-harmonic response of the system.
This is thus a monolithic vibro-acoustic approach. The acoustic and structural meshes match at their in-
terace such that no data mapping is necessary. To ensure conformity at this interface, the same Quadratic
Langrangian shape functions are used in both domains.

3.4 Duct acoustic characterization

A two-port characterization of the duct segment with the flexible wall and cavity is used to analyze the
simulation results and to facilitate the comparison between the monolithic frequency domain model and the
partitioned time domain approach. This method regards the duct segment with the flexible wall and cavity as
a black-box element and characterizes it by a linear input-output relation in the frequency domain, which is
independent of the boundary conditions and sources at the inlet and outlet of the duct. Below the first cut-on
frequency of the duct, these inputs and outputs are described in terms of the complex amplitudes p+ and p−
of the right-running and left-running plane acoustic waves.

The vibro-acoustic interaction within the duct segment is then described by the scattering matrix:
[
p+

outlet( f )
p−inlet( f )

]
=

[
T +( f ) R−( f )
R+( f ) T−( f )

] [
p+

inlet( f )
p−outlet( f )

]
(11)

The scattering of the plane acoustic waves is expressed in terms of transmission T± and reflection coefficients
R± as can be seen in Figure 5. In the frequency domain simulation in COMSOL, it is possible to request
the incident and scattered pressure values directly. Given the anechoic boundary conditions, the transmis-
sion and reflection coefficients are easily determined by dividing the scattered pressure values at the outlet,
respectively the inlet of the duct by the incident plane acoustic wave.

In the partitioned time domain simulation, the response of the system to the incident Gaussian plane pulse is
sampled at several positions along the duct centerline. The simulation is stopped after approximately 0.3 s.
The saved time signals are then transformed to the frequency domain with a FFT. Due to the excitation of the
beam and cavity resonances without any damping mechanism except numerical dissipation, a half-Hanning
window is needed to let the pressure values at the end of the simulation time converge to zero. The frequency
content of the time signals at the sampling points is used to decompose the acoustic field into the left- and
right-running plane waves and to determine the scattering matrix coefficients by solving linear systems of
equations [26].

3.5 Discussion of the results

The transmission and reflection coefficients obtained with the partitioned and the monolithic simulation are
shown in Figure 6 for frequencies up to 850 Hz. At a first glance, it is clear that the different beam and cavity
modes are the main drivers of the vibro-acoustic interaction. However some important differences are visible
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Figure 6: Modulus of the complex transmission and reflection coefficients in the frequency domain for
the verification case, obtained from the developed partitioned time domain approach and compared to the
solution from a commercial monolithic frequency domain Finite Element solver (COMSOL Multiphysics
5.4).

from the analytical resonance frequencies given in subsection 3.1. These differences can be summarized into
two strong vibro-acoustic coupling effects.

The first one is the change in resonance frequency of the beam modes due to the presence of the cavity. When
the resonance frequency of the cavity mode φ(m,n) lies higher than the one of the beam mode ψs, the cavity
adds an equivalent mass to the beam, lowering the beam resonance frequency. When the resonance frequency
of cavity mode φ(m,n) lies lower than the one of the beam mode ψs, the cavity increases the structural stiffness
and therefore the beam resonance frequency. The cavity mode φ(0,0) thus always adds stiffness to the beam
mode ψs and this effect can be determined analytically following Dowell’s work [27]:

fbeam,s,shi f ted =
1

2π

√

(2π fbeam,s)2 +
ρ0c2

0L2Q2
0s

MsLxLy
(12)

with:

Q0s =
1
L

∫

L
φ(0,0)ψsdx

Ms =

∫

L
ρhψsψsdx

φ(0,0) = 1, ψs(x) = cosh(ksx) − cos(ksx) − cosh(ksL) − cos(ksL)
sinh(ksL) − sin(ksL)

(sinh(ksx) − sin(ksx))

For the first beam mode, this results in a shift of the resonance frequency from 70.4 Hz to 79.8 Hz, which
confirms the shift visible in Figure 6. For the shifts in frequency of the second and fourth beam mode,
the influence of the first and second cavity mode should also be taken into account, making the analytical
formulation by Dowell incomplete.

The second effect is the coupling of a cavity mode with a beam mode with coinciding resonance frequencies.
This happens here for the third beam mode and the first cavity resonance around 380 Hz. The coinciding
resonance frequencies then lead to the tuned vibration absorber effect: at the original resonance frequency
both resonances cancel each other out and two new resonance peaks arise, here at 369 Hz and 393 Hz.

The results show that the partitioned approach manages to properly capture these strong vibro-acoustic cou-
pling effects. The peaks in the graphs for the partitioned approach are however less sharp than in the ones
for the monolithic method. This is due to the energy that stays behind in the resonating modes when the
simulation ends and the damping introduced by the half-Hanning window. Running the simulation longer
will result in better convergence of the time signals to zero and sharper peaks for this verification case. In
more realistic cases, this issue will be solved by the addition of damping in the structural model.
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4 Conclusions

This paper describes the coupling of a flow-acoustic solver for the linearized Euler equations and a structural
solver for the Euler-Bernoulli beam equation in the time domain with the goal of developing a simulation
tool for the flow-acoustic-structural interaction in flow-confining structures. The main advantage of such a
partitioned approach is that it allows each solver to have its own spatial and temporal discretization schemes,
such that the different time and length scales in each physical domain can be dealt with in an efficient way.
The exchange of data between both solvers, requiring mapping and synchronization algorithms, is realized
using the algorithms available in the open-source library preCICE [20], licensed under LGPL3.

The focus lies in this work on the vibro-acoustic verification of the partitioned approach in 2D. No mean flow
is taken into account. The data exchanged between both solvers needs to ensure the kinematic continuity of
normal velocity and the dynamic continuity of pressure over their interface. This is obtained by transfer-
ring the nodal pressure values at the flexible wall boundary of the flow-acoustic mesh to the nodes of the
structural mesh. The normal velocity of the flexible wall is communicated in the other direction. This data
exchange follows the Conventional Serial Staggered communication scheme (CSS). The mapping between
both meshes happens following the consistent Nearest Projection method.

The partitioned approach is verified by comparing the results of a 2D case with the results from a monolithic
commercial solver. This case simulates the propagation of plane acoustic waves through a duct segment
with one flexible wall backed by a cavity. The transmission and reflection coefficients, obtained by applying
the two-port characterization method to the simulation results, show that the partitioned approach properly
captures the strong vibro-acoustic interactions.
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Abstract 
This paper presents the SNGR (Stochastic Noise Generation and Radiation) method. Based on RANS 

simulation input, this method strongly reduces the computation cost associated with the CFD simulation in 

comparison to direct LES-based acoustic noise source computations. After the theoretical description of the 

method, this work will analyze the numerical convergence of the different parameters involved in the source 

generation, namely: (i) number of random samples; (ii) number of turbulent modes; and (iii) CFD cell size.  

The numerical efficiency will also be evaluated. To do so, the solution for a low Mach number (M<0.1) 

panel HVAC duct will be considered and compared with experimental data and acoustic predictions based 

on unsteady CFD simulations available in the literature.  

1 Introduction 

Direct computation of aeroacoustic noise sources generated by turbulent processes requires computationally 

costly unsteady CFD simulations, hardly affordable for industrial purposes. This high computational cost is 

mainly because of the disparity between the fluid dynamics and acoustic length scales. In one hand, direct 

noise computations must resolve both small and large eddies generating acoustic waves in the near field, 

requiring some mesh constraints. On the other hand, such waves must be propagated up to the far-field 

where a listener is placed requiring large (sometimes very extensive) computational domains. Therefore, a 

decoupling of the acoustic solution from the CFD simulation (commonly known as hybrid method) must be 

employed [1]. 

Even if hybrid methods may reduce the computational cost, the process remains computational expensive 

since it requires an accurate Large Eddy Simulation (LES) [2]. For example, the single calculation of a car 

side mirror flow could require weeks of computation on a mid-size cluster in order to reach appropriate flow 

statistics and resolution to compute noise sources up to the target frequency.  

In contrast to LES, the steady-state Reynolds Averaged Navier-Stokes method (RANS) allows for a more 

cost-effective process. The main idea behind the RANS method is to parametrize the effect of sub-grid 

eddies on the mean flow, so that the mesh can be coarser while still maintaining good accuracy for the mean 

flow.  

The SNGR (Stochastic Noise Generation and Radiation) method originally presented by R. Kraichnan [3] 
and extended by C. Bailly and D. Juvé [4] allows for the generation of noise sources using a steady-state 

RANS. This stochastic method synthetizes a turbulent velocity field from a finite sum of statically 

independent Fourier modes with modal amplitudes estimated as a function of the RANS fields, i.e.  turbulent 

kinetic energy and turbulent dissipation rate. Afterwards, acoustic sources are computed using Lighthill’s 

analogy. The originality of the implementation relies on: (i) the frequency/wavenumber domain approach 

of the velocity fluctuations; (ii) the efficient sources computation; and (iii) integration of the sources in a 

finite element acoustic mesh.  
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The present paper describes the SNGR method implemented inside Actran [5] to synthetically generate 

aeroacoustic sources from steady-state RANS information. Later, such sources are imposed as the right-

hand side of the acoustic solver based on the finite element method. Details of the SNGR method are 

presented in section 2 followed by numerical demonstrations on two applications (section 3). As a first 

application case, an idealized pseudo-3D case (section 3.1) is used to analyze the numerical convergence of 

the method regarding: (i) the number of random samples; (ii) the number of turbulent modes; and (iii) the 

CFD mesh size. Secondly, results from an HVAC (Heating, Ventilation, and Air Conditioning) duct model 

(section 3.2) are compared to experimental data and classic aeroacoustic simulations (hybrid approach) with 

sources based on unsteady CFD solutions (LES). Finally, the computational performance of the algorithm 

is analyzed in section 4 followed by concluding remarks and possible future investigations (section 5). 

2 Method overview 

The SNGR method consists in generating a random (turbulent) velocity field as a finite sum of discrete 

Fourier modes based on average data of the flow field. In a second step, this turbulent velocity field is used 

to define source terms for acoustic propagation and radiation (either in time domain or frequency domain).  

2.1 Velocity fluctuations 

Let’s start with the steady-state RANS simulation output providing turbulent kinetic energy �̅� and turbulent 

dissipation 𝜖 fields. In homogeneous turbulent flows, �̅� is the time average (<⋅>) of the product of the 

velocity fluctuations 𝑢𝑗
′ as described next: 

 �̅� =
1

2
< 𝑢𝑗

′𝑢𝑗
′ > (1) 

and can also be analyzed in terms of its wavenumber content 𝜅 with the energy spectrum function 𝐸(𝜅) : 

 �̅� = ∫ 𝐸(𝜅)𝑑𝜅.
∞

0
 (2) 

The energy spectrum function is also used to define the turbulent dissipation rate 𝜖 as follows: 

 𝜖 = 2𝜈 ∫ 𝜅2𝐸(𝜅)𝑑𝜅
∞

0
, (3) 

where 𝜈 denotes the fluid viscosity. 

Once the main flow variables are defined, the turbulent velocity field (fluctuations) can be decomposed in 

terms of Fourier modes [4]. For this, considering a homogeneous isotropic turbulent velocity field, a time 

dependent formulation of the velocity fluctuation takes the form: 

 𝑢𝑗
′(𝒙, 𝑡) = ∑ �̃�(𝜅𝑚) cos (𝜅𝑙

𝑚 ( 𝒙 − �̅�𝑙
𝑁
𝑚=1  𝑡) + 𝜓𝑚 + 𝜔𝑚𝑡)𝜎𝑗

𝑚, (4) 

where,  

 𝜅𝑙
𝑚 is the wavenumber vector randomly defined on a sphere of radius 𝜅𝑚 associated with mode m; 

 �̅�𝑙 is the local mean velocity of the flow obtained from the RANS solution; 

 𝜓𝑚 is the phase of the mode m with a uniform probability distribution; 

 𝜔𝑚 is the angular velocity of the mode m; 

 𝜎𝑗
𝑚 is the orientation vector of the mode m. As the turbulent velocity field is supposed to be 

incompressible, the orientation vector 𝜎𝑗
𝑚 can be defined using the continuity equation as follows: 

𝜕𝑢𝑗
′/𝜕𝑥𝑗 = 0 → 𝜎𝑗

𝑚 ⋅ 𝜅𝑙
𝑚 = 0 for 𝑚 = 1, … , 𝑁. The remaining components are set with the use of 

a random angles.  
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The angular velocity 𝜔𝑚 can be expressed in terms of the wavenumber 𝜅𝑚  using the Kolmogorov formula:  

 𝜔𝑚 = √
2�̅�

3
𝜅𝑚, (5) 

(by default in our implementation), or alternatively, using the Heisenberg formula:  

 𝜔𝑚 = √
3

2
𝜖

1

3(𝜅𝑚)
2

3. (6) 

 

In the current implementation, the convection effects in equation (4) are neglected (�̅�𝑙/𝑐0 ~ 0 where 𝑐0 is 

local speed of sound) and the velocity fluctuations are transformed to the wavenumber space using Euler’s 

identity, i.e.  𝑒𝑖 𝑥 = cos(𝑥) + 𝑖 sin (𝑥). Therefore, the velocity fluctuations take the following simplified 

form: 

 𝑢𝑗
′(𝒙, 𝜅) = ∑ �̃�(𝜅𝑚) exp [𝑖( 𝜅𝑙

𝑚 𝒙 + 𝜓𝑚
𝑙)]𝑁

𝑚=1  𝜎𝑗
𝑚. (7) 

Besides, the wavenumber space is discretized using a uniform unidimensional grid ranging from 0 to 2𝜅kol 

with a ∆𝜅 spacing, where 𝜅kol is the Kolmogorov wavenumber, i.e. 𝜅kol = (𝜖/𝜈3)1/4. To satisfy the 

homogeneous isotropic turbulence properties of the synthetic flow in equation (1), each mode amplitude 

�̃�(𝜅𝑚) should be of the form:  

 �̃�(𝜅𝑚) = √∫ 𝐸(𝜅)𝑑𝜅
𝜅𝑚+

∆𝜅

2

𝜅𝑚−
∆𝜅

2

. (8) 

Consequently, the turbulence spectrum 𝐸(𝜅) can take various forms. For instance, some authors agree on 

the semi-empirical von Karman – Pao spectrum [4] to expresses  𝐸(𝜅) as follows: 

 𝐸(𝜅) = 𝐴
2�̅�

3𝑘𝑒

(𝜅 𝜅𝑒⁄ )4

(1+(𝜅 𝜅𝑒⁄ )2)
17
6

𝑒−2(𝜅 𝜅𝑘𝑜𝑙 ⁄ )2
, (9) 

where the constant 𝐴 and 𝜅𝑒 are computed using relations (2) and (3). To illustrate the behavior of equation 

(9),  Figure 1 plots this relation for a given set of values.  

 

Figure 1: Von Karman Pao spectrum for �̅� = 136 m²/s²,  𝜖 = 18820 m²/s³, A= 1.47, 𝑘𝑒 = 15.5 m−1  and 

𝑘𝑘𝑜𝑙 = 47000 m−1 in a loglog representation. 

AEROACOUSTICS AND FLOW NOISE 299



2.2 Acoustic source generation 

In this work, the computation of the acoustic noise sources from the flow fluctuations is based on Lighthill’s 

analogy [6]. This analogy is valid for low Mach number flows as no convection is considered on the acoustic 

operator. Lighthill’s analogy is expressed as follows:  

 
𝜕2𝜌

𝜕𝑡2 − 𝑐0
2 𝜕2𝜌

𝜕𝑥𝑗𝜕𝑥𝑗
=

𝜕2 𝑇𝑖𝑗

𝜕𝑥𝑖𝜕𝑥𝑗 
, (10) 

where 𝑇𝑖𝑗 is known as the Lighthill tensor, 𝜌 is the acoustic fluid density and 𝑐0 is the speed of sound. For 

a Stokesian perfect gas like air, in an isentropic, high Reynolds number and low Mach number flow, the 

Lighthill tensor 𝑇𝑖𝑗 is often approximated [7] as  𝑇𝑖𝑗 ∼ 𝜌0𝑢𝑖
′𝑢𝑗

′ where 𝜌0 is the mean fluid density. In 

frequency domain (at angular frequency 𝜔) and with all the previous approximations, Lighthill’s analogy 

results in:  

 −𝜔2𝜌 − 𝑐0
2 𝜕2𝜌

𝜕𝑥𝑗𝜕𝑥𝑗
= 𝜌0

𝜕2𝑢𝑖
′𝑢𝑗

′

𝜕𝑥𝑖𝜕𝑥𝑗 
. (11) 

Furthermore, Lighthill’s analogy available in Actran is based on a finite element formalism. For this, first a 

change of variable is performed to express equation (11) in terms of the acoustic potential 𝜓, with 𝜌 =
 −𝑖𝜔𝜓/𝑐0

2 :  

 
𝜔2

𝑐0
2 𝜓 +

𝜕2𝜓

𝜕𝑥𝑗𝜕𝑥𝑗
=

𝜌0

𝑖𝜔

𝜕2𝑢𝑖
′𝑢𝑗

′

𝜕𝑥𝑖𝜕𝑥𝑗 
. (12) 

Then, multiplying the previous expression by a test function 𝛿𝜓 and integrating by parts in the whole control 

volume Ω the following expression is obtained:  

   ∫
 𝜔2

𝑐0
2 𝜓𝛿𝜓𝑑Ω − 

Ω ∫
𝜕𝜓

𝜕𝑥𝑗

𝜕𝛿𝜓

𝜕𝑥𝑗
𝑑Ω = 

Ω ∫
𝜕𝛿𝜓

𝜕𝑥𝑗

𝜌0

𝑖𝜔

𝜕𝑢𝑖
′𝑢𝑗

′

𝜕𝑥𝑖 
𝑑Ω −  ∫

𝛿𝜓

𝑖𝜔

𝜕

𝜕𝑥𝑖
(𝑐0

2𝜌 𝛿𝑖𝑗 + 𝜌0𝑢𝑖
′𝑢𝑗

′ )𝑑Γ .
Γ

 
Ω

 (13) 

The surface terms (integrals with sub-index Γ) in the variational formulation are used to impose or define, 

either: (i) acoustic boundary conditions, i.e. acoustic impedance/admittance or acoustically rigid walls 

(natural condition); or (ii) aeroacoustic surface sources, consequence of spatial domain truncations. By 

assuming a sufficiently large domain Ω including all the sources, the surface term in equation (13) vanishes 

leading to a single volume source term of the form (in time or frequency domain respectively):   

   𝑆𝑖(𝒙, 𝑡) ∼ 𝜌0

𝜕𝑢𝑖
′𝑢𝑗

′

𝜕𝑥𝑗 
    or    𝑆𝑖(𝒙, 𝜔) ∼ 𝜌0

𝜕𝑢𝑖
′ ⊛𝑢𝑗

′

𝜕𝑥𝑗 
 , (14) 

where ⊛ is the convolution product.  It is worth noticing that one spatial derivative has been removed from 

the original Lighthill source (i.e. 𝜕2𝑇𝑖𝑗/𝜕𝑥𝑖𝜕𝑥𝑗) using the variational formulation, this is very convenient 

from the numerical point-of-view as second derivatives are difficult to compute from the numerical data. 

Secondly, the source term is a vector (instead of a scalar in the original Lighthill formulation) related to the 

first spatial derivative of the Reynolds’s tensor, i.e. 𝜌0𝑢𝑖
′𝑢𝑗

′, hence a momentum source. A further 

simplification may be applied by using the continuity equation and given the fact that the flow is assumed 

to be incompressible, this results in (in time or frequency domain respectively):   

   𝑆𝑖(𝒙, 𝑡) ∼ 𝜌0𝑢𝑗
′ 𝜕𝑢𝑖

′

𝜕𝑥𝑗 
 or  𝑆𝑖(𝒙, 𝜔) ∼ 𝜌0𝑢𝑗

′ ⊛
𝜕𝑢𝑖′

𝜕𝑥𝑗
, (15) 

or in the wavenumber space, the momentum source related to Lighthill’s analogy can be expressed as:  

 𝑆𝑖(𝒙, 𝜅) = 𝜌0𝑢𝑗
′(𝜅) ⊛

𝜕𝑢𝑖′(𝜅)

𝜕𝑥𝑗
. (16) 

In practice, the velocity fluctuations and momentum source are computed at the CFD cells’ centers. The 

gradient of equation (7) is taken as follows: 

 
𝜕𝑢𝑖′

𝜕𝑥𝑗
= ∑ �̃�(𝜅𝑚)𝑖 𝜅𝑗

𝑚 exp [𝑖( 𝜅𝑙
𝑚 𝑥𝑙 + 𝜓𝑚

𝑙
)]𝑁

𝑚=1  𝜎𝑗
𝑚, (17) 

where the gradient of �̃�(𝜅𝑚) has been neglected as it is expected to have a little variation across the space.  
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To keep the SNGR method affordable in computational cost terms, the velocity fluctuations and momentum 

sources are evaluated at the CFD cells’ centers. Consequently, the spatial fluctuations inside the CFD cells, 

particularly important at high wavenumber, are unresolved.  Following an analytical integration of the 

source term inside the CFD cell to take into account the unresolved fluctuations, a multiplicative factor is 

determined to be proportional to (𝜅𝑚)−3 .  

To ensure convergence with respect to the number of turbulent modes 𝑁, the source term is normalized by 

the factor 1/√𝑁 . Besides, since the synthetically generated sources represent a statistically random process, 

multiple realizations constituted by different set of random numbers are necessary to ensure a correct 

solution level. 

Finally, the sources in equation (16) are integrated on the acoustic mesh for each random number sample 

(realization) using equation (13) (r.h.s.- first term). 

3 Application 

3.1 Duct with bifurcation 

As a first simplified application, a pseudo-3D model of a 2D duct with bifurcation is proposed (Figure 2). 

A flow of 50 m/s is imposed at the main inlet (upper-left, red domain in Figure 2) while zero flow is imposed 

at the secondary inlet (lower-left, blue domain in Figure 2) and zero pressure is imposed at the outlet (orange 

domain, Figure 2). Boundary layers are well discretized at all the walls with prismatic cells and sufficient 

mesh refinement is assured downstream at the bifurcation to properly capture the shear layer. The mean 

flow, the turbulent kinetic energy and energy dissipation rate are also plotted in Figure 3, Figure 4 and Figure 

5 (respectively). The flow simulation is performed using Cradle SC/Tetra [8]. 

 

 

Figure 2: Sketch of the RANS inlets and outlets. 

 

Figure 3: Mean velocity from RANS [m/s]. 

 

Figure 4: Turbulent kinetic energy [m²/s²]. 

 

Figure 5:  Turbulent dissipation rate [m²/s³]. 

The acoustic model covers the same area as the fluid dynamics model. Non-reflecting conditions are 

imposed at the inlet (blue and red domains, Figure 2) and outlet (orange domain, Figure 2) boundaries.  The 

acoustic propagation simulation was performed in the frequency domain using the finite-element solver 

Actran.  

Since the SNGR method relies on a random numbers generation to predict noise of a statistically steady-

state process, multiple realizations or samples are needed in the simulation. Figure 6 shows the convergence 

of the method with the number of samples at one point located in the middle of the duct near the outlet 
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boundary. This figure indicates that the acoustic pressure is sufficiently converged for a number of samples 

around 32. 

 

Figure 6: Convergence of the number of realizations at one microphone. 

The number of turbulent modes 𝑁 is a key factor for the precision of the method since it is the truncation 

point of the Fourier series to represent the turbulent velocity fluctuations. Indeed, numerical convergence 

should be achieved as the number of turbulent modes increases. In Figure 7, it is noticed that the acoustic 

pressure is converged even with a low number of modes except at the lowest frequencies. Indeed, the von 

Karman-Pao spectrum presents a sharp peak at low wavenumber and a constant slope decrease at the middle 

range wavenumber (Figure 1). 

 

Figure 7: Convergence of the number of turbulent modes at one microphone. 

The last convergence study is focused on the CFD mesh size. Certainly, the SNGR method should converge 

as the CFD mesh size decreases (or refinement increases). In order to highlight this process, the RANS fields 

were re-interpolated into different meshes with uniform mesh size ranging from 0.016 m to 0.001m. Figure 

8 depicts the acoustic pressure using the various CFD meshes. Results are well superposed except at low 

frequencies where the missing modeling of correlation between cells starts playing a role.  
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Figure 8: CFD mesh size convergence at one point. 

3.2 HVAC duct model 

The solution for a low Mach number (M<0.1)  panel HVAC duct as detailed in [9] will be considered and 

compared with measurement data and prediction data based on unsteady CFD results available in the 

literature. Ansys Fluent [10] has been used for generating the RANS solution (e.g. velocity and turbulent 

kinetic energy in Figure 9). 

 

 

Figure 9: Velocity and turbulent kinetic energy for HVAC duct model. 
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The results are compared at three microphone positions as outlined in the acoustic model shown below 

(Figure 10): 

 

 

 

 

Figure 10: Acoustic model with microphone annotations. 

For the SNGR simulations, a relative threshold of 0.1% has been used corresponding to neglecting the CFD 

cells with turbulent kinetic energy level below 0.35 m2/s2. The algorithm for automatically finding the 

necessary number of modes for each cell in order to properly represent the turbulent spectrum has been used 

with the maximum amount of modes being 256. The majority of the cells can be represented with just 16 

modes and the average amount of modes is around 30. The number of random samples (realizations) used 

is 30.  

In the plots of Figure 11, the sound pressure level can be visualized at those three microphones for 

frequencies up to 2000 Hz. The measurements have been averaged over a number of smaller sub-signals in 

order to have smoother curves. The results based on SNGR are averaged across the different realizations. 

 

 

Figure 11: Sound pressure level on microphones 1 (a), 2 (b) and 3 (c). 

304 PROCEEDINGS OF ISMA2020 AND USD2020



For all three microphones, SNGR provide an accurate depiction of the higher frequency range, which is a 

big limitation in classic computational aeroacoustics due to the filtering of the fluctuations by the CFD mesh 

[11]. Also, thanks to the propagation solver, the resonance due to the duct length around 800 Hz can be 

properly represented. However, in the lower frequencies, even though the trend is followed, the source 

amplitudes lead to an underestimation of the sound pressure levels by about 10-20 dB. This discrepancy can 

be explained by the limitation of the von Karman-Pao spectrum law at low wavenumber. Indeed, the largest 

eddies are greatly dependent on the model geometry and boundary conditions, which are not parametrized 

in the analytical expression. Furthermore, correlations between CFD cells might play a role which is not 

(yet) implemented in the current SNGR method. 

4 Computing performance 

Computing performance is deeply dependent on the choice of implementation for the SNGR method. In the 

current implementation, the aeroacoustic sources are directly computed inside the wavenumber space 

requiring a convolution product. An initial implementation was performed by sampling the wavenumber 

with logarithmic spacing in order to better describe the von Karman-Pao shape (i.e. more intervals for low 

wavenumbers) to later compute the convolution product using an in-house implementation (directly at the 

target frequencies). However, it became evident that the gain in precision was largely counterbalanced by 

the complexity of the in-house algorithm and the computational cost of the method. The second 

implementation is simpler, with a linear spacing of the turbulent spectrum and the convolution product is 

calculated via Intel’s MKL [12] package. The new implementation appeared to be one to two orders of 

magnitude faster. 

MPI (Message Passing Interface) parallelism have been introduced in order to distribute the computing load 

among several processors. Since several independent realizations are needed, the parallelism has been 

applied on this direction. At this stage, domain parallelism is under development and it will be possible to 

use it combined load-case (realization) parallelism and domain parallelism.  Multi-threading (using 

OpenMP) is also available and is very efficient since most of the computation is point-wise. 

Besides, in order to reduce the peak memory allocation (mainly due to random number storage), the 

topological source domains can be divided into smaller ones in which iterations are done sequentially. 

Likewise, filtering of the CFD cells below a certain threshold of turbulent kinetic energy level can also be 

applied in order to neglect cells where noise sources are small, like this memory consumption is reduced. 

Furthermore, by giving a threshold error for the computation of the velocity fluctuation, the number of 

turbulent modes can be automatically selected as a local function of the RANS fields. The latter feature 

allows to locally (per CFD cell) represent the turbulent velocity field with the sufficient number of Fourier 

modes needed.   

For the HVAC model presented in section 3.2, the number of CFD cells selected is round 332 000. Each 

load case (realization) runs in 52 seconds using 11 processes for load-case parallelism and 4 threads per 

process. The full simulation time including CFD loading and post-processing reaches 9 minutes and the 

peak memory per process attains 5.6 GB on a 44-core Broadwell Intel Xeon chipset at 2.10 GHz. 

5 Conclusions 

An efficient method for the computation of aeroacoustic sources using the SNGR technique has been 

presented. In contrast to classic hybrid approaches in which the aeroacoustic sources are computed from 

computational expensive CFD simulations (LES), in the SNGR method, the sources are based on turbulent 

velocity fluctuations synthesized from affordable steady-state RANS simulations. The method has been 

described from the theoretical point-of-view and from its implementation in Actran to properly handle 

industrial-size applications. Because of numerous improvements, the current implementation of the method 

is now efficient both for the computational time and the amount of required memory. 
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Using a simple duct configuration, the convergence of the method was analyzed with respect to: (i) the 

number of random samples; (ii) the number of turbulent modes; and (ii) the CFD mesh size. Such analyses 

increased the confidence on the method from the numerical perspective. 

A more realistic application focused on a HVAC duct has been presented. For this application, using the 

same numerical recipes learned from the previous case, acoustic results have been obtained and compared 

to experimental data and Actran simulations using sources computed with an unsteady CFD (LES). The 

analysis of the results (section 3.2) indicates a good correlation at middle and high frequencies with loss in 

accuracy at the lowest frequencies. This behavior can be explained by two reasons: (i) low frequency noise 

is mainly produced by large (coherent) flow structures (i.e. eddies) that are not properly resolved by the 

SNGR method, while high frequency noise is predominately produced by small (isotropic) eddies well 

synthesize by the SNGR technique; (ii) as it is depicted in Figure 1, the von Karmann-Pao spectrum is well 

resolved for high wavenumbers (small eddies) while is un-resolved or simply unknow a low wavenumbers. 

Future developments of the method and implementations will be focused on domain parallelism, and on the 

improvement of prediction for low frequencies using for example extra-cell correlations (using e.g. random 

numbers with spatial correlation) or user-defined turbulence spectrums. 
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Abstract
An experimental investigation is carried out to demonstrate a possible design concept to reduce jet-flap
interaction noise. The aim of this investigation is twofold (i) to verify the potential noise reduction from a
non-symmetric nozzle configuration (ii) to assess the provided noise reduction against the flight stream to
jet velocity ratio and the vertical distance of the flap trailing edge to the jet plume. A dual stream cold jet,
modelling core and by-pass flows, is devised. A 3D wing, with a deployed flap, is mounted above the jet
exhaust. The non-symmetric nozzle is designed to deviate the jet by-pass flow by increasing the outflow
angle in comparison to the reference nozzle, reducing the interaction with the flap trailing edge. The results
show that reducing the distance of the trailing edge to the jet plume increases the noise generated only up to
the point where the wing modifies the evolution of the jet shear layer. The non-symmetric nozzle reduces jet
interaction noise for the outer wing location up to 4 dB OASPL in the region upstream of the nozzle.

1 Introduction

Aircraft fuel efficiency is a primary need for industry. With this objective, there is a current trend of the
aircraft configurations to increase jet engine by-pass ratios. The increase of the engine diameter has though a
downfall —it reduces the distance of the jet plume to the wing in order to keep a safe clearance of the nacelle
from the ground. This has the side effect of enhancing the interaction of the jet with the trailing edge of the
wing, especially at take-off and approach. This is a known phenomena addressed as Jet-Installation Noise
(JIN). This phenomena is detrimental to the concurrent objective of reducing significantly aircraft noise.

The main noise amplification mechanism is the generation of a dipole-type of sound source at the trailing
edge of the flap. The hydrodynamic field of the jet is scattered into acoustic energy to the far field [1]. In
presence of an actual free stream flow the downwash of the wing deflects the jet. This alters the interaction
of the jet with the flap, modifying eventually the directivity of the acoustic far field [1, 2]. The change in
directivity is partly due to the noise directly emitted by the jet and scattered by the wing and partly to that
generated by the interaction of the hydrodynamic field of the jet with the wing. The combination of these
two effects leads to an increase of the directivity upstream of the jet, consistent with the deflection angle of
the flap [3, 4]. The far-field noise levels can increase up to 10 dB in comparison to the noise emitted by a jet
alone [5, 6].

A number of fundamental studies have been performed to investigate jet-plate interactions ([7, 8, 9, 10]). In
these studies, an increase of low-to-mid frequency noise components with respect to the jet alone was shown
when the plate was located outside the jet plume. An increase of the radiation in the forward arc with respect
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to the jet alone was also reported. Lawrence and Self [11] studied the interaction of a jet with a deployed flap,
observing that the main mechanisms of noise generation involves Kelvin-Helmholtz and upstream-travelling
acoustic waves. A feedback machanism is involved, generating tonal noise. Jordan et al. [12] have also
experimentally studied the interaction of ta jet with an edge, showing that the feedback mechanism is closed
by upstream travelling acoustic waves in the potential core. The feedback is enhanced for low-Mach jets in
that the upstream travelling sound waves increase frequency as they propagate. The presence of the upstream
travelling sound waves in the potential core has been also confirmed by numerical simulations [13].

Parametric studies have been performed to better understand the sensitivity of the this feedback mechanism
to the relative position of the jet, the wing and the flap. The experimental investigation performed by Jente
et al. [14] showed that the vertical distance of the flap to the jet plume is the most significant parameter for
jet interaction noise. It was shown that increasing the distance of the flap trailing edge to the jet axis as well
as reducing the flap angle correspond to a reduction of noise levels. Increasing the wing-flap gap induced an
increase of noise levels. On the other end, Belyaev et al. [15] experimentally investigated the effect of the
flap angle. As one of the key results, they found that JIN is approximately a linear function of flap deflection.
A weak dependence of the noise generation mechanism from the presence of the pylon was reported in this
study.

Although the previous investigations on jet-installation noise have clarified the physical mechanisms behind
it, dedicated studies to assess possible technologies to reduce it are few, to the best knowledge of the authors.
Mengle et al. [16] have used asymmetric chevrons to increase jet mixing, proving that it has a direct benefit
on reducing JIN. Zouh et al. [17] used a numerical optimisation approach based on automatic differentiation
and a solution based on CFD and Ffowcs-Williams and Hawkins (FWH) wave extrapolation to find the
relative position of the wing and the flap that minimises the noise at a far field observer. In this paper, we
examine the effect of an non-symmetric dual stream nozzle. The core nozzle is a round conventional nozzle,
while the by-pass nozzle is non-symmetric in that it has a cap inclined by 20 deg, extending the nozzle exit
in its upper part. This is the part just below the wing. The nozzle extension is designed to deviate the exhaust
outflow. In this work we analyse the acoustic implications of the modified nozzle exit on the interaction noise
generated by a grazing flow, developing along the wing, and a sharp edge, represented by the flap trailing
edge. Results are compared to a conventional dual jet round nozzle, with the same reference sectional area.

The paper is structured as follows. Sec. 2 presents a detailed description of the problem and the assumptions
behind the present investigation. Sec. 3 presents the experimental setup. Sec. 4 presents the experimental
results —free-stream velocity effect and the effect of the distance of the flap to the jet plume are investigated.
Conclusions are provided in Sec. 5.

2 Problem statement and assumptions

A dual stream isothermal jet, modelling cold core and by-pass flow, is devised. In this case, the outer and
inner jet have the same nominal exit velocity Ujet. A constant co-flow velocity, U∞ is set. For uninstalled
jet, the intensity radiation from the jet alone is proportional to the difference of ∆U = Ujet − U∞, and the
convection speed of turbulent structures Uc in the jet [18]. The sound intensity dependence to Ujet can be
better represented by I ∝ ∆UmUn

c , with m+ n = 8, as alternative formulation to the eight power of the jet
exit velocity.

The interaction with the trailing edge increases noise radiation at low-to-mid frequencies and scales as the
fifth power of the jet velocity. It becomes relevant at subsonic Mach numbers, as shown by Rego [1].
Similarly, Jente and Delfs [18] showed a dependence in between the fifth and sixth power of the jet velocity.
In this study, we consider a reference and adaptive nozzle (see Fig. 1). The area of the round nozzle is taken
as reference, and the modification of the exit area of the adaptive nozzle is not compensated with a different
exit velocity, provided that the ratio between the reference nozzle and the adaptive-concept nozzle is equal
to 1.003. The difference in overall sound pressure levels due to this assumption can be estimated, using a
simplified velocity scaling , with

∆OASPL = 80 ∗ log

(
Uref

Uadp

)
+ 10 ∗ log

(
Aref

Aadp

)
(1)
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(a) Standard Nozzle (b) Adaptive Nozzle

Figure 1: Nozzle geometry, side view. Reference nozzle and adaptive nozzle concept

to be ∆OASPL = 0.09 dB for a constant mass flow rate, i.e Uref/Uadp = Aref/Aadp. In Eq. 1, Uref is the
exit velocity of the reference jet, Uadp is the exit velocity of the adaptive nozzle, while Aref and Aadp are
the corresponding exit areas. In other words, the determination of jet velocities for the secondary air supply
in AWB requires the knowledge of the nozzle exit areas, that are really similar in this case. The mixing
diameter of the reference nozzle corresponds to 0.9 diameters of the by-pass for both configurations.

As mentioned, jet interaction noise can be affected by a number of parameters, e.g. vertical and horizontal
position of the wing, flap angle, angle of attack, free-stream velocity. In this study we explore only the
dependence on the free-stream velocity and on the vertical position of the wing relative to the jet axis, H/D,
where D is the diameter of the by-pass nozzle and H the distance of the flap trailing edge to the nozzle axis.
The pylon effects are not considered in this case.

In this experiment, jet noise emitted from an isolated jet is compared to the effects provided by jet trailing
edge interaction for two different nozzle configurations. A generic 3D swept wing is located above the nozzle
with a flap deflected at 22 deg (see Fig. 2). The main wing is designed to generate almost zero-lift, in that it
does not influence directly the flow of the jet by means of the generation of downwash.

Generally, wing-jet interaction occurs at frequencies below 1.5 kHz ([1], [14]). The levels of noise generated
should be large enough in comparison to other spurious noise sources that are inevitably present in the
experiment, due to the setup. In this case, spurious noise sources are the struts holding the nozzle and the
flap side edge (see Fig. 3). These sources have been reduced by surface treatments and thus are expected to
be small compared to the jet and the related JNI. Nonetheless, the noise generated by the wing due to the
flight stream flow, such as that coming from the trailing edge and the flap side edge, is small compared to JNI
—noise generation is proportional to the convection velocity U5∼6

c and the ratio between Ujet/U∞ > 2.5.
The jet outflow velocity is then chosen to achieve a reasonable sound to background noise ratio.

3 Experimental setup

The experiment was performed at the Acoustic Wind Tunnel Braunschweig (AWB). It is a closed loop wind
tunnel with an open section anechoic chamber. The reference nozzle is a 1:15 scaled down aircraft nozzle,
which allows a model nozzle outlet diameter larger than 6 inches. As mentioned, the maximum mixed jet
diameter is 0.9 of the physical diameter. The adaptive nozzle concept is a modification of the reference
nozzle in that an extension of the by-pass is devised following the upper profile of the nozzle by-pass and
extended for 20 degrees with respect to the bypass exit plane (see Fig. 2).

The wing distance the jet axis, H/D, is varied in the range 0.36-0.56. The trailing edge axial position is
fixed at L/D=2, where L is the x-axis component of the flap trailing edge with respect to the by-pass exit.
The flap-wing gap (see Fig. 2) is also kept constant. The angle of attack of the wing is kept constant at 0 deg.
The effects of lift generation are not explored in this investigation. The objective is the investigation of the
pure jet trailing edge noise, for a fixed position of the flap at 22 deg.

The noise spectra have been corrected to free field microphone at 1 meter radial distance (R ∼ 6.3D). The
noise is recorded along a line of microphones located below the nozzle center-line, with polar angles θ=68-
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Figure 2: Experimental setup: mid section of the nozzle and normalized positions of the wing with respect
to the microphones.

(a) Rear view

(b) Top view

Figure 3: Experimental setup: general arrangement

128 deg. A total of 9 microphones are considered. Mic 1 is located upstream of the by pass exit and the
numbering is increased moving towards the rear arc. Corrections have been applied for shear layer refraction,
convective amplification and atmospheric damping. The wind tunnel background noise has been corrected
based on the wind tunnel noise measurements performed at U∞ = 60 m/s. Due to Sound-Noise-Ratio in the
wind tunnel, the experiment is performed using the same velocity for the core and by-pass flow. The nominal
velocity is fixed at Ujet = 160 m/s. The co-flow is varied respectively at 0, 40, 60 m/s.

Beamforming measurements have been also performed based on an array of microphones located below the
setup as shown in Fig. 3a. Only qualitative results are reported in this paper.

4 Results

First, the results for the isolated nozzle configurations are presented as reference. Then, JNI is explored by
comparing the reference and the adaptive nozzle concept by showing how the noise spectra scales withH/D
and the wind tunnel speed U∞. The results are reported omitting the scales, due to confidentiality. Frequency
ranges are referred to as “low”, “mid” and “high” respectively and consistently addressed in all the results
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according to Fig. 4, while the SPL (Sound Pressure Level) and OASPL (Overall Sound Pressure Level), are
represented using a standard delta value reference of 10 dB.

4.1 Uninstalled jet

The noise generated by the isolated reference nozzle is compared to the adaptive nozzle. In Fig. 4, the
pressure spectra, SPL, at microphone 1 (see Fig. 2) are shown for both the reference and adaptive nozzle. The
results are shown for different wind tunnel velocities, i.e. 0, 40 and 60 m/s. Figure 5 shows the normalized
OASPL in dB at the different microphones for the different U∞. As expected, there is a consistent reduction
of the acoustic pressure levels with an increase of the flight stream velocity, reducing mainly the noise
generated by instability waves in the shear layer. This is observed at all microphones. In addition, it is shown
how the two nozzles generate similar directivities in the nozzle symmetry plane. The maximum difference
between the two nozzles is about 0.8 OASPL dB. An increase up to 4 dB is shown for both nozzles when the
velocity is reduced from 60 m/s to 0 m/s. This difference is shown independent of the microphone location.
In addition, the OASPL increases slightly moving towards the rear arc. An increase up to 3 dB are seen here.

(a) Standard Nozzle, Mic 1 (b) Adaptive Nozzle, Mic 1

(c) Standard Nozzle, Mic 9 (d) Adaptive Nozzle, Mic 9

Figure 4: Pressure spectra at microphones 1 and 9, for the isolated nozzle configurations. SPL sensitivity to
free-stream velocity U∞.

4.2 Effect of jet-flap trailing edge distance

Jet interaction noise is presented here for different vertical positions of the wing, H/D. The deflection angle
of the flap is fixed at 22 deg. Results are limited to a free-stream velocity of 40 m/s, while a sensitivity study
to background velocity is discussed in the next section.

Figures 6 and 7 show the SPL levels in dB against frequency for the setup including the jet and the wing.
The reference and adaptive nozzles are compared. First, the spectrum at microphone 1 is analysed. Here it
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Figure 5: OASPL levels at different microphone locations for jet setup including the nozzle alone - directivity
in the lower polar arc. OASPL sensitivity to free stream velocity U∞: (adp - adaptive nozzle; ref - reference
nozzle).

is expected the largest contribution of JNI due to the dipole-like nature of JNI [2] and its dependence on
the flap angle deflection. At microphone 1, a characteristic tonal component is seen in the low frequency
range. This is in line with the characteristic tonal component generated by JNI [18]. An increase up to 10
dB/Hz is shown in comparison to the nozzle alone (see Fig. 4). Interestingly for the reference nozzle, the
loudest configuration is the one at H/D = 0.44. When the wing is further lowered in the shear layer, the
tonal component decreases. The same effect is obtained when the wing is translated completely outside the
shear layer. At mid frequency, the setup at H/D = 0.56 shows a significant reduction of SPL in comparison
to the other two configurations.

At microphone 9 (see Fig. 7), the trend observed for microphone 1 is preserved but the difference between
the SPL levels for different configurations is smaller. Note also that, contrary to the strong tonal component
observed at microphone 1, a number of scattered peaks smaller in amplitude is shown at low frequency. At
high frequency, there are not significant differences between SPL levels for different H/D.

Generally, it is expected that, for H/D = 0.36, the jet outflow is more affected in its development in
comparison to the cases where H/D = 0.44 and 0.56 [18]. This indicates that there might be H/D values
where the JNI has a maximum. For large values of H/D, shear layer/trailing edge interaction is significant.
For low values of H/D, the wing is limiting the development of the shear layer and therefore the interaction
with the flap trailing edge is reduced —the deformation of the flow filed is more significant in this case.

Contrary to the reference nozzle, the setup including the adaptive nozzle concept, notably reduces the tonal
component at low frequencies, forH/D = 0.56 (see Figs. 6 and 7). This effect is clearly due to the deviation
of the flow. On the other hand, the flow is allegedly not enough deflected when H/D=0.36 and 0.44. In fact,
for these cases there is not a significant noise reduction. For the adaptive nozzle, the low-frequency tonal
component of the noise emitted at H/D=0.36 is larger than that at H/D=0.44. Looking at the rear arc, i.e.
microphone 9, the results are qualitatively similar to those shown by the reference nozzle. The tonal peaks for
the case whereH/D=0.56 are notably reduced in comparison to the other cases. These results might indicate
that the interaction noise is also mainly responsible for the tonal components at low frequencies in the rear
arc. These results further substantiate the idea that JNI might be a convex function of H/D —therefore the
adaptive nozzle concept is only moving the point where this functional dependence has a maximum.

At high frequencies, the two nozzles induce similar sound pressure levels that are comparable to those gen-
erated by the nozzles alone (see Fig. 6 and 7).

In Fig. 8 the OASPL variation is reported at the arc of microphones located below the jet axis. In the forward
arc, an increase up to 10 dB in noise levels with respect to the setup including the nozzle alone are observed.
The results for the reference nozzle, are now compared to those shown for the adaptive shape nozzle. It is
seen that for the most outer position of the wing, i.e. H/D = 0.56, noise levels are reduced up to 4 dB when
the adaptive nozzle is installed. This is observed in the forward arc. The noise reduction is less significant
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(a) Standard Nozzle (b) Adaptive Nozzle

Figure 6: Pressure spectra at Mic 1, for the jet-wing setup (see Fig. 2). Comparison for various H/D.

(a) Standard Nozzle (b) Adaptive Nozzle

Figure 7: Pressure spectra at Mic 9, for the jet-wing setup (see Fig. 2). Comparison for various H/D.

moving towards the rear arc. There, the effect of JNI is expected to be limited in comparison to the locations
upstream of the nozzle.

4.3 Free-stream velocity scaling

The scaling of the noise spectra at the microphones for varying free-stream velocity is presented in this
section.

Figures 9 and 10 show the SPL against frequency at U∞= 0, 40, 60 m/s respectively and for H/D equal
to 0.36 and 0.56. As expected, the SPL increases with a reduction of the free-stream velocity [18]. The
spectra preserve their shape when the free-stream velocity changes. However, a significant variation of the
amplitude is seen. The tonal component at low-to-mid frequencies is more sensitive to U∞ variations than
the broadband noise component at high-frequencies. The setup including the adaptive nozzle induces a large
reduction of the SPL in the low frequency regime. At high frequency, the velocity scaling observed for the
jet alone is preserved (see Fig. 4).

In Figure 11, the OASPL directivities are shown at the normalized microphone distances for wing distances
H/D=0.36 and 0.56 respectively. AtH/D=0.56, the adaptive nozzle provides a reduction up to 4 dB OASPL
in comparison to the corresponding reference nozzle. This is observed in the forward arc, independent of
the the free-stream velocity. The noise reduction increases with the increase of U∞. At H/D=0.36, there is
instead almost no difference between the nozzles. For the parameter space explored in this experiment, this
result denotes that changes in free-stream velocity are not as significant to the effectiveness of the adaptive
nozzle as those in the distance of the wing to the jet axis.
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Figure 8: OASPL levels at the microphones location for setup including the jet and the wing - directivity in
the lower polar arc (see Fig. 2). Sensitivity to H/D: (adp - adaptive nozzle; ref - reference nozzle).

The described noise reduction can be observed at the source location by means of beamforming. In Figure 12
and 13, the noise sources are shown in terms of SPL dB levels. The results are shown relative to a reference
value referred to as “REF”, which is the same for all the plots. The SPL contour levels are integrated over the
same frequency band and the color scales are adjusted independently for each case. The results are shown
for the frequency range in which the tonal component in the low-to-mid frequency regime are observed. The
results are shown for H/D =0.36 and 0.56 respectively. At H/D=0.36, the two different nozzle geometries
provide the same SPL levels and a similar main source location close to the flap TE. On the other hand,
a larger difference in SPL levels is shown at H/D=0.56. While in the case of the reference nozzle the
interaction noise is still dominant, for the adaptive nozzle concept the source associate to JNI is reduced up
to 4 dB.

5 Conclusions and outlook

An experimental investigation for an adaptive UHBR nozzle concept has been carried out. A dual stream
jet at fixed nominal velocity has been used, keeping the same core and by-pass velocity. A modified by-
pass outlet has been devised to deviate the outflow and reduce the interaction of the jet shear layer with the
trailing edge. It has been shown that the effectiveness of this solution is dependent on the relative position
of the nozzle and the wing, in that a reduction of up to 4 dB has been achieved upstream of the nozzle for
the case where the wing distance from the nozzle axis was H/D=0.56. The effectiveness of this measure
decreased with H/D, being the nozzle not able to prevent the interaction of the jet shear layer with the flap
trailing edge. The improvement shown is almost independent of the free stream velocity, for the conditions
explored. The results obtained are open to further investigations, such as exploring the effect of different
by-pass extensions and extension profiles. In conclusion, this study has shown a potential improvement to
the current design of by-pass nozzle outlet that can be considered in future design trade-off studies in order
to reduce noise emissions of aircraft.
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(a) Standard Nozzle, Mic 1 (b) Adaptive Nozzle, Mic 1

(c) Standard Nozzle, Mic 9 (d) Adaptive Nozzle, Mic 9

Figure 9: Spectra of the pressure oscillation for the jet-wing setup of Fig. 2. SPL sensitivity to free-stream
velocity U∞.
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(a) Standard Nozzle, Mic 1 (b) Adaptive Nozzle, Mic 1

(c) Standard Nozzle, Mic 9 (d) Adaptive Nozzle, Mic 9

Figure 10: Spectra of the pressure oscillation at Mic 9, for the jet-wing setup of Fig. 2. SPL sensitivity to
free-stream velocity U∞.

(a) H/D=0.36 (b) H/D=0.56

Figure 11: Normalised OASPL at the microphone locations for the setup of Fig. 2, including the nozzle and
the wing. Sensitivity to H/D: : (adp - adaptive nozzle; ref - reference nozzle).
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(a) Standard Nozzle (b) Adaptive Nozzle

Figure 12: Noise source identification based on beamforming. SPL levels for H/D=0.36, U∞=40 m/s in the
low-to-mid frequency range (see Fig. 4).

(a) Standard Nozzle (b) Adaptive Nozzle

Figure 13: Noise source identification based on beamforming. SPL levels at H/D=0.56, U∞=40 m/s in the
low-to-mid frequency range (see Fig. 4).
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Abstract
In this paper, a computationally efficient network modelling tool to characterise the noise transmitted inside
residential ventilation systems is presented. The tool is based on an acoustic two-port formulation and can
predict the generated fan noise that is transmitted throughout the network and finally radiated from exit
valves towards the environment. A variety of acoustic models for components have been implemented that
are sufficient to characterise most common residential ventilation systems. A simulation is provided of a
representative ventilation system set-up, where the fan unit supplies air to or extracts air from two branches,
connected to a large distribution manifold by valve collector manifolds, and terminated by exit valves. The
influence of the opening of the exit valves and the difference between supply and extraction on the acoustic
emissions is studied independently. The results illustrate the importance of interaction effects, that are not
accounted for by commonly used power attenuation tools.

1 Introduction

Mechanical ventilation systems have become indispensable in residential near-Zero Energy Buildings to
maintain an optimal indoor air quality that safeguards the health of occupants. However, the generated noise
is often seen as a nuisance and excessive noise levels can make the occupants lower the flow rate setting,
potentially degrading the air quality. Being able to accurately predict the generated and transmitted noise in a
ventilation system in an early design stage would allow for a more optimal design of the system reducing the
noise emissions while ensuring the required flow rates. This could also avoid the need to install additional
noise mitigation measures after installation, which can not always be placed due to spatial constraints and
which introduce pressure losses that compromise the energy efficiency or the required discharge rate of
the ventilation system. Taking into account the noise emissions in an early design stage is thus of utmost
importance in assuring the correct and energy efficient operation of a ventilation system at all times.

An accurate prediction of the aerodynamic and (aero-)acoustic properties of ventilation systems can be car-
ried out using Computational Fluid Dynamics (CFD) and Computational Aeroacoustics (CAA) techniques,
but these are computationally demanding and require extensive expertise. To allow technicians and design-
ers to easily compare different system designs, a modelling tool needs to be computationally efficient and
straightforward to use. One-dimensional modelling strategies enable fast estimations of system-level prop-
erties by simulating a network in a couple of seconds and make it easy to evaluate the effect of replacing
or interchanging components. Such network modelling tools already exist to predict the transmitted noise
based on a power attenuation formulation [1, 2]. However, these tools do not take into account the mutual
interaction between components and the actual system-level performance can therefore significantly differ
from the predictions. The inter-component interactions can be incorporated in the network formalism by
assembling acoustic two-port models of the components. These models represent the transmission and re-
flection of incoming and outgoing acoustic pressure and/or velocity waves, independent of the upstream and
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downstream positioned components [3]. This approach has already been successfully applied to the design
of automotive exhaust systems [4], mufflers [5] and industrial pipeline networks [6].

This paper introduces a network modelling tool that can predict the noise in residential ventilation systems,
taking into account mutual interaction effects. Components are acoustically characterised by a frequency-
dependent two- or multi-port model, which relates the incoming to the outgoing acoustic pressure waves by
a scattering matrix, representing the transmission and reflection properties of the component, and a source
vector which describes the noise generated within the component. Such models can be derived analytically,
numerically or experimentally. The implemented component library compromises novel derived acoustic
models for fan units, silencers, distribution manifolds, valve collector manifolds and exit valves, as well
as available models from literature for simple components such as straight ducts, T-junctions and concentric
transition pieces. A simulation of a representative ventilation system is carried out in order to demonstrate the
capabilities of the network modelling tool. In particular, the influence of the opening of the exit valves and the
differences between supply and extraction are studied independently. Aerodynamic mean flow predictions
based on accurate pressure drop models from the Silencevent project [7] have been used to account for the
impact of these changes on the fan operating point and its relation to the generated fan noise.

This paper is structured as follows. The following section gives a short description of the governing equa-
tions and network assembly formalism. In section 3, an overview and problem description of the simulated
ventilation system set-up is presented. The implemented components in the network and their governing
acoustic and aerodynamic models are briefly discussed. Section 4 presents the results of the simulation,
highlighting the importance of taking into account component interactions. A final section summarises the
major conclusions drawn from this analysis and provides a short perspective on possible future research.

2 Description of network modelling tool

Residential ventilation systems are characterised by an aerodynamic field describing the mean flow, which
can be assumed to be steady-state and incompressible, and by an acoustic field as a linear compressible
perturbation of the mean flow. The network modelling tool is based on a 1D framework that can model
this acoustic field when the aerodynamic mean flow is supplied as an input. Assuming an ideal gas and an
isentropic expansion, the acoustic pressure p̂(x) at position x inside a straight duct can be decomposed at
every frequency f as a sum of acoustic pressure waves propagating in the positive and negative direction
along the x-axis, which is aligned with the axis of the duct. At low frequencies, plane wave propagation can
be assumed and the acoustic pressure can be expressed as:

p̂ = p+e−jk+x + p−ejk
−x (1)

In this expression, p+ and p− are the amplitudes of the wave travelling in, respectively, the positive and
negative x direction and k± = 2πf/c0 is the acoustic wave number when no convective effects or visco-
thermal losses are taken into account, with c0 ≈ 340m/s the speed of sound. The plane wave assumption is
valid until the cut-on frequency of the first higher order mode fc, which in a duct with circular cross-section
with diameter D is given by:

fc =
1.84

π

c0
D

(2)

The largest ducts encountered in residential ventilation systems have a typical diameter of 180mm leading to
a cut-on frequency of approximately 1100Hz. Although the human hearing covers a much larger range from
20Hz to 20 000Hz, the plane wave region captures most dominant sources of noise in a ventilation system,
primarily originating from the fan unit [8]. An extension to higher frequencies using multi-port models,
which also account for higher order modes, is nevertheless possible [9]. However, such network models are
still subject to validation on system-level as the prevalence of coupling effects between components placed
in close vicinity is uncertain [10].
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Figure 1: Active two-port element with travelling wave conventions

Considering the decomposed acoustic field inside straight ducts, other components can be described by two-
or multi-port models that make abstraction of the complex interactions inside the component and prescribe
simple input-output relations of the acoustic variables at the inlet(s) and outlet(s). Several representations
of two-port models exist, all of which can be derived analytically, experimentally, or from numerical sim-
ulations. The commonly used scattering matrix S is a two-port representation that relates incoming and
outgoing pressure waves and can easily be extended to a multi-port formulation for components with multi-
ple inlets and outlets. The scattering matrix is composed of complex frequency-dependent coefficients that
represent the change of amplitude and the phase shift of the incoming plane pressure waves. For a standard
n-port element with wave conventions as shown in Figure 1, with p+ the vector containing the phasor rep-
resentations of the inward travelling waves and p− the vector containing the phasor representations of the
outward travelling waves, the scattering matrix equation for one frequency is given by

p− = S p+ + ps
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 =
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ps2
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 (3)

The reflection of waves to the same duct is described by the coefficients on the diagonal of S, while transmis-
sion of the waves to other ducts is described by the off-diagonal coefficients. For terminations, the scattering
matrix becomes a one-port model that contains only the reflection coefficient of the inlet or outlet. The
passive scattering matrix S is extended to an active formulation with the source vector ps that describes the
aerodynamic generation of noise as a non-linear function of the mean flow field. In addition to the scattering
matrix, other two-port models like the transfer matrix and mobility matrix that relate different acoustic state
variables are in use. As all formulations are equivalent, linear relations exist to easily convert the different
passive matrix formulations between each other [3].

To describe the resulting acoustic pressure field when components are connected in a network, the scattering
matrices are assembled through a network assembly algorithm based on the formalism derived by Glav and
Åbom [11]. This algorithm enables the concurrent calculation of the complete acoustic pressure state and is
efficiently assembled through the use of sparse matrices in the numerical methodology. In addition, it allows
for the straightforward inclusion of noise sources such as fans and the aerodynamically generated noise from
elements and junctions. After calculation of the full pressure state, it is possible to extract the transmitted
sound power level LW from an exit valve towards the exterior. If the internal damping of the valve can be
neglected and plane wave propagation is assumed, the radiated sound power level can be estimated as:

LW = 10 log10
|p+|2 − |p−|2

pref 2
+ 10 log10

A

Aref
(4)

Where A is the cross-section area of the connected duct, Aref = 1m2 the reference area, |p+| and |p−|
the amplitudes of the waves travelling inside the duct, respectively, towards and away from the valve and
pref = 20 µPa the reference pressure.
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3 Problem description

To demonstrate the capabilities of the modelling tool, a simulation is carried out on a representative ven-
tilation system network. The influence of the exit valve opening and the difference between supply and
extraction is studied in more detail. The first subsection contains an overview of the ventilation system
set-up, while the second subsection covers the properties of the adopted components in more detail.

3.1 Ventilation system set-up

Fan unit

Distribution manifold Collector manifold

Air valve

Figure 2: Ventilation system set-up. Left: side view of the set-up with the second valve collector manifold
omitted for clarity. Right: Top view of the distribution manifold with six semi-flexible ducts connected.

A diagram of a ventilation system set-up is shown in Figure 2. A fan unit, used in balanced ventilation set-
ups (System D), is connected through straight ducts, bends and concentric transition pieces to a distribution
manifold. The distribution manifold divides the main flow through semi-flexible ducts to two valve collec-
tor manifolds terminated by exit valves. Three semi-flexible ducts are used between each valve collector
manifold and the distribution manifold. The fan unit has a separate connection for the indoor supply and ex-
traction branch. In a regular balanced ventilation set-up, both supply and extraction branches are connected
to distinct duct networks to the dry rooms and wet rooms respectively. In this simulation, the same network
is connected alternately to each connection to study the influence of the different source spectra of the fan
unit on the noise transmitted to the exit valves. The air valves have a variable opening to allow setting the
airflow towards each branch based on the required discharge rate of each room. In addition to the difference
between supply and extraction, the effect of partially closing one valve on the transmitted noise is studied.

3.2 Component descriptions

Fan unit

The fan unit (Comair HRUC-E4) is a balanced ventilation unit with heat recuperation used in ventilation
System type D set-ups. The fan unit has three flow rate settings, corresponding to regulation guidelines for
low, medium and intensive ventilation settings. The medium setting has been used throughout this paper.
Aerodynamic fan system curves have been obtained experimentally in previous research [7] and are used to
determine the total flow rate throughout the network. The reflection coefficients of the supply and extraction
termination are taken into account and are provided in Figure 3. The generated noise is described by a scaling
law which scales a reference scaled source spectrum LWSM with the mean flow speed in the connected duct
u and the steady pressure increase p generated by the fan unit.

LW = LWSM + 30 log10 u+ 15 log10 p (5)
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The reference scaled source spectrum for both supply and extraction has been measured using the technique
of reference [8] and is shown in Figure 3.
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Figure 3: Left: Reflection coefficient amplitude of the fan unit supply ( ) and extraction ( ) branch.
Right: Scaled reference source spectrum of the fan unit for the supply ( ) and extraction ( ) mode.

Straight ducts and elbow ducts

Circular stainless steel ducts of diameter 180mm and 160mm carry flow from the fan unit to the distribution
manifold and from the valve collector to the exit valves, whereas semi-flexible polyethene ducts with inner
diameter 54mm serve as a connection between the distribution manifold and the manifold. These ducts are
modelled as straight rigid ducts, where the mutual coupling between wall vibrations and the inner acoustic
field is neglected and no break-out noise is taken into account. The scattering matrix can be described
analytically by:

S =

[
0 e−jk−L

e−jk+L 0

]
(6)

Where L is the length of the duct and the wave numbers k± are modelled using the asymptotic formulation
derived by Dokumaci that takes into account the attenuation of the travelling plane wave due to visco-thermal
wall effects by incorporating an imaginary part [12]. Due to the low local mean flow speeds, flow noise as
a result of turbulent effects is neglected, but could be included through scaling laws as found in VDI 2081
[2]. The aerodynamic pressure drop of the steel ducts is provided by the Swamee-Jain approximation of the
Darcy-Weisbach equation with a roughness of 0.03mm [13]. For semi-flexible ducts the pressure drop is
provided by data obtained from previous measurements [7].

Circular steel elbow ducts can be used in ventilation systems to go around corners or to avoid spatial obstruc-
tions. Aerodynamic pressure drop relations have been implemented through correlations from reference [14].
Elbow ducts are sometimes acoustically characterised by a quasi-steady model that approximates the elbow
duct as a straight duct, where the length L of the straight duct is replaced by the arc length of the elbow
duct. However, elbow ducts can exhibit complex reflections that depend on the wave number and the diam-
eter of the duct, where the reflection coefficients can be obtained analytically [15]. Nonetheless, due to the
low amplitude of these reflections in the plane wave region, their effect is neglected in this paper and the
quasi-steady model is used for all elbow ducts.
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Concentric transition pieces
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Figure 4: Left: Steel transition piece from �125mm to �160mm. Right: Scattering matrix coefficients
of transition piece of length 200mm from �160mm upstream to �180mm downstream, with S21 ( )
and S12 ( ) the downstream and upstream transmission coefficients, respectively, and S11 = S22 ( ) the
reflection coefficient at both inlet and outlet.

A steel concentric transition piece of length 100mm connects the 160mm diameter ducts to the 180mm di-
ameter duct coming from the fan unit and another concentric transition piece of length 20mm connects these
ducts to the 180mm diameter connection of the distribution manifold. Aerodynamic pressure drop relations
have been implemented through correlations from reference [14]. Scattering matrices are implemented using
the analytic formulation by Munjal [3] and the scattering matrix coefficients are shown in Figure 4. The dif-
ference in cross-section area gives rise to small but non-zero frequency-dependent reflections, whereas the
length of the transition piece causes a phase shift as a result of the finite path length between inlet and outlet.

Distribution and valve collector manifold
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Figure 5: Left: distribution manifold with labelled connections A-R going clockwise. The large connection
is labelled as S. Right: Scattering matrix coefficients SMS ( ), SNS ( ) and SOS ( ) to the first valve
collector and coefficients SPS ( ), SQS ( ) and SRS ( ) to the second valve collector with respect to
the large connection of the distribution manifold. The other connections are closed and considered as rigid
ends.
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Figure 6: Left: valve collector manifold with three semi-flexible ducts connected to labelled connections
A-C. An exit valve and short duct are connected to the large connection labelled as D. Right: Scattering
matrix transmission coefficients SDB ( ) and SDA = SDC ( ) of the middle and side connections to the
large duct, transmission coefficient SAC = SCA ( ) from one side connection to the other side connection
and reflection coefficients SBB ( ), and SAA = SCC ( ) of the middle and side connections.

A large polypropene distribution manifold (Ventilair Uniflexplus+ TVG-63-180) distributes the large vol-
ume flow to the fan unit over the two rooms. The manifold has a large intake diameter of 180mm and 18
possible connections of semi-flexible ducts with an inner diameter of 54mm. Two polypropene valve col-
lector manifolds (Ventilair Uniflexplus+ VCHL-250-63) connect the semi-flexible ducts to a larger 125mm
diameter steel duct which enables the placement of an exit valve. To minimise the mean flow velocity in the
semi-flexible ducts and the associated pressure drops, one to three semi-flexible ducts can be used to connect
the distribution manifold to the valve collector, depending on the required discharge rate of the room. Aero-
dynamic pressure drop relations have been derived previously for both manifolds [7]. Due to the low mean
flow speeds, aerodynamically generated noise as a result of turbulent effects is neglected.

Passive scattering matrices of both manifolds have been derived from acoustic Finite Element Analysis sim-
ulations, where the influence of the mean flow on the noise propagation has been neglected due to the low
flow velocities. For the distribution manifold, the labelling and the scattering matrix coefficients of the rele-
vant connections are depicted in Figure 5. As the unconnected terminations are sealed off with rigid plugs,
internal resonances lead to distinct transmission coefficients even when connections are physically close to
each other. For the valve collector manifold, the labelling and the scattering matrix coefficients are depicted
in Figure 6. The side connections A and C of the valve collector manifold transmit more noise to the large
connection D compared to the middle connection B at higher frequencies, as a result of a thin divider in
the middle of the manifold that becomes more acoustically opaque for smaller wavelengths. An acoustic
resonance occurs around 1000Hz that significantly decreases the reflection at connections A and C while
keeping the transmission to connection D mainly constant, resulting in a greatly increased transmission from
connection A to C and from C to A. Interaction effects due to the dissimilar behaviour of the connections be-
tween the distribution manifold and the valve collector can cause important resonances in narrow frequency
bands. These resonances can partially block or increase the transmission from the large distribution manifold
opening to the large valve collector manifold opening.
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Exit valve
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Figure 7: Left: Zehnder STB-1-125 exit valve. Right: Reflection coefficient amplitude of the valve for an
opening of 5mm ( ), 15mm ( ), 25mm ( ), 35mm ( ), 45mm ( ). 0mm indicates a fully
closed valve, whereas 45mm is fully open.

Two steel exit valves (Zehnder STB-1-125) terminate the ventilation system set-up. Exit valves exhibit strong
reflective properties that depend on the opening of the valve. The reflection coefficient has been determined
experimentally for a variety of openings using the iterative multiple-microphone technique from reference [9]
and is represented in Figure 7. There is a narrow frequency band where the reflection drops sharply, implying
a higher transmission towards the exterior at this band. This phenomenon shifts to higher frequencies for
smaller openings. The resulting noise radiated from the valve consists of both the noise transmitted from
the connected duct as well as aerodynamically generated noise that is radiated directly to the exterior. Only
the transmitted noise is taken into account in the analysis of this paper, although the generated noise can be
predicted by scaling laws as found in the VDI 2081 guidelines [2]. The aerodynamic pressure drop has been
determined using the data sheet of the manufacturer.

4 Results

4.1 Fan operating points

Two cases for the valve openings are compared, for both supply as well as extraction, leading to a total of
four different cases. In the first two cases, both air valve openings are at their 25mm setting as indicated on
the built-in ruler. In the other two cases, the second air valve, connected to ports P, Q and R of the distribution
manifold, is closed to 15mm. This allows to study the effect of partially closing one valve on the transmitted
noise levels, taking into account the resulting change of the operating point. The same networks are simulated
as being connected to either the supply branch or the extraction branch of the fan unit to study the effect of
the different source spectra of each mode of operation. The operating point of the fan is determined from
iteration of the non-linear pressure drop equations and is used to determine the generated fan noise levels for
both cases of valve openings. The operating points are assumed equal for both supply and extraction to allow
a direct comparison between the two source spectra. The resulting steady aerodynamic pressure increase p,
total volume flow rate Q and local flow speed u can be found in Table 1. The level change in the total source
spectrum as a result of a shift in the operating point is only minimal, with an expected 0.6 dB decrease due
to the change in mean flow speed and the pressure increase caused by partially closing the valve.
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Table 1: Aerodynamic pressure increase p over the fan unit, total volume flow rate Q and local flow speed u
at the fan unit for all four cases at the medium flow rate setting

supply extraction
25-25 mm 25-15 mm 25-25 mm 25-15 mm

p [Pa] 104 116 104 116
Q [m3/h] 155 140 155 140
u [m/s] 1.69 1.53 1.69 1.53

4.2 Radiated Sound Power Levels
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Figure 8: Radiated Sound Power Level in 1/3 octave bands from the first air valve (left) and from the second
air valve (right) for all four cases.

For each case, the complete acoustic pressure state has been calculated by solving the network equation
resulting from the assembly of the scattering matrices for frequency steps of 1Hz. The radiated Sound Power
Level (SWL) from each valve is calculated using Equation 4. The narrow-band spectra have been integrated
to third octave bands and the resulting radiated SWL is presented in Figure 8. Partially closing the valve leads
to an overall reduction in radiated SWL from both the unaltered and the partially closed valve. The change
in operating point is responsible for a reduction of 0.6 dB in the total source spectrum of the fan, which
is the average difference found for the first valve for both supply and extraction. The difference becomes
noticeably larger for the second valve when it is partially closed as a result of the larger reflection coefficient
in the 630Hz and 800Hz band. The increase in reflection accounts for an additional 1.4 dB reduction in the
630Hz band, which is in line with the expected reduction based on averaging the reflection coefficient. It can
be concluded that partially closing one valve only has a minor effect on other branches other than reducing
the total flow rate and consequently the generated noise by the fan. Nevertheless, increased reflections at the
partially closed valve can feature more noticeable reductions in the radiated noise towards the exterior for
certain frequency bands.

Between supply and extraction for the same valve openings, large differences are observed. For the first
valve, the radiated SWL is always lower for the extraction case compared to the supply case and follows
a decreasing pattern with increasing frequency. However, for the second valve the radiated SWL for the
extraction case remains within a 1 dB range in the 400Hz and 630Hz band and increases from the 315Hz
to the 400Hz band in contrast to decrease seen in the supply case. The decrease between the supply and
the extraction case at the 315Hz band is noticeably larger for the second valve than for the first valve, with
a drop of respectively 16 dB for the second valve compared to 8 dB for the first valve. A large part of this
behaviour can be attributed to the frequency dependence of the transmission coefficients of the manifold.
The source spectra of both the supply and extraction fan contain tonal components at different frequencies,
which can coincide with frequency bands of high or low transmission loss of the manifold.
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Figure 9: The transmission loss for the ventilation system set-up with interactions ( ) and without interac-
tions ( ) from the fan unit to the first valve (left) and to the second valve (right). The reflections of the exit
valves are taken into account and the transmission loss is with respect to the radiated sound power. The exit
valves are both at the 25mm setting.

The transmission coefficients of the individual components alone may not be sufficient to accurately char-
acterise the transmitted noise as interaction effects as a result of the internal reflections can appear. To
investigate possible interaction effects in the ventilation system set-up, the transmission losses with respect
to the radiated SWL for both branches have been determined using the network modelling tool accounting for
interactions and using a modified version of the tool neglecting interaction effects. In the modified version,
all reflection coefficients other than those of the exit valves are set to zero and the noise is only allowed to
propagate in the direction towards the exit valve. This makes the behaviour similar to commonly used power
attenuation tools [1, 2], although it still enables a narrow-banded prediction of the transmitted noise. The
transmission losses TL are defined as the difference between the generated Sound Power Level LWsource by
the fan unit and the radiated Sound Power Level LWrad at each outlet calculated using Equation 4 to take
into account the effect of the reflective properties of the exit valve:

TL = LWsource − LWrad (7)

The resulting transmission loss when both valves are at the 25mm setting is shown in Figure 9. The trans-
mission losses with interactions follow the same general trend as the transmission losses without interactions,
except that they feature numerous peaks and dips. This pattern can be explained by standing wave effects
reflecting back sound power to the source, which are not modelled by the simplified model. The standing
waves emerge as a result of interactions between reflective components such as the transition pieces, mani-
folds and exit valves, where the frequency interval is determined by the length of the intermediate ducts. If
the source spectrum features narrow-banded peaks that align differently with the transmission spectrum, the
average transmitted noise can significantly differ from a prediction that uses an averaged transmission coef-
ficient. In addition, at certain frequencies, significant deviations occur. For example, when no interactions
are taken into account, a drop in transmission loss towards the first valve and a peak in transmission loss to-
wards the second valve can be seen right below 1000Hz. Taking interactions into account, this behaviour is
completely reversed with an increased transmission loss towards the first valve and a decreased transmission
loss towards the second valve.

This illustrates that noticeable resonance effects can appear even in relatively simple networks and can sig-
nificantly affect the transmission of sound through the network. Such phenomena would not be accounted
for using tools based on a power attenuation analysis alone [1, 2], as these tools do not take the interactions
between components into account.
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5 Conclusions

A network modelling tool to characterise the noise transmission in residential ventilation systems is pre-
sented. The tool is based on an active acoustic two-port methodology and takes interaction effects between
components into account. A simulation of a representative residential ventilation system is performed, indi-
cating the potential applicability of the tool. The tool is able to capture interaction effects that lead to dis-
tinguishable differences in radiated sound power levels between two similarly constructed branches. These
interaction effects are not taken into account by commonly used tools for the analysis of residential ventila-
tion systems based on a sound power attenuation analysis alone. In the near future experimental validation
will be carried out to assert these findings.

Current research is focusing on the automatic calculation of the mean flow field and inclusion of the actively
generated noise of components other than the fan unit. In particular an active characterisation of exit valves
enables a comparison of the effect of local mean flow speeds on the total transmitted and generated noise by
the exit valves radiated towards each room. By being able to characterise both the aerodynamic and acoustic
performance of a ventilation system simultaneously, the network modelling tool could be used in a frame-
work to optimise the layout of the ventilation system by reducing the energy consumption, while delivering
the required flow rates to maintain an optimal air quality, and while not exceeding noise regulations.
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Abstract
This paper presents the experimental analysis of the whistling conditions in a slit-type Helmholtz resonator.
The aeroacoustic response is investigated by measuring the far-field sound radiation of the in-duct Helmholtz
resonator subjected to a turbulent low Mach number grazing flow varying from 0.02 to 0.12. A strong tonal
noise is observed, under certain conditions, as results of the interaction between the hydrodynamic and the
acoustic field. It appears to depend on the Strouhal number and on the resonance frequency of the acoustic
cavity. The whistling frequencies are in agreement with the predicted frequency regions of the whistling
potentiality derived from the acoustic two-port modeling, available in the literature.

1 Introduction

Flow-excited Helmholtz resonators represent a class of resonant cavities susceptible to aeroacoustic feed-
back phenomena [1, 2]. Such phenomena result from the interaction between a vortical hydrodynamic flow
and sound waves, leading to high-pressure fluctuations, self-sustained oscillations, and structural vibrations.
Aeroacoustic feedback phenomena are encountered in various engineering applications in aerospace, auto-
motive, and industrial sectors. Typical examples have been reported for gas pipe networks [3, 4], valves
and flow control devices [5], orifice plates [6, 7, 8, 9], resonant cavities [10, 11, 12, 13], automotive door
gap [14], aircraft engine liners [15, 16], and solid rocket motors [17]. A better understanding of the physi-
cal mechanisms involved in the flow-acoustic feedback phenomena is, therefore, needed to avoid noise and
vibration problems, and reduce the impact of noise exposure on the human health.

In a Helmholtz resonator subjected to grazing flow, aeroacoustic instabilities arise when the unstable shear
layer spanning the orifice opening interacts with the acoustic resonances of the cavity volume. According
to Rockwell and Naudasher [1], under the assumption of rigid structures, the oscillations can be categorized
into fluid-dynamic and fluid-resonant. The former can occur in the orifice region, in case the shear layer
instabilities are sustained by the acoustic waves emitted by the impinging of the vortical structures on the
downstream edge of the orifice and scattered upstream [18]. The latter take place when the acoustic resonance
of the cavity volume interacts with the shear layer, modulating the feedback. The energy transfer between
the hydrodynamic and acoustic field governs the behavior of the acoustic element and determines whether it
acts as a damping system or an amplifier. This paper focuses on this second condition, where the Helmholtz
resonator is prone to whistle and most of the acoustic energy of the system is concentrated in a narrow
frequency band.

This paper presents the experimental analysis of the aeroacoustic feedback phenomena in a slit-type Helmholtz
resonator mounted as side branch of a rectangular duct. The influence of the grazing flow on the resonator
acoustic response is investigated by means of acoustic radiation measurements, carried out in the semi-
anechoic room at the KU Leuven test facility. The experiments allow the direct identification of the whistling
conditions. The analysis attempts to shed some light on the physics of the aeroacoustic feedback mechanism
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involved, and on the role of the hydrodynamic instability modes and the Helmholtz resonance. The results
of the acoustic radiation measurements are compared to the frequency ranges where whistling may occur,
based on the two-port model of the resonator and an acoustic energy balance argument, as presented by the
authors in [19, 20]. The paper is structured as follows. Section 2 presents a description of the problem and
the experimental setup. In Section 3, the results of the acoustic radiation measurements are presented and
discussed. Concluding remarks are finally drawn in Section 4.

2 Flow-excited Helmholtz resonator

2.1 Test object

The test object analyzed in this work is a Helmholtz resonator subjected to a low-Mach number grazing
flow. The two-dimensional geometry, shown schematically in figure 1a, extends in the third direction for
W = 90mm. The resonator cavity is connected to a main duct through an orifice with sharp edges. The
cavity is characterized by a length of H = 40mm and depth of D = 55mm and the orifice has a length of
l = 10mm and a depth of d = 5mm. The main duct has an height of H = 40mm and a total length of
L = 750mm. According to the formulation derived from the mechanical system analogy [21], the natural
frequency of the Helmholtz resonator in a quiescent medium is given by fHR = (c/2π)

√
A/V de , where c

is the speed of sound, A is the orifice surface area, V is the volume of the resonator and de = d + δ is the
effective neck length, including the end effects δ as formulated in [2]. For the considered resonator geometry,
the Helmholtz resonance occurs at fHR = 845Hz. The test object is manufactured in thick-walled aluminum
to ensure enough rigidity to prevent fluid-structure resonance effects. The modular design of the test object
allows to easily substitute one or multiple elements of the assembly in order to modify the geometry and
perform a parametric analysis. In particular, an additional resonator geometry is selected, with a reduced
cavity depth of D = 42mm and the characteristic Helmholtz resonance occurring at fHR = 1000Hz, with
the purpose to investigate the impact of the Helmholtz resonance on the aeroacoustic response.

M0

H

D

H

L

l

d

in
le

t

o
u
tl

et

(a)

θ = 90◦ 

(b)

Figure 1: Experimental setup for aeroacoustic radiation measurements at KU Leuven Lab: (a) Schematic
drawing of the Helmholtz resonator; (b) Aeroacoustic open-circuit wind tunnel set up in the semi-anechoic
room. The white circles highlight the microphones used for the measurements.

2.2 Experimental setup and procedure

Figure 1b shows the test rig used to investigate the acoustic radiation response of the flow-excited Helmholtz
resonator. The aluminum test object is connected to the aeroacoustic open-circuit wind tunnel which is
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arranged in the semi-anechoic chamber at the KU Leuven lab facility. A constant flow rate is provided
by the flow generating unit consisting of a frequency regulated roots blower and a heat exchanger, located
outside the semi-anechoic chamber. A silencer is mounted in the duct network between the flow generating
unit and the test section to damp the noise generated upstream and to ensure low acoustic reflections. The
duct has a cross section of 90 x 40mm and hence a hydraulic diameter of Dh = 55mm. The length of
Lup = 1400mm, equivalent to around 25 hydraulic diameters Dh, ensures a fully developed flow profile at
the inlet of the test section. The centerline flow velocity is measured at each flow condition using a pitot
tube placed at the outlet of the tunnel, and removed during the acoustic measurements. The mean velocity
in the main duct U0 is computed from the centerline velocity assuming the power-law profile for turbulent
flow [22, 23], and then used to obtain the Mach number according to M0 = U0/c. The inflow Mach number
is varied from 0.02 to 0.12 in 32 increments, and the corresponding Reynolds number is turbulent for all
cases, Re = U0Dh/ν > o(104), with ν the kinematic viscosity. The air flow temperature is monitored via a
thermocouple inserted into the duct network. The acoustic pressure fluctuations radiated from the test object
are measured with two 1/2” Bruel & Kjaer type 4188 microphones, powered and amplified by two type 2671
preamplifiers. The microphones, highlighted by the white circles in figure 1b, are located at the same radial
distance of 1m from the longitudinal axis of the duct termination, mounted perpendicular to the direction
of the free stream velocity (θ = 90°), at the same height as the center of the duct. Acoustic absorption
panels are placed on the chamber floor, below the measurement area, to reduce the acoustic reflections.
The data acquisition is carried out using an LMS SCADAS III system, in combination with Siemens LMS
Test.Lab software. The cross power spectral density between the signals, measured by the microphone pair,
is computed applying Welch’s method [24], with 300 averages and 25% overlap for each flow condition,
to allow filtering out the uncorrelated aerodynamic noise. Assuming a monopole-like sound radiation from
the test object, the cross-spectral density magnitude as measured by the microphone pair is equivalent to the
autospectrum of the correlated part of the individual microphone signals [25]. These values are expressed as
sound pressure level in decibel dB considering the standard reference pressure of 20µPa.

3 Acoustic response

Figure 2 shows the sound pressure level radiated from the Helmholtz resonator ( l = 10mm, d = 5mm,
D = 55mm ) for the different inflow Mach number test conditions. The frequencies of the first and sec-
ond hydrodynamic instability mode are marked on the figure as oblique dotted lines. These hydrodynamic
instability modes denote the condition for which the characteristic wavelength of the shear layer distur-
bances corresponds to the orifice length, and the convection time of the hydrodynamic disturbances matches
the oscillation period of the acoustic field. These conditions are characterized by a the Strouhal number
St = n f l/Uc with n = 1, 2.., where f is the frequency, l is the orifice length and Uc the effective convec-
tion speed of the shear layer vorticity. The latter is derived from the semi empirical formulation proposed in
[12]. The frequency of the Helmholtz resonance in a quiescent medium resonator is reported as a vertical
white dashed line.

Tonal noise is measured for the conditions where the hydrodynamic mode frequency is close to the resonator
natural frequency, fHR = 845Hz. A low-amplitude tone appears for 0.025 < M0 < 0.038 corresponding
to the second hydrodynamic mode. Large magnitudes are observed in the sound pressure map in correspon-
dence of the first hydrodynamic mode for 0.052 < M0 < 0.09. The whistling tone reaches a peak of about
124 dB at the frequency of f = 847Hz for M0 = 0.074. This tone also produces a non-linear harmonic
distortion at higher frequencies for the same Mach number range. The results indicate the coupling between
the shear-layer instability modes and the natural acoustic mode of the Helmholtz resonator, which plays an
important role in the aeroacoustic feedback. A further increase of the inflow Mach number results in a de-
crease in the magnitude of the dominant tone. In addition, for Mach number higher than M0 = 0.088 a mild
tone is observed centered around f = 1140Hz, close to the first hydrodynamic mode. Similar trend are also
reported in other experimental measurements available in literature for similar configurations [12, 26].

Figure 2 also visualizes the predicted frequency ranges of potential whistling as horizontal dash-dotted lines.
These instability conditions have been experimentally derived in [19, 20], applying the acoustic two-port
characterization technique on the same resonator geometry in combination with the acoustic energy criterion,
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Figure 2: Power spectral density of the acoustic pressure as function of the frequency and flow Mach number
for the Helmholtz resonator ( l = 10mm, d = 5mm, D = 55mm ). The natural frequency of the
resonator fHR is represented as vertical dashed line. The hydrodynamic mode numbers (St = 1, 2) are
drawn as dotted lines. The dash-dotted lines define the predicted frequency ranges of potential aeroacoustic
instabilities as extracted from [19, 20].

as proposed by Aurégan and Starobisky [6]. More details on the theoretical formulation, and the experimental
procedure can be found in the references. Two flow Mach number conditions are selected, namely M0 =
0.043 and 0.074, representative of a non-whistling and a whistling case. As can be seen, whistling does
not occur within all frequency regions where aeroacoustic instabilities could occur but observed whistling
tones fall within such predicted frequency region. This is in line with the expectations, as the criterion
used in reference [19, 20] is only a necessary, but not a sufficient condition for whistling to occur. It is
however interesting to note that this method predicts the instability ranges corresponding to the first and
second hydrodynamic instability modes, and around the Helmholtz resonance frequency.

Figure 3 shows the acoustic response of the Helmholtz resonator at the two selected Mach number condition,
expressed in terms of the Strouhal number. For each flow conditions, the sound pressure level measured with

Figure 3: Sound pressure level produced by the Helmholtz resonator (solid line) and by the Duct test rig
(dash-dotted line) at two inflow test conditions as function of the Strouhal number.
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a straight duct of the same length of the test object is also reported. The comparison of the measurements in
both configurations allows to evaluate the contribution of the resonator to the radiated acoustic field over the
background noise. The analysis of the plots further validates the predicted ranges of whistling potentiality. At
M0 = 0.043 we observe small increases compared to the benchmark duct case corresponding to the Strouhal
number St = 1 and 2, and close to the Helmholtz resonance (St = 1.6). At M0 = 0.074, the resonator
induces a drastic increase of the sound pressure level compared to the simple duct. In particular, large
magnitudes are measured close to St = 1, where the first hydrodynamic mode locks in the natural frequency
of the Helmholtz resonator. Hence, the results suggest that the whistling tonal noise can be accounted to the
coupling of the fluid-dynamic and fluid-resonant oscillations. On the other hand, in case the fluid-dynamic
and resonant feedback phenomena do not match in frequency, the acoustic energy increase, compared to the
background noise, is smaller and distributed over different frequency ranges.

In order to further assess the effect of the Helmholtz resonance on the aeroacoustic feedback mechanism,
the acoustic response of a modified resonator with a reducing cavity depth ( l = 10mm, d = 5mm,
D = 42mm ) has been measured for the same inflow test conditions. Figure 4 shows the sound pressure
level measured for this flow-excited Helmholtz resonator as function of the mean flow Mach number and
frequency. The Helmholtz resonance occurs at the frequency of fHR = 1000Hz. Also here, self-sustained
oscillations are observed corresponding to the first and second hydrodynamic instability modes. However,
in this case, their frequency ranges do not match with the natural frequency of the resonator. At low Mach
number conditions, low-amplitude noise humps are measured around f = 900Hz and from f = 1100
to 1200Hz, the second hydrodynamic mode St = 2. At 0.052 < M0 < 0.09, a whistling tone occurs
near the first hydrodynamic mode St = 1. This tone is radiated at slightly higher frequency and with
reduced amplitude compared to the one reported in figure 2 for the same inflow conditions. In particular, at
M0 = 0.074, a whistling tone of about 96 dB is measured at the frequency of f = 896Hz. These results
indicate that the acoustics of the cavity volume modulates the aeroacoustic feedback, which is mainly driven
by the hydrodynamic instabilities. Confidence on this conclusion is also provided by analyzing the sound
pressure level of the noise hump at f = 1140Hz occurring at Mach numbers higher than M0 = 0.088.
Higher magnitudes are observed for the resonator with a reduced cavity volume, characterized by a base
resonance closer in frequency.

Figure 4: Power spectral density of the acoustic pressure as function of the frequency and flow Mach number
for the Helmholtz resonator ( l = 10mm, d = 5mm, D = 42mm ). The natural frequency of the
resonator fHR is represented as vertical dashed line. The hydrodynamic mode numbers (St = 1, 2) are drawn
as dotted lines.
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4 Conclusion

The experimental analysis presented in this work provides a detailed study of the acoustic response of a slit-
type Helmholtz resonator subjected to a low Mach number grazing flow. The sound radiated from the test
resonator is characterized through acoustic far-field measurements carried out in the semi-anechoic chamber
at the KU Leuven lab facility. Varying the inflow Mach number, self-sustained acoustic pressure oscillations
are observed in specific Mach number and frequency regions, indicating the occurrence of aeroacoustic feed-
back phenomena. Large oscillations leading to whistling are observed in case the hydrodynamic instability
modes of the shear layer spanning the resonator orifice are close to Helmholtz resonance of the acoustic
cavity. Low-amplitude noise is measured when the hydrodynamic instabilities and the acoustic resonance
mode do not match in frequency. Furthermore, it is shown that the observed whistling phenomena fall within
the frequency regions where such instabilities could occur, based on the prediction derived from the energy
balance of a two-port model in [19, 20]. In conclusion, the presented results further extend the experimental
database for the validation of numerical models for the analysis of the aeroacoustic instabilities in resonant
flow-duct systems [27, 20].
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Abstract
Pressure load measurements in operative conditions represent a fundamental parameter for improving the
knowledge of the in-flight forcing generation and transmission. Furthermore, it is a fundamental step for
assessing the validity and confidence of numerical methods able to predict such pressure loads, usually
generated by propulsion and turbulent boundary layer. The experimental in-flight measurements and analysis
and the correlation with the numerical methods are activities required as a starting point for studying the
transmission mechanism through the fuselage which is responsible for the vibration and noise level which can
be measured inside and for identifying potential solutions for their mitigation. The in-flight measurements
have been carried out on a Leonardo Helicopter tiltrotor with the main goals to perform the validation of an
experimental setup in a fully new environment and the assessment of a data analysis procedure according to
the objectives of the Clean Sky 2 Fast Rotorcraft Project T-WING.

1 Introduction

In the last few years, for a fast and reliable point to point connection or intercity flights and in order to improve
public mobility and access to air transportation, the Runway-Independent Aircraft concept is progressively
becoming more prominent in civil aviation. Moreover, the market prospects predict an increasing demand
of Tiltrotors for business flights, air medical, search and rescue applications. In order for such vehicles
to be working successfully and commercially viable, the interior noise levels must be acceptable to civil
passengers. Noise is the result of propulsion systems, interaction between high-speed air flow and aircraft
surfaces and internal operation systems [2]. The noise is an important design and operation parameter of
every aircraft because the effects of too intense levels can affect the crew and passengers comfort and pose
problems for on-board equipment and communication systems [3]. Structural-acoustic measurements were
taken aboard an existing tiltrotor aircraft to better investigate the physical mechanisms that originate the
interior noise in the tiltrotor. Although the flight test measurements also include structural accelerations and
internal noise, the results presented in this paper focus on the exterior pressure loading on the fuselage. This
paper is more addressed to the experimental in-flight measurements and analysis, while a companion paper
is more devoted to the numerical methods and their correlation with the experimental measurements. Both
these activities are required as a starting point for studying the transmission mechanism through the fuselage
which is responsible for the vibration and noise level which can be measured inside and for identifying
potential solutions for their mitigation. The knowledge of the exterior pressure loads is, moreover, requested
when replicating in a lab ground testing the flight conditions in order to test different solutions for improving
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the passenger comfort before going to flight testing the most promising. The in-flight measurements have
been firstly carried out on a flying Leonardo Helicopter tiltrotor, undergoing certification for use in the civil
sphere. Noise data were acquired at the nine flight conditions indicated in Table 1. The scientific literature
concerning this flight vehicle is very reduced. An important point of reference is certainly the analysis of the
XV-15 acoustic data performed by the Vehicle Technology Center of the NASA Langley Research Center [4].
The sources that induce pressure loads on the external fuselage of the tiltrotor are essentially of two types: a
rotor noise due to the presence of the large rotors located at the wingtips and the boundary layer noise. The
acoustic loads produced by the propeller is mostly affected by the power produced, forward and rotational
tip speeds, number of blades, blade shape and thickness and distance from the propeller. Propeller engines
generate a noise field that is highly tonal in frequency content and highly directional in spatial distribution
[2]-[3]. In high speed flight, boundary layer noise can be a significant part of the noise perceived in the
cabin. The obtained results are interesting and promising: these measurements could also be addressed
to more traditional airplanes and, possibly, to ground vehicles for characterizing, from this point of view,
different transport systems.

2 Flight test set-up

Measurement and Analysis of noise is a powerful diagnostic tool in noise reduction for improving the qual-
ity of flights and in order to maximise passengers’ comfort on board. The exterior spectrum levels were
measured applying twelve surface pressure transducers with 13mm diameter diaphragms and 3mm height
on the fuselage: eleven microphones on the port side of the tiltrotor and one surface microphone (no.12)
on the right side to verify the symmetry of the results. The exterior sensors installation scheme is shown
in fig. 2. Since the pressure loads are much higher near the plane of rotation of the propeller and rapidly
decrease both forward and aft, most of the sensors have been installed to form a ‘T’ as close as possible to
the propeller disk when the tiltrotor is in airplane configuration. This arrangement is able to take into con-
sideration both longitudinal and transverse variations in the distribution of acoustic loads. The fig. 3 shows
the surface pressure transducers locations. The main purpose of the work and on which this paper focuses
is the experimental acquisition of external acoustic loads acting on the tiltrotor fuselage in order to carry on
a comparison with the numerical results provided by noise prediction tools. However, during flight tests,
in addition to acquisitions of external pressures, structural accelerations and internal pressure levels of the
fuselage were acquired. Accelerations were measured on the inside of the skin at six locations far from shell
and vibrating panels and as close as possible to the fuselage frames and stiffeners. Piezoelectric accelerome-
ters with a nominal sensitivity of 10 mV/g have been used. Interior pressures at six locations were measured
using half-inch condenser microphones of random incidence type with a nominal sensitivity of 50 mV/Pa.
30 seconds of data were acquired.

Table 1: Flight Test Conditions

I II III IV V V I V II V III IX

Speed(kt) 150 155 160 165 170 175 180 185 190
Altitude(ft) 20, 000 20, 000 20, 000 20, 000 20, 000 20, 000 20, 000 20, 000 20, 000

RPM 478 478 478 478 478 478 478 478 478

3 Test Results

3.1 Time domain results

The acquired data were analyzed through DNA a dedicated MATLAB code developed by LIght saFe quiEt
- Laboratory, UniNa. DNA is short for Data Noise Analyzer. This tool, able to plot the TestLab Spectral
Testing results stored in a .mat file, was validated by means a careful comparison with the results obtained
through the commercial software. During Flight Test the external surface microphone no. 11 did not work
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Figure 1: Surface microphone size

Figure 2: Layout diagram of the internal (a) and external (b) microphones

correctly. This anomaly could be due to an electrical problem. The plot related to this mic. showed very
“wired” peaks, so it was decided to exclude it from the data process. However, the number of sensors adopted
was enough to perform an excellent acquisition and analysis of the data and to output some fundamental
conclusions about the noise. The noise distribution pattern can be expected to be broader for larger propeller
diameter and for greater clearance between the propeller and the fuselage of the Tiltrotor. In addition, the
directional characteristics may be affected by operational factors such as flight speed, by interactions with
the fuselage flow field, and by interaction with a second propeller in a counter-rotating configuration. The
values and graphs shown in this report are mainly related to flight condition VI. The measured pressure
fluctuations and noise levels are quantified from a subjective point of view by means the Overall Sound
Pressure Level (OASPL) [8]-[9]. The fig. 4 shows the OASPL plotted as a function of the flight speeds, with
the twelve microphones indicated by different symbols. The OASPL is highest near the plane of rotation of
the propeller and decreases rapidly in both forward and aft directions. As expected the overall level shows
a linear trend with the speed. It significantly increases when the flight speed increases. It is interesting to
note for condition IX at high flight speed, due to the increase of the aerodynamic noise, the OASPL of the
microphone 11, located downstream of the wing, is comparable with the value relative to the microphone
6, near the cockpit. Focusing of microphones 1, 3 and 5 it is possible to observe that in the circumferential
direction the noise level decreases. Sample time histories for the surface microphone no. 6 at the different
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Figure 3: Photograph of exterior sensors locations

flight speeds are shown in fig. 5 in which the time period represents one rotation of the propeller. In each
subplot the thin line represents the instantaneous response whereas the heavy line denotes the time averaged
response. The time averaged response closely follows the instantaneous response and you can appreciate that
the magnitude of the response changes quite whereas the shape of the time history doesn’t vary significantly
as a function of the flight speed: the periodic trend linked to the passage of the propeller blades is very clear.

Figure 4: OASPL at different flight conditions

3.2 Frequency domain results

The fig. 6 shows the spectral shape for each microphone at the cruise speed of the tilrotor. In general, the
harmonic peaks of the exterior pressures due to the rotating propeller approaches the broadband noise floor
between 300 and 400 Hz. By observing the data of the microphones 8, 9 and 10, located under the wing, we
note that only the first three harmonics of the fundamental blade passage frequency (BPF) are greater than the
broadband noise. The presence of the wing considerably disrupts the flow and most probably increases the
broadband level. The symmetry condition can be verified from the autospectra plots related to microphones 3
and 12 in fig. 7. Figure 11 shows the noise spectra taking into account the external microphones respectively
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in the longitudinal and transverse directions with respect to the fuselage. From both figures just mentioned it
is clear that the tone at the first blade-passage frequency has the highest level and succeeding tones decrease
at a rate of about 2 dB per harmonic. BDF fall in the low frequency range up to around 350 Hz whereas
the boundary layer noise is dominant at the higher frequency. The fig. 8 illustrates sound spectrum of the
external microphone no. 3 in the 1/3 octave band frequency for the whole speed range, with the frequency
axis in logarithmic scale. The trend of the signal in 1/3 octave tends to increase the sound levels at the
higher frequency and to attenuate them at lower ones, thus better representing human hearing. The different
characteristics of the noise can have important effects on the noise transmitted through the fuselage. The
fuselage noise reduction is shown in fig. 9 as the difference between the exterior overall SPL on the fuselage
surface and the overall SPL transmitted through to the interior, for different flight speeds. Figure 10 shows a
comparison of the noise levels acquired by the two microphones, respectively external (above) and internal
(below), located in the fuselage section near the pilot’s head. Figures 12, 13 and 14 refer to the analysis of
the signal in the frequency domain and in particular to the use of Power Spectral Density (PSD). This type
of function allows to evaluate the distribution of power in the acoustic signal with respect to frequency by
identifying and quantifying oscillatory components. The graph 13 shows the shape of the signal obtained by
applying the Welch’s Method. By applying this method and by overlapping the signal it is possible to reduce
the spectral variance of the measurements. The time interval of the measure or a subinterval of interest, is
divided into k equal-length section to which a window is applied. Then the Fast Frequency Transform (FFT)
of each section is computed and an array of k signal segments in the frequency domain is obtained. Finally, by
dividing by k and applying an appropriate scale factor, an improved estimate of the PSD is obtained (thicker
line in the figure 13) . Obviously, as the number of averages (or sections, k) increases, the spectral variance
decreases, at the expense of diminished frequency resolution. With reference to fig. 14, it represents the PSD
in terms of cumulative distribution of the root mean square (RMS) plotted as function of the frequency. This
graph quantifies the contributions of spectral components at and below a given frequency to the overall RMS
pressure level for the time frame of interest. In other terms it highlights, how different portions of the noise
spectrum contribute to the overall RMS noise level, in a quantitative manner:

• steep slopes indicate relatively strong narrowband disturbance
• shallow slopes indicate relatively quiet, broadband portions of the spectrum

The first eight peaks of the figure on the left are representative of the contributions provided by the various
tones due to the passage of the propeller blades. The magnitude of each step decreases with increasing
frequency and, no longer providing appreciable contributions, the curve flattens starting from 350 Hz. The
figure on the right is related to the microphone 10 located in the fuselage section downstream of the wing
where the tonal components of the noise are covered by the contribution of the Turbolent Boundary Layer.
Figure 15 shows a distribution of the number of samples of the measurements and the SPL values in dB. The
figure can be interpreted as a quality indicator about the number of samples acquired: histograms become
smoother and more continuous when they are made from an increasing number of samples. In the limit when
the number of samples is infinite, the resulting curve is a probability density function. The data acquired
during the whole acquisition time, referring to a time equal to the propeller rotation period, are shown in
fig. 16. This plot shows that with increasing speed there is a greater dispersion of the measurement: the data
are less focused. Finally, the confidence intervals are given in - Blue lines represent an estimated range of
values which is likely to include the averaged value of the measurements (red line). Finally, fig. 17 shows
the confidence intervals of microphones 6 and 10 respectively. The blue lines represent an estimated range
of values which with a probability of 5% will include the average value of the measurements (red line). The
estimated range was calculated from a series of around 2500 sample data.
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Figure 5: Acoustic pressures time histories

Figure 6: SPL Spectral shape for each external microphone, 175 kts
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Figure 7: Noise Spectrum - Symmetry Condition, 175 kts

Figure 8: SPL 1/3 octave band frequency, mic.3
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Figure 9: OASPL for increasing flight speed. Comparison between external mic. 1 and internal mic. 1

Figure 10: Noise Spectrum - Comparison between external mic. 1 and internal mic. 1, 175 kts

Figure 11: Noise Spectrum - Longitudinal and Circumferential Noise distributions, 175 kts
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Figure 12: Power Spectral Density, mic.6, 175 kts

Figure 13: PSD Welch’s (periodogram) Method
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Figure 14: Cumulative Distribution Root Mean Square vs frequency, mic.6 (left) and mic.10 (right), 175 kts

Figure 15: Probability distribution of the signal
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Figure 16: Pressure time history refer to propeller rotation period, mic. 6

Figure 17: Averaged Value and Confidential Interval, external mic. 6 (left) and mic.10 (right), 175 kts
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Abstract
Flow-induced noise and vibrations are present in a variety of sectors such as automotive and aerospace,
where reducing the noise and vibration harshness behavior has become a challenging task. Due to the current
ecological trends towards the use of lightweight designs, novel low mass and compact solutions are sought
to improve the dynamic behavior of such designs. Locally resonant metamaterials have recently come to the
fore as potential candidates due to their superior noise and vibration reduction performance as a result of
their ability to create stop band behavior, i.e. frequency zones of strong vibration and/or noise attenuation.
This paper experimentally investigates the potential of using locally resonant metamaterials to improve the
flow-induced vibrations phenomena under the influence of vortex-shedding.

1 Introduction

Flow-induced induced cabin noise has become a major topic for a variety of high speed vehicles. In an
aircraft, for example, the pressure fluctuations of the turbulent flow generated over its fuselage can produce
high levels of noise inside the cabin during cruise conditions, directly affecting the comfort of passengers
[1]. Comparatively, in the automotive sector, the vibrations occurring on the underbody of a moving car are
created by an unsteady turbulent flow, causing noise to be radiated into the cabin.

A wide number of these engineering problems are related with the flow around bluff bodies. If the bluff
object is a circular cylinder, alternating vortices in a von Karman vortex street pattern are produced and
shed as a result of boundary layer roll-up. These vortices continue to grow under continuous injection of
circulation from the cylinder shear layers until they become strong enough to draw the shear layers across
the wake [2]. The vortices stop increasing their strength and shed away from the cylinder as the vortices with
an opposite sign in sufficient concentration stops further supply of circulation to the forming vortex [3]. This
phenomenon is often referred to as vortex-shedding. The frequency of vortex-shedding i.e. fs = St U∞/Dc,
has been investigated over a broad range of Re = U∞D/ν from approximately 50 to 106 and even higher [4],
where U∞ is the free stream velocity, St the Strouhal number, ν the fluid kinematic viscosity, Dc the bluff
cylinder diameter and D the duct diameter.

In fact, different solution techniques to reduce flow-induced noise and vibrations have been investigated and
developed [5, 6, 7, 8, 9]. In the work of [5], for instance, several passive techniques are investigated and
applied to an aircraft fuselage such as the addition of mass, damping and skin stiffness. In [8], an active
control strategy is applied to a plate under flow excitation. Nevertheless, many of these countermeasures can
be bulky and heavy and/or may not perform well in low frequencies [10]. For that reason, novel low volume
and low mass countermeasures are required in order to tackle the challenges of not only achieving a good
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Noise, Vibration and Harshness (NVH) performance but also ensuring a lightweight design.

Recently, locally resonant metamaterials (LRMs) have attracted the attention and proven to hold great poten-
tial to combine a lightweight design and good NVH behavior in desired frequency regions, referred to as stop
bands (SB). These are known as frequency zones where there is no free wave propagation [11] and can be
achieved by adding resonant additions to a host structure on a subwavelength scale [12] due to a Fano-type
interference [13, 14]. These zones of pronounced wave attenuation can be predicted by making use of dis-
persion diagrams, which can be calculated by a unit cell (UC) modeling approach utilizing the finite element
(FE) method in combination with the Bloch-Floquet theorem [15, 16].

The present work aims to investigate the potential of LRMs to mitigate the flow-induced vibrations of a
flat plate due to impinging vortices, originating from the vortex street in the wake of a cylindrical rod. A
qualitative study is performed by means of Computational Fluid Dynamics (CFD) simulations in order to
have an indication of the vortex-shedding evolution and how the formed von Karman street can interact
with the plate. Experimentally, the vibrations of the bare plate under vortex excitation is compared with
the structure’s response for a grazing flow excitation. A realizable metamaterial design is then proposed
and the flat plate treated. The experiments are repeated and the metamaterial performance to reduce the
vortex-induced vibrations of the plate is assessed.

The paper is organized as follows. Section 2 introduces the host structure as well as the metamaterial design
to achieve stop band behavior used in the investigation. It also shows the qualitative approach by CFD to have
a first indication of how the vortex-shedding can interact with the host. Section 3 shows the experimental
results of the vortex-induced vibrations of the metamaterial plate. Lastly, Section 4 summarizes the main
findings of this paper.

2 Methodology

This section presents the host structure and the modeling techniques used to tackle the vortex-shedding
problem.

2.1 Host Structure

With the aim of investigating the potential of LRMs to reduce vortex-induced vibrations, a steel flat plate with
dimensions 150 x 200 x 0.5 mm is used as a host structure. This combination of material and dimensions of
the system is chosen to have a flexible structure with pronounced modal behavior at the low-frequency range
below 1000 Hz. The material properties of the host structure are shown in Table 1. They are obtained via
modal analysis and model updating procedures from a rectangular panel of dimensions 350 x 451 x 0.5 mm,
which is a cut-out of the same panel that the host structure is manufactured.

As illustrated in Figure 1, the considered host structure is placed on a duct section of a small wind tunnel with
cross-sectional dimensions 150 x 75 mm, sufficiently distant from a rootsblower so that a fully developed
flow can be achieved [17], and with a bluff cylinder of diameter Dc placed upstream to create a von Karman
street.

A metal frame is used to attach the flat plate to the duct section by means of bolts. The plate is glued to the
frame so that the plate can be assumed clamped along its boundaries. Given these conditions, the plate is
then assembled flush as a side wall of the duct.

Table 1: Material properties of the steel plate.

Young’s Modulus Density Poisson’s Ratio Structural Damping
233.1 GPa 7766.9 kg/m3 0.27 0.2%
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Figure 1: a) Schematic overview of the experimental fluid domain setup b) Steel flat plate attached to the
duct section.

2.2 Unit cell modeling and metamaterial design

The typical periodic arrangement of resonant metamaterials is often studied by using unit cell modeling.
This modeling technique is carried out by applying Bloch-Floquet periodic boundary conditions together
with the finite element method (FEM), which leads to dispersion diagrams. The present work assesses the
wave propagation of undamped infinite periodic structures from the calculation of the dispersion curves for
an undamped unit cell, considering an irreducible Brillouin contour (IBC). For more information about the
formulation behind this modeling technique, the reader is kindly referred to [11, 18, 19].

With the goal of designing a metamaterial solution, firstly, the dynamic behavior of the structure of interest
needs to be obtained. With that in mind, the plate shown in Figure 1 is excited by an impact hammer
of type PCB 086C03 without the presence of the flow. Its response is measured at 72 points by using
a Scanning Laser Doppler Vibrometer (SLDV). Figure 2 illustrates the Root Mean Square (RMS) velocity
response per unit force excitation of the plate. A metamaterial solution is then designed targeting a frequency
region, namely, around 600 Hz, as the structure possesses pronounced dynamic behavior and the highest peak
amplitude is measured within this frequency range, indicated by the red circle.
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Figure 2: RMS velocity response of the clamped plate excited by an impact hammer. dBref = 1 (m/s)/N.

Figure 3 illustrates the proposed resonator design and an example of a realized resonator. A similar design is
used in [20]. The design approach also takes into account the footprint of the realizable resonant additions,
in which small footprints can lead to wider stop bands [21].
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The resonant structures are added in a rectangular pattern with a spacing of 21 x 25 mm to the steel plate
in order to be on a subwavelength scale at 600 Hz and achieve the desired stop band behavior. A total of
56 resonators are added to the host structure. The resonators add 29% of mass w.r.t the mass of the host
structure. All resonators are made of polymethyl methacrylate (PMMA) and are 4 mm thick. The material
properties of the PMMA are shown in Table 2.

To be able to compare, in a later stage, the metamaterial reduction performance with a classical solution e.g.
mass treatment, a non-resonant mass block is also designed with the same footprint as the resonant additions
to keep the same local added stiffness by the additions. Figure 3 illustrates the proposed design of a non-
resonant structure and an example of this realized PMMA non-resonant addition with a similar percentage of
added mass as the designed/realized resonators, namely, 28%. The difference in percentage of added mass
between the realized resonant and non-resonant additions is due to manufacturing imprecision.

Figure 3: Illustration of the a) resonator design b) UC with resonator c) realized resonator d) non-resonant
structure design and e) realized non-resonant structure.

Table 2: Material properties of PMMA [20].

Young’s Modulus Density Poisson’s Ratio Structural Damping
4850 MPa 1188.38 kg/m3 0.31 5%

The predicted stop band of the metamaterial design is illustrated in Figure 4. The different curves in the
dispersion diagrams are distinguished according to the ratio of out-of-plane versus in-plane motion of the
host structure. This analysis shows that a stop band for bending waves, identified by their out-of-plane
motion, is created from 583.2 Hz to 634.9 Hz.
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Figure 4: Representation of the a) Irreducible Brillouin contour with a sketch of the respective wave space
b) Dispersion diagram in which the gray shaded area represents the predicted stop band. The color bar
represents the ratio according to the out-of-plane and in-plane motion of the waves.

2.3 Vortex-shedding indication

The von Karman street is known as a tonal phenomenon generated when, for example, an unsteady turbulent
flow in a duct finds a bluff object. If the forming vortices propagating at a certain frequency fs come across
an elastic structure e.g. flat plate, due to coupling effects of fluid-structure interaction, the structure can
absorb part of the energy coming from the vortex-shedding, which can lead to an increase in the amplitude
of structural modes near the vortex-shedding frequency [3] e.g. when compared with a grazing flow past a
flat plate [22].

In order to have an indication of the vortex-shedding under the conditions shown in Figure 1 and its interac-
tion with the structure of interest, targeting a frequency of fs = 600 Hz, two dimensional URANS simulations
are performed using Simcenter STAR-CCM+. For these simulations, the κ - ω model is used as this model
works well for internal flows and gives good predictions near walls. A simplified 2D duct section with di-
mensions 2 m x 75 mm is then utilized in the analyses. It is considered that a flow of air with kinematic
viscosity ν = 1.45 x 10−5 m2/s and average speed U∞ = 19 m/s, corresponding to a Reynolds number Re
= 6.5 x 106 and Mach number M = 0.05, enters the domain from the left in turbulence conditions. From a
fluid dynamics point of view, the bluff cylinder, the top and bottom walls are treated with non-slip boundary
conditions whereas the outlet is considered as a pressure outlet.

The combination of the chosen frequency, flow speed as well as Strouhal number, i.e. St = 0.2 [23], results
in Dc = 6 mm. Figure 5 illustrates the mesh for the duct containing the bluff object with diameter 6 mm
positioned in the center of the duct to generate a vortex-shedding with frequency 600 Hz; the top and bottom
walls as well as the cylinder are meshed with a boundary layer whose spacing resolution is based on the
values of the y+ smaller than 1 [17]. This parameter is a non-dimensional distance from a wall and it is often
used to describe the height of the first grid element next to a wall in CFD simulations. The mesh is built up
very fine close to the cylinder so that the wake of the vortex-shedding can be better depicted whereas in the
regions before and after the cylinder towards the inlet and outlet, respectively, the mesh is built coarser in
order to keep the computational cost affordable with an acceptable mesh convergence.
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Figure 5: Sketch of the computational fluid mesh for a vortex-shedding prediction.

Two test cases are then performed by varying the ratio h/Dc i.e. relationship between the distance of the bluff
object w.r.t. the flat plate and the bluff body’s diameter, as in Figure 1 a), to have an indication of how close
to the wall i.e. flat plate, the bluff cylinder can be placed so that the vortex-shedding can interact with the
surface of interest. The chosen ratios are: (i) h/Dc = 6.75, this corresponds to adding the bluff object at the
center of the duct and (ii) h/Dc = 1.0. It is taken into account that a h/Dc 6 0.3 may lead to a cessation of the
von Karman street, as indicated by [24]. Hence, ratios smaller than 1 are avoided in this work.

The time-step used for each simulation is 1 x 10−5 s. Moreover, they are run for a total time of 0.1 s.
The convergence of the results are done via the CFD convergence criterion based on the residuals values
e.g. values smaller than 1 x 10−6, with an acceptable computational cost. Figure 6 illustrates the vortex-
shedding over the cylinder for the considered conditions, in terms of vorticity. The analyses indicate that a
von Karman street is indeed achievable in the considered conditions, and show that for smaller ratios h/Dc

e.g. bluff cylinder placed closer to the boundary, a greater interaction between the vortex-shedding and the
wall takes place i.e. it is possible that the vortices propagating at a certain frequency fs can excite the flat
plate. Thus, in this work the case for h/Dc = 1.0 is used for the experiments.

Figure 6: Vortex-shedding over a bluff cylinder of Dc = 6 mm a) h/Dc = 6.75 and b) h/Dc = 1.0.

In order to verify the vortex-shedding frequency of the generated von Karman street, the coefficient of lift
spectrum for one case, namely h/Dc = 1.0, is used, as illustrated in Figure 7. In this case, the numerical
vortex-shedding frequency can be predicted by the inverse of the vortex-shedding period e.g. fs = 1/(T2-T1),
where T1 = 0.09783 s and T2 = 0.09936 s, which results in a vortex-shedding frequency fs = 653.6 Hz. It
is important to mention that the numerically predicted vortex-shedding frequency is slightly higher than the
analytically predicted vortex-shedding frequency fs = 600 Hz. Nevertheless, the simulations still have their
value as an approximative indicator of the generated vortex-shedding and the interaction with the top plate
under the considered flow conditions too.
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Figure 7: Coefficient of Lift versus time of the generated vortex-shedding for h/Dc = 1.0.

3 Experimental results

This section contains the experimental results regarding the vibrations of a flat plate excited by vortices
formed by a bluff cylinder. The metamaterial performance in view of reducing vortex-induced vibrations is
discussed as well.

3.1 Flow-induced vibrations of the flat plate

Firstly, the flat plate shown in Figure 1 is excited by turbulent fluctuating pressures due to a turbulent grazing
flow of air that runs inside the aforementioned small wind tunnel at a speed U∞ = 19 m/s. The vibrations
of the bare structure due to the turbulent excitation are measured at 72 points by SLDV and the results are
presented as the RMS over all points of the power spectral density spectra of the velocity. These results are
used as a reference for comparison with the vortex-shedding case.

Subsequently, the flat plate is excited by a turbulent flow with a solid bluff cylinder of diameter Dc = 6 mm
fixed upstream, which is designed to create a vortex-shedding with an expected frequency of fs = 600 Hz
based on the aforementioned analytical Strouhal relation, at a ratio h/Dc = 1.0, realizing the same flow
conditions simulated in Section 2. Figure 8 depicts the realized bluff object and how it is placed inside the
duct section. The bluff rod is glued to the system by using Loctiter 406

TM
contact adhesive.

Figure 8: Realized bluff cylinder of Dc = 6 mm placed inside the duct section.

Figure 9 illustrates the comparison between the vibrational response spectra of the bare plate excited by
both a turbulent grazing flow and vortex-shedding. The two spectra are similar in shape, however, some
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differences can be observed: (i) the case for a grazing flow does not contain a pronounced peak around the
frequency range of interest when compared with the case without flow in Figure 2 and (ii) for the case when
the bluff cylinder, designed to create a von Karman street with fs = 600 Hz, is added to the system, the
mode around the frequency range of interest and near the vortex-shedding frequency is better excited, which
can indicate that the structure absorbed part of the energy coming from the vortex-shedding, as similarly
evidenced by [3].

200 400 600 800 1000 1200 1400 1600 1800 2000

Frequency [Hz]

-120

-100

-80

-60

-40

P
S

D
 p

la
te

 v
e

lo
c
it
y
 [

d
B

]

Grazing flow

Vortex-shedding

Figure 9: Comparison of PSD velocity response of the bare plate for a grazing flow and a flow with a cylinder
fixed upstream for fs = 600 Hz.

These results indicate that when vortex-shedding occurs due to the presence of a bluff object in a turbulent
flow, and when its energy couples with a flexible structure, it is possible that structural resonances near the
vortex-shedding frequency can be excited, which in turn could lead to a greater noise radiation. A practical
problem of this phenomenon could be, for example, when the landing gear of an aircraft is deployed, it
could generate a tonal noise inside the aircraft’s cabin. Comparatively, in the automotive sector, when the
turbulent flow finds a bluff component on the underbody of a moving car or even a luggage rack on its
roof, it could generate a tonal noise inside the car’s cabin. In fact, the tonal nature of the NVH behavior
associated with vortex-shedding makes metamaterial solutions strong candidates given their ability to target
tonal frequencies.

3.2 Metamaterial performance for vortex-induced vibrations

This present work considers two cases for the experiments regarding the vortex-shedding to be compared
with the results for the bare structure: (i) the case where resonators are added on a subwavelength scale to
the entire plate and (ii) the case where non-resonant structures designed with a similar mass as the resonators
are periodically added to the entire plate, as shown in Figure 10. In order to validate the resonance frequency
of the resonators, several samples are tested when glued to a metal block, rigidly connected to the stinger of
a shaker; a similar methodology is used in [20]. The velocity at the tip of the resonator’s mass is measured
using SLDV. The resonators to be used in the experiments are chosen such that they have a RMS averaged
resonance frequency of 600 Hz with a standard deviation of ± 0.7%.

360 PROCEEDINGS OF ISMA2020 AND USD2020



Figure 10: Illustration of the tested configurations a) resonant additions b) equivalent mass non-resonant
additions.

Figure 11 compares the vortex-induced vibrational response of the flat plate with and without metamaterials
for U∞ = 19 m/s. For the metamaterial configuration, a strong dip can be found on the spectrum around
the predicted stop band, whose limits are indicated by the black vertical lines. In fact, an improvement
can be noticed starting from the frequency range around 400 Hz, which is explained due to the interaction
between resonator and host structure and also due to the effective dynamic mass of the resonators [25]. In
this case, even though the addition of the cylinder upstream caused an amplitude increase of 23 dB within
the frequency range of the vortex-shedding frequency, a reduction of 36 dB is obtained by applying the
designed metamaterial solution. In addition, the metamaterial solution behaves more favorably than the
equivalent mass case for the test conditions. It is important to note in the spectrum that the effect of adding
the resonators can also be observed at higher frequencies e.g. after the predicted stop bands, the overall
amplitudes of the spectrum decreased, especially within the frequency range between 700 Hz and 1200 Hz,
for which the structural modes of the bare plate can no longer be seen. This can be explained by the existence
of damping in the resonant additions, which is a parameter that has a greater influence after the resonance
of the resonators, suggested by the fact that the modes between 200 Hz and 400 Hz are not suppressed and
only shifted due to the mass effect.
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Figure 11: Experimental PSD velocity response of the flat plate with and without metamaterials for U∞ =
19 m/s. dBref = 1 (m/s)2/Hz.

4 Conclusions

This work presented an experimental investigation on the potential of using locally resonant metamaterials to
suppress vortex-induced vibrations caused by a bluff object placed upstream. To this end, a flat plate excited
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with a turbulent flow at a constant flow speed is considered.

Firstly, a qualitative investigation was performed by means of CFD simulations in order to have an indication
of the vortex-shedding, varying the distance between the bluff body and the wall i.e. the flat plate. The study
indicated that the closer the object is put to the boundary the greater is the interaction between the vortex-
shedding and the wall. This assumption served as a indicator for the experiments.

The vibrations of the flat plate were experimentally measured by a Scanning Laser Doppler Vibrometer upon
two excitation types: (i) a turbulent grazing flow, which served as a reference and (ii) a turbulent flow with
a solid bluff cylinder of diameter Dc = 6 mm fixed upstream designed to create a vortex-shedding at fs =
600 Hz. It has been shown that the addition of the bluff object led to an amplification of the amplitude of
the structural mode near the vortex-shedding frequency when compared with the results for a grazing flow.
Subsequently, a metamaterial solution is applied, targeting the frequency region where the amplification of
vibrations due to the vortex-shedding was observed. Three cases are then considered, namely, the bare plate,
the plate treated with sub-wavelength resonators and the plate with non-resonant additions with same mass as
the designed resonators. It is shown that metamaterials provided a strong reduction of the plate’s vibrations
in the desired frequency range. Besides, the proposed solution is shown to outperform the equivalent mass
case.
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perforated plates using tonal and random excitation 
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Abstract 
Perforate plates and Micro-perforated plates (MPP) are devices used to absorb sound and reducing its 
intensity. They consist of a thin plate, with small punched or drilled holes. Perforates appears in many 
technical applications, e.g., automotive mufflers, aircraft engine liners, combustion chambers, ventilation 
systems and room acoustic. It is well-known from the literature that perforated plate noise reduction can be 
influenced by the mean flow field, temperature, and acoustic excitation level. They can become non-linear 
at fairly low acoustic excitation levels. The purpose of the present work is to study the non-linearity at the 
perforated plate, which is associated with large particle velocities, and directly extract the non-linear 
acoustic properties including harmonic interaction from a limited set of experiments using either random or 
periodic excitations. The expermintal results show that although preliminary results were promising the non-
linear scattering matrix model is not sufficient for describing the physics of non-linear harmonic interaction 
effects for perforates with random and multi-tone excitation. 

1  Introduction  

Perforated plates and micro-perforated plates (MPP) with different design and material are frequently used 
in aircraft engine liners and automotive mufflers to reduce the sound intensity. In these applications 
perforates are exposed to mean flow at high-level acoustic excitation which are both known to change the 
acoustic properties form linear to non-linear at t fairly low acoustic excitation levels with description of 
acoustic impedance [1-7].   
The important parameters that can change the acoustic properties of perforates are the mean flow field, the 
temperature, and the acoustic excitation level [8-17]. The non-linear losses caused by high acoustic 
excitation levels are associated with particle velocity in the holes and vortex shedding at the outlet side of 
the perforated opening at high pressure levels. This gives losses mainly to vorticity, but a small fraction of 
the energy is also converted to acoustic energy at higher harmonics of the excitation frequency. 
For pure tone excitation, the impedance will be associated with the acoustic particle velocity at that 
frequency. If the acoustic excitation is random or periodic with multiple harmonics the acoustic properties 
at a certain frequency will depend also on the excitation level at other frequencies.  
The quantities that characterize the sample impedance are pressure difference over the sample and particle 
velocity through the sample. In the linear case the impedance is independent of the excitation level but when 
the sound pressure level is high the perforate impedance is dependent on the acoustic particle velocity in the 
holes, which can be expressed as an inverse Strouhal number. Semi-empirical models indicate that the 
sample impedance is proportional to the peak particle velocity through the sample in the non-linear regime. 
Figure.1 shows the schematic of this non-linear mechanism at the sample.  
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Figure. 1: the schematic of this non-linear mechanism at the sample. 

In this paper we attempted to study the harmonic interaction. We Performed experiments using tonal, multi-
tone excitation and random excitation. The results are presented in terms of spectra, ordinary reflection 
coefficients and impedance, non-linear scattering matrices and reflection, transmission and absorption 
factors. The main long-term purpose of this study is to increase the physical understanding and to help 
develop a model including these effects. In the present paper it was investigated if the non-linear scattering 
matrix methodology from [6] can be used for bandlimited random excitation.  
 

2 Methodology  

This section gives a brief description of the analysis techniques used in the study. 
In [6] the non-linear scattering matrix was suggested as a possible technique to study of harmonic interaction 
effects using tonal excitation, bandlimited random, and multi tone. In order to determine the parameters of 
the non-linear scattering matrix using only impedance tube data series of assumptions and simplifications 
need to be made following the discussion in [6].  

• First it has been assumed that the signals are analytical. 
• Second, the non-linear energy transfer only occurs from lower frequency components to higher 

frequency harmonics.  
• Third, the non-linear energy transfer is only to odd harmonics.  
• Finally, there is only one frequency component with high level excitation and the system 

components for other frequencies can be determined from linear scattering matrix or reflection 
coefficient measurements. 

With these simplifying assumptions the non-linear scattering matrix describing the relation between the 
high-level excitation at frequency f and response at f and 3f can be described by the following matrix 
equation, 

 !
𝑃!(𝑓)
𝑃!(3𝑓)

' = )
𝑆"," 0
𝑆$"," 𝑆$",$"

, !
𝑃%(𝑓)
𝑃%(3𝑓)

' (1) 

The assumption of non-linear energy transfer only from lower to higher harmonics gives 			𝑆",$"=0, One 
further assumption made is that		𝑆$",$"	 = R(3f) can be measured  through a separate low-level excitation 
measurement at frequency 3f. The other component 			𝑆"," =R(f), is measured with varying level excitation 
at f, and it can be calculated form reflection coefficient at f  Then the term caused by non-linear energy 
transfer from the excitation frequency to the third harmonic , 			𝑆$",",  can be determined from:  

The amplitude related to high 
particle 

velocity produces the non-linear 
phenomena 
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To illustrate the non-linearity data will be presented either as a function of the absolute value of the 
amplitude of the incident pressure wave at the sample (Abs (Pi(f))) or as a function of an inverse Strouhal 
number (St) proportional to the particle velocity (u(f)) at the sample. 
 1/St = u(f)/w/t (3) 
The inverse Stouhal number is equivalent to the ratio between particle displacement and perforate thickness. 
In some cases, results will also be presented as function of frequency.  
The results in previous studyshow that although preliminary results were promising the non-linear scattering 
matrix model is not sufficient for describing the physics of non-linear harmonic interaction effects for 
perforates with random and multi-tone excitation[18][19].  
Therefore, in this study ccomparisons will also be made with acoustic power balance calculations expressed 
using reflection, transmission and absorption factors: 
 
Absorption: 
Absorption in the excitation frequency range: 

 𝐴1 =
∑ -.%

&-'*())
#*') ∑ |.!&|'0())
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Absorption in the frequency range without exciation: 
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Reflection: 
Reflection in the excitation frequency range: 
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Reflection in the frequency range without exciation: 

 	𝑅2 =
∑ -.%

&-'()))
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Transmission: 
transmission in the excitation frequency range: 
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transmission in the frequency range without exciation: 

 𝑇2 =
∑ -.!+-

'
*∑ -.%
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()))
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∑ -.%
&-'()))

#*')
 (9) 

In the experiments broadband random excitation limited to below 500 Hz was used. The summations in Eq. 
(4) to (9) therefore refers to summation in the frequency range with excitation (20-500 Hz) or in the region 
without excitation (510-5000 Hz). 
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3 Experimental setup 

In this section the impedance tube experimental setup used in the project is briefly described. A two-port 
measurement test rig, see Fig. 1, was used in this study. to perform wave decomposition and obtain the 
pressure wave amplitudes of the incident (Pi) and reflected (Pr) waves. In some of the results presented here 
only measurements from one side of the two-port setup was used, so in this case the test sample consisted 
of a perforated plate backed by the downstream side of the test.  
 
Experiments were made with three different downstream terminations:  a closed rigid end, an open end and 
a closed end with absorbing material.  The power amplifier input circuitry includes a continuously variable 
attenuator for attenuation of the input signal. This is followed by a gain control, in 10 dB steps from 0 to 40 
dB, and a pre-amplifier. The preamplifier is capacitively-coupled to the driver stage, which is equipped with 
a clipping detector. Three B&k ¼ -inch type GRAS 26CB with microphones a frequency range 2.5 Hz - 200 
kHz.  The smallest microphone separation was 34 mm and the largest microphone separation 200 mm. The 
diameter of the test duct is 43 mm. To acquire data, we used a LabView based data acquisition system 
controlled by a MATLAB code. Figure.2 shows the setup in MWL lab.  

 

 
Figure. 2: Setup in MWL Lab. 

Figure 3 shows a sketch of the two-port impedance tube setup used for the experiments. 

 
 

Figure. 3: Sketch of the test setup. 
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The perforate sample was placed in a holder on the middle of the duct and measurements were made with 
and without the sample for both tonal and random excitation. Figure 4 shows a photo of the test sample with 
1.2 mm hole diameter, 1.2 mm thickness and 2.45% open area. There were also measurements made on 
another sample with the same hole diameter and thickness but 36% open area.  
 

 
a) 

 
b)  

 
c) 

 
Figure. 4: a) Diameter of the hole at the perforated plate b) Distance between two holes c) Photo of  perforate 
test sample 

Two-microphone wave decomposition was performed and the reflection coefficient and acoustic impedance 
at the sample surface along with the amplitudes of the incoming and reflected pressure waves were saved 
for further analysis and comparison. Measurements were made with 10 different levels of excitation for 
tonal excitation at 210Hz and multi-tone excitation at 210Hz and 230 Hz and five tones at 210, 230, 250, 
270 and 290 Hz and either with broadband random excitation up to 2000 Hz or up to 500 Hz. In this 
experiment we calibrated microphones both relatively and absolute value. Figure. 5 shows calibration 
pistonphone for absolute value calibration, and relative calibration duct. 
 

 
a) 

 
b) 

 

Figure. 5: a) Relative calibration rig, b) pistonphone for absolute calibration 

 

AEROACOUSTICS AND FLOW NOISE 369



 

 

4 Results and discussion 

Measurements have been made with bandlimited random excitation, pure tone excitation and multi-tone 
excitation and results are presented in terms of spectra, ordinary reflection coefficients and impedance, non-
linear scattering matrices and reflection, transmission and absorption factors. 

 

Figure.6 :Amplitude of the incident wave on the upstream side the sample expressed as sound pressure level, 
for the case with closed end downstream termination and random excitation up to 500 Hz. Blue – lowest 
level (level One) of excitation, red highest level (level ten) of excitation. 

Figure.6 shows the amplitude of the incident wave on the upstream side of the sample expressed as sound 
pressure level, for the case with closed end downstream termination and random excitation up to 500 Hz. It 
can be seen that although there is only excitation up to 500 Hz there is clearly signal content above 500 Hz 
due to the non-linear transfer of energy from lower to higher frequencies at the sample. Figure.7shows the 
sound pressure level for the incident wave for tonal excitation at 210 Hz. It can be seen that the odd 
harmonics at 630 Hz, 1050 Hz and 1470 are dominating spectral components caused by non-linear harmonic 
interaction. 

 
Figure.7: Amplitude of the incident wave on the upstream side of the sample expressed as sound pressure 
level relative 2e-5 Pa, for the case with closed end downstream termination and excitation at 210 Hz, blue 
– lowest level of excitation, red highest level of excitation. 
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Figure.8 and Figure.9 shows spectra for multi-tone excitation at 210Hz and 230 Hz and five tones at 210, 
230, 250, 270 and 290 Hz. Here it can be seen that the largest higher harmonic levels are not at the odd 
harmonics of the excitation frequencies but at other adjacent frequencies. It is probable that the same 
mechanism is in place for band-limited broadband random excitation such that the assumptions leading to 
the non-linear scattering matrix that excitation at a certain frequency only give rise to odd higher harmonics 
of the same excitation frequency, are probably not valid. 
 

 
Figure.8: Amplitude of the incident wave on the upstream side of the sample expressed as sound pressure 
level relative 2e-5 Pa, for the case with closed end downstream termination and excitation at 210 and 230 
Hz, blue – lowest level of excitation (level One), red highest level of excitation (level ten). 

 

Figure.9: Amplitude of the incident wave on the upstream side of the sample expressed as sound pressure 
level relative 2e-5 Pa, for the case with closed end downstream termination and multi-tone excitation at 210, 
230, 250, 270 and 290 Hz, blue – lowest level of excitation, red highest level of excitation.  
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Ordinary reflection coefficients and impedances seen from the upstream side of the sample has been 
calculated. Figure 10 shows the absolute value of the reflection coefficient for the case with random 
excitation up to 500 Hz and closed end downstream termination. It can be seen that above 500 Hz the 
reflection coefficient has a magnitude larger than one indication that the reflected wave away from the 
sample is larger than the incident wave. So, the source is at the sample and not at the loudspeaker in this 
frequency range. The same can be illustrated using the normalized impedance as can be seen in Figure 11. 
Here it can be seen that the real part of the impedance is negative at frequencies above 500 Hz and exhibits 
the typical behavior, if the sign is changed, of the impedance looking into a duct of a certain length, with 
maxima at the duct anti-resonances. 

 
Figure.10: Amplitude of the reflection coefficient on the upstream side of the sample, for the case with 
closed end downstream termination and random excitation up to 500 Hz, blue – lowest level of excitation, 
red highest level of excitation. 

 
Figure 11: Real part of the normalized impedance on the upstream side of the sample, for the case with 
closed end downstream termination and random excitation up to 500 Hz, blue – lowest level of excitation, 
red highest level of excitation. 
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Figure.12 shows a comparison of impedance at 210 Hz as function of inverse Strouhal number for: tonal 
excitation at 210 Hz, multi-tone excitation at 210 and 230 Hz and multi-tone excitation at 210, 230, 250, 
270 and 290 Hz. It can be seen that the excitation at other frequencies as expected has an influence at the 
impedance at 210 Hz. 

 

 
 

 
a) 

 
 
 
b) 

 
 

                                                    c) 
 
Figure.12: Normalized transfer impedance of the sample, solid line - real part, dashed line imaginary part. 
a)  closed end downstream termination, b) absorbing downstream termination, c) open downstream 
termination. 

Non-linear scattering matrices according to Eq.1-2 has been estimated for the cases with different excitation. 
Figure.13 shows the absolute value of non-linear scattering matrix component S3ff for the measurements 
using random excitation up to 500 Hz for the three different downstream terminations and frequencies 
between 170 Hz and 500 Hz. Some outliers giving values above 0.2 has been removed. It can be seen that 
there is a scatter of the values for different frequencies and level of excitation but on the average, there seem 
to be a similar trend. An average over the result at different frequencies has therefore been calculated for 
the same level of excitation and results are shown in Fig.14 The resulting non-linear scattering matrix 
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component for pure tone excitation at 210 Hz has also been included for reference. It can be observed that 
the inverse Strouhal numbers for random excitation obtained are much lower than for tonal excitation. 
 

 
a) 

 
b) 

 
c) 

 
d) 

 

Figure .13: Absolute value of non-linear scattering matrix component S3f,f as function of inverse Strouhal 
number. a)-c) broadband random excitation up to 500 Hz, d) tonal excitation at 210 Hz, a) closed end 
downstream termination, b) absorbing downstream termination, c) open downstream termination. 

Figure.14 shows absorption, reflection and transmission factors at the excitation frequency region according 
to Eq’s 4, 6 and 8 for the three different downstream terminations as function of total sound pressure 
difference over the sample.  It can be seen that the reflection and absorption factors for all three cases are 
around 0.5 and the transmission factors are small. Most of the absorption is lost to vorticity but a small 
fraction is converted to acoustic energy at higher frequencies. 
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a) 

 
b) 

 
                                                      c) 
Figure.14: Absorption, reflection and transmission factors according to Eq: 4-6 and 8  as function of pressure 
difference over the sample, black – absorption factor, red reflection factor, blue – transmission factor. a) 
closed end downstream termination, b) absorbing downstream termination, c) open downstream 
termination. 

Figure.15 shows reflection factors at the frequency region without excitation (Eq. 7) compared to an average 
of the absolute value squared of the non-linear scattering matrix element S3ff over the result at different 
frequencies. Results are presented as function of total sound pressure difference over the sample. It can be 
seen that there is a fair agreement between theses to quantities and also for different downstream 
terminations.  
So, the conclusion is that on the average the same fraction of energy is transferred to higher harmonics, at 
least for these excitation levels. 
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a) 

 
b) 

 

 
                                                   c) 
Figure.15: Reflection factors at the frequency region without excitation compared to an average of the 
absolute value squared of the non-linear scattering matrix element S3ff over the result at different frequencies, 
as function of pressure difference over the sample, black – averaged squared non-linear scattering matrix 
component S3ff, red reflection factor. a) closed end downstream termination, b) absorbing downstream 
termination, c) open downstream termination  

5 Conclusions 

A study has been made of the non-linear acoustic properties of a perforate. Measurements were made with 
bandlimited random excitation, pure tone excitation and multi-tone excitation and results presented in terms 
of spectra, ordinary reflection coefficients and impedance, non-linear scattering matrices and reflection, 
transmission and absorption factors. It can be concluded that directly applying non-linear scattering matrix 
theory for broadband random excitation will not work as already for multi-tone excitation the non-linear 
transfer of energy to higher frequencies is not dominated by the odd higher harmonics alone. Instead an 
analysis of averaged non-linear scattering components and reflection factors over frequency bands seem to 
give consistent results and could be a way to quantify non-linear interaction effects for multi-tone and 
random excitation. 
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Abstract 
Polymer materials are mostly relatively inexpensive, lightweight and easily formable into complex 3D 

geometries. Therefore, many electrical devices, tools and automotive components have housings made of 

polymer materials. However, due to their low mass density and often relatively low structural damping, 

polymer materials pose challenges with respect to acoustic design. Tailored polymer materials with 

improved internal damping and components with optimised geometry offer great potential for noise 

reduction and sound design. In the »PolymerAkustik« project, a consortium of four Fraunhofer Institutes is 

currently investigating innovative solutions for optimised polymer materials and components for noise 

reduction and sound design. For this optimisation process manageable, efficient vibroacoustic 

characterisation methods are required. In this paper the application and adaptation of different 

characterisation methods are discussed in the context of polymer material and component development. 

1 Introduction 

Many electrical devices, tools and automotive components have housings made of polymer materials. This 

is because polymers are mostly relatively inexpensive, comparatively lightweight and easily formable, 

which allows the design of complex geometries. However, the design of the housings usually does not focus 

on optimised acoustics, but on design, functionality, production aspects and cost efficiency. Due to their 

low mass density and often relatively low structural damping, polymer materials do pose additional 

challenges from an acoustic design point of view. Tailored polymer materials with improved internal 

damping and components with optimised geometry offer a great potential for achieving noise reduction and 

sound design. In the research project »PolymerAkustik« a consortium of four Fraunhofer institutes is 

currently investigating innovative solutions for vibroacoustically optimised polymer materials and 

components. 

One of the challenges at hand is the vibroacoustic characterisation of polymer samples and housing 

components over a wide frequency range, using manageable efficient methods. To tackle this problem, 

different, mostly pre-existing characterisation methods have been adapted and applied to a variety of 

polymer test samples. The Dynamic Mechanical Analysis (DMA) method is used to characterise the 

viscoelastic material properties of simple polymer samples in the lower frequency range. In order to reduce 
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the experimental effort in the development of multi-phase materials, such as polymeric materials with 

inclusions of rubber-like solids, which can provide a higher damping capacity, or other polymeric blends, a 

numerical approach for virtual testing and optimisation of materials is implemented. By this means, the 

effort required for trial-and-error procedures in material development can be reduced significantly. The 

DMA results are used to set up and validate the corresponding micro-material models of the polymer system. 

For frequencies up to the kHz-range, classical methods of experimental modal analysis (EMA) are applied. 

The experimental results are used to update numerical models in order to determine the elastic material 

parameters. The updated material parameters are then used in simulations of polymer samples of arbitrary 

shape and size, which can thus be cross-validated against the results from experimental analyses. Comparing 

and combining the results from the DMA and EMA methods allows assessing the structural properties and 

material damping of polymer compounds over a wide frequency range. To perform acoustic tests on small 

polymer sample plates and housing components, an experimental demonstrator test rig for simple A-B-

comparisons has been designed to evaluate the sound insolation properties of polymer samples and the sound 

transmission through typical openings like ventilation slits. 

In the present contribution, the above-mentioned methods for the vibroacoustic characterisation of polymer 

materials and components are described and first characterisation results are presented. Section 2 of the 

paper discusses the DMA analysis. Section 3 addresses the micro-mechanical simulation of the material 

response. Section 4 discusses the EMA studies. Section 5 presents the comparison and combination of the 

EMA and DMA experimental results. In section 6, the acoustic demonstrator experimental test rig is 

described. For demonstration purposes, all characterisation methods are applied to samples made from 

Polypropylene Copolymer (PP Copo) and samples made from PP Copo compounds with rubber filler. The 

results of the different characterisation methods reveal that the rubber filler has a considerable influence on 

the material properties and vibroacoustic performance of the test samples. The methods described are 

important tools for the development of tailored polymer materials with improved internal damping and 

components with optimised geometry. 

2 Dynamic Mechanical Analysis DMA 

The Dynamic Mechanical Analysis (DMA) method is typically used to characterise the viscoelastic material 

properties, like for example the glass transition temperature (Tg), of simple polymer samples in the lower 

frequency range (< 10 Hz) [1]. In a special configuration, the DMA can be used as a tool to quantify the 

internal damping of polymer systems in a comparably quick way (quick test), using standard test geometries 

like the middle part of a tensile test bar standardised in [2]. 

2.1 Measurement principal and set-up 

The DMA provides information on the course of mechanical properties under low sinusoidal dynamic 

loading as a function of temperature and frequency. An applied mechanical load, i.e. stress or deformation 

in the linear viscoelastic range, results in a corresponding response signal, deformation or stress, which is 

evaluated with regard to amplitude and phase shift. Based on this, the complex Young's modulus or shear 

modulus (E* or G*), depending on the type of deformation, is determined as the quotient of stress and 

deformation amplitude. The complex modulus (E* or G*) can be separated into the storage modulus (E' or 

G') and the loss modulus (E'' or G''). These are dynamic-elastic parameters which, as material-specific 

functions, depend not only on the measuring conditions and the prehistory, but above all on the frequency. 

The loss factor tan δ indicates the relationship between the loss and storage modulus. 

 tan 𝛿 =
𝐸′′

𝐸′
, tan 𝛿 =

𝐺′′

𝐺′
 (1) 

The loss factor is usually used as a measure for the energy losses during an oscillation. It indicates the 

mechanical damping or internal friction of a viscoelastic system. For thermoplastic materials, commonly 

the relative changes of tan δ are evaluated to characterise transition regions such as the glass transition [3]. 
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For this purpose, a forced oscillation is applied under elongational, flexural, shear or torsional deformation. 

In the »PolymerAkustik« project, a methodology has been developed to use the DMA measurement in 

tensile mode as a quick and easy way to characterise acoustic material properties on standard specimens. 

A DMA 450+ from MetraviB was chosen for the development of the acoustic damping test methodology. 

Thanks to its unusually high force range of up to 450 N, the instrument can measure samples with a relatively 

large cross-section in tensile mode, which drastically reduces the preparation effort by allowing the direct 

use of material samples taken from the middle part of the ISO tensile test specimen with a cross-section of 

10 x 4 mm2 [2]. Furthermore, the tensile mode provides a simple load case, ensuring measurements in the 

range of pulsating tensile stress and does not require geometrically precise surfaces of the samples. The 

possible frequency range is 1 Hz to1000 Hz and temperatures can be chosen between approx. -150 °C and 

400 °C. Before starting frequency sweep tests, the range of linear-elastic material behaviour needs to be 

identified via an amplitude sweep test. 

Measurements carried out on various materials (see Table 1) showed that the MetraviB DMA used in this 

specific tensile test mode configuration exhibits resonance phenomena for all characterised polymers at 

higher frequencies. Nevertheless, in a study using materials with different stiffness, typical frequency ranges 

where identified that where free from resonance peaks for all materials (see Figure 1). 

Table 1: Polymers used to characterise resonance phenomena of the DMA 

Polymer Type 
Young’s Modulus 

(Data-sheet) 

Young’s Modulus 

(own measurement) 

Thermoplastic 

Polyurethane (TPU) 

Elastollan 

1185A, BASF 
20 MPa 36 ± 2,4 MPa 

Polypropylene Copolymer  

(PP Copo) 

C706-21NAHP, 

Braskem 
1450 MPa 1457 ± 33 MPa 

Acrylonitrile Butadiene 

Styrene (ABS) 

Terluran GP 35, 

Ineos Styrolution 
2300 MPa 2322 ± 44 MPa 

 

 

Figure 1: Determination of resonance-free frequency ranges 

As a consequence, the analysed frequency range is limited to 1 Hz – 80 Hz. For stiffer materials (PP and 

ABS), the tan δ values at frequencies between 200 Hz and 250 Hz could also be taken as an indication for 

the further development of the loss factor towards higher frequencies.  
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2.2 Application in vibroacoustic characterisation of polymers 

Based on these results, the measurement methodology for the acoustic quick test was defined. All 

measurements were strain-controlled; the amplitude was chosen to be 0.1 %, which is in the linear-

viscoelastic range and the frequency sweeps were carried out between 1 Hz and 400 Hz at room temperature.  

A wide range of relevant housing materials (PP, ABS, PA 6, ABS/PA) in pure form as well as in compounds 

with various fillers, fibers or additives have been characterised using this methodology. Figure 2 shows the 

different tan  values obtained for typical injection molding grade polymers (PP, PA 6, ABS PA 6 blend 

and ABS). ABS polymers generally show a very low internal damping of about 1 %, whereas PP and 

conditioned PA materials show tan  values of about 5 % - 8 %, depending on the frequency. Interestingly 

the damping of PP in general rises with increasing frequencies, whereas it seems to decline asymptotically 

towards an end-value for PA and ABS/PA-blends. This behaviour can be explained by the different glass 

transition temperatures of the measured polymers. For a PP-copolymer, the Tg is typically below room 

temperature (-20 °C to -5 °C) whereas PA 6 in the dry state has a Tg of 70 °C – 80 °C, which in general 

decreases for polyamide type polymers with increasing water content [4]. ABS generally shows only a 

comparably small frequency dependency (see section 4). 

 

Figure 2: DMA frequency-sweeps on various polymers 

The addition of additives can also have a substantial impact on the internal damping of compounds. 

Exemplarily, the loss factor from frequency sweep measurements carried out on the material system 

PP + rubber particles is shown in Figure 3. The rubber particles used in this study are a homogeneous black 

elastomer powder, which is produced from used tyres by cryogenic milling. The particle size is below 

125 µm and the density is about 1.16 kg/m³. 

Figure 3 shows the positive effect of incorporating the rubber particles in the PP compound on the internal 

material damping. Tan δ at room temperature is increased by about 50 % at lower frequencies for 20 % 

added rubber particles. In general, all material compositions show an increasing internal damping with 

higher frequencies above 10 Hz.  

The studies in the project »PolymerAkustik« show that a high-strength and high-frequency DMA can be 

used as a quick test to characterise the internal material damping (tan δ) in the lower acoustic range 

(< 80 Hz ) with standard mechanical test geometries and only small preparative efforts. 
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Figure 3: DMA frequency-sweeps on PP/rubber-particle-compounds 

3 Micro-mechanical simulation of the material response 

In order to enable a virtual material design and thus to reduce the experimental effort in the development of 

new materials and to provide a better understanding of the relevant microstructural mechanisms, a numerical 

analysis of the material response at the microstructural level is performed. 

3.1 Virtual material testing – general procedure 

In structural applications, the material response of micro-structured materials such as polymers with 

embedded second phase particles or polymer blends is usually modelled in terms of macroscopic “effective” 

material properties rather than using direct models of the micro-structure of the materials [5]. The effective 

material properties are usually determined in standard coupon tests at macroscopic levels, such as the 

dynamic mechanical analysis described in section 2. Alternatively, a virtual testing procedure may be 

employed. For this purpose, a small but statistically representative volume element (RVE) of the material is 

considered. In a similar manner as in the physical experiment, the volume element is excited by an acoustic 

input signal, e.g. a harmonic macroscopic strain excitation. As a result, the corresponding time-dependent 

macroscopic stress signal is computed (see Figure 4). 

 

Figure 4: Virtual testing of micro-structured materials 

In this context, the macroscopic strains 휀�̅�𝑗 and stresses �̅�𝑖𝑗 are defined as their volume averages with respect 

to the representative volume element 

 휀�̅�𝑗 =
1

𝑉RVE ∫ 휀𝑖𝑗  d𝑉
𝑉RVE      (=

1

𝐴RVE ∫
1

2
(𝑢𝑖𝑛𝑗 + 𝑢𝑗𝑛𝑖) d𝐴

𝐴RVE ), (2) 
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 �̅�𝑖𝑗 =
1

𝑉RVE ∫ 𝜎𝑖𝑗 d𝑉
𝑉RVE , (3) 

where 𝑉RVE and 𝐴RVE denote the volume and the external surface of the RVE, whereas 𝑢𝑖 are the 

displacement components on the external surface of the RVE and 𝑛𝑗 are the components of the outward 

normal unit vector [6] 

3.2 Representative volume elements 

The micro-structure of the RVEs used in the numerical analysis of the materials is generated by a stochastic 

process, based on a microstructural characterisation of the respective material in terms of the inclusion 

volume fraction, the aspect ratio of the embedded particles, their spatial orientation distribution and their 

tendency towards cluster formation. The inclusions are idealised by ellipsoids of revolution. The ellipsoids 

are placed randomly within the volume of the representative volume element in a non-intersecting manner 

using random number generation. The orientation can either be chosen with a preference direction or may 

be completely random. In order to avoid difficulties with the boundary condition definition on the external 

surfaces, idealized periodic models are generated. An example with - for reasons of clarity - a separated 

display of matrix and inclusions is presented in Figure 5. 

 

Figure 5: Representative volume element RVE 

The representative volume elements are meshed with standard displacement-based tetrahedral finite 

elements. To avoid the implementation of artificial stiffnesses along the external boundaries, periodic 

displacement boundaries are applied using Equation (2), assuming a sinusoidal strain excitation. The 

microscopic material response is modelled by means of a viscoelastic neo-Hookean model, where the 

viscous response is represented in terms of a Prony series model [7]. 

3.3 Parameter identification and validation 

The methods described in sections 3.1 and 3.2 are applied to an analysis of PP material with rubber 

inclusions considered in section 2. In a first step, the material parameters for the PP matrix are determined 

by simulating the response of neat PP using static test data and the DMA results. For the rubber inclusions, 

this approach is not possible, as they are a shredded recycling material which is not available in bulk, so that 

neither static nor DMA experiments can be performed at coupon level. As an alternative, the rubber material 

properties are determined by a reverse engineering approach from the DMA results of PP + rubber 

composites using appropriate microstructural models together with a successive adjustment of the material 

data to the macroscopic experimental findings. The results are presented in Figure 6, with respect to the 

damping coefficient tan 𝛿 in dependence on the excitation frequency. Two different ratios of the rubber 

particle concentration are considered. The numerical predictions are in good agreement with the 

experimental observations. 
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Figure 6: Application of the numerical scheme to the PP Copo + rubber material system. 

4 Experimental modal analyses 

The structural dynamic characterisation of polymer samples is carried out on the basis of experimental 

modal analyses (EMA). The theory of EMA is dealt with in various technical references [8, 9]. In a complete 

EMA, the natural frequencies, modal damping values and mode shapes of the examined object are 

determined. In the present case, the comparison between different material samples is based on their modal 

damping values. As in the previous sections, the results shown below come from PP-copolymer with an 

addition of 5 % and 30 % rubber. The material samples examined are tensile bar samples of identical 

dimensions, which are standardised in [2]. 

Figure 7 shows the experimental test set-up for determining the modal damping values of the tensile bar 

samples. On one side, the samples were glued to a steel platform. In order to keep the influence of this 

boundary condition on the results to a minimum, the mechanical input impedance of the platform is at least 

ten times higher than that of the samples within the frequency range of interest according to a previous finite 

element estimation. Furthermore, an adhesive based on cyanoacrylate was used, which is suitable for 

difficult-to-bond polymers like PP. The dynamic excitations of the samples were realised by a modal 

hammer with integrated force sensor. In each case, the driving point was close to the adhesive location to 

achieve a force-frequency spectrum in order to be able to evaluate the data at frequencies as high as possible. 

The dynamic response of each sample was measured at its free end with a laser vibrometer. Due to the poor 

optical reflective qualities of the sample surface, a small strip reflecting foil was applied to each sample. 

Both response measurements and force excitations were carried out in z-direction to evaluate the bending 

modes around the y-axis. 

 

Figure 7: Experimental setup for determining modal damping values of standard polymer tensile bar samples 

fixed at one end. 

 

z 
x 

y 
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4.1 Evaluations 

The first step in evaluating the measurements is to look at the excited frequency ranges of the respective 

material samples. In Figure 8, the force frequency spectrum for each sample is shown. Every spectrum 

indicates a flat force progression over frequencies up to about 1 kHz. At higher frequencies, the forces have 

typical characteristics of a sinc function. The often-used 20 dB decay bandwidth to characterise an excited 

frequency range is about 7.5 kHz for the PP material, 7.7 kHz for PP with 5 % rubber and 6.2 kHz for PP 

with 30 % rubber. 

 

Figure 8: Force-frequency spectrum of PP, PP with 5 % rubber and PP with 30 % rubber in each case for 

one sample. 

In Figure 9 the frequency response functions between the dynamic forces and vibration responses are shown 

in the form of admittances. The natural frequencies of the samples are characterised by local admittance 

maxima. The sample consisting of the PP material with 30 % rubber has the lowest natural frequencies, 

followed by PP with 5 % rubber and the unfilled PP material sample. The corresponding values for the first 

natural frequencies are 22 Hz, 30 Hz and 34 Hz. The signal components below approximately 18 Hz are due 

to the noise determined in the measuring chains and are not in any relation to the examined samples. This 

shows up in a poor coherence between dynamic forces and vibration responses, as presented in Figure 10, 

within this frequency range. At the respective natural frequencies, the coherences are close to one within 

the force-excited range, which means sufficiently high linearity measurements. In addition to determining 

modal damping values, further investigations with respect to the structural-dynamic characterisation of 

polymer samples are carried out by means of measured natural frequencies in the form of finite element 

model updating, as shown in [10]. 

 

Figure 9: Admittance frequency spectrum of PP, PP with 5 % rubber and PP with 30 % rubber in each case 

for one sample. 
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Figure 10: Coherence frequency spectrum of PP, PP with 5 % rubber and PP with 30 % rubber in each case 

for one sample. 

The modal damping is characterised by the width of an admittance maximum at the associated natural 

frequency. The width is determined at the point where the level has dropped by 3 dB from the maximum. 

In Figure 11 the modal damping values of the different PP-materials are shown in percent. The values were 

related to the natural frequencies at which they were determined (known as the percentage of critical 

damping or damping ratio). The PP material with 30 % rubber added has the highest modal damping values 

over the entire frequency range. In contrast, the unfilled PP material has the lowest modal damping. All 

damping values increase with frequency. The small changes in the respective curve at the next-to-last 

bending mode at approximately 3.2 kHz of the unfilled PP material and the PP material with 30 % rubber 

comes from the influence of a torsion mode next to the evaluated bending mode. In Figure 11, the two-

sigma intervals according to the experimental standard deviations are shown. In each case three samples 

were measured. Compared to the respective values, the standard deviations are small, which indicates 

reproducible results. 

 

Figure 11: Modal damping values of PP, PP with 5 % rubber and PP with 30 % rubber in each case for three 

samples with two-sigma interval according to the experimental standard deviation. 

5 Combination of DMA and EMA results 

The DMA test methodology in section 2 allows the characterisation of material damping in the lower 

frequency range (< 80 Hz) using typical standard test geometries and forced oscillating excitation of the 

samples. EMA section 4, on the other hand, characterises modal damping at natural frequencies of a chosen 

test sample geometry (in this case standard polymer tensile bar samples). This typically provides 5 to 10 
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damping values in a frequency range between 20 Hz and 6 kHz. Combining and comparing the results of 

the DMA and EMA methods allows assessing the material damping of polymer materials over a wide 

frequency range. For the comparison of DMA and EMA results, their relationship needs to be considered. 

The material loss factor tan δ from the DMA and the modal damping value from the EMA, here referred to 

as ξ, are related as follows [11]: 

 tan 𝛿 = 2 ∙ 𝜉 (4) 

This relationship applies exactly to natural frequencies because it is used to define the modal damping, see 

section 4. Although the DMA, unlike the EMA, uses forced vibrations, the following comparison between 

the results of DMA and EMA is based on equation (4) because both damping values show continuous 

courses (see Figure 2, Figure 3, and Figure 11). 

Figure 12 compares the results of DMA and EMA obtained on selected base polymers for which both 

analyses were carried out. The damping values at frequencies from 1 Hz to 80 Hz come from the DMA, the 

respective values at higher frequencies are from the EMA. The comparison shows the same order of 

damping for the different materials: conditioned PA6 exhibits the highest damping over the entire frequency 

range, while the damping of dried PA6 is the lowest at most frequencies. The damping of the other measured 

materials lies between these two curves. In the case of conditioned PA6, the results of DMA and EMA form 

nearly a continuous curve over the overlapping frequency range. With the other materials, there is always a 

slight difference between the DMA and EMA results in this frequency range compared to the absolute 

damping values. A possible reason for these differences are the resonance effects between 80 Hz and 180 Hz 

in the experimental setup of the DMA, as mentioned in section 2.1. The resonance effects and their influence 

on the measured damping values will be further considered and investigated. 

 

Figure 12: Comparison of DMA and EMA results for different base polymers; respective curves at lower 

frequencies: DMA results; respective curves at higher frequencies: EMA results. 

Figure 13 shows the DMA and EMA results obtained on the already considered PP copolymer and its two 

variants with an addition of 5 % and 30 % rubber particles. Similar to the results of the base polymers shown 

above, the results of both methods show the same order of damping values. The higher the proportion of 

rubber, the higher the respective damping. Compared to the absolute damping values, small differences 

between DMA and EMA results within the overlapping frequency range can also be seen here. The slightly 

increased damping and its greater increase over frequency in the DMA results suggests the previously 

mentioned resonance effects in the measurement setup. Nevertheless, both methods are suitable for the 

characterisation of material damping in polymers and lead to similar results under consideration of the 

respective frequency range. 
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Figure 13: Comparison of DMA and EMA results for different PP-based polymers in each case for one 

sample; respective curves at lower frequencies: DMA results; respective curves at higher frequencies: EMA 

results. 

6 Acoustic demonstrator experimental test rig 

Sound transmission through partitions is usually performed using the procedures and acoustic transmission 

test stands according to reference [12]. However, this procedure is not suitable for small polymer test 

samples. Therefore, in order to be able to perform acoustic tests on small polymer sample plates and housing 

components, an experimental demonstrator test rig for simple A-B-comparisons has been designed [13]. 

Figure 14 shows the experimental demonstrator test rig. The floor and walls of the test rig casing are made 

from 30 mm thick acrylic glass. The top of the casing is open and fitted with a 20 mm thick aluminium 

frame allowing to install different types of sample holder plates. The demonstrator can be used to investigate 

simple plate samples, as well as housing half-shells and components with a more complex geometry. Aim 

is the qualitative evaluation of the sound insulation properties of polymer samples made from different 

compounds and the sound transmission through typical housing apertures like ventilation slits. The casing 

has outer dimensions of 357 mm x 270 mm x 282 mm and inner dimensions of 297 mm x 210 mm 

x 252 mm, which gives an inner volume of about 0.016 m³. The free inner footprint equals the dimensions 

of an A4 format, which constitutes the maximum sample size. The standard prototypical sample plates used 

in the »PolymerAkustik« project have dimensions of 180 mm x 180 mm. For the investigations of these 

samples, a 15 mm thick sample holder plate with a free testing area of 170 mm x 170 mm is used. The 

sample plates are fixed with a 10 mm thick aluminium frame. The clamping force is adjustable and 

reproducible, which guarantees repeatable boundary conditions.  

The primary sound source inside the casing is an in-house design miniature hexahedron loudspeaker with 

monopole like radiation characteristics. For the experiments, a white noise signal with controlled amplitude 

is used as input to the loudspeaker. On the outside, above the top of the casing, there is a microphone array 

with 88 ¼-inch microphones for measuring the sound pressure levels (SPLs). The array microphones are 

arranged in eight rows and eleven columns with an x- and y-spacing of 30 mm. The outer dimensions of the 

array are 210 mm x 300 mm. A Brüel & Kjær® system is used together with the PULSE software for the 

data acquisition and analysis. Based on the geometry, it is possible to conduct near-field holography 

measurements in the frequency range between 800 Hz and 5 kHz, which can be used to visualize, locate and 

investigate weak points that may dominate the sound transmission. For assessing the sound attenuation of 

samples, the averaged SPL of the array is used. Preliminary studies on sample plates [14] have shown that 

the estimates of the averaged SPLs are reliable in the frequency range between 800 Hz and 10 kHz. In this 

frequency range, the repeatability of measurements on the same sample plate for repeated removal and 

installation is within the range of about ±1 dB. 
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Figure 14: Picture of the acoustic demonstrator experimental test rig and hexahedron loudspeaker. 

6.1 Experimental investigations 

As part of the »PolymerAkustik« project various homogenous and sandwich polymer sample plates with 

thicknesses between 2 mm and 4 mm, made from different base polymers and polymer compounds, have 

been tested. Figure 15 shows exemplary experimental results for four 2 mm thick homogenous sample plates 

made from a) PP Copo, b) ABS, c) PA6 and d) PP Copo + 30% rubber filler. The four plates have a mass 

of 59.0 grams, 70.9 grams, 74.5 grams and 63.8 grams, respectively. For each material, two sample plates 

were available. Each sample plate was installed and measured four times, rotating the plates by 90° before 

each reinstallation.  

Figure 15 a) shows the SPLs averaged over the 88 array microphones and the eight individual measurements 

per material. As a reference, the averaged SPL for the case of a blocked test sample opening, which 

represents the residual sound transmission through the non-sample surfaces of the test rig, is also plotted. 

The results show that there is sufficient difference between the sound transmissions through the samples 

and the residual transmission in the entire frequency range of interest. Above 800 Hz, the tolerance between 

measurements of the same sample type is within the range of about ±1 dB. Below 800 Hz, the variations 

between measurements can be significantly higher. The results below 800 Hz are less reliable and need to 

be treated with some care. Figure 15 b) shows the differences in the averaged SPLs with reference to the PP 

sample plate. The shaded areas indicate the min-max range of measurement values out of all eight 

measurements for each plate material. An interesting aspect is the comparison between the PP Copo 

reference plate and the PP Copo + 30% rubber plate. 

a) b) 

  

Figure 15: Results of the acoustic characterisation polymer sample plates; a) averaged SPL at the 

microphone array and b) differences in the averaged SPL with reference to the PP Copo sample plate. 

11 x 8 microphone array

top cover plate, which holds the 

samples

hexahedron loudspeaker 

acrylic glass casing
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The results show, that the PP + 30 % rubber plate radiates between 1 dB and 2 dB less than the PP reference 

plate. According to the mass law, an increase of mass of about 8 % should result in a reduction of the sound 

transmission by about 0.7 dB. Hence, the rubber filler improves the sound insulation properties beyond the 

pure mass effect. By the mass law comparison alone, the ABS and PA6 plate should radiate about 1.6 dB 

and 2.0 dB less than the PP Copo reference plate. This, however, is not found in the results of the acoustic 

investigations. Therefore, the PP-based polymer samples seem to have generally better sound insulation 

properties than the ABS and PA6 polymer sample plates. Apart from the material with rubber filler, these 

first tests indicate a rather small influence of the sample material for homogeneous plates on the sound 

reduction properties. More significant differences are expected from the comparison between homogenous 

sample plates and rib-stiffened plates or sandwich plates. 

The acoustic demonstrator rig also allows the investigation of the sound transmission through small 

machinery parts such as casing half-shells and small apertures like ventilation slits. In reference [13], 

preliminary results of sound transmission tests and near-field holography measurements on a casing half-

shell of an orbital sander were presented. Further studies have been conducted on flat plates with different 

aperture geometries. Figure 16 shows the sketches of four investigated aperture geometries. One aperture 

geometry has an aperture surface of 450 mm2, the other three have an aperture surface of 1250 mm2. 

a) b) c) d) 

 
 

  
450 mm2 1250 mm2 1250 mm2 1250 mm2 

Figure 16: Sketches of the four aperture geometries investigated. 

In Figure 17, the experimental results for plates with the four aperture geometries shown in Figure 16 are 

plotted. Figure 17 a) displays the averaged SPLs for four measurements per plate. As a reference, the 

averaged SPL for the case of a blocked test sample opening and an equivalent sample plate without apertures 

is also shown. Figure 17 b) shows the relative differences in the averaged SPLs for the sample plates with 

reference to the equivalent plate without apertures.  

a) b) c) 

   

Figure 17: Results of the acoustic characterisation for sample plates with different aperture geometries; a) 

averaged SPLs, b) differences in the averaged SPLs with reference to a plate without aperture and  

c) differences in the averaged SPLs between the aperture geometries with equal aperture area with reference 

to the geometry in Figure 16 b). 
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The results reveal that the sound transmission through the apertures dominates the sound transmission 

through the test samples. For most of the frequency range of interest, the measured SPLs for the aperture 

with a surface area of 450 mm2 are about 4 dB lower than those for the surface area with 1250 mm2. This is 

generally consistent with the expected difference of 4.4 dB due to the ratio of the aperture surface areas. 

Figure 17 c) shows the relative differences in the averaged SPLs for the sample plates with an equal aperture 

surface of 1250 mm2 with reference to the sample plate with the slit aperture geometry displayed in Figure 

16 b). The sound transmission through the aperture geometries with circular holes is higher than for the slit 

geometry of equal aperture surface in most of the observed frequency ranges. The transmission through the 

geometry with holes of 25 x 8 mm diameter (Figure 16 d) tends to be higher than through the geometry with 

holes of 16 x 10 mm (Figure 16 c). The interpretation of these preliminary results and investigations on 

optimised geometries for ventilation apertures of power tool casings are subject of ongoing studies. 

7 Summary and conclusions 

Tailored polymer materials with improved internal damping and casing components with optimised 

geometry offer great potential for noise reduction and sound design. In the research project 

»PolymerAkustik«, a consortium of four Fraunhofer Institutes is currently investigating innovative solutions 

for vibroacoustically optimised polymer materials and components. One of the challenges at hand is the 

vibroacoustic characterisation of polymer samples and housing components over a wide frequency range. 

This paper discusses the application and adaptation of different, partly pre-existing characterisation methods 

in the context of polymer material and component development.  

In particular a high-strength and high-frequency DMA quick-test is used to characterise the internal material 

damping (tan δ) in the lower acoustic range below 80 Hz, i.e. up to 250 Hz for stiff materials. For the DMA, 

standard mechanical test geometries are used, which do not require high preparation efforts. Based on the 

results from room temperature measurements in the above mentioned DMA frequency range, a rough 

prediction of the material behaviour at higher frequencies can be extrapolated. For frequencies up to the 

kHz-range, classical EMA methods are applied. The experimental results are used in a numerical multi-

scale simulation in order to determine the visco-elastic material parameters and to provide the base for a 

virtual material design. The virtual testing procedure by means of a numerical simulation on microstructural 

level has proven to be efficient and provides accurate results. Nevertheless, the quality of the micro-

structural simulation results strongly relies on the accuracy of the input data. Combining the results from 

the DMA and EMA methods allows the assessment of the structural properties and material damping of 

polymer materials over a wide frequency range. For direct acoustic testing, an experimental demonstrator 

test rig for simple A-B-comparisons has been designed. The demonstrator can be used to investigate simple 

plate samples as well as housing half-shells and components with more complex geometries. The results 

allow a qualitative evaluation of the sound insulation properties of polymer samples made from different 

compounds and the sound transmission through typical housing apertures. 

For demonstration purposes the results from all characterisation methods for samples made from PP Copo 

and samples made from PP Copo with rubber filler are presented. The results of the different characterisation 

methods reveal that the rubber filler has a considerable influence on the material properties and 

vibroacoustic performance of the test samples. The characterisation methods described are manageable 

efficient tools for the development of tailored polymer materials with improved internal damping and 

components with optimised geometry. 
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Abstract
This work presents a three-scale approach to modelling sound absorbing structures with non-uniform poros-
ity, consisting of meso-patterns of localised micro-porosity. It can also be used for structures in which voids
in a solid frame are filled with micro-fibres. The method involves double-scale, i.e. micro- and meso-scale,
calculations of the effective properties of an equivalent homogenised medium, as well as macro-scale calcu-
lations of sound propagation and absorption in this medium, which at the macroscopic level can replace the
entire absorbing structure of complex micro-geometry. The basic idea can be explained as follows: the meso-
scale areas with localised micro-porosity are treated as homogenised meso-pores saturated with an equivalent
visco-thermal fluid replacing the actual gas-saturated micro-porous medium, so that the macroscopic effec-
tive properties are finally calculated based on a simplified meso-scale geometry with homogenised meso-
pores.

1 Introduction

Modelling of porous sound absorbing media may require a special approach when micro-porosity is located
in some more or less regularly spaced mesoscopic areas instead of being evenly distributed throughout the
structure. To determine wave propagation and sound absorption in such media, a method involving three-
scale calculations is proposed in which micro-porosity areas are treated as mesoscopic pores saturated with
effective equivalent fluid instead of the real fluid, i.e. air that saturates the micro-pores. The calculation
procedure is as follows:

1. On a micro-scale: calculate the effective properties of an equivalent fluid from a microporous repre-
sentative elementary volume or cell.

2. On a meso-scale: use the calculated effective properties to model equivalent fluid within mesoscopic
pores to determine another effective fluid equivalent to the entire medium.

3. On a macro-scale: solve the Helmholtz problem for a configuration in which the mesoscopic effective
fluid replaces the entire sound-absorbing structure.

The proposed approach is similar to one of the modelling cases developed in [1]. Its main feature is that it
is based on the same numerical code for as for standard calculations of effective properties of materials with
uniform single-scale porosity, because only a few simple additional procedures should be implemented. For
more general and rigorous models covering various aspects of propagation and absorption of acoustic waves
in double-porosity and other heterogeneous porous media see [2, 3, 4, 5, 6, 7, 8].
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The paper is organized as follows. Modelling of wave propagation in rigid-frame porous structures using
an equivalent fluid that requires determination of its transport parameters, is briefly discussed in Sections 2
and 3. The main theoretical developments regarding the combined micro- and meso-scale calculations of the
properties of equivalent fluid are presented in Section 4. The whole approach is illustrated and also validated
experimentally in Section 5 considering, as an example, a circular plate with localised micro-perforation
patterns backed by an air cavity.

2 Modelling using the equivalent fluid approach

To model sound absorption by a micro-perforated plate backed by an air cavity, a two-layer configuration is
used, in which the air cavity is Layer 1 and the usually thinner plate is Layer 2, see Figure 1. Both layers
are modelled using the Helmholtz equation describing the propagation of acoustic waves in the frequency
domain. This is because the micro-perforated plate is replaced by a layer of equivalent acoustic fluid. The
fluid-equivalent approach is used, among others, by the following semi-phenomenological models:

• JCA – Johnson-Champoux-Allard,

• JCAL – Johnson-Champoux-Allard-Lafarge,

• JCALP – Johnson-Champoux-Allard-Lafarge-Pride.

These models are based on theoretical developments by Johnson et al. [9], Champoux and Allard [10],
Pride et al. [11], and Lafarge et al. [12], and they provide formulae for the complex-valued and frequency-
dependent effective properties of an equivalent fluid [13], viz. the effective density and bulk modulus, which
enable calculation of the effective speed of sound (and also characteristic impedance) used to solve the
Helmholtz problem. The problem of plane wave propagation in the two-layer configuration depicted in
Figure 1 can be solved analytically – see for example [14] for closed analytical formulae of the acoustic
pressure and velocity. From this solution the surface acoustic impedance, reflection and acoustic absorption
coefficients are determined.

`c `p

` = `c + `p

plane wave
(in air)

Layer 1

air cavity

Layer 2

micro-
perforated
structure

perforation

rigid
wall

Figure 1: A two-layer configuration: Layer 1 defining the air cavity between the rigid wall and Layer 2 of
the equivalent fluid replacing the micro-perforated plate

Let f and ω = 2πf be the frequency and angular frequency, respectively. The frequency-dependent,
complex-valued density of equivalent fluid %e(ω) depends on the open porosity φ and on the real density %f
of the pore fluid, i.e. air, as follows

%e(ω) =
%fα(ω)

φ
, (1)

where α(ω) is the frequency-dependent and complex-valued dynamic viscous tortuosity. This function de-
pends on the kinematic viscosity of the pore fluid νf, as well as on some viscous transport parameters (VTP),
viz.: the open porosity φ, the geometric tortuosity α∞, the viscous characteristic length Λ, and the static
viscous permeability k0. For the JCALP model, one more transport parameter is required, viz. the static
viscous tortuosity α0. The necessary formulae can be found, e.g. in [13].
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The frequency-dependent, complex-valued effective bulk modulus Ke(ω) is related to the real bulk modulus
of the pore fluid Kf = γf Pf in the following way

Ke(ω) =
Kf

φβ(ω)
, β(ω) = γf −

γf − 1

α′(ω)
. (2)

Here: φ is the porosity, γf is the ratio of specific heats for the pore fluid, Pf is the ambient mean pressure, and
α′(ω) is the frequency-dependent and complex-valued dynamic thermal tortuosity. This effective parameter
depends on the kinematic viscosity of the pore fluid νf, and its Prandtl numberNf, as well as on some thermal
transport parameters (TTP), viz.: the open porosity φ and thermal characteristic length Λ′ – in the case of
the JCA model, and in addition, also on the static thermal permeability k′0 – in the case of the JCAL model,
and on one more parameter, namely, the static thermal tortuosity α′0 – in the case of the JCALP model. See,
e.g. [13] for the necessary formulae.

3 Determining transport parameters

As indicated above, the semi-phenomenological models provide formulae for the viscous and thermal dy-
namic tortuosities, α(ω) and α′(ω), which depend on sets of the so-called viscous and thermal transport pa-
rameters, VTP and TTP, respectively. These parameters can be determined on the basis of the microstructure
of the porous material represented by the so-called periodic unit cell or representative elementary volume.
Three problems must be solved in the representative periodic fluid domain of the open pore network, viz.:

1. the Stokes flow – to determine k0 and α0;

2. the Laplace problem – to determine α∞ and Λ;

3. the Poisson problem – to determine k′0 and α′0.

The open porosity φ and thermal characteristic length Λ′ are determined geometrically. The latter is defined
as twice the ratio of the volume of pores to their surface area. Such microstructure-based approach for
modelling of sound absorbing rigid-frame porous and fibrous media is extensively discussed in [15]. It
has already been applied to many sound absorbing materials, i.a. granular media [16, 17, 18], open-cell
aluminium foams [19, 20], polymeric foams [21], or (ceramic) foams with spherical pores [22], double-
porosity foams [23], and fibrous materials [24, 25, 26].

For micro-perforated plates or panels the pore network consists of straight channels or slits with flat parallel
walls, or a combination of these. In general, such perforations can be represented by two-dimensional
patterns. As a result, the Stokes problem transforms into a two-dimensional Poisson problem, so that k0 =
k′0 and α0 = α′0, while the results of the corresponding two-dimensional Laplace problem are obtained
directly as α∞ = 1 (with possible correction accounting for the flow distortion at the panel surface) and
Λ = Λ′ = Rh, where Rh is the hydraulic radius. Therefore, in the case of micro-perforated panels, only the
two-dimensional Poisson problem has to be solved. Moreover, analytical permeability estimates are available
for simple, regular perforation patterns, viz. k0 = k′0 = φR2

h/8 for round perforations or φR2
h/12 for very

narrow slits.

4 Micro- and meso-scale calculations of the effective properties

For structures (e.g. micro-perforated plates or panels) with patterns of micropores or micro-slits located in
specific areas, we propose a simplified calculations of effective properties in two scales. This approach is
depicted in Figure 2 and allows the use of virtually the same models (i.e. JCALP, JCAL or JCA) as for
structures, panels or plates with uniform porosity or perforation. The basic idea can be explained as follows:
the localised areas of microporosity are treated as large meso-pores filled with an effective thermo-viscous
fluid equivalent to a microporous medium filled with the real fluid (air), so that the macroscopic effective
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properties of the entire structure treated as a second equivalent fluid are calculated from the meso-scale
geometry with meso-pores saturated with the first equivalent fluid. The properties of the second equivalent
fluid are used for final macro-scale calculations, which means that this approach is in fact a three-scale
procedure (see Figure 2).

DOUBLE-SCALE geometry
(meso-scale pattern of micro-porosity)

micro-scale
periodic cell

micro-pores

MICRO-SCALE geometry
(of localised micro-porosity)

meso-scale
periodic cell

meso-pores

MESO-SCALE geometry with meso-pores

equivalent fluid in
MESO-PORES

equivalent fluid for
MACRO-SCALE

calculations

Figure 2: Three-scale approach: a double-scale, i.e. micro- and meso-scale, determination of the effective
properties used for final macro-scale calculations

For simplicity, we assume that all areas of microporosity have the same pattern of micropores (or micro-
slits), which is common in practical designs. Therefore, all meso-pores are filled with the same equivalent
fluid. In this case, the total open porosity φ can easily be associated with the microporosity φmicro determined
in relation to the local mesoscopic pore area and the following relation holds

φ = φmeso φmicro . (3)

Here, φmeso is the meso-porosity defined as a porosity on a meso-scale (see Figure 2), when all meso-pores
are treated as voids, or in other words, for φmicro = 1. It is obvious that for a uniform, i.e. not localised
microporosity: φmeso = 1 and φ = φmicro.

The effective density and bulk modulus of the first equivalent fluid, which virtually saturates meso-pores at
the mesoscopic level, are computed in a standard way at the micro-scale level characterised by the micro-
porosity φmicro (cf. with equations (1) and (2)):

%em(ω) =
%f αmicro(ω)

φmicro
, (4)

Kem(ω) =
Kf

φmicro βmicro(ω)
with βmicro(ω) = γf −

γf − 1

α′micro(ω)
, (5)
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where %f, Kf, and γf are the density, bulk modulus, and heat capacity ratio of the actual fluid (air) saturating
the micro-pores, whereas the micro-scale dynamic tortuosities

αmicro(ω) = αmicro
(
ω; νf, VTPmicro

)
, (6)

α′micro(ω) = α′micro
(
ω; ν ′f, TTPmicro

)
, (7)

are calculated using the JCALP, JCAL, or JCA model using the respective transport parameters determined
on the micro-porous scale, and also the kinematic viscosity νf and thermal diffusivity ν ′f = νf/Nf (where Nf
is the Prandtl number) of the real fluid, i.e. air. Here:

VTPmicro ≡ {φmicro, α∞micro, k0micro,Λmicro, α0micro}, (8)

TTPmicro ≡ {φmicro, k
′
0micro,Λ

′
micro, α

′
0micro} (9)

are sets of the relevant micro-scale viscous and thermal transport parameters, respectively.

Before proceeding with analysis at the meso-scale level, it is useful to determine the effective kinematic
viscosity, Prandtl number, and heat capacity ratio for the second thermo-viscous equivalent fluid, i.e. the one
inside the meso-pores. Recall that for real fluids, and in particular for the actual fluid in the micro-pores, i.e.
for air:

γf =
CP f

CV f
, νf =

µf

%f
, Nf =

CP f µf

κf
, (10)

where CP f and CV f are the heat capacity at constant pressure or at constant volume, respectively, whereas µf
and κf are the dynamic viscosity and thermal conductivity, respectively. The effective estimations of these
parameters are required for the equivalent fluid replacing the micro-porous medium saturated with the actual
fluid. In general, these estimations can be frequency-dependent, however, for the purpose of this simplified
method and at least for higher values of microporosity φmicro, the following simple effective estimations can
be applied. The effective dynamic viscosity can be computed as

µem =
µf

φmicro
. (11)

The effective thermal conductivity and heat capacities can be obtained from the fluid and solid components
of the porous material and their volume fractions, however, only the fluid part is taken into account here,
namely:

κem = φmicro κf , CP em = φmicro CP f , CV em = φmicro CV f . (12)

The solid volume fraction in meso-pores – which is related to (1 − φmicro) – does not contribute, because
the isothermal boundary conditions are assumed on the fluid-solid interface. It is now easy to show that the
effective heat capacity ratio is equal to the actual heat capacity ratio for the real fluid inside micro-pores:

γem =
CP em

CV em
=
φmicro CP f

φmicro CV f
=
CP f

CV f
= γf . (13)

On the other hand, the effective Prandtl number is estimated as

Nem =
CP em µem

κem
=

Nf

φmicro
. (14)

Now, the effective kinematic viscosity for the meso-scale equivalent fluid can be related to the kinematic
viscosity of the real fluid (i.e. air) saturating the micro-pores:

νem(ω) =
µem

%em(ω)
=

νf

αmicro(ω)
. (15)

This effective property is frequency-dependent because it essentially depends on the micro-porous dynamic
viscous tortuosity αmicro(ω). Finally, the effective kinematic viscosity can be divided by the effective Prandtl
number (14) to obtain the following effective thermal diffusivity of the equivalent fluid saturating the meso-
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pores

ν ′em(ω) =
νem(ω)

Nem
=

ν ′f φmicro

αmicro(ω)
. (16)

The effective density of the third, i.e. macro-scale equivalent fluid, which can be used for further calculations
at the macroscopic level where it can replace the entire two-scale porous medium, is defined by the follow-
ing formula similar to (1) or (4), but with the frequency-dependent effective density (4) of the second, i.e.
mesoscopic equivalent fluid inside the meso-pores (see Figure 2):

%eM(ω) =
%em(ω)αmeso(ω)

φmeso
=
%f αmeso(ω)αmicro(ω)

φ
, (17)

where

αmeso(ω) = αmeso

(
ω; νem(ω), VTPmeso

)
, (18)

VTPmeso ≡ {φmeso, α∞meso, k0meso,Λmeso, α0meso}. (19)

Here, αmeso(ω) is the meso-porous dynamic viscous tortuosity calculated from the JCALP, JCAL, or JCA
model as a function of the relevant meso-scale viscous transport parameters VTPmeso and frequency-dependent
effective kinematic viscosity (15). One of these meso-scale transport parameters is the meso-porosity φmeso,
which is directly related to the actual porosity φ and the micro-porosity φmicro, viz. φmeso = φ/φmicro, see
equation (3).

The effective bulk modulus of the third equivalent fluid, i.e. the one for macroscopic calculations, is deter-
mined using formulae similar to (2) and (5), but with the frequency-dependent effective bulk modulus (5) of
the mesoscopic fluid inside the meso-pores (see Figure 2):

KeM(ω) =
Kem(ω)

φmeso βmeso(ω)
=

Kf

φβmeso(ω)βmicro(ω)
, (20)

where
βmeso(ω) = γem −

γem − 1

α′meso(ω)
= γf −

γf − 1

α′meso(ω)
, (21)

and

α′meso(ω) = α′meso

(
ω; ν ′em(ω), TTPmeso

)
, (22)

TTPmeso ≡ {φmeso, k
′
0meso,Λ

′
meso, α

′
0meso}. (23)

Here, α′meso(ω) is the meso-porous dynamic thermal tortuosity function calculated using the JCALP, JCAL,
or JCA model and the respective meso-scale thermal transport parameters TTPmeso, as well as the effective
thermal diffusivity (16) of the meso-scale equivalent fluid.

5 Example: Circular disk with an array of micro-perforation patterns

A CAD model of a circular disk 63.5 mm in diameter and 12 mm thick with regularly spaced perforation
patterns in the form of the IPPT acronym was created, as shown in Figures 3 and 4. The disk diameter is
matched to the impedance tube used for sound absorption measurements. In the design, the main slit width is
a = 1 mm, however, it is doubled in some places, viz. b = 2a (see Figure 3). The IPPT perforation pattern is
placed inside a rectangular cell with dimensions d1× d2, where d1 = 21 mm and d2 = 15 mm, and the other
dimensions are: d3 = 3 mm, d4 = 3.5 mm, and d5 = 4 mm (see Figure 3). An array of (3 × 4) cells was
placed on the circular disk. Of the twelve IPPT perforation patterns, the four in the corners are not whole
because they cross the disk boundary (see Figure 3). This is important to observe, because due to that, the
porosity of the entire circular disk would differ slightly from the one of the single perforated rectangular cell.
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Figure 3: Pattern of slits in the shape of the IPPT acronym (left) and the array of rectangular (d1 × d2)
micro-perforated cells on the face of a circular disk (right)

Figure 4: CAD model (left) and 3D-printed specimen (right) of a circular disk with micro-perforations in the
shape of the IPPT acronym

The CAD model was used to produce the designed perforated disk using Zortrax M200 3D printer, see Fig-
ure 4. The 3D-printed specimen was examined under a microscope. Apart from its rough surface and other
small imperfections, it was found that the actual slit widths in the perforations were narrower (by approx-
imately 0.2 mm) than the designed values. The microscopic examinations allowed to propose systematic
corrections of the dimensions of the IPPT perforation pattern. The original, i.e. designed, values of the slit
widths shown in Figure 3 are: a = 1 mm, b = 2a = 2 mm, c = 4a = 4 mm, and d = 6a = 6 mm. The cor-
rected, i.e. actual, values differ from them by ∆ = 0.2 mm, viz.: a′ = a−∆ = 0.8 mm, b′ = b−∆ = 1.8 mm,
c′ = c−∆ = 3.8 mm, and d′ = d−∆ = 5.8 mm. The dimensions d1, d2, . . . , d5 remain unchanged.

The transport parameters were calculated numerically and also by using analytical estimations, as described
in Section 3, for both cases of slit sizes, i.e. the designed and corrected values. For the corrected, i.e. actual
slit widths the calculations were carried out using single scale and double scale approaches. In the latter
case, the transport parameters were first determined for the microporous, i.e., micro-slitted rectangular area
and used in the model of the first equivalent fluid saturating the meso-pores in the meso-porous geometry of
the circular disk. Figure 5 shows the meso-scale geometry with twelve meso-pores on the disc (note that four
of them are cut at the edge of the disc) and the micro-scale geometry inside a rectangular meso-pore with
dimensions d′1 × d′2 = 12.8 mm × 5.8 mm. The diameter of disc is 63.5 mm and the slightly smaller inner
diameter, which defines the cutting edge for the four meso-pores is 61.9 mm.

Figure 6 shows the numerically computed fields normalised to the unit of permeability [m2], used to calcu-
late the permeabilities and static tortuosities. These are results of fluid-independent numerical calculations
carried out:

• for the actual perforation patterns on the entire disc (the single-scale approach), see Figure 6(b),
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Figure 5: Two-scale approach to determine the effective properties for the investigated circular disk by
assuming large rectangular meso-pores at the meso-scale level and a local micro-slit pattern inside each
meso-pore

(a) (b) (c)

Figure 6: Local transport fields normalised to the unit of permeability (i.e. m2): the standard single-scale
calculations (a), and the double-scale approach with results from calculations at the meso-scale (b) and
micro-scale level (c)

• on the meso-scale for all meso-pores, see Figure 6(a),

• on the micro-scale for a single perforation pattern inside the rectangular cell, see Figure 6(c).

The results of transport parameters are compared in Table 1. Note the small differences, from about 3% to
9%, between numerical and analytical results for permeabilities when the estimation formula φR2

h/8 is used,
and more significant differences, reaching over 30% in extreme cases, between numerical and analytical
results obtained for the static tortuosities. The analytical assumption for α0 and α′0 is 1.25, and the thermal
permeability k′0 = φΛ′2/8 (recall that for perforated plates Λ′ = Λ = Rh), and all this means the JCA model.
Precise numerical calculations of these parameters permit to benefit from the low-frequency enhancements
present in the JCALP model. Note that the relation (3) between φ, φmeso and φmicro is extremely well
satisfied, despite the fact that four of twelve meso-pores (see Figure 5) are cut by the disc border and their
microporosity values may be slightly different from those of the full-shape rectangular meso-pores. This
observation confirms that the first equivalent fluid determined at the local micro-scale level can be used as
saturating fluid for all meso-pores, also the ones cut by the disk border.

The macroscopic effective properties of a layer equivalent to the micro-perforated circular panel can be
calculated using the double-scale method as described in Section 4. During such calculations, the following
stages are carried out, and the air properties in the perforations are taken as for the ambient temperature and
pressure conditions determined during experimental tests, viz. for 22◦C and 1005 hPa.

• The kinematic viscosity and Prandtl number for air (i.e. νf = 1.55 m2/s and Nf = 0.71) together with
the micro-scale transport parameters (see the last column in Table 1) are used to determine the dynamic
tortuosties for the micro-perforations saturated by air, see equations (6) and (7), and for example [13].
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Table 1: Transport parameters for the single- and double-scale calculations – numerical results and analytical
estimations

Single Double scale
Parameter Symbol Unit scale meso micro

open porosity φ % 8.479 23.52 36.05

static permeabilities k0 = k′0 10−9 m2 8.193 429.7 35.45
(analytical estimations) 10−9 m2 7.458 398.3 32.72

geometric tortuosity α∞ – 1.00 1.00 1.00

static tortuosities α0 = α′0 – 1.810 1.394 1.802
(analytical estimations) – 1.25 1.25 1.25

characteristic lengths Λ = Λ′ mm 0.839 3.680 0.852

• These micro-scale dynamic tortuosities enable calculation of the effective viscosity νem(ω) and thermal
diffusivity ν ′em(ω) from equations (15) and (16), respectively, for the equivalent fluid saturating the
meso-pores.

• This equivalent fluid together with the meso-scale transport parameters (see the last but one column in
Table 1) are used to compute the meso-scale dynamic tortuosities (18) and (22).

• The calculated meso- and micro-scale dynamic viscous tortuosity functions, αmeso(ω) and αmicro(ω),
respectively, together with the (global) porosity φ = 8.48% and air density %f = 1.19 kg/m3, are
used to determine the effective density (17) for the second equivalent fluid that can replace the micro-
perforated panel.

• The calculated meso- and micro-scale dynamic thermal tortuosity functions α′meso(ω) and α′micro(ω),
respectively, together with the (global) porosity φ, as well as the specific heat ratio γf = 1.40 and
adiabatic bulk modulus Kf = 141 kPa for air, are used to calculate the effective bulk modulus (20) for
the second equivalent fluid.

• The results of the double-scale (i.e. micro- and meso-) computations, that is the effective properties of
the equivalent fluid layer replacing the micro-perforated panel, can be used for efficient macro-scale
calculations, for example, to determine the sound absorption of the micro-perforated panel backed by
an air cavity using a two-layer configuration, see Figure 1.

To verify modelling, the sound absorption was measured in the impedance tube for the micro-perforated disk
(see Figure 4, right) backed by air cavities of various thicknesses, viz. 28 mm, 48 mm, and 68 mm, so that
the total thickness of the disk and air cavity was 4 cm, 6 cm, or 8 cm, respectively. The measured curves of
acoustic absorption coefficient are compared in Figure 7 with the results of calculations in which the micro-
perforated disk was replaced by the equivalent fluid. The effective properties of the equivalent fluid were
determined using two approaches:

1. the standard, i.e. single-scale approach – for this case two results are presented, depending on whether
the transport parameters were estimated analytically or determined on the basis of numerical calcula-
tions;

2. the double-scale method developed in Section 4 – for this case the sound absorption results are in fact
derived from three-scale calculations, i.e. computations on the micro- and meso-scale to determine
the equivalent fluid used as a material for the homogenised macroscopic panel layer, and macro-scale
calculations for the two-layer configuration.

It is easy to observe (see Figure 7) that the results based on analytical estimates of transport parameters (and
in fact, on the JCA model) are less accurate than the corresponding results obtained using the JCALP model
and accurate numerical computations of transport parameters. Less obvious conclusions can be drawn by
comparing numerical results based on the two approaches. The results obtained by the three-scale calcula-
tions are in better agreement with the experimental curves for smaller air cavities, whereas for the largest
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Figure 7: Sound absorption of the 12 mm thick circular micro-perforated panel backed by an air cavity of
various thicknesses, viz.: (a) 28 mm, (b) 48 mm, and (c) 68 mm
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cavity the standard numerical approach is slightly more accurate, although the cavity resonance is very well
predicted by both approaches.

6 Conclusions

The results obtained from the three-scale, i.e. micro-, meso-, and macro-scale calculations which include the
double-scale determination of transport parameters, are similar to the results of standard numerical compu-
tations, i.e. the micro-macro calculations based on the single-scale determination of transport parameters.
There are discrepancies between the two calculation methods, but they are also comparable with the inaccu-
racies of experimental testing. The measured curves are burdened with 3D printing imperfections, as well as
small but measurable losses in the (empty) impedance tube (see Figure 7), not accounted for in modelling.
It should also be noted that the analyses presented in this work used a simple uncorrected result for the ge-
ometric trortuosity (i.e. α∞ = 1), whereas for (thin) micro-perforated plates, some corrections are usually
recommended [27, 28, 29].

The three-scale approach makes it possible to perform calculations using two simpler geometries that result
from the division of complex porous geometry into two scales. On the other hand, it essentially allows to
use and reuse the same numerical code for microstructure-based modelling (with a few simple additional
procedures) as for standard calculations of the effective properties of materials with uniform single-scale
porosity.
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[16] S. Gasser, F. Paun, and Y. Bréchet, “Absorptive properties of rigid porous media: Application to face
centered cubic sphere packing,” Journal of the Acoustical Society of America, vol. 117, pp. 2090–2099,
2005.

[17] Ch.-Y. Lee, M. J. Leamy, and J. H. Nadler, “Acoustic absorption calculation in irreducible porous
media: A unified computational approach,” Journal of the Acoustical Society of America, vol. 126,
pp. 1862–1870, 2009.
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Abstract
Designs with uniformly distributed slits normal or inclined to the incident surface exhibit a great potential
because of their simplicity and good acoustical performance. However, production of materials of this sort is
challenging as the required fabrication precision is very high. This paper deals with additive manufacturing,
modeling, and impedance tube testing of a few slitted geometries and their variations, including cases where
the dividing walls between slits are perforated. They were designed to be producible with current 3D printing
technology and provide reliable measurements using standardized equipment. The normal incidence sound
absorption curves predicted analytically and numerically were verified experimentally. It is observed that
such simple configurations may lead to absorption properties comparable to porous acoustic treatments with
more complex microstructure. The good agreement between the predictions and measurements supports the
validity of the multi-scale modeling employed.

1 Introduction

Porous materials are generally considered as very good sound absorbers. Their specific internal structure
composed of fluid-filled domains (i.e. pores) surrounded by solid walls (i.e. a skeleton) is responsible for
the enhanced dissipation of acoustic wave energy caused by thermal and visco-inertial effects [1]. The
dissipative phenomena occurring at the micro-scale level are essentially controlled by the spatial distribution
and geometry of pores. In particular, sound absorption peaks due to the quarter wavelength resonances
present in hard-backed layers of rigid porous media can be shifted to lower frequencies by modifying either
the thickness of the porous layer or the effective wave number that pertains to its specific microstructure. A
tortuous pore-network is beneficial from this perspective because it yields an increased effective path length
and, in turn, reduced effective sound speed in the medium thereby improving the overall sound absorption
without influencing the thickness of the material.

Many more or less complex ideas about geometries boosting performance of acoustic treatments—especially
at low frequencies from the audible spectrum—have been devised and studied so far, including highly-
porous polyurethane [2, 3, 4, 5], polyolefin [6] and double-porosity foams [7, 8], granular media [9, 10, 11],
fibrous [12, 13, 14] and meta-porous [15, 16] materials, as well as 3D-printed [17, 18], adaptable [19, 20],
and even active [21] structures. On the other hand, scientists also focused on much more primitive designs
like parallel cylinders of diameter 2 mm [22], rigid micro-rods [23, 24, 25], annular [26], honeycomb [27],
and slitted configurations [28, 29], as well as micro-perforated plates with circular openings [30, 31] or
complex patterns of micro-slits [32]. The articles by Attenborough [33, 34] are a comprehensive reference
summarizing the knowledge of the available simple solutions and showing that such geometries may lead to
absorptive characteristics comparable to those achieved from complex porous designs.

Although the analytical model for a hard-backed array of vertical slits [33, 34] has been validated by ex-
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periments carried out on samples with moderate characteristic dimensions [35], the prediction of acoustic
properties for inclined slits has not been verified yet. The main reason is that straight inclined slits require
interconnections between them to enable acoustic wave propagation within the entire volume of the finite
pore-network of a specimen. Their fabrication is cumbersome too, because very thin solid strips separating
individual slits easily tend to deform and stick together.

To some degree, this contribution is an extension of the work reported in [33, 34]. In fact, it provides
experimental and finite-element (numerical) verification of the approaches presented therein, and, more im-
portantly, shows a current production capacity with regard to such challenging materials as slitted sound
absorbers with tiny dimensions. This second aspect being studied here is limited to the Fused Deposition
Modeling [36], which is probably one of the most commonly used 3D printing technologies today.

The paper is organized as follows. The geometry and additive manufacturing of the investigated slitted sam-
ples are described in Section 2. Section 3 presents analytical and semi-phenomenological modeling applied
to predict the sound absorption within the designed materials. The computational as well as experimental
results are compared and discussed in Section 4. At the end, conclusions are drawn from the main observa-
tions.

2 Geometries and samples

Efficient slitted sound absorbers are characterized by slit dimensions and edge-to-edge spacings that usually
are beyond current capabilities in additive manufacturing [33, 34]. By trial and error, two types of feasible
slitted materials and their variations were developed:

1. Parallel uniform slits of width 2ws = 0.2 mm separated by solid strips of width 2ww = 0.4 mm
(nominal porosity φ ≈ 0.33) with the inclination angle ϑ = 0°:

(a) pure configuration; see Figure 1a;

(b) configuration with a periodic arrangement of cylindrical pores (perforation) of diameter dperf =
2.0 mm and period lperf = 3.6 mm, perpendicular to the slit plane (resulting porosity φ ≈ 0.49);
see Figure 1b.

2. Parallel uniform slits of width 2ws = 0.2 mm separated by solid strips of width 2ww = 0.3 mm
(nominal porosity φ ≈ 0.4) with the inclination angle ϑ = 45° and:

(a) a zigzag shape with a fold every 1.25 mm in the longitudinal direction of a sample (i.e. along the
z-axis); see Figure 1c;

(b) a periodic arrangement of cylindrical pores (perforation) of diameter dperf = 2.0 mm and pe-
riod lperf = 5(0.2 mm + 0.3 mm) csc(ϑ) ≈ 3.5 mm, inclined to the slit plane at angle 45°, i.e.
perpendicular to the sample axis (resulting porosity φ ≈ 0.55); see Figure 1d.

Here and below, the inclination angle, ϑ, is defined as the angle between the slit symmetry plane and the
plane normal to the incident surface of a material. Figure 1 presents periodic fragments of the devised
skeletons (the so-called unit cells) that fully represent each considered material. In addition, Figure 1e
illustrates a unit cell composed of just inclined slits (equivalent to the one shown in Figure 1d, but without
the perforation), whose geometry was used as reference in computations discussed in Section 4. The zigzags
and perforations in the inclined slits (Figures 1c and 1d) were designed to simultaneously avoid closed pores
in the manufactured samples, make printing process accurate and feasible, as well as keep the ability to reflect
the acoustic properties of the material composed of ideal straight slits with an inclination angle. For the sake
of completeness, the circular opening with diameter dperf = 2.0 mm was also added to the slitted structure
with ϑ = 0° (Figure 1b), although in this case the incident acoustic wave propagating in the z-direction has
an access to every pore in the 3D-printed material sample (all pores are physically linked together), and can
penetrate in the whole volume of the fluid saturating its solid skeleton.
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Figure 1: The designed uniformly slitted unit cell microgeometries (periodic fragments of a skeleton) with:
(a) ϑ = 0°; (b) ϑ = 0° and a cylindrical pore (perforation); (c) ϑ = 45° and a fold every 1.25 mm (zigzag);
(d) ϑ = 45° and a cylindrical pore (perforation); (e) ϑ = 45°.

Four cylindrical material samples were generated from the periodic unit cells (see Figure 2). Each of them
had diameter of Ds ∼= 29 mm and height of Hs = 45 mm. Equal distances between slits throughout the
specimen height and their overall rigidity were guaranteed by means of several narrow clamping rings (about
0.4-mm thick) especially prepared and evenly spaced on the specimen circumference. Significantly more
(exactly 18) supporting rings were created for the zigzag sample due to its relative complexity.

The slitted 3D geometries were additively manufactured by the Fused Deposition Modeling technology [36]
from a acrylonitrile butadiene styrene filament. A rather low-cost machine equipped with a heated bed and
0.4-mm nozzle was utilized. The overall quality of the prints was checked under a digital microscope (see
Figure 3). It was observed that the manufactured geometries reflect the designed ideal shapes and dimensions
only to some extent, but the characteristic lengths (ws, ww, and dperf) were largely kept.

3 Modeling of slitted sound absorbers

The sound absorption in the considered materials due to thermal and visco-inertial dissipation effects was
predicted theoretically and numerically using the equivalent-fluid approach for rigid-frame porous media [1].
The method relies on substituting the investigated open-porosity medium by a homogenized fluid that accu-
rately mirrors its macroscopic acoustic properties expressed in the equivalent density, %eq(ω), and equivalent

CHARACTERISATION, DESIGN AND OPTIMISATION OF VIBRO-ACOUSTIC MATERIALS AND

STRUCTURES 411



−10

0

10

−10

0
10

0

10

20

30

40

x [m
m]

y [mm]

z
[m

m
]

(a)

−10

0

10

−10

0
10

0

10

20

30

40

x [m
m]

y [mm]

z
[m

m
]

(b)

−10

0

10

−10

0
10

0

10

20

30

40

x [m
m]

y [mm]

z
[m

m
]

(c)

−10

0

10

−10

0
10

0

10

20

30

40

x [m
m]

y [mm]

z
[m

m
]

(d)

Figure 2: The designed uniformly slitted samples with: (a) ϑ = 0°; (b) ϑ = 0° and cylindrical pores
(perforation); (c) ϑ = 45° and a fold every 1.25 mm (zigzag); (d) ϑ = 45° and cylindrical pores (perforation).

bulk modulus, Keq(ω), complex functions, where ω ≡ 2πf is the angular frequency and time dependence
exp(−iωt) is understood (i is the imaginary unit, t is time, f is the temporal frequency). These frequency-
dependent quantities are calculated from the dynamic visco-inertial, α(ω), and dynamic thermal, α′(ω),
tortuosities, respectively, and from some real-valued parameters of the fluid saturating the pores. When it is
air, the relations read:

%eq(ω) =
%airα

φ
, Keq(ω) =

Kair

φβ
with β(ω) = γair −

γair − 1

α′
. (1)

Here, %air = 1.204 kg/m3 denotes the density of air, Kair = 141855 Pa is its bulk modulus, and γair = 1.4
is the ratio of specific heats (the adiabatic index) for air. Based on the assumption of plane wave fronts
with normal incidence and utilizing the equivalent properties, the acoustic wave propagation in such dis-
persive media on the macroscale is described by the Helmholtz equation of time-harmonic linear acoustics.
Consequently, the surface acoustic impedance, Zs(ω), for a single porous layer of thickness Hs with rigid
termination is written analytically as [1]:

Zs(ω) = −iZeq cot
(
ωHsc

−1
eq
)

(2)
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Figure 3: Microscope measurements of the characteristic dimensions of the manufactured slitted microge-
ometries with: (a) ϑ = 0°; and (b) ϑ = 45° (zigzag shape). The designed values are: 2ws = 0.2 mm and
2ww = 0.4 mm in (a), and 2ws sec(ϑ) ≈ 0.283 mm and 2ww sec(ϑ) ≈ 0.424 mm in (b).

and transforms to a Transfer Matrix formula:

Zs(ω) = Zeq
Zeq − iZg cot(ωHsc

−1
eq )

Zg − iZeq cot(ωHsc
−1
eq )

, Zg(ω) = −iZair cot(ωHgc
−1
air ) (3)

for a system comprising of an air layer of thickness Hg placed in between the hard-backing and a porous
layer. In (2) and (3), Zeq(ω) =

√
%eqKeq is the equivalent characteristic impedance, ceq(ω) =

√
Keq/%eq

is the equivalent speed of sound in the homogenized medium, whereas cair =
√
Kair/%air is the speed of

sound in air. Knowing Zs(ω) as well as the characteristic impedance of the pore-fluid, Zair =
√
%airKair, the

real-valued acoustic absorption coefficient, A(ω), can be determined from the classic expression [1]:

A(ω) = 1−
∣∣∣∣
Zs − Zair

Zs + Zair

∣∣∣∣
2

. (4)

There exist analytical approximations of the dynamic tortuosity functions, αA(ω) and α′A(ω), for the consid-
ered slitted samples [33, 34]:

αA(ω) = cos−2(ϑ)

(
1− tanh(λ

√
i)

λ
√

i

)−1
, α′A(ω) =

(
1− tanh(λ

√
iNPr,air)

λ
√

iNPr,air

)−1
, (5)

where λ(ω) = ws
√
ω%air/µair. To be able to use the above equalities, one needs to specify also the dynamic

viscosity, µair = 18.27 · 10−6 Pa s, the Prandtl number, NPr,air = 0.71, and density of the fluid saturating
pores within the specimens (in this case air).

On the other hand, the ‘numerical’ dynamic tortuosity functions, αN(ω) and α′N(ω), are estimated by means
of a hybrid multi-scale approach with the Johnson-Champoux-Allard-Lafarge (JCAL) equivalent-fluid model
for rigid-frame porous materials [1, 37, 38, 39, 40, 41, 42]. It is based on six fully geometric transport
parameters, viz. the open porosity, φ, (static) viscous permeability, k0, (static) thermal permeability, k′0,
(inertial) tortuosity, α∞, and two characteristic lengths: viscous, Λ, and thermal, Λ′. The subscripts ‘0’ and
‘∞’ here refer to quantities associated with ω = 0 or the high-frequency limit, that is ω → ∞. All of these
intrinsic parameters can be evaluated on a periodic unit cell representative for the porous microstructure of
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a given matter either directly (like both φ and Λ′), or by volume-averaging solutions to three steady-state
boundary value problems posted on the fluid domain at the microscale level, namely [43]:

1. the Stokes flow driven by a unit pressure gradient parallel to the direction of acoustic wave propagation
with the no-slip boundary condition set on solid walls—k0;

2. an electric conduction problem in a pore-fluid caused by the application of a uniform, dimensionless,
unit (electric) vector field in the direction of acoustic wave propagation with a dielectric skeleton—α∞
and Λ;

3. a thermal diffusion inside the fluid with the isothermal boundary condition imposed on solid surfaces—
k′0.

The JCAL model relationships [32]:

αN(ω) = α∞ +
µair

iω%air

φ

k0

(√
iω%air

µair

(
2α∞k0

Λφ

)2
+ b2 − b+ 1

)
, b =

2α∞2k0

Λ2φ(α0 − α∞)
, (6)

α′N(ω) = 1 +
µair

iω%airNPr,air

φ

k′0

(√
iω%airNPr,air

µair

(
2k′0
Λ′φ

)2
+ b′2 − b′ + 1

)
, b′ =

2k′0
Λ′2φ(α′0 − 1)

(7)

with the static viscous, α0 = α∞(1+2k0α∞φ−1Λ−2), and static thermal, α′0 = 1+2k′0φ
−1Λ′−2, tortuosities

allow to calculate the complex dynamic tortuosities and, finally, the real-valued coefficient A(ω).

4 Results and discussion

Acoustic measurements on the manufactured samples were carried out in a 29-mm Brüel & Kjær impedance
tube for frequencies, f , ranging between 150 Hz and 6400 Hz (6.4 kHz is the nominal upper operational
limit for a tube of this diameter). The experiments were conducted in accordance with the Two-Microphone
Transfer Function Method [44], in which the acoustic pressure at two specified positions inside the tube
is read and translated to the sound absorption coefficient—a frequency-dependent quantity ranging from 0
(no attenuation) to 1 (perfect absorption). Two configurations were considered in the measurements and
predictions: with and without an air gap of thickness Hg = 15 mm between the sample and the terminating
rigid piston. All samples fitted well to the impedance tube.

The sound propagation and attenuation phenomena in the manufactured samples were determined numeri-
cally and, when possible, also analytically. Figures 4–6 present the results of modeling and measurements.
There is a good agreement between theoretical and numerical curves for all the cases where the analytical
formulas could be applied, i.e. for all analyses except the three involving cylindrical pores (perforation) and
zigzags. The biggest differences can be seen for the case of inclined slits, where the analytical results corre-
sponding to straight inclined slits are compared with the numerical data obtained on the zigzag geometries.
However, it is supposed that the sparser the zigzag pattern, the smaller the discrepancies and the better the
similarity between the straight inclined and zigzag materials in terms of acoustic response.

The normal incidence sound absorption coefficient of the studied non-inclined slitted geometry is shown in
Figure 4. One can see that predictions are confirmed very well by acoustic measurements made on a 3D-
printed sample, at least in frequencies up to 3000 Hz. Analogous observations can be made after looking at
Figure 6, where plots related to the inclined slits are juxtaposed, although in this case the consistency between
analytical, numerical, and experimental results is slightly poorer, especially at absorption minima. Figure 5,
on the other hand, illustrates the advantage of introducing a regular perforation to the slitted geometry with
ϑ = 0° in the direction perpendicular to the slit plane. Next to the first absorption peak being a bit shifted to
lower frequencies, the acoustic wave attenuation in the material is stronger for frequencies greater than about
3000 Hz. Likewise, certain advantages are also visible for the geometry with perforated inclined slits. The
described behavior is verified experimentally on the manufactured sample, but here the acoustic tests may be
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Figure 4: Acoustic absorption coefficient for the slit pattern (ϑ = 0°).
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Figure 5: Acoustic absorption coefficient for the slit pattern (ϑ = 0°) with cylindrical perforation.

influenced by a quite poor quality of the prepared specimen leading to substantial quantitative discrepancies
that diminish for low frequencies and the two-layer configuration (with the air gap).
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Figure 6: Acoustic absorption coefficient for the inclined slit pattern (ϑ = 45°).
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Figure 7: Acoustic absorption coefficient for the inclined slit pattern (ϑ = 45°) with cylindrical perforation.

5 Conclusions

Production of sound-absorbing slitted materials is challenging because of a very high fabrication precision
required. Despite this intrinsic limitation, it turned out feasible to manufacture four kinds of slitted materials.
However, only the samples without perforation (slits normal to the incident surface and of a zigzag shape)
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enabled reliable measurements in the impedance tube. The main observations that can be made from the
conducted work are as follows:

• the theoretical (when applicable) and numerical results agree very well with experimental data only
for the specimens not containing cylindrical openings. It is essentially believed to be connected with
quite poor quality of the perforated slitted samples;

• despite large sound absorption discrepancies obtained for the perforated samples, the general quali-
tative character of the theoretical and numerical curves is followed by the experimental values. The
differences get smaller at low frequencies and when the cavity is present behind the porous specimens;

• as well as significantly lowering the experimental lowest quarter wave resonance frequency by about
400 Hz and 200 Hz for the case of ϑ = 0° and ϑ = 45°, respectively, the perforation creates additional
internal attenuation which makes the overall absorption coefficient higher.

A further work is also planned to manufacture the slitted samples again by different additive technologies.
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[19] K. C. Opiela, M. Rak, and T. G. Zieliński, “A concept demonstrator of adaptive sound absorber/insulator
involving microstructure-based modelling and 3D printing,” in Proc. of ISMA2018 International Con-
ference on Noise and Vibration Engineering/USD2018 International Conference on Uncertainty in
Structural Dynamics, W. Desmet, B. Pluymers, D. Moens, and W. Rottiers, Eds. Heverlee, Belgium:
Katholieke Universiteit Leuven, Department of Mechanical Engineering, Sep. 2018, pp. 1091–1104.
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Abstract 
The noise of Heating, Ventilating and Air Conditioning (HVAC) systems is an important aspect to take into 

account when the comfort of the users is compromised. For instance, passengers in trains perceive this noise, 

which influences the perception of the quality of the travel. Therefore, solutions to attenuate that noise need 

to be proposed and applied. In this work, analytical models of the sound transmission in ducts through rigid 

perforated panels are applied and the results are validated according to Finite Element calculations. By 

means of these analytical models, the acoustic propagation behaviour is understood and the influence of the 

geometry of the perforated panels is analysed. The effect of the shape of the perforations is compared for 

circular and square perforations. The effect of the size of the perforations and the distance between them are 

also analysed. It is observed, that changing those parameters of the rigid perforated panels, significant 

improvements in the transmission loss can be achieved and that the analytical models are a useful tool to 

understand and improve the acoustic behaviour. 

1 Introduction 

Noise is becoming a more important aspect to take into account when it comes to comfort of users. Means 

of transport such as cars or trains are getting more concerned about the noise the users perceive, since it 

influences the perception of quality of the travel to a big extent. A significant contributor to noise are 

Heating, Ventilating and Air Conditioning (HVAC) systems. In the automotive sector, together with the 

increase of electric cars, new noise sources like those related to the HVAC are becoming relevant due to the 

lower noise of the electric motors [1]. In trains, which is the case analysed, the noise generated can be even 

more noticeable as the train remains stopped for a non-negligible time. 

The two main contributors to noise in HVAC systems are mentioned by Bennouna et al. [1]. The propagation 

of the noise generated by the compressor and the electric motor that drives it and the aeroacoustic noise 

related to the interaction of the air flux with the elements of the HVAC system. Therefore, several 

calculations are proposed in literature to analyse the acoustic behaviour of HVAC systems. Propagation 

along the ducts is studied by means of analytical (Thomas and Sapena [2]) and Finite Element calculations 

(Herrin et al. [3]), whereas Computational Fluid Dynamics (CFD) and Computational Aeroacoustics (CAA) 

are proposed to analyse the fluid dynamic behaviour (Wu et al. [4] and Zhao et al. [5]).  

For big HVAC systems, as those in trains, the noise of the compressor is significant and the speed of the air 

is low. Thus, aeroacoustic phenomena can be neglected. Bös et al. [6] analyse vibrations and noise generated 

by the compressor and focus on reducing them by means of actuators and mass dampers.  

However, when the noise generated by the compressor is not low enough the attenuation in the ducts needs 

to be increased, that is to say, a bigger transmission loss is needed. Increasing the sound absorption of the 

421



ducts employing materials of good sound absorption properties is a must, but optimising the geometry of 

the ducts a significant improvement can also be achieved. Furthermore, this is the most cost effective 

strategy, as an optimised design does not imply a bigger cost. 

Thomas and Sapena [2] analyse the geometry of the ducts of the HVAC system, and the strategy employed 

for the calculations is to divide the system in simple elements. This is the transference matrix method which 

was successfully applied to analyse mufflers [7], [8], [9], [10]. The method consists in dividing a complex 

system in volumes of simpler geometries, and joining them considering that the sound field at the exit of 

one subsystem is the same as the sound field at the entrance of the following one [11]. The variables that 

describe the sound field are the pressure and the velocity, and those at the entrance and at the exit are related 

by the transference matrix.  

If the volumes in which the system is divided are simple enough, analytical models can be employed. These 

models provide faster calculations and also a more straightforward analysis of the influence of the design 

parameters. Analytical calculations should not imply a lower accuracy compared to Finite Element 

calculations. The volume of air analysed is discretised in the case of the finite element calculation, so that 

the error arises due to the discretisation, whereas in the analytical calculations the solution is approximated 

by a linear combination of certain linearly independent functions, and thus, the truncation error and the trial 

functions are responsible of the lack of accuracy. Therefore, if the volume is simple enough the trial 

functions can be simple and the analytical results accurate. For instance, a muffler was calculated 

analytically obtaining satisfactory results by Vijayasree and Munjal [8] and Guo and Tang [9]. Therefore, 

analytical models should be considered to analyse the ducts of HVAC systems to the extent that it is possible 

to divide it into simple volumes.  

In this work, analytical models for the calculation of the pressure attenuation of perforated panels are 

proposed, because these are one of the most usual subsystems in HVAC systems and fast calculation tools 

are of great interest. In addition, those analytical calculations are applied to extract design rules for the main 

geometrical parameters considering how the transmission loss is increased. 

2 Calculation procedure for the perforated panels 

In this section, the development of the analytical models is detailed. First, the geometries to be analysed and 

the corresponding analytical models are presented, and then the equivalent Finite Element Models are 

explained. Finally, the comparison between both, the analytical and the Finite Element (FE) results is shown 

in order to validate the proposed analytical models. The cases analysed consider round and rectangular 

orifices, and orifices distributed according to a rectangular pattern or a staggered pattern. 

2.1 Analytical models 

In this section, the analytical formulation is detailed. First, the model for the circular orifices distributed 

hexagonally, in a staggered pattern, is explained. The schematic definition of the model is shown in Figure 

1 and the equations are developed according to the procedure proposed by Mechel [7]. The diagram on the 

left shows the air volume, where the neck of the orifice is in the middle (x=0 according to the coordinate 

system). The entrance, where the incident pressure comes from, is on the left (I), and the exit, which looks 

like a chamber, on the right (II). The diagram on the right shows the surface of the panel with orifices located 

in x=0, where the distance between orifices (2b) and the diameter of the orifices (2a) are indicated. 
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Figure 1: Schematic representation of the circular orifices distributed in a staggered pattern [7] 

For the analytical formulation, the orifices are considered small enough so that the incident acoustic wave 

is assumed a plane wave. Furthermore, reflections at the input and at the exit are neglected, so the duct at 

the exit is considered infinite. Therefore, the input pressure in cylindrical coordinates is: 
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where B0 is the amplitude of the incident wave, k0 the wavenumber, Cm the amplitude of the reflected 

wave corresponding to mode m, km the wavenumber of the reflected wave corresponding to mode m and 

εm the wave number of mode m in radial direction and J0 the Bessel function of the first kind of order 0. 

The relationship between wavenumbers is: 
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 , being  the frequency in rad/s and 0c the speed of sound. 

Similarly, the pressure after the orifices is:  
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where Dn is the amplitude of the pressure wave corresponding to mode n, γn the wavenumber of the 

reflected wave corresponding to mode n and ηn the wave number of mode n in radial direction, and J0 the 

Bessel function of the first kind of order 0. The relationship between wavenumbers is: 
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The axial velocities are obtained by derivation of equations (1) and (3):  
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where Z0 is the impedance of the air, which is the product of the mass density of the air and the speed of 

sound. Being the particle velocity of each mode zero at the neck of the orifice, the wavenumbers εm and ηn 

are obtained solving the following equations for each mode m and n:  

  1J 0ma   and  1J 0nb   (7) 

Once the wavenumbers are obtained, the coefficients of the modes Cm and Dn need to be obtained. The 

sound field I and II are equalled, that is to say, the pressure given by equations (1) and (3), and the axial 

velocity given by equations (5) and (6) are equalled at x=0.  
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In order to uncouple the equations, equation (8) is multiplied by J0 (εµ r) for µ modes and integrated over 

the area of the orifice. Equation (9) is multiplied by J0 (ην r) for ν modes and integrated over the area of the 

orifice for section I and over the area of the whole duct for section II. With the two systems of equations 

obtained, substituting Dn, a system of equations is obtained where Cm can be solved. For each µ from 0 to 

the number of modes, one equation is obtained as the following one:  
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In these equations, δ is Kroneker delta, and N the mode norms and S the mode coupling factors. The 

expressions to calculate the mode norms are:  
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And the equation for the mode coupling factor: 
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Once Cm are obtained, Dn can be calculated:  
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In equation (14) it is observed that the amplitude of the reflected wave, and the coupling factors are the 

parameters that change the amplitude of the propagated wave. In addition, the reflected wave is also 

subjected to the coupling factors, see equation (10). The coupling factors increase according to the similarity 

of the incident modes and the reflected or propagated ones (see equation (13)). Thus, the proportion of the 

sizes of the orifices and the duct are the most significant parameters. Especially the size of the orifice, 

because the coupling factor is proportional to it (equation (13)).  

The second case analysed is the same as the previous one, but the circular orifices are placed in a rectangular 

pattern, as it is shown in the diagram in Figure 2.  

 

Figure 2: Schematic representation of the circular orifices distributed in a rectangular pattern [7]  
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The procedure followed to develop the analytical models is the same, but in this case the mode shapes in 

the side of the duct (II) are not Bessel functions, as the duct is rectangular, they are trigonometric functions 

instead:  
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In this case, the wavenumbers at the side of the duct (II) are obtained with the following equations: 

  sin 0nb   and  sin 0c   (16) 

And the relationship between those wavenumbers is: 

 
2 2 2 2
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Following the same procedure explained for the model of the orifices distributed in a staggered pattern, the 

equations to solve Cm and Dn are obtained.  

Finally, the case where the orifices are rectangular instead of circular and distributed in a rectangular pattern 

is considered, the schema is shown in Figure 3. 

 

Figure 3: Schematic representation of the square orifices distributed in a rectangular pattern [7] 

In this case the pressure at the entrance is:  
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Where the wavenumbers at the entrance (I) are obtained with the following equation: 

  sin 0ma   (19) 

And the relationship between those wavenumbers is: 

 
2 2 2 2

, 0m mk k      (20) 

Again, following the same procedure explained for the model of the orifices distributed in a staggered 

pattern, the equations to solve Cm,µ and Dn are obtained. 

2.2 Finite element models 

The Finite Element calculations were carried out by means of the commercial software ABAQUS. The 

definition of the models defined for the validation purpose is detailed below. 

First, the geometry is defined. According to the analytical formulation a single perforation is considered and 

the air volume is delimited according to the distances to the surrounding perforations. One FE model is 

defined for each of the geometries considered (see Figure 4). 
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a) b) c) 

Figure 4: Geometry of the FE models: a) circular orifice hexagonally distributed, b) circular orifice 

rectangularly distributed and c) rectangular orifice rectangularly distributed 

The material properties applied to these parts are: mass density of 1.25 kg/m3 and a Bulk modulus of 100 

kPa. Regarding the boundary conditions and loads applied, a non-reflecting property is applied at the 

entrance and at the exit, as it is shown in Figure 5 a) and no properties are applied to the lateral surfaces, see 

Figure 5 b), so that these behave as rigid walls. In addition, a unitary pressure excitation is introduced at the 

entrance, as it is shown in Figure 5 c).      

   

a) b) c) 

Figure 5: Boundary conditions: a) entrance and exit surfaces of the FE model, b) lateral surfaces of the FE 

model and c) entrance surface of the FE model 

The mesh of the models developed is shown in Figure 6. 

   

a) b) c) 

Figure 6: FE mesh of the models: circular orifice hexagonally distributed, circular orifice rectangularly 

distributed and rectangular orifice rectangularly distributed 
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The results of the acoustic pressure are obtained in several points along direction x at the centre of the orifice. 

2.3 Validation of the analytical calculations 

In this section, the results obtained with the analytical models are compared to those obtained by FE 

calculations. The acoustic pressure at several position in the centre of the orifice along direction x is 

compared. First, the results for the case of the circular orifices in a staggered pattern are shown in Figure 7. 

 

Figure 7: Comparison of the FE and analytical results for the case of circular orifices in a staggered pattern 

It is observed that the analytical results, obtained considering 10 modes, follow the trend of the FE results 

and that the error is below 20 % in the frequency range analysed. In order to check if the distribution of the 

pressure follows the same trend, the pressure for a certain frequency, 1000 Hz, is compared in Figure 8. The 

shape at other frequencies is the same. The far field pressure in the FE calculation is not as low as in the 

analytical, because the non-reflecting property in the FE model is not as in the ideal analytical case. 

Nevertheless, the overall shape and values are similar enough to consider the analytical model adequate. 

  

a) b) 

Figure 8: Spatial distribution of the pressure: a) Analytical and b) Finite Element 

Regarding the model of circular orifices distributed in a rectangular pattern, the comparison of the pressure 

is shown in Figure 9. In this case, the pressures are slightly lower than in the staggered pattern case and the 
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differences between the analytical results and the FE results are even lower. For the frequency range 

analysed the errors are in general below 10 %.  

 

Figure 9: Comparison of the FE and analytical results for the case of circular orifices in a rectangular 

pattern 

The spatial distribution of the pressure at 1000 Hz is compared in Figure 10, but the same shape is obtained 

for any frequency in the range analysed. As it can be seen, the shape of the results obtained is similar. Thus, 

the analytical model for the circular orifices in a rectangular pattern is also validated. 

  

a) b) 

Figure 10: Spatial distribution of the pressure: a) Analytical and b) Finite Element 

Finally, the model with square orifices distributed in a rectangular pattern is compared in Figure 11. In this 

case, the analytical calculation is also carried out with 10 modes and the results obtained are the best of the 

three models developed. The agreement between the analytical and FE results is remarkable, being the error 

below 5 %.  

It is also compared the spatial distribution of the pressure, as in the previous cases at 1000 Hz. The 

comparison in Figure 12 shows that the analytical and FE pressure distribution are almost identical and that 

the values obtained show very small differences. Therefore, the proposed model is validated. 
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Figure 11: Comparison of the FE and analytical results for the case of square orifices in a rectangular 

pattern 

  

a) b) 

Figure 12: Spatial distribution of the pressure: a) Analytical and b) Finite Element 

3 Analysis of the influence of the geometry of the orifices 

In this section, the geometrical parameters are modified in order to conclude the best design strategies to 

enhance the sound attenuation across the perforate panels. 

The cases of study are presented and then the results obtained for those cases.  

3.1 Cases of study 

In order to analyse the effect of the geometry of the orifices and their distribution several cases are 

calculated.  

First, the size of the orifices is analysed. The size of the orifices is changed and so is the distance between 

the orifices to keep the orifices section area and total section area ratio constant. The number of orifices in 

each direction is doubled and tripled, so that panels of 1 orifice, 4 orifices and 9 orifices are obtained, 
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keeping the same panel area and the same total area of orifices in the three cases. See the sizes of a (radius 

of the circular orifices or side of the square orifices), and b and c (distances between orifices) in Table 1. 

Table 1: Parameters of the models for the comparison of the size of the orifices 

 Circular orifices staggered Circular orifices rectangular Square orifices rectangular 

a 0.03 0.015 0.01 0.03 0.015 0.01 0.03 0.015 0.01 

b 0.054 0.027 0.018 0.05 0.025 0.016 0.05 0.025 0.016 

c    0.05 0.025 0.016 0.05 0.025 0.016 

 

Second, the distribution of the orifices is compared, that is to say rectangular pattern vs. staggered pattern. 

Note that the staggered pattern, as the orifices are distributed triangularly, allows a more compact 

distribution. Thus, for the same distance between orifices the area covered is smaller in a proportion equal 

to cos (30º). In addition, in the case of the rectangular pattern the distances are changed, so that it can be 

observed the influence of having a fully square distribution or rectangular, being the sides of the rectangle 

of different values. In Table 2 the parameters of those cases are given. 

Table 2: Parameters of the models for the comparison of the distribution of the orifices 

 Circular orifices staggered Circular orifices rectangular Square orifices rectangular 

a 0.01 0.01 0.01 0.01 0.00886 0.00886 0.00886 

b 0.054 0.05 0.075 0.1 0.05 0.075 0.1 

c  0.05 0.033 0.025 0.05 0.033 0.025 

 

Finally, the shape of the orifices is compared for the same spacing between them. Circular, square and 

rectangular orifices are considered for the analysis. The cases are summarised in Table 3. 

Table 3: Parameters of the models for the comparison of the type of the orifices 

 
Circular orifices 

rectangular 

Square orifices 

rectangular 

a1 0.01 0.00886 0.0177 0.0133 

a2  0.00886 0.0044 0.0059 

b 0.05 0.05 0.05 0.05 

c 0.05 0.05 0.05 0.05 

3.2 Comparison of the size of the orifices 

Regarding the size of the orifices, the comparisons were carried out for the cases mentioned in Table 1.  

The circular orifices in a staggered pattern are compared in Figure 13, the results of the circular orifices in 

a rectangular pattern are given in Figure 14 and the square orifices in a rectangular pattern are shown in 

Figure 15. For the three cases, in the plane of the exit of the orifice (x = 0 mm) the bigger the orifices the 

lower the sound attenuation. This behaviour is linked to the diffraction, so that bigger orifices cause smaller 

changes in the shape of the pressure, and thus, the loss of pressure is lower.  

Regarding the farthest points (x = 12 mm, x = 9 mm and x = 8 mm) the differences are not so obvious. At 

lower frequencies, due to the combination of the wavenumbers, bigger orifices cause a bigger sound 

attenuation. 
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In the case of the circular orifices in staggered pattern (Figure 13) the whole frequency range analysed shows 

a lower attenuation for the bigger orifices, but if higher frequencies were analysed the smaller orifices will 

show a bigger attenuation, as it can be deduced taking into account the slopes of the curves. 

The circular and square orifices in a rectangular pattern (Figure 14 and Figure 15), as the distance between 

orifices is smaller than in the staggered pattern, show different behaviour depending on the frequency. From 

a certain frequency on, the smaller orifices show a bigger attenuation. The trend changes with the frequency 

due to the influence of the wavenumbers in the value of the mode coupling factor, as mentioned at the 

development of the analytical model.   

 

Figure 13: Comparison of the size of the circular orifices in a staggered pattern 

 

Figure 14: Comparison of the size of the circular orifices in a rectangular pattern 
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Figure 15: Comparison of the size of the circular orifices in a rectangular pattern 

3.3 Comparison of the distribution of the orifices 

In this section, the distribution of the orifices is analysed for the models summarised in Table 2. First, the 

rectangular distribution of the circular orifices is analysed. Three distributions are compared: square, 

rectangular with the sides modified by a factor of 1.5 and rectangular with the sides modified by a factor of 

2 (see values of b and c in Table 2). The results for the case of the circular orifices are compared in Figure 

16 and those for the square orifices in Figure 17. In both cases, it is observed that the rectangular distribution 

of the orifices generates new peaks in the frequency range considered. This is due to the lower modes that 

arise when the distance between orifices is increased. Due to those peaks, the values of the pressure are 

bigger, so that a lower attenuation is achieved when the square pattern is changed to a rectangular one. The 

attenuation will be lower as the distance between the orifices is increased.  

 

Figure 16: Comparison of the distribution of the circular orifices in a rectangular pattern 
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Figure 17: Comparison of the distribution of the square orifices in a rectangular pattern 

The staggered and the square patterns are also compared. Due to the better distribution of the staggered, a 

bigger distance between orifices is achieved for the same size of the panel. Therefore, the attenuation of the 

staggered distribution is bigger as it can be seen in Figure 18.  However, the differences are small, as the 

difference in the distance between orifices is also small (see Table 2). 

 

Figure 18: Comparison of the distribution of the circular orifices: rectangular pattern vs. staggered pattern 

3.4 Comparison of the shape of perforations 

In order to compare the influence of the shape of the orifices the models detailed in Table 3 are compared. 

First, the shape of the rectangular orifices is compared. A square orifice and two rectangulars are compared, 

where the sides of the rectangular are increased or reduced by a factor of 1.5 and 2 respect to those of the 

square. The results given in Figure 19 show very little differences, but a trend is observed, being the 

attenuation bigger when the difference of the size of the sides is bigger.  
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Figure 19: Comparison of the shape of the orifices: square and rectangular 

Finally, circular and square orifices of the same areas are compared in Figure 20. It is observed that the 

differences are significant at the plane of the orifice, but much smaller as it propagates along the duct. In 

addition, the differences depend on the frequencies, at lower frequencies the circular orifice shows a bigger 

attenuation, whereas at higher the square tends to show a slightly bigger attenuation. This frequency 

dependency is again related to the wavenumbers. 

 

Figure 20: Comparison of the shape of the orifices: square and circular 

4 Conclusions 

In this paper, analytical models were presented for the estimation of the sound attenuation across perforated 

panels of circular and rectangular orifices, distributed in staggered and rectangular patterns. Those models 

were validated according to the results obtained by Finite Element calculations. The agreement is good, so 

that the models are suitable for design optimisation tasks.  
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In addition, the influence of the main design features was analysed by means of the analytical calculations. 

The main conclusion is that the wavenumbers influence to a great extent the value of the mode coupling 

factor, and thus, the behaviour depends on the frequency range analysed. That is why bigger orifices can 

show lower or higher attenuation depending on the frequencies considered. For lower frequencies the bigger 

orifices show a bigger attenuation, but at higher frequencies smaller orifices attenuate more. The biggest 

attenuation is not obtained at the lower frequencies, so in overall it can be concluded that the smaller orifices 

attenuate more. Same conclusion arises when the shape of the orifices is compared. For larger sizes of the 

orifices, bigger sound attenuation is achieved at lower frequencies, whereas at higher frequencies the trend 

observed is the opposite. Regarding the distribution of the orifices, it was observed that a bigger distance 

between orifices, which can be achieved for the same panel by a staggered distribution, gives slightly better 

attenuation. Furthermore, when a square distribution is compared to a rectangular, the square appears to 

have a greater attenuation, since in the rectangular one distance is increased but the other decreased. In 

addition, due to the different distances between orifices in each direction more wavenumbers arise that may 

imply bigger coupling factors. 
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Abstract
Porous foam materials with high porosity are used as part of multi-layer panels for sound insulation and
absorption in transportation vehicles. The acoustic properties of the foam are highly dependant on the micro-
geometry of the foam cells. In this work, simplified analytical models for calculating the viscous dynamic
drag forces, and oscillatory heat transfer within fibrous materials have been adapted towards foam materials
having micro-cell geometries composed primarily of cylindrical struts. The analytical results are compared
to full visco-thermal numerical models of an isotropic unit foam cell, For both high porosity foam and low
porosity foam examples with typical dimensions for 3D printed materials, the agreement between analytical
and thermoviscous numerical models is shown to be very good. This approach model can easily be extended
to anisotropic materials as well.

1 Introduction

Porous materials are a critical part of lightweight vehicle multi-layer panels, e.g. within train floors or
many regions of passenger cars. With the present climate challenges in combination with the needs of
transportation, the multi-layer designs must, within a given volume and weight, fulfil load carrying demands
as well as acoustic and thermal insulation requirements. The lightweight foams contribute to both acoustic
and thermal performance with very little added weight since they consists of a very high volume fraction
air, i.e. they have high porosity, essentially mimicking the behaviour of lightweight fibrous materials while
having higher load-carrying capacity. As part of their continued evolution, it is important to develop fast and
accurate acoustical methods to assess the performance of such materials.

The most common way of modelling existing materials is to measure the characteristics of a bulk sample of
material, usually in an impedance tube. Based of the measured impedances, high and low frequency limits
of the most essential parameters can then be to applied to established calculation methods for Biot materials
[1] [2], or in some cases simplified methods [3] [4]. These methods still require some fundamental material
parameters to be established, in particular the porosity and static flow resistivity or static permeability. For
more elaborate Biot-based methods, also the dynamic mass density and dynamic bulk modulus are needed.
The challenges in measuring accurate data for these parameters are now being acknowledged, and will not
be covered here. A process including iterations between high quality measurements on the macro level,
detailed imaging of the micro-structure and detailed numerical modelling of the micro-structure gives very
detailed and interesting results, see e.g. the recent work by Zielinski et al [1] or [2]. These methods provide
insight into fundamental mechanisms of transport properties in foams. However, it requires significant time
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and effort for the characterisation. For the purposes of exploring many possible design iterations before
manufacturing, or optimising the foam structure for a defined application in a multi-layer panel, a faster
method is required. By developing an analytical method for high porosity foam materials, this target could
be achieved. The detailed investigations can then finally be carried out on the selected design, after exploring
many different design options.

The dissipation losses in the material are predominately created by viscous effects [5], [6] that are linked to
the dynamic density, but in some cases the thermal losses that are linked to the dynamic bulk modulus can be
important in the audible range, e.g. for thin strut foams. The main objectives of this work are to create and
validate a microstructure based analytical model for the acoustics of open porous foam cell materials with
higher porosity, including dynamic viscous and oscillatory thermal effects. The analytical model is validated
against a detailed 3D thermoviscous acoustics numerical model calculated using the software COMSOL
multiphysics [7]. The focus is on the modelling of porosity, dynamic drag force and thermal impedances for
a simplified Kelvin Cell based micro-structural model for a foam. The low frequency estimate of dynamic
drag impedance for the micro-structure can also be compared to the static permeability for a bulk material
on the macro scale.

2 Method

The main assumption for the analytical model is that there is no viscous and thermal field interaction between
the assumed cylindrical struts of the foam, so that their contributions can be estimated one strut at the time,
leading to a summation of all contributions at the cell level. This assumption is clearly more valid for
foams with high porosity than for foams with lower porosity. The main objective is to obtain expressions
for porosity and dynamic drag force impedance, since these two parameters are the most critical for the
acoustic behaviour. For cases of high thermal conductivity and small strut dimensions, the oscillatory heat
transfer thermal impedance [8], [7] can also be estimated as it will contribute to wave propagation through
the material. Once the fundamental porosity and dynamic drag impedance is known, other parameters can
either be estimated using formulas [9] or the model can be extended to calculate also other parameters based
on the micro-structure.

2.1 Assumptions for the analytical model

The unit cell at the micro-level is assumed to be representative for the averaged characteristics on macro-
level. For this to be true, an inherent assumption is that the unit cell can be seen as a repeated structure in
a periodic material. This influences how the porosity is estimated for the unit cell. The main assumption of
the analytical model is that there is no interaction between the struts, and that the end effect of the struts at
the joints can be neglected. The dynamic viscous losses due to longitudinal and transverse motion across
the strut by a locally in-compressible fluid can be approximated for one strut at the time, according to the
defined strut orientation vectors [10]. The contributions from all the struts are then added, and averaged for
the unit cell to obtain an expression which is independent of the unit cell size. For the material considered
here the struts are assumed to be motionless, and all the struts have the shape of uniform slender cylinders.
The effect of non-cylindrical strut cross section shapes is a second order effect compared to a good starting
estimate of average strut radius and porosity.

2.2 Micro geometry model

The basic geometrical model considered here is a Kelvin Cell. If the unit cell is used as a repeated structure
forming a periodic network of cells, the unit cell would have 24 struts, while a unique Kelvin cell has 36
struts. In Figure 1 the unique struts of the unit cells are shown as solid struts, while the additional 12 struts
used to for the complete Kelvin cell are dashed. The equivalent porosity of the bulk material, which is related
to the macro-level porosity, has to be based on the 24 strut unit cell, to avoid struts and joints either being
omitted or double counted.
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Figure 1: Analytical Kelvin unit cell.

2.2.1 Porosity

The porosity then is defined as

φ = 1− Vs
VK

. (1)

This equation is valid both on the macro-scale and micro-scale. On the micro-scale the volume of an iso-
parametric Kelvin cell is

VK = 8
√

2L3 = Vs/(1− φ). (2)

The latter expression is applied later in the paper when scaling to the cell volume. The principle strut length
L for an iso-parameteric cell is estimated from the height H of the unit cell as L = H

√
(2)/4. The 24

solid struts shown in Figure 1 are the unique struts in the unit cell, but for a more accurate estimation of the
porosity also the volume of the joints needs to be estimated. In a network of unit cells, each of the joints
would be shared by 4 struts. In the 24 strut unit cell there are 4 joints shared by 3 struts, 4 joints shared by 1
strut and the remaining 16 joints shared by 2 struts. This gives a total volume of joints belonging to the unit
cell of 43

4 + 162
4 + 41

4 = 12. This means that the volume of 12 full spherical joints is included in the unit
cell.

However, by adding the volume of the joints, some volume at the ends of each strut has to be removed from
the cylindrical strut volume to reduce the double counting at the ends. One can view the connecting struts
to a joint as members connected to a spherical knee joint. To create a fully connected structure with a low
degree of overlapping, a volume corresponding to a half a sphere at each strut end is removed from the strut
volume. The spherical joint has the same radius as the strut. This still leads to a small degree of overlap,
since there are four struts per joint in a general Kelvin cell structure, and not two, but the overlapping volume
is much smaller.

In this work, we now consider both low and high porosity Kelvin Cell foam structures for our development
of the analytical methodology. In the micro-model of the low porosity polylactic acid (PLA) polymer based
Kelvin Cell foam considered in [7], the cell height between strut centers is H=3.0 mm, and the strut radius
is r=0.25 mm. The strut length in the high porosity iso-parametric cell, chosen to represent a Melamine-like
foam, is L = H

√
(2)/4 = 1.06066 mm. The high porosity analytical model has a strut diameter of 5 µm

and a strut length of approximately 100 µm. The obtained porosity from the software for the high porosity
foam is 0.9983.

The value of 0.688 is used for the analytical model, which is a part of a periodic structure. This value should
be compared to the porosity of a numerical model that consists of one single cell. To make a compari-
son between the analytical and numerical model possible the equivalent porosity of the numerical model is
needed.

CHARACTERISATION, DESIGN AND OPTIMISATION OF VIBRO-ACOUSTIC MATERIALS AND

STRUCTURES 439



Table 1: Porosity of analytical models

micro geometry part Volume PLA Volume high porosity foam
24 circular struts radius , removing joint volume 3.427447 mm3 4.55531 ×10−5 mm3

add 12 full spherical joints 0.785398 mm3 7.85398 ×10−7 mm3

equivalent strut volume for a unit cell Vs 4.212845 mm3 4.63385 ×10−5 mm3

volume of cell volume VK 13.5 mm3 0.0113137 mm3

porosity φ = 1− Vs/VK 0.687937 0.995904

Figure 2: Numerical models of a single Kelvin cell, modelled in COMSOL Multiphysics. PLA model (left)
and high porosity foam (right). [7]

2.2.2 Equivalent porosity for numerical models

The numerical models consists of a single 36 strut Kelvin cell, inscribed in a cube. To compare the porosity
of the numerical single cell model to the analytical model of a periodic structure, the equivalent porosity of
the numerical model is computed. The equivalent porosity is the value for a periodic unit cell with the same
micro-geometry as the numerical single cell. The details of the numerical PLA model is presented in [7].
Figure 2 shows the numerical models for both the PLA model and the Melamine-like high porosity foam.
It consists of 36 struts there are 24 joints where 3 struts are connected in a spherical joint i.e. the joints
contribute with a volume of 24 full spherical joints. To calculate the equivalent porosity of the numerical
model, only the volume of 24 struts and 12 full joints are included, in relation to the nominal cell volume
of an iso-parametric Kelvin cell given by equation 2. To calculate the equivalent porosity, the volume of the
24 full joints is moved from the total solid volume. The remaining part is assumed to be the 36 struts, and
only 24/36 of that volume is retained. After that the volume corresponding to the 12 full joints in the unit
cell are added, and the total solid content is related to the unit cell volume to obtain the equivalent porosity.
As shown in table 2, the resulting equivalent porosity for the PLA model is 0.6949 and for the high porosity
foam 0.9961.

Table 2: Estimated porosity of numerical models

micro geometry part Volume PLA Volume high porosity foam
total solid volume in numerical model 6.570354 mm3 6.946438 ×10−5mm3

remove 24 spherical joints 1.5770796 mm3 1.5708 ×10−6mm3

24/36 of remaining strut volume 3.333039 mm3 6.78936 ×10−5mm3

add volume of 12 full joints 0,7885398 mm3 7,78539 ×10−7mm3

equivalent strut volume for a unit cell Vs 4.118437 mm3 4.60478 ×10−5mm3

volume of cell volume VK 13.5 mm3 0.0113326 mm3

porosity φ = 1− Vs/VK 0.694931 0.9961
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The value 0.695 is used as an estimate of the porosity of the numerical model, which is a difference of about
0.7% compared to the analytical model. A part of this discrepancy comes from overlap in analytical model
at strut-joint connection, as well as lack of tapering with reduced diameter at the joints. Tapering is used to
get a smoother surface in the numerical model. For the high porosity foam the analytical porosity is 0.9959
compare to the numerical equivalent porosity of 0.9961.

2.3 Analytical model for dynamic drag force impedance

For the model here the skeleton is assumed to be motionless. The foam structure is composed of a number
of rigid struts joined in the shape of a Kelvin cell. Only the viscous losses around the cylindrical struts are
taken into account, neglecting the losses around the joints. The fundamental idea is based on evaluating
the tangential forces at the fluid-structure interface due to the motion of a viscous fluid oscillating over the
cylindrical struts. The fluid viscosity causes losses in the fluid close to the surface due to the no slip boundary
condition at the fluid-structure interface. The contributions from viscous fluid motion longitudinally along
the axis of the cylinder and transversely across the cylinder are evaluated separately. The fluid is assumed to
be locally in-compressible, with strut dimensions much less than both the fluid wavelength and the sample
size, see e.g. Pride et al[11] or Allard and Atalla [9]. The strut is assumed to be a uniform cylinder of radius
rn and length ln. The length is assumed to be much longer than the radius, and as a consequence the end
effects are neglected. For the PLA model, this criterion is a very crude simplification, as can be seen in
Figure 2. For the high porosity foam the assumptions are more reasonable.

Following Pride [11] the momentum equations for the solid phases of the bulk material are

(1− φ)ρsü
s
i = (1− φ)(

∂σii
∂xi

+
∂σij
∂xj

+
∂σik
∂xk

)− (1− φ)
1

Vs

∫∫

Ss

τddS. (3)

The surface integral of the shear stresses τs around the cylindrical struts represents the drag force experienced
by the struts from viscous fluid interaction. The resulting drag force is then divided by the cell volume to
obtain an expression which is independent of sample volume. The corresponding momentum equation for
the fluid phase then is

φρf ü
f
i = −φ∇pf + φ

1

Vf

∫∫

Sf

τddS. (4)

Equations 3 and 4 link the averaged drag force to the micro-scale surface stresses. The friction force due to
viscous forces τf is generated in the interface between the solid and the fluid and there is a requirement on
the continuity of the traction across the interface n.τs = n.τf . Following Pride et al [11], the drag force for
the homogenised material can be expressed for either the fluid or the solid phase, since it is generated at the
interface between the solid and the fluid

d =
φ

Vf

∫∫

Sf

τddS = (1− φ)
1

Vs

∫∫

Ss

nτsdS =
1

VK

∫∫

Ss

nτsdS. (5)

The drag force for the entire unit cell is the sum of the drag force contributions from all struts in the unit cell.
It is the integral of the surface stresses at the interface between the fluid and solid, divided by applied fluid
velocity and volume of the micro cell. It can also be interpreted as the fluid velocity times the dynamic drag
impedance for the entire unit cell, see equation 6.

d =
1

VK

N∑

n=1

∫

Ssn

τdndSn =
1

VK

N∑

n=1

Fn =
1

VK

N∑

n=1

Znv = vZcell (6)

In a three-dimensional unit cell representing a foam, the struts can have different radii, lengths and orien-
tation. To include those variations the following method is applied: first, the drag impedance contributions
for longitudinal and transverse fluid motion in a coordinate system aligned with the struts are calculated,
with the specific values of radius and length for each strut. For these cases there are analytical expressions
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available derived for fibre materials, see Semeniuk and Göransson [10]. After that the resulting matrix is
rotated from the local system aligned with the strut to a global system. When all contributions are related to
the same global coordinate system they can be added. R is the rotation matrix to rotate the impedance from
a coordinate system aligned with the strut to one aligned with the global coordinate system. The rotation
matrix is given in [12]. Using the equation 7, the final expression for the dynamic drag impedance for the
unit cell is obtained as

Zcell =
1− φ
Vs

N∑

n=1

Rn



ZLn 0 0

0 ZTn 0
0 0 ZTn


RT

n . (7)

In Semeniuk and Göransson [10], in the expressions developed for fibrous materials, the dynamic drag force
impedance is expressed per unit length. For the foam materials the length is included in the expression,
since it is varying for different struts. The full derivation can be found in reference [10]. Including those
expressions, the dynamic viscous drag force impedance for a collection of struts can then be calculated
analytically. As for this model, it is assumed that the fluid locally in the pore is in-compressible, and that the
end effects and interaction between struts can be neglected.

ZLn =

∫ 2π

0
dθ

∫ ln

0
rnkβµf

H
(2)
1 (kβr)

H
(2)
0 (kβr)

dz = 2πrnlnkβµf
H

(2)
1 (kβr)

H0
(2)(kβr)

(8)

ZTn = iπr2nlnρfω
(

1− 4H
(2)
1 (kβr)

kβrnH0
(2)(kβr)

)
(9)

The full derivation of the formulas are given in [10] for the case of a single cylindrical fibres.

2.4 Equivalent dynamic drag force impedance in the numerical model

For the comparison of analytical to numerical results, also the dynamic drag force impedance has to be
converted from the result for a single cell value to an average property of an equivalent periodic material.
The process applied for this is the application of equation 6. The numerically computed drag force due to
a viscous fluid is divided by the applied velocity vx. The actual numerical cell size is estimated from the
equivalent porosity divided by the actual strut volume used in the numerical model. Since a symmetry plane
was used to reduce the computation size of the model, the actual strut volume is half of what is given in Table
2,

Znum =
dnum
vx

= (1− φ)
1

Vs/2

1

vx

(∫∫

Ss

nτsdS
)
. (10)

Here, φ is the equivalent porosity for the numerical model and the expression in the large brackets is the
force resulting from the numerical calculation.

2.5 Model for thermal effects

For completeness, a procedure is also defined allowing for thermal effects to be estimated. It has been shown
e.g. by Dazel et al [5] that the thermal losses are of importance in a limited frequency range. Reference [5]
clearly shows that the contribution of the thermal losses for most porous materials are much lower than the
losses from the viscous effects. The frequency range where it could be important is in the vicinity of the
the transition from isothermal to adiabatic behaviour. These frequencies will be in the audible range for thin
struts having high thermal conductivities [7], [6], like for the high porosity foam considered here.
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Including both viscous losses and thermal effects for a fluid (see [13], [14]), the change of energy with time
can be expressed as

d

dt

∫∫∫
(
1

2
ρfv

2 + ρfu) =

∫∫
f · vdS −

∫∫
q · ndS. (11)

where f are the drag forces, v the applied fluid velocity, and q is the heat flux vector given by −κ∇T .

In order to have an expression that does not explicitly depend on the fluid velocity, the thermal effects are
modelled as a factor multiplied by the dynamic drag impedance. As the viscous effects are more important
than the thermal effects, this is reasonable assumption [7], [5].

2.5.1 Estimation for thermal effects on the macro level

The model for including the effect of the oscillatory heat transfer between the fluid and solid phases is
described in detail in Semeniuk [8]. The basis for the model is the non-equilibrium equation for heat transfer,
where one-way heat transfer from the solid struts to the surrounding viscous fluid scales the dilatation of the
fluid. Assuming that the thermal effects can be linked to a change in acoustic pressure via a factor α, the
thermal effects can be expressed as an added factor, χ, to the viscous losses described by the dynamic
viscous drag force impedance Z. The higher order terms are neglected to obtain a linear approximation.
The evaluation is made for a specific frequency f of the thermal oscillation. Thermal effects in the solid
are neglected as it is seen as a thermostat. As the thermal conductivity in the solid is much higher than
the thermal conductivity in the fluid this assumption can be motivated. The heat expansion of the solid is
neglected and it is assumed that the stresses in the solid are, for a defined frequency, a function of the strains
in the solid struts and of the pressure in the fluid.

If the rate of entropy input from the solid struts to the fluid is Ṡ and the absolute temperature in the fluid is
Tf .

Ṡ =
Υ

Tf
(12)

where Υ is the rate of heat input from the solid to the fluid per unit volume. With s defined as the entropy in
the fluid per unit volume the resulting approximation is

∂s

∂t
≈ Υ

ρfφTf
(13)

The rate of heat input is approximated as an effective thermal impedance Ye,avg, which is a combination of
the thermal impedance of the solid, providing for the heat input, and the thermal impedance of the fluid,
where thermal expansion or contraction occurs. With T ′f as the excess temperature in the fluid caused by the
temperature oscillation, Υ is expressed as

Υ = −Ye,avgT ′f . (14)

The temperature is given by [13]

T ′f =
( Tfη

ρfCpf

)
p+

( T

Cpf

)
s. (15)

The acoustic pressure p is linked to Υ via the parameter α as

Υ = −αφp. (16)

Combining equations 13 , 14, 15 and 16 leads to the expression for χ;

χ =
(

1− αηφK̃eq

jωρfCpf

)
. (17)

where K̃eq is the frequency dependent bulk modulus for the bulk material, which is estimated as φKf as a
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first approximation. Equation 17 is used to derive a set of modified Biot parameters, which can be used to
calculated the macro level properties of the porous material studied. Specifically, the calculated total dynamic
drag force impedance will then be according to reference [8] be χZ. The expression of χ for this unit cell is
the average for the entire unit cell, including all the struts, which can have varying lengths and radii. In [8],
an expression is derived for a transversely isotropic fibrous material material, but those expressions need to
be modified to a foam unit cell consisting of a collection of struts for which orientation, radius and length
can vary.

2.5.2 Estimation of thermal losses for the micro geometry

The averaged thermal effects for the micro-geometry is described by the parameter Ye,avg in Equation 13.
Ye,avg is the average of the effective impedance Ye for the N struts in the unit cell , which can have different
dimensions. The effective thermal impedance Ye for one single strut is the combination of the thermal
impedance of the fluid and of the solid

Ye =
[ 1

Yf
+

1

Ys

]−1
. (18)

For the unit cell, the expressions for the average thermal effects of the cell need to be estimated per unit
volume. The thermal impedances are defined in [8] for the fluid outside of one strut, Yf and within the
solid strut Ys per unit length. Here the formulas are given including integration over the strut surface area
including the length

Yfn = 2πrnlnκfktf
H

(2)
1 (ktfrn)

H0
(2)(ktfrn)

, (19)

Ysn = −2πrnlnκskts
J1(ktsrn)

J0(ktsrn)
. (20)

It is clear that the effective thermal impedance is to a high degree influenced by the surface area of the
strut. The surface area determines the degree to which the generated heat in the solid can be transferred
to the surrounding fluid. It also influences the amount of heat received by the fluid that can be dissipated.
The expressions in 19 and 20 both depend on the surface area (rn and ln) of the N different struts. To get
the average of Yf and Ys, the total contributions are calculated for the solid and fluid parts, and after that
combined into the effective thermal impedance using Equation 23. This can be motivated by the physical
behaviour. In the isothermal region at low frequencies, the thermal field in the solid determines the total heat
input. At higher frequencies the thermal effects are limited by the fluid which is becoming adiabatic. The
maximum influence is in the region where the transition from the isothermal to the adiabatic occurs, and the
value of the effective thermal impedance is determined by the smallest of Ys and Yf, since that is what limits
the thermal loss. To obtain the average for the cell, the total sum of the thermal impedance contributions
from all struts are summed up, and then divided by the cell volume, expressed as (1−φ)/V s where Vs is the
total strut volume. Using this formulation for the cell volume, the actual cell volume and number of struts
can vary. The thermal impedances Ys and Yf in the numerical model are calculated in a similar way, with
the difference being that the total thermal impedance values are taken directly as outputs from the software

Yf,sum =
N∑

n=1

Yfn. (21)

and the corresponding thermal impedance for the solid strut is

Ys,asum =
N∑

n=1

Ysn. (22)
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The average for the unit cell, is the average over all the struts in the foam cell:

Ye,avg =
(1− φ)

∑N
n=1 πr

2
nln

[ 1

Yf,sum
+

1

Ys,sum

]−1
(23)

The expression in Equation 18 has the unit (W/K)/m3, which is consistent with χ in equation 17 being a
dimensionless number. In the numerical model in [7], the values for Yf and Ys were taken directly from the
3D FE model without any scaling, i.e. it is the heat input and heat dissipation from all the struts, and finally
divided by the cell volume in the form of (1 − φ)/Vstruts. In the analytical model the averaging is applied
on the separate contributions that are added to give the total effective thermal impedance Ye,avg.

3 Results

The calculated dynamic drag force impedance has been carried out for two different types periodic mate-
rials based on Kelvin cell geometry. The first is made from a polymer material used for 3D printing, PLA
(polylactic acid). Also the dimensions are quite typical for today’s 3D printed material. The second is a
high porosity foam, with dimensions typical for a material like Melamine foam. The ambient temperature is
assumed to be 20 degree C.

The material parameters used in the model are given by Table 3.

Table 3: Material parameters

symbol PLA high porosity foam unit
fluid density ρf 1.2044 1.2044 kg/m3

solid density ρs 1235 1574 kg/m3

fluid dynamic viscosity µf 1.8140 ×10−5 1.8140 ×10−5 kg/ms
fluid bulk modulus Kf 101325 101325 Pa

fluid thermal conductivity κf 0.02577 0.02577 W/m K
solid thermal conductivity κs 0.16 0.5 W/m K

fluid specific heat Cpf 1005 1005 J/kg K
solid specific heat Cps 1600 1200 J/kg K

fluid expansion coefficient η 3.43 × 10−3 3.43 × 10−3 -

3.1 Results for viscous drag force impedance

For comparing to the numerical model, the same evaluation of numerical and analytical results has been
carried out. For the analytical model the sum of the integral of the surface stresses for all the struts were
added. The resulting value was then divided by both the applied fluid velocity and the cell volume, according
to Equation 7. The numerical result is evaluated according to the process described in Equation 10.

Since the excitation in the numerical model is applied in the x direction only, the result for one direction
is compared. The numerical parameter of interest for the dynamic drag impedance is the imaginary part of
the total surface stresses, since these are in phase with the velocity expressed as j2πfux, for an excitation
frequency f of 0.01 Hz and ux = 10−8 m. For the analytical result this corresponds to the real part of the
dynamic drag impedance. The results are then evaluated at 0.01 Hz.

The evaluated dynamic drag impedance is 77.8 Ns/m4 for the numerical model and 81.5 Ns/m4 for the
analytical model, without any adjustments for differences in porosity. For the high porosity thermoviscous
model the numerical result is 6291 Ns/m4 (static CFD: 6275 Ns/m4) and the analytical is 6079 Ns/m4

without any adjustments for different porosity.

When the porosity and total strut volume from the numerical models are used for converting the drag force
over velocity to dynamic drag force impedance, the results in Table 6 are obtained.
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Table 4: Dynamic drag impedance from analytical and numerical PLA models [7]

Numerical model Values Analytical model Values
Num surface force 5.2646562 ×10−16N

Flow velocity at 0.01 Hz 6.283185 ×10−10m/s Flow velocity N/A
Drag force/velocity 0.837896 ×10−6Ns/m Drag force/velocity 1.100044 ×10−6Ns/m

equivalent porosity φ 0.695 porosity φ 0.688
strut volume Vs/2 3.285177 ×10−9m3 strut volume Vs 4.212845 ×10−9m3

Dyn drag impedance 77.8 Ns/m4 Dyn drag impedance 81.5 Ns/m4

Table 5: Dynamic drag impedance from analytical and numerical high porosity 36 strut model

Numerical model Values Analytical model Values
Drag force/velocity - Drag force/velocity 7.655326 ×10−8Ns/m

equivalent porosity φ 0.9961 porosity φ 0.9959
strut volume Vs 6.946438 ×10−5mm3 strut volume Vs 6.950773 ×10−5mm3

strut surface area 0.055385 mm2 strut surface area 0.056549 mm2

Dyn drag impedance 6291 Ns/m4 Dyn drag impedance 6079 Ns/m4

As can be seen in Table 6, the definition of porosity has a very high influence on the calculated dynamic drag
impedance. For the validation of the analytical method for estimating dynamic drag impedance, rather than
the method for calculating porosity, it is the adjusted values in table 6 that should be used.
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Figure 3: Estimated viscous drag force impedance for the high porosity foam as a function of frequency.

Figure 4: Velocity field around the struts for the high porosity foam model calculated with COMSOL.
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Table 6: Adjusted dynamic drag impedance using drag force/velocity from analytical model and porosity
and strut volume from the numerical models.

Model φ Vs [mm3] σ [Ns/m4]

Analytical PLA 0.6879 6.3192 81.5
Numerical PLA 0.6949 6.57035 77.8

Analytical PLA adjusted 0.6949 6.57035 79.7

Analytical foam 0.9959 6.95077 ×10−5 6079
Numerical foam 0.9961 6.946438 ×10−5 6291

Analytical foam adjusted 0.9961 6.946438 ×10−5 5786

3.2 Results for thermal effects

The fluid dilatation scaling as a result of thermal effects are described by the function χ, which is multiplied
by the dynamic drag force impedance. The numerical result is from [7], and the analytical results are from
applying the formula in Section 2.5.2. In Figures 5, 6 and 7, the analytical and numerical results are com-
pared. The results are very close for the evaluated parameters, especially considering the expected thermal
field interaction in the 3D numerical foam cell cases.

Figure 5: Thermal impedances for fluid and solid pf PLA model. Analytical result (left) and numerical result
(right) [7].
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Figure 6: The effective thermal impedance for high porosity foam, real part (solid line) and imaginary part
(dashed line) of analytical result (in red) and numerical result (in blue).

The analytical and numerical results for the thermal factor χ, estimated for the high porosity foam case, are
compared in Figure 7. The two methods give a very good agreement, both in magnitude and in frequency
characteristics. In Figure 3, the viscous drag force impedance as a function of frequency, as estimated from
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Figure 7: Comparison of χ thermal factor from analytical and numerical model for the high porosity foam

the analytical approach, is also given. Importantly, this result is generated rapidly across the full frequency
range, which would be extremely computationally challenging using the 3D thermoviscous numerical mod-
elling approach.

Figure 8: Comsol numerical result showing the thermal field of the high porosity foam at 1 Hz (left) and
10kHz (right)

4 Discussion

At this stage in our work, the agreement between the computationally-intensive thermoviscous numerical
models of both the low and high porosity foam cell examples, and the proposed efficient analytical models,
have been shown to be very promising. The PLA foam is not a typical structure for the analytical application:
the dimensions of the struts are rather thick and the porosity is quite low, around 70%, but in spite of this
the comparison is very good in this case. Considering that some basic assumptions in the model, such as
ignoring dissipation near strut ends and joints, cannot really be regarded as fulfilled, the result is more than
acceptable. With the relatively large diameter in the PLA model the assumptions of not having interaction
between the struts is less valid. When comparing the 36 strut analytical model to the full 3D thermoviscous
numerical model for the high porosity foam, there is currently 7 % overestimation when using the same
values of porosity and total strut volume for the analytical and numerical case. Our future work will focus
on refinements to the analytical modelling procedure to improve the accuracy further. Considering that for
the very low excitation frequency of 0.01 Hz considered here, where velocity and viscous dissipation field
interaction around the struts of the foam cell are expected to be large, these analytical results should already
be considered as very good at this early stage.

Regarding thermal effects, the results shown in Fig. 6 indicates that when scaling the thermal contributions
of the analytical model with the factor of the total strut surface area divided by the total strut volume, the
thermal characteristics will give a solution very close to the numerical evaluation. Although the thermal
contribution to the losses in general are much smaller than the viscous losses, they can have an influence
in the audible frequency range on fluid wave propagation due to dilatation scaling for certain materials and
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geometries. For the thermal estimation, it is clear that the assumption of not having interaction between the
struts in a micro-structure is a too simple model for investigations of thermal losses for lower frequencies.
It was shown in [7] that there is thermal interaction between the struts in the PLA cell. Also comparing the
numerical results at 1 Hz and 10000 Hz for the high porosity foam in Fig. 8, it is clear that interactions do
occur at 1 Hz, but much less so at 10000 Hz and beyond as the thermal field within the solid struts diminishes.

The comparison in Table. 6 shows that a very important factor for a good agreement is to have a correct
estimation of the porosity of the design. Even small differences influences the accuracy of the analytical
calculation. This is clearly an area for further development of the analytical model. When comparing to
measured materials, there can often be effects from inhomogeneous manufacturing processes that can pro-
duce localized porosities within the material, requiring e.g. multiple porosity models rather than one single
value of porosity [1].

One particular area where the analytical method can work very well is as a fast tool for estimating different
designs, and giving an overview of the expected behaviour. Compared to full-scale thermoviscous modelling,
and traditional methods to characterize foam materials in terms of transport parameters, this analytical ap-
proach is very well suited towards optimization work. Another advantage with the analytical approach is that
it can be modified to include different kinds of anisotropic effects, which we will further investigate in future
research. For a final design choice, much more complex methods such as the 3D thermoviscous approach
may still be required for validation. Using the analytical approach for the initial development of the foam
cell geometry, and saving the intensive 3D thermoviscous computations for design finalization would then
be the most efficient use of computation resources.

5 Conclusions

An analytical method for estimating dynamic drag impedance including viscous and thermal effects has been
developed and compared to high-resolution thermoviscous acoustics numerical simulations in COMSOL
Multiphysics. The first results show that the analytical method can provide a good estimate of the viscous
losses in open cell high porosity foams. The computational effort is very low compared to the numerical
methods, which provides an opportunity to use it in a first approach for evaluating different designs. It is also
possible to use it for optimising the micro-structure of the material. In particular it can be be applied also for
anisotropic materials. Using the thermal impedance as a way of estimating the thermal influence on the total
losses also works very well, as can be seen by Figure 6 where the scaled analytical formulation is very close
to the result from the numerical calculation.

The comparison shows that a simplified analytical model can provide very useful results for modelling vis-
cous losses and estimating the thermal effects. This means that the analytical model can be used as a basis
for exploring more complex designs based on Kelvin cells. e.g. including the effects of anisotropy. The
analytical model can also be used for micro-structure optimisation to give suggestions about possible opti-
mum designs for specific applications, i.e. when used as a component in a multi-layer plate for sound and
vibration reduction in vehicles.
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CHARACTERISATION, DESIGN AND OPTIMISATION OF VIBRO-ACOUSTIC MATERIALS AND

STRUCTURES 449



References

[1] T.G Zielinski, R. Venegas, C. Perrot, M. Cervenka, F. Chevillotte, and K. Attenborough, “Benchmarks
for microstructure-based modelling of sound absorbing rigid-frame porous media,” Journal of sound
and vibration, vol. 483, pp. 115441, 2020-09-29.

[2] V.H. Trinh, C. Perrot, V. Langlois, O. Pitois, and Y. Khidas, “Achievement of acoustical properties of
foam materials by tuning membrane level: elaborations, models and experiments,” arXiv:1712.03849
[physics.app-ph], 2017.

[3] K.V. Horoshenkov, A. Hurrell, J.-P. and Groby, “A three-parameter analytical model for the acoustical
properties of porous media,” The Journal of the Acoustical Society of America, vol. 145, no. 4, pp.
2512–2517, 2019.

[4] K.V. Horoshenkov, A. Hurrell, and J.-P. Groby, “Erratum: A three-parameter analytical model for the
acoustical properties of porous media , J. Acoust. Soc. Am. 145(2019) 2512–2517,” The Journal of the
Acoustical Society of America, vol. 147, no. 1, pp. 146, 2020.

[5] O. Dazel, F. Sgard, F.-X. Becot, N. and Atalla, “Expressions of dissipated powers and stored energies in
poroelastic media modeled by {u, U} and {u, P} formulations,” The Journal of the Acoustical Society
of America, vol. 123, no. 4, pp. 2054-2063, 2008.

[6] X. Olny, and R. Panneton, “Acoustical determination of the parameters governing thermal dissipation
in porous media,” The Journal of the Acoustical Society of America, vol. 123, no. 2, pp. 814-824, 2008.

[7] B.P. Semeniuk, and P. Göransson, “The acoustics of 3D Kelvin foam cell geometries based on thermo-
viscous acoustic fluid modelling,” in Proceedings of COMSOL Multiphysics Conference 2019, Cam-
bridge, 2019.

[8] B.P. Semeniuk, P. Göransson, and O. Dazel, “Dynamic equations of a transversely isotropic, highly
porous, fibrous material including oscillating heat transfer,” The Journal of the Acoustical Society of
America, vol. 146, no. 4, pp. 2540-2551, 2019.

[9] J.F. Allard, and N. Atalla, Propagation of sound in porous media. Chichester, England: John Wiley &
Sons, 2009.

[10] B.P. Semeniuk, and P. Göransson, “Microstructure based estimation of the dynamic drag impedance of
lightweight fibrous materials,” The Journal of the Acoustical Society of America, vol. 141, no. 3, pp.
1360-1370, 2017.

[11] S.R. Pride, A.F. Gangi, and F.D. Morgan, “Deriving the equation of motion for porous isotropic media,”
The Journal of the Acoustical Society of America, vol. 92, no. 6, pp. 3278-3290, 1992.

[12] E. Lundberg, B.P. Semeniuk, and P. Göransson, “Comparison of two different simplified micro struc-
tures for calculating flow resistivity of anisotropic open cell porous foams,” in Proceedings of Interna-
tional Conference on Noise and Vibration Engineering 2016, Leuven, Belgium, 2016.

[13] A.D. Pierce, Acoustics, an introduction to its physical principles and application. Melville, USA;
Acoustical Society of America, 1989.

[14] P.M. Morse, and K.U. Ingard, Theoretical acoustics. Princeton, New Jersey, USA: Princeton University
Press, 1986.

450 PROCEEDINGS OF ISMA2020 AND USD2020



Vibro-acoustic behaviour of low- to high-density
anisotropic cellular foams

H. Mao, M. Gaborit, R. Rumpler, P. Göransson
KTH Royal Institute of Technology,
SE-100 44, Stockholm, Sweden

Abstract
The paper discusses the vibro-acoustic behaviour of a recently proposed novel anisotropic cellular foam ge-
ometry derived from the basic symmetric Kelvin cell geometry. The associated equivalent elastic material
properties are estimated based on a recently developed inversion method, in terms of the 21 elastic constants
of the Hooke’s tensor. The dynamic behaviour of the cellular material configuration and its homogeneous
model by applying the equivalent material properties are studied under arbitrary excitation. The correlation
between the vibro-acoustic behaviour, foam density, and material anisotropy is studied based on finite el-
ement simulations. High correlations of eigenfrequency and eigenmode shapes between the target cellular
foam model and the equivalent solid model are found. A set of empirical relations are proposed, linking the
micro-structure in low to high relative density for the anisotropic cellular geometries investigated. Potential
applications in vibro-acoustic of the proposed anisotropic foam are discussed

1 Introduction

Growing expectations in vibro-acoustic performance together reduction noise emission levels have gained
important attentions in the design of vibro-acoustic materials. Cellular foam is a popular material that is
lightweight while may lead to strong noise reduction and vibration insulation properties [1–4]. It has a
complex micro-structure consisting of an interconnected network of ligaments and the fluid filling the voids.
Depending on the frequency range of interest, the motion of both constituents can be strongly coupled.
Cellular materials can dissipate energy very effectively by structural, thermal and viscous ways. Kelvin cell
(tetrakaidecahedron), a 14-sided polyhedral cell contain six squares and eight hexagons, has been widely
used in modelling cellular structures [5–10]. The periodicity of this micro-structure allows to predict most
aspects of response of the foam by assigning ligament and cell geometric properties to the Kelvin cells.

The relative density of isotropic cellular foams is known to be correlated to the stiffness which is an important
material property for the vibro-acoustic performance of cellular materials used in multi-layered treatments.
Whereas porous materials are often modelled as being isotropic, but this is not the case in reality. Due to the
manufacturing processes involved, cellular materials are more or less geometrically anisotropic on a micro-
scopic scale and that induce a certain degree of anisotropy in the macroscopic scale. Commonly, materials
are considered as being transversally isotropic, for instance due to the layered structure of fibrous material
or due to the effect of gravity when growing a foam. Biot [11] also initiated works on the acoustic propaga-
tion in orthotropic and anisotropic materials. However, the implications of the micro-structurally controlled
anisotropy are still to a large extent unknown in particular when the cellular material goes from low-density
to high-density and vice versa. While low-density conventional foams are known to be predominantly work-
ing in bending, and to some extent also stretching, this is not necessarily the case for anisotropic materials
where the length-scale and the specific symmetry of the micro-structure are of critical importance, and where
the shearing deformation also plays an important role in high-density foams.

In contrast to the conventional foams with random micro-structures, the recent developments in architectural
design and additive manufacturing technologies enables the creation metamaterial foams with programmable
micro-structures, shapes, and tunable mechanical responses including negative elastic modulus, anisotropic
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properties, energy absorption etc [4,12–16]. Novel sets of auxetic foam with negative Poisson’s ratio demon-
strate potential energy consumption and noise reduction at low frequency. A foam-like metallic structure are
used for negative refraction of acoustic waves. Mechanical metamaterials exhibit ultralight, ultrastiff prop-
erties. These types of metamaterial foams have a precisely engineered structure, composed of repeating
unit cells that form delicate architectures with exceptional properties. Recently, a novel anisotropic cell
micro-structure, exhibiting variations in compression, shearing, shear-compression and shear-shear coupling
moduli, was proposed by authors and manufactured using additive techniques [10]. The cell micro-structure
is derived from a basic isometric Kelvin cell by applying rigid body rotations to its square faces. The ho-
mogenised equivalent anisotropic elastic material properties are estimated based on a recently developed
inversion method, in terms of the 21 elastic constants of the Hooke’s tensor. Interestingly, the material me-
chanical properties of the proposed cell geometry are tunable by controlling the cell size, rigid body rotations,
matrix materials, etc.

The current paper focus on the vibro-acoustic behaviour of the low- to high-density anisotropic foam pro-
posed in [10]. The correlation between the vibro-acoustic behaviour, foam density, and material anisotropy
is studied based on finite element simulations. The mechanical and visco-elastic dynamic responses are pre-
sented. Empirical relations that link the micro-structure properties in low- to high-density cellular geometries
are proposed. The dynamic visco-elastic behaviour of the cellular model and its homogenised equivalent
solid model are studied under arbitrary excitation. Correlations between the given cellular structures and its
equivalent model in eigenfrequency, mode shapes, and dynamic responses are presented. Potential applica-
tions in vibro-acoustic of the proposed anisotropic foams are discussed by controlling the cell geometry and
the matrix material using additive manufacturing.

2 Cellular foams and material modelling

2.1 Unit cell and cell array

Cellular foams have a complex micro-structure consisting of an interconnected network of ligaments that
forms the cell array. A periodic set of Kelvin cells was used as a simplified micro-structure for modelling
equivalent isotropic cellular foams, as shown in Fig. 1a. The proposed anisotropic cell is generated by
twisting six faces of the Kelvin cell with an angle of 60◦ along the local cell face axis [10], as shown in
Fig. 1c. The anisotropic cell has a rotational symmetry: applying two consecutive rigid body rotations to
the cell geometry, first 90 degrees around the z-axis and then 90 degrees around the new x-axis, leads to
an identical geometry to the one before transformation. The cell geometry is assumed to be a connected
network array of ligaments with homogenised equivalent material properties, Fig. 1b and Fig. 1d. The
material properties of the ligament matrix material as well as the nominal dimensions of the cell size are
given in Table 1. The proposed ligament matrix material and geometric dimensions for the unit cell in Table
1 work as an example based on our 3D printed samples.

In this study, the relative density, i.e. the ratio between the foam density ρf and the solid density ρs, ranges
from 0.03 to 0.22. The porosity of the open-cell foam is 1 − ρf/ρs, which ranges from 0.78 to 0.97 for
the studied structures. A low-relative density foam has a high porosity. Multiple parameters can affect
the relative density of the foam including the cell size, thickness of the ligaments, etc. To focus on the
relationship between the relative density and vibro-acoustic behaviour, a simple approach is introduced in
order to control the relative density of the foam, by controlling the diameter of the ligaments, ds, but without
changing the symmetry of the geometry. In this way, the relative density of the foam is proportional to d2s.
In order to identify the novel behaviour of the anisotropic structure, the conventional isometric Kelvin cell is
also studied as the reference cell.

A numerical experimentation methodology was recently developed by the authors, for characterisation of
cellular static elastic material properties, applied to cellular foams based on the cell geometry [9]. The
authors subsequently used this methodology in order to show that applying rigid body rotations to the Kelvin
cell micro-structure can lead to material designs exhibiting equivalent anisotropic material properties [10].
The static equivalent elastic properties of the 30 × 30 × 30 cell array, built from cell geometries as shown
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Table 1: Material properties and nominal geometric dimensions for the unit cell

Quantity Symbol Value Unit

Nominal cross-section diameter of ligaments ds 0.5 mm
Nominal cell size hc 3 mm
Solid density of ligament matrix material ρs 1600 kg/m3

Young’s modulus of solid ligament matrix material Es 700 MPa
Poisson’s ratio of solid ligament matrix material νs 0.3 -
Relative density of the isometric Kelvin cell ρf/ρs 0.16 -
Relative density of the twisted anisotropic cell ρf/ρs 0.22 -

in Fig. 1b and Fig. 1d, are characterised by this inverse method. Such cell designs and inversely estimated
equivalent material properties form the basis for the parametric analysis conducted in the following.
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Figure 1: Unit cell geometry and 2 × 2 × 2 cell array, (a-b) isometric Kelvin cell, (c-d) twisted anisotropic
cell.

2.2 Material modelling and Experimental setups

In the present investigation, the focus is on the vibro-acoustic properties of cellular foams. For this purpose,
using the engineering order of the stress-strain components, the constitutive equation is given in the form of
the frequency dependent generalised Hooke’s law, as

σ = Hωε (1a)

σ = {σ11, σ22, σ33, σ12, σ13, σ23}T (1b)

ε = {ε11, ε22, ε33, 2ε12, 2ε13, 2ε23}T (1c)

where Hω is the frequency-dependent Hooke’s matrix associated with the stiffness form of Hooke’s law, σ
is the stress vector, ε is the strain vector and indices 1, 2 and 3 respectively denote the X , Y and Z axis of

CHARACTERISATION, DESIGN AND OPTIMISATION OF VIBRO-ACOUSTIC MATERIALS AND

STRUCTURES 453



the global reference Cartesian coordinate system. In the general case of a fully anisotropic elastic material
when angular frequency ω equals zero, 21 independent static elastic constants are required in the Hooke’s
matrix. The static Hooke’s matrix can be normalised to H33, such that the Hooke’s matrix takes the form,

Hω=0 = H33H̃ = H33




H̃11 H̃12 H̃13 H̃14 H̃15 H̃16

H̃22 H̃23 H̃24 H̃25 H̃26

1 H̃34 H̃35 H̃36

H̃44 H̃45 H̃46

sym H̃55 H̃56

H̃66



, (2)

where H̃ij are the components of the normalised static elastic Hooke’s matrix H̃ of ω = 0.

For the research proposed here, the geometry chosen is a cube of 20 cells in each dimension, bonded to two
parallel surfaces (of thickness 2 mm, density 6750 kg/m3, Young’s modulus 70 GPa, and Poisson’s ration
0.3), one acting as a seismic mass loading when the other is excited by a known dynamic displacement of
1 mm, see Fig. 2a. In the natural frequency analysis, the cubic sample is constrained along one face of the
cube and the other faces are free, see Fig. 2b. The foam is assumed to behave as a visco-elastic material
under vibrating excitation. Beam elements (B32) are used in order to model the target cell ligaments, and
solid elements (C3D20) are used in order to model the homogenised equivalent solid foam by applying
the equivalent material properties [9]. The frequency-dependent Young’s modulus of the ligaments of the
cellular model is given as in [17]

Eωs = Es

(
1 +

b (iω/β)α

1 + (iω/β)α

)
, (3)

and the frequency-dependent moduli of the equivalent solid model are given by

Hω
ij = Hω=0

ij

(
1 +

b (iω/β)α

1 + (iω/β)α

)
, (4)

where Es and Eωs are the fully relaxed and high-frequency parts of the relevant Young’s modulus of the
ligaments, Hω=0

ij and Hω
ij are the fully relaxed and high-frequency parts of the estimated equivalent stiffness

matrix, ω is the circular frequency, b is a real scalar constant, α, (0 < α < 1) is the fractional derivative
order, β is the relaxation frequency in rad·s−1, and [b, α, β] = [0.296, 0.333, 813000] as in Ref. [17].

(a)

(b)

Figure 2: (a) Dynamic loading involving a seismic mass (top surface whose displacement is measured) and
imposed dynamic excitation (bottom surface) and only constraints applied to surfaces parallel to xy-plane
shown for illustration purposes, (b) natural frequency analysis involving fixed constraint on the bottom face.
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3 Results

3.1 Relative density and material properties

Table. 2 shows the estimated static elastic Hooke’s tensors of the Kelvin cell and the anisotropic cell char-
acterised by the inverse estimation method of different relative densities. The Kelvin cell has an equivalent
isotropic symmetry with 9 non-zero constants in the Hooke’s tensor [9]. The anisotropic cell has an ro-
tational symmetry, with 21 non-zero moduli but only 9 of them are independent, as shown on Fig. 3, the
symbolic representation of the estimated equivalent Hooke’s tensors. The moduli of anisotropic cell has a
strong connection in each direction as connected terms in Fig. 3, H11 ≈ H22 ≈ H33, H44 ≈ H55 ≈ H66,
H12 ≈ H13 ≈ H23, H14 ≈ H35 ≈ H26, H24 ≈ H15 ≈ H36, H34 ≈ H25 ≈ H16, and H45 ≈ H46 ≈ H56.
The negative compression-compression coupling terms, H12 ≈ H13 ≈ H23 < 0, in the Hooke’s matrix of
the anisotropic cell indicate the existing of negative Poisson’s effects. But different to the traditional auxetic
foams [13], the novel anisotropic cell couples the negative Poisson’s effect with shear-compression coupling
deformations. In the low-density condition, both Kelvin cell and anisotropic cell have smaller stiffness than
the high-density condition, e.g., H33 decreased from 13.8 MPa to 4.2 MPa of Kelvin cell, and H33 decreased
from 3.5 MPa to 0.6 MPa of the anisotropic cell in Table. 2.

Gibson and Ashby [18] report that the elastic modulus of stretching and bending dominated low-density
open-cell foam obeys,

Ef
Es

= C

(
ρf
ρs

)2

, (5)

where Ef is the equivalent effective Young’s modulus of the foam. However, instead of bending dominated
deformation, for high-density foams having relative densities more than 1%, the effects of shear deformation
in the ligaments increase as the relative density increases, thus playing an increasingly important role. In or-
der to consider the foam from low- to high-density foams of isotropy and anisotropy, new empirical relations
is proposed based on Eq. 5, as

H33

Es
= C1

ρf
ρs

+ C2

(
ρf
ρs

)2

(6)

whereH33/Es is the relative stiffness (ratio of the equivalent elastic moduliH33 to the matrix materialEs) of
open-cell foam including anisotropic materials. Fig. 4 shows the relative stiffness is an increasing nonlinear
function of the relative density by fitting Eq. 6 with H33 from inverse estimations. The fitting have a good
quality of coefficient of determination (R-squared) of 0.9975 for the Kelvin model and of 0.9995 for the
anisotropic cellular model. The relative stiffness of anisotropic cell is always softer than that of the Kelvin
cell by giving a same relative density, (< 25%), from all densities.

Table 2: Estimated static equivalent elastic material Hooke’s tensors of the foam in the global Cartesian
coordinate system, Hω=0

ij = H33H̃ij

Isometric Kelvin cell Anisotropic cell
ds = 0.5 mm ds = 0.3 mm ds = 0.5 mm ds = 0.3 mm
ρf/ρs = 0.16 ρf/ρs = 0.08 ρf/ρs = 0.22 ρf/ρs = 0.06

H33 (MPa) 13.8 4.2 3.5 0.6
[H̃11, H̃22, H̃33] [1,1,1] [1,1,1] [1,1,1] [1,1,1]
[H̃44, H̃55, H̃66] [0.18,0.18,0.18] [0.1,0.1,0.1] [0.40,0.40,0.40] [0.38,0.38,0.38]
[H̃12, H̃13, H̃23] [0.63,0.63,0.63] [0.8,0.8,0.8] [-0.15,-0.15,-0.15] [-0.19,-0.19,-0.19]
[H̃14, H̃35, H̃26] [0,0,0] [0,0,0] [-0.18,-0.18,-0.18] [-0.20,-0.20,-0.20]
[H̃24, H̃15, H̃36] [0,0,0] [0,0,0] [0.22,0.22,0.22] [0.24,0.24,0.24]
[H̃34, H̃25, H̃16] [0,0,0] [0,0,0] [0.004, 0.004,0.004] [0.006,0.006,0.006]
[H̃45, H̃46, H̃56] [0,0,0] [0,0,0] [-0.03,-0.03,-0.03] [-0.03,-0.03,-0.03]
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(a)
(b) (c)

Figure 3: Symbolic representation of estimated equivalent Hooke’s tensors. •: positive value, ◦: negative
value, tensor elements connected with lines have the same amplitude: a) physical meaning of each constant
in Hooke’s matrix, b) Kelvin cell, and c) anisotropic cell.

3.2 Eigenfrequency and mode shape

In order to further verify the estimated static elastic material properties and understand the dynamic prop-
erties of the foam, natural frequency analysis are performed under 1500 Hz sampled every 1 Hz. Fig. 5
shows the eigenfrequency of the estimated equivalent solid models are nearly equal to their target Kelvin and
anisotropic cellular models, with a correlation coefficient > 0.9996. The small deviation may be partially
due to the differences of the element types used for the cell and solid model. Since the complex coupling
moduli, Fig. 3c, the anisotropic cellular model has 59 modes under 1500 Hz, but the Kelvin model has only
18 modes, which also indicates a more complex dynamic responses for the anisotropic structure.

In addition, results also shows a good correlation of the mode shapes between the target cell and the equiv-
alent solid models, as shown in Fig. 6, the equivalent solid model almost captured all the complex mode
shapes of the target anisotropic cellular model from a very low- to a high-frequency.

3.3 Visco-elasticity

In order to investigate the vibro-acoustic properties, numerical experiments comparing the dynamic be-
haviour of the cellular models with the equivalent elastic solid models, were conducted. The same vis-
coelastic parameters, [b, α, β] = [0.296, 0.333, 813000], are used for both cellular model and the equivalent
solid model in Eq. 3 and Eq. 4. The dynamic problem illustrated in Fig. 2a was solved, and a first evaluation
of the validity of such a model is shown in Fig. 7. Note that both the cellular model and the equivalent
solid model results are shown to illustrate how well the augmented elastic equivalent model also describes
the dynamic behaviour over the frequency range shown. Interestingly, the mechanical properties applied for
the solid models seem to capture the dynamic behaviour of the cellular models in a similar way, at least for
the lower frequency range. The dissipation is, however, underestimated in the equivalent solid models un-
der the assumption of proportional damping. The deviations observed at high frequencies for the numerical
experimentation are also seen in Ref. [17] for the experimental data.
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Figure 4: The relative stiffness of the foam to the matrix material, H33/Es, of the Hooke’s matrix Hω=0 as
function of the relative density of the foam: H33 from inverse estimations fitted by polynomial curves.
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Figure 5: Eigenfrequency of the target cellular models (ds = 0.5 mm) and the equivalent solid models.
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Figure 6: Mode shapes of mode number 3, 9, 20, 49 of the anisotropic cell structure at respective frequency
153 Hz, 547 Hz, 928 Hz, 1366 Hz: a-d) target cellular model, e-h) equivalent solid model.

Fig. 7 shows the transfer function of displacement between the base plate and the top seismic mass at point
a4 illustrated in Fig. 2a. The anisotropic cell structure has a low-frequency wide bandwidth resonance around
227 Hz, as it happened around 404 Hz for the isometric Kelvin cell structure at point a4. Multiple resonate
peaks are found for the anisotropic structure due to the complex coupling terms in the Hooke’s matrix, but
there are only two peaks for Kelvin cell structure under 1500 Hz.

Fig. 8 shows that the resonances of the low-density foams shift to a lower frequency range than those of the
high-density foams, e.g., shifted from 120 Hz to 57 Hz of the first resonance of anisotropic cell. For the same
diameter of the ligaments, the anisotropic cellular foam has a wider bandwidth than the Kelvin cell foam,
although the anisotropic cellular foam has a higher density than the Kelvin cell one. High damping capacity
of at low-frequency are also found in both low- and high-density anisotropic foams, as shown in Fig. 8.

4 Discussion

The anisotropic cell geometry derived from a basic Kelvin cell by rigidly twisting faces demonstrates a totally
different mechanical and visco-elastic dynamic responses to that of the Kelvin cell. Multiple factors may
change the material properties of the anisotropic cell, e.g., by modifying the cell micro-structure through
twisting, tilting and stretching of the cell geometry [10]. Due to the limit of the paper length, only the
behaviour of the rotational symmetry anisotropic cell is presented. The rotational symmetry was generated
by twisting all 6 faces with a same angle, Fig. 1. The static elastic Hooke’s tensor has 21 non-zero constants
but only 7 of them are independent, Table. 2. The components of Hooke’s tensor in each direction are the
same as the connected curves shown in Fig. 3c.

The natural frequency analysis shows good correlations of the eigenfrequency and mode shapes between the
estimated equivalent solid model and the target cellular model. However, the correlation of the visco-elastic
dynamic behaviour between cellular model and equivalent solid model decreases as the vibration frequency
increases. As expected, the anisotropic cell structure has a more complex static and dynamic behaviour than
that of the conventional Kelvin cell from a low- to high-frequency, e.g., low-frequency, wider bandwidth
resonances.

The relative density of the foam is modified by changing the diameter of the ligaments as well as the poros-
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Figure 7: Transfer function between the base plate and the vertical displacement w of the seismic mass as a
function of frequency for the setup in Fig. 2a, comparing cell array and equivalent solid model at point a4,
where respective homogeneous Hooke’s tensors are found in Table 2 of ds = 0.5 mm.
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Figure 8: Transfer function between the base plate and the vertical displacement w at point a4 of the seismic
mass as a function of frequency for the setup in Fig. 2a, comparing cellular models of different density foams,
where estimated Hooke’s tensors are found in Table 2.
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ity. A new empirical polynomial relationship between relative stiffness and relative density of the foam is
proposed based on Gibson’s equation [18], and verified by the estimated equivalent stiffness of both isotropic
and anisotropic foams. In addition to the conventional foam, that the relative stiffness of the foam is propor-
tional to the relative density, the micro-structure geometry of the foam plays an important role in the new
relationship. For example, the relative stiffness of the proposed anisotropic foam is much smaller than the
isotropic one even though the anisotropic foam has a higher relative density. While low-density Kelvin cells
are known to be dominated working in bending, and to some extent also stretching, however, the anisotropic
cells has a more complex deformation where the specific rotational symmetry of the micro-structure giv-
ing the shearing and compression-shear coupling an important role that as critical as the length-scale. The
anisotropic foam also has a high porosity and a negative Poisson’s affect together with other coupling defor-
mations, which may applied for high energy consumption and noise reduction.

The development of additive manufacturing technologies also induces some potential novel applications of
the proposed cell structure, such as,

• use different matrix materials in manufacture to control the stiffness of the anisotropic foam as the
stiffness of the foam is proportional to the stiffness of the matrix material, e.g. making light-weight,
high-stiffness metal anisotropic foams for aeroacoustic applications;

• control the porosity or the relative density of the foam to control the visco-elasticity for noise absorp-
tion;

• control the twisted angles and faces of the anisotropic cell to control the geometry of the micro-
structure and the equivalent material properties [10];

• control the damping capacity by selecting high visco-elastic matrix materials.

5 Conclusion

Anisotropic cellular foams with low-frequency high damping capacity from a low- to high-density are pre-
sented and numerically proved. The 21 non-zero constants of the anisotropic elastic Hooke’s matrix are
characterised by an inverse estimation method. The accuracy of the predicted equivalent material properties
is verified. Strong correlations of eigenfrequency and eigenmode shapes between the target cellular model
and the equivalent solid model are found. Visco-eslastic analysis demonstrates the potential capacity of
the anisotropic foam in vibro-acoustic applications. The paper also proposed an approach by controlling
the micro-structure of the foam and the matrix material used in additive manufacturing to tune the material
symmetry, stiffness, Hooke’s matrix, porosity and visco-elasticity for vibro-acoustic applications.
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Institute of Fundamental Technological Research, Polish Academy of Sciences
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Abstract
A technique commonly used for improving room acoustics consists in increasing a total sound damping in
a room. This objective can be achieved by using different configurations of a porous material for acoustical
treatment of a room. In this work, that problem is analyzed theoretically by exploiting a modal representation
of the impulse response (IR) function for steady-state sound field predictions. A formula for the IR function
was obtained by solving a wave equation for an enclosure with complex-valued boundary conditions of walls.
On the walls where the acoustic treatment is applied, these boundary conditions are related to the characteris-
tic impedance, effective speed of sound and thickness of the porous material used for padding. Two different
porous materials were considered in the analyses of the room with acoustic treatment, and to this end, the
required effective properties were calculated for a rigid foam with a designed periodic microstructure, as
well as for a poroelastic foam with specific visco-elastic properties of the skeleton.

1 Introduction

In the low frequency range, the wave equation has commonly been used to describe steady-state and transient
acoustical responses of small rooms [1] and cabin cavities of motorized vehicles [2]. There are many nu-
merical and theoretical methods which are effective in solving interior acoustic problems at low frequencies.
Among them are the finite element method (FEM) [3], wave based methods (WBM) [4], the finite-difference
time-domain method (FDTD) [5] and modal expansion method (MEM) [6]. The WBM such as the so-called
Trefftz methods [7] differs from the FEM by the choice of shape and weighting functions. The FDTD method
simulates the time-dependent sound field using discrete approximations of the spatial derivative operators and
an explicit time-stepping. Alternatives to the FDTD technique are the pseudospectral time-domain (PSTD)
method [8] and the adaptive rectangular decomposition (ARD) [9] which achieve a good accuracy with a
much coarser spatial discretization. The most important difference between the above-mentioned methods
lies in their applicability. Frequency domain methods, such as FEM and WBM, typically provide results for
steady-state acoustic problems, whereas time domain techniques, such as ARD, FDTD and PSTD methods,
allow to predict a transient behavior of enclosures. On the other hand, the MEMs apply to both steady-state
and transient sound field simulations.

In theoretical modeling of interior acoustics, the MEMs yield resonant modes of pressure vibrations inside
enclosed spaces and a linear combination of these modes is used to determine a sound field [10, 11]. There
are several variants of the MEM and among them are the normal mode analysis [12], the classical modal
analysis [13], the asymptotic modal analysis [14] and the hybrid modal analysis [15] that combines the free
field Green’s function and a modal expansion. The MEMs are especially useful for simulating a sound
field in enclosures of complex shape since they fully describe wave phenomena like sound diffraction and
standing waves formation. Moreover, they enable to identify such wave effects as localization of modes [16]
and modal degeneracy [17] which occur in coupled rooms and irregularly shaped cavities.

463



In this paper, the MEM is implemented to model a low-frequency sound field in enclosed spaces with
complex-valued conditions on boundary surfaces. Using a modal expansion of a sound pressure, a gen-
eral solution of the inhomogenous wave equation is found allowing to determine the impulse response (IR)
function. By using the IR function, a formula for a steady-state sound field is determined which enables
one to predict both a spatial distribution of a sound pressure amplitude and a transfer function (TF) between
source and receiver positions. A developed theoretical model is numerically validated by comparing cal-
culation results of the TFs obtained for different wall impedances with FEM predictions. Finally, acoustic
analyses of the room with acoustic wall and ceiling treatment are carried out for two substantially different
porous materials: a rigid-frame foam and a poroelastic foam. To this end, the required effective properties
and surface acoustic impedances are calculated using appropriate models of an equivalent fluid [18, 19] or
Biot’s poroelasticity [20, 21, 22, 23, 18].

2 Theoretical model

2.1 Statement of the problem

Arbitrary shaped enclosure in a form of the 3D enclosed space Ω filled by an air is considered (Figure 1).
Characteristic properties of the air are the speed of sound c and the air density ρ. When inside Ω there is a
volume sound source, spatial and temporal behaviors of a sound field are described by the inhomogeneous
wave equation [

∆− 1

c2
∂2

∂t2

]
p(r, t) = −q(r, t), (1)

where ∆ = ∂2/∂x2 + ∂2/∂y2 + ∂2/∂z2 is the Laplace operator, p is the sound pressure, q is the volume
source term and r = (x, y, z) is a position coordinate of a field point. The pressure p must satisfy the
causality condition. It also fulfills initial conditions defined for the time t0 and it is assumed that the following
requirements are met

p(r, t0) 6= 0, p ′(r, t0) =
∂p(r, t)

∂t
|t=t0 6= 0, (2)

thus, initial conditions must appear in a general solution of Eq. (1). A boundary surface of the space Ω is
denoted by Γ and on this surface the following boundary condition is applied

r ∈ Γ : ∇p · n = − 1

cζ

∂p

∂t
, (3)

where ∇ = i∂/∂x + j∂/∂y + k∂/∂z is the gradient vector operator, the dot is a scalar product, n is the
outward normal vector and ζ = Z/ρc is the normalized impedance of absorptive material located on the

x

y

z

r

p(r,t)
Γ

Ω

q(r,t)

Vs

r

Figure 1: Schematic view of the enclosed space Ω under consideration
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boundary Γ. The impedance’s real part ζr represents the normalized resistance, whereas its imaginary part
ζi is referred to as the normalized reactance. Damping properties of absorbing material are described by the
random-incident absorption coefficient α which is related to ζr and ζi by the following equation [24]

α =
8ζr
|ζ|2

[
1− ζr ln(1 + 2ζr + |ζ|2)

|ζ|2 +
ζ2r − ζ2i
ζi|ζ|2

arctan

(
ζi

1 + ζr

)]
. (4)

Eq. (1) supplemented by Eqs. (2) and (3) describes a generation of a sound field in the space Ω subjected to
a volume sound source. Since the temporal variability of this source can be arbitrary, it is possible to predict
both steady-state and transient sound field inside Ω.

2.2 Determination of impulse response function

In the low frequency range, dimensions of the space Ω are comparable with a length of sound wave, thus, the
method, which is most appropriate for determining the interior sound field, is the modal expansion method.
According to the MEM, the solution of the wave equation (1) can be expressed as a linear combination of
the eigenfunctions Φm

p(r, t) =

∞∑

m=1

pm(t)Φm(r), (5)

where pm are time-dependent modal amplitudes. It is assumed that eigenfunctions Φm are mutually orthog-
onal and are normalized in the volume V of the space Ω by the relation

∫

V
ΦmΦn dv = δmn, (6)

where δmn is the Kronecker delta function. Each eigenfunction Φm is related to the corresponding natural
eigenfrequency ωm through the equation

∆Φm = −(ωm/c)
2 Φm. (7)

A method for determining the amplitude pm relies on suitable transformation of Eq. (1). Firstly, multiply
both sides of Eq. (1) by Φm and integrate over the volume V . This gives

1

c2

∫

V
Φm

∂2p

∂t2
dv −

∫

V
Φm∆p dv =

∫

Vs

q(r, t)Φm(r)dv, (8)

where Vs is the source volume. The application of Eqs. (5) and (6) in the first volume integral in Eq. (8), and
the utilization of Eqs. (3), (5)–(7) and the Green’s theorem [25]

∫

V
(p∆Φm − Φm∆p) dv =

∫

S
(p∇Φm − Φm∇p) · n ds (9)

in the second volume integral leads to the following equation for the modal amplitude pm

∂2pm
∂t2

+ 2
∞∑

n=1
n6=m

γmn
∂pn
∂t

+ 2(rm + jϕm)
∂pm
∂t

+ ω2
mpm + c2

∫

S
p
∂Φm

∂n
ds = c2

∫

Vs

q(r, t)Φm(r)dv. (10)

In the above equation γmn are modal coupling factors expressed as

γmn =
c

2

∫

S
(ζr − jζi)|ζ|−2 ΦmΦn ds (11)
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and the quantities rm and ϕm are modal coefficients determined by

rm =
c

2

∫

S
ζr|ζ|−2 Φ2

m ds, ϕm = − c
2

∫

S
ζi|ζ|−2 Φ2

m ds, (12)

where |ζ| =
√
ζ2r + ζ2i , S is a surface of the boundary Γ and j =

√
−1 is the imaginary unit. In the

low frequency range, typical absorbing materials are characterized by a small sound damping [26], thus it
is possible to assume that |ζ|−1 is much smaller than unity. In this case, series components in Eq. (10)
containing the coefficients γmn can be omitted and it is possible to approximate the functions Φm by real-
valued eigenfunctions predicted for acoustically hard boundary. Thus, boundary conditions ∂Φm/∂n = 0
are met, therefore, Eq. (10) simplifies to the form

∂2pm
∂t2

+ 2(rm + jϕm)
∂pm
∂t

+ ω2
mpm = c2

∫

Vs

q(r, t)Φm(r)dv = sm(t), (13)

where sm(t) is a modal source function. Eq. (13) was solved using the method of variation of parameters [27]
and a solution, that includes initial conditions, has the following form

pm(t) = pm(t0)e
−(rm+jϕm)(t−t0){ cos[Ωm(t− t0)] cosh[ϑm(t− t0)]

− j sin[Ωm(t− t0)] sinh[ϑm(t− t0)]
}

+
e−(rm+jϕm)(t−t0)[(Ωm + jϑm)pm(t0) + p′m(t0)]

Ωm + jϑm

×
{

sin[Ωm(t− t0)] cosh[ϑm(t− t0)] + j cos[Ωm(t− t0)] sinh[ϑm(t− t0)]
}

+
e−(rm+jϕm)t

2(ϑm − jΩm)

×
[
e(ϑm−jΩm)t

∫ t

t0

sm(τ)e[rm−ϑm+j(ϕm+Ωm)]τdτ − e−(ϑm−jΩm)t

∫ t

t0

sm(τ)e[rm+ϑm+j(ϕm−Ωm)]τdτ

]
,

(14)

where the quantities Ωm and ϑm are determined by the following equations

Ωm =

√
am +

√
a2m + b2m
2

, ϑm =

√
−am +

√
a2m + b2m

2
, (15)

where am = ω2
m − r2m + ϕ2

m and bm = −2rmϕm. To calculate the impulse response (IR) function, it is
assumed that a sound excitation has a form of a point source located at r = r′, which generates the Dirac
pulse at the time t = t0. This means that q(r, t) = δ(r − r′)δ(t − t0) in Eq. (13), thus, the modal source
function sm(τ) in Eq. (14) is as follows

sm(τ) = c2δ(τ − t0)Φm(r′). (16)

An insertion of Eq. (16) in Eq. (14) enables to determine the function pm(t) for a temporal impulse. Since
integrals in Eq. (14) have the lower limit corresponding to a peak of the delta function δ(t−t0), the integration
was carried out from t−0 = t0 − ε, where ε is positive and arbitrarily small. In this case the interval of
integration includes the value at which the delta function peaks, but pm(t−0 ) and p′m(t−0 ) equal to zero,
because of a causality condition. Finally, inserting pm(t) in Eq. (5) the following formula for the IR function
can be found

h(r′, r, t) = c2
∞∑

m=1

e−(rm+jϕm)t

Ωm + jϑm

[
sin(Ωmt) cosh(ϑmt) + j cos(Ωmt) sinh(ϑmt)

]
Φm(r′)Φm(r). (17)

The right-hand side of Eq. (17) is a symmetric function of the source and receiver points coordinates, thus,
the IR function h(r′, r, t) satisfies the reciprocity principle.
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2.3 Steady-state sound field

By using the IR function h(r′, r, t) it is possible to predict a sound field generated inside the space Ω by any
sound source because when the source function q(r, t) is known, the pressure response to this excitation is
described by the following equation [28]

p(r, t) =

∫

Vs

q(r′, τ) ∗ h(r′, r, t) ds′ =
∫

Vs

∫ t

−∞
q(r′, τ)h(r′, r, t− τ) dτds′, (18)

where ∗ denotes the convolution operation. The steady-state pressure response to a point source can be
found assuming that in Eq. (18) the source function q takes the form q(r′, τ) = Qδ(r′ − r0)e

jωτ , where ω is
the angular frequency of the source, r0 = (x0, y0, z0) determines a source position and the amplitude Q is
dependent on the source power W according to the formula [29]

Q =
√

8πρcW. (19)

Thus, after performing the volume and time integrations in Eq. (18), the formula for the steady-state pressure
amplitude Pc is found as

Pc(r) =
∞∑

m=1

(αm + jβm)Φm(r), (20)

where the quantities αm and βm are determined by

αm =
Qc2

[
r2m +Ω2

m − ϑ2m − (ω + ϕm)2
]

Φm(r0)

[(rm + ϑm)2 + (ω + ϕm −Ωm)2] [(rm − ϑm)2 + (ω + ϕm +Ωm)2]
, (21)

βm = − 2Qc2 [rm(ω + ϕm) +Ωmϑm] Φm(r0)

[(rm + ϑm)2 + (ω + ϕm −Ωm)2] [(rm − ϑm)2 + (ω + ϕm +Ωm)2]
. (22)

Since the amplitude Pc is complex, a quantity suitable for a prediction of the steady-state pressure response
is the real pressure amplitude P determined by absolute value of Pc, i.e.

P (r) =
√
Pc(r)Pc

∗(r), (23)

where an asterisk in a superscript denotes the complex conjugate. Thus, inserting Eq. (20) in Eq. (23) one
finds the following formula for the pressure amplitude

P (r) =

{[ ∞∑

m=1

αmΦm(r)

]2
+

[ ∞∑

m=1

βmΦm(r)

]2}1/2

. (24)

As it results from Eqs. (20)–(22), the amplitude P is dependent on the source position r0, the receiving posi-
tion r, the source frequency ω and, through the quantitiesΩm, ϑm, rm and ϕm on the natural eigenfrequency
ωm as well as the real and imaginary parts of the impedance ζ. Thus, for a specific location of a point source
and a fixed source frequency, Eq. (24) makes it possible to designate a spatial distribution of the steady-state
pressure amplitude inside enclosed space. On the other hand, Eq. (24) enables one to predict a transfer
function (TF) between source and receiver positions for the assumed distribution of the impedance ζ.

3 Validation of theoretical model

In order to validate the developed theoretical model, the predicted TFs will be compared with calculation
results of TFs presented in the work [30]. These results were obtained by the finite element method (FEM)
for a rectangular room with dimensions: Lx = 7 m, Ly = 5 m, Lz = 3 m (see Figure 2), whose walls were
covered uniformly by the absorbing material with a frequency constant impedance ζ. The room was excited
by a source located at the point r0 = (5 m, 3.5 m, 1.6 m). The source was modeled as a normalized point
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Figure 2: Rectangular room under study with walls covered uniformly by absorbing material. Positions of
source and receiver points are indicated by red and blue dots, respectively

source, which means that it produces a sound pressure of 1 Pa at 1 m distance in the free field. A sound
pressure was monitored at the receiving point placed in the position r = (2.5 m, 2 m, 1.2 m).

In the proposed theoretical model the power W of a point source is an important quantity because it repre-
sents the input parameter in a developed numerical procedure. This power for the normalized point source
was determined as follows. In a free field the pressure amplitude P at a distance r from a point source is
given by P = Q/4πr, therefore, for a normalized point source the amplitude Q is equal to 4π. Thus, assum-
ing typical indoor conditions (air temperature of 20◦, ρ = 1.21 kg/m3, c = 343 m/s) and using Eq. (19), the
power W of a normalized point source was found as W = 1.514 · 10−2 W.

In the theoretical model a small sound damping on a boundary surface of enclosed space was assumed, thus,
the eigenfunctions Φm occurring in Eq. (24) can be approximated by the eigenfunctions for rigid-walled
modes of a rectangular enclosure

Φnxnynz(x, y, z) =

√
εnxεnyεnz

V
cos

(
nxπx

Lx

)
cos

(
nyπy

Ly

)
cos

(
nzπz

Lz

)
, (25)

where the indices nx, ny, nz are non-negative integers and they are not simultaneously equal to zero (the
trivial solution of the wave equation was excluded), εns = 1 if ns = 0, and εns = 2 if ns > 0. The natural
eigenfrequencies corresponding to these modes are as follows

ωnxnynz = πc

√(
nx
Lx

)2

+

(
ny
Ly

)2

+

(
nz
Lz

)2

. (26)

A number of modes in series in Eq. (24) is an important parameter in a numerical algorithm because it greatly
influences the simulation accuracy and calculation time. This number depends on room dimensions and is
determined from the formula [26]

M = Int

[
4πV

3

(
fc
c

)3
+
πS

4

(
fc
c

)2

+
L

8

(
fc
c

)]
, (27)

where fc is the cutoff frequency, V = LxLyLz , S = 2(LxLy + LxLz + Lylz) is the surface of the room
walls, L = 4(Lx + Ly + Lz) is the sum of the lengths of the room edges and the function Int(·) returns the
integer part of a real number. In a numerical algorithm it was assumed that fc = 600 Hz, then after inserting
this frequency in Eq. (27) one can obtain M = 2712.

By means of Eq. (24), the TF describing a low-frequency dependence of the sound pressure level L =
20 log(P/pref), where pref = 2·10−5 Pa, was calculated with a frequency step of 1 Hz. The TF was simulated
for impedances: ζ = 5 − 11j, ζ = 1 + 4j and ζ = 17.94. Using Eq. (4) it can be found that for these
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Figure 3: Comparison of low-frequency TFs obtained with the theoretical model (red line) and the FEM [30]
(black line) for the normalized impedance ζ = 5− 11j
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Figure 4: Comparison of low-frequency TFs obtained with the theoretical model (red lines) and the FEM
[30] (black lines) for the normalized impedance: (a) ζ = 1 + 4j, (b) ζ = 17.94

impedances the absorption coefficient α is equal to: 0.209, 0.273, and 0.323, respectively. Comparisons of
TFs obtained with the theoretical model and the FEM are shown in Figures 3 and 4. Firstly, it can be seen that
simulation results generally agree well with the FEM results, especially with regard to a correct reproduction
of a modal character of the TF. A very good agreement is noted for the impedance ζ = 17.94 (Figure 4b)
because the theoretical model is particularly dedicated to absorbing materials with the impedance satisfying
the condition |ζ|−1 � 1. As expected, the highest deviation is observed for the impedance ζ = 1 + 4j since
in this case |ζ|−1 = 0.243. Finally, it is worth noting that when the impedance ζ is complex, an increase in
a sound damping does not have to be associated with a decrease in |ζ|. This is clearly seen on the example
of the impedances considered, because the value of α for the impedance ζ = 1 + 4j is smaller than for
ζ = 17.94.

4 Sound absorbing treatments

Two substantially different porous materials are (separately) considered as sound absorbing treatments used
on the walls and ceiling of the room, namely:

• RF foam – a periodic rigid-frame porous material, and

• PE foam – a poroelastic foam.

The rigid-frame material has a very regular structure based on a simple design of a periodic cubic cell with
a single spherical pore. The size, i.e. the length of the cube’s edge is 0.2 mm, while the pore diameter is
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slightly larger and equals 0.22 mm. Therefore, the pore from each cubic cell slightly overlaps the pores
of six adjacent cells, resulting in a network of pores with an open porosity. The edges of the windows
connecting the pores are filleted, so that their diameter is equal 0.0932 mm instead of 0.0917 mm which is
the value for a sharp, i.e. not rounded edge.

To determine the propagation and absorption of acoustic waves in a rigid-frame porous material, and in par-
ticular, the surface acoustic impedance of a layer of the RF foam, the so-called equivalent fluid approach is
used, in which the rigid porous medium saturated with air is replaced by an equivalent fluid with specific ef-
fective properties that depend on the geometry of the pore network as well as on the visco-thermal properties
of the air saturating the pores. The air properties are taken assuming normal conditions of ambient tempera-
ture (i.e. 20◦C) and pressure. These properties are: mass density, kinematic viscosity, Prandtl number, spe-
cific heat ratio and ambient mean pressure. The parameters related to the pore network geometry are those
used by the so-called Johnson-Champoux-Allard-Lafarge-Pride (JCALP) model [31, 32, 33, 34, 18], viz.:
open porosity, geometric tortuosity, two static tortuosities (viscous and thermal), two static permeabilities
(viscous and thermal), and two characteristic lengths (viscous and thermal). The open porosity and thermal
length are known directly from the geometry of the periodic cell (the thermal length is twice the ratio of the
volume of the pore network to its surface), while the remaining six parameters are determined by solving
three static problems in the fluid domain of the periodic cell representative for a porous material [19, 35, 36].
These are:

1. Stokes flow, i.e. viscous incompressible flow through the periodic pore network (to determine the
viscous permeability and static viscous tortuosity),

2. Laplace problem (to determine the geometric tortuosity and viscous characteristic length),

3. Poisson problem (to determine the thermal permeability and static thermal tortuosity).

These problems were solved for the periodic cell containing one spherical pore [19]. The material parameters
calculated in that way for the RF foam are listed in Table 1. It should be noted that no parameters have been
given for the solid skeleton of this material because it is stiff enough to be considered rigid in the case of
airborne acoustic waves. The parameters of the porous material, together with the kinematic viscosity and
Prandtl number of air, enabled the calculation of the so-called viscous and thermal dynamic tortuosities,
respectively αv(ω) and αth(ω), using the JCALP model [18, 19]. These two functions are complex-valued
and depend on the angular frequency ω. They allow to determine the effective properties, i.e. the effective
density %e, bulk modulusKe, speed of sound ce, and characteristic impedance Ze of the equivalent fluid, viz.:

%e(ω) =
ραv(ω)

φ
, Ke(ω) =

γP0

φ

(
γ − γ − 1

αth(ω)

) , ce(ω) =

√
Ke(ω)

%e(ω)
, Ze(ω) = %e(ω) ce(ω). (28)

Here, φ is the open porosity of the material, whereas ρ, P0, and γ are the mass density, ambient mean
pressure and ratio of specific heats for the fluid (i.e. air) saturating the pores, respectively. For plane acoustic
waves penetrating a layer of such porous material with a thickness of H , the surface acoustic impedance can
be calculated as

Zs(ω) = −jZe(ω) cot

(
ωH

ce(ω)

)
. (29)

This impedance can be used in boundary conditions on the walls and ceiling where such a porous treatment
is to be used.

The second material considered for the room treatment is a poroelastic polyurathane foam saturated with air.
This material is modelled using the so-called Biot-Allard model [18, 22, 23], where the equations of Biot’s
poroelasticity [20, 21, 22, 23] are solved for the material layer with a thickness of H . Some coefficients
of these partial differential equations are associated with the dynamic tortuosities, which can be determined
using the so-called Johnson-Champoux-Allard (JCA) model [31, 32, 18], so in fact here, the Biot-Allard
model can be more precisely called by the name of the Biot-JCA model. The required parameters associated
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Table 1: Parameters for rigid-frame porous material and poroelastic foam

Parameter Unit RF foam PE foam
open porosity % 67.18 97

geometric tortuosity – 1.547 2.52
static viscous tortuosity – 2.238 –
static thermal tortuosity – 1.307 –

viscous permeability 10−10m2 1.681 2.093
thermal permeability 10−10m2 6.979 –

viscous length 10−6m 47.41 37
thermal length 10−6m 98.06 119

bulk density kg/m3 – 31
shear modulus Pa – 55000

loss factor – – 0.055
Poisson’s ratio – – 0.3

with the pore network are: open porosity, geometric tortuosity, viscous permeability, and both characteristic
lengths. The viscoelastic properties of poroelastic foam are associated with the solid skeleton, which in this
material becomes the carrier of acoustic waves, just like the air saturating the pores. The solid skeleton prop-
erties are: bulk density, bulk shear modulus and loss factor, and bulk Poisson’s ratio. All material parameters
for the PE foam [22] are listed in Table 1. These parameters enabled the calculation of coefficients for the
Biot’s poroelastic equations. Then, these equations were solved for a 40 mm thick poroelastic layer subject
to plane acoustic waves at normal incidence, and the surface acoustic impedance Zs(ω) was determined for
the layer.

Figure 5 shows the real and imaginary parts of the normalized surface acoustic impedance ζ(ω) = Zs(ω)/ρc
(note that ρc is the characteristic impedance of air) calculated for both porous materials, i.e. the rigid-frame
foam and poroelastic foam. In both cases the layer thickness was H = 40 mm.
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Figure 5: Real and imaginary parts of the normalized surface acoustic impedances for 40 mm layers of the
RF foam (solid line) or PE foam (dashed line)
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5 Results of numerical simulations

Numerical simulations were carried out for a rectangular room configuration previously considered when
validating the theoretical model (see Figure 2). As in that case, a sound source was assumed to be located
at the point r0 = (5 m, 3.5 m, 1.6 m). The first part of a numerical study was aimed to investigate how
absorbing properties of room walls affect the low-frequency TF. Three cases were analyzed in numerical
simulations, viz.:

1. In the first case it was assumed that all room walls are nearly hard acoustically, which means that a
magnitude of the normalized wall impedance ζ is large but finite. (Note that when a room wall is
acoustically hard, a magnitude of wall impedance is theoretically infinite.) In numerical model, this
requirement was achieved by assuming that ζ = 2− 100j.

2. In the second case, the floor was still modeled as nearly acoustically hard, while the sound absorbing
porolastic material (PE foam) was placed on the ceiling and lateral walls to improve acoustic quality
of the room.

3. In the third case, the designed periodic porous material with rigid frame (RF foam) was placed on the
ceiling and walls of the room; the floor was modeled as nearly acoustically hard.

In all cases, the TFs were computed at two positions of receiving point, namely, at the points (2.5 m, 2 m, 1.2 m)
and (3.5 m, 4 m, 1.4 m), to examine the TF sensitivity to a location of the observation point.

The results calculated for cases 1 and 2 are presented in Figure 6. Comparison of these results indicates
that the considered frequency range can be divided into two subranges: 20–100 Hz and 100–500 Hz. In the
lower frequency subrange the TFs obtained for cases 1 and 2 are very similar and the main difference is that
they are shifted relative to each other by a few Hz. The similarity between the TFs is due to the fact that
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Figure 6: Comparison of low-frequency TFs for nearly hard room walls (case 1, green lines) and for the ab-
sorbing material (case 2, PE foam) placed on the room ceiling and lateral walls (red lines) with the receiving
point located at: (a) position (2.5 m, 2 m, 1.2 m), or (b) position (3.5 m, 4 m, 1.4 m).
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Figure 7: Comparison of low-frequency TFs for nearly hard room walls (case 1, green lines) and for the
absorbing material (case 3, RF foam) placed on the room ceiling and lateral walls (blue lines) with the
receiving point located at: (a) position (2.5 m, 2 m, 1.2 m), or (b) position (3.5 m, 4 m, 1.4 m).

Figure 8: Distribution of the pressure amplitude P on (x, y) plane at the distance z = 1.2 m from the room
floor for the source frequency of 100 Hz: (a) case 1 – nearly hard room walls, and (b) case 2 – poroelastic
absorbing material (PE foam) placed on the ceiling and lateral walls.
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up to the frequency of 100 Hz the normalized reactance ζi of the absorbing material (PE foam) has a high
absolute value, i.e. 10 < |ζi| < 50 (see the dashed curve in the lower chart of Figure 5), therefore, a sound
damping efficiency of this material is too low to reduce strong resonant peaks occurring in the TF for nearly
hard room walls. On the other hand, the frequency shift follows from the fact that in Eqs. (21) and (22) the
phase ϕm, which depends on ζi, is summed with the sound frequency ω. Therefore, the observed frequency
shift is due to the difference between values of ζi for cases 1 and 2. In the frequency subrange 100–500 Hz,
the material damping efficiency is much higher, which results in a significant reduction in resonance peaks.
Finally, it can be clearly seen when comparing both charts in Figure 6 that a change in the position of the
receiving point may substantially modify the predicted TFs.

Figure 7 presents the results calculated for cases 1 and 3, i.e. compares the TFs obtained for the room with
nearly rigid walls (including floor and ceiling) and for the same room with the RF foam placed on the ceiling
and lateral walls. Although the results obtained for this porous material are different, similar observations
have been made and similar conclusions can be drawn, as in the case of poroelastic treatment.

In the second part of the numerical study, spatial distributions of the steady-state pressure amplitude P for
cases 1 and 2 were simulated. In the numerical algorithm, the room volume was discretized by a mesh
system that has uniform horizontal and vertical mesh sizes, i.e. ∆x = ∆y = ∆z = 0.1 m. Figures 8 and 9
show simulation results obtained for the source frequencies of 100 Hz and 300 Hz, respectively, on the (x, y)
observation plane located at a distance of z = 1.2 m from the room floor. The graphs have a form of colored
contour maps which are two-dimensional representations of three-dimensional data. The results depicted
in Figure 8 indicate that placing the absorbing material on the ceiling and lateral walls entails a significant
decrease in the pressure amplitude. Moreover, an increase of sound damping inside the room causes a clearly
visible changes in the pressure amplitude distribution on the observation plane. In the case 1, this distribution
is so regular (see Figure 8a) because the source frequency of 100 Hz is very close to the frequency of the
22nd eigenmode having indices: nx = 3, ny = 2, and nz = 0, see Eq. (26). A similar regularity is noted

Figure 9: Distribution of the pressure amplitude P on (x, y) plane at the distance z = 1.2 m from the room
floor for the source frequency of 300 Hz: (a) case 1 – nearly hard room walls, and (b) case 2 – poroelastic
absorbing material (PE foam) placed on the ceiling and lateral walls.
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for the frequency of 300 Hz (see Figure 9), but in this case the decrease in the pressure amplitude is not
so significant. In addition, in the case 2 the pressure amplitude distribution becomes much irregular (see
Figure 9b) because near this source frequency there are three eigenmodes that partially overlap.

6 Conclusions

In this paper, the theoretical model was constructed to predict a low-frequency steady-state sound field in
enclosed spaces with complex-valued conditions on boundary surfaces. Using the obtained general solution
of the inhomogenous wave equation, a formula for the impulse response was determined which makes it
possible to study interior acoustics problems for both steady-state and transient conditions. The theoretical
model was numerically validated by comparing the calculated transfer functions with those obtained by the
finite element method. Calculations based on the theoretical model are extremely fast compared to finite
element computations. They are therefore suitable for optimization associated with the selection of acoustic
material (or rather, its surface acoustic impedance) used on the walls of rooms of regular shapes. The
optimized selection can be combined with microstructure-based design of acoustic porous treatments.
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Lightweight building floor using composite materials and 
the reduction of low-frequency vibrations 

H. Matsushita 

Takenaka Corporation, R & D institute, Architectural environmental engineering department 
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Abstract 
In this paper, two types of lightweight floors made of composite materials, such as polycarbonate and carbon 

fiber reinforced plastics, were designed and proposed as examples. Their mass and vibration characteristics 

were compared with those of conventional building floors that are composed of concrete slab and steel 

beams. In addition, as a measure of improving their deteriorated vibration characteristics in low-frequency 

ranges, which can cause uncomfortable vibrations and sounds due to footsteps, the implementation of 

metamaterials based on resonators was proposed, and their effectiveness was analytically verified. 

Accordingly, it was confirmed that lightweight floorboards with mass of about 15% of that of conventional 

concrete floors and that have equivalent vibration characteristics can be realized. 

1 Introduction 

Building weight reduction is beneficial in various aspects, such as reducing the burdens of transporting 

building materials, shortening construction periods, improving construction safety, etc. These effects reduce 

environmental loads and also improve the degree of freedom in architectural design. Generally, in the case 

of steel-structured buildings, concrete floorboards occupy approximately 35% of the weight of buildings, 

which is the major part of the total weight. Additionally, floorboards mostly contribute to supporting the 

weight of the floorboards themselves rather than supporting the loads on them. For these reasons, the weight 

reduction of floorboards is effective for the lightweight design of buildings. 

To reduce the weight of floorboards, it would be meaningful to apply light composite materials that can 

realize high strength and high rigidity. Due to the need for free molding, the increasing momentum for 

automation and building construction efficiency can also be a tailwind for implementing composite 

materials where 3D-printing technology is relatively easy to use. However, the weight reduction of 

floorboards involves various challenges, including the higher susceptibility to vibration. Such floorboards 

may cause uncomfortable vibrations for people who live on them in addition to noise problems due to the 

sound of footsteps. Hence, vibration and sound reduction technologies are also essential for lightweight 

floorboards. 

In this study, based on the above background, two types of lightweight floorboards were designed by using 

composite materials, such as polycarbonate and carbon fiber reinforced plastics (CFRP). The honeycomb 

structure and floorboards that are based on catenary curves are representative examples of lightweight and 

highly rigid floorboards, where a catenary curve is a curve drawn by a hanged chain. These lightweight 

floorboards were designed to have static stiffness in comparison with conventional concrete floors, and their 

vibration characteristics were also compared. Finally, the implementation of metamaterials based on 

resonators as a measure to improve the vibration characteristics of lightweight floors was considered. 
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2 Design of lightweight floorboards 

2.1 Considered floorboards 

2.1.1 Conventional concrete floors 

With the exception of wooden buildings, in medium to large buildings, floor slabs are generally made of 

concrete, and the frame is usually composed of concrete or steel. In this study, the proposed lightweight 

floors were compared with a concrete floor supported by steel beams, which was set up as a general building 

floor example. Figure 1 shows the plan and cross-sectional views of the considered concrete floor in this 

study. The thickness of the concrete slab is 150 mm, and the height of the large I-beams surrounding the 

slab on all four sides is 488 mm. Also, the two small I-beams, which are located at the position at which the 

slab is divided into thirds, have a height of 399 mm. The cross-sectional dimensions of each I-beam, which 

were selected in accordance with the Japanese Industrial Standards, are shown in Table 1. Moreover, Figure 

1 shows an overview of the finite elements method (FEM) analysis model of this floor, and Table 2 provides 

the physical properties, such as the stiffness, mass density, and Poisson's ratio of the used materials in the 

FEM analysis. To simplify the study, the four edges around the slab were assumed to be simply supported. 

Additionally, a nodal point in the center of the slab was set as a driving and an evaluation point for the static 

stiffness and vibration characteristics, as described in Section 2.2.  

 

Figure 1: Plan and cross-sectional views of the conventional concrete floor (left); Overview of the FEM 

model of the concrete floor (right) 

Table 1: Cross-sectional dimensions of the steel I-beams 

No. of I-beam Height of beam [mm] Width of flange [mm] Thickness of flange [mm] Thickness of web [mm] 

1 488 300 18 11 

2 396 199 11 7 

Table 2: Physical properties of the used materials in the concrete floor model 

Material Young’s modulus [N/m2] Mass density [kg/m3] Poisson’s ratio 

Concrete 2.27e10 2,447 0.2 

Steel 2.05e11 7,850 0.3 
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2.1.2 Honeycomb structure 

When considering the weight reductions of the structures under the requirement of achieving a given 

stiffness, it is important to identify which parts of the structure contribute to the increase in the stiffness. For 

the honeycomb plate as the first example of the lightweight structures, first, the relationship between the 

dimensions of each member of the honeycomb and the static stiffness of the whole plate was investigated 

using small-scale analytical models. Figure 2 and Table 3 show the dimension parameters of the 

investigation. Based on the assumption that the boundary conditions of the four edges of the whole plate are 

a simple support, the static stiffness in the out-of-plane direction at the center of the plate was obtained using 

the FEM analysis method. Considering that the hexagonal structure located inside the plate can be 

manufactured using a 3D printer, polycarbonate was chosen for that material. Also, the sandwich plate that 

sandwiches the hexagonal structure was considered to be relatively easy to construct, so the CFRP, which 

is more rigid than polycarbonate, was chosen for the material of the sandwich plate. Table 4 shows the 

characteristics of these materials. Since this study is still in the basic stage, the anisotropy of these composite 

materials was not considered. 

 

Figure 2: The considered parameters for the honeycomb plate; Plan view of the hexagonal structure (upper 

left); A-A’ cross-sectional view of the hexagonal structure (lower left); Plan view of the whole plate (right) 

Table 3: Considered parameters in the honeycomb plate 

Part of the structure Symbol 
Values 

[mm] 

Thickness of the hexagonal lib tl 10, 20, 30, 40, 50 

Edge length of the hexagonal structure le 50, 100 

Height of the whole plate h 100, 200, 300, 400, 500 

Thickness of the sandwich plate ts with (10 mm) or without 

Length of the whole plate  L 1,500, 3,000, 6,000 

Table 4: Physical properties of the used materials in the honeycomb model 

Material 
Young’s modulus 

[N/m2] 

Mass density 

[kg/m3] 
Poisson’s ratio 

Polycarbonate 2.30e9 1,200 0.3 

CFRP 1.00e11 1,600 0.3 

 

Figure 3 shows an example of the relationship between the overall panel weight and the out-of-plane static 

stiffness at the center of the panel for each parameter in case of a 3,000-mm square plate. From this figure, 

it can be seen that the static stiffness of the honeycomb plate changes according to an exponential function, 

as the dimensions change at each part. Also, it can be observed that the slopes of the approximate lines for 
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the varying thicknesses of the honeycomb libs and for the varying length of the edge of the honeycomb 

structure are nearly equal. This implies that increasing the number of honeycomb units by reducing the 

length of the ribs in the honeycomb structure is almost synonymous with increasing the thickness of the ribs 

in the honeycomb structure. In addition, form the slopes of the approximate lines, it can be concluded that 

the most efficient way for increasing the static stiffness of the honeycomb plate with respect to the mass 

increase is to increase the overall height of the honeycomb plate. From the figure, it can also be seen that 

adopting a sandwich plate greatly increases the static stiffness of the whole plate but does not affect the 

degree of change in the static stiffness by changing the height of the whole plate. 

In all the cases of the whole plate length, the same above-mentioned trends were obtained. In other words, 

these trends are independent of the overall size of the plate. Based on these results, in Section 2.2, the 

dimensions, mass, etc. of a 10,000-mm square honeycomb floorboard with a static stiffness equivalent to 

that of a concrete floor are discussed. 

 

Figure 3: Relationship between the overall panel weight and the out-of-plane static stiffness at the center of 

the panel in the case of the 3,000-mm square plate 

2.1.3 Catenary beam 

The catenary curve is a curve drawn by a string-like object supported at both ends. Strings do not bear 

compression forces and bending moments and only bear tension. Therefore, when the upside-down arch-

like shape of a catenary curve is formed with materials such as concrete or stone, only the compression 

forces arise in the structure. This is an efficient structure in terms of mechanics and the reduction of the 

amount of materials.  

The catenary curve where the origin (z, x) = (0, 0) is the vertex is given by the following equation. 

 𝑧 = 𝑎 (1 −
𝑒
𝑥
𝑎⁄ +𝑒

−𝑥
𝑎⁄

2
) (𝑎: constant value) (1) 

The slope and height of the curve vary depending on the constant value “a” in the equation. In applying the 

catenary curve to the shape of the beam, the relationship between the slope of the catenary curve and the 

stiffness of the beam was investigated in comparison with the rectangular-shaped simple beams.  

Figure 4 shows an example of a beam applied with a catenary curve. The total heights of the catenary beam 

“hb” were set to be equal in weight to the rectangular-shaped beams for comparison. The beam heights of 

the rectangular-shaped beams were set at 300 mm, 400 mm, and 500 mm. Figure 5 shows the shapes of the 

studied beams in the case in which the height of the compared reference rectangle beam is 300 mm. The 

numeric values in the legend denote the height of the catenary curve from the bottom to the vertex, which 

is shown as “hc” in Figure 4. In Figure 5, the areas between the top line and bottom lines are equal among 

all the cases, including the case of the rectangular-shaped beam. Table 5 provides an overview of the shapes 

of the rectangular and the catenary beams. 
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Figure 4: Example of the shape of a catenary beam 

 

Figure 5: Outline of the beam shapes wherein the height of the reference rectangle beam is 300 mm 

Table 5: Overview of the shapes of the beams 

hc 

[mm] 
a 

hb [mm]  

hc 

[mm] 
a 

hb [mm] 

Height of reference rectangular beam  Height of reference rectangular beam 

300 mm 400 mm 500 mm  300 mm 400 mm 500 mm 

100 125,017 367 467 567  500 25,083 634 734 834 

200 62,533 433 533 633  600 20,933 700 800 900 

300 41,716 500 600 700  700 17,972 767 867 967 

400 31,316 567 667 767  800 15,756 834 934 1,034 

 

To study the effect of the beam stiffness due to the changes in the catenary curve, the deformations of a 

beam under a distributed load over its entire length and under a single concentrated load on its center were 

calculated using the FEM analysis (see Figure 6). Figure 7 shows the displacement at the center of the beam 

when a distributed load and a single concentrated load were applied. The case wherein the height of the 

catenary curve is zero means that the beam is the reference rectangular beam. In both loading conditions 

and with all the heights of the reference rectangular beam, as the height of the catenary curve “hc” increased, 

the absolute value of the deformation of the center of the beam decreased, i.e., the stiffness of the beam 

increased. In the case that the height of the reference rectangular beam was 300 mm, the smallest value of 

the absolute deformation value was found to be 400 mm or 500 mm of the height of the catenary curve. As 

the height of the reference rectangular beam increased, the peak position of the stiffness progressively 

shifted to the right, which is a larger value of the height of the catenary curve, but the changes in the catenary 

beam stiffness became smaller. Considering that the total thickness of the concrete floor, including the 

height of steel beams, usually ranged from 600 to 700 mm, it is reasonable to make the catenary curve at a 

height of 500 mm and the total beam height at around 650 mm, which has the same stiffness as the 

rectangular beam with the height of 300 mm. Based on these results, in the next section, a floorboard using 

a catenary curve is discussed and compared with the concrete floor. 

 

Figure 6: Conditions of the distributed loading (left) and the concentrated loading (right) 
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Figure 7: Relationship between the catenary shape and the deformation at the center of the beams by the 

distributed (left) and concentrated loads (right) 

2.2 Comparison of the designed lightweight floorboard and concrete floor 

Based on the results of the previous experiments, floorboards with honeycomb structures and catenary 

beams with static stiffness comparable to that of the conventional concrete floor were designed. For the 

honeycomb floorboard, the height of the floor plates was increased instead of increasing the thickness of the 

ribs or densely arranging the hexagonal structures. For the catenary floorboards, the beams, which have a 

catenary curve height of 500 mm and a total height of 650 mm, were arranged as radiating from the center 

of the floorboards. The top and bottom surfaces of the floorboard and the honeycomb floorboards were 

covered with CFRP plates. The sides of the floorboard were also covered with CFRP plates to strengthen 

the support of the ends of the catenary beams. An overview of the obtained honeycomb floorboard and 

catenary floorboard, which have the same static rigidity as conventional concrete floorboards, is shown in 

Figure 8 and Table 6. 

 

Figure 8: Plan and cross-sectional views of the designed catenary floorboard (left); Overview of the FEM 

model of the catenary floorboard (right) 

Table 6: Dimensions of the designed honeycomb (left) and catenary (right) floorboards 

Part of the structure Values [mm]  Part of the structure Values [mm] 

Thickness of the hexagonal lib 10  Thickness of the catenary beam 15 

Edge length of the hexagonal 

structure 
100 

 Height of the  

catenary curve 
500 

Height of the whole floorboard 300  Height of whole floorboard 650 
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Thickness of the upper sandwich 

plate (CFRP) 
10 

 Thickness of the upper 

sandwich plate (CFRP) 
10 

Thickness of the lower sandwich 

plate (CFRP) 
20 

 Thickness of the lower 

sandwich plate (CFRP) 
20 

 

The static stiffness was evaluated with the accelerance, which is the acceleration response generated by a 

unit force. Figure 9 shows the accelerances at the center of each floorboard obtained by the FEM analysis. 

In this figure, it can be seen that the accelerances had the same value in the low-frequency area below the 

first natural frequencies, which means that these three floorboards have the same static stiffness. The first 

natural frequencies of the honeycomb and catenary floorboards were higher than the natural frequency of 

the concrete floor. This means that the weight of each of these floorboards is lighter than that of the concrete 

floor. Table 7 shows the weights of the three floorboards. The weight of the honeycomb floorboard is about 

18% of the weight of the concrete floorboard. The weight of the catenary floorboard is the lightest, and it is 

about 13% of the weight of the concrete floor. 

However, the accelerances of the two lightweight floorboards in the higher frequency range above the first 

natural frequency were higher than the accelerance of the concrete floor. In residential and office buildings, 

the characteristics of floor vibrations in the frequency band of several tens of Hz are important from the 

point of view of vibration and heavy floor impact noises caused by human walking. To prevent these 

problems, it is believed that these lightweight floorboards are required to have vibration characteristics that 

are at least as good as those of conventional concrete floors. In Figure 10, some examples of the mode shape 

of the catenary floorboard are shown. Naturally, we can see that the higher the frequency, the more complex 

the mode shape. To suppress the vibration of these complex modal shapes, an application of metamaterials 

based on resonators is investigated in the next section. 

 

Figure 9: Accelerances at the center of the floorboards 

Table 7: Weights of the floorboards 

Floorboard Weight [kg] Weight ratio 

Concrete 50,352 - 

Honeycomb 9,056 17.9 % 

Catenary 6,453 12.8 % 

 

 

Figure 10: Examples of the mode shape of the catenary floorboards 
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3 Fundamental study on the layout of resonators for metamaterials 

Originally, metamaterials were first proposed in the field of optics and have been developed in the field of 

electromagnetism [1][2]. In recent years, researches in the fields of acoustics and structural dynamics have 

also been actively pursued. The principle of wave suppression varies from a field to another, and especially 

in the field of structural dynamics, most of them are based on periodically arranged resonators. Using a 

planar structure, Claus C. Claeys analytically and experimentally verified that a high vibration reduction 

effect can be achieved by properly designing the relationship between the wavelength of the vibration to be 

suppressed and the distance between periodically arranged resonators [3]. The application of resonator-

based metamaterials to beam-like structures has also been proposed [4]. However, even in studies in the 

structural dynamics field, the target frequency ranges are much higher than the targeted frequency range in 

this study. 

One of the most important features of metamaterials is, as mentioned earlier, the periodically arrangement 

of resonators in relation to the wavelength of the targeted wave. However, as seen from the mode shapes in 

Figure 10, the wavelengths we are interested in in this study include very long wavelengths that are 

equivalent to the entire length of the floorboard. Therefore, to determine how to place the resonators in the 

catenary floorboard, it is necessary to understand the length of the waves range for which the resonator-

based metamaterials can be effective. In this chapter, using a simple flat plate, arrangements of resonators 

and the vibration suppression effects of a resonator-based metamaterial are discussed for low-frequency 

vibrations, including vibrations at wavelengths on the meter order. 

3.1 Flat plate for the fundamental study 

Figure 11 shows an overview of the FEM model of the considered simple flat plate. The size of the plate is 

10 m by 10 m quadrat, and its thickness is 5 mm. All the edges of the plate were simply supported. Also, 

CFRP was used for the material as well as for the sandwich plate in the catenary floorboard.  

64 evaluation points were set on a quarter area of the plate, as shown in Figure 11. The acceleration 

spectrums when an impulse force was input at a driving point were calculated for every evaluation point, 

and the arithmetic mean of all the spectrums was obtained as an evaluation value for the vibration 

characteristic of the plate. Two driving points were set on the other area from the area where the evaluation 

points were set. These two points were set on the anti-nodes of the chosen modes for the modes to be 

considered. 

Examples of the mode shapes of the plate are shown in Figure 12. Five “orderly modes” with an equal 

number of anti-nodes aligned vertically and horizontally and two “unorderly modes” with irregularly located 

anti-nodes were picked up for the investigation of the effective alignments of resonator-based metamaterials. 

For the orderly modes, half of the wavelengths of the standing wave “λ/2” are shown together in the figure. 

A relationship between the frequency “𝑓” and the wavelength of the standing wave can be expressed using 

the following equation based on Kirchhoff's law. 

 𝑓 =
𝜋

𝜆2
√

𝑡2𝐸

12(1−𝜈2)𝜌
  (2) 

where 𝑡 denotes the thickness of the plate, 𝐸 denotes the Young’s modulus of the material, 𝜈 denotes the 

Poisson ratio, and 𝜌 denotes the mass density. 

Although the wavelengths of the unorderly modes cannot be obtained using this equation, they were 

hypothetically calculated as the wavelengths of orderly waves, as shown in the figure as “λhyp/2”. 
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Figure 11: Overview of the FEM model of the simple flat plate 

 

Figure 12: Mode shapes picked up for the investigation of the alignments of the resonators 

3.2 Layout of the resonators 

Figure 13 shows the main layouts of the resonators. The interval distances of the resonators “𝑙” are dictated 

using the following equation.  

 𝑙 =
10000

26
𝑛 = 625𝑛 (𝑛: natural numbers) (3) 

The total mass of all the resonators in each layout is 100 kg, which is 1.25% of the mass of the whole plate 

and 5% of the effective mass of the first mode of the plate. The layouts fall into two categories: “center 

arrangement” and “symmetric arrangement”. In the center arrangement category, one resonator is located at 

the center of the plate, and the other resonators are aligned with the obtained interval distances using 

equation (3). In the symmetric arrangement, the center of the plate is vacant, and the resonators are 

symmetrically located against the vertical and horizontal center lines. These two arrangement categories 

were set up to study the differences in the vibration reduction effect due to the position relationship between 

the anti-nodes of the mode shapes and the resonators. In addition to these 16 layouts, more layouts where 

the interval distance of the resonators is the same with “λ/2” were also considered. 
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Figure 13: Main layouts of the resonators 

The resonance frequencies of the resonators “𝑓𝑟𝑒𝑠𝑜” were optimized for the target frequencies “𝑓𝑡𝑎𝑟𝑔𝑒𝑡” 

based on the assumption that the mass ratio is constantly 5% in all the targeted frequencies. Therefore, the 

resonance frequencies are given by equation (4). 

 𝑓𝑟𝑒𝑠𝑜 =
𝑓𝑡𝑎𝑟𝑔𝑒𝑡

1+𝜇
 (𝜇: mass ratio (0.05)) (4) 

The damping ratios of the resonators “ℎ𝑟𝑒𝑠𝑜” were also optimized based on the assumption that the mass 

ratio is 0.5, and they were calculated to be 0.133 by equation (5). 

 ℎ𝑟𝑒𝑠𝑜 = √
3𝜇

8(1+𝜇)
 (𝜇: mass ratio (0.05)) (5) 

According to the above resonator conditions, all of the resonator layouts were studied for the above-

described seven target modes. 

3.3 Vibration reduction effects 

For all the combination cases of the resonator layout and target modes, the acceleration response spectrums 

were obtained using the FEM analysis, and the results were compared with those of the case without the 

resonators. Figure 14 shows the reduction ratios of the acceleration amplitude at each target frequency. The 

enclosed results with red rectangles are the results of the cases in which the interval distance of the resonators 

was equal to half the wavelength of the target mode. For the cases of the unorderly mode, where the 

frequencies were 31.9 Hz and 54.4 Hz since the wavelength of the standing wave is not defined, the 

hypothetically calculated half of the standing wavelength “λhyp/2” is shown by the dashed red rectangle in 

the figure. In the case of the first mode where the frequency was 3.75 Hz, the arrangement where the interval 

distance of the resonators is equal to half the wavelength of the mode, namely 10,000 mm, is only defined 

for the central arrangement. Furthermore, since this case has the same resonators arrangement as that of the 

symmetric arrangement, where the interval of resonators is 5,000 mm, the description of the results was 

omitted. 

From this figure, it can be said that in all the cases of the orderly modes, except for the case of 93.4 Hz, 

when the interval distance of the resonators was equal to half the wavelength of the controlled mode, the 

vibration suppression effect could only be obtained in either the central or the symmetric arrangement. The 

reason for this is that if the interval distance of the resonators is equal to half the wavelength of the target 

mode and that the position of the resonator and the anti-node of the mode matches either the central or the 

symmetrical arrangement, the position of the resonator then definitely matches the position of the nodes of 

the mode in the other arrangement. 

Whereas, in all the cases, the difference in the vibration reduction ratio between the central and the 

symmetric arrangement became smaller as the interval distance between the resonators became shorter. 
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Furthermore, in the case with the shortest interval distance between the resonators, the vibration reduction 

effect of the central and symmetric arrangement was almost equal. Figure 15 is a diagram in which the 

interval distances between the resonators on the horizontal axis in Figure 14 are normalized by half the 

wavelength of each target mode. From this figure, it can be seen that when the length ratio of the interval 

distance of the resonators to half the wavelength of the target mode became smaller than 0.5, the vibration 

reduction ratios in the central and symmetric arrangement were almost equal in all the cases. This is due to 

the positional relationship between the anti-nodes of the target mode and the resonators. Even when all the 

resonators coincided with the node position of the target mode where the length ratio was 1, it can be seen 

that many resonators were located at or near the anti-nodes of the mode when the length ratio became 0.5, 

and the vibration reduction effect was increased. However, when all the resonators were at the anti-nodes 

position of the target mode when the length ratio was 1, many resonators moved out of the anti-nodes 

position when the length ratio became 0.5, and the vibration reduction effect was reduced.  

In contrast, in the case where the target frequency was 93.4 Hz, even when the length ratio was 1, the 

vibration reduction ratio was almost the same in both the central and symmetric arrangements, and even 

when the length ratio became shorter than that, the reduction value did not change much. This result can be 

attributed to the mode density. Figure 16 shows the relationship between the orders of the modes and the 

calculated wavelengths from the frequencies of the modes by formula (2). Although the wavelengths are 

hypothetical values except for the wavelengths of the orderly mode, it is implied that the higher the order of 

the mode, the more the number of modes in the narrow wavelength range. This means that for higher-order 

modes, vibration reduction can be achieved by influencing multiple vibration modes with similar 

wavelengths, even if the resonators are located at the nodes of an orderly mode. 

 

Figure 14: Reduction ratios of the acceleration amplitude at each targeted mode 

 

Figure 15: Relationship between the reduction ratios and the length ratio of the interval distances of the 

resonators to half the length of the standing waves 
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Figure 16: Relationship between the orders of the modes and the standing wavelengths 

According to the above-mentioned results, the following points were suggested. 

 The resonators should be arranged in a pattern in which the distance of the interval is similar to half 

the length of the wave of the target mode, where the positions of the resonators are on the anti-node 

of the target mode. 

 The positions of the resonators do not need to be considered when the interval of the resonators is 

set in less than half the length of the wave of the target mode. 

 When the order of the target mode is relatively high, such as with the mode that has five anti-nodes 

in one direction, the positions of the resonators do not necessarily have to be on the anti-nodes. 

4 Improvement of the vibration characteristics of the catenary 
floorboard with metamaterials 

Based on above-mentioned suggestions, the improvement of the vibration characteristics of the catenary 

floorboard using resonator-based metamaterials is discussed in this chapter. 

4.1 Evaluation method 

The vibration characteristics were evaluated using arithmetic means of acceleration spectrums that were 

generated at multiple points by a driving force, which was an impulse force of 1 N through all the frequencies. 

The evaluation points and the driving point on the concrete floor and the catenary floorboard are plotted in 

Figure 17. In the catenary floorboard, the driving point and the evaluation points were set on the upper 

sandwich plate that is made of CFRP with a thickness of 1 mm. 

 

Figure 17: Evaluation points and the driving point with the concrete floor (left) and the catenary floorboard 

(right) 
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Figure 18 shows the arithmetic means of the acceleration spectrums at multiple evaluation points with the 

concrete floor and catenary floorboard without resonators. Similar to Figure 9, it can be observed that the 

vibration response with the catenary floorboard at a frequency range higher than the first natural frequency 

is about one order higher than that with the concrete floor. Also, many peaks can be seen, which means that 

many modes are densely contained in the frequency range. In this study, the desired vibration performance 

was provisionally set as a level of acceleration response equal to that of the concrete floor, which is 1.0*10−3 

m/s2. 

 

Figure 18: Acceleration spectrums with the concrete floor and catenary floorboard 

4.2 Resonator application policy 

In Figure 10, while the simple modal shapes at the lower frequencies are global modes where all the upper 

and lower sandwich plates and the catenary beams contribute, the complex modal shapes seem to be derived 

only from the vibrations of the upper sandwich plate. For the upper sandwich plate, the wavelength of the 

standing wave at the frequency of each mode was calculated using formula (1) based on the Kirchhoff 

theory, and the wavelengths were roughly consistent with the depicted wavelengths in the mode shapes (see 

Figure 19). According to these results, layouts of the resonators were designed referring to the orderly mode 

shapes of the upper sandwich plate. Table 8 shows the frequencies and half the wavelength of the orderly 

modes calculated by formula (1). In this study, the periodical layouts of the resonators, which are composed 

of metamaterials, were designed for modes above 30 Hz, where the complicated upper sandwich plate’s 

mode shapes appear. The interval distances of the resonators were set to a maximum length shorter than half 

the wavelength of the targeted mode with a resolution of 200 mm. From the first to the fourth mode, which 

has the global mode, the resonators were placed at the position of the anti-nodes of each mode. 

 

Figure 19: Comparison of the mode shapes and the calculated wavelength of the standing wave 

Table 8: Hypothetic frequencies and half the wavelength of the orderly modes of the upper sandwich plate 

Number of anti-node 

in one direction 
Frequency [Hz] 

Half the length of standing 

wave [mm] 

Interval distance of 

resonators [mm] 

1 0.7 10,000 - 

2 3.0 5,000 - 

3 6.8 3,333 - 

4 12.0 2,500 - 

5 18.8 2,000 - 
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6 27.0 1,667 - 

7 36.8 1,429 1,400 

8 48.1 1,250 1,200 

9 60.9 1,111 1,000 

10 75.2 1,000 1,000 

11 90.9 909 800 

Figure 20 shows the layouts of the resonators. First, the total mass of the periodically arranged resonators 

was set as 20 kg for each target mode, which is 1.25% of the mass of the upper sandwich plate. Also, the 

mass is 5% of the effective mass of the first mode of the upper sandwich plate. The total mass of the 

resonators for each low frequency was set as 1.25% of the whole floorboard mass, which is 5% of the 

effective mass of the first mode of the whole floorboard. For each resonator, the resonance frequency and 

damping ratio were set by equations (2) and (3) based on the assumption that the mass ratio is 5%. 

 

Figure 20: Layouts of the resonators for the catenary floorboard 

4.3 Simulation results 

Figure 21 shows the simulation results. In this figure, the implementation conditions of the resonators, the 

whole weight of the floorboard, and the weight ratio against the concrete floorboard of each case are also 

listed. First, to investigate the frequency ranges of the vibration reduction effect by the periodically arranged 

resonators, only the periodically arranged resonators were applied (case 1–5). The upper left graph shows 

the results, and the red dot lines show the target frequencies. In case (1), although the target frequency was 

90.9 Hz, the acceleration amplitude was reduced from about 70 to 100 Hz. In case (2), where the target 

frequencies were 90.9 Hz and 75.2 Hz, the frequency range in which the acceleration amplitude was reduced 

was extended to range from 50 to 100 Hz. In this way, as the number of target frequencies increased, the 

frequency range in which the acceleration amplitude was reduced overlapped and expanded. In case (5), 

where all periodically arranged resonators were applied, the acceleration amplitudes were reduced in all the 

frequency bands above 30 Hz. 

The upper right graph shows the effect of the increasing mass of the periodically arranged resonators. In 

these cases, the mass of the resonators was increased from 5 to 40% against the effective mass of the first 

mode of the upper sandwich plate. As the mass of the resonators increased, the effect of the acceleration 

reduction increased, and the desired performance of 1.0*10−3 m/s2 was almost achieved in case (8), where 

the mass ratio was 40%. 

The lower left graph shows the results of the cases in which the resonators for the lower frequencies and the 

periodically arranged resonators for the higher frequencies were applied together. The acceleration peaks of 

the first, second, and third modes were effectively reduced by implementing the resonators at the position 
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of the anti-nodes of the modes. As a result, the desired performance was achieved by 10% of the mass 

against the effective mass of the first mode of the whole floorboard. 

Finally, the total weight of the catenary floorboard, including all the resonators, reached 7,576 kg, and the 

weight ratio against the concrete floor was 15%. This weight is still less than the weight of the honeycomb 

floorboard. 

 

Figure 21: Vibration reduction effect by the resonators and the total weight of floorboard 

5 Conclusion 

In this paper, with the purpose of decreasing the weight of building floors, lightweight floorboards made of 

composite materials were proposed. The floorboards were designed to obtain a static stiffness equal to that 

of conventional concrete floors based on the investigation of the relation between the dimensions of their 

parts and the static stiffness of the whole floorboard. For the beams of one of the lightweight floorboards, a 

special arch-like shape, called the catenary curve, was applied to realize further weight reduction. As a result 

of the weight reduction, the dynamic characteristics at the frequency range related to the vibrations and 

heavy impact sounds caused by footsteps became worse than those of concrete floorboards. 

Thus, this paper also proposed the implementation of resonator-based metamaterials as a measure to 

improve the dynamic characteristics. The basic characteristics of the metamaterials and the efficient layouts 

of the resonators in the low-frequency range under 100 Hz, which have not been studied in previous 

researches, were also investigated using the simple plate as an example.  

Based on the obtained knowledge from this investigation, resonator-based metamaterials were applied to 

the lightweight floorboards using catenary-shaped beams. The vibration modes of the lightweight 

floorboards were divided into global and local modes, and the metamaterials, which were composed of 

periodically arranged resonators, were applied to the local modes in which the mode shapes were more 

complex. As for the conventional resonators, they were applied to the global modes in which the mode 

shapes were simple. As a result, a sufficient vibration reduction effect was achieved over a wide frequency 
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range, and it was shown that 85% weight reduction is possible while maintaining almost the same static 

stiffness and vibration characteristics of conventional concrete floors in the low-frequency range below 100 

Hz. 
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Abstract 
Viscoelastic sandwich structures have become one of the most important techniques to reduce structural 

vibrations. These structures have a great damping capacity due to their viscoelastic core, and their metallic 

skins provide them a high stiffness. In the present work, the improvement of using viscoelastic sandwich 

structures on the dynamic response of the cabin of an elevator was analysed. First of all, a numerical model 

of the sandwich structures was created. Afterwards, the numerical model of a cabin made of sandwich 

structures was created, and its dynamic response was obtained. This response was compared to the response 

of an entirely metallic cabin. On the one hand, the transmission of vibrations through the panels was 

analysed. On the other hand, the noise that the passengers would hear because of different sound sources 

was analysed. Considering the results of both analysis, the improvement of using viscoelastic sandwich 

structures was observed, showing that they could be a possible alternative to conventional metallic panels. 

1 Introduction 

Viscoelastic materials are one of the main passive damping techniques used to reduce structural vibrations 

and acoustic energies. Viscoelastic sandwich structures can be made by confining a viscoelastic core 

between two rigid layers. While the viscoelastic material provides a high energy dissipation, a high stiffness 

is obtained due to the rigid skins [1].  

Currently, micron-size viscoelastic adhesive films are starting to replace the conventional viscoelastic 

materials that were used in sandwich structures [2][3][4].Due to these adhesive films, structures with high 

stiffness-to-weight and damping-to-weight ratios can be obtained. Moreover, the total thickness of these 

structures is very similar to the thickness of the metallic layers. Therefore, conventional sheet forming 

processes can be used for their fabrication, which is an interesting feature for obtaining parts with a complex 

geometry. 

Apart from that, regulations about noise and vibration levels are becoming increasingly strict, which has 

made the NVH behaviour an important aspect to consider [5]. For those reasons, viscoelastic sandwich 

materials are starting to be used in many different applications. 

Conventionally, metallic panels are used to build elevator cabins. Despite their high stiffness, metals are not 

the best materials when attenuating vibrations. For that reason, sandwich structures formed with thin 

viscoelastic films could be an interesting alternative to conventional metallic materials in elevators and 

similar vertical transport applications. Therefore, the objective of this work is to analyse the effect of using 

sandwich structures on the dynamic response of an elevator.   

In order to perform the analysis, first of all, a numerical model that represents the behaviour of viscoelastic 

sandwich structures was created. Then, the numerical model of the elevator cabin was analysed, and the 
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effect that sandwich panels might have on the comfort of the passengers was studied. Two main aspects 

were analysed: the reduction of the vibrations on the elevator panels, and the reduction of the noise inside 

the cabin. 

2 Finite element model definition 

In this section, the procedure followed to create the numerical model of the elevator cabin is explained. First, 

simple viscoelastic sandwich structures were modelled. Afterwards, the sandwich structures were included 

in the model of the cabin, in order to analyse their effect on the response of the cabin. The analysis was 

divided into two parts: the dynamic analysis and the acoustic analysis. This section explains all the steps 

followed to define the numerical models for both of them. 

2.1 Viscoelastic sandwich model 

The sandwich structure analysed is symmetric and composed of thin viscoelastic films and metallic skins. 

A polyester-based adhesive is used as a viscoelastic core, and a stainless steel AISI 316 as metallic skins. 

The geometrical and physical properties of the sandwich structure and the constituent materials, used for 

the study, are summarised in Table 1. Note that (∙e) and (∙v) refer to the elastic and viscoelastic layers. 

Table 1: Geometrical and physical properties of the constituent materials 

Metallic skin Viscoelastic layer 

He 

(±0.002 

mm) 

e 

(g/cm3) 

Hv 

(±2 µm) 
v 

(g/cm3) 

0.216 7.96 41 1.13 

 

Both the metallic skins and the viscoelastic core were characterised by means of a forced vibration test with 

resonance. The whole experimental procedure carried out is described in a previous work [6]. The metallic 

skins showed an elastic behaviour, where an elastic modulus of 205.7 GPa was calculated, while the 

frequency dependence is specially significant in the case of the viscoelastic core. A four-parameter fractional 

derivative model was used to describe the dynamic behaviour of the adhesive. The complex shear modulus 

of the viscoelastic core obtained by the mentioned model is showed in Figure 1. 
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Figure 1: The fitted shear complex modulus, a) Shear modulus b) Loss modulus 

However, instead of a multilayer model, considering the three individual layers separately, a homogenised 

model was decided to use, with an individual layer that has the equivalent properties of the whole structure. 

This way, a lower number of elements is used, reducing the computational time required. This feature is of 

special interest in large components such as elevators. 

Therefore, the model consists of one layer, which has the total thickness and the equivalent density of the 

sandwich structure. In order to obtain the homogenised properties of the sandwich, the same characterisation 

method was carried out. 

In Figure 2 (a), the geometry of the model is observed. One end of the sandwich structure was clamped, and 

a vertical excitation was imposed there. Due to the small thickness of the sandwich structures compared to 

their width and length, S4R shell elements were decided to use for the modelling. The response was 

measured on the free end, as shown in Figure 2 (b). 

 

Figure 2: Numerical model of the sandwich structures, a) Geometry b) Meshing 

The relationship between the displacements of the measuring point and the input excitation was obtained, 

and it was compared to the experimental results (Figure 3).  
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Figure 3: Validation of the numerical model for the viscoelastic sandwich structures 

Although differences are observed between both results as the frequency increases, the error is not superior 

to 2.14%. Therefore, the model was validated and, consequently, it was used to develop the elevator cabin 

numerical model.  

2.2 Model for the dynamic analysis 

During the ride of the elevator, due to the contact between the cabin and the rails, vibrations are transmitted 

to the different panels of the cabin. If these vibrations are not attenuated, they can affect the comfort of the 

passengers. For that reason, it is interesting to analyse the effect of using sandwich panels in the dynamic 

response of the cabin. 

In order to introduce the excitation to the system, it was considered that the rails are located in one of the 

lateral panels of the cabin, as shown in Figure 4 (a). The guides introduce an excitation in the vertical 

direction, while they constrain all the other displacements and rotations. 

The geometry of the cabin is quite simple. It consists of 6 main panels and its dimensions are 1 x 1.5 x 2.2 

m. The elevator door would be located in the front panel, but in order to simplify the model, the door was 

not included. As the thickness of the panels is very small compared to their width and height, it was decided 

to add a 2 mm thick frame to the panels (darker parts in Figure 4 (b)), in order to obtain a more rigid structure. 

As these vibrations affect the comfort of the travellers, it is interesting to measure them in a critical location 

for the people inside the cabin. Both vibrations and noise might be very bothering near head height, so the 

measuring point was defined in the front panel, at a height of 1.6 m from the floor, as shown in Figure 4 (b). 

All the unions between the different parts of the cabin were considered rigid. As mentioned in section 2.1, 

S4R shell elements were used to model the sandwich structures. The rest of the components (the metallic 

panels and the frame) were also modelled using S4R elements, due to their small thickness. The meshing of 

the model is shown in Figure 4 (c). 
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Figure 4: Elevator cabin, a) Schematic image b) Input and measuring points in the model c) Meshing  

2.3 Model for the acoustic analysis 

The acoustic analysis studies two different phenomena: the noise produced by the vibrations, and the sound 

produced by the elevator speaker. In order to perform the acoustic analysis, the model was slightly modified.  

2.3.1 Vibratory excitation 

The contact between the rails and the lateral panel transmits vibrations to the cabin. These vibrations are 

transmitted to the rest of the panels, and noise is produced, which might be annoying for the travellers. 

Therefore, it is interesting to analyse the reduction of noise that might be obtain when using sandwich 

structures. 

First of all, it was necessary to make an estimation of the magnitude of the vibrations. Although the 

phenomenon to be analysed is the same as in section 2.2, the dynamic response is described using 

transference functions, which relate the excitation introduced in one point and the response measured in 

another one. Therefore, since the relationship between two displacements was analysed in the previous 

section, the magnitude of the input could be any value.  

However, if the magnitude of the noise that vibrations produce is analysed, the real value of the input 

excitation needs to be known. For that reason, experimental measurements performed in a real elevator were 

used as a reference. In these measurements, the acceleration of the bottom panel of a 0.9 x 1.2 x 2.2 m 

elevator was measured. Figure 5 shows the example of an acceleration signal obtained during a whole path 

of the cabin. 
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Figure 5: Acceleration signal of the cabin floor 

The different stages of the ride can be observed in Figure 5. At the beginning of the measurement, the 

elevator is stopped. Then, an acceleration stage is observed when the cabin starts to move, followed by a 

constant speed stage. Finally, a deceleration stage takes place, before the cabin is stopped again. 

If the whole measurement was considered, the influence of all these different stages would be mixed, which 

would lead to nonrealistic results. In order to avoid that, only the constant speed stage was considered, as it 

is the most critical one. Then, the acceleration signal was converted from time domain to frequency domain, 

as shown in Figure 6. 

 

Figure 6: Acceleration spectrum of the cabin floor, constant speed stage 

Although the frequency range of the spectrum is much wider, it can be seen that the most significant 

frequency content is concentrated between 0 and 1000 Hz. Therefore, it was decided to set the maximum 

frequency of the analysis at 1000 Hz. 
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It has to be mentioned that, even though the vibrations are transmitted from the rails to the lateral panel, the 

experimental results were measured in the bottom panel of the cabin. Therefore, in the numerical model, the 

excitation was applied to the bottom panel. 

2.3.2 Acoustic excitation 

One of the reasons for including sandwich panels in the elevator cabin is to try to attenuate the noise coming 

from the outside. However, it is also interesting to analyse how they might affect to inner sound sources like 

elevator speakers. In this case, the objective is that the travellers hear the messages of the speakers as clearly 

as possible. 

In order to perform this analysis, the sound produced by the speakers was estimated first. Considering the 

speaker as a punctual sound source, and based on the specifications of several models available in the 

market, an acoustic power level (LW) of 80 dB was defined.  

In Abaqus, a parameter called volumetric acceleration (Q) is used to define sound sources. By means of the 

equation (1), an acoustic power level of 80 dB equals to a volumetric acceleration of 0.83 m3/s2. 

 𝑄 = √
8π𝑐𝑊

𝜌
 (1) 

The sound source was located in one of the lateral panels of the cabin, in a height of 1.1 m from the floor. 

The messages that the speakers emit are voice recordings. Therefore, a frequency range of 70-1000 Hz was 

defined for this analysis, as the main frequency content of human voice is given in this range. 

2.3.3 Model modifications 

Apart from that, modelling the structure of the cabin is enough for the dynamic analysis, but the internal air 

volume also needs to be considered when an acoustic phenomenon is analysed. In Abaqus, acoustic media 

such as air are modelled by means of acoustic elements (AC3D8). Therefore, another part that represents 

the internal air of the cabin (a volume of 1 x 1.5 x 2.2 m, neglecting the thickness of the panels) was created. 

In order to obtain accurate results, at least 6 acoustic elements need to fit into the smallest wavelength. 

According to equation (2), the wavelength is decreased when frequency increases, as the sound speed (c) 

remains constant. 

 𝜆 =
𝑐

𝑓
 (2) 

For the maximum frequency of the analysis (1000 Hz), a wavelength of 0.34 m is obtained, so an element 

size of 50 mm was defined for the internal air volume. Figure 7 (a) and (b) show the two main parts for the 

acoustic analysis. 
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Figure 7: Acoustic model, a) Cabin b) Internal air volume 

3 Results 

Based on the numerical models described in the previous section, three different cabins were created to 

perform the dynamic and acoustic analyses. 

 A completely metallic cabin (Figure 8 (a)). 

 A cabin made up of two viscoelastic sandwich panels (the lateral ones) and four metallic panels 

(Figure 8 (b)). 

 A cabin completely made up of viscoelastic sandwich panels (Figure 8 (c)). 

 

Figure 8: Analysed models, a) 6 metallic panels b) 2 sandwich panels c) 6 sandwich panels 
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Two different alternatives for the conventional metallic cabin were analysed. By observing the vibratory 

and acoustic improvement obtained with each of them, the most appropriate solution was chosen. 

3.1 Dynamic response of the cabin 

As mentioned previously, vibrations are transmitted to the elevator panels due to the contact to the rails. In 

this section, by analysing the dynamic response of the three different cabin models, the vibration attenuation 

obtained when using sandwich panels is obtained. 

Figure 9 shows the comparison between the vibrations measured in the three different models. 

 

Figure 9: Dynamic response of the elevator cabin 

First of all, many different vibration modes can be seen in all three cases. This means that the cabin is a very 

flexible structure, due to the low thickness of the panels and frame. The peaks are considerably sharper in 

the completely metallic cabin, which demonstrates the attenuation of the vibrations when using viscoelastic 

sandwich panels. In fact, several natural frequencies do not show any peaks when sandwich panels are 

included. Even though the cabin becomes more flexible, the response of many modes is negligible due to 

the damping of sandwich structures. 

However, if low frequencies are analysed, the effect is not as significant as in the case of high frequencies, 

as shown in Figure 10. 
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Figure 10: Dynamic response of the elevator cabin at low frequencies 

The effect of using sandwich structures is very low until a frequency of around 60 Hz is reached. This 

highlights one of the main problems of this type of materials. Due to their frequency dependence, 

viscoelastic sandwich structures exhibit low damping at low frequencies. Moreover, in elevators, the main 

vibrations occur at low frequencies. For that reason, there might not be any improvement in a certain 

frequency range (0-60 Hz). 

Finally, comparing the two options in which sandwich structures are used, the difference is not remarkable. 

The cabin completely made up of sandwich structures shows a higher attenuation of vibrations, but the 

response of both of them is practically identical. Therefore, from a dynamic point of view, the best solution 

would be to replace just the two lateral panels of the cabin, as it would be considerably more cost-efficient 

than replacing all six panels. 

3.2 Acoustic response of the cabin 

3.2.1 Vibratory excitation 

As mentioned previously, the vibrations transmitted from the rails also produce noise inside the cabin. In 

this section, the three different cabin models are analysed, in order to know how the noise is reduced when 

introducing sandwich panels. 

Figure 11 shows the acoustic pressure produced by the vibrations for the three different cabins. 
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Figure 11: Acoustic pressure due to vibrations 

As the comparison shown in the figure is not very clear, quantitative results are shown in Table 2. 

Table 2: Acoustic pressure due to vibrations 
 

6 metallic panels 2 sandwich panels 6 sandwich panels 

Maximum pressure (dB) 123.05 76.42 79.35 

Difference (dB) Ref. - 46.63 - 43.70 

Mean pressure (dB) 23.42 22.46 21.17 

Difference(dB) Ref. - 0.96 - 2.25 

 

The results show that the mean acoustic pressure is reduced in 1 dB in the “2 sandwich panels” case, and in 

2.25 dB in the “6 sandwich panels” case. From this point of view, the effect of sandwich structures is not 

very remarkable. 

However, Figure 11 shows that the highest peaks of the acoustic pressure are obtained in the completely 

metallic cabin. Although the reduction of the mean acoustic pressure is very low, an important reduction of 

the maximum values is observed when using sandwich structures (more than 40 dB). 

Usually, when noise related phenomena are analysed, the frequency range is divided in octave or third-

octave bands. Moreover, different types of weightings are used, to consider the different sensitivity of the 

human hearing for noises at different frequencies. 

Figure 12 shows the results of the acoustic pressure in third-octave bands, applying the “A weighting”. 

These results show a more realistic estimation of the noise that the travellers will actually hear. 
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Figure 12: Acoustic pressure due to vibrations, in third-octave bands 

Although the main vibrations occur at low frequencies, Figure 12 shows that they have a very low impact. 

The noise that the travellers would hear is increased with frequency. The effect of the sandwich structures 

is also more remarkable at high frequencies.  

Very high acoustic pressures are obtained for the metallic cabin. Due to the punctual peaks that were 

observed in Figure 11, a maximum pressure of 120 dB is observed. When using sandwich structures, those 

peaks disappear, and the maximum value of the pressure is reduced to around 80 dB. This improvement 

demonstrates the attenuation of noise that is obtained with sandwich structures. 

Finally, comparing the two cases in which sandwich structures are used, the results are slightly better when 

the cabin is completely made of sandwich panels, but the difference is not significant. Therefore, replacing 

just the two lateral panels would be a very interesting alternative, because almost the same improvement 

would be obtained with a much lower investment. 

3.2.2 Acoustic excitation 

This section studies the effect of using sandwich panels on the sound produced by the elevator speaker. 

Figure 13 shows the sound produced by the speakers in the centre of the cabin, for the three different models.  
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Figure 13: Acoustic pressure due to elevator speaker, in third-octave bands 

Very high acoustic pressures were obtained at high frequencies. The numerical model represents a 

completely closed structure, while real cabins have small apertures/openings from where sound will get out 

of the structure. Moreover, a constant amplitude was introduced for every frequency, which is also far from 

reality, as the maximum amplitudes occur at low frequencies. 

Apart from that, the results show that the acoustic pressure is slightly reduced when sandwich panels are 

used. This reduction of the acoustic pressure could be associated with the sound absorption produced in the 

sandwich structures. Due to a higher sound absorption, the rebounds of the sound waves inside the cabin are 

reduced, producing a lower acoustic pressure. 

The main difference is observed between 125 and 200 Hz, which is the range where human voice has the 

main frequency content. Therefore, it is very interesting to observe improvements in this range. 

Finally, the results are practically identical for the two cases in which sandwich structures are used. As 

concluded in previous section, these results also show that replacing just the lateral panels would be the best 

option. 

3.2.3 Comparison 

In real life, the two previous phenomena could occur at the same time, if the speaker emits a message when 

the elevator is moving. In that case, it would be interesting to compare the sound produced by both sources, 

in order to know if the messages of the speaker would be heard clearly enough. 

Figure 14 shows the comparison of the acoustic pressure produced by the vibratory excitation and the 

acoustic excitation, for the three different cabin analysed in this study. 
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Figure 14: Acoustic pressure due to vibrations and elevator speaker, a) 6 metallic panels, b) 2 sandwich 

panels, c) 6 sandwich panels 

The results show that, in general, the sound produced by the elevator speaker is quite higher than the one 

produced by the vibrations, in all three cases. Moreover, the difference between both sounds is increased 

when introducing sandwich panels. 

In previous sections, it has been observed that, for both vibratory and acoustic excitations, the sound 

measured in the cabin was reduced with the sandwich structures. This comparison shows that the noise 

reduction obtained for the vibratory excitation is higher than the one obtained for the acoustic excitation. 

Therefore, it can be concluded that sandwich structures would help in hearing the messages from the 

speakers more clearly. 

4 Conclusions 

First of all, a numerical model that represents the behaviour of viscoelastic sandwich structures was 

successfully created and validated according to the results of an experimental characterisation test.  

According to the dynamic analysis, it was observed that the modelled elevator cabin was a very flexible 

structure. Due to the small thickness of the panels, a high number of vibration modes appeared in a reduced 

frequency range. When sandwich structures were included in the cabin, the response of many modes was 

considerably reduced, which demonstrates a substantial improvement on the vibration attenuation. 

However, because of the frequency dependence of this type of materials, the improvement observed at low 

frequencies was quite low. 

Regarding the acoustic analysis, due to the sound absorption of sandwich structures, an important reduction 

of the acoustic pressure was observed. The noise produced by two different phenomena was analysed: the 

vibrations transmitted from the rails, and the sound emitted by a speaker. In both cases, the maximum noise 

was produced at high frequencies, and the acoustic pressure was reduced when using sandwich panels. 

Comparing the two phenomena, as the reduction of the noise produced by vibrations was higher, the use of 

sandwich structures would help to understand the message from the speakers more clearly. 
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Finally, comparing the two cases in which sandwich structures were used, no remarkable differences were 

observed. The lower the number of panels to be replaced is, the more cost- and time-efficient the fabrication 

of the cabin will be. Therefore, the best option would be to only use sandwich structures in the lateral panels. 
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Abstract

Structural topology optimisation techniques are increasingly being applied to acoustic materials. Most acous-
tic topology optimisation applications use the solid-isotropic-material-with-penalization (SIMP) approach
[1]–[4] which is a derivative-based method. In this work, we study the use of covariance-matrix-adaptation-
evolution-strategy (CMA-ES) [5], [6], considered the state of the art approach for derivative-free continuous
optimisation, as a candidate for acoustic topology optimisation. The performance of both CMA-ES and
SIMP are compared on a small test problem. In this initial study, manufacturability restrictions and volume
constraints were not considered for either of the algorithms. Comparisons show that SIMP quickly results in
a good quality solution, while CMA-ES converges slowly but to a better quality solution.

1 Introduction

Composite materials are replacing conventional metals in automotive and aerospace applications due to their
high strength-to-weight ratio. Since composites generally have poor acoustic isolation properties compared
to metals [7], porous sound-absorbing materials are used alongside composites to keep the noise within
acceptable limits. Researchers are interested in extracting the best performance from porous materials either
by modifying their material parameters (such as porosity, static airflow resistivity, tortuosity etc) or their
geometry (shape and topology). In this article, we focus on the shape and topology optimisation of porous
materials.

Improving the shapes of sound-absorbing foams dates back to the 1940s when Beranek and Sleeper [8]
conducted experiments on different shapes for sound-absorbing materials to use in anechoic chamber walls
showing the promising performance of wedge shapes. Wedge shapes are still used in anechoic chambers to
this day due to the simplicity in manufacturing. Using mathematical models instead of performing laboratory
experiments to optimise foam shapes became possible only decades later, thanks to the development of
modern finite element techniques, the development of accurate porous material models, and enhancement in
computational capabilities. In the 1950s, Biot introduced a theory to model porous materials capturing the
elastic effects of the solid part [9], [10]. In the 1970s, Zienkiewicz [11] pioneered the finite element method
which is now widely researched and applied to model most engineering structures. Towards the end of the
20th century, researchers developed precise models to describe the visco-thermal dissipation in acoustical
porous materials. Among these models, we will use the Johnson-Champoux-Allard-Lafarge (JCAL) [12]–
[14]. A summary of the JCAL model and the Biot’s theory is presented in “Acoustical Porous Material
Recipes” website [15]. As modern additive manufacturing techniques are becoming less expensive, intricate
designs are becoming feasible to manufacture. Hence, finding the optimal shape or topology is of interest to
the acoustic designers.
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After the introduction of structural topology optimisation (STO) by Bendsøe and Kikuchi [1] in the late
1980s, many theoretical developments have taken place and a community of researchers are actively work-
ing in this area. Naturally, researchers could extend these techniques to acoustic design problems. STO has
traditionally focused on the compliance minimisation problem [16] [17]. The application of topology opti-
misation to other problem domains has been steadily on the rise in the last two decades (2000-2020)([18],
[16], [19]). Within the acoustics domain, topology optimisation techniques have been successfully used on a
variety of applications ranging from horns to mufflers ([20], [21] [22], [23], [24] [25] [26]). Although many
approaches are available, Solid-Isotropic-Material-with-Penalty (SIMP) method is used as the optimisation
technique in most of the applications: comparisons between different optimisation techniques are rare.

In this study, we present a comparison between the SIMP approach often called density-based topology opti-
misation, and the state of the art continuous optimisation algorithm CMA-ES (Covariance Matrix Adaptation
Evolution Strategy). We obtain the trade-off solutions from SIMP-optimality criteria method by using vari-
ous values for the volume fraction constraint, and from CMA-ES using a threshold filtering approach. The
resulting solutions are compared. For the comparisons, we ignore the manufacturability restrictions and vol-
ume fraction constraints. The optimisation problem then becomes to find the optimal assignment of porous
material or air in each of the elements in the design domain. To make the comparisons fair, we remove
the filtering options in SIMP, since the purpose of filtering is solely to enforce manufacturable shapes while
maintaining a minimum length scale. Such filtering techniques may be applied in the post-processing stage
on the best solutions obtained from optimisation.

The outline of this article is as follows. We describe the mathematical model of a typical acoustic topology
optimisation problem in section 2. In section 3, the details of the test problem instance used for comparing
optimisation algorithms are given. The proposed CMA-ES based topology optimisation algorithm is de-
scribed in section 4. The SIMP implementation is described in section 5. Subsequently, the results of the
two algorithms are compared and deduced conclusions are described in sections 6 and 7, respectively.

2 Optimisation problem model

Acoustic Topology Optimisation (ATO) problem is to find the best distribution of air or porous materials in a
design domain such that a desired acoustic parameter is optimised. Consider the finite element representation
of an acoustic system, such as the one shown in Figure 1. The design domain is the collection of elements
where each element is to be assigned either porous material properties or air properties. The goal of the
problem is to find the optimal assignment χi ∈ {0, 1} to each element i ∈ {1, 2, ..., N} where χi = 0 means
the ith element has properties of air and χi = 1 means the ith element has properties of a given porous
material, such that a desired acoustic parameter (F ) is optimised. This is expressed in equation 1. Here, N
is the total number of elements in the design domain. The objective function (F ) may be chosen based on
the application, say, maximising the sound absorption coefficient or sound transmission loss, or minimizing
sound pressure level at a point etc.

𝝌 =

𝜒!
𝜒"
⋮
𝜒#
⋮
𝜒$

	

𝜒# ∈ {0,1}
𝜒# = 0 → 𝑎𝑖𝑟
𝜒# = 1 → 𝑝𝑜𝑟𝑜𝑢𝑠
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Figure 1: Problem representation in an acoustic topology optimisation problem instance.

min
χi

F (χ) where F ∈ R[0, 1], χi ∈ {0, 1} (1)
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The combinatorial problem could be relaxed to a continuous optimisation problem by considering χi ∈ (0, 1]
instead of {0, 1} to apply continuous optimisation techniques. The decision variables become design vari-
ables and the vector of design variables χ = {χ1, χ2, ..., χi, ..., χN}T describes a shape (a candidate solu-
tion). The SIMP interpolation scheme is used to assign intermediate material parameters for elements which
are assigned χi between 0 and 1. All material parameters are interpolated using the power-law approach. In
the power-law approach, a material parameter, say ψ, for the intermediate material is given by the equation
2.

ψi = ψair + χp
i [ψpor − ψair] (2)

Here, ψair is the material parameter value of air, ψpor is the value for the porous material considered, and
ψi is the value assigned to ith element. It satisfies the requirement that χi = 0 → ψ = ψair and χi = 1 →
ψ = ψpor. Since the intermediate materials are non-existent, the material interpolation is penalised using
the power law penalty p. For χi ∈ (0, 1) the element assigned the intermediate material is given a penalised
effect, since χp

i < χi . This, combined with a volume fraction constraint (1/N)
∑

i χi ≤ Vf is expected to
implicitly push the optimised solutions towards χi = 0 or 1. However, the power-law approach is not a hard
condition and in several cases this does not impose χi ∈ {0, 1}.

3 Test problem

For testing the optimisation approaches, a small test problem was chosen which is similar to the one consid-
ered in Lee et al. [22]. The difference in the present case is that instead of a rigid boundary on the sidewalls,
a symmetric boundary is considered. A two-dimensional rectangular system with a height of 5.4 cm (d)
backed by a rigid wall is considered as shown in Figure 1. The design domain is assumed from the rigid
wall up to 13.5 cm (D). Followed by the design domain, a column of air with a thickness of 5.4 cm (L) is
modelled using finite elements to compute the sound absorption coefficient. The porous material considered
for the problem was assigned the parameters reported in Table 1. As unusual as these parameters may appear,
they were used in Lee et al. [22] and they will only serve as an example here.

Table 1: Material parameters of the porous material used.

Property Value Units
Acoustic model JCAL [12]–[14]
Porosity (φ) 0.9
Thermal characteristic length (Λ′) 4.49e-04 (m)
Viscous characteristic length (Λ) 2.25e-04 (m)
Static airflow resistivity (σ) 25000 (N·s·m−4)
High frequency limit of tortuosity (α∞) 7.8
Thermal permeability (k′0) 4.75e-09
Bulk density (ρ) 31.08 (kg·m−3)
Young’s modulus (E) 800000 (Pa)
Poisson’s ratio (ν) 0.4
Dissipation factor (η) 0.265

The optimisation objective considered for the test problem is to maximise the average sound absorption
coefficient (α) across a target frequency range. The target frequencies considered for the test problem are
from 100 Hz to 1500 Hz in steps of 100 Hz. The acoustic input is given in the form of a normal incidence
sound source at the left end. The alternative Biot’s poroelastic finite element formulation for dissipative
porous media [27] was used to model the system to compute the sound absorption coefficient. In this model,
each node in the finite element mesh has three degrees of freedom, namely, the displacement of the solid
frame in horizontal (Ux) and vertical directions (Uy), and the acoustic pressure of the fluid part (P ). The
visco-thermal properties of the porous material are described using the JCAL model [12]–[14]. The boundary
conditions and the loads are applied and the resulting displacement and pressure fields ( Ux , Uy and P ) are

CHARACTERISATION, DESIGN AND OPTIMISATION OF VIBRO-ACOUSTIC MATERIALS AND

STRUCTURES 513



obtained at each frequency by solving the finite element problem. From these fields, the sound absorption
is computed by using the impedance method. Then the optimisation problem is as described by equation 3
i.e. to find the best assignment χ∗ = {χ∗1, χ∗2, ..., χ∗i , ..., χ∗N}T such that the sound absorption coefficient
averaged over the target frequencies (α) is maximised: the objective function F = 1−α is to be minimised.

min
χi

F (χ) = 1− α (3)

where α =
1

n

fn∑

f=f1

α(χ, f), α ∈ R[0, 1], χi ∈ {0, 1} (4)

4 Covariance Matrix Adaptation Evolution Strategy (CMA-ES)

Covariance Matrix Adaptation - Evolution Strategy is a state of the art black-box optimisation algorithm for
continuous optimisation which has outperformed most other evolutionary algorithms in hundreds of applica-
tions [28] (black-box means that it only uses the result of the fitness evaluation, and does not use the internal
structure of the fitness, in particular, does not use derivatives). CMA-ES constructs a multivariate Gaussian
response surface by iteratively sampling points in the search space and adapting the covariance matrix of
the multivariate Gaussian to perform the search. The MATLAB implementation for CMA-ES provided by
Hansen [6] is adopted for performing topology optimisation. The full algorithm and procedure are not dis-
cussed in this article as it can be found in numerous others. The pseudocode for topology optimisation using
CMA-ES is provided in algorithm 1.

In this application, the unconstrained CMA-ES was modified to include upper and lower limit constraints on
the design variables. To ensure χi is not below 0 or above 1, after the CMA-ES samples points within the N
dimensional hypercube (χi ∈ [0, 1] ∀ i ∈ 1...N), the values below 0 were forced to be equal to 0 and the
values above 1 were forced to be equal to 1.

In the implementation, strategy parameters for selection, adaptation, dynamic strategy parameters and con-
stants were as in the MATLAB code by Hansen [6]. The lines 24-28 in the pseudocode 1 are elaborated in
the paper by Hansen [6]. In the pseudocode, IN×N is the identity matrix of size N × N . λ is the popula-
tion size. The expression randn(N, 1) generates a vector of random numbers of size N from the standard
normal distribution. The function diag() returns the elements in the leading diagonal of a square matrix. A
nominal maximum number of function evaluations (budget) of 4096 was set as the termination criterion.

Since CMA-ES is not a deterministic algorithm (based on random numbers; reruns may not produce the same
results), the performance cannot be ascertained with one trial run. Hence, to produce statistically meaningful
performance tests, 31 trials of CMA-ES were run with different random number seeds, each with a budget
of 4096 finite element function evaluations.

The CMA-ES solutions did not result in 0 or 1 shapes in most trials despite using the recommended value
for the material interpolation penalty (p = 3). Many elements had χi between 0 and 1 which correspond to
intermediate materials between air and the porous material. Since intermediate materials are not physically
realistic, a simple round-off filter was used for the final best solutions to get 0 or 1 solutions χ∗ = bχ∗e. The
rounding filter is expressed in equation 5. An illustration of rounding the best shape from one of the trials is
provided in Figure 2.

χ∗ = round(χ∗) = bχ∗e = {bχ∗1e , bχ∗2e ..., bχ∗i e ..., bχ∗Ne}T (5)

bxe =

{
0 when 0 < x ≤ 0.5
1 when 0.5 < x ≤ 1

(6)
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Algorithm 1: An application of CMA-ES to acoustic topology optimisation

1 Get finite element mesh, frequencies, material properties and other common parameters;
2 Initiate χmean ← rand(N,1) , σ ← 3 and B ← IN×N ;
3 Set population size, λ← 4 + b3 log(N)c ;
4 Set strategy parameters for selection;
5 Set strategy parameters for Adaptation;
6 Initialize dynamic strategy parameters and constants;
7 Set fevals← 0;
8 while fevals < budget do
9 for k = 1, k <= λ, i+ + do

10 χ(k) ← χmean + σ[B]D × randn(N, 1) ; // sampling candidate solutions

11 for i = 1, i <= N, i+ + do
12 if χ(k)

i < 0 then
13 χ

(k)
i = 0 ; // If element interpolation parameter <0, set it to 0

14 end
15 if χ(k)

i > 1 then
16 χ

(k)
i = 1 ; // If element interpolation parameter >1, set it to 1

17 end
18 end
19 Assemble FE system matrices;
20 Evaluate absorption α(χ(k)) ; // solve FE problem

21 Set fevals← fevals+ 1;
22 Set F (χ(k)) = 1− α(χ(k)) ; // setting (1− α) as the objective F to be minimised

23 end
24 Sort by fitness and compute weighted mean into χmean;
25 Cumulation: Update evolution paths;
26 Adapt covariance matrix [C];
27 Adapt step size σ;
28 Decomposition of [C] into [B]diag([D]2)[B]′ ; // diagonalisation

29 Update best shape χ∗← best(χ∗,χ(k))

30 end
31 return Best χ∗ ;

Figure 2: An illustration of rounding best shape from trial 14 of CMA-ES to get 0 or 1 shapes. The colors
corresponding to the values 0 and 1 indicates air and porous material respectively.
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Figure 3: Rounded best solutions from all 31 trial runs of CMA-ES with trial number in parenthesis and the
recomputed mean sound absorption ᾱ .

The best results from all the trials are rounded to 0 or 1 solutions using the equation 5. The rounded best
shapes and their corresponding mean sound absorption frequencies across the target frequency range are
plotted in Figure 3. Rounding off results in a small reduction in absorption values for both CMA-ES and
SIMP solutions as expected. Hence, the comparison will be made only with rounded solutions from both
CMA-ES and SIMP.

5 Solid Isotropic Material with Penalization (SIMP)

Solid Isotropic Material with Penalization (SIMP) scheme is a derivative-based continuous optimisation
approach to optimise the distribution of materials in a finite element mesh so as to minimise or maximise
a structural parameter. Topology optimisation using homogenization was first introduced by Bendsøe and
Kikuchi [1] and the SIMP method was later developed [2], [3], [17]. An array of methods are now available
for topology optimisation as discussed in [17] including the level-set and phase-field methods, however,
SIMP remains the most popular method of choice for topology optimisation and is considered the state of
the art. The algorithm is simple that it can be implemented in less than 100 lines of code as shown by
Sigmund [4]. Later, even a more efficient version was published by Andreassen et al. [29].

SIMP based topology optimisation is widely applied to the compliance minimisation problem (equation 7).

min
χ

c(χ) subject to:
1

N

∑

i

χi ≤ Vf (7)
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Here c ∈ R is the compliance of the structure to be minimised, subject to a volume fraction constraint Vf .

SIMP has been applied on acoustic topology optimisation in numerous occasions [21]–[24]. As mentioned
previously, for the test problem the volume fraction constraint is not considered and no manufacturability
filtering is used for fair comparison with CMA-ES.

Algorithm 2: An application of the SIMP approach to acoustic topology optimisation
1 Get finite element mesh, frequencies, material properties and other common parameters;
2 Initiate χinit ← Vf× ones(N,1);
3 Set χ← χinit;
4 while Termination criteria is NOT met do
5 Assemble the FE global matrices using χ and calculated material properties at each frequency;
6 Evaluate absorption coefficients at each frequency α(χ, f);
7 Evaluate derivatives at each frequency (dα/dχ)f ;
8 Set c = 1−∑f α(χ, f) ; // c to be minimised

9 Set the sensitivities dc/dχ = −∑f (dα/dχ)f ;
10 Skip filtering;
11 Update of design variables χnew ← OptiCriteria(χ, c, dc/dχ);
12 Set χ = χnew;
13 end
14 return Best χ∗ ← χ;

A maximum of 200 finite element function evaluations is allowed as the termination criterion. The objective
in the test problem is to maximise absorption irrespective of the volume fraction, however, when a specific
volume fraction constraint is set in SIMP, the algorithm finds solutions near that volume fraction. Hence six
trials of SIMP are run with different volume fraction constraints, picked from {0.25, 0.5, 0.6, 0.7, 0.8, 1.0}
and the best is used for comparison. The best results before and after rounding off are given in Figure 4.
As can be seen from the figure, for this problem instance, the best result before rounding is obtained from a
trial with volume fraction constraint 1.0, whereas after rounding the trial with volume fraction constraint 0.5
turned out to be the best.

Figure 4: Best shapes from SIMP method with volume fraction constraints (1). Vf = 0.25 (2). Vf = 0.5
(3). Vf = 0.6 (4). Vf = 0.7 (5). Vf = 0.8 (6). Vf = 1.0 . The solutions found by SIMP may have different
volume fractions from the one specified. The actual volume fractions of the found solutions are displayed
above each best shape. The rounded shape from each of these trials is printed below the corresponding raw
shape from each trial.

6 Results

Absorption achieved vs Computational time

To reduce the computational time, only the lower half of the 2-dimensional system is modelled using and a
symmetric boundary condition was used on the line of symmetry. The absorption values computed from the
lower half finite element model with a symmetric boundary condition were verified with those from the full
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model assuming symmetrically placed elements. Further, the use of sparse matrices for assembly and solving
significantly improved the computational speed. Since CMA-ES is a derivative-free algorithm, each function
evaluation takes significantly less time. For SIMP, the derivative computation time is reduced considerably
by computing the inverse of the system matrix explicitly and using it to evaluate the derivatives. The average
times per finite element evaluation with and without derivatives are computed on the same machine (see Table
2). To compare the performance of CMA-ES and SIMP, the progress of mean absorption with computational
time is plotted in Figure 5. For SIMP, only the trial with volume fraction 1.0 which produces the highest
absorption among the SIMP trials is considered. Since CMA-ES is not a deterministic algorithm, the results
differ from trial to trial. Hence, for CMA-ES the absorptions (ᾱ) from all 31 trials were averaged at each
function evaluation (feval) step. It can be seen that the SIMP algorithm converges after a few hundred seconds
to a good absorption value. Whereas CMA-ES is relatively slow but finds solutions with better absorption.

Table 2: Average time per finite element function evaluation (feval)

Algorithm Optimisation type Requested O/Ps Budget Total time Avg time per feval
CMA-ES derivative-free α(χ) 4096 2508 s 0.6123 s

SIMP derivative-based α(χ) and dα/dχi 200 3148 s 15.74 s

Figure 5: Best fitness progress compared between (1) CMA-ES (averaged over 31 trials) and (2) SIMP
optimality criteria method with no filtering (best trial with volume fraction constraint Vf = 1.0) .

Distribution of mean sound absorption of best solutions from all trial runs

Since the raw best solutions from both CMA-ES and SIMP had intermediate materials (χi between 0 and
1), a rounding-off filter was used to discretise the final results to get 0 or 1 solutions. The discretising final
solutions were solved using the finite element solver to recompute the absorption values. A comparison
of the distribution of the raw final mean absorption values and the mean absorption values of the rounded
final solutions is shown in Figure 6. For SIMP, the distribution of mean absorption values of the raw best
solutions computed from 6 trials with different volume fractions is also shown, along with the distribution of
mean absorption values of rounded best solutions. It is observed that after discretisation, the quality of the
solutions (mean absorption) reduce slightly for both CMA-ES and SIMP results.
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Figure 6: Best fitness distribution compared between (1) CMA-ES (averaged over 31 trials) allowing upto
4096 finite element evaluations (2) SIMP optimality critera method with no filtering upto 200 finite element
evaluations. The schematic on the right gives the labels for the box plots.

Comparison of absorption curves of the best shapes from the CMA-ES and SIMP

The discretised best shapes from one of the trials of CMA-ES and the SIMP trial with volume fraction
constraint 0.5 are picked for comparison. The absorption curves for these shapes are plotted in Figure 7.
During optimisation, frequencies considered are only in steps of 100 Hz to reduce optimisation time.

Figure 7: Best shapes evaluated from CMA-ES and SIMP, and their absorption curves. The CMA-ES solu-
tion is picked from trial run 14 and the SIMP solution is picked from the run with volume fraction constraint
Vf = 0.5. The absorption curves were recomputed for more frequencies in post-processing. On the right,
the corresponding best shapes from CMA-ES and SIMP are shown. Full indicates the absorption curve for
fully filled design domain.

Threshold filtering study

To obtain solutions with the desired volume fraction Vf from a CMA-ES trial, a threshold filtering approach
may be used. This has also been suggested in [17]. To do this, the elements in the design domain are sorted

CHARACTERISATION, DESIGN AND OPTIMISATION OF VIBRO-ACOUSTIC MATERIALS AND

STRUCTURES 519



according to the values of design variables in the final solution obtained from a CMA-ES trial χ∗i . The high-
est (Vf ×N) number of elements which have the highest χi values are set to 1 and the rest are set to 0. This
is a simple way to enforce volume fraction constraint on CMA-ES solutions. Applying such an approach
on the best shape from trial 14 of CMA-ES for volume fractions in steps of 0.1 resulted in shapes which
had porous elements suspended in air (see Figure 8) for low volume fractions. Notably, threshold filtering
may be inferior compared to rounding, since the latter preserves to some degree the physical presence or
absence of material as that of the optimised shape. There are several articles describing filtering techniques
in topology optimisation [30], [31], [32]. These filtering techniques may be used during the optimisation
or in post-processing for finding manufacturable solutions. The objective function can be recomputed after
filtering the solutions to ensure that the quality (fitness) is preserved prior to finalizing the designs for man-
ufacturing. This was one reason to not consider manufacturability in this study. The other reason to ignore
manufacturability restrictions is the interest of finding solutions closer to the true optimum without bias.

Figure 8: Threshold filtering of CMA-ES solutions with various volume fraction constraints ranging from
0.1 up to 1.0 in steps of 0.1

Summary

Overall, both CMA-ES and SIMP resulted in solutions with some element densities (χi) between 0 and 1,
and hence the best solutions were rounded for comparison. The best solutions from all CMA-ES trials were
higher in absorption than SIMP solutions both before and after rounding-off, for this problem instance and for
the budget considered. This is likely due to the fact that the landscape is either multi-modal or noisy resulting
in SIMP reaching a local optimum prematurely. Since, CMA-ES is a global optimisation approach known
for performing well on ill-conditioned and noisy landscapes, by carefully sampling points and constructing
the multivariate Gaussian response surface, better quality solutions are reached. However, if only a lower
run time budget had been allowed, SIMP would have outperformed CMA-ES. This indicates that none of the
two algorithms compared can be considered to outperform the other in all aspects and a trade-off needs to be
made.

For large problem instances (large N ), CMA-ES may take a large number of function evaluations before a
better solution than that of SIMP is reached. The drawback of using derivative-free approaches is that they are
not mesh-independent i.e. large N problems could take a large amount of time. However, for some problem
domains with noisy landscapes, the solutions obtained from derivative-based approaches like SIMP might
not be close to the true optimum. In addition to this, in very largeN problems, the derivative computation can
be too expensive. Thus, there exists a large scope for developing new and improved optimisation approaches
that are both fast and efficient (find solutions closer to the true optimum).

7 Conclusion

In this work, topology optimisation for acoustic sound-absorbing materials was performed using a covariance
matrix adaptation evolution strategy (CMA-ES). The performance of CMA-ES was compared with that of
Solid-Isotropic-Material-with-Penalisation scheme (SIMP), for a test problem in the acoustic domain with
no manufacturability restrictions and no volume fraction constraint. The objective was to simply maximise
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the absorption by assigning the best choice between air and porous material for each element in the design
domain. The trivial fully-porous design is not the optimum solution for this problem instance. Thirty-one
trials of CMA-ES with different random number seeds and six trials of SIMP with different volume fraction
constraints were run on the test problem. A budget of 4096 derivative-free finite element evaluations was
allowed for CMA-ES and a budget of 200 derivative-included finite element evaluations was allowed for
SIMP which take about the same run time. Rounding was done to ensure 0-1 solutions are produced. The
best solution from SIMP was a flat-layered shape whereas CMA-ES gives a wedge-like shape. The best
solutions from all CMA-ES trials were better than SIMP solutions both before and after rounding-off, for
this problem instance and for the runtime budget considered. SIMP converged quickly to better quality
solutions initially. If a lower runtime budget had to be considered, SIMP would outperform CMAES on
this problem instance. Neither algorithm can be considered to be superior to the other in all aspects. If a
good solution is needed quickly, SIMP seems to be the right choice and if a better quality solution is needed,
CMA-ES might be preferable.

Acknowledgement

This result is part of a project that has received funding from the European Research Council (ERC) under
the European Union’s Horizon 2020 research and innovation programme No2Noise (no2noise.eu) with grant
agreement No. 765472).

References

[1] M. P. Bendsoe and N. Kikuchi, “Generating optimal topologies in structural design using a homoge-
nization method,” 1988.

[2] M. P. Bendsøe, “Optimal shape design as a material distribution problem,” Structural optimization,
vol. 1, no. 4, pp. 193–202, 1989.

[3] M. Zhou and G. Rozvany, “The coc algorithm, part ii: Topological, geometrical and generalized shape
optimization,” Computer methods in applied mechanics and engineering, vol. 89, no. 1-3, pp. 309–
336, 1991.

[4] O. Sigmund, “A 99 line topology optimization code written in matlab,” Structural and multidisci-
plinary optimization, vol. 21, no. 2, pp. 120–127, 2001.

[5] N. Hansen and A. Ostermeier, “Completely derandomized self-adaptation in evolution strategies,”
Evolutionary computation, vol. 9, no. 2, pp. 159–195, 2001.

[6] N. Hansen, “The cma evolution strategy: A tutorial,” arXiv preprint arXiv:1604.00772, 2016.

[7] D. Chronopoulos, M. Ichchou, B. Troclet, and O. Bareille, “Predicting the broadband response of a
layered cone-cylinder-cone shell,” Composite Structures, vol. 107, pp. 149–159, 2014.

[8] L. L. Beranek and H. P. Sleeper Jr, “The design and construction of anechoic sound chambers,” The
Journal of the Acoustical Society of America, vol. 18, no. 1, pp. 140–150, 1946.

[9] M. A. Biot, “Theory of elastic waves in a fluid-saturated porous solid. 1. low frequency range,” The
Journal of the acoustical Society of america, vol. 28, no. 1, pp. 168–178, 1956.

[10] M. A. Biot, “Theory of propagation of elastic waves in a fluid-saturated porous solid. ii. higher fre-
quency range,” The Journal of the acoustical Society of america, vol. 28, no. 2, pp. 179–191, 1956.

[11] O. C. Zienkiewicz, R. L. Taylor, P. Nithiarasu, and J. Zhu, The finite element method. McGraw-hill
London, 1977, vol. 3.

[12] D. L. Johnson, J. Koplik, and R. Dashen, “Theory of dynamic permeability and tortuosity in fluid-
saturated porous media,” Journal of fluid mechanics, vol. 176, pp. 379–402, 1987.

[13] Y. Champoux and J.-F. Allard, “Dynamic tortuosity and bulk modulus in air-saturated porous media,”
Journal of applied physics, vol. 70, no. 4, pp. 1975–1979, 1991.

CHARACTERISATION, DESIGN AND OPTIMISATION OF VIBRO-ACOUSTIC MATERIALS AND

STRUCTURES 521



[14] D. Lafarge, P. Lemarinier, J. F. Allard, and V. Tarnow, “Dynamic compressibility of air in porous
structures at audible frequencies,” The Journal of the Acoustical Society of America, vol. 102, no. 4,
pp. 1995–2006, 1997.

[15] L. Jaouen, “Acoustical porous material recipes,” Website URL: http://apmr. matelys. com, ISSN 2606-
4138, 2000-2020.

[16] M. P. Bendsoe and O. Sigmund, Topology optimization: theory, methods, and applications. Springer
Science & Business Media, 2013.

[17] O. Sigmund and K. Maute, “Topology optimization approaches,” Structural and Multidisciplinary
Optimization, vol. 48, no. 6, pp. 1031–1055, 2013.

[18] G. Rozvany, “Aims, scope, methods, history and unified terminology of computer-aided topology
optimization in structural mechanics,” Structural and Multidisciplinary optimization, vol. 21, no. 2,
pp. 90–108, 2001.

[19] J. D. Deaton and R. V. Grandhi, “A survey of structural and multidisciplinary continuum topology
optimization: Post 2000,” Structural and Multidisciplinary Optimization, vol. 49, no. 1, pp. 1–38,
2014.

[20] E. Wadbro and M. Berggren, “Topology optimization of an acoustic horn,” Computer methods in
applied mechanics and engineering, vol. 196, no. 1-3, pp. 420–436, 2006.

[21] M. B. Dühring, J. S. Jensen, and O. Sigmund, “Acoustic design by topology optimization,” Journal of
sound and vibration, vol. 317, no. 3-5, pp. 557–575, 2008.

[22] J. S. Lee, Y. Y. Kim, J. S. Kim, and Y. J. Kang, “Two-dimensional poroelastic acoustical foam shape
design for absorption coefficient maximization by topology optimization method,” The Journal of the
Acoustical Society of America, vol. 123, no. 4, pp. 2094–2106, 2008.

[23] G. H. Yoon, “Acoustic topology optimization of fibrous material with delany–bazley empirical mate-
rial formulation,” Journal of Sound and Vibration, vol. 332, no. 5, pp. 1172–1187, 2013.

[24] W. U. Yoon, J. H. Park, J. S. Lee, and Y. Y. Kim, “Topology optimization design for total sound
absorption in porous media,” Computer Methods in Applied Mechanics and Engineering, vol. 360,
p. 112 723, 2020.

[25] Y. Xu, W. Zhao, L. Chen, and H. Chen, “Distribution optimization for acoustic design of porous layer
by the boundary element method,” Acoustics Australia, pp. 1–13, 2020.

[26] L. Chen, C. Lu, H. Lian, Z. Liu, W. Zhao, S. Li, H. Chen, and S. P. Bordas, “Acoustic topology opti-
mization of sound absorbing materials directly from subdivision surfaces with isogeometric boundary
element methods,” Computer Methods in Applied Mechanics and Engineering, vol. 362, p. 112 806,
2020.
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Abstract
A transmission tube has been developed to measure the four pole matrix of a sample of absorbing material.
The electrical analogy of a sample in a transmission tube can be considered as a T-equivalent circuit of three
impedances, two in series and one in parallel. As consequence, three measurements with three different
closing impedances needs to be carried out. From these measurements, a set of equations will result from
which the three impedances of the T-equivalent circuit can be determined in real and imaginary parts in terms
of frequency. Once these impedances are known, any four pole matrix, such as the transfer or the scattering
matrix, of the sample can be set up. The method has been validated by measurements of several sample
combinations in the impedance tube. A good agreement has been established between transmission tube and
impedance tube measurements in a range of 40Hz-4kHz.

1 Introduction

A proper design of acoustic components such as silencers, resonators, absorbing materials, meta-materials,
etc... requires accurate acoustic characterisation of the various components. To integrate the measured
data in simulations of acoustic systems, a four-pole-matrix, such as the transfer matrix, impedance matrix,
admittance matrix or the scattering matrix, is needed. For one-dimensional acoustic simulations, the transfer
matrix method or the electro-acoustic analogy are applied. The transfer matrix method is particularly useful
to simulate sandwich layers of absorbing materials when the transfer matrix of each component layer is
known. From these data, the transfer matrix of the layered structure is obtained, from which the transmission
loss, the reflection or the absorption coefficient can be determined.

For more complicated one-dimensional acoustic systems, the electro-acoustic analogy [1] can be very pow-
erful for simulating duct systems containing sources like combustion engines, compressors or ventilators in
combination with reflective and absorbent silencers. The four-pole-matrix needs to be converted into a T- or
Π-equivalent circuit before integrating into the electro-acoustic analog circuit of the system to be simulated.

A standard Kundt tube is capable to measure a load impedance behind a reference section, which is located
behind the actuating sound source and the microphone pair. By introducing a second microphone pair, two
impedances can be measured at two distinct reference sections. When changing the impedance at the second
reference section, the T-equivalent circuit of the impedance between the two reference sections can be set
up. Once the T-equivalent circuit is known, any four-pole-matrix can be determined.

The first part of the paper discusses how the T-equivalent circuit of a sample is determined using a newly
developed transmission tube with two microphone pairs. The second part demonstrates how the measured
tranfer matrices can be applied to calculate sandwich layer structures and verify them by measuring the
sandwich layer structure in a standard Kundt tube.
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2 Principle of the transmission tube

Figure 1 presents a scheme of a standard Kundt tube using the two microphone transfer function method
according to the ISO 10534-2 standard [2].

Figure 1: Impedance tube using the two microphone transfer function method according to the ISO 10534-2
standard.

The wave pattern in the wave guide is governed by the one-dimensional Helmholtz wave equation, which
describes the pressure distribution along the wave guide. At each position x, the pressure p in terms of the
angle frequency ω in the wave guide is expressed as [3]:

p(x, ω) = φg
Z0 Zg

Z0 + Zg

e−j k l

1− Γl Γg e−j 2 k l
(e j k x + Γl e−j k x) (1)

wherein φg the flow and Zg the internal impedance of the acoustic sound source, Z0 the characteristic tube
impedance, k the wave number, l the length of the tube, Γl and Γg the reflection coefficient on the load and
the source impedance respectively.

By taking the transfer function T12 between the acoustic pressures at two positions x1 and x2, all the quanti-
ties mentioned above disappear except the reflection coefficient Γl at the load. Consequently, this reflection
coefficient can be determined. The load impedance Zl is then determined from the reflection coefficient Γl.

T12 =
p(x1, ω)

p(x2, ω)
=

e j k x1 + Γl e−j k x1

e j k x2 + Γl e−j k x2
(2)

Γl = − e j k x1 − T12 e j k x2

e−j k x1 − T12 e−j k x2
⇒ Zl = Z0

1 + Γl

1− Γl
(3)

The load impedance Zl is the impedance of everything appearing behind the reference section. By taking
the transfer function T12, the source reflection coefficient is eliminated. This implicates that the structures
in the source tube, i.e. everything between the microphone at position x2 and the sound source is eliminated
from the expression of the load impedance. The property of eliminating the tube characteristics before the
reference section is of prime importance for the development of a new transmission tube. This transmission
tube uses two microphone pairs to measure the impedance at two different reference sections.

Figure 2: Transmission tube with two microphone heads, sample ZS and closing impedance ZA.
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Figure 2 presents a scheme of the newly developed transmission tube. The tube is equipped with two mi-
crophone heads, one between the loudspeaker and the porous material sample ZS and one between the
sample ZS and the closing impedance ZA. The measurement head with microphones 1 and 2 measures
the impedance according to the ISO 10534-2 standard behind the first reference section, consisting of the
sample impedance ZS , the impedance of the second measurement head and the closing impedance ZA. The
measurement head with microphones 3 and 4 measures the impedance behind the second reference section,
consisting of only the closing impedance ZA.

Figure 3: Electrical equivalent circuit of the sample, the part of the transmission tube with the second mea-
surement head T and the closing impedance ZA.

Figure 3 presents the equivalent electrical circuit measured by the first measurement head. The sample is
represented by the T-equivalent circuit consisting of the three impedances Z1, Z2 and Z3. From electrical
circuit theory, it is known that any passive linear two port circuit can be represented by a T-equivalent circuit.
The transmission line T represents the duct between the sample and the closing impedance ZA.

To determine the three impedances Z1, Z2 and Z3, three impedance measurements at each measurement
head have to be carried out with three different closing impedances using the ISO 10534-2 two microphone
transfer function method. From these measured impedances, a set of three complex algebraic equations will
be set up from which Z1, Z2 and Z3 will be solved. Once these three impedances are known, any four pole
matrix such as the impedance matrix, the admittance matrix, the transfer matrix or the scattering matrix can
be obtained.

The transfer matrix HS =

[
AS BS

CS DS

]
of the sample can be determined from the three impedances Z1,

Z2, Z3 and the characteristic impedance Z0 of the tube:

HS =




1 +
Z1

Z3
Z0 Z1 + Z0 Z2 +

Z0 Z1 Z2

Z3
1

Z3 Z0
1 +

Z2

Z3


 (4)

These transfer matrices for each sample can be kept in a library. These transfer matrices can be used to
predict the transmission loss, the acoustic reflection and absorption coefficients of different assemblies of
absorption layers without prior measurements with the impedance tube.

The transfer matrix H of a sandwich material will be obtained by multiplying the transfer matrices of each
component material in the sequence of appearance of each component in the sandwich.

The transmission loss TL of the sandwich can be calculated immediately from transfer matrix H =

[
A B
C D

]

TL = 20 log
[ 1

4
(A+

B

Z0
+ C Z0 +D) · conj(A+

B

Z0
+ C Z0 +D)

]
(5)

To determine the reflection and absorption coefficient of the sandwich, the first step is to obtain the transfer
matrix T of the sample against a hard wall by multiplying the measured transfer matrix H by the transfer
matrix of a hard wall:

T =

[
A B
C D

] [
1 0
1

ZH
1

]
(6)
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wherein ZH is the hard wall impedance, which is set to 1000 times the characteristic impedance Z0.

Next, the impedance ZT of the sample against the hard wall is determined from the the elements T(1, 1) and
T(2, 1) of the transfer matrix T:

ZT =
T(1, 1)

T(2, 1)
(7)

Finally, the reflection and absorption coefficient Γ and α are then determined as:

Γ =

ZT
Z0
− 1

ZT
Z0

+ 1
and α = 1− Γ conj(Γ) (8)

3 Experimental results of the transmission tube.

Figure 4 presents the newly developed transmission tube. At the left end situates the loudspeaker, then the
first measurement head with two microphones, then the sample holder, then the second measurement head
with the closing impedance tube at the right side. The closing impedance tube has a valve system to create
the three closing impedances without disassembling the setup. The transmission tube has a frequency range
from 40 Hz until 4 kHz.

Figure 4: Transmission tube with internal diameter of 45 mm with two measurement heads and closing
impedance. Total length is 1.4 m

The test samples are presented in figure 5. The left sample is a melamine foam of 50 mm thickness, the
center one is an open polyurethane foam of 25 mm thickness and the right one is a closed polyurethane foam
of 18 mm thickness. All the samples have 45 mm diameter and fit slightly tight in the sample holder.

The figures 6 and 7 presents the measurement results of the three impedances Z1, Z2 and Z3 of the T-
equivalent circuit of the melamine foam.

Figure 7 (left) presents the sum of the two series impedances Z1 and Z2. This sum Z1 + Z2 is resistive in
nature. The magnitude is mainly horizontal and the phase remains zero which indicates its resistive nature.
At 700 Hz, a sample resonance occur and above this resonance, the magnitude increases and the phase tends
towards +90 o, indicating that the sample behaves more as an acoustic inertia. Around 3 kHz, a second
resonance occurs. The impedance Z3 presented in figure 7 (right) behaves as an acoustic volume. The
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Figure 5: Samples of porous materials: left: melamine foam of 50 mm thickness; center: open polyurethane
foam of 25 mm thickness; right: closed polyurethane foam of 18 mm thickness.
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Figure 6: Measured series impedances Z1 (left) and Z2 (right) from the T-equivalent circuit. (magnitude in
red line with reference 0 dB is Z0, phase in blue line).
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Figure 7: Total series impedance Z1 + Z2 (left) and measured parallel impedance Z3 (right) from the
T-equivalent circuit. (magnitude in red line with reference 0 dB is Z0, phase in blue line).

magnitude decreases with a slope of −20 dB/decade and the phase equals about −90 o. The resonance at
3 kHz also appears in this characteristic.

From these impedances Z1, Z2 and Z3, the transfer matrix H is calculated using expression (4). Then, the
transmission loss is determined using expression (5) and the acoustic reflection and absorption coefficients
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against a hard wall are determined using expression (8). The results are presented in figure 8.
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Figure 8: Transmission loss (left), reflection coefficient (center) and absorption coefficient (right) of the
melamine sample obtained from the transfer matrix (red and blue line) compared to the direct measurement
in the impedance tube (black and green line).

The transmission loss combines reflection and absorption effects. The sample resonance around 700 Hz
effects as well the transmission loss as the reflection and the absorption coefficient. The reflection and
absorption coefficient obtained from the transfer matrix (real part in red and imaginairy part in blue line)
coincides well with the reflection and absorption coefficient measured directly in the impedance tube (black
and green line).
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Figure 9: Transmission loss (left), reflection coefficient (center) and absorption coefficient (right) of the open
polyurethane sample obtained from the transfer matrix (red and blue line) compared to the direct measure-
ment in the impedance tube (black and green line).
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Figure 10: Transmission loss (left), reflection coefficient (center) and absorption coefficient (right) of the
closed polyurethane sample obtained from the transfer matrix (red and blue line) compared to the direct
measurement in the impedance tube (black and green line).

In the same way, the transmission loss, the reflection and absorption coefficient are obtained for the open
polyurethane sample and are presented in figure 9. The transmission loss is very small, which indicates a
small reflection coefficient at the front of the sample and a small absorption through the sample. Also for
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this sample, the reflection and absorption coefficient obtained from the transfer matrix (real part in red and
imaginairy part in blue) coincides well with the absorption coefficient measured directly in the impedance
tube (black and green line).

Finally, the transmission loss, the reflection and absorption coefficient obtained for the closed polyurethane
sample are presented in figure 10. The closed sample has a high reflection coefficient at the front of the
sample, resulting in a high transmission loss. Also for this sample, the reflection and absorption coefficient
obtained from the transfer matrix (real part in red and imaginairy part in blue) coincides well with the
absorption coefficient measured directly in the impedance tube (black and green line).

The properties such as the reflection, the absorption coefficient and the transmission loss for sandwich struc-
tures composed of the samples measured above can be obtained from the transfer matrix of the sandwich.
This transfer matrix is obtained by simply multiplying the transfer matrices of the components in the same
sequence as the components appear in the sandwich.

Figure 11: Sandwich composed of the melamine sample with the open polyurethane sample. The sound is
incident on the melamine sample.

Figure 11 presents a sandwich composed of the melamine sample with the open polyurethane sample. The
sound is incident on the melamine sample. The transfer matrix TMPo of the sandwich is obtained as:

TMPo =

[
AM BM

CM DM

] [
APo BPo

CPo DPo

]
(9)

wherein the elements with index M belongs to the melamine sample and Po to the open polyurethane
sample.
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Figure 12: Transmission loss (left), reflection coefficient (center) and absorption coefficient (right) of the
sample presented in figure 11 obtained from the transfer matrix (9) (red and blue line) compared to the direct
measurement in the impedance tube (black and green line).

Figure 12 presents the transmission loss (left), the reflection coefficient (center) and the absorption coefficient
(right). The transmission loss obtained from the product of the transfer matrices (9) is plotted in red. The
transmission loss directly measured by putting the sandwich of samples in the tube is plotted in black. The
reflection coefficient against a hard wall obtained from the transfer matrix is plotted in red (real part) and
blue (imaginairy part) and the reflection coefficient by direct measurement in the classical tube is plotted in
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black (real part) and green (imaginairy part). In the same way, the absorption coefficient obtained from the
transfer matrix is plotted in red and the absorption coefficient by direct measurement in the classical tube is
plotted in black. The three plots show a remarkable agreement.

Figure 13: Sandwich composed of the melamine sample with the open polyurethane sample. The sound is
incident on the polyurethane sample.

If the open polyurethane sample and the melamine sample are exchanged, i.e. the sound is now incident to
the open polyurethane sample, the transfer matrix of the sample is now obtained by expression (10) wherein
the sequence of the sample transfer matrices is reversed.

TPoM =

[
APo BPo

CPo DPo

] [
AM BM

CM DM

]
(10)
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Figure 14: Transmission loss (left), reflection coefficient (center) and absorption coefficient (right) of the
sample presented in figure 13 obtained from the transfer matrix (10) (red and blue line) compared to the
direct measurement in the impedance tube (black and green line).

Figure 14 presents the transmission loss (left), the reflection coefficient (center) and the absorption coefficient
(right). The transmission loss obtained from the product of the transfer matrices (10) is plotted in red. The
transmission loss directly measured by putting the sandwich of samples in the tube is plotted in black. The
reflection coefficient against a hard wall obtained from the transfer matrix is plotted in red (real part) and
blue (imaginairy part) and the reflection coefficient by direct measurement in the classical tube is plotted in
black (real part) and green (imaginairy part). In the same way, the absorption coefficient obtained from the
transfer matrix is plotted in red and the absorption coefficient by direct measurement in the classical tube is
plotted in black. Also these plots show a remarkable agreement.

When comparing figure 14 with figure 12, it is observed that the effect of the resonance of the melamine foam
about 700 Hz, occurring in the series impedance of the melamine foam visible in figure 7, is still dominantly
present in the absorption curve presented in figure 12 but has been masked in figure 14. When the sound is
incident to the open polyurethane foam, it has a masking effect to the melamine foam resonance, which is
not the case when the sound is incident to the melamine foam.
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The latter case is a combination of the three samples. Figure 15 presents the composition of the sandwich
consisting of the melamine, the closed polyurethane and the open polyurethane sample in this sequence. The
sound is incident on the melamine sample. The transfer matrix TMPcPo of the sandwich is obtained as:

Figure 15: Sandwich composed of the melamine sample, the closed polyurethane sample and the open
polyurethane sample. The sound is incident on the melamine sample.

TMPcPo =

[
AM BM

CM DM

] [
APc BPc

CPc DPc

] [
APo BPo

CPo DPo

]
(11)

wherein the elements with index M belongs to the melamine sample, Pc to the closed polyurethane sample,
and Po to the open polyurethane sample.
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Figure 16: Transmission loss (left), reflection coefficient (center) and absorption coefficient (right) of the
sample presented in figure 15 obtained from the transfer matrix (11) (red and blue line) compared to the
direct measurement in the impedance tube (black and green line).

Figure 16 presents the transmission loss (left), the reflection coefficient (center) and the absorption coefficient
(right). The transmission loss obtained from the product of the transfer matrices (11) is plotted in red. The
transmission loss directly measured by putting the sandwich of samples in the tube is plotted in black. The
reflection coefficient against a hard wall obtained from the transfer matrix is plotted in red (real part) and
blue (imaginairy part) and the reflection coefficient by direct measurement in the classical tube is plotted in
black (real part) and green (imaginairy part). In the same way, the absorption coefficient obtained from the
transfer matrix is plotted in red and the absorption coefficient by direct measurement in the classical tube is
plotted in black. Again, these plots show a remarkable agreement.

These benchmarks prove that is possible to reconstruct transmisson loss, reflection and absorption coeffi-
cients in several assemblies by manipulating transfer matrices of samples measured in this newly developed
transmission tube.
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4 Conclusion.

A new method for the determination of four-pole-matrices by impedance measurements in a newly devel-
oped transmission tube has been presented. The sample is represented by a T-equivalent circuit of three
impedances. These three impedances will be identified from three impedance measurements according to
the ISO 10534-2 standard with three different closing impedances. The measurements are conducted in such
a way that the source impedance does not appear in the measurements. No prior calibrations of closing
impedances are required. It has become possible to collect material transfer matrices in a library, from which
transmission loss, reflection and absorption coefficients of several assemblies can be predicted without prior
measurements of the assembled samples.
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Abstract 
The surface acoustical impedance is a concept adapted to cases requiring the coupling between two or 

more acoustical sub-spaces. The paper describes some possibilities of measuring the surface impedance by 

decomposing the sound pressure and particle velocity across the surface in so called surface harmonics. 

Using this approach the impedance is represented as a matrix having the ratios of corresponding harmonic 

amplitudes as elements. With the help of a particular procedure the impedance elements can be obtained 

from point measurements of pressure and velocity. Three techniques are considered aimed at carrying out 

the required point measurements under controlled excitation. It is revealed how an insufficient number of 

point data can cause spatial aliasing leading to large errors in the decomposition of surface harmonics. The 

approach is demonstrated through a virtual experiment with the results obtained by impedance coupling of 

two cavities are compared with those obtained by direct modelling of the entire coupled space. 

1 Introduction 

The prediction of sound level in an enclosed space is one of fundamental topics of technical acoustics. The 

simplest and best known prediction approach uses Sabine’s diffuse field model. In this approach the local 

spatial average of acoustical energy is assumed independent of the observation position. This assumption 

enables the prediction of sound pressure level from the known sound power of noise sources and the room 

absorption. The approach is restricted to rooms of large volume and low absorption. Eyring formula 

corrects for the cases of higher absorption [2]. An empirical expression by Fitzroy accounts for non-

uniform absorption in rectangular rooms [3]. Other diffuse field techniques were attempted with the aim of 

improving the prediction accuracy by taking increasing number of space details into account. Alternative 

approaches, such as diffusion modelling [4] or ray tracing [5] were developed too. 

While the diffuse field assumption may work well for large spaces, it fails for small spaces. In a small 

space the field is governed by modal behaviour and the sound level usually varies a lot with both 

frequency and position. Numerical methods such as FEM or BEM can handle small spaces easily 

providing the boundary and excitation conditions are well defined. For spaces of simple shape, like a 

rectangular room, analytical solutions could be employed, [6-7]. 

A small sound space, such as a cabin, is rarely acoustically decoupled from its surroundings. Opening 

usually exist which provide acoustical coupling with neighbouring cavities or open space. Meissner [8] 

has used modal approach to address the coupling between sound spaces. Various methods, including 

diffusion modelling or ray tracing, mentioned previously, have been applied to coupled spaces, e.g. [9-12]. 

Where the sound prediction of coupled spaces is concerned the entire acoustical system can be taken as a 

single object and modelled consequently as such. Alternatively each space of the entire system can be 

considered and modelled on its own while the coupling between these spaces can be achieved by applying 

acoustical continuity rules. In such a way each space can be identified by a set of coupling parameters. In 
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classical mechanical engineering problems the coupling between systems is often made in discrete zones 

considered as points, e.g. via bolts or resilient mounts. A typical example is the connections of a car 

engine to the chassis. In such cases the concept of mechanical mobility / impedance is widely used, being 

particularly well adapted to analysis in frequency domain. As the coupling of acoustical spaces can be 

rarely assimilated to discrete points, the concept of surface acoustical coupling was developed, [13]. The 

sound pressure as well as the normal particle velocity across a coupling surface is decomposed into a finite 

number of elementary surface functions, called surface harmonics. The surface harmonics are suitable 

surface functions which depend on the shape of coupling surface. Rectangular coupling surfaces are of 

particular importance. Examples are open doors, windows, ducts etc. In such cases trigonometric functions 

can be used as surface harmonics, [14].  

In a number of practical applications it would be convenient to identify the coupling parameters of 

concrete spaces by measurement. Not only could this improve the credibility of coupling data which may 

not be easy to model, but it could lead to better understanding about possible modifications if either 

strengthening or weakening of the coupling is needed. However the measurement of surface impedance 

may be neither straightforward nor simple. Measurement of surface impedance was attempted in [15] 

using an approach more simple than the one of surface harmonics, the patch impedance approach. This has 

revealed numerous difficulties related to quite a complex measurement apparatus. 

The objective of the present paper is to identify shortcomings of prospective measurement of surface 

impedance using the surface harmonics approach. In acoustics even simple measurements are prone to 

errors which cannot be sufficiently controlled. In order to suppress the influence of uncontrolled effects 

and to focus at essential features of measurements the study will be carried out at this stage by means of 

virtual experiments. 

2 Measurement principle 

2.1 Surface impedance 

In this work the surface impedance will be defined as done in [13]. In frequency domain all the field 

quantities will be represented by complex amplitudes, while any explicit depiction of time variation will 

be omitted. Let the coupling surface be in a plane perpendicular to the x-axis of a Cartesian coordinate 

system xyz. Having an analytically prescribed spatial shape each surface harmonic becomes fully defined 

by a single value: its (complex) amplitude. With the selected N surface harmonic functions the vector of 

amplitudes of sound pressure P at specified points r = [r1 r2 … rK]t across this surface, P = [P1 P2 … PK]t, 

will be given as the product of a KM pressure harmonic matrix Φ relative to these points and the 

corresponding vector of pressure harmonic amplitudes Π = [Π1 Π2 … ΠM]t : 

 P ΦΠ  (1) 

Likewise the amplitudes of normal particle velocity V at these points, V = [V1 V2 … VK]t, will be given as 

the product of a KN velocity harmonic matrix  and the corresponding vector of velocity harmonic 

amplitudes  = [1 2 … N]t : 

 V ΨΓ  (2) 

At this point it will be assumed that the number of pressure harmonics M and the number of velocity 

harmonics N do not have to be the same. 

The key coupling parameter of a coupling surface belonging to a given space thus becomes an impedance 

matrix Z built from pressure and velocity harmonic amplitudes. Its {m,n}th element is the ratio between 

the response pressure amplitude of mth harmonic and the driving velocity amplitude of nth harmonic: 

 Π ZΓ  (3) 

Assume that two spaces have to be coupled via common interface surface S. Each of the two spaces can be 

defined in terms of its surface impedance and its blocked sound pressure at S. The latter represents the 
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sound pressure exerted by the sources within the space concerned when S is made immovable, i.e. fully 

rigid. Assuming the blocked pressure is represented in terms of its surface harmonic amplitudes, b, the 

following relationship is readily obtained between the quantities which characterise the two spaces in the 

uncoupled state, Z1, Z2, b,1 and b,2 , and the normal particle velocity c across S in the coupled state: 

 
1

,1 ,2 1 2( ),c c b b c

   Γ Z Π Π Ζ Ζ Ζ  (4) 

Once the coupled particle velocity is known, the sound field in each space can be obtained as a linear 

superposition of the field created by internal sources with the rigid coupling surface and the field created 

by the coupling surface moving with the velocity c with the internal sources switched off. The coupling 

impedance Zc is just the sum of the surface impedances Z1 and Z2 of the two spaces. The superposition of 

the sound fields shown by Eq. 4 for a single coupling surface can be easily extended to multiple coupling 

surfaces as demonstrated in [14]. 

Eq. 4 involves linear quantities. If the sound field is random and stationary ergodic Eq. 4 can be expressed 

in terms of inter-spectral matrices of harmonic pressures as: 

    
1 1 1 2

*
1 1 , 2c c

     Γ Π Π Π Π Π ΠG Z G Z G G G G  (5) 

with the asterisk denoting conjugate transpose. The resulting coupling velocity is then given by the inter-

spectral matrix of coupling velocity. 

2.2 Measurement alternatives 

The key challenge in predicting the coupled sound field from data obtained by measurement consist in 

measuring the harmonic surface impedance of a given space. The measurement of harmonic blocked 

pressure looks as a less difficult task as the creation of harmonic amplitude ratios is not needed. 

In principle, the harmonic surface impedance of an acoustic space can be assessed by measuring sound 

pressure and particle velocity decomposed into surface harmonics. A straightforward, yet very 

complicated way of doing this would consist of 1) applying across the surface a normal velocity with the 

spatial pattern of the nth surface harmonic, 2) by measuring the pressure response across the surface in a 

large enough number of points and 3) decomposing the pressure response into surface harmonics using 

Eq. 1. This would produce the nth column of the impedance matrix. The procedure would be repeated for 

all harmonics of the driving velocity which would reconstruct the entire impedance matrix. 

The authors envisage two types of measurements which eliminate the need to apply a prescribed velocity 

pattern across the coupling surface. Both types require simultaneous sensing of sound pressure and 

particle velocity across the coupling surface; Fig. 1: 

 a “direct” one, by placing sensors on an acoustically transparent light frame  

 an “indirect” one, by placing sensors on a lightweight panel set to vibration. 

                   

                       

Figure 1: Measurement of surface impedance. Left: direct; right: indirect. Sensors:  - pressure;  - 

velocity;  - combined pressure-velocity. 
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In direct measurements the sound should be created by loudspeaker(s) outside the measured space. In 

indirect measurements the motion of the elastic panel can be created by driving the panel either by 

external sound or by applying mechanical (shaker) excitation to it. 

The measurements will produce readings of sound pressure and normal velocity at discrete points across 

the coupling surface. The quantities which are needed for the construction of surface impedance are the 

amplitudes of pressure and velocity harmonics rather than the point values. The transition from one to 

other types of quantities is achieved by applying Eqs. (2-3). 

3 Spatial sampling 

3.1 The aliasing problem 

The surface harmonics approach assumes that the sound field across a coupling surface can be modelled as 

a superposition of a finite number of harmonics. This assumption is an approximation as it reduces the 

infinite number of degrees of freedom of a surface to a finite one. Equivalence can be drawn with modal 

representation of a continuum where a theoretically infinite set of modes needed to fully represent its state 

is replaced by a finite set, usually limited to a number of lowest modes. 

Assuming the surface sound field can be represented by a finite number of harmonic functions Eqs. (1-2) 

provide the link between the measurable point variables, i.e. sound pressure and particle velocity, and the 

pressure and velocity harmonics. Thus, theoretically, by measuring the sound field in as many points as 

there are harmonics, the harmonic amplitudes can be worked out providing the matrices  and  are non-

singular. 

Where measurements are concerned the number of effective harmonics will not be known in advance. If 

the number of field sampling points is too low aliasing will take place. This will corrupt the readings of 

harmonic amplitudes. The analogous problem related to time sampling is easily handled by applying anti-

aliasing filtering in accordance to the WKS theorem. The problem of spatial sampling is intrinsically more 

difficult in spite of having been well known from a long time ago. The authors have shown in [16] that the 

required number of sampling space points needed to reconstruct the field will be minimised in general by 

using a non-rectangular grid of points. In [17] the authors emphasize the issue of spatial sampling by 

considering ways to obtain high-resolution sampling of acoustic fields. An interesting approach is 

presented in [18] where the authors have shown that the aliasing of spatial sampling in a given direction 

can be suppressed by moving the sensor array along equidistant parallel lines in this direction. 

The objective of the present paper is to examine whether the proposed technique of surface impedance 

measurement is potentially applicable in practice. No particular anti-aliasing procedures will be applied in 

order to keep the technique simple. The detrimental aliasing effect will be seen through the number of 

harmonics selected and thus consequently the number of sampling points. 

3.2 Rectangular surface 

Here, as in the rest of the paper, the coupling surface will be assumed to be rectangular of size bc. The 

harmonics will be double trigonometric functions as these satisfy Helmholtz equation. The generality is 

achieved by applying 4 kinds of harmonics of integer number of half-cycles: cos-cos, cos-sin, sin-cos and 

sin-sin. Each of these is then given as: 

 , ( , ) ( ) ( )q q q

y zy z y b z c       (5) 

where  is cosine or sine function, q =1…4, corresponding to the 4 kinds of trigonometric functions,  = 

(0),1..,Hy  and  = (0),1..,Hz. If Hy and Hz are the maximum harmonic orders in two perpendicular 

directions, y and z, then the total number of non-trivial harmonics is H = (2Hy + 1)(2Hz + 1). 
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A field variable w will be itself represented as a sum of a selected number of surface harmonics: 

 

1 1

4
1

, ,

1

( , ) ( , ) or
y zH H

q q

q

w y z A y z   
   

  

  

      W ΞA A Ξ W A Ξ W  (6) 

with 1 and 1 being 0 for cosine and 1 for sine functions. By comparing Eq. 6 with either Eq. 1 or Eq. 2 

one can see that the constants A in Eq. 6, arranged in the column A, are the unknown harmonic amplitudes 

to be identified. To obtain A from point measurements arranged in W the transfer matrix  has to be 

inversed. Here A stands for either  or , while W stands for either  or  in Eqs. (1-2). 

The simplest case occurs when the number of sampling points K matches the number of harmonics H. 

This is the producing the square matrix  and the harmonic amplitudes A will be accurately evaluated. In 

a real measurement the number of harmonics is unknown, thus other less straightforward cases may occur: 

a) The number of original harmonics is larger than assumed. This may create very large errors in the 

values of computed harmonics. 

b) The number of original harmonics is lower than assumed. This should produce correct amplitudes 

of existing harmonics, with those of redundant harmonics set to zero. 

The number of sampling points could be larger than the number of assumed harmonics. This creates an 

overdetermined condition, no matter the number of original harmonics. The transformation matrix  is no 

longer square and should be pseudo-inverted, i.e. using Moore-Penrose inversion (denoted by +). The 

result will depend on whether the number of assumed harmonics is larger or smaller than the number of 

original ones. 

3.3 On the accuracy of spatial sampling 

Fig. 2. shows the case of a 0.8m1m field composed of 99 harmonics up to the maximum orders {4,5} in y 

and z directions. The complex amplitudes of harmonics were created by random generation. The map on 

the left shows the real part of the field, which corresponds to a sound pressure or a particle velocity at time 

t = 0. The field is here sampled assuming the maximum harmonic orders were {5,6} which would produce 

143 harmonics in total. The sampling of the field was done in 143 randomly spread points, Fig. 2, right. 

 

 

Figure 2: regular case. Left: original field (real part); right: sampling points. 

Fig 3 shows the amplitudes of original and reconstructed harmonics. The amplitude numbers correspond 

to different combinations of y and z orders. It can be seen that the reconstructed harmonics match perfectly 
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the original ones. The same degree of matching applies to phases too (not shown here). The harmonics not 

contained in the original surface function, which should have been theoretically zero, appear as numerical 

errors with amplitudes typically by 10 orders of magnitude below the original amplitudes. Thus by 

assuming more harmonics than the original ones a regular case is obtained producing exact results. 

 

Figure 3: regular case. Moduli of amplitudes of original and reconstructed harmonics. 

Fig. 4 shows the example of an irregular case, where less than 99 original harmonics was assumed: 63 

harmonics having the maximum orders {3,4}. The scale is adjusted to that of the original field. 

 

 

Figure 4: irregular case. Left: reconstructed field (real part); right: sampling points. 

While 63 sampling points were needed in this case, 80 points were used to check the consistency of 

results. The reconstructed field looks remarkably well matched to the original one shown in Fig. 2. The 

surface-averaged RMS error of the reconstruction is only 3.81%. 

Good matching between the original and reconstructed fields obscures an exceptionally poor matching 

between the original and reconstructed amplitudes, Fig. 5. The latter are roughly by two orders of 
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magnitude higher than the original ones. Thus a given surface pattern composed of a finite number of 

harmonics can be reconstructed to a high degree of accuracy by using fewer harmonic then required.  

 

Figure 5: irregular case. Moduli of amplitudes of original and reconstructed harmonics. 

Numerous other examples of irregular cases, not shown here, have produced similar results. E.g. by taking 

an overdetermined number of sampling points, 120, the matching of the reconstructed field gets even 

better than in the preceding case, with the surface-averaged RMS error dropping to 0.925%. The harmonic 

amplitudes however stay poorly reconstructed as in the previous example. Even if the number of sampling 

points is lower than the assumed number of harmonics the matching between original and reconstructed 

fields still remains good. This holds also if the assumed number of harmonics is lower than the number of 

original ones. In an example of 50 sampling points with 99 original and 63 assumed harmonics the 

average RMS error of the reconstructed field was 5.84%. Such a value is still very good taking that the 

present case is mathematically underdetermined. Good result is ascribed to pseudo-inversion used. The 

error in harmonic amplitudes though stays extremely high.  

4 Measurement of acoustical surface impedance 

The preceding analysis has revealed that an imperfect sampling of a surface field leads to a highly 

erroneous decomposition of its constituent surface harmonics. The reconstructed field obtained by the 

superposition of such harmonics can be however very similar to the original field. Such an ostensible 

paradox leads to a question about the effect of large amplitude errors on the values of surface impedance, 

the latter obtained by dividing the values of pressure harmonic amplitudes with those of velocity harmonic 

amplitudes. 

The sound pressure and normal particle velocity across a coupling surface delimiting one part of the 

boundary of an acoustical space should, theoretically, consist of an infinite number of surface harmonics. 

Under typical sound excitation, which is necessarily band-limited, only some of these harmonics will 

effectively contribute, the rest will be buried in measurement noise. With reference to the results of Ch. 3 

the number of assumed harmonics, and thus the number of field sampling points, has to be sufficient to 

cover the true effective harmonics of the sound field. The decomposition of harmonics needs matrix 

inversion, as seen in Eqs. (1-2). One can expect that the larger the matrix, i.e. the larger the number of 

assumed harmonics, the poorer the matrix conditioning. The number of assumed harmonics should thus 

stay low, implying application to small acoustical spaces and low frequency band 
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4.1 The measurement procedure 

Irrespectively of whether the measurement approach is a direct or indirect one a simultaneous sensing of 

sound pressure and normal particle velocity in a number of sampling points across the measurement 

surface is required. The measurement has to be repeated S times, each time under different excitation. 

Thus the measurements have to produce mutually independent readings. The number of measurements 

should be either equal to the number of sampling points K, or larger than this number, i.e. S  K. By 

employing Eqs. (1-3) the following expression can be found for the harmonic impedance: 

 
1 1, ( ) or ( )S S S S    Z Φ ΘΨ Θ P V Θ P V  (7) 

The pressure and velocity transfer matrices  and  refer to the selected measurement points as shown by 

Eq. (6). The superscript S indicates that PS and VS are matrices of size KS constituted of pressure and 

velocity readings arranged in S columns. Each column, s = 1,…, S, represents the K readings of one 

measurement. The symbols -1 and + respectively refer to inversion if S = K or pseudo-inversion if S > K. 

The latter is preferred in experimental conditions. 

The matrix  has no definite physical meaning. Its elements are obtained by dividing the sound pressure 

by normal particle velocity, both at discrete points. Thus it has units of impedance without having the 

significance of impedance, the latter usually meaning the response pressure over excitation velocity. 

4.2 Demonstration example 

It will be assumed that two rectangular cavities have to be coupled via interfacing sides in the x-direction, 

Fig. 6. The lengths are a1 =  0.57m, a2 =  0.68m; the width and the height of the two are the same, b = 

0.8m, c = 1m. The air constants are: speed of sound 343 m/s, loss factor 0.005, mass density 1.2 kg/m3
. 

The first cavity is excited by 7 point sources of different complex strengths (amplitudes). Two response 

points are in the second cavity. The positions of both the excitation and response points as well as the 

excitation strengths were chosen by random number generation. 

 

Figure 6: two cavities. Crosses: excitation points; circles: response points. 

In order to test the described impedance measurement technique a virtual experiment will be made 

through the following steps: 

 obtain the impedances of the coupling surfaces of the two cavities using Eq. 7 

 obtain the blocked pressure due to operating sources on the surface of driven cavity using Eq. 1 

 compute the coupling normal velocity at the interfacing surface using Eq. 4 (with b,2 = 0) 
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 compute the sound pressure in the driven cavity by applying the coupling velocity to the interface 

 compute the sound pressure in the driven cavity directly, taking the two cavities as a single space. 

In a real measurement the first two steps would have been varied out by measurements. 

The surface impedance of the two cavities will be obtained in the coupled state of the system. E.g. the 

impedance of the second cavity will be obtained by repeatedly applying point excitations in S different 

points within the first cavity and evaluating each time the pressure and normal velocity response at all of K 

sampling points across the coupling surface. This will allow producing the PS and VS matrices of the 

second cavity and, via Eq. 7, the harmonic impedance matrix Z of the second cavity. By applying a 

completely analogous procedure the harmonic impedance matrix of the first cavity is obtained. 

The blocked pressure is not needed for getting the impedances. It will be used as a means of checking 

whether the obtained impedances produce correct results for the coupled state. The blocked pressure will 

be obtained by taking the driving cavity on its own, computing the sound pressure in sampling points of 

this surface made rigid and finally converting the point pressure values into harmonic amplitudes. 

4.3 Simulation results 

In the present simulation 45 maximum harmonic orders were selected, producing thus 99 harmonics in 

total. To make the case overdetermined K = 149 field sampling points and S = 186 excitations cases were 

applied, making the size of PS and VS equal to 149186. 

Fig. 7 shows the moduli of two elements of surface impedance matrix of cavity 2. The two curves on each 

plot compare the impedance obtained by direct computation as shown in [14] with the impedance obtained 

by the proposed approach, Eq. 7. On the left: pressure harmonic cos-cos {3,3} vs velocity harmonic sin-

cos {2,3}. On the right: pressure harmonic cos-cos {0,3} vs velocity harmonic sin-sin {1,2}. The phases, 

being practically -90° are not shown. Fairly good matching is seen between the two types of results. 

      

Figure 7: Two elements of surface impedance matrix modulus, cavity 2. 

The two impedance elements shown concern fairly low harmonic orders. The matching of the elements of 

higher harmonic orders, not shown here, is usually much poorer. The low order harmonics will matter 

mostly for low frequencies. This implies that the measurement of harmonic surface impedance will be 

limited to low frequencies / small acoustical spaces. 
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The plots on the next figure show the response spectra within 100-500 Hz obtained by direct computation 

of the coupled space and by the virtual experiment using the harmonic surface impedances and blocked 

pressure. The matching looks good overall. 

 

 

 

Figure 8: Spectra of response. Top: point 1; bottom: point 2. 

4.4 Comments 

The results shown so far indicate that the procedure of experimental identification of harmonic surface 

impedance may give fairly correct results providing the measurement conditions are well under control. 

The simulations done in this paper were using modal representation of an acoustical field in a rectangular 

cavity. All the modes with natural frequencies up to 5kHz were used in order to avoid artificial 

redundancy of impedance harmonics. This has resulted in around 14,000 modes of the coupled space with 

maximum modal orders ending at {36,23,29} in the x-y-z directions respectively. In view of particular 

acoustical properties of a rectangular space most of 99 identified harmonics should have theoretically 
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given no contribution to the field since in such a space only cos-cos pressure harmonics and only sin-sin 

velocity harmonics are supposed to exist. The aliasing will make all the 4 types of harmonics contribute to 

both pressure and velocity fields, thus the present simulation reflects reality. 

The results presented in this section assume the direct approach was applied: the measurements of sound 

pressure and particle velocity were meant to be carried out across a free coupling surface. The indirect 

approach, the results of which are not shown here, produced similar results. In both approaches the spectra 

of the measured point pressures and velocities are modulated by the dynamical properties of the sound 

generating mechanism. In the direct approach the modulation is by the acoustical properties of the exterior 

space while in the indirect approach the modulation is by the vibrating features of the midsole panel. 

In a real measurement a number of difficulties arise, the effect of which has presently not been taken into 

account. Probably the most significant one concerns effects of taking measurements in a large number of 

points. On the one hand the presence of transducers may perturb the measured field to a large extent, the 

more the larger the number of transducers. On the other hand the inevitably imperfect positioning of 

transducers may lead to configuration errors. On top of this the noise in the signals will further reduce the 

measurement accuracy. Thus the feasibility of the current approach has to be further examined in the light 

of all possible sources of errors which are likely to accompany real measurements. 

5 Conclusions 

While the use of surface impedance may look appealing where the prediction of sound in coupled 

acoustical spaces is concerned, its measurement is far from being a simple task. The present paper focuses 

on surface impedance defined in terms of continuous surface functions, the surface harmonics. Two type 

of surface impedance measurements are envisaged, a direct one and an indirect one. The former consists 

of simultaneous measurements of both the sound pressure and normal particle velocity across the free 

target surface in a number of points. The latter is carried out by using mechanically or acoustically driven 

elastic panel equipped with pressure and velocity sensors which physically covers the target surface. 

The feasibility analysis of surface impedance measurements was done by simulating measurements in a 

simple rectangular space. It has been revealed through examples that fairly good results could be obtained 

provided the measurement parameters are well tuned to the characteristics of the sound field concerned. 

The feasibility of measurement of surface impedance using surface harmonics may be challenged in 

realistic measurement conditions where adverse effects take place, like imperfect positioning of 

transducers or noise in signals. The subject is vast and more research is needed before the feasibility of 

surface impedance measurement could be firmly established.  
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Abstract
The need for energy efficient vehicles and machines, often drive performance design towards mass reduc-
tion, which can have a negative impact on noise and vibration. Metamaterials are recently being studied as
a possible solution to tackle this classical acoustic problem with less added mass, promising attenuation at
least in narrow frequency bands. This work presents such a solution, which is based on variations of the
so-called decorated membrane acoustic metamaterials (MAMs). Such devices are only effective at a spe-
cific frequencies. In this work, the design and performance assessment of unit cells that combine different
membranes, which can be combined on a periodic lattice, is addressed. Unit cells are experimentally tested
on transmission loss in order to validate the numerical models. The geometrical concept of tessellation is
used to derive the complete MAM panel. This study shows the formation of an attenuation band around the
membranes designed frequencies, thus realizing a metamaterial that outperforms traditional mass law.

1 Introduction

The search for devices that are simultaneously energy efficient and silent has been leading engineers to
experiment and explore new technological alternatives [1]. Past efforts had focused on combining lighter
and more efficient control strategies for operating machines [2, 3] or even active control to reduce or reshape
noise inside vehicles [4, 5, 6], for example. In this context, acoustic metamaterials, that are structures based
on periodicity or local resonances which exhibit unusual physical properties in determined frequency ranges,
rise as a new alternative. In this context, aside the well-known Helmholtz resonators and the long established
structures built over the Bragg’s scattering phenomenon [7, 8], membrane acoustic metamaterials (MAMs)
have been gaining attention [9, 1].

Popular for offering high sound transmission loss (STL) levels while very light-weighted, the most distinctive
characteristic of MAMs is their capacity for attenuating at low frequencies, apparently in disagreement with
the mass-law [10]. This feature, however, is opposed to the narrow frequency bands in which MAMs can
act when put to use solely. For most applications, it is necessary then to use various MAMs in association,
therefore reaching attentions at wider frequency bands.

While some researches on this topic treat the combination of unit cells of MAMs in series [11, 12], others
consider panel configurations [13, 14]. For the majority of practical situations, the most easily-accepted
assemble is the one in panels. This circumstance provides the researchers with another significant challenge:
the need to design MAMs panels with an aesthetic appeal, so to become real market solutions. This is
specially the case of architectural acoustics, whose focus is to optimize the acoustic features of, for instance,
music rooms and concert halls.

On the general context, the investigation of acoustic metamaterials has been often focused on the optimizing
their attenuating band, which is usually problematic due to its narrow banded characteristic. In terms of
MAMs, this question is objectively summarized by their dynamic behavior. The noise attenuation is caused
by the anti-resonance that stands between the first two vibrating modes of the unit cell [10], which in a
decorated membrane resonator (DMR) is also controlled by the added mass. This characteristic is represented
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in Figure 1, in which the radiating modes are depicted by (0,1) and (0,2). As it suggests, a DMR unit cell
provides two peaks and a dip of sound transmission, being the first transmission peak related to a decorating
mass dominated resonance and the second due to a membrane dominated resonance.

Figure 1: Resulting sound transmission profile of a decorated membrane resonator (DMR) with two radiating
modes and one anti-resonance.

Given the contextualization on the subject and the state of the art, the present study aims to apply the concepts
of tessellation [15] to the use of MAMs in order to provide aesthetic and functional solutions to the noise
attenuation problem.

2 Tesselation with Membrane Metamaterials

Tiling or tessellation is a specific type of pattern construction of the bi-dimensional space that consists in
connecting small geometric units without gaps or overlaps [15]. Made possible by the manipulation of the
symmetry, reflections, translations and rotations of the design, this kind of forms treatment is historically
present in many contexts, from arts to architecture, and expressed by different cultures [16].

The study and analysis of periodic geometries is of great interest for MAMs applications. As membranes
can be characterized as bi-dimensional devices, it is specifically important to understand how tiling a plane
works. It is necessary, for instance, to know which figures enable tessellation and how, but the solution to
these problems is not easily determined as the existence of aperiodic tiles makes a general mathematical
approach impossible [17]. A viable option, then, is to reach partial solutions by setting constrains like the
assignment of only periodic and single tilings, geometries’ convexity and the existence of only isohedral
tilings. If some or all of these constricts are applied, the Euclidian tiling theorem is able to verify which
figures are available for tessellation since they are put in symmetrically [17, 18].

Another possible tessellation ordination are the Archimedean tilings. Semiregular, they are construct by two
or more regular polygons that share a common vortex. The 11 different possible Archimedean tilings [16]
are shown in Figure 2.

The application of tessellations on metamaterial panels is able to address both of the main MAMs panels
parameters mentioned in section 1: while it is capable of broadening the narrow-banded STL that single-
cells of MAMs produce, it also presents a very attractive aesthetic appeal, as tilings have been observed in
several architectonic applications throughout history [19].

3 Unit cells modeling and simulation

Multi-physical finite element simulation has been employed for modelling MAMs since their first appearance
in the scientific community [10] and was chosen to predict the physical behavior of the concepts proposed
in this work. Two different approaches were undertaken to analyse distinct scenarios of MAM design, one
aimed at evaluating cell performance for further experimental validation and the other focused on extrapolat-
ing the experimentally validated model using the Floquet-Bloch condition for assessing performance as an
infinitely MAM periodic panel as well as multi-layered MAMs.

The scheme adopted in this work for the cell evaluation and validation model is depicted in Figure 3. In
terms of geometry, this three-dimensional model mimics the experimental apparatus and thus inherits its
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Figure 2: Possible Archimedean tesselations and their nomenclature. Source: [16].

dimensions and components. To enable validation, the evaluated cell consists not only in the MAM and its
frame, but also in an aluminium tube adapter which supports the cell inside the experimental plant. Tube
diameter is defined as 72 mm and its length is calculated according to the incident frequency for a whole
wavelength up- and downstream of the cell.

Regarding the physics, two separate domains are defined, one acoustic consisting of the waveguide and one
structural composed of the MAM, frame and tube adapter. Mechanical properties of each component are
shown in Table 1 and membrane prestress is defined as 1.85 MPa. All solids are modelled as linear elastic
and a rigid boundary condition is applied to the external surface of the tube adapter, as the real sample would
be held in the experiment.

Geometric non-linearities are considered in the simulation since the membrane presents significantly larger
displacement compared to the other solids. In terms of the acoustic domain, air is also modelled as a linear
elastic fluid and structural-acoustical interaction is defined only at membrane and mass surface. Frame and
tube adapter are considered acoustically rigid due to their higher thickness and density as well as the outer
diameter walls of the waveguide. The incident and outgoing pressure conditions are defined at both ends of
the waveguide through a boundary condition which imposes a plane wave propagation and also promotes
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Figure 3: Unit cell finite element model: (a) domains of the transmission loss analysis; (b) elements of the
structural domain of the analysis.

Table 1: Mechanical properties of the finite element model.

Parameters Membrane Mass Frame Tube Adapter
Material Latex Membrane Neodymium Magnet ABS mg94 Aluminium

Young’s Modulus [GPa] 0.000785 150 2.5 70
Density [kg/m3] 1000 7900 980 2700
Poisson’s Ratio 0.48 0.3 0.36 0.33

absorption of reflected waves. An amplitude of 1 Pa is defined for the incident pressure. Sound transmission
loss is then calculated through the difference of inlet and outlet sound power levels as in the following
equation, where Win/out is the respective sound power and Lin/out the respective sound power level:

STL = 10log(Win/Wout) = Lin − Lout. (1)

As far as the mesh is concerned, different configurations were applied to each domain. Since structural
components contain thin solids, a sweep from a triangular superficial mesh was employed with at least
three layers per component. To properly describe the dynamics of thinner components, membrane and mass
received finer meshing compared to frame and adapter. The acoustic domains were meshed with tetrahedral
with element size limited to a sixth of the smallest wavelength.

The second simulation scenario evaluates the performance of the previously studied and validated cells in
an infinitely periodic panel condition to assess multi-celled behavior. Such study is conducted by employing
boundary conditions to the MAM frame which apply the Floquet-Bloch theorem to the cell. This theorem
has been widely employed to model metamaterials and to calculate their band structure by stating that the
frequency response of a determined point in the periodic lattice can be calculated through the response in
the respective point of the unit cell, multiplied by an exponential term that accounts for amplitude and phase
changes throughout the structure. More details on the Floquet-Bloch theorem and the modelling of reciprocal
lattices can be found in chapter 10 of [8].

Therefore, model construction is similar to the former in this scenario, but undergo changes to enable
Floquet-Bloch boundary conditions, as seen in Figure 4. Firstly, tube adapter is omitted so that periodic
conditions are applied to the frame lateral surfaces. Secondly, since periodic boundary conditions also need
to be applied to the acoustical domain, new definitions for the in- and outgoing wave are necessary due to
incompatibility to the former load conditions. In the present model, the wavelength equivalent waveguides
are maintained, but are complemented by half-wavelength air domains defined as perfectly matched layers
to provide wave attenuation and avoid unwanted reflections. The pressure load is defined as a background
pressure field in the upstream portion with the same amplitude of 1 Pascal, but with sine and co-sine factors
to enable oblique incident waves. Incidence angles for the ongoing plane wave of 0o, 15o, 30o, 45o and 60o

were tested in the present research.

In the infinitely periodic panel model, an additional study is conducted for analysing band-gap formation

548 PROCEEDINGS OF ISMA2020 AND USD2020



Figure 4: (a) Domains and their sizes in the periodic FEA; (b) Definition of periodic boundary conditions on
model.

Figure 5: Scheme for simulating multiple layers of MAM in FEA with the respective domain lengths.

in normal incidence by stacking layers of the panels. A scheme is provided in Figure 5, where layers are
separated by the largest side length of the frame to ensure negligible near-field effects. Cases of one, two,
five and ten layers were tested to progressively observe band-gap formation. A penalizing factor was also
introduce for multi-layered cases based on the mass-law of acoustics to enable a fair comparison between
different numbers of layers. For each additional layer, the following factor was deducted from the resulting
STL:

pn = 20log(n) (2)

where n is the number of layers and pn is the penalizing factor.

4 Tiles configuration and performance assessment

In the present work, MAM design has been studied through the perspective of tessellation as suggested in
section 2. As an initial investigation, four different Archimedean tiling configurations, depicted in Figure
6, were chosen among the 11 existing ones to assess their sound transmission loss performance. These
particular tilings were chosen due to their different number of distinct geometric figures (two and three) and
to their type of geometric figure (triangle, square and hexagon). Two configurations were chosen having the
same quantity and type of geometric figures, but with a different distribution.

Each tiling was modelled and constructed considering the dimensional limits of the experimental apparatus.
The first tiling, the trihexagonal tiling (3.6.3.6) consists of two triangles with side length of 11 mm and
two hexagons with 13.5 mm of lateral dimension. The second and third tilings (3.3.3.4.4 and 3.3.4.3.4) are
the elongated triangular tiling and snub square tiling, respectively. Their equilateral triangles measure 16
mm in their lateral dimension and their squares have a side of 20 mm. The fourth tiling (3.4.6.4) is named
rhombitrihexagonal, composed of an equilateral triangle, two squares and a hexagon whose side lengths are
11 mm, 13 mm, 13.5 mm respectively.
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Figure 6: Four Archimedean tilings evaluated during the research: (a) trihexagonal tiling, (b) elongated
triangular, (c) snub square and (d) rhombitrihexagonal.

Figure 7: Experimental samples from different configurations of the trihexagonal tiling.

For every tiling, three different configurations were tested. Configuration A consisted of the tiling as a
membrane resonator, without any masses, whereas in configuration B a single mass was attached to the
center of some resonators, but leaving at least one of the figures with lowest resonance free of mass, so that
both free and decorated membrane resonators contribute to STL performance, and lastly, in configuration C
every resonator was decorated with a central mass. Each configuration was then modelled as a metamaterial
cell by the procedure described in section 3 and then constructed for experimental validation. To enable
an easier manufacturing of tiling geometry, 3D printing was used for the frame with ABS as material. The
membrane was then attached through proper adhesive at the frame, as the mass was to the membrane in the
respective configurations, resulting at the experimental samples for each configuration seen in Figure 7 for
the trihexagonal tiling.

5 Model results and experimental validation

Experimental analysis of the studied tilings was conducted through the use of an impedance tube adapted
for measuring sound transmission loss. The setup was constructed from previous works following ASTM
E2611-09 and can be seen in Figure 8. Sound transmission loss is calculated through transfer functions
between the four microphones, two before and two after the measured cell, as described in [20]. The dimen-
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Figure 8: Constructed transmission loss tube used in the experimental campaign.

sions of the tube were defined to ensure plane wave propagation until 2400 Hz, which was defined as the
upper frequency limit for conducted studies.

The analyses and comparisons between model and experimental results for each tiling with its three studied
configurations are described below. Important remarks can be made by observing the STL performance of
the trihexagonal tiling, displayed in Figure 9. In this tiling, a good coherence is observed between model and
experiment, with only small deviations in STL and close to the resonant frequencies, which can be attributed
to the manufacturing of the samples.

Figure 9: Model and experimental STL for the configurations of the trihexagonal tiling.

Analysing the curves for configuration A, a single resonance is observed around 1215 Hz related to the first
mode of hexagonal resonator. The absence of a resonance associated to the triangular resonator indicates
that its resonance appears at larger frequencies than the measured spectrum due to its small size, which was
limited by the size of the experimental apparatus. Additionally, for the decorated configurations, the large
mass to membrane area in the triangle resonators is responsible for preventing the proper functioning of their
dynamics, as their mass modes were observed to have very little effect in STL for these resonators. Such
limitations were also observed in the other tilings, and suggest either the use of an impedance tube with
larger diameter or a tube designed with a higher upper frequency limit for better analysing tilings cells for
posterior work.

Another important remark regards the performance of the trihexagonal tiling by comparing configuration B
and C. An increase in STL of circa 9 dB and a shift to higher frequencies from 195 to 257 Hz are observed in
the anti-resonant peak due to an additional mass in the hexagonal resonator. This particular result indicates
that multiple geometric figures, at cellular level, work together for an intensified and common effect. An
interesting phenomenon is also verified in configuration B of the trihexagonal tiling corresponding to the STL
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speak that appears between 1215 Hz and 1850 Hz, the first mode of the hexagonal resonator and the second
mode of the hexagonal mass decorated resonator. This result is interesting not only because it is broader than
the usual STL peak, but mostly since it is not caused by the hybridization of mass and membrane radiating
modes as in a single decorated membrane resonator, but due to modes of different resonators in the tile. With
this conclusion, new possibilities arise for MAM design with multiple resonators, as performance can be
improved by adjusting modes from different figures.

Regarding the two analogous tilings with the same figures but different arrangement, the elongated triangular
and snub square tiling, a comparison of experimental results is displayed in Figure 10. Analysing STL
for the three configurations, very little difference is observed past the mass-dominated modes. In the low
frequency range, however, more significant deviations are present in the mass decorated configurations (B
and C), as depicted in Figure 11, which are attributed to imperfections in manufacturing, since samples
are mounted manually and mass positioning and adhesive distribution vary from tiling to tiling. These
variations in performance at low frequency range were observed in every mass decorated configuration except
for the already discussed trihexagonal tiling, since this particular one had predominant dynamics of the
hexagonal resonator which was larger and enable a more precise mounting. The coherence between model
and experiment was then poorer in the mass dominated configurations as well, as seen in Figure 12 for the
rhombitrihexagonal tiling, where it becomes clear that the mass dominated modes observed in the model are
present in the experiment, but at slight different frequencies and STL values.

Figure 10: Comparison of experimental results of the elongated triangular and snub square tilings for the
three configurations.

552 PROCEEDINGS OF ISMA2020 AND USD2020



Figure 11: Differences in performance due to sample manufacturing in mass dominated modes in the low
frequency range for the elongated triangular and snub square tiling.

Figure 12: Model and experimental STL curves for the rhombitrihexagonal tiling in the low frequency range.

A comparison between the studied tilings and configurations was made to appoint best performing structures
for a multi-celled study. Configuration A from the rhombitrihexagonal and configuration C of the snub square
tiling were chosen by the presence of a STL between modes of different figures and a broader and higher
STL peak, respectively. A model applying Floquet-Bloch boudary conditions and with oblique incident
pressure was then constructed according to the method described in section 3 for the two tilings. Results
for each tiling are displayed in Figure 13 and Figure 14, where an overall decrease in STL is observed with
the increase of incidence angle, with exception of the first mode region on the rhombitrihexagonal tiling
and the mass resonances of the snub square tiling. The absence of additional STL peaks originated by the
periodic conditions is explainable by the size of each cell, which is too small for any scattering to occur in
the analysed spectrum.
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Figure 13: STL curves for oblique incidence in configuration A of the rhombitrihexagonal tiling using peri-
odic boundary conditions.

Figure 14: STL curves for oblique incidence in configuration C of the snub square tiling using periodic
boundary conditions.

With the same periodic boundary conditions, both chosen tilings were reproduced in multiple layers to ob-
serve band-gap formation for normal incident waves as described in section 3. The multiple layers result for
configuration A of the rhombitrihexagonal tiling is shown in Figure 15, where the formation of an attenua-
tion band is observed with layer increase around the previous STL peak at 1800 Hz. With two layers, STL
peak value was doubled, but at five layers a STL plateau is already present, not only in the anti-resonance
region but also before the first hexagonal mode as well as after the first square mode, which is seen to begin
at the upper range of the spectrum. At ten layers, the anti-resonance attenuation band spans from 1500 to
2060 Hz with an average STL 44 dB. However, two high-transmitting bands appear with layer increase be-
tween 1160 and 1400 Hz as well as 2090 and 2300 Hz. A pass-band like performance is then observed for
multiple layers of the rhombitrihexagonal tiling, whose bands can be tuned by adjusting two first resonating
modes of different figures. This result is promising since no decorating mass is necessary, thus simplifying
manufacturing, but still with an obtainable broadband sound attenuation.
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Figure 15: Penalized STL simulation results for multiple layers of rhombitrihexagonal tiling in configuration
A.

For the configuration C of the snub square tiling in multiple layers, a large attenuation gap is caused by
multiple mass dominated mode related anti-resonances after 200 Hz, as seen in Figure 16. With two and
five layers, STL maxima at low frequencies are observed to sharpen with layer increase, but with ten layers,
peaks become more homogeneous in terms of STL and carry on their effect to higher frequencies until the
first membrane mode, originally over the analysed spectrum.

Figure 16: Penalized STL simulation results for multiple layers of snub square tiling in configuration C.

Two minima are observed, one related to the first mass resonance at 200 Hz and the first membrane mode
of the square resonator at higher frequencies. An interesting result was the narrow mass related minimum
even at ten layers, which indicates that mass-related minima do not suffer the same broadening as membrane
modes with layer increase. Thus, for ten layers of snub square tiling panels, a very significant attenuation
band is present between 250 and 2000 Hz, with overall penalized STL over 80 dB and over 200 dB until 1200
Hz. Minima bands are present between 190 to 230 Hz and after 2100 Hz to up the analysed spectrum. With
proper tuning of the mentioned mass modes and square membrane mode, one could adjust the broad STL
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band to serve broadband sound attenuation. Manufacturing of this concept is, however, more complicated,
since mass positioning should not differ significantly between layers.

6 Conclusions

Membrane metamaterials have a high application potential in acoustics due to their weight-performance
relationship. Many application possibilities rise from this field and some steps still linger in between their
scientific investigation and usage in common acoustic treatment, such as manufacturing issues for instance.

In this work, finite element models have been used to assess and tune the acoustic performance of decorated
membrane unit cells and some of its tiling configurations. A concept from plane geometry, known as tessel-
lation, was used to conceive combinations of polygons that match in quite intricate tile patterns, rendering
a metamaterial panels that present multiple internal resonances with an aesthetically pleasing image. The
studied rhombitrihexagonal tiling, for instance, is found on the floor of the archeological museum of Seville,
indicating a promising relationship between architectural geometry and acoustics. Such multi-celled con-
figurations have been evaluated applying Floquet periodicity conditions which indicated the formation of an
attenuation bands.

Unfortunately, experimental analysis of the multi-celled MAMs was limited by the experimental apparatus.
However, different technological applications can be drawn from the studied concepts, as they present differ-
ent STL profiles with frequency, prioritizing narrow- or broadband attenuation at higher or lower frequencies.

There are several open questions that still need work and are currently under study, for instance: the use
of additional elements such as Helmholtz Resonators and/or smart materials toghether with the MAMs to
improve performance, use of MAMS in an active control fashion or effective means of simulating and testing
full panel constructions. The introduced relationship between metamaterials and tessellation is also a very
promising concept not only in acoustics, but also in vibrations in general. Different sorts of tilings can
also be studied. Aperiodic tilings such as the Penrose tiling also pose as potential subject of interest in the
metamaterial field, as phenomena and performance related to aperiodicity is also a branch of the area.
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Abstract 
The ability of order tracking on improving the performance of bearing fault diagnosis has been widely 

recognized. The key work of tacholess order tracking (TOT) is to extract a component from the raw signal 

that is closely connected to the shaft rotating and then obtain the phase from the component. In this paper, 

a TOT method is proposed based on inverse short-time Fourier transform (ISTFT) and singular value 

decomposition (SVD). The component of the original signal shows strong periodicity of the shaft rotation 

frequency is selected and roughly filtered in the time-frequency domain after the STFT. Then, the ISTFT is 

applied to reconstruct the selected component into the time domain. Next, SVD is applied to refine the 

roughly filtered component. Finally, the unwrapped phase of the extracted component is used to carry out 

the resampling operation. The performance of the method is tested using vibration signals collected from a 

test rig of a high-speed vehicle traction system. 

1 Introduction 

Running safety is a primary requirement for all the machinery. Therefore, fault diagnosis as an available 

technique shows its ability. In the actual situation, many machines operate with varying speeds in some 

periods. The fault diagnosis of the rotation machine is quite important to the safe and economic operation 

of the machine. The fault diagnosis of the machines needs to deal with the frequency smearing in the 

spectrogram caused by rotation speed variation. Order tracking is a useful approach to solve this problem. 

For some special cases, if no tacho signal can be obtained, the TOT method is an alternative way that can 

realize the goal. Therefore, the research of TOT attracts the attention of many researchers [1]–[3].  

The TOT based on the vibration signal is a hot research field since the vibration signal is widely used in 

fault diagnosis of machinery [4]. The core of a TOT method is to separate a component that contains clear 

shaft rotation speed information from the vibration signal and extract the phase of the component to realize 

order tracking. The gear meshing signal is selected and the phase of it is extracted to realize TOT by 

researchers [5], [6]. Zhao et al. applied the generalized Fourier transform in the time-frequency domain to 

separate the selected component and extracted its phase to do TOT [7]. In many works of literature, Vold–

Kalman filter is also adopted to separate the selected component for TOT in the time-frequency domain [8]–

[10]. Except for the filtering method, some signal decomposition methods like empirical mode 

decomposition and SVD are also applied to separate the selected component for TOT [11]–[13].  

In this paper, a new TOT method has been proposed combined ISTFT with SVD. The selected component 

is roughly separated by filtering in the time-frequency domain after STFT. Later the corresponding time 

domain signal is obtained by ISTFT.  Then, the obtained time domain signal is denoised by SVD 

decomposition. Finally, the resampling is carried out using the extracted phase of the refined signal. Since 

this method separated the target component separation into two steps, each step is very easy to operate and 

realize. But the performance of this method is acceptable and reliable. 
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2 The fundamental of the new method 

The new tacholess order tracking method combines the ISTFT and SVD and its flowchart is shown in Fig. 

1.  There are six core steps of the new method including 1) short-time Fourier transform; 2) select the target 

component and filtering; 3) inverse short-time Fourier transform; 4) SVD decomposition; 5) phase 

extraction; 6) resampling.  

 

Figure 1: The flowchart of the method 

Step 1: Short-time Fourier transform 

This step is to obtain the time-frequency spectral of the raw signal and get the overall view of all the 

components in the signal. The time-frequency spectral of a time series [ (1), (2), (3), , ( )]Tx x x x Nx  can be 

obtained by STFT: 

 ( , ) ( )F t f STFT x  (1) 

Step 2: Select the target component and filtering 

This goal of this step is to select an appropriate component in the time-frequency domain and separate the 

selected component by filtering. The selected component should be closely connected to the shaft rotation 

speed so that clear phase information of the shaft can be obtained. Therefore, generally, the available 

component can be the harmonics of the shaft rotation frequency or gear meshing frequency.  

As shown in Fig. 2(a), usually, the target component is between two other components. Since the filtering 

of this step is a rough one, the bandwidth can be determined by the minimum distance between the target 

component and the other two components, as follows: 

     min min ( ) ( ) ,min ( ) ( )t u t dBW f t f t f t f t    (2) 

where ( )tf t , ( )uf t , ( )df t  represent the time-varying frequency of the target component and the 

component on the upper side and lower side of the target components. 

Raw Signal

STFT to Get The Time-frequency Spectral

Select the Target Component and Filtering 

SVD Decomposition

Phase Extraction

Resampling

ISTFT to Obtain The Time Domain Signal
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(a) (b) 

Figure 2: (a) the schematic diagram of the filtering; (b) the filtered spectrogram 

The filtering operation is realized by setting the value of the spectral out the determined frequency band to 

zero, as follows: 

 ( , ) 0  ( )
2

s

BW
F t f f f t

 
    

 
 (3) 

The filtered spectral 
1( , )F t f  is shown in Fig. 2(b), which only includes the target component. 

Step 3: Inverse short-time Fourier transform 

This step is to obtain the corresponding time domain signal of the filtered spectral. It can be achieved by 

ISTFT as follows: 

 
1 1( ) ( ( , ))x t ISTFT F t f  (4) 

Step 4: SVD decomposition 

SVD has been frequently used in primary component analysis and denoising and shows good capability. 

Therefore, SVD is adopted to denoising the obtained time-domain signal of the target component. For a time 

series, the application of SVD is realized by the Hankel matrix, as follows: 
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where m is the number of rows and n is the number of columns and N is the total number of samples.

2, , , m1u u u  are the left singular vectors and 2, , , n1v v v  are the right singular vectors. 

 1 2( , , , ), m n

mdiag     Σ 0 R , 1 2 , , 0m      is a diagonal matrix with the same size as A and 

the positive entries are the singular values of A. Ai is the corresponding sub-matrix of the ith sub-signal 

obtained by SVD. 

The sub-signals can be obtained by the anti-diagonal averaging method after SVD as follows (see Fig. 3): 

fu(t)
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target component

-fd(t)
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Figure 3: The anti-diagonal averaging method 

Step 5: Phase extraction 

The summation of the first two sub-signals of the obtained time domain signal after SVD is used to extract 

the phase information of the original signal. The phase of a time series can be obtained through its analytical 

form with the help of Hilbert transform.  

 ( ) ( ) ( ( ))x t x t j hilbert x t   (7) 

 
( ( ))

( ) ( tan( ))
( )

hilbert x t
t unwrap arc

x t
   (8) 

where ( )x t  is the analytical form of ( )x t , j is the imaginary unit, ( )t is the obtained unwrapped phase. 

Step 6: Resampling 

The resampling process is operated by interpolation with equal angle interval based on the extracted phase 

in step 5. The number of samples in every cycle should be no more than the minimum number of samples 

in the original signal. 

3 Application on bearing fault diagnosis 

The performance of the method is tested using real vibration signal collected on a test rig of a high-speed 

train traction system. The overall view of the test rig is shown in Fig. 4(a) mainly including the moving 

platforms, a driving motor, a gearbox, a brake motor, etc. The in-time shaft rotation speed is tested by a 

tachometer on the output shaft of the gearbox. There are 26 and 85 teeth of the gear on the input and output 

shaft respectively. More details about the test rig please refer to references [14]–[16]. The tested bearing is 

a tapered rolling element bearing (FAG 804989, BG3 in Fig. 4(b)) on the output shaft with an artificial spall 

on the outer ring. The characteristic frequencies of the bearing transformed into the order domain are given 

in table 1. 

Table 1. The characteristic frequencies of the tested bearing 

Bearing type FTF/NX BSF/NX BPFO/NX BPFI/NX 

FAG 804989 0.47 7.43 18.40 20.60 

 

The sampling frequency of the tachometer and accelerometer is the same as the value of 20 kHz. Every time 

a five-second signal is collected with 105 samples. But only 44.224 10 samples of each signal are adopted 

since the limitation of the PC memory for SVD operation. The damaged bearing is shown in Fig. 5.  
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(a) (b) 

Figure 4: (a) the overall view of the test rig; (b) the core of the test rig 

 

Figure 5: The tested bearing 

The original vibration signal is shown in Fig. 6(a) and the corresponding spectral after STFT is shown in 

Fig. 6(b). Only the non-negative part of the spectral is shown since the symmetry. In the spectral, there are 

three harmonics of the gear meshing frequency (see Fig. 6(b)). In contrast to the 1st and 2nd harmonics, the 

4th harmonic of the gear meshing frequency is more distinguishable and relatively strong. Therefore, it is 

selected as the target component to extract the phase for resampling. The rotation speed of the shaft obtained 

by the tachometer is shown in Fig. 7(a). The shaft rotation speed increases slowly. The filtered spectral is 

shown in Fig. 7(b), which clearly shows the spectral of the selected component. 

Brake

Motor

Train 

Motor

Gearbox

x-y and z

Platforms

BG3
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(a) (b) 

Figure 6: (a) the raw signal of case study 1; (b) the STFT of the raw signal 

The obtained time-domain signal by ISTFT of the filtered spectral is shown in Fig. 8(a) and the 

corresponding unwrapped phase (red line) is given in Fig. 8(b). The estimated phase is close to the actual 

phase (blue line) obtained by the tachometer. The resampling of the original signal is carried out based on 

the estimated phase, then, the fault diagnosis is operated using the resampled signal instead of the original 

signal. The PMFSgram method that has been proposed by the same authors is used to detect the defect [16]. 

For the resampled signal, the optimal frequency band selected by the PMFSgram is [198.1~225.7] NX 

(green rectangle in Fig. 9(a)). Fig. 9(b) shows the SES of the filtered signal using the optimal frequency 

band. Two clear peak value occurs at the first two harmonics of BPFO. It indicates that there is a defect on 

the outer ring of the bearing. However, the SES of the original signal filtered by the optimal frequency band 

[858.2~1132.1] Hz (green rectangle in Fig. 10(a)) is shown in Fig. 10(b). There is no obvious peak value 

close to the first two harmonics of BPFO. Therefore, it is failed to detect the defect. According to the above 

analysis, order tracking shows its ability for bearing fault diagnosis and the proposed new method works 

well when applied to bearing fault diagnosis. 

  

(a) (b) 

Figure 7: (a) the raw signal of case study 1; (b) the STFT of the raw signal 
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(a) (b) 

Figure 8: (a) the obtained time domain signal of the filtered spectrum of case study 1; (b) the obtained 

shaft phase using the time domain signal 

  

(a) (b) 

Figure 9: (a) the PMFSgram of the resampled signal; (b) the SES of the filtered signal 

  

(a) (b) 

Figure 10: (a) the PMFSgram of the raw signal; (b) the SES of the filtered signal 
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4 Conclusion 

A new TOT method has been proposed combined ISTFT and SVD. The filtering of the target component is 

carried out in the time-frequency domain directly with the help of STFT and ISTFT. The SVD is used to 

refine or denoise the target component. Finally, the estimated phase of the target component is adopted to 

resample the original signal with equal angle interval. The method has been tested for bearing fault diagnosis 

and performs well. Future work will focus on the limitation of the method and how to select the target 

component automatically. 
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Abstract 
For constant speed gearboxes, a number of techniques have been developed to separate gear signals from 

bearing fault signals, but operation at variable speed emphasises the differences between gears and bearings. 

With gears, fault signals are directly tied to shaft speed, and are best extracted in the harmonic order domain, 

whereas bearing fault signals are carried by fixed frequency resonances and must first be extracted in the 

frequency domain, even if the envelope signals produced by demodulation must be analysed in the order 

domain. The current paper takes up the challenge of diagnosing bearing faults in a variable speed gearbox, 

with the added challenge of a serious gear fault (a simulated tooth root crack) giving very strong masking. 

The optimum approach is somewhat data dependent, but the current paper demonstrates that equally valid 

diagnoses can be made of the same fault over different speed profiles, both constant and varying by up to 

20%. 

1 Introduction 

With the vastly increasing application of wind turbines for renewable energy, a requirement has developed   

to adapt traditional condition monitoring techniques to the case of varying speed and load, which has brought 

up a range of problems not encountered with constant speed machines. A main component of wind turbine 

drives is the gearbox, with a large ratio of the order of 100:1, and typically a combination of a planetary 

stage and two parallel stages. As for constant speed machines, there is a need to separate the signals from 

bearings and gears, with and without faults, and varying speed has emphasised the differences between 

them. Gear faults are usually indicated by changes in the deterministic forcing functions, at harmonics of 

shaft speeds and gearmesh frequencies, while bearing faults are usually carried by resonance frequencies, 

unchanging with speed, even though the repetition frequencies of the impulse responses (IRs), from exciting 

these resonances, do (approximately) follow shaft speeds. The word “approximately” is used because the 

pulse repetition period is not constant, but a random variable with a variation of 1-2%, because of slip, 

making the signals so-called “pseudo-cyclostationary”, as explained in Refs. [1, 2]. With “constant” speed 

machines, and this includes those driven by induction motors, and wind turbines driving squirrel cage 

induction generators, where a speed variation of the order of 2% occurs (proportional to load, so not varying 

by so much in individual records), it is common to compensate for the small speed variations by using “order 

tracking”, to convert the “frequency” axis to be in terms of harmonic orders of a specified reference shaft 

speed, instead of Hz. Since the bearing “frequencies” are smeared anyway, this is usually treated as just a 

rescaling of the frequency axis, without a big change in the character of the signals. Order tracking is a 

prerequisite for employing synchronous averaging (SA) to extract gear signals corresponding to a particular 

shaft, because the resampled signal has to have a constant integer number of samples per revolution of the 

gear being studied, and averaging over multiple revolutions enhances this signal with respect to those with 

other periods or noise. However, for variable speed machines, this is no longer possible, since order tracking 

only removes the frequency modulation corresponding to the speed change, but not amplitude modulation, 

for example caused by the passage of gearmesh frequencies through fixed resonances. Thus, the SA will 

extract a signal with average amplitude, and when repeated periodically, and subtracted, it will still leave 

the part of the original gear signal whose amplitude varies around the mean.  
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Bearing signals consist of a series of impulse responses of fixed length, independent of speed, though their 

spacing does vary with speed. Because they excite fixed resonance frequencies, it is standard practice to 

extract them in the frequency domain, by bandpass filtering a resonance band dominated by a particular 

bearing fault (often in the kHz range), and then obtain the envelope of the impulse response series by 

amplitude demodulation. It is the envelope signal which contains the required diagnostic information of the 

(low frequency) repetition rate of the IRs, so with variable speed machines order tracking must be used to 

obtain these bearing fault frequencies (BFFs) in terms of shaft orders. 

An initial approach to diagnosing bearing faults with widely varying speed was published in [3], and the 

approach, and the results, are discussed here by way of introduction. The test rig used was a SpectraQuest® 

Bearing Prognostics Simulator (BPS), which allows for the testing of bearings over a wide range of speed 

and load, the latter applied horizontally to the test bearing by a hydraulic cylinder. This test comprised a 

complete run-up in speed from 0-40 Hz over 120s, controlled by the BPS speed control unit, and the test 

bearing mounted in the test housing had an outer race fault. Because from experience it was known that the 

signal measured directly on the bearing housing (position A) was very clear, measurements were also made 

at a couple of other points, including position C on the bedplate, remote from the test bearing. 

Figure 1 is a spectrogram of the acceleration signal at Point A and of the tachometer signal, obtained by an 

optical probe sensing a reflective patch on the shaft (every 4th harmonic suppressed).  

 

 

Figure 1: Spectrograms (a) Acceleration point A  (b) tacho signal, decimated by 8 

Horizontal bands in the acceleration spectrogram indicate resonances, of which there are two dominant ones 

near 1000 Hz and 2400 Hz in this signal. Moreover, the dominant harmonics in this signal are in fact the 

bearing outer race frequency (BPFO), which is unusual at low orders, but explained in this case because the 

bearing housing support has low resonance frequencies. 

Three methods of pre-processing were applied separately to enhance the extraction of the bearing signals 

from the background, as follows: 

1) Fast kurtogram [4], to find the optimum passband, based on spectral kurtosis (SK), to maximise the 

impulsiveness of the bandpass filtered signal.  

2) Minimum Entropy Deconvolution (MED) [5], where an inverse filter is used to counteract the 

smearing effect of the transmission path from original source impulses to response signals. 

3) Shortpass cepstral liftering, with an exponential window, to vastly reduce the effects of order related 

components while retaining modal information so that resonances carrying bearing fault signals 

would still be preserved [6]. 

Note that all this pre-processing was done in the time-frequency domains, but order tracking was used later 

to obtain order spectra from the envelope signals. Because of the very wide speed range covered, the order 

tracking was done using overlapping windows, in each of which the speed range was < 2:1, as described in 

Ref. [7]. 

Figure 2 shows the resulting squared envelope signals from the two measurement points at two speeds 

(22.5% and 90% of full speed), and for the three pre-processing methods as well as the raw signal. 

(a) (b) 
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Figure 2: Signal envelopes for different methods (Row 1) Original; (Row 2) SK filtered; (Row 3) MED;  

(Row 4) Exponential liftered 

This illustrates that the IRs have the same length at both speeds, but the spacing is four times wider at the 

lower speed. For the unprocessed signal the IRs are just about to overlap at near full speed for Point A, but 

are well and truly overlapping at Point C. This is because there were many more modes on the bedplate, 

starting from about 250 Hz, and this also explains the different performances of the three processing 

methods, which are somewhat data dependent. All three performed well at Point A, in shortening the length 

of the IRs, but for Method 2 the wide range of resonances at Point C meant it was difficult to find an inverse 

filter to negate the complex transfer function, and for Method 3, the low first resonance meant that it was 

difficult to set a short enough time constant of the exponential window to remove deterministic  forcing 

functions, even though these were quite few on this rig, with only one main shaft and no gears.  

As it happens, the final envelope analysis clearly diagnosed the outer race fault over a wide range of speeds, 

and even from the raw signal, showing the robustness of the envelope analysis method. Thus, without 

significant interference by strong shaft speed related components, such as from gears, the bearing faults 

could be diagnosed by extracting the bearing signal in the time/frequency domains, before order tracking to 

perform the envelope analysis. 

A later paper [8] treats the problem of bearing diagnostics in much more complex machines, an aero engine 

and a wind turbine, under variable speed conditions, but is primarily aimed at comparing two approaches, 

one based on pre-processing in the time/frequency domains with a combination of MED followed by SK, 

and the other based on cyclostationary techniques, such as the spectral coherence (Scoh), to emphasise 

periodic impulsive signals such as from bearings. However, cyclostationary signals only arise from constant 

speed machines, where carrier signals (dominated by resonances) and modulating signals (from shaft speed 

related forces) can both be expressed in Hz. When speed varies, it is necessary to invoke so-called “cyclo-

non-stationary” methods [9], to obtain spectral correlation and spectral coherence diagrams in terms of 

frequency, for carrier frequencies, and orders, for cyclic modulating effects related to shaft speed. This is 

quite complex, and can still give problems where there is strong contamination from additive gear related 

components, since preprocessing can really only be applied in the time/frequency domains before the cyclo-

non-stationary analysis. In [8], the basic finding was that the spectral coherence methods did somewhat 

better in a number of cases, but that was on the basis of being able to choose signal sections where the 

masking by speed related components, such as from gears, was not strong, and where the speed variation 
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was not too great. The statement is made in [8] that “the elimination of the deterministic part of the signal 

is crucial for an optimal evaluation of the random part”, but when this involved amplitude modulated forcing 

components related to shaft speed it was “beyond the scope” of the paper. The paper contains the following 

diagram, originally from [10] (Figure 3) to clarify how a signal might have to be processed separately in the 

time/frequency or angle/order domains several times depending on whether the feature to be enhanced or 

removed is time or rotation angle dependent. 

 

Figure 3: Application of various techniques in time or angle domains  

The current paper takes up the challenge of diagnosing bearing faults in the presence of strong gear signals, 

specifically in a gearbox with a simulated tooth-root crack in one tooth of the driving pinion, at constant 

speed and differently varying speeds. 

2 Test object and measurements 

Measurements were made on a gearbox test rig as shown in Figure 4(a). This is a single stage parallel gear 

reducer with ratio 19:52, driven by an induction motor with variable frequency drive, and driving a brake 

with controllable torque load. Brüel & Kjær accelerometers types 4396 and 4394 were mounted adjacent to 

one another, on top of casing, measuring vertically, in the middle on the brake side. All were attached with 

screw studs to mounting pads cemented onto the casing rim with isocyanate cement. A slot was seeded on 

one tooth of the 19 tooth input pinion, by EDM machining, to simulate a tooth-root crack extending to the 

tooth centreline at 45° angle. Shaft encoders were mounted on the free ends of the input and output shafts 

of the gearbox, giving 512 ppr (pulses per rev) encoder signals and 1 ppr tachometer signals. Only the tacho 

signals are used in this study, primarily for order tracking. 
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Figure 4: Gear test rig  (a) Overall view  (b) Schematic diagram 

The faulty test bearing had an EDM-seeded inner race slot (~0.5 mm width) in the output shaft bearing at 

the brake end. It has ball diameter d = 4.76 mm, pitch circle dia D = 23.5 mm, and No. of rolling elements 

n = 9. The kinematic (no slip) estimate of bearing fault frequencies are BPFO (outer race) = 3.5885, BPFI 

(inner race) = 5.4115, BSF (ball) = 2.3672 and FTF (cage speed) = 0.3987. Note that these “frequencies” 

are stated in terms of shaft order, for ease of comparison between fixed speed and variable speed 

measurements. 

A series of tests was done, running the rig at a fixed input speed of 20 Hz, and two (input) loads (15 Nm for 

11s, and 20 Nm for 21s), and a number of variable speeds centred on 20 Hz, for 60s, with 20 Nm torque. 

Four of these had a speed variation of ± 10% with fixed frequency modulation periods of 60s, 20s, 5s, and 

2s. One had a randomly varying instantaneous modulation frequency ranging over  

± 10%, see Fig. 5. The latter was based on a measured wind turbine speed trace [11], a section originally of 

length 220s and centred on a mean value of 26.5 Hz. 

 

Figure: 5 Random speed profile of input shaft 

3 Analysis procedures and results 

3.1 Cepstrum liftering 

Because one of the major techniques used here, cepstrum liftering, is not widely known, a brief update is 

given here, though full details will be found in [6]. 

The cepstrum is defined as the inverse Fourier (or z-) transform of a log spectrum [6]. Thus: 

Torque meter

Motor

Coupling 

Encoder 

Electromagnetic 

particle  brake 
Gearbox
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  (1) 

where  (2) 

in terms of the amplitude and phase of the spectrum.  is called the “complex cepstrum”, since it retains 

the phase information from the spectrum. However, it can only be applied to transient signals, such as 

impulse responses, since it requires the phase to be unwrapped to a continuous function of frequency, and 

this is not possible for other than transients. If the phase in Eq. (1) is set to zero, the so-called “real cepstrum” 

is obtained, as in Eq. (3):  

  (3) 

This can be applied to (sections of) continuous stationary or non-stationary signals, whose phase cannot be 

unwrapped, and if the cepstrum is edited (“liftered”, from “filtered”) the modified log amplitude spectrum 

can be obtained by a forward transform. As shown in Ref. [6], the modified log amplitude spectrum can be 

combined with the original phase spectrum to form edited time signals, and in this paper, this is used for 

“notch liftering”, where families of uniformly spaced harmonics and sidebands are removed from the log 

spectrum by setting the equivalent “rahmonics” (many fewer) in the cepstrum to zero.  

An “exponential lifter” is also used, as explained in the following. The complex cepstrum of a transfer 

function can be expressed in terms of its poles and zeros in the z-plane, as shown by Oppenheim and Schafer 

[12], and in [6], it is shown that for a single degree-of-freedom (SDOF) system, with one complex conjugate 

pair of poles inside the unit circle, and no zeros, it can be expressed as:  

  (4) 

where c and c* are the poles, n is quefrency (time) sample number, ∆𝑡 is time sample spacing (so that 

𝑡 = 𝑛∆𝑡), and 𝜎 is the damping constant corresponding to the exponential decay |𝑐|𝑛. Thus, from Eq. (4) it 

can be seen that if the response cepstrum is multiplied by the exponential  window 𝑒−𝜎0𝑡 it adds 𝜎0 to the 

damping of every mode of the system, but this can in principle be compensated for after analysis (as for an 

exponential window used in impact testing). 𝜎 equals half the 3 dB bandwidth (in rad/s) of the corresponding 

resonance. 

3.2 Results 

At first an analysis is made of the case with constant speed and 20 Nm load, as a benchmark against which 

to compare the variable speed results. Figure 6(a) shows the squared envelope spectrum (SES) of the raw 

signal, with frequency scaled in orders of the output shaft (with the faulty bearing). It is dominated by the 

harmonics of the two shaft speeds, with the harmonic cursor aligned with the input shaft speed. It shows the 

exact gear ratio of 2.737. 

Figure 6(b) shows the result of applying an exponential lifter in the time domain cepstrum, with the aim of 

enhancing the modes excited by the bearing fault, as for Row 4 in Fig. 2, and also a notch lifter in the order 

domain cepstrum, targeting the harmonics of the input shaft, dominated by the pinion fault. Fig. 7 shows 

the result in the spectrum of applying the exponential lifter. This had a time constant of 5 ms, corresponding 

to a 3 dB bandwidth of 64 Hz. It can be seen that because the speed is constant, the gear harmonics are 

discrete in the time domain, and have been greatly suppressed. 

 

     1 1( ) log ( ) ln ( ) ( )cC F f A f j f      

  ( )( ) ( ) ( ) j fF f f t A f e   

( )cC 

  1( ) ln ( )rC A f  

     

 

*
( ) exp arg exp arg

2 cos arg( ) , 0

nn n

sdof

n t

cc c
C n jn c jn c

n n n

e
n c n

n

 

      

 

574 PROCEEDINGS OF ISMA2020 AND USD2020



 

Figure 6: SESs for 20 Hz constant speed (a)  Raw signal  (b) Exponential and notch lifters 

 

Figure 7: Result of applying expoential lifter  (blue) original  (red) liftered 

The notch lifter in the cepstrum removed the corresponding harmonics in the (order) spectrum, but the SES 

in Fig. 6(b) still shows harmonics of the input shaft speed. This is discussed in detail below, as it is more 

prevalent in the variable speed results. By chance, in this case the BPFI (kinematic value 5.4115) is very 

close to the second harmonic of the input shaft speed (5.4737), but it is seen in Fig. 6(b) that with a finely 

tuned harmonic cursor, it is possible to separate them, and make the diagnosis. Not only are there three 

harmonics of the actual value (5.404) becoming more and more separated from the harmonics of input shaft 

speed, but each has sidebands spaced at output shaft speed (order 1) as expected for an inner race fault. 

The next step was to apply the same approach (as Fig. 6(b)) on the randomly varying speed case, of Fig. 5. 

The exponential liftering in the time domain still enhances the modal properties, even though the harmonics 

of shaft speed are smeared. Even so, after order tracking, the order spectrum has clear harmonics of both the 

input shaft speed and the gearmesh frequency (19th harmonic), so these have not been removed by the 

exponential lifter in the time domain. A comb notch lifter was then applied in the order domain cepstrum, 

designed to remove the “rahmonics” (evenly spaced components in the cepstrum) of the input shaft period.  

Figure 8 compares the cepstra before and after this notch liftering, over a range encompassing the 3rd 

rahmonic of the high speed shaft (HSS), and also a zoom around the 1st rahmonic. The notch width was 

chosen by visual inspection of the original cepstrum. It can be seen that the rahmonic corresponding to the 

(a) 

(b) 
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output shaft is negligible, because the tooth fault produces impulses at input shaft speed. It can also be seen 

that the HSS component is the 19th rahmonic of the gearmesh quefrency, as expected, so both have been 

removed with this notch lifter. The output shaft (1 period) would also have been removed if it had been 

present, as it is the 52nd rahmonic of the gearmesh quefrency. 

Figure 8: Order domain cepstra before and after notch liftering. (Blue) before; (Red) after.(a) Quefrency 

range including three rahmonics of HSS  (b) Zoom around HSS 

Figure 9 shows the resulting order spectra before and after notch liftering. It is evident that the additive 

harmonics have been removed.  

 

Figure 9: Order domain spectra before and after notch liftering. (Blue) before; (Red) after. 

Even so, when the squared envelope spectrum of this signal is obtained (Fig. 10), it is found to have 

considerable contamination by the harmonics of the two shaft speeds. It is possible to make the diagnosis of 

inner race fault, but the first harmonic of BPFI in particular is quite low with respect to the 2nd harmonic of 

HSS. 

Figure 10: SES for 20 Hz random variable speed after exponential and notch lifters 

On reflection, it was assumed that this was because of modulation by the HSS, rather than the presence of 

additive components, which seemed to have been completely removed. It was thus thought necessary to 

reverse order track back to the time domain (as in Fig. 3) to form the envelope signal, before order tracking 

HSS 

HSS 
(a) (b) (a) (b) 

HSS 

HSS 
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it back to the order domain to obtain the SES. Note that order tracking smears (constant resonance) carrier 

frequencies, but these are removed in the enveloping operation. It also distorts the length of each IR, which 

have constant length in time (as in Fig. 2), but this has only a minor effect on the SES. The basic repetition 

frequency of the pulses is the same, even if they have slightly varying lengths in the angle domain, and the 

result is primarily to modify the strength of the harmonics in the SES. In principle, the varying amplitude 

of the envelope pulses, caused by the modulating effect at HSS, could be removed with a notch lifter in the 

order domain cepstrum. 

Figure 11 shows the result of secondary application of exponential liftering to the reverse order tracked 

signal, after which the squared envelope was generated in the time domain, and then order tracked once 

again. Notch liftering was then applied to the order domain cepstrum to remove the modulation effects of 

the HSS. The diagnosis of an inner race fault can now be clearly made, even though the first harmonic of  

2 × HSS is still somewhat higher than BPFI. The modulation sidebands spaced at shaft speed are most 

clearly around the harmonics of BPFI.   

Figure 11: SES for 20 Hz random variable speed after second stage processing of the envelope signal 

It is worth mentioning that an attempt was made to use the fast kurtogram on the reverse order tracked signal 

in the time domain, after exponential liftering, as indicated in Fig. 3 as a possibility, but in this case the 

resonance band with the highest kurtosis gave excessive noise in the final SES. This would be data 

dependent, however, and, as seen below, was successful on other data. 

The same basic approach was then applied to two other cases of variable speed, one with a fixed FM period 

of 20s over 60s, and the other with 20 Hz constant for 10s, followed by 50s with a fixed FM period of 50s. 

The speed profiles are shown in Fig. 12. 

 

Figure 12: Alternative speed profiles (a) 21s modulation period  (b) Approx. 60s modulation period 

For the signal with 20s period (actually 21s, Fig. 12(a)), the equivalent SES to Fig. 11 is shown in Fig. 13. 

The results are quite similar, although the relative height of the first harmonic of BPFI to the second 

harmonic of HSS is slightly higher. 
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Figure 13: SES for 20 Hz variable speed (20s period) after second stage processing of the envelope signal 

In this case, applying the fast kurtogram to the exponentially liftered reprocessed signal in the time domain, 

before enveloping, did extract a band that was more impulsive than the rest, though still with low kurtosis. 

The SES of this envelope signal, after notch liftering in the order domain, does improve the result markedly, 

as shown in Fig. 14. 

Figure 14: SES for  20 Hz var. (20s period) using bandpassed signal from kurtogram 

The red dashed harmonic cursor indicating HSS order 2.737, finds only the first harmonic, and the rest of 

the spectrum contains only the bearing fault information, harmonics of BPFI with sidebands spaced at shaft 

speed. Note that low harmonics of the shaft speed, order 1, are a normal part of an SES.  

 

Figure 15: SES for 20 Hz variable speed (60s period) after second stage processing of the envelope signal 

Figure 15 shows the equivalent SES to those in Figs. 11 and 13, but for the signal of Fig. 12(b), i.e. with a 

short constant speed followed by a very slow sinusoidal variation. The results are very similar to those in 

Figs. 11 and 13, and show that the proposed approach can make the correct diagnosis for a wide range of 

different speed profiles with considerable speed fluctuation. However, in this case, as for the random speed 

HSS 
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profile of  Fig. 5, the fast kurtogram did not produce a clearer result, as in Fig. 14, as the “optimum” band 

still had excessive noise. 

4 Conclusion 

This study has shown that it is possible to diagnose faulty bearings in a gearbox with widely varying speed 

in the presence of a serious gear fault producing much higher levels of  background gear vibration than 

normal. When the speed variation is not too great, it is often possible to separate the bearing signal from the 

background in the time domain, before using order tracking to transform into the angle domain, where 

envelope analysis can provide a diagnosis. Another potential solution where the masking by deterministic 

signals, tied to shaft speed, is not too strong is cyclo-non-stationary analysis, which might then allow the 

very powerful cyclic coherence techniques. 

Otherwise, this paper shows that a considerably improved diagnosis can be made in some cases by 

transforming back and forth between the time and angle domains, for example enhancing modal properties 

in the time domain (including resonances that carry bearing faults), using an exponential lifter in the time 

domain cepstrum, and then transforming to the angle domain to remove additive shaft speed related effects 

such as from gears. In this paper it has been done very effectively by notch liftering in the angle domain 

cepstrum, but only for additive shaft harmonics. It may only be after this has been done, that techniques 

such as spectral kurtosis can find the optimum frequency bands to demodulate, and this thus requires 

transformation back to the time domain by reverse order tracking. The envelope can then be generated in 

the time domain, and order tracked once again to the angle domain. The envelope signal may then have 

modulation effects from the shaft related forces, and it has been shown that these can be substantially 

reduced, and even eliminated by notch liftering in the angle domain cepstrum. This study has in fact made 

the authors aware of how it is necessary to remove both the additive and modulation effects of the gears to 

facilitate the bearing diagnostics. 

Future work will examine in more detail the potential use of other techniques such as DRS (discrete-random 

separation) [13] as an alternative to cepstral notching to remove discrete spectral/cepstral components, and 

also the log-cycligram [14] as an alternative to spectral kurtosis to find an optimum demodulation band. 
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Abstract
The components in the vibration signals of faulty bearings mainly comprise damped and repetitive impulses
on the top of stationary components, which can be modeled as a non-stationary signals whose statistical prop-
erties switch between two states. The duration of staying in each state turns out to be important information
for presence of a fault and for identifying it. This work introduces a probabilistic model for vibration signals
of faulty bearings that is able to capture the aforementioned characteristics. It is based on the explicit-duration
Hidden Markov model(EDHMM), and joint force with short-time Fourier transform(STFT). The STFT co-
efficients are modeled as the explicit-duration Hidden Markov chain, and then extracting the duration time
in the different states of the bearing vibration signal. A complete diagnostic framework is given out in this
paper, including modeling, inference, estimation and application. Firstly, specific definition and formulation
of the explicit-duration Hidden Markov process are addressed. Algorithm for estimating the EDHMM pa-
rameters are then introduced, and how the latter can be used for diagnosis is eventually illustrated. Finally,
its effectiveness is validated with synthetic and experimental data.

1 Introduction

Considerable research has been carried out previously for the development of various algorithms for bearing
fault detection and diagnosis. These algorithms can be classified into signal-processing based diagnostic
method, mathematical model based diagnostic method. The signal-processing based diagnostic method is
still the dominant technology that can be performed in time-domain, frequency-domain and time-frequency
domain. Time-domain analysis methods are the most direct which calculates characteristic features from
time domain signal as statistical indicators for fault diagnosis such as skewness, kurtosis,etc. Time syn-
chronous averaging (TSA)[1] and linear prediction[2] are the classical and efficient time-domain methods,
which can extract the periodic or deterministic signals from a complex signal. The frequency-domain analy-
sis is also an effective signal-processing based diagnostic method for condition monitoring. A series of clas-
sical method, such as squared envelope spectrum[3], cepstrum pre-whitening (CPW)[4], adaptive noise can-
celling(ANC)[5],etc. For more comprehensive, various of time-frequency analysis methods were proposed
including Short Time Fourier Transform (STFT), the Wigner-Ville Distribution (WVD), and the Wavelet
package Transform (WDT)[6],etc. The mathematical model based diagnostic method is another efficient
way that requires a specific model to replace and simplify the actual operation. The dynamic model[7], vi-
bration signal model[8] are to explore the mechanical structure and simulate the pseudo-real signal. Another
modelling method is dedicated to model the characteristics contained in the signal, for example, cyclosta-
tionary process model[9], etc.

Although these methods are efficient in the majority situation, this paper will present a probabilistic model
for modelling the probability distribution of the time-frequency patterns in the faulty bearing signal, which
is a novel perspective in bearing fault diagnosis. As known, the bearing vibration process is known to be
stochastic and non-stationary dominantly, especially in the high frequency range. During vibration pro-
cess, there always exists uncertainty, randomness and incompleteness originating from vibrational sources.
Therefore recognizing that kind of transient from non-stationary signals needs helps from stochastic mod-
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els. Hidden Markov model (HMM) is a statistics-based time series analysis model, which can reveal the
transition regularity of the state hidden in the observation samples. This vibration process can be ideally de-
scribed by a mathematical model known as Hidden Markov Model (HMM). First the models are very rich in
mathematical structure and hence can form the theoretical basis for use in a wide range of applications[10].
Second the models, when applied properly, work very well in practice for several important applications[10].
However, the transition probability matrix in the standard HMM is estimated as the constant matrix, then the
time the Markov chain spends in a state is a random variable that is statistically described by a geometric
probability mass distribution[11]. In many cases this property seems to be a strong limitation that results
in inaccurate signal modeling, such as, the bearing vibration signal. In this paper, we present an improved
model, explicit-duration hidden model (EDHMM), which is embedded with an underlying process that is a
explicit-duration Markov chain. It is mean that the duration time in each hidden state is described explicitly
as a specific distribution, which has a more accurate modeling power. We can estimate the duration time
in the different vibration patterns by dealing with the EDHMM, for example, how long does the rotating
bearing stay in noise pattern, or how long does it experience in the transient pattern.

Explicit-duration hidden model was initially introduced in 1980 by Ferguson[12] for speech recognition.
Since it was introduced, this model has been extensively studied and wildly utilized in various field to solve
the corresponding problems in the recent 40 years. Different from the standard Markov chain, the duration
time staying one state in the explicit-duration Markov chain is described with a specific distribution. As
this model can provide an adequate representation of the temporal structure of the signal. The application
to fault diagnosis and prognosis appeared gradually after 2000, in particular the recent ten years. After in-
vestigation, it is found that almost all the related papers put emphasis on the conditional monitoring[13],
prognosis[14,15], RUL prediction[16,17], etc, and there exist rarely articles really do the fault diagnosis
through EDHMM. In this paper, the EDHMM is utilized to figure out the duration time in the different mor-
phological vibration by modelling the time-frequency patterns of the vibration signal. The vibration signal
is processed firstly through STFT. Through STFT decomposition, the vibration signal is converted into a
unified time sequence data, and each data contains complete frequency information. Then the time sequence
data are treated as the observation samples for modeling the explicit-duration Markov chain. Finally, the
parameters in the EDHMM is estimated and applied to the fault diagnosis.

The rest of the paper is organized as follow, Section 2 will introduce briefly the signal pre-processing method,
short-time Fourier transform(STFT) algorithm; Section 3 and Section 4 are the major parts that give out the
EDHMM related to modeling, inference, estimation; The effectiveness of the proposed method is validated
with synthetic and experimental data in the Section 5.

2 STFT algorithm

In order to motivate the EDHMM, let us consider firstly the processing of the vibration signal, which is key
step for linking the vibration signal and explicit duration HMM. The aim of this processing is to convert the
vibration signal to sequence samples containing the related characteristics. STFT is used in this paper as its
good ability of extracting the time-frequency feature and its perfect and efficient mathematical structure. A
brief review of STFT decomposition and its coefficients is introduced. Calculating and obtaining the short
time Fourier transform (STFT) of the objective vibration signal y[t], t = 0, 1, 2, ..., L − 1. The STFT of
signal y[t] over a time interval of length Nw/Fs is

YSTFT (n, f) =

Nw−1∑

m=0

y[nR+m]w[m]e−j2πm
f
Fs (1)

where, w[m] denotes a positive and smooth Nw-long data window, and R represents the window shift. Fs
is the sampling frequency. In order to better use the coefficients, we give two hypotheses about the STFT
coefficients YSTFT (n, f) as follow,

• i. Y (n, fj) and Y (n, fk) are independent for any j, k ∈ {1, 2, ..., Nf}
• ii. The expected value of the STFT coefficients at one window n is zero.
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Based on the central limit theorem, the STFT coefficients Y (n, f) follows the complex-valued Gaussian
distribution[18], as Eq.(2), which is an important basic premise that simplified the probabilistic model here-
after. The covariance of this distribution is C = E[(Y (n)− µ)(Y (n)− µ)†], where, † means the complex
conjugate of the transpose, and the pseudo-covariance is M = E[(Y (n) − µ)(Y (n) − µ)T ]. According to
the hypotheses i and hypotheses ii, the covariance C can be approximately simplified as a diagonal matrix
as the Eq.(3).

Y (n) ∼ CN (µ,C,M) (2)

C = E[(Y (n)− µ)(Y (n)− µ)†]
= E[Y (n)Y (n)†]

=




C11 0 · · · 0
0 C22 · · · 0
...

...
. . .

...
0 0 · · · CNfNf


 (3)

From the hypotheses i, the covariance of two random variables with different frequency is zero. Then the
pseudo-covariance M = E[Y (n)Y (n)T ] is a diagonal matrix. In addition, the diagonal elements of M
are also zero because of the hypotheses ii. Consequently, the pseudo-covariance M is a zero matrix. Then
the vectors of Gaussian random variables Y (n) are only determined by their covariance matrix C. It is
also called circularly-symmetric Gaussian distribution. The distribution of the STFT coefficients at a given
window n, p(Y (n)), is given by,

Y (n) ∼ CN (0,C) (4)

p(Y (n)) =
exp{−Y †nC−1Yn}

πNf |C| (5)

So far, we have focused primarily on the STFT coefficients that are the pre-processing of the modeling. It
is worth noting that the STFT is not a visual diagnostic tool here, but a conversion tool, then the uncertainty
principle affects less the final result. These columns of the coefficient matrix Y (n) will be used as the
observation sequence of the following modeling.

3 Explicit duration HMM

The EDHMM[19] can be viewed as a special instance of the standard hidden Markov model, which is em-
bedded similarly with an underlying process that is a explicit duration Markov chain. Given the observations
Y1:N from previous section, the corresponding state sequence is denoted by z1:N , z1, z2, ..., zN and let i, j
denote the real state value, which represent only two cases according to our objective data, so i, j ∈ {1, 2}.
What makes EDHMM different from the standard HMM is describing the duration time d in the hidden
state i as a specific distribution pi(d), which has a more accurate modeling power. Here, we model the du-
ration probability as a Gaussian distribution with the mean µ and variance σ2[20]. Then the model can be
characterized as the parameter set θ = {π, µ, σ2,C}, where, π = [π1, π2], and πi = p(z1 = i).

Due to the existence of the duration time di in each sate i, the transition probability matrix A in EDHMM
will be a dynamic matrix, rather like a fixed matrix in the HMM. The transition probability matrix will
vary with the staying time already spent in current state i, and this staying time varies with the time n and
state i, denoted as τn(i), where τn(i) ≤ D and D means maximum duration. Then the dynamic transition
probability matrix A(τn(i)) can be decomposed in two terms: recurrent state transition probabilities Ar and
non-recurrent one A0[19]. The recurrent transition probabilities Ar = [pij(τn)] is defined as the probability
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Figure 1: Explicit duration hidden Markov model

of remaining in the current state i at the next time step, given the staying time spent in current state i,

pii(τn(i)) = p(zn+1 = i|τn(i))
= p(zn+1 = i|zn = i, zn−1 = i, ..., zn−τn(i)+1 = i, zn−τn(i) 6= i)

=
p(zn+1 = i, zn = i, zn−1 = i, ..., zn−τn(i)+2 = i|zn−τn(i)+1 = i, zn−τn(i) 6= i)

p(zn = i, zn−1 = i, ..., zt−τn(i)+2 = i|zn−τn(i)+1 = i, zn−τn(i) 6= i)

=
1− F (τn(i)|µi, σ2i )

1− F (τn(i)− 1|µi, σ2i )
(6)

where, F (d) =
∫ d
−∞ f(x)dx represents the cumulative distribution function, then numerator 1−F (τn(i)|µi,

σ2i ) means the probability that the explicit duration Markov process, at time n, has been staying in state i for
at last τn(i) times. According to the Eq.(6), the recurrent transition probabilities Ar can be written as,

Ar = [pij(τn)] =

{
1−F (τn(i)|µi,σ2

i )

1−F (τn(i)−1|µi,σ2
i )

i = j

0 i 6= j
(7)

The non-recurrent probability matrix A0 is defined as the transition probabilities between two different states,
which will be fixed in the two-states case as,

A0 =

[
0 1
1 0

]
(8)

According to the two components defined above and the constraint
∑

j aij = 1, the dynamic transition
probability matrix A(τn(i)) can be calculated through

A(τn(i)) = [aij(τn(i))] = Ar + (I − Ar)A0 (9)

where, I means the identity matrix. In this approach, the τn(i) can be adaptively learned through the duration
distribution parameters in each time n. Therefore, the dynamic matrix A(τn(i)) does not need to estimated
in the re-estimation section.

584 PROCEEDINGS OF ISMA2020 AND USD2020



4 Parameters estimation

4.1 Forward-backward recursion

Given the observations Y1:N , the goal is to find a optimal parameter set θ that maximizes the likelihood
p(Y1:N |θ). To calculate the likelihood readily, we introduce firstly the forward-backward recursion formula.
The forward and backward variables at time n are defined as

αn(i) = p(Y1:n, zn = i|θ) (10)

βn(i) = p(Yn+1:N |zn = i,θ) (11)

And the forward-backward recursion formulas can be written in the forms as

αn(j) =

[∑

i

αn−1(i)aij(τn−1)

]
p(Yn|zn = i) (12)

βn(i) =
∑

j

βn+1(j)aij(τn)p(Yn+1|zn+1 = j) (13)

To calculate the recursion formulas above, the duration time in current state i for each time n, τn(i), should
be also estimated using the following formula,

τn(i) = p(zn = i|Y1:n,θ)τn−1(i) + 1

=
αn(i)∑
i αn(i)

τn−1(i) + 1 (14)

4.2 Parameters re-estimation

In this discussion we will concentrate on parameter set θ estimation. Before continuing we will define several
other posterior probabilities for facilitating the subsequent re-estimation. First, the the posterior probability
of the current state zn given observing Y1:N and parameter set at time point n can be written as,

γn(i) = p(zn = i|Y1:N ,θ)

=
αn(i)βn(i)

p(Y1:N |θ)
(15)

Next,the posterior probability of a transition from state i to state j given observing Y1:N can be express in
terms of forward-backward variables and model parameters as,

ξn(i, j) = p(zn = i, zn+1 = j|Y1:N ,θ)

=
p(zn = i, zn+1 = j,Y1:N |θ)

p(Y1:N |θ)

=
αn(i)βn+1(j)aij(τn(i))p(Yn+1|zn+1 = j)

p(Y1:N |θ)
(16)

Now the parameters θ = {π, µ, σ2,C} can be re-estimated using the expectations. For example, the initial
state probability πi is πi = γ1(i)/

∑
i γ1(i), here the numerator γ1(i) can be understood as the probability

of occurring z1 = i, and the denominator, summing γ1(i) over all states, can be understood as the all
possibilities of z1.

The re-estimation formulas of the covariance C in observation distribution is same with HMM ,
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Figure 2: The synthetic vibration signal

Ci =
∑N

n=1 γn(i)Y Y
†

∑N
n=1 γn(i)

(17)

The probability of the duration time is τ in the last state i at time n,

p(τn(i)) =
αn(i)

[∑
j βn+1(j)aij(τn(i))p(Yn+1|zn+1 = j)

]

∑N−1
n=1 αn(i)

[∑
j βn+1(j)aij(τn(i))p(Yn+1|zn+1 = j)

] (18)

Then, the re-estimation formulas of the parameters in state duration distribution, e.g. µ, σ2, can be obtained
as,

µi =
N−1∑

n=1

p(τn(i))τn(i) (19)

σ2i =
N−1∑

n=1

p(τn(i))(τn(i))
2 − (µi)

2 (20)

From Eq(17) to Eq(20), we can obtain the new parameter set θnew = {π, µ, σ2,C}. One update completed
so far, and the re-estimation procedure can be summarize as ,

1) Assume an initial parameter set θold

2) Compute the forward-backward variables αn(i) and βn(i) through Eq.(12) and Eq.(13). Then the
forward-backward variables are used to calculate the related probability γn(i) and ξn(i, j) through
Eq.(15), Eq.(16) Finally, the new parameter set θnew can be re-estimated through Eq.(17) to Eq.(20).

3) Check for convergence of either the log likelihood or the parameters. If the convergence criterion is
not satisfied, the let θold ← θnew and return to step 2.

5 Validation

This section will validate the proposed method on two kinds of datasets, i.e. synthetic data and experimental
data.

5.1 Synthetic bearing vibration signal

A simulated bearing vibration signal with damped and repetitive impulses is constructed through the fol-
lowing formulas. In which, fn represents the base frequency, y0 means the displacement content, ρ means
damping coefficient and f1,f2 represent separately the impact frequency and modulation frequency. In this
case, y0 = 1, ρ = 0.1, fn = 1500Hz, f1 = 8Hz and f2 = 80Hz. In addition, the sampling frequency is
10000Hz, and the signal length is L = 10000 sampling points. The noise n(t) is set to a SNR of 8dB and
the time domain signal is shown in Fig.2.
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Figure 3: The vibration signal of #130DE at the intervals [0.5, 1.5]s

y1(t) = y0e
−ρ2πfnt[sin(2πfn

√
1− ρ2t) + cos(2πfn

√
1− ρ2t)] (21)

y2(t) = repmat(y1(t), 1, f1) (22)
y(t) = [a ∗ sin(2πf2t) + b]y2(t) + n(t) (23)

Firstly, the STFT decomposition is performed with Nw = 128 and R = 25, and then the obtained sequence
is modeled as the explicit duration hidden Markov chain. The estimated means and variances of the duration
time in these two states as

µ =

[
1.0005
4.0003

]
σ2 =

[
0.0022
0.0011

]
(24)

It is seen that the expected duration time in each state are 1.0005 and 4.0003 respectively, and the unit is
the window length. The small variance indicates that the synthetic signal is stable. The transient behavior
will last 1.0005 ∗ R ≈ 25 points, and the gap between two transients is about 100 points. Then the impulse
frequency can be calculated as 10000/125.02 ≈ 80Hz = f1.

5.2 Experimental bearing vibration signal

To further demonstrate the performance of the proposed method, the performance of EDHMM will be ver-
ified in two set of experimental data in this section. The experimental data from the Case Western Reserve
University Bearing Data Center (https://csegroups.case.edu/bearingdatacenter/pages/download-data-file) has
been used. In the first case, we select one set with a known outer race bearing fault at the drive end numbered
#130DE. This set of data was collected at 12kHz from drive end accelerometer, and the vibration signal
at [0.5, 1.5]s is shown in Fig.3. According to the bearing parameters, we know the fault characteristic fre-
quency should be 108Hz. First, we perform the STFT on the time domain signal with the STFT parameters
as Nw = 64, R = 8. Then the signal can be converted into a sequence samples with complex Gaussian
distribution. The corresponding hidden state of these observations is determined through its different covari-
ance by modeling and estimation. And the expected duration time in each state can be also estimated through
Eq.(19) and (20) as

µ =

[
5.0786
8.7541

]
σ2 =

[
0.1481
1.0394

]
(25)

From the result, we roughly know the expected duration time in the transient component and stationary
component. And Figure 4 shows the detailed dynamic staying time τn(i), from n = 100 to n = 200 and
the corresponding vibration signal, where, n means the window number. Then the equivalent duration time
in sampling point unit can be calculated as R ∗ µ = [40.63; 70.03]. Through this result, we can obtain the
estimated fault frequency as 12000/(40.63 + 70.03) ≈ 108.4Hz, which is equal to the real one.

In the second case, we select the dataset(109DE) associated to inner race fault at the drive end for validation.
This set of data was collected at 48kHz from drive end accelerometer. Similarly, we take the intervals
[0.5, 1.5]s as the analytic signal shown in Fig.5. Based on the test bearing specifications, the characteristic
frequency of the inner race fault at the DE is equal to fBPFI = 5.415× fn = 161Hz, where, fn is the shaft
rotating frequency.

Figure 6 shows the staying time variables τn(i) estimated through EDHMM. In STFT setting, the window
length Nw is set to 128 and the window shift R = 16. Fig.6 (b) and (c) are the staying time variables in
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Figure 4: The staying time variables τn(i)

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5

104

-4

-2

0

2

4

Figure 5: The vibration signal of #109DE at the intervals [0.5, 1.5]s

different state form 100th window to 200th window, and Fig.6 (a) shows the corresponding vibration signal.
Compared with the vibration signal, it is obvious that the state transition and the duration time in each state
have been correctly estimated. The means and variances of the duration time are estimated through Eq.(19)
and (20) as

µ =

[
5.6891
13.0383

]
σ2 =

[
3.6926
2.4941

]
(26)

where, the unit is the window length. Then we can approximately calculate the real duration time in each
state i as R ∗ µ = [91.0262; 208.6127]. From this result, we know the mean period of one impulse is about
300 sampling points, and the duration times spent in one transient and between two adjacent transients are
about 91 sampling points and 209 sampling points respectively. The fault frequency is calculated through
f = 48000/(91.0262 + 208.6127) ≈ 160.2Hz that is close to the real value 161Hz.

6 Conclusion

In this work, the explicit duration hidden Markov model is introduced for bearing fault diagnosis. The
uniform time-frequency coefficients of the vibration signal are obtained through STFT and modeled as an
explicit duration hidden Markov chain, and the corresponding hidden state is estimated and identified through
the complex Gaussian distribution with different covariance. Meanwhile, the expected duration time in each
state is also estimated through the model. The duration time revealed directly the periodic behavior in the
bearing vibration signal, then it can be applied to indicate the fault situation. The proposed method has been
validated through several cases. It is shown that the EDHMM is well-suited for extracting the duration time
in different state for performing bearing fault diagnosis.
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Abstract
Fault detection and diagnostics of rolling element bearings are important and relatively mature techniques
used in current vibration-based condition monitoring. Despite this, since for many machines the bearing
is often one of the most critical parts, improving the techniques are still interesting. The squared envelope
spectrum is one of the most important tools for diagnosing roller element bearings. For a precise and correct
estimation of the squared envelope spectrum, it is often important to remove harmonics not related to the
bearing, as part of the signal processing prior to computing the envelope spectrum. In real-life measurements,
harmonics can be caused by many kinds of sources, motors, gear boxes, and pumps are some examples of
that. In the present paper, a recently proposed method for automated harmonic removal based on frequency
editing is examined. The results from this method are compared with the established method for harmonic
removal, the automated cepstral editing procedure. Differences between the methods and what effects they
have on the computed squared envelope spectra are examined. The examination is conducted on a simulated
bearing signal with a fault on the outer race.

1 Introduction

In the field of vibration-based condition monitoring of roller element bearings, a frequently used method
for fault detection is the squared envelope spectrum (SES). In the SES, bearing fault frequencies are easier
to determine, that is, if the signal has no disturbances. One of the main reasons for a bad spectrum is the
presence of harmonics. Harmonics can originate from various systems and machines, for example from gears
or electrical components, anything which deploys signals that contain discrete frequencies in the frequency
domain. These discrete frequencies should be removed before SES for an easier detection of the bearing
faults.

The separation of bearing fault frequencies and harmonics is possible due to the mechanics of the bearing.
An operational rolling element bearing experiences a physical phenomena of slip between roller and cage
which causes the signal from a bearing fault to not be discrete in frequency. The signal is instead defined as
pseudo cyclostationary [1], due to the fact that the period between impacts has a random variation (jitter).
This means that the bearing fault information will not be removed when removing discrete frequencies. The
research of the removal of harmonics in this article is conducted with condition monitoring of an industrial
machine kept in mind. This means that it is strived to reach a procedure as automated as possible.

The main method for examination in this article is a method for harmonic removal in the frequency domain.
This method was mentioned by Randall in [2] and later developed by Brandt in [3] where it was named
the frequency domain editing method (FDE). Brandt further developed the method to an automated method
in [4]. The automated method is examined in this article, where it will be referred to as the automated
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frequency domain editing (AFDE) method. Little research has previous been conducted on this harmonic
removal method which makes its efficiency and robustness unknown.

In this article the method is tested on a simulated bearing signal with an outer race fault, to examine its
performance. The creation of a simulated bearing signal with a outer race fault is mathematical described
in [5]. Here many of the physical aspects of a bearings mechanics are described, which should be taken
into account when simulating the signal. For a comparison and benchmark for the AFDE method, results
are compared with the ACEP method [6, 7, 8]. The ACEP method is a further development of the CEP
which means they share the same analytical foundation and similar performance, depending on the user and
settings.

2 Theory

2.1 Cepstrum

Cepstrum originates from [9] by Bogert et al., as ”the power spectrum of the logarithm of the power spec-
trum”. Later the complex spectrum was defined which was reversible to time domain, an advantage the
original formulation did not have. For further information regarding cepstrum see [10]. The complex cep-
strum is defined as:

c(τ) = F−1[ln(X(f))] (1)

Where, τ is the quefrency and X(f) is the Fourier transform of the signal x(t), which can be described as:

X(f) = F [x(t)] = A(f)ejφ(f) (2)

Where, A(f) is the amplitude spectrum and φ(f) is the phase. From logarithmic rules it follows that:

ln(X(f)) = ln(A(f)) + jφ(f) (3)

Equation (2) and (3) shows that amplitude spectrum A(f) is even and real valued while the phase φ(f) is
odd and imaginary.
The real cepstrum can be calculated from Equation (1) and (3) where the imaginary part of X(t) (the phase)
has been set to zero.

cr(τ) = F−1[ln(A(f))] (4)

2.2 ACEP

The automated cepstral editing procedure (ACEP) was first proposed by Ompusunggu in 2015 in [8] as a
further development of Randall and Sawalhi cepstral editing procedure (CEP) [7], to make it automated.
The methods are identical in the other steps than the editing of the real cepstrum. Where CEP has a manual
editing procedure of the real cepstrum, an automated procedure was proposed by Ompusunggu to form the
ACEP. The overall procedure of ACEP, see Figure 1, will be described briefly in this section, for further
description see [8, 6], which provide the theoretical foundation for the ACEP that is used in this analysis.
The automated editing part of the cepstral editing is basically a method for creating a notch lifter for removal
harmonic content in cepstrum. This is accomplished by firstly applying a long-pass lifter to the real cepstrum,
to avoid removal of the modal content by the notch lifter. The modal content of the system is located in the
low quefrency due to the broad band nature of resonances [11, 10]. The length of the long-pass lifter is a
user-defined value. After examination of the real cepstrum the value was chosen to 0.01s. The main steps
from [6] are followed, but for the analysis in this article a denoising was not conducted as it was not found
necessary. The index values for the notch lifter are based on the detected peaks by a threshold. The threshold
is based on [6] but by a factor of 1.5 times the standard deviation of the cepstrum instead of 3. The width of
the notch lifter can be increased to remove a wider part around the peak. This is a user-defined factor which
can be adjusted for best results. In this analysis one additional value on each side of the peak were used.
The notch lifter is applied on the original real cepstrum to construct the edited cepstrum, which has removed
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harmonics. The remaining steps is returning to a time signal, which follows the original steps of the CEP.
The phase of a FFT of the input signal is added to a FFT of the edited cepstrum. This forms the edited log
spectrum from which the time signal can be calculated by first taking the exponential and after that the IFFT.

Figure 1: Flowchart of ACEP for the analysis in this paper. The flowchart to the left shows the CEP method.
The flowchart to the right shows the automated editing of ACEP without denoising.

2.3 AFDE

The automated frequency editing (AFDE) [4] takes advantage of the harmonics behavior in frequency. The
harmonics are discrete frequency components which will be located at a single value in the frequency domain
if the system is stationary and with no leakage. The AFDE method adds to a manual method developed in
[3] and mentioned in [2]. The idea behind the automated method (AFDE) is to divide two periodograms
with different resolution with each other to obtain a ratio for detecting harmonics. The periodogram should
be calculated by the entire length of the signal to reach a small frequency increment. The periodograms are
smoothed by two different sizes of window lengths (N1, N2) to produce two resolutions; in this paper, 4 and
16 is chosen. The two periodograms are divided to create the ratio Pr, for which the harmonics amplitude
should ideally be the ratio of N1/N2. At frequencies where there is no harmonics, the ratio is a random
variable with unity mean.

For an automated procedure the discrete frequencies must be selected automatically, which in this case is
by using a threshold in Pr. The threshold is selected as a percentage of N1/N2, which is empirical chosen
to 60 %. The threshold detects the harmonic frequencies and saves the index in a vector which is used for
the removal, which is done by interpolation. Additional values for removal on each side of the peak can be
added, and one has been chosen for this paper. This vector of indices is used on a Fast Fourier Transform
(FFT) of the signal, so it can reversed by Inverse Fast Fourier Transform (IFFT) back to time after harmonic
removal.

3 Simulated signal

The signal used for testing the two methods is a simulated outer race fault bearing signal with a fault fre-
quency of 15 Hz, with no speed variation. The characteristic of an outer race fault is that there is no periodic
amplitude variation of the impacts [2]. For further information on simulation of bearing signals see [1, 5, 2]
The simulated signal is constructed as a pulse train of diracs convolved with an impulse response, see Figure
2(a). The sampling frequency fs for the signal is 10000 Hz and with a length T of 20 seconds. The dirac
pulse train is constructed with a random amplitude variation of each dirac, the variation is with a standard
deviation of 5%. In addition, the period between each dirac is varied with a standard deviation of 5% of
the mean time between pulses. The random period is used to simulate the slip between the roller and race.
Amplitude variation is used to account for the fact that impact from the bearing fault will not have the exact
same amplitude every time, but varies a little. The SDOF system, which simulates the bearing resonance,
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has an eigenfrequency of 1200 Hz, and damping of 5 %. Noise is added to the signal with a signal to noise
ratio (SNR) of -10 dB. Furthermore sines of fundamental frequencies of 19, 41 and 59 Hz, together with
their multiples, are added to the signal. All these contributions forms the simulated bearing signal with a
outer race fault, which is shown in Figure 2(b).
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Figure 2: Generation of the simulated signal. (a) Impulses convoluted with dirac pulse train, zoomed in from
0 to 2 seconds. (b) Spectra of the final bearing signal.

4 Results and discussion

The two methods were applied on the simulated bearing fault signal, and are compared based on their spectra
and SES. The comparisons of spectra is used to obtain a better visual of the degree of which the harmonics
were removed, and if some distortions are present. The SES is used due to its relevance for detection
of bearing fault frequencies in the field of vibration-based condition monitoring of rolling element bearings.
The bearing fault frequencies are easily detectable in SES if the spectrum is not contaminated by for example
harmonics. The SES is the most important comparison of the two, because of the direct link to analysis of
bearing faults.

The two spectra are first examined, see Figure 3. They are calculated by a FFT of each of the two edited time
signals. From an examination of the two it seems that the AFDE produces a slightly cleaner spectrum. The
ACEP with editing in cepstrum seems to induce some minor peaks spread across the frequency range with
increased amplitude towards the Nyquist frequency. These distortions may plausibly be attributed to effects
of the logarithm followed by the exponential calculation in the cepstrum editing method.
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Figure 3: Spectra of the time signal after hamonic removal by (a) ACEP and (b) AFDE.

For the evaluation of the methods by SES, three plots are presented, one for the original signal and one
for each of the methods, in Figure 4. In the SES of the original signal the harmonics dominate the signal,
compared to the two plots where the harmonics have been removed. The SES from the edited signals by
ACEP and AFDE show similar results where the bearing frequency is easier detectable. The first bearing
fault frequency is displayed as a pronounced peak in the SES, and is easily detectable. The noise in the signal
produces variation around the multiples of the bearing fault frequency, making them less clear. This is seen
on the second peak but is more visual on the third peak and the peaks above. Above three times the bearing
fault frequency the peaks are wider, and there are not a single value exceeding the others as in the first three
peaks, which makes it more difficult to detect the exact bearing frequency for those cases. For detection of
the bearing fault frequency in this case, the first peak is adequate, with the second and third to support the
statement.
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Figure 4: Squared envelope spectrum of original signal in (a) after ACEP in (b) and after AFDE in (c)
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5 Conclusion

In this paper the AFDE method is examined based on a simulated bearing signal with an outer race fault.
To provide an indication of the performance of AFDE, a comparison with the ACEP method is conducted.
The comparison is based on detecting the bearing fault frequencies in SES. Based on the SES of each case,
which are calculated from the time signal after each method was applied, the results show that both methods
produce similar results, with no noticeable differences.
Additional research should be conducted on the AFDE method to examine its robustness and optimal param-
eter selection etc. In addition, the method should be tested on experimental data.
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Abstract
The Motor Current Signature Analysis (MCSA) is a research area focused on the diagnosis of components of
electric motors based on post-processing of the current signal mainly. In particular, the bearing diagnostics
is based on two different assumptions: the fault on the bearing causes a vibration of the shaft it supports,
so there is an air gap variation between stator and rotor causing a modulation in the current signal; the fault
on the bearing hinders the rotation of the shaft, so it can be modeled as an additional loading torque that
the motor satisfies increasing the current signal. In this paper, a cyclic-non-stationarity analysis of the motor
current is used to assess the status of ball-bearings in servomotors, running at variable speed. Both speed of
the motor and motor current are provided by the control loop of the servomotor, that is no external sensors
are used. The cyclic nature of the application allows an average of the cyclic-cyclic order maps to increase
the signal-to-noise ratio. The proposed technique is successfully applied to both healthy and faulty bearings.

1 Introduction

The Motor Current Signature Analysis (MCSA) is a research area focused on the diagnosis of electric mo-
tors based on post-processing of the current signal mainly [1, 2, 3]. Among the non invasive monitoring
methods, MCSA relies on the monitoring of electrical quantities, that are already acquired in the main drive
application, e.g. for over-current protection, or to implement the control of an electric drive. Thus MCSA
does not require the installation of additional dedicated transducers. Diagnosis of bearing faults via MCSA
is the topic of many research activities [4, 5, 6]. Depending on the specific type of electric motor analyzed,
so far is possible to identify broken bars, misalignment of the shaft and bearing defects [7, 8]. In particular,
the bearing diagnostics is based on two different assumptions: the fault on the bearing causes a vibration
of the shaft it supports, so there is an air gap variation between stator and rotor causing a modulation in the
current signal; the fault on the bearing act is an obstacle for the rotation of the shaft, so it can be modeled
as an additional loading torque that the motor satisfies increasing the current signal. Due to the mechanical
stiffness of the motor, these effects became evident in the current spectrum when the size of the defect (e.g.
spalls or brinelling) is relevant, reducing the time-to-failure for motor maintenance. Indeed, this is a con
compared to consolidated techniques like vibration analysis, but the most relevant pro is the lack of addi-
tional sensors (e.g. accelerometers for vibration analysis) and cables, since the current is already monitored
by the control loop embedded in the motor. Clear example comes from brushless servomotors, also known
as electric cams. These motors are able to follow complex motion profiles, varying their speed and also
the direction of the motion. This is made possible thanks to an embedded encoder that tracks the angular
position of the shaft, a current sensor to monitor the current adsorbed and a control loop able to chase the
reference motion. Thanks to their flexibility and potential, servomotors are quite common in automation field
such as packaging machines, where they realize cyclic motions as a consequence of the hourly production
rate of packages. These working conditions make the condition monitoring of critical components like ball-

597



bearing difficult due to cyclic non-stationary nature of the application, due to the continuous varying speed
of the motor within each cycle. In the field of vibration-based condition monitoring, cyclostationary analysis
is, de facto, the reference technique for stationary signals. Its application has been initially proposed by
Capdessus et al. [9, 10] and then deeply developed by Antoni [11, 12] and others [13, 14]. In case of variable
speed application is still possible to use cyclostationary tools as long as moving from the time domain to the
angular one, i.e. introducing the cyclo-non-stationary tools. The cyclo-non-sationarity was first proposed
and formulated by D’Elia et al. [15] who fused together two powerful techniques: the order tracking and
cyclostationarity. It was based on a generalisation of both the Spectral Correlation Density (SCD) and the
Cyclic Modulation Spectrum (CMS), in order to obtain two-dimensional functions which displays cyclic
Order versus Frequency. An extended work on cyclo-non-stationarity processes that embrace a complete
analysis framework could be found in [16], while a specific application to the diagnostics of ball-bearing
could be found in [17]. Despite the diffusion of these methodologies in vibrational analysis, the authors
do not know applications in the field of current analysis. In this paper, a cyclic-non-stationarity analysis of
the motor current is used to assess the status of ball-bearings in servomotors. Both speed of the motor and
motor current are provided by the control loop of the servomotor. The repeating nature of the application
allows an average of the current signal in order to extract the second order cyclo-non-stationary content. The
proposed technique is successfully applied to both healthy and faulty bearings. The paper is organized as
follows: Section 2 details the mathematical background of the proposed approach. Section 3 presents the
experimental setup. Section 4 reports the results of the application of cyclo-non-stationary approach to the
MCSA in case of a healthy and faulted bearings, followed by conclusions.

2 Methods

In this work, the cyclo-non-stationary framework is briefly introduced, a complete theoretical background
can be found in [16]. A possible definition of cyclo-non-stationary signal was given in [18], as a signal that
undergoes period modulations whilst been non-stationary on a long term basis. The second order moment
periodicity of cyclo-non-stationary signals can be exploited by jointly analyse the covariance function both
in time and angle domains. In particular, considering two time instants t(θ) and t(θ) − τ , loked on a given
angular position and spaded apart by a time lag τ , the Angle-Time (AT) covariance function can be given by:

C(θ, τ) = E{x(t(θ))x(t(θ)− τ)} (1)

Similarly to the cyclostationary realm, the Order-Frequency Spectral Correlation can be obtained by a double
Fourier Transform of the covariance function as:

S(αθ, f) = Fθ→αθ
τ→f
{C(θ, τ)} (2)

where αθ stands for cyclic order, while f for frequency. Equation (2) can be estimated via a proper Welch-
based method. Additional details on the theoretical background as well as on the estimators can be found in
[16], as previously said. In this work, Equations (1) and (2) are computed on the engine torque signal after a
complex signal pre-processing method described later in Section 4.

3 Experiment

The experimental activity regards a real case of industrial diagnostics. In particular, the device under test
(DUT) is the front ball bearing of a servomotor used in a packaging machine. The servomotor is an MPL-
B680B AC brushless motor by Rockwell Automation equipped with a SICK Hiperface R© encoder. The
latter is a sin/cos encoder with 1024 periods per revolution and a resolution of 32768 steps per revolution.
The velocity signal of the motor and the torque signal are retrieved using the analog outputs available in
the motor drive, a Kinetix 6000 series BM-01 by Rockwell Automation. The signals are connected to a
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(a) Lateral view of the motor. (b) Frontal view with bearing.

Figure 1: Rockwell Automation MPL-B680B AC brushless motor and NSK 6309 bearing.

Table 1: Geometric parameters of the tested bearing.

Geometry parameters NSK 6309
Outer diameter D (mm) 100
Inner diameter d (mm) 45
Width B (mm) 25
Contact angle (◦) 6
Number of spheres N 8
Outer ring fault coefficient KOR 3.04

National Instruments acquisition board, made by a CDAQ-9172 backplane upon which a NI-9233 module
collected an accelerometer output (not used in this paper) and a NI-9215 module is connected to the Kinetix
analog output. It is worth noting that the torque signal is an indirect measurement derived from the current
provided by the driver. As a consequence, the torque analysis is related to the current analysis and then it is
properly included in the MCSA definition. This servomotor actuation provide rapid variations of speed and
inversions in the rotation sense of the shaft. The DUT is a NSK 6309 deep groove single-raw ball bearing,
whose geometrical characteristics are reported in Table 1. Figure 1 shows the brushless motor and the frontal
bearing tested.

The motion profile is cyclic, following a polynomial profile and consists of both a clockwise and counter-
clockwise rotation of the shaft. Figure 2 shows the speed profile as returned by the drive controller of the
motor, while the units have been normalized to the maximum value to preserve the industrial secrecy of the
data collected. The cyclic periodicity is equal to 0.972 seconds (1.029 Hz).

The sampling frequency chosen for all the experiments has been 10 kHz; both the acquisition board and the
accelerometer would have allowed an higher bandwidth, but the analog output of the Kinetix, being generated
by a DAC that converts digital information processed internally by the drive, has a bandwidth limited to 7.2
kHz.

A bearing was artificially damaged using an electric drill. A dent was made on the outer race surface of
the bearing, then it was remounted on the motor and tested. Figure 3 shows few seconds of the torque
data acquired for the faulted bearing and an healthy one. For confidentiality reasons, the amplitude values
have been normalized with respect to the maximum value among the two signals to preserve the different
excursion range.
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Figure 2: Velocity profile of the motor during the test.

Figure 3: Normalized torque for healthy and artificially faulted bearings
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4 Results

Figure 4 (a) shows the normalised torque signal of the artificially damaged bearing. No evidence of the outer
race fault can be seen. De facto, fast torque variations around 0.2s and 1.2s are due to the highest speed
variation and therefore are related to the complex machine kinematics, Figure 4 (b) and (c).

Figure 4: Artificially faulted bearing: (a) Normalised torque, (b) Normalised velocity, (c) Position [rad]

In this complex scenario, fault information cannot be extracted from the torque signal via a “global”investigation,
but ad hoc pre-processing analysis must be performed in order to accommodate for the rapid speed varia-
tions and inversions of the shaft rotation sense. Figures 5 summarises the aforementioned procedure. Firstly
the torque signal is sampled in the angular domain, then only shaft revolutions related to the highest speed
profile are taken into account and concatenated together shaping a new angle signal which is synchronously
averaged (TSA). This averaged signal is used for the estimation of the cyclostationary residual signal which
is the starting point of all the subsequent analysis. As a matter of fact, the pivotal signal feature for the
diagnostics of bearing faults, concerns the second order cyclostationary signature, which can be exploited by
removing the deterministic part for the engine torque signal.

Figure 6 depicts the result of the applied pre-processing method. It is possible to see a strong torque variation
is the TSA signal (Figure 6 (a)), according to the maximum speed variation of the machine. This variation
is not only deterministic, but a counterpart is still visible in the residual signal (Figure 6 (b)). Even if
the residual signal is in the angle domain, fault information can be highlighted by analysing the hidden
periodicity related to the power flows. This cyclostationary investigation can be simply carried out by the
evaluation of the Spectrum of the squared signal modulus also called Cyclic Spectrum, (Figure 6 (c)).

It is possible to see from Figure 6 (c) how the cyclostationary signature is related to the first order and all
its harmonics. This is an expected result due to the strong power release at each shaft revolution, visible in
the residual signal, related to the kinematics of the machine. At this stage, more complex signal processing
techniques must be taken into account for highlighting the hidden fault signature inside the engine torque
signal.

Figure 7 shows the result of the Order-Frequency Spectral Correlation. It is possible to see how the low
frequency range is dominated by power flowing accordingly to the shaft rotation, and no bearing fault signa-
ture is visible. However, this power flows are not present in the higher frequency range and moreover, it is
possible to see a component around the third cyclic order, which could be related to the bearing outer race
fault, see Table 1. This advanced signal processing techniques has highlighted a frequency range in which,
via a signal band-pass filtering procedure, it could be possible to extract and subsequently study the bearing
fault signature. Therefore, the engine torque signal is band-pass filtered in the 600÷800Hz frequency range
before been analysed via the procedure previously described in Figure 5.

Figure 8 depicts the extraction of the residual cyclostationary counterpart from the filtered engine torque
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Figure 5: Signal analysis schema

Figure 6: (a) TSA, (b) Cyclostationary residual signal, (c) Residual signal cyclic spectrum
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Figure 7: Order-Frequency Spectral Correlation

Figure 8: Filtered signal: (a) TSA, (b) Cyclostationary residual signal, (c) Residual signal cyclic spectrum
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signal. At this stage, the strong torque variation due to the machine kinematics is not visible in both TSA an
residual signals, Figures 8 (a) and (b). As a matter of fact, the Cyclic Spectrum of the residual signal shows
a component around the third cyclic order, which could be related to the bearing outer race. A final remark
on the bearing fault diagnosis could be given by the study of the angle-time cyclo-non-stationarity signal
content.

Figure 9: Filtered signal: (a) Order-Frequency Spectral Correlation, (b) Angle-Time Covariance Function

Figure 9 plots the different representations of the cyclo-non-stationarity signal content, i.e. order-frequency
and angle-time. This two correlated domains exploit the bearing fault signature in different manners. In
more detail, in Figure 9 (a) the fault signature is highlighted by the comparison of the component around the
third cyclic order, whilst Figure 9 (b) shows a strong correlation three times per shaft revolution, which is
related to the fault periodicity.

In this work, the bearing fault diagnostics is ended by comparing the results presented in Figure 9 with the
analysis of a sound bearing, Figure 10. It is possible to see how the components related to the bearing fault
are not visible in Figures 10 (a) and (b). Moreover, even if the torque signal was pre-filtered before the
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Figure 10: Filtered sound bearing signal: (a) Order-Frequency Spectral Correlation, (b) Angle-Time Covari-
ance Function
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analysis, the kinematics of the machine is still visible inside the results. As a matter of fact, the first cyclic
order is visible in Figure 10 (a) and a strong correlation is present one per shaft revolution in Figure 10 (b).

5 Conclusions

In this paper the cyclo-non-stationarity paradigm is applied to the torque data of a brushless servomotor to
make diagnostics of bearings. The torque data is derived from the current signal fed by drive controller and
it does not require external sensors. The same drive returns also the instantaneous speed of the shaft thanks
to an encoder embedded in the motor. These auxiliary signals are used in order to firstly, resample the signal
in the angular domain for the assessment of deterministic counterpart used for the evaluation of a proper
second order cyclo-non-stationary signal. Finally, the instantaneous speed was used in order to resample
back in the time domain the residual cyclo-non-stationary signal allowing the angle-time and order-frequency
signal analysis. The combination of a complex pre-processing methods with advanced cyclo-non-stationary
techniques has led to the exploitation of the outer race bearing fault from the brushless servomotor torque
data.
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[16] D. Abboud, S. Baudin, J. Antoni, D. Rémond, M. Eltabach, and S. O., “The spectral analysis of cyclo-
non-stationarity signals,” Mechanical systems and signal processing, vol. 75, pp. 280–300, 2016.

[17] K. Gryllias, S. Moschini, and J. Antoni, “Application of cyclo-non-stationary indicators for bearing
monitoring under varying operating conditions,” Proceedings of the ASME Turbo Expo, vol. 6, 2017.

[18] J. Antoni, N. Ducleaux, G. NGhiem, and S. Wang, “Separation of combustion noise in ic engines under
cyclo-non-stationary regime,” Mechanical systems and signal processing, vol. 38, pp. 223–236, 2013.

CONDITION MONITORING OF ROTATING MACHINERY 607



608 PROCEEDINGS OF ISMA2020 AND USD2020



Theoretical foundations of angle-time cyclostationarity

J. Antoni 1, K. Gryllias 2,3, P. Borghesani 4

1 University of Lyon, INSA Lyon, Laboratoire Vibrations Acoustique,
F-69621 Villeurbanne, France
jerome.antoni@insa-lyon.fr

2 KU Leuven, Department of Mechanical Engineering, Division Mecha(tro)nic System Dynamics,
Celestijnenlaan 300, B-3001, Heverlee, Belgium

3 Flanders Make@KU Leuven - DMMS: Dynamics of Mechanical and Mechatronic Systems,
Celestijnenlaan 300, B-3001, Heverlee, Belgium

4 UNSW Sydney, School of Mechanical and Manufacturing Engineering,
Kensington, NSW 2052, Australia

Abstract
The success of vibration-based health monitoring of machines relies on correctly modelling the signals that
the machines produce. Over the years, the theory of cyclostationary processes sets a valuable framework
provided that machines operate at constant regime. When operating under nonstationary conditions, such
as varying speed or load, machine signals are no longer cyclostationary, because they depend on character-
istics both scheduled in time and angle. The authors have recently extended the standard cyclostationary
framework to angle-time cyclostationary processes which can well model signals, which have spectral char-
acteristics constant in time and, at the same time, statistical properties which exhibit periodicities in angle.
The aim of the paper is to contribute to the theoretical foundations of angle-time cyclostationarity. First,
a formal definition of angle-time cyclostationary processes is proposed, which is more precise than its for-
mer formulation. This is illustrated with some theoretical examples of angle-time cyclostationary processes,
which may serve as models for machine vibration signals. Next, the question of estimating the angle-time
autocorrelation, a central descriptor of angle-time cyclostationary processes, is addressed in details.

1 Introduction

The success of vibration-based health monitoring of machines strongly relies on the availability of good
stochastic models to represent machine signals. The theory of cyclostationary processes is probably one of
the most valuable in this respect. Cyclostationary processes are stochastic processes whose statistics are peri-
odic [1, 2, 3, 4]. As such, they perfectly model vibration signals produced by rotating mechanisms, provided
that the rotation speed is stationary in time [5]. When the rotating speed of the machine is nonstationary, the
cyclic signature of the signals can be restored to some extend by describing them in the angular domain (an-
gle of rotation) rather than in the time domain, that is after a change of variable. However, this practice also
has limits, since the spectral content of the signal tend to be blurred when described in the angular domain
(or more exactly the dual Fourier domain). This is because mechanical signal have characteristics that are
dependent on both time and angle: modulations are synchronized on the machine angle of rotation, whereas
the spectral content is described by differential equations that involve the time variable. In short, the signals
are neither exactly cyclostationary in the time nor in the angle domains. These facts have been known for
long in the mechanical community [6]. During the last years, a series of works have contributed to extending
the theory of cyclostationary processes to nonstationary rotation speeds, motivated by the practical impor-
tance of such instances [7, 8, 9, 10, 11, 12]. The theory of angle-time cyclostationary processes has turned
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out successful in this respect. The key idea is to describe the second-order statistics of the processes in both
the time and the angular domains, in order to preserve their characteristics in the two domains when the rota-
tion is fluctuating. This joint representation in time and angle is allowed by the fact that the autocorrelation
function is itself a bivariate function. Angle-time cyclostationarity is quite different from other attempts to
generalize the cyclostationary framework, which hardly apply to the situation described above. The dilemma
between a time or an angle representation of signals was recently rediscovered in Ref. [13] with a different
terminology. Therein, a “wrapped” signal is “unwrapped” after a suitable change of variable so as to restore
its cyclostationarity. Commenting on the angle-time cyclostationary approach, the paper claims that a signal
cannot be represented in both time and angle since the two variable are functionally related. However, this
argument misses the fact that it is not the signal that is represented in time and angle, but its autocorrelation
function. The latter being a function of two variables, representing it as a function of angle and time is
perfectly valid. It leads to well-defined statistical quantities, for which well-behaved estimator do exist.

The present paper briefly reviews the theoretical foundations of angle-time cyclostationarity, introduces the
statistical quantities of interest, and discusses their estimation from finite-length data. Numerous examples
are provided in order to illustrate the concepts.

2 Definitions

2.1 Generalities on second-order processes

Let X(t) ∈ C denotes a stochastic process as a function of the real variable t ∈ R, hereafter denoted “time”.
For the sake of generality, X(t) is assumed complex-valued. The class of stochastic processes of concern
in this paper are of second-order type, that is with a correlation structure in time characterized by their
autocorrelation function

RX : R2 → C
(t, t′) 7→ RX(t, t′) = E{X(t)X(t′)∗} (1)

where E stands for the expected value and ∗ for the conjugate operator. The existence of the autocorrelation is
discussed for instance in [14]. A sufficient condition is for X(t) to be of finite power, i.e. E{|X(t)|2} <∞.
When necessary inn this paper, the definition of the autocorrelation is taken in the sense of distributions,
which makes it possible to embody infinite power processes such as white noise.

Without loss of generality, the expected value of the process is assumed nil (it can always be subtracted
beforehand). Therefore, the autocorrelation function coincides with the autocovariance function.

A fundamental property of the autocorrelation function is to be semi-positive definite. Formally, for any
sequence {ρk; k ∈ I ⊂ Z}, the following must hold:

∑

k,l∈I
RX(tk, tl)ρkρ

∗
l ≥ 0. (2)

Some important types of second-order stochastic processes can be defined depending on the functional struc-
ture of RX(t, t′) with respect to the time variables t and t′. Stationary processes are defined by the depen-
dence of the autocorrelation function on the difference t − t′ – often referred to as the “time-lag” τ – i.e.
RX(t, t′) = ΓX(t − t′) for some semi-positive definite univariate function ΓX . Exponentially convex pro-
cesses are defined by the dependence of the autocorrelation function on the mean “time position” (t+ t′)/2,
i.e. RX(t, t′) = FX((t′ + t)/2) for some positive univariate function FX [14]. The locally stationary class
of processes introduced in Ref. [15] are defined by autocorrelation functions that are separable in the product
of two univariate functions

RX(t, t′) = FX((t′ + t)/2)ΓX(t− t′). (3)

Finally, second-order cyclostationary processes (also known as periodically-correlated processes) are de-
fined by the expansion of the autocorrelation function into a trigonometric polynomial in (t + t′)/2 whose
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coefficients are functions of the time-lag variable, i.e.

Rx(t, t′) =
∑

k∈K
Rk(t− t′)ejπαk(t+t′)/2, (4)

with {αk; k ∈ K} a set of “cyclic frequencies” (note that an equivalent but asymmetric definition with the
time position (t+ t′)/2 replaced by t or t′ is also possible).

2.2 Angle-time processes

Of concern in this paper are stochastic processes whose autocorrelation function admit a trigonometric ex-
pansion similar to Eq. (4), but after a change of variable in the time position.

Specifically, let consider the change of variable
{
τ = t− t′
θ = θ(t, t′)

(5)

where θ(t, t′) is a differentiable function θ : R2 → R. For the change of variable to be invertible, one must
have ∣∣∣∣

∂θ
∂t

∂θ
∂t′

∂τ
∂t

∂τ
∂t′

∣∣∣∣ 6= 0⇔ ∂θ

∂t
+
∂θ

∂t′
6= 0. (6)

Furthermore, for θ to have the interpretation of a “position” variable, one requires that

θ(t, t) ≤ θ(t, t′) ≤ θ(t′, t′), ∀(t, t′) : t ≤ t′. (7)

Some examples of the position variable are θ(t, t′) = t, θ(t, t′) = t′, θ(t, t′) = (t + t′)/2, θ(t, t′) =
√
tt′,

tt′ ≥ 0.

Let us now apply the change of variable to the autocorrelation function RX(t, t′), i.e.

RX(t, t′) ≡ KX(θ(t, t′), τ(t, t′)). (8)

For reason to become clear shortly, the function KX(θ, τ) is referred to as the “angle-time” (AT) autocorre-
lation function, where the variable θ is interpreted as an angle and variable τ as time.

Definition 1 A second-order process X(t) ∈ C is said AT-cyclostationary if its AT-autocorrelation function
Kx(θ(t, t′), τ(t, t′)) = RX(t, t′) is a periodic function in θ, i.e.

Kx(θ, τ) = Kx(θ + Θ, τ) (9)

for some finite period Θ.

As a consequence of Definition 1 and under mild conditions, the AT-autocorrelation function of an AT-
cyclostationary process admits a Fourier series

KX(θ, τ) =
∞∑

k=−∞
Kk(τ)ej2πkθ/Θ. (10)

The above Fourier series generalizes expression (4). Therefore, a second-order cyclostationary processe
happens to be a particular case of an AT-cyclostationary process when θ(t, t′) = Ω · (t + t′)/2 for some
constant ω or, more generally, when θ(t, t′) is an affine function of t and t′ satisfying condition (7) (e.g.
θ(t, t′) = Ω · t). Of particular interest is the case where a system is characterized by a constant “speed of
rotation”, Ω = dφ(t)/dt, where φ(t) is the angle of rotation. Then, θ(t, t′) = (φ(t)+φ(t′))/2 = Ω·(t+t′)/2.
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Example 1 A canonical example of an AT-cyclostationary process is constructed as follows. Let

X(t) = p(t)Z(t), (11)

where Z(t) is a stationary stochastic process with a unit power spectral density and p a deterministic function
such that its composition with function t(φ) is periodic with some period Θ, i.e. p ◦ t(φ) = p ◦ t(φ + Θ).
Then,

KX(θ, τ) = |p ◦ t(θ)|2δ(τ) = KX(θ + Θ, τ) (12)

is a periodic function of θ, with θ(t, t′) = φ(t).

Interestingly, this example example highlights that the periodicity of the autocorrelation function exists only
through the joint description in time and angle:

• the autocorrelation function in the time domain, RX(t, τ) = E{x(t)x(t′)∗} = |p(t)|2δ(t − t′), is not
periodic in t in general (unless t(θ) is an affine function),

• the autocorrelation function in the angle domain,GX(θ, θ′) = E{x(t(θ))x(t(θ′))∗} = |p◦t(θ)|2δ(θ−
θ′)ω ◦ t(θ) with ω(t) = dθ/dt, is not periodic in θ in general (unless ω ◦ t(θ) is).

Note also that the AT-cyclostationarity of X(t) applies here for any speed variation dθ/dt, without bound.
Due to its importance in the theory of AT-cyclostationary processes, the stochastic process (11) is called
“canonical”.

The question may arise as whether the canonical process (11) is the only example of an AT-cyclostationary
process. Indeed, the following proposition somehow limits the range of possibilities.

Proposition 1 Let the angular position variable be of the form θ(t, t′) = φ(αt + βt′) with φ a monotonic
function. Then, in general, the AT-autocorrelation function of an AT-cyclostationary process cannot be
expressed in the separable form

KX(θ, τ) = K1(θ)K2(τ) (13)

where K1(θ(t, t′)) and K2(t− t′) are two valid autocorrelation functions, except in the two special cases:

1. φ(t) is an affine function with α = −β,

2. K2(τ) is proportional to the Dirac δ(τ).

The first special case of Proposition 1 admits second-order cyclostationary processes of the form (11) where
p(t) is a periodic function of time t and Z(t) a stationary process. Example 1 corresponds to the second
special case of Proposition 1. The Proposition precludes other processes in the modulated form (11) to be
AT-cyclostationary.

However, this does not mean that other types of AT-cyclostationary processes do not exist (e.g. with non-
separable AT-autocorrelation function).

Example 2 Numerical simulations have shown that the following function

KX(θ(t, t′), τ(t′ − t)) =
exp

(
−|τ(t−t′)|2

1+γ cos(2πθ(t,t′)/Θ)

)

1 + γ cos(2πθ(t, t′)/Θ)
(14)

is positive definite for 0 ≤ γ < 1 small enough and θ(t, t′) with limited variations around Ω · (t+ t′)/2 for
some constant Ω > 0 (see Fig. 1). Therefore KX(θ, τ) defines an AT-cyclostationary process. A trajectory
of the process is shown in Fig. 1 over an angular interval where θ(t, t′) = (t+ t′)/2 + 10−3((t+ t′)/2)2.

With a much wider diversity than allowed for AT-cyclostationary processes are processes that exhibits AT-
cyclostationarity. These are cases of considerable importance in practice.
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Figure 1: The AT-autocorrelation function KX(θ(t, t′), τ(t′ − t)) given by Eq. (14) (logarithmic scale).

Definition 2 A second-order process X(t) ∈ C exhibits AT-cyclostationary if its AT-autocorrelation func-
tion Kx(θ, τ) has a non-zero Fourier-Bohr coefficient

c(τ) = lim
S→∞

1

S

∫ S/2

−S/2
KX(θ, τ)e−j2παθdθ (15)

for some cyclic frequency α. In other words, RX(θ, τ) exhibits a non-trivial angle-periodic component.

Let us now consider the set K of all cyclic frequencies αk, k ∈ K, for which the corresponding Fourier-Bohr
coefficients defined by Eq. (15), say ck(τ) are non-zero. This defines the angle-periodic part (APP) of the
AT-autocorrelation function through the Fourier series

PX(θ, τ) =
∑

k∈K
ck(τ)ejαkθ. (16)

As a consequence, the AT-autocorrelation function of a second-order process that exhibits AT-cyclostationary
accepts the decomposition

KX(θ, τ) = PX(θ, τ) +QX(θ, τ), (17)

where PX(θ, τ) is a poly-periodic function in angle and QX(θ, τ) a residual function free of any angle-
periodic component.

Remark 1 The APP function PX(θ(t, t′), τ(t, t′)) is generally not an autocorrelation function – i.e. it is not
semi-definite positive. Yet, PX(θ(t, t), 0) is non-negative.

Remark 2 The APP is the root for the definition of spectral quantities, such as the order-frequency spectral
correlation

SX(α, f) =

∫∫

R2

PX(θ, τ)e−jαθe−j2πfτdτdθ. (18)

The interested reader is invited to consult Refs. [12, 10] on this matter.
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Figure 2: a) Function 1 + γ cos(2πθ(t, t)/Θ) and b) a corresponding trajectory of the stochastic process
X(t).

Example 3 Let us again consider the stochastic process defined by Eq. (11), yet with Z(t) a colored sta-
tionary stochastic process with autocorrelation function RZ(τ). The AT-autocorrelation function is

KX(θ, τ) = p(t(θ))p(t(θ)− τ)∗RZ(τ). (19)

Although KX(θ, τ) is generally not a periodic function of θ in this case, it can have non-zero Fourier-Bohr
coefficients

ck(τ) = RZ(τ) lim
S→∞

1

S

∫ S/2

−S/2
p(t(θ))p(t(θ)− τ)∗e−j2πkθ/Θdθ (20)

and, therefore, a non-zero APP function PX(θ, τ).

In applications where the variation of p(t) is small as compared to the correlation length ofZ(t) – which does
not necessarily means slow speed variations, although it implies that the speed is bounded – this component
can be significant. For instance, if RZ(τ) is short enough so that the first order expansion

RZ(τ)p(t− τ) ' RZ(τ) (p(t)− τ ṗ(t)) (21)

with ṗ(t) = dp(t)/dt holds to a good approximation, then

PX(θ, τ) ' RZ(τ)F (θ) with F = |p ◦ t|2 − τ(p ◦ t)P{ṗ ◦ t}∗ (22)

where operator P extracts the angle-periodic part of a function. Let ω(t) = dθ(t)/dt be the (non-constant)
angular speed. Since d(p ◦ t)/dθ = (ṗ ◦ t)(dt/dθ) = (p ◦ t)′/(ω ◦ t), it comes P{ṗ ◦ t} = (p ◦ t)′P{ω ◦ t}.
Therefore, in all cases where the angular speed ω ◦ t does not evidence non-zero Fourier-Bohr coefficients
except at zero frequency,

PX(θ, τ) ' RZ(τ)
(
|p ◦ t(θ)|2 − τΩ(p ◦ t(θ))(p ◦ t(θ))′∗

)
(23)
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with Ω = ω ◦ t the average value of ω ◦ t. Following similar lines on the second order,

PX(θ, τ) ' RZ(τ)F (θ) with F = |p ◦ t|2 − τΩ(p ◦ t)(p ◦ t)′∗ +
τ2(ω ◦ t)2

2
(p ◦ t)(p ◦ t)′′∗ (24)

where (p ◦ t)′′ = d2(p ◦ t)/dθ2 and (ω ◦ t)2 stands for the RMS value of the angular speed. Proceeding to
high-orders and assuming that all quantities (ω ◦ t)p, p ∈ N are finite, one arrives at the following result

PX(θ, τ) = RZ(τ)


|p ◦ t(θ)|2 + p ◦ t(θ)

∞∑

p=0

(−τp)(ω ◦ t(θ))p
p!

(p ◦ t)(p)(θ)∗


 . (25)

The above result assumes that p ◦ t and ω ◦ t are analytic functions and the Taylor series converges.

Example 4 Let X(t) =
∑

k∈Z ck(t)e
jαkφ(t) where {ck(t)} is a set of mutually correlation stationary pro-

cesses. Thus,
RX(t, t′) =

∑

k,l∈Z2

Ckl(t− t′)ej(αkφ(t)−αlφ(t′)), (26)

where Ckl(t− t′) = E{ck(t)ck(t′)∗}. Proceeding as in the former example and assuming that function φ(t)
is analytic, the APP function reads

PX(θ, τ) =
∑

k,l∈Z2

Ckl(τ)ej(αk−αl)θP{e−jαl
∑∞

p=1(−τp/p!)θ(p)}, (27)

where θ(t, t′) = φ(t) and θ(p) = dpφ/dtp. Again, when the correlation length in τ is short as compared to
the fastest oscillations of ejαkφ(t), the following approximation might be useful:

PX(θ, τ) '
∑

k,l∈Z2

Ckl(τ)ej(αk−αl)θ. (28)

Example 5 Let {νk(t); k ∈ Z} be a set of i.i.d. transient stochastic processes with finite support [0, ρ[ and
autocorrelation function Rν(t, τ). Now, let us define the stochastic process

X(t) =
∑

k∈Z
νk(t− tk) (29)

where
tk = tk−1 + Θ/Ω + dk (30)

for given t0 ∈ R, Ω > 0, Θ > ω0ρ and {dk; k ∈ Z} a set of i.i.d. positive random variables. Finally, define a
continuous function t(φ) that connects the time instants {tk; k ∈ Z}. With θ(t, t′) = φ(t), the APP function
is PX(θ, τ) = P(

∑
k∈ZRν(t(θ)− tk, τ). It is not periodic in general, but it can still exhibit a strong periodic

component. A sufficient condition for Px(θ, τ) to be non-zero is that Rν(t, 0) > 0 in a neighborhood of
t = 0.

2.3 Conditional angle-time cyclostationarity

Another important class is that of stochastic processes which become AT-cyclostationary after conditioning
to another stochastic process.

Definition 3 Let X1(t) and X2(t) be two second-order stochastic processes. X1(t) is said conditionally
AT-cyclostationary (CAT) if X1(t)|X2(t) (X1 conditioned on X2) is AT-cyclostationary.

Example 6 Let consider an elementary oscillator driven by the canonical AT-cyclostationary process of
Example 1. The differential equation that relates the response Y (t) of the oscillator to the input X(t) is

Ÿ (t) + 2ζω0Ẏ (t) + ω2
0Y (t) = X(t) (31)
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for some ω0 > 0 and 0 < ζ ≤ 1. Therefore, Y (t) is CAT-cyclostationary since Y (t)|{Ẏ (t), Ÿ (t)} is
distributed like X(t), which is AT-cyclostationary.

The later example is readily extended to more general differential operators L{Y (t)} =
∑p

i=1 aiY
(i)(t)

which maps Y (t) to an AT-cyclostationary process. In particular, it is insightful to revisit Example 5 in light
of CAT-cyclostationarity.

Example 7 Let consider the stochastic process defined in Example 5 and assume that there is exists a dif-
ferential operator L{·} =

∑p
i=1 aid

i(·)/dti that whitens νk, i.e. such that
∑p

i=1 aiν
(i)
k (t) = Xk(t) is a

white process. Thus, the stochastic process L{X(t)} =
∑

k∈ZXk(t) is AT-cyclostationary and, in turn,
X(t)|{X(i)(t); i = 1, ..., p} is CAT-cyclostationary.

Example 8 This next example is the discrete version of Example 6. Let us consider the stable autoregressive
filter

Y (t) =

p∑

i=1

aiY (t− i) +X(t) (32)

whereX(t) is the canonical AT-cyclostationary process of Example 1. Therefore, Y (t) is CAT-cyclostationary
since Y (t)|{Y (t− i); i = 1, ..., p} is distributed like X(t), which is AT-cyclostationary.

3 Estimation

The main object of this subsection is the estimation of the APP function defined in Eq. (16). For AT-
cyclostationary processes, the APP function coincides with the AT-autocorrelation function given in Defini-
tion 1; for second-order processes that exhibits AT-cyclostationarity, it is often the main quantity of interest.

The main effort in estimating the APP function is to find an estimate of the Fourier coefficient ck(τ), say
ĉk(τ), since PX(θ, τ) is then reconstructed from the weighed Fourier series (16), i.e.

P̂X(θ, τ) =
K∑

k=−K
w|k|ĉk(τ)ejαkθ, (33)

where {wk; k = 0, ...,K} is a sequence of weights such that, typically, w0 ≥ wk. The Fourier series is
necessarily truncated and the weights aim at mitigating the Gibbs effect.

The general case depends on the definition of θ(t, t′) as a function of t and t′. For simplicity, the special
case where θ(t, t′) = φ(t) is considered here, where φ is a monotonic and differentiable function, with the
abuse of notation θ(t, t′) = θ(t). Hence, given a signal x(t) of finite duration D, the following estimator is
naturally proposed

ĉk(τ) =
1

S

∫

S
x(t(θ))x(t(θ)− τ)∗e−jαkθdθ, (34)

where the angular sector S = D−1
∫
D ω(t)dt with ω = dθ/dt. In practice, this might be more conveniently

evaluated with the time-domain integral

ĉk(τ) =
1

S

∫

D
x(t)x(t− τ)∗e−jαkθ(t)ω(t)dt. (35)

Proposition 2 A sufficient condition for the integral (35) to exist is that i) x(t) is of finite-power, the angular
speed ω(t) ii) has a non-zero average and iii) is upper-bounded.
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Proof : Condition (ii) is necessary for S 6= 0. Applying Cauchy-Schwarz inequality, it comes

|ĉk(τ)|2 ≤
∫
D |x(t(θ))|2ω(t)dt

S

∫
D |x(t(θ)− τ)|2ω(t)dt

S
≤ max

u∈{0,τ}

∣∣∣∣
∫
D |x(t(θ)− u)|2ω(t)dt

S

∣∣∣∣
2

≤ B2

S2
max
u∈{0,τ}

∣∣∣∣
∫

D
|x(t− u)|2dt

∣∣∣∣
2

(36)

where B = supω(t) according to condition (iii). According to condition (i), there exists an C < ∞ such
that

∫
D |x(t−u)|2dt < C ·D ·σ2

X with σ2
X the power of signal x(t). Hence, |ĉk(τ)|2 ≤ B2C2σ2

X/S
2 ≤ ∞.

The following properties are readily checked.

Proposition 3 The estimator defined by Eq. (35)

1. is unbiased

2. converges in the mean square sense if E{|X(t)|4} <∞.

An illustration of the estimator provided by Eqs. (33) and (35) is given in Fig. 3 for the trajectory of example
2 with K = 10 and wk = cos(π|k|/2(K + 1)).

0 100 200 300 400 500 600 700 800 900 1000

time

-4

-2

0

2
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8

Figure 3: Estimated APP function PX(θ(t), τ) of Example 2 for τ = 0, 1, 2 (successive estimates are repeat-
edly shifted one unit downwards).

4 Conclusion

The concept of angle-time cyclostationarity has been mainly elaborated to bypass the limits of the cyclosta-
tionary theory when applied to real-world signals, in particular when the latter experience fluctuating speed
of rotation. The concept overrides the debates whether cyclostationary can be restored or not after a suitable
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change of variable (or “unwrapping” of the signal). Rather, the key idea is to describe the signal statistics
in both “time” and “angle”, two degrees of freedom that are jointly allowed by the bivariate nature of the
autocorrelation function. This paper aimed at exposing the fundamentals of angle-time cyclostationary pro-
cesses as well as the estimation of the related statistical quantities. The different theoretical ideas have been
illustrated by numerous examples in order to help the reader to better grasp their essence.
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Abstract
Planet bearings are important monitoring objects in the field of faults diagnosis. However, the strong periodic
interference from gear meshing, background noise and the time-varying vibration transmission paths caused
by the epicyclic motion of planet gears make the fault detection of a planet bearing difficult. To address
this issue, a scheme is proposed based on the cepstrum pre-whitening (CPW) and the spectral correlation
analysis for the planet bearing fault detection. Experiments on a planetary gearbox test rig are carried out.
The spectral correlation density (SCD), the fast kurtogram (FK), the combination of the self-adaptive noise
cancellation (SANC) and the FK and the proposed scheme are used respectively to extract the frequency
lines related to the planet bearing outer race defect. Comparison of results show that the proposed scheme is
superior to other methods on the faults detection of planet bearings.

1 Introduction

Taking the advantages of compact structure, large transmission ratio and strong carrying capacity, planetary
gearboxes are widely used in aerospace, wind turbines, ships, automobiles, etc. A planet bearing in the
planetary gearbox is not only self-rotating with the planet gear, but also revolves around the sun gear, and it
is prone to be damaged under tough working conditions. Thus, the working state of the planetary gearboxes
can be directly affected by the health of planet bearing. In addition, the components in the vibration generated
by the planetary gearbox are coupled and modulated each other because of the multi-meshing of gear sets
and the unique epicyclic motion of planet gears. Then, the fault detection of planet bearings is more difficult
than that of fixed bearings, and the extraction of the interesting vibration component becomes important.

It is well known that the time synchronous average (TSA) can be employed to extract the gear or bearing
related components [1]. However, the conventional TSA can not be utilized to remove the interferences for
diagnosis of the faulty planet bearing in the planetary gearbox directly [2]. To address this issue, the win-
dowed synchronous average technique was proposed in [3] for extracting planets or sun gears related syn-
chronous components and removing non-synchronous components under the condition of the time-varying
transmission paths. Unfortunately, this method can not be employed to extract the planet bearing related
components because of the 1∼2 percent random slip [4] of the rolling elements in the bearing. In addition,
the self-adaptive noise cancellation (SANC) is often used to remove the strictly periodic vibration compo-
nents [5]. However, the complex amplitude and frequency modulations impede the SANC to separate the
interesting components from the vibration. The prominent frequency lines contributed by the deterministic
components in the spectrum lead to a great influence on the fault identification of plant bearings.

On the other hand, demodulation methods are widely used tools for bearing diagnosis and are usually based
on the squared envelope spectrum of a band-pass filtered signal. The selection of a suitable band for de-
modulation has been focused on the bearing faults detection, where many schemes have been proposed. For
example, the fast kurtogram (FK) algorithm [6] can be used to determine an optimal demodulation band for
extracting the envelope. However, the FK is susceptible to interferences from non-gaussian noise and gears
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meshing vibration in the demodulation band [7]. Moreover, a method by combining spectral kurtosis and
negative entropy is proposed to weaken the interference of non-gaussian noise and improve the robustness of
obtaining an optimized demodulation band [8]. However, it is still invalid to eliminate the influences of the
meshing components in the complex vibration from planetary gearboxes.

As well-known that the vibration components of the faulty bearing and gear meshing has different cyclosta-
tionary characteristics. Thus, the cyclostationary analysis have been developed in the last two decades as an
alternative for the squared envelope spectrum based methods [9]. The main advantage of this method lies
in its ability to reveal hidden periodicities of the second-order cyclostationarity. It is successfully used in
extracting the bearing faults related features under noisy conditions. However, the time-varying transmission
paths caused by the epicyclic motion of planet gears make it difficult to extract the planet bearing fault related
component effectively.

To address these issues, a scheme based on the cepstral pre-whitening (CPW) and the spectral correlation
density (SCD) analysis is proposed in this paper. The rest of this paper is structured as follows. Methods
are introduced in Section 2. Subsequently, localized fault detection is discussed in section 3. Then, a planet
bearing outer-race fault detection scheme and the experimental demonstration are provided in Section 4.
Conclusions are drawn in Section 5.

2 Techniques review

2.1 Cepstrum pre-whitening

The cepstrum pre-whitening was originally proposed for the bearing fault diagnosis in fixed-axis gearboxes
to improve the signal to noise ratio. It is given as in [10] by

xCPW = real(
IFT (FT (x(t)))
|FT (x(t))| ) (1)

where FT and IFT represent the Fourier transform and its inverse respectively, real(·) denotes the real part
and symbol | · | is the absolute value operation.

In this study, the vibration components from faulty bearing are masked by strong background noise and
gear meshing components. To solve the problem, the CPW is employed to reduce the amplitude of periodic
components. In this way, the signal to noise ratio of the bearing fault related components can be enhanced
relatively.

2.2 Fast kurtogram

The envelope analysis is an effective method for extracting impulsive characteristics related to bearings
and gears faults. The fast kurtogram (FK) algorithm [6] is a popular demodulation approach for envelope
extraction. In the FK, a series of bandpass filter banks are constructed with a 1/3 binary tree structure at first.
Then, the SK values of the data after the filtering of each filter bands are calculated, the band parameters
corresponding to the maximum spectral kurtosis value are selected for extracting complex envelope signals
c0(n) by [

fo,4 fo, co (n)
]

= argmax {S K ( fi,4 fk)} (2)

where S K ( fi,4 fk) represents the spectral kurtosis value calculated by the filtered data with the filter pa-
rameters, the center frequency fi and the bandwidth 4 fk. argmax {·} means selecting the parameters of the
maximum value. fo and 4 fo indicate the optimal center frequency and the bandwidth.

However, the SK value is susceptible to interferences, such as strong background noise and gear meshing
vibration, which often make the FK algorithm invalid in applications. That is to say, the fault characteristics
of planet bearing can not be distinguished by the determined demodulation band.
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2.3 Spectral correlation analysis

A signal with single-cycle or multi-cycle smoothing is called cyclostationary (CS) signal in statistics. The
CS can be divided into first-order, second-order and high-order according to their periodic characteristics.
The bearing faults related vibration components are attributed to the second-order CS signal. On the other
hand, the vibration components generated by the carrier and gear meshing belong to the first-order CS signal.
In addition, the background noise belongs to the high-order CS signal. Therefore, the bearing faults related
components can be distinguished with gear meshing vibration. The time-varying autocorrelation function of
the second order CS signal x(t) is defined as in [11] by

Rxx (t, τ) = E
{[

x
(
t +

τ

2

)
− Ax

] [
x
(
t − τ

2

)
− Ax

]∗}

Ax = mx

(
t +

τ

2

) (3)

where the superscript ∗ denotes the conjugate, mx(·) indicates the time average operation of the signal x(t),
E {·} represents the mathematical expectation, and τ denotes the time delay. The Rxx(τ, α) has a period of T
on the time, and its Fourier coefficient can be calculated as in [12] by

Cxx (τ, α) =
1
T

∫ T
2

−T
2

Rxx (τ, α) e− j2παtdτ
(
α =

m
T

)
(4)

where α denotes the cycle frequency, Cxx (τ, α) represents the cyclic autocorrelation function of the cyclic
frequency α, and m means an integer. Then, Cxx (τ, α) has a Fourier transform for time delay τ, which is
expressed as in [12] by

Sxx (α, f ) =

∫ ∞

−∞
Cxx (τ, α)e− j2π f τdτ (5)

where Sxx (α, f ) represents the SCD.

However, applying the SCD to detect the fault of the planet bearing is often invalid due to the time-varying
vibration transmission paths [3]. The prominent frequency lines contributed by the deterministic components
increase the difficulty on the identification of the faulty planet bearing.

3 Localized fault detection

Figure 1: Planetary gearbox structure.

As shown in Fig.1, a planet bearing is not only self-rotating with the planet gear, but also revolves around
the sun gear. Due to the fact that the vibration sensor is mounted on a fixed position above the planetary
gearbox, the observed vibration involves complicating with amplitude and frequency modulations, and the
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modulations generated by the carrier and gears are often prominent in applications. In addition, the early
bearing fault related vibration is relatively weak, which is often merged in the strong background noise and
deterministic components. Then, the planet bearing fault related frequency lines are difficult to be identified
in the spectrum. To address this issue, a scheme is proposed in this paper. The main steps are listed as
follows.

1) Cepstrum pre-whitening. The observed vibration is processed by Eq.(1). After that, the strong determin-
istic components (mainly contributed by the carrier and gears meshing) can be greatly suppressed.

2) Envelope extraction. The optimal demodulation band is obtained by the FK. After this step, the interfer-
ences out of the frequency band will be removed.

3) Spectral correlation analysis. The time-varying autocorrelation functions Rxx(t, τ) is obtained from co(n)
by the Eq.(3) at first. Then, the Fourier coefficient Cxx(τ, α) is obtained by Eq.(4). Finally, the separating
vibration component related to the planetary bearing fault can be extracted by Eq.(5).

4) Feature extraction. The spectrum analysis is performed to expose the planet bearing fault.

It is worth pointing out that the advantage by using the CPW is to eliminate the misleading of the determinis-
tic components to the FK. Furthermore, envelope analysis eliminates interference from components outside
the demodulation band. However, it is noted that the FK can not fully remove the influence of deterministic
components, which mainly includes the components related to the background noise and gear meshing. To
address this issue, the SCD is employed to extract vibration components related to planet bearing fault.

Figure 2: Test rig of planetary gearbox transmission.

4 Experiments

To verify the effectiveness of the proposed scheme, experiments were carried out on a planetary gearbox test
rig. The results from the SCD, FK, and SANC combined with FK on the vibration corresponding to the
bearing outer-race fault are compared with that from the proposed scheme, which are introduced as follows.

4.1 Introduction of test rig

The test rig is a 75 kW planetary gearbox transmission system as show in Fig.2, where the drive motor can
run with speed 0-2500 rpm. The loading unit is an AC induction generator in tandem with a digital AC
drive to regenerate the power back into the system. Three replaceable planetary units are included for special
experiments.

624 PROCEEDINGS OF ISMA2020 AND USD2020



Figure 3: Planetary gearbox for experiment.

Table 1: Planetary gearbox parameters

Gear Teeth number M(mm) X

Sun Zs =28 2.25 0.754
Planet Zp =20 2.25 0.529
Ring Zr =71 2.25 0.162

In this study, the test unit is the single-stage planetary gearbox transmission (type: NGW 2K-H) shown in
Fig.3, and the detailed parameters are listed in Table 1, where M denotes the normal module, and X represents
the addendum modification coefficient.

Table 2: Acquisition system parameters

Name Parameter

Acquisition device NI USB9234
Acceleration sensor model RION PV-86 4527

Acceleration sensor sensitivity 60.5 pC/g
Charge amplifier sensitivity 30 mV/pC

Eddy probe DH90

The planet bearing outer-race fault is machined with a width of about 1 mm and a depth of about 0.5 mm,
as shown in Fig.4. The parameters of the acquisition system are shown in Table 2. To ensure the vibration
with a higher signal noise ratio, the vibration signal picked above the ring gear (in the middle of planetary
gearbox) is selected according to the principle of the shortest transmission path. The planet bearing is NJ304
(number of rolling elements Nb = 10, diameter of rolling element Db = 9 mm, pitch diameter Dp = 36 mm,
contact angle β = 0). Then, the outer-race fault related frequency can be calculated as in [4] by

fbpfo =

Nb
(

fp − fout
) (

1 − Db
Dp

cos β
)

2
(6)

where fp indicates the rotation frequency of planet gear, fout is the output shaft frequency. In this study, the
input shaft speed is about 1000 revolutions per minute. Then, the frequencies fp = 12 Hz, fout = 7.5 Hz can
be determined by the parameters listed in Table 1, and fbp f o = 45.07 Hz can be calculated by Eq.(6).
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Figure 4: Bearing outer-race fault

4.2 Data analysis by conventional methods

The observed vibration signal of the faulty bearing outer-race from the planetary gearbox is shown in Fig.5.
The validity of the planet bearing outer-race fault extraction analysis is verified by the SCD directly and the
spectrum is shown in Fig.6, where the planet bearing outer-race fault related spectral lines are negligible
when they are compared with prominent strong gear meshing and planet carrier frequency lines.
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Figure 5: time domain waveform of planet bearing outer-race fault.
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Figure 6: Envelope spectrum obtained by SCD.
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Figure 7: Kurtogram obtained under different theories. (a) FK. (b) SANC+FK.

Subsequently, the FK and the combination of the SANC and FK were applied to the vibration data respec-
tively, the optimized demodulation band parameters obtained are shown in Figs.7 (a) and (b). It can be
noted that the center frequency fo achieved by the FK algorithm is changed from 7200 Hz to 800 Hz after
the SANC eliminates periodic components. Meantime, as it can be seen from Figs.8 (a) and (b), the fault
frequency lines of the planet bearing outer-race fault are also substantially submerged in the interference
spectral lines. It can be concluded the the FK or the SANC combined FK approaches can not expose the
bearing outer-race fault characteristic effectively.
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Figure 8: Envelope spectrum obtained by different theories. (a) FK. (b) SANC+FK.

It can be explained that the SANC can eliminate the influence of deterministic components on the FK al-
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gorithm to a certain extent. However, the combined method of FK and SANC cannot extract the fault
characteristics of faulty planet bearing.

4.3 Data analysis by proposed scheme

Applying the scheme proposed in this paper on the planet bearing outer-race fault vibration data. The data is
processed by the CPW at first. The time domain waveform is shown in Fig.9. Then, the FK is used to obtain
the demodulation band, and the result is shown in Fig.10, the center frequency fo and the bandwidth 4fo are
266.67 Hz and 533.33 Hz respectively. Further, the frequency lines related to the planet bearing outer-race
fault are extracted by the SCD, and the corresponding envelope spectrum is shown in Fig.11.
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Figure 9: Time domain waveform of bearing outer-race fault data processed by the CPW.
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Figure 11: Envelope spectrum obtained by the combination of CPW, FK and SCD.

Comparing Fig.8 with Fig.11, it can be concluded that the frequency lines related to the planet bearing outer-
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race fault can be extracted from strong noise and meshing vibration under the condition of the time-varying
transmission paths. It is worth mentioning that the demodulation band determined by the FK is not a resonant
band, but the band where the impulsiveness is the strongest for the vibration after the CPW.

5 Conclusion

A scheme for the fault detection of planet bearings is proposed, in which the CPW is used to weaken the
amplitude of the deterministic components, the FK algorithm is utilized to extract the envelope from an
optimal demodulation band and the SCD is employed to expose the fault related frequency lines. Experiment
results show that the proposed scheme is effective for the outer-race fault detection of plant bearings.
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Abstract
The current approach of machine health monitoring relies a lot on condition indicators. After going through
a series of measurements, it is ideally to find out certain properties from the obtained signals and correlate
this occurrence with the symptom of a fault. Most of the existing methods localize the abnormal state of the
tool by comparing the actual working signal to a pre-acquired standard working signal, which are useful but
are also prone to have false alarms. The aim of this paper is to propose a fresh idea to profit the correlations
of real-time angular velocity signals among the several teeth in one end milling tool. By taking advantage of
this character, it is promising that the wear issue could be tracked with a more widely applicable indicators
regardless the effects caused by materials, cutting depth, path change, etc.

1 Introduction

With the development of science and technology, the growing demands for high-precision equipment and
parts have been put forward in many fields, such as aerospace, automotive, medical, optics, etc., which has
also spawned the requirements for milling techniques. One of the bottlenecks in CNC (computer numerical
control) machining today is the accelerated tool wear. It results in shortened tool life as well as extended
downtime, which affects severely the production efficiency, quality of the workpieces and eventually turns
into capital losses [1].

In common sense, the tool life is defined as the duration of actual cutting time after which the tool reaches
a limit on the maximum predetermined flank wear width (normally 0.5mm for roughing insert and 0.16mm
for finishing insert). It is also worth noting that the tool wear is not uniform through the life of the tool.
The wear is initially rapid, then settles down to a uniform rate, and finally accelerates at a very high rate till
catastrophic failure occurs, which is a fracture of the tool [2, 3]. Hence, identifying the current state of the
tool and diagnosing its remaining life is the most relevant way to break through the bottleneck mentioned
above.

Under such a circumstance, tool condition monitoring (TCM) system becomes a crucial feedback element in
modern large-scale mechanized production. There are generally two ways for TCM, direct and indirect, to
monitor the type and amount of wear. The direct TCM usually requires high-frequency acquisition camera
and uses optical methods such as laser measurement to directly obtain visual data. It is not only capable
of capturing information on the surface but also possible to be pursued with the cutting edge or even the
geometry of the chip. However, due to the practical limitation of accessibility, the lack of illumination
and the presence of coolant liquid etc., it is very difficult to suit the application of real-time monitoring[4].
The indirect measurement method analyzes the various inputs (cutting force[5, 6], acoustic emission[7],
temperature[8, 9], etc.) collected by different sensors to constantly master the update of real-time cutting
conditions.

After measuring the target information, the subsequent diagnosis relies strongly on the use of condition
indicators, whether it is direct TCM or indirect TCM. The indicators suppose extract certain properties in the
obtained signal, which present the state of the tool. Existing commonly used indicators often work with a

631



pre-acquired standard to determine the current work status of in-service equipment. The occurrences of the
differences between the real-time signal and the ideal reference are correlated with the various symptoms of
fault, which could help to predict possible failures. This method effectively performs predictive maintenance,
but unfortunately it requires a trial run to obtain signals in good working condition. Therefore it is not
suitable for small batch production. At the same time, its implementation is too sensitive to bear the changes
under different working condition, which also brought numerous false alarms and caused a lot unnecessary
stoppage.

In consequence, rather than comparing to a fixed reference, this paper tries to put forward a new condition
monitoring method that explores the similarities and the differences inside the variation of instantaneous
angular speed (IAS) signal itself. The concept of monitoring by analyzing the variation of instantaneous
angular speed (IAS) has been proposed very early. In fact, it is already applied on lots of aspects of detection,
such as the transmission error measurements in gearbox[10] and the chatter monitoring[11] etc, but not much
research is oriented towards the milling direction. To partially fill this gap, this paper aims at developing a
new indicator taking advantage of the IAS to indicate the severity of tool wear by following previous works
by F. Girardin [12]. The objective is the extraction of a widely applicable index (regardless of the materials,
cutting depth, etc.) reflecting abnormal tool wear. Considering the stress and direction changes caused by
non-straight-line milling paths, this indicator should also be independent of the trajectory to fit the cyclo-
non-stationary case.

This paper presents in the following section the tool condition monitoring methodology including the signal
acquisition system, the model of milling and the analysis of the data processing.

2 Tool condition monitoring methodology

2.1 Signal acquisition system

Using IAS has its superiority in signal acquisition. By benefiting the rotary encoder integrated in the spindle,
it can satisfy the measurement without adding external sensor to the operating environment which cuts away
the subsequent access problems and also reduces the costs.

Figure 1: Working principle of the rotary encoder[13]

The working principle of the rotary encoder is shown in the Figure 1. Channel A and B are two square wave
signals with a phase difference of 90 degrees. Channel Z is a reference signal counting the number of turns
to reduce the cumulative error. The interpolation factor of the TTL converter is 5, and there are a total of 256
troughs on the disc. Hence, for each revolution, 1280 impulses can be captured.

Between two impulses, the number of counting points Npluse is noted once by a high frequency counter
fcount. As a result, after the angle fixed between two impulses divides the time counted, the average speed
in a very short time can be considered as the IAS.

ω =
∆θ

∆t
=

∆θ · fcount
Npluse

(1)
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Compared with time sampling, angle sampling easily eliminates the possibility of sampling irregularities
thanks to its natural characteristics.
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Figure 2: Comparison between time sampling and angle sampling

As shown in the Figure 2, no matter how the rotational speed changes, the sampling unit always stays as a
fixed angle 2π

1280 = 0.0049rad. And the convert outputs the same number of sampling points per revolution.

2.2 Geometrical milling model

Although the ultimate goal is to detect the flank wear of each tooth, in the initial analysis, the spindle and the
tool are taken as a whole. The study is based on an orthogonal coordinate system (~x, ~y, ~z) in which the tool
rotates around the axis ~z and the milling operation is performed in the plane xOy.

The main modeling parameters are showed in the Figure 3.

of milling.pdf
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Figure 3: Schematic diagram of processing parameters

It should be noted that the radial engagement ae could be adjusted to ensure there is only one tooth interacting
with the material at one time. The cutting force will then be due only to a localized action rather than the
sum of the contributions of several teeth. In this way, the distinction between the actions of each of the teeth
will be easier.

In the milling process, the rotation of the tool itself generates the removal of material on each cycle, mean-
while, the final shape of the product also depends greatly on the pre-set cutting track. If the two above
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elements are parameterized, the focus is on Vc and the path change angle Θ.

Suppose the predetermined trajectory is first a straight line and then a curve part, as shown below in Figure
4. In order to reduce to some extent the influence caused by the change of cutting path, the unification of the
trajectory angle Θ and the spindle rotation angle θ is carried out to adapt more complex working conditions.
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Figure 4: Modelization of milling

When t = 0, the angle corresponding to each insert-i can be easily summarized as the formula here:

θi(0) = θ0 − i× 2π

nz
, (2)

where nz is number of teeth, i = 0, 1, ..., nz − 1 and θ0 = 0.

When the tool rotates, the angle increases according to the IAS. On this basis, plus the variation of cutting
path Θ, the total angle ϑ is presented as follows:

ϑ(t2) = θi(t2) + Θ(t2) = θ0 + ωt2 − i× 2π

nz
+ Θ(t2), (3)

where Θ ia continuously updated by superposing the variable ∆Θ multiple times during milling process as
indicated in Figure 5.It should be noted that the value of the angle is generally expressed within the interval
of [0, 2π].

Figure 5: Trajectory change angle Θ

2.3 Analytical definition of signal

In spite of the milling program pre-setting is deterministic, the original periodic process is easy to fluctuate
due to tool wear. But still, every signals from the cutting operation can be regarded as the superposition of
the analyzable signals and external interferences. With reference to the model proposed above, the actual
collected IAS signal is considered to be decomposed into the following components:
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• S(θ): The interference driven by the motors, bearings, and joints in the spindle. Within the reference
of the main shaft, therefore the function S is linked with θ. It is considered can generally be corrected
by comparing it to the idling condition. And in normal working states, the interference is so small that
it can be ignored after correction.

• D(θ,Θ, t): The influence of the resistance generated by the material removal, which not only depends
on θ but also associates with the deterministic trajectory Θ. The unified angle ϑ might be used to
summarize the total phase changes. The nature of this component relies upon whether the shape of
the trajectory is periodic. If so, then this part complies with cyclo-stationarity, otherwise, it should be
handled by the method of cyclo-non-stationarity.

• V (θ,Θ, t): The vibration impulse response in relation to time frequencies and machine-tool mode.
According to [11], the chatter generated by rotating machinery is deterministic and can be summarized
with CS2.

• η(θ): The residual part due to different sources of noise, such as lubrication impact and chip evacuation
etc., which could be refined to a great extent by the filters.

Writing the above decomposition terms as formulas is:

x(θ,Θ, t) = S(θ) +D(θ,Θ, t) + V (θ,Θ, t) + η(θ) (4)

2.4 Construction of simulation signal

For the general case, after filtering the signal and correcting it according to the idling rotating situation, it is
rational to consider that S and η are so small that overwhelmed by other components and can be appropriately
ignored. When the V term expressed by CS2 is substracted later, the rest is the most pure instantaneous
angular speed D.

To illustrate this, an experimental parameter setup corresponding to a straight safe test is used, as briefly
listed in the following Table 1.

Table 1: Experimental parameters of straight cutting

Parameter Notation Value
Diameter of the tool D(mm) 32

Number of teeth nz 4
Cutting speed Vc(m/min) 140

Feed speed per revolution and per tooth fz(mm/tr/tooth) 0.2
Engagement of the cut ae(mm) 5

Depth of cut ap(mm) 4

According to this test, the cycling phenomenon implied by the definition of the trigonometric function is
associated with the signal of the rotation mechanism, therefore D could be simulated as follows:

D = K · cos(nz · ωt) +D0 (5)

where the first term cos presents the fluctuation due to each tooth path, around setting value D0.

Both experimental and simulated signals can be seen in figure 6, for the cyclostationary conditions of table
1.

On this basis, the cutting curvature can be taken into account to simulate a cyclo-non-stationary case, with
a curved trajectory. In this paper, it is assumed that depth of cut doesn’t change during the curve, only the
direction (angular change only, not amplitude). The rotational speed passing the curve is defined as Ω, and
can be expressed using the rotation speed of the tool ω, number of teeth nz and feed speed fz , and the radius
of curvature Rc of the cutting curve. The relational expression is defined as follows :
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Figure 6: Experimental and Simulated signals of angular speed variation D during milling.

Ω =
nz.fz.ω

2.π.Rc
=
ω

k
(6)

As the method described in section 2.2, this term can be directly added to present a path angle.

D = K · cos(nz · ωt+
ω

k
· (t− t2)) +D0 (7)

where t2 is the time point of entering the curve as shown in Figure 4. It is noted here that k ratio, for the
cutting condition of table 1 and a radius of curvature equal to the tool radius is approximately 125.

2.5 Description of the indicator

On this basis, an indicator based on adaptive cross-correlation function among several cutting teeth by refer-
ring the second-order cyclostationary signal processing is aimed to be constructed.

The concept of cross-correlation function in signal analysis is to measure the similarity of two series. As
a matter of fact, there are many ways derived to calculate the correlation coefficient between two sets of
data, such as Pearson rank, Spearman rank and Kendall rank etc. In the preliminary analysis stage, Pearson
correlation coefficient has been selected.

Pearson’s correlation coefficient (PCC) is the most frequently used correlation coefficient, which is a measure
of the linear correlation between two variables X and Y . According to the Cauchy-Schwarz inequality, it
has a value between +1 and -1, where 1 is total positive linear correlation, 0 is no linear correlation, and -1 is
total negative linear correlation[15].

For columnXa in matrixX and column Yb in matrix Y , the Pearson’s linear correlation coefficient is defined
as:

R(a, b) =

∑n
i=1

(
Xa,i − X̄a

) (
Yb,i − Ȳb

)
{∑n

i=1

(
Xa,i − X̄a

)2∑n
j=1

(
Yb,j − Ȳb

)2}1/2
, (8)

where n is the length of each column.

In this case, the study is implemented on the unit of tooth-cut. The process of the previous tooth entering
and then quitting the material until the next tooth enters again is called a single tooth-cut.

A group of signal could be divided into nz sub-parts as shown in the schematic Figure 7.
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One tooth-cut 

contains 320 
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Four centralized IAS 
data sets for each tooth

Figure 7: Division of IAS by nz

To explore the similarity and difference among different part of a tool with nz inserts, we take out the tooth-
cut Dj of certain revolution and apply the PCC formula by analogy :

Rtot =

∑n
i=1

∏nz
j=1

(
Dj,i − D̄j

)
{∏nz

j=1

∑n
i=1

(
Dj,i − D̄j

)nz
}1/nz

(9)

Using the simulated signal in straigth trajectory (pure sine signal - cyclostationary), the result of Rtot com-
putation is 1, as every simulated tooth has exactly the same behaviour. To compare, the case of the safe test
of Table 1 can be seen in figure 8. The PCC indicator is quite stable for the part represented in the figure, the
average of Rtot is 0.947 with a standard deviation of 0.0076. The linear trend is −0.0002/rev, i.e. a loss of
2% of the indicator every 100 rev, and can be considered as the impact of regular wear (conditions of these
tests are very harsh).

Figure 8: Validation of PCC for safe test - conditions of Table 1

To observe the impact of a change in the trajectory on the computed Rtot, the indicator is computed with
different k factor, representing the severity of the curvature (Equation (6-7)).

From the Figure 9, it is clear that in most cases, the result is very close to 1. And when k is less than or
equal to 20, there is a decline; when k is less than 6, R is less than 0.8. Although R will fluctuate or decrease
when the ratio ω

Ω is small, in the case of milling, usually the high-speed rotation of tool is matched with a
suitable (very slow relative to the rotation) feed rate. Therefore, except for the two stages of starting and
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Figure 9: The influence of angle ratio on correlation coefficient

stopping, during normal operation, the ratio between the two angles will basically be in the area where this
method is applicable: for example, if taking actual data mentioned in the section 3 into calculation, when
passing a curve with a radius of 16mm, the ratio is about 125 ; a ratio of k = 20 with same cutting condition
correspond to radius of curvature of 2.5mm that is very small for a 32mm diameter tool.

In the following, the indicator is tested for a tooth break detection in straight condition, as it has been proved
that the trajectory doesn’t impact the result if depth of cut remain constant.

3 Application to tooth break detection

When the change of trajectory does not have a huge impact on the index, then the influence of state of the
tool on the indicator is left to explore. The data source of this paper is inherited from [12]. The experimental
parameter setup is briefly listed in the following Table 2.

Table 2: Experimental parameters of straight cutting

Parameter Notation Value
Diameter of the tool D(mm) 32

Number of teeth nz 4
Cutting speed Vc(m/min) 140

Feed speed per revolution and per tooth fz(mm/tr/tooth) 0.2
Engagement of the cut ae(mm) 10

Depth of cut ap(mm) 4
Frequency of counting fc(MHz) 80

Before officially starting to process the signal, the comparison is made between the force received by the tool
and the IAS. As shown in the Figure 10 below, the force has apparently a corresponding relationship with
the IAS. The rising edge of the force corresponds to the insert entering the material, which is considered to
be the starting point of a complete cycle.

In order to round up the data, the initial incomplete part needs to be abandoned. As mentioned before, the
data volume per revolution is 1280. The last group of samples less than 1280 can also be ignored.

As illustrated in the Figure 10, although the cutting speed is set to be constant, it actually fluctuates around
the setting value due to the factor of resistance.

As mentioned earlier in the methodology, the study is implemented on the unit of tooth-cut. In Figure 10,
the part between each of two dotted lines indicates a tooth-cut. Repeating this process nz times is a complete
rotatory cycle of the tool.

The small circle mark in four colors represents the average speed of each tooth-cut. After connecting the
separated inserts signals by unit of revolution (i.e. connect the circle marks of the same color), the image of
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Figure 10: Relationship between cutting force and angular speed

Figure 11 is attained as followed which displays the change of single tooth’s average angular velocity versus
numbers of revolution.

Figure 11: Change of single tooth’s average angular velocity

Four curves match with four inserts of the tool. Apparently, when a specific tooth wears or breaks, the cutting
condition of its corresponding process tends to be modified. In the above figure, for example, the first cutting
tooth (the blue curve) is going through a gradual wear from the 66th revolution to the 94th revolution, and
the subsequent insert (the red curve) will perform a compensated overload work which results in a decline
of velocity. And finally at the 94th cycle, this phenomenon is becoming clearer because of the rupture of the
first tooth.

Regarding conditions of table 2 and the test presented in the figure 11, the Rtot is computed. After the
integration, the information is very clear and easy to understand. In the figure 12 below, at about the 94th

cycle, there is a dramatic drop, indicating that the tool has been severely damaged. The full death of the tool
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is acting at the end of the milling at about the 200th cycle, when the tool get out of the workpiece, implying
some changes in milling conditions: the indicator provide a second drop to 0.1, then grows up to 0.6 when
all inserts are equivalently ruined, before definitely fall down to zero. The first conclusion is that an indicator
lower than 0.6 corresponds to a defective tool. The behavior at the beginning of the test is curious, as the
value is growing up from 0.7 to 0.9. The rising observed should correspond to a worn tool that progressively
balance the wear on every teeth. The second conclusion is that an indicator between 0.7 and 0.9 is very
suspicious.

Figure 12: Deduced PCC with 4 teeth

4 Conclusion

This paper focuses on the development of a generalised cross correlation approach, applied on the angular
speed of the tool. Compared with cutting force, this method is more intuitive and easy to understand. It is
more targeted at tool breakage. The proposed indicator is shown to be weakly sensitive to the changes in
the direction of the trajectory. More investigations will be conducted to validate this indicator considering
changes in amplitude of signals, that are generally avoided in optimized trajectory, but sometimes inevitable
when milling over a hole for example.

For the experiments tested in this study, the proposed indicator is shown to reveal a safe condition of the
tool for values higher than 90%, suspicious condition between 70% and 90%, disastrous conditions for
values lower than 70%. Rising trend are also considered as suspicious, whereas sudden falls of the indicator
correspond to break on an insert. According to these few tests, the indicator seems to be promising.
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Abstract 
Research on alternative fuels like LPG has shown the marked difference against its counterpart gasoline 

fuels due to its fast burning characteristics and combustion stability. Monitoring of combustion process is 

inevitable as it forms the basis for vibration and noise characteristics of the engine. Conventional methods 

of combustion monitoring with the help of intrusive in-cylinder pressure sensor is suitable for analyzing the 

combustion process in the laboratory on test cell and may not be viable for the onboard diagnostics during 

vehicle motion. The main objective of the current work is to measure the vibration and noise data and 

correlate them to the LPG fueled engine combustion process to find the feasibility of devising a non-

intrusive diagnostic technique. Hence, along with the in-cylinder pressure, the noise and vibration data are 

acquired simultaneously at different locations for different operating conditions and the critical orders are 

identified with and without fuel running the engine through order tracking. 

1 Introduction 

With the ever-increasing demand for transition to cleaner sources of energy, there is immense research in 

the field of alternate sources of energy for internal combustion engines without compromising on 

combustion and emission characteristics [1-2]. LPG (Liquefied Petroleum Gas), a flammable mixture of 

hydrocarbon gasses mainly composed of propane (C3H8) and butane (C4H10) is one such alternate fuel 

that is being tested to be used in automobiles. The emission level of exhaust toxic components to the 

environment due to LPG is very low as compared with gasoline or diesel fuel. Globally, there are almost 16 

million LPG powered vehicles as per the data provided by World LPG association in the year 2010 [2]. T 

N Patro et al.[3]  found that an SI engine run on LPG will have low levels of vibration and noise in most of 

the frequency ranges, except at very high (above 6000Hz) and very low (below 100Hz) frequencies. Tharwat 

Wazier Abou-Arab et al. [4] studied extensively about vibro-acoustic characteristics of a Compressed 

Natural Gas (CNG) fuelled converted petrol engine based on the measured vibration and noise signals for 

different operating conditions. 

This demands extensive study of the combustion characteristics of alternate fuel such as variation of 

pressure, engine misfire and heat release rate. The parameter widely considered for the diagnosis of the 

combustion process in IC engines is the cylinder pressure. Vighnesha Nayak et al. [5] conducted 

experimental studies aiming at the combustion characteristics and cycle-by-cycle variations of LPG MPFI 

(multi point fuel injection) engines.  

Direct measurement of combustion pressure requires intrusive transducer leading to complex setup and 

higher cost. Decades of research has resulted in various cheaper methods of measuring combustion 

characteristics. Some of the approaches include measurement of engine torque variation, acoustic and 

vibration signature etc. Though high level of vibration energy observed during engine operation, with the 

advent of vibration isolators it can be attenuated and certain amount of this vibration can be used as quality 

indicators for condition monitoring. The recorded vibration signals are expected to exhibit strong periodic 

patterns. The processes exhibiting hidden periodicity in their randomness are termed as cyclostationarity. 
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Antonie and Daniere [6] used this technique to model explicitly the non-stationary vibration signals of an 

IC engine to relate the engine kinematics in parallel with angular sampling.  This necessitate an experimental 

procedure to acquire the vibration signal of engine block using sensors such as accelerometers. This non-

intrusive method has several advantages like, the sensors are mounted externally inhibiting structural 

modifications.  

Series of non - intrusive tests were conducted by many researchers [7-11] on diesel engines using sensors 

to identify the contribution of each cylinders to combustion process and hence a fundamental connection 

between combustion and vibration signature were established. Insoo Jung et al. [12] have developed an ECU 

logic for a passenger car engine. Further with the application of closed loop control strategy they were able 

correlate the combustion noise of the diesel engine with engine block vibration signals. The maximum rate 

of heat release and the start of combustion are the two important combustion characteristics that influence 

the combustion noise; their control system correlates these characteristics to develop robust combustion 

noise to improve NVH durability aspects of the engine. Christopher J. Polonowski et al. [13] conducted 

many tests on HPCR (High Pressure Common Rail) engine by varying fuel injection timings to get vibration 

signals from many accelerometers positioned at different locations and further from the frequency domain 

analysis they found good coherence between cylinder pressure and vibration signals in the frequency range 

3000 Hz to 25000 Hz where in cylinder pressure and heat release rate correlate well to characterize the 

combustion process. L Barelli et al. [14] proposed a diagnostic method based on their extensive study on 

measurement of the vibration and acoustic signals that identify the internal mean effective pressure (IMEP) 

for different operating conditions. Many such studies carried out at different loads and engine speeds to 

develop diagnostic tool to map the vibration signal and in cylinder pressure data can be referred [15-17]. 

The main objective of the current research work is firstly, to prepare the existing engine test rig to operate 

with the case study LPG fuel at different load and speed conditions and hence investigate the feasibility of 

monitoring the combustion process with the proposed non-intrusive procedure. Hence, the required 

vibration and noise signals were measured using appropriate sensors. Secondly, a correlation study is carried 

out to identify the correspondence of vibration signal data to the combustion events in the combustion 

chamber which is usually otherwise, monitored using in-cylinder piezoelectric transducers. Finally, the 

order tracking is performed on the engine in motoring condition and firing condition to identify the critical 

orders and compare how this LPG fuel affect the vibration characteristics of the crankshaft. The 

methodology followed to meet the objective involves determination of the combustion characteristics from 

the parameters such as in cylinder pressure, heat release rate (HRR), rate of pressure rise (RoPR) and 

cumulative heat release (CHR) and analyzing the heat release rate for different load conditions. The 

vibration signal is measured using accelerometers mounted at two different locations and a coherence is 

established between them. Noise measurements are obtained using microphones to identify contribution 

from combustion noise and other sources. From the vibration measurements made during run up conditions, 

the existence of the non-stationary vibration signals of the engine test rig as a whole is observed and hence, 

the application of order tracking is explored further to identify critical harmonic orders.  

Now the paper is further organized as follows. Section 2 describes experimental set up and methodology. 

Section 3 is devoted for results and discussions. Finally, section 4 presents derived conclusion of the current 

work and the further scope.  

2 Experimental setup and methodology 

2.1 Test setup 

A two-cylinder TATA 275 CNG BS IV water cooled multipoint gas injection engine with torque rating of 

49 Nm @ 2200 rpm used in TATA ACE light duty trucks is installed in the test bench. This engine is 

coupled with an eddy current dynamometer operated by a three-phase motor in order to provide/control the 

engine load variations.  The technical specification of the engine, dynamometer and motor of the test rig is 

given in Table 1. 
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Table 1: Test rig specification 

Parameter Specification 

Engine type 
TATA 275 CNG BS IV water cooled multipoint gas injection 

engine. 

Displacement volume 702 cc 

Max engine output 15.5 kW @ 3400 rpm  

Max engine torque 49Nm @ 2200 rpm 

No. of cylinders 2 

Dynamometer type (model) Eddy current (ECB10/3.5) 

Make  Dynotec  

Max load 20 kg 

Dynamometer constant  9550 

Motor (make) 3 phase motor (Havells Lafert) 

Power  3.7 kW 

Speed  1430 rpm 

 

 

 

Fig. 1 describes the schematic of the test rig integrated with two measurement systems used during the 

experiment. One, Kistler KiBox primarily used for in cylinder pressure and engine crank angle measurement 

and the other system Siemens LMS SCADAS Mobile which is used to acquire physical signals such as 

structural vibration of the engine and radiated noise through appropriate sensors. Numbers 1-9 in the 

schematic representation the location of various sensors installed and their data transmission with these 

systems. Number 10 shows the eddy current dynamometer coupled with the test engine. The data from the 

in cylinder pressure sensor (no. 5) infused inside one of the engine cylinder and a precision optical shaft 

encoder(no.8) from engine crankshaft that produces 720 pulses per rotation, are read and processed by the 

KiBox and a processing software in PC that further communicates with the ECU(Electronic control unit). 

The ECU receives current spark ignition timing data (no.6) and compares with the processed data 

communicated from the KiBox and thereby able to modulate the spark timing (no.7) and sends back to 

engine fuel injection system to control the combustion process. A laser based optical tacho sensor (no.3) is 

used for order tracking measurements.  

Two tri-axial accelerometers (ICP type PCB Piezotronics) are used, one is mounted on the cylinder head 

(no.4) and other on bearing house (no.2) connecting flywheel to dynamometer. Two ICP type microphones 

are used to measure the noise. One was placed on left side (no.1) at 0.5m distance from engine and the other 

on the right side (no.9) of the engine at 0.5 m distance. The complete test setup schematic representation is 

explained graphically in fig 1 whereas fig.2 shows the actual test engine installed on the test bed with 

necessary accelerometers, tacho sensor and microphones locations. 
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Fig 1: Schematic of the test setup 

 

Fig 2: Actual Experimental Test Bench (1. Engine Block Accelerometer 2. Bearing House Accelerometer 

3. Tacho Sensor 4. Left Side Microphone) 
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2.2 Methodology 

Table 2: Test trial measurement matrix for different operating condition of the engine. 

Test Conditions Vibration data 

acquisition 

Noise data 

acquisition 

In- Cylinder 

pressure data 

acquisition 

Order tracking 

Motored 

condition 
    

No load     

Half load      

Full load     

 

The test engine Tata 275 CNG BSIV initially set up for the study of performance and emission 

characteristics of CNG and then modified and calibrated to run on LPG fuel as well. Current research work 

aimed at bringing out the combustion noise and vibration characteristics of LPG fuel.  To meet this objective, 

experiments were conducted for different operating conditions as per the test matrix given in table 2. A 3-

phase motor installed in the test bench as stated earlier was used not only for cranking the engine and used 

for performing the motoring test in the absence of admission of LPG fuel.  Before the actual measurement 

of sensor responses recorded, the engine was operated for 15 minutes in order to attain the thermally stable 

steady state operating condition. Then the engine was motored at 500 rpm and the responses were measured. 

Then similar test was conducted under run up condition from 500 rpm to 1500 rpm range for order tracking. 

Then the entire procedure is repeated for engine fired condition. The engine was made to run on LPG at no 

load at a speed of 1000 rpm and also with run up condition from 1000 rpm to 3500 rpm corresponding to 

maximum engine power output for order tracking. The same procedure was repeated at half load and full 

load (15.5kW) conditions successively. Partial load refers to the load when the engine is doing work which 

otherwise may stall the engine at idling condition, but does not require full throttle. It can be any percentage 

of full load capacity of engine which may be ensured either by partial fuel injection capacity in cylinders or 

by partial throttle opening. The in-cylinder pressure signal was measured from the sensor mounted on 

cylinder head via a pressure amplifier for one cylinder. The vibration measurements were recorded from the 

accelerometers mounted on engine block close to the head of cylinder. Simultaneously the near field exterior 

engine noise was measured using two microphones placed at standard measuring distances. Vibration and 

noise data sensors are connected to the test suite of Siemens LMS SCADAS Mobile (Signal Conditioning 

and Data Acquisition System) whereas in cylinder pressure sensor was connected to Kistler KiBox 

combustion analyser system as stated in the previous sub section. These measurement data were collected 

for all mentioned operation conditions and processed further for the results. 

 

3 Results and discussion: 

N Sharma et. al. [17] research work on different gasoline-methanol blend fuels has given many interesting 

observations on combustion noise and vibration characteristics while varying load at constant speed and 

varying speed at constant load on 500 cc single cylinder gasoline direct injection engine. Noise and vibration 

characteristics are mainly influenced by combustion characteristics in addition to the contribution comes 

from components under motion. On one hand, N Sharma et. al. reported that the fuel blends proved to 

improve combustion characteristics but significantly increased the noise and vibration characteristics. On 

the other hand, LPG fuel has been reported with improved NVH nature and signify the advantages of 

gaseous fuel [3]. However, importantly these results laid a basis for comparative study and interpretation of 

fuel’s vibro-acoustic characteristics. The section is divided into four sub sections namely, combustion 

characteristics, vibration characteristics, noise characteristics and order tracking. Simultaneous 
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measurement of vibration and pressure signals have been performed and it is seen that highest amplitude of 

vibration and noise occurs roughly in conjunction with peak pressure inside the cylinder. A time domain 

representation of a single cycle of engine operation is shown in fig.3. The variation of engine block vibration, 

in cylinder pressure and heat release rate mapping is depicted in fig. 3 and observed the duration of one 

cycle is 0.12 sec matches with the idling speed of 1000 rpm. Similarly, the peak to peak correspondence of 

these parameters are also obtained for other operational load conditions. This observation forms the basis 

and meet important proposed method of non-intrusive monitoring of engine operation.  

 

 

Fig 3: Variation of in-cylinder pressure, HRR and vibration signal at no load condition. 

3.1 Combustion characteristics  

Test engine was tested for three load conditions i.e. no load, half load, full load and at 1000rpm, 

1000rpm,1800 rpm respectively. At full load engine stalled at 1000 rpm hence the throttle adjusted to 

maintain constant speed at 1800 rpm. It can be reasoned out as follows.  Though the energy level is on par 

with liquid fuels such as gasoline and diesel combustion characteristics differ in many aspects. LPG has a 

higher research octane number (RON) compared to gasoline. Also, the test rig was a stock CNG which has 

been modified to run on LPG fuel. 

Fig. 4 presents the observed variation in in-cylinder pressure, HRR, RoPR and CHR as function of crank 

angle degree (CAD) for both constant and run up speed condition for different loads. The in-cylinder 

pressure increases as load increases owing to rise in quantity of fuel burnt which in turn leads to an increase 

in heat release which is depicted in variation of HRR, ROPR and CHR. The highest value of 56.86 bar was 

observed during full load engine run up operating condition which is higher than the operation at 1800 rpm 

with full load.   Also increase in load advances the crank angle degree and same can be observed from the 

peaks of Pmax, ROPRmax, HRRmax. This observation attributes to faster combustion speed as load increases, 

owing to increase in fuel injection. The fluctuation in RoPR and HRR observed during run up condition 

explains the presence of transient effect during part and no-load conditions. Calculated HRR and CHR 

describe the combustion phases and its properties during engine operation.  CHR is the cumulative sum of 

heat release per degree crank angle opens door to the information on start and end of combustion. 

Combustion duration is usually taken as from the point of maximum ROPR to maximum CHR. It can be 

seen from CHR graph, that at the starting for all loads the variation is negligible for about 10 degrees of 

crank rotation indicates the independent behavior of premix combustion phase and thereafter an appreciable 

variation is observed describes diffusion and subsequent combustion phases for the requirement of the load 

variation.  With increase of load the in-cylinder pressure increases, more fuel is being injected and hence 

more heat generated in the engine per degree of crank angle. 
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Constant Speed condition Engine run up conditon 

Fig 4: Variation of in-cylinder pressure, ROPR, HRR and CHR as a function of crank angle for different 

loads during constant speed and runup condition 
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3.2 Vibration characteristics 

Fig. 5 compares the variation of vertical acceleration response measured at engine block during motored 

and fuel fired loaded condition. These two senarios bring in an important observation of work done on the 

engine and work done by the engine respectively. The vibration level in motored condition is merely caused 

due to relative motions of the engine mechanism and is obviously negligible as compared to that of the level 

observed during fired condition. The primary purpose of the motor installation is for engine cranking. The 

higher vibration level in loaded fuelled engine is mainly because of the combustion process that takes place 

inside the engine and the in-cylinder pressure rise during power stroke (numbered as 2 in fig.5) is the main 

source for this vibration level.  Other relatively smaller peaks in the signal manifested  due to inertia of 

piston, valve opening and closing, piston slap etc.  

 

Fig 5: Comparison of vibration response during motored and fuelled condition running at no load 

The transient response peaks in fig. 5 are numbered to depict various events during engine operation 

additonally engine on its steady state vibration. The pulses are numbered as 1 to 4 represents the exciations 

during one complete cycle of the 4 strokes in one of the cylinder of  the engine which corresponds to two 

revolution of the crank. The reason behind various excitations  are elaborated below correspondence with 

the order of numbers given in fig. 5. 

 At the end of suction stroke the piston at BDC changes direction producing inertial vibrations 

refered by point 1. 

 Then the piston moves from BDC to TDC pressure increases in the cylinder. Combustion takes  

place at TDC and power stroke  excits again with pressure rise in the cylinder refered by point 2. 

 As piston reaches BDC again the direction of motion of piston changes which excites the engine 

refered by point 3. 

 Finally as it returns again from BDC to TDC to complete one cycle in  exhaust stroke exhaust valve 

opens which is depicted by 4th pulse. All these four strokes events have been captured by the  the 

accelerometer  placed on the engine block head closer to the valves in cylinder head  as shown in 

fig.2 

As it is understood from literature the sources of vibration and its mechanism can be divided into two. One 

the primary source due to in cylinder pressure during power stroke the other can be grouped as vibration 

caused by piston noise which is further distinguished as piston slap, piston rattle and piston pin ticking. The 

first one dominates the other during optimum fuel admission and complete combustion takes place otherwise 

the second one piston noise become predominant in causing vibration. The vibration measurements were 

made considering the reference longitudinal axis coincides with crank shaft axis. Hence the vertical axis (z 
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axis) coincide with piston axis along this direction piston reciprocates and lateral axis is the mutually 

perpendicular axis about which piston oscillate during piston slap (happens when piston skirt hits the 

cylinder surface). These mechanisms are complex and happens simultaneously during every cycle of 

operation and creates periodic vibration.  

 

Fig 6: Vibration spectrum at engine block and bearing housing at no load condition 

Fig.6 presents the variation of acceleration responses obtained at no load idling condition from tri-axial 

accelerometers mounted on engine block and bearing housing of dynamometer coupling location as shown 

in fig.2. The periodic vibration has been nicely brought in with engine firing frequency. The harmonics of 

this firing frequency is also felt at bearing housing location. This facilitates the reflection of engine firing 

and its continuous operation and helps in monitoring and diagnosing any fault firing that may happen.  

However there exist smearing of frequencies with negligible amplitudes other than these harmonics felt 

except at 30 Hz at bearing housing location, stand out and needs to be reasoned out. During idle speed the 

amplitude of lateral vibration response dominates may be attributed by piston slap noise. Whereas it is 

observed a very low amplitudes in longitudinal direction agreeing with N Sharma et, al.[17] observation.  

3.3 Noise characteristics  

Various sources of engine noise radiation are summarized in fig. 7 and grouped into two classes. First class 

refers to the primary source includes combustion noise cum mechanical noise transmitted through structural 

medium and other class is air borne noise sources [24]. Mechanical noise is caused due to the movement of 

different components of the engine and combustion noise is created due to the ignition of fuel mixture 

resulting in cylinder pressure fluctuations. These fluctuations are transmitted further internally along with 

piston noise mechanisms and radiated externally through the cylinder wall vibration. Accessories like air 

flow through intake and exhaust manifolds, valve timing gears, fuel injection system   and cooling fan radiate 

noise through air medium hence forms the air borne class.  
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Fig 7: Noise sources in engine  

In cylinder pressure data measured is recorded in KiBox is further processed to get noise level in dB scale. 

This time domain pressure data is converted into frequency domain applying Fast Fourier Transform and 

then the overall RMS value of the noise level is calculated. This estimated noise level is caused by blend of 

both combustion noise and mechanical noise sources commonly called total in cylinder noise as discussed.   

In order to separate combustion noise, structural attenuation filter that was proposed by Shahlari et. al. [22] 

is applied. The calculated overall interior noise levels for different operating conditions are summarized in 

Table 3.  

Table 3: Summary of interor engine noise levels 

Operating conditions Interior noise 

In cylinder noise (dB) Combustion noise (dB) 

Motored Constant speed (500 rpm) 201.24 58.01 

Run-up (500 – 1600 rpm) 198.71 59.86 

No load Constant speed (1000 rpm) 199.91 59.08 

Run-up (1000 – 3500 rpm) 201.50 61.27 

Half load Constant speed (1000 rpm) 208.56 61.25 

Run-up (1000 – 3500 rpm) 211.35 70.93 

Full load Constant speed (1800 rpm) 215.47 66.38 

Run-up (1000 – 3500 rpm) 216.28 65.33 

 

Fig 8 presents the one third octave plot of the overall exterior noise level measured by the microphones for 

various engine operating conditions. Motoring condition excludes the combustion noise contribution and 

the pressure rise is due to aerodynamic fluctuations such as air flow during suction leading to pressure 

fluctuation or pressure surge in the cylinder [4]. Mechanical movement of parts also contribute to the noise 
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level given in fig 8. The sound pressure level reported by left microphone is higher than right microphone 

below 80 Hz and above 8000 Hz, whereas in the range from 80 Hz to 8000 Hz this variation is negligible 

which of primary interest for remedial action to control the noise level. Around 10 dB difference in noise 

level is observed between motored and fired operation condition.  

 

  

Motoring (500 rpm) No load (1000 rpm) 

  

Half load (1000 rpm) Full load (1800 rpm) 

Fig 8: Exterior sound pressure level of radiated noise at different operating condition  

3.4 Order tracking 

Order analysis is a tool for fault diagnostics of rotating parts. It extracts harmonic orders from response 

signals. This is mainly employed for non-stationary signals. The test is done on run up and run-down 

conditions [18]. Some fault symptoms may not appear in stable operating state, but they probably emerge 

in variable speed condition. Therefore, the vibration information measured under acceleration or 

deceleration has special value for fault diagnosis.  A novel method for order analysis of rotating machinery 

is proposed by Wanlu Jiang et al. [19]. Among the different order tracking techniques, computed order 

tracking (COT) and Vold-Kalman filter order tracking (VKF-OT) are the two most frequently used and 

researched methods. Also due to variation in rotational speed the measured signals may be non-stationary 

and difficult to interpret, this calls for the need of order tracking to identify non-stationary vibration data 

and to a large extent exclude the influences of varying rotational speed. Order tracking is performed on the 

engine in motoring condition and firing condition to identify the critical orders and compare how this LPG 

fuel affect the vibration characteristics of the crankshaft. 
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Fig 9: Critical orders obtained through Campbell plot for engine run-up at full load condition 
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A major hurdle in analysing noise and vibration of machines with varying speed (in our case engine), is the 

variation in frequency of orders in frequency spectra. This causes smearing of order components in 

frequency spectrum. Order tracking is a method that can be utilised to avoid this smearing of spectrum. In 

order tracking sampling frequency follows speed of the shaft under observation. In this work order analysis 

has been performed in run-up of engine rotational speed. Test engine, a twin-cylinder 4 stroke engine will 

fire once in every rotation of crank shaft and the firing frequency will be shown in the 1st order. Also, 

conventionally, the cam shaft rotates at half the fundamental rotational speed hence it is expected that we 

get 0.5 orders and its multiples.  

Fig. 9 presents the critical orders Campbell plot for motored and fired condition for vertical vibration 

response measured at engine block, bearing housing locations and radiated noise levels of left and right 

microphones. The critical orders are best brought in exterior noise radiated and presents explicitly. Whereas, 

the combustion noise estimated from in cylinder pressure data did not represent the same explicitly. The 

second order excitations are due to misalignments between machines and in this case, it is due to 

misalignment in coupling between engine and bearing which can be caused due to gradual wear of the rubber 

mounts, human error while mounting the machines etc. A similar observation is made at part load and no 

load run up as well. It is also evident from motored conditions the critical orders were not present for engine 

block whereas were present in the response from bearing housing. 

4 Conclusion 

The combustion, vibration and noise characteristics of LPG fuelled SI engine are sucessfully studied for 

different operating conditions and the important observaion and the drawn conclusion are listed below.  

 Combustion characteristics of LPG fuel is brought out with the help of in cylinder pressure and the 

estimated quantities RoPR, HRR and CHR. At full load condition the maximum pressure value of 

57 bar is measured compare to peak values of 22 bar at half load and 8 bar at no load conditions 

clearly supports the superiority of LPG over gasoline fuel as claimed by Vighnesha Nayak et. al. 

[5].  

 The vibration signature analysis of signals from accelerometers mounted on cylinder block showed 

excellent periodicity demarcating various events during the engine combustion cycle. The peak to 

peak correspondence between the cylinder pressure and engine block acceleration response is 

observed and considered to act as the indicator of engine operation.    The negligible variation of 

acceleration response during motored operating condition clearly supports the proposed monitoring 

of engine operation. 

 Additionally, response measured at bearing housing had a good coherence with engine block 

vibration suggests to have the positions interchangeable. However, the data from the accelerometer 

at the bearing cannot be used directly as the smearing of spectrum is more pronounced in the 

frequency range of interest below 100 Hz.  Amplitude of lateral vibration of the engine dominates 

over the other two direction effect of piston noise.   

 The overall exterior noise estimated from left and right microphone meaurement had a good 

agreement in the frequency range 80 Hz to 8000 Hz which is of primary interest for vehicle level 

NVH refinement. The esteimated interior engine combustion noise and the exterior noise radiated 

were needs to be further analysised to establish the correlation between them.  The raw incylinder 

pressure data converted to dB scale with and without structural attenuation filter and found to vary 

in the range of 200dB - 220dB and 60 dB to 70 dB respectively for different loading conditions.  

 The overall sound pressure level  depicted using one third octave plots for motored and fired  

conditions and a difference of around 10dB level was observed.   

 Order tracking carried out for motored and fired conditions for different load conditions were 

represented by Campbell color plots with the critical orders that essentially presents the variation of 

vibrations at engine block, bearing housing and left and right side engine sound pressure level of 

the radiated noise as a function of speed and orders. The occurrence at 0.5 order in waterfall 

diagrams is indicative of the camshaft rotation as it rotates at roughly half the speed of the engine.  
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Abstract
Reliable prognosis algorithms are important to ensure that the correct maintenance decisions are made. Re-
liable condition indicators can be used to infer the condition of the component and used as an integral step
of prognosis. It is therefore important to have condition indicators that are sensitive to changes in the dif-
ferent components of the machine, while being robust to time-varying operating conditions. In this work,
we investigate the suitability of different frequency band identification methods and different condition indi-
cators for rotating machines operating under time-varying operating conditions. Two experimental datasets
are considered with damaged gears. The results indicate that using both the IFBIαgram and an indicator-of-
cyclostationarity have much potential for prognosis under time-varying operating conditions.

1 Introduction

Rotating machine diagnostics and prognostics have many benefits for expensive rotating machines such as
wind turbines [1, 2, 3]. Fault diagnosis methods aim to detect damaged machine components, locate the
damaged component and also to detect changes in the severity of the damage from the measured vibration
data [4]. However, the fault diagnosis process is impeded by the fact that the damage often manifests in
weak frequency bands [5, 6] and some machines operate inherently under time-varying operating conditions
[2, 7].

Time-varying operating conditions make it difficult to distinguish between changes in the machine and the
operating conditions [8] and impede the performance of conventional fault diagnosis methods [8]. This
has resulted in the development of fault diagnosis methods that are well-suited for vibration data that were
acquired under time-varying operating conditions. Urbanek et al. [3] used the synchronous average of the
instantaneous power spectrum to highlight the damaged bearing components under time-varying operating
conditions. Bartelmus and Zimroz [7] and Zimroz et al. [2] proposed comparing condition indicators against
the operating conditions, while Schmidt and Heyns [8] proposed a method to attenuate the time-varying
operating conditions before fault diagnosis is performed. Abboud et al. [9, 10] proposed extensions to the
time-cyclostationary analysis methods for applications under time-varying speed conditions. Smith et al. [5]
investigated various methods for identifying optimal frequency bands for fault detection and showed that
targeted methods, i.e. methods that target specific cyclic orders perform in general much better than blind
methods. Mauricio et al. [11] proposed the IESFOgram and Schmidt et al. [12] proposed the IFBIαgram,
both targeted methods for identifying informative frequency bands under time-varying operating conditions.
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Even though fault diagnosis methods are very important for expensive machines, it would be very beneficial
to know the remaining useful life of the monitored rotating machines.

A prognostic programme aims to estimate the remaining useful life of the rotating machine from the mea-
sured data [13, 14]. It is usually performed in the following steps: Data acquisition, condition indicator
(or health indicator) extraction, dividing the data into healthy stages (e.g. healthy, damaged) and remaining
useful life estimation [14]. The first three steps are also followed in a diagnostic programme, but instead of
only inferring the condition of the machine, the prognostic programme adds a step to estimate the remaining
useful life. The RMS [15, 16, 17, 18, 1], maximum amplitude [19, 20], time-domain variance [21], time-
frequency domain entropy features [21], kurtosis of the raw or bandlimited signals [22, 23], crest factor [22],
RMS of the absolute values of the extremes [24], equivalent vibration intensity [25], and the moving-average
wear degradation index [26] are some of the condition indicators that have been successfully used for ro-
tating machine prognostics. The RMS is one of the most popular condition indicators for prognosis [14] as
there are standards available for threshold selection [18] and it is positively correlated with the degradation
of a machine [27, 1]. In Ref. [28], a statistical methodology was proposed for designing condition indicators
with a corresponding statistical test to determine the health of a machine component.

After the condition indicator extraction and health stage division process, the remaining useful life of the ma-
chine is estimated. Statistical models (e.g. autoregressive models, particle filters) and artificial intelligence
models (e.g. neural networks) are mostly used for estimating the remaining useful life of the machine [14].
Even though the statistical methods and artificial intelligence methods are powerful, their performance is
dependent on the quality of the input data. Condition indicators such as the RMS are not very reliable under
time-varying operating conditions [8] and do not contain as much health information as other condition in-
dicators [28, 6, 5]. It is desired to find condition indicators that are suited for prognostics under time-varying
operating conditions.

In this work, we investigate the suitability of using targeted frequency band identification methods for prog-
nosis. This would make it possible to obtain condition indicators that are more sensitive to changes in
machine conditions and it also makes it possible to isolate which component is damaged. More specifically,
the following aspects are considered in this work:

• The ability of different condition indicators, calculated from the bandlimited signals obtained from
frequency band identification methods, to show the degrading machine component (i.e. enhancing the
fault information).

• The quantification of the performance of different condition indicators for prognostics.

• The suitability of the methods for performing prognostics under time-varying operating conditions.

The layout of this paper is as follows: In the next section, the methodology is presented, whereafter in Section
3, the method is investigated on experimental data acquired under time-varying operating conditions. Lastly,
conclusions are drawn and recommendations are made in Section 4.

2 Methodology

In this work, condition indicators are obtained by firstly determining an informative frequency band using
the Frequency Band Identification (FBI) methods discussed in Section 2.1. Thereafter, a condition indicator
is calculated of the bandlimited signals, with the different condition indicators considered in this work dis-
cussed in Section 2.2. Finally, the different performance metrics for the condition indicators are presented in
Section 2.3.

2.1 Frequency Band Identification (FBI) methods

In the FBI process, a frequency band [f −∆f/2, f + ∆f/2] is identified with

max
f,∆f

Ψ(f,∆f), (1)
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where Ψ(f,∆f) denotes a feature such as the kurtosis of the bandlimited signal x[n; f,∆f ]. The identified
frequency band is used to design a bandpass filter with a passband [f − ∆f/2, f + ∆f/2], which is used
to obtain an enhanced vibration signal. Several FBI methods are available in the literature, such as the kur-
togram [29], the infogram [30], the autogram [31], the ICS2gram [5], the log-cycligram [5], the IESFOgram
[11] as well as the IFBIαgram [12]. Smith et al. [5], illustrated that targeted methods (i.e. methods targeting
specific cyclic components) are better suited for FBI than blind methods. Many of the FBI methods use the
short-time Fourier transform of the signal x [30, 29]

XTF [m, k; ∆f ] =

Nw−1∑

b=0

x[m ·R+ b] · w[b] · e−2πjb
fk
fs , (2)

to decompose the signal into a time-frequency plane, whereafter features are extracted from the spectral
frequency bands. In Equation (2), XTF [m, k; ∆f ] denotes the Time-Frequency (TF) decomposition of the
signal at time stepm and spectral frequency fk, with ∆f being the spectral frequency resolution of the STFT.
The windowing function is denoted w, the window length is denoted Nw and the window overlap is denoted
R. Each frequency band of the spectrogram, i.e. the squared magnitude of the STFT, can be order tracked to
obtain an Angle-Frequency (AF) representation, i.e. [10]

|XAF [u, k; ∆f ]|2 = OTm→u{|XTF [m, k; ∆f ]|2}, (3)

with OTm→u denoting the order-tracking process where the time index m is replaced with a corresponding
angle index u. The cyclic spectrum of the angle-frequency spectrogram can be calculated

C[a, k; ∆f ] = |Fu→a
{
|XAF [u, k; ∆f ]|2

}
| (4)

and used for extracting targeted features (e.g. indicators-of-cyclostationarity). The Fourier transform is
denoted by F in Equation (4). The ICS2gram [5]

ΨICS2(k,∆f) =

Nh∑

h=1

max{C[a, k; ∆f ]}a∈Ah

C[0, k; ∆f ]
, (5)

calculates the indicator-of-cyclostationary in each spectral frequency band of the signal. Since the analytical
cycle order αc may differ from the actual cyclic order in the cyclic spectrum, it is necessary to find the
frequency component in a range of potential indices a ∈ Ah, where Ah denotes the set of feasible indices
associated with the hth harmonic of the component-of-interest [5]. The log-cycligram [5]

ΨLCG(k,∆f) =

Nh∑

h=1

max{|CL[a, k; ∆f ]|2}a∈Ah
, (6)

calculates the cyclic spectrum of the logarithm of the spectrogram, denoted by CL, to identify informative
frequency bands and is expected to be more robust against non-Gaussian noise. The IFBIαgram utilises a
feature that calculates how prominent is the component-of-interest in the cyclic spectrum [12]

ΨIFBI(k,∆f) =

Nh∑

h=1

max{C[a, k; ∆f ]}a∈Ah

median{C[a, k; ∆f ]}a∈Bh
, (7)

where Bh = {k ∈ Z|h · αc − 1 ≤ αk ≤ h · αc − 1} being used to estimate the noise level around the hth
harmonic of the targeted cyclic component αc. The median is used as it would provide a robust estimate of
the noise level when compared to the estimates obtained with the average or the root-mean-square [12].
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2.2 Condition indicators

The condition indicators can be extracted from the bandlimited signal (e.g. Root-Mean-Square (RMS)),
from the feature plane Ψi(f,∆f), or from the processed bandlimited signal. Two processing methods are
considered in this work. Firstly, the Synchronous Average of the Squared Envelope [6]

SASE(ϕ; Φ) =
1

NΦ

NΦ−1∑

k=0

|x(ϕ+ k · Φ)|2, (8)

is calculated of the angle domain signal, where ϕ denotes angle and Φ denotes the angular period of the
component-of-interest. The SASE can visualise the modulation caused by the damaged machine components
and has been used for bearing and gear fault diagnosis under constant and time-varying operating conditions
[12, 28, 32]. The second signal analysis method that is considered is the Squared Envelope Spectrum (SES)
[9]

SES(α) = Fϕ→α
{
|x(ϕ)|2

}
. (9)

The SES can be used to detect the hidden periodicities in the instantaneous power of the machine. The
condition indicators that will be considered are presented in the next subsections.

2.2.1 Condition indicator of the time domain signal

The Root-Mean-Square (RMS)

RMS(x) =

√
1

T

∫ T

0
|x(t)|2dt (10)

of the vibration signal is one of the most popular condition indicators for prognosis [14] and is therefore
considered in this work. It is expected that as the damage increases, the resulting energy of the signal will
increase as well.

2.2.2 Condition indicator of the SASE

The condition indicator derived by Antoni and Borghesani [28] in a statistical test of a Gaussian CycloSta-
tionary (GCS) hypothesis against a Gaussian Stationary (GS) hypothesis is

IGCS/GS(SASE(ϕ; Φ)) = −
〈

ln

(
SASE(ϕ; Φ)〈
SASE(ϕ; Φ)

〉
)〉

ϕ

, (11)

where
〈
·
〉
ϕ

denotes the average over the ϕ variable. We found based on preliminary analyses that this
condition indicator is much better suited for fault diagnosis than the mean, variance, RMS and kurtosis of
the SASE and therefore this condition indicator is considered in this work. It is expected that if the full-
methodology proposed in Ref. [28] was applied, even better condition indicators would be obtained.

2.2.3 Condition indicators based on the SES

The SNR of the components-of-interest in the SES, calculated with

SNR(SES) =

Nh∑

h=1

max{SES(α)|α ∈ Ah}
median{SES(α)|α ∈ Bh}

, (12)
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is used to extract a targeted condition indicator. This targeted condition indicator provides a measure of the
prominence of the component-of-interest in the SES. The indicator-of-cyclostationarity

ICS2(SES) =

Nh∑

h=1

max{|SES(α)|2|α ∈ Ah}
|SES(0)|2 , (13)

relates the power of the cyclic components to the average power of the signal.

2.2.4 Condition indicator from the feature plane

Lastly, the feature plane (e.g. the two-dimensional representation obtained by evaluating the feature Ψ at
different spectral frequencies f and bandwidths ∆f ) contains fault information. In this work, we focused on
two metrics of the feature plane as condition indicators, namely, the maximum value of the feature plane and
the 95th percentile of the feature plane values.

2.3 Performance indicators

In the review paper by Lei et al. [14], different performance indicators were defined for prognostics. Ideally,
the condition indicators over time steps k, denoted {qk}Nq

k=1, are monotonic, have a small variance (i.e. have
a high robustness) and are correlated with time (i.e. are trendable). The first metric is the monotonicity of
the condition indicator q [14]

Mon{q} =
1

Nq − 1
|card{k|qk+1 − qk > 0} − card{k|qk+1 − qk < 0}| , (14)

where 0 ≤ Mon{q} ≤ 1, Nq denotes the number of time steps, card{k|qk+1 − qk > 0} denotes the number
of time steps where the condition indicator increased and card{k|qk+1 − qk < 0} denotes the number of
time steps where the condition indicator decreased. If the condition indicator has a high monotonicity, it
means that the condition indicator mostly increased over the measurement number. The second metric is the
trendability, which is calculated with the Pearson correlation coefficient between the condition indicator q
and time [14]. The last considered performance metric is the robustness of the condition indicator [14]

R =
1

Nq

Nq∑

k=1

exp

(
−
∣∣∣∣
qk − q̄k
qk

∣∣∣∣
)
. (15)

The robustness measures the average relative difference of the condition indicator qk with respect to its mean
q̄k at a measurement number k. In the next section, the different methods are compared on gearbox datasets
that were acquired under time-varying operating conditions.

3 Experimental investigation

The experimental setup shown in Figure 1 is located in the Centre for Asset Integrity Management (C-AIM)
laboratory of the University of Pretoria and was used to generate the datasets in this work. In Figure 1(a),
the electrical motor, the alternator, and three helical gearboxes are presented. The centre gearbox, Gearbox
2, is monitored for damage with a tri-axial accelerometer shown in Figure 1(b). The input shaft speed of the
monitored gearbox is measured with the optical probe and the zebra tape shaft encoder shown in Figure 1(b).
The rotational speed of the electrical motor and the load applied by the alternator were separately controlled
with a personal computer. The gearbox was operated in one of the four operating conditions shown in Figure
2 for all measurements considered in this work. These operating conditions make it possible to evaluate
the suitability of different condition indicators under different operating conditions. The monitored helical
gearbox has a gear with 37 teeth and a pinion with 20 teeth. The gear, which is connected to the reference
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Figure 1: The experimental setup that was used to generate the vibration data considered in this section.
In (a), the different components of the setup are presented, while on (b) the tri-axial accelerometer, the
zebra-tape shaft encoder and the optical probe, located on the back of the monitored gearbox are presented.
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Figure 2: The operating conditions that were present on the input shaft of the monitored gearbox (i.e. S2 in
Figure 1).

shaft, rotates at 1.0 shaft order, while the pinion rotates at 1.85 shaft orders. Two damaged modes are
separately investigated on the gear, namely, localised gear damage and distributed gear damage, while the
pinion was considered healthy for all the considered tests. In the next section, the localised gear damage data
are presented.

3.1 Localised gear damage: Condition indicators

The gear of the monitored gearbox was damaged by seeding a slot in one of the teeth of the gear. The gear
before the experiment started is shown in Figure 3(b). The gear was operated under operating condition 1 in
Figure 2 for 20 days, whereafter the gear tooth failed as shown in Figure 3(a). Two-hundred measurements,
approximately evenly spaced over the life of the gear, are considered in this work.

The different condition indicators considered in Section 2.2 were calculated for all the raw measurements
and presented in Figure 4. The RMS, the SNR and the ICS2 condition indicators do not show any changes
in the condition of the gear and therefore cannot be used for fault diagnosis nor prognosis. Even though
the condition indicator shown in Figure 4(d) does not indicate that the component is damaged in the initial
measurements, a clear degradation can be seen at measurement 150 to measurement 200. This degradation
was attributed to the failure of the gear tooth. However, it is desired to obtain more sensitive condition
indicators to ensure that the damage can be detected early and accurate remaining useful life estimations can
be obtained. Therefore, frequency band identification methods will be used as a pre-processing step to obtain
reliable condition indicators.

The IFBIαgram was constructed and maximised for each measurement in the dataset, whereafter a bandpass
filter was designed based on the identified frequency band. The IFBIαgram is presented in Figure 5(a) for one
of the measurements considered. Past experience has indicated that the frequency band between 300 and 700
Hz contains much fault information [6] and this is reflected in the identified frequency band. The different
condition indicators presented in Section 2.2 were calculated for the bandlimited signals obtained with the
IFBIαgram and presented in Figure 6. The SNR, ICS2 and feature plane-based condition indicators (i.e.
maximum value and 95th percentile value of the feature plane) changed much in the initial measurements
(i.e. between the first measurement and the 25th measurement) and decreased at the 50th measurement.
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(a) (b)

Figure 3: The gear with localised gear damage (a) before the experiment was started and (b) after the exper-
iment was completed.
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Figure 4: The condition indicators on the raw vibration signals. (a) Time Domain: Root Mean Square (TD:
RMS); (b) Squared Envelope Spectrum: Signal-to-Noise Ratio (SES: SNR); (c) Squared Envelope Spectrum:
Indicator of CycloStationary (SES: ICS2); (d) Indicator calculated with the SASE (IGCS/GS).

(a): IFBIαgram (b): Log-cycligram (c): ICS2gram

Figure 5: The IFBIαgram, Log-cycligram, and ICS2gram calculated for one of the measurements for the
localised gear damage dataset.
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Figure 6: The condition indicators calculated with the IFBIαgram are presented for the localised gear ex-
periment data. (a) Time Domain: Root Mean Square (TD: RMS); (b) Squared Envelope Spectrum: Signal-
to-Noise Ratio (SES: SNR); (c) Squared Envelope Spectrum: Indicator of CycloStationary (SES: ICS2); (d)
Indicator calculated with the SASE (IGCS/GS); (e) 95th percentile of the feature plane (FP: 95 percentile);
(f) Maximum value of the feature plane (FP: Max).

Thereafter, the gear condition indicator slowly increased and then a significant change was observed at the
150th measurement, which is attributed to the imminent failure of the gear tooth. The gearbox was not opened
during the tests and therefore the exact cause of the initial behaviour is not known. We can only speculate
this was as a result of a crack developing in the gear tooth, which stabilised at the 50th measurement and
then the critical crack length was reached in the region of the 150th measurement.

The same procedure was followed for the log-cycligram, with the log-cycligram presented in Figure 5(b) for
one of the measurements. There are many active frequency bands in the log-cycligram, with a suboptimal
frequency band at 1100 Hz being the most dominant. This is reflected by the condition indicators in Figure
7, where it is not possible to observe that the gear was damaged in the initial measurements because the
log-cycligram identified the suboptimal frequency bands. This resulted in a delayed detection of the damage
as seen in the SNR, ICS2 and IGCS/GS condition indicators. In contrast, the 95th percentile of the feature
plane values performs the best in detecting the degrading gear. This is attributed to the fact that even though
the log-cycligram is dominated by the wrong frequency band, it also detects the very informative frequency
band in the range of 300 - 700 Hz. As the gear degrades, the informative frequency band in the range of 300
- 700 Hz would become more dominant, which would reflect as changes in the 95th percentile of the feature
plane. Even though the 95th percentile of the feature plane is blind, it is calculated from a feature plane
that was constructed with a targeted feature. Therefore, it is reasonable to ascribe changes in the condition
indicator to changes in the health of the gear. However, care should be used when using lower percentiles
(e.g. 50th percentile), because this could be potentially be affected by other phenomena that is not related to
the component-of-interest.

Lastly, the ICS2gram is investigated on this experimental data. The ICS2gram, shown in Figure 5(c) for one
of the measurements, detects the informative frequency band (e.g. 300 - 700 Hz), but is dominated by the
content in the higher frequency bands (i.e. 10.0 kHz and larger). This is attributed to the fact that the signal
has a very small energy level in these frequency bands, which would result in the ICS2 feature to have a very
small term in the dominator and is therefore more susceptible to spurious noise in the frequency band. The
condition indicators are presented in Figure 8. Since the identified frequency band does not contain much
fault information, the resulting condition indicators do not perform very well. Only the RMS and the SNR
hints that the gear is degrading. The SNR feature shows a change in the initial measurements and a change in
the final measurement, but does not perform as well as the IFBIαgram results and the 95th percentile feature
of the log-cycligram. The mean of the RMS condition indicator shows the gear is degrading, but the high
variance of the condition indicator makes it unreliable for diagnosis and prognosis.

In the next section, the different FBI methods are compared on experimental data that were acquired from a
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Figure 7: The condition indicators calculated with the Log-cycligram are presented for the localised gear
experiment data. (a) Time Domain: Root Mean Square (TD: RMS); (b) Squared Envelope Spectrum: Signal-
to-Noise Ratio (SES: SNR); (c) Squared Envelope Spectrum: Indicator of CycloStationary (SES: ICS2); (d)
Indicator calculated with the SASE (IGCS/GS); (e) 95th percentile of the feature plane (FP: 95 percentile);
(f) Maximum value of the feature plane (FP: Max).
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Figure 8: The condition indicators calculated with the ICS2gram are presented for the localised gear experi-
ment data.
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Figure 9: The gear used in the distributed gear damage experiment.
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Figure 10: The condition indicators calculated with the IFBIαgram are presented for the distributed gear
experiment data.

gear with distributed damage.

3.2 Distributed gear damage: Condition indicators

The gear of the monitored gearbox was damaged by leaving it in a corrosive environment for an extended
period of time. This gear is presented in Figure 9(a). This gear was tested, by cycling through the operating
conditions in Figure 2 (e.g. OC 1, OC 2, OC 3, OC 4, OC 1, OC 2, . . . ). The experiment was stopped after
eight days of testing due to excessive vibration. The gear after the experiment is presented in Figure 9(b),
where it can be seen that a few teeth were severely damaged.

The IFBIαgram was applied on the 320 measurements acquired from the experiment. The running-in period,
where the initial damage on the surface was smoothed, is seen for most of the condition indicators. In
addition, two events can clearly be detected in the considered condition indicators, excluding the time domain
RMS. The first event at measurement number 148 is attributed to one of the gear teeth becoming severely
damaged. The second event at measurement number 280 is attributed to the adjacent gear teeth becoming
severely damaged. The SNR, maximum value of the feature plane and the 95th percentile of the feature
plane look very similar; the relative magnitude difference between the condition indicators at the two events
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Figure 11: The condition indicators calculated with the Log-cycligram are presented for the distributed gear
experiment data.
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Figure 12: The condition indicators calculated with the ICS2gram are presented for the distributed gear
experiment data.

(i.e. 148 and 280) is very small. In contrast, the ICS2 has an order of magnitude difference between the two
events.

The results of the log-cycligram are presented in Figure 11 for the same measurements. The ICS2, the 95th
percentile of the feature plane and the IGCS/GS feature perform very well as all these features are very
sensitive to changes in the condition of the gear. The two events (i.e. at measurement 148 and 280) are
clearly seen in the feature plane and SNR condition indicators, but the degradation of the gear is not seen.

Lastly, the condition indicators of the ICS2gram are presented in Figure 11. The ICS2gram performs much
better on this dataset compared to the previous dataset. This may be attributed to the fact that the cyclosta-
tionary content of the distributed gear damage component was larger than for the localised gear damage case
and therefore the ICS2gram performs much better. The two events at measurement 148 and 280 are clearly
seen for the ICS2, SNR and feature plane features, however, the SNR feature contains much noise and is
therefore considered less robust. The feature plane-based condition indicators (i.e. the maximum and 95th
percentile of the feature plane) perform very well; they do not contain much noise and the two events are
clearly seen.

In the next section, the different performance metrics are considered for the localised gear damage and
distributed gear damage experiments.

3.3 Performance metrics for prognostics

The different performance metrics were calculated for the condition indicators obtained with the different
FBI methods. The results obtained with the IFBIαgram, the Log-cycligram and the ICS2gram are presented
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in Tables 1, 2 and 3, respectively. The metrics are on average the best for the ICS2 and the FP (95th
percentile) condition indicators.

Table 1: The performance indicators used on the condition indicators obtained with the IFBIαgram

Localised gear damage Distributed gear damage
Monotonicity Trendability Robustness Monotonicity Trendability Robustness

TD: RMS 0.005025 0.632035 0.396494 0.021944 -0.357222 0.424397
SASE: IGCS/GS 0.065327 -0.213024 0.335171 0.003135 -0.418873 0.269968
SES: ICS2 0.005025 0.431856 0.3785 0.040752 0.519244 0.427352
SES: SNR 0.005025 0.597879 0.000206 0.047022 0.557873 0.0
FP (95 perc.) 0.025126 0.37068 0.211454 0.053292 0.741081 0.028418
FP (Max) 0.045226 0.762672 0.004203 0.009404 0.538312 0.000925

Table 2: The performance indicators used on the condition indicators obtained with the log-cycligram

Localised gear damage Distributed gear damage
Monotonicity Trendability Robustness Monotonicity Trendability Robustness

TD: RMS 0.035176 0.309856 0.337912 0.090909 0.047658 0.361985
SASE: IGCS/GS 0.045226 -0.020825 0.218646 0.009404 -0.72568 0.233335
SES: ICS2 0.085427 0.236692 0.335234 0.015674 0.748558 0.431194
SES: SNR 0.055276 0.340144 0.015938 0.015674 0.470414 0.002546
FP (95 perc.) 0.005025 0.086279 0.377687 0.015674 0.765798 0.413642
FP (Max) 0.105528 0.097818 0.387536 0.0721 0.774782 0.465842

Table 3: The performance indicators used on the condition indicators obtained with the ICS2gram

Localised gear damage Distributed gear damage
Monotonicity Trendability Robustness Monotonicity Trendability Robustness

TD: RMS 0.005025 0.353474 0.361686 0.028213 0.104111 0.355418
SASE: IGCS/GS 0.055276 0.177815 0.17965 0.053292 -0.436301 0.187247
SES: ICS2 0.005025 0.104165 0.571453 0.021944 0.711222 0.501974
SES: SNR 0.015075 0.397308 0.057232 0.021944 0.496938 0.035815
FP (95 perc.) 0.045226 0.010923 0.398721 0.009404 0.706849 0.500927
FP (Max) 0.035176 0.11558 0.434731 0.034483 0.729546 0.538406

Even though the RMS had the highest robustness, it was very insensitive to changes in the condition of the
machine component for most of the considered cases. The robustness measure should therefore not be used
in isolation. The ICS2 has on average good values for all the considered metrics and based on the results in
this table and the previous section, it is most suitable for prognostics.

3.4 Robustness of condition indicators against changes in operating conditions

The distributed gear damage measurements were separately plotted for the four operating conditions in Fig-
ure 13. This allows us to gain insight into the robustness of the different condition indicators against changes
in operating conditions. The SNR and the 95th percentile of the feature plane seem to be the most sensitive
to changes in the operating condition when looking at measurement number 40. In contrast, the ICS2 and the
SASE indicators have slightly smaller variances than the SNR and the 95th percentile condition indicators.
The SASE indicator could be more robust since the synchronous average is used, which removes some of the
operating condition information and it is normalised by the average power. The ICS2 metric also contains the
average power in the denominator. Hence, it is indicative that by using the average power in the denominator
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Figure 13: The condition indicators obtained with the IFBIαgram on the distributed gear damage data. The
original 320 measurements were labelled according to their operating condition state, which resulted in 80
measurements in each operating condition state.

the robustness of the metrics to time-varying operating conditions can be increased. However, more detailed
investigations need to be performed for validation.

4 Conclusion

In this work, the suitability of using informative frequency band identification methods to enhance the fault
information for prognostics was investigated. The IFBIαgram performed the best in identifying the infor-
mative frequency band, with the ICS2 and 95th percentile of the feature planes performing the best of the
considered condition indicators; they were very sensitive to changes in the condition of the machine, while
also being relatively robust against changes in operating conditions. The results indicate that the root-mean-
square should not be used for prognostics under time-varying operating conditions. In future work, different
remaining useful life estimation methods will be investigated using the condition indicators as inputs.
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Abstract 
In this paper, a new approach based on the processing of vibration signals is presented to detect impacts in 

disengaged wet clutches. Firstly, the STFT is applied to vibration signals to calculate a time-frequency 

representation. To eliminate the interference of high-energy low-frequency bands, a threshold is applied 

using the logarithm of variance. Then, the Bhattacharyya distance and the Hellinger distance are calculated 

to extract the impacts. The detection methodology is applied, tested and evaluated on nineteen acceleration 

vibration signals recorded on a wet clutch bench test rig. The disengaged wet clutch contains three healthy 

and two unhealthy discs with slight deformation. According to the relative value of the distribution distance 

and the time difference between each impact, the nineteen captured vibration signals are divided into three 

groups: periodic impacts, random impacts, and inconspicuous impacts. The proposed detection method 

shows high effectiveness and the preliminary analysis shows that the impacts are irregular. 

1 Introduction 

The wet multidisc shifting clutch is the key component in automatic transmissions of high-power vehicles, 

the structure of which is shown in Figure 1. In the disengaged stage, there is no pressure oil in the oil 

cylinder, thus the friction discs and the separator discs are separated and the driving and the driven parts are 

rotating with different speeds. By applying a hydraulic pressure, the piston is pushed towards the left to 

overcome the spring force, then the friction discs and the separator discs are pushed to contact to each other. 

Because of the rotating speed difference, friction contact happens in the interface, and a lot of heat is 

generated. After the synchronized slipping process, the wet clutch is engaged and the gear of the vehicle is 

changed. 
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Figure 1: The structure of wet multidisc shifting clutch 

During the service life of a transmission, the gears, bearings, shafts and seals rarely fail, while the wet clutch 

is the first that usually fails. The main forms of wet clutch failure are thermal ablation and sintering even 

fragmentation, leading to serious and unpredictable results, for example, to the interruption of the vehicle’s 

power. It is well known that the slight buckling deformation of friction discs and separator discs is the early 

stage of wet clutch failure. Due to the fact that the slight deformation of discs in the initial stage has little 

influence on the power transmission of the wet clutch, the deformation is difficult to be discovered. On the 

other hand, the deformation may result in uneven contact in the engagement process, leading to local friction 

heat accumulation. Then, the thermal stress of the nonuniform temperature field will aggravate the 

deformation of discs. Repeating the process above, the buckling deformation may lead suddenly to a serious 

failure of the wet clutch. Therefore, it is important to discover the early deformation of wet clutch discs to 

avoid unexpected vehicle failures. 

In general, the deformation of clutch discs is inspected visually and it is still rather difficult to check the 

health level of discs online. As the slight buckling deformation of discs hardly affects the power transmission 

of the wet clutch, it is not easy to find a disc failure when the wet clutch is engaged. In contrast when the 

wet clutch is disengaged, it is possible to detect the disc failure, because the increased wobbling amplitude 

of a buckling disc may lead to impacts between the discs. If the detected impact increases significantly, then 

possibly buckling deformation of discs has occurred.  

The investigation of the disc wobbling and the impact occurrence is connected with the investigation of the 

drag torque. The drag torque is caused by the viscous shear of the lubricant oil between friction discs and 

separator discs, inevitably causing an efficiency reduction and energy loss. Kitabayashi et al. [1] presented 

a theoretical formula based on the Newton inner friction law to calculate the drag torque of a single-phase 

flow condition under low-speed range. Iqbal et al. [2] proposed a mathematical model considering the shear 

of the automatic transmission fluid (ATF) and the mist (suspension of ATF in the air) to estimate the drag 

torque in a disengaged wet clutch, and the model could quantify the fluid volume fraction and predict the 

oil film shape evolution. Pahlovy et al. [3] conducted a visualization experiment with a high-speed camera 

to study the formation of air bubbles in the oil film and concluded that the pressure drop and the cavitation 

at low speed played a significant role at the air bubbles generation. Furthermore, an analytical model was 

proposed based on the results of the visualization investigation to predict the drag torque. 

In the above mentioned literature, the drag torque was calculated within a low and medium circumferential 

speed range. In general, the drag torque increases proportionally with the relative rotation speed of the 

friction and the separator discs at low circumferential speed. After reaching a peak value, the drag torque 

starts to drop to a low value at medium speed. As the speed continuously increases, when reaching one 
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critical speed, the drag torque sharply increases to a high value and keeps rising. This sharp increasing 

phenomenon is due to the unstable wobbling and the consequent mechanical contact between friction discs 

and separator discs. Hilpert et al. [4] firstly summarized the phenomenon that the drag torque increased 

sharply to high values when the discs rotated at high relative speed. Burnt spots were found on the surface 

of discs, indicating that mechanical contact between the discs had occurred. Hilpert explained that the 

gyroscopic motion of the discs caused flutter of the wet clutch in the axial direction, and furthermore, the 

flutter caused the thermal failure. To investigate and explain the high drag torque phenomenon at high 

rotation speed, Hou et al. [5] conducted a set of experiments to test the drag torque of a disengaged wet 

clutch and recorded the wobbling amplitude of the outmost friction disc. It has been found that the sharp 

and drastic increase of the drag torque at a specific speed is related to the unstable wobble impacts of the 

friction discs and the separator discs. Hu et al. [6] established a mathematic model to calculate the drag 

torque considering the mechanical contact at a high circumferential speed of a disengaged wet clutch. In 

this model, a rigid-body impact model is presented to estimate the mechanical contact torque. The researches 

above show that the mechanical impact of discs rises the drag torque and cause even thermal failure of the 

wet clutch. Moreover, the buckling deformation of discs could increase the probability of mechanical impact 

even at low relative speed. 

Considering that the mechanical impact between the discs could change the vibration characteristics of the 

wet clutch system, vibration signal analysis methods could be used to detect the disc failure. In general, it 

is difficult to directly acquire valid information from the raw signals in the time domain due to the 

background noise. Transforming the signals into a time-frequency domain is commonly used by researchers 

for machinery fault diagnostics. The time-frequency representations (TFR) can be calculated using different 

techniques such as the Short Time Fourier Transform (STFT), the Wavelet decomposition or the Wigner-

Ville representations. Chen et al. [7] analyzed the mechanism of deformed discs in wet clutch leading to the 

sudden failure of a transmission and the STFT spectrogram for a shifting process presenting an obvious 

high-frequency feature when a deformed wet clutch was disengaged. Furthermore, the transient pulse signal 

caused by the irregular collision between deformed discs was extracted through wavelet decomposition. Zak 

et al. [8] introduced a local damage detection method for bearings and gearboxes based on the time-

frequency decomposition and the distribution distances, and the method was verified compared to his 

previous work. Klein et al. [9] proposed a method applying image processing techniques onto the TFRs of 

the vibration signals to detect early bearing damage. Feng et al. [10] provided a systematic review and 

summarized the development and the applications of time-frequency analysis in machinery fault diagnosis. 

This paper uses the distribution distance between two densities to discover the potential impact between 

discs in a disengaged wet clutch. The STFT is used to process the vibration signal in order to obtain a time-

frequency spectrogram. Then, the distribution distances are calculated between the first time slice and the 

next slices of the STFT matrix setting up a threshold to remove the high-energy low-frequency band. This 

method is proven effective to detect the irregular impact in the disengaged deformed wet clutch. This paper 

is organized as follows: Section 1 is the introduction; Section 2 shows the test details of the experiment; 

Section 3 presents the theory on the distribution distances and the calculation procedure; In section 4, the 

method is applied to nineteen vibration signals, and these signals are divided into three groups according to 

the calculation results; Section 5 is the conclusion. 

2 Description of a dedicated test bench and the measurement 
campaign 

In order to investigate the mechanism and the detection methods of impacts between the friction discs and 

the separator discs in a disengaged wet clutch, a series of vibration tests were conducted in a wet clutch test 

bench. According to engineering experience based on the actual disassembly and inspection of wet clutches 

in tracked-vehicle integrated transmissions, conical buckling is the most common and initial deformation 

type of friction discs and separator discs. For conical buckling discs, the deformation height was measured 

to characterize the degree of deformation in this paper. Firstly, the heights of four points at the inner diameter 

of discs were measured as shown in Figure 2. Then the average height of the four points minus the thickness 

of the disc is assumed equal to the deformation height of the disc. In this paper, a pair of discs with slight 
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conical buckling deformation was tested. The deformation heights of the tested separator disc and the 

friction disc were respectively 0.06mm and 0.12mm. 

 

Figure 2: The four measurement points of conical deformed discs (a) Conical buckling deformation  

(b) Separator disc (c) Friction disc 

A photograph and the schematic drawing of the experimental bench is presented in Figure 3. Three separator 

discs and two friction discs were installed in the wet clutch alternately, including a pair of slight conical 

buckling deformation discs in the middle position. Additionally the wet multi-disk clutch was installed in 

the clutch container. Due to the fact that the separator discs were in splined connection with the braking end, 

the separator discs stayed steady in circumferential direction during the experiment, and the friction discs 

rotated with the help of the electromotor. Two acceleration transducers were installed in the left of the clutch 

container respectively in the axial and the radial direction, and the sampling frequency was 65.536kHz.  

 

Figure 3: The test bench of the wet multi-disk clutch (a) Photograph of the test bench (b) Schematic drawing 

(c) Acceleration transducers 

After the installation of the test rig, the test procedures were carried out as following: (1) The electromotor 

speed was adjusted to the set value; (2) Signals from the two accelerometers were recorded when the test 

bench rotating speed was stabilised; (3) The electromotor was stopped. The rotation speed of the 
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electromotor was set from 200rpm to 2000rpm in steps of 100rpm and the sampling time of each signal was 

5s. 

3 Proposed methodology 

The proposed method to detect impacts in a disengaged wet clutch includes the application of a time-

frequency decomposition and the calculation of the distribution distance of the probability distributions. The 

first step of the signal processing procedure is decomposing the raw vibration signal into a time-frequency 

representation through the Short Time Fourier Transform [11]. The STFT for the vector of observations

0 1 1, ,..., Nx x x is defined as: 
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where   t k is the shifted window. The window width and the overlap percentage affects the quality of 

the results and the computational cost. Striking a balance between computational accuracy and time, a 

Hamming window is chosen with a window width equal to 1024 points, and a translation step of 100 points. 

A time slice with a wideband excitation caused by impacts contains more energy than a healthy time slice. 

Therefore, a distance measurement method could produce a significantly high value of the slice with 

wideband excitation. The first column of the STFT matrix is chosen as the referential time slice and the 

Bhattacharyya distance [12] and the Hellinger distance [13] are used to calculate the distance of all time 

slices from the referential one. The Bhattacharyya distance is defined as: 
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and the Hellinger distance is defined as: 
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where F is the total number of frequency bands, and i is the serial number of time slices. 

Nevertheless, the accuracy of this calculation method suffers from the sensitivity towards the high-energy 

bands. In general, the low-frequency region contains higher energy, but the medium and high-frequency 

region contain lower energy, even their amplitude of energy is different. On the other hand in a time-

frequency spectrogram, the wideband excitation is distributed in the medium and high-frequency region 

significantly. Therefore, the high calculation value between the first time slice and the time slices with 

wideband excitation would be masked. Hence, a threshold must be set to validate the Bhattacharyya distance 

and the Hellinger distance calculation method. 

In general, the higher the average of a variable value, the larger the parameter value of its dispersion degree, 

and vice versa. Therefore, the log-variance of the STFT matrix through time coordinate for every frequency 

is calculated to choose a threshold value. For the vibration signals at different speeds in this paper, the high-

energy region is concentrated at 0-5000Hz, the log-variance value of which is significantly higher. After 

calculating the log-variance curve, a threshold value is chosen to eliminate the influence of the low-

frequency region. If the log-variance value of a frequency band k is bigger than the threshold, the value of 

the whole row in the STFT matrix of that frequency band is set to zero.  

The vibration signal of 400rpm is considered as an example and the calculation result is shown in Figure 4. 

As it can be seen in Figure 4(a), three obvious wideband excitation time slices could be found between 3s 

and 4.5s. Figure 4(b) shows that the calculation results without the application of a threshold could not 

achieve a high value compared to the basic value in order to highlight the impact. According to the log-

variance curve shown in Figure 4(c), a threshold is chosen equal to 8.5. Finally, the calculation results after 

the application of the threshold are shown in Figure 4(d) and the occurrence time of wideband excitation 

can be detected. Therefore, the proposed method is effective to identify impacts of the disengaged wet clutch 
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with buckling elements. Based on these remarks, the nineteen vibration signals were processed via this 

method. 

 

Figure 4: The calculation results of the signal with a rotation speed of 400rpm (a) STFT spectrogram  

(b) Results without a threshold (c) Log-variance curve of STFT matrix (d) Results with a threshold 

4 Results and Discussion 

The nineteen vibration signals with different rotation speeds from 200rpm to 2000rpm are divided into three 

groups according to the relative value of the calculation result and the time difference between impacts. In 

the first group, which is considered as the periodic impact group, each time difference between impacts is 

almost the same. In the second group, which is considered as random impact group, the time difference 

between impacts is different. When the rotation speed reaches 1400rpm, the relative high value in 

calculation results becomes not obvious, and we define the third group as inconspicuous impact. 

4.1 Periodic impacts 

The calculation results of the Bhattacharyya distance and the Hellinger distance of the signal with rotation 

speed of 300rpm is shown in Figure 5(b). The results show that 3 impacts have happened, which is also 

obvious in the STFT Spectrogram shown in Figure 5(a). The time difference between the first impact and 

the second impact is around 1.6s, which is also around 1.6s between the second impact and the third impact.  
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Figure 5: The calculation results of the signal with rotation speed of 300rpm (a) STFT spectrogram  

(b) Distribution distances 

For the calculation results of the rotation speed of 1200rpm shown in Figure 6, we consider that fourteen 

impacts have happened, and the time difference between each impact is around 0.35s. 

 

Figure 6: The calculation results of the signal with rotation speed of 1200rpm (a) STFT spectrogram  

(b) Distribution distances 

4.2 Random impacts 

With the exception of the two groups with periodic impacts, random impacts of the disengaged wet clutch 

with buckling discs are more usual. The calculation results of the rotation speed of 200rpm are shown in 

Figure 7 and it is obvious that the time difference between every impact is different. Therefore, we consider 

that impacts occur randomly. The randomness of impact also can be found in the signals with rotation speeds 

of 400rpm, 500rpm, 600rpm, 700rpm, 800rpm, 900rpm, 1000rpm, 1100rpm, 1300rpm.  

CONDITION MONITORING OF ROTATING MACHINERY 681



 

Figure 7: The calculation results of the signal with rotation speed of 200rpm (a) STFT spectrogram  

(b) Distribution distances 

4.3 Inconspicuous impacts 

The calculation results of the rotation speed of 1800rpm are shown in Figure 8. Comparing the relative 

amplitude of the results, we conclude that little or no impacts have happened and the wideband excitation 

energy in the medium and high-frequency region is masked by the rising energy caused by the higher 

rotation speed. The same phenomenon can be found in the signals with rotation speeds of 1400rpm, 

1500rpm, 1600rpm, 1700rpm, 1900rpm, 2000rpm. 

 

Figure 8: The calculation results of the signal with rotation speed of 1800rpm (a)STFT spectrogram  

(b) Distribution distances 

5 Conclusion 

In this paper, an effective method is introduced to detect impacts occurring in disengaged wet clutches with 

buckling discs based on the processing of vibration signals and the calculation of the distribution distances 

based on STFT spectrograms. Nineteen acceleration vibration signals have been recorded on a dedicated 

wet clutch bench and were processed using the proposed method. At the STFT spectrograms, it can be seen 

that the energy in the medium and high-frequency region increases with the rise of the rotation speed. 

Moreover the significance of the relatively high value in the calculation results of the Bhattacharyya distance 
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and the Hellinger distance decreases with the rise of the rotation speed. When the rotation speed reaches 

1400rpm, the relatively high value in the results becomes not obvious. The impacts happened in most cases 

of the nineteen signals are obviously random, because the time difference between each impact is different. 

An exception has been identified at the rotation speed of 300rpm and 1200rpm where the impacts present a 

relatively good periodicity. Therefore the nineteen vibration signals captured can be divided into three 

groups: periodic impacts, random impacts, and inconspicuous impacts. The authors are planning to perform 

additional measurements in order to better evaluate the effectiveness of the proposed methodology. 
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Abstract
In varying speed conditions, the bearing signals no longer have a second order cyclic nature in the time-
domain, or in other words, are non-stationary (cyclo-non-stationary). Time-Angle transformations have
been proposed for Angle-Frequency analysis, in order to retain the cyclic impulses of bearings in the angle
domain, and to retain the time-invariant carriers in the frequency domain such as Order-Frequency Cyclic
Spectral Correlation (OFCSC). In turn, indicators of cyclo-non-stationarity have been proposed to reduce
the high computational cost of the OFCSC methodology. On the other hand, these indicators have not yet
been applied to varying load conditions, such as torque variations. The goal of this paper is to propose novel
cyclo-non-stationary indicators extended to both varying speed conditions as well as varying load conditions.

1 Introduction

Condition monitoring is widely used in order to assess the health state of rotating components, thus
guaranteeing their proper use under low risk of sudden breakdown. Users ask the manufacturers to introduce
embedded health monitoring systems in their machinery or use the classical data capturing and analysis at
set intervals, based on temporary mounted sensors. Several types of condition monitoring are applied in
industry, such as temperature, oil debris, acoustic and vibration analysis. Vibration monitoring is the most
widely used among them. Diagnostics of bearings continues to be a challenge, mainly when compared
to gears, due to their weak signatures that are easily masked by more dominant components. The high
complexity of machinery further complicates the extraction of the bearing vibration signatures, although it
is a research topic of high interest due to its frequent implementation in industry [1, 2]. Diagnostics under
varying speed and load conditions has also attracted increased attention in the field, as they represent the
real operating conditions of many machines and applications but widely accepted methods have not yet been
proposed. Typical examples, including wind turbines, aircraft engines and helicopter gearboxes, usually
operate under varying conditions, limiting the damage detectability [3, 4, 5, 6, 7, 8].

Various signal processing methods applied in the time domain, the frequency domain and the time-
frequency domain have been proposed in order to extract pertinent information by proposing different
features [9]. Among others, an emerging interest has been noted on modeling rotating machinery signals as
cyclostationary processes [6, 7, 10, 11]. The Spectral Correlation Density (SCD) and the Cyclic Modulation
Spectrum (CMS) are two such tools that have been shown to be very robust in extracting the hidden
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modulation of higher cyclostationary order from the signals. On the other hand they require high levels
of expertise and computational cost.

The indicators of cyclostationarity have been proposed [12] to circumvent these requirements and to extract
the higher order of cyclostationarity of gear and recently of bearing signatures with lower computational cost
and without the need to analyse spectra or bi-variable spectral maps. Research on these indicators has been
extended to cases under varying operating conditions, where the assumption of constant speed is not valid
and the signal can be classified as cyclo-non-stationary [6]. These indicators have been proposed to cover
varying speed conditions [13] but the load conditions have not yet been taken into account.

The goal of this paper is to propose a radically novel approach for the analysis of cyclo-non-stationary signals
for speed and load varying operating conditions. The proposed indicators of cyclo-non-stationarity (ICNS)
are expected to summarize the information at various statistical orders and to lower the cost of SCD and
CMS methods, covering both speed and load varying operating conditions. Furthermore, the robustness of
the indicators is investigated based on a statistical analysis. The rest of the paper is organised as follows:
in section 2 the theory of the higher order cyclo-non-stationary indicators is summarized and defined. In
section 3 the experimental setup, on which the proposed methodology is validated, is detailed. The activation
functions that define the speed and load interval selection for the method and the statistical basis for the
analysis are detailed respectively in sections 4 and 5. The results are presented and discussed in section 6.
Finally some conclusions are summarised in section 7.

2 Indicators of Cyclo-Non-Stationarity

A process is considered as cyclo-stationary if its statistics are periodic. Different orders of cyclo-stationarity
are defined depending on the type of statistics that is considered. A signal whose first-order statistics (i.e.
the ensemble average) is periodic is said to present a first-order cyclo-stationarity. This is actually equivalent
to recognizing that the signal comprises a periodic component. A signal whose second-order statistics (i.e.
as returned by the instantaneous autocorrelation function) is periodic is said to present a second-order cyclo-
stationarity, which reflects the existence of a periodic flow of its energy. This is typically the case of
broadband processes which are periodically modulated, either in amplitude or in phase. More generally,
a signal is said to present a nth-order cyclo-stationarity if its nth-order statistics evidences periodicity.
Signals emitted by faulty bearings operating under steady conditions are usually considered as 2nd-order
cyclostationary signals, due to the jitter effects connected with the slippage of rolling elements. This
definition no longer holds true if the operating conditions vary in time. The bearing signal has a time-
invariant carrier connected to excited resonances of the structure and an angle-invariant cyclic modulation
connected to the impulsive cadence of the damage. The torque and the loading on the bearings change also
the impact forces due to the damage. Thus, under these circumstances, the bearing signals are considered
as cyclo-non-stationary, as they are no longer cyclo-statationary in function of time, but retain their statistics
as a function of shaft phase and time. It is then necessary to introduce a dependence of the statistics on the
machine regime. Raad et. al. [12] proposed scalar indicators of nth-order cyclostationarity, denominated
Indicators of CycloStationarity (ICS). Additionally, the authors of this paper extended in Ref. [10, 13] the
indicators to varying operating conditions dependent only on the speed, thus introducing the Indicators of
Cyclo-Non-Stationarity (ICNS). In this paper, the dependence on the machine speed w = dθ/dt and the
machine load L = df/dt are both considered. The expected value and the autocovariance function are then
defined with respect to the conditional expected values w and L, as described in Eq. 1:

mx(θ;w;L) = E{x(t(θ))|w,L} = mx(θ + Θ;w;L) (1)

where E{x(t(θ))|w,L} is the ensemble average of the signal x(t(θ)) for a specific fixed speed value w and
for a specific fixed load value L, and Θ is the angular period. In other words, the expected value for a specific
set of speed and load is the same after one angular period Θ. This defines a 1st-order cyclo-non-stationary
signal (or the periodic part in relation to the angle θ) when this condition of Eq. 1 is met. The 2nd-order
cyclo-non-stationarity (CNS2) can similarly be defined by Eq. 2 [7]:
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C2x(θ, τ ;w;L) = E{xc(t(θ))xc(t(θ − τ))|w,L} = C2x(θ + Θ, τ ;w;L) (2)

where τ is the time lag (still expressed in the time domain), with xc(t(θ)) = x(t(θ)) −mx(θ, w(θ), L(θ))
being the 1st-order part removed from the angular domain signal.

Based on Eq. 2, a process is 2nd-order CNS, as a periodic function of θ function of fixed values of w and L,
if it meets the condition C2x(θ, 0;w;L) = E{xc(t(θ))2|w,L}.
Generalizing to order three, a sufficient condition for a process to be 3rd-order CNS is that C3x(θ, 0;w;L) =
E{xc(t(θ))3|w,L} is a periodic function of θ function of fixed values of w and L.

Order four requires a special treatment. Using the concept of cumulants, it can be shown that a sufficient
condition for a process to be 4th-order CNS is thatC4x(θ, 0;w;L) = E{xc(t(θ))4|w,L}−3C2x(θ, 0;w;L)2

is a periodic function of θ function of fixed values of w and L.

Since Cnx(θ, 0;w;L), n = 1, 2, 3, 4 is a periodic function of θ, it accepts a Fourier series with Fourier
coefficients Cknx, where k is related to the harmonic index. Therefore, an indicator of nth-order CNS,
n = 1, 2, 3, 4 is estimated based on:

ICNSnx(w;L) =
∑

k

|Cknx(w,L)|2
|C0
nx(w,L)|n (3)

Without loss of generality, the 1st-order CNS signal observed on time interval [0;T ] is considered as:

x(t) =
∑

k

ckx(w,L)ejαθ(t) + n(t) = p(t) + n(t) (4)

with speed-dependant and load-dependant Fourier coefficients ckx(w,L) and additive noise n(t). An estimate
of ckx(w,L) is obtained as follows. The speed range of interest [wmin;wmax] is first divided into N
subintervals and the load range of interest [Lmin;Lmax] into M subintervals:

wi = wmin + ∆w, i = 0, ..., N (5)

Lj = Lmin + ∆L, i = 0, ...,M (6)

where ∆w = (wmax − wmin)/N and ∆L = (Lmax − Lmin)/M . Moreover a radial basis function is
considered, connected to the speed variable w, W1(±∞) = 0 ≤ W1(x) ≤ W1(0) = 1, centered on x = 0,
such that W1(w − wi) returns a unit value (W1 = 1) when w = wi and steadily decreases to zero when w
gets away from wi. Furthermore a second radial basis function is considered, connected to the load variable
L, W2(±∞) = 0 ≤ W2(x) ≤ W2(0) = 1, centered on x = 0, such that W2(L − Lj) returns a unit value
(W2 = 1) when L = Lj and steadily decreases to zero when L gets away from Lj . Then it can be shown
that:

ĉkx(wi, Lj) =

∫ T
0 W1(w(t)− wi)W2(L(t)− Lj)x(t)e−jαkθ(t)w(t)L(t)

∫ T
0 W1(w(t)− wi)W2(L(t)w(t)L(t)

(7)

is a consistent estimator of the Fourier coefficient cαx(w,L) in the sense of a mean square convergence as
T →∞.

In turn, the signal p(t) in Eq. 4 can be estimated as:

p̂(t) =
∑

k

N∑

i=0

M∑

j=0

W1(w − wi)W2(L− Lj)ĉkx(wi, Lj)e
−jαkθ(t) (8)
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provided that the ”partition of unity” condition of Eq. 9 is met:

N∑

i=0

M∑

j=0

W1(w − wi)W2(L− Lj) = 1 (9)

For simplification, W1 and W2 can be seen as Windowed Activation Functions (WAFs) to be applied on the
signal x(t(θ)), respectively, for speed wi and load Li, and the combination of the two results is the general
Windowed Activation Function (gWAF). The WAF follow the generalized-Gaussian basis function:

W1(w − wi) = e
(
|w−wi|
β1

)2p (10)

W2(L− Lj) = e
(
|L−Lj |
β2

)2p (11)

with β1 = ∆w/2(log(2))2p, and β2 = ∆L/2(log(2))2p, and p = 1.706. The multiplication of all the
combinations of W1 and W2 results in the activation functions gWAF, for each combination of each specific
speed with each specific load.

The extraction of the ICNS based on vibration signals captured under varying speed and load conditions can
be summarized in the next steps:

Step 1: First the raw signal is filtered with a high band pass filter in order to remove low frequency signal
components, such as the contribution of gears and shafts.

Step 2: The signal x(t) is resampled in the angular domain x(t(θ)) based on the speed signal. In this work,
in order to increase the number of signals for the implementation of a statistical analysis, the raw signals are
truncated into segments with a time duration of 5 shaft periods and an overlap of 3 shaft periods, resulting in
k number of signals (segments) xk(t(θ)).

Step 3: The resolution of each discrete speed ∆w and load ∆L is selected and the speed samples wi and
load samples Lj are extracted.

Step 4: The Windowed Activation Function (WAF) for one speed w and one load L are calculated based on
Eq. 10 and Eq. 11 to calculate the W1(w − wi) and L1(L− Lj).

Step 5: W1 and W2 are multiplied to each other and applied on the signals xk(t(θ)) to obtain the part
corresponding to the specific speed and load.

Step 6: The periodic part of the signal p̂k(t) is calculated. This can be done through synchronous averaging,
as was initially suggested in Ref. [7], or through other methods such as the Linear Prediction or the Cepstrum
Editing. In this paper, the chosen method is the Linear Prediction by an Autoregressive model [14] whose
order is defined by the Akaike Information Criterion [15].

Step 7: Steps 2 through 5 for all the combinations of speed and load (w,L) are repeated.

Step 8: All periodic parts p̂k(t) are subtracted from the original signal xk(t(θ)) to obtain the residual signal
xc(t(θ)).

Step 9: The nth-order CNS signal is obtained by calculating the residual signal to the power of 2 (x2c), to the
power of 3 (x3c), and to the power of 4 minus 3 times the 2nd-order CNS signal (x4c − 3x2c).

Step 10: The already calculated gWAF is applied for each combination of speed and load to obtain the
signals as function of speed and load for each nth-order (Cknx(w,L)).

Step 11: The normalization described by Eq. 3 is applied, by calculating the mean of the CNSnx signal of
the nth-order and its square, in order to obtain the ICNSnx(w;L).

Step 12: The average mean(ICNSnx(w;L)) and the standard deviation σ(ICNSnx(w;L)) of each set of
indicators is extracted for each combination of speed wi and load Lj for the healthy case to be used as a
benchmark. Then the indicators are normalized by this average and standard deviation as defined by Eq. 12.
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ICNSn(wi, Lj) =
ICNS(wi, Lj)−mean(ICNShealthy(wi, Lj))

σ(ICNShealthy(wi, Lj))
(12)

The ICNS should prove to be higher when bearing damages are present, because it is expected that a faulty
rolling element bearing will exhibit an increase of ICNS corresponding to the incriminated fault frequency,
in particular:

• on order n = 1 when the fault frequency and its first harmonic occur in a band of high signal-to-noise
ratio,

• on order n = 2 when the fault is carried by components so high in frequency that they are nearly
random in nature,

• on order n = 3 due to the impulsive nature of bearing faults in their early stage (localized defect),

at a set combination of speed and load which are critical in nature for the rotating structure and more
favorable to the appearance of the bearing faults.

3 Experimental Setup

The proposed Indicators of CNS are tested and validated in a parallel drive system depicted in Fig. 1
operating under varying conditions of speed and load. The system is driven by a 10 HP AC electric motor.
Power is transmitted through a reduction gear box with a ratio of 3:1 to the drive pulley of the belt drive
system. The load is applied to the pump pulley by a hydraulic gear pump connected to a solenoid pressure
control valve used to regulate the load, which is measured in pressure (bar).

Figure 1: (left) Photo of the test rig, (right) Schematic of the test rig.

Defects of different sizes have been introduced in the inner race or the outer race of an SKF 6203 bearing
located in the idler pulley. The idler pulley diameter is 76 mm and the drive pulley diameter is 160.3 mm,
resulting in a speed increase of 1:2.11. The full ratio between the motor and the outer rotating race of the
test bearing is then 1.42:1.

The characteristic frequencies of the bearing can be calculated based on the geometrical characteristics: the
Ball Pass Order of the Outer race (BPOO) is equal to 2.14 orders of the motor speed; and the Ball Pass
Order of the Inner Race (BPOI) is equal to 3.47 orders of the motor speed. The test was performed for
three conditions: healthy; outer race damage; inner race damage. The damages of both inner race and outer
race were tested in several severity levels. Each severity level is measured in the width of the damage on its
surface (outer race or inner race). The severity levels correspond to: 1.5mm; 1.0mm; 0.75mm; and 0.5mm
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Figure 2: (left) Bearing with outer race damage of 1.5 mm, (right) Idler pulley.

width damage on the surface. The accelerometer was mounted on top of the idler pulley where the test
bearing is mounted. Figure 2 shows a close up of the bearing with the outer race damage and the idler pulley.

Figure 3: Acquired signal of speed, pressure and acceleration of the outer race damage of 1.5mm width.

A Barksdale 423X with a maximum range of 3000 psi was used to capture the load signal with a sampling
frequency of 10 kHz. Similarly, a PCB Piezoelectronics 603C01 accelerometer was used to capture the
vibration signals at a sampling frequency of 10 kHz as well. A dual channel incremental optical encoder
BEI XHS25 was used to record and control the rotational speed of the motor, and was acquired at 10 Hz
sampling frequency. The data was acquired by a National Instrument CompactRIO system connected to a
computer running NI LabVIEW software for the synchronization of the acquired signals and the control of
the pressure and speed. The signals used in this paper were captured under varying speed conditions ranging
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Figure 4: (left) Activation functions for speed, (right) Activation functions for load.

from 3.3 Hz to 10 Hz, following the speed profile shown in Fig. 3.

The load applied on the system can be seen in the pressure profile of Fig. 3. Both other two cases (healthy
and inner race damage) were captured under the same speed and loading conditions. The acceleration signal
of the outer race case is demonstrated in Fig. 3.

4 Extraction of activation function Wi,j

A number of examples are considered in order to illustrate the activation functions for the speed-dependent
radial basis function W1(w) and for the load-dependent radial basis functions W2(L). The minimum
considered speed is wmin = 3.3 Hz and the maximum speed is wmax = 10 Hz. The resolution is defined as
∆w = 3.3 Hz, resulting in 3 speed sampleswi = [3.3; 6.6; 10]. Analysing Fig. 4 it can be seen that the speed-
dependent WAF W1 captures well the instances when the test rig operates at each specific speed. The same
remark can also be observed at the load-dependent WAF W2 for the 3 load samples Li = [0.54; 1.36; 2.18],
analysing each WAF and comparing it with the load profile demonstrated also on Fig. 4. The final activation
function Wi,j , which is both speed and load dependent, is the combination of the 3 discrete speeds with the
3 discrete loads, resulting in a total of 9 activation functions shown in Fig. 5.

The test case presented in this section corresponds to the outer race damaged case, but both other cases
(healthy and inner race damage) operated under the same load and speed condition, following the same
profiles. Thus, all cases resulted in the same activation functions.

5 Statistical analysis and normalization

Firstly the ICNS for the healthy cases are extracted as a benchmark. The activation functions are used to
isolate each combination of speed and load. The average and the standard deviation of each set are calculated
in order to normalize both the healthy and faulty cases for each combination of load and speed.

After the normalization of the indicators as defined by Eq. 12, two probability density distributions are
extracted: one for the healthy case and one for the damaged case. The two distribution would be ideally
separated, but it is common to detect some overlapping, as exemplified in Fig. 6.

When the two distributions overlap, Missed Detections (MD) and False Alarms (FA) cannot be avoided. A
threshold is used to define the alarm value, and depending on the application, the optimal threshold could
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Figure 5: Activation functions for each combination of speed and load.

Figure 6: Probability Density Functions for a theoretical healthy and damaged case for one specific speed and
load operating condition (left) full depiction of healthy and faulty PDFs, (right) zoom around the intersection
of both PDFs exhibiting the Missed Detections (MD) and False Alarm (FA) probability.

correspond to the intersection of the two distributions. However, this threshold requires previous analysis
of the distribution of the damaged cases, which would result in a redundant method for damage detection.
As such, envisioning a realistic threshold that could be applied to real cases, the threshold is extracted based
only on the healthy case, and is set to be equal to 6 standard deviations above the average of the ICNS.

6 Results and Discussion

The extraction of the ICNS2 of the healthy case and the outer race case of 1.5mm width damage and their
normalization by the healthy parameters result in the indicators shown as a function of speed and load in Fig.
7.

When the healthy indicators are normalized, they appear to be stable on a level plane, independent of the
load or the speed. This should be expected, due to the normalization of all values around a null mean. As
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Figure 7: ICNS2 of healthy and outer race damage of 1.5mm function of speed and load.

such, the healthy case is defined as the benchmark, and its False Alarm rate does not change, due to the fact
that it is defined based only on the healthy conditions. The False Alarm rate of the healthy case can be seen
in Table 1.

Table 1: False alarms rate of healthy ICNS2 cases

Speed (Hz)False Alarm (%) 3.3 6.6 10.0
0.54 0 0 0
1.36 0 2.8 0Load (bar)
2.18 0 0 0

With the exception of the case of 1.36 bar and 6.6 Hz, all indicators show a rather tight packing of their values
with no outliers, resulting in the desired 0% False Alarm rate. For the mentioned exception, the indicators
show 27 instances out of the total 3969 instances to be outliers above the 6σhealthy threshold, resulting in
2.8% of False Alarm rate.

The damaged indicators appear to be well separated at high speed, which can be exemplified by the histogram
of both distributions for a case at the highest available speed and the lowest available load, shown in Fig. 8.
In this case, there is no overlap between the distributions, which results in the ideal 0% Missed detection rate
for the 1.5mm damage at 10Hz speed and 0.6 bar load.

The full histogram of both healthy and damage distributions shows an overlap, mostly due to the low speed
cases, as shown in Fig. 8. For the rest of the outer race cases, at lower severity levels (0.5mm, 0.75mm,
1.0mm), the results show the same pattern, where the correct detection of damages occurs at higher speeds,
where the Missed Detection rate is null or close to null. At low speeds, the Missed Detection rate increases,
as can be seen in Table 2.
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Figure 8: ICNS2 of healthy and outer race damage of 1.5mm (left) histogram of ICNS2 for speed of 10Hz
and load of 0.6bar, (right) histogram of ICNS2 for all speeds and loads.

Table 2: Missed Detection rates for the cases of 0.5mm, 0.75mm and 1.0mm width damages on the surface
of the outer race

Speed (Hz) Speed (Hz)MD 0.5mm (%) 3.3 6.6 10.0 MD 0.75mm (%) 3.3 6.6 10.0
0.54 10.0 0 0 0.54 91.8 0 0
1.36 20.0 0 0 1.36 60.0 0 0Load (bar)
2.18 5.5 0 0

Load (bar)
2.18 5.6 11.1 1.7

Speed (Hz) Speed (Hz)MD 1.0mm (%) 3.3 6.6 10.0 MD 1.5mm (%) 3.3 6.6 10.0
0.54 80.0 0 0 0.54 88.0 0 0
1.36 5.0 0 0 1.36 55.0 0 0Load (bar)
2.18 16.7 2.7 0

Load (bar)
2.18 5.6 15.4 3.5

7 Conclusions

In this paper a novel approach for the analysis of cyclo-non-stationary signals by indicators of cyclo-non-
stationarity (ICNS) is proposed for varying speed and load operating conditions. The proposed indicators
summarize the information of higher statistical orders with low computational cost, compared against other
cyclo-non-stationary tools. The indicators have been applied and validated on signals captured on an
experimental setup with an outer race bearing damage under several severity levels. The indicators have
been estimated using a number of signals in order to realise a robust statistical analysis of their performance.
The proposed indicators present a higher value for the damage case compared to the healthy case. They also
appear to be sensitive to the damage, where they show high values even at the smallest severity level. The
analysis also concluded that the speed conditions have a greater influence on the indicators compared to the
severity level and the load conditions. This can be seen by the high values with a high statistical confidence at
high speeds, while at the lowest speed the indicators show overlapping with the healthy indicators. Therefore
it can be concluded that the proposed indicators appear to be a viable methodology for bearing diagnostics
under varying operating conditions.
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Abstract 
The failure of rolling element bearings may result to unexpected machine breakdown. In classical method, 

fault detection is performed using envelope analysis in a single frequency band for which Signal to Noise 

Ratio is high. The selection of the filtering band is based on engineering expertise or on the criterion such 

as the Spectral Kurtosis. In this paper the concept of the Multiband Demodulation Analysis, based on the 

application of a bank of bandpass Gabor filters and the application of the Energy Separation Algorithm, is 

presented. The demodulation takes place in multiple frequency bands, following a multiband analysis 

scheme, to isolate the strongest modulation components in each band. Finally, a maximum average energy 

tracking process over the various bands is used to yield short-time measurements of multiband signal 

modulation energy and demodulated instant amplitude and frequency. The method is applied on different 

signals and compared with classical approaches. 

1 Introduction 

Increasing demands related with safety and reliability of rotating machines force development of signal 

processing techniques allowing for extraction of diagnostic features well related to actual technical state. 

Rolling element bearings are one of most common and critical components of rotating machines. A failure 

of a bearing can lead to sudden and unexpected machinery breakdown as well as to human casualties and 

environmental pollution. The main task of condition monitoring is to identify actual degree of degradation. 

This knowledge allows to undertake suitable maintenance actions. 

Although methods of conditioning monitoring of bearings are developed since many years, it is still difficult 

task. To extract diagnostic useful features from signal, it is required to overcome number of challenges such 

as: poor signal-to-noise ratio, interferences from other sources such as gearboxes. Therefore novel condition 

monitoring techniques are constantly proposed [1], [2], [3] towards the early and accurate fault detection 

and diagnosis. 

A wide variety of bearing condition monitoring methods exist. One can choose from tools based on 

statistical parameters such as: kurtosis, crest factor [4] or XSK [5]. Those parameters are usually obtained 

from the raw signal or its envelope [6]. Another solution are methods based in frequency-domain which use 

detection of the characteristic fault frequencies. The most popular method is envelope analysis. First, signal 

is band-pass filtered around resonance frequencies of bearing-housing system. Next enveloped of filtered 

signal is obtained by demodulation process. Most often, demodulation is performed using Hilbert transform.  

The optimal filter band should characterise with high Signal-to-Noise ratio enhancing visibility of fault 

harmonics [6], [7]. The band selection can be performed based on such tools as: the Fast Kurtogram (FK) 

[8]. FK selects band with maximum kurtosis level. Autogram [9] is also based on maximum kurtosis but 

697



obtained from unbiased autocorrelation of the squared envelope of the demodulated signals. The band of 

the autocorrelated squared envelope with the highest Kurtosis is selected as the optimal for demodulation.  

Till now the classical approach in bearing fault detection is the selection of a single filter band. This can 

cause that additional information could be collected if the demodulation is realized in more than one band 

simultaneously. This ideas has been applied in speech processing as well as in bearing diagnostics under 

different concepts, e.g. Combined Squared Envelope Spectrum (CSES) [9]. 

In this paper the concept of the Multiband Demodulation Analysis (MDA), based on the application of a 

bank of bandpass Gabor filters [10] and the application of the Energy Separation Algorithm (ESA) [11], is 

tested and evaluated for the fault detection of rolling element bearings. The demodulation takes place in 

multiple frequency bands, following a multiband analysis scheme [12], to isolate the strongest modulation 

components in each band. The method is applied on two sets of vibration signals from bearings with different 

faults and working under variable operation conditions. 

2 The Combined Teager-Kaiser Envelope 

The approach proposed in the paper is based on the application of the Teager-Kaiser Energy Operator 

(TKEO) to identify the most informative frequency bands of a signal, from the point of view of condition 

monitoring of bearings, and to enhance diagnostic information. The Combined Teager-Kaiser Envelope 

(𝐶𝑇𝐾𝐸𝑛𝑣), presented in the paper, is a multiband approach aiming in dividing the original signal into a 

number of bands in order to extract bearing failure information. This diagnostic information is summed up 

creating the 𝐶𝑇𝐾𝐸𝑛𝑣. The proposed approach uses the TKEO in order to obtain the instantaneous value of 

the energy of the considered signal and it is applied as well to realise the demodulation process. This section 

presents the processing and the analysis approach for bearing condition monitoring.  

2.1 The Teager-Kaiser Energy Operator 

The Teager-Kaiser Energy Operator (TKEO) is a differential operator presented by Kaiser in 1990 [11]. The 

properties of the operator were first discussed in [13], [14] and [15]. The TKEO itself and the TKEO based 

measures have been already applied in condition monitoring of gears as well as of bearings [16], [17], [18] 

and [2]. 

For continuous signals in the time domain the TKEO is defined as:  

 𝛹(𝑥(𝑡)) = �̇�2(𝑡) − 𝑥(𝑡)�̈�(𝑡) (1) 

while for discrete signals: 

 𝛹𝑑(𝑥𝑛) = 𝑥𝑛
2 − 𝑥𝑛−1𝑥𝑛+1 (2) 

As discussed in [11], for a harmonic signal 𝑥(𝑡) = 𝐴 𝑐𝑜𝑠( 𝜔𝑡), the instantaneous value of the Teager-Kaiser 

energy 𝐸𝑇𝐾(𝑡) is dependent on the instantaneous value of the amplitude as well as the frequency (Eq. 3) of 

the signal.  

 𝐸𝑇𝐾(𝑡) = 𝛹(𝑥(𝑡)) = 𝐴2𝜔2 (3) 

The Teager-Kaiser energy operator can be used for detection of transient events in signals, such as impulses 

caused by failure [19]. As a result it can be successfully applied for bearing diagnosis. 

The TKEO allows to perform signal demodulation according to the procedures introduced  

in [20] (Eq. 4 and Eq. 5).  

 𝜔2(𝑡) =
𝐸𝑇𝐾(�̇�(𝑡))

𝐸𝑇𝐾(𝑥(𝑡))
 (4) 

 𝐴2(𝑡) =
𝐸𝑇𝐾(𝑥(𝑡))2

𝐸𝑇𝐾(�̇�(𝑡))
 (5) 
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There exist several demodulation algorithms for discrete signals [21], however one of the most popular ones 

is the DESA algorithm presented in [20]. In this paper, the algorithm, based on the approximation of the 

first derivative with a symmetric 2 samples difference, called DESA-2 (Eq. 6 and Eq. 7), is used. 

 Ω𝑛 ≈
1

2
𝑎𝑟𝑐𝑐𝑜𝑠 [1 −

𝛹𝑑(𝑥𝑛+1−𝑥𝑛−1)

2𝛹𝑑(𝑥𝑛)
] (6)  

 𝐸𝑛𝑣 ≈
2𝛹𝑑(𝑥𝑛)

√𝛹𝑑(𝑥𝑛+1−𝑥𝑛−1)
 (7) 

where: Ω𝑛 are the discrete samples of the instantaneous frequency, 𝐸𝑛𝑣 are the discrete samples of the 

instantaneous amplitude (the envelope), 𝛹𝑑(𝑥𝑛) is the Teager-Kaiser energy operator of the discrete 

signal 𝑥𝑛. 

2.2 The proposed method and the Combined Teager-Kaiser Envelope 

The presented approach for signal analysis uses the TKEO in two ways: to calculate the energy of a signal 

and to perform demodulation in order to obtain its envelope. The scheme below (Figure 1) presents the 

concept. 

First a vibration signal, recorded on an operating bearing, is band-pass filtered by a set of Gabor filters  

(Eq. 8). The filters are defined by the centre frequency and a -3dB filter width, in such a way that the 

complete set of filters covers the entire signal spectrum (Figure 2). 

 𝐻(𝜔) =
√𝜋

2𝛼
[𝑒𝑥𝑝 (−

(𝜔−𝜔𝑐)2

4𝛼3 ) 𝑒𝑥𝑝 (−
(𝜔+𝜔𝑐)2

4𝛼3 )]  (8) 

where: 𝐻(𝜔) is the frequency response of a Gabor filter, 𝜔𝑐 is the central frequency, 𝛼 is the filter’s root 

mean square (rms) bandwidth. 

The -3dB filter width influence the number of the frequency bands into which the signal’s frequency range 

is divided as well as the number of the harmonics of the observable failure frequencies in the envelope 

spectrum. As a result of the filtration process, a set of 𝑁 bandpass filtered time domain signals is obtained. 

Each of those signals will contribute with a weight (Eq. 10) to the final result of the procedure. In the next 

step, the Teager-Kaiser energy operator is used to perform demodulation of the filtered signal. For each 

band, an envelope of the signal is obtained using the DESA-2 algorithm (Eq. 6). The envelopes are 

normalized with respect to the noise components (Eq. 9). The normalization is performed to supress the 

influence of the bands which contain, comparing to the noise components, low peaks in the failure 

characteristic frequencies. 

 𝐸𝑛�̂�𝑖 =  
𝐸𝑛𝑣𝑖

1

2𝛼
(𝑋−𝑋𝑓𝑎𝑖𝑙𝑢𝑟𝑒)

  (9) 

where: 𝛼 is the filter’s rms bandwidth, 𝑋 is the spectrum of the filtered signal, 𝑋𝑓𝑎𝑖𝑙𝑢𝑟𝑒 is the spectrum 

containing the failure characteristic components. 

In the framework of the procedure, the Teager-Kaiser energy operator is also used to calculate the overall 

energy 𝐸𝑖 of the 𝑖-th filtered signal, as a sum of the instantaneous values of signal’s TK energy. In the final 

step of the procedure the Combined Teager-Kaiser Envelop (10) is obtained by sum of all noise normalized 

envelopes, with each of them multiplied by weighting factor 𝐸𝑖/𝐸; where the energy 𝐸 is TK energy of the 

raw signal. 
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Figure 1. Flowchart of the method 

The presented multiband approach uses information from different frequency bands of the signal in order to 

obtain the Combined Teager-Kaiser Envelope (𝐶𝑇𝐾𝐸𝑛𝑣) (10) as a sum of all the weighted envelopes. 

 𝐶𝑇𝐾𝐸𝑛𝑣 = ∑
𝐸𝑖

𝐸
𝐸𝑛�̂�𝑖

𝑁
𝑖=1    (10) 

where: 𝐶𝑇𝐾𝐸𝑛𝑣 is the Combined Teager-Kaiser Envelope, 𝐸𝑖 is the Teager-Kaiser energy of the signal 

filtered by the 𝑖-th Gabor filter, 𝑁 is the number of the Gabor filters, 𝐸𝑛�̂�𝑖 in the envelope of the signal 

filtered by the 𝑖-th Gabor filter (Eq. 7). 
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Figure 2. Scheme of a set of Gabor filters covering the entire signal spectrum. 

Due to the fact that the initial choice of the single 𝜔𝑐 and 𝛼 might not cover the optimum frequency band, 

and as a result make the diagnostic inference more difficult, the proposed multiband approach allows for 

taking into account information from other frequency bands, supressing noise.  Due to the weighting, based 

on the contribution of each band into the signal’s overall energy, the influence of the bands containing 

mainly low amplitude noise is supressed. 

3 Data sets for the validation of the applicability of the Combined 
Teager-Kaiser Envelope 

In order to investigate the applicability of the proposed multiband approach, the concept of the Combined 

Teager-Kaiser Envelope is applied, validated and evaluated using vibration signals recorded from faulty 

bearings operating under different conditions and with different fault types. Two data sets are used for the 

method validation. 

3.1 Case 1 – variable failures of bearings – constant speed and load 

The first test case contains vibration data recorded on a test rig where a tapered roller bearing CBK-171 

operates under a constant rotation speed of 1450 rpm [2]. The data set consists of 9 bearings in different 

health states described in Table 1. The failures were introduced artificially on the rolling element, the inner 

or the outer race, either by electroerosion or by sandblasting. The failures differ in size and mean depth. 

Figure 3 presents photos of selected failures indicated by the defect code.  

The bearings were mounted on a test stand (Figure 4) located at the Institute of Applied Mechanics of Poznan 

University of Technology in Poland. The tests were performed under constant operational conditions:  axial 

bearing load FA = 55 N; radial (vertical) gravitational load applied by a mass m equal to 1545 g; FV = 15,16 

N; rotating speed 1450 rpm. In this study the vibrations recorded in the vertical direction are used. The 

vibration sensor was mounted on the top of the bearing housing and recorded signals in the vertical direction. 

The test stand was also equipped with a tachometer.  

Table 1: Bearings description 

Defect 

code 

Bearing 

code 
Faulty element Damage type Defect size 

Defect 

width [mm] 

Defect 

depth μm 

UD N02 undamaged   –   –   –   – 

IR(EL) N00 inner race electroerosion local  0,5 na 
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RE(EL) N19 rolling element electroerosion local 1 na 

OR(EL) N14 outer race electroerosion local 2 approx. 85 

OR(EW) N17 outer race electroerosion wide 11 approx. 50 

OR(EF) N03 outer race electroerosion extensive whole race approx. 50 

OR(SL) N12 outer race sandblasting local 3 approx. 12 

OR(SW) N01 outer race sandblasting wide 11 approx. 12 

OR(SF) N16 outer race sandblasting extensive whole race approx. 13 

 

 

Figure 3. Selected failures of tested bearings. 

3.2 Case 2 – faulty roller bearings – variable speed and load 

The data set provided by Daga et. al. from the Department of Mechanical and Aerospace Engineering at 

Politecnico di Torino [22] was used as the second data set for the validation of the method. The set contains 

vibration data of a high-speed bearing captured under variable speed and load conditions. In this paper the 

radial vibration signals, captured on the housing of the faulty bearing are used.  

The test stand of the Department of Mechanical and Aerospace Engineering (Figure 4) consists of three 

bearings mounted on one shaft. The tested high-speed bearing is indicated as B1. The test stand is equipped 

with a high-speed spindle motor and a precision sledge applying radial load on the supporting bearing. 

Unfortunately the test stand has no keyphasor transducer or a tachometer and as result the real speed of the 

shaft is not measured and must be identified e.g. from the spectrum. The actual speed of the shaft during the 

measurements is lower than the nominal one and the deviation increases with the amount of load applied on 

the bearing. The load is applied in the radial direction and its value is measured by a static load cell. The 

test stand is equipped with two triaxial accelerometers, however, for purpose of this paper, only the radial 

vibration signals recorded by the sensor A1 are used. The considered data set contains signals from an 

undamaged bearing and from bearings with artificially introduced circular defects with diameter of  

450; 250 and 150 µm. The bearings were tested under nominal speeds of: 100, 200, 300, 400 and 500 

revolutions per second and under 4 radial load conditions: no load, 1000 N, 1400 N, 1800 N. 
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Figure 4. The test stand of the Department of Mechanical and Aerospace Engineering: general view (up), 

the localization of the accelerometers A1 and A2 (bottom left), the shaft with the bearings (bottom right) 

[22]. 

4 Implementation of the Combined Teager-Kaiser Envelope for 
bearing condition monitoring 

The most popular approaches for condition monitoring of bearings use features estimated on the time or the 

frequency domain. The latter approach mainly is based on the identification of the fault characteristic 

frequencies: BPFO (11), BPFI (12) or BSF (13). 

 BPFO = 𝑟𝑝𝑚
𝑁

2
(1 −

𝑑

𝐷𝑃
cos(𝛽))  (11) 

 BPFI = 𝑟𝑝𝑚
𝑁

2
(1 +

𝑑

𝐷𝑃
cos(𝛽))  (12) 

 BSF = 𝑟𝑝𝑚
𝐷𝑃

𝑑
(1 − (

𝑑

𝐷𝑃
cos (𝛽))

2
)  (13) 

where:  
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𝑟𝑝𝑚 – rotation speed, 𝑁 – the number of rolling elements, 𝑑 – the rolling element diameter, 𝐷𝑃 – the pitch 

diameter, 𝛽 – the contact angle. 

Equations (11-13) are strict in ideal conditions however due to e.g. variations of the contact angle the 

characteristic fault frequencies might have slightly different values. The contact angle might vary due to 

misalignment, thermal growth or other factors. As a result, a margin should be assumed while detecting the 

bearing’s fault frequencies. An additional problem might be the uncertainty of the real rotation speed, like 

in the second considered case. The identification of the failure characteristic frequencies is often performed 

using the envelop spectrum of the vibration signal. To investigate the applicability of the Combined Teager-

Kaiser Envelope its spectrum will be compared with the envelop spectrum of the raw bearing signals. 

4.1 Case 1 – variable failures of bearings – constant speed and load 

During the tests of the CBK-171 bearings, the nominal rotation speed was equal to 24,166 rotations per 

second. The Table 2 contain the nominal fault frequencies for this case. 

Table 2: Nominal fault frequencies for CBK-171 bearing 

Rotation 

speed (Hz) 
FTF (Hz) BSF (Hz) 2x BSF (Hz) BPFO (Hz) BPFI (Hz) 

24.16 10.13 70.61 141.22 172.24 238.59 

 

The vibration signals from each measurement described in Table 1 are analyzed using the presented 

approach. For each measurement, the actual rotation speed was determined based on the tachometer signal 

and it was approximately 2% higher from the nominal value, ranging from 24.54 to 24.63 Hz between the 

measurements. The following figures present, for some selected failures, a comparison between the envelop 

spectrum from the raw signal and the Combined Teager-Kaiser Envelope. 

4.1.1 Bearing IR(EL) 

The comparison of the spectrum for a bearing with a small in size (local) defect on the inner race caused by 

electroerosion is presented in Figure 5. The comparison presents the normalized, with respect to the 

maximum amplitude, spectra highlighting the contribution of the particular components. It can be seen that 

the Combined Teager-Kaiser Envelope present a lower level of noise components and a number of 

frequency components in the 𝐶𝑇𝐾𝐸𝑛𝑣 has lower amplitudes compared to the envelope spectrum obtained 

from the original raw signal. Figure 6 presents the 𝐶𝑇𝐾𝐸𝑛𝑣 for the considered measurement with the 

indicated calculated characteristic fault frequencies. The classical inner race fault pattern (a carrier and 

modulation peaks) is well indicated by the star symbols. In the envelop spectrum obtained from the original 

signal, the fault characteristic components are perishes in the surrounding noise.  
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Figure 5. Bearing IR(EL) - Comparison of the normalized 𝐶𝑇𝐾𝐸𝑛𝑣 (red) and the normalized envelope 

spectrum obtained from the original raw signal. 

 

Figure 6. Bearing IR(EL) - The 𝐶𝑇𝐾𝐸𝑛𝑣 and the inner race fault frequency pattern indicated by the star 

symbol. 

4.1.2 Bearing OR(SL) 

Comparing the normalized spectra obtained from the envelope of the original raw signal and the Combined 

Teager-Kaiser Envelope for a bearing with an outer race defect generated by sandblasting (Figure 7), a big 

reduction of the noise components can be observed in relation to the information components. Additionally 

the fault frequencies are enhanced. The  𝐶𝑇𝐾𝐸𝑛𝑣 for the OR(SL) bearing is presented in Figure 8. The circles 

indicate the calculated first 3 harmonics of the outer race fault frequency well visible in the spectrum. The 

envelope spectrum of the raw vibration signal contains many noise components and its structure is very 
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similar to the bearing without a fault (bearing UD). The main reason for this is that sandblasting caused a 

local and shallow change of the surface roughness of the outer race. The applied approach allowed to 

highlight the characteristic fault components, allowing for the correct fault identification. 

 

 

Figure 7. Bearing OR(SL) – Comparison of the normalized 𝐶𝑇𝐾𝐸𝑛𝑣 (red) and the normalized envelope 

spectrum obtained from the original raw signal. 

 

Figure 8. Bearing OR(SL) - The 𝐶𝑇𝐾𝐸𝑛𝑣 and the inner race fault frequency pattern indicated by the star 

symbol. 

Similar results have been obtained for other investigated measurements from this test case, leading to a 

general reduction of the contribution of the noise components with an amplification of the fault characteristic 

frequencies. 
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4.2 Case 2 – faulty roller bearings – variable speed and load 

The second validation case contains data recorded on the high speed bearing with a faulty roller. Table 3 

presents the fault characteristic frequencies of the considered case. The actual rotation speed of the bearing 

was lower than the nominal and had to be estimated based on the structure of the spectrum. The difference 

between the actual speed and the nominal one increased with the amount of the introduced load. The set of 

the measurements contains data obtained at different size of failures: 450; 250 and 150 µm, and operational 

conditions: all combinations of rotation speed and load. In this section the data obtained for the 250 µm 

defect are presented. 

Table 3: Nominal fault frequencies for the bearing B1 

Rotation 

speed (Hz) 

FTF (Hz) 2xBSF (Hz) BPFO (Hz) BPFI (Hz) 

100 38.9 427.8 388.9 611.1 

200 77.8 855.6 777.8 1222.2 

300 116.7 1283.3 1166.7 1833.3 

400 155.6 1711.1 1555.6 2444.4 

500 194.4 2138.9 1944.4 3055.6 

 

Similarly to the first validation case, the proposed approach allowed to improve the visibility of the fault 

frequencies with respect to the noise components (Figure 9). In the following subsections results from some 

of the cases are presented. 

 

 

Figure 9. Bearing B1 – Comparison of the normalized 𝐶𝑇𝐾𝐸𝑛𝑣 (red) and the normalized envelope spectrum 

obtained from the original raw signal. 
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4.2.1 Bearing B1, speed 300 Hz, load 2000 N 

The Combined Teager-Kaiser Envelope of the bearing B1 from the data set provided by the Department of 

Mechanical and Aerospace Engineering of Politecnico di Torino is presented in Figure 10. The presented 

result is obtained for a rotation speed of 300 Hz and a load of 2000 N. The BPF and the second harmonic of 

the BSF modulated by the FTF can be easy identified in the 𝐶𝑇𝐾𝐸𝑛𝑣 spectrum. 

 

 

Figure 10. Bearing B1, speed 300 Hz – 𝐶𝑇𝐾𝐸𝑛𝑣 with indicated failure characteristic components. 

4.2.2 Bearing B1, speed 400 Hz, load 1000 N 

For validation purposes, different combinations of rotation speed and load were tested. Figure 11 presents 

the results of the Combined Teager-Kaiser Envelope for the same failure size as before but with a rotation 

speed of 400 Hz and a load of 1000 N. Also in this case the 2 first frequency patterns are easily recognizable, 

indicating the type of the fault.  
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Figure 11. Bearing B1, speed 400 Hz – 𝐶𝑇𝐾𝐸𝑛𝑣 with indicated failure characteristic components. 

5 Conclusions 

The application of the Teager-Kaiser energy operator signal processing allows to perform a demodulation 

of vibration signals as well as to calculate their overall energy. The Combined Teager-Kaiser Envelop 

method, presented in the paper, exploits both approaches. The envelops obtained from bandpass filtered 

signals contribute to the Combined Teager-Kaiser Envelope with regard to the ratio of the bandpass signals 

energy to the energy of the raw signal.  

The 𝐶𝑇𝐾𝐸𝑛𝑣 reveals high potential for enhancing the bearing fault frequencies and for suppressing noise 

components, allowing for the easier identification of the characteristic fault frequencies. The validation 

process performed on two data sets allow for the verification of the proposed approach but also for the 

identification of some shortcomings.  

In the case of the first data set, the 𝐶𝑇𝐾𝐸𝑛𝑣 approach allowed for enhancing the frequency components 

testifying about the existence of the fault. The method allowed for the correct identification of the local and 

shallow damage of the outer race generated by sandblasting. Such failure usually results in a very weak 

disturbance of the signal. Similar results were obtained for other measurements from the data set. However 

the 𝐶𝑇𝐾𝐸𝑛𝑣 gave unclear results, in the cases where the fault covers the complete perimeter of the outer 

race, i.e. OR(SF) and OR(EF). Due to severe fault, strong frequency components characteristic for other 

types of failures are visible in the 𝐶𝑇𝐾𝐸𝑛𝑣, as well as strong noise contaminates all band of filtration. The 

resulting Combined Teager-Kaiser Envelope is also influenced by noise. 

The method was also tested using another data set containing vibration signals form a high speed bearing 

operating under variable speed and load. The measurements were recorded for artificially generated faults 

with a diameter of 450; 250 and 150 µm. The performed tests demonstrate the ability to enhance the 

diagnostically useful information for different speeds and load conditions. In case of this data set however, 

the method was unable to clearly highlight the rolling element fault characteristic frequencies for the 

smallest available fault, e.g. the 150 µm. For this case failure pattern was weak and for many filtration bands 

diagnostic information perish among noise components. The failures introduced by drilling not reflect 

perfectly failures arising during normal wear and sharp edges could increase measurement noise. 

Although the Combined Teager-Kaiser Envelope proved its usability further improvement should be 

undertaken. The main direction of the future work will be the development of a fault indicator based on the 
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𝐶𝑇𝐾𝐸𝑛𝑣 and the attempt to perform automatic condition identification based on the energetic contribution 

of the given fault patterns in the Combined Teager-Kaiser Envelop. 
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Abstract 
Various types of machineries are used into different industry areas, such as, automotive, wind farms and 

production lines. In order to avoid an abrupt breakdown and reduce the economic cost, prognostics offers a 

competitive advantage in the framework of Prognostics and Health Management (PHM). The estimated 

Remaining Useful Life (RUL) indicates the remaining lifetime from now on, which is able to facilitate the 

optimization of the maintenance strategy. Among the state of art approaches, statistical model based 

prognostics methodologies have been proposed in different applications due to the high transparency of 

results and the low computation cost, based on Kalman filters, Particle filters and Hidden Markov Models. 

Recently in addition to the aforementioned single step estimation techniques multi-steps based estimation 

techniques have been proposed, exploiting the previous several measurements within a short time horizon. 

In this paper a multi steps based methodology is used in order to estimate the RUL of rolling element 

bearings, as it could better represent the bearings’ stochastic degradation process. The methodology is 

applied and evaluated on an experimental dataset. 

1 Introduction 

In the background of Industry 4.0, Condition Monitoring (CM) currently attracts an extensive attention in 

many different industry areas, e.g. wind turbine parks and power plants. In reality, rotating machinery 

components such as bearings are often damaged due to heavy load, high speed, wrong assembly and 

inadequate lubrication [1]. CM plays a significant role to firstly identify the fault at an early time instant, 

then to avoid an abrupt machine breakdown, to avert catastrophic events and to reduce economic loss. In 

the last several decades, a number of fault detection and diagnosis methods have been proposed, i.e. 

statistical analysis, frequency analysis and time-frequency analysis. However, prognostics offers more 

advantages such as reliability, safety and affordability. In theory, the Remaining Useful Life (RUL) is 

defined as the remaining time from the current moment to the failure that a component no longer performs 

the intended function. Based on the current machinery health status, it’s possible to predict the status in the 

future. The accurate estimated RUL is capable to facilitate the optimization of the maintenance schedule. 

Generally, prognostics is divided into three major categories: the physics based, data-driven based and 

hybrid approaches [2], [3]. In the case of a full understandable system, including materials, dimensions, 

speed, load, dynamics as well as the underlying degradation /failure behavior, a physics model is able to be 

built with a set of explicit equations. Without the requirement of experimental data, the physics model can 

provide more understanding of the result and can realize the long term prediction [4]. Theoretically, the 

more information of system incorporated is, the more relevant with the reality and more accurate it is. 

However, the well-designed physics model is usually limited to a specific component and fault type, which 

is possibly problematic in a real & complex operating environment. In addition, its computation is usually 
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time expensive. In contrast, it is more flexible and cheaper to construct data-driven models (a black-box 

model or a statistical model) based on the data-driven based approaches. Considering the transparency of 

results and the computation cost, statistical model based approaches are favored in this paper. 

As the degradation process is mostly stochastic, the lifetime of the same type of component might differ one 

by one even under the same operating condition. In the state of art approaches, the Bayesian recursive 

estimations, such as the Kalman filter, the Particle filter and the Hidden Markov Model, have been proposed 

for the RUL prediction in different applications. A Kalman filter and a dynamic curve fitting based 

prognostics was proposed for a bridge rectifier [5], where a Newtonian kinematic model was used to track 

a diagnostic feature of the system. In simulated and experimental data, the Kalman filter based approach 

showed 95% accuracy. In addition, the Kalman filter was combined with other data-driven techniques [6], 

namely the generalized linear regression, the k-nearest neighbors, neural networks, the random forest and 

the support vector machine and were applied on an engine bleed valve. The results show an improvement 

of the estimation precision and the convergence in comparison with the result without the adaptation of the 

Kalman filter. However, Kalman filter is a linear estimator under the assumption of process noise and 

measurement noise with Gaussian distribution. For nonlinear systems, the Extended Kalman filter (EKF) 

approximates the states using the first or second order derivative of the Taylor series expansion. In [7], some 

features, e.g. the variance and the Entropy were extracted by vibration signals and then fed to a simple 

exponential model and an EKF. Through the comparison of the performance score, EKF outperforms the 

CKF. Meanwhile, EKF was introduced for the RUL prediction considering vibrations and currents [8]. The 

current signal, containing the information of discharge events over time, shows an early warning detection. 

With the RMS frequency feature, the RUL prediction achieves better results than the estimation starting 

from the beginning. Yet, EKF was designed to solve the low nonlinearity problem but the linearization may 

result in poor performance and divergence for highly nonlinear systems. To overcome the problem, the 

Unscented Kalman filter (UKF) uses a small set of sigma points and the unscented transformation to 

approximate the probability density. A data-driven approach for the bearing prognostics was proposed 

relying on UKF [9]. The K-S test was firstly deployed to identify the degradation point. Then the extracted 

feature, i.e. the minimum quantization error based on the self-organizing map, was combined with the sum 

of two exponential models. The estimated RUL by the UKF has better performance than EKF. Additionally, 

the aforementioned Kalman filter versions were compared for bearing prognostics in [10] and the UKF 

indicates better results than other versions on experimental data. Due to the KF’s limitation (Gaussian nature 

of noise), Particle filter (PF) is a popular method for estimation problems in the nonlinear and non-Gaussian 

scenarios. PF adopts a number of particles, which are sampled from a given distribution, to represent the 

probability distribution function of the value of interest. In the past, PF based prognostics was widely 

explored [11]–[14]. In [11], the wind turbine data was firstly analyzed with the wavelet spectrogram, then 

the extracted feature at different characteristic frequencies are fused together in order to better track the 

bearing health status. Incorporating the fused indicator to the chosen model (Paris’ formula), PF recursively 

updates the model parameters and RUL is estimated in the real time. Regarding another study of wind 

turbine prognostics [12], the extracted kurtosis value was integrated with the PF, and the final results surpass 

the Kalman smoother method and the support vector regression method. In [13], a number of features based 

on statistics, time-frequency analysis and trigonometric functions were firstly extracted, then the higher 

trendability indicators were selected and fused together to a new health indicator (the weighted minimum 

quantization error). In combination with the Paris-Erdogan model, the PF estimates the RUL better than two 

state of art results, one by Gaussian process regression and the other one by the winner of the IEEE 2012 

PHM data challenge competition. Moreover, on the same experimental data, a number of intrinsic mode 

functions were generated by the Hilbert Huang transform. Then, statistics are calculated over them and 

selected based on their trendability. The model (Paris’s law) parameters are updated with the PF and the 

recursive maximum likelihood estimation. The proposed method [14] show better results than other state of 

the art techniques. [7], [13]. 

Although Bayesian filtering methods are able to efficiently estimate the unknown probability density 

function over time, they follow the same logic, i.e. a single step estimation, which means that the state of 

the next step is only dependent on the previous step. However, the degradation process of bearings is on the 

one hand stochastic. On the other hand, the bearings’ defect accumulates with time going on and finally 

reaches a critical level. Thus, the current health status of bearings is probably not only decided by the 

previous step, but also by the previous several steps. To cope with the existed limitation, the multi-steps 
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based estimation is thus considered for bearing prognostics. In the proposed methodology, a batch of HIs 

are firstly extracted (kurtosis, entropy, sparsity and flatness). Then the indicator implying the highest 

prognosability is selected. In general, exponential models are mostly utilized for statistical model based 

prognostics. However, it is perhaps incapable to track the HI with the non-exponential nature. In order to 

overcome this problem, a polynomial model is investigated for bearing prognostics. Model parameters are 

updated using the Moving Horizon Estimation (MHE) [15], which attains the estimation at each step in the 

principle of optimization and relies on the previous several measurements within a short time horizon. 

The main contributions of this paper are summarized as follows: 

 Instead of widely studied Bayesian filtering methods (Kalman filter versions and Particle filter), the 

multi-steps estimation (MHE) based procedure is established in this paper for bearing prognostics. 

Unlike the single steps estimation, MHE, considering several measurements within a horizon, is 

still not widely considered in the direction of statistical model based prognostics. 

 In the traditional bearing prognostics, exponential models and corresponding variants have been 

extensively studied. However, it might be ineffective to estimate the HI with non-/less-exponential 

nature. Thus, a simple second order polynomial model, which was originally utilized for the battery 

prognostics, is now introduced for bearing prognostics. Its performance is compared with two 

popular exponential statistical models. The difference of them is highlighted, it could facilitate the 

selection of the statistical model in the future. 

 Different features such as kurtosis, entropy, flatness and sparsity are extracted on the experimental 

data. In addition to the aforementioned trendability in the literature review, the extracted HIs are 

ranked here based on the criterion of prognosability. The indicator with highest score is finally 

selected as the input of model. 

The rest of paper is organized as follows. In Section 2, the proposed methodology, including the theory of 

MHE, features extraction, HIs selection, statistical models, the RUL estimation and performance metrics, is 

discussed in details. Section 3 describes the experimental dataset. In Section 4, the extracted HI and 

estimated RUL results are presented and discussed. Finally, the conclusions are drawn in Section 5. 

2 Proposed methodology 

This paper proposes a multi-steps estimation based prognostics for rolling element bearings. In the proposed 

methodology, vibration signals are firstly decomposed by a 1/3-binary tree into many sub-components, 

which represent the inherent information in different frequency bands. Then, a number of indicators in the 

aspect of the kurtosis, entropy, flatness and sparsity are applied. Next, the extracted features are measured 

in the criterion of prognosability and the one with the highest score is selected as the HI. After that, a 

polynomial model is introduced to the bearing prognostics and it is compared with two state of art popular 

exponential models. Afterwards, model parameters are recursively updated using Moving Horizon 

Estimation (MHE). In the end, the results are evaluated with the convergence and the Cumulative Relative 

Accuracy (CRA) measured and the proposed method is compared with state of art methods. 

2.1 Moving Horizon Estimation 

Unlike the Kalman filter, MHE [15] is an optimization method which works on a series of observed 

measurements in a finite horizon. In this section, the theory of MHE is introduced. 

The dynamic process and the measurement model are generally written as: 

 1 ( , , )k k k k kx f x u p w    (1) 

 ( , )k k k ky h x p v   (2) 
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where, 𝑥𝑘 ∈ ℝ
𝑛𝑥 , 𝑢𝑘 ∈ ℝ

𝑛𝑢 , 𝑝𝑘 ∈ ℝ
𝑛𝑝 , 𝑦𝑘 ∈ ℝ

𝑛𝑦 denotes respectively the state, the input controls and the 

parameters of function 𝑓 at time index 𝑘. To account for the uncertainty of the system and the measurement, 

the noise terms 𝑤𝑘 ∈ ℝ
𝑛𝑥 , 𝑣𝑘 ∈ ℝ

𝑛ℎ are added. 

At the time index 𝑘, MHE utilizes the measurements within a horizon or a window {𝑦𝑘−𝐿+1, … , 𝑦𝑘−1, 𝑦𝑘}. 
Then, the optimization cost function 𝐽 over the horizon is formulated as the Equation (3), through the 

minimization of the cost function 𝐽𝑚𝑖𝑛𝑖𝑚𝑖𝑠𝑒, the involved unknown variables are solved. 
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     (3) 
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The matrices 𝑄𝑖 ∈ ℝ
𝑛𝑥 , 𝑅𝑖 ∈ ℝ

𝑛ℎ represent the measure of confidence of the model and the confidence of 

the measurement, respectively. 𝑃𝑎 ∈ ℝ
𝑛𝑥 signifies the covariance of the initialization. 

It’s necessary to mention that the state 𝑥 is usually constrained within a specific range. Instead of searching 

for the optimal solution in an infinite scope, the constrains can suggest a solution in an interested or expected 

scale. Additionally, as the optimization is implemented over a specified horizon, it means that the 

computation time proportionally increases with the extension of the horizon length. 

2.2 Health indicators 

As aforementioned, a number of HIs are extracted including the kurtosis, various versions of sentropy 

(Renyi entropy, spectral entropy and spectral Negentropy), sparsity (spectral sparsity) and flatness (spectral 

sparsity). The explicit equations are presented in Table 1 of the Appendices. 

2.2.1 Entropy indicators 

Fast Kurtogram [16] has been proposed to select the optimal demodulation frequency band, in which the 

kurtosis value is the highest among all sub-bands. However, the spectral kurtosis is only effective to detect 

impulsive events. In order to deal with the cases of not only impulsive events, but also of repetitive 

transients, Infogram [17] was thus proposed and follows the same procedure with fast Kurtogram. Rather 

than calculating the kurtosis indicator on the sub-bands, the Negentropy on the Squared Envelope (SE) and 

on the Squared Envelope Spectrum (SES) is calculated. which are represented by 𝑠𝑒𝑁𝑒𝑔𝐸(𝑛, 𝑓, ∆𝑓) and 

𝑠𝑒𝑠𝑁𝑒𝑔𝐸(𝑛, 𝑓, ∆𝑓). 𝑠𝑒𝑁𝑒𝑔𝐸 is theoretically equivalent with the spectral kurtosis and is sensitive to the 

impulsive fault events, whereas the 𝑠𝑒𝑁𝑒𝑔𝐸 is capable to recognize the repetitive events. In addition, the 

average form 𝑎𝑣𝑒𝑁𝑒𝑔𝐸(𝑛, 𝑓, ∆𝑓), is also derived based on the 𝐼𝑆𝐸(𝑓, ∆𝑓) and 𝐼𝑆𝐸𝑆(𝑓, ∆𝑓). In the case of 

fault initiation, the amplitudes of the signals tend to be out of equilibrium, the entropy thus decreases and 

the Negentropy (on the SE and SES) behaves reversely. In the end, a frequency band of the Infogram is 

decided by the maximization of the Negentropy. 

2.2.2 Sparsity indicators 

Sparsity of a signal refers to the number of zero elements. In [18], three sparsity indicators on SE (𝑠𝑒𝑆𝑝𝑎𝑟𝑠) 
are discussed for bearing diagnostics, namely, the L2/L1, the L1/L0 and the Gini index. The L2/L1 

calculated on SE (𝐿2/𝐿1𝑆𝐸 ) is mathematically equivalent with the classic spectral kurtosis. Then, the 

sparsity indicator 𝐿2/𝐿1𝑆𝐸 is extended to 𝐿1/𝐿0𝑆𝐸, which is also named as the reciprocal of the spectral 
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smoothness index. It has a comparable ability with 𝑠𝑒𝑠𝑁𝑒𝑔𝐸 and can be used to detect repetitive transients. 

In addition, the Gini index, originally proposed to measure the inequality of the wealth, was also employed 

on the SE (𝐺𝑖𝑛𝑖𝑆𝐸). It’s effective to characterize the repetitive events on experimental data [18], where it is 

found that 𝐿2/𝐿1𝑆𝐸  and spectral kurtosis are easily affected by outliers. However, 𝐿1/𝐿0𝑆𝐸  and 𝐺𝑖𝑛𝑖𝑆𝐸 

present less sensitiveness to outliers than 𝐿2/𝐿1𝑆𝐸 and spectral kurtosis. When the bearings encounter a 

defect, the sparsity indicators on the SE monotonically increase. By the inspiration of spectral Negentropy 

on SE and SES, the sparsity indicators are stretched to the SES (𝑠𝑒𝑠𝑆𝑝𝑎𝑟𝑠) and the spectrum (𝑠𝑝𝑒𝑐𝑆𝑝𝑎𝑟𝑠). 

2.2.3 Flatness indicators 

Spectral Flatness (𝑠𝑝𝑒𝑐𝐹) has been widely applied in audio processing [19]. By measuring the likeliness 

between a signal and white noise, it was recently introduced for CM of rotating machinery. Thus, compared 

to the kurtosis, 𝑠𝑝𝑒𝑐𝐹 evaluates the signal in the reverse direction of the impulsiveness. The more impulsive 

the signal looks like, the lower value the flatness indicates. Further, unlike the spectral Negentropy on the 

SE and SES, 𝑠𝑝𝑒𝑐𝐹 measures the flatness on the power spectrum 𝑆(𝑛) and it is defined as the ratio between 

the geometric mean and the arithmetic mean. The flatness indicator is possible to be extended to the SE 

(𝑠𝑒𝐹) amd SES (𝑠𝑒𝑠𝐹). Theoretically, the flatness on the SE, SES and the power spectrum decreases while 

the impulsiveness increases. 

2.3 Statistical model 

After the calculation of the HI, a statistical model is used to track the degradation process. In the past, many 

statistical models were proposed for bearings’ degradation, such as exponential models. Initially, the 

exponential model was a single exponential function as in Equation (7). Instead of the simplest form, some 

other models have been derived. For example, adding a drift coefficient to (7), the exponential model (8) 

considers the shift between the model and HI. From the Equation (8), another exponential model considering 

the i.i.d errors was further developed in [20], as Equation (9). Apart from the form of the single exponential 

model, the sum of two exponential functions [9], [21] is also a widely used model, as shown in Equation 

(10).  

 (t) exp(b t)f a    (7) 

 (t) exp(b t) cf a     (8) 

 
2

(t) exp(b t (t) ) c
2

f a


       (9) 

 2 2(t) exp(b t) exp(b t)f a a       (10) 

where parameters 𝑎, 𝑏 are random variables, 𝑐 is a known constant, 휀(𝑡) is a random error term that follows 

a normal distribution 𝑁(0, 𝛿2). 𝑎2, 𝑏2 are random variables as the parameters 𝑎, 𝑏. 

In the literature, extended attention has been paid to exponential models and many research works based on 

the variants of the Equations (7)-(10) were induced in this direction. However, the exponential model is not 

always the most suitable for every extracted HI, for instance, it can’t track well a HI with non-exponential 

or less like-exponential nature. In [22], the second order polynomial model was introduced for the battery 

prognostics and the final estimated RUL is accurate. Therefore, this polynomial model is now borrowed into 

the application of bearing prognostics. 

 2

1 2 3(t) t tf p p p      (11) 

where parameters 𝑝1, 𝑝2, 𝑝3 are random variables, Equation (11) becomes a linear model when the high 

order parameter 𝑝1 approaches to a minimum & negligible quantity. For better understanding the difference 

between them, three typical models, that is, Equations (9), (10) and (11) are chosen and compared later on 

an experimental dataset. 
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2.4 RUL prediction 

In this section, the logic of the determination of the start prediction time, the RUL calculation and the 

performance metrics are explained. 

2.4.1 RUL calculation 

In general, the health status of bearings can be roughly divided into two statuses: the healthy and the faulty 

status. During the healthy status, the vibration amplitudes fluctuate more or less in a stable and acceptable 

level, no degradation information can be extracted. Thus, the predicted RUL during the healthy period is 

difficult to converge to the actual RUL. In order to reduce the prediction error, the start prediction time is 

decided when the degradation happens. In this paper, the 3 standard deviation (𝛿) and the mean value 𝜇0 

w.r.t the healthy stage is considered to decide the separation threshold 𝑡ℎ𝑟0. Taking a number of sequences 

in the healthy stage (initial 𝑁0  points), the 𝑡ℎ𝑟0  is calculated as in Equation (12). If the HI implies an 

increasing trend, 𝑡ℎ𝑟0 = 𝜇0 + 3𝛿, otherwise, it is specified by 𝜇0 − 3𝛿. At the start prediction time 𝑇0, the 

RUL prediction is triggered when the HI of the testing data exceeds the 𝑡ℎ𝑟0. 

 0

0

0
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3 ,

HI
thr

HI

 

 

  
 

 
 (12) 

With the obtained HIs from training data (𝐻𝐼𝑠𝑡𝑟𝑎𝑖𝑛, number: 𝑁1), the failure threshold (𝑡ℎ𝑟) is set as the 

average of the end points (𝐻𝐼𝑠𝑡𝑟𝑎𝑖𝑛,𝑒𝑛𝑑). The initial model parameters (𝑝0) are taken as the average of the 

fitted parameters (𝐻𝐼𝑠𝑡𝑟𝑎𝑖𝑛,𝑓𝑖𝑡). 
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As the Equation (12), (13) and (14), after the determination of the initial parameters 𝑝0, the failure threshold 

𝑡ℎ𝑟, the start prediction time 𝑇0, the RUL is calculated by the extrapolation to the 𝑡ℎ𝑟. The estimated RUL 

at time 𝑇𝑘 is defined as in Equation (15). When the predicted HI hits the 𝑡ℎ𝑟 at time 𝑇𝑓, the operated bearing 

is assumed to have a residual lifetime 𝑇𝑟.  

 
0 :( ) inf{ : ( ) | }

kk r f T TRUL T T f T thr f   (15) 

where 𝑅𝑈𝐿(𝑇𝑘) and 𝑇𝑟 represent the estimated RUL at time 𝑇𝑘, 𝑓(𝑇𝑓) is the predicted HI at the failure time 

𝑇𝑓, 𝑓𝑇0:𝑇𝑘 is the available measurements at the current time. 

2.4.2 Performance metrics 

To quantify the performance of the predicted RUL, the metrics are chosen same as in [21], that is the 

Cumulative Relative Accuracy (CRA) and the Convergence [23]. Unlike the Relative Accuracy (RA), which 

measures the accuracy at a specific time, CRA considers the performance for the full prediction period by 

aggregating the RA at all times. It follows the Equation (16). 

 
0

kT

i i

i T

CRA RA


   (16) 

where 𝜔𝑖 is the weight factor with 𝜔𝑖 = 𝑖 ∑ 𝑖𝐿𝑒
𝑖=1⁄ , 𝐿𝑒 is the length of the triggered part of HI, 𝑅𝐴𝑖 is the 

relative accuracy at time index 𝑖. When the CRA approaches to 1, the estimated RUL is close to the actual 

RUL. 
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Convergence is a measure of how fast the estimated RUL converges to the actual RUL. Theoretically, it’s 

defined as the distance between the origin and the centroid of the area under the metric curve.  

 2 2

0( )c cC x T y    (17) 

where 𝑥𝑐 , 𝑦𝑐  are the centroid of the area under the curve, 𝑇0 is the start prediction time. The lower the 

convergence C signifies, the faster the estimated RUL converges to the true RUL. 

2.5 MHE based bearing prognostics 

 

Figure 1: Flowchart of proposed methodology 

The flowchart of the proposed multi-steps estimation based prognostics is shown in Figure 1. The main 

procedure includes three blocks: features extraction, HI selection and RUL estimation. 

 Features extraction: Under a certain operating condition, the acquired signals are usually composed 

of training data (number: 𝑁1) and testing data (number: 𝑁2). In order to dig the inherent valuable 

information of the bearings’ defect, which is possibly hidden in a specific frequency band, the 

training data are firstly decomposed by a 1/3-binary tree [16] into a number of filtered signals 

(number: 𝑁), they represent the information of different frequency bands. Then, indicators in Table 

1 of the Appendices such as kurtosis, entropy indicators, sparsity indicators and flatness indicators 

are calculated on the sub-signals. 

 HI selection: After processing the training data, each indicator has 𝑁1 lines in a frequency band.  

Through the recursive evaluation of the prognosability on 𝑁 sub-signals, the highest score of these 

𝑁 prognosability values is selected. Then, the interested frequency band for an indicator is localized. 

In the availability of the selected frequency band for each HI, the extracted HIs are ranked from the 

higher to the lower score. Finally, the HI with the best prognosability is chosen. 

As an illustration, the prognosability is defined as a ratio of the standard deviation of the final failure 

values w.r.t the mean range of the HIs’ path [24]. 

 
( ) ( )fail start failstd HI mean HI HI

prognosability e
 

  (18) 

 where 𝐻𝐼𝑠𝑡𝑎𝑟𝑡, 𝐻𝐼𝑓𝑎𝑖𝑙 are respectively the initial and the final failure value of HI. 

 RUL estimation: In the section 2.4.1, the preparation for the RUL estimation is explained, including 

the definition of the failure threshold and the model parameters initialization. In addition, the 

concept of the start prediction time is given in order to reduce the prediction error. In cooperation 

with the statistical model, MHE updates model parameters at real time with the incoming 
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measurement data. Then, the RUL is calculated by the extrapolation to the pre-specified failure 

threshold. The performance is finally judged by the suggested performance metrics in 2.4.2. 

3 Experimental dataset 

The experimental test rig [21] consists of an AC motor, a motor speed controller, support bearings, a test 

bearing and hydraulic loading. The tested bearings have an outer race diameter equal to 39.80 mm, an inner 

race diameter equal to 29.30 mm and dynamic load rating equal to 12.82 kN. The experiments have been 

implemented in three constant operating conditions: C1 (2100 RPM, 12 kN), C2 (2250 RPM, 11 kN), C3 

(2400 RPM, 10 kN). The vibration data are acquired in the sampling frequency 25.6 kHz. Each measurement 

is recorded for 1.28 seconds every 1 minute. In the end, five bearings are tested for each operating condition. 

The failure of the test bearings is dependent on the vibration level 𝑉. The experiments were interrupted if 𝑉 

exceeded 10 × 𝑉ℎ, where 𝑉ℎ represents the maximal vibration amplitude at the normal operating stage. For 

the sake of the convenient use, tested bearings are numbered in the format of ‘B-XY’, ‘B’ indicates the 

‘Bearing’, ‘X’ is the index of the operating condition, ‘Y’ represents the index of the test bearing. 

4 Results and Discussion 

In this section, the results on the above experimental data are presented. Details of the HI extraction and the 

RUL estimation are discussed in 4.1 and 4.2, respectively. 

4.1 Extracted HI 

From the experimental description 5 bearings were tested in each operating condition. 4 bearings are thus 

iteratively chosen as the training data, the left one is used as the test bearing. The decomposition level is 

decided as 4, then each training signal is split into 52 sub-signals, which exhibit the information for different 

frequency bands. Applying an indicator (listed as Table 1 in Appendices) to sub-signals, 4 lines are extracted 

in each frequency band. Then the frequency band with the highest prognosability is localized. Repeating the 

procedure for all indicators in Table 1, 18 indicators from the specific frequency band are extracted from 

the training data. In the end, we rank these 18 indicators in the decreasing order and the indicator close to 1 

is finally selected. Using the information of the indicator and the frequency band, the HI is extracted for the 

test bearing. 

The results of HI selection for B-11 is presented in Figure 2 as an example. Depending on the training data, 

the indicators from the selected frequency bands are ranked. Renyi entropy (renyiE) displays the highest 

value more than 0.9, then the Gini index on the SES (𝐺𝑖𝑛𝑖𝑆𝐸𝑆), the flatness on the SES (𝑠𝑒𝑠𝐹) and the L1/L0 

on the SES (𝐿1/𝐿0𝑆𝐸𝑆) follow with almost the same score 0.8. In contrast, the averaged Negentropy 

(𝑁𝑒𝑔𝐸𝑎𝑣𝑒), the flatness on the SE (𝑠𝑒𝐹) and the Gini index on the SE (𝐺𝑖𝑛𝑖𝑆𝐸) presents the prognosability 

at around 0.7. Meanwhile, compared with the L2/L1 on the SE (𝐿2/𝐿1𝑆𝐸), the L2/L1 on the spectrum 

(𝐿2/𝐿1𝑠𝑝𝑒𝑐) and the spectral entropy (𝑠𝑝𝑒𝑐𝐸) presents the prognosability at around 0.2, the Kurtosis (𝐾), 

the L1/L0 on the spectrum (𝐿1/𝐿0𝑆𝐸), the Negentropy on the SE (𝑁𝑒𝑔𝐸𝑆𝐸) and the L1/L0 on the SE 

(𝐿1/𝐿0𝑆𝐸) indicate the lower value at 0.6, 0.55, 0.5 and 0.48, respectively. It’s worthy to mention that the 

last 4 indicators are put to zero because the 4 lines in the selected frequency band don’t have the identical 

trend. Therefore, Renyi entropy in the 11-th frequency band is extracted as the HI for test bearing. The 4 

lines from the training bearing B-12, B-13, B-14, B-15 are shown in Figure 2 (right). Due to the limitation 

of space, the detailed HI selection for other bearings is not demonstrated here, the selected indicators and 

the corresponding frequency bands are given in Table 2 of the Appendices. 
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Figure 2: Prognosability ranking of HIs (left); HI selection (right) for B-11 

4.2 RUL estimation 

After the selection of the indicator and frequency band, 4 lines from the training data are used to determine 

the failure threshold 𝑡ℎ𝑟 and the initial model parameters 𝑝0. Consistently, choosing the initial (𝑁0) 20 

sequences of the HI for all test bearings, the star𝐻𝐼𝑠𝑡𝑟𝑎𝑖𝑛,𝑒𝑛𝑑t prediction time is calculated based on the 

Equation (12). The suggested start prediction time for all bearings are performed in Table 2 of the 

Appendices. Moreover, three statistical models, namely two exponential models and a polynomial model 

presented by Equation (9), (10) and (11), are chosen for comparison. For convenience the polynomial model 

is implied by ‘M1’, the Equation (9) and (10) are expressed with ‘M2’ and ‘M3’. Due to the space limitation, 

only the results of the RUL estimation for B-11, B-21 and B-31 are shown in this section. 

 

Figure 3: Comparison of the estimated HI and the RUL of B-11 

In Figure 3 (left), the estimated HIs for B-11 are compared. It’s clear that the initial sequences before 50 (x 

1 min) are relative stable compared to the estimated section. The start prediction time is decided at 54 (x 1 

min). The estimations based on M1 and M2 seems to match better than M3. Looking at the estimated RUL 

in the  right side, M3 converges fast before 80 (x 1 min) and then is almost in parallel with the real RUL 

before 117 (x 1 min). As the comparison, M2 predicts RUL closer than M3 before 117 (x 1 min). However, 

it remains almost as a constant between 80 (x 1 min) and 117 (x 1 min). Meanwhile, M1 based RUL 

converges faster and closer to the actual RUL. It firstly converges dramatically before 75 (x 1 min), then 
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slowly moves towards the real RUL till the end. The estimation results for B-21 are shown in Figure 4. In 

the left side, the true HI keeps almost a stable trend before 435 (x min). Through the Equation (12), the start 

prediction time is suggested at 438 (x 1 min). For the HI estimation in the left side, the estimation by M1 

and M3 approaches well to the real HI, whereas M2 exhibits a relative large fluctuation in the beginning. 

After certain steps, the error decays to the same level with M1 and M3. For the RUL estimation, M1 achieves 

the best prediction for the B-11. The initial RUL falls inside the 20% error bound, it starts moving out after 

460 (x 1 min), it fluctuates along the actual RUL and the error reduces at the end. Yet, the prediction by M3 

spans on the top and converges from 470 (x 1 min). M2 based prediction shows less prediction error than 

M3, it converges slowly and is closer to the actual RUL than M3. For the B-31, the start prediction time is 

calculated at 169 (x 1 min), while the actual degradation point in the true HI is at around 2383 (x 1min). 

Compared to the full measurements with more than 2500 (x min), the misleading detection happens because 

of the 𝑁0 selection, which is too short and its distribution can’t represent the healthy status before 2383 (x 

1min). Obviously, M1 seems to track close the true HI, but some strong fluctuations appear as well. The M2 

and M3 estimate the HI with error before 1400 (x 1 min) and then M3 follows the true HI till the end. The 

estimation by M2 presents biased error before the degradation point (x 2383 min) and then follows the true 

HI. The estimated RUL looks chaotic by the extrapolation to the failure threshold, no useful information 

can be obtained. 

 

Figure 4: Comparison of the estimated HI and the RUL of B-21 

 

Figure 5: Comparison of the estimated HI and the RUL of B-31 

722 PROCEEDINGS OF ISMA2020 AND USD2020



Excepting the above graphical results, the evaluation of the RUL estimation by the performance metrics is 

shown in Table 3 and Table 4. Like the performance shown in Figure 3 and 4, the M1 based estimation 

achieves almost the best CRA and convergence score for all tested bearings. Further, the state of art paper 

[21] using same data is introduced for the comparison. Although the used signals in [21] were specially cut 

at the same threshold level, our proposed methodology still attains a superior performance in some bearings. 

For example, in the criterion of CRA as Table 3, the proposed method reaches a better score than the EKF 

for B-12. Regarding the B-15, M1 based estimation surpasses the performance of the EKF and PF. In the 

case of B-24, the proposed method obtains the best score than all reference methods. Considering the 

perspective of convergence, the MHE based method surpasses the performance of the EKF, PF and the 

improved relevance vector machine (MRVM) for B-24 and B-35. In extra, the results for B-14, B-15, B-21 

and B-22 gain comparable performance with the reference paper. 

Table 3: CRA comparison between statistical models and methods 

Bearings  M1 M2 M3 PF [21] EKF [21] MRVM [21] 

B-11 0.332 -8.522 -7.911 0.611 0.621 0.905 

B-12 0.413 -4.796 -9.666 0.726 0.350 0.855 

B-13 -3.097 -19.490 -24.466 0.485 0.801 0.848 

B-14 -3.281 -8.514 -5.536 0.231 0.684 0.724 

B-15 0.580 -6.855 -8.853 0.431 0.504 0.788 

B-21 -0.671 -34.741 -40.551 0.396 0.515 0.862 

B-22 -0.269 -5.663 -11.108 0.263 0.431 0.652 

B-23 -1.261 -6.862 -9.216 0.736 0.880 0.961 

B-24 0.894 -7.770 -11.950 0.463 0.500 0.628 

B-25 -1.791 -53.121 -17.203 0.183 0.482 0.633 

B-31 -3.873 -2.731 -2.967 0.656 0.774 0.894 

B-32 -3.673 -2.041 -14.745 0.152 0.536 0.652 

B-33 -43.402 -43.784 -49.114 0.128 -0.965 0.889 

B-34 -0.695 -63.815 -89.914 0.783 0.667 0.813 

B-35 -5.147 -18.493 -60.487 0.386 0.504 0.651 

Table 4: Convergence comparison between statistical models and methods 

Bearings  M1 M2 M3 PF [21] EKF [21] MRVM [21] 

B-11 36.194 63.881 707.754 16.349 16.339 15.617 

B-12 62.097 275.649 351.718 4.477 5.288 4.824 

B-13 106.616 414.657 422.177 40.254 38.285 36.690 

B-14 30.661 70.980 363.122 29.544 27.175 26.751 
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B-15 6.939 76.008 271.779 5.199 5.038 4.911 

B-21 34.129 181.648 252.356 30.956 24.795 23.672 

B-22 59.425 92.340 659.094 48.685 46.958 40.107 

B-23 226.820 197.707 288.384 11.262 10.652 10.542 

B-24 2.550 16.508 160.001 127.583 126.753 113.972 

B-25 999.670 1,323.297 1,107.377 19.844 19.068 18.393 

B-31 930.998 950.235 933.200 73.984 72.095 72.051 

B-32 1,403.353 1,207.081 1,736.281 3.207 3.150 2.563 

B-33 194.909 278.017 255.441 69.461 92.469 55.590 

B-34 56.862 647.099 699.020 12.135 13.641 11.849 

B-35 4.203 27.770 65.378 32.260 32.872 28.532 

5 Conclusion 

In this paper, a multi-step based prognostics, considering the HI selection, the start prediction time, the 

statistical models comparison, is proposed for rolling element  bearings. Unlike the classic Bayesian filtering 

methods, MHE estimates the unknown variables using several measurements within a horizon. As the 

bearing degrades from the slight damage with time going on, the current health status might not only depend 

on the previous status, but also on a number of previous statuses. Thus, the multi-steps estimation provides 

a new perspective for bearing prognostics considering more historical information. In addition, the 

exponential models have been widely studied for the statistical model based prognostics of bearings. 

However, it’s possible inefficient for a HI with no-/less-exponential nature. To overcome the limitations of 

exponential models, a polynomial model, which was used for battery prognostics, is now introduced. 

Through the comparison with other two popular exponential models on a dataset of 15 bearings, the 

polynomial model achieves promising results and fast convergence. Compared to a state of art paper, which 

cuts the signal at the same threshold level, our proposed method stills wins in prediction performance or 

reaches comparable results on some bearings. In the future, some improvements will be considered, 

including the modification of the classic MHE for fast and efficient estimation and the optimization of the 

start prediction time for the accurate recognition of the degradation point. 
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Appendix 

A List of applied HIs 

Table 1: Mathematical expressions of different HIs  

 indicators  equations  remarks  

kurtosis   K=
〈|�̃�|4〉

〈|�̃�|2〉
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entropy  renyiE  𝐸 =
1

1−𝛼
𝑙𝑜𝑔(∑ �̃�𝑖

𝛼𝑁
𝑖=1 )  
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and 𝛼 ≠ 1   
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〈𝑆�̃�2〉
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B Information of chosen HIs and start prediction time 

Table 2: Details of selected indicators and start prediction time for bearings 

Bearings  Selected Indicator Selected frequency 

band (Hz) 

Start prediction time 

(by measurement no.) 

Measurement no. 

B-11 RenyiE [0,2133] 54 123 

B-12 RenyiE [10668,11734] 25 161 

B-13 RenyiE [9600,11200] 48 158 

B-14 NegE-SE [9600,11200] 70 122 

B-15 RenyiE [9600,11200] 20 52 

B-21 RenyiE [800,1600] 438 491 

B-22 RenyiE [6400,12800] 31 161 

B-23 RenyiE [0,1066] 122 533 

B-24 RenyiE [6400,12800] 21 42 

B-25 RenyiE [12000,12800] 115 339 

B-31 RenyiE [6400,8533] 169 2538 

B-32 RenyiE [8000,9600] 703 2496 

B-33 RenyiE [8800,9600] 327 371 

B-34 RenyiE [5200,6000] 1408 1515 

B-35 RenyiE [5200,6000] 110 114 
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Abstract
Applications of machine learning for end-of-production-line and operational health monitoring avoid time-
consuming manual data analysis and design of handcrafted features. However, many of these approaches
require a large historical data set and analyze only a single unit which is a machine or a component. In
practice, this data set can be difficult and expensive to collect. However, some industrial applications involve
a fleet of similar operating units. It is often safe to assume that the condition of the majority of the units
in a fleet is healthy. In this work, we demonstrate a fleet-based, unsupervised, and generic anomaly detec-
tion framework that detects unit faults by identifying deviating behavior. It allows incorporating domain
expertise by user-defined comparison measures. Moreover, contrary to most black-box artificial intelligence
techniques, easy interpretability allows a domain expert to validate the predictions made by the framework.
Finally, we demonstrate its applicability in both end-of-production-line and operational testing.

1 Introduction

Monitoring the health of a unit such as a machine or an individual component is crucial in many industrial
environments and has two main use cases. First, end-of-production-line testing validates a manufactured
unit’s quality by a final sign-off test. Second, operational testing and condition monitoring optimize uptime
and maintenance costs by analyzing deployed units and detecting degradation or failure in an early phase.
Both tasks typically involve a domain expert’s expertise and manual analysis to set thresholds on handcrafted
features [1, 2]. However, this is time-consuming and hard to scale. Recently, advances in machine learning
and data collection have led to the increased popularity of automated data analysis. These techniques gener-
ate a model to predict a unit’s health status, often based on a large amount of (annotated) historical data. Yet,
such data is often not available in reality or is costly to collect.

Most health monitoring approaches analyze each unit independently. However, many industrial settings exist
that involve multiple similar operating or produced units (a fleet). Moreover, it is often safe to assume that
(1) most units are healthy and (2) to expect that there can only be a small number of simultaneous failures.
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Leveraging these assumptions leads to fleet-based health monitoring, which predicts a unit’s health status
by performing online comparisons of all units within the fleet. In similar operational settings, a unit whose
behavior deviates from the others is likely to be faulty.

In a prior work [3], we proposed a generic fleet-based health monitoring framework that utilizes unsuper-
vised machine learning techniques. More specifically, it performs anomaly detection to identify units within
the fleet with deviating behavior. This machine learning approach does not require a high-quality histor-
ical (labeled) data set and makes it no longer essential to have prior knowledge about all potential faults.
However, our implementation can interact with a domain expert by incorporating domain knowledge if it is
useful. Moreover, unlike black-box machine learning techniques, it provides insights by offering a high level
of interpretability. In [4], we extended this framework with a new anomaly score that not only predicts a
unit’s health state, but also the severity of a fault.

Our prior work focused mainly on operational testing. In this setting, we detect faulty units by perform-
ing online comparisons of simultaneously operating units. In this work, we demonstrate the framework’s
application in an end-of-production-line setting by comparing the unit-under-test to a short-term historical
database of similar units. In most end-of-production-line applications, faulty units are rare which means that
a deviating test result indicates a potential defect.

This paper is organized as follows. In Section 2, we summarize the fleet health monitoring framework,
proposed in [3]. Its applicability in end-of-production-line and operational testing is described in Section 3.
Next, these applications are experimentally validated in Section 4. Moreover, we experimentally analyze the
minimal required fleet size to obtain accurate results. Finally, general conclusions are made in Section 5.

2 Fleet-based health monitoring framework

The following section summarizes the framework proposed in [3]. Subsections 2.1, 2.2 and 2.4 are identical
to section 2 of our previous work [4].

Our framework for fleet-based health monitoring detects units that have deviating signatures from the fleet’s
general behavior and identifies them as faulty. This process makes the following assumptions: first, the
majority of the units are assumed to be healthy and to exhibit similar signatures. This allows detecting faulty
units if their signature deviates from the majority of the units. Second, we assume differences in signatures
to be caused by different health statuses. In some use cases, this might imply that we assume units are
operating in similar operational and environmental conditions to avoid varying signatures due to differences
in utilization.

The framework is implemented in four interacting building blocks: defining a similarity metric between units,
clustering together similar units in the fleet, performing anomaly detection to identify units with deviating
signatures, and visualizing the process to assist the user. We summarize each of these blocks below, a full
description can be found in [3].

2.1 Unit comparison

The framework expresses the difference of any unit pair (X,Y ) through a user-defined and application-
specific distance measure s(X,Y )1. A variety of measures is allowed, including those originating from
machine learning as well as based on domain knowledge. This enables tailoring the framework towards spe-
cific use cases and incorporating domain knowledge if it is available. We demonstrated this in our previous
work by considering multiple similarity metrics, ranging from data-driven pattern recognition to expert-based
motor current signature analysis.

1For our framework, a measure not satisfying the triangular inequality suffices. We opt to use the term distance for readability.
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Figure 1: Upper: 10 data points representing a cluster of healthy units, shown in a dendrogram obtained using
single linkage. A low cophenetic correlation is obtained due to the clear difference between the pairwise and
dendrogrammic distances, shown in the triangular matrices with a green (low) to yellow (high) color scale.
Lower: a cluster representing 3 faulty units is added (blue). The cophenetic correlation drastically increases,
as the difference in pairwise and dendrogrammic distances becomes relatively small.

2.2 Clustering

A clustering algorithm uses the chosen distance measure to group together units that exhibit similar behavior.
The assumption that the units are in a similar operational condition with a majority in a healthy state implies
that they will form the largest cluster. Other clusters thus contain units with deviating signatures, likely
grouped by similar fault states. One key challenge in clustering is determining the number of expected
clusters. In the health monitoring setting, this cannot be set upfront. If all units are in a healthy state, only
a single cluster is expected. When one or more faulty units are present, then two or more clusters would
be expected. When one or more faulty units are present, then multiple clusters would be expected as units
subject to different faults are likely to be clustered in different clusters.

We proposed to use hierarchical clustering for two reasons. First, it is relatively simple and can be visual-
ized using a dendrogram, which is a tree-like structure that is easy to interpret and allows users to obtain
better insights into the framework’s predictions and the units’ health statuses. The dendrogram visualizes the
distance between two subclusters by the height at which they are merged. Since a subcluster can consist of
multiple elements, this similarity is defined by a linkage function. Popular choices are the minimum (single
linkage) or maximum (complete linkage) distance between the subclusters’ elements. This pairwise distance
also influences the cophenetic distance t(X,Y ), the height at which two members X and Y are joined or,
more formally, the distance between the two largest possible clusters containing X and Y separately [5].
Second, it does not require setting the number of desired clusters upfront, which alleviates this key cluster-
ing challenge. In our previous work, we proposed a partitioning strategy to obtain this number based on the
structure of the clustering. This uses the correlation between the pairwise distances s(X,Y ) and cophenetic
distances t(X,Y ): the cophenetic correlation to partition the hierarchical clustering. The higher this corre-
lation, the better the clustering preserves the original pairwise distances [6]. Moreover, a large cophenetic
correlation indicates the presence of multiple clusters, as intuitively explained by the example in Figure 1.
If one or more faulty units are present (blue dots), the larger distances between the healthy and faulty units
dominate the cophenetic correlation, which becomes close to 1. Our partitioning procedure thus recursively
partitions the hierarchical clustering such that the cophenetic correlation of each cluster partition is at least
thrcc.

2.3 Anomaly detection

Anomaly detection is the framework’s key component for identifying units with deviating signatures, which
are likely to be faulty. It assigns an anomaly score to each unit, indicating its level of anomalousness on a
scale of 0 (normal, likely healthy) to 1 (abnormal, likely faulty). In [3], we proposed this anomaly score to
be based on cluster sizes. This detects faulty units but gives little insights into the severity of the fault. In [4],
we addressed this shortcoming by proposing a similarity-based anomaly score having three main benefits.
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First, it reflects the severity of a fault and can detect early degradation. Second, the score only significantly
changes due to severe underlying health status changes. Finally, it assesses the health status of each unit
individually.

For a unit X , its similarity-based anomaly score is defined by Equation 1 with all units of the fleet F , the
distance of a unit pair (X,Y ) s(X,Y ) (as defined in the unit comparison block), and the set of all unit pairs
within the largest cluster P .

score(X) =
medianYi∈F\X [s(X,Yi)]

median(Y 1i,Y 2i)∈P [s(Y 1i, Y 2i)]
. (1)

Optionally, one could replace or approximate s(X,Y ), for example, if calculating all pairwise distances
is computationally too expensive. Approximation methods approximate pairwise distances or cophenetic
distances by using hashing functions [7] or heuristics [8] respectively.

To rescale the similarity-based anomaly score within a range of [0, 1], we propose using an exponential
squashing function scorerescaled(x), defined in Equation 2 [9]:

scorerescaled,α(x) = 2−
score(x)2

α2 . (2)

where the α is a tunable parameter that corresponds to the raw-value that will result in an anomaly score of
0.5 (scorerescaled,α(α) = 0.5). Increasing this parameter results in a lower fault detection sensitivity. The
optimal value thus depends on the use-case and the potential cost of a false negative or missed detection.

2.4 Visualization

A high level of interpretability helps domain experts to set up the framework and allows the expert to have
a deep understanding of the framework’s predictions. This enables the expert to gain trust in automatic
monitoring, to correctly set up the framework and to deeper analyze a specific unit with deviating signature.

We previously proposed an interpretable visualization of the framework in our previous work. This visual-
ization shows the unit’s signatures, the pairwise distances, the hierarchical clustering, and the anomaly score
of each unit. Figure 2 shows an example of a visualization where one could easily confirm the prediction of
unit D2 10 being faulty.

3 Application and evaluation of the framework

The fleet-based health monitoring framework can be applied in both end-of-production-line and operational
testing. In each of these scenarios, the framework assumes a majority of the units to be in a healthy state.
The framework uses deviations from this majority as an indicator of defects.

3.1 End-of-production line testing

The framework allows end-of-production-line testing through using a short-term historical database, cov-
ering recently tested units. A unit’s health status is analyzed by comparing it against this database and is
predicted as faulty if considered anomalous. After testing, the unit is added to the historical database to
support future analysis. In such a case, we consider the historical database and the unit under test as a fleet,
which could for example cover all tests of a single production batch.

This application satisfies the framework’s two main assumptions. First, in most manufacturing settings,
production faults are rare. This makes our assumption of a healthy state for the majority of the units realistic
to make. However, this also implies that fleet-based analysis might be challenging in scenarios with many
systematic failures. We further analyze this in experiments 4.2.1 and 4.2.2, by studying the minimal number
of healthy units required. Second, end-of-production-line test are generally automated. It is thus easy to
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Figure 2: Visualization of the framework’s four building blocks. In this example, unit D2 10 is faulty. This
can be observed in its current waveforms (a), pairwise distances (b), the dendrogram (c) and anomaly score
(d).

guarantee comparable testing conditions for each unit such that signature deviations relate to differences in
health status.

3.1.1 Initializing the framework

Deployment of the fleet-based framework can be challenging when no prior data is available. In such case,
the historical database is empty and the framework lacks historical data to make accurate predictions. Due
to this low number of comparable units, the prediction accuracy is low until sufficient data is available. In
machine learning, this is called the cold-start problem, analogous with the mechanical terminology. While
a motor needs a certain temperature for optimal performance, the machine learning framework requires data
for good prediction performance.

This data can be obtained during operation (a cold start, heating the motor by using it) or can be provided
prior using the framework (a warm start, pre-heating the motor). If available, populating the initial database
with a few (healthy) units could significantly increase the performance during the start-up phase. These units
could for example originate from manually inspected production prototypes. Alternatively, one could first
test multiple units and simultaneously analyze them after enough tests are collected. Since this is similar to
operational testing, we do not separately discuss this approach.

3.2 Operational testing

Fleet-based operational testing involves performing an online analysis of multiple similar units in a compa-
rable operational mode. Many of these applications satisfy the framework’s two main assumptions. First,
it is reasonable to expect a healthy state for the majority of the units. Second, a fleet of simultaneously
operating units in comparable operational modes cause a unit’s signature to be related with its health sta-
tus. Examples of such applications include wind farms [10], production lines, aerospace engines [11], and
railway components.
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3.3 Performance evaluation

When predicting health statuses, the framework can make two types of mistakes: a false positive (false
alarm) or a false negative (missed detection) (Table 1). Metrics such as precision (Formula 3a) and recall
(Formula 3b) measure these mistakes and help to take their costs into account while measuring the frame-
work’s performance. If both costs are equal, the F1-score (Formula 3c) is used as a single performance
measure, considering both faults equally important.

Table 1: List of possible prediction mistakes.

True condition
Faulty Healthy

Predicted condition Faulty True positive (tp) False positive (fp) Precision (Formula 3a)
Healthy False negative (fn) True negative (tn)

Recall (Formula 3b) F1-score (Formula 3c)

Precision =
tp

tp+ fp
(3a)

Recall =
tp

tp+ fn
(3b)

F1-score = 2
Precision.Recall

Precision+Recall
(3c)

4 Experiments

4.1 Applicability health monitoring framework

To experimentally validate the framework’s applicability in both end-of-production-line and operational test-
ing, we evaluate its performance in both use cases. First, we study an end-of-production-line application of
simulated gear pairs. Next, we analyze an experimental fleet data set of electrical drive trains.

4.1.1 End-of-production-line application

While our previous work focused on operational testing only, we now experimentally demonstrate the appli-
cability in end-of-production-line testing. In this setting, we analyze the framework’s performance in both
cold- and warm-start scenarios (as described in Section 3.1.1).

We test the end-of-production-line application by mimicking a gear manufacturer’s end-of-production-line
test. At the end of the production line, the manufacturer tests the newly manufactured gear by analyzing its
transmission error in a dedicated test setup to detect possible errors. In literature, measuring the transmission
error is proposed as an alternative to vibration measurements, since it can easily be obtained by using digital
encoders [12][13].

Simulation model We simulate a precision gear test rig, inspired by the physical setup presented in [14]
and [15]. Variation within the production line is mimicked by varying the gear pair’s testing load. The simu-
lation models the gear’s, shaft’s and bearing’s deflection by a multi-body approach, which is computationally
efficient. This model makes use of three main components. First, we customize the gear pair using the de-
sign parameters of Table 2 and simulate their meshing with a multi-body gear mesh model. This multi-body
model combines the ISO tooth pair’s stiffness with a novel slicing technique [16]. This is computationally
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more efficient compared to a FEM approach [17] and accurate enough to capture the stiffness variation dur-
ing the mesh cycle, given its use in parametric studies on tooth microgeometry; misalignments; and noise,
vibration, and harshness (NVH). Second, we use a finite element model (FEM) approach to simulate the
shaft’s deflection using a hexahedral mesh, which has a better accuracy and reliability compared to an auto-
matically generated tetrahedral mesh [18]. Finally, to account for the bearing’s deflection, we used special
connectors that define the damping and stiffness characteristics.

Table 2: Gear design parameters.

Test gear

Number of teeth 57
Normal module 2.60 mm

Normal pressure angle 20 deg
Tip diameter 154.50 mm

Root diameter 141.70 mm
Face width 23 mm

Contact ratio 1.456

Data set The data set includes gear transmission error time series of 26 simulations under stationary speed
and torque, sampled at 1000 Hz and having a length of 4.7 seconds. Among these 26 simulations, 7 pairs are
misaligned and represent a faulty gear pair. The speed is set to 10 RPM, while the load is randomly sampled
in a range of 90 – 110 Nm to mimic the variance of physical tests.

The simulated transmission errors are transformed to a feature vector by means of 21 statistical functions,
listed in Table 3. Each of these features are then separately normalized. We opt for a normalization robust to
outliers, inspired by the Z-score: X−X̃

P75%(X)−P25%(X) .

Experiment We use the gear pair data set in an end-of-production-line setting by sequentially testing the
gear pairs (units). We compare each unit under test with the historical database, initially populated by nHinit
healthy units. After testing, the unit under test is appended to this database to support the next unit’s analysis.
The framework’s prediction performance is evaluated on the units which are not part of the initial historical
database, the testing set.

To analyze both cold- and warm-start scenarios, we vary the historical database’s initial size nHinit . More-
over, we study a varying portion of healthy machines by considering different numbers of faulty units nF .
The testing set thus consists of the remaining nH = 19 − nHinit healthy units and nF faulty units. For
statistical reliability, we repeat each experiment 20 times and randomize the units’ order in each repetition.
The results below show median values.

The results shown in Table 4 indicate the correct predictions in each scenario involving only the healthy
units (nF = 0). This suggests that the framework rarely triggers false alarms in a purely healthy data set.
Additionally, the results show that a warm-start requires only a minimal number of healthy examples. Even
by providing only two units to the database, the prediction performance of the first units improve. This
indicates that the historical database’s minimal required size during deployment is limited. Interestingly, the
experiments indicate a poor precision for a low number of faulty units (nF < 4), mainly due to the severe
impact on the precision of a single false positive: missing the sole faulty machine results in a precision of 0.
In conditions with a higher nF , a single false positive causes less impact on the precision.
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Table 3: List of statistical features calculated for the gear pair data set.

Amplitude max(X)−min(X)

Average absolute deviation |X −X|

Crest factor max(|X−X|)
rms(X)

Extreme deviation max(max(X)−X
std(X) , X−min(X)

std(X) )

Extremum max(|X|)

Integration
∑n

i=1
f(xi−1)+f(xi)

2 ∆xi with ∆xi = 1

Kurtosis (X−X)4

std(X)4

Markov regression R(1)
R(0) with R(0) =

∑n−1
i=0 x

2
i and R(1) =

∑n−2
i=0 (xixi+1) + x0xn−1

Maximum max(X)

Mean X = 1
n

∑n
i=1 x1

Median X̃

Minimum min(X)

Percentile 10 P10%(X)

Percentile 25 P25%(X)

Percentile 75 P75%(X)

Percentile 90 P90%(X)

RMS
√
X2

Skewness m3

m
3
2
2

with mj = (X −X)j

Standard deviation
√
variance(X)

Sum
∑n

i=1 xi

Variance |X −X|2
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Table 4: The framework’s performance in an end-of-production-line application. Both cold-start and warm-
start scenarios are studied by varying the number of healthy units in the initial database (nHinit). Each row
corresponds to a scenario analyzing the n remaining gear pairs among which are nF faulty.

Precision Recall F1-score
nHinit nF /n

0 0/17 1.00 1.00 1.00
1/18 0.44 1.00 0.58
2/19 0.79 0.93 0.81
4/21 0.89 0.93 0.89
6/23 0.99 0.72 0.80
7/24 0.93 0.75 0.81

1 0/16 1.00 1.00 1.00
1/17 0.42 0.95 0.52
2/18 0.72 0.93 0.78
4/20 0.88 0.90 0.87
6/22 0.96 0.79 0.83
7/23 0.95 0.69 0.78

2 0/15 1.00 1.00 1.00
1/16 0.62 1.00 0.73
2/17 0.77 0.93 0.81
4/19 0.90 0.91 0.89
6/21 0.97 0.91 0.92
7/22 0.97 0.80 0.85

4 0/13 1.00 1.00 1.00
1/14 0.65 1.00 0.74
2/15 0.82 0.95 0.85
4/17 0.93 0.94 0.93
6/19 0.98 0.94 0.96
7/20 0.98 0.93 0.95

6 0/11 1.00 1.00 1.00
1/12 0.79 0.90 0.77
2/13 0.89 0.97 0.92
4/15 0.98 0.96 0.97
6/17 0.99 0.93 0.96
7/18 0.99 0.95 0.97

7 0/10 1.00 1.00 1.00
1/11 0.66 0.90 0.73
2/12 0.85 0.82 0.81
4/14 0.95 0.93 0.93
6/16 0.99 0.93 0.96
7/17 1.00 0.94 0.97
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4.1.2 Operational testing

We demonstrate the framework’s applicability in operational testing by using an experimental data set of
electrical drive trains. Moreover, we analyze the importance of the cluster partition parameter thrcc in
relation with the framework’s performance.

Experimental setup We facilitate an experimental data collection by current signals sensors attached to 10
identical operating 3 kW electrical drive trains [3]. These drive trains consist of a motor pair, coupled with a
flexible jaw coupling (Figure 3). The connecting shaft is driven by a squirrel cage induction motor (SCIM)
and the other motor is connected to a resistor and acts as a load. The resulting load torque is proportional to
the speed and corresponds to a rated load at a rated speed (Table 5). For half of the fleet, this load-side uses
a direct current motor (DCM) while the others are wound rotor synchronous motors (WSRM).

A machine failure is emulated by introducing a 3 Ohm external resistor Radd in two drivetrains, inserted
between the drive controller and the motor (Figure 3b). Changing the operating speed influences the severity
of this failure: higher speeds cause a lower impact of the voltage unbalance due to the machine’s inductance
becoming more dominant.

Table 5: Rated parameters of the drive train motors.

Power (kW) Phase-to-phase voltage (V) Current (A) Frequency (Hz) Pole pairs Speed
SCIM 3 400 6.2 50 2 1385
WRSM 3 400 4.3 50 2 1500
DCM 3 270 11.2 DC 1 1500

(a) The experimental fleet of ten drive trains with
drive and load side motors connected by a rubber cou-
pling.

Drive-side
motor

400 V
A

Radd

Rubber

coupling

cba

x

y

z

Load-side
motor

A

H

C D

A
V

400 V
50 Hz

50 Hz

(b) Schematic of drivetrain D1 2. The analyzed cur-
rent sensor (green) measures phase B.

Figure 3: Schematic of the introduced voltage unbalanceRadd. The analyzed current sensor (green) measures
phase B.

Data set Using the experimental setup, we generated a data set of the drive trains operating at stationary and
varying speed profiles under both loaded and unloaded conditions. The stationary experiments are performed
at steady speeds (820 RPM and 1500 RPM), while the drive trains perform a run-up from 0 RPM to 1200
RPM in a varying speed profile. We sample the current signals at 25600 Hz and remove the signal noise by
downsampling to 50 samples per current period. This better highlights the waveforms, which we found to be
affected by a voltage unbalance in our previous work [3].

Experiment We analyze the framework’s performance predicting the drive trains’ health statuses in non-
overlapping windows of 0.5 seconds. It makes use of pairwise comparisons, based on a similarity measure
derived from Dynamic Time Warping. In our previous work, we found this to be a good indicator of voltage
unbalance [3]. Similarly to our experiment in previous work [3], we consider a unit as faulty after being
identified as anomalous (scorerescaled,1.2(X) ≥ 0.5) for five consecutive windows.
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Table 6: The framework’s performance in operational testing. Scores corresponding to a scenario’s highest
F1-score are indicated in bold.

thrcc
Metric 0.5 0.7 0.8 0.85 0.9 0.95 1

820 RPM - load
Precision 0.203 0.480 0.511 0.516 0.516 0.516 0.627
Recall 0.857 0.857 0.857 0.857 0.857 0.857 0.857
F1 0.329 0.615 0.640 0.644 0.644 0.644 0.725

820 RPM - no load
Precision 0.195 0.591 0.817 0.895 0.949 0.949 1.000
Recall 0.855 0.855 0.855 0.855 0.855 0.855 0.855
F1 0.318 0.699 0.836 0.874 0.900 0.900 0.922

1500 RPM - load
Precision 0.095 0.024 0.000 0.000 0.000 0.000 0.000
Recall 0.318 0.009 0.000 0.000 0.000 0.000 0.000
F1 0.146 0.013 0.000 0.000 0.000 0.000 0.000

1500 RPM - no load
Precision 0.475 0.989 1.000 1.000 1.000 1.000 1.000
Recall 0.855 0.855 0.855 0.855 0.855 0.855 0.855
F1 0.610 0.917 0.922 0.922 0.922 0.922 0.922

Run up - load
Precision 0.329 0.800 0.895 1.000 1.000 1.000 1.000
Recall 0.852 0.741 0.630 0.630 0.630 0.630 0.630
F1 0.474 0.769 0.739 0.773 0.773 0.773 0.773

Run up - no load
Precision 0.224 0.828 1.000 1.000 1.000 1.000 1.000
Recall 0.857 0.857 0.857 0.857 0.857 0.857 0.857
F1 0.356 0.842 0.923 0.923 0.923 0.923 0.923

Table 7: The framework’s performance in operational testing. Omitting the unintentionally degraded drive
train yields to better results.

thrcc
Metric 0.5 0.7 0.8 0.85 0.9 0.95 1

820 RPM - load
Precision 0.259 0.932 1.000 1.000 1.000 1.000 1.000
Recall 0.857 0.857 0.857 0.857 0.857 0.857 0.857
F1 0.398 0.893 0.923 0.923 0.923 0.923 0.923

Run up - load
Precision 0.390 1.000 1.000 1.000 1.000 1.000 1.000
Recall 0.852 0.741 0.630 0.630 0.630 0.630 0.630
F1 0.535 0.851 0.773 0.773 0.773 0.773 0.773

The framework shows good performance in both stationary and varying (run-up) operational conditions (Ta-
ble 6). We only obtain low performance in loaded conditions at high operational speeds (1500 RPM). In this
condition, the drive train’s high inductance hides the voltage unbalance. Additionally, these results lead to
two main observations. First, the precision is relatively low at 820 RPM in loaded conditions. This is in
contrast with our previous results presented in [3] that make use of a cluster-based anomaly score. However,
previous work shows that the similarity-based anomaly score better detects early degradation [4]. An anal-
ysis of the similarity-based anomaly score shows such degradation for one drive train where no fault was
introduced intentionally (Figure 4). The framework detects this drive train to be slightly anomalous, which
leads to a lower performance due to incorrectly flagging this drive train as a false positive. Indeed, omitting
this drive train drastically increases the precision. While we are unable to confirm this, our hypothesis is
that this drive train suffers from early degradation. Second, contrary to the cluster-based anomaly score,
the cluster partitioning parameter thrcc has only a minor impact on the performance [3]. Moreover, basing
the anomaly score on similarities does not require any cluster partitioning. The performance indicators are
consistently high for thrcc = 1, a parameter setting which results in a single partition.
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Figure 4: The similarity-based anomaly score suggests early degradation for one drive train. Its anomaly
score is consistently higher compared to the other healthy drive trains.
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4.2 Minimal required fleet size

The framework requires the majority of the units to be healthy in order to be able to detect deviating sig-
natures. However, the minimal number of the healthy units required to obtain good performance varies. In
these experiments, we study the factors that influence this minimum number. These insights help a user to
decide on the applicability of the health monitoring framework, given a specific use-case.

4.2.1 General insights

We use an artificial example to easily manipulate the data set’s properties, such as the severity of the faults
and the number of units. This allows to thoroughly study the effect of these parameters on the minimal
number of healthy machines required by the framework to result in good prediction performance.

Data set This experiment makes use of an artificial data set, containing nH healthy and nF faulty units
represented by a two-dimensional data point. Each unit is sampled from a Gaussian distribution, correspond-
ing to its health state. We use the standard normal distribution (N (µ = 0;σ2 = 1)) to generate the healthy
units, while sampling the faulty units from a distributionN (µ = α;σ2 = 0.16). The parameter α defines the
distance between these distributions’ means, representing the severity of the faults. The higher this parameter
is, the larger the distance between both groups and the more severe the simulated fault are.

Experiment We evaluate different data sets, varying both the severity of the fault α and the number of
faulty units nF . For each data set, we determine the minimal required number of healthy units nHmin to
obtain an F1-score of at least 0.9 where units having an anomaly score of scorerescale,1.5(X) ≥ 0.5 are
predicted to be faulty. Clusters are partitioned with thrcc = 0.9. For statistical reliability, we repeat this
experiment 20 times and report the average values.

The results shown in Table 8 indicate that detecting severe faults only requires a minimal majority of nF + 1
healthy units. The underlying distributions are clearly distinct and its limited data is sufficient to roughly
estimate those. However, the difference between the healthy and the slightly impacted units is lower. In such
case, the framework requires a better estimate (and thus more data) of the healthy units’ distribution.

Table 8: Minimal required number of healthy units nHmin , for various severities of the fault α and number
of faulty units nF . Non-integer values are caused by averaging multiple test for statistical reliability.

α
2.00 2.50 3.00 3.50 4.00 5.00 6.00 8.00 10.00

nF

1 3.38 2.32 2.15 2.10 2.05 2.00 2.00 2.00 2.00
2 11.08 6.94 4.21 3.80 3.45 3.00 3.00 3.00 3.00
3 25.50 11.56 8.21 5.63 4.95 4.35 4.00 4.00 4.00
4 31.25 18.00 12.33 9.32 6.47 5.40 5.00 5.00 5.00
5 35.00 26.87 15.80 11.25 9.10 6.45 6.00 6.00 6.00
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4.2.2 Validation

Confirming the findings of the previous experiment, we perform a similar analysis on a realistic data set.
In this experiment, we make use of the gear pair data set of the experiment 4.1.1, which simulates the
transmission errors of potentially misaligned gear pairs.

Experiment We determine the minimal required number of healthy gear pairs nHmin to obtain an F1-
score of at least 0.9 in a subset containing nF faulty units. These units are randomly sampled from the
data set. The resulting clusters are partitioned with thrcc = 0.9. We consider a unit to be anomalous
if scorerescale,1.5(X) ≥ 0.5. For statistical reliability, we repeat this experiment 20 times and report the
average values.

The results shown in Table 9 indicate that the framework only requires a minimal number of healthy gear
pairs with nHmin being close to its minimum, nF + 1. Based on the findings of the experiment presented in
the subsection 4.2.1, it is concluded that the severity of the fault is rather high, causing the healthy and faulty
units to be rather dissimilar. In such case, improving the estimate of the healthy units’ distribution offers
limited performance gains. Increasing the size of the fleet by adding more healthy units is thus not required.

Table 9: Minimal required number of healthy gear pairs nHmin in function of the number of faulty gear pairs.
Non-integer values are caused by averaging multiple test for statistical reliability.

nF 1 2 3 4 5 6 7
nHmin 2.00 3.40 4.50 5.55 6.30 7.10 8.10

5 Conclusion

Fleet-based health monitoring has applications in both end-of-production-line and operational testing. In this
work, we experimentally validated our monitoring framework, showing good performance in both applica-
tions.

The framework assumes that the majority of the units are in a healthy state. However, our experiments show
that the fraction of healthy units influences the framework’s performance. In general, our conclusion is that
detecting less severe faults requires the portion of healthy units to be larger. In such case, this reduces the
statistical uncertainty making more reliable predictions. Contrary, detecting severe faults only requires a
minimal majority of healthy units. These faults result in significantly different signatures, such as there is
low uncertainty.
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Abstract
Vibration signals of machinery typically consist of various types of signal content. Two such types can be
classified as stochastic and deterministic. In the past, several methods have been developed to tackle the
separation of these two categories. One such solution is the Discrete/Random Separation method which
estimates a frequency-domain transfer function from the signal to separate the predictable periodic content
from the random content. Two of the downsides of the existing Discrete/Random Separation method in its
current form are the variance of the estimated filter and its dependency on the time delay choice. This paper
investigates the potential to alleviate these downsides by extending the definition of the filter from a single-
delay to a multi-delay filter estimation procedure. This extension improves the reliability of the filter for
practical usage and reduces the dependency of the result on the chosen filter delay. The improved DRS filter
is examined on both simulated and experimental wind turbine gearbox vibration data.

1 Introduction

A staple in many vibration signal processing schemes is the step of separating different signal components
to allow for better analysis of the individual components. Often, this separation involves the partitioning
of signal content into deterministic and stochastic components since measured vibration responses typically
are a sum of multiple sources that fall in either of these two categories. Ideally, this separation can be done
in an automated manner, meaning little to no input parameters or prior knowledge is required for effective
separation of these components.

One of the reasons why this separation is typically incorporated into vibration monitoring schemes of ma-
chinery, is the increase in detection rate of potential bearing faults. Bearing faults are typically detected by
analysis of the measured signal’s envelope spectrum [1, 2, 3]. Unfortunately its presence in the envelope
spectrum is often masked by high-energy deterministic components [4]. Separating the bearing faults from
the masking signal content assumes that a bearing fault signal is stochastic due to random jitter on the fun-
damental period of the fault frequency [5]. This corresponds to the random slip of the rolling elements and a
bearing signal can be considered to be second-order (quasi-) cyclostationary. These effects cause a smearing
of the bearing frequencies in the amplitude spectrum, while the deterministic signals manifest themselves as
discrete peaks [6]. This property forms the basis for many stochastic-deterministic separation methods. Ex-
amples include linear prediction filtering (LP) [7], the (generalized) time synchronous average (TSA) [8, 9],
cepstrum editing approach [10, 11], phase editing [12], self-adaptive noise cancellation (SANC) [13], and
discrete/random separation (DRS) [14]. While each technique has its up- and downsides, we believe that
the latter DRS technique can be improved further to combat some of its downsides and make it both more
effective and easier to use. The basic idea of DRS is based on estimating a frequency domain filter using
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the difference in correlation length between stochastic and deterministic content. Simply put, deterministic
content is in theory perfectly predictable while random content is not. In other words, the former has a long
correlation length while the latter has a very short correlation length, with Gaussian white noise having a
correlation length of zero. Using this knowledge it turns out that the estimation of such a filter is similar to
the estimation of the H1-filter in modal analysis [15]. This property is further explained in section 2. In this
section also a new enhancement to the existing DRS method is proposed, coined the multi-delay DRS.

Section 3 showcases the performance of the novel version of the DRS as compared to the standard DRS on
a simulated signal. It highlights the improvement in the variance of the obtained filter. Section 4 illustrates
the performance of the new method on experimental vibration data of a wind turbine gearbox.

2 Methodology

In the original paper [14] where DRS was proposed, the technique makes use of a single delay to estimate
the filter. Since it is assumed that the deterministic content is predictable, there exists a filter that allows
to match a delayed version of a signal block with another signal block from the perspective of the discrete
content. Expressing this in a mean squared error-sense gives:

MSE = 〈||X(f)−H(f)X∆(f)||2〉 (1)

with X(f) the Fourier transform of a vibration signal x(t), X∆(f) the Fourier transform of the delayed
signal x∆, the brackets 〈..〉 are used to represent taking the average, and H(f) is the frequency domain filter.
The filter that minimizes the MSE is equivalent to the ratio of the averaged cross-power spectra of the signal
and its delayed version and the averaged autopower spectra and given in Eq. 2:

ĤDRS =

〈
Xi(f)Xi

∆(f)∗
〉

〈
|Xi

∆(f)|2
〉 (2)

Depending on the chosen method parameters such as window length and FFT size, the variance of this filter
can become quite high. This paper proposes to estimate the DRS filter using multiple delays, typically
using smaller windows instead of using a single delay with a long window. This way the transfer functions
corresponding to the different delays can be averaged. The main benefit is the reduction in variance of the
filter and in the width of the main lobe of the frequency domain filter. However, it also gives the end-user of
the method more leeway with the choice of the parameters, since a range of delays can be used making the
results less dependent on an optimal choice of a single parameter.

Extending Eq. 2 for the multi-delay case with I delays, gives:

Hmulti(f) =
1

∑I
i=1 ci

I∑

i=1

ciH∆i(f) (3)

with ci the weight for filter H∆i(f). These weights can help in reducing the bias/roll-off of the filter, but
they are assumed to be uniform, thus all ones and are not further investigated in this paper. The main cause
for the reduction in variance (as compared to the single delay filter case) is the phase. The phases will only
lead to constructive averaging of the transfer function at harmonic frequencies.

3 Simulation analysis

In order to demonstrate the variance improvement of the multi-delay DRS filter (DRS-MD), a simulation of
is done of a basic signal to illustrate this effect. A signal consisting of three sine waves is polluted with white
additive Gaussian noise at an SNR of +2dB. The parameters used for the simulation are:
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• Sample rate of 1 Hz

• Signal length of 1e5 samples

• Sine frequencies at 0.05 Hz, 0.055 Hz and 0.06 Hz with respectively relative amplitudes of 10, 5 and
1.

• Filter window length is 2048 samples

• Delay for the standard DRS is 50 samples

• A hundred delays for the multi-delay (DRS-MD) filter are randomly chosen between 50 and 1000
samples.

Figure 1 displays a zoom of the amplitude spectrum around the discrete content of the simulated signal.
After filtering the signal with DRS and DRS-MD, the filtered stochastic content is also shown in Fig. 1. It
can be noticed that both techniques manage to reduce the deterministic content, i.e. the harmonic peaks,
considerably. To get a clearer image of the filters themselves, the gain of each filter is visualized in Fig. 2.
From this figure it is evident that the filter gain of the DRS-MD approximates the ideal filter gain much more
than the single-delay DRS. Ideally, the filter gain is one at the exact frequency bins of the harmonics, while
being zero everywhere else. The DRS-MD has much more narrow peaks at the harmonics as compared to
the DRS filter. This means that the surrounding frequency bins of the harmonics, that only contain noise, are
separated better from the periodic content than is the case for the single-delay DRS.

Figure 1: Amplitude spectra showing the frequency content of the input signal before DRS filtering (black),
and after the DRS (red) and DRS-MD filter (blue).

Figure 2: Frequency-domain gains of the DRS (black) and DRS-MD (red) filter. The blue dashed lines
indicate the exact frequencies of the harmonic content.

This observation is further corroborated by Fig. 3 where the time-domain error between the actual and the
filtered periodic content is displayed. As can be seen from this figure, the error of the DRS-MD filter is
noticeably lower.
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Figure 3: Errors in the time-domain of the obtained periodic content for both filters.

4 Experimental analysis

To assess the performance of the DRS-MD method, an analysis is carried out on experimental data from
the wind turbine gearbox condition monitoring round robin study as provided by the National Renewable
Energy Laboratory.

4.1 Description of experimental setup

The test setup consists of a three-bladed, stall-controlled, upwind turbine and was installed in the NREL
dynamometer test facility. This turbine has a rated power of 750 kW and the generator typically operates
at 1800 rpm or 1200 rpm nominal. The used gearbox consists of one low speed (LS) planetary stage and
two parallel stages. The used nomenclature is the same as the one used by Sheng et al. [16] and is shown
in Fig. 4. Two loss-of-oil events damaged the internal bearings and gears while it was in the field. It was
afterward again installed in the dynamometer facility and retested in a controlled environment. A list of
the bearing locations, manufacturers, part numbers and types can also be found in [16]. If the bearing is
positioned upwind, this is denoted with an ‘A’ and if it is downwind, with a ‘B’ or a ‘C’. The accelerometers
were mounted on the outside of the gearbox. The vibration data was sampled at 40 kHz per sensor channel.
The reader is referred to Sheng et al. [16] for a more in-depth description of the experimental setup.

Figure 4: View of internal components of the test gearbox and the nomenclature and locations of the bearings
and gears.

This paper examines the effect of DRS filtering on the vibration data measured with the AN7 sensor, which
was located close to the high-speed shaft. The high-speed shaft downwind bearings (HSS-B& C) were one
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of the damaged components due to overheating during the loss-of-oil events. As such, damage on the cage
and the inner race of the bearings could be detected through vibration analysis. These two damages mani-
fested themselves through the presence of their corresponding characteristic fault frequencies, respectively
the fundamental train frequency (FTF) at 12.75 Hz and the ball pass frequency of the inner race (BPFI) at
345 Hz. While the BPFI can be fairly easily detected in both the raw and DRS filtered data, the FTF forms a
more interesting case and is investigated further in this paper.

4.2 Harmonic removal

To showcase the impact of the DRS filtering, the amplitude spectra of the raw measured signal and the DRS
filtered signals is shown in Fig. 5. These spectra are calculated on the angular resampled data and are actually
order spectra, with the reference order of 1 being the rotation speed of the high-speed shaft. From this full-
bandwidth spectrum, it can be seen that both DRS methods are quite effective at removing the majority of
visible discrete peaks and do not affect the rest of the spectrum much.

Figure 5: Amplitude spectra of the input signal (black) and the spectra of the filtered out stochastic content
after DRS (red) and DRS-MD (blue).

Two more zooms of the amplitude spectra are provided in Figs. 6 & 7. The former illustrates the reduction
of the low-frequency discrete content while the latter shows the amplitude decrease of gear mesh related
frequencies around order 44.

Figure 6: Zoom of amplitude spectra at low
frequencies.

Figure 7: Zoom of amplitude spectra at
high frequencies, i.e. around the gear
meshing frequency at order 44.

Just like in the simulation analysis, the reduction in variance for the DRS-MD filter as compared to the single
delay DRS can be shown on the experimental data. Figures 8 & 9 show the filter gains for both techniques
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in the frequency regions that correspond with the amplitude spectra shown in Figs. 6 & 7. Again it can be
observed that DRS-MD filter produces much more narrow filter peaks, thus improving the separation of the
random and periodic by minimizing the residual noise in the filtered out periodic content and the alteration
of the random content.

Figure 8: Zoom of the filter gains of DRS
and DRS-MD for the corresponding zoom
in Fig. 6.

Figure 9: Zoom of the filter gains of DRS
and DRS-MD for the corresponding zoom
in Fig. 7.

4.3 Damage identification

While the DRS-MD filter clearly performs better in separating the discrete from the random content, the
difference in the detection potential of the cage fault and its corresponding FTF peak was found to be minor
in this case. Both techniques adequately filtered out the majority of periodic content and both enabled the
detection of the optimal demodulation frequency band through the kurtogram. Since the differences in the
figures are only minor, the results are therefore only shown for the DRS-MD filter. Figure 10 displays the
kurtograms of the raw and DRS-MD filtered data. Both kurtograms exhibit an increases kurtosis level above
16 kHz, which corresponds to the frequency region that is strongly modulated by the BPFI of 345 Hz. Band-
pass filtering in this frequency region will reveal the BPFI for both the raw and DRS-MD data. However,
the lower frequency bands do indicate more distinct differences in kurtosis values. The frequency regions
around 4 kHz and 6.5 kHz both expose notable increases in kurtosis for the DRS-MD filtered data. It turns
out that both frequency regions allow for effective detection of the FTF of the high-speed shaft bearings.
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Figure 10: Comparison of the kurtograms before (left) and after DRS-MD filtering (right). Whiter indicates
a higher kurtosis.

Figure 11 presents the normalized squared envelope spectra of the raw and DRS-MD data after band-pass
filtering centered around 3.5 kHz with a bandwidth of 1 kHz. While the envelope spectrum of the raw data
is still clearly polluted with non-fault related harmonics, the FTF harmonics are much more evident in the
envelope spectrum of the DRS-MD filtered data. This is further corroborated in Fig. 12 which displays a
zoom of Fig. 11 for the first three harmonics of the FTF. The first two FTF harmonics are technically present
in the raw data, but in a real-world scenario would probably not trigger any alarms due to their relative small
amplitude when compared to other harmonics in the envelope spectrum. This is also assuming that the right
filterband would be determined from a kurtogram that does not show any increased kurtosis levels for that
frequency band in the raw data. By contrast, the envelope spectrum of the DRS-MD filtered data exhibits
only noise and the first three harmonics of the FTF, making detection much more straightforward.

Figure 11: Comparison of the normalized envelope spectra on the raw data (left) and the DRS-MD filtered
data (right) after band-pass filtering around 3.5 kHz with a bandwidth of 1 kHz, which is based on the
kurtogram.
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Figure 12: Zoom of the normalized envelope spectra around the first three harmonics of the FTF for the raw
(left) and DRS-MD filtered data (right).

5 Conclusions

This paper proposed a novel improvement to the discrete/random separation (DRS) filter. Instead of em-
ploying only a single delay, this paper investigates the use of a multi-delay formulation of the DRS filter
(DRS-MD). These extra delays help in decreasing the variance of the filter considerably and enables a more
accurate separation of periodic and random signal content. This property is demonstrated on a simulated vi-
bration signal where the difference in estimation errors between the two techniques can be clearly visualized.
The performance difference is also highlighted on experimental wind turbine data. Also on this experimental
data the obtained filter through the DRS-MD method exhibits a decreased variance and correspondingly a
more selective separation of the deterministic-random signal content. The difference in performance between
the two techniques turned out not to be critical for the fault detection since both techniques were capable of
highlighting the fault presence sufficiently. However, the proposed improvement also takes away some of
the criticality in choosing method parameters from potential users of the DRS-MD method. Since a range
of delays can be provided and the filters are averaged, this makes the results less dependent on an optimal
choice of a single parameter, making it more robust in a practical application.
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Abstract 
The semi-active control of the instant centre of rotation of a 2D rigid body is investigated in the present 

paper by the use of controllable dampers. The use of this technique allows, in general, the chance of 

controlling important kinematic characteristic of the trajectory of a rigid body, by controlling the equivalent 

viscosity of a set of dampers. In other words, the magneto-rheological dampers can emulate variable 

geometry kinematic linkages through a simple instant tuning of their viscosity. The mathematical 

formulation passes through the application of a variational control principle. The model can be linearized 

and the LQR (Linear Quadratic Regulator) method can be directly applied. The optimal control solution is 

offered in terms of optimal instant damping coefficients required to carry the instant center of rotation of 

the body on a prescribed curve. The general theory is applied to automotive suspension linkages where is of 

interest the control of the instant roll centre axis. 

1 Introduction 

Mechatronics in modern engineering is a powerful technology that permits performances that purely 

mechanical devices cannot reach. The field of automotive engineering is one of the branches that can employ 

this technology at any level. What is interesting is mechatronics can provide help to make revolutions in 

traditionally mechanical devices with ancient origin and for which the use of electronics, optics, electro-

mechanical and control engineering produces an extraordinary injection of novelty [1,2]. It is clear, for 

example, how the mechatronic technology is progressively permeating the tire technology, attacking one of 

the fundamental and oldest mechanical component, the wheel [3-5]. It is also clear that all the technologies 

related to the autonomous vehicles are leading another revolution, in the attempt of a progressive substitution 

of the driver [6,7]. 

The fundamental idea here proposed is the possibility to vary the inertial characteristics of a 2D rigid body 

acting on some viscosity coefficients. The system of interest in that the use of dissipation properties to 

control the inertia properties of body is new. Inertia tensor is a difficult characteristic of a rigid body to be 

controlled, while the magneto-rheological damper are easy technological objects that can be semi-actively 

tunable in real time. It is clear that the control of the inertia properties of large bodies, such as cars, is very 

important to confer capability of handling and remains with the control of kinematic characteristics of the 

car related, for example, to the position of the instant roll centre and roll axis [8]. 

Active and semi-active control of vehicle suspension show an increasing technical and scientific interest in 

these last years [9-14], and this contribution is set in this area.  

This paper proposes a general method to derive the equations of motion of a system that is controlled in its 

dissipation properties in order to mimic modifications in its inertial characteristics. The Lagrange equation 

and the method of Lagrange multipliers is effectively used. 

Once the equations of motion are determined, then the problem of damping control is posed. The problem 

is attacked in the context of Optimal Control Theory [15,16]. The original formulation of the problem is 

755



rather complex since it is nonlinear and the control variables appear as integrals in time. Through a suitable 

linearization of the problem the LQR control method is applied and the results seem to be very encouraging.  

Finally, the method is applied to the architecture of the suspension system of a car in which the roll centre 

position can be controlled by a set of four controllable dampers.    

2 Control of inertial properties of the body by tunable dampers 

The first problem to approach is the derivation of the equations of motion of the system in the presence of 

variable dampers controlling sliding linkages. The control of this system is successively operated by an 

Optimal Control Theory (OCT) technique.    

OCT is based on the variational approach and represents one of the most powerful control technique 

nowadays available for mechanical-electrical systems.  

The general idea here presented consists of the possibility of varying the inertial characteristics of a body 

through the semi-active control of its inertia tensor based on the real-time variation of the damping 

coefficients that characterize the constraints of the system. 

Let’s consider a general 3D rigid body B, as represented in the following figure (it can be modelled as rigid 

or elastic, but it doesn’t change the conceptual scheme here proposed). 

 

Figure 1 General 3D rigid body constrained with telescopic links 

The body is subject to kinematic constraints consisting of a set of telescopic links in which the sliding motion 

can be semi-actively controlled by a magneto-rheological damper, whose characteristic coefficient cj (j = 1, 

…, N) is variable and tunable by a voltage control. Thanks to this form of controllable constraining 

mechanism, it appears the chance of an indirect inertial properties control of the body by opportunely setting 

the values of the damping coefficients. 

In order to catch the working principle of such a system, let us consider the example represented in Figure 

2, consisting of a planar mechanism in which a body is constrained through two telescopic links and one 

pendulum link. 

A simple kinematic analysis shows that the system has 2 d.o.f. for a general regulation of the parameters c1 

and c2. If u1 and u2 represent the axial displacements along the axial directions n1 and n2 of the telescopic 

links, the corresponding axial forces can be modelled simply as 𝑐1𝑢1̇ and 𝑐2𝑢2̇, assuming viscous velocity 

proportional actions (more complicated constitutive relationships can be adopted without significant 

modifications of the proposed approach). 
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Figure 2 Planar mechanism constrained with telescopic links 

However, one could set, for example, c1 very large (leaving c2 soft enough) so that the corresponding sliding 

guide becomes locked and axially rigid. The analogous situation is verified for c2 large and c1 small. In both 

cases (①: c1 → +∞, c2 < +∞ or ②: c1 < +∞, c2 → +∞) the 2-dof system collapses into a single-dof 

mechanism. This leads to the change of the overall kinematics of the body and remarkably the change of the 

position of its instant centre of rotation IC, as it can be observed in the figure below. 

 

Figure 3 Migration of the instant centre of rotation due to different damping coefficients settings 

From this simple example, it can be understood how the settings of both c1 and c2 can affect the inertial 

characteristics of the body causing the migration of its IC position and consequently making its inertia 

moment depending on the two damping coefficients. This effect is the novelty investigated in this paper: 

how viscosity can affect the body inertia and how this effect is useful for the rigid body motion control. 

The general method relies on the use of Lagrangian variables, not only those naturally associated to the rigid 

body motion (6 components in 3D and 3 components in 2D), but it is convenient to include the axial sliding 

motions uj (j = 1, …, N) of the telescopic linkages. Therefore, in the 3D case, for example, the Lagrangian 

variables are xG, yG, zG, φ, θ, ψ, u1, …, uN. Since the number of introduced variables is higher than strictly 

necessary, it means that among them constraint equations must hold. These are simply in the form: 

 𝒗𝑷𝒋 • 𝒏𝒋 − 𝑢�̇� = 0     (j = 1, …, N) (1) 

For example, in the case previously presented, the constraint equations were: 

 {

𝒗𝑷𝟏 • 𝒏𝟏 − 𝑢1̇ = 0

𝒗𝑷𝟐 • 𝒏𝟐 − 𝑢2̇ = 0

𝒗𝑨 • 𝒏𝑨 = 0
    (2)                                                             
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In the present case, being the mechanism two-dimensional, the Lagrangian variables were xG, yG, φ, u1, u2. 

These 5 variables are constrained by the 3 equations above. 

In the general 3D rigid body case, the set of constraint equations between the Lagrangian variables xG, yG, 

zG, φ, θ, ψ, u1, …, uN can be written in a more general form as: 

 𝑎𝑗(𝑞𝑖, 𝑞�̇�) − 𝑢�̇� = 0     (j = 1, …, N) (3) 

where qi represents the generic Lagrangian variable of the vector: 

 𝒒 =

[
 
 
 
 
 
 
 
 
𝑥𝐺
𝑦𝐺
𝑧𝐺
𝜑
𝜃
𝜓
𝑢1
┆
𝑢𝑁]
 
 
 
 
 
 
 
 

 (4) 

which, in general, has size 6+N.  

Considering the presence of possible external forces acting on the body but neglecting the potential forces 

(which can be easily introduced but they have not any special role in the validity of the approach), an elegant 

method to approach the system dynamics is the application of the Hamilton variational principle together 

with the Lagrange multipliers. 

The application of such a principle leads to the definition of the two following quantities: 

 𝐻 = ∫ {𝑇(𝑞𝑖, 𝑞�̇�) + ∑ 𝜆𝑗[𝑎𝑗(𝑞𝑖, 𝑞�̇�
𝑁
𝑗=1 ) − 𝑢�̇�]}

𝑇

0
 𝑑𝑡 

where H is the Hamiltonian functional and depends on the kinetic energy T of the system and takes 

into account also the constraint relationships through the introduction of the Lagrangian multipliers 

λj; 

 𝛿𝑊𝑛 = ∑ 𝑄𝑖𝛿𝑞𝑖 − ∑ 𝑐𝑗𝑢�̇�𝑗=1𝑖=1 𝛿𝑢𝑗 

where δWn represents the virtual work done by the non-conservative external forces and it is the 

sum of the virtual work done by the Lagrangian components of the external forces Qi on the 

corresponding virtual displacements δqi and the virtual work done by the viscous forces on the 

virtual displacements δuj. 

The Hamilton principle states: 

 𝛿𝐻 + ∫ 𝛿𝑊𝑛 𝑑𝑡 = 0
𝑇

0
 (5)

  

 𝛿 ∫ {𝑇(𝑞𝑖 , 𝑞�̇�) + ∑ 𝜆𝑗[𝑎𝑗(𝑞𝑖, 𝑞�̇�
𝑁
𝑗=1 ) − 𝑢�̇�]}𝑑𝑡 + ∫ 𝛿𝑊𝑛 𝑑𝑡 = 0

𝑇

0

𝑇

0
 (6) 

∫ {∑ (
𝜕𝑇(𝑞𝑖,𝑞�̇�)

𝜕𝑞𝑖
𝛿𝑞𝑖 +

𝜕𝑇(𝑞𝑖,𝑞�̇�)

𝜕𝑞�̇�
𝛿𝑞�̇�) + ∑ 𝛿𝜆𝑗[𝑎𝑗(𝑞𝑖, 𝑞�̇�𝑗=1𝑖=1 ) − 𝑢�̇�] + ∑ 𝜆𝑗 [∑ (

𝜕𝑎𝑗(𝑞𝑖,𝑞�̇�)

𝜕𝑞𝑖
𝛿𝑞𝑖 +𝑖=1𝑗=1

𝑇

0

𝜕𝑎𝑗(𝑞𝑖,𝑞�̇�)

𝜕𝑞�̇�
𝛿𝑞�̇�)] − ∑ 𝜆𝑗𝛿𝑢�̇�𝑗=1 + ∑ 𝑄𝑖𝛿𝑞𝑖𝑖=1 − ∑ 𝑐𝑗𝑢�̇�𝛿𝑢𝑗𝑗=1  }  𝑑𝑡 = 0 (7) 

Taking advantage of the integration by parts, neglecting the boundary conditions, grouping the terms 

associated respectively to the 3 independent perturbations δqi, δuj, δλj, the following three sets of equations 

hold: 

I. 
𝜕𝑇(𝑞𝑖,𝑞�̇�)

𝜕𝑞𝑖
−

𝑑

𝑑𝑡

𝜕𝑇(𝑞𝑖,𝑞�̇�)

𝜕𝑞�̇�
+ ∑ 𝜆𝑗

𝜕𝑎𝑗(𝑞𝑖,𝑞�̇�)

𝜕𝑞𝑖
𝑗=1 − ∑ 𝜆�̇�

𝜕𝑎𝑗(𝑞𝑖,𝑞�̇�)

𝜕𝑞�̇�
𝑗=1 −∑ 𝜆𝑗 [∑ (

𝜕2𝑎𝑗(𝑞𝑖,𝑞�̇�)

𝜕𝑞�̇�𝜕𝑞𝑟
𝑞�̇� +𝑟=1𝑗=1

𝜕2𝑎𝑗(𝑞𝑖,𝑞�̇�)

𝜕𝑞�̇�𝜕𝑞�̇�
𝑞�̈�)] + 𝑄𝑖 = 0 

II. 𝜆�̇� − 𝑐𝑗𝑢�̇� = 0 

III. 𝑎𝑗(𝑞𝑖, 𝑞�̇�) − 𝑢�̇� = 0 
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By considering both II and III, a simple relationship between λj and cj emerges: 

 𝜆�̇� = 𝑐𝑗𝑢�̇� = 𝑐𝑗𝑎𝑗 (8) 

Therefore, each Lagrangian multiplier is an integral function of the corresponding damping coefficient cj: 

 𝜆𝑗(𝑡) = ∫ 𝑐𝑗𝑎𝑗𝑑𝑡 (9) 

Of course, the cj’s coefficients are functions of the time, as well as the aj’s depend on time, being functions 

of the Lagrangian variables. 

Since it has been noticed the λj’s depend directly on the cj’s, the question is how these terms affect the 

inertial properties of the body, i.e. how the controllable terms cj’s appear into the inertia terms. Considering 

the set of equations I, the inertia terms are those associated to the 𝑞�̈�, i.e. they are naturally related to the 

terms: 

 −
𝑑

𝑑𝑡

𝜕𝑇(𝑞𝑖,𝑞�̇�)

𝜕𝑞�̇�
− ∑ 𝜆𝑗

𝜕2𝑎𝑗(𝑞𝑖,𝑞�̇�)

𝜕𝑞�̇�𝜕𝑞�̇�
𝑞�̈�𝑗𝑟  (10) 

Developing the time derivative in the first term it becomes: 

 −∑ (
𝜕2𝑇(𝑞𝑖,𝑞�̇�)

𝜕𝑞�̇�𝜕𝑞�̇�
𝑞�̈� +

𝜕2𝑇(𝑞𝑖,𝑞�̇�)

𝜕𝑞�̇�𝜕𝑞𝑟
𝑞�̇�𝑟 ) − ∑ 𝜆𝑗𝑗𝑟

𝜕2𝑎𝑗(𝑞𝑖,𝑞�̇�)

𝜕𝑞�̇�𝜕𝑞�̇�
𝑞�̈� (11) 

where, within the last expression, the term associated to the 𝑞�̇�′𝑠 has not to be considered (and grouped into 

a different term in the following equation). Finally, reconsidering equations I, and re-arranging the terms, 

one obtains: 

 ∑ [
𝜕2𝑇(𝑞𝑖,𝑞�̇�)

𝜕𝑞�̇�𝜕𝑞�̇�
+ ∑ 𝜆𝑗

𝜕2𝑎𝑗(𝑞𝑖,𝑞�̇�)

𝜕𝑞�̇�𝜕𝑞�̇�
𝑗 ] 𝑞�̈� = 𝑓𝑖(𝒒, �̇�, 𝒄𝑟 ) + 𝑛𝑖 (12) 

where fi groups all those terms depend on the Lagrangian variables and their derivatives, and on the damping 

coefficients vector 𝒄; the second one, 𝑛𝑖, considers the constant terms. The previous equation can be written 

in a more elegant form as: 

 ∑ [𝐽𝑟,𝑖
0 +∑ 𝜆𝑗𝑇𝑗𝑟,𝑖𝑗 ]𝑞�̈� = 𝑓𝑖(𝒒𝑟 , �̇�, 𝒄) + 𝑛𝑖 (13) 

It appears clearly now, how besides the usual inertial term 𝐽𝑟,𝑖
0 , an additional term 𝜆𝑗𝑇𝑗𝑟,𝑖 appears and 

associated to the Lagrangian multipliers, and to the damping coefficients, which affects directly the inertia 

of the system.  

The second question arising is what the technique to be used to control the evolution 𝒒 of the system through 

the control vector 𝒄. The equations of motion are highly nonlinear, and the way the control vector appears 

into these equations is non-standard: it appears as an integral, and it is multiplied by the variable derived at 

its maximum order (the second). Reduction of the previous problem to a linearized form is useful and 

proceeds as explained below in combination with the OCT technique. 

OCT uses a key perfomance index (KPI) or functional J. It is defined through an integral over a prescribed 

observation time T. J depends on the system response 𝒙 = [𝒒, �̇�]
𝑇
, on the adopted control u (collapsing into 

𝒄) and, in general, on the external uncontrolled force y: 

 𝐽 = ∫ {|𝒙 − 𝒙𝑻|
2 + |𝒖 − 𝒖𝒓𝒆𝒇|

2
}

𝑇

0
𝑑𝑡 (14) 

where xT is the state target and the 𝒖𝒓𝒆𝒇 the control required to guarantee xT. The statement of the control 

problem can be formulated as: 

 min (x,u)     𝐽 = ∫ 𝐿(𝒙, 𝒖, 𝒚)
𝑇

0
𝑑𝑡 (15) 

with u ϵ U 

and J is subject to the differential dynamic system equations constraint 

�̇� − 𝒇(𝒙, 𝒖, 𝒚) = 𝟎 

𝒙(0) = 𝒙𝟎 
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where L is called the Lagrangian function or penalty function and U is the admissible set of values for the 

control solution u, that leads to: 

 min (x,u,λ)     𝐽∗ = ∫ {𝐿(𝒙, 𝒖, 𝒚) +
𝑇

0
𝝀𝑇[�̇� − 𝒇(𝒙, 𝒖, 𝒚)]} 𝑑𝑡 (16) 

with u ϵ U 

𝒙(0) = 𝒙𝟎 

which now must be minimized with respect to the three functions x, u, λ. The minimization of the modified 

functional, after some mathematics, turns into the subsequent system of equations: 

 

{
 

 
𝜕𝐿

𝜕𝒙
− 𝝀𝑇

𝜕𝒇

𝜕𝒙
− �̇� = 𝟎

𝜕𝐿

𝜕𝒖
− 𝝀𝑇

𝜕𝒇

𝜕𝒖
= 𝟎

�̇� − 𝒇 = 𝟎

 (17) 

with boundary conditions 

{
𝒙(0) = 𝒙𝟎
𝝀(𝑇) = 𝟎

 

where the first and third equations are differential while the second is algebraic. This is the main results of 

the OCT. Two main difficulties are brought by this method: first, the boundary conditions are at the opposite 

ends of the time interval T; second, the control solution is in form of control program law u(t), instead of 

the preferred feedback solution u(x). However, for linear system, or linearized ones, it is possible to simplify 

the approach by considering the forms: 

 𝒇 = 𝑨𝒙 + 𝑩𝒖+ 𝒚 (18) 

 𝐿(𝒙, 𝒖, 𝝀) =
1

2
𝒙𝑇𝑸𝒙 +

1

2
𝒖𝑇𝑹𝒖 (19) 

the base of the so called LQR (Linear Quadratic Regulator). Therefore, the optimization problem now takes 

the subsequent form: 

 {
𝑸𝒙 − �̇� − 𝑨𝑇𝝀 = 𝟎

𝑹𝒖 −𝑩𝑇𝝀 = 𝟎
�̇� − 𝑨𝒙 − 𝑩𝒖− 𝒚 = 𝟎

 (20) 

with boundary conditions 

{
𝒙(0) = 𝒙𝟎
𝝀(𝑇) = 𝟎

 

where Q and R are weighting matrices and the solution of the problem is: 

 𝝀(𝒙, 𝑡) = 𝑲(𝑡)𝒙 + 𝒑(𝑡) (21) 

 𝒖(𝒙, 𝑡) = 𝑹−1𝑩𝑇[𝑲(𝑡)𝒙 + 𝒑(𝑡)]   (22) 

where K and p are determined by the equations: 

 {
�̇� + 𝑨𝑇𝑲+𝑲𝑨−𝑲𝑩𝑹−1𝑩𝑇𝑲+𝑸 = 𝟎

�̇� + 𝑨𝑇𝒑 − 𝑲𝑩𝑹−1 +𝑲𝒚 = 𝟎
 (23) 

with boundary conditions 

 {
𝑲(𝑇) = 𝟎

𝒑(𝑇) = 𝟎
 (24) 

the Riccati’s equation and the complementary equation, respectively. 
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3 LQR control of the instant centre by four/eight sliding couplers 

The reduction to the LQR control applies to the control of the instant center (IC) position of a 2D rigid body. 

The system consists of a rectangular rigid body constrained at the frame through four or eight sliding 

linkages equipped each with one controllable damper. 

Two cases are considered. The first shows 4 actuators, the second 8, and the LQR method finds the optimal 

damping coefficients solution to guarantee a kinematic guidance of the body. In particular, we desire the 

centre of gravity of the body remains over a circumference of given radius and centre. This implies we are 

imposing the instant centre of the body. The second requirement could be the body’s orientation remains 

unaltered, i.e. it does not undergo any rotation.  

 

Figure 4 Mechanical system with 4 actuators 

 

Figure 5 Mechanical system with 8 actuators 

The kinematic system of reference provides the target behavior which must be provided to the LQR 

controller. Therefore, in the case in which the body rotation is zero, the target state vector (originally with 

6 component of its state vector) assumes the simplified form: 

 𝒙𝑇 = [
𝑥𝐺𝑇 𝑣𝑥𝐺𝑇

𝑦𝐺𝑇      𝑣𝑦𝐺𝑇
0 0]

𝑇
 (25) 

where the rotation and the associated angular velocity are set both to zero. In the other case, in which the 

body rotation is non-zero, the target vector is: 

 𝒙𝑇 = [
𝑥𝐺𝑇 𝑣𝑥𝐺𝑇

𝑦𝐺𝑇      𝑣𝑦𝐺𝑇
𝜑𝑇 𝜔𝑇]𝑇 (26) 

Both for the 4 actuators system and for the 8 actuators system, in order to make the body follow the 

prescribed trajectory, with the laws of motion described in (25)-(26), it is necessary to impose some initial 

conditions and/or apply a force. In this case, an external force is applied with constant intensity in 

correspondence of the center of mass and directed towards a fixed point which has been chosen to coincide 

with the origin.  
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Figure 6 External applied force for the 4 actuators system 

Because of the introduction of an external action on the body, this force must be considered within the 

optimization problem of the functional J. In particular, the expression of the optimal damping coefficients 

solution vector must be fixed as it follows: 

 𝒖 = −𝑲( 𝒙 − 𝒙𝑇) + 𝒑 (27) 

where the vector p is the solution of the introduced complementary Riccati’s equation. 

3.1 Instant centre control with zero body rotation 

In the first analysis, the results obtained for the 4 actuators system and those coming from the 8 actuators 

system are compared in the case in which the body rotation and angular velocity targets are equal to 0. 

In the following figure, the comparison between the optimal damping coefficients time histories for the 4/8 

actuators are represented. 

 

Figure 7 Comparison of the damping coefficients 

of the 4 actuators system and of the 8 actuators 

system with zero body rotation 

 

Figure 8 Damping coefficients of the added four 

actuators of the 8 actuators system with zero body 

rotation  

No such big differences appear in the two behaviours, except for lower values characterizing the 8 actuators 

system damping coefficients. 

Figure 9 shows the comparison between the Lagrangian coordinates and their target values. 
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Figure 9 Comparison between the solutions and the target quantities for the 4 actuators and 8 actuators 

systems with zero body rotation 

It appears clear how both the 4 actuators system and the 8 actuators system guarantee good results in guiding 

the motion of the body. 

3.2 Instant centre control with non-zero body rotation 

The presence of additional targets on the body rotation and its angular velocity introduces some difficulties 

for the controller. 

 

Figure 10 Trajectory control of the body for the 4 actuators system with non-zero body rotation 
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By observing Figure 10, G is not able to follow exactly the target trajectory. 

One can expect that by adding actuators to the system the solution quality must improve. In fact, by 

considering the comparison between the 4-actuators system and the 8-actuators one, it emerges how the last 

guarantees better solutions and performance. 

By observing the comparison of the damping coefficients in Figure 11, one can notice how the 8-actuators 

system shows smoother solutions without chattering that seems characterize the case of the 4-actuator 

system. 

 

Figure 11 Comparison of the damping coefficients 

of the 4 actuators system and of the 8 actuators 

system for the same four actuators with non-zero 

body rotation 

 

 

Figure 12 Damping coefficients of the added four 

actuators of the 8 actuators system with non-zero 

body rotation 

 

 

 

Figure 13 Comparison between the solutions and the target quantities for the 4 actuators and 8 actuators 

systems with non-zero body rotation 
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Figure 14 Comparison between the trajectories of G for the 4 actuators system and for the 8 actuators system 

with the target trajectory with non-zero body rotation 

 

Figure 15 Relative errors with respect to target displacements and velocities for the 4 actuators and the 8 

actuator systems with non-zero body rotation 

Observing Figures 13, 14 and 15 the target quantities are better matched by the 8-actuators system that 

provides higher quality results by guaranteeing lower instabilities with respect to the 4-actuators system. 

4 Automotive suspension system for instant roll centre control 

The suspension system illustrated in Figure 16 is a classical suspension for automotive application, double-

arms-type. The positions of the pivots of the linkages and their characteristic inclinations determine the 

position of the roll centre RC, in this case lying under the road plane. The instant centre position determines 

many important characteristics of the roll response of the car, together with some effects related to the 
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interaction between yaw and roll motion (partly depending on the inclination of the roll axis with respect to 

the road plane).   

 

Figure 16 Classical double arms suspension system with identification of the roll centre 

An actively controlled suspension could be able to drive the position of the roll centre, depending on the 

operative conditions the car is approaching. This effect could be conceptually determined by varying 

actively the positions of the pivots of the suspension system, but it is technically difficult, expensive and not 

robust. The alternative solution here proposed (see Figure 17) is that of equipping the system by a suspension 

mechanism of the type previously discussed. In other words, we introduce, for each wheel, a double upper 

arm that is pivoting the arm about two distinct points. Each of the upper arm is equipped with a controllable 

damper that represents a sliding coupler. The figure emphasizes the system’ architecture: if c1=0, and c2= 

∞, the roll centre is RC2, if c2=0, and c1= ∞, then the roll centre migrates into RC1. The capability of 

intermediate tuning of the four upper arms makes the system able to move the roll centre in an entire region, 

adapting its position to kinematic constraints that can be defined and tracked by using the technique 

described in the previous sections of this paper.   

 

Figure 17 Schematic of the multi-damper suspension for driving of the roll centre 

5 Conclusions 

In this work is explored the possibility to control the body kinematics through the action of tunable dampers. 

One of the chances consists in equipping the system by a number of sliding couplers, each with a tunable 

damper, the tuning of which is controlled by an OCT algorithm. This kind of system is able to control the 

instant centre of the rigid body by suitably controlling the equivalent damping of the sliders. 

In the present paper, the general equations of motion of such a system are determined, and the control law 

based on a linearized form, through the LQR (Linear Quadratic Regulator), systematically applied.  
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The gravity centre trajectory is satisfactorily tracked by the control systems in several examples illustrated 

in the paper. An application to the automotive suspension system is proposed, in a way its roll centre and 

roll axis position, can be semi-actively controlled by a set of four suitable dampers. 
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Abstract
This paper deals with the structural damping of mutilayered plates. Three definitions of loss factor are
studied. The first one uses an equivalent methodology which assumes that the structure behaves as a Love-
Kirchhoff’s thin plate. The second approach links the spatial decay rate to the spatial decay rate by means
of the group velocity of the wave to account for the dynamic behavior of the structure (shearing effect of the
layers). The third approach relies on an energetic method based on the Modal Strain Energy (MSE) method.
The loss factors according to these definitions are compared by means of an analytical model of multilay-
ered plates for a typical sandwich structure. Experimental measurements are conducted on constrained-layer
damping sandwich plates to validate the definitions. The loss factor is identified using three different proto-
cols based on modal analysis (ESPRIT method), time decay rate estimation and displacement field analysis
(CFAT method) and compared to the predictions of the analytical model.

1 Introduction

The reduction of structural vibration level remains a major industrial challenge. Passive damping materials
such as viscoelastic layers or damping patches are widely used in multilayered panels to reduce these vibra-
tions. Sandwich composite plates associate these soft materials with stiff skins. This combination provides
optimized damping and isolation performances for given frequency bands.

Several experimental techniques exist for damping identification. Commonly known are the half-power
band width method (3 dB method) in modal analysis, the decay rate method and the steady-state power input
method. Most of these methods meet their limits in terms of precision and resolution in the high-frequency
domain. Other approaches are reported in the literature to handle such limitations. For instance, the ESPRIT
method [1] extends the high-frequency limit of modal analysis. Approaches based on displacement field
analysis can also be cited. Among them, wavenumber fitting methods, such as the IWC [2] (Inhomogeneous
Wave Correlation) method or the Hankel fitting approach [3], deals with complex wavenumber identification,
and inverse methods, such as the CFAT [4] (Corrected Force Analysis Technique) and the VFM [5] (Virtual
Field Method), locally solve the equation of motion of the structure. These field analysis methods can identify
the damping of the structure by means of an equivalent methodology, assuming that the multilayer behaves as
a thin homogeneous plate under Love-Kirchhoff’s theory [6, 7, 8, 9]. Concerning the prediction of damping,
the MSE (Modal Strain Energy) method can be used to estimate modal damping levels. This method, largely
employed in literature [10, 11, 12], is valid for lightly damped structures. In another approach, Lyon and
Dejong [13] defines the structural loss factor as function of the spatial attenuation of a plane wave. This
definition relies on the relationship between space and time domain attenuations, which is dependent on the
group velocity of the wave.
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In this paper, the equivalent methodology, the MSE method and the space domain definition of Lyon and
Dejong are used to identify the damping of multilayered panels. Firstly, these three different approaches are
detailed in section 2. Then, the definitions are compared in section 3 by means of an analytical model of
multilayered plate. Finally, section 4 presents an experimental application conducted on constrained layer
sandwich plates. The estimations of the space domain and equivalent definitions are compared to the results
of modal analysis, ESPRIT method and decay rate method.

The presented work has already been published in a journal article by the same authors [14]. One may refer
to this paper for additional content.

2 Definitions of structural loss factor

2.1 Equivalent definition

This first definition of the structural loss factor relies on an equivalent plate methodology. For a given angular
frequency ω, we assumes that the multilayer exhibits the same transverse displacement as an equivalent
thin plate under Love-Kirchhoff’s theory. Based upon this assumption, the flexural wavenumber kf of the
multilayer is solution of the dispersion relation of the equivalent plate:

Dk4f = mSω
2, (1)

withD the flexural rigidity andmS the surface mass of the equivalent plate. From this dispersion relation the
structural loss factor of the equivalent plate ηeq can be defined as function of kf (using the ejωt convention):

ηeq =
Im(D)

Re(D)
= − Im(k4f )

Re(k4f )
. (2)

This equivalent definition is based on the thin plate theory and is thus valid for thin structures only.

2.2 Space domain definition

The second definition of the structural loss factor is linked to the spatial attenuation of a plane wave which
naturally depends on a complex wavenumber k. Using the ejωt convention, the spatial decay rate ∆x of the
wave is defined by:

∆x = 20log
(

eIm(k)
)

= 20Im(k)/ln(10) in dB/m. (3)

This definition is not directly related to the structural loss factor η, that governs the decay rate in the time
domain:

∆t = 20log
(

e−Im(ω)
)

= 20log
(

e−ηRe(ω)/2
)

= −10ηRe(ω)/ln(10) in dB/s. (4)

A link between space and time domain attenuations can however be established by introducing the group
velocity of the wave (that represents the velocity at which the energy is conveyed), defined by Cg =
∂ω/∂k. The group velocity gives a relationship between space and time attenuations: ∆t = ∆xCg, which
brings [13]:

η = −2
Im(k)

Re(ω)
Cg = −2

Im(k)

Re(k)

Cg

Cφ
, (5)

where Cφ = Re(ω)/Re(k) is the phase velocity of the plane wave. This definition of the structural loss
factor is valid for all type of structures and is not based on any kind of equivalent model assumptions.

2.3 Energetic definition

The third and last definition corresponds to an energetic approach based on the Modal Strain Energy (MSE)
method. This methodology assumes that the equations of free vibration of the structure is described using
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the following matrix relation:
MẌ + (Kr + jKi)X = 0, (6)

whereM, Kr, Ki and X correspond to the mass, stiffness, loss stiffness matrices and displacement vector
of the system. The superscript ¨ denotes the second order derivative with respect to time and j =

√
−1. The

equation of motion can be solved using an eigenvalue problem:

(Kr + jKi)φ
∗
p = λ∗

2

p Mφ∗p, (7)

where λ∗p and φ∗p are the pth complex eigenvalue and mode shape, respectively. The complex eigenvalue can
be expressed as function of the loss factor of the pth mode:

λ∗
2

p = λ2p(1 + jηp). (8)

The complex mode shape φ∗p is approximated by the real mode shape φp solving the eigenvalue problem with
Ki = 0. Then, the loss factor ηp is defined by:

ηp =
φH
pKiφp

φH
pKrφp

, (9)

where the superscript H denotes the complex conjugate transpose. Note that, for multilayer systems, Shorter
[12] and Ghinet et al. [10] assume that the damping of each layer is uniform, meaning thatKi =

∑N
n=1 ηnKnr ,

where Knr and ηn correspond to the stiffness matrix and the loss factor of layer n, respectively. This assump-
tion is not used in this paper.

3 Analytical comparison of the definitions

To compare the definitions of the structural loss factor given in the previous sections, we used an analytical
model of multilayered plates which has been developed by Guyader and Lesueur [15] for orthotropic ma-
terial and has been extended to anisotropic material by Loredo and Castel [16]. The model describes the
behaviour of each layer with a Reissner-Mindlin displacement field, considering bending, membrane and
shearing effects. The transverse displacement is supposed to be constant for all layers, neglecting the defor-
mation through the thickness. Continuity conditions between layers lead to equations of motion which are
independent of the number of layers. In this way, the behaviour of the whole multilayer is defined by the
kinematic variables of one reference layer. An energetic aspect governed by Hamilton’s principle is used to
derive the equations of motion and the dispersion curves of the multilayer.

Table 1: Characteristics of each layer of a sandwich plate composed of aluminium skins and a viscoelastic
core.

Aluminium skins Viscoelastic core
Thickness (mm) 2 10
Density (kg.m−3) 2700 74
Young’s modulus (GPa) 70 0.13
Poisson’s ratio (-) 0.3 0.4
Damping (-) 0.001 0.04

A sandwich plate, having the characteristics as given in Table 1, has been simulated using the analytical
model. The identified flexural wavenumber has been used to calculate the loss factors according to Eq. (2)
and Eq. (5). Figure 1 presents these loss factors and the ratio Cg/Cφ on a large frequency band. Whatever
the definition used, the frequency evolution of the estimated loss factors looks similar. Such frequency
dependence of the loss factor has already been observed by several authors like Millithaler et al. [17],
Ege et al. [7, 18], or Butaud et al. [19] on other types of sandwich structures. At the low and high fre-
quency, the dynamic behaviour of the multilayer is essentially governed by the bending of the skins. In
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this case, the amount of damping of the skins determines the damping of the structure. In between those
limits, the behaviour of the multilayer is dominated by the shearing effect of the core. In this case, the loss
factor increases until reaching a maximum at a certain frequency. Differences occur between the definitions
concerning this maximum. The space domain definition depends on the velocity ratio Cg/Cφ which, as
indicated in Figure 1, varies with frequency between values equal to 2 (pure bending motion) and 1 (pure
shearing motion). Note that the ratio reaches its minimum when the loss factor is maximum, meaning that
the space domain definition takes the shearing effect of the core into consideration. As a consequence, the
estimated loss factor is always lower than the damping of the core. On the contrary, the equivalent defini-
tion assumes that the velocity ratio is equal to 2 on the whole frequency band since the shearing effects are
neglected. Thus, the equivalent definition overestimates the structural loss factor as compared to the space
domain definition, since it can reach values up to twice the damping of the core. Finally, the space domain
definition is in good agreement with the MSE method on the whole frequency range for the studied sandwich.
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Figure 1: Velocity ratio Cg/Cφ (left) and loss factor (right) of a sandwich plate (characteristics of the layer
indicated in Table 1) identified with the equivalent, space domain and energetic definitions.

The differences between the definitions depend upon the material parameters of the layers of the sandwich
plate. To illustrate this aspect, the loss factor of the studied sandwich has been calculated using the analytical
model for different value of the thickness of the core. Figure 2 compares the velocity ratio Cg/Cφ and
the loss factors η for both configurations. We can observed from these results that the differences are less
pronounced if the core is sufficiently thin and stiff as compared to the skins, meaning that the shearing effects
can be negligible. On the contrary, when the core is very thick and soft, the minimum of the velocity ratio is
close to 1 and the ratio between the maximum of the equivalent and the space domain loss factors tends to
2. We can also notice that the thickness of the core modifies the frequency where the loss factor is maximal.
This frequency is also greatly influenced by the shear modulus of the core.
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(a) Thickness of the core: 1 mm
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(b) Thickness of the core: 100 mm

Figure 2: Influence of the thickness of the core on the velocity ratio Cg/Cφ (left) and loss factor (right) of a
sandwich plate (characteristics of the layer indicated in Table 1).

4 Experimental estimations of the structural loss factor: validation
of the equivalent and space domain definitions

To validate the equivalent and space domain definitions given in section 2, this section presents measurements
of the structural loss factor for two constrained-layer damping sandwich plates.

4.1 Three-layer plates

The sandwich plates under study consist of three homogeneous layers: two metal face sheets and a polymer
core. Two sets of hybrid composites are studied: symmetrical steel/polymer/steel (called SPS) and non-
symmetrical steel/polymer/aluminium (called SPA) rectangular plates of overall dimensions of 0.3×0.4 m2.
Layer thicknesses and material properties of the individual layers are listed in Table 2. The thicknesses
correspond to average values determined using optical microscope images of the two plates’ cross sections.
The Young’s modulus and loss factor of the polymer layer are estimated thanks to the extrapolations of
DMA (Dynamic Mechanical Analysis) measurements performed on sheets of the polymer layer alone [7].
The density is determined by measuring and weighting large specimens.
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Table 2: Dimensions and material properties of the individual layers for the two constrained-layer damping
sandwich plates chosen for experimental damping characterisation.

SPS plate layer 1 (steel) layer 2 (polymer) layer 3 (steel)
Thickness (mm) 0.18 0.69 0.18
Density (kg.m−3) 7800 580 7800
Young’s modulus (GPa) 210 0.35 210
Poisson’s ratio (-) 0.33 0.33 0.33
Loss factor (-) 0.001 0.047 0.001

SPA plate layer 1 (steel) layer 2 (polymer) layer 3 (aluminium)
Thickness (mm) 0.3 0.69 0.13
Density (kg.m−3) 7800 580 2700
Young’s modulus (GPa) 210 0.35 69
Poisson’s ratio (-) 0.33 0.33 0.33
Loss factor (-) 0.001 0.04 0.001

4.2 Assessment procedures (theories and experimental set-ups)

Figure 3 sums up the experimentally identified loss factors together with analytical predictions for both
plates. Before discussing the results of these wide frequency bands damping characterisations, we briefly
present the experimental protocols and assessment procedures below.

Modal approaches.
a) Modal analysis (4). To begin, a modal analysis of the plate is performed in order to estimate the first
modal frequencies and loss factors. A pseudo-impulse force is applied by means of a small impact hammer
(P.C.B. Piezotronics 086E80) on a rectangular mesh of 9×11 points spanning the whole surface of the plate.
The mesh is regularly spaced, resulting in spacings between two consecutive points of 37.5 mm along the
width x and of 40 mm along the length y. Boundary conditions are kept as close as possible to free-free, by
suspending the plate from one of its corner (with rubber bands passing through a tiny hole). The acceleration
is measured with a lightweight accelerometer (P.C.B. Piezotronics M353B18) fixed on another corner of the
plate. A multi-degree-of-freedom curve fitting method (Rational Fraction Polynomial-Z) is used to estimate
modal frequencies and loss factors. For this ”low frequency” experimental methodology, modal loss factors
have been estimated up to 1 kHz.

b) High resolution modal analysis (ESPRIT methodology) (•). In order to identify the loss factors of the
multilayer plate at higher frequencies, a second approach is used. It consists on a high-resolution modal
analysis technique [20] based on ESPRIT algorithm [21]. This high-resolution method assumes that the
signal s(t) is a sum of complex exponentials x(t) (the modal signal to be determined) and white noise β(t).
For exponentially damped sinusoids (the signal model considered here), the rotational invariance property
of the signal subspace (or modal subspace) is used to estimate the modal parameters (see Roy et al. [21] for
mathematical developments). Modal frequencies and modal damping factors are derived from the complex
poles (eigenvalues of the spectral matrix [20]). The experimental protocol is similar to the previous item.
The time signal s(t) analysed with ESPRIT algorithm corresponds to an excitation made in the vicinity of
the accelerometer near one of the corner of the plate. Modal loss factors have been estimated up to 3 kHz.

Energetic approach.
Time decay rate estimation (�). Impulse responses used for ESPRIT are also processed following a time
decay rate estimation method. Signals are firstly filtered through third octave band filters, then the decay rate
of the squared envelope is estimated in dB/s using a linear regression. The loss factor for each frequency
band is then assessed using the following relation (see [8]):

η =
DR

27.3fc
, (10)
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where DR is the estimated decay rate and fc the central frequency of the third octave band. Using this third
experimental methodology, loss factors have been estimated up to 8 kHz.

Space domain approach.

Displacement field analysis (×) and (×). In these measurements, the SPS and SPA plates are freely sus-
pended to a frame, and excited with a shaker fixed at one edge of the plates and driven by a white noise. The
transverse displacement fields of the plates are measured by means of a Laser Doppler Vibrometer (PSV 400,
Polytec) over an area of 11× 11.6 cm2 far from the excitation point. The scanning mesh is defined by a spa-
tial step of 2.9 mm. In order to identify the complex material parameters of the structure, the inverse method
CFAT [4] is applied on the measured displacement fields using the filtering procedure of the FAT [22] (Force
Analysis Technique) method to attenuate noise sensibility on the results. The CFAT approach describes the
measured structure with a Love-Kirchhoff’s thin plate and locally estimates its equation of motion with a
finite difference scheme. The complex rigidity and thus the complex flexural wavenumber of the plates are
identified with this method up to 20 kHz. The structural loss factor are calculated from the identified complex
wavenumber using the equivalent (Eq. (2)) and space domain (Eq. (5)) definitions.

For more details on the assessment procedures presented in this section the reader may refer to Ege et al. [7].
Note that for impulse hammer measurements of the SPA plate, no experimental mesh has been investigated
for reason of time-efficiency; the measurement has been done just at one corner of the plate with a relative
low sampling frequency, giving results up to 3 kHz with the ESPRIT method only.

4.3 Experimental and analytical comparisons. Discussion

Figure 3 compares the loss factors ηeq (Eq.(2)) and η (Eq.(5)) experimentally identified by the CFAT method
and analytically predicted by the model with the results of the modal methods (modal analysis and ESPRIT)
and energetic approach (reverberation time). Concerning the loss factor identified by the CFAT method using
Eq. (5), the ratio Cg/Cφ is calculated from the wavenumber given by the analytical model. Another strategy
giving similar results would be to use a fitting polynomial curve on the experimental wavenumber results.

We can notice that the predictions of the model are in good agreement with the estimations of the CFAT
method for both plates. The loss factors calculated from the model ( ) or the CFAT method (×) using
the space domain definition consistently follow the estimations of the modal (4 and •) and energetic meth-
ods (�) over a large frequency range. These results demonstrate the validity of the space domain definition
and prove that the equivalent definition overestimates the loss factor when the behaviour of the structure is
highly modified in the frequency band considered (for instance: shearing effects on the flexural motion).
Note that the discrepancies of the modal method in low frequency (for the first modes) could be caused by
the losses introduced by the hanging system or accelerometer cable, leading to an overestimation of the loss
factor.

Finally, these interesting experimental results, rarely addressed in literature, give a new perspective on damp-
ing identification for complex structures. A direct measurement of the complex wavenumber may be suf-
ficient to obtain, using the space domain definition of the loss factor, similar results as energetic or modal
methods. This wavenumber can be entirely estimated with spatial experimental methodologies like the CFAT
method but also fitting approaches based on Green’s functions for example.

5 Conclusion

Three definitions of structural loss factor of multilayer system are compared in this paper using equivalent,
space domain and energetic approaches. The equivalent definition, based on Love-Kirchhoff’s theory, is
valid for thin structures at low frequencies and overestimates the loss factor at high frequencies when the
behaviour of the multilayer is dominated by the shearing of the core. The space domain definition describes
this effect by considering the ratio of the group and phase velocities. This ratio can be extracted from the
(measured or analytically computed) natural wavenumber. The space domain gives consistent results with
the MSE method even for thick multilayer systems. Experiments that were conducted on two sandwich plates
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(a) SPS plate
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(b) SPA plate
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Figure 3: Structural loss factor of the SPS (a) and SPA (b) sandwich plates (characteristics in Table 2). See
the legend of the figures for the line types in the graphs and section 4.2 for the experimental procedures.

confirm these statements. The structural loss factors of the plates have been identified from the estimations
of the CFAT method and an analytical model using the space domain and equivalent definitions. The results
show that the space domain definition is in good agreement with modal and energetic methods. Finally, the
space domain definition provides accurate results considering the whole dynamic behaviour of the structure.
An interesting application could be to use this definition and damping identification methodologies on other
complex structures like ribbed panels [6], periodic structures/meta-materials [23] or porous materials.
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Abstract
The discussed study is focused on implementation of a novel kinematics-based control technique. Presented
results are based on theoretical and numerical analyses as well as on experimental investigations, which
are focused on elaboration of the efficient self-adaptive energy absorption system. The developed control
method has been originally dedicated to the impact mitigation problem, but it can be adjusted to other types
of dynamic excitations. Superior performance of the method results from the fact that proposed system
adapts automatically to unidentified dynamic excitations and compensates possible unexpected disturbances
during the impact absorption process. The analyzed self-adaptive impact absorption system is based on
the pneumatic shock-absorber with piezoelectric valve and real-time control system. This contribution is
focused on chosen factors which can lead to undesired imperfections in practical implementation of the
control method.

1 Introduction

One of the basic problems encountered in the industry and transport concerns the process of bringing objects
in motion to complete stop without damaging these objects. Depending on velocity and mass of the deceler-
ated object a number of different techniques can be applied. They may include for instance methods, which
are based on a use of oleo-pneumatic or pneumatic cylinders. The application areas of such absorbers consist
of guard rails and road barriers [1] [2], bumpers [3] [4], fenders [5], vehicle suspensions [6] and many others.

Various research on this topic is aimed at the improvement of effectiveness of absorbers elaborated for miti-
gation of the dynamic loading. It results in better operational safety of buildings [7] [8], efficient protection
of people during car crashes [9] or failure of drones [10], as well as improved performance of the aircraft
landing gears [11] [12]. More often developed absorbers are based on the smart materials, e.g. magne-
torheological dampers [13]. The range of absorbers application also increases and it includes even space
applications [14].

Considered techniques fall into one of three groups: passive, semi-active and active. The advantage of
passive systems is their simplicity and resulting reliability. Active and semi-active systems, on the other
hand, enable individual adjustments for distinct impact cases. That ability may provide minimization of
loading transmitted to the decelerated object. The paper addresses this goal and it is focused on the use of
semi-active pneumatic shock-absorber and its impact mitigation capabilities.

2 Impact mitigation problem

2.1 Problem formulation

The presented article concerns the problem of impact mitigation with the use of pneumatic cylinder equipped
with a controllable valve mounted in the piston. This cylinder represents a group of adaptive pneumatic
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impact energy absorbers. The aim of the valve control is to adjust gas transfer between absorber chambers
(see Figure 1). Thus the absorber reaction is adapted to excitation conditions.

M

~̇x
braking object

impact absorber

controlled
flow through

the valve

Figure 1: Principle of operation of the pneumatic impact absorber

The formulae describing the system behaviour are as follows:

Mẍ+ Fpneum + Fperturb = 0 (1)

max ẍ
x∈(0,xmax)

→ min (2)

Ek0 = −
∫ xmax

0
Mẍdx (3)

First, equation of motion, involves inertial force−Mẍ, force arisen due to gas pressure on the piston Fpneum

and other forces Fperturb including friction. The second formula denotes minimization of the highest decel-
eration value within the whole stroke xmax (see Figure 2b). The third equality expresses the condition of
dissipation of the initial kinetic energy Ek0 on the whole stroke.

aref = − ẋ2

2(xmax − x)
(4)

x

AR

AE

AC

(a) Active areas of the piston (AE and AC) and distance
travelled by the piston (x)

xmax

(b) Maximum piston stroke

Figure 2: Geometry of the pneumatic cylinder

2.2 Control methods for adaptive impact absorption

Two methods of the impact mitigation have already been investigated:

1. Basic approach of Adaptive Impact Absorption (AIA). This method is based on establishment of the
kinetic energy Ek0 of the impacting object at the beginning of the process and control of the absorber
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reaction force F (see Figure 3a). Force is computed in relatively small time intervals with the use of
the following formula:

F = pCAC − pEAE (5)

where AC and AE are piston areas (see Figure 2a); pC and pE are internal pressures measured on both
sides of the piston. In phase 1 of the process (see Figure 3a) the valve is closed to achieve possibly
quick force increase. In phase 2 the force F is compared at the beginning of each time step with the
reference value Fref , which is determined at the beginning of the process on the base of initial kinetic
energy Ek0 and the available piston stroke xmax (Figure 2b).

2. Establishment of the velocity of the impacting object in subsequent time instants during the entire
process and control of the deceleration provided by the absorber (see Figure 3b). In contrary to the
first method the measurements of the force F are replaced by measurements of the acceleration a.
Threshold aref is computed within every time step with the use of actual velocity ẋ, actual piston
position x and total available piston stroke xmax (see Figure 2):

This method has an advantage over the first method by avoiding a redundant solving of the dynamical
problem. If the friction or any other perturbations have significant influence on the process, the ab-
sorber is driven by the controller to keep possibly constant reaction force up to the end of the piston
stroke.

Ek0 (used in
control algorithm)

x

F

Ek0 real

Ek0 estimated

x

F

Ek0 real

Ek0 estimated

x

F

Ek0 (not used)

x

F

Ek0 real

Ek0 estimated

x

F

Ek0 real

Ek0 estimated

x

F

phase 1 phase 2
piston hitting the
cylinder bottom

(a) (b) (c)

(d) (e) (f)

Figure 3: Control method derived from the condition of kinetic energy Ek0 dissipation within entire piston
stroke: (a), (b) and (c); and a method based on the deceleration adjustment with the use of kinematics-based
feedback control: (d), (e) and (f)

The presented article is focused on the second method.

In the case of overestimation of initial kinetic energy Ek0 the absorber operating in accordance to the first
solution ends the braking process without utilizing whole admissible stroke xmax (black curve in Figure 3c).
In this case the decrease of maximum force may be achieved by earlier passing to the phase in which the
absorber reaction is kept constant – as depicts the black curve in Figure 3d, plotted for illustration of the
absorber operation in accordance to the second method.
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In the considered process of braking object there may appear possible perturbations such as additional im-
pulses of force imposed to the object. Events representing these perturbations and various effective masses
impacts are depicted on illustrations in [15].

The advantage of the second listed method is the robustness to such perturbations of the process. This method
not only guarantees the minimization of the force with the use of maximal stroke xmax for various unknown
initial kinetic energies Ek0, but also provides minimization of the reaction in the case of unexpected forces
occurring within the process.

3 Experimental study on the self-adaptive impact absorber

3.1 Investigation carried on with the drop test stand

For the purpose of verification of the absorber operation a series of drop tests have been conducted with
the use of the stand depicted in Figure 4. On this stand the absorber was attached to the dropped carriage.
Its controller has been programmed according to the method discussed above in order to mitigate the impact
during contact of the carriage with the ground. The carriage was suspended on four linear bearings supported
on vertical shafts. A series of tests were performed by various conditions, including a variety of dropped
masses and carriage release altitudes. The results of selected drop test are presented in Figure 5.

Figure 4: Drop test stand with the impact absorber
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Figure 5: Exemplary results: drop altitude of
100 mm, carriage total mass is M = 13.9 kg, con-
troller setup for braking distance is 80 mm; digital
valve control

The stand was equipped with transducers: linear encoders, accelerometers, pressure transducers and ther-
mocouples. All relevant parameters were acquired for further analysis. The algorithm implemented on the
controller was the second listed in section 2.2.
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3.2 Valve characterization

The absorber response to the excitation caused by impacting object is dependent on the valve flow capacity.
Therefore to solve the problem of the proper adjustment of valve area Aflow it is necessary to obtain the
valve characteristics. Such characteristics were obtained with the additional stand, which is schematically
illustrated in Figure 6.

In each test performed on the stand the pure nitrogen passed through the investigated piezoelectric valve,
which has steel Hörbiger plates. The source of gas was the container which was equipped with static pressure
p0 and static temperature T0 transducers. The sink was the second container with pressure regulator. During
each test pressure p0 (in the source-container) decreased down to the pressure adjusted by regulator (in the
sink-container). The latter was adjusted to different value in each trial.

Pressure regulator has limited the flow capacity. This led to significant outlet pressure jumps on the valve
outlet. The role of the second container was to limit these jumps.

p0

T0

inves-
tigated
valve

T1

p1

T2

p2

Figure 6: Stand used for characterization of the valve

In the series of trials there was obtained a set of curves in the space (p1−p2, p1, ṁ) – first coordinate denotes
pressure difference between valve inlet and outlet (see Figure 6), second denotes inlet pressure and third –
mass flow rate through the valve. On this set of curves was spanned the surface (Figure 7). It was done with
GNU Octave griddata function.
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Figure 7: Experimentally estimated mass flow rates of pure nitrogen flowing through the valve. Valve area:
6.5 mm2
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4 Improvement of the self-adaptive absorber

4.1 Digital vs. hybrid (digital-analog) control of the valve

The postulated improvement of the control algorithm consists of [16]:

• Replacement of one threshold aref by two thresholds ab and at (bottom and top), as depicted in
Figure 8.

• Application of partial valve opening for a ∈ (ab, at) to keep possibly constant deceleration. When
a < ab then valve is closed. For a > at valve is open.

The controlled force is assumed to be produced entirely by the gas acting on the piston. In this approach the
correction of the object deceleration is performed by treatment of other forces (e.g. friction) as disturbances
which are not a part of the absorber reaction.

Previously considered control method (to which only one threshold is introduced) is equivalent to the im-
proved method with condition at = ab.

x

a

x

a

a

b

phase 1 phase 2

for a > aref valve is open

for a < aref valve is closed

for a > at valve is open

for a ∈ (ab, at) valve is partly open

for a < ab valve is closed

bottom threshold ab

top threshold at

threshold aref

Figure 8: Schematic plots presenting the operation of the absorber with the reaction force adjustment and
with the deceleration adjustment by application of the kinematics-based control technique

The expected benefits of introduction of the analog valve control within the tolerance range (ab, at) are:

• Avoiding of oscillations in the absorber reaction force. Time intervals between switching the valve are
not infinitesimal. Therefore there are force increases when absorber valve is closed; these increases
alternate with drops present during valve opening periods. This means that by the digital valve control
the oscillations of the reaction take place. They are relatively high at the extreme piston positions due
to small clearance volumes, which promote high oscillations.

• Minimization of the amplifier supplying the valve actuator – in the investigated system the valve is
driven by the piezoelectric actuator, which has capacity 7µF, and is fed with 190 V. This results in
high currents and big loses of energy by frequent switching of the valve.

• Avoiding shocks generated by fast valve switching. Shock waves originating from the valve propagate
throughout the whole absorber and carriage structure. This makes measurements with accelerometers
very difficult. Also linear encoders measurements are disturbed by these waves. The ”smooth” analog
control is expected to be free from this drawback.

The bottom threshold ab is set in the same way as aref in the method having one threshold. Establishment
of the top threshold at may be performed on the base of the condition that the system should not jump over
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the interval (ab, at). After approach to this interval the system has to fall into it and switch into analog valve
control mode.

If the friction or any perturbations occur to have significant influence on the process, the absorber reaction
will drift toward top or bottom threshold (at or ab), as described in [17, p. 438]. When the deceleration
exceeds at or drops under ab then the controller switches into the digital control mode, in which the system
is pulled back to the state within the tolerance range (ab, at).

4.2 System model

The gas occupying chambers (interior volumes) of the investigated absorber has parameters denoted with
indexes E (for the chamber extended by piston movement) and with indexes C (for the chamber contracted
by piston movement), as shown in Figure 9. The chamberE is charged with mass flow rate ṁ and its volume
increases with the rate V̇E . These effects result in pressure change with the rate (derivation provided in [18,
p. 34–38]):

ṗE =
κ

VE
(RTC ṁ− pE V̇E) +

κ− 1

VE
Q̇E (6)

Analogously, pressure change rate in the contracted chamber C, from which the gas escapes, equals:

ṗC =
κ

VC
(−RTC ṁ− pC V̇C) +

κ− 1

VC
Q̇C , (7)

where heat streams Q̇C and Q̇E are expressed by heat transfer coefficient α, differences between absorber
temperature Twall (in simplification constant) and gas temperature TE or TC and the area surrounding the
gas Awall E , Awall C :

Q̇E = (Twall − TE)αAwall E . (8)

Q̇C = (Twall − TC)αAwall C . (9)

mC , VC ,
pC , TC

mE , VE ,

pE , TE
ṁ

Figure 9: Flow through the valve placed in the piston

The estimation of the heat streams Q̇C and Q̇E is based on establishment of temperatures TC and TE . The
temperature TC also has to be established due to the explicit presence in both equations 6 and 7. For this
purpose may be utilised the Clapeyron equation or the following equation:

ṪC =
1

cvmC
((κTC − TC)cvṁC − pC V̇C + Q̇C) (10)

In [19] is presented the accuracy comparison of the model engaging heat transfer coefficient α and of the
model with polytropic exponent n. The former one provided data that is in better coincidence with experi-
mental results. Therefore the model proposed above is more likely to give satisfying results than the model
assuming for instance processes with n = 1.1.

From the equations 6 and 7 follows the expression for the rate of increase of the pneumatic force generated
on the piston:

Ḟ =

(
κ

VC
(−RTCṁ− pC V̇C) +

κ− 1

VC
Q̇C

)
AC −

(
κ

VE
(RTCṁ− pEV̇E) +

κ− 1

VE
Q̇E

)
AE (11)
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This force is assumed to be dominant in the absorber reaction. While the absorber is in the mode executed
after a ∈ (ab, at) detection, the rate of pneumatic force Ḟ change has to be kept zero.

Volume change rates of gas inside the absorber (V̇C and V̇E), which are present in the above equation, depend
on the piston velocity ẋ:

V̇C = −AC ẋ (12)

V̇E = AE ẋ (13)

4.3 Valve opening in the analog control mode

As already mentioned, while the object deceleration falls into the range (ab, at), the controller has to keep
constant reaction. While Ḟ in dependency 11 equals zero then the pneumatic component of the absorber
reaction is invariable. Rearrangement of such a relation and substitution of 12 and 13 into it leads to a
formula for the requested mass flow rate ṁ = ṁreq.:

ṁreq. =

(
pEAE

x + pCAC
xmax−x

)
ẋ

(
1

xmax−x + 1
x

)
RTC

=
(pEAE (xmax − x) + pCACx) ẋ

xmaxRTC
(14)

The dependency between mass flow rate ṁ and valve area is almost linear [20, p. 8]. Due to this linearity the
proportions of requested values of these two parameters are the same:

Aflow req.

Aflow char.
=

ṁreq.

ṁchar.
(15)

where: Aflow req. is required valve area, Aflow char. is the valve opening by measurements of its flow capaci-
ties (obtained with the stand from Figure 6), ṁflow req. denotes required mass flow rate (result of equation 14)
and ṁchar. – mass flow rate obtained by measurements of flow capacities (Figure 7).

This is a recipe for calculation of the requested valve area Aflow req. while a ∈ (ab, at). It has weakness
of the lack of similarity between inlet static temperatures in the absorber and in the stand serving for valve
characterization. That is, the experiments characterizing the valve generally do not cover conditions present
in the absorber.

This results from the fact that the stand schematically illustrated in Figure 6 is not equipped with a heater in
the duct supplying the investigated valve. Therefore the inlet static temperature varies in each trial, by which
a single curve ṁ = ṁ(p1 − p2, p1) is obtained. This temperature drift is depicted in Figure 10 prepared for
three various initial conditions in emptied tank.

It is necessary to assume that the linearity expressed by proportion 15 is kept by various temperatures.

4.4 Estimation of errors in pneumatic force changes caused by the flow through
the piston

Exemplary temperature vs time dependencies in the absorber is depicted in Figure 11. Among reviewed
few such dependencies obtained for various impact conditions the maximum temperature increase of 0.5 K
within 0.1 s is not exceeded. Assuming exponential convergence to its maximum value with 95% first order
lag equal to 0.5 s, we obtain about 1.1 K of actual temperature increase. Nevertheless both thermocouples are
placed close to the cylinder ends, so the measured values jumps may be underestimated, due to heterogeneous
temperature distribution in each chamber.

This gives a notion on possible errors resulting from the resignation from the temperature computation and
the engagement of temperature measurements during the whole braking process (instead at the initial instant
only – when the temperature does not change).
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Figure 10: Exemplary inlet temperatures T1 in the distinct trial and corresponding mass flow rates ṁ of the
flow through the valve opened to 50µm

Due to the linearity of the dependencies between mass flow rate ṁ and valve area Aflow the proportion of
requested values of these two parameters are the same:

Aflow est.

Aflow real
=
ṁest.

ṁreal
=
TC real

TC est.
(16)

where: TC est. denotes temperature in the contracted chamber, estimated on the base of measurements during
the process; TC real differs from TC est. by the measurement error; requested mass flow rates ṁest., ṁreal as
well as requested valve openings Aflow est., Aflow real are assigned to these temperatures respectively. After
substitution to TC real the measured value TC est. increased by constant factor 1.1 K (evaluated above) the
fraction 16 varies within the interval (1.003634, 1.003642). This means that the temperature fluctuations in
the pneumatic cylinder lead to negligible errors in mass flow rate estimation.

Now, let us pass to the inconsistency of static inlet temperatures T1 and TC – obtained with the stand schemat-
ically illustrated in Figure 6 and present in the pneumatic cylinder respectively.

Due to the relatively slow gas movement in the supplying duct in the stand from the Figure 6 the static
temperature at the valve inlet and the inlet temperature T1 obtained by the valve characterization are almost
equal to each other. Therefore both of them will be assumed to be equal.

The already mentioned temperature inconsistency causes errors in the estimation of requested valve area,
which is expressed by the proportion 15. If the flow is assumed to be critical (Ma|Aflow

= 1) then mass
flow rate is inversely proportional to the square root of the inlet static temperature [20, p. 10, eq. 11]. Then,
instead of the proportion 16 we have the following:

Aflow est.

Aflow real
=
ṁest.

ṁreal
=

√
TC real

TC est.
(17)

But the mass flow rate depends on the inlet static temperature through the Mach number (present in the [20,
p. 9, eq. 10 and p. 10, eq. 12]. Aside from the fact of the flow heterogeneity in the valve, the flow (average)
velocity v|Aflow

present in the Mach number definition is not possible to estimate (no additional stream
cross section of given area and with known flow parameters can be pointed out). This difficulty enforces
application of the proportion 17.
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Figure 11: Exemplary temperatures in the absorber measured with thermocouples (sensors with too long
response time) and piston displacement

TC real takes the values indicated by the curve projected on the temperature surface in Figure 12 (the pro-
jection is performed with GNU Octave interp2 function). TC est. takes the values present in the drop test
(see Figure 11). This leads to the estimation of the relative valve opening error – in Figure 13.

The above remarks reveal the problem of exact mass flow rate estimation by given valve area Aflow due
to not exact valve characterization with respect to the inlet static temperature. The errors resulting from
relatively long response time of temperature sensors in the absorber chambers seem to be negligible.

The difficulty of not uniform temperature distribution in each chamber cannot be overcome with simulations
involving exact structure topology in the absorber: complexity of a model for simulation of heat exchange
between gas and absorber elements makes such a model useless for real-time predictions of the system
behaviour and correction of valve area. These facts suggest the supposed difficulties with correct valve area
estimation while it has to provide constant absorber reaction (to avoid escaping the system from the range of
accelerations (ab, at)). Correction after one cycle of controller operation must enforce constant reaction.

Pressures pC and pE as well as current volumes VC and VE (present in dependency 11) are measured pre-
cisely and, in contrary to temperature measurements, in sufficiently short time intervals to neglect corre-
sponding errors in data processing.

4.5 Controllability of the absorber

The changes in the pneumatic force generated on the piston are induced by the piston movement (compres-
sion and decompression of the gas in the cylinder) and by the flow through the valve located in the piston.
The location of the mentioned top threshold at should be far enough from the bottom threshold ab to prevent
the system against jumping over the interval (ab, at) – without entering the state of analog valve opening
control.

Let ∆t be a time interval within which the controller processes the input data and switches the valve. The
change of the pneumatic force within this time interval equals:

∆F = (ṗCAC − ṗEAE) ∆t (18)

where ṗC and ṗE are expressed by equations 6 and 7. We neglect heat transfer Q̇C and Q̇E .

Estimation of the pneumatic force changes within the period of the valve switching indicates if the valve is
switched quickly enough. It also gives an outlook how wide should be the interval (ab, at).
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Figure 12: Inlet temperatures in tests of valve flow capacity and pressures in the exemplary drop test
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Figure 13: Ratio of the valve area estimated with maximum expected error to the valve area giving constant
absorber reaction. The considered error is caused by the temperature disagreement

For this purpose the data obtained in the exemplary drop test (presented in Figure 5) is utilized. The maxi-
mum mass flow rate for the conditions measured in the subsequent time instants is determined using experi-
mentally obtained valve characteristics. This is done by reading mass flow rates from the surface in Figure 14
for pressures of gas in both chambers of the pneumatic cylinder.

Figure 15 presents the calculated values of the maximum force jumps within the period of 1 ms. The piston
kinematics is taken from the drop test but the corresponding force change is calculated under the assumption
of entirely closed valve or during its opening. The magnitude of the force changes is bigger in the case of
open valve than in the case of closed valve. By the end piston position the contracted chamber has small
volume and therefore the flow through the valve causes relatively big force changes.

5 Summary

The paper discusses selected aspects of practical implementation of the self-adaptive impact absorber. It
includes theoretical and experimental considerations, which are used in order for further development of
kinematics-based impact mitigation technique. The influence of difficulties in temperature measurements on
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curve
projection

Figure 14: Valve flow capacity and pressures in the exemplary drop test
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Figure 15: Maximum possible force jumps during 1 ms interval for the conditions obtained in the exemplary
drop

the absorber control quality has been assessed. Maximum possible changes of the absorber reaction force
have been estimated using experimental data, which was obtained with the use of two laboratory stands.
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K. Kaźmierczak, R. Wiszowaty, and P. Pawłowski, “Dynamics and control of adaptive airbags for uav
impact protection,” Leuven, Belgium, pp. 3661–3670.

[11] D. C. Batterbee, N. D. Sims, R. Stanway, and Z. Wołejsza, “Magnetorheological landing gear: a design
methodology,” Smart Materials and Structures, vol. 16, pp. 2429–2440, 2007.

[12] H. Wang, J. T. Xing, W. G. Price, and W. Li, “An investigation of an active landing
gear system to reduce aircraft vibrations caused by landing impacts and runway excitations,”
Journal of Sound and Vibration, vol. 317, no. 1-2, pp. 50–66, May 2008. [Online]. Available:
https://eprints.soton.ac.uk/50716/

[13] C. Han, B.-H. Kang, S.-B. Choi, J. M. Tak, and J.-H. Hwang, “Control of landing efficiency of an
aircraft landing gear system with magnetorheological dampers,” Journal of Aircraft, vol. 56, no. 5, pp.
1980–1986, 2019. [Online]. Available: https://doi.org/10.2514/1.C035298

[14] T. Maeda, M. Otsuki, and T. Hashimoto, “Protection against overturning of a lunar-planetary lander us-
ing a controlled landing gear,” Proceedings of the Institution of Mechanical Engineers, Part G: Journal
of Aerospace Engineering, vol. 233, pp. 438–456, 2019.
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Abstract 
The goal of this research was to compare the vibration dampers supplied for the tests and to determine the 

scope of activity of those specific solutions. The research was conducted in the laboratory conditions and 

also at the target object. In the lab, the tests were carried out under free-free conditions as well as during the 

test load of dampers with preloads. The research on the target object was carried out at “normal” conditions 

which means that the dampers were installed at selected points of the coaster with preload applied. 

1 Introduction 

This article shows preliminary results of the research carried out in cooperation of the KRiM AGH team 

with Energylandia company, which is one of the polish entertainment center, associated with the implemen-

tation and use of roller coasters. This paper concerns primarily experimental research, which was conducted 

during implementation on the roller coaster damping elements, which are supposed to increase the security 

and durability of the object on the one hand and reducing the adverse impact of vibration generated during 

its use on the environment on the other. Roller coasters, which are built as an attraction delivering extraor-

dinary experiences, have to meet extremely stringent requirements for both passenger safety, and thus also 

the structure, and impact on the environment. 

The target object, where the tests and modifications were carried out, is a hybrid structure made of a com-

bination of wooden and steel materials named by the producer Zadra and located in the Zator amusement 

park. It is currently the largest construction of its kind in the world and its maximum height exceeds 60 m. 

During the acceleration, the trolley goes off the ramp set at a 90-degree angle to the ground and its maximum 

speed exceeds 120 km/h. 

Taking into account the parameters of the coaster and the manufacturer's requirements, a new type of damper 

was designed and patented [1]. Then several sets of dampers were manufactured to test its influence on the 

interaction of the speeding wagon and supporting structure of the coaster and the impact of vibrations on 

the environment. The measurement task carried out in the work consisted of estimating the parameters of 

the manufactured dampers and confirming their proper performance. To achieve these objectives a series of 

measurement experiments were carried out in the laboratory conditions and then verification of the identi-

fied parameters on the target object was performed. Under laboratory conditions, the basic parameters of 

the designed dampers were tested to identify their characteristics and to assess their variability depending 

on the materials and loads used. This part was realized during a series of experiments: 

 laboratory tests under free-free conditions; 

 laboratory tests with an actuator, with preload. 

The next stage was a verification test at the target site. For this part of the experiment, operational measure-

ments were taken on a running trolley. Based on the measurements, the transition characteristics were esti-

mated and the parameters of the damping elements were identified. 
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2 Vibration dampers tested 

Three complete vibration dampers were provided for the research. An example of the damper marked as T2 

is shown in figure 1. 

 

Figure 1: Damper T2 ready for the research 

The construction of the tested dampers is identical and is shown in figure 2. Aluminum shaped elements 

constitute both the housing/casing and the moving part of the damper. Moving elements are separated from 

the housing by elastically-damping disks made of a suitable material. Two different elastically-damping 

materials were tested in the researched dampers. 

  

Figure 2: Tested vibration damper with the top cover removed with empty spaces (on the left) and filled 

with sand on the right). 

Figure 2 shows also empty spaces between moving parts and housing. Those spaces may remain empty or 

can be additionally filled with a filler in order to improve its damping capabilities [2]. In the case of tested 

solutions, the spaces of two dampers remained unfilled while loose sand was used in the remaining one. 

Tested dampers were marked with symbols T1, T2 and T3. Elastically-damping materials used in dampers 

T1 and T2 were identical and provided by the company. The difference between them was the filling. 

Damper T1 was filled with sand whereas T2 sand was absent. No sand filler and more flexible elastic damp-

ing material made of micro-rubber were used in damper T3. 
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3 Laboratory tests under free-free conditions 

3.1 Description of the measuring station 

Figure 3 shows the measuring station used during testing. I this case the completely assembled damper was 

placed on a flexible base separating it from the surroundings. 

 

Figure 3: The measuring station during tests under free-free conditions damper T3 

Input function to the object is provided by the impact of a force impulse caused by a modal hammer. Both 

the impulse and its responses are recorded synchronously. Figure 3 shows two triaxial measuring sensors 

recording the response of the tested system. 

3.2 Description of the experiment 

During the test the following measuring equipment was used: 

 28-channel dynamic signal analyzer     SCADAS III type 

 modal hammer manufactured by PCB    PCB 288D01 type 

 piezoelectric accelerometers    PCB 356A16 type 

 TestLab Impact Testing software module manufactured by LMS  

 

Measurements on the tested object were taken with accelerometer sensors. In this case, it was necessary to 

use 7 acquisition channels: one for measuring the excitation force and three for each of the triaxial sensors. 

 

The most important features of the study are listed below: 

 the test was carried out using impulse excitation, 

 points of application of forces are shown in figure 3 near sensor No. 5; the forcing was given towards 

positive values of the X-axis of the global assumed coordinate system, 

 in each of the measurements courses of excitation forces were recorded, 

 simultaneously with the measurement of the excitation force signal, the excitation response signals 

- acceleration of vibrations - were measured at each measuring point in three mutually perpendicular 

directions, 
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 frequency response function (FRF [3]) between the excitation signal and the response signals  were 

determined based on the tested measurement signals 

 FRFs were determined in the form of the inertance function [m/s2/N],  

 during recording, the courses of ordinary coherence between the excitation signal and response sig-

nals were monitored, 

 the measurement frequency range was set to a range from 1 Hz to 256 Hz, 

 measurement frequency resolution was set at 0.25 Hz, 

 estimated passes of FRFs were averaged 10 times in the frequency domain to improve the statistical 

properties of the estimator, 

 all available dampers designated as T1, T2 and T3 were tested in the same way. 

3.3 Obtained measurement results 

For all three dampers, the test should indicate the course of the spectral transition function. In order to check 

the correctness of excitation coherence [3] was checked in each measurement. Figure 4 shows an exemplary 

course of this function obtained during testing of the T1 damper by impulse force. 

 

Figure 4: Examples of coherence functions for the T1 damper. 

This course shows that the correct values of the coherence function at a level close to unity are only achieved 

for courses in the direction of excitation – in presented  example the x-axis. The values for the other direc-

tions are significantly below 0.8, which may mean that the excitation delivered to the object in those direc-

tions is not sufficient to correctly map the characteristics. Based on the analysis of the coherence function, 

it was assumed that the study of the basic parameters of the tested dampers will be limited to the 256 Hz 

band. Figure 5 shows the frequency response function (FRF) determined for individual dampers. 
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Figure 5: Waveforms of the frequency response function determined on dampers T1, T2 and T3 in the 

direction of forced excitation. 

The research shows that the characteristics of T1 and T2 dampers enforced in a free state are very similar to 

each other both in terms of amplitude and dynamic behaviour. This may mean that in an unloaded state the 

devices do not have required damping properties.  

In the case of the T3 damper, additional poles appear in the range of tested frequencies that cause the device 

to suppress the components of output signals significantly above 120 Hz.  

Table 1 summarizes the natural frequencies for individual dampers. 

Table 1: Natural frequencies for individual dampers. 

 1 2 3 4 5 6 7 

T1 [Hz] - 9.7  14.7 - 21.2 - - 

T2 [Hz] 7.3 9.8 13.7 15.1 20.8 - - 

T3 [Hz] 6.24 8.9 14.5 - 21.1 106 190 

 

The list shows that for all devices the behaviour in free conditions is very similar. Only with T3 the occur-

rence of additional poles at higher frequencies does improve the damping condition.  

The loose material used in T1  damper does not seem to play a major role in the system’s behaviour. How-

ever, its use may cause a lack of natural frequencies around 6-7 Hz, which is manifested in other devices. 
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4 Laboratory test with an actuator - pre-tension system 

4.1 Description of the measuring station 

Figure 6 shows the measuring station used during the experiment. 

 

 

 

Figure 6: The measuring station during forcing the damper utilizing an electrodynamic exciter in tests with 

preload. 

The base, in this case, was the aluminum frame to which the tested dampers were attached. The frame was 

made of profiles ensuring the rigidity of the support structure and was placed on an insulating layer limiting 

energy exchange with the laboratory floor. In order to reduce the natural frequency of the frame structure, 

it was weighted down with additional mass elements.  

During the test, it was necessary to provide the pre-tension to which the researched dampers should be 

subjected. For this purpose, the frame was used not only as a direct base for mounting dampers but as a rigid 

working structure allowing for a rope fastening giving the possibility of adjusting the preload of the tested 

details.  

The rope tension was spread around the support frame structure (Figure 6).  A part of a damper housing/cas-

ing was connected to the rope with a screw grip. Free ends of the strand were attached to the moving part of 

the damper with turnbuckles.  

Adjustment of the tension is possible by changing the length of turnbuckles.  

To connect the exciter, the system shown in figure 6 was used. Energy is supplied to the housing/casing of 

the tested device through an additional bracket mounted in the damper’s holder to which controlled excita-

tion from the exciter is supplied through the impedance head and stinger. 
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4.2 Description of the experiment 

During the test the following measuring apparatus was used: 

 28-channel dynamic signal analyzer     SCADAS III type 

 piezoelectric accelerometers    PCB 356A16 type 

 impedance heads     PCB 288D01 type 

 electrodynamic exciter     Robotron type 

 measuring power amplifier     ModalShop 2050E02 type 

 TestLab Impact Testing software module manufactured by LMS  

 

Measurements on the tested object were taken with accelerometer sensors.   

The most important features of the study are listed below: 

 the test was carried out using chirp type excitation, 

 point of application of force is shown in figure 6,  

 simultaneously with the measurement of the excitation force signal, the excitation response signals 

- acceleration of vibrations - were measured at each measuring point in three mutually perpendicular 

directions, 

 frequency response function (FRF [3]) between the excitation signal and the response signals  were 

determined based on the tested measurement signals,  

 FRFs were determined in the form of the inertance function [m/s2/N],  

 during recording, the courses of ordinary coherence between the excitation signal and response sig-

nals were monitored, 

 the measurement frequency range was set to a range from 1 Hz to 256 Hz, 

 measurement frequency resolution was set at 0.25 Hz, 

 estimated passes of FRFs were averaged 10 times in the frequency domain to improve the statistical 

properties of the estimator, 

 the experiment was carried out for each of the tested T1, T2, T3 dampers. 

4.3 Obtained measurement results 

During the testing of dampers in this experiment, the chirp function was used as the excitation signal. Figure 

7 shows in red the course of one forcing signal frame and in green and blue (lower part of the graph) signals 

of response to the forced excitation. 
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Figure 7: Time series of excitation signals and X-direction responses during testing of T1, T2 and T3  

dampers. 

Critical for determining the attenuation parameters for the tested devices is the ratio of the amplitudes and 

the input and output of the tested damper. In figure 7 this ratio should be shown by visualizing Time P3:+X 

(blue) on the background of Time P1:+X (light green). Domination of the blue signal means that in the 

whole frequency range the energy is not dissipated on the attenuator, the appearance of the green signal 

means damping in the given frequency ranges corresponding to the excitation frequency.  

Figure 8 shows the courses of the coherence function. As it can be seen in this case, the coherences for both 

the input and output points are at the adequate level [3] close to unity in the frequency range up to about 

200Hz. In this case, the upper part of the excitation band above 210 Hz is excited too poorly. Therefore, it 

was assumed that the remaining characteristics will be determined in the range up to 200 Hz.   
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Figure 8: Exemplary course of coherence function during dampers testing 

Figure 9 summarizes the frequency response function respectively for T1, T2 and T3 dampers, tested in the 

direction of excitation. 

The comparison of the presented waveforms shows that the best parameters in terms of vibration damping 

at the output of the tested system have a damper marked as T3. In the case of the T2 damper, the bands in 

which the attenuation occurs in the studied area are definitely more limited. Tests are the least favourable 

for the T1 device, and when the preload is used, in practically the entire frequency range tested, the device 

passes the signal without damping it.  

During the study, the behaviour of the attenuators was also checked for different values of the excitation 

signal level. This type of test is used to check the linearity of the tested system. 

Figure 10 shows that in general the system is characterized by non-linear behaviour in virtually the entire 

frequency range studied. Only the initial range of characteristics up to approximately 20 Hz shows linear 

behaviour. In the other frequency ranges, both changes in signal values, as well as changes in natural fre-

quency depending on the value of the excitation signal, can be seen. The waveforms show than an increase 

in the excitation force value results in a decrease in the value of response signals. This behaviour is partic-

ularly evident around the resonance region and is probably associated with an increase in attenuation in the 

system. This behaviour is the most visible around 180 Hz resonance. It is clearly seen here that the amplitude 

of excitation reduces the amplitude of the resonance peak and shifts the frequency of natural vibrations 

towards lower frequencies. 
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Figure 9: Waveforms of frequency response function at the input and output of the tested dampers T1, T2 

and T3 in the direction of the X-axis. 

 

Figure 10: Waveforms of frequency response function at the input and output of the tested damper  T3 in 

the direction of the X-axis for three levels of extortion 
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5 Testing the dampers at the target site 

5.1 Description of the measuring station 

The dampers made according to the design were mounted on the ZADRA rollercoaster located in the Ener-

gylandia Amusement Park. 

 

Figure 11: Rollercoaster Zadra in the Energylandia Amusement Park 

Tested dampers were placed at selected points of the rollercoaster so that one of its ends was attached to the 

track’s structural elements, while the other was anchored in the ground in a poured concrete foundation with 

a steel anchor as shown in Figure 12. 

  

Figure 12: Dampers placed on the rollercoaster Zadra construction in Energylandia. 

During the tests at the facility, measurements were taken during the trolley crossing the track. The experi-

ment assumed recording time signals at the input and output of individual dampers. In the experimental tests 

the passing coaster trolley was used as the excitation of the vibrations. 
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5.2 Description of the experiment 

During the test the following measuring apparatus was used: 

 28-channel dynamic signal analyzer     SCADAS III type 

 piezoelectric accelerometers    PCB 356A16 type 

 TestLab Spectral Acquisition software module by LMS equipped with LMS Test.Lab Throughput 

module 

Measurements on the tested object were taken with accelerometer sensors. In this case, it was necessary to 

use 18 measuring channels: three for each of the triaxial sensors. 

5.3 Obtained measurement results 

Figure 13 shows the results of vibration measurements recorded during the passage of the tested coaster 

trolley without passengers. The damper markings appearing in the descriptions correspond to those used 

during the laboratory tests. To improve the properties of the estimators based on the recorded measurements 

the test was repeated three times. 

 

Figure 13: Measurement of vibration amplitudes on dampers 

Based on the taken measurements, it can be stated that they are repeatable in the subsequent passes both as 

to the nature of the waveforms and the recorded values. The T1 and T2 dampers were installed in the track’s 

start section, in front of the lift section. It can be seen here that both dampers show similar behaviour. The 

key impact on vibrations here has a relatively slow passing of the trolley over the dampers as well as the 

operation of the trolley winch to the top of the track. The T3 attenuator is subjected here to minimal vibration 

at the level of random noise. The coaster’s effect on the T3 damper is maximum during the trolley passing 

over it which occurs about 52 seconds after the trolley passes over T1 and T2 dampers. For measurements 

the waiting time of the trolley for the start at the top of the track was minimal.  
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Frequency analysis of the collected waveforms was then performed for all three dampers. For individual 

measurement runs areas were selected in which individual dampers were excited by a passing trolley. Based 

on selected fragments of time waveforms the functions of own spectral densities for individual waveforms 

were determined. The results of the estimation are shown in figure 14. 

The presented waveforms show that in the case of all the dampers the maximum amplitudes of frequency 

components are oriented around 100 Hz. In the case of T1 and T2 dampers, these are peaks: 118Hz and 

133Hz for the T1 damper and about 131Hz for T2. In the case of the T3 damper, the frequency range 

stretches from about 60Hz to about 150Hz. In this range, several important frequencies excited by the pass-

ing of the trolley can be determined.  

The most important conclusion concerns the amplitude of vibrations in selected frequencies at the input and 

output of individual damping systems. The presented graphs show that in movement excited frequency 

ranges T2 and T3 dampers show a weakening of the input signal. For the T1 damper, the waveforms at the 

input and the output have very similar amplitudes. 

 

  

 

 

Figure 14: The course of own spectral density amplitude for T1, T2 and T3 dampers 

6 Summary 

During the research, three dampers of identical mechanical construction were tested but differing in the 

active materials used and the filling or lack of the filling of the structural internal spaces around active 

materials.  

Dampers: 

 T1 - active element in the form of polyurethane with a Shore hardness of 85 filled with sand 

 T2 - active element in the form of polyurethane with a Shore hardness of 85 without filling  

 T3 - active element in the form of micro-rubber with a Shore hardness of 25 without filling.  
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The dampers were tested during a series of experiments: 

 under free-free conditions with impulse excitation 

 with the damper mounted on the tie rods allowing the system operating point to be changed,  

 and, with controlled excitation in the form of a set of changing sine waves.  

 

The results obtained during all experiments seem consistent and individual tests lead to similar conclusions.  

The studies confirmed that the proposed and tested solutions significantly dampen vibrations at selected 

frequencies which can largely contribute to extending the life of this type of structure. Moreover, the tested 

damping systems can be easily tuned to selected frequencies, which allows to adapt the device mounted at 

a specific point in the structure to the damping of vibrations at the most critical frequencies. 
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Abstract 
Composed of a rubber matrix filled with cork granulates, cork-rubber composites are an example of 

elastomeric materials used for vibration isolation. As a first step towards the development of a model that 

could help throughout the material development stage, a screening experiment was conducted to identify 

which formulation related variables affect the mechanical properties of a cork-rubber composite, including 

static stress and natural frequency when submitted to compressive loads. Using statistical methods, the 

influence of reinforcing fillers and plasticizer on the composite properties was examined. The results of 

fillers analysis were within the expected as the application of a harder filler provided higher stiffness 

samples. Higher values of mechanical properties related to compression behaviour were observed for high 

level quantities of filler and filler activator. In the reinforcing filler study, interactions between parameters 

were also detected in some cases. Different results were also found by changing only the plasticizer type. 

1 Introduction 

In systems like buildings or industrial equipment, the presence of dynamic loads could be problematic. To 

overcome this issue, there are several options for vibration isolation that can prevent structural or functional 

damages. Elastomeric materials such as foams, rubber, recycled rubber and thermoplastic elastomers (TPE) 

can be applied as vibration isolators. These polymers exhibit viscoelastic behaviour, presenting large 

deformations, low Young’s modulus and high energy dissipation which make it possible to almost recover 

its original shape after being submitted to mechanical stresses [1]. 

The addition of new materials, like natural fibres on to an elastomeric matrix, has been investigated over the 

past decades. Besides being sustainable materials, the use of this kind of material to reinforce polymers can 

modify properties and reducing costs related to the production of composites [2]. Some studies proposed to 

investigate the effects of the addition of natural origin materials on mechanical properties like tensile 

strength, elongation at break, among others, including dynamic properties [3]–[9]. 

Cork is a natural origin material that can be applied in a rubber matrix in granular shape. The resultant 

material is called a cork-rubber composite. These types of elastomers are employed as vibration isolation 

solutions in sectors like industry and construction [10], [11]. The addition of cork on a rubber compound 

contributes to the recovery improvement after the composite be submitted to compressive loads [12]. The 

characteristics of cork granulate can vary according to factors like origin, cellular structure, density and 

production method. The effects of variables related to cork characteristics on rubber composites and other 

agglomerates’ mechanical properties were studied by [13]–[16]. 

The development of rubber compounds implies a series of iterations on the formulation procedure to achieve 

specific target properties. To reduce the number of experimental iterations and, consequently, the 
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development time of a compound, the existence of a mathematical model capable of assisting on a 

compound formulation would be helpful. This article presents a first step to the accomplishment of a model 

by identifying which significant variables can affect the mechanical properties of the cork-rubber 

composites. 

To study the influence of compound ingredients on the properties of the cork-rubber composites on a 

screening level, a cork-rubber formulation was studied, divided in two groups to be analysed separately: 

reinforcing fillers and plasticizer. The static and dynamic compression behaviour of the materials was the 

focus of the analysis. Other mechanical properties were also studied to fulfil a complete characterization. 

The results from the experimental procedure were analysed using statistical methods, including analysis of 

variance (ANOVA) and non-parametric tests.  

The first system relates to a common ingredient from rubber formulation – reinforcing fillers. It was selected 

two variables regarding to this system to be analysed: type and quantity of filler. According to the type and 

origin of the filler used, differences between compounds regarding mechanical properties are expected. 

Higher quantities and harder particle fillers tend to increase the strength of rubber compounds. In addition 

to these, it was also considered a third parameter, regarding the effect of the filler activator quantity on the 

formulation. The use of coupling agents can allow increasing chemical bonding between reinforcing fillers 

and the rubber matrix [17]. To analyse this system, a 23 factorial design was employed. 

The plasticizer was also studied, to verify if there were any differences on mechanical properties related to 

the type of plasticizer used. There are several studies of the effect of plasticizers on mechanical properties 

of rubber compounds [18], [19]. Plasticizers are added to rubber formulation in order increase the plasticity 

of the compound improving rubber processability and dispersion of filler on the polymer matrix [19]. Three 

types of plasticizers were studied, two from mineral and one from synthetic origin. 

The goal of the presented paper is to evaluate which variables and how they can affect the performance of 

the material, to have a first comprehensive approach towards the development of a prediction model for 

cork-rubber composites able to assist the development phase of new products. 

2 Method 

The presented study consisted of an experimental procedure divided into two phases: sample manufacture 

and determination of its properties. Based on the results from the materials characterization stage, statistical 

methods were employed to verify which significant factors affected the material properties. 

2.1 Materials and samples preparation 

All materials used were supplied by Amorim Cork Composites S.A. A 60 Shore A cork-natural rubber 

compound formulation was selected as the basis of all samples created. Two types of formulation 

components were studied separately: fillers and plasticizer. Two types of fillers were analysed: filler A 

presents a lower Mohs hardness compared against filler B. A two-level full factorial design was 

implemented to determine which significant variables were related to properties variation of cork-rubber 

composites. The three independent variables used in this study were filler type, filler quantity and filler 

activator quantity. Level + corresponds to the use of the hardest filler type, and the highest amount of filler 

and activator loadings. The samples and levels for each factor related to reinforcing fillers’ study are defined 

in Table 1. 

Regarding the plasticizer study, three compound formulations were developed to evaluate the effect of the 

type of plasticizer, labeled as A, B (mineral origin) and C (synthetic origin). 

808 PROCEEDINGS OF ISMA2020 AND USD2020



Table 1: Samples created for the filler analysis 

Sample A1 A2 A3 A4 B1 B2 B3 B4 

Type (T) - - - - + + + + 

Loading (F) + + - - + + - - 

Activator loading 

(A) 

+ - + - + - + - 

 

The mixing procedure occurred in two phases. First, all the ingredients were mixed using an internal mixer. 

After it was reached a temperature around 90ºC, the mixture was retrieved from the mixer. Then the mixture 

was inserted in a two-roll mill until it a homogeneous thickness sheet was achieved. Vulcanizates were made 

by compression moulding in a heated press. The vulcanization time was determined based on the final 

thickness of the vulcanizates and the optimum cure time (t90) obtained through the rheometer test. Several 

specimens from the vulcanizates were cut and properties were evaluated after conditioning of at least 24 h. 

All samples were produced in the Innovation department of Amorim Cork Composites S.A. using small 

scale equipment for product development. 

2.2 Determination of properties 

The vulcanizates properties evaluated in this study include hardness, compression set at 50% deflection, 

static and dynamic stiffness, tensile strength, elongation at break, tear strength and rebound resilience. 

Vulcanization parameters of the prepared mixtures were also determined for a full characterization of the 

materials. Rheometers at 150ºC and Mooney scorch at 125ºC tests were also. 

Vulcanizates samples of 3 mm thickness were used for tensile strength, elongation at break and tear strength 

tests. Tensile strength and elongation at break tests were performed according to DIN 53504. Tear strength 

was performed according to ASTM D 624. For rebound resilience determination, specimens with 10 mm 

thickness were used, based on ASTM D 1054. Samples hardness was measure in Shore A according to 

ASTM D 2240. The compression set determination was performed based on DIN EN ISO 1856 Method B 

using samples with 10 mm thickness equal to those used for the rebound resilience test. 

Vulcanizates samples with 60x60 mm and 10 mm thickness were used for both static and dynamic 

compression tests. Static compression tests were performed first, retrieving force-displacement data from a 

universal testing machine. For the same sample, a compression test was performed three times, only the 

third test being recorded. To compare samples in terms of compression behaviour, stress at 10% strain was 

evaluated. 

The specimens used in the static compression test were then subjected to a dynamic compression test to 

evaluate the performance of a mechanical system composed of a mass and the material (acting like a spring-

damper system). The tests were performed with Instron 8874 equipment. The test procedure consisted of 

retrieving the resultant signal for position and force when a sample was loaded with a sinusoidal force with 

a 10% force amplitude at 5 Hz. For each sample, this test was performed six times, with compression stress 

ranging from 0.5 to 3 MPa, after being a pre-conditioned test with 1.8 MPa stress, 10% force amplitude and 

5 Hz. Data obtained from the last twenty cycles were retrieved and analysed, calculating parameters like 

dynamic elastic stiffness (kdyn) and natural frequency of the system (fn) when subject to certain stress 

(equation 1 and 2).   

 𝑘𝑑𝑦𝑛 =
𝐹𝑎

𝑑𝑎
cos 𝛿 (1) 

 𝑓𝑛 =
1

2𝜋
√
𝑘𝑑𝑦𝑛𝑔

𝐹𝑚
 (2) 

where F and d are force and displacement, 𝛿 is the phase shift between force and displacement, a and m are 

subscripts for the amplitude and mean values of the sinusoidal curves and g is the gravitational acceleration. 

The ratio between dynamic and static stiffness of each sample at different stress ranges was also analysed. 
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2.3 Statistical Analysis 

Special focus was given for properties like hardness, stress at 10% strain and natural frequency of the 

vulcanizates. In terms of statistical tests, when assumptions of parametric tests failed, non-parametric 

alternatives were used, like the Kruskal-Wallis test for the plasticizer study and robust methods on the 

reinforcing filler analysis. 

3 Results and discussion 

The results of this study were divided into two groups: one related to the reinforcing fillers analysis and 

other regarding plasticizer type. Special focus is given to the properties related to hardness and static and 

dynamic behaviour when submitted to compressive loads. The statistical analysis results for other properties 

explored are also presented. 

3.1 Reinforcing fillers 

The results of the static compression tests and hardness Shore A for the reinforcing fillers analysis are 

presented in Figure Error! Reference source not found.. It is possible to observe that the vulcanizates with 

the hardest filler particles have an increased resistance to static compression compared to the ones with other 

filler. Differences regarding filler and activator loadings are noticed also between compounds with the same 

type of fillers. Generally, the lowest amount of each factor produces a decrease in stress capacity, although 

the activator loading seems not to have the same significant effect between samples A1 and A2. These 

highest values of stress for higher amounts of filler and activator can be explained by the increased number 

of links created between fillers and rubber, resulting in high stiffness compounds. 

   

Figure 1: Results from reinforcing fillers analysis: hardness Shore A and static compression stress at 10% 

strain 

The results from the dynamic tests are depicted in Figures 2 and 3. The application of the stiffer materials 

caused an increase in natural frequency as observed in Figure 2. Generally, the results are in accordance 

with the ones verified in static compression tests: the hardest filler resulted in higher natural frequencies; 

between filler and filler activator loadings, the lowest quantities presented lower frequencies. According to 

Figure 3, the ratio between dynamic and static stiffness has some differences regarding filler type and filler 

loadings. For the toughest filler, the differences between filler activator loading are only notable for higher 

filler loading. In most of the samples tested, there is an increase of the dynamic stiffness as the stress imposed 

also increases. 
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Figure 2: Results from reinforcing fillers analysis: Natural frequency at 1.5 MPa 

 

Figure 3: Results from reinforcing fillers analysis: Ratio between dynamic and static stiffness at different 

loads 

Interaction plots according to mean values of hardness Shore A, stress at 10% strain and natural frequency 

at 1.5 MPa for the fillers study are depicted in Figures 4, 5 and 6. Blue lines correspond to level – and orange 

lines to level +. 

  

Figure 4: Results from reinforcing fillers analysis: hardness Shore A interaction plots 
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Figure 5: Results from reinforcing fillers analysis: static compression stress interaction plots 

 

Figure 6: Results from reinforcing fillers analysis: natural frequency interaction plots 

Statistical analysis for the three studies were performed individually. Regarding the dynamic results, the 

values used to compare each group are related to the natural frequency of a system composed by a sample 

when subject to 1.5 MPa loading. 

In the filler study, a 23 factorial ANOVA was used. After accessing the assumptions of ANOVA analysis, 

robust methods (use of trimmed mean) were applied in the study of some properties that did not follow 

requirements like residuals normality and/or variance homoscedasticity. There was a non-significant 

interaction effect between filler type and quantity of filler activator on all the properties studied. Also, no 

main or interaction significant effects were detected concerning the compression set results. In Table 2 the 

significant effects for a 95% level of confidence for each property are reported. 
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Table 2: Results of statistical analysis for fillers analysis 

Properties Significant 

factors 

Error df df F p-value 

Hardness ABC 32 1 9.64 0.004 

Stress at 10% strain* 
AB 32 1 5.98 0.025 

BC 32 1 7.79 0.012 

Natural frequency at 1.5 MPa ABC 32 1 4.84 0.035 

Tensile strength 
A 16 1 30.59 <0.001 

BC 16 1 6.23 0.024 

Elongation at break ABC 16 1 6.63 0.020 

Tear strength 
AB 16 1 8.39 0.011 

BC 16 1 4.59 0.048 

Rebound* ABC 8 1 25.77 0.004 

* using a 10%-level trimmed mean; A – filler type; B – filler quantity; C – filler activator quantity 

3.2 Plasticizer type 

In terms of the type of plasticizer used, the change of this ingredient has not significantly affected the 

hardness Shore A values, as depicted in Figure 7. However, it was observed that the application of plasticizer 

A produces a material with higher static stiffness while plasticizer C appears to have the worst performance 

of the three plasticizers. It is also possible to observe the differences between the type of oil used regarding 

dynamic behaviour. The higher natural frequencies are related to the vulcanizates with plasticizer C. For 

plasticizer C compounds, there is an increase in the ratio between dynamic and static stiffness with the 

increase of stress applied (Figure 8). With plasticizer A the ratio is almost constant throughout stress. 

   

Figure 7: Results from plasticizer type analysis 
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Figure 8: Results from plasticizer type analysis: Ratio between dynamic and static stiffness at different loads 

Results from the statistical analysis of the effect of the plasticizer type on the properties of cork-rubber 

composites are presented in Table 3. Only with static stress and natural frequency results, the effect of the 

plasticizer type proved to be significant. Post-hoc comparisons for these properties were also conducted. 

Using the Tukey HSD post hoc test, significant differences between all pairs of groups regarding stress at 

10% strain were detected. With natural frequency results, focused comparations of the mean ranks between 

groups showed that plasticizer type was only significantly different when using plasticizer A compared to 

plasticizer C. 

Table 3: Results of statistical analysis for filler analysis 

Properties F result  p-value Post-hoc 

Hardness F (2,12) = 3.39 0.068 Non-significant 

Stress at 10% strain 

F (2,12) = 59.80 <0.001 B-A: p < 0.05, d = -0.09** 

C-A: p < 0.05, d = -0.21** 

B-C: p < 0.05, d = 0.12** 

Natural frequency at 1.5 MPa* 

H (2) = 12.5 0.002 A-C: obs. dif = 10 > crit. dif. = 

6.77** 

A-B: obs. dif = 5 < crit. dif. = 6.77 

C-B: obs. dif = 5 < crit. dif. = 6.77 

Tensile strength F (2,6) = 3.54 0.097 Non-significant 

Elongation at break F (2,6) = 3.15 0.116 Non-significant 

Tear strength* H (2) = 0.27 0.875 Non-significant 

Rebound* H (2) = 4.57 0.102 Non-significant 

Compression set 50%* H (2) = 4.62 0.099 Non-significant 

*Kruskal-Wallis test; **significant difference between groups 

4 Conclusions 

As a first approach to the development of a prediction model of cork-rubber composites properties, a 

screening experiment related to some of its raw materials was conducted. In this study, the effects of 

reinforcing filler and plasticizer type were evaluated regarding mechanical properties. The results obtained 

from the reinforcing filler analysis proved that interactions between filler type and quantity, as well as the 

use of a filler activator, had some influence on all the mechanical properties evaluated, except on 
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compression set. On the other hand, the change of plasticizer type only proved to be relevant in terms of 

static and dynamic compression. 

With the reinforcing fillers analysis was possible to see a common tendency: higher hardness particles result 

in stiffer materials in terms of static and dynamic compression, as expected, due to the use of harder and/or 

higher quantities of fillers and filler activator. As for the second analysis, it can be concluded that using 

different types of plasticizer, the effect of compatibility with natural rubber can result in significant 

differences between compounds, as it observed in the ratio between dynamic and static stiffness. 
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Abstract 
Magnetorheological dampers (MRD) are nowadays among the most promising semi-active devices used in 

automotive and structural engineering since they have small power requirements and low cost. Several 

models are studied to simulate the behavior of magnetorheological fluids which are characterized by 

strongly nonlinear viscoelastic hysteresis phenomena. These nonlinearities make many control logics 

ineffective because they fail when interfaced with complex models. The aim of this work is to optimize the 

damper behavior by controlling the mechanical vibrations of the system by a novel control algorithm. The 

magnetorheological behavior is modelled by a Volterra’s equation which allows the use of an indirect 

optimal feedback control algorithm, named Proportional-Nth-order-Derivatives or PD(N). Numerical results 

show how the PD(N) achieves excellent results when compared with conventional controls. 

1 Introduction 

Hysteresis is a phenomenon that has always fascinated mathematicians and physicists and it is still a subject 

of great interest today. The hysteresis, which was originally formulated by Greeks to indicate a lag in arrival, 

was first studied in 1882 by Ewing J. A. to describe the magnetic properties of metals. Nowadays, the 

mathematical models of hysteresis are used in many fields, from chemistry, to biology, engineering, etc. The 

physical models describe properly the phenomena such as ferromagnetism, ferroelectricity, 

superconductivity, friction and shape memory materials.  

A systematic analysis of this hysteresis phenomena under a strict mathematical point of view began 40 years 

ago, with the seminal work of Bouc R. [1]. Later, several Russian mathematicians studied systematically 

the concept of hysteresis operator [2]. In the eighties, other contributions emerged in connection with partial 

differential equations and applicative problems [3]. 

Magnetorheological fluids (MR) are materials with rheological properties that depend on the magnetic field. 

Hysteresis behavior is an intrinsic nonlinear property of MR fluids that makes them very complex to control, 

limiting their application in turn. 

The MR fluid consists of a mixture of a fluid with dispersed metal particles, the equivalent viscosity of 

which depends on an external magnetic field, for example generated by a solenoid excited by an electric 

current. Understanding the working mechanism of the hysteresis rheological fluids characteristics is 

significant for studying the MR actuators and implementing high-efficiency control systems.  

The MRD are usually studied by different mathematical models, and among them Bouc–Wen, Duhem, 

Dahal and LuGre models [19-24]. According to Naser [25], the hysteretic behaviour of causal systems can 

be described analytically by the so-called “hysteresis loops”, involving fractional calculus. Naser shows 
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how these systems can be modelled with Riemann–Liouville integral, an approximated form of which , in 

some cases, is provided by the integrals of Volterra, as shown in [7]. 

Magnetorheological fluids are nowadays applied to dissipative actuators, clutches and brakes [4, 5] and 

experimental tests show that the hysteresis only occurs about the direction-change points under sinusoidal 

displacement excitations [6].  

In this paper is a novel model is presented, recently proposed by the authors in the context of optimal control 

of integral differential equations (IDE), including Volterra-type integrals, and called Proportional-Nth-

order-Derivatives or PD(N) [7]. This kind of control belongs to the category of Variational Feedback 

Controls (VFC) [8-10]. The PD(N) is based on the classical variational control approach formulated by 

Pontryagin, implying the solution of a two-boundary values problem. Usually, the integro-differential 

equations (IDE) are solved by direct methods, except for those cases in which closed form analytical 

solutions are obtainable thanks to special properties of the kernel [11-13]. Direct methods imply the 

discretization and solution of the problem passing through a nonlinear programming [14, 15]. Instead, the 

proposed indirect method permits to solve the problem minimizing the computational efforts that usually 

grows at a nonlinear rate with the number of grid points used for the quantization [16-18].  

The present paper shows how to control the hysteresis of a system including Magnetorheological dampers 

(MRD) that presents Bouc-Wen hysteresis and approximated by a convolution integral of Volterra. The 

optimal feedback PD(N) control is applied to a quarter, car model the suspension of which includes a MRD, 

exhibiting excellent performances. 

2 Optimal control of Volterra equation 

In this section the optimal control algorithm is derived for a prototypal Volterra integro-differential equation 

as: 

 �̇� = 𝑎𝑥 + 𝐾 ∗ 𝑥 + 𝑏𝑢 (1) 

where 𝑎 and 𝑏 are constants, 𝑢 is a scalar control variable, and 𝐾 is the kernel which includes the hysteresis 

behaviour of the damper. 

The optimal control law is based on the minimization of a generic quadratic cost function 𝐽 which depends 

on the state and the control variables together with the Lagrange multiplier 𝜆 that permits to introduce a 

compact form of the minimization constrained problem: 

 𝐽(𝑥, 𝑢, 𝜆) = ∫
1

2
𝑞𝑥2 +

1

2
𝑟𝑢2𝑇

0
+ 𝜆[�̇� − 𝑎𝑥 − 𝐾 ∗ 𝑥 − 𝑏𝑢]𝑑𝑡 (2) 

The variational calculus finds a solution to the stated problem by using the stationary condition 𝛿𝐽(𝑥, 𝑢, 𝜆) =
0, that produces: 

 

�̇� = 𝑞𝑥 − 𝑎𝜆 − 𝐾 ⋄ 𝜆
�̇� = 𝑎𝑥 + 𝑏𝑢 + 𝐾 ∗ 𝑥

𝑢 =
𝑏

𝑟
𝜆

𝜆(𝑇) = 0 , 𝑥(0) = 𝑥0

 (3) 

where 𝐾 ⋄ 𝜆 is a term borne from the variations of the convolution term 𝐾 ∗ 𝑥. In fact, in [16] the authors 

demonstrate that, for a causal kernel, i.e. if 𝑘(𝑡 − 𝜏) = 0 for 𝑡 < 0 and 𝜏 > 𝑡, it follows: 

 𝛿 ∫ 𝑥(𝑡) ∫ 𝐾(𝑡 − 𝜏)𝑥(𝜏)𝑑𝜏
𝑡

0
𝑑𝑡

𝛵

0
= ∫ ∫ 𝐾(𝜏 − 𝑡)𝑥(𝜏)𝑑𝜏

𝑇

𝑡
𝛿𝑥𝑑𝑡

𝛵

0
= ∫ 𝐾 ⋄ 𝑥 𝛿𝑥 𝑑𝑡

𝛵

0
 (4) 

The problem reduces to a pair of coupled integral-differential equations for the optimal state 𝑥 and costate 

𝜆, and a single algebraic equation involving the control u. The optimal solution is constrained with two-

points boundary conditions. The existence of a trasversality condition 𝜆(T)=0, makes the problem difficult 

to solve precluding, in general, the chance of a direct feedback control. Nevertheless, the authors in [16] 
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proposed a technique based on an iterative MPC-based algorithm that solves the problem in a satisfactory 

way. 

The present paper attacks the problem of the infinite time horizon that engineers could prefer in many ways. 

In this case, and in the absence of the integral contributions, the classical infinite time-horizon permits a 

feedback solution 𝜆 = 𝑃𝑥, where 𝑃 can be set constant.  

In the present case, however, a simple solution as 𝜆 = 𝑃𝑥 is not permitted and an alternative solution 

technique has to be determined. 

We can limit our attention to the case in which the kernel has the form (𝑡) = ∑𝛼𝑖𝑒−𝑐𝑖𝑡 . In this case: 

 ℒ{𝐾 ∗ 𝑥} = 𝑋(𝑠) ∑
𝛼𝑖

𝑠+𝑐𝑖 
= 𝑋(𝑠)

𝑃(𝑁−1)(𝑠)

𝐷(𝑁)(𝑠)
 

 ℒ{𝐾 ⋄ 𝑥} = 𝑋(𝑠) ∑
𝛼𝑖

𝑠−𝑐𝑖 
= −𝑋(𝑠)

𝑃(𝑁−1)(−𝑠)

𝐷(𝑁)(−𝑠)
 

(5) 

indicating with  𝑃 and 𝐷 general N-1 and N order polynomials, respectively. With these properties, the 

Laplace transform of equations (3) produces: 

 𝑠𝑋 − 𝑥0 = 𝑎𝑋 +
𝑏2

𝑟
𝛬 +

𝑃(𝑁−1)(𝑠)

𝐷(𝑁)(𝑠)
 

 𝑠𝛬 − 𝜆0 = 𝑞𝑋 − 𝑎𝛬 +
𝑃(𝑁−1)(−𝑠)

𝐷(𝑁)(−𝑠)
𝛬 

(6) 

or rearranging: 

 [(𝑠 − 𝑎)𝐷(𝑁)(𝑠) − 𝑃(𝑁 − 1)(𝑠)]𝑋 − 𝑥0𝐷(𝑁)(𝑠) −
𝑏2

𝑟
𝐷(𝑁)(𝑠)𝛬 = 0 

 −𝑞𝑋𝐷(𝑁)(−𝑠) + [(𝑠 − 𝑎)𝐷(𝑁)(−𝑠) − 𝑃(𝑁 − 1)(−𝑠)]𝛬 − 𝜆0𝐷(𝑁)(−𝑠) = 0 
(7) 

Backward transform to the time domain, produces:  

 ∑ 𝐶𝑖𝑥(𝑖)𝑁+1
𝑖=0 + ∑ 𝐷𝑖𝜆(𝑖)𝑁

𝑖=0 = 0 

 ∑ 𝐹𝑖𝜆(𝑖)𝑁+1
𝑖=0 + ∑ 𝐸𝑖𝑥(𝑖)𝑁

𝑖=0 = 0 
(8) 

where 𝑥(𝑖) =
𝑑𝑖𝑥

𝑑𝑡𝑖, and the problem is reduced to a pure differential equation set, linear and time-invariant. 

Collecting the variables into  𝝃 = [𝑥 … 𝑥(𝑖) … 𝑥(𝑁)] and 𝜼 = [𝜆 … 𝜆(𝑖) … 𝜆(𝑁)], equations (8) can be reduced 

to a first order normal form differential problem: 

 [
�̇�
�̇�

] = [
𝑯𝝃𝝃 𝑯𝝃𝜼

𝑯𝜼𝝃 𝑯𝜼𝜼
] [

𝝃
𝜼

] (9) 

The general solution of system (9) can be expressed, in function of its 2N eigenvectors 𝝍𝒌 𝜽𝒌 and 

eigenvalues 𝒑 = [𝑝1, …  𝑝𝑘 , … , 𝑝2𝑁], as follow: 

 𝒒 = [
𝝃
𝜼

] = ∑ 𝑐𝑘
2𝑁
𝑘=1 [

𝝍𝒌 
𝜽𝒌

] 𝑒𝑝𝑘𝑡 (10) 

where the 𝑐𝑘 are the unknown coefficients founded by imposing the boundary conditions. Rearranging the 

eigenvalues 𝑝𝑘 between R positive and J-negative real part, equation (10) becomes: 

 𝒒 = [
𝜉
𝜂

] = ∑ 𝑐𝑘
(𝑅)𝑅

𝑘=1 [
𝝍𝒌

(𝑅)
 

𝜽𝒌
(𝑅)

] 𝑒𝑝𝑘
(𝑅)

𝑡 + ∑ 𝑐𝑘
(𝐽)𝐽

𝑘=1 [
𝝍𝒌

(𝐽)
 

𝜽𝒌
(𝐽)

] 𝑒𝑝𝑘
(𝐽)

𝑡 (11) 

where 𝑅 + 𝐽 = 2𝑁 and the superscript (R) identifies the set of values 𝝍𝒌, 𝜽𝒌 and 𝑐𝑘 referred to the positive 

real parts Â{𝑝𝑘} > 0 and vice versa the superscript (J) refers to the set of with Â{𝑝𝑘} < 0.  
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The system in (11) can be solved in two different ways based on the number of eigenvalues of matrix 𝑯 =

[
𝑯𝝃𝝃 𝑯𝝃𝜼

𝑯𝜼𝝃 𝑯𝜼𝜼
] with Â{𝑝𝑘} > 0. 

In the first case, 𝑅 > 𝐽, where the number of eigenvalues 𝑝𝑘 with negative real part are more than the others 

the relation between the 𝜼 and 𝝃 vectors can be found as 

 𝜼 = 𝜣𝜳−𝟏𝝃 (12) 

where 𝚯, 𝚿 are the eigenvalues and eigenvectors of matrix 𝑯, respectively. On the other hand, when 𝑅 < 𝐽, 

the relation become: 

 𝜼 = 𝜣𝜳+𝝃 (13) 

where Ψ+ is pseudo transpose eigenvectors matrix. 

In general, the control law and its derivative, 𝜼, is proportional to the state and its derivatives, 𝝃 as follows: 

 𝜼 = 𝑷𝝃 = [
𝑃11 ⋯ 𝑃1𝑁

⋮ ⋱ ⋮
𝑃𝑁1 ⋯ 𝑃𝑁𝑁

] 𝝃 (14) 

Finally, the analytical form of the control law can be found by combining the third equation of (3) and (14) 

as 

 𝑢 =
𝑏

𝑟
∑ 𝑃𝑁𝑖𝑥(𝑖−1)𝑁

𝑖=1  (15) 

which depends on the coefficients and order of the kernel function, on the state variable and on combination 

of state derivatives of N-order. For these reasons, the proposed control algorithm is called Proportional-

hyper-derivative, PD(N).  

The obtained control law is not a casual one, because it is depending on the derivatives of the state 𝑥(𝑖). 

However, by computing a direct expression of 𝑥(𝑖) starting from the Laplace formulation of equation (1), 

after some manipulations, the  𝑥(𝑖) can be expressed by the integral of the state and of the control. For sake 

of simplicity, this general mathematics is omitted, and the complete formulation can be found in [26]. 

3 Active control of MR damper 

The system chosen to test the PD(N) behavior is a simple quarter-car model. The sprung mass 𝑀 is the 

quarter vehicle mass and the unsprang mass 𝑚 represents the wheel mass, both are controlled by an active 

actuator 𝑢, which considers the presence of the MR damper with 𝐹𝑑 force. The MR damper has been 

modelled to consider the hysteresis effects typical in magnetorheological fluids. 

The prototypal system in Figure 1 shows a 2-Dof system including the vertical displacements 𝑧, 𝑧𝑡 on which 

the road roughness 𝑧𝑟  is acting as an external disturbances. 𝑘 and 𝑘𝑡 are stiffness of the suspension and tyre, 

respectively. The equation of motion of the quarter-car model follows as: 

 𝑀�̈� + 𝑘(𝑧 − 𝑧𝑡) +  𝐹𝑑 = 𝑢 

 𝑚�̈�𝑡 + 𝑘(𝑧𝑡 − 𝑧) − 𝐹𝑑 + 𝑘𝑡(𝑧𝑡 − 𝑧𝑟) = −𝑢 
(16) 
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Figure 1: Quarter-car model with active control in parallel with a MR damper.  

Many mathematical models are employed to describe the hysteresis phenomena, but the specific 

magnetorheological behavior is mainly studied by the Bouc model. This start from the representation of a 

hysteresis force 𝐹𝑑. Bouc proposes, under the rate-independent assumption, the following model [23]: 

 
𝑑

𝑑𝑡
𝐹𝑑 = 𝑔 (𝛥, 𝐹𝑑 , 𝑠𝑖𝑔𝑛(�̇�)) �̇� (17) 

for some given initial conditions 𝐹𝑑(𝑡0) and 𝛥(𝑡0). Due to the nonlinearities of the 𝑔 function, Bouc 

proposed a hysteresis formulation based on the solution of the following Riemann-Stieltjes integral: 

 𝐹𝑑(𝑡) = 𝑐Δ(𝑡) + ∫ 𝑓(𝑉𝑠
𝑡)dΔ(s)

𝑡

𝜏
 (18) 

where 𝑐 is a parameter and 𝜏 is the time instant after which the displacement and force are defined and the 

term 𝑉𝑠
𝑡 is the total variation of Δ in the time interval [𝑠 − 𝑡]. The function 𝑓 is called the hereditary kernel 

and it takes into account hysteretic phenomena. In the special case of an exponential kernel 𝑓(𝑥) =

𝐴𝑒−𝛽𝑥with , 𝛽 > 0 , a differential formulation of the second terms of (18) can be easily deduced: 

 �̇� = 𝐴Δ̇ − β𝑟|Δ̇| (19) 

indicating 𝑟 = ∫ 𝑓(𝑉𝑠
𝑡)dΔ(s)

𝑡

𝛽
. The derivation of these equations is detailed in Reference [23]. Equation (19) 

has been extended in reference [22] to describe restoring forces with hysteresis in the following form: 

 �̇� = 𝐴Δ̇ − β𝑟𝑛|Δ̇| − γΔ̇|𝑟𝑛|  (20) 

with 𝑛 odd and 𝛾 an additional tuning parameter. The equation (20) is called Bouc-Wen model and it was 

modified by the contributions of several authors that has proposed different variants [27].  

The system dynamics (16) can host a simplified form of the hysteresis force (18). Linearizing the Bouc-

Wen model, one obtains for 𝐹𝑑: 

 𝐹𝑑 ≈ cΔ + K ∗ Δ (21) 

where 𝐾(𝑡) = ∑𝛼𝑖𝑒−𝑐𝑖𝑡.  

The parameters 𝛼𝑖 and 𝑐𝑖 can be set to match the cycle of hysteresis of the original Bouc-Wen model. This 

last depends on the current injected into the MRD coils [28], that means a best fitting of 𝛼𝑖 and 𝑐𝑖 can be 

determined for any flowing current. An example of this approximation is show in Figure 2 where the 

behaviour of a MR with LORD MR fluid of RD-1005-3 Serie, is excited by an harmonic signal at 2.5Hz, 

5mm amplitude and a current of 1.5A, (see [28] for more details). In this case a second order kernel 

expansion has been employed, 𝑐 = 16.7𝑒3; 𝛼1 = 9.6𝑒6; 𝛼2 = 73𝑒3; 𝑐1 = 130; 𝑐2 = 0.05. 

𝑘 

𝑧(𝑡) 
  𝑀 

  

𝑧𝑟(𝑡) 

  𝑚 

𝑘𝑡 

𝑧𝑡(𝑡) 

  𝑢 
𝐹𝑑 
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Figure 2: Comparison of MR damper between the Bouc-Wen model and the Volterra integral 

approximation. 

4  Numerical simulation 

The following numerical results concern the simulation of the quarter-car model passing on a bump in order 

to control the car speed in urban streets. The bump is characterized by 7 cm height and 60 cm length. The 

crossing car velocity has been chosen constant as 15 m/s. Figure 3 - Figure 6 show the numerical results 

comparing the passive suspension with the controlled one when the PD(N) algorithm is applied and also 

with the classical LQR method. In Table 1 the simulation and control parameters are reported. 

Table 1: Simulation parameters 

Description Parameters Value 

Quarter-car stiffness [N/m] 𝑘 2.2 ∙ 104 

Tyre stiffness [N/m] 𝑘𝑡 2.5 ∙ 105 

Tyre mass [kg] 𝑚 35 

Quarter-car mass [kg] 𝑀 380 

Control Gains 𝑸 [

70 0 0 0
0 1 0 0
0 0 300 0
0 0 0 0.03

] ∙ 107 

 𝑟 0.01 

 𝑲𝑙𝑞𝑟 [2.4 0.34 −6.3 −0.0078] ∙ 105 

 

 

Starting from equation (16) and reducing it at the first order, it is possible to derive the dynamic system in 

the state space form as follow: 

 �̇� = 𝑨𝒙 + 𝑲 ∗ 𝒙 + 𝑩𝒖 + 𝒅 (22) 

where 𝒙 = [𝑧, �̇�, 𝑧𝑡 , �̇�𝑡], 𝑨 is the dynamic matrix 4x4, 𝑩 is the control vector 4x1, 𝒅 is the external disturb 

including the road profile 𝑧𝑟 and the convolution integral 𝑲 ∗ 𝒙 represents the hysteresis memory effects 

(a) (b) 
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with 𝑲 a 4x4 matrix. The passive suspension behavior is simulated by imposing 𝒖 = 𝟎 in equation (22). 

The LQR control is found solving the classical Algebraic Riccati Equation with the stationary conditions, 

𝒖 = −𝑲𝒍𝒒𝒓𝒙, where the LQR control gain 𝑲𝒍𝒒𝒓 is only depending on 𝑨 and 𝑩, neglecting the convolution 

term, as it is unable to incorporate it into the solution. Differently, the PD(N) algorithm starts from the cost 

function that can consider the memory effects: 

 𝐽(𝒙, 𝒖, 𝝀) = ∫
1

2
𝒙𝑇𝑸𝒙 +

1

2
𝒖𝑇𝑹𝒖

𝑇

0
+ 𝝀𝑇[�̇� − 𝑨𝒙 − 𝑲 ∗ 𝒙 − 𝑩𝒖]𝑑𝑡 (23) 

where the 𝑸  and 𝑹  gain matrices are the same for both tested controls so that the results in terms of 

performance and cost function can be compared. Starting form (23) and following the same mathematical 

approach illustrated in Section 2, which for reasons of clarity has been exposed for a scalar problem so as 

not to burden the mathematical formulation, the PD(N) optimal feedback control can be expressed as:  

 𝒖 = 𝑹−1𝑩𝑇 ∑ 𝑷𝑁𝑖
𝑁
𝑖=1 𝒙(𝑖−1) (24) 

Eq. (24) has the same structure of (15) where the 𝑷 matrix is now composed by submatrices 𝑷𝑁𝑖. For all the 

simulations a kernel function 𝐾(𝑡) characterized by the parameters 𝑐 = 8𝑒3; 𝛼1 = 9.6𝑒6; 𝑐1 = 130 has 

been chosen. 

The following Figure 3 - Figure 6 show the numerical results in term of masses displacement 𝑧, 𝑧𝑡 and tyre 

deflection. This last parameter, which is the handling measure 𝑧𝑡 − 𝑧𝑟, is important to guarantee a good 

stability and maneuverability of the car. In fact, when a vehicle crosses asymmetric potholes or bumps in 

the road, it can skid or lose stability due to a bad tyre-to-road contact. The quality of this contact can then 

be assessed based on the tyre bending. 

Figure 3 and Figure 4 show the time evolution of the car and tyre displacement, respectively, when the 

system is uncontrollable (passive) and when it is controlled by the LQR and PD(N) algorithms. Both the 

controller can minimize the car oscillations due to the external bump on the road in comparison to the passive 

system. Moreover, the novel PD(N) solution can overcome the bump peak better than LQR, managing to 

improve the attenuation of the car and tyre displacement even for times after the peak itself. 

 

Figure 3 Car-body displacement in time 
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Figure 4 Tyre displacement in time 

At the same level of forces applied, lower tyre deflections has been obtained with the PD(N) control 

compared to the LQR one, because the standard method does not take into account memory effects due to 

the hysteresis phenomena of the damper. 

The better PDN performance targeted are evidenced also by the presence of a faster and smoother control 

law (Figure 5) and a lower value of cost function in time (Figure 6) respect to the LQR. 

 

Figure 5 Control law evolution in time 

 

Figure 6 Cost function in time 
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Conclusions 

In this work a novel feedback control has been formulated to control dynamic system with hysteresis effects. 

The analytical solution of the optimal control of integral-differential Volterra equations, allows to control 

the memory effects typical of ferromagnetic fluids such as the MRD. These dampers are normally 

represented by nonlinear mathematical models that make many control logics ineffective because they fail 

when interfaced with these complex models. In this preliminary study, the damper has been approximated 

by a convolution integral allowing to apply the Proportional-Nth-order-Derivatives or PD(N) to a quarter-

car model passing on a bump. The numerical results show how the proposed PD(N) controller has better 

performance, in terms of minimization of mass displacement and tyre bending, compared to the standard 

LQR method.  
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Abstract
Lightweight design is an essential feature of aeronautic structures, yielding a considerable susceptibility to
vibrations. While aircraft vibrations in the lower frequency range are safety-relevant, vibrations in the higher
frequency range lead to an increased cabin interior noise and thus to reduced passenger comfort. An in-
crease of structural damping is therefore highly beneficial but is directly connected to an undesired mass
gain. Therefore, a general interest exists in a mass optimized vibration damping.
This paper addresses the optimization of viscoelastic damping using the finite element method. In a param-
eter study it is shown that the width of the core and face layer of a Constrained Layer Damping treatment
has a significant influence on the vibration damping. The width of those layers is therefore divided up into
40 parts and used as design variables in a restricted optimization. As a result, a geometry configuration is
determined, aiming for maximum damping under a defined mass constraint.

1 Introduction

For many years vibration damping has been a fundamental topic in design engineering, in particular in the
field of aeronautic manufacturing. Lightweight design plays an important role in order to achieve an optimal
compromise between mass and stiffness. For instance, components such as frames and stringers of aircraft
fuselage or spars and rips of aircraft wings exhibit lightweight characteristics (see Fig. 1). As a consequence,
these structures are prone to vibrations. On the one hand, the transmission of structure borne sound by frames
and stringers leads to sound radiation at the fuselage skin and causes an increased cabin interior noise. On
the other hand, severe wing vibrations can impact the controllability of an aircraft and cause fatigue in the
long term. Hence, a tailored low-mass damping layout would be beneficial. For this purpose elastomers are
key materials. Elastomers feature viscoelastic properties and exhibit a high damping potential, physically

frame

stringerfuselage skin

(a)

spars

rips

(b)

Figure 1: (a) Flight-Lab fuselage and (b) FE model of wing configuration SE2A MR BWD-swept
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represented by a complex modulus. Applied as a damping layer in Constrained Layer Damping treatments
(CLD), the damping potential of the viscoelastic material is retrieved by forced shear deformation. An
advantage over other damping mechanisms as e.g. friction damping is the fact that viscoelastic damping is
material inherent and can be modeled with material parameters derived from dedicated material tests. The
material parameters and geometrical properties of the damping layer can be implemented in finite element
(FE) calculations and have a physically traceable effect on the modal loss factors of a vibrating system. As a
result, structures can be designed with regard to their damping behavior in the preliminary design. Similar to
the layout of stiffening components, the focus of damping layout is set on high effectiveness and low mass
increase at the same time. If the design is subjected to mass restrictions, it would be desirable to remove
damping material that only gives little or no contribution to the vibration damping and add it at locations
with highest impact. The common width of the core and face layer of CLD treatments seems to be a possible
parameter for this purpose and its influence on the vibration damping is therefore analyzed in the following.

For simplification, the lightweight components of Fig. 1 are considered as free-free vibrating beams within
the scope of this paper. At first, the theoretical background of viscoelastic material modeling in conjunction
with the finite element method (FEM) is exemplified in Sect. 2. In Sect. 3, the basics of a general parameter
optimization are presented and the Nelder-Mead (NM) simplex method as well as the gradient-based repair
(GBR) method are explained. Additionally, a parameter study based on a FE analysis is performed in Sect.
4. The width of the core and face layer of a CLD sandwich structure varies and the influence on damping is
evaluated for different temperatures. Based on the parameter study from Sect. 4, a mass restricted damping
optimization using the NM and GBR method is performed in Sect. 5. The results as well as encountered
challenges of the analysis are discussed and further optimization opportunities are proposed. At last, the core
findings of this paper are summarized in Sect. 6.

2 Theoretical background of viscoelastic material modeling

This section covers the theoretical background of viscoelastic material modeling. At first, it is explained
how viscoelasticity can be physically described in the frequency domain. Additionally, the integration of
viscoelastic material models into the finite element method (FEM) is demonstrated. Afterwards, different
approaches for analyzing the damping performance of vibrating structures including local viscoelastic ele-
ments are discussed.

2.1 Viscoelasticity in the frequency domain

Viscoelasticity combines both viscous and elastic properties. If a viscoelastic material is forced under har-
monic steady-state excitation, the combination of elastic and viscous properties can be expressed in terms of
a complex Young’s modulus E∗ with the imaginary unit i [1]

E∗ = E′ + i E′′ . (1)

The elastic properties are represented by the storage modulus E′, while the viscous properties are quantified
by the loss modulus E′′. Real viscoelastic materials like elastomers exhibit a strong dependence of their
material properties on excitation frequency and temperature. Therefore, eq. 1 has to be expanded to

E∗(ω, T ) = E′(ω, T ) + i E′′(ω, T ) , (2)

where ω denotes the frequency of the harmonic steady-state excitation and T the temperature. The gen-
eralized Maxwell-model and the model of fractional derivatives are popular one-dimensional viscoelastic
material models which approximate the dependence of the storage and loss modulus on the frequency and
are exemplified in [2] [3] [4]. Further literature regarding the modeling of temperature dependence can be
found in [2]. Additionally, the ratio of the loss and storage modulus is defined as the material loss factor η
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η(ω, T ) =
E′′(ω, T )

E′(ω, T )
. (3)

The material loss factor is a crucial parameter for assessing the damping capability of a material. Poor or
non-damping materials like metals have a material loss factor that is close to zero. In contrast to it, common
damping material may have a material loss factor close to one [5].

2.2 Implementation of viscoelastic models into the finite element method

The briefly mentioned viscoelastic material models from previous section can approximate the material be-
havior only in one-dimensional direction. A fully spatial consideration of the material, e.g. the deformation
behavior under load, is not realizable without further assumptions. However, it is possible to assume isotropy
for viscoelastic materials [2]. The isotropic assumption allows for generating an isotropic elasticity matrix
E that defines the spatial elastic behavior of a material [6]

E =
E

(1 + ν)(1 − 2ν)




1 − ν ν ν 0 0 0
ν 1 − ν ν 0 0 0
ν ν 1 − ν 0 0 0
0 0 0 1−2ν

2 0 0
0 0 0 0 1−2ν

2 0
0 0 0 0 0 1−2ν

2



. (4)

Here, E denotes the Young’s modulus and ν the Poisson’s ratio. In case of viscoelasticity, the Young’s
modulus is complex. Applying eq. 1, eq. 4 yields a complex elasticity matrix E∗

E∗(ω) = E′(ω) + iE′′(ω) . (5)

In fact, the complex elasticity matrix does also depend on the temperature, but for simplification the indica-
tion of the temperature is left out in the following. The complex elasticity matrix can be used to calculate
the stress-strain relationship of a viscoelastic material by means of Hooke’s law. The stress vector σ results
from the multiplication of the complex elasticity matrix and the strain vector ε [6]

σ = E∗(ω) ε . (6)

By using eq. 6 it is possible to determine the spatial stress or strain components in a viscoelastic material
under load. This also allows for establishing the equivalence of virtual work between external loads and
internal stresses and strains. If a continuous structure is discretized by a finite number of elements, the
equivalence of virtual work leads to an expression for the complex element stiffness matrix K∗E

K∗E(ω) =

∫

VE

(
ΘϕT

)T
E∗(ω) ΘϕTdVE . (7)

In eq. 7, the matrix product of the differential operator matrix Θ, the shape function matrix ϕ and the
complex elasticity matrix is integrated over the element volume VE . The complex element stiffness matrix
can be divided up into the classical element stiffness matrix KE and into the element hysteretic damping
matrix DE by inserting eq. 5 into eq. 7

KE(ω) =

∫

VE

(
ΘϕT

)T
E′(ω) ΘϕTdVE , (8)
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iDE(ω) = i

∫

VE

(
ΘϕT

)T
E′′(ω) ΘϕTdVE . (9)

In analogy to eq. 3 it is also possible to apply the relationship between the element stiffness and the element
hysteretic damping matrix

iDE(ω) = i η(ω) KE(ω) . (10)

Finally, all element matrices need to be sorted into the corresponding global system matrices. This is
achieved by means of Boolean matrices BE . The Boolean matrices relate the local element degrees of
freedom to the global degrees of freedom of the discretized structure, without modifying the entries of the
element matrices. In the end, the global stiffness matrix K and the global hysteretic damping matrix D result
from the summation over all elements

K(ω) =
∑

E

BT
E KE(ω) BE , (11)

iD(ω) = i
∑

E

BT
E DE(ω) BE . (12)

At this point it should be noted that the presented procedure enables the modeling of local viscoelastic
elements. The modeling of local viscoelastic elements is in particular required for sandwich structures that
are based on the CLD principle.

2.3 Damping evaluation of vibrating structures with viscoelastic components

In general there are two different ways to evaluate the damping of a vibrating system including viscoelastic
components: Either indirectly by modal identification from simulated frequency response functions or in a
direct manner by solving the corresponding eigenvalue problem.
The indirect way is computationally very expensive, since the frequency dependent system matrices have to
be generated and the equation of forced harmonic vibration has to be solved for every excitation frequency.
In case of hysteretic damping, it is [7]

[
−ω2 M + K(ω) + iD(ω)

]
u = f , (13)

where M is the mass matrix, u the vector of complex displacement amplitudes and f the vector of complex
force amplitudes. Afterwards, the modal parameters as eigenfrequency and damping ratio have to be iden-
tified manually from resulting frequency responses. This disadvantage disqualifies the method in terms of
automated optimization processes.
In contrast to it, the direct way includes the solution of the eigenvalue problem [7]

[
−λ2r M + K(ω) + iD(ω)

]
ψr = 0 , (14)

with the eigenvalue λr and the complex eigenvector ψr of the rth mode. Since the stiffness matrix and hys-
teretic damping matrix are dependent on frequency, the eigenvalue problem is not directly solvable. Instead,
an iterative eigenvalue solver is required [8] [9]. Sometimes this problem can be overcome also by assuming
the system matrices to be constant and not frequency dependent. This is in particular the case, if the changes
of storage modulus and material loss factor are neglectable in a considered frequency range. The resulting
complex eigenvalue contains information about the modal loss factor ηr and the natural frequency ωr [7]

λ2r = ω2
r (1 + i ηr) , (15)
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where the modal loss factor quantifies the vibration damping. It should be noted that the eigenvalues of
the hysteretic damping model are different from those of the viscous damping model. The differences are
exemplified in [10]. The modal loss factor can be determined from the ratio of the imaginary (subscript im)
and real (subscript re) part of the eigenvalue

ηr =
λ2r,im
λ2r,re

. (16)

In addition, the eigenfrequency fr can be extracted from the real part of the eigenvalue

fr =
1

2π

√
λ2r,re . (17)

It is important to emphasize that the modal loss factor is completely different from the material loss factor.
The material loss factor is an indicator for viscoelasticity and thus for the damping capability of a material.
In opposite to it, the modal loss factor describes the damping of a mode shape of a vibrating system. For
weakly damped systems, the modal loss factor is connected with the well known damping ratioDr as follows

ηr = 2Dr . (18)

An additional, alternative approach for damping estimation is the so-called modal strain energy (MSE)
method [11]. The MSE approach sets the dissipative strain energy of the viscoelastic material in relation
to the overall strain energy of the vibrating system. Since this method only requires normal modes for the
modal loss factor calculation, it is still very popular and provides decent damping results.

3 Theoretical background of parameter optimization

This section briefly introduces the fundamentals of a parameter optimization. The governing formulation
of a restricted optimization problem is presented. Furthermore, the Nelder-Mead simplex method and the
gradient-based repair method are shortly explained.

3.1 General formulation of an optimization problem

The aim of a parameter optimization is to find a global minimum or maximum of an objective function
f(x). The objective function is dependent on different design variables xi that are allocated in the vector of
design variables x. In addition, the number of design variables defines the dimension N of the optimization
problem. During an optimization process the design variables are systematically updated in order to achieve
an improvement of the objective function value. A maximization problem can easily be replaced by an
equivalent minimization problem [12]

max
x∈X

f(x) = −min
x∈X

(−f(x)) , (19)

where X is the area of feasible solutions. The area of feasible solution can be restricted by constraints
which are applied to different design variables. A general formulation of a restricted nonlinear optimization
problem is [13]

Minimize: f(x) (20)
Subject to: cj(x) = 0

hk(x) ≤ 0

xL ≤ xi ≤ xU , i = 1, ..., N .
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Here, cj(x) denote equality constraints, while hk(x) indicate inequality constraints. If a design variable
is constrained between a lower xL and an upper boundary xU , the boundary conditions are called side
constraints.

3.2 Nelder-Mead simplex and gradient-based repair method

In general, optimization algorithms are classified into gradient based and non-gradient based methods. Gra-
dient based methods utilize the information of the gradient of the objective function in order to approach to
the minimum or maximum. Typical methods are the Newton’s method or gradient descent. A big disadvan-
tage is the calculation of the gradient that is in particular for large order systems computationally intensive
and depending on the type of objective function, sometimes not feasible.

As a convenient alternative, non-gradient based methods do not require information about the gradient. As a
consequence, neither a sensitivity matrix has to be assembled nor a matrix has to be inverted. In this context,
the NM simplex method is very popular[14]. This method aims to find the minimum of an N-dimensional
objective function without any derivative information.
As a first step, the method builds up an N -dimensional simplex from N + 1 initial vertexes that are gen-
erated by different design variable combinations. Afterwards, the corresponding objective function values
are calculated and sorted by size. During the iteration it is tried to achieve an improvement by different
geometrical operations of the worst vertex. In case of convergence, the simplex contracts around a minimum
of the objective function.
The NM method itself is not able to control the compliance of the constraints and boundaries. In order to
overcome this issue, the GBR method is coupled with the NM algorithm. The GBR checks, if a vertex is
located in an infeasible region. In that case, the information about the derivative of the violated constraint is
used to navigate the vertex back into a feasible region [15].

4 Parameter study on the width of the core and face layer

The focus of this section is set on the width of the core and face layer of a vibrating CLD beam. At first, the
simulation setup is explained and numerical test results are compared to analytical results. Afterwards, the
sandwich beam is divided into an inner and an outer layer and a parameter study regarding the width of the
layers is conducted for different temperatures.

4.1 Simulation setup

The structure being considered is a small sandwich beam, illustrated in Fig. 2. The beam has a length of 400
mm and a width of 40 mm. It is neither fixed nor attached to the environment so that the boundary conditions

A

B

C

width = 40 mm

length = 400 mm80 elements

80 elements

Figure 2: Schematic setup of the CLD sandwich structure
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can be assumed as free-free. The base beam (A) as well as the face layer (C) consist of aluminum, while the
core layer (B) is a virtual viscoelastic material. Additionally, all layers are assumed to be perfectly bonded
to adjacent layers. Tab. 1 shows the corresponding properties of each layer, where ρ denotes the material
density and t the thickness of each layer.

Table 1: Properties of the CLD layers

layer ρ [kg/m3] E′ [Pa] ν [-] η [-] t [mm]
A 2700 7.1 · 1010 0.33 0.005 8
B 1250 - 0.499 0.4 2
C 2700 7.1 · 1010 0.33 0.005 5

The FEM software MSC Nastran 2018.2 is chosen for the following analysis. The structure is discretized
by CHEXA elements with PSOLID properties [16]. CHEXA elements are solid elements with three trans-
lational degrees of freedom at each of the eight nodes. Along the length and width directions, the beam
is discretized by 80 elements. Furthermore, each of the sandwich layers is discretized by one element in
thickness direction, so that the fully covered structure is divided up into 19200 elements. It is important to
mention that the element resolution is kept constant during the following sections. Elements which are not
required are simply deleted. Due to the high element resolution in width direction, the aspect ratio of some
elements is rather poor (aspect ratio = 16). But the high resolution is needed for the following analysis. Other
element distortions as skewness and taper do not occur. Therefore, it has to be shown that the aspect ratio
does not cause wrong results in the simulation.

For this purpose the fully covered beam is analyzed analytically by the differential equation proposed by Rao
in [17] for free-free vibrations. The main assumptions of the approach are:

• the deflection of the beam is small and uniform across any section

• axial displacements are continuous

• face layers bend as per Euler hypothesis

• the core layer deforms mostly through shear strain and does not carry much axial force

• longitudinal and rotatory inertia effects are neglectable

Additionally, a direct complex eigenvalue analysis (SOL 107) is performed in Nastran. In both cases the
material loss factor of aluminum is neglected (ηalu = 0) and the storage modulus of the viscoelastic layer is
chosen to be E′ = 1 · 107Pa. The resulting eigenfrequencies and modal loss factors of both approaches are
listed in Tab. 2.

Table 2: Comparison of Nastran and analytical results

mode
fr [Hz] ηr [-]

analytic numeric ∆ [%] analytic numeric ∆ [%]
1 267.3 268.4 0.41 0.1076 0.1077 0.09
2 644.0 647.2 0.49 0.0423 0.0417 1.42
3 1232.2 1232.8 0.05 0.0234 0.0230 1.71

From Tab. 2 it is evident that the poor element aspect ratio has no impact on the quality of the numeric
results. Most of the relative deviations are less than 1%. Only the values for the modal loss factor of the
second and third mode exhibit deviations which are still of acceptable accuracy for the purpose of damping
design. Damping cannot be identified from test data as accurately as eigenfrequencies. Hence, it can be
concluded that the FE mesh density is sufficient.
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4.2 Influence of different temperatures on damping and geometry configuration

In this section the influence of the temperature and different width configurations on the modal loss factor
of the first bending mode is analyzed. From [5] it is known that the temperature may have a significant
influence on the storage modulus of a viscoelastic material and can cause large changes in the resulting
modal loss factor of a vibration mode. However, the affected modal loss factor can be increased by an
intelligent geometry design of the CLD treatment. As an example, Fig. 3 shows the storage modulus of a
bromobutyl rubber mixture for -25°C and 0°C. Both temperature levels are normally passed by an aircraft
during flight.
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Figure 3: Storage modulus of a bromobutyl rubber mixture for -25°C and 0°C [5]

It can be seen that the storage modulus for -25°C is approximately ten times higher than for 0°C over the
whole frequency range. From a frequency of 100 Hz, the changes of both storage modulus curves are
rather small. Therefore, for simplification, constant storage moduli for both temperatures are assumed in the
following: E′−25◦C = 1 · 108 Pa and E′0◦C = 1 · 107 Pa. In fact, the loss factor of the viscoelastic material
would also change with temperature. But in order to ensure comparability, a constant material loss factor
according to Tab. 1 is applied.

inner
layers outer

layers

outer
layers

Figure 4: Definition of inner and outer layer of the CLD treatment

For the next steps, the core and face layer are symmetrically divided into an inner and outer part (see Fig. 4).
The width of both parts varies between 0 mm (no damping layers) and 40 mm (full damping layers) during
the parameter study. The material is equally distributed around the symmetric plane of the length direction.
For each step, SOL 107 is performed and the modal loss factor of the first bending mode is calculated.
The results are visualized in Fig. 5. A red line is added, indicating an arbitrarily chosen boundary that
corresponds to 50% mass of a fully covered CLD treatment. Furthermore, the black asterisk marks the best
geometry configuration regarding the highest modal loss factor.

It can be seen that the modal loss factor for 0°C is in general lower than for -25°C. Additionally, the outer
layer exhibits a higher sensitivity regarding the damping for 0°C, since changes along the horizontal axis
result in increased loss factor values (see Fig. 5(a)). For -25°C it is the other way round, the inner layer is
more sensitive to damping (see Fig. 5(b)). Maximum modal loss factor values for 0°C occur in the upper
right-hand region, close to a fully covered CLD configuration. In opposite to it, highest damping values
for -25°C appear, when the beam is just partially covered. By saving at least 50% of mass it is possible to
obtain a higher modal loss factor compared to a fully covered configuration. For an aircraft designer this is

834 PROCEEDINGS OF ISMA2020 AND USD2020



0 10 20 30 40

Width of outer layer [mm]

0

10

20

30

40

W
id

th
 o

f 
in

n
er

 l
ay

er
 [

m
m

]

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

M
o
d
al

 l
o
ss

 f
ac

to
r 

[-
]

50% mass restriction

best configuration

(a)

0 10 20 30 40

Width of outer layer [mm]

0

10

20

30

40

W
id

th
 o

f 
in

n
er

 l
ay

er
 [

m
m

]

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

M
o
d
al

 l
o
ss

 f
ac

to
r 

[-
]

50% mass restriction

best configuration

(b)

Figure 5: (a) Geometry configurations for 0°C and (b) -25°C for the first bending mode

a win-win situation, since the mass decreased and the vibration damping improved at the same time. The
best geometry configuration for 0°C can be found, if the width is defined to be 27 mm for the inner and 13
mm for the outer layer and a modal loss factor of η1 = 0.0802. This corresponds to a damping ratio of about
Dr = 4%. In comparison to it, the optimal configuration for -25°C is a width of 32 mm for the inner and
8 mm for the outer layer resulting in a modal loss factor of η1 = 0.1337 (Dr = 6.69%). Fig. 6 shows the
corresponding geometry from top view. The black color indicates the added core and face layers.
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Figure 6: (a) Best geometry configuration for 0°C and (b) -25°C from top view

On the one hand, the analysis shows that a perfect CLD configuration does not exist, if the vibrating system
passes different temperature levels. An optimal geometry configuration that delivers maximum damping for
a particular temperature can be inappropriate for a different temperature. On the other hand it is possible
to compensate damping decreases as a consequence of temperature changes by intelligent shaping. Further-
more, depending on the temperature and the viscoelastic material, a fully covered CLD treatment does not
automatically provide maximum damping values.

5 Width optimization of core and face layers

In section 4 it was demonstrated that the modal loss factor can be adjusted by width variation of the CLD
layers. This insight is used for damping optimization in the following. At first, the setup of the restricted
optimization problem is explained. Afterwards, the optimization is conducted and the results are presented.
The section ends with a discussion about the results and improvement opportunities.

5.1 Optimization setup

The objective of the optimization is to obtain a maximum modal loss factor of the first bending mode by an
optimal width distribution of the core and face layers under mass constraint. In opposite to Sect. 4, both
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layers are divided up into N = 40 design variables representing the width of the corresponding element
layer (see Fig. 7). The symmetric property of the first bending mode is used for simplification so that each
design variable is allocated two rows of element layers in width direction. Design variable x1 indicates the
outermost layer, while x40 indicates the innermost. The material properties are adopted from Tab. 1.

x40

x39

x1

Figure 7: Design variables of the core and face layers

In opposite to sec. 4.2, only the temperature of -25°C is considered and the mass restriction corresponds
to 50% mass of a fully covered CLD treatment. A parameter for controlling the compliance with the mass
constraint is the admissible accumulated width w. It can be calculated regarding the relative mass constraint
ε in terms of a sum equation of all design variables

w = 2ε ·
N∑

i=1

xi . (21)

The factor 2 is required, since each design variable indicates the width of two element layers. As a con-
sequence, a fully and 50% partially covered CLD treatment of the considered beam has an accumulated
width of 3200 mm and 1600 mm, respectively. The design variables are constrained by an upper boundary
xU = 40 mm and a lower boundary of xL = 0 mm. Due to the constant predefined mesh resolution, the
design variables can exhibit only integer values. Therefore, whenever an iteration step of the optimization
results in a decimal number, the value has to be rounded to the next integer value. The influence of the
rounding on the optimization results will be discussed later in Sect. 5.3. However, the rounding can cause an
error in the accumulated width, violating the mass restriction. In order to overcome this issue, the maximal
rounding error δ has to be included in the calculation of the accumulated width. It has to be multiplied by
the number of design variables, yielding the following equation

w = 2

(
ε ·

N∑

i=1

xi − δ N

)
. (22)

Since the maximum rounding error is 0,5 mm in the present case, the accumulated width for the analysis is
1560 mm and shall not be passed. Finally, the optimization task can be expressed as a minimization problem
according to eq. 20

Minimize − ηr (23)

Subject to 2 ·
N∑

i=1

xi − 1560 ≤ 0

0 ≤ xi ≤ 40, i = 1, ..., N .

The optimization is performed using the NM method in conjunction with the GBR method. Random integer
values in the range of 0 to 20 are generated as start points. Additionally, the best geometry configuration
from Sec. 4.2 is added as a start vertex. Convergence is assumed, if all vertexes of the simplex exhibit the
same values of the design variables.
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5.2 Optimization results

In Fig. 8 the worst modal loss factor of the simplex is plotted in dependence of the iteration steps. It can
be seen that the modal loss factor improves clearly during the first 100 iterations. Subsequently, the increase
becomes rather smooth and after the 300th iteration the improvement is minimal. The optimization stops
after 537 iterations. In total, an additional weight of 36.23% of the base beam is required for obtaining a
maximum modal loss factor of ηopt = 0.1371 (Dr = 6.855%). This corresponds to a relative increase of
2.48 % compared to the best modal loss factor value of the parameter study of Sect. 4.2. The mass gain
consists of 0.1056 kg viscoelastic material for the core layer and 0.1056 kg aluminum for the face layer.
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Figure 8: Convergence diagram of the worst simplex value

The optimized geometry configuration is illustrated in Fig. 9 in black color. The gray background indicates
the best width distribution resulting from the parameter study (Fig. 6(b)). In comparison to it, material is
removed from the outsides and mostly added to the transition region from narrow to wide. The same applies
to the outer parts of the wide area, where material is also removed. In contrast to it, the width of the inner
part stays almost the same. It seems as if the optimization causes a smoother transition from narrow to wide.
However, the geometry still looks very edged.

Length

W
id

th

Figure 9: Optimized geometry configuration for -25°C from top view

5.3 Challenges and improvement opportunities

A crucial weakness of the presented optimization process is the rounding of the design variables during the
iterations. It causes a distorted movement of the simplex since the originally updated vertexes are forced to
modify their coordinates according to the rounding rule. The simplex does not follow the computed direction
anymore, but slightly shifts its movement. As a consequence, the simplex is not able to move to the optimum
and converges to a non-optimal solution. This can also be a reason for the edged contours of the geometry
from Fig. 9. At the same time, the selection of the initial values has a greater influence on the final result.

One possibility to overcome this problem is a higher mesh resolution. Thereby, the element size as well as
the resulting rounding error decrease. However, this includes the disadvantage of significantly increasing the
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computational costs. Therefore, it has to be estimated a priori, if the result of the optimization really justifies
the effort or if a parameter study based on engineering judgment is sufficient. In the case of Sect. 5.2, the
modal loss factor improvement is comparatively small and requires a structure that is hard to manufacture.

An alternative opportunity is to use other optimization algorithms that are less sensitive to rounding. A possi-
ble alternative might be the Particle Swarm Optimization (PSO) [18]. The PSO algorithm is an evolutionary,
non-gradient based optimization method based on a biological swarm behavior. The advantage over the NM
method is that each of the particles has its own movement characteristic and individually moves towards the
best particle. On the way to it, a better solution can be found. This could minimize the influence of the
rounding error.

Another problem that might occur during the optimization is a mode switch. Mass and stiffness and thus the
eigenfrequencies of the sandwich beam vary due to size changes of the core and face layer. This might lead
to a particular case, where a torsion mode switches with a bending mode. Therefore, it has to be ensured
that the analyzed result data of the FE calculation really corresponds to the relevant mode. Mode tracking by
Modal Assurance Criterion is a feasible procedure for such purpose [19].

Even considering these challenges, the optimization approach offers interesting opportunities. The same
optimization approach can be applied for thickness optimization or combined thickness-width optimization
of the core and face layer. A weighted optimization is possible that aims to achieve a tailored damping
design for different modes or temperatures. Furthermore, a post processing unit using spline optimization
would be beneficial, in order to smooth the edged structure and to make it more applicable for manufacturing
processes.

6 Conclusion

This paper has presented an optimization approach for damping layout of a CLD treatment. The influence
of the width of the core and face layer on the modal loss factor has been analyzed in a parameter study. The
analysis showed that the width is an appropriate parameter for controlling the damping performance of a
CLD treatment. It has been proven that a fully covered CLD treatment does not necessarily lead to a maxi-
mum modal loss factor. A partially covered configuration can result both in an increased modal loss factor
and in a reduced mass gain. Additional shear stresses are generated in areas of width changes, causing higher
shear strain of the viscoelastic layer and thus an increased damping. Due to the sensitivity of the viscoelastic
material properties to temperature, the damping performance of a CLD treatment can vary significantly with
temperature. It can be concluded that an optimized geometry configuration does only exist for a particular
temperature and not in general.
A restricted optimization has been conducted using the Nelder-Mead simplex method in conjunction with
the gradient-based repair method. The width of the core and face layer has been divided into 40 design vari-
ables which have been optimized regarding highest damping under a predefined mass limit. As a result, the
optimization has provided a geometry configuration that increases the damping performance. A considerable
damping ratio of 6.855% has been achieved by adding 36.23% of the base layer mass. Such a damping value
is a significant improvement, particularly for the reduction of cabin interior noise.
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Abstract
In this work we investigate discrete structures with local hysteretic effects regarding energy flow and wave
propagation. The dynamic behavior is pointed out using an oscillator chain with local dissipation source
leading to non-proportional damping. Both, a linear viscous damping element and a nonlinear Coulomb
sliding element are considered in this study. For steady state solutions, in the case of linear damping, complex
modal analysis is applied. The solution of the nonlinear system is approximated utilizing the Harmonic
Balance method. We show how the intensity of local dampers influences the formation of traveling waves
and thus affects the dynamic design process.

1 Introduction

In many technical applications, the dynamic design process is based on modal analysis of the conservative
system. The aim is to avoid critical system states with resonance peaks in order to avoid structural damage.
Both numerical results as well as measurement data can provide a modal basis for computationally efficient
modeling of dynamic systems. Rayleigh damping, also known as proportional damping, is usually applied
to modal models. The damping matrix is coupled proportionally to the mass and stiffness matrices by means
of certain factors. With this simplification, the eigenvectors of the damped system correspond to those of
the undamped system and system matrices can be diagonalized, thus reducing computation times. However,
proportional damping might not always be a suitable assumption. Friction forces, e.g. in bolted joints,
enable local damping effects. In many types of manufacturing processes the contact between tool and work-
piece induces local dissipation. Especially for geometrically extended structures such as drill strings with
a particularly high length to diameter ratio, it is likely that local contact with the borehole wall will cause
traveling waves. Practically every vibrating structure exhibits to a certain extent traveling waves in the steady
state. In the case of weakly damped structures, however, this component is negligibly small. According to
HAGEDORN [1], the analysis of vibration problems with finite element software can be dangerous if, for
example, gyroscopic terms or non-classical damping effects are not considered appropriately. It should be
estimated beforehand whether a structure is susceptible to traveling waves, so that these can be taken into
account in the modeling. In this paper, we use an oscillator chain to investigate the phenomena of traveling
waves. A local dissipation source is necessary to establish high traveling wave ratios (TWR), which can
occur as mechanical joints or friction induced damping in real structures [2]. The chosen dissipation sources
are a local linear damping element leading to non-proportional damping and a friction element coupled
elastically to the oscillator chain. The friction element is based on Coulomb’s dry friction law. The analysis
aims at performing parameter studies of the linear and nonlinear system. We compare the steady state results
in terms of TWRs. For the solution of the linear system analytical methods are applied, to approximate
the solution of periodic steady states for the nonlinear friction damped system the Harmonic Balance (HB)
method is implemented.
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2 Modeling

2.1 Linear damped system

The investigated linear multi degree of freedom system is depicted in Figure 1. An oscillator chain, which is
excited by a harmonic force F (t) at the first mass, is coupled through spring elements k2. In order to prevent
rigid body modes, the system is attached to the environment via stiffness k1. Additionally, a local damping
element d is attached at the last mass. Rayleigh damping is applied to the linear structure, also known as
proportional damping

C = αM + βK, (1)

d

x1 x2 xi xn-1 xn

m m m m m

F t( )

k
1

k
2

k
2

k
2

Figure 1: Locally damped oscillator chain (m = 1 kg, k1 = 10 N/m and k2 = 1000 N/m) with harmonic
excitation.

where M is the mass matrix, K the stiffness matrix and C the damping matrix. The parameters α = 0.1
and β = 0 are chosen to get pure mass proportional damping. To implement the term of local damping, the
value of d is added to the nth-nth entry of the damping matrix. The system can be described in a differential
equation system through

Mẍ + Cẋ + Kx = f (2)

with f as the vector containing the harmonic excitation force. To solve linear differential equations the
harmonic ansatz function and its time derivatives

x(t) = Re
(
x̂ejΩt

)
, ẋ(t) = Re

(
jΩx̂ejΩt

)
and ẍ(t) = Re

(
−Ω2x̂ejΩt

)
(3)

are used. These functions can be inserted to Eqn. (2) to get the dynamic stiffness matrix

S(jΩ) = K − Ω2M + jΩC = H−1(jΩ) , (4)

which only depends besides the system’s parameters on the excitation frequency Ω. The dynamic compliance
matrix H works as a transfer function, thus it can be used to calculate an output x̂ containing complex
amplitudes at a defined input f :

x̂ = H(jΩ)f . (5)

In order to generate a harmonic excitation at the first mass, the force vector is shaped as

f =
(
1 0 0 . . . 0

)T
f̂ejΩt (6)

where f̂ = 1 N and Ω = 2πfexc as the excitation frequency.

Figure 2 depicts driving point FRFs at an excitation amplitude of f̂ = 1 N and at different values for the
locally attached damping element. The coefficient d is varied in a range from 0 to 100 Ns/m, in order
to investigate the dynamics regarding traveling waves by non-proportional damping. With increasing the
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values of the attached damping element, a significant shift of the natural frequencies – especially in the
lower frequency range up to 4 Hz – of the linear system is visible. In the higher frequency range from 4 Hz
to 10 Hz the local damping element does not affect the natural frequencies as much as in the lower spectrum.
A high damping coefficient leads to high damping forces affecting the last mass, thus it counteracts the
movement. The system is completely different compared to its proportionally damped version.
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Figure 2: Driving point FRFs of the linear system at different damping coefficients.

2.2 Nonlinear friction damped system

The nonlinear system is based on the linear differential equations in Eqn. (2) and Figure 3, respectively.
Additionally, a dry friction element is coupled elastically to the last vibrating mass. An extra degree of
freedom z is introduced in order to account for the elastic coupling.
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Figure 3: Locally friction damped oscillator chain with harmonic excitation; m = 1 kg, k1 = 10 N/m,
k2 = 1000 N/m and k3 = 10000 N/m.

The periodic steady state solutions are approximated applying the Harmonic Balance (HB) method which is
not explained in this paper. Further information regarding the theory, implementation and application of HB
method can be found in [1] and [2].

Figure 4 shows FRFs at FN = 0.8 N and different numbers of harmonics. The increase in the number of
harmonics does not justify the resulting computing time. The number of harmonics for HB is set to N = 3.
A low number of harmonics significantly reduces the calculation time without compromising accuracy. Each
harmonic is sampled with n = 64 steps for evaluation of Fourier coefficients in the time domain. The
excitation frequency range starts at 0.01 Hz and ends at 10 Hz, with the interval divided into 1000 equidistant
steps.

Examples for nonlinear dissipation sources can be mechanical joints or contacts which are exposed to dry
friction. These effects occur mainly locally, thus paving the way for traveling wave motion [3]. There are
many ways to model friction. Requirement for this application is a continuously differentiable function. This
allows the analytical Jacobian matrix to be built up straight forwardly, which in contrast to finite difference
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approximated Jacobian offers considerable advantages in terms of computing time and accuracy within HB.
The Coulomb friction or dry friction is well suited for this purpose. Its exact definition corresponds to an
adapted sign function which can be approximated by an arc tangent function:

FR = µFN
2

π
arctan (1000 · ż) . (7)

The factors before and within the arc tangent function provide the adjustment to the desired friction force
and approximation to the sign function. The resulting friction force FR depends on the friction coefficient
µ = 1 = const., the force FN with which the friction element is loaded and the velocity of the friction
element. Figure 5 shows the exact friction model using a sign function and its approximation using an arc
tangent function. A high parameter – in this case 1000 – inside the arc tangent function leads to a close
approximation to the exact sign function. Thus, an elastic sliding contact is modeled, which acts as a local
dissipation source leading to traveling waves. The force FN is varied in the range from 0 to 2 N with a
number of 101 equidistant steps. The vector of the force excitation corresponds to that from Eqn. (6).
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(8)

Eqn. (8) describes the nonlinear system of differential equations. As with the linear system, mass pro-
portional damping is modeled. The differences include the introduction of the additional massless degree of
freedom z, the additional term containing the nonlinear friction force FR(ż) and the stiffness matrix modified
by elastic coupling k3 of the friction element.

Figure 6 shows driving point FRFs of the friction damped system at different forces FN in a range from 0
to 2 N. As can also be seen in the linear system, the dissipation source has a similar effect on the natural
frequencies of the nonlinear system: there is a significant shift towards lower frequencies at higher forces
FN in the lower frequency range noticeable.
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3 Traveling waves and their quantification

The standing wave ratio (SWR) has its origin in the field of radio engineering. It describes the ratio of wave
impedance to electrical impedance conducted to a transmission line. It can have values between 1 and ∞
corresponding to a minimal standing wave component respective a maximum standing wave component.
The spatiotemporal maximum or minimum of the voltage defined through

SWR =
1

Γ
=

Umax

Umin
(9)

is used for the calculation. In order to be able to use this quantity as a measure of the characteristic of traveling
waves, the reciprocal value of SWR is considered. In electrical engineering, this value is established as a
reflexion factor Γ [4]. A different designation based on evaluating traveling waves in structural vibrations
therefore leads to the traveling wave ratio (TWR) which is defined analogically by the following equation:

TWR =
1

SWR
=

xmin

xmax
. (10)

According to the range of values of SWR, the TWR can assume values between 0 and 1, where 0 indicates a
pure standing wave component and 1 a maximum traveling wave component. Examples for different TWRs
of the oscillator chain are shown in Figure 7. The underlying mechanical linear system with a damping
matrix proportional to its mass matrix, adjustable local damping d and 20 degrees of freedom is depicted
in Figure 1. A pure standing wave is accompanied by stationary nodes, whereas with increasing traveling
wave component the nodes are not stationary anymore. Of course, the amplitudes of the traveling waves are
much lower compared to those of standing waves, as they are the result of local damping leading to pervasive
damping.

Figure 8 shows the spatiotemporal displacements of the oscillator chain. The excitation frequency is in each
case the 6th natural frequency of (non)-proportional damped linear system. It can clearly be observed that in
the proportionally damped case (d = 0) the oscillator chain vibrates according to its 6th mode shape. That the
TWR is not equal to 0 is due to the weak proportional damping in combination with nonmodal excitation. In
the non-proportionally damped case (d = 33), despite excitation at the corresponding 6th natural frequency,
a traveling wave with the TWR = 0.65 is formed. The system does not vibrate in its mode shape calculated
according to the proportionally damped conservative system. The presence of local damping significantly
alters the system behavior. There are no longer local nodes and antinodes. Both are traveling over time in the
direction of the dissipation source. One could say that a standing wave exists only in the linear undamped
system. Only in this case there are stationary nodes and antinodes. Technically seen, every vibration of real
structures have traveling wave components, even though often negligibly small.
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4 Comparison in regard of traveling waves

Through both types of dissipation sources presented in this paper, traveling waves with different TWRs are
formed depending on the parameter combination. The central results of this study can be found in Figure 9.
The TWR is calculated from the periodic vibrations in steady state for each parameter configuration, fexc

and d (linear system) and fexc and FN as defined in Eqn. (10). To avoid that due to the discrete structure of
the system certain vibration levels are incorrectly calculated with high TWR, each vibration form is spatially
interpolated between the degrees of freedom. For example, in the case of the mode shape that all masses
are alternating 180◦ out of phase with each other, a high value for TWR would be calculated despite a pure
standing wave. With interpolating, nodes and anti-nodes can be detected properly.
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Figure 9: Traveling wave ratio at varying parameters: a) locally linear damped system; b) locally friction
damped system; dashed lines: complex modes of the linear non-proportionally damped system; circles:
references to time series at different parameter sets (see Figure 10).

At the first glance at Figure 9 a) and b), the values of the traveling wave ratio appear very different over the
entire parameter map. A closer look reveals that a similar distribution of the TWR is formed in the friction
damped case, except for frequency and friction force dependent distinctive recesses. In Figure 9 a) the
natural frequencies obtained from complex modal analysis of the linear non-proportionally damped system
are additionally shown as red dashed lines. High TWRs can obtained in the frequency range from around 0.5
Hz to 4 Hz. As the frequency increases, the values for TWR decreases and the component of standing waves
increases accordingly. As already mentioned above, higher damping coefficients d lead to a downward shift
of the natural frequencies. As can be seen clearly, the highest TWR is located near the frequency transition,
which can be seen in Figure 9 a) by following the dashed line corresponding to the 2nd natural frequency.
At d ≈ 33 Ns/m the change in the natural frequency is maximal, as is the value of the TWR at that specific
parameter combination. Note, that even though complex modes shift to lower frequencies with increasing
damping coefficient, the overall system is stiffer since the first mode disappears just above d = 20 Ns/m.
Considering the higher natural frequencies, it is noticeable that there are smaller frequency shifts as well as
lower values for TWR.

The nonlinear friction damped system behaves similarly. The highest traveling wave component is apparently
also in the transition range to lower frequencies, which is clearly shown in Figure 6. The red-lined FRF
corresponds to that which contains the highest traveling wave ratio at the corresponding excitation frequency.
As with the linear system, at force FN = 0.8 N, the system is also in transition to lower natural frequencies
as the friction force increases. Here too, the frequency shift is more distinctive in the lower frequency
range, which is qualitatively evident from the FRFs of the friction damped system. There are recently
proposed methods for complex modal analysis of nonlinear non-conservative systems that could make a
valuable contribution to this analysis (see [5] and [6]). With these methods nonlinear frequency curves can
be obtained as a counterpart to the complex modes of the linear system. These methods could be helpful to
elaborate a relation between the distinctive recesses and the nonlinear complex modes.

As examples, periodic time series of each degree of freedom are shown in Figure 10. These refer to the points
marked in Figure 9 b). Each of these points refers to a parameter combination with the corresponding TWR.
The multiharmonic time series illustrate the nonlinear character of the vibrations. In summary, local damping
is a way to induce traveling waves, but, as can be seen in the nonlinear case, this can depend sensitively on
the excitation and damping boundary conditions. The time series point out the wide range of traveling wave
ratios for different parameter sets.
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5 Conclusion

A linear non-proportionally damped and a nonlinear locally friction damped system are investigated with
respect to traveling wave vibrations. With the help of the Harmonic Balance method, solutions for periodic
time series in the steady state of the nonlinear system are approximated. The friction element is realized
by an additional elastic Coulomb contact. The friction characteristics are approximated by an arc tangent
function to the sign function. For the linear system a local damping element is attached to the oscillator
chain. For different parameter combinations the traveling wave ratio (TWR) is determined. Traveling waves
are generated by both types of dissipation sources depending on forcing and damping parameter configura-
tions. Considering the linear case the damping element causes a shift in natural frequencies with increasing
damping coefficient. It is notable that high TWRs correspond to strong changes in natural frequencies.
Comparable behavior can be observed for the friction damped system. Over the entire parameter map, both
systems show a roughly similar distribution pattern. A significant difference of the friction damped system
is that there are distinctive recesses that are frequency and friction force dependent.

In general, the system behavior of structures can be influenced by local dissipation sources in such a way that
traveling waves become dominant and need to be considered in the dynamic design process. Complex modal
analysis can be helpful in identifying high TWRs, although this remains to be investigated for the nonlinear
case.
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Abstract
To reduce the risk of fatigue problems and flutter phenomena, the structural damping of turbomachinery com-
ponents is increased by integrating constrained viscoelastic patches into rotating composite blades. However,
the temperature, the frequency (of the vibration mode to be damped) and the rotation speed are all parameters
which may affect significantly the efficiency of the viscoelastic damping treatment.
In the presented work, a numerical tool is developed to predict the structural damping of a dynamic rotat-
ing composite fan blade while varying the temperature and the rotation speed. This study is based on a
finite element model of a fan disk sector equipped with constrained viscoelastic patches. This work will
allow quantifying the influence of temperature and rotation speed on the efficiency of the passive damping
treatment and contribute to the design of higher performing blades.

1 Introduction

Advanced aircraft engines have to meet the increasing environmental regulatory requirements, leading to
lightweight structures, which are more susceptible to excessive vibrations. To reduce the risk of fatigue
problems and flutter phenomena, the structural damping of turbomachinery components has to be increased.
This study concerns the vibration reduction in the low frequency range of a rotating composite fan blade of a
turbojet engine by embedding constrained viscoelastic patches into the host structure. This passive damping
treatment relies on the characteristics of viscoelastic materials which allow energy dissipation. It has been
successfully applied to many industrial applications over the last decades.
One of the challenges in the integration of constrained viscoelastic patches into rotating composite blades is
the frequency- and temperature-dependence of the mechanical properties of the viscoelastic material. More-
over, the amount of structural damping provided by the patches depends on the shear strain levels in the
damping layer. Since the centrifugal force acting on the blade generates rotation-prestress, causing stiffen-
ing effects, the structure deforms less and so does the viscoelastic layer. Therefore, the temperature, the
frequency (of the vibration mode to be damped) and the rotation speed are all parameters which may affect
significantly the efficiency of the damping treatment. The design of higher performing blades requires a nu-
merical tool to predict their dynamic behaviour and estimate the influence of temperature and rotation speed
on modal damping factors.
In the prediction of the dynamic behaviour of rotating composite blades, many papers can be found in the
the literature. However, a limited number of studies concerns the dynamic behaviour of rotating structures
with constrained viscoelastic layers. Most of them are limited to rotating plates [1, 2] or beams [3, 4], which
do not account for the complex geometry and structure of current composite turbine blades [5]. In addi-
tion, the mechanical properties of the damping layer are often considered as constant [1, 2] even though
the modulus of viscoelastic materials is known to be strongly frequency-dependent. In the aforementioned
literature, parametric studied are performed to investigate the influence of the properties and dimensions of
the constrained viscoelastic layer, and of the rotation speed on the modal damping of the rotating structure.
The influence of temperature seems to have never been studied, while fan blades are subjected to significant
variations of temperature in operating conditions.
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In the presented work, a numerical tool is developed to predict the structural damping of a dynamic rotating
composite fan blade while varying both the temperature and the rotation speed. This study is based on a 3D
finite element model of a fan disk sector equipped with constrained viscoelastic patches. The frequency and
the temperature dependence of the viscoelastic material’s properties is taken into account. The main objec-
tive is to quantify the influence of temperature and rotation speed on the efficiency of the passive damping
treatment by extracting modal damping coefficients from computed frequency responses to harmonic exci-
tation.
The next section describes the finite element model of the blade disk sector, and the dynamic modelling of
the rotating structure with embedded viscoelatic patches when subjected to harmonic excitation. Results are
presented and discussed in the third section, and conclusions are given in the last section.

2 Numerical model

2.1 Description of the finite element model

The structure under study is an assembly of a disk sector and a 3D woven carbon epoxy composite fan blade.
Because of the complex geometry and the 3D-woven architecture, the structure is meshed by 3D finite ele-
ments (Figure 1). Each finite element of the blade has its own local coordinate system and is associated to a
homogenised material behaviour, to account for the anisotropy of the woven composite.
The friction contact at the interface between the disk and the blade [6] is not taken into account in this work.
Instead, rigid elements are added into the finite element model to ensure the permanent contact between the
disk and the blade.
To mitigate undesirable blade vibration levels, two viscoelastic patches of different properties are positioned
on top of the extrado wall of the blade [5] (see Figure 1). Each viscoelastic patch is composed of a vis-
coelastic layer and a composite constraining layer. A complex, frequency- and temperature-dependent shear
modulus G∗(f, T ), and a constant Poisson ratio are considered in this work for the viscoelastic material. To
properly account for the shear behaviour in the damping layer, 20-node hexaedra are used to mesh the whole
structure, leading to a finite element model of 838 000 degrees of freedom.
Finally, cyclic symmetry boundary conditions are applied to the fan disk sector, and the structure is harmonically-
excited by a point load on the blade.

2.2 Dynamic modelling

The finite element discretisation of the motion equations of an elastic structure in rotation leads to:
[
M

] {
Ü
}
+

[
G
] {

U̇
}
+

([
K
]
−

[
Kc

]) {
U
}
=

{
FΩ

}
+

{
Fex

}
(1)

where
{
U
}

is the nodal displacement vector,
[
M

]
is the mass matrix,

[
G
]

is the gyroscopic matrix,
[
K
]

is
the stiffness matrix,

[
Kc

]
is the supplementary stiffness matrix,

{
FΩ

}
is the nodal centrifugal force vector

and
{
Fex

}
is the nodal external force vector. The gyroscopic matrix

[
G
]
, the supplementary stiffness matrix[

Kc

]
and the nodal centrifugal force vector

{
FΩ

}
all depend on the rotation speed.

Previous studies have concluded that the gyroscopic matrix could be neglected when computing the low
frequency response of the structure under study, considering low rotation speed. However, a geometric
stiffness matrix depending of the nodal displacement vector,

[
Kg(

{
U
}
)
]
, should be added to account for the

centrifugal stiffening effects :
[
M

] {
Ü
}
+

([
K
]
−

[
Kc

]
+

[
Kg(

{
U
}
)
]) {

U
}
=

{
FΩ

}
+

{
Fex

}
(2)

The solution of the dynamic analysis is performed in two steps [7].
The first step consists in solving the following non-linear static problem to determine the non-linear equilib-
rium position of the structure submitted to centrifugal forces

{
U0

}
:

([
K
]
−

[
Kc

]
+

[
Kg(

{
U0

}
)
]) {

U0
}
=

{
FΩ

}
(3)
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Figure 1: (a) 3D woven carbon epoxy composite fan blade and (b) finite element model of the fan disk sector
with two viscoelastic patches.

The second step consists in linearising the dynamic problem around the nonlinear static equilibrium position,
by assuming the dynamic displacement

{
U
}

is a small linear perturbation
{
U∗} around the non-linear static

equilibrium position
{
U0

}
: {

U
}
=

{
U0

}
+

{
U∗} (4)

Then Equation (2) becomes :
[
M

] {
Ü∗}+

([
K
]
−

[
Kc

]
+

[
Kg(

{
U0

}
)
]) {

U∗} =
{
Fex

}
(5)

Under harmonic excitation, this dynamic system can be solved in the frequency domain :
([
K
]
−

[
Kc

]
+

[
Kg(

{
U0

}
)
]
− ω2

[
M

]) {
U∗} =

{
Fex

}
(6)

By incorporating viscoelastic materials into the structure, the stiffness matrix becomes complex, frequency
and temperature dependent :

[
K∗(ω, T )

]
=

[
Ke

]
+G∗

1(ω, T )
[
K1

v

]
+G∗

2(ω, T )
[
K2

v

]
(7)

where
[
Ke

]
is the stiffness matrix associated to the elastic part of the structure,

[
K1

v

]
(resp.

[
K2

v

]
) is the

stiffness matrices associated to the viscoelastic material of the first patch (resp. second patch), and G∗
1(ω, T )

(resp. G∗
2(ω, T )) is the complex frequency and temperature dependent shear modulus of the viscoelastic

material of the first patch (resp. second patch).
To sum up, the dynamic response of the blade-disk sector with viscoelastic patches to a harmonic load at a
given rotation speed is computed in two steps :

• Step 1 Computation of the non-linear static equilibrium position of the structure subjected to centrifu-
gal forces

{
U0

}
: ([

K∗(0, T )
]
−

[
Kc

]
+

[
Kg(

{
U0

}
)
]) {

U0
}
=

{
FΩ

}
(8)

DAMPING 853



• Step 2 Computation of the dynamic linear perturbation
{
U∗} in the frequency domain:

([
K∗(ω, T )

]
−

[
Kc

]
+

[
Kg(

{
U0

}
)
]
− ω2

[
M

]) {
U∗} =

{
Fex

}
(9)

Equation (8) can be solved by a Newton-Raphson method [7], or an approximation of
{
U0

}
can be computed

under small strain assumption. The latter approach is herein adopted. Considering the size of the finite
element model, it is more efficient and has already been validated in a previous study by comparison with
the Newton-Raphson approach.
To reduce the computational time, Equation (9) is solved by using a multi-modal projection method, which
is adapted to structures with frequency-dependent damping [8].

3 Results and discussion

Following the dynamic modelling described in the previous section, frequency responses of the rotating blade
disk sector with viscoelastic patches are computed at different rotation speeds (0 RPM and 2850 RPM) and
for different temperatures (from −40oC to 70oC).

3.1 Non-rotating case

In this section, the influence of temperature on the dynamic response of the non-rotating structure with
viscoelastic patches is investigated. Figure 2 shows that a variation of temperature does not have a significant
influence on the resonance frequencies of the structure. However, it has a strong influence on the amplitude
of the dynamic response.
The efficiency of viscoelastic patches depends on a number of parameters, such as the damping ratio of the
viscoelastic material at a given temperature and frequency, the thickness ratio or the stiffness ratio between
the core layer and the elastic faces [9]. By combining different viscoelastic materials, it is possible to broaden
the range on which the viscoelastic damping treatment is efficient. In this work, the thickness ratio of both
patches are the same, and the constraining layer of both patches are made of the same composite material.
However, the viscoelastic material used as core layer in both patches is different. This results in a broad
temperature range on which the damping treatment is efficient : from −10oC to 20oC, as evidenced in Figure
2.

3.2 Rotating case

In this section, the influence of the rotation speed on the efficiency of the damping treatment is investigated.
To that purpose, the modal parameters of the first six modes are extracted from the frequency responses using
the LSCF method [10].
The modal parameters (resonance frequencies and modal damping) of the first vibration modes of the non-
rotating and the rotating structure (2852 RPM) are plotted as a function of temperature in Figure 3 and
4. Figure 3 evidences the well-known stress-stiffening effect : eigenfrequencies increase with the rotation
speed.
Some studies have shown that modal damping ratios generally decrease with increasing rotation speed [2].
This tendency is observed in Figure 4, regardless of the temperature. One can also notice that the rotation
speed does not change the way modal damping ratios vary with temperature. This implies that the increase
of the eigenfrequencies with increasing rotation speed is not sufficient to modify significantly the damping
ratios in the viscoelastic patches or the stiffness ratios between the core layer and the elastic faces. Therefore,
the decrease in modal damping ratio with increasing rotation speed is only due to this stiffening effect, since
the damping layer in the viscoelastic patches undergo less deformation.
For the sixth vibration mode, modal damping ratios are not affected by the rotation speed. The reason is that
the sixth mode is a local vibration mode while the first five modes are global vibration modes (see Figure 5).
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Figure 2: Influence of temperature on the dynamic response of the non-rotating structure with viscoelastic
patches.
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adimensionned).
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Figure 4: Influence of the rotation speed on the first modal damping ratios of the structure.

Mode 1 Mode 2 Mode 3

Mode 4 Mode 5 Mode 6

Figure 5: Mode shape of the first six vibration modes.

856 PROCEEDINGS OF ISMA2020 AND USD2020



4 Conclusion

In this work, a finite element model of a rotating composite fan disk sector with constrained viscoelastic
patches is developed to predict the influence of temperature and rotation speed on the efficiency of the
damping treatment. The frequency and the temperature dependency of viscoelastic materials are taken into
account and the multi-model projection method is used to compute the dynamic response of the rotating
structure.
Results from frequency response analyses indicate that both temperature and rotation speed affect the modal
damping ratios of the structure. The strong dependency of the mechanical properties of viscoelastic materials
naturally reduces the temperature range of efficiency of the damping treatment. This constitutes the main
drawback of constrained viscoelastic patches. However, combining different constrained viscoelastic patches
may broaden this range of efficiency.
It is also shown that modal damping ratios decrease when increasing the rotation speed, due to the stress
stiffening effect. Moreover, the way modal damping ratios vary with temperature is not affected by the
rotation speed. Therefore, for a given operating temperature range, appropriate viscoelastic materials can be
chosen in the early design process without having to consider centrifugal effects.
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Abstract
All aircraft are subjected to dynamics loads resulting from in-flight atmospheric gusts and turbulence, with
the resulting stresses determining the sizing, and hence weight, of the resulting structure. There is much
interest in studying active and passive approaches to alleviate these loads, leading to more fuel-efficient
and environmentally friendly airplane designs. Recent work, as part of the H2020 SLOW-D project, has
considered the use of fuel sloshing as a means of loads reduction, with fundamental transient response ex-
periments, performed using a single degree of freedom system coupled to a liquid filled tank, demonstrating
a multi-regime piecewise linear damping behaviour dependent on the amount of tank fill and the size of
the excitation. This work continues the effort to improve the development of coupled fluid-structure slosh-
ing models through investigation of the 2nd and 3rd transient response regions. Experimental measurements
based on high frame-rate videos of the fluid surface motion and the tank vibration are used to further develop
coupled structure / sloshing fluid computational models based on an SPH approach. A good comparison
between the numerical model and the experimental measurements is found.

1 Introduction

All aircraft are subjected to dynamic loads resulting from in-flight atmospheric gusts and turbulence, with
the resulting stresses determining the sizing, and hence weight, of the resulting structure [1]. There is much
interest in developing active [2] (using the control surfaces) and passive (including composite tailoring [3]
and folding wing-tips [4]) approaches to alleviate these loads, leading to more fuel-efficient and environmen-
tally friendly airplane designs. Recent work, as part of the H2020 SLOW-D project, is considering the use
of fuel sloshing as a means of reducing the loads effect of gusts and turbulence via increased damping. This
research has used a combined numerical modelling and experimental approach.

In the civil engineering field, there have been many cases of using liquid sloshing as a tuned damper to
reduce the lateral response of tall buildings to the wind or earthquakes [5, 6]; however, the majority of inves-
tigations have been concerned with sloshing in a lateral direction. Some works have considered damping in
vertical vibratory systems with extensive work being carried out on particle impact damping, where energy
is dissipated through momentum exchange between particles of different sizes and the structure [7]. Verti-
cally excited systems containing liquids have also been studied previously, with applications such as liquid
propellant tanks or water towers [8, 9, 10].

Relatively little work has considered the use of fuel sloshing for loads alleviation in aircraft structures,
with preliminary studies focused on numerical investigations on integration of fuel sloshing in aeroelastic
models [11]. Tuned mass dampers are often used in civil aircraft to reduce the vibration and noise associated
with engines [12] or aeroelastic response [13], but they tend to consist of mechanical systems rather than
sloshing of a fluid in a tank and have not been applied to gust or turbulence loads.

There is a need to be able to develop validated mathematical models of the coupled wing and fuel-sloshing
process to enable exploitation of the potential added damping benefits of the sloshing motions via novel wing
or tank designs. In particular, the use of smoothed particle hydrodynamics (SPH) and equivalent mechanical
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model (EMM) methods in fluid sloshing and fluid-structure interaction research is well established [14] and
these have been employed by the authors previously [15]. Especially successful in modelling free-surface
flows, smoothed particle hydrodynamics is a CFD technique based upon a Lagrangian description of fluid
mechanics. Originally developed in 1977 for astrophysical problems [16, 17], the SPH method has seen
widespread adoption across a wide range of fluids dynamics application.

Previous experiments as part of the SLOW-D project have considered the overall transient acceleration re-
sponse of a cantilever beam [18, 19] and a single DOF “T-beam” system [15] subjected to vertical sloshing
motion. It was found that the presence of the fluid significantly increases the inherent damping in the system,
but this is dependent upon the filling level of the tank and the intensity of motion. The maximum amount
of damping was achieved at a 50% fill level and the system showed three distinct piece-wise linear damped
response regimes during the transient decay related to different motions of the fluid. The T-beam study [15]
concentrated upon the first response regime, immediately at the start of the transient response, where the
fluid motion is turbulent and involves significant impacts of the fluid on the tank floor and ceiling. The
experiments were compared with numerical simulations using SPH and EMM (based upon a bouncing ball
model) to model the fluid motion and both methods gave a reasonable representation of the experimental
results, particularly for the initial damping zone.

This paper builds upon the previous work [15] considering the T-beam vertical transient experiments, us-
ing video capture of the free fluid surface motion and the tank vertical displacement to further develop the
coupled structure-sloshing fluid SPH and EMM computational models and understanding of the underlying
physics. Emphasis is placed on the 2nd and 3rd damping regions which are dominated by the symmetric
lateral sloshing motion of the fluid. Further comparisons between the mathematical models and the experi-
mental measurements are also made.

2 Experimental setup

Previous work [15] involved a fundamental investigation into the effect of liquid sloshing on the transient
response of the single DOF vertically vibrating structure represented in figure 1b. The motivation behind this
configuration was to obtain a simplified vibrating system that isolates the dominant vertical motion associated
with gust-excited wings. Ideally, such a system should be constrained to move only in the vertical z direction,
should have linear stiffness and be lightly damped to facilitate the investigation of sloshing-induced damping.
The idealized system and its implementation are represented in figure 1.

In order to achieve vertical lightly damped motion at high amplitudes, the configuration presented in figure 1b
was used. Two steel strips joined together to form a single ”T”-shaped structure were used. The two strips
provide the stiffness of the system (k) and their joints are the main source of underlying (dry-structure)
damping (c). A rectangular tank (height H = 20mm, width w = 60mm and depth d = 30mm) with water
inside is fitted in the middle of the horizontal beam. In order to avoid the hardening effect associated with
clamped-clamped beams when subjected to deformations greater than the beam thickness [20], the T-beam
allows for an in-plane displacement as well as for a rotation of the joining point. This configuration was found
to allow for deflections as large as 14 times the beam thickness while still remaining in the linear stiffness
domain [15]. All of the tests presented in this paper are step release tests with a maximum amplitude of 14
mm and either 50% filling level or no liquid (dry structure) and the mass of the system is kept constant at all
times.

The system described has the properties presented in table 1. The 1dof equivalent mass (meq = 276 g) of
the system is calculated using the measured frequency f = 10.05 Hz and stiffness k = 1.1 N/mm. The dry
structure damping is calculated from the acceleration data. Since a slight nonlinearity in damping is observed
experimentally, the corresponding representative damping ratio was found to be in the range between 0.23%
and 0.34% of the critical damping, as seen in the dry structure acceleration envelope in figure 1c. This
nonlinearity is however deemed negligible in the analysis presented here.

The sloshing-induced damping effect can best be seen by studying the envelope of either the acceleration,
velocity or displacement signals. Two typical acceleration envelopes are presented in figure 1c, for the
50% filling level and the dry structure cases. Multiple damping regimes can be identified, corresponding
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Figure 1: Schematic representations of idealized and implemented SDOF structures and typical T-beam
damping results

Table 1: Properties of T-beam system

meq [kg] 276× 10−3

ζ [%] 0.23 – 0.34

k [N/m] 1100

f [Hz] 10.05
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to different linear regions on the log plot, and the damping ratio is calculated from the slope of each linear
region, included in figure 1c as well. Previous work has emphasized the correlation between the different
damping zones and the physical behaviour of the fluid, as seen in figure 1c and categorised as:

• Region 1 (R1) - turbulent vertical fluid motion

• Region 2 (R2) - symmetric lateral sloshing motion

• Region 3 (R3) - small fluid activity following the tank base motion

This paper presents the identification of the free surface of the fluid in the tank during the transient decays
and concentrates on understanding and modelling the fluid behaviour in damping zones R2 and R3.

3 Free surface identification methodology

In order to properly analyze the liquid sloshing under parametric excitation the surface of the liquid must be
identified automatically in every frame. High-speed footage has been collected for the 50% fill level case,
at a frame rate of 480 frames per second. The footage was then post processed using the Matlab Image
Processing and Signal Processing Toolboxes [21].

Figure 2: The mark image used to transform the global frame of reference to the local tank frame of reference
with the help of the correlation coefficients between the reference mark image and each frame

The camera is stationary and the tank is oscillating. In order to facilitate the identification of water surface and
to allow consistent comparisons between different frames, the coordinate system must be changed to a local
one; in other words, the tank must be identified in each frame and cropped out. This is done by searching for
the point of maximum cross-correlation [22] between the matrices corresponding to each frame and a mark
image – a reference image to be identified in each frame. In order to eliminate estimation errors between
different frames, the mark image must be distinct, must possess complex features and be present entirely in
each frame. The weights attached to the structure were found to give the best results in this case. The tank
is identified in each frame at a fixed distance from the point of maximum cross-correlation, as the structure
is assumed to be rigid. This procedure is exemplified in figure 2, where the mark image is used to correctly
identify the tank in three maximum amplitude positions. The measure of matching between each frame and
the mark image is presented in the form of normalized cross-correlation coefficients with values between
-1 and 1, representing negative and positive correlation. A matrix of coefficients can be formed, with each
entry corresponding to the level of correlation at each point in the frame matrix. An example is provided
in figure 2 where the point of maximum correlation between the reference image and a representative frame
corresponds to the entry of maximum value in the matrix and is marked by the red dot.

The displacement of the tank is tracked as well via the point of maximum cross-correlation between the mark
image and each frame. An example of such tracking is shown later in figure 4 for both dry structure and 50%
filling level.
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Once the tank is consistently identified, a series of image transformations are applied to each frame in order
to isolate the surface of the sloshing liquid. The consistent and automatic identification of the sloshing
free surface from experimental footage is a valuable tool for post-processing experimental data. Classically,
probes mounted on fixtures on the top of the tank that extend into the water volume are used to measure
surface displacement at one point. The main advantages of a procedure based on image processing are its
non-invasive nature and the possibility to measure surface displacements at all points; such techniques have
been successfully used in the past (e.g. [23, 24]). Notably, Jiang et al. [25] made use of a combination of
laser-based high speed imaging together with an edge detection program and a capacitance wave probe to
precisely quantify the movement of the free surface. Particular to the procedure presented here is that, on the
one hand, no distinct markers or dye is used and, on the other hand, the 3D effects are handled robustly. The
main sources of three-dimensional effects in the experiment presented here are given by the interaction of the
fluid with the corners of the tank (also shown to be problematic in [23]) and with the front and back panels.
Unlike usual image-processing based techniques, no clear contrast between the fluid and the background is
present in this experiment and instead multiple filtering and averaging steps are employed to robustly identify
the sloshing liquid surface. This process involves multiple steps presented in figure 3 and can be detailed as
follows:

1. Each frame is converted into a grayscale format in order to obtain a 2D matrix. The grayscale image
is then converted into a matrix with only 0 and 1 entries – the image is binarized in order to facilitate
the identification of high-contrast regions, necessary for the next step.

2. The binarized image is used for the identification of all white regions – clusters of 1 entries in the
frame matrix. This is done using a modified Moore-Neighbor tracing algorithm as implemented in
Matlab under the bwboundaries function [26].

3. A first level of filtering concerns the boundaries far out of the areas where the water surface might be
found. A substantial number of the identified boundary points are part of the tank or of water drops on
the ceiling of the tank. Since these regions are not part of the surface, they are eliminated from each
frame. Small-sized boundaries (less than 50 points) are also eliminated, as these are, in this study,
more often than not situated outside of the water surface.

4. At this point the majority of the identified points are part of the sloshing surface; however, it is still not
sufficiently distinct. Even a small number of points outside the surface region can lead to significant
errors in surface estimation, especially around the lateral boundaries of the fluid in this particular
experiment. In order to improve the results, a fourth degree polynomial is fitted over the identified
points. The distance from each point and the polynomial is calculated and all points out of the selected
band (±40% in this study) around the curve are eliminated. A polynomial degree of 4 was used for the
polynomial as this was found to provide an adequate global approximation of the surface point cluster.

5. In order to further reduce the number of relevant points and to mitigate the 3D sloshing effects, a mean
value of the points’ z coordinates at each x station is computed and used further.

6. The points identified until now are still relatively scattered and clustered along the z axis, since they
are obtained from boundaries of different sizes and locations. A Savitzky-Golay (S-G) polynomial
filter [27] is used to smooth the data, as implemented under the sgolayfilt function in Matlab. Cubic
functions are locally fitted on sets of 251 points out of a typical set of 712 points (the number may
differ slightly from one frame to another). At the same time, if there exists any x station without a
point associated with it, points from the previous frame are filled in at the respective stations. This
is done in order to both preserve continuity between frames and to account for situations where the
contrast is not adequate and boundaries on the binarized image are not correctly identified. This is not
the case in the example presented in figure 3.

7. Considering that at the previous step new points have been potentially added to the identified water
surface, similarly to step 4, a new fourth degree polynomial is fitted over the data to filter out any out-
liers. This is particularly important around the meniscus zones, where significant errors are introduced
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Figure 3: Sloshing surface identification methodology

by ill-identified points associated with the left and right hand side domain boundaries. In this case, the
points outside of the ±10% band around the curve are eliminated.

8. A final S-G smoothing of the data is done to include the potentially newly added points from the
previous frames (step 6), using cubic functions fitted over sets of 201 points. A lower number of
points is used for the S-G filtering compared to step 6 since the data at this stage are closer to the
final identified surface and smoothing over a higher number of points would lead to unnecessary local
feature attenuation. After this final step the water surface is considered identified for the current frame
and the algorithm proceeds to the following frame.

4 1DOF SPH numerical model

Within this work, SPH is employed to model the sloshing behaviour and compare it against the experimen-
tally identified sloshing responses. SPH provides a Lagrangian description of fluid mechanics, such that a
fluid is discretised into a set of particles. A localised interpolation is constructed to evaluate field variables
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and thus the equations governing fluid motion such that particles can be integrated forward in time. As par-
ticles are free to interact and move according to their governing equations, no explicit treatment of the free
surface is required which simplifies the process of modelling liquid sloshing.

Here, the essential SPH interpolants shall be presented with application to the pressure gradient driving fluid
motion, however, for a complete description of the SPH method see [28]. This fundamental interpolation is
simply a convolution between the chosen function (f(x)) and a function that approximates the Dirac-delta
function, taking the following form when discretised as a summation over particles,

f(xi) ≈
N∑

j

f(xj)
mj

ρj
W (xi − xj , h). (1)

W is known as the ‘smoothing kernel’ which has a length scale dependent on h the ‘smoothing length’.
Equation 1 provides a smoothed representation of the chosen function at a particle (xi), depending on the
local neighbourhood of N particles which have mass (m) and density (ρ). Indices i and j designate the
particle at which variables are being evaluated and one of its neighbours, respectively. A classical use of this
within SPH is to substitute f(x) with the density,

ρ(xi) ≈
N∑

j

mjW (xi − xj , h), (2)

giving the SPH density estimator; which simply allows a particles density to be approximated as a spatially
weighted summation over local particle masses. Spatial derivatives of the field function can be evaluated
through a similar interpolation [28],

∇f(xi) ≈ −
N∑

j

f(xj)
mj

ρj
∇W (xi − xj , h), (3)

where ∇W is the gradient of the smoothing function. With equation 3 it is possible to derive particle
accelerations by considering the inviscid momentum equation for a fluid,

Du

Dt
= −∇P

ρ
=⇒ Dui

Dt
= −

N∑

j

mj

[
Pj

ρ2j
+
Pi

ρ2i

]
∇W (xi − xj , h). (4)

Note, the pressure gradient ∇P/ρ is expanded to give a symmetric form of the SPH discretisation, ensuring
linear and angular momentum is conserved between particles. Inclusion of an equation of state, a constitutive
equation relating fluid density and pressure (P ), completes the system of equations. Forming what is known
as the weakly compressible SPH method, which would otherwise require solution of a pressure-Poisson
equation for an incompressible solution. An additional viscosity term is included within the momentum
equation (4) and time integration is performed using the Newmark-beta method. For further details regarding
this formulation see reference [15].

As the position of fluid is exactly known within numerical methods, surface detection is trivial in comparison
to the experimental approach. The method employed compares two geometric properties of the particle
distribution, the mass-weighted average distance of a particle’s neighbours and the number of neighbours. A
surface particle is therefore defined when the condition,

α

h

∥∥∥
∑

j mixj −mjxi

∥∥∥
∑

j mj
+ β > Nneighbours,i (5)

is true, where α and β provide a linear relationship between the two geometric properties according to
reference [29]. If a particle has a low number of neighbours for a relatively nominal spatial distribution it
can be assumed to lie on the surface. This provides a robust method for surface detection at no additional
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Figure 4: Identified displacement time series comparison, dry structure vs. 50% fill level

computational cost.

As the fluid response is strongly coupled to the tank motion, a structural model is required to move the SPH
boundaries according to the T-Beam response. A partitioned approach to fluid-structure interaction is em-
ployed here, such that the structural model can be solved independently using its own spatial discretisation.
In this case, the T-Beam is idealised as a SDOF structure allowing use of a simple spring-mass-damper os-
cillator [15]. Coupling is performed using a strong coupling methodology, which synchronises the structural
and fluid domains at every numerical time instance, ensuring energy is conserved within the system.

5 Results

The surface tracking methodology to post-process experimental sloshing footage and a numerical model
were used to produce a series of results which are now discussed, in time and frequency domains, focusing
on both the qualitative and quantitative behaviour of the sloshing fluid during its motion in the first symmetric
sloshing mode. This mode of fluid motion was shown to be correlated to substantial energy dissipation in
the coupled system.

As discussed in section 3, the overall tank movement was tracked as an intrinsic part of the global to local
frame of reference transformation. The variation of the tank displacement with respect to time was obtained
and is presented in figure 4 for the dry case and 50% fill level. One important aspect that these results show
is that significant damping is introduced in the system when the fluid interacts with the tank. Moreover,
three different sloshing regimes can be identified as presented in figure 5, each of which displays a particular
qualitative sloshing patterns, as well as different damping ratios due to the sloshing-induced dynamics. The
amplitude of the tank is significantly reduced throughout the R1 region, from 14 mm to approximately 3
mm for the 50% fill level case. The sloshing pattern associated with R2 was found to dampen the motion
furthermore, with a damping ratio greater than that of the dry-structure, reducing the system’s displacement
furthermore from 3 mm to 0.4 mm. The third region was found to introduce negligible damping, equal to
that of the dry-structure.

All of the above observations obtained on the basis of the displacement signal analysis derived from the
image processing technique described in section 3 are consistent with previously obtained findings based on
[15]. An example comparison between the identified displacement and acceleration envelopes is presented
in figure 6. Here, a comparison is made between the displacement and acceleration envelope functions.
The data are represented on a semi-logarithmic scale to facilitate the distinction between the three regions
of damping. The straight lines on such a plot are indicative of viscous-like exponentially decaying damping
behaviour. No units are included on the vertical axis, since displacement and acceleration data are compared.
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Considering that the underlying vibrating mechanical system has only one degree of freedom, the displace-
ment and acceleration envelopes should have the same shape, scaled by a −ω2 factor, where ω is the angular
frequency of the system. This is indeed what is found; a very good agreement is observed between the two
signals, strengthening the confidence in the data obtained via image processing.

The identified image data, however, contain other rich sources of information. For example, further valuable
analysis of the fluid sloshing inside the tank can be based on studying the displacement of the fluid surface
mid-point in the local (i.e. moving) tank frame of reference. The quantitative analysis is concentrated around
the water surface mid-point since it oscillates with the highest amplitude. Considering the length of the tank
L = 60 mm, this point is situated at the 30 mm mark on the x axis measuring from the left side of the tank.
The amplitude of the motion of the mid-point, in the local moving fluid tank frame of reference, is plotted
against time in figure 7, alongside the amplitude of the tank. The analysis, using the image processing
described earlier, started at approximately the 3 seconds mark, when the vertical component of the fluid
sloshing motion was reduced and the surface identification using the procedure presented in section 3 could
be done. An important aspect characteristic of the sloshing of the fluid inside the tank is related to its own
amplitude compared to that of- the tank itself. The sloshing amplitude is substantially larger than that of
the tank in region R2 where the fluid oscillates in the first symmetric mode under parametric excitation
conditions. The theoretical value of the first sloshing mode frequency in a rectangular tank [14], calculated
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based on the geometric characteristics of the tank and the water column height, is 4.7 Hz [15]. It is a well-
known classical result that under parametric excitation a fluid inside such a tank will slosh at multiples of a
half of the frequency of excitation [14], which in this case is 10.05 Hz. As shown later, the frequency content
of the fluid surface motion indicates a strong component at 5.18 Hz (figure 8) which satisfactorily matches
the expected half-frequency of the parametric excitation. This leads to the conclusion that the fluid inside
the tank gets excited at a frequency closely matching its natural frequency which is associated with the first
symmetric mode observed in figure 5 (region 2), leading to intense energy dissipation and, thus, substantially
increased damping ratio observed in R2 when compared to R3.

Further insight into the behaviour of the liquid surface can be gained by studying the frequency content of
the surface mid-point motion. The Fourier Transform of the mid-point displacement signal, normalized to
the largest value, is presented in figure 8 alongside a time representation of the frequency content in the
form of a spectrogram. A dominant frequency is observed at 5.18 Hz, close to half the parametric excitation
frequency of 10.05 Hz. This is consistent with the classical findings related to parametric excitation and
emergence of Faraday waves [14]. Multiple higher harmonics are observed as well albeit with a lower con-
tribution. Further experimentation might be needed to establish the origin of these harmonics. For instance,
they could be due to 3D effects via additional modes present in the sloshing fluid. It has been previously
observed experimentally that low-amplitude harmonic and superharmonic sloshing motions can occur in the
vicinity of unstable regions – regions where a certain sloshing mode starts to get parametrically excited. For
example, Dodge et al. [30] observed that, in the context of low-frequency longitudinally excited cylindrical
containers, “large-amplitude free surface motions occur when the liquid responds as a one-half subharmonic
of the excitation” and that “harmonic and superharmonic liquid surface motions are also observed, although
their amplitudes are usually smaller than those corresponding to the one-half subharmonic response”. Ad-
ditionally, a sideband frequency of 4.8 Hz is observed, correlated with the amplitude modulation of the water
surface mid-point signal evident in figure 7. Jiang et al. [25] noted the same amplitude modulation (beating
effect) in the mid-point elevation in a similar experiment and they attributed this occurrence to environmen-
tal noise. In our case, the amplitude modulation might be related to several factors: a longitudinal wave
component with a small contribution in the experimental data and more evident in the SPH simulations;
small fluctuations in the frequency content of the system leading to time-varying phase differences between
the vibrating tank and the sloshing fluid; three-dimensional effects stemming from supplementary modal
contributions.

It is instructive to evaluate the frequency content variation in time as well. In the second part of figure 8 a
spectrogram of the surface mid-point displacement signal is represented; a dashed black line showing the
end of R2 and the start of R3 is included as well. The subharmonic 5 Hz component is present at all times
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together with the 10 Hz component, with a smaller contribution. While the two components mentioned
are present at all times, a noticeable decrease in the higher frequency content is observed after the end of
R2. This is correlated with a marked decrease in sloshing amplitude evident in figure 7, as well as with an
important change in damping ratio, as seen in the piece-wise linear trends of the envelopes in figure 6.

A numerical SPH simulation was performed, and the identified free-surface motion compared to the experi-
mental signal within the R2 and R3 regimes. In addition to the mid-point displacement, a statistical indicator
based upon the Modal Assurance Criterion (MAC) [31] is calculated at every time instance to provide a
measure of surface similarity between the two data sets. The normalised scalar product of the two vectors
defining free-surface amplitudes at the same longitudinal positions is computed, which has a value of unity
for exactly matching surfaces and tends toward zero for dissimilar shapes. Results for the mid-point displace-
ment and MAC correlation are shown in figure 9, including selected snapshots of the identified surfaces.

Overall, there is good agreement between the numerical and experimental surface signals, with the correla-
tion metric mostly remaining above 0.9. However, the mid-point deflection signal is somewhat dissimilar
between the simulation and experiment during R2, with the aforementioned amplitude modulation having
a significant presence. Unlike the experimental analysis, this can mostly be attributed to the distinct pe-
riodic emergence of the simulated longitudinal fluid waves at a frequency of approximately half the 5Hz
first symmetric sloshing mode [14]. Despite being excited purely vertically, slight asymmetries in the initial
conditions which develop throughout turbulent motion within the R1 regime result in the asymmetric be-
haviour. As these waves are not directly driven by tank motion, they would nominally be attenuated by the
presence of surface tension which is not insignificant at the length scales considered here. However, with
surface tension not modelled the formation of asymmetries and resulting nonlinearities are possible, such
as the breaking wave shown within the second inset in figure 9, which is indicative of high Weber number
flows (effectively infinite in the simulation). The build-up and interaction of these effects with the dominant
parametric wave results in the beating behaviour observed. A time varying phase-shift is also induced, with
the two wave forms becoming completely out-of-phase at 4.5-5.5 s, before returning to a better match within
R3. This analysis has highlighted the requirement for appropriate surface tension and contact line dynamics
modelling in order to achieve accurate numerical simulation of sloshing behaviour at length scales such as

DAMPING 869



3 4 5 6 7 8 9 10

Time [s]

-10

-5

0

5

10

15

M
id

-p
o

in
t 

d
is

p
la

c
e

m
e

n
t 

[m
m

]

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

M
A

C

Figure 9: Comparison between identified experimental and SPH free-surface midpoint displacements and
correlation metric (MAC). Red and blue lines represent experimental and SPH surfaces, respectively.

these. Despite these errors, there exists a better correlation between the methods during R3, with ampli-
tudes and frequencies mostly matching with a small persistent error resulting from the two menisci not being
present within the numerical surface. Additionally, there is a noise present within the experimental signal
not observed in the SPH, this is simply a result of the inherent difficulties to accurately discern the surface
position through a dynamically changing meniscus and viewpoint.

6 Conclusions

Several aspects of the sloshing fluid behaviour inside a vertically freely vibrating tank have been investigated.
As indicated in previous research, the sloshing pattern in such a system displays multiple clearly delineated
regions, each associated with distinct qualitative behaviour as well as different values of damping ratio.
This work presented post-processing tools based on experimental footage, image processing and a series
of results obtained using these tools. Numerical models are developed to complement the experimental
investigations and to provide insight into the physics of the sloshing problem. Results of a computational
method were compared against the experimentally identified surface behaviour, showing good agreement
aside from the emergence of longitudinal wave motion, likely due to the absence of surface tension in the
numerical formulation. The lateral motion of the fluid associated with the first symmetric sloshing mode
inside a rectangular tank was shown to significantly absorb energy from the vibrating system and, by means
of the surface identification tools developed here, this motion can be better understood quantitatively. The
oscillation of the liquid free surface has been investigated, showing a dynamic response characteristic of
parametrically excited liquids. Overall good agreement between the numerical and experimental results was
found, with discrepancies highlighting required improvements in the presented methods.
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Abstract
Current railway vehicles tend to be built with lighter car bodies, in order to reduce impact loads between
wheels and rails and energy consumption. This trend may give rise to vibrational problems if it is done
at the expense of structural stiffness and damping. To try to increase structural dissipation, the authors
focus on an aluminium laboratory-scale floor beam taken from a floor of a lightweight railway vehicle, with
similar stiffness per unit width. By incorporating constrained layer damping (CLD) patches to the beam, a
large set of tests have been carried out for determining modal parameters. These experimental results feed
a finite element analysis model in order to improve its accuracy. The model allowed to perform topology
optimization, the objective function being the maximization of the modal loss factor and the constraint being
a maximum allowable mass of damping material.

1 Introduction

The demand for higher speeds in railway vehicles increases the requirements for lighter car bodies, in order to
reduce impact loads between wheels and rails, manufacturing costs and energy consumption. Lowering the
car body weight lead to a reduction in structure stiffness, yielding lower natural frequencies. Also, higher
speeds may generate more pronounced accelerations on the vehicle, causing resonance vibrations, which
adversely affect ride comfort.

There are several approaches to ensure acceptable ride comfort, one of them being reducing car body
vibrations coming from flexible modes, either by focusing on its structural stiffness or by optimizing damping.
Methods for actively reducing carbody vibrations of a rail vehicle have not found excessive success, possibly
because the solutions provided are too expensive in relation to the benefits obtained. This reason motivates
the researchers to study methods of passively reducing carbody vibrations of a rail vehicle.

One of the most used method to suppress undesirable vibrations of structures is to attach constrained layer
damping (CLD) patches on some surfaces of the structure. Weight efficiency is sought by finding the
optimum location and shapes of the CLD patches in order to obtain the optimum vibration suppression
with the minimum amount of CLD patches.

Ansari et al. [1] proposes a novel topology optimization technique for determining the location of the
applied CLD patches trying to achieve the maximum modal loss factor in its fundamental vibration mode.
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Some researchers [2] have developed vertical rigid-flexible-coupled dynamic models, for the study of the
effects of carbody elasticity on the ride comfort. They found that the elastic vibration of the carbody had
a great influence on the ride comfort with the increasing running speed of the vehicles. For instance, in
damping treatment applications to the automotive industries, the weight requeriments may not allow full
passive constrained layer damping coverage. Therefore, a partial-coverage treatment is a more attractive
approach to fulfill the requirements.

One of the first researchers to provide the solution to the problem of a partially covered sandwich beam
[3] used the modal strain energy method to calculate modal loss factors of the treated beam for symmetric
boundary conditions. Other authors [4, 5] performed a more thorough analytical study for partially covered
planar structures, concluding that higher values of the modal damping factor may be obtained for a partially
covered beam compared to that obtained for a fully covered one. This encouraged many researchers to
investigate the optimal layout of CLD treatment in thin panels and shells.

To suppress vibrations of thin panels, some authors applied damping treatment using visco-elastic materials
in conventional designs [6, 7, 8]. Damping treatments are classified into two types of layered structures. The
first one is the constrained layer damping treatment. In this case, a damping material is sandwiched by two
panels relatively stiffer than the damping material. Flexural behaviour of the panels provide shear distorsion
of the damping material. The second one is unconstrained damping treatment where a damping material is
attached to the base panel.

Parathasarathy et al. [9] carried out configurations of partial damping layer treatments to analyse the damping
effectiveness without using systematic optimization method. Authors like Yildiz et al.[10] focused their
strategy on the thickness of damping layer as a design variable, and thus, the optimization tackled the
individual thickness of each damping layer.

Zheng et at. [11] used Genetic Algorithms (GA) to locate optimal positions of passive damping patches
in a problem to minimize the vibration response of cylindrical shell structures, considering a broadband
transverse force excitation. Other authors [12] used topology optimization with the Method of Moving
Asymptote (MMA) approach for designing damping treatment and maximizing damping effect.

Alam et al. [13], carried out vibration analysis of rectangular simply supported plates, alternating elastic and
viscoelastic layers. They analyzed the damping effectiveness in terms of the system loss factor, for families
of three-, five- and seven-layers plates. They concluded that increasing the number of layers, keeping the
total thickness of the plate constant, yields a marginal decrease in the maximum system loss factors for
flexural modes.

Takezawa et al. proposed an objective function for optimizing damping materials in order to reduce the
resonance peak response [14]. That objective function methodology is implemented using the solid isotropic
material with penalization method for topology optimization. This objective function works with relative
success for reducing the response peak in excitation frequencies around resonance. They used special
damped laminates along with viscoelastic material to passively control vibration in vehicles [15]. They
tackled both constrained-layer and tuned viscoelastic damper. They used symmetric configurations in which
the base and the constraining layers have the same thickness, trying to maximize the shear deformation in
the core layer.

More recent studies proposed a topology optimization algorithm to enhance modal damping and natural
frequency of structures made of by composite materials with viscoelastic materials [16]. The optimized
design for the damping layer of sandwich structures reached the objective of maximizing the first modal loss
factor. That conclusion induced the authors to carry out the design of bi-phase viscoelastic composites for
continuum structures.

Madeira et al. [17] addressed the optimal design of laminated composite panels with Constrained Layer
Damping (CLD) treatments in order to simultaneously minimize weight and maximize modal damping. The
design variables were the number of CLD patches on the surface of the laminated plate.

Other strategies followed by researchers try to minimize the kinetic energy of thin-shell structures subjected
to harmonic excitations within a certain frequency range with the aim of reaching the optimal layouts of
frequency dependent viscoelastic damping patches [18]. The authors presented numerical examples to prove
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that the combination of the Moving Morphable Components (MMC) and Model Order Reduction technique
(MOR) is able to distribute constrained-layer damping patches very efficiently.

James et al. [19] presented a linear viscoelastic finite element model with a corresponding time-dependent
adjoint sensitivity formulation with the aim of achieving optimized topologies for minimum mass subject
to a constraint on the maximum local deflection. The optimal structure behaviour was highly dependent on
load duration.

Other works have applied a topological optimization (with homogenization) method to solve a stiffness
maximization problem [20].

Since the most important way to evaluate the ride comfort of railway vehicles is the study of floor vertical
vibrations, in this work the authors focus on an aluminium beam taken from the floor of a lightweight railway
vehicle, considering a laboratory-scale floor specimen with similar stiffness per unit width. The authors
use passive partial damping treatment, with the objective of maximizing the damping effect, subjected to a
maximum allowable mass of damping material constraint.

By adding constrained layer damping (CLD) patches to the beam, that include aluminium and polymer
layers, a large set of test have been carried out, determining modal parameters (frequency, damping and
mode shape) for each beam. These experimental results where used to feed a finite element model in order
to increase its accuracy. Furthermore, a topology optimization is implemented in order to find an effective
optimal damping treatment. Topology optimization produce mathematically rigorous optimal solutions while
being computational efficiency.

The authors propose a design method for the optimal layout of damping material to maximize modal loss
factor by using a topology optimization method under specified random vibrations in the frequency range
below 30 Hz. The proposed objective function is the maximization of the damping effect (as the modal loss
factor) and the constraint is a maximum allowable mass of damping material. It was performed a multiple
objective topology optimization of low mass and cost on composite CLD patches.

The remainder of this paper is organized as follows. First, the viscoelastic behaviour is experimentally
studied. Second, a finite element model is developed and tuned by means of the experimental modal analysis
results. After that, the equations for topological optimization are presented to reach the optimal CLD patch
solution. Finally, some conclusions are presented.

2 Experimental study

2.1 Ligthweigth carbody specimen

The experimental study in this work, which will later be modeled and topologically optimized, focuses
on a laboratory-scale specimen corresponding to a portion of the floor of a railway vehicle. This floor is
manufactured by means of an aluminium extruded structure, about 13 m long and 3.25 m wide, made up
of two flange sheets of a very reduced thickness (about 2.7 mm) separated by a distance of about 50 mm.
Between these two sheets are inserted, each approximately 110 mm, web sheets also of a very reduced
thickness (about 2.4 mm) perpendicular to the previous ones. As a result of the scope of the laboratory-scale
experiment, a beam-shaped specimen is taken consisting of two flanges (nominally 2.7 mm thick) and two
webs (nominally 2.4 mm thick), width 130 mm and a length of 5078 mm. These dimensions have been
chosen so that the stiffness per unit width of this laboratory-scale specimen is similar to that of the railway
vehicle. Figure 1 shows specimen images used for the laboratory scale experiment and Table 1 summarizes
its main physical and mechanical properties.

Table 1: Aluminium beam characteristics.

Density [kg/m3] 2700
Young’s Modulus [GPa] 70
Poisson’s ratio 0.30
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Figure 1: Aluminium beam.

2.2 CLD types and location on specimen

Figure 2 shows the five cases of partial passive treatment with CLD on the aluminum beam that will be
evaluated experimentally. The CLD patches used are constructed by attaching a rigid sheet of aluminum to a
sheet of viscoelastic polymer. The restriction layer used for all cases corresponds to a 6 mm thick aluminum
sheet (with identical characteristics to those shown in Table 1 for the aluminum beam).

 Polymer 

thickness

    [mm]
Specimen CLD length

      [m]

Layout

C2

C8

C9

C11

C12

2

2

2

2

1

 

 2.5 x 1 

 2.5 x 1

 2.5 X 2 

1.25 x 4

 2.5 x 2

Figure 2: Types of CLD patches and relative location on the beam.

Four of the five cases studied use 2 mm thick viscoelastic polymer, while in the fifth case, a 1 mm thick is
used. The width of CLD patches corresponds to 125 mm, which results in a practically total coverage of the
width of the aluminum beam (130 mm). Regarding the length of the CLD patches and their relative location
in the aluminum beam, they have corresponded to lengths from 1.25 m to 2.5 m, resulting in cases where a
single 2.5 m CLD patch centered on the beam is incorporated (C2), a single 2.5 m CLD patch on the covering
the first half of the beam (C8), two CLD patches covering the entire beam (C9 and C12) or four 1.25 m CLD
patches also covering the entire beam. In cases where the entire beam is covered with the CLD patches, a
separation of about 20 mm is established between them.

The viscoelastic material is commercially manufactured by the company Heathcote Industrial Plastics (HIP)
and its mechanical properties in terms of shear modulus and loss factor are shown in the nomogram in
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Figure 3. As can be seen in this graph, the mentioned mechanical properties are dependent not only
on temperature but also on the excitation frequency. For this study, the authors will consider constant
temperature conditions, however, the variability of shear modulus and the loss factor with respect to frequency
will have to be taken into account.
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Figure 3: Nomogram of the viscoelastic material used.

2.3 Test bench

Once the characteristics of the specimen and the CLD patches are known, it is necessary to detail the
disposition of the test bench to carry out the experimental modal analysis. Figure 4 shows an scheme of
the excitation and measurement system. First, the aluminum beam is subjected to a pinned-pinned boundary
conditions. This boundary condition is carried out by positioning and attaching the beam ends with adhesive
on steel shafts that have previously been machined to provide a flat face, as can be seen in Figure 5. Each
of these shafts is inserted in a pair of deep groove ball bearings that allows obtaining the required boundary
conditions.

Following the description shown in Figure 4, a set of 9 accelerometers are incorporated at the lower part of
the beam. Two of these sensors are located at the beam ends and another one is positioned at the center of the
beam. The rest of the accelerometers are distributed equidistant in the beam by means of methyl-based instant
adhesive. The accelerometers used correspond to the model 333B50 of the manufacturer PCB Piezotronics,
with a nominal sensitivity of 1000 mV/g and a weight of 7.5 g.

In order to provide excitation to the beam, a modal shaker model GW-V20 of the manufacturer Data Physics
Corporation with a capacity of up to 100 N, is incorporated into the test bench. This shaker is located to
excite the beam to a quarter of its length taken from its end. The shaker is connected to the beam through a
stinger and finally with a load cell to provide a precision measure of the force signal used to excite the beam.
The load cell used is the model 208C02 of the manufacturer PCB Piezotronics with a sensitivity of 117.9
mV/N.

The force signal generated to excite the beam is sent to the shaker after being enhanced by a 30 W amplifier.
That excitation signal corresponds to a white noise of force, with a level equal to 0.6 N2/Hz and a bandwidth
between 3-50 Hz. The signals from the force and acceleration sensors are collected by a NI-9234 module of
the manufacturer National Instruments. This corresponds to a 4-channel sound and vibration input module,
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with a capacity of up to 51.2 kS/s/channel, indicated for integrated electronic piezoelectric sensors (IEPE).
The beam arrangement at the supports with the described instrumentation is shown in Figure 6.

IN

OUT
PC

Data adquisition

Modal 

shaker

Amplifier

Accelerometer

Stinger

Load cell

Beam

CLD

Figure 4: Beam excitation and signal adquisition scheme.

Figure 5: Boundary conditions applied to the experimental specimen.
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Figure 6: Experimental modal analysis. Test bench for the aluminium beam with CLD patches.

2.4 Experimental results

The results obtained from the experimental modal analysis on the five beam configurations with partial
CLD patches treatment are shown in the Table 2. This table shows the modal parameters corresponding to
resonance frequencies and damping factor for the first two modes shapes of vibration. These results include
those corresponding to the same experiment carried out on the beam without incorporation of any CLD
patches (configuration C0).

In view of these results, there is a notable damping factor increment in the C9 configuration, which includes
the total covering of the beam with the CLD and the thicker viscoelastic polymer. On the other hand, the
C11 configuration, which supposes a total covering of the beam but in smaller CLD patches, has meant the
greatest reduction in the values of the two resonance frequencies. However, it has not led to a noticeable
increase in damping, but on the other hand, the lowest value of the five cases has been obtained.

Figures 7 and 8 show the first two mode shapes of all the CLD patched beam configurations studied (including
C0). There is a remarkable fact that can be seen in the second mode shape of the C8 configuration. This
variation is most likely linked to the asymmetric distribution of the CLD patch with which the aluminum
beam has been covered in this case.

Table 2: Results of the experimental modal analysis corresponding to the first two modes shapes of the beam
configurations with CLD patches studied.

Mode shape 1 Mode shape 2
Specimen f1 [Hz] Damping factor [%] f2 [Hz] Damping factor [%]

C0 6.50 0.21 25.80 0.21
C2 5.30 3.40 21.99 2.00
C8 5.62 2.66 24.07 4.01
C9 5.09 5.04 20.96 6.72
C11 4.85 1.41 19.41 2.17
C12 5.28 4.60 22.54 6.30
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Figure 7: Experimental representation for the first mode shape of beam with CLD configurations.
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Figure 8: Experimental representation for the second mode shape of beam with CLD configurations.

3 Modeling of the viscoelastic system

The viscoelastic material properties depend on excitation frequency and temperature, but in this work, the
latter is considered to be constant. The stress and strain variation with time at the steady state are:

σ̃(ω, t) = σ(ω)eiωt, (1)

where ω is the excitation frequency, t the time and σ the stress; and

ε̃(ω, t) = ε(ω)eiωt, (2)

with ε representing the strain.
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Thus, the stress–strain relationship of the viscoelastic material with isothermal conditions can be expressed
by

σ = E∗(ω)ε, (3)

where E∗(ω) is the complex modulus of the viscoelastic material which depends on the operation frequency
ω, and σ and ε are the spatial part of the stress and strain, respectively. The complex modulus of viscoelastic
material can be divided into the real and imaginary parts as

E∗(ω) = Ereal(ω) + iEimag(ω), (4)

where the real part Ereal(ω) is the storage modulus and Eimag(ω) is the loss modulus. Taking into account
the material loss factor η, which denotes the ratio between the loss modulus and the storage modulus, the
complex modulus E∗(ω) can be rewritten as E∗(ω) = Ereal(ω)(1 + iη).

We take the assumption of proportional damping, also known as Rayleigh damping (proportional to velocity).
For a single degree of freedom system, the damping may be expressed as:

c = αm+ βk, (5)

where m and k represent the mass and the stiffness of the system, respectively.

Considering (5), the loss factor may be written as follows:

η = 2ξ =
(α
ω
+ βω

)
, (6)

representing ξ the fraction of critical damping.

The computation of the two parameters α and β requires the selection of a frequency range of interest, since
the properties of the viscoelastic material are tabulated depending on discrete frequencies. The interested
reader is referred to [22].

Concerning the finite element modelling of the sandwiched structure, the Euler-Bernoulli theory is used for
this purpose. It is supposed that displacements and strains are small enough with respect to the size of the
beam, and then, linear elasticity is assumed. Beam elements with two nodes and four degrees of freedom
(displacement and rotation of each node) are used to discretize the domain.

The governing equation of a forced vibration system is:

Ku+Cu̇+Mü = F (7)

being K, M and C the stiffness, mass and damping matrices, respectively, u the displacement of the
structure, and F the frequency dependent force applied.

The structural response of the beam can be split into two contributions, the spatial part and the time dependent
one. Taking into account this decomposition, and assuming that F = 0 since the objective is to study the
natural frequencies of the beam, (7) remains:

(
K+ iωC− ω2M

)
U = 0, (8)

where U is the spatial component of the response of the structure.

The stiffness and mass matrices are assembled as usual in the finite element method:

K =

ne∑

e=1




3∑

j=1

EejIej


 ke

M =

ne∑

e=1




3∑

j=1

dejAej


me,

(9)
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where j is the j-th layer, Eej , Iej , dej and Aej the stiffness, the area moment of inertia, the mass density and
the cross section of the j-th layer, ke and me the element stiffness and mass matrices and ne the number of
finite elements.

The damping matrix is created directly from the contributions to the stiffness and mass matrices of the second
layer:

C = β

ne∑

e=1

(Ee2Ie2) ke + α

ne∑

e=1

(de2Ae2)me. (10)

Once the matrices have been assembled, the eigenproblem can be solved obtaining the natural frequencies
(ω) and the mode shapes (U).

The loss factor associated with the k-th vibration mode of the structure is defined as:

ηk =
imag (ωk)

real (ωk)
. (11)

4 Topology optimization formulation

4.1 Objective function

The aim of this work is the maximization of the loss factor corresponding to the first two vibration modes.
The problem is set as a topology optimization problem, where the objective is to find the optimal distribution
of viscoelastic layer over our beam. The problem is posed as follows:

max
χ

: w1 η1 + w2 η2 (12)

s.t: 



(
K+ ωkC− ω2

kM
)
Uk = 0, k = 1, 2

ne∑

e=1

χ ≤ Vmax
(13)

where w1 and w2 are the weights associated with each mode, χ ∈ {0, 1} is a characteristic function that
defines where the viscoelastic layer is placed (χ = 1) or not (χ = 0), and finally, Vmax is the maximum
length of the beam that can be covered by the polymer layer. The motivation of using this constraint is the
reduction of the mass of the structure.

As usual in a topology optimization problem, the characteristic function χ is relaxed into the density variable
ρ ∈ [0, 1]. By using the SIMP method [26](Solid isotropic material with penalization), the stiffness, mass
and damping matrices are defined as:

K =

ne∑

e=1

(
Ee1Ie1 + ρe

pkEe2Ie2 + ρe
pkEe3Ie3

)
ke

M =

ne∑

e=1

(
de1Ae1 + ρe

pmde2Ae2 + ρe
pmde3Ae3

)
me

C = β

ne∑

e=1

(
ρe
pkEe2Ie2

)
ke + α

ne∑

e=1

(
ρe
pmde2Ae2

)
me,

(14)

where the penalization exponents take the value pk = 3 and pm = 1.

In order to get 0-1 designs, filtering and projection techniques are used. For the sake of brevity, these
regularizations are not included in this manuscript and they can be found in [25].
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The optimization problem written in terms of the density variable ρ stands:

max
ρ

: w1 η1 + w2 η2 (15)

s.t: { (
K+ ωkC− ω2

kM
)
Uk = 0, k = 1, 2

1Tρ ≤ Vmax
(16)

4.2 Sensitivity analysis

The optimization problem is solved by using the well known algorithm MMA (Method of Moving Asymptotes,
[23]). This descent method requires the computation of the sensitivities of the objective function and the
constraints with respect to the design variable ρ. Both derivatives are straightforward and they are not
included here, but the interested reader is referred to [24].

5 Numerical results and discussion

This problem has been solved using the software Matlab. The data concerning the dimension of the beam
and the properties of the materials is presented in previous sections. The values of the parameters that keep
constant for all the simulations are: pk = 3, pm = 1 and the number of finite elements ne = 100.

Since the structure under study will serve as a support for a passenger transport vehicle, it is important to
keep in mind the sensitivity of human beings to fluctuations in different vibration directions. The human
body is not equally sensitive to all frequencies of vibration. Thus, it is essential to consider the weighting
frequency as well as the acceleration amplitude when evaluating the perception of ride comfort. This fact
usually motivates the use of weighting filters used for calculating the ride comfort to account for the high
human sensitivity to the vibration in vertical.

Taking into account the previous experimental results on the aluminium beam, where the first two modes
are at frequencies around 6 and 25 Hz, respectively, the criterion adopted for the choice of weights from Eq.
12 is extracted from the weighting curve defined in EN 12299 in vertical direction [27]. The value of the
weights w1 and w2 are then, w1 = 4/5 and w2 = 1/5. For the first simulation, Vmax is set to 50%. The
optimal solution is shown in Figure 9.

Figure 9: Optimal design. The beam is shown in gray color and the CLD patches in orange.
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The optimal solution of the problem in this configuration of parameters shows a CLD patch with 2 mm
thick viscoelastic polymer and 6 mm thick aluminium layer is placed in the middle of the beam. This point
coincides where the displacement is bigger, with a maximum in the center of the structure.

The evolution of the loss factor with the volume fraction is shown in Figure 10. The maximum loss factor
is obtained when the whole beam is covered by the CLD patch, nevertheless it increases considerably the
weight and the cost of the structure. A volume fraction of 50% allows us to get the 83% of the maximum
loss factor. This fact justifies the use of this constraint when solving the optimization problem.
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Figure 10: Evolution of normalized cost versus volume fraction

6 Conclusion

This work presents a new procedure to get the optimal configuration of beams covered with CLD patches.
The objective is the maximization of the loss factor associated with the first two natural modes, including
weights that model the importance of each one. A constraint over the maximum length of the beam covered
by the patches is used to reduce the mass of the structure.

The choice of weights in the topological optimization problem is based on the assumption that the structure,
represented by the aluminum specimen treated in this work, is subjected to an excitation where neither of the
first two modes of vibration of that structure is being predominantly excited.

With these considerations, the result of the optimization invites to place a CLD patch covering half the length
of the beam. In this way, a compromise is obtained between the quantity of the incorporated CLD patch,
with the consequent penalty in terms of system mass, and the increase of the loss factor corresponding to the
first two modes of the structure.

Further work will consider within the optimization problem the possibility that the excitation comes from
realistic track profiles and at usual cruising speeds for high-speed trains. Thus, the choice of weights for the
implementation of the objective function may vary from the values chosen in this work.
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Abstract
Vibro-impact absorbers are known to be effective on a wide range of frequencies thanks to their non-linear
behaviour and in harsh environment, but they are difficult to model and study experimentally and numerically.
Different assumptions emerge to explain energy dissipation such as material and contact effects, or dynamic
energy transfers. As classical vibratory measurement tools do not allow to accurately and easily measure
what happens in the contact area and the motion of the absorber, it is difficult to validate and quantify the
phenomena. The purpose of the study is to take advantage of full field measurements of the vibro-impacts
phenomena to better understand the interactions occurring during impact. To reach this objective, a method
involving Digital Image Correlation and a high-speed camera is used to capture and reconstruct the motion of
the oscillating mass. Experimental results are used to investigate a conceptual modelling of the vibro-impact
phenomenon with a coefficient of restitution.

1 Introduction

Vibro-impact (VI) absorbers consist of free oscillating masses integrated in a main structure to reduce its
vibrations. They are known to be effective on a wide range of frequencies and in harsh environments. Their
effectiveness in mitigating the vibrations relies on the interaction between the oscillating mass and the main
structure that occurs during the impacts. Mostly, two assumptions emerge to explain energy dissipation :
contact effects such as plastic deformation during the repeated impacts [1] or damping during the contact
phase [2] on the one hand, and dynamic effects (i.e excitation of vibrational modes of the main structure)
leading to a high frequency energy transfer and to a faster vibration mitigation [3] on the other hand.

To better understand the physics of vibro-impact phenomenon, it is interesting to adopt an experimental
approach. However, several difficulties must be overcome. Impact phenomena is non-linear, and occurs
on a very short time scale what makes its study particularly challenging. Moreover, VI absorbers are often
difficult to equip with measuring instruments, especially for the free oscillating masses. Among the non-
contact techniques, Digital Image Correlation (DIC) has many interests for vibro-impacts study. In solid
mechanics, DIC and full-field measurement techniques have paved the way to new approaches to measure
displacement, velocity or strain field and have a growing interest thanks to the advent of high-speed cameras.
Many applications are found for dynamic testing in combination with high-speed or ultra-high-speed cameras
[4], such as visualisation of development of local deformation [5] or phase transformation while testing shape
memory alloys [6].

Full-field measurements techniques have already been set up in the context of granular materials to measure
the coefficient of restitution (COR) of impact between particles and between wall and particles, combined
with different methods [7, 8, 9].

In the field of vibro-impact, full-field measurement with a high speed camera was used in [10] to visualise
VI regimes between gears. According to the authors, the video post-processing allows measurement of the
instantaneous position of the gears from the shape recognition. Recently, a simple method with minimal
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(a) Photo of the experimental set-up

(b) CAD view

Figure 1: Experimental set-up. 1. upper plate ; 2. holding rod ; 3. ball ; 4. lower plate ; 5. adapter plate ; 6.
upper accelerometer ; 7. guiding rod ; 8. lower accelerometer ; 9. shaker

instrumentation to reconstruct the motions of the oscillating mass of a VI absorber and measure the COR is
presented in [11]. Nevertheless, the motion of the oscillating mass is not directly measured as no visualisation
of the ball is possible.

The purpose of this paper is to take advantage of DIC and full-field measurement using a single high-speed
camera to reconstruct the motions of both the main structure and the oscillating mass, and to compare with
a numerical model. The paper is organised as follows. Section 2 presents the vibro-impact experimental
characterisation, section 3 presents the comparison between experimental and numerical results. In section
4, the conclusions of this study are drawn and perspectives are given.

2 Application of DIC for VI experimental characterisation

2.1 Design of a set-up and instrumentation

For this study, an experimental set-up consisting of a ball enclosed between two plates has been designed
(see Figure 1).

The main structure is made of two plates separated by an adjustable distance and maintained by three hold-
ing rods. The structure is rigid enough to ensure that the first natural frequencies cannot be excited with
the shaker. This assumption was validated by a numerical modal analysis. The ball is guided for vertical
movement by three guiding rods, so that it is possible to visualise the entire motion of the ball during its
oscillation. The main structure has a sine wave motion imposed by a Dataphysics shaker (1000 N maximum
sine force peak). An adapter plate is also used to fasten the set-up on the shaker.

Two accelerometers are stuck on each plate to monitor the acceleration of the main structure. A high-speed
camera with a 1000 fps frame rate is used during the tests to visualise the oscillation of the ball between the
two impact plates. Some photos extracted from the videos are represented in Figure 2, where it is possible to
see the ball going up, colliding the upper plate and going down.

2.2 Description of the experiments

Different parameters were varied during the experiments, namely the frequency of the excitation and the
maximum acceleration of the excitation (which is directly related to the amplitude of displacement of the
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Figure 2: Images extracted from the video recorded with the high-speed camera

shaker). These different parameters are summarised in Table 1. Each test was run once, and lasts approxi-
mately 1,5 seconds, producing 1500 frames to analyse. The frequency and the acceleration of the shaker of
the shaker was chosen in order to obtain VI regimes with two impacts per cycle, one on the upper plate and
one on the lower plate.

Table 1: Parameters for the tests

Test number fexc Max acceleration
Test 1 22Hz 14m.s−2

Test 2 22Hz 18m.s−2

Test 3 22Hz 12m.s−2

Test 4 30Hz 27m.s−2

2.3 Video analysis

In order to reconstruct the motion of the main structure and of the oscillating ball, a Digital Image Correlation
(DIC) technique is used to follow the motions of both the ball and the structure. Two zones containing a mesh
of points are defined corresponding to the ball and the main structure (see Figure 3). A subset centred on
each point of the mesh is defined (see Figure 4). After the displacement, the subset is localised in the new
picture thanks to a correlation calculation. Therefore, the displacement of each point of the mesh is obtained.
In the present case, as no deformation is expected, the displacement of the ball and of the main structure are
calculated as the average displacement of the points of each mesh.

As the objective is to be able to measure the velocities of both the main structure and the ball when the
impacts occurs, having the discrete-time displacements is not sufficient. In the context of DIC, some authors
have used finite differences to estimate velocities and acceleration knowing the displacement field [12].
In order to reduce the uncertainties or to improve the spatial resolution of the results, others have used a
method to regularise the displacement, taking in account a set of images instead of using only two pictures
corresponding to the reference and deformed configuration [13]. The method used in this paper is to calculate
equations of displacement from curve fitting using the experimental displacement points obtained from DIC.
As the excitation of the shaker is given by an sine wave electrical signal, and the influence of the ball on the
motion of the structure is assumed to be negligible, the displacement of the structure is supposed to be given
by Equation (1)

Ys(t) = A. sin(ω.t+ ϕ) +B (1)

where A ; B ; ω and ϕ are determined from the curve fitting.

In this set-up, the ball is submitted to gravity. Therefore, the displacement of the ball during the i-th free
flight must be quadratic with respect to time and is given by Equation (2)

Y i
b = ai.t

2 + bi.t+ ci t ∈ [ti; ti+1] (2)
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Figure 3: Mesh of points used for the DIC

(a) Meshes for DIC : general view

(b) Reference configuration (c) Configuration after displacement

Figure 4: Principle of DIC. (a) and (b) red squares : subsets. (c) Red square : reference subset. Blue square :
matched subset after displacement. White arrow : displacement vector
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(a) Structure displacement
(b) Ball displacement

Figure 5: Fitting displacements for the main structure and the ball

where ai ; bi and ci are determined from the curve fitting.

Impact occurs at the intersection of each free flight trajectory, so impact time ti between freeflight i − 1
and freeflight i can be deduced. It is now possible to calculate the velocity of the main structure and ball
derivating Equations (1) and (2) :

Ẏs(t) = A.ω. cos(ω.t+ ϕ) (3)

Ẏb(t) = 2.ai.t+ bi (4)

Thus, displacements and velocities equations (Equations (1), (2), (3) and (4)) can be used to estimate the
kinematics quantities relative to the main structure and ball at every moment, and the whole motion is recon-
structed.

3 Vibro-impact modelling and model validation

3.1 Modelling and parameterisation

A scheme of the experimental set-up studied in the previous section is represented in Figure 6. x(t) and
y(t) denote the position of the main structure (i.e the cavity) and the ball, respectively. The total distance
travelled by the ball in the cavity is 2.b. The displacement of the main structure is a sine wave motion with a
amplitude Xe and a pulsation ω (see Equation (5)).

x(t) = Xe. sin(ωt) (5)

Since the displacement of the main structure is imposed, the only unknown of the problem is the vertical
displacement of the ball y(t) (its only degree of freedom) and its evolution is governed by the principle of
the dynamics. The motion of the ball can be separated in into two phases : the free flight phase and the
contact phase. During the free flight phase, the equation of motion is

mb.ÿ = −mb.g (6)

where mb is the mass of the ball, and g is the acceleration of gravity. Concerning the contact phase, the COR
model is adopted.

3.2 The Coefficient of Restitution model

The contact phase is assumed infinitely short, and the physical phenomena that occurs during impact are
wrapped in a coefficient of restitution e defined in Equation (7) that traduces the energy lost during the
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Figure 6: Schema of the VI absorber

Table 2: Error between experience and simulation for the COR model

Test 1 Test 2 Test 3 Test 4
Error 2,78 % 2,51 % 2,44 % 3,50 %

impact. Therefore, each time an impact occurs, the relative speed before and after impact are related by
Equation (7) :

ẏ+ − ẋ+ = −e.(ẏ− − ẋ−) (7)

where the superscripts + and - denote the velocity after and before impact respectively. Practically, the
problem is reduced to free flight phases, with initial conditions for y given by Equation (7). The entire motion
of the ball can be simulated using an ODE solver to integrate the equation of motion given by Equation (6).

3.3 Model validation

In this section, the experimental results are compared to numerical simulation of the COR model. The COR
values measured for each impact occurring at ti are used in Equation (7) each time an impact is detected,
leading to a different value of the COR for each impact. This value is calculated using Equation (8).

ei =
Ẏ i
b (ti)− Ẏ i

s (ti)

Ẏ i−1
b (ti)− Ẏ i−1

s (ti)
(8)

An example of the values measured for the fourth test and used in the model are presented in Figure 7.
In Figure 8, experience and simulation are compared. The error between curves are quantified using the
definition given by the following equation :

Err =

√√√√
∫ tf
ti
(Y simu

b − Y expe
b )2.dt

∫ tf
ti
(Y expe

b )2.dt
(9)

where ti and tf denote initial instant and final instant of the experience, respectively. The error calculated
for the different tests and for both models are presented in Table 2.

A very good agreement is found between experience and simulation, as shown in Figure 8. This observation
is confirmed by the low error values given in Table 2. Moreover, it was found that changing the value of the
COR for each impact in the simulation in order to be consistent with the experiments was the best way to
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Figure 7: Example of experimental results of the COR (4-th test)

Figure 8: Comparison of experimental and simulated displacement using the COR model
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reduce the error between simulation and experiments. Therefore, these results demonstrate the ability of the
motion reconstruction method presented in this study to perform accurate measurements of the position of
both the ball and the main structure in the various conditions presented in Table 1.

As a remark, one can notice that the results presented in Figure 7 show that the average value of coefficient
of restitution is different when the impact occurs on the upper plate or on the lower plate. This suggests that
further work can be done to try to explain this phenomenon, already reported in [11].

4 Conclusions

In this study, a experimental set-up has been designed to take advantage of Digital Image Correlation (DIC)
and full-field measurement using a high-speed camera in order to reconstruct the motions of the main-
structure and the free oscillating mass of a vibro-impact absorber. The discrete-time displacements are
obtained from DIC, and continuous displacements are derived from curve fitting on the experimental points.
Velocities can be deduced with the analytical derivative of displacements, and the coefficient of restitution
can be calculated. The method turns out to be accurate, as the agreement with the simulated model is very
good. The method presented here provides new perspectives in the field of vibro-impact, where instrumenta-
tion is often challenging. With such measurements available, further work can be done to explain dissipation
in VI phenomena more precisely than the coefficient of restitution does.
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Abstract 
The reed mouthpiece system of the saxophone is the acoustic power source of the instrument. Among 

musicians, it is well known that the reed has a substantial influence on the sound of the saxophone, but little 

is known about its displacements as a function of time during the vibration cycle. This paper presents 

vibrations measurements on alto saxophone reeds by means of stroboscopic digital image correlation, on 

when the reed was forced to oscillate at the frequencies of 27 musical notes. Displacements as a function of 

time show strong non-linear behaviour. Differences between reeds with the same nominal strength could be 

discerned. The movement of the reed consisted of multiple harmonics which had different magnitudes 

depending on which frequency was excited.   

1 Introduction 

The saxophone is a single-reed woodwind instrument. To produce sound with the saxophone, the player 

blows inside the mouthpiece, generating self-sustained oscillations of the reed which acts as an oscillating 

valve [1], [2]. Furthermore, it is well known that the mouthpiece and reed plays an essential role in the 

perceived quality of the instrument. Reeds are made out of natural cane and are machined into a complex 

shape. Over its entire length it is machined to a flat surface at the bottom. In the zone where it is attached to 

the mouthpiece, the outer surface is the natural curved surface of the cane. From there on it gradually 

becomes thinner toward the tip. The sides thin faster than the centre, but at the very tip the reed has the same 

thickness over its width. Many different shape designs exist, each resulting in different vibration behaviour. 

The design of the shape is indicated by a type name. It is dependent on which type of saxophone is played. 

The strength is a measure for the evolution of the thickness and is mainly determined by the thickness of 

the tip. It is measured by a static measurement bench estimating the reed’s mechanical stiffness [3]. 

Currently, the strength and type of reed are the only objective indicators given to the musician. Nevertheless, 

musicians perceive large differences between individual reeds of the same type and strength. Therefore, 

efforts have been made to find quantitative indicators of reed vibration behaviour.  

In [4], the authors used optical holography to determine the vibrational modes of reeds. Another work [5] 

used sideband digital holography to find the first 15 modes of the reed. In this study, the reed was connected 

to a mouthpiece and excited by a loudspeaker. The mouthpiece lay was adjusted in order that the reed could 

vibrate totally free, which is not the case in reality. To the best of our knowledge, no studies of reed 

displacements have been performed with the reed firmly attached to the mouthpiece. In the present work, 

we use stroboscopic digital image correlation to measure reed displacements over the entire vibration cycle, 

instead of only measuring vibrational modes, with the reed firmly attached to the mouthpiece lay as in the 

real situation. Section 2 outlines the methodology of the proposed approach in detail, in section 3 the 

acquired results are presented and discussed, followed by conclusions in Section 4.  
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2 Experimental setup 

2.1 Preparation 

Different Vandoren Classic Blue alto saxophone reeds with nominal strengths 2, 2½ and 3 were used to test 

the possibilities of the method. To exclude other effects, the same mouthpiece was used for all the 

measurements. In the present study, experiments were performed on dry reeds without the use of an artificial 

lip. The reed was mounted on the mouthpiece as in normal playing conditions. The mouthpiece with the 

reed was mounted on the driver of a horn loudspeaker and sealed with a two-component silicone paste 

(Otoform Akx, Dreve Otoplastik, Unna, Germany).  

2.2 Excitation procedure 

The reed was excited by the speaker connected to a 30W amplifier. Pure sine excitation pressures were used 

to induce forced oscillations of the reed. Under normal playing conditions, the reed oscillates at the playing 

frequency of the instrument, so each reed was excited for 27 musical notes ranging from A3(220 Hz) to B5 

(988 Hz) (Table 1) which includes to a great extent the frequency range of the alto saxophone. The reed was 

excited exclusively through the bore of the mouthpiece. 

Table 1: Frequencies of tested musical notes 

A3 Bb3 B3 C4 C#4 D4 Eb4 E4 F4 

220 Hz 233 Hz 247 Hz 262 Hz 277 Hz 294 Hz 311 Hz 330 Hz 349 Hz 

F#4 G4 G#4 A4 Bb4 B4 C5 C#5 D5 

370 Hz 392 Hz 415 Hz 440 Hz 466 Hz 494 Hz 523 Hz 554 Hz 587 Hz 

Eb5 E5 F5 F#5 G5 G#5 A5 Bb5 B5 

622 Hz 659 Hz 698 Hz 740 Hz 784 Hz  831 Hz 880 Hz 932 Hz 988 Hz 

 

2.3 Stroboscopic DIC setup 

To identify the full-field displacements of the vibrating saxophone reed, stroboscopic digital image 

correlation was used. DIC uses the optical texture of an object’s surface to determine its shape, displacement 

and strain. If the object surface shows little optical texture, a random dot pattern needs to be applied. The 

DIC analysis and image recording were performed using commercially available software (ISTRA 4D 4.4.7, 

Dantec Dynamics, Skovlunde, Denmark). Two cameras with a resolution of 2056x2464 pixels and lens 

aperture f/8 were used to records stereoscopic images. The angle between the cameras was 31 degrees. To 

measure shape and vibration, first an image of the non-moving reed is recorded as reference position. Next, 

a stepwise series of images of the moving reed is captured using stroboscopic illumination. By defining a 

virtual grid on the measured reed surface, a computation on each grid facet results in a full-field visualization 

of the displacement. This computation is performed by comparing local grey values of the optical texture 

pattern of the object of each grid facet between both cameras for the reference image and the moving image. 

Figure 1 shows a schematic diagram of the experimental setup. To obtain stroboscopic illumination, we 

used a 200mW green CW laser (CNI, MSL-FN-532-200mW, Changchung, China) which was chopped 

using an acousto-optic modulator. Illumination pulses of 2% of the vibration period were used, and these 

pulses are integrated over the exposure time of the CCD, which was typically 200ms.  
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The surface of the saxophone reed shows little optical texture. Therefore, we applied a stochastic pattern on 

the reed. First, a fluorescent marker was used to colour the reed. Subsequently, an aerosol with black ink 

toner was utilized to spray a stochastic pattern of speckles on the saxophone reed. Long-pass optical filters 

were used on the cameras, so they only record the fluorescence light, thus avoiding specular reflections and 

laser speckle.  

Sixteen time steps within a period of the excitation frequency were recorded.  

 

 

 
 

 

 

 

 

 

 

 

3 Results and discussion 

3.1 Tip movement as a function of time 

We performed the measurements on dry reeds to avoid effects of different stages of hydration and to 

examine whether it is possible to find objective differences between reeds in the state they come from the 

manufacturer. Figure 2 shows the displacement as a function of time of a single point at the vicinity of the 

tip of a reed with nominal strength 2, excited at 440 Hz. Although the excitation is a single sine wave, it is 

evident that the displacement curve is far from sinusoidal. Furthermore, two movements of the reed are 

observed within the periodic cycle. The negative slope in the first part of the figure indicates the opening 

phase of the reed. The positive slope in the second part demonstrates the closing phase (movement towards 

the mouthpiece), and both parts of the cycle are not symmetrical. 
 

In Figure 3, the displacement curve of the same point at a stimulation frequency of 880Hz (A5) is presented. 

During one stimulation cycle, the reed moves both in the direction of the mouthpiece and away multiple 

times, as indicated by the black arrows in Figure 3. Figure 4 shows the Fourier analysis of this measurement. 

The fundamental frequency (880 Hz) contains the largest amplitude. Nonetheless, due to the nonlinear 

movement of the reed, the higher harmonics were also observed in the amplitude spectrum. The first 

harmonic has a magnitude of approximately 80 per cent of the fundamental frequency. The second harmonic 

was 8 per cent in amplitude of the fundamental component.  

It was verified that the sound signal produced by the speaker did not contain significant non-linearities. For 

all the reeds that were measured, we found similar results for the frequency spectrum of the displacement 

curves. A wide range of observable harmonics could be discerned in each measurement. Different 

displacement curves with different amplitudes in harmonics were found for different excitation frequencies. 

Figure 1: Stroboscopic DIC Setup 
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Figure 2: Reed displacement curve at 440 Hz (A4) 

  

Figure 3: Reed displacement curve at 880 Hz (A5) 

 

Figure 4: Amplitude spectrum of the reed displacement cycle at 880 Hz (Strength 2) 

To compare different reeds, Figure 5 shows the displacements curves at the vicinity of the tip of the reed at 

four different frequencies for three new dry reeds, each of strength 2.5. Although the reeds are of identical 

type and strength, differences in the displacement curves are noticeable. In all the measurements, it was 

found that Reed 2 had slightly different behaviour. The most apparent difference was observed at 622 Hz 

(Eb5), with a second harmonic less present in the motion of the other reeds. The ratio of the amplitude of 

the second harmonic (1866 Hz) to the amplitude of the fundamental for Reed 2 was 45% whereas the other 

two reeds had a ratio of 13% and 22%. 
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Displacement curves for the reeds with a different nominal strength were measured. When the displacement 

curves were averaged, it was observed that the reeds with the highest nominal strength would move less. 

The results are shown in Figure 6 when the reeds were excited at 277 Hz (C#4). The most substantial 

difference between the reed strengths is noticed at the peaks of the stimulation cycle. The displacement of 

the time steps or recorded phases nearby the reed’s rest position is similar for the different strengths. The 

average movement of reeds with strength 2 was at time step 7 (farthest movement away from the 

mouthpiece) 17 per cent larger compared to strength 3. For strength 2.5 the largest movement away from 

the mouthpiece was approximately 6 percent larger compared to strength 3. 

 

 

 

 

 

 

 

 

 

 

Figure 5: Displacement cycles of different reeds with same nominal strength 

Figure 6: Mean displacement curves of different reed strengths at 277 Hz (C#4) 
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3.2 Magnitude and phase maps of the displacement of the reed surface 

In the previous paragraph, we looked at the motion of a single point in detail, but DIC offers full-field 

information over the entire vibration cycle. On the thick part of the reed vibrations become too small to be 

measured by DIC, but it is the thin part of the reed which forms the acoustic source of the instrument. We, 

therefore, focus on the analysis of the 3D motion of the first 20mm starting from the reed tip as indicated in 

Figure 7.  

To analyse the data, we calculated on every measured point the magnitude of the displacement curve of the 

fundamental frequency and of the first two harmonics of the displacement curves by Fourier analysis. First, 

a Fast Fourier Transform (FFT) was performed on the measured displacement signal at all the measured 

points to calculate the frequency spectrum of the displacement curve. Subsequently, the magnitude in each 

sampled point on the reed surface was calculated from the acquired complex numbers for the fundamental, 

first harmonic and second harmonic frequency.  

 

  

 

 

 

 

 

 

 

 

 

 

Figure 8 shows the magnitude maps of the fundamental component at 587 Hz for reeds with strengths of 2 

(upper row) and 2.5 (lower row). The tip of the reed has the largest amplitude and is approximately similar 

across the width of the reed. The magnitude plot of the fundamental frequency corresponds to the first 

bending mode. Backus [6] states that the normal motion of the reed corresponds to the first bending mode, 

but the measurement results were not obtained in real musical playing circumstances.  

In section 3.1, we observed a different displacement behaviour for Reed 2 nominal strength 2.5. From the 

lower row in Figure 8 we noticed this different behaviour in the magnitude plots over the reed surface as 

well. Less movement is seen at the tip of the reed and the magnitude decreases more rapidly over the reed 

surface. On average, the magnitude of reed 2 (Strength 2.5) was 15 per cent lower compared to the two other 

reeds.  

When comparing the different nominal strengths, it becomes apparent that the softer reeds (nominal strength 

2) have a larger movement towards the heart of the reed. The softer reeds are more flexible at the tip, 

resulting in an overall larger vibration amplitude, but the distribution along the reed axis is also different 

from the distribution on the harder reed. 

Moreover, an asymmetry is observed in the magnitude plots of the reeds with the same strength, and these 

asymmetries were not consistently the same for the different reeds. In [7], the author studied the static 

displacement of reeds under static airflow and found that good reeds which produce good sound quality 

showed a strong symmetry in the displacement whereas mediocre reeds revealed stronger asymmetries. 

Other researchers [8] outline the influence of the asymmetry on reed modes as well. Those asymmetries can 

generate imbalances in the local acoustic field of the reed-mouthpiece system.  

  

Figure 7: Region of interest on the reed surface 
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Furthermore, the phase map was analysed as well for the reed surface. It was seen that the phase over the 

surface was homogeneous. This indicates that every single point on the reed surface moves in the same 

direction. In all the reeds, no phase differences were observed. Similar findings were noticed for the different 

excitation frequencies. 

 

As we saw in section 3.1 the movement of the reed under stimulation by a pure sine is strongly non-linear. 

Therefore we now examine the full-field distribution of the different harmonics. Figure 8 presented the 

magnitude of the fundamental vibration of the displacement curves of D5 (587 Hz). Figure 9 shows the 

magnitude of the displacement field for the fundamental (first row), first harmonic (second row) and second 

harmonic (third row) of reeds with the same nominal strength excited at 587 Hz. Though Reed 1 and Reed 

3 show approximately a similar magnitude plot for the fundamental, the second harmonic (1761 Hz) shows 

apparent dissimilarities. The contribution of the second harmonic to the third reed’s movement at the vicinity 

of the tip of the reed is 30% larger compared to the first reed. For all the measurements, it was possible to 

discern differences between reeds with the same nominal strength. Depending on which frequency the reed 

was excited, the contribution of each harmonic varied.  

 

Figure 8: Magnitude of the fundamental vibration of three different reeds under stimulation of 587 Hz (D5) 

- (Upper row: nominal strength 2) (Lower row: nominal strength 2.5) 
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Figure 9: Displacement magnitude of the fundamental (first row), first harmonic (second row) and second 

harmonic (third row) vibration 

3.3 Mouthpiece and reed interaction 

As a final test, the reeds were preconditioned by momentary stimulation by blowing into the mouthpiece to 

trigger oscillation, and the measurements were repeated.  

Figure 10 shows the data obtained on a reed with nominal strength 2 and stimulation at 987 Hz (B5). The 

top row shows the magnitude of the displacement for the fundamental. The bottom rows show the data for 

the first and second harmonic (res. 1974 Hz and 2961 Hz). The left column shows data obtained on the new 

reed; the right column shows the data obtained after short stimulation by airflow. When the reed was 

preconditioned, higher amplitudes were observed for the fundamental component. In the middle at the 

vicinity of the tip the preconditioned reed increased approximately 45% in magnitude. Before 

preconditioning, the magnitude of the vibration is approximately constant along lines perpendicular to the 

longitudinal axis of the reed, both for the fundamental and the harmonics. After preconditioning the 

amplitude along these lines is still constant for the fundamental, but no longer for the harmonics. Higher 

amplitudes were examined at the tip and edges of the reed whereas the amplitude at the heart of the reed 

was less prominent. This suggests that the side rails of the mouthpiece have an influential role on the reed’s 

behaviour, in particular on the harmonic components of the reed movement.  
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4 Conclusion 

The purpose of this paper was to analyse the displacement of different alto saxophone reeds by 3D 

stroboscopic digital image correlation. This study showed that the reed displacement is highly nonlinear 

when the reed is attached to the mouthpiece. Different reed displacement curves were found for different 

stimulation frequencies. A comparison between the different strengths of the reeds demonstrated that the 

softest reeds (nominal strength 2) had a larger vibrational amplitude at the tip of the reed and moved more 

towards the heart of the reed compared to the stiffer reeds. Reeds with the same nominal strength showed 

different geometrical asymmetries in the magnitude plots. Furthermore, it was seen that analysing the 

fundamental stimulation frequency and the contribution of the harmonics separately to the total 

displacement magnitude was a useful technique to discern reeds of the same nominal strength. The 

vibrational amplitude of the fundamental and harmonics was for the dry tested reeds approximately similar 

over the total width of the reed surface. Nonetheless, when the reeds were preconditioned by short airflow 

stimulation higher amplitudes were measured at the edges of the reed for the harmonics.  

 

 

 

 

Figure 10: Displacement magnitude of the fundamental (first row), first harmonic (second row) and second 

harmonic (third row) vibration for dry (left) and preconditioned reed (right) 
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Abstract 
In many structural dynamic applications, it is crucial to know the exact position and orientation of the 

accelerometers mounted on the test object. While this is a rather simple task for test objects with simple 

geometry, for complex 3D objects with curved surfaces, like a car body, this job could be quite challenging. 

Even today, the most common tools used to conduct the job are a measuring tape and spirit level. Recently 

a method was introduced that enables finding the position and orientation of the accelerometers mounted on 

a test object by simply shaking the object while measuring the acceleration signals. The position and 

orientation of at least three triaxial accelerometers (or the distances between them) should be known in 

advance, and the test object should be able to move as an unconstrained rigid body, in all six possible degrees 

of freedom. The presented paper briefly presents the method, the conditions that should be met and examines 

the fulfilment of these conditions in real-life scenarios. Finally, the paper demonstrates how the method can 

shorten the setup time for modal analysis measurements on a vehicle body-in-white. 

1 Introduction 

Accelerometers’ position and orientation is key information for obtaining mode shapes, which is one of the 

results of modal analysis. For the test objects like a vehicle body-in-white (BIW), whose geometry is rather 

complex, this task may become quite time consuming. A typical way of getting this information is using 

some distinct geometrical features of the test object as anchor points to place accelerometers and/or make 

use of a measuring tape. Regarding accelerometers’ orientation, typically the accelerometers are aligned 

against some predefined global coordinate system, and a spirit level and swivel bases are employed to 

facilitate accelerometer mounting. These procedures can take hours depending on the size and complexity 

of the test object, and the number of measurement points. 

Another common problem experienced in modal analysis is generating the test geometry, the simplified 

geometrical representation of the test object. The test geometry typically consists of a few dozen nodes, 

where the accelerometers are placed; the nodes are connected by trace lines, sometimes facets are added to 

improve visual perception of the test object and the animated mode shapes. Sometimes the test geometry is 

created from a computer-aided design (CAD) drawing of the test object by reducing the vast amount of 

points typical for a CAD model using geometrical decimation. If the CAD model is not available, the test 

geometry can be created from basic primitives like points, lines, rectangles, etc., based on the dimensions 

of the test object. Though many commercial modal analysis software packages include a simple geometry 

generator or editor (like [1], [2]), generating test geometry remains a time-consuming task since the 

coordinates of many points of the test object need to be measured.  

In the author’s knowledge, there exists no simple way to solve the abovementioned problems. Among 

known techniques, photogrammetry [3] or 3D positioning devices, such as BIG’s 3D Creator [4], can be 

used to generate the test geometry and find an accelerometers’ position. Sometimes, mechanical adapters 

can be involved to mount accelerometers with predefined orientation [5]. Among the recently proposed 

methods, one suggested in [6] draws the attention: the method requires that one or several images of the real 
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test object (shot by a digital camera) are aligned with its 3D computer model; then the accelerometers can 

be identified on the photo(s) and projected onto the computer model, providing their position and 

orientation.  

This study is based on a method recently published in [7]. Whilst [7] provides the detailed mathematical 

formulation of the method, the presented study briefly introduces the method (Section 2) and then focuses 

on its practical application on a test object – the chassis of a Renault Spider Sport roadster (Section 3). 

2 Brief theoretical insight 

The method (see [7] for full details) claims that position and orientation of triaxial accelerometers can be 

derived from accelerometers’ signals if 

 The position and orientation of at least three (reference) accelerometers are known, and these 

accelerometers are not positioned on a straight line. 

 The test object is excited in such way that it moves as a rigid body, and while moving, it experiences 

the motion in all six rigid-body degrees of freedom. 

It is well known that at any time 𝑡 the position and orientation of a rigid body in the global coordinate system 

(GCS) can be completely described by six parameters, for example by the following vector {𝐶(𝑡)} ∈ ℝ6×1: 

 {𝐶(𝑡)} = {{𝑟𝑂(𝑡)}𝐺
𝑇 ; {𝜃(𝑡)}𝑇}𝑇, (1) 

where the vector {𝑟𝑂(𝑡)}𝐺 ∈ ℝ3×1 defines the location of some point 𝑂 on the rigid body. The vector 

{𝜃(𝑡)} ∈ ℝ3×1 defines the orientation of the local coordinate system (LCS) attached to the body at the point 

𝑂 with respect to the GCS; it can be expressed, for example, as a set of three Euler angles.  

Consider an arbitrary point 𝑃𝑛 of the rigid body Figure 1, its radius-vector in the LCS is {𝑟𝑛}𝐿 =

{𝑟𝑛,𝑥 , 𝑟𝑛,𝑦, 𝑟𝑛,𝑧}
𝐿

𝑇
. Then its coordinates in GCS are 

 {𝑟𝑛(𝑡)}𝐺 = {𝑟0(𝑡)}𝐺 + [𝑅𝐿𝐺(𝑡)]{𝑟𝑛}𝐿, (2) 

where [𝑅𝐿𝐺(𝑡)] ∈ ℝ3×3 is a rotation matrix from LCS to GCS, which can be expressed from the Euler angles 
{𝜃(𝑡)}.  

Consider a triaxial accelerometer mounted at point 𝑃𝑛, its measurement axes are the axes of the measurement 

coordinate system (MCS) attached to the accelerometer. The orientation of the MCS with respect to the LCS 

is defined by three Euler angles  𝜙𝑛,1, 𝜙𝑛,2 and 𝜙𝑛,3, and the corresponding rotation matrix [𝑅𝑀𝐿,𝑛] can be 

expressed from 𝜙𝑛,1..3. 

Acceleration of point 𝑃𝑛 

 {�̈�𝑛(𝑡)}𝐺 = {�̈�𝑂(𝑡)}𝐺 + [�̈�𝐿𝐺(𝑡)]{𝑟𝑛}𝐿, (3) 

 

Figure 1. An object in 3D space and the coordinate systems  
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is being measured by the accelerometer, the three resulting signals  𝑎𝑛,𝑖(𝑡), 𝑎𝑛,𝑗(𝑡) and 𝑎𝑛,𝑘(𝑡) are the 

projections of the acceleration vector (3) to the three corresponding axes of the MCS. It is easy to 

demonstrate that  

 {

𝑎𝑛,𝑖(𝑡)

𝑎𝑛,𝑗(𝑡)

𝑎𝑛,𝑘(𝑡)

} = [𝑅𝑀𝐿,𝑛]
𝑇

[𝑅𝐿𝐺(𝑡)]𝑇({�̈�𝑂(𝑡)}𝐺 + [�̈�𝐿𝐺(𝑡)]{𝑟𝑛}𝐿) (4) 

Expression (4) is a non-linear function in the elements of the vector {�̈�(𝑡)} =

 {�̈�𝑂(𝑡), �̈�𝑂(𝑡), �̈�𝑂(𝑡), �̈�1(𝑡), �̈�2(𝑡), �̈�3(𝑡)}
𝑇
. Assuming the motions of the rigid body are oscillatory about 

some equilibrium position, and their magnitude is small, this function can be linearized around the 

equilibrium position: 

 {

𝑎𝑛,𝑖(𝑡)

𝑎𝑛,𝑗(𝑡)

𝑎𝑛,𝑘(𝑡)

} ≈ [𝛽(𝑟𝑛,𝑥 , 𝑟𝑛,𝑦, 𝑟𝑛,𝑧, 𝜙𝑛,1, 𝜙𝑛,2, 𝜙𝑛,3)]{�̈�(𝑡)}, (5) 

where the matrix [𝛽(𝑟𝑛,𝑥 , 𝑟𝑛,𝑦, 𝑟𝑛,𝑧, 𝜙𝑛,1, 𝜙𝑛,2, 𝜙𝑛,3)] ∈ ℝ3×6 is a non-linear function in the accelerometer 

position 𝑟𝑛,𝑥, 𝑟𝑛,𝑦, 𝑟𝑛,𝑧 and orientation 𝜙𝑛,1, 𝜙𝑛,2, 𝜙𝑛,3. The particular form of the matrix depends on the 

chosen Euler angles convention; in the case of Tait-Bryan z-y’-x’’ convention this matrix is given in the 

Appendix, (A.1). 

Gathering all parameters describing an accelerometer’s position and orientation in one vector, {𝑣𝑛} =

{𝑟𝑛,𝑥 , 𝑟𝑛,𝑦, 𝑟𝑛,𝑧, 𝜙𝑛,1, 𝜙𝑛,2, 𝜙𝑛,3}
𝑇

, the expression (5) can be written in compact form as 

 {𝑎𝑛(𝑡)} ≈ [𝛽({𝑣𝑛})]{�̈�(𝑡)}. (6) 

The important outcome of the section is that if the rigid-body motions are of a small magnitude, the 

accelerometer signals can be presented as a product of the time-invariant matrix [𝛽], which depends on the 

accelerometer position and orientation and whose form is explicitly known, and the time-dependent vector 

{�̈�(𝑡)}. 

2.1 Reference accelerometers 

Let us assume that the position and orientation of 𝑅 triaxial accelerometers from a set ℛ (further referred to 

as a reference set) are known. Applying expression (6) to the accelerometer 𝑟 = 1. . 𝑅 from the set ℛ, and 

stacking all 𝑅 expressions together yields 

 {
𝑎𝑟1(𝑡)

…
𝑎𝑟𝑅(𝑡)

} = [
[𝛽({𝑣𝑟1})]

…
𝛽({𝑣𝑟𝑅})

] {�̈�(𝑡)} = [Βℛ]{�̈�(𝑡)}. (7) 

Matrix [Βℛ] is known since the position and the orientation of the reference accelerometers are known. If 

the accelerometers’ signals {𝑎𝑟(𝑡)} are available, the vector {�̈�(𝑡)} can be estimated as: 

 {�̈�(𝑡)} = [Βℛ]† {
𝑎𝑟1(𝑡)

…
𝑎𝑟𝑅(𝑡)

}, (8) 

here, symbol † denotes pseudo-inverse. It is easy to demonstrate that the pseudo-inverse [Βℛ]† exists if there 

are at least three reference accelerometers (𝑅 ≥ 3), and they are not positioned on a straight line. If these 

conditions are fulfilled, the motion of the rigid body {�̈�(𝑡)} can be found.  
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2.2 Position and orientation of non-reference accelerometers 

Let us now consider all non-reference triaxial accelerometers, whose position and orientation need to be 

found. It is assumed that the signals from these accelerometers are available. Let these accelerometers 

belong to a set 𝒬. Applying (6) to the accelerometer 𝑞 = 1. . 𝑄 from the set 𝒬, yields 

 {𝑎𝑞(𝑡)} = [𝛽({𝑣𝑞})]{�̈�(𝑡)}. (9) 

According to the construction of matrix [𝛽], (9)is a set of non-linear equations in the accelerometer position 

𝑟𝑞,𝑥 , 𝑟𝑞,𝑦, 𝑟𝑞,𝑧 and orientation  𝜙𝑞,1, 𝜙𝑞,2, 𝜙𝑞,3, which can be solved numerically. It can be done in different 

ways, for example via formulating and solving a minimization problem, as outlined below.  

Consider the rigid-body motion {�̈�(𝑡)} is known from (8). Let us now consider a trial configuration {𝑣𝑞}
∗
. 

Substituting {𝑣𝑞}
∗
 into (9) will produce an estimate {�̂�𝑞(𝑡, {𝑣𝑞}

∗
)}: 

 {�̂�𝑞(𝑡, {𝑣𝑞}
∗
)} = [𝛽({𝑣𝑞}

∗
)]{�̈�(𝑡)}, (10) 

which represents the signals measured by the accelerometer if it was placed according to the trial {𝑣𝑞}
∗
. This 

estimate can be compared with the signal {�̌�𝑞(𝑡)} measured by the accelerometer 𝑞, and their difference is 

{𝜀(𝑡, {𝑣𝑞}
∗
)} = {�̌�𝑞(𝑡)} − {�̂�𝑞(𝑡, {𝑣𝑞}

∗
)}. For solving an optimization problem, it is convenient to 

characterize the time-dependent vector {𝜀(𝑡, {𝑣𝑞}
∗
)} by a positive scalar, which tends to zero when the 

difference vanishes; let us introduce an operator E for this purpose: 

 𝐸({𝑣𝑞}
∗
) = E({𝜀(𝑡, {𝑣𝑞}

∗
)} ). (11) 

In practice, the root mean square (RMS) value of the difference between the estimated and measured signals 

is a reasonable characteristic. To account for all three outputs of the triaxial accelerometer, the three RMS 

values are summed up.  

Finally, an optimization problem is formulated as  

 min
{𝑣𝑞}

∗
(𝐸({𝑣𝑞}

∗
))  

 subject to (12) 

 {𝑣}𝑚𝑖𝑛 ≤ {𝑣𝑞}
∗

≤ {𝑣}𝑚𝑎𝑥.  

The latter represents the constraints on the accelerometer position and orientation, namely, the position of 

the accelerometer is limited by the dimensions of the test object and the Euler angles are subjected to some 

conventional constraints.  

A variety of methods is available for solving the optimization problem (12), and the discussion of the 

methods lies outside the scope of the paper. For the example considered in the following section, a sequential 

quadratic programming (SQP) algorithm was employed [8]. It is worth noting that the convergence of the 

optimization algorithm points to the confidence in the obtained results, and the residual error (11) serves as 

the quality indicator of the result. 

2.3 Relaxed formulation of the method 

One of the drawbacks of the method presented above is the requirement that the position and orientation of 

at least three reference accelerometers shall be known. In practice, this can be implemented by placing the 

reference accelerometers at the positions with known coordinates and carefully aligning them to the same 

coordinate system. The precision in the location and orientation of the reference accelerometers directly 

affects the resulting positions and orientation of the other accelerometers. 

In [7], the extension of the method was presented, which relaxes this requirement, replacing the need for 

exact reference accelerometers’ positions and orientations by the information about the distances between 
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them. Provided with three distances between the three reference accelerometers, the extension outputs their 

positions and orientations given in the coordinate system attached to the measured axes of one of them. The 

extension can be considered as a pre-processing step to the method previously described. 

2.4 Applicability of the method 

The applicability of the method is defined by the fulfillment of the assumption the method is based upon. 

The detailed examination of the assumptions is provided in [7], here only a brief discussion is given. 

The method assumes that the test object behaves as a rigid body, it is able to move in all six degrees of 

freedom characteristic for a rigid body, and during the measurements, it is excited in such way that it 

experiences motion in all six degrees of freedom. These three assumptions set serious limitation on the 

applicability of the method and pinpoint the method’s main drawback: the method cannot be used for test 

objects in situ when their motion is constrained. However, there are common measurement scenarios when 

the position of the test object replicates free-free boundary conditions, for example, measurements for modal 

analysis on somewhat small objects. For example, in the automotive industry, these objects could be parts 

of the transmission, elements of the suspension, entire vehicle bodies (BIW), etc. In these cases, the test 

object is placed on relatively soft air-pillows or suspended on rubber bands; the stiffness of the supporting 

elements is chosen to maximize the gap between the frequency of the highest rigid-body mode and the 

frequency of the lowest flexural mode. In such cases, the first two listed assumptions are fulfilled.  

Providing the excitation, special care should be taken to excite the body to allow it to move in all six rigid-

body degrees of freedom. Excitation of flexural modes should be avoided, or, if this is not possible, the 

dynamics of the flexural modes can be filtered out by applying a low-pass filter to the accelerometers’ data.  

The method is only applicable to triaxial accelerometers, though for a planar motion (2D case), the method 

can be easily adopted to bi-axial accelerometers. It is interesting to note that for the 2D case, a closed-form 

solution to (9) can be found. 

3 Application to a sport car chassis 

3.1 Test object 

The test object is the chassis of a Renault Spider Sport roadster. The chassis is made of aluminium and has 

approximate dimensions W×B×H=2500×1400×700 mm3. The chassis is supported at four points by air 

pillows, Figure 2. 

The chassis is prepared for data acquisition for multiple input, multiple output experimental modal analysis 

(MIMO EMA), using two modal shakers. The data acquisition system is a 116-channel LAN-XI system, 

connected to 33 triaxial accelerometers, two monoaxial accelerometers and two force transducers. The 

triaxial accelerometers are of two types, Type 4506-B (sensitivity 100mV/g) and Type 4524-B-001 

(sensitivity 10mV/g). There are also two force transducers, mounted between the test object and shakers’ 

stingers and two monoaxial accelerometers mounted near the force transducers. These sensors are used for 

frequency response function (FRF) measurements, and they are not used in the described experiment.  
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Figure 2. The test object: aluminium chassis of Renault Spider Sport. The red arrows indicate the positions 

of the front and rear-left reference accelerometers. The third reference accelerometer is placed 

symmetrically to the rear-left one, on the right side of the chassis 

3.2 Step-by-step description of the technique 

In preparation to an EMA test, a test engineer needs the so-called test geometry and DOF Table:  

1. As no CAD model of the chassis is available, one needs to generate the test geometry as a collection 

of nodes, where the accelerometers are placed, connected by trace lines. Later the test geometry will 

be used to animate the obtained mode shapes. 

2. DOF Table links the information regarding what is measured with the information where it is 

measured. It maps the information regarding the DAQ system channels, to which the accelerometer 

cable is connected, with the ID and coordinates of the node, where the accelerometer is mounted, 

also providing accelerometer’s orientation information. The combination of the latter is often called 

a DOF. 

Normally, the abovementioned information is generated manually: the test geometry is created by measuring 

the nodes position using a measuring tape, and the DOF Table is manually populated by typing in the node 

ID/accelerometer orientation to the channel table. This is a time consuming and error-prone process. Below 

it is demonstrated how the suggested method can significantly shorten the process. 

First, the shakers are disconnected from the chassis, as they will restrict the free motion of the test object. 

Then, the location of three reference accelerometers is selected, the three criteria to consider are: 

 The reference accelerometers should be placed as far as possible from each other. 

 It should be easy to measure the position of each reference accelerometer in some chosen (local) 

coordinate system, or, if using the relaxed version of the method, it should be possible to measure 

the distance between the reference accelerometers. 

 It should be easy to align the reference accelerometers to the chosen coordinate system (this is not 

needed if the relaxed version of the method is used). 

Following these recommendations, the first reference accelerometer is placed at the middle of the horizontal 

front beam and the other two are placed symmetrically at the ends of the rear bars (shown by the red arrows 

in Figure 2). In the case of the Spider chassis, it ensures that they can be easily aligned with the chassis’ 

coordinate system. The coordinates of the three accelerometers are calculated by projecting their positions 
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to the floor (using a plumb line) and measuring the parameters of the isosceles triangle. The Z-coordinate is 

obtained by measuring the accelerometers’ elevation above the floor. 

It is advantageous to use more sensitive accelerometers as references; in the considered case, Type 4506-B 

accelerometers were used.  

Then the points, where the accelerometers are to be placed, are marked on the structure. These points can 

either be recommended by an accelerometer placement optimization algorithm (not considered in the paper) 

or chosen manually, based on the operator experience. The typical recommendation is: the points shall well 

represent the structure to make the mode shape animation informative. 

Then the accelerometers are attached to the marked points. It is convenient to use accelerometer mounting 

clips, especially if the plan is to move accelerometers between measurements (the roving scenario). It is 

worth it to note that the presented technique can save a significant amount of time since no accelerometer 

orientation alignment is required. Following the conventional approach, each accelerometer shall be aligned 

to the local coordinate system using, for example, a swivel base and spirit level (Figure 3). With the 

presented technique, an accelerometer’s orientation is calculated by the algorithm, and the obtained Euler 

angles can be recalculated into the directional cosine matrix and taken into account when animating the 

mode shapes.  

After the accelerometers are mounted on the chassis, the chassis is excited according to the requirements 

listed in 2.4. Different excitation techniques can be used; for relatively big objects like the car frame, it is 

suitable to move it by hand, in all six degrees of freedom. Figure 4 illustrates the excitation in vertical and 

longitudinal directions. During excitation, the data from all attached accelerometers is recorded; it is 

sufficient to record the data with a rather low sampling frequency. In the presented case, the signals were 

sampled at 256 Hz. It is essential to collect a sufficient amount of data; in each of the six directions, at least 

20-25 oscillations are required. In this case, it takes about 2-2.5 minutes to collect the data for all six rigid-

body degrees of freedom. If the number of nodes is greater than the number of available channels or 

accelerometers, the accelerometers (except the reference ones) are moved to the next mounting clips, and 

the excitation procedure repeats.  

At the driving points, where the shakers are connected to the test object, the acceleration is typically 

measured by monoaxial accelerometers, whose measurement axis is aligned with the shaker stinger. As the 

algorithm cannot find the position and orientation of monoaxial accelerometers, it is recommended to 

temporarily replace it with a triaxial one. Using a mounting clip is an advantage if the same clip matches 

both monoaxial and triaxial accelerometers, as in case for monoaxial Type 4507 and triaxial Type 4524. 

 

 

 

 

Figure 3. Two accelerometer mounting clips glued to the test object. The upper one is attached to satisfy 

the requirements of the conventional technique, i.e. it is aligned against gravity using a spirit level (right) 

and also aligned along the chassis axis. The lower one is just glued to the surface in a convenient location. 
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The 99 measured acceleration time histories and the coordinates/orientations/distances between the three 

reference accelerometers are the input to the algorithm. As it was mentioned before, it is an advantage to 

decimate or apply a low-pass filter to the time data to exclude the possible traces of the flexural modes. In 

the presented case, the sample rate was reduced by a factor of 4, thus the frequency span became 25 Hz. The 

lowest flexural mode was initially estimated to be around 57 Hz, whilst the rigid-body modes lie between 2 

and 7.5 Hz. 

The output of the algorithm is the coordinates and Euler angles of the 30 non-reference accelerometers. 

Figure 5 shows the accelerometers together with their serial numbers (node number or DOF can be presented 

instead). Using the roving scenario, 41 nodes were denoted over two runs of the algorithm. 

The orientation of the accelerometers is shown by depicting their measurement axes, the red/green/blue 

colors represent the X/Y/Z directions, respectively. 

The next step is to connect the nodes with trace lines. This operation is performed manually, and the result 

is shown in Figure 5. Further improvement of the visual perception can be achieved by inserting opaque 

facets to the test geometry. 

It is important to note that during the algorithm run, the DOF Table is populated automatically, thus 

eliminating this tedious and error-prone task. 

 

 

Figure 4. Excitation of the chassis by hand along the vertical axis (top) and along the longitudinal axis 

(bottom).  

914 PROCEEDINGS OF ISMA2020 AND USD2020



At this point, the preparation of the test geometry and the DOF Table is completed, and the test engineer 

can proceed with the conventional modal measurements, which include connecting the shakers to the test 

object, setting up the excitation signals, setting up the properties of the FRF, performing data acquisition, 

etc., followed by running a modal analysis algorithm, obtaining modal parameters and animating mode 

shapes. These well-known steps are not considered in this paper.  

4 Summary and conclusion 

The paper presents a technique that derives accelerometers’ positions and orientations from the signals 

measured by the accelerometers. The technique is then demonstrated by generating a test geometry of the 

chassis of a sport car. Simultaneously with the test geometry, the DOF Table, which connects the geometry 

with the channel table, is obtained. The test geometry and the DOF Table are the necessary elements for 

generating mode shapes, which is one of the main outputs of the modal analysis. It is demonstrated that the 

presented technique can significantly reduce the time needed for setting up a modal test. 

 

 

Figure 5. Top: the output of the algorithm: positions and the orientation of the accelerometers. The text 

next to each accelerometer is its serial number. The reference accelerometers are denoted by blue text. 

Bottom: same as above with manually drawn trace lines. 
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Appendix 

Matrix [𝛽] in the case of Tait-Bryan z-y’-x’’ convention of Euler angles: 

 

[𝛽𝑛(𝑟𝑛,𝑥, 𝑟𝑛,𝑦, 𝑟𝑛,𝑧, 𝜙𝑛,1, 𝜙𝑛,2, 𝜙𝑛,3)] =

[

𝑐1,𝑛𝑐2,𝑛 𝑐2,𝑛𝑠1,𝑛 −𝑠2,𝑛

−𝑐3,𝑛𝑠1,𝑛 + 𝑐1,𝑛𝑠2,𝑛𝑠3,𝑛 𝑐1,𝑛𝑐3,𝑛 + 𝑠1,𝑛𝑠2,𝑛𝑠3,𝑛 𝑐2,𝑛𝑠3,𝑛

𝑐1,𝑛𝑐3,𝑛𝑠2,𝑛 + 𝑠1,𝑛𝑠3,𝑛 𝑐3,𝑛𝑠1,𝑛𝑠2,𝑛 − 𝑐1,𝑛𝑠3,𝑛 𝑐2,𝑛𝑐3,𝑛

] [
1 0 0
0 1 0
0 0 1

−𝑟𝑛,𝑦 𝑟𝑛,𝑧 0

𝑟𝑛,𝑥 0 −𝑟𝑛,𝑧

0 −𝑟𝑛,𝑥 𝑟𝑛,𝑦

]
,(A.1) 

where 𝑐𝑙,𝑛 = cos 𝜙𝑙,𝑛 and 𝑠𝑙,𝑛 = sin 𝜙𝑙,𝑛, 𝑙 = 1. . .3. 
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Abstract 
Conventional assessment methods of the quality of fruit may not be evaluated to fruit whose acidity or sugar 

content does not change during ripening after harvest. Therefore, many researchers have studied to examine 

the firmness of fruit as their ripeness using dynamic characteristics such as natural frequencies or vibration 

mode shapes because the firmness is strongly correlated to the ripeness. When the target fruit to be assessed 

is kind of soft tropical fruit such as a mango, etc., it might be difficult for the traditional methods to measure 

their dynamic characteristics (natural frequencies or vibration mode shapes) without any damages because 

those fruit have viscoelastic characteristic strongly. In this study, we demonstrated a non-contact and non-

destructive vibration test of a mango, a papaya and a dragonfruit based on laser-induced plasma (LIP) shock 

wave impulse excitation. We conclude that our method can monitor the change of firmness of the soft 

tropical fruit. 

1 Introduction 

Fruit are graded based on shape, color, aroma, etc. and distributed to the market after harvest. In particular, 

sugar content and acidity, which are important factors in grading, are often used as indicators of ripeness. 

In conventional methods, ripeness is quantitatively evaluated by measuring the sugar content and acidity of 

fruit using optical [1], electrical [2], and biochemical characteristics [3]. However, these methods cannot be 

applied to fruit whose acidity or sugar content does not change during ripening after harvest. Therefore, 

many studies have been conducted to evaluate the firmness of fruit as their ripeness using dynamic 

characteristics such as natural frequencies or vibration mode shapes because the firmness is strongly 

correlated to the ripeness [4]. 

The fruit firmness is assessed by measuring the dynamic responses of ones during excitation using some 

devices with contact such as an impulse hammer or an exciter [5-8]. Some damage of fruit might be 

unavoidable based on those contact type excitation methods, especially in case of soft fruit. Hard type skin 

fruit such as watermelons or melons may not have any damage though. If the fruit to be inspected has soft 

type skins and pulp such as mango or papaya, which are categorized as a soft tropical fruit, assessment 

methods with no damage using contact type vibration tests are hard to image. Since the fruit has amazingly 

viscoelastic properties, we could not measure the dynamic characteristics with conventional vibration tests. 

Furthermore, the dynamic characteristic measurement of soft type fruit has not demonstrated yet. 
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This paper discusses a non-contact non-destructive method to assess the firmness of soft tropical fruit using 

LIP shock wave impulse excitation. This shock wave becomes a non-contact non-destructive impulse 

excitation force. We were successful to measure and assess the firmness of apple during storage using LIP 

shock waves [9]. In addition, LIP excitation techniques including LIP shock waves [10-17] and laser 

ablation (LA) [18-28] have been used to vibrate mechanical structures or to create point sound source. LA 

might be more suitable to realize a point impulse excitation in vibration tests, but LA is non-contact vibration 

tests with microscopic damage. In this case, we should choose LIP shock waves to vibrate soft tropical fruit 

to evaluate their firmness. When if we examine the firmness of watermelons with hard type skin, we may 

use a spherical projectile device to vibrate ones [29]. We demonstrate to assess the firmness of a mango, a 

papaya and a dragonfruit using their natural frequencies and mode shapes. Furthermore, observing the 

natural frequency shift during storage, we prove that this method can monitor the change of firmness of soft 

tropical fruits. 

2 Non-contact and non-destructive vibration test of soft tropical 
fruits  

2.1 Frequency measurement system of soft tropical fruit  

Figure 1 shows non-contact and non-destructive firmness assessment system of soft tropical fruit We used 

Nd: YAG pulsed laser (Surelite III-10, Continuum Inc., wavelength: 1064nm, laser beam radius: 4.75 mm, 

pulse width: 5 ns, maximum output: 850 mJ, and radial divergence angle: 0.25mrad) that was placed on an 

optical bench to generate LIP shock waves to vibrate the soft tropical fruit. The laser beam from Nd: YAG 

pulsed laser system was condensed with a plano-convex lens (SIGMAKOKI Co., LTD, SLB-30-100P, focal 

length: 100 mm) to form LIP at near the desired excitation point of the fruit. The responses of the fruit 

during LIP shock waves excitation were measured by LDV (Polytec Inc., NLV-2500-5). The responses were 

recorded with the spectrum analyzer (A/D: National Instruments Co. NI PXI-4462, Software: CATEC Inc. 

CAT-System). The fruit were placed on the air cushion to ensure free support (see Figure 1). We set the 

distance between the LIP shock wave generation point to the excitation point on the fruit called standoff 

distance was 3 mm (see Figure 1).  

To evaluate the firmness of the fruit, we measured the responses on equator of the fruit by LDV. An 

excitation point was set at Point 0 and measurement points were set at Points 124 with 7.5 inclement, 

yielding the measured responses of a semiperimeter on the fruit’s equator. In our experiment, to evaluate 

the fruit firmness, we checked a 0S2 vibration mode shape of the fruit and their natural frequency. 

Furthermore, we measured a 0S3 and 0S4 vibration mode shapes, and their natural frequencies for reference, 

respectively. We put reflection seal on each measurement point of the fruit, allowing better signal to noise 

ratio condition in vibration tests. The sampling frequency, the number of sampling points, and the number 

of trails in the experiment were 204.8 kHz, 32768 points, and 5 times, respectively. 
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Figure 1: Non-contact and non-destructive frequency measurement system of tropical fruits. 

3 Firmness assessment of tropical fruits 

3.1 Test pieces and storage conditions 

We used a mango (mass: 493.9 g), a papaya (mass: 630.5 g), and a dragonfruit (mass: 414.8 g) as test pieces 

as shown in Figure 2. Since mangoes and papayas are known to ripen after harvest, we stored the mango 

and the papaya at a room temperature (19 °C) to see the change in natural frequency. On the other hand, 

however, dragonfruit is known not to ripen after harvest, we stored the dragonfruit in a refrigerator (4 °C) 

to contain to keep their freshness. During storage period, we measured natural frequencies of each sample 

for 3 times (24 and 48 hours after the first experiment).  
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Figure 2: Appearance of the mango (a), the papaya (b), and the dragonfruit (c) and measurement points on 

the equator (d). 

3.2 Time response and frequency response of tropical fruits 

Figures 35 show the time responses and Fourier spectra in velocity on each sample at Point 12. The time 

responses show that each fruit has a damped vibration of about 5 ms. The peak amplitude of the time 

response of the dragonfruit is higher than others. The first peaks of those frequency responses exist around 

380 Hz. The peaks around 50 Hz are inferred as rigid body modes because the fruit is seated on an air 

cushion in our experiment.  

(a) Mango (b) Papaya 

(c) Dragonfruit 
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Figure 3: Time response and Fourier spectrum of the measured velocity on the mango at Point12 (90°). 

 

 

Figure 4: Time response and Fourier spectrum of the measured velocity on the papaya at Point12 (90°). 
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Figure 5: Time response and Fourier spectrum of the measured velocity on the dragonfruit at Point12 

(90°). 

3.3 Natural frequencies and vibration mode shapes 

Figures 68 show the vibration mode shapes of the fruit that are 0S2, 0S3 and 0S4, respectively. For 

comparison, we superimposed the measured vibration mode shapes with theoretical ones calculated by 

Legendre polynomials. The vibration mode shapes are indicated as a semiperimeter on the fruit’s equator. 

The experimental vibration mode shapes are normalized by maximum amplitude among Fourier spectra at 

each mode frequency. We show the overall Fourier spectra obtained by sum of all measured ones at Points 

1-24 in those figures. Table 1 shows the Legendre polynomials which are used to describe the theoretical 

mode shapes as a comparison of the experimental mode shapes [30]. As shown in Figures 6-8, our system 

obtains the three vibration mode shapes of the fruit, allowing the evaluation of the soft fruit firmness with 

non-contact and non-destructive. 

Table 1: Vibration mode shapes (Legendre polynomials) 

Mode Legendre polynomial 

0S2 (1/4)(3cos2θ+1) 

0S3 (1/8)(5cos3θ+3cosθ) 

0S4 (1/64)(35cos4θ+20cos4θ+9) 

 

922 PROCEEDINGS OF ISMA2020 AND USD2020



 

 

Figure 6: Vibration mode shapes and the overall of the measured Fourier spectra of the mango  

 

 

Figure 7: Vibration mode shapes and the overall of the measured Fourier spectra of the papaya 
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Figure 8: Vibration mode shapes and the overall of the measured Fourier spectra of the dragonfruit  

To evaluate changing a firmness during storage, we monitored the 0S2 mode frequency because the firmness 

of fruit is strongly related to this mode frequency [4]. Figure 9 shows the changes in the 0S2 mode frequencies 

of the fruit during storage. The 0S2 mode frequencies of the mango and the papaya decreased about 12 % in 

48 hours because of mango and papaya with afterripening. On the other hand, dragonfruit is known as 

without afterripening, but the 0S2 mode frequency of the dragonfruit decreased about 5 % in 48 hours in our 

experiment. The results indicate that the ripening fruit decrease their 0S2 mode frequency dramatically during 

storage. Observing the change in the 0S2 mode frequencies, we concluded that our LIP shock waves 

excitation system can monitor the changes in firmness of soft tropical fruit during storage.  

  

Figure 9: Changes in 0S2 mode of the mango, the papaya. and the dragonfruit during storage 
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4 Conclusions 

We realized fully non-contact and non-destructive vibration test to evaluate a firmness of soft tropical fruit 

such as mango, papaya, and dragonfruit. To vibrate the fruit, we used LIP shock waves generated by high-

power Nd: YAG pulsed laser system and measured responses during LIP shock waves excitation using LDV. 

We succeeded to obtain 0S2, 0S3 and 0S4 mode and their natural frequencies that were within the frequency 

band of 200-1000 Hz. The 0S2 mode frequencies of the mango and the papaya decreased about 12 % in 48 

hours, while the one of dragonfruit decreased about 5 %, because mango and papaya have an afterripening 

feature but drangofruit does not have the feature. We conclude therefore that our system can assess the 

firmness and the changes in firmness of soft tropical fruits.  

Acknowledgements 

We thank the Tojuro Iijima Foundation for Food Science and Technology, and the Japan Society for the 

Promotion of Science for their support under Grants-in-Aid for Scientific Research Programs (Grants-in-

Aid for Scientific Research (B), Project No. JP 19H02088) 

References 

[1] A. H. Gomez, Y. He, A. G. Pereira, “Non-destructive measurement of acidity, soluble solids and 

firmness of Satsuma mandarin using Vis/NIR-spectroscopy techniques,” Journal of Food Engineering, 

vol. 77, pp. 313-319, 2006. 

[2] T. Watanabe, Y. Ando, T. Orikasa, S. Kasai, and T. Shiina, “Electrical impedance estimation for apple 

fruit tissues during storage using Cole-Cole plots,” Journal of Food Engineering, vol. 221, pp. 29-34, 

2018. 

[3] S. Shezi, L. S. Magwaza, S. Z. Tesfay, and A. Mditshwa, “Biochemical changes in response to canopy 

position of avocado fruit (cv. ‘Carmen’ and ‘Haas’) during growth and development and relationship 

with maturity,” Scientia Horticulturae, vol. 265, 109227, 2020. 

[4] J. R. Cooke, “An interpretation of the Resonant Behavior of Intact Fruits and Vegetables,” American 

Society of Agricultural and Biological Engineers, vol. 15 (6). pp. 1075-1080, 1972. 

[5] D. Cui, Z. Gao, W. Zhang, and Y. Ying, “the use of a laser Doppler vibrometer to assess watermelon 

firmness,” Computers and Electronics in Agriculture, vol. 112. pp. 116-120, 2015. 

[6] Z. Fathizdeh, M. Aboonajmi, and S. R. H. Beygi, “Nondestructive firmness prediction of apple fruit 

using acoustic vibration response,” Scientia Horticulturae, vol. 262, 109073, 2020. 

[7] K. Kim, S. Lee, M. Kim, and B. Cho, “Determination of apple firmness by nondestructive ultrasonic 

measurement,” Postharvest Biology and Technology, vol. 52. pp. 44-48, 2009. 

[8] H. V. Shojae, M. G. Parashkouhi, d. Mohammadzamani, and A. Soheili, “Ultrasonic based 

determination of apple quality as a nondestructive technology,” Sensing and Bio-Sensing Research, vol. 

21. pp. 22-26, 2018. 

[9] N. Hosoya, M. Mishima, I. Kajiwara, and S. Maeda, “Non-destructive firmness assessment of apples 

using a non-contact laser excitation system based on a laser-induced plasma shock wave”, Postharvest 

Biology and Technology, vol. 128, pp. 11-17., 2017. 

[10] I. Kajiwara, R. Akita, and N Hosoya, “Damage detection in pipes based on acoustic excitations using 

laser-induced-plasma”, Mechanical Systems and Signal Processing, vol.111, pp. 570-579, 2018. 

DYNAMIC TESTING: METHODS AND INSTRUMENTATION 925



[11] N. Hosoya, A. Yoshinaga, A. Kanda and I. Kajiwara, “Non-contact and non-destructive Lamb wave 

generation using using laser-induced plasma shock wave”, International Journal of Mechanical 

Sciences, vol.140, pp. 486-492, 2018. 

[12] Y. Zhang, T. Hiruta, I. Kajiwara, and N. Hosoya, “Active vibration suppression of membrane structures 

and evaluation with a non-contact laser excitation vibration test”, Journal of Vibration and Control, vol. 

23(10), pp. 1681-1692, 2017. 

[13] N. Hosoya, M. Nagata, I. Kajiwara and R. Umino, “Nano-second laser-induced plasma shock wave in 

air for non-contact vibration tests”, Experimental Mechanics, vol. 56, pp. 1305-1311, 2016. 

[14] F. Huda, I. Kajiwara and N. Hosoya, “Damage detection in membrane structures using non-contact 

laser excitation and wavelet transformation”, Journal of Sound and Vibration, vol. 333(16), pp. 3609-

3624, 2014. 

[15] V.B. Georgiev, V. V. Krylov, Q. Qin, and K. Attenborough, “Generation of flexural waves in plates by 

laser-initiated air bourne shock waves,” Journal of Sound and Vibration, vol. 330. pp. 217-228, 2011. 

[16] N. Hosoya, M. Nagata and I. Kajiwara, “Acoustic testing in a very small space based on a point sound 

source generated by laser-induced breakdown: stabilization of plasma formation,” Journal of Sound and 

Vibration, vol. 332, pp. 4572–4583, 2013. 

[17]  N. Arai, K. Takahashi, N. Hosoya, I. Kajiwara, “Non-contact and non-destructive firmness assessment 

of pawpaw fruit using experimental modal analysis”, in Proceedings of the Dynamics and Design 

Conference 2019, Fukuoka, Japan, 2019, 360.  

[18]  N. Hosoya, S. Ozawa, and I. Kajiwara, “Frequency response function measurements of rotational 

degrees of freedom using a non-contact moment excitation based on nanosecond laser ablation,” Journal 

of Sound and Vibration vol. 456. pp. 239-253, 2019. 

[19]  N. Hosoya, I. Kajiwara, K. Umenai, and S. Maeda, “Dynamic characterizations of underwater structures 

using noncontact vibration tests based on nanosecond laser ablation in water: evaluation of passive 

vibration suppression with damping materials”, Journal of Vibration and Control, vol.24 (16), pp. 3714-

3725, 2018. 

[20] N. Hosoya, R. Umino, A. Kanda, I. Kajiwara, and A. Yoshinaga, “Lamb wave generation using 

nanosecond laser ablation to detect damage”, Journal of Vibration and Control, vol. 24(24), pp. 5842-

5853, 2018. 

[21] N. Hosoya, Y. Terashima, K. Umenai, and S. Maeda, “High spatial and temporal resolution 

measurement of mechanical properties in hydrogels by non-contact laser excitation”, AIP Advances, 6, 

095223-1-095223-8, 2016. 

[22] N. Hosoya, I. Kajiwara, and K. Umenai, “Dynamic characterizations of underwater structures using 

non-contact vibration test based on nanosecond laser ablation in water: investigation of cavitation 

bubbles by visualizing shockwaves using the Schliren method”, Journal of Vibration and Control, vol. 

22(17), pp. 3649-3658, 2016. 

[23] N. Hosoya, R. Umino, I. Kajiwara, S. Maeda, T. Onuma, and A. Mihara, “Damage detection in 

transparent materials using non-contact laser excitation by nano-second laser ablation and high-speed 

polarization-imaging camera”, Experimental Mechanics, vol. 56, pp. 339-343, 2016. 

[24]  N. Hosoya, I. Kajiwara, T. Inoue, and K. Umenai, “Non-contact acoustic tests based on nanosecond 

laser ablation: generation of a pulse sound source with a small amplitude”, Journal of Sound and 

Vibration, vol. 333 (18), pp. 4254-4264, 2014. 

[25] F. Huda, I. Kajiwara, N. Hosoya, and S. Kawamura, “Bolt loosening analysis and diagnosis by non-

contact laser excitation vibration test”, Mechanical Systems and Signal Processing, vol. 40, pp. 589-

604, 2013. 

926 PROCEEDINGS OF ISMA2020 AND USD2020



[26]  N. Hosoya, I. Kajiwara and T. Hosokawa, “Vibration testing based on impulse response excited by 

pulsed-laser ablation: Measurement of frequency response function with detection-free input”, Journal 

of Sound and Vibration, vol. 331, 2012, pp. 1355-1365, 2012. 

[27]  I. Kajiwara, D. Miyamoto, N. Hosoya and C. Nishidomoe, “Loose bolt detection by high frequency 

vibration measurement with non-contact laser excitation”, Journal of System Design and Dynamics, 

vol. 5(8), pp. 1559–1571, 2011. 

[28]  I. Kajiwara and N. Hosoya, “Vibration testing based on impulse response excited by laser ablation”, 

Journal of Sound and Vibration, vol. 330, pp. 5045–5057, 2011. 

[29]  N. Hosoya, J. Kato, and I Kajiwara, “Spherical projectile impact using compressed air for frequency 

response function measurements in vibration tests”, Mechanical Systems and Signal Processing, vol. 

134, 10629, 2019. 

[30]  L. Huarng, R. Chen, and S. Upadhyaya, “Determination of acoustic vibration modes in apples,” 

Transactions of the American Society of Agricultural and Biological Engineers, vol. 36 (5). pp. 1423-

1429, 1993. 

DYNAMIC TESTING: METHODS AND INSTRUMENTATION 927



928 PROCEEDINGS OF ISMA2020 AND USD2020



Evaluation of plates in similitude by experimental and
machine learning techniques

A. Casaburo 1, G. Petrone 1, V. Meruane 2, F. Franco 1, S. De Rosa 1

1 University of Naples Federico II, Department of Industrial Engineering, pasta-Lab,
via Claudio 21, 80125 Naples, Italy

2 University of Chile, Department of Mechanical Engineering,
Beauchef 850, Santiago de Chile, Chile

Abstract
The dynamic behaviour of structures can be investigated by using the concepts of complete and partial simil-
itudes, being the latter much more of interest since the complete similitudes are difficult to be achieved and
the experiments are often executed by using distorted models as test articles. In this work, beams and plates
in similitude have been investigated by using Machine Learning (ML) to predict the dynamic response char-
acteristics without invoking governing equations and/or solution schemes. ML is based on algorithms that
derive models from sample inputs providing data-driven prediction. The absence of an explicit algorithm,
being the process totally data-driven, confers to the approach a high versatility which allows its application
even in the vibroacoustic research fields and problems. In view to validate the ML predictions, numerical in-
vestigations of beams and plates in similitude have been performed. The good predictions obtained with ML
highlights the potentialities of these algorithms and open the way to analyses with more complex structures.

1 Introduction

The increasing complexity of modern engineering systems makes uneasy to carry out analytical and nu-
merical simulations, as well as experimental tests. In fact, laboratory experiments may be expensive, time
consuming, and hard to setup due to the dimensions of the test article. On the other hand, analytical and
numerical simulations may be computationally prohibitive.

For these reasons, it is useful to test a scaled (up or down) model of the full-scale specimen, the prototype,
so that many of the above-mentioned problems can be faced. In fact, a model would allow an easier setup of
the experimental test and money saving. Furthermore, the model may be considered as a numerical domain
which resolution is computationally more efficient.

However, even if perfectly scaled, the model has a response different from that of the prototype; thus, a tool
is needed which allows the reconstruction of the prototype behavior starting from the model.

Similitude theory provides such a tool. The methods based on this theory derive sets of conditions that, if
satisfied, allow to find a set of univocal scaling laws linking the system response to the input parameters (ge-
ometrical dimensions, material properties, type of excitation, etc.). When this happens, a replica is obtained
and the prototype response is perfectly predicted. If, at least, one of the conditions is no more satisfied, then
an avatar is obtained and the response is not anymore prefectly reconstructed since avatars lack univocal
scaling.

Many similitude methods can be found in literature. The first and most used method is dimensional analysis
[1] and it is based on the derivation of dimensionless groups by means of Buckingham’s Π Theorem. Sim-
itses and Rezaeepazhand [2] use STAGE (Similitude Theory Applied to Governing Equations), a method
which introduces the scale factors directly into the governing equations of the system, to analyse laminated
plates under different loading conditions. De Rosa and Franco [3] investigate the possibility to reduce the
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computational costs by means of similitude with ASMA (Asymptotical Scaled Modal Analysis), that reduces
the extension of the parameters not involved into energy transfer. Successively, they propose a new method,
SAMSARA (Similitude and Asymptotic Models for Structural-Acoustic Research Applications), based on
the generalization of modal approach, which allows to involve the modal parameters into the scaling process
[4]. Other relevant methods are: the energetic method based on the conservation of energy due to Kasivita-
mnuay and Singhatanadgid [5], ESM (Empirical Similarity Method) proposed by Cho and Wood for rapid
prototyping [6], sensitivity analysis by Adams et al. [7], that allows to derive sensitivity-based laws, to be
used instead of similitude-based laws. A comprehensive review is available in Casaburo et al. [8].

This work is the first step towards the application of machine learning in predicting the response charac-
teristics of systems in similitude. Machine learning methods allow to find pattern and regularities in order
to perform predictions in an automatic way. These methods are based on algorithms that derive models
from sample inputs providing data-driven predictions and decisions. Data is provided through a training set;
each element of this set, called training example, represents an observation of the event under exam and is
characterized by several features and corresponding outputs.

The main purpose of machine learning is to find an approximation of the function, underlying the data, able
to generalize, i.e. to return a correct output when an input that does not belong to the training set is provided.
When this does not happen, the method is said to overfit. Therefore, the process is totally data-driven and an
explicit algorithm that directly solves the problem is not needed: this characteristic confers to the approach
a high versatility which makes machine learning application feasible in several research fields and kinds of
problems.

As a proof of such a versatility, the literature on machine learning utilizatio in vibroacoustic field is quite
wide. Structural Health Monitoring (SHM) is one of the fields with the higher number of employments. For
example, Alves et al. [9] assess the structural modifications due to damage or any foreign event (such as
reinforcement procedures, different types of traffic loads etc.) of a simply supported beam and a box girder
bridge. Meruane and Mahu [10] aim to damage assessment by employing an Artificial Neural Network
(ANN), trained with the changes in antiresonance frequencies.

Human response to and reduction of noise is another field with many applications. Sharp et al. [11] aim
to classify unknown vibration signals in order to derive exposure-human response relationships; Wang et al.
[12] combine Finite Element Method (FEM) and ANNs to predict the behaviour of human auditory system.

At the best of the authors’ knowledge, machine learning has never been applied to similitude field, up to now.

The article is organized as follows. In section 2, SAMSARA method is applied to simply supported beams
and CFCF plates to derive the similitude conditions (necessary to obtain true models) and the scaling laws
of the natural frequencies. Then, a short overview on the neural networks is given, highlighting some details
such as the tranfer functions and the learning algorithm used herein. Section 3 first provides the results of
the experimental tests made on the CFCF panels, then the predictions provided by ANNs applied to beams
and plates. The final section draws the conclusions and suggests some ideas for further researches.

2 Methodologies

In this Section, the methods adopted are briefly introduced. SAMSARA is first applied to a simply supported
beam, then to a CFCF (Clamped-Free-Clamped-Free) plate, in order to derive the similitude conditions and
the scaling laws. Then, ANNs are presented and the training characteristics chosen for the problem under
exam are listed and motivated.

2.1 SAMSARA applied to simply supported beams

The scale factor of any parameter g is defined as

rg =
ĝ

g
, (1)

930 PROCEEDINGS OF ISMA2020 AND USD2020



where the hat symbol characterizes the model parameter.

The natural frequencies of the prototype beam, with a square cross section, are given by [13]

fi =
i2π

2L2

√
EI

m
, (2)

where i is the number of half waves in longitudinal direction, L the beam length, E the Young’s modulus, m
the mass per unit area (being A the cross-sectional area, then m = ρA), and I the inertia moment.

The natural frequencies of the model beam are held by the same equation. Therefore, it can be written, taking
into account Eq. 1 and expliciting the scale factors, as

rffi =
i2π

2r2LL
2

√
rEErII

rmm
. (3)

The natural frequencies of the prototype beam can be recovered from those of the model beam (and viceversa)
by means of the scale factor

rf =
1

r2L

√
rErI
rm

. (4)

The 1-D characteristic of the beam leads to an equation of the natural frequencies which allows to derive just
one scaling law. Eq. 4 links the scale factor of a response parameter (the natural frequencies, in this case) to
geometrical and material characteristics. There are no similitude conditions to fulfill: a beam has not partial
similitudes. Therefore, just by knowing the right scale factors, the natural frequencies of any model can be
accurately predicted.

Assuming the same material and cross-section for the models (rE = rI = rm = 1), Eq. 4 simplifies to

rf =
1

r2L
. (5)

It will be shown that Eq. 5 is the general law, which underlies the training set provided for the learning phase,
that must be induced by the learning algorithm.

2.2 SAMSARA applied to CFCF plates

The plate is clamped along the short sides, parallel to y axis. According to Blevins [13], the natural frequen-
cies of CFCF plates are given by

fij =
π

2a2

√
Et2

12ρ(1 − ν2)

{
G4
x +G4

y

(a
b

)4
+ 2

(a
b

)2
[JxJy + 2ν(HxHy − JxJy)]

} 1
2

. (6)

where a and b are the panel’s length and width, respectively, t the thickness, ρ the mass density, and ν
the Poisson’s ratio. The constants Gx, Gy, Jx, Jy, Hx, Hy are dimensionless coefficients depending on the
modal pattern and, therefore, the boundary conditions.

As previously done, the equation of the natural frequencies of the model can be written as

fij =
π

2r2aa
2

√
rEEr2t t

2

12ρ(1 − ν2)

{
G4
x +G4

y

(
raa

rbb

)4

+ 2

(
raa

rbb

)2

[JxJy + 2ν(HxHy − JxJy)]

} 1
2

, (7)

in which the Poisson’s ratio is assumed constant (rν = 1).
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Eqs. 6 and 7 are the same if (assuming same material, rE = rρ = 1)

rf =
rt
r2a

=
rt
r2b
. (8)

The equalities in Eq. 8 are true if, and only if, ra = rb, that is, if the length and the width scale in the
same way. This is the similitude condition necessary to have plates in complete similitude, which allow an
prediction of the natural frequencies because the scaling law is univocal. A scaled plate satisfying such a
condition is called proportional sides.

If the similitude condition is not satisfied, then the model is in partial similitude and an avatar is obtained. In
this case, the scaling law is no more univocal

rf =
rt
r2a
, (9a)

rf =
rt
r2b
, (9b)

rf =
rt
rarb

. (9c)

none of which works fine in all the frequency range.

2.3 Artificial Neural Networks

In this work, the prediction capabilities of ANNs (Artificial Neural Networks) are investigated. ANNs are
machine learning methods, loosely inspired to the human brain, performing pattern recognition tasks on
functions with strong nonlinearity by modulating a set of adjustable parameters, called weights, during the
learning phase by means of a training algorithm.

ANNs are constituted by several layers, each one with several computational units, called nodes or neurons.
Three types of layers can be identified: input layers, output layers and hidden layers. Input layers gather the
inputs from a training set and passes them to the successive layer, that is, typically, a hidden layer; in case
of more than one hidden layer, the output of the layer k is passed as input to the layer i + 1, otherwise it is
passed to the output layer.

The number of neurons of both input and output layers are automatically defined by their numbers in the
training set. The number of neurons into a hidden layer and the number of hidden layers themselves (that
constitute the architecture of the neural network) are strongly problem-dependent and there is no rule that
helps to evaluate them a priori, even roughly.

Each input vector, p, may it be provided by the input layer or the hidden layer, is transformed in an output
vector,v, as

v = f(n) = f(Wp + b), (10)

where n is the net input, W is the design matrix containing all the weitghts, and b is another vector of
adjustable parameters called bias. The function f(·) is the transfer function, which transforms the net input
into the output providing the nonlinear characteristic.

With reference to the Universal Approximation Theorem [14], the transfer function chosen for the hidden
layers is

v =
en − e−n

en + e−n
, (11)

while a linear function is chosen for the output layer. Mean Squared Error (MSE) is used as performance
index. Levenberg-Marquardt algorithm is chosen to train the network.
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Figure 1: Experimental setup.

3 Results

In this section, first SAMSARA is used to experimental measurements to demonstrate the impossibility of
reconstructing accurately the natural frequencies of the full-scale plate from models in partial similitude.
Then ANNs are applied to beams in similitude, in order to verify the reliability of machine learning with
a case of simple structures in similitude. Finally, ANNs are applied to plates, in which the difficulty of
managing avatars is added.

3.1 Experimental results

Experimental modal analysis was executed on three CFCF aluminium plates in similitude (Fig. ?? shows the
setup). The prototype (P) had dimensions a = 0.506 m, b = 0.400 m, t = 0.003 m. The geometrical scale
factors of the two models (one proportional sides PS, and one avatar A) are summarized in 1. The material
properties, equal for all the models, are then summarized in 2.

Table 1: Scale factors of the prototype and its models.

ra rb rt
PS 0.67 0.67 1.00
A 0.67 1.00 1.00

The plates were excited with a shaker and the response was acquired with accelerometers. Eqs. 9 were
applied to reconstruct the natural frequencies of the prototype. The results are shown in Fig. 2. Fig. 2a
show the predictions from the proportional sides. The only remodulated curve (because the scaling law
is univocal, thus Eqs. 9 return the same scale factor) shows that the natural frequencies are reconstructed
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Table 2: Material characteristics.

Young’s modulus, E 55 × 109 Pa
Mass density per unit volume, ρ 2723 kg/m3

Poisson’s ratio, ν 0.33
Damping loss factor, η 0.005

with an acceptable accuracy, except for some slight decorrelations at high frequencies, due to experimental
uncertainties.

ps.png

(a) Prototype–Proportional sides

a1.png

(b) Prototype–Avatar

Figure 2: Predictions of the prototype natural frequencies from a proportional sides (a) and an avatar (b)
models.

Instead, the remodulations made with the avatar, shown in Fig. 2b are quite unsatisfactory, even though three
different laws are used.

These results highlight the difficulties of reconstructing the prototype behavior when partial similitudes are
used. However, this problem has deep consequences because avatars do exist due to manufacturing limits
and/or errors. This may lead to unaccurate results, as well as a waste of money and time. Therefore, machine
learning techniques are adopted to investigate the possibility of using the information of any type of model -
true or distorted - to predict the dynamic characteristics of systems in similitude.

3.2 ANNs applied to simply supported beams

The prototype beam has length L = 1 m and the section side s = 0.025 m. Full-scale structure and models
are made of aluminium, which properties are summarized in Table 2.

The training set was created analytically. The input parameter is the length scale factor (rL = 1 identifies
the prototype). A data set of 31 models was generated, characterized in terms of length scale factor ranging
from 0.50 to 2.00 at steps with amplitude equal to 0.05. For each model, the first ten natural frequencies were
analytically determined and, then, polluted with random noise characterized by a Gaussian distribution with
zero mean and 5% of standard deviation, so that the experimental error was replicated and the robustness of
ANNs to noise demonstrated. These frequencies are the output features that the network must predict.

To determine the neural network architecture, different combinations of hidden layers, neurons and training
examples were analysed, performing a sensitivity analysis. The best configuration is summarized in Table 3.
It consists in two hidden layers, made of 5 and 10 neurons; the training set is made of 20 elements, randomly
sampled, and the training phase required 1000 epochs (uses of the entire data set).

934 PROCEEDINGS OF ISMA2020 AND USD2020



Table 3: Results of sensitivity analysis on beams.

Architecture No. of examples Epochs MSEtrain MSEtest

5–10 20 1000 390 8.374×104

The relatively high values of MSE may be deceptive about the performances of the network. In fact, they
were due to the high number of outputs to predict (ten natural frequencies) and the noise pollution of the
training set. However, Fig. 3 shows the results of the ANN predictions for three different models, not
contained into the training set, having length scale factor equal to 0.90, 1.35, and 1.55. On both axes, the
natural frequencies are reported. The blue line is the reference (natural frequencies evaluated analytically)
and it is the bisector indicating the locus of points having the same values of frequency on both axes. The red
dots represent the predictions of the neural network; the figures show the red dots very close to the reference,
which means that the predictions of the neural network are very good, despite the high value of MSEtest.

(a) Model with rL = 0.90. (b) Model with rL = 1.35.

(c) Model with rL = 1.55.

Figure 3: Predictions of the natural frequencies of three beam models.

3.3 ANNs applied to CFCF plates

The same procedure of the previous section was applied to plates. Even in this case the training set was
generated analytically. The first nine natural frequencies were determined for plates having length, width
and thickness scale factors ranging from 0.50 to 1.50 at steps of 0.05, for a total of 9,261 models. The
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training set was created choosing, first, those examples describing the boundaries of the input space, then
filled with other elements randomly sampled.

The training set was polluted with random Gaussian noise, too, which parameters were evaluated on the
basis of the experimental errors. Then, a sensitivity analysis was performed in order to determine the best
network. The best network characteristics are summarized in Table 4, in which two cases are considered:
with and without noise. It is interesting to notice that the architecture is not very complex, although the
high number of output required. On the other hand, the number of training examples is very high. Both of
these aspects are due to overfitting. Because the training set is polluted by noise, it is not helpful to push the
network towards complex architectures, otherwise it would model the noise, too. However, the number of
examples must increase as a mitigation measure against overfitting.

Table 4: Results of sensitivity analysis on plates.

Architecture No. of examples Epochs MSEtrain MSEtest

10–10 6000 1000 317.70 309.10

The predictions made with the ANNs are plotted in Fig. 4. The prototype (Fig. 4a), the PS (Fig. 4b) and
A (Fig. 4c) models were considered. The values of natural frequency provided by the network are very
close to the reference (analytical) line. Moreover, also the experiments validate the results provided by the
ANN. It is interesting to notice, finally, that a training set, characterized with the same level of uncertainty of
experimental tests, provides predictions with the level of accuracy characteristic of the red points in Fig. 4.

(a) Prototype. (b) Proportional sides.

(c) Avatar.

Figure 4: ANN predictions for the prototype (a), proportional sides (b), and avatar (c).

936 PROCEEDINGS OF ISMA2020 AND USD2020



4 Conclusions

This work presents the prediction capabilities of artificial neural networks for beams and plates in similitude.
The results are very good, showing that ANNs return predictions with high accuracy even if the training set
is polluted by numerical noise.

The robustness to noise may be helpful when experimental data are used as training examples. Thus, a
possible future step would be to use directly the results of experiments, although the creation of a satisfactory
experimental training set may result unfeasible from a financial, temporal and human-work point of view,
especially in the light of the high number of examples required in the simulations herein reported. For this
reason, experimental data may result useful not for training but to validate the results of learning on a suitably
generated data dataset.

The possibility to classify complete and partial similitudes should be deepened; for this task, other features
may be used, such as the FRFs (Frequency Response Functions) or the succession of the mode shapes, and
other machine learning methods may help to reduce the amount of data to manage.
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(Conferenza dei Rettori delle Università Italiane), since Dr. Petrone was winner in 2019 of the ”Leonardo Da
Vinci” award, task 2 ”Mobility of young researchers”, in the MAECI-MIUR framework 2017/2020. All the
authors would like sincerely to acknowlege MIUR and CRUI for this opportunity. Moreover, dr. Casaburo
and dr. Petrone would like to acknowledge the University of Chile for the hospitality and willingness, and
the constructive suggestions provided by the attendees to the 12th International Symposium on Vibrations of
Continuous Systems (ISCVS), held in Corvara In Badia (BZ, Italy) from July 28 to August 2 2019.

References

[1] J. N. Goodier and W. T. Thomson, “Applicability of similarity principles to structural models,” National
Advisory Committee for Aeronautics, Washington (DC), USA, Tech. Rep. NACA Technical Report
CR-4068, 1944.

[2] G. J. Simitses and J. Rezaeepazhand, “Structural similitude for laminated structures,” Composites En-
gineering, vol. 3, no. 7–8, pp. 751–765, 1993.

[3] S. De Rosa and F. Franco, “A scaling procedure for the response of an isolated system with high modal
overlap factor,” MEchanical Systems and Signal Processing, vol. 22, no. 7, pp. 1549–1554, 2008.

[4] S. De Rosa, F. Franco, X. Li, and T. Polito, “A similitude for structural acoustic enclosures,” Mechanical
Systems and Signal Processing, vol. 30, pp. 330–342, 2012.

[5] J. Kasivitamnuay and P. Singhatanadgid, “Application of an energy theorem to derive a scaling law for
structural behaviors,” Thammasat. Int. J. Sc. Tech., vol. 10, no. 4, pp. 33–40, 2005.

[6] U. Cho, K. Wood, and R. H. Crawford, “Online functional testing with rapid prototypes: a novel
empirical similarity method,” vol. 4, no. 3, pp. 30–40, 1998.

[7] C. Adams, J. Bös, E. M. Slomski, and T. Melz, “Scaling laws obtained from a sensitivity analysis and
applied to thin vibrating structures,” Mechanical Systems and Signal Processing, vol. 110, pp. 590–610,
2018.

DYNAMIC TESTING: METHODS AND INSTRUMENTATION 937



[8] A. Casaburo, G. Petrone, F. Franco, and S. De Rosa, “A review of similitude methods for
structural engineering,” Applied Mechanics Reviews, vol. 71, no. 3, 2019. [Online]. Available:
https://doi.org/10.1115/1.4043787

[9] V. Alves, A. Cury, N. Roitman, C. Magluta, and C. Cremona, “Structural modification assessment using
supervised learning methods applied to vibration data,” Engineering structures, vol. 99, pp. 439–448,
2015.

[10] V. Meruane and V. Mahu, “Damage assessment of a beam using artificial neural networks and antireso-
nant frequencies,” in Special Topics in Structural Dynamics, Volume 6. Conference Proceedings of the
Society for Experimental Mechanics Series, R. Allemang, J. D. Clerck, C. Niezrecki, and A. Wicks,
Eds. New York (NY), USA: Springer, 2013.

[11] C. Sharp, J. Woodcock, E. Peris, G. Sica, A. Moorhouse, and D. Waddington, “Analysis of railway
vibration signals using supervised machine learning for the development of exposure-response rela-
tionships,” in Proceeding of International Congresso on Acoustics, Montreal, Canada, 2013.

[12] Y. S. Wang, H. Guo, T. P. Feng, J. Ju, and X. L. Wang, “Acoustic behavior prediction for low-frequency
sound quality based on finite element method and artificial neural network,” Applied Acoustics, vol.
122, pp. 62–71, 2017.

[13] R. D. Blevins, Formulas for dynamics, acoustics and vibration. The Atrium, Southern Gate, Chich-
ester, West Sussex, PO19 8SQ, United Kingdom: John Wiley & Sons, Ltd, 2016.

[14] I. Goodfellow, Y. Bengio, and A. Courville, Deep Learning. MIT Press, 2016, http://www.
deeplearningbook.org.

938 PROCEEDINGS OF ISMA2020 AND USD2020



Nonlinear system identification of a pitching wing in a 
surging flow  

T. De Troyer 1, P.Z. Csurcsia 1, D. Greenblatt 2 
1  Vrije Universiteit Brussel, Department of Engineering Technology 

Pleinlaan 2, B-1050, Elsene, Belgium 

 
2  Technion—Israel Institute of Technology, Faculty of Mechanical Engineering 

Haifa, 3200003, Israel 

e-mail: tim.de.troyer@vub.be 

Abstract 
Many engineering applications involve lifting surfaces (wings) that oscillate about in pitch, heave, and/or 

stream-wise (referred to as surge). For small pitch amplitudes, under the stall angle of attack, the lift force 

will respond linearly to such oscillations. However, at sufficiently large amplitudes, unsteady flow 

separation and dynamic stall set in, and the lift force becomes a nonlinear function. Data-driven models are 

typically linear, and therefore, they often fail to capture the nonlinear response related to unsteady 

separation. In this work, we use wind tunnel experiments of a wing under harmonic pitching and surging 

such that it oscillates in and out of the nonlinear regime. We then use nonlinear system identification 

techniques to 1) identify the best linear approximation (BLA) between output (lift) and input (angle of 

attack, wind speed), 2) compare the BLA estimates with the classical power spectra estimates, 3) study the 

(in)effectiveness of (non)linear state space models in the linear and nonlinear flow regimes, 4) evaluate the 

possibility of interpolating between different measurements. 

1 Introduction 

Many engineering applications involve lifting surfaces (wings) that oscillate about in pitch, heave, and/or 

in the direction of the freestream (referred to as surge): a helicopter rotor, a fixed-wing unmanned/micro 

aerial vehicle (UAV/MAV) in a gust, and a vertical-axis wind turbine. At sufficiently small amplitudes, 

where the angle of attack always remains under the stall angle of attack, the lift force will respond linearly 

to such oscillations. However, at large amplitudes, unsteady flow separation and dynamic stall set in, and 

the lift force becomes a nonlinear function of the pitch angle and/or the heave or surge speeds. 

Data-driven models, either empirical models or reduced-order models obtained from high-fidelity data, are 

typically linear. Therefore, they often fail to capture the intricate nonlinear response related to unsteady 

separation. This invalidates their use in design optimization or for real-time control purposes. Given the 

recent advances in nonlinear system identification, the restriction to linear models is no longer required. In 

the past few years, nonlinear state space models have been successfully applied to model the forces on 

oscillating bluff (non-lifting) bodies in a fluid flow. 

In this work, we use wind tunnel experiments of a finite-aspect-ratio wing under combined harmonic 

pitching and surging. More precisely, we measure the lift and drag forces on a wing sinusoidally oscillating 

in angle of attack and wind speed. The wing oscillates in and out of the nonlinear (separated flow) regime, 

while the effects of the pitching are affected by the surging as well. We use state-of-the-art nonlinear system 

identification techniques to identify: 

 1) the best linear approximation (BLA) transfer function between output (lift) and input (angle of 

attack, wind speed), 
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 2) a comparison of the BLA transfer functions with the classical power spectra estimates, 

 3) the (in)effectiveness of (non)linear state space models in the linear and nonlinear flow regimes, 

 4) the possibility of interpolating (and extrapolating) between different measurements. 

This paper is organized as follows. Section 2 briefly describes the considered systems and the main 

assumptions applied in this work. Section 3 addresses the measurement setup. Section 4 discusses the 

measurement analysis. Conclusions can be found in Section 6. 

2 Basics 

2.1 Wind tunnel experiments  

The experimental study of aerodynamics often involves the use of wind tunnels. In the so-called test section, 

a controlled wind speed is induced by an upstream or downstream fan. The quality of the air flow in the test 

section is key: the speed should be uniformly distributed over the section and the level of the fluctuations 

about the mean speed (the turbulence level) should be low. Typically, also, these properties should be 

constant over time. In this article, however, we want to study the unsteady, time-dependent behavior of 

pitching airfoils under accelerating and decelerating flow speeds. Therefore, also the time variation of the 

wind speed must be controllable. 

In this article, we define the wind speed in the test section as the freestream speed 𝑉∞(𝑡) which can vary 

over time 𝑡. For a harmonic variation of the wind speed with amplitude ratio 𝜎 and frequency 𝑓, the speed 

is given by: 

 𝑉∞(𝑡) = 𝑉∞
̅̅̅̅ (1 + 𝜎 sin(2𝜋𝑓𝑡 − 𝜏)) (1) 

where 𝜏 is the initial phase. 

Apart from the changing wind speed, also the pitch angle 𝛼(𝑡) is controlled. For a sinusoidal oscillation 

with mean angle 𝛼0 and amplitude 𝛼1, the instantaneous pitch angle is given by 

 𝛼(𝑡) = 𝛼0 + 𝛼1 sin(2𝜋𝑓𝑡) (2) 

2.2 Identification framework 

2.2.1 Definitions and assumptions 

The considered system is a pitching and surging wing. The inputs of the system are the wind speed and pitch 

angle, the outputs the lift and drag forces. The system can thus be seen as having multiple inputs and multiple 

outputs (MIMO). The dynamics of a linear MIMO system can be nonparametrically characterized in the 

frequency domain by its Frequency Response Matrix (FRM, a matrix whose elements are FRFs [1]) 𝐺 at 

frequency index k, which relates 𝑛𝑖 inputs 𝑈 to 𝑛𝑜 outputs 𝑌 of N measurement samples as follows:  

 𝑌[𝑘] = 𝐺[𝑘]𝑈[𝑘] (3) 

where 𝐺[𝑘] ∈ ℂ𝑛𝑜×𝑛𝑖, 𝑌[𝑘] ∈ ℂ𝑛𝑜×1, 𝑈[𝑘] ∈ ℂ𝑛𝑖×1, 𝑘 = 0 …
𝑁−1

2
 at frequency 𝑓𝑘 =

𝑘𝑓𝑠

𝑁
 with sampling 

frequency of 𝑓𝑠. In order to make the text more accessible, the frequency indices and dimensions will be 

omitted.  

The system represented by 𝐺 is linear when the superposition principle is satisfied in steady state, i.e.: 

 𝑌 = 𝐺{(𝑎 + 𝑏)𝑈} = 𝑎 𝐺{𝑈} + 𝑏 𝐺{𝑈} = (𝑎 + 𝑏) 𝐺{𝑈}  (4) 
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where a and b are scalar values. If 𝐺 is constant, for any a, b (and excitation), then the system is called 

linear-time invariant (LTI). On the other hand, when 𝐺 varies with a and b (and the variation depends also 

on the excitation signal – e.g. level of excitation, distribution, etc.) then the system is called nonlinear.  

The underlying systems are bounded-input, bounded-output stable, time-invariant, nonlinear systems where 

the linear response of the system is still present.  

Further, it is assumed that the output 𝑌 is measured with additive, independent and identically distributed 

Gaussian noise with zero mean and finite variance, and it can contain a transient response. 

2.2.2 Best Linear Approximation approach 

The Best Linear Approximation (BLA) has been widely used in the last decades to efficiently estimate FRFs 

[2]. The BLA of a nonlinear system is a modelling approach that minimizes the mean square error between 

the true output of a nonlinear system and the output of a linear model (represented by an impulse response 

function 𝑔𝐵𝐿𝐴, or a frequency response function 𝐺𝐵𝐿𝐴 estimate) [3], see Figure 1: 

 

Figure 1. The baseline model for best linear approximation framework 

When multiple realizations of the excitation signals are available it is possible to split up the classical 

coherence function into noise and nonlinear contribution. The exact process is elaborated in [2]. 

2.2.3 SAMI toolbox 

The Simplified Analysis for Multiple Input Systems (SAMI) is a user-friendly Matlab based toolbox [4] [5], 

at its present state available for academic usage per request. It supports command line and graphical user 

interfaces. The toolbox has been tested with many simulations and real-life industrial measurements, and it 

is optimized for MIMO experiments. SAMI supports data import from various platforms, including 

Simcenter Testlab [6]. The toolbox provides a user-friendly interpretation of the nonlinear MIMO 

measurement data by extracting the user relevant information and it addresses the questions related to the 

automatic processing of MIMO measurements with respect to the whole process. The key idea is to make 

use of the statistical properties of the proposed excitation signal such that it becomes possible to split up the 

classical coherence function into noise, nonlinearity (and transient) components. The warning-notification 

system is developed by experiences learned from typical mistakes which popped up during the measurement 

campaigns. The internal software architecture consists of the following interconnected layers (see Figure 2):  

- Step 1: The Design of experiment and measurement blocks address the issues related to signal design, 

choice of measurement parameters, instrumentation and execution of the measurement. 

- Step 2: The Pre-processing block considers a check-up of the input (reference) channels and provides an 

early warning to the user when the inputs are correlated. Furthermore, it segments the measurement data 

and sets up the processing parameters for the BLA transfer function estimation. 

- Step 3: The BLA estimation block provides the BLA FRF estimation, calculates advanced statistics. 

- Step 4: The Post-processing block provides users with the FRF, noise, nonlinearity, transient estimates 

and warnings. It is possible to automatically highlight the FRF (or input, output, reference) channels that 

have significant nonlinearity or noise levels. Furthermore, channels with sensory faults and/or 

imperfections, and correlated inputs are detected as well. 

The recent version of the SAMI toolbox is interfaced with the PNLSS toolbox allowing users to obtain a 

parametric nonlinear model as elaborated next. 
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Figure 2: Overview of the proposed estimation framework. Blue blocks require –in normal circumstances– 

no user interactions. Light gray blocks require moderate user interaction. Dark gray block requires 

experienced user interaction. 

2.2.4 PNLSS toolbox 

A polynomial nonlinear state-space (PNLSS) model consists of a classical linear state-space model and a 

nonlinear extension, where cross terms of the input and states are considered (see Figure 3). It is based on 

the work of [7] [8]. A freely available implementation is the PNLSS Matlab toolbox which can be found in 

[9]. It estimates and simulates PNLSS models from measured data. The PNLSS model structure is flexible, 

as it can capture many different aspects of nonlinear dynamic behavior (hysteresis, nonlinear feedback, etc.). 

The model structure can also easily deal with multiple inputs. The method has already been successfully 

applied to a wide range of applications (mechanical, electronical, electrochemical). Because of the state-

space representation, it is also suitable for control and simulation. A first application in fluid dynamics was 

presented in [8].  

A main concern is that a PNLSS model is extremely sensitive to unseen input distributions, as this might 

induce unstable outputs. It is therefore important to train the model on a sufficiently rich set of data, and 

then only apply it for signals that have similar distributions as the training signals. 

 

 

Figure 3: The theoretical structure of a PNLSS model. 

3 The measurement setup 

The experiments have been done in the Technion’s unsteady low-speed wind tunnel (UWT). The tunnel has 

a specialized test section (610 mm ×  1004 mm × 2000 mm) [10]. The test section has two large aluminum 

rings that are driven by a 5 kW servomotor via 1:150 ratio belt drives. Plexiglas windows within the rings 

allow full optical access to the test section. 

For these experiments, we used a NACA 0015 wing (Figure 4) with a nominal aspect ratio of 1 (the chord 

𝑐 = 293 mm was slightly truncated; the span 𝑏 = 300 mm). The wing is mounted in the wind tunnel test 

section on a two-component sting balance at its quarter chord point. (Figure 5). Sinusoidal pitching was 

imposed through a programmable motor controller. The angle of attack control, even during dynamic 

pitching, was shown before to be accurate up to 0.2° [11]. 

The louver mechanism, that produces the transient changes of the wind tunnel speed, was installed at the 

wind tunnel exit (see Figure 6, right). Thirteen louver blades that span the entire width of the test section are 

connected via cog-wheels to a 0.75 kW servo motor. The head loss can be varied by changing the angle of 

the louver vanes, allowing for dynamic variations of the wind tunnel speed. Non-uniform variations of the 

tunnel speed were prevented by installing an additional empty section between the test section and the louver 

mechanism. This ensures a separation of almost 3 m between the trailing-edge of the wing and the louver 
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vanes. A radial diffuser, which allows flow to exit radially outwards in four directions, was installed directly 

downstream of the louver mechanism. More information on the unsteady wind tunnel can be found in [10]. 

 

Figure 4. Lower surface of the model showing the cover plate attached with recessed conical screws and the 

cantilever rod extending from the model. This rod was replaced with the sting balance for the measurements. 

         

Figure 5. Photographs of the low aspect ratio NACA 0015 wing mounted in the unsteady blowdown wind 

tunnel. 

 

Figure 6. Photograph of the wing in the wind tunnel test section (left) downstream of which is an additional 

test section and the louvers (right). 
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4 Analysis 

4.1 The measurement 

We performed multiple repeated experiments under combined pitching and surging conditions. The angle 

of attack was varied between 0° and 22°, such that 𝛼0 = 11° and 𝛼1 = 11°. This forced the wing to pitch 

just beyond the static stall angle of attack of 19°. The frequency of oscillation was fixed at 1 Hz. The mean 

wind speed was set at 12.5 m/s, while the surging amplitude 𝜎 equaled 50%. The non-dimensional pitch 

rate, 𝑘 =
𝜋𝑓𝑐

𝑉∞
, when based on the average wind speed, was 0.075. This put the experiments clearly in the 

unsteady regime. In theory, the definition of k should be extended so as to include the effect of the varying 

wind speed on the unsteady lift and drag response of the pitching wing. As an in-depth study of the 

aerodynamics is not the subject of the present article, we here always use the average wind speed in the 

defintion of k. 

Four different phase shifts between the angle of attack and the wind speed were measured 𝜏 =
−45°, 45°, 135°, and 225°. An overview of the measurements can be seen in Figure 7.  

A second set of measurements was done at fixed wind speeds spanning the surging range: 𝑉∞ =
7, 10, 17, 21 m/s. These data can serve as a basis for interpolation (see Section 4.2.1), so as to compare the 

combined pitching and surging data with a pitching-only baseline case. An overview of these latter 

measurements is given in Figure 8. 

4.1.1 Time-domain analysis 

For every set, at least 39 periods were measured. In order to cope with transient effects, the first few and 

last blocks were discarded, and for the analysis 35 blocks have been used. The number of repeated blocks 

allows us to study the effect of the noise on the measurements. The different phase shifts allow us to study 

the nonlinear aspects of the measurement. A reference measurement at zero wind speed was included to tare 

the balance. The distortions due to the structural modes of the wing model on the balance were filtered out 

during pre-processing, as shown in Figure 9. The top row shows the filtered data where only the 

aerodynamic effects can be observed. The bottom row shows the scenario when no filtering is applied and 

therefore the structural dynamical effect can be observed as well. 

The lift and drag forces are converted into lift and drag coefficients. The coefficients are defined in two 

ways. The first one is by using the instantaneous velocity as: 

 𝐶𝐿1
(𝑡) =

𝐹lift(𝑡)
1

2
𝜌𝑉∞

2 (𝑡)𝑆
, 𝐶𝐷1

(𝑡) =
𝐹drag(𝑡)

1

2
𝜌𝑉∞

2 (𝑡)𝑆
 (5) 

where 𝑡 refers to the discreet measurement time, 𝐹lift and 𝐹drag are the measured lift and drag forces, 𝑆 stands 

for the wing surface (chord times span), and 𝜌 is the air density. 

The second way is estimated using the averaged speed, as follows: 

 𝐶𝐿2
(𝑡) =

𝐹lift(𝑡)
1

2
𝜌(𝑉∞̅̅ ̅̅ )2𝑆

, 𝐶𝐷2
(𝑡) =

𝐹drag(𝑡)
1

2
𝜌(𝑉∞̅̅ ̅̅ )2𝑆

 (6) 

A comparison between the two types of coefficient is shown in Figure 10, and Figure 11 for varying phase 

and speed measurements, respectively. Observe that for varying phase (Figure 10), the first coefficient type 

has more dynamic behavior than the second one. Using these figures, it can be clearly observed that the 

phase shift has a huge impact on the lift and drag responses, as was expected. 
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Figure 7. Overview of different measurements with varying phase. Left: the angle of attack and wind speed 

are shown. Middle: lift, drag forces and their standard deviation estimates. Right: the lift and drag forces in 

frequency domain. First row: the reference measurement at 0m/s wind velocity. Second till the last row on: 

lift and drag forces are shown with respect to the reference measurement.  
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Figure 8. Overview of different measurements with varying speed.  

 
Figure 9. The effect of low-pass filtering illustrated on the reference measurement.  
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Figure 10. Overview of the two coefficient types for varying phase. Left: the angle of attack and wind speed 

are shown. Middle: lift, drag coefficients are shown with respect to the instantaneous velocity. Right: the 

lift and drag coefficients are shown with respect to cyclic the averaged velocity. 

 

Figure 11. Overview of the two coefficient types for varying speed. Left: the angle of attack and wind speed 

are shown. Middle: lift, drag coefficients are shown with respect to the instantaneous velocity. Right: the 

lift and drag coefficients are shown with respect to cyclic the averaged velocity. 
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4.1.2 Frequency-domain analysis 

In this section, a brief analysis of the nonparametric frequency response function is given. Note that, as the 

input signal is a sinusoid, the FRF can only be determined for one point: the frequency of the sinusoid. (A 

broadband input signal, as is customarily used in system identification, will be evaluated in future 

experiments.) Figure 12 and Figure 13 show the FRFs at 1 Hz, and also include the DC-offset of the output 

signal for comparison. Some small differences can be observed. On the one hand, this is surprising, as the 

spectral responses of the different scenarios are almost identical (as was shown in Figure 7 and Figure 8, 

right columns). On the other hand, the varying phase between pitch angle and wind speed do impact the 

development of lift and drag, and the FRFs of the different measurements turn out not to be identical. 

It is interesting to point out that not only the FRFs differ from each other, but the standard deviation estimates 

as well. When we use all available data to estimate the Best Linear Approximation (for numerical 

computation, see [4]), it is possible to split up the standard deviation into estimates of the noise and nonlinear 

distortions. Using these figures, it is confirmed that the dominating error source for modelling is due to 

nonlinear distortions, which are aerodynamic in origin.  

 

 

Figure 12. Frequency response function estimates of the different measurements with varying phase. Left: 

lift and drag coefficients using instantaneous velocity. Right: lift and drag coefficients averaged 

instantaneous velocity. The dots refer to the excited frequency lines. The Best Linear Approximation 

estimates of the whole measurements. The dots refer to the excited frequency lines. 
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Figure 13. Frequency response function estimates of the different measurements with varying sped. Left: 

lift and drag coefficients using instantaneous velocity. Right: lift and drag coefficients averaged 

instantaneous velocity. The dots refer to the excited frequency lines. The Best Linear Approximation 

estimates of the whole measurements. The dots refer to the excited frequency lines. 

4.2 Simulation results 

In this section, we test the performance of the classical interpolation, BLA and the PNLSS models. The aim 

of this section is to have an idea of the prediction accuracy when an unmeasured situation is at hand. For the 

varying phase measurements, we try to predict responses at 𝜏 =  45°, 135°. For the varying speed 

measurements, we try to predict responses at 𝑉∞ =  10m/s, 17 m/s. 

4.2.1 Using interpolation technique 

In this subsection, linear interpolation between the nearest measured points is used. First, we estimate the 

linear frequency response functions at the two adjacent measured points, then with first order complex 

interpolation we estimate the transfer function in the interleaved point. Then using Eq. (3) we estimate the 

lift and drag coefficients. As can be seen, the method suffers from a large error, especially when predicting 

the drag coefficients.  
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Figure 14. Interpolation results for predicting the responses using classical transfer function interpolation 

technique for varying phases. 

 

Figure 15. Interpolation results for predicting the responses using classical transfer function interpolation 

technique for varying speed. 

 

4.2.2 Using a linear model 

In this subsection, a (nonparametric) BLA model is used (see Section 4.1.2), with the angle of attack and 

wind speed as inputs. Again, the results are not good. We suspect that this can be attributed to the 

aerodynamic nonlinearities in the measurements  
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Figure 16. Interpolation results for predicting the responses using the BLA transfer function model for 

varying phases. 

 

Figure 17. Interpolation results for predicting the responses using the BLA transfer function model for 

varying phases. 

4.2.3 Using nonlinear model 

In this subsection, the PNLSS models are used (see Section 2.2.4) using the angle of attack and wind speed 

as inputs. The agreement between the measured and modelled curves is now much better. The lift 

coefficients match very well for the different wind speeds, but not so much for the different phase angles. 

For the latter, the main trend is well captured, but more intricate features are missed. The drag coefficients 

agree very well overall. 
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Figure 18. Model validation for different phase angles by comparing responses from the PNLSS transfer 

function model to measurements. 

 

 

Figure 19. Model validation for different wind speeds by comparing responses from the PNLSS transfer 

function model to measurements. 

5 Conclusions 

In this article, we present a case study on the use of data-driven nonlinear state space models for a complex 

fluid-dynamics system: a finite aspect ratio wing under combined pitching and surging flow. A set of unique 

experiments was performed in the Unsteady Wind Tunnel of the Technion. Then, contrary to classical 

aerodynamics studies, a system identification perspective was used to analyze these data using the SAMI 

toolbox. Even though only a limited amount of data was available, we showed that a nonlinear state space 

model outperforms linear interpolation techniques and a classical linear transfer function model. This can 

of course be linked to the important nonlinear relation between wind speed and (unsteady) pitch angle on 
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the one hand, and the lift and drag forces on the other. We conclude that data-driven modelling techniques 

from the system identification community can be used to advantage for the processing and analysis of 

complex, nonlinear, and unsteady aerodynamic systems. The obtained models can be used as a baseline 

model for more advanced processing and interpolation. However, a data set which has a wider bandwidth is 

then required. 
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Abstract
This paper presents a multi-scenario approach to derive load assumptions for accelerated life testing of vary-
ing random vibration loading. The scenarios differentiate on the basis of the available a priori information
of the device under test, and range from pure load information over structural transfer functions to the most
comprehensive scenario including actual S-N curves. The proposed derivation of the accelerated load as-
sumptions is based on a purely statistical description which includes meaningful metrics from the field of
stationary Gaussian vibration research. In order to make such a description available for realistic loading,
which throughout many technical applications consist of continuously varying load states, the synthesis into
multiple stationary Gaussian load states is examined. The approach presented is illustrated by an exemplary
load recorded on the wheel set of a train. This load is decomposed into a quasi-stationary load description
consisting of eight load states and processed for all scenarios to derive accelerated load assumptions.

1 Introduction

In numerous technical fields mechanical structures are subjected to random vibration loading. To qual-
ify their structural integrity under real operational conditions, experimental vibration testing constitutes an
essential component of the design and qualification process. The reliability and representativity of the ex-
perimental assessment crucially depend on the load assumption defined. Hereby the load definition fulfills
two central purposes - it must reproduce the failure mechanisms that occur in service use and it must re-
produce them as an accelerated life test (ALT) in a shorter time frame. For random vibration loading, the
load assumption is often derived from real measurements on existing structures. Throughout a wide field
of technical applications these measurements represent varying vibration loading, since the in-service use
of mechanical structures is regularly characterized by multiple and continuously changing operational states
(e.g. change of revolutions per minute, velocity, track/road conditions, curving, etc.). Therefore, abstracting
load assumptions for ALT of random vibration loading combines the challenges of deriving meaningful load
definitions from measured loading with the choice of adequate manipulation techniques to shorten the test
times. Associated with these challenges are the risks of altering the actual operational conditions and thus
distorting the real damage mechanisms.

Founding on the classical stress-life approach the ideal scenario for deriving load assumptions for ALT
would begin with the knowledge of the critical cross sections of a structure. Suppose these are established,
one would evaluate the stress states which result as structural responses induced by a representative load
(e.g. measured in real environment). Each of these critical stress states is represented by a load spectrum (see
Fig. 1, red). Provided that the corresponding material properties are available, expressed as an S-N curve, the
ideal approach for ALT would consist of a two-step procedure. The first step would be to omit all vibrations
states from the excitational load that cause stresses below the fatigue limit (if existing). Omitting them would
reduce test times without lowering the fatigue damage (yellow, Fig. 1). The second step would be to increase
the magnitude of the remaining stress states to lower the exposure required to cause the same fatigue damage
(green, Fig. 1). Hereby omission and elevation constitute the fundamental categories for characterizing ALT
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manipulation techniques.

This idealized scenario is based on a thorough knowledge of the structure. By virtue of this, the fundamental
risks of altering the actual operational conditions and damage mechanisms in the course of accelerating test
times can be minimized. These risks mainly relate to exaggerating load levels, which may change the failure
mechanism e.g. by surpassing strength values or by elevating irrelevant stress states above the fatigue limit.
However, reality is often more complicated. This is particularly related to three circumstances: a) limited
information resp. uncertainties concerning the local material properties (S-N curve / Miner exponent for the
critical sections), b) lack of knowledge of the critical cross sections and/or the structural transfer behavior
relating the excitation to these cross sections and c) complex loading conditions due to non-stationary and
non-Gaussian random loading.

This paper investigates these challenges. It contributes two central subjects. The first is that it is based on
the hypothesis that real loading, which is characterized throughout many relevant fields to be random and to
exhibit changing vibration states, must be provided by resp. transformed into a set of stationary vibration
states. In this respect, the approach contrasts to the popular Fatigue Damage Spectrum (FDS), which defines
a single stationary Gaussian process derived from the fatigue evaluation of a parametric synthetic structure
[1, 2]. Hereby the load assumption derived by means of the FDS deviates in its frequency-domain distribution
from the referencing load and shows a high sensitivity to deviations from the parameters chosen for the
synthetic structure, foremost the Miner exponent. In contrast load assumptions based on multiple vibration
states may be derived by measurements of static characteristic operational modes (mission synthesis) or by
techniques that decompose non-stationary loading into Gaussian portions (DGP) [3, 4]. This approach of
quasi-stationary load descriptions is stressed throughout this paper to examine its representativity of real
loading on the one hand, and to make use of the extensive research on stationary Gaussian stress states on
the other hand [5, 6, 7]. In this context, the peak factor, the rate of level crossings, the inverse power law
and linear systems theory are applied for ALT. These measures are derived from the power spectral densitiy
(PSD), which offers a full statistical characterization of stationary Gaussian processes [8]. The second subject
of this paper is the differentiation between three scenarios giving consideration to the a priori knowledge of
the device under test (Fig. 2). The first scenario is limited to deriving ALT solely based on a representative
measured in-service load without any structural information. The second scenario incorporates information
about the structural transfer behavior by integrating linear transfer functions available for the structure. The
third scenario further includes stress-life (S-N) curves and the corresponding strength values. Based on the
available a priori knowledge, for each scenario the shortening of test times and the corresponding risks are
presented and discussed. Throughout the scenarios the PSD-based description of random loading ensures
statistically robust and concise load assumptions which can easily be reproduced on common test rigs.
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Figure 1: Schematic visualization of the basic mechanisms for ALT (omission and elevation) illustrated by
an in-service load spectrum and material properties including a pronounced fatigue limit

This paper presents a comprehensive methodology to address and combine the challenges of defining loads
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for accelerated life testing (ALT) of varying random vibration loading. It begins with a review of statistical
load descriptions and ALT, and closes with a section contributing to the synthesis of loading into multiple
stationary load states. The main section investigates the reduction of test times under damage equality on
the basis of three scenarios. As the study progresses, the available information of the structure to be tested
increases in each scenario. Dependent on the information available for the device under test, risks and
opportunities for the effective utilization of test times are evaluated and discussed. The proposed techniques
are exemplified via an in-service load recorded on a railway structure. The concluding section summarizes
the presented techniques in a conjoining visualization.

2 Fundamentals

Problem statement

As the service life of mechanical structures can extend over a period of decades, it is usually impossible to
fully reproduce the actual in-service load conditions in a vibration test. A reduction of test times is therefore
essential for time and cost reasons. In doing so, the objective of replicating the real damage mechanisms is
central. To assure this, the fundamental specifications for accelerated life testing (ALT) of random vibration
loading are a) the damage mechanism (high-cycle fatigue (HCF) regime) must be preserved, b) the damage-
relevant stress cycles at the critical cross-sections must be replicated in a shorter time and c) the frequency
distribution of the real operating load conditions must not be altered due to the transfer characteristic of
mechanical structures. Principally, ALT can be summarized as reproducing the same damage mechanism in
a shorter time.

In order to reduce test times under laboratory conditions, often loads are specified that are significantly
higher than the loads occurring in real operation. Elevating loads, however, always compromises the risk of
altering the actual damage mechanisms. Particularly using popular methods, which employ a more or less
simple scaling approach, often result in the definition of overproportional loads to reduce test times to an
economically reasonable level [9]. The central risk of this procedure is the changing of damage mechanism
[9, 10] due to i) surpassing strength values, ii) elevating irrelevant load states above the fatigue limit, iii)
forcing the structure into nonlinear operation, iv) scaling loads on the basis of an inaccurate choice of the
Miner-exponent v) omitting damage-relevant states (low load level, but high structural transmissibility).

The other central risk comes from the model used for the load description. Using measured in-service loads
as a reference, one has the choice between a time- and frequency-domain approach for load assumptions,
which should rather be differentiated by their sampling-based (time domain) resp. their statistical (frequency
domain) nature. The time-domain path would apply shortening techniques directly to the measured load
series. The corresponding techniques also relate to the omission of low load states and the amplification of
significant damaging load states. In either way, manipulations carried out in the time-domain are based on a
very subjective approach and should therefore depend on a great portion of empirical knowledge to comply
with the specifications of ALT stated above. This mainly relates to the fact that time-domain manipulation
techniques may alter the frequency distribution of loading in an unforeseen way which consequently directly
affects the structural transmission and accordingly the damage mechanisms. Alternatively to the sampling-
based time-domain approach, the load assumption can be based on a frequency-domain description which
generally implies a statistical methodology. Hereby the most fundamental tool is the power spectral density
(PSD). Using the PSD to define load assumptions combines an effective statistical description with the ability
to efficiently perform stress and consequent fatigue analyses for linear structures. The PSD is a full stochas-
tic description for stationary Gaussian loading. However, often vibrational loading does not conform this
assumption. If in-service loading is composed of varying vibration states the instantaneous frequency distri-
bution (the local PSD) varies in shape and/or intensity, i.e. the loading is non-stationary. Estimating the PSD
from a data set featuring varying vibration states, its representation limits to the average PSD. This conceals
any information about the PSD’s evolution which involves the fundamental flaw that high instantaneous load
states are poorly represented. These high instantaneous load states may cause structural responses which pro-
duce significant fatigue damage as a combination of a relevant structural transmission and the potency law
governing damage accumulation. In contrast, using the averaged PSD generally underestimates the fatigue
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damage based on its stationary hypothesis [11]. Therefore, the valid use of the PSD is restricted to stationary
Gaussian load and stress states, particularly due to the shortcoming of an insufficient representation of high
instantaneous damaging events in fatigue analyses.

Nevertheless throughout many technical applications random vibration loading, e.g. accessible as in-service
measurements, shows varying statistical properties due to changing operational, environmental or excita-
tional conditions. Some of the instantaneous vibration states may excite a structure strongly (high trans-
missibility), while some are rather irrelevant (low transmissibility). The logical implication is to pursue an
approach that extracts the characteristic vibration states so that each can be evaluated for how they affect the
device under test. Hence they must be represented by a frequency-domain description complying with the
stationary Gaussian hypothesis. These stationary vibration states may be derived by measurements of static
characteristic operational modes (mission synthesis) or by techniques that decompose non-stationary loading
into Gaussian portions (DGP) [4, 12, 13, 14]. Consequently the vibration states can each be evaluated for
their structural responses and the consequential potential fatigue damage. Hereby the representation of mul-
tiple stationary vibrations states can effectively be linked to ALT. It enables the use of the inverse power law
and a variety of other effective measures defined for stationary Gaussian processes. This paper investigates
the derivation of reliable load assumptions of varying random vibration loading using a description of mul-
tiple stationary Gaussian load states and links this description to a set of effective manipulation techniques
for ALT. The following presentation is based on the assumptions of

• linear structural dynamics theory to describe structural transfer behavior (transmissibility)

• linear damage accumulation to describe the structural damage behavior in the HCF regime

• linear elastic material properties whose fatigue damage behavior can be represented by S-N curves

• uni-axial loading and stress states

2.1 Fundamentals of random loading

If vibration loading x(t) is stationary and conforms the central limit theorem it follows the Gaussian proba-
bility density function (PDF)

pg(x) =
1√
2πσ2

x

e

(
− (x−µx)2

2σ2
x

)

(1)

The Gaussian PDF is fully defined by mean µx and variance σ2
x

µx =

∞∫

−∞

x(t) dt; σ2
x =

∞∫

−∞

(
x(t)− µx

)2
dt (2)

They relate to the power spectral density (PSD) Gxx(f), which depicts the contribution of each frequency to
’power’, corresponding to the variance of a zero-mean process

σ2
x =

∞∫

0

Gxx(f) df for µx = 0 (3)

The PSD is a complete stochastic description of stationary Gaussian processes (Eq. 1), whose integral is
concisely expressed by the variance σ2 (Eq. 3). The statistical process characterization can be extended via
spectral moments

λn =

∞∫

−∞

(2πf)nGxx(f) df (4)

derived from the PSD. Spectral moments describe the distribution of Gxx(f) for frequency f by scalar values
and further relate to derivatives Ẋ(t) of the process X(t), since Gẋẋ(f) = (2πf)2Gxx(f). Consequently
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the second spectral moment corresponds to the variance of the derivative process σ2
ẋ = λ2. This lays the

foundation to relate time-domain measures to the statistical description of the PSD [6]. Most relevant are the
zero-crossing- ν0 and peak-rate νp, which can be stated by spectral moments. Their ratio further indicates
the bandwidth α2 of a vibration process.

ν0 =

√
λ2

λ0
; νp =

√
λ4

λ2
; α2 =

ν0
νp

=
λ2√
λ0λ4

(5)

To relate a stationary Gaussian process to limit values, the up-crossing rate ν+(u) of level u is defined by
[5, 6]

ν+(u) =

√
λ2

λ0
e

(
− u2

2σ2
x

)

(6)

and the expected maximum value

E[xmax] = E
[
Max[x]

]
= η σx for µx = 0; η =

E
[
Max[x]

]
− µx

σx
(7)

is stated by the peak factor η [15] whose expected value can be estimated by [16] (γ represents the Eu-
ler–Mascheroni constant)

E[η] ≈
√

2 ln(α2νpT ) +
γ√

2 ln(α2νpT )
; ση ≈ π

6

1√
2 ln(α2νpT )

; γ ≈ 0.5772 (8)

These statistical measures can be evaluated for a structural excitation, here denoted x(t) for random loading,
or for structural responses y(t), e.g. representing stress or strain states. The excitational loading and the
responses are interrelated for linear systems via an impulse response function hxy(τ) in the time- resp. a
complex-valued transfer function Hxy(f) in the frequency domain (comp. Fig. 2).

y(t) =

∫ ∞

0
hxy(τ)x(t− τ) dτ ; Y (f) = Hxy(f)X(f); Gyy(f) = |Hxy(f)|2Gxx(f) (9)

2.2 Fundamentals of fatigue of materials

In common practice the fatigue damage relevant section of the S-N curve (Fig. 1) is approximated by a
straight line in the log-log representation. If the other S-N curve parameters (strength values and fatigue
limit) are excluded this section of the S-N curve can be described by the Basquin-equation (Eq. 10), whereby
N is the number of cycles with amplitude s to failure, and the Miner exponent k and constant C describe
material properties. The Basquin-equation allows to relate two load levels s1, s2 by their number of cycles
to failure N1, N2.

sk N = C; sk1 N1 = sk2 N2 (10)

For stationary Gaussian stress states the relation extends to the standard deviation σ [17], so that σk
1 N1 =

σk
2 N2. Further, since for stationary stress states the number of cycles N ∽ T is proportional to the exposure

time T , i.e. N = νpT (Eq. 6), this establishes a scaling law on the basis of the Basquin-equation (Eq. 10)
that allows to calculate accelerated test times Ttest from the referencing environmental exposure Tenv via the
standard deviations of the test σtest and the in-service reference σenv [17, 18]

Ttest = Tenv

[
σ2

env

σ2
test

] k
2

= Tenv

[
σenv

σtest

]k
(11)

Bear in mind, that this scaling law is based on the elementary Palmgren-Miner rule and therefore produces
deviations for materials with a pronounced fatigue limit or fatigue characteristics deviating from a linear ap-
proximation in the log-log scale. To simplify the description of the manipulation techniques in the following
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presentation, we introduce a scaling operator S[·]

Gxx,test(f) = (S[·])2Gxx,env(f); σx,test = S[·]σx,env (12)

and an omission operator B[·] ∈ {0, 1} whose arguments [·] are the criteria used to define their value. Further
κ is introduced to describe the ratio between two characteristic levels. This e.g. may define the bandwidth
of the HCF regime for materials with a pronounced fatigue limit κHCF = Rm/sD (ultimate strength Rm and
fatigue limit sD) or κOL = σtest/σref relating a reference and a desired value to be reproduced in a test.

2.3 Synthesis of varying random loading

The techniques presented here obligate a load definition in the form of multiple stationary Gaussian load
states. Certainly the process of deriving this load definition is of great importance for the success of the
presented methods. However as this is not the focus of the following presentation this stage is limited to a
short review. A general differentiation can be made between two basic starting points. The first is that the
structural excitation can be characterized by multiple different operating profiles which each can be described
by stationary Gaussian load states (mission synthesis) [10]. The second is the transformation of an actual
dataset with varying Gaussian vibration states into a quasi-stationary load description.

Decomposition into Gaussian portions

Since power spectral densities derived from measurements of varying load conditions solely represent the
average spectral density, [14] introduces the non-stationarity matrix, a measure to quantify these variations
for frequency and [3] presents the approximation of the non-stationarity matrix using a quasi-stationary
approximation by applying the DGP method [4]. The fundamental model underlying the description via
the non-stationarity matrix is the evolutionary spectrum introduced by Priestley [19]. This extends the
classical Fourier integral with its exponential basis functions ei2πft by amplitude-modulated exponentials
a(f, t)ei2πft.

X(t) =

∫ ∞

−∞
X(f)ei2πftdf −→ X(t) =

∫ ∞

−∞
X(f) a(f, t)ei2πftdf (13)

The modulation function a(f, t) describes the variation of the frequency components in time and hereby
represents the degree of non-stationarity for frequency. For most technically relevant applications the mod-
ulation a(f, t) is also subjected to a random character and therefore difficult to define. The DGP methods
substitutes a(f, t) by a stepwise function, emulating a quasi-stationary process which approximates the dis-
tribution of higher-order moments in the frequency domain. The formulation of [3] guarantees robust load
definitions by a replication of the second- and fourth-order moment distribution in the frequency domain
(approximation of PSD and non-stationarity matrix, Fig. 3c-f).

3 Accelerated life testing

Estimating the life of components in the design stage is a challenging task. This is foremost related to
the wide variety of effects influencing fatigue failures and their underlying scatter, e.g. material properties,
environmental conditions, user profiles etc. The aim of this presentation is to minimize the uncertainty
associated with loading effects. Certainly this represents only a partial effect of the characteristic scatter
inherent to lifetime estimations.

A central principle in experimental testing of random loading is that the more knowledge available for the
device under test, the better the risks of altering the damage mechanisms can be lowered while reducing test
times. This is the fundamental hypothesis for this paper and is demonstrated by the following techniques and
exemplary results. Therefore, the main section differentiates between three scenarios visualized in Fig. 2,
which illustrates their differentiation by the common process flow for a fatigue assessment. With increasing
information of the structure to be assessed, the process of reducing test times can be better controlled and the
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aforementioned problems can be better confronted. The following scenarios cover three fundamental aspects
of information that decisively affect ALT but may be uncertain. These are the lack of knowledge of

(a) limiting reference values:
Having no limiting reference values available implies the risk that by elevating loads too much these
excessive loads distort the actual operating profile and thus the damage mechanism.

(b) structural transfer behavior:
The elevation of loads may be carried out without considering the structural transfer characteristics
and thus in an inefficient resp. inappropiate way.

(c) fatigue behavior at critical cross sections (S-N-curve):
An inefficient amplification of loads also applies when the S-N curve for the critical cross-sections
is unknown since the elevation may be carried out using an inadequate Miner exponent (Eq. 11) or
irrelevant stress states are elevated above the fatigue limit.

S-N curves

Miner exponent

strength values

fatigue limit

transfer functionsℎ𝑥𝑦 𝜏 𝐻𝑥𝑦(𝑓) responses𝑦 𝑡 𝑌(𝑓)
excitation𝑥 𝑡 𝑋(𝑓)

structural behavior

S-N curve

Miner exponent
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fatigue limit

✓✓✓ ✓✓ ✓
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transfer functionℎ𝑥𝑦 𝜏 𝐻𝑥𝑦(𝑓) response𝑦 𝑡 𝑌(𝑓)

Figure 2: Differentiation of scenarios on the basis of the available a priori information

The following presentation is exemplified via a measured in-service load (Fig. 3a), which was recorded
on the wheel set of a train. Decomposition into Gaussian portions (DGP, section 2.3) is used to derive
the description of multiple Gaussian load states (realization in Fig. 3b) from the measured load. For the
central DGP-procedures’s parameter it was chosen to derive R = 8 load states (Fig. 4 dashed) from the
measurement. Figure 3 shows the essential approximation of the PSD (Fig. 3d) and the non-stationarity
matrix (fourth-order moment, Fig. 3e,f), based on the same reference time Tenv = 3600s. Eventually Fig. 3c
compares the PDF of the measured realization and the DGP process.

Using the standard deviation respectively the expected peak amplitude

The fundamental measures to compare the different stationary Gaussian load states derived by DGP can
be based on the standard deviation σ (resp. variance σ2) or using the maximum amplitudes ymax (peak
values). These measures mainly contrast in the characteristic that the standard deviation is independent of
time while the expected peak value increases with time and is slightly influenced by the distribution along
frequency (α2, νp). These effects are expressed by the time-dependent peak factor η (Eq. 8), which describes
an asymptotic trajectory for increasing test times (comp. Tab. 1). Depending on the scenario the following
presentation uses either of the two, integrating the more complex peak amplitude if it is required to compare
responses to strength values.

3.1 Scenario 1: Representative loading

In many applications the structures to be tested are not yet specified (classic field of load assumptions) or due
to their complexity there is little structural knowledge available. It may therefore be necessary to accelerate
test times exclusively based on the measured reference load data, without considering any presumptions for
the device under test. Arguably the most important reason for the approach adopted in this scenario is the lack
of limiting reference values in the course of accelerating test times. The fundamental question becomes ’how
far can the load levels be elevated in order to reduce test times without altering the fundamental operational
characteristics and damage mechanism’. The central idea of this scenario is that if no reasonable values for
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Figure 3: Summary of DGP-Approximation of the measured reference load, a) measured load xm(t), b)
realization of quasi-stationary DGP load xDGP(t); comparison of the c) PDF with Gaussian portions dashed,
d) PSD; and non-stationarity matrix of e) measured load Mxmxm and f) quasi-stationary process MxDGPxDGP

limiting load levels are known, the availability of a description based on multiple load states, i.e. Fig. 4, offers
the advantage of considering them in a unified picture. This is the basis for the derivation of accelerated loads
in the following scenario.

Elevation

The idea for elevating load states in this scenario is the attempt to judge how far a load can be scaled using the
inverse power law (Eq. 11) without losing confidence of secure load levels. Without any lengthy argument, in
this scenario the highest value of the standard deviation σx,max of all R load states is to be defined a reasonable
reference value. This represents the strongest load state derived from the transformed measurement (DGP
approximation) resp. the mission synthesis. It is therefore assumed that scaling all PSDs to this standard
deviation, i.e. intensity, may indicate a safe level for elevating the load states, which are further fully defined
by their distribution in the frequency domain (PSD). The maximum value can be used either to scale all
processes Xr(t) (r = 1, ..., R) to (κOL = 1), or based on empirical judgment to further elevate the loads
above the reference intensity σx,test = σx,max κOL; κOL > 1, so that σx1 = σx2 = ... = σxR = σx,test. The
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Figure 4: Results for the R stationary Gaussian processes for the DGP approximation (dashed) and all
scenarios (colored)

scaling operator for the r-th process is defined by

Sr[σx] =
κOL σx,max

σxr

; whereby σx,max = Max[σxr ] = Max[σx1 , ..., σxR ] (14)

Omission

The basic idea for a reasonable criterion to omit load states is that if the load description is available as
multiple stationary Gaussian processes and there are relevant differences in their intensities σx, it is likely
that very low intensities do not contribute to fatigue damage, since their structural responses would be below
the fatigue limit. This concept is implemented via the proportionality of κHCF, which defines the quotient
of the strength- and the fatigue limit. This criterion is adopted to the standard deviation of the Gaussian
processes to identify the load states that are probably irrelevant. Br denotes the omission operator for the
r-th process.

Br[σx] =

{
1 σxr κHCF ≥ σx,max

0 σxr κHCF < σx,max
(15)

However the procedure defined hereby lacks a true reliable basis, as the following results will show (e.g. ex-
aggerated values in Fig. 7, top right). Due to the transfer behavior of mechanical structures, low load states
may nevertheless force a structure to substantial responses because of its frequency-domain characteristic,
which consequently may produce relevant fatigue damage. This is considered in the following investigations
of the second scenario. Certainly the omission scenario stated here compromises the most risky approach. It
rather complements the presented structure of manipulation techniques.
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Summary of first scenario

Figure 4 shows in red the resulting PSDs for the exemplary load applying the first scenario. The elevation
is carried out for a Miner-exponent of k = 3 and κOL = 1. The results, specifically the reduction of test
times, are displayed in more detail in Figure 5 and Table 1. Note that due to the uncertainties concerning
the elevation and omission in this scenario, as the structural transfer behavior is not included, solely the
elevation of loads is carried out. The general time reduction potential of omitting and elevating load states is
promising, but most of the risks that have been reviewed in the introductory sections remain. This is due to
the resonances of the structure and the influence of the yet unknown real Miner exponent k.
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Figure 5: Visualization of load assumptions for first scenario on the pure loading basis

3.2 Scenario 2: Transfer function

As an extension to the referencing load data, which has been processed in the first scenario, the following
scenario additionally considers structural responses for reducing test times. Based on linear systems theory,
in this scenario response spectra are calculated for all R stationary Gaussian load states. This can be carried
out very efficiently by multiplying the PSD with the squared linear transfer function (Eq. 9).

Expanding the available information to include the structural transfer behavior (e.g. Fig. 9), for each load
state a structure-specific response is available in the form of a response PSD Gyy(f). By including the
influence of the resonant frequencies this scenario allows an individual assessment of the damage potential
of the different load states, permitting a more systematic approach to the elevation (Eq. 12) of the excitation
spectra Gxx(f). In contrast to the first scenario the load states are now compared regarding their actual
damage potential for the device under test. Furthermore, the expected peak response amplitudes E[ymax] can
be estimated (Eq. 8) and compared with one another. This provides the opportunity to classify load states as
not damage relevant, as a consequence of their excitational frequency-domain distribution.

Elevation (single transfer function)

Fundamentally the techniques of the first scenario are transferred to this scenario but include the additional
information of the structural responses. Consequently the elevation operator is defined by scaling all load
states σtest = σy,max κOL to the highest response standard deviation (κOL = 1) resp. using the overloaded
response (κOL > 1).

Sr[σy] =
κOL σy,max

σyr
whereby σy,max = Max[σyr ] = Max[σy1 , ..., σyR ] (16)

Omission (single transfer function)

In contrast to the prior scenario, by knowing the transfer behavior of the device under test the process of
omitting load states can be carried out on a more reliable basis. The specification of the omission operator
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Table 1: Results of statistical measures for all scenarios and evaluated reference times Tenv = {10h, 1000h}

r = 1 r = 2 r = 3 r = 4 r = 5 r = 6 r = 7 r = 8
∑

µ [·]
σx,DGP 1.92 1.23 1.18 1.01 0.93 0.55 0.24 0.15 - - m/s2

T (10h) 7.5 125.5 127.1 359.2 628.0 2483.8 10817.5 21451.4 36000 - s
T (1000h) 0.21 3.49 3.53 9.98 17.44 68.99 300.49 595.87 1000 - h
σx,sc1 1.92 1.92 1.92 1.92 1.92 1.92 1.92 1.92 - 1.92 m/s2

T
(10h)
sc1 7.47 33.45 29.67 51.80 70.78 58.64 20.04 9.73 281.59 - s

T
(1000h)
sc1 0.21 0.93 0.82 1.44 1.97 1.63 0.56 0.27 7.82 - h

σx,sc2 3.06 1.45 1.18 1.89 1.39 0.77 - 0.42 - 1.45 m/s2

σy,sc2 43.59 43.58 43.58 43.58 43.58 43.58 - 43.58 - 43.58 MPa
T

(10h)
sc2 1.84 76.97 127.10 54.42 185.94 908.61 - 924.40 2279.3 - s

T
(1000h)
sc2 0.05 2.14 3.53 1.51 5.16 25.24 - 25.68 63.31 - h

ν+sc3(sD) 0.412 2.474 2.823 0.114 0.645 1.004 0.000 0.001 - - 1/T
σ
(10h)
x,sc3 7.27 2.05 1.64 2.99 1.87 0.91 - 0.51 - 2.46 m/s2

σ
(10h)
y,sc3 103.6 61.51 60.35 69.04 58.48 51.43 - 52.58 - 65.28 MPa

T
(10h)
sc3 0.14 27.37 47.85 13.69 76.94 552.75 - 526.28 1245.0 - s

η
(10h)
sc3 2.13 3.58 3.65 3.19 3.76 4.28 - 4.18 - - -
σ
(10h)
η,sc3 0.65 0.12 0.12 0.18 0.12 0.08 - 0.08 - - -

y
(10h)
ref,sc3 220 220 220 220 220 220 - 220 - 220 MPa

σ
(1000h)
x,sc3 3.99 1.65 1.32 2.43 1.51 0.76 - 0.42 - 1.72 m/s2

σ
(1000h)
y,sc3 56.78 49.60 48.71 56.29 47.39 42.84 - 43.57 - 49.31 MPa

T
(1000h)
sc3 0.04 0.24 0.47 0.05 0.87 8.75 - 7.99 18.41 - h

η
(1000h)
sc3 3.87 4.44 4.52 3.91 4.64 5.14 - 5.05 - - -
σ
(1000h)
η,sc3 0.11 0.07 0.07 0.10 0.07 0.05 - 0.06 - - -

y
(1000h)
ref,sc3 220 220 220 220 220 220 - 220 - 220 MPa

Br[·] may be based on the standard deviation σy or the expected peak amplitude E[ymax]. Due to the asymp-
totic equivalence of all R load states with increasing test times (comp. Tab. 1), the standard deviation σy is
favored here as it is time-independent. The criteria defined for the omission operator of the r-th load state
becomes

Br[σy] =

{
1 σyr κHCF ≥ σy,max

0 σyr κHCF < σy,max
(17)

Elevation (multiple transfer functions)
Most likely engineers indicate multiple critical cross sections of a structure for fatigue failure. Each of them
has its own unique transfer behavior. Thus, also for this extended scenario applies, that the more information
is available the more reliable can the test time reduction be carried out. The reference value σy,max is defined
as the maximum of all R load states σyr,max evaluated for N transfer functions (hereby n = 1, ..., N defines
the different transfer functions)

σy,max = Max[σyr,max ] = Max[σy1,max , ..., σyR,max ]; σyr,max = Max[σyr,n ] = Max[σyr,n=1 , ..., σyr,n=N ]

All stress states are scaled to this level resp. to the overloaded reference level σtest = κOL σy,max. Conse-
quently there are N elevation operators Sr[σyn ] evaluated for each load state σx,r, in which the response
is scaled to the maximum resp. the overloaded value. To pursue a conservative approach, the elevation
operators for each unique stationary load state r are defined by the lowest outcome of Sr[σyn ]

Sr[σy] = Min
[
Sr[σyn ]

]
= Min

[
Sr[σy1 ], ..., Sr[σyN ]

]
(18)

Omission (multiple transfer functions)
This scenario adapts the idea of omission on the basis of the HCF-bandwidth κHCF to multiple cross sections.
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Figure 6: Visualization of load assumptions for second scenario, additionally incorporating the structural
transfer behavior, for a) standard deviations and b) expected peak stresses including its standard deviation

A load state is identified as being relevant if there exists (∃) at least one response to the unique load state that
would enter the HCF regime compared to the reference value of σy,max

Br[σy] =

{
1 ∃n σyr,n κHCF ≥ σy,max

0 ∀n σyr,n κHCF < σy,max
(19)

Summary of second scenario

The second scenario makes use of linear systems theory to evaluate structural responses. Hereby it defines
the manipulation techniques by the actual response stress states instead of the excitation. This setting is
exemplified by evaluating a single transfer function (included in Fig. 9), which has been derived from a finite-
element model of a gear box mounted on the railway wheel set. It depicts the structural transfer from the
excitational acceleration to the uniaxial strain at a rib which is potentially critical for fatigue damage. Figure
4 shows the results for all load states in dark yellow, while Fig. 6 illustrates the elevation and omission in
more detail. The left hand side (Fig. 6a) shows the elevation to equal standard deviation which is determined
by the load state r = 3, while the right hand side (Fig. 6b) illustrates the evaluation of the peak factor
and therefore the peak amplitudes E[ymax]. The latter has been estimated for an exemplary environmental
exposure of Tenv = 10h. Due to this short referencing time, the expected peak amplitudes η σy and their
standard deviation ση hereby strongly fluctuate (compare also results of Tab. 1).

The second scenario includes whether the structure is sensitive for the available load states. Exemplary
the strongest load state r = 1 does not coincide with the strongest response state r = 3. The effect of
the structural transmission is represented by the abscissa of Fig. 6. Hereby the maximum of the response
standard deviations is used as the reference to elevate the load states in a way that they produce response
states of equal intensity (Fig. 6a). In contrast to the prior scenario this improves the effectiveness of ALT
while securing reliable response levels. Hence Figure 7 compares the two scenarios on the basis of a process
realization. This depiction clearly addresses the gain of effectiveness using the concept of scaling load states
to the same response intensity. Finally the omission of load states is carried out on a more sound basis using
the responses. Certainly this scenario further holds the opportunity to follow up a structural optimization.
Even though the risks of changing damage mechanisms are lowered compared to the first scenario, there
preserve uncertainties concerning the Miner exponent k and the reference strength values. Also one has to
keep in mind the restriction of linear transfer functions for complex and particularly multi-material structures.
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Figure 7: Comparison of the results of first and second scenario visualized by a DGP-process realization

3.3 Scenario 3: S-N curve

If the availability of the response spectra is extended by material parameters, the test time can be further op-
timized. The information required must be available in the form of S-N curves of the relevant cross-sections.
Consequently, the elevation can effectively be based on the related Miner exponent k. Further the strength
parameters (e.g. ultimate strength Rm) and the fatigue limit sD can contribute to the assessment, to which
the response spectra are compared to. This allows to scale all Gaussian stress states to the corresponding
characteristic strength values in order to achieve a maximum reduction of test times. Furthermore, the omis-
sion of load states which are below the fatigue limit sD can be done using a more sophisticated basis by
additional statistical measures such as the level-crossing rate ν+(sD) of the fatigue limit.

Elevation (single transfer function)

The elevation is now carried out using the expected peak value E[ymax] to compare it to the relevant strength
values. For various reasons one may define a reference value ytest ∼ Rm which relates to the strength value
Rm but may include e.g. a certain safety threshold. In this scenario the elevation operator is based on the
expected peak amplitude

Sr[ymax] =
ytest

yr,max
(20)

which incorporates the time-dependent peak factor η. Hereby one may define a confidence interval for the
expected peak value yr,max which can be based on a chosen multiplicand c for the standard deviation of the
peak factor ση. The expected peak stress is then calculated by yr,max,c = (η + c ση)σyr .

Omission (single transfer function)

The statistical analysis can be further extended to give more meaning to the decision limit for the omission.
Therefore the level-crossing rate of the fatigue limit ν+r (sD) is introduced. This indicates how many stress
cycles higher than the fatigue limit can be expected per unit of time [1/T]. This allows to replace the prior
used binary boundary by a measure which is more meaningful for the expected fatigue damage (comp. Tab. 1)
and which can be compared to a defined reference value ε.

Br[ν
+(sD)] =

{
1 ν+r (sD) ≥ ε

0 ν+r (sD) < ε
(21)
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Figure 8: Visualization of load assumptions for third scenario, additionally incorporating the S-N curve, for
a) standard deviations and b) expected peak stress amplitudes including the standard deviation of peak factor

Elevation (multiple transfer functions)

Analogously this scenario is considered for the evaluation of multiple transfer functions. The definition is
akin to the prior scenario pursuing a conservative approach by defining the lowest result Sr[yn,ref] for N
evaluated transfer functions.

Sr[ymax] = Min
[
Sr[yn,max]

]
= Min

[
Sr[y1,max], ..., Sr[yN,max]

]
(22)

Omission (multiple transfer functions)

The concept of the level-crossing rate is extended to multiple transfer functions. Hereby this criterion might
alternatively be defined as the mean of all N transfer functions ν+r (sD).

Br[ν
+(sD)] =

{
1 ∃n ν+r,n(sD) ≥ ε

0 ∀n ν+r,n(sD) < ε
(23)

Summary of third scenario

In this scenario, response states Gyy(f) are compared to strength values, which are characterized by an upper
(e.g. Rm) and lower (sD) limit value. These define a reference for elevating resp. omitting load states. This
scenario uses the peak factor η to transform the statistical values, namely the response standard deviation
σy, to the actual expected peak response amplitudes E[ymax]. To account for the many different influencing
effects one may define a value ytest (here ytest = 220 MPa) to be reproduced in the test including a safety
threshold (Fig. 1). Figure 4 shows in green the PSDs derived for this scenario when applied for the exemplary
load. Once again, the carried out manipulations are depicted in Fig. 8 in more detail. Hereby the expected
peak amplitudes are scaled to the same level, based on an exemplary reference time of Tenv = 10h (Fig. 8b)
and Tenv = 1000h (Tab. 1). The peak factor (Fig. 8a) includes the statistical uncertainty of the expected peak
amplitude and therefore contributes to the statistical evaluation. A compelling criterion to assess the question
of omitting load states is based on the level-crossing rate ν+, which gives a statistical evaluation of if and
how many damaging events occur. Consequently, using the extensive information available to be processed,
this scenario allows the most reliable and effective reduction of test times.
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Table 2: Summary of the techniques defined for ALT of varying random vibration loading
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4 Conclusion

This paper covers a multi-scenario approach to accelerated life testing (ALT) of random vibration loading
covering different settings of a priori knowledge of the device under test (summary in Table 2). For each
setting the risk of altering damage mechanisms are discussed. Depending on the information available for
loading and specifically for the device under test, each scenario presents an approach to best confront these
risks. Hereby in a first stage the real operational loads, which specifically are assumed to consist of multiple
load states, are specified by a description of a set of stationary Gaussian load states. This description is
used to define reference values which are applied to elevate the loads on a more reliable basis. Further
the presented approach stresses the influence of the actual device under test via its structural transmission
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Figure 9: Results of all scenarios visualized by the load spectra evaluated for depicted transfer function H(f)
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behavior on the fatigue damage evaluation. Finally the last scenario addresses the circumstance where further
the S-N curves of the critical cross sections are available. In this paper an exemplary load is used to feature
the different scenarios and manipulation procedures in order to reduce test times on a reliable basis. Hereby
in each scenario the reliability resp. effectiveness can be improved. To roundup the examplary data and to
relate to the introductory section, Fig. 9 shows the resulting load spectra (estimated via Dirlik estimator (DK)
[7]) evaluated for the transfer function exemplary derived from a finite-element model.

All techniques proposed have the valuable characteristic that the applied measures are based on a purely
statistical description. This allows to define robust techniques but also to assess statistical reliability. Hereby
the procedures clearly differentiate from a sampling-based time-domain approach. Also, being available
as stationary Gaussian stress states the load description is fully defined by the PSD of the load states and
therefore allow to be easily implemented for common test rigs.
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Abstract 
Measuring structural vibrations with a large sensor network results in lots of data, especially in monitoring 

applications. Storing only a few selected Bayesian virtual sensors it is possible to decrease the amount of 

data and reconstruct the discarded sensor data even with higher accuracy than the original measurements. 

The proposed method is based on response measurements only. A numerical experiment was performed 

with a structure having a large number of sensors. Only a small percentage of the virtual sensor data was 

stored, and the signals of all the reconstructed sensors were still more accurate than the actual 

measurements. The optimal virtual sensor placement showed a different sensor distribution from that 

when using the actual measurements. For the same accuracy, a larger number of physical sensors had to be 

selected compared to virtual sensors. The method was also compared to the widely used dimensionality 

reduction technique, principal component analysis (PCA). 

1 Introduction 

Structural health monitoring (SHM) produces lots of data. Vibrations of the structure are measured 

frequently using a sensor network with tens or hundreds of sensors. There is an increasing interest to 

develop dense sensor networks for SHM applications, for example sensing skins [1]. With an increasing 

number of sensors, damage detection and localization are more reliable, but at the expense of higher data 

management costs. Historical data must be stored for unsupervised learning to train the model of the 

undamaged structure under different environmental or operational conditions. Storing such a large amount 

of data during years of monitoring may be difficult and costly. Therefore, data reduction would be 

necessary. Data can be reduced using multivariate statistical techniques for dimensionality reduction. The 

most common dimensionality reduction method is principal component analysis (PCA) [2], which is a 

linear method that maximizes the variance in the data by projecting the data onto directions, principal 

components (PC) that account for the largest variability. If only a few PCs are retained, some loss of data 

results. PCA has been applied e.g. to image compression [3]. 

Another method for data reduction is to extract selected features from the time records and store these 

features only. Features are dynamic characteristics of the structure, which are expected to be sensitive to 

damage. Such features are for example natural frequencies and mode shapes, which are extracted using 

system identification techniques. Significant data compression occurs, because a single feature vector is 

only extracted from each measurement. The dimensionality of the feature vector is, however, often higher 

than the number of sensors. This may result in the curse of dimensionality in a statistical data analysis. 

Also the time histories are lost and cannot be recovered in case other features are desired. Therefore, it 

may be necessary to save everything resulting in terabytes of data every day [4]. 

If only a limited number of sensor signals are permanently stored, the sensors must be selected according 

to some criterion. Some review papers and comparisons of different optimal sensor placement (OSP) 

algorithms exist [5–8]. They present the most commonly applied algorithms and criteria. The sensor 

placement is a discrete optimization problem, for which genetic algorithms have been proposed [9–11]. 

Alternatively, a computationally efficient and widely used algorithm is to start with a large set of 
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candidate sensor locations and remove one sensor in each round based on the selected cost function until 

the required criterion is violated. This backward sequential sensor placement (BSSP) algorithm has been 

used in many studies [12–14]. Another iterative method is to add one sensor in turn to the sensor network 

until the stopping criterion is met. The algorithm is called forward sequential sensor placement (FSSP) 

algorithm [9, 14].  

If the number of sensors in the network is larger than the number of active modes, the sensor network is 

redundant. The redundancy can be utilized to estimate the quantity of interest using virtual sensing 

techniques. Virtual sensing (VS) can be either model-based (analytical) or data-driven (empirical) [15]. In 

analytical virtual sensing, in addition to measurement data, a numerical model of the structure is needed, 

for example a finite element model. Empirical virtual sensing is based on training data from a redundant 

sensor network. It can be used, for example, to replace a temporarily installed or failed sensor [16]. 

Empirical virtual sensing has also been used in structural dynamics for damage detection [17] or sensor 

fault detection [18].  

The objective in this paper is to develop virtual sensors for data compression and accurate reconstruction 

of the whole sensor network. With empirical Bayesian virtual sensing, the resulted accuracy of the virtual 

sensors is higher than that of the physical hardware. Then, a limited number of virtual sensors are stored, 

from which the discarded signals can be estimated. Optimal sensor placement is studied for the most 

accurate reconstruction of the excluded signals. The cost function in the sensor placement optimization is 

related to the reconstruction error, which must be minimized under constraints such as the number, type, 

or possible locations of the sensors. 

The following assumptions are made: (1) Response measurements are available from the whole sensor 

network, and (2) the measurement errors are independent. The required input parameters are (1) the 

criterion (cost function) for the OSP algorithm and (2) the stopping criterion, for example the desired 

accuracy or the number of sensors.  

The paper is organized as follows. Virtual sensing using Bayesian estimation is outlined in Section 2. 

Optimal sensor placement for virtual sensing is also discussed. The BSSP strategy is used in this study. In 

Section 3, the proposed method is validated by numerical simulations of ambient vibration measurements. 

Concluding remarks are given in Section 4. 

2 Virtual sensing and optimal sensor placement 

The objective is to store only a small percentage of the dense sensor network data so that the full data can 

be accurately reconstructed. Three possible data compression techniques are studied: (1) A selected set of 

physical sensors are stored and the whole sensor network is estimated using the stored data. (2) Bayesian 

virtual sensing is applied to the whole sensor network and a selected set of the resulting virtual sensors are 

stored. Then the discarded sensors are only reconstructed. (3) Principal component analysis (PCA) is 

applied to the physical or virtual sensor data and a selected number of principal component scores are 

stored and used for the reconstruction of the whole sensor network. 

2.1 Empirical Bayesian virtual sensing  

Empirical virtual sensing is based on available current or historical measurements. Consider a sensor 

network measuring p simultaneously sampled response variables y = y(t) at time t. Each measurement y 

includes measurement error w = w(t): 

 wxy   (1) 

where x = x(t) are the exact values of the measured degrees of freedom. Equation 1 can be written in the 

following form at time t [19]. 
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where E() denotes the expectation operator and the measurement error w is assumed to be zero mean 

Gaussian, independent of x, with a covariance matrix ww. 

A linear minimum mean square error (MMSE) estimate for x | y (x given y) is obtained by minimizing the 

mean-square error (MSE) [18, 19]. The expected value, or the conditional mean, of the predicted variable 

is: 

 yΣΣyΣΣΣyxx
11)()|(Eˆ  

yyxxwwxxxx
 (4) 

and the estimation error is  

 
xxyyxxxxxxwwxxxxxx
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11

post
)()|cov(    (5) 

The covariance matrix xx is not known, but yy can be estimated from the measurement data. If the noise 

covariance matrix can be approximated, then an estimate for xx = yy – ww can be computed. In this 

study, measurement errors are assumed uncorrelated between sensors resulting in a diagonal noise 

covariance matrix. In addition, because xx must be positive definite, an upper bound of the noise level in 

each sensor can be obtained [20]. 

2.2 Data compression 

After the measurement, all measured channels are available. If only a subset of them is stored, a lot of disc 

storage space can be saved. Let us assume that channels v are stored. If they correspond to physical 

measurements, all sensors are estimated. On the other hand, if the v sensors correspond to the virtual 

sensors, only the remaining channels u must be reconstructed. This is because noise has already been 

reduced from the stored v virtual sensors. 

The stored signals are either the actual measurements yv or virtual sensors 
v

x̂ . A comparison of the 

accuracies of the two reconstruction strategies is performed in Section 2.2.3. 

2.2.1 Storing physical measurements 

Let us assume that channels v of the physical measurement are stored. The objective is to reconstruct the 

whole sensor network. For simplicity but without loss of generality, assume zero-mean variables. The 

stored signals are the actual measurements yv. Then, )|(E
v

yx  and )|cov(
v

yx  are estimated using the 

partitioned mixed data covariance matrix 
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because )(E)(E T

v

T

v xxxy  . The symbol   denotes the whole row or column of the matrix. The conditional 

mean and error covariance are obtained using MMSE: 
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ΣΣA  is the coefficient matrix that has to be stored together with the stored signals yv. 

2.2.2 Storing virtual sensors 

Let us assume that channels v of the virtual sensors are stored, while the remaining channels u must be 

reconstructed. Notice that the accuracy of the stored virtual sensors cannot be increased any more and 

should not be decreased by re-estimation. Storing the virtual sensors 
v

x̂ , the conditional mean )ˆ|(E
vu

xx  

and covariance matrix )ˆ|cov(
vu

xx  must be derived. The Bayesian virtual sensors are not exact, but 

follows the error model  

 exx  ˆ  (9) 

where e is the posterior error having a zero mean. Thus,  

 vvvvxuvxvuvu
xBxΣΣxxxx ˆˆ)ˆ|ˆ(E)ˆ|(E 1
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 (10) 

where 
1

,ˆ,ˆ


vvxuvx

ΣΣB  is the coefficient matrix that has to be stored together with the stored signals 
v

x̂ . 

According to MMSE, the two terms in the right hand side of (9) are orthogonal [21]. Therefore, the 

covariances are related as 
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2.2.3 Comparison of the accuracies of the reconstructions 

The question may arise, if the actual measurements yv or the Bayesian estimates 
v

x̂  (4) of the selected 

channels v should be stored for the reconstruction of sensors u. It depends on the accuracy of the 

reconstruction. Intuitively, more accurate signals should be used in the reconstruction of signals u. It is 

now proved that using v
x̂  instead of yv results in a smaller reconstruction error. The reconstructed signals 

are then either )|(E
vu

yx  or )ˆ|(E
vu

xx  in Equations (7) and (10), respectively. The corresponding 

estimation error covariances are given in (8) and (11), respectively. In order to compare the error 

variances, some manipulation of Equation (11) is needed. Using (4),  
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where the symbol   denotes the whole row or column of the matrix. Substituting Equations (5) and (13) 
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This is compared with the error covariance )|cov(
vu

yx :  
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where the inequality refers to the diagonal terms, or variances. The following facts were used in the 

derivation: (1) the Bayesian virtual sensors are more accurate than the physical sensors; (2) all the 

covariance matrices are positive definite, and (3) the cross-correlations are equal:  

 uvxuvx ,ˆ,
ΣΣ   (16) 

From Equation (15), it can be concluded that the stored Bayesian virtual sensors 
v

x̂  instead of the 

corresponding raw measurements yv result in a smaller reconstruction error and should be preferred. This 

will also be shown in the numerical experiments.  

2.3 Principal component analysis (PCA) 

Probably the most common dimensionality reduction technique is principal component analysis (PCA). A 

linear combination of the sensor signals is computed so that the first component accounts for the most 

variability in the data, the second component accounts for the next largest variability, and so on. 

Dimensionality is reduced by selecting a limited number of principal components, resulting in loss of data. 

PCA can be performed for example by spectral decomposition of the data covariance matrix [2].  

The data covariance matrix y is symmetric and can be decomposed as follows. 

 T

y
PPΛΣ   (17) 

where P is an orthogonal matrix containing the eigenvectors of matrix y, and  is a diagonal matrix 

containing the eigenvalues of y in a decreasing order. If the data y are projected according to 

 yPξ
T  (18) 

it can be shown that the new variables are uncorrelated: 
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because the matrix  is diagonal. The dimensionality of the data can be reduced by projecting the data 

onto the eigenvectors corresponding to the highest eigenvalues only and discarding the remaining ones. 

The retained eigenvectors are the principal components (PC). The selection is optimal in the sense that 

once the number of principal components is fixed, the loss of information is minimized. Let us partition 

the eigenvectors P into P1 and P2 corresponding to the largest and lowest eigenvalues, respectively. The 

projection then becomes 

 y
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Solving for y from (18) and using (20) results in 
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where 
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are the retained data and  is the lost information:  

  yPPIyyε
T

11
ˆ   (23) 

where I is the unity matrix of proper dimensions.  

Dimensionality reduction takes place, if the principal component scores yPξ
T

1
ˆ   and the PCs P1 are only 

stored. Then, the reconstruction becomes ξPy ˆˆ
1

 . 

2.4 Optimal sensor placement 

The proposed optimal sensor placement algorithm is an iterative procedure starting with an initial large 

sensor network including all candidate degrees-of-freedom (DOF). Each sensor in turn is removed with 

replacement, and the error variances of all reconstructed signals are computed. The cost functions for 

these reduced sensor networks are evaluated. Finally, the minimum cost is found and the reduced sensor 

network corresponding to this minimum becomes the new candidate set for the next round. In other words, 

the removed sensor corresponding to this minimum cost is permanently discarded. The process is repeated 

until the desired number of sensors or the required error limit is reached. 

The reconstruction errors are the diagonal terms of the error covariance matrix (variances). Notice that the 

error covariance matrices are different if using the actual measurements (Equation 8) or the Bayesian 

virtual sensors (Equation 11). 

3 Numerical experiment 

A numerical experiment was performed with a finite element (FE) model of a steel frame having a height 

of 4.0 m and a width of 3.0 m (Figure 1). The columns were fixed at the bottom. The frame was also 

supported with a horizontal spring at the elevation of 2.75 m with a spring constant of k = 2.0 MN/m. The 

frame was modelled with simple beam elements with hollow square cross section of 100 mm  100 mm  

5 mm. The FE model consisted of 176 beam elements 62.5 mm in length and a single spring element.  

Horizontal random loading was applied to the right column at elevations of 4 m, 3 m, and 2 m, 

respectively (Figure 1). The loads were mutually independent having standard deviations of 90 N, 70 N, 

and 50 N, respectively. All load signals were low-pass filtered below 93 Hz.  

Ten first modes were used in the simulation. Modal damping was assumed with a damping ratio of 0.01 

for modes 1–2, 0.015 for mode 3, and 0.02 for modes 4–10. 

Transient analysis was performed using modal superposition and zero initial conditions. Lateral 

accelerations at all nodes and longitudinal strains at the surface of each element’s midpoint were recorded. 

The sampling frequency was 4000 Hz and the measurement period was 30 s. Each sensor thus produced 

120,001 samples. One set of data was generated for accelerations and another for strains. Mutually 

independent Gaussian random noise was added to each sensor. The standard deviation of the noise was 

assumed to be known. 
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Figure 1:  Frame structure. 

3.1 Accelerometer network 

Lateral accelerations were measured at 175 points (all free nodes in the model). The noise level was equal 

in all sensors so that the average signal-to-noise ratio (SNR) was 10 dB. In the optimal sensor placement 

algorithm, the requirement was that the standard deviation of the error in each virtual sensor had to be less 

or equal to half of that of the corresponding measurement error. In other words, the noise had to be 

decreased at least 50% in all sensors. 

First, all sensor signals were used to estimate the corresponding Bayesian virtual sensors. A detail of the 

response of accelerometer 88 is shown in Figure 2. It can be seen that the noise was considerably 

decreased. Figure 3 shows the standard deviation of the error in each physical and virtual sensor. It can be 

seen that the accuracy requirement was fulfilled. Otherwise, there would have been no sense to continue, 

because the accuracy did not increase in the subsequent steps. 

Next, a smaller set of physical or virtual sensors was selected applying the backward sequential sensor 

placement (BSSP) algorithm. The cost function was the maximum difference between the current and 

allowed reconstruction errors in any sensor in the network. The reduced network having the minimum cost 

was selected for the next round. In other words, the aim was to maximize the minimum distance from the 

error limit. Sensor removal continued until the accuracy requirement was violated. The required number of 

physical sensors was 25, whereas only six virtual sensors had to be stored.  

Once a single sensor was permanently removed, the mean error of the whole sensor network was 

evaluated. The mean error as a function of the number of stored sensors or PC scores is plotted in Figure 

4. It can be seen that storing physical sensors instead of the same number of virtual sensors resulted in a 

higher reconstruction error. This was also proved in Section 2.2.3. 

The placement of the stored sensors are plotted in Figure 5 and the resulting errors of each reconstructed 

sensor is shown in Figure 6. Both approaches satisfied the accuracy requirement, but storing the Bayesian 

virtual sensors instead of physical sensors required much less storage capacity, and resulted also a smaller 

noise level.  

If PC scores of the first six PCs were stored instead of individual sensors, the resulting accuracy was the 

same as when storing the optimal six virtual sensors. The optimal number of retained PCs is usually not 

known, because the reconstruction error is unknown. If the number of PCs was increased beyond 

optimum, the reconstruction error increased, because the PCs started to model the noise (Figure 4). A 

possible solution was to apply PCA to Bayesian virtual sensors (green crosses in Figure 4). Then the error 
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remained at a low level even if more PCs were included. Another possibility could be to run first the OSP 

algorithm for the Bayesian virtual sensors to determine the optimal number of PCs and apply PCA only 

after that.  

The data compression ratio was computed as follows. If all data were stored, the number of floating point 

numbers was 175120,001 = 21,000,175 samples. Storing 25 physical sensor signals and the coefficient 

matrix A (7) of size 17525 resulted in 3,004,400 numbers. Then, 14.3% of the total data had to be stored. 

On the other hand, storing six virtual sensor signals and the coefficient matrix B (10) of size 1696 

resulted in 721,020 numbers. Then, only 3.43% of the total data had to be stored. Storing six PCs P1 and 

six score vectors resulted in 1756 + 6120,001 = 721,056 numbers, resulting in almost the same 

compression ratio (3.43%) as storing six virtual sensors and the matrix B. The very slight difference 

became from the dimension difference between P1 and B, which is because using PCs, all sensors had to 

be reconstructed, but using virtual sensors, only the discarded sensors had to be reconstructed. In practice, 

the difference in the storage need would be insignificant. 

 

Figure 2: Detail of time history of accelerometer 88. 

 

Figure 3: Measurement error and the posterior error in each sensor. 
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Figure 4: Mean reconstruction error as a function of the number of stored signals. 

  

Figure 5: Optimal sensor placement of (a) physical and (b) virtual accelerometers. 

 

Figure 6: Reconstruction error of each sensor. (a) Stored physical sensors, and (b) stored virtual sensors. 
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3.2 Strain sensor network 

Another experiment was performed using 176 strain sensors measuring longitudinal strain at the outer 

surface of each element’s midpoint. The average SNR was 10 dB in most sensors, but 61 sensors (58–118) 

had four times as large an error standard deviation as the remaining sensors. Those sensors were located at 

the top of the structure as indicated in Figure 7. The accuracy requirement was the same as before: the 

noise of each sensor had to decrease at least 50%. The same cost function as in Section 3.1 was applied. 

The optimal sensor placement algorithm applied to the physical or virtual sensors resulted in the stored 

sensors shown in Figure 7. The required number of stored physical strain sensors was 28, while only five 

virtual sensors had to be stored. This can be explained by Figure 8, in which the mean error as a function 

of the number of stored sensors or PC scores is plotted.  

The resulting error of each reconstructed sensor is shown in Figure 9. The same conclusion can be made 

as before, namely, that the accuracy requirement could be fulfilled using either approach, but storing the 

Bayesian virtual sensors instead of physical sensors resulted in much less storage need and also in a 

smaller noise level.  

PCA, applied to the physical measurements, resulted in a less accurate reconstruction, as can be observed 

in Figure 9c. Figure 8 shows that even selecting the optimal number of PCs, the mean accuracy was lower 

than that when storing six virtual sensors. Because the noise levels were different, the PCs started to 

model noise already in the first six PCs. When applying PCA to Bayesian virtual sensors (green crosses in 

Figure 8), the high accuracy could be achieved and preserved at a low level even if more PCs were 

included.  

The data compression ratios were as follows. If all data were stored, the number of floating point numbers 

was 176120,001 = 21,120,176 samples. Storing 28 physical sensor signals and the coefficient matrix A 

(7) of size 17628 resulted in 3,364,956 numbers. Then, 15.9% of the total data had to be stored. On the 

other hand, storing five virtual sensor signals and the coefficient matrix B (10) of size 1715 resulted in 

600,860 numbers. Then, only 2.84% of the total data had to be stored. Storing the first five PCs and the 

corresponding PC scores yielded practically the same compression ratio of 2.85%. 

  

Figure 7: Optimal sensor placement of (a) physical and (b) virtual strain sensors. The physical sensors 

having a larger measurement error are indicated at the top of the structure. 
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Figure 8: Mean error as a function of the number of stored signals.  

 

Figure 9:  Reconstruction error of each sensor. (a) Stored physical sensors, (b) stored virtual sensors, (c) 

stored PCs of physical sensors, and (d) stored PCs of virtual sensors. 

4 Conclusion 

A data compression technique for storing simultaneously measured vibration signals in a dense sensor 

network is proposed. The main results are: (1) it is more effective to store virtual sensors than physical 
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sensors; (2) Only around 3–4% of the total amount of data had to be stored in the studied example; (3) 

PCA is also a powerful method, especially if the noise levels in all sensors are equal; (4) PCA should be 

used for virtual sensors instead of actual measurements, because (a) the accuracy is not sensitive to the 

number of PCs, and (b) estimating virtual sensors it is possible to find the optimal number of PCs; (5) The 

reconstruction error can be estimated; (6) The reconstruction errors are not the same even if the 

measurement errors are equal. 

In this study, the noise level of each sensor was assumed to be known. This is usually not the case in 

practice, but the noise level must be estimated. In a dense sensor network, the noise estimation should be 

relatively easy by choosing noise levels that are close to the upper bounds in all sensors [20]. The noise 

estimates are nevertheless only approximate resulting in some inaccuracies in the estimation of the 

reconstruction errors. Fortunately, this inaccuracy does not prevent applying the proposed data 

compression and reconstruction technique. The reconstructed signals are nevertheless expected to be more 

accurate than the actual signals. This topic is left for further studies. 

Noise was assumed Gaussian and mutually independent between sensors. If noise is not Gaussian, the 

proposed method is still valid if a linear model is applied to virtual sensing. If noise is correlated between 

sensors, a full noise covariance matrix should be used. Otherwise the correlated noise will remain in the 

virtual sensors. Experimental results are also needed to validate the proposed technique. 
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Abstract 
The safety and the stability of underground mine openings and sidewalls/pillars are closely related to blast-

induced vibrations. A tri-axial transducer can be used to monitor vibration in the transversal, vertical, and 

longitudinal direction. In this paper, a predictive approach is proposed to estimate the magnitude of 

vibration. A set of 54 blast vibration recorded from an existing open-pit lignite mine has been considered. 

The frequency of the vibration, the amount of explosives per delay, the distance between shot points and 

monitor stations, and the scaled distance are the input parameters considered in this study.  The output 

parameters are made of the particle velocities namely transverse peak, vertical peak, and longitudinal peak. 

Artificial Neural Network (ANN) and Adaptive Network-based Fuzzy Inference System have been used to 

predict the blast vibration in Open-pit Lignite Mine. The performance of the proposed approaches has been 

analysed to measure the prediction accuracy of vibration. The results show that the ANFIS model has a 

relatively higher level of accuracy as compared to ANN-PSO.   

1 Introduction 

The amount of mineral produced is generally proportional to the amount of explosives necessary for a blast. 

Improving the fragmentation of rock could result in a price drop of loading, conveying and crushing of 

minerals. The seismic disturbances generated by blasts affect the stability of roof sidewalls/pillars of 

galleries in underground mines [1]. These disturbances depend on the amount of energy released by 

explosives during the blasting and the proximity between the underground workings and the operating open-

pit mine. Hence, there is a clear relationship between the blast-induced ground vibrations and the instability 

of adjoining underground mine workings. One metric that is generally adopted to measure the magnitude of 

the damage resulting from the degree of blast is the Peak Particle Velocity (PPV). It is a good indicator 

when it comes to the damage in underground excavations. Many existing studies have proposed several 

empirical relationships to predict the ground vibration [2]. These relationships incorporate the scaled 

distance and the particle velocity as parameters. In practice, the monitoring and the recording of vibration 

(seismic and sound signals produced from blasting) in selected areas of underground opening are performed 

by transducers mounted on seismographs. 
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Ground vibration is defined as a wave motion which spread from the blast to nearby regions [3]. Massive 

energy is generated as a result of blasting during rock fracturing. The detonation of explosives within the 

blast hole releases gas under high pressure. Strain waves induce wave motion to the surrounding rocks 

referred to as ground vibration. Some parameters affect ground vibration namely mechanical properties of 

the rock mass, blast design, and geological conditions. Peak Particle Velocity (PPV) and frequency are the 

indicators used to measure the magnitude of ground vibration. PPV is considered as the most significant 

factor which depends on the distance between the blast point and the monitoring location, and the maximum 

charge per delay [4]. 

Various empirical predictors have been proposed to predict PPV magnitude induced by blasting. In general, 

these predictive approaches rely on several effective parameters that are mostly controllable [2]. However, 

it should be noted that there are some uncontrollable parameters such as blast geological and geometrical 

conditions. Hence, the ability of the PPV prediction to estimate the blasting safety area could be unreliable 

with some empirical methods [5]. Apart from empirical methods, statistical methods such as simple and 

multiple regression techniques have drawn researchers’ attention for the prediction of PPV magnitude [6]. 

However, Hajihassani et al. pointed out the challenges associated with the implementation of statistical 

prediction methods due to the unreliability of data [7]. 

To predict ground vibration, Singh and Singh have used Artificial Neural Network (ANN) that incorporates 

a large number of parameters [4]. This study compared results obtained from the regression analysis and 

recorded field data sets. The neural network approach was found to be more accurate. The prediction of 

blast-induced ground vibrations was done by Khandelwal and Singh using the ANN approach [8]. The 

rock mass, the explosive characteristics, and the blast design were considered for the prediction of the 

ground vibration and frequency. Iphar et al. proposed the use of the Adaptive Neuro-Fuzzy Inference System 

(ANFIS) for the prediction of ground vibration in an open-pit mine [9]. This study indicated that the ANFIS-

based model exhibits a relatively better prediction performance as compared to the classical regression-

based model. The blast vibration in an Open-pit Lignite Mine was analyzed by Mulaba and Tartibu [10]. A 

Particle Swarm Optimization (PSO) was used to train the neural network. This study demonstrated the 

potential of ANN-PSO to predict particle velocities (PPV) in a transverse, vertical, and longitudinal 

direction. 

Though there are various PPV predictors, Duvall, and Fogelson prediction method is extensively used [11]. 

This method allows for the prediction of PPV using the scaled distance factor (SD). This factor depends on 

the maximum charge per delay (Wd) and the distance to the blasting-face (R). The scaled distance can be 

obtained as follows: 

 
0.5SD R / Wd  (1) 

Subsequently, the PPV can be calculated using the following empirical equation as suggested by the United 

States Bureau of Mines (USBM) safe vibration criteria: 

 
 

mm
PPV K SD

s

 
  

   (2) 

Where   and K are the specific geological constant and the ground transmission coefficient respectively.  

This paper illustrates the use of ANFIS and ANN-PSO approaches for the prediction of the blast vibration 

Open-pit Lignite Mine. Validation of the predicted data was done using blast vibration data recorded from 

an existing Lignite Mine. Though the applicability of these two approaches was demonstrated by previous 

studies, this paper analysed their prediction performance. 
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2 Model development for PPV prediction 

2.1 Artificial Neural Network 

ANN is an information processing system made of multiple interconnected elements named neurons. ANNs 

are generally organized into three different layers identified as inputs layers, hidden layers, and outputs 

layers as shown in Figure 1. The performance of ANN models is closely related to the architecture of these 

layers and the number of neurons [12]. To train the ANN model, a set of data made of inputs and targeted 

output is necessary. The following summarised the training steps adopted in the ANN approach [13]: 

a. Reading of the inputs data and targeted outputs;  

b. Results computation (using weighted sum of inputs) and processing (via the transfer functions);  

c. Results comparison based on targeted values; 

d. Fitness value computation and updating based on results comparison; 

e. Repetition of the second and third step until all training points are read; 

f. Weight adjustment for fitness optimization;  

g. Repetition of all six steps until acceptable fitness value is reached. 

 

Figure 1. Typical ANN layout  

2.2 Particle Swarm Optimization   

PSO is described as a population-based search algorithm that finds inspiration from the natural habits of 

bird flocking and fish schooling. In the context of this paper, PSO was used to train ANN. PSO makes use 

of the existing cooperation between a population of individuals and applies it to engineering problems. The 

particles are subjected to a predetermined set of rules. The PSO computation is assessed with a fitness 

function to determine the particle with a good solution. The particle that exhibits the best fitness is selected 

as the teacher. Thereafter, the other particles learn from this teacher to improve their fitness. The training of 

swarm of neural networks can be summarized as follows [13]: 

a. Analysis of training data and computation/recording of the network errors, for each network 

individually; 
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b. Identification of the best network in the problem space based on errors comparison; 

c. Identification of the network with minimum error and recording of its weights while exiting the 

program; 

d. Else, updating the position and velocity of each vector of each network by running PSO; 

e. Repetition from the first step. 

To assess the suitability of a network, a statistical calculation is generally performed to determine the 

multiple correlation coefficient as follows [13]: 

 
 

2 Fitness
R 1

Recorded value Mean recorded value
 

  (3) 

Where fitness is obtained as follows: 

 
 Fitness Recorded value network predicted value   (4) 

The network accuracy is linked to the multiple correlation value which must preferably be closer to one. 

The details of the MATLAB codes adopted to train the ANN using PSO is available in Ref. [14]. 

2.3 ANFIS method 

The Adaptive Neuro-Fuzzy Inference System (ANFIS) was developed by Jang [15]. ANFIS is a computing 

technique that incorporates fuzzy logic into the neural networks. Simulation and analysis of the relationship 

between the input and output data are performed using a hybrid learning to determine the membership 

function optimal distribution. This technique is based on the fuzzy “if-then” rules (derived from the model 

shown in Figure 2) that generally involve two parts namely the premise part and a consequent part. The 

architecture of ANFIS is made of five layers which comprises several nodes described by the node function 

as shown in Figure 3. Details of the ANFIS model implementation are described in Ref. [9]. 

 

Figure 2: Fuzzy model parts 
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Figure 3: Typical ANFIS layout 

3 Peak particle velocity blast-induced vibration data 

In this paper, ANN-PSO and ANFIS based models were built to predict peak particle velocity (PPV). Four 

input variables namely the frequency, the charge per delay, the distance, and the scaled distance were used 

to construct the model. The output parameters were made of the transverse peak, the vertical peak, and the 

longitudinal peak. A set of 54 blast vibration recorded in an existing open-pit lignite mine available in Ref. 

[2]. The input and output parameters used are given in Table 1. In the present study, the available dataset 

was subdivided as follows: Training set (38 records), validation (8 records), and testing (8 records) for the 

construction of the ANFIS models. The training set was used during the learning part of the procedure while 

the validation was done with the testing dataset. The ANN-PSO and ANFIS approaches were implemented 

in the MATLAB environment.   

Table 1: Input and outputs recorder data [2] 

Input parameters Outputs parameters 

Frequency 

(Hz) 

Charge per 

delay (kg) 

Distance 

(m) 

Scaled 

distance 

(m/kg0.5) 

Transverse 

peak 

Vertical 

peak 

Longitudinal 

peak 

4.3 101 166 16.5 10.2 15.9 20.4 

16 120 99 9.03 6.35 7.87 14.1 

9 61 121 15.4 3.81 7.49 9.4 

6.5 100 243 24.3 2.16 3.05 5.33 

32 50 100 14.1 14.6 21.5 18.3 

3.1 300 75 4.3 14.1 19.8 25 

4.7 100 120 12 4.19 3.81 5.46 

26 126 640 57 0.88 3.3 1.4 

17 126 640 57 0.76 2.41 1.14 

17 125 160 14.3 4.95 7.24 6.1 

11 125 125 11.1 13 10.5 12.4 

5 90 149 15.7 3.94 5.21 5.97 

8 125 800 71.5 1.14 1.27 1.65 

3 90 780 82.2 1.14 3.05 1.52 

6.6 60 230 29.6 3.43 5.48 6.1 

13 60 210 27.1 4.57 6.86 4.7 

9.3 115 200 18.6 5.97 12.7 14.7 
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16 190 120 8.7 12.8 33 24.5 

11 110 110 10.4 7.11 12.6 8.25 

10 110 115 9.5 9.27 12.1 17 

6.1 60 245 31.6 4.06 7.62 7.62 

11.1 50 200 28.2 4.57 7.11 4.57 

8.3 115 180 16.7 7.62 13.2 16.2 

30.1 190 125 9.07 19.3 32.5 30.48 

8.3 110 150 14.3 4.57 5.08 7.62 

13.4 150 85 6.9 20.32 17.78 27.43 

11 170 100 7.07 28.2 29.3 31.5 

3.5 154 150 12.08 1.78 1.9 3.3 

3.4 150 155 12.06 3.55 5.58 6.9 

6 70 130 15.53 1.27 1.02 3.43 

56.8 70 55 6.57 23.87 24.8 69 

9.5 130 110 9.64 9.02 9.02 22.7 

22 90 150 15.8 2.29 4.19 3.94 

30 100 85 8.5 10.7 17.4 9.52 

5.6 300 350 20.2 2.67 4.06 4.44 

6.1 56 150 19.3 3.94 3.17 2.79 

5.5 80 110 12.2 5.5 7.11 6.09 

5.6 80 130 14.5 4.32 3.3 4.57 

7 80 135 15.09 5.08 4.57 5.08 

39.3 80 45 5.03 11.17 12.19 23.3 

43 100 50 5 12.6 28.3 25.1 

10 90 60 6.3 10.5 26.4 27.6 

34 90 40 4.2 22.4 36.3 23.5 

15 80 100 11.1 8.64 15.9 10.3 

5 75 500 57.7 1.4 0.36 1.6 

4.9 75 500 57.7 0.88 1.02 1.02 

2.4 200 500 35.3 2.29 1.65 3.17 

7 200 350 24.7 4.51 3.05 2.05 

4.5 200 350 24.7 5.84 2.54 7.37 

5 150 350 28.5 2.83 1.76 1.37 

5 150 350 28.5 2.15 2.45 2.76 

4 200 500 35.3 1.64 1.9 2.73 

7 200 500 35.3 1.84 2.45 1.53 

8.2 150 350 40.8 0.88 1.14 1.14 

 

4 Results and discussions 

4.1 ANN-PSO  

To check the applicability and the accuracy of the ANN-PSO model, transverse, vertical, and longitudinal 

PPV values of the 54 datasets were predicted. The results obtained were compared with the recorded data. 

The performance of the model was satisfactory based on the values of the regression between the predicted 

and recorded blast vibration data shown in Figure 4. Correlation of determination (R2) values of 0.82936, 

0.83181, and 0.91583 corresponding to the transverse peak, vertical peak, and longitudinal peak reveal the 

acceptable level of accuracy of this approach. These correlations indicate that that 82.936%, 83.181%, and 

91.583% of the PPV variability can be approximated with a linear regression. The comparison between the 

ANN-PSO results and the recorded data was represented graphically in Figure 5, Figure 6, and Figure 7. 
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These results indicate similar trends of the values represented which suggest that the ANN-PSO model is 

potentially suitable for the prediction of PPV induced by blasting. The maximum elapsed time taken for 

data training was approximately 135 seconds. 

 

(a)      (b) 

 

(c) 

Figure 4: Regression plots corresponding to the (a) transverse, (b) vertical, (c) longitudinal peak 
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Figure 5: ANN-PSO prediction and recorded transverse peak 

 

Figure 6: ANN-PSO prediction and recorded vertical peak 
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Figure 7: ANN-PSO prediction and recorded transverse peak 

4.2 ANFIS 

Similar to the ANN-PSO approach described in the previous section, 54 PPV measurements divided 

randomly into three categories were used (Table 3). The training set (38 samples), the validation set (8 

samples), and the testing set (8 samples) were used to construct and identify the best validation ANFIS 

model. The ANFIS performance analysis is illustrated in Figure 8 showing the best validation of 7.6985 

corresponding to epoch 15. The ANFIS model has four inputs and three outputs. The Mean Square Errors 

(MSE) were 1.221651, 0.769849, and 1.944138 while the correlations between predicted and recorded PPV 

values (R2) were 0.940506, 0.935224 and 0.923101 corresponding to training, validation and testing 

respectively (Table 2 and Figure 9). These results suggest that the ANFIS model has a relatively higher level 

of accuracy as compared to ANN-PSO described in the previous section. ANFIS result trends were 

compared to recorded results as shown in Figure 10, Figure 11, and Figure 12. These trends demonstrate the 

suitability of ANFIS based model for the prediction of blast-induced vibration.  

 

Figure 8: Illustration of the ANFIS performance 
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Table 2: MSE and corresponding regression values 

 Samples MSE R 

Training 38 1.221651 0.940506 

Validation 8 0.769849 0.935224 

Testing 8 1.944138 0.923101 

 

 

Figure 9: Regression plots corresponding to training, testing and validation 
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Figure 10: ANFIS prediction and recorded transverse peak 

 

Figure 11: ANFIS prediction and recorded vertical peak 
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Figure 12: ANFIS prediction and recorded longitudinal peak 

5 Conclusion  

The predetermination of the level of vibration with a simple equation is extremely difficult because of the 

number of controllable and uncontrollable parameters involved. This paper analyses the prediction accuracy 

of ANN-PSO and ANFIS based model for PPV prediction of vibration. To measure the accuracy of the 

proposed approaches, a set of 54 blast vibration recorded in an existing open-pit lignite mine was used. Four 

input variables namely the frequency, the charge per delay, the distance, and the scaled distance were used 

to construct the model. The output parameters were made of the transverse peak, the vertical peak, and the 

longitudinal peak. The ANN-PSO and ANFIS approaches were implemented in the MATLAB environment. 

ANN-PSO correlation of determination (R2) values of 0.82936, 0.83181, and 0.91583 corresponding to the 

transverse peak, vertical peak, and longitudinal peak were obtained. The Mean Square Errors (MSE) were 

1.221651, 0.769849, and 1.944138 while the correlations between predicted and recorded PPV values (R2) 

were 0.940506, 0.935224 and 0.923101 corresponding to training, validation and testing respectively. These 

results suggest that the ANFIS model has a relatively higher level of accuracy as compared to ANN-PSO. 

This study shows the possibility to mitigate environmental effects resulting from blasting operations using 

PPV prediction. Further studies could incorporate the uncontrollable parameters of blasting to improve the 

reliability of the approaches presented in this paper. 
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Abstract
Multiple-Input Multiple-Output (MIMO) swept sine excitation is nowadays largely used in the environmental
and modal testing of aerospace structures. One of the advantages of swept sine excitation is the possibility
of effectively control to a (safe) reference level the response of critical sensors, relying on information from
a low level System Identification test executed prior to the test. System Identification errors during the
actual sine sweep runs require on-line MIMO feedback control. One of the main challenges of applying
MIMO feedback control algorithms to swept sine excitation is the need for accurate amplitude and phase
tracking techniques. This paper proposes two different solutions to this challenge: a DFT-based sweeping
Harmonic Estimator and a Digital Tracking Filter, with fixed and variable bandwidth. The analysis of the
two techniques is followed by the integration of the proposed tracking algorithms to an innovative frequency
domain feedback control technique for MIMO swept sine control testing.

1 Introduction

Multiple-Input Multiple-Output (MIMO) swept sine excitation is a popular excitation techniques for testing
(large) aerospace structures for Environmental and Modal testing. The success is related to the possibility of
characterizing the dynamic response of the unit under test frequency-to-frequency, reaching high excitation
levels, high signal to noise ratio and hence obtaining high quality Frequency Response Functions (FRFs)
[1–4].Other advantages of swept sine testing are related to the deterministic nature of the excitation signals
that guarantees high repeatability and the possibility of obtaining preliminar information about potential
non-linearities [1–4]. From this perspective, one of the most appealing feature of swept sine excitation is the
possibility of using state-of-the-art feedforward control techniques to define safe reference response levels for
specific control channels, e.g. force transducers or accelerometers. This is possible pre-shaping the voltages
driving the exciters, with information on the dynamic behaviour of the system under test. This information
is traditionally an FRF model of the system obtained with a low-level pre-test random system identification.
The drives and response spectra estimated during the sine sweep run can then be used to derive high quality
FRFs with classical MIMO processing techniques, such as the ones described in [1–4], or more advanced
algorithms, such as the Virtual Driving Point described in [5–8]. A crucial step in any swept sine application
is therefore an accurate estimation of the amplitude and phase of the drive and the response spectra. One of
the objective of this paper is to demonstrate the capabilities of two techniques for tracking swept signals: the
Harmonic Estimator [9] and the Digital Tracking Filter (DTF) [10]. The principles behind a DTF have been
used since 1934 (as reported in [11]) to build Analog and Digital Lock-In Amplifiers [12, 13], since then
adopted in several applications in physics and engineering.

During the actual sine sweep run, due to potential non-linear behaviour that can be triggered at the (generally
high) test levels reached, noise on the measurements and transient effects due to the sweeping itself [4, 14]),
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the system can behave differently from the linear model estimated in the system identification. The spectra
of the control channels can therefore deviate from the references and closed loop feedback control strategies
are sought to compensate for these differences.

The second objective of this paper is to combine the implemented amplitude and phase tracking techniques
with a new steepest-descent frequency domain correction algorithm described in [8, 15, 16]. The end goal is
to move beyond the limitation of feedforward control techniques, towards the simultaneous on-line control
of multiple response spectra, during a continuous sweep, in presence of system identification error and, more
generally, of external disturbances.

Since in this work most of the derivations are in the frequency domain, all the arrays are functions of the
frequency f (in Hz), if not specified otherwise. Vectors are denoted by lower case bold letters, e.g. a, and
matrices by upper case bold letters, e.g. A.

2 Multi-Input Multi-Output swept sine controlled excitation

Fig. 1 is a schematic representation of a general MIMO vibration control test. A set of m voltages is sent to
multiple exciters. Typically these signals (the so-called drives) drive m independent shakers or, possibly, the
multiple degrees of freedom of a multi-axis shaking table. The responses of the unit under test are recorded
in ` control channels (the so-called controls or pilots).

Drive 1 Drive 

Unit Under Test
MIMO System

amp 1 amp 

…

…

…

ctrl 1 ctrl 

Figure 1: Schematic representation of a MIMO vibration control test.

During a MIMO test with swept sine excitation, the unit under test is excited with m sweeping input signals
(with the same instantaneous frequency) over a user-defined frequency band.

The reference profiles (control target) for a MIMO sine control test is a set of ` control spectra, characterized
by amplitude and phase (relative to the phase of the first control channel). For each frequency, in case the
full dynamic system is linear and time invariant, it is possible to write the Input-Output relation

y = Hu (1)

where y ∈ C`×1 and u ∈ Cm×1 are the spectra of the controls and the drives, respectively and H ∈ C`×m

is the matrix of FRFs.
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A System Identification pre-test phase is always needed to estimate the system’s FRFs. This is usually
performed by running a low-level random test and processing the input-output data with the so called H1

estimator [1, 17] in order to retrieve the estimated matrix of system FRFs, Ĥ. Once the FRF is known, the
estimated system’s Mechanical Impedance Matrix Ẑ can be calculated as the inverse of the matrix Ĥ. An
operation of pseudo-inversion is generally needed because the number of controls can exceed the number of
drives, in what is known in the MIMO control literature as Rectangular Problem [18].

2.1 Feedforward control (Drives pre-shape)

For each frequency line, independently, the control error can be defined as

e = r− y (2)

where r ∈ C`×1 is the vector of reference spectra. In order for the responses to match the reference spectra,
this error needs to be minimized in the least-square sense, which means to find the optimal drives uopt that

ideally nullify the complex gradient ∂(eHe)
∂u . Following the approach of [8, 15, 16, 19], this leads to

uopt = (HHH)−1HHr (3)

In order to calculate the drives, as the real system is unknown, the best solution is to use information
obtained from the system identification. To notice that the quantity (ĤHĤ)−1ĤH is, for the general
case of a rectangular problem, the pseudo-inverse of the FRF matrix according to Moore and Penrose
(ĤHĤ)−1ĤH = Ĥ† = Ẑ. An estimate of the optimal drives can then be calculated as ûopt = Ẑr.

With reference to the active control literature [19], the proposed approach, represented by the block scheme
of figure 2, is a traditional feedforward control, also known as drives pre-shape in environmental testing
[20], [14]. The responses to the estimated optimal drives will however differ from the reference profiles in
presence of system identification error (HẐ 6= I =⇒ y = Hûopt 6= r, where I is the identity matrix).

H
u

r

ey
+

-𝐙  

Figure 2: MIMO sine feedforward control, block scheme.

2.2 Feedback Control

The idea of this work is to use a classic feedback control for tonal disturbances in order to correct for the
differences between the reference and the control spectra. This is possible once the the amplitude and the
phase of the swept sine waves are accurately estimated for each frequency line.

The proposed approach follows the theory largely discussed in [19] and is schematically represented in the
block diagram of fig. 3.

2.2.1 Drives update

The cost function associated to the least square error (2) is

J(u) = eHe = uHHHHu− uHHHr− rHHu + rHr (4)
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Figure 3: MIMO swept sine feedback control, block scheme.

The task of the controller is to iteratively adjust the drives at the n-th iteration in order to minimize the cost
function (4). The drives can then be updated calculating the complex gradient

gn =
∂Jn
∂un

= 2(HHHun −HHr) = 2HHen (5)

and moving in the steepest descent direction

un+1 = un + 2µHHen = un + αHHen (6)

where µ is the step size or convergence factor and α = 2µ is often referred to as convergence coefficient [19].

The convergence coefficient need to be chosen in order to guarantee the Bounded-Input Bounded-Output
(BIBO) stability of the MIMO closed loop system.

2.2.2 Optimal convergence coefficient

In order for the Closed Loop system to be BIBO stable, it is necessary and sufficient to guarantee, that
the error will eventually converge and that the drives will eventually converge to their optimal value (the
one that theoretically minimizes the control error). Following the theory of [19], two different approaches
can be followed to find the optimal convergence coefficient (both leading to the same result). The first
approach to guarantee that the poles of the Closed Loop discrete system (the roots of the so-called Return
Difference Matrix) need all to lie inside the unit circle. The second approach, discussed here, makes use of
a transformed set of coordinates and the Singular Values Decomposition (SVD) [21] to choose the optimal
convergence coefficient that guarantees the convergence of the drives

|un − uopt|
|u0 − uopt|

< 1 (7)

Following this approach, SVD can be used to decompose the FRF matrix of the plant

H = RΣQH (8)

where Σ is a diagonal matrix containing the Singular Values of H and R and Q are two unitary matrices.
The control error at the n-th iteration can be transformed pre-multiplying the left and right hand sides of eq.
(2) by RH

ξn = RHen = RHr−ΣQHun (9)
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Eq. (9) can be re-written defining the quantities transformed error, ξn = RHen, transformed plant, Σ,
transformed reference, ρ = RHr, transformed drives, νn = QHun.

ξn = ρ−Σνn (10)

From eq. (10) it is possible to see the advantage of moving to a transformed coordinate space: the diagonal
nature of Σ de-couples the control problem. For this reason, the singular values define a basis for the
MIMO system (principal coordinates). This means that each of the transformed error signals is affected
by only one transformed drive or none. In the principal coordinates the first m signals can therefore be
independently controlled. Furthermore, for each channel, the specific SV represents the optimal step size
for the associated transformed drive (for this reason [19] also refers to the SV’s as Principal Gains). In the
principal coordinates, the i-th (independent) transformed drive update equation can be written as

νi,n+1 = νi,n + ασiξi,n (11)

Following the definitions of the transformed quantities and the fact that the matrices R and Q are unitary,
it is worth to notice that the cost function is the same in both the physical and the transformed space J =
eHe = ξHξ. The convergence of the process can be analyzed in the principal coordinates and the closed
loop stability will also hold in the physical system. This means that the drives convergence can be as well
imposed on the transformed drives

|νn − νopt|
|ν0 − νopt|

= |1− ασ2i | < 1 =⇒ 0 < αi <
2

σ2i
(12)

Eq. (12) clearly shows that, in order to guarantee the convergence of all the drives, it is necessary to simply
limit the convergence coefficient with respect to the maximum singular value. The optimal convergence
coefficient

αopt =
2

σ2max

(13)

can be calculated frequency-by-frequency making use of the information obtained during the system identi-
fication.

3 Tracking Techniques

The idea of an on-line frequency domain MIMO control for swept sine testing is closely dependent on the
capability of on-line tracking the amplitude and phase of the response (to be corrected) and the drive (to be
updated) waveforms, as shown in fig. 3.

3.1 Harmonic Estimator

The first tracing technique implemented is the Harmonic Estimator. The Harmonic Estimator has been
proven over decades to be a simple, yet effective, tracking technique [9]. For a sinusoidal input signal with
fundamental natural frequency 2πω0

y(t) = |y(t)| cos[ω0t+ φ(t)] = ac cos(ω0t) + as sin(ω0t) (14)

the amplitude and phase at the time instant t

|y(t)| =
√
a2c + a2s (15a)
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φ(t) = atan2(ac, as) (15b)

can be calculated assuming that, within p periods, eq. (14) holds, and therefore the parameters ac and as
can be estimated in a least square sense using the data acquired between the beginning and the end of the
p periods (t0 and tp, respectively). For the on-line estimation during a continuous sine sweep,the times t0
and tp needs to be computed a-priori for every tracked frequency. This can be easily done because all the
parameters that describe the frequency of the signals, and therefore the argument of the sine wave in eq. (14),
are fixed test settings.

3.2 Digital Tracking Filter

Another effective technique for the tracking of swept signals is the Digital Tracking Filter (DTF). The DTF is
essentially a Dual-Phase Demodulator that combines the principle of Heterodyning with frequency-varying
Low-Pass filters. With this perspective, a DTF can be interpreted as a time-varying Lock-In Amplifier, where
the frequency of the input signal varies according to a specific sweep law. The block scheme of a lock-in
amplifier is shown in fig. 4 for the input signal of eq. (14).

ExtractionLP FilteringDual-Phase Homodyning

|𝑦 𝑡 | cos 𝜔0𝑡 + 𝜙 𝑡

LP

LP

polar 

transf.

COLA

+90 deg

|𝑦 𝑡 |, 𝜙 𝑡

Input

cos(𝜔0𝑡)

in-phase
Input signal

quadrature

Dual-Phase Demodulation

ext. dist.

+
+ perturbed signal

Figure 4: Block scheme of a Lock-in amplifier. The Dual-Phase Demodulation extracts the amplitude and
phase of the input signal from the perturbed signal.

In a Lock-in Amplifier, the extraction of the amplitude and phase information from the perturbed signal is
carried out in three stages: Dual-Phase Homodyning, Low-Pass (LP) Filtering and Amplitude and Phase
Extraction. In a DTF, as it will be shown later, an efficient LP filtering stage requires the use of Variable
Bandwidth LP Filters.

Dual-Phase Homodyning In the first stage, the input signal with frequency ω0 = 2πf0 is mixed with a
Constant Oscillator with Leveled Amplitude (COLA), generally with frequency fr. Mixing an input signal
with a COLA signal for detection and amplification is a technique that lies at the basis of modern telecommu-
nication 1. This technique is known as Heterodyning, in association with the fact that f0 and fr can generally
differ. For amplitude and phase tracking it is useful to make sure that f0 and fr coincide, hence falling in the
special case of Homodyning. The mixed signals, in this context, are known as Homodynes.

1It is the author’s intention to recommend the 1921 article [22] pointing out that ”the heterodyne receiver marks one of the
highest peaks of achievement in wireless [(radio)] communication, and probably has done as much to advance the art as any single
invention”.
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ycos(t) =
(
|y(t)| cos[2πf0t+ φ(t)] + ν(t)

)
cos(2πf0t) =

=
1

2
|y(t)|

(
cos[2(2πf0t) + φ(t)] + cos[φ(t)]

)
+ ν(t) cos(2πf0t)

(16)

Eq. (16) and fig. 5 show the effect of homodyning a generic input signal. The Homodyne can be seen as
the sum of three components: (i) a component with frequency 2f0, phase φ(t) and amplitude 1

2 |y(t)|, (ii) a
DC component with amplitude 1

2 |y(t)| cos[φ(t)] and (iii) a contribution at frequency f0 mixed with the input
broadband noise. For the sake of simplicity, the input signals considered in this paper are AC signals. In
presence of a DC component, the contribution (iii) would be scaled by the amplitude of the DC and result as
an extra peak at f0 in the frequency content of the homodoyne (see Fig. 5).
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Figure 5: Three stages of a digital tracking filter applied Tracking Filter shown on a 50 Hz sine tone signal.

As shown in Fig. 4, in a Dual-phase Homodyning, the input signal is simultaneously mixed in parallel
with the COLA and the COLA delayed of 90 degrees. The two resulting Homodynes, ycos(t) (in-phase)and
ysin(t) (quadrature), hold in the DC contribution (ii) all the unbiased information needed to detect the
amplitude and phase

ycos(t) =
1

2
|y(t)|cos[φ(t)] + νDC(t)(t) (17a)

ysin(t) =
1

2
|y(t)|sin[φ(t)] + νDC(t)(t) (17b)

where the term νDC(t) is added for completeness to consider the amplitude of the external disturbance around
DC. The only thing left to do is therefore low-pass filter the in-phase and quadrature to obtain the filtered
homodynes of eq. (17) and apply a transformation in polar coordinates similar to the one in eq. (15).

Low-Pass filter The LP-filtering stage ideally needs to filter-out all the frequencies above DC. In practice,
the characteristics of the non-ideal LP-filter can influence the tracking and some practical choices need to be
made when designing the filter. When applied to sine sweep tests, it is crucial to understand that most of the
traditional shaker testing applications require the tracking in a relatively low bandwidth (with start frequency
of the order of few Hertz). Although further studies can be carried out analyzing different filter types and
shapes, due to their simple form and flat characteristics in the pass-band, in this article LP Butterworth
filters are considered. The choice of the cut-off frequency of the adopted Butterworth filters will always be
a trade-off between the DTF reaction times and efficiency: small filter bandwidth mean better disturbance
rejection, but also increased group delays [23] which result in slow tracking. With respect to the choice of
the LP cut-off frequency, eq. (16) show that there are two main contributions to be filtered-out, which are a
collaterals of the homodyning operation itself: a contribution at the sweeping frequency and a contribution
at twice this value. When considering a Fixed Bandwidth LP filter, the cut-off frequency should therefore
be at least equal to the lowest frequency of the sweep. However, since the original signal is sweeping,
this would mean to constrain the performances of the DTF at the higher frequencies, where technically a
shorter period would allow smaller delays and consequently more responsive tracking. An ideal solution
is therefore to have a Variable Bandwidth LP-filter where the cut-off frequency varies following the sweep.
The implementation of a Variable Bandwidth LP Butterworth filter of order n can be easily carried out with
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a filter design algorithm that requires as inputs the sweeping frequency and that continuously operates a
LP-LP continuous transformation [23]. The inputs to this algorithm are the cut-off frequency, defined as
a percentage of the swept frequency f , freq. ratio = ωc

ω = fc
f < 1, and the filter order n (fixed). An

alternative approach can be to directly apply the transformations proposed in [24] to the n-th order reference
Butterworth filter in the discrete domain.

Fig. 6 shows the tracking capability of the implemented Variable Bandwidth DTF on a sweeping signal
with a sawtooth amplitude variation. The effect of the Variable Bandwidth is clearly visible comparing the
responsiveness of the filter to the first amplitude jump, at low frequencies, and to the second one, at higher
frequencies, for curves with the same order and freq. ratio. From fig. 6 it is also possible to see that
increasing the LP-filter order (Top) and reducing the frequency ratio (Bottom) have the effect of reducing the
responsiveness of the filter.
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Figure 6: Application of a Variable Bandwidth DTF to a simulated sweeping signal with smooth and sharp
amplitude variations. Increasing the frequency results in a more responsive tracking. Top (Var. BW 15%):
increasing the filter order increases the filter delay and therefore the responsiveness of the DTF. Bottom
(LP order 2): slow responses are also caused by small cut-off frequency (defined as a fraction of the swept
frequency).

3.3 Comparison with the Harmonic Estimator

Fig. 7 shows the results of tracking a signal sweeping from 1 to 50 Hz with a sweep rate of 1 Hz/s. The
Harmonic Estimator and the DTF are evaluated considering three test cases: (a) unbiased input signal, (b)
input signal with a broadband white noise disturbance and (c) including a 20 Hz tonal disturbance to the case
(b). The comparison has been performed considering 1 period of estimation for the harmonic estimator and
a DTF with order 2 and a 15% variable BW, in the attempt of optimize the reaction time of both the solutions
to track the unbiased input signal (case (a)). With these settings, Fig. 7 shows that the two techniques track
very efficiently and with comparable performances the amplitude of the input signals in the cases (a) and (b),
highlighting the capabilities of the Harmonic Estimator as well as the DTF with respect to track the signal
perturbed by a broadband noise disturbance. A considerable difference can be noticed however in the case
(c), shown in Fig. 7c, where a 20 Hz 0.15 Vpeak tonal disturbance is also introduced as external disturbance.

From Fig. 7c it is possible to see that in correspondence of the disturbance frequency, the amplitude and
phase of the disturbance will be entirely tracked as part of the input signal. This was expected because the
disturbance perfectly sums to the input signal. At frequency lower than the disturbance frequency, both the
Harmonic Estimator and the DTF track efficiently the input signal; this is not the case for higher frequencies
where due to the LP-filter characteristic of the butterworth filter, the DTF is tracking the input signal more
accurately than the harmonic hestimator. This can be explained considering that the least-square solution
is applied to time data windowed with a rectangular window, an operation that translates in the application
of a frequency-domain sinc filter. Compared with a sharp LP Butterworth filter, a sinc filter exhibits better
rejection characteristics only at integer multiples of the sweeping frequency.
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Figure 7: Comparison between the tracking with the Harmonic Estimator (1 period of estimation) and with a
DTF (Variable BW of 15% and order 2) for a sawtooth 0.2 Vpeak swept signal (1 Hz/s) subjected to different
disturbances.

4 MIMO Swept Sine Control Shaker tests

To test the developed algorithms, MIMO Swept Sine Control tests have been run using the physical set-up
illustrated in Fig. 9. The set-up consists of two nominally identical dual-purpose 75lbf shakers [25] with
external amplifiers. The voltages to the amplifiers (Drive 1 and Drive 2) are generated with a Real Time
(RT) platform running a model of the controllers (Open-Loop tests with feedforward control and Closed-
Loop tests with feedback control) described in sec. 2. Two ICP® single-axis accelerometers (Ctrl. 1 and
Ctrl. 2) are connected to an external conditioner. The pre-conditioned voltages are then input back to the
ADC of the RT platform and the digitalized signals, sampled at 6400 Hz, are then tracked with the developed
techniques to provide the resulting amplitude and phase of the swept sines. These quantities can be then used
as feedback for the closed loop control algorithm described in sec. 2.2. The sine sweep runs are performed
in the bandwidth 20-500 Hz, with a linear sweep up with a rate of 4 Hz/s. The results shown are obtained
with 1 estimation period for the tracking with the harmonic estimator, whereas the DTF is always set with a
10% variable bandwidth and an LP filter order fixed equal to 4.

Both the open-loop and closed loop tests rely on a preliminary System Identification. The drives signal for
the System Identification are random signal shaped with a user-defined PSDs (for this application, 0.05 Vrms
white noise).

50 100 150 200 250 300 350 400 450 500

frequency in Hz

-90

-80

-70

-60

V
2
/H

z

Ctrl. 1

Ctrl. 1 noise

Ctrl. 2

Ctrl. 2 noise

Figure 8: The PSDs of the measurement noise show the presence of a ground loop.
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The measurement background noise can be analysed from Fig. 8. From the figure it is possible to see that
the overall noise level is approximately 20dB lower than the signal responses except in discrete frequencies
integer multiples of 50 Hz. This shows that a ground loop (that effectively can be considered a tonal dis-
turbance) is affecting the measurement, especially for the Control 1. Two different systems are tested. Sec.
4.1 summarizes the results of the tests on a de-coupled system with no resonance in the band of interest. In
sec. 4.2 the two shakers are then coupled via a wooden beam with a dynamic behaviour in the frequency
range of interest. Since the control system is square and collocated (accelerometers located on the shaker’s
heads), the system characteristics are well illustrated with the bode plots of the direct FRFs in g/V and the
(frequency-dependent scalar) MIMO cross-coupling, defined as

χ = max

( |Hii| − |Hij |
|Hii|

∣∣∣∣
i=1:`,j=1:m,j 6=i

)
(18)

An high positive value of χ throughout the entire frequency bandwidth indicates an essentially de-coupled
system where the response sensors are collocated with the correspondent exciter. Negative values of χ
indicates that the response at the i-th control sensor is prevalently due to an excitation coming from a j-th
exciter. In this specific collocated setup, negative values of χ indicate that the response of at least one control
is prevalently caused by the drive to the opposite shaker.

In order to demonstrate the capabilities of the developed feedback control, a system identification error needs
to be introduced during the sine sweep runs. This is realized modifying the system for the actual sine sweep
run by adding a mass and/or manually de-tuning the amplifier gains.

4.1 MIMO de-coupled rigid system

A first experiment has been run considering the two shakers physically disconnected, as shown in fig. 9.

(a) System excited during the System Identification (b) System excited during the Run. Two different sources
of system identification error: an added mass on Shaker
1 and a manual de-tuning of the amplifier gains.

Figure 9: MIMO system with two de-coupled shakers.

The results of the System Identification on the empty shakers are reported in Fig. 10. From this figure it
is possible to notice that the system does not show any resonance in the control bandwidth. The MIMO
cross-coupling is systematically above 20 dB, indicating that the response of each of the controls, located on
the shaker heads, is only due to the excitation of the corresponding shaker.

Fig. 11 shows the time traces of the drives and the control responses recorded during the sine sweep Open-
Loop tests run on the system illustrated in Fig. 9b. Although the DTF tracks the amplitude and phase of the
signals with a smaller variability, both the HE and the DTF show to be able to track accurately the amplitude
of the signals during the measurements. The smaller variability in the DTF estimates, compared to the ones
of the Harmonic Estimator, can be attributed to the presence of the 50 Hz ground loop that effectively acts
as a tonal disturbance.
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Figure 11: Drive and control waveform and estimates during the Open Loop test. Any change in the response
is not fed back to modify the drives.

The Open Loop test results are reported in terms of amplitude and phase of the responses in Fig. 12 (solid
black lines). These results highlight the features of the feedforward control and its limitations. During the
actual run a mass has been added on the head of Shaker 1. This System Identification error leads the response
of Ctrl. 1 to deviate considerably from the target: a feedforward control is not able to compensate for this
difference and this would lead, for example, to abort the test during the sweep. Another example is also
given by the square steps that appear in both the responses and that correspond to a manual de-tuning of
the amplifier gains. Also in this case, the feedforward control is not able to automatically tune the drives
to compensate for the introduced error. On the other hand, when the identified system does not change
significantly between the System Identification and the Run, the feedforward control responses overlap with
the reference profiles. This can be noticed on the response of Ctrl. 2 in the frequency ranges 20-100 Hz and
400-450 Hz, where the amplifier gain was re-set to the same values adopted during the System Identification
(the presence of the mass on the head of Shaker 1 has no influence on Ctrl. 2, being the system uncoupled).

In the Closed Loop test, illustrated with the solid magenta curves in Fig. 12, the feedback control has been
activated between 50 and 470 Hz, approximately. The effect of the feedback control is clearly visible on
both the responses (see also Fig. 13): the drives are automatically updated to bring the responses on target,
compensating for the presence of the mass on the head of shaker 1 as well as showing a fast reaction to
the manual de-tuning of the amplifier gains on both the controls. It is worth to highlight that the stepped
disturbances in the Open Loop and the Closed Loop test appear in different times (frequency) due to the fact
that they correspond to a manual action on the amplifier’s knobs.

4.2 MIMO fully coupled dynamic system

To verify the performances of the algorithm on a dynamic coupled system, the two shakers are physically
connected via a beam with a dynamic behaviour in the control bandwidth, as shown in fig. 14.
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Figure 12: Comparison between Open Loop (solid black) and Closed Loop (solid magenta) results. The
reference, alarms and aborts are represented by the solid green, dashed orange and solid red line, respectively.
Feedback control is active between 50 and 470 Hz, approximately.
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Figure 13: Drive and control waveform and estimates during the Closed Loop test. The responses are
controlled to the reference feeding back the error to modify the drives.

Fig. 15 shows the direct FRF computed running a System Identification with the system and the MIMO
cross-coupling for this system. It is possible to see that the dynamic system, with resonances in the control
bandwidth, shows heavy coupling especially in the frequency bands around 125 Hz and between 400 and
450 Hz where the MIMO cross-coupling falls below 0dB. According to eq. 18, this highlights a cross-axis
FRF with higher amplitude than the relative direct FRF.

Fig. 16 shows the control results of the Open Loop and Closed Loop sine sweep test. The sine sweep run
is performed on the system of Fig. 14b, introducing a system identification error as a mass in the center
of the connecting beam, therefore affecting both responses. The clear effect on the Open Loop responses
with pre-shaped drives is shown by the solid balck curve of Fig. 16 where the response spectra significantly
deviate from the control target, especially in proximity of the identified FRF’s peaks. Also in this case, the
effect of the feedback control (solid magenta curve of Fig. 16), active from approximately 30 Hz until the
end of the run, is visible on both the responses that are simultaneously controlled to the target, preventing
potential control abort that would otherwise occur systematically during the test.

5 Conclusions

In this paper, the details and the mathematical derivation of a steepest descent MIMO controller and a state-
of-the-art feedforward approach are combined with two advanced digital tracking techniques in order to
propose a new feedback control strategy for MIMO swept sine control tests. The on-line tracking of the
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(a) System excited during the System Identification (b) System excited during the run. A mass has been
added to the center of the beam in order to introduce a
system identification error.

Figure 14: Fully coupled dynamic MIMO system: two twin shakers are coupled with a wooden beam with
dynamic behaviour.
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Figure 15: Direct FRFs of the system with shakers coupled with a rigid beam. Phase angles in degrees.

Figure 16: Comparison between Open Loop (solid black) and Closed Loop (solid magenta) results. The
reference, alarms and aborts are represented by the solid green, dashed orange and solid red line, respectively.
Feedback control is toggled on active between approximately 25 Hz and the end of the sweep.

amplitude and phase of the controls and the drives enables a fast correction of the error between the control
responses and the user-defined reference profiles. The limitations and capability of the developed approaches
are shown in real-time with two physical set-ups, an uncoupled rigid system and a fully coupled dynamic
system. System Identification errors were introduced during the sine sweep runs, showing that the responses
acquired with two accelerometers can be effectively controlled to the reference, updating on-line the voltages
that drive the two shakers.
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Abstract 
Structures that contain bolted joints can exhibit nonlinear behavior when experiencing large amplitude 

excitation. In situations where linear analysis techniques fail to accurately model the variations in stiffness 

and energy dissipation of a joint, nonlinear system identification (NLSID) methods are required. The 

following paper proposes a non-parametric NLSID method, designated as RFS-V, that estimates the natural 

frequency and damping ratio of a structure during both forced and free response by formulating a least 

squares solution between the applied forcing and the subsequent response. Numerical case studies including 

a linear system and an Iwan Element are shown to validate the accuracy of the method versus a commonly 

used technique, Hilbert Analysis. An experimental test case then demonstrates the applicability of this 

method to a real-world use case. These indicate that RFS-V is a simple, yet powerful tool for characterizing 

nonlinear structural behavior. The most evident limitation of this technique is that the applied forcing and 

response must both be accurately measured, as the parameter estimation during forced response is sensitive 

to any disagreement between these quantities. 

1 Introduction 

Nonlinear analysis techniques have become a critical component of the design process as a means of 

producing efficient structures that are able to survive challenging environments. Many recent advances in 

the field of nonlinear structural dynamics have been toward the goal of accurately modeling the behavior of 

bolted joints [1]. This is because, as the material on either side of the interface experiences vibrational loads, 

drastic variations in the stiffness and energy dissipation of the joint can occur, significantly changing the 

dynamic characteristics of the entire structure. While linear analysis techniques are suitable for low-level 

amplitude responses, if employed at high-level, these can yield predictions that are off by several orders of 

magnitude [2].  

Methods for characterizing structures beyond the linear regime are known as nonlinear system identification 

(NLSID) techniques [3, 4]. Two such approaches are the Restoring Force Surface (RFS) method [5] and 

Hilbert Analysis [6, 7]. While both have been used to successfully model nonlinear systems, such as in [8, 

9], inherent drawbacks in each limit their usability. RFS generates an easily integratable equation of motion 

(EOM), but requires that the mathematical form of the nonlinear terms be selected before generating the 

                                                      
*Sandia National Laboratories is a multimission laboratory managed and operated by National Technology and Engineering 

Solutions of Sandia, LLC., a wholly owned subsidiary of Honeywell International, Inc., for the U.S. Department of Energy’s 

National Nuclear Security Administration under contract DE-NA-0003525. 

This paper describes objective technical results and analysis. Any subjective views or opinions that might be expressed in the paper 

do not necessarily represent the views of the U.S. Department of Energy or the United States Government. 
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model. This can lead to significant issues when attempting to fit a model to experimental data, as the 

measured nonlinear response likely cannot be easily represented by a simple set of mathematical functions 

[10]. Comparatively, implementation of Hilbert Analysis is very straightforward, as it simply processes a 

single oscillating signal and estimates its instantaneous frequency and damping. For this procedure to 

accurately model the dynamics of a structure, the recorded response must be monoharmonic, unforced, and, 

to avoid significant end effects, periodic in the sense of the Fourier Transform. These restrictions typically 

limit the applicability of this method to characterizing the nonlinear natural frequency and damping ratio of 

a modal model formed by modally filtering free response from an impact excitation.  

While impact testing can be used to great effect in linear modal tests, as it provides a relatively low 

amplitude impulse with a broad frequency band, its applicability to nonlinear testing is limited by those 

same qualities. To capture the nonlinear response of a mode over a wide amplitude range, a shaker must be 

utilized. By supplying the shaker with the proper voltage signal, a high amplitude pulse with a narrow 

frequency band can be applied to the structure, exciting an individual mode to high response amplitudes; 

this type of excitation is known as a sine beat [11, 12]. Unfortunately, structural measurements from this 

type of excitation are not suitable for Hilbert Analysis as it is a forced response during the initial sine beat 

pulse and while there is a subsequent ring-down period, this not a true free response as the shaker remains 

attached to the structure and typically exerts enough force to distort damping estimates. RFS has also proven 

difficult to apply to this type of response, mainly due to the requirement that the mathematical form of the 

nonlinear model must be guessed a priori, leading to a very open-ended process [10]. These difficulties led 

to the development of a non-parametric NLSID method that draws from RFS to produce a model that is 

comparable to typical Hilbert Analysis, but provides accurate estimates of system stiffness and damping 

during both forced and free response. In this work, this new method is hereinafter designated as Restoring 

Force Surface - Variation (RFS-V). The following sections detail the theoretical basis for this new method, 

present analytical case studies to validate its functionality, and then demonstrate its effectiveness on an 

experimental test case.  

2 Theory 

As in RFS, the underlying methodology of RFS-V is based on the standard EOM for a single degree of 

freedom (SDOF) system with a viscous damper, grounded spring, and externally applied force. In this 

scenario, it is assumed that the viscous damping parameter 𝑐 and the spring stiffness 𝑘 are not necessarily 

constant and may vary with time. This EOM takes the form shown in Eq. (1). 

 𝑚�̈�(𝑡) + 𝑐(𝑡)�̇�(𝑡) + 𝑘(𝑡)𝑥(𝑡) = 𝑓(𝑡) (1) 

Assuming the mass, 𝑚, acceleration, �̈�(𝑡), velocity, �̇�(𝑡), displacement, 𝑥(𝑡), and external force, 𝑓(𝑡) are 

known, the unknowns are the viscous damping, 𝑐(𝑡), and the stiffness, 𝑘(𝑡). Rearranging the EOM such 

that quantities with unknown terms are on the left-hand side and known terms are on the right results in Eq. 

(2).  

 𝑐(𝑡)�̇�(𝑡) + 𝑘(𝑡)𝑥(𝑡) = 𝑓(𝑡) − 𝑚�̈�(𝑡) (2) 

In traditional RFS, one would assume 𝑐(𝑡) and 𝑘(𝑡) are constant and equal to their linear values and form 

polynomials of the response terms �̇�(𝑡) and 𝑥(𝑡) to fit any nonlinearity in the system. In RFS-V, the defining 

variation comes in the form of instead assuming that 𝑐(𝑡) and 𝑘(𝑡) can be represented as polynomial series 

with respect to time, as shown in Eq. (3). 

 𝑐(𝑡) = 𝑐0 + 𝑐1𝑡 + ⋯     ⋀&     𝑘(𝑡) = 𝑘0 + 𝑘1𝑡 + ⋯ (3) 

These expressions are then substituted into Eq. (2), as given by Eq. (4) below.  

 (𝑐0 + 𝑐1𝑡 + ⋯)�̇�(𝑡) + (𝑘0 + 𝑘1𝑡 + ⋯)𝑥(𝑡) = 𝑓(𝑡) − 𝑚�̈�(𝑡) (4) 

Assuming the time dependent terms are represented as column vectors, the left-hand side of this equation 

can be transformed as in Eq. (5), where matrices are formed by separately concatenating the time dependent 

quantities and their respective scalar coefficients. 
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= 𝑓(𝑡) − 𝑚�̈�(𝑡) (5) 

The polynomial coefficients are now determined in a least-squares sense with respect to the time dependent 

quantities on the left- and right-hand sides of Eq. (5), as shown in Eq. (6) where the \ operator represents a 

least-squares solution.  
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⋮
𝑘0

𝑘1

⋮ ]
 
 
 
 
 

= [�̇�(𝑡) 𝑡�̇�(𝑡) ⋯ 𝑥(𝑡) 𝑡𝑥(𝑡) ⋯]\(𝑓(𝑡) − 𝑚�̈�(𝑡)) (6) 

With these coefficients, the polynomials representing 𝑐(𝑡) and 𝑘(𝑡) in Eq. (3) can be formed. The system 

natural frequency 𝜔𝑛 and damping ratio 𝜁 can then be determined as in Eq. (7). The most effective procedure 

for implementing this process is to partition the matrices in Eq. (6) into a series of overlapping sections in 

time, perform the least-squares fit individually on each, determine the system parameters, and then average 

the results that correspond to simultaneous instants in time. 

 𝜔𝑛(𝑡) = √
𝑘(𝑡)

𝑚
     ⋀     𝜁(𝑡) =

𝑐(𝑡)

2𝑚𝜔𝑛(𝑡)
 (7) 

In the method described above, the polynomials represent simple interpolants on the instantaneous values 

of the 𝑐(𝑡) and 𝑘(𝑡) parameters, meaning that the process is essentially a non-parametric system 

identification method. One has not assumed a form for the nonlinearity or the resulting time-variation in 

𝑐(𝑡) and 𝑘(𝑡), only that these quantities are reasonably smooth and vary slowly in time, similar to a method 

proposed by Feldman in [13]. There are few non-parametric NLSID methods in the literature [3, 4], and so 

this method is potentially very appealing. 

3 Numerical Case Studies 

3.1 Linear System 

As a simple demonstration of the method described above, the response of a linear SDOF system was 

simulated in MATLAB. The system, modeled by the EOM in Eq. (8), has a natural frequency 𝜔𝑛 of 1 [Hz] 

and a damping ratio 𝜁 of 1%. The external force 𝑓(𝑡) is a sine beat centered at 0.9 [Hz] with a frequency 

band width of 0.5 [Hz]. 

 �̈�(𝑡) + 2𝜁𝜔𝑛�̇�(𝑡) + 𝜔𝑛
2𝑥(𝑡) = 𝑓(𝑡) (8) 

A plot of the sine beat applied to the linear system is shown below in the top half of Figure 1. The amplitude 

of the force visibly follows a gradual ramp up and down, characteristic of the 4-Term Blackman-Harris 

window defining it. This specific windowing results in the narrow frequency band excited by the sine beat. 

The bottom of Figure 1 depicts a typical response to a sine beat where there is a section of free response 

following the quick pulse of force. 
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Figure 1: Top - The sine beat applied to the linear system. Bottom – Velocity response of the linear system 

to the sine beat. 

Figure 2 displays a comparison of the identified natural frequency and damping ratio of the simulated 

response from both Hilbert Analysis and RFS-V. These are shown as functions of both time and velocity 

amplitude. As this is a completely linear system, the correct values are those given above, 𝜔𝑛 = 1 [Hz] and 

𝜁 = 1%. RFS-V accurately reports these linear values throughout the entire response. Meanwhile, Hilbert 

Analysis returns inaccurate values during the first 8 [s] when the force is active, but when the force becomes 

negligible it converges to the correct values. This behavior is expected and is a result of the increase in 

amplitude due to the forcing being interpreted as negative damping values by Hilbert Analysis, a clearly 

non-physical outcome.  
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Figure 2: Comparison of Frequency and Damping vs Time and Velocity Amplitude from Hilbert Transform 

and RFS-V to model a purely linear system.  

3.2 Modal Iwan Model 

The second numerical case study is an implementation of the 4-parameter Iwan Model to construct a SDOF 

Modal Iwan Model [14, 15]. The Iwan Model is typically used to model the effects of microslip in bolted 

joints [7], as both exhibit a strong damping nonlinearity and moderate shift in natural frequency. For the 

current simulation, the model parameters given in Table 1 were implemented. 

Table 1: Parameters used in the SDOF Modal Iwan Model Numerical Case Study 

Parameter 𝐹𝑆 𝐾𝑇 𝜒 𝛽 𝐾∞ 

Value 400 [N] 25.27 [N/m] -.35 [-] 10 [-] 14.21 [N/m] 

These result in a linear natural frequency and damping ratio of 1 [Hz] and 1%, respectively. A benefit of the 

Iwan Model is that in the microslip regime there are closed form equations for its natural frequency and 

damping ratio as a function of vibration amplitude [14], providing truth data to compare the Hilbert Analysis 

and RFS-V results to. This comparison is shown below in Figure 3, which illustrates the response of the 

Iwan Element to a sine beat centered at 0.93 [Hz] with a frequency band width of 0.2 [Hz]. As expected, 

Hilbert Analysis is only accurate once the system enters free response at 20 [s]. Meanwhile, RFS-V is seen 

to overlay with the truth data throughout the simulated response in terms of both time and velocity 

amplitude, meaning that the nonlinearity of the Modal Iwan Model is essentially captured exactly. 
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Figure 3: Comparison of Frequency and Damping vs Time and Velocity Amplitude from Hilbert Transform, 

RFS-V, and the exact result for the Modal Iwan Model.  

4 Experimental Demonstration 

To demonstrate the applicability of RFS-V to measured experimental response, data from sine beat tests 

conducted on a cylinder-plate-beam structure, described in [10, 16], were analyzed. The results shown here 

all pertain to the first elastic mode of the structure, which is the first order cantilever mode of a beam 

mounted to a jointed interface. A single shaker was attached to the structure via a steel stinger, with the 

force acting through it measured by a load cell. The physical response of the structure was measured by an 

array of triaxial accelerometers, and then modal filtered into a set of modal responses. The modal filter was 

composed of linear modeshapes gathered from a low-level burst random shaker test. Linear values for the 

natural frequency and damping ratio of the mode of interest were also collected from this test. To compute 

the velocity and displacement required in the RFS-V process, the modal acceleration was numerically 

integrated through the frequency domain method, in which the complex Fourier Coefficients of the 

acceleration were divided by 𝑖𝜔 and −𝜔2, where 𝜔 is the associated frequency of each coefficient, to yield 

velocity and displacement, respectively. A bandpass filter was then applied to each signal to suppress 

frequency content not pertaining to the first elastic mode.   

The results of fitting an experimental sine beat response with Hilbert Analysis and RFS-V are given below 

in Figure 4. For this measurement, the shaker was actively exciting the structure from 0.1 to 0.5 seconds by 

a sine beat centered at 118 [Hz] with a frequency band width of 8 [Hz]. During the ramp up portion of the 

sine beat, RFS-V estimates parameters that begin near the linear values and follow trends with respect to 

amplitude that are consistent with the subsequent ringdown as seen in the bottom left plot. These also agree 

with the natural frequency result from Hilbert Analysis during the ringdown. The damping ratio estimate 

from RFS-V exhibits a pair of protrusions that overlay with respect to amplitude. Note that the damping 

ratio from Hilbert Analysis during the ringdown is at a higher value than the RFS-V estimate. This is likely 

due to the fact that the shaker remains attached to the structure after applying the sine beat. During the 

ensuing ringdown period, the structure applies a force to the shaker, effectively increasing the energy 

dissipation of the system and skewing the Hilbert Analysis damping estimate to a higher value. In contrast, 
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RFS-V accounts for the measured force acting between the structure and shaker during the ringdown and 

produces a lower damping ratio that correctly converges to the measured linear value. 

 

Figure 4: Comparison of Frequency and Damping vs Time and Velocity Amplitude from Hilbert Transform, 

RFS-V, and the Linear value from a separate, low amplitude test.  

In addition to the sine beat measurement analyzed above, several more at various force amplitudes were 

also performed. The natural frequency and damping ratio curves of each produced by RFS-V are overlaid 

below in Figure 5. When natural frequency is shown verses velocity amplitude, as in the bottom left plot, a 

consistent backbone curve is traced out by each test. Likewise, for damping ratio verses velocity amplitude 

in the bottom right plot, a clear trend is visible that is repeated in each measurement. The spread observed 

between the parameter estimations during the ramp up and down portions is likely due to inconsistencies 

between the force and response values caused by a small error (on the order of 1%-3%) in the linear 

modeshape coefficient at the drive point, leading to an inaccurate modal filter scaling on the measured force 

and response. Lastly, note that the lowest level test gives results that are still quite close to the expected 

linear values, even though there is essentially no ringdown after the sine beat, i.e. the entire response is 

forced and at low amplitude. It is encouraging to see that RFS-V is able to process a measurement that 

cannot be accurately addressed using Hilbert Analysis and return reasonable estimates of the effective 

stiffness and damping versus amplitude.  
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Figure 5: Frequency and Damping vs Time and Velocity Amplitude from RFS-V applied to several 

experimental measurements at various forcing amplitudes. 

5 Conclusion 

This work presented a non-parametric NLSID technique, RFS-V, that can be framed as a variation of the 

RFS method that accurately estimates natural frequency and damping ratio during both forced and free 

response. Several numerical case studies were explored, including a simple linear system and an Iwan 

Element. Each of these were excited by a sine beat to generate a response that contains sections of forced 

and free response. The proposed method is shown to accurately model the dynamics in each scenario 

throughout the entire response, whereas Hilbert Analysis can only approximate the system dynamics during 

free response. It is noteworthy that the nonlinear behavior of an Iwan Element closely mimics that of a real 

structure containing bolted joints, in that the response is hysteretic and there are significant variations in the 

damping present in the system as well as moderate shifts in natural frequency. The ability of RFS-V to 

accurately model both trends gives credence to the notion that it can be used to model experimental 

structures. This was then demonstrated by the experimental test case, where estimates of natural frequency 

and damping ratio during a period of forced response are shown to agree with estimates from the subsequent 

ringdown. A clear frequency backbone is observable, as well as a coherent trend in damping ratio that 

converges to the linear value at low amplitude.  

An apparent limitation of RFS-V is that it is inherently sensitive to the accuracy of the supplied forcing and 

response, particularly during forced response. This manifests as an inconsistency between estimates made 

during forced and free response when both are plotted verses amplitude. The cause of this can be an 

inaccurate calibration for the device measuring the force or, if modally filtered values are being analyzed, 

small errors in the modeshape coefficients used to form the modal filter. An additional difficulty that may 

be encountered when employing this method is that it requires acceleration, velocity, displacement, and 

force. In a vast majority of experiments, only one response quantity is directly measured. Thus, numerical 

differentiation and/or integration must be used to estimate the other two response values that were not 

directly measured. Future work includes analyzing the response to other types of forcing besides the sine 

beat explored here, such as sine dwells and sine sweeps. 
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Low speed lifting cable fault detection using
instantaneous angular speed

S. Khadraoui, F. Bolaers, O. Cousinard, J.P. Dron
ITHEMM, Institut de Thermique, Mécanique et Matériaux,
Chemin des Rouliers, 51100 Reims, France

Abstract
Rotating machinery faces various problems throughout their lifetime and steel cables defects are one of the
most common one. Steel cables are complex flexible structures used in many elevating systems such as cranes
or lifts. There are various control techniques ensuring cables safety based on acoustics or electromagnetic.
However, these methods are either quite expensive or unable to work with low speeds (< 60 rpm). This paper
thus proposes an alternative monitoring method already tested by our laboratory on rotating mechanical
components. A complete detection procedure based on IAS measurements was successfully tested in our
laboratory test rig for no fault and surface fault conditions. These tests were performed under different
conditions of speed and loading and the results are very satisfying. Indeed, the fault signature is clearly
visible for low speeds (down to 10 rpm) and high loading (from 150 daN) which is the first step for a cheap
diagnosis of low speed moving cable.

1 Introduction

Generally speaking, a cable is a set of metal wires that constitute a working element forming a single body.
These wires are braided on one or more layers, usually around a central wire, forming the strands which,
in turn, are braided around a core, and form the lifting rope. Due to their complex design and critical
safety requirements, cable diagnosis remains an important issue. In addition, the cables may look healthy
over their visible lengths but may be damaged in non-accessible areas (e. g. anchors). Indeed, it must be
considered that a cable is a wear element with a limited life span. Many of its mechanical properties change
during its service life, resulting in an increase or a decrease in diameter caused by abrasion, corrosion, wire
breakage and cable deformation. This article proposes a methodology for monitoring lifting cables when
they are in motion. The approach is based on the measurement of the instantaneous angular speed (IAS)
of rotating machines. That is, the diagnosis of faults in a rotating machine by analysing the instantaneous
angular velocity signals is based on the fact that a fault generates a repetitive variation in the shaft speed,
related to the mechanical component presenting this fault. The tests consist in studying the behavior of the
shaft speed in the case of absence of defects as well as in the presence of different types of cable defects.
We propose the hypothesis that the variation of the instantaneous speed induced by the presence of a defect
on the cable surface is the consequence of the instantaneous variation of the load distribution during the
passage of the defect on the pulley. It is assumed that this instantaneous variation in load distribution results
in an instantaneous variation in motor torque. This solution is considered to be the most robust solution for
monitoring low-speed rotating machines [1].

2 Cable fault diagnosis using IAS measurement

2.1 Test bench description and IAS calculation method

The cable fault monitoring the test bench of our laboratory consists of two shafts supported by a cable-
pulley system. The first shaft (drive pulley) is coupled to a brushless servomotor (power 10 kW) whose
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Radial load
Test cable

Optical encoder

Drive pulley

Figure 1: Test rig description

Figure 2: Cables test : Left healthy cable, Right cable with one strand extrusion

speed variation is driven by a programmable frequency controller (Fig. 1). A hydraulic cylinder, used to
apply a radial load, is mounted on the second shaft (load side). To calculate the IAS of the drive pulley
shaft, a programmable optical and incremental encoder is fitted on the shaft end (load side) and its transistor-
transistor logic (TTL) signal is digitally recorded using a computer and a 16-inputs data acquisition system.
The programmable incremental encoder includes an integrated microcontroller that is pre-programmed by
the manufacturer to generate different types of outputs defined by the user at setup time. The outputs are
pulse train signals of a chosen resolution, interpolated from the initial pulse train, equal to the resolution
of the encoder disc. During all the tests performed, the encoder resolution is set to 4096 rising edges per
revolution. The cable used in this study is a 7*19 rope (7 strands and 19 wires) with 8 mm of diameter and
6.40 m of length. In order to simulate the surface defects that can occur on a steel cable, a strand is cut and
bent, which creates two defects at the surface of the cable as shown in Fig. 2.

The optical encoder signal is recorded directly in the computer using the OROS data acquisition system and
an analog-to-digital converter (CAN) with a sampling frequency of 25.6 kHz. This frequency is selected
according to equation [2]:

fe,min = 4× [Rf0 + (Nhf0 +Rδf)] (1)

Where f0 and δf are respectively the given rotation frequency and the estimated shaft speed variation, R is
the resolution of the encoder and Nh is the number of multiples of the rotational speed in the frequency band
of interest.
The chosen method for calculating the IAS, in the case of variable speeds, is the zero-cross method, due
to the simplicity and practicality of its implementation. Indeed, the IAS is calculated for constant angular
steps, and the variant used is the Elapsed-time between two consecutive angular positions [3]. According to
this method, the zero crossing time of the rising edges of the encoder’s TTL signal is interpolated from the
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Figure 3: Shaft IAS signal in the case of healthy and faulty cable with two strand extrusion defects at 10 rpm

crossing time of the adjacent digital values [4]. Then, the values of the instantaneous angular velocity are
calculated by:

Wi =
2π

[R(Ti+1 − Ti)]
(2)

Where Wi is the averaging instantaneous angular speed between the two angular positions i and i+1 which
correspond to the passage times Ti and Ti+1 respectively.

2.2 Low speed lifting cable diagnosis using IAS measurement

In this section, we present the results of the cable fault detection tests running at very low speeds (< 60 rpm).
These tests are carried out on the test bench of ”Cable fault detection” (Fig. 1) using IAS measurement.
Encoder signals are recorded for two cable cycles. A cycle represents a round trip of the cable (one way
and comeback). The study concerns the detection of surface defects as shown in Fig. 2. The test is about
two strand extrusion faults. The operating speeds are 10, 20, 30 and 60 rpm under a radial load of 350 daN
applied by the hydraulic cylinder. IAS signals of healthy and faulty cables are presented in Fig. 3.

2.2.1 Shaft IAS behavior in the Presence of two large strand extrusion width

The aim of this part is to outline the phenomenon of shaft speed variations caused by the presence of two
strand extrusion faults in order to explain the shaft’s behavior under surveillance.

The suggested explaination of the shaft IAS variation is illustrated in Fig. 4 in respect to an IAS signal in
the case of two strand extrusion defects. The shaft speed increases due to the instantaneous loose of contact
pressure when the pulley mass centre passes the fault entrance edge. This contact pressure loss induces the
sliding of the cable supporting the radial load leading up to a speed increase (peak 1,2,3,4,5,6,7,8). However,
the speed decreases and tends close to 0 (peak 0) when the motor switch off to change the rotation direction.
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Figure 4: Sketch of IAS shaft behavior while passing through two strand extrusion faults

2.2.2 Effect of speed and load variation

The efficiency of IAS measurement for low speed cable fault detection is proven in this part. Therefore, shaft
IAS variation due to a damaged cable surface is presented and this depends on both shaft rotation speed and
loading condition.

Figure 5 shows shaft IAS measurements at different loads and speeds in the presence of two strand extru-
sion faults. The shaft IAS variation due to the presence of faulty cable increases. Under the same loading
condition, the lower the rotational speed, the more effective the diagnostic method using IAS measurement
is. Furthermore, load effect has a significant impact on shaft IAS variation while the fault passes over the
pulley. That is, the greater the load, the more the speed variation increases. However, this method requires a
minimum load to ensure its reliability.

3 Conclusion

In this paper, the efficiency of the IAS measurement method to detect faults that can occur on the surface
of a lifting cable were presented. We have shown that the presence of the defects caused abrupt amplitudes
variations of the shaft speed. It should be noted that, the lower the speed the more this method is efficient.
Nontheless, it is highly sensitive to the loading parameter. Indeed, using IAS measurement for cable detection
fault without applying a radial load do not lead to significant results. Instead, a minimum loading condition
must be applied. We look forward to elaborate a complementary experimental study to get vibration and
current signals in order to compare with other methods that does exist for low speed machines monitoring.
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Figure 5: Shaft IAS signal in the presence of two strand extrusion faults : Left at different speeds. Right at
different radial loads
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Experimental identification of the force coefficients of
dynamically flapped wings and resulting wing motion
parameter study
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KU Leuven, Department of Mechanical Engineering,
Celestijnenlaan 300, B-3001, Heverlee, Belgium

Abstract
Flapping wing nano air vehicles are small drones that mimic the dynamic wing motion of small birds and
insects to fly. They exhibit promising characteristics for flight in narrow and indoor spaces where regular
drones can’t easily come. To be fully operable, an optimisation of the different dynamic system components
is essential. This work focuses on the wing motion and tries to quantify the effect of changing the wing mo-
tion on the aerodynamic performance of flapping wings. The paper proposes a model supported approach to
calculate the performance parameters. A quasi-steady model is used, relying on empirical force coefficients
that are determined in an experimental wind tunnel identification procedure. This increases accuracy of the
model expression which then can be used to simulate a change in wing motion. The simulations show the
advantage of using a rectangular wing stroke motion, and demonstrate the importance of careful wing motion
timing.

1 Introduction

Unmanned air vehicles (UAVs) acquire a permanent place in our everyday lives. They evolved into highly
technical devices with extremely diverse applications that can be used in various flight circumstances [1].
The current use of drones in confined spaces is however still very limited [2]. Many possible applications
exist but impose extra requirements on UAV design. The drone needs to be small, hover capable, very agile
and still efficient to be deployable in these circumstances [3]. Recent research looks at nature for a drone
matching these criteria. Insects and small birds combine several interesting characteristics for small indoor
drones and the idea emerged to create a drone copying these animals, called a flapping wing nano air vehicle
(FWNAV).

FWNAVs produce the necessary lifting force to stay aloft by flapping their wings in a horizontal stroke plane.
This horizontal stroke motion is shown in figure 1a. In order to strike the incoming air under a constant angle
in back and forth stroke, the wing also rotates around an axis inside the wing, which is indicated in figure
1b with a view in the xc direction. This secondary motion is called the wing pitch [4]. The two motion
components form the basis of FWNAV flight and are observed in any type of FWNAV.

In this phase of the research, it is essential to increase the efficiency of the complete FWNAV system, for
which several approaches exist. One possibility is to improve the drive mechanism of the flapping wings.
Previous research focused on this aspect [5, 6, 7]. Also the specific characteristics and parameters of the wing
motion itself have a large influence on efficiency of the mechanism, magnitude of the force production and
manoeuvrability of the FWNAV. This work tries to quantify the effect of these parameters using performance
indicators. Produced lift force and lift-to-drag ratio are used to this purpose.

It is possible to obtain the performance parameters using force measurements [8]. Direct measurement of the
forces on a flapping wing set-up is however time-consuming. Experimentally changing the different wing
motion parameters also requires extensive re-designing of the prototype which by itself influences prototype
efficiency. This work tries to overcome this issue by proposing a model supported approach. A quasi-steady
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Figure 1: Flapping wing motion in reference frame xyz and co-rotating frame xxyczc. a Stroke motion
indicated by shaded stroke plane with stroke angle φ, and amplitude φmax b View in xc direction, showing
wing pitch motion, indicated by angle η.

model for the wing aerodynamics is often used [9, 10, 11, 12]. It allows to simulate the effect of parameter
variations by changing the model input and calculating the performance parameters. The model input is a
mathematical description of the wing kinematics and the simulation output calculates the lift and drag force
as a function of time.

Model accuracy can be increased by using empirical force coefficients. A procedure for experimental iden-
tification of the coefficients is therefore developed using a wind tunnel approach. The flapping wing motion
kinematics are simplified in a wind tunnel, which offers the advantage of a better observable set-up. The
wind tunnel wing motion is based on the AVT-202 test case of a wing pitching up in a forward uniform
airflow [13, 14, 15, 16].

The quasi-steady model of Wang et al. [12] shows promising results using our model identification pro-
cedure. The finalised model expression can then be used to calculate the influence of the wing motion on
the performance indicators by doing a parameter sensitivity analysis of the wing kinematic parameters. The
parameters studied in this work are the wing stroke motion profile as a function of time, the duration of the
wing pitch phase, and the timing of the wing pitch motion with respect to the stroke motion.

This paper starts with a description of the KUlibrie flapping wing set-up. The quasi-steady model expression
is explained in detail. The next section describes the model identification procedure together with the exper-
imental results obtained in the wind tunnel. The final part describes the wing motion sensitivity analysis.

2 The KUlibrie FWNAV

The KUlibrie is a FWNAV with a wingspan of approximately 0.15m and is currently under development at
the KU Leuven [17]. It serves as a reference prototype in this work.

2.1 KUlibrie flapping mechanism

The KUlibrie’s stroke motion is actively driven using a resonance supported mechanism [7]. A direct drive
system is used where a small motor directly connects to the wings using a gear transmission and a torsional
spring supports the wing motion. Individual control of both wings is possible using this mechanism. Figure
2 shows a schematic representation of the mechanism used to drive a single wing.
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Figure 2: Simplified schematic showing the resonance supported direct drive mechanism.

The wing pitch motion happens passively in the KUlibrie prototype, similar to most FWNAV designs [11,
18, 19]. This means no active drive mechanism is present and the wing pitch profile is the result of inertial
wing forces, aerodynamic forces on the wing, a reaction force at the wing base and the restoring force exerted
by an elastic element. A stopper element fixes the steady inclination angle during mid-stroke. The elastic
element stiffness is currently the only way to influence the KUlibrie’s wing pitch motion profile.

2.2 KUlibrie wing

Figure 3 shows the KUlibrie wing [17] in the co-rotating frame xxyczc. A leading edge length LE of 78mm
is used which results in a planform area of 1994mm2. The wing has two internal wing veins whose primary
function is to increase the stiffness of the wings. The wing pitch motion takes place around the leading edge
which coincides with the xc axis of the co-rotating frame.

LE

c(r)

r

zc
xc

Figure 3: Wing planform in the xcyczc-frame. Wing size denoted with leading edge length LE, and chord
length c(r) along the running coordinate r

2.3 KUlibrie wing motion

The wing motion and optimisation of the wing kinematic parameters is of utmost importance to improve
system performance. This work specifically looks at the wing stroke motion profile, the wing pitch motion
profile and the timing of the wing stroke with respect to the wing rotation (wing pitch shift).

The current KUlibrie stroke motion is a sinusoidal wing motion with a flapping frequency tuned to the
system’s resonance frequency and a variable stroke amplitude. The resonance frequency is in the range
from 20 to 25Hz, depending on the specific configuration. The stroke amplitude is adaptable using the flight
controller and based on the specific flight condition with a maximum amplitude of 90◦. Figure 4 shows a
measurement of the stroke angle in blue, together with a sine function fit. The data is coming from a test
set-up described in [7] using a magnetometer mounted on the shoulder axis of the wing.
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Figure 4: Measured stroke angle in blue with sine funtion fit in red.

No accurate measurements exist of the current KUlibrie’s wing inclination angle profile. A high speed
camera set-up is used for preliminary inclination angle measurements and allows to deduce a numerical
value for the main parameters influencing the wing pitch profile (different parameters illustrated on figure 5
with the stroke motion in red and the inclination angle in blue). The steady inclination angle in mid-stroke
(indicated by the white region in the figure) is approximately 45◦. The total duration of wing pitch rotation
∆tr is 43% of the complete flapping cycle (indicated by the shaded region in the figure). The wing pitch
rotation occurs before the stroke angle reversal. This is called advanced rotation, in contrast to delayed
rotation when the wing pitch occurs after the stroke angle is reversed or symmetric rotation [9]. The current
estimate for the shift is 6% of the flapping cycle.

Figure 5: Illustration of the main parameters influencing the wing pitch profile. The red curve shows the
stroke motion profile. The dashed blue line shows the inclination angle profile.

3 Quasi-steady model formulation

This paper starts from the quasi-steady model described in Wang et al. [12]. In their work, they separate
the different physical mechanisms contributing to the total aerodynamic force and propose a mathematical
expression describing the force produced by each individual mechanism (see figure 6). The formulations are
expressed in the co-rotating frame xcyczc (definition in figure 1). The model assumes only pressure forces
so the force vectors are directed along the yc-axis.
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Figure 6: Different mechanisms contributing to the force production. Figure based on figure 4 in Wang et al.
[12]

The first component of the wing motion is the stroke motion which is a purely translational motion. The
expression for the force F trans produced by this component is derived from thin airfoil theory where a fixed
wing glides through the air with a steady inclination angle.

F trans = 0.5ρf (ω2
y + ω2

z)Ctrans
F S (1)

ρf is the air density. ωy is the rotational velocity around the yc-axis and ωz is the rotational velocity around
the zc-axis. The translational force coefficient CF is calculated from the measured translational lift coeffi-
cient (see section 4).

Ctrans
F = Ctrans

L /cos(α) (2)

α is the inclination angle.

The second component of the wing motion is the wing pitch leading to a rotation-induced force F rot. It is
the damping force which a wing experiences due to the rotation.

F rot = 0.5ρfω2
xC

rot
D

∫ R

0

∫ dc

dc−c
z2cdzcdxc (3)

Crot
D is the rotational damping coefficient. A good approximation for this coefficient for flapping wings is the

value for the drag coefficient at an inclination angle of 90◦. ωx is the rotational velocity around the xc-axis.

A term taking into account the coupling of the translational motion and the wing pitch rotation, called the
coupling force F coupl, is a third contribution to the model expression. This contribution is zero when the
wing is either not rotating or not translating. The expression is derived from the mathematical formulation of
the additional circulation developed around a rotating wing to satisfy the Kutta condition. The formulation
of this term was adapted by Wang et al. compared to previous works and simplified in this work using the
KUlibrie parameters

F coupl = ρfωxωyC
coupl

∫ R

0
c2dxc (4)

The coupling coefficient Ccoupl depends on the relation between the translational motion of the wing and the
wing rotational velocity and is experimentally defined for the KUlibrie (section 4).

The added-mass force F am takes the acceleration and deceleration of the air surrounding the wing into
account. The reaction force of the air on the wing is calculated by multiplying the added-mass coefficients
with the acceleration of the wings and the resulting force in the yc axis is calculated as

F am = −
∫ R

0
0.25ρfπc

2(ay + 0.5cαx)dxc (5)

αx is the angular acceleration around the xc-axis and ay is the linear acceleration in the yc direction.

The total aerodynamic force F aero is finally calculated as

F aero = F trans + F rot + F coupl + F am (6)
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4 Empirical force coefficient

A procedure for the experimental identification of the force coefficients is developed in the framework of
this research. Direct measurement of the force coefficients on an oscillating set-up is prone to errors due to
the vibrations in the set-up. The main idea of the identification procedure is to create a similar kinematic
condition as the one the wing experiences in flapping flight, but in a controlled environment.

Figure 7: Division of the wing motion in different phases.

The flapping wing stroke can be broken down in different phases, based on the kinematics (shown in figure
7). During phase II, the wing experiences a purely translational motion. This is trivial and imitation of this
phase can simply be accomplished by mounting the wing in a wind tunnel under a steady inclination angle.
During phase I and III, the wing undergoes a combination of a translational motion and a rotation of the wing
itself. To create a similar kinematic condition, these two motion components need to be present.

z

η
FLOW

z

η
zc

FLOW

Figure 8: Wing at rest in a constant speed air flow at time t1. Final situation after wing rotation at time t2.

The proposed approach to imitate the kinematics in these phases is based on the AVT202 test case motion
(given in figure 8) [13]. The wing is horizontally in a uniform flow at time t1. After some time, the wing
quickly pitches up and remains at its new inclination angle until all transient phenomena die out (time t2).
Repeating this experiment for various settings of the uniform flow velocity and wing pitch speed allows to
identify the empirical force coefficients.
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4.1 Wind tunnel set-up

This work uses an open outlet wind tunnel to provide the uniform flow. Wind speed can be set in the
range from 4 to 11m/s. The Reynolds number of the flow in the set-up matches the one in flapping flight.
The wing set-up is mounted at the open outlet of the tunnel. Figure 9 shows the experimental apparatus
to perform the validation tests. It exists of a wing (1), firmly connected to a mechanism that can change
the wing’s inclination with respect to the airflow (3). The mechanism is mounted on an HBM force cell
(4) and the wing’s position is measured using a Hall-based AS5600 magnetometer (2). A Nordic NRF52
microcontroller with a sample frequency of 14kHz collects the measurement results and drives the motor
that changes the inclination angle.

Figure 9: Apparatus used for the experimental validation.

4.2 Result of the identification procedure

During a single measurement, the set-up measures wing inclination and lift force production. An example
of the measured wing inclination angle in the wind tunnel set-up is shown in figure 10a. An example of the
measured lift force is given in figure 10b in blue. The oscillations occur at the resonance frequency of the
set-up. After filtering out these higher frequency components, the resulting lift force is shown in red. Before
the wing motion is initiated, force production is zero. A peak in force production is observed when the wing
starts rotating and the measurement settles for a steady value after wing rotation is complete. To identify the
force coefficients, this basic experiment needs to be repeated for different values of the wind tunnel air speed
and wing rotational speed.

Input of the same kinematic parameters in the model expression allows to simultaneously simulate the lift
force production. The force coefficients are identified by comparing the measurement data with the simu-
lations. During the first and last phase of the experiment, no wing rotation is present. The only term in the
force model that gives a non-zero contribution is therefore the translational component and the lift coefficient
can be identified (figure 11a). During the second phase of the experiment, the wing rapidly pitches up. Com-
parison of model predictions with experimental data shows that the expression of the coupling force strongly
underpredicts the measured amplitude. Inverse calculation of the force coefficient to match measured and
simulated data for different values of the wind tunnel air speed U and wing rotational speed ω reveals a
relation between the coupling coefficient and these parameters (shown in figure 11b). This relation can be
used to update the model expression.
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Figure 10: Measurement results of a single wing pitching experiment. a Measured inclination angle profile.
b Measured lift force in blue and filtered signal in red.
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Figure 11: Force coefficient identification. a Lift coefficient as a function of inclination angle. b Coupling
coefficient as a function of wind speed and speed of wing rotation.

Figure 12 shows a comparison of the measured lift force data with the simulated lift force, using the updated
force coefficients. The graph shows a close match between the two curves over the entire time period. Also
the predicted and measured peak amplitude show good agreement. A small discrepancy exists after the wing
stops pitching down. This small force increase is likely to be caused by the shedding of the leading edge
vortex. None of the terms in the model can account for this phenomenon but the numerical error is small and
therefore neglected.
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Figure 12: Comparison of measured and simulated lift force for the basic experiment.

5 Wing motion parameter study

The analyses in this section are executed on flapping wings. The lift force production and the lift-to-drag
ratio are used to study the influence of the wing motion parameters on the performance. The average lift
production is important because it gives an indication of payload capacity and agility of the FWNAV. The
lift-to-drag ratio on the other hand is important when studying aerodynamic efficiency. This work changes
each wing motion parameter individually to assess its effect on the aerodynamic performance. An adaptation
of a single wing motion parameter changes the wing kinematic input in the model expressions which allows
to run the model for every increment of the wing motion parameter.

5.1 Stroke motion profile

The first important aspect is the profile of the stroke motion as a function of time. It is often assumed in
FWNAV research that the freedom to change its course is limited as it directly results from the design of the
drive mechanism. It is seldom taken into account as a variable when optimising the system aerodynamics.

The profile of the stroke motion influences the velocity profile of the wing’s aerodynamic centre which
impacts the force production. Two parameters that change this profile are the stroke amplitude and the
flapping frequency. They influence the force production in a straightforward manner and are omitted from
the analysis. A constant value for these parameters is chosen to eliminate their effects.
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Figure 13: Adaptations to the stroke motion. The black dotted line gives the perfect sine representation.
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This work focuses on the actual shape of the stroke motion profile. Figure 13 shows different stroke motion
profiles with a constant amplitude of 70◦ and a constant frequency of 20Hz. The dotted line gives the
perfect sinusoidal motion which is currently used. The blue dashed lines show the evolution towards a
triangular profile. The red full lines show the evolution towards a square wave. The maximum centre of
pressure velocity increases when changing the profile from a triangular wave to a square wave. This increased
velocity leads to an increase of the maximum lift and drag force production caused by the translational term
in the model expression. Also the lift-to-drag ratio increases when adapting the stroke motion profile from a
triangular wave to a square wave (figure 14). Moving towards the left in the shaded side shows the transition
to a more triangular-shaped profile. Moving towards the right indicates the transition to a more square-shaped
profile.

Figure 14: Effect of the stroke angle profile on the aerodynamic performance.

5.2 Wing pitch profile

A second important aspect of the wing motion, is the wing pitch profile. Two specific parameters are studied
influencing this profile: the total wing pitch duration and the relative position in time of the wing pitch with
respect to the wing stroke, called the wing pitch shift. A sinusoidal stroke motion is assumed in this analysis.

5.2.1 Wing pitch duration

Figure 15 gives the profile of the wing pitch motion with different values of the wing pitch duration. The
values in the figure are chosen arbitrarily for illustrative purposes. The red line gives the sinusoidal stroke
motion. The blue lines show the wing pitch motion. In this section, the wing pitch motion occurs symmetrical
with respect to the point of stroke reversal. This zero shift is chosen to avoid any influences of this parameter
on the analysis.

The lift force and lift-to-drag ratio are given in figure 16 as a function of the wing pitch duration, which
is expressed as a percentage of the complete flapping cycle. The limits of the x-axis originate in physical
constraints of the pitch motion. A shorter duration causes too high accelerations of the wing and if the
duration increases, the wing can not reach its steady inclination angle anymore. The lift force production
increases when the wing rotates more rapidly, caused by the rotational contribution of the wing motion.
For the lift-to-drag ratio, an optimum exists at 44% of the flapping cycle but the efficiency gain is small.
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Therefore, it makes sense to decrease the wing pitch duration as much as possible because a gain in lift force
of up to 10% can be achieved.
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Figure 15: Illustration of the wing pitch profile with different values for the wing pitch duration ∆t.
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Figure 16: Effect of the wing pitch duration on the aerodynamic wing performance.

5.2.2 Wing pitch shift

Figure 17 demonstrates the timing of the wing pitch motion relative to the wing stroke motion. The red curve
is again the stroke motion. The blue curves are wing profiles with the same wing pitch duration but shifted
in time. The grey box shows the timing of a symmetrical profile where exactly half of the wing pitch motion
happens before stroke reversal (at 0.025s) and half of it happens after stroke reversal. The profile can be
shifted earlier in time, which is called advanced rotation and is indicated with the dotted box, or shifted later
in time, which is called delayed rotation an is indicated with the dashed box.
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Figure 17: Illustration of the wing pitch profile shifted in time with respect to the stroke motion.

The effect of the wing pitch shift on the lift force and lift-to-drag ratio are given in figure 18. The x-axis shows
how much the rotational phase is shifted as a percentage of the complete flapping cycle. A clear optimum
in lift force is observed for advanced rotation whereas a clear optimum in lift-to-drag ratio is observed for
delayed rotation.

Figure 18: Effect of the wing pitch shift on the aerodynamic wing performance. The shaded area indicates
advanced rotation. The transparent area indicates delayed rotation.

6 Conclusion

This work introduces a strategy to improve the accuracy of aerodynamic model predictions, by making use
of empirical force coefficients. The resulting model expression is used to study the effect of the wing motion
kinematics on the aerodynamic efficiency.

To improve FWNAV system design, it is important to accurately predict the aerodynamic efficiency of a
flapping wing system. An experimental approach is often inaccurate and time consuming. A purely model-
based approach can offer a solution but accuracy of the results strongly depends on the accuracy of the model
expression.

This work proposes a procedure to identify the force coefficients in the model expression in an experimental
way. A wind tunnel set-up is used to circumvent the accuracy problems the traditional flapping wing set-up
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poses. The procedure is based on the AVT-202 test case and allows to easily identify the lift coefficient and
the coupling coefficient of the wings.

The finalised model expression can be used to study the influence of the wing motion on the aerodynamic
efficiency. Lift force production and lift-to-drag ratio is calculated using the model for different wing motion
profiles. The simulations show that the aerodynamic efficiency increases when a rectangular stroke motion
profile is used. An optimal duration of the wing pitch motion and optimum relative timing with respect to
the stroke motion can be calculated.
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Abstract 
Durability prediction of suspension systems in vehicles has always been a critical parameter in quest of 

more performant, efficient, and safe cars. Since the experiments with fully instrumented vehicles on the road 

are very expensive, tests are typically performed in a laboratory environment. Using time waveform 

replication (TWR), the control signals for the actuators are computed for the test rig setup. A commonly 

used techniques in TWR is based on linear frequency domain modelling using averaged frequency response 

function. This paper presents different simulation scenarios to explore possibilities of considering extra 

targets in the process. It illustrates the advantages and drawbacks of adding internal loads. Different types 

of sensors have been integrated into the numerical model. The influence of additional sensors on durability 

indicators has been compared using the RMS and the pseudo-damage of signals over time. The results show 

an overall beneficial effect of the extra target signals on TWR target reproduction quality.  

1 Introduction 

During the design and prototyping phase of new cars, extensive numerical and experimental analysis are 

performed in order to improve the predictions of durability. In particular, fatigue assessment of suspension 

assemblies constitutes an important step in the development of modern cars. These components are 

continuously exposed to dynamic loads at various amplitudes and frequencies, and consequently more prone 

to damage. A more accurate estimation of applied loads on the vehicle leads to a more reliable component 

lifetime prediction.  

Car manufacturers make extensive use of test drives on public roads and test tracks in order to evaluate the 

durability of the systems and components. The industrial process for durability testing starts with a fully 

instrumented test vehicle. During these test drives, the service loads at some specific points of the car are 

measured. Those service loads can be accelerations, forces or displacements, and are referred to as target 

signals. The acquired signals are used as reference data for the lab-based durability tests on test rigs. The 

forces in the wheel hub (or spindle) and the forces at the attachment points of the suspension to the chassis 

are commonly used to replicate the conditions on the test rigs [1, 2]. 

Test drives on the road are usually very expensive and time-consuming. To avoid the drawbacks of physical 

experiments, tests are typically performed in a laboratory environment, where the road conditions are 

replicated [3, 4]. The attachment points of the suspension axle are fixed to a stiff mount (ground) and 

hydraulic actuators are connected to the wheel hub.  

Using time waveform replication (TWR), the control signals for the actuators are computed for the test rig 

setup. One of the most commonly used techniques in TWR is based on linear frequency domain modelling 

that uses an averaged frequency response function (FRF) obtained in the initial system identification phase. 
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In such a way, the nonlinear behavior of the suspension system on the road is being approximately modeled 

with a set of linear FRFs that describe the vehicle as a multi-input/output (MIMO) system [5, 6, 7].  

Depending on system complexity and the present nonlinearities, the response of the system might differ 

from the desired loading conditions. Therefore, the TWR process adopts an iterative approach to minimizes 

over multiple iterations the differences between the road targets and the systems responses. The TWR goal 

is to come up with appropriate input signals to be applied to the hydraulic shakers of the test rig. Those 

inputs, called the “drives” should be such that the responses, measured in the test lab, approximate the target 

signals, measured on the road, as close as possible. Drive signals are obtained by the inversion of FRFs 

multiplied with the target signals [3, 8].  

Although the quality of the estimated responses for external loads on the vehicle can reach a high level of 

accuracy along TWR iterations, replicating internal loads of the suspension systems represents an additional 

challenge. The complexity of the interaction between internal components makes the estimations more 

difficult. However, the durability estimation of the components is more accurate if these internal loads are 

also accurately estimated.  

To cope with the convergence of internal loads in TWR process, a solution would be to include the internal 

loads as targets to be replicated. In this study, the effect of internal load inclusion in the TWR process has 

been numerically investigated. Based on different loading scenarios and sensors layouts, this paper explores 

possibilities of considering extra targets such as internal forces in the accuracy of TWR estimated results. It 

illustrates the advantages and drawbacks of adding internal loads in the estimation process.  

Different types of sensors have been integrated into the numerical model: accelerometers and force cells at 

suspension joints. The influence of additional sensors on durability indicators has been compared using the 

RMS and the pseudo-damage of signals over time. The results show an overall beneficial effect of the extra 

target signals on TWR target reproduction quality. Furthermore, this study shows that the benefit of extra 

internal forces is mainly local to the sensor application point. In contrast, adding extra accelerometer as 

target will be beneficial for almost the entire set of targets.    

2 Modeling and numerical analysis 

2.1 Digital models 

The numerical models that are used in this study are developed using the Simcenter 3D software package 

[9]. As part of its portfolio, Motion solver offers the possibility to create, manage and solve complex 

multibody problems. To achieve the desired simulation accuracy, special care has been taken with the 

modeling of vehicle structure, suspension systems, tires, as well as the road definition. More details about 

the modeling aspects of each main component is provided in the following sections.  

2.1.1 Vehicle model 

In this study, the SimRod vehicle was used. This two-passenger car weighs around 600 kg. In the framework 

of the numerical study, no passengers have been considered in the model. The vehicle is propelled by its 

rear-mounted electric motor allowing to achieve a maximum speed of 120 km/h. A rendered view of the 

digital model of SimRod is illustrated in Figure 1.  

The light chassis of the vehicle is made of interconnected tubular rods, reinforced by plates in some specific 

locations. Both the tubes and plates are made of steel. The tubes and plates are modeled respectively with 

beam and shell elements. The stiffness of the FE model is updated based on multiple experimental modal 

analysis performed on the real car.  
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Figure 1: The detailed model of SimRod is created in Simcenter 3D Motion. 

The front and rear suspension systems are similar and are based on double-wishbone mechanisms. The 

vertical suspension is ensured by a spring-damper system mounted between the chassis and lower control 

arms. The realistic stiffness values used in the simulations are obtained from experimental analysis of the 

vehicle. Due to the relatively short length of upper and lower arms, it is assumed that most of the lateral and 

longitudinal dynamics of the suspension systems is due to chassis deformation at mounting points. 

Preliminary analysis of the chassis deformation shows that the chassis is prone to deformation at the 

attachment joints.    

During the simulation time, the vehicle is directed on the digital road based on two PID controllers: (1) The 

moving direction of the car is guided through a controlled steering system implanted at the front suspension 

axle; (2) The velocity of the car is controlled by the torque produced by the rear-mounted electric motor, 

connected to tires via a differential. These controllers allow the vehicle to advance on the road with desired 

speed and direction.         

2.1.2 Tire model 

The modeling accuracy of tires plays a crucial role in the robustness and quality of the digital road 

simulation. A more complex model can lead to a more realistic interaction of the tire with the road asperities. 

In order to ensure a realistic representation of the tire, the MF-Swift definition has been adopted [10]. MF-

Swift tire models include more degrees of freedom compared to basic tires and they offer a good level of 

complexity. The choice of this type of tire model is justified by the good balance between computational 

speed and model accuracy. This tire model covers a frequency range between 0 and 80 Hz. 

2.1.3 Road model 

The digital road model used in this study is crated based on a real road with Belgian blocks. The road data 

is mapped experimentally and saved in an OpenCRG format that can be directly integrated to the numerical 

models through the user interface of Simcenter 3D [11]. A sample of the road is available in Figure 2, where 

the color represents the height of the road asperities with respect to the horizontal plane. 
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Figure 2: (Left) The roughness pattern of the road is similar to the one of Belgian Block. (Right) Road 

asperities are captured by the tires, following the MF-Swift approach [11]. 

2.2 TWR analysis 

Time Waveform Replication (TWR), is an application in the Simcenter portfolio which leverages the 

multibody dynamics capabilities in Motion [12]. It allows a user to build a virtual test-rig, calculate the 

frequency response function of a given multibody system, specify target signals, filter and condition the 

signals, and ultimately produce conditioned drive signals via an iterative solution process. The TWR process 

uses a model-based approach to inversely estimate the system excitations (called drives) in order to match 

the desired system response (called targets) obtained from road simulation. The model used by TWR in this 

study is the Frequency Response Function (FRF) that is created following a system identification procedure 

detailed in the following sections [13]. Once the model is created, the drives are computed using the FRF 

inverse matrices. The iterative process of TWR tries to find the drives that can best replicate the desired 

target signals. The TWR target estimation process is detailed in Section 2.2.4.    

2.2.1 Actuator layout 

Once the instrumented vehicle is in the laboratory environment, attached to the mounting points of the test 

rig, the tire hubs are connected to a set of mechanisms linking to actuators. The actuators produce the input 

signals based on the prescribed electronic data. Pneumatic actuators are very often used for this kind of lab 

experiments. In practice, in order to avoid any unexpected drift of the vehicle from its nominal location, 

displacement-controlled actuators are used for the vertical drives. On the other hand, it is common to use 

force-controlled actuators for the lateral and longitudinal forces. The same type of actuators is implemented 

in the multibody model of the TWR test case of this study. The tires are not considered in the TWR process 

and the actuators are directly applied to the wheel hubs to simplify the problem.  

When a single axle analysis is required (i.e. real axle), the chassis is usually fixed to a stiff support and only 

the under-study axle is excited with actuators. The initial position of the actuators is computed based on the 

static deformation of the suspension system, required to replicate the vehicle’s settled configuration. Setting 

this initial height allows to replicate the correct stiffness of the suspension springs. In the simulated TWR 

process, this is usually achieved with an initial settling simulation followed by a restart solution that takes 

as initial value the settled configuration of the vehicle. 

2.2.2 Sensor layouts 

In contrast to experiments, the digital vehicle model makes it possible to obtain any sensor data from desired 

locations of the car, such as in wheels, joints, springs, etc. Once the simulations are performed, the dataset 

including entire exportable channels is saved for further processing in TWR. The desired signals that 

represent a service load on the vehicle on the digital road are considered as TWR targets. The TWR process 

will try to replicate these signals using a model-based approach explained in Section 2.2.4.   

Depending on the choice of sensor layout, different set of channels will be processed in the TWR analysis 

steps. Two sensor layouts have been considered in the research: (1) A conventional layout including mainly 

the external forces; (2) An augmented layout in which additional internal forces are accounted for. As 
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mentioned in the introduction, the strategy behind the numerical analysis is to compare these layouts in 

terms of TWR estimation accuracy. The list of channels used in the conventional and augmented layouts is 

available in Table 1. The extra sensor channels used in the augmented layout are active forces at the joints 

of the upper/lower control arms. These are the forces that the suspension exchanges with the chassis at the 

joint interfaces. The effect of these extra channels on the quality of TWR estimations is assessed and 

presented in Section 3. 

Table 1: List of channels used in the different sensor layouts (showing left side only) 

ID Type Direction Side Location Conventional 

Augmented 

with extra 

forces 

Augmented 

with extra 

accelerations 

Sensor_RL_DeltaZ Displacement z L, R 
Wheel relative 

to chassis 
   

Sensor_rev_RL_Fx Force x L, R 

Wheel hub 
(spindle) 

   

Sensor_rev_RL_Fy Force y L, R    

Sensor_rev_RL_Fz Force z L, R    

Sensor_rev_RL_Fstrut Force z L, R 
Suspension top 

mount 
   

Sensor_extra_Fx 
Force 

(internal) 
x L 

Joint at front of 

lower control 
arm 

   

Sensor_extra_Fy 
Force 

(internal) 
y L 

Joint at rear of 

upper control 
arm 

   

Sensor_extra_Fz 
Force 

(internal) 
z L 

Joint at front of 
lower control 

arm 
   

Sensor_extra_AccHub_x Acceleration x L Wheel hub    

Sensor_extra_AccHub_y Acceleration y L Wheel hub    

Sensor_extra_AccHub_z Acceleration z L Wheel hub    

 

Each sensor layout has been tested separately in the TWR process and the corresponding results are 

processed in order to extract the durability-related quantities (i.e. pseudo-damage). Figure 3 shows a detailed 

view of the suspension mechanism and the connection joints.  

 

Figure 3: (Left) The rear axle suspension is composed of two double wishbone mechanisms, (Right) The 

list of targets includes wheel forces measured at the hub and the vertical strut force.   

The weight of the sensing elements, such as accelerometers and wheel travel sensor (in all sensor layouts) 

are considered negligible in the study, since their weight is orders of magnitude lower than the vehicle 
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components in this case. Furthermore, it is assumed that the extra accelerometers are placed at the same 

location, to replicate a tri-axial sensor. The sensor measuring the wheel travel (distance from wheel knuckle 

to a fix point in chassis) is exporting displacements in the vertical direction (z). The sensor located at the 

top mount of the vertical strut is reporting the reaction force at the (chassis/spring interface) in the vertical 

direction. Some examples of target signals are shown in Figure 4. 

  

(a) Longitudinal force at wheel hub (b) Vertical force at wheel hub 

  

(c) Force in vertical strut (d) Wheel travel distance 

Figure 4: Examples of (conditioned) targets computed from the road simulation. These targets are then 

used in the TWR process to estimate the drives for the test rig actuators. 

The total simulation time for road simulations is 30 s. The target signals correspond to a selected portion of 

time between 15 and 25 s (target duration time 10 s). The simulation timestep is fixed to 1 ms, in order to 

capture the desired road dynamics. Once the raw targets are loaded in TWR, they are filtered using a band-

pass filter from 1 to 40 Hz.  

2.2.3 System identification (FRF modelling) 

The TWR process is based on the idea of using a linearized model in parallel with a fully non-linear 

multibody model. The system identification step allows to create an FRF model (linear) that represents the 

nonlinear complex multibody model of the vehicle. The identified FRFs are to be used in the TWR target 

estimation process. In order to create the FRF model, a non-parametric MIMO approach is used. The 

frequency range of interest is defined by the user depending on the scope of the TWR analysis. In this study, 

the higher frequency is limited to 40 Hz. To compute the FRF matrices, a set of known drives (such as 

random, multi-sine, etc.) are applied to the multibody model of the vehicle. In this case, the wheel hub is 

excited using displacement drives. The vehicle is excited for a duration of 50 s. Following the simulation, 

the resulting responses are stored and used in the system identification process to obtain FRF curves over 

frequency. The frequency spectra are computed using an averaging technique in frequency domain based 

on blocks of time data. The block length is set to 512 and they present an overlapped of 50% in length. 

It is important to note that the excitation levels used in the system identification step need to be in an 

acceptable range: over-excitation can introduce excessive nonlinearities in the system. On the other hand, 

under-excitation levels may produce an FRF model that is far from the vehicle’s operating conditions on the 

road.   

2.2.4 Target replication 

The FRF model of the vehicle (estimated in the system identification step) consists of a series of matrices 

defined in the frequency domain that describes the relationship between inputs (actuators) and outputs 
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(sensors). The FRF is pseudo-invertible and therefore allows the computation of the inputs from the 

knowledge of the outputs. In practice, most of the vehicle multibody models are highly nonlinear. Depending 

on system’s complexity and the present nonlinearities, the response of the system might differ from the 

desired loading conditions. Therefore, the TWR process adopts an iterative process to minimizes over 

multiple iterations the differences between the road targets and the computed system’s responses [6] [14]. 

Each iteration step is categorized by gain factors related to the corresponding estimation errors. These gains 

prevent the system responses to overshoot and improve the convergence of the target replicating problem. 

Gain factors increase gradually as the iterations increase. The iterative process ends when: (1) the error 

between the desired targets and the system responses is negligible; (2) the computed damages for the desired 

targets and the system responses are similar.   

3 Results and discussions 

The combination of digital models of the vehicle and the road makes it possible to simulate the dynamic 

behavior of the suspension systems in a multibody framework. In a first simulation, the vehicle ran along a 

rough road with a controlled speed and the sensor data is stored as targets in time domain. In a second 

simulation, the vehicle’s chassis is fixed to a test rig support and the wheel hubs are excited by multi-axial 

actuators. System identification techniques in frequency domain allow to estimate a reliable FRF model of 

the SimRod vehicle on the test rig. Once the model is identified, the targets obtained in the first simulation 

are fed into the TWR process. This results in the computation of a set of drives that reproduce the road 

loading conditions on the vehicle.  

 

Figure 5: (Left) SimRod’s chassis is made of tubular rods and plates, (Right) The flexible chassis is modeled 

as beam and shell elements. 

In order to validate the methodology proposed in this paper, several sensor layouts have been analyzed using 

the TWR approach. The objective is to validate that additional measurement channels on the test rig which 

are used as extra targets for the TWR controller can improve the replication of the loading conditions in the 

suspension. Therefore, TWR simulations results are compared with a reference case, which is defined with 

the conventional sensor layout.  

3.1 Comparison criteria 

Among the set of available results in the TWR processing step, the responses of the last iteration are crucial 

for the quality assessment. It consists of a set of time domain signals corresponding to the list of channels 

including the desired targets. These time domain signals are analyzed in different ways. In order to obtain 

an overall evaluation of the benefits in using augmented sensor layout, the RMS of the mismatch between 

targets and estimated responses is computed. It is one of the most commonly used parameters that shows 

the overall matching quality of the signals.  

It turns out that due to the sensitivity of RMS values to outlier data, it does not offer the best comparison for 

the quality assessment. A few amplitude overshoots at certain time steps can bring a disproportionate large 

DYNAMIC TESTING: METHODS AND INSTRUMENTATION 1053



effect on the RMS value. In addition, the RMs value of each target channel represents an order of magnitude 

that is comparable with channels in the same amplitude range. The targets that are analyzed in the TWR 

process have a significantly different operating range. The vertical forces are usually higher in amplitude 

compared to lateral forces. Consequently, comparing the RMS values directly between channels is not a 

reasonable choice.  

In this study, two additional metrics are used in order to limit the effect of amplitude differences between 

channels. In a first attempt, the RMS of each channel is normalized by its own maximum amplitude. This 

value is represented in the comparison tables as “RMS normalized individually”. Then, a second metric is 

proposed which consists of normalizing channels within their category. For example, all vertical forces 

belong to a group and the RMS values are normalized by the maximum amplitude of the channels in that 

group. This parameter is represented in the results as “RMS normalized to group max”. 

Even though these additional metrics make the comparison more objective, it doesn’t yet completely reflect 

the physical interpretation of the signals. For example, a 10% mismatch on a big amplitude signal has a 

more significant effect on the durability of the vehicle components compared to a 20% mismatch on a small 

signal.  

As the main purpose of the analysis is to estimate the durability of the components, the pseudo-damage 

value is introduced as a fourth comparison metric. Combined with the previously calculated normalized 

RMS values, it can become a good indicator of the signal estimation quality. All of the metrics mentioned 

earlier are computed and provided as a table for each channel. The results are presented in Section 7. 

The pseudo-damages obtained from each sensor layout scenario are then compared to the corresponding 

values computed from the reference TWR results with conventional sensor layout. The objective is to 

evaluate if the pseudo-damage resulting from the test rig simulations with extra targets is closer to the 

computed damages of the road simulation. 

The pseudo-damage values do not have a physical meaning as, by definition, the material information and 

the geometry shapes are not considered in the computation. To make the pseudo-damage comparison 

between test cases more intuitive to interpret, a new parameter is defined: The “improvement factor” 

quantifies the advantageous effect of considering extra sensors in the TWR process. It reflects the matching 

quality of the estimated signals by comparing the ratio of pseudo-damage. A negative value indicates that 

the standard scenario (with conventional sensor layout) was better in replicating the desired target damages, 

while a positive improvement factor shows the beneficial effect of considering extra sensors.   

3.2 TWR results and discussions 

The results presented in this section are only a selected part of the entire dataset obtained during this study. 

To enhance the readability and interpretation, the illustrated channels in this section are represented by a 

collection of figures and tables. This includes: (1) The entire time series and a zoom over a selected range, 

(2) histogram, (3) frequency content and (4) the comparison table for RMS and pseudo-damage metrics. 

The blue curve corresponds to the desired target signal, measured from the road simulation (to be replicated 

by TWR process). These signals are obtained from the road simulation. The red and yellow curves represent 

respectively the computed responses without extra targets (conventional layout) and the one with extra 

sensors (augmented layout).  

In Figure 6 and Figure 7, the comparison between the results of the TWR process with the conventional and 

augmented (with force) layouts are illustrated. These results correspond to locations where extra force 

sensors have been virtually placed. Figure 8 shows the effect of extra force sensors on a sensor that has been 

used as a target in the TWR process. However, the results presented in Figure 9 correspond to a (potential) 

sensor location that has no active channels in the TWR process. This channel is simply monitored and 

compared in different sensor layouts, since it shows beneficial influences of adding extra force sensors. 

More detailed analysis of the results is available in the following section. 

In Figure 6 the effect of adding internal forces (in lateral direction) of the upper control arm seems very 

beneficial for the TWR response computation. Both the RMS and damage indicators have improved. For 
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the sensor in the lower control arm (longitudinal direction) the effects of extra sensors can be observed in 

Figure 7. Despite a negative improvement factor, the RMS seems to be improved. When internal forces are 

added, the analysis of TWR results shows improvements in the response estimation quality of TWR at sensor 

locations.  

 

Figure 6: Comparison between the results of the TWR process with conventional (red lines) and augmented 

(with extra force) layouts (yellow lines). The reference signal from full vehicle simulation on the road is 

shown in blue. The extra internal forces have beneficial effects on the accuracy of the replicated target 

located at the upper control arm, both from RMS and pseudo-damage aspects.   

 

Figure 7: Comparison between the results of the TWR process with conventional (red lines) and augmented 

(with extra force) layouts (yellow lines). The reference signal from full vehicle simulation on the road is 

shown in blue. The effect of extra internal forces on the accuracy of the replicated target located at the lower 

control arm is beneficial from the RMS aspect and slightly deteriorating from the pseudo-damage point of 

view. 

It is also observed that the extra sensors influence the previously selected sensor locations (used targets) 

with a slightly negative improvement factor (see Figure 8). In fact, any addition of extra sensors to the TWR 

algorithm brings additional constraints to the solution space. In other words, the reversely computed drives 

in TWR should satisfy a bigger number of conditions. Consequently, the matching quality of the existing 

sensors in the conventional sensor layout might deteriorate in favor of the extra sensors.  

Another observation of this study is related to the channels that are not considered in the TWR process but 

are indeed a potential candidate for being extra sensor. Figure 9 shows the effect of extra force sensor on 
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sensor locations that are not used as targets. These signals are only monitored and they not part of the 

algorithm process.    

 

Figure 8: Comparison between the results of the TWR process with conventional (red lines) and augmented 

(with extra force) layouts (yellow lines).  The reference signal from full vehicle simulation on the road is 

shown in blue. This figure shows the effect of extra internal forces on the accuracy of the replicated target 

located at the knuckle hub. A slight deterioration of both RMs and pseudo-damage are observed. However, 

this deterioration in the time signal looks negligible (lower left plot). 

 

Figure 9: Comparison between the results of the TWR process with conventional (red lines) and augmented 

(with extra force) layouts (yellow lines).  The reference signal from full vehicle simulation on the road is 

shown in blue. The effect of internal forces on the accuracy of replicated target located at the upper control 

arm. Even though this channel has not been used in the TWR process, it still benefits from the addition of 

extra internal channel. 

It is not straight forward to designate a single parameter that covers the improvements of the entire channel 

list. An interesting attempt has been to compute the sum and the average of the improvement factors. In 

such a way, the overall advantage/drawback of considering extra sensors can be quantified as one value. 

Even though this value does not represent any physical property of the system, it still preserves a 

mathematical relevance that is worth exploring.  
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Table 2: The responses estimated by the TWR process show a global improvement when extra sensors are 

considered. A positive improvement factor means that the addition of extra sensors makes the pseudo-

damage (of the corresponding channel) closer to the one of road targets.   

ID Description 
Improvement 

with extra force 

Improvement 

with extra 

acceleration 

Hub Fx left SC Force at the left wheel hub connection to the knuckle -0.426 -0.224 

Hub Fy left SC Force at the left wheel hub connection to the knuckle -0.796 -0.282 

Hub Fz left SC Force at the left wheel hub connection to the knuckle -0.164 0.005 

Top-mount Fz left SC Force at the left suspension top-mount -0.312 -0.069 

DeltaZ left SC Relative displacement of the left wheel hub w.r.t the chassis -0.223 -0.003 

Hub Fx right SC Force at the right wheel hub connection to the knuckle -0.671 -0.336 

Hub Fy right SC Force at the right wheel hub connection to the knuckle -0.587 -0.245 

Hub Fz right SC Force at the right wheel hub connection to the knuckle -0.194 -0.040 

Top-mount Fz right SC Force at the right suspension top-mount -0.397 -0.152 

DeltaZ right SC Relative displacement of the right wheel hub w.r.t the chassis -0.395 -0.114 

UCA_Fr_L::Fx SC Reaction force at the front joint of upper control arm -0.395 -0.054 

UCA_Fr_L::Fy SC Reaction force at the front joint of upper control arm 7.127 0.732 

UCA_Fr_L::Fz SC Reaction force at the front joint of upper control arm -0.001 -0.001 

UCA_Rr_L::Fx SC Reaction force at the rear joint of upper control arm -0.401 -0.063 

UCA_Rr_L::Fy SC Reaction force at the rear joint of upper control arm 12.307 1.374 

UCA_Rr_L::Fz SC Reaction force at the rear joint of upper control arm 773.460 74.727 

LCA_Fr_L::Fx SC Reaction force at the front joint of lower control arm -0.173 -0.076 

LCA_Fr_L::Fy SC Reaction force at the front joint of lower control arm 1.928 0.228 

LCA_Fr_L::Fz SC Reaction force at the front joint of lower control arm -0.055 -0.019 

LCA_Rr_L::Fx SC Reaction force at the rear joint of lower control arm -0.012 -0.005 

LCA_Rr_L::Fy SC Reaction force at the rear joint of lower control arm -0.463 -0.138 

LCA_Rr_L::Fz SC Reaction force at the rear joint of lower control arm -0.638 -0.189 

Spring force SC Internal force of the spring-damper -0.223 -0.003 

 Sum 788.294 75.056 

 Average 34.274 3.263 

 Sum (no outlier) 14.834 0.329 

 Average (no outlier) 0.674 0.015 

 

This study shows that the addition of extra sensors improves the estimation accuracy in TWR. Note that in 

the case of extra force sensor (see Table 2), the sum of improvement factors across all channels is greater 

than the case of extra accelerometer. The average improvement (per channel) in that case is also higher than 

the case of extra acceleration. It has been observed that the improvement created by the extra force sensors 

has a local effect. In contrast to forces, extra acceleration channels bring an overall positive effect for all 

channels, but this effect is slighter than the forces.       

4 Conclusions 

The results obtained from different TWR scenarios show the influence of extra targets on the accuracy of 

pseudo-damage estimations. It was observed that the sum and the average values of the improvement factors 

for all channels confirm that the use of additional targets in the TWR process results in an overall better 

replication of damages. In particular, the improvement is more pronounced for the force signals that were 

used as extra targets. In conclusion, the research has confirmed on an industrial representative case that if 

extra force and acceleration data is available during the road tests and in lab environment, it can be used by 
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the TWR controller to better replicate the damage in the suspensions. This results in an improved fatigue 

life estimation for specific road conditions.  
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Abstract
Cup-shaped components, besides being basic forming objects, are also important for investigating the com-
plex real-time behaviour of sheet metal components. Initial experimental investigations of cylindrical cups of
same geometrical dimensions but produced with different blank holding forces (BHF) revealed significantly
altered dynamic behaviour. The cylindrical cups are manufactured with a depth of 24 mm, thicknesses (0.97
mm & 1.21 mm) and using different BHF values (35 kN & 45 kN) in a very controlled manufacturing pro-
cess. Experimental vibrational study results of these cylindrical cups revealed that the components with the
same geometrical dimensions but manufactured with different BHF lead to 1.3 dB variance, and 1.6 dB mean
vibration variability in transfer functions. The profile and thickness distributions are studied to understand
the variability. The higher BHF reduced mean vibration values while it increased the variance. A brief sim-
ulation attempt is made to understand the effect of BHF values on the vibro-acoustic behaviour. Finally, it is
shown that cups produced with higher BHF are having better vibro-acoustic performance.

1 Introduction

Sheet metal forming is a technique by which most body parts are produced in automobile industries. In sheet
metal forming, a blank sheet is subjected to plastic deformation using forming tools to confirm to a designed
shape. A lot of efforts have been put into the design phase to produce a defect-free part. Given material and
part shape, the optimum deep drawing design and the output quality of the component mainly depends on
process design. The process design tends to find the best settings of process parameters such as the friction
(lubricant type and procedure), the punch speed and the blank holder force. Achieving dimensional accuracy
and defect-free components has been vastly discussed in the literature [1]. Majeske [2] has researched several
leading automobile manufacturers to identify sources of variation between part-to-part, batch-to-batch, and
within batch variation in sheet metal stamping. His result shows that within the same batch, which means the
same die and process set-up, the part-to-part variation is around 30% of the total part variation in the long run.
Hence, the however good initial deterministic design is, the inevitable process variation may make the design
with considerable variation and thus resulting in bad quality physical products. Nowadays, the automotive
industries continue to drive the development of materials and structures with better strength-to-weight ratio.
This leads to producing components with thinner sections while maintaining adequate strength and stiffness.
Taking all these factors into consideration vibro-acoustic analysis of thin-walled components due to man-
ufacturing variations gained significant attention in recent years. Manufacturing variation primarily comes
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from three main aspects like the blank design, tooling design and process design. The blank design param-
eters like thickness, the tooling design parameters like the draw-bead shape and location and the process
design parameters such as the friction (lubricant type and procedure), the punch speed and the blank holder
force. Vibro-acoustic behaviour of thin sheet metal components, the effect of manufacturing variations and
challenges in the model correlation of these components are extensively discussed in [3][4][5][6]. Recently
dynamic behaviour of deep drawn components with accurate thickness description is studied by [7]. Dy-
namic behaviour of deep-drawn component by considering the residual stresses and strains are studied. The
current paper focuses on exploring the vibro-acoustic variability of inter- and intra-batch components due to
manufacturing variations.

2 Component description

The cylindrical cup has a diameter, depth, and nominal thickness are 80 mm, 24 mm and 0.97 mm, respec-
tively, as shown in Figure 1. Besides, cylindrical cups with the same diameter, depth but with a thickness of
1.21 mm are also produced. The cylindrical cup is made of DP600 material. The BHF used for manufactur-
ing is 35 kN and 45 kN. Three samples of each configuration (BHF, depth & thickness) are manufactured,
thus making a total of twelve cylindrical cups. Table 1 presents the details of all the combinations of cylin-
drical cups considered in the present work. These cups manufactured in a well-controlled deep drawing
manufacturing process. The diameter of the blank used for manufacturing cups is 100 mm along with a
punch diameter of 50 mm. The die opening is 52.88 mm, and the die entry radius is 3 mm. The punch speed
is 50 mm/min.

Figure 1: Top and side views of the cylindrical cup (All dimensions are in mm).

Table 1: Cylindrical cup geometry and BHF details.

Depth (mm) BHF (kN)
Thickness (mm)

0.97 1.21
Cup no. Weight (g) Cup no. Weight (g)

24

45
83 59.37 95 74.86
84 59.32 96 75.02
85 59.17 97 74.47

35
86 58.52 98 76.07
87 59.54 99 75.95
88 59.57 100 75.21

The cylindrical cup geometries are manufactured using different BHF values to understand vibrational vari-
ability. The cylindrical cup numbers (83, 84 & 85) are all produced using 45 kN BHF value. Similarly,
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cylindrical cup numbers (86, 87 & 88) are produced using 35 kN BHF value. The variability among the
foremost is characterized as intra-batch while between these two categories is as an inter-batch variation.

3 Dimensional measurements

The blue-light scanner is used to generate actual part geometry of the deep-drawn cylindrical cup. In the
present study ATOS compact scanner that has 8 MP camera, 5-10 micron accuracy, a measuring volume
(MV) 170 X 135 (mm2) is used. The scanning set-up of the cylindrical cup is shown in Figure 2. The
component is mounted on a fixed base, after the initial cleaning, marking of target stickers, and spraying to
reduce the shiny surface. The top and bottom surfaces are scanned separately. The scanned top and bottom
surfaces are aligned using the target stickers to generate cloud point data of the component. The surfaces are
created using the cloud point data, and the weight of the cup is verified with its actual weight.

Figure 2: Scanning set up details of a) cylindrical cup b) ATOS compact scanner, respectively.

The geometry profile and thickness distribution comparisons are carried out to asses the dimensional vari-
ability of the components. Figure 3 and Figure 4 show the comparison of geometry profile and thickness
distribution comparisons of cups 83, 84, and 85. These cups have same geometry and are manufactured with
BHF value 45 kN. The geometry profile comparison is carried out w.r.t. another cup geometry produced from
the same batch. Hence, three pairs of comparisons (83, 85 & 84, 85 & 83, 84) are carried out. This will en-
able to compare the vibrational frequency response functions that are presented in the next section. Although
these cups are manufactured using same process parameters, geometry profile and thickness distributions are
different among the samples. Similarly, Figure 5 and Figure 6 show the comparison of geometry profile and
thickness distribution comparisons of cups 86, 87, and 88. These cups have same geometry and are manufac-
tured with 35 kN. The geometry profile and thickness distribution variations are once again different among
the cups.

4 Quantification of variability

4.1 Experimental modal analysis

The experimental modal tests are carried out in free-free boundary conditions on all cylindrical cups. The
wire-frame of the test geometry included 25 different points, as shown in Figure 7. An impact testing
using a roving hammer (Onosokki GK 3100) technique along with a light weight accelerometer is chosen
for carrying out modal testing, in order to avoid mass-loading effects. The weight of the accelerometer
is approximately 0.2 gram (Dytran Model 3224A1), hence its effect on dynamic behaviour of the cup is
assumed to be negligible. The hardware used for data acquisition is LMS SCADAS SCM-05 [8] and LMS
Test.Lab [9] software is used for carrying out modal test data analysis. The sampling frequency used for
acquiring data is 20480 Hz along with 1.25 Hz frequency resolution. A force window (0.25%) on the impact
input signal and a Hanning window for response is used to minimize noise in the response signal. In addition,
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Figure 3: The comparison of geometry profile of cups a) 83 vs 85 b) 84 vs 85 c) 83 vs 84 respectively.

Figure 4: The comparison of thickness distribution of cups a) 83 b) 84 c) 85, respectively.

Figure 5: The comparison of geometry profile of cups a) 86 vs 88 b) 87 vs 88 c) 86 vs 87 respectively.

ten averages at each impact location are carried out to obtain an averaged FRF in order to minimize noise.
These averaged FRFs at each node is used in curve-fitting of the modal data to obtain eigenfrequencies and
mode shapes.
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Figure 6: The comparison of thickness distribution of cups a) 86 b) 87 c) 88, respectively.

Figure 7: Cylindrical cup a) test set-up b) wire-frame geometry

The modal tests of each cups are repeated at three different times and on two different days, to ensure good
repeatability and reproducibility of results. It is found that the variation in eigenfreqeuncies is less than 0.5%
for the first nine modes. The summed FRF at 25 measurement locations of the cup is chosen to represent the
global behaviour of the components.

4.2 Intra-batch results

The comparison of eigenfrequencies of cylindrical cups that are produced with the same BHF value is shown
in Table 2 & Table 3. The first eight flexible modes of cup no. 83, 84 & 85 are presented in Table 2.
The standard deviation of frequencies is high. The first eight flexible modes of cup no. 86, 87 & 88 are
presented in Table 2. The standard deviation of frequencies is not as high as compared to that of cups that
are manufactured with higher BHF value.

Figure 8a & b show comparison of summed vibration FRFs of cylindrical cups (cup nos. 83, 84 & 85)
with 45 kN BHF value and (cup nos. 86, 87 & 88) with 35kN BHF value. The average RMS value (in the
frequency range of 3500-6500 Hz ) of all the three cups is used as a representative metric for the given batch.
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Table 2: The comparison of eigenfrequencies of cup nos. 83, 84 & 85, respectively.

Mode No. Cup 83 Cup 84 Cup 85 Mean (µ) Std.Dev (σ)
1 3898 3910 3913 3912 1,5
2 4141 3996 4158 4098 72,7
3 4185 4133 4901 4406 350,4
4 4935 4155 4924 4671 365,1
5 5028 4926 5014 4989 45,1
6 5101 4947 5055 5034 64,5
7 5195 4993 5150 5113 86,6
8 5704 5072 5728 5501 303,7

Table 3: The comparison of eigenfrequencies of cup nos. 86, 87 & 88, respectively.

Mode No. Cup 86 Cup 87 Cup 88 Mean (µ) Std.Dev (σ)
1 3890 3970 3950 3937 34,0
2 4028 4062 4077 4056 20,5
3 4097 4175 4164 4145 34,5
4 4140 4195 4205 4180 28,6
5 4881 4963 5003 4949 50,8
6 4930 5006 5079 5005 60,8
7 5080 5089 5142 5104 27,4
8 5148 5207 5230 5195 34,5

The average vibration response of cups produced with 45 kN BHF and 35 kN BHF is 37.4 dB (g/N) & 39.2
dB (g/N), respectively. The variance(range) of the RMS average between the two batches is 1.3 dB (g/N)
and 0.65 dB (g/N), respectively. Figure 9 a& b show comparison of sum of acoustic FRF of these cups. The
average RMS value of cups that are produced with higher BHF and lower BHF values is 92.1 dB (Pa/N) ,
94.5 dB (Pa/N), respectively. Hence, it can be inferred from the results that lower BHF values results lower
variations although absolute RMS vibration amplitude values are higher.

(a) (b)

Figure 8: Magnitude comparison of summed vibration FRF of short cylindrical cups (a) Cup no. 83, 84 &
85 with 45 kN BHF (b) Cup no. 86, 87 & 88 with 35 kN BHF values respectively.

The cylindrical cup geometry, as shown in Figure 1 but with higher thickness i.e. 1.21 mm are produced with
two different BHF (35 kN & 45 kN) values. The FRF results are shown in Figure 10. The variance is lower
for the cups that are produced with lower BHF values, while average response levels are higher. Hence, the
trend noticed in case of the same geometry with lower thickness is observed here as well. However, detailed
result summary and discussions are not presented for want of space.
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(a) (b)

Figure 9: Magnitude comparison of summed acoustic FRF of short cylindrical cups (a) Cup no. 83, 84 &
85 with 45 kN BHF (b) Cup no. 86, 87 & 88 with 35 kN BHF values respectively.

(a) (b)

Figure 10: Magnitude comparison of summed vibration FRF of short cylindrical cups (a) Cup no. 95, 96 &
97 with 45 kN BHF (b) Cup no. 98, 99 & 100 with 35 kN BHF values respectively.

4.3 Inter-batch results

The results in the previous section showed that vibro-acoustic variability of the parts that are manufactured
with the same BHF values. In this section, a comparison of vibro-acoustic properties is carried out by con-
sidering the highest and lowest FRF from the respective BHF category. Figure 11a shows comparison of
summed vibration FRF between cups 83 & 88 that are manufactured with 45 kN and 35 kN respectively.
These two configurations are selected as their response is highest in the respective category. A RMS differ-
ence of 1.8 dB is observed. Similarly, Figure 11b shows comparison of summed vibraiton FRF between cups
84 & 87 that are manufactured with 45 kN and 35 kN respectively. These two configurations are selected
as their response is lowest in the respective category. A RMS difference of 1.2 dB is observed. Hence, in
general it can be concluded that inter BHF variability is higher than intra-BHF variability.

The cylindrical cups produced with higher BHF has higher variability, although mean vibration levels are
lower. However, cups that are produced with lower BHF has higher mean vibration levels but with lower
variability.

Figure 12 shows comparison of thickness distribution. The maximum and minimum thickness of the cups
are although very similar, the thickness distribution pattern is different. This phenomenon along with other
reasons like geometry profile deviation introduced significant vibro-acoustic variability of cylindrical cups
that are produced with different BHF values.

5 Simulation

The deep drawing analysis of cylindrical cup is carried out using explicit finite element method. The analysis
is performed using Radioss software [10]. The simulation set-up consists of a die, punch and blank holder.
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(a) (b)

Figure 11: Magnitude comparison of summed vibration FRF of short cylindrical cups (a) Cup no. 83 & 88
(b) Cup no. 84 & 87.

Figure 12: Comparison of thickness distribution between 84 & 87 cups.

The die, punch and blank holder are assumed to be rigid and hence modelled with a coarse mesh. The blank
is modelled using four-noded quadrilateral finite elements. The blank is placed in between the blank holder
and the die in order to ensure a smooth flow of the material. The punch velocity is 50 mm/min, and the
coefficient of friction between all contact surfaces is 0.1, and a blank holder force of 35 kN or 45 kN is used.
The thickness distribution of cylindrical cup is obtained after performing the deep drawing analysis.

5.1 Validation

Figure 13: Thickness distribution of a) Cup no. 85 b)comparison with experimental results.
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Thickness distribution of simulation results is shown in Figure 13a. The wall thinning occurs at the bottom
of the cup and thickening occurs at the top of the cup. Thickness distribution comparison between scanned
and simulation results is shown in Figure 13b. The match between the experimental and simulation is good.
The frequency response analysis has been carried out, and the simulation results are compared with the
experimental results as shown in Figure 14. It can be seen from the results that there is reasonable match
between the results. Hence, the simulation model is validated for dynamic analysis and further acoustic
analysis can be performed to compute sound power levels.

Figure 14: Comparison of FRF between simulation and experimental results.

5.2 Acoustic results

It is important to identify regions of the structure which contribute most, and also identify the frequencies
where the noise radiation is high. An approach for identifying radiation of components is computation of
the equivalent radiated power (ERP) of those parts. This computation mainly depends on the evaluation of
velocity responses on the radiating surface and it is defined as

ERP =
1

2
ρc

Ne∑

e=1

AeV
2
e

where Ae is elemental area and Ve velocity magnitude at the element centre, ρ is fluid density, c speed of
sound

Figure 15: Comparison of ERP between the two geometries obtained using 35 kN and 45 kN BHF values.

The ERP of the two geometries obtained using 35 kN and 45 kN BHF values is shown in Figure 15. The RMS
difference between the two results is 0.6 dB. Hence, the ERP results qualitatively predict the experimental
trend (higher BHF leads to lower mean values) that is discussed in the previous section. However, further
refinement of simulation methodology is needed to accurately capture the experimental results.
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6 Conclusions

A total of twelve cylindrical cups are manufactured with depth of 24 mm, thicknesses (0.97 mm & 1.21 mm)
and using different blank holding forces (35 kN & 45 kN) in a highly controlled manufacturing process. The
geometry profile and thickness distribution deviations among the cylindrical cups that are produced using the
same BHF and differ BHF values are significant. The experimental vibration results show that cups produced
with lower BHF values have lesser variance, while cups produced with higher BHF values have lower mean
vibration levels. The cylindrical cups produced with lower and higher thicknesses showed the similar trend
w.r.f. variance and mean vibration levels. The forming simulations are carried out and the simulation results
of thickness distribution and frequency response functions are validated. It is found that equivalent radiated
power (ERP) of cylindrical cup manufactured with 45 kN BHF has lesser values. Starting from these results,
the authors would like to carry out further analysis using Design of Experiments(DoE) approach to establish
a correlation between process parameters and vibro-acoustic variability of the components.
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Abstract 
In this paper a novel method to shape the harmonic excitation forces in underactuated vibrating systems is 

proposed. The idea is to handle simultaneously the optimal design of both the feedforward harmonic forces 

exerted by the actuators, and the inertial and elastic parameters of the mechanical system. The theory is 

developed with reference to a general linear-time-invariant underactuated vibrating system with sparse input 

matrix. The method is validated through the model of a simplified linear vibratory feeder often employed in 

packaging lines to convey parts. A uniform flow of the products obtained through a uniform vertical 

displacement of the flexible tray, is required. The feeder is actuated by three independent harmonic forces. 

Lumped masses and springs, as well as the amplitude of the harmonic forces, are the design variables aimed 

at compensating for the tray flexibility. The method outperforms the typical heuristic approaches used in 

this kind of applications and here adopted as benchmarks. 

1 Introduction 

Vibration generators are often employed in packaging or manufacturing plants to generate harmonic 

displacements. They are usually designed as linear vibrating systems excited with suitable harmonic forces 

and resonating at some specific frequencies. Some meaningful examples are vibratory feeders, that are used 

to convey small products along a production line by means of the forced oscillation of a surface [1], or 

sonotrodes used for ultrasonic welding [2]. In order to meet process requirements, vibrations should have 

suitable frequency, amplitude and shape. Hence, a proper excitation should be adopted. The difficulties in 

achieving the desired vibration are exacerbated in the presence of large and flexible devices, such as the tray 

of a feeder, which are excited by just a few actuators that must ensure the proper shape of the vibration for 

all the degrees of freedom (DOFs). This problem has been usually tackled in the literature through the 

optimal design of the elastic and inertial properties of the system, in the frame of the “dynamic structural 

modification (DSM)” (see e.g. [1], [3]-[4]), through feedback control ([5]) or through the combination of 

both the approaches ([6]). A less widespread approach is the optimal shaping of the excitation forces, which 

is in practice an open-loop feedforward control. Feedforward control has been usually exploited in the 

literature in different fields of motion control, in particular to overcome the bandwidth limitations of speed 

loops in servo axis, which are usually single-input, single-output systems ([7]), or to compute the motor 

torques required for tracking a trajectory in multibody systems ([8]-[12]). The basic idea of feedforward is 

to invert the input-output map to compute the suitable input profile, by exploiting a reliable model of the 

system. The main difficult is the inversion of such a model, which is significantly exacerbated in the case 

of underactuated systems. Feedforward is widely adopted in tip trajectory tracking since the early studies in 

[8] - [10], where trajectory tracking is performed in systems where the number of inputs equal the number 
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of outputs. The robustness issue, in the case of point-to-point motion of the end-effector, has been addressed 

lately, in [11]-[12]. In these works, only few outputs are imposed to track the desired trajectory of the end-

effector of flexible multibody systems. In contrast, many outputs are to be controlled in the case of resonators 

with many degrees of freedom (DOFs); hence such approaches cannot be effectively extended for the case 

studied in this paper. 

In the light of this limitation of the existing literature and of the potential ease of implementation and 

effectiveness of feedforward control, a new approach is proposed in this work. The method, denoted as 

“force shaping” (FS), aims at achieving the correct vibration by a suitable definition of the amplitude of the 

excitation force exerted by each actuator and of a set of optimal structural modifications. The theory is here 

developed with reference to an underactuated linear-time-invariant system and exploits the dynamic model 

of the system. Since the system is underactuated and the number of imposed displacements is greater than 

the number of actuators, it is not ensured that the desired response can be achieved for the unactuated DOFs 

and model inversion is difficult to perform. Once the set of the allowable motions is identified, the proposed 

method computes the optimal parameter modifications that make such a set optimally approximate the 

desired system response. Then, the suitable excitation forces are computed exploiting the partitioning of the 

system coordinates into actuated and unactuated DOFs, which leads to the introduction of some non-

physical coordinates. 

The method is validated through the model of a linear vibratory feeder, that recalls those used in industrial 

packaging plants. 

2 Theoretical background and problem statement 

2.1 Definitions 

Let us consider an N -DOF undamped linear vibrating system. The system matrices 0 N N M  and 

0 N N K , are respectively the mass and stiffness matrices. The generalized displacement and 

acceleration vectors are ( ) Nt x  and ( ) Nt x . FN NB  is the full column-rank force distribution 

matrix and 
FN N  non-redundant actuator forces are collected in ( ) FN

t f . The equations of motion of 

the system are: 

 ( ) ( ) ( )t t t+ =Mx Kx Bf   (1) 

In the case of in-phase sinusoidal excitation ( ) ( )cos ft t=
0

f f , where f  is the frequency and FN


0
f  

denotes the amplitude of the generalized forces, the steady-state forced response of the system is: 

 ( )2

f− =
0 0

M + K x Bf   (2) 

where 
0

x  denotes the amplitude of the in-phase generalized displacements ( ) ( )cos ft t=
0

x x .  

2.2 Problem statement 

The problem considered in this work is shaping the amplitude of the generalized forces 
0

f  which ensures 

the attainment of the desired displacement amplitude d

0
x , or at least its best approximation in some sense. If 

the system is fully actuated, i.e. 
FN N= , the solution is straightforward: 

 ( )2

f= −-1 d

0 0
f B M + K x   (3) 

Indeed, any set of desired displacements is attainable by applying the forces computed through Eq. (3).  
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In the practice, in most of the industrial applications the system is underactuated, i.e. 
FN N . Hence, 

equation B  is rectangular and not invertible. At a first glance, a possible solution relies on computing its 

pseudo-inverse, †
B . In such a way that 

0
f  is obtained as follows: 

 ( )† 2

f= − d

0 0
f B M + K x   (4) 

Unfortunately, such an approach (referred to as “PsI” method in the following sections of the paper) just 

provides a rough approximation of the optimal solution, as it will be shown in the test case in Section 4.  

3 Solving strategy 

3.1 System transformation 

In general, B  is a sparse matrix, since each actuator can excite more than one coordinates. It is therefore 

useful to perform its QR-decomposition:  

 
 

= =  
 

AB
B QR Q

0
  (5) 

where N NQ  is orthonormal while both FN NR  and F FN N


A
B are upper triangular. 

Let us define a variable change leading to a new displacement vector = T
y Q x . In turn, y  can be partitioned 

as 
 

=  
 

A

U

y
y

y
 , where FN


A

y  are the so-called “actuated” coordinates while FN N−


U
y  are the 

“unactuated” ones. It is possible to substitute Eq. (5) in Eq. (2), pre-multiply it by T
Q  and to perform the 

variable change. Hence, it follows: 

 0

0

2

f
        

− + =       
        

AAA AU AA AU A

0T T

AU UU AU UU U

yM M K K B
f

M M K K 0y
  (6) 

where 
0

FN


A
y  and 

0

FN N−


U
y  are the displacement amplitude, respectively for the actuated and the 

unactuated DOFs. In Eq. (6) the original mass and stiffness matrices have been transformed and partitioned 

with respect to the column rank of B   into 
FN  actuated coordinates while the remaining 

FN N−  are the 

unactuated coordinates. 

Finally, it is possible to recast Eq. (6) as: 

 
 + =


+ =

0 0

0 0

AA A AU U A 0

T

AU A UU U

G y G y B f

G y G y 0
  (7) 

where the inverse of the receptance matrix in the transformed system is defined as: 

 
2 2

2 2

f f

f f

 

 

 − − 
= =   

− −    

AA AU AA AA AU AU

T T T

AU UU AU AU UU UU

G G K M K M
G

G G K M K M
  (8) 

3.2 The full force shaping (FFS) 

The second matrix equation in (7) reveals that the motion of the unactuated DOFs is fully-imposed by the 

actuated ones that acts as an exogenous input for such a system: 

 = −
0 0

-1 T

U UU AU A
y G G y   (9) 
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The desired displacements are transformed and partitioned as:  

 
  

= 
  

0

0

d

A T d

0d

U

y
Q x

y
  (10) 

Imposing the desired displacement amplitude of the actuated coordinates, 
0

d

A
y , in Eq. (9) does not ensure 

the attainment of the desired amplitude for the unactuated coordinates, 
0

d

U
y , and the problem is exacerbated 

for highly underactuated systems, i.e.
FN N .  

To tackle this problem, the strategy proposed in this work is to redefine the desired displacements for the 

actuated coordinates, introducing 
0

d

A
y  in lieu of 

0

d

A
y , in such a way that those provides the best 

approximation of the desired displacements d

0
x .  

 †
  

=  
  

0

0

0

d

Ad

A d

U

y
y L

y
  (11) 

where f f F
N N N N 

 
=  

−  
-1 T

UU AU

I
L

G G
.   

In large-scale applications, different levels of concern often exist on the attainment of the desired 

displacements for some meaningful coordinates of the system. To this purpose, it is possible to exploit 

weighted orthogonal projections to compute 
0

d

A
y : 

 ( )
  

=  
  

0

0

0

d
-1 Ad T T

A d

U

y
y L WL L W

y
  (12) 

where = T
W Q WQ  is the weight matrix N NW  in the transformed system.  

Finally, it is possible to compute the optimal actuator forces 
0

f  solving the first matrix equation in (7) with 

respect to the modified desired actuated displacements 
0

d

A
y : 

 ( )= −
0

-1 -1 T d

0 A AA AU UU AU A
f B G G G G y   (13) 

Hereafter, the approaches in Eq. (11) and in Eq. (12) will be denoted as “Full force shaping” (FFS) and 

“Weighted FFS” (W-FFS), respectively. 

3.3 Concurrent FS and DSM 

The relation between the motion of the unactuated coordinates with respect to those of the actuated ones can 

be exploited to drive the modification of M  and K  to improve the attainable displacements. 

Let us defined the mass and stiffness structural modification matrices ( ) N NΔM p  and ( ) N NΔK p , 

the pn  design variables are collected into pn
p .  The modification matrices are partitioned with respect 

to the actuated and unactuated DOFs in the transformed system.  

Exploiting the matrix equation that relates the motion of the unactuated coordinates to the motion of the 

actuated coordinates, i.e. the second matrix equation in (7), the structural modification problem is 

introduced: 

 ( )( ) ( )( )+ + + =
0 0

T
d d

AU AU A UU UU U
G ΔG p y G ΔG p y 0   (14) 

where the inverse of the receptance matrix for the modification matrices are defined similarly to Eq. (8). 

The exact solvability of Eq. (14) is not always ensured; hence it is recast into a least square minimization: 
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 ( )( ) ( )( )
2

2

min ,
 

+ + +  
 

0 0

T
d d

AU AU A UU UU U p
p

G ΔG p y G ΔG p y p Ψ   (15) 

where 
p

Ψ  denotes the feasible domain on the design variables, representing constraints. By solving the 

minimization in Eq. (15), the optimal structural modifications 
optp  are obtained. Finally, the modified system 

matrices are defined and it is possible to apply the same procedure outlined in Section 3.2 to obtain 
0

d

A
y  

through Eqs. (11) or (12) and then compute the optimal excitation by means of Eq. (13). 

4 Test case 

4.1 Model of the system 

The proposed method is applied to shape the forces exerted by three actuators exciting the tray of a linear 

vibratory feeder, that can be for example used in packaging plants to convey products. The system is 

sketched in Figure 1. The feeder is supported by two grounding springs whose stiffnesses are 
-11.5 5Nml rk k e= = . The actuators are modeled through three lumped masses 

1 2 3
23kga a am m m= = =  and are 

connected to the tray by means of three springs 
1 2 3

-14.6 5Nma a ak k k e= = = . The tray is modeled through four 

Euler-Bernoulli finite elements (each one with length 0.75m , flexural rigidity 21.93 5NmEJ e=  and linear 

mass density -122.87kgmA = ). The resulting 13-dimensional model includes 5 translational (
iy ) and 5 

rotational (
i ) coordinates of the tray and the 3 translational (

iay ) coordinates of the actuators: 

 
1 2 31 1 2 2 3 3 4 4 5 5 a a ay y y y y y y y    =

T

x . The three independent, non-redundant 

excitations are applied to the translational DOFs of the tray 
2y , 

3y  and 
4y , and in the opposite direction to 

the respective actuator mass. 

 

Figure 1: Sketch of the linear vibratory feeder. 

4.2 The desired displacements 

It is required that the tray has a uniform vertical displacement when excited with a 35 Hz force, as is if it 

were a rigid beam undergoing a 35 Hz oscillation. Hence, the amplitude of the elastic rotations of the beam 

are imposed to be equal to zero. The amplitude of the displacement of the actuator masses are assigned 

accordingly to the response of a simplified rigid body model of the system. The desired displacement 

amplitudes at the frequency of operations are reported in the second column of Table 1.  

In the case of W-FFS the tray displacements are of major interest, while the attainment of the desired 

displacements for the actuator masses is not mandatory for obtaining a uniform flow of the products along 

the tray. Henceforth, the weight matrix is defined as: 
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  ( )diag 1 3 1 3 1 3 1 3 1 3 1 3 1 3 1 3 1 3 1 3 1 1 1e e e e e e e e e e=W   (16)  

The modal analysis shows that the proximity of the excitation frequency with the system flexional modes, 

in particular the 5th and the 6th downgrades the system performances unless a wise selection of the excitation 

forces is performed. The lowest frequency normalized mode shapes of the system are reported in Figure 2. 

In particular, the 5th mode (32.1 Hz) is the most important, indeed if the beam were rigid it exactly features 

a uniform displacement of the tray and the actuators would move in counter-phase as prescribed by d

0
x  (see 

Table 1). 

 

Figure 2: The lowest frequency mode shapes of the original system. 

4.3 Application of the proposed methods 

The FFS and W-FFS are here applied and the achieved displacements are compared with those obtained 

through the PsI method. In particular, it is worth to notice that the PsI method (see Eq. (4)) leads to three 

forces with the same amplitude and phase. Such excitations are those that are typically adopted by 

practitioners in the usage of vibratory feeder.  

The obtained tray displacements are sketched in Figure 3 where PsI, FFS and W-FFS are compared. Besides, 

the system displacements are also reported in Table 1. The PsI leads to low performances of the system, 

indeed the full cosine, ( )cos ,d

0 0
x x , is equal to 0.7350 while the weighted cosine, Eq. (17), is 0.7000: 

 ( )cos , =
T

T d

0 0d

W 0 0
T d d

0 0 0 0

x Wx
x x

x Wx x Wx

  (17) 

The shaping methods proposed enables to increase the performances of the system. In particular, FFS leads 

to a cosine equal to 0.9325 while the weighted one is equal to 0.9852, which corresponds to a reduction of 
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the maximum elastic rotation of the tray, ( )0max
i

 , from 0.0038 to 0.0012 rad. Moreover, the maximum 

difference in the linear deflection of the tray, ( ) ( )0 0max min
i i

y y− , reduces from 3.96 mm to 0.82 mm. The 

W-FFS, relaxes the conditions on the attainment of the desired actuators displacement leading to a slight 

decrease of the full cosine, on the other hand it improves the performances of the shaping since it considers 

as the major concerning desired displacements only those of the tray, leading to a boost of the weighted 

cosine to 0.9959. Indeed, the tray reduces both the maximum linear deflection difference and the maximum 

elastic rotation. 

The obtained forces are reported in Table 2. While PsI employs forces with the same phase and amplitude, 

FFS exploits forces with opposite phase and similar amplitude. In contrast, W-FFS imposes forces with 

different phase and amplitude. The results are corroborated by comparing the 2-norm of the forces 
20

f . It 

is worth to notice that the 2-norm increases since it is necessary to compensate the tray deflection at its 

midpoint. 

Table 1: Desired and obtained displacements with the methods proposed. 

 
d

0
x  PsI FFS W-FFS FFS-DSM 

W-FFS-

DSM 

10y  [mm] 5.00 5.28 5.53 5.00 5.06 5.04 

10  [rad] 0.0000 -0.0038 -0.0012 -0.0005 -0.0002 0.0001 

20y  [mm] 5.00 2.54 4.71 4.75 4.74 4.95 

20  [rad] 0.0000 -0.0031 -0.0003 0.0004 -0.0004 -0.0001 

30y  [mm] 5.00 1.32 4.92 5.30 4.62 5.00 

30  [rad] 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

40y  [mm] 5.00 2.54 4.71 4.75 4.74 4.95 

40  [rad] 0.0000 0.0031 0.0003 -0.0004 0.0004 0.0001 

50y  [mm] 5.00 5.28 5.53 5.30 5.06 5.04 

50  [rad] 0.0000 0.0038 0.0012 0.0005 0.0002 -0.0001 

10a
y  [mm] -4.55 -2.60 -6.41 -6.68 -5.11 -5.60 

20a
y  [mm] -4.55 -1.74 -0.40 -0.02 -3.89 -3.74 

30a
y  [mm] -4.55 -2.60 -6.41 -6.68 -5.11 -5.60 

( )cos ,d

0 0
x x  1.0000 0.7350 0.9325 0.9255 0.9953 0.9932 

( )cos ,d

W 0 0
x x  1.0000 0.7000 0.9852 0.9959 0.9976 0.9998 

( ) ( )0 0max min
i i

y y−  [mm] 0.0000 3.96 0.82 0.55 0.44 0.09 

( )0max
i

   [rad] 0.0000 0.0038 0.0012 0.0005 0.0004 0.0001 
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Figure 3: Comparison of the system displacements with PsI and with the proposed methods without DSM. 

Table 2: Forces obtained with the methods proposed. 

 PsI FFS W-FFS FFS-DSM W-FFS-DSM 

10f  [N] -527.1 -2013.2 -2170.7 -147.3 -271.4 

20f  [N] -527.1 2005.7 2425.6 -104.3 155.8 

30f  [N] -527.1 -2013.2 -2170.7 -147.3 -271.4 

20
f  [N] 913.0 3482.6 3912.4 233.0 414.2 

In the case of FFS-DSM and W-FFS-DSM the 13 design variables are collected into 13p . The structural 

modification parameters consist in modifications of the lumped springs, actuator masses and five lumped 

masses , 1,...,5im i =  at each nodal position of the tray. The resulting optimal structural modifications are 

summarized in Table 3.  

The FFS-DSM leads to an improvement in the system performances with respect to the FFS. Indeed the 

weighted cosine increases to 0.9976 leading to smaller elastic rotations and also to a smaller maximum 

difference in the tray deflection, as reported in Table 1. The W-FFS-DSM is the method that ensures the 

best system performances in the attainment of a quite uniform behavior of the tray indeed, the cosine 

approaches 1 leading to small elastic rotations (0.0001 rad) and a quite uniform shape of the beam, as 

corroborated by the comparison between its performances and those of the FFS-DSM which are shown in 

Figure 4. The excitation forces are summarized in Table 2, in the case of FFS-DSM the forces are applied 

in-phase and with different amplitude, while in the approach featuring the weighted projection, the forces 

are applied in opposition of phase and with different amplitudes. Both the methods that employs DSM leads 

to lower actuation forces if compared with the respective approaches that do not exploit the structural 

modifications. 
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Figure 4: System displacements with the proposed methods with DSM. 

Table 3: Parameter modifications for the FFS-DSM and W-FFS-DSM. 

Parameter Constraint Original value Modification 

1am [kg]  [-5.000, +5.000] 23.000 -2.034 

2am  [kg] [-5.000, +5.000] 23.000 -0.813 

3am [kg]  [-5.000, +5.000] 23.000 -2.034 

1m  [kg] [0.000, +3.000] 0.000 0.000 

2m [kg] [0.000, +3.000] 0.000 0.058 

3m [kg] [0.000, +3.000] 0.000 2.279 

4m [kg] [0.000, +3.000] 0.000 0.058 

5m [kg] [0.000, +3.000] 0.000 0.000 

1ak  [Nm-1] [-2.30e5, 4.60e5] 4.60e5 0.00 

2ak  [Nm-1] [-2.30e5, 4.60e5] 4.60e5 0.00 

3ak  [Nm-1] [-2.30e5, 4.60e5] 4.60e5 0.00 

lk  [Nm-1] [-0.75e5, 1.50e5] 1.50e5 1.50e5 

rk   [Nm-1] [-0.75e5, 1.50e5] 1.50e5 1.50e5 

 

These results can be investigated through the analysis of the modal participation factor (MPF) of each 

vibrational mode to the forced response Indeed, when a linear system experiences harmonic vibrations at 

the generic frequency f  if excited by a set of forces whose amplitudes is 
0

f , its displacements are a linear 

combination of the mode shapes. The contribution of each mode shape can be evaluated through the MPF, 

which is defined as follows: 

 ( )
2 2

MPFi

i f


 

=
−

T

i 0u Bf
  (18) 

where 
i  is an eigenvalue of the system while its eigenvector is 

iu  (i.e. a mode shape).  

The MPFs obtained in this test case are reported in Figure 5 where each value has been normalized with 

respect to the maximum participation factor for ease of comparison; only the nine lowest frequency mode 

shapes are considered. The 8-th mode (whose eigenfrequency is 201.4 Hz) is the one which participates the 

DYNAMIC TESTING: METHODS AND INSTRUMENTATION 1077



most in the forced dynamic of the system to compensate for the tray flexibility. Moreover, different mode 

shapes are excited when different shaping methods are employed. 

 

Figure 5: Modal participation factors with the different shaping methods. 

5 Conclusion 

This work proposes novel methods for designing the harmonic excitation forces in underactuated vibrating 

systems to obtain the desired harmonic response. The QR-decomposition of the sparse input matrix is 

exploited to partition the model into actuated and underactuated degrees of freedom. Then, the displacement 

vector to be actually imposed through the feedforward force is computed by a weighed orthogonal projection 

onto the set of the allowable displacements. Finally, the suitable forces are computed.  

In order to further improve the achievable performances, the allowable displacements are modified by means 

of dynamic structural modification of the inertial and elastic parameters, and then the optimal forces are 

computed for the modified system.  

Validation is proposed through the 13 degrees of freedom model that recalls the one of a linear vibratory 

feeder actuated through 3 independent forces. The results obtained highlight the effectiveness of the 

approaches proposed and show that they outperform the benchmark assumed. 
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Structural dynamic modelling and testing of a missile 

E. G. Yalçın Yıldırım  

Roketsan, 

Turkey 

Abstract 
Missiles are susceptible to loaded natural loads if the missile operates at its own natural frequency. Thus, 

it is important to know structural dynamic response of the missile. Modal tests and analysis are efficient 

tool to get information about damping, stiffness, natural frequencies and mode shapes inherent to dynamic 

response of the structure. For the fidelity of the process, instrumentation of the test and creating accurate 

finite element model are essential factors. The correlation between test and analysis is a notable coefficient 

for proper evaluation of the process. This paper presents a modal testing and analysis procedure of a 

missile. Modal testing of the system is applied using impact hammer. In these applications, different 

measurement setups were used to obtain effect of the test instrument selection. The effect of the 

excitation/support location and excitation signal/level examined in the subsections of the test. For 

validation finite element analysis of a missile is simulated. 

1 Introduction 

Modal analysis method is of great importance in terms of revealing dynamic characteristics and 

determining flight characteristics especially in flying structures. Here, the full-scale missile modal analysis 

is also used to determine flight trajectory and to determine the total excitation value of the entire structure 

and its effects on platforms. The method of modal analysis in flying structures like wings and full scale 

missiles has been studied by most researchers. 

Demirtas and Bayraktar (2019) constructed the aircraft wing structure as a cantilever beam. The results 

were evaluated by comparing the natural frequency theoretically and numerical modal analysis values. 

The material used in the wing is aluminum and modeling is made based on NACA 4415 airfoil data. In 

calculations made with theoretical and numerical methods, an error of 34% was observed in the first 

modal analysis value, while it was calculated that the error increases logarithmically as the mode values 

increase. [1] 

Again Khadse, N.A. and Zaweri (2015) worked on the aircraft wing and modeled it as a cantilever beam. 

Aluminum was chosen as the material and 9% error was found in the first mode value. The error rate has 

increased in larger mode values. [2] 

M. Ganesh, G Hima Bindu and A. Sai Kumar (20217) used two different types of wings, carbon fiber 

epoxy composite and Carbon fabric epoxy composite. [3] 

Jia, P., Lai, S.K., Zhang, W. and Lim, C.W. (2014) published a study on deployable retractable wing 

structure. This wing structure is preferred due to its maneuverability in flight operations. Modes of the 

building were found by performing both laboratory tests and finite element analysis. [4] 

In his study, Jayakumar Vijayarangam (2017) has calculated the wing structure and components' natural 

frequency, resonance and material failure status, taking into account the attitude and time interval to be 

released during the flight. Aluminum is used as the wing material. [5] 

In addition, dynamic characterization studies were carried out on full scale missile. In M. A. Shutty (1991) 

published thesis work, the development of the mathematical model of the air-air missile is also for 
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vibration test stand and vibration characterization. It is also working on the wing at the same time. 

Consider also the result of the study in other similar missile groups. [6]  

M.M. Kamel (2019) focused on dynamic analysis and the effect of this analysis on autopilot in his study. 

Thrust, aerodynamic and gravitational forces that cause change in ballistic orbit are studied. Variable is 

based on velocity profile, trajectory shape and angular changes. Variable is based on velocity profile, 

trajectory shape and angular changes. [7] 

N. Sharma, U.M. Reddy and K.V. Yashwanth (2016), in his study, the model was modeled first with 

CATIA V5. Modal analytics were then completed using Ansys. Three different frequency values were 

found up to 1000 Hz. In the experiment, impact hammer test was carried out. It was observed that there 

was a difference of 10% in the first mode value. [8] 

In our study, after taking missile 3dimensional technical drawing the finite element model was created, 

and material properties added to analysis in MSC Software. In the tests, modal analysis was carried out for 

full scale missile. Modal analysis processes of the model produced were completed and with the modal 

analysis, the natural frequency and structural mode values of the missile were found. The important thing 

here is to extend the life of the missile life cycle according to the loads from the flight loads and to 

produce an optimized model in terms of design stresses. 

2 Computational Background 

2.1 Design considerations: 

Before proceeding to the modeling and testing phase, the design was made according to the following 

parameters: 

• The bolts that provide the components connection were also selected with a 1.5 safety factor to 

resist the static and flight loads on missile. 

• Bolts are removed in finite element model and suitable connection models are defined in the 

program. 

• The safety coefficient in the analysis model and test model was taken as 1.5. 

• Free-free boundary condition or real conditions are taken. 

• Analysis and tests were carried out according to three different fuel occupancy rates of the missile. 

2.2 Fem analysis 

MSC programs were used in Finite Element Analysis. Here, the most accurate model is created by 

ensuring the best modeling in mesh quality. Another important parameter was the proper modeling of the 

connection points. In this area, by verifying with the data in the tests, the most accurate port modeling has 

been made in the FEM model and a procedure has been written on this subject. Material modeling on the 

missile solid model was made as isotropic linear elastic material. While creating the finite element model, 

MSC Apex program was used and approximately 50000 Hex and Quad type elements were used. No 

boundary condition was applied as the free flight status was considered during the modal analysis of the 

missile. The missiles weight ratios are given in Table 1. 

Table 1. Weigh of the Missile and Mass 

Weight Situation Number Mass (kg) 

Weight 1- Fully Fueled 100x 

Weight 2- Some part half fueled 60x 

Weight 3- Non fueled 50x 
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Modal analysis studies have been completed for three different mass conditions. Results were shown in 

Figure 1. It was observed that the missile had the maximum natural frequency when it was out of fuel and 

the lowest when it was full. However, natural frequency values converge. 

 

 

Figure 1. Natural Frequencies of the Missile of three modes (x.Hz) vs Mass Ratios (x.kg) in the FEM 

Analysis 

2.2.1 Mesh model 

Mesh structure is of great importance in terms of defining the model correctly. Here, in Jacobian mesh 

modeling has been made considering the parts have the least fine feature on the general model. According 

to our tests Jacobian seen as the best mesh quality measure. At the contacted surfaces, the method of 

connecting to the most accurate body was chosen by using special mesh methods. 

3 Tests 

 

Figure 2. Shapes of the Modes of Missile İn Modal tests 
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According to the finite element analysis results, the points where the sensors should be placed were 

selected. SCADAS test system was used while testing. In order to describe the missile free conditions, it 

was hung with a crane with polyester sling ropes. The sensors are placed in all section of the missile. In 

addition, some sensors are placed inside the missile in order to increase the measurement accuracy 

according to modal analysis results for critical areas.   Internal and external dimensions were completed 

first in the functional dynamic missile. Then, the point correct coordinates of the point where the test item 

will be hung on the suspension system were obtained from the analysis. After determining the modal test 

drive points, the answers were determined according to different signal types.  

 

Figure 3. Natural Frequencies of the Missile of three modes (x.Hz) vs Mass Ratios (x.kg) in the FEM 

Analysis and Tests 

In modal tests, primarily modal hammer was used. After that, the measurements made with the modal 

shaker were compared and matched with the results obtained with the modal hammer. When the mass of 

the missile was measured for each case, it was found to be correlated with the mass data obtained in the 

modal analysis. In the obtained Modal Assurance Criterion (MAC) matrices, values outside the diagonal 

are very low. The MAC value was determined to be suitable for all mode pairs and modal tests were 

completed. 

Table 2. Natural Frequencies % Difference with Modal Test and Modal Analysis 

 

According to the Figure 3, it is examined that Tests and modal analysis results are really close to each 

other for the same weights. And as in modal analysis, tests natural frequencies are getting smaller as the 

weight increases. And also in Table 2, it reveals that the ratios between modal test and modal analysis 

natural frequency results have slightly small difference.  

 
1. Natural 

Frequency 

Test 

2. Natural 

Frequency 

Test 

3. Natural 

Frequency 

Test 

1. Natural Frequency Modal 

Analysis 

99.09% 99.00% 96.15% 

2. Natural Frequency Modal 

Analysis 

99.10% 96.32% 96.43% 

3. Natural Frequency Modal 

Analysis 

95.91% 96.10% 98.61% 
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4 Result and discussion 

Modal tests are tests performed by the Structural Mechanics Team to determine the natural frequency, 

damping and mode shapes of the structure. These tests are also carried out on missiles containing active 

fuel. Dynamic missile models have been created that vary depending on the fuel condition of the missile. 

This allows the dynamic characterization of the design to be defined on missiles at every moment of the 

flight. A correlation has been established between modal test data and modal analysis data. According to 

the results obtained, it is seen that the natural frequency value increases as the mass decreases.  

Considering the finite element model and the test results compared in the study, a 5% deviation was 

observed in the first mode values. It was determined that there is an error margin below 5% in the second 

and third natural frequencies. This reflects the fact that there is a correlation between analysis and testing. 

According to this modal analysis and test result, a parametric mathematical missile model was created. 

This model has been shown to give correct results in product families of the same diameter. In future 

studies, it is planned to develop new models by using machine learning methods. This model will be 

useful for us to see the effects of changes and new development models on dynamic characterization in 

future studies. In addition to this advantage, less testing costs and less engineering hours will be provided 

only for modal characteristics verified by analysis. 
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Abstract
A novel virtual sensing technique aimed at reconstructing the displacement field throughout the structure
from pointwise measurements is here exploited for dynamic shape reconstruction of a notched beam. This
estimator is a proportional observer that exploits a linear, frequency independent, relation between the esti-
mated state-space vector and the measurements. To improve its accuracy, this concept is augmented to the
definition of a sequence of proportional observers, each one acting on a signal decomposition provided by
wavelet multi-resolution analysis . The considered experimental test case is a straight, uniform beam with
an unmodeled stiffness and mass reduction. The strain data are provided by strain gauges positioned on the
top face of the beam, whereas the estimated state variables are the time dependent coordinates of the modal
expansion of the vertical displacement along the beam elastic axis. An optimization solver, which minimizes
the estimation error, is employed to get the optimal gain matrix of the proposed observer.

1 Introduction

The availability of high-performance computing at different scales makes nowadays the implementation of
digital twins of complex structural systems a not so far objective. For certain purposes, like structural health
monitoring, the full-field description of continuous systems can be also achieved with a virtual sensing
approach which brings the sensor data at the centre of the reconstruction technique. Indeed, virtual sensing
aims at providing a reliable estimation of a physical variable that is not possible to measure directly. As there
is no limitation in the number of virtual sensors, the present virtual sensing approach seeks to reconstruct the
entire field of structural deflections and strain for continuous systems.

Typically, the problem of virtual sensing of structures has been addressed in different ways. In structural
engineering, a first systematic approach to the problem of determining in real-time the applied loads, stresses
and displacements motivated the development of the inverse finite element method (iFEM) [1]. The use of
sub-structuring techniques (see [2]) has been also successively employed to obtain the reconstruction of the
displacement field, whereas, more general approaches not necessarily limited to identify structural variables,
have been typically considered in control theory applications, for instance through modal filters as in [3].
Restricting to recent years, Hwang et al. [4] proposed the use of Kalman filter to estimate the modal elastic
deflections. The unknown state-space vector was made up by modal coordinates and velocities relative to a
numerical model of a building; once estimated on the basis of virtual measurements, the modal coordinates
allowed for providing the correspondent wind loads. Similarly, Papadimitriou et al. [5] successfully predicted
the fatigue-life reduction of metallic structures by using the stress field obtained by means of Kalman filter.
Lourens et al. [6] introduced the so-called augmented Kalman filter, which adds the unknown external forces
to the state-space vector to be estimated. From the dynamic modelling point of view, these external forces,
though unknown, were provided as the result of a random walk dynamics with an associated process noise.
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Continuing the work of Gillins and De Moor [7], Lourens et al. [8] proposed a new technique to obtain a
joint estimation of the state-space variables (made up by modal coordinates and velocities) as well as of the
input. The joint input-response estimation exploits an algorithm similar to Kalman filter that, besides the
usual tasks of measurement update and time update, considers a further step concerning the input estimation,
recursively estimated by means of an unbiased minimum-variance process.

Despite of their ability to track unmeasured time-histories, all the methods that exploit Kalman filtering
are not natural for second-order structural systems as highlighted by Balas [9]; the time derivative of the
estimated modal coordinate (e.g., relative to displacements) is not equal to the estimated velocity. This
limit is magnified when unknown external forces are dominant with respect to the process and measurement
noises, and consequently Balas [9] proposed a first-order observer aimed to reduce the gap. More recently,
Demetriou [10] presented a natural second-order observer that utilizes a parameter-dependent Lyapunov
function to ensure the asymptotic convergence of the error on the state-space variables. Among approaches
based on second order observers, Hernandez [11] addressed the problem of finding the optimal observer gain
by minimizing the estimation error in the frequency domain, although the observation process is naturally
defined in time domain. The statistics of the noise and external loads are expressed by means of power
spectral densities instead of the covariance matrices typically used in Kalman filter. This enhances the
capability of observing linear (structural) systems that are intrinsically featured by their frequency domain
behavior. A real-life application based on model-based observer is present in [12]).

Recently, Saltari et al. [13] have introduced the combined use of wavelet multi-resolution analysis (see
Refs. [14,15]) and proportional observer (PO) concept. The PO shares the same form with modal filters, but
unlike the latter it takes into account the model structural features as well as excitation and noise statistics
in building the error function; the availability of such analytical expression speeds up the error computation,
and is a key point for employing error minimization procedures when dealing with large systems. This
approach is then generalized to the definition of a sequence of proportional observers, each one acting on a
signal decomposition provided by wavelet multi-resolution analysis, named as Multi-Resolution Proportional
Observer (MR-PO).

This paper is aimed at experimentally validating the MR-PO in [13] via experimental campaign on model
similar to that used for its numerical validation. The experimental testbed is a notched beam, suspended
under a spring bed, with rectangular section, tested at Structural dYnamics and Diagnostics Lab (SYDLab)
at CNR-INM in Rome.

The paper is organized as follows. The dynamical model of the considered mechanical system is presented
in Sec. 2. Section 3 introduces the Multi-Resolution Proportional Observer as well as the correspondent
analytical formulations of the estimation error. The experimental test case to which the considered method
is applied is introduced in Sec. 4 whereas its analytical model is described in Sec. 5. Then, the optimization
procedure to calculate the observer gain is explained in Sec.6. The numerical results accounting for the
capability of the proposed method to approximate the true solution even in the points not considered for state
estimation are finally discussed in Sec. 7.

2 Mechanical system modelling

In the present paper, we shall limit our attention to linear mechanical systems which can be represented in
time domain, including suitable initial conditions as:

Mq̈ + Dq̇ + Kq = f + w (1)

where q ∈ RN is a vector of generalized coordinates (nodal displacements and rotations in finite element
discretization or modal amplitudes), M, D and K denote the mass, damping and stiffness N × N matrices,
respectively, f ∈ RN is the external force vector and the vector w ∈ RN accounts for modelling errors in
terms of process noise. The system observations are assumed to be of the form:

y = Sq + v (2)
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where theM×N matrix S relates linearly and instantaneously the measurement vector y ∈ RM to the vector
of generalized coordinates q and v ∈ RM is the measurement noise vector. More general forms of Eq. 2
have been proposed but we limit ourselves to measurements expressed in terms of displacements like strain
measurements. For linear systems, it is common to consider the Fourier transform of Eqs. 1 and 2, i.e.,

−ω2Mq̃ + iωDq̃ + Kq̃ = f̃(ω) + w̃(ω) (3)
ỹ = Sq̃ + ṽ(ω) (4)

where ˜ indicates the transformed variables and the dependence on ω is highlighted only in the case of
external input and noise. The frequency response function matrix H(ω) for the mechanical system alone is
given by:

H(ω) = [−ω2M + iωD + K]−1 (5)

relating the state-space vector to the inputs, i.e., q̃ = H(ω)(̃f(ω) + w̃(ω)). If the statistical features of the
forcing terms in Eq. 3 as well as of the process noise are stochastic and uncorrelated to each other, the power
spectral density of the state response to the stochastic inputs is obtained as follows:

Φqq(ω) = H∗(ω)(Φff(ω) + Φww(ω))HT(ω) (6)

where Φff(ω) and Φww(ω) indicate the power spectral density matrices of the inputs.

3 Multi-Resolution Proportional Observer

Let us first consider the following decomposition of the measurement vector into Ns functions spanning
different time-scale ranges according to the WMRA:

y(t) =

Ns∑

n=1

y(n)(t), (7)

where the dependence on time is here highlighted for sake of clarity. For each time-scale function of the
signal decomposition, one has:

q̂(n)(t) = Qny
(n)(t). (8)

Thus, Eqs. 7 and 8 provide the following estimation of the generalized coordinates (see Fig. 1):

q̂ =

Ns∑

n=1

q̂(n) =

Ns∑

n=1

Qny
(n) (9)

Therefore, defining q(n) as the n-th time-scale component of q obtained with the same signal decomposition
(WMRA), it yields for the estimation error:

e = q− q̂ =

Ns∑

n=1

q(n) −
Ns∑

n=1

q̂(n) =

Ns∑

n=1

(
q(n) − q̂(n)

)
=

Ns∑

n=1

e(n) (10)

In Eq. 10 the global error e depends on the errors at the different orders e(n), which have the following
expression:

e(n) = (I− QnS)q(n) − Qnv
(n) (11)

where the measurement noise is also decomposed into different contributions v(n) corresponding to the
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Figure 1: MR-PO plant.

selected time scales. Next, using the properties of variance (Var) and covariance (Cov), one has:

[
σ2ee

]
= Var

(
Ns∑

n=1

e(n)

)
= Cov

(
Ns∑

n=1

e(n),
Ns∑

m=1

e(m)

)
=

Ns∑

n=1

Ns∑

m=1

Cov
(
e(n), e(m)

)
(12)

which can be further recast as:

[
σ2ee

]
=

Ns∑

n=1

Var(e(n)) + 2

Ns∑

n=1

Ns∑

m=n+1

Cov
(
e(n), e(m)

)
. (13)

In a more coincise form, setting [σ2e,nm] = Cov(e(n), e(m)), the previous equation can be expressed as:

[
σ2ee

]
=

Ns∑

n=1

[σ2e,mm] + 2

Ns∑

n=1

Ns∑

m=n+1

[
σ2e,nm

]
(14)

where, recalling Eq. 11, each matrix [σ2e,mm] has the following expression:

[
σ2e,nm

]
= (I− QnS)

[
σ2q,nm

]
(I− QmS)T + Qn

[
σ2v,nm

]
QT
m (15)

provided that the state-space vector q and the noise v are statistically independent, with the cross co-variance
of state and noise defined as [σ2q,nm] = Cov(q(n), q(m)) and [σ2v,nm] = Cov(v(n), v(m)). Though the covari-
ance can be computed on the time-domain signals by definition, it is more efficient to carry out its evaluation
in the frequency domain due to the linearity of the observed system. Therefore, by introducing the WMRA
scalar transfer function γ̃(n)(ω) associated to the n-th scale, the Fourier transforms of the signals q(n) and
v(n) can be obtained as:

q̃(n)(ω) = γ̃(n)(ω)q̃(ω) (16)

ṽ(n)(ω) = γ̃(n)(ω)ṽ(ω). (17)

Indeed, once specific wavelet and scaling functions are assigned, the WMRA based on orthogonal wavelets
provides the related transfer functions γ̃(n). Therefore, the mixed-scale covariances associated to modal
response and measurement noise, respectively, are given by:

[
σ2q,nm

]
=

∫ +∞

−∞
Φqq,mn dω =

∫ +∞

−∞
γ̃(n)γ̃(m) Φqq dω (18)

[
σ2v,nm

]
=

∫ +∞

−∞
Φvv,mn dω =

∫ +∞

−∞
γ̃(n)γ̃(m) Φvv dω (19)
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Figure 2: Tested beam at SYDLAB.

where Φqq,mn(ω) and Φvv,mn(ω) are the cross-spectral densities relative to the components m and n of the
considered signals, which are related to the PSD matrices Φqq(ω) and Φvv(ω). Equation 14, along with Eq.
15 and the involved definitions by Eqs. 18 and 19, gives the objective function to be minimized for MR-PO.
The larger number of gain matrices Qn improves the search for the minimum. Nevertheless, it is worth
noting that MR-PO maintains a quadratic form of the error covariance (see Eqs. 14 and 15).

4 Test case

As stated initially, the problem under investigation is relative to the displacement field reconstruction of a
beam with a rectangular, hollow section, tested at Structural dYnamics and Diagnostics Lab (SYDLab) at
CNR-INM headquarters in Rome. The beam is made of aluminum and is suspended on springs to reproduce
free-free boundary conditions for the vibration modes of interest. The experimental set-up is shown in Fig.
2. The frequency of the rigid-body modes (heave and pitch) is sufficiently lower than the frequency of the
two-node vertical bending mode. The beam is mostly uniform with the exception of two notches, named
notch ‘L’ and notch ‘R’, respectively, placed toward the left and right end of the beam, if observed as in Fig.
2. In Fig. 3, the top view of the beam shows the position of the notches with respect to the sensor position.
However, while the ‘L’ notch is obtained by reducing to 2mm the thickness of the entire section (half of its
intact thickness), notch ‘R’ considers the reduction of the top side of the beam alone. The dimensions and
other characteristics of the beam are reported in Table 1.

The beam is equipped with strain-gauges equally spaced with the unique exception given by an additional
sensor placed close to notch ‘R’, with positions and numbers reported in Fig. 3. The axis orientation is
inverted to be in coherent with the point of view of the beam set-up reported in Fig. 2. The strain-gauge
signals are then collected by a LMS- SCADAS system at the sampling frequency of 2KHz.

Table 1: Tested beam main dimensions and properties

Length 2.918 m Width 0.008 m Height 0.04 m
Thickness 0.004 m Young modulus 68.5 GPa Density 2728 Kg/m3

Notch L 0.5106 m Notch length 0.05 m Reduced thickness 0.002 m
mid-point position (Entire section)
Notch R 1.985 m Notch length 0.05 m Reduced thickness 0.002 m
mid-point position (Top side)
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Figure 3: 2D top view of the beam with highlighted position of strain-gages and Left and Right damage.

Figure 4: Reference beam model. In the example, only one notch is considered.

5 Analytic model of the experimental case study

The above theory is applied to a slender beam with a two-side notch as shown in Fig. 4. The notch represents
a feature that is not included in the equations of the observed system, i.e., in Eq. 1. The Euler-Bernoulli
equation of a beam lying on a spring layer is:

∂2

∂x2

[
EI(x)

∂2

∂x2

(
w + ηb

∂w

∂t̄

)]
+ ks

(
w + ηs

∂w

∂t̄

)
+ µ(x)

∂2w

∂x2
= p(x) (20)

where x, t and w are the dimensional abscissa, time and vertical displacement, respectively, EI(x) and µ(x)
are the piecewise constant sectional stiffness and mass, respectively, ηb is the structural damping coefficient,
ks and ηs are the spring and damping coefficients of the supporting elastic layer, respectively, and p is the
external load expressed as force per unit length. The spring layer is added to represent a real structure on
elastic foundations, floating condition or constrained for modal testing. The notch is represented with a
reduction b̄δ of the width b̄ of the rectangular section of the beam, while the height h̄ is kept constant (see
Fig. 4). Introducing a shape function rδ(x), defined as rδ = b̄δ/b̄ along the notch, and equal to 1 elsewhere,
width, sectional mass and stiffness ratio variations along the beam can be expressed in concise form.

The Galerkin method is exploited to transform the partial differential equation above into a system of linear
ordinary differential equations by decomposing the displacement w(x, t) as a sum of modal contributions,
i.e., w(x, t) ≈ ∑Nmodes

n=1 qn(t)ψn(x), where the functions ψn(x) are the analytical normal modes of the
uniform undamped free-free beam without the spring layer, including the heave and pitch rigid-body modes.
From the ‘true’ mass Mδ, (proportional) damping Dδ and stiffness matrices Kδ = K

(b)
δ + K(s), by setting

rδ(x) = 1 the mass M, damping D and stiffness K matrices which define the structural model in Eq. 1 can
be obtained. A more systematic description of the modelling error introduced by the notch is presented in
Ref. [13].

For the sake of clarity, in the following we will refer only to the bending modes by renumbering the bending
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modes or the corresponding modal coordinates from 1. The first seven modal frequencies of the considered
beam (all those numerically below the Nyquist frequency of 1000 Hz) are reported in Table 2 comparing the
natural frequencies evaluated experimentally with those provided by the analytical model for both notched
and uniform model.

Table 2: Experimental natural frequency of the notched beam compared to the analytical solution of notched
and uniform beam.

f1[Hz] f2[Hz] f3[Hz] f4[Hz] f5[Hz] f6[Hz] f7[Hz]

Experimental notched beam 33.5 89.1 175.6 288.0 419.6 578.1 757.8
Numerical notched beam 33.26 91.69 180.15 297.89 445.11 622.73 829.34
Numerical uniform beam 33.45 92.16 180.66 298.65 446.12 623.10 829.56

6 Optimal gain computation

The numerical determination of the observer gain plays a central role in the estimation techniques presented
in the previous sections. It implies finding the observer gain parameters which minimize the error variance
defined by Eq. 13. Thus, the present section explains how the observer gain is numerically computed
according to the present observer formulation.

Suitable optimization procedures are then employed for searching the optimum gain matrix and, conse-
quently, different optimization problems are defined in terms of objective function, design variables and
constraints. The optimization problem consists in minimizing the variance matrix

[
σ2ee

]
of the estimation

error on the state-space vector q. The user input consists essentially in a statistical description of distur-
bances and noises, i.e., the covariance matrix of the measurement noise and the PSD of process noise and
external excitation. For such an observer, a simple gradient-based algorithm as available in MATLAB c© is
employed for a full convergence to a global minimum since the objective function is quadratically dependent
on the design variables. The optimizations are initialized with zero initial Qn matrices, such that at first step[
σ2ee

]
=
[
σ2qq

]
.

As mentioned above, the additional information required to evaluate the objective functions consist of some
statistics on the measurement and process noises, as well as on the external forces, either directly provided
by the covariance matrices or by the PSDs. As far as it concerns the external forces, their PSD matrix Φff(ω)
is generally derived by means of suitable spectral load models which depend on the statistical description
of the environmental or operational excitation and on the transfer function from the excitation source (wind,
waves, vibrations, etc) to the applied forces.

The measurement noise is modelled as white noise and featured by the sensor signal-to-noise ratio (SNR).
Nonetheless, the approach foresees the presence of coloured noise to account sensors with different operating
frequency range

In this experimental application, the process noise has not been modelled and, as a consequence, it has been
set to zero.

7 Numerical results

As stated in the previous sections, the present application aims at estimating the full field response based on
pointwise measurements provided by strain gages in presence of an unknown excitation. In Sec. 7.1, the
quantities related to the measurement set-up (sensors and excitation sources) are characterized. In the same
section, the implementation of multi-resolution analysis is provided along with the considered error metrics.
Finally, in Sec. 7.2 the analysis of the performance in estimating the system response is dealt with for the
considered methods.
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(a) Φf1f1 . (b) Φf2f2 . (c) Φf5f5 .

Figure 5: Some components of synthesized power spectral density of modal external force.

7.1 Displacement field estimation

In the present application, the measurement set consists of noisy data relative to the strains on the top face
of the beam at equidistant positions. The reconstruction of the elastic displacement field is done via the
estimation of the modal coordinates q̂k according to the following decomposition of the response:

ŵ(x, t) =

Nmodes∑

k=1

q̂k(t)ψk(x), (21)

with ψk(x) the vertical bending modes of the uniform structure. 10 vibration modes are considered for the
analysis by renumbering the bending modes from 1 to 10. The rigid-body modes are not observable since
they do not generate strain response. Thus heave and pitch are excluded from the reconstruction of the
deflection field.

Considering the relation between the strain and the vertical beam displacement in the linear case (small
displacements), it follows:

yk(t) =
h

2

∂2w(x, t)

∂x2

∣∣∣∣
x=x

(sg)
k

+ vk(t), (22)

being h/2 the distance between the strain sensor and the neutral axis.

The variance matrix of the measurement noise used in the error evaluation is reported below:
[
σ2vv
]

= 0.04µs2 I

where I is the identity matrix. The noise has been considered as equal for each sensors and uncorrelated to
each other. On the other hand the process noise has been considered as unknown and for this reason set to 0.

To validate the approach in a simple experimental environment, the set goal of the present work is to provide
the state response of the structure to tap test. Even though the proposed method is suitable for stochastic
processes, the following criterion has been adapted to build the power spectral density associated to the
external loads, that plays a key role in training the observer synthesis. A tap test with 155 impulsive taps in
unknown positions throughout the beam has been considered to get the data for the identification of the PSD
of external forces. The impact forces has been recorded by means of instrumented impact hammer. Then, the
position of each impact force has been assumed to be randomly in one of the points where the strain gauges
are located. These synthetic impact forces are then projected over the bending modes. Since, their number is
statistically enough, it is assumed that all the considered bending modes are sufficiently excited. The PSD is
then built by considering the modal forces so synthetized. Some components of this PSD are shown in Fig.
5.

The wavelet multi-resolution analysis is performed within the embedded wavelet toolbox using Daubechies
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dB12 orthogonal wavelets (Ref. [14]). Specifically, Ns = 7 time scales are considered for the present
analyses. The corresponding WMRA scalar transfer functions γk(ω) are illustrated in Fig. 6 highlighting
their frequency content.

Figure 6: WMRA scalar transfer functions for the considered test case.

The fidelity level of the observation process is addressed by means of the so called Time Response Assurance
Criterium (TRAC) (see Ref. [2]) on the strain gauge data and the covariance of the a-posteriori residual
of measurements. In this work, the number of strain gauges used the state estimation varies to test the
observer’s robustness. However, the entire set of measurements, here denoted as yc, is considered to assess
the estimation performance. By taking into account the entire set of measurement vector yc(t) and its a-
posteriori estimation ŷc(t), the TRAC is defined as below:

TRAC(t) =
‖ yc(t)T ŷc(t) ‖2(

yc(t)T yc(t)
)(

ŷc(t)T ŷc(t)
) . (23)

The function above represents the similarity of the signal array yc and ŷc with a suitable indicator in time
domain and can assume values between 0 and 1 when the signals are similar. Its time-averaged value
TRAC is here assumed as one of the two global indicators for the quality of the estimation. Indeed, the
other indicator is the trace of the covariance matrix of the a-posteriori measurement residual defined as
tr[Cov(yc(t)− ŷc(t))].

7.2 Results

In order to validate the approach in Ref. [13], this work aims at estimating the modal response of the notched
beam during a tap test where the position of each impact is unknown. As already defined in Sec. 7.1, not all
the available measurements are used to observe the system. The most of virtual sensing/shape reconstruction
techniques are particularly sensitive to the number of sensor used for estimating the state. Thus, the ultimate
goal of the section is to assess the estimation capabilities of the MR-PO as well as its sensitivity to the
number of strain gauges. On the other hand, the set number of modes to be tracked is ten. Besides the seven
modes in Tab. 2 with a natural frequency below 1000 Hz, further 3 residual modes are taken into account.
The results are provided by considering first 5 strain gauges and then 2 strain gauges. The first case takes
into consideration five strain gauges uniformly spaced over the beam corresponding to the numbers 1, 4, 6,
8, 10 of Fig. 3. The modal response of the first seven modes obtained via MR-PO is shown in Fig. 7(a) in a
time window between 35 s and 36 s of the considered test. On the other hand, Fig. 7(b) shows their power
spectral density. The numerical simulation of a perfect, uniform, beam would present a modal response
featured by the presence of only one peak of the PSD for each mode. However, the presence of unmodeled
notch and of the measurement noise introduces some noise/error in the estimation procedure. Indeed, the
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modal coordinate PSDs share some of the peaks of the spectrum. For instance, the first mode (blue curve)
has the main peak at approximately the first modal frequency of Tab. 2. However, further peaks are visible
about the second and third peaks associated to the second and third modes. A further study will investigate
whether using the true modal basis reduces this effect. A comparison between the measurements of the strain
gauges 3 and 5 and their a-posteriori estimate via MR-PO and Modal filter (MF) is then presented in Fig. 8.
The considered strain gauges are out of the estimation process and result useful to check whether the state
estimation provides a good agreement between real measurements and their a-posteriori estimates. MR-
PO seems to perform well in such measurement points. The TRAC (see Sec. 7.1) resulting from MR-PO
estimation is 0.87. The comparison with MF is performed by projecting the vibration modes over deflection
field obtained by integrating piece-wise linear function of w′′ between sensors and beam edges (equivalent to
natural spline approximation). In this case, MF estimate is obtained by employing all available strain gauge
measurements.

(a) Modal response (b) PSD of modal response

Figure 7: Time histories of modal coordinates and their associated power spectral densities via MR-PO with
5 considered strain gauges.

(a) Strain gauge 3 (b) Strain gauge 5

Figure 8: Comparison between the time histories of strain gauges 3 and 5 compared to their a-posteriori
estimation via MR-PO (with 5 considered strain gauges) and MF.

The same analysis is then performed by reducing the number of strain gauges to be used for the estimation
to only two, i.e., strain gauges 1 and 7. The modal response obtained by this estimation is shown in Fig. 9(a)
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along with their PSD in Fig. 9(b). In Fig. 9(b), it is possible to notice that the frequency content of the modal
coordinates has slightly modified. The main peaks of each mode are basically the same. However, being the
number of information provided by measurements much less than the previous case, the optimizer provides
an observer in which Qn components are almost zero out of the band of interest of each mode. This results
in having mitigated multiple peaks. A comparison between the measurements of the strain gauges 3 and 5
and their a-posteriori estimate via MR-PO and Modal filter (MF) is presented in Fig. 10. This case provides
a TRAC value for MR-PO equal to 0.83.

(a) Modal response (b) PSD of modal response

Figure 9: Time histories of modal coordinates and their associated power spectral densities via MR-PO with
2 considered strain gauges.

(a) Strain gauge 3 (b) Strain gauge 5

Figure 10: Comparison between the time histories of strain gauges 3 and 5 compared to their a-posteriori
estimation via MR-PO (with 2 considered strain gauges) and MF.

Finally a convergence analysis on the number of strain gauges is carried out. The strain gauges set associated
to each case of the considered sensitivity analysis is provided in Tab. 3. Thus, Fig. 11 shows the influence
of the strain gauges on the state estimation performances of MR-PO as compared to MF. It is noticeable that
for both MR-PO and MF the trend of covariance of the measurement residual is decreasing as the number
of strain gauges involved decreases (see Fig. 11(a)). On the other hand, as expected, TRAC follows the
opposite trend (see Fig. 11(b)). MR-PO, as opposed to the MF, performs well independently from the
number of strain gauges considered for the analysis and its performance parameters keep almost constant
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with the number of strain gauges involved in the state estimation. This confirms the potential of MR-PO for
shape reconstruction as already provided in Ref. [13].

Table 3: Strain gauge selection for each case.

Nsg 2 3 4 5 6 7 8 9
set 1 7 1 7 8 1 5 7 8 1 4 5 7 8 1 3 4 5 7

8
1 3 4 5 6
7 8

1 3 4 5 6
7 8 9

1 3 4 5 6
7 8 9 10

(a) Measur. residual covariance matrix sensitivity to Nsg . (b) TRAC sensitivity to Nsg .

Figure 11: Sensitivity of the trace of the error covariance matrix and TRAC with respect to number of strain
gauges

8 Conclusions

In this paper, the problem of reconstructing the vertical displacement field over an experimental beam using
point-wise measurements has been addressed as a specific but meaningful example of shape reconstruction
for building a digital twin based on experimental data. The so-called Multi-Resolution Proportional Observer
introduced in Ref. [13], that is a generalization of the Proportional Observer introduced in the same paper as
well, is employed to follow closely the different components of the tracked signals according to the signal
decomposition given by wavelet multi-resolution analysis. Therefore, a detailed mathematical derivation of
MR-PO has been resumed. The displacement field reconstruction is then based on a modal superposition,
where the mode shapes are obtained from the numerical model of the mechanical system (mass, damping
and stiffness matrices) and the time coordinates are estimated by the observer. Though recalling that the
error estimation based on its analytic expression depends on the model uncertainties as well, the present
procedure has some advantages: i) it highlights clearly the type of error dependence from the observer gain
matrix, that is found to be quadratic for the MR-PO observers at the considered time-scales so facilitating
the search for an absolute minimum, and ii) it is numerically more efficient in terms of the error computation
at each iteration of the optimization process.

A beam with rectangular, hollow section with a notch tested at SYDLab at CNR-INM was then considered
as testbed. Although the MR-PO in [13] is suitably developed for structure operating in stochastic environ-
ments, the goal of the work was to provide a validation of the proposed approach by estimating the modal
response of the notched beam during a tap test, where the position of each impact is unknown. Measure-
ment noise and unknown excitation have been taken into account by their statistical behavior (power spectral
densities), properly specified for the considered application. The capability of accurately reconstructing the
whole displacement field relies on choosing the global observer gain, in the form of a set of gain matrices,
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which minimizes the variance matrix of the error between the true and the estimated state-space vector. This
minimization process is carried out directly on the analytic expression of the error variance matrix which de-
pends on the observer parameters. In the proposed real case experiment only part of the sensor data set have
been considered for state estimation according to the number of strain gauges to be used for the analyses. All
available sensors, including those that do not provide any information as input, were considered as control
sensors on which performance metrics were computed.

Two cases, with respectively five and two strain gauges, were employed to observe the dynamic behaviour of
the structure. Specifically, both cases provided reasonable results and the performance of the worst case (i.e.,
the one that uses only two strain gauges) has not significantly worsened with respect to the first-one. The
error sensitivity has been carried out with respect to the number of strain-gauges, thus showing that MR-PO
does not experience a significant deterioration in performance due to the decrease of number of strain gauges
involved in the estimation process. This has been highlighted by the comparison with the modal filter, here
assumed as representative of the classical methods. This is in general true considering both the global error,
evaluated with the average of TRAC function, and the covariance of the measurement residuals. The results
appear rather encouraging on extending this method to the case of more complex structures for which the
development of these approaches finds its ultimate motivation.
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Aškerčeva 6, 1000 Ljubljana, Slovenia-EU

Abstract
3D printing has had a significant impact on the research in structural dynamics. In recent years this research
has been primarily focused on periodic structures where the 3D printing was used to develop advanced meta-
materials with properties classical materials do not have (e.g. acoustic stop-band filters, negative Poisson
ratio). This research is focused on fused filament fabrication (FFF) 3D printing technology, where, recently
introduced conductive PLA (Polylactic Acid) filaments, have been researched for the effect of piezoresistiv-
ity in dynamics measurements (e.g. strain measurement). Piezoresistivity denotes the phenomenon where
electrical resistivity changes under the influence of mechanical strain and can be therefore used for dynamic
sensing. However, several difficulties arise when FFF is used, such as heterogenity, anisotropy, and high
influence of process parameters. In this research, the theoretical principles of piezoresistive sensing of FFF
structures are presented. Additionally, the importance of high conductivity of 3d printed conductors is diss-
cussed.

1 Introduction

In recent years, development of smart materials suitable for additive manufacturing, opened new opportu-
nities for creation of sensors, actuators and self-aware structures. Sensoric structures can be created using
fused-filament-fabrication (FFF) technology with piezoresistive filaments.

Piezoresistivity denotes the phenomenon, where electric resistivity changes due to the mechanical strain. In
2012, Leigh et al. introduced new material called “carbomorph” suitable for FFF [1] which exhibited piezore-
sistive properties. Afterwards, several prototype sensors were developed such as graphene-based polylactic
acid (PLA) and thermoplastic polyurethane (TPU) composite-based sensors [2], TPU/multiwalled carbon
nanotube (TPU/MWCNT) composite-based sensors [3], embedded tensile-strain sensor [4], multiaxial force
sensor [5] and strain sensor for wind sensing [6]. In 2019, Maurizi et al. [7] researched the dynamic strain
sensing and discovered that FFF technology can be used in the dynamic sensing.

The structure has to conduct electrical current in order to exhibit piezoresistivity. In the field of material ex-
trusion, electrical conductivity is accomplished with polymer nanocomposites with conductive fillers. Con-
ductive nanoparticles (e.g. carbon black, graphene, carbon nanotubes, copper nanowires, silver nanoplatelets,
etc.) at sufficient filler concentration form a conducting network in the polymer matrix. Conductivity of the
printed structure is therefore highly dependent on the processing conditions that alter the micro-structure
and conducting network in the material. Thermal and mechanical transformations and phase changes in
the process of extrusion additive manufacturing have a profound effect on the resulting conductivity. The
knowledge and understanding of the mechanisms behind conducting network formation, degradation, and
alteration provides design and process freedoms than enable the fabrication of conductive structures with
various functional characteristics (e.g. piezoresistivity, high conductivity, conductivity anisotropy, magnetic
properties, and coupling between various material properties). Although, the effect of process parameters
on the conductivity of printed parts has been researched [8, 9, 10, 11], the understanding of coupled ef-
fects and complex material transformations during 3D printing is still limited. In addition, the behaviour
of polymer/nanoparticle systems and their microstructure-property relationships are specific for the material
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components, their history, processing parameters, and environmental factors.

While several FFF piezoresistive sensors were already successfully developed, there is still a lack of research
of piezoresistivity as a material parameter. Research of piezoresistivity as material parameter was mostly
limited on a resistance change observations in quasi-static tensile tests [3, 4, 12]. The lack of research of
piezoresistivity, limits further development and optimisation of piezoresistive FFF sensors. The issue was
addressed in recent study [13], where dynamic piezoresistivity identification method was proposed, based on
tensor-based material model.

In the manuscript, the theoretical background of piezoresistive sensing of unidirectionally manufactured
piezoresistive FFF sensors is presented. Additionally, the theoretical principles for determination of piezore-
sistive coefficients are described. Finally, factors contributing to electric resistivity are examined and design
principles for conductive paths of piezoresistive sensors are suggested.

2 Theoretical background of piezoresistive sensors

FFF structures exhibit heterogenity and anisotropy. When the infill is close to 100% equivalent homogenous
properties can be used to predict their macroscopic behaviour. Ohm’s law for homogenous anisotropic
structure in terms of summation convention equals [14]:

Ei = ρij Jj , i, j = 1, ..., 3 (1)

where Ei denotes electric field intensity, ρij electric resistivity and Jj electric current density in the coordi-
nate system directions i, j. When mechanical load is applied to the structure conducting electrical current,
two resistivity components are distinguished:

ρij = ρ0 ij + dρij , i, j = 1, ..., 3 (2)

where ρ0 ij represents initial resistivity when no mechanical load is applied and dρij increment of resistivity
due to the applied load. For conciseness Kelvin-Voigt notation is used and double-subscript notation in
Eq. (2) simplifies to,

ρi = ρ0 i + dρi = ρ0 i

(
1 +

dρi
ρ0 i

)
, i = 1, ..., 6 (3)

In the simplest case, relative resistivity change dρi/ρ0 i, linearly depends on mechanical stress σj ,

dρi
ρ0 i

= πij σj , (4)

through piezoresistive coefficient πij . In the presented article, structures with unidirectionally deposited
material are discussed. Unidirectional structures exhibit orthotropic properties. Eq. (5) shows orthotropic
matrix of piezoresistive coefficients π and resistivity matrix ρ.

π =




π11 π12 π13 0 0 0
π21 π22 π23 0 0 0
π31 π32 π33 0 0 0
0 0 0 π44 0 0
0 0 0 0 π55 0
0 0 0 0 0 π66



, ρ =



ρ1 0 0
0 ρ2 0
0 0 ρ3


 . (5)

In the Figure 1, the theoretical principle of embedded piezoresistive unidirectionaly fabricated dynamic sen-
sor is presented. It is assumed that only homogeneous normal stress acts on a sensor perpendicular or parallel
to the current flow i (coefficients π44, π55, π66 do not contribute to resistivity change). Sensor consists of
non-sensing and sensing part. The resistance of non-sensing and sensing part is RC and RS, respectively.
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Non-sensing part is used to apply electric voltage u to a sensor and to conduct electric current to the sens-
ing part. The sensing part is exposed to mechanical load causing the resistivity change and consequently
enabling force/acceleration measurement.

fixed support

F (t)

Vin

Vout

i

se
nsin

g

par
t

no
n-

se
ns

in
g

pa
rt

RS

RC

e1

e2
e3

Figure 1: Theoretical principle of piezoresistive embedded sensor

Ohm’s law for sensor in Fig. 1 in terms of lumped-element-model is:

u = Vin − Vout =

∫
E · dl =

∫
ρJ · dl = R(t) i(t), (6)

where u is constant voltage applied to electrodes Vin and Vout, R total sensor’s resistance and i(t) current
through the sensor. Sensor’s resistance is further equal to:

R(t) = R0

(
1 +

dRS(t)

R0

)
, (7)

where dRS is the resistance change due to the applied load and R0 initial resistance when no load is applied
to the sensor. Initial resistance is the sum of initial resistance of non-sensing R0C and sensing R0 S part

R0 = R0C +R0 S. (8)

Equation (7), reveals, that in order to increase the sensitivity of the sensor, resistance change dRS should
increase, while the initial resistance R0C should be as small as possible.

3 Sensing part of the sensor

The initial resistance of the sensing part, can be (under assumption of a constant cross-section of the con-
ductor A) written as

R0 S =
1

A
(ρ0 1 lS 1 + ρ0 2 lS 2 + ρ0 3 lS 3) =

1

A
ρ0 i lS i, i = 1, 2, 3 (9)

where lS 1, lS 2 and lS 3 denote total length of a conductor in sensing part in coordinate directions e1, e2 and
e3, respectively. The total resistance of the sensing part at a certain time point RS(t), is due to the applied
load, equal to:

RS(t) =
1

A
ρ0 i

(
1 +

dρi
ρ0 i

)
lS i =

1

A
ρ0 i (1 + πij σj) lS i, i, j = 1, 2, 3 (10)
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where geometrical changes are neglected. The resistance change of the sensing part dRS is:

dRS = Rs(t)−R0 S. (11)

Further assuming that resistance of non-sensing part is negligible R0C ≈ 0 and that length of a conductor in
sensing part is equal for each direction lS 1 ≈ lS 2 ≈ lS 3 ≈ l. Relative resistance change is (9), (10), (11):

dRS

R0 S
=

3∑
i=1

3∑
j=1

ρ0 i πij σj

3∑
i=1

ρ0 i

. (12)

Equation (12) shows, that knowledge about the piezoresistive coefficients πij is highly important, since
coefficients significantly contribute to the sensitivity of the sensor. Extensive knowledge about the effects
of FFF process on the dynamic piezoresistive coefficients, can help to increase the sensitivity and decrease
cross-axis sensitivity. The idea of measuring piezoresistive coefficients related to normal stress is shown in
Figure 2. Coefficients π11, π22 and π33 are determined when the electric and the stress fields are parallel,
while for the coefficients π12, π13, π21, π23, π31, π32 the stress and the electric fields are perpendicular. For
both cases shown in Fig. 2 b), c), Ohm’s law is (1):

E1 = ρ1 J1. (13)

Relative resistivity change for Fig. 2 b) is:

dρ1
ρ0 1

= π11 σ1, (14)

and for Fig. 2 c):

dρ1
ρ0 1

= π12 σ2. (15)

a)

b)

c)

E1 σ1 J1

E1
σ2

J1

e1

e2

e3

Figure 2: The principle of piezoresistive coefficients measurement a) unidirectionally printed piezoresistive
part, b) measuring principle of π11 coefficient, b) measuring principle of π12 coefficient
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4 Non-sensing part of the sensor

To improve upon the sensing characteristic of a 3D printed multi-material structure the embedded conductors
have to contribute the minimum amount of electrical resistivity (see Eq. 7 and 8). The resistance R0C is
constant (under constant temperature assumption) and equal to:

R0C = RC = ρ0 i
lC i

AC i
, i = 1, 2, 3 (16)

where lC i, denotes total length of a conductor in non-sensing part in coordinate direction ei and AC i corre-
sponding cross-section.

The manner in which conductive tracks are fabricated and embedded into the structure determines the func-
tionality and reliability of signal transmission. The affecting process aspects can be divided into: structure
design, the sequence of material deposition, and fabrication process parameters.

From eq. (16) it is evident that the resistance of the conducting interconnect can be reduced with structure
design parameters that determine the conductor length and section area.

Conductive polymer composites extruded through a nozzle often exhibit resistivity anisotropy [11]. With
the flexibility of an extrusion 3D printer, conductive interconnects can be printed in varying shapes and
directions. In most cases, highly conductive filaments exhibit the largest conductivity in the direction of the
extruded trace (axis e1 in Fig. 2). Therefore, the desired conducting direction can be aligned with conducting
trace deposition to insure the best efficiency of signal transmission.

Additionally, to the structure design and printing procedure, process parameters also present a degree of
freedom in conductivity improvement. Process parameters like nozzle temperature, extrusion rate, printing
speed, layer height, and print bed temperature can have a substantial effect of the resulting conductivity
[8]. Depending on the material used and required electrical and mechanical characteristics of the structure,
optimal printing parameters can be experimentally determined to produce a structure with highly conductive
interconnects, improving the sensing functionality.

Fig. 3 shows a section of an embedded conductive trace printed with optimal process parameters.

Figure 3: Section of an embedded conductive traces printed with Electrifi filament and non-conductive PLA.

The experimental research have shown that conductive filament material used (Multi3D Electrifi [15]) ex-
hibits highest electrical conductivity when the conducting traces are separated to reduce the oxidation of
metal filler during the extrusion and deposition. In addition, the insulating traces between the conducting
ones are deposited beforehand to reduce the negative thermal effect on the conductivity.

5 Conclusions

In the manuscript, the theoretical principles of piezoresistive sensing of FFF structures was presented. It
was shown, that directional nature of material properties can be used to improve sensitivity of the sensor
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while decreasing cross-axis sensitivity. Sensitivity can be additionally, increased by increasing conductance
of non-sensing part of the sensor.

The variation of process parameters can substantially influence the achieved conductivity and reliability of
the printed conductors. Combining experimentally determined optimal process parameters, design strategies
and printing procedure can produce a functional structure with tailored mechanical, thermal and electrical
characteristics in a single process fabrication. This potential enables one to study complex dynamical smart
structures with the flexibility, commercial availability and short design to prototype time of material extrusion
based additive manufacturing.
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Abstract 
Ensuring integrity and mechanical performance of composite structures often requires careful quality 

control especially regarding joints and assembly processes. One promising technology for non-destructive 

Inspection in these cases is electromechanical impedance measurement. However, in the conventional 

manner of electromechanical impedance (EMI) measurement, a piezoelectric transducer is permanently 

attached to the test structure by using a structural adhesive. In these cases, the structural adhesive is 

indispensable to obtain electromechanical coupling between the piezoelectric transducer and the test 

structure. On the other hand, it constitutes one of the main drawbacks of EMI-measurement method due to 

the fact, that it is only removable with high chemical or mechanical effort. In this article, different 

approaches are tested to achieve electromechanical coupling without using a structural adhesive and realize 

an applicable measurement head setup for the piezoelectric transducer to perform EMI measurements.  

1 Introduction 

Manufacturers of structural components face the challenge of assuring the desired quality of their produced 

parts and assemblies as well as the integrity of their products. In particular, joining processes of structural 

components are time and cost intensive processes that require efficient quality control and quality assurance.  

Components are typically checked several times during their life cycle by means of non-destructive testing 

(NDT) methods. Results of these tests are used for a multitude of purposes including quality assurance, 

predictive maintenance in the field, safety checks, as well as assessment of structural components after 

critical events.  Special attention is paid to composite materials. Structures made from composite materials 

are often used in safety-critical applications (e.g. primary structure of aerospace products) and 

manufacturing as well maintenance can have a large economic impact making quality assurance very 

important. For structural testing of composite materials, measurement principles such as visual testing, 

ultrasonic testing, radiographic testing, or measurement of acoustic emission are used conventionally [1]. In 

the course of efficient production and quality control of composite materials, it is desirable to provide 

integrated inspection during the manufacturing and assembly process.  

In this context, the measurement of electromechanical impedance (EMI) is a promising measurement 

principle for inline quality control. For the implementation of EMI measurement, only a single piezoelectric 

transducer, that can act as both actuator and sensor, is necessary. Since piezoelectric transducers are 

available in small sizes and configurations, the adaption to specific applications is possible. Regarding the 

low-cost aspect and high sensitivity towards structural changes, the EMI measurement principle has been 

extensively investigated in researches that deal with structural health monitoring. In this conventional 

manner of EMI measurement however, the piezoelectric transducer (piezotransducer) is permanently 

attached to the test structure by using a structural adhesive. The structural adhesive is normally indispensable 
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to obtain electromechanical coupling between the piezoelectric transducer and the test structure. Since in 

these cases the removal of the piezoelectric transducer from the test structure is only possible with high 

chemical or mechanical effort, the measurement method is so far not preferred for practical purposes. 

Another drawback lies in the aspect that piezoelectric transducers have to be arranged in grids to cover the 

whole test structure for monitoring. Thus, the EMI-measurement method is often related to increased 

structural weight caused by the piezoelectric transducer grid, which is also difficult to maintain and repair, 

e.g. if the grid is damaged. The approach in this study is to develop a system to perform EMI measurements 

with a removable piezoelectric transducer to achieve higher adaptability during the measurement process 

and application fields and to reduce the number of piezoelectric transducers needed for the monitoring 

process. Within the scope of the present article, the classic EMI measurement methodology as well as its 

advantages and drawbacks are described. Different approaches that attempt to eliminate the main drawback 

of EMI measurement are presented in the following chapter. Subsequently, novel concepts for EMI 

measurements that are investigated in the course of the present article are explained. The main aim is the 

development of an inline  quality control system that enables automatic EMI measurement for industrial 

applications. The article ends with a conclusion. 

2 Electromechanical impedance methodology 

The measurement of EMI has been an approved principle in research pertaining to structural health 

monitoring. In general, the shape of a piezoelectric transducer is deformed if an electrical voltage is 

connected to the transducer. By using alternating voltage as an excitation, the deformation of the 

piezoelectric transducer can be dynamically driven so that vibrations are generated. This characteristic is 

used to excite test structures mechanically in order to obtain the electromechanical impedance. For this 

purpose, the piezoelectric transducer is usually attached to the test structure by use of an adhesive (Figure 

1, left). The electrical excitation of the piezoelectric transducer leads to mechanical excitation of the test 

structure. Due to the electromechanical coupling between the piezoelectric transducer and test structure that 

is ensured by the adhesive, the impedance of the system is referred to as electromechanical impedance. 

Hence, the electromechanical impedance can be expressed as a relation between the excitation voltage and 

the output current of the piezoelectric transducer. The interaction between the mechanical and electrical 

domain can be derived from Equation 1 [2]. 

 𝑍(𝜔) =  [𝑖𝜔𝐶 (1 − 𝜅31
2 𝑍𝑆(𝜔)

𝑍𝑆(𝜔)+𝑍𝑃(𝜔)
)]

−1
 (1) 

The electromechanical impedance is referred to as Z, C is the capacitance and 𝜅 is the electromechanical 

cross coupling coefficient. 𝑍𝑆 and 𝑍𝑃 express the mechanical impedance of the test structure and the 

electrical impedance of the piezoelectric transducer, respectively. The electromechanical impedance is 

highly sensitive to structural changes, e.g. damages of the test structure. For this reason, it is used to assess 

structural integrity. Since the EMI measurement detects comparative structural changes, it requires a “base-

line EMI measurement” as a reference that represents the initial or ideal state of the test structure in order 

to identify the structural changes in comparison to this base-line. The measurements are carried out for a 

broad frequency range and the acquired data are typically called “EMI signature” (Figure 1, right). Since 

structural parameters influence the phase or magnitude of the EMI signature, structural changes or damage 

are noticeable as phase shift or damped magnitude in comparison to the base-line measurement.  

The measurement principle of EMI is beneficial for structural health monitoring or structural quality control 

since changes of a structure can be noticed in the vibration signature. The piezoelectric transducer is 

conventionally excited with a sine sweep signal that gradually changes its frequency over time. The 

sensitivity is dependent on the frequency of the excitation voltage and can be used to adjust the sensitivity 

of the system. Since the EMI measurement is a reference based principle, the user can gain statistical 

confidence in quality control. For this principle, no visual image processing is necessary as it is e.g. for 

ultrasonic measurements. 
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Figure 1: Conventional setup for EMI measurement (left). Typical characteristics of EMI signature (right). 

 

2.1 Electromechanical impedance measurement without direct adhesion 
between piezoelectric transducer and host structure 

In spite of the advantages that can be obtained by using EMI measurement for SHM, the measurement 

principle has been not applicable to many industrial applications due to the fact that the piezoelectric 

transducer has to be attached to the test structure using an adhesive such as epoxy resin or cyanoacrylate 

based glue. The adhesive is essential in order to obtain the coupling between the piezoelectric transducer 

and the test structure, since it enables the force transfer between the transducer and the test structure and the 

coupling between the electrical and mechanical domain. If an appropriate adhesive is not used, losses in 

force transfer and increase of measurement uncertainty occur. However, the indicated adhesives can only 

be removed with high mechanical effort or the use of chemical solvents that can damage the surface of the 

test structure. In addition, the adaptability is highly restricted due to the permanent bonding and the 

extension of measurement spots requires additional arrangement of piezoelectric transducers on the test 

structure. Within the scope of this article, the feasibility of EMI measurement concepts without permanent 

adhesion of piezoelectric transducers to the test structure are investigated.  

2.1.1 State-of-the-Art: Concepts for electromechanical coupling between piezoelectric 
transducer and test structure without direct adhesion 

Due to the preceding reasons, the implementation of EMI measurement without the permanent adhesion of 

piezoelectric transducers to the test structure has been desirable in the last years in the research field of 

structural health monitoring. In the following, different research approaches that investigate the EMI 

measurement performance without an adhesive layer between the piezoelectric transducer and test structure 

are presented. 

In [3], the piezoelectric transducer is bonded to a magnet that enables reversible attachment to a metallic 

test structure (Figure 2). Within the scope of the investigation, the detection of damage progression with the 

magnetically attached piezoelectric transducer is validated. In order to quantify the changes in the EMI 

signature due to the damage progression, the root mean square deviation (RMSD) method is used. The 

RMSD index shows only marginal changes as a result of damage that propagated in steps of 1mm.   
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Figure 2: Piezoelectric transducer bonded on a magnet [3]. 

Another approach uses a structural interface with magnetic mounts [4] for detection of bolt-loosening in a 

girder connection. The piezoelectric transducer is bonded by an adhesive to the structural interface, in order 

to avoid direct adhesion to the test structure. Although the work accentuates that the EMI measurement by 

means of the interface can detect the bolt-loosening, further investigations are found to be necessary. One 

drawback of this approach is the structural interface that has influences on the measurement principle and 

needs to be considered. The main drawback regarding the usage of magnetic force is the restriction in choice 

of test structure material, since the approaches are only applicable for ferro-magnetic structures. For non-

metallic structures, a counter part of the magnet must be provided. Despite of reversible attachment of the 

piezoelectric transducer, efforts on minimizing the contact to the  test structure’s surface were carried out in 

[5].  In this approach, a steel wire connects the host structure with the piezo transducer while an epoxy 

adhesive is used to bond the wire on both host structure and piezoelectric transducer. Hence, although the 

bonding is minimized, the connection is permanent and the EMI signature is mainly influenced by the steel 

wire. Regarding to these approaches, EMI measurement without direct bonding of the piezoelectric 

transducer on the host structure requires efforts in the assembly construction and constitutes a challenge in 

implementation. 

2.1.2  Novel concept of electromechanical coupling and feasibility validation for EMI 
measurement  

Within the scope of this article, three main concepts are investigated which aim to achieve electromechanical 

coupling between piezoelectric transducer and test structure without the usage of an adhesive. The feasibility 

of EMI measurement without permanent adhesion is validated. For the investigations, carbon fiber 

reinforced polymers (CFRP) of two different configurations are used as specimens (Figure 3). The first 

specimen configuration consists of two CFRP structures of the same material and size (10 cm x 10 cm) that 

are fully attached to each other. These specimens represent an intact structure (configuration 1). The second 

specimen configuration is identical to the first configuration apart from a debonded spot (2 cm x 2cm) in 

the center of the specimen. These specimens are referred to as defect structures (configuration 2). The 

measurements for the indicated CFRP specimen are compared to each other and should demonstrate 

different EMI signatures for each configuration. In addition, a piezoelectric transducer is bonded as a 

reference sensor on the bottom side of the specimen (referred to as “reference EMI sensor”). By means of 

the reference EMI sensor, the performance of each concept is validated. The piezoelectric transducer used 

for the investigations is of type DuraAct P-876.SP1 (16 mm x 13 mm x 0.5 mm) from PI ceramic and is 

referred to as “EMI sensor” for convenience, since the sensory function of the piezoelectric transducer is 

emphasized in the course of the following. 
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Figure 3: Intact CFRP specimen (configuration 1) and defect specimen (configuration 2). 

For the electrical excitation and EMI measurement, the FFT impedance analyzer Wayne Kerr 6500B is used. 

The excitation voltage signal is a sinusoidal sweep signal that begins at 1 kHz and excites up to 20 kHz, 

while the amplitude is 2V peak-to-peak. In order to validate promising concepts, a 3-point bending test set 

up is implemented at a ZwickRoell tension/compression testing machine. The testing machine is able to 

perform displacements within a linear guide and is used to repeat reversible EMI sensor attachment to the 

test specimen. The bearing points of the 3-point bending test assures fixation of the test specimen without 

blockage. Firstly, the selected concept with promising performance is presented. The electromechanical 

coupling is achieved by a specific contact force and construction of a measurement head  assembly. 

The objectives of the 3-point bending test are as follows: 

• Contact force investigation for electro-mechanical coupling achievement 

• Validation of the measurements with removable EMI sensor in comparison to the conventional  

set up with a reference EMI sensor that is attached with an adhesive 

• Suitability of the elastomer layer used for structural isolation of EMI sensor 

• Identification of the relevant frequency range     

The measurement head assembly including the supporting structure, isolation medium and EMI sensor is 

depicted in Figure 4 and installed in the test set up of the strain/compression testing machine. The supporting 

structure is used to arrange the EMI sensor perpendicular to the test specimen. The supporting structure is 

mounted to the testing machine and can be driven towards the test specimen. By driving the supporting 

structure assembly towards the test specimen, a defined contact force is generated. On the front side of the 

supporting structure, an isolation medium is placed between EMI sensor and supporting structure. Since 

EMI measurement is a vibration-based measurement principle, adjacent mechanical structures will  

influence the measurements. In order to avoid influences, the EMI sensor needs to be mechanically isolated 

from the supporting structure by an additional medium.  

 

Figure 4: EMI measurement head assembly and implementation of 3-point-bending test set up. 
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The final design of the measurement head is chosen after material validation of the supporting structure, 

isolation medium and different adhesives for the bonding of the assembly components to each other.  

Consequently, the supporting structure is made of polyamide and manufactured by a sintering process. A 

silicon layer is used as an isolation medium that provides mechanical isolation of the EMI sensor from the 

adjacent structure. The silicon is available as viscous fluid and hardens during the assembling process. The 

shape is given by a molding form. The molding form is also used to line up the EMI sensor, elastomer layer 

and the supporting structure. Due to the hardening of the elastomer layer the components are bonded with 

each other and no additional adhesive is necessary. The measurement head assembly is shown in Figure 5.  

In dependence of the used material of the respective components, a variation in damping and resonance 

frequencies magnitude of the EMI signature can be observed. The performance of different designs are 

evaluated by comparison to the performance of the EMI reference sensor at the bottom side of the CFRP 

specimen of configuration 1. In this manner, the influence of the material of the measurement head 

components can be validated. 

 

 

Figure 5: Final construction of EMI measurement head with following components:  

supporting structure (1), elastomer layer (2), an EMI sensor (3) and cables that are connected to the sensor 

(4). 

The investigation on required force for an appropriate electromechanical coupling is depicted in Figure 6. 

The EMI measurements are performed with different forces while the measurements on intact specimen and 

defect specimen are compared to each other. According to the EMI signature, the initial contact force is not 

sufficient to achieve the required electromechanical coupling to perform the measurement. The comparison 

of the EMI signatures of the intact (blue line) and defect (red line) structure indicate that there is no 

significant change in the phase or magnitude of the local resonance frequencies. In general, the magnitudes 

of resonance frequencies are highly damped in the obtained measurement result, indicating the insufficient 

electromechanical interaction. The increase of the contact force enhances the EMI signatures remarkably. 

The shift of the resonance frequencies and the change of magnitudes that are induced by the debonded spot 

can be identified in the EMI signature. These characteristics become more significant when the contact force 

is further increased. The damping of the resonance frequencies is decreased and demonstrate that the present 

contact force provides sufficient coupling of the EMI sensor to the structure. The increase of the force can 

also lead to performance deterioration. In case of application of higher contact forces than the end value, the 

vibrations of the EMI sensor are inhibited so that the structure cannot be mechanically excited. The 

investigation shows that an optimal contact force needs to be identified that provides a sufficient 

electromechanical coupling while not inhibiting the vibrations for structural excitation. 
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Figure 6: Different contact forces applied to the EMI measurement head. The contact force is increased 

starting from the left plot to the right plot. 

After the optimal contact force is identified, comparison measurements between the reference EMI sensor 

and the EMI measurement head are carried out (Figure 7) to validate the performance. The reference EMI 

sensor is attached to the bottom side of the CFRP specimen using an adhesive. The measurement of the 

reference EMI sensor in blue line represents the EMI signature of the intact structure (configuration 1) and 

the red line shows the EMI signature of the defect structure (configuration 2). According to typical EMI 

characteristics, the resonance frequencies are shifted to lower frequency range when the debonded spot is 

present because it decreases the stiffness of the structure. 

 

Figure 7: Test set up for EMI measurements of intact and defect CFRP specimen by means of the 

measurement head assembly.  

The same characteristics can be verified regarding the performance of the removable EMI measurement 

head on the basis of the measured EMI signatures (Figure 7, on top). The resonance peaks are shifted to 

lower frequencies in the measurements of the defect structure. It is noticeable that the magnitudes are highly 

damped in comparison to the measurements that are executed with the reference EMI sensor that is attached 

with an adhesive. Although the EMI measurements can be performed, the electromechanical coupling is 

possibly not as high as for the bonded reference EMI sensor. One further reason for this characteristic can 

be also found in the set up of the measurement head. In spite of the structural isolation of the EMI sensor 

from the supporting structure, the elastomer layer is assumed to damp the vibrations. Nevertheless, the intact 
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structures can be clearly distinguished from defect structures by EMI signatures that are measured with the 

EMI measurement head. Hence, the presented concept of the specific measurement head set up is chosen as 

final concept. Further main concepts that have been investigated in the conceptual phase are depicted in 

Figure 8.  The pre-version of the final concept (referred to as concept 2 in Figure 8) has the same set up as 

that of the final concept, except for an elastomer layer between the EMI sensor and test specimen. Since 

elastomers typically exhibit an increase of their stiffness in the high frequency range, this approach is 

promising to improve the coupling to the structure. However, the tested elastomer layers affect the EMI 

measurement due to their high damping. In a further concept (referred to as concept 3 in Figure 8), magnets 

are used to attach the EMI sensor to the structure from the top and bottom side. The EMI measurement 

results show that the structural stiffness is increased due to the magnets. Therefore, the deformation of the 

EMI sensor is inhibited and consequently the force transfer to the specimen is not possible. The electro-

mechanical impedance cannot be measured in this case. 

 

Figure 8: Different concepts for EMI measurement without direct adhesion. 

The major challenge in the conceptual phase is the implementation of a specific measurement head set up 

that provides structural isolation on the one side and structural coupling on the other side. The investigations 

on different concepts show, that a specific contact force in conjunction with an appropriate material choice 

in the setup of the measurement head allows the reversible attachment of the piezoelectric transducer while 

sufficient electromechanical coupling is achieved. The developed set up and method are highly adaptable to 

different measurement scenarios and materials. Furthermore, it is applicable to automated quality assurance 

(QA) systems (as in the automotive or aerospace industry) as the positioning process of the transducer is 

simple and flexible regarding the desired measurement spots while the EMI-measurement itself realizes a 

rather quick qualitative structural assessment. 

 

3 Development of automatic inline quality control system based on 
EMI measurement 

As indicated in the introduction, one of the main objectives within the scope of the investigations is the 

development of an inline quality control tool based on the EMI measurement principle. With respect to this 

objective, a removable EMI measurement head is implemented in the investigations that are presented in 

the previous chapter. The EMI measurement head is complemented by an automatized control and data 

acquisition system according to industrial standards. The envisaged application scenario requires 

automatized EMI measurement along a structure of 4 m length. By use of a programmable logic controller 

(PLC) the overall system is controlled for positioning of the EMI measurement head as well as for automatic 

data acquisition. In particular, the positioning of the EMI measurement head is split into a fine positioning 

function and a coarse positioning function. The fine positioning function is responsible for the positioning 

of EMI measurement head perpendicular to the test structure. The concept of the fine positioning system is 

depicted in Figure 9 in a simplified form. 
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Figure 9: Concept for fine positioning system of EMI measurement head 

The assembly uses a goniometer that rotates around the x-axis to find the correct position (Figure 10, step 

1). The force sensors on the top and bottom side of the assembly are continuously measuring the force values 

that are validated through an analog-digital conversion interface of the PLC. The force sensors are based on 

the strain gauge principle.  In the PLC program, the force values are compared to each other in order to 

assess the perpendicularity of the measurement head. As soon as the same force value for both force sensors 

are detected, the fine positioning system stops (Figure 10, step 2) since the equality of these values indicates 

the perpendicular positon of the measurement head. Consequently, the measurement head is applied to the 

structure by a pneumatic cylinder. The contact to the structure is established (Figure 10, step 3).  

 

 

Figure 10: Concept for fine positioning of EMI measurement head 

The fine positioning system is mounted on a carrier system that moves along the linear system of 4 m length.  

This coarse positioning function drives the carrier to the given position in PLC. The assembled measurement 

system is shown in Figure 11. 
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Figure 11: Assembly of the fine positioning system. 

The topology of the control and data acquisition system is depicted in Figure 12. The measurement sequence 

is programmed to run the full measurement sequence when the user gives an acknowledgement signal. 

Firstly, the measurement system is positioned at the initial measurement point along the x-axis for coarse 

positioning. After the coarse positioning is accomplished, the fine positioning motor starts to move the 

measurement system in the forward direction along the y-axis and stops at a defined distance between the 

measurement system and the test structure. The goniometer conducts a rotating motion around the x-axis as 

a next step, in order to assure the perpendicular position of the EMI measurement head. During the rotation 

the values of both force sensors are continuously measured by the PLC. When the values of the forces are 

equal, the rotation is stopped since the equality of the force values indicates that the EMI measurement head 

is in the perpendicular position. This step releases the compressed air of 6 bar into the pneumatic cylinder, 

pressing the EMI measurement head against the test structure. In this manner, the contact between the EMI 

sensor and the structure is achieved. The contact force of the EMI measurement head is given by the area of 

the pneumatic piston and the air pressure of 6 bar. The full contact of the EMI sensor to the structure triggers 

the EMI measurement. The PLC communicates via TCP/IP with the data acquisition computer that runs the 

implemented MATLAB measurement software. The MATLAB software is connected to a circuit board that 

generates the excitation signal and conducts pre-processing of the signal by I2C command from the data 

acquisition computer. The data acquisition computer signals to the PLC that the EMI measurement is 

finished and the PLC controls  the coarse positioning system to approach the next measurement position.  

 

Figure 12: Topology of the developed EMI measurement head. 
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4 Performance of automatic EMI measurement head 

The overall system for reversible EMI measurement including is implemented at laboratory scale to validate 

the performance of the automatic EMI measurement head in interaction with the fine and coarse positioning 

system (Figure 13). The EMI measurement system drives along a 4 m linear system and gathers EMI data 

inline for three different measurement positions at a CFRP test structure that is schematically depicted in 

Figure 14 for convenience.  

 

 

Figure 13: Setup for functional testing in laboratory 

The CFRP structure is positioned parallel to the 4 m linear system. Firstly, the EMI measurements are carried 

out in order to gather the baseline measurement as reference for each position. In the second measurements, 

magnets are attached to the three measurement positions to increase the local stiffness to the test structure. 

While measurement position 1 and measurement position 3 are only influenced by the attached magnets, 

measurement position 2 have an additional defect. In the following, the increased stiffness should be 

identifiable in the EMI signature and furthermore it is investigated if the EMI signature of measurement 

position 3 has different characteristics in comparison to the measurement position 1 and 2 due to the 

additional defect. 

 

Figure 14: Test structure for laboratory testing (150 cm x 100 cm). 
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Figure 15 shows the EMI signature of the measurement head in contact-free state and the measurement 

result at each position that is obtained by a specific contact force applied to the measurement head. The EMI 

signature at each measurement position is characterized by one main local resonance frequency that differs 

slightly in dependence of the position. Since the structural conditions are different at each measurement 

position, deviations are possible. 

Regarding the measurement position 1, the resonance peak in the EMI signature is shifted to higher 

frequencies due to the attached magnet. In general, the resonance shift to higher frequencies indicate the 

stiffness of the structure is increased. The expected performance is approved for measurement position 1. 

The EMI signature of position 2 shows a different characteristic. Due to the structural defect that influences 

the test structure in addition to the magnet, the resonance peak is shifted to lower frequencies in opposite to 

the measurement at position 1. For measurement position 3, same EMI signature performance as for 

measurement position 1 is gathered. The attached magnet leads to increased stiffness of the structure and 

the resonance peak is shifted to higher frequencies. 

 

Figure 15: Measurement results of the automatic EMI measurement head at laboratory setup. 
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5 Conclusion 

In this article, different approaches are investigated to implement EMI measurements that are feasible 

without using a structural adhesive as a coupling medium between the piezoelectric transducer and the test 

structure. An adaptable EMI measurement head setup is developed which performs EMI measurement by 

using a contact force. The measurement head set up is integrated into an inline quality control system with 

automatic positioning and data acquisition system. The inline quality control system, is then installed in a 

facility at laboratory scale for validation. Since EMI measurement is a reference based measurement 

principle, it is desirable to combine the measurement principle with digital intelligence solutions such as 

machine learning, which could simulate a reference base-line to avoid the necessity of a physical reference 

state. With respect to different industrial applications, the removable EMI measurement head could also 

support the optimization of manufacturing parameters by fast quality assessment of the products and 

feedback to the manufacturing facility. More detailed investigations are necessary regarding measurement 

performance in dependence of test structure material and the structural defects that are relevant for the 

respective application. 
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Abstract
In-situ Transfer Path Analysis (TPA) is a diagnostic method used to analyse the propagation of noise and
vibration through complex built-up structures. Its defining feature is the independent characterisation of
an assembly’s vibratory source in terms of its blocked force, an invariant property that is unchanged by
the dynamics of neighbouring components. This invariance enables downstream structural modifications
to be made to an assembly, without affecting the source’s operational characteristics. Modifications made
upstream of the defined source-receiver interface, however, are prohibited, as they would lead to a change
in the blocked force. Note that the source-receiver interface is somewhat arbitrary, and typically chosen for
convenience rather than to satisfy some physical distinction (e.g. resilient mounts are often included as part
of a source definition). To this end, in the present paper we are interested in computing the modification of a
‘source’ given the replacement of one of its constituent components (e.g. installing new resilient mounts).

1 Introduction

Transfer path analysis (TPA) is a diagnostic method used for analysing the propagation of noise and vibration
in complex built-up structures, for example, ships, vehicles, trains, etc. It has become an essential tool
in the development and refinement of structures whose vibro-acoustic response is of interest. There exist
many varieties of TPA, differing in their implementation and interpretation [1]. In the present paper we are
concerned with the variant known widely as in-situ TPA (also blocked force TPA) [2].

In an in-situ TPA the active components of an assembly (i.e. the vibration sources) are each characterised
by their blocked force, i.e. the force required to constrain their interface such that their velocity (also dis-
placement/acceleration) is zero. The blocked force independently describes the operational activity of a
vibration source; it does not depend on what the source is connected to. This is advantageous as it means
that the blocked force can be used in conjunction with structural modification techniques, where the receiver
structure is modified in some way.

Once characterised, the contribution of each active component to an operational response is determined using
transfer functions measured between the source-receiver interface and the chosen target degree of freedom
(e.g. sound pressure level at the driver position). Based on their relative contributions an engineer is able to
identify troublesome vibration sources and make appropriate design changes.

Application of in-situ TPA first requires the definition of a source-receiver interface; this interface implicitly
defines what is considered as the ‘source’ of vibration. The source-receiver interface is somewhat arbitrary,
and is typically chosen for convenience rather than to satisfy some physical distinction; as a practical exam-
ple, vibration isolators are often included as part of the source definition (i.e. the source-receiver interface
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is defined as being that between the isolator and the receiver, as opposed to the source and the isolator). Al-
though this interface is perfectly admissible, it does place a limitation on what structural modifications can
be investigated. Although downstream modifications may be applied without affecting the blocked force,
upstream modifications (i.e. those above the source-receiver interface) are prohibited as these will lead to a
change in the blocked force.

Given the often arbitrary positioning of the source-receiver interface, we are interested in extending the
possibility of structural modification upstream, such that a constituent source sub-component (e.g. a resilient
coupling that has been included in the source definition) can be modified or replaced. In the present paper we
will employ transmissibility theory to modify the blocked force and forward transfer functions obtained from
an initial assembly according to a known component replacement. The resulting equations make possible
the upstream structural modification of a structure.

The remainder of this paper will be organised as follows. Section 2 will begin by briefly introducing in-situ
TPA before section 3 describes the proposed Component Replacement TPA method; sections 3.1 and 3.2
will present the modified blocked force and forward transfer function equations. A numerical validation will
be provided in section 4 before section 5 presents a demonstrative experimental application. Finally, section
6 will draw some concluding remarks.

2 In-situ Transfer Path Analysis

In-situ Transfer Path Analysis aims to identify the dominant sources of vibration that contribute to a partic-
ular response (e.g. vehicle cabin sound pressure level) by first characterising their operational activity, and
then the transfer paths through which they contribute. In-situ TPA differs from classical TPA in that the
source activity is characterised independently using a blocked force, as opposed to a contact force (which is
dependent on the dynamics of the receiver structure).

In an in-situ TPA the blocked force is obtained using the inverse relation [3],

f̄Sc =
(
YC

bc

)−1
vb (1)

where, with reference to figure 1a: vb is an operation velocity measured on the coupled assembly at the in-
dicator DoFs (degrees of freedom) b; YC

bc is the mobility matrix of the coupled assembly, measured between
the indicator and (defined) interface DoFs, b and c, respectively; and f̄Sc is the sought after blocked force.
Implementation of equation 1 requires a two part measurement procedure. In part 1, the source is turned off
and the mobility matrix YC

bc is measured. In part 2, the source is operated and the velocity vb measured at
the indicator DoFs.

Once the blocked force has been obtained it may be used to predict the operational response at some reference
DoF in the assembly. This forward response prediction is given by,


 pr

vr


 =


 HC

rc

YC
rc


 f̄Sc (2)

where: pr and vr are the operational pressure and velocity predictions; HC
rc and YC

rc are the vibro-acoustic
transfer function and transfer mobility, respectively, between the interface and reference DoFs, c and r; and
f̄Sc is the acquired blocked force from equation 1. The blocked force is an independent source property, and
so it can also be used to predict the operational response in an assembly different to the one in which it was
characterised, provided that its coupled transfer functions are known.
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Figure 1: Diagrams of general assemblies; (a) - Source-Receiver assembly, (b) - Source-Mount-Receiver
assembly.

Together, equations 1 and 2 constitute what is known as in-situ/blocked force TPA. In the more general case
that HC

rc (or YC
rc) is predicted using dynamic sub-structuring, this is typically referred to as component-based

TPA [1] (also known as Virtual Acoustic Prototyping [4])).

3 Component Replacement Transfer Path Analysis

Often when performing an in-situ TPA, access to the preferred source-receiver interface is limited and the
required measurements cannot be undertaken. In this case it is possible to redefine the source-receiver
interface elsewhere, typically further downstream (i.e. into the receiver structure). By doing so we redefine
the source and receiver to include/exclude the appropriate ‘components’. Take for example the source-
mount-receiver assembly in figure 1b. Although the interface c1 may be the preferred choice, as it is the
natural source interface, the interface c2 may equally be considered. In this case, the source definition is set
to include the mount, which is now excluded from the receiver definition.

Although its definition is somewhat arbitrary, if we wish to investigate the effect of replacing (or modifying)
a component it must be located downstream of the defined source-receiver interface (i.e. within the receiver
structure). Only then may standard dynamic sub-structuring/structural modification techniques be used. Any
modifications made upstream of the source-receiver interface will affect the source definition and in turn
cause a change in the blocked force. For example, suppose the mount in figure 1b were replaced by some
other coupling; the blocked force at interface c2 would be modified accordingly.

When performing an in-situ TPA, one must also consider the forward transfer function between the defined
source-receiver interface and the chosen target DoFs. Clearly, any upstream modification will have an influ-
ence on this also.

In the present paper we are interested in the replacement (or modification) of an upstream component I in
the source definition, and predicting its effect on the blocked force f̄SIc2 , the forward transfer function YC

rc2 ,
and the target response prediction pr.

The proposed Component Replacement TPA requires first that a primary interface c1 is defined. Any com-
ponent modifications must take place downstream of this primary interface. The blocked force, defined (or
obtained) at some secondary interface c2, is then related to the primary interface blocked force f̄Sc1 through a
blocked force transmissibility, taking into account the properties of the initial assembly. The primary inter-
face blocked force will be independent of any modifications made upstream of the secondary interface c2, so
long as they remain downstream of the primary interface. By using a second blocked force transmissibility,
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based on a modified assembly, a modified blocked force at the secondary interface can be obtained. A similar
procedure is used to obtain the modified transfer function matrix.

The modified blocked force and forward transfer function equations will be presented in sections 3.1 and 3.2,
respectively. Detailed derivations are omitted for brevity. Section 4 will then present a numerical validation
of the proposed Component Replacement TPA before section 5 demonstrates an experimental application.

3.1 Modified Blocked Force

Consider the assembly shown in figure 1 whose source is excited externally (or internally) at some DoF a
(or o). Note that this excitation can be represented by an equivalent excitation at the primary interface c1,
corresponding to a negative blocked force [5],




−f̄Sc1

0

0


 =




ZSI
c1c1 ZI

c1c2 0

ZI
c2c1 ZIR

c2c2 ZR
c2r

0 ZR
rc2 ZR

rr







vc1

vc2

vr


. (3)

By applying an appropriate blocking force at the secondary interface c2, we are able to enforce the constraint
vc2 = 0 (and consequently vb = 0),




−f̄Sc1

f̄SIc2

0


 =




ZSI
c1c1 ZI

c1c2 0

ZI
c2c1 ZIR

c2c2 ZR
c2R

0 ZR
Rc2

ZR
RR







vc1

0

0


. (4)

From the top row of equation 4 we obtain,

vc1 = −
(
ZSI
c1c1

)−1
f̄Sc1 (5)

which upon substitution into the second row yields,

f̄SIc2 = −ZI
c2c1

(
ZSI
c1c1

)−1
f̄Sc1 . (6)

Equation 6 relates the primary and secondary interface blocked forces (due to an excitation at a), through
what may be interpreted as a blocked force transmissibility,

T̄a
c2c1 = −ZI

c2c1

(
ZSI
c1c1

)−1
(7)

where the over-bar ¯ is used to denote a blocked force transmissibility (as opposed to a velocity transmis-
sibility, for example). Note that the primary interface blocked force, f̄Sc1 , is by definition independent of the
components I and R, whilst the secondary interface blocked force, f̄SIc2 , is independent of only the receiver
component R.

By considering the inverse of the above we can formulate an equivalent expression that relates the secondary
interface blocked force to that of the primary,

f̄Sc1 = −ZSI
c1c1

(
ZI
c2c1

)−1
fSIc2 . (8)

Suppose we obtain (experimentally) a secondary interface blocked force in an initial assembly with the
component I1 installed, f̄SI1c2 . From equation 8, we can obtain the primary interface blocked force f̄Sc1 . Then,
using equation 6 for a modified assembly with component I2 installed, we can obtain the blocked force f̄SI2c2 .
All together we have that,

f̄SI2c2 = ZI2
c2c1

(
ZSI2
c1c1

)−1
ZSI1
c1c1

(
ZI1
c2c1

)−1
f̄SI1c2 (9)
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where the superscripts 1 and 2 are used to denote the initial and modified assemblies, respectively. Equation
9 provides an exact modification of the blocked force f̄SIc2 , due to the component replacement/modification
I1 → I2.

Substituting the coupled SI impedance for the summed component impedances, ZSI
c1c1 = ZS

c1c1 + ZI
c1c1 ,

equation 9 may be rewritten as,

f̄SI2c2 = ZI2
c2c1

(
ZS
c1c1 + ZI2

c1c1

)−1 (
ZS
c1c1 + ZI1

c1c1

) (
ZI1
c2c1

)−1
f̄SI1c2 (10)

where it is noted that the source impedance is unchanged between the two assemblies. By simply adding and
subtracting the initial coupling component point impedance within the left most matrix inversion,

f̄SI2c2 = ZI2
c2c1

(
ZS
c1c1 + ZI2

c1c1 + ZI1
c1c1 − ZI1

c1c1

)−1 (
ZS
c1c1 + ZI1

c1c1

) (
ZI1
c2c1

)−1
f̄SI1c2

we arrive at,
f̄SI2c2 = ZI2

c2c1

(
ZSI1
c1c1 +

[
ZI2
c1c1 − ZI1

c1c1

])−1
ZSI1
c1c1

(
ZI1
c2c1

)−1
f̄SI1c2 . (11)

Equation 11 provides an exact modification of the blocked force, requiring the impedance characteristics of
the coupling component I and source S, the latter of which may be obtained from experiment through the
free source mobility. As we are considering the replacement/modification of the coupling component, it is
reasonable to assume that its properties are available. These may be obtained numerically, for example by
FE modelling, or experimentally, for example by the in-situ approach [6] or sub-structure decoupling [7].

3.1.1 Special Case - Resilient Coupling

In the special case that the coupling component being replaced constitutes some form of isolation (e.g. a
resilient coupling), we can assume an impedance mismatch between the source and coupling component.
Mathematically we can express this assumption in the following form,

ZSI
c1c1 = ZS

c1c1 + κΛI (12)

where: ZI
c1c1 = κΛI is the coupling component point impedance, κ is some small numerical constant, and

ΛI is an appropriate unscaled matrix. Assuming that κΛI is sufficiently small, a (first order) Taylor series
expansion can be used to approximate the inverse of the coupled impedance ZSI

c1c1 ,

(
ZSI
c1c1

)−1 ≈
(
ZS
c1c1

)−1 − κ
(
ZS
c1c1

)−1
ΛI
(
ZS
c1c1

)−1
. (13)

Substitution of equation 13 into equation 9, after some manipulations, yields,

f̄SI2c2 ≈ ZI2
c2c1

(
I + YS

c1c1

[
ZI1
c1c1 − ZI2

c1c1

]) (
ZI1
c2c1

)−1
f̄SI1c2 . (14)

Equation 14 constitutes a first order approximation of the modified blocked force f̄SI2c2 , due to the component
replacement I1 → I2. In the case that an identical mount is used (I1 = I2) the above yields, f̄SI2c2 = f̄SI1c2 , as
expected. Although simplified, in its current form equation 14 still requires the free source mobility YS

c1c1
(its inversion, however, is avoided). Again, this may be obtained from experiment or via numerical modeling.

Noting that the free source mobility in equation 14 is multiplied by the small quantity that is the component
impedance difference ZI1

c1c1 − ZI2
c1c1 , it is argued that, provided that the mounts are not too dissimilar, a

reasonable approximation can be obtained from the zeroth order term alone,

f̄SI2c2 ≈ ZI2
c2c1

(
ZI1
c2c1

)−1
f̄SI1c2 . (15)

Equation 15 constitutes a zeroth order approximation to the modified blocked force f̄SI2c2 , due to the compo-
nent replacement I1 → I2. Equation 15 requires only the transfer impedance of the two coupling compo-
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nents, and thus avoids the need to perform any additional measurements over and above those required for a
standard in-situ TPA.

In summary, equations 9, 14, and 15, provide, respectively, an exact, first order, and zeroth order approxima-
tion to the modified blocked force f̄SIc2 due to the component replacement I1 → I2.

3.2 Modified Forward Transfer Function

Equations 9, 14, and 15, provide relations to modify the secondary interface blocked force f̄SIc2 given the
component replacement I1 → I2. To make an in-situ TPA response prediction in this modified assembly,
the modified blocked force must be accompanied by an appropriately modified forward transfer function
YC2

rc2 (i.e. taking into account the component replacement). In this section we will present an appropriate
modification of the initial forward transfer function YC1

rc2 to accompany the modified blocked force f̄SI2c2 .

We begin by recalling the invariant properties of the transmissibility [8]. It can been shown that the velocity
transmissibility between the interface DoFs c2 and the remote receiver DoF r, due to an applied force at c2,
Tc2

rc2 , is independent of the forcing applied. Consequently, the same transmissibility Tc2
rc2 will be obtained

whether or not the SI assembly is attached to the receiver R. As such, we have that,

YC
rc2

(
YC

c2c2

)−1
= YR

rc2

(
YR

c2c2

)−1
= Tc2

rc2 . (16)

Making use of this invariance, a second equation can be established for a new assembly whose coupling
component has been replaced/modified,

YC2
rc2

(
YC2

c2c2

)−1
= YR

rc2

(
YR

c2c2

)−1
. (17)

The left hand sides of equations 16 and 17 can now be equated (introducing the superscript C1 for the initial
assembly). Post-multiplication by YC2

c2c2 , after some further manipulations, yields,

YC2
rc2 = YC1

rc2

(
YC1

c2c2

)−1 (
ZC1
c2c2 +

[
ZSI2
c2c2 − ZSI1

c2c2

])−1
. (18)

Equation 18 provides an exact modification of the forward transfer function YC1
rc2 , due to the component

replacement/modification I1 → I2.

3.2.1 Special Case - Resilient Coupling

After some manipulation (including a first order Taylor expansion for right most matrix inversion) we arrive
at the simplified equation,

YC2
rc2 ≈ YC1

rc2

[
I−

(
ZSI2
c2c2 − ZSI1

c2c2

)
YC1

c2c2

]
. (19)

Equation 19 constitutes a first order approximation of the modified forward transfer function YC2
rc2 , due to

the component replacement I1 → I2.

It is important to note that the impedance terms ZSI2
c2c2 and ZSI2

c2c2 are properties of the SI assembly, and
include dynamic contributions from both the source and the coupling component. As such, these are not
directly available from experiment.

We are interested in simplifying the impedance difference ZSI2
c2c2 − ZSI1

c2c2 such that it can be expressed in
terms of available quantities. Under the present assumptions (i.e. an impedance mismatch) the source will
have a high impedance compared to the coupling component. As such, the coupling component will be
approximately blocked at the primary interface, and ZSI

c2c2 ≈ ZI
c2c2 .

Finally, from equation 19 a zeroth order approximation can be identified as simply,

YC2
rc2 ≈ YC1

rc2 (20)
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i.e. in the case of a high impedance mismatch the component replacement has no effect on the forward
transfer function.

In summary, equations 18, 19, and 20, provide, respectively, an exact, first order, and zeroth order approxi-
mation to the modified forward transfer function YC2

rc2 due to the component replacement I1 → I2.

4 Numerical Case Study

The purpose of this numerical example is to demonstrate the exact and approximate modifications of the
blocked force and forward transfer function, due to an upstream component replacement.

Figure 2: Diagram of numerical simulation; two steel beams coupled via a third resilient beam.

The study considered is shown diagrammatically in figure 2; two free-free beams (source and receiver) are
coupled via a third (resilient) beam element. As above, we identify the primary and secondary interfaces as
c1 and c2, respectively. We are interested in predicting the blocked force at, and the forward transfer function
from, the secondary interface c2 based on the modification of some initial assembly. This modification will
be the replacement of the resilient coupling by another of different geometry and material properties. Results
will be compared against those obtained directly from the modified assembly. The geometry and material
properties of each beam element are given in table 1.

Table 1: Beam element properties - l length, E Young’s modulus, ρ density, and η loss factor. All beam
elements are given the a thickness h of 0.01 m and a width w of 0.1 m.

Element l [m] E [GPa] ρ [kg/m3] η

Source 1 200 7800 0.05
Receiver 0.5 200 7800 0.1
Coupling (init) 0.2 2 2000 0.1
Coupling (mod) 0.3 0.2 4000 0.1

The initial blocked force f̄SI1c2 ∈ C2 is obtained using the inverse relation of equation 1 based on the mobility
of the coupled SIR (source-isolator-receiver) assembly. The initial forward transfer function YC1

rc2 ∈ C1×2

is obtained from the same assembly. These are shown in grey in figures 3 and 4, respectively. Two plots are
shown in each figure, corresponding to the blocked force (top plot) and the blocked moment (bottom plot) in
figure 3, and their associated transfer functions in figure 4. The same procedure is followed for the modified
assembly, and the true blocked force and transfer function are obtained. These are shown in orange in figures
3 and 4, respectively.

Comparison of the initial and (true) modified blocked force in figure 3 demonstrates the large affect a mod-
ification of the coupling element can have on the blocked force at the secondary interface. Comparison of
the initial and (true) modified forward transfer function in figure 4 suggests this modification has less of an
effect on the forward transfer function. This is to be expected given the resilient nature of the coupling.
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Also shown in figure 3 are the exact (yellow), first order (purple), and zeroth order (green) blocked force
modifications. As expected, the exact modification is in near perfect agreement with the true blocked force.
The first order approximation can be seen to provide a good estimation of the blocked force across most of
the frequency range, although there are some notable discrepancies (see for example ≈150 Hz). The zeroth
order approximation provides a reasonable approximation given its simplicity.
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Figure 3: Modified blocked force at the interface c2 obtained using the Component-Replacement TPA ap-
proach and its approximations; top: blocked force, bottom: blocked moment. Grey plot corresponds to the
blocked force obtained for the initial assembly. Remaining plots correspond to the new assembly with a
mount replacement.
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Figure 4: Modified forward transfer function between the interface and reference DoFs c2 and r obtained us-
ing the Component-Replacement TPA approach and its approximations; top: force-velocity mobility, bottom:
moment-velocity mobility. Grey plot corresponds to the transfer function obtained for the initial assembly.
Remaining plots correspond to the new assembly with a mount replacement.

Shown in figure 4 are the exact (yellow), and first order (purple) transfer function modifications (the zeroth
order approximation corresponds to the unmodified transfer function, shown in grey). Again, the exact
modification is in near perfect agreement with the true transfer function. The first order approximation
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can be seen to provide a noticeable improvement over the unmodified transfer function (i.e. zeroth order
approximation).

These results demonstrate the validity and application of the modified blocked force and forward transfer
function equations. In the following section an experimental case study will be presented.

5 Industrial Case Study

Presented in this section is a demonstrative example of the proposed Component Replacement TPA method
applied to a luxury vehicle. Note that the predictions presented here could not be independently validated
due to practical constraints; this example is intended therefore to serve as a demonstrative application only,
as opposed to a validation of the method, which was provided by section 4 through a numerical example.

In the present example we are interested in the structure-borne contribution of a gearbox to the acoustic
response inside the cabin. An in-situ TPA was performed on the vehicle including engine, gearbox and
suspension contributions.

100 1000
Frequency [Hz]

St
iff

ne
ss

Mount 1
Mount 2

Figure 5: Dynamic stiffness of initial and replacement mount.

Due to restricted access, the gearbox interface was defined below its (nominally identical) resilient supports.
Consequently, the blocked forces obtained include the resilient element as part of the source. Using the
proposed Component Replacement TPA approach, we are able to modify the acquired blocked force to
account for a replacement of the resilient elements with another type. From this we are able to predict and
auralise the modified contribution of the gearbox due to its new (virtual) resilient supports.

To apply a mount replacement the original and replacement supports must first be characterised so as to
obtain their independent transfer impedances ZI1

c1c2 and ZI2
c1c2 . This characterisation was performed using the

in-situ method [6, 9] taking into account the x, y and z translational DoFs. The vertical transfer stiffness for
the two mount types are shown in figure 5. When performing the mount replacement it was further assumed
that the x, y and z DoFs were uncoupled, such that ZI

c1c2 ∈ C3×3 was a diagonal matrix, containing the
transfer impedance of each DoF along the diagonal (this assumption is not a requirement of the method).
The modified blocked force was then estimated using the zeroth order approximation. In line with the zeroth
order approximation the forward transfer function as assumed to be unaffected by the mount replacement.

Shown in figure 6 are the gearbox contributions, in both the time and frequency domain, predicted using the
original in-situ TPA data (in blue), and a modified blocked force obtained using the Component Replacement
TPA method (in orange). The virtual mount replacement clearly decreases the transmitted vibration, partic-
ularly at low and high frequencies. Although we are unable to provide a validation of this result it appears
sensible, given that the replacement mount is considerably softer than the initial mount in these ranges.
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Figure 6: Time (top) and frequency(bottom) domain response of vehicle run up due to gearbox contribution.
In blue is the original in-situ TPA prediction, and in orange is the prediction based on a mount replacement.
Note that for confidentiality reasons scales are normalized to an unspecified value.

6 Conclusions

In the present paper we propose a novel Component-Replacement TPA (CR-TPA) methodology which en-
ables the upstream modification of an assembly, e.g. the replacement of resilient mounts in a source def-
inition. The method is based on the modification of blocked forces and forward transfer functions using
transmissibility functions that characterise the initial and modified assemblies. The necessary blocked force
transmissibilities may be approximated to various degrees, and used to investigate the effect of different
structural modifications. Equations are presented for exact, first, and zeroth order approximations. First and
zeroth order approximations are valid only in the presence of a resilient coupling. A key result is that for a
zeroth order approximation a straight forward modification of the blocked force is obtained, requiring only
the transfer impedance of the initial and modified coupling elements. This information is easily obtainable
from experimental measurements or numerical modeling.

The CR-TPA method is validated numerically using a coupled beam simulation. It is shown that the blocked
force, and to a lesser extent the forward transfer function, is affected by a change in the material properties
of a coupling element, and that the CR-TPA method is able to predict the resulting changes exactly, if the
appropriate FRFs are available. When, as is often the case, the full set of FRFs are not available the method
provides an approximate prediction based on a subset of FRFs that are available from measurement with
good accuracy. An industrial case study is presented using real experimental data to demonstrate a practical
application of the proposed method.
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Abstract
Before performing a transfer path analysis (TPA), the engineer needs to think about the right modeling of
the source’s interface with the receiver. In practice, the vibration transfer from the source to the receiver is
often modeled with three translational forces in each connection point. Mechanically this corresponds to a
ball joint connection, which cannot transfer any moments. Our goal is to compare different complexities of
interface descriptions on the industrial example of an electro-magnetic roll control (ERC) in a passenger car.
Therefore, different variants of interface degrees of freedom and matrix over-determination are compared:

1 Three hammer impact points in x,y,z - direction (no sensor over-determination).
2 Multiple impacts, transformed with the virtual point transformation (VPT) to 3 forces.
3 Multiple impacts, transformed with the VPT to 3 forces and 3 moments.

These interface descriptions are compared in terms of an on-board validation, the interface-
completenesscriterion and by evaluating the transferability to a modified vehicle design.

1 Introduction & outline of the paper

Transfer path analysis (TPA) has established in industry as a tool for noise vibration harshness (NVH) engi-
neering1. A broad review and comparison of methods in a unified notation can be found in [2]. In general,
a TPA studies machines which actively excite a final assembly and thereby cause noise and vibrations. As
one of the first applications, Verheij described the transmission of vibrations, from a ship engine to the hull,
by interface forces transmitted over the rubber isolators [3]. In 1982 this was mainly driven by the desire to
make military ships more stealthy. Nowadays, TPA is commonly applied in NVH engineering of vehicles
[4], [5]. Classically, TPA has been used as trouble-shooting tool, using interface forces to understand the
transmission of vibrations from the source to the receiver. A current trend is to use approaches which de-
scribe the source independently from a specific receiver, e.g. via blocked forces [6]–[8]. A popular method
for obtaining the blocked forces is the in-situ method [9], which will also be used in this paper. It yields
results comparable to classical TPA, with some improvements if also rotational degrees of freedom (DoF)
are included in the source description (see [8]).

This paper investigates the benefits of including rotational DoF in the interface description on the industrial
example of a electro-magnetic roll controll (ERC) in a passenger car, see figure 1. The ERC contains an
electric motor and a gear transmission to control the wheel hubs and compensate the vehicle roll motion.
It allows dynamic driving with increased safety and improved comfort. One important performance aspect
of this system is its NVH behavior in the vehicle. The ERC introduces vibrations due to the pole-pairs of
the e-motor and the gear meshing of the transmission. Additionally, the impulsive loading from road bumps

1Some contents of the introduction and theory sections were published in similar form in [1]. The text hereafter has been
modified and adapted to the paper.
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(a) photo of the ERC in the vehicle

(b) Setup of the ERC in DIRAC

Figure 1: Overview of electric roll control (ERC) in the vehicle. In figure 1(b) the four connection points
with the vehicle are shown: Two drop link connections to the wheel hub (WH) on driver and co-driver side.
Two connection points of the ERC to the subframe (with rubber isolation). These two connection points will
be modelled with so-called virtual points (VP).

introduces impact-like excitations into the vehicle. Both excitation phenomena contain higher frequency
content (>400Hz). The ERC is connected to the vehicle at four points, see figure 1(b): The drop links are
connected to the wheel hub (WH) on both sides. The ERC is connected to the front subframe with two
connection points (with a rubber bushing).

In industrial practice, the NVH development is a modular and collaborative process. The supplier component
shall be integrated into many different vehicles which are developed independently by the OEMs. Therefore,
it is advantageous to describe the excitation of the component with a common quantity that is independent of
the final vehicle. This will be done with blocked forces, but the proper modeling of the ERC interface with
the vehicle needs to be investigated for achieving optimal results. This paper will show the following:

• Blocked forces determined on one vehicle variant can be transferred to another vehicle configuration.

• 6 DoF on the interface, i.e. including rotational DoF, yield a better on-board validation, interface
completeness and transfer validation for higher frequencies (>400Hz).

• In TPA it is important to predict the right vibration magnitude. We propose to evaluate the interface
completeness with a coherence like measure, since MAC like criterion is not sensitive to magnitude
differences.

The concept underlying the blocked forces will be briefly explained in section 2. Their computation with
the in-situ method is explained in section 3. In section 4, the virtual point transformation (VPT) will be
explained for the blocked forces. The results for different interface complexities will be shown in section 5.

2 Component TPA with blocked forces

The general problem studied with TPA can be described by the situation shown in the upper left part of
figure 2. An assembly AB contains a vibration source A, which is subject to internal loads fA1 . The exact
mechanisms creating the internal forces fA1 and the location of their DoF might be unknown or cumber-
some to model. It is therefore desirable for an NVH engineer to find another more abstract, yet complete
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Figure 2: Overview of the source receiver problem and the equivalent modeling of interface vibration trans-
mission by blocked forces f bl2 .

description of the source. It is assumed that the receiver B is a purely passive structure with no external
forces.

The following explanation treats the underlying concepts of a component TPA, with strongly reduced math-
ematical detail (see [2] for a derivation), but a hopefully intuitive explanation.

1. Situation in vehicle: The source’s internal forces fA1 are transferred to vibrations uB3 or sound pressures
pB3 in the receiver, via the frequency response function (FRF) matrix YAB

31 :

pB3 = YAB
31 fA1 , (1)

where subscript (?)31 indicates that the FRF matrix describes the vibration transfer from the internal source
DoF (subscript (?)1) to the final receiver DoF (subscript (?)3). Superscript (?)AB indicates that the FRF
matrix is a property of the coupled system, source A and receiver B.

2. Blocked interface: Now consider the following thought experiment: The operating source is rigidly
clamped on its interface so that the interface vibration uA2 is zero, see figure 2. The subscript (?)2 denotes
forces and vibrations on the interface. The reaction forces in the clamped support are called ’blocked forces’
f bl2 and ensure that:

0
!
= uA2 = YA

21f
A
1 +YA

22f
bl
2 . (2)

3. Noise cancelation: If f bl2 could be applied as an external load in the interface between source and receiver
(remember this is just a thought experiment) then they would act on the source, just like before, as a perfect
clamping support. The motion on the interface of the assembly AB would thus also be zero:

0
!
= uAB2 = YAB

21 fA1 +YAB
22 f bl2 . (3)

However, if the assembly AB has no motion on the interface and there is no other vibration source on the
receiver B, then also the sound and vibration at all other points in the receiver would be zero:

0
!
= pB3 = YAB

31 fA1 +YAB
32 f bl2 . (4)

The blocked forces act like a noise cancellation on the source. This is the theoretical basis for the blocked
force concept (or in fact all component TPA concepts, see [2]).
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(a) In-situ TPA
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Figure 3: (a) In-Situ determination of blocked forces. (b) General interface connection point. Exemplary
quantities for one force input h.

4. Force superposition: Of course, the discussion so far was just a thought experiment (artificially applying
the blocked forces at the interface DoF of assembly AB is usually not possible). However, since the assembly
AB is modelled as a linear time invariant system, it is allowed to add and subtract the effect of the blocked
forces from the original problem in equation (1) without modifying the outcome (superposition principle):

pB3 = YAB
31 fA1 +

=0︷ ︸︸ ︷
YAB

32 f bl2 −YAB
32 f bl2 . (5)

5. Equivalent source description: Using the blocking effect on the original exciation fA1 from equation (4),
one finds that:

pB3 = −YAB
32 f bl2 . (6)

Notice that the derivation did not specify which particular receiver structure B is used. The blocked forces
are thus a valid source description for any receiver B. Also note that the blocked forces are a property of the
source alone, see equation (2). The minus sign in equation 6 will be neglected in the rest of this paper for
simplicity.

A thorough derivation of the concept, as well as different methods for obtaining the blocked forces in practice
are described in [2]. A theoretical comparison of these methods is given in [10]. An important assumption
for the derivation of the blocked force concept, is that the internal source excitation fA1 is independent of
the source mounting, i.e. the receiver B. This is (to the authors experience) a good assumption for climate
compressors, electric motors, rear axle differentials and many other components that are usually mounted
with rubber isolators, like the ERC. However, the concepts applicability needs to be thoroughly investigated
per component.

3 In-Situ determination of blocked forces

A popular method for determining the blocked forces in pracitice is the in-situ method [9]. For identifying
the blocked forces, the system is equipped with indicator sensors, denoted as u4, which have to be at or
downstream of the interface (see figure 3(a)). As discussed in the previous section, when artificially applying
the blocked forces f bl2 to the interface, they would have to cancel out all vibration at these points:

0
!
= YAB

41 fA1︸ ︷︷ ︸
u4

+YAB
42 f bl2 , (7)
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The responses in the indicator sensors u4 can be recorded for different operational conditions of the source.
The blocked forces for this operational condition can then be computed by:

f bl2 =
(
YAB

42

)+
u4, (8)

where (?)+ indicates the least squares pseudo inverse, and the minus sign has again been dropped for clarity.
A pseudo inverse has to be used if the system of equations is over-determined, i.e. the vector u4 contains
more channels than the actual number of blocked forces to be computed in f bl2 . The pseudo inverse can either
be built with least squares, or with a regularized inverse to suppress the detrimental effects of measurement
noise even more than with least squares [1].

4 Virtual point transformation

In the previous sections, it was implicitly assumed that the blocked forces f bl2 contain enough DoF to control
the full interface motion of the source, such that they can block all vibrations at and downstream of the in-
terface. In industry practice, the interface is often modeled with three translational forces in each connection
point, e.g. by performing an impact measurement at three points in x,y,z-direction. The blocked forces are
then represented by these impact points, which is reasonable as long as the full interface can be controlled
and numerical issues due to matrix inversion are not prominent. Obviously, the rotational DoF are neglegted
by this approach. Especially towards higher frequencies, with increasing complexity of the vibration modes,
the rotational DoF can become relevant for an accurate description of the interface. This is also important
for obtaining a set of blocked forces that can actually be transferred to a different vehicle design. Despite the
challenges of measuring rotational DoF, it has been shown in dynamic substructuring applications that they
are crucial for accurate results [11]–[15].

The method we employed for computing forces and moments in each connection point, is called the ’virtual
point transformation’ (VPT) [16]. It is using kinematic assumptions of the local displacement field directly
at the interface. In most cases, it is assumed that the interface is behaving rigid in a small area around the
connection point. A reference point for the computation of forces and moments is chosen. This point is
called the virtual point. Multiple impacts, contained in the vector f , are performed around the interface, see
figure 3(b). Their linear combinations shall be used to represent 3 translational forces and 3 moments around
the virtual point, which are contained in the vector m. Each force input h can be written as a 3× 1 vector in
space fh, which is composed from its unit direction vector eh and scalar magnitude fh. The vector from the
virtual point to the impact position will be denoted as rh. Thereby, the translational forces mt and moments
mθ that the impact creates around the virtual point can be computed by:

m =

[
mt

mθ

]
=

[
eh

rh × eh

]
fh = Rfh fh, (9)

where Rfh denotes the 6 × 1 matrix representing the virtual point load m resulting from a unit force input
in fh. The virtual point loads resulting from all other force inputs can be found equivalently. Placing each
Rfh in a column of the matrix Rf , one can write:

m = Rf f and m = (Rf )
+ f , (10)

where the left part of equation (10) computes the resulting virtual point loads m from a fixed combination
of force inputs f . Inversely, the right part of equation (10) computes the minimal set of forces f necessary
for creating a fixed virutal point load m [17]. Since the number of force inputs is typically higher than the
number of virtual point loads, a pseudo-inverse must be used. The impact positions must be carefully chosen,
so that all moments are excited [16].

DYNAMIC TESTING: METHODS AND INSTRUMENTATION 1139



(a) Left: full impacts & sensors (b) Right: full impacts & sensors

(c) Left: reduced impacts & sensors (d) Right: red. impacts & sensors

Figure 4: Overview of sensors and impacts (blue arrows). Impacts are either directly used as blocked force
DoF (reduced setup in (c) & (d)) or transformed to VP DoF ((a) & (b)).

5 Comparison of different interface complexities for the ERC

The ERC is connected at four points to the vehicle (see figure 1(b)). The two drop links connect to the wheel
hubs (WH) with a ball joint. Therefore, each WH interface is modeled with three forces in x, y, z direction,
and one triaxial sensor is used as indicator. This is common for each of the interface complexity variants
studied in this paper. The ERC is also connected at two points to the vehicle subframe. These connection
points were equipped with fixtures for applying 10 impacts and 3 triaxial sensors on each fixture (see figure
4 (a) and (b)).

The effect of different interface complexities will be studied by using only a subset of impacts, or applying
a VP transformation (including or neglecting rotational DoF) for the inverse estimation of f bl2 at these con-
nection points. The FRFs from hammer impacts at the interface to indicator sensors u4, i.e. FRF matrices
YAB

42 , are transformed to virtual point loads by:

YAB
42m = YAB

42f
(Rf )

+ . (11)

For including the rotational DoF in the interface description, the full matrix Rfh from equation (9) is used.
For including only the translational DoF, the lower part of Rfh in equation (9), which computes the virtual
point moments mθ for each impact h, is neglected. The geometry preparation, FRF measurement and the
VP transformation in equation (11) is performed in the software DIRAC. The indicator channels used for
the inversion will also vary. A summary of the different variants of the blocked force evaluations is given
in table 1. The condition number of the inverted matrices YAB

42 , resulting from the different interface force
DoF and sets of indicator sensors, is shown in figure 5.

5.1 On-board validation

An initial check that can be done with the computed blocked forces is often called on-board validation (see
e.g. [18]). For computing the blocked forces in this paper a standard, least-squares pseudo-inverse without
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Table 1: Overview of different interface complexities and over-determinations used.

Force DoF Indicator DoF u4 size YAB
42

3 DoF active (fig 4 (c) and (d))
untransformed f2

(fig 4 (c) and (d))
triax sensor active

12× 12

3 DoF passive (fig 4 (c) and (d))
untransformed f2

(fig 4 (c) and (d))
triax sensor passive

12× 12

VP 3 DoF only translations in Rf

VP transformed,
(fig 4 (a) and (b))

all sensors
42× 12

VP 6 DoF transl. and rot. in Rf

VP transformed,
(fig 4 (a) and (b))

all sensors
42× 18

(a) Condition Number VPT (b) Condition Number 3DoF

Figure 5: Condition numbers for the different interface complexities and over-determinations (see table 1).
The y-axis scale is the same in both plots.
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Figure 6: Impact on ERC housing is used as an artificial load case.

(a) Subframe (b) Seatrail (c) Microphones

Figure 7: Validation Points

any regularization was used. The blocked forces, computed with the signals u4 via equation (8), can be
used to predict the vibration at other sensors uB3 which were also applied to the vehicle. As a load case, an
artificial excitation of the ERC with an impulse hammer on its housing will be used, see the impact shown in
figure 6. This can be seen as a repeatable internal load case fA1 as described in section 2. This single column
of the FRF matrix to the on-board validation and indicator sensors can then be used for the blocked force
estimation and on-board validation, i.e.:

uB3 = YAB
31 and u4 = YAB

41 . (12)

The signals uB3 are responses to the same impact as u4, but are not used for the calculation of the blocked
forces in (8). As validation points, a sensor on the vehicle subframe, the seatrail and two microphones in the
driver’s cabin were used, see figure 7. The response in these channels is predicted with the blocked forces,
as in equation (6):

ũB3 = YAB
32 f bl2 . (13)

If the description of the interface is complete, this should yield equivalent vibration levels to the ones actually
recorded during the measurement (see explanation in section 2). Comparing the measured uB3 and the TPA
prediction ũB3 , i.e.:

uB3
?
= ũB3 , (14)

then serves as an initial validity check of the computed blocked forces. In case the description of the interface
loads is inappropriate, e.g. since an important transfer path on the interface was neglected, this would
manifest in a bad predictability of the measured uB3 . Figure 8 shows the on-board validation for the y-
channel of the subframe sensor (see figure 7(a)) and the z-channel of the seatrail sensor (see figure 7(b)).
It can be observed that for lower frequencies (<400Hz) all variants for computing the blocked forces can
reproduce the reference measurement well. The untransformed 3DoF variant with the indicator sensors on
the active side shows some deviations from the reference also in the lower frequency region. For higher
frequencies, especially in the region from 600-800Hz, the results computed with the untransformed 3DoF
variants are showing large spurious peaks. The results with the VP transformation, including the full 6DoF
per coupling, point generally yields the best on-board validation over the full frequency range.
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(a) Subframe VPT (b) Subframe 3DoF

(c) Seatrail VPT (d) Seatrail 3DoF

Figure 8: On-Board validation of different blocked force descriptions (same y-axis scale in all plots).
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(a) ICC VPT (b) ICC 3DoF

Figure 9: Interface completeness criterion for different interface complexities

5.2 Interface Completeness criterion

Another valuable check for testing the ’completeness’ of the interface description is the interface complete-
ness criterion (ICC) [19]. With the ICC, the blocked force prediction in the validation sensors ũB3 is compared
to the reference measurement uB3 on the full response vector at once. This is done with a modal assurance
criterion (MAC) like evaluation:

ICC =
||uH3 ũ3||2

||uH3 u3|| ||ũH3 ũ3||
. (15)

The ICC is bounded between zero and one. If reference and prediction are equal, the ICC will have a value
of 1. The ICC is evaluated for all channels of the subframe and seatrail validation sensor in figure 9, i.e. ũ3

and u3 are both 6 × 1 vectors. As before, it can be observed that the blocked force determination with the
full 6DoF on each connection point yields the highest and most stable ICC over the full frequency range.
However, evaluating the ICC with a MAC like criterion makes it insensitive to amplitude differences in the
responses. As an example:

u3 = [−10 10]T , ũ3 = [−1 1]T ,→ ICC = 1. (16)

For the comparison of mode shape vectors, an amplitude difference is insignificant, but for blocked force pre-
dictions it is relevant. We propose to evaluate the ICC in each sensor channel individually with a coherence
like criterion [16]. This compares the response in each channel i of ũ3 and u3 at each frequency:

coh(ũ3,i, u3,i) =
(ũ3,i + u3,i)(ũ

∗
3,i + u∗3,i)

2(ũ3,iũ∗3,i + u3,iu∗3,i)
. (17)

This criterion is also bounded between zero and one, but sensitive to phase and amplitude differences in the
complex numbers a and b. A comparison of the MAC definition of the ICC (equation (15)) and the coherence
definition (equation (17)) is shown in figure 10. Both ICCs were evaluated for the 6DoF VP variant of the
interface description and use the response at the subframe and seatrail validation sensors. The coherence
definition of the ICC was then averaged over the results in all 6 entries of the vectors ũ3 and u3. It can be
seen that the results are in general very comparable.

Another advantage of evaluating the ICC with the criterion in equation (17) is that the quality of the pre-
diction can be evaluated for different load cases and validation channels individually, whereas the MAC
definition requires multiple channels to be evaluated at once. Averaging the coherence evaluation of the
ICC over multiple frequencies allows depicting the ICC for different load cases and validation channels in a
matrix plot, see figure 11.
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Figure 10: Comparison of MAC and coherence evaluation of the ICC criterion for the 6DoF VP interface
description.

(a) VP 6DoF (b) VP 3DoF (c) 3DoF active (d) 3DoF passive

Figure 11: ICC with coherence evaluation (17) averaged over the frequency range 20-1500Hz. Rows repre-
sent signals in the validation channels (see figure 7). Columns represent four impacts on the ERC housing
which can be seen in figure 6.
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Figure 12: Difference in normal and modified vehicle FRF, for impact on ERC (figure 6) to subframe y-
channel (figure 13(a)).

(a) Subframe VPT (b) Subframe 3DoF

Figure 13: Transfer validation: computing blocked forces in normal vehicle for predicting response in mod-
ified vehicle configuration.

5.3 Transfer validation

As mentioned in section 2, an advantage of the blocked forces is that they describe the source independently
of the final receiver (provided the interface modeling and computation of blocked forces is done right).
Computing the blocked forces in one vehicle configuration (or on a testrig), and using them to predict the
response in a different vehicle configuration, allows to virtually design the new vehicle. Testing this capabil-
ity is called transfer validation. The blocked forces were computed in the normal vehicle, like in section 5.1.
Subsequently, the system was modified by gluing a steel slap of ca. 7kg weight with dental cement to
the subframe, see figure 7(a). In the modified system, the same FRFs on the interface were measured (see
figure 4 (a) and (b)). The same impact on the ERC housing (see figure 6) was also measured to serve as a
validation for the artificial loadcase. The FRF from this ERC housing impact to the subframe y-channel is
significantly altered by the additional weight compared to the normal vehicle, see their plots in figure 12.
Figure 13 shows a comparison of the validation with the blocked force predictions (see table 1). The blocked
forces were determined in the unmodified vehicle.

6 Conclusion

This paper investigates the applicability of the blocked force concept for different complexities of the in-
terface description and varying degrees of over-determination in the matrix inverse. For lower frequencies
(<400Hz) an over-determination in the sensors, and averaging of multiple impacts helps to improve the pre-
dictions and avoid spurious peaks in the results (compare BF VP 3DoF prediction in figure 13(a) to the
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predictions with no over-determination and averaging in figure 13(b)). For higher frequencies (>400Hz), it
was found necessary to include also rotational DoF in the interface description (see the ICC in figure 11
and transfer validation in figure 13(a)). This result was expected physically, since at higher frequencies the
rotational DoF become more important due to the more complex mode shapes. The description of the com-
ponent interface with 6 DoF in the connection points was done with the VP transformation. This comes
with the practical advantage of not having to measure exactly the same impacts during the blocked force
characterization as in the final receiver, which might often not be possible due to physical space restrictions.
The DoF in the VP provide the required common interface between the different experiments. The software
DIRAC was used for placing impacts and sensors on the 3D geometry, thereby taking care of the geometric
position and orientation so the virtual point transformed FRFs can be directly exported.
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Abstract
Lightweight and multi-material structures are becoming more and more popular across different industries.
However, one of the main challenges in their development process lies in the proper design of their connec-
tions, which usually require highly detailed 3D models that are too demanding to be used in a system level.
Therefore, there is a need for developing simplified parametric joint models that are able to predict the com-
plex physical behaviour of such connections. This study proposes a virtual testing methodology to estimate
the optimal joint model parameters that better predict the structural response of a highly detailed 3D model.
It consists of three main steps: (i) a design of experiments of the simplified joint model (ii) the construction
of a response surface model that faithfully represents the sampled design space and (iii) a surrogate-based
optimization to obtain the optimal values of the model parameters. Two application examples studying two
different joining technologies (adhesive and bolted joints) are presented, discussing the capabilities of the
proposed methodology.

1 Introduction

The pressure for a faster time-to-market together with limiting the product development costs has led to
a common desire in industry: to reduce the number of physical tests and to replace them with accurate
simulations, namely virtual testing, which are both faster and cheaper. Accurate virtual testing is especially
challenging in less standardized technologies such as composites, additive manufacturing or multi-material
joining, since it requires highly detailed models and complex simulations that usually involve multi-physics,
multi-scale models or high non-linearities [1, 2, 3].

When focusing on virtual testing of multi-material joining technologies, a highly detailed parametrized 3D
FE model of the joint and its direct vicinity is a necessary requirement. Whereas for some joint types (e.g.
bolted, bonded, ..) knowledge of the joint and substrates is sufficient to model the assembly, for others this
is not the case, such as e.g. a clinched joint where an extensive pre-simulation must be performed to predict
the initial conditions due to large plastic deformations and to introduce the relevant physical parameters. The
current generation of virtual tools is either based on models which oversimplify the physics of the joint and
whose parameters have no direct physical interpretability, or highly detailed 3D models of joints that are too
demanding to be used in system level simulations.

Consequently, there is a need of developing simple models that can predict the behaviour of complex systems
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in a broad variety of situations (static, dynamic analysis, impact, etc.). The usual approach to tackle this
challenge is to identify the influential lumped parameters of the simplified joint model [4, 5, 6], followed by
parameter extraction techniques that determine the optimal values leading to the desired structural behaviour.
Some applications of these strategies can be already found in aerospace [7, 8, 9] or automotive applications
[10, 11, 12].

Among the different parameter identification techniques, optimization based approaches known as model
update methods are quite popular to update Finite Element (FE) models using data obtained from real exper-
iments. Two families have been identified from literature: sensitivity based approaches [13] and surrogate
model based approaches [14]. The former usually require access to the stiffness, mass and or damping matri-
ces of the FE model and suffer from numerical instabilities. In addition, they are usually problem dependent
and suffer from a lack of generality. This means that some of the analytical derivation needs to be performed
repeatedly for different quantities of interest, for different concept models or for different analyses. On the
other hand, surrogate based model approaches appear as more robust, more generic with respect to the mod-
els used and may require less model evaluations resulting in a reduced computational cost. This approach
requires the extraction of an intermediate abstraction, the surrogate model, which can mean a loss in accu-
racy. The methodology followed in this research is based on the second approach where the loss of accuracy
could be overcome by an adaptive method or piece-wise surrogate modelling.

2 Background, scope and types of joints considered

This research is embedded in a strategic research project whose broader scope is to (i) build and validate
simplified (parametric) joint models to accurately represent the behaviour of the joint in system level per-
formance simulations and (ii) generate and organize the knowledge on the applicability of different joining
technologies, under certain loads and in certain environments, in one knowledge platform.

The project is based on four pillars: (i) improved parameter estimation for state of the art joint concept models
in order to reproduce the real behaviour of the joints; (ii) generation of concept models that go beyond the
current state of the art by removing two main limitations, namely the inclusion of time-evolving parameters
due to ageing and the introduction of more physics-driven parameters; (iii) an extensive testing campaign
to prove the methods’ feasibility and applicability on a system level; (iv) an interactive online knowledge
platform on joint types to provide end-users with the necessary information to objectively select and design
the most optimal joining technique for their application.

For achieving these goals, different technologies are developed and investigated (virtual sensing, virtual test-
ing, ageing-included concept models or parametric model order reduction) and validated on several joining
techniques (adhesive, bolts, rivets and hybrid joints). Specifically, this research focuses on the application of
a virtual testing methodology to two different types of joints: adhesives and bolts.

The project ambition is to study the behaviour of the joints in system level applications. System level refers
to a model that represents the entire system to be studied (e.g. an assembly of different parts with several
joints (left part of Figure 1). On the other hand, coupon level refers to a model that represents the joint
isolated together with a part of the surrounding substrates (right part of Figure 1).

Virtual testing is developed to deliver the required data for the identification of the model parameters as a
cost-effective alternative to experimental testing. There are several benefits to choose virtual testing over
experimental testing to deliver this information. First, virtual testing allows for a cost-effective manner of
changing material properties and geometrical dimensions that would require high material, manufacturing
and testing costs. Second, nowadays FEA software is widely spread within the manufacturing industry,
which makes the approach of determining the model parameters from virtual testing, widely applicable.

To successfully apply virtual testing in industrial applications, highly detailed 3D models at system level are
required, which is not always possible. Therefore, the project advocates for a multi-scale approach where
the joints at system level are modelled in a simplified way, and the loading conditions in the vicinity of
the joint are identified. Afterwards, the problem is down scaled to a coupon level, where a comparison
between a highly detailed 3D and a simplified model of the joint is assessed. The simplified model is used to
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Figure 1: System level (left) and coupon level model (right)

extract the parameter values that have an influence on the behaviour of the joint (e.g. displacements, stresses,
eigenfrequencies) and are able to match the structural response of the highly detailed 3D model. This is done
through optimization and model update approaches.

3 Virtual testing methodology for parameter extraction

The goal of the developed virtual testing (VT) methodology is to extract a set of lumped parameters (local
stiffness, damping, etc.) of a simplified joint model, hereafter called concept model (CM), that are able to
match the behaviour of a physical joint model, hereafter called detailed model (DM), which is usually based
on physical testing or on detailed 3D FE models. The ambition is to use such low-cost and high-fidelity CM
in a system level, in order to avoid the complexity and high computational effort of a detailed modelling of
the joints.

Before the parameter extraction takes place, it is key to identify the structural response that the user is
interested in, and define the parameters that will be extracted in the CM, based on engineering experience
and knowledge of the system. Indeed it is very unlikely that one concept model will perform equally well
for all types of analyses (linear static, nonlinear quasi-static, frequency response,. . . ), or for all quantities of
interest (displacement, maximum stress, first eigenfrequency. . . ).

Moreover, it is important that the CM is submitted to similar loading conditions as the DM. For this reason,
it is recommended to extract the local loading scenario (e.g. shear, compression...) on the surroundings of
the joint from the system level model, and afterwards perform the VT methodology on a coupon level.

Once the quantity of interest and the relevant CM parameters are identified, it is advised to perform a sensi-
tivity analysis i.e. to check which parameters of the CM modify the quantity of interest. When the CM and
the parameters to extract are identified the parameter extraction can start.

Once coupon level models are available for both the CM and DM, the parameter extraction can start. The
methodology proposed is fully implemented in MATLAB [15] and based on three steps (see Figure 2):

• Design of Experiments (DoE) to perform a sampling of the CM with different values of the model
parameters to be extracted. The structural responses are obtained by performing FE simulations of the
CM in the FE package Altair Optistruct [16]. In this work the eigenfrequencies are chosen as structural
responses.

• Create a Response Surface (RS) model that faithfully represents the sampled design space. From
the responses obtained on CM simulations, a polynomial RS model is fitted, which links the joint
parameters of the CM to the desired structural responses.
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Figure 2: Steps of the virtual testing (VT) methodology

• Run a surrogate-based optimization to find the optimal parameters of the CM that better predict the
behaviour of the DM response. This inverse problem is solved by minimizing a merit function depen-
dent on the quantity of interest, typically using a least square fit between the responses achieved by
both CM and DM.

4 Application examples

4.1 Adhesive connection

4.1.1 Description of the models

The system under investigation consists in a beam to beam lap joint, where the substrates material is alu-
minium and the connection is realized by acrylic foam tape 3M VHB 5952F (Figure 3). This semi-structural
adhesive can replace rivets, liquid adhesives and bolts and provides excellent tenacity, dissipation and dura-
bility characteristics. Typical applications are the multi-material connections for vehicle fairings and glazing
structures [17]. The dimensions of the beams are 213.0 x 25.5 x 5.0 mm whereas the adhesive layer dimen-
sions are 19.0 x 25.5 x 1.1 mm. The system is clamped at one side, with the first 40 millimeters of length
blocked.

For the DM, both beams and the adhesive layer are represented by linear brick elements and isotropic elastic
material, with a similar approach as [18] and [19]. The constant material properties are resumed in Table
1. Given its viscoelastic nature, the elastic assumption for the acrylic foam tape is only valid for a limited
frequency range. This range is centered on the eigenfrequencies used in the merit function for the parameter
identification.

Table 1: Material properties of aluminium and adhesive

E [MPa] ν ρ [T/mm3]
Aluminium 69000 0.33 2.78e−9

Adhesive 13 0.34 0.50e−9
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Figure 3: Detailed model (DM) of the adhesive connection

In the CM the beams are realized with shell elements and the adhesive is modelled with a CBUSH element,
defined by 6 stiffness parameters. Although CBUSH elements refer to spring-damper elements, only the
spring stiffness (K1 to K6) are considered as design parameters since the damping ζ does not have an
influence on the eigenfrequencies. The ending nodes of the CBUSH element are linked to the respectively
closest beam by a spider of rigid body elements (RBE2). The model parameters are the same of the DM for
the aluminum beams whereas the CBUSH stiffnesses are the objects of the VT optimization, as it will be
illustrated in the next paragraphs.

Figure 4: Concept model (CM) of the adhesive connection

4.1.2 Results

The goal is to extract from the CM the optimal values of the spring stiffness (K1 to K6) that allow to predict
the structural response of the DM (in this case, the first three bending eigenfrequencies).

Figure 5 (left) shows the DoE of the adhesive CM considering 100 samples and modifying the six parameters
of the bush element. The sampling strategy used is the Latin Hypercube Sampling (LHS) and the bounds
of the parameters are [1e4, 1e18]. When the DoE is finished, a quadratic RS model representing the global
behaviour of the CM is fitted, and the coefficients of the polynomial are identified. To end, a surrogate-based
optimization is performed, with the objective of minimizing the difference between the eigenfrequencies
values in the CM and DM. Figure 5 (right) shows the target frequencies to be achieved (obtained from the
DM), as well as the initial and optimal values, obtained from the CM before and after applying the VT
methodology, respectively.

The target, initial and optimal values of the 3 first bending eigenfrequencies are shown in Table 2, whereas
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Figure 5: DoE with 100 samples (left) and optimized frequencies (right)

Table 3 shows the initial and optimal values of the design parameters (translational and rotational stiffness).
The results show that the proposed methodology is able to predict the 1st and 2nd bending frequencies of an
adhesive connection with an error lower than 5%, using a CM with spring lumped parameters, whereas the
estimation of the 3rd bending frequency is less accurate, leading to an error of 10%.

Table 2: Target, initial and optimal values of the model response

Freq. 1st bending [Hz] Freq. 2nd bending [Hz] Freq. 3rd bending [Hz]
Target (DM) 28.14 154.65 500.35
Initial (CM) 5.87 124.58 174.74

Optimal (CM) 29.42 150.09 452.60
Error [%] 4.54 2.95 9.55

Table 3: Initial and optimal values of the extracted parameters in the adhesive case (CM)

K1 [Nmm] K2 [Nmm] K3 [Nmm] K4 [Nmm] K5 [Nmm] K6 [Nmm]
Initial 1e+7 1e+7 1e+7 1e+7 1e+7 1e+7

Optimal 0.77e+13 0.52e+12 0.79e+12 0.74e+10 0.84e+17 0.90e+13

4.2 Bolted connection

4.2.1 Description of the models

This use case consists of a steel bolt (class 8.8) that connects two flat rectangular substrates: a 5mm thick
aluminium and a 30mm thick composite (Acrosoma). The DM of the bolted connection, which is modelled
as half-joint exploiting symmetry, is shown in Figure 6.

Table 4 and Table 5 show the mechanical properties of the materials. Acrosoma [20] is a light and anisotropic
composite technology suitable for platform applications with distributed compressive loads, and used across
different industries such as aerospace or wind energy. Acrosoma panels are usually provided in a sandwich-
like configuration, with two skins and a pet foam core that are stitched with aramid wires. Given the com-
plexity of modelling the material properties of Acrosoma, only the mechanical properties of the stitched core
have been considered.

Moreover, 17 different contact surfaces have been created to define the contact of the substrates with each
other and with the different parts of the bolt (washer, nut, shank and head). The friction coefficient for
metal-metal contact is µmetal = 0.5, whereas for metal-acrosoma it is µacrosoma = 0.8. Two load cases
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Figure 6: Detailed model (DM) of the bolt connection

Table 4: Material properties of aluminium and steel

E [MPa] ν ρ [T/mm3]
Aluminium 69500 0.33 2.11e−9

Steel 195000 0.27 7.89e−9

have been defined: (i) a non-linear quasi-static pretension of the bolt and (ii) normal modes to extract the
eigenfrequencies.

On the other hand, the CM of the bolted connection is built following a similar strategy to [21]. Both the
Acrosoma and aluminium substates are modelled with 2D shell elements with a thickness of 30 mm and 5
mm, respectively. The bolt is modelled as a combination of three different types of elements (see right part
of Figure 7 for details):

• The bolt shank is modelled with 1D beam elements (CBEAM) defining the real cross-section proper-
ties of the bold.

• The connection of the bolt with the substrates is realised with rigid (RBE2) elements.

• The contact between the substrates and the bolt is modelled with 42 linear spring-damper (CBUSH)
elements.

Figure 7: Concept model (CM) of the bolt connection
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Table 5: Material properties of Acrosoma

E11 [MPa] E22 [MPa] E33 [MPa] ν12 ν13
Acrosoma 518.0 135.0 1355.0 0.3054 0.0537

ν23 G11 [MPa] G22 [MPa] G33 [MPa] ρ [T/mm3]
Acrosoma 0.052 49.0 35.0 36.0 3.67e−10

4.2.2 Results

The goal is, similarly to the previous case, to extract the optimal values of the spring parameters that allow
the CM to match the three first bending eigenfrequencies of the DM. Initially, the modal analysis of the DM
is carried out within the integrated framework Simcenter 3D [22], requiring a computing time of 60 s. The
preload, consisting in 2 kN applied on the bolt middle section, and the contact are analyzed in a first static
solution step where the stiffness matrix is updated in order to avoid penetration between the substrates. This
is the step in which the contact elements are introduced and their stiffness is obtained from the normal and
tangential penalty factors. Finally the modal analysis can be performed on the new linearized system. The
mass-normalized displacements for the first mode are illustrated in Figure 8 as a result example.

Figure 8: Modal displacements of the bolt Detailed model (DM)

Afterwards, the virtual test methodology of Section 3 is applied on the CM. The design parameters con-
sidered are, similarly to the previous case, the 6 spring stiffness (K1 to K6). A LHS-based DoE with 100
samples considering a range of [1e1, 1e8] in the design parameters is generated. Then the modal analyses
are performed in Altair Optistruct [16], requiring a computational effort of 4 s. for each model (left part
of Figure 9). To end, the response surface model is built and a surrogate-based optimization is performed,
with the goal of minimizing the difference between the frequencies obtained from the CM and the target
frequencies of the DM (right part of Figure 9).

Figure 9: DoE with 100 samples (left) and frequencies after optimization (right)
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Table 6 shows the target, initial and optimal values of the model eigenfrequencies. The results show that
the virtual testing methodology is able to predict the first three eigenfrequencies with a high accuracy (error
lower than 5%) by estimating the optimal parameters in a CM. Table 7 shows the initial and optimal values
of the 6 stiffness K design parameters.

Table 6: Target, initial and optimal values of the model response

Freq. 1st bending [Hz] Freq. 2nd bending [Hz] Freq. 3rd bending [Hz]
Target (DM) 383.15 1192.09 2208.85
Initial (CM) 263.03 1037.91 1273.20

Optimal (CM) 389.61 1235.91 2103.89
Error [%] 1.68 3.67 4.75

Table 7: Initial and optimal values of the extracted parameters in the bolt case (CM)

K1 [Nmm] K2 [Nmm] K3 [Nmm] K4 [Nmm] K5 [Nmm] K6 [Nmm]
Initial 1e+3 1e+3 1e+3 1e+3 1e+3 1e+3

Optimal 0.43e+7 1.04e+5 0.61e+5 0.69e+6 0.83e+7 0.91e+5

5 Conclusions and future developments

This paper proposes a virtual testing methodology aimed at identifying the relevant parameters of simplified
joint models that influence the behaviour of the real joint, and subsequently extract the optimal values of such
parameters through a model update approach in order to predict the real joint behaviour. The details of the
methodology, including efficient sampling, construction of a response surface model and the surrogate-based
optimization process have been discussed. Two application examples dealing with two different joints (an
adhesive connecting two metal plates and a bolt connecting a metal and a composite substrates) are presented,
in order to show the capabilities of the methodology. The goal is to extract the optimal values of a set of
lumped parameters in a simplified joint concept model (CM) that are able to predict the eigenfrequencies
of the detailed model (DM). For both cases, the error on the structural responses after applying the virtual
testing methodology is below 5% (except for the 3rd bending eigenfrequency of the first example, where the
error is still below 10%). In the bolt application, the development of concept models led to a computing time
of 4 s., which represents the 6.67% of the computing time required for the complex detailed model. The
above 93% gaining in computational effort will be further exploited in more complex system level models.

The future developments of the methodology will focus on linking it with system level models consisting
of several joints, and to investigate how this affects the computation time of a system level model. How-
ever, complex detailed models or experimental results of system level are not always available due to high
complexity or price. Therefore, a multi-scale approach that links system and coupon level models will be in-
vestigated. First, a detailed and a concept model of the joint standalone and its immediate surroundings will
be created, so they can both be reused for different loading scenarios. Second, the loading conditions in the
surroundings of the joint will be determined from the system concept model. Afterwards, the methodology
will be applied to the coupon level models of the joint for each particular loading scenario, extracting the
optimal parameters of the concept model that predict the behaviour of the detailed (coupon) model. Finally,
the optimal parameters for each loading scenario will be applied to the corresponding joint in the system
level.
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timization approach for identification of dynamic parameters of localized joints of aircraft assembled
structures,” Aerospace Science and Technology, vol. 69, pp. 538 – 549, 2017.

[9] S. Hernández, E. Menga, P. Naveira, D. Freire, C. López, M. Cid Montoya, S. Moledo, and A. Baldomir,
“Dynamic analysis of assembled aircraft structures considering interfaces with nonlinear behavior,”
Aerospace Science and Technology, vol. 77, pp. 265 – 272, 2018.

[10] V. Anumala, R. N. Mahadule, S. Patil, and K. Jump, “Prediction of tow hook and bolted joint strength
behavior using virtual test simulation technique,” in SAE Technical Paper. SAE International, 2020.

[11] A. Lakshminarayanan, V. Annamalai, and K. Elangovan, “Identification of optimum friction stir spot
welding process parameters controlling the properties of low carbon automotive steel joints,” Journal
of Materials Research and Technology, vol. 4, no. 3, pp. 262 – 272, 2015.

[12] D. R. Roettgen and M. S. Allen, “Nonlinear characterization of a bolted, industrial structure using a
modal framework,” Mechanical Systems and Signal Processing, vol. 84, pp. 152 – 170, 2017.

[13] J. E. Mottershead, M. Link, and M. I. Friswell, “The sensitivity method in finite element model updat-
ing: A tutorial,” Mechanical Systems and Signal Processing, vol. 25, no. 7, pp. 2275 – 2296, 2011.

[14] W.-X. Ren, S.-E. Fang, and M.-Y. Deng, “Response surface&#x2013;based finite-element-model up-
dating using structural static responses,” Journal of Engineering Mechanics, vol. 137, no. 4, pp. 248–
257, 2011.

[15] Mathworks, “Matlab r2019a,” in https://nl.mathworks.com/help/, 2020.

[16] Altair, “Altair optistruct 2019: Optimization-enabled structural analysis,” in
https://www.altair.com/optistruct/. Altair Engineering Inc., 2020.

1158 PROCEEDINGS OF ISMA2020 AND USD2020



[17] B. W. Townsend, D. C. Ohanehi, D. A. Dillard, S. R. Austin, F. Salmon, and D. R. Gagnon, “Charac-
terizing acrylic foam pressure sensitive adhesive tapes for structural glazing applications—part i: Dma
and ramp-to-fail results,” International Journal of Adhesion and Adhesives, vol. 31, no. 7, pp. 639 –
649, 2011.

[18] L. V. Belle, D. Brandolisio, E. Deckers, S. Jonckheere, C. Claeys, B. Pluymers, and W. Desmet, “Exper-
imental validation of numerical structural dynamic models for metal plate joining techniques,” Journal
of Vibration and Control, vol. 24, no. 15, pp. 3348–3369, 2018.

[19] X. He, “Numerical and experimental investigations of the dynamic response of bonded beams with a
single-lap joint,” International Journal of Adhesion and Adhesives, vol. 37, pp. 79 – 85, 2012.
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Abstract 
Structures are built-up from components which may be held together by bolted joints. These joints are 

important when considering the dynamic aspects of a structure because they may be the principle source of 

damping. The exact circumstances that give rise to damping are still unknown but it is clear that the contact 

patch in the joint plays an important role. It is suggested that there are two types of contact patch that form 

the extremes of possible behaviour. This concept is suggested by experimental findings which are briefly 

described. The nature of the stresses in the contact patch is then investigated using simulations. 

Consideration is given to the static contact patch formed due to the tightening of the bolt. The stress 

distribution found supports the idea that there are two extremes of behaviour. The way in which the static 

contact patch is modified by the dynamics of vibration is investigated. Changes in the shape of the contact 

patch indicate how damping due to friction may be generated. 

1 Introduction 

A typical structure is built-up from components, which are held together by connections. When operating 

in a dynamic environment a structure is vulnerable to vibration and being able to predict such vibration is 

very desirable. In order to predict vibration it is necessary to model the mass, stiffness and damping. The 

individual components are often straightforward to model, however, the full structure, held together by its 

connections, is generally not predictable. This is due to the difficulty in modelling the behaviour of 

connections and, in particular, the damping they provide. In many circumstances, the majority of damping 

in a built-up structure may be due to the connections.  

This paper considers the dynamics of a connection consisting of a bolted joint. It is suggested that there are 

two sorts of behaviour depending on the geometry of the connection. This idea arises from experimental 

work, which is described briefly below, and is then investigated further by using simulations to examine the 

detailed behaviour of a joint interface.  

The overall objective of the work is to identify what is happening in the various interfaces that comprise a 

bolted joint. In particular how the stresses in these interfaces are exercised by vibration.  

Work on the behaviour of joints under dynamic loading is still in its infancy. A summary of the current 

position is available in Brake [1]. Other work on friction in joints has been conducted by Gaul and 

Nitsche [2] and more recently Willner [3]. The proceedings of the 2019 conference on Tribomechadynamics 

[4] should also be consulted. 

After a brief description of bolted joints the paper summaries some experimental findings and then describes 

various simulation models of increasing complexity.  
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2 Bolted joints 

Figure 1 shows two types of bolted joint. In Figure 1 (a) the contact patch between the two parts of the joint 

is defined by the geometry of the joint. The lower part has a circular configuration which presses on the 

joint interface. As will be shown in Sections 4 and 5 this configuration controls the stress distribution in the 

joint. In Figure 1 (b) the two surfaces in the joint are flat and the contact patch forms freely according to the 

stress distribution. In Section 4 it will be shown that for joint type (b) the surfaces spring apart around a 

contact patch creating a gap between the components. 

A bolted joint has a static contact patch that is formed when the bolt is tightened. When the joint experiences 

vibration the static patch is exercised and modified by the joint motion. An understanding of the contact 

patch and how it is modified by the dynamics is key to the investigation described here. As will be seen the 

size of the contact patch for type (b) in Figure 1 is an unknown parameter.  

Some studies of contacts have been made by Hills, Nowell and Sackfield [5]. They name contacts of type 

(a) complete contacts and those of type (b) receding contacts. These designations will be used here.  

The tension in a bolted joint is achieved by tightening the bolt. There is no universal rule for how tight the 

bolt should be but values in the range 50% to 100% of bolt yield are typical. 

An important question is the role played by the different parts of a bolted joint. There are a number of 

interfaces that must be considered. These may be listed as: 

i) Bolt head to washer, ii) washer to upper component surface, iii) component to component, iv) lower 

component to washer, v) washer to nut and vi) thread. 

Which of these interfaces plays a role in the dynamics of a bolted joint?  In particular how is the join stiffness 

and damping controlled by the joint? 

 

 

 

Figure 1: Two types of bolted joint with contact patch formed by (a) joint geometry and (b) freely occurring 

3 Experimental background 

This section briefly describes some experiments in which the damping and stiffness of joints of the type 

shown in Figure 1 were experimentally tested. Eleven joints of type (a) in Figure 1 (complete contacts) were 

joined together to form a beam. Similarly eleven joints of type (b) (receding contacts) were joined together 

to form a second beam. More details are available in Goyder et al. [6]. The beams were tested in free 

vibration and signal processing techniques, as described in Goyder and Lancereau [7] were conducted to 

determine the natural frequency and damping of each beam. The results for the damping of the beams is 

shown in Figure 2. The damping is nonlinear and varies with the amplitude of vibration. It can be seen that 

the damping is significantly different in the two joint types with the damping in the receding contacts being 

and order of magnitude larger than in the complete contact.  

(a) (b) 
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The objective of the rest of this paper is to investigate the cause of this difference.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2: Damping ratio as a function of amplitude for two beams composed of linked joints 

4 Preliminary examination of static contact patches 

What static stress field is present in a bolted joint due to the tightening of the bolt? In order to explore this 

question preliminary computer simulations were performed using the configuration shown in Figure 3. This 

is a two-dimensional beam model which is solved using the finite element method.  

In Figure 3 (a) two beams are pushed together by the uniform stress,0, which acts over the length L0. This 

stress represents the static force generated by the bolt. Each beam is of height h. The two beams are held 

apart by a contact patch of length Lc. This contact patch is similar to the configuration in Figure 1 (a). The 

height of the contact patch is hc . This contact patch height may be made small. This configuration is 

symmetric and for computational simplicity, only one half need be simulated. The half that is simulated is 

shown in Figure 3 (b). The length of the beam, L, is not relevant since the stress is localised around the bolt 

area. The requirement in the simulation is that the beam length is long enough for the stress to drop to a 

negligible value away from the bolt. Similarly, the high hc of the contact patch can be ignored. Further, due 

to symmetry the contact patch can be considered rigid but allowing sliding. This reflects the symmetry of 

the beam configuration in part (a). The stress of interest is the stress on the contact patch. A similar 

calculation has been made by Parrel and Hills [9] using a different numerical method and a force applied as 

a delta function.  

Figure 4 shows the stress on the contact patch for various lengths L0. As linear elasticity is being modelled, 

the stress at one location on the contact patch is proportional to the stress applied on the top surface. 

Consequently, the ratio of the stress on the contact patch to that applied on the top surface is independent of 

the actual value used in the calculation and only the ratio is important. 

For the range of contact patch lengths shown in Figure 4 the stress is large at the edges of the contact patch. 

Such a large edge force will lock the two components together and prevent any sliding.  

If the length of the contact patch is very large, as shown in Figure 5, then tension rather than compression 

is observed at the edges of the contact patch. This is an impossible configuration and would only occur if 

the surfaces were glued together. The limiting case for the maximum length contact patch occurs where 

Complete contact 

Receding contact 
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there is no tension and only compression. This limiting case corresponds to a receding contact. This 

configuration would occur naturally if the there was no height hc in the contact patch.  

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3: A simple version of a bolted connection. (a) Two beams are pushed together. (b) The configuration 

simulated which uses symmetry to replicate the conditions in (a). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4: The stress in the contact patch beneath the beam in Figure 3. x/h is the normalised distance along 

the beam. 
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Figure 5: The stress in the contact patch beneath the beam in Figure 3. x/h is the normalised distance along 

the beam. The stress is impossible since the negative portions indicate tension. L0/h = 0.9. 

 

Finding the length of the contact patch that corresponds to a receding contact requires adjustments of the 

contact patch until special conditions are obtained. Finding these special condition can only be achieved by 

trial and error.  

In order to find the condition of a receding contact the following rules may be used to adjust the size of the 

contact patch 

i) If the contact patch is too small it will press into the beam and the beam will distort around the 

outside edge of the contact patch as shown in Figure 6. 

ii) If the contact patch is too large the then the stress at the inside edge of the contact patch will be 

tension rather than compression as has been shown in Figure 5. 

 

If adjustments are made the exact size of the contact patch corresponding to a receding contact may be found 

using trial and error. It should be noted that this is a difficult calculation because both the indentation and 

tension cases give small values as the correct size of the contact patch is found.  

The stress field for the case of a receding contact is shown in Figure 7. It can be seen that this stress field 

contrasts strongly with the stress field shown in Figure 3. For the case of a receding contact the stresses are 

small at the edges of the contact patch and slipping with friction can be anticipated if dynamic loads were 

considered.  
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Figure 6: The deflection of the beam due to the indentation of the contact patch. x/h is the normalised 

distance along the beam. v/h is the normalised displacement. L0/h = 0.9. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 7: The stress in the contact patch beneath the beam. x/h is the normalised distance along the beam. 

The stress distribution corresponds to a receding contact. L0/h = 0.9. 
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5 Consideration of bolted connections 

Bolts are much more complicated than the simple configuration of Figure 2. Figure 8 shows the dimensions 

that need to be specified for a standard metric bolt BSI [8]. As well as the bolt, the hole diameter, washers 

and nuts must also be specified.  

 

 

Figure 8: A standard metric bolt specification from BSI [8]. The letters indicate the dimensions that must 

be specified for the various bolt sizes 

A finite element model was constructed for an M10 bolt that included most of the details in Figure 8. No 

attempts was made to model the thread and it was assumed that the nut was integral to the bolt thread. In 

addition, the details of the hexagonal head were replaced with a circular cylinder. With these alterations, the 

configuration is axially symmetric. In addition for connections with equal thickness as in Figure 2, only half 

the problem needs to be modelled. Figure 9 shows the model. An axisymmetric finite element model was 

used.  

 

 

 

 

 

 

 

 

Figure 9: The bolt and washer configuration used in the detailed simulation. 

 

The load in the bolt was applied to the system by applying an extension of the bolt length as a boundary 

condition. This can then be converted to a stress within the bolt. The size of the contact patch can also be 

Washer Bolt head 
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expressed as a boundary condition. This avoids having to remake the mesh as iterative solutions are sought. 

However, for accuracy the mesh must be remade once an approximate solution has been found. 

An example of a complete contact and a receding contact are shown in Figures 10 and 11. These forms are 

similar to that found previously for the simplified model described in the previous section. Once again, it 

can be seen that the complete contact grips the edges of the contact patch while the receding contact has a 

small stress which drops to zero at the edges of the contact patch.  

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 10: The stress in the contact patch for a complete contact with the detailed bolt model. The pink lines 

indicate the location of the bolt-hole.  

 

 

 

 

 

 

 

 

 

 

Figure 11: The stress in the contact patch for a receding contact with the detailed bolt model. The pink lines 

indicate the location of the bolt-hole.  
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With the more complete configuration of a bolt and washer the condition at the washer interfaces can be 

examined. Figure 12 shows the stress between the washer and the bolt-head-washer-face. It can be seen that 

there are large stresses at the edge of the interface showing that the washer is held by the bolt as a complete 

contact. This suggests that the washers do not contribute to damping but are held rigidly. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 12: The stress between the washer and the bolt washer face. The pink lines indicate the location of 

the bolt-hole 

 

It would be good to generalise the results found for one bolt to all of the metric series. This may be possible 

since all the metric bolts are similar suggesting that there may be a scaling law that could be used to 

generalise results from one bolt to a wider range of bolts. The relevant parameters are: 

Thickness of components being joined (assumed equal here) 

Bolt and washer geometry (11 parameters) 

Material modulus of elastic (bolt and components assumed identical here). 

Fortunately, as linear elasticity is assumed the results are independent of bolt torque. The parameters of 

interest are the diameter of the contact patch, the thickness of the component material and the diameter of 

the bolt. The dimensions of the bolt, bolt-hole and washer scale on the bolt diameter. If this is used as a 

reference quantity then it is possible to compare different bolt diameters by using dimensionless groups. 

The groups chosen here are the diameter of the contact patch for a receding contact divided by the thickness 

of the joint plate and the diameter of the bolt divided by the thickness of the joint plate. Figure 13 compares 

the diameter of the contact patch for three different bolt sizes and different component thicknesses. It can 

be seen that the data falls on a single curve suggesting that some scaling possible. As an axially symmetric 

model is being used the components being joined by the bolt are circular plates. 
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Figure 13: Normalised values for the diameter of the receding contact patch and the diameter of the bolt. 

Bolts of diameter 5mm, 10 mm and 20 mm are plotted with plate thicknesses varying between 1 mm and 40 

mm. The colours correspond to the different bolt diameters 

6 Dynamic contact patch 

The previous calculations have been concerned with a static contact patch which is generated by the action 

of tightening the bolt. In this section, the effect of dynamic loading is investigated. It is assumed that the 

plate has a static contact patch which is then modified by the dynamic loading. The key assumption here is 

that the inertia of the joint can be ignored. The join is treated as a “passenger” in the whole dynamic system 

and is simply acted on by the stresses and bending moments transmitted from elsewhere. This means that 

the joint can be modelled as a static component responding instantaneously to a changing load.   

The action of a dynamic bending moment will be considered as this leads to a straightforward calculation. 

Figure 14 shows a joint with two components being symmetrically distorted by two opposite dynamic 

bending moments of equal magnitude. As this is a symmetric configuration it can be simplified, as in the 

previous cases, to the configuration shown in Figure 15. A simple calculation shows that if the resultant 

static force delivered by the bolt is F then to maintain equilibrium at each instant the contact patch must 

deliver an equal and opposite resultant force that is offset from the axis of the bolt. The offset distance, a, is 

related to the bending moment by  

 a F = M (1) 

It is convenient to use a dimension of the system to scale the offset distance. Possible dimensions are the 

bolt diameter or the thickness of the joint. If the thickness of the joint is used then Equation 1 may be 

rewritten 

 𝛼 ℎ 𝐹 = 𝑀 (2) 

Where 𝑎 =  𝛼 ℎ. Here α is a convenient nondimensional parameter that can be used to characterise the 

change in the contact patch due to a moment.  
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Figure 14: Two components held by a bolt with equal and opposite bending moments, M, applied to each 

component. 

 

 

 

 

 

 

 

 

 

 

 

Figure 15: Forces and moments on one of the two components 

Figure 16 shows calculations of a receding contact patch for a range of values of α. The calculations were 

conducted using a full three dimensional finite element calculation on a rectangular plate with the bending 

moment applied on one edge. The component is also shown in Figure 16. The moment is applied along the 

short edge of the plate. This is the case of a receding contact; the plate has a plane surface with no geometry 

to make a complete contact. Symmetry, about the axis through the bolt and parallel to the long side, has 

been assumed but the edges of the contact patch were found by repeatedly making adjustments using trial-

and-error. As expected, the contact patch moves with a gap on one side opening and the gap on the other 

side closing. Adjustments were made followed the rules outlined above but which now have to be applied 

to all parts of the boundary of the contact patch.  

It can be seen that there is a changing contact patch area on which friction forces will act. Figure 16 shows 

a quarter cycle of a full sinusoidal period of oscillation.  This area will be repeatedly opened and closed in 

each cycle of vibration. It is here that sliding effects and friction can act. 
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Figure 16: Top left the three dimensional model of the bolted component. The remaining diagrams show the 

modification to the contact patch as the bending moment is increased. The circle shows the static contact 

patch. The modified patch is in blue. 

7 Discussion 

The experimental data presented in Section 3 clearly shows that there is very different damping from joints 

with complete contacts compared to those having receding contacts. The modelling efforts in the rest of the 

paper begin to show an explanation for this behaviour. The concept of complete contacts and receding 

contacts appears to be a useful categorisation of contact patch types. The static stress fields set up by bolt 

tightening for each of these contact patches are clearly very different. Rather encouragingly, the shape of 

the stress fields for complete and receding contacts in the simple models of Figures 4 and 7 are similar to 

the detailed bolt models of Figures 10 and 11. This does suggest that some generalisation is possible.  

The key observation is that in a complete contact the edges of the contact patch contain very large stresses 

while in contrast the edges of the receding contact drop steadily to zero. Similarly, the middle of the contact 

patch for complete and receding contacts can be contrasted with large stresses in the middle of a receding 

contact and small stresses in a complete contact. 

A receding contact appears to be the most important type of contact since it occurs naturally in a joint 

between two flat surfaces and seems to be the source of considerable damping when dynamically exercised. 

Unfortunately, this type of contact is the most difficult to determine using a computer simulation. There is 

no exact solution for this stress field.  

In Section 5, it has been found that for a receding contact the interface in the washer-to-bolt-head is a 

complete contact. This suggests that there will be no damping effect from the washer-to-bolt interface. This 
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has been an unknown source of damping for some time but it seems that for standard washer designs this 

surface will not produce significant damping. 

An algorithm needs to be developed for finding the edges of a contact patch. The calculations performed 

here were all conducted using a trial-and-error approach. This was facilitated by using the computer system 

Mathematica [10] which has good visualisation and has the ability to recalculate solutions reasonably 

quickly following adjustments made using sliders. Some attempts have been made to develop an algorithm 

but visual checking is still essential. Good starting points prior to detailed calculations are always needed. 

When calculating dynamic contact patches much time is spent in making adjustments since when one 

portion of the boundary is changed all other points of the boundary are also effected.  

The rules presented in Section 4 for finding the edges of a contact patch, work well but must be applied 

locally since away from the contact patch there may be portions of the boundary that are correct but disobey 

the rules. In particular, this applies to the displacements which can take a range of configurations. 

When calculating a static contact patch for an actual bolt the problem is axisymmetric. This leads to a 

considerable simplification since a two-dimensional rather than a three-dimensional code can be used. 

However, there is the complication that the deflection of the two surfaces and the gap that emerges between 

them sets up hoop stresses (circumferential stresses). These are large at a large radius and consequently the 

size of the model becomes important. This is unfortunate since other stresses generated by the bolt become 

negligible at a large radius. Some of the calculations reported here may have suffered from this problem. 

The approach taken was to always to keep the distance to the model boundary much larger than the radius 

of the contact patch. A further complication is that in a real problem there is likely to be a boundary that is 

not too distant from the bolt. This makes finding general cases less relevant.  

The idea of using the similarity between metric bolts to produce a scaled “universal” estimate of the contact 

patch has some potential. However, this needs some further consideration considering the limitations 

discussed in the previous paragraph.  

The investigations reported here begin to show how a joint may or may not produce damping. The 

calculations and measurements need much more development to predict how friction can act and how much 

damping might be produced by a joint. An important extra ingredient that needs to be introduced is the effect 

of surface roughness and lack of flatness.  

8 Conclusions 

The following conclusions may be drawn: 

1. There are two types of contact patch that occur at joint interfaces: complete contacts and receding 

contacts. They have very different damping behaviours with the latter involving significant 

damping. 

 

2. A complete contact is formed when the joint interface has a geometry that defines a clear boundary 

for the contact patch. In a complete contact, there are large normal stresses at the edges of the contact 

patch and small stresses in the middle.  

 

3. A receding contact is formed when two flat surfaces are bolted together. These surfaces spring apart 

forming a gap between the surfaces around the edges of the contact patch. The normal stresses in 

the contact patch are large in the middle of the contact patch and fall to zero at the edges. 

 

4. The distributions of stress in a contact patch have been found by means of numerical simulations.  

These simulations explain the experimental findings in which joints with complete contacts and 

receding contacts were examined. The receding contacts produced damping ratios an order of 

magnitude larger than the complete contacts.  
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5. The tightening of the bolt produces a static circular contact patch around the bolt. Calculations 

involving an additional bending moment describe how this contact patch is distorted when a 

dynamic loading is applied. 

 

6. Algorithms for the calculation of contact patches need to be developed to assist with the difficulty 

of finding the edges of a receding contact.  
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Abstract
Recent work suggests using transverse natural frequencies of a bolt as a measure for bolt tension. Until now,
hammer impacts have been suggested as the tool for obtaining the desired natural frequencies. In this work, as
a continuation, we suggest using piezoelectric excitation instead. A piezoelectric actuator permits control of
the input force. A COMSOL model of a beam with a piezoelectric actuator is used to test simple hypotheses
for obtaining the best amplitude response in a beam. Experimental testing of the hypothesizes on a real
bolt, clamped in a structure, reveals that significant acceleration response amplitude can be obtained without
substantial effort, lending confidence in this as a tool for exciting frequencies for bolt tension estimation. A
piezoelectric actuator excites higher natural frequencies better compared to hammer impacting results, but it
is less effective at low frequency and requires careful mounting. Despite these disadvantages, piezoelectric
excitation has application potential, especially for shorter bolts and higher frequencies.

1 Introduction

Many real structures are held together by critical bolted joints, from wind turbines to pipelines. Critical
implies that failure of the joint could lead to dangerous situations, from as severe as a collapse of the entire
structure to risks of smaller damages from the loose components. Repairs of such damages are costly, so
it is of interest to monitor and control the bolt tension better and carry out the control as fast as possible.
However, that is not an easy task; the current technologies are torque wrenches and hydraulic tensioners.
These work as tightening tools; thus, the only way to check tension with these tools is to retighten the bolts,
which takes a significant amount of time, and can also lead to failure, as bolts must not be overtightened.
Analyisis of dynamic behaviour in bolted structures is a vast research field [1], and the uncertainty in the final
bolt tightness can introduce additional undesired nonlinear behavior in bolted structures [2]. Recent works
suggest using vibrations to estimate bolt tension [3, 4], e.g., by hammer impacting the bolt and analyzing
the vibrational response. As a continuation of this, we now suggest using piezoelectric excitation instead.
This makes the technique possible to apply for shorter bolts with higher transverse natural frequencies, as a
piezoelectric actuator can produce a much higher frequency range than a hammer. Furthermore, it permits
experimenting with different types of excitation signals to obtain the best resolution of the frequencies of
interest; this can include rough sweeping, chirping, and local high-resolution sweeps.

Torque wrenches have an accuracy of ± 30 % [5]. The accuracy depends on lubrication, tightening pro-
cedure, and the specific equipment. A study testing torque wrenches for dentistry applications found that
different torque wrenches provided different bolt torque levels, and none induced the targeted bolt torque
level [6]. The accuracy of hydraulic tensioners depends on the slenderness ratio of the bolt [7], but a esti-
mated rough range is ± 20 %. Another technique for estimating tension is based on ultrasonic technology.
An ultrasonic device sends an acoustic wave into the bolt and measures the transit time (the time it takes the
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wave to return). Applying mechanical stress to the bolt will decrease the velocity of the ultrasonic wave and
increase the transit time. From the transit time, the bolt elongation can be obtained and related to stress in
the bolt [8].

The subsequent analysis is organized as follows; in Section 2 we present an FEM model of a beam with
piezoelectric actuation, posing relevant hypotheses, and im Section 3 we present the experimental setup.
In Section 4 we present an Euler-Bernoulli beam model representing a tightened bolt, which includes the
additional mass from the bolt head and nut. A stiffness-tension model from [3] is applied and a new fit is
made w.r.t to presented beam model, with experimental results from [4]. In Section 5, experimental results
with the piezoelectric excitation are presented, and qualitatively compared to results obtained from hammer
impacting. Section 6 concludes on the advantages and disadvantages of applying piezoelectric excitation for
exciting transverse natural frequencies in a bolt.

Figure 1: Top: Diagram of beam showing the position of two PAs exciting transversely and longitudinally
(off-centered). Only one PA is present for each tested configuration. The arrows indicate the primary di-
rection of excitation for each PA. Bottom: COMSOL-model, here with the longitudinally exciting PA is in
centered position, d1 = 0

2 Numerical model

A 3D numerical model of a simple, linearly elastic beam excited by a piezoelectric actuator (PA) is im-
plemented in the commercial FEM software, COMSOL Multiphysics, using the Piezoelectric module. The
numerical model aims to provide results, from which qualitative hypotheses, regarding PA excitation and the
amplification of the corresponding transverse frequency response can be formulated.

The beam has a length of 225mm, a square cross-section with a sidelength of 12mm, and structural steel
properties. With these particular dimensions, the numerical model resembles the M12 bolt, which constitutes
the beam to be tested in the laboratory. The beam is clamped at both ends. In COMSOL, this is achieved by
clamping the circumference of the beam at both ends. Isotropic loss factor damping (η = 0.0001) is applied
to the beam. The specified level of damping chosen, as it prevents sharp resonance peaks in the numerical
simulations, which is essential when assessing the response magnitude. A PA is rigidly mounted in one end
of the beam in three different configurations. A diagram of the model shown in Figure 1.

In one configuration the PA is mounted, such that its primary direction of excitation is transverse (y-
direction). In the two other configurations, the PA is mounted with its the primary direction being longi-
tudinal (z-direction), but in two different positions: Centered (d1 = 0), i.e., the center of the PA coincides
with the neutral bending axis of the beam, and off-centered (d1 = 2.4mm). The transversely exciting PA
is mounted at distance d2 = 12mm from the bolt end. In an additional configuration, mass per area (with
no thickness) is added to the top side transversely exciting PA, as shown in Figure 1. The total mass added
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corresponds to 1, 2, 3 and 4 times the PA mass. This configuration is to test the effect of the back force, i.e.
the additional inertial load, supplied by the added mass.

The PA is simulated as a block of piezoelectric-material (PZT-4) with two electrodes covering the top and
bottom sides. The bottom side, sharing interface with the beam, acts as an electrical ground and the top side
is set to have an electrical potential of 100V.

The discretization of the numerical model is achieved with the COMSOL meshing settings: physics-controlled
with an extra fine element size. An eigenfrequency analysis of the structure is performed initially for each
configuration, identifying the natural frequencies of the beam up to the first longitudinal mode. The Fre-
quency Domain Study is used for computing the FRF for each configuration. A frequency resolution of 1 Hz
outside resonance and 0.01 Hz near resonance is used.

The COMSOL simulations give rise to the following hypotheses:

(1) Placing the longitudinally exciting PA off-center amplifies the corresponding transverse response con-
siderably compared to the centered configuration.

(2) Exciting transversely has a considerable amplifying effect, and larger compared to (1)

(3) Adding masses to the free end of the PA has a negligible effect.

3 Experimental setup

Figure 2 shows the laboratory test setup, which consists of a cylindrical 100× 200mm aluminum specimen
(Young’s modulus 70GPa, density 2700 kg/m3) with a center bore in which a grade 8.8 steel M12 bolt
is mounted with a clearance of 2mm [3]. The bolt is tightened using a hydraulic tensioner (SKF HTS 9
M12X1.75) and the bolt tension is measured using a force washer (HBM KMR 100 kN). The acceleration
response of the bolt is measured by a 3D accelerometer (PCB 356A01), which is mounted to the end of the
bolt using beeswax. The accelerometer is connected to a B&K DAQ system (Type 3560-D) and the signals
are recorded and processed in B&K LabShop software. Three 5 × 5 × 2mm PAs (Noliac NAC2013) are
mounted onto the bolt head with epoxy glue as seen on Figure 2. The excitation signal is generated by the
B&K front-end and is sent through a power amplifier (B&K Type 2706) to one of the three PAs. Only one
PA is active at a time. In one configuration, a mass approximately 3 times larger to that of the PA is fixed to
the free end of the active PA with beeswax, as shown in Figure 3.

Figure 2: Left: Diagram of laboratory test setup Right: Position of three PAs: One excites primarily in
transverse direction (dark grey), two excites primarily in longitudinal direction, where one is centered on the
bolt head (grey) and one is placed off center (light grey).
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Figure 3: Piezoelectric actuators mounted on bolt head. LC, LOC, TR: Longitudinally (centered), longitudi-
nally (off-centered) and transversely exciting PAs. Right: with mass on center PA.

4 Mathematical beam model

A bolt can be modeled as an axially uniform beam, with boundary masses M1−2 and rotary inertia J̃1−2
representing the bolt head, nut and protruding end. Tightening the bolt will enforce axial tension N , transla-
tional boundary stiffness K1−2 and rotational boundary stiffness K3−4. Figure 4 illustrates the beam model.
The length l is defined as the inside clamped length of the bolt; from head to nut. Introducing nondimensional
quantities:

x =
X

l
, u(x, τ) =

U(X, t)

l
, τ = ω0t, ω0 =

√
EI

ρAl4
, p =

Nl2

EI
, (1)

k1−2 =
K1−2l3

EI
, k3−4 =

K3−4l
EI

, m1−2 =
M1−2
ρAl

, J1−2 =
J̃1−2
ρAl3

,

The equation describing transverse vibrations u in the bolt can be defined as:

ü+ u′′′′ − pu′′ = 0, (2)

with overdots and primes denoting differentiation w.r.t. to nondimensional time and position. The same
differential equation is derived in [3, 9, 10], but with different boundary conditions:

u′′′(0, τ) = pu′(0, τ)− k1u(0, τ)−m1ü(1, τ), (3)
u′′(0, τ) = k3u

′(0, τ) + J1ü
′(1, τ), (4)

u′′′(1, τ) = pu′(1, τ) + k2u(1, τ) +m2ü(1, τ), (5)
u′′(1, τ) = −k4u′(1, τ)− J2ü′(1, τ). (6)

Solutions to (2) are:

u(x, τ) = ϕ(x)eiωτ . (7)

Inserting (7) into (2)-(6) gives
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Figure 4: Beam in tension with springs and boundary masses with a local rotational mass moment of inertia.

ϕ′′′′−pϕ′′ − ω2ϕ = 0, (8)

ϕ′′′(0) = pϕ′(0)− (k1 −m1ω
2)ϕ(0), (9)

ϕ′′(0) = (k3 − J1ω2)ϕ′(0), (10)

ϕ′′′(1) = pϕ′(1) + (k2 −m2ω
2)ϕ(1), (11)

ϕ′′(1) = −(k4 − J2ω2)ϕ′(1). (12)

The solution to (8) for the mode shapes ϕ is [11]:

ϕ(x) = b1 cos(α1x) + b2 sin(α1x) + b3 cosh(α2x) + b4 sinh(α2x), (13)

with

α1 =

√

−p
2
+

√(p
2

)2
+ ω2, α2 =

√
p

2
+

√(p
2

)2
+ ω2. (14)

By inserting (13) and (14) into boundary conditions (9)-(12) it is found that:

Aq = 0, (15)

with q = {b1 b2 b3 b4}T holding the unknown coefficients of (13), and

A =




−k̃1 α1α
2
2 −k̃1 −α2

1α2

k̃2c1 − α1α
2
2s1 k̃2s1 + α1α

2
2c1 k̃2c2 − α2

1α2s2 k̃2s2 − α2
1α2c2

−α2
1 −k̃3α1 α2

2 −k̃3α2

−α2
1c1 − k̃4α1s1 −α2

1s1 + k̃4α1c1 α2
2c2 + k̃4α2s2 α2

2s2 + k̃4α2c2


 , (16)

with

s1 = sinα1, s2 = sinα2, c1 = cosα1, c2 = cosα2, (17)

k̃1−2 = k1−2 − ω2m1−2, k̃3−4 = k3−4 − ω2J1−2. (18)

Nonzero solutions to (15) require a zero determinant, i.e. the natural frequencies ω can be obtained by
finding solutions to |A| = 0. The Newton-Raphson iteration scheme can appropriately be used, with initial
conditions obtained from a zero-crossing-sweep.
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4.1 Relating stiffness to tension

When the bolt is tightened, both the nondimensional axial tension p increases, as wells as the boundary
stiffness k1−4. There is no exact relation between contact pressure and tangential stiffness. However, in [3]
an approximating analytical function is introduced:

kn =
z1 tanh(z2p)

1 + z3 exp−z4p
(19)

where, kn is the normal/tangential stiffness and p is nondimensional tension. This model assumes symmetry
in boundary stiffness, thus k1 = k2 and k3 = k4, which for at least moderately tightened bolts is a reasonable
assumption. The tangential stiffness is then related to rotational and translational stiffness by:

k1−2 =
1(R2

w + r2w)

4l2
kn, k3−4 =

π(1− ν)
2(2− ν) kn, (20)

where Rw and rw are inner and outer nut radius, and ν is the Poisson ratio. The approximating function
is directly applied in this work. Further details on the model can be found in [3]. It is necessary to fit the
unknown parameters z1−4 of the analytical function (19) to get good estimates. In [3], the beam model
does not take the boundary mass (representing the head, nut, and protruding bolt end) into account. For
that reason, the model is refitted here to match this updated model. The fit is based on data obtained in
the experimental work of [4] for two setups, a long bolt (M12×250mm), and a short bolt (M12×140mm),
with an effective length, between the head and nut of 225mm and 105mm, respectively. Measurements are
obtained by hammer impacting the bolts transversely.

Figure 5a shows the first, second, and fourth transverse natural frequency of the long bolt (the third mode
was heavily damped and thus excluded from analysis) as a function of tension. The dashed lines show the
new fit of (19). This model-update is a significant improvement from [3]. In that case, the model could not
fit several natural frequencies with the same model parameter values. In this case, the model fits well, even
up to the fourth natural frequency, without changing any model parameters. Notably, the variations in the
measured fourth natural frequency are significant. This may be due to the excitation type. A hammer impact
gives a broad spectral input force, but the input energy is low at higher frequencies.

Figure 5b shows the first, second, and third transverse natural frequency of the short bolt as a function
of tension, also fitted to (19). The third mode was only measurable in two out of three test series. This
may either due to low energy from the hammer impact at very high frequencies (ω3 > 11 kHz), or due
to intercepting frequencies damping out each other; above 11 kHz, there can be torsional and longitudinal
modes, and modes from the surrounding structure affecting the vibrational response. The fit for the second
and third mode does not agree as well as the first.

Figure 6 shows the translational and rotational stiffness as function of bolt tension for the fits presented in
Figure 5. The updated model applies the inside bolt length (l = 225mm and 105mm), instead of the total
bolt length, and includes the end masses of the bolt. Figure 6 shows that the beam model does not predict
fully clamped boundary conditions, not even at high tension (which could be expected). The upper limits
in the figure, marked with red dashed lines, indicate values of stiffness, which impose effectively clamped-
clamped conditions. It is especially noticeable that the rotational stiffness does not correspond to clamped
boundary conditions at any level of bolt tension. The fit for the short bolt also indicates that the short has a
much lower boundary stiffness than the long bolt.

The beam model described by (2) is a Euler-Bernoulli model, which does not take rotary inertia and shear
deformation into account. For shorter bolts and higher modes, these effects influence natural frequencies
increaseingly more [12]. Test-calculations with Timoshenko beam theory, based on [13], are made to in-
vestigate the difference between the two models, to understand if Euler-Bernoulli theory is sufficient for
predicting natural frequencies in bolts.

The results in Figure 5 illustrates, as is well known, that BE predictions are better for the long bolt and the
lowest modes. Figure 7 shows the theoretical deviation between Timoshenko and Euler-Bernoulli theory, for
the first three modes, for lengths corresponding to the short and long bolt (l = 225mm and 105mm). The
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Figure 5: Natural frequency as function of bolt tension. Markers: experimental measurement data obtained
from [4], different colors indicate reassembly of setup. ( ): Beam model predictins, (a) Long bolt: 1st, 2nd
and 4th natural frequency, z1 = 2.8×104, z2 = 0.45, z3 = 0.1 and z4 = 0.8. (b) Short bolt: 1st, 2nd and
3rd natural frequency, z1 = 2.45×104, z2 = 1.5, z3 = 9.9 and z4 = 0.11.
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Figure 6: Model stiffness: Equation (19) as function of tension. ( ): Long bolt, z1 = 2.8×104, z2 = 0.45,
z3 = 0.1 and z4 = 0.8. ( ): Short bolt, z1 = 2.45×104, z2 = 1.5 and z3 = 9.9. ( ): Clamped-clamped
conditions. (a) Translational stiffness (b) Rotational stiffness.

predicted deviations are made for two different sets of boundary conditions; pinned-pinned and clamped-
clamped. The choice of boundaries is based on Figure 6, as that indicates that bolts are not clamped in
rotation, but close to be pinned in translation. Figure 7 shows that the deviations for longer bolts (l =
225mm), are less than 5% for the first three modes. For shorter bolts (105mm) the deviation increase
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Figure 7: Relative deviation between Euler-Bernoulli and Timoshenko theory predictions. Green, blue, red:
First, second and third mode frequencies as function of relative stress in the bolt. ( ): Pinned-Pinned
boundary conditions. ( ): clamped-clamped boundary conditions. Color patches: range within the error for
a bolt can be expected to be. (a) Long bolt (225mm); (b) Short bolt (105mm).

strongly with higher modes, and with increasing rotational stiffness. For pinned-pined boundary conditions,
the error is below 7%. In all cases, the bolt tension level is insignificant w.r.t. deviations between the model
predictions.

5 Results

5.1 Optimizing the use of a piezoelectric actuator

Table 1 sums up the results from the numerical simulations carried out in COMSOL, and the experimental
tests performed in the laboratory. The table presents normalized FRF peak values for the second transverse
natural frequency. The values are normalized w.r.t. the largest measured peak value. The FRFs for the
numerical simulations are obtained by dividing the acceleration response by the electrical potential over the
PA, i.e., a measure for the input force. In the case of the laboratory results, the FRFs are computed by
dividing the acceleration response by the corresponding pre-amplified input signal for the PA.

Inspecting the numerically simulated results shown in Table 1, it appears that the FRF peak value for fre-
quency response of the longitudinally exciting and centered (LC) PA corresponds to only 1% of the largest
response obtained for the transversely exciting (TR) PA. Theoretically, the LC PA should not be able to ex-
cite any linear transverse vibrations as the model is perfectly symmetric. However, a slight asymmetry in the
mesh could be the cause of the negligible transverse coupling. The longitudinal and off-centered (LOC) PA
provides a response, which is up to 69% of the maximum value achieved by the TR PA.

The simulated results cannot be interpreted to signify that transverse excitation is better than asymmetric lon-
gitudinal excitation in general. However, it suggests that the PA position and orientation have a considerable
effect on the magnitude of transverse vibrations.

Simulations are also made with additional mass on the PA. The total mass added corresponds to 1, 2, 3, and 4
times the PA mass. Adding mass up to 4 times the mass of the PA increases the magnitude of the response for
the second natural frequency up to 1.7%, i.e., approximately 0.4% increase per added PA mass equivalent,
suggesting that adding mass to the PA has an insignificant effect.

Figure 8 shows FRFs obtained from the laboratory tests around the second transverse natural frequency. It
should be noted that the centered longitudinal excitation, primarily excites the transverse natural frequencies
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Table 1: FRF peak values at the second natural frequency, normalized by the largest peak value (bold font).
COMSOL and laboratory results can only be compared qualitatively. Bolt tension is given as a degree of
yield stress σy.

Bolt tension Direction
Longitudinal Longitudinal

Transverse (TR)
centered (LC) off-centered (LOC)

COMSOL
- x 0.01 0.24 0.64
- y 0.00 0.69 1.00

Laboratory

0.20σy
x 0.13 0.03 0.17
y 0.06 0.04 0.32

0.50σy
x 0.30 0.08 0.33
y 0.14 0.06 0.65

0.75σy
x 0.46 0.08 0.30
y 0.10 0.12 1.00

in x-direction, whereas the other two PAs primarily excites the transverse natural frequencies in y-direction.
The comparisons in Figure 8 presents the direction for which the largest response is obtained. The figure
and Table 1 shows that the magnitude at the second mode resonance is the largest for transverse excitation,
followed by the centered, and the off-centered longitudinal excitation. This order partly agrees with the
predictions from the numerical simulations. For TR PA excitation, a considerably larger peak value can
be observed than for LC PA excitation. On the other hand, the numerically simulated results give a larger
transverse response for the LOC PA compared to that of the LC PA, which is not the case for the experimental
results. An explanation might be, that the PA in the laboratory experiment is placed so much off-center, that
a considerable part of the PA is positioned on the bolt head overhang, i.e., the part of the bolt head with a
larger diameter than the threaded part of the bolt. This could cause a less direct path for the vibrations to
propagate through.

It also appears from Figure 8 that the FRF peak values increase with bolt tension. Increasing bolt tension
lowers the damping level, decreasing the friction in the bolted interface. This is in agreement with prior
observations [4]. The FRF peak values for other modes (the first and third natural frequency) show a similar
tendency.

Adding mass onto the PA did not have any considerable effect in any of the laboratory tests, which is in
agreement with the numerical simulations. This suggests that the back force effect of the added mass does
not dictate the effectiveness of piezoelectric excitation for the present inertial type of application. The inves-
tigations show that even with far from the ideal mounting of a PA, it is possible to excite transverse natural
frequencies. This opens up for more options if designing a tool for bolt excitation. In industrial applications,
the side of the bolt head may be hard to access. E.g., if bolts are mounted closely together in a flange, in
such a case, it could be preferable if the excitation device can be mounted on the bolt end, in the longitudinal
direction.

5.2 Comparison of piezoelectric and hammer excitation

The piezoelectric excitation provides new post-processing opportunities compared to a hammer impact exci-
tation. For one, narrow-band frequency sweeps can be conducted. This allows for sending significant energy
into the bolt at the frequencies of interest. Figure 9 shows measured frequency responses for three levels of
bolt tension, both with a hammer and PA excitation. As appears, the FRFs from the hammer impact have
very low S/N-ratio beyond 20 kHz. The FRFs for the PA excitation have a high S/N-ratio, for frequencies
higher than 2 kHz. For reference, the corresponding coherence functions support this. It is also apparent that
a frequency response after a hammer impact does not look the same as one generated from PA excitation.
A hammer sends significant energy into the bolt for a very short time. A PA sends much less energy for a
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(a) (b) (c)

Figure 8: FRFs in vicinity of second natural frequency for different excitation types and bolt tensions. The
shown FRFs are based on responses in the most well-excited direction, as specified in parentheses: ( ),
( ), ( ): Longitudinal and centered (x-direction), longitudinal and off-centered (y-direction), transverse (y-
direction) PA configuration. (a), (b), (c): Tests performed at bolt tension levels 20% (low), 50% (medium),
75% (high) of yield stress, respectively.
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Figure 9: Frequency response functions for Low - Medium - High tension. Top: Hammer impact; ( ): 11%
of bolt yield strength, ( ): 40%, ( ): 78%. Bottom: Longitudinal PA excitation: ( ): 20%, ( ): 50%,
( ): 75%.

longer time. This can affect which resonant frequencies of the bolt-structure system will be excited. E.g.,
with piezoelectric excitation, the third transverse mode could be obtained with PA excitation (frequency peak
near 5 kHz), with a hammer impact; this is strongly damped.

A way to illustrate the improved resolution of natural frequencies is by considering the beat frequencies. A
bolt is cross-sectionally symmetric, which with the same boundary conditions for the two transverse planes,
will introduce vibrations with the same transverse frequency for each direction. The boundary stiffness is
not actually completely the same in the two directions. Instead, there will be two natural frequencies very
close together. The beat frequency is the difference in the frequency for the perpendicular transverse modes.
With broadband hammer impacting, it is not possible to accurately determine the beat frequency, especially
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Figure 10: Beat frequencies as function of relative stress in the bolt. Each marker type indicates a tests series,
disassembly in between series. Left: First mode, Right: Second mode.
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Figure 11: Frequency response function showing capability of capturing double peak at second bending
mode. (a), (b), (c): Tests performed for Low - Medium - High bolt tension. Top: Hammer excitation, bolt
tensions 11%, 45%, 78%. Bottom: Longitudinal center PA, bolt tensions 20%, 50%, 75%. ( ): x-direction,
( ): y-direction.

not when it is small (<2 Hz). Figure 10 shows the fist and second mode beat frequency for the long bolt.
The beat frequency decreases with tension (as stiffness becomes more evenly distributed when the bolt is
tightened). The beat frequency is only qualitatively reproducible when obtained from measurements with a
hammer impact.

Figure 11 shows a zoom around the second transverse natural frequency, for three levels of bolt tension, with
hammer excitation and PA excitation. The PA and Hammer test are only qualitatively comparable as it is not
the same test assembly. The hammer impact tests are from [4]. It appears that with PA excitation, the double
peak is captured much better than with a hammer impact.
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The work in [10] presents a new method for estimating axial tension and boundary stiffness in a bolt. The
method applies measured transverse natural frequencies for a bolt, by nonlinear regression for minimizing
a difference between estimated and measured frequencies. The higher the mode that can be measured and
used (not considering the Timoshenko effects), the better the method works. The piezoelectric excitation can
aid in this regard, as it improves the acccuracy of measured frequencies. However, the error introduced by
neglecting shear deformation and rotary inertia should still be considered. The higher the bending mode, the
more significant the error is, which will not be overcome by changing the source of excitation.

6 Conclusion

In this work piezoelectric actuators are applied for exciting transverse natural frequencies in bolts. Transverse
natural frequency can be used for bolt tension estimation. A COMSOL model was employed to investigate
the theoretical difference in mounting the piezoelectric actuator transversely compared to longitudinally.
As expected, the model suggests a significantly larger response will be obtained with transverse excitation.
However, in some applications, it could be advantageous to mount the piezoelectric actuator on the bolt end,
rather than on the top. Here, COMSOL predicted that off-centering would significantly increase acceleration
amplitude; however, experimentally, that was not the case. The experiments showed that even this very small
piezoelectric actuator could, no matter of mounting direction, excite transverse natural frequencies in the
bolt, and more effectively, the higher the mode. Comparisons to previous results for hammer impacts show
the disadvantages of impact testing. High frequencies are not well excited, and energy cannot be concentrated
to be around one mode. The resolutions of beat frequencies illustrate the accuracy in piezoelectric excitation
measurement compared to hammer impacting. The disadvantage of piezoelectric excitation is the need for
careful mounting. The development of a device with a built-in piezoelectric actuator, screwed on the bolt,
could be a potential implementation of piezoelectric excitation for bolt tension estimation purposes.
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Abstract 
In this paper, the dynamic behaviour of bolted joints is experimentally studied by means of a dedicated 

test bench. It is composed of a high load piezo-actuator with long range (up to 180 micrometers), a 

controller for the actuator and a 3D force cell. Displacements are measured by a set of capacitive sensors 

and a strain gauge located inside the actuator. Several pieces of bolted joints with similar geometry have 

been tested, for different roughness of surfaces in contact; furthermore a monolithic version has also been 

machined, to be used as a reference. Dynamical runs were performed at several values of torque, force 

displacement levels and excitation frequency. Post-processing of signals leads to the dissipated energy, 

apparent stiffness and equivalent damping as a function of amplitude, torque and frequency excitation 

values. Analysis of data gives insights about the influence of bolted joints on the evolution of modal 

parameters versus displacement, often observed during modal tests.  

1 Introduction 

Bolted joints are extremely widespread in industrial structures (aircraft, cars, trains,...). Even if their main 

function consists in ensuring a static connection between elements, their presence also has a major 

influence on the dynamic behaviour of structures [1]. Indeed, when a structure is excited by a dynamic 

excitation, a part of its kinetic energy is converted to heat through two mechanisms of damping. The first 

one is internal to material: during a cycle of vibration, material can accumulate energy during load, but not 

release it entirely during unload. The second source of damping takes its origin through micro-slip at 

joints.  

In order to be able to discriminate between both phenomena, here we focus on metallic materials. Indeed, 

modal damping of monolithic pieces of metal (pieces without joints) is usually very low (<0.1%), while 

modal damping of metallic structures assembled by joints is generally much higher (~1%). Hence, for a 

structure made of several metallic pieces, the internal damping of material can be neglected compared to 

damping coming from joints. 

When two parts jointed by a bolt vibrate, a relative movement between them can exist, even if the order of 

magnitude is micrometer. Micro-slip generated by this movement creates a source of energy loss localized 

to contact surfaces (see Figure 1). This process is extremely complex because it involves several physical 

phenomena at different scales of time and space. Indeed, if one wants to precisely study the dynamics at 

interfaces, it is necessary to take into account machining defects, including the roughness of parts. When 

two surfaces are linked by a bolt, contacts are not made on the whole area of nominal surfaces, but on the 

emerging asperities of surfaces. This requires considering both the behaviour of contacts at the asperity 

level on a microscopic scale, but also the behaviour of the structure at the macroscopic level. In addition, 

the wear of the surfaces in question, their running-in, the presence of initial foreign bodies or debris 

resulting from wear as well as temperature variations are parameters influencing the dissipation process 

[2]. 
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Figure 1: Cut view of a bolted joint 

These approaches to friction (microscopic and macroscopic) are generally studied by two distinct 

disciplines: tribology and structural dynamics. These disciplines have evolved separately because they 

operate on scales that are difficult to unify. Despite this compartmentalization, rigorous modeling of 

damping should include the interactions between them, taking into account the highly multiscale nature of 

physical phenomena [3]. 

Although a complete modeling is not yet feasible, it is at least possible to characterize, or even to quantify, 

the impact of the presence of a joint on the modal behaviour of a structure [4]. This can be done by 

identifying meta-models from the response of a joint when it is subjected to dynamic forces [5]. By 

plotting the force versus displacement signals, a curved ellipse is usually obtained, showing the apparent 

stiffness of the joint by its fitted slope, and the energy loss by its internal area (see Figure 2) [6]. 

 

Figure 2: Cycle of vibration 

This present paper is dedicated to a dynamic test bench for bolted joints. A series of experiments were 

performed for different test specimens, mechanical parameters and conditions of excitation. Equivalent 

parameters were identified from signals, showing general tendencies for the dynamic behaviour of bolted 

joints, and thus explaining trends of modal parameters generally observed on complete structures. 
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2 Test bench 

The purpose of this test bench is twofold: to apply and to measure a force-displacement relationship of a 

bolted joint, for different conditions of mechanical operation and excitation. The main elements are 

presented on Figure 3: 

 a frame, 

 a piezo-actuator, 

 4 capacitive sensors, 

 a tri-axial force cell, 

 a test piece. 

The piezo-actuator, a P-235.9S model from Physik Instrumente, can generate movement along one axis 

for high load (up to 30 kN in push direction) and relatively long course (180 micrometers) for such a 

device. Due to piezo technology, these extremal values depend on the specimen under test. Internal strain 

gauges derive the position information from their expansion, providing accurate and clear displacement 

signal in the nanometer range. The actuator is associated with an amplifier and a controller, enabling a 

motion at its tip proportional to the applied voltage. This actuator can push, but is not designed to pull; 

thus if a sinusoidal motion of +/-A µm is required, it is necessary to also apply a static motion of at least 

2A. 

 

Figure 3: Main elements of the test bench 

The test specimen undergoes on its upper side a controlled motion by the piezo-actuator, and is blocked on 

its lower side by a 3D force cell. This device measures the reaction force, along the main axis (here Z axis 

see Figure 1), as well as the other force components of the normal surface (XY). In fact, the piezo-actuator 

can sustain very high load along its main axis, but only low values of shear loads (max 147N). So it was 

necessary to control these components, at least indirectly at reaction surface. 

Micro-displacements were measured using capacitive sensors (Fogale technology) at 4 positions, on either 

side of the vertical motion, and on both lateral sides. The voltage measured by a capacitive sensor is 

sensitive to the gap between its head and an object, but depends also on the nature of the object (material, 

shape) itself; then a curve of sensitivity needs to be carefully obtained before each series of experiments. 

By taking appropriate precautions during mechanical operations, reproducible measurements were 

obtained in the micrometer range. 
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Figure 4 : Capacitive sensors for measuring micro-vibrations 

  

Figure 5: 2 versions with the same geometry (left assembled, right monolithic, bolt not present) 

Test pieces were designed to represent elementary bolt assemblies. They are made of 3 parts, linked by a 

bolt (diam. 10 mm) in the middle (Figure 5, bolt not represented). They are symmetrical along the XZ 

plane, in order to enable a motion of surfaces mainly along Z direction. Two versions were machined by 

varying the roughness of surfaces in contact: Ra=0.8 µm (good quality) and Ra=3.2 µm (medium quality). 

A third version, called monolithic, follows the same geometry, but is made of only one machined piece. It 

is used as a reference during experiments, because it has no surfaces in contact: then all the damping for 

this piece comes from the material itself. All pieces were made in alloy AU4Pb. 

3 Experiments 

The purpose of the experiments was to obtain a series of force-displacement curves, by varying torque 

values, displacements of the piezo-actuator, for each test piece.  

Torque values were varied from 10 to 60 Nm. The range 10-40 Nm is tested here for visualizing trends, 

but in practice this kind of bolt performs its static function of link between 40 and 60 Nm. Torque was 

applied using a torque wrench FACOM E.306-340D with +/- 2% of accuracy. 

Since the piezo-actuator can only push, a static displacement must be applied to enable dynamic 

displacements. As the maximum available range of the actuator is 180 µm, by convention a static 
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displacement of 90 µm was applied for all the experiments, thus potentially providing the full range during 

tests. 

Fixed sines signals excited the test piece at distinct displacements from 9 to 54 µm and at several 

frequencies from 1 to 80 Hz, far below the first flexible mode of the test piece alone. The upper limits on 

amplitude and frequency were a compromise based on the maximum power that could be delivered by the 

electronic amplifier of the actuator. 

By convention, the plotted displacement is the relative motion along Z direction between sensors #1037 

and #1039 (Figure 4); anyway sensors #1038 and #1040 gave similar results. Components of force along 

X and Y directions were always very low (<1% of Z component); only the component along Z direction 

was kept for post-processing, thus confirming the symmetry of motion. 

An example of such a run is plotted on Figure 6. 

 

Figure 6: Example of displacement and force measurements 

4 Method of identification 

By plotting force versus relative displacement, a hysteresis cycle may be plotted. It is characterized by  

 its increasing path: raise of force/displacement over time, 

 its decreasing path: diminution of force/displacement over time, 

 the area internal to the paths: energy loss over a cycle (of the order of mJoule), 

 the slope of the cycle: it corresponds to the apparent stiffness of the tested piece (given in N/µm). 

Area and slope can be identified by 2 different techniques. In the first approach, the internal area can be 

computed by numerical integration of both paths and the slope can be approximated by a linear 

polynomial regression. Then each cycle over time gives values of energy loss and apparent stiffness. By 

averaging these values over multiple cycles, errors due to noise measurement and identification technique 

can be significantly reduced. 

The second approach is outwardly more elegant: it consists in an ellipsis fitting of the cycle. Indeed in a 

linear regime, a hysteresis curve of a single-degree-of-freedom can be modeled by an ellipsis. Parameters 

of the ellipsis can be identified over several cycles of oscillation, reducing the sensitivity to measurement 

noise. Internal area and slope are then computed by classical formulae for ellipsis. 

Unfortunately, at amplitudes involving micro-slip, the hysteresis curve no longer looks like an ellipsis, as 

can be seen on Figure 7. This approach is still valid at lower amplitudes, but not really useful here since 

the focus is more critical on higher amplitudes. In the following only the first approach is kept, even if it is 

more sensitive to noise measurement. It could be noticed that hysteresis curves plotted on Figure 7 were 

the most distorted cases; at lower displacement amplitudes, curves were much closer to ellipses. 
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Figure 7: Measured cycle and apparent stiffness of directly from measurements (left picture) and the best-

fitted ellipse (right picture) 

In a run, the applied amplitude is gradually increased until reaching its nominal value. From this value, by 

plotting the evolution of the apparent stiffness versus number of cycles, an adjustment delay was regularly 

observed before the joint reaches a stable dynamic behaviour (see Figure 8). As a consequence, for this 

study, energy loss and apparent stiffness values will be provided after a hundred cycles, to give enough 

time for the dynamic behavior of the joint to stabilize around a stationary state. 

 

 

Figure 8: Evolution of the apparent stiffness 

5 Data analysis 

Evolutions of energy loss and apparent stiffness for the two assembled test pieces (Ra=0.8 µm and Ra=3.2 

µm) are presented on Figure 9 and Figure 10, for different cases of torque values. For each test piece, 

corresponding values of the monolithic version are also shown to serve as references. The excitation 

frequency is 1 Hz. From a qualitative point of view, curves of both assembled pieces follow the same 

trends. For a constant applied displacement, the higher the tightening torque, the higher the energy loss. 

When the tightening torque is the highest, curves of both assembled pieces tend to get closer to the 

monolithic, without reaching them. 

For the apparent stiffness, the influence of the tightening torque is more obvious: the higher the tightening 

torque, the higher the apparent stiffness. This confirms the intuition that, the more you tighten, the more 
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the surfaces linked by the bolt are under pressure. Surfaces in real contact (asperities at the microscopic 

level) should be increasingly extended, until reaching a maximum which would correspond to the nominal 

surfaces in contact. Then the assembled pieces would behave like the monolithic version. 

In practice, it also depends on Ra. For a roughness coefficient Ra=0.8µm (Figure 9), corresponding to good 

quality of surfaces, apparent stiffness values tend to reach the monolithic curve. On the other side, for 

Ra=3.2µm, corresponding to medium quality of surface, the apparent stiffness for a torque can be even 

higher than the monolithic version. 

Beyond To=20 Nm, apparent stiffness is quite independent of vibratory amplitude for both assembled 

pieces, like for the monolithic version. Only one case (Ra=0.8µm, To=40Nm) showed a clear decrease, 

without obvious explanation. In general, it is really necessary to descend to low tightening torques (To<20 

Nm) to observe a tangible decrease in the apparent stiffness for high amplitudes. 

 

 

 

Figure 9: Evolution of energy loss and apparent stiffness (Ra=0.8µm, Fe=1Hz) 

 
 

Figure 10: Evolution of energy loss and apparent stiffness (Ra=3.2µm, Fe=1Hz) 

In both assembled pieces, the higher the tightening torque, the higher the energy loss. To properly analyze 

the evolution of energy loss, it is useful to recall its analytical expression for a simple linear one-degree-

of-freedom system 

 
2

md xcW   (1) 

and the potential elastic energy 
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with k the stiffness, c the damping coefficient (physical space), xm the maximum vibratory amplitude in a 

cycle and 𝜔 = 2𝜋𝐹𝑒 the angular frequency of excitation. 

In the particular case of 𝜔 = 𝜔0 (angular eigenfrequency), then the modal damping ratio is given by 

 4
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In the more general case, 

 
k
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E

W

p

d 2  (4) 

For a purely linear system, this ratio should be constant, whatever the vibratory amplitude is. If this ratio 

shows a dependency versus xm, then it proved that either k, or c, could be sensitive to values of xm. 

Evolutions of this ratio for an assembled piece (Ra=3.2 µm) are given on Figure 11, in comparison with 

the monolithic version (the second version with Ra=0.8 µm gave similar trends). Two observations can be 

done. 

 The monolithic shows a quasi-stationary tendency: its behaviour may then be concluded as linear. 

 For the assembled version, the weaker the tightening torque, the higher the ratio. Besides, there is 

a clear change of behaviour for xm>40 µm and To<40 Nm. However, it is not yet obvious whether 

it is k, or c, or both of them which depend on xm. 

 

  

Figure 11: Evolution of the ratio between energy 

loss and elastic energy (Ra=3.2µm,Fe=1Hz) 

Figure 12: Energy loss for different excitation 

frequencies (Ra=3.2µm,To=60Nm) 

To eliminate this uncertainty, we first return to the expression of energy loss for a linear 1-dof system 
2

md xcW  . According to this formula, for a constant frequency ω, the energy loss should follow a law 

in 𝑥𝑚
2 . It is confirmed on an assembled case (Ra=3.2µm, To=60Nm) by varying excitation frequency from 

10 to 80 Hz (Figure 12). 

1196 PROCEEDINGS OF ISMA2020 AND USD2020



 
 

Figure 13: Evolution of the damping coefficient c (Ra=3.2 µm, To=5 Nm on the left, To=50 Nm on the 

right) 

The physical damping coefficient c can be estimated using the following formula 

 
2

m

d

x

W
c


  (5) 

For a linear structure, this coefficient c should be constant, and in particular independent from the 

excitation frequency ω and the vibratory displacement xm. Its value is computed from measurements for 

different frequencies and two extreme cases of torque 5 Nm and 50 Nm (Figure 13). It shows that c is 

strongly dependent on ω (logarithmic scale on ordinate axis). Besides, if the torque is low (5 Nm, figure 

on the left), then c depends also on xm. On the other side, if the torque is high (80 Nm, figure on the right), 

then c is almost independent of xm: it behaves linearly. 

From these observations, an empirical law for the expression of c may be proposed as a product of 2 

independent functions: 

    mo xTc ,  (6) 

When the excitation frequency ω is fixed, then 

 if the torque value To is weak, then θ depends on the vibratory displacement xm; 

 if the torque value To is high, θ is almost constant, so is c: the structure behaves then linearly. 

In practice, the torque applied on a bolted joint is almost always high, because it needs to fulfill its 

function of static link. Hence for a fixed sine excitation, the physical damping coefficient c can be 

considered as constant. On the other hand, for variable excitation frequency, the evolution of c depends on 

the variation of ω, but not on xm.  

As a consequence, when a structure assembled with bolts is tested by modal analysis, variations of modal 

damping ξ may not be due to a dependency of c to displacement xm, but to the dependency of apparent 

stiffness k versus xm, and mostly to the dependency of c to excitation frequency ω (particularly visible 

during a sine sweep excitation). 

6 Conclusion 

A test bench was designed to study the dynamic behaviour of a bolted joint. It combines a piezo-actuator 

with a controller to precisely apply displacement on the side of a test piece. Force and micro-vibrations 

were respectively measured by a tri-axial force cell and by capacitive sensors. Data analysis showed that 

apparent stiffness and energy loss are highly dependent on mechanical and test conditions. In brief, 
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apparent stiffness is highly dependent on vibratory displacement, while damping coefficient mostly 

depends on excitation frequency for a strong torque applied on the bolt. Besides, it could also suggest that 

variations of modal damping for structures assembled by bolted joints are mostly due to sensitivity of 

apparent stiffness, and to a lesser extent to variations of physical damping coefficient. 
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Abstract 
The investigation of the friction-induced nonlinearity in the contact interfaces of the joints is critical in 

assembled structures. On the other hand, in the experimental study of the steady state response of the system, 

controlling the excitation force and its higher harmonics is one of the known challenges in testing joints. In 

this paper a detailed 3D finite element (FE) model capable of simulating the microslip behaviour at the 

contact interface of a bolted joint is adopted. Due to the high computational cost of this model, a 1D 

equivalent model is also constructed for the bolted structure using beam and Jenkins elements to represent 

the effects of slip and slap behaviour in the contact interface. The equivalent model shows good performance 

in quantifying the energy dissipated due to damping compared to the 3D detailed model. In addition, to 

capture the friction behaviour in the contact interface due to micro-slip mechanisms, a set of experimental 

tests were performed where the hysteretic behaviour of bolted joints was investigated. 

1 Introduction 

Most mechanical structures are composed of various substructures assembled by mechanical joints. 

Amongst the various types of mechanical joints, bolted joints are widely used due to their simplicity in 

assembling mechanical structures and their ability to transfer forces and moments between substructures. 

The main advantages of bolted joints over other types of connections such as welded joints are their 

acceptable strength, safety, and durability. However, despite their simplicity, their inherent dynamics are 

too complex to be easily modelled and analysed. In contrast to welded joints, bolted joints do not show 

repeatable performance under dynamic loads and vibration, often due to the loosening phenomenon which 

is often avoidable by using locking mechanisms.  

The first attempt to model hysteretic behaviour was undertaken by Timoshenko [1]. Later, Iwan [2, 3] 

extended the approach suggested by Timoshenko which assumes that a general hysteretic system is 

composed of a large number of elastoplastic elements with different yield levels. Iwan [3] introduced one 

of the earliest models of mechanical joint interfaces consisting of a series of Jenkin’s elements in parallel or 

series combinations. This model has been the basis of many other joint models developed thenceforth, [4, 

5, 6, 7]. Gaul et al. [8] experimentally studied the nonlinear damping and response function characteristics 

of bolted joints. Lenz and Gaul [9, 10] studied the behaviour of a bolted joint when it is subjected to 

longitudinal and torsional forces. They used the Valanis model, which is well known in plasticity [11], as a 

reduced order lumped model, and showed that this model is capable of describing the nonlinear dynamic 

behaviour of a bolted joint contact interface. Segalman [12] used the parallel series Iwan model in series 

with a soft element to represent the contact patch and the rest of the joint respectively and showed that this 

model is a good candidate to capture the nonlinear physics in the contact interface.  

1199



Considering the softening effect at the contact interface of a bolted lap-joint, Ahmadian and Jalali [13] 

proposed a lumped joint model consisting of linear and cubic springs and linear damping elements. Yuan et 

al. [14] used the adjusted Iwan model to simulate the behaviour of a bolted joint. Bogard et al. [15] provided 

a review on various methods of modelling the behaviour of mechanical joints in assembled structures. Jalali 

et al. [16] identified the parameters of a Valanis model governing the nonlinear restoring force raised by the 

micro-slip mechanism at the contact interface of the clamped end of a cantilever beam by using the 

describing function inversion method. Song et al. [17] developed a general joint interface element to predict 

the dynamics of structures at which both friction and impact at the contact interfaces cause energy 

dissipation. In this model, they considered various behaviours of stick, slip, and slap in the contact. 

Ahmadian and Mohammadali [18] proposed a zero thickness interface model to predict the slip and slap 

dynamic behaviours of joint contact interfaces in the normal and shear directions of the interface, 

respectively. A comparison was made by Lacayo et al. [19] between the performance of a time-domain 

whole-joint approach and a frequency-domain node-to-node approach. They introduced a numerical 

benchmark in order to assess the efficiency of the two joint modelling approaches in predicting and 

simulating the dynamics of a mechanical joint.  

Lingfei et al. [20] introduced an order-reduction modelling approach to estimate the dynamic response of a 

bolted joint structure. This model takes into account the effects of nonlinearity in the contact interface, 

damping due to various phenomena and geometrical characteristics of joint structures. Schwingshackl et al. 

[21] investigated the nonlinear dynamic response of bolted flange joints. They proposed a model with three 

dimensional elements and verified the capability of the model in regenerating both the nonlinear frequency 

response and the underlying nonlinear mechanism of the flange joint. The results of their study showed that 

the flange bolt connection is the main region at which energy is dissipated in a bolted flange joint. Meisami 

et al. [22] introduced a detailed model of the dynamic behaviour of bolted flange joints. This model consists 

of cantilever beams and springs, respectively representing the joint laps and bolts, and showed that bilinear 

stiffness is required in modelling the flange joints. The dynamic behaviour of joint laps can be modelled 

using Euler-Bernoulli beam theory. Beaudin and Behdinan [23] suggested a model with analytical 

parameters related to the flange geometry to consider the nonlinearity due to friction and partial clearance 

at the contact interface. By introducing this model, they avoided the complexity of previous models, that 

require experimental testing for model updating of numerous nonlinear parameters.    

Many types of mechanical joints, such as bolted lap joints, under platform dampers, blade roots, shroud 

contacts and bolted flange joints have been investigated by many researchers. However, bolted flange joints 

are widely used in assembling mechanical structures such as aero-engine casings. An accurate model is 

required to understand the uncertainties involved in the contact interfaces of a bolted joint. However, many 

researchers showed that this type of model is numerically expensive and therefore this motivates the search 

for equivalent models. The development of a reduced order model based on a detailed model have received 

less attention by investigators in the past. The numerical model of the joint should be computationally 

efficient so that the costs of the numerical simulation are minimized. In this paper, the micro-slip behaviour 

at the contact interface between two flange substructures is analysed using two models. In the first model, 

the substructures and the contact interface are considered in detail by using 3D solid and point-to-point 

contact elements and a detailed 3D FE model is constructed in ANSYS. By using this model different 

behaviour in the tangential direction of the contact interface, such as sticking, micro-slip and macro-slip, 

can be simulated. However, the dynamic analysis of the detailed model of a joint is computationally 

expensive, hence there is an urgent need to develop equivalent reduced order models. To this end, a reduced 

order model is proposed for the bolted structure in which beam elements and an appropriate joint model 

consisting of Jenkins elements are used. An identification scheme is proposed and the joint model 

parameters in the reduced order model are characterized by using the linear and nonlinear behaviour of the 

contact interface in the detailed model. Good agreement is achieved between the detailed model and the 

identified reduced order model. Finally, a set of experimental tests were performed in order to capture the 

friction behaviour in the contact interface due to micro-slip mechanisms and analyse the dynamic behaviour 

of the structure.   
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2 Detailed 3D Joint Model 

In this section a detailed three-dimensional finite element model of two bolted rectangular flanges is 

developed. The FEM analysis is performed using the commercial software ANSYS Workbench. A bolted 

joint consisting of three M10 through bolts, three nuts, three washers and two rectangular flanges connected 

by the bolts, as shown in Fig. 1, is considered. Structural steel with the following parameters was assigned 

as the material for whole model, i.e. bolts, nuts, washers and substructures; E = 200 GPa, ν = 0.3 and  

ρ = 7850 kg/m3, where E is the Young’s modulus, ρ is the mass density and ν is the Poisson’s ratio. The 

dimensions of the bolted structure are given in Fig. 1. For simplicity, the threads are not modelled in this 

paper. The two L-shaped substructures have the same geometric and material properties. 

 

Figure 1: Bolted flange geometry and dimensions (mm) 

To provide high accuracy in the contact analysis, particular care was taken to ensure that the pairs of nodes 

on the two contact surfaces using nonlinear elements are coincident to ensure an accurate interface mesh. 

The FE model is constructed using a fine mesh in the contact area, bolts, nuts and washers, as shown in Fig. 

2(a). A very fine mesh was added near the flange holes to capture the high stress gradients as shown in Fig. 

2(b). To model the bolts, a solid bolt simulation type was considered. This type requires the use of solid 

elements to model the bolt stud, head and nut. Therefore, a minimum of 3 elements in the thickness direction 

of the flanges, bolt heads, nuts and washers was used to provide accurate results. A coarse mesh was used 

far from the contact interface. Tetrahedral elements were used in the mesh, as shown in Fig. 2. The assembly 

has 17440 elements and 91864 nodes. 

 

 

  

(a) (b) 

Figure 2: (a) Mesh details of the model (b) contact interface section view 

Three types of contact embedded in ANSYS are used in the model; bonded, frictionless and frictional. 

Frictionless behaviour allows the parts to slide relative to one another without any resistance. This type of 
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behaviour was assigned to the contact between the bolt-shank and flange holes and between the bolt-shank 

and the washer. The frictional contact provides shearing forces between the parts in contact and was assigned 

between the contact bolt head to the top surface of the upper flange, the nut interface to the bottom surface 

of the lower flange and the interface between the upper flange and the lower flange. Finally a bonded contact 

was assigned to the contact nut interface to the bolt. The contact interfaces of the bolted joint are modelled 

in ANSYS based on the type of the contact between parts. In the normal direction, ANSYS prevents the 

contacting bodies from interpenetration by enforcing contact compatibility using contact algorithms [24]. 

For the case of nonlinear solid body contact, the Augmented Lagrange and Pure Penalty formulations are 

chosen for frictional or frictionless and bonded contacts respectively. These methods combine robustness 

and high accuracy of the nonlinear contact solution. These two formulations are penalty-based contact 

formulations. Friction behaviour is considered following Coulomb’s law 𝐹𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑖𝑎𝑙 ≤ µ 𝐹𝑛𝑜𝑟𝑚𝑎𝑙 where µ 

is the coefficient of static friction. Once the tangential force, 𝐹𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑖𝑎𝑙, exceeds µ 𝐹𝑛𝑜𝑟𝑚𝑎𝑙 sliding will 

occur. If µ is zero then the contact behaves as frictionless. In this model, a coefficient of friction of µ=0.2 

for steel-on-steel contact was assigned to the contacting area between the two flanges.  

Regarding loads and boundary conditions, the lower side of the bottom flange was constrained and a bolt 

axial load was applied to the three bolts. A pretension in the bolts was generated at the mid-plan of the bolt 

to initially displace the upper and lower segment of the bolt stud towards each other and therefore create a 

preload effect. To specify the pretension in the bolt, a local coordinate system was defined with the Z-axis 

along the bolt length as shown in Fig. 3(a).  

  

(a) (b) 

Figure 3: (a) Pretension in the bolts (b) External load 

Due to the presence of the bolt pretension, the simulation was performed over two load steps. During the 

first load step, the different assembly interferences are calculated to provide the prescribed preload and 

reaction forces into the bolts and mimic the assembly of the two flanges. Once the bolt pretension load is 

achieved, then the calculated reaction force agrees with the applied preload in the bolts. During the second 

load step, the external load was applied to the bolted joint as shown in Fig. 3(b). 

  

(a) (b) 

Figure 4: (a) Contact status (b) Contact pressure at the contact interface 
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The contact status shown in Fig. 4(a) shows the presence of sliding and sticking behaviour in the contacting 

area between the two flanges. Sliding is caused by the elements that slide on the surface of the contact; 

however sticking is caused by the contact elements that cannot move and therefore penetration occurs. The 

resulting contact pressure at the contact interface given in Fig. 4(b) shows a nearly uniform distribution. 

In the following, the modal properties of the assembled structure are presented. To determine the natural 

frequencies and mode shapes of the system, an eigenfrequency study was performed using ANSYS 

Workbench. A fixed constraint was applied to the base of the lower flange. The first 6 natural frequencies 

and their corresponding mode shapes are given in Table 1 and Fig. 5, respectively. 

Table 1: Simulated natural frequencies (Hz) 

- 𝜔1 𝜔2 𝜔3 𝜔4 𝜔5 𝜔6 

Simulated 34.93 196.84 245.88 419.95 589.97 760.2 

The interest in this paper is the bending modes, and their corresponding natural frequencies will be compared 

to those of the equivalent model given in the next section. Therefore, only modes 1, 2 and 5 will be taken in 

consideration in this study. In addition, the focus in this paper is only on the slip mechanism and its 

nonlinearities in the joint interface. The slap mechanism is not considered and therefore no large deflection 

nonlinearities occur. Thus the scope of this paper is within the linear region of the joint, apart from the 

interface friction, and the large deflections shown in the different modes in Fig. 5 is only for visualization. 

      
Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 

Figure 5: The first six modes of the bolted flange model  

To achieve a robust equivalent model of the detailed model, which will be presented in the next section, the 

detailed model needs to provide well-converged results. Therefore external forces were applied to the 

structure as shown in Fig. 3(b), where two periodic forces, F1(t) and F2(t), with opposite sign and equal 

amplitude were applied to the contact interface. These forces are defined as 𝐹1(𝑡) = 𝐹2(𝑡) = |𝐹| sin(𝜔 𝑡) 

where |F| = 4 kN. Hysteresis loops at a points at the contact interface, are given in Fig. 6, for two different 

excitation frequencies. It can be observed that the curve shows a hysteresis loop which has a parallelogram 

shape where two stages can be identified. The first stage occurs when the variation of the relative 

displacement is very slow relative to the variation of the applied load. This behaviour corresponds to 

sticking. Increasing the applied load leads to gross slip and a microslip occurs during the transition between 

the stick and gross slip. This loop is used to quantify the energy dissipated in the joint contact due to the 

damping of the joint. These results show that the detailed model is able to identify the behaviour of microslip 

transition between the elastic contact deformation zone and the full macro-slip zone.  

To verify the reliability of the detailed model, a parametric study was performed where the effect of bolt 

preload and force excitation frequency on energy dissipated at the contact interface between the two flanges 

is shown in Fig. 7. 
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(a) (b) 

Figure 6: Hysteresis loop in the x-direction at the contact interface for frequency excitations (a) ω = 7Hz  

(b) ω = 15Hz 

The results obtained from the detailed model under the described load case suggests this model is a good 

test case to model the microslip and macroslip behaviour with an FE approach. The main drawback of this 

type of model is the high computational cost. Therefore, an equivalent model of the 3D detailed model is 

formulated in the next section. 

  

(a) (b) 

Figure 7: Hysteresis loops at the contact interface for different (a) Excitation frequency (b) Bolt preload 

3 Equivalent 1D model 

An effective approach to construct an equivalent model for the bolted flange structure considered in previous 

section is through using beam elements to model the beam sections and using appropriate joint models to 

represent the effects of slip mechanism in the contact interface. A representation of the reduced order model 

of the bolted flange structure is shown in Fig. 8. The bolted flange structure is composed of two L-shaped 

plates which are connected using three bolts. Since the bending behaviour of this structure is of interest, the 

L-shaped plates are reduced in the equivalent model to Timoshenko beam elements [25, 26]. Timoshenko 

beam elements are placed in the mid-plane of the plate sections, and rigid constraints (or MPCs) are used to 

relate the DOFs in each L-shaped beam section. Finally, appropriate joint models have to be considered to 

model the behaviour of the contact interface in the normal (i.e. x) and tangential (i.e. y) directions. 
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Figure 8: Equivalent model of the bolted flange structure 

The joint model used in this paper is introduced in the following. There are two well-known mechanisms 

that develop in a contact interface: micro/macro slip in the tangential direction and micro-vibro-impacts in 

the normal direction [27]. The model used to consider the slip mechanism in the tangential direction is 

described first. From a microscopic point of view, a contact interface is composed of a number of 

discontinuous contact points. The behaviour of each of these contact points is linear under small loading 

conditions due to local microscopic elastic deformations. When the applied load is increased beyond a 

certain level, such that the portion of the load carried by a contact point exceeds the critical slip force, the 

contact point starts to slip. Therefore the behaviour of a single contact point can initially be modelled as a 

combination of a linear spring 𝑘1 in series with a frictional slider element as shown in Fig. 9(a). The force-

displacement behaviour of a contact point remains linear even after slippage occurs at that point. This is 

mainly due to the linear behaviour of the other contacting points which are in the pre-slippage stage. This 

linear behaviour is also physically justifiable after all contact points start to slip, i.e. the macro-slip stage of 

the contact interface, in the case of a bolted joint. 

 

 

(a) (b) 

Figure 9: (a) Jenkin's element used to model the slip mechanism (b) Corresponding force-displacement 

diagram 

In bolt jointed structure this post slip elastic behaviour is due to the presence of the bolt [28]. This linear 

post slip behaviour of a contact point can be modelled as a linear spring element 𝑘2 parallel to the 

combination of the linear spring and frictional slider elements to form the well-known Jenkin’s element 

shown in Fig. 9(a) [29]. The force-displacement behaviour of the Jenkin’s element is shown in Fig. 9(b). 

Therefore, a number of Jenkin’s elements representing the behaviour of contact points can be used to model 

the tangential behaviour in a joint interface. These Jenkin’s elements must have different critical slip forces, 

i.e. 𝐹𝑠. One of the challenges in modelling contact interfaces is the identification of the distribution of the 

critical slip forces over the contact interface. In the Iwan model, the number of sliders is considered infinite 

and a probability distribution function is identified for the critical slip forces [30, 6]. In this paper, a finite 

number is considered and a method is proposed to identify the distribution of the critical slip forces based 

on data from the detailed model. 
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(a) (b) 

Figure 10: A schematic of (a) The bolted flange model (b) Contact interface model 

The behaviour of the contact interface in the normal direction is considered linear in this paper. In other 

words, it is assumed that, for a specific range of frequency excitation and applied force, the nonlinear 

mechanism is such that micro-vibro-impacts do not occur in the contact interface in the normal direction. 

Fig. 10(a) shows a schematic of the contact interface modelling. The linear behaviour in the normal direction 

is modelled using a linear spring 𝑘𝑛, as shown in Fig. 10(b).  

The equation governing the dynamic response of the reduced order beam model introduced in Fig. 8 can be 

expressed as, 

 [𝑀]{�̈�} + ([𝐾] + [�̅�(𝑘1, 𝑘2, 𝑘𝑛)]){𝑑} + {�̅�(𝐹𝑠𝑖)} = {𝐹(𝑡)} (1) 

where [𝑀] and [𝐾] are the mass and stiffness matrices corresponding to the beam sections of the structure 

modelled using beam elements, {𝑑} and {𝐹(𝑡)} are the vectors of global structural displacement and force 

fields, [�̅�(𝑘1, 𝑘2, 𝑘𝑛)] is the contribution of the contact interface to the global stiffness matrix and {�̅�(𝐹𝑠𝑖)} 

is a nonlinear force vector which is a function of the distribution of the critical slip forces. In this paper, it 

is assumed that all the Jenkin’s elements have the same stiffness properties in the normal and tangential 

directions, but they differ in their critical slip forces. It is worth mentioning that the critical slip force, 𝐹𝑠𝑖, 

has its maximum close to the bolt and it reduces in regions far from the bolt. This is due to the distribution 

of the normal pressure in the contact interface. This fact will be used in the identification of a distribution 

function governing the critical slip forces in next section. In Equation (1) the parameters associated with 

contact interface, i.e. 𝑘1, 𝑘2, 𝑘𝑛 and the distribution of 𝐹𝑠𝑖, must be identified. In the next section an 

identification scheme is introduced for the contact interface parameters. 

4 Joint model Identification 

4.1 Identification approach 

The hysteresis loops of the bolted flanges are obtained from the detailed model and 𝑚 Jenkin’s element are 

used to model the contact interface, as shown in Fig. 10(b) . The slopes of the force-displacement curve in 

the two linear portions are used to determine 𝑘1 and 𝑘2. At low force levels (i.e. before any slippage takes 

place) both of the springs 𝑘1 and 𝑘2 contribute to the tangential stiffness of the contact interface, therefore 

the total tangential stiffness in the reduced order model is 𝑚(𝑘1 + 𝑘2). Similarly, at high levels of force and 

after all of the slider elements reach their critical slip forces, only the 𝑘2 springs are active and therefore the 

total tangential stiffness of the reduced order model is 𝑚𝑘2. By comparing these stiffnesses, i.e. 𝑚(𝑘1 + 𝑘2) 

and 𝑚𝑘2, with the slopes of the two linear portions in force-displacement curve in Fig. 9(b) one obtains 

𝑘1 =
𝐾1

𝑚
 and 𝑘2 =

𝐾2

𝑚
. After identifying the linear tangential stiffness coefficients of the contact interface, 

there is one more linear stiffness in the normal direction left to be identified. This is done by comparing the 

natural frequencies obtained from the detailed model and the ones obtained from the reduced order model. 

Since 𝑘1 and 𝑘2 are known, the equation governing the linear free vibration behaviour of the reduced order 

model is, 
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 [𝑀]{�̈�} + ([𝐾] + [�̅�(𝑘𝑛)]){𝑑} = {0} (2) 

By considering a harmonic response of the form {𝑑(𝑡)} = {𝑋} sin(𝜔𝑛𝑡) in Equation (2), the natural 

frequencies are obtained as a function of 𝑘𝑛, the contact interface normal stiffness. 𝑘𝑛 can be determined 

by minimizing the difference between the actual and predicted natural frequencies for the first bending mode 

using a sensitivity based identification scheme [31]. Next, the identification of the distribution of the critical 

slip forces 𝐹𝑠𝑖 is considered. First the minimum and maximum values of 𝐹𝑠𝑖 are determined. As described 

earlier in this section, at the end of the first linear part in force-displacement curve the first slider has the 

minimum critical slip force and slides. Since slider 𝑖 slides when 𝐹𝑠𝑖 = 𝑘1∆𝑢, therefore the minimum critical 

slip force in the contact interface is obtained as (𝐹𝑠)𝑚𝑖𝑛 = 𝑘1∆𝑢1. The same logic can be used to obtain the 

maximum critical slip force in the contact interface. The last slider with maximum critical slip force slides 

at the beginning of the second linear part in the force-displacement curve. Therefore, the maximum critical 

slip force is obtained as (𝐹𝑠)𝑚𝑎𝑥 = 𝑘1∆𝑢2. The symbols ∆𝑢1 and ∆𝑢2 are the relative displacement in the 

contact interface corresponding respectively to the end of the first linear part and beginning of the second 

linear part, as shown in Fig. 11(a). 

 
(a) (b) 

Figure 11: (a) The displacements corresponding to the minimum and maximum critical slip forces (b) The 

assumed distribution for the critical slip force 

Knowing the maximum and minimum values of the critical slip force, the distribution of the critical slip 

forces needs to be identified. As mentioned before, the distribution of the critical slip force in the contact 

interface is a function of the contact pressure in the normal direction. The normal contact pressure is high 

close to the bolt and gradually decreases to reach its minimum value at the furthest point from the bolt. 

Therefore it is assumed that the maximum and minimum critical slip forces correspond respectively to the 

right and left corners of the contact interface, as shown in Fig. 11(b). In addition, it is assumed that the 

critical slip force changes exponentially over the contact interface as (Fig. 11(b)), 

 𝐹𝑠(𝑧) = 𝑒(𝛼+𝛽𝑧+𝛾𝑧2+𝜆𝑧3) (3) 

where 𝑧 is a distance parameter and 𝛼 and 𝛽 are defined as follows, 

 𝛼 = log ((𝐹𝑠)𝑚𝑖𝑛), 𝛽 =
1

𝐿
(log((𝐹𝑠)𝑚𝑎𝑥) − log((𝐹𝑠)𝑚𝑖𝑛) − 𝛾𝐿2 − 𝜆𝐿3) (4) 

where 𝐿 is the length of the contact interface and 𝛾 is an unknown parameter to be identified. 

4.2 Identification results 

The hysteresis loops in Fig. 7 are first used to determine the linear tangential stiffness of the contact interface 

in the equivalent model, i.e. 𝑘1 and 𝑘2, by following the method described in the previous section. 
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The identified stiffness coefficients for the tangential direction of the contact interface are presented in Table 

2. 

Table 2:  Identified stiffness parameters of the equivalent model (N/m) 

𝑘1 𝑘2 𝑘𝑛  

26582275 1641255 5410655000 

The contact interface in the equivalent model was modelled using m Jenkin’s elements, where 𝑚 = 51. 

Knowing the stiffness coefficients in the tangential direction, the normal contact stiffness of the equivalent 

model, i.e. 𝑘𝑛, is identified by updating the linear part of the equivalent model using the first three bending  

natural frequencies as described in the previous section. The comparison between detailed and equivalent 

model natural frequencies is given in Table 3. 

Table 3: Comparison of the natural frequencies from detailed and equivalent models (Hz) 

 𝜔1 𝜔2 𝜔3 

Detailed model 34.93 196.84 589.97 

Equivalent model 35.37 194.54 606.82 

Error (%) 1.26 -1.16 2.85 

The results shown in Table 3 indicate that the equivalent model can predict the natural frequencies of the 

detailed model with an acceptable accuracy. Regarding the identification of the distribution of the critical 

slip forces in the contact interface of the equivalent model, the force-displacement curves shown in Fig. 7(a) 

and Fig. 7(b) were used by employing the identification scheme proposed in the previous section. The 

identified equivalent model was then used to predict the hysteresis loops. The identified critical slip force 

distributions for different bolt pre-tensions are shown in Fig. 12(a). In Fig. 12(b) the simulated and predicted 

hysteresis loops are compared. The results given in Fig. 12(a) show that the identified distributions for 

critical slip forces at a constant bolt pre-tension follow a similar pattern. Fig. 12(b) shows that the identified 

distributions of the critical slip forces for the equivalent model can predict the simulated hysteresis loops 

obtained by the detailed model with a high accuracy. 

  

(a) (b) 

Figure 12: (a) Identified critical slip force distribution (b) Comparison between the simulated (circles) and 

predicted (solid lines) hysteresis loops at ω=2 Hz and F=4 kN for different bolt preloads. 
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In order to evaluate the predictability of the equivalent model, the prediction of the hysteresis loops at a 

different excitation frequency are considered. Figure 13 shows the identification of the critical slip force 

distribution for different excitation frequencies at a constant force amplitude of F=4 kN and bolt pre-tension 

of P=5 kN. The similarity of the different curves shows that, if the excitation amplitude and the bolt pre-

tension are constant, then the same force distribution is identified for the slip forces for different excitation 

frequencies. In addition, the identified distribution of slip force at excitation frequency of 

𝜔 = 2 Hz may be used to predict the hysteresis loops for other excitation frequencies, as shown in Fig. 14. 

 

Figure 13: Identified critical slip force distribution for different excitation frequencies at P=5 kN and  

F=4 kN 

The results presented in Fig. 12 to 14 show that the proposed method for modelling the contact interface of 

bolted flanges effectively captures the physics and predicts the dynamic response of the assembled structure.  

 

(a) (b) 

Figure 14: Comparison between the simulated (dots) and predicted (solid lines) hysteresis loops at P=5 kN 

and F=4 kN for frequency excitations (a) ω = 7Hz (b) ω = 15Hz 

5 Experimental testing of bolted joint 

The characterisation of the dynamic behaviour of nonlinear systems is complicated. The natural frequencies 

and damping can be affected by the support structure or the excitation techniques. Hence, experimental tests 

are performed on two bolted flanges to identify the nonlinearity and estimate the uncertainties on the 

predictions of the natural frequencies and damping of the system and hence assure an accurate bound on 

uncertainty propagation during model assembly. 
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Two rectangular flanges were fabricated using the dimensions shown in Fig. 1. The flanges were made from 

steel. Three identical M10 bolts and nuts were used to joint these two flanges. Three accelerometers were 

bonded to the flanges to measure the response of the structures. Initially, to minimize the effects of 

uncertainty in boundary conditions, free-free boundary conditions are used for the bolted flanges by 

suspending the structure using flexible strings as shown in Fig. 15.  

  
(a) (b) 

  

(c) (d) 

Figure 15: Free-Free Modal test and FRF results using (a, b) Hammer (c, d) Shaker 

A hammer and shaker were used to perform two modal tests as shown in Figs 15(a) and 15(c) where the 

force amplitude was varied and the response was measured at different locations on the structure. The results 

in Fig. 15(b) and 15(d) show the FRF measured from the response under a sweep sine excitation for different 

force amplitudes. These results showed a shifting of the natural frequency caused by the presence of a 

friction mechanism in the contact interface. A second set of tests was performed where one of the flange 

ends was clamped between two heavy blocks of steel which were clamped to a heavy laboratory table, as 

shown in Fig. 16. Three accelerometers and a shaker were used to measure the response of the structure 

under different force levels. 

  

Figure 16: Test rig setup for the clamped bolted joint. 
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Varying the force level amplitude of the force applied by the shaker to the flange, the FRFs were obtained 

and are plotted in Fig. 17(a). A softening behaviour was shown in the results where the natural frequency 

shifts with the force amplitude. Note that the force signal is filtered in real time using a LabView code to 

remove the harmonics in the force signal, and this raises some resolution issues that are being resolved; 

therefore the FRF curves show some points that didn’t converge as shown in Fig. 17(b). 

  

(a) (b) 

Figure 17: (a) FRF (b) Force amplitude for different excitation force levels 

6 Conclusion 

In this paper, a detailed model of bolted flanges was constructed to capture the friction behaviour in the 

contact interface due to the micro-slip phenomenon. Static and dynamic loads were applied to the joint and 

the force-displacement curves and hysteresis loops were obtained for the contact interface. Since detailed 

modelling is often not possible in real engineering applications, an equivalent model was constructed by 

using beam elements and a proposed joint model consisting of Jenkin’s elements. Based on an identification 

scheme, the linear and nonlinear parameters of the equivalent model were identified using the results from 

the detailed modelling approach. The equivalent model showed a good ability to predict the dynamic 

response of the assembled bolted flange. It was shown that the equivalent model identified at an excitation 

frequency of 𝜔 = 2 Hz, can predict the hysteresis loop for other excitation frequencies. This predictability 

characteristic of the equivalent model makes it applicable in real loading conditions where the excitation 

force is usually a combination of different frequencies. Also, by using the equivalent modelling approach, 

it is possible to establish a relationship between the joint geometry and the equivalent model parameters 

which is a great help in using bolted joint models in a real design application. In addition, several modal 

tests were performed on the bolted joint in order to investigate the possibility of capturing the friction 

mechanism occurring in the contact interface. In this paper the contact mechanism in the normal direction 

was considered linear and the equivalent model parameters were identified using the simulation results. 

Considering the nonlinear slap mechanism in modelling the contact interface in the normal direction and 

identifying the model parameters by using experimental results will be considered in future work. 
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Abstract 
Bolt looseness is a major problem for high valued infrastructure assets such as bridges. Historical data 
indicates failure in the operating bridges is related to bolted joints. This reveals defects generated by small 
components can leads to major problem thus early detection is required. In this paper, a novel methodology 
to characterize the bolt looseness using optimal filtering of vibration data is proposed. A Spectral Kurtosis 
(SK) based optimal filter is designed to extract frequencies that are generated by bolt looseness. The filter 
is capable of extracting weak signatures (hidden in acceleration data) that are generated by bolt looseness. 
The proposed approach is demonstrated through experiments. Results have indicated that the proposed 
approach can be reliable and effective in detecting loose bolts of a structure subjected to fluctuating loads.  

1 Introduction  

For many civil infrastructures such as building and bridges, bolted joints are commonly preferred as they 
enable modular construction methods. Owing to its practicality for easy replacement and less disruption 
during the construction stage, bolting has always been a popular option. According to the Korean 
Expressway Corporation, historical data shows 33% of failure in the operating bridge are related to bolted 
joints [1]. This finding clearly identifies the need for efficient planning of scheduled maintenance operations. 
Previous root cause analysis has also revealed that the majority of the bolt defects are caused by insufficient 
preload and large vibrations.  
Bridge vibration behaviour by nature can be categorized as a random vibration phenomenon with stationary 
frequencies arising as a result of pacing traffic. Ensembles of the vibration data may contain a pattern, which 
can be represented or modelled in a deterministic sense. This vibration pattern can be modelled as a 
combination of the stationary and non-stationary signals. Bolted joints are prone to lose their tensile strength 
due to the high level of vibration. Monitoring the change in looseness along the axial direction of the bolt 
can convey the structural health condition[2].  
Bolt looseness by definition is a condition in which, the tension or the axial force is inadequate to hold the 
structure. This can be due to the self-loosening of the nut as an effect of transverse movement produced by 
vibration under normal operation. Apart from vibration, there are other root causes of bolt looseness; for 
instance, under-tightening, embedding, gasket creep, differential thermal expansion and shock. As a result, 
measurement and estimation of this force can contribute to health performance of the structure. Bolt 
looseness detection is one of the Structural Health Monitoring (SHM) application used to monitor  structural 
integrity. The vibration-based method is a popular choice to implement SHM due to its effectiveness and 
outstanding performance. For instance, this can be achieved by using a displacement sensor to monitor joint 
conditions [3], accelerometer with forced excitation for modal analysis [4] and output-only signal processing 
algorithm using ambient excitation [5]. 
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Conventional signal processing techniques for SHM can be classified as time series, frequency and time-
frequency analysis. In time series analysis, it is normally based on observation of variance in statistical 
features such as standard deviation, peak, mean and root mean square of signal. A bolt looseness detection 
application is implemented base on the residual error of an autoregression model from its standard deviation 
as damage sensitive feature [3][6]. Frequency domain analysis is performed by converting time series data 
to the frequency domain to extract features that are more sensitive in frequency bandwidth but not in time. 
Time-Frequency analysis is a technique that provides signal resolution in both the time and frequency 
domain. This allows to show the frequency location of feature and when it happens in time, Wavelet 
Transform is one of the examples.  
Pnevmatikos et al have developed a damage localisation technique based on wavelet analysis for bolted 
connection [7]; however, they failed to quantify the energy distribution to the actual remaining torque of the 
bolts. This is essential in evaluating the severity of damage caused by looseness, owing to only a specific 
spectrum is analysed, therefore, events occurred in other bandwidth will be missed to detect.  
In this paper, a novel methodology to characterize the bolt looseness using optimal filtering of vibration 
data is proposed. The proposed methodology is described in section 2 and in the following sections, details 
of the experiments are presented. The performance of the signal processing technique to classify loose and 
tight bolts is presented in section 3. A summary of the results along with recommended future work is 
presented in section 4.  

2 Methodology: Spectral Kurtosis (SK) based optimal filtering  

Spectral Kurtosis (SK) is an analysis tool that can be used to detect transients from noisy signals. It is capable 
of extracting non-stationary frequency components buried in a time waveform. Thanks to its fourth-order 
cumulant based Kurtosis statistical parameter, which suppresses Gaussian noise and stationary signals but 
retains the impulsiveness of a signal. This technique has caught many interests in the past decade due to its 
performance in identifying non-stationary components induced by damage, and most of the applications are 
focused on the health diagnosis of rotating machines with respect to bearing damage that has a noisy periodic 
operational effect [8].  
SK was originally used to detect random frequency buried in the signal which cannot be displayed by 
traditional Fourier Transform and also is treated as a supplement to the classical Power Spectral Density 
(PSD). It was rarely been utilised despite its ability suited to many detection problems until Antoni 
connected the theory with a mathematical approach and validated with applications in vibration based 
condition monitoring [9]. The SK estimation is calculated by finding the relationship regards to signal-to-
noise ratio (SNR) in detecting transient fused with additive noise. Consider a vibration signal,𝑥𝑥(𝑡𝑡), SK can 
be calculated in equation (1) based on the spectral moments of the signal where 𝑆𝑆2,𝑥𝑥 and 𝑆𝑆4,𝑥𝑥 are the second 
and fourth moment. 

 𝑆𝑆𝑆𝑆𝑥𝑥(𝑓𝑓) ≜ 𝑆𝑆4,𝑥𝑥
𝑆𝑆2,𝑥𝑥

− 2 (1) 

The definition of spectral moment is estimated according to equation (2) 
 𝑆𝑆𝑛𝑛,𝑥𝑥(𝑓𝑓) = 〈|𝑃𝑃𝑆𝑆(𝑓𝑓)|𝑛𝑛〉 (2) 

where 𝑃𝑃𝑆𝑆(𝑓𝑓) is Fourier power spectrum of the signal, 𝑥𝑥(𝑡𝑡). 
Once the SK estimates are processed, a Wiener filter is extracted by applying a statistical threshold. The 
threshold is adaptive and the maximum value of the SK is considered for selecting a threshold. The proposed 
approach eliminates the use of baseline data. Baseline free methods are more preferred in general. In this 
study a 5% threshold on the maximum value of the SK, estimate is considered. The approach is demonstrated 
and validated in section 3. 
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3 Experimental setup 

Experiments are carried out to validate the proposed method for detecting bolt looseness. The bolted 
structured considered in this study has 28 bolts (M10 type) that are arranged in evenly spaced rows. The 
assembly is made of structural steel and consists of eight components (as shown in Figure 1a). It is assembled 
using two square lap cover metal plates (150mm×150mm×10mm) to sandwich two rectangle cover metal 
plates (300mm×200mm×10mm) using two rows of bolts as highlighted in Figure 1a below. This heavy 
structure is installed on an electro-magnetic vibration testbed (Data Physics GW-V2644 shaker controller) 
using a pair of elbow brackets (200mm×150mm×75mm) using four columns of bolts (Figure 1b). The 
weight of the structure is approximately 18.5 kg. 
 

 
 
Controlled excitation is transferred to the bolted joint using the vibration testbed. A National Instruments 
cDAQ-9234 module with a NI9171 data acquisition chassis is used to capture the vibration data from three 
piezoelectric accelerometers mounted on the topmost plate. The accelerometers are stud mounted. Both the 
shaker controller and DAQ units are connected to a PC for data exchange and computation. A LabVIEW 
program is deployed to interface with the data acquisition system for sampling the vibration data at 5 kHz. 
The schematic of the test setup is illustrated in Figure 3. The three channels of the sensors (blue dots, ACC0 
– ACC2) and loosened bolt (red bolt at the bottom left) locations on the centre plate are shown in Figure 2.  

Figure 1: Bolted joint experimental setup (a) Bolt joint (b) Assembly mounted on vibration test-bed 

(a) (b) 

Figure 3: Bolt looseness detection experimental system 
schematic 

Figure 2: Sensor locations and bolt 
arrangement 
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3.1 Multi-Mode input excitation profile   

A bridge excitation profile is chosen as a combination of multiple stationary components with a broadband 
baseline random excitation. The two stationary components represent traffic passing on the bridge. This 
assumption is proven to be realistic and previously many authors [10][11] have reported the findings.  Using 
FEA numerical simulation modal analysis performed on the bolted assembly revealed, the first three modes 
are below 500 Hz. This information is utilized to select the bandwidth of the input excitation profile. The 
profile details are listed in Table 1. The baseline broadband random vibration was matched with the 
excitation bandwidth with two stationary components with centre frequency located at ~50 Hz and ~110 Hz 
to simulate excitations received by a bridge. The input excitation model is graphically represented in Figure 
4.  

Table 1: Multi-mode vibration modelling profile 
 Multi-mode vibration components 

Frequency Range 5Hz – 500Hz 
Sinusoidal Stationary 
Component 

48Hz – 60Hz 0.5g2/Hz 
96Hz – 120Hz 0.25g2/Hz 

Random Broadband 5Hz – 500Hz 
Amplitude 2.4g 

 
Figure 4: Multi-mode excitation profile 

4 Result and discussion 

Baseline data for all bolts tight case (45 Nm torque), is acquired multiple times to confirm the repeatability. 
The input excitation profile considered showed repeatable excitations without any unstable operation. The 
vibration signals are captured for 40 seconds duration using the controlled excitation. This set of data is 
labelled to be a tight bolt (or healthy) dataset. Later, the tension in bolt near ACC0 is released until the 
tension is less than 10 Nm and the same excitation is applied to the structure. This loss of tension caused 
the onset of a weak rattling effect. It is known from previous investigations that rattling produces non-linear 
and non-stationary vibration components. This occurs due to a reduction in the local stiffness of the 
structure. These weak signatures are transferred to the structure through the washers. Traditional signal 
processing techniques such as Fast-Fourier Transform (FFT) is not suitable for non-linear and non-stationary 
signals. The aim of this study is to extract these weak signatures using Spectral Kurtosis estimates. 

1218 PROCEEDINGS OF ISMA2020 AND USD2020



The time-domain data acquired from healthy (all bolts tight) and unhealthy (ACC0 bolt loose) assemblies 
are presented in Figure 5. The signals show no clear indication of the underlying fault. The PSD estimate as 
shown in Figure 6, is able to detect slight irregularities in the data after 500 Hz frequency but cannot 
distinguish the looseness clearly.  

 
Figure 5: Raw time domain data for tight bolt case (left) and ACC0 loose bolt case (right) 

 
Figure 6: PSD graph of tight and loose case 

The Spectral Kurtosis estimate for three individual bolts is presented in Figure 7. It indicates the presence 
of multiple non-stationary components. All non-stationary components are non-linear and these non-linear 
and non-stationary components can be leached using a Wiener filter with a 5% statistical threshold. The 
Wiener filters corresponding to each accelerometer is presented inFigure 8. This is used as a bandpass filter 
on the raw vibration data to extract the vibration corresponding to the rattling phenomenon. The Hilbert 
envelope of these non-stationary components as shown in Figure 9 clearly indicates that looseness can be 
diagnosed using the proposed technique.  
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A simple peak tracking operation performed on the Hilbert envelope is illustrated in Figure 10 below. 
Clearly, for ACC0 the presence of the non-stationary behaviour is captured distinctively. The next 
accelerometer ACC1 is 135 mm away from the loosened bolt. Thus, a weaker peak appeared in the filtered 
signal. Meanwhile, ACC2 is diagonally opposite to the ACC0 location and thus we see even weaker 
signature. Even though the peak diminished gradually as we move far away from the loose case, the tight 
case for the bolts indicated a negligible peak. The proposed approach can be implemented without the use 
of baseline data (tight case data) to diagnose the looseness defect. 

 
Figure 10: Peak tracking performed on the Hilbert envelope (Figure 9) of the filtered signal 

 

   

Figure 7: SK estimates Figure 8: Wiener filter of SK 
estimates 

Figure 9: Features: Hilbert 
Envelope of the filtered signals 
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5 Conclusions 

Bolt looseness is a major problem for high valued infrastructure assets such as bridges. In this paper, a novel 
methodology to detect bolt looseness using optimal filtering of vibration data is proposed. A Spectral 
Kurtosis (SK) based optimal filter is designed to extract frequencies generated by bolt looseness. The filter 
is capable of extracting weak signatures (hidden in acceleration data) induced by bolt looseness. The 
proposed approach is validated through experiments. Results have indicated that the proposed approach can 
be reliable and effective in detecting loose bolts of a structure subjected to fluctuating loads.  
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Abstract 
Joint performance is crucial for mechanical systems, which draws attentions to predict the dynamic 

behaviors of joints. To increase the efficiency of analysis with finite element models, reusable parametric 

joint modules are generated by applying model order reduction strategies to high fidelity finite element 

models, in a substructuring approach. The method is developed for viscoelastic adhesive joints. The 

viscoelastic behavior is modeled by a fractional derivative model, introducing frequency-dependency into 

the system equations. To build up the parametric reduced joint modules, the joint parts are first divided out 

to form multiple input substructures. Then, the block second order Krylov subspace method is applied to 

generate the reduced model. This reduced model is extended to the parametric reduced order model, where 

the material properties of viscoelasticity are the maintained parameters. Additionally, an adapted primal 

assembly is developed for reassembly of this reduced model. The strategy is validated by a single-lap 

adhesive joint connecting two identical plates. 

1 Introduction 

Joints play important roles in mechanical systems, due to their large amount and high impact on 

performance, especially within the trends of light-weight design and multi-material configurations. 

Adhesive joints are one of the main types and under investigation in this paper. To predict their dynamic 

behaviors, high fidelity finite element (FE) models are usually the first option, because of their high accuracy 

and direct link with physical parameters. However, when applied to the simulation of real full-scale systems, 

their complexity leads to extremely long modelling and simulation times, and joint parts usually take 

considerable portions due to their finer FE meshes. To reduce the computation costs of FE models and 

maintain the accuracy level, model order reduction (MOR) techniques can be applied to transfer the high 

fidelity FE model to the reduced order model (ROM) with lower dimension and shorter simulation times. 

Additionally, by extracting out the adhesive joint part as a substructure and applying MOR techniques, the 

reduced joint model can be constructed as the computationally efficient joint module. 

The well-known MOR technique interacting with substructuring is the Craig-Bampton (CB) method [1], 

namely component modal synthesis. This method divides each substructure into internal and boundary parts. 

The displacements of internal part is expressed as a superposition of static and dynamic responses. The 

model reduction is achieved in the dynamic response part by modal truncation. Considering substructures 

as multiple input systems, there exists possibilities to use other types of MOR, like Krylov subspace method 

[2] and balanced truncation [3]. 

For the adhesive joints under consideration, frequency-dependency is a newly introduced factor for the 

MOR procedure. This factor comes from the viscoelastic behavior of adhesive joints. Viscoelastic materials 

typically have complex dynamic behavior which can be situated somewhere in between a solid and a viscous 
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fluid, which mainly depends on frequency and temperature. To describe this complex dynamic behavior, a 

number of models have been proposed, such as the Golla-Hughes-McTavish model [4], Generalized 

Maxwell model [5] and Fractional Derivative model [6], which are all defined as functions of frequency 

with different coefficients. They lead to varying system matrices for analysis in frequency domain. Thus, 

the well-known CB method is not feasible anymore. To fix the influence from viscoelasticity, dissipation 

coordinates[7, 8] are introduced to make the system matrices constant, and then general MOR techniques 

can be applied. Recently, an transformation of viscoelastic related functions by polynomial expansion is 

proposed [9], to implicitly embed the frequency dependency into the general system equations. With this 

strategy, no extra degrees of freedom (DOFs) are introduced into the system, and MOR techniques can be 

directly applied. However, some accuracy is sacrificed due to ignoring high order residues during the 

generation of the reduction basis. 

MOR techniques can achieve more efficient simulations of finite element models, but it is usually not robust 

when parameter values change, such as material properties and geometry sizes, which means ROM is not 

usable for different parameter values. When one parameter changes, a new ROM needs to be re-generated 

by repeating the full MOR procedure, which could be much more cumbersome if several iterations are 

needed. Therefore, to make the ROM compatible with parameter changes in the range of interest, parametric 

model order reduction (pMOR) techniques are proposed [10–12]. This way, the concept of reduced joint 

modules can also be enriched with compatibility for varying parameters. PMOR techniques can be generally 

divided into three main types: construction of global basis, interpolation of reduced information and affine 

parameter dependency [13]. Another important issue for pMOR is the sampling strategy. Although several 

strategies are proposed, such as quasi-random sampling, greedy search and sampling based on sensitivity, a 

general sampling method to optimally capture the property of parameter ranges is still not available. 

In this paper, the MOR technique for viscoelastic systems is extended to a pMOR technique, with the manner 

of substructuring, to generate a reduced adhesive joint module for efficient computation and simulation of 

structural dynamics. In section 2, the definition of viscoelasticity is briefly reviewed, and the FE model of 

a structure containing the viscoelastic material modelled by the fractional derivative model is built up. 

During the FE formulation, the viscoelastic function is extracted out of the stiffness matrix to form the affine 

parameter dependency. In section 3, the procedure of generating the computationally-efficient viscoelastic 

adhesive joint module is introduced. The substructure model of adhesive joint is first obtained. Next, the 

frequency dependency is embedded into the system equations by the polynomial approximation and the 

block second order Krylov subspace (BSOK) method [14] is applied to generate the ROM of the adhesive 

joint substructure. Then, the MOR technique is extended to the pMOR technique by construction of the 

global reduction basis. Four material properties in the fractional derivative model are considered as the 

varying parameters. With quasi-random sampling, to evenly capture the properties in the parameter ranges, 

local reduction bases are generated first, and then the global reduction basis is generated from these local 

reduction bases. With the affine parameter dependency, all fundamental reduced matrices can be 

precomputed. For a new set of parameters, the affine parameters are the only part that need to be 

recalculated. Finally, After generating the pROM of the adhesive joint substructure, all the reduced and 

unreduced substructures are reassembled together. An adapted primal assembly is developed to assemble 

substructures without division of internal and boundary DOFs. The accuracy of this pMOR strategy is 

investigated for a single lap adhesive joint in Section 4. 

2 Modelling of viscoelastic adhesives 

2.1 Fractional derivative model 

The complex dynamic behavior of viscoelastic materials is usually captured by the complex shear modulus, 

which is expressed as follows: 

  (1) G̅(ω)=Gs(𝜔)+iGl(𝜔), 
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where Gs(ꞷ) and Gl(ꞷ) represent the storage modulus and loss modulus, respectively. Their ratio becomes 

another fundamental property of viscoelasticity, the loss factor. The value of this complex shear modulus is 

defined to be highly dependent on the frequency, which means considering viscoelasticity leads to a 

frequency variant system when analyzing in the frequency domain. Temperature is another factor 

influencing this complex shear modulus, but it is neglected here as temperature effects are not being 

considered. 

To approximate this frequency dependent behavior, several models have already been proposed in the 

literature based on different dissipation functions, as mentioned in the introduction. Among these models, 

the fractional derivative model was selected to be employed as it has been proven to be well suited for 

predicting the dynamic behavior over a wide frequency range. This model contains four main parameters 

and is defined as follows: 

 G̅(s)=
G0+G∞(sτ)

α

1+(sτ)
α , (2) 

where G0 and G∞ represent the dynamic modulus at zero frequency and the high frequency value of the 

dynamic modulus, respectively. τ is the relaxation time. α is the fractional-order time derivative relating 

stress and strain fields, whose value range is [0, 1]. 

2.2 Finite element model 

With the consideration of viscoelasticity modelled by the FD model, the second order equation of motion 

for a viscoelastic system is expressed as follows: 

 (s
2
M+G̅(s)Kv+Ke)X=F (3) 

where s=2fi is the Laplace transform of the frequency f. Matrices Ke, Kv and M represent the stiffness 

matrix related to the elastic part, the stiffness matrix corresponding to the viscoelastic part and mass matrix 

of the entire structure, respectively. These matrices are all constant. G̅(s) is the complex modulus containing 

the frequency dependency, which is described by the fractional derivative model and where the frequency 

dependency locates in. It is extracted out during the FE formulation and thus the stiffness matrix 

corresponding to the viscoelastic part is transformed to the affine parameter dependency format. The 

combination of G̅(s) and Kv forms the complete representation of stiffness matrix of the viscoelastic part. X 

is the displacement vector, and F is the external loads applied to this system. In this paper, other parts that 

connected by the viscoelastic adhesive are considered as elastic structures. If other properties is wanted, it 

can be achieved by modifying matrix Ke. Besides, since the viscoelasticity is the important object in this 

paper and also introduces the damping into the system, the general damping is ignored without loss of 

generality. 

3 Generation of the parametric reduced adhesive joint 

3.1 Substructuring for adhesive joints 

The objective is to not only generate a reduced joint model for more efficient computation, but also construct 

it as a ‘standard module’, which can be applied to different structures. To achieve this, the adhesive joint is 

first separated from the entire structure. To illustrate this, and without loss of generality, two plates with a 

single lap joint are taken as the example, shown in Figure 1. The overlap region of the two plates, including 

the adhesive layer, is extracted out as the adhesive joint. Therefore, this structure is divided into three 

substructures, one joint and two substrates. Usually, the definition of substructuring also includes assembly 

of substructures, which is presented in section 3.4. 

For the substructure of the adhesive joint, the finite element model for the dynamic analysis of the elastic 

structure with the viscoelastic adhesive is written as follows: 
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 (s
2
M(j)+G̅(s)Kv

(j)+Ke
(j))X(j)=F(j)+g(j). (4) 

 

Figure 1: Single lap adhesive joint 

In this equation, g is a new item compared to the equation of motion of the entire structure, which represents 

the internal connection forces on the boundaries with adjacent substructures. It contains the coupling 

relations among substructures and can be expressed as 

 g(j)=Bg
(j)𝝀(j), (5) 

where Bg is the input matrix of internal connection forces, and λ represents the intensities of these forces, 

which is unknown. Similarly, the external loads F can also be expressed by an external input matrix Bf and 

known external inputs u. Other matrices and vectors in Eq. (4) keep the same meaning as presented in Eq. 

(3). The superscript (j) means that the equations describe the jth substructure, which is neglected in the rest 

of this paper for brevity. Without specific indication, the equations represent the substructure of the 

viscoelastic adhesive joint. For other substructures without viscoelastic materials, Kv is a zero matrix. 

Then, the MOR and pMOR techniques can be applied with the FE model of the viscoelastic adhesive joint 

substructure. 

3.2 MOR of viscoelastic adhesive joints 

As mentioned in section 2, for viscoelastic adhesives, the frequency dependency is the newly introduced 

nonlinear factor, which makes the corresponding matrix vary with the frequency. Because of this, the normal 

MOR techniques like the CB method and Krylov subspace method cannot be applied directly. Thus, the 

objective here is to embed this frequency-dependent factor into the MOR procedure, without remarkable 

influence to the reduction level of the MOR. According to the method developed in [9], the frequency-

dependent complex modulus G̅(s) is first expanded by Taylor’ series at a given expansion point s0: 

 G̅(s)=G(s0)+G'(s0)(s-s0)+
G

''(s0)

2
(s-s0)

2
+R2(s). (6) 

This expansion approximates the fractional derivative model of the viscoelasticity with polynomials. With 

this new expression, its relation with the frequency is in the same format as that of the system equation of 

motion. Therefore, the complex modulus is easily embedded into the second order system equations 

implicitly. With the same expansion point, the system equations are written as 

 ((s-s0)
2
M̃+(s-s0)C̃+K̃+R2(s)Kv)X=Bfu+Bgλ, (7) 

where 

 M̃=M+
G

''

2
Kv,   C̃=2s0M+G'Kv,   K̃=s0

2M+GKv+Ke. (8) 

The equation of motion with frequency-dependent viscoelasticity are transformed to the regular equation of 

motion for dynamic analysis, with all matrices constant. Then, MOR techniques can be applied directly. 

The well-known MOR technique interacting with substructuring is the CB method, which is a modal based 

method, as aforementioned in the introduction section. But the damping is introduced into the model by 

viscoelasticity. To obtain the modal information of this damped system, the equation has to be enlarged to 

the first order form and therefore the computational costs are inevitably increased. Thus, to keep the second 

order form and the dimension of the system, the second order Krylov subspace method is employed. With 

this method, an orthogonal reduction basis VRN×n is generated and its column sequence [r0, r1, …, rm-1] 
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spans the corresponding Krylov subspace. The number N and n represent the dimension of the full model 

and reduced model of the substructure, respectively. It should be noticed that ri, i=0,1,...,m-1 is not a vector 

but a matrix. It is because that different from the normal second order Krylov method for a single input 

system, the model adhesive joint substructure is regarded as a multiple input system due to the internal 

connection forces. Similar to the generation of vector sequence of second order Krylov subspace for single 

input systems, this matrix sequence [r0, r1, …, rm-1] is generated by an iteration computation process 

expressed as follows: 

 {
r1=Pr0                      
rl=Prl-1+Qrl-2,  l≥2

, (9) 

and it is called a block second order Krylov sequence, based on P=-�̃�-1C̃, P=-�̃�-1M̃ and r0=-�̃�-1Bg. Here, 

only the input matrix of internal connection forces is considered, because the structural dynamics is the 

objective and usually no external loads are directly applied on the joint part. If some special cases involve 

the external loads on the joint part, it is still convenient to substitute the Bg by a combination of input 

matrices of both internal connection forces and external loads. Taking the above iteration computation 

process as the core, the block second order Arnoldi algorithm [14] is employed to generate an orthogonal 

reduction basis. Applying this reduction basis to the system equation (7), it is transferred to the 

corresponding reduced model represented as follows: 

 ((s-s0)
2�̃�r+(s-s0)C̃r+K̃r+R2(s)Kvr)Xr=Fr+gr

. (10) 

The subscript r represents the reduced counterparts of the original full matrices and vectors. By a 

straightforward algebraic manipulation, the reduced model can be rewritten as 

 (s
2𝑴𝑟+G̅(s)Kvr+Ker)𝑿𝑟=Fr+gr

, (11) 

where 

 Mr=V
TMV,  Kvr=V

TKvV,  Ker=V
TKeV,  Fr=V

TF,  g
r
=VTg. (12) 

3.3 PMOR based on the construction of a global reduction basis 

The four material parameters of the FD model are taken as the targeted varying parameters for the 

development of the pMOR model. The pMOR technique for viscoelastic adhesive joints is extended from 

the corresponding MOR technique introduced above, by constructing the global basis which is generated 

based on local non-parametric reduction bases. The words ‘global’ and ‘local’ represent the whole parameter 

space and a specific value in this parameter space, respectively. To capture the dynamic properties among 

parameter ranges well, the sampling strategy is important. In this paper, a quasi-random sampling method 

based on a low-discrepancy Sobol sequence is applied [15], which is defined in an unit interval [0,1], and 

thus the real values of parameters are transferred from Sobol points. With the local reduction bases generated 

at sampling points by the MOR technique shown above, the global reduction basis is obtained by 

concatenation: 

 Vp=[V1 V2 ⋯ Vk] (13) 

where V1, …, Vk represent local reduction bases at different sampling points. By straightforward stacking 

of these reduction bases, the orthogonality of the global reduction basis is not guaranteed and rank deficiency 

may occur, leading to an ill-conditioned problem. Therefore, a singular value decomposition (SVD) process 

is performed on the global reduction basis. This ensures that the basis contains orthogonal columns. Besides, 

the left matrix U obtained by SVD procedure is truncated to form the final global reduction basis Vp. The 

threshold of truncation decides the dimension and accuracy of this basis. By this operation, not only the 

orthogonality is guaranteed, but also the dimension of the reduction basis is reduced. 

This newly constructed global reduction basis can be directly applied to the FE model of the viscoelastic 

adhesive joint. Expressed by Eq. (4), the system equation is regarded as an affine parameter dependency 

format, which means that all varying parameters are in scalar functions and all system matrices are constant. 
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Thus, after applying the global reduction basis, the reduced model still keeps affine parameter dependency 

and the varying parameters are still contained in the scalar function G̅(s): 

 (s
2𝑴pr+G̅(s)Kvpr+Kepr)Xpr=Fpr+gpr

, (14) 

where  

 Mpr=Vp
TMVp,  Kvr=Vp

TKvVp,  Ker=Vp
TKeVp,  Fr=Vp

TF,  g
r
=Vp

Tg. (15) 

Since the other parameters are constant, all these reduced system matrices are unchangeable. When a new 

set of parameters is given, the corresponding ROM can be directly generated, which is much more efficient 

than the standard MOR procedure. Therefore, a parametric reduced viscoelastic adhesive joint module is 

constructed. 

3.4 Assembly of substructures 

The reduced adhesive joint substructure needs to be connected back to the other substructures for dynamic 

analysis. For the assembly of the substructures, the primal assembly and dual assembly are the two main 

methods. The primal assembly employs the equilibrium of the displacements at the boundary between 

substructures, while the dual assembly employs force equilibrium at the boundary nodes, which is a weak 

form and introduces extra equations into the system. Since the pMOR technique employed previously is 

directly applied to the entire substructure, there is no division of internal and boundary nodes after reduction 

to directly apply the primal assembly. On the other hand, the extra equations introduced by dual assembly 

are not desired and better to be avoided. Thus, an adapted primal assembly method is developed. 

To provide the boundary related displacement explicitly for primal assembly, the orthogonal reduction basis 

for the adhesive joint is split into internal and boundary parts. Without loss of generality, the structure of 

Figure 1 is taken as an example. The adhesive joint substructure includes two boundaries, and its reduction 

basis can be rewritten as follows: 

 Vps= [

Vpi 0 0

0 Vpb1 0

0 0 Vpb2

] (16) 

where Vpi, Vpb1 and Vpb2 represent reduction bases corresponding to the internal part and two boundary parts, 

respectively. Although the original basis is of full column rank, the orthogonality of each part in Vps is not 

guaranteed. Thus, an orthogonalization procedure is needed for each part, such as SVD or rank revealing 

QR decomposition. After split, the dimension of this reduction basis is enlarged, and the increment is no 

more than the number of boundary DOFs. However, the dimension is still smaller than the one assembled 

by dual assembly, which keeps duplicated boundary DOFs and introduces extra equations.  

The matrices, displacements and inputs of the entire structure with the manner of substructuring are written 

as follows: 

 Mt= [
M(1) 0 0

0 M(2) 0

0 0 M(3)

] ,  Kvt= [

Kv
(1) 0 0

0 Kv
(2) 0

0 0 Kv
(3)

] ,  Ket= [

Ke
(1) 0 0

0 Ke
(2) 0

0 0 Ke
(3)

] ; (17) 

 Xt= [
X(1)

X(2)

X(3)

] ,  Ft= [
F(1)

F(2)

F(3)

] ,  g
t
= [

g(1)

g(2)

g(3)

]. (18) 

The subscript t indicates that the matrices and vectors are in the system level. Since other substructures are 

not reduced, their corresponding parts in the reduction basis of the entire structure are identical square 

matrices, which lead to the expression of the system reduction basis as follows: 
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 Vpt= [
I 0 0

0 Vps 0

0 0 I

]. (19) 

To add in the coupling relations among substructures, the displacement equilibrium of the boundary DOFs 

between the reduced adhesive joint and the unreduced substrates is indicated by a nonstandard Boolean 

matrix L: 

  L=

[
 
 
 
 
 
 
 I   0   0

0   0   0

0  I    0

 0     0
Vpb1 0

  0    0
0   0   0
0   0   0

 
 I     0
0    I

0   0   I
0  0   0

 0    0
    0  Vpb2]

 
 
 
 
 
 

. (20) 

With this L matrix, the internal connection forces can be eliminated, and the final reduced model of the 

entire structure can be expressed as follows: 

 (s
2
LTVpt

TMtVptL+G̅(s)LTVpt
TKvtVptL+LTVpt

TKetVptL)Xtr=L
TVpt

TFtr. (21) 

The product of the L matrix and the reduction basis builds the bridge between the reduced model and the 

original FE model. The equations for the presentation of assembly procedure are for the example shown in 

Figure 1. But it is straightforward to generalize this procedure without special treatments to the case 

containing more adhesive joints and substructures. 

To assemble the reduced viscoelastic adhesive joint module to different substructures for reutilization, only 

the identical matrices corresponding to different unreduced substructures in matrix L need to be changed. 

4 Numerical results 

To illustrate the performance of this pMOR technique for the viscoelastic adhesive joint module, the method 

is applied to the proof-of-concept example shown in Figure 1. Two identical aluminum plates are connected 

by a viscoelastic adhesive layer, and this system is clamped at one side. The dimensions of the plates and 

the adhesive layer are 500×100×3mm3 and 250×100×5mm3, respectively. The Young’s modulus, density 

and Poisson ratio of aluminum are 67GPa, 2700kg/ m3 and 0.3, respectively. This structure is divided into 

three substructures, one adhesive joint and two adjacent substrates, as shown in Figure 2. Since the focus is 

on the accuracy of the pMOR technique, 3D solid elements are used to construct the FE model for sake of 

simplicity and easy implementation. The FE model contains 972 DOFs, with the joint part containing 648 

DOFs, and the FE mesh is shown in Figure 2. The analysis is in the frequency range from 0 to 1000Hz, with 

a step of 2Hz. 

 

Figure 2: Division of substructures and FE mesh 

Table 1: Material properties of the viscoelastic material 

G0 (Pa) G∞ (Pa) τ (s) α Density (kg/m3) Poisson ratio 

[104, 106] [107, 109] [10-7, 10-5] [0.6, 0.8] 1600 0.495 

Substrate 

Joint 

Substrate 

DYNAMICS OF JOINTS 1229



Table 2: Sobol points 

i x1 x2 x3 x4 

1 0.0295 0.5726 0.5725 0.7417 

2 0.8685 0.4754 0.1533 0.4702 

3 0.3240 0.1257 0.9534 0.0190 

4 0.5436 0.7934 0.2573 0.7553 

 

The four parameters of the fractional derivative model are taken as the varying parameters. For each of 

them, a range is set as shown in Table 1. The invariant density and Poisson ratio of the viscoelastic material 

are also listed. Four Sobol sequence points are used to sample the parameter ranges, and these points are 

shown in Table 2. The frequency responses of the models with these sampled parameters are shown in 

Figure 3, which indicate differences in the dynamic responses of these different parameter values. A targeted 

set of parameter values used to test the effect of pROM is given as [36.56KPa, 365.6GPa, 1.226e-6s, 0.8] 

for G0, G∞, τ and α. With the given set of parameters, the corresponding reduced model is easily generated 

by the affine parameter dependency. This pROM approximates the frequency responses well compared to 

the original FE model, as shown in Figure 4, with an average relative error as 1.04e-5. The column 

dimension of the system matrices of the adhesive joint is reduced from 648 to 316, achieving about 46% 

reduction of ‘DOFs’. Since the substrates are not reduced, the entire structure is reduced from 972 to 640 

‘DOFs’, and the computational costs for the dynamic analysis of this proof-of-concept structure are reduced 

from to 11.2s to 8.3s, achieving about 26% time reduction. Additionally, the computational costs for 

generating the reduced model by standard MOR procedure are saved.  

 

Figure 3: FRFs of full models generated at four sampling points of four parameters of the viscoelastic 

material defined by FD model 

 

Figure 4: Upper: FRF comparison between the full model and pROM constructed by four sampling points 

at a given set of four parameters of FD model; Lower: Relative errors of this FRF comparison 

10% 

1% 
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Moreover, to demonstrate the performance of the pMOR model in the parameter space, the entire range of 

parameter values is tested. Four evenly distributed points are selected for each parameter, leading to 256 

testing points located in the parameter space. The average relative errors of all testing points are shown in 

Figure 5. Accuracies of the most cases in the parameter space are lower than 0.1%, while the largest average 

relative error is about 0.6%, which is still a relative good approximation. The set of parameters of this ‘worst’ 

case is [1e4, 1e7, 1e-7, 0.8], and its dynamic  analysis results are shown in Figure 6. According to the figure, 

the eigen-frequencies indicated by the positions of peaks are in good agreement and almost no shift of phase. 

The most significant errors are related to the amplitudes and occur at the middle range of the frequency 

range from 0 to 1000Hz. If a more accurate approximation is wanted, more sampling points can be selected, 

or the threshold of SVD truncation can be increased. However, it may increase the dimension of the 

reduction basis. 

  
(a) α=0.6 (b) α=0.67 

  
(c) α=0.73 (d) α=0.8 

Figure 5: Relative errors of FRF comparison between the full model and pROM among the parameter space 

containing the four parameters of FD model 

 

Figure 6: FRFs of the ‘worst’ approximation case in the parameter space 
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Conclusions 

A parametric model order reduction strategy for viscoelastic adhesive joints is derived in this paper. By 

applying this pMOR strategy to the substructure of the viscoelastic adhesive joint, the computationally 

efficient adhesive joint module compatible with parameter changes is constructed. The process includes 

dividing the adhesive joint substructure, MOR, extension to pMOR and assembly of the reduced joint and 

unreduced substructures. For the reduction of the substructure of viscoelastic adhesive joint, the frequency 

dependency from viscoelastic behaviors modelled by fractional derivative model is first implicitly 

embedded into the system equations. This treatment makes the system matrices invariant and therefore 

makes the MOR technique easier to apply. Then, the block second order Krylov subspace method is 

employed to achieve the reduction of the viscoelastic adhesive joint substructure, which is regarded as a 

multiple input system due to the internal connection forces. The four material properties of FD model are 

taken as targeted variant parameters. The pMOR strategy is implemented by sampling in parameter space 

by Sobol sequence, and constructing the global reduction basis by concatenating local reduction bases. With 

affine parameter dependency of the system equations, it is much easier and faster to generate ROM with 

new parameter values than the standard MOR procedure. Additionally, an adapted primal assembly is 

developed for reassembly of this parametric reduced model with unreduced remainder substrates. The effect 

of this pMOR strategy has been illustrated by a numerical example, two identical plates connected by a 

single lap adhesive joint. 

Further steps for this research track will focus on enhancing the reduction level of this pMOR strategy. It is 

clear that the MOR strategy for substructures is highly dependent on the number of inputs. The input for 

substructures in this paper is related to the internal connection forces located at boundary, namely, the 

number of nodes on this interface highly influence the effect of reduction. Although the case in this paper 

achieves relatively good reduction, if the interface DOFs increase, the results may be changed. Therefore, 

the interface reduction could be a vital process for the further application of this pMOR strategy. According 

to the literature, there are already some interface reduction methods, like characteristic constraint mode 

method [16] and wave based substructuring [17], which achieve reduction with high accuracy. But these 

methods are based on information of the entire structure, which is contradictory with the idea of building up 

joint modules for reutilization. Although some interface reduction based on local information are introduced 

in literature [18–20], they cannot achieve high enough accuracy. Thus, the local interface reduction will be 

the main research point. 
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Abstract
The use of lightweight composite materials is increasing across the automotive sector for the purpose of
improving efficiency and increasing the range of electric vehicles. The high stiffness to mass ratios of these
materials mean that the structural modes occur at higher frequencies, motivating the use of mid and high
frequency modelling techniques. In this work we discuss the application of the Wave and Finite Element
(WFE) method to analyse the wave propagation within multilayer plate and carbon fibre configurations. The
reflection/transmission properties of a joint connecting these multilayer structures to a hollow beam will
then be studied using the hybrid finite element and WFE approach proposed by Renno and Mace. The
optimisation of the joint design will also be discussed within the wider context, including factors such as
crashworthiness and production costs.

1 Introduction

The automotive sector can contribute to reducing energy use and carbon emissions by designing more effi-
cient vehicles. However, progress towards lightweight vehicles raises new design issues. The engineering
environment is changing with the increasing availability of lighter, thinner, and stronger materials. This
motivates a change in the way noise, vibration and harshness (NVH) analysis is performed and necessitates
the development of reliable mid and high frequency modelling techniques. This work aims to determine
the reflection and transmission coefficients of mid-to-high frequency waves interacting with complex joints
made from these novel lightweight materials.

Vibration damping is often performed by adding mass to a structure. If we instead design a structure such
that waves of certain frequencies are mitigated, then the need to add damping weight will be reduced leading
to a more efficient structural design. Being able to determine when vibration transmits through a given joint,
and the transmission loss of the joint, can help us determine when the amount of additional mass damping
can be reduced. In the commercial sector, it is also important to factor in the cost of production and the
design complexity, along with the weight reduction, as part of the design optimisation process.

In this work we will combine complex joint models, built using the commercial Finite Element (FE) software
LS DYNA, with the Wave and Finite Element (WFE) method to calculate the reflection and transmission
coefficients of complex joints. In particular, the WFE methodology will be used to model the plates [1]
or laminated panels [2] on either side of the joint. This hybrid finite element and WFE approach was first
proposed by Renno and Mace [3] and extended to two-dimensional wave propagation in [4]. This paper
continues in the direction of Ref. [5], in which the WFE method for two dimensional structures was applied
to isotropic and laminated plates to estimate the transmission and reflection power ratios. The joint models
considered previously in [3, 4, 5] are typically relatively small (at most 16 elements). Here the method is
applied to analyse more complex joint models with over 100 elements and including sophisticated thick-shell
composite material elements.
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The remainder of the paper structured as follows: In section 2 we give a brief overview of the WFE method
for two-dimensional structures. Section 3 then describes the coupling between the WFE model of the struc-
tures on either side of the joint and the FE model of the joint connecting them in order to calculate the
scattering properties of the joint. Numerical results for the dispersion curves and the power flow at different
frequencies are presented for two different joint models in Section 4. Finally, in Section 5 we present our
conclusions.

2 Overview of the WFE method for two-dimensional waves

The WFE method for two-dimensional waves is reviewed in this section. We assume time harmonic waves
of the form exp[i(ωt − kxx − kyy)], where kx and ky represent the components of the wavenumber k
propagating in the x and y directions, respectively, such that

k =
√
k2x + k2y. (1)

Consider a solid that is infinite in x and y, but has arbitrarily varying properties through the thickness in the
z direction. We begin by creating a FE model of a small rectangular segment in the x− y plane as depicted

Figure 1: The modelled structure is infinite in x and y but is finite in z, where it can also include layers of
different materials. This can be modelled in WFE by taking a small segment through the thickness z.

Figure 2: A 2D slice of the WFE segment shown in Figure 1. The simplest model is built up of one element
per layer of material in our structure. This means we get one layer of nodes between each change of material,
as well as a set of nodes on the top and bottom surfaces.

in Figure 1. Figure 2 then shows a single layer of nodes from a solid element with lengths Lx and Ly in the
x−y plane and where the l/r/t/b subscripts refer to the left/right/top/bottom nodes. Any number of elements
can be used through the thickness of the plate, meaning that complex laminated structures can be modelled.
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The vector of generalised displacements, q, is ordered as follows

q = [qT
lb qT

rb qT
lt qT

rt ]T , (2)

and the vector of nodal forces f is also partitioned in the same way. For time harmonic motion with frequency
ω and with no external forces, the governing equation of the segment is Dq = f , where D = (K + iωC−
ω2M) is the dynamic stiffness matrix and K, C and M are the stiffness, viscous damping and mass matrices
respectively. An unimpeded wave whose component in the y-direction is ky may have the vector of all
degrees of freedom (dof), q, reduced to a set of dofs, qred, via the transformation matrix R:

q = Rqred, where qred =

[
qlb

qrb

]
=

[
qL

qR

]
. (3)

The transformation matrix R depends on the propagation constant λy = exp(−ikyLy), and is given as

R(λy) =




I 0
0 I
λyI 0
0 λyI


 , (4)

where ky is the wavenumber in the y direction. Hence, the governing equation can be written in terms of the
reduced vector of dofs as

RH(K + iωC− ω2M)Rqred = fred, (5)

where H is the Hermitian matrix operator and

fred := RHf =

[
flb
frb

]
=

[
fL
fR

]
. (6)

We can express Equation (5) as D̃qred = fred, where D̃ = RH [K + iωC − ω2M]R, and rewrite it to the
following block form [

DLL DLR

DRR DRR

] [
qL

qR

]
=

[
fL
fR

]
. (7)

This formulation of the governing equation corresponds to the one-dimensional formulation of the WFE
method introduced in [2]. The propagation constant in the x direction λx = exp(−ikLx) can be found by
stating the periodicity and equilibrium conditions between the left and right edges of the segment

qR = λxqL and λxfL + fR = 0, (8)

and then solving the eigenvalue problem

T

[
qL

fL

]
= λx

[
qL

fL

]
, where T =

[
−D−1

LRDLL DLR

−DRL + DRRD−1
LRDLL −DRRD−1

LR

]
(9)

is the transfer matrix. The eigenvalues and associated eigenvectors of the transfer matrix occur in the pairs
(λ+x ,Φ

+) and (λ−x ,Φ
−), which represent a pair of positively travelling and negatively travelling waves.

The vectors q and f can then be rewritten in terms of the wave amplitudes a± as follows:

q = Φ+
q a+ + Φ−

q a− and f = Φ+
f a+ + Φ−

f a−. (10)

These matrices define the transformation between the physical domain, where motion is described in terms
of q and f , and the wave domain where motion is described in terms of waves of amplitudes a± that travel
in the ±x direction. The wavemodes can be further used to find the time-averaged power of the waves via:

Π =
1

2
aHPa, (11)
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where a = [(a+)T (a−)T ]T and the power matrix

P =
iω

2

([
(Φ+

q )HΦ+
f (Φ+

q )HΦ−
f

(Φ−
q )HΦ+

f (Φ−
q )HΦ−

f

]
−
[
(Φ+

f )HΦ+
q (Φ+

f )HΦ−
q

(Φ−
f )HΦ+

q (Φ−
f )HΦ−

q

])
. (12)

The power matrix is Hermitian, and so the time averaged power Π is always real.

3 Scattering coefficients of joints

Figure 3: Reflection and transmission for a line joint between two plates.

The scattering properties of boundaries and joints are of great importance for structural vibration analysis.
Consider a joint between two plates, where a pair of edges are joined together along a line as shown in
Figure 3. The incident waves in plate 1 propagate with amplitude a+

1 and give rise to reflected waves of
amplitude a−

1 = r11a
+
1 , along with transmitted waves in plate 2 of amplitudes a−

2 = t12a
+
1 , where r11 and

t12 are the matrices of the reflection and transmission coefficients of the joint. These define the scattering
matrix s, that is, the amplitudes of the incident and scattered waves are related by the partitions of s. Indexing
the wavemodes by j and denoting the corresponding wave amplitudes by aj then the power flow of the j-th
wavemode is given by Pjj |aj |2, where Pjj denotes the j-th diagonal entry of the power matrix (12). For an
incoming wave j, reflected wave i and transmitted wave k, the power scattering coefficients are found via

R =
[
Rij

]
=

[
|rij |2

Pii

Pjj

]
and T =

[
Tkj
]

=

[
|tkj |2

Pkk

Pjj

]
. (13)

In lossless systems, the power scattering coefficients satisfyR+ T = 1.

Analytical solutions for the scattering coefficients only exist for relatively simple cases, such as determin-
ing the reflection and transmission coefficients of low frequency bending waves incident upon a butt joint
containing an elastic interlayer [6] - see Figure 4. For cases where structures are more complex or joints are
finite, the hybrid FE/WFE approach may be used. Further details can be found in [3].

Consider now a simple joint of finite width between two plates as depicted in Figure 4. The FE/WFE
approach is based on modelling the plates through the WFE method as described in Section 2, and modelling
the joint through standard FE methods. A segment of the joint of length Ly in the y-direction is modelled
via FE to derive the stiffness and mass matrices K and M of the segment, and hence the dynamic stiffness
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Figure 4: A simple butt joint, showing two plates connected via an elastic interlayer. Waves propagate into
the system from the left through plate 1.

matrix D = K− ω2M. Assuming that the interfaces between the joint and plates have compatible meshes,
the scattering properties of a joint can be found by applying the equations of equilibrium and continuity at
the interface nodes between the joints and plates. The time harmonic behaviour of the joint is described
through

D

[
QI

QN

]
≡
[

D̃II D̃IN

D̃NI D̃NN

] [
Q̃I

Q̃N

]
=

[
FI

FN

]
, (14)

where Q and F are vectors of dofs and internal nodal forces. The subscripts I and N are used to denote
quantities evaluated at nodes on the interface (I), or elsewhere within the joint (N ). Since no external forces
are applied at the non-interface nodes, then FN = 0 and the above reduces to

DIIQI = FI , (15)

where
DII = D̃II − D̃IND̃−1

NND̃NI and QN = −D̃−1
II D̃NIQI . (16)

By applying the periodicity conditions, the nodal dofs and forces at the interface are expressed in terms of
the dofs and forces of the plate. Equation (15) can be expressed in the wave domain as

DII

[
R1Φ

1+
q a+

1 + R1Φ
1−
q a−

1

R2Φ
2+
q a+

2 + R2Φ
2−
q a−

2

]
=

[
R1Φ

1+
f a+

1 + R1Φ
1−
f a−

1

R2Φ
2+
f a+

2 + R2Φ
2−
f a−

2

]
, (17)

where R1 and R2 are rotation matrices to transform the dofs and the forces on plates 1 and 2 from their
own local coordinate system into the global (x, y, z) shown in Figure 4. The scattering matrix relates the
incoming and outgoing waves via [

a−
1

a−
2

]
= s

[
a+
1

a+
2

]
(18)

and hence s =

[
DII

[
R1Φ

1−
q 0

0 R2Φ
2−
q

]
−
[
R1Φ

1−
f 0

0 R2Φ
2−
f

]]−1 [[
R1Φ

1+
f 0

0 R2Φ
2+
f

]
−DII

[
R1Φ

1+
q 0

0 R2Φ
2+
q

]]
.

(19)

4 Numerical results

In this section we apply the hybrid FE/WFE method outlined above to both a simple model where textbook
analytical solutions exist [6], as well as in a more complex model with no analytical solution.

4.1 Example 1: Simple adhesive interlayer

First we analyse a simple butt joint between two aluminium plates, where a softer adhesive interlayer joins the
two plates together in the configuration shown in Figure 4. The scattering of bending waves arriving at this
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Table 1: Material properties for Example 1. The interlayer has properties corresponding to an adhesive and
is simply joining aluminium plates on either side.

Material properties and units Plate 1 Joint Plate 2
Density (kg/m3) 2700 1650 2700

Young’s Modulus (Pa) 7.1E10 1.8E7 7.1E10
Poisson Ratio (dimensionless) 0.33 0.3 0.33

Thickness (m) 0.001 0.001 0.001

joint can be modelled analytically for waves directed perpendicular to the interface (ky = 0) - see Ref. ([6],
Chap. 6). However, this analytical solution is based on a simple bending wave theory for frequencies which
are not too high and the maximal frequency for which the analytical solution is valid depends inversely on
the width of the interlayer (in the x-direction), which here is taken to be 0.001m. The material properties
are listed in Table 1 and the FE segment modelled in WFE is formed of a single eight-noded enhanced strain
solid element from LS DYNA (elform=18).
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Figure 5: The wavenumbers calculated using the WFE method for a thin aluminium plate compared with the
analytical values for the three propagating modes.

We initially verify the results of the WFE method by using it to compute the wavenumbers for the prop-
agating waves in the aluminium plate. Figure 5 shows a comparison between the analytical and numer-
ically computed (WFE) values for the wavenumbers. This plot shows that the wavenumbers agree very
closely up until around 10kHz, where the WFE prediction of the bending wavenumber starts to diverge
from the analytical value slightly. The WFE prediction was calculated using a single solid element with
Lx = Ly = h = 0.001m. Using either a smaller segment for the WFE calculation or the same sized
segment, but with more finite elements would improve the accuracy above 10kHz.

Figure 6 shows the comparison between the analytical solution and the hybrid FE/WFE predictions for the
power scattering coefficients in Example 1. The frequency range under consideration has been reduced to
below 1000Hz since the analytical solution is only valid for low frequencies. We notice an increasing diver-
gence between the analytical and numerical solutions as the frequency is increased, with a good agreement up
to around 200Hz. The scattering properties of this joint show that just over half of the bending wave energy is
transmitted, with just under half being reflected and no mode conversion to in-plane wave motion. The scat-
tering behaviour also has only a relatively mild dependence on the frequency across this range up to 1000Hz.
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Figure 6: Power scattering coefficients for an adhesive interlayer joint between two aluminium plates.

4.2 Example 2: Composite laminate hollow beam joint

Figure 7: The joint models for Example 2 as viewed in LS-PrePost showing setup 1 (left) and setup 2 (right).
The teal elements (lowest plate and inner hollow beam) are aluminium, the red elements (above and below
the beam) adhesive and the green elements (wrapped around the top of the model) represent a composite mat
via thick shell elements.

We now consider a complex joint that connects two infinite (in the x − y plane) multi-layer laminate plate
structures. The complex joint comprises a hollow aluminium beam connected to a carbon fibre laminate mat
above, and to an aluminium plate below via adhesive interlayers. In order to provide some verification of
the results in the absence of analytical solutions, two different FE mesh setups are considered for the joint
model as shown in Figure 7. The largest of these models (setup 2 on the right of Figure 7) consists of 172
elements. The connecting WFE model comprises a single stack of cuboid shaped elements representing the
three material layers that connect to the joint on either side. The WFE meshes are consistent with the joint to
which they are connected, that is, for setup 1 the WFE model has 3 elements and for setup 2 the WFE model
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has four elements with the adhesive layer having been subdivided into two elements in the z-direction. The
dimensions of the WFE model are Lx = Ly = 0.002m and the thickness of the three layers is 0.002m for
the lower aluminium plate and the upper composite mat, and 0.003m for the adhesive layer in between.

Table 2: Material properties for a ply of composite material from Example 2.

Material properties and units Value
Density (kg/m3) 1458.33
Young’s Modulus in x dimension (Pa) 6.57E10
Young’s Modulus in y dimension (Pa) 6.57E10
Young’s Modulus in z dimension (Pa) 1.25E4
Poisson Ratio: x− y plane (dimensionless) 0.24
Poisson Ratio: x− z plane (dimensionless) 0
Poisson Ratio: y − z plane (dimensionless) 0
Shear Modulus: all planes (Pa) 2.87E10
Compressive strength (Pa) 3.66E8
Tensile strength (Pa) 8.41E8
Shear strength (Pa) 6.68E7
Ply thickness (m) 3.33E-4

The composite material elements are thick shell elements with 8 nodes, whereas the aluminium and adhesive
are modelled using enhanced strain solid elements as before. The thick shell composite elements provide a
means to quickly and accurately model laminates in the case when the fibre diameter is small compared to
the element size as is the case here. A single thick shell element represents 6 layers within the composite
with each layer is set 90◦ to the previous and has the material properties stated in Table 2. The material
properties for the aluminium and adhesive are taken to be the same as reported in the previous section.
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Figure 8: The wavenumbers for the three layer structure from Example 2 calculated using the WFE method
for both mesh setups. The solid lines show the bending, shear and axial modes that were present in Example
1, as well as an additional fourth extensional wave mode (cyan line with ’+’ marker). The dotted lines show
an evanescent mode (with non-zero wavenumber at 0Hz) and a pair of propagating waves that cut on between
4kHz and 5000Hz.

We first compare the results of the WFE method for mesh setups 1 and 2 by using it to compute the wavenum-
bers for the laminated plate. Figure 8 shows a comparison between the numerically computed values for the
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real parts of the wavenumbers using each of the two meshes. This plot shows that the wavenumbers agree
very closely up until around 4kHz, where the WFE prediction of the three modes represented by blue dotted
lines noticeably differ. However, the four modes represented by solid lines are estimated consistently using
both meshes. For the discrepancies we point particularly to the difference in the predicted cut-on frequency
for the pair of propagating modes that cut on between 4 kHz and 5kHz, but also notice that the third mode
represented by a blue dotted line (evanescent mode) deviates significantly between the two mesh setups at
frequencies above 4kHz. Using either a smaller segment for the WFE calculation or the same sized segment,
but with more finite elements would improve the accuracy above 4kHz.

Only the four modes represented by solid lines in Figure 8 will be included in the subsequent scattering
analysis, and so we will perform this analysis for the same frequency range up to 6kHz. Three of these four
modes are the same as observed for the aluminium plate in Example 1 (bending, shear and axial). The fourth
wavemode can be identified as a propagating extensional (symmetric Lamb) wave mode (cyan line with ’+’
marker). The extensional wave can be isolated from the other wave modes for the purpose of plotting it by
finding the mode with the second largest power in the bending (z) component, with the bending mode having
the largest power.
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Figure 9: The power plot for Example 2 with an incident bending wave. The analysis includes the reflected
and transmitted bending (B), axial (A), extensional (E) and shear (S) wave modes.

Figure 9 shows the power scattering coefficients for an incoming bending wave with normal incidence. The
scattering behaviour is now considerably more complex than for Example 1. While the results are dominated
by reflected and transmitted bending modes, there is now also mode conversion into reflected and transmitted
axial waves from approximately 2kHz to just over 4kHz. There is also a small amount of mode conversion to
a reflected extensional wave starting from around 500Hz upwards. Although we have not directly included
the two modes that cut on between 4kHz and 5kHz in our scattering analysis, we can see their influence in
the results. In particular, the results for the two mesh setups are consistent up to just above 4kHz where these
two modes cut on for setup 1. The cut on frequency corresponds to a sudden jump in the power reflection
and transmission ratios for the bending wave. For setup 2, these two waves instead cut on at just below 5kHz
and this is also where the sudden jump in the bending power reflection coefficient appears.
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5 Conclusion

The WFE method has been applied to model both laminated composite and isotropic plates connecting to
either side of a joint. The hybrid FE/WFE approach was applied to model the scattering properties of both
simple adhesive and complex multi-material joints. The power ratio for the reflection and transmission of
axial, shear, bending and extensional waves due to a normally incident bending wave arriving at a complex
multi-material joint has been computed, and the results for different mesh setups have been compared and
appear to be reliable up until at least 4kHz. The methods in this paper allow for a computationally efficient
way for the automotive sector to analyse the NVH properties of a given joint across a broad frequency range
in order to facilitate future optimisation of the joint design.
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Abstract
The present study proposes an analytical methodology to estimate the variable loads applied to the vanes of
balanced vane pumps. The dissertation is adopted to detail the nature of the different time-varying excitations
that load the machine and to define their analytical calculation on the basis of vane geometry, cam ring profile
and working conditions. A comprehensive overview of the mutual interconnections between time-varying
loads and the pump design is provided by means of a parametric study involving vane thickness, tip radius
and cam ring shape. Admissibility of the pump geometry is verified throughout the entire study. The results
show that the vane tip radius affects both the inertial forces and the under-vane pressure load by its influence
on the vane radial motion. Concurrently, the vane thickness acts as a gain factor with respect to the magnitude
of the under-vane pressure load. Despite not altering the kinematic vane motion, effects on the inertial forces
are recognized due vane mass changing related to thickness variation.

1 Introduction

Balanced vane pumps are positive displacement machines nowadays adopted in high performance lubrication
systems. Their broad application, in particular in automotive auxiliary systems, is promoted by their features
of high power over weight ratios and suitable NVH performances. Nonetheless, this set of satisfactory
characteristics is counterbalanced by a higher level of mechanical complexity with respect to other common
volumetric pumps.

This latter aspect is probably one of the main reasons why their spread has been delayed until the last decades.
As a matter of fact, volumetric pumps have represented a thriving research field since the early ’40s, but the
attention was mainly focused on different positive displacement machine typologies [1, 2, 3]. Several studies
have been devoted to external gear, gerotor and crescent pumps with the purpose to model their performance
[4, 5], their dynamic behavior [6] or their tribology [7]. The extensiveness of the studies on these families of
pumps is well described by the review provided by Rundo M. in [8]. Concurrently, remarkable works related
to axial piston pumps [9, 10] as well as referring to variable displacement vane pumps [11, 12] have been
promoted by the research community. The predominance of these machines with respect to balanced vane
pumps is recognized also in one of the most relevant book on the theory of volumetric pumps and motors
[13].

Despite the trend outlined by classical studies, a growing interest related to balanced vane pumps is nowadays
recognized in the specialized literature. One of the first works on this subject pertains to Hattori K. et al. [14],
who proposed a numerical model to analyze the delivery pressure ripple in balanced vane pumps adopted
in power steering systems. The authors provided a first insight on the relevance of the cam ring profile
and the concept was further investigated by Cho M. et al. in [15], where the possibility of vane jumping
phenomena was firstly considered. The fundamental role played by vane geometry and cam ring shape has
been further investigated by Inaguma Y. et al. in [16] by analyzing their influence on the friction torque
and the mechanical efficiency of the machine. The kinematic relationship between vane parameters and cam
ring profile has been finally defined analytically in the works by Battarra et al. [17, 18], where the authors
provided equations for checking the vane geometry admissibility and the theoretical flow ripple generated
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by the pump design parameters.

Within this context, all the analyzed studies recognize a fundamental working principle of balanced vane
pumps. During operational conditions, the machine rotation causes the radial displacement of the vanes
producing the pumping action, which itself enhances the vane radial motion. As a result, the vanes become
guided by time-varying and working condition dependent loads that are the major responsible for the NVH
behavior of the pump. In this context, the present work defines the nature of the different time-varying ex-
citations that load the machine and details their analytical calculation on the basis of the machine design
characteristics. The described purpose is fulfilled on the basis of the kinetostatic approach, which repre-
sents a common starting point for determining the dynamic behavior of mechanical systems and components
[19, 20]. The dissertation starts with the analytical definition of the radial dynamics of the vanes, repre-
senting the main responsible for the machine vibration and the generated noise. Based on the assumption
that the vane radial motion is the result of the superposition between the vane kinematic motion and the dy-
namic oscillation, the proposed analysis deepens the characteristics of the former contribution. Within this
framework, the results of the kinematic analysis are adopted to define the centrifugal force loading the vane
center of gravity and the kinematic pressure force generated within the under-vane pockets. The proposed
dissertation provides analytical formulas estimating the variable forces loading the pump in kinetostatic con-
ditions. As a matter of fact, these loads typically represent the reference terms for the structural design of the
machine. In addition, such forces stand at the basis of the dynamic behavior of the vanes and consequently
they are commonly recognized as major responsible for the behavior of the entire machine itself. Within
this context, the provided dissertation is specifically focused on making explicit the mutual correlation be-
tween the pump geometry and the generated loads, by detailing the latter with respect to the main machine
geometrical parameters, i.e. vane length, vane thickness, tip radius and cam ring profile.

The capabilities of the proposed analysis are highlighted by means of a parametric study, which is based on
the vane geometry admissibility described in Ref. [17]. The results show that, given the cam ring profile, the
vane tip radius influences the vane radial motion and consequently affects both the centrifugal force loading
the vane center of gravity and the under-vane pressure load. Concurrently, the vane thickness acts as a gain
factor with respect to the magnitude of the under-vane pressure load. In addition, despite not altering the
motion of the vane, it varies the vane mass and consequently affect the inertial forces. Finally, the shape of
the cam ring profile is shown to further affect both the considered loads, due to its influence on the derivatives
of the vane radial displacement.

The following Section describes the working principle behind balanced vane pumps, while Section 3 details
the theoretical dissertation developed to estimate the time varying loads applied to the vane. Section 4 defines
the parametric study carried out to evaluate the capabilities of the analytical formulation and provides a
critical discussion on the achieved results. Eventually, last Section is devoted to concluding remarks.

2 Pump Description

The current Section describes the fundamental elements constituting a balanced vane pump together with
the pump working principle. A specific focus on the existing analogy between such machines and the cam-
follower mechanism is also provided.

Based on the conceptual scheme reported in Fig. 1, three main components define the pump mechanism: the
external stator, namely the cam ring, the internal rotor and the vanes. Each vane slides along a dedicated
channel that extends itself radially within the rotor. Such a component is responsible for displacing the vanes
from the inlet side to the outlet one. Throughout this process, the vanes are capable to trap the oil inside the
pockets formed between consecutive vanes, namely the displaced chambers. During this displacing action,
the distinctive cam ring profile causes the cyclic expansion and compression of the pockets, resulting in
the peculiar pumping phenomenon. As a typical drawback in volumetric machines, this operating principle
produces flow rate and pressure oscillations, as well as self-excited vibrations of the vanes. This latter aspect,
in particular, is further enhanced by the displacing action of the under-vane pockets. As a matter of fact, part
of the oil is trapped from the suction chamber by the pockets that are formed under the vanes, namely the
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Figure 1: Main elements constituting a balanced vane pump

under-vane pockets. Their contribution to the pumping phenomenon is naturally produced by the radial
movement of the vanes and they assume a relevant role with respect to the definition of the vane dynamics.

The detailed operating principle is repeated twice per revolution, since the whole pump is constituted by two
identical mechanisms, which are symmetrical with respect to the axis of rotation. The described components
are generally packed by two lateral plates adopted to provide the axial sealing. For the sake of completeness,
it is worth noting that the complete machine includes several additional parts that are mandatory to guarantee
the correct and safe functioning of the machine. However, despite their practical relevance, they do not define
the pump basic characteristics and therefore their description is omitted being out of the scope of the present
study.

Based on the described operating principle, it is straightforward to observe that the machine dynamics is
mainly governed by the shape of the cam ring and its interaction with the sliding vanes. Within this context,
the external stator can be considered as a disk cam, fixed to the external frame, while the rotating followers
are constituted by the vanes. In this description, a mandatory component for the correct behavior of the
mechanism is missing, i.e. the springs pushing the followers against the cam. In the framework of balanced
vane pumps, this fundamental task is fulfilled by the superposition of the centrifugal force generated by the
vane rotation and the pressure load produced within the under vane pockets. It is therefore clear that the vane
radial dynamics is mainly governed by these two contributions, which needs to be accurately balanced in
order to avoid undesired phenomena such as excessive contact forces between vane tip and cam ring as well
as vane tip detachments.

The depicted scenario demonstrates the relevance for the improvement of the design process to correlate both
cam ring shape and vane geometry to the variable loads applied to the vane. In this context, an analytical
formulation represents a powerful tool to provide theoretical strength to design choices that are often based
on the experience.

3 Analytical definition of the radial loads

The present Section details the analytical dissertation developed to compute the time-varying radial forces
applied to the vanes in reference to the main pump design parameters. In agreement with the working
principle described in Section 2, Fig. 2 depicts a generic vane rotating counterclockwise and three main
external loads influencing its radial motion: pressure force fp, centrifugal force fc and reaction force fr
representing the contact force between the vane tip and the cam ring profile. By considering rG as the
instantaneous radial position of the vane center of gravity, the vane radial dynamics appears to be governed
by the following equation:

mr̈G + cṙG + cos (β) fr = fc + fp (1)
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Figure 2: Schematic of the radial loads applied to the vane

where m is the vane mass, β is the pressure angle while c is the damping coefficient accounting for both
structural and viscous damping. By assuming that:

rG = r̄G + r̃G (2)

where r̄G represents the kinematic component of the motion while r̃G is the oscillating term with mean value
equal to zero, Eq. 1 may be further rearranged as:

m
(
¨̄rG + ¨̃rG

)
+ c

(
˙̄rG + ˙̃rG

)
+ cos (β) fr = fc + fp (3)

where ω is the pump working speed, which may be considered as a constant for the purpose of the present
study. Since the pump kinematics is exclusively defined by the geometry of the mechanism and the operating
conditions, the related terms may be gathered together on the right side of Eq. 3:

m¨̃rG + c ˙̃rG + cos (β) fr = fc + fp −m¨̄rG − c ˙̄rG (4)

Equation 4 clarifies the relevance of the under-vane pressure force and the centrifugal force, as well as the
importance connected to a full knowledge of the machine kinematics. As a matter of fact, these three terms
constitute the major time-varying loads applied to the vanes along the radial direction, becoming responsible
for the vane motion during the pumping action. On the basis of this observation, the following subsections
provide the analytical procedure developed for their estimation in reference to the vane design parameters
and the cam ring profile.

3.1 Vane radial kinematics

The current subsection describes the variable load generated by the vane kinematic motion along the radial
direction. Based on Eq. 4, this term is defined as:

fk = −m¨̄rG − c ˙̄rG (5)

In order to explicit the calculation of this term, it becomes mandatory to determine the kinematic radial
motion of the vane. By following the schematic in Fig. 3, the triangle given by points P , O and the center of
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Figure 3: Kinematic representation of the vane cam ring mechanism

the vane tip circle may be used to determine tip circle radial displacement dv through the cosine theorem:

dv =

√
rc2 + rv2 − 2rvrc cos

[
tan−1

(
r′c|p
rmin
c

)]
(6)

where rv represents the vane tip radius, rc is the cam ring radius and rmin
c is its minimum value. Term r′c|p

indicates the value of the first angular derivative of the cam ring profile at point P . The reader may refer to
ref. [17] for a detailed analysis of the pump kinematics.

Equation 6 provides the position of the center of tip circle with respect to the rotor center, for a generic
angular position ϑ of the vane, however, based on Eq. 3, the analysis requires the position of vane center
of mass rG. In order to fulfill this purpose, it is worth referring to Fig. 4.a, which details the three main
geometrical parameters defining the vane geometry: vane thickness tv, vane tip radius rv and vane length lv.
The latter one, in particular, has never been considered in previous analyses, even though it will be shown
to play a relevant role in the overall mechanism. By using the auxiliary parameters defined in Fig. 4.b, the
following equality is obtained:

r̄G [Ar +Ac] = [dv + y0]Ac +
[
dv +

√
rv2 − (tv/2)2 − lv/2

]
Ar (7)

where Ar is the area of the rectangular part of the vane, Ac is the area of the remaining circular segment and
y0 is the distance between the center of the tip circle and the center of mass of the circular segment. It is
worth clarifying that all these terms are completely defined by the three parameters in Fig. 4.a :

Ac =
rv

2

2

[
sin−1

(
tv

2rv

)
− tv

2rv

]
(8)

y0 =
tv

3

12Ac
(9)

Equations 8 and 9 may be included in Eq. 7 to explicit vane center of mass position rG:

r̄G = dv +
tv

3

12
+ tv

[√
rv2 − (tv/2)2 + lv

] [√
rv2 − (tv/2)2 − lv/2

]
(10)

Equation 10 provides the position of the vane center of gravity with respect to the pump axis of rotation for
each angular position of the vane, known the cam ring profile and the vane geometrical parameters. It is
worth noticing that dv is the only time (or angular) dependent term within the right hand side of the Eq. 10.
Therefore, as expected:

˙̄rG = ḋv = ω dv
′ (11)
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Figure 4: Design parameters defining the vane geometry (a) and auxiliary terms adopted to explicit the radial
position of the vane center of mass (b)

while the second derivative becomes:
¨̄rG = d̈v = ω2 dv

′′ (12)

in agreement with the hypothesis made in Section 3 that ω is a constant term throughout the entire analysis.
The explicit formulation of the first and second derivative of dv depends on the cam ring profile, therefore,
from a practical point of view, their formulation is a consequence of the mathematical law adopted for
designing the cam ring.

Based on Eqs. 11 and 12, the kinematic component of the variable loads becomes:

fk = −mω2 dv
′′ − cω dv ′ (13)

which may be further detailed by considering vane material density ρ:

fk = −ρ bv
[
tv

(√
rv2 − (tv/2)2 + lv

)
+
rv

2

2

(
sin−1

(
tv

2rv

)
− tv

2rv

)]
ω2 dv

′′ − cω dv ′ (14)

where bv is the vane facewidth. Equation 14 represents the analytical formulation of the kinematic component
of the variable loads applied to each vane along the radial direction, demonstrating that this term mainly
depends on the cam ring profile and the vane geometry, while the working condition of the machine, as well
as the vane material and the coefficient of friction act as gain parameters.

3.2 Centrifugal force

The present subsection analyses the centrifugal force, which tends to push the vane against the cam ring
profile. It is worth noticing that its periodic nature depends on the radial motion of the vane, which actually
varies the arm between the rotor center and the vane center of mass. By definition, centrifugal force fc may
be calculated as follows:

fc = −m ω2 (r̄G + r̃G) (15)

As a matter of fact, term r̃G represents the unknown in the dynamic problem defined by Eq. 4 and therefore
the exact calculation of force fc would not be achievable a priori. However, based on the characteristics of
the considered mechanism, it is reasonable to assume:

|r̄G| � |r̃G| (16)

since the amplitude of the oscillatory motion generated by the machine dynamics is necessarily some order
of magnitude smaller than the mean value of the kinematic radial motion. For the sake of clarity, it has to be
underlined that the inequality expressed in Eq. 16 has a general validity, while it does not necessarily apply
also to the first and second derivative of the vane radial motion. As a matter of fact, this assumption cannot
be referred to vane radial speed and acceleration unless dynamic effects on the vane motion are negligible.
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The hypothesis described in Eq. 16 allows to reduce Eq. 15 to:

fc = −m ω2 r̄G (17)

which can be straightforwardly expressed with respect to the pump geometrical parameters by using Eq. 10
and the vane material density:

fc = −ρ ω2 bv

[
tv

(√
rv2 − (tv/2)2 + lv

)
+
rv

2

2

(
sin−1

(
tv

2rv

)
− tv

2rv

)]
·

·
[
dv +

tv
3

12
+ tv

(√
rv2 − (tv/2)2 + lv

)(√
rv2 − (tv/2)2 − lv/2

)] (18)

As observed regarding the kinematic components of the loads, the periodicity of the centrifugal force is given
by term dv, while all the other factors are determined by the cam ring profile and the vane design parameters.

3.3 Pressure force

The present subsection details the last contribution to the variable loads applied to the vane, which is repre-
sented by the pressure force generated by the oil located inside the under-vane pockets. This term has the
following general expression:

fp = p A (19)

where p is the pressure of the oil inside the vane pocket, while A is the area of vane surface facing the oil
itself, which is basically defined by vane facewidth bv multiplied by vane thickness tv.

Despite pressure force contribution has a straightforward determination apparently, this is actually the term
subject to the highest level of uncertainty related to its estimation. The under-vane pockets are small volumes
milled from the pump rotor in order to produce a track for the vane displacement. In addition, these pockets
are filled by oil with the purpose to enhance the vane motion and promote lubrication between sliding sur-
faces. The oil filling is usually achieved by dedicated grooves which connect such pockets with the delivery
chamber. This solution guarantees the presence of a not-negligible force, i.e. the one defined in Eq. 19, that
helps pushing the vane against the cam ring. In this context, it appears to be clear that the estimation of
the instantaneous oil pressure inside the pockets constitutes a compelling task, independently whether this
purpose is pursued by means of experimental studies of numerical approaches. The former scenario requires
to solve a number of technological problems related to the measurement of the pressure of a volume of oil
which rotates with the same speed of the pump. An example of this approach may be found in ref. [21],
where the authors measured the oil pressure within the pockets of a variable displacement vane pump. The
latter scenario, on the other hand, requires the definition of highly detailed Computational Fluid Dynamic
models, which are still extremely demanding, both in terms of computational resources and time to reach the
solution. Although attainable, it is clear that these methods cannot match with the purposes of the present
work, which aims to provide an analytical formulation capable to highlight how the machine behavior is
correlated to the main design parameters.

On the basis of these considerations, in the present work the oil pressure within the under-vane pockets has
been modeled with Eq. 20, which is widely recognized to satisfactory reproduce pressure variations related
to fluid compressibility [4, 8, 13, 19]:

ṗ =
B

V

[∑
Q− V̇

]
(20)

where B is the Bulk’s modulus and Q is the generic flow rate entering/leaving the fluid volume. In the
assumption that leakages may be negligible with respect to oil volume variation, Eq. 20 reduces to:

p(ϑ) = p0 −B
∫ ϑ

0

V ′

V
dθ (21)

where p0 is the oil pressure value at the initial reference position and it may be chosen as equal to delivery
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pressure. Since the integral is known, it is possible to reach the following closed-form solution:

p(ϑ) = p0 +B [lnV0 − lnV (ϑ)] (22)

where V0 is the value of volume V at the initial reference position. The achieved result enlightens the deep
correlation between the under-vane pressure force and the volume variation, which is determined by the vane
radial motion. As a matter of fact, the volume of under-vane pocket j is given by:

Vj(ϑ) = V0j + bv tv [rG(ϑ)− rG(ϑ = 0)] (23)

where V0j is the volume of the j − th under-vane pocket at the initial reference position. On the basis of the
assumption made in Eq. 16, volume Vj may be calculated as:

Vj(ϑ) = V0j + bv tv [dv(ϑ)− dv(ϑ = 0)] (24)

A worthwhile choice related to the initial position would be the one defined in Fig. 1, where the ϑ = 0
condition coincides with a vane located on the horizontal line. In this framework, contact point P is on the
minimum value of cam ring profile rcmin and therefore:

Vj(ϑ) = V0j + bv tv

[√
rc2 + rv2 − 2rvrc cos

[
tan−1

(
r′c|p
rmin
c

)]
−
√
rc2 + rv2 − 2rvrc

]
(25)

which further reduces to:

Vj(ϑ) = V0j + bv tv

[√
rc2 + rv2 − 2rvrc cos

[
tan−1

(
r′c|p
rmin
c

)]
− rc + rv

]
(26)

Once the volume variation of a single under-vane pocket has been defined, the correct computation of the
pressure force depends on the layout of the pump. In the simplest scenario, the under-vane pockets are
disconnected from each others and singularly linked to the outlet chamber. In this context, the oil pressure
may be calculated by substituting the definition of Vj into Eq. 22. However, it is worth underlining that more
often the pockets are simultaneously exposed to a common chamber, usually milled from the pump cover
plates. This chamber basically makes the pockets behave as a unique control volume. Figure 5 provides a
schematic representation of the chamber connecting the under-vane pockets. With this layout, the oil pressure
needs to be calculated with respect to the volume of the overall chamber, including all the under-vane pockets
instantaneously exposed to it:

V (ϑ) = V0
chamber +

n∑

j=0

Vj

(
ϑ+

2πj

z

)
(27)

where V0chamber is the volume of the chamber connecting the under-vane pockets, n is the number of under-
vane pockets linked by the chamber and z is the vane number. It is worth noticing that these two layouts
determine time-varying pressure forces with different carrier frequency. In the first scenario, the pressure
variation within each under-vane pocket is governed by the periodicity of its own vane radial motion. As
a consequence, the carrier frequency is equal to twice the pump rotational frequency. In the latter case, on
the contrary, the pressure variation within each under-vane pocket is determined by the superposition of the
radial motion of each vane exposed to the common chamber. As a result, the carrier frequency becomes
equal to the pump rotational frequency multiplied by the number of vanes, i.e. the carrier frequency of the
pumping action.
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Figure 5: Schematic of the under-vane pockets linked by the common chamber, reported in blue dashed line

4 Result assessment

The current Section provides insights regarding the results that may be obtained from the analytical formu-
lation detailed in Section 3. In addition, the work is focused on analyzing the mutual relationship between
the vane geometrical parameters and the time varying loads generated during the vane motion.

In order fulfill this purpose and provide general strength to the achieved results, all the geometrical quantities
are defined in nondimensional form (indicated by the ·̂ symbol) by reporting each parameter as divided by
the minimum value of the cam ring radius rmin

c . Concurrently, forces are reported in nondimensional form
by adopting the following dimensional reduction:

f̂ =
f

ρ rmin
c

4 ω2
(28)

which allows to avoid results dependence from pump material and working speed. On the basis of the
Buckingham’s Theorem [22], the adopted dimensional reduction strategy provides the chance to refer the
results to a family of pumps characterized by the same nondimensional specific displacement D̂th. As also
reported in ref. [13], pump specific displacement may be calculated as:

Dth = 2π
(
rmax
c

2 − rmin
c

2
)

(29)

where rmax
c and rmin

c are maximum and minimum value of the cam ring radius, respectively. Based on the
proposed dimensional reduction, it is possible to express the nondimensional pump specific displacement as:

D̂th = 2π
(
ê2 − 1

)
(30)

where term ê is the ratio between rmax
c and rmin

c . As a consequence, given the values of the specific pump
geometrical parameters, the results become valid for the entire set of pumps having the same D̂th, indepen-
dently on their actual size.

The proposed dimensional reduction strategy allows to make a selection on the design parameters that ac-
tually have a direct influence on the vane loads and which one is the most appropriate to modify the ratio
between each load. However, from a machine design point of view, it is mandatory to investigate the be-
havior of each force component and why the opportunity to modify their ratio might become a fundamental
feature. In order to analyze this aspect, the analytical formulation is applied on a precise family of pumps.
Table 1 reports the main design parameters, which satisfy the restrictions related to the vane geometrical
admissibility described in ref. [17]. The resulting cam ring profile is obtained with a 5th order polynomial
law. By assuming p̂0 = 0.1, B̂ = 1600, ζ = 0.1 and Ω = 2, the reference pump design leads to the four
load components in Fig. 6, where the term f̂k has been divided in two contributions, i.e. force f̂ak and force
f̂vk . The four parameters assumed for obtaining the forces in Fig. 6 come from typical working conditions of
this kind of machines and they do not alter the actual behavior of each force component.

Fig. 6 provides the chance to analyze how each load is characterized by a peculiar behavior. The centrifugal
force is strictly positive, being proportional to vane displacement. As a consequence, this load constantly
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Table 1: Pump design parameters in nondimensional form

z 10
ê

√
1 + 1/2π

r̂v 0.3

t̂v 0.1

l̂v 0.5 ê
ϑSR π/10
ϑER 2π/5
ϑSF 3π/5
ϑEF 9π/10

Figure 6: Schematic of the under-vane pockets linked by the common chamber, reported in blue dashed line

helps pushing the vane against the cam ring and its magnitude increases during the rise phase, while it
decreases during fall phase. A similar contribution is provided by force f̂p, which is strictly positive and
it shows a periodic fluctuation with a carrier frequency defined by the vane passage frequency. It is worth
noticing that, despite the magnitude of this load appears to make all the other contributions irrelevant, this
result depends on the chosen parameter p̂0 and B̂, which are affected by a quadratic decrease as the pump
speed increases linearly. Finally, a peculiar role is addressed by force components f̂ak and f̂vk , which show an
alternating behavior as a direct consequence of the kinematic radial motion of the vane. Force f̂vk is negative
during the rise phase while it switches to positive values within the fall phase. On the other hand, force f̂ak
oscillates through negative and positive values within each rise and fall phase. During the dwell phases, both
f̂ak and f̂vk are equal to zero. As noticed regarding force f̂p, it has to be underlined that although f̂ak only
depends on the pump geometry, force f̂vk increases as the pump speed is reduced. Based on this analysis,
it may be clearly recognized that forces f̂ak and f̂vk are detrimental components for the correct machine
operation since they tends to unload the vane promoting its detachment from the cam ring profile. This
phenomenon is a catastrophic but realistic risk for this kind of volumetric pumps, as also recognized in ref.
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[15], and therefore the capability to control the vane loads during the machine design phase may represent a
successful competence.

5 Concluding remarks

The proposed study provides an analytical dissertation regarding the determination of the vane radial loads
in balanced vane pumps. The methodology allows to calculate the main vane radial load components, i.e.
centrifugal, inertia and damping and pressure force, on the basis of a kinetostatic approach. Within this
context, the method allows to include the influence of a large variety of design parameters, involving both
vane geometry and cam ring profile.

In order to assess the capabilities of the provided analytical formulation, a dedicated assessment of the
results has been performed. Within this context, a dimensional reduction strategy based on the Buckingham’s
Theorem has been applied to the formulation of each load component. The proposed dimensional reduction
strategy helps making a selection on the design parameters that actually have a direct influence on the vane
loads and which one is the most appropriate to modify the ratio between each load. In order to analyze this
aspect, the analytical formulation has been applied on a precise family of pumps.

As a concluding remark, the present study has demonstrated the existence of a deep correlation between the
pump geometrical parameters and the kinetostatic radial loads applied to the vanes. Within this framework,
the provided analytical dissertation is capable to isolate the links between the load components and each
design parameter, providing practical insights regarding the correct balancing the vane and the feasibility of
the pump design.
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Abstract
In many engineering applications, rotating flexible shafts supported at several positions are used to transmit
power, e.g. turbines or electrical machines. While the critical speed is a very important design parameter
for such systems, valuable information can be obtained by computing the response to mass unbalance. In
most previous works, the rotor and the unbalance is modelled as a lumped mass, but several researchers have
also proposed that the unbalance should be included as continuous function. Therefore, a numerical method
called Numerical Assembly Technique (NAT) is extended in this paper to calculate the unbalance response of
a rotor-bearing system with a discontinuous shaft and arbitrarily distributed mass unbalance. The distributed
mass unbalance is approximated by the Fourier extension method, which has a high convergence rate for non-
periodic functions. Several numerical examples are shown, to illustrate the effect of an arbitrarily distributed
mass unbalance and the computational efficiency of the proposed extension of NAT.

1 Introduction

The standard approach in designing a rotor-bearing system is to calculate the critical speeds and then adjust-
ing the design to avoid the critical values in operation [1]. Although, the critical speeds are the main design
parameter, an analysis of the unbalance response can provide additional information, e.g. the importance
of certain critical speeds with respect to their vibration amplitudes or the optimal locations for balancing
planes [1]. Another valuable information gained from an unbalance response calculation is the influence of
the amount and distribution of the unbalance on the vibration levels of the rotor-bearing system [1].

A very common technique to analyse rotor-bearing systems is the Transfer Matrix Method (TMM), which
can be used to calculate critical speeds and the unbalance response of the system. While most works in the
literature deal with lumped parameter models, Lee et al. [2] have generalized the classical TMM to included
distributed unbalances in their calculations by transforming the continuously distributed unbalance into a
Fourier series representation. In [3], the generalized TMM is applied to identify the unbalance distribution in
a flexible rotor with a least-squares method, while in [4] the Finite Element Method (FEM) and a polynomial
distribution of the unbalance is used to estimate the distribution of the unbalance.

An alternative numerical method called Numerical Assembly Technique (NAT) has been presented by Wu
and Chou [5], which is applicable for harmonic vibrations of one-dimensional structures. In [6], NAT has
been extended to calculate the whirling speed and mode shapes of rotor models governed by the Euler-
Bernoulli beam theory and in [7] distributed loading is introduced in NAT.

In this paper, the approach to include distributed loading presented in [7] is extended to steady-state harmonic
vibrations of rotating Rayleigh beams with generally distributed unbalance running on anisotropic bearings.
The Fourier extension method [8, 9] is applied to represent the distributed unbalance, which has a higher
convergence rate for non-periodic functions compared to the classical Fourier series representation.
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2 Problem description and mathematical model

In this section, a general rotor vibration problem with attached discs and generally distributed unbalance
running on anisotropic bearings is described and the Rayleigh beam theory for the transverse vibrations of
straight and uniform rotors is outlined.

2.1 General rotor-bearing system with arbitrarily distributed unbalance

In Figure 1, a general vibration problem of a rotor supported by anisotropic bearings running at constant spin
speed Ω about the z-axis is shown. Several circular discs with mass m(i), mass moment of inertia about the
x- and y-axis Θ

(i)
t , and mass moment of inertia about the z-axis Θ

(i)
p are attached to the rotor. The rotor

has a generally distributed unbalance defined by the eccentricity ε(z) and the angular position β(z) between
the positions z` = ZAu and z` = ZBu. Additionally, the discs can also have a mass unbalance given by
the eccentricity ε(i) and angular position β(i). It is assumed that no axial loading (axial force or twisting
moment) is applied to the rotor.

The rotor with total length L is divided by (N) stations into M = (N − 1) segments having a length
L` = (Zi+1 − Zi) (i = `). The first (1) and last station (N) are located at the rotor boundaries (z = 0
and z = L) and additional stations (i) have to be included if a disc is mounted to the rotor, a change in the
geometric properties appears or a bearing supports the rotor. The location of an intermediate station (i) is
given by z = Zi and a local coordinate system (O`, x`, y`, z`) for each segment ` is defined. The rotor is
assumed to be homogeneous and axisymmetrical having a constant circular cross-section within each rotor

Figure 1: General rotor problem

1258 PROCEEDINGS OF ISMA2020 AND USD2020



segment `. The origins of the local coordinate systems O` are placed in the centers of the circular cross-
sections and located at the associated left stations (z` = (z − Zi) (i = `)). The coordinate axes x` and y` of
each segment ` are aligned.

The bearings are modelled by translational springs and dampers acting in the x- and y-direction. The
spring and damper constants

(
k

(i)
x , k(i)

y , d(i)
x , d(i)

y

)
are not necessarily equal in both directions and there-

fore, anisotropic bearing behavior is included. A cross-coupling in the bearings is neglected.

Since the cross-sections are circular, the axial and bending deformations are decoupled [10]. The springs and
dampers used to model the bearings are linear and in the initial undeformed state, the springs are unstressed.
For brevity, it is assumed that discs, bearings and changes in the geometric properties appear simultane-
ously at each station. Simply setting the parameters of the disc or bearing to zero or keeping the geometric
properties unchanged, allows for every possible configuration at the stations.

2.2 Equations of motion of a rotating Rayleigh beam with mass unbalance

Each segment ` of the rotor is modeled by the Rayleigh beam theory, which has the same assumptions as the
Euler-Bernoulli beam theory, but includes rotatory inertias and gyroscopic effects, while shear deformation
is neglected [10]. The state within a rotor segment ` is completely described by the transverse displacements
ux`(z, t) and uy`(z, t) in x- and y-direction, the rotations of the cross-section ϕx`(z, t) and ϕy`(z, t) about
the x- and y-axis, the bending moments Mx`(z, t) and My`(z, t) about the x- and y-axis and the shear forces
Qx`(z, t) and Qy`(z, t) in x- and y-direction. Using the kinematic assumptions of the Rayleigh beam theory,
the linear strain-displacement relations and Hooke’s law for linear elastic solids [10], the equilibrium of
forces and moments on an infinitesimal rotor element leads to the equations of motion

E` I`
∂4ux`(z, t)

∂z4
− ρ` I`

∂4ux`(z, t)

∂t2 ∂z2
+ ρ`A`

∂2ux`(z, t)

∂t2
− 2 ρ` I` Ω

∂3uy`(z, t)

∂t ∂z2
=

− ∂my(z, t)

∂z
+ qx(z, t) + ρ`A` ε(z) Ω2 cos (Ω t+ β(z)) ,

(1)

E` I`
∂4uy`(z, t)

∂z4
− ρ` I`

∂4uy`(z, t)

∂t2 ∂z2
+ ρ`A`

∂2uy`(z, t)

∂t2
+ 2 ρ` I` Ω

∂3ux`(z, t)

∂t ∂z2
=

∂mx(z, t)

∂z
+ qy(z, t) + ρ`A` ε(z) Ω2 sin (Ω t+ β(z)) ,

(2)

where ρ` is the material density, E` the Young’s modulus, A` the cross-section area, I` the planar second
moments of area with respect to the x- and y-axis, qx(z, t) and qy(z, t) the external distributed forces in
x- and y-direction, mx(z, t) and my(z, t) the external distributed moments about the x- and y-axis, Ω the
rotor spin speed about the z-axis and t the time. The governing equations of the rotating Rayleigh beam
(Equations (1) and (2)) are coupled through the gyroscopic effects.

The rotations of the cross section are defined by

ϕy`(z, t) =
∂ux`(z, t)

∂z
, ϕx`(z, t) = −∂uy`(z, t)

∂z
, (3)

the bending moments are given by

My`(z, t) = E` I`
∂2ux`(z, t)

∂z2
, Mx`(z, t) = −E` I`

∂2uy`(z, t)

∂z2
, (4)

and the shear forces can be computed by

Qx`(z, t) = ρ` I`
∂3ux`(z, t)

∂t2 ∂z
+ 2 ρ` I` Ω

∂2uy`(z, t)

∂t ∂z
− E` I`

∂3ux`(z, t)

∂z3
−my(z, t), (5)

Qy`(z, t) = ρ` I`
∂3uy`(z, t)

∂t2 ∂z
− 2 ρ` I` Ω

∂2ux`(z, t)

∂t ∂z
− E` I`

∂3uy`(z, t)

∂z3
+mx(z, t). (6)
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Figure 2: Definition of the rotor unbalance

The unbalance of the rotor is defined in a rotating coordinate system x′y′z, which coincides with the inertial
coordinate system xyz at t = 0. The time-independent eccentricity ε(z) and angular position β(z) of the
center of mass C are shown in Figure 2.

If the steady-state vibrations of the rotor due to unbalance are investigated, the external loads are set to zero
(qx(z, t) = qy(z, t) = mx(z, t) = my(z, t) = 0). Assuming a solution of the form

ux`(z, t) = ũ+
x`(z) e jΩ t + ũ−x`(z) e−jΩ t, (7)

uy`(z, t) = ũ+
y`(z) e jΩ t + ũ−y`(z) e−jΩ t, (8)

and plugging it into Equations (1) and (2) lead to four ordinary differential equations

d4ũ+
x`(z)

dz4
+ Ω̄2

`

d2ũ+
x`(z)

dz2
− Ω̄2

`

r2
G`

ũ+
x`(z)− 2 j Ω̄2

`

d2ũ+
y`(z)

dz2
=

Ω̄2
`

2 r2
G`

ε̃+(z), (9)

d4ũ+
y`(z)

dz4
+ Ω̄2

`

d2ũ+
y`(z)

dz2
− Ω̄2

`

r2
G`

ũ+
y`(z) + 2 j Ω̄2

`

d2ũ+
x`(z)

dz2
= − j Ω̄2

`

2 r2
G`

ε̃+(z), (10)

d4ũ−x`(z)
dz4

+ Ω̄2
`

d2ũ−x`(z)
dz2

− Ω̄2
`

r2
G`

ũ−x`(z) + 2 j Ω̄2
`

d2ũ−y`(z)

dz2
=

Ω̄2
`

2 r2
G`

ε̃−(z), (11)

d4ũ−y`(z)

dz4
+ Ω̄2

`

d2ũ−y`(z)

dz2
− Ω̄2

`

r2
G`

ũ−y`(z)− 2 j Ω̄2
`

d2ũ−x`(z)
dz2

=
j Ω̄2

`

2 r2
G`

ε̃−(z), (12)

with

Ω̄2
` =

ρ` Ω2

E`
, r2

G` =
I`
A`

(13)

and the complex unbalances ε̃+(z) = ε(z) e jβ(z) and ε̃−(z) = ε(z) e−jβ(z). Since the solutions of ũ+
•`(z)

and ũ−•`(z) have to be complex conjugated to yield real solutions for u•`(z, t) and the differential equations
of ũ+

•`(z) and ũ−•`(z) are completely decoupled, only Equations (9) and (10) are further investigated.

The associated rotations, bending moments and shear forces are given by

ϕ̃+
y`(z) =

dũ+
x`(z)

dz
, ϕ̃+

x`(z) = −
dũ+

y`(z)

dz
, (14)

and

M̃+
y`(z) = E` I`

d2ũ+
x`(z)

dz2
, M̃+

x`(z) = −E` I`
d2ũ+

y`(z)

dz2
, (15)
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and

Q̃+
x`(z) = −E` I`

(
d3ũ+

x`(z)

dz3
+ Ω̄2

`

dũ+
x`(z)

dz
− 2 j Ω̄2

`

dũ+
y`(z)

dz

)
, (16)

Q̃+
y`(z) = −E` I`

(
d3ũ+

y`(z)

dz3
+ Ω̄2

`

dũ+
y`(z)

dz
+ 2 j Ω̄2

`

dũ+
x`(z)

dz

)
. (17)

2.3 Boundary and interface conditions for steady-state harmonic vibrations

The governing equations of the rotor segment `, given in Equations (1) and (2), require certain boundary and
interface conditions and initial conditions to yield a unique solution. Since only steady-state vibrations are
considered in this work, no initial conditions are needed. Since Equations (1) and (2) are two fourth order
partial differential equations, eight conditions for each segment ` have to be defined.

Using the equilibrium of forces and moments and the continuity of displacements and rotations at the stations,
the boundary and interface conditions for steady-state synchronous vibrations of the rotor, associated with
e jΩ t, can be given by

(
−Ω2m(1) + j Ω d(1)

x + k(1)
x

)
ũ+
x1(0)− Q̃+

x1(0) =
m(1) ε̃

(1)
+ Ω2

2
, (18)

(
−Ω2m(1) + j Ω d(1)

y + k(1)
y

)
ũ+
y1(0)− Q̃+

y1(0) = − jm(1) ε̃
(1)
+ Ω2

2
, (19)

−Ω2 Θ
(1)
t ϕ̃+

y1(0)− j Ω2 Θ(1)
p ϕ̃+

x1(0)− M̃+
y1(0) = 0, (20)

−Ω2 Θ
(1)
t ϕ̃+

x1(0) + j Ω2 Θ(1)
p ϕ̃+

y1(0)− M̃+
x1(0) = 0, (21)

for the left boundary (station (1)),

(
−Ω2m(N) + j Ω d(N)

x + k(N)
x

)
ũ+
xM (L) + Q̃+

xM (L) =
m(N) ε̃

(N)
+ Ω2

2
, (22)

(
−Ω2m(N) + j Ω d(N)

y + k(N)
y

)
ũ+
yM (L) + Q̃+

yM (L) = − jm(N) ε̃
(N)
+ Ω2

2
, (23)

−Ω2 Θ
(N)
t ϕ̃+

yM (L)− j Ω2 Θ(N)
p ϕ̃+

xM (L) + M̃+
yM (L) = 0, (24)

−Ω2 Θ
(N)
t ϕ̃+

xM (L) + j Ω2 Θ(N)
p ϕ̃+

yM (L) + M̃+
xM (L) = 0, (25)

for the right boundary (station (N)) and

ũ+
x`(Z

+
i )− ũ+

x`−1(Z−i ) = 0, ũ+
y`(Z

+
i )− ũ+

y`−1(Z−i ) = 0, (26)

ϕ̃+
y`(Z

+
i )− ϕ̃+

y`−1(Z−i ) = 0, ϕ̃+
x`(Z

+
i )− ϕ̃+

x`−1(Z−i ) = 0, (27)

−Ω2 Θ
(i)
t ϕ̃+

y`(Z
+
i )− j Ω2 Θ(i)

p ϕ̃+
x`(Z

+
i )− M̃+

y`(Z
+
i ) + M̃+

y`−1(Z−i ) = 0, (28)

−Ω2 Θ
(i)
t ϕ̃+

x`(Z
+
i ) + j Ω2 Θ(i)

p ϕ̃+
y`(Z

+
i )− M̃+

x`(Z
+
i ) + M̃+

x`−1(Z−i ) = 0, (29)

(
−Ω2m(i) + j Ω d(i)

x + k(i)
x

)
ũ+
x`(Z

+
i )− Q̃+

x`(Z
+
i ) + Q̃+

x`−1(Z−i ) =
m(i) ε̃

(i)
+ Ω2

2
, (30)

(
−Ω2m(i) + j Ω d(i)

y + k(i)
y

)
ũ+
y`(Z

+
i )− Q̃+

y`(Z
+
i ) + Q̃+

y`−1(Z−i ) = − jm(i) ε̃
(i)
+ Ω2

2
, (31)

for the interface conditions (stations (i), ` = i). In Equations (26) – (31) the locations Z−i and Z+
i are

infinitesimal to the left and right of the station (i). The unbalance of the discs is defined in a similar way as
for the rotor, with the eccentricity ε(i) and angular position β(i) at station (i).
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3 Numerical Assembly Technique

In the Numerical Assembly Technique (NAT), analytical solutions of the governing equations (Equations (9)
and (10)) are used to fulfill the boundary and interface conditions, stated in Section 2.3. Therefore, in Section
3.1, the homogeneous solutions are derived and in Section 3.2 particular solution functions for concentrated
and generally distributed unbalances are stated. Finally, the assembly process and the solution of the system
matrix in NAT are shown in Section 3.3.

3.1 Homogeneous solutions of the harmonic governing equations

The general homogeneous solution of the governing equations (Equations (9) and (10)) is obtained by setting
the complex unbalance to zero (ε̃+(z) = 0). Assuming a solution in local coordinates z` of the form

ũ+
hx`(z`) = cux` e j k z` , (32)

ũ+
hy`(z`) = cuy` e j k z` , (33)

leads to the system of linear equations

 k4 − Ω̄2

` k
2 − Ω̄2

`

r2G`
2 j Ω̄2

` k
2

−2 j Ω̄2
` k

2 k4 − Ω̄2
` k

2 − Ω̄2
`

r2G`



[
cux`
cuy`

]
=

[
0
0

]
, (34)

which only has a non-trivial solution if

(
k4 − Ω̄2

` k
2 − Ω̄2

`

r2
G`

)2

− 4 Ω̄4
` k

4 = 0. (35)

There are eight solutions of the characteristic equation given by

k1,2 = ±Ω̄`

√√√√1

2

(√
1 +

4

Ω̄2
` r

2
G`

− 1

)
, k3,4 = ±j Ω̄`

√√√√1

2

(√
1 +

4

Ω̄2
` r

2
G`

+ 1

)
,

k5,6 = ±Ω̄`

√√√√3

2

(√
1 +

4

9 Ω̄2
` r

2
G`

+ 1

)
, k7,8 = ±j Ω̄`

√√√√3

2

(√
1 +

4

9 Ω̄2
` r

2
G`

− 1

)
.

(36)

The constants cux` and cuy` are not independent. For the first four solutions (k1 – k4), the relation is cuy` =
−j cux` and for the last four solutions (k5 – k8) the relation is cuy` = j cux`. The general homogeneous
solution is therefore given by

ũ+
hx`(z`) = c1` cos(α1` z`) + c2` sin(α1` z`) + c3` eα2`(z`−L`) + c4` e−α2` z`

+ c5` cos(α3` z`) + c6` sin(α3` z`) + c7` eα4`(z`−L`) + c8` e−α4` z` ,
(37)

ũ+
hy`(z`) = −j

(
c1` cos(α1` z`) + c2` sin(α1` z`) + c3` eα2`(z`−L`) + c4` e−α2` z`

−c5` cos(α3` z`)− c6` sin(α3` z`)− c7` eα4`(z`−L`) − c8` e−α4` z`
)
,

(38)

with c1` – c8` arbitrary constants and the real-valued wavenumbers α1` = k1, α2` = Im(k3), α3` = k5,
α4` = Im(k7), where Im(•) is the imaginary part. The lower index •h indicates the homogeneous solution
of the differential equations. In general, the homogeneous solution is given in terms of cos(•), sin(•),
cosh(•) and sinh(•). In this paper, a different approach is used, since in Equations (37) and (38) a scaling of
the parts with growing exponentials has been applied, which guaranties that the amplitude of each function
term remains smaller or equal to 1 within the segment span (0 ≤ z` ≤ L`). This has certain advantages in
the numerical implementation, which will be shown in a later section.
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A complete description of the state within the rotor segment ` is given, if not only the displacements, but also
the rotations, bending moments and shear forces are known. If the state variables and arbitrary constants are
gathered in the column vectors x̃+

h`(z`) =
[
ũ+
hx`(z`), ũ

+
hy`(z`), ϕ̃

+
hy`(z`), ϕ̃

+
hx`(z`), M̃

+
hy`(z`), M̃

+
hx`(z`),

Q̃+
hx`(z`), Q̃

+
hy`(z`)

]T
and c` = [c1`, c2`, c3`, c4`, c5`, c6`, c7`, c8`]

T, the state within a rotor segment ` can
be defined by a compact matrix equation as

x̃+
h`(z`) = B`(z`) c`, (39)

where the upper index •T denotes the transpose of a vector or matrix. The state variable matrix is given by

BT
` (z`) =




C1 −jC1 −kϕ1 S1 −j kϕ1 S1 −kM1C1 −j kM1C1 −kQ1 S1 j kQ1 S1

S1 −jS1 kϕ1C1 j kϕ1C1 −kM1 S1 −j kM1 S1 kQ1C1 −j kQ1C1

E+
2 −jE+

2 kϕ2E
+
2 j kϕ2E

+
2 kM2E

+
2 j kM2E

+
2 −kQ2E

+
2 j kQ2E

+
2

E−2 −jE−2 −kϕ2E
−
2 −j kϕ2E

−
2 kM2E

−
2 j kM2E

−
2 kQ2E

−
2 −j kQ2E

−
2

C3 jC3 −kϕ3 S3 j kϕ3 S3 −kM3C3 j kM3C3 −kQ3 S3 −j kQ3 S3

S3 jS3 kϕ3C3 −j kϕ3C3 −kM3 S3 j kM3 S3 kQ3C3 j kQ3C3

E+
4 jE+

4 kϕ4E
+
4 −j kϕ4E

+
4 kM4E

+
4 −j kM4E

+
4 −kQ4E

+
4 −j kQ4E

+
4

E−4 jE−4 −kϕ4E
−
4 j kϕ4E

−
4 kM4E

−
4 −j kM4E

−
4 kQ4E

−
4 j kQ4E

−
4




(40)

with kϕ• = α•`, kM• = E` I` α
2
•`, kQ1 = E` I` α1`

(
α2

1` + Ω̄2
`

)
, kQ2 = E` I` α2`

(
α2

2` − Ω̄2
`

)
, kQ3 =

E` I` α3`

(
α2

3` − 3 Ω̄2
`

)
, kQ4 = E` I` α4`

(
α2

4` + 3 Ω̄2
`

)
, C• = cos(α•` z`), S• = sin(α•` z`), E+

• =

eα•`(z`−L`) and E−• = e−α•` z` . The relations in Equations (14) – (17) have been used to derive Equa-
tions (39) and (40).

3.2 Particular solutions of the harmonic governing equations

The total displacements ũ+
x`(z`) and ũ+

y`(z`) of the rotor segment ` are given by the sum of the homogenous
solutions ũ+

hx`(z`) and ũ+
hy`(z`), derived in Section 3.1, and the particular solutions ũ+

px`(z`) and ũ+
py`(z`),

which fulfill the right hand side of the harmonic governing equations (Equations (9) and (10)). In this section,
the particular solution functions for different types of unbalance distributions are derived, using the Fourier
transform [11], the residue theorem and Jordan’s lemma [12] and the Green’s function method [13].

3.2.1 Concentrated unbalance

A concentrated unbalance located at a certain position z` = Zε is given by

ε̃+(z`) = ε̃P+ δ(z` − Zε) (41)

with δ(•) the dirac delta function and ε̃P+ the complex amplitude of the unbalance (eccentricity times a
fictitious length). If a concentrated unbalance is added in this form, no additional mass is included at the
position Zε. The magnitude of the unbalance force is defined by the density ρ` and area A` of the rotor
segment `, the complex amplitude ε̃P+ and the square of the spin speed Ω. Applying the Fourier transform
[11] with respect to the spatial coordinate z` to Equations (9) and (10), leads to the system of linear equations


 k

4 − Ω̄2
` k

2 − Ω̄2
`

r2G`
2 j Ω̄2

` k
2

−2 j Ω̄2
` k

2 k4 − Ω̄2
` k

2 − Ω̄2
`

r2G`



[
û+
px`(k)

û+
py`(k)

]
=




Ω̄2
`

2 r2G`
ε̂+(k)

− j Ω̄2
`

2 r2G`
ε̂+(k)


 , (42)
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where •̂ denotes the spatial Fourier transform of the quantity • with the parameter k. Using the Fourier
transform of the concentrated unbalance [11]

ε̂+(k) = ε̃P+ e−j k Zε (43)

and solving the system of linear equations for the unknown displacements lead to

û+
px`(k) =

Ω̄2
`

2 r2
G`

ε̃P+ e−j k Zε

k4 + Ω̄2
` k

2 − Ω̄2
`

r2G`

=
Ω̄2
`

2 r2
G`

ε̃P+ e−j k Zε

(k − α1`) (k + α1`) (k − jα2`) (k + jα2`)
, (44)

û+
py`(k) = − j Ω̄2

`

2 r2
G`

ε̃P+ e−j k Zε

k4 + Ω̄2
` k

2 − Ω̄2
`

r2G`

= − j Ω̄2
`

2 r2
G`

ε̃P+ e−j k Zε

(k − α1`) (k + α1`) (k − jα2`) (k + jα2`)
. (45)

Using the inverse Fourier transform results in the integrals

ũ+
px`(z`) =

Ω̄2
` ε̃P+

4π r2
G`

∞∫

−∞

e j k (z`−Zε)

(k − α1`) (k + α1`) (k − jα2`) (k + jα2`)
dk, (46)

ũ+
py`(z`) = − j Ω̄2

` ε̃P+

4π r2
G`

∞∫

−∞

e j k (z`−Zε)

(k − α1`) (k + α1`) (k − jα2`) (k + jα2`)
dk, (47)

which can be evaluated with the residue theorem [12]. According to the limit absorption principle stated in
[14], at least infinitesimal damping in the system should be assumed to get physically meaningful results. In
this case, the pole at k = α1` is pushed downwards in the complex plane, while the pole at k = −α1` is
pushed upwards. Therefore, for z` ≷ Zε only the poles at k = ∓α1` and k = ±jα2` contribute to the result
of the integrals. The final results for the displacements due to a concentrated unbalance are given by

ũ+
px`(z`) = − Ω̄2

` ε̃P+

4 r2
G`

(
α2

1` + α2
2`

)
(

j

α1`
e−jα1` |z`−Zε| +

1

α2`
e−α2` |z`−Zε|

)
, (48)

ũ+
py`(z`) =

j Ω̄2
` ε̃P+

4 r2
G`

(
α2

1` + α2
2`

)
(

j

α1`
e−jα1` |z`−Zε| +

1

α2`
e−α2` |z`−Zε|

)
, (49)

where | • | denotes the absolute value function. Using the abbreviations E1`(z`, Zε) = e−jα1` |z`−Zε| and
E2`(z`, Zε) = e−α2` |z`−Zε|, the state variables due to a concentrated unbalance can be gathered in the
column vector

x̃+
p`(z`, Zε) =

ε̃P+ Ω̄2
`

4 r2
G`

(
α2

1` + α2
2`

)




−
(

j
α1`

E1` + 1
α2`

E2`

)

j
(

j
α1`

E1` + 1
α2`

E2`

)

−sgn(z` − Zε) (E1` − E2`)

−j sgn(z` − Zε) (E1` − E2`)

−E` I` (−jα1`E1` + α2`E2`)

−jE` I` (−jα1`E1` + α2`E2`)

−sgn(z` − Zε)E` I`
((
α2

1` + Ω̄2
`

)
E1` +

(
α2

2` − Ω̄2
`

)
E2`

)

j sgn(z` − Zε)E` I`
((
α2

1` + Ω̄2
`

)
E1` +

(
α2

2` − Ω̄2
`

)
E2`

)




, (50)

with the ordering of the terms in x̃+
p`(z`, Zε) equivalent to the homogeneous solutions x̃+

h`(z`). In Equation
(50), sgn(•) is the signum function. The relations in Equations (14) – (17) have been used to derive Equa-
tion (50). While the displacements, rotations and bending moments are continuous at z` = Zε, the shear
forces have a jump at the location of the concentrated unbalance.
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3.2.2 Arbitrarily distributed unbalance

The particular solution functions for distributed unbalances are derived using the Green’s function method,
which uses the response due to a unit concentrated unbalance (Green’s function) and an integration over the
distributed unbalance region [13]. Multiplying Equation (50) with ε̃+(zu) = ε(zu) e jβ(zu), setting ε̃P+ = 1
and integrating over the unbalance region from zu = ZAu to zu = ZBu lead to the general particular
solutions for distributed unbalances in integral form

x̃+
p`(z`) =

ZBu∫

−ZAu

ε̃+(zu) x̃+
p`(z`, zu) dzu, (51)

where the integration variable zu is defined accordingly to the local coordinate system z`. Applying a change
of variables to normalized local coordinates with respect to the limits of the distributed unbalance

z̄u =

(
zu −

ZBu + ZAu
2

)
2

ZBu − ZAu
and z̄` =

(
z` −

ZBu + ZAu
2

)
2

ZBu − ZAu
(52)

simplifies Equation (51) to

x̃+
p`(z̄`) =

ZBu − ZAu
2

1∫

−1

ε̃+(z̄u) x̃+
p`(z̄`, z̄u) dz̄u. (53)

In the Fourier extension (continuation) method, a non-periodic function, which is defined on the interval
[−1, 1], is approximated by a Fourier series that is periodic on an extended interval [−T, T ] (T > 1) [8, 9].
Therefore, the generally distributed unbalance, given in normalized local coordinates z̄u, is approximated by
the Fourier series

ε̃+(z̄u) ≈ 1√
2T

n∑

k=−n
duk e j k π

T
z̄u with − 1 ≤ z̄u ≤ 1 (54)

where T > 1 and n is corresponding to the order of the approximation. Several different approaches exist
to calculate the complex coefficients duk, but the numerical discrete Fourier extension with equispaced sam-
pling points [8] seems to be the most suited one for the problem at hand, since efficient and stable numerical
algorithms are available [9]. The reader is referred to [9] for a detailed description of the numerical algorithm
used in this paper and to [8] and [15] for an in-depth analysis of the convergence rate and stability of the
Fourier extension method depending on the properties of the approximated function.

Plugging Equations (50) and (54) into Equation (53) and evaluating the integrals lead to

x̃+
p`(z̄`)=

n∑

k=−n

duk Ω̄2
`

4 r2
G`

(
ᾱ2

1` + ᾱ2
2`

)




−(ZBu−ZAu)4

16

(
j
ᾱ1`

I1`(z̄`, k) + 1
ᾱ2`

I2`(z̄`, k)
)

j (ZBu−ZAu)4

16

(
j
ᾱ1`

I1`(z̄`, k) + 1
ᾱ2`

I2`(z̄`, k)
)

−(ZBu−ZAu)3

8 (I3`(z̄`, k)− I4`(z̄`, k))
−j (ZBu−ZAu)3

8 (I3`(z̄`, k)− I4`(z̄`, k))
−E` I` (ZBu−ZAu)2

4 (−j ᾱ1` I1`(z̄`, k) + ᾱ2` I2`(z̄`, k))
−jE` I` (ZBu−ZAu)2

4 (−j ᾱ1` I1`(z̄`, k) + ᾱ2` I2`(z̄`, k))
−E` I`(ZBu−ZAu)3

8

((
α2

1` + Ω̄2
`

)
I3`(z̄`, k) +

(
α2

2` − Ω̄2
`

)
I4`(z̄`, k)

)

jE` I`(ZBu−ZAu)3

8

((
α2

1` + Ω̄2
`

)
I3`(z̄`, k) +

(
α2

2` − Ω̄2
`

)
I4`(z̄`, k)

)




, (55)

where the integrals I•`(z̄`, k) are stated in Appendix A and the normalized wavenumbers are given by

ᾱ1` = α1`
ZBu − ZAu

2
and ᾱ2` = α2`

ZBu − ZAu
2

. (56)
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3.3 Assembly and solution procedure

Plugging the total solution x̃+
` (z`) = x̃+

h`(z`) + x̃+
p`(z`) of each rotor segment ` into the boundary and

interface conditions leads to a system of linear equations Ac = b with c = [c1, · · · , c`, · · · , cM ]T the
arbitrary constants of the homogenous solutions. The system matrix A depends only on the concentrated
elements at the stations, while the right-hand side vector b is additionally affected by the rotor unbalance.

Using the total solutions x̃+
l = x̃+

1 (0) and x̃+
r = x̃+

M (LM ) at the boundaries, the boundary conditions at
station (1) and (N) (Equations (18) – (25)) can be written in matrix form by




1Bl g
(1)
x − 7Bl

2Bl g
(1)
y − 8Bl

−Ω2 (Θ
(1)
t

3Bl + j Θ
(1)
p

4Bl)− 5Bl

−Ω2 (Θ
(1)
t

4Bl − j Θ
(1)
p

3Bl)− 6Bl




︸ ︷︷ ︸
A(1)

c1 =




−1x̃+
pl g

(1)
x + 7x̃+

pl +
m(1) ε̃

(1)
+ Ω2

2

−2x̃+
pl g

(1)
y + 8x̃+

pl −
jm(1) ε̃

(1)
+ Ω2

2

Ω2 (Θ
(1)
t

3x̃+
pl + j Θ

(1)
p

4x̃+
pl) + 5x̃+

pl

Ω2 (Θ
(1)
t

4x̃+
pl − j Θ

(1)
p

3x̃+
pl) + 6x̃+

pl




︸ ︷︷ ︸
b(1)

(57)

for the left station (1) and




1Br g
(N)
x + 7Br

2Br g
(N)
y + 8Br

−Ω2 (Θ
(N)
t

3Br + j Θ
(N)
p

4Br) + 5Br

−Ω2 (Θ
(N)
t

4Br − j Θ
(N)
p

3Br) + 6Br




︸ ︷︷ ︸
A(N)

cM =




−1x̃+
pr g

(N)
x − 7x̃+

pr +
m(N) ε̃

(N)
+ Ω2

2

−2x̃+
pr g

(N)
y − 8x̃+

pr −
jm(N) ε̃

(N)
+ Ω2

2

Ω2 (Θ
(N)
t

3x̃+
pr + j Θ

(N)
p

4x̃+
pr)− 5x̃+

pr

Ω2 (Θ
(N)
t

4x̃+
pr − j Θ

(N)
p

3x̃+
pr)− 6x̃+

pr




︸ ︷︷ ︸
b(N)

(58)

for the right station (N). In Equations (57) and (58), the 4× 8 matrices A(1) and A(N) and the 4× 1 right-
hand side vectors b(1) and b(N) are associated with the left (station (1)) and right boundary (station (N)).
The left upper index in •B? and •x̃+

p? indicates the •th row in the state variable matrix B? and particular
solution x̃+

p?. Similar, the interface conditions at station (i) (Equations (26) – (31)) result in




1Bl −1Br

2Bl −2Br

3Bl −3Br

4Bl −4Br

7Bl
1Br g

(i)
x − 7Br

8Bl
2Br g

(i)
y − 8Br

5Bl −Ω2(Θ
(i)
t

3Br + j Θ
(i)
p

4Br)− 5Br

6Bl −Ω2 (Θ
(i)
t

4Br − j Θ
(i)
p

3Br)− 6Br




︸ ︷︷ ︸
A(i)

[
c`−1

c`

]
=




−1x̃+
pl + 1x̃+

pr

−2x̃+
pl + 2x̃+

pr

−3x̃+
pl + 3x̃+

pr

−4x̃+
pl + 4x̃+

pr

−1x̃+
pr g

(i)
x + 7x̃+

pr − 7x̃+
pl +

m(i) ε̃
(i)
+ Ω2

2

−2x̃+
pr g

(i)
y + 8x̃+

pr − 8x̃+
pl −

jm(i) ε̃
(i)
+ Ω2

2

Ω2 (Θ
(i)
t

3x̃+
pr + j Θ

(i)
p

4x̃+
pr) + 5x̃+

pr − 5x̃+
pl

Ω2 (Θ
(i)
t

4x̃+
pr − j Θ

(i)
p

3x̃+
pr) + 6x̃+

pr − 6x̃+
pl




︸ ︷︷ ︸
b(i)

, (59)

where i = (2, . . . , N − 1) (` = i), x̃+
l = x̃+

`−1(L`−1) and x̃+
r = x̃+

` (0), A(i) is a 8 × 16 matrix and b(i)

is a 8× 1 vector associated with the intermediate station (i). In Equations (57) – (59), the parameters of the
concentrated elements at station (•) are gathered in g(•)

? =
(
−Ω2m(•) + j Ω d

(•)
? + k

(•)
?

)
(?-direction).

The 8M×8M system matrix A and the 8M×1 right-hand side vector b are an assembly of all sub-matrices
A(i) and sub-vectors b(i), where i = (1, . . . , N). The unknown constants c are the solution of the system
of linear equations Ac = b, which uniquely define the state variables for the whole rotor.
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Figure 3: Configuration of the example rotor with three discs

4 Numerical examples

In this section, a stepped rotor with three discs running on anisotropic bearings is examined. The steady-state
harmonic response due to unbalance is calculated with NAT and FEM and different unbalance distributions
are compared to each other. The geometry of the rotor is shown in Figure 3.

The rotor is made of steel (E = 2.1 · 1011 N/m2, ρ = 7800 kg) and the homogeneous circular cross-sections
in segment 1, 2, 5 and 6 have a diameter of 0.040 m, in segment 3 of 0.050 m and in segment 4 of 0.060 m.
The total length of the rotor is 1.04 m with a total mass of 14.02 kg. The ratio of the rotor length to the
maximum diameter is 17.33 and therefore, the Rayleigh beam theory is still applicable.

The bearings in stations 2 and 6 are modelled by linear springs and dampers and the circular discs at stations
3-5 are rigid with a negligible thickness compared to the rotor length. The parameters of the concentrated
elements at the stations are listed in Table 1.

Table 1: Parameters of the concentrated elements at the stations

Station Zi [m] m [kg] Θt [kgm2] Θp [kgm2] kx [N/m] dx [Ns/m] ky [N/m] dy [Ns/m]

1 0.00 0 0 0 0 0 0 0

2 0.13 0 0 0 600000 80 450000 80

3 0.31 25 0.013 0.026 0 0 0 0

4 0.47 20 0.010 0.020 0 0 0 0

5 0.71 15 0.008 0.012 0 0 0 0

6 0.91 0 0 0 600000 80 450000 80

7 1.04 0 0 0 0 0 0 0

To investigate the influence of the unbalance distribution, four different unbalance configurations are con-
sidered in the following calculations. All four cases lead to equivalent bearing loads if the rotor is assumed
to be perfectly rigid. In the first case, the unbalances are concentrated at the discs with ε(3) = 0.02 mm,
β(3) = 0◦, ε(4) = 0.025 mm, β(4) = 22.5◦, ε(5) = 0.08 mm and β(5) = 157.5◦, while the rotor
segments are free of unbalance. In the remaining cases, the eccentricity in the discs is reduced to 50%
and additional unbalance is introduced in the rotor segments. A constant unbalance distribution in the
segments 2-5 with the parameters ε(z2) = 0.04 mm, β(z2) = 0◦, ε(z3) = 0.06 mm, β(z3) = 90◦,
ε(z4) = 0.0916 mm, β(z4) = −3.37◦, ε(z5) = 0.3372 mm and β(z5) = 161.78◦, is assumed in the
second case. In the third case, an eccentricity distribution in the segments 2-5 is given by the third-
order polynomial ε(z) = 0.04 + 0.06 z + 0.4882 z2 − 1.1396 z3 [mm] and a linearly varying angular
position β(z) = 56.25 − 102.03 z [◦]. Finally, in the fourth case, a heart curve [2] of the form ε(z) =
−0.1838 + 0.0136 cos(−1.0472 + 8.0554 z)[mm] is used to model the eccentricity in the segments 2-5 and
a linearly varying angular position β(z) = −15.77− 529.66 z [◦] is applied.
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Figure 4: Semi-major axis of the elliptical orbit at the left bearing (station 2)
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Figure 5: Semi-major axis of the elliptical orbit at the right bearing (station 6)

The NAT models are built and solved with MATLAB R© R2020a and the FEM reference solutions are cal-
culated with the commercial FEM software package Ansys R© 2019R2. The beam element BEAM4, which
has the Rayleigh beam theory implemented and applies cubic shape functions, is used to discretize the rotor
model.

The influence of the unbalance distribution on the response of the rotor system is shown in Figures 4 and 5,
where the semi-major axis a of the elliptical orbit is plotted with respect to the spin speed Ω at the left and
right bearing. All results are calculated with NAT using the Fourier extension method with n = 16 for the
distributed unbalances. The first four peaks in Figures 4 and 5 correspond to critical speeds with nearly no
deformation within the rotor. At the first critical speed (Ω ≈ 1010 rpm), the rotor is practically moving in
the xz-plane parallel to the z-axis, while at the second critical speed (Ω ≈ 1146 rpm), a motion in the yz-
plane parallel to the z-axis appears. This behaviour is expected, since the bearing stiffness in y-direction is
lower than in x-direction and the rotor is rather stiff compared to the bearings. Between the first and second
critical speed, the rotor vibrates in a backward whirling motion. A similar motion is encountered at the third
(Ω ≈ 2195 rpm) and fourth (Ω ≈ 2500 rpm) critical speeds, but instead of a motion parallel to the z-axis a
rotation of the nearly undeformed rotor appears.

Since the unbalance distributions are chosen as such that the overall bearing loads become equivalent for
all cases as long as the rotor remains rigid, there is hardly any differences in the response of the rotor
system between the four cases up to 4000 rpm. As soon as the rotor starts to deform, the actual unbalance
distribution has a major impact on the response of the system. Depending on the distribution, the amplitude
of the deformation at a certain point varies up to a factor of 100 in the given example, which leads to
great differences in the loading of the bearings. The total damping effect of the bearings on the rotor system
strongly depends on the unbalance distribution, which is apparent from the vibration amplitudes at the critical
speeds above 4000 rpm.
If a flexible rotor is operating at supercritical spin speeds, the unbalance distribution has to be taken into
account, since the vibration levels may differ significantly between different cases.
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Figure 6: Averaged error of the FEM models compared to NAT

To compare the computational efficiency and accuracy of NAT to FEM, four different FEM models are built
with decreasing element size (e1 = 0.01 m, e2 = 0.02 m, e3 = 0.05 m). All calculations are performed
on an Intel R© XeonTM server (8 × 2.6 GHz, 128 GB RAM) running a Windows server 2012 R2 operating
system. Since NAT leads to quasi-analytical solutions, it is used as the reference model. The averaged error
of the semi-major axis of the elliptical orbit between NAT and FEM is defined by

εFEM =

∫ L

0

√
(aFEM(z)− aNAT(z))2 dz

∫ L

0

√
aNAT(z)2 dz

(60)

and plotted in Figures 6a – 6d for different spin speeds.

Generally, the error of the FEM model decreases with decreasing mesh size, which is apparent for all cases.
Furthermore, the error for the cases with distributed unbalances is about two orders higher compared to case
1, since the FEM model can not represent the distributed unbalance accurately enough. The increasing error
with rising spin speed is due to the decreasing wave length of the vibrations within the rotor system, which
are less accurately represented by the discrete FEM model.

The total computational time of the FEM model is approximately constant for all unbalance cases and only
depends on the element size. The computational time for 20000 spin speed points for the smallest element
size is approximately 300 s, for the medium element size 230 s and for the largest element size 170 s. Since
for case 1 no particular solution function has to be computed in NAT, the computational time for 20000 spin
speed points is only 5.3 s, while for the other cases it is approximately 16.2 s. Even for the largest element
size, NAT outperforms FEM by a factor of ten, while leading to quasi-analytical results.
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5 Conclusion

In this paper, the NAT has been extended to steady-state harmonic vibrations of rotating Rayleigh beams
under arbitrarily distributed mass unbalance. The arbitrarily distributed mass unbalance is approximated by
the Fourier extension method, which allows for an efficient introduction of the mass unbalance in NAT. Since
NAT leads to quasi-analytical solutions, while being computationally more efficient compared to the FEM,
it is a powerful tool to investigate the behaviour of rotor-bearing systems in an efficient way. Furthermore,
the influence of the distribution of the mass unbalance on the rotor system has been investigated. As long as
the rotor remains nearly undeformed, the distribution of the mass unbalance hardly effects the vibrations of
the rotor system. If the rotor becomes more flexible, a different distribution of the mass unbalance can have
a major impact on the actual vibration levels, which has to be taken into account in the rotor design.
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Appendix

A Integrals in the solution of the generally distributed unbalance

The solutions of the integrals appearing in the generally distributed unbalance are shown below. In the
evaluation of the integrals, three different cases (z̄` ≥ 1, z̄` ≤ −1, |z̄`| < 1) have to be considered, since the
absolute value and signum function are present in the integrands.

I1`(z̄`, k) =

1∫

−1

1√
2T

e j k π
T
z̄u−j ᾱ1` |z̄`−z̄u| dz̄u =





√
2T sin

(
ᾱ1` + k π

T

)

ᾱ1` T + k π
e−j ᾱ1` z̄` z̄` ≥ 1

√
2T sin

(
ᾱ1` − k π

T

)

ᾱ1` T − k π
e j ᾱ1` z̄` z̄` ≤ −1

e j k π
T
z̄` − e−j( k πT +ᾱ1` (z̄`+1))

j
√

2T
(
k π
T + ᾱ1`

)

− e j k π
T
z̄` − e j( k πT +ᾱ1` (z̄`−1))

j
√

2T
(
k π
T − ᾱ1`

)
|z̄`| < 1

(61)

I2`(z̄`, k) =

1∫

−1

1√
2T

e j k π
T
z̄u−ᾱ2` |z̄`−z̄u| dz̄u =





√
2T sin

(
− j ᾱ2` + k π

T

)

−j ᾱ2` T + k π
e−ᾱ2` z̄` z̄` ≥ 1

√
2T sin

(
− j ᾱ2` − k π

T

)

−j ᾱ2` T − k π
e ᾱ2` z̄` z̄` ≤ −1

e j k π
T
z̄` − e−j( k πT −j ᾱ2` (z̄`+1))

j
√

2T
(
k π
T − j ᾱ2`

)

− e j k π
T
z̄` − e j( k πT −j ᾱ2` (z̄`−1))

j
√

2T
(
k π
T + j ᾱ2`

)
|z̄`| < 1

(62)

I3`(z̄`, k) =

1∫

−1

sgn(z̄` − z̄u)√
2T

e j k π
T
z̄u−j ᾱ1` |z̄`−z̄u| dz̄u =





√
2T sin

(
ᾱ1` + k π

T

)

ᾱ1` T + k π
e−j ᾱ1` z̄` z̄` ≥ 1

−
√

2T sin
(
ᾱ1` − k π

T

)

ᾱ1` T − k π
e j ᾱ1` z̄` z̄` ≤ −1

e j k π
T
z̄` − e−j( k πT +ᾱ1` (z̄`+1))

j
√

2T
(
k π
T + ᾱ1`

)

+
e j k π

T
z̄` − e j( k πT +ᾱ1` (z̄`−1))

j
√

2T
(
k π
T − ᾱ1`

)
|z̄`| < 1

(63)
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I4`(z̄`, k) =

1∫

−1

sgn(z̄` − z̄u)√
2T

e j k π
T
z̄u−ᾱ2` |z̄`−z̄u| dz̄u =





√
2T sin

(
− j ᾱ2` + k π

T

)

−j ᾱ2` T + k π
e−ᾱ2` z̄` z̄` ≥ 1

√
2T sin

(
− j ᾱ2` − k π

T

)

j ᾱ2` T + k π
e ᾱ2` z̄` z̄` ≤ −1

e j k π
T
z̄` − e−j( k πT −j ᾱ2` (z̄`+1))

j
√

2T
(
k π
T − j ᾱ2`

)

+
e j k π

T
z̄` − e j( k πT −j ᾱ2` (z̄`−1))

j
√

2T
(
k π
T + j ᾱ2`

)
|z̄`| < 1

(64)
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Abstract 
The application of journal air bearings is limited by a threshold speed, beyond which the air bearing system 
becomes dynamically unstable. This is typically due to insufficient damping properties of the gas film at 
higher speeds, which will make the system unstable. This paper investigates the use of piezoelectric 
elements to support the bearings, which stabilizes the air bearing system by introducing an optimum amount 
of damping through shunting the piezoelectric elements with appropriate impedances. Based on a set of 
representative air bearing configurations, this paper discusses the effectiveness of R-shunted piezoelectric 
elements to stabilize the air bearing systems.  

1 Introduction 

Air bearings are bearings that create a load-carrying interface between two components containing a film of 
pressurized air. Due to their non-contacting characteristics, air bearings avoid wear and have less friction 
between moving surfaces. Besides, unlike solid or liquid lubricants, air has unique advantages like low 
viscosity and insensitivity of air properties to temperature, which result in limited heat generation in high 
speed machinery. Due to these advantages over traditional bearings, air bearings are becoming key 
components of precision or high-speed machine elements such as turbomachinery, high-speed spindles, and 
measuring machines.  
However at high speed, damping of an air bearing can become so poor that self-excited vibration appears 
due to the cross-coupled stiffness [1]. This unstable vibration is known as non-synchronous whirling, which 
will cause severe damage to the air bearing system.  
The potential approaches for stabilizing an air bearing system at high speed use the following two main 
concepts: 

1) Bearing surface shape or clearance modification 
Modification of surface shape or clearance can enhance the stability of simple rotor that is supported 
by fluid bearings [2]. There are two types of clearance modification: modification in axial direction 
and grooved texture in radial direction. The stability of a gas bearing is not improved by a modified 
clearance shape in axial direction [4]. The wave-form shaped clearance improves the load capacity 
and stability, but the stability enhancement depends on the working conditions [3]. The herringbone 
grooved journal bearings (HGJB) greatly improves the stability of air bearings [5]. However, 
traditional herringbone grooves make the air bearing less stable at low bearing numbers [6]. All 
these methods suffer from speed range and geometry limitations 

2) Elastic or flexible support damper 
The application of an elastic support damper can also stabilize an air bearing at high speed [7] and 
will thus increase the threshold speed of instability. The threshold speed is increased after 
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implementing the elastic support damper. The damping medium can be either oil [8], O-rings [9] or 
foil based support systems [10]. The effectiveness of a flexible support damper depends on the 
system configuration. The application of O-rings can stabilize an air bearing system at a super-high 
rotation speed [11]. 

This work investigates the effectiveness of a flexible support in which piezoelectric elements are used. This 
is a novel approach to the stabilization of air bearings but has already been used for introducing damping in 
other mechanical systems [16].  

2 Modeling of the air bearing system 

Without loss of generality, we restrict the investigation to a rigid rotor supported on two identical radial air 
bearings, neglecting tilt. As in theory there are no axial loads, no axial bearings are included in this model. 
In this way, the problem is reduced to a 2-D case, often referred to as a Jeffcott rotor system. In this section, 
modeling of the air film is described. Then a model for the complete rotor system is described. Thirdly, the 
modeling of the air bearing system with flexible support is described and the stability of such a system is 
analyzed. 

2.1 Modeling of air film dynamics 

Dynamic coefficients of the air film are typically used to evaluate the stability of the air bearing systems 
[7]. These coefficients are obtained via solving the dynamic Reynolds equation. The static pressure 
distribution can be obtained by solving the static Reynolds equation: 
 ∇(𝑃𝑃𝐻𝐻3∇P − ΛPH) = 0 , (1) 
where  

 𝑃𝑃 = 𝑝𝑝
𝑝𝑝𝑎𝑎

;𝐻𝐻 = ℎ
𝑐𝑐

 ;  Λ = 12𝜋𝜋𝜋𝜋𝜇𝜇0𝑅𝑅2

𝑝𝑝𝑎𝑎𝑐𝑐2
  .  

Here 𝜇𝜇0 is the viscosity of air, ℎ(𝑥𝑥,𝑦𝑦) is thickness function of the air gap, 𝜔𝜔 is the rotation speed of the 
rotor, 𝑝𝑝 is the air pressure in the clearance, 𝑝𝑝𝑎𝑎 is the atmospheric pressure and 𝑐𝑐 is the average clearance. Λ 
is often denoted as bearing number. 
Assuming there is a small perturbation ∆H, a first-order perturbed formulation of the Reynolds’ equation is 
[12]: 

 ∇[(3𝑃𝑃0𝐻𝐻02∆H + 𝐻𝐻03∆P)∇𝑃𝑃0 + 𝑃𝑃0𝐻𝐻03∇∆𝑃𝑃 − Λ(𝑃𝑃0∆H + 𝐻𝐻0∆𝑃𝑃)] = 𝑗𝑗𝑗𝑗(𝑃𝑃0∆H + 𝐻𝐻0∆𝑃𝑃), (2) 
where  

 ∆H = ∆ℎ
𝑐𝑐

 ;  𝑗𝑗 = 24𝜋𝜋𝜇𝜇0𝑅𝑅2

𝑝𝑝𝑎𝑎𝑐𝑐2
ν .  

Here ν is the perturbation frequency, 𝐻𝐻0 is the static air gap and 𝑃𝑃0 is the static pressure.  𝑗𝑗 is often denoted 
squeeze number. 
The dynamic pressure is comprised of the pressure in phase ∆𝑃𝑃𝑘𝑘 and that out of phase ∆𝑃𝑃𝑐𝑐: ∆𝑃𝑃 = ∆𝑃𝑃𝑘𝑘 +
𝑖𝑖∆𝑃𝑃𝑐𝑐. The dynamic coefficients can then be obtained as [13]: 

 𝐾𝐾𝑥𝑥𝑥𝑥 =
−𝑝𝑝𝑎𝑎𝑅𝑅 ∫ ∫ ∆𝑃𝑃𝑘𝑘𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

2𝜋𝜋
0 𝑐𝑐𝑑𝑑𝐿𝐿

0
∆𝑥𝑥

  

 𝐾𝐾𝑦𝑦𝑥𝑥 =
−𝑝𝑝𝑎𝑎𝑅𝑅 ∫ ∫ ∆𝑃𝑃𝑘𝑘𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐

2𝜋𝜋
0 𝑐𝑐𝑑𝑑𝐿𝐿

0
∆𝑥𝑥

  

 𝐶𝐶𝑥𝑥𝑥𝑥 =
−𝑝𝑝𝑎𝑎𝑅𝑅 ∫ ∫ ∆𝑃𝑃𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

2𝜋𝜋
0 𝑐𝑐𝑑𝑑𝐿𝐿

0
∆𝑥𝑥
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 𝐶𝐶𝑦𝑦𝑥𝑥 =
−𝑝𝑝𝑎𝑎𝑅𝑅 ∫ ∫ ∆𝑃𝑃𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐

2𝜋𝜋
0 𝑐𝑐𝑑𝑑𝐿𝐿

0
∆𝑥𝑥

 (3) 

The dynamic coefficients of the air film are determined by the perturbation frequency 𝜈𝜈, as can be seen 
from Equation (2). For systems excited by external forces, this perturbation frequency is the frequency of 
excitation. For the self-excited vibration, 𝜈𝜈 is the resonance frequency of the system, which is determined 
by the system’s dynamic coefficients. Therefore, in the case of self-excitation, the perturbation frequency 
𝜈𝜈  can only be calculated through iterative methods [13]. 

2.2 Modeling of air bearings system 

 
Figure 1: Schematic figure of gas bearing model 

After obtaining the dynamic properties of the air film, the dynamics of the complete air bearing system can 
be modeled, as shown in Figure 1. Natural response of the Jeffcott rotor’s cylindrical mode can be described 
as follows: 

 �𝑚𝑚 0
0 𝑚𝑚� [�̈�𝑥�̈�𝑦] + �

𝑐𝑐𝑥𝑥𝑥𝑥 𝑐𝑐𝑥𝑥𝑦𝑦
𝑐𝑐𝑦𝑦𝑥𝑥 𝑐𝑐𝑦𝑦𝑦𝑦� �

�̇�𝑥
�̇�𝑦�+ �

𝑘𝑘𝑥𝑥𝑥𝑥 𝑘𝑘𝑥𝑥𝑦𝑦
𝑘𝑘𝑦𝑦𝑥𝑥 𝑘𝑘𝑦𝑦𝑦𝑦

� �
𝑥𝑥
𝑦𝑦� = 𝑭𝑭 (4) 

Here 𝑚𝑚 is the mass of journal, 𝑥𝑥 and 𝑦𝑦 are displacements of journal in two orthogonal directions, cij are the 
damping coefficients, kij are the stiffness coefficients, and 𝑭𝑭is the external force vector. Both terms c𝑥𝑥𝑦𝑦  and 
c𝑦𝑦𝑥𝑥  have little effect on stability of the system and can be ignored for further stability analysis [1].  

2.3 Stability of an air bearing system 

After obtaining the dynamic coefficients, the eigenvalues of the system 𝝀𝝀 =  𝜼𝜼 +j𝝎𝝎𝒅𝒅 can be obtained using 
Equation (2). The damping ratios 𝜁𝜁 = −𝜼𝜼/|𝝀𝝀| [10] are used to evaluate the stability of the system. If any 
damping ratio is negative, the system is unstable. Since a stability analysis is based on this sign change, the 
following metric is used to evaluate the stability of the air bearing system: 
 𝐷𝐷𝑙𝑙 = min (−𝜼𝜼/|𝝎𝝎𝒅𝒅|) (5) 
In this report this ratio 𝐷𝐷𝑙𝑙 is further referred to as the ‘damping ratio’. The table below summarizes the 
main parameters of a given air bearing configuration that is used in this study.   

Table 1: Dimension of the air bearing  
 Values 

Mass of journal m(kg) 0.4 
Diameter of journal D(mm) 40 
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Length of air film L(mm) 
Air film clearance h0 (um) 

40 
13 

 
Using the typical parameters in Table 1, the damping ratios at different rotation speeds can be obtained. 
Figure 2 shows the damping ratio in the speed range from 10 Hz to 100,000 Hz (= r.p.s.). According to this 
figure, the damping ratio becomes negative beyond a threshold speed, termed the whirl threshold, and never 
becomes positive again. This means that the air bearing system will be dynamically unstable beyond the 
threshold speed around 2110 Hz.  

 
Figure 2: Damping ratio of air bearing system with dimensions in Table 1. Positive damping ratio means 
that the system is stable.  

2.4 Stability of air bearings with elastic support 

In this section, the system with an elastic support is modelled, from which the eigenvalues of the system can 
be obtained in a similar way as described in the previous section. 

 
Figure 3: schematic figure of the bearing-rotor system with elastic support 
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The configuration of the bearing-rotor system with elastic support damper and damper can be seen in 
Figure 3. Assuming there is no external force, the formulation of dynamics of the system is given in 
Equation (6) [4] 
 
 mẍ + c𝑥𝑥𝑥𝑥(ẋ − ẋ𝑏𝑏) + c𝑥𝑥𝑦𝑦(ẏ − ẏ𝑏𝑏) + k𝑥𝑥𝑥𝑥(x − x𝑏𝑏) + k𝑥𝑥𝑦𝑦(y − y𝑏𝑏) = 0  

 mÿ + c𝑦𝑦𝑦𝑦(ẏ − ẏ𝑏𝑏) + c𝑦𝑦𝑥𝑥(ẋ − ẋ𝑏𝑏) + k𝑦𝑦𝑦𝑦(y − y𝑏𝑏) + k𝑦𝑦𝑥𝑥(x − x𝑏𝑏) = 0  

 m𝑏𝑏ẍ𝑏𝑏 + c𝑒𝑒 ẋ𝑏𝑏 + k𝑒𝑒x𝑏𝑏 − c𝑥𝑥𝑥𝑥(ẋ − ẋ𝑏𝑏) − c𝑥𝑥𝑦𝑦(ẏ − ẏ𝑏𝑏) − k𝑥𝑥𝑥𝑥(x − x𝑏𝑏) − k𝑥𝑥𝑦𝑦(y − y𝑏𝑏) = 0  

 m𝑏𝑏ÿ𝑏𝑏 + c𝑒𝑒 ẏ𝑏𝑏 + k𝑒𝑒y𝑏𝑏 − c𝑦𝑦𝑦𝑦(ẏ − ẏ𝑏𝑏) − c𝑦𝑦𝑥𝑥(ẋ − ẋ𝑏𝑏) − k𝑦𝑦𝑦𝑦(y − y𝑏𝑏) − k𝑦𝑦𝑥𝑥(x − x𝑏𝑏) = 0 (6) 

Here m𝑏𝑏 is the mass of the bearing shell; x𝑏𝑏 and y𝑏𝑏 are displacements of the bearing shell; k𝑒𝑒 and c𝑒𝑒 are 
stiffness and damping between the bearing shell and the housing. With Equation (6), the eigenvalues and 
damping ratio of the system can also be obtained and the corresponding damping ratio 𝐷𝐷𝑙𝑙 is obtained.  
Introducing damping in this flexible support can stabilize the system when well designed. For further 
optimizing this system, the dimensions of a typical configuration of such a system with plain bearings are 
given in Table 2. Figure 4 shows that the air bearing system can be stabilized using this type of bearing 
support when using a certain range of damping coefficients.  

Table 2: Dimension of the air bearing used for analysis 
 Values 

Mass of journal m(kg) 0.4 
Diameter of journal D(mm) 40 
Length of air film L(mm) 40 
Air film clearance h0 (um) 

Mass ratio 𝑹𝑹𝒎𝒎 = 𝒎𝒎𝒃𝒃
𝒎𝒎

 
Rotation speed N(Hz) 

Support stiffness kb(N/um) 

13 
0.3 

10000 
20 

 

 
Figure 4: The influence of damping in the elastic support on the global damping ratio of the system 
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The dynamic coefficients of air bearings change with the rotation speed of the journal. In order to investigate 
the effectiveness of this method for stabilization of air bearings, the influence of the damped support on the 
stability of the system at various speeds needs to be considered. Figure 5 shows that a range of damping 
coefficients exists to make the system stable at the whole range of rotation speeds. The region with positive 
damping ratios indicates that the system is stable. According to this figure, a range of damping coefficients 
from 300 Ns/m to 50000 Ns/m  makes the system stable for the whole range of speed.  
There are various ways to physically realize a bearing shell support with the correct stiffness and damping. 
Passive materials like rubber [1] work well to stabilize the air bearing system, but their behavior is 
temperature dependent and also requires careful pre-tensioning of the rubber elements. As an alternative, 
this study is focusing on piezoelectric elements with a shunted impedance as they could offer a more tunable 
and robust solution.  

  
Figure 5: Damping ratios of the system at different rotation speed and support damping 

3 Analysis of effectiveness of damping using piezoelectric elements 

In this research, piezoelectric elements work as the flexure spring 𝑘𝑘𝑒𝑒  in Figure 3. Resistor shunted (R-
shunted) piezoelectric elements induce damping between the bearing shell and the housing. In this section, 
the R-shunted piezoelectric damper is firstly introduced. Secondly, a model for the complete system is 
described. With this model, the effectiveness of the stabilization of this method is investigated.  

3.1 Introduction of R-shunted piezoelectric damper 

Dissipating mechanical energy using piezoelectric elements has been extensively investigated [16]. Two 
simple circuit examples are the already mentioned R-shunts and secondly a resistor connected with a 
inductor in series denoted as RL-shunt. The mechanism of an R-shunt is schematically shown in Figure 6. 
Piezoelectric materials generate electric charge on their surfaces in response to mechanical loading, in this 
case induced by vibration. By consuming the generated electric energy, the piezoelectric materials damp the 
mechanical vibration.  
In general, R- and RL-shunts can both be used in combination with piezoelectric elements in order to provide 
damping to the vibrating structural elements. An RL shunt has an improved damping performance at specific 
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frequencies as compared to an R shunt [15]. However, an RL shunt shows to be less robust as compared to 
an R shunt since its effectiveness is reduced dramatically as the frequency of vibration deviates from the 
target frequency. Considering the fact that the dynamic properties of the air film are dependent on the 
rotating speed, an R shunt is therefore selected to further study the stabilization of high speed air bearings. 
The properties of the piezoelectric materials used in the investigations through this paper are shown in Table 
3. For a piezoelectric element with specific stiffness, the length, the capacitance and the electro-mechanical 
coupling factor of the piezoelectric element can be calculated.  

 
Figure 6: Schematic figure of R-shunt 

Table 3: Properties of the piezoelectric materials 
 Values 

Relative permittivity 1750 
Young’s modulus(GPa) 48.3 

Piezoelectric constant d (pC/N) 
Area of the cross-section (mm2) 

170 
10 

 

3.2 Stabilizing an air bearing with R-shunted piezoelectric elements 

Before investigating how R shunted circuit influences the stability of the system, the influence of loss factor 
of the support is considered. Stability of the system can be evaluated with the eigen-values of the system 
which is obtained from Equation (6) replacing the last two equations by the four equations: 
 m𝑏𝑏ẍ𝑏𝑏 + k𝑒𝑒x𝑏𝑏 − c𝑥𝑥𝑥𝑥(ẋ − ẋ𝑏𝑏) − c𝑥𝑥𝑦𝑦(ẏ − ẏ𝑏𝑏) − k𝑥𝑥𝑥𝑥(x − x𝑏𝑏) − k𝑥𝑥𝑦𝑦(y − y𝑏𝑏) − 𝐾𝐾𝑣𝑣𝑄𝑄1/𝐶𝐶 = 0  

 m𝑏𝑏ÿ𝑏𝑏 + k𝑒𝑒y𝑏𝑏 − c𝑦𝑦𝑦𝑦(ẏ − ẏ𝑏𝑏) − c𝑦𝑦𝑥𝑥(ẋ − ẋ𝑏𝑏) − k𝑦𝑦𝑦𝑦(y − y𝑏𝑏) − k𝑦𝑦𝑥𝑥(x − x𝑏𝑏) − 𝐾𝐾𝑣𝑣𝑄𝑄2/𝐶𝐶 = 0  

 RC𝑄𝑄1̇ + 𝑄𝑄1 = 𝐾𝐾𝑣𝑣x𝑏𝑏  

 RC𝑄𝑄2̇ + 𝑄𝑄2 = 𝐾𝐾𝑣𝑣y𝑏𝑏  . (7) 
Here R is the shunting resistor, C is the capacitance of the piezoelectric element, Q is the charge on the 
surface of the piezoelectric element and 𝐾𝐾𝑣𝑣 = 𝑑𝑑k𝑒𝑒, where d is the piezoelectric constant and k𝑒𝑒  is the short-
circuit stiffness of the piezoelectric element.  
Figure 7 compares the damping ratios of an air bearings with and without the shunted piezoelectric 
element as support. The configuration data of the system are the same as shown in Table 2. This figure 
shows that the stability of the system is improved with the R-shunted piezoelectric components. The 
optimal resistor is chosen which makes the ‘bottom’ point of the curve have the largest damping ratio. 
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Beyond a certain speed, the system is always stable. In this configuration, however, there is a range of 
speeds at which the system is still unstable.  Therefore, it is interesting to investigate whether a Negative 
Capacitor (NC) can further improve the stability of the system. 

 
Figure 7: Stability improvement using R-shunted piezoelectric elements; configurations in Table 2 are used 

3.3 Application of NCs with the R-shunt 

 
Figure 8: Stability improvement due to the NC 
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Installing a Negative Capacitor (NC) in parallel with the piezoelectric element reduces the effective 
capacitance of the piezoelectric element. As can be seen from Equation (7), the damping force on the bearing 
shell is increased when C is decreased and Q remains unchanged by tuning values of the resistors. 
Effectively the application of NC increases the electro-mechanical coupling factor and improves the 
damping capability of piezoelectric elements [15]. Figure 8 shows the stability improvement after installing 
the NC. In this figure, CR refers to the ratio between the effective capacitance after installing the NC and the 
capacitance of the piezoelectric elements. When CR is 1, no NC is installed. According to Figure 8, the 
damping ratio curves are ‘lifted up’ as CR decreases, which then results in an increase of the threshold speed 
and reduces the unstable range of rotation speed (as in this case the unstable range is the range of speed at 
which the curve is below zero). 
 

 
Figure 9: Influence of mass ratio and stiffness of piezoelectric elements on the stabilization of the system. 

Figure 9 shows the damping ratio at the most unstable rotation speed for varying mass ratio and stiffness 
of the piezoelectric element. If this damping ratio is above zero, it means the system is stable over the 
whole range of rotation speed. According to the subplot CR=1, in which the piezoelectric elements are 
shunted by a pure resistor, there is a stable area between the zero contour lines. As the mass ratio is small, 
the corresponding stiffness should be small enough to make the system stable. When the mass ratio 
increases, the maximum stabilizing stiffness should also increase. According to the subplot CR=0.8, the 
upper zero line indicating the maximum stabilizing stiffness is ‘lifted up’. The reason for the concern of 
this zero line is that it may be hard to find applicable stacked piezoelectric elements with very low 
stiffness (in this case typically a stiffness of over 20 N/um is required). According to the subplot CR=0.1, 
the system is stable for almost the whole area of investigation.  
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4 Conclusions 

This paper investigated an approach to stabilize a high speed air bearing system. By implementing well-
selected damping elements on the elastic support of a bearing shell, the system can be stabilized for the 
whole range of speed. In this paper, shunted piezoelectric elements are proposed as the damping element in 
an elastically supported bearing shell. This paper further analyzed the effectiveness of an R shunted 
piezoelectric support on the stabilization of a typical Jeffcott rotor air bearing system. A pure R shunt 
stabilizes the system in the small and the ultra-high rotation speed ranges, leaving an unstable gap at the 
middle speeds. Finally, it has been shown that an additional negative capacitor enhances the damping 
capability and allows to stabilize the system over a the whole speed range.   
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Abstract 
The high efficiency, torque and power density, the versatility and the very good dynamic properties 

nominate permanent magnet synchronous motors (PMSMs) as an ideal choice for high power traction 

motors and for motors of all different kind of servo systems in modern vehicles, hence there is a strong 

need for understanding the properties of PMSMs under various operating conditions. Based on previous 

results this paper briefly summarizes the generalized analytical model of a permanent magnet synchronous 

motor with arbitrary number of phases, that describes the behavior of such a motor under torsional 

vibration condition when the rotor does not whirl but oscillates with low amplitude around an equilibrium 

position. Utilizing the theoretical foundation a new experimental validation circuitry is proposed that 

consists of two Howland current sources in order to provide higher bandwidth and internal impedance 

compared to the previous solution based on classical current feedback. 

1 Introduction 

As shown at ISMA2014 [1] and ISMA2016 [2] permanent magnet synchronous motors (PMSMs) have a 

special operating mode where the motor is actually not rotating but the rotor is oscillating around an 

equilibrium position. Such pure torsional oscillation may of course rarely occur in practice, however it is 

very useful in diagnostics of PMSMs and PMSM related test equipment [3]. (Usually large amplitude 

torsional vibration occurs in resonance condition when a torque-ripple order hits a torsional structural 

resonance.) 

Reference [1]-[3] provides the theoretical background and practical examples for generating broadband 

torsional vibration and reference [2] also provides an example of a practical implementation and some 

measurement results. 

The abstract of this paper was written in the beginning of 2020 and the original research plan was to have 

the complete theory of modeling a PMSM to be published at the ICSV27 in Prague, but unfortunately due 

to the COVID-19 situation the ICSV congress has been shifted to 2021, therefore this article cannot refer 

to the extended theoretical results what are necessary for discussing the signal processing details 

mentioned in the abstract. As the full paper was already peer reviewed and accepted for the ICSV27 in the 

beginning of the year, the authors would not feel fair to have those results presented here before the above 

mentioned conference and therefore apologize for the incompleteness of this article. 

Unfortunately during the quarantine where the very limited testbench time available had to be dedicated to 

project work rather than research activities, did not let the planned experimental validation be performed 

hence the authors once again apologize for the missing experimental results. 
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As a results of the above mentioned unfortunate constraints this paper briefly summarizes the existing 

results and provides the concept and circuit simulation results of the new experimental validation setup of 

the PMSM model. 

2 Summary of broadband torque generation 

2.1 Example of a multiphase multisine excitaion 

As shown in [2] multiphase multisine excitation with Schröder phases can be written in the following 

form: 
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where there are kN  sinusoidal components with amplitudes kA , frequencies k  and where 
phN

 
is the 

number of phases. Figure 1. shows an example for 3phN  with a frequency resolution of 1 Hz and a 

bandwidth of 1 – 50 Hz. 

 

Figure 1: 3 phase Schröder Multisine with a flat spectrum between 1 Hz and 50 Hz, a frequency resolution 

of 1 Hz and sampling frequency of 1 kHz. The 120° phase shift is very well visible between the individual 

phases at all frequencies. 
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3 Vibroacoustic model of permanent magnet synchronous motors 

3.1 Transducer model of a PMSM 

As shown in [1] the relationship between the induced voltage )(tui  of the 
thi phase and the angular 

velocity )(t of the rotor, the torque generated by the 
thi phase )(tmi and the current of the 

thi phase 

)(tii  of an 
phN  phase permanent magnet synchronous machine in case of small amplitude torsional 

vibration are described by the following equations: 
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where )( 0iT  is the electromagnetic transmission ratio, that describes the coupling between the rotor and 

the stator for each phase, ̂ is the peak flux density in the airgap and p is the number of poles of the 

motor. 

3.2 Multiphase multisine excitation of a PMSM 

Applying the signals described by (1) to a PMSM (described by equation (3)) the total torque of the motor 

will be: 
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The resulting torque will remain a Schröder multisine with an amplitude determined by the machine’s 

torque constant and with a phase shifted by a rotor position dependent 0p  term. 

In order to have the desired torque spectrum it is necessary to have an electrical excitation source that is 

capable of keeping the phase currents as close as to the desired waveform by having highest possible 

source impedance at all frequencies. 
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4 Experimental validation setup 

4.1 Existing current source 

The current source in reference [2] is shown in figure 2. It consists of a stereo amplifier (McCrypt 

MP8000) driven by a stereo sound card (ESI U24XL) in such a way, that negative feedback is realized 

through the sound card using the signal of the current transducers (LEM HX05-NP, 0.8 V/A, 50 kHz -3 

dB bandwidth). 

 

Figure 2: Measurent setup for testing the multiphase multisine signal on a three phase permanent magnet 

synchronous motor. 

The stereo multisine signal was played back through a SQuadriga II front-end from HEAD Acoustics, 

which was also used to record the three output voltages of the current transducers and the output voltage 

of the torque sensor as well. The multisine’s spectrum started at 10 Hz and was constant up to 2 kHz. The 

frequency resolution was 1 Hz and 9 repetitions have been recorded, from which the first one has not been 

evaluated in order to avoid the need of circular convolution. The resulting current spectrum can be seen in 

figure 3. 

 

Figure 3: The current spectrum of the first exciter circuitry. 
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4.2 New current source design 

The circuitry of the new current source design can be seen on figure 4. It is based on an improved 

Howland current source circuitry [4] and modeled in TINA-TI. It utilizes an OPA544 high current 

operational amplifier with excellent input and output characteristics and precision resistors for high output 

impedance. The inductance and resistance of one motor phase is modeled by Lm and Rm respectively. 

 

Figure 4: Improved Howland current source circuitry simulated in TINA-TI. 

The simulated frequency response function can be seen on figure 5. while the output conductance on 

figure 6. For calculating the FRF Uin, while for the calculation of the output conductance Udist was the 

input and Iout the output in both cases.  

 

Figure 5: Transfer function of the improved Howland current source. 
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Seeing the peak in the frequency response function indicates that the first order characteristic of the 

motor’s impedance (resistance + inductance) is turned into a second order system because of the limited 

bandwidth of the operational amplifier. 

The output conductance is reasonably low at lower frequencies compared to the typical phase impedances 

of the PMSMs used in EPS systems (Several hundred Ohms compared to a few times 10 milli-Ohms).  

 

Figure 6: Output conductance of the improved Howland current source. 

In order to supply a three-phase motor two current sources need to be combined and fed by appropriate 

input signals. Figure 8 shows the complete circuitry while figure 7 shows the transient response for a 

100 Hz sine wave input (Uin2 is shifted by 120° in order to have the appropriate three-phase currents). The 

short transients at the beginning of the sine waves indicate good high frequency behavior seen on figure 5. 

 

Figure 7: Transient response of the complete circuitry. 
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Figure 8: The complete circuitry capable of driving a three-phase motor. 

5 Summary and conclusions 

In this paper a new current source is proposed for driving permanent magnet synchronous motors in order 

to get any desired torque spectrum for exciting torsional vibration. First multiphase multisine signals and 

modeling of PMSMs are discussed and existing current source solutions are shown. Unfortunately due to 

the COVID-19 situation the promised experimental results could not be obtained (for which the authors 

apologize once more), therefore circuit simulation results are provided showing promising dynamic 

properties (i.e. frequency response and output conductance) and transient behavior of the proposed 

solution that uses Howland current sources to produce the phase currents of the PMSM. 
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Abstract 
An e-powertrain test facility at Flanders MAKE has been developed to test electric motors up to 320 kW 

and 20,000 rpm. The testbench was designed with a low rotating inertia to achieve highly dynamic 

requirements, which is a key for automotive applications. A DC power supply can be generated by a 

controllable AC/DC converter or can be supplied by a dedicated battery. The control software of the test 

facility allows interaction with an automotive, real-time simulation environment. The scope of the 

experimental investigations includes static tests, characterisation tests and dynamic efficiency tests with a 

focus on Noise Vibration and Harshness (NVH) during operation. Moreover, the e-motor is integrated into 

a Hardware-in-the-Loop (HiL) environment, which simulates the vehicle power demand on the designed 

testbench. To execute these HiL tests, different analogue and digital Inputs and Outputs (IO’s) are available. 

1 Introduction 

One of the main challenges in the automotive industry, is to increase both the vehicle driving range and the 

powertrain efficiency. Previous works e.g. [1] and [2] have already investigated different strategies to 

improve the efficiency of electric powertrains. Moreover, the efficiency of High Voltage (HV) components 

is important because every efficiency gain results in a larger vehicle range. E-drive systems with both e-

motor and inverter for automotive applications tend to have higher rotational speeds and switching 

frequencies, which allow them to reduce their mass while achieving a high power. This power is necessary 

to cope with the desired vehicle acceleration and deceleration. Such e-motors need to be designed to handle 

continuous transitions, which is a challenge compared to static high-speed applications e.g. ventilation 

systems [1]. To optimize e-drive systems, an e-powertrain laboratory allows for a validation of these e-drive 

components in a controlled way. 

Modern HiL infrastructures enable engineers to validate e-drive systems in an early research and design 

stage. To optimize different subsystems in a vehicle e.g. thermal management, efficiency and control 

strategies for different speeds, sophisticated methods have been developed [3]. Additionally, HiL test 

facilities help to understand the real operating behavior of the subsystems because the vehicle interactions 

are emulated by the HiL environment. This includes the battery voltage and current, the coolant 

temperatures, the communication interfaces and the demanded speed and torque. Hence, even more 

functions can be tested and validated before the systems are integrated into a vehicle. Compared to on-road 

testing campaigns, this front-load process to an earlier development stage reduces costs and increases the 

test repetition accuracy of the powertrain components. Figure 1 shows the mechanical testbench setup in the 

test room and its electrical systems at Flanders MAKE. 
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Figure 1: Picture of the test facility 

1.1 Specifications of the E-Motor Test Facility 

The developed test facility can cover characterization, calibration and validation tests of e-motor based 

powertrains with a focus on NVH. Furthermore, this test facility makes investigations of electric powertrain 

components without a real vehicle possible, because of the integrated real-time platform. This paper 

describes an extended HiL environment specifically for electric powertrains including the e-motor, inverter 

and the HV battery. However, the modular design approach of this testbench allows for an expansion to 

other domains as well.  

This subsection provides a general overview of the load motor or dynamometer and its subsystems. The 

definitions and terminology presented in this section are used throughout the following sections. Figure 2 

represents the schematic layout of the test facility including the permanently mounted dynamometer and its 

main subsystems. The testbench itself is the central component where the dynamometer is mechanically 

connected to the Unit under Test (UuT) via the testbench drivetrain. The testbench is located in a test room, 

which is securely sealed during testing. The test room is equipped with contacts on all entrance doors to 

automatically switch of the power if a person enters the room while testing. An HBM T40B torque 

transducer is mounted between the intermediate bearing of the testbench’s drivetrain and the connecting 

shaft to the UuT. This setup ensures precise testing cycles and provides accurate torque and speed 

measurements (accuracy class 0.05). 

The test facility was designed to exchange electrical energy bidirectionally with the grid from the UuT back 

and forward. Furthermore, the test facility cabinet serves as a connection hub for all measurements which 

collects data from the dynamometer (speed, torque, stator and rotor temperature), the digital IO channels 

and the temperatures of the water-cooling subsystem. 
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Figure 2: Schematic layout of the e-powertrain test facility 

Table 1 shows the general specifications of the test facility. It lists both, electrical and mechanical 

specifications. The main controller, a NI PXIe embedded controller, contains the real-time module that 

controls the test setup. Moreover, this real-time unit runs the general-purpose IOs and communication 

modules that can be used to monitor the UuT during testing. The real-time controller directly communicates 

over ethernet with the host computer. In the control room, the operators can monitor and control the 

dynamometer via this connection [4]. 

Table 1: Main specifications of the test facility 

Type of dynamometer Permanent magnet synchronous motor 

Rotor Inertia 0.075 kgm² 

Number of pole pairs 3 

Max. permissible mechanical speed 20,000 rpm 

Minimum recommend switching frequency 12 kHz 

Max. mechanical power 320 kW 

Max. Mechanical torque 550 Nm (60 s, nominal 500 Nm) 

UuT max. weight  100 kg 

Power analyzer High accuracy 6 channel power analyzer 

Torque and speed measurement High end torque and speed sensor HBM 

T40B (up to 1 kNm) 

 

Besides the testbench, the climate chamber for the battery packs, the liquid cooling system and the battery 

emulator (up to 200 kw and 1 kV) of the e-drive system are synchronized with the main controller. This 

equipment allows for an execution of representative tests and worst-case driving scenarios of a real vehicle. 

These driving scenarios can be emulated using the testbench in combination with a real-time vehicle 

simulation software. 
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2 Mechatronic Design of the E-Motor Test Facility 

This section describes both the electrical and mechanical setup of the developed e-motor test facility. The 

electrical setup subsection describes the power cabinets and the design of the control loop for the 

dynamometer. The mechanical setup subsection describes the general design of the testbench. This section 

presents a simple Finite Element Method (FEM) model, which an operator can use to decide in advance if 

the drivetrain setup is within certain physical boundary conditions. Moreover, test results with a dummy e-

motor for rpm (revolutions per minute) ramps from 0 to 20,000 rpm and a highly dynamic test procedure 

from 18,000 rpm to 20,000 rpm are presented and discussed. 

2.1 Electrical Setup and Controller Design 

In total ten PMx power cabinets are installed to control the speed and torque of the dynamometer. The 

installation consists of a bidirectional active front-end with a pre-charging function and a grid filter, an 

internal fixed DC link with a capacitor bank to store energy, and a back-end system to control the phase 

waveforms to the dynamometer. The back-end system consists of three DC/AC inverters with three outputs 

per inverter. Each phase has a dedicated LCL filter to suppress harmonics. The system is designed with an 

electrical power input of 360 kW, allowing the dynamometer to provide 320 kW of mechanical power to 

the shaft. The battery emulator and the UuT are connected to the same electrical cabinet, which make 

recuperation scenarios over the AC grid possible. 

Figure 3 shows a schematic representation of the speed controller layout. Here, ωSP is the rotational speed 

setpoint, θm is the measured rotor position, Treq is the torque request from the dynamometer and Tack is the 

drivetrain torque measured at the front end of the intermediate bearing. Because of torque and power 

limitations, the required torque can be different from the measured torque. The Phase lock loop (PLL) in 

Figure 3 synchronizes the measured rotor position and the motor speed. 

 

 

Figure 3: Simplified block diagram of the speed controller 

The test facility design makes tests of different UuTs possible, which have both different mechanical and 

control properties. Because of this reason, the dynamometer speed controller allows to adjust different 

parameters to adapt the dynamometer behavior the to the UuT. Table 2 lists both the most important 

mechanical and controller parameters. 
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Table 2: Variable speed control parameters 

Jnom Total inertia in kgm². It contains both the inertia of the drivetrain including the 

dynamometer and the UuT. 

TCL Closed-loop time constant of the speed PID control loop. This is the time constant, which 

the control loop uses to eliminate speed errors. Increasing the time constant yields in a 

calmer but slower response. 

TN/TCL Ratio between the integral time constant of the PID control loop and the closed-loop time 

constant. The integral time constant is the time constant, which the speed controller learns 

a change in the output torque (internally translated as an equivalent acceleration). Faster 

learning results in a more aggressive controller. However, too aggressive settings may 

cause overshoot oscillations. 

sigmaA Noise parameter in rad/s², determining the aggressiveness of the phase-locked loop (PLL). 

A more aggressive PLL is better to smoothen speed oscillations. 

 

The controller consists of a speed feedback loop and an inertia compensation. The speed feedback loop takes 

the difference between the speed setpoint ωSP and the measured speed ωM as an input. The difference is 

amplified with a proportional feedback gain Jnom / Tel as a contribution to the torque request Treq. The inertia 

compensation is realized by increasing the torque request to the motor with an additional torque, which is 

required to accelerate the total inertia Jnom. It is calculated as the low frequency component of the 

instantaneous torque with the time-constant TN minus the component for the acceleration of the load 

calculated as the measured acceleration times the correction factor Kload, [4]. 

2.2 Mechanical Setup and FEM Analysis 

The mechanical setup is crucial for dynamic test applications because of the structural dynamic behavior of 

the testbench. Dynamic test applications include high-speeds (up to 20,000 rpm), high-power (up to 

200 kW) and high-performance e-motor operating profiles. Hence, the mechanical design must consider 

structure-borne vibration sources to avoid mechanical failures. Vibration analysis and simulations help to 

measure and predict the structural response of the system under dynamic loads. A key phenomenon of every 

NVH analysis is a resonance. A resonance describes an amplification that occurs when the frequency of a 

periodic excitation has a harmonic proportion to a natural frequency of the mechanical system. An excitation 

of a natural frequency of a mechanical system can lead to fatal damage. 

To avoid any damages during operation, the mechanical design must fulfill certain requirements which are 

defined by the UuT and the testbench itself. First, the testbench must be able to meet all dynamic test 

requirements of the UuT e.g. maximum rotational speed, torque and power. Secondly, the testbench design 

must be able to safely test the UuT in its whole operation window with dynamic changes of the rotational 

motor speed, torque and power. 

Furthermore, it should be possible to test e-motors from different automotive application categories and 

hence a variety of motor inertias, masses, rotational speeds and mounting distances on the testbench. The 

motor mass and the mounting distance define the maximum operating rotational speed of the testbench’s 

drivetrain because of NVH boundary conditions. Figure 4 shows which rotational operating points with a 

given motor mass and a mounting distance from the main frame are possible with the designed testbench. 
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Figure 4: Permissible mass, mounting distance and rotational speed 

2.2.1 Testbench Frame and Drivetrain 

As described in the previous section, the mechanical design must ensure a low vibration level at every 

operating point. To avoid NVH problems at speeds up to 20,000 rpm, we developed a divided frame and a 

drivetrain which meet the requirements of dynamic e-motor testing scenarios. Figure 5 shows the sketch of 

the testbench on the right side and the schematic mechanical connections of the main parts on the left side. 

 

Figure 5: Schematic mechanical overview of the testbench 

We divided the frame into a main frame and an intermediate frame to separate their natural frequencies and 

to avoid critical structure-borne vibration problems. Six isolation cushion elements were placed between the 

main frame and the intermediate frame. Isolation cushion elements dampen structure-borne vibrations and 

decouple the natural frequencies of the main frame and the intermediate frame or rather the bearing block. 

The design of the drivetrain enables the testbench to perform dynamic driving cycles up to 20,000 rpm. 

Starting at the dynamometer, the drivetrain consists of a constant-velocity (CV) joint shaft, a cartridge 

intermediate bearing unit, a torque transducer and a spline shaft to connect a UuT to the testbench. The CV 

joint shaft cannot transmit a bending torque, which decouples the dynamometer from intermediate bearing 

influences in vertical and lateral direction. The UuT is via a spline shaft connected to the intermediate 

bearing and enables the user to quickly switch UuTs. 
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2.3 FEM Analysis of the Mechanical Design 

This section presents a simple FEM model of the developed drivetrain and the frame structure. The model 

was used to identify natural frequencies of both the drivetrain and the structure. Based on the computer-

aided design (CAD) model, we started to simplify the geometry to perform calculations. The main task of 

the simulation is to quickly verify that the mechanical drivetrain system has no critical natural bending 

frequencies up to 340 Hz for a given setup. It is not possible to measure the critical bending frequency of 

the spline shaft because of the cooling tube and it is difficult to measure the CV joint shaft. Hence, these 

critical bending frequencies need to be reliably determined in advance. Furthermore, the model was used to 

identify natural frequencies of the frame structure. With this model, a user can simulate different drivetrain 

configurations and virtually secure the rpm operating window without any critical NVH problems. 

Due to manufacturing tolerances of the drivetrain components, we expected the first order as the main 

excitation of the system. A shaft, joint or flange that imparts vibrations to its bearings when it rotates is 

defined as unbalanced. The vibrations in the bearings are caused by the interaction of unbalanced mass 

components present with a radial acceleration due to the rotation. Consequently, a rotating centrifugal force 

is generated and tries to move the rotating part along the line of action of the force. This rotating force acts 

on both the drivetrain and the structure [5]. Thus, the natural frequencies of the whole system can be excited 

by this first order at certain rotational speeds corresponding to these frequencies. 

2.3.1 Natural Frequency Analysis 

This section presents the simulated natural frequencies of the whole mechanical setup. Figure 6 exemplarily 

shows one natural frequency of the main frame at 12.1 Hz. As described in the previous section, the 

frequencies are of most interest and not the magnitudes. The simulations confirm the suitability of the 

mechanical design for highly dynamic automotive test applications. Besides the frame natural frequencies, 

the simulation shows the first critical natural bending frequency of the CV joint shaft at 344 Hz. 

 

Figure 6: Mode Shape of a natural frequency at 12.1 Hz 

Table 3 summarizes frequencies up to 500 Hz of the simulated mode shapes. The comment section describes 

the source of the simulated natural frequency and its type. However, we did not list all the calculated natural 

frequencies because of the limited scope in this paper. 
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Table 3: Simulated natural frequencies 

Number Simulated Frequency in Hz Comment 

1 9.7 Air springs 

2 12.1 Air springs 

3 117.7 Intermediate bearing 

4 216.2 Intermediate bearing 

5 179.8 Torsional drivetrain 

natural frequency 

6 344.6 CV Joint shaft 

7 380.9 UuT Connecting shaft 

8 466.7 Main Frame 

9 469.8 Main Frame 

10 494.8 CV Joint shaft 

3 Operational Vibration Analysis (OVA) 

Operational Vibration Analysis (OVA) measurements determine the modal behavior of a structure under 

operating conditions. In contrast to a modal analysis with an impact force, the excitation is not measured 

and, thus, unknown. An OVA does not only yield in a model of the mechanical structure, but also in an 

operational environment, which is part of the identified system. The focus of the OVA measurements in this 

paper is not the UuT behavior itself but the whole testbench. The measurements should confirm the 

functionality of the designed highly dynamic test facility and do not focus on the NVH behavior of a certain 

UuT. Previous works already focused e.g. on different e-motor types and operating strategies [6]. In contrast 

to the NVH e-motor test facility in [7], the introduced test facility in this paper is part of an automotive real-

time HiL environment. This paper focuses on NVH measurements with acceleration sensors and hence, 

frequencies below 500 Hz. However, the test room and the testbench could be upgraded with sound 

absorbing materials and an acoustic hood to perform sound measurements with a microphone array. 

Furthermore, a climatic chamber could be used to simulate different ambient conditions. 

As described in section 2.3, the main excitation to the structure is a dominant first order, which results from 

unbalanced rotating parts. To investigate and monitor all components during operation, ten acceleration 

sensors were placed along the drivetrain. We focused on the overall vibration behavior of the dynamometer, 

the intermediate bearing frame and the UuT. Section 3.1 describes the measurement setup in detail. 

All measurements were performed with a dummy UuT because of the unavailability of an e-motor which 

could stand dynamic test profiles up to 20,000 rpm and 200 kW. We created a dummy UuT with a mass of 

38 kg and an inertia of 0.06 kgm² to simulate a real UuT. Hence, this test procedure does not include 

influences from e-motor orders that might excite the structure. All tests were performed without a climatic 

chamber and a mounting distance of the UuT to the intermediate bearing of 500 mm. Before performing a 

highly dynamic test scenario, the drivetrain had to be balanced and both manually and automatically ramped 

up to 20,000 rpm. Section 3.2 presents the dynamic balancing results of the drivetrain and the OVA results 

of the ramp tests. In section 3.3, we describe a highly dynamic test scenario, which demonstrates the 

suitability of the testbench for high rotational speed and high performance applications. 

Lastly, section 3.4 compares the FEM simulation results and the measurement results. For the comparison 

of the simulations and measurements this section presents a table of the natural frequencies. Based on these 

results, we could validate the calculated FEM model natural frequencies. 
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3.1 Measurement Setup 

This section describes the measurement setup used to identify the modal behavior of the developed 

testbench. To analyze the physical testbed system, we placed ten 3D acceleration sensors, a torque sensor 

and one speed sensor along the drivetrain. All measurements were logged with a PAK MKII from Müller-

BBM. Table 4 lists both the sensor names and types as well as a description of the position. 

Table 4: Sensor positions 

Sensor Type Position 

Acc-01 PCB 3D Unit under Test (UuT1) Rear 

Acc-02 PCB 3D Unit under Test (UuT2) Center 

Acc-03 PCB 3D Unit under Test (UuT3) Front 

Acc-04 PCB 3D Cooling Tube (Front) 

Acc-05 PCB 3D Cooling Tube (Center) 

Acc-06 PCB 3D Cooling Tube Flange 

Acc-07 PCB 3D Intermediate Bearing 1 Front 

Acc-08 PCB 3D Intermediate Bearing 2 Rear 

Acc-09 PCB 3D Dynamometer A (Front) 

Acc-10 PCB 3D Dynamometer B (Rear) 

Speed Sensor Mini VLS 112 Dynamometer Adapter 

Torque Sensor HBM T40B UuT Connection 

 

Figure 7 schematically shows the sensor positions and the global coordinate system of the measurements. 

All acceleration sensor coordinate systems where transformed to the global system for reasons of 

comparability. Furthermore, these sensor positions were also used for the dynamic balancing procedure. 

The green triangles in Figure 7 show the positions, where we added M4x4 screws to balance the entire 

drivetrain. These positions were defined in the design phase and can easily be accessed even with a mounted 

UuT. 

 

Figure 7: Acceleration, torque and speed sensor positions 
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3.2 Dynamic Balancing and OVA Results 

This section presents the dynamic balancing results of the drivetrain and partial results of the OVA. First, 

we started to balance the drivetrain without the UuT and the spline shaft, which connects the intermediate 

bearing and the UuT. The global Y and Z direction of sensors Acc-06, -07, -08 and -09 were used to decrease 

the initial (disproportion) imbalance from approximately 22 gmm to 2.1 gmm. Secondly, we balanced the 

UuT with sensors Acc-01, -02 and -03. After balancing the entire drivetrain, we started to manually increase 

the rotational speed up to 20,000 rpm. Furthermore, automatic ramps with increments of 250 rpm/s were 

performed and logged. Figure 8 shows the Campbell diagrams of the vibration velocity of Sensor Acc-09 

(Dynamometer A) on the upper side and Sensor Acc-10 (Dynamometer B) on the lower side in X, Y and Z 

direction. 

 

Figure 8: Campbell diagrams of Acc-09/-10 (corresponding to dynamometer A and B) in X,Y and Z 

direction 

Due to the limits of this paper, we decided to only present the results of the Dynamometer A and B positions. 

The Campbell diagrams show an electrical interference at 395 Hz which can be seen at both sensor positions. 

We measured the highest dynamometer vibration velocity of 4.4 mm/s Root Mean Square (RMS) with 

sensor Acc-09 in Z direction caused by the first order at 20,000 rpm. The measurement results of the other 

sensors may deliver slightly different figures with an electric motor as a UuT instead of the dummy. 

However, the results from the other sensors show plausible and comparable results. The frame of the 

intermediate bearing shows two natural frequencies in Y direction. One at approximately 110 Hz and one at 

approximately 200 Hz, which are excited by the first order at 6,600 rpm and at 12,000 rpm, respectively. 

Both amplitudes are acceptable with 1.5 mm/s (RMS) and 2.5 mm/s (RMS) at sensor positions Acc-07 and 

-08. The natural frequency at 110 Hz also affects the UuT and causes a vibration velocity peak at 6,600 rpm 

of 5.9 mm/s (RMS). Consequently, these quasi-static tests confirm that the testbench can be operated 

between 0 and 20,000 rpm without any restrictions. 
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3.3 Dynamic Test Scenario 

After performing the ramp tests to verify the speed range capability, we performed another highly dynamic 

test scenario. The conducted test scenario was used to prove that the dynamometer could provide the 

requested output torque and power between 18,000 rpm and 20,000 rpm. Figure 9 shows a sequence of two 

seconds of the test profile used to verify the torque and power demands. 

 

Figure 9: Torque, speed and power profile of the dynamic test scenario 

We alternately applied +100 Nm and -100 Nm via the dynamometer and accelerated and decelerated the 

UuT between 18,000 rpm and 20,000 rpm. This test sequence was repeated for 60 seconds. The acceleration 

and deceleration of the drivetrain with an inertia of approximately 0.2 kgm² causes the torque profile from 

Figure 9 and can be calculated with Equation 1, 

 ∑ 𝑇𝑖𝑖 = 𝐽𝛼 (2) 

where 𝑇𝑖 is the sum of all torques, 𝐽 the rotating inertia and 𝛼 is the angular acceleration respectively 

deceleration. Consequently, our test scenario approximately injected and absorbed +/-200 kw of power 

which can be calculated with Equation 2, 

 𝑃 = 2𝜋𝑇𝑛 (3) 

where 𝑃 is the power and 𝑛 is the rotational speed in 1/s. This test profile confirms that the dynamometer 

and the drivetrain are suitable for highly dynamic test scenarios for automotive applications. 

3.4 FEM Model Natural Frequency Validation 

To validate the developed FEM model from section 2.3, we used the results from both the OVA and modal 

impact measurements. Because this paper focuses on the vibration level of the testbed, we are not interested 

in the mode shape of the structure but only in the frequency at which the mode occurs. Table 5 summarizes 

the simulated and measured natural frequencies. The table also includes frequencies from the impact modal 

measurement. Table 5 compares the most interesting natural frequencies for the operation window from 0 

to 20,000 rpm. As described in section 2.3 and 3.2 we simulated and measured natural frequencies of the 

intermediate bearing frame. However, these frequencies are not critical for safe operations. 
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Table 5: Comparison of the simulated and measured natural frequencies 

Number Simulated 

Frequency in Hz 

Measured 

Frequency in Hz 

Error 

in % 

Comment 

1 9,7 10 3 Movement in 

air springs 

2 12.1 10 17.4 Movement in 

air springs 

3 117,7 110 6.5 Intermediate 

bearing 

4 216.2 203.9 6.7 Intermediate 

bearing 

5 344.6 - -  

Safe operation 6 380.9 - - 

7 494.8 - - 

4 Preliminary E-Motor Efficiency and NVH Test Results 

The test facility was designed to automatically control both the dynamometer and the UuT. In addition, all 

safety parameters, e.g. the vibration level of the testbench are permanently monitored. In case of an error or 

a mechanical failure, the system is triggered and enters an emergency mode. The measurement results 

presented in this section were programmatically executed using pre-defined scripts. To automatically 

perform measurements, these test cycles contain the necessary rotational speed and torque setpoints. We 

measured the efficiency of the UuT using an HBM T40B torque transducer and an Infratek 108A power 

analyzer. The power analyzer measured the three UuT voltage lines and the current phases using an IT 1000-

S/SP1 sensor between the inverter and the motor. These measurements are in compliance with the IEEE 112 

method B [8]. Before a UuT can be used for highly dynamic HiL test applications, it must pass a speed-

sweep test to identify possible vibration problems. During a speed sweep test, the motor speed is increased 

linearly from stand-still to the maximum allowed rotational speed of the UuT with a slow ramp rate, while 

monitoring and logging the vibration level of the testbench via a 3D accelerometer. Figure 10 shows the 

speed profile of an exemplarily vibration acceptance test. We increased and decreased the speed in 50 rpm/s 

steps. Figure 11 shows the corresponding RMS acceleration signals in X, Y and Z direction in m/s². 

 

Figure 10: Speed profile of a vibration acceptance test 
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Figure 11: RMS acceleration signals in X, Y and Z direction 

The UuT is equipped with voltage and current transducers connected to the Infratek 108A power analyzer. 

This device measures the three phase voltages and three phase currents as shown in Figure 12 combined 

with the power factor (𝑐𝑜𝑠𝜑𝑝ℎ). The mechanical power is calculated by the HBM T40B sensor using both 

the measured speed of the UuT in rad/s (𝜔) and torque in Nm (𝑇). 𝑉𝑝ℎis the phase voltage measured to a 

common floating star point of the three phases. Formulas (4) to (7) show how to calculate the mechanical 

power (𝑃𝑚), electrical power (𝑃𝑒) and the efficiency of the setup. 

 𝑃𝑚 = 𝜔 ∗ 𝑇 (4) 

 𝑃𝑒 = 𝑃𝑝ℎ𝑎𝑠𝑒 𝐴 + 𝑃𝑝ℎ𝑎𝑠𝑒 𝐵 + 𝑃𝑝ℎ𝑎𝑠𝑒 𝐶 (5) 

 𝑃𝑝ℎ𝑎𝑠𝑒 = 𝑉𝑝ℎ ∗ 𝐼𝑝ℎ ∗ 𝑐𝑜𝑠𝜑𝑝ℎ (6) 

 η =
𝑃𝑚

𝑃𝑒
 (7) 

 

 

Figure 12: Overview and position of measurement setup for e-motor efficiency tests 
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Table 6 shows efficiency measurement results at 1.000 rpm. Figure 13 gives an overview of the 

measurement data for setpoints (SP) at 100 Nm and 120 Nm. The speed curve in Figure 13 first row, right 

side, shows the reaction of the dynamometer on a new torque step SP to the UuT. If necessary, the reaction 

of the dynamometer can be fine-tuned by means of the parameters discussed in section 2.1. Repeating these 

measurements at different rotational speeds and torque steps, an accurate efficiency map can be constructed. 

Table 6: Overview of measurement results of e-motor efficiency 

SP 𝜔 [𝑟𝑝𝑚] 𝑆𝑃 𝑇 [𝑁𝑚] 𝑎𝑣𝑔(𝑃𝑚) [𝑊] 𝑎𝑣𝑔(𝑃𝑒) [𝑊] η 

1.000 20 2,066.8 2,366.2 0.873 

1.000 50 5,313.4 5,720.7 0.929 

1.000 100 10,754.8 11,517.5 0.934 

1.000 120 12,914.4 13,888.1 0.93 

 

 

Figure 13: Measurement data of the UuT at 1.000 rpm and torque SP of 100 and 120Nm 
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5 Conclusion 

In this paper, the development and the analysis of an e-powertrain test facility with an integrated HiL 

environment is discussed. The goal of this project was to create a test facility for holistic automotive e-

powertrain real-time test applications, with a focus on the NVH behavior of the complete setup. Due to the 

increasing trend in the automotive industry towards e-motors with high rotational speeds (20,000 rpm and 

more), the mechanical testbench setups including the UuT face new challenges. In this paper, we briefly 

introduced a FEM model, which allows for mechanical a priori investigations of the drivetrain for different 

UuT setups. This mechanical digital twin of the testbench defines the physical boundary conditions of the 

drivetrain inertias, both maximum motor speeds, masses and the mounting distances of the UuT. Because 

of the unavailability of a real e-motor UuT, a realistic dummy UuT with a mass of 38 kg and an inertia of 

0.06 kgm² for highly dynamic tests was designed. The OVA results show that the testbench can be safely 

operated up to 20,000 rpm without any critical NVH problems. For this test, we measured the highest 

dynamometer vibration velocity of 4.4 mm/s (RMS) at position A (Acc-09) in Z direction caused by the 

first order at 20,000 rpm. Moreover, we alternatively performed a highly dynamic test scenario between 

18,000 rpm and 20,000 rpm to test the dynamometer power capability of the test facility. This paper also 

presents preliminary NVH and efficiency test results from a real e-motor UuT. Even though the results only 

cover a small operating rpm range of the mechanical design, the automatic test execution of the test facility 

could be proven. The NVH and efficiency measurements show plausible figures.  

Lastly, future work will focus on NVH and efficiency tests with real UuTs at higher rpm ranges. In addition, 

the HiL environment will be optimized to further develop the real-time tests and to make more sophisticated 

analyses possible. This will also include the NVH post-processing workflow. 

Acknowledgements 

This research was supported by Flanders Make and the EFRO fund in the framework of the Familiar project 

and supported by tectos gmbh. 

References 

[1] D. Fodorean, et al. "Hybrid Differential Evolution Algorithm Employed for the Optimum Design of a 

High-Speed PMSM Used for EV Propulsion", in IEEE Transactions on Industrial Electronics, vol. 64, 

no. 12, pp. 9824-9833, Dec. 2017, doi: 10.1109/TIE.2017.2701788. 

[2] S. Mohammadsadegh, et al. "An electro-dynamic 3-dimensional vibration test bed for engineering 

testing.", Industrial and Commercial Applications of Smart Structures Technologies 2017. Vol. 10166. 

International Society for Optics and Photonics, 2017. 

[3] M. Propst, "E-drive testing," 2017 IEEE Transportation Electrification Conference (ITEC-India), Pune, 

2017, pp. 1-5, doi: 10.1109/ITEC-India.2017.8333902. 

[4] Triphase, “Manual Triphase dynamometer”, 2019, version 3.15. 

[5] Brüel & Kjaer, J. Vaughan, Static and Dynamic Balancing. Brüel & Kjaer Knowledge Center 

Application Handbook, found on 20.05.2020: https://www.bksv.com/en/Knowledge-

center/blog/BlogArticles. 

[6] S. Mathieu, et al. "NVH analysis of a 3 phase 12/8 SR motor drive for HEV applications.", 2013 World 

Electric Vehicle Symposium and Exhibition (EVS27). IEEE, 2013. 

[7] Atesteo, Noise, vibration, and harshness (NVH) testing during the development process. found on 

20.06.2020: www.atesteo.com/atesteoblog/atesteo-nvh-test-benches. 

DYNAMICS OF ROTATING MACHINERY 1307



[8] IEEE Standard Test Procedure for Polyphase Induction Motors and Generators, in IEEE Std 112-2004 

(Revision of IEEE Std 112-1996), vol., no., pp.1-83, 4 Nov. 2004, doi: 10.1109/IEEESTD.2004.95394. 

1308 PROCEEDINGS OF ISMA2020 AND USD2020



A rotor dynamic balancing method based on EMA

L. Li 1,2,3, S. Cao 1,2,3, Z. Ma 1,2,3, S. Zhong 1,2,3

1 Tianjin University, Department of Mechanics,
Tianjin 300354, China

2 Tianjin Key Laboratory of Nonlinear Dynamics and Control,
Tianjin 300354, China

3 National Demonstration Center for Experimental Mechanics Education (Tianjin University),
Tianjin 300354, China

Abstract
Dynamic balancing is effective method to reduce the vibration caused by rotor imbalance. The traditional dy-
namic balancing methods mainly include the Influence Coefficient Method and the Modal Balancing Method.
This paper proposes a comprehensive method which includes the above two methods for dynamic balancing
of flexible rotors. Experimental modal analysis is used obtain vibration modes directly from the original sup-
port of the rotor by considering the influence of the support, coupling and other structures on the dynamic
characteristics of the rotor system. The selection criterion of the best calibration planes is given through the
sensitivity analysis of the rotor mode. The calibration masses are finally obtained by calculated influence
coefficients of the orthogonal trial weights after running the rotor. Experimental results demonstrates that
the proposed method is able to reduce the times of running the rotor compared to the traditional influence
coefficients method, and avoid the error caused by calculating the rotor mode.

1 Introduction

With the increase of the rotating speed, more and more rotating machinery should be considered as flexible
rotors. The working speed of the rotor far exceeds the first-order critical speed, and even higher than the
second and third-order critical speeds. Then will show different forms of bending deformation when passing
through each of the critical speed, like gas turbine rotors and aero engine rotors. In order to achieve a
wide operating speed requirement, they work between different critical speeds under different operating
conditions. According to the ISO standards[1, 2, 3], the flexible rotors are divided into five groups, and each
group uses different balancing techniques. When meeting some special requirements, a group of flexible
rotors can be balanced by a rigid rotor balancing method, otherwise high-speed balancing method must be
used. Unlike the rigid rotor, of which the unbalanced vibration is completely caused by the eccentricity of
the shaft or the existence of unbalanced mass, the deformation of the flexible rotor near the critical speed will
change the original unbalanced distribution of the rotor, and even causes additional unbalance. Therefore, the
flexible rotor must be accurately balanced to safely pass through the critical speed of each order to achieve
the designed working speed.

Based on the assumption that the rotor system is linear and time-invariant, the general balancing methods
includes influence coefficient method, modal balancing method and comprehensive balancing method[4].

The influence coefficient method (ICM) obtains the influence coefficient by adding trial weights on different
calibration planes of the rotor to perform trial operation. It was used for the balancing of rigid rotors with
great success, and then gradually applied to flexible rotors[5, 6]. Traced back to 1964, Goodman[7] applied
the least squares method to solve the contradiction between the number of measuring points, balance planes
and balance rotating speeds. In the subsequent development, more and more scholars used different opti-
mization algorithms to obtain more accurate coefficients or reduce the number of trial runs[8, 9, 10]. The
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influence coefficient method is a method based entirely on experiments. Because its algorithm is simple and
transparent, the program is easy to implement, and there is no requirement for the operator’s rotor dynam-
ics knowledge level. It has been widely used in industry. But there are many problems in its application
process. For example, the rotor needs to run multiple times; the information on the rotor’s dynamic charac-
teristic is not sufficient; and the selection of the balancing planes depends much on the operator’s experience.
Therefore, its application in high-speed flexible rotor balancing is seriously restricted.

The modal balancing method analyzes vibration modals of the rotor in detail and applies the modal infor-
mation to the balancing process. Its physical meaning is clear, and it is an effective flexible rotor dynamic
balance method. The method generally assumes that the rotor system has a plane vibration mode. Balanc-
ing one mode should not affect any other modes, and does not consider the adverse effects of higher modes.
Grobel[11] proposed a balancing technique similar to the vibration mode balancing method for turbine rotors
in 1953. Kellenberger et al.[12] made an in-depth study on the vibration mode balancing method to contin-
uously improve the theory of balancing the flexible rotor with the vibration mode method, and proposed the
N planes method and N + 2 planes method for the balancing of the flexible rotor. The determination of the
modal shape of the rotor is one of the key steps for the modal balancing, which is generally calculated by the
finite element model of the rotor. Matteo[13] developed a dynamical balancing test system, which used the
finite element model embedded to calculate the rotor vibration mode for dynamic balance correction quality
calculation. The finite element model is relatively simple and can support the general turbine rotor with sim-
ple support at both ends. Before balancing of the rotor, the structural size of the rotor needs to be input into
the finite element model. It is proved through experiments that the modal balancing method has much better
balancing effect than the general influence coefficient method. Saldarriaga[14] regarded the balancing of a
flexible rotor as a process of solving two types of inverse problems. The first inverse problem was to obtain
the dynamical characteristics (modal parameters) of the rotor system and the second inverse problem was to
determine the unbalanced incentives. The finite element method was also used to obtain the rotor modal pa-
rameters, and the parameters of the rotor support structure are identified by the frequency response function
method. Khulief[15] adopted a balancing method without trial weight, and developed a hybrid experiment
and analysis technique to balance the high-speed flexible rotor. The technology used a combination of finite
element modeling, experimental modal analysis, vibration measurement, and mathematical identification.
The modal imbalances were identified and then converted to physical node space to determine a set of phys-
ical calibration mass on corresponding planes. Li[16] proposed a trial-less re-balancing method based on the
finite element model. This method established an accurate finite element model for the rotor system. The
vibration response of the rotor and the finite element model were both used to infer the rotor’s failure. This
method eliminated the need for trial operation of the rotor and greatly improved rotor balancing efficiency.
In the above references, finite element models of the rotor were used to obtain the modal information. When
applied to the balancing of the rotor, the requirement of the accuracy of the finite element model was very
high. Sinha[17] found that when a error of 5% occurred in the model, the maximum error of the estimated
unbalanced amplitude would be less than 45%. In the industry, many rotors, especially those with complex
structures, are often difficult to obtain accurate finite element models. In addition, the stiffness, damping and
other characteristics of the support structure of the rotor system are difficult to get. These points restricts the
application of the modal balancing method.

To overcome the disadvantages to the existing methods like influence coefficients method and modal bal-
ancing method, this paper attempts to proposed a hybrid method as obtaining the modal parameters of the
rotor by EMA, adopting influence coefficient method in low-speed balancing process and the modal balance
method to high-speed process. The discussion will be organized as, in section 1, an overall introduction
is given; in section 2, the mathematical foundation of the proposed method will be given; in section 3, the
hybrid balancing method will be described; in section 4, a experiment application will be set up; and finally
in section 5, the conclusions will be made.
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2 Preliminaries

2.1 Determination of rotor modal parameters

The modal analysis of the rotor system can be obtained through two methods. One is the computational
modal analysis and the other one is the experimental modal analysis (EMA). As discussed above, for the
computational modal analysis, due to the difficulty in obtaining the parameters of the rotor, the identification
error of the rotor modal parameters is relatively large. Therefore, EMA method will be used to obtain the
rotor modal parameters.

It is noting that due to the uncertainty of working conditions and boundary conditions, machines containing
rotating components are often difficult to use theory to reliably model. Since experiments can better reflect
reality, the most reliable way to obtain modal parameters is modal experiments.

For most rotor systems in engineering, the generalized complex coordinate expression of the governing
equations are

Mq̈(t) + (G + C)q̇(t) + Kq(t) = f(t) (1)

where, M, C, K are n by n real symmetry corresponding mass, damping and stiffness metrics, respectively;
G is the gyro matrix which is a n by n real anti-symmetric matrix; q(t) is a n-dimensional generalized
coordinate vector; and f(t) represents the corresponding general force vector.

Letting the initial condition be zero, the Laplace transform of 1 can be get

(Ms2 + (G + C)s+ K)Q(s) = f(s) (2)

The transfer function (TF) of the system is

H(s) =
1

(Ms2 + (G + C)s+ K)
(3)

Letting s = jω, yields frequency response function (FRF)

H(ω) =
1

(−Mω2 + jω(G + C) + K)
(4)

Then, the relationship between responses and excitations can be written as

Q(s) = H(s)f(s) (5)

in which the i-th response Qi(s) can be written into form

Qi(s) =
n∑

k−1

Hik(s)fk(s) (6)

If there is only an excitation on k-th coordinate, the i-th response is

Qi(s) = Hik(s)fk(s) (7)

Thus, the Hik(s) can be get by experiment measurement as

Hik(s) =
Qi(s)

fk(s)
(8)

Furthermore, factorizing the system transfer function matrix as a residue form gives

H(s) =
n∑

i−1

(
gi

s− si
+

g∗
i

s− s∗i
) (9)
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Where gi is the residue matrix and g∗
i is the conjugate matrix of gi. As each row and column in the residue

matrix contains a modal vector Ψi, the system’s Modal vector can be obtained by the calculation of the
elements of the matrix. In this work, the rotor’s transfer function matrix will be get from the experiment,
which will be used in the balancing process.

2.2 Selection of calibration plane

During the balancing operation of the rotor, the calibration mass is generally added to compensate the original
imbalance caused by the initial unbalance mass and modal deformation. For a flexible rotor, the principle
of the calibration plane selection can be obtained by analyzing the sensitivity of the rotor mode to the rotor
mass distribution.

In this subsection, the relationship between system’s eigenvalues and eigenvectors is to be discussed in the
state space. Letting P and Q be the coefficient matrices of the system and Ψ

′
i be normalized, according to

the orthogonality of the eigenvectors, yields

Ψ
′
kPΨ

′
i =

{
0 (i 6= k)

1 (i = k)
(10)

Ψ
′
kQΨ

′
i =

{
0 (i 6= k)

−λi (i = k)
(11)

From the generalized eigenvalue problem of state space

(λP + Q)Ψ
′

= 0 (12)

we can get

λiPΨ
′
i + QΨ

′
i = 0

λiΨ
′T
i P + Ψ

′T
i Q = 0 (13)

Taking partial derivation of 13 with respect to mass distribution function mm yields

∂λi
∂mm

PΨ
′
i + λi

∂P

∂mm
Ψ

′
i + λiP

∂Ψ
′
i

∂mm
+

∂Q

∂mm
Ψ

′
i + Q

∂Ψ
′
i

∂mm
= 0 (14)

Ψ
′T
k multiplied by 14 yields

∂λi
∂mm

Ψ
′T
k PΨ

′
i + Ψ

′T
k (λi

∂P

∂mm
+

∂Q

∂mm
)Ψ

′
i + (λiΨ

′T
k P + Ψ

′T
k Q)

∂Ψ
′
i

∂mm
= 0 (15)

When i 6= k, considering 10 to 14, Eq. 15 can be simplified as

(λi − λk)Ψ
′T
k P

∂Ψ
′
i

∂mm
+ Ψ

′T
k (λi

∂P

∂mm
+

∂Q

∂mm
)Ψ

′
i = 0 (16)

Assuming ∂Ψ
′
i

∂mm
is the linear combinations of term Ψ

′
i, as

∂Ψ
′
i

∂mm
=

n∑

i−1

asΨ
′
i (17)
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Substituting 17 into 16, the k-th coefficient can be get as

ak =
1

λk − λi
Ψ

′T
k (λi

∂P

∂mm
+

∂Q

∂mm
)Ψ

′
i as i 6= k (18)

Transform 18 into physical space, as P =

[
C M
M 0

]
and Q =

[
K 0
0 −M

]

ak =
1

λk − λi
ΨT
k (λ2i

∂M

∂mm
+ λi

∂C

∂mm
+

∂K

∂mm
)Ψi =

λ2i
λk − λi

ΨT
kΨi as i 6= k

When i = k, considering the symmetry of the P, one can get

ak = ai = −1

2
ΨT
i (2λi

∂M

∂mm
+

∂C

∂mm
)Ψi = −λΨ2

i as i = k (19)

Then, a sensitivity function can be defined as

S(Ψ,mm) =
∂Ψi

∂mm
=

n∑

k−1

akΨk (20)

From 20, it is can be concluded that the sensitivity of the mode shape vector to the mass distribution is
expressed as a linear combination of each order mode shape vector, where ak represents the k-th order mode
shape vector to the sensitivity weight. The larger the mode vector is, the higher the sensitivity is, that is
to say, the change of the mass where the rotor is deformed the most has the greatest impact on the rotor
mode. Therefore, when a flexible rotor is balanced, the largest section of each mode should be selected as
the calibration plane. If the maximum points of two mode shapes are relatively close, only one point should
be chosen to avoid calibration planes being too close.

3 Proposed method

3.1 Low speed balancing process

When the low speed balancing is performed, only two arbitrary calibration planes are needed. The tracking
filter technique is used to measure the vibration information of the shaft journals VA0 and VB0 at a relatively
low rotating speed ΩL, which should be much smaller than the rotor’s first-order critical speed. Two sets
of calibration mass mt1 and mt2 would be add to the corresponding planes respectively, and the vibration
values of the bearings at the two ends VA1, VB1, VA2, and VB2 can be get. Then the coefficients can be
calculated through {

aA1 = VA1−VA0
mt1

aA2 = VA2−VA0
mt2

aB1 = VB1−VB0
mt1

aB2 = VB2−VB0
mt2

(21)

Then the optimal calibration mass can be calculated by
{
aA1p1 + aA2p2 + VA0 = 0
aB1p1 + aB2p2 + VB0 = 0

(22)

Where pi is the calibration mass.

3.2 High speed balancing process

Assuming that the rotor mass distribution function is u(x), the rotor eccentricity distribution function is ε(x),
the rotor eccentricity phase angle distribution function is β(x), and the rotor’s vibration mode vector function
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is ϕi(x), where x is the rotor axial direction, the unbalance of each order mode of the rotor is

ui =

∫ l

0
u(x)ε(x)eiβ(x)ϕi(x)dx (23)

where i = 1, 2, 3, · · · , N
According to the N -plane balancing theory, N calibration planes are needed to balance the N -th order mode
unbalance. The calibration plane here does not include the planes described in low-speed process. The
equilibrium conditions are




ϕ1(x1) ϕ1(x2) · · · ϕ1(xN )
ϕ2(x1) ϕ2(x2) · · · ϕ2(xN )

...
...

. . .
...

ϕN (x1) ϕN (x2) · · · ϕN (xN )







U1

U2
...
UN


 = −




u1
u2
...
uN


 (24)

Where xi is the position of the calibration plane, it can be selected through the analysis and calculation
results of the previous section. ui is the imbalance of the initial mode of the rotor and Ui is the calibration
mass for high-speed process.

In order to ensure that the adding mass of each order only affects the mode shape of same order, the set of
mass must meet the orthogonal condition, and can be expanded from 24 to



ϕ1(x1) ϕ1(x2) · · · ϕ1(xN )
ϕ2(x1) ϕ2(x2) · · · ϕ2(xN )

...
...

. . .
...

ϕN (x1) ϕN (x2) · · · ϕN (xN )







U1(x1) U2(x1) · · · UN (x1)
U1(x2) U2(x2) · · · UN (x2)

...
...

. . .
...

U1(xN ) U2(xN ) · · · UN (xN )


 = −




u1 0 · · · 0
0 u2 · · · 0
...

...
. . .

...
0 0 · · · uN




(25)

Letting each order trial set on the calibration plane be Ti = [ti(x1) ti(x2) · · · ti(xN )]T , which satisfies the
modal orthogonality




ϕ1(x1) ϕ1(x1) · · · ϕ1(x1)
ϕ1(x1) ϕ1(x1) · · · ϕ1(x1)

...
...

. . .
...

ϕ1(x1) ϕ1(x1) · · · ϕ1(x1)







t1(x1) t2(x1) · · · tN (x1)
t1(x2) t2(x2) · · · tN (x2)

...
...

. . .
...

t1(xN ) t2(xN ) · · · tN (xN )


 = I (26)

Each order mode vector in 26 can be obtained by EMA, then the trial set can be obtained by matrix inversion



t1(x1) t2(x1) · · · tN (x1)
t1(x2) t2(x2) · · · tN (x2)

...
...

. . .
...

t1(xN ) t2(xN ) · · · tN (xN )


 =




ϕ1(x1) ϕ1(x1) · · · ϕ1(x1)
ϕ1(x1) ϕ1(x1) · · · ϕ1(x1)

...
...

. . .
...

ϕ1(x1) ϕ1(x1) · · · ϕ1(x1)




−1

(27)

Comparing 25 with 26, we can conclude that



Ui(x1)
Ui(x2)

...
Ui(xN )


 = −ui




ti(x1)
ti(x2)

...
ti(xN )


 (28)

From 28, we can see that the trial set is proportional to the calibration set, in which ui is the unbalance of
each order mode. It also can be seen that the vibration caused by the original unbalance of the rotor and the
unbalance of the trail set cancel each other out, which means the vibration effects are equivalent. Thus ui
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can be get through a similar influence coefficient method, like

(1) Measure the amplitude and the phase of measurement points of the shaft at near a certain critical speed
Start the rotor to run to a certain critical speed V0i(xj);

(2) Add trail mass set Ti = [ti(x1) ti(x2) · · · ti(xN )]T ;

(3) Measure the amplitude and the phase of measurement points of the shaft after adding the trial masses
V1i(xj);

(4) Calculate the modal imbalance by

V0i
V1i − V0i

=
Ui
Ti

= −ui (29)

Since the calibration masses are calculated based on the modal parameters, in theory, the ratio of the original
vibration of the rotor measured at any measuring point is same as the one after the trial weights are added.
Thus, in practice, you can select the value of any sensor. It is noting that the node of modals should be avoid
to be selected as calibration plane.

4 Experiment study

4.1 Rig configuration

The rotor dynamic balance experiment is carried out on the DHRMT rotor test bench. The schematic diagram
of the whole system is shown in Figure 1, and a photo of practical test bench is shown in Figure 2. The rotor
test bench is composed of a V-shaped base, a speed-adjusting motor, a bearing support, an elastic coupling,
a rotor shaft, three rotor disks and a group of eddy current probe, and a photoelectric probe. The rotor test
bench uses a speed-regulating motor to drive the shaft through an elastic coupling at different speeds.

The maximum output power of the motor is 148W. The motor driver rectifies 220V AC power to PWM
signal to drive the motor and the speed can be adjusted from 0 to 8000RPM. The rotor test bench is 810mm
long, 335mm wide and 133mm high, and can be fixed to the ground by 6 feet. The rotor shaft has a length of
560mm and a diameter of 10mm. The disk 2 is a standard one designed by the bench manufacturer, which
diameter is 78mm, thickness is 12.5mm and mass is 400g. The disks 1 and 3 are redesigned to make the
working condition variable. Both of them have a diameter of 78mm, a thickness of 25mm, a mass of 800g,
and a calibration radius of 50mm. After the rotor disks being installed, the span of the system is 500mm and
are rated as 4 segments by three disks, and the length of each segment is 125mm.

Figure 1: Schematic diagram of the rig

The photoelectric sensor is installed by the side of the coupling through a bracket to get the rotating speed
of the shaft, as well as the vibration phase. Three eddy current sensors are installed near the disks through
the bracket to test the vertical vibration amplitude of the rotating shaft. The parameters of the eddy current
sensors are given in Table 1.
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Figure 2: Real set-up of the rig

Table 1: Eddy current sensor parameters

Parameters #1 #2 #3
Measuring range 1mm 1mm 1mm
Sensitivity 9.98V/m 9.98V/m 10.03V/m
Installation location 1mm 1mm 1mm
Starting distance 0.5mm 0.5mm 0.5mm
Amplitude linearity 0.21% 0.60% 0.40%
Amplitude repeatability 0.33% 0.64% 0.37%
Zero error 0.01% 0.01% 0.02%
Supply voltage ±15V ±15V ±15V

4.2 EMA process

To determine the vibration mode parameters of the rotor system, a modal test is performed on the rotor
system. The test is carried out when the rotor is stationary, and the modal test by hammering method is used.
The test hammer is PCB 086C03 type, with a sensitivity of 2.25mV/N and a measuring range of ±2200N.
Three eddy current sensors on the rotor table are used to test the vibration displacement signal in the vertical
direction of the rotor. The signal acquisition adopts DH5922N dynamic signal acquisition device, which
maximum sampling frequency is 128KHz, A/D module is 24bits, fully meet the test requirements. The test
system is shown in Figure 3.

The hammering point is on disk 3 and the direction is vertically downward. After the modal test and calcula-
tion, the vibration modes of the rotor are shown in Figure 4 and Figure 5. The modal frequency and damping
of the rotor are shown in Table 2. Meanwhile, Table 3 gives the MAC of each order mode, and the vibration
mode vectors of the rotor are normalized as shown in Table 4. These mode vectors will be used to calculate
the orthogonal trial weights in balancing process.

Table 2: Modal parameters of the rotor

Parameters 1 2
Frequency 24.457Hz 88.085Hz
Damping ratio 5.043% 2.914%
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Figure 3: Measurement equipment

Figure 4: First order modal

Table 3: MAC of the rotor

MAC 1 2
1 1 0.03
2 0.03 1
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Figure 5: Second order modal

Table 4: Rotor modal vector

1st Amplitude 1st Phase 2nd Amplitude 2nd Phase
Plane 1 0.705 96.361 0.838 118.074
Plane 2 1.000 96.365 0.039 104.864
Plane 3 0.999 97.381 1.000 -58.933

4.3 Balancing process

Firstly, the original unbalanced rotor was tested, and it was found that there was a large unbalance in the
initial rotor, and its vibration increased significantly with the speed increase, and soon exceeded the range of
the eddy current sensor. Emergency shutdown was performed to avoid accidents. The vibration displacement
of each disk with respect to speed is shown in Figure 6.

Figure 6: Measurement result without balancing

Secondly, low-speed balancing is performed. Keeping the rotor running at 500RPM and choosing disk 1 and
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disk 3 as calibration planes, trail process are performed and the calibration masses on both calibration planes
are got. The data is shown in Table 5.

Table 5: Low-speed rotor balancing

1 3
Rotating speed 500RPM 500RPM
Initial vibration amplitude 0.013mm 0.020mm
Initial vibration phase 105◦ 84◦

Calibration mass 5.3g 7.6g
Calibration mass phase 270◦ 240◦

Residual vibration amplitude 0.003mm 0.005mm
Balance rate 77% 75%

After preliminary modal tests, it was found that the second-order critical speed of the rotor was about
5200RPM, and the third-order critical speed far exceeded the driving speed of the rotor system motor. There-
fore, only the first two vibration modes of the rotor are needed to balance in this experiment. It can be known
from the analysis of mode sensitivity that the three discs of the rotor are sensitive to the first-order mode,
and the test weight on any one of the discs will play a role in the first-order mode. The disc 2 is not sensitive
to the second-order mode. Therefore, adding a trail weight to disk 1 and disk 3 will lead a greater influence
on the second-order vibration mode. Also, through the sensitivity analysis of the mode shape, in order to
avoid the influence of the balance weight added to the disk 1 and the disk 3 on the second order mode, we
choose to add the mass on the disk 2 only to balance the first-order mode. In order to avoid excessive vibra-
tion of the rotor at the critical speed when performing high-speed balancing, the rotating speed is set to be
slightly lower than the critical speed. After many explorations, 1300RPM and 4500RPM are set to perform
high-speed balancing process. The balancing data of two orders are shown in Table 6 respectively.

Table 6: High-speed rotor balancing

Plane 1 Plane 2 Plane 3 Plane 1 Plane 2 Plane 3
Rotating speed 1300rpm 1300rpm 1300rpm 4500rpm 4500rpm 4500rpm
Initial amplitude 0.110mm 0.170mm 0.090mm 0.340mm 0.111mm 0.293mm
Initial phase 256◦ 260◦ 261◦ 84◦ 84◦ 84◦

Calibration mass \ 1g \ 0.8g \ 0.6g
Calibration phase \ 90◦ \ 135◦ \ 300◦

Residual amplitude 0.047mm 0.058mm 0.046mm 0.034mm 0.026mm 0.086mm
Balance rate 57% 66% 49% 90% 77% 71%

Thirdly, the remain imbalance should be measured to check if the vibration meets the standard. As the speed
increases, the vibration displacement curve of each disk is shown in Figure 7. It can be seen that the rotor can
successfully pass the first and second resonance regions after balancing. For the first-order critical speed, the
vibration amplitude is about 0.1mm, and the vibration amplitude at the second-order critical speed is about
0.085mm.

4.4 Compared Approach

In this subsection, the influence coefficient method is performed on same condition at 1300RPM and 4500RPM
respectively to make a comparison. After three times measurement, the calibration masses on three disks are
obtained, and the first-order critical speed (1300RPM) is balanced. However, after using the influence co-
efficient method to obtain the calibration of three disks at the second-order critical speed (4500RPM), the
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Figure 7: Balancing results

system can’t be balanced well. Therefore, the using of this comprehensive balancing method can avoid the
trade-off problem in the balancing process of the influence coefficient method.

There is a noteworthy problem in this process. The first-order mode frequency of the rotor obtained by
modal test is 24.5Hz, and the second-order is about 88Hz, corresponding to rotating speeds of 1470RPM
and 5280RPM. However, the first-order critical speeds measured by the rotor speed-up test after balancing
are 1420RPM and 4650RPM, with errors of 3.4% and 11.9%, respectively. It can be seen that the rotation
effect has a certain effect on the rotor modal frequency.

5 Conclusion Remarks

This paper presents a hybrid balancing method for balancing flexible rotors. First, the modal test is used
to obtain the rotor’s mode vectors, which are used for the calculation of the orthogonal trail mass of the
rotor. The balanced rotor can safely pass the critical speed, which is much lower than the original vibration
amplitude of the rotor. Compared with the influence coefficient method, the proposed balancing method can
greatly reduce the numbers of trail process, and balancing of one critical speed will not impact to another
critical speed.
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Abstract
Joint identification of blade-root joints in typical bladed-disk assemblies is not possible with the classic
decoupling methods due to inaccessibility of interface degrees-of-freedom. In a recent study, an attempt
was made to identify such a joint by an expansion based decoupling strategy called System Equivalent
Model Mixing (SEMM). The expanded sub-models of the connected substructures and their assembly can
be influenced by the measurement errors and the discrepancies between the numerical and experimental sub-
models. Therefore, the accuracy of the identified joint is compromised. In this work, we investigate some
key factors to improve the expanded sub-models through a new measurement campaign on the unconstrained
substructures and the assembly. These factors are i) expansion error, ii) interface type, and iii) singular value
filtering. The resulting identified joint properties are validated by recoupling the joint with the respective
substructures. It is shown that, by controlling these factors, the joint identification can be highly improved.

1 Introduction

Bladed-disks are critical structural components in turbomachines for adding or extracting mechanical energy
to or from the surrounding fluid. The blades are subjected to high dynamic forces which can cause their fail-
ure due to high cycle fatigue. Their accurate response prediction is, therefore, necessary in the design phase.
A typical bladed-disk assembly includes multiple joints (blade-root, shroud, under-platform etc.) [1, 2]. The
joints might be beneficial in regards to the friction damping [1], however, they introduce uncertainty and
variability even for linear response prediction in the assembly. The problem becomes even more challenging
as the interfaces in the bladed-disk joints are small, intricate and inaccessible for measurements. In order
to predict the assembly’s dynamics (considering typical non-rigid connections), the joint dynamics have to
be estimated or measured. This can be achieved by the reverse approach i.e. by decoupling the known
subsystems from the known assembled system [3, 4].

The decoupling of the known subsystems requires knowledge of the interface dynamics. Since the joint
interfaces in the blade-roots are not accessible for measurements, the dynamics have to be expanded there.
For this purpose, the technique System Equivalent Model Mixing (SEMM) [5] can be used to produce a
frequency-domain hybrid model with the expanded dynamics. Essentially, the method mixes different model
descriptions (numerical and experimental) of a component. These expanded dynamics in the substructures, if
predicted accurately, can then be decoupled from the assembled system’s measured dynamics to identify the
joint – since the joint can be seen as the difference between the assembly and the associated substructures.
The identification of the joint can be done by the decoupling methods based on a primal formulation [6–9].
However, the cited methods have been used on relatively simpler joint interfaces.

Using the idea of dynamic expansion (by SEMM) also to the assembly, an iterative decoupling strategy was
proposed in [10] to identify the joint dynamics. The method was recently applied to a blade-root joint of
an academic bladed-disk in [11]. However, the actual joint identification was marginally successful in a
localized frequency band. Since the method is based on Frequency Based Substructuring (FBS) [12], it is
likewise sensitive to measurement inaccuracies [13–15] as well as the expansion error.
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In this paper, we investigate some of the key factors that affect the expansion (SEMM) based joint identi-
fication method on the same test-case as examined in [11]. The factors considered are: i) expansion error,
ii) interface description and iii) singular value (SV) based filtering. They encompass the substructure hybrid
models (substructures) and the connections between them (the interface) which are essential elements in the
decoupling (or coupling) process. First, the expansion error is reduced by performing a new measurement
campaign on the substructures in free boundary conditions as well as the assembly to produce better hybrid
models. In fact, the modelling discrepancies posed by the constraints caused a high expansion error in [11].
Secondly, different interface (connection points) variants are studied to know which locations and which
joint model size is appropriate to accurately predict the assembled system’s dynamics. Thirdly, the singular
value filters are used to reduce noise in the hybrid models’ quality. The SV filters in SEMM were introduced
for the first time in [16] on a single substructure level. They are applied here in the context of joint identifi-
cation. The results show that in order to achieve a good joint identification, these factors play an important
role and must be considered in this expansion based joint identification method.

The paper is organized as follows: the theoretical and mathematical background is briefly reviewed in Sec-
tion 2. The measurement campaign, the experimental model details and low expansion error effects are
discussed in Section 3. The results of effects of interface types and singular value filtering on the joint iden-
tification are presented in Section 4 and Section 5, respectively. The paper is then concluded in Section 6.

2 Theoretical Background

In this section, we briefly write the key sets of equations used in the analysis. For more details, the readers
can refer to the related previous work and the cited literature. Frequency based Substructuring (FBS) [12]
provides a convenient framework to couple substructures. Consider two substructures A and B with their re-
ceptance (or accelerance) expressed as YA and YB , respectively, can be coupled by the Lagrange multiplier
FBS [17] form:

YAB = Y −YBT (BYBT )−1BY with Y =

[
YA

YB

]
(1)

where B is the signed Boolean matrix to make the interface displacements compatible. If B is appropriately
defined, the receptance for coupling YAB in Eq. (1) is expressed in the compact notation as:

YAB = fbs
(
YA,YB

)
. (2)

Similarly, it can also be used to decouple a substructure from a known coupled system to identify the dy-
namics of the unknown subsystem [3, 4]. In order to identify a joint ȲJ in an assembled system YAJB , the
subsystems YA and YB are decoupled as negative substructures:

ȲJ = fbs
(
YAJB,−YA,−YB

)
. (3)

In Eq. (2)–(3), square FRF matrices of the structures are required which may not be practically feasible in
an experiment. Consider the substructure A whose FRF matrix is square consisting of FRFs on the internal
(?)i and boundary (?)b DoF.

YA =

[
Yii Yib

Ybi Ybb

]A
(4)

In many cases, the boundary or interface DoF are not accessible for measurements. This implies that only
YA

ii can be obtained by measurements. Even so, it would not be possible to measure all the elements of this
matrix. Therefore, we further divide the FRF matrix YA

ii into:

YA
ii =



Ycc Yce Yco

Yec Yee Yeo

Yoc Yoe Yoo




A

(5)
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The different subscripts denote the DoF sets where:

(?)c: displacements are measured

(?)e: excitations are applied

(?)o: one or both of the above can be measured – to be reserved for validation.

Based on these definitions, in Eq. (5), the diagonal blocks contain the drive-point FRFs which are difficult to
measure in practice. The FRF blocks shown in the box in Eq. (5) are more feasible and easy. This means that
the sensors and impacts are not collocated and overdetermined (non-square) FRF matrices can be measured.
The remaining matrix blocks may not be possible to measure due to practical limitations.

2.1 Experimental Model

The FRFs YA
ce are more practical and convenient for measurements, as discussed above. We choose YA

ce to
be our experimental model denoted by Yov,A. This model is measured on the internal DoF of substructure
A and then used for expansion on its interface DoF.

2.2 Numerical Model

A numerical FRF model obtained from a Finite Element (FE) analysis can provide the FRFs for all the
DoF including the ones inaccessible (interface) and inconvenient (drive-point) for measurement. It can then
provide all the elements in the FRF matrices of Eq. (4) and (5). This model is denoted by YN,A. Note that
some discrepancies in modelling always exist between the numerical and experimental models.

2.3 Hybrid Model by SEMM

Using the above two models, one can construct a hybrid model by System Equivalent Model Mixing (SEMM)
[5]. The method uses the DoF structure of the numerical model YN,A and overlays the measured dynamics of
the experimental model Yov,A. The resulting hybrid or expanded model YS,A is computed by the following
expression:

YS,A
gg = semm(YN,A,Yov,A) = YN,A

gg −YN,A
gg (YN,A

cg )+
(
YN,A

ce −Yov,A)(YN,A
ge )+YN,A

gg (6)

where (?)+ denotes the pseudo-inverse and (?)gg the set of all the DoF i.e. g = {i, b} = {c, e, o, b}. Thus,
the dynamics on the interface of substructureA are obtained through expansion by Eq. (6) in YS,A. Similarly,
the hybrid models YS,B for substructure B and YS,AJB for the coupled system AJB can also be obtained,
if their respective numerical models are viable. The use of J here is to emphasize an explicit presence of the
joint dynamics in the assembly.

Remark 1. The pseudo-inverses in Eq. (6) can be computed by singular value decomposition (SVD). This
allows to filter the lowest singular values. This effect on the hybrid models of a single substructure have
been studied in [16]. The resulting models are called the filtered hybrid models and their effect on the joint
identification is discussed here in Section 5.

2.4 Joint Identification by SEMM

Using the hybrid models of the substructures A and B and measured dynamics Yov,AB on the assembled
(built-up) system AB, the coupled hybrid models can be created. In order to identify the joints dynamics, an
iterative method was proposed in [10] and applied to a real geometry in [11]. Here only the essential steps
are briefly recapitulated.

1. Construct hybrid models of substructures A and B, denoted by YS,A and YS,B , respectively.
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(a) (b)

Figure 1: Setup for FRF measurements on (a) the disk and (b) the blade-disk assembly. Due to limited DAQ
channels availability, the assembly measurements were carried out in two steps. The picture of the assembly
(b) shown is one of those steps in which the sensors are mounted on the blade. The dummy masses are
installed on the disk to cancel out the mass effect in the joint decoupling. The arrows represent the locations
of reference FRF measurements for validation.

2. Measure FRFs on the built-up system AB in which the joint dynamics are sufficiently observed.

3. Create the numerical model of the coupled system AJB with nth joint dynamics YJ
n :

YN,AJB
n = fbs(YS,A,YJ

n ,Y
S,B) (7)

4. Generate the coupled hybrid model

YS,AJB
n = semm(YN,AJB

n ,Yov,AB). (8)

5. Identify the joint by FBS decoupling

YJ
n+1 = fbs(YS,AJB

n ,−YS,A,−YS,B). (9)

6. Update the coupled numerical model YN,AJB
n+1 in step 3 with YJ

n+1 until the expansion error decreases
below a set tolerance or remains unchanged for at least 03 iterations.

Remark 2. While computing YS,AJB
n in Eq. (8) through Eq. (6), the inverses are computed by weighted

pseudo-inverses, for example, for a matrix P

P+ = (PTWP)−1PTW (10)

where W is a diagonal weighting matrix assigning higher weights to some DoF. This was shown on an
assembly of a blade and disk in [11] by assigning higher weights to the boundary DoF. This resulted in a
decrease in the subsystem internal effects and an improvement of the convergence. The same or a greater
order of weights (1× 1010) was applied for the joint identification in this paper.

3 The Test Campaign

In this section, the measurement campaign on the test geometries of a blade, disk, and their assembly con-
nected through a dove-tail joint are described. Since this type of interface is not accessible for measurements,
FRFs at the interfaces are predicted by the SEMM expansion. The same test-case was studied by these au-
thors in [11] with a fixed constraint on the disk (and also on the assembly). The constraint seemed to greatly
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Table 1: Measurement channels and models details for the joint identification

Description Blade A Disk B Assembly AB

Number of response channels (α) 15 15 30
Number of impacts (β) 18 19 37
Experimental validation channels – Figure 1a Figure 1b
Total internal DoF (γ = α+ β) 33 34 67
Size of experimental FRF matrix Yov 14×18 14×19 27×36 a

Number of Boundary DoF b 27 27 –
Size of numerical FRF matrix 60×60 61×61 – c

Size of hybrid FRF matrix (before VP transformation) 60×60 61×61 –

aOne sensor channel had unusually high noise and it had to be discarded, therefore, the experimental FRF matrices are one
channel short for the blade and disk and two channels short for the assembly. However, one response channel and one input channel
was additionally left out for the validation in the assembly

bThese DoF are inaccessible and expanded over. Some or all of the boundary DoF are then used to represent the interface in
Section 4

cThe size of the coupled system depends on the interface type discussed in Section 4 and the formulation in FBS (primal or
dual).

affect the joint identification results. In this work, the fixed constraint has been removed and so the FRFs have
been measured in free conditions, as shown in Figure 1. Consequently, the modelling and expansions errors
caused by the constraint are reduced. However, other modelling errors, for example, FE model updating or
non-coincident DoF in experimental and numerical models, are unavoidable.

Figure 1 shows the sensors (triaxial accelerometers) and impacts positions for reference (validation) mea-
surements. The readers can refer to [11] for their locations, as they have been kept the same in this new
test campaign. Some key details regarding the experimental setup and the different models are presented in
Table 1.
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Figure 2: Validation of SEMM on the disk. The output/input locations of these FRFs are indicated in
Figure 1a.

Before proceeding for the joint identification from the assembly, the effectiveness of the SEMM expansion is
first checked at the substructure level. The method is tested on the disk which has been modelled and tested
in free boundary conditions, as mentioned above. In Figure 2, three FRFs are plotted. The numerical (black
dotted) FRF agrees well with the the experimental FRF (reference) despite having no damping and slight
differences at the resonances. Comparing these disk FRFs with those in [11], such agreement was achieved
by removing the constraint and updating the material properties in the FE model. The hybrid FRF obtained
by SEMM – using an overlay model without the reference FRF – predicts those resonance peaks exactly.
Some differences in the anti-resonances are attributed to the unavoidable errors in the FRF output or input
locations while conducting tests. This expansion in the disk FRFs is certainly more reliable than with the
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(a)

(b) (c)

(d) (e)

Figure 3: Different representations of interface DoF on the blade. (a) Assembled blade and disk depicting
the connection (b) Left and right surfaces on the blade interface with three translational DoF per node. (c)
Another view of the blade interface indicating additional three nodes on the bottom surface. (d) One virtual
point interface formed by transforming all the translational DoF on nodes 1 through 9. There are six DoF
per virtual point. (e) Two virtual point interface.

fixed constraint in [11]. As a results, it should improve identifiability of the joint.

In the next sections, the linear joint dynamics are identified by varying different parameters. In detail, these
parameters are the description of interface (Section 4) and singular value filtering in the substructure hybrid
models (Section 5). In each case, the same method of Section 2.4 is used. The weights mentioned in
Remark 2, have been used on the boundary DoF to avoid the influence of internal subsystem resonances on
the joint identification.

4 Effect of Interface Type on the Identification

An interface provides the links or paths through which the dynamic coupling between substructures is estab-
lished. The more accurately they are measured or expanded, the more accurate will be the coupled system’s
predicted dynamics (also for the decoupling or joint identification). Therefore, it is essential that the interface
is described appropriately. In this section, different cases of interface modelling based on different discretiza-
tion are studied on the blade and disk assembly in the context of joint identification. For a fair comparison of
different interfaces, the identified joint dynamics are not compared with each other as the joint system and
size, depending on the interface type, would be different. Instead, the identified joint (converged) for each
interface type is recoupled to the blade and disk and compared with the reference FRF measurement which
was not used in the identification process.

4.1 Translational DoF Interface

In an FRF testing, measuring translations are generally preferred but the interface lacks the rotational infor-
mation. The rotations can be computed by the method of finite difference [18]. Alternatively, if sufficient
translational DoF are present on the interface such that they are non-collinear, the rotational effect is indi-
rectly included in the interface [19]. This is why the explicit inclusion of rotations at the interface in FE
models with only translational DoF is not necessary. In the numerical models of the blade and disk, some
translational DoF on the mating surfaces are selected as representative boundary DoF (Figure 3b and 3c)
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(a) Interface nodes set {1,3,4,6}
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(b) Interface nodes set {1,4,7,9}

Figure 4: FRFs on the coupled blade-disk by considering only translational DoF at the interface. The refer-
ence FRF is measured at the locations shown in Figure 1b.

which are then expanded over in their respective hybrid models. Since the expansion is done by virtue of
measurements on the internal DoF, it is assumed that these DoF can properly represent the interface DoF.
However, it is not true for any arbitrary set of interface DoF, because different interface DoF combinations
will produce different effects (to be discussed next).

It is seen in Figure 3a that the blade-root joint has three mating sides. A total of 27 translational DoF (9
nodes) are selected on these sides, indicated in Figure 3b and 3c. The nodes are shown only on the blade. Of
course, a corresponding set is also selected on the disk interface. Among these nodes, multiple combinations
can be tried. We examine only two cases of 12 DoF per substructure (24× 24 joint model) here:

Case 1: Coupling of the DoF at nodes {1, 3, 4, 6} – two physical nodes on the left and two on the right side,
as shown in Figure 4a.

Case 2: Coupling of the DoF at nodes {1, 4, 7, 9} – one physical node on the left, one on the right and two
on the bottom, as shown in Figure 4b.

Remark 3. Identification Rank: Since measurements on the assembled system have a rank of 27 (see
Table 1), one can identify a joint with the same maximum rank. However, one or more channels are kept for
validation and we allow for some over-fitting, the maximum rank of the joint system is set to be 24. That is,
a 24× 24 joint FRF matrix is identified.

The reconstructed FRFs in blue in Figure 4 are obtained by recoupling the identified joint YJ with the hybrid
model of the blade YS,A and disk YS,B . Note YJ is retrieved after the convergence criterion has been met,
as outlined in Section 2.4. Clearly, the interface of Case 1 has a lot of spurious effect even though it follows
the shape of the reference FRF (orange colour in Figure 4a). This means that by considering only two sides
of the interface, the joint is not properly identified. In Case 2, the third (bottom) side of the interface is taken
into account through nodes 7 and 9. The reconstructed FRF overlaps the reference FRF well until 2000 Hz
with the exceptional spurious peaks around 250, 600 and 800-1000 Hz. The response near anti-resonance
of 600 Hz is also not accurately predicted. The reconstructed FRF of Case 2 is certainly better than that of
Case 1 because the bottom side is thought to be a key location where the bolts are connected and push the
blade to fit the other two surfaces of the disk. The interface seems to be better described by these locations
and it gives an idea to consider these locations for further analysis. However, an interface defined by only
the translational DoF of the two bottom nodes (7 and 9) would not be sufficient i.e. the other sides should
also be considered.

4.2 Virtual Point Interface

In an interface defined only by the translational DoF, the selection of the corresponding nodes is an arbitrary
choice of the user in terms of location (and numbers of nodes) involved in the identification. Therefore,
many combinations are possible and it is not easy to understand what is the most promising combination.
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(b) Two virtual points

Figure 5: FRF of the blade-disk assembly coupled by the virtual interface descriptions. The reference FRF
is measured at the locations shown in Figure 1b.

This problem can be overcome by creating a virtual interface characterized by both translations and rotations.
All the measured or expanded translational DoF can then be used and projected to the virtual interface by
least-squares [20]. Consider the hybrid model, for example, of the blade YS,A with the expanded dynamics
on all the translational DoF uA

b in Figure 3. The boundary translations uA
b relate to the virtual displacements

(translational and angular) qA by:

{
uA
i

uA
b

}
=

[
I 0

0 RA
u

]

︸ ︷︷ ︸
RA

{
uA
i

qA

}
(11)

where RA
u contains the positions and orientations of the DoF in uA

b with respect to the virtual point(s). The
right hand side vector is obtained as:

{
uA
i

qA

}
=
(
(RA)TRA

)−1
(RA)T︸ ︷︷ ︸

TA
u

{
uA
i

uA
b

}
(12)

A similar transformation TA
f applies for the virtual forces and moments mA. If the DoF are collocated,

as obtained by the hybrid models, TA
u = TA

f = TA. The new hybrid FRF matrix ȲS,A with the virtual
interface is calculated by

ȲS,A = TA YS,A (TA)T (13)

For the virtual interface, we again consider two cases with two different configurations in which all the 27
expanded translational DoF are transformed to the VP(s) shown in Figure 3d and 3e, respectively. Note that
the VP position can be defined even outside the structure, as long as the condition of rigid transformation
holds.

Case 3: One virtual point (3 translations and 3 rotations per substructure). The joint is characterized by a
12× 12 system, unlike Case 1 and Case 2.

Case 4: Two virtual points (6 translations and 6 rotations per substructure). The joint is characterized by a
24× 24 system.

The respective reconstructed FRFs are plotted in Figure 5. In the FRFs of Case 3 (Figure 5a), not a good
agreement is observed between the reconstructed and reference FRFs. This shows that an interface with 6
virtual DoF despite a least squares contribution from all the translational FRFs is not sufficient to capture the
coupled system dynamics accurately. This dove-tail type joint needs a minimum set of interface DoF, also
discussed numerically in [21]. This experimental investigation validates those findings.

The FRF obtained for Case 4 (two VPs) is shown in Figure 5b. The reconstructed FRF has certainly better
agreement than that of Case 3. It is of more interest to compare this reconstructed FRF with that of Case
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2 with translational DoF (Figure 4b). With the two VP interface, the identification resulted in i) a signifi-
cantly reduced spurious effect up to 1100 Hz, ii) a better amplitude estimation on the resonances, iii) a good
approach on the two anti-resonances around 150 and 600 Hz, and iv) slightly increased spurious effects be-
tween 1300 to 2000 Hz. The prediction beyond 2000 Hz is poor for both the cases. For practical purposes of
low to medium frequency range, the two VP interface is considered to be a good choice and will be used in
the following analyses.

5 Singular Value Filtering

In this section, the effect of singular values (SV) truncation (called SV filtering) while computing the pseudo-
inverses is investigated in connection with the joint identification. In SEMM, the first use of SV filtering was
made in [16] and applied to a numerical benchmark structure i.e. only a single uncoupled structure was
considered. Here, it is applied to the two blade and the disk substructures and their direct effect on the joint
identification is discussed. Let P denote one of the pseudo-inverses in Eq. (6). It can be decomposed into:

P = USVT (14)

where S is a diagonal matrix containing singular values and U and V are unitary matrices of left and right
singular vectors, respectively. The pseudo inverse can be computed by

P+ = VS−1UT (15)

If uj and vj represent jth vectors in U and V, respectively, then Eq. (15) is written in the summation form:

P+ =

N∑

j

vjσju
T
j ≈

k<N∑

j

vjσju
T
j (16)

where σj is the jth singular value in S−1 andN is the smallest dimension of P. In this form, the contribution
of each jth singular value is being computed. Thus, the smallest N − k SVs can be filtered out without
significantly affecting the inverse computation. Since P, in general, is a frequency dependent matrix, the
decomposition needs to be done at every frequency.

The use of SV filtering is motivated by looking at the blade’s condition number of its experimental Yov,A,
numerical YN,A and hybrid models YS,A in Figure 6a. Condition number is defined as the ratio of the
largest to the lowest singular value. In the figure, the peaks in the respective plots refer to the resonances.
It is seen that the blade hybrid model has higher condition number (by 1-2 orders of magnitude) compared
to the numerical and the experimental models throughout the frequency band. More importantly, the noise
or measurement errors have propagated in the hybrid model from the experimental model in the range of
400-800 Hz. Since the hybrid model has a relatively larger set of DoF than the experimental model, the
lowest singular values (supposedly corresponding to noise and insignificant dynamics) become even smaller,
thereby, making the condition number high. So the SV filtering is justified in this case. By removing the two
smallest SVs in the blade hybrid model, the new condition is lower and shows that the noise was attributed
to the filtered SVs.

In the following, the SV filtered hybrid models of the blade and disk are used to identify the joint with
the two VP interface. To see a significant effect, two SVs are filtered in each hybrid sub-model at a time
i.e. if the SVs are filtered in the blade, the disk model is kept as such and vice versa. The corresponding
validation FRFs are shown in Figure 7a and Figure 7b. They should be compared with the reconstructed
FRFs of Figure 5b obtained by the unfiltered hybrid models. Since a good agreement up to 1100 Hz was
observed with the unfiltered models, the attention is given to the frequency range greater than 1100 Hz. In
the reconstructed FRF of Figure 7a, the identification by filtering in the blade has improved remarkably.
The region between 1500–2000 Hz overlaps well with the reference FRF. The resonances around 2550 and
2700 Hz are also better estimated. The identification after the anti-resonance of 2100 Hz is also improved in
comparison with that of Figure 5b, however, it still has some spurious effect. The low amplitude regions like
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Figure 6: The condition number of the experimental, numerical and hybrid FRF matrices of (a) the blade and
(b) the disk. In each hybrid model, the condition number by truncating two singular values is also plotted.
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0 500 1000 1500 2000 2500 3000

Frequency (Hz)

10-2

100

102

A
c
c
e
le

ra
n
c
e
 (

m
/s

2
/N

)

Reference

2 SV truncated in B

(b) SV filtering in the disk

Figure 7: Effect of singular value filters on the recoupled system after joint identification. The filters are
applied separately to the blade and disk. The reference FRF is measured at the locations shown in Figure 1b.

these are likely to get affected by the measurement errors. Despite this, it can be confidently said that the
removal of the two lowest SVs in the blade hybrid model has appreciably improved the joint identification.

The SV filtering in the disk hybrid model has instead degraded the identification in the high frequency range,
as evident in the FRF of Figure 7b. In order to understand the reasons, the condition number plots of the
disk models are seen in Figure 6b. The disk’s hybrid model’s condition number is nearly of the same order
as that of the numerical model and it is not as high as in the case of the blade (Figure 6a). By looking at
the 2 SV truncated condition number (green plot) of the disk, there is a considerable change in the condition
number pattern from its unfiltered hybrid model. This implies that the lowest filtered SVs are not very small
and insignificant to be truncated. That is why, their filtration altered the disk hybrid dynamics.

From the above analysis, it is proposed that the SV filters should be deployed in the hybrid sub-models based
on their condition number before and after filtering. If the condition number pattern of the filtered hybrid
models is significantly different, the filtering may not affect positively on the joint identification.

Remark 4. The SV filter is applied only to the substructures here i.e. while computing the hybrid FRF models
of the blade and disk. One might consider to apply the same filter to the assembly’s hybrid model in Eq. (8).
If the SV filters are applied to the assembly, then recalling the iterative nature of the decoupling method from
Eq. (7)–(9), the assembled system’s dynamics in the hybrid model are updated at each iteration due to two
factors: the updated joint and the modified paths [16, 22] for the measured dynamics in the assembly (due
to filtered SVs). As a result, the convergence is not guaranteed for the joint identification. From another
perspective, the system which we aim to identify is being modified at every iteration of the identification.
This makes the filtration unwarranted on the assembled systems.
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6 Conclusions

In this paper, the joint dynamics are identified for a blade-root joint. The interface between the blade and disk
is inaccessible for measurements. Thus, dynamics on the interface DoF have to be expanded. The authors
had attempted to identify the joint dynamics in [11] using the SEMM expansion based decoupling method.
However, the identified dynamics had restrictive accuracy. In this paper, we have investigated some of the
key factors that affect the joint identification method by conducting a new set of measurement campaign in
the free boundary conditions. This resulted in much better expanded FRFs on the disk.

The substructure coupling or decoupling has much to do with the way the interface is defined. An interface
with only translational DoF (in a non-collinear fashion) was very selective and various combinations have to
be tried until the best one is found. Even though the blade-root joint under consideration is three-faced, the
significant dynamic contribution comes from the bottom side DoF where the bolts are mounted. However,
it was not sufficient to consider only the translational interface at these DoF. All the expanded boundary
dynamics were then transformed in a least-squares fashion to one or two virtual point type interface (transla-
tions and rotations), respectively. The one VP interface failed to identify the joint at all. However, the two VP
interface could identify very well the dynamics up to 1100 Hz range as well as most of the resonances. This
suggests that the minimum identification rank or joint size must be equivalent to two VP per substructure
due to the number of independent measurements on the assembly. The two VP interface was then adopted
so as to improve the prediction beyond 1100 Hz range by other factors.

The substructure hybrid models (blade and disk) are computed by a formulation of SEMM that allows for
filtration based on the singular values (SV). The effect of SV filter on the substructure or joint identification
is investigated for the first time. By filtering the two lowest SVs in the blade hybrid model, the joint iden-
tification improved significantly beyond 1100 Hz. On the other hand, the same filtering in the disk did not
produce much anticipated result. To know whether the SV filtering would positively impact the joint identifi-
cation, the pre- and post-filtering condition number can be computed. In the case of the disk, the pre-filtering
condition number was not high unlike the blade. The filtering resulted in the change in condition number
pattern over the entire frequency band.

In short, the joint identification in this study has been shown to improve by taking the following actions:

1. reducing the expansion error by removing the constraint modelling,

2. defining the two VP interface on the bottom side near the bolts

3. filtering two singular values in the blade hybrid model (none in the disk)

The challenge remains to more accurately predict the low amplitude regions which are easily influenced by
errors and should be further investigated in the future.
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Abstract 
In this paper a Jeffcott rotor system mounted on rolling bearings is considered. The most common source of 

unwanted vibration is resonant vibrations encountered at critical speeds. A widely adopted method to 

estimate the response of the spinning rotors at critical speeds is the Harmonic Balance Method. In addition, 

because of the time – varying stiffness introduced by the bearings during the rotation, an internal excitation 

which is known as Parametric Excitation is generated. Due to this phenomenon, there may be speed intervals 

which may trigger unstable responses in the system. These regions can be identified by sets of lines which 

are called Transition Curves (TCs) on the Mass – varying compliance frequency plane, i.e. the so called 

“stability plot”. However, obtaining such transition curves may be too computationally expensive for a 

complex system. The paper explores the possibility of using Harmonic Balance Method to track the presence 

of such unstable regions in the Frequency Response of the system in presence of unbalance.  

1 Introduction 

The dynamic analysis of rotating machinery is an essential and effective way to detect and monitor critical 

working conditions. Such critical conditions may be caused by a variety of sources and attributed to different 

parts of the system. For instance, the parametric excitation in rolling bearing elements due to time – varying 

stiffness and, the unbalance force due to the disk eccentricity, a crack in the shaft etc. may all result in 

undesired vibrations in the system. Hence, finding accurate and efficient methods to characterize the 

dynamic behavior of rotating systems is of primary importance in many engineering applications. 

Sharma et al. [1] performed a review of the dynamic behavior of rolling element bearings considering 

nonlinearities such as clearance, varying compliance and so on. Zhang et. al. [2] studied the bifurcation 

phenomena of a ball bearing system considering the varying compliance vibration. In this study the authors 

applied the HB-AFT and Arc – length continuation methods to produce the bifurcations plots. The nonlinear 

dynamic analysis of an unbalanced rotor system supported by rolling element bearings has been carried out 

by Harsha [3], Chen [4] and Sinuo [5]. In the latter studies, the Hertzian Contact Theory is adopted to model 

the contact force in presence of inner race – ball clearance. This resulted in time – varying stiffness in the 

equations of motion. Gupta et. al. [6] studied the route to chaos and instability of rotor systems supported 

by rolling bearing elements. Zhang et. al. [7] computed the time – varying stiffness matrix of an angular ball 

bearing from scratch and performed a stability analysis of a rotor system supported by such bearings. 

Tehrani et al. [8] produced the stability plot of a ball bearing, i.e. located the transition curves between stable 

and unstable regions on the design parameters plane.  

In order to detect critical speeds, i.e. the other main source of undesirable vibration, it is more convenient 

to analyze the system in the frequency domain. The Harmonic Balance Method (HBM), an approximate 

procedure to obtain steady state responses has received a lot of attention.  

A comprehensive study of HBM and its application to nonlinear vibrations is done Krack and Gross [9] and 

Sarroy and Sinou [10]. Groll and Ewins [11] applied the HBM with arc – length continuation method to the 
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behavior and stability of a Jeffcott rotor considering the contact between the disk and the stator. In [12] and 

[13] Gastaldi et al. proved the validity of the HBM method in solving the nonlinear equations of turbine 

bladed disks with friction forces due to solid underplatform dapers. In [14] and [15] the same authors apply 

HBM to solve the dynamic equations of the coupled system blades – flexible damper and in [16] they 

presented a method to select how many harmonics to include in the computation. The application HBM to 

quasi – periodic responses is studied by Peletan et. al. [17] and Kim and Choi [18]. In those papers the 

authors utilized a multi – frequency HBM to investigate the behavior of a Jeffcott rotor system with rub – 

impact of the disk and the stator.  

In the literature it is rare to find studies which look at undesirable vibrations due to both parametric excitation 

and to critical speeds in the frequency domain. The present paper aims at filling this gap, by investigating 

the dynamics of a system in presence of both parametric excitation and critical speeds. 

In the current paper, a Jeffcott rotor with an unbalanced disk and supported on rolling element bearings at 

both ends is chosen as a demonstrator. The varying compliance vibrations of the bearings, which result in 

time dependent stiffness, is taken into account. The stiffness is obtained using Hertz Contact Theory for 

zero clearance. In addition, a linearization procedure is proposed to simplify the time – varying stiffness 

expression. To study the dynamic of the system, first a stability analysis using the Floquet Theory is applied 

to obtain the stability boundaries, which are so – called Transition Curves (TCs). Then, the HBM is adopted 

to investigate the steady state response of the system and check the system’s behavior in presence of critical 

speeds and in stable and unstable zones. 

2 Methodology 

2.1 Linearized time – varying stiffness of the bearings 

In a loaded rolling element bearing, the number of the balls inside the loading zone varies during rotation, 

resulting in a phenomenon known as Varying Compliance. Due to this phenomenon the stiffness of the 

bearing changes with time and a parametric induced vibration may arise. As shown in Figure 1, at the loading 

zone, the balls are under compression while the ones out of this area have no contribution to the total stiffness 

of the bearing.  The scope of this loading zone depends on the value of the clearance between the inner race 

and the balls. Here zero clearance is considered which results in a 180𝑜 area. In order to compute the force 

due to this time – varying stiffness the Hertz Theory [19] can be applied: 

 𝐹𝑥 = 𝑘 ∑ (𝑥𝑏 𝑠𝑖𝑛 𝜓𝑖 + 𝑦𝑏 𝑐𝑜𝑠 𝜓𝑖)2/3 sin 𝜓𝑖
𝑁𝑏
𝑖=1  (1) 

 𝐹𝑦 = 𝑘 ∑ (𝑥𝑏 𝑠𝑖𝑛 𝜓𝑖 + 𝑦𝑏 𝑐𝑜𝑠 𝜓𝑖)2/3 cos 𝜓𝑖
𝑁𝑏
𝑖=1  (2) 

Where 𝛿𝑖 and 𝜓𝑖 are the deformation and angular position of the ith ball respectively, while 𝑘 is the total ball 

– race stiffness [20]. 
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Figure 1: Schematic of rolling bearing element 

Under the zero clearance assumption, it is possible to obtain a linearized form of Eq. (1) and Eq. (2) around 

the bearing preload value. To do so a linearization procedure proposed in [21] is applied for a bearing having 

the characteristic of table 1.   

Table 1: Bearing characteristics 

Number of balls 

(𝑵𝒃) 

Inner race radius 

𝑫𝒊(𝒎) 

outer race radius 

𝑫𝒐(𝒎) 

9 35.2 × 10−3 58 × 10−3 

Proceeding with the proposed linearization process, the expression of the equivalent time-dependent 

stiffness is obtained: 

 𝐾 = [
𝐾𝑏𝑚 + 𝐾𝑏ℎ sin Ω𝑣𝑐𝑡 −𝐾𝑏𝑐 sin Ω𝑣𝑐𝑡

−𝐾𝑏𝑐 cos Ω𝑣𝑐𝑡 𝐾𝑏𝑚 − 𝐾𝑏ℎ cos Ω𝑣𝑐𝑡
] (3) 

Where the parameters 𝐾𝑏𝑚, 𝐾𝑏ℎ and 𝐾𝑏𝑐 are mean, direct dynamic and cross coupling dynamic stiffness of 

the bearing respectively. The values of the aforementioned stiffness can be obtained by computing the FFT 

of the direct and cross coupling stiffness of the bearing [21]. In Eq. (3) Ω𝑣𝑐 is the varying compliance 

frequency, it is equal to 𝑁𝑏Ω where Ω is the rotational speed of the inner race or the shaft. This time 

dependent stiffness matrix can now be inserted into the equations of motion of the system. 

2.2 Governing equations of motion 

Considering the Jeffcott model shown in Figure 2 with an eccentricity of the disk’s mass center, the 

equations of motion can be obtained applying Newton’s Second Law or the Lagrange method. The following 

assumptions are considered: 

a) The shaft can be represented as massless  

b) The axial displacement is negligible 

c) The gyroscopic effect is negligible 

d) The disk can be represented as lumped mass  

e) The system is symmetric with respect to the disk [22] 

f) The outer race of the bearings are rigidly fixed 

g) The mass of the bearings is negligible compared to mass of the disk.  

Considering that the shaft stiffness is in series with bearing’s, the equation of motion are: 
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 𝑀𝑑�̈�𝑑 + 2𝑐𝑏�̇�𝑑 + 2 (
𝐾𝑏𝑚+𝐾𝑏ℎ sin Ω𝑣𝑐𝑡

1+
𝐾𝑏𝑚

𝐾𝑠
+

𝐾𝑏ℎ
𝐾𝑠

sin Ω𝑣𝑐𝑡
) 𝑥𝑑 + 2 (

−𝐾𝑏𝑐 sin Ω𝑣𝑐𝑡

1−
𝐾𝑏𝑐
𝐾𝑠

sin Ω𝑣𝑐𝑡
) 𝑦𝑑 = 𝑀𝑑𝑒Ω2 cos Ω𝑡 (4) 

 𝑀𝑑�̈�𝑑 + 2𝑐𝑏�̇�𝑑 + 2 (
𝐾𝑏𝑚−𝐾𝑏ℎ cos Ω𝑣𝑐𝑡

1+
𝐾𝑏𝑚

𝐾𝑠
−

𝐾𝑏ℎ
𝐾𝑠

cos Ω𝑣𝑐𝑡
) 𝑦𝑑 + 2 (

−𝐾𝑏𝑐 cos Ω𝑣𝑐𝑡

1−
𝐾𝑏𝑐
𝐾𝑠

cos Ω𝑣𝑐𝑡
) 𝑥𝑑 = 𝑀𝑑𝑒Ω2 sin Ω𝑡 (5) 

Where 𝑀𝑑 and 𝑐𝑏 are the mass of the disk and the damping of the bearings respectively. The amount of 

eccentricity is denoted by 𝑒.  

 

Figure 2: Jeffcott Rotor Model 

2.3 Stability 

In order to determine the critical responses of the system due to bearing-induced parametric excitation the 

stability analysis is performed. To do so, the well – known Floquet Theory [23, 24] is utilized. To produce 

the stability plot, the system is considered to have no external force (𝑒 = 0). Then, Ω𝑣𝑐 is taken as the 

control parameter and the stability of the system is obtained for different values of 𝑀𝑑 while the rest of the 

parameters are kept fixed. Using this procedure, the boundary curves which separate the stable from unstable 

zones are obtained. These boundaries are also known as Transitions Curves (TC). The stability plot of the 

system at hand is shown in the left portion of Fig. 3. 

2.4 Frequency response by HBM 

Harmonic Balance Method is an approximate procedure used to determine the steady state response of the 

system. Harmonic balance requires to express each degree of freedom of the system in terms of its main 

harmonic components. The effective harmonics to be retained in the approximation can be detected by 

performing a direct time integration for a limited or by experience.  

For the current model, since the system is under two different excitations (Ω , Ω𝑉𝑐) it is necessary not only 

consider each of these frequencies but also their combination (Summation and Subtraction) as well [25]. 

Furthermore, some additional frequency components arise due to instability which will be demonstrated 

utilizing the FFT plot in subsequent section. All of these extra components are connected to a leading 

frequency, here termed 𝜔𝑐  The HB based solution is reported below. To aid the reader in equation (6) the 

responses at frequencies connected to unbalance are grouped in the first square brackets, while the responses 

at frequencies connected to parametric excitation (i.e. instability) are grouped in the second square brackets:   

 𝑥𝑑 = [𝑎1 cos Ω𝑡 + 𝑏1 sin Ω𝑡 + 𝑎2 cos Ωvc𝑡 + 𝑏2 sin Ωvc𝑡  + 𝑎3 cos(Ωvc − Ω)𝑡  
                               +𝑏3 sin(Ωvc − Ω)𝑡 + 𝑎4 cos(Ωvc + Ω)𝑡 + 𝑏4 sin(Ωvc + Ω)𝑡]    
                               + [𝑎5 cos ωc𝑡 + 𝑏5 sin ωc𝑡 + 𝑎6 cos(𝜔𝑐 − Ωvc)𝑡 + 𝑏6 sin(𝜔𝑐 − Ωvc)𝑡  
                               +𝑎7 cos(𝜔𝑐 + Ωvc)𝑡 + 𝑏7 sin(𝜔𝑐 + Ωvc)𝑡] (6) 
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 𝑦𝑑 = [𝑎8 cos Ω𝑡 + 𝑏8 sin Ω𝑡 + 𝑎9 cos Ωvc𝑡 + 𝑏9 sin Ωvc𝑡 + 𝑎10 cos(Ωvc − Ω)𝑡  
                               +𝑏10 sin(Ωvc − Ω)𝑡 + 𝑎11 cos(Ωvc + Ω)𝑡 + 𝑏11 sin(Ωvc + Ω)𝑡]  
                               +[𝑎12 cos ωc𝑡 + 𝑏12 sin ωc𝑡 + 𝑎13 cos(𝜔𝑐 − Ωvc)𝑡 + 𝑏13 sin(𝜔𝑐 − Ωvc)𝑡  
                               +𝑎14 cos(𝜔𝑐 + Ωvc)𝑡 + 𝑏14 sin(𝜔𝑐 + Ωvc)𝑡] (7) 

According to HB, Eq. (6) and Eq. (7) are substituted in the equations of motion and the terms corresponding 

to the same frequency components are balanced, thus forming a set of algebraic equations, expressed below 

in a residual form:  

 {𝑅} = [𝐽]{𝑋} − {𝐹} (8) 

Where {𝑅}, {𝑋} and {𝐹} are the vectors of residual, frequency coefficients and forcing. Furthermore, the 

matrix [𝐽] is the Jacobian matrix. In the present case, since the Jacobian matrix is not dependent on the 

displacement and the purpose is to minimize the residual, it is possible to compute the displacement as 

{𝑋} = [𝐽]−1{𝐹}. Performing this for different rotational frequency values will result in the Frequency 

Response (FR) plot.  

3 Results and discussion 

The system used in this work as a demonstrator is defined by the parameters found in Table 2. Regarding 

the stiffness values, 𝐾𝑠 is much higher than 𝐾𝑏ℎ and 𝐾𝑏𝑐; therefore, the fractions 𝐾𝑏ℎ/𝐾𝑠 and 𝐾𝑏𝑐/𝐾𝑠 in Eq. 

(4) and Eq. (5) are negligible comparing to 1.  

First the stability plot is demonstrated where stable and unstable zones are highlighted. Then, the frequency 

response of the system applying HBM for a single value of 𝑀𝑑 is obtained.  

Table 2: Values of the parameters used in the simulation 

𝒆 𝒄𝒃(𝑵𝒔/𝒎) 

3𝑒 − 3 2500 

𝑲𝒃𝒎(𝑵/𝒎) 𝑲𝒃𝒉(𝑵/𝒎) 𝑲𝒃𝒄(𝑵/𝒎) 𝑲𝒔(𝑵/𝒎) 

4.23 × 109 1.35 × 107 5.65 × 107 2.36 × 108 

3.1 Stability plot 

This section discusses the stability plot obtained by applying Floquet Theory, as discussed in Sect. 2.3. The 

plot shown in Fig. 3 on the plane of (Ω𝑣𝑐 , 𝑀𝑑) contains two set of boundaries known as Transition Curves 

(TCs) which separate the combinations of Ω𝑣𝑐 − 𝑀𝑑 values corresponding to stable systems (outside the 

curves) from those which correspond to unstable ones (inside the curve).  The first areas are denoted by an 

“S”, while the latter by a “U”. In order to check the validity of the stable/unstable claims some random 

points are taken from both regions and their time history are obtained by DTI. As depicted in Figure 3(right), 

point A which is inside the TCs area is drastically unbounded which may result in catastrophic consequences 

in the system; while point B which is located outside the TCs enjoys a bounded response.  

In the following section the Frequency Response (FR) of the system considering the unbalance force is 

obtained by sweeping the rotational speed of the shaft when 𝑀𝑑 = 8; the corresponding line on the stability 

plot is shown in red in Figure 3.      
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Figure 3: Stability plot using Floquet Theory 

3.2 Frequency Response  

In this section the behavior of the system in presence of an unbalance force is studied in the frequency 

domain. To do so, the HBM is employed as discussed in section 2.4 and the response of the system for a 

range of rotational frequencies is obtained.  

The FR plot is shown in Fig. 4. It worth noting that the FR amplitude in the X and Y direction are a 

conservative estimate of the total amplitude due to all frequency components; in other words considering 

the response of X: 

 𝑥𝑑 = √𝑎1
2 + 𝑏1

2 + 𝑎2
2 + 𝑏2

2 + 𝑎3
2 + 𝑏3

2 + 𝑎4
2 + 𝑏4

2 + 𝑎5
2 + 𝑏5

2 + 𝑎6
2 + 𝑏6

2 + 𝑎7
2 + 𝑏7

2 (9) 

As shown in Figure 4, the FR has two peaks which correspond to the critical speeds, connected to the natural 

frequencies of the system. However, there are no signs of the unstable responses obtained in the previous 

section. In this figure, the range of instability zone is specified by the vertical dashed lines.  

In order to check the accuracy of the HBM, the time signals of some random points in Figure 4 are computed 

using HBM and DTI and cross-compared in Figure 5. The HBM and DTI results are in a very good 

agreement for points 1 and 3 (located in a stable region) while points 2 and 4 display considerable difference 

(located in the unstable region). From these comparisons it could be understood that that HBM is able to 

predict the behavior of the system at stable regions very well but not at the unstable zones.   

In order to address the reason why HBM is not able to catch the unbounded amplitudes corresponding to 

the unstable zones, the FFT of points 1 and 2 which are the representatives of stable and unstable regions 

are computed and shown in Figure 6. According to the FFT of point 1, the effective frequency components 

to compute the FR of the stable regions are Ω and Ω𝑣𝑐 ± Ω and for point 2 (unstable region) are 𝜔𝑐, 𝜔𝑐 ±
Ω𝑣𝑐 etc. Although these frequencies are considered in the HBM based response in Eq. (6) and Eq. (7), in 

order to be able to observe high amplitude responses at the unstable region, it is necessary to add a force 
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vector corresponding to 𝜔𝑐, to redo the HBM procedure and to compute the vector {𝑋}. Figure 7 shows the 

resulting FR, the system is now experiencing a very high amplitude displacement at the unstable zone.  

In other words, DTI triggers the instability because the transient experienced by the system corresponds to 

a multi-frequency excitation (including components corresponding to 𝜔𝑐). Such contributions may be 

missed if the HBM is applied as usual using as a sole excitation forces that corresponding to the unbalance 

and parametric. 

If a multi-frequency excitation is applied however, HBM successfully predicts both the unstable zones 

caused by the presence of Parametric excitation and the system resonances, caused by the presence of 

Unbalance in the disk. 

 

 

 

   

Figure 4: Primary Frequency Response (𝑀𝑑 = 8) 
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Figure 5: Time response comparison resulted from HBM & DTI 

 

 

  

Figure 6: FFT of the stable and unstable zones 
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Figure 7: corrected Frequency Response 

4 Conclusion 

In this paper, the dynamic behavior of a simple Jeffcott rotor model supported by rolling element bearings 

is analyzed. Due to the Varying Compliance of the bearing, the stiffness properties of the system are time-

dependent and induce an internal excitation known as Parametric excitation. In addition, the Unbalance 

force due to the eccentricity of the disk is also taken into account. Both phenomena are here studied 

simultaneously. To study the stability of the system the Floquet Theory is utilized and the boundaries 

between the stable and unstable zones (TCs) are obtained. Then, the frequency response of the system 

applying HBM is computed to locate critical speeds. Performing the aforementioned analyses yielded the 

following results: 

 Parametric excitation is able to generate instability regardless of the magnitude of the unbalance 

force 

 HBM is able to accurately approximate the response of the system when the system is stable, both 

far and close to a resonance crossing. 

 The harmonic content of the displacement and forcing vectors used in HBM should be analyzed 

carefully.  

 If only the unbalance term is included in the force vector the unstable regions of the system will be 

missed by the HBM, which is an approximate method, thus failing to alert the designer of their 

presence. 

 In order to be able monitor instability using HBM, the displacement vector should include 

components corresponding to the leading frequency, and the forcing vector should have a non-zero 

component at the leading frequency.   
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Abstract 
The scope of the research is that methodology of piston secondary motion is developed with flexible 

components and elastic contacts including elasto-hydrodynamic lubrication (EHL) between particular 

surfaces. Diesel engines have high combustion pressure, which enforce the piston to tilting and lateral 

motion, thereby impinging piston to liner as either hydrodynamic contact or asperity contact occurs with 

respect to force, oil and surface texture. Considering piston secondary motion simulation, liner, piston pin, 

connecting rod and piston are reproduced as reduced order models as known as condensed flexible model 

in order to perform elasto-hydrodynamic lubrication analysis. Thermal expansion of the piston and liner 

surfaces are embedded to calculate EHL on the various contact surfaces. In order to verify results, there are 

analytical and kinematic results to compare system dynamics. In addition to this, numerical results from 

piston pin – connecting rod contact are compared with specimen from disassembled engine.  

1 Introduction 

Internal combustion engines convert thermal energy into mechanical energy by reciprocal piston motion, 

which is named as primary piston motion. In addition to primary motion, pistons have secondary motion, 

which consists of tilting motion and lateral motion. Although lateral force of the piston is small magnitude 

in comparison with combustion force, secondary motion of a piston has various impacts on performance 

parameters such as friction, skirt-bore contact, oil consumption, liner vibration, noise, cavitation that may 

results in various error-states on the engine.  Figure 1 shows the piston motions in a liner axis by crankshaft 

rotation. Major parameters on piston secondary motion can be listed as: 

 Hydrodynamic lubrication between piston skirt and liner, 

 Flexibility of the related components (piston, liner, connecting rod, piston pin), 

 Design and tolerances, 

 Thermal deformations of the piston and liner, 

 Temperature distribution of piston assembly, 

 Surface texture on the interacting components [1] 

Dursunkaya et al. published one of the most detailed study on piston secondary motion in 1994. They 

investigated piston secondary motion in a manner of EHL theory. Their research expressed effects of various 

parameters on piston secondary motion including piston skirt – liner flexible interaction [1]. Zhang et al. 

examined variable inertia effect on piston secondary motion. They extracted mathematical model of the 
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Figure 1: Piston motion [2] 

piston – connecting rod system dynamic behavior. They assumed piston and components non-deformable 

while lubrication on the liner-piston skirt surfaces is represented with spring and damper model [3]. Prata 

et al. have examined viscous friction behavior with a numerical methodology that considers oil film for 

contact calculation. Study focused on piston – bore contact and oil film thickness, friction parameters for 

power consumption and oil leakage to improve performance of a compressor [4]. Livanos and Kyrtatos 

investigated friction of a piston with modelling the piston assembly to analyze secondary motion. They 

included piston ring and bore interaction to understand friction with rigid assumption for the components 

[5]. Ripin and Tan modelled piston liner interaction in order to calculate piston slap with the purpose of 

noise and vibration examination. They aimed to extract mathematical model by means of experimental 

validations. Paper shows that vibration on the cylinder wall can be validated with the help of experiments 

and can be predicted with numerical analysis [6]. Zhu et al. studied deformation effect on piston dynamics. 

They investigated mixed lubrication between piston – liner taken into account of effects of surface waviness, 

roughness, piston profile and thermal – elastic deformations [7]. Hence, previous studies reflects only 

detailed contact models including either rigid components or simplified flexibility (ignoring modal 

parameters) of the components to analyze piston friction, oil consumption, piston-bore interaction and piston 

assembly behavior. 

In this study, at the beginning of the process, a thermal analysis was performed on the piston FE model to 

obtain the accurate thermal map of piston. During this simulation, empirical formulas and basic heat transfer 

equations were utilized to calculate initial HTC values on different regions of the piston and a parametric 

optimization loop was performed with HTC and ambient temperature parameters to obtain the exact 

temperature results with supplier’s reference thermal map of the piston. In this way, model was correlated 

with supplier results in order to apply all thermal behavior into piston secondary motion analysis. As a 

second step of the process, piston assembly is used as reduced order model to include modal parameters, 

natural frequencies and mode shapes. Piston – liner interaction is modelled with elasto-hydrodynamic 

lubrication theory and material parameters, coatings are embodied. In order to investigate piston assembly 

dynamics in terms of EHL, piston-pin and pin-connecting rod are modelled as elasto-hydrodynamic 

contacts. Process can be seen in figure 2 that explains each steps of piston secondary motion analysis. 

Methodology includes thermal distortions of both piston – liner, temperature distributions, elasto-

hydrodynamic contacts, flexible reduced order models for modal interactions. As the final step of the 

methodology, contact pressure, lubrication and dynamic behaviors are compared with various results such 

as supplier reference results, kinematic and analytical calculations. In addition to that, results are compared 

with experimented specimens for visual examination of contact patterns, which are correlated very well. 

To implement this methodology, various softwares are utilized for different purposes. Thermal analysis is 

conducted on ABAQUS and optimization has been done on ISIGHT. ABAQUS/OPTISTRUCT softwares 
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are used for condensation process in order to implement methodology and compare time consumption. AVL 

Excite Powerunit has been used to perform dynamic analysis. 

 

Figure 2: Flowchart of a piston secondary motion analysis 

2 Theoretical background 

2.1 Elasto-hydrodynamic lubrication 

Hydrodynamic theory is based on Reynolds equation derived by Osborne Reynolds. Harrison included the 

effects of compressibility. Tribological contacts are separated into two-contact type, which are conformal 

and non-conformal contacts. Contact of the surfaces with same direction curvature is named as conformal 

contact however; non-conformal contact term refers to contact surfaces having opposite direction curvature 

[8]. In terms of piston secondary motion analysis, both of the contact types are included in the simulation 

procedure that piston-liner contact is non-conformal contact model while connecting rod – piston pin and 

piston – piston pin contacts are conformal contact model due to surface curvatures. There are various 

assumptions on the hydrodynamic calculation as listed below: 

 Laminar flow and fluid properties, 

 Dominant stress terms in Navier – Stokes equation, 

 Geometrical simplifications for clearance gap, 

 Shell body fixed coordinate system [9]. 

According to above assumptions, considering conformal contact application, Reynolds equation can be 

given as below [8], [9], [10] and [11]: 

 −
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�̅� (𝑥, 𝑧, 𝑡): Bearing oil fill ratio (Oil percentage in the gap between shell and journal), 

𝑝 (𝑥, 𝑧, 𝑡): Hydrodynamic pressure,  

ℎ (𝑥, 𝑧, 𝑡): Clearance height  

𝑢𝑠ℎ𝑒𝑙𝑙,𝑗𝑜𝑢𝑟𝑛𝑎𝑙: Circumferential velocity components of bodies for stick condition 

𝜍: Oil starvation factor (non-laminar fluid properties based on clearance height) 

 𝜍 = {

𝐻0.(2+𝐻0)

1+2.𝐻0
𝑖𝑓 (�̅� = 1) ∧ (𝐻0 < 1)

1 𝑖𝑓 (�̅� < 1) ∨ (𝐻0 ≥ 1)
 (3) 

in this piecewise function, 𝐻0 refers to, 

 𝐻0 =
△�̅�.

𝜕ℎ̅

𝜕�̅�

ℎ̅
 (4) 

From above equations, flow of a bearing calculation begins with eqn. (1) which supplies pressure and film 

thickness with respect to boundary and initial conditions of the oil flow. Calculation of oil film thickness 

requires equation of motion solution to supply gap between shell and journal for calculation of oil film 

pressure so that process have iterative solution method.  

In order to include friction calculation in boundary and mixed lubrication, equation is given as: 

 𝜇𝑎 = 𝜇0. 𝑎−√(𝑏.𝐿𝑁) + 𝑐. 𝑟𝑐 . 𝐿𝑁 . [1 − 𝑎−√(𝑏.𝐿𝑁)] (5) 

where, 

𝜇0: Coulomb’s friction coefficient, 

𝐿𝑁: Lubrication Number (Duty Parameter), 

a, b, c: Constant values, 

𝑟𝑐: Asperity contact ratio, 

Lubrication number includes oil dynamic viscosity, contact pressure, sliding velocity and roughness of 

surface to calculate friction between two lubricated surfaces. Additionally, Reynolds equation is given for 

a journal bearing with finite width [9], [12]. In order to calculate piston and liner elasto-hydrodynamic 

lubrication, journal and shell parameters are converted into piston and liner parameters. Shell fixed 

coordinate system must be transformed into piston fixed coordinate system so the directions of the velocities 

and deformations should be set appropriately.  

2.2 Dynamic system equations 

Classical equation of motion calculation has to be performed for each body. The dynamic behavior of each 

partial masses [13]: 

 𝑴. �̈� + 𝑫. �̇� + 𝑲. 𝒒 = 𝒇 (6) 

Here q is the generalized displacement and f refers to, 

 𝒇 = 𝒇(𝒂) + 𝒇∗ + 𝒑∗ (7) 

which represents for total excitation on the system break into three component of external loads, joint force 

and moments and inertia terms, respectively. Figure 3 shows acting forces and moments on the piston. Piston 

is exposed to gas pressure, which comes from combustion, force and moments from liner interaction, piston 

pin forces and moments. First term in the equation 7. includes all external loadings such as gas pressure and 

second term represents for mentioned interaction forces (joint forces). Inertial forces are coming from each 

component inertia and accelerations due to primary and secondary motion [14]. 
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Figure 3: Free body diagram of a piston [14] 

Damping is defined as Rayleigh damping with respect to mass (M) and stiffness (K) matrices as below: 

 𝑫 = 𝛼𝑲 + 𝛽𝑴 (8) 

α and β terms represent coefficients that are functions of the structural damping and natural frequencies 

[13]. Equation of motion provides time dependent displacements on the system and it supplies displacements 

into Reynolds equation in order to perform pressure calculation. Reynolds equation and system’s equation 

of motion are coupled in an iterative integration to obtain actual displacements, which are used in the 

hydrodynamic calculation as fluid film thickness. Hence, pressure calculation is performed in the Reynolds 

equation.  

2.3 Heat transfer analysis 

In terms of heat transfer analysis, initial HTC and temperature values on the ambient regions of the piston 

surfaces are supposed to be calculated. In this way, a heat convection and conduction can be simulated to 

obtain the piston metal surface temperatures. For the ambient HTC values on the combustion bowl of the 

piston, the empirical formula below was used as shown in the Equation 9: 
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0.1(

N
25.4

)
1.9 e

0.1(
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25.4
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1.9

 (9) 
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(1+e
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25.4
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1.9 e

0.1(
2N−r

25.4
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1.9

+ 0.05αm(
r−N

25.4
)1.5/1.9 (10) 

Where N is the distance from the center to the point of maximum HTC on the piston top. 𝛼𝑚 is the mean 

gas HTC on combustion bowl. In order to determine N distance, an initial CFD analysis was performed and 

initial results were used [15]. 

There are two major formula, which are commonly used. They are Bush’s and French’s formulas, both are 

based on the cocktail cooling concept (the cooling effect of a shaking liquid). French’s formula gives a 

greater result compared to the Bush’s formula as stated below [16]: 

 Nu = 0.495(Re)0.57(
De

H
)0.24(Pr)0.29 (11) 

 Nu =
λcoDe

2λoil
 (12) 

 Re =
ωBDe

ν
 (13) 

 ωB =
nH

30
 (14) 
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and French’s formula [17]: 

 𝑁𝑢 = 2.027(𝑅𝑒)0.466(
𝐷𝑒

𝐻
)0.3(Pr)0.33(

𝜇𝑓

𝜇𝑚
)0.14 (15) 

which, 

λco : HTC at oil gallery, λoil : Conductivity of oil 

𝐷𝑒 : Equivalent diameter of gallery 𝑛 : Rotational speed 

𝑅𝑒: Reynold’s number 𝜔𝐵: oscillating velocity of oil 

𝑁𝑢 : Nusselt’s number 𝜈 : viscosity of oil 

𝑃𝑟 : Prandtl’s number 𝜇𝑓: oil viscosity at average temperature 

𝐻 : equivalent height of gallery 𝜇𝑚: oil viscosity at metal surface temperature 

For the calculation of oil gallery HTC, one can opt for dividing the gallery cross section into a few regions 

and calculate the HTC separately. In this case, French formula should be applied to the ceiling surface of 

the gallery because oil hits there with full velocity and starts wandering in the gallery, so as the velocity is 

high, HTC should also be high which is why French would be more appropriate. For the other regions, Bush 

formula can be utilized. 

In the other case, one can calculate a single HTC for the whole gallery. In this work, this method was applied 

and the formula, which was used, is Bush’s formula. Real value could be a little bit greater than this because 

top of the gallery has higher HTC values and it increases the value at some extent, this increase can be 

reflected in the parametric optimization. 

For all of the zones except combustion bowl and oil gallery, simple heat conduction/convection formulas 

were used. Heat transfer starts from the piston surface to coolant water behind the liner at the end. Apart 

from the HTC values, also initial ambient temperature values of the piston metal surface surroundings are 

necessary for heat transfer analysis. Temperature values of similar engines have been taken as reference for 

the analysis [15]. 

For the HTC calculation at the inner surface of the piston skirt: 

 𝐻 =
λp

δp

𝑇𝑤1−𝑇𝑤2

𝑇𝑤2−𝑇𝑜𝑖𝑙
 (16) 

where  λp is the heat conductivity coefficient of piston skirt material, δp is the distance from the piston top 

to the top surface of the piston inner cavity, 𝑇𝑤1 is the temperature of the piston top, 𝑇𝑤2 is the temperature 

of piston skirt inner cavity, 𝑇𝑜𝑖𝑙  is the temperature of the cooling oil mist in the piston skirt inner cavity [15].  
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Figure 4:  HTC calculation formulas for various piston surface environments 

where, 

a    : Clearance between piston-cylinder 

b    : Thickness of cylinder liner 

h    : Height of piston ring groove 

l     : Radial height of ring 

d    : √(ℎ/2)2 + (𝑙/2)2  

c    : Clearance between ring top side to groove top side 

e    : Clearance at back of ring in grooves 

n    : Oil film thickness between ring running face to cylinder liner 

λ0  : Heat conductivity of oil 

λ1  : Heat conductivity of gas 

λ2  : Heat conductivity of cylinder 

λ3  : Heat conductivity of piston rings 

hw : HTC of cooling water 
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3 Simulation procedure 

3.1 Thermal analysis 

After specifying the initial HTC and temperature values of the piston ambient, a thermal analysis was 

performed with FE solver software ABAQUS. A FE model was created by splitting the piston surfaces into 

different geometrical regions, each of which are in thermal contact with the environment. Regarding FE 

model, the piston was modelled with tetra elements and heat transfer surfaces were covered with 2D tria 

elements for obtaining the transferred heat energy separately. Connecting rod and piston pin can be included 

in the finite element model but their effect on temperature results are minimal. At the end of the analysis, 

ISIGHT software was used for parametric optimization to approach reference temperature values given by 

supplier’s report. As reference, various sample points were taken from the FE model in consensus with the 

nodes whose results were given by the supplier report. 

 

Figure 5:  Flow chart of optimization of heat transfer coefficient 

3.2 Modal reduction for condensed models 

Craig Bampton is a modal reduction method for larger problems to sustain accuracy as much as full model 

solution but also to reduce time consumption with a small portion of structure solution. CB method has been 

applied to four main component of the piston assembly, which are piston, liner, pin and connecting rod. All 

possible contact points are defined, as the boundary nodes for condensation and required degree of freedoms 

are set, respectively. Condensation has been performed up to forty-mode extraction for each component to 

reflect dynamic flexibility of the components. Only liner model has been used as fixed model from the Block 

contact surfaces to obtain proper mode shapes and natural frequencies on the liner, other components are 

condensed in free-free condition. Each node is condensed with respect to motion axis and liner-piston 

skirt/top land nodes are condensed for X and Y translational degree of freedoms. Condensed flexible modes 

and the modal results of the full structures are compared. Figure 6 shows condensation error by CB method 

according to full FE model results. In terms of natural frequency comparison, high frequency mode shapes 

have higher error according to full FE model. After thermal and modal reduction steps, multibody model of 

the piston secondary motion has been built. Analysis of the piston secondary motion consists of thermal 

distortion/temperature distribution on the piston-liner and modal results of the piston assembly. Depending 

on element size and quality, condensed flexible body modal results can be improved in comparison with full 

model modal results.  
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Figure 6:  Condensation accuracy with respect to modal analysis results of the liner a) Absolute error for 

condensed body modes b) Comparison of the natural frequencies    

3.3 Multi-Body Simulation 

AVL Excite Powerunit is a software for multibody dynamic simulation and it is able to couple all initial and 

boundary conditions of the system such as distortions, temperature, lubrication, flexibility of the 

components etc. In this study, Crankshaft is modelled rigid in order to reduce time consumption of the 

model. Figure 7 expresses system model and the joints between parts. Cylinder pressure is taken from 

simulation results. Model includes five EHD joint to connect bodies that are piston – liner with two EHD 

joint, Piston – pin interaction with two EHD joint and pin – connecting rod connection to model small end 

lubrication. Model is built as single piston assembly to improve efficiency of the calculation. Single piston 

assembly assumption removes the effect of liner distortion difference on the each cylinder since each 

cylinder have different temperature distribution due to cooling performance and structure heat transfer. This 

effect is neglected on this methodology, which can be implemented on the full engine multibody dynamic 

model in order to compare effect of each liner distortions. 

 

Figure 7:  Multibody model of the piston secondary motion with full flexible – EHD contacts   
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4 Results 

4.1 Thermal analysis results 

After thermal analysis performed with the initial specified HTC and temperature boundary conditions, the 

first results were different from the supplier experiment results. Based on the first results, very high amount 

of parametric optimizations were performed via Isight software by changing the thermal boundary 

conditions at a specified margin. At the end of the final analysis, results shown on the figure 6, the error 

ratio between the simulated model results and experimental results were less than 1% at the specified 

measurement points. For result comparison, the maximum temperature value on the circular paths around 

the whole piston was taken as reference in each region. After thermal analysis performed with the initial 

specified HTC and temperature boundary conditions, the first results were different from the supplier 

experiment results. Based on the first results, very high amount of parametric optimizations were performed 

via Isight software by changing the thermal boundary conditions at a specified margin. At the end of the 

final analysis, results shown in the figure 8, the error ratio between the simulated model results and 

experimental results were less than 1% at the specified measurement points. For result comparison, the 

maximum temperature value on the circular paths around the whole piston was taken as reference in each 

region. 

 

 

Figure 8:  Piston temperature distribution and locations (Normalized temperatures) 

4.2 Dynamic analysis results 

As a final step of the methodology, multibody dynamic analysis of the system has been performed. As seen 

in the figure 9, thermal distortion results of the piston and liner are used as input to piston secondary motion 

model. Beside of hot condition, cold condition is also important for piston secondary motion. Diesel engine 

cannot heat quickly and this cause cold piston noise. In this research, hot condition is used to verify test 

specimens. Model is prepared for different load conditions such as idle, max torque, rated speed and 

overspeed conditions to investigate piston inertia, combustion pressure effects on the piston secondary 

dynamics and bearing behavior. 

 

Figure 9:  Liner and piston hot profile from distortion analysis   
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For each speed case, total pressure, hydrodynamic pressure and asperity contact pressure are examined. 

Additionally, thermal loads sourced by liner - piston interaction and friction loss sourced by lubricated 

surfaces are investigated and compared. According to analytical solution, piston accelerations are compared 

and difference between analytical (kinematic) and numerical (flexible) results is 4.8% which is as expected. 

Kinematic piston secondary motion analysis shows high variation according to flexible modelling. 

According to figure 10, kinematic results for rated power speed has high amplitude and flexible results are 

significantly lower. However, due to modal contribution of the flexible modelling, flexible results have high 

frequency contributions which results in most of the dynamic defects. 

 

Figure 10:  Flexible condensed piston skirt forces in comparison with kinematic force   

Peak pressure results can be seen in figure 11 which are taken from piston skirt – liner joint. Each plot shows 

different engine speeds and those have own characteristics due to inertia force and combustion force 

variation. Most critical engine speed is observed as the max torque and rated power speed due to its higher 

combustion force, which creates higher tilt and lateral motion on the piston. It is also observed on the 

maximum side force of the piston, which is on max torque speed and rated power speed. 

 

 

 

  

Figure 11:  Piston skirt – liner EHD contact results for total pressure, hydrodynamic pressure and asperity 

contact pressure   

In order to improve piston friction, friction power loss and thermal load flows into system by friction 

between piston – liner can be examined by this methodology as seen in figure 12. Depending on engine 

structure and power density, engine power can be exerted up to 10% from piston, rings assembly via friction 

loss. There are critical energy loss in the piston assembly due to high friction values and most of the engine 

developers invest high budgets to research engine frictions by test rigs and this methodology can reduce the 
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test rig investments for friction loss sourced by piston assembly. It can be said that friction loss increases as 

the load increases and high speed have higher friction loss with respect to secondary motion of the piston.  

 

Figure 12:  Friction power loss and thermal load on piston – liner interaction 

There are several approach has been applied on this methodology to check validity of the results and 

kinematic-flexible comparison, analytical-dynamic comparisons and as the final step of the methodology, 

contact pattern comparison has been done with tested specimen on the piston – pin and pin – connecting rod 

small end connections. Interaction between piston and pin is modelled as dry friction. Plots in figure 13 

express asperity contact pressure, which corresponds to contact pattern of the piston and pin. Contact pattern 

is observed around upper surface close edges. Tear downed pin from tested engine showed that numerical 

method has the same contact pattern. Inside of the piston tends to contact with piston pin due to high 

combustion force creates bending deformation on the piston pin. This leads to contact with piston pin. 

Supplier’s report have also same contact pattern. This asperity contact on the edges can lead to wear on 

piston pin for high cycle of the engine.  

 

a) 

 

b) 

Figure 13:  Piston bore – piston pin EHD joint asperity contact pressure plots a) multibody dynamic results 

b) finite element analysis results 

Another comparison has been done on small end bushings of the connecting rod for contact patterns. 

Asperity contact pressure results show asperity contacts on the surface close to the edges and middle of the 

bearing. Same contact pattern has been observed on the tested specimens for each cylinder. Correlation of 

the methodology has been done for visual comparisons and contact patterns. Further investigations must be 

done to compare wear levels and wear accumulation time in order to predict new designed parts. Figure 14 

shows the pressure distribution of the small end bearing and breakdown of the pressure.  Additionally, 

asperity contact percentage has been showed and results show high percentage of asperity contact. This is 

also can be observed on the orbital path of connecting rod and piston pin. Orbital path shows high 

displacements on the 90 degree of the bearing so pressure results can be checked with orbital path.  
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Figure 14:  Connecting rod small end bearing pressure distribution and contact patterns of the piston pin – 

connecting rod small end at left, asperity contact percentage and orbital path of small end at right 

5 Conclusion 

In this study, methodology of the piston secondary motion analysis has been developed and explained. 

Methodology includes dynamic, modal parameters as well as thermal behavior of the components. 

Additionally, EHL calculation on piston – skirt, piston – pin and pin – connecting rod contacts has been 

performed. Piston secondary motion requires thermal, modal, dynamic steps to predict accurately. Thermal 

analysis results of the piston has been compared with supplier’s report to calculate actual HTC values. After 

that, temperature values and distortion of the piston – liner has been predicted. These values are used as 

input to multibody software for piston secondary motion analysis. As a second step, condensation of the 

components has been performed with Craig-Bampton method to capture modal behavior of the each 

component for full flexible model. These reduced models are used to calculate EHD behavior of the 

components and contact surfaces. Patir and Cheng’s averaged Reynolds equation has been used to calculate 

EHL theory with integrated asperity contact model of Greenwood/Tripp. As the final stage of the 

methodology, multibody model has been explained and analysis is performed to calculate various 

parameters. At this stage, analytical and kinematic model results has been compared with model results, 

which are vertical acceleration of piston and piston skirt side force. As the final comparison of the model, 

tested specimens are compared with contact patterns extracted from numerical model. Numerically 

calculated contact patterns comparison shows very well correlation with specimens from connecting rod 

small end and piston pin. Model includes roughness parameters, which can be optimized for better 

lubrication bearings as well as piston profile optimization to reduce friction of piston to liner. 

Model still requires further developments for wear calculation to verify wear rates and wear depths with 

accumulation time. Additionally, further study will be carried out to implement high cycle fatigue evaluation 

of the piston. Another projected study is to predict piston slap and vibration on the outer surface of the 

Block. Acoustic characteristic of a piston can be predicted via this methodology.  
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Abstract
In the automotive industry, NVH (noise, vibration, harshness) performances significantly influence customer
appreciations and the perceived quality of vehicles. In particular, the power train is one of the major sources
of interior noise, that needs to be able to control torsional vibrations for different rotating regimes and acyclic
rotation speeds. As NVH issues are not always the very first priority in the machine design and as acyclic
sources are often not easy to cancel, different vibration dampers, filters or sinks can be very useful to apply
on these rotating structures. In the present work focuses on the design of a torsional vibration trap, which
can be seen as a metabsorber. An original and efficient numerical method for achieving the optimal design
of such absorbers in the rotating frame is described on a representative use case, with different results which
confirm the practical interest of such optimized traps.

1 Introduction

Nowadays, the noise generated by vehicles is one of the important criteria taken into account by car man-
ufacturers. Thus, many efforts are done to reduce the noise pollution produced by the various components
of the vehicle. The overall goal is to meet environmental standards that become more severe, but also to
improve the comfort of passengers within the vehicle. In most of the vehicle, the motor is one of the major
source of vibration and noise. These vibrations are due to the motor acyclism that generates an oscillation of
the speed of rotation of the crankshaft around a given speed. Hence, to reduce NVH issues, it is possible to
use a torsional vibration trap, which can be seen as a metabsorber adapted to rotating machines.
The use of a metabsorber consisting in a network of resonators with natural frequencies distributed around
the frequency to control is a strategy to absorb vibration on a frequency range around this frequency of in-
terest. The different possible distributions for the eigenfrequencies of such networks have been the subject
of numerous studies. Many studies consider multiple absorbers, also known as Mutiple Tuned Mass Damper
(MTMD), with equally spaced eigenfrequencies [1, 2]. The performance of MTMD with uniformly and
linearly distributed masses are compared in [3]. Optimization methodologies have been used to increase the
efficiency of MTMDs and do not impose a specific profile distribution. Closed-form approximations of the
TMD parameters are proposed using an integral form of the impedance in [4], optimal design theories are
investigated as the minimax optimization in [5], a specific optimal design theory is proposed in [6], and a
gradient-based method with unconstrained variables is used in [7]. It appears through all these studies that
optimal frequency distribution can be found to ensure the vibration control. Moreover, one can note that a
particular frequency distribution characterized by a high modal density around the natural frequency of the
master structure allows to absorb nearly irreversibly the energy of the master structure [8].
On the other hand, the concept of absorber generally dedicated to rotating structures is commonly called
order-tuned absorbers in the literature and allows, rather than being fixed to one and only frequency, to fol-
low a particular motor rotation order and to be effective for a whole speed range. This particular tuning is
achieved by exploiting the centrifugal force field [9] and this type of absorber has had some success in the
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field of rotating machines with applications on aircraft engines [10], helicopter rotors [11], camshafts [12]
and car engines [13]. In 2005, Shaw and Pierre propose, in [14], an analytic study of the dynamic behavior
of a flexible structure with 1 degree of freedom to which is fixed an order-tuned impact absorber. In the
same year, Olson, Shaw and Pierre [15] improve this work by generalizing it in the case of cyclic symmetric
structures such as bladed wheels.
This paper proposes an optimal design methodology for a metabsorber adapted to the rotating machines. It is
organized as follows. The design and modeling of a 3D rotating structure using the Finite Element Method
adapted to complex 3D configurations are detailed in the first section. The second section is dedicated to the
optimal design of a metabsorber to control the torsional behavior of the rotating structure at a given speed.
Finally the simulated effectivness of the metabsorber is presented in the third section.

2 Design and modeling of a rotating structure using the Finite Ele-
ment Method

2.1 Dynamic Finite Element equation for a 3D rotating structure

Let consider a rotating structure V0 discretized using the Finite Element Method. An approximation of the
3D displacement is,

u(x, t) ≈ uh(x, t) = N(x)q(t) (1)

where N(x) is the basis made of the shape functions and q(t) is the generalized coordinate vector. The
structure is submitted to volumic forces fv, surface forces fs and is rotating at speed Ω. For a general case,
the non-linear dynamic equation can be written as,

Mq̈ + (G+ C) q̇ + (K +Kq(q) +Kc(q) +Q+ P ) q = fΩ + fext (2)

with,

M =

∫

V0

ρNTNdV0 (3)

G = 2

∫

v0

ρNTΩNdV0 (4)

C =

∫

V0

ηaN
TNdV0 (5)

K =

∫

V0

BT
l CBldV0 (6)

Kq(q) =

∫

V0

Bnl(q)
TCBldV0 +

∫

V0

BT
l CBnl(q)dV0 (7)

Kc(q) =

∫

V0

Bnl(q)
TCBnl(q)dV0 (8)

Q =

∫

V0

ρNTΩTΩNdV0 (9)

P =

∫

V0

ρNT Ω̇NdV0 (10)

fΩ = −
∫

V0

ρNT (ΩTΩ + Ω̇)xdV0 (11)

fext =

∫

V0

NTRT fvdV0 +

∫

S0

NTRT fsdS0 (12)

where, M is the mass matrix, G is the gyroscopic matrix, C is the viscous damping matrix where ηa is the
viscous coefficient, K is the elastic linear stiffness matrix, Kq(q) and Kc(q) are respectively the quadratic
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and cubic non-linear stiffness matrices coming form the Green-Lagrange strain tensor E and ρ denotes
the mass density. The matrix Q and P respectively represents the centrifugal softening and the stiffening
generated by the angular acceleration. The term fΩ is linked to the centrifugal forces while fext describes
the external forces linked to fv and fs.

In this paper, the rotation speed Ω is considered to be constant and the Coriolis effects, described by the
matrix G, are neglected. Moreover, studies will be done in the frequency domain with a structural damping
modeled by a complex loss factor instead of a viscous one,

C = 0 (13)

K∗ =
∑

i

Ki(1 + jηi) (14)

where, Ki and ηi are respectively the elastic stiffness matrix and the loss factor of the ith substructure made
of a given material. The dynamic equation to solve in the frequency domain can thus be written as,

(
−ω2M +K∗ +Kq(q) +Kc(q) +Q

)
q = fΩ + fext (15)

with,

fΩ = −
∫

V0

ρNT (ΩTΩ)xdV0 (16)

Practically two problems are sequentially solved:

• a nonlinear stationary study to compute the static equilibrium position of the structure under centrifugal
loading,

(K∗ +Kq(qs) +Kc(qs) +Q) qs = fΩ (17)

and the solution is used as a linearization point for the time or frequency analysis;

• a frequency study including the nonlinear terms to compute the dynamic displacement around the
static position. Lets note q(ω) = qs + qd(ω), then Equation 15 becomes,

(
−ω2M +K∗ +Kq(qs) +Kc(qs) +Q

)
qd(ω) = fext (18)

2.2 Application to a simplified mechanical transmission chain

The studied case is shown Figure 1(a) and represents a simplified mechanical transmission chain. The chain
is designed to correspond to a real configuration on which experiments will be done. It is composed of a
main rigid inertia fixed on a shaft connected to a motor through a mechanical coupling part. The mechanical
coupling part is designed in such a way that the first mode of vibration of the whole system is a torsion mode
(Figure 1(b)).

The shafts and the main inertia are made of steel and the mechanical properties are : E = 205 GPa,
ρ = 7850 kg/m3 and ν = 0.285. The mechanical coupling part is produced using 3D printing process and
an ABS filament. The mechanical properties are readjusted using measurements and experimental modal
analyses. Thus, the retained mechanical properties are: E = 1291 MPa, ρ = 1280 kg/m3 and ν = 0.4.
The geometry and density of the motor are chosen to fit the mass and the inertia experimentally measured.
The damping is introduced using a structural damping model with a loss factor ηs equal to 1% on the whole
system such that the complex stiffness matrix is written as,

K∗s = (1 + jηs)Ks (19)

Finally, by solving, (
−ω2M +K∗s +Kq(qs) +Kc(qs) +Q

)
qd = T (ω) (20)

it is possible to determine the dynamic response of the test bench at Ω = 1500 RPM and excited by the
torque ~T . The structure is meshed using 3D solid quadratic elements with translational degrees of freedom.
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(a)

(b)

Figure 1: Studied case : CAD of the main structure (a), first vibration mode of the main structure: displace-
ment field from FE computation (b)

The torsion θx of the shaft is computed assuming a rigid behavior of the main inertia, and using the speed
composition relation around the rotating axis O~x,

~UM − ~UO =
−−→
MO ∧ θx~x (21)

where M and O are respectively a point of the main inertia and its gravity center, ~U is the displacement
vector,

−−→
MO is the coordinate vector and θx the rotation around the X axis. In our case, on the frequency

band of interest, going from 0 to 100 Hz, the main inertia can be considered as a rigid body because its first
vibration mode appears at 500 Hz.

The rotation of the main inertia for a torque of 0.5 N.m applied on its lateral surface according to the
frequency is shown Fig.2. The response exhibits two resonances. A first one at 17 Hz linked to the rigid
body mode and a second at 42 Hz linked to the torsion mode of the test bench.

3 Optimal design of a metabsorber

A metabsorber is introduced to reduce the vibration induced by the first torsion mode. The retained geometry,
patented by Groupe PSA [16], is a set of blades as shown Figure 3 and the metabsorber is attached to the
master structure at the end of the shaft.

The aim of this section is to propose an optimal design methodology for a metabsorber composed of 30 blades
adapted to rotating machines. Each blade behaves like a dynamic vibration absorber and a structural damping
ηm is used to model the damping of the metabsorber. A CAD-design of the shaft with the metabsober is
presented on Figure 3. The whole structure is studied using the Finite Element Method. The mass matrix
for the whole structure becomes Me and the stiffness matrix becomes Ke. Under theses assumptions, the
nonlinear stationary study is solved (Eq. 17) and the dynamic equation of the whole system including the
nonlinear terms in the frequency domain is written as,

(
−ω2Meq +K∗e +Kq(qs) +Kc(qs) +Q

)
qd = T (ω) (22)
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Figure 2: Rotation of the main inertia according to the frequency

The complex stiffness Ke is written as,

K∗e = (1 + jηs)Ks + (1 + jηm)Km (23)

where Ks is the stiffness matrix of the main structure and Km is the stiffness matrix of the metabsorber.

Then, to reduce the computational costs and perform the optimization of the metabsorber, it is possible to
use a projection basis. However, a simple modal basis is not an effective solution because the stiffness varies
according to the rotation speed and generates changes in the metabsorber eigenfrequencies and can also
impact the coupling between the blades. A way to take into account these parametric variations is to use a
multi-model basis [17]. The multi-model approach allows to build a projection basis representative of the
whole system stiffening. To create this basis, three different speed are chosen (1500, 0, and 3000RPM ) and
for each of them, a modal basis is extracted. A modified Gram-Schmidt ortho-normalization [18] is used to
concatenate these three basis in one multi-model basis P where,

P =
[
Φ1500 Φ0

⊥Φ1500 Φ3000
⊥Φ1500∪Φ0

⊥Φ1500

]
(24)

The reduced operators will be noted: m for the mass, k for the different stiffness matrices, qΩ for the
centrifugal matrix, and kib for the reduced stiffness matrix of the ith blade.

The design variables chosen for the metabsorber optimization problem are the stiffnesses of the N blades.
The structural damping of the main structure and the meta-absorber will be considered constants. The mass
of the metabsorber is around 11.5% of the master system mass. A coefficient αi(1 < i < N) is introduced
for each blade of the metabsorber such that the reduced stiffness matrix is modified as follows,

km =
N∑

i=1

αik
i
b (25)

Different optimization objective functions can be used, here it is chosen to minimize the elastic strain energy
of the main structure on the frequency band around the resonant frequency of the torsion mode. It is defined
as,

Π(ω) =
1

2
q̂H(ω)k1500

s q̂(ω) (26)
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Figure 3: CAD of the test bench coupled with the nominal metabsorber [16]

where k1500
s is the stiffness matrix of the main structure at Ω = 1500 RPM written as,

k1500
s = ks + kqs(q̂s) + kcs(q̂s) + qΩ (27)

and q̂ the complex generalized coordinate.q̂H is the Hermitian transpose of q̂. The optimization problem can
thus be written as, 




min
αi

Π̄(αi) = 1
∆ω

∫ ωmax

ωmin
Π(ω)dω

(
−ω2m+ k∗e(αi) + kq(q̂s) + kc(q̂s) + qΩ

)
q̂d = T̂

αinf 6 αi 6 αsup, i = 1, ..., N

(28)

where αinf and αsup represent the lower and upper bounds for the parameters, ωmin and ωmax define the
lower and upper bounds of the frequency band and Π̄ is the mean value of the elastic strain energy on this
frequency band. The problem is solved using the fmincon function in the Matlab software. Figure 4
presents the distribution of the αi-parameters obtained. They are spread from 0.5 to 1.78 and the evolution is
monotone. The adequate stiffnesses are then obtained changing the length of the blades in the metabsorber.

Figure 5 presents the rotation Θ of the main inertia when a varying harmonic torque T is applied on its lateral
surface with and without the optimal metabsorber. It can be observed that the meta-absorber significantly
reduces the amplitude of the response on a wide range of frequencies around the frequency to control. One
can note the existence of an optimal loss factor for the meta-absorber (ηm = 10%) that leads to a better
attenuation efficiency. In the case of rotating machines, the rigid body mode is no longer at 0 Hz but higher
in frequency because of the matrix Q which becomes a non-zero matrix. Moreover, as previously mentioned
in the paper, the centrifugal force acts as a precharge and thus modifies the shape of the static deformation.
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Figure 4: Optimal distribution of the αi-parameters

Figure 5: Rotation of the main inertia according to the frequency without and with the optimal meta-absorber
at 1500 RPM
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4 Conclusion

This paper proposes a methodology to determine the optimal frequency distribution for a set of blades com-
posing a metabsorber adapted to a rotating frame in order to reduce the vibration induced by the first torsion
mode of the main structure. Each blade acts as a dynamic vibration absorber and the optimal geometry
configuration is determined thanks to an optimization method based on the minimization of the mean elastic
strain energy on a frequency band around the resonant frequency to control. The proposed methodology can
be applied to the case of rotating machines as shown in this paper. Rotating effects such as centrifugal force
are taken into account in the Finite Element Model and the use of a multi-model basis representative of the
stiffness variation around the speed of interest drastically reduces the computation cost of the optimization
process. Experiments are in progress to validate the design of the metabsorber.
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Abstract
In the field of condition monitoring of rotating machines, the information provided by the instantaneous
speed (IS) of rotation is crucial to fault monitoring. This information can be measured with a transducer
like an angular encoder or estimated from other physical signals such as vibration or acoustic signals – the
so called tacholess method. Regarding the latter, several attempts have been carried out to obtain the best
estimator of the actual IS. They differ from each other regarding the domain where the estimation method
is applied, whether time or time-frequency domain. Besides, they depend as well on the complexity of the
signal model, whether it is mono-component or multi-component, and in the latter case whether components
overlap or not. The aim of this paper is to propose a tacholess method robust to noise assumptions. It is
based on a Bayesian approach and considers short time frames of the signal to better handle non-stationarity.
In order to verify its efficiency, it is applied to synthetic and experimental signals.

1 State of the art

In the field of condition monitoring of rotating machines, the information provided by the IS of rotation is
crucial to diagnosis, as the presence of several mechanical faults directly affects speed. This information
can be measured with a transducer like an angular encoder where estimation methods seem to give reliable
and accurate results [1], [2]. When, installing a tool for speed measurement is impossible, this quantity
can be estimated using a tacholess method. Attempts have been carried out to obtain the best estimator of
the actual IS. The estimation method can be applied either in time or time-frequency such as the short-time
Fourier transform [3]–[5], the wavelet transform [6] and the Wigner-Ville distribution [7], [8]. Besides, the
method depends on the complexity of the signal model, whether it is mono-component or multi-component,
and in the latter case whether components overlap or not. Instantaneous frequency (IF) demodulation from
mono-component amplitude modulation-frequency modulation signal has been subjected to very successful
methods such as Hilbert modulation [9]–[11] which has to be reformulated to consider a number of har-
monics greater than one. In the same context, energy separation consists of applying a non-linear operator
to detect modulations via the estimation of the product of the signal time-varying amplitude and frequency
based on the Teager-Kaiser energy operator [12]. The latter is usually applied to the signal modelled in the
time domain such as the energy operator separation algorithm and its digital version, the discrete energy
separation algorithm [13]–[15]. Although it has smaller computational complexity compared to Hilbert de-
modulation, they both still need some enhancement, for example in the step of phase differentiation, some
high frequency noise may appear and need to be smoothed [16], [17]; a comparison was detailed in [13].
These methods can be applied to a multi-component signal after band-pass filtering and considering the de-
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modulation result of each mono-component which implies non overlapping mono-component spectra espe-
cially in non-stationary operating conditions [18], [19]. Generally, the studied signals are multi-component
signals where several mono-component signals interfere. The multi-component amplitude and frequency
demodulation approaches were classified into 5 categories of algorithms [20]. The tracking of only one
harmonic was also performed in time-frequency representation by performing the generalized demodulation
time-frequency analysis as the traditional demodulation cited above suffers from overlapping effects when
speed variation is large. In this category, the multi-component signal is decomposed into mono-component
signals through the application of the generalized Fourier transform to the signal which means that curved
paths in the time-frequency representation will appear as linear paths paralleling time axis and using a con-
venient disjoint dyadic decomposition through wavelet transform as band-pass filtering the component of
interest [21]. To construct the phase demodulation continuously in the generalized Fourier transform, an
algorithm called cost function ridge detection was used in [22], [23]. It was proposed in [24] and consists
of minimizing a cost function for the purpose of finding the optimal path along the time axis in the time-
frequency representation by joining the local maxima. It comes as a good alternative to direct maximum
ridge direction, which is less robust in the case of noisy signals. Thus, some researchers gave special inter-
est to the methods applied to time-frequency representation and using several harmonics instead of a single
harmonic as the fundamental is not usually the most energetic one, i.e, meshing frequency. Enhancing IF
estimation would essentially rely on the improvement of the raw signal time-frequency representation [25],
[26]. One of the unique methods that need a sufficiently strong knowledge about the system kinematics is
the multi-order probabilistic approach (MOPA). It consists of transforming the short time Fourier transform
(STFT) of the signal into a probability density function (pdf) of the speed at each order and all the pdfs
obtained for all orders are combined together in one pdf by multiplication, which is done for each time step.
A continuity assumption is introduced by deducing for each time step, a pdf based on the pdfs of several
time steps before and after the central pdf. This method needs the knowledge of the approximate speed
range [27]. An application of MOPA on gearbox vibration signal was presented in [28]. In the same cate-
gory, other probabilistic approaches were applied in time domain with the consideration of several harmonics
[29] and time-frequency domain [30]. The methods cited before belong to one of the two main categories,
which is non-parametric approach. Instead of the latter, some parametric methods were applied to the signal
model in time domain to seek for a better resolution. Sharman et al. [31] adopted an autoregressive (AR)
model for the whole harmonic component assuming the error as white Gaussian noise and compared the
model application to stationary and non-stationary cases. The former gave better accuracy than the latter
case due to the difficulty of estimating good instantaneous covariance matrices. The approaches formulated
in the time domain can hardly adapt to the assumption of a non-white noise. A unique Bayesian approach
was adopted in [32], [33] where in the latter, the signal was considered in the time-domain and the authors
were aware of a non-white residual noise and modeled it by an auto-regressive model. The drawback of
such an approach is time consumption as the unknown parameters include not only the harmonic component
parameters but also the AR coefficients. Among the existing methods, few approaches kept the approach
generality regarding the noise distribution. In the range of least squares problem, one can cite Kalman filter
[34] and Vold-Kalman tracking filter [35]. The latter was introduced in [36] and consists of a time-varying
filter that tracks simultaneously all the sinusoidal components of a noisy signal with the advantage of sup-
pressing the beating phenomena of close or crossing frequency trajectories. The center frequency is based
on the IF given by the maximum tracking and the larger the band-pass filter bandwidth is, the more noise
and extraneous components are included. In addition to this, one of the parametric methods classes is the
eigen value based harmonic signal detection methods, to which belongs a method called harmonic signal
decomposition proposed in [37] and implemented in [38] to estimate the IS. This class is more adapted than
autoregressive methods to detect harmonic components especially for a noisy signal. Another very important
assumption concerns the noise model. The latter has a prime influence on the estimation results. Most works
have resorted to the simplifying assumption of white Gaussian noise [39], even though it is not representative
of the real world. Thus, a recent trial in time domain applied a pre-whitening filter to be robust towards a
coloured noise while adopting the whitness assumption [40]. Actually the originality of the method proposed
in this paper, is that it manages the difficulties that some researches just dismiss. First of all, the noise is
strongly colored (correlated in time) which means that the assumption of a white Gaussian noise cannot be
accepted. Furthermore, the IF will be estimated from a harmonic set (not only the fundamental frequency
like Hilbert demodulation says) which means that the residual signal, considered here as noise contains other
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set of harmonics that are not synchronous with IF of interest. This clearly admits that the proposed method
should be statically robust enough to recognize these sets as noise on the opposite to the approach presented
in [41]. In the latter, several sets of harmonics with different fundamental instantaneous frequencies were
considered to construct the harmonic signal and be able to consider the noise as normally distributed. The
problem of such approach is the ignorance of the number of harmonic families existing in the signal. Finally,
our method should be robust to adapt to any kind of speed fluctuations and work perfectly even with a low
signal to noise ratio as the speed information from low frequency range where the signal is very rich. Last,
the method will be based on a Bayesian approach and considers short time frames of the signal to better han-
dle non-stationarity. The latter is achieved by considering the STFT applied temporal measurement which
allows targeting a given frequency band directly without fitering in time domain. Besides, Fourier properties
allow a decorrelation between Fourier coefficients in the spectral domain leading to writing the likelihood
function more easily when the model error is quite stationary. The proposed approach will be called in the
rest of this paper, multi harmonic bayesian approach (MHBA).

2 Introduction

Let x(n) denote a sample of the measured signal x ∈ CK defined as x = [x(0) . . . x(K − 1)]T . This signal
is formed of the tonal part s(n) comprising a set of harmonic components of interest and the residual v(n)
composed of random components as described below:

x(n) = s(n) + v(n) (1)

The signal of interest is the tonal component whose phase rate of change is the instantaneous speed. Let
us consider that s consists of a set of harmonics of interest and that harmonic families which are not are
included in the residual v. This leads to the analytic signal expression

x(n) =

P∑

p=1

Ap(n)ejpφ(n) + v(n) (2)

where P is the harmonic order, φ(n) =
∫ n

0 fi(t)dt is the instantaneous phase related to the instantaneous
frequency fi(n) and Ap is defined as the complex Fourier coefficients of each harmonic index p. The latter
can be expressed as Ap(n) = cp(n)ejθp(n), with cp and θp the p-th amplitude and the phase [41].

As the operating conditions are non stationary, which means that the speed engine is varying – or equivalently
fi(n) is non-constant – it is pertinent to consider the STFT of the signal x as it allows taking advantage of
the Fourier transform and its characteristics applied to short time signals assumed to be locally stationary.
The STFT is obtained by multiplying the signal x by a window function (e.g. a Hanning window) and
applying the Fourier transform to this windowed signal as the window is sliding along the time axis. The
window length for this kind of application was discussed in [42]. In discrete time, this is expressed as

X(n, k) =
L−1∑

l=0

x(l + nR)w(l)e−j2πlk∆f , 0 ≤ l + nR < K, k = 0, 1, ..., d1/∆fe (3)

where R is the frame shift, l is the frame index, and ∆ is the frequency step. The window function w(l) is
non-zero only for 0 ≤ l < L, with L being the frame length.

After insertion of (2) in (3), the expression of X(n, k) becomes

X(n, k) =
L−1∑

l=0

P∑

p=1

Ap(l + nR)ejpφ(l+nR)w(l)e−j2πlk∆f +N(n, k). (4)
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Considering a sufficiently small time frame, the instantaneous frequency is assumed quasi-constant on each
frame the expression, so that fi(l + nR) ≈ fi(nR). Therefore, φ(l + nR) can be approximated as

φ(l + nR) ≈ φ(nR) + 2π
fi(nR)l

fs
(5)

with fs the sampling frequency. Thus, the approximation φ(nR) ≈ 2π
∑n−1

i=1 fi(n)R/fs also holds true.
Similarly, by considering the Fourier coefficients quasi-constant on each time frame,Ap(l+nR) ≈ Ap(nR).
For sake of simplicity, the frame shift R will be omitted in the notation so that Apn, φn and fn will denote
Ap(nR), φ(nR) and fi(nR), respectively. The following is obtained:

X(n, k) =

P∑

p=1

Apne
jpφn

L−1∑

l=0

w(l)e−j2πl(k∆f−pfn) +N(n, k) (6)

Let introduce
L−1∑

l=0

w(l)e−j2πl(k∆f−pfn) = W (k∆f − pfn), (7)

the discrete Fourier transform of the window w. This quantity introduces the frequency resolution of the
STFT or equivalently, the bandwidth of the STFT filters. Then

X(n, k) =
P∑

p=1

Apne
jpφnW (k∆f − pfn) +N(n, f) = S(n, k) +N(n, k). (8)

Let Xn = [X(0, n), . . . , X(F − 1, n)]>, Nn = [N(0, n), . . . , N(F − 1, n)]>, An = [A0n, . . . , APn]>

and H(fn) ∈ CF×P be such that [H(fn)]k,p = ejpφ(n)W (k∆f − pfn). The observation model can be
equivalently written as follows

∀n ∈ {1, . . . , N} Xn = H(fn)An + Nn (9)

with N = [(K − (L−R))/R].

3 Bayesian model

Although the residual signal is often considered as a white Gaussian noise [33], this simplifying assumption
is often invalidated because of the potential existence of frequency peaks in the residual frequency content
not related to the harmonics set of interest. In this paper, we consider the class of elliptical heavy tailed
distributions to model the non-Gaussian behaviour of the noise. More specifically, we assume that N(n, f),
n ∈ {1, . . . , N} and k ∈ {0, . . . , F − 1}, are independent and identically distributed according to the
smoothed generalized Gaussian (SGG) distribution with density [43]:

g(z;β, δ, σ) = C(σ, δ, β) exp

(
−
( |z|2
σ2

+ δ

)β/2)
(10)

where β > 0 is the shape parameter, σ > 0 is the scale parameter, δ > 0 is a given constant and C(σ, δ, β)
is the normalization constant. For small values of δ, (10) equals the Generalized Gaussian distribution with
the same shape parameter β and scale parameter σ. Note that when β = 1, this refers to the smoothed
Laplacian PDF and when β = 2 the Gaussian PDF. While the considered density shares the same heavy
tails as the Generalized Gaussian, the parameter δ allows to have a Gaussian behaviour near the origin to
penalize Gaussian-like noise. Such behaviour is also shared with the Huber loss widely used for robust
regression. Moreover, the introduction of δ allows for the density to be differentiable at the origin allowing
to use gradient-like algorithms more efficiently.
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The frequency fn is a discrete variable and can take values in a frequency set F of cardinal B. For instance,
F may be the whole frequency axis of the STFT (B = F ) or only a subset of the frequency axis (B < F )
if there exists some knowledge about the maximal or the minimal limit of fn. This leads to the following
negative log-likelihood:

L(Xn|fn,An) = −
∑

νk∈F
δ(fn − νk)

F∑

k=1

log g ([Xn −H(νk)An]k;β, δ, σ) (11)

where δ(.) denotes the Kronecker delta.

In this work, we assume that a prior distribution p(An) for the unknown amplitude An is provided. Such
prior could be for instance a Gaussian distribution with known mean and variance. Alternatively, in order
to promote trajectory smoothness, one can express the evolution of An as an AR model given past values;
for example An = αAn−1 + εn where εn is a circularly symmetric complex Gaussian distribution and
1 ≥ α > 0 is a known constant. If one has no knowledge about p(An), An can be considered as uniformly
distributed, otherwise, a concentrated distribution can be chosen.

For known fn, an estimator for An can be found by searching for Ân that maximizes the posterior dis-
tribution after obtaining the observations Xn, or equivalently that minimizes the negative logarithm of the
posterior,

G(An|fn,Xn) = L(Xn|An, fn)− log p(An) (12)

However, the frequency fn is not observed. Instead of that, a prior probability map for fn is provided at
each time step n: p1(n), . . . , pB(n) give the prior probabilities that fn take values ν1, . . . , νB in the set F ,
respectively.

In this paper, we consider both the time-varying amplitudes An and the frequency fn are unknown. Here-
after, we propose to estimate forward and sequentially the trajectory of fn together with the amplitude An

using an Expectation-Maximization (EM) algorithm.

4 Algorithm

The EM algorithm is an iterative technique aiming at obtaining the maximum a posteriori probability (MAP)
estimators of the parameters from the given observations either when data is incomplete or the model de-
pends on some unobserved latent variables as it is the case for the unobserved frequencies fn. The algorithm
begins with a guess for the parameter values and then iterates between two steps, the E–step and the M–step
until attaining convergence [44].

4.1 E-step

The expectation step consists in computing the expectation of (11) with respect to the conditional distribution
p(fn|Xn,A

(t)
n ) of fn given observed data Xn and the current estimate of the amplitude denoted by A

(t)
n .

One can show that zk(n)(t+1) := p(t+1)(fn = νk|Xn,A
(t)
n ) is returned by

zk(n)(t+1) =
pk(n)

∏F
f=1 g

(
[Xn −H(νk)A

(t)
n ]f ;β, δ, σ

)

∑
k pk(n)

∏F
f=1 g

(
[Xn −H(νk)A

(t)
n ]f ;β, δ, σ

) (13)

The expectation of (11) reads:

L(t+1)(Xn|An) = −
∑

fk∈F
zk(n)(t+1)

F∑

f=1

log g ([Xn −H(νk)An]f ;β, δ, σ) (14)
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At this step, one can provide an estimate of the frequency f̂ (t+1)
n either by the taking the mean or the value

maximizing zk(n)(t+1). For example, the conditional mean estimate reads:

f̂ (t+1)
n =

∑

νk∈F
zk(n)(t+1)νk (15)

4.2 M-step

The parameters values An are updated by finding the argument that maximizes the expected joint density or
equivalently minimizes its negative logarithm, that is

A(t+1)
n = arg minG(t+1)(An|Xn) (16)

where
G(t+1)(An|Xn) = L(t+1)(Xn|An)− log p(An). (17)

An iterative algorithm needs to be used in order to find a solution for the above problem. Obviously, the
function G(t+1)(An|Xn) is differentiable. Furthermore, it is convex for β ≥ 1. Gradient based algorithms
are well adapted for the above problems. One interesting choice is the Majoration-Minimization (MM)
algorithm [45].

4.3 Iterative scheme

The algorithm described by these macro steps can be organized as below (see example) [39] :

for n = 1 : N do

for t = 1 : T do

Compute zk(n)(t) from A
(t−1)
n

Compute an estimate f̂ (t)
n from A

(t−1)
n

Run the MM algorithm Q iterations minimizing (17) to obtain an A
(t)
n

end for

Compute f̂n by using a point estimator such as (15) or f̂n = arg max
νk∈F

z(n)(T ); set Ân = A
(T )
n

end for

4.4 Practical implementation

The performance of the algorithm strongly depends on some setting parameters that have to be provided as
inputs such as the probability map at each time step n and the noise scale parameter σ. Hereafter, we provide
a methodology to tune these parameters.

First, at each time step n, we need to know the prior map about the frequency fn that is the probability values
that fn may take each value in the subset F . The simplest way is to take a non-informative distribution for
all the bins F that is set: pk(n) = 1/B. However, it is always recommended to provide a more informative
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prior especially in low signal-to-noise ratios conditions. For instance, one can construct a more informative
prior by taking advantage of the amplitude spectrum at each time step n. When the amplitude is high in
some frequency bin νk, it should be a high probability that fn equal νk. Furthermore, one can take advantage
of past estimates before time step n. One way to do this is to use the marginal distribution after integrating
out the past frequencies in the joint distribution p(fn, . . . , fn−M ) in some window M . To obtain the joint
distribution, we can use the prior knowledge that the frequency trajectory is smooth. For example when
M = 1, p(fn) =

∑
νk∈F q(fn|fn−1 = νk; ε

2)zk(n− 1) where q(.|fn−1 = νk; ε
2) is the Gaussian density of

mean νk and variance ε2. This is equivalent to convolve the past conditional density p(fn−1|An−1,Xn−1)
with a Gaussian kernel [27].

Second, as discussed previously the noise N(n, f) is supposed to follow a SGG distribution in order to
account for the noise harmonicity, thus small values of δ should be chosen. Moreover, the choice of β should
be strategic as it is generally less than 2 to model the heaviness of the distribution tails. However, one has
to be aware that values near 0 (e.g. 0.1) may be very delicate for convexity matters. Another important
parameter in the noise model is the scale parameter σ. The latter depends on the noise statistics and can
be either chosen by the user or estimated using maximum likelihood estimation at each instant n from the
expected likelihood (11). This step will be discussed in details in a further work.

5 Application on synthetic signals

For validation sake, a brief application of the proposed algorithm on a synthetic signal was mandatory. In
this section, the presented simulated signal is presented as below:

y(n) = x1(n) + x2(n) + x3(n) + v(n) (18)

• x1 is a sum of the four first harmonics of the harmonic family synchronous with the IF of interest. The
first harmonic is a linear sweep whose IF starts from 100Hz to 200Hz;

• x2 is a sum of the four first harmonics of the harmonic family considered as noise. The first harmonic
is a linear sweep whose IF starts from 150Hz to 350Hz;

• x3 is the interference component and it is a linear sweep whose IF starts from 500Hz to 100Hz;

• v is a Gaussian randomly generated noise with amplitude depending on the energy of the rest of the
signal.

The signal duration is 33s and the sampling frequency is set at 3kHz. The simulation signal spectrogram is
presented in Figure 1.

5.1 Results

For the execution of the proposed algorithm on the simulation signal, the variation range of IF was set
between 95Hz and 250Hz while the STFT parameters were set at 0.8s for the window length and 0.6s for
the hop window length. Here the 4 first harmonics of x1 were taken and β was set at 1 to represent Laplace
distribution. This trial aims at assessing the algorithm ability to follow our component of interest while other
interference components exist in the input signal.

The raw estimated IF without any post-operation of smoothness is given in superposition with the signal
spectrogram in Figure 2. As previously discussed, the estimated values fn are the result of the maximization
of the z(n) probability vector. Thus, it is pertinent to find out what this probability looks like upon all the
values of νk given in the frequency range between fmin and fmax (see Figure 3).
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Simulation signal spectrogram
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Figure 1: The simulation signal spectrogram L = 0.8s,R = 0.6s

Vibration signal spectrogram
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Figure 2: Left: The signal spectrogram and the raw estimated IF. Right: Zoom-in around the IF

The conditional distribution map of frequency
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Figure 3: The z probability map

After the application of a simple operation of smoothness on the estimated IF, the superposition between the
smoothed estimated IF and the spectrogram is depicted in Figure 4 left. It is worthy to visualize the smoothed
estimated IF towards the theoretical IF (see Figure 4 right). The mean absolute percentage deviation (MAPD)
between the latter signals is estimated at 0,4 %.
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Vibration signal spectrogram
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Figure 4: Left: The smoothed estimated IF. Right: The smoothed estimated IF versus the theoretical IF

6 Application on experimental signals

After investigating first results on simulation signals, the proposed algorithm is believed to bring good results
on experimental data recorded in real life conditions. The concerned signal is a vibration signal measured
with a sampling frequency of 50kHz by an accelerometer in transient operating mode and was used in [28]
to estimate the IS of a given shaft in a civil aircraft engine. The signal spectrogram is depicted in Figure 5.

Vibration signal spectrogram
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Figure 5: The vibration signal spectrogram with L = 1s,R = 0.5s

6.1 Results

The inputs to the proposed algorithm will take the following values: L = 1s R = 0.5s β = 0.5 ; fimin =
150Hz ; fimax = 280Hz ;

Considering a β equal to 0.5 as the shape parameter of the SGG distribution in order to model the heavy tail
character of the residual harmonic noise since aeronautic signals contain very often more than one harmonic
family. Regarding the harmonic family of interest, the focus was put on the first 3 harmonics. Considering 3
iterations for the estimation of fn (algorithm EM) and 3 iterations for the estimation of An, a raw result of
the IF is given in Figure 6 left. This estimation result seems very satisfying although the piece-wise effect
caused by the maximization upon a discrete frequency range in addition to the estimation upon discrete time
frames, gives the impression of coarse estimation of IF which is not. This can be enhanced by using a low
frequency filter to smooth the resulting IF (see Figure 6 right)
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Vibration signal spectrogram
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Figure 6: Left: The estimated IF. Right: The smoothed estimated IF

Before the validation of the obtained estimated IF, a check up upon the z probability map is mandatory, it
shows where the values νk are getting high probability and judging the pertinence of the chosen maximum.
This probability is given in Figure 7. The latter shows genuinely that the trajectory followed by the IF of
interest has the maximum probability towards the other frequency content in the speed variation range.

The conditional distribution map of frequency
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Figure 7: the z probability map

7 Discussion

The results yielding from the test on simulation signal are rather satisfying since the algorithm manages
to track the linear variation of the frequency. The originality emanates from the robustness towards non
Gaussian interference. It is clearly noticeable that despite the interference of the component of interest with
two other harmonic components of non interest, the proposed algorithm managed to recover the concerned IF
with small MAPD. When it comes to experimental signals, one can notice that at least one harmonic family is
not synchronous to the harmonic family of interest. When looking at the results, the same satisfaction as for
simulation results is held. The algorithm has shown its robustness towards the non-synchronous harmonic
families and other interference components. The z probability map shows that the maximum approaches
well the wanted IF and that the algorithm do not loose the track of the component of interest despite of the
non-Gaussian existing noise. It is worthy to recall that the proposed algorithm do not need any knowledge
about the machine kinematics and can be considered as blind algorithm. Though, some artifacts are present
in the signal before smoothing because the algorithm consider the maximum value as the chosen frequency
among a given range of frequency. The latter is affected by the frequency resolution, which if very big, will
yield a considerable step-wise effect. Thus, the choice of the window length for STFT computation is crucial
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to the quality of the output. It is worthy to note that in this work the comparison between several values of β
was not tackled. It will be discussed in details in a further work in order to point out deeply the robustness
of the proposed method.

8 Conclusion

In this paper, a solution was proposed to the problem of estimating the IS from vibration/acoustic signal in
the absence of a true measurement of this quantity. The originality of MHBA towards its peers, lies in its
robustness to non-Gaussian noise interfering with the harmonic family of interest. In addition, MHBA is
applied in the time-frequency domain which brings lightness to the algorithm as we exploit the advantages
given by Fourier transform leading to a much easier EM algorithm, than in time domain. It is believed
that this algorithm can surpass its peers as it doesn’t need a knowledge about the machine kinematics but
it still needs the variation range of the first value of IF and/or, for algorithm rapidity a variation range
between a minimum and a maximum value of IF. No knowledge about the noise model is needed as the SGG
distribution gives the ability to better estimate the heavy tailed noise. Taking a low shape parameter β allows
reaching good results for non-Gaussian noise. Overall, the application of this algorithm gives very satisfying
results in both simulation and experimental signals in terms of robustness to harmonic noise. MHBA suffers
from depending only on the past estimates while estimating new ones. This may lead to errors that may be
non retractable during the estimation process. Thus, in future works, the estimation will be carried out in
both directions i.e. forward and backward in order to correct the past estimates regarding the future ones.
Furthermore, the comparison between the Gaussian and more heavier distributions, for the noise model, will
be deeply investigated to point more the robustness of the proposed method to non-Gaussian noise.
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Abstract 
A numerical and experimental investigation of a new small size piezoelectric actuator is presented. The 

actuator was developed to integrate it into a printed circuit board and use it for the small size positioning 

devices. The actuator consists of three piezoelectric bimorph plates located under the angle of 120 degrees. 

The actuator is clamped using a special T-shaped beam structure. A double-sided hemispherical rotor is 

placed in the center of the actuator and is preloaded by the spring. The operation principle of the actuator is 

based on the excitation of the first in-plane bending vibration mode of bimorph plates using three harmonic 

or sawtooth waveform electric signals with phase difference by 2/3π. Design optimization of the stator 

including clamping structure was performed to maximize the amplitude of the contact point motion. Finally, 

the self-heating problem of the motor was analyzed. A prototype of the piezoelectric actuator was made, 

and the maximum rotation speed of 380.8 rpm was obtained when the voltage of 175 Vp-p was applied. 

1 Introduction 

Piezoelectric actuators and motors are used for micro positioning and manipulation systems, optical 

scanners, laser beam steering, and lens driving systems [1, 2]. Piezoelectric actuators are characterized by 

the following advantages as high holding torque, self-locking, nanometric resolution, and fast response [3, 

4]. The design of piezoelectric actuators is scalable therefore, its size can vary from meter till millimeter 

scale. Small size piezoelectric motors have a growing interest because a torque generated by small size 

piezoelectric ultrasonic motors is about two orders of magnitude higher than the electromagnetic motors 

while output power is on par with them. Piezoelectric motors do not require gearing, so they occupy smaller 

space and can be integrated into the small size devices or use for applications where space is limited. 

However, the following problems as self-heating, wearing of the contacting surfaces, and repeatability are 

still relevant for piezoelectric actuators. 

Piezoelectric actuators can be classified as a resonant or non-resonant type based on operating frequency 

and as linear or rotary type based on the motion of the output link of the motor. Linear piezoelectric actuators 

are characterized by simple and scalable design, relatively easy driving, and control method, but output 

displacement of the slider is limited by its length. Piezoelectric rotary type motors can generate continuous 

rotation of the rotor, but they have a more complicated design and driving circuit. Usually rotory type 

priezoelectric actuators are based on the excitation of traveling wave vibrations. The main disadvantage of 

such motors is limited scalability and sophisticated clamping [8, 9]. Therefore, small size piezoelectric 

rotary type actuators with scalable design have a growing interest. 

A variety of ultrasonic rotary motors have been proposed and investigated. Yingxiang et al reported on 

bonded type piezoelectric motor that consists of a beam and six piezo ceramic plates bonded to beam [10]. 
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The operation principle of the actuator is based on the superposition of the first and second bending vibration 

modes. The proposed motor is able to provide a rotation velocity of 158 rpm and a torque of 53 mNm. The 

prototype actuator has a power density of 19 W/kg. The actuator has simple and scalable design, but the 

construction of rotor mounting, preload, and rotor centering with respect to the actuator should be complex 

enough. Park et al. reported on thin cross-shaped piezoelectric rotary type motor [11]. The motor consists 

of eight bimorph beams that make a cross-shaped structure of the stator. The rotor of the motor is placed in 

the center of the stator and has four contact points. The operation principle of the motor is based on bending 

vibrations of the bimorph plates that are excited by two harmonic signals that have a phase difference of 

π/2. Experimental studies showed that the rotor velocity of 180 rpm and torque of 22 gfcm was obtained 

when a voltage of 22.5V was applied. The design of the motor is well suitable for miniaturization and 

requires a small mounting space. Ryan et al described millimeter-scale rotary traveling wave motor [12]. 

The motor is based on a disc-shaped stator covered by a thin piezo ceramic layer that was divided into 

sections. The investigation showed that the maximum rotation speed up to 2000 rpm was obtained when the 

voltage of 4V was applied. It must be pointed out that the dynamic characteristics of the motor depend on 

geometrical parameters of the stator tooth, and fabrication of such a motor is complicated and requires 

specific equipment. Koc et al. have proposed a compact piezoelectric unidirectional rotary motor. The stator 

of the motor consists of a piezoelectric ring glued to a metal ring with four inward arms located at the inner 

circumference of the metal ring. Radial vibrations of the ring are transferred into tangential and bending 

oscillations of the arms and are used to spin the rotor. A maximum rotation speed of 2000 rpm and a 

maximum torque of 0.1 mNm were obtained for a 5 mm diameter motor. The motor is driven by a single 

electric signal therefore, the motor requires just one channel functional generator.  

Flat small size rotary type piezoelectric actuator is presented in this paper. The structural design of the 

actuator is described in detail. Numerical and experimental investigations were carried out to analyze the 

operation principle, mechanical, electrical, and thermal characteristics of the actuator. The results are 

discussed.  

2 Design of piezoelectric actuator 

The proposed piezoelectric actuator has a triangular star shape structure that contains three identical 

rectangular bimorph plates located under the angle of 120 degrees (see Figure 1). Each plate has a 

rectangular-shaped slot in the centerline. The slot was made to reduce the structural stiffness of the plate 

and to increase amplitudes of actuator vibrations. In addition, three slots are made at the center part of the 

actuator. The circular hole is drilled in the center of the stator and is used for rotor positioning and driving. 

Twelve piezo ceramic plates are glued on both sides of the actuator and are used to excite the in-plane 

bending mode of vibrations. The polarization direction of the piezo ceramic plates is aligned along with the 

thickness. Plates glued on the top and bottom surfaces has opposite polarization direction. A double-sided 

hemispherical rotor is placed in the center of the stator. The rotor consists of two steel hemispheres, shaft, 

preloading spring, and clamper. The preload force can be controlled by changing the position of the clamper 

on the shaft. The proposed structure of the rotor does not require ball bearings for shaft holding. Therefore 

the total size of the device becomes smaller. In addition, using such a design of the rotor, there is no need 

to solve the axes centering problem between the rotor shaft and the actuator hole. The clamping of the motor 

is implemented using a T-shaped beam structure. Cross-section of the beams is modified by cylindrical slots 

to reduce structural stiffness and damping of the vibrations. The length of the T-shaped beams was selected 

so that the operating frequency of the actuator will coincide with the first out of plane bending modes or the 

beams. Detailed and assembled view of the actuator is given in Figure 1a and Figure 1b, respectively.  

The main advantage of the proposed actuator design is the compact size and small thickness. The actuator 

can be integrated into a printed circuit board and use it for the small size positioning devices where space is 

limited. Moreover, the actuator size can be scaled and adjusted to the specific requirements of the 

application.  
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Figure 1: Design of the piezoelectric actuator and rotor; a – detailed view; b – assembled view; 1 – 

preloading spring; 2 – hemispherical rotor; 3 – shaft; 4 – mounting plate; 5 – the structure of the metal layer; 

6 – clamping bolts; 7 – piezo ceramic plates; 8 – clamper; 9 – fixing bolt 

The operating principle of the actuator is based on the excitation of the first in-plane bending mode of the 

bimorph plates. This type of vibrations is achieved when the d31 piezoelectric effect is employed. Three 

harmonic signals with phase difference by 2/3π are used for excitation (see Figure 2). Elliptical motion at 

the contacting points is generated by synchronic bending vibrations of three bimorph plates. Contact points 

are located on the edge of the center hole of the actuator, where the rotor is placed. The contact points impact 

the rotor and cause the rotor to rotate about its axis.  

 

Figure 2: Driving scheme of the piezoelectric actuator: a – top view of the actuator; b – bottom view of the 

actuator 

3 Numerical study 

A numerical study was performed to validate the operating principle, to optimize dimensions of the actuator, 

as well as investigate mechanical, electrical, and thermal characteristics of the motor. A three-dimensional 

finite element model was built by employing Comsol Multiphysics 5.4. Sketch of the actuator is shown in 

Figure 3, and the corresponding dimensions are listed in Table 1.  

a) b) 

a) b) 
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Figure 3: Sketch of the actuator 

The model included a metal layer of the actuator and piezo ceramic plates. The adhesive glue layer was 

neglected in the model. Mechanical boundary conditions correspond to the clamping conditions used in the 

experimental study i.e., the model was rigidly clamped in six places i.e. where clamping bolts were fixed 

(see Figure 1b). The polarization direction of piezo ceramics plates was defined in the model, as shown in 

Figure 2. The material of the metal layer of the actuator was beryllium bronze. Hard type piezoceramic PTZ-

8 was used for piezo ceramic plates modeling. Damping was evaluated in the finite element model by 

introducing the mechanical loss factor of 0.004 for piezoceramic plates and the isotropic loss factor of 0.002 

for the metal layer. A detailed list of material properties is given in Table 1. Harmonic response and transient 

dynamic analysis were used during the numerical study. 

Table 1: Dimensions of the actuator 

Parameter Value Description 

Lplate 11.0  Length of plate, mm 

L1 7.5  Optimized length of the slot in the center of the plate, mm 

L2 1.75  Optimized length of the slot at the center of the actuator, mm 

Lpzt 8.0  Length of piezo ceramic plate, mm 

Lsupport 6.5  Length of the beam, mm 

Wpzt 3.0  Width of piezo ceramic plate, mm 

Wplate 3.5  Total width of plate, mm 

W1 0.5  Width of the rectangular slot made in the center of the plate, mm 

W2 0.4  Width of rectangular slot near the rigid junction of plates, mm 

t 1.0  The thickness of the metal layer of the actuator, mm 

tpzt 0.2  The thickness of the piezo ceramic plate, mm 

D 2.0  The diameter of the hole which serves as contact area, mm 

R 13  The radius of the stator, mm 

α 120° The angle between plates, degree 
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Table 2: Properties of the materials 

Material property Beryllium bronze 

DIN 2.1247 

PZT - 8 

Density, kg/m3 8360 7800 

Young’s modulus, GPa 100 760 

Poisson`s coefficient 0.34 - 

Isotropic loss factor 0.002 - 

Relative permittivity 1 ε11
T/ε0 = 1500; ε33

T/ ε0 = 1200 

Elastic stiffness coefficient c33
D, N/m2 - 1.6∙1010 

Piezoelectric constant d33 [10-12 m/V] - 225 

Piezoelectric constant d31 [10-12 m/V] - -97 

Piezoelectric constant d15 [10-12 m/V] - 330 

Thermal conductivity, W/(m·K) 118 1.45 

Heat capacity at constant pressure, J/(kg·K) 420 350 

 

Optimization of the slot length of the actuator was performed to maximize the amplitude of the contact point 

vibrations in X and Y directions. Parameters L1 and L2 were chosen as optimization variables. A finite 

element coupled electromechanical model was used for this study. Steady-state vibrations of the contact 

point were analyzed under excitation of harmonic type electric signals as shown in Figure 2. An excitation 

voltage of 100Vp-p was applied. The optimization problem can be described as follows:  

 max
L1, L2

(√𝑢𝑥
2(𝐿1, 𝐿2) + 𝑢𝑦

2(𝐿1, 𝐿2)) (1) 

 subject to  

;max

11

min

1 LLL   (2) 

;max

22

min

2 LLL   (3) 

.maxmin fff   (4) 

where ux is displacement amplitude in X direction; uy is displacement amplitude in Y direction; L2 is a length 

of the rectangular slot made at rigid junction of the metal plates; L1 is a length of the rectangular slot made 

at the center of each plate; 
m in

1L and 
max

1L  are minimum and maximum length values of rectangular slots at 

center of each plate and has value of 2.5 mm and 9 mm respectively; 
m in

2L  and 
max

2L  are minimum and 

maximum length values of rectangular slot made at rigid junction and has values of 0.5 mm and 2.5mm, 

respectively; fmin is lower value of analyzed frequency range; fmax is upper value of analyzed frequency range; 

f – resonant frequency of the motor. The frequency range was adjusted during every step based on the results 

of the modal analysis. The results of the optimization are given in Figure 4. It can be seen that the highest 

results of displacement of the contact point is found when L1 = 7.5 mm and L2 = 1.75 mm. The total 

displacement amplitude of 18.9 µm was obtained. Obtained dimensions of the slots determine the final 

dimensions of the actuator.  

Modal analysis was performed when optimized dimensions were defined, and proper modal shape for 

actuator driving was determined at the frequency of 62.39 kHz (see Figure 5). It can be seen that bimorph 

plates vibrate in the first in-plane bending mode. Such vibration mode can be excited using three signals 

with phase-shifted by 2/3π (see Figure 2). Moreover, T-shaped clamping beams operates in the first out of 

plane bending mode as it was expected.  
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Figure 4: Results of optimization of geometrical parameters of the motor 

 

Figure 5: Modal shape of the actuator at frequency of 62.39 kHz 

In order to validate the operating principle of the actuator, the time depended study was set up to simulate 

one time period (T) of operation. An excitation voltage of 100 Vp-p was applied. Boundary conditions and 

excitation scheme of the electrodes were the same as in the previous study. The shape of the actuator at 

every 1/8 time period is shown in Figure 6. Analyzed contact point (CP) is located at the edge line of the 

inner hole, and it can be seen that the contact point CP makes a closed trajectory in a wise direction during 

the actuator operation in one time period. In order to change the motion direction, the phase of the excitation 

signals must be changed to the opposite. Moreover, T-shaped beams vibrate in the first out of plane bending 

mode.  

Impedance frequency and phase-frequency characteristics were calculated to obtain the resonant frequency 

of the actuator and to find out the electrical characteristics of the actuator. Frequency domain study was 

performed when the frequency range from 62.0 kHz to 63.0 kHz with a step of 5Hz was used. The results 

are shown in Figure 7. It can be seen that the resonant frequency of the actuator was found at 62.37 kHz. 

The impedance value of 2.69 kΩ was obtained. It shows that the actuator has relatively low losses. However, 

the self-heating problem becomes highly relevant during the long time operation of the actuator. Therefore, 

a numerical study of thermal characteristics will be analyzed as well. 
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Figure 6: Operation sequence of the motor during one time period; CP – contact point. 

 

Figure 7: Impedance and phase-frequency characteristics of the actuator 

Dependence of the contact point displacement and velocity amplitudes from excitation voltage was analyzed 

(see Figure 8 and Figure 9). The highest displacement amplitudes in X and Y directions were obtained at 

the frequency of 62.37 kHz. It confirms the resonant frequency value indicated during impedance calculation 

(see Figure 7). The largest displacement and velocity amplitudes in X and Y directions were obtained at a 

voltage of 175Vp-p while the lowest amplitude was obtained at 25Vp-p. The ratio between the lowest and 

largest displacement amplitudes in the X direction is 7.35 while in Y direction is 6.97. The ratio between 

the largest displacement amplitudes in X and Y directions is 1.8 times. The vibration amplitude increment 

rate in the X direction is 8.4 nm/V, while in Y direction is 15.1 nm/V. Analyzing velocities of the contact 

point, it can be seen that the ratio between the largest and lowest velocity amplitudes in the X direction is 

7.07, while in Y direction is 6.93. Increment of velocity amplitudes in X and Y directions are 3.3 mm/s/V 

and 5.9 mm/s/V, respectively.  
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Figure 8: Dependence of the displacement amplitude from excitation voltage: a - displacement amplitude in 

the X direction; b – displacement amplitude in the Y direction  

 

Figure 9: Dependence of the velocity amplitudes from excitation voltage: a - velocity amplitude in the X 

direction; b – velocity amplitude in the Y direction  

Figure 10 shows contact point motion trajectories in the XY plane at different excitation voltages. The 

motion was analyzed during the time of 16 µs with the step of 16 ns. The excitation voltage range was set 

from 25 Vp-p to 175 Vp-p with a step of 25 Vp-p. The excitation scheme of the motor was the same as in 

previous cases. The plot of the trajectories has elliptical shapes. The largest lengths of the major and minor 

axis of contact point trajectory were obtained at 175 Vp-p. The length of the major axis at this excitation 

voltage is 4.9 µm while the length of the minor axis is 1.1 µm. The ratio between lengths is 4.45. The lowest 

lengths of the major and minor axis of displacement trajectories were obtained at 25 Vp-p. The length of the 

major axis is 0.705 µm, while the length of the minor axis is 0.143 µm. The ratio between the axis is 4.93.  
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Figure 10: Displacement trajectories of CP at different excitation voltage amplitudes 

Numerical investigation of displacement and velocity characteristics in the time domain was performed as 

well. Two types of excitation signals were used for this study i.e. harmonic and sawtooth. The goal of this 

study was to compare steady-state vibrations of the contact point when different excitation signals are used. 

The amplitude of the excitation signal was set to 175 Vp-p. The results of the calculations are given in Figure 

11 and Figure 12.  

It can be seen that contact point oscillates harmonically when a harmonic electric signal is applied. The 

amplitude of vibrations is 1.35 and 1.92 µm in X and Y directions, respectively. Velocity amplitude has 

values of 0.37 m/s and 0.55 m/s in X and Y directions, respectively. Contact point oscillations are 

nonsymmetrical when the sawtooth signal is used. Displacement amplitudes in X direction are -0.38 µm and 

0.32 µm while in Y direction are -0.57 µm and 0.51 µm. The velocity of the contact point oscillates 

nonsymmetrical as well. Velocity range is from -0.21 m/s till 0.15 m/s to in X direction and from -0.2 m/s 

to 0.23 m/s in Y direction. The displacement amplitude is 71.8% higher in X direction while in Y direction, 

displacements are 70.3% higher. A comparison of contact point velocity shows that excitation by harmonic 

signal provides 43.2% and 58.2% higher velocity characteristics in Y and X directions, respectively. It can 

be concluded that the excitation of the motor using a harmonic signal is more effective, and it can provide 

better dynamic characteristics. However, this study showed that it is possible to drive the actuator using a 

different type of electric signals. The results also demonstrated that the actuator is able to provide stable and 

well predictable displacement and velocity amplitudes at different excitation voltages and excitation signals. 

Almost linear dynamic characteristics of the motor provide the possibility to implement simple motor 

control via electronic systems based on open or closed-loop control systems. 
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Figure 11: Displacement and velocity characteristics in the time domain at harmonic excitation signal; a – 

displacement characteristics of CP in the time domain; b – velocity characteristics of CP in the time domain  

The self-heating problem of the piezoelectric actuator was analyzed when excitation voltage changes from 

25 V till 175 V. Coupled piezoelectric, structural vibration, and thermal analysis of a structure was 

performed. The numerical simulation was performed when the actuator operated at the resonant frequency 

for 45 minutes. The ambient temperature and initial temperature of the actuator was set to 20°C. Other 

boundary conditions were the same as in the previous simulations.  

The contact point temperature in the time domain is shown in Figure 13. Different plots were obtained at 

different excitation voltage. It can be seen that the highest temperature of 32.2°C was obtained at 175 Vp-p 

excitation voltage. The steady-state temperature was reached after 30 minutes of actuator operation. The 

lowest temperature of the motor was obtained at 25 Vp-p excitation voltage. The steady-state temperature of 

20.4°C was reached after 9.8 min. It can be noticed that there is a nonlinear dependence of the contact point 

temperature from the excitation voltage. Temperature distribution on the surface of the actuator after 45 

minutes of operation at 175 Vp-p was also calculated (see Figure 18a). Results show that temperature 

distribution is almost uniform over the entire surface of the actuator, except the clamping structure.  

Based on the obtained results, it can be concluded that self-heating is not critical for the actuator therefore, 

the actuator can be used in closed space where natural convention has low heat flux coefficient value. 

Moreover, this feature of the actuator has an important advantage considering that the piezoelectric actuator 

is mounted on PCB and will not have a heating effect on electronic devices.  
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Figure 12: Displacement and velocity characteristics in the time domain at sawtooth excitation signal; a – 

displacement characteristics of CP in the time domain; b – velocity characteristics of CP in the time domain  

 

 

Figure 13: Self-heating temperature characteristics of the motor at different excitation voltages  
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4 Results of an experimental study  

An experimental study was performed to validate the operation principle of the actuator and to measure 

mechanical and thermal characteristics. The prototype of the actuator was made (see Figure 14). The 

prototype had the same dimensions and material characteristics, as was defined in the previous section. 

Prototype actuator was mounted on a specially designed printed circuit board to demonstrate one of the 

application options of the proposed actuator. 

 

 

Figure 14: Prototype of the motor mounted on the PCB 

Firstly, the rotation speed of the rotor was measured. The experimental setup was built for this purpose (see 

Figure 15). It included four-channel function generator WW5064 (Tabor Electronics, Israel), power 

amplifier E-619 (PI Ceramic GmbH, Germany), four-channel oscilloscope Yokogawa DL2000 (Yokogawa, 

Japan), laser tachometer UT 372 (Uni-T, China) and personal computer. Average rotation speed was 

measured at different preload force of the rotor when excitation voltage varies in the range of 25 Vp-p – 

175 Vp-p (see Figure 16). It can be seen that rotation speed almost linearly depends on excitation voltage. 

The highest average rotation speed of 380.8 rpm was obtained at 175 Vp-p when the preload force was 

3.72 mN. The average rotation speed increase rate is 2.53 rpm/V in this case. A very close rotation speed of 

372.6 rpm was obtained at the same excitation voltage and preload force of 12.84 mN. Further analysis of 

the results shows that as the preload force increases, the maximum rotational speed decreases in most cases. 

It means that rotation speed depends on the preload force and contact characteristics. Also, it must be pointed 

out that rotation speed can be increased if the alumina rotor would be used. Such type of rotor increases 

contact stiffness and friction coefficient of the contacting surfaces, and as a result, the driving force 

increases. 

 

 

Figure 15: Experimental setup; 1 – a computer with data acquisition software; 2 – four-channel function 

generator; 3 - four-channel power amplifier; 4 - oscilloscope; 5 - laser tachometer; 6 – a prototype of the 

actuator 
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The lowest average rotation speeds were obtained at 25 Vp-p in all measurements. The average rotation speed 

varies from 11.4 rpm to 51.2 rpm. The graphs also show that the margin of error of the rotation speed does 

not exceed 21%. Results of rotation speed measurement showed that the actuator could provide sufficiently 

stable rotation speed in a wide range of excitation voltages. However, high preload forces cannot be applied 

to the actuator. 

 

 

Figure 16. The average rotation speed of the motor at different preload forces and excitation voltages 

Thermal characteristics of the actuator were measured when excitation voltage of 25 Vp-p, 75 Vp-p, and 

175 Vp-p was used. The temperature was measured near the contact point for 45 min when the actuator 

operates at the resonant frequency. The ambient temperature was around 20.4°C. FLIR ETS 320 thermal 

camera was used for measurement. The results of the measurements are given in Figure 17.  

 

Figure 17: Temperature characteristics of the motor at different excitation voltages 

The lowest temperature of the contact point was obtained at 25 Vp-p. The steady-state temperature reached 

29.85°C and after 17.6 min of operation. The highest temperature of 38.27 °C was achieved when 175 Vp-p 

was applied. This temperature was reached after 19 min of operation. Results showed that steady-state 
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temperature was obtained at approximately the same time point when different excitation voltage was 

applied.  

                   

Figure 18: Temperature distribution at the motor: a – numerically simulated;  b - measured 

Figure 18b shows measured temperature distribution on the surface of the actuator after 45 minutes of 

operation when the voltage of 175 Vp-p is applied. It can be seen that the highest temperature is concentrated 

in the center of the actuator where the rotor is located. Such temperature distribution is influenced by the 

largest mechanical deformations in the center zone. The temperature field decreases from the center to the 

mounting points. Comparing the results of numerical modeling and experimental measurement, it can be 

seen that the temperature distribution on the surface is similar, but the temperature values are different (see 

Figure 17). It mainly caused by errors of ambient conditions, differences of materials properties, and 

neglecting the adhesive glue layer of the bimorph plates. 

5 Conclusions  

The flat small size rotary type actuator was developed and investigated. The operating principle of the 

actuator was confirmed by the numerical study. It was shown that elliptical trajectories of the contact point 

can be achieved when bimorph piezoelectric plates vibrate in the first out of plane mode, and three harmonic 

signals with the phase-shifted by 2/3π were applied. The T-shaped clamping structure was proposed that 

allowed to mount the actuator on the mounting plate efficiently. Optimization of the slot length allowed to 

maximize vibrations of the contact point. A comparison of contact point velocity obtained using harmonic 

and sawtooth signals showed that excitation by harmonic signal provides 43.2% and 58.2% higher velocity 

characteristics in Y and X directions, respectively. Thermal analysis showed that the maximum temperature 

of 38.27°C was obtained when 175 Vp-p voltage was applied. The steady-state temperature was reached after 

19 min of operation. Experimental measurement of rotation speed showed that the highest average rotation 

speed was 380.8 rpm when the voltage of 175 Vp-p was applied. Also, the measures of the average rotation 

speed showed that the motor is able to provide stable motion characteristics at different preload forces.  
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Abstract
The present work deals with the analysis of the criticalities connected to the calculation of the mesh stiffness
for spur gears. In particular, the proposed dissertation compares the most famous methods for the mesh
stiffness calculation, found in the literature, focusing the attention on their accuracy for the lightweight gear
case. Specifically, five methods have been investigated, one based on an analytical approach, two based
on finite element (FE) methods and two hybrid analytical-FE methods. Moreover, an hybrid linear FE-
non-linear FE method has been proposed. The sensitivity of the illustrated methods on the mesh stiffness
in the analysis case of lightweight gears is investigated and presented. Pros and cons about the analysed
approaches have been assessed, in terms of accuracy of the results and computational time. Furthermore, the
paper presents different focuses on untreated topics found in the references.

1 Introduction

Gears are widely used in the mechanical industry since they are crucial components in power transmission.
They cover a wide range of applications for the high efficiency and power density permitted. For these
reasons, the study of the dynamic behaviour of gear systems constitutes an important research field. Within
this framework, the variation of the mesh stiffness during the meshing cycle is known as one of the main
causes of vibration and noise in gear dynamic problems. As a matter of fact dynamic models are usually
developed and adopted in order to asses the Noise, Vibration and Hardening (NVH) performances of gear
pairs. Gear dynamic models owe the reliability of their results to the precision of the mesh stiffness, as
they take the mesh stiffness waveforms as a main input [1, 2, 3]. Therefore, the mesh stiffness estimation
is recognized as a critical phase in the process of gear dynamics model input identification. Within this
context, as the mesh stiffness is extremely difficult to measure, it is preferred to calculate it. However, the
computation of the mesh stiffness is not an easy task as gears are involved in complex phenomena during the
mesh cycle. Actually, several mesh stiffness calculation methods have been proposed in the literature and
they can be divided into analytical, Finite Element (FE) and hybrid analytical-FE (hereinafter called hybrid)
methods.

Cai and Hayashi [4], proposed an analytical formula for the calculation of the mesh stiffness based on the
angular position, the contact ratio and the average stiffness of the gear pair. According to ISO 6336-1 [5], the
average stiffness term can be calculated by the use of formula related to tooth geometry. A similar approach
has been proposed by Kuang and Yang [6]. Analytical models are appreciated as they offer the possibility
to obtain reasonable results by means of a low computational time. Conversely, their intrinsic assumptions
may lead to qualitative results, useful in a first evaluation phase of the dynamic analysis. On the other hand,
several non-linear FE methods, which lead to more quantitative results, have been proposed. Arafa et al. [7]
and Pedersen et al. [8] conceived two methods to determined the teeth stiffness. In the first case the mesh
stiffness is determined using the tooth displacement field, while in the second case the elastic energy has
been used. In both cases the gear bodies have not been taken into account. On the other hand Wang et al. [9]
focused their attention on the torsional stiffness of gear bodies, as in their opinion it is the major component
of the total mesh stiffness. Kiekbusch et al. [10] proposed to compute the mesh stiffness as the combination

1403



of single stiffness contribution, extracted from FE analysis results, pertaining to gear bodies, teeth and the
contact zone. Lastly, Zhan et al. [11] and Cooley et al. [12] computed the mesh stiffness as the results of the
relative difference between gear rotations. The first used a quasi static FE analysis while the second used a
finite element/contact mechanics approach [13]. The latter, in particular, provides a meaningful analysis on
how the FE methods may be used to calculate the mesh stiffness by proposing two approaches to compute
it. Within this context, the average slope approach is proposed to compute mesh stiffness to be used for
static analyses whereas, for dynamic analyses, it is preferable to compute the mesh stiffness applying the
local slope approach. These last methods allow an accurate representation of the tooth deflections as well
as gear body deformations and as a consequence of the mesh stiffness. On the other hand, they need very
refined mesh near the contact regions to obtain reliable results, which results in significant computational
time consumption. In order to overcome the FE method limit related to high time consumption, some others
proposed hybrid analytical-FE methods[14, 15, 16]. The deformation at each contact point is divided into a
linear global deformation term and a non-linear local contact term. The global contact deformation term is
obtained by the use of substructure method of a linear three-dimensional finite element analysis. The local
contact deformation is introduced by to use of an analytical formula to shorten the long computational time
taken by the non-linear FE analysis.

The proposed literature survey clarifies that the presence of a wide interest regarding the determination of
the mesh stiffness has led to the definition of several different methods to compute it. However, despite the
large amount of specific proposals, five main approaches may be recognized: the analytical one, based on
the work of Kuang-Yang [6], two numerical methods based on the work of Cooley et al. [12] and two hybrid
methods based on the work of Vedmar and Henriksson [14] and Chang et al. [16]. It is worth clarifying that,
in the present study, Cooley et al. approach has been applied by using a classic non-linear FE method instead
of the finite element/contact mechanics method proposed in [12]. During the examination of the cited mesh
stiffness methods, it has been noticed that some critical points, necessary to the mesh stiffness estimation
process, are not completely clear. As a matter of fact, in the examined works it has been preferred to focus
the attention on other aspects, perhaps considered more relevant for the authors’ scopes. Consequently, this
work propose to examine and develop some of these unclear topics in order to deepen the understanding
of the methodologies and provide further guidelines for their application. The investigated methods have
been used to computed the mesh stiffness of full blank gear pair and a lightweight gear pair. As a matter of
fact, the automotive field is facing the spread of lightweight gears due to requirements in terms of emission
limitation and fuel saving. The sensitivity of the different methods for the analysis of lightweight gears has
been analyzed. The mesh stiffness results and computational time have been compared.

The following section presents the theoretical background of the analysed mesh stiffness computational
methods. In this section the topics needing an in-depth discussion are pointed out to be discussed in section
3. Furthermore, in section 3, the sensitivity of the illustrated methods on the mesh stiffness in the analysis
case of lightweight gears is presented. Pros and cons about the most convenient approach have been made, in
terms of accuracy of the results and computational time. Lastly, concluding remarks are reported in section
4.

2 Analysed methods

The objective of this section is to provide the theoretical background at the base of the analysed mesh
stiffness calculation methods. In particular, the information given are useful to understand how to apply
the investigated methods, starting from the non-linear FE methods passing to the analytical method and
finally the hybrid analytical-FE methods.

2.1 Non-linear FE methods

The non-linear FE methods analysed in this study have been proposed in the work presented in [12] and they
are the average slope approach and the local slope approach. The entire gear pair mechanism is considered
in the FE model for both the approaches. The torque is applied at the hub surface of the pinion while the hub
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surface of the gear is constrained in order to prevent the rigid body rotation. Non-linear contact elements are
required to simulate the contact between teeth.

A number of static simulations, at different angular positions, have to be performed in order to compute the
mesh stiffness over one tooth mesh cycle. The procedure to obtain the mesh stiffness value for the average
and local slope approach is explained hereinafter.

The mesh stiffness km, calculated by means of the average slope approach, is defined as:

km =
Fm
qm

(1)

Where qm coincides with the gear pair transmission error while Fm is the mesh force, which is computed by
means of Eq.2.

Fm =
Tm
rb

(2)

In Eq. 2 Tm is the input torque while rb is the base radius of the driving gear.

Using the local slope approach, at each point of the mesh cycle, the mesh stiffness km is the local slope of the
force-deflection curve at some nominal deflection qm. The mesh stiffness using a first-order finite difference
approximation it gives:

km =

(
rb(qm(Tm+∆Tm

rb
) − qm(Tm−∆Tm

rb
))

2∆Tm

)−1

(3)

Where ∆Tm is the torque step size. As a matter of fact, the method requires to compute the mesh stiffness
as the finite difference of the mesh force with respect to the gear pair transmission error by using a central
difference scheme over three points. Based on this approach, in order to obtain mesh stiffness value at a
specific torque value Tm, the FE model needs to be solved for two distinct torque values, i.e. Tm − ∆Tm
and Tm + ∆Tm. The torque step size must be chosen carefully, as it will be explained in section 3.3. The
mesh stiffness defined in Eq. 3 is written as the reciprocal of the mesh compliance as it is straightforward to
calculate the gear deflections from the specified input torque.

The transmission error qm, in Eq. 1,3, is calculated in the same manner for both the approaches. First, the
mean tangential deflection Uθ has to be acquired from the FE calculation, for pinion and gear, at an arbitrary
radius r. As also underlined by the authors in ref. [12], the choice of radius r does not affect the accuracy of
the mesh stiffness estimation. As it will be clarified in section 3.2, this guideline is strictly referred to solid
body gears, while the application of this approach to lightweight gears requires further analyses.
Once the mean tangential deflection Uθ has been obtained for both gears, it is necessary to derive the rota-
tional deflections θ = Uθ

r . This parameter represents the mean rotation of gear bodies due to their meshing.
Then, the transmission error, qm = rbpθp+rbgθg is computed, where rbp,g are the base radii and θp, g are the
rotational deflections of pinion and gear respectively. Lastly, in order to obtain the mesh stiffness is necessary
to choose an approach among the average slope approach defined in Eq. 1 and local slope approach defined
in Eq. 3.

2.2 Analytical method

The analytical method investigated in this study has been proposed by J. H. Kuang and Y. T. Yang [6]. They
determined an empirical equation for the stiffness constant of a single tooth by fitting the results obtained
from a finite element model. Their method allows to obtain mesh stiffness results by means of a simple
formula related to the geometry of gear teeth.
The method has been based on a set of FE analyses on a carbon steel gear with a Young’s module of 207
GPa, applying 330 N/mm. The load has been chosen in order to deform a single gear tooth, 1 mm face-width,
by 1µm along the line of action. Therefore, the tooth stiffness has been obtained directly per unit thickness.
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Equation 4 shows the approximation of the single tooth stiffness per unit thickness ki (N/µm/mm).

kp,g(rp,gi) = (A0 +A1xp,g) + (A2 +A3xp,g)
rp,gi −Rp,g

(1 + xp,g)mn
(4)

Where:
A0 = 3.867 + 1.612zp,g + 0.02916z2

p,g + 0.0001553z3
p,g

A1 = 17.060 + 0.7289zp,g + 0.01728z2
p,g + 0.00009993z3

p,g

A2 = 2.637 + 1.222zp,g + 0.02217z2
p,g + 0.0001179z3

p,g

A3 = −6.330 + 1.033zp,g + 0.02068z2
p,g + 0.0001130z3

p,g

(5)

From Eq. 4 it is possible to notice that the single tooth stiffness per unit thickness depends on the radius of
loading position rp,gi (distance between the center of the gear or pinion and the contact point), the correction
factor xp,g , the pitch radius Rp,g, the module of the gear m and the number of teeth zp,g, appearing in the
coefficients Ai in Eq. 5.

The fitting has been obtained for gears with a correction factor between -0.6 and 0.6 and a number of teeth
between 12 and 100. In case of gear with correction factor or number of teeth out of these boundaries, the
results obtained with this method will lose accuracy but they will remain reasonable. This method can be
applied to gears with a Young module different than the one used in Kuang-Yang’s FE analysis as shown in
Eq. 6 by the use of a material modification factor defined in Eq. 7.

kp,g = kp,gsteelξ (6)

ξ =
E

Esteel
(7)

The tooth pair stiffness constant ks is obtained by modelling the single tooth constants kp(rpi) and kg(rgi) as
springs connected in series. From the tooth pair stiffness constant it is possible to obtain the mesh stiffness
which include only the teeth behaviour kmteeth , without considering the torsional stiffness of the gear bodies
and the contact stiffness contribution. For contact position located in the single tooth contact zone on the
contact path, the mesh stiffness has the same value of the tooth pair stiffness. In case of contact position
in the double tooth pair in contact zone, the mesh stiffness is computed by modelling the two tooth pair,
as spring in parallel. In both cases the tooth pair stiffness has to be multiplied for the gear face width.
In case of lightweight gear designs, in ref. [6] it is mentioned that the mesh stiffness may be declined
from the value of the full blank gear design used in Kuang-Yang FE analysis, using an arbitrary correction
factor depending on the importance of the lightening (down to 50% from the initial value). However, it is
always suitable to include the torsional stiffness of gear bodies, that can be computed performing a linear
FE analysis. Moreover, it is recommended to include an hertzian contact stiffness contribution kHertz . In
this work the hertzian stiffness contribution, Eq. 8, has been derived from an Hertz derived formula for the
contact between two cylinders with parallel axes [17].

kHertz =
π

4

(
1 − ν2

p

Ep
+

1 − ν2
g

Eg

)−1

b (8)

Where νp,g and Ep,g are respectively the Poisson’s ratio and the Young’s modulus for pinion and gear, and b
is the smallest face width amongst pinion and gear.

In order to obtain a mesh stiffness value km which includes the contributions of teeth behaviour, torsional
stiffness of pinion and gear bodies (ktp,g ) and hertzian contact stiffness, it is necessary to model the distinct
stiffness contributions as springs connected in series.

km =
(
1/ktp + 1/ktg + 1/kHertz + 1/kmteeth

)−1 (9)
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2.3 Hybrid methods

In the literature it is possible to find hybrid analytical-FE methods [14, 16] which allow to conjugate the
positive aspects of both analytical and FE methods. Within these methods the gear deformation is computed
by combining a linear FE and an analytic solution. The total gear deformation is split in two contributions, a
global deformation part solved by a linear FE model and a local deformation part included by the use of an
analytical solution. On the one hand, the global deformation, which includes the tooth bending deformation
and the gear body deformation, is directly proportional to the contact load and independent of its distribution.
On the other hand, the local deformation has a non-linear dependence on the load and is affected by the
distribution of the load itself. In both the analysed hybrid methods, the global linear deformation is obtained
by the superposition of two linear FE analysis displacements fields. The first analysis is performed on the
global model obtaining the global displacement field plus the local incorrect displacement. On the other hand,
the second analysis is performed on the partial model in order to obtain the local incorrect displacement as
a single results. As a matter of fact, the local incorrect displacement is necessary to eliminate it from the
results of the global model. Within this context, the approach by Vedmar and Heriksson [14], schematised
in Fig. 1, requires two consecutive linear FE analyses in order to obtain the global linear deformation.

Figure 1: Vedmar and Henriksson approach. The surfaces marked in red represent the surfaces that have to
be fixed in the linear FE analyses.

Both FE analyses are performed under a unitary load for the different contact position during the mesh cycle.
The partial model consists in a portion of the tooth of thickness equal to h (see Fig. 1). The value of h,
in accordance with Saint-Venant’s principle, must be chosen in order to include the local effect of the load
that decays further from the contact surface. Within this framework, in the FE model setting-up phase it
is necessary to define the mesh of the partial model as a supplementary part of global one, in order to get
reliable results. Lastly the correct non-linear local solution uc is calculated and added using an analytical
formula reported in Eq. 10 derived by Weber and Banaschek [18].

uc =
2Fm
πEb


ln


h

L
+

√
1 +

(
h

L

)2

− ν

(
h

L

)2


√

1 +

(
L

h

)2

− 1




 (10)

Where L is the semi-width of contact, depending on the magnitude of the force and the tooth surface radii of
curvature:

L =

√
4

π

(
1 − ν2

p

Ep
+

1 − ν2
g

Eg

)
ρpρg
ρp + ρg

Fm
b

(11)

In Eq. 10,11 Fm is the mesh force, b is the gear face width, E is the Young’s modulus of the gear, Ep,g and
νp,g are the Young’s modulus and Poisson’s ratio of pinion and gear and ρp,g are the radius of curvature of
pinion and gear at the examined contact point. It is worth noticing that the use of Eq. 10 combined with
Eq. 11 makes the the approach by Vedmar and Heriksson a non-linear method. As a matter of fact, the
semi-width of contact defined in Eq. 11 is a non-linear function of the mesh force. Consequently, the local
displacement in Eq. 10, depending on the semi-width of contact, is in turn a non-linear function of the mesh
force. In is worth noticing that the h thickness value, involved in both the FE models definition phase and in
the phase of introduction of the correct local displacement, has to be chosen in an accurate way. As a matter
of fact, the choice of an incorrect h value may lead to erroneous displacement fields and consequently to
inaccurate mesh stiffness results. A focus on this aspect will be presented in section 3.1.

A similar approach has been proposed in the work of Chang et al. [16]. The main difference with respect to
the first presented lays in the partial model. It is composed by the total tooth avoiding the need of determining
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the value of the h thickness. The non-linear local displacement is added by using Eq. 12. This analytical
formula for finite length line contact deformation based on point contact problem, has been derived by Ding
and Zhang [19] by using the Bousinesq theory.

uc =
Fm
πbE∗ ln

6.59b3E∗(ρp + ρg)

Fmρpρg
(12)

Where Fm is the mesh force, b is the face width, that for spur gear correspond to the length of the contact line,
ρp,g are the radii of curvature at the contact point for pinion and gear, E∗ = 1/[(1− ν2

p)/Ep+ (1− ν2
g )/Eg],

Ep,g are the Young’s modulus and νp,g are the Poisson’s ratios.

Although the hybrid method proposed by Chang et al. [16] foresees the use of Eq. 12 in order to introduce
the local displacement, other analytical hertzian solutions found in the literature or non-linear FE solution
could be considered instead. The introduction of the local displacement by means of different formulation
may lead to different results, therefore this choice may be very critical. The influence of the use of different
formulations for the non-linear displacement on the mesh stiffness will be discussed in Section 3.4. The
hertzian solutions taken into account in this study,in addition to Eq. 12, are reported in Eq. 13,14, taken from
ref.[20],[21] respectively.

uc =
2Fm
πbE∗ ln

(
πb2E∗

Fm

(
1

ρp
+

1

ρg

))
(13)

uc =
Fm
πbE∗

(
ln

(
πb3E∗(ρp + ρg)

2Fmρpρg

)
+ 1

)
(14)

In order to compute the local non-linear displacement using a non-linear FE analysis, a third FE model has
to be build up. This model consist of a tooth pair in contact. The surfaces not involved in the contact of both
the teeth are rigidly linked to the central node of the hub of the respective gear. A torque is imposed to the
pinion while the gear is fixed. This non-linear FE analysis enables an high refinement of the contact teeth
and a precise estimation of the local displacement, maintaining an acceptable computational time and a gain
in memory usage with respect to the non-linear FE analysis involving the full gears bodies.

In the following sections, the Chang et al. approach using Eq. 12,13,14 and non-linear FE local solutions to
determine the non-linear local displacements are all referred to as modified Vedmar approaches.

Eventually, for both Vedmar and modified Vedmar methods, the total displacement is determined by sum-
ming the three contributions specified previously, and the tooth stiffness is computed dividing the mesh force
by the total displacement, for each gear. The tooth pair stiffness constant is obtained by modelling the single
tooth constants as springs connected in series.

Finally, the mesh stiffness can be obtained from the tooth pair stiffness constant. For contact position located
in the single tooth pair contact zone on the contact path, the mesh stiffness has the same value of the tooth
pair stiffness. In case of contact position in the double tooth pair in contact zone, the mesh stiffness is
computed by modelling the two tooth pair as spring in parallel. These methods has been conceived for the
computation of the mesh stiffness in the single tooth pair contact condition. Regarding the definition of the
mesh stiffness in double tooth pair contact condition, the definition and usage of a load sharing model is
required. Consequently, the accuracy of the mesh stiffness in the latter case deeply depends on how the load
sharing phenomenon is modelled. Within this framework, in the double tooth pair in contact zone of the
contact path, when determining the tooth stiffness ki = Fm

utot
, it is necessary to taking into account that there

are two pair of tooth that are sharing the load Fm.

In the presented study, a static load sharing model has been used. As a matter of fact, the purpose of this work
is to highlight the critical aspects encountered in the analysed mesh stiffness calculation methods, rather than
to precisely compute the mesh stiffness for a specific gear pair. The load sharing model is present hereafter.
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u1 = u2 = utot

u1 = uc1p + uc1g + α1pF1 + α1gF1

u2 = uc2p + uc2g + α2pF1 + α2gF2

Fm = F1 + F2

(15)

In the above system of equations, u1,2 are the total displacements of the first and second engaged tooth
pair, obtained as the sum of local and global deformation of pinion and gear. As the model is kinematic
the deformations of the two engaged tooth pair are identical. In the second and third lines of the system
of equations, uc1,2p,g are the local non-linear displacements of the first and second tooth in engagement
for pinion and gear. They are obtained from Eq. 10 if using the Vedmar method and from the chosen
formula amongst Eq. 12-14 or the non-linear FE partial model results if using the modified Vedmar method.
Additionally, α1,2p,g are the compliance of first and second tooth in engagement for pinion and gear, obtained
from the linear displacement arising from the global and partial FE models. Finally, F1,2 are the mesh force
on the first and second engaged tooth pair; their sum must correspond to the total mesh force Fm.

The system is solved in order to find the actual load acting on the engaged tooth pairs. As the non-linear
local displacement is in turn a function of the load, the system must be solved in an iterative manner.

3 Deepening of the investigated methods

During the examination of the methods taken into account and presented in Section 2, some important and
critical topics which require further consideration have been found and highlighted. The aim of this section is
to deepen these key-aspects and to critically analyse the obtained mesh stiffness results, focusing the attention
also on the sensitivity of the considered methods for lightweight gear configurations. As a matter of fact,
lightweight gears, despite rarely studied in the literature, require specific considerations for the application of
mesh stiffness calculation methods. For this purpose, the gear pair with manufacturing parameters depicted
in Tab. 1 has been taken as reference. Furthermore, the same gear pair with lightweight gear body has been
considered. The lightening parameters are reported in Tab. 2. Figure 2 shows to gear pairs considered in our
study.

Figure 2: 3D drawing of the analysed gear pairs, full blank (a) and lightweight (b) gear configuration.

Regarding the non-linear FE and hybrid methods, which need FE analyses, the gear 3D drawing has been
modified, eliminating the gear teeth distant from the once involved in the mesh contact. The FE model
includes the gear bodies and six teeth for each gears. The purpose of this simplification is to reduce the
computational burden, particularly high in the case of non-linear analyses. It has been verified that this
simplification affect in a negligible manner the mesh stiffness results. The mesh specifications concerning
the methods that require the use of FE models, are reported hereafter.

The mesh used in all the analyses is a 3D tetrahedral mesh with ten nodes. The average element dimension
is 1.35 mm. For non-linear FE analyses it is recommended to refined the zone of the tooth involved in the
contact. In this study, the refined zone has been taken as rectangular portion of thickness 1 mm and length
equal to the gear face width, centred with the line of contact of the tooth pair for each contact position. Mesh
stiffness results have been investigated for five different torque levels applied to the pinion, i.e. 5 Nm, 10
Nm, 100 Nm, 200 Nm, 500 Nm.

DYNAMICS OF ROTATING MACHINERY 1409



Table 1: Gears Manufacturing parameters

pinion gear
Normal module mn(mm) 2.5
Pressure angle α (◦) 20
Number of teeth z 25 40
Face width b (mm) 9 9
Addendum coefficient haP ∗ 1 1
Dedendum coefficient hfP ∗ 1.25 1.25
Profile shift coefficient x 0.5791 0.6474
Tip alteration coefficient k -0.1264 -0.1264
Bore diameter do(mm) 20 20
Center distance aw(mm) 84.2
Contact ratio εα 1.2924
Young’s modulus E (GPa) 206.94
Poisson’s ratio ν 0.288

Table 2: Lightweight gear parameters

Hub diameter (mm) 29
Web thickness (mm) 2.5
Rim thickness (mm) 4.5
Holes number 7
Holes diameter (mm) 20
Holes position (from center) (mm) 29.81

In the following subsections, critical aspects pertaining to the analysed methods will be presented. The
discussion starts with a focus on the hybrid methods. In particular, the influence of the choice of the h
thickness value in the contest of the use of Vedmar method is reported. The investigation continues with an
in-depth analysis on the non-linear FE methods. In particular, the critical choice of the diameters at which
compute the gear body rotation in case of lightweight gear designs is discussed. Furthermore, an analysis
on the torque step size sensitivity in non-linear FE local slope approach is presented. In conclusion, the
mesh stiffness results obtained from the different methods have been compared in terms of accuracy and
computational time.

3.1 Sensitivity of the h thickness value in Vedmar method

A detailed analysis has been performed in order to evaluate the influence of the choice of the h thickness
of the partial model in Vedmar method. The h thickness values considered are depicted in Fig. 3 and
the corresponding values are reported in Tab. 3. The case referred to as htip represents the partial model
composed by a portion of the tooth obtained by translating the tooth profile to include the total thickness of
the tip. The other cases are obtained in the same way but including a portion of the tooth with thickness
equal to a fraction or a multiple of the htip. As mentioned in Section 2.3, the partial model has to include the
portion of the tooth involved in the contact deformation.

Simulations have been performed for a contact position at 65% of the mesh cycle from the beginning of the
contact path. The choice of the h value to be used to evaluate the non-linear displacement by means of Eq.
10 may be problematic in case of h thickness values which do not guarantee a constant thickness of the tooth
portion for all the contact positions. In these cases, it is recommended to take the thickness obtained as the
distance along the line of action from the the simulated contact point to the end of the obtained tooth portion.
This specific scenario applies to cases 2htip, 13/5htip and tooth thickness.
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Figure 3: Investigated cases of h thickness (pinion and gear from left to right), the corresponding value are
reported in the same order in Tab. 3.

Table 3: h thickness values

h pinion (mm) h gear (mm)
1/5 htip 0.28 0.32
2/5 htip 0.56 0.64
3/5 htip 0.84 0.97
4/5 htip 1.13 1.29
htip 1.41 1.61
2 htip 2.81 3.22
13/5 htip 3.66 4.18
tooth thickness 5.63 6.44

In order to determine the best choice for the h thickness value and assess its influence on the obtained
results, a dedicated study has been performed. Within this context, attention has been focused on Eq. 10
and 11 defining parameter uc with respect to h/L ratio and the applied load. Parameter L defined in Eq. 11
represents the semi-width of the line contact and it is in turn a function of the load. Figure 4b shows how the

Figure 4: Local non-linear displacement function trend (a) and h/L parameter variation with h thickness (b).

ratio h/L changes with respect to parameter h for different loads. Computation is extended from 0 to 5mm,
which are the values used in the simulations. We can observe that for the same h, the load growth implies
decreasing h/L values. Figure 4a displays the change of the non-linear displacement uc as a function of h/L
for different loads. The solid curves represent uc values obtained from h values in Tab. 3. On the other hand,
the dashed curves represent the mathematical trend of the uc, obtained using h values bigger than the whole
tooth thickness in order to highlight the trend of uc curves at high loads. As it may be noticed from Fig.
4, uc tends to an horizontal trend-line for small h/L values only for low load values. For example, torque
values of about 5-10 Nm induce uc constant for h/L bigger than 10 that correspond to h bigger than 0.5 mm.
This means that for low loads, the local non-linear displacement involves a small portion of the tooth. In
this case, the choice of h is not crucial for the determination of uc, because as it becomes rapidly constant
with h/L even a little h can well represent the phenomenon. On the other hand, for higher loads, the curves
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Figure 5: Mesh stiffness variation with load using different h values (a); pinion linear (b) and non-linear (c)
displacement variation with load using different h values.

of the non-linear local displacement have a marked slope for small h/L values and then they tend to become
constant. As h/L decreases as the load increases, for constant h, the choice of small h values determine
wrong local displacements. The thickness of the tooth involved in the local deformation increases with the
load, therefore for typical torque values in gears application (greater then 10 Nm), looking at these graphs,
it seems recommendable to use the whole tooth thickness in the FE analyses.

Figure 5c shows the non-linear local displacement of the pinion with the load for the analysed h. As just
explained, for a constant torque, uc increases with h and this is more pronounced if the load is high, because
small h cannot well represent the non-linear phenomenon. On the contrary, in Fig. 5b it is possible to observe
that the linear displacement increases with the decreasing of h. As a matter of fact the linear displacement
obtained using small h in the partial linear FE model, is unreliable because not all the incorrect linear local
displacement has been eliminated. The differences observed in the non-linear displacement obtained using
different h values do not impact the mesh stiffness curves significantly, from an engineering perspective. The
mesh stiffness decreases with the increment of h but a difference of about 0.8 % on average has been observed
if using the smallest or highest h value amongst those investigated. However, it is recommended to choose
a value for parameter h equal or higher than htip in order to accurately model the physical phenomenon. In
case of gears with highly sharp tooth, an h value bigger then htip is suggested, even though it implies a more
complicated post-processing phase.

3.2 Choice of the diameters in non-linear FE methods

The non-linear FE methods exposed in [12] foresee the calculation of the mesh stiffness by means of Eq.
1 and Eq. 3. Both these equations need the transmission error value qm in order to evaluate the mesh
stiffness. Within this context, ref. [12] prescribes to compute the transmission error by using the mean
rotational deflection of gear bodies. As explained in Section 2.1, the mean rotational deflections are derived
from the average absolute tangential deflections of points on the finite element model at a specified radius
around the gear. In ref. [12] it has been shown that the mesh stiffness is insensitive to the radius when the
absolute tangential deflections are averaged. It is worth noticing that the gears used in the analyses in [12]
are very massive compared to those used in our work. Table 4 shows transmission error and mesh stiffness
obtained from rotations at gear varying radii and pinion constant radius, for the full blank and lightweight
gear configurations. The smallest radius used for the gear is near to its hub while the largest radius is near
to the root of its teeth. For the full blank gear configuration, the choice of one amongst the considered radii
does not affect the result accuracy consistently. The results differ of about a 15 % using the smallest or the
largest radius. However, the choice of the gear diameter has a great influence on the mesh stiffness for the
lightweight gear configuration. The mesh stiffness obtained using the largest radius is 2.5 times the value

1412 PROCEEDINGS OF ISMA2020 AND USD2020



Table 4: Finite element calculation of transmission error and mesh stiffness calculated from rotations at gear
varying radii and pinion constant radius, for the full blank and lightweight gear configurations. The analysed
position is at 65 % from the beginning of the contact path and the applied torque is 200 Nm. The radius used
to calculate the rotation of the pinion is about 19.6 mm.

rg (mm) TE (mm) km (N/m)

Full blank gear
14.5 0.053 1.29e8
43.99 0.046 1.49e8

Lightweight gear
14.5 0.189 3.60e7
43.99 0.076 8.95e7

obtained using the smallest radius. As a matter of fact, the largest radius does not include the lightening
holes, which make the gear body more yielding. In conclusion, in lightweight gear analyses, if the radius,
where the rotations are calculated, does not include the lightening holes, the mesh stiffness results tends to
be overestimated.

3.3 Step size sensitivity in non-linear FE local slope approach

The local slope approach calculated by means of Eq. 3 reported in section 2.1, needs two non-linear FE
analyses of the gear pair system, one above and another below the nominal load. The torque levels are
computed respectively, adding and subtracting a torque step size (∆Tm), from the nominal torque. The
torque step size has a great influence on the goodness of mesh stiffness calculation, therefore it must be
chosen with particular attention to ensure an adequate convergence of the solution. In this study, a sensitivity

Figure 6: Mesh stiffness sensitivity at varying load step size in the local slope approach for full blank gear
case (a) and lightweight gear case (b). The nominal torque is 100 Nm.

analysis of the torque step size influence on the mesh stiffness results has been conducted for both full blank
and lightweight gear configuration. The investigated torque step sizes correspond to 0.5%, 1%, 5% and 10%
of the nominal torque.

Figures 6a,b show the mesh stiffness results obtained imposing a nominal torque of 100 Nm, for the full
blank and lightweight gear configurations, respectively. It has been observed that, for the gear pairs analysed
in this study, the method easily leads to numerical instability as the torque step size decreases. For the
full blank gear layout, it is possible to notice a spike of the mesh stiffness curve, in the first region of
transition from one tooth pair to two tooth pairs in contact. The mesh stiffness curve for the lightweight
gear configuration presents two instabilities in both the transition regions, from one tooth pair to two tooth
pairs in contact and vice versa. The increment of instability regions from full blank gear to lightweight gear
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design, may suggest that the spikes at small torque step size are related to the compliance of the system. In
the full blank gear case, the spike appears only in the first transition zone but with the removal of material
the spikes appear in both the transition zones. It is worth clarifying that the gear pair used for the analysis
in [12] was bigger, more massive and thicker than the gear pair used in this study and a good convergence
was obtained using a step size of 1% of the nominal torque. A poor convergence solution can be related
to numerical problem of the finite difference approximation at the base of the definition of the local slope
mesh stiffness (Eq. 3). These numerical problems are introduced by means of the rounding of gear rotation
FE results. It has been noticed that the numerical instability of the results and in particular the amplitude
of the spikes increases with the nominal torque. In order to avoid rounding issues and poor convergence of
the solution it is recommended to increase to torque step size in accord with the compliance of the system.
In this manner, the finite difference deviates a little from the theoretical derivative but the solution is stable.
Nevertheless, as shown in Fig. 6 the mesh stiffness curves obtained using different torque step sizes are all
similar except for the spikes.

3.4 Comparison of different methods results and computational time

In this subsection the examined mesh stiffness calculation methods will be compared in terms of results,
sensitivity for the analysis of lightweight gears and computational time. Figures 7, 8 show the mesh stiffness
results over one tooth mesh cycle for the examined torques, obtained respectively for the full blank gear
and the lightweight gear configurations. The vertical lines in Fig. 7,8 separate the tooth mesh cycle into
regions where one pair of teeth is in contact and two pairs of teeth are in contact. In the present study, these
boundaries are computed based on the gear pair contact ratio, equal to 1.29. The central region of all the
subplots represents the region where two pairs of teeth are in contact.

Figure 7: Results comparison for the full blank gear analysis case.

Results obtained from non-linear FE methods show an extension of the contact path region where two pairs
of teeth are in contact region, as the load increases. As a matter of fact, this region results enlarged over a
range of the mesh cycle that is larger than expected from the contact ratio of the gear pair. This phenomenon
is due to the fact that higher loads cause deformation of the teeth near to those in contact and a consequent
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premature tip contact in the case of non-modified gears profiles. The extension of the two pairs of teeth in
contact region is not valuable with the other methods. The local slope approach predicts higher stiffness
results than the average slope approach over the entire mesh cycle. Results present pronounced differences
when the number of gear tooth pairs in contact changes, otherwise the differences in the mesh stiffness
results are small. On the one hand, the average slope approach results (Fig. 7, 8 Non-linear FE method -
average slope case) are characterized by a gradual passage from low to high stiffness values. On the other
hand, local slope approach results (Fig. 7, 8 Non-linear FE method - local slope case) show a sharp jump in
stiffness. The average slope approach should be used in for static analysis while the local slope approach is
preferred for dynamic gear models [12]. The non-linear FE methods leads to highly accurate mesh stiffness

Figure 8: Results comparison for the lightweight gear analysis case.

results, for both full blank and lightweight gear configurations, although they are burdensome in term of
computational time. The computational time needed for the local slope approach is twice the time required
for the average slope approach, as the first imposes the resolution of two non-linear simulation to obtain
the mesh stiffness results for a contact position at certain load, as presented in Section 2.1. It has been
noticed that simulations for the lightweight gear configuration are more time consuming than those for the
full blank gear configuration. Within the context of the local slope approach, it has been remarked that the
lightweight gear configuration is more unstable due to its higher compliance with respect to the full blank
gear configuration.

Contrary to the non-linear FE methods, Kuang-Yang method is straightforward and it allows to obtain mesh
stiffness results in a short time. On the other hand, it does not consider the mesh stiffness variation with the
applied load nevertheless it returns mesh stiffness results that are very similar on average, to those obtained
from the non-linear methods for both the full blank and lightweight gear case.

Within the context of Vedmar method, it is possible to observe a good agreement of single tooth pair stiffness
results with those obtained by using the non-linear FE methods, for both the full blank and lightweight gear
case (Fig. 7,8 Vedmar method). On the other hand, the mesh stiffness in the two pairs of teeth in contact
region tends to be overestimated, in particular for the lightweight gear configuration. A more sophisticated
load sharing model is needed in order to overcome this limit and also to obtain the extension of the two pairs
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of teeth in contact region. In terms of computational time, this method is convenient as it needs only four
linear FE analysis for each contact position in a tooth mesh cycle, at one applied load to obtain as much load
cases as wished.

Concerning the modified Vedmar methods, the non-linear local displacement has been introduced using Eq.
12 for case a, Eq. 13 for case b, Eq. 14 for case c and the non-linear FE solution for case d. All modified
Vedmar methods, except the variant d, underestimate the mesh stiffness with respect to the original Vedmar
method. The use of different analytical solutions for the introduction of the local displacement, may deeply
influences the mesh stiffness results. As a matter of fact, results pertaining to variants a and c (Fig. 7, 8)
are almost identical, while those of case b are the 50 % on average of the just mentioned curves. Regarding
the computational time, the same considerations made for the original Vedmar method are also valid in
these cases. The variant d, that includes the local deformation by means of a non-linear FE analysis, leads
to results that are very similar to those obtained with the original Vedmar method. This means that the
analytical formula by Weber and Banaschek (Eq.10) predicts a very precise local displacement, in accord
with the non-linear FE solution, and that the h thickness value chosen for the Vedmar method is coherent.
Concerning the computational time, this method is in between the Vedmar method and the non-linear FE
methods. The higher computational time with respect to the Vedmar method is not justified because better
predictions in terms of local displacement have not been observed.

4 Concluding remarks

Different methods for mesh stiffness calculation in the context of spur gear pair have been investigated and
detailed analyses on their most critical aspects have been presented. Attention has been devoted to the
relevance of the choice of the h thickness in Vedmar method, i.e. the thickness of the tooth involved in
the local deformation. The analysis has demonstrated that, in order to represent the physical of the contact
phenomenon, the h value has to be chosen at least equal to the thickness at the tip of the tooth. In case of gears
with very sharp teeth, a thickness greater then the thickness at the tip of the tooth may be required. Regarding
the non-linear FE methods, it has been highlighted that the choice of the diameter at which calculate the
rotational deflection is extremely important in the context of lightweight gear cases. If the diameter does
not include the lightening holes, the mesh stiffness results, which depend on the rotational deflection, are
overestimated. Regarding the non-linear FE local slope approach it has been remarked that in case of both
thin full blank and lightweight gear cases a torque step size of about 10% has to be used in order to obtain
good convergence of the solutions. In terms of results, the non-linear FE methods are the most accurate but
also time demanding. The Vedmar method allows to obtain a very accurate single tooth pair stiffness, but
the mesh stiffness curve in the two pairs of teeth in contact zone is overestimated, particularly in the case of
lightweight gears, unless a sophisticated load sharing model is used. This fact is amplified for lightweight
gear configurations. The modified Vedmar methods, which introduce the local displacement by means of
an analytical formula, seems to underestimate the mesh stiffness results. Moreover the analytical formula to
compute the local displacement has to be chosen attentively. On the other hand, the modified Vedmar method
which introduces the local displacement by means of the solution of non-linear FE analyses, provides mesh
stiffness results that are very similar to those obtain using the original Vedmar method. Lastly the method
by Kuang and Yang, that is very simple and allows to obtain mesh stiffness results in a very short time,
returns results in good agreement on average with those of the non-linear FE method, for both full blank and
lightweight gear case.
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Abstract
Rotary drilling systems are subjected to harmful interactions between the drilling structure and the borehole,
leading to stick-slip oscillations that can decrease drilling efficiency and cause component failures. The aim
of this contribution is to apply a technique developed by the authors to design a control law and sensors
locations close to the drilling rig in order to suppress torsional vibrations. This technique is applied through
numerical simulations using a finite element model with a non-regularized dry friction function. A translated
modal form removing the rigid body modal displacement is developed to rewrite the original problem as a
stabilization problem, with the addition of an integral action that ensures robust regulation. Despite being
based on the linearized system, the proposed methodology indicates a good approximation for the global
stability of the nonlinear system, and also exhibits better performance and robustness over an industrial
controller.

1 Introduction

The conventional technique in oil and gas industry for opening a borehole in a rock formation is the rotary
drilling. This drilling system has complex dynamics and can present vibrations in multiple directions. Being
a flexible structure that has torsional and vertical movements, it is natural to expect that it will exhibit vibra-
tions in these directions. Furthermore, the drill string has a smaller diameter than the oil-well, which may
also allow lateral or bending vibrations. Other key components in the dynamics of a drill string are its contact
with the borehole and the cutting interaction between the drill bit and the rock formation. These interactions
can intensify vibrations, giving rise to phenomena such as bit-bouncing, stick-slip and whirling, which are
extreme examples of coupled vibrations dominated by axial, torsional and lateral motions, respectively [1].
Vibrations during drilling are a major cause of loss of efficiency and damage to drill string components. In-
deed, statistics indicate that up to 25% of the annual non-productive time is caused by shocks and vibrations
[2], and their presence can also increase drilling costs by up to 10% [3]. In the particular case of torsional
vibrations, experimental studies have shown that the bit rotation is almost always irregular and the stick-slip
phenomenon is present in nearly 50% of the drilling process [4].

Initially, the efforts employed to address the problems of drill string failures were directed towards material
strength rather than to evaluate the dynamic behavior of the structure. One of the first studies to investigate
the dynamic causes of drill string failures was carried out by [5], who presented measurements indicating
the occurrence of axial and torsional vibrations. However, it did not have significant influence on drill
string design, and it was only in the 1980s that causes of drill string vibrations were better understood [6].
Since then, several approaches have been proposed to model and control drill string torsional vibrations,
many of them relying on active vibration control techniques. For instance, soft torque [7] and torsional
rectification [8] techniques were developed specifically for the problem of drill string vibrations. Later,
general control techniques were also employed, such as LQR [9], feedback linearization [10], sliding mode
[11], backstepping and flatness approaches [12], PI control [13, 14], skewed-𝜇 DK iteration [15] and ℋ∞
control [16].
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Recently, the authors proposed some changes in the optimal static output feedback (OSOF) control [17]
involving the addition of sensors locations as optimization variables and a new way of dealing with the
dependence of optimal variables on system initial conditions. When applied to vibration control problems
in linear systems, this technique presented meaningful results, such as good performance using a reduced
number of sensors and low sensitivity to uncertainties and spillover. In this contribution, we propose the
application of this technique to suppress stick-slip oscillations in drilling systems. The continuous nature
of the structure and the non-smooth interaction between drill bit and rock formation are represented by a
finite element (FE) model and a non-regularized dry friction function. As required by the OSOF controller,
a translated modal form removing the rigid body modal displacement is developed to rewrite the original
problem as a stabilization problem. In order to perform a sensitivity analysis, the error integral is added as a
system state, yielding an integral action that ensures robust regulation. Although the control design is based
on the linearized system, numerical simulations considering the non-linear system in regions far from the
linearization point are carried out. Performance, control effort and sensitivity of the proposed controller are
evaluated and compared to a standard PI controller.

2 Drilling system description and model

From a dynamics perspective, the rotary drilling mechanism can be described as a composition of the hoisting
and rotating systems. In the rotating motion, a motor applies a torque 𝑇𝑡 to the rotary table, which has a large
rotary inertia 𝐽𝑡 to prevent sudden changes in drilling angular velocity. The torque is transmitted to the cutting
device, called drill bit, through the drill string, which is a slender and long structure of length 𝐿, composed
of several hollow drill pipes with inner 𝑅𝑖 and outer 𝑅𝑜 radii, shear modulus 𝐺 and mass density 𝜌. The
material is considered linear elastic with constant properties. At the bottom of the drill string there are the
drill collars, which are thick-walled, high-density pipes designed to prevent buckling, and also the stabilizers,
which help to keep the assembly centered in the hole. These elements constitute the lower part of the drill
string called bottom-hole-assembly (BHA), represented by a rigid body with rotary inertia 𝐽𝑏, subjected to
a reaction torque 𝑇𝑏 that is applied by the rock formation due to the drilling (rock cutting/crushing) process.
The numerical values of general properties of the considered drilling system were taken from [18], and are
given in Table 1. The hoisting system is responsible for controlling the vertical movement of the drill string
and the applied weight-on-bit (WOB). Assuming a quasi-static movement in axial direction, the normal
force 𝑁𝑏 can be approximated by the difference between the weight of the complete drilling assembly and
the vertical force in the top cable. The difference between these forces is the WOB, and is assumed constant.
A schematic representation of this system is depicted in Figure 1.

Table 1: Numerical values of the drilling system general parameters.

Drill string mass density (𝑘𝑔/𝑚3) 8010
Drill string shear modulus (𝐺𝑃𝑎) 79.6
Drill string length (𝑚) 3000
Drill string inner radius - 𝑅𝑖 (𝑚) 0.0543
Drill string outer radius - 𝑅𝑜 (𝑚) 0.0635
BHA effective rotary inertia (𝑘𝑔.𝑚2) 394
Driving table effective rotary inertia (𝑘𝑔.𝑚2) 500

The torque applied by the motor will be considered as a control input variable, which will be determined
later in the controller design. The reaction torque is modeled as frictional force using the Karnopp’s model
with an exponential decaying friction term, which was initially proposed by [19]. The torque expression is
given in Equation (1) and illustrated in Figure 2.

𝑇𝑏 =

⎧
⎨
⎩

𝑇, for |𝜔𝑏| ≤ 𝛿 and |𝑇 | ≤ 𝑎2𝑁𝑏,
𝑎2𝑁𝑏𝑠𝑔𝑛(𝑇 ), for |𝜔𝑏| ≤ 𝛿 and |𝑇 | > 𝑎2𝑁𝑏,[︀
𝑎1 + (𝑎2 − 𝑎1)𝑒

−𝛽|𝜔𝑏|
]︀
𝑁𝑏𝑠𝑔𝑛(𝜔𝑏), for |𝜔𝑏| > 𝛿

(1)
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Figure 1: Basic components of a rotary drilling system.
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Figure 2: Karnopp’s model with an exponential decaying friction term.

The values 𝑎1 and 𝑎2 are called dynamic and static friction coefficients, respectively, 𝛽 is a positive expo-
nential friction coefficient, 𝑇 is the torque transmitted by the drill string to the bit, 𝑁𝑏 is the normal force
applied to the bit and 𝜔𝑏 is the bit angular speed. The width of the region of stick phase is set to 𝛿 = 10−4.
The parameters for the dry friction model, 𝑎1 , 𝑎2 and 𝛽, were evaluated to well curve-fit the torque versus
drill-bit angular velocity function proposed in [18], and are given in Table 2 as a function of the WOB.

Table 2: Dry friction parameters for different values of WOB.

WOB (𝑘𝑁 ) 80 100 120 140 160
𝑎1 (𝑚) 0.037 0.032 0.029 0.026 0.025
𝑎2 (𝑚) 0.057 0.070 0.079 0.085 0.089

𝛽 (𝑠.𝑟𝑎𝑑−1) 0.082 0.093 0.097 0.098 0.099

To represent this system using a FE model, a regular mesh was constructed and refined until there was a
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negligible variation in the natural frequencies up until 6 Hz, which, by rounding up, implied in the use of
30 elements. In order to improve convergence, Hermite cubics were used as interpolation functions. To
reduce computational effort, a modal reduction was performed retaining only the thirteen modes that were
within the range of 6 Hz (including a rigid body mode). The approximate eigenfunctions were determined
in order to simplify sensors positioning in the implementation of the OSOF controller. These functions were
calculated as in the Rayleigh-Ritz method since, except for convergence and embedding properties of mass
and stiffness matrices, the FE method can be treated as a Rayleigh-Ritz method [20]. An additional modal
damping factor of 1% was added for each mode in order to represent the interaction between the drill string
and drilling mud and other dissipation sources. Using these assumptions, the system equations were written
using a state space representation:

ẋ = Ax + B𝑐𝑇𝑡 + B𝑟𝑇𝑏

x =

[︂
𝜂
�̇�

]︂
, A =

[︂
0 I

−Λ −D

]︂
, B𝑐 =

[︂
0
𝜑(0)

]︂
, B𝑟 =

[︂
0

−𝜑(𝐿)

]︂
(2)

in which 𝜂 ∈ R𝑛 is the vector of modal displacements, Λ ∈ R𝑛×𝑛 is a diagonal matrix of system eingen-
values or natural frequencies squared, D ∈ R𝑛×𝑛 is a diagonal matrix of damping and 𝜑 : R → R𝑛 is the
vector of approximated eigenfunctions.

Some transformations were applied to Equation (2) in order to make it suitable for the design of the OSOF
controller. First, as the rigid body displacement does not appear on the right side of Equation (2), it does not
affect system dynamics and can be eliminated. By doing this, we obtain:

ẋ′ = A′x′ + B′
𝑐𝑇𝑡 + B′

𝑟𝑇𝑏

ẋ′ = f(x′, 𝑇𝑡)
(3)

in which the apostrophe ′ is used to indicate that all components associated with the rigid body displacement
were removed from matrices and vectors; for example, the first element of the vector x and the first row
and column of the matrix A. Henceforth, this notation will be used for all variables that do not have the
component associated with the rigid body displacement. Then, we denote the configuration corresponding to
the drill string rotating at the desired angular velocity (𝜔𝑟𝑒𝑓 ) in terms of systems states as x′

𝑒𝑞 = [𝜂′𝑒𝑞 �̇�𝑒𝑞]
ᵀ.

The applied torque is decomposed into a feedforward constant component �̃�, inducing x′
𝑒𝑞, and a feedback

component 𝑢 to avoid oscillations, such that 𝑇𝑡 = �̃�+𝑢. The constant parameters 𝜂′𝑒𝑞 and �̃� can be obtained
from the equilibrium condition of Eq. (3), f(x′

𝑒𝑞, �̃�) = 0:

Λ′𝜂′𝑒𝑞 − 𝜑(0)�̃� + 𝜑(𝐿)𝑇𝑏(𝜔𝑟𝑒𝑓 ) = 0 (4)

Using these results and defining the change of coordinates

𝜉 =

[︂
𝜉𝑑
𝜉𝑣

]︂
=

[︂
𝜂′ − 𝜂′𝑒𝑞
�̇� − �̇�𝑒𝑞

]︂
= x′ − x′

𝑒𝑞, (5)

we get the following system of equations in which the point x′
𝑒𝑞 has been shifted to the origin:

𝜉 = A′𝜉 + B′
𝑐𝑢 + B′

𝑟 [𝑇𝑏 (𝜑ᵀ(𝐿)𝜉𝑣 + 𝜔𝑟𝑒𝑓 ) − 𝑇𝑏 (𝜔𝑟𝑒𝑓 )] (6)

Thus, the original problem of keeping the system rotating with constant angular speed and applied torque is
transformed into a stabilization problem in coordinate 𝜉. Examining Equation (4), we see that the constant
feedforward torque �̃� that induces the desired drilling operating condition is a function of the bit-rock in-
teraction model. The variables that characterize the bit-rock interaction are rarely known and are subject to
changes according to the rock formation lithology. Therefore, these uncertainties may yield a steady-state
error. To achieve a robust regulation, the Equation (6) is augmented with the integrator:

�̇� = 𝜑ᵀ(0)𝜉𝑣 = 𝜔𝑡 − 𝜔𝑟𝑒𝑓 (7)
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such that the augmented system is rewritten as:

�̇� = 𝜑ᵀ(0)𝜉𝑣
𝜉 = A′𝜉 + B′

𝑐𝑢 + B′
𝑟 [𝑇𝑏 (𝜑ᵀ(𝐿)𝜉𝑣 + 𝜔𝑟𝑒𝑓 ) − 𝑇𝑏 (𝜔𝑟𝑒𝑓 )]

(8)

The augmented system is represented by the state 𝜓 = [𝑒 𝜉]ᵀ. In the OSOF controller design, the state
𝑒 is feed back to the system, providing an integral action that regulates the error to zero in the presence of
parameters perturbations that do not destroy the stability of the closed loop system [21].

3 PI controller

One of the first control techniques to be employed in the rotary drilling process was the proportional-integral
control. This technique requires the simplest hardware of all the proposals mentioned in section 1 and uses
only surface measurements for feedback. The reference signal used for PI control in the drilling system is the
angular velocity of the rotary table, such that the expression of the control law in 𝜉 and physical coordinates
can be written as:

𝑢 = −𝑘𝑝𝜑
ᵀ(0)𝜉𝑣 − 𝑘𝑖

∫︁ 𝑡

0
𝜑ᵀ(0)𝜉𝑣 d𝜏 = 𝑘𝑝(𝜔𝑟𝑒𝑓 − 𝜔𝑡) + 𝑘𝑖

∫︁ 𝑡

0
(𝜔𝑟𝑒𝑓 − 𝜔𝑡) d𝜏 (9)

A successful application of the PI control has a substantial dependence on the choice of proportional (𝑘𝑝)
and integral (𝑘𝑖) gains. Many approaches can be used to determine the gains of a PI controller, such as
tuning techniques based on time and frequency responses, fuzzy logic, subspace identification methods, and
so forth [22]. In a previous work [13], a criterion given by the average deviation from the drill bit target
angular velocity was proposed to assess drilling performance, which is defined as

𝐽 =
1

∆𝑡

∫︁ Δ𝑡

0

|𝜔𝑏 − 𝜔𝑟𝑒𝑓 |
𝜔𝑟𝑒𝑓

d𝑡 (10)

In addition to evaluate the performance of the controlled system, this criterion will also be taken as a cost
function to determine the control gains of the PI controller. Naturally, the value of this cost function depends
on the system initial conditions and simulation time. For all simulations, the initial condition was established
as the entire system rotating undeformed at a constant speed of 70 rpm and a the simulation time was taken
as 100 s. Under these conditions, the criterion may indicate an appropriate control (usually for values of 𝐽
below 20-30%) or persistent stick-slip oscillations (usually for 𝐽 above 50%) [13].

4 OSOF controller

The optimal static output feedback controller (OSOF) is a technique based on the linear quadratic regulator
(LQR) formulation. Despite having some substantial frequency margins, such as infinite gain margin and at
least 60° phase margin, and reduced sensitivity, the LQR control has a disadvantage of requiring, in most
cases, measurement of all states for feedback. A common approach to solve this problem is to use linear
quadratic gaussian (LQG) control, which consists of using an observer to estimate unmeasured states. How-
ever, LQG control does not have guaranteed stability margins [23], and the loop transfer recovery procedures
are limited to minimum phase plants and tends to produce high gains [24]. The OSOF control, initially pro-
posed by [25], appears as a simple alternative that uses the quadratic cost function of LQR, but with the
constraint of using only measured signals for feedback. Briefly, the OSOF formulation can be described as
follows.

Given a linear dynamical system
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ẋ = Ax + Bu (11a)
y = Cx (11b)
u = −Ky (11c)

in which y describes the measured states, we seek a control law of the type (11c) such that the system (11a)
is stable and the following quadratic cost function is minimized

𝐽𝑄 =

∫︁ ∞

0
xᵀQx + uᵀRu d𝑡 (12)

The cost function (12) describes a trade-off between performance and control effort, which should be bal-
anced according to controlled system specifications by choosing the weighting matrices Q and R. Assuming
that (11a) is stabilizable using output feedback, the problem of minimizing (12) subject to the constraints
(11) can be rewritten in the more convenient form [26]

min
K

tr{Px0x
ᵀ
0} (13a)

subject to Aᵀ
𝑐P + PA𝑐 + Q + (KC)ᵀRKC = 0, (13b)

in which x0 is the vector of system initial conditions, tr is the trace operator and Ac is the closed loop state
matrix (A𝑐 = A−BKC). The constraint given in equation (13b) is a Lyapunov equation that has a unique
solution P for every A𝑐 that is Hurwitz. Therefore, for every control gain K that makes the closed-loop
system stable, equation (13b) can be solved to determine a matrix P that will be used to evaluate the cost
function (13a) for a given initial condition.

As shown in [25], a solution to the optimization problem (13) is an optimal gain dependent on system initial
conditions. In the same article, the authors suggested an approach to deal with this dependence, consisting
in optimizing the expected value of the cost function (13a) given a linearly independent set of initial states,
which was equivalent to assuming that the initial condition x0 is a random variable uniformly distributed on
the surface of a unit hyper-sphere. This approach was intended to provide a mathematical simplification, so
it was only necessary to replace matrix x0x

ᵀ
0 by the identity matrix in the optimization problem (13).

Recently, some contributions to the OSOF control have been proposed in [17]. Initially, aiming to apply the
OSOF control to distributed parameter systems, sensors locations were included as optimization variables in
order the improve the performance of the output feedback controller. Moreover, a new approach to deal with
the dependence on system initial conditions was suggested. Since any output controller has a performance
criterion below that of the full state feedback controller, it would be desirable that the values of the cost
functions for both controllers would be as closer as possible for any initial condition. Based on this statement,
the optimization problem (13) was replaced by

min
(K,𝛼)

max
x0

xᵀ
0P𝑜(K,𝛼)x0

xᵀ
0P𝑙x0

(14a)

subject to Aᵀ
𝑐P𝑜 + P𝑜A𝑐 + Q + (KC(𝛼))ᵀRKC(𝛼) = 0, (14b)

in which xᵀ
0P𝑜x0 is the cost function of the output feedback controller, xᵀ

0P𝑙x0 is the cost function of the
LQR controller and 𝛼 represents sensors locations. Simply put, this optimization attempts to find an output
feedback controller whose performance is closer as possible to the LQR controller for any initial condition.
Given the weighting matrices (Q,R), the matrix P𝑙 is a constant, and can be calculated by solving the
corresponding algebraic Riccati equation (ARE).

The problem given in equation (14) is potentially harder, since, a priori, it is necessary to solve two optimiza-
tion problems. However, using arguments analogous to those of finding natural frequencies using Rayleigh’s
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quotient [17], it can be shown that the problem of determining the initial condition that maximizes the ratio
given in Equation (14a) has an analytical solution. This initial condition is given by the largest eigenvalue
(𝜆𝑚) of the following generalized eigenvalue problem:

P𝑜v = 𝜆P𝑙v (15)

Using this result, the optimization (14) can be finally rewritten as

min
(K,𝛼)

𝜆𝑚(P𝑜,P𝑙) (16)

A schematic representation of OSOF controller design using a generic optimization algorithm is depicted in
Figure 3.

Process Start

Chose (  ,  ) to 
design a LQR 

controller. Solve the 
ARE for    

Generate (   ,   )

Is     Hurwitz?Solve eq. (14b) for        Solve eq. (16) 
for   

Optimization 
criterion 
satisfied?

Find the next pair 
(   ,   ) using the 

optimization 
algorithm

Process End

Yes No

Yes

No

Figure 3: Flowchart of the OSOF controller design.

The OSOF formulation is developed for stabilization problems in linear systems. As in equation (8) the
desired point of operation is already at the origin, the further step necessary to apply the OSOF control is the
linearization. Since the approximate eigenfunctions were also determined, the sensors could be positioned
anywhere in the drill string. However, since measurements along the whole drill string are available only in
the minority of oil-wells, the range of sensors placement is restricted to a region close to the platform. For
the example studied in this paper, it was considered two sensors whose signals could be processed in order
to obtain angular displacements and velocities. Due to the need for an integrator at the rotary table, one of
the sensors was fixed at this location (𝛼1 = 0) while the other could be positioned up to 10% of the total drill
string length. Under this assumptions, the output matrix C(𝛼) is expressed as

C(𝛼) =

⎡
⎣

1 0 0 0 0
0 𝜑′(𝛼1) 𝜑′(𝛼2) 0 0
0 0 0 𝜑(𝛼1) 𝜑(𝛼2)

⎤
⎦
ᵀ

(17)
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The first column of matrix Cᵀ represents the measure associated with the error (state 𝑒), the second is the
measure associated with the angular displacement without the rigid body component at position 𝛼1, the fifth
is the measure associated with angular velocity at position 𝛼2, and so forth. The error signal can be obtained
by integrating the deviation of the measured angular velocity from the target velocity, while the angular
displacement without rigid body mode can be acquired using a high-pass filter. Using this output matrix, the
OSOF control law is expressed as

𝑢 = −KC(𝛼)𝜓 (18)

5 Numerical simulations for the controlled drill string

For all simulations performed, it was considered as an initial condition the entire system rotating undeformed
at a constant speed of 70 rpm and a simulation time of 100 s. Although the WOB value is considered constant
throughout a simulation, different WOB values will be analyzed in order to investigate the effectiveness of
the controllers for different operating conditions. The values chosen for WOB are 80 and 120 kN, which
imply the use of the corresponding friction coefficients given in Table 2.

For each WOB value, the particle swarm optimization was used to find the PI control gains that optimized the
cost function (10). For the OSOF controller, a pair (Q, 𝑅) that produced a LQR control with satisfactory per-
formance and effort similar to that obtained for the PI control was determined. Then, the optimization (16) to
determine the positions and gains of the sensors was performed using the sequential quadratic programming
(SQP) method. The optimal values obtained for both controllers are shown in Table 3.

Table 3: Optimal gains and sensors locations for PI and OSOF controllers.

WOB Controller Gain Locations (m) 𝐽

80 kN
PI

𝑘𝑝 = 645.5
𝛼 = 0.0 4.11%

𝑘𝑖 = 177.2

OSOF K = [171.4 902.3 − 700.8 704.5 34.1]
𝛼1 = 0.0

3.82%
𝛼2 = 136.5

120 kN
PI

𝑘𝑝 = 633.4
𝛼 = 0.0 7.16%

𝑘𝑖 = 166.7

OSOF K = [63.1 1437.5 − 1211.1 643.3 60.2]
𝛼1 = 0.0

5.65%
𝛼2 = 218.8

From Figure 4 to Figure 6, the main results concerning performance and control effort using the optimal
gains given in Table 3 are depicted. The results obtained for the index 𝐽 are confirmed in the angular velocity
graphs, which show the system response with the OSOF controller converging to the target velocity with less
overshoot. Another major aspect of the result obtained is that the OSOF control performed better than the PI
with a quite similar control effort. It is also worth mentioning that even applying a higher torque, it would
not be possible to improve the performance of the PI controller, as the 𝐽 optimization did not considered any
constraints on control effort. In agreement with other studies in the literature [4, 13], it was also verified that
the case with higher WOB is harder to control, with longer periods of the stick phase.

Other important remarks can be made from the results obtained. First, when considering the index perfor-
mance 𝐽 , it is ascertained that the OSOF control had a better performance for both WOB values, despite its
formulation not being based on an optimization of 𝐽 . One could argue that if instead of using the OSOF
formulation, sensors locations and control gains were taken as variables for the optimization of 𝐽 , its value
would likely be even lower. However, there are some reasonable counterclaims to that proposal. The OSOF
control takes into account a trade-off between effort and performance, so that the index 𝐽 obtained could
be even lower if the weighting matrix 𝑅 was lower. The optimization of 𝐽 disregards this aspect, and to
reproduce this trade-off it would be necessary to add a constraint to the control effort. The evaluation of
the index 𝐽 also requires a simulation of the nonlinear and nonsmooth system, while to evaluate 𝜆𝑚 is only
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Figure 4: Bit and rotary table velocities using PI (left) and OSOF (right) controllers with WOB = 80 kN.
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Figure 5: Bit and rotary table velocities using PI (left) and OSOF (right) controllers with WOB = 120 kN.
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Figure 6: Applied torque using PI and OSOF controllers with WOB = 80 kN (left) and WOB = 120 kN.

necessary to solve an eigenvalue problem. To put into perspective, the entire process of finding an initial
guess such that A𝑐 matrix is Hurwitz and optimizing for this guess takes in average half a second. Under the
same hardware and software configurations, for some cases where stick-slip oscillations were observed, only
the evaluation of 𝐽 took around 15 seconds. If we take into account statistical analyses or optimizations, in
which several simulations are required, these values may become major issues. Another important factor to
be highlighted is that, despite being designed based on the linearized system, the OSOF control was able to
keep the nonlinear system stable even when the system’s trajectory went to regions far from the linearization
point. Indeed, for any simulated initial condition it was found that the closed-loop system with the OSOF
controller remained stable. For instance, the cases in which the drill string starts with null angular velocity
undeformed and with a deformation 𝜂′ = 𝜂′𝑒𝑞 are shown in Figure 7.

Since the model for bit-rock interaction is essentially empirical and it is also prone to changes due to, for
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Figure 7: Bit and rotary table velocities when the drill string starts with null angular velocity undeformed
(left) and with a deformation 𝜂′ = 𝜂′𝑒𝑞 (right).

example, bit wear and irregularities in the rock formation, the controllers designed must have low sensitivity
to changing conditions. To analyze sensitivity, we represent the possible variations in the bit-rock interaction
as uncertainties in static (𝑎1) and dynamic (𝑎2) friction coefficients. The set of possible values that these
uncertainties can assume will be represented as

𝒰𝑖 = {𝑐𝑖 ∈ R | (1 − 𝜖1)𝑎𝑖 ≤ 𝑐𝑖 ≤ (1 + 𝜖2)𝑎𝑖} , 𝑖 = 1, 2 (19)

If any statistical information on the distribution of uncertainties is available, for example, if there is a 95%
probability that each variable is within certain values, this information can be used to specify the upper and
lower bounds on the uncertainties set 𝒰𝑖. For simplicity, we set 𝜖1 = 𝜖2 = 𝜖 > 0.

An optimization using the particle swarm method was carried out to find the values of the friction coefficients
belonging to the uncertainties sets that provided the worst results in terms of the performance criterion 𝐽 .
Using several different control gains for the PI and OSOF controllers, it was found in all cases that the
condition that gives the worst performance was characterized by the largest difference between the static and
dynamic friction coefficients, i.e., 𝑐1 = (1 − 𝜖)𝑎1 and 𝑐2 = (1 + 𝜖)𝑎2. Therefore, only this condition was
considered, assuming that for any other value of the friction coefficients belonging to 𝒰𝑖 the system would
perform better in terms of criterion 𝐽 . It was also considered only the condition with WOB = 120 kN, which
represents the most severe case for the controllers.

The value of 𝜖 was increased until persistent stick-slip oscillations were observed for one of the controllers.
When 𝜖 reached the value 0.25, the index performance using the PI controller increased to 76.22%, indicating
the occurrence of stick-slip oscillations. For the OSOF controller, the performance criterion associated with
the same variation in friction coefficients (𝜖 = 0.25) was 26.25%. This result demonstrates remarkable prop-
erties of the proposed controller, which in addition to having a better performance with similar control effort,
still presents lower sensitivity to parameter variations. The time response and control effort corresponding
to this case are depicted in Figure 8 and Figure 9.

6 Conclusions

A novel strategy for the suppression of stick-slip oscillations in rotary drilling systems was developed. As
required by the strategy, the equations of motion were rewritten using a translated modal form without the
rigid body displacement, yielding a stabilization problem. The application of the proposed methodology
offered remarkable benefits over a standard controller: the design of the control strategy is based only on
the linearized system, saving computational time and effort; the controlled system had better performance
for different operating conditions and using a similar amount of control effort; the proposed controller had
better robustness properties with respect to uncertainties in the bit-rock interaction. Additionally, numerical
simulations indicated that the design of the proposed controller using the linearized system indicated a good
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Figure 8: Bit and rotary table velocities using PI (left) and OSOF (right) controllers with 𝜖 = 0.25.
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Figure 9: Applied torque using PI and OSOF controllers with 𝜖 = 0.25

approximation for the characterization of the global stability of the nonlinear system. Future works will be
directed to the robust design of the proposed controller considering different types of uncertainties.

Acknowledgements

This study was financed in part by the Coordenação de Aperfeiçoamento de Pessoal de Nı́vel Superior - Brasil
(CAPES) - Finance Code 001. Financial support of CNPq, through grants 574001/2008-5, 309193/2014-1
and 309001/2018-8, is also acknowledged.

References

[1] A. Ghasemloonia, D. G. Rideout, and S. D. Butt, “A review of drillstring vibration modeling and
suppression methods,” Journal of Petroleum Science and Engineering, vol. 131, pp. 150–164, 2015.

[2] G. J. Dong and P. Chen, “A review of the evaluation, control, and application technologies for drill
string vibrations and shocks in oil and gas well,” Shock and Vibration, 2016.

[3] S. Jardine, D. Malone, and M. Sheppard, “Putting a damper on drillings bad vibrations,” Oilfield Re-
view, vol. 6, no. 1, pp. 15–20, 1994.

[4] M. P. Dufeyte and H. Henneuse, “Detection and monitoring of the slip-stick motion: Field experi-
ments,” SPE/IADC Drilling Conference, p. 10, 1991.

DYNAMICS OF ROTATING MACHINERY 1429



[5] I. Finnie and J. Bailey, “An experimental study of drill-string vibration,” Journal of Engineering for
Industry, vol. 82, no. 2, pp. 129–135, 1960.

[6] J. D. Jansen, “Nonlinear dynamics of oilwell drillstrings,” Doctoral Thesis, 1993.

[7] G. W. Halsey, A. Kyllingstad, and A. Kylling, “Torque feedback used to cure slip-stick motion,” SPE
Annual Technical Conference and Exhibition, p. 6, 1988.

[8] R. W. Tucker and C. Wang, “On the effective control of torsional vibrations in drilling systems,” Journal
of Sound and Vibration, vol. 224, no. 1, pp. 101–122, 1999.

[9] A. P. Christoforou and A. S. Yigit, “Fully coupled vibrations of actively controlled drillstrings,” Journal
of Sound and Vibration, vol. 267, no. 5, pp. 1029–1045, 2003.

[10] F. Abdulgalil and H. Siguerdidjane, “Nonlinear control design for suppressing stick-slip oscillations
in oil well drillstrings,” in 2004 5th Asian Control Conference (IEEE Cat. No.04EX904), vol. 2, 2004,
Conference Proceedings, pp. 1276–1281.

[11] E. M. Navarro-Lopez and D. Cortes, “Sliding-mode control of a multi-dof oilwell drillstring with stick-
slip oscillations,” in 2007 American Control Conference, 2007, Conference Proceedings, pp. 3837–
3842.

[12] C. Sagert, F. Di Meglio, M. Krstic, and P. Rouchon, “Backstepping and flatness approaches for sta-
bilization of the stick-slip phenomenon for drilling,” IFAC Proceedings Volumes, vol. 46, no. 2, pp.
779–784, 2013.

[13] H. L. S. Monteiro and M. A. Trindade, “Performance analysis of proportional-integral feedback control
for the reduction of stick-slip-induced torsional vibrations in oil well drillstrings,” Journal of Sound and
Vibration, vol. 398, pp. 28–38, 2017.

[14] M. A. Trindade, “Robust evaluation of stability regions of oil-well drilling systems with uncertain bit-
rock nonlinear interaction,” Journal of Sound and Vibration, vol. 483, 2020.

[15] T. Vromen, C. Dai, N. v. d. Wouw, T. Oomen, P. Astrid, A. Doris, and H. Nijmeijer, “Mitigation of
torsional vibrations in drilling systems: A robust control approach,” IEEE Transactions on Control
Systems Technology, vol. 27, no. 1, pp. 249–265, 2019.

[16] A. F. A. Serrarens, M. J. G. van de Molengraft, J. J. Kok, and L. van den Steen, “H infinity control
for suppressing stick-slip in oil well drillstrings,” Ieee Control Systems Magazine, vol. 18, no. 2, pp.
19–30, 1998.

[17] H. J. Cruz Neto and M. A. Trindade, “On the noncollocated control of structures with optimal static
output feedback: Initial conditions dependence, sensors placement, and sensitivity analysis,” Structural
Control and Health Monitoring, vol. 26, no. 10, p. e2407, 2019.

[18] R. W. Tucker and C. Wang, “Torsional vibration control and cosserat dynamics of a drill-rig assembly,”
Meccanica, vol. 38, no. 1, pp. 143–159, 2003.

[19] E. M. Navarro-Lopez and R. Suarez, “Practical approach to modelling and controlling stick-slip oscil-
lations in oilwell drillstrings,” in Proceedings of the 2004 IEEE International Conference on Control
Applications, vol. 2, 2004, Conference Proceedings, pp. 1454–1460.

[20] L. Meirovitch, Principles and techniques of vibrations. Prentice Hall New Jersey, 1997, vol. 1.

[21] H. Khalil, Nonlinear Systems. Prentice Hall, 2002.

[22] M. A. Johnson and M. H. Moradi, PID control. Springer, 2005.

[23] J. C. Doyle, “Guaranteed margins for lqg regulators,” Ieee Transactions on Automatic Control, vol. 23,
no. 4, pp. 756–757, 1978.

1430 PROCEEDINGS OF ISMA2020 AND USD2020



[24] S. Skogestad and I. Postlethwaite, Multivariable feedback control : analysis and design, 2nd ed.
Chichester, England ; Hoboken, NJ: John Wiley, 2005.

[25] W. Levine and M. Athans, “On the determination of the optimal constant output feedback gains for
linear multivariable systems,” Automatic Control, IEEE Transactions on, vol. 15, no. 1, pp. 44–48,
1970.

[26] F. L. Lewis, D. Vrabie, and V. L. Syrmos, Optimal control. John Wiley & Sons, 2012.

DYNAMICS OF ROTATING MACHINERY 1431



1432 PROCEEDINGS OF ISMA2020 AND USD2020



Effect of normal load evolution on transient torsional
vibrations during clutch engagement
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Abstract
Different models of the evolving normal load in the clutch friction interface and their respective influence
on friction induced torsional driveline vibrations, during clutch engagement, are examined. This is done in
the context of driveline vibrations of heavy duty vehicles with combustion engines. In prior studies of clutch
synchronisation a lot of focus has been devoted to the characteristics of the coefficient of friction. A negative
gradient of the coefficient of friction, with respect to slipspeed, can lead to driveline instabilities, sometimes
referred to as clutch start-up judder. However, the way in which the normal load evolves, and consequently
how the friction torque builds up during synchronization, has been given less attention. This study compares
the influence of a linear evolution of the normal load to a quadratic evolution. It is shown that the slope of
the normal load at the beginning of synchronization is pivotal to the excitation of driveline vibrations, where
a decrease of the slope effectively reduces the self-excited vibrations.

1 Introduction

Automation in the heavy-duty vehicle industry is increasing. One example is clutch operation during gear-
shifts with Automated Manual Transmission gear boxes, AMT:s. Today it is often not the clutch pedal
operation by the driver that controls the quality of clutch engagement during a gear-shift. This task is instead
assigned to a automated control system. Since the driver can not influence the quality of the gear-shift
this can of course lead to frustration if the dynamic response during engagement is subpar. Consequently
the working environment for the driver becomes poor, both physically and psychologically. Clutch start-up
judder is a dynamic phenomenon during clutch engagement that is reportedly difficult to control. A better
understanding of the involved dynamics during gear-shifts is preferable to building increasingly complex
control algorithms.

Judder could be defined as a low frequency back-and-forth motion of the entire vehicle during synchro-
nization of the flywheel (engine) and clutch disc. This means that the torsional vibrations induced during
synchronization generates longitudinal vibrations of the vehicle. This is confirmed by Li et al. [1]. They
presented measurements of the connection between the angular velocity of the transmission input shaft and
the longitudinal acceleration measured at the seat rail of the vehicle, during synchronization. Oscillations of
the angular velocity generated oscillations of the longitudinal acceleration at the seat rail. Centea et al. [2, 3]
studied friction induced driveline vibrations of a light truck with a diesel engine, using a 7-dof model. They
conclude that self-excited vibrations is connected to a negative gradient of the coefficient of friction (COF)
with slip speed. A negative gradient of the COF with slip speed could potentially create instability of the
driveline vibration modes, this is often referred to as the ”negative damping effect”. The clamp load evolved
in accordance with the load-deflection relationship of the cushion springs. Crowther et al. [4] study the effect
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of negative COF gradients with slip speed on the synchronization process during a shift from second to third
gear. The actuation is instantaneous and consequently the friction torque is applied like a step-function. Yuan
and Wu [5] model the load-deflection relationships of a number of elastic components involved in clutch ac-
tuation. By also establishing their internal kinematic relations a very detailed model of the actuation process
is obtained. However, the influence of this detailed actuation model on the torsional dynamics of the driveline
is not investigated. Petrun et al. [6] have developed a surrounding system independent clutch friction model,
to be incorporated as a joint in a dynamic multi-body system. Surrounding system independence refers to
the input to the model, which is just velocities and displacements of the surrounding bodies. They base the
model on the elasto-plastic friction model by Dupont et al. [7]. Gkinis et al. [8] conduct measurements of
the COF and report that the negative gradient of the COF increased with decreasing bulk temperatures of the
clutch disc. A colder clutch disc therefore is more prone to judder. Bostwick and Szadkowski [9] use COF
measurements and conduct synchronization experiments. The COF showed a slip speed dependence, with a
negative slope close to zero relative velocity. Both friction induced vibrations and stick-slip oscillation are
observed during sychronization. With a 2 dof simulation model they are able to capture the behaviour during
synchronization in a satisfactory way. Although the influence of the COF has been extensively investigated
in the literature, the influence of the normal load has received little attention.

This study investigates how the evolution of the normal load influences friction induced vibrations in driv-
elines of heavy-duty vehicles. The angular acceleration at the wheel-center is used as an indicator of the
coupling between torsional and longitudinal vehicle vibrations, which are a characteristic feature of clutch
judder. The evolution of the normal load is closely related to the load-deflection characteristics of the cushion
springs. A linear load-deflection relationship is introduced as an extreme case of a cushion spring charac-
teristic. This is compared to a cushion spring having a quadratic load-deflection relationship. The existence
of a potential trade of between induced driveline vibrations and energy efficiency during engagement is also
examined. This is done through the assessment of dissipated energy during clutch slipping. The study is
carried out in the context of heavy-duty vehicles. This reflects on the resonance frequencies of the driveline,
which are lower than reported in aforementioned studies. It is suspected that the excitability of the lowest
driveline mode is much higher for heavy-duty vehicles than for lighter vehicle types.

2 Dry clutch system and normal load model

In this section a description of the clutch system and its relevant kinematics will be given. In this particular
case the description concerns a pull-type clutch, meaning that pressing the clutch pedal will generate a
pulling force on the release bearing. It is explained how the clamp load builds up during clutch engagement
in actual clutch systems. This section is followed by the introduction of the simplified models of the normal
load evolution that is the basis of this analysis. Lastly, a short summary of some modelling aspects which
are not included in this study is presented.

2.1 Description of the clutch system

Figure 1 shows the relevant components involved in the engagement of a dry friction clutch (pull-type clutch).
When the clutch system is open, a force pointing towards the left, is acting on the release bearing. As this
force gradually decreases, the release bearing, and consequently the pressure plate, starts to move towards
the right. The pressure plate and the flywheel gets in contact with the friction disc. The subsequent motion
of the pressure plate compresses the cushion springs, which are installed in between the friction pads of the
friction disc. This compression is what generates the clamp load. As the force acting on the release bearing
approaches zero the maximum clamp load is obtained.
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(a) (b)

Figure 1: Description of the longitudinell motion and the involved components during clutch actuation. (a)
Open clutch system. (b) Closed clutch system.

This study is based on the assumption that it is the compression of the cushion springs, with respect to
time, that determines the evolution of the normal load in the flywheel/clutch-disc interface and the pressure
plate/clutch-disc interface respectively. Figure 2 shows the load-deflection relationship of a cushion spring
used in production. The stiffness properties of this spring is reported by the manufacturer [10]. Comparing
the black dashed lines it is clear that the difference in stiffness between a stiff and a soft spring can be
significant. Especially the slope of the stiffness curve, when the compression is small, has a large variation.
These stiffness variations are the basis for the simplifications of the normal load evolution, introduced in this
study.
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Figure 2: Load-deflection relationship of a set of cushion springs used in production [10]. N0 denotes
maximum clamp load.

2.2 Normal load evolution

In the subsequent analysis a linear load-deflection relationship of the cushion spring will be compared with a
quadratic load-deflection relationship. The linear load-deflection relationship could be viewed as an extreme
case of the load-deflection relationships presented in Figure 2. Moreover, a perturbation will be introduced in
the quadratic evolution of the normal load. The purpose of this is to study the effect of potential fluctuations
in the overall smooth evolution of the normal load. One origin of these fluctuations could be a misalignment
in the clutch system or an unfavourable clutch pedal operation.

The linear load-deflection relationship is described by the following equation

N(t) =





N0
t
tlin

for t < tlin

N0 for t > tlin,
(1)
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where tlin is the clutch actuation time for the linear case, i.e the time it takes to obtain the maximum clamp
load. The quadratic load-deflection relationship is described by the following equation

N(t) =





N0
t2

t2quad
for t < tquad

N0 for t > tquad,

(2)

where tquad is the clutch actuation time for the quadratic case. The clutch actuation times, tlin and tquad,
could be tuned in order to obtain the same lock-up times. Lock-up refers to the situation when the clutch-disc
gets stuck between the flywheel and pressure plate due to the increasing normal load, something that occurs
before the maximum clamp load is evolved. Similar lock-up times could facilitate comparisons between the
different normal load models.

In the third case a small perturbation is introduced to the quadratic evolution of the normal load. The
perturbation is described by

N(0.5 ≤ t < 1) = N0

(
t2

t2quad
+ nscale

(
1 + cos

(
2π

T
(t− t0)

)))
, (3)

where T is the impulse period time, t0 is the time-shift and nscale is a scaling of the maximum clamp load,
N0. Outside the time-interval of the impulse the normal load evolves according to the the expression for the
quadratic evolution in equation (2). The normal load impulse acts from 0.5 s to 1 s and has a period time
of T = 0.5 s. The time shift is equal to t0 = 0.75 s and nscale = 0.005. These parameters are unaltered
throughout the analysis.

2.3 Limitations and preliminaries

As mentioned before, the main focus of this study are the friction induced vibrations during the sliding phase
of clutch engagement. Special focus is directed towards the evolution of the normal force and the connection
between torsional and longitudinal vibrations during vehicle launch. The coefficient of friction is primarily
assumed to be constant. Therefore, temperature dependence of the friction characteristics are not included
in the current study, even though it is potentially important.

Simulations with more detailed models showed that some aspects of the modelling could be disregarded
without any discernible effect on the results.

Engine torque oscillations turned out to have a negligible effect on the induced driveline vibrations prior
to clutch lock-up and consequently only a constant term, representing the mean torque, is included in the
analysis.

Simulations also showed that the relative motion between the clutch-disc and gear-box input-shaft was ex-
clusively located to the high stiffness region of the clutch damper. The predamper stiffness, therefore, could
be excluded from the model and consequently the clutch disc torsional stiffness becomes linear.

Moreover the Coulomb friction damping on the relative motion between clutch-disc and gear-box input shaft
has been excluded from the model. For a stable system this choice has no effect, since the clutch mode is not
excited by the evolving friction torque. For an unstable system, experiencing negative damping, the situation
is slightly different. With negative damping the synchronization process also induces clutch mode vibrations,
however these vibrations are not influencing the longitudinal vibrations of the vehicle during launch.
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3 Dynamic modelling of the driveline

3.1 Computational model

Simulations show that clutch engagement primarily generates vibrations corresponding to the resonance fre-
quency of the lowest driveline mode. Prior to clutch-lock-up the driveline is decoupled, and it is the lowest
driveline mode of the subsystem downstream from the clutch disc, that is being excited during synchroniza-
tion. For a heavy-duty truck, in gear one, with a mass of 40000 kg and a 0.55 m wheel radius, this frequency
is around 3 Hz. This has previously been reported in the literature in the case of light trucks with diesel
engines [3].

A detailed torsional driveline model was presented by Wramner [11, 12]. In the current study this model has
been reduced into a 4-dof model, keeping only the two lowest eigen-modes of the driveline: the drive-shaft
mode and the clutch mode. This reduced model is capable of representing the key features of the dynamic
response during synchronization. Table 1 shows how the reduced model compares to the full model in terms
of resonance frequencies, for open and closed clutch systems.

Table 1: Comparison of resonant frequencies of the two lowest vibration modes between the full driveline
and the reduced 4-dof model. The resonant frequencies reflects undamped vibrations in both cases.

Mode State Full model 4-dof model

Driveshaft mode Open 2.72 Hz 3.08 Hz
Closed 1.16 Hz 1.31 Hz

Clutch mode Open 60.1 Hz 61.9 Hz
Closed 37.0 Hz 38.0 Hz

Figure 3 shows the computational model of the reduced driveline. J1 represents the lumped inertia of the
engine, flywheel and pressure plate. J2 is the inertia of the clutch-disc. J3 is the lumped inertia of the gear-
box, propeller-shaft and differential. J4 represents the inertia of the wheels and vehicle. The contribution of
the vehicle to the rotational inertia is calculated with the following equation,

Tvehicle = mρ2θ̇wheels = Jvehicleθ̇wheels, (4)

where m is the vehicle mass and ρ is the rolling-radius. The relation between θ̇4 and θ̇wheels is roughly
θ̇4/θ̇wheels = 30 for a heavy-duty vehicle in gear 1. Te represents a constant engine torque and Tf is the
clutch friction torque. K23 is the linear stiffness of the coil springs between the clutch disc and gear-box
input shaft and H is the Coulomb friction damping of the clutch damper. K34 and C34 is the linear stiffness
and damping of the drive-shaft. A PI-controller is also included in the model. This controller keeps the
engine speed close to the desired value, Ω = 600 RPM. This means that during vehicle launch the engine
will remain close to idle speed at 600 RPM. This is equivalent to launching the truck without using the
throttle, something that is not uncommon. The controller is comprised of a spring-damper pair connected to
ground and an additional forcing term, KiΩt. The stiffness and damping of the spring damper pair is Ki and
Kp respectively. This refers to the proportional gain and integral gain of the PI-controller.
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Figure 3: Computational model of the clutch engagement process. The spring-damper system with stiffness,
Ki, and damping coefficient, Kp, together with an additional forcing term KiΩt, establishes a PI-controller.

3.2 Equations of motion

The equations of motion, EOM:s, are obtained by constructing free body diagrams from the computational
model in Figure 3:

J1θ̈1 +Kpθ̇1 +Kiθ1 = Te − Tf +KiΩt (5)

J2θ̈2 +K23∆θ23 +Hsign(∆θ̇23) = Tf (6)

J3θ̈3 −K23∆θ23 −Hsign(∆θ̇23) +K34∆θ34 + C34∆θ̇34 = 0 (7)

J4θ̈4 −K34∆θ34 − C34∆θ̇34 = 0 (8)

The relative displacement and velocity between friction disc and gearbox are denoted ∆θ23 = θ2 − θ3,
∆θ̇23 = θ̇2− θ̇3 and the relative velocity in the friction interface between flywheel/pressure plate and friction
disc is denoted ∆θ̇12 = θ̇1 − θ̇2. A spring or a dashpot connecting an inertia m and an inertia n is denoted
Kmn/Cmn.

Details on how the PI-controller is introduced could be found in [13]. As mentioned earlier, the angular
acceleration of the wheel/vehicle inertia will be used as an indicator of longitudinal vibrations of the truck
body. The angular acceleration is calculated according to

θ̈wheel =
K34∆θ34 + C34∆θ̇34

J4rgear
, (9)

where rgear is the gear-ratio between the engine and the wheels for gear 1.

3.2.1 Stability analysis connected to introduction of engine speed control

Before moving on, it could be relevant to look at how the introduction of the PI-controller effects the dy-
namics of the driveline. For Kp > 0 and Ki > 0 stability should not be effected. In this study the following
values where used:

1438 PROCEEDINGS OF ISMA2020 AND USD2020



Kp = 20 and Ki = 200.

If it is assumed at this stage that the friction torque, Tf , is not a function of the relative angular velocity of the
frictional interface, the linear dynamics of the computational model could be investigated by first expressing
the EOM:s in matrix form and then calculate the eigenvalues of the linear system matrix,

A =

[
0 I

−J−1K −J−1C

]
, (10)

disregarding the forcing terms and Coulomb damping. For an open clutch system, the 4-by-4 matrices

J =




J1 0 0 0

0 J2 0 0

0 0 J3 0

0 0 0 J4



, K =




Ki 0 0 0

0 K23 −K23 0

0 −K23 K23 +K34 −K34

0 0 −K34 K34



, C =




Kp 0 0 0

0 0 0 0

0 0 C34 −C34

0 0 −C34 C34




(11)

represent the inertia, stiffness and damping matrices respectively. The parameter values are found in Table
3. The 3-by-3 matrices

J =




J1 + J2 0 0

0 J3 0

0 0 J4


 , K =




Ki +K23 −K23 0

−K23 K23 +K34 −K34

0 −K34 K34


 , C =




Kp 0 0

0 C34 −C34

0 −C34 C34


 (12)

represent the inertia -, stiffness and damping matrices of the closed clutch system. After lock-up the relative
velocity between engine and clutch-disc are zero, θ̇1 = θ̇2, and consequently the number of dofs are reduced
by one.

The eigen-values for an open and closed clutch system are summarized in Table 2. The introduction of the
PI-controller has no effect on the vibration modes of the open clutch system, both damping and resonance
frequencies are unaltered. After lock-up the effect of the controller are in terms of increased linear damping.
A small increase in the drive-shaft mode resonance frequency is also obtained. However, the main focus
of this study is the sliding phase prior to lock-up and in this phase the influence of the controller on the
dynamics of the system is acceptable.

Table 2: Linear stability assessment of the clutch system, after introducing the PI-controller. All modes have
eigenvalues, λi, with negative real parts which implies stability.

Open system
Mode PI, open clutch No PI, open clutch

Re(λi) Im(λi)/2π Re(λi) Im(λi)/2π
PI mode -2.809 1.106 Hz 0 0
Driveshaft mode -0.0094 3.0835 Hz -0.0094 3.0835 Hz
Clutch mode -0.0046 61.9207 Hz -0.0046 61.9207 Hz

Closed system
Mode PI, closed clutch No PI, closed clutch

Re(λi) Im(λi)/2π Re(λi) Im(λi)/2π
PI mode -0.2323 0.4451 Hz 0 0 Hz
Driveshaft mode -2.1826 1.6037 Hz -0.0017 1.3118 Hz
Clutch mode -0.2581 37.9964 Hz -0.0123 37.9956 Hz
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3.3 Friction torque model

In this study the friction torque in the clutch interface is modelled according to the LuGre friction model.
Details on this model could be found in [14]. The LuGre model is a dynamic friction model, and using this
model requires solving a first order ODE, in parallell with the EOM:s, at each time-step of the numerical
simulations. The ODE represents the evolution of the surface deflection, z(t), of two bodies in contact.
These models are often referred to as single-state models [7]. If the normal load, N(t), is allowed to vary in
the range [0 N0] a slight modification of the model is needed, this modification was described by Petrun et
al. [6]. They introduced a friction function, fµ, and expressed the tangential friction force as

Ffric = fµ(z, ż,∆θ̇12)N(t). (13)

The normal load, N(t), is described in Section 2.2. The evolution of the surface deflection z(t) is described
by the following equation

ż = ∆θ̇12 − σ0
|∆θ̇12|
g(∆θ̇12)

z = ∆θ̇12 − h(∆θ̇12)z (14)

and the friction function, fµ, is expressed as

fµ(z, ż,∆θ̇12) = σ0z + σ1ż + σ2∆θ̇12 (15)

where ∆θ̇12 is the relative angular velocity between flywheel and clutch disc. For computational purposes
the friction function could be reformulated using equation (14). This results in

fµ(z, ż,∆θ̇12) = (σ1 + σ2)∆θ̇12 + (σ0 − σ1h(∆θ̇12))z. (16)

The function g(∆θ̇12) is called the Stribeck function, which describes the transition from kinetic to static
COF during sliding. A common choice for the Stribeck function is described by

g(∆θ̇12) = µC + (µs − µC) exp


−

∣∣∣∣∣
∆θ̇12
ωS

∣∣∣∣∣

2

. (17)

In this study it is assumed that µC = µs which means that the Stribeck function simplifies to

g = µC . (18)

With the establishment of the friction function, fµ, it is now possible to describe the friction torque acting
in the flywheel/clutch-disc interface. A common way is to assume that the normal pressure acting on the
mating surfaces is uniform. This is referred to as the uniform pressure criterion by Mashadi and Crolla [15].
Using this assumption the friction torque, Tf can be expressed according to the following equation

Tf = 2fµ(z, ż,∆θ̇12)N(t)Re where Re =
2

3

r3o − r3i
r2o − r2i

. (19)

The ’2’ in the equation for the friction torque, Tf , accounts for the number of friction surfaces, in this case the
flywheel-clutch disc interface and the pressure plate-clutch disc interface. Re is the pressure-based equivalent
radius [16]. The difference between Re and the mean radius of the clutch disc is not dramatic.
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3.3.1 Approximations during sliding for stability considerations

As mentioned before, it is previously known that a negative gradient of the COF with slip speed, could induce
unstable vibrations during velocity synchronization of two mating surfaces. This is sometimes referred to
as ’the negative damping effect’. In this study the slip speed is the difference in angular velocity between
engine/flywheel inertia and clutch-disc inertia, ∆θ̇12. Studying the stability, using linear stability theory, of
the system during sliding, requires some approximations with regard to the LuGre-friction model. While
sliding, the bristle deflection, z, is essentially constant, i.e , z = z0. Consequently the change in the bristle
deflection is zero, ż = 0. Using equation (14) and g = µC , a function, fµ,ss, referred to as the steady-state
friction function could be obtained [14]. In this particular case the steady- state friction function reads

fµ,ss = µC + σ2∆θ̇12. (20)

Due to the slip speed dependence of fµ,ss, the introduction of equation (20) into equation (19) will separate
the friction torque in two parts,

Tf,ss = 2ReµCN(t) + 2Reσ2∆θ̇12N(t). (21)

The second term of equation (20) could be viewed as a time-dependent viscous damping term and depending
on the sign of σ2 this term can be positive or negative. If the time-dependent damping coefficient is denoted
Cf(t

∗) = 2Reσ2N(t∗), where t∗ is time instant of evaluation, the linear damping matrix of the dynamic
system becomes

C(t∗) =




Kp + Cf(t
∗) −Cf(t

∗) 0 0
−Cf(t

∗) Cf(t
∗) 0 0

0 0 C34 −C34

0 0 −C34 C34


 . (22)

Using the inertia and stiffness matrices from equation (11), for the open clutch system and the modified
damping matrix, C(t∗), the stability of the system could be evaluated at different time-instants during clutch
engagement.

3.4 Assessment of energy dissipation during synchronization

So far the influence of the evolution of the normal load has only been addressed in relation to the induced
vibrations in the driveline. To further compare the different ways in which the normal load is applied,
an assessment of the dissipated energy during synchronization is carried out. Is there a possible trade off
between inducing driveline vibrations and overheating the clutch? The temperature of the clutch system will
not be assessed explicitly in this study. However, a computation of the energy dissipation during sliding
could serve as an indication of the size of the temperature rise, for the different normal load cases.

The dissipated energy is calculated numerically based on the following equation,

Ef =

∫
Tf∆θ̇12dt. (23)

In this equation ∆θ̇12 is the difference in angular velocity between flywheel and clutch-disc and Tf is the
friction torque defined by equation (19). If the EOM:S are solved with a variable step-size solver, the
solution vector needs to be interpolated, making the solution equidistant in time, prior to to the evaluation of
the dissipated energy, Ef . More details on the assessment of energy quantities could be found in [17].
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3.5 Parameter values

Numerical values of the parameters used in the simulations are found in Table 3.

Table 3: Parameter values used in simulations.

Description Parameter Value Unit
Driveline
Combined engine, flywheel and pressure plate inertia J1 3.56 kg·m2

Clutch disc inertia J2 0.2 kg·m2

Lumped inertia (gear-box input shaft→ driveshaft) J3 0.3908 kg·m2

Combined wheel and vehicle inertia J4 12.0751 kg·m2

Clutch disc coil spring stiffness K23 20000 Nm/rad
Driveshaft stiffness K34 212 Nm/rad
Driveshaft damping coefficient C34 0.0106 Nms/rad
Friction torque from clutch damper H 0 Nm
Controller
Proportional gain of PI-controller Kp 20 Nms/rad
Integral gain of PI-controller Ki 200 Nm/rad
Engine
Engine mean torque Tm 1000 Nm
Engine reference velocity Ω 600 RPM
Friction torque
Normal load N0 30000 N
Effective radius Re 0.18 m
Coulomb friction coefficient µC 0.3 -
Static friction coefficient µs 0.3 -
Contact stiffness σ0 700 -
Contact damping σ1 50 s
Viscous friction parameter σ2 0 or -0.0018 s
Gear ratios
Ratio between engine and wheel angular velocity rgear 30.7395 -

4 Results and Discussion

4.1 Numerical integration

The equations of motion, equation (5 - 8), and the evolution of the bristle deflection, equation (14), are
solved in the time-domain using the MATLAB solver ode23tb with relative - and absolute tolerance set
to 10−8 [18]. This particular solver is suitable for stiff problems. The system in this study becomes stiff
after clutch lock-up, and it is of great importance that the solution strategy takes this into account. Small
error tolerances is also recommended in order to correctly describe the behavior of the system during clutch
lock-up. Comparisons are made with two other MATLAB solvers suitable for stiff problems, ode15s
and ode23s. Each one of these solvers produces comparable results. The ode23s-solver is more time
consuming and is not recommended in this case. More information on solution strategies for stiff ODE:s and
the concept of stiffness can be found in [19].
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4.2 Results

4.2.1 Stable system, constant COF

In this section the effect of the normal load evolution on the clutch engagement dynamics is presented.
The COF is constant and consequently the system is stable. Figure 4(a) shows the flywheel/clutch-disc
synchronization process. The red solid curve represents the angular velocity of the clutch-disc (’Cd’) in case
of a linearly evolving normal load in the friction interface. The red dashed curve is the flywheel (’Fw’)
angular velocity. Similarly, the black solid line shows the angular velocity of the clutch-disc in case of a
quadratically evolving normal load and the dashed black line is the flywheel velocity.

If the normal load is applied linearly, the lowest vibration mode of the decoupled driveline is excited. This is
the driveshaft mode with an approximate frequency of 3 Hz. Applying the normal load in a more progressive
manner (in this case quadratically) does not have this adverse effect. At this point it could be worth noting
that this is not an instability effect. The system is stable and the COF is constant, fµ,ss = µC, since σ2 = 0.
In order to achieve a similar lock-up time the actuation times were tuned. The following actuation times
were used during the simulations, for the linear and quadratic case respectively,

tlin = 8.5 s and tquad = 3.6 s.

Figure 4(b) shows the angular acceleration of the wheel/vehicle inertia. By comparing Figure 4(a) and
Figure 4(b) a connection between the clutch-disc velocity and the angular acceleration of the wheel/vehicle
inertia can be established. Equation (9) is used to calculate the acceleration. The angular acceleration of the
wheel/vehicle inertia might serve as an indication of longitudinal vibrations of the entire truck, something
that is a hallmark of clutch start-up judder. This shows that clutch-judder potentially could arise even for
a constant COF, given unfavourable stiffness characteristics of the cushion-springs. Some insight can be
gained from Figure 5(a). This graph shows how the normal load evolves during synchronization and the
circles indicate at what value of the normal load clutch lock-up is achieved. No more than a third of the
maximum clamp load, N0, is utilized before synchronization. One main difference between linear and
quadratic evolution is the slope of the normal load at the beginning of engagement. In order to avoid the
excitation of driveshaft mode vibrations, and obtain a smooth engagement, it seems to be key to use cushion
springs with a minimal slope at small compressions and a strong progressivity.
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Figure 4: Clutch engagement simulation for σ2 = 0: stable system. (a) shows the synchronization of
flywheel and clutch-disc. ’Fw’ and ’Cd’ is short for flywheel and clutch-disc respectively. (b) shows the
angular acceleration of the wheel/vehicle inertia (J4)
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Another question that was raised earlier was whether there might exist a trade of between the excitation
of driveline vibrations during clutch engagement and energy efficiency. Figure 5(b) shows that the energy
dissipation during sliding is larger for the linear evolution of the normal load, if the lock-up time is similar.
The quadratic evolution of the normal load is clearly preferable, both with respect to the energy efficiency
aspect as well as the friction induced vibrations.
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Figure 5: (a) Evolution of the normal load, N(t). The maximum clamp load is N0 = 30000 N. Less than a
third of this is utilized. (b) Energy dissipation in the slipping clutch.

4.2.2 Unstable system, negative gradient of COF with slip speed

In this section the effect of the normal load evolution on the clutch engagement dynamics of an unstable
system is presented. The instability is due to a negative gradient of the COF with slip speed. Linear and
quadratic evolution of the normal load is compared. Figure 6(a,b) show the same synchronization process as
in Figure 4 but with the introduction of a negative gradient of the COF with slip speed. The gradient in this
case is σ2 = −0.0018. Clutch actuation times were unaltered. The system quickly becomes unstable, see
equation (22), and the ’negative damping’ increases with the increasing normal load. If the normal load is
applied linearly unstable vibrations are induced both in terms of clutch-disc velocity and angular acceleration
of the wheel/vehicle inertia. Figure 6(a) shows excitation of both drive-shaft mode (3 Hz) and clutch mode
(62 Hz). Introduction of the clutch damper in the model effectively dampens the clutch mode as mentioned
in Section 2.3. The clutch mode is not visible in Figure 6(b). For the quadratic evolution of the normal
load the driveline behaviour is similar to that of the constant COF. This might seem strange, should not the
’negative damping’ cause instability also in this case?
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Figure 6: Clutch engagement simulation for σ2 = −0.0018: unstable system. (a) shows the synchronization
of flywheel and clutch-disc. (b) shows the angular acceleration of the wheel/vehicle inertia (J4)
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Table 4 shows the real part of the eigenvalues of both the clutch-mode, Re(λclutch), and the driveshaft mode,
Re(λdriveshaft). The eigenvalues are evaluated at different times as the normal load increases. Both modes
are unstable from t∗ = 0.1 s and onward, for both linear and quadratic evolution.

Table 4: Linear stability assessment of the open clutch system with negative damping (σ2 = -0.0018 [s]).
Stability evaluated at different times, t∗, during synchronization.

Time of evaluation Re (λclutch) Re (λdriveshaft)
t∗ [s] Linear Quadratic Linear Quadratic
0.1 s 0.3727 0.0201 0.1763 0.0028
1 s 3.7677 2.4697 1.8653 1.2159
2 s 7.5371 9.8844 3.7738 4.9783

In case of the quadratically evolving normal load, this led to the suspicion that it should be possible to excite
the driveshaft mode, through a disturbance, even for a constant COF and that the system should experience
unstable vibrations in the case of ’negative damping’.

4.2.3 Unstable system, perturbed normal load

In order to test the sensitivity of the driveline to disturbances in the evolving normal load during clutch
engagement, a small perturbation was added to the quadratically evolving normal load. Figure 7(a) shows the
evolution of the normal load, both perturbed and unperturbed. Figure 7(b) shows the shape and magnitude of
the added perturbation, equation (3) gives the mathematical description. There is no physical background to
the choice of parameter values describing the perturbation. The idea was just to add a fairly small disturbance
and see if the effect could still be significant.
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Figure 7: (a) Evolution of the normal load,N(t). The perturbation is noticeable around 0.75 s. (b) The shape
and magnitude of the added perturbation.

Figure 8(a,b) shows that a small disturbance in the normal load evolution is capable of exciting the drive-
shaft vibration mode, during synchronization. In this case the system is unstable, σ2 = −0.0018, and the
oscillations are growing in magnitude, but the drive-shaft mode was excited also in the case of a constant
COF (σ2 = 0).

It seems that friction induced vibrations, during clutch engagement, could be avoided if the normal load
evolves progressively, with a small slope at t = 0. However, the driveline system seems inherently sensitive
to disturbances in the normal load evolution, even if stable.
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Figure 8: Clutch engagement simulation for σ2 = −0.0018: unstable system. (a) shows the synchronization
of flywheel and clutch-disc. (b) shows the angular acceleration of the wheel/vehicle inertia (J4)

4.3 Conclusions

This study shows that a progressive evolution of the normal load during clutch engagement is preferable,
both with respect to the energy efficiency aspect as well as the friction induced vibrations. It is shown
that the slope of the evolving normal load at the beginning of engagement largely influence the excitation
of friction induced vibrations of the clutch disc. Reducing the slope effectively avoided the induction of
torsional vibrations. The correlation between large slope and high-amplitude torsional vibrations is observed
even for a stable system.

Introducing a perturbation in the evolution of the normal load showed a sensitivty of the driveline to external
disturbances. The drive-shaft mode of the system is easily excited. This indicates that thoroughness during
assembly is needed and that imperfections from manufacturing are kept to a minimum in order to avoid
excitation of the drive-shaft mode. It is shown that if external disturbances could be avoided altogether it
is possible to obtain a smooth engagement even for an unstable system. This shows the importance of the
load-deflection relationship of the cushion springs and their interaction with the motion of the pressure-plate,
during clutch engagements.
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Abstract 
Among the bearing and/or gear fault detection methods used, the measurement of instantaneous angular 

speed has proven to be a reliable tool, the potential of which have not yet been fully investigated. The sensor 

used to obtain this signal is most often an incremental encoder which, due to its design, is subjected to a 

geometric error that can more or less mask the useful content of the signal. The purpose of this paper is to 

present a method for qualifying the geometric error of incremental encoders by means of accelerometers 

positioned in the tangential direction. The accelerometers are free of geometric errors and therefore 

constitute a reference for the evaluation of the geometric error of other sensors, allowing to compare 

different types of sensors. Moreover, the separation of the torsional and transverse components of the 

accelerometer signal leads to the evaluation of the impact of transverse vibrations on the signal delivered by 

the encoder, and therefore on the instantaneous measured speed of rotation. Finally, the paper suggest that 

tangential accelerometers may be used rather than incremental encoders in the context of fault detection.  

1 Introduction 

Gear and bearing faults are a major cause of wear in rotating machines, and their early detection is an 

important issue in the world of mechanical monitoring. Indeed, they are the first signs of failures that may 

occur shortly after their initiation. Among the popular detection methods, the measurement of instantaneous 

rotational speed is a powerful tool 000 because it is not affected by the transfer function of the bearing seen 

by the accelerometer 0, more accurate than particle detection (not very useful in the case of gears), and often 

available on motors or gearboxes.  

However, apart from the problems of installation of the sensor (size, environment), the elapsed time 

measurement method commonly used, is marred by several uncertainties:  

 low pass filtering linked to the implicit timing of the acquisition card 0(acquisition side) 

 aliasing due to the absence of filter 0 (acquisition side) 

 geometric error 0 0(sensor side) 

 broadband error 0(sensor side) 

 dynamic response of the shaft line 0(sensor side) 

This paper focuses only on the sensor part although it is closely related to the acquisition method, and in 

particular to the geometric error which is the most penalizing bias from a sensor point of view, especially 

for zebra stripes or phonic wheels. This is even more problematic as it impacts all the phenomena occurring 
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on the integer orders. It can be corrected in different ways (self-correction 0, correction matrix 0, correction 

using another signal), to the detriment of the physical phenomena contained in the integer orders (unbalance, 

alignment, etc.). 

This paper proposes a new correction method based on accelerometers. To do this, a shaft is equipped with 

two accelerometers diametrically opposed, and to transmit the signals via telemetry. In contrast to elapsed 

time acquisition method, accelerometer signals recorded at a fixed sampling rate have the advantage of 

being free of aliasing - assuming that the acquisition card is fitted with a filter - and of being insensitive to 

geometric error. On the other hand, there are other uncertainties in the measurement process:  

 radial position and actual phase shift between the two sensors 

 sensitivity deviation  

 mounting 0 

 noise from telemetry transmission 

The dynamic response of the shaft may also impact the measurement, although it does not constitute an 

uncertainty per se.  

To begin, a simplified vibration model of the rotating shaft is proposed in section 2. It allows to validate the 

interest of using diametrically opposed accelerometers to separate the angular and transverse acceleration 

components. The processing of the speed and acceleration signals, in particular the method of extracting the 

torsional and transverse components and the encoder’s geometric error correction is presented in section 3. 

Experimental results are presented in chapter 4, with a spectral analysis of the data. The focus is on three 

points: the analysis of integer orders, the analysis of non-integer orders, and the identification of the 

structural response. Finally, the usefulness of measuring tangential accelerations to correct geometric error, 

as well as the influence of transverse vibrations on incremental encoders are discussed in Chapter 5. 

2 Vibration model 

2.1 General concept 

The basic idea is to instrument a shaft using both incremental encoders and tangential accelerometers, in 

order to combine the advantages of both sensor technologies. Indeed, the encoder gives access to an accurate 

speed measurement, but is subject to certain biases due to the acquisition method and its geometric error. In 

contrast, accelerometers are free of geometric error, but require a telemetry and do not allow acquisition 

directly in the angular domain. It is also well established that these signals are both sensitive to transverse 

and torsional vibrations. 

The principle of tangential acceleration measurement with two sensors is illustrated on Figure 1; as the shaft 

rotates, sensors 𝛾1 and 𝛾2 measure both a torsional and a transverse component. Due to their positioning, 

the signals are 180° out of phase and opposite each other. The subtraction of the two signals corresponds to 

the transverse part of the signal, while their addition corresponds to the torsional component, i.e. angular 

acceleration. In the case of a perfectly stable speed, the latter is free of dynamic components.  

From a kinematic point of view, the accelerometers are in a rotating coordinate system, while the encoders 

are in a fixed one. This is an important factor in the analysis of both types of signals.  
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Figure 1: tangential acceleration measurement principle 

2.2 Model  

The vibration model of a shaft rotating in the plane is shown in Figure 2. The global Cartesian coordinate 

system {𝑂, �⃗�, �⃗�} is centred on the equilibrium point of the stationary shaft neutral fibre. Two polar coordinate 

systems {𝑂, 𝑒𝑟⃗⃗ ⃗⃗ , 𝑒𝜓⃗⃗ ⃗⃗ ⃗} and {𝐶(𝑡), 𝑒𝜌⃗⃗ ⃗⃗ , 𝑒𝜃⃗⃗⃗⃗⃗} are introduced. The first one is used to locate the position of C(t) with 

respect to the global coordinate system, while the second locates the position of the accelerometer in the 

rotating system. 

The shaft rotation speed is �̇�, or Ω ⋅ �⃗⃗�, �⃗⃗� being the axis of rotation. Transverse vibrations are characterized 

by the acceleration of the centre of the shaft C(t) with respect to the fixed coordinate system R0. 

In order to obtain these two quantities from the accelerometers, the acceleration of the measuring point M 

with respect to R0 must be expressed. Remember that accelerometers only measure in the direction 𝑒𝜃, 

meaning that the quantity od interest is 𝐴(𝑀/𝑅0
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ) ⋅ 𝑒𝜃⃗⃗⃗⃗⃗. Using the composition of the speeds, 

 
𝑑2𝑂𝑀⃗⃗⃗⃗⃗⃗⃗⃗

𝑑𝑡2 =
𝑑2(𝑂𝐶⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ +𝐶𝑀⃗⃗⃗⃗ ⃗⃗ ⃗)

𝑑𝑡2    (1) 

with 𝑂𝐶⃗⃗⃗⃗ ⃗⃗ = 𝑟 ⋅  𝑒𝑟⃗⃗ ⃗⃗  and 𝐶𝑀⃗⃗⃗⃗ ⃗⃗⃗ = 𝜌 ⋅ 𝑒𝜌⃗⃗ ⃗⃗  .  

After formatting: 

 
𝑑2𝑂𝑀⃗⃗⃗⃗⃗⃗⃗⃗

𝑑𝑡2 =𝑒𝑟⃗⃗⃗⃗⃗,𝑒𝜓⃗⃗ ⃗⃗ ⃗⃗ |
�̈� − 𝑟𝜓²̇

2�̇��̇�
+  𝑒𝜌⃗⃗ ⃗⃗ ⃗,𝑒𝜃⃗⃗ ⃗⃗ ⃗ |

− 𝜌 𝜃²̇

𝜌 �̈� 
  (2) 

which, projected in (𝑒𝜌⃗⃗ ⃗⃗ , 𝑒𝜃⃗⃗⃗⃗⃗), leads to 

 
𝑑2𝑂𝑀⃗⃗⃗⃗⃗⃗⃗⃗

𝑑𝑡2 =𝑒𝜌⃗⃗ ⃗⃗ ⃗,𝑒𝜃 ⃗⃗ ⃗⃗ ⃗⃗ |
−𝜌 𝜃2̇ + (�̈� − 𝑟 �̇�2) cos(𝜓 − 𝜃) + 2 �̇��̇� sin(𝜃 + 𝜓)

𝜌 �̈� + (�̈� − 𝑟 �̇�2) sin(𝜓 − 𝜃) + 2 �̇��̇� cos(𝜃 + 𝜓)
  (3) 

 

Let 𝑀1 (𝜌, 𝜃) and 𝑀2 (𝜌, 𝜃 + 𝜋) be the positions of two tangential accelerometers. The acceleration 

measured by each of these sensors is: 

 𝛾1 = 𝐴(𝑀1 /𝑅0)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗. 𝑒𝜃⃗⃗⃗⃗⃗ =   𝜌 �̈� + (�̈� − 𝑟 �̇�2) sin(𝜓 − 𝜃) + 2 �̇��̇� cos(𝜃 + 𝜓)  (4) 

 𝛾2 = 𝐴(𝑀2 /𝑅0)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗. 𝑒𝜃⃗⃗⃗⃗⃗ =   𝜌 �̈� − (�̈� − 𝑟 �̇�2) sin(𝜓 − 𝜃) − 2 �̇��̇� cos(𝜃 + 𝜓)  (5) 

By summing or subtracting the signals from the two sensors, it comes: 

 𝛾1 + 𝛾2 =  2𝜌 �̈�  (6) 

𝜸𝟏 𝜸𝟐 

𝜸𝟏 − 𝜸𝟐 

𝜸𝟐 𝜸𝟐 𝜸𝟏 𝜸𝟏 

𝜸𝟏 + 𝜸𝟐 

DYNAMICS OF ROTATING MACHINERY 1451



 𝛾1 −  𝛾2 = 2(�̈� − 𝑟 �̇�2) sin(𝜓 − 𝜃) + 4 �̇��̇� cos(𝜃 + 𝜓)  (7) 

Equation (6) validates what is shown experimentally on Figure 1: the sum of the two accelerometer signals 

only accounts for the angular acceleration of the shaft.  

In order to analyse equation (7), the acceleration of C(t) with respect to R0 is expressed as: 

 𝐴(𝐶 /𝑅0)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ =𝑒𝑟⃗⃗⃗⃗⃗,𝑒𝜓⃗⃗ ⃗⃗ ⃗⃗ |
�̈� − 𝑟𝜓²̇

2�̇��̇�
=𝑒𝜌⃗⃗ ⃗⃗ ⃗,𝑒𝜃⃗⃗ ⃗⃗ ⃗ |

(�̈� − 𝑟 �̇�2) cos(𝜓 − 𝜃) + 2 �̇��̇� sin(𝜃 − 𝜓)

(�̈� − 𝑟 �̇�2) sin(𝜓 − 𝜃) + 2 �̇��̇� cos(𝜃 + 𝜓)
   (8) 

projecting on the axis 𝑒𝜃⃗⃗⃗⃗⃗,  

 𝐴(𝐶 /𝑅0)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ . 𝑒𝜃⃗⃗⃗⃗⃗ =   (�̈� − 𝑟 �̇�2) sin(𝜓 − 𝜃) + 2 �̇��̇� cos(𝜃 + 𝜓)  (9) 

It is seen that 𝛾1 −  𝛾2 = 2 ⋅ 𝐴(𝐶 /𝑅0)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ . 𝑒𝜃⃗⃗⃗⃗⃗  , and that the transverse acceleration is "rotating" with 𝜃. if 𝜃 is 

constant, 𝛾1 −  𝛾2  ∝ ‖𝐴(𝐶 /𝑅0)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ‖. However, if 𝜃 is ‘rotating’, the scalar projection leads to  𝛾1 −  𝛾2 =

2 ‖𝐴(𝐶  /𝑅0)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗‖ ⋅ cos(𝜃)  : the signal is modulated by this last term cos (𝜃), which will results in shifting 

the spectrum of the acceleration by the shaft speed in the spectral domain. 

In the end, this simplified vibration model validates the use of two diametrically opposed tangential 

accelerometers to separate the angular and transverse acceleration components of the signal. In practice, 

however, several measurement uncertainties must be taken into account, as discussed in the following 

paragraphs. 

 

 

Figure 2: simplified vibration model 
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3 Experimental Method 

3.1 Accelerometer signals processing 

The accelerometer instrumentation is subject to errors: even with great care, it is impossible to perfectly 

position the two sensors at 180° from each other. This phase deviation must be corrected. 

Moreover, although they are calibrated, accelerometers do not indicate exactly the same level (Figure 3, 

top). An analysis of the measured amplitude is therefore necessary. 

3.1.1 Phase correction 

The instantaneous phase of each of the accelerometer signals is extracted by Hilbert transform and then 

unwrapped. In theory, the difference between the two phases should be 𝜋 radians. In practice, the difference 

between the two sensors is 𝜋 + 0.151rads, indicating 8.6 degrees of error in the positioning of the sensors. 

For the sum or difference of the two signals to be valid, both sensors must be 180°. The instantaneous phase 

of accelerometer 2 is thus corrected to bring the phase deviation back to 𝜋 radians.  

In order to maintain signal integrity, this new phase is assigned to the signal envelope of the 

accelerometer 𝛾2(𝑡).  

 �̃�(𝑡) = 𝛾2(𝑡) + 𝑖 𝐻(𝛾2(𝑡)) =  𝐴2(𝑡) ⋅ 𝑒𝑖𝜙2(𝑡)  (10) 

where 𝐻(𝛾2(𝑡)) is the Hilbert transform of the signal 𝛾2(𝑡). 

3.1.2 Magnitude correction  

The accelerometers have been calibrated and therefore should not present any major sensitivity deviation. 

However, the two signals do not look the same, and the measurement noise seems to be higher on 𝛾1.  

In order to evaluate this deviation, the effect of gravity can be studied by analysing the amplitude of the 

spectral coefficient corresponding to order 1, which must be 9.81 m/s². The amplitude of the spectra plotted 

on Figure 3 is 10.1 m/s², corresponding to a sensitivity deviation from gravity of 2%. This difference can be 

explained by the measurement noise. Should a larger deviation be found, a multiplying coefficient would 

then be applied to the signal to correct the amplitude.  

This observation validates the calibration, and reassures about the different noise visible on the two sensors.  
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Figure 3 : top :accelerometer signals – zoom 1-3 s (blue: accelerometer 1; red: accelerometer 2) bottom: 

accelerometer spectra (blue: accelerometer 1; red: accelerometer 2) 

3.1.3 Instantaneous speed reconstruction 

Once the accelerometers signals have been corrected, it becomes possible to calculate the transverse 

acceleration (equation 7) and the angular acceleration (equation 6).  

Then, in order to compare these signals with the angular speed delivered by the encoders, the accelerations 

have to be integrated, and resampled in the angular domain.  

Deducing the speed of an acceleration signal seems an obvious operation. Yet, it is important to work in the 

time domain, and not in the angular domain, to perform this operation: 

 𝜔(𝑡) = ∫ 𝛾(𝜏) ⋅ 𝑑𝜏 + 𝜔(𝑡0)
𝑡

𝑡0
  (11) 

where 𝛾(𝑡) represents here indifferently the transverse or angular acceleration, and 𝜔(𝑡0)  represents the 

initial speed. 

3.1.4 Angular resampling 

Regarding the angular resampling, it is obviously not possible to rely on the encoder speed signals, which 

is meant to be compared with the accelerometers. The velocity is extracted from the transverse acceleration 

signal by phase demodulation after a Hilbert transform, and then a signal with the same resolution as the 

encoder of interest is created to re-sample the signals. 

The change in the average speed delivered by the encoder is small, and cannot be picked up directly by the 

accelerometers because of their piezoelectric technology: they do not correctly transcribe low frequencies. 

This is why it is easier to work in the spectral domain afterwards to compare encoders and accelerometers.  
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3.2 Encoder signal processing 

The encoder speed signal is acquired by the “elapsed time” method. This method is based on the counting 

of a tops number delivered by a counting clock between two rising (or falling) edges of the encoder: the 

measured signal is the timing signal. In other words, the acquisition is performed on an angular basis, and 

no longer time based.  

A high-frequency counter is required, with a clock frequency 𝐹𝑐 of the order of a few tens of MHz to several 

GHz.  

The tops delivered by the counter between two encoder edges allow to calculate the angular period and thus 

the angular velocity. Note �̂� the elapsed time signal returned by the system, converted into seconds. The 

acquisition system provides a signal 𝑛(𝑖) in which each element represents the number of clock pulses 

separating the consecutive changes of state of the angular sensor. Then: 

 �̂�(𝑖) = 𝑛(𝑖)/𝑓𝑐. [s] (12) 

The measured instantaneous rotation speed �̂� is simply deduced: 

  �̂�(𝑖) = (𝑅 ⋅ �̂�𝑖)−1 [𝐻𝑧]  (13) 

R being the angular resolution of the encoder. 

3.3 Estimation and correction of the encoder geometric error  

3.3.1 From speed measurements 

In 0, a method for estimating the geometric error and the broadband encoder noise is proposed. It is based 

on the self-correction of encoder signals, in order to subtract whole orders from the signal. In such an 

approach, it is assumed that the synchronous average 0 contains only and entirely the geometric error of the 

encoder. It is therefore of a geometric error estimation, since the method encompasses both the intrinsic 

error of the encoder and the phenomena synchronous to the speed of the system (unbalance, 

misalignment...).  

This correction method is adapted to cases where the non-integer orders are sought (e.g. bearing faults). On 

the other hand, its main disadvantage is that it blindly filters out all the components that are synchronous to 

the speed.  

 

 

Figure 4: IAS measurement with the elapsed time method: (a) tachometer signal, (b) high frequency clock 

pulses, (c) IAS estimation (from 0) 
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3.3.2 From acceleration measurements 

As explained in section 3.2, it is possible to reconstruct an angular speed signal 𝜔𝛾(𝑡) from the signals of 

two accelerometers. Since the accelerometers are by definition free of geometric error, the angular speed 

calculated from them can be used as a reference for the geometric error correction of the encoders.  

For this purpose, the resampling of 𝜔𝛾(𝑡) in the angular domain is carried out with a resolution R identical 

to that of the encoder to be corrected. 

Then the difference between the integer-order spectral coefficients of the encoder signals and accelerometer 

signals is calculated. The inverse Fourier transform of this spectrum composed only of integer orders allows 

to reconstruct the angular signal of the geometric error of the encoder.  

The latter is finally subtracted from the speed signal, which is then cleaned from the geometric error. This 

correction method is applied in Chapter 4.3. 

4 Measurement results 

4.1 Presentation of the test bench and of the measured signals 

The test bench (Figure 5) is very simple from a kinematic point of view. It consists of an asynchronous 

electric drive, coupled to an inertia (automobile flywheel). The shaft is supported by a double roller bearing.  

A first incremental encoder (encoder A) is installed on the shaft between the bearing and the inertia. It is an 

old encoder, which have been mounted and unmounted several times, and can be considered as degraded. 

Its resolution is RA = 4000 pulses per revolution (ppr) A second encoder (encoder B) is fixed at the end of 

the shaft. This encoder is new, with a resolution RB = 2048 ppr. 

Two piezoelectric accelerometers of the same reference (B&K 8301) are glued in tangential direction on the 

flywheel. They are diametrically opposed and head to tail. Their signal is transmitted by a RF telemetry to 

the analyser. The transmitter and the battery of the telemetry induce a slight unbalance on the bench.  

It is important to note that this test bench - which was initially set up to allow principle tests on encoders - 

is very basic, and largely perfectible. Its dynamic behaviour characterization highlights a first deformation 

mode at 70Hz. This mode corresponds to the fly wheel rocking on the shaft stiffness. The measurements 

being carried out at a rotation speed close to 300 rpm (5 Hz), the bench can be considered rigid in the 

frequency area of interest. The uncertainty linked to the position of the encoder on the shaft is thus removed.  

 

Figure 5. Test bench overview 
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The measurements are carried out at stabilized speed, during 240s. The rotation speed is slightly evolving. 

The encoder signals are acquired using the elapsed time method described in section 3.3.1, with a counting 

clock clocked at 820 MHz. the accelerometers are sampled at Fs = 12.8 kHz.  

The measured signals are shown on Figure 6. The speed signals are plotted in the angular domain, while the 

accelerometer signals are presented as a function of time.  

Although the low-frequency trend is equivalent, the encoders have quite different signatures: the variance 

of encoder A is much higher than that of encoder B, and one can question its quality but also the possibility 

of correcting this signal.  

When the shaft is rotating, the quartz crystal inside the accelerometer is alternately compressed and then 

released by the internal mass, resulting in the generation of a sinusoid representative of the speed of rotation 

of the shaft, with an amplitude of 1g. The accelerometers being calibrated, the difference in level between 

the two sensors is not due to a variation in sensitivity, but more to high-frequency noise.  

4.2 Spectral comparison 

The amplitude spectra of encoder A and the angular and transverse velocity signals are plotted on Figure 7. 

The study of these spectra can be divided between: the analysis of the integer orders, which leads to the 

correction of the encoder geometric error, the non-integer orders frequency content analysis, and the analysis 

of the structural response. 

 

 

Figure 6: top: encoder speed signals (blue: encoder A; red: encoder B); bottom: accelerometers signals (blue: 

accelerometer 1; red: accelerometer 2). 
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Figure 7: amplitude spectra ; encoder A ; angular speed calculated with the accelerometers ; transverse speed 

calculated with the accelerometers; a: zoom on the 30 first orders; b: zoom on the first order; c: zoom 

between 9.7 and 10.1 orders; d: zoom between 13.3 and 15.7 orders 

4.2.1 Integer orders  

The integer orders (Figure 7a, b) are by definition representative of what is synchronous with the shaft speed. 

In theory, the spectral coefficients on these orders should be identical for both angular velocities (measured 

by the encoder and calculated from the accelerometer signals). Considering that the angular speed delivered 

by the accelerometers is representative of the physical phenomena studied but free of geometric error, it can 

be deduced that the level deviation at the integer orders is mainly due to the encoder geometric error. The 

correction of this geometric error is presented in section 4.3. 

The observed transverse components are related to the effect of gravity on the rotating accelerometers. 

4.2.2 Non integer orders 

From a kinematic point of view, the test bench is simple: no gearbox, belt or other mechanical system likely 

to generate excitations outside of integer orders. However, the encoder spectrum indicates many non-integer 

frequency emergences between orders 5 and 18 (Figure 7c). These emergences do not appear on the angular 

speed spectrum of the accelerometers but are clearly visible on the transverse component.  

This observation highlights two crucial points: contrary to a commonly accepted idea, the encoder is 

sensitive to transverse excitation components, which must be taken into account in diagnostic 

a b 

c d 
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measurements; moreover, the use of accelerometers to extract the angular velocity makes it possible to avoid 

transverse excitations. 

In order to characterize the encoder sensitivity to these transverse vibrations, two approaches are possible. 

When the encoder sensitivity to a transverse vibration of known cyclic frequency is being investigated, the 

same type of post-processing as the one applied for the geometric error removal can be used. On the selected 

non-integer orders, the amplitude ratio between the transverse speed from the accelerometers and that seen 

by the encoder can be calculated. Otherwise, in the general case, the simplest is to look at the coherence of 

the encoder speed signal with respect to the transverse speed calculated from the accelerometers; this avoids 

having to choose the cyclic frequencies to be analysed. This type of characterisation is presented in section 

4.4  

4.2.3 About the structural response  

On Figure 7d, the order 14.38 clearly emerges on the encoder spectrum. The somewhat smeared aspect of 

this order indicates that it is not representative of a phenomenon synchronous with the rotational speed, but 

is more related to structural components. For an average rotational speed of 298 rpm, 14.38 epr corresponds 

to a frequency of 71 Hz, identified during the characterization of the bench as a rotor bending mode.  

The encoder therefore sees the modal response of the shaft. The amplification at 14.38 epr is absent from 

the accelerometers transverse speed spectrum but clearly visible at +/- 1 order. This experimentally 

illustrates the vibration model in section 2.2, equation (9), which highlights the "rotating" aspect of the 

transverse shaft acceleration.  

4.3 Geometric error correction  

The speed signals post processing described in Chapter 3.3.2 is applied to the signals of encoders A (Figure 

8) and B (Figure 9). The raw speed signals time series makes it possible to distinguish the signal 

cyclosationarity of first order. Note that the dynamic ranges are very different between the two sensors: 10 

rpm for the encoder A, less than 1 rpm for B. The estimation of the synchronous average (normalized and 

centred) highlights a periodic shock on encoder A, whose synchronous average signal is globally 10 times 

higher than the one of encoder B. The latter, on the other hand, sees a low frequency modulation. 

The geometric error correction impact is perceptible on the cleaned speed signals (in red on the top graphs 

of Figure 8 and Figure 9). However, it is still very noisy.  
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Figure 8: geometric error correction – sensor A. Top: speed signals; bottom: geometric error 

 

Figure 9: geometric error correction – sensor B. Top: speed signals; bottom: geometric error 

The integer orders removal is very clear on the magnitude spectra (Figure 10). Only a few energetic 

frequency channels persist, below the cyclic frequency 20 epr.  

When the correction is applied, the two encoder spectra are similar. This is an interesting point, because 

despite the high noise level which seems to impact it, encoder A is still exploitable. The magnitude 

difference on the remaining orders can be explained by the position of the encoder on the shaft and its 

sensitivity to transverse vibrations.  
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Figure 10: impact of the geometric error correction on the spectra – top: without correction; bottom: with 

correction. Blue: encoder A; Red: encoder B 

4.4 Influence of the transverse vibration 

In order to estimate the impact of transverse vibrations on the encoder signal, the coherence  𝐶𝑥𝑦  is 

calculated between the encoder speed signal cleaned of its geometric error and the transverse speed signal 

obtained from the accelerometers : 

 𝐶𝑥𝑦 =
𝑃𝑥𝑦

2

𝑃𝑥𝑥⋅𝑃𝑦𝑦
  (14) 

where Pxx and Pyy are the power spectral density estimate of the transverse speed and of the encoder speed, 

respectively; and Pxy is the Cross-PSD of X and Y. 

The results obtained for the two encoders are shown on Figure 11, up to the 20th order. On this figure, 

coherence peaks appear when the incremental encoder sees a phenomenon coherent with what the transverse 

speed from the accelerometers sees. The coherence values of encoder B are slightly higher than those 

measured on encoder A, indicating a higher sensitivity to transverse vibrations. This may be due to the 

design of the sensor or more likely to the fact that the two sensors have a different position on the shaft 

(Figure 5). 
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Figure 11: coherence between the encoder signals (freed from geometric error) and the transverse vibration 

Red: encoder A; blue: encoder B 

5 Discussion 

5.1 Toward an encoder quality indicator 

Whereas the quality of an accelerometer is defined by its sensitivity, linearity, background noise or 

electromagnetic compatibility, it is challenging to find incremental encoder quality indicators. Based on 

previous works, various criteria of interest can be defined. 

First of all the geometric error estimated by the accelerometric method. The latter is due to machining faults 

and therefore enters into the criteria for evaluating the sensor quality. One can be interested by its RMS 

value or its peak-to-peak amplitude. 

A potential quality criterion for the encoder can be defined as the logarithms sum of the above-mentioned 

operators, normalized by the empirical values defined in Table 1. These values correspond to what a very 

poor quality encoder could give. 

 𝑐𝑟𝑖𝑡𝑒𝑟𝑖𝑜𝑛 = ∑ ln (
𝑋𝑖,𝑠𝑖𝑔𝑛𝑎𝑙

𝑋𝑖,𝑟𝑒𝑓
)2

1   (15) 

where 𝑋1is the RMS operator (𝑟𝑚𝑠𝑟𝑒𝑓 = 0.01) and 𝑋2is the peak-peak operator (𝑝𝑒𝑎𝑘 − 𝑝𝑒𝑎𝑘𝑟𝑒𝑓 = 0.1 ). 

Table 1: criterion definition 
 

Encoder A Encoder B normalizaiton 

Rms (s) 1.68E-04 4.20E-05 1.00E-02 

Pp (s) 2.69E-03 1.58E-04 0.1 

    

Criterion (dB) 7.70E+00 1.19E+01 0.00E+00 
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Note: The EG correction alone cannot define the quality of an encoder: The broadband noise of the sensor 

must also be taken into account. For example, it can be due to the HTL conversion, machining, bearings, 

triboelectric noise... An indicator taking into account this aspect has been proposed in 0: 

 𝐶𝑒𝑛𝑐𝑜𝑑𝑒𝑟 = ln (
1

𝑁
∑ (

𝑃𝑥𝑥𝑐𝑜𝑟𝑖

𝜂𝐷Δ𝜖𝜖𝑖
)𝑁

𝑖=1 )  (16) 

Where 𝑃𝑥𝑥 is the power spectral density of the encoder signal and  𝜂𝒟Δ€Δ€
 is the counting threshold PSD. 

The cyclic frequencies band to be included in the calculation of 𝐶𝑒𝑛𝑐𝑜𝑑𝑒𝑟 shall be sufficiently high to contain 

only phenomena related to counting error and encoder error. In this case, 𝑁 ∈ [200; 800]. 

5.2 Consideration of transverse vibrations 

It is generally accepted that encoders are insensitive to transverse vibrations. However, the results presented 

above indicate the opposite. In the present case, the use of accelerometers allows the torsional components 

to be separated from the transverse components and analysed independently. The evaluation of the encoder 

signal alone does not allow this separation.  

Depending on whether one is looking for a complete machine characterization or a very precise angular 

velocity measurement, the sensitivity of an encoder to transverse vibrations will be seen as an advantage or 

a disadvantage. The use of the coherence function, presented in Section4.4 , is a first indicator of sensitivity, 

which could later be used to complement the encoder quality indicator.  

5.3 Advantages and drawbacks of the two means of measurement 

Accelerometers allow to separate the torsional and transverse components, which is really a plus in the 

analysis and diagnosis of rotating machines. The constraint being obviously the heaviness of the 

instrumentation of the rotating parts (telemetry and induced unbalance). For diagnostics, this is a very 

reliable method; but for long-term instrumentation, encoders are used instead. Other instrumentation based 

on the same post-processing principle could also be envisaged: use of channels A and B of the encoder, 

Implementation of zebra strips with 2 sensors in phase opposition. Another possibility would be to calibrate 

the measurement chain using the accelerometers, and then use a monitoring via encoder. 

In this case, on a simple bench, it is possible to see the non-negligible impact of transverse vibrations on the 

measurement. The method will be tested on an industrial bench in the coming months, already equipped 

with encoders.  

In any case, it is important to keep in mind that the self-correction of the encoder signal which allows to 

greatly improve the quality of the signal, if the frequency channels of interest are at non-integer orders; 

moreover, it is possible to correct in batch mode 0, or by another encoder.  

6 Conclusion 

In this paper, two methods of measuring the instantaneous angular speed have been proposed. The first, 

classical, uses incremental encoders and the “elapsed time” measurement method. The second requires two 

head-to-tail accelerometers, glued in the tangential direction of the shaft. This method is more complex to 

implement experimentally, but allows the transverse and angular vibration components to be separated. This 

point is particularly interesting since it leads to propose a reliable method for correcting the geometric error 

of an encoder, and thus to directly evaluate its quality.  

In addition, the influence of transverse vibrations on the signal delivered by the incremental encoder has 

been demonstrated. This influence is not negligible and can be considered as an advantage or a disadvantage. 

The simplified vibration model presented at the beginning of the paper describes the influence of the 

transverse vibrations.  
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Abstract 
Rotating machinery, especially if powered by electric motors in a lab environment, can exhibit a low amount 

of random operational excitation. This can inhibit the excitation of resonances and thus the successful 

application of Operational Modal Analysis (OMA) at stationary operating conditions. Alternatively, 

measurements form acceleration or deceleration runs can be used for modal identification if the machine 

orders provide enough excitation and sweep through the frequency range of interest. By a review of existing 

case studies, this paper evaluates the performance of Order-based Modal Analysis (OBMA) and general 

OMA methods when applied to such run-up conditions and gauges the influence of the excitation on the 

resulting modal estimations. In addition, a foundation of related theory is provided, including a discussion 

on characteristic loads of rotating machinery, OMA by the polyreference Least Squares Frequency-domain 

(pLSCF/PolyMax) method and order tracking by the Time Variant Discrete Fourier Transform (TVDFT). 

1 Introduction 

Rotating parts and components like compressors, turbines, shafts, gears and bearings are omnipresent in 

mechanical structures. These include machines such as generators, pumps, compressors, automotive and 

aircraft engines. Accurate estimation of their modal parameters is a crucial step in the design process of new 

rotating hardware to reduce the risk of damage due to resonance, to optimise simulations by FEM model 

updating and can be also used for machine condition monitoring in frame of fatigue testing and maintenance. 

In experimental modal analysis (EMA), a structure is tested while stationary with experimental boundary 

conditions applied to it. Operational modal analysis (OMA), on the other hand, is performed on operating 

structures. Thus, OMA can provide especially valuable data because it describes the structural dynamics 

corresponding closer to the actual operational conditions of the structure. 

Harmonic signals in the excitation spectrum are characteristic for rotating machinery in operation and can 

occur due to rotation unbalance, meshing gears, bearings, periodic aerodynamic disturbances in trailing 

regions of blades and vanes, etc. The resulting operational vibration response of rotating machinery makes 

a proper estimation of modal parameters more challenging as the harmonics can be falsely identified as 

modes or mask actual structural modes [1]–[3]. The issue is further intensified at operating conditions with 

low random and high harmonic amplitudes in the excitation force, where the structural response amplitude 

due to the input harmonics can exceed the response amplitude due to resonances [4], [5].  Such conditions 

are, for example, reinforced by machines with electric drives, where components associated with 

combustion, such as the combustion chamber, exhaust components and transmission parts, are absent. 

Without the contribution of random excitation from these components, the operational excitation can be 

insufficient to excite modes of interest, thereby hindering their identification [6]. The aforementioned 
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characteristics of machinery with electric powertrains make this work especially relevant for the e-mobility 

domain and mechanical spinning tests. These spinning tests often utilise electric motors and are also used 

for testing and qualification of rotating components from conventional aircraft engines and gas turbines. 

Thus, the target areas of this research extend beyond primarily electrically powered applications such as 

electric automotive, rail service and wind power technology.  

For a successful excitation and identification of structural modes from operating conditions, a solution can 

be to perform OMA on the response from an acceleration or deceleration run of the rotating machinery. In 

this case, the idea is that the harmonics in the input force sweep through the frequency range of interest and 

thereby excite structural modes without the necessity of random excitation. Order-based Modal Analysis 

(OBMA) [7] is a method that utilises such transient responses by combining OMA with order tracking. It 

was shown that regular OMA methods can result in false, so called “end-of-order” modes, when applied to 

this type of response data, while OBMA resolves this issue [7]–[9]. However, there is no clear picture how 

OBMA performs otherwise in terms of the estimated modal parameters compared to OMA. This study 

addresses this question by conducting an extensive literature review of case studies involving OBMA. 

OBMA relies on the assumption that the primary excitation is due periodic input from the machine’s orders, 

while general OMA methods are not limited by this requirement. In addition, operating rotating machinery 

in general experiences a combination of harmonic and random excitation. Thus, the present study also 

focuses on the composition of the excitation signals both in the presented theoretical topics as well as in the 

reviewed case studies. 

The main contributions of this paper are 1) an evaluation of the overall performance of OBMA based on 

existing case studies for a clearer picture of the method’s strengths and weaknesses and 2) the qualitative 

estimation of the potential impact of the operating conditions, especially in terms of the excitation signature, 

to support the effort of matching the most appropriate modal identification method to the tested machine’s 

operating conditions or vice versa. 

The theoretical part of this paper covers a discussion on excitation characteristics of rotating machinery in 

Section 2, the pLSCF method for OMA in Section 3 and an introduction to OBMA with order tracking by 

the TVDFT algorithm in Section 4. A survey of current literature in Section 5 focuses on practical case 

studies to identify trends in the performance of OBMA at different operating and excitation conditions of 

rotating machinery. Finally, Section 6 concludes with the main findings from the reviewed case studies and 

gives suggestions for future work in the domain of OMA and OBMA for rotating machinery. A central 

observation is that the presented research area would benefit from a parametric study to systematically 

analyse the performance of OBMA and general OMA at various operating conditions of rotating machinery. 

Such study would alleviate the uncertainty from qualitative comparisons of independent case studies and is 

a work in progress of the authors of this paper. First results from this study will be presented at the 

ISMA2020 Noise and Vibration Engineering Conference. 

2 Operational excitation of rotating machinery 

Operational Modal Analysis (OMA) is applied to conditions where the excitation force is not measured, so 

OMA relies only on the measured output of the system caused by operational input forces. This is the main 

difference to Experimental Modal Analysis (EMA), where both the input force and the system response (in 

terms of displacements, velocity or accelerations) are available. In EMA, the output can be then related to 

the input force, providing Frequency Response Functions (FRFs). Since the excitation signal is not available 

in OMA, traditionally the input force is assumed to cover a broadband, approximately flat frequency 

spectrum, i.e. to follow the properties of white noise [10], [11]. This idealisation is often sufficient when the 

excitation is mainly caused by wind and motor traffic, usually encountered in civil engineering structures 

[12]–[14]. In case of rotating machinery, unbalance and periodic aerodynamic perturbations, can lead to 

dominant harmonic narrow-banded components in the excitation. Therefore, in applications where rotating 

components are the main excitation source, the assumption of a broadband approximately flat input 

frequency spectrum, is substantially violated. The following sections describe types of excitation typically 

present in operating rotating machinery and outline the potential impact on OMA. 
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2.1 Periodic input forces 

The frequency of a periodic excitation that corresponds to the rotating speed of an observed shaft is known 

as the foundational frequency. In addition to this frequency, integer multiples of the foundational frequency, 

known as harmonics, are commonly observed in the measured frequency spectrum as well and can be 

explained by the following example. 

In the context of turbomachinery, the air stream of a rotor blade is typically disrupted by preceding or 

succeeding stator vanes, inlet or outlet guide vanes. During a single shaft revolution, each blade is exposed 

to this periodic aerodynamic excitation for l times, where l equals the number of blades on a neighbouring 

disc. 

Such multiples of the rotation frequency are more generally referred to as (engine or rotation) orders, which 

are not limited to integers. Based on the measured rotational frequency in rotations per minute (rpm), in 

rotations per second (Hz) specified by f0 or in radians per second specified by ω0 (known as the angular 

speed), the frequency fl of the lth order is calculated as follows: 

 �� = ��0 = � rpm
60 = � �02� (1) 

Operational speeds where the frequency of the lth engine order collides with the natural frequency of the 

engine provoke a resonant state and therefore should be avoided. 

 

Figure 1: Exemplary Campbell diagram of a fan blade excited by harmonic orders [15] 

The described relations can be visualised with a Campbell diagram. The Campbell diagram in Figure 1 

shows an exemplary assessment of the modal response of a fan blade in an operational environment. The X 

axis shows the engine rpm and the Y axis provides the frequency range. The rising lines originating from 

the diagram root are the relevant order lines – in this example, the 12th engine order and its higher harmonics. 

Natural frequencies of the analysed fan blade are shown as approximately horizontal lines with a slightly 

positive slope. The circled areas of intersection represent the resonant states of the component at the 

corresponding engine speed. 

2.2 Stationary operating conditions 

At stationary operating conditions of rotating machinery, the described harmonics cause increased input 

force amplitudes at fixed frequencies. OMA algorithms can falsely interpret the peaks as a system response 

even though they originate from the excitation spectrum. This is not necessarily problematic, because such 
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falsely identified modes can be discarded based on the knowledge of operational speed and corresponding 

harmonics. However, depending on the amplitude and spread of the resonance and harmonic peaks, it is 

possible that the harmonic masks the structural response peak. Consequently, especially in close proximity 

of harmonics and structural (i.e. actual) modes of the system, a biased mode estimation can occur where the 

sole knowledge of harmonic frequencies and rejection of corresponding false modes does not suffice. This 

issue can be addressed by a reduction of harmonics from the vibration response signal as a pre-processing 

step prior to the modal identification. This approach was shown to have potential to uncover structural 

modes, that would be otherwise not identified by OMA [5], [16]. A literature review of several existing 

postprocessing methods for reduction of harmonics can be found for example in [17]. 

Machines with a reduced number of mechanical components and an electric powertrain, such as the 

previously mentioned example of component spinning tests, pose an additional difficulty. Combustion 

processes, ambient excitation and friction between interacting components can contribute to a broadband 

excitation of an operating machine. However, these contributing factors are either limited or missing in 

laboratory spinning tests, so random excitation can be limited to a low amplitude, insufficient to excite 

system modes. With a lack of modal response like this, modal identification is physically impossible 

regardless of the employed modal estimation algorithm or additional data processing, e.g. for the reduction 

of harmonics. In such cases, an alternative might be to record the vibration response of the operating 

structure during an acceleration or deceleration of its rotating components, which is described in the 

following section. 

2.3 Acceleration or deceleration runs 

The previous section considered harmonics as a disturbing factor, occurring during approximately stationary 

operation of rotating machinery. In this case, sufficient random excitation (with approximately stationary 

harmonic disturbances) is assumed. If this condition is not met, the input harmonics can be used as the 

primary driver for the excitation of structural modes during a machines’ acceleration or deceleration run. 

Due to the relation of the order input forces and the machine’s rotation speed as given by Equation (1), these 

orders can cover a range of frequencies and thereby excite structural modes, similar to a multi-sweep 

excitation. This approach, while not limited to OBMA, is the foundation and requirement for OBMA, which 

will be discussed in more detail in Section 4. 

In this case, it is important to consider the sweeping duration (i.e. the ramp up rate or acceleration). First, 

the Discrete Fourier Transform (DFT) relationship between the measurement time T and corresponding 

frequency resolution Δf of the measured signal applies: Δf = 1/T. While this is a general consideration, i.e. 

independent from the excitation, this means that a shorter transient run that is transformed into the frequency 

domain will result in a coarser frequency resolution. 

In addition, a higher ramp up rate leads to a shorter duration when the excitation frequency passes through 

individual resonances. Especially for lightly damped modes, such transient excitation conditions can lead to 

flatter response peaks, which are tilted towards the frequency sweeping direction. This, in turn, causes a 

higher estimated damping and higher natural frequencies from an acceleration test run [18], [19]. 

2.4 Distribution and correlation of input forces 

Depending on the specific configuration of the tested rotating machinery, the number of spatially separated 

and independent loads can vary. For example, it can be assumed that an in-flight operating aircraft engine 

is subjected to a larger number of independent loads compared to a rotating component on a spinning test 

rig, which is operated by an electric motor. In contrast to the in-flight engine, the spinning test rig example 

features a much lower number of parts and subsystems, which can transmit and introduce independent loads 

to the structure. In that regard, the excitation from the spinning rig case is more likely to be dominated by a 

periodic unbalance load with its higher harmonics. This loading condition is spatially limited by the bearing 

locations, where the vibration forces are transferred to the tested structure. Centrifugal unbalance forces are 

limited to the plane perpendicular to the rotating shaft, so modes of interest with main deflections in the 
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shaft direction might remain unidentified due to a lack of excitation. In addition, the periodic loads in both 

axes of the plane are correlated, with a 90° phase difference [18]. Since the number of independent loads in 

the described example approaches one, the identification of close modes becomes more challenging [20]. 

Close modes often occur in structures with geometrical symmetry, torsional unbalances or light attachment 

parts, which have localised modes with frequencies similar to other modes of the structure [21]. This 

includes rotation symmetric geometries, which are, for example, common in components of aircraft engines, 

such as the inlet, casings and the exhaust nozzle. 

In controlled vibration testing of large structures such as aircraft, where sine sweep excitation is induced at 

multiple input locations, the issue of correlated inputs is also encountered. For example, a configuration of 

two shakers attached symmetrically to the aircraft wings, can be used to excite symmetrical modes by 

running both sweep inputs in sync, while asymmetrical modes are excited by performing a sweep excitation 

with 180° phase difference between one input and the other. However, the inputs at each test run are still 

correlated, which contradicts the requirement of uncorrelated forces for the conventional estimation of FRFs 

from multi-input test configurations [22]. 

For this case, several methods exist to construct FRFs for subsequent modal analysis and a classical 

approach is to calculate a common multi-input-multi-output (MIMO) FRF matrix [H] from both the 

symmetric (subscript S) and antisymmetric (subscript A) runs using the relation in Equation (2) [22]. {�(̈�)} 

is the acceleration vector and {�(�)} is the input force vector at frequency ω. 

 [{�(̈�)}�  {�(̈�)}� ] = [�(�)] [{�(�)}�  {�(�)}�] (2) 

However, since the symmetric and antisymmetric response sets have resonances at similar frequencies, the 

combined FRF will show closely spaced modes, which makes their accurate identification more challenging. 

Therefore, an alternative is to construct an individual SIMO FRF matrix for the symmetric and 

antisymmetric test runs, which can be afterwards processed separately for modal identification. This 

procedure introduces a virtual single driving point with a virtual load consisting of a combination of the 

actual input loads. Depending on the specific approach, a correction factor for the determined modal masses 

is needed as well [22]. 

After the modal analysis from the FRF sets, both sets of (symmetric and antisymmetric) modal parameters 

can be simply combined into a single set of modal parameters, resulting in higher accuracy of the estimations 

compared to the modal identification from a combined FRF [22], [23]. 

3 Operational modal analysis with the polyreference least squares 
complex frequency-domain method 

The polyreference Least Squares Complex Frequency-domain (pLSCF/PolyMax) OMA method extends the 

LSCF method to consider multiple references, thereby increasing the method’s theoretical performance to 

identify closely spaced modes. In contrast to LSCF, the method also does not require a Singular Value 

Decomposition (SVD) step, which not only adds computational effort but also results in a worse fit of the 

data to the modal model [24]. 

A detailed theoretical description of the pLSCF EMA method is given in [24]. It operates on FRFs as the 

primary input data. The OMA version of pLSCF is described in [25] and requires spectra from operational 

response measurements instead. On this foundation, this section describes the main steps of the operational 

pLSCF algorithm. 

To calculate spectral estimations from the measurements, first the correlation function R is determined over 

the time lags i from the measurement samples y: 

 �� = 1
� ∑ 	
+� 	


�−1

=0  (3) 

When the correlation functions of positive time lags i are multiplied by a window weighting function w (to 

reduce frequency-domain leakage) and the DFT is applied, so-called half-spectra ���+  are obtained as shown 
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in Equation (4). L specifies the maximum time lag, which is typically much smaller than the total number 

of measurement samples N to avoid high variance that occurs at high time lags in correlation functions. 

 ���+ (�) = �0�0
2 + ∑ �
�
 exp(−��
∆�)�


=1  (4) 

In the same way, the cross spectra between all l outputs and a (smaller) set of m reference outputs are 

computed and assembled into an l×m half spectrum matrix. 

Due to the symmetry of full spectra, all information on the system dynamics is retained by the half spectra 

and a modal decomposition from the matrix of half spectra can be obtained as shown in Equation (5). Here, 
���� are the mode shape vectors and 〈��〉 are the operational reference factors, which are related to the modal 

participation factors known from EMA. The notation uses !•# to specify a matrix, �•� for a column vector, 
〈•〉 for a row vector and •∗ for a complex conjugate. 

 [���+ (�)] = ∑ {��}〈��〉
��−%�

+ {��
∗}〈��

∗〉
��−%�

∗
&
�=1  (5) 

λi are the poles, which describe the natural frequencies ωi and damping ratios ξi: 

 %�, %�∗ = −'��� ± �√1 − '�
2 �� (6) 

There are different methods to calculate spectra and the previously described spectrum estimation is known 

as the weighted correlogram. An alternative is the modified Welch’s periodogram, which estimates spectra 

directly form the DFT of window-weighted measurements without the need of correlation functions. The 

benefit of the weighted correlogram, however, is that an exponential window can be applied to reduce 

leakage, while the modified Welch’s periodogram typically requires a Hanning window, leading to a bias 

of modal damping estimates. 

Next, the estimated half spectra are used to fit a right matrix-fraction description model in the complex z-

domain with ) = exp(��∆�) as shown in Equation (7). The numerator polynomial matrix [B] and the 

denominator polynomial matrix [A] consists of polynomial coefficients [βr] and [αr], respectively, with the 

polynomial order p. 

  [���+ (�)] = [$(�)] ∙ [�(�)]−1 = ∑ )+[,+]-
+=0 ∙ (∑ )+[.+]-

+=0 )−1
  (7) 

A linearized equation system of data fit errors in Equation (7) is constructed from each discrete frequency 

ω and minimised by the least-squares method. This yields estimations of the model coefficients [βr] and 

[αr]. The companion matrix of the denominator coefficients [αr] provides pm poles λi and operational 

reference factors 〈��〉 as its eigenvalues and eigenvectors, respectively. At this point, eigenfrequencies and 

damping rations are determined from the poles as shown by Equation (6). A stabilisation diagram is obtained 

from results of models with increasing order p. When estimations for corresponding modal parameters (and 

operational reference factors) deviate within a specified threshold in a group of subsequent model orders, 

they are classified as stable poles. 

Equation (5) is extended to Equation (8) to consider the effect of out-of-band modes using the operational 

residuals LR and UR. The set of determined stable poles and corresponding operational reference factors 

from the previous step are then used to determine the unknown quantities from Equation (8), which are the 

mode shapes and residuals. This is also achieved by utilising the least-squares method.  

 [���+ (�)] = ∑ {��}〈��〉
��−%�

+ {��
∗}〈��

∗〉
��−%�

∗
&
�=1 + ��

�� + �� /� (8) 

This concludes the modal estimation as the modal parameters (eigenfrequencies, damping ratios and mode 

shapes) have been estimated from the measured system output. 

4 Order-based modal analysis (OBMA) 

Order-Based Modal Analysis (OBMA) is an OMA method, which assumes primary loading by sweeping 

harmonic input forces or orders, that typically stem from rotating machinery as discussed in Section 2.3. 
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In OBMA, order tracking is applied to the measurements to extract the amplitude and phase of individual 

orders as a function of rpm and frequency. Afterwards, these frequency spectra of an order are used as the 

input for an OMA method, such as the pLSCF, to determine system modes from the resonances of the 

tracked order in the frequency domain [8]. 

Other OMA methods apart from OBMA can be applied to the same response data without the intermediate 

order tracking step, too. However, the measured spectra of the acceleration/deceleration run can exhibit 

spurious peaks, which occur at each of the dominant orders’ frequencies, which were reached at the end of 

the measurement. These peaks can lead to an identification of false modes, called end-of-order modes [7], 

[9], although their presence and amount varies from test-case to test-case [18]. OBMA bypasses the issue 

of end-of-order modes by considering only a single (tracked) order per analysis. 

4.1 Order tracking by the time variant discrete Fourier transform (TVDFT)  

Order tracking is a crucial first step of OBMA since the subsequent estimation of modal parameters is based 

on the extracted orders. 

The performance of several order tracking methods specifically for the use with OBMA have been evaluated 

in prior studies by Di Lorenzo et al. The authors report that the Angle Domain (AD) resampling-based order 

tracking [9], [26] along with the Vold-Kalman (VK) order tracking and the Time Variant Discrete Fourier 

Transform (TVDFT) order tracking [19] provide the best results in terms of clean extracted order functions 

as well as the subsequent modal estimation results by OBMA. However, it is also noted, that the choice of 

a suitable order tracking method depends on the specific test conditions and requirements. For example, the 

VK and TVDFT order tracking surpass the AD order tracking in cases with close or crossing orders that 

need to be separated. Furthermore, the TVDFT method is computationally less demanding compared to VK 

and AD and thus advantageous in time-critical test conditions. [9], [27] 

In the following paragraphs, the TVDFT order tracking method is introduced by a comparison to the regular 

DFT and the main data processing steps involved. 

The Fourier Transform (FT) can be regarded as a cross-correlation between an analysed time signal and an 

analysing function. In case of the FT, the analysing function (also called the basis function or kernel) is a 

complex sinusoid that, in correspondence with Euler’s formula, can be equivalently expressed in exponential 

or sine-cosine form. These observations also apply to the DFT shown in Equation (9) [28]. 

 )* = 1
+ ∑

⎝⎜
⎜⎜
⎛
/0 ⋅ 2−324 *+0⏟

606��7�08��09:�;0 ⎠⎟
⎟⎟
⎞

+−10=0 = 1
+ ∑

⎝⎜
⎜⎜
⎛
/0 ⋅ (cos(2� *

+ 0) − 3 sin(2� *
+ 0))⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

606��7�08 ��09:�;0 ⎠⎟
⎟⎟
⎞

+−10=0  (9) 

In this equation, Xk is the DFT for the kth frequency bin, /0 = /(0 ⋅ Δ:) is the value of the nth signal sample 

and N is the total number of samples. 

The Inverse DFT (IDFT) transforms the frequency coefficients Xk back to the time samples xn and, for the 

sake of completeness, is shown in Equation (10). 

 /0 = ∑ ()* ⋅ 2324 *+0)+−10=0  (10) 

It is worth noting that there are different common formulations and notations for the DFT in the literature 

depending on conventions and application areas. This concerns, for example, the scaling factor of the DFT 

and IDFT, like 1/N in case of the DFT definition used in Equation (9). Furthermore, the use of a centred 

interval like [-N/2, N/2] is more common in areas with spatially sampled data (e.g. image or surface data), 

while an uncentred interval like [0, N - 1] is often used in context of time sequences. [29], [30] 

Equation (9) is evaluated for individual integer values of 
 ∈ !0, � − 1#. Hence, each of the resulting 

frequency bins Xk is obtained from N signal samples xn and a complex sinusoidal function with a constant 

frequency k/N (k cycles per N samples). Considering the sampling frequency fs of the signal, the resulting 
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frequency resolution of the DFT is calculated as Δf = fs / N and the kth frequency bin can be associated with 

the frequency fk = k fs / N = k Δf in Hz (i.e. fk cycles per second). 

The TVDFT, shown in Equation (11), is formulated similar to the DFT. )K,� = )�(K ∙ ΔL) is the TVDFT for 

the lth machine order and qth signal block covering Δr rotations. 34(5∆�) is the mth sample of the tacho signal 

in rotations per second, i.e. in Hz. 

 )K,� = 1
+ ∑ (/K,0 ⋅ 2−36&,7)+−10=0 = 1

+ ∑ (/K,0 ⋅ exp(−3 7 ∆� ∑ 2�30(5∆�)&−1
5=0 ))+−10=0  (11) 

The main difference of the TVDFT compared to the regular DFT lies in the analysing function, i.e. the 

complex sinusoid, marked in Equation (9). While the DFT uses a sinusoidal function with a constant 

frequency, the sinusoid of the TVDFT has a frequency that is time-dependent and corresponds to the 

instantaneous frequency of the analysed machine order l. Table 1 compares the equations for different 

formulations of the phase φ used in the complex analysing function e-i φ of the DFT and TVDFT. The phase 

with a constant frequency (like in the DFT case) is shown in Equations (13) and (14). Equations (15) and 

(16) describe a phase with a time-varying machine order frequency that is inferred from the tacho signal f0 

(like in the TVDFT case). The derivation of the order phase φl from the tacho signal f0 is explained by 

Equation (12). It is based on the fact that the instantaneous phase φ corresponds to the integral of the 

instantaneous angular speed ω, since ω = dφ/dt. 

 68(�) = 9 �8(:);:<
4 = 9 2�38(:);:<

4 = 7 9 2�34(:);:<
4  (12) 

Table 1: Different formulations of the instantaneous phase φ for the complex sinusoidal function e-i φ 

 Continuous Discrete 
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frequency 

6=(�) = 2� 3⏟
?@ABC<.

�  
(13) 

 

6B,E = 2� E
F⏟

?@ABC<.

&  
(14) 

 

Time-varying 
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Equation (16) formulates the discrete approximation of the integral from Equation (15) as the rectangle 

Riemann sum over the discrete samples with the sampling interval Δt. Similarly, the trapezoidal rule or 

Simpson’s method can be employed for the integral calculation. 

In practice, order tracking with TVDFT can be implemented as the following procedure: First, N phase 

samples with the time-varying frequency of the target order l are calculated as defined in Equation (16). 

Subsequently, this sequence is used for the calculation of the complex sinusoidal function (i.e. the 

exponential function in Equation (11)), which has also N samples, like the analysed signal. In addition, the 

phase signal calculated form Equation (16) is used to determine at which sample indices a full rotation is 

completed by evaluating phase samples that cross an integer multiple of 2π. 

Based on these determined sample indices indicating a full rotation, the complex analysing function as 

well as the vibration time signal and tacho measurements are split into subsequent blocks of samples. Each 

block q then contains a constant integer number of machine revolutions Δr that can be set as a user 

parameter. This ensures a constant order bandwidth, which is beneficial for order tracking [31]. Finally, 

the TVDFT is applied to the vibration signal samples from each data block q, providing a TVDFT 

coefficient per data block. These coefficients can then be plotted over each data block’s average of the 

analysed order frequency fl, which is known from the tacho measurements as shown in Equation (1). 

Like in regular DFT, the samples xq,n from each processed data block q in Equation (11) can be also 

weighted by a window function to reduce leakage. In addition, the data blocks often do not cover an exact 

integer number of Δr due to the sampling discretisation, which also introduces leakage. Oversampling can 

be used to increase this precision and thus reduce leakage. Moreover, an Orthogonality Compensation 

Matrix (OCM) can be introduced to combat this effect and furthermore allow a more accurate order 

tracking of fast sweeping, closely spaced and crossing orders [31]. 
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5 Existing literature on OBMA 

Current literature contains a variety of OMA methods, which have been tested and, in some cases, 

specifically adapted or developed with periodic excitations in mind, typically due to rotating machinery.  

For a broader context, a recent review paper [17] introduces such OMA methods and gives a qualitative 

review of their performance in applications with harmonic input loads. The study suggests that OBMA has 

potential to prove beneficial, especially in the mentioned challenging cases where low random excitation 

amplitudes prevent modal estimation at stationary operating conditions. 

In contrast to the previous paper, the following literature review of OBMA focuses on the composition of 

the excitation in the reviewed case studies in terms of relative random and periodic contributions. This 

observation is important, since modal identification fundamentally depends on the present excitation forces. 

The aim is thereby distinguishing a relationship between the type of excitation and the performance of 

OBMA. In this context, existing comparison case studies involving OBMA can be grouped into three 

categories defined by Table 2. 

Table 2: Categories of OBMA case studies in existing literature 

Number, 

section 

Research object Reference 

Method Test conditions Method Test conditions 

1, Section 5.1 OBMA Operational run-up OMA Operational run-up 

2, Section 5.2 OBMA Operational run-up OMA Operational stationary 

3, Section 5.3 OBMA Operational run-up 

Simulation/ 

EMA/  

OMA 

Respective optimal conditions, such 

as hammer impact (EMA) or white 

noise shaker input (OMA) 

 

As specified in the first column of Table 2, the following subsections review OBMA based on existing 

literature from each of these categories. 

5.1 Comparisons of solely operational run-up conditions 

Published studies of this category include a tested wind turbine gearbox [8] as well as acoustic [7] and 

vibrational measurements from a 4-cylinder car [9]. In these studies, linear operational run-ups (i.e. with a 

constant acceleration) were performed while the structural response as well as the tacho signal were 

recorded. Based on this data, OMBA was compared to operational PolyMax as a general OMA method.  

In the observed frequency ranges, 5, 2 and 3 end-of-order modes were falsely identified when the general 

OMA method was applied to the tested wind turbine gearbox [8], car interior acoustics [7] and vibrational 

car measurements [9], respectively. 

The case studies were conducted in a laboratory environment, namely on a car roller bench [9] or using a 

gearbox test rig [8]. Thus, environmental excitation forces are minimised and the excitation source is 

primarily the operating machine itself, which increases the expected amplitude of periodic input forces in 

relation to random input forces. While the car test cases involved a conventional combustion engine, the test 

rig for the wind turbine gearbox is operated by an electric motor, which can lead to a further reduction of 

random input due to its reduced number of mechanically interacting components. 

In the wind turbine gearbox test [8], only the number and approximate frequency of modes identified by 

OBMA and OMA are compared to highlight the successful elimination of end-of-order modes by OBMA. 

However, neither difference nor absolute values of the estimated common modes’ modal parameters are 

provided in this study. A comparison of the estimated modal parameters is also heavily limited in the studies 

involving a car structure: While the study with acoustic microphone measurements of a car interior [7] 

reports the OBMA identification results for natural frequencies and damping ratios, it does not provide these 

DYNAMICS OF ROTATING MACHINERY 1473



values for the OMA identification. The case study of a large vibration measurement campaign of a car [9] 

with 144 measurement channels also does not provide values of the modal parameters estimated by OBMA 

and OMA. The comparison is limited to a MAC matrix between operational deflection shapes (ODS) and 

OMA mode shapes on one hand and between ODS and OBMA mode shapes on the other hand, without a 

direct comparison between OMA and OBMA mode shapes [9]. In fact, the other two mentioned case studies 

[7], [8] also don’t consider the comparison of mode shapes, although in case of the acoustic measurement 

[7] this is due to the use of a single microphone. 

In conclusion, the reviewed studies, which compare OMA and OBMA during operational run-up test 

conditions lack a comparison of the values or differences for the estimated modal parameters (i.e. natural 

frequencies, damping ratios and mode shapes). However, all three case studies show that OBMA avoids the 

issue of falsely identified end-of-order modes in contrast to the compared OMA method. The discussed lack 

of substantial random input forces might have reinforced the presence of end-of-order modes in the 

presented cases. 

5.2 Comparisons of operational run-up and operational stationary conditions 

A planetary gearbox [6] was evaluated by hammer impact EMA testing, a simulation model, OMA with the 

operational PolyMax method at stationary operation and OBMA at an acceleration run of the driving motor. 

Since, as additional baselines, this case study includes EMA and numerical results, it could also be assigned 

to the third category in Table 2, i.e. to the Section 5.3. However, it was assigned to the present section, since 

it is the only identified study where the test is performed at stationary operating conditions for OMA and an 

acceleration run for OBMA.  

The OMA method (at stationary operating conditions) only identified 8 out of 13 modes, that were captured 

by EMA and OBMA. OBMA determined partly much greater damping values with errors ranging between 

5% and 316% relative to the EMA damping results. There is less relative error in natural frequencies at a 

maximum deviation of 8%. A comparison between estimated values from OMA and OBMA shows a much 

closer agreement: OBMA parameters deviate up to 4% and 49% in relation to OMA results for natural 

frequencies and damping ratios, respectively. This indicates that the observed differences in comparison to 

EMA are also due to the operation of the structure and not primarily due to estimation errors introduced by 

OBMA specifically. Underlying changes of modal parameters at operating conditions can be caused by an 

increasing gearbox temperature, varying boundary conditions and gear mesh stiffness, as noted by the 

authors [6]. 

However, the relationship between the analysed orders and the presented modal results is not clear from the 

paper. Two dominant orders of the system are introduced and it is stated that both orders have been processed 

by OBMA using the operational PolyMax method [6]. However, only a single set of modes estimated by 

OBMA is presented and it is not clear from which of the two orders the presented results originate. The 

paper does not disclose the technique (if any), which was used to combine both data sources. In the worst 

case, individual estimated modes from both orders could have been manually constructed into a single set 

of results, potentially leading to a biased report of OBMA results. 

The analysed test case allows to assume a low amount of random input in relation to periodic excitation 

amplitudes, since it features an added rotational mass and consists of few components (two identical 

planetary gears in back-to-back configuration) driven by an electric motor. Therefore, the study confirms 

that a run of sweeping orders can be favourable for modal estimation if the alternative stationary operating 

condition does not provide enough input force to excite modes in the frequency range of interest. However, 

this observation rather concerns the operational conditions of the specific test structure and not the utilised 

OMA method. Depending on how pronounced the end-of-order effect would have been in this test case, 

regular OMA could provide similar results to OBMA when applied to the run-up measurements. Finally, 

the study validates OBMA by demonstrating matching modes from EMA, OMA and a simulated system. 

However, this excludes mode shapes or MAC values from OBMA and OMA, which have not been reported 

in the study. 
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5.3 Comparisons of operational run-up and experimental/numerical response 

Simulation case studies of OBMA include an 8 DOF model with a simulated rotating mass [19] and a plate 

structure with two force input locations producing crossing orders [32]. In both cases the modal estimation 

results by OBMA correspond mostly well with the numerical reference solutions. 

Two additional studies conducted physical experiments using controlled excitation setups for the baseline 

response. In the test of a locomotive frame/cabin assembly [9], hammer impact EMA provided reference 

results while a different test utilised white noise excitation by a shaker to acquire a baseline response of car 

mock-up by OMA [18]. In the latter case study, the operational run-up condition was emulated by the same 

shaker, resembling the periodic multi-sweep input of 34 orders, which were subsequently processed by 

OBMA. 

In the case of the 8 DOF model [19], OBMA in combination with TVDFT order tracking resulted in 

maximum deviations of 3% and 106% for natural frequencies and damping ratios, respectively. The high 

relative error of the damping estimation is encountered in the first two modes, which are lightly damped. 

Excluding the first two modes, the maximum damping error is significantly lower at 1.8%. A similar effect 

can be observed from the locomotive experiment [9], where the damping ratio of a lightly damped mode 

was estimated by OBMA approximately 3 times higher compared to EMA. The plate simulation study [32] 

draws a slightly different picture, since its lightly damped modes were not affected by noticeably high 

estimation errors. In the case study of the car mock-up [18], the eigenfrequencies show consistent results 

with a maximum error of 2.6%. The damping ratio and mode shapes (quantified by MAC values), however, 

have a high variance depending on the specific order used in the OBMA method. For example, the relative 

error in the damping estimate of the third mode ranges from 2.4% to 85.4% depending on the chosen order. 

Unfortunately, from the four presented case studies of this subsection, mode shapes or MAC values have 

been only considered in the car mock-up study [18]. 

It can be concluded from several studies [9], [19], that the damping ratios of lightly damped modes can be 

strongly overestimated, which should be considered when analysing lightly damped structures with OBMA. 

A plate simulation study [32] demonstrated that VK order tracking can be successfully applied to separate 

crossing orders and use them for modal identification with OBMA. 

For more challenging estimation conditions and generalized findings, the plate simulation also included 

superposed measurement noise and two close structural modes. At the same time, however, it should be kept 

in mind that both simulations [19], [32] represent idealized and reduced models, which facilitates modal 

identification. For example, the periodic input force was not contaminated with noise in neither of the 

simulations and the plate response was simulated by modal superposition of a reduced modal subspace with 

6 modes. Similarly, the physical car-mock up experiment [18] was performed under idealised conditions 

with a controlled shaker excitation producing purely harmonic input forces. Depending on the specific 

application scenario, lower estimation performance can be expected if the test conditions are less 

predictable. 

This assumption is supported by the locomotive case study, which contained run-up excitation by an 

operating diesel engine [9] and suffered of unmatched modes as well as higher baseline errors compared to 

other studies of this subsection. More specifically, the OBMA estimation results in the locomotive study 

identified 11 modes while EMA suggests that only 5 modes are present in the observed frequency range. 

However, it is not clear if this discrepancy is due to the specific characteristics of the locomotive's 

operational excitation or OBMA itself, since no estimation results from other OMA methods are provided. 

The authors mention that the FRF curves acquired form EMA were noisy, which could also contribute to 

the observed discrepancy. 

5.4 Discussion 

Different comparison types of OBMA as defined by Table 2 serve important but different purposes, which 

must be kept in mind when drawing conclusions from case studies reviewed in the previous section.  
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The first category allows to directly compare the outputs of OBMA and OMA, since both methods are 

compared at the same operational run-up condition (including the excitation forces). However, due to 

incomplete or missing reports of estimated modal parameters, the reviewed papers don’t achieve this 

comparison in terms of absolute or relative values between the methods. Nevertheless, the studies 

demonstrate that regular OMA methods can suffer from end-of-order modes and that OBMA successfully 

eliminates this issue [7]–[9]. All reviewed case studies show factors that typically reduce random excitation 

in comparison to periodic input, which could contribute to the presence of end-of-order modes in these 

cases. 

The study of the second category presents a case where OBMA estimations from a run-up are compared to 

OMA results from stationary operating conditions [6]. A limitation of this study is that it compares different 

types of excitation/operating conditions and different modal estimation methods (OBMA and a general 

OMA method) at the same time. Therefore, the methods are compared at two substantially different 

operating conditions, so the conclusions drawn from observed differences in estimated modes cannot be 

directly attributed to the respective modal estimation method. A main observation of the study is that OMA 

was not able to identify several modes, which have been detected by OBMA and confirmed by EMA. This 

primarily shows that sweeping orders from an operational acceleration or deceleration run can be more 

suitable for modal estimation compared to a stationary operation. Due to the mentioned limitation, however, 

this general conclusion is not specific to OBMA.  

Studies of the third category [9], [18], [19], [32] provide a general validation of OBMA but don’t evaluate 

the modal estimation performance in comparison to other established OMA methods. 

6 Conclusions 

The previous sections of the present paper provided a theoretical foundation including the characteristics of 

the operational excitation by rotating machinery as well as OMA by pLSCF and order tracking by TVDFT, 

which are commonly used methods for OBMA and the vibration analysis of rotating hardware in general. 

A survey of current literature focusing on modal identification from operating rotating machinery with 

OBMA and general OMA was performed, highlighting the main findings and limitations of each practical 

case study. 

This section summarises the main findings form the literature review in the previous section. Identified gaps 

in the research literature are highlighted along with suggestions for future work to promote further 

development of OBMA and OMA of rotating machinery. 

The practical differences between OBMA and general OMA methods are summarised in Table 3, which 

lists the main benefits and limitations of these methods using a qualitative classification into four main types 

of operating conditions. The comparison illustrates that stationary operating conditions in combination with 

mainly periodic (and low random) excitation are especially challenging for modal extraction. It is also 

visible that in this case, an acceleration or deceleration run should be preferred if the operation allows to 

generate sweeping orders covering the frequency range of interest. 

It has been demonstrated that the choice of a tracked order can have a large influence on OBMA estimation 

results [18]. Existing literature suggests a method for an automated determination/selection of most 

significant orders (based on local amplitude maxima in the mean order domain spectrum) [7]. However, the 

described variance of the results indicates that OBMA could be further improved by an additional estimation 

of the most suitable order per mode or a combination of data acquired from multiple tracked orders by data 

fusion. 

Only one study [18] was identified, which directly compares the mode shapes of OBMA and general OMA. 

Therefore, it is worth to further evaluate the performance of OBMA with respect to mode shape estimation. 

All the reviewed studies focus on proprietary test cases. The lack of open benchmark data in the domain of 

vibration analysis applied to rotating machinery hampers comparisons across research groups in this field. 

A future set of open benchmark data could therefore promote further, more efficient development of OMA 

methods for rotating machinery. 
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Table 3: Qualitative comparison of OBMA and general OMA at different operating conditions 

  Operating condition 

  Stationary Sweeping orders 
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 OMA OBMA 

[5], [16], [6] 

- Modes not excited 

- Modes masked by 

harmonics 

+ Harmonics can be 

partially reduced 

× Not 

applicable 

 

OMA OBMA 

[8], [7] 

+ Modes excited 

- Analysis band 

limited to sweep 

range 

- False end-of-order 

modes 

[6]–[9], [18], [32] 

+ Modes excited 

- Analysis band limited to sweep 

range 

- Extra analysis steps (order 

tracking, alternative results from 

different orders) 
 

M
a

in
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o
m

 OMA OBMA 

[18], [33]–[36] 

+ Modes excited 

+ Harmonics can be 

rejected/reduced 

× Not 

applicable 

 

OMA OBMA 

- Not limited by 

sweep range* 

- (Weak) false end-

of-order modes* 

- Extraction band limited to sweep 

range 

- Weak order response amplitudes* 

- Extra analysis steps (order 

tracking, alternative results from 

different orders) 
 

* Hypothesis (to be evaluated) 

No studies have been found, where OMA or OBMA are evaluated at mainly random excitation with a low 

periodic input of sweeping orders, which is reflected by Table 3. Thus, the specified characteristics of OMA 

and OBMA in this case is mostly based on assumptions. However, depending on the tested structure, such 

operating conditions can be encountered, so more research in this area is encouraged. 

Several studies show that the damping ratio of lightly damped modes can be severely overestimated by 

OBMA [6], [9], [18], [19]. Since this is likely a result of transient excitation, it can be assumed that a lower 

ramp-up speed as well as a greater excitation by random input compared to periodic input should alleviate 

this effect. However, from existing literature is not clear yet, which factors (such as the relative amount of 

periodic and random excitation or ramp-up rate) are relevant for this issue and to what degree. A deeper 

understanding would help for the planning of operational tests and the interpretation of test-results from 

acceleration/deceleration runs. This is especially relevant, since, as demonstrated before, such transient test 

conditions can lead to a more complete modal estimation [6]. 

A clear contribution of OBMA is the solution to the end-of-order issue [7]–[9]. Since potential end-of-order 

frequencies can be calculated from the tacho signal in advance, an alternative solution might be to reduce 

the resulting spurious spectral peaks from the vibration measurements by data processing [17] or to reject 

end-of-order modes after modal estimation. The utilisation of OBMA is limited by the requirement of an 

acceleration or deceleration run of the rotating component and a recorded tacho signal. Therefore, to achieve 

optimal modal estimation throughout different operating conditions of a structure, a combination of OBMA 

with one or multiple OMA methods might be desirable. 

A parametric study is a current work in progress of the authors of this paper and can be used to address 

several research gaps highlighted in this work. It will be based on the findings of the present paper and 

provide quantitative results, which can complement and concretise qualitative and theoretical observations. 
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Balancing method and experiment of a small spacecraft
reaction wheel

W. De Munter, J. Lanting, T. Delabie, D. Vandepitte
KU Leuven, Department of Mechanical Engineering,
Celestijnenlaan 300, B-3001, Heverlee, Belgium

Abstract
Reaction wheels are considered as one of the main vibration sources on-board spacecraft. These vibrations
can result in a poor pointing accuracy and/or stability and can therefore have an undesirable impact on the
payload’s output. A direct solution to minimize these vibrations is to balance the flywheel of the reaction
wheel assembly. This paper elaborates the balancing process applied on one of the KU Leuven CubeSat
reaction wheels. The results obtained by the balancing measurement and correction prototype set-up demon-
strate that the initial static and dynamic unbalance can be reduced with respectively 83% and 23%, while the
consistency and accuracy of the measurements should be increased by means of alternative measurements
processing techniques.

1 Introduction

Small spacecraft are a booming class of satellites, with in particular the class of CubeSats. A one-unit
(1U) CubeSat is a small satellite with standardized dimensions of 10× 10× 10 cm, a mass of about 1 kg,
and a power consumption of approximately 1 W. By combining several of these 1U cubes, derivatives
such as the 2U, 3U and 6U CubeSats can be obtained. The main success of CubeSats can be assigned to
this standardized concept in combination with the use of Commercial-Off-The-Shelf (COTS), leading to a
reduction in development time and cost, and to affordable access into space [1].

The increasing amount of CubeSats and their applications goes together with an increase in system and
pointing requirements. Stringent restrictions are imposed on the pointing budget and on the Attitude Deter-
mination & Control System (ADCS) to get high-quality data from these small platforms. The ADCS system
determines the orientation - or attitude - of the spacecraft by means of different sensors, such as star track-
ers, gyroscopes, and/or magnetometers, and controls the orientation by means of different actuators, such as
reaction/momentum wheels, magnetorquers, and/or thrusters.

The pointing accuracy and stability are determined by the ability of the ADCS to attenuate the different
types of disturbances acting on the spacecraft. The environmental disturbance torques, for example, can be
categorized as low-frequency disturbances (< 1 Hz), which can be corrected for by the ADCS. Reaction
wheel and/or cryocooler vibrations, on the other hand, can be categorized as high-frequency disturbances (>
1 Hz), which require other strategies such as active/passive vibration isolation, dual-stage control approaches,
and/or rotor unbalancing [2].

The Department of Mechanical Engineering at the KU Leuven develops an entire ADCS with in-house made
reaction wheels for CubeSats. While the reaction wheels are the most accurate and agile actuators of the
ADCS, they are also considered as one of the largest disturbance contributors on-board a spacecraft. Their
disturbance profile can be estimated by means of the rotor dynamics theory and/or can be measured by means
of characterization tests. The largest peaks in this profile can typically be assigned to the unbalances. One
solution to reduce these peak magnitudes, and thus the vibrations of the reaction wheels, is to unbalance
the reaction wheel’s flywheel. Therefore, this paper will elaborate the unbalance procedure and test-setup
applied on one of the KU Leuven CubeSat reaction wheels and discusses the experiment results.
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The remainder of the paper is organized as such: section 2 explains the different definitions, representations
and aspects of unbalances, section 3 describes the KU Leuven reaction wheel design and characterisation,
section 4 demonstrates the potential impact of a balanced wheel on the pointing performance, section 5
discuss the balancing process approach, test set-up and test results, and section 6 concludes this paper.

2 Unbalances

A good understanding of the unbalance theory is recommended before initiating the balancing process as-
pects. This section therefore starts with the unbalance definition and its representation by means of equivalent
masses and correction masses. Finally, the ISO standard unbalance tolerances and the unbalance estimations
are mentioned.

2.1 Unbalance definition

According to the ISO-1940 standard [3], the unbalance is a condition which exists in a rotor when a vibration
force or motion is imparted to its bearings as a result of centrifugal forces. Typically, two types of reaction
wheel unbalances can be defined [4]: static unbalance and dynamic unbalance 1.

The static unbalance Us, typically measured in [g mm], exists when there is a parallel shift between the
rotation axis and the principal inertia axis of the rotor. This shift is called the eccentricity ε, typically given
in [µm]. The centre of mass (CoM) does not coincide with the geometric centre of the rotor. Given the total
mass of the rotor m, The static unbalance Us can be calculated according to equation 1a and is illustrated in
Figure 1a.

Us
(a)
= mε

(c)
= m̂s r

(e)
= (m̃A

s + m̃B
s ) r (1)

The dynamic unbalance Ud, typically given in [g mm2], exists when there is an angle between the rotation
axis and the principal inertia axis of the rotor. This angle χ is typically given in [mrad]. The centre of mass
(CoM) does coincide with the geometric centre of the rotor. Given the moment of inertia around the z-axis,
the dynamic unbalance Ud can be calculated according to equation 2b and is illustrated in Figure 1b.

Ud
(b)
= Iz χ

(d)
= 2 m̂d hd r

(f)
= (m̃A

d hA + m̃B
d hB) r (2)

2.1.1 Equivalent masses

The unbalance definition in section 2.1 is useful to understand the physics and nature of the unbalances in
rotating mechanism. However, for the balancing process, the representation by means of fictive point masses,
so-called equivalent masses (EMs), is more meaningful. This representation assumes that the rotation axis
is perfectly aligned with the mass moment of inertia Iz , with the EMs placed at a radial distance from the
rotation axis, equal to the outer radius r of the rotor.

The static unbalance can be represented by one EM, m̂s, on the plane perpendicular to the rotation axis
and through the CoM, as illustrated in Figure 1c. The static unbalance can then be formulated according to
equation 1c.

The dynamic unbalance can be represented by two EMs, m̂d, on two different arbitrary planes perpendicular
to the rotation axis with an equal axial distance hd from the CoM, as illustrated in Figure 1d. Both EMs
are positioned 180° with respect to each other. The dynamic unbalance can then be formulated according to
equation 1d.

1According to the ISO-1940 standard [3] the two basic types of unbalances are the static and couple unbalance, while the
combination or sum of these unbalances is defined as the dynamic unbalance. However, in reaction wheel unbalance literature the
term couple unbalance is most of the time replaced by dynamic unbalance [5, 6]. The term dynamic unbalance in this paper therefore
actually refers to the definition of the couple unbalance according to the ISO-1940 standard.
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Figure 1: Unbalance representations (rotor side view)

2.1.2 Correction masses

The static and dynamic unbalances can be compensated for by removing or adding correction masses (CMs).
The magnitude and position of these CMs can be easily related to the representation by means of EMs as
described in section 2.1.1. When removing masses, the CMs are equal to the EMs. When adding masses, the
CMs have to be positioned 180° with respect to the EMs in the particular planes. In practice, however, the
EM planes as illustrated in Figures 1c and 1d are not always accessible. In that case, at least two correction
planes have to be defined. Figures 1e and 1f show two arbitrarily planesA&B with respectively a height hA
& hB with respect to the CoM plane. These heights does not have to be equal neither they have to be related
to the equivalent dynamic unbalance height (hA 6= hB 6= hd). (Note that the CMs illustrated in Figures 1e
and 1f representing the case where the CMs are removed to compensate for the equivalent masses illustrated
in respectively Figures 1c and 1d.) When these correction planes A & B are defined together with their
heights hA & hB , and the unbalances Us & Ud are measured, the CMs for both planes for both unbalances
can be calculated according to equations (3) - (6).

m̃A
s = Us hB/[r (hA + hB)] (3)

m̃B
s = Us hA/[r (hA + hB)] (4)

m̃A
d = Ud/(2 r hA) (5)

m̃B
d = Ud/(2 r hB) (6)
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2.2 Unbalance tolerances

For some applications, the rotating mechanism design is driven by vibration limits determined by experi-
mental evaluation or analysis. These vibration limits are then translated into unbalance tolerances.

On the basis of worldwide experience and similarity considerations, balance quality grades G have been
established which permit a classification of the balance quality requirements for typical machinery types.
The ISO 1940 standard [3] provides guidelines to select unbalance tolerances based on the rotor/machine
type and the maximum wheel speed Ωmax with units [rpm]. The balancing quality grade G with units
[mm/s] is a value that then can be applied to calculate the maximum tolerated eccentricity εmax with units
[mm] according to equation 7.

εmax = G/Ωmax (7)

2.3 Unbalance estimation

For some other applications, the rotation mechanism design is not driven by vibration limits. In those cases
the maximum unbalances can be estimated according equations 1a and 2b as described in section 2.1. The
mass m and Iz can be derived from the rotor CAD model, while the maximum eccentricity εmax and max-
imum angle χmax can be derived from the series of worst case bearing and dimension tolerances of the
total assembly. Furthermore, Monte Carlo simulations can estimate the maximum unbalance in the rotor
wheel itself due to a non-uniform mass distribution. Together, these estimated maximum unbalances will
give already an order of magnitude and can be used to validate characterisation tests of the particular rotating
mechanism.

3 KU Leuven Reaction Wheel

The balancing process described in section 5 in this paper will be applied on one of the KU Leuven reaction
wheels (RWs). This section therefore describes the current design of the RW first, as it will impose some
specific restrictions and adaptations during the balancing process. Furthermore, this section discusses the
results of a characterisation test of one of the KU Leuven RWs, as it will clarify the unbalance measurement
method as described in section 5.

3.1 Design

The KU Leuven reaction wheel design exists of a rotating flywheel (rotor) which is suspended by two radial
ball bearings positioned in an upper and lower housing respectively (stator), as illustrated in Figure 2 [7]. The
flywheel is driven by a brushless DC motor via a compact Oldham coupling. The reaction wheel assembly
has dimensions of approximately 40× 40× 28 mm and a total mass of 80 g.

Within its dimensions, the KU Leuven RW design was optimized to have a maximum torque and maximum
angular momentum capacity. While, the maximum torque directly derives from the brushless DC motor
performance, the angular momentum capacity was maximized by augmenting both the flywheel’s inertia Iz
and the potential rotational speed Ω. The RW bearing fits and radial play were therefore selected to mainly
minimize the friction, and not necessarily to minimize the unbalance. Following this design rule, the worst
case unbalances can be estimated as described in 2.3. Together with the main flywheel parameters, the
maximum estimated errors and maximum estimated unbalances are listed in Table 1. The KU Leuven RW
was designed to have a maximum rotational speed of 10 000 rpm. Together with the maximum estimated
error from Table 1, a balancing grade of G = 40 mm/s is obtained. This grade corresponds to the class
of car wheels and car drive shafts [3]. A balancing grade of G = 0.4 mm/s corresponds to the class of
gyroscopes, which are more similar devices to RWs, and would lead to a maximum tolerated unbalance of
εmax = 0.5 µm. This number is, however, hard to achieve with the current existing and affordable balancing
tools. Instead of imposing this stringent unbalance tolerance on the design in order to limit the vibrations,
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Figure 2: Cutout of the KU Leuven reaction wheel design [7]

Table 1: The maximum estimated KU Leuven RW design unbalance values [8]

Parameter Maximum error Maximum unbalance

m = 40 g εmax = 40 µm Us,max = 1.6 g mm
Iz = 9.6× 10−6 kg m2 χmax = 6.2 mrad Ud,max = 60 g mm2

the rotational speed of the RW can be controlled to maintain a mean rotational speed around for example
2000 rpm during high-pointing manoeuvres 2.

3.2 Characterisation

All rotating mechanisms inherently have unbalances due to limited tolerances as explained in section 2.
On top of these unbalances, rotating mechanisms have a more complex disturbance behaviour, especially
when they incorporate ball bearings. These components have multiple bodies rotating at different rotational
speeds producing lower and higher order of harmonics. Moreover, the rotating mechanism is a mechanical
structure with its own eigenfrequencies which can potentially amplify these unbalances and/or harmonic
disturbances. The field of rotor dynamics can help to predict the total disturbance behaviour of a rotating
mechanism theoretically. Alternatively, characterisation tests can help to quantify the total disturbance be-
haviour experimentally. During a characterisation test, the dynamics (forces & moments) of the rotating
mechanism running at a certain rotational speed are measured. When repeating this measurement over the
entire range of rotational speeds of the particular mechanism, so-called waterfall plots can be derived which
visually provide insight in the disturbance behaviour. Characterisation tests can be performed to validate the
theoretical model of the rotating mechanism [5, 10], to verify the health status of the rotating mechanism
based on the harmonic disturbances [6], or to quantify the unbalances for balancing processes [11]. Figure 3
shows the power spectral density (PSD) of the force Fx for a rotational speed of 3000 rpm, derived from a
characterisation test on one of the KU Leuven RWs. From this figure it is possible to distinguish three main
contributors to the total force disturbance:

1. The static and dynamic unbalances originate from the unequally divided mass of the rotor and the
limited tolerances of the assembly. If both the assembly is designed - and the rotor is mounted in a
proper way (aligned bearings without excessive radial play), these unbalances are easily recognized in

2The RWs on-board a spacecraft are typically maintained within a certain rotational speed range by means of a technique called
momentum dumping where other type of actuators such as magnetorquers or thrusters will gradually provide the necessary torque to
the spacecraft [9].
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Figure 3: Power spectral density (PSD) of force Fx for a rotational speed of 3000 rpm
(measurements are only valid above the seismic noise frequency limit of 20 Hz)

the waterfall plots as a straight line with large amplitudes and in the spectral density plots as a large
spike, as illustrated in Figure 3 (RW unb).

The corresponding unbalance forces and moments are periodic functions with a frequency equal to the
wheel speed f = hΩ (h = 1) and an amplitude proportional to the wheel speed squared Ω2. If treated
with care, the large spikes originating from the unbalance disturbances can be avoided or attenuated to
minimize their impact on the pointing performance.

2. The harmonic disturbances originate from the ball bearing components. The harmonic numbers hi
can be estimated beforehand based on the dimensions of the ball bearing components. Furthermore,
harmonic numbers with large amplitudes can indicate improper mounting of the rotor in the assembly.
The harmonic disturbances are recognized in the waterfall plots as straight lines over the frequency
spectrum and in the spectral density plots as small spikes, as illustrated in Figure 3 (RW harm).

The corresponding harmonic forces and moments are periodic functions with a frequency equal to
the harmonic times the wheel speed fi = hiΩ (hi 6= 1) and an amplitude which is defined to be
proportional to the wheel speed squared Ω2. However, when these harmonic lines intersect with one
of the structural modes of the RW assembly, the amplitude function will deviate from this assumption.

3. The broadband noise is the remaining part of the disturbances, originating from the bearing com-
ponents and the motor working principle (ripple, cogging, . . . ). For simulation purposes, the noise
level can also be approximated as illustrated in Figure 3 (RW noise). The broadband noise is actually
the largest contributor to the pointing performance, due to the area under the broadband noise curve
representing the noise variance.

The corresponding noise forces and moments are treated as white noise. Its magnitude can change
over the frequency spectrum, as the RW assembly can be assumed as a mass-damper-spring system
with lateral and radial eigenmodes, amplifying the noise level.
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4 Balancing motivation

Although the reaction wheel noise is the largest contributor to the pointing performance budget [12], the
spikes originating from the unbalance forces and torques can have a significant impact as well, especially in
the frequency range above 10 Hz. While section 1 briefly explained the motivation for balancing qualitatively,
this section will motive the balancing process quantitatively.

The ADCS systems on-board small spacecraft typically have a bandwidth in the range of 0.1 Hz to 1 Hz,
being capable of attenuate disturbances up to these frequencies. Higher frequency disturbances are therefore
passed through the spacecraft structure. Typically, the spacecraft rigid body is represented as a double
integrator plant of which the frequency response is illustrated in Figure 4. In reality however, the structure
will show some eigenmodes with low damping at higher frequencies, resulting in a flexible spacecraft model.
The numerical values of the flexible spacecraft model elaborated in this section can be found in Appendix A.

When a reaction wheel mounted in the spacecraft is running at a rotational speed corresponding to one of the
structural eigenmodes of the spacecraft, a large RMS pointing error will be observed, as illustrated in Figure
5. For example, the unbalance forces and torques of a reaction wheel running at around 2100 rpm will be
amplified by the first structural eigenmode at 30 Hz, resulting in a RMS pointing error of 3 arcsec. When
this reaction wheel would be balanced by a factor of two, the resulting RMS pointing error will reduce with
the same factor due to linearity. It can therefore be concluded that a reduction in unbalances will reduce the
RMS pointing error with the same factor.

In addition to actively reducing the unbalances by means of a balancing process, the large spikes originating
from the unbalance forces and torques can also be avoided passively. One option is to avoid running the
RW at those wheel speeds that coincide with the spacecraft’s eigenmodes. This condition can not always
be guaranteed, however, as the reaction wheel speed will change continuously to stabilise the spacecraft.
An alternative option is to properly design RW dampers to attenuate the unbalance forces in the desired
frequency region.

In the end, it is up to the RW manufacturer and/or the space mission engineers to decide which options are
preferred.
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5 Balancing process

The balancing process exists of two main actions: measuring and correcting for the unbalances, as illustrated
in Figure 6. Once manufactured, initial unbalances Uinit exists in the rotating mechanism. These initial
unbalance have to be measured first in order to decide whether to initiate the correction action or to end
up with the final unbalances Ufin. When a correction is applied, the residual unbalances Ures have to be
measured to decide the correction action have to be repeated or not. The balancing process illustrated in
Figure 6 is valid for both the static and dynamic unbalances.

First the balancing approach, incorporating the measuring and correction operations, is discussed in section
5.1, secondly the balancing test set-up and operation is discussed in section 5.2. Finally, the balancing results
and improvements are discussed and evaluated in section 5.3 and 5.4.

5.1 Balancing approach

There exists several approaches to measure and correct for the unbalances during the balancing process. The
two main approaches for each balancing aspect are listed in Table 2 and are discussed in this section.

Regarding the measuring action, both the magnitude and angle of the static and dynamic unbalance vector
have to be measured. These parameters will respectively determine to what extend and where to correct for
the unbalances. Regarding the correction action, the number of correction planes, the correction operation
and the correction level have to be decided. These parameters mainly depend on the particular mechanism
to be balanced.

• The unbalance vector magnitudes can be derived (kinematically) from acceleration data obtained by
means of accelerometers mounted on the rotor. Alternatively, the magnitude of the unbalance vectors
can also be derived (dynamically) from force data obtained by means of a dynamometer.

• The unbalance vector angles can be measured directly or indirectly. In the latter case, a magnitude
measurement is executed before and after a small calibrated mass is mounted on the rotor under a
predefined radial angle. Based on the second reference measurement, the angle of the initial unbalance
can be derived. Alternatively, the angle can be measured directly by means of an optical encoder.

• The number of correction planes depends on the magnitude and distribution of the initial unbalance as
well as on the rotor’s design. In case only the static unbalance should be corrected for, one correction
plane is sufficient; otherwise two or more correction planes are necessary.

• The correction operation can be done by adding or removing the correction masses.

• The correction level defines the level on which the correction is applied. At rotor level, only the rotor
component is balanced, while at assembly level, the rotor suspended by its bearings in the final set-up
is balanced.

For the balancing process applied on the KU Leuven RW, the second approach for each balancing aspect
from Table 2 was chosen. A dynamometer underneath the RW measures the forces and torques, while an
optical encoder measures the angles. Correction masses are removed from two correction planes for each
unbalance at assembly level [13, 11].
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Table 2: Balancing approaches

Balancing aspect First approach Second approach

Measurement of magnitudes Kinematically Dynamically
Measurement of phases Indirectly Directly

Correction operation Adding Removing
Correction planes One Two or more
Correction level Rotor level Assembly level

5.2 Balancing test set-up and operation

This section describes the first test setup prototype used for the balancing process on the KU Leuven RW.
The first two subsections elaborate the measurement set-up and processing respectively, while the next two
subsections elaborate the correction set-up and parameters respectively.

5.2.1 Measurement set-up

The KU Leuven RW was placed on a Kistler dynamometer (type 9119AA1) to measure the forces and
torques as illustrated in Figure 7. This dynamometer consists of four 3-component piezo-electric force
sensors. The current signals of these force sensors are further converted into a proportional voltage signal
by a Kistler multichannel charge amplifier (type 5070A). The Kistler dynamometer was rigidly mounted on
a Newport RS2000 air table to isolate the dynamometer from ambient seismic vibrations (< 10 Hz). The
same measurement set-up was used in [8] and allows to measure the RW disturbance forces and torques from
which the unbalance magnitudes can be derived.

The unbalance phases are derived from optical encoder measurements. The encoder pattern is illustrated in
Figure 8 and has two rings. The larger inner ring exists of a pattern with 24 black and white segments of
15° each. The three consecutive black segments on the flywheel are used as the reference position (R). The
smaller outer ring exists of a pattern with 360 black and white segments of 1° each. The inner ring is used in
combination with the optical sensor, the outer ring is used for positioning the flywheel during the correction
action. The encoder pattern was fixed on the top ridge of the reaction wheel’s flywheel, inside the housing
components.

The optical sensor is a light reflection switch with a high photosensitive receiver for short distance, operating
in the infrared range [14]. Since the flywheel is completely covered by the housing components in the
original RW design, a hole had to be foreseen in the upper housing part to get the encoder in the view of the
sensor, as illustrated in Figure 7. The sensor was mounted on a fixed lever arm close to the encoder patter in
order to guarantee the maximum sensor’s sensitivity.

Both the dynamometer and optical sensor measurements are collected by one data acquisition (DAQ) sys-
tem to ensure they are synchronized, which is a critical requirement for determining the unbalance phases.
Furthermore the RW wheel speed is controlled to be constant during each measurement to avoid phase dif-
ferences and frequency leakage.

5.2.2 Measurement processing

In order to determine the unbalance magnitudes, the original time series from the dynamometer are converted
to the frequency domain first. Next, the largest peak is searched for in a narrow frequency range around the
rotational speed frequency, corresponding to the unbalance force or torque. By repeating this measurement
for different wheel speed, the measurement accuracy can be increased by averaging and/or fitting.

In order to determine the unbalance phases, both the original time series from the dynamometer and optical
sensor are filtered first by means of a narrow band-pass filter. This filter has a central frequency placed at
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Figure 7: The KU Leuven RW mounted on the dynamometer Figure 8: The optical encoder

Figure 9: The correction set-up with the drilling tool and translation stage

the rotational wheel speed fc = Ω/60 and has a frequency width of ∆f = 4 Hz. The filter is imposed on
both signals to apply the same phase shift introduced by the filter. Next, the largest peak values are tracked
in both filtered time series and are compared to each other to determine the phase differences.

5.2.3 Correction set-up

During the correction step, correction masses will be removed by means of a drilling tool, as illustrated
in Figure 9. The drilling tool with a 2 mm diameter spherical diamond head is clamped on a portable
aluminium base together with a 10 µm-resolution translating stage, on which the reaction wheel assembly
can be mounted. Two holes, corresponding to two user-defined correction planes, were made in the upper
housing part of the reaction wheel assembly to reach the flywheel with the drilling head. Furthermore, two
more holes were made on both sides of the upper housing part which allow to clamp the flywheel with some
screws during the drilling process. This correction set-up allows to precisely remove the necessary correction
masses.
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5.2.4 Correction parameters

Once the magnitudes of the unbalance vectors are determined, the correction masses for both correction
planes can be calculated according to equations 3 - 6 as discussed in section 2.1.2. Next, these correction
masses have to be translated into correction depths x̃ to be drilled. The relation between a correction mass and
a correction depth is formulated in equation 8 and illustrated in Figure 10, taking into account the material
density of steel ρ = 8050 kg m2 and the drilling head radius R = 1 mm.

Ṽ =
m̃

ρ
=

{
πx̃2

3 (3R− x̃) if Ṽ ≤ 2πR3

3
πR2

3 (3x̃−R) if Ṽ > 2πR3

3

(8)

{
φ̃s = [φUs(t)− φR(t)]− φS
φ̃d = [φUd

(t)− φR(t)]− φS
(9)

(10)

The correction phase angles φ̃s and φ̃d can be calculated according to equations 9 and 10 respectively and are
illustrated in Figure 11. In this figure, the black coordinate system (x-y-z) represents the static measurement
frame of the dynamometer. The gray coordinate system (x′-y′-z′) represents the frame fixed on the rotating
flywheel with its x-axis aligned with the reference point (R), i.e. the three consecutive black segments on
the optical encoder. The sensor position (S) is fixed with respect to the dynamometer frame and defined by
the user-defined static angle φS . Depending on the applied dynamometer disturbance data x or y, this angle
should be defined with respect to the corresponding axis. The static sensor position angle φS , together with
the phase difference [φR(t) − φUs(t)] between the reference signal and the force/torque signal, allows to
determine the correction phase angles.

Once the correction drilling depths x̃As , x̃Bs , x̃Ad and x̃Bd , and the correction angles φ̃s and φ̃d are determined,
the correction can be executed.

5.3 Balancing results

The unbalance magnitudes and phases were determined based on the measured time series for six different
wheel speeds for one KU Leuven RW as listed in Table 3. Since the phase difference can be measured for
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Table 3: The measured static [g mm] and dynamic [g mm2] unbalance magnitudes and
the normal distribution parameters (µ, σ) of the measured unbalance phases [°]

Speed Unbalance magnitude Unbalance phase

Ω [rpm] Usx Usy Udx
Udy

µFx
σFx

µFy
σFy

µTx
σTx

µTy
σTy

1219 0.06 0.04 7.59 3.52 -76.80 10.21 157.48 25.37 57.70 2.92 138.48 4.56
1610 0.06 0.04 7.08 3.55 -82.45 4.33 -165.27 13.99 56.79 2.36 152.63 4.20
1971 0.08 0.05 7.92 2.99 -96.87 5.37 -168.78 6.32 50.92 4.46 156.91 5.09
2253 0.11 0.04 10.10 1.46 -94.51 3.06 -151.61 14.60 58.57 2.95 137.96 16.76
2524 0.12 0.04 9.70 3.61 -83.16 5.14 142.15 11.32 77.51 6.36 99.88 10.50
2632 0.14 0.04 11.39 4.69 -75.96 7.01 128.77 23.52 85.17 9.85 78.36 11.26

(a) Ω = 2253 rpm(Fx) (b) Ω = 1219 rpm(Fx)

Figure 12: Histograms of the phase difference measurements

each period of the signal, multiple measurements can be derived to obtain the expected normal distribution,
characterised by its mean µ and standard deviation σ. This distribution is illustrated in Figure 12 for a
measurement with a narrow and wide standard deviation respectively. The bin width of these histograms was
set at 6 Ω/fs [°] rounded to the first integer. For a wheel speed of Ω = 2253 rpm and a sampling frequency
of fs = 4096 Hz, the bin width becomes 3°. This number is equal to the resolution at which the phase
difference is determined. For high wheel speeds, this resolution becomes too low to determine the unbalance
phases accurately.

The results shown in Table 3 are clearly not consistent. It was noticed that the wheel speed controller
could not stabilize the speed sufficiently. Therefore these results are difficult to interpret. Nevertheless an
unbalance correction was performed to see if a difference could be noticed. The initial and residual (or final)
unbalance values for this correction are listed in Table 4. These results show that it is possible to reduce the
static and dynamic unbalance with 83% and 23% respectively with the current test-setup.

5.4 Balancing set-up and operation improvements

Section 5.3 clearly illustrated that the current measurements are not sufficiently consistent to execute an un-
balance correction accurately. Therefore the following improvements, related to the difficulties encountered
during the measurement and correction actions, are proposed:
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Table 4: Initial and residual unbalance values respectively before and after balancing

Us [g mm] φs [°] Ud [g mm2] φd [°]

Initial 0.239 249 10.1 232
Residual 0.041 148 7.8 195

• An important requirement for the balancing process is to ensure a very stable wheel speed. A fine-
tuned wheel speed controller can easily solve this issue..

• Multiple measurements on different wheel speeds will be required to increase the accuracy and relia-
bility of the unbalance correction by means of statistics.

• The phase difference measurement resolution is too low at the moment. However, the sample fre-
quency of 4096 Hz, which determines the resolution in the time domain, can not be increased further.
An alternative would be to derive the phase difference from the frequency domain, where the resolution
is determined by the total measurement time, which can be increased.

• The correction set-up should allow to perform the corrections in both correction planes without dis-
connecting the drilling tool and/or reaction wheel. Furthermore, the drilling setup could be combined
with the measurement set-up to reduce the disconnection steps even more. In this case, the total setup
should be characterised first to ensure the lowest eigenfrequencies are higher than the region of interest
(500 Hz).

• The current correction set-up does not take care of the removed material. The drilling chips can there-
fore nest in the bearings, which can reduce the reaction wheel’s life time significantly. An extraction
system could solve this issue.

6 Conclusion

This paper introduced the idea to balance CubeSat reaction wheels to reduce the micro-vibrations in these
small satellites and therefore increase their pointing stability. First, the different representations and aspects
of unbalances were explained. Next, the KU Leuven reaction wheel design was discussed to gain insight
of the particular rotating mechanism to be balanced, where after the balancing process was motivated by
means of a flexible spacecraft linear analysis to validate the potential positive impact of balancing reaction
wheels. Subsequently, the balancing process, with in particular the measurement and correction set-up, was
explained. Finally, the first test results were discussed and analyses. These results demonstrate that the
current measurement set-up allows to reduce the initial unbalances. Further improvements will increase the
consistency and accuracy of the test setup.

Acknowledgements

Strategic Basic (SB) PhD fellow at Research Foundation - Flanders (FWO).

References

[1] R. Shimmin, “Small spacecraft technology state of the art,” NASA Ames Research Center, Tech. Rep.,
2015.

[2] M. Hasha, “High-performance reaction wheel optimization for fine-pointing space platforms: Minimiz-
ing induced vibration effects on jitter performance plus lessons learned from hubble space telescope

DYNAMICS OF ROTATING MACHINERY 1493



for current and future spacecraft applications,” in Proceedings of the 43rd Aerospace Mechanisms Sym-
posium, NASA Ames Research Center, 2016, pp. 373–400.

[3] Mechanical vibration - Balance quality requirements for rotors in a constant (rigid) state -
Part 1, International Standard Organisation Std. ISO 1940-1:2003(E), 2003. [Online]. Available:
https://www.dcma.mil/Portals/31/Documents/NPP/Forms/ISO 1940-1.pdf

[4] G. Genta and F. F. Ling, Dynamics of Rotating Systems. Springer, 2005, ch. 3, pp. 93–103.

[5] R. A. Masterson, D. W. Miller, and R. L. Grogan, “Development and validation of reaction wheel
disturbance models: Empirical model,” Journal of Sound and Vibration, vol. 249, no. 3, pp. 575–598,
2002.

[6] L. M. Phuoc, “Micro-disturbances in reaction wheels,” Ph.D. dissertation, TU Eindhoven, 2017.

[7] T. Delabie, “Star tracker algorithms and a low-cost attitude determination and control system for space
missions,” Ph.D. dissertation, KU Leuven, 2016.

[8] W. De Munter, T. Delabie, and D. Vandepitte, “Characterization of reaction wheel micro-vibrations,”
in Proceedings of the 2018 International Conference on Noise and Vibration Engineering (ISMA),
Leuven, Belgium, 2018, pp. 3511–3526.

[9] M. J. Sidi, Spacecraft Dynamics and Control - A Practical Engineering Approach. Cambridge Uni-
versity Press, 1997, ch. 7, pp. 189–194.

[10] D. Kim, “Micro-vibration model and parameter estimation method of a reaction wheel assembly,” Jour-
nal of Sound and Vibration, vol. 333, pp. 4214–4231, 2014.

[11] D.-I. Cheon, E.-J. Jang, and H.-S. Oh, “Reaction wheel disturbance reduction method using disturbance
measurement table,” Journal of Astronomy and Space Sciences, vol. 28, no. 4, pp. 311–317, 2011.

[12] J. Vandersteen, J. Vennekens, and R. Walker, “Nano- to small satellite pointing errors: Limits of per-
formance,” in Proceedings of the 2016 Small Satellites Systems & Services (4S) Symposium, Valletta,
Malta, 2016.

[13] T. Winters, “Ontwikkeling van een balanceermethode voor een cubesat reactiewiel,” Master’s thesis,
KU Leuven, 2020.

[14] Opto Interrupter, Everlight Electronics Co., Ltd., 2008, rev. 1.

1494 PROCEEDINGS OF ISMA2020 AND USD2020



Appendix

A Flexible spacecraft model and RW disturbance model

This appendix elaborates both the flexible spacecraft model as well as the reaction wheel disturbances that are
used in section 4 to illustrated the impact of RW disturbances on the pointing performance. The spacecraft
model is formulated according to equations 11 - 14, which are derived from the spacecraft model diagram as
illustrated in Figure 13. Based on the parameters listed in Table 5, the stiffness coefficients ki = (2π fi)

2 Ii
and damping coefficients ci = 4π fi Ii ζi can be calculated.

I0ω̇0 = T + k1(θ1 − θ0) + c1(ω1 − ω0)

+ k2(θ2 − θ0) + c2(ω2 − ω0)

+ k3(θ3 − θ0) + c3(ω3 − ω0) (11)
I1ω̇1 = − k1(θ1 − θ0)− c1(ω1 − ω0) (12)
I2ω̇2 = − k2(θ2 − θ0)− c2(ω2 − ω0) (13)
I3ω̇3 = − k3(θ3 − θ0)− c3(ω3 − ω0) (14)

The reaction wheel disturbance model parameters are listed in Tables 6 - 8. The unbalance values listed in
Table 6 are the initial unbalances of the unbalanced wheel of Figure 5, while these values were divided by a
factor two to simulate the impact of the balanced wheel in Figure 5.

I0 I1 I2 I3

k1

c1

k2

c2

k3

c3

Figure 13: Flexible spacecraft model diagram

Table 5: Flexible spacecraft parameters

Inertia [kg m2] Eigenfrequencies [Hz] Damping [%]

I0 0.10 - - - -
I1 0.05 f1 30 ζ1 0.2
I2 0.02 f2 60 ζ2 0.5
I3 0.01 f3 100 ζ3 0.3
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Table 6: RW unbalance simulation parameters

Ω [rpm] Us [g mm] Ud [g mm2]

10 . . . 10 000 0.5 40

Table 7: RW noise simulation parameters

SF [N/
√

Hz] ST [Nm/
√

Hz]

10−10 10−12

Table 8: RW harmonic simulation parameters
(with CF/T i

defined as a percentage of the unbalance values from Table 6)

i 1 2 3 4 5 6 7 8 9 10 11

hi [-] 0.8 1.0 1.1 1.5 1.9 2.0 2.2 3.0 4.1 5.0 7.2
CF/T i

[%] 0.15 1.00 0.08 0.07 0.03 0.08 0.05 0.01 0.02 0.08 0.10
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Abstract 
Multistory building methods are moving towards hard floors, such as wood or ceramic tile, that require a 

flat and rigid base. This base is typically a poured gypsum layer over the subfloor. These hard flooring 

systems result in high transmitted impact noise to occupants through the floor-ceiling assemblies. One way 

to classify these assemblies is Impact Insulation Class (IIC). This metric is measured in a laboratory setting 

using a small-scale representation of the floor-ceiling assembly. The small-scale nature of the sample and 

the limitations of the test facilities result in inaccurate results in the low-frequency bands. This paper uses 

modal analysis principles coupled with structural acoustics theory to propose a new qualification procedure 

for impact noise using a comparison technique. A comparison sample is developed, representing a simply 

supported plate, and used as a sound power calibration sample for any test environment. Modal analysis is 

used to characterize the calibration samples. Results of the small-scale testing show sound power accuracies 

within 1 dB in low-frequency third octave bands. 

1 Introduction 

With the growing population, multistory buildings are being developed faster than ever around the world. 

These constructions widely use hardwood floor assemblies, such as wood or ceramic tile with a flat and 

rigid base. For floors like these, noise generated due to footsteps has been widely reported as a problem [1], 

and in some cases, have led to the occupants filing a lawsuit against building developers [2]. Therefore, it 

is imperative to understand how these floor-ceiling (FC) assemblies would respond due to impact noise. 

One common way to classify these FC assemblies in the United States before they are installed in the 

buildings is to use Impact Insulation Class (IIC) rating. This rating system is developed by ASTM [3-5]. 

This rating evaluates the response of an FC assembly due to impacts and the rating could then be used to 

compare different products. This test is performed in a set of two vertically stacked rooms and the assembly 

is mounted in the middle. A standard tapping machine is then used to generate impacts on the FC assembly, 

and the response is measured in the downstairs room (receiving room), which is usually a reverberation 

chamber. This response measured is Sound Pressure Level (SPL) in one-third octave (OTO) frequency 

bands from 100 Hz to 3150 Hz. Labs could decide whether to use multiple stationary microphones or 

scanning a single microphone around the room to make these measurements. 

Since the measurements are to be made in a diffuse field, it becomes imperative to set a minimum room 

volume requirement in the standard. This minimum volume is defined as 125 m3 in the standard. The 

standard also sets limits on the room absorption and labs generally use speakers in the corner of the rooms 

to measure this absorption value. 

Several studies have highlighted the limitations of this method [1, 2, 6-9]. The biggest limitation is the non-

reproducibility of this method. Since the test method depends upon SPL measurements in the reverberation 

rooms, if the sound field is non-diffuse, different labs would get different datasets (based on the room 
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dimensions and the microphone locations). Barnard et al [10] measured the vibration response of an FC 

assembly using accelerometers and the sound response using six vertical microphones in the receiving room. 

For the 100 Hz OTO (a part of the IIC test method) showed a peak in the acoustical data, but not in the 

vibration data. Therefore, this acoustical mode in the receiving room is not generated by the vibration of the 

FC assembly but is a feature of the room itself. This one mode would lead to a higher SPL number in the 

100 Hz OTO, which would lead to a lower IIC rating for the assembly than what is expected. Further analysis 

found out that this happened since the sound field in the receiving room was non-diffuse at those low-

frequency OTO bands. 

Generally, a room is considered diffuse over a cross-over frequency defined by Schroeder as: 

 𝑓𝑐𝑜 = 2000√
𝑇60

𝑉
, ( 1 ) 

where, 𝑓𝑐𝑜 is the Schroeder’s cross-over frequency (Hz), 𝑇60 is the time required for the sound in the room 

to decay by 60 dB (sec), and 𝑉 is the volume of the room (m3). Using this formula, a study [10] showed that 

most of the IIC receiving rooms in the US have a cross-over frequency in the range of 170-200 Hz, and all 

the IIC measurements performed below these frequencies are made in a non-diffuse field. Interestingly, 

these low-frequency bands play a major role in the overall rating of the FC assemblies, especially since 

these bands are usually unaffected due to any floor coverings, as shown in Figure 1. This leads to 

reproducibility problems among different labs. 

 

Figure 1 The measured SPL in low-frequency OTO bands doesn’t change due to different floor coverings, 

and thus, these bands play an important role in controlling the overall IIC rating for the assembly [10] 

On a fundamental level, all noise and vibration problems can be divided into the source-path-receiver 

domain. For IIC tests, the FC assembly is the source, the measurement microphones are the receivers, and 

the path would be the receiving room itself. The receiver quantity for the microphones (SPL) depends upon 

the source and the path, and the reproducibility issues in this SPL data stem due to variability in the path 

component. To study the source (FC assembly), we need to study the appropriate source quantity (sound 

power). This sound power does not depend on the path, and therefore, should not suffer the reproducibility 

problems that the SPL based measurement level faces. 

These sound power values for an FC assembly could be calculated from the measured SPL values using 

comparison method with a reference assembly with known sound power values, similar to SAE J1400 

standard [11]. If a reference assembly with known sound power (𝐿𝑤(𝑘𝑛𝑜𝑤𝑛)) is used in the receiving room 

1498 PROCEEDINGS OF ISMA2020 AND USD2020



and SPL response is measured due to impacts (𝐿𝑝(𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑, 𝑘𝑛𝑜𝑤𝑛)), then we can obtain a set of 

calibration factors (𝐶𝐹) using 

 𝐿𝑤(𝑘𝑛𝑜𝑤𝑛) =  𝐿𝑝(𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑, 𝑘𝑛𝑜𝑤𝑛) + 𝐶𝐹 ( 2 ) 

This correlation factor contains the contribution of both the direct and the reflected path of the room. Now 

with the measured SPL values for the FC assembly (𝐿𝑝(𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑, un𝑘𝑛𝑜𝑤𝑛)), we can use the CFs to 

obtain the sound power level values (𝐿𝑤(un𝑘𝑛𝑜𝑤𝑛))(microphone locations should not be changed since 

the room is non-diffuse) using 

 𝐿𝑤(un𝑘𝑛𝑜𝑤𝑛) =  𝐿𝑝(𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑, un𝑘𝑛𝑜𝑤𝑛) + 𝐶𝐹(𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒𝑑) ( 3 ) 

An integral part of this comparison method is the reference assembly with known sound power. This could 

be obtained either analytically, or experimentally. Analytically, sound power radiated depends upon the 

material properties and the vibration profile. Experimentally, the sound power can be measured in several 

methods, for example, intensity measurements over a defined area in a hemi-anechoic chamber. For this 

study, a simply supported (SS) thin ABS plastic plate was used as a reference assembly and the reference 

sound power values were obtained analytically and experimentally. The following section lays out the 

methodology and formulas for sound power calculations in this work. 

2 Analytical formulations 

This section lays out the formulas used for mode shape, mobility, analytical sound power calculations, and 

experimental sound power using intensity measurement calculations. 

2.1 Mode shapes 

The mode shapes for a SS rectangular thin plate (𝑤𝑚𝑛(𝑥, 𝑦)) depends upon the mode order (m,n) and the 

corresponding plate dimension (length l and width b (m)) and is given by [12] 

 𝑤𝑚𝑛(𝑥, 𝑦) =  sin (
𝑚𝜋𝑥

𝑙
) sin (

𝑛𝜋𝑦

𝑏
) ( 4 ) 

2.2 Mobility 

For an input force (F (Newton)) at an input location (𝑥𝑓 , 𝑦𝑓) for a given response location (𝑥𝑟, 𝑦𝑟) the 

mobility (mob) depends upon the radial frequency (ω (rad/sec)) and the modal frequency (𝜔𝑚𝑛) using [13] 

 𝑚𝑜𝑏 =  
𝑣(𝑥𝑟,𝑦𝑟)

𝐹(𝑥𝑓,𝑦𝑓)
(𝜔) =  ∑ ∑

�̇�𝜔

𝑀𝑀
∞
𝑛=1

𝐴𝑚𝑛(𝑥𝑟,𝑦𝑟,𝑥𝑓,𝑦𝑓)

𝜔𝑚𝑛
2 − 𝜔2

∞
𝑚=1 , ( 5 ) 

where 𝑖 is the imaginary unit and the modal mass depends upon the thickness of the plate (ℎ (m)) and density 

(𝜌 (kg/m3), given as 

 𝑀𝑀 =  
𝑙𝑏ℎ𝜌

4
,   ( 6 ) 

and the modal coefficient is defined as 

 𝐴𝑚𝑛(𝑥𝑟, 𝑦𝑟, 𝑥𝑓 , 𝑦𝑓) =  [(𝑠𝑖𝑛 (𝑚𝜋
𝑥𝑟

𝑙
) 𝑠𝑖𝑛 (𝑛𝜋

𝑦𝑟

𝑏
)) (𝑠𝑖𝑛 (𝑚𝜋

𝑥𝑓

𝑙
) 𝑠𝑖𝑛 (𝑛𝜋

𝑦𝑓

𝑏
))]. ( 7 ) 

The approximate mean of the mobility response of the test plate should be given by the response of an 

infinite plate with the same material properties, given by [13] 

 𝑚𝑜𝑏𝑖𝑛𝑓 =  
1

8√𝐷𝜌ℎ
, ( 8 ) 
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where the flexural rigidity (𝐷) depends upon the Young’s modulus (𝐸 (Pa)) and Poisson’s ratio (𝜐) as 

defined by 

 𝐷 =  
𝐸ℎ3

12(1−𝜐2)
  ( 9 ) 

2.3 Radiated sound power 

For a quadrant of the spherical coordinate system (𝑟, 𝜃, 𝜑), the sound power (𝑃 (Watts)) of a SS rectangular 

plate is given by 

 𝑃 =  8𝜌0𝑐0 (
𝑢𝑚𝑘0𝑙𝑏

𝜋3𝑚𝑛
)

2

∫ ∫ {
 𝑠𝑖𝑛
𝑐𝑜𝑠(

𝛼

2
)  𝑠𝑖𝑛

𝑐𝑜𝑠(
𝛽

2
)

[(𝛼
𝑚𝜋⁄ )2−1][(

𝛽
𝑛𝜋⁄ )

2

−1]

}

2

𝑠𝑖𝑛 𝜃 𝑑𝜃𝑑𝜑
𝜋

2
0

𝜋

2
0

,  ( 10 ) 

The cos term is used for odd values and the sin term is used for even values of the mode order, 𝜌𝑜 is the 

density of air (kg/m3), speed of sound is 𝑐𝑜 (m/s), 𝑘𝑜 is the wavenumber (m-1), and 𝛼, 𝛽, 𝑎𝑛𝑑 𝑢𝑚 are given 

as 

 𝛼 =  𝑘0𝑙 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜑,  ( 11 ) 

 𝛽 =  𝑘0𝑏 𝑠𝑖𝑛 𝜃 𝑠𝑖𝑛 𝜑, and ( 12 ) 

 
𝑢𝑚

2

8
= 〈𝑢𝑤〉2 =  

1

𝑙𝑏
∫ ∫

1

2

𝑏

0
𝑢𝑤

2 𝑑𝑥𝑑𝑦
𝑙

0
,  ( 13 ) 

where 〈𝑢𝑤〉2 is the temporal and spatial averaged squared surface velocity. 

A discrete point intensity test was performed where the intensity (𝐼(𝜔) (W/m2)) is calculated using the 

imaginary part of cross-spectrum of the microphones (𝑖𝑚𝑎𝑔𝐺12) and microphone spacing (∆𝑟(m)) using 

 𝐼(𝜔) =  
𝑖𝑚𝑎𝑔(𝐺12)

𝜔𝜌∆𝑟
. ( 14 ) 

3 Reference assembly evaluation 

This section is focused on the evaluating the analytical and experimental mode shapes, mobility, and sound 

power radiation for a 762mm X 482.6mm X 3.18mm (30in X 19in X 0.125in) SS rectangular plate made 

with ABS plastic with a rigid concrete base, which was used as the reference assembly, as shown in Figure 

2. A rigid concrete base with thin plastic panels on the side was used for this assembly, as recommended by 

a study [14]. Figure 3 is the cross-sectional sketch (left) and the perspective view (right) of the assembly 

showing the relative sizes of the ABS plastic plate, thin plastic blades on the side, and the concrete base. 

1500 PROCEEDINGS OF ISMA2020 AND USD2020



 

Figure 2 The ABS plastic test plate with simply supported boundary conditions using a rigid concrete base 

and thin plastic panels on the side. 

 

Figure 3 A cross-sectional view (on left) and the perspective view (on the right) showing the ABS plastic 

plate, thin side blades, and the concrete base. The image shows the relative dimensions of all three parts. 

3.1 Mode shapes comparison 

The experimental modes of the test plate were obtained using a roving hammer modal analysis on 247 input 

locations and 4 output locations (Figure 4 left and right, respectively). The response was recorded using 

PCB 352A21 accelerometers, and the modal hammer used was PCB 086C03. A soft tip was used for the 

hammer as the steel tip had a double hit effect on the thin plastic plate [15]. With this soft tip, the test plate 

was excited at frequencies less than 500 Hz. 
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Figure 4 247 input locations (left) and four output locations (right) for the modal analysis on the test plate. 

The numbers on the red dots are simply the location number, which will be used as reference while 

discussing results 

For the frequency bandwidth under study, special attention is given to the 250 Hz OTO band. This OTO 

band is well excited by the impact hammer and has eight total plate modes, giving us a good modally dense 

OTO band. The poles and the residues of the system were solved using the Polymax algorithm available in 

Simcenter Test Lab software and Figure 5 shows the stabilization diagram for the 250 Hz OTO. Eight plate 

modes are observed, as expected, along with a mode at  232 Hz (highlighted with blue). 

 

Figure 5 Stabilization diagram for the 250 Hz OTO band shows eight plate modes (as expected) and one 

extra mode, which is later proved to be a mode of the concrete base 

To understand this additional mode (highlighted in blue in Figure 4) we performed a modal analysis on the 

concrete base and found a mode at this frequency (Figure 6). The rigid concrete base for this SS plate is at 

least ten times higher than the weight of the assembly so as to not affect the plate’s response, as suggested 

by a previous study [14], but in this case, even with this consideration, the plate’s response is being affected 

in the frequency bands under study. For further analysis, the existence of concrete base modes in the 

frequency bands under study is ignored. 
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Figure 6 The concrete mode at approximately 232 Hz which is affecting the response of the test plate in the 

frequency bands under study 

The analytical and experimental plate modes compare well with each other, Figure 7 showing one of those 

modes at approximately 229 Hz. The MAC comparison also shows a good comparison, with the diagonal 

elements close to one and the cross-diagonal elements close to zero, as shown in Figure 8. 

 

Figure 7 One of the modes of the system at approximately 229 Hz shows good comparison between 

experimental and analytical data 
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Figure 8 MAC comparison between experimental and analytical modes. Values close to 1 on the diagonal 

and close to zero on the off-diagonal elements represents good correlation. 

3.2 Mobility comparison 

The accelerance recorded by the accelerometers was integrated to calculate mobility. For the upcoming 

figures, the dotted blue line represents the analytically predicted data (An.), the solid red line represents the 

experimentally obtained data (Exp.), and the solid black line represents the infinite plate data. The analytical 

and experimental data for both, the driving point (Figure 9), and the surface averaged mobilities (Figure 10) 

compare well with each other and the natural frequencies are within 1-2% of each other [15] for all four 

response locations. Additionally, as a sanity check, the infinite plate response is the approximate mean of 

the response of the finite test plate. 
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Figure 9 Analytical and experimental driving point mobilities compare well with each other over the 

frequency range of interest 

 

Figure 10 Analytical and experimental surface averaged mobility compare well with each other over the 

frequency range of interest 
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3.3 Radiated sound power comparison 

Experimental sound power for the test plate was calculated by measuring discrete point intensity over fifty-

six 0.25m X 0.25m squares in an “infinite baffle” condition and then multiplying this intensity by the 

measurement area (Figure 11). The test was performed in a hemi-anechoic chamber. The concrete base was 

supported by sealed, closed-cell foam to create an “infinite baffle” condition where sound from the underside 

of the SS plate could not radiate into the test grid. A K2007E01 TMS shaker was used to excite the plate 

from the bottom. The test was performed and validated according to the ISO 9614 standard [16] by 

evaluating the four required field indicator metrics. Measured FRFs (sound pressure (Pa)/ input force (N)) 

were used to calculate intensity, and then sound power levels. 

 

Figure 11 The test plate setup for discrete point intensity test on the grid shown. The structure is excited by 

the shaker under the plate and the bottom surface is surrounded by foam to achieve an “infinite baffle” 

condition 

Figure 12 compares the analytical and experimental sound power levels on the left axis and shows the 

difference between the two on the right axis. Because of the restriction of the anechoic chamber (below 125 

Hz OTO) and the limitations of the 0.25m X 0.25m measurement grid (above 500 Hz), we don’t expect the 

predictions to closely match the experimental values in those regions. However, in the mid-frequency bands 

ranging from 160 Hz – 400 Hz, the analytical calculations predict the sound power within 1-2 dB of the 

experimental values. This 1-2 dB difference could be explained due to potential sound radiated by the 

concrete modes in the frequency range of interest, and the gaps in the foam mounting that might lead to 

sound radiated from the bottom surface of the plate to leak into the intensity measurements. Overall, in mid-

frequency bands, the analytical and experimental data compare well with each other. 
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Figure 12 Left axis shows the analytical and experimental sound power levels and the right axis shows the 

difference between the two. Due to the restrictions of the anechoic chamber and the measurement grid, the 

correlation in mid-frequency bands from 160 – 400 Hz was expected to be better 

With these two datasets, we can calculate both, analytical and experimental calibration factors and use both 

to predict the sound power levels of the unknown assembly. 

4 Proof of concept 

To prove the validity of the proposed method, the reference assembly was taken to the reverb chamber 

(approximate volume is 50 m3 and Schroeder’s cut-off frequency approximately 350 Hz) and measured the 

sound pressure level (Figure 13). Then an unknown assembly (762mm X 482.6mm X 3.3mm, or, 30in X 

19in X 0.13in) made of hardboard with free-free boundary conditions was tested with the same microphone 

locations. 

 

Figure 13 The reference assembly in the reverb room and the two microphone locations highlighted with a 

red circle 
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Using both the analytical and experimental calibration factors developed earlier, sound power values for 

this hardboard assembly were calculated. To check if these values are what we should have expected, the 

same hardboard assembly was taken to the hemi-anechoic chamber and the discrete point intensity test was 

repeated, this time with a grid size of 0.5m X 0.25m (Figure 14). 

 

Figure 14 The hardboard plate assembly in free-free boundary condition in the hemi-anechoic setup for 

discrete point intensity test 

These baseline results are compared with the sound power values obtained through the comparison method 

in Figure 15. As a reminder, the data in bands other than 160 Hz – 400 Hz OTO suffer from limitations of 

the anechoic chamber and the measurement grid. In the mid-frequency bands, the experimental CF based 

data differs from actual data by 1-2 dB, while the analytical CF based data differs by 4-5 dB. The 

experimental sound power includes the effects of concrete modes, or any other discrepancies due to the 

boundary conditions, etc, and therefore make better predictions. 

 

Figure 15 Baseline sound power values for the hardboard plate compared with the values calculated using 

the two sets of CFs through the comparison method. Note that the experimental CFs lead to better results. 

Also note that the data in 160 – 400 Hz OTO is expected to show better results due to restrictions of the 

anechoic chamber and the limitations of the measurement grid. 
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For the small-scale assembly in a non-diffuse field (below 350 Hz for the reverb room), the comparison 

method predicts sound power values within 1-2 dB of actual values, except the limitations of the anechoic 

chamber. Due to the non-dependence of this method on the existence of a diffuse field in the room, this 

method could make the IIC test method more reproducible among different labs. 

5 Discussion 

Since this method measures the source-based sound power measurements, we saw that the method works 

even in a non-diffuse field, which is a limitation of the existing test method. To implement this comparison 

method, the test labs could either obtain the reference sound power levels analytically or experimentally. 

For a uniform, homogeneous assembly with controlled boundary conditions, analytical predictions could be 

made. However, experimentally, virtually any test assembly could be used as a reference assembly if the 

sound power values could be obtained reliably in low-frequency OTO bands. 

Once these reference sound power values are obtained, this assembly should be mounted in the test aperture 

of the IIC measurement lab and using the tapping machine, the SPL response should be measured. This 

response can be used to calculate the calibration factors. This reference assembly should then be replaced 

with the floor-ceiling assembly and the SPL response without changing the microphone locations should be 

measured. This would be used then to calculate the sound power values. These sound power values are 

independent of the room modes, since they are a source-based quantity, and these should be used to compare 

different FC assemblies. 

6 Conclusions and future scope 

A source-based measurement method should be established to truly characterize the response of a floor-

ceiling assembly due to impacts. This source-based sound power can be measured from the measured SPL 

data using a reference assembly with known sound power values. In this study, we used a SS rectangular 

ABS plastic plate as a reference assembly and obtained the analytical and experimental mode shapes, 

mobility, and sound power levels. The sound power values were within 1-2 dB of the predicted values. Both 

of these sets of values were used to calculate calibration factors, which includes the information of room 

modes. This reference assembly was then used to predict sound power of an unknown plate (with different 

boundary conditions) and the experimental calibration factors were used to predict sound power of this 

unknown assembly within 1-2 dB. 

The next step would be to repeat this experiment in an actual floor-ceiling testing chamber with a vertical 

setup and validate the comparison method. This method provides an immense potential for improvement in 

reproducibility for the ASTM and ISO 10140-3 [17] standards that use small reverb rooms for testing in 

lower frequency OTO bands. 
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Abstract
Monitoring of bridge has received a significant amount of attention over the past years, as the condition
of these infrastructure elements is crucial to guarantee uninterrupted traffic of people and goods between
regions. Most monitoring systems identify the dynamic properties of the structure, such as the resonance
frequency. The resonance frequency is however not the best measure for the presence of damage. Moreover,
in case the dynamics of the passing vehicle interact significantly with the dynamics of the bridge, the analysis
becomes complex. Often, only the free vibration is used. Here, the Wavelet-based Synchro-Squeezed Trans-
formation is proposed as a method to extract the instantaneous resonance frequency of the vehicle-bridge
system. This allows to eliminate both operational and environmental influences. Analysis on a numerical
model reveals that the method has potential to be a more robust in the identification of damage in bridge-like
structure passed by a relatively heavy vehicle. A first validation based on field measurements on Irish Boyne
viaduct support the capabilities of the method as predicted by the results of the numerical model.

1 Introduction

Monitoring of bridges has been developed and implemented on bridges over the past decades to optimise
maintenance of these bridges [1]. In many cases, these monitoring systems measure the dynamic response of
the bridge [2]. Among the various dynamic properties, natural frequencies can provide a simple high-level
condition assessment using only a limited number of sensors, while mode shapes and their derivatives are
more noise sensitive and require a higher sensor density. The free vibration of the bridge forms the base
of the extraction of the modal parameters, which are influenced by the condition of the bridge, be it also
by environmental conditions. This approach is suitable for many road bridges, subjected to relatively low
traffic-induced excitation forces, which can be considered as a random, white noise excitation.

To avoid the non-stationary elements in the signal, the free decay signal, starting at the moment the train has
left the bridge, is often used. In many cases this is sufficient to determine the main dynamic characteristics
such as the natural frequencies. It is worth mentioning that the majority of the methods presented in literature
using the free decay are focussing on the identification of the modal parameters, more specifically the natural
frequency of a bridge.

The Hilbert-Huang Transform (HHT), combining Empirical Mode Decomposition (EMD) and the Hilbert
Transform (HT), and the Continuous Wavelet Transform (CWT) are widely used for the extraction of the
natural frequency of bridges. Yan and Miyamoto [3] performed a comparative study of modal parameters
obtained from applying FFT, HHT and CWT to the ambient vibration response of the Z24-bridge. Similarly,
He et al. [4] applied an EMD-based Random Decrement (RD) technique on the ambient vibration of the
NYR steel truss bridge in China while Sayed et al. [5] applied CWT on the acceleration response of the Kaya
bridge in the Seoul-Busan railway induced by a high speed train. These publications show well-separated
bridge modal frequencies can be extracted from the free vibration response of bridges. The free vibration
response of the Xining Beichuan bridge in China contained closely-spaced modes, which were identified by
an EMD-based stochastic subspace identification technique [6].
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Although the extraction of the modal parameters from the free vibration of a bridge has proven to be suc-
cessful in a series of cases, there are further limitations to perform SHM based on the bridge free vibration
response only. Firstly, the identified natural frequencies from the free vibration responses are dependent on
the variable environmental conditions such as temperature [7]. Secondly, the extracted modal parameters us-
ing the free vibrations are actually global features which may not be sensitive to damage as a local event [8].
The vibration signal of the non-stationary part is believed to be a potentially richer part of the data: the
transient change of the resonance frequencies enables elimination of environmental effects from the signal,
causing deteriorating to be visible more clearly. Moreover, changes in the dynamic properties of the bridge
structure due to damage may be amplified by the presence of a moving vehicle on the bridge. This requires
accurate determination of the resonance frequencies in the transient part of the signal.

Railway bridges are loaded by a relatively high mass compared to their total mass, distributed over a large
portion of the bridge rather than a single point. This implies that the train cannot be modelled as a mov-
ing force, but must rather be modelled as a moving mass, inherently making the vibration signal non-
stationary [9]. In fact, the train should be modelled by a multi-degree of freedom spring/damper–mass
system. Indeed, the vibration signal when the train traverses the bridge (Traverse Phase – TP) is a broad
spectrum, noisy, non-stationary and multi-component response of a vehicle-track-bridge interacting (VBI)
system. The analysis of this VBI time signal calls for advanced signal processing techniques. As for the free
decay signal, continuous wavelet transformation (CWT) based methods [10, 11, 12, 13, 14, 15] or Hilbert
Huang transformation (HHT) based methods [16, 17] are used for the analysis of the signal. Despite their
proven strengths in analyzing non-stationary signals, these methods do show shortcomings when analyzing
typical VBI signals, such as insufficient frequency resolution for the lower frequencies [9] and mode mixing
for closely-spaced resonance frequencies.

The typical frequency ranges for different vibrating sub-systems in a vehicle/track system are distributed
in the low frequency range, 1-10 Hz [18]. The first two bending frequencies, the most relevant for condi-
tion assessment, of a bridge structure are usually in the same frequency range. The CWT and HHT have
been widely used on the Traverse Phase response for damage detection by identification of damage-induced
singularities, which typically appear in a higher frequency range (i.e. well above 100 Hz) than the modal
frequencies of the structure (i.e. below 10 Hz) which are of interest in this paper. This is the main reason for
the insufficient frequency resolution.

The importance of including the vehicle dynamics, and the inherent complexities associated with it, are
shown by the comparison of the work of Marchesiello et al. [19] on the one hand and that of Cantero et al. [20]
on the other hand. The first applied CWT and short-time stochastic subspace identification (ST-SSI) on the
acceleration response of a scaled bridge-like structure under a moving train without any suspension systems.
The bridge time-dependent resonance was successfully extracted with both techniques. The latter applied
the Wavelet transform in combination with the modified Littlewood-Paley method on the response of the
Skidtrask bridge in Sweden. The proposed method was not successful in identifying the bridge resonance
from the Traverse Phase response and they concluded that the dynamic interaction between the vehicle and
the bridge is complex and highly dependent on the mechanical properties of the suspension systems and the
distribution of the masses within the vehicle.

To overcome the issues raised in literature, the wavelet-based synchro-squeezed transformation (WSST) [21]
is proposed to be used to extract the first resonance frequencies of the vehicle bridge system in the traverse
phase. WSST is considered as it is reported to overcome some limitations such as mode-mixing and blurred
time-frequency representations [22, 23]. This paper focusses on the use of WSST to extract the (first) res-
onance frequency of the vehicle-bridge combination. The objective is not to further develop the WSST
method. The comparison between WSST and CWT and HHT is discussed in [24] and will not be addressed
here.

Extracting the (first) resonance frequency of the traverse phase is a first step. The comparison with the
(first) resonance frequency extracted from the free decay signal, allows to eliminate environmental effects.
Moreover, the way the (first) resonance frequency changes during the train passage provides additional infor-
mation on the condition of the bridge, independent of operational conditions such as the weight and velocity
of the train.

In order to understand how WSST can be used best to extract the (first) resonance frequency, a relatively
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basic Finite Element (FE) model is made of a bridge structure over which a suspended mass moves. This
model, including a variational study of important parameters, will be discussed in the first part of the paper.
The second part of the paper dealt with the validation. Validation of the proposed method is done based on
the results obtained from a 2-year monitoring program on the Boyne Viaduct in Ireland. This is a single track
railway bridge, consisting of three steel-girder spans. The central span is approximately 81 m long and is
instrumented with accelerometers and strain gauges [25].

The first results, analyzing the shorter train configurations passing the bridge, show WSST provides the
required accuracy of the first resonance frequency. For specific trains, a similar trend in the change of the
first resonance frequency is found as observed in the numerical model. Currently, the method is being further
developed to cover the longer and more complex train configurations as well.

Due to the current Covid-19 related limitations on laboratory work, the envisioned lab work for a more direct
validation of the FE model is postponed and will as soon as possible be started for further validation and
exploration of the method.

The paper ends with a conclusions and guidelines towards the next step in the development of this method
for monitoring purposes.

2 Numerical model of a sprung mass moving over a bridge

A 2D beam-element based model is used to investigate the extraction of the first resonance frequencies during
the traverse of a vehicle over a bridge. The representation of the vehicle is relatively simple, namely a point
mass representing the wheel set of a train and a sprung mass representing the mass suspended by the primary
suspension of the train. Although this is a severe simplification, it serves well for the analysis of the WSST
method for extraction the resonance frequency.

The finite element software package Abaqus, version 2018, is used. A schematic of the model is presented
in Figure 1. Linear beam elements with full integration are used, with an edge length of 0.05 m. An implicit
time integration scheme, with a fixed time step of 10-3 s is used.

Figure 1: Schematic of the FE model of the bridge and the sprung mass. The model includes a section before
and after the bridge.

The model is divided in three section: an entrance section (LEP ), a bridge section (LTP ) and a leaving
section (LLP ). The degrees of freedom of the first and last are suppressed, while the bridge section is
effectively simply supported at its ends. The cross-section is such that the natural frequencies are close to
those of the Boyne viaduct. The properties are found in Table 1. The results are analysed from three nodes,
located at 1

4 , 1
2 and 3

4 of the length of the bridge.

Table 1: Dimensions and material properties of the bridge used in the numerical model.

L [m] w [m] h [m] A [m2] I [m4] E [GPa] ρ [kg·m-3] M [kg] f
(1)
n [Hz]

Entrance 10
Traverse 80 0.1 4.0 0.4 2.13 210 7860 252×103 2.93
Leaving 10
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The vehicle is a created out of two nodes connected by a spring-damper element (spring stiffness k and
damping c). Point masses are attached to both nodes, representing the mass of the unsprung (wheel set, mw)
and the sprung mass of the vehicle (bogie and body, mv). The mass and stiffness are chosen such that they
are representative for the type of train passing the Boyne Viaduct. A velocity v in axial direction is applied
to both nodes of the vehicle to ensure a stable motion. The properties of the vehicle are found in Table 2.

Table 2: Nominal properties of the vehicle used in the numerical model.

k [N·m-1] c [Ns·m-1] mv [kg] mw [kg] f
(1)
n [Hz]

6.40×107 1.0×104 54×103 1500 5.48

A variational study is executed to investigate the effect of variations in the stiffness and mass of the passing
vehicle. In the first series, the mass and stiffness are simultaneously varied, such that the first resonance
frequency of the vehicle remained constant, but the mass ratio between vehicle and bridge altered. In the
second series, only the stiffness is varied, resulting in a changing frequency ratio between the first natural
frequencies of the bridge and vehicle. The list of cases is found in Table 3.

Table 3: Varying mass and stiffness and resulting mass and resonance frequency ratio.

Case 1 Case 2
mv k f

(1)
n αm αf mv k f

(1)
n αm αf

1 54×103 6.40×107 5.48 0.21 1.87 54×103 1.92×107 3.00 0.21 1.02
2 40×103 4.74×107 5.48 0.16 1.87 54×103 2.24×107 3.24 0.21 1.11
3 42×103 4.98×107 5.48 0.17 1.87 54×103 2.56×107 3.47 0.21 1.18
4 44×103 5.21×107 5.48 0.17 1.87 54×103 2.88×107 3.68 0.21 1.26
5 46×103 5.45×107 5.48 0.18 1.87 54×103 3.20×107 3.87 0.21 1.32
6 48×103 5.69×107 5.48 0.19 1.87 54×103 3.52×107 4.06 0.21 1.39
7 50×103 5.93×107 5.48 0.20 1.87 54×103 3.84×107 4.24 0.21 1.45
8 52×103 6.16×107 5.48 0.21 1.87 54×103 4.16×107 4.42 0.21 1.51
9 56×103 6.64×107 5.48 0.22 1.87 54×103 4.48×107 4.58 0.21 1.57
10 58×103 6.87×107 5.48 0.23 1.87 54×103 4.80×107 4.75 0.21 1.62
11 60×103 7.11×107 5.48 0.24 1.87 54×103 5.12×107 4.90 0.21 1.67
12 62×103 7.35×107 5.48 0.25 1.87 54×103 5.44×107 5.05 0.21 1.72
13 64×103 7.59×107 5.48 0.25 1.87 54×103 5.76×107 5.20 0.21 1.77
14 66×103 7.82×107 5.48 0.26 1.87 54×103 6.08×107 5.34 0.21 1.82
15 54×103 6.40×107 5.48 0.21 1.87
16 54×103 6.72×107 5.61 0.21 1.92
17 54×103 7.04×107 5.75 0.21 1.96
18 54×103 7.36×107 5.88 0.21 2.01

Next to the variations on stiffness and the mass of the vehicle, a number of simulations is done with a local
or global stiffness reduction. Damage is mimicked by reducing the stiffness of a series of elements by 10%
(by assigning material with a lower Young’s modulus). Secondly, the stiffness of all elements is reduced
by 10%, similar to a change in environmental conditions, be it a reduction of 10% is quite significant, and
a more realistic situation would be a distribution of stiffness due to for example heating of one side of the
construction by the sun. The following cases were observed:

1. Stiffness reduction of 10 elements (0.5 m) centered around mid-span

2. Stiffness reduction of 20 elements (1.0 m) centered around mid-span
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3. Global stiffness reduction

The results of these cases are compared against the baseline numerical model. At this point, the variation in
damage cases is still limited. However, the purpose is to analyse the way the instantaneous first resonance
frequency changes.

3 Field measurements

The Boyne viaduct, a single track railway bridge as it exists today, was constructed in the early 1930s and
consists of 15 semi-circular masonry arch spans and three simply supported steel-girder spans (Figure 2).
The central steel-girder span is approximately 81m long and has been instrumented with accelerometers
and strain gauges. The strain gauges data have been used for the response phase separation and identifying
the first and the last sample of the Traverse Phase. The data from the accelerometer installed at the mid-
span of the bridge has mainly been used for the bridge health monitoring. The sampling frequency of the
measurements is 2 kHz. The bridge fundamental frequency, 2.9 Hz, is obtained by a frequency analysis of
the bridge free vibration.

Figure 2: The Boyne viaduct railway bridge in Drogheda, Ireland.

A limited variation of train types passes the Boyne viaduct: a “Diesel Multiple Unit” (DMU) train, consisting
of 4 to 9 carriages, each having its own diesel engine; and an “Enterprise” train, consisting of a locomotive
and a series of carriages. Approximately 20 train passages per day were measured over a period covering
two years, resulting in an extensive amount of field measurement data. Next to the regular train type, two
types of signals are identified for two types of single vehicles crossing the bridge: a single locomotive and a
maintenance train. These are the most basic examples of vehicles passing the bridge, corresponding closest
to the numerical case, and will therefore be analysed first.

4 Results & discussion

4.1 Numerical model - without damage

The WSST is applied to the acceleration data retrieved from the numerical model. At first, only the vertical
acceleration of the center node of the bridge is used. A ‘bump’ mother wavelet is used. The transformed
signal of the baseline simulation is shown in Figure 3. The first figure shows the full spectrum, hence the
colour indicates the amplitude of the signal at each frequency and time. The second figure only shows
at which frequency the maximum amplitude is found for each time step: the first instantaneous resonance
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Figure 3: Time-frequency response extracted by WSST of the acceleration of the bridge mid-node of the
baseline numerical simulation. (a) Full spectrum; (b) maximum in the spectrum; dashed line: resonance
frequency from the leaving phase.

frequency of the vehicle bridge system. The dashed line equals the first resonance frequency as extracted
from the leaving phase.

It is known that WSST can give somewhat distorted results at both tails of the signal, explaining the slightly
more blurry spectrum in the first and the last second of the traverse signal. These areas are indicated in the
graphs in Figure 3(b) by the gray colour. These areas may be omitted from further analysis.

The second resonance frequency of the bridge-vehicle system is not visible in the time-frequency spectrum,
as it is not, or only weakly, activated. Typically, the resonance frequency ratio between vehicle and bridge
should be close to unity and the mass ratio should be sufficiently high to see a significant amplitude of
this second resonance frequency. In a field situation, the stiffness characteristic of the train and its weight
compared to those properties of the bridge will determine the presence of secondary resonance frequencies
of the vehicle-bridge system.

The instantaneous first resonance frequency starts and ends at the bridge resonance frequency, as is expected:
the spring mass does not influence the resonance frequency of the bridge at the start and end, simply because
it either is about to enter the bridge or has just left it. However, as the mass progresses over the bridge, the
added mass (approximately 21% of the bridge mass) causes the resonance frequency of the combined system
to drop. As shown by Mostafa et al. [24], this corresponds to the behaviour observed when executing a series
of eigen frequency analysis with the mass positioned at different position of the bridge. Evidently, such an
analysis is not possible in an operational condition, but field tests of a similar kind have been reported in the
literature.
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Changing the mass and the stiffness, such that the resonance frequency of the vehicle remains constant
(the first variational study), reveals an increased drop in the instantaneous frequency, see Figure 4(a). The
importance of this graph is the single dashed line, implying that in all cases, the same frequency was found
in the leaving phase of the signal – which is to be expected and not more than a confirmation of a correct
numerical implementation of the problem.

a

b

Figure 4: Instantaneous first resonance frequency of the bridge-vehicle system. (a) Increasing mass ratio of
the vehicle and bridge. Dark to light refers to low to high mass ratio. (b) Increasing resonance ratio of the
vehicle and bridge. Dark to light refers to low to high frequency ratio.

Changing the stiffness, without changing the mass, leads to a variation in the stiffness ratio. The results are
not affected by the changing mass ratio (see Figure 4(b)). This is according to the expectation, although
a second instantaneous resonance frequency was expected. The absence of this second instantaneous reso-
nance frequency is most likely attributed to a combination of mass ratio, frequency ratio and settings in the
numerical model.

4.2 Numerical model - with damage

Changing the stiffness of a small number of elements, results in change in the response which is strongest
as the vehicle passes the section with reduced stiffness. This is expected to be reflected in a difference in
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the pattern of the instantaneous resonance frequency. As seen earlier, the instantaneous resonance frequency
changes smoothly, but in case of damage it is expected to show a less smooth pattern.

Firstly, the cases with 10 and 20 elements (0.5 m and 1.0 m respectively) with a 10% stiffness reduction are
analysed. The instantaneous resonance frequencies are depicted in Figure 5. The first observation is that the
stiffness reduction over 10 elements does, in the given situation, not yield any noticable difference. It should
be noted the effect on the global dynamic properties in this situation is small: the resonance frequency of the
bridge changes much less than 1%. In addition, the vehicle is only a point mass and passes the section with
reduced stiffness over a short period of time.
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Figure 5: Instantaneous first resonance frequency of the bridge-vehicle system without damage and with 10
and 20 elements with reduced stiffness. Dark to light refers to none to 20 elements stiffness reduction. The
drawn lines are spline fits.

The second observation, however, is that the results of the case with 20 elements with reduced stiffness,
does show a different pattern. It may not be visible immediately, as the frequency resolution is relatively
limited. However, the sections in which the instantaneous resonance frequency remains constant, are slightly
different. A spline is fit through the center of these sections of constant instantaneous resonance frequency,
more clearly revealing the small, yet noticeable difference. It should be noted that the change of resonance
frequency of the bridge is still well below 1%. This approach can therefore be considered as a significant
improvement regarding the capability of identifying the presence of damage.

4.3 Numerical model - environmental change

Finally, the case with 20 elements with reduced stiffness and that with a global stiffness reduction are com-
pared against the baseline model (see Figure 6). The graphs show that the global stiffness reduction simply
lowers the instantaneous resonance frequency. In other words: the patterns remains the same as for the base-
line case. This in contrast to the case with damage. Moreover, the resonance frequency of the bridge can be
acquired from the leaving phase, as was shown earlier, hence, one could normalize the graphs based on the
measured resonance frequency in the leaving phase. This eliminates changes due to environmental effects
that affect the global resonance frequencies.

A possible measure for the presence of damage is based on a comparison between the patterns observed
in the instantaneous resonance frequency. This is a potentially significantly more robust measure than for
example the change of the resonance frequency. It can be argued that also mode shapes, or their derivatives
are a stronger measure than the change of resonance frequency, but this requires more sensors. The method
presented here, relies on the use of a single sensor.

4.4 Field measurements

The two train analysed in this case are selected because they best approximate a single sprung mass moving
over the bridge. Limited information is available on these trains: only the weight of the 201 Class locomotive
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Figure 6: Instantaneous first resonance frequency of the bridge-vehicle system without damage, with 20
elements with reduced stiffness and with a global stiffness reduction. The lighter gray line corresponds with
the model with global stiffness reduction.

is known (112.5 ton), which is about 20% of the weight of the Boyne viaduct and therefore similar to the
mass ratio for the baseline numerical model. The frequency spectrum and the instantaneous first resonance
frequency for the single locomotive is shown in Figure 7. The data used for the analysis is the acceleration
in vertical direction of the triaxial accelerometer position at mid-span of the bridge. The strain gauge data of
strain gauges close to the center span and close to the bridge head are used to determine the velocity of the
train, which is subsequently used to determine the start and end of the traverse phase.

Despite a significantly more noisy signal, to which no additional filtering is applied, a clear change of the
resonance frequency during passage of the train can be observed. The results suggest that the train is short
compared to the bridge, or at least has a relative short distance between the wheels, resulting in a localised
load.

The maintenance train shows a different characteristic, which is attributed to different characteristics, such
as the weight, stiffness of the suspension, wheel base etc. The resonance frequency lowers more quickly, to
then stay at a constant value for some time. This suggest a relatively large distance between the load point
(hence a large wheel base). Some indication of a second resonance frequency are also visible (around 2
seconds).

4.5 Discussion

The importance of these results is that each train has its own signature. Hence, one of the first steps in the
analysis of field data is the identification of the different train types. The time-frequency signal is also in-
fluences by operational conditions such as the weight of the train and its velocity. However, the weight of
the train will not change the shape of the pattern, but only the amplitude, as is suggested by the numerical
results. Environmental effects do also influence the time-frequency signal, but only causes a shift. Focussing
on the pattern, one can conclude that knowing the pattern in detail, will allow for a robust anomaly identifica-
tion, relatively independent of environmental and operational conditions. It is essential to be able to extract
the instantaneous first resonance frequency accurately. The results presented here show that the WSST is a
promising method for this.

Evidently, the model needs further validation. Currently, simulation are being analysed of more complex ve-
hicle, including not just primary, but also secondary suspension. In addition, multiple units of these vehicles
are coupled, providing a more realistic representation of the a train passage. Next to that, experiments with a
single sprung mass rolling over a flexible beam were scheduled to more fundamentally support the concept of
using WSST for damage identification. However, these are momentarily postponed, due to Covid-19 related
restriction on laboratory work.
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Figure 7: Time-frequency response extracted by WSST of the acceleration measured at the bridge mid-span
accelerometer of the passage of a single 201 Class locomotive. (a) Full spectrum; (b) Maximum in the
spectrum; dashed line: resonance frequency from the leaving phase.

5 Conclusions & recommendations

The Wavelet-based Synchro-Squeezed Transformation (WSST) is proposed as a method to improve the dam-
age identification of bridge like structures with a vehicle strongly interacting with the structure it passes.
Although the work presented here is based on a relatively basic model, a number of conclusions can be
drawn:

• The damage identification based on the pattern of the first instantaneous resonance frequency is possi-
ble with WSST, thanks to the sufficiently high frequency resolution at low frequencies;

• Operational conditions, such as the weight and the dynamics of the passing vehicle do not affect
the pattern of the instantaneous resonance frequency and can hence be eliminated from the damage
identification process;

• Environmental conditions, globally changing the bridge dynamic properties can be eliminated, as the
pattern of the instantaneous resonance frequency is not changed, only shifted vertically. The pattern
can be normalized with the resonance frequency retrieved from the leaving phase, eliminating the
vertical shift.

Of course, the validity of these conclusions only stretch the numerical model presented here. The following
activities are currently being executed or will be in the near future:

• An experimental set-up will be realized to measure the effect of sprung mass systems on beam like
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Figure 8: Time-frequency response extracted by WSST of the acceleration measured at the bridge mid-span
accelerometer of the passage of a maintenance train. (a) Full spectrum; (b) maximum in the spectrum; dashed
line: resonance frequency from the leaving phase.

structures to gain more understanding of the factor affecting the results as measured in field measure-
ments. Covid-19 restrictions have delayed this activity;

• More complex vehicles are added to the numerical model, corresponding to the trains – in terms of
dynamics – that pass the Boyne viaduct. The simulations of these cases are currently running and
being analysed;

• A detailed analysis of the field data acquired from two years of measurements on the Boyne viaduct in
currently being done in parallel, to validate the proposed method and assess how it can be used best in
a realistic case.
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[14] D. Hester and A. González, “A wavelet-based damage detection algorithm based on bridge acceleration
response to a vehicle,” Mechanical Systems and Signal Processing, vol. 28, pp. 145–166, 2012.
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Modal-based monitoring of a pedestrian bridge for
damage detection
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Abstract
A significant percentage of bridge superstructures in Germany are in a critical state of health due to age and
damages. Therefore, in recent years, the demand for suitable monitoring systems to detect damage processes
at an early stage and to enable more targeted rehabilitation and repair has increased. In this paper, the modal-
based monitoring of a pedestrian bridge is presented. The aim is not only to identify damage processes
based on the vibration behaviour of bridge structures but also to check the effect of repair and strengthening
measures. The influence of damage, the type of sensor, the sampling rate, the signal length and the effects
of the repair and strengthening measures were examined. By numerical investigations it can be shown that
different damage patterns cause characteristic changes of the modal parameters. Finally, the influence of the
refurbishment of the support consoles as well as the strengthening measure by near surface mounted (NSM)
carbon fibre reinforced polymer (CFRP) strips on the modal parameters were investigated.

1 Introduction

The infrastructure of a country is crucial for a successful economy. In this context, bridge structures are par-
ticularly key elements of a working infrastructure network, as they enable the crossing of valleys and rivers.
In most cases, the closure of a bridge means high economic follow-up costs, as road traffic is redirected
over large areas due to the lack of alternative routes. Due to their age and the growing volume of traffic,
bridges are in a continuously deteriorating condition in Germany. Visual bridge inspections in accordance
with DIN 1076 [1] evaluate the condition of the bridges. These are time and cost intensive. Furthermore, the
results of these inspections depend on the experience of the respective bridge inspector [2]. In recent years,
there has been an increasing demand for objective monitoring systems that allow economical monitoring of
bridge structures without restricting ongoing traffic. A promising approach is the modal-based monitoring.
The basic idea is that damage processes are accompanied by stiffness changes. Since the modal parameters,
natural frequencies, mode shapes and modal damping, are global parameters and dependent on the physical
properties of the structure (stiffness and mass), damage processes lead to changes of the modal parameters.
The comparison of the modal parameters of a reference state (RS) with those of a comparative state (CS)
enables the identification of possible damage processes when differences occur. A detection and localisation
of the damage processes can be carried out by a combined consideration of the change in natural frequencies
(NF), mode shapes (MS), curvatures of the mode shapes (CMS) [3] and the Continuous Wavelet Transforma-
tion (CWT) of the difference of the mode shapes ∆MSRS−CS [4]. In this paper, the modal damping is not
used as a damage identification parameter, since there is no clear correlation between progressive damage
processes and the change in modal damping [5]. In recent years, Operational Modal Analysis (OMA) has
gained increasing attention. Thanks to rapidly developing sensor and computer technology, it is now pos-
sible to record the vibration behaviour of structures with high resolution. The goal is to develop a reliable,
practicable and economical modal-based monitoring system, which allows a high qualitative acquisition of
the vibration responses and thus a reliable estimation of the modal parameters by the OMA. In this paper, all
modal parameters are estimated using the Frequency Domain Decomposition (FDD) [6] method. Figure 1
shows the numerous parameters influencing the vibrational behaviour of a structure, which inevitably affect
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Figure 1: Influencing parameters on the modal-based structrual health monitoring.

the modal parameters to different extents [7]. Furthermore, the recording of the vibration behaviour is sig-
nificantly determined by the measurement chain used, wich in turn is significantly influenced by numerous
influencing parameters. The basic prerequisite for a reliable monitoring system is therefore to know the dif-
ferent characteristic effects of the individual influencing parameters on the modal parameters and to be able
to distinguish these from the changes caused by damage. In the context of this paper, the main focus is on the
investigation of the light green deposited influencing factors (fig. 1). Besides the investigation of the influ-
ence of damage processes at the pedestrian bridge on the modal parameters, the effects of rehabilitation and
strengthening measures on the modal parameters will be investigated. The main question is to what extent a
modal-based monitoring system can be used to check the effectiveness of such measures. Furthermore, the
great importance of the measurement chain for the estimation of modal parameters is clarified.

2 Presentation of the Pedestrian Bridge

Figure 2: Pedestrian bridge on Richard-Willstätter-Allee.

The pedestrian bridge on Richard-Willstätter-Allee (fig. 2) in Karlsruhe was built in 1972 as one of three
almost identical pedestrian bridges crossing the street Adenauerring. It is a three-span prestressed concrete
bridge (27 m - 35 m - 27 m) with a total length of 96.90 m and a width of 4 m. The middle section has the
constructive peculiarity that a 19.20 m long suspension plate is supported on cantilevers like a console. The
view of the bridge and the longitudinal section of the suspension plate is shown in figure 3. It shows that the
mass distribution of the suspension plate is not constant. Over a length of ≈ 13.60 m the suspension plate
is not designed as a full cross section but has hollow bodies in order to reduce the dead weight of the plate.
Before the maintenance interventions in summer 2019, numerous damages to the pedestrian bridge were
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Figure 3: top: View of the bridge; bottom: Longitudinal section of the suspension plate.

Figure 4: left: Corrosion damage on the eastern support console; center: Corrosion plums in the support
area; right: Corrosion plums on the expansion joint.

visible. The corrosion damage of the support consoles was particularly noticeable, with the eastern console
being much more severely affected than the western one. In addition, clear corrosion plumes were visible
on the surface of the superstructure in the support area (fig. 4). In summer 2019, the bridge was renovated.
The renovation included the repair of the support consoles of the suspension plate and a strengthening in
the support area by near surface mounted (NSM) carbon fibre reinforced polymer (CFRP) strips. In figure
3 the areas are marked by the red rectangles where the CFRP strips have been installed. Figure 5 shows the
consoles, the support area and the expansion joint after the renovation measures. Since April 2018 a total of

Figure 5: left: Renovated support console; center: support area after renovation; right: new expansion joint.

four measurement campaigns have been carried out on this pedestrian bridge - two before and two after the
rehabilitation measures in summer 2019. In addition to the continuous further development of the wireless
monitoring system Diagnostic Bridge System (DiaBriS), the aim was to investigate the influence of the re-
habilitation and reinforcement measures on the modal parameters. In the following, the four measurement
campaigns as well as the findings regarding the monitoring system DiaBriS are explained.
DiaBriS consists of individual measurement boxes called Menhir from SEMEX EngCon GmbH [8] contain-
ing the respective sensor (MEMS or geophone), the power supply as well as the necessary communication
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technology for a wireless data transmission. The data is transferred from the Menhir directly to a cloud and
then stored and saved in a relational database. Within the scope of the four measurements, only the 19.20 m
long suspension plate was examined. The first measurement was executed on 05.04.2018. Here eleven ca-
pacitive MEMS acceleration sensors were used, which were positioned at equidistant distances along the
longitudinal axis of the suspension plate. As road construction work was carried out on the Adenauerring
running underneath on this day, it was not possible to carry out purely ambient excitation measurements.
Therefore, the bridge was additionally excited by jump excitation by three to six persons on this measure-
ment day. The second measurement campaign was conducted on 23.07.2018. Instead of accelerometers,
geophones were used to compare the suitability of the two types of sensors. In addition to jump excitations,
a 24 hours continuous measurement under ambient excitation was carried out. In both measuring campaigns,
the sensors were synchronized via real-time clocks. During the subsequent rehabilitation work, the influence
of synchronization on the estimation of the modal parameters could be investigated in more detail. It turned
out that a GPS synchronization allows significantly better estimates of the modal parameters, depending on
the frequency range of the structure, compared to a real-time clock synchronization [3]. However, due to the
low frequency range (f1 ≈ 1.46 Hz to f3 ≈ 5.60 Hz), the influence of synchronicity is relatively low, so that
the previous measurement results can be regarded as sufficiently accurate. The third measurement campaign
took place on 17.07.2019 after the rehabilitation measures. Again, capacitive MEMS accelerometers were
used. One Menhir was equipped with a GPS antenna (fig. 6 center). This Menhir transmitted the GPS signal
via ethernet cable to the other Menhirs for synchronization. The last measuring campaign was carried out on
24.03.2020. All Menhirs were equipped with MEMS accelerometers and a GPS antenna so that a completely
wireless monitoring system was available (fig. 6 left). Table 1 gives an overview of the four measurement
campaigns and their essential parameters.

Table 1: Overview of the four measurement campaigns.

05.04.2018 23.07.2018 17.07.2019 24.03.2020

sensor type
MEMS

Accelerometer
Geophone

MEMS
Accelerometer

MEMS
Accelerometer

sampling rate 1000 Hz 400 Hz
100 Hz, 200 Hz ,
400 Hz, 800 Hz

400 Hz , 800 Hz,
1000 Hz

excitation
source

ambient and jump
excitation

ambient and jump
excitation

ambient ambient

synchro-
nisation

real time clock real time clock one GPS antenna
GPS antenna per

Menhir

Within the framework of the first two measurements, the influence of the damage to the eastern support con-
sole and the influence of the sensor type on the estimated modal parameters should be investigated. Figure
6 right shows the measuring range of the MEMS accelerometer and the geophone. The advantage of the
accelerometer is that they are able to detect very low natural frequencies (< 1 Hz), whereas the measuring
range of the geophone starts at 1 Hz. The advantage of the geophone is that they offer a higher resolution
accuracy compared to the accelerometer. Since the natural frequencies of the pedestrian bridge are within
the measuring range of both sensor types (between ≈ 1.46 Hz and ≈ 5.6 Hz) they were tested and com-
pared. Unfortunatelly, the permitted deviation from the reference frequency [9] of the geophone according
to DIN 45669-1:2010-09 [10] leads to amplitude scattering of the estimated mode shapes so that the ampli-
tude difference due to the more pronounced damage at the eastern support console can no longer be detected.
Therefore, all further metrological investigations were carried out exclusively with the capacitive MEMS ac-
celerometer. Furthermore, it should be noted that the synchronisation with the help of one GPS antenna could
not be performed successfully. Consequently, the results of the first (05.04.2018) and fourth (24.03.2020)
measurement are considered in the following. For the modal-based damage analysis, the first three bending
mode shapes are considered in each case, so that only the vibration responses orthogonal to the longitudinal
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Figure 6: left: Sensor positioning (24.03.2020); center: Menhir with GPS antenna; right: Measuring range
of the Geophone and the MEMS accelerometer [8].

axis of the suspension plate are used to estimate the modal parameters with the help of the FDD [6].

3 Influence of corrosion damage to the support console

At first, numerical parameter studies were carried out to investigate the influence of corrosion damage on
the eastern support console in more detail. For this purpose, the suspension plate was modeled as a spring-
supported single-span finite element beam. The displacement field is approximated using 1-dimensional
elements with cubic Hermitian interpolation shape functions and two degrees of freedom per node. In the
context of the modal-based damage analysis it is of interest to detect and localize structural stiffness changes.
Here, a structural stiffness change is taken into account by reducing the Young’s modulus in the FE model
of the bridge. To this end, the damage function according to [11] is extended so that asymmetrical damage
patterns can also be displayed (fig. 7). α indicates the maximum reduced Young’s modulus with respect to
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Figure 7: Extended damage function according to [11].

the origin Young’s modulus Ei,100%, γ indicates the position of the maximum damage along the beam axis,
β1, β2 are the number of elements of the beam which have a reduced Young’s modulus and n1, n2 influ-
ence the shape of the damaged area. The parameters of the damage function make it possible to map any
type of damage pattern. Table 2 gives an overview of the damage scenarios examined. Here, any structural
stiffness reductions are considered as damage regardless of the strength. RS presents the undamaged refer-
ence condition. The spring stiffnesses of the suspension plate kleft and kright were chosen so that the first
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Table 2: Overview of the examined damage scenarios.

Damage
scenario α β1 β2 n1 n2 γ kl [kN/m] kr[kN/m]

RS 1.0 − − − − − 6000 6000

D1 0.8 20 20 1 1 0.5 · L 6000 6000

D2 0.9 80 80 2 2 0.5 · L 6000 6000

D3 0.9 40 80 2 2 0.25 · L 6000 6000

D4 1.0 − − − − − 5000 6000

DxD4 0.8 30 30 1 1 0.5 · L 5000 6000
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Figure 8: left: Young’s modulus (RS↔ D2); center: Young’s modulus (RS↔ D3); right: Young’s modulus
(RS↔ DxD4).

natural frequency of the modeled suspension plate corresponds approximately to the measured first natural
frequency of the Richard-Willstätter-Allee bridge. The damage patterns D1 and D2 represent a symmetrical
loss of stiffness starting from the centre of the beam. The damage D3 represents an asymmetric reduction of
the Young’s modulus over a total length of 12 m. The damageD4 andDxD4 simulate the corrosion damage
to the eastern support console observed on Richard-Willstätter-Allee by reducing the spring stiffness of the
left support. The damage pattern DxD4 additionally considers a symmetrical damage over a total length of
6 m. Figure 8 shows the Young’s modulus curve of the damage scenarios D2, D3 and DxD4. The Young’s
modulus of damage scenario D4 is 100 %, since only the spring stiffness of the left support was reduced (tab.
2). The results of the damage scenarios D2, D3, D4 and DxD4 are compared below. D4 reflects the ex-
pected damage scenario of the suspension plate. It is explicitly pointed out that the numerical investigations
do not claim to reflect the real measurement results in quantitative terms. Rather, the aim is to be able to
assign characteristic changes in the modal parameters to individual damage patterns and to be able to distin-
guish between them. The modal parameters are calculated by solving the eigenvalue problem of the equation
of motion of the pure suspension plate without any pedestrian or other excitation sources. Due to the spring
support of the suspension plate, the amplitudes at the support points are not equal to zero. This requires a
zero-line adjustment of the mode shapes so that the curvatures of the mode shapes can be calculated using
the Mixed Approach (v2) [11] and in order to be able to calculate the asymmetrically extended mode shapes
for damage identification using the CWT [4]. The support points are connected with a straight line which
represents the new zero-line. The new amplitude values are determined by the distance of the mode shape
amplitude from the new zero-line. In addition, the zero-line adjustment of the mode shapes allow a better
illustration of the amplitude curves. Table 3 shows the development of the first three natural frequencies as
a function of the respective damage pattern. A symmetrical stiffness reduction (D2) leads to a significant
percentage decreases of the first and third natural frequencies. The second is only slightly affected, since the
vibration node is in the range of the maximum stiffness reduction. In contrast, asymmetrical damage (D3)
leads to small percentage decreases of the first and third natural frequency. Although the second natural
frequency shows a lower percentage decrease than D2, this is mainly due to the fact that the global stiffness
reduction is also lower than with D2. In contrast, a reduction of the spring stiffness at one support leads to a
significant decrease of the second natural frequency due to the asymmetrical stiffness change. As expected, a

1530 PROCEEDINGS OF ISMA2020 AND USD2020



Table 3: Development of natural frequencies depending on the damage scenarios.

scenario f1 [Hz] f2 [Hz] f3 [Hz] ∆f1 [%] ∆f2 [%] ∆f3 [%]

RS 1.4649 3.3756 5.5581 − − −
D2 1.4234 3.3602 5.4462 -2.83 -0.46 -2.01

D3 1.4374 3.3635 5.4859 -1.88 -0.36 -1.30

D4 1.4372 3.2412 5.4249 -1.89 -3.98 -2.40

DxD4 1.4077 3.2392 5.3111 -3.09 -4.04 -4.44

combination of a symmetrical damage and the reduced spring stiffness leads to a strong percentage reduction
of all natural frequencies. Considering the mode shapes of the individual damage scenarios, they can also be
clearly distinguished from each other. Symmetrical damage patterns lead to symmetrical amplitude changes
of the mode shapes. These can be clearly distinguished from the amplitude changes resulting from the reduc-
tion of the support stiffness. Therefore, the mode shapes of the asymmetrical damage scenario D3, D4 and
DxD4 are compared in figure 9. Damage scenario D3 does not lead to any recognizable amplitude changes
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Figure 9: left: Mode shapes (D3); center: Mode shapes (D4); left: Mode shapes (DxD4).

of the mode shapes. The reduced support stiffness on the other hand leads to a clear amplitude decrease of
the first mode shape at the damaged (left) support. The combined damage scenario DxD4 also leads to a
decrease in amplitude at the damaged support console. On the contrary, considering the curvatures of the
mode shapes in figure 10, all four damage scenarios can be clearly distinguished from each other. D2 leads
to symmetrical amplitude changes of the first and especially the second mode shape. The amplitude changes
of the third mode shape are hardly recognizable. In contrast, an asymmetrical stiffness reduction (D3) leads
to asymmetrical amplitude changes and to a shift of the vibration node in the direction of the reduced stiff-
ness. This is particularly evident from the curvature of the second mode shape. In addition, the curvature of
the second mode shape shows an increase in amplitude only in the area of reduced stiffness. Similar to the
damage scenario D3, the stiffness reduction of the support leads to asymmetrical amplitude changes and to
a displacement of the vibration node. However, the amplitude changes are more pronounced and are visible
over the entire beam length. The combined damage scenario DxD4 shows the same characteristic changes
as D4, but there is a significant amplitude increase in the middle of the field in the area of the local stiffness
reduction. Therefore, this damage scenario can be clearly distinguished from D4. Figure 11 shows the CWT
coefficients of the four damage scenarios D2, D3, D4 and DxD4. A clear differentiation and localization
of the damage patterns is possible. The symmetric global damage D2 leads to a significant increase of the
CWT coefficients in the middle of the field, but increased values are also visible in the adjacent areas, so that
a localized damage cannot be assumed. The asymmetric damage pattern D3 also leads to an asymmetric
course of the CWT coefficients, whereby increased coefficient values are also displayed to the right of the
damaged area due to the superposition of the antinodes of the mode shapes and the asymmetric shift of those
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RS - D3: Curvature of the mode shapes
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RS - D4: Curvature of the mode shapes
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RS - DxD4: Curvature of the mode shapes
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Figure 10: top left: Zero-line adjusted CMS (D2); top right: Zero-line adjusted CMS (D3); bottom left:
Zero-line adjusted CMS (D4); bottom right: Zero-line adjusted CMS (DxD4).

antinodes. The damage pattern D4 only shows increased coefficient values in the support area and excludes
a further damage in the field area due to the low coefficient values. DxD4 on the other hand shows increased
coefficients in the center of the field in addition to the increased values in the support area. Table 4 gives
an overall view of all damage scenarios examined and the respective characteristic effects on the individual
damage identification methods. By combining all damage identification methods, the damage scenarios can
be clearly separated from each other. The damage detection and localization is possible in all cases.
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Figure 11: top left: CWT coefficients (D2); top right: CWT coefficients (D3); bottom left: CWT coefficients
(D4); bottom right: CWT coefficients (DxD4).

Table 4: Action instruction for the damage identification evaluation of linear spring supported systems. [12]

D1: symmetric,
local

D2: symmetric,
global

D3: asymmetric,
global D4: support DxD4: support,

symmetric local
natural

frequencies f1, f3 f1, f2, f3 f1, f2, f3 f1, f2, f3 f1, f2, f3

mode
shapes - - -

reduction of the
amplitude at the
damaged support

reduction of the
amplitude at the
damaged support

zero-line
adjusted

mode
shapes

- -
asymmetric change of
the 1. and espacially
the 2. mode shape

asymmetrical 2.
mode shape,

oscillation loop
adjacent to damage
has a significantly
lower amplitude

asymmetrical 2.
mode shape,

oscillation loop
adjacent to damage
has a significantly
lower amplitude

curvature of
zero-line
adjusted

mode
shapes

formation of
turning points at

the transition
undamaged↔
damaged; local

increase of
curvature
amplitude

spatially
extended
amplitude
difference

between RS and
CS

asymmetric change of
the 1. and espacially

the 2. curvature of the
mode shape

2. curvatur of the
mode shape:

oscillation loop
adjacent to damage
has a significantly
lower amplitude

combination of D1
and D4

CWT

CWT coefficients
≈ 1 across all

sclaes in the area
of the damage

CWT coefficients
≈ 1 across all

sclaes in the area
of the damage

asymmetric damage
is detectable but an
exact localization of
the damaged area is
difficult because the
CWT coefficients are

also ≈ 1 to the left
and right of the

damage area. This is
due to the global

amplitude changes of
the mode shapes.

CWT is not suitable
for locating damage
to edge supports due
to the method used.
However, it clearly

shows that there is no
other damage in the

structure.

combination of D1
and D4
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3.1 Comparison of the numerical investigations and vibration tests on 05.04.2018

In the following the results of the measurements on 05.04.2018 are compared with the numerical investiga-
tions. However, the development of the natural frequencies due to damage cannot be investigated metrolog-
ically, as no comparative measurements at an earlier point in time are available. However, the mode shapes
as well as the curvatures of the mode shapes can be considered in order to identify the damage of the sup-
port console. Figure 12 shows the averaged estimated mode shapes (fig. 12 left) of the measurements, the
zero-line adjusted mode shapes (fig. 12 center) and the curvatures of the zero-line adjusted mode shapes
(fig. 12 right) on April 5, 2018. The characteristic amplitude decrease at the damaged support (left support)
is clearly visible in the estimated first mode shape. By means of the second zero-line adjusted mode shape
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Figure 12: left: Estimated mode shapes; center: Zero-line adjusted mode shapes; right curvature of the
smoothed zero-line adjusted mode shapes. (05.04.2018)

it is clearly shown that the loop of the second mode shape adjacent to the damaged support console is no
longer completely formed. In addition, the damage to the eastern (left) support console leads to asymmetri-
cal mode shapes and thus to a displacement of the vibration node of the second mode shape and of the local
maxima of the first and third mode shapes in the direction of the damaged support console. Furthermore, the
curvatures of the second mode shape (fig. 12 right) clearly shows the reduced formation of the left loop and
the displacement of the vibration node. These characteristic changes of the modal parameters correspond to
those of the numerical investigations. Thus the measured mode shapes can be clearly assigned to the damage
pattern D4.
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Table 5: Air temperature.

05.04.18 24.03.20 ∆T

TminNorth [◦C] 9.50 9.50 0.00

TminSouth [◦C] 9.50 10.00 0.50

TmaxNoth [◦C] 17.00 12.50 4.50

TmaxSouth [◦C] 19.50 19.50 0.00

TNorth [◦C] 12.55 10.77 1.78

TSouth [◦C] 13.25 13.47 0.22

Table 6: Natural frequencies.

05.04.18 24.03.20 ∆f [%]

f1 [Hz] 1.464 1.459 -0.34

f2 [Hz] 4.144 4.114 -0.72

f3 [Hz] 5.376 5.497 +2.25

4 Influence of the maintenance interventions

In the following, the effects of the rehabilitation and strengthening measures (section 2) on the bridge on
the modal parameters are examined. For this purpose the results of the measurements before the measures
on 05.04.2018 are compared with those after the measures on 24.03.2020. Since the natural frequencies of
a structure can significantly depend on the temperature, the air temperature was measured on the north and
south side of the suspension plate. Table 5 compares the measured air temperature on the two measurement
days. On 05.04.2018 it was very cloudy and rainy, therefore the temperatures between the north and south
side differ only about 1 ◦C. On 24.03.2020 it was a cold but sunny spring day, so the south side heated up a
little more than the north side. Nevertheless, the average daytime temperatures only differ by 3 ◦C. Overall,
the climatic conditions of the two measurement days are comparable. The maximum temperature difference
is 4.50 ◦C on the north side. Due to the small deviations, it can be assumed that possible changes in the natu-
ral frequencies are not based on the climatic conditions. The development of the natural frequencies is shown
in table 6. The first and second natural frequencies show minimal percentage deviations. However, the third
natural frequency increases by 2.25 %. Only a decrease in mass distribution could lead to an increase in fre-
quency. However, this is not the case, since the dead weight of the NSM CFRP strips is negligible. But, these
percentage changes in the natural frequencies can be attributed to other causes being more likely. Since the
natural frequencies do not show a uniform tendency (increase or decrease) and due to the minimal tempera-
ture differences, it is improbable that these frequency changes are due to the rehabilitation measures or the
temperature. The investigations in [12] have shown that the natural frequencies of a pedestrian bridge may be
strongly dependent on pedestrian traffic and the associated stiffness and mass distribution, which is variable
in time and space. This influencing factor also does not lead to a uniform change of the natural frequencies,
which in turn strengthens the assumption. Since the mode shapes are insensitive to temperature influences
and pedestrian traffic, they are regarded as more reliable identification parameters. Figure 13 shows the es-
timated first and third mode shapes before and after the renovation. On the basis of the first mode shape,
the success of the rehabilitation measure can be seen at the eastern support console (left support) thanks to
the significant increase in amplitude. Due to the successful rehabilitation, an almost symmetrical first mode
shape can now be formed. This is also illustrated by the third mode shape. As a result of the rehabilitation
measures, the antinode is shifted back to the center of the slab and thus away from the originally damaged
support console. Looking at the zero-line adjusted smoothed mode shapes in figure 14 on the left, it becomes
obvious that the left loop of the second mode shape can form again and thus the second mode shape is almost
symmetrical again. The curvatures of the zero-line adjusted mode shape also confirm this observation (fig.
14 right). In all three curvature curves, the displacements of the vibration nodes or local maxima can be
observed in the direction of the centre of the suspension plate and away from the originally damaged support
console. In summary, it can be concluded that the rehabilitation measures were successfully traced on the
basis of the mode shapes and curvatures of the mode shapes. The regression of symmetrical courses has now
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Figure 14: left: Zero-line adjusted mode shapes; right: Zero-line adjusted CMS.

resulted in a "new" undamaged initial state. For symmetrical structures, the symmetrical properties of the
mode shapes and their derivatives are thus one of the most important criteria for the damage analysis of a
structure. Due to the almost unchanged natural frequencies, the hypothesis is made that the reinforcement
measure by NSM CFRP strips does not directly lead to an significant increase of the system stiffness, this
is only the case as soon as the maximum load level of the non-reinforced system is exceeded and the rein-
forcement system contributes significantly to load transfer. Thus, a significant increase of all three natural
frequencies could be considered as an indication for the activation of the reinforcement system. Laboratory
tests on pre-damaged reinforced concrete beams [13], which were subsequently reinforced with externally
applied CFRP laminates, support this hypothesis. There were only slight changes in the natural frequencies
due to the application of the CFRP laminates. However, subsequent loading resulted in a significant increase
in natural frequencies as soon as the CFRP laminates were activated and thus contributed to the load trans-
fer. The CFRP laminates were activated as soon as the maximum load level of the unreinforced system was
exceeded. After the flow of the reinforcement, the natural frequencies decreased again until the failure of
the structure. However, the basic prerequisite for this hypothesis is that the strengthening system does not
influence the mass ratios of the structure.
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5 Influence of the sampling rate and the signal length

Apart from the factors which directly influence the vibration behaviour of the structure (fig. 1), the measure-
ment chain and the associated influencing factors are essential for the estimation of high qualitative modal
parameters. The changes of the modal parameters explained above can only be observed if the response
vibrations of the structure are measured with a high performance measurement chain. In the context of this
paper the significant influences of the sensor type and the synchronisation have already been explained (sec-
tion 2). In the following, the influence of the signal length and the sampling rate will be explained in more
detail. The data of the last measurement of 24.03.2020 are used for this purpose. First the influence of the
signal length on the quality of the modal parameters is explained. Signal lengths between 60 s and 600 s were
examined. The sampling rate was chosen to be constant to 1000 Hz. Figure 15 shows on the left the mode
shapes averaged from several time windows as a function of the signal length and the difference between
the minimum and maximum measured amplitudes of the individual time windows on the right. The first and
third mode shapes show clear amplitude deviations for the signal lengths 60 s and 120 s. The differences
of the mode shapes illustrate this: With increasing signal length, the differences between the maximum and
minimum mode shape amplitudes decrease. The differences of the 60 s and 120 s measurements are faded
out, as these are significantly larger and would therefore impede the clarity of the others. This means that
the scattering range of the mode shapes decreases and thus higher quality averaged mode shapes can be
determined per time period. In the following, the influence of the sampling rate is shown. Three different
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Figure 15: left: Zero-line adjusted mode shapes; right: Amplitude differences of the mode shapes.

sampling rates were investigated: 400 Hz; 800 Hz and 1000 Hz. In addition, the sampling rates were com-
pared as a function of the signal length of 300 s and 600 s. Figure 16 shows the mode shapes as well as the
curvatures of the zero-line adjusted and smoothed mode shapes. On the basis of the mode shapes almost
no deviations can be detected. In contrast, the curvatures indicate that a sampling rate of 400 Hz is too low.
Here, the amplitudes of the mode shapes are lower and asymmetrical curves occur in comparison to the other
two sampling rates, regardless of the signal length. Considering the differences between the minimum and
maximum amplitude values per sampling rate and as a function of the signal length (fig. 17), it becomes clear
that the deviations are smaller with increasing sampling rate and that, as shown above, the signal length also
has a positive effect on the scattering of the mode shapes. Since the demands on the hardware and software as
well as the computing time increase significantly with increasing sampling rate and signal length, a reason-
able balance must be found. Furthermore, an increase in signal length leads to greater quality improvements
than an increase in sampling rate. However, a prerequisite for this is of course that a sufficient sampling rate
has been selected in order to detect and differentiate the modal parameters.
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Figure 16: left: Mode shapes; right: Zero-line adjusted CMS.
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6 Conclusions

This paper presents the results of four measurement campaigns on a pedestrian bridge. In addition to the
influence of damage processes on the modal parameters, the influence of strengthening measures was in-
vestigated. Furthermore, the relevance of the measurement chain and the associated factors influencing the
estimation of the modal parameters in the context of OMA is clarified. Thanks to the measurement results
and numerical investigations, the influence of damage to the support console of the suspension plate on the
modal parameters could be illustrated. Moreover, it was shown that different damage patterns can be clearly
distinguished from one another by appropriate combination of different damage identification methods. Fur-
thermore, the success of the rehabilitation measures could be verified with the help of the modal parameters.
After the refurbishment, the pedestrian bridge shows symmetrical mode shapes. Especially the second mode
shape formed both oscillation loops again. In addition, the hypothesis is put forward that the reinforcement
measure by means of NSM CFRP strips only leads to an increase in system stiffness after activation of the
strengthening system. The activation of the strengthening system thus leads to an increase in the system
stiffness and following to an increase in all natural frequencies. Only at the beginning of the flow of the rein-
forcement up to the failure of the structure the natural frequencies decrease again. This hypothesis is based
on the one hand on the results of bridge measurements and on the other hand on the results of laboratory
tests with reinforced concrete beams [13] with externally bonded CFRP laminates. The basic prerequisite for
this hypothesis is that the strengthening system does not influence the mass ratio of the structure. Therefore
it is only valid for CFRP strengthening systems. Additionally to the investigation of the factors influencing
the vibration behaviour of the structure, the influence of the measuring chain was also investigated in more
detail. Here the influence of the sensor type, the synchronization, the signal length and the sampling rate
was illustrated. It was shown that the synchronization and the type of sensor can significantly determine
the success of a measurement. Geophones were not able to show the amplitude differences between the
eastern and western support consoles of the suspension plate before the rehabilitation measures due to the
frequency range of the bridge structure and the sensor properties. A faulty synchronization leads to a strong
scattering of the amplitude of the mode shapes depending on the frequency range of the structure which can
mask changes due to structural influences. The signal length also has a significant influence on the scatter
of the amplitudes of the mode shapes. Here it was shown that for this pedestrian bridge a signal length
between 300 s and 600 s should be granted. The sampling rate also has an influence on the scattering of the
mode shape amplitudes. Overall, it can be stated that a high performance measurement chain and a suitable
combination of several damage identification methods have successfully identified damage processes on the
pedestrian bridge under investigation and even the success of retrofitting measures can be verified. In the
future, the hypothesis will be further verified on a second pedestrian bridge, which is also strengthened by
NSM CFRP strips. Furthermore, the gained knowledge will be transferred to road bridges.

References

[1] Deutsches Institut für Normung e.V., DIN 1076: Ingenieurbauwerke im Zuge von Straßen und Wegen -
Überwachung und Prüfung. Berlin: Beuth Verlag, 1999.

[2] B. M. Phares, D. Rolander, B. A. Graybeal, and G. A. Washer, “Studying the reliability of bridge
inspection,” Mai 2020. [Online]. Available: https://www.fhwa.dot.gov/publications/publicroads/
01marapr/bridge.cfm

[3] M. Kohm and L. Stempniewski, “Beam tests for a wireless modal-based bridge monitoring system,”
IABSE Congress New York City - The evolving Metropolis, New York City, USA, 2019.

[4] M. Solís, M. Algaba, and P. Galvín, “Continuous wavelet analysis of mode shapes differences for
damage detection,” Mechanical Systems and Signal Processing, vol. 40, no. 2, pp. 645–666, 2013.

[5] A. Büttner, Beitrag zur Beschreibung des Dämpfungsverhaltens von Stahlbetonbalken. Weimar:
Fakultät Bauingenieurwesen Universität Weimar, 1992.

DYNAMICS OF CIVIL STRUCTURES 1539



[6] R. Brincker, L. Zhang, and P. Andersen, “Modal identification of output-only systems using frequency
domain decomposition,” Smart Materials and Structures, vol. 10, no. 3, pp. 441–445, 2001.

[7] U. Retze, Beispielhafte Untersuchung zum Einsatz von Monitoringmethoden an einer Brücke. Neu-
biberg (Deutschland): Universität der Bundeswehr München, 2011.

[8] Semex-EngCon GmbH, 18.05.2020. [Online]. Available: https://www.semex-engcon.com

[9] SPEKTRA Schwingungstechnik und Akustik GmbH Dresden, “Kalibrierschein,” Gegenstand: Triaxi-
ales Erschütterungsmesssystem Typ MENHIR Hersteller Semex-EngCon, Juli 2016.

[10] Deutsches Institut für Normung e.V., DIN 45669-1:2010-09: Measurement of vibration immission -
Part 1: Vibration meters - Requirements and tests. Berlin: Beuth Verlag GmbH, 2010 - 09.

[11] J. Maeck, Damage assessment of civil engineering structures by vibration monitoring. Thesis, Leuven:
Katholieke Univ., 2003.

[12] M. Kohm and L. Stempniewski, “Influence of modal parameter estimates of bridge superstructures
under operating conditions: Manuscript submitted for publication.”

[13] M. Kohm and L. Stempniewski, Entwicklung eines modal basierten Brücken-Monitoring-Systems -
Labortechnische Sensitivitätsanalyse der modalen Parameter, Manuscript submitted for publication,
2020.

1540 PROCEEDINGS OF ISMA2020 AND USD2020



Long-term vibration and wind load monitoring  
on a high-rise building 

A.J. Bronkhorst, C.P.W. Geurts 

TNO, Structural Dynamics, 

Leeghwaterstraat 44, 2628 CA Delft, the Netherlands 

e-mail: okke.bronkhorst@tno.nl 

Abstract 
A 158 m high residential building (the New Orleans) in Rotterdam is being monitored for wind effects since 

2011. Accelerations and wind pressures are measured on the 34th floor, and the wind velocity is measured 

at the top of the building. This paper describes a study performed on data obtained from 2012 to 2015. The 

largest wind force fluctuations and building vibrations were found for a wind perpendicular to the Southwest 

façade of the building. For this wind direction, the force fluctuations and resulting building vibrations appear 

significantly enhanced due to interference effects by the nearby high-rise buildings Montevideo and World 

Port Center. The results furthermore show that the natural frequencies of the building have decreased over 

the investigated period (2012 to 2015) by about 0.5% (fn,x and fn,y) and 2% (fn,φ), and are dependent on the 

vibration amplitude. Large differences were found between the estimated natural frequency (with NEN 

6702) and damping ratio (with NEN-EN 1991-1-4) and the measured values.  

1 Introduction 

Wind-induced vibrations are an important aspect in the Serviceability Limit State (SLS) and Ultimate Limit 

State (ULS) design of high-rise buildings. In the Netherlands, the vibration levels are calculated with NEN-

EN 1991-1-4 [1] and assessed with NEN-EN 1990/NB [2]. However, most existing Dutch high-rise building 

were designed following the guidelines in NEN 6702 [3]. The natural frequency and the damping are 

important parameters in these guidelines, with a large influence on the estimated vibration level.  

The values estimated for these parameters in the design phase can differ significantly from the in-situ values. 

Table 1 gives a comparison of measured and estimated fundamental natural frequencies and damping ratios 

for some Dutch high-rise buildings. The measured values were obtained from short-period measurements 

(less than 1 week) which TNO has performed in the past, some information about the measurements can be 

found in the thesis by Sánchez Gómez [4]. The design values for the natural frequencies and damping ratios 

were determined following NEN 6702 [3].  

The guidelines in NEN 6702 specify that the natural frequency may be determined from the maximum 

horizontal displacement of the building due to an assumed horizontal mass loading. In engineering practice, 

this displacement is generally computed with the FEM model which is also used to compute and asses the 

stresses and displacements in the various design load cases. For the SLS assessment, NEN 6702 allows the 

computed natural frequency to be multiplied with a factor 1+20/H (with H the structural height of the 

building).  

Table 1 shows that for the SLS, which is most representative for the measurement conditions, the natural 

frequencies determined with the NEN 6702 are a factor 1.4 to 2.2 lower than the measured values. NEN-

EN 1991-1-4 [1] provides a rule-of-thumb option to estimate the natural frequency for buildings taller than 

50 m with the empirical relation fn = 46/H. This relation is based on work by Jeary and Ellis [5], who 

obtained this relation from a best estimate fit on a large dataset of measurements on high-rise buildings. 

1541



Table 1: Measured and estimated natural frequencies and damping ratios (NEMC = New Erasmus Medical 

Center).  

 

 
 

 
 

 
 

 
 

General info     

Building Montevideo JuBi tower NEMC Oval tower 

City Rotterdam The Hague Rotterdam Amsterdam 

Structural height H 140 m 153 m 121 m 99 m 

Dynamic characteristics SLS ULS SLS ULS SLS ULS SLS ULS 

Natural frequency fn [Hz] 

Measurement [4] 0.41 0.46 0.53 0.40 

NEN 6702 [3] 0.19 0.17 0.27 0.24 0.27 0.23 0.33 0.28 

NEN-EN 1991-1-4 [1] 0.33 0.30 0.38 0.46 

Damping ratio ζ [%] 

Measurement [4] 1.4 1.0 1.7 1.4 

NEN 6702 [3] 1.0 1.0/2.0 1.0 2.0 1.0 2.0 1.0 2.0 

NEN-EN 1991-1-4 [1] 1.2 1.6 1.6 1.6 

 

NEN-EN 1990/NB [2] refers to NEN-EN 1991-1-4 for estimation of the natural frequency, damping and 

peak acceleration, and provides criteria for the comfort assessment which are the same as those provided in 

NEN 6702 [3]. For the buildings shown in Table 1, the empirical relation given in NEN-EN 1991-1-4 gives 

results which are closer to the measured natural frequency than determined with the method given in NEN 

6702. Differences are observed varying between approximately 15% and 50%.  

This comparison shows that the comprehensive approach with an FE model generally result in a (very) low 

estimate for the natural frequency of high-rise buildings, which results in very conservative dynamic 

designs. From a material usage and building cost perspective it is desirable that more accurate dynamic 

modelling approaches become available for the engineering practice. 

Table 1 also gives the damping ratios obtained for these buildings. The damping ratio in NEN 6702 is 

dependent on the type of construction material (ULS) or the natural frequency (SLS). NEN-EN 1991-1-4 

gives damping values in terms of the logarithmic decrement. The guidelines in this code specify that 

damping may be estimated as a combination of structural damping (δs), aerodynamic damping (δa) and 

special damping provisions (δd) such as tuned-mass dampers. For structural damping, NEN-EN 1991-1-4 

differentiates between three types of construction material, with δs = 0.05 (ζ = 0.8%) for a steel loadbearing 

structure, δs = 0.1 (ζ = 1.6%) for a concrete structure and δs = 0.08 (ζ = 1.2%) for a combination of steel and 

concrete. The aerodynamic damping (δa) may be estimated with an equation, which is dependent on the 

wind velocity, the air density, the aerodynamic force coefficient, the natural frequency and an equivalent 

mass (see NEN-EN 1991-1-4, appendix F.5). Table 1 only gives the structural damping values; aerodynamic 

damping was not taken into account in the design of these buildings. 

The damping ratio values for the SLS obtained with NEN 6702 are up to 70% (NEMC) smaller than the 

measured damping ratios. The (structural) damping ratios determined with NEN-EN 1991-1-4 are for two 

buildings larger than the measured damping ratio. For the other two buildings the measured values are 

slightly larger. 

The goal of the study presented in this paper is to establish whether the observations from Table 1 on the 

natural frequency and damping ratio, are also observed for the New Orleans (see Figure 1). The New Orleans 

is a 158 m high residential tower in Rotterdam, where vibrations and wind loads are being monitored since 

the completion of the building in 2011. The original reason for setting up this monitoring system was a 

research project on local wind loads on façade elements, and the influence of pressure equalization [6-8].The 
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dataset obtained since installation is also useful for the goal of this study. The large size of the dataset allows 

for a more accurate determination of the dynamic characteristics than those shown in Table 1, determined 

with short-period measurements. This is particularly relevant in light of the large differences observed 

between measured and estimated characteristics. The dataset furthermore gives the opportunity to 

investigate the dynamic behavior of the building for different wind directions, and study the relation between 

the wind force and the building vibrations. 

Section 2 gives some information on the New Orleans and describes the setup of the monitoring system. 

The analysis performed on the data is explained in section 3. The results are presented and discussed in 

section 4; conclusions are given in chapter 5. 

2 Monitoring site and setup 

2.1 New Orleans building 

The New Orleans in Rotterdam, shown in Figure 1(a), is currently the tallest residential tower in the 

Netherlands with a height of 158 m (including non-structural parts). It is located at the “Kop van Zuid”, see 

Figure 1(b), a former harbor of Rotterdam where several high-rise buildings have been constructed, such as 

the World Port Center (124 m) the Montevideo tower (140 m) and De Rotterdam (149 m). The New Orleans 

consists of a 3 floor low-rise part and a 45 floor high-rise part, and has a 2 floor basement. The tower has a 

structural height of 155 m and plan dimensions of approximately 29 m by 29 m.  

The main load bearing system, shown in Figure 2(a), consists of a reinforced concrete rectangular core and 

walls oriented in x-direction. Due to this orientation of the walls, the stiffness of the building in y-direction 

is somewhat larger (~20%) than in x-direction. Figure 2(b) shows the walls start at the 2nd and 3rd floor; 

these walls are supported on the first two floors of the tower by 14 steel columns. The foundation piles are 

prefab piles which are 20 m long and reach a depth of approximately 29 m. More information about the 

building can be found in [6-10]. 

Table 2 specifies the natural frequencies and damping ratios determined in the design of the tower which 

was based on NEN 6702. Also specified are the natural frequency and damping ratio obtained with NEN-

EN 1991-1-4. 

 

 

Figure 1: (a) Picture showing the New Orleans and other high-rise buildings on the “Kop van Zuid” in 

Rotterdam, and (b) the map of the Kop van Zuid with the locations of the high-rise buildings. 

DYNAMICS OF CIVIL STRUCTURES 1543



Table 2: Fundamental natural frequencies and damping ratios determined with NEN 6702 (applied in 

design), and the currently applicable NEN-EN 1991-1-4. 

 
Natural frequency 

[Hz] 

Damping ratio 

[%] 

Code SLS ULS SLS ULS 

NEN 6702 [3] 0.19 0.17 1.0 2.0 

NEN-EN 1991-1-4 [1] 0.30 1.6 

 

Figure 2: (a) New Orleans floor plan showing the core and loadbearing walls in X-direction, and detailing 

the acceleration sensors (green), the external and cavity pressure sensors (black and grey), the velocity 

sensor (light blue) and the building reference frame xyφ. (b) Side and front view of the New Orleans 

specifying the heights of the pressure and acceleration sensors and the wind velocity sensor. 

2.2 Sensors and data acquisition 

Pressure sensors (Sensortechnics, type HCLA12X5DB) were installed to measure both external and cavity 

pressures on the façade elements of the New Orleans. Figure 2(a) shows the positions of these sensors, with 

the external pressure sensors in black. Figure 3(e) shows a picture of an external pressure tap. The wind 

velocity and direction are measured with a sonic anemometer (Gill, type 1561-PK-020) positioned on a 

mast, see Figure 3(b) and (c), at a reference height of 160 m (2 m above the building). The sonic is positioned 

in a corner relatively near the West and South façade of the New Orleans, shown in Figure 2(a).  

Due to the small height of the sonic above the building, the velocities measured by this sensor are influenced 

by the building. For wind directions between approximately 0° to 100° and 260° to 360° the sonic 

anemometer does not provide reliable values for the wind direction velocity. This study therefore focuses 

on wind directions perpendicular to the Southeast and -west façade, i.e. 145° (+/- 22.5°) and 235° (+/- 22.5°). 

Four acceleration sensors (Sundstrand, type QA-700) were placed on the 34th floor as shown in Figure 2(a). 

Figure 3(f) shows the data acquisition system and measurement computer, which are located in a closet in 

the stairwell on the 34th floor. Acceleration sensors 3 and 4, shown in Figure 3(g), are placed on the floor in 

the same closet.  

Measurements are performed when the 5 s mean wind velocity measured at the mast exceeds 5 m/s. All 

signals are sampled with 20 Hz. The pressure signals are filtered with a 133 Hz lowpass analog filter to 
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suppress high-frequency noise; the acceleration signals are filtered with a 10 Hz lowpass analog filter. Data 

are recorded for periods of 10 minutes (12000 samples per signal). Between each 10 minute record there are 

is a short period (~60 s) in which a reference pressure measurement is performed; all pressure sensors are 

redirected to a pressure vessel positioned in the closet space on the 34th floor. This pressure measurement is 

used to ensure all sensors are referenced against the same pressure. 

More details about the monitoring setup and data acquisition can be found in Kalkman et al. [6], van Bentum 

et al. [7], and van Bentum and Geurts [8]. 

 

Figure 3: Some details of the monitoring setup: (a) the New Orleans tower, (b) detail of the top, (c) mast-

mounted velocity sensor, (d) detail of the façade, (e) external pressure tap, (f) stairwell closet with the data 

acquisition system and measurement computer, and (g) acceleration sensors 3 and 4 (white sensors). 
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3 Analysis 

The data analysis was performed with Matlab R2019a. This section describes the processing performed on 

the measured accelerations, pressures and velocities. The reference mean wind velocity Vref and wind 

direction α are determined with the velocities measured by the sonic anemometer on top of the building 

with:  

 𝑉𝑟𝑒𝑓 = √𝑈2 + 𝑉2 (1) 

 𝛼 = atan(𝑈 𝑉⁄ ) (2) 

In which U and V are the mean wind velocities measured by the sonic anemometer in the horizontal plane. 

The accelerations are detrended by removing the mean acceleration from the measured signals. The four 

acceleration signals are transformed to acceleration signals in the building reference frame xyφ with (see 

[9] for more details):  

 𝑎𝑥 = (𝑎1𝐿3 − 𝑎3𝐿1) (𝐿1 − 𝐿3)⁄  (3) 

 𝑎𝑦 = (𝑎2𝐿4 + 𝑎4𝐿2) (𝐿2 + 𝐿4)⁄  (4) 

 𝑎𝜑 = atan[(𝑎1 − 𝑎3) (𝐿1 − 𝐿3)⁄ ] (5) 

Where a1, a2, a3, and a4 are the signals measured by acceleration sensors 1 to 4 in Figure 2(a). L1 to L4 are 

the distances from each sensor to the center of the building also specified in Figure 2(a). 

The measured pressure signals are first corrected with the measured reference pressure. Furthermore, a 

correction is applied in the frequency domain to account for the influence of the hose length on the pressure 

measured by the sensor. An explanation of this procedure is given in Kalkman et al. [6]. 

Force timeseries in x- and y-direction are determined from the corrected pressures. Each pressure tap is 

assigned a tributary area with a height of 3 m (1 floor) and lengths dependent on the distances between the 

sensors. The force signals are then computed with: 

 𝐹𝑥 = ∑ 𝑝𝑖𝐴𝑖𝑆𝐸 − ∑ 𝑝𝑖𝐴𝑖𝑁𝑊  (6) 

 𝐹𝑦 = ∑ 𝑝𝑖𝐴𝑖𝑆𝑊 − ∑ 𝑝𝑖𝐴𝑖𝑁𝐸  (7) 

Where pi and Ai are the pressure signals and corresponding tributary areas on the Northwest (NW), Southeast 

(SE), Northeast (NE) and Southwest (SW) façade of the New Orleans. More details about the procedure are 

described in Sonneveld [10]. 

Standard deviation values were computed for the acceleration signals ax, ay, and aφ, and for the force signal 

Fx and Fy. Power spectral densities were also determined with the periodogram, for all measured 10 minutes 

time traces, with application of a hamming window and zero-padding to increase the FFT resolution. 

Averaged spectra were determined over all measured 10 minutes time traces in a one year period for a wind 

direction of 145° (+/- 22.5°) and 235° (+/- 22.5°). Table 3 specifies the number of spectra obtained for each 

year. 

The natural frequencies were determined from the peaks of the spectra of the acceleration signals. Damping 

ratios were obtained with the half power bandwidth method: 

 𝜁 = 𝛥𝑓 2𝑓𝑛⁄  (8) 

In which Δf is the frequency bandwidth at the half power of the spectral peak at the natural frequency fn. 

Table 3: Number of time traces per year. 

 2012 2013 2014 2015 

All 8153 11973 10877 7906 

145° 1518 1536 2205 811 

235° 1172 1675 1515 1423 
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A study was made of the amplitude dependence of the natural frequencies and damping ratios of the first 

three modes. Per year, all obtained spectra were divided in groups with a certain standard deviation range; 

each group had 500 to 1000 spectra. To obtain information on the uncertainty of the natural frequencies and 

damping ratios, bootstrapping was applied on each group of spectra, according to the following procedure: 

 500 spectra were sampled with replacement from a group. 

 The average power spectrum over the 500 samples was computed. 

 The natural frequency and damping ratio were determined for the averaged power spectrum. 

This procedure was repeated 200 times for each group, resulting in 200 values for the natural frequency and 

damping ratio. With these 200 values a mean and standard deviation was computed, to obtain some insight 

in the variability of both the natural frequency and damping ratio in each group. 

4 Results and discussion 

Figure 4(a) and (b) show the standard deviation values σa,x and σF,x determined for the acceleration and force 

signals versus the mean reference wind velocity Vref over the period 2012 to 2013. At the same reference 

wind velocity, the building vibrations in x-direction are on average approximately a factor 2 to 3 larger for 

wind in across-wind direction (235°) than for wind in along-wind direction (145°).  

Figure 4(b) shows that the fluctuations in the wind force are also larger (about a factor 2) for across-wind 

direction than for along-wind direction. This suggests that vortex shedding for a wind direction of 235° is 

the cause for the increased wind force fluctuation and the increased building vibrations in x-direction. 

However, Figure 4(d) and (e) show that the standard deviation values in y-direction, i.e. σa,y and σF,y, are 

also larger for 235° (along-wind direction) than for 145° (across-wind direction). This indicates another 

flow phenomenon is responsible for the large wind force fluctuations and building vibrations. 

Figure 1(b) shows that for wind on the South-West façade of the New Orleans, i.e. α = 235° (+/-22.5°), the 

wind field of the New Orleans is influenced by the Montevideo tower and the World Port Center. The 

distance between the New Orleans and these towers is approximately D = 220 m. This corresponds to D/B 

≈ 220/30 ≈ 7, with D the distance between the buildings, and B the width of the New Orleans.  

Wind tunnel studies by Bailey and Kwok [11] and Xie and Gu [12] show that at this relative distance, 

interference can have a large influence on both the along-wind, as well as the across-wind dynamic response. 

Bailey and Kwok [11] performed measurements on various configurations with two high-rise building 

models. In these conditions, they found increases in the standard deviation of the overturning moment of 

30% to 80% in both across-wind and along wind direction for relative distances D/B between 4 and 10. Xie 

and Gu [12] describe similar increases at these relative distances for two building configurations, and even 

larger increases for three building configurations. 

From a dynamic design point of view these findings are relevant, as interference is currently not considered 

in the dynamic response calculations for the design of high-rise buildings in the Netherlands. This example 

shows that interference can severely enhance the dynamic response.  

Figure 4(c) shows the standard deviation of the force fluctuations σF,x versus the standard deviation of the 

accelerations σa,x. For both 145° and 235° wind direction, the standard deviation of the building accelerations 

σa,x show a similar trend with an increase in the standard deviation of the force fluctuations σF,x. The same 

is observed in Figure 4(f) for the building accelerations and force fluctuations in y-direction. However, the 

values for σa show a steeper increase with σF in x-direction than in y-direction. This corresponds with the 

smaller building stiffness in x-direction. 

Figure 5(a) shows the averaged acceleration spectral densities Pa,x for a 145° and 235° wind direction. These 

spectra were determined from records with a reference velocity Vref between 8 and 12 m/s. For both wind 

directions a peak is observed at 0.28 Hz, which is the natural frequency of the New Orleans in x-direction. 

Figure 5(a) furthermore shows that the spectral density found at a wind direction of 235° is elevated over a 

large frequency range, compared to a wind direction of 145°. This is also observed in Figure 5(b), which 

shows a higher spectral density Pa,y for a wind direction of 235° than for 145°. These spectra show a peak 

at a frequency of 0.29 Hz, which is the natural frequency of the New Orleans in y-direction. 
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Figure 4: Results obtained from measurements between 2012 and 2013: (a) σa,x versus Vref, (b) σF,x versus 

Vref, (c) σa,x versus σF,x, (d) σa,y versus Vref, (e) σF,y versus Vref, (f) σa,y versus σF,y. 

 

Figure 5: Averaged spectra determined from records with Vref between 8 and 12 m/s: acceleration spectral 

densities (a) Pa,x, and (b) Pa,y, and force spectral densities (c) PF,x, and (d) PF,y. 

1548 PROCEEDINGS OF ISMA2020 AND USD2020



Figure 5(c) and (d) show the force spectral densities PF,x, and PF,y. In both cases, the largest spectral densities 

are observed for a wind direction of 235°. The differences in spectral force densities between the 145° and 

235° wind direction correspond well with the difference observed in the acceleration spectral densities.  

The force spectra do not show a clear vortex shedding frequency peak. According to Bailey and Kwok [11], 

the Strouhal number for a square cylinder is approximately 0.09 – 0.1. At a wind velocity between 8 and 12 

m/s, this gives a shedding frequency of about 0.02 to 0.04 Hz. For the 235° wind direction the lack of a 

vortex shedding peak could be related to the influence of the Montevideo and the World Port Center. Bailey 

and Kwok [11] found for a building directly upstream, at a relative distance of 8B, that the vortex shedding 

frequency of the upwind building could not be observed. Furthermore, they determined an elevated spectral 

density over approximately the same frequency range as found in this study. For the 145° wind direction it 

is however unclear why no spectral peak is observed in Figure 5(d) in the estimated shedding frequency 

range (0.02 – 0.04 Hz). 

 

Figure 6 shows the averaged power spectral densities Pa,x, Pa,y, and Pa,φ, determined for increasing levels of 

acceleration. These spectra were obtained with the bootstrap procedure described in section 3. Table 4 gives 

the values for the natural frequencies (fn,x, fn,y, and fn,φ), and the damping ratios (ζx, ζy, and ζφ) obtained at 

various acceleration levels in 2012, 2013, 2014 and 2015. The variability observed for the computed natural 

frequencies was, in terms of one standard deviation, approximately +/-0.0001 Hz, and for the damping ratio 

approximately +/- 0.0005. 

Figure 6 shows with increasing acceleration level a small shift of the spectral peaks towards a lower 

frequency. This decrease in natural frequency with vibration amplitude was also observed in other studies, 

e.g. [13-15]. Figure 6 also shows that from 2012 to 2015 the spectral peaks also shift towards lower 

frequencies. These effects are most pronounced for the Pa,φ spectral peak observed in Figure 6(c). The 

damping ratios in Table 4 do not show any clear increasing or decreasing trend with increasing acceleration 

level or over the studied period of 4 years. In earlier work by Bronkhorst et al. [9], an amplitude dependence 

of the damping ratio was observed with application of the random decrement technique (see e.g. [4] and 

[13] for details) at larger vibration amplitudes than studied here.  

The measured natural frequency fn,x of ~0.28 Hz is 50% larger than the natural frequency fn = 0.19 Hz, 

estimated with NEN 6702 [3] (see Table 2). The natural frequency determined with NEN-EN 1991-1-4 [1] 

is slightly larger than the measured value (~5%). These differences correspond with what was observed in 

Table 1 for other Dutch high-rise buildings. Previous studies, e.g. [16][17], also noted the difficulty to obtain 

accurate estimates for the natural frequency with an FE model. Possible reasons for the observed differences 

are a mismatch between estimated and in-situ material properties (specifically the stiffness), an inaccurate 

assessment of the building mass, the modelling of structural connections, the influence of non-structural 

components, and the influence of the foundation and soil. 

The measured damping ratio ζx for the New Orleans is 10-20% smaller than the SLS damping ratio provided 

by NEN 6702 [3], and about a factor 2 smaller than the damping ratio specified by NEN-EN 1991-1-4 [1]. 

A large dataset was needed to obtain reasonably reliable estimates for the damping ratio with the half power 

bandwidth method. This sheds some doubt on the results obtained for the damping ratios in Table 1, which 

were determined with much smaller datasets, and of which the uncertainty is unknown. Especially because 

damping identification is notoriously uncertain [18][19], additional analysis of these datasets is needed to 

assess the reliability of these values.  
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Figure 6: Averaged power spectra determined from records obtained in 2012 and in 2015 with increasing 

level of acceleration: (a) Pa,x, (b) Pa,y, and (c) Pa,φ. 

 

Table 4: Influence of time and level of acceleration (indicated by a standard deviation range) on the natural 

frequencies and damping ratios for the first three modes. 

 2012 2013 2014 2015 2012 2013 2014 2015 

σa,x [mm/s2] fn,x [Hz] ζx [-]    

σa,x < 0.1 0.2864 0.2863 0.2857 0.2850 0.009 0.009 0.008 0.008 

σa,x = 0.15-0.2 0.2860 0.2856 0.2852 0.2848 0.008 0.008 0.008 0.008 

σa,x = 0.3-0.4 0.2858 0.2853 0.2848 0.2842 0.008 0.009 0.008 0.008 

σa,x = 0.5-0.7 0.2856 0.2848 0.2844 0.2840 0.008 0.009 0.008 0.009 

σa,x = 1.0-2.0 0.2848 0.2842 0.2835 0.2832 0.008 0.009 0.009 0.009 

σa,y [mm/s2] fn,y [Hz] ζy [-]    

σa,y < 0.1 0.2988 0.2984 0.2980 0.2976 0.010 0.010 0.010 0.010 

σa,y = 0.15-0.2 0.2982 0.2978 0.2974 0.2969 0.009 0.009 0.009 0.010 

σa,y = 0.3-0.4 0.2973 0.2969 0.2964 0.2960 0.010 0.010 0.009 0.010 

σa,y = 0.5-0.7 0.2965 0.2957 0.2953 0.2950 0.010 0.010 0.011 0.011 

σa,y = 1.0-2.0 - 0.2944 0.2933 - - 0.011 0.012 - 

σa,φ [rad/s2] fn,φ [Hz] ζφ [-]    

σa,φ = 0.4-0.5 06750 0.6697 0.6673 0.6638 0.010 0.011 0.009 0.010 

σa,φ = 0.6-0.7 0.6746 0.6697 0.6663 0.6629 0.009 0.010 0.009 0.010 

σa,φ = 0.8-1.0 0.6744 0.6687 0.6654 0.6618 0.009 0.010 0.008 0.010 

σa,φ = 1.5-2.0 0.6718 0.6645 0.6608 0.6580 0.009 0.009 0.007 0.010 

σa,φ = 2.0-4.0 0.6698 0.6653 0.6582 0.6551 0.010 0.011 0.009 0.010 
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5 Conclusion 

This paper presented results of a study performed on data obtained from a monitoring campaign on the high-

rise residential building the New Orleans in Rotterdam. The goal of this study was to further substantiate 

observations on the fundamental natural frequency and the damping ratio from measurement campaigns on 

other Dutch high-rise buildings. The large size of the dataset allowed for a more accurate determination of 

the dynamic characteristics than determined with the previous (short-period) measurements. The combined 

wind velocity, wind load and acceleration measurements furthermore allowed to study the dynamic behavior 

of the building for different wind directions, and investigate the relation between the wind force and the 

building vibrations.  

The results show that the natural frequencies of the building have decreased over the investigated period 

(2012 to 2015) by about 0.5 to 2%, and are dependent on the vibration amplitude. No decreasing or 

increasing trend was observed for the damping ratio with time or amplitude (for the investigated amplitude 

range). Large differences were found between the estimated natural frequency (with NEN 6702) and 

damping ratio (with NEN-EN 1991-1-4) and the measured values.  

Furthermore, an analysis was made of the external wind pressures on the façade of the building and the 

accelerations measured on the 34th floor. The wind pressures signals were transformed into force signals in 

the two main axis of the building; these force signals are representative for the wind load on a 3 m high 

section of the façade. The largest wind force fluctuations and building vibrations were observed for a wind 

perpendicular to the Southwest building façade (235° wind direction). The force fluctuations and resulting 

building vibrations were significantly larger (approx. a factor 2 to 3) than for wind perpendicular to the 

Southeast façade (145° wind direction). This appears to be the result of interference effects caused by the 

nearby high-rise buildings Montevideo and World Port Center. This example shows the importance of 

considering the influence of neighboring buildings in the dynamic design of high-rise buildings, particularly 

with the expected growth of high-rise buildings in various cities in the Netherlands. 

Future work will investigate the large differences observed between the estimated and measured natural 

frequency and damping ratio in more detail through more (long-term) monitoring campaigns on high-rise 

buildings in the Netherlands. To that end, a research project has been setup with various partners from 

industry, which aims to develop more accurate calculation rules and modelling methods for the prediction 

of the dynamic behavior of high-rise buildings. 
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Response of periodic elevated railway bridges
accounting for dynamic soil-structure interaction
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Abstract
This paper presents a case study used to analyze the influence of dynamic soil structure interaction on the
response of railway bridges consisting of identical spans and to compare finite and infinite models. In
order to avoid a large finite element model of the entire bridge, a wave finite element based approach is
followed in this paper which exploits the periodicity of the structure. Receptance functions as well as mid-
span deflections under a moving load are computed and discussed. It is concluded that due to the energy
dissipation in the soil, the dynamic response is very similar for a different number of spans.

1 Introduction

Railway bridges are often constructed using identical spans repeated over long distances, for instance in
regions with limited space, changing topography, or soft soil. This paper investigates the effect of dynamic
soil-structure interaction (SSI) on the response of such bridges. There are several reasons to include dynamic
SSI in the analysis: (1) it leads to a more accurate and safe design, (2) it is helpful to understand its effect on
the modal behavior in the light of structural health monitoring, and (3) free field vibrations can be estimated
more precisely.

For short-span bridges, many authors reported on the effects of dynamic SSI on the bridge response. Romero
et al. [1] showed that for a short single-span railway bridge, dynamic SSI significantly affects its modal char-
acteristics resulting in higher fundamental periods and damping ratios. Ülker-Kaustell et al. [2] demonstrated
that for portal frame bridges the vertical acceleration at mid-span can even be higher when dynamic SSI is
accounted for. Östlund et al. [3, 4] investigated the effect of different foundation types and span lengths on
a single span railway bridge. They conclude that the modal damping increases for smaller span lengths and
that the bridge deck acceleration is generally higher in the case of fixed supports.

For very long bridges consisting of multiple spans, full 3D models are computationally cumbersome. Hence,
periodic structure theory can be used as an alternative assuming the bridge is infinitely long. This includes
methods based on the Floquet transform [5, 6], as well as the wave finite element method (WFEM) [7, 8, 9].
Lu et al. [10, 11] employ the Floquet transform to predict the response of infinitely long, simply supported
railway bridges accounting for dynamic SSI. They studied the relation between the dynamic bridge response
and its stop- and passbands which characterize the dynamic behavior of infinitely long periodic structures.

In this paper, a WFEM based model of a railway bridge is used that allows taking the finite length of the
bridge into account, while still exploiting the periodicity of the geometry. This is not possible when the
Floquet transform is used. A case study is presented where the effect of dynamic SSI on the bridge response
is investigated. The paper is outlined as follows. Section 2 describes a case study representing a generic
railway bridge of which the number of spans can vary. The railway bridge is founded on piles. Section 3
presents receptance functions as well as deflections under a moving load for short, long, and infinitely long
railway bridges. Section 4 concludes the paper.
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2 Case study

This section presents a case study of a continuous box girder bridge founded on piles. The construction
of such bridges has increased over the past decades in Germany and other European countries [12]. The
advantage over simply supported box girder bridges, which remain the standard in China, is their greater
slenderness (ranging between 12 and 14) and generally lower dynamic response. The geometry and material
properties of the bridge in this case study are inspired by a literature survey of existing box girder bridges
presented by various authors including Kang et al. [12], Yan et al. [13], and Cascales Fernández et al. [14].

2.1 Bridge span

Figure 1 shows a drawing and the cross section of a single bridge span. The bridge deck is a continuous
concrete box girder with uniform height and a span length of 24 m. It is periodically supported by piers with
a rectangular cross section of 5.5 m by 1 m and a height of 6 m. The deck and piers are modeled with 8-node
quadratic shell elements based on Reissner-Mindlin plate theory which accounts for shear deformation.

(a) (b)

x

z

y
x

12 m

3 m

2.75 m 0.5 m 5.5 m

0.4 m

0.35 m

0.5 m

Figure 1: (a) Drawing of a single span in the bridge superstructure and (b) dimensions of the bridge deck.

On each pier, the bridge deck is supported on two bearings which are modeled using constraint equations
between the deck and the pier. It is assumed that the vertical motion of the deck and pier is equal. The
transverse motion of the bridge deck is prohibited by one of the two bearings, but allowed by the other.
Rotation is allowed by both bearings. Longitudinal motion of the bridge deck is allowed at all but one of the
piers.

A unit vertical point load is applied downward to the bridge deck directly above one of the webs. In order
to take into account the load distribution due to e.g. a slab or ballasted track, this point load is distributed
over an area of 2 m by 1 m around the load. This is illustrated by the red areas in Figure 1. In the FE model,
the load is properly distributed to the nodes of the elements in this area. A track system will be added to the
model in future work.

In order to model the bridge efficiently, the wave finite element method is employed. Since the number of
degrees of freedom in a periodic reference cell can still be large, a computationally more efficient methodol-
ogy was presented earlier by the authors [15]. For finite structures, the stiffness of the bridge abutments can
easily be included once an FE model of these parts has been constructed.

2.2 Bridge length

Three cases are considered for the bridge length: a bridge with 5 spans, a bridge with 15 spans, and an
infinitely long bridge. For the first two cases, the span length in the end spans equals half the regular span
length. At both ends, the bridge deck rests on two bearings identical to those on the piers. No dynamic SSI
interaction is accounted for at the abutments.
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2.3 Piled foundation

Each bridge pier is supported by a piled foundation consisting of eight piles connected to a rigid pile cap
with a thickness of 1 m. Figure 2 shows the piled foundation and the lay-out of the piles. The piles have a
diameter of 0.5 m and a length of 10 m.

(a)

9 m

(b)

3 m

7 m

1 m

5.5 m

2 m

2 m

Figure 2: (a) Piled foundation embedded in a horizontally layered halfspace and (b) geometry of the piled
foundation.

Each piled foundation is embedded in a horizontally layered soil: a 9 m thick top layer on top of a halfspace.
Three cases are considered for the top layer: a soft, a medium stiff, and a stiff soil. For the halfspace, stiff
soil is assumed. The dynamic soil characteristics of these soils are specified in Table 1.

Table 1: Dynamic soil characteristics: shear wave velocity Cs, dilatational wave velocity Cp, density ρ, and
material damping ratio’s βs and βp in shear and dilatational deformation.

Soil type Cs Cp ρ βs βp
[m/s] [m/s] [kg/m3] [-] [-]

Soft 100 200 1800 0.02 0.02
Medium stiff 200 400 1800 0.02 0.02
Stiff 300 600 1800 0.02 0.02

The soil and the piles are modeled with 10-node quadratic tetrahedral elements. A perfectly matched layer
(PML) is used to absorb waves at the edges of the FE model to avoid spurious reflections. The minimum
element size corresponds to a quarter of the shear wavelength at 50 Hz. Four elements are used along the
length of the PML.

In a first step, the dynamic stiffness of the piled foundation is computed. This results in a 6 × 6 dynamic
stiffness matrix Ks(ω). Each element in Ks(ω) can be written asKij(ω) = kij(ω)+iωcij(ω), where kij(ω)
and cij(ω) represent the frequency dependent stiffness and damping coefficients of the piled foundation,
respectively. Figure 3 shows the coefficients kij and cij for the vertical and rocking (around the y-axis)
motion of the piled foundation for the three soil types given in Table 1. Pile-soil-pile interaction leads to
peaks in the curves when the spacing between the piles corresponds to half the shear wavelength. The piles
then vibrate in anti-phase motion, meaning that the downward motion of one pile imposes an upward motion
on its neighboring piles resulting in stiffer behavior of the piled foundation [16]. The rocking stiffness around
the y-axis is significantly higher than the rocking stiffness around the x-axis due to the larger eccentricity
of the piles with respect to the center. The latter is not shown because the bridge deck can rotate freely at
its supports, so no rotations are transferred to the piers. Hence, rocking of the pile cap around the x-axis is
negligible.
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Figure 3: (a) Vertical and (b) rocking (around y-axis) stiffness and damping coefficients as a function of the
excitation frequency for the piled foundation embedded in soft soil (dotted line), medium stiff soil (dashed
line), and stiff soil (solid line).

3 Results

This section presents receptance functions at mid-span of the central bridge span for each of the three cases
outlined in Section 2.2. Furthermore, the mid-span deflection due to a unit static load moving with speed v
is shown for each case.

3.1 Receptance functions

Figure 4 shows the receptance functions at mid-span as a function of the excitation frequency for the various
soil types and bridge lengths. For the case without dynamic SSI (Figure 4a), three peaks can clearly be
observed. The peak around 6 Hz corresponds to the first torsion mode of the bridge with 5 spans, while the
peaks at 10 Hz and 12 Hz are longitudinal bending modes. At 15 Hz, a small peak is visible due to local
bending of the top flange. The peaks are larger for the bridge with 5 spans, since the energy is more confined
into the structure when compared to the other two bridge lengths. The response of the bridge with 15 spans
is close to the response of the infinitely long bridge, as can be expected. For higher frequencies, the influence
of the bridge length vanishes.

For the case with the stiff soil (Figure 4b), it is observed that the first peak is slightly shifted to the left due to
the flexibility of the soil. The effect of energy dissipation in the soil on the amplitude of the peaks is however
limited. For the medium stiff soil (Figure 4c), the first and second peak are both shifted to the left and the
effect of damping due to dynamic SSI is visible. For the soft soil, the second peak is attenuated even more.
When dynamic SSI is accounted for, the third peak around 12 Hz is no longer visible. Furthermore, dynamic
SSI leads to results in closer agreement for the three bridge lengths. One reason might be that the energy is
transmitted directly into the soil instead of propagating through the structure. Further research is required to
investigate this effect for other bridge lengths and/or soil conditions.
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Figure 4: Vertical receptance at mid-span as a function of the excitation frequency for a bridge with 5 spans
(dotted line), a bridge with 15 spans (dashed line), and an infinitely long bridge (solid line). The results are
shown for (a) the case without dynamic SSI, (b) the stiff soil, (c) the medium stiff soil, and (d) the soft soil.

3.2 Deflections due to a moving load

This subsection presents the vertical deflection at mid-span due to a unit static load moving with constant
speed v. The position of the moving load with time history g(t) is given as x(t) = x0 + vtey with x0 the
initial position. The vertical deflection uz(xR, t) at receiver location xR is computed as:

uz(x
R, t) =

t∫

0

hzz(x(τ),x
R, t− τ)g(τ)dτ. (1)

The transfer function hzz(x0,x
R, t) represents the response in the receiver location xR in the vertical di-

rection at time t due to the load (introduced in Section 2.1) applied at x0trie at time t = 0. For the finite
bridges, the transfer function equals zero if the load position x(t) is situated outside the bridge. Since a unit
static load is considered, the time history g(t) = −1N in the present case.

Figure 5 shows the mid-span deflection as a function of time for the various soil types and bridge lengths.
The speed v equals 50 m/s. The peak deflection is governed by the static stiffness of the bridge and is highest
for the case with the soft soil. Furthermore, excitation at spans further away from the central one where the
response is recorded, leads to a global deflection of the bridge deck except for the short bridge with 5 spans.
For the finite bridges, the presence of the bridge ends can be observed in the deflection.

Figure 6 shows the mid-span deflections when the load passes at 100 m/s. Although not clearly visible, the
maximum deflections are slightly larger than at 50 m/s. At even higher speeds, around 150 m/s for the present
case, a sonic boom effect can be observed in the deflection when the load moves faster than the waves can
propagate through the deck, i.e. the critical train speed. However, this speed is much higher than common
train speeds on bridges, so the results are not included in this paper.

It can be concluded that dynamic SSI is important for the accurate prediction of the deflection at the central
bridge span. It has been shown that softer soils generally lead to a larger deflection under a moving static
load.
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Figure 5: Vertical deflection at mid-span as a function of time for a bridge with 5 spans (dotted line), a bridge
with 15 spans (dashed line), and an infinitely long bridge (solid line). The results are shown for (a) the case
without dynamic SSI, (b) the stiff soil, (c) the medium stiff soil, and (d) the soft soil. The speed v equals
50 m/s.
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Figure 6: Vertical deflection at mid-span as a function of time for a bridge with 5 spans (dotted line), a bridge
with 15 spans (dashed line), and an infinitely long bridge (solid line). The results are shown for (a) the case
without dynamic SSI, (b) the stiff soil, (c) the medium stiff soil, and (d) the soft soil. The speed v equals
100 m/s.
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4 Conclusions

This paper presented a case study used to analyze the influence of dynamic soil structure interaction on the
response of railway bridges consisting of identical spans and to compare finite and infinite models. Recep-
tance functions as well as mid-span deflections due to a moving load have been presented. It is concluded
that including dynamic SSI in the analysis results in attenuation and shifting of the resonance peaks in the
receptance functions. The mid-span deflections are increased due to the reduced static stiffness of the foun-
dations. The effect of an actual train load on the dynamic response has, however, not yet been studied. When
increasing the number of spans, it has been shown that the receptance functions at mid-span of the central
span are similar when dynamic SSI is included, which was otherwise not the case. This could indicate that
finite bridges can be modeled as infinitely long when dynamic SSI is accounted for, but further research is
required to support this conclusion.
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Abstract 
In this paper, a finite element model-based damage scenario analysis tool is developed to assess the 

structural performance of a bridge using the deflection influence lines. This provides the option to convert 

from the subjective damage indication number based on expert opinion to a physics-based damage indication 

number. The tool is implemented for a case study bridge using open-source software to provide an 

economically viable solution.  

1 Introduction 

Rijkswaterstaat (RWS), the Dutch infrastructure and water management board owns and maintains many 

bridges throughout the country. Many of these bridges are more than half a century old and there is a 

mismatch between current loads and their designed capacity due to increasing traffic and heavier vehicles. 

This mismatch often leads to structural damage and failures before achieving the designed life and the cost 

of maintenance increases as the bridge ages [1]. RWS follows a risk-based maintenance strategy where 

periodic visual inspection of a bridge is carried out to assess any damages on the structure. Damage is when 

the structure cannot properly fulfill its intended function [2]. The damage leads to failure of the structure 

which is the complete loss of its function. To avoid failure, fixing the structural damage through maintenance 

and verify it had returned to the initial state of performance is essential. Damage indication numbers are 

allocated by RWS from zero to six based on expert opinion where zero is no damage and six being very 

bad. This subjective score varies based on a person’s view [3][4]. This subjective assessment negatively 

affects the understanding of damage scenarios and maintenance plans. Also, RWS asset managers are 

interested in the consequence of a maintenance action on the structure such that they get insights to plan 

their maintenance by considering different scenarios. Considering the physics behind both the structure and 

the damage will provide insights to take a maintenance action on the structure and assess its effects.  

Structural health monitoring (SHM) techniques, provides various methods to assess the structural condition 

of the bridge by diagnosing the response of the structure due to the loads acting on it. The response of the 

structure depends on the physical properties of the structure. This can be used to assess its performance. 

Fixing sensors on the structure and measuring its structural response is essential. However, it is challenging 

due to various reasons, such as sensor capabilities, accessibility, cost, life-cycle of the sensor, signal to noise 

ratio, etc. For the existing structure, the current state has to be defined using a structural response parameter. 

This should be a physics-based parameter such as deflection, natural frequencies, modes shapes, modal 

curvatures, etc. that are sensitive to the damage or structural modification on the bridge. In this study, the 

deflection of the structure is considered as a damage sensitive feature to assess its performance. The 

deflection of the structure is caused by the loads acting on it, it depends on the stiffness, and boundary 

conditions of the structure. For the known load, a change in deflection occurs due to a change in the stiffness 

of or boundary condition of the structure. By defining the initial state structure deflection at T0 using a 
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known load, current state TC of the structure deflection for the load can be quantified to assess the structural 

performance.  

A physics-based model that represents the structure can be used to study the damage scenarios that cause 

the deflection change and insights can be gained to restore the structure to T0 state. Furthermore, the model 

can also be used to gather data about structure behavior on damage to use it for damage detection techniques, 

study the locations where the sensors placing is inaccessible considering virtual sensor point in the model, 

etc.  

In this study, a physics-based model using the finite element (FE) method is developed for a bridge and the 

results are then validated with the deflection extracted from sensor data of the bridge that has been collected 

during the measurement campaign. To summarize, this study aims to create a FE model-based scenario 

analysis tool for the asset manager to gain insights on the performance of the structure based on its deflection 

and without the need for extensive knowledge about FE.   

2 Methodology 

Structures like bridges are subjected to moving loads. To access the performance of the bridge deck as a 

whole due to a moving load the influence lines are useful. An influence line is a static property that describes 

the variation of reaction, internal loading, displacement, or stress at one location of a structure as a function 

of the location of a unit load. These are the characteristic curves of a bridge. Theoretical influence lines 

cannot be obtained from the measurement campaign because quasi-static moving loads i.e., loads at low 

uniform velocities are applied in the actual condition. The linear variable differential transformers (LVDT) 

fixed on the bridge are used to reconstruct the vertical displacement and the rotation about the bearings 

record the quasi-static deflection influence lines. The deflection influence line of one location is affected by 

the boundary conditions, flexural stiffness, load magnitude, load moving direction, and, load position on the 

structure. For the same load-related parameters, change in the influence lines occurs due to the change in 

boundary condition and flexural stiffness. Thus, the deflection influence lines can be used as a damage 

sensitive feature and can be compared between the intact and damaged state of the bridge[5][6]. Quantifying 

changes in the deflection influence line between two states of the bridge provides insight for the asset 

managers to take maintenance decisions.  

For a case study, a measurement campaign is done. A FE model is developed and validated using the 

campaign readings. The developed twin model is set as the T0  state. Provisions to model damages in the 

percentage of stiffness reduction to consider different scenarios. The influence lines can be extracted for 

different scenarios by moving the load over the FE model. These influence lines can be compared and 

changes can be quantified. This will provide insight into the structure’s performance due to damages. A 

physics-based damage indication number is achievable instead of subjective expert opinion.             

3 Case Study Bridge 

The case study bridge is called the Tankinkbrug. It was built in the year 1952, over the Twente canal to 

connect the villages Goor and Delden in the Overijssel province of the Netherlands. This bridge is selected 

since it is not used extensively at present. It is easier to conduct measurement campaigns with controlled 

loadings. It is a continuous tied-arch bridge with 3 spans, two sets of pillars support the superstructure at the 

distance of 8.9m from both the abutments. The total length of the bridge is 58.96m and the total width is 

4.37m with 3m riding deck and footpath on both sides. The bridge is rated for 37MT total load with a 

maximum of 9.2MT load per axle. The deck is of reinforced concrete and connected to steel main girders. 

It has a set of steel bow arches connected to the beams through 8 steel columns each side with wind bracings 

connecting the arch bows. All the connections between the steel structural members are riveted. The main 

girders pass through the four concrete transverse beams which are on top of the bearings. The abutment 

transverse beams are supported on steel roller bearings. Pillars on the west end provide support to the 

superstructure through roller bearings and the pillars on the east end provide simple support as in Figure 1.  
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Figure 1: The Tankinkbrug. 

4 Measurement campaign: 

A measurement campaign was conducted using proof-loading vehicles and the bridge response was recorded 

under different loading conditions. The load and its position on the bridge, the velocity of the vehicle were 

the parameters modified to create multiple scenarios. Three proof-loading vehicles were used. The bridge 

was equipped with six LVDTs and 16 accelerometers to record the structure’s response. The LVDT sensor 

layout is shown in Figure 2. The abutment LVDTs 5 and 6 are fixed horizontally to record the longitudinal 

movement of the deck. The LVDTs 1 to 4 is fixed on the vertical direction against the south main girder 

attached 2.11m apart on each pillar. This arrangement provides the displacement of the girder and its rotation 

about the bearings; it is an essential insight on the boundary conditions of the bridge. 

 

Figure 2: LVDT sensor layout on the bridge. 
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Figure 3: The Tankinkbrug with a proof-loading vehicle. 

In this study, only the vertical LVDTs 1 to 4 are used to calibrate the FE model. The proof-loading vehicle 

on the bridge in shown Figure 3. The response of the bridge due to the ~10MT proof-loading vehicle axle 

loads in Figure 4, used to calibrate the FE model of the bridge. The tire contact patch width for the front and 

back wheels are estimated using the equipment manufacturer's data. The axle loads are estimated based on 

the longitudinal center of gravity of the vehicle from the total weight.    

 

Figure 4: 10MT  Proof-loading vehicle with axle loading and tire patch size  

[Dimensions are in meter]. 
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5 Data processing: 

The data from the measurement campaign collected at the sampling rate of 2000 Hz. One continuous static 

loading where the vehicle is moved over the bridge and placed at 1/8,1/4,1/2,3/4, and 7/8L of the bridge for 

a prolonged period to record the LVDT displacement. The vehicle is moved from the west end towards the 

east end direction; three times at the approximate speed of 5km/h, the low-speed trial A, B, and C and three 

times at approximately 12km/h. The static and low-speed trial data results are processed and used to calibrate 

the FE model.  

  

 

Figure 5: Static 10T vehicle LVDT deflection.  

Figure 5 shows the static loading measurements. The LVDT 1 and LVDT 2 readings show the rotation and 

displacement of the bridge deck about the bearings of the southwest pillar; similarly, LVDT 3 and LVDT 

4 show the southeast pillar. The rotation angle can be calculated using the distance between the LVDTs.  

For the low-speed trials, the data from the LVDT sensors are processed using 2nd order low pass butter filter 

to smoothen the signal. The low-speed LVDT trial C is shown in Figure 6. The data raw data plotted against 

the load position on the bridge based on its velocity.  
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Figure 6: Low-Speed Trial C LVDT/ Influence line plot. 

6 Finite Element Model: 

Commercial FE software and solvers provide all the pre and postprocessing modules in one package 

included with the capabilities of Multiphysics modeling and analysis. The license for these tools is typically 

expensive. On the other hand, open-source tools are free to use and can be customized to meet the 

requirements, since the solver is available as a standalone. Considering economic viability and other factors, 

Salome_Meca and Code_Aster for windows version [7] are used to develop the FE model of the case study 

bridge.     

The structural members are simplified and modeled using plate, beam, and bar elements to represent the 

deck, steel structural members(main girders, arch, and wind bracings), and columns respectively. The bridge 

deck is reinforced concrete with a non-symmetric geometrical cross-section. The material and the 

geometrical equivalent section of the reinforced concrete is calculated by matching the stiffness properties 

to model the bridge deck. Isotropic material properties are considered and listed in Table 2. Multiple mesh 

size models were created to apply the same load and study its convergence by tracking the deflection value. 

The converged mesh 170000 degrees of freedom with a maximum of 0.01m FE element size. The FE model 

does not contain brackets, gusset plates, rivets due to lack of details. The connection between the concrete 

deck and the main girders are assumed as rigid. 

 The boundaries are supported using axial and rotational spring elements as in Figure 7. Springs S1 to S8 

are used as rotational and S 9 to S12 used as axial. Discreet elements with unit length were used to model 

the springs with the one end fixed in all DOF and the other end connected to the bridge. The rotational and 

transversal stiffness parameters of the spring elements are calibrated to match the measured LVDT readings. 

It is assumed that the south and north bearings are symmetrical and no rotation of the deck about the 

transverse axis. This reduces the number of parameters to calibrate by assuming spring stiffnesses S1=S8, 

S2=S7, S3=S6, and S5=S4.  
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Table 2: Material properties considered 

Properties Steel Concrete 

Grade S235 C25/30 

E[N/m2] 2.1E+11 3.15E+10 

Poisson 

ratio 
0.25 0.2 

 

 

Figure 7: Model of the bridge with spring supported boundaries. 

In the finite element model, the proof-loading vehicle load is moved from the west end of the bridge the 

same as the measurement campaign. The load is moved quasi-statically considering the dynamic effects are 

negligible due to low velocity. Also, the FE model loading vehicle starts with both axles placed fully on the 

deck and moved till the front axle reached the end of the deck. Using trial and error the process the spring 

stiffnesses of the bridge calibrated to match with measurement reading. The stiffness values are in Table 2.  

Table 2: Boundary conditions for the FE model 

 

X Y Z RX RY RZ 

Nm Nm Nm Nm/rad Nm/rad Nm/rad 

Spring 1 Free Fixed Fixed Free Free 3.00E+11 

Spring 2 Free Fixed Fixed Free Free 6.00E+10 

Spring 3 Free Fixed Fixed Free Free 8.00E+11 

Spring 4 Free Fixed Fixed Free Free 3.00E+10 

Spring 5 Free Fixed Fixed Free Free 3.00E+10 

Spring 6 Free Fixed Fixed Free Free 8.00E+11 

Spring 7 Free Fixed Fixed Free Free 6.00E+10 

Spring 8 Free Fixed Fixed Free Free 3.00E+11 

Spring 9 1.00E+05 Free Free Free Free Free 

Spring 10 1.00E+05 Free Free Free Free Free 

Spring 11 1.00E+05 Free Free Free Free Free 

Spring 12 1.00E+05 Free Free Free Free Free 
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The Low-speed trial LVDT readings compared with the FE model quasi-static analysis readings to identify 

the global structural behavior for the moving load. The nodal points displacement in the vertical (Y) direction 

are the virtual LVDT readings. The presence of proof-loading vehicle’s single axle on the deck is also 

recorded in the measurement campaign, thus a phase adjustment is done considering the vehicle axle 

distance in the FE model readings. This explains the gap at the start and end of the virtual and bridge LVDT 

readings in Figure 8.  

 

Figure 8: Low-speed Trial C comparison with FE nodal displacements at LVDT location. 

The bridge LVDT and the corresponding FE nodal displacement match closely for the LVDT1 and LVDT 

2 in both phase and amplitude. The LVDT 3 and LVDT 4 readings have both pace and amplitude difference 

indicating that further needs calibration of east end boundary conditions at the pillar and abutments required 

calibration. Table 1 listed boundary stiffness values compensate for the missing of gusset plates, rivets, 

bracket stiffness on the FE model. 

7 Scenario Analysis Tool development 

As mentioned in the Methodology, the influence lines are affected by the flexural stiffness and boundary 

condition changes. This information is used for the assessment of the structure’s performance.  

Measuring deflection at multiple locations of the structure is expensive and also difficult due to accessibility. 

A finite element based twin model of the bridge provides access to monitor the deflection at all the points 

of the structure. Virtual LVDT readings are the corresponding vertical nodal displacement in the structure. 

The Calibrated FE model at T0 state can be assumed as the intact state TI  of the bridge. The unit load/known 

load can be moved over the twin model in the required lane to extract the influence line at the required point 

at the intact state TI. The scenario analysis tool provides options to vary the flexural stiffness of the selected 

elements in percentage to represent damage on the bridge. This is a damaged stage Td. The influence line at 

Td can be identified by moving the same load in the same lane over the model. The influence line at TI  and 

Td can be compared to identify the changes in structural performance. Multiple damage scenarios by varying 

percentage of stiffness and location of damage can be modeled to identify its effect on the influence lines.  
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Figure 9: Damage and virtual LVDT 

As a damage scenario Td, a 20% stiffness reduction is modeled over 0.5m length at the beam girder at 30m 

from both ends  (mid-length of the bridge) as in Figure 9. The influence lines of TI and Td  extracted at virtual 

LVDT (V_LVDT) position by moving 10MT proof-loading vehicle on the FE model and compared in 

Figure 10. 

 

 

Figure 10: Intact and Damage displacement influence lines at V_LVDT. 
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Figure 11: Percentage difference between intact and damaged state influence lines. 

Figure 11 shows the percentage difference in the damaged state influence line and intact influence line. The 

difference in the damaged region compared to the other area are less than 0.1%. This influence line can be 

further expanded to the influence surface to see the difference in terms of percentage. This difference can 

be used to assign a physics-based damage index number instead of numbers based on expert opinion.  

The influence lines can be extended analytically to consider tandem loads with different magnitude of axle 

loads. This saves numerical computation time when assessing the structural performance while the change 

is only the load magnitude and a tandem load added inline.  

The stiffness reduction percentage due to damage can be considered based on degradation models and 

structure’s performance over time can be estimated using the influence lines. This provides insights for the 

asset managers to make informed maintenance decisions.  

8 Conclusion:  

In this study, a physics-based scenario analysis tool is developed and a damage sensitive feature is identified 

to quantify the damage index number. This tool can help the asses managers to gain insight on the structure 

performance based on influence lines with various damage scenarios.    
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Abstract 
In the last three decades, the vibrations of many floors and bridges have been measured. The contribution 

shows some evaluation methods, experimental results and some modelling and theoretical results. Simple 

evaluation methods have been developed for single and coupled floors. Two coupled beams have been 

measured in good agreement with the theory. A more complex coupling model has been found for a large 

wooden floor in a castle consisting of six floor bays which correlates well with the measurements. Damaged 

and intact poles have been tested by their natural frequencies and damping values, and a fair correlation 

between the degree of damage and the shift of the frequency. Road bridges have been analysed in detail and 

some examples are presented. Railway bridges and trains are studied for resonant excitation. The risk of 

resonance can be estimated in frequency domain by using axle-sequence spectra of the train and the natural 

frequencies of the bridge. A measurement example shows the amplification, but even stronger the 

cancellation of the subsequent axle responses. Several high-speed trains and freight trains have been 

analysed for their potential resonance amplification. 

1 Introduction 

Modal analysis mainly of bridges has been a task of BAM Bundesanstalt für Materialforschung und- prüfung 

for a long time [1]. The first research project [2] included investigations at seven bridges in Berlin from 

1985 to 1990. At one of these bridges, there runs a continuous vibration monitoring from 1994 up to now 

[3]. Some more bridge measurements will be presented as examples where different states of the bridges 

could be analysed. Other bridges have been measured just after construction for a later comparison with a 

possibly damaged state. The concept of all these bridge investigations has been presented in [4]. It has also 

been applied to offshore wind energy turbines [5]. 

In the same years (1980-2020), railway vibrations were another central research area of this group [6]. 

Measurements of track, ground and building vibrations have been done several times. Floor resonances [7] 

are the most important problem of annoyance and are presented here with some examples. The track 

 

Figure 1: 45 m long concrete rail bridge under a test train with different speeds 
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vibrations on a bridge have been measured at the first German high-speed line [8]. Different bridge modes 

have been excited by different train speeds. These effects have been analysed for several resonance effects 

showing the strong effect of the axle sequence of the test train (Fig. 1). 

2 Horizontal vibrations of vertical structures (poles and towers) 

2.1 The sculpture of a faun 

 

 

 

Figure 2: Sculpture of a faun (a) and decay of free vibrations in two horizontal directions (b,c), time histories 

and spectra 

A sculpture of a faun has been built an erected on a square in Berlin (Fig. 2a). Because of durability 

problems, BAM was charged to measure the damping of this structure. The visible sculpture is made of 

plastics, whereas the supporting structure inside is made of steel. The sculpture was excited horizontally by 

hand and then let free to measure the decaying vibrations (Fig. 2b,c). The natural frequency f0 = 1.54 Hz is 

the same in both horizontal directions. The damping is quite low at D = 1.37 % in the one, and D = 0.57 % 

in the other direction. The vibrations can still be observed after one minute. 

2.2 Lamp poles measured at the BAM test area 

A number of 6 m high lamp poles made of aluminium have been erected at the BAM test area (Fig. 3a). 

Each lamp pole has been tested in both horizontal directions. A short impact by hand was sufficient to excite 

a long free vibration. The damping values have been analysed for differences. The smallest damping values 

of D = 0.1 to 0.6 % have been found for the poles that are screwed to the foundation. Medium damping 

values of D = 0.4 to 0.9 % have been found for the poles that are casted into the concrete foundation. The 

highest damping values of D = 1.0 to 1.8 % have been found for the poles that are put in a plastic jacket. A 

similar influence of the foundation has been found for the natural frequencies. The highest natural 

frequencies f0  3.7 Hz are for the concrete footings, the plastic jackets result in frequencies of f0 =2.9 to 

3.1 Hz. The screwed poles have the lowest natural frequencies of f0  1.9 Hz due to the additional mass of 

the mounted lamps. Other changes due structural details must be observed, a mounted clock mass results in 

a 20 % lower natural frequency, the door opening results in a 4 % lower frequency in one of the two 

directions. Small changes due to small defects which represent a beginning of damage could not be found, 

but it has been shown that clear changes of the natural frequency can be found if the defect is strong enough. 

 

c) 

 

b) 

 

a) 
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Figure 3: Lamp poles (a), and decay of free vibrations in two horizontal directions (b,c), time histories and 

spectra 

2.3 A wind energy tower 

A wind energy plant (Fig. 4a) with a tower height of 98 m and a blade length of 58 m has been measured 

onshore [5]. A sudden stop of the blade rotation yields free vibrations of the wind energy tower (Fig. 4b,c). 

The natural frequency is f0 = 0.42 Hz for both horizontal directions. The damping is very low at D = 0.20 % 

in the one and D = 0.29 % in the other direction. The free vibrations are still quite strong after two minutes. 

 

 

 

 

Figure 4: Wind energy tower (a) and decay of free vibrations in two horizontal directions (b,c), time histories 

and spectra 

 

a) 

 

b) 

 

c) 

 

a) 

 

b) 

 

c) 
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3 Vertical vibrations of horizontal structures (floors and beams) 

3.1 Floor vibrations from heeldrop and hammer excitation 

Many floors in many buildings have been measured by heeldrop testing. This kind of impulse excitation 

results in the free vibration of the first natural floor frequency in most cases (Fig. 5b,d). An example floor 

with steel beams of 5.5 m x 5.5 m area has a natural frequency f0 = 19 Hz and a damping of D = 1.6 % 

(Fig. 5b) and the concrete floor of 7.5 m x 8.2 m area has a natural frequency f0 = 14.2 Hz and a damping of 

D = 2.8 % (Fig. 5d). About 100 floors have been evaluated. The damping has been found between D = 1 

and 6 % for concrete or steel-stone floors and between D = 2 and 10 %. Floors have typically higher damping 

values than vertical structures. 

 
 

  

Figure 5: Floor measurements (a) vertical response (time histories and spectra) to a heeldrop excitation of a 

steel floor (b) and a concrete floor (d), steel beam in the laboratory (c) 

In some cases, measurements with an impulse hammer have also been performed (Fig. 5a). The hammer 

impacts usually excites several floor modes and frequencies. But the measured impact force allows the 

calculation of transfer functions and an automated linear modal analysis.  

The measured admittance v/F has to be approximated by a hysteretically damped single-degree-of-freedom 

system 

 
𝑣

𝐹
=

𝑖

𝑘+𝑖𝑐−𝑚2
 (1) 

The admittance is a non-linear function of the parameters k – stiffness, c – damping and m – mass. The 

reciprocal function however, the impedance 

 
𝐹

𝑣
=

𝑘+𝑖𝑐−𝑚2

𝑖
 (2) 

is a linear function of k, c and m. The latter equation is multiplied with the measured transfer function H = 

v/F and its conjugate H*  

 𝐻∗ =
𝐻∗𝐻(𝑘+𝑖𝑐−𝑚2)

𝑖
 (3) 

The solution of this system of 2nf equations (the real and imaginary part for each of the nf frequencies) yields 

the parameters k, c and m and thus the approximation of the measured admittance function. The weighting 

b) 

d) 

a) 

 

c) 
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function w(f) = H*H is essential for to get reasonable results. This simple approximation method also 

provides the modal parameters eigenfrequency f0 and damping D  

𝑓0 =
1

2
√

𝑘

𝑚
     and     𝐷 =  

𝑐

2𝑘
          (4) 

As an example, a concrete floor 4 m x 5.5 m has been evaluated in this way (Fig. 6a,c). The approximation 

is not perfect, but the natural frequency of f0 = 33 Hz and the damping of D = 2.8 % can be determined quite 

significant. 

  

 
 

Figure 6: Transfer functions as amplitudes (top) and in the complex plane (bottom) of a concrete floor  

(a) and of the steel beam in the laboratory (b), measurements and approximations 

3.2 A laboratory steel beam 

The method has also been applied in laboratory conditions. For an 8 m long steel beam (Fig. 5c), the 

approximation is almost perfect for the amplitude curves and in the complex plane (Fig. 6b). The second 

natural frequency of f0 = 29 Hz and a low damping of D = 0.27 % have been determined for the steel beam. 

3.3 A 2-span beam at the BAM test area 

A 2-span pre-stressed concrete beam with a total length L = 24 m (2 x 12 m) and a width of B = 1 m has 

been built on the BAM test area (Fig. 7a). Dynamic measurements have been performed under different pre-

stress conditions. A line of 25 vertical geophones were installed at 1 m intervals along the bridge. The 

geophones were moved one time from the left to the right side of the bridge. The modal parameters, natural 

frequencies, damping and mode shapes for frequencies up to f = 180 Hz have been identified. 

The natural frequencies appear in pairs, one frequency with a symmetric mode and one with an antimetric 

mode. The square roots of the frequencies keep always the same distance (Fig. 7b). Some of these modes 

are presented in Figure 8 as theoretical modes (lines) and experimental results (square symbols). The 

agreement between theory and experiment is very good. 

a) 

 

b) 
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Figure 7: 2-span beam at BAM test area (a), regular sequence of (the root of) the natural frequencies (theory) 

and  measurements (b) 

  

  

  

Figure 8: Calculated mode shapes of the 2-span beam of length 2l, first, second and third antimetric (left) 

and symmetric (right) mode,  measurement results 
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4 Modal analysis of foot and road bridges 

4.1 A footbridge in laboratory 

A single span footbridge (Fig. 9a), which had many cracks after its construction, has been investigated. The 

bridge is a reinforced concrete construction with a total length of L = 18.40 m, a width of B = 2.15 m and a 

height of H = 0.9 m. For the dynamic measurements, a line of 36 vertical geophones has been used, which 

has been moved from left to mid to right of the bridge axis, and four horizontal geophones. Thus, a total of 

112 degrees of freedom have been measured. Different overloads have been applied to generate different 

levels of damage. The effect on the modal parameters has been examined. Figure 9b shows some mode 

shapes before the loading and damaging. The regular second and third bending mode at 14.0 and 29.8 Hz, 

and the third and the ninth torsional mode are shown. 

  

Figure 9: Footbridge in laboratory and four mode shapes of the frequencies f0 = 14.0, 29.8 Hz (bending), 

and 86.2, 212.4 Hz (torsion) 

4.2 A footbridge in situ 

  

Figure 10: Footbridge in situ and four mode shapes of the frequencies f0 = 5.1, 16.0, 36.5, 42.2 Hz 

The investigated footbridge in situ is a steel-concrete, plate beam construction (Fig. 10a). There is a pre-

stressing without bond by external tendons. The dimensions of the bridge are the total length of L = 50.60 m, 

the width of B = 4.70 m, the height of H = 0.9 m. In the mid of the bridge there is a pillar of height 8.30 m. 

A line of 40 vertical geophones have been installed and shifted from the left to the mid and to the right side 

of the bridge. 4 horizontal geophones and some fixed reference geophones have also been applied so that 
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128 degrees of freedom could be evaluated. The bridge has been measured during and after a multi-stage 

load test. 

Figure 10b shows four mode shapes. The first and second bending mode shape of the left half of the bridge 

can be observed, what indicates some asymmetric features of the almost symmetric bridge structure. The 

amplitudes of the right half of the bridge are much smaller at these natural frequencies of f0 = 5.1 and 

16.0 Hz. The seventh torsional mode at f0 = 36.5 Hz has a continuous regular mode shape where the mid 

pillar does not seem to have a stiffening influence. The mode shape at f0 = 42.2 Hz is the eighth bending 

mode of the whole bridge or the fourth bending mode of the left half of the bridge. Once again, the left half-

bridge has higher amplitudes than the right half-bridge. 

4.3 Road bridge 

The example road bridge crosses the Elbe-Seiten-Kanal. It is a three-span reinforced concrete bridge with 

spans of 32.05 - 66.40 - 32.05 m (Fig. 11a). It was built in the early 1970s, and it has relatively large 

deflections as a result of construction defects. The dynamic measurements should help to understand the 

present state of the bridge, its stiffness distribution and its load-bearing effects, and to investigate possible 

changes in the future. 34 vertical and 4 horizontal geophones were installed to measure 106 degrees of 

freedom in three measuring lines. The measured mode shapes in Figure 11b can be described as follows. 

The first mode at f0 = 1.63 Hz is the first bending mode of the central span. The mode at f0 = 5.1 Hz is the 

first bending mode of the shorter side spans. The mode at f0 = 14.1 Hz is the eighth bending mode of the 

whole bridge. The mode at f0 = 1.94 Hz is the first torsional mode of the mid span. It has been observed that 

the amplitudes at the front side of the bridge are higher than the amplitudes of the rear side in all modes. 

 

 

 

Figure 11: Road bridge in situ and four mode shapes of the frequencies f0 = 1.63, 5.1, 14.1 (bending), and 

1.94 Hz (torsion) 

5 A rail bridge under train passages of different speeds 

A 45 m long pre-stressed box-girder concrete railway bridge (Fig. 12) has been measured during train 

passages with distinct speeds. The bridge is simply supported at its ends on elastomeric bearings. The test 

train consists of a locomotive, 5 passenger cars and a locomotive, the train speeds were 40, 63, 80, 100, 125, 

140 and 160 km/h [8]. 

 

Figure 12: Cross section of the rail bridge 
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5.1 Experimental observations 

A rough modal analysis has been performed with 5 + 3 sensors and from the free vibrations after the train 

passages. The first four modes and eigenfrequencies are shown on Figure 13. The first bending mode at 

3.2 Hz fits perfectly the mode shape of a simply supported bridge. The first torsional mode at 6.7 Hz has a 

contribution of the elastic bearings. At 11.2 Hz, there is the second antimetric bending mode, and the second 

antimetric torsional mode follows at 12.2 Hz 

a)  

3.2 Hz 

 

b)  

6.7 Hz 

 

c)  

11.2 Hz 

 

d) 

12.2 Hz 

 

Figure 13: The first four mode shapes of the rail bridge, a) first bending b) first torsion, c) second bending, 

d) second torsion 

Figure 14 shows the response of the bridge during the passage of the test train with vT = 100 km/h und vT = 

160 km/h. For both train passages, a clear excitation of resonant vibrations can be observed. The train with 

100 km/h excites the first torsional mode at 6.7 Hz, whereas the train with 160 km/h excites the second 

bending mode at 11.2 Hz.  

  

Figure 14: The passage of the test train over the rail bridge with a ) vT = 100 km/h and b) vT = 160 km/h 

measured at one third of the bridge length, time histories and spectra 

5.2 Modal excitation of railway bridges by the sequence of axles 

To examine the effect of passing trains, first a single axle passage over the bridge is considered. The bridge 

(a beam) is described by a differential equation in time domain 

 𝐾(𝑢) − 𝑚′𝑢∙∙ = 𝐹′ (5) 

or in frequency domain 

 𝐾(𝑢) − 𝑚′2𝑢 = 𝐹′ (6) 

with a differential stiffness operator K, the mass per length m’ and the exciting force per length F’. Natural 

frequencies j* (complex) and modes wj(x) of the bridge exist which are solutions of  

 𝐾(𝑤𝑗) − 𝑚′𝑗
∗2𝑤𝑗 = 0 (7) 
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If the differential equation is multiplied by one mode shape and integrated, the equation for this mode is left 

over (because of the orthogonality of the different modes) 

 ∫(𝐾(𝑢) − 𝑚′2𝑢)𝑤𝑗 𝑑𝑥 = ∫ 𝐹′𝑤𝑗 𝑑𝑥 (8) 

or 

 ∫(𝐾(𝑤𝑗) − 𝑚′2𝑤𝑗)𝑤𝑗 𝑑𝑥 = ∫ 𝐹′𝑤𝑗 𝑑𝑥 (9) 

and 

 ∫(𝑚′𝑗
∗2𝑤𝑗 − 𝑚′2𝑤𝑗)𝑤𝑗 𝑑𝑥 = ∫ 𝐹′𝑤𝑗 𝑑𝑥 (10) 

Finally, the natural frequency j of the undamped system and the (hysteretical) damping Dj are introduced 

 ∫ 𝑚′𝑤𝑗
2(

𝑗

2
+ 2𝐷𝑗𝑖𝑗

2 − 2) 𝑑𝑥 = ∫ 𝐹′𝑤𝑗 𝑑𝑥 (11) 

In this equation, is 

 ∫ 𝑚′𝑤𝑗
2 𝑑𝑥 = 𝑚𝑗 (12) 

the modal mass mj and 

 ∫ 𝐹′𝑤𝑗 𝑑𝑥 = 𝐹𝑗 (13) 

the modal force Fj. The transfer function for this mode is 

 
𝑤𝑗()

𝐹𝑗()
= 𝐺𝑗() =

1

𝑚𝑗(
𝑗

2+2𝐷𝑗𝑖𝑗
2−2)

 (14) 

Respectively 

 
𝑣𝑗()

𝐹𝑗()
= 𝐻𝑗() =

𝑖

𝑚𝑗(
𝑗

2+2𝐷𝑗𝑖𝑗
2−2)

 (15) 

for the velocity. The latter transfer function is shown in Figure 15 for the two natural frequencies of the 

railway bridge. The frequency and damping values are f0 = 6.7 and 11.2 Hz and D = 3 and 1.5 %. 

 

  

Figure 15: The transfer function for the first torsional mode (a) and the second bending mode (b) of the rail 

bridge, in time and frequency domain 

The modal component of the moving static load is 

 𝐹𝑗(𝑡) =  ∫ 𝐹𝑆(𝑥 − 𝑣𝑇𝑡)𝑤𝑗(𝑥)𝑑𝑥 = 𝐹𝑆𝑤𝑗(𝑣𝑇𝑡) (16) 

in time and 

 𝐹𝑗() = 𝐹𝑆𝑊𝑗() (17) 

in frequency domain. These functions are shown in Figure 16a,b for the symmetric mode of f0 = 6.7 Hz and 

the antimetric mode of f0 = 11.2 Hz. The low frequencies have always high amplitudes which are related to 

the slow impulse of the total passage of the static force. These frequencies are much lower than the resonance 

frequencies of the analysed bridge. A resonance due to the bridge passage impulse is only possible for the 

high-speed passage over a short bridge. The higher frequencies are due to the impacts when the static load 

is entering and leaving the bridge. The simply supported bridge yields a sudden bend at the beginning and 
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at the end of the bridge. The strong variation with frequency is due to the constructive or destructive 

superposition of the entering and leaving. 

Besides the static train loads, there are also dynamic axle loads due to the irregularities of the track and the 

vehicle. These dynamic loads are simulated by a spectrum 

 𝐹𝐷(, 𝑣𝑇) = 2𝑘𝑁√



(

𝑣𝑇

160𝑘𝑚/ℎ
)

2
 (18) 

And a random phase for each frequency. The result is shown together with the static force component in 

Figure 16c,d. For low frequencies, the static load is clearly dominant, and the dynamic load is hardly to 

observe in the time histories. At higher frequencies of the considered modes, however, the dynamic axle 

loads are dominant and clearly visible in the sepctra. These amplitudes are in agreement with the 

accelerations measured at the vehicle [8]. 

  

  

Figure 16: The modal force component for the first torsional mode (a,c) and the second bending mode (b,d), 

for the static load (a,b) and the dynamic load (c,d), in time and frequency domain 

Finally, to get the response to a whole train, it is necessary to multiply the response of a single axle with the 

axle-sequence spectrum of the train 

 𝑋() = ∑ 𝐴𝑘
𝑛
𝑘=1 exp (−𝑖𝑇𝑘) (19) 

where Tk is the delay time of the kth axle and Ak is an amplitude factor compared to the single axle of the 

solution. The spectrum of the locomotive (Fig. 17c,d) has wider frequency bands whereas the repeated 

carriages result in a series of peaks at the carriage frequencies  

 𝑓𝐶 = 𝑘
𝐿𝐶

𝑣𝑇
 (20) 

for example at 5, 7, 12 and 14 Hz in Figure 17b. 

  

  

Figure 17: The axle sequence of the test train (a,b) and the two locomotives (c,d) for train speeds of vT = 100 

km/h (a,c) and vT = 160 km/h (b,d), in time and frequency domain 

c) 

 

a) 

 

b) 

 

d) 

 

c) 

 

a) 

 

b) 

 

d) 
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The final solution reads 

 𝑣𝑗() = (𝐹𝑆 + 𝐹𝐷(, 𝑣𝑇))𝑊𝑗()𝐻𝑗()𝑋() (21) 

in frequency domain, and the time domain solution is obtained via the inverse Fourier transform. Figures 

18a,b show the results for the two locomotives, and Figures 18c,d for the whole test train. 

The results calculated for the locomotives are more characteristic in filtering out only one mode for each 

train speed. The first torsion at 6.7 Hz is filtered out for 100 km/h (Fig. 18a) and the second bending at 

11.2 Hz for 160 km/h (Fig. 18b). The axle-sequence spectrum of the locomotive has a maximum at 7 Hz 

and a minimum at 11 Hz for 100 km/h (Fig. 17c) whereas it has a maximum at 11 Hz and a minimum at 

7 Hz for 160 km/h (Fig. 17d). Thus, the axle sequence of the locomotive rules the excitation of the resonance 

frequencies The locomotives are also decisive for the amplitudes of the bridge response. The measured 

amplitudes of 3 mm/s at 100 km/h and of 10 mm/s at 160 km/h are well represented by the calculations. 

Moreover, there are many details of the measurements in Figure 14 well reproduced by the calculations, for 

example the beats for the faster train passage which follow from the interference of the second bending and 

the second torsional mode. 

  

  

Figure 18: The calculated passage over the rail bridge with vT = 100 km/h (a,c) and vT = 160 km/h (b,d), two 

locomotives (a,b) and the whole test train (c,d), time histories and spectra 

6 Conclusion 

Ten structures such as sculptures, poles, towers, beams, floors, foot-, road- and rail bridges have been 

presented. Natural frequencies, damping and mode shapes have been evaluated. Finally, the excitation of 

different modes by different train speeds has been analysed in detail. A strong influence of the locomotives 

and their axle sequence has been found. 
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Abstract
In this architectural acoustical study, the optimal layout for a conference held in the Belfry in Bruges is
investigated. The conference organizers want to know if two speakers can present in the same space given
that minimal architectural interventions are implemented. A total of six alternatives are analyzed and com-
pared to each other based on their acoustic performance in terms of speech intelligibility for the audience.
The variables include the speaker and audience position and orientation within the room, together with an
architectural and acoustical intervention. Simulations are carried out in ODEON 15, in which a 3D-model
was calibrated to the reverberation time based on the measured impulse response on-site. The results of the
simulations revealed interesting trends towards speech intelligibility, evaluated through the STI, and valuable
considerations to be integrated in the conference planning.

1 Introduction

In September 2021, a multi-speaker conference is intended to be held at the Belfry (Belfort) of Bruges. The
specific building was put forward by the organizers for its local and medieval character, together with its
monumental appearance and representativity for the City of Bruges and Flanders. However, the venue is
not intrinsically suited - acoustically, but also logistically - for conferential events. The intention to organize
a multi-speaker arrangement in an enclosed space renders the demand the more challenging, with a quite
limited state-of-the-art on organizing multi-speaker events, since conferences are generally being held at
specifically designed venues with adequate acoustic conditions.

The studied space is U-shaped and is relatively long and high, covered by an intricate wooden roof structure
dating back to its assembly in the late 13th century. The modelled space and a rendered illustration are
included in figure 1. As for the whole City of Bruges, the building is listed as UNESCO World Heritage,
implying that all measures taken are to be completely reversible [1]. Highly performing interventions are
thus unattainable, also supported by the temporality of the event, calling for other measures. The research
deploys itself mainly on an architectural level, to comply with the authenticity of the venue and to treat the
acoustics present in a natural and appropriate way.

Ad hoc, a theoretical study is performed on the actual room-acoustical characteristics, through a compara-
tive analysis of various arrangements for a double-speaker configuration and the impact of introducing an
architectural-acoustical and reversible intervention. The performance for an alternative is evaluated by as-
sessing the disturbance of one session to another, by means of simulating the STI for the listeners in the
corresponding audience.
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(a) 3D-model of the space (b) Rendered view of the double-speaker organization

Figure 1: Architectural illustrations

2 Methodology

A total of six cases were analyzed in the study. In the first stage, three different arrangements of the two
speakers in the space are compared, illustrated in figure 2. The variants consist of the placement of the
speakers back to back in the middle of the space, facing each other on the opposite sides of the space in the
longitudinal direction and transversely parallel to each other in the short direction of the space. Secondly,
the application of an architectural acoustical intervention is assessed for its influence on the performance
of a speaker arrangement. The intervention consists of a heavy curtain, hung between the two sessions, in
which unconstrained connections to the existing structure are integrated into the simulations. The reference
sound reduction indices applied in the model are analogous to the Alex fabric from Création Baumann [2].
The primary aim with the acoustical interventions is to support the desired speaker’s voice and to limit the
propagation of the unwanted sound from other speakers in the room.

The simulations performed in the study are carried out in ODEON 15. A 3D-model of the space was pre-
cisely fitted for the T20 reverberation time in octave bands between 63 and 8000 Hz, following conventional
practices [3]. The reference reverberation times were calculated from in situ measured integrated room im-
pulse responses according to ISO 3382-2 [4], using logarithmic sweep as signal sound. The simulated and
measured values are calibrated to a difference of less than 5%, corresponding to the JND for the reverberation
time in room acoustics [5]. The results of the measurements showed a surprisingly decent acoustic quality,
which is most likely thanks to the aged wooden roof structure - simplified in the 3D-model - with the deteri-
orating wood having an increased porosity, leading to higher sound absorption and scattering characteristics.
With respectable acoustic conditions inside the space, the room acoustics within one seminar is disregarded.
Instead, the main issue in terms of performance is the transmission of sound between the various sessions.

The assessment of the cases is performed by simulating the Speech Transmission Index (STI) for a number
of receivers in a two-step method. First, the sound pressure level (Lp) per octave band between 63 and 8000
Hz is calculated from the speaker that is considered to hinder the speech intelligibility as disturbing noise.
The values are registered for all receiver positions in the studied audience plane. In the second step, these
resulting background noise values are inserted per frequency band in ODEON, separately for each receiver
if the difference in A-weighted noise Lp between a set of receivers is greater than the JND of 1 dB [5], from
which the resulting STI is simulated, with only the speaker that corresponds to the considered audience set as
active. The STI was generally adopted in the study as the guiding parameter for an objective characterization
of the speech intelligibility.
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(a) Back to back (b) Opposite (c) Short side

Figure 2: Speaker alternatives evaluated in the study

For an effective comparison, logarithmic lines of best-fit are composed of the simulated STI values with
distance between receiver and signal sound source. The results are shown and discussed subsequently. In-
dicative is the rate of performance decay of the curve and the absolute STI values, permitting a comparison
between alternatives. It is important to stress that the simulated STI values can only be interpreted as relative
to the other cases and that an absolute judgement is uncertain since several aspects have not been included
in the simulations - such as the background noise on-site - but are not relevant in order to effectuate the
comparative study. Also, it has to be mentioned that all evaluations towards performance are made from the
perspective of the listeners in the audience, and not from the speaker’s point of view.

All sound sources considered are assigned an overall gain of 65 dB and are positioned at 1,5 m above the
floor, with a human speech natural directivity pattern, referenced in ODEON. The omnidirectional receivers
are placed at a height of 1,2 m above the ground, their positions spread out over an audience plane accounting
for a capacity of 150, which is likewise lifted by 1,2 m and assigned appropriate absorption characteristics.

3 Results

3.1 Speaker and audience positions

The results of the simulations for the speaker variations with no intervention dividing the separate sessions
are illustrated in figure 3. It is observed that fairly high values are obtained, which is primarily dependent on
minimizing the distance to the signal source and maximizing the distance to the noise source.

When comparing ”back to back” and ”opposite” to each other, it is observed that ”opposite” is better per-
forming at close range to the signal speaker while ”back to back” is the better performing case in the far
range. The slope of the performance curve is greater for ”opposite” and at a distance of about 10 m the two
trends intersect. As the distance to the noise source is the greatest in ”opposite” for receivers positioned
close to the signal source, high performances are obtained, but as the receiver positions are located further
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Figure 3: STI variation with distance for the different arrangements of speaker without intervention
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away from the signal source, their distance to the noise source is decreased and the disturbing noise level
is increased. In ”back to back” the contrary shows, since moving further away from the signal source also
entails a greater distance to the noise source. Deciding between ”back to back” and ”opposite” suggests an
ideology from a planning perspective, of either optimizing the STI at all positions in the audience to ensure
a certain equality, or of accepting the heterogeneity and providing an optimal STI at a select few positions.

Inspecting ”short side”, it is noticeable that this case has the greatest decay. As the audience in ”short
side” is more confined, meaning that more people are positioned at closer distances to the sound source,
this case would prove to be the best performing overall when wanting to maximize the intelligibility for as
many people as possible if no intervention were provided. The planning of people close to the speaker is
the decisive element in ”short side” since speech intelligibility is quickly lost at further distances due to the
intrusive noise, in combination with a decreasing signal level.

3.2 Architectural acoustical intervention

Provided that a sound-insulating curtain is installed between the sessions, the improvements in STI for the
speaker alternatives are illustrated in figure 4 and summarized in figure 5. Altogether, notable enhancements,
i.e. with a difference greater than the JND of 0,03 in STI [6], are obtained for each case by means of
implementing the curtain.

In ”back to back”, the rate of intelligibility loss is equal to the alternative without a curtain, as the curve
is raised in STI values at all receiver positions. The simulated performances are increased with an average
of 10%, theoretically a significant improvement in the intelligibility. ”Opposite” instead shows a different
improvement, where the slope of the STI curve is decreased, implying that the impact of the curtain is greater
at further distances from the signal speaker. These far distances correspond to a closer distance to the noise
source and a closer distance to the curtain.

The ”short side” analysis shows a combination of the two effects recognized in ”back to back” and ”oppo-
site”, i.e. the overall values are raised and the decay rate is additionally lowered. Furthermore, it is observed
that there is no striking difference in performance between the two receivers located at the greatest distances
in the audience, i.e. on both far corners. In other words, the main influence is the distance to the signal
source, and not the distance to the noise source, as is the case in the ”opposite” situation.

Overall, the introduction of the curtain yields an eminent improvement in the acoustic performance, as in
nearly all receiver positions, an STI greater than 0,60 is theoretically realized. More or less the same rank-
ing of the three cases is recognized as in the situation without intervention. However, considerations are
made towards a general preference for ”back to back”, regarding the planning of the listeners close to the
source, which is less stringent than in ”short side” because of the lower slope, and the equality in STI values
throughout the audience, implying larger stability of performance.

Besides, it was found that opting for a curtain with greater sound insulation, does not affect the simulated
results. This is due to the air gaps around the curtain, that prevent further improvement solely with an
acoustic curtain.
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Figure 4: Improvements in STI with the implementation of a heavy curtain between the sessions
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Figure 5: STI variation with distance for the different arrangements of the speakers with the curtain

4 Conclusion

It can be concluded that both the “back to back” layout and the “short side” layout perform well on a
theoretical level. The decay of STI for the “opposite” layout is steeper than ”back to back”, making the last
rows of the audience in this layout less performant in terms of STI. The sound decay of the space is shown to
be insufficient to naturally reach acceptably low noise levels, and even with the provision of the curtain the
”opposite” layout is not advised. The decay of STI in ”short side” was simulated to be even greater than in
”opposite”, but this is less crucial as the audience layout is such that more receivers are positioned closer to
the speaker. However, it can be remarked that the short side case is too reliant on the specific position of the
receiver in the audience and that the planning of the audience is decisive, as the performance is quickly lost
at larger distances. Effectively, the “back to back” layout performs better overall because the STI is more
consistent at all positions in the audience and a more controllable situation is granted, with a less steep decay
in intelligibility loss. The ”back to back” case prevails, thanks to its high performance stability.

In the simulations of the STI, only quantifiable measures were considered that constitute the objective per-
formance for the listeners in the audience. However, in assessing the overall acoustic comfort, additional
conditions are influential on a more practical and psycho-acoustical level for ascertaining a high perfor-
mance. These can also lead to a preference for a certain alternative from the point of view of the organizers,
but further analysis is to be performed on these subjective matters.
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Abstract 
The presented work is intended to support the evaluations and decisions on taking or discarding possible 

measures to improve acoustical situations, by assessing the audibility of moderate to small spectral changes.  

The approach is based on listening tests in which pink noise based sounds with and without spectral peaks 

and widths with variable contrast and width are presented. Throughout the test, the degree of contrast is 

varied adaptively in a 1dB, 3dB up scheme. The test results are found to be consistent with earlier work [1], 

[2], the main conclusions being that peaks around 125Hz are slightly less noticeable than around 2000Hz 

and that around 2kHz peaks are easier to detect than dips. For the majority of participants, the contrast 

oscillation during the adaptive tests varied between 1dB and 4dB both for dips and peaks around 2kHz. 

1 Introduction 

In the assessment of the acoustic quality of different scenarios in room acoustics and the evaluation of 

measures with an impact on acoustics, differentiation between cases is typically done by looking at spectral 

differences. Actual examples of evaluating the audibility of spectral changes are: (i) the effect on the 

transmitted sound of ETICS (External Thermal Insulation System) placement, which is intended to improve 

the energy balance of buildings, but at the cost of a mass-spring-mass induced dip in the isolation spectrum 

[3]–[6] (ii) the effect of narrowband spectral features in structures made of metamaterials [7], (iii) the effect 

of a mouth mask or face shield, which are needed to reduce contamination risks, on respectively speech and 

vocal music. Audibility of subtle spectral features of sounds is also crucial for visually impaired people who 

make use of echolocation to assess their environment. Furnishing spaces with elements with a specific 

acoustic reflection response can be a means to help them to navigate [8]–[10] 

A key element in the related decision-making is whether the differences are audible. Since many years, 

hearing research has been performed to determine audibility limits, based on tonal (single frequency) 

sounds. In practice however, daily life sounds are wideband, and, though still a strongly simplified sound, 

pink noise represents them better than tonal sound. It is thus worth to investigate to what extent low contrast, 

narrowband changes in a spectrum, such as those induced by ETICS placement or the effect of coincidence, 

or caused by a mouth mask or face shield, are audible in the case of pink noise. If effects are not audible, 
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then the efforts to mitigate these effects are to be avoided, leaving energy for improvement of other 

parameters. 

A first step to assess the question of audibility of small spectral changes of wideband sound is to look into 

cases of simple spectra with easy to quantify spectral changes. In earlier work [1], [2], in the framework of 

EU RISE project PAPABUILD [11], we have tried to determine the just noticeable contrast and width of 

rectangular spectral dips and peaks in a pink noise spectrum by listening tests. This study has led to good 

approximations of the minimum dip or peak contrast for a chosen set of widths and minimum widths for a 

chosen set of contrast values.  In order to keep the listening test duration within reasonable limits, the number 

of width and contrast combinations presented was limited. In the present work, we try to refine the resolution 

of the just noticeable contrast and width determination by making use of an adaptive listening test strategy.  

In the next section, we report on the conditions in which the listening tests were performed, on presented 

stimuli, and the adaptation algorithm. The next section discusses the preliminary results of this ongoing 

research and formulates some early conclusions and perspectives for further research. 

2 Listening test experiment 

The goal of the test was to determine both the minimum audible contrast and minimum audible spectral 

width of the spectral amplitude change of noisy sound. This question has already been addressed in a pilot 

study [1], in which a fixed series of width/contrast combinations were presented to the test subjects in the 

form of ABX questions (discussed in section 2.4). Although this study led to valuable conclusions, due to 

the pre-defined character of the width/contrast combinations, the resolution on the just noticeable presence 

of a certain dip or peak width and contrast was limited. In the here presented work, we tackled this resolution 

limitation issue by making use of an adaptive method, in which the dip/peak features of subsequent questions 

were varied depending on the answering performance of the test person on the previous questions. 

2.1 Participants 

Listening tests were conducted on 11 sighted participants, among which 7 males and 4 females between 25 

to 49 years old (average = 31, standard deviation = 6, median = 29). All participants were found to have 

normal hearing. By means of the standard abridged ascending method for pure tone estimation of the hearing 

threshold (according to the ISO 6189-1983 [12]), we assessed that their hearing threshold was lower or 

equal to 20 dB Hearing Level (from 250 Hz to 8 kHz). The participants were informed that the test consisted 

of estimating the audibility of a series of filters applied to a noise. They were not instructed on the nature of 

the noise nor the filter features. No prior-training was provided. Participation was voluntary, without 

financial compensation.  Prior to the test, the participants gave their written informed consent to be part of 

the test and to allow the use of the corresponding data in the framework of the research. The performed 

research was approved by the Social and Societal Ethics Committee of KU Leuven (SMEC) [13] (approved 

Protocol G-2017-11-1008). 

2.2 Apparatus 

The listening tests were performed in a sound-insulated and echo-acoustic dampened room (noise floor of 

28.5 dBA). The stimuli were broadcasted using a Scarlett 18i8 soundcard (Focusrite®) and high-quality open 

headphones HD 650 (Sennheiser®) at a sampling frequency of 48 kHz and a bit resolution of 24 bits. The 

frequency responses of the headphones were numerically compensated. To restrict the background noise in 

the room during tests, only the screen monitor, headphones and computer controlling devices were kept 

inside. The computer was placed outside of the room. 
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2.3 Stimuli 

The stimuli were computed from a 1.5 second duration pink noise calibrated at a sound pressure level of 50 

dBA and used as a reference file for the investigation. The calibration was made using a ½’’ microphone 

type 4134 (Brüel & Kjær®) mounted on an Artificial Ear type 4153 (Brüel & Kjær®) processed by a Type 

110 Sound Analyser (Norsonic®). Variations on the reference signal were generated in real-time by 

increasing or decreasing the magnitude of its spectrum within a narrow frequency range using a rectangular 

window. 

Two central filter frequencies were studied: 125 Hz and 2 kHz. Two types of frequency filter, named ‘peak’ 

and ‘dip’, were studied, either corresponding to an increase or a decrease of the amplitude of a spectrum 

over the defined frequency range. In the following, we refer to the degree of magnitude change (expressed 

in dB) as ‘contrast’. 

All sounds were symmetrically faded (using a cosine filter) for a total duration of 200 ms. 

2.4 Task and procedure 

As in Ref. [1], each question of the listening test was formulated a two-alternative forced-choice [14] 

(abbreviated as 2-AFC) paradigm named ABX. This method presents 3 signals respectively indexed as A, 

B and X, with A and B being 2 different stimuli and X randomly being one of the others. The test person 

was asked by a text presented on the computer screen to answer whether X was the same stimulus as A or 

B. This type of psychoacoustic test has a guessing limit of 50 %. In this study, A and B were either a 

reference pink noise or filtered pink noise. The listening test was presented through a custom graphical user 

interface displayed on a computer screen. The interface was controlled by the participant either using a 

wireless mouse or a keyboard with pre-programmed shortcuts. No time limit was given. However, 

participants were advised in advance to listen to the different stimuli more than once for the cases where the 

sounds were difficult to differentiate, and not to spend more than 2 minutes on a single comparison. 

2.5 Method of contrast management  

An adaptative method of listening test called staircase procedure was used. In an adaptative method, a 

parameter of a studied signal is changed according to the accuracy of the participant to a given task. After a 

correct answer, the signal parameter is modified to increase the difficulty of the test and after a wrong 

answer, it is tuned to decrease it. A challenging aspect of the present research question was that we wanted 

to determine both the minimum audible peak/dip width (in semitones) and contrast (in dB). The adaptation 

of the degree of difficulty thus needed to be done in a 2D domain.  In this preliminary study, we have chosen 

to implement a partially adaptive strategy, adaptively searching for the just noticeable contrast for a fixed, 

discrete series of filter widths. 

For both central frequencies, two sets of filter widths were investigated in independent listening sessions 

labelled as ‘odd’ and ‘even’ filter widths. The widths of the ‘odd’ and ‘even’ sets of filters were respectively 

1, 3, 5 semitones and 2, 4, 6 semitones. In this way, the effective dip/peak width resolution of the overall 

results, considering all participants, was 1 semitone. 

The two central frequencies were studied within the same session. Each participant had to perform half of 

the listening test sessions, either the two related to the odd values of filter contrast or the two related to the 

even values of filter contrast. One of the participants (referred as P11 in the next section) has contributed to 

all the sub-test sessions. 

In order to avoid that an adaptive test diverges from the start, it is important to choose the difficulty of the 

first two questions low enough so that the respective answers are guiding the adaptive algorithm in a 

meaningful direction. The initial contrast (Table 1) was inspired by the results obtained in Ref. [1]. This 

pilot study has shown that a narrow dip and peak applied to pink noise was more audible at 2kHz than at 
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125Hz, and that for a given central frequency and width of a narrow filter, just noticeable differences of 

peak are lower than for dip.  In view of that, the initial contrast of the first question in the adaptive series, 

as listed in Table 1, was larger (and thus easier) for a dip and a central frequency of 125Hz. 

Table 1: Definition of the initial contrast of the computed filter depending on its specifications 

Type of filter Central frequency [Hz] Initial Contrast [dB] 

Dip 
125 -9 

2k -6 

Peak 
125 6 

2k 4 

 

The implemented adaptation method was not a simple up-down procedure, i.e. the contrast was not changing 

after each answer of the participant. However, it was a transformed up-down staircase method [15] named 

three-down, one-up staircase. In this method, the absolute value of the filter contrast is decreased after three 

consecutive correct answers to ABX questions, and decreased after each mistake. The three-down, one-up 

staircase method has a targeted probability of correct answers of 0.794 which is significantly higher than 

the 0.5 probability of a simple up-down staircase. 

The 3-down, 1 up staircase method was combined with aspects from the weighted up-down method of 

Kaernbach [16], to perform an asymmetric contrast change. In the latter method, the upward step size is 

three times higher than the downward step size giving a targeted probability of positive response of 0.75 

because (1 − 𝑝)/𝑝 = 1/3, 𝑝 being the probability relative to the performance target. In the current 

experiment, the downward step, i.e. the change in contrast applied after each mistake, was set to 1dB. This 

means that the absolute value of the filter contrast decreased by 1dB (which is, based on just noticeable 

differences for wideband dB changes, a pretty good resolution) after three consecutive correct answers and 

increased by 3dB after each incorrect answer. An example of a sequence of answers and contrast changes 

in one of the listening tests is shown in Figure 1. For this listening test, the presented contrast level of a peak 

in a frequency band of 1 semitone wide is oscillating between 3dB and 7dB, around a median of about 5dB. 

Considering the above-mentioned bias probability of correct responses, the minimum audible contrast for 

this case can be estimated to about 3dB to 4dB.  

The adaptative procedure continues until five direction reversals occur in the adaptive tracks or a maximum 

of 80 trials have been performed for each studied case, i.e. each change in width, central frequency or sign 

of variation of the filter contrast. 

This combined approach has several advantages. The listening test method efficiently converges to the 

threshold value at the targeted probability of the contrast regardless of the initially chosen contrast. This 

method targets a high probability of positive answers, equivalent to the one of a seven-down, one-up method 

with more variation in contrast level. By increasing by 3dB the filter contrast after each mistake, the test 

instantly provides to the user an easier pair of stimuli to differentiate and therefore help the participant to 

remain focused during an overall test session. Moreover, this technique allowed quicker detection of the 

non-hearable frequency range by reaching the minimum contrast, i.e. ±30dB, in around ten steps. 

However, this listening test method has some drawbacks, it does not allow the use of a standard statistical 

method of threshold estimation due to its asymmetry. Furthermore, it is very sensitive to any fatigue or 

distraction over the course of an experiment. Indeed, to compensate for an incorrect answer, the participant 

would need nine consecutive correct answers. 
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Figure 1: Example of adaptive track aimed at determining the minimum audible contrast of a 1 semitone 

peak, centred around 125Hz, following a three (correct answers)-down, one (wrong answer)-up transformed 

staircase method combined with the Kaernbach rule [16] (contrast 1dB down after a good answer, 3dB up 

after a wrong answer) for five direction reversals 

The maximal contrast was set to -30dB for spectral dips considering that higher dips would be masked by 

the background noise inside the listening room. Indeed, the signal to noise ratio around the highest central 

frequency was around 31dB due to a noise floor of 19dBA in the third-octave band centred around 2kHz. 

This value was set to 30dB for spectral peak because reaching high values of filter contrast would mean that 

this width of filter is not audible by the participant. If the participant reaches these values, the listening test 

procedure will automatically pass to the next filter of the study. 

3 Results and discussion 

The average duration of each listening session, i.e. a series of three filter widths around two central 

frequencies, was about 36 minutes for the spectral dips (minimum = 20 minutes, maximum = 42 minutes, 

median = 30 minutes) and about 31 minutes for the spectral peaks (minimum = 21 minutes, maximum = 44 

minutes, median = 40 minutes), though this strongly varied between participants (standard deviations of 8 

minutes and 7 minutes, respectively). 

The average number of trials per test configuration was about 20 for the dips centred around 125Hz 

(minimum = 12, maximum = 43, standard deviations = 7.3, median = 18), about 34 for the dips centred 

around 2kHz (minimum = 20, maximum = 41, standard deviations = 4.5, median = 35); about 34 for the 

peaks centred around 125Hz (minimum = 22, maximum = 51, standard deviations = 6.2, median = 33), and 

about 31 for the peaks centred around 2kHz (minimum = 22, maximum = 40, standard deviations = 3.7, 

median = 30). The average number of trials for the low-frequency dips is lower than for the other 

configuration because the minimal tolerated value of contrast (-30dB) is often reached, which automatically 

triggers a stopping criterion of the current step. However, the average number of trials was consistent over 

all the other test configurations. 

Figure 2 and Figure 3 show an overview of maximum values, minimum values and average values of the 

contrast throughout the oscillation phase of adaptive listening tests of the 11 participants, versus the width 

in semitones of a spectral dip around 2kHz (cf. Figure 2), a spectral peak around 125Hz (cf. Figure 3.a), and 

a spectral peak around 2kHz (cf. Figure 3.b). The start of the oscillation phase in the adaptive sequence of 

tests was defined at the position of the second direction reversals in the adaptive track following the first 

bouncing up of the contrast, i.e. the first wrong answer at that level. The first direction reversal has been 

discarded due to its representativity to the familiarization of the subject to a tested case, encountered only 

one time by the participant, and does not correct to its audibility threshold.  
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Figure 2: Overview of maxima, minima and average of the contrast throughout the oscillation phase of 

adaptive listening tests of the 11 participants, versus the width in semitones of a spectral dip around 2kHz. 

Participants reaching a 100 % accuracy score at the minimum studied contrast level (-1dB) are highlighted 

with a square marker 

Some results have been discarded due to the incoherency of their adaptive track or a requested contrast 

lower than its minimal tolerated value.  

Clearly, dips centred around 2kHz (cf. Figure 2) are less easily audible than peaks (cf. Figure 3.b) with 

maximum dip contrast levels of less than -6dB for a non-negligible part of the participants across all 

semitone widths. Some participants reach contrast levels as low as -2dB and two participants (P7 and P11) 

excelling to provide correct responses, with most minimum oscillation contrast levels as low as -1dB for 

dips centred around 2kHz.  Interestingly, there is no clear trend in peak discrimination performance with 

increasing peak width: objectively speaking, a wide peak is energetically more obvious than a narrow peak, 

but it is also less tonal, which possibly has a reducing effect on its saliency. 

The contrast oscillation of peaks centred around 2kHz varies between 1dB and 4dB for most participants 

(cf. Figure 3.a), which, in combination with the minimum 1dB contrast step in the implemented adaptation 

rule suggesting that for this central frequency peaks with contrast levels of less than 1dB would still be 

discriminated in some cases. Interestingly, with the exception of a few participants performing very poorly, 

the contrast oscillation ranges for the majority of participants are similar for dips centred around 2kHz, 

between 1dB and 4dB. Like in the case of 125Hz central frequency, also in these two cases, there is no 

dependence of the detection rate on the width of the dip/peak. 

For completeness, we note that adaptive tests on the audibility of spectral dips around a central frequency 

of 125Hz did not give conclusive results yet: the level of studied contrast turned out to be too difficult or 

inconsistent for most participants, so that the contrast range of just audible dips was not reached.   

It is comforting that within the experimental uncertainty the results of this adaptive approach are consistent 

with the ones found in Ref. [1]. Essentially, with the exception of dips around 125Hz, provided a good 

hearing and focus, people are able to discriminate between noise sounds differing only in a very subtle 

amount. In general, this suggests that in the framework of acoustic optimization problems, details matter 

and efforts for even improvements are worth to be pursued. 

The current results suggest that the resolution on the just detectable contrast could be further improved by 

extending the test to have more oscillations, and to increase the contrast resolution to lower value than 1dB. 

Given that the results are quite independent of the dip/peak width, it seems not worth to extend the research 

to more width values. 
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Figure 3: Overview of maxima, minima and average of the contrast throughout the oscillation phase of 

adaptive listening tests of the 11 participants, versus the width in semitones of a spectral peak around 125Hz 

(a), and a spectral peak around 2kHz (b) 
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Abstract
Dynamic fluid loading is of major concern to the off shore industry. Impacted structures may exhibit accel-
erated fatigue and even failure. Load monitoring has therefore become an integral part of structural health
monitoring. Obtaining direct load measurements can be cumbersome, e.g. obtaining strain gauge or pres-
sure taps measurements. In this work, an alternative indirect method is proposed. The method revolves
around building a mapping between more easily accessible wake velocity measurements and the induced
loads. Classical machine learning techniques are adopted and relatively compact models, able to be run in
real-time, are obtained. The method is illustrated on vortex-induced loads on a submerged cylinder.

1 Introduction

Knowledge of fluid loading is of paramount importance in a wide variety of applications, e.g. off shore struc-
tures exposed to waves, submerged bluff bodies in a fluid stream, or aerofoils exposed to wind. Whether it
concerns a controlled experimental setup or a real-life structure, direct load measurements are hard to obtain.
In case of an experimental setup, using a force balance proves to be difficult for dynamic experiments (where
inertia and friction pollute the measurements) [1]. Pressure tabs, strain gauges or embedded optical fibers
may in some cases form a solution, provided that the structure allows for an invasive method. Real-life struc-
tures do not usually favour invasive methods. An alternative approach, following an indirect measurement
of the loads, is needed.

Much more accessible than direct load measurements are wake velocity measurements. Using particle image
velocimetry (PIV) a grid of velocity measurements can be obtained. Analogously, the wake of a real-life
structure can be monitored using Lidar equipment. Having a model that is able to predict the loads from
wake measurements during operation of a structure would be of great value. Prior to operation, data of
both the wake and the forces can be obtained using computational fluid dynamics simulations. The resulting
question hence becomes: can one harness enough information from wake velocity measurements to construct
a mapping between the wake and the observed fluid loads?

Mapping wake variables to fluid loading is not unprecedented. In [2] the flying and swimming forces of
animals are inferred from wake measurements. Similarly in [3] the aerodynamic drag of a cyclist is derived
from large-scale PIV measurements. In both cases the loads are calculated from the force balance when
considering a control volume enclosing both the object and the fluid with which it interacts. However,
computing the rate at which the fluid momentum of the control volume changes requires knowledge of
both the velocity field and the pressure field. Acquiring pressure measurements experimentally is again
impractical. Another drawback of the control volume approach is that the measured grid should be large
enough to enclose all fluid whose momentum is affected by the object [2].

Whenever white-box models (such as the momentum equation) fail to provide a solution, a black-box ap-
proach might provide an alternative. Constructing a mapping from wake velocity measurements to fluid
loads can be considered as a nonlinear regression problem. A very powerful framework for nonlinear re-
gression is deep learning. Deep learning (or machine learning) has been (re)gaining momentum. Powered
by the availability of cheap computing power and facilitated by numerous freely available libraries, deep
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learning is becoming the default choice when facing a modelling problem. Machine learning techniques
have already found their way to the field of fluid dynamics. In [4, 5] the unsteady flow over a circular cylin-
der was modelled using deep learning. Such studies illustrate the potential of reduced order models as an
alternative for computational fluid dynamic simulations (CFD). Their success can be partially ascribed to the
usage of physically inspired loss functions, i.e. by explicitly imposing information of conservation of mass
and momentum.

Also in this work the flow over a circular cylinder will be used as archetypical example of dynamic fluid
loading. The unsteady wake, characterised by alternating vortex shedding, is known to be the driving factor
for so-called vortex-induced vibrations (VIV). See [6, 7, 8] for a comprehensive review on the topic. A large
body of work has been devoted to modelling VIV. Usually, a central role is played by a description of the
displacement-to-force relationship. This may be tackled in a (semi)-empirical way [9] or by the use of black-
box methods [10, 11]. Contrary to the classical approach, we will in this work focus on a wake-to-force
description.

A related study by Zhao et. al [12] illustrates the use of deep learning for the prediction of fluid forces on a
bluff body. In their work, a mapping between the shape of the body and the resulting forces is constructed.
Interestingly, the model is able to predict the fluid forces of different body geometries, after training [13].
Promising results were presented in [14]. The authors show that convolutional neural networks can be used
to perform flow feature detection in a non-uniform flow. As an output, the pressure distribution around a
cylinder is predicted. Moreover, the potential of transfer learning, reusing the convolutional layers of the
network when the number of training samples of a new flow regime is limited, was demonstrated.

In the aforementioned studies the cylinder was held stationary in the flow. In this study, however, an oscil-
lating cylinder is considered, replicating VIV. Vortex-induced virbations were also modelled in [15]. Also in
their study, neural networks are used as universal approximators. Contrary to this work, where a black-box
approach is used, a physics informed model (grey-box model) was constructed. The authors demonstrate
the potential of incorporating the Navier-Stokes equations into a deep multilayer perceptron network (see
Section 2.2 for a definition).

The objective of this work can be summarised as follows: construct a nonlinear mapping between wake
velocity measurements of a submerged cylinder and the induced loads onto the cylinder. In Section 2 the
data acquisition, selection of the model structure and optimisation technique are discussed. Section 3 presents
the training and validation results of the model. Conclusions are formulated in Section 4.

1.1 Notational conventions

Throughout the work, matrices will be denoted by bold faced capital letters, e.g. A ∈ Rn×n, vectors are
given bold faced lower case letters, e.g. a ∈ Rn, and lower case letters indicate scalars, e.g. a.

2 Approach

Constructing a mapping function between wake velocity measurements and fluid forces observed on an ob-
ject can be viewed as a regression problem (supervised learning). Inferring such function from measurements
boils down to three key steps:

1. Collect informative data.

2. Select an appropriate model structure.

3. Define a measure of fit (cost) by which the model can be trained and validated.

The following sections provide a detailed discussion on these three steps.
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Figure 1: Topology of the computational domain (scale drawing). The domain is of dimensions H = 30D,
L = 40D, with D = 0.1 m being the cylinder diameter. The 21 wake velocity probes are indicated by
markers.

2.1 Acquiring the data

The success of any data-driven modelling approach rests upon the quantity and the quality of the available
data. In this work 2-dimensional CFD simulations of the flow about a circular cylinder are used. The
computational domain is depicted in Fig. 1. During an experiment the cylinder is forced to follow a trajectory
perpendicular to the incoming flow. This is known as imposed-motion experiments and is a common way of
studying vortex-induced forces [16, 17].

All simulations are performed in the open source CFD environment OpenFOAM [18]. OpenFOAM imple-
ments a finite-volume formulation of the discretised Navier-Stokes equations. Version 2.3.1 was used in all
cases. The considered regime is characterised by a constant Reynolds number of Re = 100, ensuring laminar,
predominantly 2-dimensional vortex shedding. The coupled set of continuity and momentum equations are
solved using the pimpleDyMFoam solver, i.e. a transient solver which allows for relatively large time steps
thanks to the hybrid PISO-SIMPLE (PIMPLE) algorithm. An automatic mesh motion technique, i.e. without
topology changes, is used for the dynamic cases. The motion is thus characterised by the spacing between
nodes, which changes by stretching and squeezing. The motion of the cylinder wall acts as a boundary con-
dition and determines the position of the mesh points. The mesh motion is solved as a Laplace equation
with variable diffusivity. The diffusivity is modelled as the the inverse of the distance to the cylinder surface.
Details on the CFD computations as well as a validation with respect to literature can be consulted in [11].

From the CFD data, the input and output features are extracted. As input, the data of 21 wake measurements
(indicated by markers in Fig. 1) is considered. From these probes only the y-component of the velocity field
is used. Since the cylinder oscillation is restricted to the y-dimension, the y-velocity component is found to
be a descriptive variable. The method would however allow to incorporate all velocity components in the
input, if needed. The matrix of input samples will hence be denoted by Uy ∈ R21×N with N the number of
samples (time steps) of the experiment. As output, the non-dimensional force coefficient in the y-direction
is considered. The vector of output samples will be denoted by cy ∈ R1×N .

The displacement of the cylinder can play a double role. Since in this setup the displacement is imposed,
it is known. Therefore it can be included as an additional input signal. One could however argue that in a
real-life environment the displacement is induced, and therefore not necessarily known. The displacement
may hence also be considered as an additional output, such that both the force and the displacement of the
cylinder are to be deduced from the wake. We will study both scenarios in Section 3.
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Figure 2: Illustration of the imposed, swept sine displacement on the cylinder. Top: (left) A/D = 0.05,
(right) A/D = 0.10. Middle: (left) A/D = 0.15, (right) A/D = 0.20. Bottom: (left) A/D = 0.25, (right)
A/D = 0.30.

2.1.1 Training and test set

The data which is used corresponds to experiments where the cylinder follows a swept sine trajectory. The
swept sine signals (cylinder displacement) range in relative amplitude from A/D = 0.05 to 0.30 in steps of
0.05 and sweep from 0 to 4.5 Hz (depicted in Fig. 2). The data set with relative amplitude A/D = 0.20 has
been used to validate all models while the other data sets are combined into a training set.

2.2 Model structure

Selecting a model structure inherently entails a trade-off. The model structure should be flexible enough to be
able to describe the data with sufficient accuracy. On the other hand, it is favourable to keep the complexity
as low as possible. This will result in a more efficient model, both in terms of usage and storage. Balancing
both objectives is a user choice which will typically depend on the ultimate application of the model.

In this work we will opt for a balance which tilts towards low complexity models. The motivation is twofold:

• We want the models to be suitable for real-time computations requiring limited computing resources.

• We want to ensure easy reproducibility, thereby contributing to bridging the gap between fluid dynam-
ics and deep learning.

In light of these objectives it was decided to explore the potential of the classical multilayer perceptron (MLP)
model structure. An MLP is a feed-forward neural network consisting of multiple layers, each containing
(potentially) multiple nodes (or neurons). MLPs are universal function approximators [19]. The model has a
sequential form in which input features cascade through the layers, ultimately forming the output. Denoting
the model prediction by ĉy and the input at a single time step by uy ∈ R21, we have that

z(0) = uy, (1a)

z(l) = f (l)(z(l−1)), l = 1, . . . , L− 1 (1b)

ĉy = f (L)(z(L−1)), (1c)

where L denotes the final layer. In each layer the output of the previous layer is transformed by a function
f (l). This function usually has the following form

f (l)(z(l−1)) = g(l)(W(l)z(l−1) + b(l)). (2)
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It combines two actions:

1. create a set of intermediate variables from a linear combination of the output of the previous layer

2. apply a nonlinear activation g(l) to the new found intermediate variables

If we denote the number of neurons in the l-th layer by nl, such that z(l) ∈ Rnl , we have that W(l) ∈ Rnl×nl−1

and b(l) ∈ Rnl . The model parameters {W(l),b(l)}Ll=1 are usually referred to as the weights W(l) and biases
b(l).

The nonlinear activation is a vector function g(l) : Rnl 7→ Rnl . Usually, though, all neurons of a single layer
are subjected to the same activation. We will therefore loosely speak of the activation of a layer meaning
the nonlinear function which is applied in a vectorised manner to all the neurons of that layer. For a single
neuron i we may unambiguously write

z
(l)
i = g(l)(wT

i z(l−1) + bi) (3)

where then g(l) : R 7→ R. A number of candidate activation functions exist [20]. Common choices are the
sigmoid, the hyperbolic tangent or the rectified linear function (ReLU unit). The ReLU function is defined
as

g(z) = max(0, z) (4)

Using ReLU activation has shown to result in improved convergence of gradient based optimisation algo-
rithms [21]. The latter is ascribed to its constant gradient of 1 throughout the domain where the function is
active (z > 0), contrary to the saturating behaviour seen for sigmoid and hyperbolic tangent functions. It
will be the activation of our choice in this work. The only exception is the output layer, where for regression
problems it is customary to omit the nonlinear activation, i.e.

f (L)(z(L−1)) = W(L)z(L−1) + b(L) (5)

Although an MLP is essentially a static nonlinear mapping from input to output, it may implicitly describe
a dynamic relationship. Recalling that the input in this case are wake velocity measurements, obtained on
a spatial grid in a flow (Fig. 1), neighbouring measurement locations will be correlated over time. Addi-
tionally, it is common to expand the input vector by adding time shifted versions of the input signals, hence
intrinsically incorporating dynamics [22]. The latter can be shown to relate to Volterra series, known in
system identification [23]. This property will be exploited in Section 3.

2.3 Model estimation

The model parameters (conveniently grouped in a single vector θ) are inferred from minimizing a mean-
squared-error cost function over the training set

arg min
θ

1

N

N∑

k=1

(cy(k)− ĉy(k,θ))
2 (6)

For illustration, only the force coefficient was considered as the output. In the case where both cy and the
displacement of the cylinder form the output, both outputs are combined using the euclidean norm.

The optimisation is performed using mini-batch gradient descent. This means that the gradient is computed
on a randomly selected subset of the data. To increase the speed of convergence, a running average of
the gradient is used (also known as gradient descent with momentum [24]). RMSprop is used to compute
individual learning rates across all dimensions [25]. The latter is obtained from the second moment of the
gradient. Momentum and RMSprop are efficiently combined in the popular Adam optimisation algorithm
[26]. In this work, all models were generated using the Keras library with TensorFlow backend [27].
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Figure 3: Comparison of eRMS for different trained models mapping uy(k)→ cy(k). In blue: the results on
the training data, in red: the results on the test set.

3 Results

In this section the performance of the models is evaluated. Different configurations of input and output
selection, together with choices of model architecture are compared and discussed. For each input-output
choice, a number of neural network architectures are built and trained from 5 random initialisation points.
The averaged training results are reported. From this information the optimal model is selected, taking into
account both model complexity and accuracy.

3.1 A linear reference model

As a performance baseline we will use a linear regression model. Again assuming the single output scenario
(cy) we have that

cy(k) = θT
[

uy(k)
1

]
(7)

where the added ‘1’ allows to estimate a bias term. Eq. (7) can hence be seen as a model with one linear
layer for which the weights and bias parameters are grouped in θ. The parameters θ ∈ R22 are then easily
found from the linear least-squares solution.

Model performance will be expressed using relative root-mean-squared errors (RMSE),

eRMS =

√
1
N

∑N
k=1(cy(k)− ĉy(k))2√
1
N

∑N
k=1 c

2
y(k)

(8)

3.2 Model 1

As a starting point, a simple mapping from the velocity field uy(k) to the force coefficient cy(k) is modelled.
Neural networks with 5 up to 15 layers were trained. In Fig. 3 it can be seen that the best performance is
observed for models with 9 layers or more. Balancing model performance and model complexity led to the
selection of a model with 11 layers, and a model layout as described in Table 1.

The selected model is then used to simulate the test set. The results are shown in Fig. 4. The predictions
of the neural network are quite accurate, resulting in small errors throughout the entire time series. The
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Table 1: The structure of the selected model described by the number of neurons in each layer.

Layer Input features 1 2 3 4 5 6 7 8 9 10 Output(11)
Number of neurons 21 16 16 16 12 12 12 8 8 4 4 1
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Figure 4: Top: True force coefficient of the test set. Bottom: The predicted force coefficient by the model
(error in black).

Table 2: Results when modelling the uy(k)→ cy(k) relationship

Neural network model Relative RMSE
Training set 0.068
Test set 0.085
Linear reference model Relative RMSE
Training set 0.303
Test set 0.291
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Figure 5: Comparison of different model layouts, mapping {uy(k), y(k)} → cy(k) . In blue, the relative
RMSE on the training data is visualised, the relative RMSE on the test data is shown in red.

Table 3: The structure of the selected model described by the number of neurons in each layer.

Layer Input features 1 2 3 4 5 6 7 8 9 10 Output(11)
Number of neurons 22 16 16 16 12 12 12 8 8 4 4 1

performance of the model is compared with a linear model in Table 2. While the linear reference model still
has a large relative RMSE of 29.1%, the neural network performance is much better, making new predictions
with a relative RMSE of only 8.5%.

3.3 Model 2

As was previously discussed, the displacement of the cylinder is also a variable which can be taken into
account. In the simulations, the displacement is imposed, thus it can be added as a known input variable.

The input of the model at a single time step hence becomes
[
uy(k)
y(k)

]
∈ R22.

Again the averaged training results of 5 attempts are shown for different model architectures in Fig. 5. It can
be observed that the results (on the test set) for models with 9 layers or more are very similar. Therefore, the
best performing model with 9 layers was selected. Its architecture is described in Table 3.

Having selected the model, the performance may be evaluated on the test data. The results are shown in
Fig. 6. The model evaluation again shows an accurate prediction of the force coefficient. With the numeric
results given in Table 4, a relative RMSE on the test data of 7.6% indicates that the model is able to make
accurate predictions. Compared to the first model, a small improvement in the relative RMSE is observed.

Table 4: Results of model evaluation {uy(k), y(k)} → cy(k) and linear reference model

Neural network model Relative RMSE
Training set 0.063
Test set 0.076
Linear reference model Relative RMSE
Training set 0.300
Test set 0.285
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Figure 6: Top: True force coefficient of the test set. Bottom: The predicted force coefficient by the model
(error in black).

Table 5: The structure of the selected model described by the number of neurons in each layer.

Layer Input features 1 2 3 4 5 6 7 Output(8)
Number of neurons 42 16 16 12 8 8 4 4 1

Thus, making the input data richer by adding the displacement of the cylinder allows for a small increase in
model performance.

3.4 Model 3

Another way of enriching the input data is by adding shifted time steps of the inputs. As was discussed in
Section 2, this will incorporate dynamics into the model.
For each probe, the appropriate time shift is found from maximising the correlation between input and output.
Given that the flow, which is close to the cylinder at the time step k, propagates downstream before being
measured by the probes, the correlation can be maximised by shifting uy forward. This results in a time-
shifted vector of inputs which is added to the original input. The resulting model describes the following
relationship: [

uy(k)
uy(k + s)

]
7→ cy(k) for each sample point k (9)

with s a vector holding the optimal value of shift for each probe. Various model architectures are trained,
and the average performance of each architecture is evaluated in Fig. 7. Again models showing very good
performance are found. In this case an error of approximately 5% on the training data is obtained. A model
with 8 layers is selected for further evaluation, the layout of which is shown in Table 5.

As can be seen in Figure 8, the model’s prediction shows very little error on the force coefficient of the test

Neural network model Relative RMSE
Training set 0.047
Test set 0.058
Linear reference model Relative RMSE
Training set 0.213
Test set 0.183
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Figure 7: Comparison of different model lay-outs, mapping {uy(k),uy(k+s)} → cy(k). In blue, the relative
RMSE on the training data is visualised, the relative RMSE on the test data is shown in red.
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Figure 8: Top: True force coefficient of the test set. Bottom: The predicted force coefficient by the model
(error in black).
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Figure 9: Overview of the models, mapping uy(k) → {cy(k), y(k)}. In blue, the relative RMSE on the
training data is visualised, the relative RMSE on the test data is shown in red.

set. Even where the force coefficient changes in amplitude rapidly, the model is very accurate in predicting
these changes.
With a relative RMSE of only 5.8% on the test set, this model is even more accurate than the previous
ones. This implies that adding the time-shifted velocity data, increases the descriptive power of the model,
incorporating some of the dynamics between the input and output. The linear reference model also performs
much better with a relative RMSE of approximately 20%.

3.5 Model 4

Finally we are looking for a model which relates closely to the real-life case where you may want to model
both the force coefficient and the displacement of the cylinder from the wake velocity field. This was already
discussed in Section 2. The model will therefore describe the following relationship:

uy(k) 7→
[
cy(k)
y(k)

]
(10)

Both outputs are combined in a single vector, and a feed-forward MLP network is constructed. A scan
over a number of model architectures (Fig. 9) however shows that no accurate model could be obtained.
With training errors of around 70% and validation errors in the order of 90% we may conclude that the
feedforward structure is not able to model the given the relationship.

The best model containing 9-layers was selected for closer inspection of the results. Its architecture is
detailed in Table 6. The performance of the model is summarised in Table 7. Notice that adding the displace-
ment as an output also deteriorates the performance on the prediction of cy. It is clear that a more advanced
model structure is required for the given task. An explanation can be found from considering the physics
behind the experiment. It is known that for a range of oscillation frequencies and amplitudes of the cylinder,
the vortex shedding will synchronise to the oscillation frequency. This is known as lock-in. However, the
swept sine oscillations, considered as training data, cover both synchronised and desynchronised states. This
means that for part of the data the displacement and the wake (uy) are only weakly coupled. This makes it a
challenging modelling problem. Model structures which allow to capture a memory effect, such as recurrent
neural networks are a better choice in this case.
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Table 6: The structure of the selected model described by the number of neurons in each layer.

Layer Input features 1 2 3 4 5 6 7 8 Output(9)
Number of neurons 21 16 16 12 12 8 8 4 4 2

Table 7: Results of modelling the relationship uy(k)→ {cy(k), y(k)}

Neural network model Relative RMSE
Training set (combined outputs) 0.592
Test set (combined outputs) 0.967
Test set (force predictions) 0.967
Test set (displacement predictions) 0.925
Linear reference model Relative RMSE
Training set 0.865
Test set (combined outputs) 1.034
Test set (force predictions) 1.034
Test set (displacement predictions) 0.318

4 Conclusions

We have shown that classical machine learning techniques can be used to construct a mapping from wake
variables to the fluid loading observed on a bluff body. In this case the velocity field, measured in 21
probes downstream, was considered as the input and the transverse force coefficient on a submerged circular
cylinder was the output. It was found that the performance of the models can be improved by constructing
neural networks with augmented inputs, i.e. augmenting the input with the displacement of the cylinder or
with shifted time steps of the velocity field. Models producing errors in the order of 5% were obtained. This
work illustrates the usefulness of low-complexity neural networks for fluid dynamic modelling.
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Abstract
The Corrected Force Analysis Technique (CFAT) is an inverse method used to identify the force distribution
that excites a structure, knowing the resulting vibration field. The known displacement field is set in a
discretized equation of motion corresponding to the studied structure. The CFAT adds to the classical FAT
a correction of the finite difference scheme. The regularization of the method is guaranteed by the choice
of the spatial step of discretization, which adds a low-pass filtering effect to the method in the wavenumber
domain. It is a technique that is easy to set experimentally, requiring only an array of sensors to identify
the vibration field. In this paper, we demonstrate a time domain extension of the CFAT method for plates,
which could be used to study transient or strongly spatially uncorrelated excitation, such as turbulent flows.
In a first part, a brief reminder of the frequency domain use of the CFAT is made. The modification made to
obtain its time-domain counterpart is then explained in a second part. Eventually, its effectiveness is showed
using simulation results for plates. The two dimensional extension is then presented.

1 Introduction

This paper introduces a time-domain development of the CFAT for plates. Originally, the FAT is an inverse
method that allows the identification of a load distribution on a structure, from the measurement of its vibra-
tion field, using a discretized equation of motion. The method was first established for load identification on
beams and plates [1]. Further extensions of the methods were proposed, such as a finite element alternative
[2], or the addition of a corrective coefficient in order to compensate the use of a finite difference scheme [3].
The use of this correction, alongside with the optimization of the spatial step of the finite difference scheme
in order to obtain a low-pass filtering effect in wavenumber domain, are the basic principles of the CFAT.

Setting up a time-extension to the CFAT requires to take new issues into consideration. As the CFAT can
only be used in a certain frequency range that varies from one system to another, an adapted filter has to be
designed. The time-dependent operator of the equation of motion also has to be taken into consideration,
and a time domain definition of the correction must be found as well. In a first part, the basics of the CFAT
are introduced. A solution to the issues of the time domain extension previously listed is then proposed. In a
last part, the approach proposed is tested on simulated data in order to reconstruct an acoustic pressure field
on a plate.

2 The Corrected Force Analysis Technique

The principle of the CFAT method in the frequency domain is presented below for a two-dimensional plate.
The equation of flexural waves for a thin plate in the frequency domain is considered here :

F (x, y, ω) = −D
ω2

(
∂4γ

∂x4
+
∂4γ

∂y4
+ 2

∂4γ

∂x2∂y2

)
+ ρhγ(x, y, ω), (1)
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where γ(x, y, ω) is the acceleration field, ρ the density, h the thickness of the plate, and D the flexural
stiffness. In order to get from equation (1) to the equation of the CFAT, the partial derivatives have to be
approximated using adapted finite difference schemes. These schemes are given by :




∂4γ
∂x4
≈ δ4x

∆ = 1
∆4 [γ(x+ 2∆, y, ω)− 4γ(x+ ∆, y, ω) + 6γ(x, y, ω)− 4γ(x−∆, y, ω)
+γ(x− 2∆, y, ω)],

∂4γ
∂y4
≈ δ4y

∆ = 1
∆4 [γ(x, y + 2∆, ω)− 4γ(x, y + ∆, ω) + 6γ(x, y, ω)− 4γ(x, y −∆, ω)

+γ(x, y − 2∆, ω)],
∂4γ

∂x2∂y2
≈ δ2x2y

∆ = 1
∆4 [γ(x+ ∆, y + ∆, ω)− 2γ(x+ ∆, y, ω) + γ(x+ ∆, y −∆, ω)

−2γ(x, y + ∆, ω) + 4γ(x, y, ω)− 2γ(x, y −∆, ω) + γ(x−∆, y + ∆, ω)
−2γ(x−∆, y, ω) + γ(x−∆, y −∆, ω)],

(2)
where ∆ is the step of the spatial discretization. Two corrective coefficients are then defined, aiming to
rectify the approximation made by the use of the finite difference scheme. These corrections are expressed
this way :

µ4(ω) =
(kf∆)4

4(1− cos(kf∆))2
, (3)

and :

ν4(ω) =
(kf∆)4

8
(

1− cos
(
kf∆√

2

))2 − µ4, (4)

where kf = 4

√
ρh
D ω

2 is the natural flexural wavenumber of the plates. Eventually, the CFAT expression for
thin plates can be expressed :

PCFAT (x, y, ω) = −D
ω2

(
µ4δ4x

∆ + µ4δ4y
∆ + 2ν4δ2x2y

∆

)
+ ρhγ(x, y, ω). (5)

The use of the finite difference scheme defined in equation (2) makes the method highly noise sensitive. This
effect can be circumvented by using the spatial step ∆ as a parameter to define a frequency bandwidth inside
which the method can effectively identify an effort. The limits of this frequency range are given by :





fmin = π
8∆2

√
D
ρh ,

fmax = π
2∆2

√
D
ρh .

(6)

3 Adaptation of the CFAT for plates in time domain

A possible extension of the CFAT in the time domain is proposed here. First, the equation of flexural waves
for a thin plate in the time domain is considered :

P (x, y, t) = D

∫∫
(
∂4γ

∂x4
+
∂4γ

∂y4
+ 2

∂4γ

∂x2∂y2
)dt2 + ρhγ(x, y, t) (7)

Compared to its frequency domain counterpart, the CFAT in time domain has to deal with three new issues:
first, the frequency bandwidth of the method has to be taken into consideration. The solution is to design a
bandpass filter whose limits are given by equation (6). The corrective coefficients being frequency dependent,
they must be translated into the time domain. Here, it was decided to use an inverse fast-Fourier algorithm
in order to get the values of these coefficients depending on time. An appropriate filter that takes into
consideration the time operator of the equation of motion (in equation (7), it is the double integration with
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Figure 1: Filters applied in the proposed time domain extension of the CFAT.

respect to time operator), must also be designed. As the design of a specific filter would lead to a new
approximation, and thus would create the need to redefine the corrective coefficient, it has been chosen here
to make the integration operation in the frequency domain. The integration operation is then translated into
time domain using a fast-Fourier transform algorithm, alongside with the correction.

In order to take all these parameters into consideration, three different filters are defined. The first one com-
bines the effect of the bandpass filter (a Tukey window), with the frequency integration, and the correction
defined in equation (3). It is analytically defined as the inverse Fourier transform of this combination :

M(t) = TF−1

[
−µ

4HT (ω)

ω2

]
. (8)

The second filter is fairly similar to the first one, the only difference being the corrective coefficient consid-
ered :

N(t) = TF−1

[
−ν

4HT (ω)

ω2

]
. (9)

The third filter only takes into consideration the bandpass filter :

hm(t) = TF−1[HT (ω)]. (10)

The impulse responses of these filters are illustrated in Figure (1).

Using these filters, a possible expression of the CFAT in time domain would be :

PCFAT (x, y, t) = D
(
M(t) ∗

(
δ4x

∆ + δ4y
∆

)
+N(t) ∗ δ2x2y

∆

)
+ ρhhm(t) ∗ γ(x, y, t). (11)

In practice, the convolution and inverse Fourier transform are applied numerically. The use of such approx-
imation leads to uncertainty in the load identification, whose extent has not been studied yet and will be
assumed to be negligible in the following, although its real impact should be assessed.

4 Application of the CFAT in time domain with simulated data

In order to validate the proposed approach, described by equation (11), a simulation is set up, whose aim is
to identify the pressure field on the surface of a rectangular plate excited by an acoustic monopole radiating
a monochromatic spherical wave. The equation of the radiation of such an acoustic source is given by :
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Figure 2: Comparison of the time evolution of the reference and identified pressures.

Ψ(−→r , t) =
Ψ0

|−→r −−→r s|
ej(k|

−→r −−→r s|−ωt), (12)

where −→r = (x, y, z) is the coordinate vector, −→r s = (xs, ys, zs) is the coordinate vector of the source, and
Ψ is the pressure field. The properties of the considered plate are given below :

• length Lx = 0.5m,
• width Ly = 0.5m,
• thickness h = 0.002m,
• density ρ = 7700 kg/m3,
• Young modulus E = 190 GPa,
• Poisson ratio ν = 0.27;

The acceleration field of the flexural wave is obtained through modal decomposition, and then used into
equation (11) to get the reconstructed pressure field on the surface of the plate, written PCFAT . This effort
is compared to a reference effort, which is the pressure field obtained by modal decomposition, on which the
filter defined in equation (10) is applied. This filtering step is important, as it allows both the reference pres-
sure field and the identified one to be compared on the same frequency bandwidth. The reference pressure
field thus defined will be referred as Pref .

The results displayed are the projections of both Pref and PCFAT on a same arbitrary position of the plate.
Their time evolution is compared in Figure (2).

The results show the ability of the time domain extension of the CFAT to properly identify a load distribution
on a two-dimensional plate. The pressure is accurately reconstructed, both amplitude wise and phase wise.

5 Conclusion

In this paper, a possible extension of the CFAT, that would allow it to identify load distribution on plates
in time domain, has been theorized and validated through simulation. This adaptation of the method relies
on the design of filters that encompasses the effects of the corrective coefficient, as well as those of an
integrative filter and a frequency window. The need for a frequency windowing is justified by the definition
of the CFAT, that can only work on a limited bandwidth for regularization of the inverse method purposes.
These filters are designed in the frequency domain, their time domain counterparts being given by their
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inverse Fourier transforms. This mathematical operation has been performed numerically, using a fast-
Fourier transform algorithm. The convolution operation has also been performed numerically. The effect
that these approximations might have on the reconstruction of the effort as yet to be evaluated. Nethertheless,
neglecting these effects did not hinder the identification in a significant way. An experimental confirmation
of the method is now required in order to fully validate the proposed approach.
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[1] C. Pézerat, “Méthode d’identification des efforts appliqués sur une structure vibrante par résolution et
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Abstract 
The ropes of an elevator transmit the vibrations from the motor to the elevator car, and consequently have a 

great influence on comfort. Therefore, it is of major interest to analyse the dynamic behaviour of these 

elements, in order to know the mechanical properties of them. These ropes are composed of metallic wires 

and covered by a polymeric material. In the present work, the mechanical properties of the ropes employed 

in an elevator were identified. First, the experimental set-up for the characterisation is described. Two type 

of characterisations were carried out; on the one hand, the dependence of the frequency was analysed 

applying low preloads, and on the other hand, the effect of the preload was analysed applying the loads that 

the rope stands in real conditions. In both characterisations, the stiffness and the damping of the ropes were 

determined. According to the results obtained, an increase of the stiffness of the rope is observed as the 

preload is bigger and a decrease as the frequency is higher. As far as the damping is concerned, the loss 

factor decreases as the preload increases, as expected, while there is an increase as the frequency increases. 

1 Introduction 

Ropes are the structural elements of diverse engineering applications, such as elevators, suspension bridges 

and cranes since they resist large axial loads. In the case of elevator installations, they play a significant role 

in order to achieve and maintain adequate ride quality standards. Excessive vibrations can compromise the 

ride quality being the ropes particularly affected due to their flexibility and loading conditions [1]. High 

flexibility and low intrinsic damping are the most important reason of cable vibrations [2]. 

Several researches studied the vibration of elevator ropes. Chi and Shu calculated the natural frequencies of 

longitudinal vibration of a stationary cable and car system [3]. Zhu and Xu studied the vibration of elevator 

cables with small bending stiffness with different boundary conditions [4]. The suspension rope can be 

represented by a lumped mass model with point masses joined by springs and dampers with corresponding 

stiffness and damping coefficients. Depending of the phenomena that is required to model, more complex 

and bigger models are used since each mass point corresponds to a one degree of freedom (dof). In literature, 

models formed by 3 dof [5], 9 dof  [6], 11 dof [7] or up to 27 [8] are found [1]. 

The ropes are built up by wires, where a number of strands composed of wires are intertwined to make a 

certain cross section geometry. Thus, ropes are classified according to the number of strands and the number 

of wires in each strand. Depending on the configuration, the properties of the rope change, so that it can be 

more suitable for a certain application. The configuration of the rope analysed in this paper is 6x19. As it is 

shown in Figure 1 a), it is formed of 6 strands with 19 wires in each one.  
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The wires are made of brass coated steel, which provides them a higher wear resistance. Moreover, the rope 

analysed has a polymeric coating made of TPU, as it can be seen in Figure 1 b). The total diameter of the 

rope is of 6.5 mm, while the uncoated diameter is of 4.9 mm.  

  

a) b) 

Figure 1: a) 6x19 configuration diagram and b) real rope 

Recently, ropes with polymeric cover are used in order to avoid wear problems associated to the contact 

between the ropes and pulleys and to improve their damping capacity, among others. Due to the viscoelastic 

behaviour of the polymeric materials, they exhibit a frequency and temperature dependence and offer 

superior properties in terms of energy dissipation. Therefore, these ropes could show higher damping 

capacity than the ropes entirely made up of metallic wires. Currently, the latter property is a fundamental 

commercial differentiator due to the noise and vibration levels which are increasingly imposed by the 

legislation [9] and it is directly related to the comfort of the passengers. Thus, the study of damping capacity 

has become of prime importance. 

In order to obtain the stiffness and damping, in literature, procedures applied to belts are found. Cepon et 

al. [10] proposed a procedure where the belt is suspended with a mass joint to its lower end, and an excitation 

force is applied at the mass by means of an inertial exciter and an impact hammer.  

Shangguan y Zeng [11] proposed the characterisation in a MTS machine, where the frequency range that 

can be characterised is small, but the force applied to the belt is more accurately controlled. They also 

applied a similar procedure to that proposed by Cepon et al. [10], suspending a mass from the lower end of 

the belt and exciting it by an impact hammer.  

The objectives of this work are to stablish a reliable procedure to characterise the dynamic behaviour of 

ropes employed in elevators and to analyse the dynamic behaviour of those ropes. Therefore, first of all, the 

procedure proposed for the characterisation is detailed. Then, the results obtained for the rope tested are 

analysed and the main patterns of the dynamic behaviour of the rope are identified. 

2 Characterisation procedure 

This section describes the characterisation procedure that was followed. First, the cases measured are 

defined, regarding the applied load and the length of the suspended element. Then, the measuring procedure 

and the experimental set up are described.  

2.1 Definition of the loads and lengths of the rope 

First, the loads are set according to the real working conditions. The rope analysed will be subjected to a 

load between 60 kg and 240 kg. The load is a suspended mass that affects the natural frequencies, and thus, 

the frequency range that can be analysed. Consequently, in order to analyse the frequency range desired, the 

rope length needs to be selected. For this analysis, the natural frequencies are estimated by finite element 
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calculations (using truss elements) [12]. The material properties needed for the calculation are the density 

given by the supplier of the rope and the stiffness, EA = 106 N, estimated in [13]. 

Figure 2 shows the vibration modes and natural frequencies obtained for a rope length of 2.5 m, which is 

the maximum length possible in the lab, and a suspended mass of 60 kg. Except for the first vibration mode, 

whose natural frequency is 12.93 Hz, all the other modes have a node in the free end of the rope. As this 

node is the point in which the excitation is supposed to be introduced and the response measured, it will not 

be possible to measure these vibration modes experimentally. Thus, only the first vibration mode is useful 

for the characterisation of the ropes. For a suspended mass of 240 kg, the first natural frequency is reduced 

to 6.48 Hz, so the frequency range from 6.32 Hz to 12.65 Hz could only be analysed. 

 

Figure 2: Vibration modes and natural frequencies for a suspended mass of 60 kg (the horizontal axis 

represents the longitudinal direction of the rope) 

In order to increase the frequency range available for the analysis, it was decided to use lower values of the 

suspended mass, even if they are out of the real working conditions range.  

For a suspended mass of 10 kg, a natural frequency of 30.92 Hz is obtained and for a suspended mass of 

only 1 kg, a natural frequency of 79.61 Hz. Therefore, the frequency range is increased, but the frequency 

is still low. So, in order to increase the frequency range even more, it was decided to perform the 

experimental measurements with different rope lengths, reaching a minimum length of 0.5 m. 

In conclusion, the analysis is divided in two tests: 

 Preload analysis: Real preloads (60 kg – 240 kg) and the maximum rope length (2.5 m) 

 Frequency analysis: Low preloads (1 kg – 5 kg) and rope lengths between 0.5 m and 2.5 m, in order 

to reach a maximum frequency of approximately 220 Hz.  

2.2 Procedure and experimental set up 

The characterisation procedure starts with the measurements of the Frequency Response Functions (FRFs). 

The following equipment was used for these experimental measurements: 

 Impact hammer (ICP B&K 8206-003).  

 Triaxial accelerometers (ICP PCB 356A16). 

 Acquisition system: PULSE Front-end and PULSE Labshop. 

 Weights: 10 N masses for the frequency analysis and 20 Kg masses for the preload analysis. 

In order to perform these measurements, the rope is suspended from the upper beam and the corresponding 

mass is tied to the joint in the lower end of the rope (Figure 3). 
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a) b) 

Figure 3: Assembly of the rope: a) upper fixed point and b) lower point suspended mass 

Figure 3 b) shows how the 10 N masses are tied to the joint. Moreover, it can be seen how one of the 

accelerometers is attached to the joint by means of a magnet, and how the top surface of the suspended 

masses is hit by the impact hammer in order to introduce an excitation to the system. The force of the 

hammer is the excitation force applied in vertical direction downwards, and the acceleration measured by 

the accelerometers is the response of the system to that excitation. By the response and excitation signals 

the Frequency Response Function (FRF) of the system is obtained. 

In order to obtain the properties of the ropes from the experimental FRFs, the peak that corresponds to the 

tension-compression mode is identified. Considering that the modes showing the highest longitudinal 

displacements are the tension-compression ones, the biggest peak observed in the FRF corresponding to the 

longitudinal response will be the tension-compression natural frequency. In Figure 4, two of the measured 

FRFs are shown as an example. The one measured for the 2.5 m length rope and a suspended mass of 50 N 

shows a clear and symmetric peak around 30 Hz, whereas the FRF measured for 1.5 m length rope and a 

suspended mass of 10 N shows a non symmetric and much flatter peak. Thus, the loss factor of the latter is 

bigger and due to the asymmetry the error when half power bandwidth is applied will probably be bigger. 
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Figure 4: Examples of experimental Frequency Response Functions 

In order to obtain the stiffness of the ropes, the value of EA is estimated, which is the product of the 

equivalent elasticity modulus of the rope and its cross section area. This value is obtained from the natural 

frequency. Therefore, the frequency in which the peak of the FRF is produced is identified, and EA is 

obtained by means of equation 1 (in which the mass of the rope is neglected): 

 
2

nEA ml   (1) 

where m stands for the suspended mass in kg, l for the length of the rope in m, and fn for the natural frequency 

in rad/s. 

The damping of the ropes is estimated obtaining the loss factor (𝜂). This parameter is obtained applying the 

half power bandwidth method [14]. The natural frequency and the amplitude of the peak of the FRF are 

taken, and then, the two frequencies in which the amplitude of the FRF is reduced by √2 are found (Figure 

5). Dividing the difference of these two frequencies next to the peak by the value of the natural frequency, 

the loss factor is obtained by equation 2: 

 2 1

n

 





  (2) 

 

Figure 5: Example of a FRF with the necessary frequencies to estimate the loss factor  
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The peak corresponding to the tension-compression mode could be hard to identify in some cases. Bending 

modes are assumed to have a negligible longitudinal response, since their response is predominantly in the 

plane perpendicular to the longitudinal direction, but longitudinal and transversal vibrations are coupled and 

it might not always be obvious which peak corresponds to the tension-compression mode. Thus, performing 

an Experimental Modal Analysis (EMA) should be considered. 

To carry out an EMA more FRFs need to be measured. Therefore, the same measurement set-up and 

procedure will be employed except for the number of accelerometers. If the properties are estimated from 

the FRFs, only one accelerometer will be enough, whereas to perform an EMA more accelerometers should 

be used.  In this case, 5 of them are used: 2 are placed in the lower joint and the remaining 3 attached to the 

rope every 0.5 m starting from the upper joint.  

The FRFs measured are processed using the B&K Connect software to obtain the mode shapes, natural 

frequencies and damping. Several algorithms can be used to obtain the modal parameters (modal shape, 

natural frequency and modal damping). Rational Polynomial Z algorithm was used in this case, as it is the 

most appropriate one for systems in which the modes are close to each other in frequency. 

3 Results 

This section describes the results obtained for the two characterisations mentioned in section 2: the 

characterisation depending on the preload and the characterisation respect to the frequency. 

3.1 Preload analysis 

First of all, the influence of the preload is analysed for a rope length of 2.5 m. As mentioned in section 2.2, 

the identification of the natural frequency may not be obvious in some cases. Therefore, the elasticity 

modulus obtained from the natural frequencies identified according to the peaks of the FRFs and by the 

Experimental Modal Analysis (EMA) are compared in Figure 6. The results show that the estimation of the 

elasticity modulus is almost the same using the FRF or the EMA. Therefore, the characterisation according 

to the peaks of FRFs is validated and it may be preferred due to its simplicity.  

In addition, it is observed that as the preload is increased the elasticity modulus is also increased. When the 

wires of the rope are tensioned the clearances between them are reduced and their alignment is improved, 

and thus, its stiffness is increased.  

In Figure 7, the same results are plotted with respect to the frequency. The trend observed is that the elasticity 

modulus is reduced with the frequency. However, it needs to be mentioned that the natural frequencies 

correspond to a different suspended mass, so that is not the same system. 
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Figure 6: EA with respect to the preload obtained from the EMA and the FRF 

 

Figure 7: EA with respect to the frequency obtained from the EMA and the FRF 

Regarding the loss factor, the values obtained applying half power bandwith to the data from the FRF and 

the values obtained by the EMA are compared in Figure 9. The results are similar except for the preload of 

60 kg, the lowest preload. In this preload case, the result obtained by the FRF seems over the real one 

considering the rest of the values obtained. It should be mentioned, that applying half power bandwidth may 

cause inaccurate results when additional natural frequencies arise close to that being analysed, as the decay 

of the peak towards its sides is affected by other close natural frequencies. In Figure 8 the FRF obtained for 

the 60 kg preload shows clearly that the peak obtained is not symmetric, being the slope towards higher 

frequencies significantly bigger. 
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Figure 8: FRF obtained for the 60 kg preload case 

 

Figure 9: Loss factor with respect to the preload obtained from the EMA and the FRF 

Due to the influence of frequency in the values of the loss factor, in Figure 10 those results are given with 

respect to the frequency. The most significant deviation observed in Figure 9, arises at the highest frequency, 

since that is linked to the lowest preload mentioned before.  

0,0

0,5

1,0

1,5

2,0

2,5

3,0

3,5

4,0

4,5

5,0

0 50 100 150 200 250 300

L
o

ss
 f

a
ct

o
r 

(%
)

Preload (kg)

EMA

FRF

1628 PROCEEDINGS OF ISMA2020 AND USD2020



 

Figure 10: Loss factor with respect to the frequency obtained from the EMA and the FRF 

Considering the similar results obtained for the stiffness and the loss factor by EMA and by a single FRF, 

and the bigger measurement and postprocessing time in the case of the EMA, the FRF will be used to obtain 

the properties of the rope in the following section. 

3.2 Frequency analysis 

In order to perform the analysis of the frequency dependent behaviour, the load and rope length cases 

mentioned in section 2.1 are compared. The properties are estimated from the data provided by a single 

FRF. First, in Figure 11 the results of the stiffness (EA) with respect to the preload are given for each of the 

lengths of the rope measured. 

 

Figure 11: EA with respect to the preload 
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The results show that the stiffness (represented as EA), is increased with the preload. As the preload is 

increased, the wires of the rope are aligned and clearance reduced, and the contribution of the polymer is 

decreased. A similar behaviour is observed for all the different rope lengths, even though the increase of the 

stiffness is lower for the 0.5 m rope, which could be due to a higher effect of the joints (boundary conditions) 

in that case. 

Figure 12 shows the results for the stiffness (EA) with respect to the frequency for each of the preload cases 

measured and it is observed that the stiffness is reduced as the frequency is increased. It needs to be taken 

into account, that the natural frequency is increased reducing the rope length and reducing the suspended 

mass. So, from Figure 12 it is also concluded that a higher preload implies a higher stiffness. 

 

Figure 12: EA with respect to the frequency 

Regarding damping, Figure 13 shows the loss factor with respect to the preload for the 5 lengths measured. 

In general, it is observed that the loss factor is decreased with the preload. However, a significant variability 

is observed due to the difficulty that the estimation of the damping implies. In section 3.1, in the analysis of 

the effect of the preload, certain variability was also observed. In this analysis, since the preload is much 

lower, the damping is significantly bigger, and so is the variability of the values obtained. 
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Figure 13: Loss factor with respect to the preload 

Generally, a bigger stiffness implies a lower damping and that is what is concluded in this case also, as it is 

shown in Figure 11 and Figure 13. As mentioned previously, the preload aligns the wires of the rope and 

reduces clearance, and thus, the steel wires become more significant in the behaviour of the rope. Therefore, 

the contribution of the polymer is decreased, which implies a lower damping, since polymers are usually 

the main contributors to damping.  

In Figure 14 the loss factor is shown with respect to the frequency for all the preloads considered. As it was 

pointed out previously, dispersion is significant in the results, but it can be seen that the loss factor tends to 

increase with frequency, which is the usual trend. Nevertheless, it needs to be underlined that the natural 

frequency changes due to the length and the suspended mass, so that the effect of the preload will be mixed 

with that of the frequency. 

 

Figure 14: Loss factor with respect to the frequency 
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In order to observe the effect of the frequency more clearly, the results for the high preloads analysed in 

section 3.1 are added to those obtained with the lower masses. Therefore, a wider range of preloads and 

frequencies can be observed in these comparison. The results obtained for the elasticity modulus are given 

in Figure 15. The reduction of the elasticity modulus with respect to the frequency is really obvious. 

Nevertheless, it should be pointed out that the increase in frequency is linked to the decrease of the 

suspended mass, and thus, the decrease in the preload. Therefore, the decrease of the elasticity modulus is 

not only because of the increase in frequency, but also because of the reduction of the preload. 

In Figure 16 the results for the loss factor are given. In this case, an increase with frequency is clearly 

observed. It shows the opposite trend than the elasticity modulus, since the stiffening of the rope implies a 

reduction of the loss factor. In addition, it needs to be underlined that the dispersion of the results obtained 

for the loss factor is significantly bigger than the dispersion in the results of the elasticity modulus. As it 

was mentioned previously, the estimation of the loss factor according to the half power bandwidth method 

is quite uncertain when the peak of the FRF is not symmetric enough and well separated from adjacent 

natural frequencies. 

 

Figure 15: EA with respect to the frequency for the two experimental tests 
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Figure 16: Loss factor with respect to the frequency for the two experimental tests 

4 Conclusions 

In this paper a procedure for the experimental characterisation of ropes was stablished and applied. The set-

up is simple and allows to obtain the elasticity modulus and the loss factor of ropes employed in elevators, 

but also in other applications. Other ropes may not have a polymeric coating, but the procedure proposed 

can be also applied for their characterisation. Changing the geometry of the joint that fixes the rope, belts, 

that are sometimes employed instead of ropes, can also be dynamically characterised following the 

procedure presented in this paper.  

In addition, the results obtained show the behaviour of a real rope subjected to several preload cases. As it 

is expected, the increase of the preload leads to an increase of the elasticity modulus and a decrease of the 

loss factor. This is the expected behaviour, considering that the preload aligns the wires of the rope, and 

thus, the clearances between wires are reduced, and consequently, the stiffness of the rope increases and the 

losses decrease.  

Concerning the effect of the frequency in the behaviour of the rope, it is observed that a slightly lower 

elasticity modulus is obtained as the frequency is increased, and that a significantly higher damping is 

obtained as the frequency is increased. Those are the usual trends in materials containing viscoelastic 

materials.  
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ABSTRACT 
A key challenge in the assessment of vibration effects is the lack of data regarding the vibration emission 

source, especially when groundborne noise is concerned. Multiple sets of guidelines, scientific papers and 

published literature provide methods of evaluating the impact of vibrations caused by operating machinery 

in terms of peak velocity as far as a building’s structural safety is concerned. Detailed calculations of 

groundborne noise requires entry data in the form of a force spectrum to perform FEM calculations. The 

purpose of this paper is to present an innovative methodology to measure the force applied by construction 

machinery in real working conditions and to separate the result from the influence of ground conditions so 

that the outcome can be applied to other situations. We propose a methodology based on a double stage 

measurement approach, using an impact hammer for the ground response assessment and the machinery in 

real working conditions for the vibration assessment. 

1 Introduction 

Construction vibration impacts and mitigation measures must be evaluated at various stages of a project to 

inform environmental impact assessment, detail design and construction methods. This evaluation process 

is particularly critical for urban worksites, where the distance between vibration sources and sensitive 

receptors can be minimal and the sensitivity high, resulting in a risk of significant adverse vibration and 

groundborne noise effects. Worksite construction vibration predictions are usually based on simplified 

empirical calculations such as those stated in FTA Transit Noise and Vibration Impact assessment or British 

Standard 5228-2:2009 guidelines. 

However, the estimation of an overall approximate value of peak particle velocity may not be enough, given 

the high stakes of some major construction projects or the stakes associated with highly sensitive receivers 

in the proximity of the worksite. 

In such cases, more detailed calculations, involving FEM methods, can be necessary. However, the main 

limitation becomes the lack of entry data for vibration sources such as construction plant. 

In fact, many reference values in the form of peak particle velocity at a given distance can be found in 

literature for most of the current construction machines, but forces, expressed in time or frequency domain, 

are not available. 

As part of a larger piece of work carried out by our engineers in 2018 in Paris, we present here the results 

of a detailed assessment of some construction machinery force measurements. 
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2 Context 

During construction work on the Grand Paris Express in France, construction machinery force 

measurements were carried out on a selected worksite outside of the perimeter of the main project zone. 

This worksite was selected because: 

 Many of the plant items which will be used for the construction of the Grand Paris stations were 

available and in operation on this site. 

 This was a surface site, with no underground safety risks for measurement assessments. 

 Enough space could be made available around the machinery to carry out the measurements. 

The machinery used as part of this assessment included: diaphragm wall rig, hydraulic breaker, tracked 

excavator working in a fixed position, tracked crane and cement truck moving along a reference line. 

 

 

Figure 1:  View of the chosen worksite  

3 Measurement methodology 

3.1 General principles 

The force measurement was carried out in two steps: 

 Particle velocity measurements were taken with each machine in normal operating conditions, 

through a predefined sensor network. Each sensor was placed at a given distance from where the 

machine was operating. 

 Mobility measurements (velocity / force) were transferred in background conditions (no machinery 

activity) from the previous point of activity of the machine and the same sensor network, by means 

of a 5kg impact hammer excitation. 
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Figure 2:  Impact hammer ground excitation for diaphragm wall rig (1) and detail of impact point (2) 

3.2 Sensor network 

The sensors used were 3D geophones (SYSCOM geophones model MR3000C), configured for continuous 

and synchronized vibration recording. 

For each item of machinery, according to its working conditions, a network of vibration sensors was installed 

on the ground, at 5 and 10 m distance from the point or line source. One example of the details of each 

network is given in figures 3 and 4. The red dots show the position of the sensors, while the blue dots show 

the points of impact hammer excitation. The latter can be placed on the working spot of the machinery tool 

or along its moving track. 

 

Figure 3:  Tracked crane assessment network 
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Figure 4:  Hydraulic breaker assessment network 

For the hydraulic breaker, the impact hammer excitation was carried out on a concrete block, to better 

represent the normal working conditions of each of the two machines. 

 

Figure 5:  Impact hammer test for hydraulic breaker 

3.3 Measurement conditions 

All sensors were synchronized and installed along the same axis (y axis facing north). The sensors were 

fixed into the ground using metal spikes. 

For the impact hammer, a metallic plate (200 x 200 x 25 mm) was laid over the impact point in order to 

ensure better shock conditions. 
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For better repeatability, a series of at least 15 impacts were carried out for each impact hammer excitation 

point.  

Due to technical constraints, other factors (listed below) affected measurement uncertainty: 

 Worksite conditions affected the geometrical precision of the point of impact of the working 

machinery.  

 The presence of background vibration, even though the tests were carried out for each machinery 

working singularly (background traffic vibration from outside the worksite). 

All measurements were performed with a 1000 Hz sampling rate. Results are presented in 1/3 octave bands 

within the 4 Hz – 315 Hz frequency range. Each impact sample, for all measurement tests, was set to 1s 

duration. 

4 Measurement results, repeatability and precision 

In order to verify the reliability of measurements in terms of repeatability and precision, two main controls 

were performed on each measurement: a coherence check and a background noise check. 

For each impact hammer excitation velocity measurement, a control of signal over background noise was 

calculated by comparing the signal PSD (power spectral density) to the background noise PSD (background 

noise being the signal recorded by the sensor immediately after the impact response). 

The coherence function between the impact force and the velocity measured at each reference point was 

also calculated. 

As for measurements of the operational machinery, a control of signal over background noise was calculated 

by comparing the signal PSD to the background noise PSD (background noise being the signal recorded by 

the sensor with no machinery operational). 

Examples of this analyses are given in the following figures for the hydraulic breaker measurement sets, for 

one of the nearest reference points (Point 21) and for one of the farthest (Point 24). 
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Figure 6:  Impact hammer measurement example for reference point 21, at 5 m. (1) Force (2) Velocity at 

reference point on vertical axis (3) PSD on vertical axis (4) Coherence function (v/F) 
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Figure 7:  Impact hammer measurement example for reference point 24, at 10 m. (1) Force (2) Velocity at 

reference point on vertical axis (3) PSD on vertical axis (4) Coherence function (v/F) 

Basic results remarks: 

The analysis of these results shows that the main limitation for use of ground impact hammer measurements 

is background noise. For the frequency ranges where background noise levels and impact response levels 

are similar, the response loses coherence and becomes less representative of the effective ground response 

for the transfer function estimation. 

However, the resulting coherence is satisfactory (higher than 0.9) for most of the frequency range between 

10 and 150 Hz, even for the reference point at 10 m distance. 

For these reasons, the final results will be extrapolated outside of this frequency range based on the values 

obtained within the frequency range less affected by background noise. 

5 Transfer mobility analysis for point source 

The analysis of the impact hammer measurement results gives an indication of the local transfer mobility 

between reference point i and the impact point. The calculation methodology applied [4] is the following: 

 transfer mobilityi = Lv ref 𝑖 − Fexc (vibration leveli – excitation force level) (1) 

The transfer mobility function calculated for the hydraulic breaker tests is plotted below for all impact 

hammer tests, and for the reference points considered in the previous chapter, Point 21 and 24. The black 

dashed curve gives the average values of the transfer mobility over all the realized tests in vibration decibel 

(dBV, reference 5*10-8 m/s). 

 

Figure 8:  Transfer mobility example for Hydraulic Breaker reference points 21 (1) and 24 (2) 
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The diverging results for frequencies lower than 10 Hz and the steep change in decay starting from 150 Hz 

(especially for the nearest reference point) appear to be the effect of the background noise impact described 

in the previous chapter. 

Otherwise, the results for all hammer impacts in the 10 to 160 Hz frequency range are coherent in relation 

to each other, allowing for a good estimate of the ground transfer function. 

6 Transfer mobility analysis for line source 

For a better estimate of the transfer mobility along the line over which the machinery is moving, the transfer 

mobility function has been calculated for each reference point over the nearest excitation point. An example 

is shown for the crane tests in the following. 

 transfer mobilityi = Lv ref 𝑖 − Fexc X (vibration leveli – excitation force level) (2) 

Table 1:  Cross reference table for line source transfer mobility calculation (crane) 

Reference point Excitation point 

01 and 05 A 

02 and 06 B 

03 and 07 C 

04 and 08 D 

 

 

Figure 9:  Crane tests blueprint 

7 Hydraulic breaker force estimate 

In terms of the working machinery tests, by comparing the local transfer function and the vibration 

measurements at the reference point, we can estimate the machinery force (FbreakerW). 

 FbreakerW = Lv ref - transfer mobility (3) 

The main subject for this force estimation is the choice of the most representative value of the velocity. If 

we take a closer look at the time history of the hydraulic breaker activity, we can isolate the most energetic 

time periods, which can be used as a trigger limit nuisance for a sensitive receiver’s groundborne noise 
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analysis. An example of the most energetic periods selected (red boxes) is shown in the following figure for 

the time history recorded at Point 21. 

 

Figure 10:  Hydraulic breaker time history for reference point 21. Selection of the most energetic periods 

Based on the above selection, the RMS value of velocity for each 1/3 octave band was calculated for each 

reference point. In the following, the analysis will be limited to the 4 Hz – 250 Hz frequency range for 

groundborne noise applications. 

By application of the equation (2), we obtain the force calculation for each reference point, illustrated in 

Figure 11, along with the logarithmic average resulting value. 

 

Figure 11:  Hydraulic breaker force calculation 
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To account for the background noise influence of the low frequency and high frequency ranges, a correction 

can be applied under 10 Hz and over 100 Hz, by cutting the force curve to obtain a better estimate, as shown 

in Figure 12. In this case, the result estimate is highly dependent on the type of material being broken 

(concrete, rock, ground…). 

 

Figure 12:  Hydraulic breaker force better estimate 

8 Crane force calculation and estimate 

The same procedure shown in the previous chapter was applied to the crane tests, with the difference 

associated to the transfer mobility calculation over a moving vibration source along a line. 
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Figure 13:  Crane force calculation 

In this case, the coherence analysis of the test measurements showed that the results were affected by 

excessive background vibration up to approximately 25 Hz. Coherence loss over 160 Hz is less consistent, 

but the standard deviation of the calculated force is higher and the resulting curve drifts up. A correction 

can be applied under 25 Hz and over 125 Hz, by cutting the force curve to obtain a better estimate, as shown 

in Figure 14. 

 

Figure 14:  Crane force better estimate 
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9 Other machinery force estimate 

For diaphragm walls tests, the measurement conditions were adjusted to respect safety constraints. The 

impact hammer excitation point was placed at the limit of the safety zone, 1m from the source point of the 

rig, which was not accessible. 

 

Figure 15:  Diaphragm wall rig assessment network 

 

Figure 16:  Diaphragm wall rig force calculation and estimate 
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The diaphragm wall rig force measurement was the case with the higher result uncertainty. In fact, the force 

application point is approximately 1m from the hammer impact point and 10 to 20m deeper below ground, 

at the bottom of the trench. 

 

Figure 17:  Tracked excavator assessment network 

 

Figure 18:  Tracked excavator force calculation and estimate 
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Figure 19:  Cement truck assessment network 

 

Figure 20:  Cement truck force calculation and estimate 

10 Discussion 

The methodology discussed in this paper to measure construction equipment force is based on the combined 

measurements of the vibration response due to the activity of the working equipment and of the ground 

transfer function. 
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The combined analysis of these parameters allows an estimate of the force independently on ground 

conditions, meaning that this force can be applied in simulation models to estimate vibration and 

groundborne noise impacts for any sensitive environment. 

The figure below shows a comparison of the results obtained in 1/3 octave bands. 

 

Figure 21:  Results comparison for tested machinery 

The limitations to this kind of methodology are as follows: 

 The uncertainty of the results in the lower frequency range and in the upper frequency range where 

a correction is necessary for the force estimate. 

 The response of the sensors due to the non-optimal attachment to the ground (site conditions). 

 The working condition of each item of machinery, which can vary based on the speed (especially 

for the moving machinery such as crane and truck), the depth of the tool (for the diaphragm wall 

rig) and the type of the working surface (concrete, rock or other for the breaker). 
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Abstract 
Recent scientific advancements in field of automotive, electronics, micromechanical systems, pipe 

technologies, have led to new technologies where the use of lightweight, tough, soft and high deformable 

materials has become ubiquitous. In this scenario, viscoelastic materials have spread in many different 

contexts, from seals to bio-inspired adhesives, because of their superior damping and frictional properties. 

For an appropriate use of such materials, however, the proper knowledge of their mechanical properties is 

a basic requirement. In this paper we present an innovative easy-to-use approach for determining the 

viscoelastic modulus, based on the experimental vibrational identification of viscoelastic beams of 

different lengths. A very simple setup and instrumentation are utilized for acquisitions, and an accurate 

analytical model of the beam is considered to determine the viscoelastic modulus, which takes into 

account multiple relaxation times of the material. 

1 Introduction 

A proper knowledge of mechanical properties of the viscoelastic materials is crucial for many practical 

applications, from seals [1] to bio-inspired adhesives [2-5], and the Dynamic Mechanical Analysis (DMA) 

[7,8], is widely employed for this scope, since it enables to determine the viscoelastic complex modulus, 

depending on both frequency and temperature. In particular, it consists of imposing a small cyclic strain 

on a sample and measuring the resulting stress response, or equivalently, imposing a cyclic stress on a 

sample and measuring the resultant strain response. Nevertheless, such an experimental procedure exhibits 

different limits (e.g. high frequency characterization is considerably difficult [9-11]) and requires 

expensive test equipment. In this view, several techniques have been proposed, based on the vibrational 

response of beam like structures. In Ref. [12], the complex modulus of acoustic materials using a transfer 

function method of a lumped mechanical model was utilized. In Ref. [13] the response of the endpoint of 

an impacted beam was measured in terms of displacements, by means of electro-optical transducers, and 

then an iterative numerical scheme was considered to retrieve the viscoelastic modulus. Other 

experimental procedures have been recently presented, with the aim of simplifying the setup, as in Ref. 

[14] where a double pendulum was utilized to excite a viscoelastic sample without any other source of 

external excitation, and recorded oscillations were induced by gravity. In Ref. [15] a cantilever beam was 

excited by means of a seismic force, and curve fitting of experimental data with a fractional derivative 

model was employed to characterize the complex modulus. However, in all the presented works dealing 

with mechanical characterization of viscoelastic materials, there is no the simultaneous presence of i) a 

very simple setup, ii) an analytical model to describe the dynamics of the vibrational system considered, 

and iii) a constitutive model able to accurately capture the behaviour of viscoelastic materials in a wide 

frequency range. In this view, a new approach for determining the viscoelastic modulus, based on the 
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experimental vibrational identification of viscoelastic beams with different lengths, is presented. Both a 

very simple setup is utilized for acquisitions, and an accurate analytical model of the beam are considered 

to determine the viscoelastic modulus, which takes into account multiple relaxation times of the material. 

In particular, by properly changing the length of the considered beam, it is possible to broaden the 

frequency range under analysis, and by selecting the appropriate number of relaxation times it is possible 

to optimize the fitting procedure. The results presented in this paper show that these two aspects are of 

pivotal importance to correctly determine the viscoelastic complex modulus, and they open new paths 

towards challenging further improvements. 

2 The viscoelastic beam dynamics 

2.1 Theoretical framework 

In this section we recall the fundamental results of the mathematical derivation of the viscoelastic beam 

dynamics [16-18]. For these kind of materials, in particular, the stress-strain relation is governed by the 

following integral [6] 

        dxtGtx
t

,,   
 (1) 

being )(t  the time derivative of the strain, )(t  the stress,  tG  the so called relaxation function. The 

viscoelastic complex modulus  sE  is closely related to the relaxation function  tG , and the simple 

relation    ssGsE   holds in the Laplace domain. The complex modulus  sE  can be written as 
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which derives from the generalized Maxwell model, consisting of a spring with elastic constant 0E , that 

represents the elastic modulus of the material at zero-frequency, and k  Maxwell elements connected in 

parallel, i.e. spring elements characterized by both the relaxation time k  and the elastic modulus kE . By 

considering the above Equations (1)-(2) in the theoretical model utilized to fit the experimental responses 

of the vibrating beam, it is possible to establish the optimal number of relaxation times to better capture 

the viscoelastic behaviour in a certain frequency range. The geometrical characteristics of the beam 

considered in the present paper are chosen in order to follow the Bernoulli theory of flexural vibrations, 

i.e. WL  , BL  , being L  the length of the beam, W  and B  respectively the width and the thickness 

of the rectangular cross section. In particular, by assuming that the transversal displacement  txuL , , 

it is possible to neglect the contribute of shear stress, which is always very low at the first resonances. The 

equation of motion can be therefore written as [16-19] 
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being A  ,   the bulk density of the material, WBA  the cross section area, 
3)12/1( WBJ xz   the 

moment of intertia, and  txf ,  the generic force acting on the beam. The solution of Equation (3) can be 

formulated in terms of the eigenfunctions  xn  by means of the decomposition of the system response 

      tqxtxu nn

n







1

,  (4) 

It can be shown that the eigenfunctions  xn  do not change if we consider a viscoelastic material instead 

of a perfectly elastic one. The eigenfunctions  xn , in particular, and the corresponding eigenvalues 
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nn cL  , can be calculated by solving the corresponding homogeneous problem of Equation (3), with the 

opportune boundary conditions. In the present study, we determine experimentally the beam response 

when it is suspended at a fixed frame, in the so called "free-free" boundary condition. After simple 

calculations (for more details see Ref. [16,17]), the following theoretical frequency response function 

(FRF), can be defined in terms of inertance 
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being the acceleration     2)(,,  iixUixA  , and having suppose to have, as in the experimental 

circumstance here considered, the forcing term      00, ttxxFtxf f   , i.e. in the Laplace domain 

the projected force is      fnnf

L

n xFdxxxxFF  000
  . Equation (5) will be utilized to fit the 

experimentally acquired FRF, as discussed in the next Section. 

2.2 Experimental acquisitions 

We have experimentally investigated two viscoelastic beams made of LUBRIFLON (Dixon Resine [20]), 

with thickness 1B  [cm], width 10W  [cm], lengths 60L  [cm] and 40L  [cm], which were 

suspended at a fixed frame through soft ropes. Different lengths, in particular, enable to enlarge the 

frequency range of interest, thus resulting in a better characterization of the material damping properties, 

as it will be thoroughly discussed in the next Sections. Furthermore, by considering beams with different 

lengths, it is possible to survey potential peaks suppression or mitigation, according to the theoretical 

studies previously presented in Ref.[16,17]. The basic experimental setup (laboratory of Applied 

Mechanics, University of Basilicata, Potenza, Italy), is shown in Figure 1.  

 

Figure 1: The experimental setup, consisting of i) the suspended viscoelastic beam (length L=60 [cm]) 

with a PCB 333B30 ICP accelerometer, glued on the upper surface, ii) the cDAQ-9184 NI data acquiring, 

iii) the PCB 086C03 ICP Impact Hammer and iv) a portable pc. 

This kind of setup, which represents the free-free boundary condition, is suitable in order to avoid external 

influences on damping due to constraints [21], as it happens for example when the beam is clamped. The 

cDAQ-9184 CompactDAQ (National Instruments) data acquiring has been utilized to collect the time 
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histories, through the NI Sound and Vibration Toolkit included in LabVIEW (National Instruments). The 

slender beam has been excited in the  z  -direction through the PCB 086C03 ICP Impact Hammer, and the 

accelerations have been acquired, in the same direction, by means of a PCB 333B30 ICP Accelerometer. 

The beam sections chosen for the impacting excitation and for the acceleration acquisitions were 

respectively Lx f 8.0~   and Lx 4.0~  . The motivation behind this choice lies in the fact that, in this way, 

by properly avoiding the nodal points, the first vibrational modes  fx5,1  should all be present in the 

measures FRFs, in the frequency range under analysis. However, it is expected a mitigation of both the 

first and fifth peaks, since the section of the input force fx~  is close to nodal points for the corresponding 

two mode shapes.  

 

Figure 2: The measured frequency response functions  ,~,~
fm xxH  (solid lines) and the coherence 

(dashed lines), in the range 0-600 [Hz], for the beams of length L=60 [cm] (a) and L=40 [cm] (b). 

We acquired a group of 10 time histories, each lasting 1 [s], with sampling frequency 25600sf  [Hz]. It 

should be observed that, because of the heavy damped material, the signal decreased to zero at about 1/5 

of the acquisition time, so there was no need to apply any windows to time histories. Then, we have 

calculated the Fast Fourier Transform (FFT) of the ten averaged time histories, for both the accelerations 

 ,~xA  and the impacting forces  ,~
fxF . Finally, the 1H  estimator [22] has been considered to 

determine the measured frequency response functions  ,~,~
fm xxH , which are shown in Figure 2, for the 

beams of length 60L  [cm] (Figure 2-a) and 40L  [cm] (Figure 2-b), in terms of absolute value of the 

function  ,~,~
fm xxH  (solid lines), in the frequency range 6000  [Hz]. Moreover, the coherence 

function [22] (dashed lines) for each acquisition is shown, for the same frequency range. It is possible to 

observe that, as expected, same resonances moves forward higher frequencies, by decreasing the beam 

length L . However, in contrast to a perfectly elastic beam, the amplitude of such peaks changes. In 

particular, the second peak, which is at 60  [Hz] for the beam of length 60L  [cm] (Figure 2-a), 

moves to 120  [Hz] for the beam with 40L  [cm] (Figure 2-b) and its amplitude increases. This 

circumstance suggests that the transition region of the material, where damping effects are more 

significant, should be found at lower frequencies. For both the material and the beam geometry considered 

in the present study, a slight mitigation of the resonances can be observed, and not a complete peak 

suppression [16,17]. This fact helps in interpreting the nature of the peaks in the frequency range 

considered, and thus enables us to perform a correct viscoelastic modulus fitting. 

2.3 System Identification 

By observing the coherence functions in Figure 2, it is possible to notice that some problems occurred 

before the second and after the fourth peaks, for both the tests. As previously discussed, this condition 

could be related to the selected impact section fx~ , which is near to the nodal points of both the first and 
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the fifth mode shapes  fx5,1 . Therefore, in order to get the correct information from the experimental 

data in the fitting procedure, we have considered only the frequency range with maximum coherence, i.e. 

25030  [Hz] for the beam with 60L  [cm], and 500150  [Hz] for the beam with 40L  [cm]. In the 

first case ( 60L  [cm]), we have excluded the first peak at 20  [Hz], since it is too near to the zone 

with low coherence. In the latter case ( 40L  [cm]), we have excluded both the first ( 50  [Hz]) and 

the second peak ( 120  [Hz]), because of the heavy drop of the coherence in correspondence of the first 

resonance. 

The measured frequency response function  ,~,~
fm xxH  has been fitted by means of the theoretical FRF 

 ,~,~
fth xxH  defined in Equation (5), in which only the viscoelastic modulus  E  is unknown. Hence, 

we have defined the cost function k  as the squared difference between the real and imaginary parts of the 

theoretical  ,~,~
fth xxH  and the measured  ,~,~

fm xxH  FRFs:  
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The best fit of the theoretical model has been performed by minimizing the above defined cost function 

k , which depends on the number k  of relaxation times considered to characterize the viscoelastic 

modulus  E . In this manner, the viscoelastic modulus  E  (see definition in the Laplace domain in 

Equation (2), can be determined in terms of i) the elastic modulus at zero-frequency 0E , ii) the relaxation 

times k , and iii) the correspondent elastic moduli kE . The fundamental novelty of the presented 

approach, with respect to the other similar vibration-based procedures presented in literature (e.g. [15]), 

consists in the fitting method, which can be optimized by properly choosing the number k  of relaxation 

times, to correctly fit the beam dynamic response. This number, in particular, is influenced by the width of 

the frequency band considered, and by the amount of damping present in a certain frequency range. With 

the aim of assessing the presented technique, we have also experimentally characterized our viscoelastic 

material through a Dynamic Mechanical Analyzer - MCR 702 MultiDrive - Anton Paar GmbH (Tribolab, 

Politecnico di Bari, Bari, Italy). However, the DMA approach is different, since the viscoelastic modulus 

 E  is directly measured by considering the stress - strain relation shown in the Eq.(stress-strain). 

Therefore, in order to define a frequency response function based on DMA results, we need an analytical 

form of the viscoelastic modulus  E  to be considered in Equation (5). Hence, we have fitted the 

experimental viscoelastic modulus  E  measured with DMA, by means of Equation (2). In the 

frequency range 515 1010   [Hz], 50  relaxation times have been utilized.  

3 Results 

The first experimental data set considered is related to the beam with 60L  [cm]. From the first 

iterations, we found that, in order to obtain the best results, it is preferable to consider two peaks at a time, 

i.e. the second and the third resonances in the frequency range 15030  [Hz] (see Figure 2-a). The best 

fitting of the theoretical model (Equation (6)) has been achieved by means of 11 relaxation times, and it is 

shown in Figure 3, where the measured FRF  ,~,~
fm xxH  (black dashed lines) is compared with the 

theoretical FRFs  ,~,~
fth xxH , obtained by utilizing Equation (5), and by considering the viscoelastic 

modulus calculated by means of both the beam-fitting procedure (red lines) and the DMA-fitted data 

(black solid lines), in terms of real part (a), imaginary part (b) and absolute value (c) of the FRFs. 

Interestingly, it is possible to observe a very good overlapping between the measured curves and the 

theoretical FRF obtained with our proposed method. 
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Figure 3: The comparison between the measured FRF  ,~,~
fm xxH  (black dashed lines) and the 

theoretical FRF  ,~,~
fth xxH , obtained through beam-best fitting (red lines) and DMA data (black solid 

lines), for the beam of length L=60 [cm]. Curves are shown in terms of real part (a), imaginary part (b) 

and absolute value (c) of the FRFs. 

The higher frequency range, i.e. 500150  [Hz], has been studied by investigating the dynamic response 

of the beam with smaller length, i.e. 40L  [cm]. In this case, we obtained the best fit with 8  relaxation 

times. Let us notice that, despite of the broader frequency range now considered, the number of relaxation 

times in this case is less than that one utilized in the previous case (i.e. 11  relaxation times). The reason is 

probably related to the fact that the transition region of LUBRIFLON is found at low frequency (see 

Figure 2-b), and therefore the more the frequencies are low, the more the viscoelastic modulus must be 

characterized through a higher number of relaxation times to properly describe the fast increase of 

damping, i.e. of the imaginary part  ]Im[ E . In Figure 4, we compare the measured FRF  ,~,~
fm xxH  

(black dashed lines) with the theoretical FRFs  ,~,~
fth xxH  (Equation (5)), calculated by considering the 

viscoelastic modulus experimentally obtained by means of the beam dynamics (red lines) and through 

DMA (black solid lines), in terms of real part (a), imaginary part (b) and absolute value (c) of the FRFs. 

 

Figure 4: The comparison between the measured FRF  ,~,~
fm xxH  (black dashed lines) and the 

theoretical FRF  ,~,~
fth xxH , obtained through beam-best fitting (red lines) and DMA data (black solid 

lines), for the beam of length L=40 [cm]. Curves are shown in terms of real part (a), imaginary part (b) 

and absolute value (c) of the FRFs. 

Also in this case, the proposed approach turns out to be very suitable for the viscoelastic material 

characterization. At last, the viscoelastic moduli  E , characterized by means of the vibrational analysis 

on the beams with lengths 60L  [cm] ( 15030  [Hz]) and 40L  [cm] ( 550150  [Hz]), have been 

fitted through Equation (2) in the whole frequency range 55030  [Hz]. In Figure 5, we show the 

viscoelastic modulus  E  determined by means of the beam dynamics (dashed lines) and the one 

measured with DMA (solid lines). For both the real part (Figure 5-a) and the imaginary part (Figure 5-b) 

of the viscoelastic modulus  E , we obtained a fine matching, thus finally assessing the method 

proposed in this paper.  

1656 PROCEEDINGS OF ISMA2020 AND USD2020



 

Figure 5: The real part (a) and the imaginary part (b) of the viscoelastic modulus E(ω), in the frequency 

range 30-550 [Hz], obtained from DMA (solid line) and by fitting the two moduli determined through the 

vibrational responses of the two beams with different lengths (dashed line). 

In conclusion, we found that for a good fitting of the vibrational response of the beam, the frequency range 

where coherence is not maximum, as well as some peaks near these areas, should be excluded from the 

fitting calculations. Furthermore, it has been shown that, the more we proceed towards frequencies where 

damping is high, i.e. versus the transition zone of the viscoelastic material, the more we need to consider a 

narrow frequency band to fit the beam response, and an increasing number of relaxation times to describe 

the viscoelastic modulus  E  is required too. The comparison between the viscoelastic moduli  E  

characterized by means of our technique and through DMA, finally assessed the possibility to retrieve this 

so important mechanical quantity, by simply investigating the dynamics of a viscoelastic beam. We also 

found that, the idea to consider more beams with different lengths, is very useful to increase the frequency 

range of interest, and, in principle, by studying the dynamics of even longer or shorter beams, it is possible 

to cover wider frequency ranges. 

4 Conclusions 

A very simple and accurate experimental approach for determining the complex modulus of viscoelastic 

materials has been presented in this paper. The vibrational response of suspended viscoelastic beams with 

different lengths has been used to characterize the complex modulus of LUBRIFLON, by fitting the 

measured response through an accurate analytical model of the beam dynamics, which takes into account 

multiple relaxation times of the material. In particular, the possibility to properly select the number of 

relaxation times in a frequency range of interest, turned out to be a key factor to obtain very good results. 

The instrumentation utilized in our experiments is inexpensive and easy to use, and it consists of an impact 

hammer and a suspended beam, instrumented by means of an accelerometer connected to a data acquiring 

module. Comparisons with DMA measurements demonstrate the validity of the proposed technique on a 

frequency range which could be comparable with the one usually covered by DMA technique. In 

conclusion, the proposed procedure represents a valid alternative approach to DMA, and can be 

considered as a significative step forward the improvement of the mechanical characterization of 

viscoelastic materials. 

References 

[1] F. Bottiglione, G. Carbone, L. Mangialardi, G. Mantriota, "Leakage Mechanism in Flat Seals," 

Journal of Applied Physics, vol. 106, no 10, pp. 104902, 2009. 

[2] G. Carbone, E. Pierro, S. Gorb, "Origin of the superior adhesive performance of mushroom shaped 

microstructured surfaces," Soft Matter, vol. 7, no 12, pp. 5545-5552, 2011. 

[3] G. Carbone, E. Pierro, "Sticky bio-inspired micropillars: Finding the best shape," SMALL, vol. 8, no0- 

9, pp. 1449-1454, 2012. 

INVERSE METHODS - LOAD IDENTIFICATION 1657



[4] G. Carbone, E. Pierro, "Effect of interfacial air entrapment on the adhesion of bio-inspired mushroom-

shaped micro-pillars," Soft Matter, vol. 8, no 30, pp. 7904-7908, 2012. 

[5] G. Carbone, E. Pierro, "A review of adhesion mechanisms of mushroom-shaped microstructured 

adhesives," Meccanica, vol. 48, no 8, pp. 1819-1833, 2013. 

[6] R. M. Christensen, Theory of viscoelasticity. Academic Press, New York. 

[7] R. P. Chartoff, J. D. Menczel, S. H. Dillman, "Dynamic Mechanical Analysis (DMA)," in: Thermal 

Analysis of Polymers: Fundamentals and Applications (eds J. D. Menczel and R. B. Prime), John 

Wiley & Sons, Inc., Hoboken, NJ, USA, 2009. 

[8] S. Huayamares, D. Grund, I. Taha, "Comparison between 3-point bending and torsion methods for 

determining the viscoelastic properties of fiber-reinforced epoxy," Polymer Testing, vol. 85 (106428), 

2020. 

[9] A. W. Nolle, "Methods for measuring dynamic mechanical properties of rubber-like materials," 

Journal of Applied Physics, vol. 19, no. 8, pp. 753-774, 1948. 

[10] K. Nijenhuis, "Survey of measuring techniques for the determination of the dynamic moduli," in 

Rheology, pp. 263-282, Springer, Berlin, Germany, 1980. 

[11] R. Esmaeeli, H. Aliniagerdroudbari, S. R. Hashemi, C. Jbr, S. Farhad, "Designing a New Dynamic 

Mechanical Analysis (DMA) System for Testing Viscoelastic Materials at High Frequencies," 

Modelling and Simulation in Engineering, Volume 2019, Article ID 7026267, 9 pages. 

[12] T. Pritz, "Dynamic strain of a longitudinally vibrating viscoelastic rod with an end mass," Journal of 

Sound and Vibration, vol. 85, no 2, pp. 151-167, 1982. 

[13] I. N. Trendafilova, S. Odeen, B. Lundberg, "Identification of viscoelastic materials from electro-

optical displacement measurements at two sections of an impacted rod specimen," European Journal 

of Mechanics A: Solids, vol. 13, no 6, pp.793-802, 1994. 

[14] J. B. Casimir, T. Vinh, "Measuring the complex moduli of materials by using the double pendulum 

system," Journal of Sound and Vibration, vol. 331, no 6, pp. 1342-1354, 2012. 

[15] F. Cortes, M. J. Elejabarrieta, "Viscoelastic materials characterisation using the seismic response," 

Materials and Design, vol. 28, pp. 2054--2062, 2007. 

[16] E. Pierro, "Viscoelastic beam dynamics: Theoretical analysis on damping mechanisms," in: 7th 

International Conference on Computational Methods in Structural Dynamics and Earthquake 

Engineering, COMPDYN 2019, Crete, Greece, 24 June, pp. 4396-4407, 2019. 

[17] E. Pierro, "Damping control in viscoelastic beam dynamics," Journal of Vibration and Control, doi: 

10.1177/1077546320903195, 2020. 

[18] E. Pierro, G. Carbone, "A new technique for the characterization of viscoelastic materials: theory, 

experiments and comparison with DMA," under review. 

[19] D. J. Inman, Engineering Vibrations. Upper Saddle River, NJ: Prentice Hall, 1996. 

[20] https://www.dixon-resine.it/ 

[21] D. J. Ewins, Modal Testing: Theory, Practice and Applications, Taunton: Research Studies Press, 

1984. 

[22] R. Pintelon, J. Schoukens, System Identification: A Frequency Domain Approach, IEEE Press, 

Piscataway, NJ, USA, 2001. 

 

1658 PROCEEDINGS OF ISMA2020 AND USD2020



Inverse dynamic load distribution identification for a
passenger car tire using vibration responses

H. Devriendt 1,3, F. Naets 1,2, P. Kindt 3, W. Desmet 1,2

1 KU Leuven, Department of Mechanical Engineering,
Celestijnenlaan 300, B-3001, Heverlee, Belgium

2 DMMS Lab, Flanders Make @KU Leuven,
Celestijnenlaan 300, B-3001, Heverlee, Belgium

3 Tire Vehicle Mechanics,Goodyear Innovation Center* Luxemburg,
Avenue Gordon Smith, L-7750, Colmar-Berg, Leuven

Abstract
The problem of reconstructing the dynamic spatial distribution of transient contact loads exciting a non-linear
structure using vibration response measurements is studied. These response measurements are combined
with a model that is representative in the frequency range of interest for inverse characterization of the loads.
The implementation of two approaches is presented, focusing on the specific time and spatial properties of
the input force and the structure. A deterministic inverse technique using impulse responses, together with
L-curve Tikhonov regularization, is compared to the stochastic technique of the Augmented Kalman Filter
(AKF). A priori knowledge on the spatial distribution of the loads is exploited to enhance the input estimation
quality. The presented methodologies are implemented for a high-fidelity full-3D FE model of a passenger
car tire rolling with constant velocity on a rough road.

1 Introduction

In automotive industry nowadays, there exists an increasing demand for tires with low noise emission due
to market and regulatory trends. The first is related to a shifting customer demand towards more silent
and energy-efficient cars. As a consequence, vehicles are produced with more lightweight materials, since
this results in lower vehicle weight and lower carbon footprint. Unfortunately, these lightweight materials
typically influence the noise behavior negatively. The second aspect involves legal maximum noise emission
limits that are being lowered systematically.

Together with noise behavior, tire design typically involves more than 50 performance criteria, such as han-
dling, energy efficiency or wear. As the underlying structure is always the tire, these criteria are highly
coupled. Limits or targets on these set out the boundaries and objectives when designing a tire. As this is
a very complex task, it is important to know how different design parameters will affect these performance
criteria, as well as how different tire designs can be ranked based on these criteria.

One of the important aspects for tire noise is the structure-borne interior cabin noise. This type of noise is
typically dominant over the airborne noise in the 0−400Hz range when driving on a rough road [1], [2]. An
important parameter for this type of noise is the dynamic spatial distribution of the contact forces between the
tire and the road in the contact patch. These forces give rise to wheel hub reaction forces that are transmitted
through the vehicle body to the cabin, generating interior noise. However, the dynamic distribution of these
forces is difficult to obtain in practice. One could try to measure it with a dedicated sensor on a prototype,
which has been done for rolling on a smooth road [3]. This is very costly and for driving on a rough road,
sensors might get damaged. Another approach would be to simulate the tire/road forces using a digital twin
of the tire [4],[5]. This comes with the drawbacks of modeling simplifications and computational cost which
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is typically very high when accurate results with sufficient frequency and spatial resolution are needed for
the proposed frequency range.

Therefore, the approach followed in this research is to estimate the forces indirectly. Responses that are easy
to measure in practice, such as accelerations, velocities, hub forces, etc are combined with a representative
model of the structure. This model should not require extensive pre-processing or tuning. The input forces are
then computed in an inverse way. An overview of different approaches for inverse input load characterization
is given by Sanchez et al. [6]. Two approaches have been selected: a direct technique, the Impulse Response
Matrix Least-squares deconvolution [7], [8], and a stochastic technique, the Augmented Kalman Filter [9],
[10]. Both formulate the dynamics of the structure in the time domain. The first technique computes the
response measurements at all time steps within a certain time window at once using a convolution-based
input/output model. Subsequently, inputs are computed in such a way that the error norm between the
measured and computed measurements at all times is minimized. The second technique formulates the
input/output relation of the forces to the measurements with a state/space description. The model updates
are performed for each time step incrementally. As it is a stochastic technique, it is possible to quantify the
degree of uncertainty one has over the model or the measurements. Predictions for the measurements at the
next time step are computed using the model, and these are compared to the actual measurements at that next
time step. The inputs are updated in such a way that the uncertainty on the states and inputs is minimized.
By doing so, information that is less certain will contribute to a lesser extent to the update of the state and
inputs.

The estimation of the tire/road dynamic contact force distribution poses several difficulties. When a high
spatial resolution of the contact forces is required, the inputs to be estimated are located in a relatively small
area of the full structure. So, the difference in response to several closely spaced loads on the structure can be
small, especially far away from the excitation zone (being the contact patch). Moreover, the modal density
of a tire in the frequency range of interest can be significant, resulting in a model with many degrees of
freedom to be used. The estimation accuracy of the two approaches are compared for the identification of
external loads on a simple digital twin of a tire. The details of both methods are given in section 2. The used
tire model is presented in section 3, and the numerical experiment comparing the two approaches is given in
section 4.

2 Inverse load reconstruction techniques

Two time-domain inverse load reconstruction techniques have been chosen to give an estimate of the dynamic
spatial distribution of the tire/road contact forces. Formulating the reconstruction problem in the frequency
domain has shown to cause numerical difficulties resulting in noise amplification and inversion problems,
see the work of Vercammen[1]. A priori assumptions on the properties of the force distribution were applied
for improving the conditioning of the inverse problem. The rationale for formulation in the time domain is
that the contact forces do not reach a steady-state regime after some time but remain transient. In addition, it
is exactly this transient response that is of interest for identification of the exact location of the excitation. In
this transient phase, the traveling waves from excitations in the contact patch are still traceable as they travel
through the tire. Moreover, the resulting response is not yet fully modal, which would make the localization
of the force very difficult as most modeshapes under 400Hz show little variation in the small excitation area.
This exact excitation location is of interest when reconstructing the spatial distribution of the forces. The first
technique is a Least-Squares computation of the full time signal using an Impulse Response Matrix (IRM),
whereas the second is a time-stepping approach, namely the Augmented Kalman Filter (AKF).

2.1 Impulse response matrix deconvolution

For a linear system, initially at rest, the response in a Degree Of Freedom (DOF), y(t), can be expressed as
the convolution product of the input forces u(t) and the response at that DOF to Dirac impulse excitations
applied at each input location separately H(t):
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y(t) =

∫ t

0
H(t− τ)u(τ)dτ (1)

The idea expressed here is that, since the model is linear, the response to a load time profile can be broken
down into the sum of the responses to impulsive excitations at each time τ scaled with the actual load
amplitude u(τ).

Next, this equation describing the continuous relation between a force at an input location ui, i = 1 . . . p and
a measurement at a response location yj , j = 1 . . . k is repeated for all excitation-response combinations.
For responses sampled at discrete points in time, a discretized version of the continuous convolution integral
is needed:
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The adopted method in this work assumes that responses to the excitation to be computed and to the impulse
forces are sampled at the same rate. If this is not the case, a slightly different formulation of the IRM matrix
is needed [11].

Key for this method is to obtain the time-domain Impulse Response Functions (IRF) for each input/measurement
combination. In theory, a Dirac impulse is required as reference excitation, being an infinitesimally short
pulse in time, which is not realizable in practice. So, an approximation for these can be obtained either
through simulation, analytically or experimentally. In this work, IRFs are computed based on a numerical
simulation. Therefore, a model is needed that is capable of accurately computing the response to such an
approximate Dirac impulse force applied at t = 0. This can be modeled by application of a unit impulsive
force that is constant during the first timestep. However, this is not an infinitely short impulse. In experi-
ments, especially when using hammer excitation measurements, applying such an infinitely short impulse is
technically even less feasible. So, the time-discretized convolution formulation is altered by using so-called
quasi-impulse loads uQI . In that approach, the impulse responses are the measured responses to a finite
impulse excitation, and a transformation of the inputs to Dirac impulse inputs is performed. This is valid,
provided it is possible to express the purely impulsive loads in terms of the actual applied load time profiles.
Details can be found in the work of Jankowski [7]. Using quasi-impulse excitations acts as a low-pass filter
on the results, suppressing high-frequent noise.

2.1.1 The Impulse Response Matrix-Least Squares algorithm (IRM-LS)

In order to obtain dynamic results with frequency resolution up to 400−450Hz, a large number of time steps
are necessary. This makes the system to be inverted a lot larger and reduces its conditioning. So, a reasoning
similar to the one of Kazemi Amiri [12] is used here for construction of an Augmented impulse response
matrix. It is thereby assumed that the unknown loads can be linearly interpolated between sampled time
steps, and that the IRFs can be sampled at higher rate. If the latter is not possible, one could also use (linear)
interpolation between IRF time samples. Then, the discretized convolution integral is computed by adding
contributions at all sub-steps in between the time samples. See Figure 1. In this way, a higher sampling rate
can be maintained without increasing the size of the problem.

So, the discretized convolution response at a time tK being:
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Figure 1: Augmented impulse response with 4 sub-steps (left) and augmented input load (right)

yK = h
K∑

i=0

HK−iui (3)

is now replaced by assuming the impulse responses Hi and inputs ui are not constant anymore, but can
vary within a time step in a number of sub-steps M . The i-th contribution to the convolution integral is not
anymore HK−iui, but is approximated as:

1

M

M∑

m=1

HK−i+m/M
{m
M

ui + (1− m

M
)ui+1)

}
(4)

Terms pertaining to ui and ui+1 are then arranged properly, resulting in combinations of the IRF sub-steps
in a term Haug

K−i.

The resulting discretized system of equations using the Augmented Impulse Response Matrix and quasi-
impulsive loads uQIi is then:
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(5)

In order to solve this equation, a least-squares solution is computed. So, this can be seen as the Linear Least
Squares (LLS) technique for the particular case of a system being initially at rest. This LLS technique is
used in a large number of studies, see e.g.[13].

2.1.2 Regularization

As already stated in Section 1, the solution typically suffers from ill-conditioning. Specifically, for the
application of reconstructing dynamic loads close together in the tire footprint, there are different aspects
that add to the ill-conditioning. First of all, the responses at a certain location due to impulsive loads applied
at different but closely-spaced locations within the contact patch will be almost the same if the dimensions
of the patch are much smaller than the wavelengths of the traveling waves in the frequency range of interest.
Second, the measured responses from the input load and the IRF have sensor noise added to the signals. Note
that some ill-conditioning is already mitigated by using the interpolated IRM and quasi-impulsive loads.
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In order to cope with these issues, Tikhonov Regularization is used [14], where the actual system of equations
to solve in a least-squares sense is:

minu

{
‖y −Haugu‖2 + λ2 ‖u‖2

}
(6)

Formally, this technique adds the constraint that the solution norm of 5 should be small. The importance of
this imposed constraint is expressed through the parameter λ. Its value is chosen using the L-curve, which
plots the solution norm versus the residual norm for different values of λ, typically an L-shaped curve. The
optimal value is the one in the corner or ’elbow’ of this L-shape. This ensures a good balancing between
limiting the solution norm and the residual norm.

2.2 Augmented Kalman filter

For linear systems, the Augmented Kalman filter can be used for providing unbiased estimates of the un-
known inputs at each time step.[15],[16]

In this study, dynamics are modeled using a second-order system. The continuous equations of motion are:

Mz̈(t) +Cż(t) +Kz(t) = f(t) (7)

with z(t) ∈ RnDOF the response of the system in each Degree-Of-Freedom (DOF), f(t) the input forces and
M, C and K the system mass, damping and stiffness matrices, respectively. In order to limit computational
cost, the size of the problem is typically reduced using some projection basis V ∈ Rnred with lower dimen-
sionality nred < nDOF than the original system, resulting in a reduced system of equations. Likewise, the
forces can be projected onto a lower-order set of force shapes B:

z(t) ≈ Vq(t) (8)

f(t) ≈ Bu(t) (9)

Mredq̈(t) +Credq̇(t) +Kredq(t) = Bredu(t) (10)

Next, the system of equations is cast in state-space form. In order to have first order model update equations
describing the system dynamics, the state x is defined as:

x =

[
q
q̇

]
(11)

Since the Kalman filter models a stochastic process, process and measurement noise are added to the model
and measurement equations, respectively. These noise terms, v(t) and w(t) are vectors of uncorrelated, zero-
mean white noise terms with respective covariances Q and R. These properties are necessary conditions for
the generation of an unbiased estimate. The noise terms are measures of the degree of uncertainty of the
different model equations or measurements. This leads to the state-space formulation used in the Kalman
Filter:

{
ẋ(t) = Ax(t) +Bu(t) +w(t)
y(t) = Cx(t) +Du(t) + v(t)

(12)

In the Augmented Kalman filter framework, the unknown input variables u are added to the state vector,
resulting in an augmented state. For the current application, all inputs will be assumed unknown:
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x∗ =
[
x
u

]
(13)

In order to include this augmented state in the state-space formulation, an assumption has to be made on the
dynamics of the unknown inputs. In this work, a zero-order random walk assumption is used [16]:

u̇(t) = 0+wu(t) (14)

resulting in following augmented state-space formulation:

{
ẋ∗ = A∗x∗(t) +w∗(t)
y(t) = H∗x∗(t) + v

(15)

with the augmented state-space matrices being:

A∗ =
[
A B
0 0

]
,H∗ =

[
C D

]
(16)

and the augmented process noise and its covariance:

w∗ =
[
w
wu

]
,q∗ =

[
Q 0
0 Qu

]
(17)

Finally, the continuous equations are time-discretized. For this, the model partial differential equation is
discretized using an exponential integration scheme with zero-order hold for the inputs [17]. This results in
following system of algebraic equations at time step k:

{
x∗
k+1 = F∗x∗

k +w∗
k

yk+1 = H∗x∗
k+1 + vk+1

(18)

with the integrated process model matrix F ∗ and the integrated process covariance matrix Q∗
d of the noise

terms given by[18]:

F∗ =
[
eA∆t A−1(eA∆t − I)B
0 I

]
(19)

Q∗
d =

∫ ∆t

0
eAτQeA

T τdτ (20)

These matrices are then input in the Kalman filter time and measurement update equations for computing the
a priori extended state estimate x̂∗− and a posteriori extended state estimate x̂∗+ at each time step:

Time update

x̂∗−
k+1 = F∗x̂+

k (21)

P−
k+1 = F∗P+

k F
∗T +Q∗

k (22)

Measurement update
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Kk+1 = P−
k+1H

∗T (H∗P−
k+1H

∗T +Rk+1)
−1 (23)

x̂∗+
k+1 = x̂∗−

k+1 +Kk+1(yk+1 −H∗)x̂∗−
k+1) (24)

P+
k+1 = (I−Kk+1H

∗)P−
k+1 (25)

where Pk is the state covariance and Kk the Kalman gain. The optimality of the Kalman filter lies in the
fact that the trace of this state error covariance matrix is minimized. Conceptually, the time update computes
an estimate of the state with corresponding uncertainty in its covariance for the next time step k + 1 using
the model equations. Then, a correction of this a priori estimate is applied by using the measurement taken
at timestep k + 1, yielding a posteriori an updated estimate and corresponding covariance. The relative
importance of the time and measurement updates are expressed through the relative values of the process
and measurement noise covariance terms.

By setting initial values for the state x̂0 and its covariance P0, the algorithm is initialized and estimates are
computed at each timestep.

3 Tire model

Both presented methodologies in Section 2 require a model that is representative for the application of a
tire rolling on a rough road. This model should be linear, easy to obtain and ideally have limited amount of
DOFs. This is because of computational time, but also because of the amount of measurements necessary
for correct force estimates.

The validated simulation framework developed by De Gregoriis [19] is used for generating reference re-
sponses as well as impulse responses and model equations. The framework is a fully predictive 3D, coupled
vibro-acoustic, non-linear FE modeling tool for simulating rough road rolling of a tire with constant veloc-
ity. Physics are incorporated explicitly by modeling the actual materials and structures that make up the tire
and using suitable material and interaction laws. Tire/road contact is modeled explicitly, no assumptions are
made regarding properties of the forces or the force spatial distribution. The non-linear dynamic simulation
of rolling on a rough road is performed in a computationally efficient way by means of a Multi-Expansion
Method (MEM) hyper-reduction scheme [20].

First, the tire is inflated, loaded and brought in rotation on a test drum with smooth road surface in a non-
linear static simulation. The model is then linearized around this non-linear state and the deviatoric responses
are projected onto a lower-order basis: z(t) = z0 +Vq(t). The assumption behind this linearization is that
tire vibrational displacements are typically limited in amplitude, so the system’s displacement-dependent
properties will not change significantly. Next, the reduced dynamic equations of motion for rolling on a
rough road are solved at each time step by using an implicit generalized-α integrator. Responses are polluted
with representative sensor noise, depending on the specific response type.

In order to properly describe the forces in a way that limits the amount of force parameters to be recon-
structed, a forward reference simulation of rough road rolling of the linearized model is used to exploit the
characteristics of the spatial distribution of the dynamic contact forces. Contact forces are band-pass filtered
between 50 − 450Hz, and based on the spatial distribution of their resulting time-RMS values, Areas of
Constant Force (ACF) are defined. These are areas within the contact patch where the forces are assumed to
have the same value. The more ACFs used, the better the actual contact force distribution will be described,
but this comes with aforementioned drawbacks of inverting a system with a high number of unknown inputs.
As the final goal is to have a means of ranking different tire designs, a consideration has to be made between
the number of inputs necessary for having a representative distribution representation that is still sufficiently
accurate after reconstruction, using limited response measurements.
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Figure 2: Spatial arrangement of the Areas of Constant Force inside the tire footprint

4 Numerical experiment

Using the framework outlined in the preceding sections, the two force identification techniques are compared
for two types of externally applied loads:

• An impulsive load applied in one single ACF

• The force distribution for rough road rolling, expressed as resultant forces constant within the different
ACFs

A physically available test tire with only circumferential grooves, a so-called aircraft tire, mounted on a light
alloy rim, is modeled using the framework described in Section 2. The size is 225/45R17. Detailed tread
modeling for the current application and frequency range can be neglected as this typically only influences the
noise at higher frequencies. This assumption yields the advantage of a radially symmetric tire. Construction
details are obtained from the tire design, and material data is obtained from material sample tests.

The tire is inflated with an inflation pressure of 2.2 bar and statically loaded on a smooth drum with a
vertical load of 5 kN. The drum rotates with fixed angular velocity, bringing the tire into rotation. As no
slip is assumed, the drum angular velocity is chosen such that the tire rotates at a constant velocity of 50
kph. This configuration is used as the base state around which to linearize. Originally, the full FE model
contains more than 300000 DOFs. The model is reduced in size using a projection basis V containing static
and dynamic structural eigenmodes, as well as dynamic acoustic eigenmodes. The input force distribution
assumes 10 ACF, covering most nodes where contact occurs during the rough road simulation. See Figure 2.

Reference and impulse response measurements are obtained by running a time simulation on the linearized
model with the two aforementioned types of external loads applied. The measurement DOFs for the re-
construction are computed responses from this simulation, polluted with sensor noise. The amplitudes of
the noise pollution terms are chosen representative for a typical sensor measuring a certain response type.
In this work, measured responses are accelerations using accelerometers with sensor noise covariance of
diag(Racc) = 10−2(m/s2)2. The measurement locations are all DOFs where an input force can occur,
being in each node of the ACFs. Responses are low-pass filtered below 500Hz. The timestep is 0.2ms and
total simulation time is 0.15s.

For the IRF-LS framework, impulse responses are computed numerically by applying a constant smooth
road load to the tire and additionally applying impulsive forces in each ACF. Responses are computed using
the same parameters for the generalized-α integrator as in the general non-linear simulation. The sampling
rate is 0.1ms. The impulsive force is modeled as the impact force of a hammer with soft rubber tip with
cutoff frequency around 500Hz [21]:

f(t) =
tp−1e−t/θ

[(p− 1)θ]p−1e1−p (26)

where p and θ are shape parameters chosen in order to have an impact force with cutoff frequency around
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500Hz. Furthermore, interpolation using the augmented IRM is applied with 1 substep. Tikhonov regular-
ization is applied using the L-curve for choosing the appropriate λ.

For the AKF, the process noise covariance on the displacement and velocity update equations is put to
Q = 0. As the same model is used for the reference measurement and the reconstruction, it is assumed
that the uncertainty on the model update equations are negligible compared to the uncertainty on the on the
random walk equations for the 10 input parameters. The diagonal values of the latter are chosen to be 103N2.
This magnitude is chosen several decades larger than the rate of change of the reference forces applied to the
model.

In order to avoid long-term drift of the estimated forces using the AKF, dummy displacement measurements
are used [22]. These are taken in all nodes inside the contact patch and at several locations spread around the
full tire circumference. In order to ensure good force tracking, sensor noise on these dummy displacements
is chosen several orders of magnitude larger than their expected values. On the other hand, the value should
not be too large in order to still have the stabilizing long-term effect in the Kalman filter. After investigation
of the order of magnitudes of the displacements in the dummy response points and subsequent tuning of the
value in trial runs, the covariance is chosen at diag(Rdummydisp) = (10−6)2(m)2. Finally, the initial values
of the augmented state vector are put to 0, and it is assumed that these initial values are perfectly known, so
the corresponding initial covariance matrix is put to a low value: diag(P0) = 10−6.

4.1 Impulsive force reconstruction

An impulsive load is applied in ACF 2. Comparison of the reconstructed resultant force is shown in figure 3.
Both frameworks track the impulsive force quite well, but the AKF estimate does not converge to zero after-
wards. As is shown in figure 4, the PSD of the resultant force shows that the AKF filter is more influenced
by the modal behavior of the response than the IRM-LS. This is illustrated in figure 6. In addition, the exact
localization of the force bump is better for the IRM-LS than for the AKF. See figure 5. Below 200Hz, the
reconstructed loads using the IRM-LS approach shows deviation, as accelerations are lower in magnitude.

So, using the AKF shows more difficulties in tracking the impulsive force in a single patch. The reference
measurements are generated using the generalized-α solver, an implicit solver that is known to add numerical
damping to a simulation [23]. Typically, this damping is only present at higher frequencies, but it turns out
to influence the frequency range of interest as well. This damping effect is not included in the AKF model
equations that use an exponential integrator. This causes response mismatch, that is compensated for by
changing the input force, since no uncertainty is assumed on the model equations. The IRM-LS estimator
uses the full time-response of the same model, but simulated with the generalized-α solver, so this numerical
damping effect is included there. Tuning the input covariance did not result in better AKF force estimates.
This issue could be resolved using the generalized-α solving scheme as well in the AKF, as was done by
Aucejo [21], or by performing the forward time simulations using the exponential integrator.

4.2 Rough road forces on ACF reconstruction

In this experiment, a reference force with a spectrum and amplitude that is more representative for rough
road rolling is used. A forward simulation is performed where at each time step, the contact problem is
solved explicitly. In a next step, these forces are projected onto the 10 ACF, and in a new simulation, the
ACF-projected rough road forces are applied as external forces to the linearized model. Results are shown
in figures 7 and 8. The IRM-LS force reconstruction is better than the AKF estimate, both when comparing
the resultant force and the estimates per ACF.
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Figure 3: Estimated resultant contact force

Figure 4: Estimated resultant contact force, PSD

Figure 5: Estimated contact forces for 4 patches, PSD
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Figure 6: Comparison of normalized PSD of estimated resultant force with AKF and drive point acceleration

Figure 7: Estimated resultant contact force, PSD

Figure 8: Estimated contact forces for 4 patches, PSD
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5 Conclusions

In this work, two methods are compared for the reconstruction of the dynamic force distribution on a struc-
tural model of a tire. The goal is to select the best method for estimation of the spatial distribution of the
tire-road dynamic contact forces for a tire rolling on a rough road with constant velocity, using responses
and a digital twin of the tire. The frequency range of interest is 0 − 500Hz, where structure-borne interior
noise is dominant. The model is generated by linearization of a 3D fully non-linear physics-based FE model
around an inflated, loaded and rolling state. Forces are represented by means of Areas of Constant Force,
which are areas in the tire footprint where the forces is assumed constant and equally distributed. Both tech-
niques are time-domain techniques, as these are assumed to capture the transient traveling wave behavior
resulting from excitations of the tire through the road indents. The first technique is an augmented Impulse
Response Matrix Least-Squares load reconstruction with added Tikhonov regularization. The second is the
Augmented Kalman Filter with dummy measurements, a stochastic technique. The force reconstruction
accuracy comparison is made by reconstructing two different types of load profiles representative for the
envisioned application: an impulsive force in one ACF and forces from a contact simulation projected on
the ACF set. Accelerations are used as response measurements, and these are obtained using the numerical
tire model responses with added sensor noise. The IRM-LS estimator shows better reconstructed resultant
forces than the AKF estimator as well as a better reconstruction of the exact spatial distribution of forces
input in the system. Moreover, the IRM-LS estimator has the benefit that it could be formulated purely
experimentally.The AKF estimation is most deviating from the reference at resonances and anti-resonances.
This is the case for the impulsive force, as well as for the rough road forces. Below 200Hz, the IRM-LS
force reconstruction shows increasing deviation from the reference force.
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Abstract
Viscoelastic materials are a way to passively reduce structural vibrations of mechanical systems. In order to
design such damping treatments, the knowledge of the frequency dependent material properties is a prerequi-
site. Recently, inverse approaches are proposed for the identification of system characteristics in addition to
the direct ones e.g. dynamic mechanical analysis. Inverse approaches obtain model parameters by comparing
experimental data with predictions from numerical simulations. These techniques are mostly executed in the
frequency domain. They have as disadvantage the disregarding of the information inherently contained in the
transient behavior of the system. In this work, an inverse technique is proposed to identify the parameters of
a fractional derivative model by comparing the external force or displacement in the time or frequency do-
main of an experiment with numerical simulations. The technique is numerically verified and experimentally
validated on a clamped beam with constrained layer damping.

1 Introduction

An increasing challenge is observed in industry to obtain good noise and vibration properties of mechanical
structures due to the lightweight evolution. Viscoelastic materials (VEM) are deployed in order to deal with
these problem. VEM try to passively reduce the structural vibrations. Both constrained and unconstrained
configurations exist. The constrained layer damping (CLD) is most effective because both extensional and
shear damping occur with a bigger dissipation of the vibrational energy as a consequence. In order to perform
an analysis on the structures equipped with VE dampers, a good understanding of the dynamical behavior
of the dampers is indispensable. The behavior is highly influenced by temperature and the frequency of
the vibrations. Numerous material models exist in literature to describe the VEM [1]. They range from
basic models based on spring-dashpot equivalents (e.g. (Generalised) Maxwel, Zener model, Golla-Hughes-
McTavish model etc.) to more complex ones based on fractional calculus. The fractional derivative model
(FDM) developed by Bagley and Torvik [2] has the ability to give a good presentation of the frequency
depending modulus with only four parameters.

To determine the material parameters, different characterization techniques exist. A distinction can be made
between direct and indirect ones. Dynamical mechanical analysis (DMA) is a direct method where the sample
is set in one mode of deformation (e.g. shear, bending, extension etc.). In this technique, it is assumed that
the material is thermo-rheologically simple such that the time-temperature superposition principle (TTPS)
holds [3]. The TTPS is used in order to convert measurements on different frequencies and temperatures
to a set valid on a single temperature and multi frequencies (or vice versa). The validity of this technique
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is questionable because the VEM is loaded in multiple modes in reality. Here, the inverse characterization
techniques come to the front. An optimization algorithm is executed in order to minimize the error between
experimental data from a dynamic test on the whole structure and numerically obtained data. Rouleau et
al. [4] have executed successfully the inverse characterization by comparing experimental and numerically
obtained frequency response functions (FRFs). However, it appeared that the technique can experience low
sensitivities to some material parameters. Besides, working in the frequency domain comes along with other
disadvantages such as disregarding the information included in the transient behavior of the system. In the
time domain, most information is included in this transient regime. Already different schemes are proposed
to execute the inverse parameter identification in the time domain for VEM. Lewandowski et al. [5] uses the
measured steady state responses in a two-step identification procedure. First the experimentally obtained data
is approximated by harmonic functions, after which the parameters are determined. Greco et al. [6] proposes
an identification scheme with particle swarm optimization where the experimental and analytical force are
compared. The analytical force is obtained by applying the displacements to a candidate mechanical law.

In this work, the FDM to describe VEM is used in an inverse parameter identification procedure. A parameter
characterization is proposed which consists of a least squares optimization algorithm with as objective func-
tion the difference between experimental and numerical data. Three different options are investigated. The
identification is executed on the dynamical displacement response both in the time and frequency domain.
Thirdly, the identification is done by comparing experimental and numerically obtained forces. To acquire
the numerical force out of the displacement, an algorithm using the modified Newmark integration scheme
of Galucio et al. [7] is proposed. Due to the analogy between the three methods, a comparison between them
is made in a numerical verification and experimental validation on a clamped beam with CLD.

In Section 2, the model for the viscoelastic material is described. Next, in Section 3, the different building
blocks of the numerical scheme are discussed in detail. In Section 4, a new algorithm for the inverse param-
eter identification is proposed. Afterwards, a numerical verification and experimental validation is executed
in Sections 5 and 6. Conclusions are given in the last section.

2 Model description

The one-dimensional constitutive law which links stress σ and strain ε for linear viscoelasticity, was derived
by Christensen [8]. In convolution integral form this reads:

σ(t) =

∫ t

−∞
E(t− τ)

dε(t)

dτ
dτ, (1)

where E(t) is the relaxation modulus. Over the years, various expression of this modulus are derived in
literature, each leading to another viscoelastic damping model. In this work, the four parameter fractional
derivative model developed by Bagley and Torvik [2] is used. It gives a good presentation of the frequency
dependent modulus with only a few parameters [9]. It differs from the rheological simple models by the
use of a specific rheological element: the spring-pot. The one dimensional constitutive equation of this four
parameter model is given by [9]:

σ(t) + τα
dασ(t)

dtα
= E0ε(t) + ταE∞

dαε(t)

dtα
, (2)

with E0 [Pa], E∞ [Pa] the relaxed and non-relaxed elastic moduli respectively, τ [s] the relaxation time and
α [/] the fractional coefficient. The complex elastic modulus is derived by taking the Fourier transform of
Equation (2):

G∗(ω) =
σ(ω)

ε(ω)
=
E0 + E∞(iωτ)α

1 + (iωτ)α
. (3)

In order to comply with the second law of thermodynamics, the four parameters have physical barriers:

E0 < E∞, 0 < α < 1, τ > 0. (4)

1674 PROCEEDINGS OF ISMA2020 AND USD2020



3 Numerical toolbox

For the numerical simulation used during the identification, the proposed finite element formulation for
transient dynamic analysis of sandwich beams with embedded viscoelastic material of Galucio et al. [7] is
applied. With the introduction of internal dissipation variables, the stress-strain relation can be transformed
into a two-step recurrence formula in the time integrator.

3.1 Internal variables

The internal dissipation variables ε̄(ω) for the FDM are defined as strain functions [7]:

ε̄(ω) = ε(ω)− σ(ω)

E∞
. (5)

Filling in Equation (3) into Equation (5) and taking the inverse Fourier transformation results in an equation
for the internal variables:

ε̄(t) + τα
dαε̄(t)

dtα
=
E∞ − E0

E∞
ε(t). (6)

In order to numerically discretize the fractional derivative, the Grünwald expansion definition is used. Two
main advantages are the validity for all values of α and the easiness of implementation. The Grünwald
definition defines the finite difference as follows:

dαε̄(t)

dtα
≈ ∆t−α

Nt∑

j=0

Aj+1ε̄(t− j∆t), (7)

with ∆t the time step increment, Nt the number of Grünwald coefficients used in the approximation and
Aj+1 = j−α−1

j Aj . In order to avoid numerical problems, A1 is set equal to one [10]. The Grünwald co-
efficients are strictly decreasing with increasing j, which represents the fading memory phenomenon. With
these definitions, the internal variables are calculated as:

ε̄n+1 = (1− c)E∞ − E0

E∞
εn+1 − c

Nt∑

j=1

Aj+1ε̄n+1−j , c =
τα

τα + ∆tα
, (8)

in which the subscript denotes the discrete time instance.

3.2 FE model

When a structure is considered with CLD, it can generally be divided into two parts: the elastic faces and
the viscoelastic core, denoted with a subscript e and v respectively. Different ways of deriving an FE model
exist in literature [7]. In this work, the FE model of Galucio et al. [7] is used in which the internal dissipation
variables are applied. With the help of the internal variables, it is possible to shift the time dependent terms,
arising from the viscoelastic model, to the right-hand side of the equations of motion as a time dependent
force F̄. The general form of the FE formulation is:

Mq̈n+1 + Kqn+1 = Fn+1 + F̄n+1, (9)

in which q contains the element degrees of freedom, M = Me + Mv is the total mass matrix, K =
Ke + E0Kv + K̄v the total stiffness matrix in which K̄v = cE∞−E0

E∞
E0Kv and F is the external force. The

matrices Me,Mv,Ke and Kv are independent of the four parameters of the fractional derivative model. The
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viscoelastic material is accounted for as a modifying term in the transient excitation:

F̄n+1 = −cE∞
E0

E0Kv

Nt∑

j=1

Aj+1q̄n+1−j

q̄n+1 = (1− c)E∞ − E0

E∞
qn+1 − c

Nt∑

j=1

Aj+1q̄n+1−j

(10)

The variables q̄ are denoted as the anelastic displacement, only these terms need to be stored during the
calculation.

3.3 Time integration

The two-step recurrence formulation of the Newmark scheme, proposed by Galucio et al. [7], is used for
the time simulation of the viscoelastically damped structures. It has already been applied and provided good
results. The parameters β = 1/4 and γ = 1/2 are chosen to obtain an unconditionally stable second order
scheme. In a first step the modified load is calculated, secondly the adapted internal dissipation variables are
obtained. The scheme can be found back in Algorithm 1. The vector p contains the FDM parameters. The
time step ∆t is an important choice in the algorithm. It is advisable to take it smaller than one tenth of the
smallest natural period of the structure or excitation [11] in order to diminish a shift of high eigenfrequencies
towards lower frequency ranges.

Algorithm 1: Modified Newmark Algorithm

1. Enter the input data: γ, β,p,∆t,M,Ke,Kv, F
2. Output: q, q̇, q̈
3. Preliminary calculations:

K = Ke + E0Kv + K̄v

S = M + β∆t2K
4. Initialization: q0, q̇0, q̄0

q̈0 = M−1 (F0 −Kq0)
5. Time domain simulation:

For (n×∆t)
A. Prediction displacement and velocity:

qprn+1 = qn + q̇n∆t+ (0.5− β)∆t2q̈n
q̇prn+1 = q̇n + (1− γ)∆tq̈n

B. Calculate modified load:
F̄n+1 = −cE∞

E0
E0Kv

∑Nt
j=1Aj+1q̄n+1−j

C. Computation of residual:
Rn+1 = Fn+1 + F̄n+1 −Kqprn+1

D. Calculate acceleration:
q̈n+1 = S−1Rn+1

E. Correction step for displacement and velocity:
qn+1 = qprn+1 + β∆t2q̈n+1

q̇n+1 = q̇prn+1 + γ∆tq̈n+1

F. Calculation internal degrees of freedom:
q̄n+1 = (1− c)E∞−E0

E∞
qn+1 − c

∑Nt
j=1Aj+1q̄n+1−j

End
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4 Inverse parameter identification

The aim of this work is the inverse identification of the parameters of the FDM. In order to obtain the
parameters, an optimization is executed with as objective the difference between experimental and simulated
data. Three different quantities to determine the objective are investigated: the displacement in the time or
frequency domain and the external force. In this section, the way to calculate the force from a constrained
displacement is explained. Afterwards, more details about the optimization are given.

4.1 Force determination

When an external force (F) is applied to the viscoelastic structure, the corresponding displacement (u) can
be calculated with the Newmark algorithm explained in Section 3.3. Analogously, it is possible to obtain the
unknown external force which is the cause of a given displacement. The degrees of freedom (DOFs) of the
system are split into constrained and free ones, denoted with superscript c and f respectively. A three step
algorithm is set up in order to obtain the unknown external force on the constrained DOFs (Fc). The FE
model, given in Equation (9), is divided into two parts:

Mff q̈fn + Kffqfn = Ff
n + F̄f

n −Mfcq̈cn −Kfcqcn, (11)

Fc
n = Mcf q̈fn + Mccq̈cn + Kcfqfn + Kccqcn − F̄c

n, (12)

in which q̈cn and qcn are the known acceleration and displacement of the constrained DOFs. In this work, only
an external force on the constrained DOFs will be present: Ff

n = 0. The modifying external force originating
from the viscoelastic material is as well divided between free and constrained DOFs:

F̄f
n = −cE∞


Kff

v

Nt∑

j=1

Aj+1q̄
f
n−j + Kfc

v

Nt∑

j=1

Aj+1q̄
c
n−j


 ,

F̄c
n = −cE∞


Kcf

v

Nt∑

j=1

Aj+1q̄
f
n−j + Kcc

v

Nt∑

j=1

Aj+1q̄
c
n−j


 .

(13)

Algorithm 2 shows the three step algorithm to calculate the unknown external force Fc from the imposed
displacement. Firstly, the different system matrices are split up using the information which DOFs are con-
strained. In a next step, the displacement and acceleration are calculated of the DOFs where no displacement
is imposed. Here the Newmark scheme, given in Algorithm 1, is used with modified matrices and external
load, given in Equation (11). Two extra inputs are needed to calculate the transient loading F̄ as given in
Equation (13), namely qc and the four sub-matrices of Kv, denoted by Ks

v. In a third step, the unknown
external force is obtained using Equation (12).

Algorithm 2: Force out of displacement

1. Input: p,∆t,M,Ke,Kv, q̈
c,qc

2. Output: Fc

3. Set up matrices (parts ff, fc, cf, cc included in s)
[Ms,Ks,Ks

v] = Split(M,K,Kv)
4. Calculation qf and q̈f

F+ = −Mfcq̈c −Kfcqc[
qf , q̈f , F̄c

]
= Newmark(p,∆t,Mff ,Kff ,Ks

v,F
+,qc)

5. Calculation output
Fc using Equation (12)
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4.2 Optimization

In the inverse parameter identification, the parameters of the FDM are identified with an optimization algo-
rithm. The objective represents the difference between experimental data and predictions obtained from the
FE model. In each iteration, the parameters (p) are updated and the simulated response is recomputed. In
this work, a gradient based nonlinear least squares algorithm [12] is used for the optimization. The gradients
are calculated with an approximate finite difference. The cost function is defined as the absolute squared
error between experiment and simulation. Three different parameter identification techniques are investi-
gated: the comparison of the displacement response (u) or the external force (F ) in the time domain and the
displacement response in the frequency domain (U ). The objective functions are given respectively:

Ou(p) =

Nu∑

i=1

(
uexpi − usimi (p)

)2
(14)

OF (p) =

NF∑

i=1

(
F expi − F simi (p)

)2
(15)

OU (p) =

NU∑

i=1

(
U expi − U simi (p)

)2
(16)

with Nu, NF and NU the number of observed time instances or frequency lines in the optimization algo-
rithm. The observed time instances are selected as the first N consecutive points of the time window. This
selection is chosen due to the fading memory phenomenon in the transient force, cf. Equation (10). In the
frequency domain, the observed points can be chosen randomly. In this work, an equidistant distribution
over the frequency range of interest is picked. A transformation of the four parameters is applied to diminish
conditioning problems during the optimization [4]:

p(1) =
1

10
log10(E0), p(2) =

1

10
log10

(
E∞
E0

)
, p(3) = − 1

10
log10(τ), p(4) = α. (17)

A lower and upper bound is defined such that the parameters comply with the second law of thermodynamics,
given in Equation (4).

5 Verification

In this section, a proof-of-concept of the proposed approaches is executed. The numerical case simulated in
this section, imitates the experiment executed in Section 6: an academic three layer beam with CLD. First a
description of the set-up is given followed by the results.

5.1 Analysis description

A cantilevered sandwich beam with viscoelastic core and elastic faces, shown in Figure 1, is under inves-
tigation. The geometry consist of a base plate of aluminium with length L = 200mm, width b = 24mm
and height h1 = 1mm. The damping treatment is a CLD viscoelastic butyl treatment provided by an au-
tomotive TIER-1 supplier. It exists out of a constraining aluminium layer with h2 = 127µm and a self-
adhesive synthetic rubber of height hv = 1.373mm with a density ρv = 1568kg/m3 and a Poisson ratio of
νv = 0.495 The parameters of the aluminium base are updated with a vibration test on the bare aluminium
panel: Ee = 69.78GPa, ρe = 2724kg/m3 and νe = 0.3. These values are on a par with standard values for
aluminium. The structure is excited with a transverse triangular pulse at the center of the tip, illustrated in
Figure 1.
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Figure 1: Set up with sandwich beam under investigation and external force applied to the system
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Figure 2: Master curves from the results of the numerical simulation via the displacement, force and fre-
quency response.

The velocity response of the structure on the noise free force is calculated with the Newmark time integration
of Algorithm 1 with E0 = 1.5MPa, E∞ = 69.95MPa, τ = 1.41 · 10−5s and α = 0.7915. The system
matrices are retrieved from Comsol Multiphysics 5.4. The mesh consists of 10 quadratic Serendipity hex-
ahedrons in the length direction and 2 elements in the thickness of the VEM resulting in 2223 DOFs. The
base structure and the constraining layer are modeled as shell structures, the middle VEM as solid elements.
In order to simulate the experiment, white Gaussian noise is added to the input force and velocity with the
built-in function ’awgn’ of Matlab (S/N = 90) [13]. From the velocity, the corresponding displacement
and acceleration are determined with a numerical cumulative trapezoidal integration and a backwards finite
difference. The frequency response is obtained by taking the Fourier transform of the obtained displacement.
With previous information, the three signals for the optimization are obtained. The initial estimate of the
parameters are: E0 = 1MPa, E∞ = 60MPa, τ = 10−5s and α = 0.9. The lower and upper bound for
the parameters after transformation (Equation (17)) are: plb = [0.3,−0.6, 0, 0] and pub = [0.9, 0.7, 0.9, 1].
These comply with Equation (4) and cover the range of most materials.

5.2 Results

Figure 2 shows the master curves obtained after the identification for the three methods. In these curves, the
four parameters can be observed directly. For all techniques, an improvement of the initial guess is seen. An
ascending number of observation points are taken into account in the cost function (Ni), respectively Nu,
NF and NU for the different methods. The accuracy does not improve monotonously with an increase of
observations points due to the presence of local minima in the optimization. The best result is obtained via
the force comparison in the time domain with NF = 40. This represents the case when only the impulse is
taken into account in the algorithm, without the zero tail of the force.
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6 Experimental validation

The application from previous section is executed in reality. Practically, an impulse to the systems free
end is given with an automatic hammer. A laser (Polytec PSV-500 scanning laser vibrometer) measures the
corresponding response. It is assumed that the displacement of the upper and bottom side of the tip of the
structure remains in phase and that the compression of the VEM is limited. The set-up of the experiment and
placement of the hammer and laser can be seen in Figure 1. As before, the displacement, acceleration and
FRF can be calculated from the velocity measurement. The Young’s modulus of the constraining aluminium
layer is updated to 55.8GPa, following a separate tensile test of this layer. The initial estimates of the
parameters are set equal to the results of a DMA test on the piece under investigation: E0 = 310kPa,
E∞ = 56.2MPa, τ = 47.13 · 10−6s, α = 0.735.

6.1 Results

The results of the inverse techniques on the experiment can be seen in Figures 3 and 4. The response is
plotted in the time and frequency domain. Both the time and frequency domain are fully calculated once
the parameters are identified in order to avoid extra errors originating from the fast Fourier transform. The
vertical lines in Figures 3 and 4 represent the time instances taken into account for the displacement and
force respectively. The frequency lines are chosen equidistantly between 0Hz and 500Hz.

From the numerical case, it seemed that the best option was to do the identification via the force with as
observation points only the impulse. In the experiment, this gives the worst result (NF = 65) mainly due
to the imperfections between the dynamical model and the experiment. The technique tries to compensate
for these errors (i.e. a mismatch in modal frequency which causes a difference in free vibration frequency)
by imposing a sinusoidal external force on the model, visualized in Figure 4. This phenomenon can be
diminished by taking more observation points into account as shown on the graphs. However, it is not useful
to take too much observation points into account, because the solution converges towards the one obtained
before.

The best approximation of the time response is observed when the identification is executed via the dis-
placement in the time domain taken into account two periods as observation points (Nu = 2600). On the
upper graphs of Figure 3, a monotonous improvement of the approximation can be seen with increasing Nu.
However a trade-off needs to be made between the transient and stationary behavior. When only the first
half period is taken into account in the optimization (Nu = 650), the transient behavior is approximated
better then in the other case. It seems not possible with this optimization technique to have a good estimate
of both. Different improvements can be executed. It is questionable if the four parameter FDM is capable of
describing the transient regime in full detail. More parameters could be used to represent both phenomena
e.g. the damping of the base plate, the thickness of the CLD, the parameter νv etc. Furthermore, the sample
exhibits some uncertainties e.g. a variation in the CLD (and VEM) thickness, zones of adhesion, pre-tension
and/or compression of the constraining layer, non-flatness of the base structure etc.

Doing the optimization via the displacement in the frequency domain, gives the bottom results of Figure 3.
An improvement relative to the initial guess can be seen. Looking at the final approximations, it is seen that
the optimization in the frequency domain gives a similar accuracy as the one executed in the time domain.
From the results, it seems that the inverse technique in the time domain can compete with the one executed
in the frequency domain.

Two general remarks are added. Firstly, a dependency of the end result on the initial estimate is observed. As
mentioned before, it is possible that the techniques give local minima as final solutions. The open question
remains if this is a consequence from the model used to describe the VEM or from the numerical technique.
Secondly, a sensitivity analysis on the different parameters would be useful. In this work, difficulties with
insensitivities occurred which where already observed by Rouleau et al. [4].
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Figure 3: Displacement in the time and frequency domain after parameter identification via the displacement,
force and frequency response. The vertical lines show the time window taken into account in the optimization
via the displacement.
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Figure 4: Approximation of the force after parameter identification. The vertical lines show the time window
taken into account in the optimization via the force.

7 Conclusion

An inverse parameter identification technique for VEM is proposed, where experimental data is compared
with numerical simulations. The identification is executed using the force and displacement in the time and
frequency domain. Different numerical tools are needed to execute the identification. The time marching
is done with a two step Newmark algorithm in which the VEM properties are included in a transient force
term. For the optimization, a nonlinear gradient based least squares algorithm is used with as cost function the
absolute squared error between experiment and simulation. Both a numerical verification and experimental
validation are executed on a three layer clamped beam treated with CLD.

In the numerical verification without noise, all methods are able to correctly estimate the material parameters.
In the experimental validation some problems are observed due to the noise level and inconsistency of the
dynamical model with the experiment. The identification using the force response encounters problems due
to the mismatch between model and experiment, the errors are tried to be compensated in a sinusoidal force
applied on the system. If the identification is done using the time displacement response, a trade-off needs to
be made between the transient and stationary behavior. When the optimization is executed in the frequency
domain, similar accuracies as in the time domain equivalent can be seen.
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The results of this work give new insights into the parameter identification of VEM and new questions
arise. When a more realistic noise level is added, the sensitivity of the methods towards the S/N ratio can
be investigated. From some first tests, it seems that the identification via the force is most sensitive to the
noise level, due to the need of the acceleration in the algorithm. The identification via the displacement in
the time domain and lastly the displacement in the frequency domain are less sensitive to the noise level.
More research towards the noise sensitivity would be useful. While doing the validation, the identification
techniques show a discrepancy between the model and the experiment. This needs to be pinpointed with
for example a sensitivity analysis to the FDM parameters and other model uncertainties such as the ones
mentioned in previous section. The optimization technique can be improved in order to obtain a global
minima instead of a local one. Ideas are the use of analytical derivatives calculated with direct differentiation
instead of numerical estimates, adding an initialization step as proposed in [4] etc.

Overall, it can be concluded that the first steps are made for an inverse technique in the time domain. From
the experimental validation, it follows that the time domain parameter identification can compete with the
frequency domain equivalent. Proposals for further research are given.
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[7] A. Galucio and J. Deü et al., “Finite element formulation of viscoelastic sandwich beams using frac-
tional derivative operators,” Computational Mechanics, vol. 33, pp. 282–291, 2004.

[8] R. M. Christensen, Theory of viscoelasticity. Dover Publications, 1982.

1682 PROCEEDINGS OF ISMA2020 AND USD2020



[9] P. Torvik and D. L. Bagley, “Fractional derivatives in the description of damping materials and phe-
nomena,” The Role of Damping in Vibration and Noise Control, ASME, 1987.

[10] A. Schmidth and L. Gaul, “Finite element formulation of viscoelastic constitutive equations using frac-
tional time derivatives,” Nonlinear Dynamics, vol. 29, pp. 37–55, 2002.

[11] K. Bathe and E. Wilson, “Stability and accuracy analysis of direct integration methods,” Earthq. Eng.
Str. Dyn., vol. 1, pp. 283–291, 1973.

[12] T. Coleman and Y. Li, “An interior, trust region approach for nonlinear minimization subject to bounds,”
SIAM Journal on Optimization, vol. 6, pp. 418–445, 1996.

[13] Matlab, “awgn,” https://nl.mathworks.com/help/comm/ref/awgn.html, 2020.

INVERSE METHODS - LOAD IDENTIFICATION 1683



1684 PROCEEDINGS OF ISMA2020 AND USD2020



Finding the right level of detail in statistical energy 
analysis for onboard sound level prediction  

R. Gaudel, L. MacLeane 

Damen Shipyards, Research & Development Department 

Avelingen-West 20, 4202 MS Gorinchem, The Netherlands 

e-mail: renaud.gaudel@damen.com 

Abstract 
Within the automotive, heavy vehicle, aerospace and ship building industries, Statistical Energy Analysis 

(SEA) has been recognized as being an important tool for accurately modelling the vibro-acoustic behavior 

of diverse complex objects with a focus in the mid to high frequency range. Due to the complex geometry 

of a ship, it can be rather difficult for the acoustic designer to find the right level of detail in the SEA model. 

Adding too many details can cost considerable modelling and computer solving time which can make SEA 

unattractive for the sound prediction of ships. Additionally, the fundamental assumption of SEA is that the 

subsystems should be large enough to contain an appropriately large quantity of vibration modes in order to 

be statistically valid. That is why it is important to find the right level of detail for the SEA model satisfying 

both the statistical assumptions together with the use of detailed, complex geometry from the ship design.. 

The paper addresses the accuracy of the results for several ships, the modeling and calculation efforts, as 

well as the choices to be made to achieve the right balance. 

1 Introduction 

Sound prediction is an important part of the ship design and is used to make sure that the sound pressure 

levels on board are under the limits defined by regulation societies. Reliable predictions can minimize extra 

costs related to trouble shooting if the measured sound levels are above the agreed limits during sea trial.  

Many sound prediction methods have therefore been developed, each of them having their strengths and 

weaknesses. The most used ones are empirical methods (based on series of measurements), Finite Element 

Methods and Statistical Energy Analysis (SEA).   

Due to the complexity of the ship in terms of geometry, structural and vibro-acoustic properties, there is a 

desired balance in the level of modelling which has to be found during the design in order to spare precious 

time, especially in the early design stages.  In this paper, the reasons and methodologies of finding that right 

level using SEA are presented. 

The paper starts with an overview of the available sound prediction methods for ship design, followed by a 

basic outline of the theory behind SEA and its application to ship design. Then the assumptions and 

modelling methods are presented, followed by three examples to illustrate the methodology. The last chapter 

gives a summary of the approach and some advice.   

2 Ship sound prediction 

A good sound level prediction tool can reduce the risk of exceeding the noise criteria during measurements 

at sea trial and prevent important additional costs related to post building modifications to reduce the sound 

levels.  
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The process of sound prediction within ship design involves consideration of three related elements: the 

sound source (air/structure-borne), the transmission path (transfer and attenuation through the ship structure) 

and the receiver (room where the sound is predicted). This means that the prediction methods have to be 

able to describe each of these three elements with enough precision to achieve sufficient confidence in the 

predicted sound levels.  

Most of the noise criteria are given in overall frequency-weighted sound pressure levels. Therefore most of 

the sound predictions are given in octave or third octave band in the range of 31.5 Hz to 8 kHz. And from 

that the frequency-weighted sound pressure level is derived. 

Over the years a number of sound prediction techniques have been developed. Three main approaches can 

be identified: semi-empirical methods, deterministic methods (Finite Element Analysis) and statistical 

methods (Statistical Energy Analysis). In Figure 1 a classification of these methods is given on basis of 

frequency range and required level of detail.  

 

Figure 1: methods vs level of detail and frequency range 

Empirical or analytical methods are often very quick and easy to use, they rely on available measurements 

and are limited to a few input parameters. Deterministic methods, such as Finite Element, are very precise 

and can include all details in the model which is very demanding in terms of modelling efforts. SEA is 

therefore a good choice for the large sized systems like ships, significantly reducing the complexity of the 

model and the number of variables required to discretize a complex system. This results in a reduced 

modelling and computational effort compared to deterministic methods while still giving more possibilities 

and flexibility than empirical methods. There is however a trade off in the low frequency range.  

The basic theory and related assumptions are developed in the next section. 

3 Statistical Energy Analysis for ship 

3.1 Basics of SEA theory 

Statistical Energy Analysis (SEA) is widely used for the prediction of interior sound in engineering transport 

applications (automotive, railway, aerospace). This method can be used to model the vibro-acoustic response 

(at high frequencies) of a complex system by a statistical formulation of the behavior of each subsystem and 

is commonly used to predict interaction between reverberant sound enclosures and resonant structures. 

In SEA the entire system is divided into subsystems and the interaction between these subsystems is based 

on one degree of freedom only: energy. Energy can either be transferred to a subsystem from an external 

input or from another subsystem and can also be dissipated within a subsystem. 

To illustrate the theory of SEA and introduce the fundamental equations, a system composed by two 

subsystems i and j is chosen.  
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Figure 2: Energy exchange and flow between two subsystems 

In Figure 2, the two subsystems i and j and their interaction are represented by: 

 Ei and Ej: the total energy in subsystems i and j 

 Pi,in: the injected power in subsystem i 

 Pi,diss and Pj,diss: the power dissipated in each subsystem 

 Pij,c: the power flow from subsystem i to j  

The dissipated power in subsystem i is related to the total energy in the subsystem as follows: 

 𝑃𝑖,𝑑𝑖𝑠𝑠 = 𝜔𝜂𝑖𝐸𝑖   (1) 

𝜔  radian center frequency of the band of interest 

𝜂𝑖  damping loss factor of subsystem 𝑖 

The power flow from subsystem i to j can be written using the modal density: 

 𝑃𝑖𝑗,𝑐 = 𝜔𝜂𝑖𝑗𝑛𝑖 (
𝐸𝑖

𝑛𝑖
−

𝐸𝑗

𝑛𝑗
) (2) 

Where 

𝜂𝑖𝑗  coupling loss factors when the power flows from subsystem 𝑖 to 𝑗  

𝑛𝑖, 𝑛𝑗  modal densities of the subsystems i and j 

The steady state power balance of subsystem i gives the fundamental equation for SEA (3): 

 𝑃𝑖,𝑖𝑛 = 𝑃𝑖,𝑑𝑖𝑠𝑠 + 𝑃𝑖𝑗,𝑐    

 𝑃𝑖,𝑖𝑛 = 𝜔𝜂𝑖𝐸𝑖 + 𝜔𝜂𝑖𝑗𝑛𝑖 (
𝐸𝑖

𝑛𝑖
−

𝐸𝑗

𝑛𝑗
)  (3) 

For a system comprised of n subsystems, equation (4) can be written for n systems in a symmetric matrix 

form: 

 𝜔 [

[𝜂1 + ∑ 𝜂1𝑖𝑖≠1 ]𝑛1 −𝜂12𝑛1 −𝜂1𝑛𝑛1

⋯ ⋯ −𝜂𝑛−1,𝑛

−𝜂𝑛1𝑛𝑛 −𝜂𝑛2𝑛𝑛 [𝜂𝑛 + ∑ 𝜂𝑛𝑖𝑖≠𝑛 ]𝑛𝑛

] [
𝐸1 𝑛1⁄

⋮
𝐸𝑛 𝑛1⁄

] = [

𝑃1,𝑖𝑛

⋮
𝑃𝑛,𝑖𝑛

] (4) 

If the injected power, the coupling / damping loss factors and the modal density of the subsystems are known 

(can be calculated based on the subsystem geometry and properties), the energy level in each subsystem can 

be calculated and converted to velocity for a structural subsystem (eq. 5) and pressure for an acoustic 

subsystem (eq. 6).  

For a structural subsystem:  

 𝐸𝑖 = 𝑚𝑖〈𝑣𝑖
2〉  (5) 

𝑚𝑖  mass of subsystem i 

〈𝑣𝑖
2〉  mean square vibration velocity averaged over the spatial extent of the subsystem 

For an acoustic subsystem:  
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 𝐸𝑖 =
𝑉

𝜌𝑐2
〈𝑝𝑖

2〉  (6) 

𝑉  volume of subsystem 

𝜌, 𝑐  density and sound wave speed in the fluid  

〈𝑝𝑖
2〉  mean square acoustic pressure averaged over the spatial extent of the subsystem 

Within SEA, the subsystems are all described statistically, which means that all parameters described above 

are time-averaged, spatial-averaged and frequency band-averaged. 

The SEA equation needs the injected power as input, however the equation can also be rewritten such that 

the energy levels can be constrained so that a certain mean square pressure or mean square velocity of a 

subsystem is obtained (which are mostly available for ship noise sources). This formulation however leads 

to an asymmetrical matrix equation. Note that this formulation might possibly lead to negative power input 

if the prescribed velocities are lower than the velocities generated by other sources! 

For background and more information about the theory, please see reference [1]. 

3.2 Assumptions 

The SEA basic formulation as described in previous section (4) is only valid under a number of fundamental 

assumptions (please see reference [2]): 

1. In the connection between two subsystems, no energy may be dissipated;  

2. All excitation forces are uncorrelated in space and time, such that all modes of the subsystem are 

excited randomly, but with equal probability; 

3. Subsystems should be weakly coupled, i.e. the mode shapes and natural frequencies of each 

subsystem should be independent of the connected subsystems; 

4. Each subsystem is large enough that it has sufficient modes to store energy in. This means that a 

few wave lengths should fit inside the subsystem. Thus the size of the subsystem should be 

sufficiently large and the frequency sufficiently high; 

5. A reverberant acoustic field is assumed, therefore the subsystem should have low internal damping 

in order to have sufficient reflections; 

6. Only energy stored in resonant modes within the frequency band are taken into account. Energy 

transmitted via non-resonant transmission is not taken into account; 

7. Diffuse fields are assumed to be present in the subsystems such that the energy is traveling in all 

directions with equal probability. 

3.3 The particular case of ships 

Making an SEA model of a ship can become quite challenging, starting with defining the right subsystem 

size and the parameters that are used to define them: 

 the geometry: most ships are designed with complex hull shapes, giving different sizes and 

properties to almost every compartment;  

 the structure: many different ribbed panel types and sizes with variable thicknesses, girders and 

stiffeners; 

 the noise control treatment: usually multiple layers of wool, air gaps and specific insulation 

materials (floating floors, non-structural interior paneling, ceilings…); 

 the sources: multiple structure and air-borne sources at different locations  

It becomes quite obvious that including all these details in an SEA model becomes quite challenging. In fact 

adding too many details by having many “small” subsystems is contradicting some of the main fundamental 

assumptions as listed in 3.2. The most important one being the large modal density of the subsystems 

(assumption 4) that implies that the size of the subsystem should be sufficiently large. Since a ship is mainly 
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made of structural plates and compartments, it should be ideally divided into acoustic subsystems (one 

cavity) surrounded by 6 structural subsystems (ribbed panel). The overall length, width or volume of a 

subsystem along with an approximate estimate of various properties that govern wave propagation within 

the subsystem are enough to predict the average response. However due to the use of many different 

materials, it is often tempting to model each of the used materials as a subsystem instead. 

In Figure 3 two examples with different level of detail are shown:  

  

Figure 3: Model of a wheelhouse in SEA: “statistic” on the left VS “geometric” on the right 

According to ref. [1], the subsystems of an SEA model are a group of "similar" energy storage modes. The 

subsystems should therefore meet the criteria of similarity and significance. “Similarity” means that the 

modes of this group are expected to have nearly equal excitation by the sources, coupling to modes of other 

subsystems and damping. Which implies that the group of similar subsystems have nearly equal energy of 

vibration. “Significance” means that the subsystems play an important role in the transmission, dissipation 

or storage of energy. Including an "insignificant" modal group will not cause errors in the calculations but 

may needlessly complicate the analysis. Adding details such as doors, small windows or structural 

discontinuities in the middle of a subsystem panel is therefore not “significant” in SEA theory. 

Another assumption of SEA is related to the diffuse fields (assumption 7), which means that the 

compartment should be sufficiently large (ideally one cavity) to fit at least five wavelengths in a standard 

compartment. This means that the accuracy of the SEA method will start from 850 Hz for a 2m by 2m 

cavity. 

To summarize, a high fidelity of the actual design would be a geometry respected model, while a model 

filled with the largest possible subsystems would be a statistical respected model. This difference will be 

illustrated in the following chapters. 

4 Modelling method and assumptions 

4.1 Software 

For the examples in this paper, ESI VA One was used, but the method can be applied in any SEA software. 

To accelerate the modeling process, a CAD software can be used to prepare the geometry (structural plating 

and walls) based on the already modeled hull shape (if available) and the main bulkheads only.  

4.2 Model simplifications 

In ship design, different 3D models are made for different purposes (structural, CFD, renderings…). If a FE 

model is available, using the model as a basis for the SEA model would make sense in order to gain modeling 

time. However, as it was demonstrated in 3.3 an FE model includes too many structural details (girders, 

stiffeners, brackets…) which are not necessary for the statistical model. Therefore it is advised to start the 

model from scratch based on the hull shape and the GA. 
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There are no rules that “fit” all designs in order to fully respect all assumptions of SEA. Therefore finding 

the right level of detail is a task that fully relies on the user experience. But it will significantly reduce the 

modelling and solving time while giving satisfying results.  

“Statistical modelling” idealizations can be applied to the following 5 areas: 

 

Hull shape 

The first step is to simplify the hull shape: there should be as few surfaces as possible separated by decks 

and bulkhead lines. The exact shape of the hull (curvature) is not having a significant impact on the results. 

In Figure 4 an example of hull shape simplification is given: 

 

Figure 4: Example of hull shape simplification 

Structural properties 

The properties of the structural plate elements are applied using the ribbed panel (uniform plate with primary 

and secondary beams). If no construction plan is available (early design stage), the midship section can be 

used for a preliminary SEA model. 

Since the plate elements are as large as the compartment boundary, the thickness and beam properties of the 

ribbed panel cannot be exactly in line with the construction plan. Therefore adjustments must take place and 

thickness and beam properties transitions must be “moved” to the closest defined junction within the SEA 

model. This is not having a significant impact on the results and will spare many unnecessary elements and 

junctions in the model. Alternatively the average properties can be used for the complete compartment 

boundary. 

For the side shell panels under water, sea water fluid loading is applied in the properties. If the waterline is 

close to a deck, it is possible to spare another junction by “moving” the waterline to the closest deck. 

 

Compartment 

In order to keep the model simple, some modifications have to be done to the compartments layout. Since 

partition walls can be applied as a layer in noise control treatment (see below), they can be a property of the 

existing structural panel.  

In  Figure 5 an example of a possible simplification is given for 4 cabins:  

 

 

 

Simplified hull shape 
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Figure 5: Example of compartment simplification 

Elements 1, 2, 3 and 4 are structural subsystems with corresponding noise control treatment (NCT) including 

airgaps and element 5 is an acoustic subsystem (cabin volume). In that example, details such as the sanitary 

units, doors and windows are not taken into account in the SEA model.  

The same is applied in the vertical direction, if the compartment is fitted with a floating floor and a double 

ceiling, they can be modeled as NCT layer of the decks structural subsystems. 

In that way, the SEA model can be simplified without compromising the material and acoustic properties. 

The geometrical infidelity of the model is expected to have minor consequences under the SEA assumptions 

since the statistical and averaging approach already includes the response of “similar” subsystems, which 

means that slight changes in size and properties do not affect the response. 

Another simplification can be made for compartments in the ship where the sound prediction is not 

necessary. These compartments do not have to be included in the model. However, the main energy 

conductors such as structural elements have to be in the model in order to reproduce the correct 

path/damping between the source and the receiver. 

To have the optimal model, the user needs to find the right balance between what is modeled as actual plate 

panels and what can be modeled as noise control treatment layer attached to the panels.  

 

Noise Control Treatment 

Within SEA, Noise Control Treatments (NCT) are multi-layered materials designed to absorb or reflect 

sound energy when applied to the surfaces of plates subsystem. In VA One, treatment lay-ups are treated by 

means of an explicit analytical model of the multilayer based on the Transfer Matrix Method (TMM). 

In Table 1, the simplification principle is explained for creating the NCT applied to a typical structural 

subsystem (ribbed panel): 

Table 1: Noise Control Treatment including thermal insulation, air gaps and interior paneling 

Actual situation SEA model 

 

Ribbed panel with NCT: 

Layer1: thermal insulation 

Layer 2: air Gap 

Layer 3: interior panel 

 

MEDIUM AND HIGH FREQUENCY TECHNIQUES 1691



This principle can be applied to all subsystems attached to cavities, also with floating floor and double 

ceiling. These “idealizations” significantly reduce the number of subsystems and therefore accelerate the 

modeling and solving time. 

 

Sources 

The most common structure-borne sources of excitation on a ship are the machinery elements (main engine, 

gearbox, generator…). They are usually installed on two longitudinal girders on the ship bottom where the 

excitations can be applied to the foundation top plate. A simple “square foundation” with four beams can 

be modeled on the engine room bottom based on the foundation size and properties as can be seen in Figure 

6: 

 

Figure 6: Simplified engine and gearbox foundations 

The source levels are mostly given as velocity constraints as these can directly be obtained from 

measurements or even from empirical models. 

To summarize the approach, every simplification has to be understood and anticipated before starting the 

SEA model. The method has been applied to three ships that have been used for example purpose and the 

effects are presented in chapter 55.  

5 Application cases 

5.1 Validation cases 

To show the benefits of the simplifications introduced in 4.2, a comparison is made between models based 

on FEM, called geometric (meaning to faithfully represent all elements) and models based on the simplified 

method (in line with SEA assumptions), called statistic.  

The method has been applied to three very different ship types (a high speed vessel, a tug and a luxury 

yacht) in order to compare the prediction accuracy between the geometrical and the statistical model.  

In Table 2, the difference between the two levels of details are showed: 

Table 2: Comparison between geometric and statistic models 

Ship Type Geometric Model Statistic Model 

50m Stan Patrol 
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32m ASD Tug 

  

57m luxury yacht 

 
 

 

As can be seen, the geometric models include much more plates and cavities than the statistic models. In 

Table 3 the ratios between the geometric and the statistic models in terms of nodes, plates, cavities and 

junctions are shown: 

Table 3: Ratios of the models characteristics 

    SEA junctions 

Ship Type Nodes Flat plates Cavities SEA point SEA line SEA areas 

50m San Patrol 50 10 15 15 15 15 

32m ASD Tug 10 15 40 15 15 30 

57m luxury yacht 20 10 5 15 15 10 

 

The number of subsystems per model can be reduced by a factor 10 to 15, which implies a significant time 

gain in modelling and solving the model. 

5.2 Results 

The difference per octave band and overall predicted level between statistical and geometrical models are 

given in Figure 7: 

 

Figure 7 Prediction difference between Statistical and Geometrical models 

The comparison between the two ways of modelling is made by validating the sound prediction accuracy 

with data from the sea trials. In the graph, a negative difference means that the statistical model is giving an 

better sound prediction than the geometrical model, while a positive difference means the opposite. 
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As can be seen in the graph, the statistical model gives equivalent or better prediction accuracy than the 

geometrical model at low frequency where the main vibration sources are dominant (1 dB more accurate in 

average in the range [63-500] Hz). At higher frequencies the accuracy of the statistical model is slightly 

lower but still comparable to the geometrical model (2 dB less accurate in average in the range [1000-2000] 

Hz). The overall frequency-weighted levels which are mainly used in sound predictions are giving an 

improvement of 2 dB in the prediction accuracy with the statistical model. 

6 Conclusion 

The main challenge of sound prediction methods is to improve both the accuracy of its results and the 

efficiency of its modelling and solving steps. Based on the main assumptions of Statistical Energy Analysis,  

a statistical modelling method has been developed resulting in considerably less modeling time without 

compromising the prediction accuracy. In some cases even better accuracy was achieved. 

This method is especially well suited for the early design phase, when not all input is available but 

arrangement, structural and noise control treatment have to be assessed from an acoustic perspective. 
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Abstract
In a diffuse field, the undamped eigenvalues of a diffuse wave field with uncertain local wave scattering
properties conform to those of a Gaussian Orthogonal Ensemble (GOE) matrix, while the mode shapes are
Gaussian random fields. With the GOE based Monte Carlo (GOE-MC) approach, the probability distribu-
tion of the response in a diffuse field can be obtained by computing realizations for the natural frequencies
and mode shapes of the diffuse system component. This paper focuses on the generation of diffuse acoustic
modes, which is based on an eigenvalue decomposition of the covariance matrix. The corresponding eigen-
value problem can be solved numerically, but this is computationally expensive, especially if the number
of source, receiver, or interface points increases. An analytical solution based on prolate spheroidal wave
functions is therefore presented. This approach is numerically validated for (correlated) point sources in a
diffuse room and experimentally validated for a PMMA plate radiating sound into an adjacent room.

1 Introduction

At high frequencies, the response in an acoustic field is often modeled using stochastic energy-based meth-
ods like statistical energy analysis (SEA). This yields, however, only the statistics of the system energies,
implying that no phase information is obtained. Conventional diffuse field models can furthermore only be
applied for certain loading types and from a specific modal overlap onwards.

An alternative, field-based modeling approach has been recently developed [1], termed the Gaussian Or-
thogonal Ensemble based Monte Carlo (GOE-MC) approach. It is more broadly applicable, but is still
computationally efficient as the random system is modeled with the source, receiver, and interface degrees
of freedom only. The method relies on the generation of Monte Carlo samples exploiting the fact that (1)
the statistics of the local spacings between the eigenvalues in a diffuse field are those of a Gaussian orthog-
onal ensemble (GOE) matrix and (2) the mode shapes are independent Gaussian random wave fields with a
correlation function that relates to the Green’s function of the unbounded system.

Figure 1 displays three acoustic mode shape realizations for a rectangular room. At two points that are
far apart, the mode shapes can be assumed uncorrelated and can be simulated directly from their variance.
When several source, receiver, and interface points lie close to each other, however, this assumption is no
longer valid. Examples where this correlation can play an important role are the direct field response around
a sound source, the response in a room due to an array of loudspeakers, and the sound radiation from and
sound transmission through a wall or floor. In these cases, an eigenvalue decomposition of the covariance
matrix is needed for simulating the mode shapes.

Solving this eigenvalue problem numerically becomes computationally more expensive for an increasing
number of source, receiver, and interface degrees of freedom. When the degrees of freedom are situated on
a line, the problem for an acoustic volume relates to the solution of the Helmholtz equation in spheroidal
coordinates. This makes it possible to generate mode shapes using prolate spheroidal wave functions, which
is computationally more efficient than the numerical solution. Pioneering work in the area of spheroidal wave
functions was performed by Stratton [2] and Slepian and Pollak [3], and has since mainly been applied in the
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Figure 1: Three mode shape realizations of a rectangular room of size 4.15 m× 5.09 m× 4.12 m at 250 Hz.

domain of communication theory, more specific in the Nyquist-Shannon sampling theorem [4]. This theory
will be applied in this paper to obtain diffuse acoustic mode shape realizations with a spatial correlation that
is exact for points on a line (which can for example be applied for an array of loudspeakers on a line). The
derived theory is extended using an approximation of the correlation function for surfaces and volumes (with
applications such as sound radiation from a plate into a room).

The outline of this paper is as follows. First, the GOE-MC approach is introduced and the generation of
diffuse natural frequencies and mode shapes is discussed. Next, the exact solution of the eigenvalue problem
along a line is studied using prolate spheroidal wave functions. The method is illustrated with a numerical
example for one and multiple point sources in a diffuse room. The solution for points on a line is then used
to obtain an approximate solution for surfaces and volumes. This is experimentally validated for a plate
radiating sound into an adjacent room.

2 The GOE-MC approach

The GOE-MC approach is a field-based approach that is developed for built-up systems containing system
components that are either entirely deterministic or entirely diffuse [1]. It uses Monte Carlo simulations,
in which each Monte Carlo sample represents the realization of a diffuse field. The response for every
realization is computed based on the fact that the statistics of the local eigenvalue spacings are those of the
GOE, while the mode shapes are Gaussian random fields. The subject of this section is the generation of the
natural frequencies and mode shapes in a diffuse field.

2.1 Generation of natural frequencies in a diffuse field

This subsection describes the generation of natural frequencies with a correct eigenvalue density. This is
done across the entire frequency range of interest, containing all modes that are used in the analysis, and it is
therefore larger than the frequency range of analysis as some out-of-band modes should also be considered.
The procedure for generating the natural frequencies is summarized below [1, 5]:

1. Estimate the number of expected eigenfrequencies Nint = N(ωu) up to the upper frequency ωu. For a
rectangular room with volume V , the mode count can be estimated as [6]:

N(ω) =

∫ ω

0
n(ω′)dω′ =

V

6π2c3
ω3 (1)

2. Make realizations of a Gaussian Orthogonal Ensemble (GOE) matrix with a random number generator.
The GOE matrix is a real symmetric matrix with independent, centered Gaussian random variables as
entries: the diagonal entries have variance 2σ2

G and the off-diagonal entries have variance σ2
G, where

the parameter σG serves to specify an eigenvalue scale. The size of the GOE matrix should be such
that the number of rows or columns nG is considerably larger than the number of eigenfrequencies
Nint. Compute subsequently its eigenvalues. Alternatively, previously computed and tabulated GOE
eigenvalues can be re-used as the eigenvalues do not depend on any physical properties.
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3. Determine the range of GOE eigenvalues [−λGl, λGl] such that the cumulative count functionNG(λGl)
equals Nint. Based on an expression for the density of the GOE eigenvalues for nG → ∞ as proven
by Wigner [7], the cumulative count function is obtained as:

NG(λG) =
nG

πr2
G

(
λGl

√
r2

G − λ2
Gl + λG

√
r2

G − λ2
G

)
+
nG

π

(
arcsin

λGl

rG
+ arcsin

λG

rG

)
(2)

with rG = 2σG
√
nG.

4. Finally, transform the GOE eigenvalue realizations into the physical subsystem’s eigenvalue realiza-
tions λ := ω2

λ = N−1 (NG(λG)) =

(
6π2c3NG(λG)

V

)2/3

(3)

where the final expression is valid for an acoustic volume.

2.2 Generation of mode shapes in a diffuse field

The mode shapes of a system component in high-frequency regime can be interpreted as standing waves that
arise from many traveling plane wave components. Adopting a diffuse wave field model, the mode shape
at a given location consists of a summation of independent plane waves with the same mean amplitude and
uncorrelated phases, coming from all directions with equal probability. It then follows from the central limit
theorem that the mode shapes are zero-mean, Gaussian random fields. A zero-mean Gaussian random field
is uniquely determined by its spatial covariance function.

For diffusely reflecting boundaries, the mode shapes φpi are statistically homogeneous, i.e., the statistics of
the mode shape components are independent of their position. The corresponding random wave field is a
diffuse field. The covariance function for an acoustic enclosure then has the form [8]:

Cpi

(
x,x′

)
= Cov

(
φpi(x), φpi(x

′)
)

= Aj0(kpi||x− x′||) (4)

where j0(x) = sin(x)/x is the spherical Bessel function of the first kind and order zero, kpi = 2π
λpi

denotes
the wavenumber corresponding to the wavelength λpi of mode i, and A is a factor that is independent of
position, which can be determined from the mode shape normalization condition. For a homogeneous three-
dimensional acoustic enclosure Ω with volume V , the normalization condition reads

∫

Ω

1

c2
φ2

pi(x)dx = 1 ⇔ A =
c2

V
(5)

The correlation function (4) depends only on the distance between the considered mode shape components,
the wavelength and the volume. When the distance between x and x′ is large compared to the wavelength
λpi, the mode shapes evaluated at these distinct points are approximately uncorrelated.

Realizations of the mode shape vector φpi can be obtained from a truncated Karhunen-Loève decomposition.
In this approach, the covariance function is decomposed as [9]:

Cpi

(
x,x′

)
=
∑

n

λnfn(x)fn(x′) (6)

where λn and fn(x) are the eigenvalues and eigenfunctions of the following eigenvalue problem:
∫

Ω
Cpi(x,x

′)fn(x′)dx′ = λnfn(x) (7)

The corresponding mode shape can be expressed as [9]:

φpi(x) =
∑

n

√
λnfn(x)ξn (8)
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where ξn denote independent, standard normal random variables that can be realized with a Gaussian random
number generator.

When the mode shapes are only needed at a limited number L of loading locations, the corresponding modal
displacements can be collected in a mode shape vector:

φpi =
[
φpi(x1) φpi(x2) . . . φpi(xL)

]T (9)

The corresponding covariance matrix
Cpi = E

[
φpiφ

T
pi

]
. (10)

can be straightforwardly computed from the prescribed covariance function (4).

The eigenvalue problem in equation (7) can be solved numerically, which has the advantage that it can be
used for any covariance function. Realizations of the mode shape vector φpi(x) are obtained from a discrete
Karhunen-Loève decomposition. From the eigenvalue decomposition of the covariance matrix

Cpi = AΣAT (11)

the corresponding mode shape vector is obtained as:

φpi = AΣ
1
2 ξ (12)

where ξ is a vector of independent, standard normal random variables that can be realized with a Gaussian
random number generator.

3 Acoustic diffuse room modes along a line

A numerical solution, as introduced in the previous section, is computationally expensive, especially if the
number of points in which the mode shape needs to be computed increases. In one dimension, i.e. for
points situated on a line, the eigenvalue problem (7) is very similar to an eigenvalue problem encountered
in the domain of communication theory, as shown in section 3.1. Its analytical solution is related to prolate
spheroidal wave functions and is presented in sections 3.2 and 3.3. Using this solution, the analytical solution
of the original eigenvalue problem is obtained as discussed in section 3.4, resulting in realizations of diffuse
acoustic modes, as illustrated with a numerical example in section 3.5.

3.1 Generalization of the eigenvalue problem

For points situated along a line, the covariance function (4) becomes:

Cpi

(
x,x′

)
= Cov

(
φpi(x), φpi(x

′)
)

= Aj0
(
kpi|x− x′|

)
(13)

The eigenvalue problem (7) therefore equals:

A

∫

Ω
j0
(
kpi|x− x′|

)
fn(x′)dx′ =

A

kpi

∫

Ω

sin kpi (x− x′)
x− x′ fn(x′)dx′ = λnfn(x) (14)

From the solution of this eigenvalue problem, yielding eigenvalues λm and corresponding eigenfunctions
fm(x), the mode shapes are obtained using equation (8).

The following problem is very similar to equation (14) and has previously been tackled in the domain of
communication theory:

1∫

−1

sin c(x− x′)
π(x− x′) ψn(x′)dx′ = µnψn(x) (15)
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where µn and ψn(x) are respectively the eigenvalues and eigenfunctions of the one-dimensional eigenvalue

problem with
sin c(x− x′)
π(x− x′) as kernel. Note that this is a special case of the general problem we try to solve.

Not only are we looking at a one-dimensional solution domain, also the limits of this domain [−1, 1] and
the normalization factor of the correlation function A are specific for the problem considered in this section.
The solution of this problem (15), however, makes it possible to generalize the solution later on.

3.2 Eigenfunctions from angular prolate spheroidal wave functions

The eigenfunctions from problem (15) correspond to the solutions of the next Sturm-Liouville differential
equation with eigenvalues χn [3]:

d

dx

((
1− x2

) dψn
dx

)
+
(
χn − c2x2

)
ψn = 0 (16)

This Sturm-Liouville problem is related to the Helmholtz equation in spheroidal coordinates. The spheroidal
coordinates (ξ, η, φ) are used to solve the wave field produced by two centers and are related to the Cartesian
coordinates by the following equations [10]:





x = aξη

y = a
√

(ξ2 − 1) (1− η2) cosφ

z = a
√

(ξ2 − 1) (1− η2) sinφ

(17)

where 2a is the distance between two foci. The variables are defined in: ξ ∈ [1,∞), η ∈ (−1, 1), and
φ ∈ [0, 2π). The Helmholtz equation∇2Θ + k2Θ = 0 in spheroidal coordinates is given by [10]:

∂

∂ξ

((
ξ2 − 1

) ∂Θ

∂ξ

)
+

∂

∂η

((
1− η2

) ∂Θ

∂η

)
+

ξ2 − η2

(ξ2 − 1) (1− η2)

∂2Θ

∂φ2
+ c2

(
ξ2 − η2

)
Θ = 0 (18)

with c = ka. By separating the solution as Θ(ξ, η, φ) = Rmn(c, ξ)Smn(c, η)Φm(φ), the separated Helmholtz
equation becomes:

∂

∂ξ

((
ξ2 − 1

) ∂Rmn(c, ξ)

∂ξ

)
−
(
χmn − c2ξ2 +

m2

ξ2 − 1

)
Rmn(c, ξ) = 0 (19)

∂

∂η

((
1− η2

) ∂Smn(c, η)

∂η

)
+

(
χmn − c2η2 − m2

1− η2

)
Smn(c, η) = 0 (20)

∂2Φm(φ)

∂φ2
+m2Φm(φ) = 0 (21)

The solutions of Rmn(c, ξ) are called radial prolate spheroidal wave functions, the solutions of Smn(c, η)
angular prolate spheroidal wave functions. Note that equations (19) and (20) are exactly the same, but for
variables ξ and η that are defined in a different range, i.e. ξ ∈ [1,∞), η ∈ (−1, 1).

Equation (20) is exactly the same as the Sturm-Liouville differential equation (16) if m = 0:

ψn(x) = S0n (c, x) (22)

Furthermore, this equation is very similar to the definition of the associated Legendre polynomials:

d

dη

((
1− η2

) dPml (η)

dη

)
+

(
l(l + 1)− m2

1− η2

)
Pml (η) = 0 (23)

For the simple case c = 0, the angular prolate spheroidal wave function becomes:

Smn(0, η) = Pmn (η), χmn = n(n+ 1) for 0 ≤ m ≤ n (24)
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The prolate spheroidal functions are therefore usually obtained from the following series expansion:

Smn(c, η) =





∞∑
r=0,2,...

dmnr (c)Pmm+r(η) for n−m even

∞∑
r=1,3,...

dmnr (c)Pmm+r(η) for n−m odd
(25)

where a distinction is made between even and odd functions. In the following, this will be abbreviated as:

Smn(c, η) =
∞∑

r=0/1

dmnr (c)Pmm+r(η) (26)

Substitution of this expression into the differential equation (20) yields the following recurrence relations for
the expansion coefficients dmnr after imposing dmnR+2(c) = 0 [2]:




β0/1 α0/1 0 0 · · · 0 0
γ2/3 β2/3 α2/3 0 · · · 0 0

0 γ4/5 β4/5 α4/5 · · · 0 0
...

...
...

...
. . .

...
...

0 0 0 0 · · · γR βR








dmn0/1(c)

dmn2/3(c)

dmn4/5(c)
...

dmnR (c)





= χmn





dmn0/1(c)

dmn2/3(c)

dmn4/5(c)
...

dmnR (c)





(27)

with 



αr =
(2m+ r + 1)(2m+ r + 2)

(2m+ 2r + 3)(2m+ 2r + 5)
c2

βr =
2(m+ r)(m+ r + 1)− 2m2 − 1

(2m+ 2r − 1)(2m+ 2r + 3)
c2 + (m+ r)(m+ r + 1)

γr =
r(r − 1)

(2m+ 2r − 3)(2m+ 2r − 1)
c2

(28)

The minimum size of the matrix follows from the fact that the expansion coefficients dmnr (c) peak at r =
n − m. As a result, a value R > n − m should be taken (e.g. R = 2(n − m)). When the expansion
coefficients dmnr (c) are obtained, the prolate spheroidal functions can be computed for every coordinate η
using quation (25).

3.3 Eigenvalues from radial prolate spheroidal wave functions

To compute the eigenvalues λn in equation (15), one can note that for the eigenvalue problem:

Fcψn(x) =

1∫

−1

eicxx′ψn(x′)dx′ = αnψn(x) (29)

the following relation holds:

F ∗c Fcψn(x) =
2π

c

1∫

−1

sin c(x′ − x)

π(x′ − x)
ψn(x′)dx′ = |αn|2 ψn(x) (30)

and by comparing equations (30) and (15), a relation can be found between the eigenvalues µn and αn:

µn =
c

2π
|αn|2 (31)

One can show that [3]:
αn = 2inR0n(c, 1) (32)
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with Rmn(c, ξ) the radial prolate spheroidal wave function normalized such that for large ξ

R0n(c, ξ)→ 1

cξ
cos

[
cξ − 1

2
(n+ 1)π

]
(33)

The eigenvalues of (15) therefore equal:

µn =
c

2π
|αn|2 =

2c

π
[R0n(c, 1)]2 (34)

The radial prolate spheroidal wave functions are obtained as follows. From the separated solution in one co-
ordinate η, Smn(c, η), and from a functionK(ξ, η) that satisfies the Helmholtz equation expressed in the two
separable coordinates ξ and η, the solution in the coordinate ξ,Rmn(c, ξ), is given by the representation [11]:

Rmn(c, ξ) =

∫
K(ξ, η)Smn(c, η)dη (35)

As the following function satisfies this condition:

K(ξ, η) =
(
ξ2 − 1

)m/2
eicξη

(
1− η2

)m/2 (36)

the radial prolate spheroidal wave functions Rmn(c, ξ) are computed from:

Rmn(c, ξ) =
(
ξ2 − 1

)m/2
1∫

−1

eicξη
(
1− η2

)m/2
Smn(c, η)dη (37)

Substitution of the series expansion for the axial prolate spheroidal wave functions in equation (26) and
taking the normalizion condition in equation (33) into account finally yields [12]:

Rmn(c, ξ) =




∞∑

r=0/1

(2m+ r)!

r!
dmnr (c)



−1(

ξ2 − 1

ξ2

)m/2 ∞∑

r=0/1

ir+m−n
(2m+ r)!

r!
dmnr (c)jm+r(cξ) (38)

and therefore:

R0n(c, 1) =




∞∑

r=0/1

d0n
r (c)



−1 ∞∑

r=0/1

ir−nd0n
r (c)jr(c) (39)

Alternatively, one can compute the eigenvalues as follows. The eigenvalues with number n smaller than
2c/π equal 1, while the eigenvalues with number n larger than 2c/π equal 0. For the numbers n in the
neighborhood of 2c/π, the following approximation can be used [13]:

µn ≈
1

1 + eπβ
for n =

2c

π
+
β

π
log c (40)

3.4 Acoustic diffuse room modes in one dimension

As the solutions of the eigenvalue problem in equation (15) are given by equations (22) and (34), the solution
of the original eigenvalue problem, equation (14), where the domain Ω is taken to be the interval [−a, a], has
following solutions:

fn(x) = S0n

(
akpi,

x

a

)
(41)

λn = 2aA [R0n(akpi, 1)]2 (42)
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The computation of the acoustic mode shapes is therefore performed as follows. First the number of eigen-
values is estimated to define the range of n. This is done by using the approximations in equation (40), i.e.
finding n for which λn is small compared to the largest eigenvalue (in this paper, a ratio of 10−6 is used).
Note that equation (40) is valid for eigenvalue problem (15), while for the original problem in equation (14),
this approximation becomes:

λn ≈
πA

kpi

1

1 + eπβ
for n =

2akpi

π
+
β

π
log akpi (43)

The next step is computing the expansion coefficients by solving equation (27). The angular and radial
prolate spheroidal wave functions are then computed from equations (26) and (39), respectively. Evalu-
ating these expressions as defined by equations (41) and (42) yields the values of the eigenfunctions and
eigenvalues. These can be used for obtaining the mode shape components by evaluating equation (8).

3.5 Numerical validation: point sources in a diffuse room

Let us consider an acoustic room with dimensions 4.15 m × 5.09 m × 4.12 m. A point monopole acts as
a point source at position xp = {1.75 m, 2.50 m, 2.00 m}T with a unit harmonic volume acceleration ap at
500 Hz. The aim is to predict the sound pressure level in the room along a straight line passing through this
source point and parallel to the x-axis. This line is discretized using a mesh size of 0.05 m.

First, the realization of acoustic mode shapes along this line is studied. Figure 2 displays the first three eigen-
functions fn(x) and the eigenvalues λn for the discrete decomposition and prolate spheroidal wave functions
(PSWF) solution. For the discrete decomposition solution, they are obtained from Karhunen Loève decom-
position in equation (11): the eigenfunctions correspond to the columns of the matrix A and the eigenvalues
to the diagonal entries of the matrix Σ. For the PSWF solution, the eigenfunctions and eigenvalues are
obtained from equations (41) and (42), respectively. Only the first eigenvalues are nonzero, showing that if
the response in multiple degrees of freedom is searched, the eigenvalue problem to be solved for the PSWF
solution (equation (27), the size being related to n) is smaller than the one for the discrete decomposition
(equation (11), the size being related to the number of degrees of freedom). Figure 2 furthermore displays a
mode shape realization, obtained using equation (8).

Once a realization of the mode shape is computed, the pressure at a point x can be predicted using modal
decomposition:

p(x, ω) =
∑

i

φpi(x)qpi(ω) with qpi(ω) =
−ρapφpi(xp)

ω2
pi(1 + iηpi)− ω2

(44)

In this equation, ρ is the mass density of air, ωpi is the ith eigenfrequency of the wall, φpi(x) is the cor-
responding mode shape component at position x, and ηpi is the corresponding loss factor. If the receiver
points x and the source point xp are all located on a line, the theory described in the previous section can be
applied.

Figures 3a-b show the mean and 95 % confidence interval of the real and imaginary part of the pressure at
500 Hz for 1000 Monte Carlo simulations. Every Monte Carlo sample represents the realization of a diffuse
field. The natural frequencies are generated as described in section 2.1, while the mode shapes are obtained
using either the discrete Karhunen-Loève decomposition or the continuous prolate spheroidal wave function
solution. Modes corresponding to a natural frequency much larger than the frequency considered still have
an important influence on the real part of the pressure close to the source point (where the response goes to
−∞). Therefore, modes up to 2250 Hz have been taken into account.

One can note that the mean pressure can be computed analytically. The pressure in the room can be seen
as the sum of the deterministic response and the reverberant response due to wave scattering. In a diffuse
field where the wave scattering is sufficiently random, the mean of the reverberant response equals zero [14].
Therefore, the mean pressure equals the deterministic response, i.e. the response in a full space. This
corresponds to the product of the applied force and the free-space Green’s function G∞(r), for which an
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Figure 2: Discrete decomposition (lightgray solid line) and PSWF (darkgray dashed line) solution of (a)-(c)
first three eigenfunctions fn(x), (d) eigenvalues λn, and (e) a mode shape realization φpi(x).

analytical expression exists [15]:

E [p(x, ω)] = −ρapG∞(r) = −ρap
exp(−ikr)

4πr
= −ρapk

4π

cos(kr)

kr
+ i

ρapk

4π
sinc(kr) (45)

with k = ω/c the acoustic wavenumber and c the speed of sound in the room. The imaginary part is a sinc
function, while the real part is a function which is singular at r = 0. The theoretical mean pressure is also
plotted in Figures 3a-b, showing good correspondence with the computed results.

Furthermore, the sound pressure level Lp in the room is defined as:

Lp = 10 log10

|p(x, ω)|2
p2

0

(46)

with p0 = 2 · 10−5 the reference pressure. Figure 3 shows the mean and 95 % confidence interval of the
sound pressure level for the two models. Note the small variations in the lower bound of the 95 % confidence
interval, indicating that more Monte Carlo samples are in fact needed for this bound to fully converge. Both
models, however, are converging to the same values.

For the mean sound pressure level Lp for a point source in a diffuse room with little sound absorption, the
following theoretical expression exists based on the assumption of plane wave propagation [16]:

E [Lp] ≈ LW + 10 log10

(
1

4πr2
+

4

Ar

)
with LW = 10 log10

W

W0
(47)

where r is the distance to the source, Ar is the total absorption in the room, and LW is the power level of the
source, computed from the sound power W and the reference power W0 = 10−12 W. For a point monopole
with volume acceleration ap, the sound power is given by [17]:

W =
ρap

8πc
(48)
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Figure 3: Mean and 95 % confidence interval of (a) the real and (b) the imaginary part of the pressure in
the room at 500 Hz, and (c) the corresponding sound pressure level Lp. The discrete decomposition solution
(lightgray solid line) and the PSWF solution (darkgray dashed line) are compared to the theoretical mean
response according to equations (45) and (47) (black dotted line). The figure right below shows the position
of the sound source (indicated with the letter P ) and the axis where the sound pressure is computed (dotted
line).

In equation (47), the first term in the logarithm is the contribution of the direct field, while the second term
is the one of the diffuse field. For points close to the source, the sound pressure goes to infinity (Figure 3c).
Also the mean sound pressure level in the diffuse field, i.e. far from the source, corresponds well.

Consider now an array of four of these point sources, located at xpi = {xpi, 2.50 m, 2.00 m}T with xp1 =
0.85 m, xp2 = 1.75 m, xp3 = 2.25 m, and xp4 = 3.15 m. All point sources have a harmonic volume
acceleration, with values ap1 = 0.8 m/s2, ap2 = 1.2 m/s2, ap3 = 1.4 m/s2, and ap4 = 0.7 m/s2. Figures 4a
and b display the sound pressure level Lp as computed from equation (46) at two frequencies (200 Hz and
500 Hz). The maxima that appear in between the source positions indicate an interference effect resulting
from the correlation function. Figure 4c furthermore displays the time- and space-averaged sound pressure
level Lp,av which is computed from the time- and space-averaged sound pressure p2

av:

Lp,av = 10 log10

p2
av

p2
0

with p2
av =

1

V

∫

Ω

|p(x, ω)|2
2

dx =
c2

2V

∑

i

|qpi|2 (49)

In the elaboration of the integral, use was made of the orthogonality and normalization (equation (5)) of the
mode shapes. Results are compared with results obtained for uncorrelated sound sources (i.e. when the time-
and space-averaged sound pressures for the separate sound sources are summed). This shows that not only
the mean results are affected by the correlation, but also the variance: not taking the correlation between the
sound sources into account leads to an underestimation of the diffuse field uncertainty.
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Figure 4: Mean and 95 % confidence interval of the sound pressure level Lp along the source line at
(a) 200 Hz and (b) 500 Hz, and (c) the time- and space-averaged sound pressure level Lp,av as a function
of frequency. The discrete decomposition solution (lightgray solid line) is compared with the PSWF solu-
tion (darkgray dashed line). The PSWF solution in which the point sources are considered uncorrelated is
indicated with a black dotted line. The figure right below shows the position of the sound sources (indicated
with the letters P1, P2, P3, and P4) and the axis where the sound pressure is computed (dotted line).

4 Acoustic diffuse room modes on a surface

4.1 Theory

Although the eigenvalues and eigenfunctions obtained from solving equation (15) are defined on a line, the
results can be used for problems with multiple dimensions by approximating the correlation function as a
product of correlation functions along multiple lines. For a surface, the approximation is given by:

Cpi

(
x,x′

)
= Aj0(kpi||x− x′||) ≈ Aj0(kpi|y − y′|)j0(kpi|z − z′|) (50)

where x = {y, z}T and x′ = {y′, z′}T. Disregarding the normalization factor, the Taylor series around
{kpi(y − y′), kpi(z − z′)} → {0, 0} for the exact and approximate correlation function become:

j0(kpi||x− x′||) = 1−
k2

pi

6

(
∆y2 + ∆z2

)
+
k4

pi

360

(
3∆y4 + 3∆z4 + 6∆y2∆z2

)
− . . . (51)

j0(kpi∆y)j0(kpi∆z) = 1−
k2

pi

6

(
∆y2 + ∆z2

)
+
k4

pi

360

(
3∆y4 + 3∆z4 + 10∆y2∆z2

)
− . . . (52)

where ∆y = y − y′ and ∆z = z − z′. This shows the good correspondence between the two. Only
at large wavenumbers kpi (i.e. large frequencies) and for both ∆y and ∆z larger than zero, the error can
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become significant when using this approximation. However, at large distances, i.e. ∆y or ∆z large, the
correlation function itself becomes small. Therefore, these points are approximately uncorrelated and only
have a limited influence on each others response. This justifies the proposed approximation.

The eigenfunctions and eigenvalues are related to the solutions of the following eigenvalue problem:

1∫

−1

1∫

−1

sin c(y − y′)
π(y − y′)

sin c(z − z′)
π(z − z′) ψn(y′, z′)dy′dz′ = µnψn(y, z) (53)

To compute its eigenvalues, one can note that for the eigenvalue problem:

Fcψn(y, z) =

1∫

−1

1∫

−1

eic(yy′+zz′)ψn(y′, z′)dy′dz′ = αnψn(y, z) (54)

the following relation holds:

F ∗c Fcψn(y, z) =
4π2

c2

1∫

−1

1∫

−1

sin c(y − y′)
π(y − y′)

sin c(z − z′)
π(z − z′) ψn(y′, z′)dy′dz′ = |αn|2 ψn(y, z) (55)

and therefore

µn =
c2

4π2
|αn|2 (56)

which is very similar to the relation for the case along a line (equation (31)).

One can show that the solution of the eigenvalue problem in equation (54) is simply the multiplication of
solutions along the y- and z-axis:

ψn(y, z) = ψy
n(y)ψz

n(z) (57)
αn = αy

nα
z
n (58)

with αy
n and αz

n the eigenvalues of the eigenvalue problem in equation (29) and ψy
n(y) and ψz

n(z) the corre-
sponding eigenfunctions.

For the actual eigenvalue problem

A

ay∫

−ay

az∫

−az

sin kky(y − y′)
kky(y − y′)

sin kky(z − z′)
kky(z − z′)

fn(y′, z′)dy′dz′ = λnfn(y, z) (59)

the eigenvalues and eigenfunctions are then given by:

fn(y, z) = fny,nz(y, z) = S0ny

(
aykpi,

y

ay

)
S0nz

(
azkpi,

z

az

)
(60)

λn = λny,nz = 4ayazA
[
R0ny(aykpi, 1)

]2
[R0nz(azkpi, 1)]2 (61)

Although these expression are obtained for a rectangular solution domain, the shape of the domain is of no
importance as we are interested in diffuse mode shape components, which are the same regardless the chosen
(sub)domain. This means that for a non-rectangular domain, the solutions for a circumscribed rectangle or
bounding box can be used. The procedures used, i.e. decomposing the solution in the ones of the eigenvalue
problems along several lines, furthermore makes it possible to obtain the mode shapes in three dimensions,
i.e. for rectangular cuboids.
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4.2 Experimental validation: coupling with structural system components

The computation of mode shapes in diffuse fields makes it possible to analyze more complex systems, in
particular built-up systems where different system components are coupled. In this subsection, the diffuse
field in an acoustic enclosure is coupled with a deterministic field in a structural element such as a wall or
floor element. The problem discussed here is that of an excited wall or floor radiating sound into an adjacent
room. In general, for a structure that is coupled to a light fluid such as air, the fluid-structure coupling is
mostly considered weak [15]. In this case, a sequential approach can be used to compute the sound pressure
in the room: first, the structural response of the plate is computed neglecting the coupling with the fluid, after
which the acoustic response in the room can be calculated.

The first step, computing the out-of-plane displacement of the plate at the interface positions x′, is again
done through a truncated modal decomposition:

u(x′, ω) =
∑

k

φn
uk(x

′)quk(ω) with quk(ω) =
fk

ω2
uk(1 + iηuk)− ω2

(62)

In this equation, ωuk is the kth eigenfrequency of the plate, φn
uk is the component in the direction perpendic-

ular to the wall-room interface of the corresponding mode shape φuk, ηuk is the loss factor, and

fk =

∫

∂Ωf

φuk · t̄ndx (63)

with t̄n the imposed tractions on the boundary ∂Ωf .

Once the modal coordinates quk(ω) of the wall displacement have been computed, the pressure in the room
at position x can be computed as:

p(x, ω) =
∑

i

φpi(x)qpi(ω) with qpi(ω) = ρω2
∑

k

(∫
∂Ωi

φpiφ
n
ukdx

)
quk(ω)

ω2
pi(1 + iηpi)− ω2

(64)

Note the similarity with equation (44), considering the surface radiation of the wall as a superposition of
many small volume acceleration sources on the fluid-structure interface ∂Ωi. The acoustic mode shapes φpi

now appear in an integral with the structural mode shapes φn
uk. This integral is independent of the frequency

and is computed for every diffuse field realization. The acoustic mode shapes φpi in the integral are the ones
at the room-plate interface and are computed with the approach presented in this paper. Considering the plate
as a perfectly reflecting boundary, the mean squared sound pressure is twice the mean squared sound pressure
in the center of the room [16]. Because of this, the covariance function (4) and therefore also the eigenvalues
in equation (61) should be multiplied by two for points located on the reflecting structural element [16].
Finally, the time- and space-averaged sound pressure level Lp,av is computed from equation (49).

An experimental validation example which was presented in [18] is discussed next. Consider the sound
radiation from a bare PMMA plate with dimensions 1.23 m× 1.48 m× 12 mm. The density of the PMMA
material was determined by weighing the plate, resulting in a value of 1260 kg/m3. For the Young’s modulus
and the Poisson’s ratio, values of 2.4 GPa, and 0.35 are assumed, respectively. Simply supported boundary
conditions are assumed along all four edges on the plate. The eigenfrequencies and mode shapes of the
plate are computed using analytical expressions for the bending modes of a thin isotropic plate [16, p. 156-
158]. The plate was excited repetitively using an instrumented impact hammer of the type PCB086C03 at
a single location on the plate and for a total duration of 20 s. The impact location that is considered in the
present paper, is at a distance of one-third of both the horizontal and vertical edge lengths of the plate, when
measured with respect to one of its corners. We are interested in the sound pressure level in the adjacent
room with a volume of 87 m3. In the prediction, the measured average double-sided power spectral density
of the repetitive hammer impact force was employed (which is presented in [18]) and nominal values for the
air density and sound speed at ρ = 1.20 kg/m3 and c = 343 m/s are used.

Figure 5 shows the mean and 95 % confidence interval of the computed sound pressure level and compares
this with experimental results in the small vertical transmission opening in the KU Leuven Laboratory of

MEDIUM AND HIGH FREQUENCY TECHNIQUES 1707



Acoustics. The experimental results lie well within the computed 95 % confidence interval at low frequen-
cies. At high frequencies, the uncertainty inherent to the diffuse field assumption becomes very small and
the sound pressure level could be computed with a deterministic model. At these frequencies, other sources
of uncertainty become more important.
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Figure 5: Mean and 95 % confidence interval of the (a) harmonic and (b) one third octave band results for
the average sound pressure level due to sound radiation by a PMMA plate. Numerical results (black solid
line) are compared with experimental results (gray solid line).

5 Conclusion

Obtaining mode shape realizations of a diffuse acoustic volume from a numerical solution of the eigenvalue
decomposition of the covariance matrix becomes very expensive for a large number of correlated degrees of
freedom. An analytical approach based on prolate spheroidal wave functions has therefore been presented
to generate diffuse acoustic modes. The analytical approach yields the exact solution for correlated degrees
of freedom situated on a line, while an approximate solution can be obtained for degrees of freedom situated
on a surface or in a volume. The approach for obtaining diffuse mode shapes can be used in a GOE-
MC framework, in which every MC sample represents a realization of a diffuse field. The method has
been illustrated by a numerical validation example of a point source in a diffuse room and an experimental
validation example of a sound radiating PMMA plate.
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Abstract
In this paper we address the calculation of vibrational energy distributions in built-up mechanical structures
at high-frequencies. Dynamical Energy Analysis (DEA) has been established as a mesh-based ray-tracing
method working at mid-to-high excitation frequencies for structure-borne sound on complex vehicle struc-
tures. It extends both ray-tracing and statistical approaches like Statistical Energy Analysis (SEA). Here we
investigate the influence of stiffeners on the damping in these computations. As these pose a mid-frequency
problem in most applications, it is necessary to be able to well approximate their influence in DEA.

1 Introduction

The knowledge of vibrational energy propagation through built-up structures is undoubtedly of great impor-
tance. Applications range from the structural analysis of buildings to ensure their safety to aeroplane fuselage
to improve passenger comfort [1]. In order to predict the vibrational behaviour of these complex objects, en-
gineers often have to use numerical tools as analytical solutions are only available for simple cases. More
specifically, we want to focus on built-up structures made by thin plates and shells. These are widely studied
in the literature [2, 3] and various levels of detail exists for the description. Locally, the behaviour of the
shells is given by plate theory [4]. This implies that the degrees of freedom of propagation vibrational energy
are split into three independent components, namely pressure wave, shear wave, and flexural (out-of-plane)
bending wave. The latter is most important when considering the coupled problem to a surrounding liquid
in order to describe sound radiation [3].

One of the most common tools used is Finite-Element Analysis (FEA). The main ingredient is to subdivide
the structure under consideration into mesh cells and then solve the governing partial differential equations
(PDEs) numerically. The latter is done by means of so called weak formulation based on a predefined set of
test functions for which the numerical solution satisfies the equations [5]. But while being a very powerful
and general approach to solve PDEs numerically, the method relies on a sufficiently fine spatial discretization.
More specifically, in the hyperbolic equations considered here the average mesh cell size has to be such that
the corresponding wavelength of the solutions is at least six times larger then the cell size. Therefore, for high
excitation frequencies the meshes have to become very dense. In this paper we will address how Dynamical
Energy Analysis, DEA, circumvents this problem [6, 7, 8, 9].

The paper is structured as follows: First we will give an overview of DEA and compare it to existing methods.
We will introduce the main idea with a simple example to make the reader familiar with the approach. Then
we will present results on a corrugated plate mimicking a typical mid-frequency problem and investigate the
DEA results. We finish with a conclusion and outlook.
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2 DEA - Dynamical Energy Analysis

When the vibrations of thin shells are described by means of FEA, then the result predicts the behaviour
by means of displacements of vertices. For high frequencies, however, this is not feasible as the displace-
ment does not reliably represent the state of the structure. Therefore, high-frequency methods use different
approaches to describe the distribution of vibrational energy.

The least-complex results are usually given by SEA. Here, the structure is decomposed into weakly coupled
sub-systems which themselves are considered ergodic. This means that the energy inside the sub-systems is
thought to be in equilibrium and has explored all parts of the structure in an even manner. The weak coupling
then allows to use a power-balance approach and attributes a mean level of vibrational energy to each of the
parts. The drawback is a quite coarse result and a somewhat arbitrary subdivision of the structure. If the
division has to be done manually, then it can be a very difficult task. This has lead to (semi-) automatic
approaches for creating SEA results. This process is based on FEM calculations [10, 11] and uses these to
deduce the best subdivision for SEA.

A different route is taken by so-called Ray-Tracing (RT) approaches. These are based on a high-frequency
approximation of the underlying hyperbolic PDEs, i.e. the wave equation

1

c2
∂2u

∂t2
−∆u = f (1)

for pressure and shear waves and the bi-harmonic equation

1

c2
∂2u

∂t2
+ ∆2u = f (2)

for bending waves. In these equations the right hand side is an excitation of the corresponding modes and
is assumed to be monochromatic in the following. For the pressure and shear equations (1) one uses the
(harmonic) ansatz

u(~r, t) = u(~r, ω)e−iωt = A(~r, ω)eiω(S(~r)−t). (3)

Keeping only the leading order term in ω, we arrive at the so called Eikonal equation,

|∇S(~r)| = 1

c(~r)
(4)

which is a first-order partial differential equation. The solutions of this can be calculated using the method of
characteristics and give rise to a system of ODEs in terms of a Hamiltonian system with Hamilton function

H(~p, ~r) = c(~r)|~p|. (5)

A similar derivation for the bending wave gives

H(~p, ~r) =
c(~r)√
ω
|~p|. (6)

From Eqs. (5) and (6) we can read that the propagation of wave energy is predominantly given along paths
whose shape is governed by the material properties. If the material is also non-planar, then the rays follow
geodesics on these.

While ray-tracing is a common approach to describe high-frequency asymptotics especially in optics, it
does come with a few drawbacks. Firstly, any phase-related wave effects cannot be predicted: most notably
diffraction effects but also resonant behaviour and interference. Secondly, the number of rays used to probe a
given geometry is crucial for the accuracy of the prediction. However, in real-world scenarios the number of
initial conditions has to be sufficiently high and the length of the trajectories needs to be high in low-damping
scenarios. Both factors can make ray-tracing prohibitive to use. In order to mitigate the latter shortcoming,
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0 π ϕ 2π
−π/2

ψ

π/2

Figure 1: Circular domain to illustrate DEA. Left: The rays are given by straight lines connecting subsequent
reflections from the wall, indicated by 1 and 2 in the figure. The angles ϕ and ψ specify the position and
direction of the post-collision ray. Centre: An example orbit (orange) after multiple reflections inside the
circular domain. Right: The boundary coordinates for the orbit (orange) for the trajectory shown in the
centre. Black dots denote other trajectories. These dots follow from Eq. (8).

DEA recasts the high-frequency asymptotic formulation in terms of densities of rays. These densities are
mapped using a boundary operator [8].

3 Basic DEA Equations

In order to make the reader familiar with the method, we would like to examine a simple toy example for
DEA first: The ray-dynamics of a circle [12]. The domain of interest is a circle of radius 1 like shown in
Fig. 1. The solutions of the equations of motion, Eqs. (5) or (6), are straight lines which undergo specular
reflections at the boundary. An example trajectory is shown in Fig. 1. The subsequent values of the boundary
coordinates are given by the two-component mapM via

M(ϕ,ψ) = (Mϕ(ϕ,ψ), Mψ(ϕ,ψ)) (7)
= (ϕ+ π − 2ψ, ψ), (8)

where the first angle is periodic in [0, 2π) and the second angle is in (−π/2, π/2). Note that due to the
rotational symmetry the second coordinate, ψ is conserved in Eq. (8). We can use the explicit form of the
boundary map to calculate the so called Frobenius-Peron operator T defined via

(Tρ)(ϕ′, ψ′) =

π/2∫

−π/2

2π∫

0

δ
(
ϕ′ − Tϕ(ϕ,ψ)

)
δ
(
ψ′ − Tψ(ϕ,ψ)

)
ρ(ϕ,ψ) dϕdψ (9)

where δ(x) is the Dirac δ distribution. This operator maps a density of rays given in coordinates (ϕ,ψ)
along the boundary, ρ(ϕ,ψ), such that the result is the density (Tρ)(ϕ,ψ) given by a point-wise iteration of
ρ across the circular domain.

In order to use the transfer operator T numerically, it is necessary to express it in terms of a set of basis
functions and truncate this set at a cut-off. The advantage of the simple system from Fig. 1 is that this can be
done analytically if the basis set is chosen appropriately. Due to the symmetry of the system, the best choice
here are Fourier basis functions, i.e.

en,m(ϕ,ψ) =
1√
2π

einϕ+2imψ. (10)

Note that it seems counter intuitive at first, to choose the coordinate ψ to be periodic over [−π/2, π/2).
While this seems to unnecessarily constrain the density functions, it is the best choice for this geometry, see
Ref. [12].
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Given the explicit mapping (8), the action of the operator (9), and the basis functions (10), we can express T
in Fourier coefficients using

ρ(ϕ,ψ) =
∑

nm

cnmen,m(ϕ,ψ) and (11)

(Tρ)(ϕ,ψ) =
∑

nm

c′nmen,m(ϕ,ψ). (12)

With these, we can rewrite Eq. (9) in terms of a map of the Fourier coefficients cnm from one density ρ to
the Fourier coefficients c′nm of the mapped density Tρ. The resulting expression from Eq. (13) reads

c′nm =
∑

kl

1

2π2

2π∫

0

π/2∫

−π/2

einMϕ(ϕ,ψ)−ikϕ · e2imMψ(ϕ,ψ)−2ilψdψdϕ · ckl (13)

=
∑

kl

Tnm,kl · ckl, (14)

where we defined the matrix representation of the transfer operator T in the last step. Using the specific form
of the boundary mapM from Eq. (8), the final expression for the transfer operator reads

Tnm,kl = (−1)l−mδnkδn,l−m, (15)

where δnk is the Kronecker delta.

While the above is an illustrative example, real world applications are usually given in terms of FEA meshes.
Because these are, in the simplest case, given by planar triangular domains, the above analysis has to be
done again but using a different equation for the dynamics (7) and a different, more appropriate set of basis
functions than Fourier coefficients. From the literature, there are several possibilities to represent a finite
dimensional T . One choice is using piece-wise constant basis function along the boundary of the mesh cells
and Legendre polynomials in order to represent the direction variable p = sin(ψ). Unlike above there is no
meaningful polar angle to use so the boundary is naturally parameterised using the arc-length s along the
boundary. This provides good agreement with experimental data [9] and we will use this choice here as well.
An alternative is to sub-divide the two-dimensional (s, p) phase-space of the boundary map into disjoint
patches. For 1-dimensional dynamic systems this method is called Ulam’s method. Furthermore, the spatial
resolution can be improved by using higher-order polynomials to represent the s degree of freedom [8].
Another choice is to fix a set of directions as basis functions. This is similar in spirit to Ulam’s method but
makes it possible to take specific properties of the geometry into account exactly [13].

3.1 DEA for Curved Domains

In order to describe more realistic geometries, it is necessary to take curvature effects into account. The
high-frequency asymptotics give rise to two effects here. One is the fact that rays are no longer straight lines
as they were above. Due to curvature and varying material properties in Eqs. (5) and (6) the rays can be
given by complicated curves. Secondly, curvature of shells can have wave effects which lead to total internal
reflection [3, 14]. Effects like this can to some extent be modelled using FEA meshes. Here, each triangle
is planar and seen as homogeneous. This yields straight rays just like before over small triangular domains.
Therefore, the transfer operator in these domains can be calculated analytically [9]. However, the curvature
of the object is now encoded in the non-planar configuration of adjacent mesh cells. This gives rise to non-
trivial transfer and reflection coefficients at the interface of the mesh cells [15]. More specifically, in order to
define the matrices correctly, it is necessary to take in-plane pressure and shear waves into account as well as
out-of-plane flexural bending waves. While the former obey Eq. (1) in thin, planar shells, the latter follows
Eq. (2) according to Kirchhoff-Love plate theory [3]. If the three types of waves and an always non-travelling
evanescent contribution are taken into account correctly, then each joint of plates yields a force equilibrium
which allows to calculate scattering matrices [15].
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Figure 2: Corrugated plate geometry. The upper plot shows setup (a) with a flat top on each corrugation.
The line plot below the 3d plot shows a unit cell of the corrugated part. This unit starts at the mesh cell
where α is indicated and extends 7 mesh cells to the right in x direction. The lower plot shows setup (b) with
triangular corrugations. Here the periodic part consists of unit cells of length 2, i.e. one upwards and one
downwards flank. Both examples show a corrugation angle of α = π/4.

While the incorporation of non-planar geometries in DEA works well in the high-frequency limit, see for
example Refs. [7, 8, 9, 16], mid-frequency effects are harder to estimate. Based on the observation of the
results for a simplified car body, see Ref. [17], we will turn to a corrugated plate in order to analyse the
influence of stiffeners, i.e. repeated joints, on the DEA result.

4 A Corrugated Plate

In order to examine the influence of local curvature on DEA result, we consider the simplified plate geometry
shown in Fig. 2. This is based on observation on a simplified car model [17]. The corrugation is done in
two different ways. The first geometry (a), shown in Fig. 2, top, is given by a planar part on the left and
a sequence of 6 top-hat shaped corrugations in x direction. The second geometry (b), shown bottom, is
given by triangular shaped corrugations. In both cases, the setup is independent of y and has a parameter
α determining the angle of the onset of the corrugation. The distance between adjacent mesh cells is dx.
In order to undertake the DEA simulations, we define the initial density to be homogeneous in y along the
whole left edge with an initial direction parallel to the x-axis as indicated by the blue arrows in Fig. 2. The
excitation is done in the bending mode only, i.e. via a harmonic driving along the z axis.

The result of the calculation depends on different numerical parameters. The mesh of the whole geometry
was set up by rectangles which were then divided into two triangles of equal side along the diagonal. The
non-planar part of setup (a) has a corrugated unit cell of 7 mesh cells in x-direction. By covering 6 of these
cells and a flat left and right hand side, the overall structure has 55 cells in x direction. The resolution
in y direction was chosen to be the same 55 cells such that after the subdivision in triangles, there were
55 ·55 ·2 = 6050 triangles, see Fig. 3 (left) for an example mesh. While the inner joints of the triangles were
treated according to the above mentioned scattering matrices, the outer edges were chosen to be reflecting all
incident wave energy. As usually in DEA, we are interested in the long-time limit of a continuously driven
system. The corresponding density is given by

ρ∞ = (1− T )−1 ρ0 (16)

where ρ0 is the incident bending mode excitation as indicated in Fig. 2. Once the coefficients for the density
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Figure 3: Example result for DEA on a corrugated plate of setup (a), see Fig. 2 (upper). Left: The spatial
density for the bending energy based on a calculation using Np = 10, Ns = 4 and a corrugation angle
α = π/4. Colour represents the logarithm to base 10, dark values corresponding to small, bright values to
high values. The orange line indicates the middle of the plate. Right: The bending energy density along
the dashed orange line on the left is shown as solid orange line. For comparison, the result with Ns = 1 is
plotted as red dash-dotted line on top. The grey shaded area indicates the L-region for an exponential fit.
The result of the fit is shown as grey dashed line. The lower part of the plot shows the corrugation profile
z(L). Note that the abscissa is the length L along the corrugated plate, not the x position.

along all edges are known, one can calculate the intensity, energy and acceleration of the different mode
types at arbitrary positions on the structure, see Ref. [9]. For the second setup (b) the number of unit cells
was also 6. This time, each cell only consist of two mesh cells. With the planar pieces at the left and right,
this gives a total of 15 mesh cells in x direction. For symmetry, the number of mesh cells in y direction was
also chosen to be 15.

Besides the mesh geometry itself the size of the basis function sets plays an important role. Using the above
subdivision of edges and Legendre polynomials for the momentum, the corresponding sizes are Ns and Np.
In more realistic models, a basis size of Ns = 1 often sufficient because the mesh itself yields enough spatial
resolution. To check this for the corrugated plates from Fig. 2, we did all calculations with Ns = 1 and
Ns = 4 and got almost identical results, see Fig. 3, right. The choice of the size of the momentum basis is
more crucial. Here we checked Np = 4, Np = 6, and Np = 10. While the lower basis orders are usually
sufficient in more realistic scenarios [9, 17], the high directionality of the initial source ρ makes it necessary
to use quite large momentum bases in order to get reliable results. This could be mitigated by using a more
appropriate basis for highly directional problems like this one [13].

4.1 Effective Damping Coefficients of Bending Waves

In order to check the influence of the corrugation on the results in DEA we repeated the calculation shown
in Fig. 3 for various corrugation angles α. For each of the setups (a) and (b) we varied α and calculated an
effective damping coefficient µ from an assumed exponential damping given as

ρ(L) ∼ C · e−µ·L (17)

where the quantity L is the length along the corrugated plate along the horizontal line shown in Fig. 3, left.
Note that only for α = 0 the values of L correspond to the x coordinate. In order to extract the decay more
reliably, this horizontal line was sampled much finer than the mesh grid originally used for the calculation.
An example of such a fit for a specific choice of α,Ns, andNp is shown in Fig. 3. The result of this extraction
for varying α and Np is show in Fig. 4. The remaining parameters are listed in Appendix 5, Tab. 1.
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Figure 4: Left: Extracted damping coefficients µ(α) for setup (a) of a corrugated plate. Right: For setup (b).
Results for Ns = 4 are equal to the results from Ns = 1 (not shown). Extracted exponential damping factors
e−µ·L vs. corrugation angle α of the plate, see Fig. 2. The value for µ was determined as indicated in Fig. 3,
right.

4.2 Convergence Considerations

As already mentioned above, the behaviour of the DEA result depends quite strongly on the number of
momentum basis functions due to the very artificial source term used here. In more realistic scenarios [9,
17], much smaller numbers for Np are sufficient. The main reason is that in these scenarios the overall
behaviour is much closer to a diffusive behaviour which we could mimic using Np = 1, i.e. by neglecting
all directional information at each mesh cell edge. However, in order to focus on the effect of the corrugated
geometry, we used the highly uni-directional source in favour of a point source excitation. While the latter
is a more realistic choice for typical excitations it also introduces an additional factor of 1/L. Combined
with the reflecting behaviour of the boundary of the structure this would make the above fit, Eq. (17), more
complicated.

Despite this dependency on Np however, the overall structure of the extracted dependency of the effective
damping µ(L) is comparable for all Np. It shows that there is no strong dependency on the actual angle
α apart from very small values, i.e. planar plates, and large values, i.e. rectangular steps. This is a direct
consequence of the form of the scattering matrices underlying the calculations [15]. Furthermore, for α = 0
for example, one can give the analytical solution of the density as [18] which, due to the specific choice of
initial conditions, does not depend on y. Fig. 4 clearly shows that already small corrugations lead to a much
improved damping behaviour. This is due to the fact that in the ray picture, energy gets reflected at each
modulation step and goes back and forth there. This effectively increases the path length and thereby the
total absorption.

5 Conclusion

We present a study investigating the influence of local stiffeners on DEA results. In order to mimic the
influence of these, we use a simplified corrugated plate. We compare two different kinds of geometries as
presented in Fig. 2: Setup (a) has a repeated flat shape while setup (b) yields a pure zig-zag pattern thereby
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introducing sharper angles between adjacent mesh cells. The influence of the corrugation on the DEA results
is dominated by the scattering matrices used to couple adjacent cells [15]. Here, we investigate the overall
influence across multiple repetitions of the corrugation by means of an effective damping coefficient. This
quantity does seem to depend only weakly on the corrugation angle. An investigation of the precise relation
to the local curvature of the mesh is aim of future research. More precisely, a non-local analysis of the
curvature [19] could be used to take the damping seen above into account correctly when investigating the
mid-frequency regime and comparing to FEA data [17].
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Appendix

Besides the parameters of the mesh and the size of the bases, Np and Ns, there are a few material parameters
necessary for the calculation for Fig. 3. Furthermore, it is necessary to specify a value η for the hysteretic
damping, i.e. for a value of Young’s modulus as E(1 + iη), and the frequency of the external harmonic
driving. These values are shown in table Tab. 1 for completeness.

Table 1: Table of values necessary for the computation. The material used here is steel.

Young’s Modulus E 2.1 · 1011 Pa
Hysteretic damping η 0.01
Driving frequency f 3, 200 Hz
Poisson’s ratio ν 0.3
Mass density ρ 7, 850 kg/m3

Plate thickness h 0.735 mm
Wave vector for bending mode kb 132.20 m−1

Damping for bending mode µb 0.661

The table also specifies the value of the hysteretic damping for bending waves, µb, which is given in terms
of the corresponding wave vector kb and ω = 2π · f as [9]

kb =

√
ω/h

√
12ρ(1− ν2)/E (18)

µb = η · kb/2 (19)

and follows from the other parameters from the table.
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Prediction of vibration transmission across junctions
using diffuse field reciprocity
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KU Leuven, Department of Civil Engineering, Structural Mechanics Section,
Kasteelpark Arenberg 40, 3001 Leuven, Belgium

Abstract
Predicting the sound insulation of an engineering system is a complex problem since multiple transmission
paths are usually important. Not only the direct path through a separating element but also the flanking
transmission paths can largely influence the sound insulation. With the conventional approach for calculating
flanking transmission, it is not possible to calculate vibration transmission across finite junctions. A new
approach is proposed which is based on diffuse field reciprocity. The diffuse field reciprocity relationship can
be used to calculate the total energy in a vibrating subsystem based on the the direct field dynamic stiffness.
The new approach uses analytic expressions for the direct field dynamic stiffness in the wavenumber domain.
The direct field dynamic stiffness matrices are converted from the wavenumber domain to the spatial domain
using two methods.

1 Introduction

An important way of protecting people from noise is by ensuring a sufficient overall sound insulation of
buildings and building units. Unfortunately, this is a complex technical problem since small details can have
a large effect and multiple transmission paths are usually important [1]. The flanking transmission paths can
have a strong influence on the sound insulation of the system.

In the conventional approach for analyzing flanking transmission, a diffuse field is assumed in the walls
and floors, which are modelled as plates. The junction connecting the walls and floors is assumed to be
of infinite extent and the transmission of vibration across the junction is calculated by integrating the plane-
wave transmission over all possible angles of incidence. Examples of this approach can be found in Craik [2],
Cremer and Heckl [3] and Langley and Heron [4]. When the walls or floors are more complex systems which
cannot be modelled as simple plates or for junctions of finite length it is not immediately obvious how this
conventional approach can be adapted.

Due to these limitations, an approach based on diffuse field reciprocity is proposed. The diffuse field reci-
procity relationship relates the blocked reverberant forces in a a vibrating subsystem at the junction to the
the direct field dynamic stiffness [5], i.e., the dynamic stiffness of the equivalent unbounded subsystem as
observed at the finite junction. For thin, isotropic, elastic plates, the direct field dynamic stiffness matrices
can be analytically derived in the wavenumber domain, as is done by Langley and Heron [4]. These results
can be used to calculate the direct field dynamic stiffness along the finite junction in the spatial domain. Two
methods are used to convert the direct field dynamic stiffness from the wavenumber domain to the spatial
domain. The first uses a spatial windowing technique and the second a correction for baffled boundary con-
ditions. The results found with both methods are validated using results calculated with the conventional
approach by Langley and Heron [4].
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2 Model description

A finite junction with length L and N connected plates is considered, as illustrated in figure 1. An input
power is injected into plate 1. The goal is to calculate the power transfer from the excited plate to the other
connected plates, thus calculating the transmission coefficients and the energies in the plates.

L

xz
y

1

2

3

...N

Figure 1: Number of plates connected to a junction with length L.

In the conventional approach for calculating flanking transmission the transmission coefficient τjl (φ) for a
set of semi-infinite connected plates is calculated for multiple incident wave angles φ and then integrated to
calculate the mean diffuse field transmission coefficient τ̂jl.

τ̂jl =
1

2

π
2∫

−π
2

τjl (φ) cos (φ) dθ (1)

The transmission coefficient τjl (φ) for an incident wave with heading φ can be calculated using a dynamic
stiffness approach, as is done by Langley and Heron [4]. In this paper the direct field dynamic stiffness
matrices of a thin, isotropic, elastic plate in the wavenumber domain are derived using thin plate theory. The
direct field dynamic stiffness matrix is discussed further in section 3.

Due to the limitations of the conventional approach, a new approach is developed where the diffuse field
transmission coefficient τ̂jl is calculated from the coupling loss factor η̂jl. The relation between these two is
given by the following equation [6]

τ̂jl =
ωπSj
cg,jL

η̂jl (2)

where Sj is the surface of plate j, cg,j is the group velocity of the considered wavetype in plate j [1] and τ̂jl
is the diffuse field transmission coefficient.
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The coupling loss factor from plate j to plate l can be determined as follows [5]

η̂jl =
2

ωπnj

∑

r,s

Im
(
D

(l)
dir,rs

)(
D−1totIm

(
D

(j)
dir

)
D−Htot

)
rs

(3)

where nj is the modal density of subsystem j, D
(j)
dir is the direct field dynamic stiffness matrix of subsystem j

and Dtot =
∑N

j=1 D
(j)
dir. The equations of motion of the whole system (several plates connected in a junction,

see figure ??) can be written as

Dq = f , (4)

where q contains the displacements at the junction. The dynamic stiffness matrix is the sum of the dynamic
stiffness matrices of the N plates connected to the junction.

D =
N∑

j=1

Dj (5)

The plates connected to the junction are assumed to carry a diffuse field. The dynamic stiffness matrices of
the connected plates are decomposed as follows

Dj = D
(j)
dir + D(j)

rev, (6)

where D
(j)
dir is the direct field dynamic stiffness matrix, i.e., the dynamic stiffness of the equivalent infinite

subsystem as observed at the junction, and D
(j)
rev represents the reverberant response in the subsystem. The

equations of motion for one of the plates connected to the junction are

D
(j)
dirq = f j + f (j)rev, (7)

where f
(j)
rev represents the reverberant forces in plate j. This can be substituted in equation (4):

Dtotq = f +
N∑

j=1

f (j)rev (8)

The diffuse field reciprocity relationship relates the total energy in a vibrating subsystem to the blocked
reverberant forces using direct field dynamic stiffness matrix and the modal density of of the vibrating sub-
system [7]

E
[
f
(j)
rev

(
f
(j)
rev

)H]
=

4Êj
πωnj

Im
{

D
(j)
dir

}
(9)

where Êj is the time-averaged total energy of plate j. The mean time-averaged total energy Êj of plate j
can be found from a stationary power balance

ωηjÊj +
∑

l

ωηjlnj

(
Êj
nj

− Êl
nl

)
= P̂j (10)

where ηj and P̂j are the damping loss factor and the external power input for plate j.
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3 Calculation of direct field dynamic stiffness using a spatial
windowing technique

To apply the new approach using diffuse field reciprocity, the direct field dynamic stiffness matrices of the
plates connected to the junction must be calculated. In this section a first method using a spatial windowing
technique is introduced to calculate the direct field dynamic stiffness for a semi-infinite plate in the spatial
domain.

3.1 Theory

The direct field dynamic stiffness matrix of a thin, isotropic, elastic semi-infinite plate in the wavenumber
domain in the local coordinate system of the plate can be calculated as follows [4]. Since the in-plane (IP)
and out-of-plane (OOP) behavior of the plate are decoupled, the direct field dynamic stiffness matrix is a
block diagonal matrix

D
(j)′

dir (kx) =

[
D

(j)′

dir,IP (kx) 0

0 D
(j)′

dir,OOP (kx)

]
(11)

D
(j)′

dir,IP (kx) =
Ejtj

k2x − µSµL




−(µ2S−k2x)µL
2(1+νj)

−i(µ2L−νjk2x)kx
1−ν2j

+ iµSµLkx
1+νj

i(µ2L−νjk2x)kx
1−ν2j

− iµSµLkx
1+νj

(νjk2x−µ2L)µs
1−ν2j

+ k2xµS
1+νj


 (12)

D
(j)′

dir,OOP (kx) =
Ejtj

µB1 − µB2



µ3B1µB2−µ3B2µB1

12(1−ν2j )
µ3B2−µ3B1+(1−νj)(µB1−µB2)k

2
x

12(1−ν2j )

Symm.
µ2B1−µ2B2

12(1−ν2j )


 (13)

where Ej , tj , and νj are the Young’s modulus, the plate thickness and the Poisson’s ratio of plate j, respec-
tively, and

µL = −
√
k2x − k2L , µS = −

√
k2x − k2S (14)

µB1 = −
√
k2x + k2B , µB2 = −

√
k2x − k2B (15)

The longitudinal, transverse shear-wave, and bending wavenumbers can be calculated using

kL = ω

√√√√ρj

(
1 − ν2j

)

Ej
, kS = ω

√
2ρj (1 + νj)

E1
, kB =




12ω2ρj

(
1 − ν2j

)

Ejt2j




1
4

. (16)

The in-plane system of equations shown below is solved separately for a unit load in the wavenumber domain
in the x- and y-direction, respectively resulting in u1 (kx), v1 (kx) and u2 (kx), v2 (kx). The out-of-plane
system is solved for a unit load in the z-direction and a unit moment around the x-axis, respectively resulting
in w1 (kx), θ1 (kx) and w2 (kx), θ2 (kx).

[
1
0

]
= D

(j)′

dir,IP (kx)

[
u1 (kx)
v1 (kx)

]
,

[
0
1

]
= D

(j)′

dir,IP (kx)

[
u2 (kx)
v2 (kx)

]
(17)

[
1
0

]
= D

(j)′

dir,OOP (kx)

[
w1 (kx)
θ1 (kx)

]
,

[
0
1

]
= D

(j)′

dir,OOP (kx)

[
w2 (kx)
θ2 (kx)

]
(18)
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These displacements are then transformed to the spatial domain using a filon quadrature since a combination
of linear and logarithmic sampling is used for kx. The number of samples and the maximum sampling
value is based on the convergence of the displacements. The coordinate x along the junction is sampled
linearly from 0 to L, the number of samples is based on the convergence of the solution of the transmission
coefficients.

Now the found displacements are used to calculate the direct field dynamic stiffness in the spatial domain
using the following equations.

D
(j)′

dir,IP (x) =

[
u1 (x) u2 (x)
v1 (x) v2 (x)

]−1
(19)

D
(j)′

dir,OOP (x) =

[
w1 (x) w2 (x)
θ1 (x) θ2 (x)

]−1
(20)

3.2 Example: two semi-infinite coupled plates

In the following example by Langley and Heron [4], two semi-infinite coupled plates are considered. Plate
2 makes an angle θ with plate 1, as is illustrated in figure 2. The two plates have identical properties with a
Poisson ratio of 0.3. Concrete plates with a thickness of 25 cm are used (cL = 3200 m/s, ρ = 2500kg/m3,
η = 0.05). A single frequency is considered, which is chosen so that the ratio of the longitudinal wavenumber
kL to the bending wavenumber kB of the plates equals 0.3. An incident bending wave in plate 1 is imposed.

1

2

θ

xz
y

L

Figure 2: Two coupled semi-infinite plates with the coordinate system.

With the new spatial windowing approach for the calculation of the direct field dynamic stiffness, 4 sub-
systems are considered: plate 1 out-of-plane (OOP), plate 1 in-plane (IP), plate 2 out-of-plane and plate 2
in-plane. Power is inserted into the plate 1 out-of-plane subsystem. In figure 3 a comparison can be seen
between the conventional approach used by Langley and Heron [4] and the new approach. For the new ap-
proach a junction length of 20 m is used and the surface of the plate equals 400 m2. These large dimensions
are chosen since Langley and Heron consider semi-infinite plates connected through a infinite junction. The
results found with the new approach show good agreement with the results found by Langley and Heron.
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Figure 3: Diffuse transmission coefficients for two coupled plates with a subtended angle θ and a junction
length L of 20 m, kL/kB = 0.3

4 Correcting the direct field dynamic stiffness for baffled boundary
conditions

In this section another method is used for the calculation of the direct field dynamic stiffness along the
junction, where the direct field dynamic stiffness matrix in equations (11) to (13) is corrected for baffled
boundary conditions.

4.1 Theory

For the correction for baffled boundary conditions, first the displacements of the junction are described using
a set of shape functions

q =




u (x)
v (x)
w (x)
θ (x)


 =

∑

s

qsφs (x) (21)

where φs is a shape function with four components (translations in x-, y-, and z-direction and rotation about
the x-axis). The shape functions are constructed as follows




φ1
0
0
0


 ,




0
φ1
0
0


 ,




0
0
φ1
0


 ,




0
0
0
φ1


 ,




φ2
0
0
0


 ,




0
φ2
0
0


 , . . . (22)

where φn is the nth sine function (sine functions are used since baffled boundary conditions are considered
outside the junction):

φn (x) =





0 if x < 0

sin
(
nπx
L

)
if 0 ≤ x ≤ L

0 if x > 0

(23)
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The shape functions φj are transformed from the spatial domain to the wavenumber domain. The wavenum-
bers are sampled linearly, the number of samples and the maximum sampling value are determined based on
the convergence of the solution of the transmission coefficients. Due to the baffled boundary conditions the
integral can be limited from 0 to L.

Φn (kx) =

L∫

0

φn (x) e−ikxxdx =
1

2

(
ei(kx−

nπ
L )L − 1

kx − nπ
L

+
1 − ei(kx+

nπ
L )L

kx + nπ
L

)
(24)

The corrected direct field dynamic stiffness matrix can now be calculated using [8]

D
(j)
dir,nm =

1

2π

∞∫

−∞

ΦH
n (kx) D

(j)
dir (kx) Φm (kx) dkx (25)

where D
(j)
dir is the defined in the global coordinate system and H is the Hermitian transpose. The direct field

dynamic stiffness matrix D
(j)
dir

′
(see equations (11) to (13)) is defined in the local coordinate system of plate j

and has to be transformed to the global coordinate system [4]

D
(j)
dir = RjD

(j)
dir

′
RT
j (26)

where the transformation matrix Rj transforms the direct field dynamic stiffness matrix from the local coor-
dinate system to the global coordinate system.

4.2 Example: two semi-infinite coupled plates

The same example as in section 3.2 is used. In figure 4 a comparison is displayed between the conventional
approach used by Langley and Heron [4] and the new approach using the correction for baffled boundary
conditions (again a junction length of 20 m and a plate surface area of 400 m2 are used). The results found
with the new approach show good agreement with the results by Langley and Heron. Due to the correc-
tion, the transmission coefficients found with the new approach are slightly smaller than the transmission
coefficients found with spatial windowing shown in figure 3.

Figure 4: Diffuse transmission coefficients for two coupled plates with a subtended angle θ and a junction
length L of 20 m, kL/kB = 0.3
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The presented methods without and with a correction for baffled boundary conditions both show good agree-
ment with the results found by Langley and Heron for large plates and junction lengths. But these methods
are also applicable for shorter junction lengths, which is not possible with the conventional approach. Re-
sults found with the new approach combined with spatial windowing as well as the correction for baffled
boundary conditions can be seen in figures 5 to 7, for junction lengths of 2.5, 5 and 10 m. Here it can be seen
that the baffled boundary conditions limit the transmission of bending waves for smaller junction lengths.
For longer junctions lengths, the differences between the results found with both methods become smaller.
In figure 5 to to 7, out-of-plane transmission coefficients larger than one can be observed for large angles θ
for the spatial windowing technique. When the angle θ is close to 180 degrees, there is a strong coupling
between the two out-of-plane subsystems, while weak coupling between the subsystems is assumed.

Figure 5: Diffuse transmission coefficients for two coupled plates with a subtended angle θ and a junction
length L of 2.5 m, kL/kB = 0.3

Figure 6: Diffuse transmission coefficients for two coupled plates with a subtended angle θ and a junction
length L of 5 m, kL/kB = 0.3
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Figure 7: Diffuse transmission coefficients for two coupled plates with a subtended angle θ and a junction
length L of 10 m, kL/kB = 0.3

5 Conclusions

A new approach based on diffuse field reciprocity has been presented and validates using results found with
the conventional approach for calculating flanking transmission. The new approach makes use of analytically
derived expressions for the direct field dynamic stiffness for a thin, isotropic, elastic semi-infinite plate in the
wavenumber domain. These result were transformed to the spatial domain using two different methods. One
method using a spatial windowing technique and another method using a correction for baffled boundary
conditions. Results found with both methods show good agreement with the results found with the conven-
tional approach for large plates and junctions lengths. With the new approach, the transmission coefficients
of finite junctions can be calculated, which is not possible with the conventional approach.
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Abstract
Phononic crystals can be defined as artificial materials that exhibit a periodic arrangement of unit-cells made
with a combination of parts with a high impedance discrepancy. Due to its periodic structure, some frequency
ranges may exist where elastic waves are forbidden to propagate. By applying this concept to design an
elastic beam, significant attenuation in the vibration behavior may be obtained. For some cases, this problem
can be solved in terms of mechanical energy flow analysis, by using the Energy Spectral Element (ESE)
method. ESE uses the mechanical energy to formulate vibration problems via energy density and flow. In
this work, ESE is used to analyze an elastic phononic crystal beam in order to verify, in terms of energy,
whether it is possible to identify bandgaps. Simulated examples are presented and the results are compared
and verified using the Spectral Element (SEM) method and the Wave Finite Element (WFE) method.

1 Introduction

Modern industry has been incessantly searching for new engineering tools to address a variety of issues. This
challenge has directed the engineers to continually face new obstacles as different problems and specific ap-
plications continues to arise. Recent advances in software development has been of great help in overcoming
these challenges in areas such as, static & dynamic structural analysis, fluid mechanics, heat transfer and
so on. Particularly, modified artificial materials can be engineered to acquire desired properties that do not
exist naturally [1, 2, 3], which resulted in a renewed interest in the development of methods to quantify the
integrity and reliability of such systems without requiring any human contact [4]. Due to its increased com-
plexity such materials behavior are better understood using analytical and numerical analysis via specific
approaches. With this goal in mind, many researchers have made significant progress in the development of
methods that investigate the behavior of built-up structures, such as automobiles, airplanes and ships [5, 6].
Some methods are based on wave propagation, this kind of analysis in elastic structures is very important in
engineering applications. By knowing the dispersion relations one can provide information about the type
and nature of propagation waves in structures. Such knowledge is of fundamental importance in the analysis
of vibration transmission [7].

The engineering study of waves in periodic structures began in the mid-1970s [8]. Recent work by some
researchers shows the effect on wave propagation due to changes in geometry or material property in a
periodic manner [9, 10]. Also known as Phononic Crystals (PC), this type of structure has ”wave filtering”
properties, therefore, waves cannot propagate through periodic structures within some frequency bands,
called bandgaps [12]. The PCs when subjected to the propagation of elastic waves can show an unusual
dynamic behavior that can be predicted in the initial design stage. For example, periodic cells of different
materials or geometries in a beam can be seen in [13]. Some researchers describes that the dynamic behavior
in periodic structures leads to the precise manipulation of frequency band intervals, in order to meet the
design needs [13]. Analysis of the wave propagation in one-dimensional structures can be investigated using
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analytical or approximate models. In the research by Liu et al. [14] the Transfer Matrix (TM) Method
and Bloch theorem are used to investigate PCs of beam-like structure [15]. Spectral Element (SE) method
was also used to model one and two dimensional structures and has been extended to the Wave Spectral
Element (WSE) method to model elastic metamaterial rods and beams [12]. Another way to model this
type of structure is by the conventional Finite Element (FEM) method, however this technique has more
computational cost. In order to overcome this problem, a hybrid method that uses the FE to model the
periodic part and wave propagation to solve for the entire structure was developed. This method is called
the Wave Finite Element (WFE) method [16]. Another way to observe the transmission of vibration in
structures is through the propagation of the mechanical energy. It is a theme of great interest for engineers
who are concerned with minimizing vibration or noise levels. For complicated structures identifying the
energy flow through the system reduces efforts to control structure-borne sound. Thus, methods that express
vibration in terms of energy variables such as Energy Flow Analysis (EFA) have been successfully applied
in solving problems in the medium and high frequency range [17, 18]. This is an energy analytical method,
whose variables are the density and the flow of mechanical energy, which are modeled using an approximate
differential equation, similar to that of heat flow in structures. Analyzing problems in terms of energy
density and flow is convenient, since these variables are relatively easier to interpret. The basic premise of
EFA is the representation of vibration in terms of energy densities stored, dissipated and transferred far-field,
also used to predict the space- and frequency-averaged vibrational behavior of a structure. The solution
of EFA equations can be obtained through an approximation of the FE, called the Energy Finite Element
(EFEM) method [18]. In an analogous way as the formulation of SE method, the Energy Spectral Element
(ESE) method was obtained. The ESE is a recent technique proposed by Santos et al [19], this method was
originally developed for one-dimensional rod and beam models and later extended to a two-dimensional thin
plate model [19, 20]. In this work, a study is accomplished using EFA on a PC beam made with two types of

cell

polymer steel

... ... ...
n times

Foeiωt
Response

Free-free

Figure 1: Phononic crystal beam with periodic cells of polymer+steel+polymer.

materials (polymer and steel). They are placed in a cell arranged in three layers of polymer+steel+polymer,
which are repeated periodically along the length of the beam (Figure 1). In this paper, the Energy Spectral
Element method is used to calculate the dispersion diagram and forced response of a PC beam. Results are
analyzed with the aim of verifying whether it is possible to observe in energy variables the same behavior
already seen in the results obtained via SEM, WSE and WFE methods.

2 Phononic Crystal Modeling

The structure studied in this work is a PC beam composed by N cells with two types of material, steel and
polymer (Fig. 1). The objective is to create a impedance variation that causes band gaps due to the Bragg
scattering [21, 22]. Each cell is modeled by three Euler-Bernoulli beam spectral elements, whose dynamic
stiffness element matrix is given by [23]:

Del = EIz/L
3




k11 k12 k13 k14
k12 k22 k23 k24
k13 k23 k33 k34
k14 k24 k34 k44


 (1)
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where,
k11 = (z11 z22 − 1i z12 z21) ξ

3/∆ z11 = 1− e−1i ξ eξ

k12 = (1/2) (1 + 1i) (z212 − z211) ξ2 L/∆ z12 = e−1i ξ − eξ
k13 = (1i z12 z22 − z11 z21) ξ3/∆ z21 = e−1i ξ + eξ

k14 = −(1− 1i)z11 z12 ξ
2 L/∆ z22 = 1 + e−1i ξ eξ

k22 = (1i z11 z22 − z12 z21) ξ L2/∆ ∆ = (z211 + z212)/(1 + 1i)
k23 = −k14 ξ = k L

k24 = (z12 z22 − 1i z11 z21) ξ L
2/∆ k = (w2 ρA/(E Iz))

(1/4);
k33 = k11
k34 = −k12
k44 = k22

and k is the wavenumber, A is the cross section area, E is the Young’s modulus, Iz is inertia moment, ρ is
the mass density and ω is the circular frequency. By assembling the three SE elements (Eq.1) properly , it
is obtained the dynamic stiffness matrix of a cell, D, which can be formulated as equilibrium equation by
F = uD. It can be rearranged in terms of state-space formulation to obtain [22]:

{
ur
−Fr

}

︸ ︷︷ ︸
qr

=

[
−D−1

lr Dll −D−1
lr

Drl −DrrD
−1
lr Dll −DrrD

−1
lr

]

︸ ︷︷ ︸
T

{
ul
Fl

}

︸ ︷︷ ︸
ql

. (2)

From the Floquet-Bloch’s theorem, the state of the m + 1 cell is the same as the m cell multiplied by the
propagation constant µ = e−ikL also known as Bloch wave:

u
(m+1)
l = µu

(m)
l

F
(m+1)
l = µF

(m)
l

(3)

Combining the Floquet-Bloch’s theorem with the TM method through the continuity condition of the cells
in the structure, it is possible to formulate the eigenvalue problem:

Tql = µql (4)

, where the eigenvalues come in pairs {µj , µ?j} for j = 1, . . . n with µ?j = 1/µj and their correspondents n
modes related to waves traveling from right to left Φj and n modes related to waves traveling from left to
right Φ?

j as:

Φ =

[
Φu Φ?

u

ΦF Φ?
F

]
, µ =

[
µ 0
0 µ?

]
(5)

Finally, the wavenumber of a cell can be found from the eigenvalues (propagation constant).

3 Energy Flow Analysis

Energy Flow Analysis (EFA) is an alternative method that models the flow of mechanical energy in struc-
tures, using the same analogy of the thermal energy flow studied in heat conduction. One of the advantages
compared to the methods formulated by displacement are the variations in energy density, in EFA those are
smoother when compared to the ones calculated by displacement, even for higher modes. For medium and
high frequency ranges the formulation of the energy flow is quite efficient, leading to satisfactory results [17].
To analyses structures at high frequencies, the EFA equations make it possible to identify energy propagation
paths and make appropriate changes in the initial design stage in order to minimize vibrational energy [24].

According to [18], energy differential equation that represents flexural wave propagating in a beam is given
by,
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∂2 〈ē〉
∂x2

− Ψ2 〈ē〉 = 0, (6)

where, Ψ = ηω/cg and 〈¯〉 represents spatial-time average, η is the structural loss factor and the group
velocity given as cg = 2

(
ω2EIz/ρA

)1/4. Time average for energy flux (〈q̄〉) is related to energy density
(〈ē〉) by the following equation,

〈q̄〉 = −
c2g
ηω

d 〈ē〉
dx

(7)

General solution of Eq. (6) is:
〈ē〉 = HeΨx +Ge−Ψx, (8)

where H and G are constants that can be obtained from boundary conditions of energy density and energy
flow.

3.1 Energy Spectral Element Beam Model

In the research by Santos et al. [19] the Energy Spectral Element (ESE) method is obtained using the same
methodology as the SE method for one-dimensional structural elements [23]. The dynamic energy matrix
is obtained using shape functions, established from the exact solution of the energy differential equation
(Eq.(8)). Figure 2 shows a one-dimensional two-node beam energy spectral element, with uniform cross
section, subjected to a energy density and energy flow at both ends.

q1

e1 e2

q2

E, ρ, η, L1 2

Figure 2: Two-node beam energy spectral element.

Applying the compatibility and continuity boundary conditions on the nodes shown in Figure 2, one can
obtain a dynamic relation between energy density and energy flow as [19]:

{
〈q̄1〉
〈q̄2〉

}

︸ ︷︷ ︸
q
(el)
E

=
cg

(1− e2ηkL)

[
1 + e2ηkL −2eηkL

−2eηkL 1 + e2ηkL

]

︸ ︷︷ ︸
K

(el)
E

{
〈ē1〉
〈ē2〉

}

︸ ︷︷ ︸
e
(el)
E

(9)

where e
(el)
E and q

(el)
E are the element (Figure 2) energy density and energy flow vectors in the nodes 1 and

2, respectively, and K
(el)
E is the dynamic energy flow matrix for a beam element.

3.2 Connection Matrix

For the coupled concentric beams case, the energy flow on either side of joint can also be represented using
the power transmission and reflection coefficients [18]. The Connection Matrix is used to quantify all that is
reflected and transmitted in both sides of the joint between two different materials due to an incident wave as
illustrated in Figure 3. In order to evaluate this, coefficients that quantify this energy exchange on the joint
are used, they are named coefficient of reflection, r and transmission, t.

The element connection matrix (C(el)) for the flexural wave propagation is represented by [18]:
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incident ware
reflected wares transmitted wares

joint
polymer steel

Figure 3: Transmitted and reflected flexural waves due to the incident flexural wave upon the joint.

{
〈q̄1〉
〈q̄2〉

}
=

t

2r

[
cg1 −cg2
−cg2 cg1

]

︸ ︷︷ ︸
C(el)

{
〈ē1〉
〈ē2〉

}
(10)

where,

t =
Ptr
Pin

, r =
Pre
Pin

(11)

Combining Eq. (9) and (10), then computing r and t one obtains the following matrix equation system,

qE =
(
KE + C(el)

)
eE (12)

4 Numerical Results

Results were obtained for a PC beam of lengthLb = 1.0 m, made withN = 50 cells of polymer+steel+polymer.
Table 1 present the PC beam geometry and properties for both materials.

Table 1: PC beam geometry and material property.

Property/Geometry Steel Polymer
Elastic Modulus (E, Pa ) 210× 109 0.48× 109

Density (ρ, kg/m3) 7800 935
Damping factor (η) 0.01 0.02
Cell layer ([L2, L1], m) 0.01 0.005
Cross section area (A, m2) 0.01 × 0.01 0.01 × 0.01
Inertia moment (Iz , m3) 4.2187×10−9 4.2187×10−9

Figure 4(a) shows the comparison between results for transmittance computed using SEM, FEM and WFE.
They show good agreement within this frequency range. For this case, 8 finite elements were used per
cell on WFE. It is possible to identify bandgaps on vibration transmittance in one frequency band as we
can see highlighted in Figure 4(a). An adequate way to understand the behavior of the bandgap is through
the analysis of dispersion diagram. Figure 4(b) show this behavior where the bandgap occur in the same
frequency band. This happens because of the Bragg condition that depends on wavelength and decreases
with frequency. This is always true providing that the numerical wavenumber is equal to the Bragg limit or
kL = π.

Figure 5(a) shows the bandgap (highlighted frequency band) through the transmittance of the simulated PC
beam. Similarly, the same effect is seen in Figure 5(b), where the approximate energy density calculated
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by ESEM is shown. This result is determined at the position x = L, that is, same as that of the excitation
point. The attenuations observed in the transmittance curve can also be seen in models formulated by EFA.
Although it is preliminary results, it opens the discussion about phononic crystals to another level. In other
words, the behavior of the bandgap can be seen in terms of the vibrational energy of the structure.

Figure 4: Phononic crystal beam: a) Transmittance calculated by WFE, FEM and SEM; b) Dispersion
diagram calculated by SEM and WFE including the Bragg limit.

Figure 5: Bandgap behaviour: a) Transmittance calculated by SEM and b) Approximate energy density in
position x = L.

1736 PROCEEDINGS OF ISMA2020 AND USD2020



5 Conclusion

An analysis of a metamaterial (phononic crystal) was made from the point of view of energy flow using
ESEM. Other methods, SEM, FEM and WFE, were used to validate the results. The beam metamaterial
dynamic behavior was simulated and indicate that the bandgap phenomenon can also be predicted using
energy formulations, such as EFA. As a result, in this beam, waves cannot propagate throughout the periodic
structure within some frequency ranges. It is possible to observe through the approximate energy variables
of the EFA the clear form of the bandgap behavior, found in other methods based on force and displacement
variables. Considering its efficiency in analysis for medium and high frequencies and the possibility of
identifying energy propagation paths, EFA has shown to be a good tool in the analysis of phononic crystals,
once bandgaps are easily detectable. This in turn allows engineers and researchers to make suitable changes
in a initial design stage with the aim of minimizing vibrational energy in this novel kind of material.
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Abstract
There is a clear need in modern industries for models that can predict the vibro-acoustic response of their
manufactured products at the design stage. Models based on the hybrid deterministic-statistical method are
a suitable solution to overcome the challenge of predicting the response of complex built-up systems in the
mid-frequency range. Despite its advantages, this approach may face limitations when some of the system’s
properties are extremely difficult to model. This can be the case for the direct field dynamic stiffness, a key
parameter in the hybrid method formulation, which depends on the type of junction assumed between the
structural components of the system. This work explores the possibility of using experimental measurements
to determine this dynamic stiffness. The proposed approach, based on statistical properties of random fre-
quency response functions, is applied to the case of point junctions on a large thin plate. The results obtained
using the new approach are compared to those computed using numerical techniques. It is concluded that the
use of experimental data can be a suitable alternative to numerical techniques when modelling the junctions
between components of a complex structure.

1 Introduction

Design engineers usually need to know in advance if their new products are going to meet certain vibro-
acoustic requirements when manufactured. In many cases, this question is addressed using predictive vibro-
acoustic computational models, which can significantly reduce the number of physical prototypes that need
to be built. Models based on the Finite Element (FE) method face two significant challenges when analysing
the vibro-acoustic response of a complex system at high frequencies: Not only the number of degrees of
freedom (dof) needed to represent the dynamic system accurately may be prohibitively large, but also the
response of the system can be so sensitive to small manufacturing imperfections that the model predictions
may be of limited use. Statistical Energy Analysis (SEA) is an alternative approach that is able to overcome
both difficulties. On the one hand, SEA requires only a small number of degrees of freedom, representing the
vibrational energies of the subsystems, to model the entire vibro-acoustic system. On the other, the method
provides a prediction of the mean response [1] and variance [1, 2] of an ensemble of nominally identical
systems rather than the response of a particular individual.

Additional challenges arise in the mid-frequency range, where neither FE nor SEA approaches are suitable
to model all the components of a complex system. A solution was proposed by Shorter and Langley [3], who
presented a hybrid FE-SEA formulation based on a diffuse field reciprocity result [4, 5]. The hybrid FE-
SEA method considers that a complex system can be divided into a deterministic subsystem (also referred
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as the master system) and a set of statistical subsystems coupled together via the deterministic one. Several
analytical and numerical techniques have been considered for representing different types of simple junctions
between the components, including: point [6], line [7] and area [8] connections. This work presents an
alternative experimental method to determine the properties of a junction between the deterministic and a
statistical component.

The remainder of this paper is organised as follows: Section 2 describes the experimental set-up used in the
work. The data obtained with this set-up is used in Section 3 to characterise experimentally the junctions
between deterministic and statistical subsystems. Then, a methodology to overcome the limitations of mea-
suring an ensemble of subsystems is discussed in Section 4. Finally, the main conclusions of this work are
summarised in Section 5.

2 Experimental set-up

This work presents a method to determine the properties of a junction using the statistical properties of
an ensemble of random systems. The proposed method has been studied using an ensemble of nominally
identical plates, which has been obtained by adding a total of 11 point masses to a thin rectangular aluminium
plate, placed at randomly chosen locations. The plate dimensions are 0.8 m (length) × 1 m (width) × 3 mm
(thickness). Free boundary conditions have been approximately obtained by adding elastomeric pads along
two parallel edges of the plate, leaving the remaining edges free. The total mass added is 800 g, which
corresponds to approximately 12% of the initial mass of the plate. The modal density of the plate, computed
using the asymptotic expression for the bending modes of a thin plate [1], is n = 0.013 modes/(rad/s).

The dynamic response of the plate was measured at six points using accelerometers (see Figure 1a). The
experimental results were obtained by applying impact excitations at each one of these positions using an
instrumented hammer, and measuring the response at all positions. A 6× 6 accelerance matrix was obtained
by dividing the measured acceleration spectra by the measured force spectrum for each excitation. An
ensemble of systems was built repeating the test 20 times, with different mass locations each time. A second
ensemble was considered by applying a damping treatment on the plate structure. As it is shown in Figure
1b the treatment consisted in several perspex strips glued to the bottom of the plate.

(a) Experimental set-up for a member of the ensemble of
random plates. Measuring positions are marked with red
dots.

(b) Damping treatment added to the plate for
the second ensemble of systems.

Figure 1: Experimental set-up for building an ensemble of random plates

The loss factor of both cases was determined from experimental results. A frequency-averaged value η =
0.8% was obtained over the range of frequencies considered (1-5000 Hz) for the case of the plate without
added damping. For the damped plate case, the obtained value was η = 1.45%. Therefore, the modal
overlap factor of the plate without and with added damping at 1000 Hz is m = ωnη = 0.67 and m = 1.22,
respectively.
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3 An experimental direct field dynamic stiffness

The hybrid FE-SEA method [3] considers a complex structure as an assembly of components with a dynamic
response that is either highly sensitive or insensitive to random manufacturing uncertainties. These are iden-
tified collectively as the statistical subsystems, and the FE/deterministic system, respectively. The method
assumes that the junctions between the different components are deterministic. With this assumptions, a
statistical subsystem is connected to either the deterministic system or another statistical subsystem through
a set of dof q, referred to as the boundary dof. Then, for a given harmonic frequency ω, the governing
equations of motion if external deterministic forces f(ω) are applied to the boundary dofs are

D(ω)q(ω) = f(ω), (1)

where D(ω) is the dynamic stiffness matrix of the subsystem and where the ω dependence will be later
omitted for brevity.

The hybrid method considers that the wave field generated in a statistical subsystems can be described as the
combination of two fields: the initially generated waves (direct field), and the waves generated by the reflec-
tions at the subsystem’s unknown boundaries (reverberant field). The direct field contribution is represented
by a (deterministic) direct field dynamic stiffness matrix Ddir, which can be understood as the dynamic stiff-
ness contribution of the statistical subsystem at the boundary dofs if there were no unknown boundaries in the
subsystem [3]. The added contribution of the reverberant field is included by means of a random reverberant
force frev. Taking all this into account, Eq. (1) can be then expressed as

Ddirq = f + frev. (2)

If the considered statistical subsystem carries a diffuse field over the ensemble [4], then E[frev] = 0 and,
taking the ensemble average in Eq. (2), the expected value of the system response can be written as

E[q] = D−1
dir f. (3)

On the other hand, by inverting Eq. (1) and taking the ensemble average, the system response can be also
expressed as

E[q] = E[H]f, (4)

where H is the receptance matrix of the system, and it is equal to the inverse of the dynamic stiffness matrix
of the subsystem. Eqs. (3) and (4) can be used to relate the direct field dynamic stiffness and the inverse
of the expected value of the receptance matrix. Moreover, it is also shown in [5] that E[H]−1 = E[H−1] =
E[D]. This result, which is a particular application of the analyticity-ergodicity (AE) condition discussed by
Langley [9], can be used to express the direct field dynamic stiffness as

Ddir = E[D]. (5)

Eq. (5) suggests an alternative method for determining Ddir, i.e. as an ensemble average of measured dynamic
stiffness matrices. The validity of the proposed approach is presented in the following subsections, in which
the experimental data obtained from the set-up described in Section 2 is used to discuss two types of point
connections on a thin plate.

3.1 Interior single point connection

The direct field dynamic stiffness of a point connection far from any of the plate’s edges will be a 6 × 6
matrix that can be obtained using a wave analysis [6]. However, if the component connected to the statistical
thin plate is a resilient element, such as a antivibration mount, it may be sufficient to consider only the dof
that represents the displacement perpendicular to the plate. Then, the direct field dynamic stiffness is given
by the inverse of the driving-point response of an infinite thin plate. This stiffness can be expressed as [10]

Ddir = 8iω
√
Dpρh, (6)
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where ρ is the plate’s mass density, h is its thickness, and Dp = Eh3/12(1 − ν2) is its flexural rigidity, E
being its Young’s modulus and ν its Poisson’s ratio.

According to Eq. (5), the direct field dynamic stiffness can be also obtained using the experimental results
as follows

Ddir = E[D] = −ω2E[A−1
ii ] (7)

whereAii is a diagonal component of the measured accelerance matrix that is related to a point in the interior
of the plate (i.e. far from any plate edge).

Figure 2 compares the analytical dynamic stiffness, obtained from Eq. (6), with the experimental dynamic
stiffness, obtained using Eq. (7). The experimental results have been obtained considering the first dof
marked in Figure 1a and a mass correction factor was applied to take into account the presence of the
accelerometer. The results show a very good agreement between the ensemble average of the experimental
dynamic stiffness and the analytical expression for Ddir. As expected the real component of the ensemble
average dynamic stiffness oscillates around zero.

Figure 2: Direct field dynamic stiffness for an interior single point connection. Red: Experimental ensemble
mean; blue: analytical expression; gray: Dynamic stiffness of the 20 members of the ensemble. (Left) Real
components. (Right) Imaginary components.

3.2 Interior multi-point connection

When one or more resilient elements are connected to the statistical thin plate via multiple point connections
that are close to each other, it may be necessary to take into account the interaction between them. Then, Ddir
can be computed using the vertical response of an infinite plate at a position i due to a vertical point load at
a position j, which can be expressed as [10]

Hij = H(rij) =
H

(2)
0 (kBrij)− (2i/π)K0(kBrij)

8iω
√
Dpρh

, (8)

where rij is the distance between both positions, H(2)
0 is the Hankel function of the second kind and zeroth

order,K0 is the modified Bessel function of the second kind and zeroth order and kB =
(
ρhω2/Dp

)1/4 is the
plate bending wavenumber. Eq. (8) can be used to build a matrix of receptances H for an arbitrary number
dofs and the corresponding direct field dynamic stiffness matrix is given by Ddir = E[H−1]. Moreover, as
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before, Ddir can be also obtained using the experimental results as follows

Ddir = E[D] = −ω2E[A−1], (9)

where A now represents a square submatrix of the measured accelerance matrix and its size will depend on
the number of points considered in the interior multi-point connection.

Figure 3 compares the analytical dynamic stiffness matrix, obtained following the procedure previously
explained, and the experimental dynamic stiffness, obtained using Eq. (9), for the case where the multi-
point connection consists of dofs one and three (see Figure 1a), which are 11 cm apart. In this case the
accelerance matrix is a 2 × 2 submatrix of the general measured accelerance. The results show again a
very good agreement between the ensemble average of the experimental dynamic stiffness and the analytical
expression for Ddir.

Figure 3: Direct field dynamic stiffness for an interior two-point connection. Red: Experimental ensemble
mean; blue: Analytical expression; gray: Dynamic stiffness of the 20 members of the ensemble. (Top)
Driving component. (Bottom) Transfer component.

The results presented in this section show that experimental data could in principle be used for modelling
connections that may be significantly challenging to represent using analytic or numerical techniques. How-
ever, there may be cases in which either the nature of the structure impedes the attachment of additional
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point masses on it, or the procedure becomes extremely time consuming. For these cases, an alternative
procedure, which combines the use of experimental measurements and analytical results, is presented in the
next section.

4 Extending the ensemble using virtual masses

The aim of the proposed methodology is to reproduce the procedure described in Section 2 adding the
random point masses numerically instead of physically attaching them. Therefore, an ensemble of nominally
identical systems is obtained without having to physically randomise the structure. These ensembles will be
referred as artificial ensembles.

4.1 Description of the proposed methodology

The procedure for building an artificial ensemble consists of the following steps:

1. The following two sets of measurement positions are initially defined:

• NI positions of interest.

• NP additional positions where artificial point masses will be added. These positions should be
randomly distributed along the system. NP should, in principle, be significantly larger than the
number of masses NM that will be numerically added.

2. Impact excitations are applied at each measurement position using an instrumented hammer, and the
response at all positions is measured using accelerometers.

3. An initial accelerance matrix Aini is obtained dividing the measured acceleration spectra by the mea-
sured force spectrum for each excitation. This accelerance matrix is only measured once.

4. The corresponding initial apparent mass matrix is obtained by inversion as Mini = A−1
ini .

5. For each member i of the ensemble, a modified apparent mass matrix is obtained as

Mmod,i = Mini + Madd,i (10)

where Madd,i is a diagonal matrix that contains the apparent mass matrix contribution added by the
NM numerical point masses. Therefore, the NM non-zero diagonal components of this matrix are
equal to the added point mass madded. For each ensemble member i the positions of the point masses
are chosen randomly from the larger set of positions NP . Note that, with this method, the amount of
mass added madded could be also considered to be random over the ensemble.

6. For each member i of the ensemble, the corresponding modified accelerance matrix is obtained invert-
ing the modified apparent mass matrix Amod,i = M−1

mod,i.

The time and cost of building an artificial ensemble will be, in most cases, significantly smaller than the time
needed to obtain an experimental one, specially for those cases where a large ensemble may be required. In
the next subsection the proposed methodology has been used to obtain an artificial ensemble of plates.

4.2 Results obtained using artificial ensembles

4.2.1 Plate without added damping

The proposed methodology has been used to build an artificial ensemble of thin rectangular plates. The
response of the plate to hammer impacts was measured, using accelerometers, at 30 different positions,
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marked with green dots in Figure 4b. The artificial ensemble has been obtained consideringNI = 9 positions
of interest (the six measuring positions considered in Figure 1a and three additional positions). For each
member of the ensemble, point masses of 70g have been added at 11 positions that are randomly chosen
from the NP = 30−NI = 21 positions. As in the experimental case, the proposed method has been used to
build an ensemble of 20 members.

(a) Experimental set-up used for measuring the
accelerance matrix Aini.

(b) Positions considered in measuring Aini (green dots).

Figure 4: Experimental set-up for building an artificial ensemble of random plates

In principle, the accelerances obtained using virtual masses can also be used to obtain direct field dynamic
stiffness matrices experimentally. For the case of a single interior point (i.e far from the plate’s edges), Fig-
ure 5 compares the analytical direct field dynamic stiffness, obtained from Eq. (6), with the experimental
dynamic stiffness, obtained using Eq. (7) with the artificial ensemble results instead of the experimental
ensemble ones. The results show that the dynamic stiffness values obtained using virtual masses are con-
siderably noisier than the experimental ones previously presented in Figure 2. This result suggests that the
proposed methodology may have unexpected numerical or experimental issues that need to be understood.

Figure 5: Direct field dynamic stiffness for an interior single point connection. Red: Artificial ensemble
mean; blue: Analytical expression; gray: Dynamic stiffness of the 20 members of the artificial ensemble.
(Left) Real components. (Right) Imaginary components.

Further insights into the nature of the methodology’s issues can be gained by examining the components of
the measured initial accelerance matrix Aini and of the corresponding initial apparent mass of the system
Mini = A−1

ini . The modulus of a component of each one of these 30× 30 matrices is shown in Figure 6.
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Figure 6: (Left) Modulus of a component of the initial accelerance matrix Aini for the plate without added
damping. (Right) Modulus of a component of the initial apparent mass matrix Mini for the plate without
added damping.

Despite that the frequency response of the accelerance component has an expected dynamic behaviour, the
results for the apparent mass component exhibit a considerable number of very sharp peaks with a band-
width that seems to be insensitive to the corresponding excitation frequency. The accelerance matrix is
well-conditioned, which ensures that these peaks are not caused by a numerical instability. Additional infor-
mation can be obtained by noting that Mini = adj(Aini)/det(Aini), where adj stands for adjoint and det for
determinant. A study of the frequency content of |det(Aini)| and of adj(Aini) around the spikes has shown
that that their occurrence is related to a sharp decay in the determinant value.

The results presented in Figure 6 show that main issues in building an artificial ensemble arise from inverting
the initial accelerance matrix. It is interesting to note that, due to the nature of the experimental procedure,
the hammer impacts will have a limited precision, and may not be applied at the exact position where the cor-
responding accelerometer is located. The limited precision associated with the experimental determination
of the accelerance matrix Aini is studied in the next section using an analytical model.

4.2.2 Exploration of the spikes

The rectangular plate described in Section 2 is modelled here as a thin plate that is simply-supported on
its four edges. With these assumptions, the response H(xr, yr, xf , yf ) at a receiver position (xr, yr) due
to a harmonic unit point load excitation applied at a force position (xf , yf ) can be used to build two FRF
accelerance matrices. The first one, representing an ideal situation, considers that the force positions are
collocated with the receiver positions (xr1 , yr1), . . . , (xrN , yrN ). The second case, representing a realistic
situation, assumes a small random distance between excitation and response positions, so that (xfk , yfk) =
(xrk , yrk) + (εxk

, εyk). The obtained matrices are referred as collocated and non-collocated accelerance
matrix, respectively.

The experimental procedure described in Section 4.1 has been simulated by choosing 30 positions across
the plate. The positions have been placed randomly considering a minimum distance of 3 cm between them
and the plate’s edges. The random variables εx and εy are taken as uniformly distributed in the range [-1,1]
cm. The force and receiver positions considered for the case of the non-collocated accelerance matrix are
shown in Figure 7. The mechanical properties and loss factor described in Section 2 have been used in the
calculations.
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Figure 7: Force (red dots) and receiver (black dots) positions considered in the obtention of a non-collocated
analytical accelerance matrix.

Figure 8 compares a component of both accelerance matrices (collocated and non-collocated) and a compo-
nent of their respective apparent mass matrices. The results show that huge differences can be observed in
the apparent mass components. While the collocated FRF is rather smooth, the non-collocated one shows a
large number of unexpected sharp spikes, and the bandwidth of these spikes is unaffected by the excitation
frequency considered. As before, a study of the frequency content of |det(Aini)| and of adj(Aini) has shown
that the spike occurrence is related to a sharp decay in the determinant value, a results that seems to be
consistent with the experimental results presented in Figure 6. A more detailed examination of contribution
that each plate mode has on the plate response has also shown that (i) the unexpected spikes in the apparent
mass matrix occur at frequencies that are not related to the plate eigenfrequencies, and (ii) the response of
the plate at these frequencies includes the contribution of a large number of modes.
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Figure 8: Results obtained using the analytical model for a lightly damped plate. (Left) Modulus of a
component of the simulated collocated (blue line) and non-collocated (red line) accelerance matrices. (Right)
Modulus of a component of the corresponding collocated (blue line) and non-collocated (red line) apparent
mass matrices.
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If an excitation vector f is applied at the force positions, the resulting acceleration vector a (i.e the response
at the receiver positions) will be given by a = Af, A being the considered accelerance matrix. An unex-
pected spike in the apparent mass is related to a sharp decay in the non-collocated accelerance matrix Anc
determinant. Therefore, each of these peaks where det(Anc)→ 0, can be associated with a force eigenvector.
Then, if one of these force eigenvectors is multiplied by Anc, the receiver positions should not be accelerated.
However, if that same force eigenvector is multiplied by the corresponding collocated accelerance matrix Ac
the receiver positions will move.

On the other hand, the lack of unexpected spikes for the collocated case can be justified noting that, when
the force and receiver points are the same, a force vector giving Acf = 0 would be a blocked force vector. If
this blocked force existed and was applied to the receiver positions, it would give a zero input power to the
system.

Figure 9 presents the response of the plate to the force eigenvector associated with one of the spikes observed
in Figure 8. The response has been calculated for the non-collocated case (left) and for the collocated one
(right). The results show that, for the non-collocated case, the response at the receiver positions (marked in
this case using red dots) is almost zero. This result verifies that a sharp peak in the apparent mass matrix can
be related to an eigenvalue problem.
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Figure 9: Plate acceleration when it is excited by the force eigenvector corresponding to an unexpected spike.
(a) Force positions are non-collocated (b) Force positions are collocated.

If the determinant of the non-collocated accelerance matrix is expressed as a product of complex matrix
eigenvalues λi, it can be note that it is sufficient to have one |λi| = 0 to find a spike in the apparent mass
matrix. Therefore, as the complex component of an off-resonance response is small for low damping values,
it is expected that spikes would be less likely to happen if the measurements are performed with a heavily
damped system rather than with a lightly damped one. This result has been verified in Figure 10, where
components of the collocated and non-collocated accelerance and apparent mass matrices are compared for
a heavily damped (η = 3.2%) plate. The results show that the non-collocated apparent mass matrix does not
have any unexpected spikes.
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Figure 10: Results obtained using the analytical model for a heavily damped plate. (Left) Modulus of a
component of the simulated collocated (blue line) and non-collocated (red line) accelerance matrices. (Right)
Modulus of a component of the corresponding collocated (blue line) and non-collocated (red line) apparent
mass matrices.

4.2.3 Plate with added damping

A second artificial ensemble of thin rectangular plates has been obtained using the plate with an added damp-
ing treatment (see Figure 1b). The method has been applied using the same positions that were considered
in the case of the plate without added damping. Figure 11 shows a component of Aini and of Mini for this
damped case. When compared to the case without added damping (see Figure 6), it is clear that the new
apparent mass matrix presents far fewer unexpected spikes. This reduction is consistent with the discussion
of the results obtained using the analytical plate model.
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Figure 11: (a) Modulus of a component of the initial accelerance matrix Aini for the plate with added damp-
ing. (b) Modulus of a component of the initial apparent mass matrix Mini for the plate with added damping.
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As in the case of the plate without added damping, the artificial ensemble results can be used to obtain
the direct field dynamic stiffness matrix associated to point junctions. Figure 12(a) compares the direct
field dynamic stiffness obtained using both types of ensemble (experimental and artificial) for the case of
an interior single point connection. Both results are obtained using Eq. (7) and, as before, the analytical
dynamic stiffness, obtained from Eq. (6), has been included in the comparison. The results show that a
reasonably good agreement between both ensemble averages and the analytical predictions but, as before,
the artificial ensemble results are still nosier than the experimental ones.

One of the key advantages of considering an ensemble generated by randomising virtual masses instead
of physical ones is that, once the initial accelerance matrix has been determined, large ensembles can be
generated with very little effort. This advantage has been used in Figure 12(b) to investigate if the use of
a larger ensemble can improve the agreement between artificial and experimental ensemble averages. In
particular, an artificial ensemble of 1280 members has been used in the figure. The results show that, when
a larger artificial ensemble has been considered, the unexpected high-frequency spikes have been clearly
smoothed.

Figure 12: Direct field dynamic stiffness of an interior single point connection. Black: Experimental en-
semble mean; red: Artificial ensemble mean; blue: Analytical expression; gray: Dynamic stiffness of all the
members of the artificial ensemble. (a) Artificial ensemble of 20 members. (b) Artificial ensemble of 1280
members.

This section has shown that ensembles generated using virtual point masses have potential advantages over
ensembles generated by physically randomising the system of interest. However, the applicability of these
artificial ensembles may be limited to those cases where the system is significantly damped. It should be
noted that proposed methodology could also be applied to accelerance matrices that are obtained numerically
(e.g. from an FE model). As it has been shown in the results for the collocated case presented in Figure 10,
in such cases the measuring positions are precisely defined and the apparent mass matrix components do not
have any unexpected peak.

5 Conclusions

This work has presented a method to determine the direct field dynamic stiffness of a junction between sys-
tems, a key parameter in the hybrid FE-SEA method, using experimental ensembles of random systems. The
proposed method has been successfully applied to two types of point connections by using an experimental
ensemble that has been obtained by physically randomising a rectangular thin plate.
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Additionally, a methodology to generate an ensemble of random system using virtual masses has been pro-
posed for those cases where an experimental randomisation is impractical. The results, however, have shown
that for lightly damped systems this methodology is extremely sensitive to small experimental imprecisions.
A detailed study of the effect of these small imprecisions has shown that the experimental issues are clearly
reduced when a system is heavily damped. Experimental results for a plate with added damping treatment
has supported this numerical result. The proposed methodology could also be applied to accelerance matrices
that are obtained numerically (e.g. from an FE model).
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Abstract 
Plane wave propagation within a conventional waveguide integrated with external spring-like links is 

investigated. The long-range forces exerted by these additional connections secure the interaction between 

any two arbitrary distant particles. The long-range operators are assumed to be located inside a window, 

which itself may include one or several sub-windows. The effects induced by the long-range forces are 

perceived by examining the corresponding dispersion relation. The modification of the dynamics promotes 

unconventional phenomena including negative group velocity and wave stopping. Besides, it is shown how 

the larger the number of included sub-windows, the softer the links and how the two cases of a system 

equipped with a single sub-window and a system with multiple sub-windows and softer links produce 

similar effects. 

1 Introduction 

Systems with spatial association of non-neighbouring constituents provide a framework helping to move 

away from the short-range notion, which is the dominant type of interaction in conventional elastic continua. 

Similarly, the same concept can be extended to temporal interactions, implying the response of a dynamic 

system being dependent upon its own time-history [1-3]. Some examples are provided by viscoelastic 

materials, which present memory effects modelled through convolution integral. These materials are mainly 

meant to isolate and control vibrations in aerospace and mechanical engineering applications [4-6]. For 

instance, analysing the dynamics of a population of robots and its evolution requires passing the limits of 

local/instantaneous interactions to achieve more realistic conclusions. Altering the system’s nature changes 

the dynamic behaviour and may lead to the emergence of new phenomena. This could give rise to severe 

changes in the development and stability of travelling waves within the domain.   

Domains with nonlocal interactions may be considered as metamaterials due to their unique topology, which 

is not essentially found in nature. A fundamental study was conducted by Eringen [7], discussing the status 

of elastic waves within a nonlocal medium. Further studies [8-10] have been conducted to appreciate the 

effects induced by nonlocal forces i.e. long-range interactions. Although the performance of the adopted 

systems is assessed majorly by numerical simulation, some authors presented analytical approaches to study 

the dynamic characteristics of such systems [11-13].  

Literature unveils the emergence of some interesting phenomena including negative group velocity and fast 

lights [14-16], not specifically observed in the context of elasticity. In this regard, manufacturing engineered 

materials, which mimic such behaviours, are in high demand for practical purposes. Conventional 

metamaterials being composed of a particular arrangement of material element, mainly periodic, have 

demonstrated unusual propagation regimes similar to those reported above [17-18]. For instance, Li and 

Chan [19] confirmed the existence of an acoustic materials which highly bear a resemblance to Veselago’s 

medium [20] in electromagnetism, having both negative effective bulk modulus and density.  

The aim of the present study is the analysis of a long-range waveguide with nonlocalities confined within a 

window centred at each point. The related governing equation of motion contains an integral term modifying 
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the conventional wave equation for the system to capture the characteristic long-range footprints. The 

analysis is further extended to a case in which the window itself is composed of several sub-windows of the 

same kind. Investigating the possibility of pushing the system towards a path along which the propagation 

of elastic waves is prohibited is of interest. 

2 Mathematical description  

To gain an insight into the phenomena induced by the long-range interactions, a simple model is considered. 

As shown in Fig. 1, a conventional rod is integrated with a single rectangular window 𝐻(𝑥). The interactions 

between the distant points occur within identical windows fixed at each station (point). The Young’s 

modulus and the mass density corresponding to the waveguide are 𝐸 and 𝜌, respectively. The long-range 

operators are assumed as spring-like links with constant stiffness 𝜅. The governing equation of motion for 

the system is: 

 𝐸
𝜕2𝑢

𝜕𝑥2 − 𝜌
𝜕2𝑢

𝜕𝑡2 − 𝜅 ∫ 𝐻(𝑥 − 𝜉)(𝑢(𝑥, 𝑡) − 𝑢(𝜉, 𝑡))𝑑𝜉
∞

−∞
= 0 (1) 

Here 𝑢(𝑥, 𝑡) represents the axial displacement. As mentioned earlier, the integral term is incorporated with 

the classical wave equation, which exclusively captures the interactions of each point with its immediate 

neighbours, to attain the mathematical description of a long-range system. The integral term explains the 

spread of this layout (single window) along the domain.  

 

Figure 1: Long-range waveguide 

Considering a rectangular window of length 2𝐿, Eq. (1) takes the form:  

 𝐸
𝜕2𝑢

𝜕𝑥2 − 𝜌
𝜕2𝑢

𝜕𝑡2 − 2𝜅𝐿𝑢(𝑥, 𝑡) + 𝜅𝐻(𝑥) ∗ 𝑢(𝑥, 𝑡) = 0 (2) 

To identify the changes made in the dynamic characteristics of the system with respect to that of a 

conventional one (D’Alembert waveguide), dispersion relation associated to Eq. (2) is of relevance. The 

dispersion relation is obtained by applying spatiotemporal Fourier transform, giving: 

 𝜌𝜔2 = 𝐸𝑘2 + 2𝜅𝐿(1 − 𝑠𝑖𝑛𝑐 𝑘𝐿 ) (3) 

Expressing Eq. (3) in terms of the nondimensional parameters 𝛺 = 𝜔𝐿√𝜌/𝐸, 𝐾 = 𝑘𝐿, and 𝜒 = 𝜅𝐿3/𝐸, one 

obtains:  

 𝛺2 = 𝐾2 + 2𝜒 (1 − 𝑠𝑖𝑛𝑐 𝐾 ) (4) 

The nondimensional parameter 𝜒 is a measure which compares the long-range and short-range stiffnesses. 

Assuming positive values for 𝜒, the above relation provides two separate behaviours, shown in Fig. 2, 

according to the value of 𝜒, and specifically for 𝜒 smaller or larger than 𝜒𝑐𝑟.  
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Figure 2: Different behaviours provided by the dispersion relation 

Fig. 2 reports the trend of the right-hand side term in Eq. (4). The dynamics is proven to be always stable, 

since the term never assumes negative values, which would have led to corresponding complex values of 𝛺. 
On the other hand, trend of the curves implicitly elucidates the potentially occurring phenomena. Based on 

Fig. 2, the value of 𝛺2 always increases with an increment in 𝐾 as long as 𝜒 does not exceed a critical value 

𝜒𝑐𝑟 at which the slope of the curve becomes flat at a certain 𝐾. One observes the emergence of wave stopping 

phenomenon for any value of 𝜒 which falls outside this threshold, giving birth to wavenumber bandwidths 

within which the wave packets travel in the backward direction. In fact, zero/negative slope of curves is 

directly in correspondence with the velocity of the wave envelope, namely the zero/negative group velocity, 

respectively.  

The analysis implies the critical value 𝜒𝑐𝑟 = 34.815 is relatively high and thereby rather stiff connections 

are required for forcing the system to behave in an unusual way. Due to practical purposes, such long-range 

operators are not usually regarded as the prime choice. To achieve a more attainable value, i.e. smaller 𝜒𝑐𝑟, 

a more comprehensive definition for the window 𝐻(𝑥) is assumed as follows: 

 𝐻(𝑥) = {
1, (4𝑛 − 1)𝐿 ≤ 𝑥 ≤ (4𝑛 + 1)𝐿

0, (4𝑛 + 1)𝐿 < 𝑥 < (4𝑛 + 3)𝐿
 (5)  

Here 𝑛 is an integer number. Its selection defines a symmetric interval that establishes the number of sub-

windows 𝑁. For instance, 𝑛 = 2, as well as 𝑛 = −2, determines the symmetric interval [−2, −1, 0, 1, 2] and 

𝑁 = 5. The above definition specifies a window consisting of several sub-windows of length 2𝐿, distributed 

symmetrically with respect to the central one, as shown in Fig. 3.  

 

 

Figure 3: Waveguide with multiple sub-windows ( 𝑁 = 3) 

Considering a fixed value for 𝑁 (𝑁 = 1, 3, 5, …), the governing equation of motion (2) takes the form: 

 𝐸
𝜕2𝑢

𝜕𝑥2 − 𝜌
𝜕2𝑢

𝜕𝑡2 − 2𝑁𝜅𝐿𝑢(𝑥, 𝑡) + 𝜅𝐻(𝑥) ∗ 𝑢(𝑥, 𝑡) = 0 (6) 

The dispersion relation associated to Eq. (6), in the nondimensional form, is:  

 𝛺2 = 𝐾2 + 2𝑁𝜒 −
𝑗𝜒(1−𝑒2𝑗𝐾)

𝐾
∑ 𝑒𝑗(1−2𝑁+4𝑞)𝐾𝑁−1

𝑞=0  (7) 
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To identify how the new layout changes the behaviour of system, a figure analogous to Fig. 2 has been 

provided. In this figure, the curves corresponding to systems with one, three and five sub-windows are 

plotted when 𝜒 = 1. This figure implicitly suggests 𝜒𝑐𝑟 adopts lower values as the number of inclusions 

increase. For instance, although the wave stopping phenomenon is not present for the system with a single 

sub-window when 𝜒 = 1, adding inclusions drives the system towards this path.  

 

Figure 4: 𝛺2 for systms with different number of inclusions 

3 Numerical results  

This section is devoted to presenting the results associated with the system studied above. First, the effects 

promoted by the introduction of long-range forces are realized by considering a window consisting of a 

single sub-window. The second subsection sheds a light on how a modified definition for the window 

facilitates reaching the desired objectives, i.e. unusual phenomena by imposing less intense long-range 

forces upon the conventional waveguide. Note that the dissipation is absent in the considered configuration. 

Besides, the focus here has been on pure propagation; thus, the complex-valued roots of the dispersion 

equation are not taken into account.  

3.1  Long-range waveguide with a single sub-window 

The dispersion curves obtained from the solution of Eq. (4) are plotted in Fig. 5 for various values 𝜒. As 

reported before, a clear change in trend of curves is observed immediately after a certain threshold being set 

by 𝜒𝑐𝑟 = 34.815. For values greater than 𝜒𝑐𝑟, depending on the adopted value, the curve surely owns at 

least two local extrema, and the larger the value of 𝜒 the larger the number of extremes.  

To investigate the influence of the emerging ripples on the curves when 𝜒 > 𝜒𝑐𝑟, the group velocity 𝐶𝑔 

provide beneficial information. The group velocity for the system with a single sub-window is:  

 𝐶𝑔 =
𝑑𝛺

𝑑𝐾
=

𝐾3−𝜒(𝑠𝑖𝑛𝑠𝑖𝑛 𝐾 +𝐾𝑐𝑜𝑠𝑐𝑜𝑠 𝐾 )

𝐾3/2 √𝐾3+2𝜒(𝐾−𝑠𝑖𝑛𝑠𝑖𝑛 𝐾 )
 (8) 
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Figure 4: Dispersion curves of a long-range waveguide integrated with a single sub-window for several 

value of 𝜒 

The emergence of local extremes has been confirmed in Fig. 5, where the variation of the group velocity is 

plotted with respect to the nondimensional wavenumber 𝐾. As shown, for  𝜒 > 𝜒𝑐𝑟, the wave packets stop 

travelling along the waveguide at two distinct wavenumbers, where the slope sign of the dispersion curves 

changes, and thereby the negative group velocity is met in the entire band between these two values.  

 

Figure 5: Group velocity for a long-range waveguide for different values of 𝜒 

One may expect an increase in the occurrence of this phenomenon along the bandwidth as the external links 

get stiffer with respect to that of the waveguide, and thereby the emergence of more crossing points. To 

verify this hypothesis, the variation of modal density �̂�(𝛺) for system with strong long-range interactions 

is examined in Fig. 6. The modal density for a reference length is: 

 �̂�(𝛺) ∝ 1/𝐶𝑔 = 𝑑𝐾/𝑑𝛺 (9) 
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Figure 6: Modal density for a long-range waveguide with strong interactions  

Since the change in modal density should be expressed in terms of frequency, the data required for Fig. 6, 

are obtained by a simple numerical assessment. The singularities exhibited in the figure are corresponding 

to the frequencies at which the group velocity vanishes. Clearly, for the system described above, the elastic 

waves are ceased to propagate at four different values of 𝛺 implying the possibility of forcing the envelope 

of waves to stop travelling at multiple frequency stations.  

3.2 Long-range waveguide with multiple sub-windows  

The extracted results for the long-range waveguide with multiple sub-windows are similar to that with a 

single sub-window. Clearly, the increase in the number of interaction regions, i.e. sub-windows, corresponds 

to a larger number of long-range operators. Fig. 7 compares 𝜒𝑐𝑟 for a system with different number of 

inclusions. The figure reveals a dramatic drop in 𝜒𝑐𝑟 as the number of sub-windows increases. The figure 

implies the need for less stiff long-range links in order to drive the system towards disclosing unconventional 

behaviours. In fact, introduction of more inclusions generates more terms in Eq. (7), particularly represented 

by 
𝑗𝜒(1−𝑒2𝑗𝐾)

𝐾
∑ 𝑒𝑗(1−2𝑁+4𝑞)𝐾𝑁−1

𝑞=0 , and subsequently smaller values of 𝜒 are required to cancel the 

contribution other terms, specifically 𝐾2 + 2𝑁𝜒, causing negative slope on the dispersion curves within 

some intervals.  

 

Figure 7: Critical value of 𝜒 against the number of inclusions  
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Figure 7 claims the possibility of achieving wave-stopping phenomenon by inserting more but much less 

stiff external connections with respect to case in which only a single sub-window is in action. Variation of 

group velocity against wavenumber has been plotted in Fig. 8 for a long-range waveguide with five sub-

windows. Despite the small values considered for 𝜒, zero group velocity is meet at least at four frequencies, 

showing the prominent effect of the newly initiated sub-windows. These curves justify the comment made 

in the previous paragraph on the influence of the new terms in the dispersion relation.  

 

Figure 8: Group velocity for a long-range waveguide for different values of 𝜒 (𝑁 = 5) 

4 Conclusions  

This article presents the plane wave analysis of a long-range elastic waveguide in absence of any source of 

dissipations. Also, branches of dispersion curves corresponding to evanescent modes are not considered in 

this study. The long-range forces act only within a window, which itself may contain one or several 

rectangular sub-windows. The long-range operators are modelled by simple spring-like connections of the 

constant stiffness. The dispersion relation associated to the system is obtained by considering the plane wave 

solution. For all wavenumbers submitted to the dispersion relation (purely real), no complex-valued 

frequency is yielded, indicating the possibility of propagation over the entire frequency band. The results 

are presented solely in terms of the nondimensional parameter 𝜒, which includes the information regarding 

the characteristics of both long-range and short-range forces. The results mainly highlight the following 

points:  

 The wave-stopping phenomenon could be met if the nondimensional parameter 𝜒 exceeds a critical 

value. The critical value is exclusively dependent on the adopted number of sub-windows; dropping 

sharply by including more sub-windows in the system.  

 Several wave-stopping frequencies are achieved by initiating new sub-windows at much smaller 

value of 𝜒, which are located within a low-frequency band with respect to the system with a single 

rectangular sub-window.   
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Abstract
The transfer matrix method (TMM) is a well-known method for the propagation of waves in layered me-
dia of fluid, elastic and porous nature. Up to now it has been used extensively to analyze airborne sound
transmission and sound absorption. Its use for impact sound transmission has been investigated to a limited
extent, i.e. for thick homogeneous elastic plates of infinite extent and with an approximate computation of
the radiated sound power. This contribution aims to broaden the scope, such that the radiated sound power
of structures which also contain fluid and/or porous layers can be analyzed in a more robust way. A disad-
vantage of the conventional TMM is that only floors of infinite extent can be implemented. It is possible to
remove this drawback by taking the modal behavior of the floor into account in an approximate way, which
is achieved by projecting the floor displacements onto a set of sinusoidal basis functions. Predictions of the
radiated sound power are made for various single and multilayered floors of both infinite and finite extent.

1 Introduction

Impact sound is an important source of noise nuisance, i.e. footfall noise or sliding chairs. Layered floor
systems are common to achieve normative requirements concerning thermal and/or sound insulation in a
residential context. Especially in apartment buildings, floating floor systems are used to reduce neighbor
noise nuisance. An industrial application is the reduction of floor vibration levels to create a favorable
environment for sensitive equipment.

The transfer matrix method (TMM) [1, 2, 3, 4, 5] is widely used to predict the airborne sound insulation
of layered wall and floor systems. The method has been used only to a limited extent for the prediction of
impact sound radiation of a single layered floor [6]. An advantage of this method is that different types of
layers can be incorporated such as fluid, solid and porous layers. Accurate results of the sound insulation are
achieved for high frequencies. However, some disadvantages are related to this method. First, a semi-empiric
expression is employed in [6] to compute the sound pressure level in the receiving room. Second, the result
is not accurate for low frequencies because the modal behavior is neglected. Third, the floors must be of
infinite extent. Spatial windowing techniques [7, 8] have been developed to account for the finite floor size.
However, these techniques still omit the modal behavior of the floor.

In this work, the transfer matrix method is used to predict the impact sound radiation in a more robust.
An extension is made to validation of vertical displacements of multilayered structures. The second part
of this work adopts the modelling strategy of Reynders et Al. [22] for the prediction of the radiated sound
power from an impacted floor and combines this with a modal TMM (mTMM) framework [9]. Previously,
the mTMM has been used for the prediction of airborne sound transmission. It has the advantage of ap-
proximately accounting for the modal behavior when simply supported boundary conditions are assumed:
if the radiation impedance of the sound field to the chosen basis functions can be computed with high ac-
curacy, then the results are accurate for thin floors as the vertical displacements are approximated using a
Ritz approach and satisfy the boundary conditions. For most thick and layered systems, sinusoidal lateral
basis functions also result in accurate transmission loss predictions. The predictions will be less accurate
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if the damping is low and the stiffnesses of the different layers differ strongly from each other, as in the
case of double glazing or double wall with an air cavity [10, 11]. The accuracy of the ensemble mean ra-
diated power predictions obtained with mTMM depend critically on the chosen method for approximating
the modal sound radiation impedances. Wavelets are the most accurate method because it takes cross-modal
coupling into account, which also makes it the most computationally expensive method.

The text is organised as follows. The improved mathematical framework for TMM is described in section 2,
while the mathematical framework for mTMM is presented in section 3. Section 4 provides validation for
both the vertical floor displacements and the radiated sound power for several cases: a single concrete layer,
both thin and thick; and a floating floor structure. Concluding remarks are provided in section 5.

2 Transfer Matrix Method for impact sound transmission

The transfer matrix method is a semi-analytical method for modeling the sound transmission through infinite
layered wall and floor systems [2, 3, 4, 9]. The layers may consist of solid, fluid or porous material. They
are assumed to be infinite in the radial direction. The degrees of freedom of each layer are the complex
amplitudes of the velocity and stress fields at both boundary surfaces. These degrees of freedom of layer
l are collected in the vectors `(M2l−1) and `(M2l) (cfr. figure 1). For every layer l, a transfer matrix is
constructed that describes the two-dimensional (r-z) wave propagation in the layer by relating, for a particular
wavenumber kr and a particular frequency ω, all degrees of freedom in `(M2l−1) and `(M2l) to each other.
The derivation of the transfer matrix of a fluid layer is straightforward; see, e.g., [15]. The expressions
become more complex for solid layers and for poroelastic layers (Biot theory) - see [16] and [4, Ch. 11],
respectively - yet they can still be obtained in closed form. The continuity conditions between different
layers are described by interface matrices [5].

Figure 1: Multilayered partition element, excited at one side and radiating sound into the receiving room.
Notation for the sides of layers used in this work is taken from [9]

Three main steps are required to obtain the radiated sound power level by a deterministic floor structure into
a receiving room carrying a diffuse wave field. First, the floor excitation is transformed to the wavenumber-
frequency domain. This step is quite straightforward for an impact force on a single location. Second, the
floor displacements for both single and multilayered structures are obtained using the transfer matrix. Third,
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the air pressure at the floor edge is computed to express the sound intensity, which leads to the radiated sound
power level.

2.1 Impact force

In this section, an arbitrary periodic point force is employed. Using phasor notation, the time history of the
impact force is obtained as

F (t) = Re
(
F (ω)eiωt

)
(1)

A vertical periodic point force of infinitesimal duration is assumed to have a constant amplitude over the
entire frequency spectrum. According to Allard et al. [19] this point force can be replaced by a superposition
of axisymmetric components when it is applied at the origin of the coordinate system (x = 0 ; y = 0). A
simple representation of this principle starts with transforming the input force from cartesian to cylindrical
coordinates. The impact force is applied on an infinitesimal surface area δ(x)δ(y).

F (ω)δ(x)δ(y) =
F (ω)

2πr
δ(r) (2)

A Hankel transform is applied in eq. (3). This results in a constant impact force in the frequency-wavenumber
domain.

F (ω, kr) =

∫ ∞

0
rJ0(krr)

F (ω)

2πr
δ(r)dr =

F (ω)

2π
(3)

In the remainder of this work, a vertical periodic impact force is assumed with a constant and continuous
frequency spectrum. The amplitude of this force is chosen to be F (ω) = 8.86 N to correspond to the impact
amplitude of a tapping machine[18].

2.2 Vertical displacements

For elastic layers as shown in figure 2, the entire wave field can be represented by 4 variables in the frequency-
wavenumber domain: the velocity in r- and z-direction, normal stress in the vertical direction and a shear
stress σrz . These variables are collected in `(A). The wave fields on both sides of an elastic layer are related
through a transfer matrix T s [1, 5, 16].

`(A) = [vsr(A) vsz(A) σszz(A) σsrz(A)]T (4)

`(A) = T s `(B) (5)

Figure 2: Convention used in the TMM model, with the receiving room at positive z-coordinates

In case of a bare floor, only a single elastic layer is present. When considering a vertical impact force on the
floor, four boundary conditions are available to solve the wave field: the total vertical stress at the impact
location should be equal and opposite in sign to the impact force F. The vertical stress at the lower side and
shear stress at both sides are equal to zero. These bou¡ndary conditions express the wave field at both floor
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edges, which are described by the following vectors. A denotes the side of the impact force, while B denotes
the floor-receiving room interface.

`(A) = [vsr(A) vsz(A) − F

2π
0]T and `(B) = [vsr(B) vsz(B) 0 0]T (6)

Using these vectors as input in eq. (5) leads to an expression with 4 equations and 4 unknown velocities.
It is possible to reformulate the equations to get all unknown velocities on the left-hand-side, leading to
eq. (7). Note that the original transfer matrix with elements Tij is now divided into two separate parts,
corresponding to a velocity transfer matrix Tv and a stress transfer matrix Tσ. The shorthand notation is
shown in eq. (8). This shorthand notation allows to compute the velocities at both sides of the floor for a
single frequency-wavenumber combination.




−1 0 T11 T12
0 −1 T21 T22
0 0 T31 T32
0 0 T41 T42







vr(A)
vz(A)
vr(B)
vz(B)


 =




0 0 −T14 −T13
0 0 −T24 −T23
0 1 −T34 −T33
1 0 T44 T43







σrz(A)
σzz(A)
σrz(B)
σzz(B)


 (7)

Tvv = Tσσ (8)

u =
v

iω
(9)

2.3 Radiated sound power

The vertical displacements vz(Mn) of the outer layer, opposite to the side of the impact force, has been
computed in the previous section. According to the interface boundary conditions between the floor and the
receiving room air volume, the vertical displacements at both sides of the interface should be equal. Equation
10 expresses the relation between vertical displacements and air pressure in the air volume at the floor-room
interface. For every frequency, the sound intensity is shown in eq. 11

p(B)− ρac
ka√

k2
a − k2r

vz(B) = 0 (10)

I(r) =
1

2
Re{p(r) · vz∗(r)} (11)

Integration of the sound intensity over the surface area using axisymmetry leads to the radiated sound power.
To convert this result to the dB scale, a reference sound power W0 = 10−12 Watt is used.

W =

∫ 2π

0

∫ ∞

0
I(r)rdrdθ = 2π

∫ ∞

0
I(r)rdr (12)

LW = 10 log

(
W

W0

)
(13)

3 Modal transfer matrix method

The discussion of the modal transfer matrix method starts with a discussion of the complete modeling strat-
egy, after which the computation of the dynamic stiffness of the floor and the direct field dynamic stiffness
matrix of the room are discussed, respectively.
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3.1 Modeling strategy

In the modal form of the transfer matrix method [9], the out-of-plane displacement uz of the floor is ap-
proximated using a finite set of Nm global basis functions Φ, in this particular case the in-vacuo modes and
corresponding generalized coordinates q. In case of a thick or multilayered floor, the decomposition differs
for both outer surfaces A en B.

uz(x, zA, ω) ≈
Nm,M1∑

p=1

φp(x, zA)qpA(ω) and uz(x, zB, ω) ≈
Nm,Mn∑

p=1

φp(x, zB)qpB(ω) (14)

All generalized response degrees of freedom (DOFs) are collected in an amplitude vector q(ω) ∈ CNdof , so
that the time-domain response is given by Re(qeiωt), with i the imaginary unit. Similarly, the corresponding
generalized harmonic loads are collected in the load amplitude vector f(ω) ∈ CNdof . Note that, when the
floor is modeled as thick, then Ndof = 2Nm. Since q contains all (generalized) interface degrees of freedom
between the floor and the room, the equations of motion of the entire floor-room system can be written as

Dq = f , (15)

with D ∈ CNdof×Ndof the dynamic stiffness matrix at frequency ω. D may be decomposed as the sum of the
dynamic stiffness matrix of the floor, denoted as Dd (subscript d stands for deterministic), and the dynamic
stiffness matrix of the receiving room, denoted as Dr (subscript r stands for random):

D = Dd + Dr (16)

Since the room is assumed to carry a diffuse field in this work, it is modeled as the random subsystem in the
overall floor-room system. The dynamic stiffness matrix of the acoustic room volume is decomposed as

Dr = Ddir + Drev (17)

where Ddir denotes the mean of the subsystem’s dynamic stiffness matrix Ddir := E [Dr]. This term
describes the part of the response of the random subsystem containing outgoing waves only. It is the limiting
response of the acoustic volume to the displacements of the deterministic boundary that would be observed
at that boundary when the extent of the subsystem would be increased. It can be computed as the direct
field receptance matrix of the room at floor-room interface [20, 21]. Drev represents the response of the
reverberant field in the subsystem, caused by the presence of random wave scattering boundaries or objects.
With this decomposition, the equations of motion for a random subsystem are

Ddirq = fr + frev (18)

where the reverberant forces are defined as frev := −Drevq, and fr denotes the sum of the loads applied to
the DOFs of the random subsystem. The overall equations of motion (15) become

Dtotq = f + frev (19)

where Dtot := Dd + Ddir is a purely deterministic matrix. When a diffuse field acts in the room, the
reverberant forces frev are related to Ddir through the diffuse field reciprocity relationship [20], where k and
s represent two subsystems:

E[f (k)rev f
(s)
rev] = δks

4Êk
ωπnk

Im
(
D

(k)
dir

)
(20)

with nk the modal density of subsystem k and δks the Kronecker delta. Note that the hat symbol is em-
ployed here as shorthand notation for ensemble mean. From this equation, it is possible to obtain the mean
time-averaged total energy Êk of room k from a stationary power balance which involves the other random
subsystems as well as the deterministic master system, assuming the fields are statistically independent of
each other. The radiated sound power P is the power that flows from the vibrating floor into the direct field
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of the room is [22]

P = −1

2
Re(iωqHDdirq) (21)

The computation of the dynamic stiffness matrix of the floor, Dd, and of the direct field dynamic stiffness
matrix of the room as seen from the floor, Ddir , will be discussed in sections 3.2 and 3.3, respectively.

3.2 Computing the deterministic dynamic stiffness matrix from finite floor impedances
using the transfer matrix method

In the impact sound prediction framework that was outlined in the previous section, the dynamic stiffness
matrix of the floor Dd is needed in generalized coordinates. When the floor is thin and simply supported
with dimensions Lx×Ly× t, a natural choice for the basis functions are the exact floor mode shapes, which
are [23, Sec. 5.7.2]

φp(x) = sin

(
pxπx

Lx

)
sin

(
pyπy

Ly

)
, (22)

where px and py denote the integer number of half wavelengths in the x and y directions, respectively, of
mode p. The elements of the dynamic stiffness matrix are then

Dd,p(ω) =
ρtLxLy

4

(
−ω2 + ω2

p(1 + iηp)
)
δpq (23)

where ρ denotes the density of the plate material, i the imaginary unit, δpq the Kronecker delta, ηp the internal
loss factor of the floor, and ωp the natural frequency of mode p:

ωp =

√
D

ρt

(
k2px + k2py

)
, D :=

Et3

12(1− ν2) , kpx :=
pxπ

Lx
, kpy :=

pyπ

Ly
(24)

with E the Young’s modulus of the plate and ν the Poisson’s ratio.

For more complex walls or floors, the dynamic stiffness matrix Dd will need to be computed in a different
way. Of course, general numerical approaches such as the finite element method may be used [12, 24, 25],
yet for thick and multilayered walls and floors, a more efficient approach is possible, as demonstrated in what
follows.

A global transfer matrix G ∈ C(R−2)×R is composed using the transfer and interface matrices in the correct
order, which describes the behavior of the layered system. When the degrees of freedom of the overall
layered system are collected in the vector `G ∈ CR×1,

`G =
[
pA(kx, ω) vzA(kx, ω) L(M2) L(M4) . . . pB(kx, ω) vzB(kx, ω)

]T
, (25)

one has that
G`G = 0. (26)

The relation between the pressures pA, pB and normal velocities vzA, vzB at both sides of the multilayered
structure is obtained by computing the mechanical impedance matrix Z(kx, ω) ∈ C2×2

[
Z11(kx, ω) Z12(kx, ω)
Z21(kx, ω) Z22(kx, ω)

] [
vzA(kx, ω)
vzB(kx, ω)

]
=

[
pA(kx, ω)
pB(kx, ω)

]
(27)

from the global transfer matrix G [26]:

Z11(kx, ω) = −|G1,R|
|G2,R|

, Z12(kx, ω) =
|G1,2|
|G2,R|

,

Z21(kx, ω) = −|GR−1,R|
|G2,R|

, Z22(kx, ω) = −|G2,R−1|
|G2,R|
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where |Gr,s| is the determinant of G, in which the columns r and s are eliminated.

So far, the modeling of infinite thick and layered floors has been discussed. For finite floors, the normal
displacement uz(x, z, ω) can be approximated using a Ritz approach, i.e., by means of a finite set of shape
functions φp(x) that satisfy the boundary conditions (e.g., simply supported):

uz(x, z, ω) ≈
Nm∑

p=1

φp(x)qp(z, ω), (28)

The velocities and the pressures at both sides of the floor can then be expressed as [10, 11]
[
vzA(x, ω)
vzB(x, ω)

]
=
∑

p

[
VzAp(ω)
VzBp(ω)

]
φp(x) and

[
pA(x, ω)
pB(x, ω)

]
=
∑

p

[
PAp(ω)
PBp(ω)

]
φp(x) (29)

When φp(x) is chosen as in eq. (22), it corresponds to a bending mode shape of a rectangular thin floor with
modal wavenumber

kp =
√
k2px + k2py. (30)

The modal response of this homogeneous thin floor is obtained by imposing the modal wavenumber as trace
wavenumber in an infinite floor model. Furthermore, since the basis functions φp(x) are orthogonal to each
other, the following equation is valid:

∫ Lx

0

∫ Ly

0
φp(x)φq(x)dxdy =

LxLy
4

δpq (31)

Using this property when combining equations (27) and (29), one has the following exact relationship for a
finite homogeneous thin floor:

[
Z11(kp, ω) Z12(kp, ω)
Z21(kp, ω) Z22(kp, ω)

] [
VzAp(ω)
VzBp(ω)

]
=

[
PAp(ω)
PBp(ω)

]
(32)

This implies that (1) the impedances of the floor in the chosen generalized coordinates (i.e., simply supported
thin floor modal coordinates) can be computed independently for each basis function, and (2) the impedance
matrix between both sides of a finite floor in generalized coordinates can be evaluated as the impedance
matrix of the corresponding infinite floor, evaluated for the wavenumber kp of the basis function p. In order
to relate the mechanical impedance matrix to the dynamic stiffness matrix of the structure in generalized
coordinates, the transformation from modal velocity to generalized displacement and the transformation
from modal pressure to modal force are elaborated here:

qp =
dVzp
dt

= iωVzp (33)

fp =

∫ Lx

0

∫ Ly

0
p(x)φp(x)dxdy =

∫ Lx

0

∫ Ly

0
Ppφ

2
p(x)dxdy = Pp

LxLy
4

(34)

Thus, the deterministic dynamic stiffness matrix follows from:

Dd,p(ω) =
iωLxLy

4
Z(kp, ω) (35)

Eq. (35) is exact for a simply supported thin floor. Its validity for other floor types depends on the validity of
approximation (28), which assumes that only waves with in-plane wavenumbers kp can propagate through
the floor. This assumption is generally valid unless the dynamic stiffness’s of the different layers differ
strongly from each other and the damping is low, e.g., when stiff solid layers are coupled via an intermediate
air layer [10]. In this case however, an elegant and efficient solution is possible by modeling the air layer as
a hard-walled cavity.
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3.3 Computing the direct field dynamic stiffness matrix of the room

Several approaches can be used to compute the direct field dynamic stiffness matrix of the room. The wavelet
approach is explained first, taking into account cross modal-coupling. Other alternatives are shown in section
3.3.2, which are computationally more efficiently, but do not account for cross-modal coupling.

3.3.1 Wavelet approach

In order to apply the diffuse field reciprocity relationship, the acoustic dynamic stiffness matrix should be
determined for a baffled interface that radiates into an acoustic halfspace . The surface pressure p(x) due to
the displacement uz(x) of the structural-acoustic interface is determined by the Rayleigh integral [27]

p(x) =

∫

S
g(x− x′)uz(x′)dx′ with g(x) = −ρaω

2e−ika|x|

2π|x| (36)

where the terms ρa and ka represent the air density and the acoustic wavenumber, respectively. In order to
evaluate this expression for an arbitrary displacement field, the floor-room interface can be covered by a grid
of points xn with equal grid spacings in both directions. The displacements are then decomposed into a set of
generalized degrees of freedom an (n = 1, 2, ..., N ) and shape functions ϕn = ϕ(x−xn) (n = 1, 2, ..., N ):

uz(x) =

N∑

n=1

anϕ(x− xn) (37)

In the wavelet approach [28], the shape functions ϕ(x − xn) are chosen to be jinc functions, jinc(x) =
J1(x)/x with J1(x) the Bessel function of the first kind and order 1, so that

ϕ(x− xn) =
2J1(ksr)
ksr

, where r = |x− xn| and ks =
√

2π/dx (38)

where dx denotes the grid spacing. Equations (37) and (38) are substituted into eq. (36). In this way the
Rayleigh integral can be further elaborated using the specific properties of the jinc function and the pressure
is expressed in terms of the generalized coordinates an from 37. The generalized force fm acting on a degree
of freedom am due to this pressure becomes [28]

fm =

∫

S
p(x)ϕm(x)dx (39)

=
∑

n

Dmnan (40)

with

Dmn = D(rmn, ω) =
i8πωρacak

2
a

k4s

(
sinc(karmn) + ig(karmn)

)
, rmn = |xm − xn| (41)

g(z) =
cos z − 1

z
+

2

z

∞∑

k=1

J2k+1(zks/ka) (42)

This formulation allows for an efficient computation of the acoustic dynamic stiffness matrix. However, the
obtained matrix still needs to be projected onto the generalized coordinates q, used in the hybrid mTMM-
SEA approach. This can be done as follows:

Ddir,pq(ω) = aTpD(ω)aq, with ap =
π

2
φp(xn) (43)

where p and q define two modes, considered in the calculation. The basis functions φp were defined earlier in
equation (22). The resulting Ddir is a fully populated matrix, which takes cross-modal coupling into account.
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3.3.2 Approximate approaches omitting cross-modal coupling

A faster calculation of the direct field dynamic stiffness matrix is possible, yet at the expense of accuracy.
Different approaches for computing the radiation impedance zp, normalized to the characteristic impedance
of the fluid medium Zc, have been presented previously. Leppington et al. [29] simplify the exact quadruple
integral, which results from the combination of Eqs. (36) and (39), to a more efficient expression by using
polar coordinates, which is then approximated with asymptotic estimates for the real part of the normalized
radiation impedance. However, automated numerical integration of the Leppington formula with adaptive
integration routines faces numerical difficulties. This has been solved by Davy et al. [30], who reformulated
the Leppington expression, and extended this to include the imaginary part of the radiation impedance.
Besides the numerical evaluation of the exact integral expressions, they have also elaborated approximate
formulae for both the real and imaginary part of the radiation impedance. Because these approximations do
not require numerical integration, the radiation impedance can be calculated at very low computational cost.
The diagional terms Ddir,pp are then derived from zp in the following way:

Ddir,pp =
iωLxLy

4
Zczp (44)

Only the wavelet approach takes cross-modal coupling into account, so the results obtained with this ap-
proach are the most accurate ones. However, the increase in computational efficiency is very substantial, so
application of the approximate expressions of Davy et al. or Leppington et al. render the mTMM-SEA ap-
proach more efficient but less accurate. For the sake of accuracy, the wavelet approach is adopted throughout
the remainder of this work.

4 Validation

In this section, the foregoing theory is validated in three numerical examples. The first example is a thin steel
plate, for which the displacements obtained with TMM are validated using analytical expressions. Example
2 shows a thick concrete layer, for which the displacements are validated as well. Additionally the radiated
sound power is compared for both TMM and mTMM. In the third example a floating floor structure is
analyzed: both the displacements and the radiated sound power are compared for TMM and mTMM. In
every example, the excitation force equals F (ω) = 8.86 N as discussed in section 2.1.

4.1 Displacements of a single layered floor

This section validates the displacements of a bare floor by comparing the TMM results with an analytical
expression for an infinite floor [17]. This is done for both a thin steel plate of thickness 2 mm and a concrete
floor of thickness 20 cm. The material properties of the steel plate are shown in table 1 and for the concrete
floor in table 2. The analytical expression only accounts for bending in thin plates, so comparison between
this result and the results obtained with TMM are only valid below the crossover frequency [31] from bending
to shear. The formula for the crossover frequency fs is provided below. For the steel plate, the crossover
frequency lies well above the frequency range of interest. When a concrete floor of thickness 20 cm is
assumed, which is reasonable when considering concrete floor slabs in residential buildings, the crossover
frequency is situated around 6600 Hz.

fs =
1

2πt

√
3E(1− ν)

ρ(1 + ν)
(45)

Figure 3 shows that there is an excellent agreement between the floor displacements obtained with TMM
and the analytical expression for a thin steel plate. This agreement is found both in terms of source-receiver
distance and frequency. Figure 4 shows that the behavior becomes more complicated for thick floors. A
good agreement remains in the low-frequency range. For higher frequencies the TMM results start to deviate
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from the analytical results. As stated above, this is due to the crossover from bending to shear which starts to
influence the displacements well below the crossover frequency. From the figure it is also clear that frequency
has a more important influence on the results than the source-receiver distance.

(a) (b)

Figure 3: Vertical displacements of a thin steel plate, analytical result (red) and TMM (black) in terms of (a)
source-receiver distance (b) frequency

(a) (b)

Figure 4: Vertical displacements of a thick concrete floor, analytical result (red) and TMM (black) in terms
of (a) source-receiver distance (b) frequency

Table 1: Material properties of a steel plate: mass density ρ, damping η, Young’s modulus E and shear
modulus G

ρ[ kg
m3 ] η [-] E [ N

m2 ] G [ N
m2 ]

Steel 7850 0.032 2e11(1+ηi) 7.81e10(1+ηi)

Table 2: Material properties of a single concrete layer

ρ[ kg
m3 ] η [-] E [ N

m2 ] G [ N
m2 ]

Concrete 2500 0.04 33e9(1+ηi) 13e9(1+ηi)
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4.2 Sound power radiated by a single-layer floor

Figure 5 shows the agreement between the infinite TMM and the finite mTMM for sound power radiated
by a single layered concrete floor (see table 2 for material properties). The agreement between the two
computational methods depends on several parameters. First and most important are the floor dimensions
used in the mTMM framework. Figure 5 shows that, for dimensions Lx × Ly = 4.15x5.10 m2, there is a good
agreement in the high-frequency region, while the radiated sound power at low frequencies depends strongly
on the individual modal peaks. Increasing the floor surface in mTMM increases the agreement between the
methods. Furthermore, the agreement depends on the modal overlap in the mTMM and increases for a higher
modal overlap. A third important parameter is the damping ratio. Note that the modes remain the same when
the damping is increased, but now the individual modal peaks are highly damped, giving a better agreement
with the TMM over the entire frequency spectrum.
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Figure 5: Comparison of the radiated sound power level between the infinite TMM (black) and finite mTMM
(red)

4.3 Displacements of a multilayered floor

A floating floor structure is also investigated, consisting of a concrete bearing slab with a concrete screed
on top. The concrete layers are separated by a flexible polyethylene interlayer. Some important parameters
of this floating floor are shown in table 3. The vertical displacements at the bottom of the floor are shown

Table 3: Material properties of a floating floor system, including layer thicknesses t.

ρ[ kg
m3 ] t [m] η E [ N

m2 ] G [ N
m2 ]

Screed 1800 0.05 0.04 33e9(1+ηi) 13e9(1+ηi)
PE 45 0.005 0.1 21e4(1+ηi) 82e3(1+ηi)
Concrete 2500 0.2 0.04 33e9(1+ηi) 13e9(1+ηi)

for both methods at different receiver locations: in figure 6 (a) at the same x and y-coordinates and 6 (b)
at a receiver at a horizontal distance of 2 m from the impact force. In both cases the vertical displacements
show a constant value for low frequencies. The mass-spring-mass resonance frequency of the floating floor
structure is situated at f0 = 120 Hz, where a peak in the displacements can be observed. This value is very
close to the estimated resonance frequency in eq. (46) [31], where kd” is the dynamic stiffness and m1 and
m2 represent the surface mass of the floating screed and the bearing layer, respectively. Above this frequency
the different layers of the floor decouple due to the flexible interlayer and the displacements now strongly
decrease with frequency. Note that there is a good agreement between the TMM and mTMM methods, both
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close to and further away from the impact source location.

f0 =
1

2π

√
kd”(

1

m1
+

1

m2
) = 118Hz (46)
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Figure 6: Vertical displacements of a floating floor, obtained with TMM (black) and mTMM (red), (a)
directly under (b) at a distance of 2 m from the excitation force

4.4 Sound power radiated by a multilayered floor

The sound power radiated by the floating floor system is shown in figure 7. A good agreement can be
observed between both methods over the entire frequency spectrum. As mentioned before, the methods
converge for high frequencies due to high modal overlap. The mass-spring-mass resonance frequency is
very similar and also below 100 Hz the methods show reasonable agreement.
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Figure 7: Sound power radiated by a floating floor, computed with TMM (black) and mTMM (red)
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5 Conclusion

Two approaches have been investigated to apply the transfer matrix method to the prediction of impact
sound radiation. First, a computational framework is presented for infinite floors with a robustness improve-
ment over the conventional TMM, giving accurate results at high frequencies. Second, the modal TMM
approximately accounts for the modal behavior of the floor structure, mainly improving the results at low
frequencies. The mTMM also allows to account for the finite size of the floor by choosing an appropriate set
of basis functions.

Vertical displacements are validated for a thin, infinite single layer. The results obtained with TMM are
compared to an analytical solution. For thick layers, deviations from the analytical solution are observed.
These deviations are due to the fact that the influence of the shear wave is taken into account when using
TMM, in contrast to the analytical solution. In a second step, the radiated sound power level of the TMM
and mTMM are compared for finite floors. The agreement of both methods depends on the floor dimensions,
modal overlap and damping ratio. Overall, the methods show good correspondence for high frequencies
and less so for low frequencies, where the individual modes become important. Finally, a floating floor
structure is analyzed. It is shown that the vertical displacements obtained with TMM and mTMM show
good agreement, independent from the source-receiver distance. A mass-spring-mass resonance is observed
around 120 Hz, which corresponds well to the approximated value. The predicted sound power radiated by
the floating floor is very similar for both methods, even for low frequencies.
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Abstract
The necessity of coupling different numerical techniques arises in many practical engineering problems.
Among other, coupled models are common to the so-called multi-scale modeling problems, where at least
two domains of different resolutions are combined in order to predict an object’s behavior. For the case
of dynamic coupling of different numerical methods, the phenomenon of artificial reflections - due to the
difference in material properties, spatial discretization parameters and time steps used in the models - may
arise. These reflections have significant impact on the accuracy of the results and hence study of reflec-
tion/transmission is an important aspect of numerical analysis. In this paper, the reflection and transmission
properties of a dynamic hybrid coupling scheme for two dynamic transient models of elastic wave propaga-
tion, namely, the Local Interaction Simulation Approach (LISA) and Cellular Automata for Elastodynamics
(CAFE), are analyzed and methods of minimizing these numerical errors are proposed.

1 Introduction

Multi-scale modeling is a fundamental concept in analyzing complex systems exhibiting several (at least
two) levels of interest. The latter are related to various phenomena that are vital for the global response of
the system, but occur at different temporal and spatial scales. A representative example of a physical system
in structural dynamics - requiring a multi-scale analysis - is a structure with a crack. Phenomena occurring
in the crack area, e.g. crack propagation, movement of crack faces, friction etc., require detailed analysis
and - in the context of numerical modeling - high model resolutions in time and space. From the global
perspective, however, such fine analysis applied to the whole structure is time-consuming and impractical. A
trade-off between accuracy and computational burden can be achieved by employing two models of different
resolutions - one for the crack and one of the remaining part of the domain - and coupling them seamlessly.
Establishing proper coupling conditions for the interface between the two models - resulting in minimum
errors - is the main challenge in multi-scale modeling. The complexity of the coupling depends on the types
of models used, e.g. continuum/discrete, different approximation and/or interpolation schemes, or differ-
ent spatial and/or temporal discretizations. The second factor influencing the complexity of the coupling is
dynamics of the problem, e.g. static, quasi-static, modal, transient etc. While for static problems, the defi-
nition of coupling conditions is relatively easy and does not introduce significant overhead in computational
time, dynamic systems are much more demanding. In the latter, in particular for dynamic transient analyses,
coupling conditions need to ensure equilibrium of dynamic forces at each time step.

There are three major challenges of multi-scale modeling which need to be addressed in order to achieve
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stable and accurate simulation results. Firstly, the dynamic coupling of displacements and forces at different
scales of space and time, maintaining their continuity at the interface, needs to be achieved. Secondly,
analysis of stability of the coupling interface needs to be carried out, as individual stability conditions of
the coupled models do not guarantee stability of the whole multi-scale model. Thirdly, the quality of the
coupling needs to be evaluated and - if necessary - corrections to the multi-scale scheme introduced. As
will be shown throughout the paper, for practical problems the dynamic transient coupling of different space
and time scales introduces artificial reflections. Analyzing and minimizing these numerical errors is crucial
to achieve a successful multi-scale model. Therefore, as a measure of the coupling quality, we propose
the transmission and reflection properties of the interface. Namely, zero (artificial) reflections and perfect
transmission at the interface between the two models, will be characteristic of an ideal coupling scheme.

Many studies have been performed to address the issue of artificial/numerical reflections at the interface of
coupled models. Sharan [1] proposed a non-reflecting boundary condition for the coupled vibration of an
infinite fluid domain and a deformable structure of arbitrary geometry. A method to establish a non-reflecting
boundary condition applicable to atomistic, continuum and coupled multi-scale atomistic-continuum simu-
lations was proposed in [2]. In [3] a time-dependent boundary condition, coupling an atomistic simulation
system to linear surroundings, to minimize boundary reflection was proposed. Owing to the drawbacks of
non-reflecting boundary conditions [4], Linkamp et al. [5] proposed a non-reflecting coupling method for
1-D finite volume and 1-D finite difference methods based on spectral error analysis. Xiao and Belytschko
[6] proposed a bridging domain method for coupling continuum and molecular models, which avoid spurious
wave reflections at the molecular/continuum interface without any additional filtering procedures. More re-
cently, Giannakeas et al. [7] presented a systematic analysis regarding the appearance of spurious reflections
and the underlying parameters that control the accurate transmission of incident pulses across the coupling
interface/zone. They assessed three different coupling methodologies - coupling bond-based peridynamic
grids with finite elements for solid structures - to evaluate the severity of spurious reflections generated.
Despite deriving non-reflecting boundary conditions, employing different coupling strategies and analyz-
ing artificial reflections - according to the authors’ knowledge - none of the works report on derivation of
reflection and transmission formulas for multi-scale numerical models and discuss them in the context of
impedance mismatch. This approach, frequently adopted for continuous [8] and discrete [9] physical sys-
tems, is applied for analyzing numerical reflection at the interface of two coupled numerical models in this
work.

This paper focuses on developing methods for analysis of reflection and transmission properties of a multi-
scale scheme for two dynamic transient models of elastic wave propagation, namely, the Local Interaction
Simulation Approach (LISA) [10, 11, 12] and Cellular Automata for Elastodynamics (CAFE) [13, 12]. A hy-
brid approach coupling these two methods is appealing because of CAFE’s capability to allow non-uniform
meshes – used e.g. for modeling crack vicinity - coupled to very efficient LISA’s rectangular meshes for the
regular part of the domain [12]. The formulation and stability analysis of this multi-scale scheme is briefly
described in [14]. The proposed approach is capable of coupling different spatial discretization parameters
and/or time steps in LISA and CAFE, and hence experiences reflections that affect accuracy of the results. In
this paper, reflections arising owing to different discretization parameters in LISA and CAFE are thoroughly
analyzed. Apart from this analysis, a compensation scheme - allowing for adjustment of model parameters
and reducing the amount of artificial reflections, is proposed and discussed.

This paper is organized as follows. First, LISA and CAFE are briefly introduced and their numerical prop-
erties outlined. Next, the coupling scheme for combining LISA and CAFE into a multi-scale model is
proposed. In order to analyze reflection, the concept of numerical impedance is introduced and individual
impedances of LISA and CAFE are determined. Numerical impedance contrasts with usual impedance for
continuous media as the former is affected by spatial discretization parameters. Next, based on the individ-
ual LISA and CAFE impedances, the impedances of the multi-scale scheme are determined. A mismatch
between these impedances gives rise to reflections in the coupled model, therefore equations to predict reflec-
tion/transmission at the coupled interface are subsequently derived. These equations, capable of predicting
reflections for any combination of material properties and/or spatial discretization parameters in the cou-
pling scheme, are validated against results from numerical simulations. Lastly, a compensation scheme to
minimize these artificial reflections is subsequently discussed.
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2 Numerical methods

In this section the two dynamic transient models of elastic wave propagation, LISA and CAFE, used in the
coupling scheme are introduced. LISA is a top-down approach based on finite differences while CAFE is a
bottom-up approach based on cellular automata [13, 11, 12]. The coupling of these two methods paves path
for the usage of non-uniform CAFE meshes combined with highly efficient LISA’s rectangular meshes in
a multi-scale framework. In order to distinguish between quantities related to the two methods, capitalized
letters, A, B, U , K, and ∆X will refer to the LISA domain, and lower-case letters, a, b, c, u, k, and ∆x - to
the CAFE domain, throughout the paper.

2.1 1-D LISA model

In 1-D LISA model, we adopt the standard discretization of a 1-D domain into a set of nodes positioned and
numbered as shown in Fig. 1a. Cells A© and B© - occupying space between nodes n − 1 and n, and n and
n+ 1, respectively - are assigned with material properties defined by Young’s modulus E and mass density
ρ. This regular grid of cells is used for discretization of the 1-D wave equation

ρU,tt = σ,x , (1)

where ρ is the density, σ is the stress tensor and U is the displacement. The indexes after commas denote
differentiation with respect to that quantity. Discretizing Eq. (1) at node n requires evaluation of σ,x at
node n, i.e. at the discontinuity of cells A© and B© which requires particular treatment. As Eq. (1) holds
individually in each cell we have

ρ A©Un−δ,tt = σn−δ,x, ρ B©Un+δ,tt = σn+δ,x , (2)

where δ is a small distance (δ � node spacing). In Eqs. (2), the stresses σn∓δ,x can be evaluated since there
is no discontinuity inside each cell, and are given by

σn−δ,x =
2E A©
∆X

(
Un−δ,x − Un− 1

2
,x

)
, σn+δ,x =

2E B©
∆X

(
Un+ 1

2
,x − Un+δ,x

)
, (3)

where ∆X is the distance between two adjacent nodes and the first order Euler finite difference formulas
have been adopted for stresses in the two cells. The first-order derivatives Un∓δ,x cannot be evaluated for
the reasons outlined above, however they can be removed by imposing stress continuity conditions at n.
Assuming δ is small and noting that the stress continuity implies

σn−δ = σn+δ ⇔ E A©Un−δ,x = E B©Un+δ,x , (4)

adding Eqs. (2) and using (3) and (4) yields

ρ A© + ρ B©
2

U,tt =
E B©
∆X2

(Un+1 − Un)− E A©
∆X2

(Un − Un−1) . (5)

Applying the second-order central difference operator to the LHS of Eq. (5) recovers the original displace-
ment iteration equation for the 1-D LISA method [15].

Equation (5) governs wave propagation in 1-D LISA model. Frequency-dependent dispersion characteristics
of this numerical scheme for a uniform, homogeneous rod can be obtained by requiring ρ A© = ρ B© = ρL,
E A© = E B© = EL and assuming time- and space-harmonic motion of the form Un = Ūne

i(Kn∆X−ω t),

ω2ρL =
2EL
∆X2

(1− cos(K∆X)) , (6)
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(a) (b)

Figure 1: Discretized LISA domain: (a) a standard arrangement of two cells, (b) analogous setup where the
right cell is replaced by an impedance.

with K and ω being the wavenumber in the LISA domain and angular frequency, respectively. Detailed
discussion on dispersion in numerical models can be found in [16].

2.2 1-D CAFE model

CAFE adopts different material distribution in space than LISA. Namely, three cells - with possibly different
material properties - are employed to obtain the iteration equation for 1-D CAFE as shown in Fig. 2a. Elastic
constants, Ea,b,c, and densities, ρa,b,c, are associated with cells - a, b and c - at nodes n − 1, n and n + 1,
respectively. This setup of cells is used to solve the balance of momentum for the middle cell as

mbün =
∑

F = FRight − FLeft , (7)

where mb = ρb∆xA is the mass of cell b, A is the cross section of the rod, ∆x is the cell length, and
∑
F

represents the sum of forces acting on the middle cell. FRight is the force acting on cell b by cell c and FLeft
is the force acting on cell b by cell a. In terms of stresses, FLeft and FRight are evaluated as

FLeft = σLeftA, FRight = σRightA , (8)

where σLeft and σRight are then determined using Hooke’s law in each cell as

σLeft =

(
Ea + Eb

2

)(
un − un−1

∆x

)
, σRight =

(
Eb + Eb

2

)(
un+1 − un

∆x

)
. (9)

Using Eqs. (9) and (8) in (7) gives

mbün =

(
Eb + Eb

2

)
A

∆x
(un+1 − un)−

(
Ea + Eb

2

)
A

∆x
(un − un−1) . (10)

Applying the second-order central difference operator to the LHS in Eq. (10) recovers the original displace-
ment iteration equation for the 1-D CAFE method [13].

As before, frequency-dependent dispersion characteristics of CAFE for a uniform, homogeneous rod can be
obtained by requiring ρb = ρC , Ea = Eb = Ec = EC and assuming time- and space-harmonic motion of
the form un = ūne

i(kn∆x−ω t),

ω2ρC =
2EC
∆x2

(1− cos(k∆x)) , (11)

with k being the wavenumber in the CAFE model.
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(a) (b)

Figure 2: Discretized CAFE domain: (a) a standard arrangement of three cells, (b) analogous setup where
the left cell is replaced by an impedance.

2.3 A multi-scale LISA-CAFE model

In this section we propose a method for dynamic coupling of LISA and CAFE in a single multi-scale model.
The coupling strategy and the resulting iteration equation of the coupled model will be next investigated for
artificial reflections at the interface. Cells arrangement for the proposed coupling scheme is shown in Fig. 3.
The procedure relies on exchanging data between the models in each iteration - CAFE cell’s displacements
are applied to the LISA domain through prescribed displacement boundary condition, while reaction forces
are computed from LISA and passed to the coupled CAFE cell through a force boundary condition.

Figure 3: Cells’ arrangement of the coupled model for LISA (top) and CAFE (bottom). The coupling zone
is marked by dashed lines. Note the models overlap in the coupling zone.

The resulting iteration equation is obtained from (7) by replacing the left-hand side force acting on the cell,
FLeft, by the reaction force from the LISA model, namely

−ω2mbun =
ĒA

∆x
un+1 − (

ĒA

∆x
+
E B©A

∆X
)un +

E B©A

∆X
Un−1 , (12)

where 2Ē = Eb+Ec andA is the cross section of the rod. Equation (12) combines CAFE and LISA degrees
of freedom and governs the dynamic equilibrium at the interface between the two models. Note that the time
dependence of e−iωt has been used in Eq. (12).
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3 Complex impedance of a numerical scheme

Complex numerical impedance differs from its counterpart for continuous media [8, 9] and shares common
features with its definition in discrete mass chains or crystals [9]. Specifically, the former depends on spatial
discretization parameters along with material properties of the system. In this work, complex numerical
impedances are derived in order to study artificial reflections arising at the interface of two coupled numerical
models owing to numerical impedance mismatch. The impedance is defined as the ratio of force applied to
the resulting velocity at a point

F = −Zu̇ , (13)

where, F is the external force acting on the considered point, u̇ is the velocity of the point, and Z is the
impedance [9]. In the following sections we adopt the concept of impedance, Eq. (13), to derive complex
impedances characteristic to two local numerical models, i.e. LISA and CAFE, and study artificial reflections
at an interface of these two models. It will be shown that the respective numerical impedances can be obtained
directly from the iteration formulas of the methods.

3.1 Complex impedance of the LISA model

For studying coupling of two different numerical schemes and to analyze numerical reflections it is instruc-
tive to look at the characteristic impedance of a model. As illustrated in Fig. 1b, impedance ZRL replaces
the influence of cell B© on cell A©. The formula for ZRL can be obtained directly from Fig. 1b or from the
iteration equation, Eq. (5). The latter approach will be shown here, as it is more general and applies also to
more complex, asymmetric, cells. From Eqs. (13) and (5) it is clear that the impedance satisfies the following
relation

ZRL U̇n
A∆X

= − E
A©

∆X2
(Un − Un−1)− 1

2
ρ A©Ün . (14)

Note that half of the mass of the nth node - residing in cell A© - has been included in Eq. (14). Using the
space- and time-harmonic motion of the form Un = Ūne

i(Kn∆X−ω t), and uniform material distribution, Eq.
(14) becomes

iωZRLUn
A∆X

=
EL

∆X2
(1− e−iK∆X)Un − ω2 1

2
ρLUn . (15)

The RHS of Eq. (15) can be further simplified by employing the dispersion relation, Eq. (6) and the numeri-
cal impedance at the right side of cell A© finally yields

ZRL =
ELA

∆Xω
sin(K∆X) . (16)

Following the same procedure, the numerical impedance at the left end of cell B© is found to be the same,
i.e. ZLL = ZRL = ELA

∆Xω sin(K∆X). The real-valued numerical impedances at both ends, ZRL and ZLL , are
a consequence of the symmetric mass distribution within the cells (Fig. 1). In contrast, an asymmetric cell
- frequent in numerical models - will display a complex impedance. Such a case will be shown next for a
numerical model that yields the same dispersion relation, but assumes different mass distribution than the
LISA model.

3.2 Complex impedance of the CAFE model

Deriving impedance for CAFE is more natural since forces are explicitly present in the formulation. To
determine the impedance on the left side of cell b (see Fig. 2b), we take FLeft = −ZLC u̇n. Then, Eq. (7)
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becomes

mbün = FRight + ZLC u̇n, (17)

which, using Eq. (10), becomes

iωunZ
L
C =

(
Eb + Ec

2

)
A

∆x
(un+1 − un) + ω2mbun. (18)

Assuming homogeneous material distribution, i.e. Eb = Ec = EC , Eq. (18) further becomes

iωZLC =
ECA

∆x

(
eik∆x − 1

)
+ ω2A∆xρC . (19)

Using the dispersion relation, Eq. (11), in Eq. (19), we get impedance on the left side of cell b

ZLC =
ECA

∆xω
sin(k∆x)− i

ECA

∆xω
(1− cos(k∆x)) . (20)

Following the same procedure, impedance at the right side of cell b is found to be the complex conjugate of
ZLC , i.e. ZRC = ECA

∆xω sin(k∆x) + iECA
∆xω (1− cos(k∆x)).

It can be observed that unlike in LISA, where the impedance is purely real, the impedance at either end of a
CAFE cell is complex, which suggests that the mass distribution is asymmetric. In an asymmetric arrange-
ment the mass is assumed to be either on the left side, or on the right side, of the cells depending on the
impedance used.

4 Complex impedance of the interface cell

Analysis of the coupled scheme requires derivation of impedance of the LISA and CAFE parts of the model
at the interface. Note that these may be different than those obtained in Sec. 3.1 and 3.2, depending on the
mass-stiffness distribution within the cells. The latter depend on the employed coupling strategy. Next, we
outline procedures for determining complex impedance formulas from the perspective of individual models,
analogously to Sec. 3.

The coupled scheme, as shown in Fig. 3, involves a LISA cell at the left and a CAFE cell at the right
of the interface. Because the CAFE node is assumed the master node in the coupling procedure (i.e. its
displacement is passed to LISA), the CAFE left-end impedance is the same as derived in Eq. (20) and shown
in Fig. 4b, while the LISA cell becomes asymmetric, as shown in Fig. 4a. For an asymmetric cell, the
impedance is no longer real (see Eq. 16) but becomes complex.

(a) (b)

Figure 4: Arrangement of the LISA, (a), and CAFE, (b), parts of the coupled model.
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In order to derive the impedance formula for the asymmetric cell of Fig. 4a, we use the LISA iteration
equation, (5) with uniform material distribution

ZLL U̇n−1

A∆X
= − EL

∆X2
(Un−1 − Un−2)− ρLÜn−1 , (21)

where ρL is the mass density at node n − 1 (note the 1/2 factor in Eq. (14)). Note that full mass of the
n − 1th node - residing in the asymmetric LISA cell adjacent to the interface - has been used in Eq. (21)
unlike in 3.1 where the mass distribution is symmetric. Using the space- and time-harmonic motion of the
form Un = Ūne

i(Kn∆X−ω t), Eq. (21) becomes

iωZLLUn−1

A∆X
=

EL
∆X2

(1− e−iK∆X)Un−1 − ω2ρLUn−1 . (22)

Using the dispersion relation Eq. (6), the complex impedance for the asymmetric LISA cell adjacent to the
interface yields

ZLL =
ELA

∆Xω
sin(K∆X) + i

ELA

∆Xω
(1− cos(K∆X)) . (23)

Combination of cells from Figs. 4a and 4b, resembles the coupling node setup presented in Fig. 3. Conse-
quently, the characteristic impedances of cells from Fig. 4a - Eq. (23) - and Fig. 4b - Eq. (20) - will be of
interest to determine impedance mismatch and quantify numerical reflections.

5 Reflection and Transmission at the interface

The coupled multi-scale model outlined in Sec. 2.3 combines the LISA and CAFE domains via Eq. (12). The
interface properties - and therefore possible artificial reflections - will depend on the individual models’ and
the coupling equations properties. The derivation of formulas for reflection and transmission coefficients
for the interface follows a procedure similar to the continuous and discrete cases [9], i.e. employs the
displacement and force continuity relations.

We assume the following grid functions for the wavefield before, n < 0, and after, n > 0, the interface

un =

{
IeiKn∆X +Re−iKn∆X for n < 0 ,

T eikn∆x for n > 0,
(24)

where I , R and T are (complex) amplitudes of the incident, reflected and transmitted waves, respectively.
For I = 1, R and T become the reflection and transmission coefficients. At the interface, i.e. n = 0,
T = I +R, as required by displacement continuity.

The force continuity at the interface is obtained from the coupling equation, Eq. (12), by noting that the forces
on the right to the interface (i.e. n > 0, for the CAFE model), can be written as iωZLCuT,0 (see Eq. (20)),
while the forces on the left to the interface (i.e. n < 0, for the LISA domain), as iω

(
ZLL (I)uI,−1 + ZLL (R)uR,−1

)

(see Eq. (23)). The latter sum relates to the two waves, incident and reflected, in the LISA domain and uT,0,
uI,−1 and uR,−1 are the displacements of the transmitted (at n = 0), incident and reflected (at n = −1)
waves. The force equilibrium at the interface requires that

ZLCuT,0 = ZLL (I)uI,−1 + ZLL (R)uR,−1 = ZLL (I)e−iK∆XuI,0 + ZLL (R)e+iK∆XuR,0. (25)

Noting that ZLL (I)e−iK∆X = ZL0,L(I) and ZLL (R)e+iK∆X = ZL0,L(R) are impedances translated to the
interface, using T = I +R and taking I = 1, Eq. (25) can be used to determine the reflection coefficient
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R =
ZL0,L(I)− ZLC
ZLC − ZL0,L(R)

, (26)

where the amplitudes at the interface have been taken as uT,0 = T , uI,0 = I and uR,0 = R. Equation
(26) quantifies reflection of waves at the LISA/CAFE coupled interface. As the impedances - and in-turn the
reflection coefficient - are functions of both spatial discretizaton lengths and material properties, LISA/CAFE
models with the same material properties but different spatial discretization lengths will give rise to an
impedance mismatch leading to artificial reflections. Please note that such artificial reflections are purely a
numerical phenomenon and are characteristic of numerical errors.

The reflection coefficient computed using Eq. (26) is presented in Fig. 5 for a model with the same material
properties in LISA and CAFE domains, but with different spatial discretization lengths, i.e. ∆x = 2∆X .
This choice would be common for a multi-scale analysis and illustrates that numerical reflections will occur
at an interface of two nominally the same materials with different discretizations. The blue line shows
reflection coefficient computed with Eq. (26). Clearly, R is non-zero indicating that waves will be reflected
from the interface of the two models. At ω = 1 - characteristic of the cut-off frequency for the CAFE model
- the incident wave is fully reflected, i.e. |R| = 1.

We validate these results by a set of dynamic transient simulations. The model is composed of two parts,
LISA and CAFE, long enough to avoid edge reflections. The wave excitation, at a given frequency, was
provided by a narrowband wave packet with 200 sine periods shaped by half-Hann-windowing of the first
and last 30 wave periods, retaining unit amplitude for the central part of the wavepacket. The wave was
injected from the LISA side of the model (left) and was allowed to reach the interface and undergo reflection
and transmission. After the reflected and transmitted waves were fully formed, the amplitude of the reflected
wave was measured in the frequency domain. To determine the amplitude, the portion of the wave packet
where the response was in-steady state was recorded and the Fast Fourier Transform (FFT) was applied to
find its spectrum. The absolute value of the FFT at a selected frequency was taken as the reflected wave
amplitude. The determined (measured) amplitude of the reflected wave was marked with squares and circles
and superimposed on continuous lines (analytical solutions) in Fig. 5. Perfect agreement between the ana-
lytical and numerical simulations results can be observed.

Knowing the explicit relations governing reflection at the interface, Eq. (26), we attempt to minimize numer-
ical reflections to achieve smooth and accurate coupling scheme. This minimization of artificial reflection is
done using a compensation scheme, which will be discussed in the following section.

6 Compensation scheme

Artificial reflections affect the accuracy of numerical model results and their minimization is critical for
developing reliable multi-scale schemes. In this section, a compensation scheme based on minimizing the
impedance mismatch (Eq. (26)) is discussed. For minimizing R, different model parameters are tuned:
Young’s modulus, density and the spatial discretization length - all related to the CAFE domain. Although for
a multi-scale model, dissimilar spatial discretizations are expected (∆X 6= ∆x), compensation by adjusting
∆x is shown in order to validate the proposed scheme. This naturally leads to the trivial condition ∆x = ∆X
in order to obtain R = 0.

Following Eq. (26), a simple approach for minimizing reflection can be proposed. Noting that the reflection,
given by Eq. (26), depends on the Young’s moduli, densities and the spatial discretization lengths, those
parameters can be used to minimize R by requiring R→ 0. Various minimization techniques and frequency
bands can be used. In what follows we restrict the analysis to the simplest single-frequency case, i.e. select a
frequency and minimize R by tuning a single parameter EC , ρC or ∆x. Enforcing R = 0 (Eq. (26)), we get

ZL0,L(I) = ZLC . (27)
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Equation (27) is then solved in terms of Young’s modulus of CAFE (EC), density of CAFE (ρC), or spatial
discretization length of CAFE (∆x) at every frequency to arrive at optimal model parameters. Note that Eq.
(27) is complex, therefore real and imaginary parts need to be analyzed separately. Please note that for the
trivial case of altering ∆x, the optimal cell length will be the same for all frequencies and it will be equal to
the spatial discretization length of LISA, ∆X . Results for all three compensation approaches are presented
in Fig. 5.

It can be observed that the compensation results obtained by changing EC and ρC are the same - a natural
consequence of a single unique parameter in the model - the wave speed VC =

√
EC/ρC . It can be also

observed that numerical reflections can be perfectly compensated for ∆x = ∆X , since the impedance
mismatch between the LISA and CAFE domains - for the same material properties - arises only due to the
difference in spatial discretization lengths in both these domains and vanishes for ∆x = ∆X .

Figure 5 shows that the proposed compensation scheme works also beyond the initial cut-off frequency
(ω = 1), and hence it can be used when the operating frequency is beyond the cut-off frequency to allow
transmission and reduce reflections. As before, dynamic transient simulations were performed to validate the
compensation results. Results of dynamic transient simulations are shown in Fig. 5 with markers (circles).
Perfect agreement between the analytical and numerical simulations’ results was observed.

(a) (b)

Figure 5: (a) Artificial reflections for the original and compensated schemes. (b) Ratios of compensated
Young’s moduli, densities and cell discretization lengths of CAFE to respective LISA counterparts. Markers
indicate numerical simulations’ results.

7 Conclusions

The analysis of reflection and transmission properties of a multi-scale scheme for two dynamic transient
numerical models of elastic wave propagation, namely, the Local Interaction Simulation Approach and Cel-
lular Automata for Elastodynamics has been reported. The LISA and CAFE numerical impedances for the
dynamic coupling scheme have been derived and it was shown that unlike the usual impedance, numerical
impedance is also affected by spatial discretization parameters. It was observed that for the multi-scale model
the standard, asymmetric, arrangement of the CAFE cell is combined with an asymmetric arrangement of
the LISA cell. Based on numerical impedances of the LISA, CAFE and the interface of the coupling scheme
- all in the asymmetric arrangements - equations for predicting artificial reflections at the interface for any
combination of material properties and/or spatial discretization lengths have been proposed. The scenario of
equal material properties with dissimilar spatial discretization lengths in LISA and CAFE domains - giving
rise to artificial reflections due to numerical impedance mismatch - was studied. It was concluded that arti-
ficial reflections, which are purely a numerical phenomenon, and affect the accuracy of results, are bound to
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take place when cell discretizaton lengths are different, even when the material properties are the same. It
has been found that a full reflection occurs for frequencies beyond the cut-off frequency of the second model.

To minimize the aforementioned artificial reflections, a compensation scheme, based on minimizing the
impedance mismatch at a single frequency (Eq. (27)), has been reported in this paper. The impedance
mismatch, and in turn the artificial reflections, can be minimized by altering either the elastic constants
or numerical parameters of the models. The proposed technique can be also employed for extending the
frequency range of model operation by effectively shifting the cut-off frequency.
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Abstract 
Vibroacoustical modal analysis is applied to a lumped parameter coupled hydraulic-mechanical system. 

Hydraulic excitation is realized by a chirp flow rate signal through a servovalve. Mechanical force excitation 

is applied by an impact hammer. In each case, five pressures and two accelerations are measured. For further 

processing, the signals are weighted by the square roots of the mean hydraulic capacity and the mean 

stiffness, respectively. A lumped parameter theoretical model is set up and frequency response functions are 

compared to measurements. An eigenvalue analysis results in six mode shapes, which are compared to those 

extracted from servovalve and impact hammer excitation. Recently presented model correlation criteria are 

applied to assess the autocorrelation of measured modes and their agreement with theoretical ones. 

1 Introduction 

Vibroacoustical modal tests have been published for several examples of air-filled shells [1, 2, 3]. These 

tests have not been used for the validation of full-field models, which may be due to the complexity of such 

models and the large number of relevant modes. In this paper, modal testing is applied to a lumped parameter 

vibroacoustical system that consists of a mechanical and an oil hydraulic subsystem. The theoretical model 

of the coupled system is relatively simple and the number of modes is limited to six. The system is designed 

as a benchmark example for the validation of vibroacoustical models. Its simplicity leaves room for the 

consideration of several aspects which have not been treated before. 

To perform a modal test, mechanical and acoustic degrees of freedom must be represented by measurable 

quantities. Since direct measurements of dynamic flow rates are not possible, pressures are used as acoustic 

state variables [4]. Mechanical vibrations are often measured by accelerometers. Single or double integration 

also provides velocities or displacements. Vibroacoustical state vectors consist of displacements and 

pressures, which contain different physical units. It is not obvious how the respective numerical values shall 

be scaled against each other when measured data are processed by modal parameter extraction algorithms 

[5]. In minimizing an estimation error, there is a danger of overestimating the significance of one subsystem 

if the numerical values of its measured states are too large. The significance of a subsystem may be expressed 

in an energy related sense, which offers a key for weighting mechanical against acoustic data. 

The validation of vibroacoustical models requires a suitable model correlation criterion. In [3], the weighted 

MAC [6] has been extended to the so-called WLRMAC, which has been tested for the autocorrelation of 

theoretical mode shapes. Based on the WLRMAC, POTMAC and KINMAC have been developed in [7]. 

These criteria can differ from the WLRMAC if they are used with measured modes. According to [7], the 

limits for acceptable POTMAC and KINMAC values may be adopted from the MAC. POTMAC and 

KINMAC are thus ready for the full range of model correlation applications. However, they have only been 

explored with synthesized measurements and shall now be applied to actual experiments. 
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The modal properties of oil hydraulic systems have been described in [8]. For pipelines, a significant 

influence of fluid-structure interaction has been encountered [9], and a first attempt has been carried out to 

investigate this by a modal test [10]. Without fluid-structure interaction, the dynamic behavior of laminar 

flow in a pipeline can be approximated by a multi-degree-of-freedom system [11, 12], which results in a 

vibroacoustical structure of the overall fluid-structure interaction model. Since coupled pipeline modes 

should be resolved by a large number of vibration and pressure sensors, they are difficult to measure and 

proven methods are required for further processing of measured data. In its widest sense, a vibroacoustical 

model structure also appears in hydraulic cylinder drives where the fluid and the piston are coupled by the 

piston area. Unless long pipelines are involved, such systems can be described by lumped parameter models 

whose dynamic behavior may be captured by a small number of vibration and pressure measurements. 

The vibroacoustical system in this paper consists of a four-degree-of-freedom hydraulic chain oscillator that 

interacts with a two-degree-of-freedom mechanical mass and spring assembly. Instead of a piston, the 

coupling element is constituted by a flexible steel plate. Hydraulic excitation is provided by a servovalve, 

whose connection to the first oscillator chamber accounts for another degree of freedom. Mechanical 

excitation can be applied by an impact hammer. With both types of excitation, frequency response functions 

are measured. A lumped parameter model is set up which enables a comparison between calculated and 

measured frequency response functions. Based on an energy related weighting between displacements and 

pressures, vibroacoustical mode shapes are extracted from measurements. For comparison, mode shapes are 

calculated by an eigenvalues analysis of the lumped parameter model. Theoretical and experimental mode 

shapes are presented with scaling factors that account for the energetic relevance of the respective 

subsystems. Auto-POTMAC and auto-KINMAC are calculated with measured modes from hydraulic and 

mechanical excitation. Theoretical and measured mode shapes are compared by POTMAC and KINMAC. 

This enables an assessment of measurement and analysis quality as well as a validation of the lumped 

parameter model. 

2 Experimental setup 

 

Figure 1: Lumped parameter vibroacoustical system test stand 
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Figure 2: Cross-section of lumped parameter vibroacoustical system 

The photograph in Figure 1 shows the test stand which includes the lumped parameter vibroacoustical 

system. A corresponding cross-section is depicted in Figure 2; excitation force, hydraulic inlet and outlet 

are indicated by bold lines. 

The hydraulic subsystem consists of four cavities connected by short pipelines, which are constituted by 

bores in a massive steel block. Through a MOOG D760-995A servovalve and an inlet pipeline into the first 

cavity, the system is filled with hydraulic oil. The cavities form a symmetric assembly, in the center of 

which an outlet pipeline leads to an adjustable throttle and further into tank. With a supply pressure of 

12 MPa, the mean spool position of the servovalve and the opening of the throttle are adjusted such that a 

mean pressure of 8 MPa is maintained in the system while a mean flow rate of 1.2 ∙ 10−4 m3s−1 shall keep 

nonlinear flow resistances small. 

The mechanical subsystem consists of two steel masses connected by four leaf springs. The lower mass rests 

on the center of a circular cover plate which closes the fourth hydraulic cavity. Four thin leaf springs on the 

top of the upper mass shall guide the masses in the vertical direction. These springs are clamped in a table-

like structure that is screwed down to the massive steel block. 

The coupling element between hydraulic and mechanical subsystems is constituted by the circular cover 

plate over the fourth hydraulic cavity. In contrast to the plates which cover the other cavities, this plate is 

intended to be flexible. It is loaded by the oil pressure in the cavity and the contact force from the lower 

mass. The resulting deflections define the displacement of this mass and the oil volume extracted from the 

cavity. 

For modal testing, two different types of excitation are provided. In one case, the dynamic part of the 

servovalve spool position is controlled by a chirp reference signal whose frequency is varied from 20 to 

1000 Hz within a chirp time of 4 s. The actual spool position and the pressures on both sides of the 

servovalve are measured; the instantaneous flow rate 𝑞𝑣 injected into the inlet pipeline can be calculated 

from the orifice equation [12]. In the other case, the reference spool position of the servovalve remains 

constant. On the top of the upper mass, an excitation force 𝑓ℎ is applied by a vertical impact hammer blow. 

The response of the vibroacoustical system is measured in terms of pressures and accelerations. Pressure 

sensors are situated next to the servovalve and in each of the four hydraulic cavities. On each of the two 
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masses, a symmetric arrangement of four accelerometers is placed in a horizontal plane. For each mass, the 

vertical acceleration of the center is determined by averaging the respective four signals to exclude unwanted 

tilting effects. 

3 Theoretical model 

 

Figure 3: Schematic of lumped parameter vibroacoustical system 

For the preparation of a lumped parameter vibroacoustical model, both subsystems are depicted 

schematically in Figure 3. They are separated between the coupling plate and the lower mass, and arranged 

in-line to facilitate a corresponding presentation of mode shapes. The inlet pipeline is significantly shortened 

because its importance should not be exaggerated in the mode shapes. The servovalve and the outlet throttle 

are regarded as boundaries of the hydraulic subsystem. Flow rate amplitudes in the outlet pipeline are 

supposed to be small and the outlet pipeline is therefore not included in the model. 

According to the intended symmetry in the hydraulic subsystem, 𝑉1 denotes the volume of the first and the 

fourth hydraulic cavity, while 𝑉2 is the volume of cavities number two and three. The radius of the respective 

connecting pipelines is denoted by 𝑟, and their lengths are 𝑙1 and 𝑙2 as indicated in Figure 3; 𝑟𝑣 and 𝑙𝑣 are 

the respective parameters of the inlet pipeline. At a pressure of 8 MPa and an oil supply temperature of 

35 °C, the air is removed so that a defined bulk modulus 𝐸 of the oil is maintained. The hydraulic capacities 

of the cavities result as 𝐶1 = 𝑉1/𝐸 and 𝐶2 = 𝑉2/𝐸, and the hydraulic capacity 𝐶𝑣 = 𝑟𝑣
2𝜋𝑙𝑣/𝐸 is distributed 

along the inlet pipeline. With the mass density 𝜌 of the oil, the hydraulic inductances of inlet and connecting 

pipelines become 𝐿𝑣 = 𝜌𝑙𝑣/(𝑟𝑣
2𝜋), 𝐿1 = 𝜌𝑙1/(𝑟

2𝜋), and 𝐿2 = 𝜌𝑙2/(𝑟
2𝜋), respectively. The mechanical 

subsystem is described by the lower mass 𝑚𝑙, the total stiffness 𝑘 of the leaf springs between the masses, 

and the upper mass 𝑚𝑢. 

At the servovalve end, the hydraulic subsystem is excited by the flow rate 𝑞𝑣 that is injected into the inlet 

pipeline. At the other end, the volume under the deflected coupling plate equals the time integral of the flow 

rate −𝑞4 that is extracted from the fourth hydraulic cavity. The mechanical subsystem is excited by the 

upward contact force 𝑓𝑙 on the lower mass and the downward impact hammer force 𝑓ℎ on the upper mass. 

The acoustic state variables of the hydraulic subsystem are defined by the pressure 𝑝𝑣 at the servovalve end 

of the inlet pipeline and the pressures 𝑝1, 𝑝2, 𝑝3, and 𝑝4 in the cavities. The state variables of the mechanical 

subsystem are given by the respective upward displacements 𝑥𝑙 and 𝑥𝑢 of lower and upper mass. 

With the Laplace transformed displacement vector 𝐗(𝑠) = [𝑋𝑢(𝑠) 𝑋𝑙(𝑠)]
𝑇, the Laplace transformed 

excitation force vector 𝐅(𝑠) = [−𝐹ℎ(𝑠) 𝐹𝑙(𝑠)]
𝑇, and 𝑠 = i𝜔, the dynamic behavior of the mechanical 

subsystem is described by 

 (−𝜔2𝐌𝑆 + i𝐃𝑆 + 𝐊𝑆)𝐗(i𝜔) = 𝐅(i𝜔), (1) 

in which 

 𝐌𝑆 = [
𝑚𝑢 0
0 𝑚𝑙

] (2) 
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denotes the structural mass matrix, 

 𝐊𝑆 = [
𝑘 −𝑘

−𝑘 𝑘
] (3) 

is the structural stiffness matrix, and 

 𝐃𝑆 = 𝛽𝑆𝐊𝑆 (4) 

represents the structural damping matrix. Here, structural damping can also be understood in the sense which 

is detailed in [5]. Likewise, the dynamic behavior of the hydraulic subsystem is described by 

 (−𝜔2𝐌𝐹 + i𝐃𝐹 + 𝐊𝐹)𝐏(i𝜔) = i𝜔𝐐(i𝜔), (5) 

in which 𝐏(𝑠) = [𝑃4(𝑠) 𝑃3(𝑠) 𝑃2(𝑠) 𝑃1(𝑠) 𝑃𝑉(𝑠)]𝑇 means the Laplace transformed pressure vector 

and 𝐐(𝑠) = [𝑄4(𝑠) 0 0 0 𝑄𝑉(𝑠)]𝑇 the Laplace transformed flow rate excitation vector, 

 𝐌𝐹 =

[
 
 
 
 
 
𝐶1 0 0 0 0
0 𝐶2 0 0 0
0 0 𝐶2 0 0

0 0 0 𝐶1 +
𝐶𝑣

3

𝐶𝑣

6

0 0 0
𝐶𝑣

6

𝐶𝑣

3 ]
 
 
 
 
 

 (6) 

denotes the fluid mass matrix, 

 𝐊𝐹 =

[
 
 
 
 
 
 
 
 

1

𝐿1
−

1

𝐿1
0 0 0

−
1

𝐿1

1

𝐿1
+

1

𝐿2
−

1

𝐿2
0 0

0 −
1

𝐿2

1

𝐿1
+

1

𝐿2
−

1

𝐿1
0

0 0 −
1

𝐿1

1

𝐿1
+

1

𝐿𝑣
−

1

𝐿𝑣

0 0 0 −
1

𝐿𝑣

1

𝐿𝑣 ]
 
 
 
 
 
 
 
 

 (7) 

is the fluid stiffness matrix, and the matrix 

 𝐃𝐹 = 𝛽𝐹𝐊𝐹 (8) 

is used to model frequency dependent damping. As can be seen in Figure 3, the coupling plate induces a 

relationship 

 [
𝐹𝑙(i𝜔)

−
1

i𝜔
𝑄4(i𝜔)

] = [
−𝑁1 𝑁2

𝑁3 𝑁4
] [

𝑋𝑙(i𝜔)

𝑃4(i𝜔)
] (9) 

between the states 𝑥𝑙 and 𝑝4 on the one hand and the excitations 𝑓𝑙 and 𝑞4 on the other hand, in which 𝑁1, 

𝑁2, 𝑁3, and 𝑁4 are positive constants including appropriate units. By combining Equations (1), (5), and (9), 

the vibroacoustical model 

 (−𝜔2𝐌 + i𝐃 + 𝐊)𝐒(i𝜔) = 𝐔(i𝜔) (10) 

with the Laplace transformed state vector 𝐒(𝑠) = [𝐗𝑇(𝑠) 𝐏𝑇(𝑠)]𝑇 and the Laplace transformed excitation 

vector 𝐔(𝑠) = [−𝐹ℎ(s) 0 0 0 0 0 𝑠𝑄𝑣(s)]
𝑇 is obtained. From the matrices 

 𝐌 =

[
 
 
 
 
 
 
 
𝑚𝑢 0 0 0 0 0 0
0 𝑚𝑙 0 0 0 0 0
0 𝑁3 𝐶1 + 𝑁4 0 0 0 0
0 0 0 𝐶2 0 0 0
0 0 0 0 𝐶2 0 0

0 0 0 0 0 𝐶1 +
𝐶𝑣

3

𝐶𝑣

6

0 0 0 0 0
𝐶𝑣

6

𝐶𝑣

3 ]
 
 
 
 
 
 
 

, (11) 
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 𝐊 =

[
 
 
 
 
 
 
 
 
 
 

𝑘 −𝑘 0 0 0 0 0
−𝑘 𝑘 + 𝑁1 −𝑁2 0 0 0 0

0 0
1

𝐿1
−

1
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, (12) 

and 

 𝐃 = [
𝐃𝑆 𝟎
𝟎 𝐃𝐹

], (13) 

it can be seen that 𝑁1 constitutes the stiffness of the coupling plate under a load in its center, 𝑁2 = 𝑁3 is the 

effective coupling area, and 𝑁4 adds to the hydraulic capacity of the fourth cavity. 

4 Frequency response functions 

For the determination of frequency response functions, measured signals are sampled at a frequency of 

10 kHz. Instead of windowing, linear functions between the first and last value of the time histories are 

subtracted from flow rates, pressures, forces, and accelerations. Discrete Fourier Transforms are calculated 

by MATLAB. To reduce the influence of noise, frequency response functions are averaged over ten 

measurements. 

Table 1: Model parameters 

𝑚𝑢 10 kg 𝑟 4 mm 

𝑚𝑙 20 kg 𝑙1 157.5 mm 

𝑘 44 kN mm-1 𝑙2 160 mm 

𝑉1 0.16 dm3 𝑁1 200 kN mm-1 

𝑉2 0.325 dm3 𝑁2 40 cm2 

𝐸 1400 MPa 𝑁4 0.2 𝐶1  

𝜌 860 kg m-3 𝛽𝑆 0.056 

𝑟𝑣 5 mm 𝛽𝐹 0.07 

𝑙𝑣 500 mm   

 

The parameters of the theoretical model are given in Table 1. For the masses, accurate values are available. 

The stiffness of the leaf springs has been determined by a modal analysis of the separate mechanical 

subsystem. With a few approximations, the volumes of the cavities and the geometric parameters of inlet 

and connecting pipelines correspond to the design of the test stand. Bulk modulus and density of the oil are 

known for the given operating conditions. Under these conditions, the stiffness of the coupling plate need 

not be the same as in the separate mechanical subsystem because the pressure under the plate may change 

the boundary condition. With the assumption of a clamped boundary, a rough estimate for 𝑁1 can be 

obtained from plate theory. The effective coupling area 𝑁2 will be somewhat smaller than the area of the 

plate that faces the cavity. The additional capacity 𝑁4 would disappear if the plate were replaced by a piston 

supported by a spring; therefore, 𝑁4 is expected to be small compared to the capacity of the fourth cavity. 

Decreasing 𝑁1 or increasing 𝑁4 increases the compliance of the coupled system and tends to lower all natural 
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frequencies. 𝑁2 still increases the hydraulic compliance and tends to lower those natural frequencies which 

are mainly determined by the hydraulic subsystem. However, 𝑁2 contributes a stiffening effect to the 

mechanical subsystem and thus raises the related natural frequencies. Under these premises, suitable values 

for 𝑁1, 𝑁2, and 𝑁4 are found by several trials for a fair match between calculated and measured natural 

frequencies. The damping parameters 𝛽𝑆 and 𝛽𝐹 are estimated to obtain an appropriate match between the 

respective frequency response functions. 

 

Figure 4: Frequency response functions between flow rate 𝑞𝑣 and pressure 𝑝1 

 

Figure 5: Frequency response functions between flow rate 𝑞𝑣 and acceleration 𝑎𝑢 
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Figure 6: Frequency response functions between force (−𝑓ℎ) and pressure 𝑝1 

 

Figure 7: Frequency response functions between force (−𝑓ℎ) and acceleration 𝑎𝑢 

Comparisons between calculated and measured frequency response functions are depicted in Figures 4 to 7. 

In the hydraulic frequency response functions in Figure 4, four distinct nonzero resonances appear below 

400 Hz, which is one more than would be expected for a free chain oscillator with four degrees of freedom. 

Obviously, a mechanical mode has effectively been coupled into the hydraulic system. The resonance at 

770 Hz is caused by the inlet pipeline. The measured side resonance at 265 Hz can be attributed to a 
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mechanical mode that is not included in the theoretical model. This mode may be caused by the fact that the 

three-dimensional flexibility of the mechanical subsystem is higher than intended. It also appears in the 

mixed frequency response functions in Figures 5 and 6, and is most pronounced in the mechanical frequency 

response function in Figure 7. This figure emphasizes the resonances which are dominated by mechanical 

vibrations. The resonance at 710 Hz belongs to the higher mechanical mode and appears in Figures 5 and 7. 

The theoretical model does not aim at a description of the low frequency behavior, which is also distorted 

by the characteristics of the impact hammer in Figures 6 and 7. 

5 Modal analysis 

Two separate experimental modal analyses are carried out with servovalve and impact hammer excitation, 

respectively. For a single column of the frequency response function matrix, the relationship between 

frequency response functions and modal parameters does not depend on the symmetry of the system. This 

means that for single point excitation, modal parameter extraction methods for symmetric systems can be 

used [13]. To comply with Equation (10), frequency response functions from flow rate excitation are 

integrated once in case of pressure response and three times in case of acceleration response; in this case, 

frequency response functions from force excitation are integrated twice. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 8: Real parts of modes from servovalve excitation 
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Figure 9: Real parts of modes from impact hammer excitation 

For the extraction of modal parameters, pressures are multiplied by the factor 

 𝑊𝑝 = √(𝐶𝑣 + 2𝐶1 + 2𝐶2)/5, (14) 

which is the square root of the average capacity in the hydraulic subsystem. The physical quantity that results 

is the square root of a potential energy. To determine an average stiffness in the mechanical subsystem, all 

degrees of freedom except one are locked in turn. Displacements are multiplied by the square root 

 𝑊𝑥 = √(2𝑘 + 𝑁1)/2 (15) 

of this average, which makes them comparable to pressures in an energy related sense. 

With frequency response functions from servovalve excitation, the first four and the sixth mode are obtained 

from a complex mode multi-degree-of-freedom estimate between 50 and 1000 Hz. As the fifth mode hardly 

appears in the pressure responses, it is approximated by a local single-degree-of-freedom estimate. With 

frequency response functions from impact hammer excitation, the first five modes are obtained from another 

complex mode multi-degree-of-freedom estimate between 50 and 1000 Hz. The sixth mode cannot be 

distinguished in these frequency response functions. 

Using an appropriate normalization for each mode, the real parts of mode shapes from servovalve and impact 

hammer excitation are displayed in Figures 8 and 9, respectively. The scaling factors 𝑊𝑝 and 𝑊𝑥 are still 

included in these figures. The arrangement of model modes fits to the schematic in Figure 3. Apparently, 

the first four modes are significantly coupled as both subsystems take a significant part. Within these modes, 

the number of nodes in the hydraulic subsystem increases from one to three. There are two modes with two 

hydraulic nodes instead of one such mode as would be expected for an uncoupled hydraulic chain oscillator. 
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The fifth mode is dominated by the mechanical subsystem, while the sixth mode originates from the inlet 

pipeline of the hydraulic subsystem. The selection of scaling factors is confirmed by the fact that all these 

effects can clearly be distinguished in Figures 8 and 9. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 10: Real parts of modes from theoretical model 

Theoretical modes are obtained from the eigenvalue problem 

 (𝜆2𝐌 + i𝐃 + 𝐊)𝚽 = 𝟎 (16) 

with complex eigenvalues 𝜆 and complex mode shapes 𝚽. Using the scaling factors 𝑊𝑥 and 𝑊𝑝 and an 

appropriate normalization for each mode, the real parts of these mode shapes are displayed in Figure 10. A 

comparison with Figures 8 and 9 shows good agreement between the respective mode shapes. An exception 

is only found in the fifth mode from servovalve excitation, which was apparently hard to estimate. Natural 

frequencies and damping ratios are given along with the mode shapes. Some small differences remain 

between theoretical and experimental natural frequencies. Due to the simple damping model, theoretical 

damping ratios are not as accurate although deviations of damping ratios also occur between experiments 

with servovalve and impact hammer excitation. 
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6 Model correlation 

According to [7], the potential energy related modal assurance criterion of two vibroacoustical mode shapes 

[𝚽𝑥𝑚𝐴
𝑇 𝚽𝑝𝑚𝐴

𝑇 ]
𝑇
 and [𝚽𝑥𝑛𝐵

𝑇 𝚽𝑝𝑛𝐵
𝑇 ]

𝑇
 is defined as 

 POTMAC𝑚𝑛 =
𝑃𝑚𝐴𝑛𝐵𝑃𝑛𝐵𝑚𝐴

𝑃𝑚𝐴𝑚𝐴𝑃𝑛𝐵𝑛𝐵
 (17) 

with the abbreviation 

 𝑃𝑚𝐴𝑛𝐵 = 𝚽𝑥𝑚𝐴
𝐻 𝐊𝑆𝚽𝑥𝑛𝐵 + 𝚽𝑝𝑚𝐴

𝐻 𝐌𝐹𝚽𝑝𝑛𝐵. (18) 

The kinetic energy related modal assurance criterion is defined as 

 KINMAC𝑚𝑛 =
𝐾𝑚𝐴𝑛𝐵𝐾𝑛𝐵𝑚𝐴

𝐾𝑚𝐴𝑚𝐴𝐾𝑛𝐵𝑛𝐵
 (19) 

with the abbreviation 

 𝐾𝑚𝐴𝑛𝐵 = 𝚽𝑥𝑚𝐴
𝐻 𝐌𝑆𝚽𝑥𝑛𝐵 +

1

(𝜆𝑚𝐴
∗ )

𝟐
𝜆𝑛𝐵

2
𝚽𝑝𝑚𝐴

𝐻 𝐊𝐹𝚽𝑝𝑛𝐵, (20) 

where 𝜆𝑚𝐴 and 𝜆𝑛𝐵 are the respective eigenvalues. 

 

Figure 11: Auto-POTMAC matrix of measured modes from servovalve excitation 

 

Figure 12: Auto-KINMAC matrix of measured modes from servovalve excitation 
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Figure 13: Auto-POTMAC matrix of measured modes from impact hammer excitation 

 

Figure 14: Auto-KINMAC matrix of measured modes from impact hammer excitation 

 

Figure 15: POTMAC matrix of theoretical and measured modes (servovalve excitation) 
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Figure 16: KINMAC matrix of theoretical and measured modes (servovalve excitation) 

Auto-POTMAC and auto-KINMAC matrices of measured modes from servovalve excitation are displayed 

in Figures 11 and 12, respectively. Off-diagonal values between 0.1 and 0.2 indicate a slight correlation 

between the fifth and sixth mode. Figures 13 and 14 show the corresponding matrices from impact hammer 

excitation. Except for the difficulty in distinguishing the fifth and sixth mode with the same type of 

excitation, good measurement and analysis quality are indicated by the autocorrelation matrices. For the 

comparison between modes from the theoretical model and from experiments with servovalve excitation, 

POTMAC and KINMAC matrices are shown in Figures 15 and 16, respectively. In both cases, the fifth 

main diagonal value reduces to 0.8 since the fifth measured mode is a coarse single-degree-of-freedom 

estimate. A comparison between Figures 8, 9, and 10 shows that the fifth mode from impact hammer 

excitation fits the fifth theoretical mode much better. This confirms the lumped parameter model and 

justifies the use of its mass and stiffness matrices in the calculation of POTMAC and KINMAC. 

7 Conclusions 

An energy related approach has been used in the vibroacoustical modal analysis of a lumped parameter 

system. It has been successful with the weighting between displacements and pressures, the scaling of mode 

shape presentations, and the application of model correlation criteria. This type of approach will also be 

used in future model updating for the fine-tuning of theoretical model parameters. 
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Abstract 
The identification of nonlinear mechanical structures is still a field of active research. Several researchers 

applied the concept of nonlinear normal modes for numerical nonlinear modal analysis of mechanical 

structures. This method can also be used for experimental identification of mechanical structures; however, 

successful demonstration on highly nonlinear structures with multiple degrees of freedom for input and 

output are not state of the art. Phase locked loop control is one method for identifying nonlinear normal 

modes, but the theoretical foundation of this control is limited to single degree of freedom systems and phase 

estimation fails if the response of higher harmonics due to nonlinear behavior is significant. Hence, an input-

output blending with a modal approach is used in order to extend the single-input, single-output into a 

multiple-input, multiple-output controller. Furthermore, phase estimation is improved with an adaptive 

least-squares sine fit. The proposed method has been implemented and tested on a laboratory structure, 

where a mode with highly nonlinear behavior has been extracted. 

1 Introduction 

In the field of experimental structural dynamics, experimental modal analysis (EMA) is the most common 

tool in order to characterize the dynamical behavior of mechanical structures. The results are used either to 

validate existing numerical models or to assemble equivalent dynamic models. Researchers try to extend 

this approach for nonlinear mechanical structures. A promising approach is the usage of so-called nonlinear 

normal modes [1]. However, this theoretical framework has been established only for numerical models. 

First attempts have been made in order to use this framework for experimental identification of mechanical 

structures, where two methods showed promising results on laboratory structures: namely control based 

continuation (CBC) [2] and phase locked loop control (PLL) [3]. Both methods are based on pure harmonic 

excitation. CBC is a multiple-input, multiple-output (MIMO) method, which derives sensitivities 

experimentally in order to identify a nonlinear mode. On the other hand, PLL is a single-input, single-output 

(SISO) method, which estimates and controls a phase between two signals for identification of nonlinear 

modes. CBC utilizes methods from numerical schemes for experiments. Nonlinear equations usually are 

iterated until solution is found and each iteration needs sensitivity for the solution variable. CBC requires 

stationary response of a system for determining sensitivities; hence testing time can be long. The PLL 

controller however does not have this drawback, but it is limited to SISO systems. Also, phase estimation is 

not robust, if higher harmonics are involved. However, all nonlinear mechanical structures will respond with 

higher harmonics and have multiple degrees of freedom, i.e. are MIMO systems at least to a certain extent. 

The question addressed hereafter, is whether PLL control can be extended to a MIMO control and if phase 

estimation can be more robust for signals including higher harmonics. 
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In the following, a blending approach is suggested in order to achieve a MIMO controller and an adaptive 

least squares sine fit is used for robust phase estimation. Then, the proposed method is applied to a laboratory 

structure with local nonlinearity in order to isolate a single nonlinear normal mode for measurement of so-

called backbone curves and nonlinear magnitude response spectra. 

2 Identification of Nonlinear Normal Modes 

Linear normal modes are commonly used in order to describe and analyze dynamics of linear mechanical 

structures. Nonlinear normal modes are an attempt to extend the approach of linear normal modes to the 

nonlinear regime. However, nonlinear normal modes significantly differ to its linear counterpart. For 

example, deriving an analytical model for nonlinear systems is not as easy as with linear systems and 

comparison of results with numerical models is not as straightforward. Nevertheless, the concept of 

nonlinear normal modes theoretically also enables model updating and derivation of equivalent dynamic 

models. Also, so called backbone curves are an inherent part of this framework and nonlinear normal modes 

are able to describe complex dynamics of nonlinear systems. 

The equation of motion for mechanical systems reads 

 [𝑀]{�̈�} + {𝑅(𝑥, �̇�)} = {𝐹} , (1) 

where [𝑀] denotes mass matrix, {𝑥} displacement vector, {𝑅(𝑥, �̇�)} refers to state-dependent internal 

forces, which can be nonlinear, and {𝐹} is the vector of external forces. If the external force in eq. (1) is 

set zero and the equation is solved for different energy levels, nonlinear normal modes are obtained. 

Energy levels can be expressed, e.g. as kinetic energy where the velocity vector is needed. In case of 

harmonic vibrations, energy is obviously increasing, if the displacement amplitude is increasing. Though, 

solving nonlinear differential equations analytically is almost impossible and numerical methods are used 

instead. 

If external forcing is set zero, the nontrivial solution describes free vibrations which are only dependent on 

the internal dynamics of the system and of course on initial conditions. Some methods extract modal data 

from experimental free decay response measurements, for example proposed by Stephan [4]. Another 

method uses harmonic excitation and will be explained in the next section. 

2.1 Phase resonance method 

Phase resonance method is used for identification of modal parameters in the linear case or even in the 

weakly nonlinear case. The external forcing is adjusted such that internal damping forces are compensated. 

This may require simultaneous excitation at multiple degrees of freedom and manual adjustment of the 

excitation frequency and the excitation force amplitudes is necessary for tuning the modal excitation in order 

to isolate a single mode. The equation of motion then reduces to a conservative form. The linear equation 

of motion for harmonic excitation can be written as 

 −𝜔2[𝑀]{�̂�} sin(𝜔𝑡) + 𝜔[𝐷]{�̂�} cos(𝜔𝑡) + [𝐾]{𝑥} sin(𝜔𝑡) = {�̂�} sin(𝜔𝑡 + 𝜑) , (2) 

 with {�̂�} = 𝑖𝜔[𝐷]{�̂�} and 𝜑 = 90° 
(3) 

 −𝜔2[𝑀]{�̂�} + [𝐾]{�̂�} = {0} , 
(4) 

Proceeding this way, the system is forced to vibrate in a single normal mode as related to the corresponding 

undamped system. Assuming velocity proportional damping, the modal displacement response lags 90° to 

modal excitation force. It has been shown that this technique is in principle applicable to nonlinear systems 

with exact the same phase criterion [5]. A similar method has been proposed in order to find nonlinear 

normal modes numerically. An approximate numerical solution approach for nonlinear differential 

equations is harmonic balance method. A Fourier series is chosen as ansatz for the periodic response of the 
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system, so only conservative nonlinear normal modes can be computed. Each harmonic is then balanced 

within the nonlinear differential equation individually. However, if an additional force is included in order 

to compensate internal dissipation, the system will respond harmonically again [6]. This is the extension of 

eq. (3) to nonlinear systems. However it is applied numerically and higher harmonics are also considered. 

The method described herein takes advantage of the phase resonance criterion and utilizes a phase control, 

as proposed by Peter and Leine [3]. Nevertheless, PLL works for SISO systems only, whereas mechanical 

structures typically have many inputs and many outputs, i.e. are MIMO systems. Thus input blending is 

applied, which allows the reduction of MIMO systems to SISO systems as applied for example by Pusch et 

al [7]. 

2.2 Phase locked loop 

The essential requirement for resonance of a linear and a non-linear system is the fulfillment of the so called 

phase resonance criterion, which states a phase lag of 90° between response and force input, as seen in eq. 

(3). This can be controlled using a so called PLL control. However, this method is limited to SISO systems. 

Figure 1 depicts the typical structure of PLL control, applied to mechanical system identification problems. 

On the left hand side the mechanical test setup can be seen, consisting of the test structure, exciter and 

accelerometer. The right hand side shows PLL control as block diagram. In this case, the PLL control 

follows a phase input φc as specified by the test engineer. The control objective, i.e. φe = φ-φc,= 0 is achieved 

by adjustment of the excitation frequency ω. First, a response signal of the mechanical test setup, e.g. 

acceleration �̈�, is fed to a Phase Detector, which estimates the phase φ to a reference signal. This could be, 

for example, a measured force signal. A reference signal is given here by the controller as Constant Output 

Level Adapter (COLA) signal, i.e. an electrical drive signal with amplitude 1V and in the actual frequency 

of excitation. Then, a loop filter, generally implemented as a first order low pass filter, is smoothing the 

phase signal. Finally, the phase signal is compared to a commanded phase φc and the error φe is fed to a 

voltage controlled oscillator (VCO). Here, the excitation frequency ω is adjusted based on the error φe, such 

that the measured phase becomes the demanded phase. The process needs to be started with an initial 

frequency 𝜔0. The VCO gives a drive signal (DS), where the amplitude is chosen by the test engineer. The 

Shaker then translates the DS into a force F, in order to excite the structure, which responds with an 

acceleration �̈�. Each element of the control algorithm is explained in the next sections. 

 

Figure 1: Structure of PLL control. Mechanical test set up on the left and PLL control on the right. 

2.3 Phase detector 

The Phase detector extracts a constant phase signal from two oscillating signals. Different phase detectors 

exist for real time application. The easiest way is multiplication of input and output signal, followed by a 

MODAL TESTING: METHODS AND CASE STUDIES 1807



low pass filter. However, if both signals are contaminated with higher harmonics, results can be significantly 

biased. So called Co-Quad analyzers have been used with the phase resonance method for the extraction of 

the amplitudes of real part (coincident) response and imaginary part (quadrature) response with respect to 

the COLA signal. The phase is then computed with the inverse tangent function. Again, if the response 

signal has higher harmonics, coefficients might be biased. Another method is the usage of discrete Fourier 

transform. Super and sub harmonics possess orthogonality property. This means that within Fourier 

transform higher harmonics should not affect fundamental harmonics. But, if the time window is not chosen 

adequately leakage occurs which leads to wrong phase estimation. Least squares fit of harmonics (LSF) is 

more robust and has similar properties to Fourier transform; therefore this is used in the following. Three 

different phase detectors, which have been already used for PLL in context of identification of mechanical 

systems are depicted in Figure 2 and will be explained and assessed in the following. 

 

Figure 2: Different online phase detectors 

2.3.1 Mixer 

The mixer applies sign function to reference and response, as used by Scheel et al. for PLL control [8]. For 

modal analysis, reference would be force measurement and as response signal often acceleration 

measurement is chosen. If both signals are in phase, the resulting signal is +1 for a whole period. Averaging 

over one period result in +1. If both signals are 180° out of phase, the signal is -1 for a whole period, thus 

averaging over one period result in -1. If the signals are 90° out of phase, the resulting signal is -1 for half 

the period and +1 for the other half of one period. The average is thus 0. Hence, the averaged signal gives a 

value between -1 and +1 which is proportional to phase lag. The averaging is undertaken with a first order 

low pass filter. The transfer function of a low pass filter is characterized as 

 
𝐺(𝜔) =

1

1+
𝜔

𝜔𝑐

 , (5) 

where 𝜔𝑐 is the cut off frequency. This frequency should be lower than the fundamental frequency of 

interest. The phase angle between the signal and the averaged signal z is 

 𝜑 = −90° 𝑧 + 90°, (6) 

2.3.2 Co-Quad analyzer 

Co-Quad analyzers have been widely used in PRM, when digital signal processing was not available. This 

phase estimator has been used by Denis et al. for PLL control [9]. Let us consider the response signal as 

follows: 

 �̈� = 𝐶1 cos(𝜔𝑡 + 𝜑) = 𝐴1 sin(𝜔𝑡) + 𝐵1 cos(𝜔𝑡) (7) 

 

Multiplying this with the COLA signal and after some rearranging yields 

 (𝐴1  sin(𝜔𝑡) + 𝐵1  cos(𝜔𝑡)) cos(𝜔𝑡)

= 𝐴1  sin (
1

2
𝜔𝑡) +

1

2
𝐵1 +

1

2
𝐵1 cos(2𝜔𝑡) 

(8) 
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As one can see, the multiplied signal consists of three parts. First, one signal exist with half the fundamental 

frequency, which is proportional to the quadrature part. Second, one signal exist with double the 

fundamental frequency, which is proportional to the coincident part. And third, a constant part which is also 

proportional to the coincident part. If a low pass filter is applied to the signal, only the constant term remains. 

Both coefficients are identified separately with sine signal as COLA signal and with cosine as COLA signal. 

If both coefficients A1 and B1 are extracted, the phase can be computed as 

 
tan 𝜑 =

𝐵1

𝐴1
 (9) 

2.3.3 Least squares harmonics fit 

This method also extracts the coefficients of the signal according to eq. (7) in order to find the phase. The 

discrete Fourier transform computes the coefficients for a range of frequencies. And another useful property 

in this context is the orthogonality of fundamental harmonic with higher harmonics. Higher harmonics will 

not affect coefficients of harmonics under consideration. However, fast Fourier transform - a fast 

implementation of the discrete Fourier transform - only works on discrete frequencies, which depend on the 

sample rate and the length of the signal recordings. Furthermore, leakage effects must be considered if an 

analyzed window is not an integer-multiple of the period of the fundamental harmonic. It has been reported 

that least squares computation of the coefficients A1 and B1 by curve-fitting of the harmonic or even periodic 

signals is more robust, provided that the fundamental frequency ω of the signals is known a priori. Starting 

with eq. (7), coefficients A1 and B1 can be solved in a least squares manner. 

 

[

𝑠𝑛 𝑐𝑛

⋮ ⋮
𝑠𝑁 𝑐𝑁

] {
𝐴1

𝐵1
} = {

�̈�𝑛

⋮
�̈�𝑁

} , (10) 

 with 𝑠𝑛 = sin(𝜔𝑡𝑛) ;  𝑐𝑛 = cos(𝜔𝑡𝑛) and  �̈�𝑛 = �̈�(𝑡𝑛) (11) 

Another parameter needed to be chosen for this estimator is the number of samples N taken for the least 

squares estimate. The matrix in eq. (10) is built with COLA signals, possibly of different harmonics, which 

ensures the estimate at frequency of excitation. Then eq. (10) is solved with Moore-Penrose inverse of the 

rectangular coefficient matrix. For this simple case of two coefficients, the equation can be solved 

analytically. Finally, both coefficients results as ratio between data vector on the right hand side and 

coefficient matrix. If numerator and denominator are filtered separately, the division cancels the delaying 

effect of the low pass filter to some extent. The low pass filter is still used, since the measured signal can be 

contaminated with noise. 

2.3.4 Comparison of phase detectors 

A test case is introduced and the three phase detectors from the previous sections are benchmarked. First, 

only one fundamental harmonic is considered, then, a third harmonic is added. All phase estimators are 

applied on the given signal and estimated phases are compared. The response is modelled as 

 �̈� = 𝐴1 sin(𝜔𝑡) + 𝐴3 sin(3𝜔𝑡) + 𝐵1 cos(𝜔𝑡) + 𝐵3 cos(3𝜔𝑡) + 𝑣 . (12) 

Also, white noise v with variance of 0.01 is added to the signal to study the robustness of the methods. 

Parameters for both test cases are summarized in Table 1 and depicted in Figure 3. As one can see, the third 

harmonic is significant. Sample time for simulation is chosen as 1ms. Table 2 presents settings chosen for 

all phase detectors. The chosen length of the Fourier transform equals approximately one quarter of one 

period. 
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Table 1: Test cases for phase detector according to eq. (12) 

Case 𝝎 / Hz 𝑨𝟏 / - 𝑨𝟑 / - 𝑩𝟏 / - 𝑩𝟑 / - 𝝋𝟏 / ° 𝒗 / - 

I 7.8 0.2 0 3 0 86.2 0.01 

II 7.8 0.2 0 3 1 86.2 0.01 

Table 2: chosen parameter for phase detector 

Case Sgn CQ LSF 

𝝎𝒄 / Hz  0.5 0.5 0.5 

𝑵 / - - - 64 

 

Two of the three methods estimate coefficients of harmonics, which also allows extraction of mode shapes 

during test. The identified coefficients are compared with the theoretical values. Figure 4 depicts the 

evolution of the coefficients. Theoretical values are marked with thick solid lines. The Co-Quad analyzer 

finds correct values for both cases. The time needed until the identified coefficients converge is due to the 

low pass filter dynamics. In case 2 with an additional higher harmonic, the coefficient of the cosine term is 

oscillating more in comparison as compared to case 1. The LSF estimates in both cases correct coefficients 

and also converges faster. This is due to the fact that the filter is applied to numerator and denominator, such 

that the filter effect is cancelled out to a certain extend. For both estimators, the same filter characteristics 

are chosen. Also the coefficients estimated by LSF are not oscillating. This also depends on the chosen 

segment length for the LSF estimator. If fewer values are chosen for the estimator, it will also start to 

oscillate but still converge faster than Co-Quad Analyzer. If no higher harmonics exist, very short segment 

is needed for LSF. 

 

Figure 3: left: test case 1 only fundamental harmonic; right: test case 2 with third harmonic 
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Figure 4: estimates of harmonic coefficients; left: only fundamental harmonic, right: with higher harmonic 

Figure 5 shows phase estimation of the three phase detectors. The solid thick line represents the theoretical 

value. The dotted line shows the sign estimator. In case of only one fundamental harmonic, it is seen that 

phase is estimated correctly. Nevertheless, an oscillation around the theoretical value is seen. If higher 

harmonics are considered, we see similar behavior. But the phase does not correspond to the theoretical 

value anymore. The dash dotted line shows the Co-Quad analyzer. Also in this case the phase is estimated 

correctly and corresponds to the theoretical value. In contrast to the sign estimator it also estimates the 

correct phase if a higher harmonic is contained in the signal. Interestingly, the phase converges faster than 

the estimation of coefficients. The reason is the same as for the faster convergence of LSF estimator for the 

coefficients. Also the inverse tangent is computed as fraction. So the filter applied to both coefficients 

cancels itself to some extent. However, it also oscillates around the true value, although less than the sign 

estimator. The least squares sine fit estimates in both cases the theoretical value correctly and does not 

oscillate. In case of an additional higher harmonics, it takes more time for convergence. 

 

Figure 5: phase estimates; left: only fundamental harmonic, right: with higher harmonic 

The advantage of the sign estimator is, however, that the phase between input and output is estimated, 

whereas the other two methods allow only phase measurement to a reference signal. Since the exciter also 

represents a dynamical system, there is potentially a phase lag between drive signal and force signal. In 

order to overcome this drawback, the phase between drive signal and force signal needs to be estimated in 

addition. With this estimate, the phase difference can then computed as difference between phase lag from 

response to COLA signal and force to COLA signal. 

In conclusion, the LSF phase detector performs best. The phase is estimated correctly, even if higher 

harmonics are considered and the resulting phase is not oscillating. However, in terms of convergence, the 

Co-Quad Analyzer seems to be a little faster. Whereas the mixing algorithm does not detect the correct 
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phase, if higher harmonics are in the measured signal. So, PLL control used herein is equipped with LSF 

phase detector. 

2.4 Voltage Controlled Oscillator 

 

Figure 6: left: voltage controlled as block diagram; right: characteristic of VCO 

Figure 6 depicts the voltage controlled oscillator from Figure 1 as open loop. Note that a feedback through 

the mechanical system and phase detector exists, but is not depicted here. The left side shows a block 

diagram, where the phase error φe is given as input to a PI controller. From the phase error φe a frequency 

increment Δω is computed as output which is added to the initial frequency ω0. This resulting frequency is 

integrated for computing a phase Θ, which is used as input for a cosine function. The output is a cosine wave 

with adapting oscillation frequency and is used as drive signal DS for the exciters. The amplitude of this 

signal can be adjusted as desired by the test engineer. The diagram on the right side shows the input-output 

characteristic for this VCO. If the phase error increases, the oscillating frequency is increased and if the 

phase error is negative, the initial frequency is reduced. This algorithm adapts the frequency until the desired 

phase lag is reached. 

2.5 Input-Output-Blending 

 

Figure 7: implemented PLL control 

The control presented so far is only capable of controlling SISO systems. However, mechanical structures 

are always MIMO systems. One approach to overcome this is input output blending, as implemented by 

Pusch et al. [7]. Several inputs are blended into a single virtual signal. This is one variant of the well-known 

modal control, where a modal coordinate is used as virtual signal. This variable is then controlled and a 

virtual output, e.g. modal force, is generated which needs to be distributed over different physical inputs. 

For this control method, the transformation from physical to modal coordinates is needed. During this 

investigation, a linear modal model has been derived from low level excitation. We assume that the mode 

shapes do not significantly change in this case. Even though this is a crude assumption and mode shapes 
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may change e.g. with amplitude level, this form of input-output blending is still quite useful to transform 

physical responses into “almost modal” responses where one response is significantly higher than the others 

[10]. Nevertheless, further investigations are necessary in order see impact of wrong mode shapes as input 

blend. With a prior linear identification, the input output blending parameters are set. Figure 7 shows the 

suggested control law. A modal force is additionally estimated, so that phase lag between virtual input and 

virtual output can be computed. 

3 Test setup 

In order to test the proposed algorithm, an experimental setup has been prepared. A mechanical structure with nonlinear 

behavior, assembled of two components with a bolted joint, is tested. An additional mass is attached to the tip in order 

to reduce the eigenfrequencies of the system. Five accelerometers are used for control. Force is measured indirectly 

through electric current. The shaker for exciting the structure is suspended in all degrees of freedom. Figure 8 shows 

the test setup. On the right, a schematic sketch of the mechanical structure is seen. The dynamics is similar to a 

cantilever beam, with an additional mass on the tip in order to lower eigenfrequencies. In plane motion will activate 

nonlinearity between top and bottom part, which are connected by a bolted overlap joint. The underlying linear model 

for modal control is identified using a low level sine sweep excitation. All modes are well separated, so that only one 

mode is used. Also, only one exciter is placed at the tip of the structure, as input. 

  

Figure 8: Test setup. Left: photo; right: schematic sketch 

3.1 Nonlinear magnitude spectra measurement 

Three different methods for nonlinear magnitude spectra measurement have been conducted. First, sine 

sweep excitation has been applied. Second, stepped sine excitation has been used and third; PLL has been 

used, where phase was stepped from 10° to 135°, in order to capture the unstable branch. This has been 

repeated at different forcing amplitudes. The first two methods were also measured from high to low 

frequency, so called down sweep, and from low to high frequency, so called up sweep. PLL measurements 

are analyzed offline with least squares sine fit. In this case, least squares estimation is applied on the whole 

data set and not within a small time window, which makes analysis more robust. 
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Figure 9: Magnitude spectra measurement at highest force level for driving point 

Figure 9 presents the result for measurement of highest force level. The magnitude spectrum is shown for 

driving point. Sweep and stepped sine measurement are quite similar. There is clearly a difference between 

down and up sweep, as it is reported for nonlinear structures. The unstable branch is not captured, so a jump 

phenomenon occurs around 77 Hz. However, PLL is able to measure the unstable branch. This is due to 

clear mapping to amplitude and phase. As one can see in Figure 9, in the unstable branch, three amplitudes 

are possible for a single frequency. Figure 10 shows the relation between phase and amplitude which yield 

exactly one solution for each phase. In both Figures 90° phase lag between excitation force and acceleration 

response is marked with a diamond, at highest acceleration response. This shows the applicability of the 

phase resonance criterion from testing results also for the nonlinear case. 

 

Figure 10: Amplitude over phase for PLL response measurement 

3.2 Backbone curve 

For measuring the impedance plot or also backbone curve, the phase for PLL control is set constantly to 

90°. The input force is then slowly increased. Increasing force level will change phase lag between force 

and response, so that the control will adjust frequency. At each force level, amplitudes of response and force, 

as well as frequency are measured. The actual frequency can be either measured from VCO, as seen in 

Figure 6, or estimated from measured data. 

Modal data of the described structure have also been analyzed with different methods with respect to the 

maximum measured amplitude, so it can be compared. Manual PRM has been used, as well as linearization 

procedure conducted at large GVTs [11] and pole tracking, proposed by Stephan et al. [4]. Results are shown 
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in Figure 11. PLL and PRM show very good agreement, as PLL is proposed as automatic PRM. Sweep 

down at different force levels and subsequent linear modal analysis with PSM is also in good agreement 

with PLL results. However, less data points are available. Curves shown in Figure 9 are fitted assuming a 

linear system, which is not true. MLMM [12] implemented in Simcenter Testlab is used for modal 

identification. Preselected poles are used as initial guess and subsequently the error between synthesized 

FRF and measured FRF is minimized considering measurement noise. However, shape of linear FRFs and 

nonlinear FRFs can differ significantly. Identification for up sweep and down sweep yield a similar curve. 

Nevertheless, both measurement runs are estimating higher frequencies than other methods. Down sweeps 

are able to capture higher amplitudes in this case in accordance to Figure 9. Pole tracking needs decay curves 

in order to find frequency with respect to actual deflection. First steps are similar to PRM, then excitation is 

turned off, so that the structure is decaying. From this decay, frequency at each time step is tracked and 

linked to the actual amplitude. The identified frequencies are lower than the other estimates. All curves have 

the same shape, only a shift in frequency to higher or lower appears. 

 

Figure 11: Nonlinearity Plot for different methods 

Figure 12 shows PLL magnitude spectra measurements together with the PLL backbone measurement. The 

lower diagram depicts the phase response. For the backbone measurement, phase was constantly set to 90°. 

Magnitude spectra at 90° phase shift between input and output is again marked with a diamond. As one can 

see, response magnitude is highest at this point. Again, applicability of phase resonance criteria for nonlinear 

systems is confirmed for this test. The high level response measurement fits well with the backbone 

measurement, since the backbone curve fits well through the peaks of the individual response measurement. 

For the low level response measurement, peak of response measurement and backbone curve are not well 

aligned. It is suspected that the mechanical structure has changed its properties during the measurement. 

Because phase resonance testing uses sine excitation, also with high amplitudes, energy input into the system 

is rather high. The interface at the jointed connection might change due to dry friction, such that interface 

forces are different. Also, with high energy input, temperature will also increase, which can affect the modal 

properties of the structure. For example pre-tension of the bolts can decrease with increasing temperature. 

Also changing contact properties, due to wear is possible. 
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Figure 12: Backbone and response measurement 

In order to investigate the temperature dependence, a high level excitation is applied for 20 minutes and 

phase is controlled to 90°. An additional temperature sensor has been glued at the jointed connection, so the 

temperature can be measured. During the test, the structure will heat up and eigenfrequency can change. 

The PLL control is able to track the changing eigenfrequency, so that a temperature dependency of the 

eigenfrequency is found. 

The temperature dependence is plotted in Figure 13. Temperature at the bolted interface heated up 

approximately from 24°C up to 30°C in 20 minutes. During this time, PLL adjusted the frequency from 77 

Hz and decreased to 76.5 Hz. If excitation force is increased, temperature is increasing up to 30°C and 

frequency is dropping from 77 Hz to 76.5 Hz. One of the advantages of this method is the high amplitudes 

which can be measured due to high energy input into the system at a single frequency. This makes it 

interesting for large test objects. But one has to keep in mind that this high energy input also heats up the 

mechanical structure under investigation and might change its modal properties, at least if friction is the 

major source of nonlinearity. 
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Figure 13: temperature dependance of eigenfrequency 

4 Conclusion 

PLL control has been successfully applied to a nonlinear mechanical structure for modal analysis. In order 

to achieve this, two main contributions have been made. First, a robust phase estimation has been proposed, 

based on least squares sine fit and second, PLL control has been implemented as modal control, in order to 

allow multiple input and outputs. However, for the described example only one input has been used. Also 

blending vectors were assumed constant, which might be true for many cases, but also varying eigenvectors 

with increasing force amplitude have been reported. Thus, the influence of wrongly estimated mode shapes 

for modal control needs to be assessed. It would also be interesting to use force cell for direct force 

measurement in future tests. 
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challenging no-NExT engineering applications
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Abstract
Operational Modal Analysis (OMA) allows systems structural identification in working conditions, moving
from output data only. Although OMA appears as a revolutionary technique, its main drawback is that,
to be applicable, one must assume that the excitations are modelled as uncorrelated white noises. These
assumptions, in fact, are heavily binding in all those cases in which the present environmental actions cannot
be described as white noises: systems having rotating parts (machine tools, engines or wind turbines) or
characterised by speed and/or time correlated inputs (road and rail vehicles). In this paper we perform the
modal estimation applying a frequency domain procedure based on the description of a generalized modal
model of output PSDs (Power Spectral Densities). Specifically, the proposed OMA technique requires a
limited knowledge about features related to the source of excitation and, therefore, it is applicable to systems
for which something about the inputs is somehow known.

1 Introduction

Operational Modal Analysis, OMA, is a technique widely used to assess the dynamic behaviour of structures
subjected to unmeasured, often even not measurable, load conditions [1, 2]. Also named as output-only
modal analysis, this method makes the estimation of the modal parameters possible by measuring merely the
system outputs. In addition to a relative cost reduction for test realization, the major advantage of OMA is that
systems are analysed in their real operative conditions, which are, sometimes, impossible to be reproduced
artificially in a laboratory environment.

To achieve the modal estimation, several methods have been developed both in time- and frequency-domain
[3, 4, 5]. In time-domain, with the Natural Excitation Technique, NExT, the modal parameters are estimated
by considering the output Correlation Functions, CFs, as a series of decaying sinusoids, each characterized
by a natural frequency and a damping value [6]. Another possibility is to estimate a stochastic state space
model using the Stochastic Subspace Methods, such as the traditional Covariance-driven Stochastic Subspace
Identification, SSI-COV, or the Data-driven Stochastic Subspace Identification, DATA-SSI [7, 8]. Other
techniques like the Complex Exponential method, CE, and the Least Square Complex Exponential method,
LSCE, have allowed the estimation of modal parameters from the Prony series of the CFs [9]. Recently,
swarm intelligence algorithms, such as Genetic algorithm (GA) or Particle swarm optimization (PSO), have
been proposed as identification methods based on the CFs [10].

In frequency-domain, the LMS PolyMAX method has become a standard for the modal estimation. Also
known as poly-reference Least Square Complex Frequency domain, pLSCF, with this method a RMFD
ARX model is used to fit non-parametric Power Spectral Densities, PSDs [11, 12].

With appropriate differences, all the above techniques are based on the NExT assumption: the input forces
are assumed to be stationary uncorrelated white-noise excitations [13, 14]. Although OMA is based on
the sole measure of system outputs, these quantities contain information about both system and excitations:
assumptions on inputs are therefore necessary. Under the NExT hypothesis, the CFs and PSDs can be con-
sidered respectively as the Impulse Functions, IFs, and the Frequency Response Functions, FRFs, giving the
possibility to perform the modal estimation. Although this assumption is efficient for most civil engineering
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applications, unfortunately, there are several practical cases whereby the uncorrelated white noise excitation
hypothesis is not satisfied, wind turbines and passenger cars on all [15, 16, 17].

In the recent years, the development of methods aiming at overcoming the NExT assumption limitations has
become a challenging topic. The Transmissibility-based OMA is a technique developed in order to avoid
the need of accounting for the nature of the system inputs. This reduces the errors related to the presence
of non-white noise inputs, but continues to require the assumption of uncorrelated inputs [18, 19, 20]. On
the other hand, to overcome OMA deficiency due to non-stationary vibration responses, high noise, and
non-linearity, an improved novel method denoted as correlation signal subset-based SSI, CoS-SSI, has been
recently introduced [21].

Instead of looking for a method suitable for every application, some authors started to modify the classical
algorithms to achieve specialized techniques. If, somehow, the relationships between inputs are known a-
priori, it is possible to perform an “ad hoc” procedure, even in case of completely violation of the classical
assumption. Several techniques can be used to perform the modal analysis of system affected by harmonic
excitations [22, 23], meanwhile, the recent time-domain technique named Smooth Orthogonal Decomposi-
tion, SOD, has been developed to identify modal parameters of lightly damped systems, in which the inputs
are time shifted functions of white noise signals. This approach has been proposed to identify the modal
parameters of a vehicle during road testing, but, although the assumption of time correlated inputs is well ad-
dressed, relatively inaccurate results have been obtained owing to the drawbacks of time-domain techniques
when treating highly damped systems. [24].

In this paper, a novel frequency-domain output-only modal estimator for no-NExT applications will be pre-
sented focusing on the case of a discrete system subjected to coloured noises, temporal correlated inputs
and harmonic excitation. A generalized modal model for the output PSD matrix will be expounded, taking
into account some features of the force system acting on the structure (e.g. time and/or spatial correla-
tion, presence of deterministic loads, coloured noise nature). Finally, poles and modal vectors are estimated
through a modified procedure to solve the new polynomial fitting problem arising from the formulation of
the generalized modal model.

2 No-NExT OMA

2.1 Classical OMA Approach

Considering a linear time-invariant mechanical system, OMA allows for the estimation of modal parameters
moving from output signals only and making use of stochastic system identification procedures. These
methods are based on the assumption that the input forces are realizations of stationary stochastic white
processes: the so-called NExT hypothesis. By considering a system of L external loads relying on this
hypothesis, the input CF matrix Rf (τ), in the time-lag domain, and the input PSD matrix Sf (ω), in the
angular frequency domain, can be written as follows

Rf (τ) =



α1δ(τ) 0

. . .
0 αLδ(τ)


 (1)

Sf (ω) =



S1 0

. . .
0 SL


 (2)

where the inputs, as anticipated, are uncorrelated white noises.
Starting from this assumption, NExT-type and FDD-type procedures (FDD standing for Frequency Domain
Decomposition) implement the modal decomposition of, respectively, output CF matrix and output PSD
matrix, to derive the modal model expression [5]. Referring to the No outputs of a mechanical system
subjected to the operational loadings described by Eqs. (1) and (2), the expression of the modal model can

1820 PROCEEDINGS OF ISMA2020 AND USD2020



be introduced in terms of output CF matrix Rq(τ) ∈ RNo×No and output PSD matrix Sq(ω) ∈ CNo×No ,
here defined as

Rq (τ) =

2Nm∑

n=1

ψng
T
n e

λnτh (τ) + gnψ
T
n e

−λnτh (−τ) (3)

Sq(ω) =

2Nm∑

n=1

ψng
T
n

iω − λn
+

gnψ
T
n

−iω − λn
(4)

where h(.) indicates the well-known Heaviside step function, the symbol (.)T stands for matrix transposition,
Nm is the number of complex conjugate modes pairs, λn are the system poles,ψn =

[
ψ1n · · · ψNon

]T ∈
CNo×1 are the modal vectors and gn =

[
g1n · · · gNon

]T ∈ CNo×1 (with n = 1, . . . , N ) are the opera-
tional reference vectors.

2.2 No-NExT OMA Approach

Issues arise when the operational identification of a system is performed in presence of external forces whose
correlation is not modeled as in Eq. (1). For example this could be the case of a vehicle under a road test
condition: the nature of the loads, induced by the roughness of rolling profiles, are affected by time correla-
tion, well-known in the literature as the so-called wheelbase filtering effect [16], and spatial correlation both
preventing that the forces can be described as white noise sequences. Thus, the hypotheses, on which the for-
mulation of classical OMA modal model relies, are strongly violated and this leads to significant modelling
errors and, in turn, to poorly estimated modal parameters. In [25], we develop a specialised modal model,
referred to as the Track-Vehicle Interaction Modal Model, able to incorporate the character of road/rail inputs
acting on vehicles during operation. Since in this novel modal model the relationship between vehicle system
outputs and modal parameters is given explicitly, the implementation of new specific curve fitting techniques,
in the time-lag or frequency domain, becomes possible, making available simple and cost-effective tools for
vehicle operational identification [26].
In [25] the relationship between the operational modal parameters and the output CF matrixRq (τ) is intro-
duced, as follows

Rq (τ) =

2Nm∑

n=1

ψnϕ̄n(τ)
T ∗ e+λnτ + ϕ̄n(−τ) ∗ e−λnτψn

T
, (5)

where the terms ϕ̄n(τ) are the lag-dependent operational reference vectors and include additional informa-
tion of the unknown input forces acting on the system. By Fourier transforming Eq. (5), the expression of
the output PSD matrix Sq (ω) is obtained

Sq(ω) =

2Nm∑

n=1

ψnϕn(ω)
T

iω − λn
+
ϕn(−ω)ψT

n

−iω − λn
, (6)

where the terms ϕn(ω) are the frequency-dependent operational reference vectors.
The new modal model, introduced through Eqs. (5) and (6), incorporates a combination of several contribu-
tions: (i) the coloured nature of forces; (ii) the time and spatial correlation among inputs; (iii) the presence
of deterministic loads such as harmonics. This modal model allows for taking into account some known
features about the source of excitation, as the interaction of a passenger car with road asperities. Ignoring
these features leads to additional modelling errors in the identification procedure (in terms of spurious poles
/ modes) and, as a consequence, to poorly estimated parameters.

The OMA formulation relying on Eqs. (5) and (6) is of generalized validity and considers effects that ex-
plicitly violate the NExT assumptions. In many practical applications, information of known features are
accesible to the user even without measuring the inputs (e.g. known harmonics caused by rotating parts,
characterization models of road surfaces, temporal delays between inputs). Starting from these expressions,
identification procedures which allow the estimation of the modal parameters become possible. Specifically,
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in [26], we propose a two-steps procedure, which uses a fraction polynomial model equivalent to the modal
model in Eq. (6).

3 No-NExT applications

In this section, we compare the performance of a parametric frequency domain estimator based on the an-
ticipated fraction polynomial model with that obtained by the classical LMS PolyMAX method. Simulated
data of a seven degrees of freedom (dofs) system are generated in three different cases, investigating the
following infringements of the NExT assumption: (i) presence of coloured noises, (ii) presence of temporal
correlation between inputs, (iii) presence of harmonics. We show the first step of the procedure concerning
the estimation of poles and modal vectors.

3.1 Case study: discrete system

Figure 1 illustrates the discrete 7 dof mechanical system used to simulate the data. The system parameters
are given as mi = 10 kg, ki = 104 Nm−1 and ci = 12.5 N sm−1.

The exact modal parameters are collected in Table 1 in terms of natural frequencies and damping ratios.

x1(t)

f1(t)

x2(t) x3(t)

mi

ki

ci

x4(t) x5(t) x6(t) x7(t)

f7(t)

Figure 1: Discrete system: 7 dofs. The pertinent nomenclature for the i-th lumped system is provided.

Table 1: Exact natural frequencies and damping ratios.

Natural Frequency (Hz) Damping Ratio (%)
Mode 1 1.9637 0.7712
Mode 2 3.8520 1.5127
Mode 3 5.5923 2.1961
Mode 4 7.1176 2.7951
Mode 5 8.3694 3.2867
Mode 6 9.2996 3.6520
Mode 7 9.8724 3.8769

By indicating with H(ωk) ∈ CNo×L the matrix of frequency response functions (FRFs) of the system under
investigation and using the well-known relationship between input and output PSDs [27]

Sq(ωk) = H(ωk)Sf (ωk)H(ωk)
H (7)

we study the three cases corresponding to the following input PSD matrices:

Sf (ωk) = C(ωk)

(
S1 0
0 S2

)
(8)
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where inputs are coloured uncorrelated noises acting on the 1st and the 7th mass, with C(ωk) being the colour
frequency function;

Sf (ωk) = S1

(
1 eiωkτ

e−iωkτ 1

)
(9)

where a white noise S1 acts on the 1st mass and on the 7th mass with a time delay of τ ;

Sf (ωk) =


 S1 +

Nh∑
h=1

Ahδ
(
ωk − 2πhf̂

)
0

0 S2


 (10)

where the inputs are two uncorrelated white noises, acting on the same dofs as in the previous cases, with
the addition of a sum of Nh harmonics superimposed to S1 having fundamental frequency equal to f̂ , the
symbol δ(.) stands for the Dirac delta function.

3.1.1 Presence of coloured noises

Two diagonal entries of the ouput PSD matrix are shown in Figure 2. The colour function C(ω) is chosen in
the form

C(ω) =
1

ω2
(11)

that is the classical definition of red noise. In [18], the authors underline that the colour of the unknown input
forces introduces additional terms in the modal decomposition in Eq. (4). These terms could introduce extra
peaks in the output PSD functions, belonging to the force system and generating the appearance of spurious
poles.
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Figure 2: Auto-PSDs of displacements of (a) 1st and (b) 7th dof.

In this coloured case, the usage of a frequency domain parametric method based on the classical polynomial
formulation could be considered as a first attempt. The color environmental excitation introduced in Eq. (11)
adds a spurious pole at ω = 0, which does not significantly affect the readability of the stabilization diagram,
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allowing the analyst for selecting the physical poles, as shown in Figure 3.
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Figure 3: Stabilization diagram based on the classical polynomial model. Some spurious new poles are
present at ω = 0.
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Figure 4: Stabilization diagram based on the generalized output PSD model. No spurious poles are present
at ω = 0.

1824 PROCEEDINGS OF ISMA2020 AND USD2020



In contrast to the classical approach, the method based on the representation of the generalized output PSD
model in Eq. (6) leads to the computation of the stabilization diagram shown in Figure 4.

With this novel approach, the stabilization diagram results effectively cleaned up from spurious poles. It is
worth noticing that the estimation process accuracy of the classical approach is not completely hampered by
the nature of colour functions, as that in Eq. (11). The novel approach allows to include the known a-priori
features of the environmental excitations, in terms of colour frequency-dependence, removing poles related
to the force system, with the final result of improving the stabilization diagram clarity. The outcome of the
novel estimation process, compared to the exact modal parameters, is shown Tables (2) and (3); in Figure 11a
we depict the Modal Assurance Criterion (MAC) computed between exact and estimated modal vector sets.

3.1.2 Presence of temporal correlation

In the case of input PSD matrix from Eq. (9), two output PSDs are shown in Figure 5. The time delay τ
between the forces acting on the 1st and on the 7th mass is set to 0.5 s.
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Figure 5: Auto-PSDs of displacements of (a) 1st and (b) 7th dof.

The time correlation introduces spurious poles which make the stabilization diagram, computed by the clas-
sical OMA approach, extremely confusing, as shown in Figure 6. Consequently, pole selection is quite
challenging and the first step of the modal estimation process cannot be accurately performed.

Instead, the usage of the proposed new method, based on the representation of the generalized output PSD
model, leads to the computation of the stabilization diagram shown in Figure 7.
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Figure 6: Stabilization diagram based on the classical polynomial model.
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Figure 7: Stabilization diagram based on the generalized output PSD model.

As one can clearly see, the novel approach leads to a stabilization diagram extremely clean, allowing an
easily selection of the stable poles. In this force system case, the hindrance to a correct estimation, when
the classical approach is used, is the presence of the time-delay terms in the input correlation matrix, that
translates to a severe breach of the NExT hypothesis. The proposed method makes usage of the knowledge
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of the time delay between the inputs, which is a parameter that is generally easily accessible by looking at
the phase of the cross-correlation between the outputs [27], to reach the results shown in Tables (2) and (3).
Figure 11b contains the pertinent MAC between exact and estimated modal vector sets.

3.1.3 Presence of harmonics

Finally, it is explored the force case described in Eq. (10), where the number of harmonics Nh is equal to 7
with a fundamental frequency f̂ equal to 2 Hz. In the two entries of the output PSD matrix shown in Figure
8, it is possible to identify the characteristic well-sharp peaks related to the harmonic part of the response
superimposed to the system modes peaks.
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Figure 8: Auto-PSDs of displacements of (a) 1st and (b) 7th dof.

By using the classical OMA method, the multi-harmonic load introduces spurious poles with zero damping
and generates bad convergence of the estimated parameters, especially when the harmonics are close to the
structural modes [22]. This is mainly the case of the first mode but less noticeable for the second and seventh
modes, as it can be seen in the stabilization diagram reported in Figure 9, where some extra columns of
non-physical poles related to the harmonic frequencies, affect the identification accuracy.

The existence of a deterministic load, as a harmonic excitation, strongly violates the NExT hypothesis,
highly compromising the accuracy of the modal estimation process. Differently from the classic technique,
the novel approach accounts for the knowledge of the multi-harmonic frequencies, distinguishable by using
specific indicators [22], obtaining the stabilization diagram shown in Figure 10.
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Figure 9: Stabilization diagram based on the classical polynomial model.
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Figure 10: Stabilization diagram based on the generalized output PSD model.

The description of the modal model of Eq. (6) includes the presence of terms representing the deterministic
harmonic content of the exerted forces generating much clearer stabilization diagrams, even in the case of
harmonics too close to physical poles. The estimation results in terms of natural frequencies and damping
ratios are shown in Tables (2) and (3), whilst, in Figure 11c we propose the relevant MAC between exact and
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estimated modal vector sets.

4 Results

From Tables (2) and (3) and Figure (11), we observe that the estimation process, performed by means of the
proposed methodology based on the description of the modal model in Eq. (6) can be considered perfectly
achieved for all three challenging no-NExT applications.

Table 2: Comparison between exact and estimated natural frequencies. Estimates computed by using clas-
sical and generalized OMA formulations are compared referring to the three considered force system cases
(colour, correlation, and harmonics). Relative error with respect to exact value is reported below each esti-
mate.

Natural frequency (Hz)
Exact Generalized Estimation Classical Estimation

Colour Correlation Harmonics Colour Correlation Harmonics
Mode 1 1.9637 1.9637 1.9636 1.9637 1.9637 1.9661 1.9639

(%) 0.0001 0.0052 0.0043 0.0001 0.1184 0.0052
Mode 2 3.8520 3.8520 3.8520 3.8520 3.8520 [−] 3.8524

(%) 0.0000 0.0003 0.0004 0.0000 0.0107
Mode 3 5.5923 5.5923 5.5923 5.5923 5.5923 [−] 5.5924

(%) 0.0000 0.0001 0.0005 0.0000 0.0027
Mode 4 7.1176 7.1176 7.1176 7.1177 7.1176 [−] 7.1176

(%) 0.0000 0.0000 0.0004 0.0000 0.0006
Mode 5 8.3694 8.3693 8.3694 8.3694 8.3697 [−] 8.3797

(%) 0.0022 0.0001 0.0004 0.0032 0.1223
Mode 6 9.2996 9.2991 9.2996 9.2996 9.3000 [−] 9.3044

(%) 0.0052 0.0005 0.0004 0.0045 0.0514
Mode 7 9.8724 9.8712 9.8723 9.8722 9.8746 [−] 9.8885

(%) 0.0120 0.0010 0.0024 0.0218 0.1624

Table 3: Comparison between exact and estimated damping ratios. Estimates computed by using classi-
cal and generalized OMA formulations are compared referring to the three considered force system cases
(colour, correlation, and harmonics). Relative error with respect to exact value is reported below each esti-
mate.

Damping ratio (%)
Exact Generalized Estimation Classical Estimation

Colour Correlation Harmonics Colour Correlation Harmonics
Mode 1 0.7712 0.7703 0.7701 0.7735 0.7721 0.7096 0.7791

(%) 0.1204 0.2351 0.2986 0.1214 7.9810 1.0255
Mode 2 1.5127 1.5128 1.5129 1.5132 1.5127 [−] 1.5067

(%) 0.0005 0.0156 0.0326 0.0004 0.3946
Mode 3 2.1961 2.1960 2.1962 2.1960 2.1962 [−] 2.1893

(%) 0.0029 0.0043 0.0022 0.0039 0.3087
Mode 4 2.7951 2.7950 2.7952 2.7951 2.7952 [−] 2.7888

(%) 0.0034 0.0028 0.0004 0.0035 0.2242
Mode 5 3.2867 3.2860 3.2867 3.2861 3.2873 [−] 3.2975

(%) 0.0211 0.0020 0.0182 0.0192 0.3279
Mode 6 3.6520 3.6518 3.6524 3.6509 3.6522 [−] 3.5671

(%) 0.0068 0.0123 0.0278 0.0076 2.3245
Mode 7 3.8769 3.8688 3.8765 3.8747 3.8834 [−] 3.7441

(%) 0.1528 0.0114 0.0574 0.1670 3.424
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Figure 11: MAC between exact and estimated modal vectors estimated by the approach proposed in the
paper for, respectively, (a) the coloured inputs case, (b) the temporal correlated inputs case, and (c) the sine
on random case.

Estimated natural frequencies, damping ratios and modal vectors, match the exact theoretical values with
negligible relative errors in the case of the approach proposed in the paper. In particular, Figure 11, in this
case, shows the MAC between exact and estimated modal vectors in the three discussed cases of presence of
(a) coloured noises, (b) temporal correlation between inputs and (c) known-harmonics.

5 Conclusions

In this paper, a generalized framework of OMA has been proposed, based on an output PSD matrix modal
model, that includes a combination of several contributions related to the forces acting on the system. This
approach is of general validity and explicitly accounts for effects that violate the NExT assumption. The
main three effects that have been investigated are the coloured nature of stochastic loads, the temporal cor-
relation between inputs and the presence of deterministic harmonic forces.
The validity of the proposed formulation has been proved by simulating the response of a 7 dof discrete sys-
tem model. Moving from the theoretical outputs, a specific estimation procedure operating in the frequency
domain has been developed and implemented to perform the identification of the system poles and modal
vectors. We have highlighted the importance of including in an OMA framework known a-priori features
related to the source of excitation such as temporal delays, harmonic frequencies and coloured noise models.
The usage of estimation techniques, based on the modal model proposed in the paper, could inspire sim-
ple and cost-effective “ad hoc” tools able to compute the modal parameters of mechanical systems under
operating conditions that violate to a certain extent the hypothesis of the classical OMA techniques. As a
further outcome of the proposed methodology, efficiency and robustness of the resulting procedures could
be investigated by processing the outputs from finite-element models and experimental set-ups.
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Abstract
In order to validate numerical simulations, it is essential to compare calculated results with measurements.
A common tool to increase the accuracy of the numerical simulation is model updating. The idea is to
find better input parameters which describe the system more precisely by comparing the measurements and
the numerical results, e.g. the modal properties. Finite element model updating is state-of-the-art and well
described in literature. In this paper, an alternative computational method called Numerical Assembly Tech-
nique is used to calculate the natural frequencies, the mode shapes and the Frequency Response Functions.
The generalized Polynomial Chaos Expansion is applied to increase the numerical efficiency of the model
updating process. A stepped circular shaft is analyzed and it is shown, that the model updating process is
not a straight forward technique. The input values of the parameter fit as well as the numerical model are
limited. A solution which fits both criteria is described, and selected improvements are given.

1 Introduction

Model updating uses measured data in order to improve a numerical model. However, it is nearly impossible
to get the perfect update due to errors in the model structure, the model order, the model parameters and
errors in the measurement [1,2]. By updating a finite-element model, the updating techniques can be divided
into direct and iterative methods [2, 3]. Direct methods change the mass and the stiffness matrices without
any regard to the structure and without any physical meaning, while iterative methods change the physical
parameters like Young’s modulus or density [2,3]. As this paper focuses on iterative methods, the process of
updating the numerical simulation will be called parameter identification.

Parameters can be identified by various techniques. One possible technique is the Monte Carlo Method.
The Monte Carlo Method [4] was invented 1949 and uses repeated simulation of random input data, based
on the distribution of the measured data, in order to get the mean value and the variance of the unknown
parameters [5]. As a large number of samples is needed, the Monte Carlo Simulation Method is not efficient
to estimate the probability density function [6].
Another possible technique is the Response Surface Method. This method was introduced in 1951 [7] and
in 1966 [8] it was modified for optimization [9]. The Response Surface Method uses a surrogate model (the
response surface) instead of solving the numerical model each time with different input to fit the parameters
[10]. A surrogate model is a model which describes the relationship between the input and the output of a
system [11]. The model can be expressed as an equation, which is usually built by a basis of functions [9,11],
where many focus on functions with quadratic order. As an example, in [10] the natural frequency is used to
fit the Young’s modulus and the moment of inertia.
The analysis in this paper is based on the generalized Polynomial Chaos Expansion (gPCE). The method was
introduced in 1938 [12] as homogenous chaos. Just like the Response Surface Method it uses a surrogate
model [13]. Depending on the distribution of the input parameter, the basis functions which generate the
surrogate model are a special kind of multivariate polynomials which represent the numerical system [14,15].
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As an example, the generalized Polynomial Chaos Expansion is used to determine the material parameters
of composite plates in dependence of the eigenfrequencies [6].

In this paper, a stepped circular shaft is analyzed. To analyze slander structures, one dimensional formu-
lations are sufficient. The analysis is based on the well-known Euler-Bernoulli beam theory. The Numer-
ical Assembly Technique is then used to solve the equations of motion. This technique is based on quasi-
analytical solutions of the Euler-Bernoulli beam equation. The numerical error is due the double-precision
floating point arithmetic only [16]. Therefore, the parameter fit has no discretization error which is a signifi-
cant advantage compared to FEM.

This paper focus on the modal parameters, like the natural frequencies or the mode shapes. These parameters
and the Frequency Response Function are analyzed by a process called modal analysis, which is a common
technique and well described in literature [17, 18].

2 Parameter identification method

The generalized Polynomial Chaos Expansion is described as a technique for parameter identification. The
generalized Polynomial Chaos Expansion uses multidimensional random variables ξ = {ξ1, ξ2, ...ξn} and
corresponding orthogonal polynomials Ψ(ξ) to span a stochastic space, where n is the maximum number
of random variables [13]. Depending on the distribution of the random variables, the polynomials are rep-
resented by Hermite polynomials, Laguerre polynomials, Jacobi polynomials, etc. A list of different kind
of polynomials with the corresponding distribution is given in [14]. The spanned space is represented by
deterministic coefficients and the polynomials. The aim is to determine these coefficients to describe the
system [13].

2.1 Generalized Polynomial Chaos Expansion

The generalized Polynomial Chaos Expansion is well described in the literature. The following explanation
is based on [15]. First, a probability space (Ω, F , P ) is defined as a Hilbert space of second order L2. In this
space, a quantity of interest Y with finite variance can be represented by [19]

Y =
∞∑

j=0

yjZj (1)

where Zj is a set random variables and yj are coefficients. The term Zj represents a basis, which is a set of
multivariate orthonormal polynomials in the polynomial chaos expansion [15].
In the following, a univariate polynomial basis is represented by πi(ξi), where ξ represents an independent
component (e.g. random input variable). The orthogonality of the polynomial basis πi is defined by

E[πi, πj ] = E[π2i ]δij (2)

where E[ ] is the expectation value and δij represents the Kronecker delta, which is equal to 1 if i = j and 0
otherwise. A detailed derivation of the orthogonality is given in [15]. Further, this orthogonal polynomials
are normalized with

Ψi =
πi√
ai
, (3)

where Ψi is the orthonormal polynomial, and ai is the squared norm of the polynomial πi [15]. To build a
multivariate orthonormal polynomial basis, the univariate polynomials need to be sorted. One possibility is
given by of multi-indices α. Hence, the multivariate polynomials can be represented with

Ψα(x) =

M∏

i=1

Ψαi(xi), (4)
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where M is the maximum number of independent components and x represents the variable of the polyno-
mial [15]. The multivariate polynomial chaos expansion can be defined by applying (2) and (3) on (4) [15].
This allows for writing (1) as [19]

Y =
∑

α∈NM

yαΨα(ξ). (5)

This equation constitutes a summation of an infinite number of values. In engineering, truncated series are
used. Therefore, the multi-indices α needs to be defined by a finite number of values. A detailed derivation
of the truncation scheme is given in [15]. The truncation factor A is defined by

A =

(
M + p
p

)
=

(M + p)!

M ! p!
, (6)

where p is the maximum polynomial degree [15]. Closing, the polynomial chaos expansion can be written
as

Y ≈M(ξ)PCE =
∑

α∈A
yαΨα(ξ) (7)

whereM(ξ)PCE represents the surrogate model of the system, depending on random input vector ξ [15].

The estimation of the deterministic coefficients can be executed with intrusive and non-intrusive computa-
tion schemes [15]. In [20] intrusive schemes are developed for stochastic finite element analysis. In the
following, only non-intrusive schemes are considered. Non-intrusive schemes are based on repeated runs
of the computational model to estimate the coefficients [15]. The estimation methods of the coefficients are
divided into the projection method and the least-square minimization [15]. The projection method uses the
information that the orthogonal projection of the random response is equal to the coefficients if the response
corresponds to the function Ψ [15]. The least-square method is based on the minimization of the mean square
error between the original model and the truncated polynomial expansion [15, 21].

3 Numerical Assembly Technique

In this section, the Numerical Assembly Technique is explained. The governing equation of the Euler-
Bernoulli beam theory is presented including necessary modifications for the Numerical Assembly Tech-
nique. Further, the harmonic solution and the particular solution for point force excitation is presented.

The analyzed stepped circular shaft has a total length of 620 mm and an average diameter of 34.44 mm,
giving a ratio of length to diameter of 18. Ratios greater than 10 are typically modelled by Euler-Bernoulli
beam [22]. For a detailed derivation of the governing equation of the Euler-Bernoulli beam theory the reader
is referred to [23]. A uniform segment ` with different kind of loadings is described by [23]

E`I`
∂4w`(x, t)

∂x4
+ ρ`A`

∂2w`(x, t)

∂t2
= q(x, t) +

∂m(x, t)

∂x
+FP (t)δ(x−XF ) +MP (t)

∂

∂x
δ(x−XM ). (8)

where E is the Young’s modulus, I the moment of inertia, ρ the density, A the cross-section area, w the
displacement, δ the dirac delta, q(x, t) the distributed force, m(x, t) the distributed moment, FP (t) the point
force and MP (t) the point moment.
For a steady-state harmonic vibration at an angular frequency ω with a point force excitation and the modi-
fication of w`(x, t) = w̄`(x) e jωt, the governing equation can be written as [16]

d4w̄`(x)

dx4
− λ4` w̄`(x) =

1

E`I`
F̄P δ(x−XF ) (9)

where w̄`(x) is the complex amplitude of the displacement, F̄P is the complex amplitude of the point force
giving the time-dependent force, FP (t) = F̄P e jωt, and XF represents the position of the point excitation.
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Further, λ` includes the material parameters and the angular frequency as [16]

λ4` =
ρ`A`ω

2

E`I`
. (10)

The boundary conditions are defined by

ϕ̄`(x) = −dw̄`(x)

dx
, M̄`(x) = −E`I`

d2w̄`(x)

dx2
, Q̄`(x) = −E`I`

d3w̄`(x)

dx3
(11)

with ϕ̄`(x), M̄`(x) and Q̄`(x) are the complex amplitudes of the inclination, internal moment and shear
force in the beam [16]. Hence, with the boundary conditions in (11) and the interface conditions represented
in [16], (9) can be solved analytically or numerically [16].

3.1 Solution of the governing equation

The homogeneous solution of (9) is obtained by setting the right hand side of the equation to zero and
substituting the displacement w̄`(x) by w̄h`(x`) = c` e jkx` . Hence, the equation leads to the form

(k4 − λ4` ) = 0. (12)

The four roots of (12) are k1 = λ`, k2 = −λ`, k3 = jλ` and k4 = −jλ` [16]. The roots are applied in the
homogeneous approach and the system is described by

x̄h`(x`) = B`(x`)c̄` (13)

where x̄h` = [w̄h`(x`), ϕ̄h`(x`), M̄hl(x`), Q̄h`(x`)]
T , c̄` = [c̄1`, c̄2`, c̄3`, c̄4`]

T represents the constants and
B̄`(x`) represents the state variable matrix. This matrix contains the material parameters with [16]

B`(x`) =




cos(λ`x`) sin(λ`x`) eλ`(x`−L`) e−λ`x`
λ` sin(λ`x`) −λ` cos(λ`x`) −λ` eλ`(x`−L`) λ` e−λ`x`

E` I` λ
2
` cos(λ`x`) E` I` λ

2
` sin(λ`x`) −E` I` λ2` eλ`(x`−L`) −E` I` λ2` e−λ`x`

−E` I` λ3` sin(λ`x`) E` I` λ
3
` cos(λ`x`) −E` I` λ3` eλ`(x`−L`) E` I` λ

3
` e−λ`x`


 .

(14)

The eigenfrequency can be determined from the homogeneous solution. In order to analyse the mode shape
and the Frequency Response Functions, it is necessary to determine the total displacement w̄`(x`), which
includes the homogeneous and the particular solution of the governing equation. The particular solution
depends on the excitation. In the case of a point force excitation, it is defined by [16]

(k4 − λ4` )w̃p`(k) =
1

E`I`
f̃`(k) , f̃`(k) = F̄P e −jkXF (15)

where f̃`(k) is based on the Fourier transformation of the total harmonic loading [16]. Hence, with rearrang-
ing, inverse Fourier transformation and integration the particular solution is represented by

x̄p`(x`) =




w̄p`(x`)
ϕ̄p`(x`)

M̄p`(x`)

Q̄p`(x`)


 =




−F̄P
4λ3`E`I`

(
e−λ`|x`+Xi−XF | + j e−jλ`|x`+Xi−XF |

)

−F̄P sgn(x` +Xi −XF )

4λ2`E`I`

(
e−λ`|x`+Xi−XF | − e−jλ`|x`+Xi−XF |

)

F̄P
4λ`

(
e−λ`|x`+Xi−XF | − j e−jλ`|x`+Xi−XF |

)

−F̄P sgn(x` +Xi −XF )

4

(
e−λ`|x`+Xi−XF | + e−jλ`|x`+Xi−XF |

)




(16)

where x̄p` = [w̄h`(x`), ϕ̄p`(x`), M̄p`(x`), Q̄h`(x`)]
T [16].
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Figure 1: Drawing of the stepped circular shaft

The solution of (9) is now determined by substituting (16) into the boundary and interface conditions. This
gives a linear system of equations in the form

Ac̄ = b (17)

whereA represents the matrix containing the boundary and the interface conditions generated from the state
matrix defined in (14) and b contains the prescribed boundary and the external loading [16].

4 Description of the model

As an example for parameter estimation, the stepped circular shaft shown in Figure 1 is considered. This
shaft is part of a test rig. Screw threads, chamfers and little milled edges are neglected in the model. The
model consists of single segments with different length and diameter. Each of these segments is labeled
with a consecutive number. Stations mark special positions on the shaft. They represent the beginning and
the ending of a segment. At these stations, boundary or interface conditions have to be met. The stations
between segments 3 and 4 and between segments 8 and 9 represent the position of the bearings in the test
rig. The experimental modal analysis is executed with special boundary conditions. The suspension is
located at station 2 and station 10, so the stepped circular shaft is in a horizontal position during the tests.
The suspension represents a free-free conditions. In the numerical system this is given by the boundary
conditions, represented at station 1 and station 11 with

Q = 0 and M = 0 (18)

where Q is the shear force and M is the bending moment. Table 1 lists all geometric parameters.

Table 1: Itemization of the geometry of the stepped circular shaft

Segment Station Diameter Length
1 1− 2 10 mm 17 mm
2 2− 3 20 mm 33 mm
3 3− 4 25 mm 13.5 mm
4 4− 5 25 mm 8.5 mm
5 5− 6 35 mm 22 mm
6 6− 7 38 mm 458 mm
7 7− 8 35 mm 22 mm
8 8− 9 25 mm 8.5 mm
9 9− 10 25 mm 13.5 mm
10 10− 11 20 mm 24 mm

The shaft is excited and its response is measured in segment 6, which is approximately three quarters of
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Figure 2: Excitation points

the length of the whole shaft. Along this section, 15 points are chosen, at which the shaft is excited or the
response of the shaft is measured. Figure 2 indicates the position of the points: Point 1 and 15 near the ends
of the segment, the other points equally spaced in between.

5 Experimental modal analysis

In this section the test setup is described and the test cycles are represented. Afterwards, one case is presented
for each measurement, starting with the analysis of the Frequency Response Function curves especially the
determination of the eigenfrequencies and the analysis of the mode shape vectors.

5.1 Test setup

The stepped circular shaft is mounted horizontally. The excitation is applied with an electrodynamic shaker,
while the response is measured using a triaxial acceleration sensor. On top of the stinger of the shaker a
force sensor is applied. The acceleration sensor is mounted in the same horizontal plane as the force sensor.
Flexible strings on each side hold the stepped circular shaft. The modal analysis is executed with the Single
Input Single Output (SISO) method. The excitation position is constant in one test case and the acceleration
sensor is the roving sensor.
The system is analyzed for two different cases: Case one is the random noise excitation. All 15 points are
used for the excitation and the response. This case is used to check if all eigenfrequencies are in the same
range and to get the mode shape vectors. In case two, a sinusoidal force function is applied at one specific
point. The sine excitation is used to verify the results of the random excitation. At the drive point, all
resonances are separated by anti-resonances [18]. Hence, a clear separation of all eigenfrequencies is given.
Also, the comparison of the numerical results and the sine excitation is more precise, due to the noiseless
signal.

5.2 Analysis of the measurement

For the following example, position 6 is chosen as excitation point, because it is not near any of the nodes of
the mode shapes for the first three eigenfrequencies.

The random noise excitation uses white noise in a frequency range of 1Hz and 3000Hz. The sampling rate
of the acceleration sensor is 25600 samples per second. The period for one measurement is 0.1 seconds and
39 measurements per response point are logged. In Figure 3a, a single Frequency Response Function curve
is presented. The curve shows the absolute value of the Frequency Response Function for an excitation at
position 6 and the response at position 11. In Figure 3b, the summation of all response points based on the
root mean square is shown. This procedure is used for all 15 excitation points.
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(a) Frequency Response Function, excitation 6, response 11
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Figure 3: Frequency Response Functions of the random excitation

200 400 600 800 1000 1200 1400 1600 1800 2000 2200 2400 2600 2800 300010−11

10−10

10−9

10−8

10−7

10−6

10−5

10−4

Frequency f in Hz

Fr
eq

ue
nc

y
re

sp
on

se
fu

nc
tio

n
H

in
m N

Figure 4: Drive point measurement at position 6

The sine excitation is used to verify the results of the random excitation. The frequency range is between
100 Hz and 3000 Hz. In Figure 4, the drive point measurement is shown for position 6.

5.3 Eigenfrequencies and mode shapes

The eigenfrequencies are determined from the Frequency Response Functions of all response points for a
specific excitation point. The eigenfrequencies are determined by the peak picking method. In Figure 5,
the first three eigenfrequencies are determined from the Frequency Response Function. The blue circles
represent the position of the maximum of the frequency response in a pre-defined frequency range.

In Table 2 all measured values are listed. Due to the SISO method the results are fluctuating. Figures 6a to
6c show the variation of the values. An arithmetic mean over all 15 measurement points per eigenfrequency
is determined.

The rounded arithmetic mean values are listed in Table 3. The maximum variation of the first eigenfrequency
is about 1%, while the maximum variation of the higher eigenfrequencies is about 0.1%.
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Figure 5: Determination of the eigenfrequencies; excitation position 6, response rms

Based on the mean values, the mode shapes are calculated. In the following, the measurement for excitation
position 11 is used for the representation of all mode shapes as eigenfrequencies from this measurement are
closest to the mean values of the eigenfrequencies. Figures 7 to 9 show the mode shape at 595 Hz, 1530
Hz, 2766 Hz.

Table 2: Itemization of the first three eigenfrequencies depending on the position of the excitation

Position of the excitation 1st Eigenfrequency 2nd Eigenfrequency 3rd Eigenfrequency
1 594 Hz 1531 Hz 2766 Hz
2 595 Hz 1527 Hz 2765 Hz
3 590 Hz 1528 Hz 2763 Hz
4 596 Hz 1531 Hz 2765 Hz
5 595 Hz 1519 Hz 2767 Hz
6 593 Hz 1533 Hz 2770 Hz
7 597 Hz 1534 Hz 2761 Hz
8 590 Hz 1531 Hz 2764 Hz
9 601 Hz 1529 Hz 2768 Hz
10 601 Hz 1527 Hz 2765 Hz
11 595 Hz 1534 Hz 2769 Hz
12 593 Hz 1526 Hz 2764 Hz
13 595 Hz 1530 Hz 2764 Hz
14 592 Hz 1532 Hz 2767 Hz
15 597 Hz 1533 Hz 2772 Hz

Table 3: Rounded arithmetic mean values of the random excitation measurements

1st Eigenfrequency 2nd Eigenfrequency 3rd Eigenfrequency
595 Hz 1530 Hz 2766 Hz
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(a) Variation of the 1st eigenfrequency
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(b) Variation of the 2nd eigenfrequency
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(c) Variation of the 3rd eigenfrequency

Figure 6: Variation of the measurement
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Figure 7: Mode shape at 595 Hz
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Figure 8: Mode shape at 1530 Hz

17 50 80 110 140 170 200 230 260 290 320 350 380 410 440−1.5
−1

−0.5
0

0.5
1

1.5

Segment 6; Position of measurement points in mm

A
m

pl
itu

de undeformed beam
deformed beam

Figure 9: Mode shape at 2766 Hz
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6 Parameter fit

The criteria of the parameter fit are defined in two ways. The input parameters are represented, depending
on the distribution. In the end, the results are presented depending on the criteria and the sample space.

6.1 Definition of the criteria

The criteria depend on the comparison method. Possible techniques are the Modal Property Method (MPM),
which uses the eigenfrequencies and the mode shapes and the Frequency-response Function Method (FRFM),
which uses the Frequency Response Function for the parameter fit, as presented in [2].
Using MPM, the eigenfrequencies are compared using the arithmetic mean values of the eigenfrequencies
listed in Table 3. The criterion of the maximum and minimum value is referred to the maximum and mini-
mum value of the measurement of the eigenfrequencies. The criteria for the eigenfrequency comparison are
given in Table 4.

Table 4: MPM criteria - Eigenfrequency

Number of the Eigenfrequency Arithmetic mean value Minimum value Maximum value
1st Eigenfrequency 595 Hz 590 Hz 601 Hz
2nd Eigenfrequency 1530 Hz 1519 Hz 1534 Hz
3rd Eigenfrequency 2766 Hz 2761 Hz 2772 Hz

The mode shape comparison is based on the modal assurance criterion, which uses the normalized scalar
product of the measured and the calculated mode shape [24].
The FRFM is used to compare the Frequency Response Function curve of the drive point of the measurement
and the numerical model. The FRFM uses the material parameter as determined from the MPM.

6.2 Input variables

The input variables are represented in a sample space. Computation time rises significantly with the number
of values per parameter [25]. In the following, the Latin Hypercube Sampling method is used to generate
the sampling space. This method uses a subdivision of the whole sampling space. These generated cells
include the values, which represent the sampling space [25]. The used sampling space includes two input
variables. These two variables are the Young’s modulus E in N

m2 and the density ρ in kg
m3 . Due to the

unknown parameter values and the unknown distribution, the values are pre-defined as uniform distributed.
The values used for the generation of the sampling space are listed in Table 5.

Table 5: Input parameters

Input parameter Minimum value Maximum value Distribution
Young’s modulus E 1.9 · 1011 2.1 · 1011 uniform

Density ρ 7400 8000 uniform

6.3 Results of the MPM

The results of three test cases are presented. Case one includes the parameter fit for the first eigenfrequency,
case two includes the first and the second eigenfrequency and case three includes all three eigenfrequencies.
All cases start with 30 input variables and a polynomial order of 3 to generate the surrogate model. Depend-
ing on the calculation, sample points are added to get the result. All calculations are done with UQLab [26].
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(b) Case two
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(c) Case three

Figure 10: Results of the eigenfrequency comparison

In Figures 10a to 10c and Figures 11a to 11c the red dots represent the values, which are outside the limit,
the blue dots represent the values inside the limit and the black lines represent the edges.

Figures 10a to 10c shows the result of the parameter fit based on the eigenfrequencies. Only case one can
be performed with the maximum and minimum values given in Table 4. Cases two and three are modified.
Case two has an extension of the limit values of about 3%, while in case three an extension of 7 % occured.
The new limits are presented in Table 6.

Table 6: Modified limit values

Number of the Eigenfrequency Arithmetic mean value Minimum value Maximum value
1st Eigenfrequency 595 Hz 590 Hz 601 Hz
2nd Eigenfrequency 1530 Hz 1473 Hz 1580 Hz
3rd Eigenfrequency 2766 Hz 2567 Hz 2966 Hz

The mode shape analysis is evaluated with the modal assurance criterion (MAC). The assumption is that the
MAC is equal or larger than the limit value. The MAC values are listed in Table 7. Figures 11a to 11c show
the results of the parameter identification: The higher the number of mode shapes, the smaller the number of
possible parameter combinations. If all three mode shapes are considered, gaps appear in the sample space.
Finally, the stepped circular shaft has a few material parameter combinations, which fulfill the specifica-
tions depending on the cases. Hence, the mass of the stepped circular shaft is measured and the density
is calculated to reduce the possible Young’s modulus values. Finally, the material parameters based on the
eigenfrequency comparison are listed in Table 8. Due to these results, the optimum input parameter for the
Young’s modulus is in a range between 2.06 · 1011 N

m2 and 2.1 · 1011 N
m2 , depending on the eigenfrequency,

while the optimum input parameter based on the mode shape is between 2.02 · 1011 N
m2 and 2.03 · 1011 N

m2 .

Table 7: MAC values of the parameter fit

Case one Case two Case three

MAC 0.923

[
0.923 −
− 0.919

] 


0.923 − −
− 0.919 −
− − 0.94
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(b) Case two
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(c) Case three

Figure 11: Results of the mode shape comparison

Table 8: Results of the eigenfrequency and the mode shape comparison

Input parameter Case one Case two Case three
Density ρ 7720 7720 7720

Young’s modulus E 2.058 · 1011-2.1 · 1011 2.056 · 1011-2.1 · 1011 2.056 · 1011-2.1 · 1011

(Eigenfrequency)
Young’s modulus E 2.02 · 1011-2.1 · 1011 2.023 · 1011-2.035 · 1011 2.021 · 1011-2.032 · 1011

(Mode shape)

6.4 Results of the FRFM

Based on the analysis range of the material parameters of the MPM, the FRFM is used to analyse the response
at the drive point, executed at position 6. In Figure 12 the first eigenfrequency is a nearly perfect fit, but with
higher frequencies error increases. Figure 13 shows that the first eigenfrequency is too low, but the higher
frequencies are higher than the measured frequencies.

200 400 600 800 1000 1200 1400 1600 1800 2000 2200 2400 2600 2800 3000

10−10

10−8

10−6

10−4

Frequency f in Hz

Fr
eq

ue
nc

y
re

sp
on

se
fu

nc
tio

n
H

in
m N

FRF (E=2.06 · 1011)
FRF (E=2.1 · 1011)

measured FRF

Figure 12: Drive point at position 6 - Eigenfrequency fit
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Figure 13: Drive point at position 6 - Mode shape fit

7 Conclusion

In this paper, the Numerical Assembly Technique and the generalized Polynomial Chaos Expansion are
applied to find the material parameters of a stepped circular shaft. Based on the SISO method, a deviation of
the modal parameters is determined. This deviation is a possible limitation for the parameter identification.
The first eigenfrequency is fitted nearly perfectly, while the higher eigenfrequencies have large errors. The
eigenfrequency is an effective criterion to fit the material parameters. The mode shape comparison and
further the MAC is suitable to analyse the system and the modes, but the parameters are not very precise. The
Frequency Response Function shows the differences in eigenfrequencies and amplitudes. The amplitudes
in the Frequency Response Function are not equal, due to damping. In order to improve the parameter
identification, a combination of the methods is needed.
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Abstract
In this paper, a robot-assisted modal analysis method is developed. A laser Doppler vibrometer (LDV)
is mounted on an industrial robot with the objectives of gaining time and accuracy in the point-to-point
movement of the LDV and getting the ability to perform precise contactless 3D measurements. Firstly, a
calibration procedure is needed to define the positions and orientations of the laser beam and the studied
mechanical structure with respect to the robot frame. The proposed solution consists in adapting a common
tool calibration method based on physical contact by the introduction of an intermediate device. Secondly,
modal analyses using both mono- (1D) and multi-directional (3D) measurements are performed on an aca-
demic compressor wheel. The 1D analysis demonstrates the accuracy and the time gain that the robot offers
compared to a manual operation, whereas the 3D analysis highlights a significant reduction in spatial aliasing
in comparison to 1D measurements.

1 Introduction

In the field of vibration testing, modal analysis methods can rely on sensors directly attached to the structure
to be tested, such as accelerometers, or on contactless sensors.

In the first case, an excitation is applied to the structure at one or several points and the response is recorded
using one or several sensors. In the case of an impact hammer excitation, the impulse can be applied at
different locations while keeping the sensor fixed. This technique is called the “roving hammer”. The other
possibility is to work with the “roving sensor”, where the excitation keeps a fixed location and the sensor is
moved on the structure. In the case of ground vibration testing (e.g. with a shaker excitation), the roving
sensor is used. These techniques allow one to compute lines or columns of the FRF matrix

H(ω) =




H11 H12 · · · H1s

H21 H22 · · · H2s
...

...
. . .

...
Hr1 Hr2 · · · Hrs


 . (1)

In this matrix, each element Hrs is the FRF containing the response of the structure at degree of freedom r
due to an excitation at degree of freedom s. When using only one sensor, this process is time consuming,
since the impact or the sensor has to be moved a high number of times. When using several sensors, the
additional mass becomes problematic for light structures, since it can significantly change their dynamic
behavior.

In the second case, contactless sensors such as laser Doppler vibrometers (LDV) are used. The dynamics of
the structure is thus preserved and the same “roving sensor” method can be used. A common type of LDV

1847



is the single-beam arrangement which measures the velocities along the line of sight by using the Doppler
shift of the reflected beam. This is the LDV which is used in this work. An infrared laser beam is sometimes
used in order to avoid using special reflective tape on the studied part.

If there is only one sensor, this sensor (or the mechanical structure itself) must be precisely moved to multiply
the measurements. A solution is to make use of a moving set of mirrors [1, 2] allowing the in-plane movement
of the laser beam. This arrangement is called a scanning laser Doppler vibrometer (SLDV). However, the
analysis of more complex parts, such as compressor blades is still challenging, because keeping the same
beam orientation for every measurement point is not sufficient due to the complexity of the encountered
mode shapes. Moreover, this equipment is more expensive than an LDV.

Performing a human-operated modal analysis on a complete compressor wheel using an LDV is thus a
tedious operation. Indeed, the LDV must be positioned with an accuracy in the order of the millimeter
for each measurement point. A complete measurement campaign might take up to one week for this type of
application. Moreover, performing 3D measurements becomes almost impossible because the angle between
the LDV and the wheel cannot be precisely controlled.

The solution presented in this paper is to mount the vibrometer on an industrial robot so that the desired
points can be easily reached. Furthermore, one gets the ability to perform precise 3D measurements. Of
course, the path of the robot must be pre-programmed and the whole system must be well calibrated. This
last aspect is extremely important. Indeed, the reference frame of the studied mechanical structure should
be localized with respect to the reference frame of the robot. Moreover, the tool center point, representing
the laser beam, should be localized with respect to the robot flange. This calibration is crucial in order to
reach the correct position on the structure. The solution introduced in [3, 4] is interesting but the calibration
technique adopted still relies on human subjectivity and is rather complex. In this paper, a simpler concept
is proposed and evaluated.

Two objectives are followed. The first one is to prove the feasibility of performing accurate 1D and 3D
measurements with an industrial robot. The second one is to check the overall time savings of the robotized
solution.

The paper is organized as follows. Section 2 gives some background on the setup of the different reference
frames needed to define the measurement points and the robot path. Section 3 focuses on the calibration
of both the LDV and the mechanical structure with respect to the robot. Section 4 introduces the academic
compressor wheel on which measurements are performed and its finite element (FE) model. In Section 5,
the setup and results of 1D measurements on the structure are presented, as well as a discussion on the time
gain offered by the robot. Section 6 highlights the advantages of performing 3D measurements. Conclusions
and perspectives are given in Section 7.

2 Background

Before entering the details of the calibration procedure, some key concepts should be introduced. This
section proposes a global view of the reference frames needed to define the measurement points and to
perform the robot trajectory planning. It also presents useful robotics concepts, namely the tool center point,
robot flange and world frame.

2.1 Definition of the measurement points

In the context of modal analysis, measurement points are often specified in the CAD file of the structure, and
all data are given in this reference frame. The definition procedure is detailed here below.

1. The measurement points are chosen on the surface of the structure in the CAD environment.

2. Positions and orientations of the LDV are determined for each measurement point. To this end, a frame
is introduced in the CAD environment, with its origin at the location of the measurement point. For
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Figure 1: Robot-aided measurement system.

a 1D analysis, only the z-axis specifies the measurement direction. However, for a 3D analysis, each
axis represents a measurement direction.

3. Through the knowledge of these measurement frames, positions and orientations can be extracted and
expressed in the reference frame of the mechanical structure.

A first role of the calibration procedure is to introduce the position and orientation of the structure frame with
respect to the robot frame, called “world frame”, in order to be able to use the previously defined positions
and orientations.

2.2 Definition of the tool

As illustrated in Figure 1, the LDV is fixed on the robot flange using an interface part. This interface is
attached with 4 screws and two pins. In order to introduce the relative position and orientation of the LDV
with respect to the robot flange, the tool center point (TCP) must be specified. The TCP of the robot is
defined as a particular point along the laser beam and the z-axis of the TCP frame represents the direction of
the beam.

The relative position and orientation of the TCP frame with respect to the robot flange should be determined
precisely by calibration in order to program the trajectory of the robot so that the LDV reaches the planned
measurement points.

3 Calibration

As previously mentioned, it is critical to know precisely the positions and orientations of both the TCP and
the mechanical structure under study with respect to the robot. These two problems are complementary. In
the first problem, the question is to specify the position and orientation of the TCP with respect to the frame
of the robot flange. A common tool calibration method, which relies on a physical contact between the tool
and a reference point in the workspace, is first reviewed. However, this approach cannot be used as such
in our context, because the laser beam is not a material object. Therefore, an adaptation is proposed. In
the second problem, the question is to specify the position and orientation of the mechanical structure with
respect to the world frame of the robot.
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Robot flange

Robot tool

Figure 2: The flange center lies on a sphere when the tool is brought in contact with the reference point in
different orientations (blue and red).

3.1 Physical TCP calibration

A common tool calibration method from the robotics field is first presented. It relies on physical contact
of the tool to a reference point in the workspace (very often, a tip). In the following, a superscript will
represent the reference frame in which the different quantities are expressed, while a subscript will describe
the quantity itself: “f” for the flange, “w” for the world, and “CAD” for the structure. In order to define
the TCP, the relative position fxTCP and orientation fRTCP with respect to the robot flange should be given.
For the moment, let the reader focus on the determination of fxTCP. The method is based on a reference
point whose position wxc in the world frame is fixed but unknown. The tip of the tool is brought in contact
with this reference point with different orientations such that wxTCP = wxc. The flange position wxf will be
localized on a sphere centered at the reference point (i.e. the tip of the tool), as illustrated in Figure 2. The
coordinates of the flange center in the world frame wxf, as well as the rotation matrix wRf from the flange
frame to the world frame are given by the robot. A set of N measured points can thus be obtained so that
one gets N equations of the form

||wxf − wxc||2 = R2 (2)

with R the radius of the sphere.

By equation subtraction, this system of N nonlinear equations can be transformed into a system of N − 1
linear equations in wxc. By solving the system with a linear least-squares method, the coordinates of the
TCP wxTCP = wxc can be found in the world frame. The position of the TCP with respect to the flange frame
can then be obtained with the relation

fxTCP = fRw (wxTCP − wxf) . (3)

3.2 Non-physical TCP frame calibration

In our case, the TCP is defined on the laser beam of the LDV. The above method is not directly applicable
because the laser beam is not a material object. It is thus not possible to bring it in contact with a reference
point in the workspace. In [3, 4], a CMOS sensor is used. The idea is to jog the robot and orient the beam
to the sensor, so that the laser spot can be seen on a computer screen. A fixed standoff distance of the LDV
is used, so that the distance from the lens to the sensor is manually adjusted in order to get the smallest spot
size on the screen. This method has two major drawbacks. The first one is that a CMOS sensor interfaced to
work with a computer is needed. The second is that the method highly depends on the user’s subjectivity, so
that the final accuracy may be user-dependent.

The solution proposed here is simpler to set up and requires less subjective inputs from the user. It consists
in introducing a removable intermediate tool, for instance, a tip. This tool is positioned on the LDV in
such a way that the laser beam appears precisely on its extremity, as illustrated in Figure 3. Consequently,
calibrating the LDV frame boils down to calibrating a physical tool as presented in the previous section.
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Figure 3: The intermediate tip extremity is positioned on the laser beam.

In order to obtain the rotation fRTCP, the following procedure is then proposed. Knowing the sphere center
wxc in the world frame from the calibration, one can generate points on a sphere of larger radius. The robot
flange is then moved to these points and the beam is manually oriented to the reference point while keeping
the flange center on the sphere surface. Using the above method, the TCP is then located at a new position
wx?

TCP 6= wxc. By the knowledge of the two points fxTCP and fx?
TCP, one can define the beam axis fez, TCP.

Two other vectors fex, TCP and fey, TCP are then selected arbitrarily to form an orthonormal basis, from which
the rotation matrix fRTCP is deduced, insuring the complete definition of the LDV frame by its position and
orientation.

3.3 Mechanical structure frame calibration

With the above arrangement, the position wxCAD and orientation wRCAD of the structure frame with respect
to the robot basis can be obtained by touching the structure at predefined points i with the intermediate tip.
Those points are chosen in the CAD environment and consist in easily reachable points (e.g. intersection of
edges). By physical contact, their coordinates in the world frame wxi are obtained. One can write for each
point i

wxi =
wxCAD + wRCAD

CADxi. (4)

It is possible to numerically evaluate wxCAD and wRCAD using a least-squares method [5]. The first step is
to compute the centroids for each data set as follows

wxo =
1

N

N∑

i=1

wxi (5)

and

CADxo =
1

N

N∑

i=1

CADxi. (6)

In order to find a rotation matrix between the CAD and the world coordinates, the idea is to use the centroids
to recenter both data sets. One can build a matrix H, on which a singular value decomposition is performed,
defined as

H =

N∑

i=1

(CADxi − CADxo

)
(wxi − wxo)

T = USVT . (7)

The rotation matrix is then obtained as
wRCAD = VUT . (8)

From this knowledge, the frame position is computed as

wxCAD = −wRCAD
CADxo +

wxo. (9)

In terms of repeatability, the whole procedure exhibits an accuracy in the order of the millimeter after four
calibrations of the LDV and the structure frames.
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Figure 4: Measurement setup of the analyzed academic compressor wheel.

Figure 5: Boundary conditions of the sector. The red (bottom) face is fixed and the tangential degrees of
freedom of the blue (side) face are blocked.

4 Test structure and FE model

The measurements are carried out on an academic compressor wheel, already used in [6], illustrated in
Figure 4. An FE model of one sector of the structure is used for the comparison between the theoretical and
experimental results. A modal analysis is performed with the boundary conditions depicted in Figure 5. The
tangential degrees of freedom of the blue (side) face are blocked to represent the symmetry condition, and
the red (bottom) face is fixed to represent the fixation to the shaker.

5 1D measurements

5.1 Setup

The structure is mounted on a piezoelectric shaker, so that a high-frequency analysis is possible. For the mea-
surement phase, 10 burst random excitations are applied to the structure. The responses are then averaged.
The analysis is performed using the software Siemens LMS Test.Lab. One blade is discretized in 33 points,
as illustrated in Figure 6 and the measurement direction of the LDV is normal to the wheel surface at all time
(according to the shown frames, in the z-direction). This setup emulates a typical vibration measurement
procedure and allows one to compare the proposed robotized solution to a manual method.

5.2 Results

In Figure 7, one finds the MAC matrix between the reduced FE model and the experimental results up to
7460 Hz. It is clearly observed that some modes exhibit cross-correlation with each other. Noticeably,
the experimental modes corresponding to the theoretical mode 2 correlate with the theoretical mode 3, the
experimental modes corresponding to the theoretical mode 4 correlate with the theoretical modes 2 and 4,
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Figure 6: Measurement points locations for the 1D analysis.

Figure 7: Results up to 7460 Hz (1D analysis).
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Figure 8: Total time as a function of the number of points for both the manual and the robot-aided methods.

Table 1: Estimation of the time taken for each operation of the modal analysis with and without the robot.

Manual operation (min) Robot operation (min)
Setup (part + LDV) 180 120

Calibration (part + LDV) - 90
Programming of the points - 60

Measuring of the points 45 -
Measurement time 1 1

Point-to-point movement in 1D 3 0.01
Total 229 271.01

and the experimental modes corresponding to the theoretical modes 5 and 6 are hardly differentiable. The
reason of this behavior is explained in the next section, in light of the comparison with 3D measurements.

5.3 Discussion

One of the sought objectives of the robot-aided measurement procedure is to gain time with respect to a
manual operation of the LDV. An estimation of the time cost of the individual steps of both procedures is
shown in Table 1.

• The first step is the installation of the mechanical part and the LDV. Without the use of tripods or
specific supports, this operation is less tedious with the robot.

• The next steps are the calibration and preprogramming of the measurement points. Obviously, without
the use of the robot, these steps do not exist.

• Afterwards, for a manual operation, an approximate measurement position is chosen and then precisely
measured, for instance, with the use of a measuring arm.

• The following step is the measurement itself, which requires a fixed time regardless of the used method.

• Finally, the LDV is moved to the next measurement location. This is the critical step. Indeed, the robot
moves quite rapidly to a preprogrammed point, whereas a completely manual operation requires the
user to precisely move the LDV and its support to its next position. This is why, although the use of the
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Figure 9: Measurement points locations and directions for the 3D analysis.

Figure 10: Results up to 7460 Hz (3D analysis).

robot is penalizing for a low number of measurement points, Figure 8 shows that it is actually beneficial
for applications involving more than 15 points. The benefit would become particularly significant for
large industrial applications, which often involve hundredths of measurement points.

6 3D measurements

6.1 Setup

The same setup as for the 1D measurements is used, i.e. the academic compressor wheel mounted on a
piezoelectric shaker. However, the blade is now discretized using 45 points and the three measurement direc-
tions follow the axes of each frame depicted in Figure 9. Additionally, 12 monodirectional measurements are
performed on the wheel drum, in the z-direction. A total number of 144 measurements are thus performed.
This setup is practically impossible to achieve with a manual operation due to the lack of control of the laser
beam orientation.
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(a) Theoretical FE mode.

(b) Experimental mode (1D analysis). (c) Experimental mode (3D analysis).

Figure 11: Second mode shape of the structure.

6.2 Results and discussion

In Figure 10, one finds the MAC matrix between the reduced FE model and the experimental results up to
7460 Hz. As it can be seen, the spatial aliasing which was present in the 1D analysis for the theoretical modes
2 and 3 or the theoretical modes 5 and 6, among others, completely disappears with the introduction of two
other measurement directions. This reveals the ability of the 3D analysis to capture an in-plane mode, and to
precisely measure oriented points on the drum. Indeed, for the 1D analysis, the modal amplitudes are only
available in the normal direction to the blade, so that the projections of the experimental modes corresponding
to the theoretical mode 2, which is an in-plane mode, correlate with the first bending mode (theoretical mode
3). Thanks to the 3D analysis, this in-plane mode is completely recovered experimentally, as it can be
observed in Figure 11. On the other hand, for the 1D analysis, the experimental modes corresponding to
the theoretical mode 5 are correlated with the third bending mode (corresponding to the theoretical mode 6).
The 3D analysis is able to experimentally reveal that the theoretical mode 5 is actually induced by the drum
deformation. This is illustrated in Figure 12.

7 Conclusions and future work

This paper investigates the use of an industrial robot for contactless modal analysis using an LDV. A novel
calibration method for the positioning of the LDV and the mechanical structure with respect to the robot was
introduced. It only requires a calibration tip and an intermediate tip attached to the LDV.

This association of the robotics and vibration testing technologies presents several advantages. For a simple
1D analysis on an academic structure, the use of the robot induces a considerable time gain with respect
to a manual operation. Moreover, multidirectional measurements can be performed, bringing to the fore a
significant reduction in spatial aliasing compared to the 1D analysis. Indeed, it was noticeably possible to
capture an in-plane mode by performing precisely oriented measurements.
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(a) Theoretical FE mode.

(b) Experimental mode (1D analysis).
(c) Experimental mode (3D analysis).

Figure 12: Fifth mode shape of the structure.

As a perspective, an automation of the measurement process as well as an improvement of the calibration
method is currently developed. This allows one to discretize the structure even more precisely, without the
need of an operator to launch each measurement, while gaining even more time during the calibration phase.
Consequently, overnight automated work would provide a considerable human and financial cost reduction,
alongside with the improvement of the measurement quality.
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Abstract 
In this paper, the special case of operational modal analysis (OMA) is considered, with excitation having 

the character of the released load, i.e. a taut rope, which is loosened rapidly during the measurement. The 

pretension value of the rope is unknown. The work presents the algorithm for frequency response function 

(FRF) estimation based on the recorded time histories of the experiment described above. The time history 

of unmeasured excitation was modelled as an impulse with an estimated amplitude based on recorded 

responses at reference points. The determination of FRF allows the use of experimental modal analysis 

(EMA) algorithms to identify a scaled modal model. The developed method was verified by simulation data. 

The results of EMA carried out based on FRFs with modelled excitation and classic OMA based on recorded 

time histories were compared. 

1. Introduction 

Modal Analysis is a basic tool for testing the structural dynamics of mechanical structures [1]. Many 

common operating structures such as satellites, airplanes, cars, rail vehicles, rotating machinery, sports 

equipment but also bridges, dams, and tall buildings have to be tested according to their dynamics, which 

influence operational safety, comfort, and acoustics [2,3,4]. The modal models can be identified using 

experimental modal analysis, which is a popular tool commonly in use by manufacturers and operators of 

mechanical structures and equipment. A most popular modal test is based on the excitation of structures and 

the measurements of responses at many locations on a structure during the test [1]. Using dedicated 

mathematical tools, parameters of modal models can be estimated. One of the main problems of 

experimental analysis is the choice of proper excitation, which can excite modes which are under 

investigation. To identify modal parameters of relatively small and light structures, controlled excitation 

can be realized using dedicated electromagnetic shakers or even modal hammers, equipped with a force 

sensor. However, in order to identify the modal model of large and heavy civil engineering facilities, 

operational modal analysis (OMA) is mainly used [4,5,6]. This is because these structures have a large mass 

and rigidity, and it is difficult to find a suitable forcing device that would provide controlled and measured 

excitation. The second reason why OMA is used in place of experimental modal analysis (EMA) is the 

difficulty in isolating the object from other sources of excitation [7,8]. The tested object is often an element 

of intensively exploited infrastructure, and its exclusion from traffic for the duration of measurements would 

generate significant costs and difficulties. Even if it would be possible to take the object out of service, it is 

still subject to excitation from wind, ground movements, etc., and these cannot be isolated or turned off. 

Therefore, in modal tests, the operational approach based on excitation generated by the natural operation 

of the object is most often used. However, this excitation often has a narrow band character and does not 

guarantee the forcing of all natural frequencies of the object from the tested range. Therefore, in some cases, 

additional broadband forcing is used, for example in the form of an impulse. When this additional forcing 

is measured, we are then dealing with operational modal analysis with exogenous input OMAX [9,10], but 

there are also situations when the additional impulse stimulation is not measured. Then, in principle, the 

procedure should be identical to OMA. In the presented work, it was assumed that the additional excitation 

will have the character of the released load, i.e. a taut rope, which is loosened rapidly during the 
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measurement. The pretension value of the rope is not known. This type of measurement is repeated 

cyclically to compensate for random errors by averaging. There are many different algorithms for modal 

parameter estimation from operational measurements [ 12, 13, 14]. The paper presents the algorithm for 

frequency response function estimation based on the recorded time histories of the experiment described 

above. The time history of unmeasured excitation was modelled with an impulse with an estimated 

amplitude based on recorded responses at reference points. The determination of FRF allows the use of 

EMA algorithms to identify the modal model. The developed method was verified with the use of simulation 

data. The results of EMA carried out based on FRFs with modelled excitation and classic OMA based on 

recorded time histories were compared. 

2. Released load excitation method 

2.1.Assumption 

In this paper, we assume that the approach related to forcing particularly large objects through the rapid 

preload release method can be replaced with a force impulse applied virtually to an object. Such an approach 

is especially useful in cases where the use of dedicated inductors is very expensive or impractical, and the 

impulse excitation technique applied agitates the structure insufficiently. It can be used in particular when 

testing civil engineering structures, where a large proportion of structural elements use steel materials. To 

carry out such an experiment, it is necessary to make several additional assumptions that will enable the 

application of the procedure.  

Measurement assumptions: 

 The measurement of the actual object will take the form of recording response signals to specific 

forcing. 

 Forcing will consist of attaching a rope to the item, pre-tensioning it, and breaking the rope 

violently. 

 The rope pre-tension will not be measured. 

 The measurement will not be synchronized with the rope breaking act. 

 Vibration acceleration sensors will be mounted in selected places on the structure. 

 The sensors will synchronously perform measurements during the experiment. 

 To increase the statistical significance of the measurement for each sensor setting, the experiment 

will be repeated several times. 

 If in subsequent partial experiments the measurement sensors are moved, it is necessary to leave at 

least one point in common for all recordings. 

 The sampling frequency should be the same for all measurements. 

In this paper, to test the approach, we used simulation data generated based on the model described in 

paragraph 3. We prepared data in the form of time signals collected during the simulation of the tested 

digital model. Additionally, the data meets the assumptions presented above. For the simulation, it was 

assumed that all the necessary measurement analyses will be obtained from a single simulation. This will 

allow free selection of a benchmark. To improve the estimators, the simulation was repeated seven times. 

This is equivalent to performing the experiment seven times during the fieldwork.  

Two main scenarios for the analysis of measurement data were compared: 

1. Operational approach - consisting in determining the function of reciprocal spectral densities. In 

such a case, operational modal analysis algorithms can be used. 

2. Pseudo-impulse approach - consisting in adding an additional standardised impulse signal to 

measurement data. This approach allows for the estimation of the spectral transition function, which 

can then be analysed with classical modal analysis algorithms. 

1860 PROCEEDINGS OF ISMA2020 AND USD2020



 

 

2.2.Modal parameter estimation method 

The method uses additional information related to the method of forcing the structure. The method consists 

in getting the item out of its equilibrium state by tensioning the rope attached to it, then suddenly releasing 

the tension. As a result of such action, after releasing the tension, the structure engages in free vibrations 

related to the object’s return to the state of equilibrium. From the point of view of the analysis of the 

measurement data, this situation is identical to the examination of the item's response to impulse forcing. 

The method assumes that such a pseudo-impulse will be generated and used to stimulate the pseudo-

spectrum frequency response function (FRF).  

The use of the pseudo-impulse only makes sense if the time data obtained in subsequent partial experiments 

is accurately synchronized. To achieve such synchronization is was necessary to do the following calculation 

procedure: 

1. Determining the reference waveform, based on which the synchronization will be performed.  

2. Determining the synchronization points - intersections. 

3. Adding a pseudo-impulse. 

4. Determining FRF. 

5. Using classical modal analysis algorithms to determine the parameters of the modal model. 

We will discuss the whole method later in the article using a simulation example. 

3. Simulation model 

For the purpose of the verification, a 6 DOF numerical model was created. The system was excited in such 

a way to simulate the behaviour of the loosened rope. The developed model with 6 degrees of freedom is 

shown in Figure 1. 

 

 

Figure 1. Scheme of the simulation system 

 

The physical parameters of the model are presented in Table 1. 

Table 1: Physical parameters of the simulation model 

Mass [kg] m1 = 10; m2 = 2; m3 = 3; m4 = 8; m5 = 7; m6 = 6; 
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Damping coefficients 

[N s/m] 

c12=3; c13=3; c14=3; c15=5; c56=5; c60=9; 

Stiffness coefficients 

[N/m] 

k12=50000; k13=75000; k14=90000; k15=700000; k56=600000; k60=600000; 

 

The following notation was used: the stiffness between the mass i and j – kij, the damping coefficient between 

the mass i and j – cij. A viscous damping model was applied.  

To calculate the analytical modal model of the system, its equation of motion was formed in the matrix 

form, and the eigenvalue problem was solved, assuming zero initial conditions for displacements and 

velocities. As a result, 6 conjugated pairs of system eigenvalues were obtained. On their basis, the natural 

frequencies and damping coefficients (presented in Table 2) were derived.  

Table 2: Modal parameters of the simulation model 

MS 

no. 

Natural frequency 

[Hz] 

Modal damping coefficients 

[%] 

1 11.99 0.07 

2 20.47 0.22 

3 25.16 0.41 

4 31.82 0.37 

5 61.36 0.24 

6 87.55 0.25 

 

This consisted of 7 impulses with random amplitudes and a random inaccuracy of occurrence time. The time 

history of the excitation signals is shown in Figure 2. 

 

Figure 2: Time history of an excitation signal 
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4. Analysis of the simulation data 

4.1.Operational Modal Analysis 

In the operational approach, we used a method usually employed when relying only on system responses 

related to determining the function of reciprocal spectral densities. 

4.1.1.Determination of reciprocal spectral density estimators 

We used the periodogram method, with all seven simulation repetitions available to determine the 

estimators. During the calculation, we ensured that each subsequent averaged frame contained the maximum 

value of the response signal. This was achieved by triggering a reference response signal and taking 

synchronous samples from the remaining channels. For the study, we have chosen a signal from mass 1 as 

a reference. Figure 3 shows the waveform of the obtained estimators of the reciprocal spectral density 

function. The estimators are clearly smooth, which should ensure the correct estimation of modal 

parameters. 

 

Figure 3: Cross-power spectral densities of the system responses 

4.1.2.Modal model estimation  

Three different operational modal analysis algorithms were used to estimate the modal model: PolyMax, 

LSCE, and BR. To achieve the study objective, in each case we used an algorithm for automatic pole 

selection from the stabilization diagram. Table 3 presents the results of the analyses performed together with 

their comparison to known parameters of the simulated model. 
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Table 3: Comparison of modal parameters estimated with the use of consecutive OMA algorithms with 

nominal parameters. 

 

This comparison shows that sometimes, the algorithms fail to handle the data correctly. Failure to identify 

the pole around 25 Hz was observed for all cases. The LSCE algorithm also failed to identify the first pole 

at 12 Hz. Other algorithms did find this pole, but BR, while correctly identifying its frequency, failed to 

cope with the value of the modal attenuation coefficient. Above 30 Hz the poles were identified, but 

unfortunately, the stabilization diagrams were not clear for them, and they stabilized several additional lines 

near the real pole. These stabilization diagrams are shown in Figure 4. 

 

Figure 4: Stabilization diagrams obtained during the estimation of modal model parameters using the 

Polymax (left) and BR (right) methods. 

The waveforms exhibit relatively weak stabilization of the system's initial poles, while for frequencies 

exceeding 30 Hz, multiple pole lines are stabilized. Noteworthily, the BR algorithm succeeded in stabilizing 

a 40-degree model, while Polymax needed a 50-degree model. Increasing the degree of the model did not 

affect the LSCE algorithm’s failure to estimate a pole in the area of 12 Hz. 
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4.2.Experimental Modal Analysis with pseudo-impulse 

4.2.1.Determination of the reference waveform 

In the classical modal analysis, the selection of the point(s) for energy supply to the system automatically 

defines reference points. These points should not change their position for the whole measurement session. 

Forcing signals are also a reference, and allow for normalizing the estimator values. This is not possible in 

the operational case. The reference points must be chosen arbitrarily. This is also the case here. Out of all 

the available measurement waveforms, it was necessary to select the point and direction which, for all 

measurement repetitions, would, first of all, have the best signal-to-noise ratio and, at the same time, would 

exhibit the steepest slope associated with the increase in response amplitude after releasing the pre-

tensioning rope. Fig. 5 shows the system’s response at all available measurement points.  

 

Figure 5: Time histories of responses excited by a single impulse 

Due to the nature of the experiment, the signals are of good quality this time, and arbitrary selection of a 

reference signal is viable. The signal collected from mass 1 was selected for further analysis because of its 

highest amplitude. 

4.2.2.Determination of synchronisation points 

One of the assumptions made for the analysis includes a lack of synchronization between data recording 

and the structure release moment, when it starts to perform free vibrations. This will have a significant 

impact on the data collected during subsequent repetitions of the experiment. Due to this, individual 

experiments can be shifted relative to each other.  

For synchronization, we used posttriggering. By analysing the maximum amplitudes of all the collected 

system responses, we assumed the reference level to be 0.02 m/s2. We assumed that a forcing marker would 

be added 0.005 s before the designated point. Classically, such an operation is associated with putting a 

pretrigger to the forcing signal. 

4.2.3.Pseudo-impulse simulation 

The experimental data was collected in seven simulation experiments. Each of the series corresponds to a 

situation in which an object would be brought out of the equilibrium state and would return to the state of 

equilibrium by performing free vibrations once the static force is removed. Under experimental conditions, 
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due to differences in the values of the pre-tensioning force putting the system out of equilibrium, the initial 

free vibration amplitudes may be different in specific measurements. To normalize them, a pseudo-impulse 

waveform was introduced, whose amplitude depended on the maximum amplitude of the selected reference 

waveform. Adding a pseudo-impulse for the previously assumed cutting time allows for maintaining phase 

relationships for all waveforms for a given sample. The introduction of a pseudo-impulse will additionally 

enable the estimation of FRF, which would significantly improve the quality of the modal parameter 

estimation.  

Generation of a pseudo-impulse should ensure that it “anticipates” the beginning of the slope build-up on 

all response waveforms. Its generation method must take into account that it must precede the beginning of 

all response signals. For this experiment, we assumed that its emergence will be additionally advanced by 

100 ms. 

4.2.4.Estimation of pseudo frequency response functions 

Frequency response functions are determined as the system's response to specific forcing. For the analysed 

system, forcing is simulated with a pseudo-impulse, which in this case, is treated as a forcing signal.  The 

collected responses provide information on the dynamics of the tested object. As a standard, when 

determining the frequency response function estimator, two approaches can be used to reduce the load on 

the estimator: averaging in the time domain or averaging in the frequency domain. Averaging in the 

frequency domain is used for operational measurements for which it is not possible to synchronize the data 

collected during the experiment, e.g. due to forcing the object with white or coloured noise. A classic 

example of this type of estimation includes the Welsh method or the periodogram method used for the 

estimation of spectral density. In this method, the signal is divided into so-called frames. Each of the frames 

is transformed into the frequency domain using the Fourier transformation, and only after the transformation 

is it averaged with subsequent frames. Where data synchronization can be guaranteed, it is possible to use 

averaging in the time domain. For signals containing a large noise component, the time-domain averaging 

approach may give better signal smoothing effects. In the time-domain averaging approach, the frequency 

response function estimator is obtained by transforming the already averaged signal. The experiment with 

forcing the object under investigation with an impulse signal is an example of wide applications of averaging 

in the time domain. In the presented approach, data synchronization and pseudo-impulse use also allow for 

applying the time-averaging approach. 

 

Figure 6: Pseudo frequency response functions of the model. 

The spectral transition functions shown in Fig. 6 then served as the basis for the estimation of modal model 

parameters. 
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4.2.5.Modal model parameter estimation  

In this case, it is possible to use classical modal analysis methods. Please note that the obtained modal 

model, despite the use of classical modal analysis algorithms, is still not scaled. This is due to the fact that 

the amplitude of the pseudo-impulse is assumed arbitrarily. It still helps to normalize the waveforms, but 

does not allow for scaling. 

The estimation results are shown in Table 4. They are presented in the frequency range from 0 to 100 Hz. 

Fig. 7 also presents stabilization diagrams as an indicator relating to the quality of input data for modal 

analysis procedures. Due to the simulation of the digital model, no visualization of the natural vibration 

form obtained during the analysis is shown. Additionally, as in estimation with operational modal analysis 

algorithms, we applied an automatic procedure for the interpretation of the stabilization diagrams. 

 

 

Figure 7: Stabilization diagrams obtained during the estimation of modal model parameters for data obtained 

using a pseudo-impulse. LSCE algorithm - top row on the left, ERA - top row on the right, LSCF - bottom 

row. 
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Table 4: Comparison of modal parameters estimated with the use of consecutive EMA algorithms with 

nominal parameters. 

 

 

It follows from the table that the correct application of the pseudo-impulse influenced the estimation of the 

modal model parameters. For all the algorithms, we obtained all the 6 poles included in the simulated model. 

In this breakdown, the ERA algorithm is the most spectacular, as it obtained 100% compliance with the 

output model, both in terms of the number of poles and their values. The PolyMax algorithm underestimated 

the parameters of the first three poles in the model, especially in terms of modal attenuation. For both 

PolyMax and LSCE, there were extra poles in the output set. This is probably due to applying the procedure 

of automatic interpretation of the stabilization diagram. For the PolyMax algorithm, it should be noted that 

the redundant poles have very high attenuation coefficients not encountered in the analysis of real objects. 

Possibly, during object analysis of objects in the course of the actual experiment, it will be possible to use 

this observation as an additional criterion discriminating such poles. For each of the algorithms used, the 

stabilization diagrams shown in Figure 7 are much easier to interpret compared to estimating with 

operational algorithms. This also confirms the validity of the pseudo-impulse approach. 

5. Summary 

Based on the simulation of a simple system with six degrees of freedom, we have proven the possibility of 

estimating the parameters of the modal model for examining objects for which controlled forcing is too 

expensive or even impossible due to their dimensions. In such a case, testing based on static load release 

leads to broadband forcing, which can be modelled with an impulse. We also presented how to conduct an 

experiment in such a case, and suggested a computational procedure to improve the quality of the determined 

modal parameters. We also verified these procedures by comparing OMA algorithms, which are employed 

as a standard in such cases, with a modified procedure based on the use of a pseudo-impulse to enable using 

EMA algorithms and improve conditions for their application. The results obtained during these experiments 

prove that this method can be used to study real objects. 
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Abstract
In the paper, an experimental method based on the Operational Modal Analysis (OMA) approach will be de-
veloped for the estimate of the damping properties of a sloshing system. The considered system will mimic
a wing-like structure carrying fluid simulating the sloshing typically occurring in a flying wing. The exper-
imental investigation will take advantage of the environmental testing facility available at the Department
of Mechanical and Aerospace Engineering of the University of Rome “La Sapienza”. The sensitivity of the
damping estimates to the type, direction, and level of excitation as well as to the different filling levels will
be studied and compared with similar results already achieved by the Department of Aerospace Engineer-
ing of the University of Bristol. The presented results, will serve the SLOshing Wing Dynamics (SLOWD)
European funded project for the accuracy assessment.

1 Introduction

The understanding of sloshing dynamics has gained specific interest from aircraft manufacturers in their
attempt to reduce design loads of flexible wing structures carrying liquid (fuel). For, it is essential the
development of modeling capabilities that can describe the resulting wing loads from flying in atmospheric
gusts, turbulence and landing impacts [1]. This objective could be achieved if a proper characterization
of the damping properties of the fluid-structure system is carried out. From the experimental investigation
point of view, the sloshing mechanism depends on how the dynamic energy is transferred and dissipated
between the mechanical and the fluid systems. Several tests have been already carried out to estimate the
damping properties of a fluid-structure system excited by harmonic loadings. However, such a periodic
energy exchange between the systems is not accurately describing the damping mechanism occurring in
a complex dynamic system as a flexible wing structure in real operating conditions. As an alternative to
such harmonic, or forced, experiments other authors estimated the damping properties of a sloshing system
from the system free responses [2], [3]. Still, existing decay experimental data are limited and they refer to
response levels far lower than those corresponding to those characterizing an actual flying wing exhibiting a
violent slosh in which the dissipating mechanism is driven by the rapid generation of vorticity, and therefore
associated to high rate of dissipation of mechanical energy via viscous forces.

In this paper, an experimental identification of the damping properties of a wing-like structure carrying fluid
simulating the sloshing behavior is presented. Specifically, the developed experimental methods, as well as
the presented results, will serve the SLOshing Wing Dynamics (SLOWD) European funded project for the
accuracy assessment.

An experimental method based on the Hilbert Transform Technique (HTM) Operational Modal Analysis
(OMA) approach will be developed and the damping characterization of the sloshing system will be com-
pared to those already available in the literature. The experimental investigation will take advantage of the
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environmental testing facility available at the Department of Mechanical and Aerospace Engineering of the
University of Rome “La Sapienza”. First, the preliminary design of a cantilever beam with a tank located
at its tip, based on the Froude scaling, is presented, then the analytical predicted dynamic properties will be
compared to the corresponding ones gained from the experimental campaign. The sensitivity of the damping
estimates to the type, direction, and level of excitation as well as to the different filling levels will be stud-
ied and compared with similar results already achieved by the Department of Aerospace Engineering of the
University of Bristol.

2 Recalls on the Hilbert Transform Technique (HTM)

In this paper, the OMA method called Hilbert Transform Method will be used. More details on this approach
can be found in [4]-[11]. However, it is worth noting that such an estimating method is included in the
MATLAB-based OMA code called “NIMA” (Natural Input Modal Analysis) developed at the Department
of Mechanical and Aerospace Engineering of the University of Rome “La Sapienza”.

2.1 Hilbert Transform Method

Starting from the output response, the spectral density function matrix can be built. The output spectral
density function matrix is composed by spectral density functions defined between the i-th and the j-th
output responses, at the k-th spectral line. The polar representation of a driving point Frequency Response
Function (FRF) is:

Hii(ω) = |Hii| e−jφiiω (1)

or, by introducing the natural logarithm:

|Hii| = Gii − jφii(ω) (2)

where Gii is the gain function. Considering that the real part of the FRF is an even function while the
imaginary part is an odd function, the gain and the phase are respectively an even and an odd functions and,
as a result, the left-hand side of Eq. 2, can be expressed as the sum of a pair of Hilbert transform functions:

φii = −Ĝii(ω) (3)

The gain function is also related to the spectral density function as:

Gyy(ωk) = H(ωk)Gff (ωk)H
H(ωk) (4)

where the input spectral density matrix, defined between the Ni inputs is assumed to be derived from a
white noise excitation. This implies that Gff (ωk) is frequency independent, that is Gff (ωk) = Gff and
is a diagonal matrix when the input excitation is uncorrelated in the space domain. By applying the natural
logarithm and using Hilbert transform, Eq. 4 becomes:

H[ln(Gyiyi)] = 2H[ln |Hii(ω)|] (5)

in which the input spectral density contribution, Gfifi is null, since the Hilbert transform of a constant is
zero. Combining the previous Eqs. 3 and 5, it is possible to write

φii(ω) = −
1

2
H[ln(Gyiyi(ω))] (6)

Therefore, the FRF in the i-th driving point is available by evaluating the modula and phase from the PSD
function Gyiyi . It is possible to demonstrate that the off-diagonal terms of the FRF are derivable from the
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Table 1: Mode shapes and natural frequencies of the bare beam by numerical analysis

Mode # Mode Type Frequency [Hz]
1 I B 19.5324
2 II B 122.197
3 I L 190.168
4 I T 238.622
5 III B 342.134

comparison between the commonly used estimators H1 and H2:

Hij(ω) =
Gyiyj (ω)√
GfifiH

∗
ii(ω)

(7)

Obviously the estimated functions are unbiased depending on the unknown input forces.

Once the FRFs are obtained it is possible to estimate the modal parameters of the system using the least
square approximation, considering the expression of the FRF in pole-residue terms. In the frequency range of
definition of the FRF the number of modes are unknown, therefore a stabilization diagram occur to estimate
it by an iterative process ([13]-[16]).

3 Preliminary design of the wing-like structure

The structure is represented by a cantilever beam made of aluminium alloy clamped at one end that is, in
turn, connected to the shaker system excitation system through an interface. On the other beam tip, a tank is
located so that it can vibrate according to the controlled seismic motion.

The beam dimensions are designed so that its dynamic behavior is similar to a reference structure, that is
both the actual system and the reference structure have the same Froude number to have the same effect of
the gravitational forces acting on the fluid inside the tank. Specifically, the Froude number is defined as

Fr =
U√
gL

(8)

being U the velocity, L the length, and g the gravitational acceleration. Thus, it is possible to obtain the
span of the beam test article once the length of the wing of the aircraft considered as reference is known.
Furthermore, by defining s as the ratio between the length of the wing of the aircraft and the beam span, the
similarity between the natural frequencies is achieved if they are in the ratio equal to 1√

s
. Note that in this

similarity analysis, the effects of the presence of the tank is neglected. According to the reference dynamics
properties of the wing considered within the SLOWD project, and the test maximum dimensions, the span
of the cantilever beam results of 0.65 m, whereas the width and the thickness are chosen equal to 0.1 m and
0.01 m respectively for practical reasons.

3.1 Finite Element Modeling: bare beam

In order to characterize the dynamic behavior of the bare beam, the finite element model of the previous
cantilever beam, without the tank, is made by plate elements (CQUAD4). The clamping device has been
modeled using two “L” bracket, on both side, with a length of 0.24 m, width 0.075 m, heigth 0.07 m and
thickness 0.015 m and two vertical plates, one above and one below the beam, both with same dimensions
of length 0.24 m, width 0.1 m and thickness 0.03 m. The total number of elements is 2277, to guarantee the
numerical convergency up the fifth natural frequency. The corresponding modal parameters, as computed
by the so called SOL 103 rigid solution sequence of the MSC.NASTRAN software, are reported in Tab. 1
where B, L, and T denote bending, lag, and torsional mode shape respectively.
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Figure 1: Configuration of the beam with the complete tank for m=0.578kg.

Table 2: Height of the filling 0.04 m (0.486 Kg).

Mode # Mode Type Frequency [Hz]
1 I B 13.5858
2 II B 107.84
3 I L-I T 119.548
4 I L-I T 193.548

3.2 Finite Element Modeling: beam with tank

The tank is located at the beam tip and is composed by the tank walls, made in plexiglass, and the liquid.
In this analysis, the tank walls are represented by plate finite elements (CQUAD4) of thickness equal to 2
mm, whereas the liquid is assumed non-sloshing and represented by a lumped mass (CONM2), located at
the liquid (water) center of gravity, connected to the bottom surface by rigid elements (RBE2), see Fig. 1 for
the reference case of the liquid mass equal to 0.578 Kg.

In order to establish the range of variation of the natural frequencies corresponding to the different filling
levels, three filling heights, 0.04 m, 0.05 m, and 0.06 m, with respect to the bottom of the tank, have been
considered. The corresponding natural frequencies are reported in Tabs. 2, 3, and Tab. 4, whereas the mode
shapes are depicted in Fig. 2. Note that, due to the considered configurations, mode shapes are not dependent
on the different filling level, thus no reference has been made for such a plot to the height of the fluid.

As one can see, a slight dynamic contribution from the tank walls is observed. The effect of the different
filling levels on the natural frequencies corresponding to the cantilever beam with and without the tank walls
with four filling height of 0.04 m, 0.05 m, 0.06 m, and 0.07 m is reported in Fig. 3. The effect of the increase
of the filling level is more and more important as the mode number is increased. Indeed, a strong contribution
to the structural dynamics of the tank walls is reported, and this contribution seems to be greater at higher
frequencies.

3.3 Dynamic response simulation

Finally, a dynamic response simulation is carried out in order to analytical evaluate the structural dynamic
response during the seismic excitation provided by environmental testing facility. The considered simulation
refers to the structure with the tank filled with water at the height of 0.05 m, and numerically excited at
its root with a vertical random excitation, constant in the frequency range of [0 − 250] Hz, with an overall

Table 3: Height of the filling 0.05 m (0.578 Kg).

Mode # Mode Type Frequency [Hz]
1 I B 13.0781
2 II B 106.397
3 I L-I T 111.822
4 I L-I T 194.444
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Table 4: Height of the filling 0.06 m (0.670 Kg).

Mode # Mode Type Frequency [Hz]
1 I B 12.6171
2 I L-I T 104.238
3 II B 104.762
4 I L-I T 194.985

Table 5: Bare beam: experimental modal parameters.

Mode # Mode Type fn [Hz] ζn [%]
1 I B 17.187 1.01
2 II B 106.39 2.49
4 I T 222.13 0.25
5 III T 307.15 1.45

amplitude of 1g RMS, and using a damping ratio of 7%. The dynamic response analysis, carried out with the
MSC.NASTRAN SOL 111 solution sequence, is synthesized in Fig. 4, where the transfer function between
the vertical acceleration of the tip node with respect to the base acceleration is depicted. From such analysis,
an amplification factor of 16.64 corresponding to the first natural frequency is foreseen, whereas a lower
amplification factor of 2.638 is evaluated for the second natural frequency.

4 Experimental investigation

The actual sloshing system is manufactured by considering the outcomes of preliminary analysis reported in
the previous Section.The cantilever beam-tank system, is constraint at the vibration shaker through a head
expander and a structural interface. This last item is composed of one bottom plate and two top plates to
properly constraint the beam-tank system, see Fig. 5.

The SIEMENS TEST.Lab software provided the drive signal to the Dong-Ling hardware in a close-loop
control seismic excitation. The test setup considered one 1-D control accelerometer, located at the beam
root, and three response accelerometers, uniformly placed along the beam span, to measure the system
vertical accelerations.

4.1 Bare beam

In the first part of the experiments the considered beam is without the tank, to provide useful information for
assessing the numerical model.

4.1.1 Bare beam: experimental modal analysis

The cantilever beam is excited with a modal hammer with a steel tip, whereas three axial roving accelerom-
eters, have been used to record the vertical acceleration in correspondence of 11 measuring locations evenly
distributed over the beam span. In Fig. 6 the roving configuration corresponding to accelerometers located at
0.650 m, 0.433 m, and at 0.216 m from the beam root is shown. Note that an uneven excitation, depicted with
a red arrow, has been provided by the hammer to properly excite both the bending and the torsional modes.
Using the SIEMENS Polymax technique, 4 modes are estimated from the stabilization diagram built on the
H2-estimated average frequency response function, Fig. 7, 5. By comparing the numerical and experimental
natural frequencies of the corresponding modes it is possible to preliminary validate the numerical model
of the beam since an average error of order of magnitude of 10% is achieved. It is expected to increase the
correlation by refining the modeling of the clamping device.
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Figure 2: First four mode of the cantilever beam in the configuration with the complete tank for m=0.578kg.

4.1.2 Bare beam: experimental dynamic response

The bare beam is then seismically excited with the same random excitation of the numerical analysis, with
the hardware and software described at the beginning of this Section. First, a non-linearity check has been
performed. From the analysis of the transfer functions corresponding to different excitation levels, from 4g
RMS to 6.8g RMS, no evident non-linearities have been identified in the frequency range of interest, see
Fig. 8. Then the accuracy of the numerical dynamic response model has been assessed by comparing the
transfer functions with the experimental ones. By comparing the numerically evaluated dynamic response of
Fig. 4 with the experimental one reported in Fig. 9, a good correlation has been obtained in correspondence
of the first natural frequency, for which comparable amplification factors are obtained. On the contrary,
the amplification factors corresponding to second natural frequency exhibit an evident discrepancy, about
one order of magnitude. This difference could be probably reduced by setting a more accurate value of the
damping coefficient associated to the second mode shape and by introducing a more accurate fluid model.

1876 PROCEEDINGS OF ISMA2020 AND USD2020



Figure 3: Comparison between the configurations of the beam for tank with and without wall.

Figure 4: Dynamic response of the cantilever beam subjected to a random excitation of 1g in the range of
0Hz-250Hz.
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Figure 5: Detailed view of the cantilevering device.

Figure 6: Bare beam: EMA test setup; red arrow = input.
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Figure 7: Natural modes of the bare beam excited with the modal hammer
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Figure 8: Experimental bare beam: linearity check.

Table 6: Experimental beam-tank system: estimate of the natural frequencies and damping ratios with empty
tank.

Mode # fn [Hz] ζn [%]
1 13.98 1.5137
2 93.65 1.9076
3 138.50 3.3921
4 258.97 2.6709

4.2 Beam with tank

A cubic tank of 10cm edge length is attached to the beam tip and an accelerometer, located at one corner of
the top surface, is used to measure the vertical acceleration of the beam-tank system also including the effects
of the liquid motion contained in the tank, see Fig. 10. The modal parameters of the beam-tank system are
first evaluated in the case of empty tank. Such a modal parameters, reported in Tab. 6, are estimated using the
HTM OMA technique from the output power spectral densities corresponding to a seismic excitation constant
in frequency with an amplitude equal to 1g. Although the mode shapes are those of the previous experimental
investigation the effect of the weight of the tank is evident in the lowering of the natural frequencies. Also, an
overall increase of the damping ratios is reported. The beam-tank system is the considered with the tank filled
with water. Three heights of the water filling level are considered as those of the numerical simulations, that
is h = 0.04 m, 0.05 m and 0.06, whereas nine amplitudes of the base excitation, constant in the frequency
range [8 − 1000] Hz where used to excite the system, that is the RMS amplitudes of 0.35g, 0.50g, 0.75g,
1.00g, 1.35g, 1.50g, 1.75g, 2.00g, and 3.00g are considered. As a general comment, it is noticed that up to
the excitation level of RMS= 0.5g the fluid motion is characterized by small amplitudes of vibrations and
no practical interaction with the tank walls is reported, see 11. From the excitation level of 0.75g the water
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Figure 9: Experimental beam-tank system: dynamic response with filling height = 0.05 m, 1g random
excitation in the frequency range of [0-250] Hz.

Table 7: Experimental beam-tank system: estimated natural frequencies for h=0.04 m for 0.75g.

Mode # Frequency [Hz]
1 12.48
2 91.04
3 132.55
4 256

motion start to interact with the upper horizontal surface of the tank, and from eismic excitation of 1g the
liquid sloshing effect is fully developed, see Fig. 12. The estimate of the natural frequencies corresponding
to considered excitation and filling levels shows a very little sensitivity to the excitation level, as reported in
Tabs. 7, and 9, results regarding the filling level h = 0.04m are onlt reported for brevity.

On the contrary, the damping ratios depend on the excitation level, for a given height of the the filling water,
as expected. Indeed, an overall increase of the damping ratios with the excitation level is observed for the
identified four modes, see figures from Fig. 13 to Fig. 16. Furthermore, the identified zigzagged shapes the
previous trends, is showing the different effects on the damping mechanism of the different sloshing regimes
for a given mode shape. Finally, it is also noticed a very large value of the damping ratio for the third mode
of the beam-tank system when excited at 1.5g RMS with the liquid filling level h = 0.06 m. This could be
the result of a strong second-third mode coupling that specific operating condition is highlighting.
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Figure 10: Experimental beam-tank system: test setup

Figure 11: Experimental beam-tank system: video frame of the sloshing of the water inside the tank for
h=0.04 m and a RMS=0.5g.

Concluding remarks

An experimental procedure has been developed to characterize the damping properties of a wing-like struc-
ture with a sloshing liquid contained in tank. Such a procedure estimated the modal parameters of the
operating system by the developed Hilbert Transform Method (HTM) at different liquid filling levels inside
the tank and different excitation levels. For, the closed-loop control environmental testing device, available
at the Structural Dynamics Laboratory of the Department of Mechanical and Aerospace Engineering of the
University of Rome “La Sapienza” has been used to guarantee the proper excitation levels. The experimental
investigation shows a sensitivity of the damping ratios of the considered wing-like structure to the sloshing
regimes. Specifically, an overall increase of the damping ratios is reported as the excitation level is increased
in correspondence of the identified mode shapes. Also possible effects of the sloshing regimes to the damp-
ing ratios is observed. The presented results, contribute to the reference database to the SLOshing Wing
Dynamics (SLOWD) European funded project for the accuracy assessment.
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Figure 12: Experimental beam-tank system: video frame of the sloshing of the water inside the tank for
h=0.05 m and a RMS=1.5g.

Table 8: Experimental beam-tank system: estimated natural frequencies for h=0.04 m for 1.35g.

Mode # Frequency [Hz]
1 12.50
2 91.02
3 133.47
4 255.41

Table 9: Experimental beam-tank system: estimated natural frequencies for H=0.04 m for 1.75 g

Mode # Frequency [Hz]
1 12.42
2 90.73
3 135.62
4 252.19
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Figure 13: Experimental beam-tank system: sensitivity of the damping ratio associated to the mode #1 to
the filling and excitation levels.

Figure 14: Experimental beam-tank system: sensitivity of the damping ratio associated to the mode #2 to
the filling and excitation levels.
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Figure 15: Experimental beam-tank system: sensitivity of the damping ratio associated to the mode #3 to
the filling and excitation levels.

Figure 16: Experimental beam-tank system: sensitivity of the damping ratio associated to the mode #4 to
the filling and excitation levels.
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Abstract
Rubber mount modeling is crucial for correct multibody simulation, but the cost of 3D large deformation
finite element computation is orders of magnitude higher than needed for reasonable multibody computation
times. As a result, mount characterization is purely experimental and does not allow design studies on shape,
material properties or complex loading, that would be a much needed improvement over current practice. The
paper first discusses material laws suited for rubber behavior in large deformations, then kinematic reduction
combined with fast evaluation of generalized loads using hyper-reduction is introduced as a methodology to
obtain acceptable computation times. An industrially representative model is then used to demonstrate the
validity of the procedure and gain insight on how it can be used in practice.

1 Introduction

Rubber mounts are widely used in automotive industry due to their capacity to undergo large deformations
with low deterioration, to their relatively low stiffness and high dissipative properties. These features make
the material appropriate to connect vibrating parts to the chassis, such as powertrain and suspension. Artic-
ulation models are mostly used in large multibody systems, where several bodies are connected by different
kinds of joints.

Even if joints are not the main object of study for a multibody system, innacurate models may lead to
incorrect system behavior [1]. For practical use, joints must not be a time consuming component, so they
are usually modeled with a single integration point model with separate dissipation and conservative parts.
While these models may reproduce test campaigns with a fair precision and high performance, there is no
possibility of effective identification, shown as the top blue arrow of figure 1, without extensive testing.
Testing all the possible load cases in a joint to compile a fully representative model is thus a very expensive
process.

The alternative strategy is to consider identification of material properties shown as red arrow in figure 1.
Section 2 will however illustrate that elastomer behavior and modeling is still a very open problem. Beyond
the complexity of material laws, a passive control of stiffness and dissipation over the operating range often
demands the articulations to have complex geometries. An accurate description of these phenomena requires
a nonlinear finite element with a high degree of detail on the geometry and therefore a great number of
degrees of freedom, leading to simulation times in hours, when seconds are necessary for practical multibody
simulation. Thus currently the only possibility to exploit material behavior is to identify meta-models based
on numerical experiments similar to those of test campaigns.
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Tests

Fx = f(x, ẋ)
• Imposed displace-
ments
• Force as response
• Dependency on ma-
terial and geometry

3D models

σ = f(ε, ε̇, εi)
• Nonlinear models
• Finite element struc-
ture
• Implicit and explicit
time solvers

Meta-models
F = f(x, ẋ, xi)
• Parameter fitting
• Internal states uti-
lization
• Mix between mate-
rial and geometric non-
linearities

Multibody simulations

Final utilizations:
• Powertrain sus-
pension
• Wheel suspension
• Comfort and en-
durance analysis

Identification

Material identification Direct implementationHyper-Reduction Identification

Implementation

Hyper-reduction

Figure 1: Current (blue) and proposed (green and/or red) procedures for emulating elastic articulations in
MBS.

This work thus aims to apply a hyper-reduction technique to a non linear highly detailed model finite element
model, and analyze its viability for use in multibody simulations, either directly for the system simulation
(bottom red arrow in figure 1) or indirectly to speedup numerical experiments to be used in meta-model
identification (green arrow). Issues are thus strategy to achieve a compromise between performance and
accuracy by the use of a low order model and analysis of the ability to reuse reduced models in extrapolated
conditions not considered in the model building phase. Section 3.1 describes the implementation, in the
MATLAB-based Structural Dynamics Toolbox [2], of large transform non-linear material computations,
used in the learning phase of the model reduction technique. Section 4 then analyzes the implementation and
assesses performance of the method for a realistic test case.

2 Material modeling

Material modeling corresponds to the definition of a constitutive law that determines stresses as a function
of a deformation state and its history or internal states. Models that fully capture rubber behavior have been
extensively studied [3, 4, 5, 6, 7]. But this work will focus on the ability to use such models in practical MBS
applications and thus retain a somewhat simple model capturing the base requirements, large deformations,
hyperelasticity and viscoelasticity.

2.1 Hyper-elasticity

Given a volume Ω, each material point in the volume may be defined by its resting position noted by a vector
x0. The current position of this point is noted by x, hence its current displacement may be defined defined by
u = x− x0. From the displacement, it is possible to define the deformation gradient tensor as F = 1+∇u.

Quadratic forms of the deformation tensors such as the right Cauchy-Green deformation tensor C = F TF ,
or the left Cauchy-Green deformation tensor B = FF T are independent from any rotations on the material
point and are either related to the base configuration (lagrangean quantities) or to the current configuration
(eulerian quantities). Each consistent deformation measure has its energy conjugate stress, and in this work
the ones to be used are the pair first Piola-Kirchhoff stress P , and deformation gradient F , which are native
to SDT. For the development of a the material behavior, the pair second Piola Kirchhoff stress S with the
right Cauchy-Green deformation tensor C will also be used. These stresses are related by the expression
P = FS.
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When leaving the small strain domain, linear elasticity is not suited for most materials [8]. To achieve a
reasonable description of conservative forces generated by the material, the most common method is to use
an energy functional of strain tensors. Different potentials are analyzed by [9] and here, for simplicity, one
chooses a Mooney-Rivlin formulation given by

ψ = c1I1 + c2I2 +
κ

2

(
I2

3 + ln(I3)
)
, (1)

where

I1 = detF
−2/3trace(C), I2 =

detF−2/3

2

(
trace2(C)− trace(C2)

)
, I3 = det(F ) (2)

are the reduced invariants of the right Caughy-Green strain tensors, which are deviatoric quantities. Thus, a
complete decoupling between deviatoric and compression behaviors is observed on this hyper-elastic model.
This separation will be verified for the rest of the model components, and it avoids numerical issues linked
to the different magnitudes of forces of these two different natures. Deriving the functional with respect to
deformation, stress is obtained

SHE = 2
∂ψ

∂C
= (c1)1 + c2

1

2
(I11− C) + κ

(
I3 +

1

I3

)
. (3)

Numerical stability for this type of model may be assured by the polyconvexity of the potential function ψ
[10], which is the case for the chosen model only up to moderate deformations.

2.2 Viscoelasticity in large strains

Figure 2: Rheologic scheme for Maxwell cell model.

Viscoelasticity expresses a behavior dependency on deformation rate, and consequently on loading fre-
quency. For an uniaxial Maxwell material with a number N of viscoelastic cells, as figure 2 shows, the
behavior follows the equation 




σ = E∞ε+
∑N

i σ
i

σ̇i +
Ei

ci
σi = Eiε̇

(4)

where Ei are elastic moduli, and ci are viscous coefficient for each branch, εi the uniaxial deformations and
σi the uniaxial stress for each branch. For this case, response is usually seen in form of complex modulus in
frequency domain, as a transfer function

E(ω) = E∞ +

N∑

i

Ei

(
ω2τ i

2

1 + ω2τ i2
+ i

ωτ i

1 + ω2τ i2

)
(5)

where τ i are the time constants ci/Ei. Tuning for this function can be done by pole-zero allocation [11].
Although, present implementation requires stress time response, which may be written in form of a Prony
series,

σ(t) = E∞
(
ε+

N∑

i

∫ 0

−∞
αi(t− s)ε̇ds

)
,with αi(t) =

Ei

E0

(
1− et/τi

)
. (6)

This formulation may be expanded to a 3D model by the use of an energy potential instead of a modulus as
the base of relaxation, based on [12], and instead of using an elastic modulus, stresses are to be used directly,
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to avoid the necessity to compute a tangent stiffness matrix,




S =
∂ψ

∂C
+H i

Ḣ i +
1

τ i
H i =

gi

τ i
∂ψ

∂C

(7)

where H i are viscous stresses in second Piola Kirchhoff form and gi are relaxation fractions of the full
potential ψ. As for the unidimensional case, the solution of the differential equation can be written in terms
of Prony series

S(t) = g0 ∂ψ

∂C
+

∫ t

−∞
αi(t− x)

∂ψ

∂C
(x)dx,with αi(t) = gi

(
1− et/τi

)
(8)

2.3 Implementation

The implementation of the constitutive law is always the part taking most development time, while being
critical for performance. The strategy retained here is to optimize a MATLAB implementation and then use
automated C++ translation for the actual use. The SDT explicit solver provides deformation gradient, its
derivative and internal states. Invariants and deviatoric hyperelastic stress for each cell are computed from
equations (2) and (3). To solve the differential equations associated with viscous stress, convolution (8) is
not practical in terms of memory so that an explicit integration scheme leading to a recursion equation using
internal states is introduced

H i
n = e−dt/τ1H i

n−1 + e−dt/2τ1
(
SHEn − SHEn−1

)
, (9)

For compressive forces, instantaneous pressure is computed by

p =
κ

2

(
I3n −

1

I3n

)
. (10)

Elastomer materials are very incompressible, and such type of model may generate high frequency oscillation
waves, that may destabilize the numerical scheme [13]. For this reason, bulk viscosity was introduced as a
mean to dissipate these waves. It relies also on a explicit scheme and leads to the recursion equation

pv = e−dt/τ
p
(I3n − I3n−1). (11)

Figure 3 summarizes the various steps of constitutive law implementation.

3 Structural models

A material model by its own is not capable of representing a few important aspects of elastic articulations,
such as the stress concentration on certain regions or the stiffening by geometry. To represent these effects
accurately, the articulation must be considered as a complex deformable structure apart with multiple degrees
of freedom, described by the appropriate material behavior.

3.1 Finite element formulation

The Finite Element method is a well established structural analysis tool. Classically the volume Ω is divided
in simple geometric volumes, and any continuous quantity on these elements is interpolated by piecewise
polynomial shape functions. Considering kinematic description, the shape functions Ni describe displace-
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Material function
[F ]n, ˙[F ]n,

[
H i
]
n−1
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[
SHE
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n
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([
SHE

]
n
−
[
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]
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pn =
κ

2

(
I3n −

1

I3n

)
Pressure

pvn = e−dt/τp(I3n − I3n−1) Bulk viscosity
Output

[P ]n = [F ]n

(
I3n(pn + pvn) [1] +

∑N
i=1 g

i [H]i
)

Output stress

Uint =





I3n[
SHE

]
n

[H]in



 Internal state propagation

Figure 3: Pseudo algorithm for constitutive law integration.

ment, one can write for the body

{u(x, t)} =
∑

i∈Ω

[Ni] {q(t)} , and [F (x, t)] =
∑

i∈Ω

[
Ni,x,y,z

]
{q(t)} , (12)

where N,x,y,z represent the derivative of shape functions that depend on space, q the Degrees Of Freedom
(DOF) which depend on time. To standardize the expressions (12) with the input/output formalism used in
SDT, it is chosen here to say that displacement gradient can be observed at any point g using a linear function
of DOF associated with the observation matrix C, so that

{F (xg, t)} = [C(xg)] {q(t)} (13)

The continuously distributed quantities dual to the displacement gradient are called stresses in mechanics
and are obtained from the constitutive modeling discussed in section 2. The principle of virtual work, that
ensures energy conservation, is written

∫

Ω
ρüdV +

∫

Ω
P : dF =

∫

Ω
fdu (14)

The first integral on the left hand side corresponds to the work of inertia forces, , with ρ the density function
for the material, and may be computed by a volume integral approximated by a rule at node to obtain a
diagonal mass matrix for explicit time integration. The right hand side term correspond to work made by
external forces, which are known a priori here. The remaining term corresponds to work of internal forces,
and depends on stress integration over the elements, which may be done by a Gauss quadrature, that may as
well be seen as a result of an observation on stresses weighted by the jacobian J of transformation and the
quadrature weights wg,

Fint =

∫

Ω
P : dV ≈

∑

g

CTJgwgPg = [B] {Pg} , (15)

where B corresponds to the command matrix associated with stresses. Reciprocity is ensured by the fact that
its columns are related to the observation matrix rows by weights Jgwg at each Gauss point.
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The differential equation in time may solved by any integration scheme. Figure 4 shows the explicit New-
mark scheme used here [14].

Start step
tn = tn−1 + dt, n = n+ 1 Time step and increment
qn = qn−1+dtqn−1/2 Compute displacements
r = −Fext Initialize residual

Compute residual for each Gauss point g // Loop for each Gauss points
F gn = Cqn, Ḟ gn = Cq̇n Compute strains and get internal states

[P gn ,U
g
n] = fmaterial

(
F gn , Ḟ

g
n ,U

g
n−1

)
Compute stresses and evolve internal states

r = r + BP gn Compute residuals on DOF
DOF evolution

q̈n = −M−1r Compute accelerations
q̇n = q̇n−1 + dt

2 q̈n + dt
2 q̈n−1 Compute velocities

q̇n+1/2 = q̇n + dt
2 q̈n Estimate speed

Store strategy Store output and
If mod (n, Store) = 0 Subsampling condition

qout = [qout, qn], Pout = [Pout, Pn] Store sampled steps
Un ← Un−1 Overwrite internal states

Figure 4: Explicit Newmark scheme

3.2 Kinematic reduction

Kinematic reduction, or classical Ritz analysis, consists on restraining the displacements into a subspace
of a considerably smaller rank. This is called model reduction in the modal analysis community, but the
term kinematic reduction is preferred here since hyper reduction will be introduced as a second ingredient
for the reduced models eventually used. In a control community, one would say state reduction. One thus
assumes to have a process to build a base T that spans a subspace containing a close approximation of the
true solution. In other words

{q(t)} = [T ] {qR(t)} , (16)

were qR are the reduced degrees of freedom. This matrix must have as many lines as the displacement vector
q, but the number of columns is an open choice, which will depend on how the base is built. Early methods
from the vibration community build bases by combining modes and static correction terms [15], which are
related to the singular value decomposition [16] were reduced model building is formulated as a subspace
classification problem. Subspace classification has been considered in many applications and fields [17, 18,
19] with keywords such as Singular Value Decomposition, KLD (Karhunen-Loève Decomposition), PCA
(Principal Component Analysis), PGD (Proper Generalized Decomposition).

Since, large strain and non-linear material behavior is considered, modes are not directly pertinent and a
snapshot building strategy, discussed for example in POD algorithms [17], is considered here. A set of
vectors is generated by a high cost (also called off-line) full 3D computation. Snapshots at a regularly spaced
timesteps form a matrix qlearn. A singular value decomposition of this matrix (possibly weighted with the
mass and stiffness matrices [16]) leads to

[qlearn] =
∑

i

{Ui} (σi [vi(t)]) (17)

with Ui the orthonormal left singular vectors giving shapes in space, σi the singular values and vi the right
singular vectors giving amplitude dependence as function of time. The reduction is obtained by taking
a few of the left singular vectors to form the columns of basis matrix T . The accuracy of the subspace
representation is given by the amplitude of the first truncated singular value.
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To preserve energy, kinematic reduction is also applied to the test functions used for the virtual work
principle. In other words, the observation (13) and command (15) equations, keep the same form with
[CR] = [C] [T ] and [BR] = [T ]T [B]. As the result the implementation of time integration schemes is un-
changed. Although there is notable decrease of physical memory requirements, the most time consuming
steps related to material law computation remain and kinematic reduction is thus not relevant when a high
number of Gauss points is used.

3.3 Hyper-reduction : approximate power integrals

Hyper reduction is a technique that allows, while keeping controlled accuracy, the evaluation of the material
law at a small subset of the full model Gauss point set. Recently several different techniques were developed
are discussed in [20]. The one used in present work was developed by [21] is known as Energy Conserv-
ing Sampling and Weighting (ECSW). The principle is, after a learning phase and kinematic reduction, to
perform a reduced integration over the volume, while keeping the same forces generated by each reduced
degrees of freedom. The internal forces at all learning time steps can be computed by

[
Flint

]
NR×NT

=

NG∑

g=1

[
[CT ]T Jg

]
NR×9

wg [Pg(t)]9×NT (18)

where internal forces clearly appear to be a linear combination of weights wg, so that one can rewrite the
equation as

Flint = [G(Pg(t))] {wg} =
[
[CT ]T JgPg(t)

]
(NR×NT )×NG

{wg}NG×1 (19)

The matrix G of unassembled forces has a length of the number of the retained vectors for the base times
the number of snapshots for the learning phase. The hyper-reduction consists in computing this force con-
tribution for the whole kinematic reduction base and for all learning phase snapshots, and finding a different
vector of weights w∗g which is sparse and keeps the contributions well represented. In other words,

Find w∗g that minimizes
∥∥w∗g

∥∥
0
, subject to

∥∥∥
[
Flint

]
− [G]

{
w∗g
}∥∥∥

2
< εtol and w∗g > 0. (20)

Since the optimized result is sparse, one can say that it is a set E of N∗g hyper Gauss points and associated
weights w∗g leading to an unchanged form of (15) where the set of Gauss points is much smaller and the
weights are redefined and incorporate the jacobian

Fint(t) ≈
∑

g∗∈E

[
CT Tw∗g

]
{Pg∗(t)} =

[
BER
]
{Pg∗(t)} . (21)

Although, a minimization with a zero-norm is a problem with NP complexity, a sub-optimal approach, called
Sparse Non Negative Least SQuare method (SNNLSQ), consists in finding the point that contributes the most
to respect the constraints, and then perform a regular LSQ with this point and all previously added, until the
constraints are satisfied. A summary of the implementation is shown in figure 5.

In the end, the only update made to the model is to make the observation matrix based only on the subset of
hyper Gauss points C(E), while command must have its weights updated.

4 Sample application

While the kinematic reduction/hyper-reduction methodology is now well established, it is not widely im-
plemented and significant efforts should be placed into devising strategies to optimize its use in various
applications. The objective of this section is thus to illustrate how the accuracy of the reduced model can be
controlled and how its domain of validity can be evaluated.
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Learning simulation
B, C, wg, P lg, T , G Assembly, learning, kinematic reduction{
Flint

}
= [G] {wg} Get internal forces for training conditions

Initialize E = ∅, w∗g = {0} Initialize set of active points and weights
Initialize εtol,r = 1 Initialize hyper-reduced command and tolerance

SNNLSQ

While r =

∥∥∥∥∥
Flint −G

{
w∗g
}

Flint

∥∥∥∥∥ > εtol Optimization loop

r0 = Flint − [G]
{
w∗g
}

Get difference from full internal load learning points
µ = [G]T r0 Compute points contributions for current residue
Find index jµ of max(µ) Get point with most contribution
E = E ∪ jµ Add Gauss point to active points set

η = minw∗
g

(∥∥Flint − [G]w∗g
∥∥

2

)
Least square method to find optimal weights

Find index jneg of η < 0 Find computed negative weights
E = E\jneg Remove negative weights from active set
w∗g(Ē) = 0 and w∗g(E) = η Assign weights to active elements

BER = T TB(E)w∗g , CER = C(E)T Update observation and command

Figure 5: Implemented hyper reduction scheme

4.1 Full model results

The full model is based on a rear suspension twist beam axle articulation shown in figure 6. It has 77mm of
outer diameter and 45.5mm of inner diameter. It is composed by two different elastomer materials surrounded
by metal plates. Metal parts are considered rigid and the elastomer volume is modeled by the constitutive
law presented in section 2 and constants given in table 1. To reduce the learning phase computational cost,
the model is cut in four using its symmetry planes. The retained model uses 24530 hexahedron elements
with eight integration points each and a total of 76084 DOF. The exterior shell is fixed and a force is applied
to the inner shell as shown in figure 6.

Figure 6: Elastic articulation and finite element model used.

For explicit schemes, the maximum time step is determined from material behavior using [22]

dtmax = Lmin

√
ρ

µ̂+ λ̂
, (22)

whereLmin is the length of the smallest element, ρ the material mass density, µ̂ and λ̂ are the linearized Lamé
parameters for the material. Since viscous effects only soften the material model described in section 2, it is
safe to assume that the coefficients for the hyperelastic stress would enable the computation of the maximum
stable time-step.

1894 PROCEEDINGS OF ISMA2020 AND USD2020



Table 1: Material constants used in simulation.

c1 c2 κ κv g τ ρ

1MPa 2MPa 20MPa 0.2MPa 1/3,1/3 1/12s,1/50s 2.33 ton/m3

The learning phase consists in the simulation of 3 cycles at 20Hz. The computation took 27.7 hours in a Core
i5-6300HQ CPU at 2.3GHz. Timestep used is 30% superior to the one computed by (22). The constitutive
law was called 49.06 × 109, times, for 250 × 103 timesteps. The most deformed element peaks at 37%
deformation. Snapshot sampling is made to get 30 sample points per cycle for the hyper-reduction step.

4.2 Performance Assessment

The SVD from the learning phase results takes only a few seconds as less than a hundred snapshots are
used. For kinematic reduction, 6 shapes are retained, defined by a threshold of 1% from the most significant
singular value. First five shapes are shown in figure 7 along with the decrease of singular values. The least
important singular shapes show already localized deformations, which means that retained shapes should be
enough to capture global deformations in the model.
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Figure 7: First 5 vectors from the reduced model base and singular values amplitudes

For the hyper-reduction, a few minutes are needed to converge with the chosen kinematic base and a tolerance
of 10−4 on full internal work contributions. The final model retains 139 Gauss points out of 196240, meaning
a 3 orders of magnitude reduction, which can be directly translated to CPU time as illustrated in table 2.

Table 2: Model characteristics. CPU time is for 3 cycle transient.

Number of DOF Number of Gauss points CPU time
Full model 76084 196240 27.7h

Hyper reduced with 3 cycles 6 (10−2 on tolerance) 139 (10−4 on tolerance) 29s
Hyper reduced with half cycle 4 (10−2 on tolerance) 48 (10−4 on tolerance) 12s

Figure 8 illustrates the distribution of those hyper Gauss points. The distribution of the points is mainly
concentrated on traction/compression zones, indicating, as expected, that these regions are those where the
material behavior is more non-linear.

Simulation on the hyper-reduced model takes less than 30 seconds on the same CPU, corresponding to
a speedup factor above 2000 (as shown in table 2). Figure 9 shows the very good match of the global
displacement of the full and hyper-reduced models.
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Figure 8: Localization of integration points selected by the hyper-reduction.

A second hyper-reduction was made for only half cycle, from 1/4 cycle to 3/4 cycle, of the full simulation
to evaluate the possibility of using less data on learning phase. Figure 9 illustrates that outside the transition
associated with the first quarter cycle, the match is still quite good. The differences in the first 1/4 cycle and
the up part of the cycle are rather limited.
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Figure 9: Comparison between the force displacement diagram and the displacement on time for full and
hyper-reduced models.

The hyper reduced model is also accurate for predicting local deformations and stresses as illustrated by
figure 10.
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Figure 10: Stress comparison on three different points. The first on the center of the compressed zone, the
second on the sheared zone and the last in the edge of the compressed zone.

Another benefit from hyper-reduction on explicit systems is the increased stability over timestep size, since
smallest element length is no longer taken into consideration, and also, high frequency modes are filtered
by the kinematic reduction. To illustrate the difference, articulation response for a force impulse in Ricker
form with 5kN amplitude and 5ms duration is shown in figure 11. For the hyper-reduced model an explicit
integration with a timestep increased by a factor 20 leads to a response with no visible difference.

4.3 Extrapolation accuracy

Harmonic loading at low frequency is an interesting tool for performance assessment in terms of comfort
analysis, but there are other fields that require different solicitations. For example, lower amplitude and
higher frequency solicitations may be pertinent for evaluating vehicle dynamic behavior when going over a
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Figure 11: Articulation impulse response.

bumpy road. Figure 12 show the response to the articulation at 100Hz and 50N of amplitude. Both local and
global behaviors are well represented by the hyper-reduced model, even if these conditions are very far from
the learning conditions.
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Figure 12: Articulation response to high frequency and low amplitude: global behavior on the left and
localized stress on the right.

5 Conclusion

This first study clearly demonstrated the great potential of hyper-reduced models of rubber articulations.
The 3 order of magnitude CPU speedup and memory decrease that was achieved, makes direct use for
multi-body simulations a clear perspective. Efficient use will however require the development of proper
strategies to build the learning subspace that are more evolved than the simple monoaxial harmonic response
considered here. For different amplitudes and material constants, the results seem to be robust so far. But in
the long term, one will need to account for multi-axial transient loading for a range of materials. Furthermore,
geometry studies will be necessary to achieve the method full potential.

References

[1] R. Penas, A. Gaudin, A. Kreis, and E. Balmes, “Dissipation in hysteretic rubber mount models,” Jun.
2019. [Online]. Available: https://www.taylorfrancis.com/

[2] E. Balmes, Structural Dynamics Toolbox (for Use with MATLAB). SDTools, Paris, Sep. 1995.

[3] J. Diani, M. Brieu, and P. Gilormini, “Observation and modeling of the anisotropic visco-hyperelastic
behavior of a rubberlike material,” International Journal of Solids and Structures, vol. 43,

MODEL ORDER REDUCTION 1897



no. 10, pp. 3044–3056, May 2006. [Online]. Available: http://linkinghub.elsevier.com/retrieve/pii/
S0020768305003811
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Abstract
Robust and efficient automatic model order reduction (MOR) is important in the design process of vibro-
acoustic structures. For correct assessment of the reduction error, reliable error measures are required. Error
estimators do not ensure an approximation error below a certain bound, but can be used in iterative algorithms
to automatically determine a reasonable order and expansion point distribution for reduced order models. A
good error estimator is important in order to design an efficient adaptive MOR process requiring as little
a-priori knowledge of the system response as possible. In this contribution, different error estimators for
reduced models are presented and assessed regarding their applicability in an adaptive algorithm to automat-
ically generate reduced models of vibro-acoustic systems. For many applications, vibro-acoustic systems
need to be evaluated in a specific frequency range, as certain system characteristics are only observed in
this region. Therefore, the employed error estimation method is also assessed regarding its effectiveness
estimating the error in a particular frequency region.

1 Introduction

Vibro-acoustic systems characterize the interaction between vibrating structures and the surrounding acoustic
fluid and are applied in many engineering problems, for example in automotive or aviation design or building
acoustics. The systems exhibit a large modal density in higher frequency regions. If discretized with the
finite element method (FEM), a fine spatial discretization is required in order to resolve the wave patterns
correctly. Modeling an exterior problem, for example the sound radiation of an engine, special absorbing
boundary conditions have to be employed, further increasing the model size. This leads to very large and
computationally demanding numerical models. Additionally, a main part in many vibro-acoustic problems is
the optimization of structures regarding their vibrational behavior. So, many system evaluations are required,
increasing the need for computationally efficient models. In various problem settings, the system response
has to be assessed in a certain frequency range only, for example when optimizing vibration attenuation
measures for structure borne noise, whose excitation is known.

Model order reduction (MOR) strategies can be employed here. Such methods decrease the size of the orig-
inal model for example by projecting the discretized system onto lower dimensional subspaces containing
the required solution. Different methods exist, such as reduced basis (RB), or interpolatory methods, also
known as moment matching [1]. The methods are capable of reducing the size of the original model by
several magnitudes while retaining the system behavior in at least a specific frequency range. However, to
achieve acceptable results, the methods require at least some knowledge of the full system’s response, mak-
ing their application sometimes difficult. In an optimization framework, the MOR strategy should work with
as little user input as possible, to ensure an efficient workflow. Strategies for automatic model order reduction
have been proposed [2, 3, 4, 5, 6, 7] to achieve this goal. The main goal in these strategies is to assess the
error of the approximated model efficiently. If the full solution of the original system is impossible or not
computationally feasible, an estimation about the approximation quality of the reduced model is inevitable.
Having no measure to assess how well the surrogate model approximates the true system renders the reduced
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model useless. However, to obtain the exact model error

ε (s) = ‖h (s)− hr (s)‖ (1)

between the transfer function of the original model h (s) and a reduced surrogate model hr (s), the original
system’s solution must be known. It is therefore important to employ an efficient way to estimate the error
without knowledge of the full system’s solution.

While there exist error bounds, for example based on the system’s Gramians, which ensure the error to be
below a certain threshold, they can often not be computed efficiently for very large system. In the follow-
ing, different error estimators are evaluated regarding their applicability to vibro-acoustic systems and the
approximation quality and size of the reduced models. Interpolatory MOR methods based on Krylov sub-
spaces are used and error estimators based on residual expressions and complementary approximations, as
well as an extension of the iterative rational Krylov algorithm (IRKA) [8] are employed. The models are
reduced to be valid in a certain frequency range and apart from this range, no further inputs are required for
the MOR methods.

The remainder of the publication is structured as follows: In Section 2 the modeling of vibro-acoustic systems
is reviewed briefly and Section 3 gives an overview over interpolatory MOR methods and their applicability
to vibro-acoustic systems. The following Section 4 presents different error estimators and an algorithm
finding appropriate expansion points for the MOR method in a greedy manner. The numerical examples in
Section 5 demonstrate the potential of the presented methods in a vibro-acoustic setting and compare the
different error estimators. Conclusions are drawn in Section 6.

2 Vibro-Acoustic systems

2.1 Structural domain

The vibro-acoustic phenomena addressed in the following are modeled by coupling a structural dynamic
system to an acoustic system. The finite element (FE) discretization of a dynamically excited structural
system is of the form

(
s2Ms + sCs + Ks

)
xs (s) = Fsus (s)

ys (s) = GT
s xs (s) ,

(2)

with mass, damping, and stiffness distribution matrices Ms,Cs,Ks, input and output matrices Fs,Gs,
harmonic load us, system state xs, system output ys. The system is excited harmonically by a force us with
the frequency s = iω, i =

√
−1. Fs maps the harmonic load on certain locations of the structure and Gs

retrieves the resulting harmonic displacement from the structure, mapping it to the observed output. The
subscript s describes quantities related to the structural part of the vibro-acoustic problem. Ks is typically
symmetric, positive semidefinite and Ms is symmetric, positive definite. For proportionally damped systems,
the damping matrix has the form

Cs = αMs + βKs, (3)

where α, β are scalars. Hysteretic damping can be introduced into the system with a complex stiffness, such
as,

Ks,d = Ks + iηKs, (4)

with the loss factor η.
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2.2 Acoustic domain

The Helmholtz equation is discretized to model the waves in the acoustic domain. If impedance boundary
conditions are present, the system has the same structure as (2):

(
s2

c2
f

Mf + sCf + Kf

)
xf (s) = Ffuf (s)

yf (s) = GT
f xf (s) ,

(5)

where the mass and stiffness distribution matrices Mf ,Kf result from the Helmholtz equation and the
damping matrix Cf is introduced by impedance boundary conditions. cf denotes the sound wave speed
in the cavity and the subscript f the parts associated to the acoustic fluid domain. uf defines the acoustic
excitation, consisting out of acoustic sources, input velocity, and input pressure. xf and yf denote system
state and system output. Apart from using an impedance boundary condition, damping can be introduced
into the system by using a complex cf . For exterior problems, an absorbing boundary condition such as a
perfectly matched layer (PML) can be added to the system. This is often realized by augmenting the stiffness
matrix by a complex part, depending on the location in the absorbing boundary [9]. This also introduces a
frequency dependence to the stiffness matrix. In the remainder, we will only deal with interior problems. As
for the structural part, Kf is typically symmetric, positive semidefinite and Mf symmetric, positive definite.
Cf has nonzero entries only at locations, where an impedance is applied, thus having zero entries on its
diagonal.

2.3 Coupled vibro-acoustic system

In the vibro-acoustic setting, the acoustic and structural domains are coupled and their response to a harmonic
load or source is evaluated. The coupling is incorporated by the matrices Kc,Mc, where Kc = −MT

c . The
discretized system can be described as

(
s2

[
Ms 0
Mc

1
ρf c

2
f
Mf

]
+ s

[
Cs 0
0 Cf

]
+

[
Ks Kc

0 1
ρf
Kf

])[
xs (s)
xf (s)

]
=

[
Fs 0
0 Ff

] [
us (s)

1
ρf
uf (s)

]

[
ys (s)
yf (s)

]
=

[
GT
s 0

0 GT
f

] [
xs (s)
xf (s)

]
.

(6)

The matrices associated to the fluid are divided by the fluid’s density ρf to facilitate the coupling. For brevity,
(6) can be rewritten as

(
s2Mv + sCv + Kv

)
xv (s) = Fvuv (s)

yv (s) = GT
v xv (s) ,

(7)

where the subscript v describes the parts associated to the coupled vibro-acoustic system. Matrices Kv,Mv

are non-symmetric and Cv may have zero entries on its diagonal. The transfer function of the vibro-acoustic
systems is to be evaluated for many frequencies s. Only systems with one input and one output, i.e. Fv,Gv

being vectors will be considered, so the transfer function is given by the scalar function

h (s) = gTv
(
s2Mv + sCv + Kv

)−1
fv. (8)

Matrices Kv,Cv,Mv are sparsely populated and their dimension can be very large. Methods to reduce
the computational complexity of the transfer function evaluations are therefore inevitable for the efficient
computation of vibro-acoustic systems.
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3 Model order reduction by interpolation

We seek for an approximation hr (s) of the original system’s transfer function h (s) for some frequency
values si. The reduced system’s order r should be much lower than the original system’s order n. Another
aim is to preserve the structure of the original system in reduced space, such that the reduced system can be
described as

(
s2Mr + sCr + Kr

)
xr (s) = frur (s)

yr (s) = gTr xr (s) ,
(9)

where Mr,Cr,Kr ∈ Rr×r, fr,gr ∈ Rr, and scalar input and output ur, yr. The reduced model’s transfer
function is of the same shape as (8).

Moment matching methods seek a reduced transfer function hr(s) rationally interpolating the original trans-
fer function h(s). Single-point methods match a pole of h(s) at si and some of its derivatives. If more
derivatives are matched, the approximation quality is increased around si. The number of derivatives re-
quired to be matched can grow fast, if an approximation over a wide frequency range is desired. Multi-point
methods therefore match poles at multiple frequencies si and their derivatives to approximate the original
transfer function in a wider frequency range. The interpolant of h(s) can either be constructed directly as a
rational function using the matched poles or implicitly using a Petrov-Galerkin approximation by projecting
the original system onto a lower dimensional subspace [10, 11]. As we are interested not only in the reduced
transfer function, but also in the system in reduced space (9), approximation by Petrov-Galerkin projection
is more suitable here. The projection matrices V,W ∈ Rn×r are selected, such that

WH
((
s2M + sC + K

)
Vxr (s)− fu (s)

)
= 0. (10)

It follows
yr (s) = gTVxr (s) . (11)

The reduced quantities in (9) are thus given by

Mr = WHMV, Cr = WHCV, Kr = WHKV, fr = WHf , gr = gV. (12)

For symmetric systems, setting W = V preserves this property in reduced space [12]. The subspaces V,W ,
respectively their bases V,W can be found using singular value decomposition or Krylov methods; [1]
provides an overview.

3.1 Krylov basis computation

A generalized nth order Krylov space given by two matrices A,B and a vector v0 is defined as

Kn (A,B,v0) = span {r0, r1, . . . , rn−1} (13)

where

r0 = v0

r1 = Ar0

rn = Arn−1 + Brn−2

(14)

is called the Krylov sequence based on A,B,v0 [13]. The transfer function of a second order system (8) can
be rewritten as

h (s) = gT (I− sH)−1 f0 = gT
(
I− s

[
−K−1C −K−1M

I 0

])−1 [
K−1f

0

]
. (15)
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where I is the identity matrix of appropriate size. Setting A = −K−1C,B = −K−1M,v0 = K−1f , the
vector sequence (14) defines the Krylov subspaceKn. The orthonormal basis V ofKn, which can be used for
model order reduction, can be constructed using Arnoldi procedures, for example the second order Arnoldi
procedure (SOAR, [13]) or the two-level orthogonal Arnoldi procedure (TOAR, [14]). The original system
can then be projected onto the reduced space with (12). If approximation around a specified frequency s0

other than zero is required, the transfer function can be shifted around s0

h (s) = gT
(

(s− s0)2 M + (s− s0) C̃ + K̃
)−1

f , (16)

with C̃ = 2s0M + D, K̃ = s2
0M + s0C + K to define the second order Krylov subspace

Kn
(
−K̃−1C̃,−K̃−1M, K̃−1f

)
. (17)

The matrices defining the Krylov subspace can be complex and the shift s0 is typically chosen to be imaginary
regarding to s = iω. The second order Krylov subspace can be built from any non-singular matrix K̃; there
are no requirements on the other matrices C̃,M, so both SOAR and TOAR can be used for vibro-acoustic
systems (7). Increasing the order of the Krylov subspace widens the frequency range around the chosen shift
for which the reduced model approximates the full system, but the approximation stagnates at some point. In
this case, an increased order does not increase the frequency range where the reduced model approximates
the original model anymore. To overcome this, multiple subspaces around different expansion points are
combined. This widens the approximated frequency range, but for each new shift, a linear system of order n
has to be solved. Distributing the shifts in the frequency range of interest potentially yields smaller reduced
models at the cost of more matrix decompositions.

3.2 Iterative Krylov methods

The optimal distribution of shifts in the frequency domain is addressed in a wide body of literature, one
approach is the iterative rational Krylov algorithm (IRKA) [15]. Upon convergence, the method yields an
optimal reduced model with respect to the H2 norm. Having been developed for first order systems, IRKA
has been adapted for second order systems as SO-IRKA. SO-IRKA does not satisfy all optimalH2 necessary
conditions, yielding good results nevertheless [12]. The algorithm starts at arbitrary initial expansion points
si and builds a reduced model matching the original system around these points. The mirror images of the
reduced system’s eigenvalues are used as updated expansion points in the next iteration, until convergence is
reached. The algorithm for a vibro-acoustic system (7) is sketched in Algorithm 3.1.

Algorithm 3.1 The iterative rational Krylov algorithm for second order systems, SO-IRKA
Require: M,C,K, f ,g, initial expansion points si, i = 1, . . . , r ∈ C
Ensure: Mr,Cr,Kr, fr,gr, si

1: while no convergence do
2: Compute right projection basis V =

[(
s2

1M + s1C + K
)−1

f , · · · ,
(
s2
rM + srC + K

)−1
f
]

3: Compute left projection basis W =
[(
s2

1M + s1C + K
)−H

g, · · · ,
(
s2
rM + srC + K

)−H
g
]

4: V = orth {V,V (si)} , W = orth {W,W (si)}
5: Mr = WHMV, Cr = WHCV, Kr = WHKV
6: Solve the quadratic eigenvalue problem

(
Mrλ

2 + Crλ+ Kr

)
x = 0

7: Choose r eigenvalues from λ2r

8: Update expansion points si = −λr
9: end while

10: fr = WHf , gr = gV

Contrary to first order IRKA, the intermediate reduced second order systems in SO-IRKA have 2r eigen-
values λ2r. If all eigenvalues are chosen as expansion points for the next iteration, the reduced model’s size
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would double each iteration. Therefore, only a subset of eigenvalues is chosen as updated expansion points.
Choosing r of the mirror images of λ2r closest to the imaginary axis, SO-IRKA yields a reduced model
valid from frequency zero. It is possible to choose any of the 2r eigenvalues, so the reduced model can be
created to match the original system in a specified frequency range [16]. As in each iteration r linear systems
have to be solved, SO-IRKA’s optimality comes at high computational cost, if the original system is large.
For higher efficiency, [17] proposed CIRKA. In this iterative two-step approach, an intermediate reduced
model of order m > r is created using for example a Krylov method. This intermediate model is then
reduced to the desired order r using IRKA. Upon IRKA convergence, the basis of the intermediate model
is augmented by the moments around the newly found optimal expansion points and IRKA again finds the
optimal expansion points for the extended intermediate model. This is repeated, until convergence. Because
the optimization inside IRKA now does not require the solution of the full order system, the computational
cost is greatly reduced, while CIRKA and IRKA applied to the original system converge to the same local
optimum. IRKA has the same requirements on the matrices as the second order Krylov subspace methods,
so the vibro-acoustic system (7) can be reduced with IRKA and CIRKA.

4 Error assessment for reduced models

The robust and efficient assessment of the model error (1) without prior knowledge of the full system’s
response is still an unresolved issue. As it is often unfeasible to compute the true model error ε, we search
for an estimation ε̂ or a bound ε̃ for ε. While ε̂may underestimate the true error, an error bound ensures ε ≤ ε̃,
but typically lacks tightness [18]. This means, that ε̃ may greatly overestimate the error. An error bound for
second order systems is presented in [19], but the system has to be transformed into a strictly dissipative state
space realization destroying its second order structure. The potential of the following methods lies in using
them in an adaptive procedure. In a multi-point reduction scheme, the order of expansion points lying near a
region with high error are increased, or a new expansion point is introduced inside this region to get a better
approximation of the full system. An example for such an algorithm is presented in Section 4.3.

4.1 Residual approach

The residuals of a reduced model are defined as

rf (s) = f −
(
s2M + sC + K

)
Vxr (s)

rg (s) = g −
(
s2M + sC + K

)H
Wxr (s)

(18)

and can be computed without large costs only with matrix-vector products. The true model error ε can be
computed by

ε (s) = rHg
(
s2M + sC + K

)−1
rf , (19)

which is not feasible for large systems, but the residuals can be used as an error estimate

ε̂r,f (s) =
‖rf (s)‖
‖f‖ , ε̂r,g (s) =

‖rg (s)‖
‖g‖ . (20)

A small residual at a certain frequency si typically implies a good approximation around si, but this is not
valid, if si is near a pole of the system, as the values of

(
s2M + sC + K

)−1 get very high and a small
residual can still correspond to a large model error [20]. Practically, using the residual as an error estimator
in a vibro-acoustic setting can yield very promising results [5]. In an adaptive scheme, a new expansion point
for a multi-point moment-matching scheme is added at the location with the highest relative residual ε̂r until
the residual at all evaluation points lies beneath a specified threshold.

An analytic expression for the moment error ε at the expansion point of an Arnoldi method has been derived
in [21] and has been adapted for second order systems with proportional damping by [3]. The expression
can be computed cheaply during an Arnoldi method iteratively increasing the order of the reduced model
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and it shows the exact error of the reduced model at the expansion point for the next iteration. Motivated by
this expression, an error estimator which can be computed by matrix vector products and the solution of one
linear system of order r can be derived [2]. The norm of the model error (1) is bounded by

‖h (s)− hr (s)‖ ≤ ε̃m (s) =
∥∥∥gH (s)−1

∥∥∥ ‖rm (s)‖ , (21)

with H (s) = s2M+sC+K and rm (s) = f−H (s)VHr (s)−1 WHf , where Hr (s) = s2Mr+sCr+Kr.
For a proof see [2]. Instead of computing the bound (21) with the full system H (s), using the approximate
system Hr (s), as in

‖h (s)− hr (s)‖ ≈ ε̂m (s) =
∥∥∥grHr (s)−1

∥∥∥ ‖rm (s)‖ , (22)

yields an estimate of the model error ε̂m (s) inspired by the Arnoldi moment error. This expression is no
bound for the error, but it highlights regions with a potentially high approximation error, if the reduced
model captures the most important characteristics of the original system. Similar error estimators have been
developed in [22] and extended in [23].

4.2 Complementary approximations

A different estimation of the model error is given by the difference of the transfer functions of two different
reduced models hr,1 (s) and hr,1 (s):

ε̂c (s) = hr,1 (s)− hr,2 (s) . (23)

The reduced models do not have to be computed by the same reduction method. The estimate is based on the
assumption that if hr,1 (s) and hr,2 (s) differ, at least one of the two reduced model does not approximate the
original system well. If both reduced models converge to the same transfer function, ε̂c diminishes and the
models are considered valid. However, it is also possible, that both reduced models miss important features
of the full system, resulting in an incorrect estimation of the true model error.

Instead of comparing two completely different reduced models, [20] proposes to compare hr,1 (s) to the
transfer function hr,12 (s) of a reduced model built combining the reduction bases of the two complementary
models. The combination of both bases results in a better approximation of the full system, so the compar-
ison (23) is assumed to be nearer to the true error. Another modification is to compare not two completely
different reduced models but two models of different reduced order, based on the same expansion points.
This has lower computational costs, as increasing the order of a Krylov subspace does not necessarily in-
volve full system decompositions. This approach can, for example, be used in an iterative method to find the
appropriate size of a reduced order model. If the difference between the transfer functions of two models
sharing the same expansion points but having different orders diminishes, is is assumed that further increas-
ing the order does not increase the approximation quality and the reduced model is sufficiently accurate in
the vicinity of the matched poles. This estimator can also be used to obtain a confidence region, in which
the surrogate model approximates the full model with a defined accuracy [18]. However, it cannot be ruled
out, that some features of the full system are missing in the reduced model, making the estimate incorrect.
To minimize this risk, both strategies can be combined: two independent models are created at interlaced ex-
pansion points and their order is increased iteratively. The reduced model is considered accurate in a specific
frequency region, if both models converge to the same frequency response under a certain tolerance [7].

4.3 Greedy expansion point selection

All error estimators mentioned above can be employed in automatic model reduction approaches. Here, we
present an algorithm, which finds new expansion points using a greedy approach in order to create a reduced
model valid in a predefined frequency region, similar to the methods from [2, 18]. Algorithm 4.1 aims to
generate a reduced model valid in a specified region. To check convergence, one of the error estimators
presented above is used. Each expansion point’s order is increased until a certain threshold is reached.
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Then, the next expansion point is chosen at the location, where the maximal error is estimated. Iteration is
stopped, if the maximal overall reduced order is reached or the error is estimated to be sufficiently low. In
the following experiments, we used the two-level orthogonal Arnoldi (TOAR) procedure [14] to compute the
Krylov bases.

Algorithm 4.1 Greedy method for expansion point selection
Require: M,C,K, f , initial expansion point s0, initial order r0, frequency range Σ = [smin, smax], min-

imum expansion point order rm, maximum expansion point order rn, maximum overall reduced order
rmax

Ensure: Mr,Cr,Kr, fr
1: i = 0
2: while ε̂ > εtol do
3: Compute V (si) ,W (si) of order ri with an Arnoldi method
4: V = orth {V,V (si)} , W = orth {W,W (si)}
5: Compute error estimator ε̂ in range [smin, smax]
6: if ri < rn then
7: Increase ri
8: else
9: si+1 = arg max

s∈Σ
ε̂

10: ri+1 = rm
11: i = i+ 1
12: end if
13: end while

5 Numerical experiments

The methods presented above are now evaluated regarding their efficiency to create reduced models of vi-
brating and vibro-acoustic structures: a vibrating beam with proportional damping and an acoustic cavity
coupled to vibrating plates. The models are reduced with CIRKA adapted for second order systems and the
greedy expansion point selection algorithm presented in Section 4.3. Here, the error estimators ε̂c based on
complementary approximations (23), ε̂r,f based on the residual (20), and ε̂m inspired by the moment error
(22) are employed. Each reduced model is created to be valid in a predefined frequency range [smin, smax]
and the initial expansion point is chosen as s0 =

√
sminsmax as recommended in [2]. This range is di-

rectly fed into Algorithm 4.1 and the error estimators are evaluated at 100 linearly distributed frequencies in
[smin, smax]. CIRKA is modified to increase the order of the reduced model as long as the first expansion
point lies outside the convergence region. This increases the reduced order in case it has been chosen to be
not large enough to approximate the full system in the complete required range. For the model with vibrating
plate and acoustic cavity, the reduced model is limited to be valid in a specific frequency range not starting
at zero. Here, only the greedy iterative Arnoldi method is used, but the method from [16] could be applied
to create a frequency limited approximation using CIRKA.

All numerical experiments are implemented in Matlab® R2018a and performed on a machine equipped with
an Intel® Core™ i7-8650 @ 1.9 GHz and 16 GB RAM. The finite element models have been created with
Kratos Multiphysics.

5.1 Vibrating beam

A vibrating cantilevered beam of length l = 0.8 m and quadratic cross section a = 0.01 m is excited by a
harmonic load at its tip. The beam is made out of steel with E = 210 GPa, ρ = 7850 kg

m3 , ν = 0.3 and
proportional damping with α = 1.64× 10−1, β = 9.1× 10−6. The model is discretized as in (2) with order
n = 600 and the displacement at the load point is observed.
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The convergence interval is chosen to be sc = 2πi [0, 1600], CIRKA’s initial order is 8, and the greedy
algorithm starts with order r0 = 1 and increases it to rn = 4 in steps of 2. The convergence tolerance of all
methods is set to εtol = 1× 10−8. Table 1 compares the different reduction methods according to reduced
order necessary to achieve convergence in the proposed interval r, exact model error ‖ε‖, and computation
time t.

Table 1: Comparison of reduced models of the vibrating beam: reduced model order r, approximation error
norm in convergence interval ‖ε‖, and computation time t.

Method r ‖ε‖ t [s]

CIRKA 16 6.70× 10−7 0.42
ε̂c 22 5.91× 10−7 0.06
ε̂r,f 32 8.49× 10−7 0.75
ε̂m 16 8.49× 10−7 0.19

All methods converge and create reduced models achieving a sufficiently low approximation error in the fre-
quency range of interest. The transfer function and approximation errors for the CIRKA model is presented
in Figure 1, for the greedy algorithm in Figure 2. CIRKA and ε̂m find the smallest reduced models of order
r = 16. CIRKA takes more time to complete, because in each iteration, up to r equation systems of order n
have to be solved to reach convergence. The model created by ε̂c has order r = 22 but the computation time
is the lowest. ε̂rf needs more iterations to reach convergence, resulting in a larger reduced model and a longer
computation time. ε̂c only requires the solution of a linear system of order r for error assessment, while ε̂rf
and ε̂m perform additional matrix vector products of order n. Given that all reduced models have a compara-
ble accuracy, no benefit of the residual based error bounds compared to complementary approximations can
be observed for this model.
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Figure 1: Beam model reduced with CIRKA. Left: original model transfer function (—), CIRKA reduced
model transfer function (– –), and CIRKA expansion points (•). Right: relative approximation error (—) and
CIRKA confidence interval (�).

5.2 Acoustic cavity with two plates and air gap

A heavily coupled system consisting out of two brass plates and two air cavities, which has been examined
experimentally in [24], is used to test the performance of the presented methods in the vibro-acoustic setting.
The system consists out of two 0.2 × 0.2 m brass plates with E = 104 GPa, ρ = 8500 kg, ν = 0.37 with
thickness t = 0.9144 mm and an acoustic cavity with 0.2 × 0.2 m cross section and length l = 0.22 m.
The first plate delimits the cavity on the left end, all other cavity walls are rigid. The second plate is placed
parallel to the first plate with a distance of 2 cm, creating an air gap. Both plates are simply supported and
Rayleigh damping with β = 1× 10−6 is applied to both plates. Figure 3 shows the system and its transfer
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Figure 2: Beam model reduced with Algorithm 4.1. Left: original model transfer function (—) and transfer
functions of reduced models with error estimators ε̂c (– –), ε̂r,f (– –), and ε̂m (– –). Right: relative ap-
proximation error of the reduced models based on ε̂c (—), ε̂r,f (—), and ε̂m (—) and convergence interval
(�).
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(a) A sketch of the acoustic cavity.

0 500 1,000 1,500
10−5

10−3

10−1

101

Frequency (Hz)

Pr
es

su
re

(P
a)
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Figure 3: The vibro-acoustic system according to [24] and its transfer function evaluated at the midpoint of
the right back wall.

function. The system is excited by a uniform pressure load in x-direction acting on the outer face of the plate
at x = 0. The absolute pressure is evaluated at the midpoint of the opposite wall. The model is discretized
according to (6) resulting in non-symmetric matrices of order n = 3300.

The convergence interval is chosen to be sc = 2πi [0, 500], CIRKA’s initial order is 15, the greedy algorithm
starts with order r0 = 3 and increases it to rn = 9 in steps of 2. The convergence tolerance of all methods
is set to εtol = 1× 10−5. Table 2 compares the different reduction methods according to reduced order
necessary to achieve convergence in the proposed interval r, exact model error ‖ε‖, and computation time t.

All methods converged to the specified error tolerance and all reduced models capture the important features
of the transfer function, especially the double peak around 400 Hz. Figures 4 and 5 show approximated
transfer functions and error plots for all employed methods. Although the error is sufficiently low in the
whole frequency range of interest, a higher error in the vicinity of the double peak can be observed for the
CIRKA model and the model resulting out of the greedy algorithm with ε̂c. As expected, CIRKA produces
the smallest reduced model with r = 12. The greedy algorithm employing error estimator ε̂c computes its
reduced model the quickest with an order r = 24, but has the highest error. Both error estimators ε̂r,f and ε̂m
take much longer to converge and result in substantially larger reduced models of orders r = 64 and r = 72
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Table 2: Comparison of reduced models of the double plate acoustic cavity: reduced model order r, approx-
imation error norm in convergence interval ‖ε‖, and computation time t.

Method r ‖ε‖ t [s]

CIRKA 14 1.66× 10−8 3.56
ε̂c 24 8.41× 10−8 0.93
ε̂r,f 64 1.50× 10−11 9.57
ε̂m 72 1.50× 10−11 10.52

respectively, having much lower errors than the required tolerance. This can result from an overestimation
of the true error by the estimators. Also, the computation of the error estimator at 100 sampling points in the
frequency region of interest in each iteration adds to the longer computation times. For a comparison, IRKA
is also applied on the model with the same initial expansion points as CIRKA. Both algorithms converge to
the same reduced model, but IRKA takes much longer to compute (tIRKA = 35.78 s).
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Figure 4: Double plate acoustic cavity model reduced with CIRKA. Left: original model transfer function
(—), CIRKA reduced model transfer function (– –), and CIRKA expansion points (•). Right: relative
approximation error (—) and CIRKA confidence interval (�).

5.3 Frequency limited approximation

The model from Section 5.2 is now reduced to a model valid only a frequency range sc = 2πi [1000, 1500].
The greedy algorithm starts with order r0 = 3 and increases it to rn = 9 in steps of 2. The convergence
tolerance of all methods is set to εtol = 1× 10−5. Table 3 compares the different reduction methods accord-
ing to reduced order necessary to achieve convergence in the proposed interval r, exact model error ‖ε‖, and
computation time t.

Table 3: Comparison of reduced models of the double plate acoustic cavity: reduced model order r, approx-
imation error norm in convergence interval ‖ε‖, and computation time t.

Method r ‖ε‖ t [s]

ε̂c 46 1.00× 10−7 1.89
ε̂r,f 50 1.77× 10−8 8.76
ε̂m 100 4.48× 10−14 15.90

All methods create reduced models with sufficient accuracy, the error plot is presented in Figure 6. Again, the
error estimation based on complementary approximations creates the smallest reduced model with r = 46
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Figure 5: Relative errors of the reduced models of the double plate acoustic cavity model created with
Algorithm 4.1 and different error estimators in the range up to smax = 500 Hz. The convergence interval is
highlighted in gray (�).

in the fastest time. All features of the transfer function could be captured and the error is below the specified
tolerance in the convergence region. The model created using ε̂r,f has an only slightly larger order r = 50
but the evaluation of the error estimator takes more time than solving the system in reduced space for ε̂c. ε̂m
overestimates the error, resulting in a larger reduced model with r = 100 and a very low error, which was
not aimed for. The convergence region for this method is larger than for the other two methods, but this is
not measurable without the solution of the full system.
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Figure 6: Relative errors of the reduced models of the double plate acoustic cavity model created with Al-
gorithm 4.1 and different error estimators in the range smin = 1000 Hz, smax = 1500 Hz. The convergence
interval is marked in gray (�).

6 Conclusion

We presented some techniques to assess the approximation error of reduced order models and methods to
use them in an automatic reduction framework, which does not need much input from the user. Only by
specifying the convergence interval, in which the reduced model should be valid, reduced models of vibro-
acoustic systems can be created automatically with high accuracy in a reasonable time. CIRKA was used
for second-order systems and was found to be able to create very small reduced models more efficiently than
standard IRKA. All presented error estimators were able to guide the greedy style algorithm towards reason-
able expansion points, also resulting in accurate reduced models. However, the estimators based on moment
error and residual lack tightness and the models created with these estimators tend to be larger. Comparing
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complementary approximations of two reduced models with increasing order was found to provide the best
trade-off between model accuracy and computation time. Important features of the transfer functions of all
considered models could properly be reproduced by this method.
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Abstract
This paper presents a model order reduction scheme (MOR) for the forced response of 2D infinite periodic
media in the Shift-Cell Operator Method framework. The proposed scheme is based on a multiparamter
moment matching technique and is applied to the computation of the sound transmission loss of 2D periodic
structures. To that end, a novel technique combining the Shift-Cell Operator Method and the Wave Based
Method is developed, enabling the use of the proposed MOR scheme in that context. Both the new modeling
technique and proposed MOR scheme are applied to a homogeneous structure and validated by comparison
to the Hybrid-WFEM method. They are subsequently applied to a complex doubly stiffened panel for which
good reduction factors are obtained, thus demonstrating the efficiency of the proposed modeling strategy.

1 Introduction

Owing to the impact of noise pollution on public health [1, 2], the vibroacoustic performance of panels
and compact lightweight material systems is of prime importance for many applications in the automotive,
aerospace, building construction and machine design industries. However, noise reduction is traditionally
achieved by increasing the weight and volume of structures and vibroacoutic packages which runs contrary
to technological trends and economic considerations. The tension between these two imperatives has mo-
tivated much research about so called metamaterials, often periodic in design, that exhibit sound insulation
properties that go beyond the mass law. For that reason, a number of numerical methods have been developed
to predict their vibroacoustics properties. Parinello’s et al. [3, 4] transfer matrix method, the Hybrid-WFEM
method [5, 6] and Christen et al. method [7] are all techniques enabling the prediction of the sound transmis-
sions loss (STL) and absorption of periodic metamaterial solutions. They rely on the Wave Finite Element
Method (WFEM) framework [8, 9, 10, 11] that combines finite element (FE) modeling and Floquet-Bloch
theory [12, 13] to compute the response of a periodic medium to acoustic plane waves. In particular, the use
of Floquet-Bloch boundary conditions at the interfaces of a unit cell (UC) of the periodic medium allows
to restrict the computational domain to that single UC. This strategy can be carried over to more complex
loads, e.g. diffuse acoustic fields, provided they are decomposed into plane waves first. The response to each
plane wave is evaluated separately and the global response is obtained by superposition of the individual
responses. The downside of that method, is that thousands of matrix inversion may be needed to compute,
the diffuse field STL at a given frequency making the method ill suited to study the properties of complex
UCs that require fine FE models with a high number of dofs. While reducing the number of matrix inversions
required is not feasible, it is possible to reduce the computational cost of those operations by using model
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order reduction. In this paper, a model order reduction (MOR) technique based on multiparameter moment
matching is used in conjunction to a modified version of the Hybrid-WFEM method [5, 6] whereby the
WFEM is replaced by the Shift-Cell Operator Method [14]. With this modification, the subspaces spanned
by the rows of the fluid-structure coupling matrices become wavenumber invariant which both facilitate the
moment matching process and is conjectured to lead to smaller Reduced Order Models (ROMs).

The rest of this paper is organised as follows. In Section 2, a brief overview of the Shift-Cell Operator
Method is given along with its combination with the novel variant of the Hybrid-WFEM method. Section
3 details the multiparameter moment matching technique used and the proposed MOR scheme. Finally,
the performance of the proposed scheme is evaluated in Section 4 while Section 5 summarizes the main
conclusions.

2 Fluid-Structure Coupling for The Shift Cell Operator Method

In this section, the proposed variant of the Hybrid-WFEM [5, 6] is detailed. In subsection 2.1 a brief overview
of the classical FEM formalism for solids is given, introducing concepts that come to use in subsections 2.2
and 2.3. In subsection 2.2, the Shift-Cell Operator Method used for the modeling of periodic structures is
presented. Finally, subsection 2.3 discusses how a shift-cell based modeling can be coupled to Wave Based
acoustics modeling [15].

2.1 A brief overview of the classical finite element method

We first consider the problem of linear elasticity for a displacement field u, a volume load f and density ρ
on a domain Ω with Neumann boundary conditions at its boundary ∂Ω:

{
div(σ) + f = ρü onΩ

σ.~n = σ0 on ∂Ω
(1)

The stress tensor σ is linked to the linear strain tensor ε by a forth order symmetric tensor C representing
Hooke’s law of elasticity as per equation (2) in which Einstein’s notation is used:

σij = Cijklεkl (2)

Equation (2) is put in vector form by focusing on the 6 independent components of the strain and stress
tensors. The following notations are introduced:

{
εv = [ε11, ε22, ε33, 2ε23, 2ε13, 2ε12]

T

σv = [σ11, σ22, σ33, σ23, σ13, σ12]
T

(3)

Leading to the vector form of equation (2):
σv = Cmεv (4)

With Cm a 6 by 6 symmetric matrix representing Hooke’s law. In order to completely rewrite equation (1)
in a FEM friendly way, two differential operators are introduced:

D =




∂
∂x 0 0

0 ∂
∂y 0

0 0 ∂
∂z

0 ∂
∂z

∂
∂y

∂
∂z 0 ∂

∂x
∂
∂y

∂
∂x 0




and DT =




∂
∂x 0 0 0 ∂

∂z
∂
∂y

0 ∂
∂y 0 ∂

∂z 0 ∂
∂x

0 0 ∂
∂z

∂
∂y

∂
∂x 0


 (5)
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Because of their differential nature, these operators can only be used to left multiply when doing matrix
operations. It should also be noticed that:

{
εv = Du

div(σ) = DTσv
(6)

The first part of equation (1) is then rewritten as:

DTCmDu+ f = ρü (7)

Introducing a vector test function w belonging to the relevant space S, the weak form of equation (7) is
derived:

∀w ∈ S,
∫∫∫

wTDTCmDu+

∫∫∫
wT f =

∫∫∫
wTρü (8)

Integrating by part and using the boundary conditions, equation (9) is derived:

∀w ∈ S,
∫∫∫

wT f +

∫∫
wTσ0 =

∫∫∫
(Dw)TCmDu+

∫∫∫
wTρü (9)

With σ0 defined in equation (1). Appropriate shape functions can then be chosen for w and u leading to a
FEM discretatization. In most cases the same shape functions are used for w and u which leads to symmetric
mass and stiffness matrices.

2.2 The Shift Cell Operator Method

The Shift Cell Operator Method [14] was invented to compute the dispersion curves of 2D periodic media in
any direction, which was not possible using the WFEM. The method works mostly like FEM with a simple
difference: A change of variables is operated in the displacement variable u and the equation of motion is
rewritten for functions v and g such that:

{
u(x, y, z, t) = v(x, y, z, t)e−i(kxx+kyy)

f(x, y, z, t) = g(x, y, z, t)e−i(kxx+kyy)
(10)

Equation (7) is then rewritten using v and g:
{

(DT
xyCmDxyv + g)e−i(kxx+kyy) = ρve−i(kxx+kyy)

Dxy = D − ikxDx − ikyDy

(11)

With Dx and Dy matrices, and not differential operators, defined in equation (12):

Dx =




1 0 0
0 0 0
0 0 0
0 0 0
0 0 1
0 1 0




and Dy =




0 0 0
0 1 0
0 0 0
0 0 1
0 0 0
1 0 0




(12)

They account for the fact that derivatives of the product of a function with an exponential follow the pattern
of equation (13):

∀q ∈ C1(R),
∂

∂x
(q(x)e−ikxx) =

(
∂

∂x
q(x)− ikxq(x)

)
e−ikxx (13)
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Taking the weak form of equation (11), and integrating by part, equation (14) is derived:
∫∫∫

wT g +

∫∫
wTσ0 e

i(kxx+kyy) =

∫∫∫
(Dw)TCmDv +

∫∫∫
wTρv̈

+ k2x

∫∫∫
(Dxw)TCmDxv + k2y

∫∫∫
(Dyw)TCmDyv

+ kxky

∫∫∫
(Dxw)TCmDyv + (Dyw)TCmDxv

− ikx
∫∫∫

(Dw)TCmDxv − (Dxw)TCmDv

− iky
∫∫∫

(Dw)TCmDyv − (Dyw)TCmDv

(14)

Which leads to the discretization described in equation (15).

(K + sC + s2M − ikxLx − ikyLy + k2xHxx + k2yHyy + kxkyHxy)U = DssU = F (15)

WhereK,M , andC are the classical mass, stiffness and damping matrices. The additionalH andLmatrices
are respectively symmetric and antisymmetric and account for modulation in equation (10). The interest of
this discretaization is two fold. Firstly, one can impose Floquet-Bloch boundary conditions by imposing
periodicity boundary conditions and choosing values for kx and ky [14]. Secondly, because the load and
Neumann boundary conditions needs to be multiplied by ei(kxx+kyy), a plane wave load can be made to look
constant by choosing matching wavenumbers in the structure. This last property is exploited in subsection
2.3.

2.3 Hybrid coupling with the shift cell operator method

This subsection describes how to modify the Hybrid-WFEM method [5, 6] and apply it to the Shift-Cell
Operator Method framework to compute the sound transmission loss of a periodic structure excited by an
incident plane wave. The idea is to couple an infinite 2D periodic structure occupying the region space
0 ≤ z ≤ h to two semi-infinite acoustic domains corresponding to the regions of space z < 0 and z > h.
An incident acoustic field pi is present in the half-space z < 0 which by fluid-structure coupling leads to a
structural response, a reflected pressure field pr, and a transmitted field pt in the half-space z > h. In order
to simplify the equations, the assumption that the structure considered is weakly periodic is made. This
means higher order modes in the reflected and transmitted pressure fields caused by periodic diffraction can
be ignored. Thus, the acoustic fields in both half spaces take the respective forms:

{
p− = pie

−i(kxx+kyy+kzz) + pre
−i(kxx+kyy−kzz)

p+ = pte
−i(kxx+kyy+kzz)

(16)

The fluid-structure coupling equations are given in equation (17) and are valid on Γ− the z = 0 plane and
Γ+, the z = h plane: 




1

ρf

∂p

∂n
+
∂2u

∂t2
.~n = 0

σ.~n+ p~n = 0

(17)

In equation (17), ρf is the fluid’s density, u the structural displacement, σ the stress tensor, p the fluid’s
pressure and ~n, the outward normal of the solid. The first line of the equation expresses the continuity of
the normal acceleration while the second lines specifies how the fluid’s pressure acts as a force on the solid
(Neumann boundary condition). As such, the first equation gives rise to two matrices Kff and Mfs while
the second equation only gives rise to a single coupling matrix Ksf as it interpreted as a boundary condition.
The weak form corresponding to each matrix when discretized for the Shift-Cell-Operator Method are given
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in equation (18): 



Kff ↔
1

ρf

∫∫
w∗f

∂p

∂n
ei(kxx+ky)

Mfs ↔
∫∫

w∗f
∂2v

∂t2
.~n

Ksf ↔
∫∫

(ws~n)pei(kxx+kyy)

(18)

The shape functions for v and the usual FEM shape functions are identical to the test functions ws while
the shape functions for the pressure p are chosen according to equation (16). Finally the test functions wf

are chosen as the product of the pressure shape functions with ei(kxx+kyy). With these choices, the terms in
ei(kxx+ky) vanish from both the pressure and solid the shape functions such that the matrices depend only of
kz . Specifically, Kff scales with |kz|2, Mfs scales with eikzz0 (z0 being the z coordinate of the interface)
and Ksf with e−ikzz0 . Additionally, Ksf = MH

fs with the H exponent indicating the Hermitian transpose.
Because of these properties, the subspace spanned by the columns ofKfs is independent of the wavenumbers
kx, ky and kz . This property still holds when higher order modes are added to the transmitted and reflected
fields though it is less obvious. The coupled system can now be considered and takes the form:

[
Dss Ksf

−ω2Msf Kff

] [
U
p

]
=

[
0
Fp

]
(19)

With Dss the matrix of equation (15). The transmission loss τ(kx, ky, kz, ω) is computed by applying pe-
riodic boundary conditions on the structural part of equation (19) and imposing the value of the incident
pressure pi. After solving the system the transmission loss is obtained:

τ(kx, ky, kz, ω) =
|pt|2
|pi|2

(20)

The diffuse field transmission loss τd(ω) can be computed by averaging the transmission loss τ(kx, ky, kz, ω)
for acoustic wave coming from all incident directions. The detailed process can be found in [7, 3, 16].

3 Model Order Reduction Scheme

This section details the model order reduction scheme used in section 4. An overview of the underlying
multiparameter moment matching method is given in subsection 3.1. Finally, the details of the proposed
MOR algorithm are discussed in subsection 3.2.

3.1 Multiparameter moment matching

The proposed MOR method is based on the moment matching concept which seeks to match the transfer
function of the full order model (FOM) by replicating the first terms of its power series around an expansion
point (see equation (22)). Herein, this method is applied to the structural part of the Hybrid-Shift-Cell
modeling of the transmission reflection problem and can be considered a particular case of the technique
presented in [17]. The staring point is the discretized equation of motion obtained via the shift-cell operator
method:

(K + sC + s2M − ikxLx − ikyLy + k2xHxx + k2yHyy + kxkyHxy)U = F (21)

In equation (21) s is the Laplace variable for the time domain, kx and ky are the wavenumbers of the shift-cell
operator method, U is the structural displacement matrix and F a matrix whose columns span the subspace
of inputs. A development of U into a multiparamter series is realised at the (0, 0, 0) expansion point:

U =
∑

(p,q,r)∈N3

Up,q,rk
p
xk

q
ys

r (22)
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In order compute the moments Up,q,r a recurrence relationship is established between them. First, equation
(21) is rewritten in a more practical form:

[In +K−1(sC + s2M − ikxLx − ikyLy + k2xHxx + k2yHyy + kxkyHxy)]U = (K−1F ) (23)

Finally, by replacing U with the series of equation (22), the following recurrence relationship is obtained for
its moments:

Up,q,r = K−1(iLxUp−1,q,r + iLyUp,q−1,r − CUp,q,r−1
−HxxUp−2,q,r −HyyUp,q−2,r −MUp,q,r−2 −HxyUp−1,q−1,r)

(24)

With the initial condition:
U0,0,0 = K−1F (25)

This makes it possible to match the moments of U in a classical manner. Because of the multiple parameters,
the number of moments of order n, moments for which p+ q + r = n, is equal to:

m0 =
(n+ 1)(n+ 2)

2
(26)

While the number of moments of orders inferior or equal to n is:

m1 =
n3 + 6n2 + 11n+ 6

6
(27)

Thus, the growth is polynomial which is acceptable. However, matching the moments of U as per equation
(24) may not be numerically stable as the moments of the system are computed explicitly without any orthog-
onalisation process [18]. An implicit and stable moment matching process is proposed in [19] but it would
change the vector growth rate from O(n3) to O(7n). As such, its computational cost becomes prohibitive
before instabilities appear in the proposed algorithm. It should also be noted that the above method can
be applied to compute moments around another expansion point (k0x, k

0
y, s0) by replacing (kx, ky, s) with

(k0x + kx, k
0
y + ky, s0 + s). Hence, numerical stability issues can also be mitigated by working with multiple

expansion points.

3.2 MOR strategy

The proposed MOR strategy works by producing a projection basis P ∈ Cn that spans the subspace of the
moments of the displacement matrix at one or several expansion points. From the matrix P the ROM’s
matrices are produced via Galerkine projection:





Kr = PHKP

Cr = PHCP

M r = PHMP

Lr
x = PHLxP

Lr
y = PHLyP

Hr
xx = PHHxxP

Hr
xy = PHHxyP

Hr
yy = PHHyyP

(28)
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The assessment of the quality of the ROM is done via residuals as defined in equation (29) which avoids the
direct computation of the FOM response:





Ur = (Kr + sCr + s2M r − ikxLr
x − ikyLr

y + k2xH
r
xx + k2yH

r
yy + kxkyH

r
xy)−1(PHF )

Fa = (K + sC + s2M − ikxLx − ikyLy + k2xHxx + k2yHyy + kxkyHxy)(PUr)

res(kx, ky, s) =
‖Fa − F‖
‖F‖

(29)

The proposed algorithm iteratively produces ROMs of higher dimensions by increasing the number of mo-
ments matched and expansion points until a ROM of sufficient quality is generated. In practice, this is
achieved if the residuals of all points of a validation set V0 are below a threshold ε. Both V0 and ε must be
supplied by the user in addition to a decay rate α < 1. The details of when and where new expansion points
are generated are the following. At each iteration, the expansion order at all expansion points is increased.
Then, a ROM is produced and an error criterion rj is computed as per equation (30):





rja =
1

|V0|
∑

p∈V0
res(p)

rjm = max{res(p), p ∈ V0}

rj =

√
rjmr

j
a

(30)

If rj ≥ αrj−1 a new expansion point is created at the point of maximal residual. Otherwise, the iterative
process continues normally with increasing the order of active expansion points. The algorithm stops when
rjm ≤ ε.

4 Numerical Results

In this section, the proposed modeling technique and model order reduction scheme are applied to two
examples. First, the proposed modeling strategy is compared to the Hybrid-WFEM method and validated in
subsection 4.1. It is then applied to the full 3D FEM modeling of a doubly stiffened panel previously studied
in [20, 21] via asymptotic homogenisation.

4.1 Validation Case

In this subsection, both the new hybrid variant and the proposed MOR scheme are applied to a 3mm thick ho-
mogeneous aluminum plate and compared to the classical Hybrid-WFEM modeling. All numerical methods,
including the WFEM and the Shift-Cell Operator Method, are implemented on Matlab. The UC of the plate
is modeled using classical 3D Lagrange Q1 elements with 10 perfectly cubic elements in the thickness of
the plate. For the MOR scheme the frequency range [0Hz, 10000Hz] is considered with a maximal residual
value ε chosen equal to 10−4. After application of the periodic or Floquet-Bloch boundary conditions the
original model has 32dofs. Using the proposed MOR scheme a 4 dofs model is obtained. For the diffuse
field computations, 3000 polar angles are used with only 1 azimuthal angle owing to the fact that the critical
frequency is within the frequency range of interest and that the structure is isotropic. The diffuse field trans-
mission loss obtained via both methods are presented in Figure 1. Both methods are in perfect agreement
which validates the implementation of the Hybrid Shift-Cell and the proposed MOR scheme.

4.2 Doubly stiffened plate

In this subsection, the novel Hybrid-Shift-Cell modeling of section 2 is combined to the MOR scheme
of section 3 to analyse a doubly stiffened panel. The panel was first introduced in [20, 21] and studied via
asymptotic homogenization because of the high material property contrast between its stiffeners (Aluminum)
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Figure 1: Diffuse field transmission loss of the aluminum plate

Figure 2: Mesh of the unit cell of the doubly stiffened panel. Aluminum is purple and Perspex is green

and base panel (Perspex/PPMA). This contrast leads to the appearance of full and partial resonant band-gaps
for flexural and torsional waves generated by local modes of the stiffened structure. For our study, the main
reason this case is considered is the fact that while the structure posses resonant band-gaps, the resonant
part of the structure is also its radiating part. As such, its sound insulation properties should be non trivial.
For the diffuse field computations, 500 polar angles are used with 9 azimuthal angles (since the structure is
highly symmetric). Both the Shift-Cell Operator Method and of the Hybrid coupling are implemented on
Matlab with standard 3D quadratic Serendipity Elements. The mesh of the structural part is presented in
Figure 2. The original model had 57915 dofs and is reduced to 364 dofs using the proposed MOR scheme
for a maximal residual setting ε of 10−3 on the [0Hz, 1000Hz] frequency range. Hence the time needed
to compute the transmission loss for one incidence angle is divided by a factor 104. Thanks to this, the
sound transmission loss of the structure can be computed in a few hours instead of months assuming the
same discretization would be used for FOM computations. The obtained diffuse field transmission loss and
absorption are presented in Figure 3. Unsurprisingly, the multiple TL peaks do coincide with the band-gaps
predicted in [21], however, the obtained absorption levels are rather high for a structure at that frequency
range. This could be explained by the conjunction of resonance mechanism with the highly dissipative
properties of perspex, effectively focusing vibration energy in the disspative part of the structure.

5 Concluding Remarks

In this paper, a novel method to evaluate the sound transmission loss of 2D infinite periodic structure was
presented. The proposed method is largely based on the Hybrid-WFEM but uses the Shift-Cell Operator
Method instead of the WFEM. This methodological shift renders the subspace spanned by the columns of
the fluid-structure coupling matrices wavenumber invariant and enables the use of classical multiparameter
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Figure 3: Transmission loss and absorption of the doubly stiffened panel

moment matching techniques to perform model order reduction. The proposed framework was validated on
a simple homogeneous case and used to evaluate the STL of a complex 2D periodic structure in reasonable
time. In the future, the proposed MOR scheme could also be applied to the computation of the Green’s
function of periodic media by using the Floquet-Bloch transform. A comparison to WFEM based modeling
strategies and MOR schemes would also be valuable.
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Abstract
At the dawn of Industry 4.0, it has become apparent that assessment of engineered systems should be in-
formed from the state of the system “as-is”. To this end, data needs to be fused with adequate and efficient
system models. Such system models should account for the underlying physics and the possibly nonlinear
dynamic processes involved. This paper introduces a physics-based parametric formulation for nonlinear
structural systems. A Reduced Order Model (ROM) of the high fidelity system is developed, retaining
the dependencies on system properties and on temporal and spectral characteristics of the excitation. The
ROM formulation relies on i) Proper Orthogonal Decomposition applied to snapshots of the nonlinear re-
sponse, and ii) manifold interpolation of the resulting projection bases. Its performance is evaluated on a
3D earthquake-excited shear frame with nonlinear couplings. The developed ROM can be exploited for a
number of tasks including monitoring, diagnostics and residual life estimation of critical components.

1 Introduction

Digital twins form a primary contributing factor on the road towards virtualization. In this respect the de-
velopment of high fidelity representations conditioned on monitoring data extracted from the system ‘as-is’
becomes crucial [1]. However, in the pursuit of increased precision, efficiency is often sacrificed. In tackling
this challenge, model order reduction techniques arise as prime candidates. In this work we use the term
Model Order Reduction, whereas the derived model is referred as a Reduced Order Model (MOR and ROM
respectively) [2]. A generalization of the ROM with respect to parameters that enter the governing equations
is achieved via adoption of a parametric Reduced Order Modeling (pROM) scheme [3].

The goal of this paper is to derive a ROM able to predict the time history response of a nonlinear dynamical
system with parametric dependencies. To achieve this efficiently, the proposed ROM approach must be able
to reproduce the underlying dynamics of the high fidelity representation without any operations that scale
with the original, full order dimension of the problem. This in turn ensures that the derived ROM can be
evaluated without limitations produced by memory, storage or computational load requirements [4].

There have been many different approaches proposed on deriving ROMs under a nonlinear, parametric set-
ting. A comprehensive overview may be found in [2], whereas [5, 6] offer cross-comparison remarks of
established MOR techniques. In this work, the focus lies on parametric, nonlinear dynamical systems that
are modeled based on a Finite Element representation. In capturing their time response, projection-based
Proper Orthogonal Decomposition (POD) is employed as the dominant reduction method for this class of
problems [2, 3].

In this context, a global subspace, henceforth basis, may be assembled for the entire parametric domain. This
approach has been adopted mainly when linear problems are addressed [7, 8] or when the nonlinearity is of
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a localized nature [9]. However, in cases with strong nonlinear effects dependent on the parametric state this
approach might lead to a prohibitively high number of basis components.

For this reason, the starting point of this work follows the approach introduced in [7], where a pool of
local POD bases is assembled. Here, locality refers to “the subspace or the respective region of the manifold
where the solution lies at a given parametric input” [7]. This reduction methodology can then be coupled with
interpolation [10] or clustering techniques [11, 12], to approximate the projection basis in a new parametric
point. In addition, hyper reduction is employed to address efficiency limitations produced by projecting the
nonlinear system vectors [13, 14].

In this work, a variant of the pROM method in [7] recently proposed in [15] is implemented, introducing a
new component on the local POD bases technique. By performing the interpolation in a reduced coefficient
matrix, any dependency from the full order dimension is removed and a further reduction of the complexity
of the pROM formulation is achieved. In addition to the work in [15], in this paper, the pMOR frame-
work is assembled by formulating the reduced coefficient matrix in the original space of the problem. This
substantially reduces the dimension during both the manifold projection and interpolation operations.

The performance of the pROM is also evaluated in a multi-parametric context, with dependency pertaining
in the system properties, the temporal and the spectral characteristics of the excitation. Therefore, this work
is perceived as a continuation of [15], focusing on deriving pROMs able to capture the dynamics of structural
systems featuring material nonlinearity, tied to phenomena such as plasticity and hysteresis. This paper is
structured as follows: The problem formulation and the background knowledge is developed in section 2,
the details of the implemented method are presented in section 3 and the performance of the pROM on a 3D
shear frame parametric case study is discussed in section 4.

2 Problem statement

2.1 Nonlinear dynamical system formulation

The response of a nonlinear dynamical system whose configuration depends on l parameters, contained in
the parameter vector p = [p1, ..., pl]

T ∈ Ω ⊂ Rl, is described by the governing equations of motion:

M(p)ü(t) + g (u(t), u̇(t),p) = f(t,p), (1)

where u(t) ∈ Rn represents the displacement of the system, M(p) ∈ Rn×n denotes the mass matrix and
f(t,p) ∈ Rn represents the externally applied excitation. The order of the high fidelity system is n, which
physically represents the number of degrees of freedom. The nonlinearity of the system lies in the restoring
force term g (u(t), u̇(t)) ∈ Rn. This term represents the resisting or internal forces of the system and is
further dependent, along with the externally applied excitation, on the parameter vector p.

The goal of this paper is to develop an equivalent low-order system (pROM) able to approximate the solution
response of Equation (1). To achieve this, the pROM should further retain the parametric dependency of the
high order model in a reduced dimension r, such that r << n. Due to the parametric set up of the problem,
the pROM formulation is based on Proper Orthogonal Decomposition. An overview of the methodology is
given in the next section.

2.2 POD-based pROM formulation

The fundamental assumption made in projection-based pMOR is that the response of the system for a certain
parameter vector realization pj belongs to a lower dimensional subspace S ⊂ Rn. The dimension r of this
subspace is typically orders of magnitude smaller than n. As such, the solution of Equation (1) for a given
operating parametric sample pj can be expressed in the form:

u(t) = V(pj)ur(t), (2)
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where V(pj) is the projection basis and represents the set of orthonormal vectors spanning S ⊂ Rn. The
term ur ∈ Rr defines the components of the solution in this basis. Thereafter, the pROM representation
is obtained by means of a Galerkin projection using V(pj)

T as the respective basis. This results in the
following system of equations:

Mrür(t) + Cru̇r(t) + gr (u(t),pj) = fr(t,pj) (3)

where the notations is kept the same as Equation (1). The reduced-order formulation of the system vectors
and matrices is denoted by the subscript r and is of the form:

Mr(pj) = V(pj)
TM(pj)V(pj) Cr(pj) = V(pj)

TC(pj)V(pj)

gr(pj) = V(pj)
Tg (u(t),pj) fr(pj) = V(pj)

Tf(t,pj) (4)

The computation of the orthonormal basis vectors is carried out by means of Proper Orthogonal Decompo-
sition (POD)[16]. The dependency is injected into the pMOR framework by assembling local bases with the
aim of guaranteeing approximation accuracy across the entire parameter space. This implies that the reduc-
tion step is herein performed for a number of training operating samples pj for j = 1, 2, . . . , Ns. Each one
of the local bases assembled thereafter corresponds to a unique sample, or family of parameter realizations.

To approximately reproduce the response of the system for a new configuration, a local basis is estimated
via interpolation and the reduced matrices are obtained based on Equation (4). Interpolation is herein per-
formed according to the approach described in [7]. Within this context, mapping to the tangent space of the
Grassmann manifold is initially performed to ensure the orthogonality of resulting subspaces as well as the
positive-definiteness of the occurring reduced-order matrices. The mapped data are subsequently interpo-
lated to estimate the local basis and mapped back to the manifold. A detailed background overview of this
procedure is given in [7, 15].

Although the pROM formulation in Equation (3) is of dimension r << n, the evaluation of the response
still remains bounded by the size of the high fidelity mesh. The associated computation toll is dominated
by the evaluation of the nonlinear terms at the element-level that scale with the full-order dimension n
[11, 13]. To achieve rapid computation of the nonlinear pROM, the framework should be equipped with
a hyper-reduction method. Herein, the Energy-Conserving Sampling and Weighting (ECSW) scheme is
implemented. This approach was initially introduced in [13] and is ideal for FE computations due to its
physics-based formulation. The details are omitted here for brevity purposes but can be found in [13].

2.3 Parametric representation of earthquake excitation

In the present work, the input parametric set contains traits of the system’s properties and excitation. Inject-
ing this dependency on the nonlinear couplings is straightforward, since their formulation is based on the
parametric setting of the Bouc-Wen model [17]. On the other hand, the earthquake motion requires a more
elaborate treatment. To this end, the stochastic ground motion model proposed in [18] is employed, in a
similar way to the one already demonstrated in the context of nonlinear parametric metamodels in [19].

The parametric representation in [18] derives synthetic acceleration signals by time-modulating a normalized
and filtered white noise process. An overview of the modeling process is demonstrated visually in Figure 1.
In terms of mathematical formulation, the non-stationary function of the time modulating filter in Figure 1
is defined as follows:

q (t, α) = α1t
α2−1exp (−α3t) (5)

where α = [α1, α2, α3] are parameters controlling the process intensity, the shape and the duration of the
motion respectively. These parameters are directly linked to the time-domain characteristics such as the
expected Arias intensity IA, the effective duration of the motion D5−95 and the time tmid at which a 45%
level of the expected Arias intensity is reached.
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Figure 1: Parametric modeling process of earthquake accelerogram based on [18]. The visualization is
inspired by [19].

The time-varying filter on Figure 1 is implemented by an Impulse Response Filter assuming the following
form:

h [t− τ ] =
ωf (τ)√
1− ζ2

exp [−ζωf (τ) (t− τ)] sin
[
ωf (τ)

√
1− ζ2 (t− τ)

]
(6)

where ζf denotes the damping ratio and ωf the frequency of the filter, with ωf = ωmid + ω′ (τ − tmid).
Parameter ω′ represents the rate of change of ω and ωmid is the frequency value at t = tmid.

Thus, the temporal and spectral characteristics of a real earthquake are infused as parameters into the afore-
mentioned model. This allows for parametric representation of a target accelerogram or a set of them.
Thereafter, ”synthetic” ground motion signals can be produced, equivalent to the target (or real recorded)
ones, in the sense of similarity of the time-frequency characteristics [19].

3 Local basis coefficients interpolation for pMOR

Given the problem of Equation (1), the overall process of constructing a pROM consists of the following
steps: First, a set of parametric inputs is defined and the high fidelity model is simulated. To this end, the
displacement time histories are collected, henceforth referred as snapshots. Second, the projection bases
are assembled using POD on the collected snapshots and the respective coefficient matrices are calculated.
Finally, the hyper reduction terms are computed. These steps comprise the offline portion of the method.
They are described in detail in section 3.1.

The online portion of the method refers to the evaluation of the pROM on any parametric input not included
on the training set. As a first step, the coefficient matrix and the local projection basis are obtained using
manifold interpolation. Then, the system matrices are projected based on Equation (4) and the pMOR is
simulated based on Equation (3). To obtain the final approximation the resulting response is projected back
to the original coordinates with Equation (2). The respective procedure is presented in section 3.2.

3.1 pROM training - offline phase

The offline phase of the framework represents the operations employed to train the pROM on approximating
the response and the underlying dynamics of the high fidelity model. These operations are summarized and
discussed here in detail. An overview of the algorithmic approaches implemented is presented in Table 1.

The first step is to determine the training parametric states. Since the approach implemented in this study
follows the one in [15], it is based on local basis coefficient interpolation. Based on the locality premise,
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the principal independent components of neighboring snapshots are assumed to span the same subspace. In
addition, the parameter space of the numerical case study is assumed continuous and smooth up to a certain
extent. As a result, local snapshots imply close distance on the parameter space.

In the multi-parametric context of this paper the training states are determined based on a q-sphere for
every operating point, where q + 1 equals the problem parameters. This q-sphere is thus considered a local
subdomain. The training points are subsequently defined on the surface of the sphere. The high fidelity
model is simulated for all states, with the corresponding snapshots hence created. Following the approach
on [15], a pool of local bases is constructed next employing POD. To complete the definition of the offline
portion, the tangent space of the manifold interpolation is drawn at the origin of every q-sphere.

Table 1: Offline phase of the pROM framework approach

Notation:
Nt: Number of timesteps, Ndof :Number of Degrees of Freedom of the model
Nm: Independent components/modes of a local reduction basis
Ns: Number of training samples per subdomain, Nsd: Number of operating points or subdomains
Nreduced: Independent components/modes of a global reduction basis

Offline phase
1: Sample parametric domain properly (eg: distribution sampling)
2: Assemble operating points vector ps = [p1,p2, . . . ,pNsd

]
for b=1,...,Nsd do
3: Define subdomain as a 3-sphere with origin at pb

4: Sample subdomain. Based on distance from origin, select training and validation states.
5: Simulate high fidelity model for sampled parametric inputs (Equation (1))
6: Obtain snapshots Ub

i ∈ RNdof×Nt where i = 1, 2, ..., Ns

7: Perform POD to assemble local bases Vb
i ∈ RNdof×Nm

Variant A - Reproduced after [15]
8: Map matrices Vb

i to Ṽb
i spanning Tb

Vpb
, the tangent space to the Grassmann manifold

9: Assemble local bases Ṽb
i to a global matrix Vb

global

10: Perform POD to Vb
global ∈ RNdof×(Ns×Nm) and obtain Ṽb

global ∈ RNdof×Nreduced

11: On the tangent space Tb
Vpb

, solve Ṽb
i = Ṽb

global ×Ξb
i and store Ξb

i

Variant B
8: Assemble local bases Vb

i to a global matrix Vb
global

9: Perform POD to Vb
global ∈ RNdof×(Ns×Nm) and obtain Ṽb

global ∈ RNdof×Nreduced

10: On the original coordinate space, solve Vb
i = Ṽb

global ×Ξb
i and store Ξb

i

11: Map matrices Ξb
i to Ξ̃b

i spanning Tb
Ξpb

, the tangent space to the Grassmann manifold
end for

With these definition in place, the manifold projection quantities can be precomputed in the offline phase.
For example, based on the approach in [15], a ‘global’ basis is assembled on the tangent space. This allows
to derive a reduced coefficient matrix for each local basis on the tangent space as follows: If sd denotes the
subdomain of interest and i the number of a snapshot in this subdomain, the global basis on the tangent space
is denoted by Vsd

global and the local bases as Vsd
local,i. The reduced coefficient matrix is formulated as:

Vsd
local,i = Vsd

globalΞi (7)

where, if Ns is the total number of generated snapshots and Nm is the number of independent components
contained in each local basis, Vsd

local,i ∈ Rn×Nm , Vsd
global ∈ Rn×(Ns×Nm) and Ξ ∈ R(Ns×Nm)×Nm . Without
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loss of generality, it is implied here that the Nm,i components are independent to the Nm,j 6=i components of
the rest of the local bases. This implies a reduced interpolation scheme, namely on the coefficient matrices
Ξ, compared to element-wise interpolation applied in [7]. An overview of these algorithmic steps is given in
Table 1 under Variant A.

However, in [15], the formulation of the local coefficient matrices Ξ is performed on the tangent space, as
presented in Table 1 under Variant A. To achieve this, the local bases Vb

i ∈ RNdof×Nmodes are projected
on the Grassmann manifold. This implies that the respective operation also has an indirect dependency on
the full order dimension n. To this end, this paper implements a variant of the pMOR approach in [15] by
formulating the reduced coefficient matrix in the original space of the problem. Thus, both the manifold
projection and the interpolation operations scale with (Ns ×Nm) × Nm instead of Ndof . This leads to an
additional dimensionality reduction and complete independency of the manifold operations from the high
fidelity model dimension n = Ndof . The respective algorithmic steps are presented in Table 1, under Variant
B.

3.2 pROM evaluation - online phase

The online phase of the framework represents the operations to evaluate the trained pROM response on a
validation parametric input. The algorithmic approaches implemented are presented in Table 2.

Table 2: Online phase of the pROM framework approach

Online phase
Assume pROM evaluation on validation sample pq of subdomain b
Variant A - Reproduced after [15]
1*: Interpolate coefficients Ξb on the tangent space to estimate Ξb

q for parametric point pq

2*: Compute local basis Ṽb
q = Ṽb

global ×Ξb
q

3*: Map local basis Ṽb
q back to Vb

q on the original coordinates

Variant B
1*: Interpolate coefficients Ξ̃b on the tangent space to estimate Ξ̃b

q for parametric point pq

2*: Map coefficient matrix Ξ̃b
q back to Ξb

q on the original coordinates
3*: Compute local basis Vb

q = Vb
global ×Ξb

q

4*: Formulate the reduced order matrices based on Equation (4)
5*: Evaluate the pROM response (Equation (3)) and obtain the displacement time history Uq

As a first step, the coefficient matrix is obtained using Lagrange polynomials manifold interpolation between
the reduced coefficient matrices Ξ based on the respective parametric states. The local projection basis is
assembled next. Based on Variant A of Table 2, reproduced after [15], the local basis is assembled on the
tangent space based on Equation (7). In Variant B, the approach implemented on this paper, the coefficient
matrix is mapped back and the projection basis of the validation parametric state is obtained on the original
space of the problem. This implies projection operations scaling with a reduced dimension compared to the
full order dimension of the local basis Ṽq, as already explained in section 3.1.
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4 Two story building under earthquake excitation

After describing the implemented approaches for the pROM framework assembly in section 3, the numerical
evaluation of their performance is discussed. An academic example of a 3D, two story building with non-
linear links under earthquake ground motion is simulated. This example demonstrates the potential of the
pROM in handling nonlinear effects in a multi-parametric context.

(a) Geometrical Configuration of the problem. (b) Illustration of sampling scheme in 3D.

Figure 2: Two story building with nonlinear links. Geometrical configuration depicted in grey and example
deformed state in black. The domain sampling scheme employed is also visualized in 3D.

For a comparative assessment, three pROMs are examined. The first one performs element-wise interpolation
on the tangent space local bases after [7]. Variant A pROM utilizes the local bases coefficient approach
proposed in [15]. The last scheme is formulated based on Variant B described in section 3. The global error
measure in space and time is evaluated, referred to as RE. All simulations were performed in a single core
on an Intel(R) Xeon(R) CPU with the same integration time step. The speed up is calculated as the ratio of
CPU time required for a single evaluation of the pROM over the time needed for the evaluation of the HFM.

The properties of the 3D frame are summarized in Table 3. The respective geometrical sketch is presented
in Figure 2a. All couplings on every node of the structure are modeled based on a nonlinear restoring force-
displacement law. The nonlinear restoring force terms are computed employing the Bouc Wen hysteretic
model [17]. The respective Equation is:

ż = Aẋ− β|ẋ|z|z|w−1 − γẋ|z|w

zmax =
( A

β + γ

) 1
w
, (8)

where x denotes the displacement, z is the hysteretic parameter and A controls the amplitude of the hystere-
sis curve. The shape and steepness of the curve are determined based on parameters β and γ. Specifically, a
hardening or softening behavior may be defined by tweaking their sum and/or difference. In this work, para-
metric dependency enters the system on the amplitude parameterA and on zmax, thus collectively controlling
the shape of the hysteresis loop at once.

Dependency pertains on the earthquake motion as well. Based on the stochastic model in section 2.3, syn-
thetic accelerograms can be derived. Herein ωdot is chosen as an input variable, representing the spectral
characteristics of the accelerogram. Based on the suggestions in [19], proposed after modeling the PEER
earthquake signal database [20], ωdot is assumed to follow a t-distribution.

In addition, the angle φ of the earthquake with respect to the x-direction of motion is parametrized. This
controls the amplitude of the motion in an indirect manner. The rest of the parameters are set to the respective
value with the highest probability density based on the distributions in [19], namely ζ = 0.10, IA = 0.0750,
tmid = 0.10, D5−95 = 0.36. The frequency ωmid was manually set equal to 25Hz.
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(b) Two training states per orthant.

Figure 3: Parametric study on reduction order selection. The maximum and mean error on the validation set
is depicted for state p = [A = 0.20, zmax = 1.40e4, ωdot = −0.35, φ = pi/4].

Drawing from the distributions on Table 3, every parametric input represents an operating state and defines
the origin of the local 3-sphere. This is illustrated in Figure 2b in a 3D space. The extents of the sphere
are defined based on a ≈ 20% variation of the origin’s coordinates or at least equal to include the closest
operating point. This range is equivalent to defining a maximum distance threshold between neighbouring
operating points drawn from the respective distributions, thus dictating the sampling density.

Thereafter, the training and validation states are selected. This is accomplished by sampling the surface and
the inside of every orthant of the 3-sphere. Assuming h surface states per orthant are selected to populate
the training set, the rest are labeled as validation. The subdomain is sampled densely to guarantee extended
validity of the pROM. An additional distance check is performed to guarantee that training states maintain a
minimum distance and that validation states similar or ”close” to the training set are excluded.

To this end, two algorithmic parameters need to be defined, namely the h term and the reduction order r.
Figure 3 summarizes the accuracy measures of the respective parametric study. Based on this, a reduction
order of 8 is chosen to ensure better approximation quality. A higher order does not increase accuracy
dramatically so is avoided due to efficiency considerations. Moreover, the increase on the training states on
Figure 3b leads to a negligible error reduction. Thus, the h parameter is assumed equal to 1.

Table 3: Geometric and mechanical properties of the frame along with modeling assumptions of parametric
input variables.

Geometric Mechanical Variable Distribution pdf parameters
No. of frames: 2 E(GPa): 210 Alpha Uniform min = 0.10, max = 1.00
Length(m): 2*7 Poisson Ration: 0.30 zmax Uniform min = 1e04, max = 5e04
Width(m): 5 Density(kg/m3): 8000 ω′ (Hz/s) t-distribution [µ, σ, ν]=[-0.33, 0.2, 1.73]
HEA 200 cross-section Damping: 0.05*Mass φ (rad) Uniform min = 0, max = π/2

Following the steps in Tables 1 and 2, the pROMs are derived. Namely one employing element-wise basis
interpolation after [7], the coefficient matrix interpolation pROM of [15] referred to as Variant A and Variant
B representing the approach implemented in this paper. Their performance is summarized in Table 4 for two
sampling resolution of the domain, namely a coarse and a finer one.

The error measures for the fine sampled, Variant B coefficient interpolation approach on Table 4, indicate that
the derived pROM of this paper is able to reproduce the underlying dynamics of the 3D frame accurately.
The displacements are approximated with less than 1% deviation throughout almost the entire parametric
domain. The respective threshold in nonlinear forces suggests a rigorous pROM as well. Even in the coarse

1932 PROCEEDINGS OF ISMA2020 AND USD2020



(a) Projection in excitation parameter space (b) Projection in system configuration parameter space

Figure 4: Example subdomain error plot for the fine density Variant B pROM of Table 4. The RErf error is
evaluated with respect to the approximation of the restoring forces rf .

sampling case, the derived pROM delivers an acceptable overall performance, although the 99% quantile
threshold for nonlinear forces may be unsatisfactory depending on the problem requirements.

Comparing the implemented approaches in Table 4, Variant B seems marginally less accurate. This is jus-
tified, especially in highly nonlinear or rapidly changing states, since the coefficient matrix formulation of
Equation (7) may lead to loss of substantial information. However, this additional reduction on the projection
quantities leads to an average speed-up factor of 1.92 during manifold operations compared to the other two
approaches that scale with the high fidelity dimension n. Clearly, this sacrifice in absolute accuracy may be
worthwhile in the sake of computational resources for certain applications. Especially in a context where
efficiency optimization is sought and the accuracy trade-off is marginal or at least acceptable as in our case.

Regarding computational speed-up, the respective factor in Table 4 is rather insignificant compared to similar
implementations [13, 21]. Although hyper reduction is utilized, the discrete nature of the nonlinearity that
is assembled in springs in a constitutive level and the small dimension of the full-order model, become
prohibitive factors for efficiency in orders of magnitude. Nonetheless, the focus of the derived pROM lies on
providing a ‘proof of concept’ example for the approximation strategy implemented.

TheRErf measure for the fine density of the Variant B pROM, is depicted in detail in Figure 4 for an example
subdomain. The validation sample located in the upper 10% error quantile. Two 2D projections are provided

Table 4: Evaluation of the pROM performance. Statistical measures of the error across the domain are
presented along with the speed up factor. The pROM variants compared are described in Tables 1,2.

REu measure RErf measure
Mean (σ %) 99% quantile Mean (σ %) 99% quantile

Coarse Sampling ( Variation ≈ 20% )
Elementwise Interp. < 1%(0.3) 1.59% 1.49%(1.03) 5.25%
Variant A < 1%(0.3) 1.59% 1.50%(1.03) 5.29%
Variant B < 1%(0.4) 1.60% 1.64%(1.06) 6.17%

Fine Sampling ( Variation ≈ 10% )
Elementwise Interp. < 1%(0.2) 0.90% 1.08%(0.80) 4.13%
Variant A < 1%(0.2) 0.90% 1.08%(0.80) 4.13%
Variant B < 1%(0.4) 0.92% 1.21%(0.85) 4.97%

Speed-up factor of pROM evaluation: 2.81
Speed-up factor on manifold operations due to reduced dimension: 1.92
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Figure 5: Accuracy of the implemented pROM (Variant B - Tables 1,2). The approximation accuracy is
depicted on a response time history and on capturing the varying shape of the restoring force curve.

to visualize the 4D space of the problem. Figure 4a projects the original space on the parameter space
of the excitation characteristics whereas Figure 4b is illustrated on the parameters referring to the system
configuration. The color visualization in both figures indicates that the overall performance of the pROM
in the domain maintains a threshold of 3%, delivering an accurate approximation. In addition, although the
original space is deformed through these two 2D projections, the effect of the error minimizing in the vicinity
of the training samples as expected is still visible.

In Figure 5 the capability of the Variant B pROM is demonstrated with respect to capturing the dynamics
of the hysteretic couplings. For demonstration clarity purposes only a fragment of the hysteresis curve is
depicted. The overall accuracy on estimating different shape and magnitude cases for the hysteresis curve
is presented. First, as illustrated in Figure 5a, the pROM seems able to reproduce the underlying HFM
time-history response. A shallow hysteresis curve is captured accurately in 5b, whereas a steep case is
approximated in Figure 5d. The pROM delivers even for intermediate parametric states producing the loop
shape of Figure 5c. This indicates that the parametric dependency of the HFM is successfully infused in a
low-order pROM capable of reproducing the underlying hysteresis phenomena.

5 Limitations and Conclusions

In this study a physics-based pROM is derived, capable of modeling the dynamic behavior of a 3D nonlinear
structural system across a range of parameters. The input parameter set may include traits of the structural
configuration (material and hysteresis properties), as well as the spectral and temporal characteristics of the
excitation.

The performance of the pMOR strategy employed was demonstrated on the dynamic estimation of both dis-
placements and nonlinear forces and was compared against established local bases interpolation techniques
and recently proposed pROM variants. The implemented pROM demonstrates sufficient precision under a
multi-parametric context, demonstrating the capabilities of the approach.
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However, certain limitations ought to be acknowledged. Firstly, the methodology followed is verified on
a small size academic example. The tuning of the parameters may lead to a highly parametric dependent
nonlinear response, thus rendering the configuration acceptable for evaluating the accuracy performance
of the pROM. The computational efficiency needs to be further validated in larger scale case studies. In
addition, the smoothness and continuation of the parametric domain pose certain constraints and require
elaborate treatment in generalizing the applicability of the pROM. Future work can potentially address and
challenge these limitations.
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Abstract 
Finite element methods (FEM) are commonly used numerical techniques capable of modeling large and 

sophisticated structural dynamics problems. Such methods yield results that may vary significantly from 

data measured on the actual structure. One or more parameters such as flexural rigidity, damping coefficients 

for proportional damping, geometry, etc. are then updated in the numerical model to improve its accuracy. 

In general, model updating techniques rely on reducing errors between modal parameters estimated from 

test data and the numerical model. Although many successful methods are employed to update numerical 

models, the updated parameters often lack a physical meaning since the numerical model is still plagued by 

several idealizations particularly in the form of boundary conditions. This paper reviews a few techniques 

that are used to update a finite element model using test data with particular attention to updating those 

parameters which can account for such non-ideal boundary conditions and still provide updated models with 

greater physical meaning  and modal parameters that are close to those obtained from dynamic testing. 

1 Introduction 

Finite element model updating (FEMU) in structural dynamics is a crucial step in the analyzing the dynamics 

of structural systems. The process involves one or many steps that are generally applied to reduce 

discrepancies between dynamic characteristics obtained from an experimental test and a corresponding 

analytical (FE) model. The finite element method (FEM) is itself a numerical technique used for discretizing 

and solving partial differential equations that describe the geometrical and physical characteristics of a 

systems. A crucial step in such numerical techniques is in applying the right boundary conditions that 

adequately describe the system behavior. Boundary conditions of some simpler systems may be easily 

modeled but understanding boundary conditions of complex systems is seldom straight-forward. Although 

FEMU techniques are generally used to update system parameters such as Young’s modulus, density, etc. 

the same techniques may also be used to evaluate boundary condition variations in some cases.  

An excellent introduction to FEMU techniques is provided by Friswell and Mottershead [1], [2]. The works 

describe both direct and iterative techniques for FEMU using modal data and frequency response function 

(FRF) data. One such popular iterative method formulated based on modal parameters is the inverse eigen 

sensitivity method (IESM) formulated by Lin et. al [3], [4] which updates one or more system parameters 

using a sensitivity based formulation using modal data from one or multiple modes at the same time. FRF 

based model updating techniques include the response function method (RFM) formulated by Grafe, Lin, 

et. al [5]–[7]. Further advancements of these methods can be found in [8], [9] and some applications of such 

sensitivity analysis can be applied to analyze nonlinear systems as shown in [9]–[12]. A comprehensive 

summary of various FEMU techniques is found in [13] which list various direct and iterative approaches of 

FEMU and various applications of these techniques along with merits and demerits. Important work in 

FEMU that discusses the importance of boundary conditions and some techniques to estimate system 
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characteristics under various boundary conditions can be found in [14]–[17]. Recent work in the study of 

clamped boundary and damping parameters include [18]  where an iterative technique is used to study the 

variations of boundary conditions and damping on the driving point FRF of a clamped system. The general 

consensus from the works mentioned above indicate a particular difficulty in accurate modeling of clamped 

boundary condition. Grafe [5] uses a spring at clamping and intersection regions and updates their 

parameters using a RFM formulation. Other works include damping [14], [18] and other enhancements that 

provide a fairly updated FE model that can capture the dynamic behavior of structural systems.  

A commonly encountered issue is using standard or assumed values for some global parameters such as 

Young’s modulus (𝐸), density (𝜌), Poisson’s ratio (𝜈). It is evident that actual values of such parameters 

vary slightly for each system under consideration and needs to be adequately accounted in analytical models 

for accurate description of system behavior. Similarly, the common description of clamped boundaries using 

a single point is seldom correct and adequate description of clamping geometry is also required for accurate 

description of system dynamics. This paper investigates the dynamics of T-structure comprising of two 

beams, one fixed (clamped) at only one end and other fixed at both ends as shown in Figure 1. A least-

squares estimate of Young’s modulus using the IESM techniques is obtained from a free-free analysis of 

the beams and then the boundary is modeled suitably to describe the dynamics of the individual beams and 

T-structure.  

2 Background and theory  

A linear dynamic system is represented by a second order differential equation as given by Equation (1) 

where 𝑀,𝐶 and 𝐾 represent the mass, damping and stiffness of the system.  

 𝑀�̈� + 𝐶�̇� + 𝐾𝑥 = 𝐹 (1) 

Generally, for the system under consideration a few parameters are known such as geometry, material 

specifications (Young’s modulus (𝐸), Poisson’s ratio (𝜈), density (𝜌)), etc. that enable a discretized 

analytical modeling of the system with 𝑀𝑎 , 𝐶𝑎 and 𝐾𝑎 representing the analytical mass, damping and 

stiffness. This discretization is only an approximation of the physical system based on several assumptions 

and do not represent the exact parameters of the physical test system. Model updating (FEMU) is employed 

to reduce errors between the actual mass, damping and stiffness parameters 𝑀𝑥, 𝐶𝑥  and 𝐾𝑥 and their 

analytical counterparts; the exact characteristics of the actual system being unknown. The IESM method for 

model updating uses the experimental {{𝜓𝑥}, 𝜆𝑥} and analytical modal parameters and {{𝜓𝑎}, 𝜆𝑎} as 

described in Equation (2) through (5) using a sensitivity formulation [𝑆̅] for 𝐿 number of design variables 𝑝 

using modal data from a total of 𝑚 number of modes.   

 [𝑆̅]{Δ𝑝} = {Δζ} (2) 

 Where [𝑆̅] =
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Δ𝑝1
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…
Δ𝑝𝐿
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 (3) 

The eigenvector sensitivity 
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𝑇
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𝜕𝑝𝑘
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𝜕𝑝𝑘
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𝜕[𝑀]
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] {𝜓𝑥}𝑟 −

1

2
 {𝜓𝑎}𝑟

𝑇 𝜕[𝑀]

𝜕𝑝𝑘
 {𝜓𝑎}𝑟

𝑇𝑚
𝑖=1;𝑖≠𝑟  (4) 

The eigenvalue sensitivity 

  
𝜕𝜆𝑟̅̅ ̅

𝜕𝑝
= {𝜓𝑎}𝑟

𝑇 𝜕[𝐾]

𝜕𝑝𝑘
{𝜓𝑥}𝑟 − (𝜆𝑥)𝑟{𝜓𝑎}𝑟

𝑇 𝜕[𝑀]

𝜕𝑝𝑘
{𝜓𝑥}𝑟 +  𝑗{𝜓𝑎}𝑟

𝑇 𝜕[𝐶]

𝜕𝑝𝑘
{𝜓𝑥}𝑟 (5) 
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During engineering processes, nominal values are chosen for parameters such as Young’s modulus (𝐸), 
density (𝜌) and Poisson’s ratio (𝜈). For simple systems, some parameters such as 𝜌 can be determined by 

using the geometry and weight of the object. A direct determination of other parameters such as 𝐸 and 𝜈 is 

impractical. Hence, some indirect measurement techniques can be used to arrive at an estimate of such 

parameters. Modal parameters of a system i.e. modal frequency 𝜆 and the modal vector 𝜓 directly depend 

on the 𝑀,𝐶 and 𝐾 of a system which are themselves a function of system parameters 𝜌, 𝐸 and 𝜈, along with 

the geometry of the system. Using a discretization tool such FEM, the modal parameters can be analytically 

established and can be compared against modal parameters established experimentally using experimental 

modal analysis. Error minimization between the analytical and experimental systems can be achieved by 

estimating all unknown parameters such as 𝐸 and 𝜈. Another crucial step during cross-validation between 

FE models and test systems is the accurate modeling of boundary conditions of the system. Many 

assumptions and formulations are made when formulating the boundary conditions of the system [13], [19], 

[20]. Simple approximations of boundary conditions may provide a general idea of system behavior but may 

not be capable of adequately representing complex behavior of the system.  

To determine the Young’s modulus (𝐸) of the individual beams, a free-free test is first performed on the 

beams individually. These tests are free of any boundary condition issues and provide the best estimate of 

the true dynamics of a given system. An eigen solution of the system is solved analytically and the errors 

between estimated eigen solutions and experimentally obtained eigen solutions are minimized using the 

IESM formulation and hence a least-squares estimate of the Young’s modulus of the system is obtained 

using the free-free test. Once the Young’s modulus and other relevant properties are established, the 

boundary conditions are then applied to the same system and a corresponding experimental modal test is 

carried out on the system with one or more degrees of freedom/locations under approximately the same 

boundary conditions as those assumed in the analytical model. The response of such systems which have 

both system properties and boundary conditions updated with respect to its experimental counterpart will 

provide the best model capable of predicting the system behavior. Analytically well-established individual 

systems can then be coupled together, and these combined models can address the composite system 

behavior adequately.  

 

 

Figure 1 – 𝑇 structure test rig geometry with location/node information 
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3 Test rig experimental setup 

A T-Structure available at UC SDRL is shown in Figure 1, is considered for a detailed study [21]–[23]. The 

structure consists of two beams ‘thick’ and ‘thin’ with geometry and material specification as shown in 

Table 1. The density of the beams is established by weighing them and initially a nominal value of Young’s 

modulus is assumed. Free-free tests are performed on the beams by suspending them from a rigid structure 

using fishing lines. Table 2 provides information on the exact location where these beams were suspended 

from. These lines are extremely light and any mass or stiffness effects due to these fishing lines are 

neglected. For the experimental modal analysis tests, PCB Piezotronics Model 352C23 miniature 

piezoelectric ‘Wheat Grain’ type accelerometers are placed along the length of the beams as specified in 

Table 2. These accelerometers each weigh 0.2𝑔𝑚. Both beams have a through hole (𝜙 6.35𝑚𝑚) at Location 

10 to enable coupling of the beams for the T-structure. The beams are thoroughly cleaned before any tests 

and weight of the adhesive (bees wax) used to mount the accelerometers is also roughly estimated. A multi 

reference impact test (MRIT) is performed on the beams using a PCB Piezotronics Model 086E80 miniature 

instrumented impulse hammer (mass 4.8𝑔𝑚). All data acquisition and modal parameter estimation is 

performed using UC SDRL’s X-Modal software. The free-free test results are used to estimate the Young’s 

modulus of the beams and are compared against the nominal values.  

The beams are then fixed to a frame in separate configurations that contribute to the T-structure. The thin 

beam is fixed at both ends at Locations 101 through 103, and 201 through 203 as shown in Figure 1. The 

total length of each fixing region is 0.0508𝑚 and a double fixed beam of specifications provided in Table 3 

is hence obtained. Similarly, the thick beam is fixed at one end at Locations 301 through 303 and a cantilever 

beam of specification provided in Table 3 is obtained. A MRIT is performed for both these beam setups 

separately and their modal parameters are estimated using UC SDRL’s X-Modal software. Using these 

separate MRIT tests the boundary conditions of the beams are estimated.  

Once the Young’s modulus and boundary conditions are established, the entire T-structure is assembled as 

shown in Figure 1. The thin and thick beams are joined at location 10 using a screw-nut (mass 3.2𝑔𝑚) 

reinforced with adhesive (bees wax). A MRIT is performed for the entire T-structure and the modal 

parameters are obtained for the entire structure. Modal parameters obtained from all these MRIT tests are 

provided in the subsequent sections.  

Table 1 – Beam geometry and material properties (nominal and free-free updated) 

Beam 
Dimensions (Total) 

(𝒎 𝑿 𝒎𝒎 𝑿 𝒎𝒎) 

𝝆 (measured) 

(𝒌𝒈𝒎−𝟑) 

𝑬 (nominal) 

(𝑮𝑷𝒂) 

𝑬 (updated) 

(𝑮𝑷𝒂) 

Thin (A36 steel) (0.584 𝑋 12.73 𝑋 1.5875) 7830 200 201.11 

Thick (A36 steel) 0.438 𝑋 12.73 𝑋 7.93) 7813 200 204.31 

4 Test rig FE modelling 

The beams and the T-structure setup shown in Figure 1 are modelled using the Euler-Bernoulli beam 

elements described in Equation (6). Each element comprises of two nodes with each node having 2 degree-

of-freedom (DOF) (𝛿𝑧, 𝜃𝑦). Each of the thin and thick beams are modeled separately as per specifications 

provided in Table 1 with same number of nodes as the number of locations. Special care is taken to represent 

the individual beams and the composite T-structure accurately and hence all accelerometers along with 

adhesive used is modeled as point masses attached to the respective nodes where the accelerometers are 

mounted as provided in Table 2 and Table 3. To model the 𝜙6.35𝑚𝑚 through hole at Location 10, the mass 

elements of the corresponding nodes are approximated to 1𝑒 − 12 (𝐸𝑈) to represent the through hole.  

1940 PROCEEDINGS OF ISMA2020 AND USD2020



 
[𝑀]𝑒 = (

𝜌𝐴𝑙

420
) [

156 22𝑙 54 −13𝑙
22𝑙 4𝑙2 13𝑙 −3𝑙2

54 13𝑙 156 −22𝑙
−13𝑙 −3𝑙2 −22𝑙 4𝑙2

] ; [𝐾]𝑒 = (
𝐸𝐼

𝑙3
) [

12 6𝑙 −12 6𝑙
6𝑙 4𝑙2 −6𝑙 2𝑙2

−12 −6𝑙 12 −6𝑙
6𝑙 2𝑙2 −6𝑙 4𝑙2

] ;

𝐴 = 𝑏ℎ; 𝐼 =
𝑏ℎ3

12

 (6) 

For the free-free tests, an eigen solution using nominal Young’s modulus detailed in Table 1 is obtained 

without boundary conditions applied to the system (termed original in this paper). Errors between analytical 

modeshapes and frequencies {{𝜓𝑎}, 𝜆𝑎}, and their experimental counterparts {{𝜓𝑥}, 𝜆𝑥} are minimized using 

the IESM with Young’s modulus as the only parameter considered for updating. A least-squares solution 

comprising of various number of modes of the beams as detailed in Table 4 is used to obtain the corrected 

Young’s modulus values (termed updated in this paper).  

The individual beams are then separately formulated in their fixed conditions that contribute to the T-

structure. Generally, boundary conditions fixed boundary conditions are formulated as both DOF (𝛿𝑧 , 𝜃𝑦) 

at fixture locations equal to zero (termed original in this paper). An alternate formulation for this fixed DOF 

is formulated using massless springs attached to those nodes at locations that correspond to physical fixture 

of beams with the frame structure. as shown in Figure 2 (Locations: 101, 102, 103, 201, 202, 203, 301, 302, 

303). Stiffness values for these springs are initially assumed as provided in Table 5 and Table 6. Eigen 

solutions are obtained for the individual beams with these springs connected to the beams (termed updated 

in this paper) and not following the traditional approach of fixture nodes approximated to have both DOF 

with zero values. Errors between these analytical eigen solutions and their corresponding experimental 

counterparts are minimized using the IESM with the massless boundary springs as the updating parameter. 

Both initial and updated values of spring stiffness for thin and thick beams is provided in Table 5 and Table 

6. The addition of these springs results in nonzero displacements at DOF at fixture locations/nodes, but they 

are numerically much smaller in value than those of free moving regions. Regularization parameters are 

required for the IESM when updating Young’s modulus and spring stiffness values [8]. 

 

Figure 2 – Boundary conditions at beam ends 

The T-structure is then modelled with updated beam parameters from both free-free and the fixed tests. A 

point mass is added at the junction (node/Location 10) to represent the screw-nut and adhesive (bees wax) 

fixture. This fixture is assumed to have a stiffness of 1𝑒4𝑁/𝑚. This updated solution is compared against 

an original system that uses beams with fixture node/location DOF (𝛿𝑧, 𝜃𝑦) equal to zero and nominal 

system parameters.  

Table 2 – Free-free beam test specifications 

Beam Accelerometer Location 
Hang Location 

(Midway between) 
Impact Locations 

Thin 103, 3, 6,9,11,14,17,203 101 & 102, 202 & 201 101 through 201 

Thick 303,32,30,28,27,25,23,21 301 & 302, 10 & 20 10 through 301 

MODEL UPDATE 1941



Table 3 – Fixed beam test specifications 

Beam 

Active 
Length 

(𝒎) 

Accelerometer 
Location 

Fixture Location 
Impact 

Locations 

Thin 0.4572 4, 6,8,12,14,16 101, 102, 103, 201, 202 & 203 2 through 18 

Thick 0.381 10, 25, 30 301, 302, 303 10 through 33 

T-
structure 

- 4,6,8,10,12,14,16,25,30 101,102,103,201,202,203,301,302,303 2 through 33 

5 Results 

5.1 Free-free beam test results 

Using the modal parameters estimated from the free-free tests, various number of modes are selected for 

updating for the thin and thick beams as detailed in Table 4. The modeshapes obtained experimentally 

provide information in only limited degrees of freedom in comparison with the finite element model. For 

all such degrees of freedom where modeshape information is unavailable, the corresponding analytical 

counterpart from the FE model is substituted, as followed by [3], [4]. The modeshapes from both 

experimental modal analysis and FEM are shown in Figure 3 and Figure 4 for the thin and thick beams 

respectively. The modeshapes (normalized) determined experimentally and analytically coincide well for 

both beams and is confirmed from the modal assurance criterion (MAC) [24], [25] plots shown in Figure 10 

and Figure 13. The updated values of Young’s modulus (𝐸) from these tests is provided in Table 1. The 

damping ratio obtained experimentally is utilized along with modal stiffness values to obtain stiffness 

proportional damping ratio [19], [20] mode wise for each of the modes considered. A frequency response 

function (FRF) is obtained for the free-free cases for each beam mode-wise in selected bands. The full FRF 

solution for the thin beam is shown in Figure 6 and for the thick beam is shown in Figure 5.  

 

Figure 3 – Free-free modeshapes: thin beam 
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Figure 4 - Free-free modeshapes: thick beam Figure 5 – FRF for thick beam 𝐻10,10 free-free 

 

 

Figure 6 – FRF for thin beam 𝐻9,9 free-free 
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5.2 Fixed beam test results 

In a similar manner to the model update performed to obtain the Young’s modulus (𝐸) using free-free tests, 

the beams are fixed in their respective configurations. Since the frame to which all the beams are attached 

to has its first natural frequency around 400𝐻𝑧, frequencies of the fixed beams occurring below this 

frequency are only chosen for the updating process. The initial spring stiffness for the boundary 

nodes/locations are chosen such that the springs attached to nodes farthest away from the location of free 

movement of beam has a much higher stiffness value than those that are closest. The full list of values is 

provided in Table 5 and Table 6.  

Fixed beam results in general show a higher error due to the presence of various components of the frame, 

mounting issues, etc. that affect measurements and results. The modeshapes obtained experimentally and 

analytically match well as shown in Figure 9 and Figure 8 for thin and thick beams, respectively. While the 

modeshapes themselves do not vary largely, which is again confirmed from the MAC for thick and thin 

beams shown respectively in Figure 10 and Figure 13, the FRF for both thin and thick beams given in Figure 

11 and Figure 7 respectively show significant variations particularly at higher frequencies. This is attributed 

to interference in measurements from the mounting frame.  

Table 4 – Total number of modes considered for parameter updating using IESM 

 Beam No. of modes for updating 

Free-Free test 
Thin 5 

Thick 3 

Fixed Test 
Thin (both ends fixed) 3 

Thick (one end fixed) 2 

Table 5 – Boundary condition stiffness values: thick beam 

Stiffness 
Attached 

To 
301 302 303 

DOF 𝑲𝜹𝒛 𝑲𝜽𝒚  𝑲𝜹𝒛 𝑲𝜽𝒚 𝑲𝜹𝒛 𝑲𝜽𝒚  

Initial 1𝑒6 1𝑒6 1e5 1𝑒5 1𝑒4 1e4 

Updated 3.437𝑒6 1.006𝑒6 1.72𝑒5 9.865𝑒4 1.023𝑒3 1.344𝑒3 

 

Table 6 – Boundary condition stiffness values: thin beam 

Stiffness 
Attached 

To 
101 102 103 201 202 203 

DOF 𝑲𝜹𝒛 𝑲𝜽𝒚 𝑲𝜹𝒛 𝑲𝜽𝒚 𝑲𝜹𝒛 𝑲𝜽𝒚 𝑲𝜹𝒛 𝑲𝜽𝒚 𝑲𝜹𝒛 𝑲𝜽𝒚 𝑲𝜹𝒛 𝑲𝜽𝒚 

Initial 1𝑒5 1𝑒5 1e5 1𝑒5 5𝑒3 5𝑒3 1𝑒5 1𝑒5 1𝑒5 1𝑒5 5𝑒3 5𝑒3 

Updated 1𝑒5 1𝑒5 1𝑒5 9.99𝑒4 4.602𝑒3 5𝑒3 1𝑒5 1𝑒5 1𝑒5 9.99𝑒4 4.602𝑒3 5𝑒3 
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Figure 7 – FRF for thick beam 𝐻10,10 fixed Figure 8 – Fixed BC modeshapes: thick beam 

 

  

Figure 9 – Fixed BC modeshapes: thin beam Figure 10 – MAC for thick beam 
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Figure 11 – FRF for thin beam 𝐻8,8 Figure 12 – FRF for T-structure 𝐻10,10 

 

 

Figure 13 – MAC for thin beam 
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5.3 T-structure test results  

The updated beam parameters are combined and used to model the entire T-structure. The MRIT results and 

FE models show good correlation for the first bending mode of the T-structure. The original structure 

comprising of idealized boundary conditions i.e. DOF (𝛿𝑧, 𝜃𝑦) equal to zero shows a variation of over 2𝐻𝑧 

in comparison to the beams modeled using boundary conditions and systems parameters as determined 

earlier as shown in Figure 12. Similarly, the modeshape obtained analytically and experimentally correlate 

well as seen in Figure 14 with a MAC value close to unity.  

 

Figure 14 – T-structure modeshapes 

6 Conclusions and future work 

Idealized boundary conditions may be easier to adapt in analytical models, but they show large variations 

in the dynamic behavior of systems. This discrepancy is of concern, particularly when systems exhibit 

nonlinearities which show large variations in responses. Hence, this paper provides an insight into a 

sequential method to estimate several unknows that are often assumed in the form of nominal values or as 

ideal boundary conditions and provide an insight into the pronounced effects these may have.  

The Euler-Bernoulli beam element considered in this paper has limited capability when addressing complex 

behavior of structures. Other element types are required to address some of the shortcomings of using this 

element type. This is currently under investigation at UC SDRL. The boundary conditions initially assumed 

in this paper for model updating were chosen based on overall stiffness of the beam for numerical 

conditioning purposes. This does not fully represent the characteristics of fixtures. Better understanding is 

required of the fixtures and its effects on some of the results obtained. 
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Abstract
With this work, we present an iterative finite element (FE) model updating procedure using a stiffness dis-
tribution function for the validation of numerical models based on modal parameters. When the modal
parameters of an initial FE model are compared to a real structure, a multitude of deviations can usually be
observed. Updating parameters of the FE model to fit the measured behaviour of the structure has proven
to be an operable approach to assess these deviations. In order to keep the amount of design variables low,
model updating procedures commonly involve previous assumptions about uncertain regions in the numeri-
cal model. As our aim is to remove the dependence on prior assumptions, we employ a stiffness distribution
function, described by only few parameters. Thereby, the application of an iterative updating scheme al-
lows us to determine multiple deviations in the FE model without previous knowledge about their geometric
distribution.

1 Introduction

Model validation is a difficult but utterly important step when a numerical model is used to draw conclusions
or make predictions regarding the real structure [1]. As model validation is a wide field of research, we
limit this contribution to the specific area known as model calibration. For this task, FE model updating has
proven to be an operable approach [2].

An initial numerical model is created using the design data of an existing structure. However, usually a
multitude of deviations from the ideal design are present in the structural or even geometric properties of
the real, constructed structure. Reasons for such deviations can be categorized in modelling uncertainties
and manufacturing uncertainties. Mottershead et al. [3] classified the sources of modelling uncertainties into
reducible as well as irreducible by FE model updating. By their definition, reducible sources are erroneous
assumptions for model parameters, like material or geometric properties. Thus, the correction of these prop-
erties is the aim of every model updating procedure. Irreducible sources are discretization errors as well as
idealization errors, made e.g. in the process of simplifying the mechanical behaviour or the element formu-
lation. The derived requirement is a thorough checkup of the discretization and idealization of a numerical
model prior to its use for updating. Deviations in the real structure from the ideal design due to manufac-
turing uncertainties can be caused among others by manual manufacturing processes, statistical variance in
production processes or also defective workmanship. In most cases, geometric differences between the real
structure and the design drawings are available in the as-built documentation. Thus, geometric deviations
can be easily incorporated into the FE model. As differences in the structural properties are hard or virtually
impossible to measure in practice, FE model updating is used to correct such deviations.

The basic assumption of FE model updating is, that variations in the mechanical properties cause detectable
changes in the dynamic behavior [4]. Thus, in order to detect, locate and quantify such variations, deviations
in the structural behavior have to be found. Most often, this is achieved by manipulating the structural stiff-
ness of the model to match measured data from the real structure [2]. Commonly, the problem is formulated
indirectly as an optimization problem, whereby the objective function compares the dynamic behavior of
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the numerical model to a target state (e.g. measured data) [5]. An optimization algorithm is used to find a
model to match this target state by modifying stiffness parameters of the respective, parameterized FE model.
The objective function usually evaluates the differences in modal characteristics [1, 4], extracted from the
measured data using modal analysis techniques.

In FE model updating, the choice of design variables greatly impacts the quality of the updating procedure
[1]. Commonly, design variables are mapped directly to structural properties such as stiffness values of
individual FEs or groups of FEs [6, 7]. If the uncertain area is unknown, this procedure usually entails a
large amount of design variables, resulting in an objective value space with many local minima [8]. In order
to keep the amount of design variables low, geometric regions are determined, where the uncertainty of the
material properties or the bearing is known to be high [9, 10]. Thus, common approaches depend on the FE
mesh resolution as well as prior assumptions about the geometric location and distribution of the uncertain
area. To alleviate this, we previously introduced the application of a parameterized stiffness distribution
function [11, 12] and showed its successful use on model updating procedures with the goal of damage
localization and quantification. Advantages of the proposed approach are the independence of the FE mesh
resolution as well as knowledge about the location or geometric distribution of erroneous regions in the FE
model. Additionally, the formulation as a cumulative distribution function ensures a smooth distribution of
the stiffness properties while keeping the amount of design variables low. Other approaches, that are also
motivated by smoothly distributed structural properties as well as the reduction of the number of design
variables, are analyzed and successfully used by Wahab et al. [13] and Teughels et al. [14]. Contrary to
our proposition of a cumulative distribution function, these approaches use linear or quadratic functions to
describe a damage function.

As the goal of this contribution is model calibration instead of damage localization, we add an iterative proce-
dure to our previously introduced approach. As we parameterize a one-dimensional Gaussian distribution to
vary the stiffness values along an FE beam model, we are only able to detect variations in the stiffness prop-
erties, which are approximately Gaussian-shaped. While this is sufficient for the localization of a damaged
area, stiffness variations due to manufacturing uncertainties might occur in a different, non-local manner.
To address this problem, we propose an iterative FE model updating scheme using the stiffness distribu-
tion function, which enables the detection of multiple deviations by the superposition of several Gaussian
distributions.

To demonstrate the proposed iterative updating procedure on a typical engineering problem, we use a nu-
merical application example of a laboratory-scale concrete tower. Concrete is a frequently used material for
infrastructural buildings and available in a wide range of compositions, enabling different features regarding
the compressive strength or workability. As it is a composite material, naturally every mixture is subject to a
certain variance in the material properties. To simulate this variance, we introduce several fictitious, uneven
distributions of the stiffness properties, representing the target state. The objective function considers mode
shapes of the tower, evaluated on predefined sensor positions.

2 Finite element model

In this section, the considered numerical application example of the laboratory-scale, 6.5 m high, prestressed
concrete tower is described. The simulations are conducted using the FE analysis software ABAQUS.

In order to create a simple numerical example, we consider a beam model of the tapered concrete tower
with appropriate sectional properties assigned to the beam elements. A head mass of 442 kg is attached
to the tower top, representing the steel anchoring for the prestressing. To further simplify the application
example, the tendon - and thus the prestressing - is neglected in the model. Figure 1 illustrates a sketch of
the considered tower with depicted positions of installed accelerometers and the corresponding beam model.
The bearing is modelled as a clamp, fixed in all translational and rotational degrees of freedom. Usually, a
model checkup is required after the initial model setup regarding modelling uncertainties like discretization
or idealization errors, which are irreducible by FE model updating. However, as we consider a numerical
application example, the reference and the target state share the same discretization as well as idealizations.
Thus, in the considered case, this step can be neglected.
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Figure 1: Sketch of the concrete tower and corresponding beam model.

The unmodified model represents the initial, reference model of the concrete tower with a constant Young’s
modulus of E0 = 33 GPa. In order to simulate the ’real’ structure with possible deviations in the structural
properties, we add a fictitious variance of the stiffness properties in the model by unevenly reducing the initial
Young’s modulus. This modified model is subsequently called the target state and the simulated response of
this target state represents the ’measured’ data. The initial as well as the modified distribution of the Young’s
modulus along the tower height is shown in Figure 2a.

In order to assess the modified stiffness distribution, the mode shapes of the target state are evaluated in
x-direction. Mode shapes represent a feature sensitive to variations in the structural properties and can be es-
timated from the measured response [4]. This data could for instance be collected during dynamic excitation
in an experimental test setup. Since a realistic measurement can only be carried out with a limited number
of sensors, the mode shapes are calculated at eight predefined, evenly distributed locations, representing the
sensor positions (cf. Figure 1).

3 Finite element model updating

We formulate the considered FE model updating problem as a single-objective optimization problem. Like
numerous other, basic engineering optimization problems, the considered problem falls into the category of
scalar, bounded, unconstrained, nonlinear and derivative-free optimization problems

minimize ρ(x) for ρ ∈ R, x ∈ Rn, (1)

where ρ is the scalar objective function and x is the n-dimensional vector of design variables. The space of
the design variables is bounded to the volume of a hypercube

xlb ≤ x ≤ xub, (2)

where xlb and xub are the lower and upper bounding vectors, respectively. For the execution of the optimiza-
tion, we use an in-house optimization framework, which includes several state-of-the-art algorithms suitable
for derivative-free, single-objective optimization. In this contribution, we apply the deterministic Global
Pattern Search algorithm by Hofmeister et al. [15]. We have shown in several previous publications, that this
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algorithm performs well on similar FE model updating problems [8, 11]. Its performance is comparable to
other global, metaheuristic algorithms like the widely used Genetic Algorithm [16].

In FE model updating, the choice of design variables as well as the objective function greatly impacts the
quality of the model updating procedure. In the considered case of model calibration, the problem formu-
lation should be able to identify the geometric position of variations in the stiffness properties and their in-
tensity. Therefore, we propose an iterative model updating scheme based on the comparison of mode shapes
and using a stiffness distribution function. The mathematical formulation of our approach is described in the
following subsections.

3.1 Design variables

As the parameterization of the design variables should be able to identify the geometric position and the
intensity of variations in the stiffness properties, we choose to update the stiffness of all Nel elements along
the height of the considered concrete tower. Therefore, we adapt the initial Young’s modulus with a corre-
sponding scaling factor θi depending on the vector of design variables x. Figure 2b illustrates the stiffness
distribution function designed for the beam model of the considered concrete tower. It is defined along one
control variable - the height of the tower - and described by the three design variables

x = (µ D σ)T . (3)

In the design variable vector x, µ represents the geometrical position of the distribution function’s center
point along the height (i.e. mean value), σ represents the width of the distribution (i.e. standard deviation)
and D represents the intensity of the stiffness variation (i.e. area under the curve).
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Figure 2: Stiffness distribution.
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As every numerical model is designed with a discrete amount of elements, a respective, discrete number
of stiffness scaling factors θi needs to be calculated. Thus, the intensity of the stiffness variation can be
expressed as the sum over the total number of elements (Nel) along the height

D =

Nel∑

i=1

1− θi(x). (4)

In this contribution, we assume a truncated Gaussian distribution along the tower height to simulate stiffness
variations. This can be expressed using a cumulative distribution function within the interval of the tower
height 0 m ≤ si ≤ 6.5 m. As a result, the following equation is used for the calculation of the stiffness
scaling factors for each element

θi(x) = 1−


D · F (si|µ, σ, 0 m, 6.5 m)−

i−1∑

j=1

1− θj(x)


 , (5)

where si describes the geometrical boundary of each element along the tower height, starting from the
bottom.

One optimization run with a defined number of objective function evaluations yields an optimal design
variable vector xopt,c, where the index c denotes the current iteration step of Niter iterations. The resulting,
optimal values for the Young’s modulus are then calculated for every element with the corresponding optimal
stiffness scaling factors θi(xopt,c)

Eθci = θi(xopt,c) · Eθc−1

i , i ∈ [1, Nel] , c ∈ [1, Niter]. (6)

For the first iteration (c = 1), the initial Young’s modulus of Eθ0i = E0 = 33 GPa is adapted. The resulting
optimal vector of the Young’s modulus Eθopt,c is then respectively updated to be the new initial Young’s
modulus for the next iteration.

3.2 Objective function

In this contribution, the model updating is based on mode shapes, since these can be obtained experimentally
as well as under operational conditions in high quality. Only the first four mode shapes with a significant
amplitude in the horizontal x-direction are considered. To evaluate the correlation between the relevant mode
shapes, the modal assurance criterion [17] is calculated at the defined sensor positions (cf. Figure 1). This
criterion determines the degree of similarity between the two mode shape vectors Φt and Φs, where the
indices t and s denote target and simulated quantities, respectively

MACk(θ(x)) =

(
ΦT

t,kΦs,k(θ(x))
)2

(
ΦT

t,kΦt,k

)(
ΦT

s,k(θ(x))Φs,k(θ(x))
) . (7)

The modal assurance criterion returns a value of one, if the compared mode shapes are linearly dependent
and a value of zero, if they are linearly independent.

Considering Nmodes mode shapes, we formulate the objective function

ρ(x) =

Nmodes∑

k=1

(1−MACk(θ(x))). (8)
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4 Results

Subsequently, the results for the numerical application example of the concrete tower are shown and ana-
lyzed. Table 1 lists the permissible ranges of the respective design variables, determining the upper (xub) and
lower (xlb) bounds used for the application.

Table 1: Permissible ranges of the design variables.

Design Bounds
variables xlb xub

µ in m 0 6.5
D −0.3 0.3

σ in m 0 5

The employed Global Pattern Search algorithm tracks a number of T globally best coordinates, thus achiev-
ing a global optimization. This parameter can be interpreted much like the population size in a metaheuristic
algorithm and is initially set to 20. For the sake of comparability, the maximum number of objective function
evaluations is set to 2000 for every optimization run.

The following Figures 3a to 3d respectively illustrate the convergence of the design variables over the defined
number of 2000 objective function evaluations for the first four iteration steps.
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(a) Iteration step 1, T = 20.
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(b) Iteration step 2, T = 20.
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(c) Iteration step 3, T = 20.
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(d) Iteration step 4, T = 50.

Figure 3: Convergence of the design variables for iterations 1 to 4.
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The first three iterations show a smooth and distinct convergence behavior of the optimization algorithm
for all three design variables, whereas the convergence behavior of the fourth iteration is unsteady at first
and only becomes clear after around 1000 objective function evaluations. The observation of the sampling
behavior of the employed optimization algorithm reveals the difficulty of the respective design variable
spaces: The design variable spaces of the first three iterations seem to have a clear global optimum, which is
easily found by the optimization algorithm. The design variable space of the fourth iteration however appears
to have several local minima and the algorithm shows an apparent difficulty to find the right optimum during
the first 1000 objective function evaluations. This is the reason why the parameter T of the Global Pattern
Search algorithm was increased to 50 for the fourth iteration, so that the algorithm tracks a higher number of
globally best coordinates. The optimal values found for the design variables in the four optimization runs as
well as the corresponding optimal objective function values are listed in Table 2.

Table 2: Optimal design variables and optimal objective function values for iterations 1 to 4.

Iteration step
1 2 3 4

µopt in m 1.77 3.97 2.61 1.24
Dopt 0.3 −0.05 0.17 0.01

σopt in m 5 1.03 2.79 0

yopt in 10−15 27.79 6.45 4.5 3.35

In the first iteration step, the variables D and µ converge to their upper bounds. This is also apparent in
Figure 3a. At this point, the upper bounds for the two variables could have been increased. However, we
decided to work with these results, as we chose the lower and upper bounds of the design variables carefully:
A value of σ = 5 m with a structure of 6.5 m height at hand results in a nearly constant stiffness distribution.
Thus, an increase of the upper bound for σ will not change the outcome significantly. Additionally, the
intensity of the stiffness variation is bound to 30 %, because we want to obtain physically meaningful results.
Besides, another simple reason for no need to increase the bounds is that we employ an iterative model
updating procedure. If the targeted stiffness distribution varies more than 30 % from the initial value in a
constant manner depicted by the high value for σ, the next iteration step would reveal this. As the second
optimization run yields a different manner of varying the stiffness properties (cf. Table 2 and Figure 3b), we
consider the bounds as well set.

The optimal objective function values listed in Table 2 show a clear convergence behavior over the four
iteration steps. Figure 4 additionally illustrates the convergence of the objective function value over the four
iteration steps.
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Figure 4: Convergence of the objective function value for iterations 1 to 4.
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In addition to the defined number of 2000 objective function evaluations, we employ another stop criterion
for every optimization run regarding the minimum change of the objective function value. Thus, the fact that
the first optimization run stops before reaching the defined number of 2000 objective function evaluations
(also noticeable in Figure 3a) comes into existence because of this second stop criterion.

Figure 4 and Table 2 clearly show that the achieved improvement of the FE beam model with respect to the
target state (evaluated by Equation 8) decreases with every iteration. Regarding the fourth iteration, only an
improvement of 0.15 · 10−15 is obtained (cf. Table 2), which is no longer noticeable in Figure 4. Associated,
the corresponding optimal design variables calculated in the fourth iteration step do not seem to change the
stiffness properties along the concrete tower in a significant way. The optimal width of the distribution (σ) is
found to be zero, resulting in a very local variation of the Young’s modulus. In addition, the optimal intensity
of the stiffness variation (D) is low compared to the previous iteration steps. This indicates a solution near
the target state. The apparent difficult design variable space with multiple global minima (cf. Figure 3d)
further underlines this interpretation. The difficulty of the optimization algorithm to find the right optimum
can be interpreted as a sign, that the current stiffness distribution already displays a solution near the target
state.

The particular resulting distributions of the Young’s modulus can be calculated for every iteration step using
Equation 6 and the optimal values listed in Table 2. Figure 5 illustrates step-by-step the course of the
stiffness variation throughout the four iterations. The convergence behavior evident from the steady decrease
of the optimal objective function values demonstrated in Table 2 and Figure 4 is clearly reflected in Figure 5.
Looking at the iterative updating of the stiffness distribution along the tower height, the need for the proposed
iterative model updating scheme is obvious. The first iteration results in a good approximation of the integral,
nearly constant decrease of the Young’s modulus. However, the local, more severe variation in the stiffness
distribution around 1 m is not at all detected, since only one iteration using the Gaussian-shaped stiffness
distribution function is not able to detect multiple variations. Thereto, multiple iteration steps are necessary.
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Figure 5: Distribution of the Young’s modulus along the tower height for iteration steps 1 to 4.
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The variation of the Young’s modulus from iteration step 3 to 4 confirms the previous observation: The third
iteration step already yields a solution close to the targeted one, where the local, more severe variation of the
Young’s modulus around 1 m is located. However, it is not until the fourth optimization run, that this local
variation is fully quantified. Thus, even though the fourth iteration step does not seem to significantly further
improve the resulting structural behavior - in this case the mode shapes, it is an important step towards the
quantification of the targeted stiffness distribution.

5 Summary and outlook

Throughout this contribution, we show the successful model calibration of an exemplary FE beam model of
a laboratory-scale concrete tower with the proposed iterative FE model updating procedure using a stiffness
distribution function. We chose this numerical application example of a concrete tower as it represents a
typical engineering problem. We created an initial, reference FE model of the tower as well as an FE model
with a modified distribution of the Young’s modulus along the tower height. This modified model represents
the target state, portraying a possible variation of the stiffness properties of the ’real’ structure compared to
its ideal design.

The results evidently show the need for as well as the viability of the iterative updating procedure using
the Gaussian-shaped stiffness distribution. Fist, the general, constant decrease of the Young’s modulus is
detected, after the fourth iteration, the severe local variation near 1 m tower height is correctly located and
quantified as well.

The applicability of such an iterative model updating scheme is of course limited to rather small FE models
because of the computational cost to conduct several optimization runs. As the aim of the proposed iterative
updating procedure is model calibration - and not damage assessment, we suggest to use a rather coarse FE
model for this aim. Using the coarse FE model, general variations in the stiffness properties can be detected
and afterwards incorporated in a more detailed FE model of the considered structure.

As the presented application is only a numerical application example, our next step is to apply the proposed
iterative model updating scheme to a real structure. Therefore, measurements were conducted on the real,
built laboratory-scale concrete tower and are thus available to be used for the proposed model calibration
approach. In a practical application scenario, the present distribution of the stiffness properties is of course
unknown. For such applications, a stop criterion regarding the change of the optimal objective function value
has to be established.

To the authors knowledge, the applied iterative FE model updating scheme is proposed for the first time in
this contribution. Thereby, even though we used a numerical application example and not yet real measured
data, the approach seems to be very promising for model calibration using FE model updating. The proposed
iterative model updating scheme using a stiffness distribution function is applied automatically without the
need for further adjustments, while updating the stiffness properties of all elements along the considered
structure in every iteration. Additionally, the proposed parameterization keeps the amount of design variables
low and enables a high numerical performance as well as stability, while maintaining the ability to detect,
locate and quantify multiple variations in the structural properties.
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Abstract
The digital design of power electronic components is a key to accelerate the development process and to
control development risks for electrically driven vehicles. Due to manufacturing, structural dynamic and
vibroacoustic behavior of the same part may differ significantly. The investigations within this paper initially
focus on the experimental analysis of printed circuit boards (PCBs). To this end, seven samples of a test
PCB are examined. The PCBs are excited with a loudspeaker in the frequency range from 50 Hz to 8000 Hz
and the modal parameters are determined by an operational modal analysis. The identified modal parameters
are used to update the numerical simulation. Due to the complexity of the model and the large number of
FE re-analyses, parametric model reduction is used to increase computational efficiency. After adjusting the
model parameters, the simulation and measurement results present good agreement levels and thus form a
basis for further investigations.

1 Introduction

The electrification of the powertrain introduces new components that pose challenges for a reliable design.
One of these new components is the power electronics unit (PEU), which converts the direct current (DC)
from the battery into an alternating current (AC) for the electric motor. During operation, the components
within the PEU are exposed to a wide range of stresses. These include temperature cycles, high temperatures,
dust and vibrations. Depending on the particular component, different stresses jeopardize safe operation
[1]. The main stress for printed circuit boards (PCBs) in the PEU comes from vibroacoustic excitation
from the electric motor or from within the PE [2]. Failure due to vibration can be reduced by already
considering vibration properties, such as natural frequencies and eigenmodes, within the design process
[3]. The digital design of power electronic components is a key to accelerate the development process
and to control development risks for electrically driven vehicles. In particular, the numerical simulation of
the structural dynamic and vibroacoustic behavior of printed circuit boards (PCBs) proves to be a difficult
simulation problem due to their complex geometrical and functional relationships, such as the placement of
components on the PCBs. Consequently, significant differences between simulation and measurement results
can occur. These deviations stem from parameter uncertainties in the model. To minimize the difference
between simulation and measurement, model updating techniques are used [4, 5, 6, 7, 8]. Deterministic
model updating methods [5] optimize model parameters of a single FE model by comparing the predicted
results to test data from a single physical system [9]. However, due to manufacturing tolerances, the structural

1961



behavior between seemingly identical systems can vary considerably. Hence, a prediction based on a single
calibration of model parameters is unable to give a measure of confidence in the capability of numerical
simulations to represent the actual structure [7]. Stochastic model updating methods [6, 7, 8, 10] try to
include this variability. The associated computational efforts due to the requirement of a moderate to very
large number of FE re-analyses are a major obstacle in the consideration of uncertainties for industry scale
FE models. To reduce the computational efforts, surrogate models [11] and parametric model order reduction
[10] are usually applied.

The investigation within this paper initially focuses on the experimental analysis of PCBs and is based
on findings in [12]. To this end, seven samples of a test PCB are examined. The PCBs are excited with
a loudspeaker in the frequency range 50 Hz to 8000 Hz and the modal parameters are determined by an
operational modal analysis. The identified modal parameters are used for updating the numerical simulation.
The aim is to quantify the influence of the manufacturing process on the vibration behavior and then to apply
numerical simulation models. Due to the model’s complexity and the need to solve the model in each model
updating iteration, parametric model order reduction is used to increase efficiency.

Section 2 deals with the principals of stochastic model updating which is later used in section 4 to update
the numerical model of the PCB. Section 3 and section 4 deal with the experimental investigation and the
numerical model of the PCB respectively.

2 Stochastic model updating

2.1 Bayesian formulation

The Bayesian model updating framework is based on the Bayes’ Theorem [13]. In [14, 15] the Bayes’
Theorem is adjusted to model updating and is described by

P (θ|D,M) =
P (D|θ,M)P (θ|M)

p(D|M)
, (1)

where M denotes the model class, D denotes the experimental data, which consists of the measured modal
properties of the system under consideration, and θ describes the parameter vector of the unknown, adjustable
model parameters. The posterior distribution P (θ|D,M) expresses the conditional probability of θ on the
prior probability P (θ|M) and the experimental data. The likelihood function P (D|θ,M) is a measure of
agreement between the measured data D and the model output for a given data set θ.

The likelihood function used in this work is derived in [16]. However, only eigenfrequencies are utilized in
this case. The mode shapes are used to match measured and simulated eigenfrequencies. The experimental
data consists of Ns sets, D = [ω1,j , ..., ωNm,j ] composed of Nm modal frequencies ωr. The likelihood
function is described by

P (D|θ,M) = c exp

(
−1

2

Nm∑

r=1

Jr(θ)

)
, (2)

where Jr(θ) is given by

Jr(θ) =

Ns∑

j=1



(

1− ω2
r,j/ω̂

2
r

ε

)2

 . (3)

Here, ω̂r denote the model eigenfrequenies, while εr denote the variance of the prediction error of the r-th
eigenfrequency.

The evaluation of Eq. 1 requires solving high-dimensional integrals that cannot be evaluated analytically
or numerically. Therefore, efficient stochastic simulation algorithms are used to sample from the posterior
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distribution and hence identify the parameter with the highest posterior probability [11]. In this work, the
transitional Markov chain Monte Carlo (TMCMC) algorithm [17] is used. The main idea behind the TM-
CMC algorithm is to sample from intermediate probability density functions (PDFs) and therefore iteratively
proceed from the prior to the posterior distribution. Thereby the shape of distribution changes slowly and
makes it possible to sample efficiently.

The algorithm makes it necessary to repeatedly solve the FE model for the eigenvalues, which can make it
infeasible for large FE models. Hence, different approaches are proposed to reduce the time of the model
updating step. In the following, common approaches and the one used in this work are explained.

2.2 Parametric model order reduction

The goal of this work is to decrease the computational effort by reducing the size of the mass and stiff-
ness matrix while maintaining the possibility to adjust parameters and without compromising the solution
accuracy. In the field of stochastic model updating, model order reduction is often performed by selecting
substructures and conducting a Craig-Bampton [18] reduction, thereby reducing the size of the system matri-
ces while maintaining the possibility to change linearly dependent parameters, such as Young’s modulus or
density, for each substructure individually. Further reduction is possible by also reducing the characteristic
constraint modes [19, 20]. More recently, artificial neural networks have been used as surrogate models to
map parameter changes to changes in the modal parameters [11]. In this work, a method based on superpo-
sition, which was influenced by ROULEAU et al. [21] and LAPPANO et al. [22] is applied. The assembled
system matrices here Ma and Ka in the following can be represented by

Ma =
N∑

i=1

MS
i (4)

Ka =

N∑

i=1

KS
i

where MS
i and KS

i are the mass and stiffness matrices of the i-th sub-component. To reduce the dimension
of the assembled system matrices, a transformation matrix based on modal order reduction

[Ka − λMa]T = 0 (5)

is calculated. The system can be reduced by

Ma,r = TTMaT = TT

(
N∑

i=1

MS
i

)
T =

N∑

i=1

TTMS
i T =

N∑

i=1

Mi,r (6)

Ka,r = TTKaT = TT

(
N∑

i=1

KS
i

)
T =

N∑

i=1

TTKS
i T =

N∑

i=1

Ki,r.

where T denotes the transformation matrix, Ma,r and Ka,r are the reduced assembled mass and stiffness
matrix, respectively, and Mi,r and Ki,r are the reduced mass and stiffness sub-matrices, respectively. The
reduced mass and stiffness sub-matrices depend linearly on the model parameters θ. The parameterized,
reduced mass and stiffness matrix take the form

Ma,r(θ) = M0
a,r +

Nθ∑

i=1

MS
i,rθi (7)

Ka,r(θ) = K0
a,r +

Nθ∑

i=1

KS
i,rθi.
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where M0
a,r, K

0
a,r, M

S
i,r and KS

i,r, i = 1, ..., Nθ, are constant matrices independent of the parameter vector
θ.

3 Experimental investigation

The test PCB is depicted in Fig. 1. The geometric dimensions are 80 mm x 50 mm. The base material is
fibre-reinforced epoxy FR-4. For later analyses, the PCB has contact points for five capacitors and three
acceleration sensors. A total of seven samples of the same PCB are examined to investigate the uncertainty
in manufacturing and build a basis to apply stochastic model updating. The experimental investigation is
based on HÜLSEBROCK et al. [12].
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Figure 1: Illustration of the test PCB design.

3.1 Test rig

The determination of the vibroacoustic behavior of PCBs is challenging due to their low weight. In ZUKOWSKI
et al. [23] the PCB is excited by a piezo actuator and a shaker. In KRASNIVEIKI et al. [24] the PCB is screwed
to a shaker on a steel plate. The disadvantage of these approaches is that in the first case, the mass influence
of the shaker and the piezo actuator affect the system behavior and must be considered in later simulations.
In the second case, the influence of the connection is difficult to isolate from the behavior of the circuit board
itself. The aim of this work is to minimize the influence of the excitation source on the vibration behavior by
using a loudspeaker as source of excitation. To further minimize the influence on the vibration behavior, the
measurement is performed contactless by using two Laser-Doppler-Vibrometers (LDVs).

A schematic representation of the test rig is illustrated in Fig. 2. For the excitation, a loudspeaker (Visaton
AL 200 - 8 Ohm) with a Chirp signal ranging from 50 Hz to 8000 Hz is used. The specimens are placed on a
foam base below the loudspeaker. Due to the excitation with the loudspeaker, it is impossible to determine a
transfer function between the excitation and the system response. Therefore, one single point LDV (Polytec
PVD-100) and a scanning LVD (Polytec PSV-400) are used to determine the cross power spectrum between
each measurement point and the reference point. Not depicted in the figure are an analog filter (Kemo
Benchmaster 21M) and the amplifier (LMS Q-AMP) for the loudspeaker.

Each sample PCB is measured five times. In total, 54 points are measured. Further, each measurement
point is measured five times and an average is taken. The frequency step size is 0.1563 Hz. To ensure
comparability and consistent positioning, four needles are placed in the foam. In Fig. 2, the measurement
points, the reference point (red) and the needles for positioning are depicted.

3.2 Experimental results

The evaluation of the measured cross power spectra is performed by the PolyMax algorithm for operational
modal analysis [25]. It is assumed that the mode shapes do not vary significantly between the samples.
Therefore, an average is taken over all measurements to determine the average vibroacoustic behavior of the
PCB samples. Each measurement of every sample is then related to that average. Therefore, a modified
modal assurance criterion (MAC) is used. The modified MAC also takes eigenfrequencies into account and
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Figure 2: Schematic illustration of the test rig with 1) measurement mirror, 2) loudspeaker (Visaton AL 200,
3) Foam, 4) PCB sample with 54 measurement points and one reference point (bright red).

can be described by

(1− γ)MACrs − γ
‖ωs − ωr‖

ωs
(8)

where ωs and ωr are the eigenfrequency to the corresponding mode shape [25]. The factor γ weights the
influence of the eigenfrequency to the MAC and was empirically set to 0.25 within this work. Tab. 1
summarizes the average identified eigenfrequencies.

To analyze the difference between the samples, the mean eigenfrequency of an eigenmode is calculated over
all samples. Then, the deviation of each sample to this mean value is determined. Further, the variance of
the measurement within one sample is determined. The mean identified eigenfrequencies are summarized in
Tab. 1.

Table 1: Mean identified eigenfrequency f̄ of the test PCB.

Mode 1 2 3 4 5 6 7 8

f̄ in Hz 957.8 2402.9 2988.4 4101.2 5195.5 5987.7 6568.7 6924.4

Fig. 3 shows the deviation from the mean for every measurement of the different samples of the test PCB
as well as the variance between measurements of the same sample. It can be seen that the deviation from
the mean for the majority of the samples lies between −1 % to 1 %, with outliers ranging from −2 % to 3 %.
The outliers belong to two samples (sample 4 and sample 6). Further, not all eigenfrequencies are identified,
which indicates a systematic error. Hence, the results from sample 4 and 6 are omitted for the rest of the
analyses. Furthermore, it is visible that the variance between each measurement of one sample is relatively
small with a mean standard deviation of 0.2 %, which shows that the measurement error is in an acceptable
range.

4 Numerical model and stochastic model updating

The goal of the numerical model is to replicate the measured behavior. The major difficulty of creating
a model of the PCB is not the geometrical model itself, but specifying the properties: such as Young’s
modulus, shear modulus or density. In this case, the geometrical model as well as the information about
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Figure 3: Deviation from the mean of measured eigenmodes for each sample.

the tracing is imported to a numerical simulation environment from an ECAD file. Starting values for the
material properties of FR-4 are taken from literature [23]. As a first step of model parameter adjustment,
linear homogenization is applied [23]. In Fig. 4, the mean predicted and identified eigenfrequencies are
compared to each other. It shows that, after the linear homogenization step, the vibroacoustic behavior of the
PCB is already well predicted by the numerical simulation. However, the remaining difference between the
measurements and the simulation justifies an additional model updating step. Further, the goal of this work
is to analyze the parameter uncertainty, which makes a stochastic analyses necessary.
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Figure 4: Difference between the mean measured and mean predicted eigenvalues after homogenization.

Based on a literature research, the parameters Ex, Ey and Gxy have the highest sensitivity [26, 27]. There-
fore, these three parameters are isolated from the stiffness matrix. The assembled stiffness matrix can be
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described by

Ka = Kres + θExKEx + θEyKEy + θGxyKGxy = Kres +
3∑

i=1

θiKi (9)

where Kres denotes the residual stiffness matrix, which is not affected by changes of the selected parameters,
and KEx , KEy and KGxy are the isolated stiffness matrices for Ex, Ey and Gxy, respectively. The isolated
stiffness matrices are multiplied by the parameter vector θ = [θEx , θEy , θGxy ].

The subdivided system matrices Ma and Ka = Kres+
∑3

i=1 θiKi are exported to a numerical programming
environment to perform the model updating step. The original system has over 350.000 degrees of freedom
(DOFs) which makes it too big to efficiently perform stochastic model updating. Therefore, the parametric
model order reduction technique described in section 2.2 is used. The system matrices can be reduced to a
[50x50] matrix without losing the ability to change the parameters and compromising the solution accuracy.

For model updating, the TMCMC algorithm [17] is implemented in the numerical programming environ-
ment by using [28] as a framework and adjusting the code with the suggestions given in [29]. The three
parameters Ex, Ey and Gxy are fitted by only using the measured and predicted eigenfrequencies. The
simulation predicts 14 dynamic eigenfrequencies in the range from 50 Hz to 7000 Hz. However, only nine
eigenfrequencies are correctly identified by the measurement. Hence, to ensure that the same eigenmodes
are compared a mode matching step is performed in every iteration by applying the formulation given in
Eq. 8. The prior assumption for all three parameters states that they are normally distributed with a mean
of µEx = µEy = µGxy = 1 and a standard deviation of σEx = σEy = σGxy = 0.2. In every iteration, the
number of samples taken are Nb = 1000.

In Fig. 5, the result of the model updating is illustrated. The figure shows the mean predicted and mean
measured eigenfrequencies of the PCB. The difference between the predicted and measured eigenfrequencies
is reduced in comparison to Fig. 4. The average vibroacoustic behavior of the PCB can be described by the
numerical simulation.
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Figure 5: Difference between mean measured and mean predicted eigenvalues after model updating.

However, to increase the confidence in the capability of the numerical simulation to represent the actual
vibroacoustic behavior of the PCB, the variability of the different PCB samples must be included. The
result of the stochastic model updating is a distribution of the model parameters Ex, Ey and Gxy that best
explain the distribution of the measurement results. The deviation of the model parameters is a measure
for the parameter uncertainty. The following figures (Fig. 6, 7 and 8) show a selection of the distribution
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of the predicted eigenfrequencies after the stochastic model updating. Due to the relatively small test set,
the experimental data is plotted as concrete values. The predicted and measured values are normalized to
the mean eigenfrequencies in Tab. 2. The y-axis shows the relative likelihood of occurrence in percent for
the numerical simulation. The figures show that the resulting distribution of eigenfrequencies are normally
distributed and the majority of measurements lie within the predicted region.

Figure 6: Deviation from mean of measured (blue histogram) and predicted (solid lines) eigenfrequencies
after stochastic model updating for Mode 2.

Figure 7: Deviation from mean of measured (blue histogram) and predicted (solid lines) eigenfrequencies
after stochastic model updating for Mode 3.

The results of the analysis are summarized in Tab. 2. The mean measured eigenfrequencies differ from Tab.
1 due to the cancellation of the outliers. The table shows that before model updating the error between the
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Figure 8: Deviation from mean of measured (blue histogram) and predicted (solid lines) eigenfrequencies
after stochastic model updating for Mode 6.

measured and simulated eigenfrequencies is already relatively small due to the homogenization step. How-
ever, the initial assumption of the distribution of the updating parameters results in a strong discrepancies
between the measured and simulated standard deviation of the eigenfrequencies. The stochastic model up-
dating significantly decreases this discrepancy. Hence, the identified parameter distribution can explain the
distribution of the measurement results and therefore increases the confidence in the numerical simulation to
represent the actual behavior of the PCB.

Table 2: Comparison correlation table before and after parameter identification.

Measurement Before Updating After Updating
Mode f̄ σ f̄ σ f̄ σ

in Hz in % error in % error in % error in % error in %

1 955.4 0.29 0.25 23.10 0.00 0.12

2 2396.7 0.47 −1.15 13.60 0.00 0.39

3 2979.3 0.33 0.70 14.08 −0.02 −0.22

4 4094.6 0.60 4.48 7.36 0.00 −0.28

5 5182.1 0.40 −0.04 16.54 0.00 0.27

6 5992.1 0.43 −0.30 11.23 0.00 −0.07

7 6576.2 0.42 −5.12 9.99 0.02 0.02

8 6940.2 0.25 −3.73 23.47 0.01 0.46

5 Conclusion

The present work analyzes the vibroacoustic behavior of PCBs. Seven samples of the same test PCB are
examined. For statistical validation of the results, each test sample is measured five times. Due to the low
weight of the PCBs and the wide frequency range of 50 Hz to 8000 Hz, the excitation is carried out by a loud-
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speaker. In the frequency range from 957.8 Hz to 6924.4 Hz, a total of eight eigenfrequencies are correctly
identified. The deviation between the samples is −1 % to 1 %. A numerical model of the PCB is derived
from an ECAD file. The information about the tracing is used to perform a linear homogenization to adjust
the model parameters. The comparison between the measured and predicted eigenfrequencies after homog-
enization show good agreement already. However, the remaining difference between the measurements and
the simulation justifies an additional model updating step. Based on their sensitivity, three parameters are se-
lected. The stochastic model updating algorithm TMCMC is applied to adjust the model parameters to better
fit the measured behavior. To increase the efficiency of the TMCMC algorithm, parametric model reduction
is performed by isolating the parts of the selected parameters in the stiffness matrix and performing modal
model order reduction. By that the system matrices can be dramatically reduced without losing the ability to
change the selected parameter nor compromising the solution accuracy. After model updating, the difference
between the measured and predicted vibroacoustic behavior is reduced. Further, the deviation of the mea-
surements can be represented by the simulation. The results give confidence in the ability of the numerical
model to describe the actual behavior of the PCB. The model thus builds a basis for further analyses.
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Abstract 
Finite element method (FEM) techniques are commonly used to approximate linear dynamic system 

behavior. Such systems are modeled with discretized mass [M], damping [C] and stiffness [K] matrices. 

Model updating techniques use either eigen solutions from the model and experimental test and/or frequency 

response functions (FRF) from the model and experimental test to minimize any errors in numerical 

modeling. In most model updating techniques for dynamic systems, [M] can be well estimated by weight 

measurements and [K] is generally populated using assumed properties for flexural rigidity. These assumed 

flexural rigidity values can often be erroneous and consequently any stiffness proportional damping 

modeling is also erroneous. This paper investigates advantages of model updating a system first statically 

which provides a better estimate of the [K] in addition to [M] and then update only the stiffness proportional 

damping coefficients using experimental data and associated modal parameter estimation (MPE). 

1 Introduction 

Finite element model updating (FEMU) in structural dynamics encompasses a large number of processes 

that aim to reduce the discrepancy between modal parameters and response characteristics obtained from a 

finite element model (FEM) and a corresponding experimental data obtained for the system. This topic has 

gained more prominence in recent years with the introduction of extremely light structural components with 

complex and varying geometries, material characteristics, etc.  

Early seminal work in this area includes seminal works by Friswell and Mottershead [1], [2] which provide 

a detailed description of both direct and iterative methods using modal data and frequency response function 

(FRF) data for FEMU. The iterative modal methods comprise of inverse eigen sensitivity method (IESM) 

formulated Lin et. al [3], [4] and other such methods which are popular are used when modal data is 

available. Methods that formulate the model updating using FRF data include the response function method 

formulated by Grafe, Lin and Ewins [5]–[7] . A comprehensive listing of the further improvements and 

advancements since is found in [8] along with a comparative study of both methods available in [9]. More 

recent works on the sensitivity method include [10] where the importance of equation conditioning and 

quality of model updating is elaborated. These foundational works in model updating have been further 

improved and investigated using computational intelligence techniques [11]. Some works have utilized 

popular linear FEMU and then used various other techniques to update nonlinear models as well [12]–[17].  

Although well-established FEMU techniques are available for various applications and system conditions, 

every technique has its own merits and demerits. Popular techniques employ some form of a sensitivity 

analysis that is solved using a least-squares solution. A common problem encountered is the balance between 

total number of variables that require updating and the total available data since most techniques rely only 

on FRFs obtained during experimental modal analysis and//or modal parameters estimated from these FRFs 

[18]–[21]. In order to overcome this issue, this paper discusses a hybrid technique using static and dynamic 

tests that can provide a better and more reliable model updating of analytical system parameters and provide 

reasonable approximation of the damping models.  

1973



In practice, a variety of static tests are conducted prior to a dynamic test to determine linearity of a system, 

verify global parameters, detect type of nonlinearity in a system, etc. [22]–[24]. Some FRF based methods 

are also used for static stiffness and compliance estimation [25], [26]. However, an adaption of static test to 

FEMU particularly at an elemental level is widely not practiced.  

2 Hybrid testing: theory 

A linear dynamic system is represented by a second order differential equation as given by Equation (1) 

where 𝑀,𝐶 and 𝐾 represent the mass, damping and stiffness of the system.  

 𝑀�̈� + 𝐶�̇� + 𝐾𝑥 = 𝐹 (1) 

Generally, for the system under consideration a few parameters are known such as geometry, material 

specifications (Young’s modulus (𝐸), Poisson’s ratio (𝜈), density (𝜌)), etc. that enable a discretized 

analytical modeling of the system with 𝑀𝑎 , 𝐶𝑎 and 𝐾𝑎 representing the analytical mass, damping and 

stiffness. This discretization is only an approximation of the physical system based on several assumptions 

and do not represent the exact parameters of the physical test system. Model updating (FEMU) is employed 

to reduce errors between the actual mass, damping and stiffness parameters 𝑀𝑥, 𝐶𝑥  and 𝐾𝑥 and their 

analytical counterparts; the exact characteristics of the actual system being unknown. This updating can be 

performed directly using the FRFs obtained from the physical system and the corresponding analytical FRFs 

using methods described in [6], [7] or using the experimental and analytical modal parameters {{𝜓𝑥}, 𝜆𝑥} 

and {{𝜓𝑎}, 𝜆𝑎} respectively such as those discussed in [3], [4]. The techniques discussed in this paper uses 

only the later method, but a similar adaptation can be used for model updating using FRFs.  

2.1 Static test: stiffness updating 

In the absence of inertial forces, Equation (1) reduces to a static problem represented by Equation (2). 

Therefore, if a system is analyzed in the absence of inertial forces i.e. static configuration, only the stiffness 

requires updating.  

 𝐾𝑥 = 𝐹 (2) 

If the system configuration allows a simple static test to be performed with known external forces 𝐹𝑥 applied 

to the system and its displacement 𝑥𝑠𝑡𝑎𝑡𝑖𝑐 experimentally recorded, the analytical stiffness [𝐾𝑎] can hence 

be updated by approximating any differences in stiffness values using a correction/update coefficient (𝛽) 
such that  

 𝛽(𝐾𝑎)𝑥𝑠𝑡𝑎𝑡𝑖𝑐 = (𝐾𝑥)𝑥𝑠𝑡𝑎𝑡𝑖𝑐 = 𝐹𝑥 (3) 

 𝛽[𝐾𝑎]{𝑥𝑥𝑠} = 𝛽[𝐾𝑥]{𝑥𝑥𝑠} = {𝐹𝑥} (4) 

This coefficient 𝛽 is a real positive dimensionless value. Equation (3) can be adopted to a finite element 

(FE) model as shown in Equation (4) where [𝐾𝑎] represents the global stiffness matrix of the analytical 

system and {𝑥𝑥𝑠} and {𝐹𝑥} represent the displacement and external force applied to the physical system. The 

correction coefficient (𝛽) can either be used for correction of global properties such as Young’s modulus 

(𝐸), moment of inertia (𝐼) etc. of the entire system or be used to update parameters of element stiffness as 

shown in Equation (6) 

 𝐾𝑒𝑙𝑒𝑚 = 𝛽𝑒[𝐾𝑒]; [𝐾𝑎] = ∑ 𝑓(𝛽𝑟[𝐾𝑟])
𝑛
𝑟=1  where 𝑛: Total elements (5) 

In this paper, element stiffness correction is solved for using the recorded static displacements. If static 

displacements {𝑥𝑥𝑠} are recorded for more than one set of external forces (total M sets), the correction 

coefficient for the 𝑛 elements can be solved in a least squares approach as shown in Equation (6) 
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 (6) 

This method of updating 𝛽 for each element rather than global parameter updating provides more physical 

meaning since properties across any physical system are seldom uniform. The estimation of 𝛽 through this 

approach is a single step process. Fewer displacements are generally obtained during a physical test in 

comparison with the number of FE nodes and associated degrees of freedom. A static reduction-expansion 

technique such Guyan reduction [27] of the analytical model is therefore used to expand experimental 

displacements over the entire model and then FE model is updated.  

2.2 Dynamic test: mass and damping updating 

Once the corrected stiffness is obtained from the static test, the second order system described in Equation 

(1) is now updated as shown in Equation (7). An established model updating technique such as the inverse 

eigen sensitivity method (IESM) and several other popular techniques can be used to update the mass and 

damping. The IESM technique used in FEMU for updating 𝐿 number of design variables (𝑝) across 𝑚 

modes of the system are formulated as shown in Equations (8) – (10).  

 𝑀𝑎�̈� + 𝐶𝑎�̇� + 𝐾𝑎 = 𝐹; 𝐾𝑎 = 𝛽𝐾 (7) 

 [𝑆̅]{Δ𝑝} = {Δζ} (8) 
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Eigenvector sensitivity: 

  
𝜕{�̅�}

𝑟

𝜕𝑝𝑟
= ∑

{𝜓𝑎}𝑖{𝜓𝑎}𝑖
𝑇

(𝜆𝑥)𝑟−(𝜆𝑎)𝑟
[
𝜕[𝐾]

𝜕𝑝𝑘
+ 𝑗

𝜕[𝐶]

𝜕𝑝𝑘
− (𝜆𝑥)𝑟

𝜕[𝑀]

𝜕𝑝𝑘
] {𝜓𝑥}𝑟 −

1

2
 {𝜓𝑎}𝑟

𝑇 𝜕[𝑀]

𝜕𝑝𝑘
 {𝜓𝑎}𝑟

𝑇𝑚
𝑖=1;𝑖≠𝑟  (9) 

Eigenvalue sensitivity: 

  
𝜕𝜆𝑟̅̅ ̅

𝜕𝑝
= {𝜓𝑎}𝑟

𝑇 𝜕[𝐾]

𝜕𝑝𝑘
{𝜓𝑥}𝑟 − (𝜆𝑥)𝑟{𝜓𝑎}𝑟

𝑇 𝜕[𝑀]

𝜕𝑝𝑘
{𝜓𝑥}𝑟 +  𝑗{𝜓𝑎}𝑟

𝑇 𝜕[𝐶]

𝜕𝑝𝑘
{𝜓𝑥}𝑟 (10) 

For mass updating, an approach similar to stiffness updating using static test is used where the analytical 

mass has a correction coefficient 𝛼 as described in Equation (11) for each element that describes all 

variations of physical properties such as density and other variations. This coefficient 𝛼 is a real positive 

dimensionless value. Mass updating using IESM generally has well-conditioned equations that can be easily 

solved. Typically normalized normal modes of the undamped harmonic system described in Equation (7) is 

used for IESM if the model updating has only mass terms [3], [4]. 

 𝑀𝑒𝑙𝑒𝑚 = 𝛼𝑒[𝑀𝑒]; [𝑀𝑎] = ∑ 𝑓(𝛼𝑟[𝑀𝑟])
𝑛
𝑟=1  where n: Total elements (11) 

 [𝐶]𝑎 = 𝛾[𝐾]𝑎 (12) 

A proportional damping model is assumed for this paper. The variations in damping can be solved similar 

to mass and stiffness by introducing a correction factor elementwise and solving a complex eigen sensitivity 

problem as described in  [3], [4]. This method still has numerical issues if the stiffness proportional damping 

model is used. An easier alternate used in this paper utilizes the mass only updating using the IESM method 
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to obtain corrected mass coefficients and then use a stiffness proportionality constant 𝛾 to describe the 

damping as shown in Equation (12). In this approach the normal modes from the mass and stiffness corrected 

system is used to obtain system parameters in the modal domain such as modal stiffness. A ratio of modal 

stiffness and damping estimated from experimental system provides the proportionality constant 𝛾. This 

method is applied mode-wise since stiffness proportional damping models tend to overdamp higher 

frequencies.  

Updating mass correction coefficient 𝛼 involves an iterative process and a suitable threshold criterion may 

be set to check for convergence as used in [3], [4]. However, the proportionality constant 𝛾 is only a number 

obtained for a given mode and is a single step estimation based on the modal stiffness used during the model 

updating and modal parameters determined experimentally.  

3 Test setup and finite element modeling  

A steel cantilever beam of length (𝑙), width (𝑏) and height (ℎ) as shown in Figure 1 is considered for 

analysis. Since this paper discusses model updating of parameters of the beam, a combination Young’s 

modulus (𝐸) values between 196 − 205 𝐺𝑃𝑎 and density values (𝜌) between 7850 − 8050 𝑘𝑔/𝑚3 are 

considered as described in Table 1. Four bolts are used to secure the beam to its support structure; natural 

frequencies of this support structure do not interfere with measurements made up to the first 3 modes of the 

cantilever beam.  

For the static test, dial gages are used as shown in Figure 1 and the external load is applied at Location 1. 

These external loads are assumed to be point loads and vary from 2.224𝑁 to 75𝑁. For the dynamic test, 

PCB Piezotronics Model TLD352A56 accelerometers are attached to the beam as shown in Figure 1  and a 

modally tuned PCB Piezotronics impact hammer is used to obtain FRFs for locations at degrees of freedom 

(DOF) 1 through 15 along the length of the beam. All data acquisition and modal parameter estimation is 

performed using UC SDRL’s X-Modal software.  

The cantilever beam is modeled using 17 beam elements with 18 nodes as shown in Figure 1. Each node 

has two degrees of freedom (𝛿𝑦 , 𝜃𝑧) and hence the total degrees of freedom for the system are 36. Node 18 

is rigid (𝛿𝑦|18 = 0; 𝜃𝑧|18 = 0) in accordance with the fixture of the cantilever beam. The Euler-Bernoulli 

beam element under linear strain theory [28], [29] is formulated as shown in Equation (13) where 𝛼 and 𝛽 

are the correction coefficients described earlier. MATLAB is used to implement the model updating process; 

first 3 bending modes of the system are considered for model updating. Experimentally determined 

modeshapes, natural frequencies and damping of these modes in provided in Figure 10 and listed in Table 

2 through Table 4.  

 
[𝑀]𝑒 = 𝛼 (

𝜌𝐴𝑙

420
) [

156 22𝑙 54 −13𝑙
22𝑙 4𝑙2 13𝑙 −3𝑙2

54 13𝑙 156 −22𝑙
−13𝑙 −3𝑙2 −22𝑙 4𝑙2

] ; [𝐾]𝑒 = 𝛽 (
𝐸𝐼

𝑙3
) [

12 6𝑙 −12 6𝑙
6𝑙 4𝑙2 −6𝑙 2𝑙2

−12 −6𝑙 12 −6𝑙
6𝑙 2𝑙2 −6𝑙 4𝑙2

] ;

𝐴 = 𝑏ℎ; 𝐼 =
𝑏ℎ3

12

 (13) 

4 Results 

The external load-displacement shown in Figure 2 provides ana accurate description of the beam under static 

external loads. It is observed that this plot is roughly linear, and the linearity is assumed bidirectional for 

the system. The element stiffness correction 𝛽 is initially assumed unity. After solving for 𝛽 using the static 

test, the stiffness correction coefficient for each element varies with different case. However, it must be 

noted that displacements using the modified stiffness matrix 𝐾𝑎 = 𝛽𝐾 for the entire beam system follows 

the same profile as the static test as shown in Figure 3. Additionally, the overall variation in 𝛽 shows an 

overall varying trend with values initially assumed values for Young’s modulus (𝐸). Case 1 shows least 

variation of 𝛽 values and Case 2 shows highest variation which correspond to initially assumed Young’s 
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modulus values of 205 𝐺𝑃𝑎 and 196 𝐺𝑃𝑎 respectively. This generally indicates that Young’s modulus of 

the overall system is closer to 205𝐺𝑃𝑎.  

 

Figure 1: Cantilever beam geometry with test and finite element model details 

  

Figure 2 – Static test and 𝛽 corrected displacement 
vs external load plot 

Figure 3 – Corrected 𝛽 values element wise 

Modal parameters estimated for the beam system are enlisted in Table 2 through Table 4. The mode shape 

obtained experimentally for each mode is shown in Figure 10. Using the dynamic test data and model 

updating using IESM to evaluate mass element correction coefficients 𝛼, the complex modeshapes obtained 

from experimental modal analysis is converted to real modeshapes and normalized as shown and only 
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undamped eigenvalue analysis is performed on the FE model. The modeshapes obtained experimentally 

provide information in only limited degrees of freedom in comparison with the finite element model. When 

executing the IESM method for model updating, all such degrees of freedom where modeshape information 

is unavailable, the corresponding analytical counterpart from the FE model is substituted which is consistent 

with the methods followed by [3], [4]. Since the mass estimation of mass coefficient is an iterative process, 

a mean tolerance of 1𝑒 − 4 is used as a convergence criterion.  

Table 1 – Case listing and assumed initial values of 𝐸, 𝜌, 𝛽, 𝛼 

Case Number Initial 𝑬 (𝑮𝑷𝒂) 
Initial 𝝆 (𝒌𝒈/

𝒎^𝟑) 
Initial 𝜷 Initial 𝜶 

Case 1 205 7950 1 1 

Case 2 196 8050 1 1 

Case 3 200 7850 1 1 

 

Figure 4 through Figure 6 shows the updated mass coefficient 𝛼 for the first 3 modes respectively for each 

case. While the net variations across the elements with initial assumed value is evident, it is observed that 

mass coefficients of those elements connected to nodes that are physically closer to the nodal points of the 

mode considered have least change from unity. This is due to the fact that IESM algorithm relies on mode 

shape data for updating the parameters for any given mode and since these values are least closer to the 

nodes/locations that are close to nodal points of a mode, the variation for these elements is the least.  

  

Figure 4 – Corrected 𝛼 values for Mode 1  Figure 5 – Corrected 𝛼 values for Mode 2 
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Figure 6 – Corrected 𝛼 values for Mode 3 Figure 7 – Mode 1 model update for Case 1 

  

  

Figure 8 – Mode 1 model update for Case 2 Figure 9 – Mode 1 model update for Case 3 
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Figure 10 – Modeshape comparison: experimental vs FEM 

Figure 7 through Figure 16 show the driving point FRF at DOF Location/node 1 through the various stages 

of the model updating for all cases and modes. The FRFs for cases where no update in parameters does not 

line up with the experimental FRF in all cases and any arbitrary value of Young’s modulus may prove to be 

suitable. However, since all the cases consider here have a 𝛽 greater than unity, this implies that net stiffness 

increases for all cases irrespective of initial Young’s modulus assumed and hence across all modes for all 

cases, the natural frequency increases with just the stiffness updating (static updating). Correspondingly, the 

mass coefficients 𝛼 also increases during the updating process. Since Case 1 has least stiffness coefficient 

correction, similarly Case 1 requires least correction in mass coefficient values across the various modes. 

For Case 3, since the initial stiffness coefficient update requires larger values of 𝛽, the mass coefficient 

values 𝛼 are correspondingly larger for Case 3 across all the modes. The damping coefficient 𝛾 also 

significantly varies with the corrections made to the stiffness coefficient 𝛽 and mass coefficient 𝛼. Table 2 

through Table 4 provides a detailed listing of initial values and final values of natural frequency and damping 

along with the final 𝛾 values used once the mass coefficient updating is completed given in Table 5. 
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Figure 11 – Mode 2 model update for Case 1 Figure 12 – Mode 2 model update for Case 2 

  

  

Figure 13 – Mode 2 model update for Case 3 Figure 14 – Mode 3 model update for Case 1 
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Figure 15 – Mode 3 model update for Case 2 Figure 16 – Mode 3 model update for Case 3 

 

Figure 17 – Modal assurance criterion (MAC): experimental vs FEM modeshapes 
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Table 2 – Modal parameters for Case 1 

Case 1 
Experimental FEM - Initial FEM - Updated 

Freq. (𝑯𝒛) Damp. (%) Freq (𝑯𝒛) Damp. (%) Freq (𝑯𝒛) Damp. (%) 

Mode 1 28.6422 0.8083 29.5000 0.7848 28.6406 0.8084 

Mode 2 179.2085 0.3066 185.1250 0.2968 179.2192 0.3066 

Mode 3 496.7226 0.2314 518.2500 0.2217 496.7121 0.2314 

Table 3 – Modal parameters for Case 2 

Case 2 
Experimental FEM – Initial  FEM - Updated 

Freq. (𝑯𝒛) Damp. (%) Freq (𝑯𝒛) Damp. (%) Freq (𝑯𝒛) Damp. (%) 

Mode 1 28.6422 0.8083 28.7500 0.8052 28.6412 0.8083 

Mode 2 179.2085 0.3066 179.8750 0.3055 179.1984 0.3066 

Mode 3 496.7226 0.2314 503.6250 0.2282 496.7071 0.2314 

Table 4 – Modal Parameters for Case 3 

Case 3 
Experimental FEM – Initial FEM - Updated 

Freq. (𝑯𝒛) Damp. (%) Freq (𝑯𝒛) Damp. (%) Freq (𝑯𝒛) Damp. (%) 

Mode 1 28.6422 0.8083 29.3750 0.7881 28.6426 0.8083 

Mode 2 179.2085 0.3066 184.0000 0.2986 179.2057 0.3066 

Mode 3 496.7226 0.2314 515.1250 0.2231 496.7216 0.2314 

Table 5 – Stiffness proportional damping coefficient 𝛾 

 Case 1 Case 2 Case 3 

Mode 1 1.1387𝑒 − 4 1.1910𝑒 − 4 1.1672𝑒 − 4 

Mode 2 6.9727𝑒 − 6 7.3003𝑒 − 6 7.1779𝑒 − 6 

Mode 3 1.8645𝑒 − 6 1.9518𝑒 − 6 1.9181𝑒 − 6 

 

Two assurance criteria are used to assess the quality of the model updating process. A traditional modal 

assurance criterion (MAC) [21], [30] for the experimental mode shape versus the mode shape obtained from 

the FE model is shown in Figure 17. The mode shapes obtained experimentally and from the FE model are 

shown in Figure 10 for comparison. This MAC demonstrates only a correlation of the mode shape obtained 

from the FE model but do not provide any information on the model update performed since a traditional 

MAC is insensitive to stiffness and mass distribution. Hence a frequency response assurance criterion 

(FRAC) [30], [31] is provided for the driving point FRFs obtained experimentally and from the FE model 

across a range of frequencies around a given mode as detailed in Table 6. Across the various cases, the 

FRAC value is close to unity except for 𝐻33 for Mode 3 which is the FRF observed at a DOF location/node 

close to the nodal point of Mode 3.  
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Table 6 – Frequency response assurance criterion (FRAC) for driving point FRFs 

 

Mode 1  

𝟏𝟐. 𝟑𝟕𝟓𝟎 − 𝟒𝟒. 𝟑𝟕𝟓𝟎 𝑯𝒛 

Mode 2 

𝟏𝟔𝟐. 𝟑𝟕𝟓𝟎 − 𝟏𝟗𝟕. 𝟖𝟕𝟓𝟎 𝑯𝒛 

Mode 3 

𝟒𝟑𝟕. 𝟑𝟕𝟓𝟎 − 𝟓𝟔𝟐. 𝟑𝟕𝟓𝟎 𝑯𝒛 

𝑯𝟏𝟏 𝑯𝟑𝟑 𝑯𝟔𝟔 𝑯𝟏𝟏 𝑯𝟑𝟑 𝑯𝟔𝟔 𝑯𝟏𝟏 𝑯𝟑𝟑 𝑯𝟔𝟔 

Case 1 0.9945 0.9940 0.9945 0.9957 0.9966 0.9943 0.9933 0.7396 0.9931 

Case 2 0.9953 0.9944 0.9950 0.9955 0.9966 0.9923 0.9942 0.7378 0.9937 

Case 3 0.9950 0.9945 0.9949 0.9956 0.9966 0.9933 0.9935 0.7400 0.9935 

5 Conclusion and future work 

A hybrid FEMU comprising of a static test followed by a dynamic test is reviewed in this paper. The method 

is demonstrated to work well for a cantilever beam with clamped boundary conditions on one end which 

facilitates a static test to be performed conveniently with dial gages followed by a dynamic test using 

conventional impact hammers and accelerometers. It must be noted that from the results obtained, model 

updating using only the static test is insufficient. The sequential stiffness and mass matrix updating 

explained in this paper provides good agreement between the FEM and the experimental system.  

Although a good FRAC is obtained at the driving points and the mode shapes obtained from FEM and 

experiment give a MAC close to unity, it can be clearly observed that actual mode shapes have may show 

differences with those obtained from the FE model since an idealized clamped boundary is used in the FE 

model. This is seldom correct in actual systems and techniques are required that address boundary conditions 

along with the hybrid FEMU explained in this paper. Also, a FE model with larger number of nodes and 

elements and other element types requires investigation.  

FEMU using this hybrid method is of greater importance when a compound structure consisting of different 

materials is considered for updating. In such cases, a displacements vs load curve alone does not provide 

adequate information for any updating and hence an element-wise updating as discussed here is required. A 

similar approach employed to a structure exhibiting geometric nonlinearity is currently under investigation 

at UC SDRL [23], [24], [32] which explores various advantages and disadvantages of this hybrid FEMU 

using static measurements.  
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Abstract 
The research described in this paper aims to investigate load dependency of gear rattle and mesh stiffness 

dependency on an inline diesel engine timing gear system. Gear rattle phenomena is a challenging nonlinear 

NVH problem, which occurs due to backlash and torsional excitation. Most of the timing gear applications 

are prone to experience gear rattle problem rather than gear whine in consequence of torsional excitation 

sourced from crankshaft. An inline diesel engine timing gear is subjected of this research in order to 

investigate rattle behavior on timing gear drive system. A multibody dynamics model is built up with valve 

train and timing gear components, which enables to examine complete system dynamics under cranktrain 

torsional excitation. Considering load and mesh stiffness dependency interest, four different maneuver of 

engine and three different component loading condition are investigated with respect to both constant mesh 

stiffness and time-varying mesh stiffness assumption. 

1 Introduction 

Timing drive system on a diesel engine actuates various subsystems of engine. Main purpose of the timing 

drive system is to drive camshaft and valvetrain system without any timing difference with respect to 

cranktrain system. General usage of timing gear system on heavy-duty diesel engines is to transmit high 

power/torque without any reliability problems. Additionally, timing gear system has compact design in 

comparison with other timing systems. Gears have long-life cycle, which reduces the service costs, ensures 

high performance/efficiency and provides high velocity ratios without any slip issues. Beside of these 

advantages, gear design is more complex according to other timing concepts. Gears are working in small 

clearances, which necessitates stack-up analysis to fulfill design. Manufacturing errors cause contact 

variation, vibration and noise can occur.  

Gear rattle phenomena is a nonlinear gear dynamic problem, which arise from coupling of torsional vibration 

caused by crankshaft and backlash tolerances of a gear pair. Backlash is a design tolerance, ease assembly 

and procure stable working under deformations on the total system. Hence, gear rattle is became evident 

with respect to torsional vibration and backlash on the each gear pair. Timing gear systems are prone to 

rattle noise due to high oscillating angular velocity transmitted via crankshaft and backlash values come 

from manufacturing tolerances of gear pairs. 

In diesel engines, there are fuel injection pump that works under high oscillating torque behavior. In 

addition, various auxiliary systems can be driven from timing gear system. In this study, timing gear system 

drives valvetrain, fuel injection pump, brake air compressor, oil pump and additionally, countershafts in 

order to balance of crankshaft. With the intention of monitoring load dependency of gear dynamics and 

rattle noise, twelve loading condition are generated and investigated with the help of total system multibody 

model on AVL Excite Timing Drive software. Four different maneuver on the engine and three loading 

condition for brake air compressor are prepared to investigate timing gear rattle. Furthermore, time varying 

mesh stiffness effect on tooth forces and rattle noise investigation is carried out with all same loading 
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conditions. Both constant stiffness and time-varying mesh stiffness are applied on these loading conditions. 

In total, twenty-four load set has been set up and performed for speed sweep analysis. 

1.1 Literature Review 

There are many study has been published on nonlinear gear dynamics and research has been conducted by 

Smith implied that misalignments and dynamic transmission error on gear pairs cause huge load variations 

on the tooth contacts which results in hertzian contact pressure difference. His research demonstrated that 

gear dynamics must be examined considering nonlinear parameters for representative results [1]. Özgüven 

and Houser, which implies various mathematical models for geartrains, have conducted a comprehensive 

study. Expressed mathematical models listed with respect to details of the model, which varies according to 

research interest [3]. In addition to this study, nonlinearity of gear dynamics sourced by torque fluctuation 

and backlash is investigated by Kahraman and Singh, study expressed that backlash and torsional 

vibrations/load fluctuations result in tooth separation and backside impacts on tooth. Study shows also 

frequency response of a backlash included fluctuating torque conditions on the gears [4]. Vinayak and 

Singh’s study showed the mesh stiffness variation of a gear pairs, which cause resonance shift on the system 

and varied mesh stiffness effect on system frequency response. Study includes also teeth flexibility with 

rigid bodies and rigid teeth with flexible bodies [5]. Theodossiades and Natsiavas investigated dynamics of 

gear pair system considering time-varying mesh stiffness and backlash with respect to external excitations 

[6].  

Most of the gear systems are working on machinery and it produces various noise and reliability problems. 

Commercial applications have many design limits due to customer satisfaction and noise is one of the major 

problem to eliminate. Wang et al. examined a manual transmission of an automotive application in aspect 

of torsional vibration and gear rattle noise [7]. Parker and Liu’s research is on nonlinear dynamics of idler 

gear systems. Their research consist of time varying mesh stiffness and its effect on frequency responses of 

multiple meshed gears [8]. There is another study conducted by Shim et al. about gear rattle reduction on 

PTO with usage of anti-backlash gear [9]. Esmaeli and Subramaniam are proposed various concepts on 

engine timing gear systems on their master thesis. Most of the gearboxes and timing gears have tendency to 

generate noise, which is propagated via medium [10]. Guo et al. investigated vibro-acoustic propagation of 

a gearbox and vibration transmitted via gear structure to bearing to housing transfer path [11]. 

2 Theoretical background 

2.1 Nonlinear mathematical model of a gear pair 

Two degree of freedom gear pair can be expressed mathematically including nonlinear effects. Kahraman 

and Singh expressed the equations of motion for a two degree of freedom gear pair as seen in [4, pp. 51-52]. 

Figure 1 shows model of a gear pair including nonlinearities. Ig1, Ig2 represents the rotary inertias and dg1, 

dg2 refer to base circle diameter for gears. In order to represent gear mesh, stiffness (kh) curve and backlash 

(2b) are combined and gear mesh viscous damping is represented by damper element. Accordingly, 

equations can be expressed as below [3], [4]: 
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Figure 1: Gear pair model [3]. 
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where equation 1 and 2 shows the equation of motion for two-dof model as shown in figure 1. Respectively,  

�̅�𝑔1(𝑡̅) = �̅�𝑔1𝑚(𝑡̅) + �̅�𝑔1𝑎(𝑡̅) and �̅�𝑔2(𝑡̅) = �̅�𝑔2𝑚(𝑡̅) + �̅�𝑔2𝑎(𝑡̅) are driving and output torques for gears. 𝑓 ̅

term refers to elastic mesh force. Output torque fluctuations are neglected to simplify equations and second 

gear torque becomes �̅�𝑔2(𝑡̅) = �̅�𝑔2𝑚(𝑡̅) which is the output torque on the system [3]. Thus, equation 1 and 

2 can be reduced as seen in equation 3 in terms of q(t) which is difference between dynamic x(t) and static 

transmission e(t) error given in equation 4: 
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with respect to given equations 5-9,  

𝑚𝑐1  : Equivalent gear pair mass 

 �̅�𝑚  : Average force transmitted through the gear pair 

�̅�𝑎𝑇(𝑡̅)  : Fluctuating force with respect to external input torque excitation 

𝑓(�̅�(𝑡̅)): Non-linear displacement function 

Here, equation of motion can be converted into nondimensionalized form according to 𝑞(𝑡̅) = �̅�(𝑡̅)/𝑏, 𝜔𝑛 =

√𝑘ℎ/𝑚𝑐1, 𝑡 = 𝜔𝑛𝑡,̅ 𝜁 = 𝑐ℎ/(2𝑚𝑐1𝜔𝑛). In addition to these terms, harmonic excitation condition can be 

express as �̅�(𝑡̅) = �̅� sin(Ω̅ℎ𝑡̅ + ϕℎ) , �̅�𝑎𝑇(𝑡̅) = �̃�𝑎𝑇 sin(Ω̅𝑇𝑡̅ + ϕ𝑇), where Ω̅𝑇 and Ω̅ℎ are the excitation 

frequencies of displacement function and external torque fluctuations. These frequencies can be also 

nondimensionalized with Ω𝑇 = Ω̅𝑇/𝜔𝑛, Ωℎ = Ω̅ℎ/𝜔𝑛. 𝐹𝑚  = �̅�𝑚/𝑏𝑘ℎ, 𝐹𝑎𝑇(𝑡̅) = �̅�𝑎𝑇(𝑡̅)/𝑏𝑘ℎ, 𝐹𝑎ℎ = �̃�/𝑏 

are the nondimensionalized external torque and displacements [4]. According to all arrangements above, 

equation of motion turns into (equation 10): 

 �̈�(𝑡) + 2𝜁�̇�(𝑡) + 𝑓(𝑞(𝑡)) = 𝐹(𝑡) (10) 

 𝐹(𝑡) = 𝐹𝑚 + 𝐹𝑎𝑇 sin(Ω̅𝑇𝑡 + ϕ𝑇) + 𝐹𝑎ℎΩℎ
2 sin(Ω̅ℎ𝑡̅ + ϕℎ) (11) 

 𝑓(𝑞(t)) =
𝑓(�̅�(𝑡))

𝑏
= 𝑓(𝑥) = {

q(t) − 1, q(t) > 1

0, −1 < q(t) < 1

q(𝑡) + 1, q(t) < −1

} (12) 

Equation 11 and 12 gives the external forces acting on the gears and displacements. According to lash 

opening and closing, displacement is given as piecewise function. 

2.2 Impact impulse method for indirect rattle noise assessment 

This method is suggested to predict rattle behavior of the gears and applicable for any gear drive systems 

which can estimate actual behavior and optimize the system to reduce noise. The method itself implies that 

if any impact on gear tooth exceeds the threshold for impact force and velocity of the impact within acoustic 

relevant contact time, such force may create rattle noise on the gear. Figure 2a shows usual contact for a 

gear pair and rattle noise generation can be hearable for short duration as seen in figure 2b. Impact impulse 

method is calculated as taking integral of force in acoustical relevant contact time which is between 0.1 ~1 

millisecond. Threshold for force can be used between 100 – 500 N according to conditions. Velocity 

threshold is another parameter, which affects noise generation; it can be taken between 1-200 mm/sn with 

respect to gear types and system [13].  

 I =  ∫ 𝐹𝑑𝑡
 

𝐴𝑅𝐶𝑇
 (13) 

I  : Impulse (N.s) 

F : Force (N)  

ARCT  : time (second) 

Equation 13 shows impulse function for acoustical relevant contact time. When gap between pairing teeth 

is closed, impact force occurs and given threshold into software for velocity, force is compared to calculate 

impulse. These values determine impulse magnitude for the calculation.  
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Figure 2: (a) Impact impulse method and (b) acoustical relevant contact time [11]. 

3 Methodology of the study 

Several paper and research has been interviewed under literature review. According to previous studies, one 

of the most detailed and accurate modelling type is that external torque fluctuation, backlash, time varying 

meshing stiffness, increased degree of freedom on gears and flexibility of gears, shafts and bearings are 

required for coupling of all effects on gear dynamics.  

On this study, methodology includes: 

 Constant – Time varying mesh stiffness considering gear body and tooth deflection 

 Gear rotation and transverse motion 

 Gear pair backlash for each mesh 

 Gear tooth contact viscous damping  

 Load dependent mesh stiffness 

 Bearing/shaft stiffness 

 Torsional excitation sourced by cranktrain 

 Valvetrain multibody model coupling 

 External output torques for auxiliary systems  

where, all these parameters combined in the multibody model of a diesel engine timing gear model. As 

shown in figure 3, methodology requires various inputs and multibody simulation knowledge to be able to 

obtain accurate results. Gear design and macrogeometry is used to prepare gear pairs in the model.   

 

Figure 3: Flow chart of the methodology for gear rattle noise 
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Auxiliary systems driven by timing gears must be included as either dynamic model of internal parts or 

torque fluctuation measured from test bench. In this methodology, auxiliary systems have only measured 

fluctuating torque from subsystem level experiments. Valvetrain is driven by subjected gear system and 

each cylinder model has been built for exhaust and intake sides to couple dynamic effects. This also provides 

accurate calculation for camshaft torque and deflection around gear. In addition to these parameters, most 

critical excitation is the angular velocity fluctuation, which is induced to crankshaft gear as initial condition. 

Figure 4 shows the layout of the timing gear system and driven subsystems. Given gear system is a part of 

I4 heavy-duty diesel engine, which has countershaft to reduce bearing forces, vibration and noise. 

Additionally, gear system drives fuel injection pump, brake air compressor, oil pump. 

  

Figure 4: a) Layout of the timing gear system b) 1st plane layout in the timing gear system c) 2nd plane 

layout in the timing gear system  

There are eight idlers on the system to transmit power from crankshaft to auxiliaries. Hence, thirteen-gear 

mesh exists in this system. All driven systems are highly fluctuating systems that cause high oscillations in 

the system. Each subsystem torque is applied as external fluctuating torques in crank angle domain or time 

domain for every engine speed. Valvetrain system is excited via exhaust/intake manifold pressures and 

cylinder pressure acting on adverse surfaces of the valves. Figure 5 demonstrates the full multibody dynamic 

model of the I4 engine. Left side of the figure shows the valvetrain components and connections to camshaft. 

Right side of the figure 5 shows model of timing gear system. 

 

Figure 5: Multi-body dynamic model of the full engine model  

In terms of gear meshing stiffness, two method is applied to investigate rattle noise. Constant mesh stiffness, 

which is calculated based on ISO 6336-1:2019 [14]. Constant mesh stiffness is calculated internally from 

several geometrical dimension of gear tooth, rim and wheel. Time varying mesh stiffness is calculated from 

ROMAX software to implement in dynamic calculations. These calculations are performed for thirteen-gear 

mesh. High number of idler gear and auxiliary gears result in gear meshes as seen in table 1. In addition to 
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definition of gear mesh stiffness, as suggested under DIN 3990 standard, gear mesh is defined as load 

dependent [2]. According to occurred load on gear pairs, meshing stiffness vary exponentially. 

Table 1: Gear mesh  

 

Most of the time, diesel engine is working under high-pressure combustion, which creates combustion noise. 

Combustion noise can mask most of the mechanical noise of diesel engines. However, engine can work 

under low load conditions, which reveals different noise types on the engine. Gear rattle is one of them that 

noise can be sensible under low load conditions of engine. Another stirring parameter of gear rattle is 

component-loading conditions. Generally, auxiliary systems can work partially and their transitions to 

loaded, unloaded conditions can change noise levels radiated from engine. Constant torque on components 

can improve rattle noise while fluctuating torque of components deteriorate the noise. In this study, there is 

no constant torque supplied subsystem. Thus, three varied component loading, four different engine 

maneuver and stiffness variation on gear mesh are investigated for full engine speed-sweep analysis. Table 

2 demonstrates load set table of this study. There are twenty-four load set combination of engine maneuvers, 

component loading and mesh stiffness.  

Table 2: Examined load sets in order to determine rattle noise sensitivity 

 

4 Simulation results and discussion 

Coupled timing gear, valvetrain and cranktrain model has been updated according to load sets and 

simulations are performed on the AVL Excite Timing Drive software. Impact impulse results has been 

examined for each gear mesh, which are summed up for better examination and then, breakdown of the each 

gear mesh has been performed to understand dominant gear mesh on total impulse. Critical regions of the 

engine speed are examined in time domain and frequency domain for gear tooth force and structure borne 

noise contribution of each critical bearing, which are transmitting noise to the structure. Figure 6, 7 and 8 

demonstrates total impulse in 3D surface plots, which have engine speed, engine loading and total impulse 

0% 50% 100% 0% 50% 100%

0% x x x x x x

25% x x x x x x

50% x x x x x x

100% x x x x x x

Constant Stiffness Time Varying Stiffness

E

n

g

i

n

e

 

L

o

a

d

i

n

g

Brake Air Compressor LoadingBrake Air Compressor Loading

MULTI-BODY DYNAMICS AND CONTROL 1993



as axes. According to plots in figure 6, 7 and 8, full load shows the highest level of impulse and results show 

decrease with load until coast down maneuver, which shows similar level to 25% part load condition. This 

means that engine is running without combustion noise and masking effect of combustion noise will be 

removed. This study expressed that engine load shows nonlinear relation with total impulse of timing gear 

system. It can be said that coast down maneuver is the most critical since unmasked noise types will be 

perceivable. Impulses will cause in either gear rattle noise or amplification of resonances, which they create 

radiated noise. 

 

Figure 6: Total impulse response of the timing gear system under 100% loaded brake air compressor a) 

constant gear mesh stiffness b) time varying mesh stiffness 

 

Figure 7: Total impulse response of the timing gear system under 50% loaded brake air compressor a) 

constant gear mesh stiffness b) time varying mesh stiffness 

 

Figure 8: Total impulse response of the whole timing gear system under 0% loaded brake air compressor a) 

constant gear mesh stiffness b) time varying mesh stiffness 
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Each plots show total impulse in vertical axis and highest impulse region is between 1800 - 2200 rpm. Low 

speed shows similar values for impulse on all engine maneuvers. Impulse results of each engine maneuver 

show similar trends with different magnitudes. From the results, another outcome can be said that variation 

of brake air compressor load affect impulses slightly. Comparison of figure 6a, 7a and 8a, load variation on 

brake air compressor made slight variation on the results. There is no critical region shift but the magnitude 

difference is slight. This will not make any perceivable difference on impact noise. Another parameter 

investigated in this study is that mesh stiffness variation shows significant improvement on the results, since 

results of time varying stiffness show dramatically reduced magnitude and it can make perceivable 

difference on the driver ears. These results indicate that gear dynamics show high dependency on the 

stiffness variation so constant stiffness usage may lead to overdesign on the system.  

In order to understand dominant gear pair of total impulse results, breakdown of each gear pair on total 

impulse is given as seen in figure 9 and 10. These results indicate that 3rd, 6th and 8th gear meshes are 

dominant at low speed. Moreover, peaks around 1800-2200 rpm range for both coast down and full load 

contributes rattle noise, which can be seen from figure 9 and 10. Results around high-speed range of engine 

may cause perceivable rattle noise because impulse levels are similar on coast down in comparison with full 

load. 

 

Figure 9: Breakdown of coast down maneuver results 

 

Figure 10: Breakdown of full load maneuver results 

Tooth force results for both coast down and full load maneuvers have been given in figure 11 and 12 to 

express contact force variation in crank angle domain. Various gear mesh results have been illustrated to 

show engine load effect on tooth force. From the figure 11 and 12, it can be expressed that while load 

increases, impact number reduces. However, full load results show two times higher magnitude according 

to coast down maneuver. Consequently, full load impacts are linked to durability of the tooth while coast 

down impacts are affiliated with gear rattle, noise and vibration problems. There are high impacts on tooth 
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force results and this cause tooth durability problems such as pitting. In terms of NVH, these impacts excite 

system for broad frequency range and may cause amplification of resonance peaks or increase sound power 

level radiated from the surface of the engine. Structure borne noise is related to velocity of the bearings that 

propagates from the structure. Gear rattle caused by impact forces can generate high velocity fluctuation on 

the structure.  

 

Figure 11: Gear tooth force results in crank angle domain for low speed range a) Coast down maneuver, 

tooth force for 800 rpm with high number impacts b) Full load maneuver, tooth force for 700 RPM with 

high magnitudes 

 

Figure 12: Gear tooth force results in crank angle domain for high-speed range a) Coast down maneuver, 

tooth force for 1800 rpm with high number impacts b) Full load maneuver, tooth force for 1800 RPM with 

high magnitudes  

In this study, structure borne noise is calculated from velocity fluctuations either on the bearing shell or on 

connecting shaft for gear. Structure borne noise reference value is taken from ISO 1683 as 5e-8 m/sn [12]. 

This value gives close values to sound pressure levels. In terms of gear impact noise, another investigation 

has been done in frequency domain to understand which gear pair cause higher structure borne noise 

corresponding impacts and dynamics. Figure 13 and 14 highlights dominant gears and idler, which are 

correlating with impulse results. In the previous impulse results, 800 rpm shows high impulse results around 

3rd, 6th and 8th gear meshes and these are countershaft idler 2 – crankshaft gear, camshaft idler 2 – step 

idler 1 and step idler 2 – crankshaft gear, respectively. On the figure 13a, 13b, it can be seen that all 

countershaft idlers, camshaft idlers and crankshaft gear are dominant in aspect of structure borne noise. 

Coast down maneuver has been investigated because of given reasons in the previous section. Background 

noise will be low and structure borne noise will be perceivable for coast down maneuver. On the third octave 

band results of 800 rpm as seen in figure 13a, structure borne noise goes up to 100 dBa for countershaft 

idler 3, which may transmit noise according to structural attenuation which is not considered in this study. 

In terms of comparison on the source, highest contributors are countershaft idler 2, 3 and camshaft idler 1, 
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2. In addition to idler gears, crankshaft gear is one of the major contributor which has 100 dBa around 2500 

Hz 3rd octave band.  

 

Figure 13: 800 rpm 3rd octave band results of all gears a) idler gear structure borne noise corresponding to 

vibratory velocities of idler bearing shells b) auxiliary and crankshaft gear structure borne noise 

corresponding to vibratory velocities of shafts 

 

Figure 14: 1800 rpm 3rd octave band results of all gears a) idler gear structure borne noise corresponding to 

vibratory velocities of idler bearing shells b) auxiliary and crankshaft gear structure borne noise 

corresponding to vibratory velocities of shafts 

All results are investigated with A-weighting filter. Results show variation around 90-100 dBa sound 

pressure level between 400-2500 Hz 3rd octave bands which are most critical region for structure borne 

noise. Structural attenuation show low values around these frequency bands and this study expresses that 

gear dynamics generate noise around vulnerable region of the structure. This will lead to increase in the 

perceived sound pressure levels and structure borne noise for full load and coast down maneuvers.  

5 Conclusion 

The purpose of presented work is that to demonstrate remarkable dependency of gear dynamics on loading 

conditions and detailed gear mesh modelling. Twelve different load set are investigated to illustrate load 

dependent gear rattle behavior in terms of gear tooth impulses and broadband noise investigation. Together 

with twelve loading condition, constant mesh stiffness and time varying mesh stiffness has been also 

analyzed. Study expressed that how gear dynamics and noise behaviors are affected via mesh stiffness 

accuracy. I4 diesel engine valvetrain, timing gear and cranktrain coupling has been prepared to investigate 

full dynamic system and interaction of each systems. Various nonlinearities on timing gear, valvetrain and 

cranktrain has been implemented in the model such as backlash, viscous damping, load dependency of gear 
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mesh, cranktrain torsional vibration and friction. Results were discussed in time domain and crank angle 

domain to understand behavior of gear rattle and impacts.  

Briefly, study expressed that impact-impulse method show significant direction for gear driven system 

design and study illustrated importance of nonlinearities and loading variation effect on gear dynamics and 

noise. Impulse and tooth forces are highly dependent on engine load variation, and there is no linear relation 

between engine load and impulses. Component loading such as fluctuating behavior on brake air compressor 

have slight effect on the results. Time varying mesh stiffness is more detailed modelling for tooth contact 

and it has significant effect such as engine load variation. Constant stiffness may cause misleading results 

when the aim is optimization of the system.  

In order to increase accuracy of the model, 3D dynamics including flexible bodies for gears and engine will 

be the future work of this study. In terms of correlation, experimental studies are ongoing and it is another 

subject for future works in this study. 

Acknowledgements 

This study is supported by BMC Power and colleagues from engine design department who authors would 

like to thank. 

References 

[1] J. Smith, "Effects of dynamics in gear tooth contact," Tribology International, vol. 13, no. 3, pp. 133-

135, 1980. Available: 10.1016/0301-679x(80)90058-4. 

[2] Deutsches Institut für Normung, "DIN 3990-1: Calculation of load capacity of cylindrical gear; 

introduction and general influence factors," Berlin, 1987. 

[3] H. Nevzat Özgüven and D. Houser, "Mathematical models used in gear dynamics—A review," Journal 

of Sound and Vibration, vol. 121, no. 3, pp. 383-411, 1988. Available: 10.1016/s0022-460x(88)80365-

1. 

[4] A. Kahraman and R. Singh, "Non-linear dynamics of a spur gear pair," Journal of Sound and Vibration, 

vol. 142, no. 1, pp. 49-75, 1990. Available: 10.1016/0022-460x(90)90582-k. 

[5] H. Vinayak and R. Singh, "Multi-body dynamics and modal analysis of compliant gear bodies," Journal 

of Sound and Vibration, vol. 210, no. 2, pp. 171-214, 1998. Available: 10.1006/jsvi.1997.1298. 

[6] S. Theodossiades and S. Natsiavas, "Non-linear dynamics of gear-pair systems with periodic stiffness 

and backlash," Journal of Sound and Vibration, vol. 229, no. 2, pp. 287-310, 2000. Available: 

10.1006/jsvi.1999.2490. 

[7] M. Wang, R. Manoj and W. Zhao, "Gear rattle modelling and analysis for automotive manual 

transmissions," Proceedings of the Institution of Mechanical Engineers, Part D: Journal of Automobile 

Engineering, vol. 215, no. 2, pp. 241-258, 2001. Available: 10.1243/0954407011525610. 

[8] G. Liu and R. Parker, "Nonlinear dynamics of idler gear systems," Nonlinear Dynamics, vol. 53, no. 4, 

pp. 345-367, 2007. Available: 10.1007/s11071-007-9317-z. 

[9] S. Shim, Y. Park and K. Kim, "Reduction of PTO rattle noise of an agricultural tractor using an anti-

backlash gear," Biosystems Engineering, vol. 100, no. 3, pp. 346-354, 2008. Available: 

10.1016/j.biosystemseng.2008.04.002. 

[10] M. Esmaeli and A. Subramaniam, "Engine timing geartrain concepts and proposals for gear rattle noise 

reduction in commercial vehicles," M.Sc. Thesis, Department of Product and Production Development, 

Chalmers University of Technology, Göteborg, 2011. 

1998 PROCEEDINGS OF ISMA2020 AND USD2020



[11] Y. Guo, T. Eritenel, T. Ericson and R. Parker, "Vibro-acoustic propagation of gear dynamics in a gear-

bearing-housing system," Journal of Sound and Vibration, vol. 333, no. 22, pp. 5762-5785, 2014. 

Available: 10.1016/j.jsv.2014.05.055. 

[12] International Organization for Standardization, "ISO 1683: 2015 - Acoustics - Preferred reference 

values for acoustical and vibratory levels, " Geneva, 2015. 

[13] AVL GmbH, "AVL Excite Timing Drive Software Manual," AVL Simulation Technologies, Graz, 

2019. 

[14] International Organization for Standardization, "ISO 6336-1:2019 Calculation of load capacity of spur 

and helical gears - Part 1: Basic principles, introduction and general influence factors, " Geneva, 2019. 

MULTI-BODY DYNAMICS AND CONTROL 1999



2000 PROCEEDINGS OF ISMA2020 AND USD2020



Evaluation of a multibody combustion engine simulation
model for underwater noise calculation

M. Donderer 1, U. Waldenmaier 1, J. Neher 2, S. Ehlers 3

1 MAN Energy Solutions SE, R&D Engineering Four-Stroke - Mechanics - Engine Structure,
Stadtbachstrasse 1, 86153, Augsburg, Germany

2 Ulm University of Applied Sciences, Department of Structural Mechanics and Acoustics
Prittwitzstrasse 10, 89075, Ulm, Germany

3 Hamburg University of Technology, Institute for Ship Structural Design and Analysis,
Am Schwarzenberg Campus 4c, 21073, Hamburg, Germany

Abstract
A ship consists of various noise sources that contribute to its overall radiated underwater noise. For silent
ships like research vessels main engines are often the dominant source of radiated noise. However, traditional
methods for the prediction of underwater noise appear to be inaccurate especially for low frequencies of up
to 300 Hz. Therefore, a more accurate method for prognosis of underwater noise levels at an early stage of
ship design needs to be developed. For the prognosis model account shall be taken of the system components
engine, ship structure and water by simulation and measurement. For this reason, a multibody simulation
model for large-bore combustion engines is developed. Its target application is the calculation of structure-
borne noise in ship structures. For validation purposes, comprehensive measurements on a series of engines
were carried out on the test bed. A comparison between measurement and simulation shows good correlation
and indicates that the usage of the model for further studies together with ship structures is reasonable.

1 Introduction

During the past 60 years, intensity of underwater radiated noise (UWN) in the North Pacific Ocean has dou-
bled every decade, [1, Fig. 4],[2]. This increase is mainly caused by man-made commercial shipping and
goes along with an increasing number and gross tonnage of vessels around the world, [1]. The development
of UWN is continuously monitored by authorities and scientists, due to the possible impairment of marine
wildlife by noise. Over the last decades, various research projects were conducted about how marine mam-
mals are affected by UWN, e.g. [1, 3, 4, 5, 6]. On the other hand, counter measures were investigated on
how noise emissions from shipping can be reduced in order to decrease UWN levels. E.g. in [7] it is shown
that slowing down ships can help to significantly decrease intensity of radiated sound.

Apart from operational measures, research about the physical causes of UWN excitation was conducted,
too [8]. E.g. in [9] the two main sources of UWN, i.e. propeller noise and machinery noise, together with
respective frequency ranges are discussed and a simple model for the prediction of UWN levels of ships is
developed.

While propeller noise has been subject of research projects in the past, this paper aims on the investigation
of noise excitation and propagation properties related to four-stroke combustion engines. In Figure 1, the
transmission of engine induced UWN through the ship hull is shown. Although medium- and high-speed
four-stroke engines on modern vessels are decoupled from the ship using resilient engine mounts, a non
negligible amount of vibrations is still transferred to the mechanic structure.

As a first step, in this paper a multibody simulation (MBS) model for the prediction of engine structure-
borne noise (SBN) levels is developed. Over the last decades, MBS has become a standard method in engine
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Figure 1: Excitation of UWN by an engine. Vibrations are transmitted through the mounting to the founda-
tion on the ship. From there it is transferred to the overall ship before it is radiated into water from the ship
hull.

development for analysis of operational vibration behavior as well as noise calculations. The advances of the
MBS method and the decrease in cost for computing resources over the last couple of years now allow the
simulation of an entire combustion engine together with its surrounding structure in reasonable time. The
engine shall include all relevant structural parts, e.g. crankcase, cranktrain and charging unit. This level of
model complexity is currently not common in the area of underwater noise prediction. It is supposed to form
the basis for further simulation-based studies on the transmission behavior of SBN in ship structures and give
insights on how ship vibrations can be minimized.

Therefore, in Section 2 a brief introduction about the theoretical background of MBS is given, before in
Section 3 the developed model is presented. Section 4 shows a comparison between measured and simulated
vibration levels and discusses the results. Since the development of the simulation model is only a first step
of the project, in Section 5 a first conclusion about the simulation model is drawn and an outlook on next
steps is given.

2 Methodology

In this paper, the development of a MBS model for an internal combustion engine for the application of
UWN prediction is described. Before the model is presented in Section 3.1, background about the MBS
simulation technique in general is introduced here.

For modeling and simulation the MBS software AVL EXCITE is used. Therefore, we closely stick to the
notation and equations used by this specific software, [10]. Further information can be found in [11, 12].

In a MBS, for an uncondensed mechanical system the equation of motion for the overall dynamical model is
given by

M · q̈ +D · q̇ +K · q = f ext + p∗ (1)

Here, the right-hand side does not only consist of a vector of applied loads f like in a classical finite ele-
ment method (FEM) system. This is because a MBS system consists of a combination of different bodies,
all defined in their own, body-fixed coordinate system (CS). A locally fixed CS for each body is used, be-
cause equations of motions for vibration analysis are separated into local body vibrations and global motion,
describing the motion of the body relative to the global CS. Therefore, the right-hand side of the equation
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contains joint forces f∗ acting on a body due to its connection with other bodies and external loads fa like
gas forces or output torque in the case of combustion engines

f ext = fa + f∗ (2)

The second term p∗ constitutes non-linear inertia terms which result from the motion of the body CS relative
to the global CS and contains gyroscopic forces fgyros and rigid body accelerations f rbAcc

p∗ = fgyros − f rbAcc = (p∗1,p
∗
2, . . . ,p

∗
N )t (3)

Vector p∗ consists of N mass related components p∗i

p∗i =

[
−mi · [ẍB + 2 ·AΩ · (ẋB + u̇i) + (AΩ̇ +A2

Ω) · (xB + ci + ui)]

−
{
4IC,i · φ̈i + (IC,i +4IC,i) ·

(
Ω̇−Aφ̇i

·Ω
)

+ (AΩ +Aφi) · (IC,i +4IC,i) ·
(
Ω + φ̇i

)}
]

(4)

where mi is the mass of node i, xB the position of the origin of the body-fixed CS in the global CS, ci the
position of node i in the sub-body’s CS and ui the local deflection of node i due to vibration. Further, IC,i
is the inertia tensor for node i, AΩ contains the angular velocity components (Ω1,Ω2,Ω3)t =: Ω for the
sub-body relative to the global CS and φ̇i is the vector of angular velocities of node i relative to its sub-body
CS.

In general, p∗ is highly non-linear and its calculation is CPU-costly. For an efficient solution, different
considerations for p∗ must be made depending on the global motion properties of specific bodies. E.g for
a crankshaft it is usually advisable to neglect global translatory motion and allow only rotatory motion in
one degree of freedom (DOF), neglecting the two other rotational DOFs. Further, for a crankcase it might
be possible to disregard all global motion without significant impact on result accuracy, depending on the
application.

However, the most important step for efficient simulation of the overall MBS model is reducing the number
of DOFs of the individual bodies. This process is referred to as condensation or component mode synthesis
(CMS) [10]. One of the most common CMS algorithms is the Craig-Bampton technique, [13]. The algorithm
specifies how a transformation matrixGfa can be calculated that relates physical DOFs of the uncondensed
system q to the reduced set of DOFs of the MBS system qa

q = Gfa · qa (5)

The mass, stiffness and damping matrices of the condensed system can be calculated utilizingGfa, too. This
results in the vibration equation of the reduced system

(
Gt
fa ·M ·Gfa

)
︸ ︷︷ ︸

M̄

·q̈a +
(
Gt
fa ·D ·Gfa

)
︸ ︷︷ ︸

D̄

·q̇a +
(
Gt
fa ·K ·Gfa

)
︸ ︷︷ ︸

K̄

·qa = Gt
fa · f︸ ︷︷ ︸
f̄

(6)

or in a more compact presentation

M̄ · q̈a + D̄ · q̇a + K̄ · qa = f̄ (7)

The reduced set of generalized coordinates qa consists of physical DOFs qt retained from the uncondensed
model and modal degrees of freedom z. In z only those modal properties are retained which are relevant for
the given application. All other structural information is omitted.

qa =

[
qt
z

]
(8)
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Finally, equation 7 is calculated by the time-domain solver of the simulation software. More information
about the equations presented and the underlying math can be found in [10, 11].

3 Simulation Model

As a first step in the project, a simulation model for a medium-speed diesel engine is developed. As specific
type a MAN V 48/60 CR engine is chosen. This large-bore 4-stroke engine is well established in the market
since more than two decades. Due to continuous development and regular technical updates, the engine has
always been fulfilling latest technical standards since its initial release. Its usage on cruise ships makes low
SBN emissions a key feature for the engine.

Figure 2: MAN 14V48/60 CR

Table 1: MAN 48/60 CR - Specifications

Feature Value Unit
Configuration L & V
# Cylinder 6 - 18

Speed 500 - 514 rpm

Power 1080 - 1200 kW/cylinder

In the following, the preparation of a MBS model for the application in UWN calculation is described.

3.1 Model Preparation

Before a MBS model can be built up, the individual bodies must be created. This is done by preparing FEM
models of the corresponding parts and carrying out a modal condensation on them. The result is a reduced
structure containing only those DOFs and modal properties, relevant for the specific application of SBN
calculations. The reduction of the FEM model enables a combined simulation of the overall engine using
a time domain solution approach. This would not be possible with full, uncondensed models in reasonable
time, given today’s computing capabilities of an average workstation.

A combustion engine consists of thousands of parts of which not all can be considered in a simulation. This
would exceed reasonable model complexity. For the application of SBN, the most important model properties
are mass and stiffness. Stiffness values are defined by material properties. To match the engines mass and at
the same time keep the model complexity at a reasonable level, some engine parts must be neglected. As an
orientation for the decision which parts can be omitted the mass portion of components on the total engine
weight as shown in Table 2 needs to be considered.

In order to obtain an accurate model and at the same time keep the number of parts and complexity as low as
possible, only those components are considered that have the highest contribution to the engine’s total mass.
As shown in Table 2, 95 % of the engine mass is distributed on only a few main groups of components. The
biggest contribution is present by the crankcase components with 40 % of total mass, followed by powerunit
components providing 29 %. Further major contributions are the crankshaft and the turbocharger. All other
components sum up to only 5 % of total mass. By a well-considered selection of components, the model
complexity can be reduced significantly, providing accurate mass and stiffness properties at the same time.
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Table 2: Contribution of different components to the engine’s overall mass. The values were derived for a
12 cylinder V-type engine.

Group Part Mass Portion [%]

Crankcase
Crankcase

40Oilpan
Coverings, etc.

Powerunit
Piston Liners

29Cylinder Heads
Lever Arms, etc.

Crankshaft
Crankshaft

14Flywheel
Torsional Vibration Damper, etc.

Turbocharger
Turbocharger

12Charge Air Cooler
Engine Attachment, etc.

Other Camshaft, Lube Oil System, etc. 5

The remaining 5 % of total mass which are not explicitly considered in the model can be taken into account
by single mass points or by slight adaptions on the other component’s material density.

In the following, the different FEM models used in the overall MBS model are introduced.

3.1.1 Engine

The central part of our simulation model is the so-called body engine. In our case, it does not mean the
overall combustion engine in a classical sense. Here, it contains only structural parts that are not moving or
rotating like crankshaft or conrods do. However, it contains engine parts like

• Crankcase,

• Piston Liners,

• Cylinder Heads,

• Lever Arm Cases,

• Turbocharger,

• etc.,

that significantly contribute to the systems total mass. Some minor components are considered using lumped
mass points. The resulting model is shown in Figure 3. It consists of 279 individual components, 2 800 000
nodes and 2 600 000 finite elements. These node and element numbers are relatively low compared to what is
possible with present-day FEM methods and computing resources, although the level of detail of the model
is relatively high. To be able to keep the node number low and at the same time achieve accurate mass and
stiffness values, a considerable amount of work went into geometry simplifications and careful selection on
which engine parts to include and which to exclude from the model. A decision criterion on which parts to
include is presented in Table 2.

Using a generic modeling approach like in [14], the model’s cylinder number can be adjusted by a parameter
for the whole engine family. In Figure 3, a 12V model is shown, but also 14V, 16V, and 18V engines can be
created using the model.
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Figure 3: FEM Engine Model

3.1.2 Crankshaft and Conrod

Since crankshaft and conrods form independent bodies in the MBS system, they need to be prepared in
separate FEM models.

For the crankshaft a simplified model together with a generic modeling approach is used. The simplified
model does not contain the lube oil system or surface finish properties, since this information is not relevant
for SBN simulations - such information would be necessary for, e.g. strength assessments. Further, the
generic modeling approach allows to generate crankshafts for all possible cylinder numbers of the V-engine
family using the same set of base models. Also, variants of firing orders or crank angles can be evaluated in
this way with minimal effort.

The same reasoning applies for the conrod model. A simplified model can be used, too, since we are not
interested in stress and strength assessments. Only the overall mass and stiffness properties which cause
excitation forces to be transmitted through the engine into the mounting and foundation are relevant.

The meshed crankshaft and conrod are shown in Figure 4.

After the modeling process, both parts are reduced in a substructure analysis in order to create bodies that
can be used in a MBS model. The mass properties of piston and piston rings are considered in the conrod
model and are condensed to one body.

3.2 MBS Model

The reduced FEM models, described in Sections 3.1.1 and 3.1.2, are combined in a MBS model. The topol-
ogy of the resulting system is shown in Figure 5. The model consists of reduced bodies for the engine,
containing all structural stationary components, the crankshaft, containing all rotating components, and con-
necting rods. Since the model is designed for easy adaptation to various cylinder numbers, the number of
conrods is not fixed, but depends on the specific cylinder configuration.
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(a) Crankshaft (b) Conrod

Figure 4: FEM models for crankshaft and conrod.
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Figure 5: Topology of the generic MBS model. It consists of condensed FEM bodies that are connected
through joints. A conrod has joints at its small eye (SE) connecting to the engine and its big eye (BE)
connecting to the crankshaft. The crankshaft itself is connected to the engine through main bearing (MB)
joints. Through mounting connections on both sides, the engine is connected to the foundation, i.e. the
surrounding world. For reasons of simplicity, the figure neglects some minor parts like crankshaft axial
thrust bearings or a torsional vibration damper (TVD).
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All individual bodies are connected via joints that transfer forces and moments between them. For different
types of connections specific kinds of joints exist, e.g. a hydrodynamic bearing joint for the connection
between crankshaft and conrod or crankshaft and crankcase. A main advantage of the MBS method is that
non-linear joints can be defined and a solution can directly be calculated by the time-domain solver without
prior linearization of the model. With classical frequency-domain based methods, this is not directly possible
and usually further effort is necessary.

Table 3: Joint types used in the MBS model. Type names are taken from AVL EXCITE Power Unit simula-
tion software.

Joint Involved Bodies
(From - To) Count Type Comment

MB Crankshaft - Engine 8
NONL - Non-linear

Spring/Damper
BE Crankshaft - Conrod 12 REVO - Revolute Joints
SE Conrod - Engine 12 GUID - Piston-Liner Guidance

ATB1 Engine - Crankshaft 2 AXBE - Axial Thrust Bearing
Individual bearings for
positive and negative

axial direction.

TVD Crankshaft - Damper
Outer Part 1 FINT - Internal Spring/Damper

Coupling Crankshaft -
Propulsion Chain 1 FTAB - Table Force/Moment

Mounting Engine -
Foundation/World 2 FTAB - Table Force/Moment

Individual components
for A and B-side of

engine.

For the MBS engine model, joints are needed for the connections between conrod small eye (SE) and engine,
conrod big eye (BE) and crankshaft, crankshaft and engine and engine and foundation. In the here described
model, we are not considering hydrodynamic bearing joints or other, more complex types of joints. The joint
types are kept as simple as possible to ensure short calculation times and lower model complexity. Therefore,
wherever possible linear force joints were used. This simplification is possible, since we are not interested
in bearing forces or fatigue in general, but in the overall vibration behavior of the engine and the vibrations
passed to the surrounding environment. However, this will be more deeply investigated at a later point of the
project. Currently, the joint types shown in Table 3 are used in the model.

Table 4: Summary of DOFs for the FEM and MBS model. For sum values a 12V engine is assumed, i.e. 12
conrods are used. All values are rounded.

Body # DOFs FEM # DOFs MBS # DOFs Omitted
Engine 8 460 000 5900 8 454 100

Crankshaft 1 925 000 680 1 924 320

Conrod 590 000 40 589 960∑
17 465 000 7060 17 457 940

The final MBS model contains far less DOFs than the original FEM models. A summary of remaining and
omitted DOFs is shown in Table 4. The sum value of DOFs for the FEM model impressively illustrates
the model reduction while still preserving all relevant modal properties. The MBS approach reduces the
number of DOFs by 4 magnitudes and thereby enables a efficient time-domain simulation. In fact, 99.96 %
of original DOFs are omitted during the model reduction process.

1axial thrust bearing
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4 Results

In order to assess the predictive power of the MBS model regarding SBN excitation levels, a first compar-
ison with measurements is carried out. The real-world data was acquired on a test bed for medium-speed
combustion engines. The engine was equipped with triaxial acceleration sensors on all engine feet above
and below the resilient mounting elements. In total, 28 sensors were used. Since the foundation below the
engine in the MBS model is currently a rigid body and obviously has different properties than the foundation
on the test bed, only excitation levels above the resilient mounting are compared. In the simulation the same
positions are selected at which the acceleration sensors are applied on the real engine. There, the respective
velocity levels are calculated. For both, simulation and measurement, the engine is running at its nominal
operating point at 514 rpm, producing 85 % of its rated power, i.e. 12 240 kW. The results of the comparison
are shown in Figure 6.
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Figure 6: Comparison of velocity levels at different engine feet above resilient mounts from simulation
and measurement. The engine is running at 514 rpm producing 85 % load, i.e. it is running at its nominal
operating point. Measurement data was acquired using triaxial acceleration sensors. A third-octave-band
filtering according to [15] was applied to the data.

For the comparison a third-octave-band filter was applied to the data, [15]. In general, there is a good
correlation between results from measurement and simulation. Especially at frequency bands where the
main excitation orders of the engine lie. E.g. the 0.5th and 1st order are found in the 4 Hz and 8 Hz bands
for the engine running at 514 rpm. Less good correlation is found at frequencies where no excitation orders
are found, e.g. at 5 Hz, 6.3 Hz or 10 Hz. Here, no excitation is present in the simulation and the values
shown are mainly determined by artifacts of window functions applied during Fourier analysis. However,
in the measurement some minor excitation sources can be observed in these bands like pumps, gear drives
or simply measurement noise. These effects are not considered in the simulation. Two areas in the plot
are of special interest. For frequencies below the highest eigenfrequency of the resilient engine mounts
f1 = 6.7 Hz, it is possible that the engine is operating close to a resonance frequency. That the engine does
not coincide with an eigenfrequency at its nominal speed had to be carefully considered during preliminary
mounting calculations. As a rule of thumb, good vibration insulation is achieved at frequencies >

√
2·f1. For

harmonic components below this value, the engine’s deflection shapes are mainly determined by rigid body
motion. Here, the typical assumption to neglect global motion of the engine in the simulation, as discussed in
Section 2, is not necessarily true anymore. The current simulation model, introduced in Section 3, considers
the engine as SMOT body. In the context of AVL EXCITE this means global motion is neglected. The
consequences of this is subject of further studies. It might be that the engine is considered as CON6 body in
the future, allowing global translational motion and improving result accuracy in this low-frequency range.
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The second area of interest is present at frequencies above f2 = 200 Hz. A significant difference between
measurement and simulation is observed there. At this point, the simulation model reaches its limitations
regarding valid frequency range, since we only consider the main engine excitation coming from mass forces
and gas pressure. Up from 200 Hz further excitation sources start becoming relevant like, e.g. gear drives,
pumps, turbo charger or the engine’s valve train which are not considered in the model. However, since the
overall research project aims at investigating the excitation mechanisms of UWN at frequencies < 200 Hz,
the developed simulation model appears reasonable and valid in regards of the considered frequency range.

In summary, it can be said that the model shows already a good correlation with measurements and gives
sufficiently accurate results. The accuracy of rigid body modes needs further investigation, since the engine
is currently considered as SMOT body, neglecting global motion. Further, relatively simple joint types are
used in the model, e.g. a NONL joint for the main bearings between crankshaft and engine as shown in
Table 3. Those types lead to less computational effort and shorter calculation times, but come along with
less good result accuracy. A further improvement for the future can be to use ENHD or EHD2 joints, i.e.
elasto-hydrodynamic joints, which might lead to better results.

In the end it must be pointed out, that the goal is not necessarily to develop an as detailed, complex and
accurate engine model as possible. However, the goal is to develop a model with adequate accuracy and
complexity that reflects the engine behavior in a ship in a qualitatively precise way. It can then be used to
study the fundamental principles of UWN. The overall goal of the project is to use this relatively complex
engine model to derive a simple analytical model for the prediction of UWN levels at an early stage of ship
design.

5 Conclusion and Outlook

For the investigation of excitation and transmission principles of UWN from ships, a MBS model for a four-
stroke medium-speed combustion engine was developed. First evaluations show that the model allows a
sufficiently accurate simulation of SBN excitation induced by large-bore engines, although it still contains
different simplifying assumptions that might be enhanced in the future. For validation purposes, the model
was compared to measurement data. The comparison has shown a good correlation between simulation and
measurement in the frequency range relevant for the scope of the project.

As next steps, further and more in-depth validation of the model has to be performed. Currently, only
third-octave-band filtered excitation levels were compared as it is commonly done in noise, vibration and
harshness (NVH) analysis. However, the octave-band filter gives only a rough indication about how accurate
amplitudes of certain frequency components are met by the model. Further model improvements will be
evaluated and assessed regarding how they can improve accuracy. However, it is not required to develop an
as accurate model as possible. For studying the principles of UWN it is sufficient to use a model that delivers
a correct qualitative description of the combustion engine. This is in accordance with the overall project goal
of developing a simple model that can be used to anticipate UWN properties of a ship at an early design
stage.

After further and more in-depth validation of the model, a non-rigid foundation will be added, resembling the
structural properties of a ship foundation. Thereby, the noise transmission behavior of a ship can be studied
and strategies for an optimal vibration insulation between engine and ship can be investigated.
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Abstract
Independent cart conveyor system is a new technology recently proposed in the field of automatic machines.
This technology uses advance linear motors for moving several carts on a close-loop path. In this paper, a
multibody model of the Independent cart conveyor system is used to train a machine learning algorithm for
the diagnostics of ball bearings which support the carts. The multibody model provides several simulations
both of healthy and faulted bearings, which are used to create the training dataset. The input features of
the machine learning algorithm are statistical parameters that proved to be effective in the analysis of real
vibration data. The final tests were carried out on experimental data recorded on a test rig and the fault
detection algorithm was validated both in faulted and healthy cases in an industrial environment. The aim
of this activity is to virtualize the training of a machine learning system for fault detection and to test its
accuracy in a real environment.

1 Introduction

Independent cart conveyor system is one of the most advanced technologies in the field of automatic ma-
chines. This system consists in modular linear motors, which have linear or curved shapes and can be
connected to each other in different ways to be used in several applications [1, 2]. Several carts are placed
on the motors, they are connected, through rolling bearings, to a rail set on the motors themselves. The carts
contain permanent magnets, which are moved by a controlled magnetic field produced by the motors. The
carts are direct drives and they can have high dynamic performances (e.g. they can reach a speed of 4 m/s),
which surpass the ones given by common rotary servomotors in several applications. Each cart is controlled
independently so it is possible to have a different motion profile for each one, providing that carts do not
overtake each other. A possible problem of this technology lies on the fact that a high number of carts re-
quires a high number of bearings and consequently the probability of a fault may increase. Both Model-based
and Data-driven techniques are used in order to determine the health state of bearings and to improve the
reliability of this system [3, 4, 5]. The most used Model-based condition monitoring techniques are based on
the analysis of vibration signals of the system [6]. These techniques need historical data about faulty cases in
order to develop statistical analyses [6, 7, 8], frequency-domain analyses [9, 10] and time-frequency analyses
[11, 12]. Data-driven techniques, like Machine learning techniques, require a training step and a testing step.
The training step defines the expected dataset with which the algorithm optimizes the clusterization of the
faulty and healthy components. The testing step is the application of the machine learning techniques to the
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(a) Double row deep-groove ball
bearing.

(b) Bearing rail con-
tact.

Figure 1: Bearing model developed in Simcenter 3D Motion.

new input data. Several authors [13, 14, 15, 16, 17] demonstrated that these techniques can be applied to
different fields. Data-driven techniques require a big amount of data to have good prediction performances
otherwise the model can have problems of overfitting or very low accuracy. In the case of the Independent
cart system, it is difficult to have historical data related to different faults for each possible configuration due
to the high number of different shapes that the system can have (e.g. load profiles , different length or shape
of the motor, types of bearings, bearing damages, motion profiles, load profiles). To overcome the problem,
this paper proposes a methodology, which uses a multibody model of the real system in order to reproduce
the vibration signal produced by a definite fault for a definite system configuration. Thanks to the simulated
data, it is possible to explore and develop data-driven models even in absence of historical data. Other ad-
vantages of using a multiybody formulation are the high precision in modelling of the bearing damages by
choosing their dimensions and geometries, the better accuracy of the system response and the possibility of
parametrize the model for simulating different cases. Concerning the multibody modelling of single bearing,
Sopanen and Mikkola [18, 19] formulated a complete model that takes into consideration ElastoHydrody-
namic Lubrication (EHL), localized defects and waviness of the bearing elements. While Xiangyang and
Wanqiang [20] used a two-degree-of-freedom model that takes into consideration horizontal and vertical
motions of the inner ring. With this model they developed a one-class SVM for the fault detection of bearing
damages in rotating motors. Regarding the modelling of Independent cart system, it is possible to use a
signal formulation for the simulation of healthy and faulty bearings [21] and a multibody formulation [22].
that simulate possible inner ring damages of the bearing in an XTS Independent cart system. In this paper
the aforementioned multibody model [22] is used in order to create a training dataset for a Random Forest
Classifier that was validated against real experimental test data. This work is organized as follows: Section
2 explains the multibody model of the cart with healthy and damaged bearings; Section 3 describes the ex-
perimental set-up used for validating the model and the Machine Learning Classifier; Section 4 describes the
simulation that was carried out; Section 5 describes the training and the tests of the different models; Section
6 explains the conclusions of the research.

2 Cart Model

The bearing model was created using of Simcenter 3D Motion, a commercial multibody software by Siemens
Digital Industry Software. The bearings of the cart, which were modelled, are double row deep-groove ball
bearings (Fig.1 (a)). For each cart there are two different types of bearings that differ only in dimensions.
The two bearings on the top of the cart are of the same type and they are smaller than the one on the bottom
(Fig. 4). The dimensions of the bearings are reported in Table 1. The external part of the outer ring of the
bearings has a V shape (Fig. 1 (b)) in order that it can be in contact with the guide.

The model of each bearing consists of the following rigid bodies: outer rings, inner rings and rolling ele-
ments. For the healthy bearing model, all the bodies are assumed to have the nominal shape. For the cage
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Table 1: Geometric parameters of the top and bottom bearings.

Geometry parameters Top bearings (left and right) Bottom bearing
Dout (mm) 21.2 31.1
d (mm) 2.75 4.3
D (mm) 14.48 20.06
Contact angle (◦) 0 0
Number of spheres for row 7 7

modelling, a simplification was used in order to reduce simulation time. In this case, the cage is modelled as
a series of highly stiff springs, which connect the centre of each rolling element to the following one. This
method was also used by Jain and Hunt [23]in order to simplify the model and, at the same time, to determine
the cage force by the computation of the compression/elongation of the single spring.In the bearing simu-
lation, one of the most important elements is the contact model. In this work, which has been developed,
only dry contacts have been taken into consideration, therefore no Elastohydrodynamic Lubrication (EHL)
formulation has been considered. The possible contact formulations allowed by Simcenter 3D Motion are
3D Contact Formulation and Analytical Contact Formulation. 3D Contact Formulation uses a mesh for the
determination of the contact points and the direction of Normal and Tangential Hertzian forces. This algo-
rithm is very accurate in the computation of contact forces, but it requires a very big computational effort
due to the need for a fine mesh to obtain a good accuracy. This type of contact formulation is suited to
conformal contact. The conformal contact takes place when two surfaces come into contact on an area. On
the contrary, the Analytical Contact Formulation directly considers the CAD geometry of the bodies, it uses
an Hertzian-based analytical formulation to describe the point contact. If the force exerting on the contact
becomes large, the contact print expands, in this case the use of the 3D contact is advisable. With Simcenter
3D Motion it is possible to impose an Analytical Contact between each rolling element and each ring. This
formulation uses a penalty method to generate both contact forces perpendicular to the plane of contact and
friction forces lying on this plane [24]. The parameters used are: Ej representing the Young modulus of the
j-th element surface, νj the Poisson ratio of the j-th element surface, R

′
j and Rj indicating the minor and

principal radius of curvature of the j-th element surface at the contact point respectively. The parameters
δ and vpen are the current penetration displacement and velocity at the contact point respectively, e is the
coefficient of restitution and ve is the transition velocity. For further details refer to [24]. The normal force
perpendicular to the plane is computed as follows:

Fnormal(δ, vpen) = FHertzian(δ, vpen) + Flinear + Fvariable(δ, vpen) (1)

The material of the two contacting bodies is defined in terms of Young modulus and Poisson ratio.

Figure 2: Surface contact (from [25]) .
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At the point of contact the algorithm computes the minimum and the maximum radii of curvature for Body
1 and Body 2, that are: R1, R

′
1 for Body 1 and R2, R

′
2 for Body 2. (Fig. 2). The principal curvatures in

each body are mutually perpendicular, i.e. 1/R1, 1/R
′
1 for Body 1 and 1/R2 and 1/R

′
2 for Body 2. For the

formalism, the radii are positive if the surface is convex and negative otherwise. The plane containing the
curvature 1/R1 makes with the plane that contains the curvature 1/R2 the angle φ. The Hertzian contact
force is defined as follows:

FHertian(δ, vpen) =| δ |1.5 Kstsgn(δ), (2)

where

Kst = K(1− 1− e2
1 + e2

tanh
2.5vpen
ve
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In formula 3, the hyperbolic tangent is used for smoothing the force function as the velocity is transitioning
through zero. The restitution coefficient e and the transition velocity Ve are two parameters that can be tuned
by the user.

The linear and variable contact forces are defined as follows:

Flinear = kδ + cvpen, (9)

Fvariable = k(δ) + c(vpen). (10)

where k is the stiffness constant, c is the damping constant, k(δ) is the stiffness function and c(vpen) is the
variable damping function. In this case the linear and variable contact forces have been set at zero because
there is no information on the stiffness and damping of the components. For the sphere-race contact, the
parameters used are the same ones that have been used in the bearing model validation in [26]: e = 0.8, vε =
10 m/s, friction coefficient = 0.3.

In the specific case of Independent Carts System the external rolling surface of each bearing is in contact
with the guide, this contact has been modelled as an analytical contact between the revolution surface of the
bearing and the extrusion surface of the guide with the following parameters: e = 0.7, vε = 10 m/s, friction
coefficient = 0.2. After the evaluation of the contact formulation, the model constrains have been imposed.
Concerning the constrains of the model, the inner ring is fixed by means of a bracket joint, while the outer
ring is connected to the inner one by means of a bushing. The bushing connector allows to define stiffness
and damping values along the translation (x,y,z) and the rotation (Ax,Ay,Az). The total number of degree
of freedom of the single bearing model is 84. In this case all the stiffness values have been defined as 0
N/mm, because the stiffness of the bearing is defined by the contact stiffness of each rolling element. For
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the damping factor, the following values (x = 100N Ns/m, y = 100 Ns/m, z = 100 Ns/m) and (Ax = 0.01
Nms/rad, Ay = 0.01 Nms/rad, Az = 0.01 Nms/rad) have been used because the use of damping coefficient
in the bushing is helpful for the reduction of the simulation time since it makes the problem smoother for
the solver and these values do not influence the solution. In order to model the damage along one of the
two rings with Simcenter 3D motion, the healthy surface of the ring has been created without an angular
piece. In the place of the missing angular piece, a new surface has been built that represents the damage. The
damage surface has been created by increasing the radius of the ring. In this way, it is possible to simulate
a brinelling/pitting damage on the inner and/or the outer ring. It can also have different dimensions, for
example different depth or width. An “analytical contact” has been defined between the damage surface and
each ball.

Figure 3: Modelling of the damage surface on the bearing.

With this type of modelling, it is possible to simulate both the decompression of the sphere at the entrance to
the damage area, because the damage surface has a larger radius than the healthy one, and the compression
on the way out of the ball from the damaged part to the healthy one.

In the simulation, the geometry of the cart has been simplified with respect to the real one, but it maintains
all the inertia and mass properties of the real one. The cart consists of three double row deep-groove ball
bearings connected to the body of the cart by means of bushing connectors. Moreover, the bearings are in
contact with the guide body connected to the global frame through a bracket joint as in Fig. 4. The cart
is moved by means of a driver element that imposes a predefined motion profile to the Centre Of Gravity
(COG) of the cart body.

Figure 4: Complete model with three bearings connected to the cart body.

3 Experimental setup

The system taken into account consists of a straight rail 1.750 m long. For the length of the machine, 7
straight motors were used. A single cart was sensorized with an accelerometer PCB 356A02 placed on the
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Figure 5: Cart Motion profile at 2000 mm/s

Figure 6: a) Bearing with the artificial damage on the outer ring b) Zoom on the outer ring fault of the bearing

top surface. The sensor was connected to the Beckhoff EL3632 analog input IEPE DAQ system with a
sampling frequency of 20 kHz. During the test the mover goes from the left to the right and from the right
to the left following a trapezoidal motion profile. The profile consists in an acceleration phase, a constant
velocity zone and a deceleration zone. The three tests were conducted with three different constant velocity
peaks of 1000 mm/s, 1500 mm/s, 2000 mm/s. Each test consists in a forty-second record of the system
variables while the mover is executing the motion profile. The tests were performed at the aforementioned
velocities with two different configurations. In the first configuration, all the bearings of the mover are
healthy, in the second configuration the bearing placed on the top left is damaged on the outer ring surface.
Fig.5 shows the damage of the real bearing.

4 Simulation

The multibody model consists of a single cart moving along the straight track with the same motion profile
and the same range of velocity as the real cart. The simulations mirror the real experimental set-up, the only
difference is the sampling frequency of the vibration that is lowered to 10 KHz for reducing computational
time. The system was simulated with all the healthy bearings at the three different velocities, and the same
was done with the top left damaged bearing 7.

5 Data Driven approach

This section is focused on the training and test of a Random Forest Classifier for the detection of bearing
damages in a XTS system. The aim is to train this model only with the simulated data and to use the
experimental data for testing the accuracy of the models.
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Figure 7: Comparison of experimental and simulated vibration response of the cart at 1500 mm/s.

5.1 Pre-processing and data cleaning

Before the creation of the training and test datasets both the real and simulated data were pre-processed.
The vibration data were cut with respect to velocity to have only the vibration signal in the constant velocity
zones of the motion profiles. Each constant velocity cut was considered as a single sample for the dataset. A
random noise signal n(t) was added to each vibration signal to obtain the conditions as similar as possible to
the real ones. The power of the noise was set with a desired signal-to-noise ratio (SNR). The SNR is defined
as follows:

SNR = 10 log10(
Psignal
Pnoise

), (11)

As regards the real data, the vibration signals were downsampled to 10 Khz as the simulated ones. Several
features were computed for each cut, the complete list is reported in Table 2.

Table 2: List of features used in time and frequency domains

Time-domain features Frequency-domain features
Clearance Factor Kurtosis RMS Frequency Center

Complexity Kurtosis Factor Skewness Max Power Spectrum
Crest Factor Max Amplitude Skewness Factor Root Variance Frequency

Entropy Mean Square Root of Amplitude Shape Factor
Envelope Min Amplitude Standard Deviation Spectral Kurtosis

Histogram Lower Bound Mobility Total Sum Spectral Skewness
Histogram Upper Bound Negentropy Variance

Impulse Factor Peak to Peak

Subsequently the data were divided into two datasets: the training dataset with only the simulated signals and
the test dataset with only the real signals. In order to avoid the possibility of overfitting, the training dataset
was balanced by choosing the same number of healthy cases and faulty cases for each different velocity. In
the training dataset 29 samples were created for each of the three velocities, multiplied by 2 (healthy cases
and faulty cases), with a total amount of 174 samples and the aforementioned features were computed for
each of them. On the contrary, in the test dataset all the cuts at the different velocities both for healthy and
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faulty bearings were taken into account, the test dataset was not balanced and consisted in 95 healthy cases
and 132 faulty cases.

5.2 Random Forest

The Random Forest (RF) algorithm was developed by Breiman [27] in 2001. The Random Forest is a
machine learning model based on tree bagging. Bagging is a machine learning ensemble meta-algorithm de-
signed to improve stability and accuracy; it is used in statistical classification and regression. It also reduces
variance and helps to avoid overfitting. The Random Forest consists of an ensemble of simple decision-tree
predictors, each of which gives a class prediction as output and the class that has the largest number of votes
becomes the prediction of the model (Fig. 8). In the nodes of the trees there are thresholds based on one
or more features that decide if the data must proceed to the left or to the right of the tree. On the contrary,
as regards the leaves, the probabilities are calculated on the basis of the elements of each class that end up
in a given leaf. As regards classification problems, the ensemble of simple trees vote for the most popular
class. As regards regression problems, the responses of the trees are averaged to obtain an estimate of the
dependent variables. Using tree ensembles can lead to a significant improvement in prediction accuracy.

Pros:

• The use of multiple decision trees reduces the problem of overfitting by averaging or combining the
results.

• It has a smaller variance than a single decision tree.

• Flexibility and accuracy.

• It maintains accuracy even with missing data.

Cons:

• The construction of Random Forest is harder and more time-consuming than the construction of a
decision tree.

• More computational resources are required and they are even less intuitive. With a large collection of
decision trees it is hard to have an intuitive grasp of the relationship existing in the input data.

• The prediction process using Random Forests is more time-consuming than other algorithms.

5.3 Results

The first test was carried out by training the Random Forest with all the features, using a cross-validation
method with a portioning of the training dataset among five folders, with a number of decision trees equal to
30 and the max number of 144 splits.

Fig. 9 shows the output confusion matrix. It can be noted that the algorithm succeeds in classifying the
faulty and healthy bearings with a good accuracy. The reduced values of the faulty precision (74%) and of
the healthy recall (52%) are due to some healthy cases that were classified as faulty. In order to improve the
classification results, another Random Forest was trained with the same parameters as the first one but with
a lower number of features. The feature chosen are: maximum envelope, RMS, root variance frequency,
square root of amplitude, peak to peak, standard deviation, variance, velocity. In this way several features,
which did not help the classification, were not considered and at the same time the computational effort in
the feature computation and in the model training was reduced. In this case, by taking a subset of the total
number of features, accuracy, healthy recall and faulty precision improved. A proper subset avoids some
conflicting judgements between relevant and prejudicial features within the Random Forest. This occurs
because the developed multibody model succeeds in reproducing some features of the real system in a better
way, in particular the amplitude and statistical distribution of the signal.
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Figure 8: Random Forest Classifier architecture [28]

Figure 9: Confusion Matrix of the first Random Forest Classifier
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Figure 10: Confusion Matrix of the second Random Forest Classifier

6 Conclusions

This paper shows the feasibility of using simulated vibration signals, generated by a multibody model, to
create a training dataset for the development of Machine Learning algorithms for the fault detection of ball
bearings in the Independent cart system. The model simulates a cart moving along a straight track with a
bearing affected by a brinelling/pitting damages. The multibody model shows a good accuracy and also
a high computational efficiency thanks to the Analytical Contact algorithm used. The Machine Learning
algorithm chosen is a Random Forest Classifier. It was trained only with the simulated dataset and tested
with the real data in order to prove the concept which this study is based on. A first model, based on several
features both in time and frequency domains, demonstrates a good global accuracy but several healthy cases
were classified as damaged. A second one, based on a reduced subset of features, has a good accuracy both in
the classification of healthy and damaged bearings. This shows that simulation signals are similar to the real
ones and the high level of accuracy of the model allows to train Machine Learning models even without any
real application data. The model can be generalized by assembling several carts with different conditions
of bearings and using those data for the training of new algorithms for different Independent cart system
configurations.
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Abstract
Virtual sensing is an emerging technology that allows to make use of simulation models in a testing context
to better understand the vehicle behavior, by for instance estimating hard or expensive to measure quantities
in operational conditions. Some examples involve dynamic loads or system parameters, as well as response
quantities. State estimators (e.g. Kalman filters) are typically used to develop virtual sensing algorithms
and the focus of this paper is on extending a previously proposed framework for coupled state-input esti-
mation for multibody systems to also concurrently perform parameter estimation. Such existing framework
describes the multibody equations with Natural Flexible Coordinates and enforces constraints with a Penalty
formulation, while the state-input estimation is performed by means of an augmented extended Kalman fil-
ter. The extension towards parameter estimation is obtainable for such framework by further augmenting the
system with states related to the unknown parameters and relative random walk models. The potential of
the approach is then shown on a numerical example in which some parameters (related e.g. to friction) of a
suspension system are estimated.

1 Introduction

What is virtual sensing?

Virtual sensing is an emerging technology that allows to use simulation (or CAE) models in a testing context
to maximize the efficiency of testing in terms of cost and set up time, while keeping the required level of
insight i.e. providing access to the quantities of interest [1]. A time-domain processing algorithm combines
simulation data coming from the CAE model and sensors data coming from an operational test on the system
and provides full estimates of the system states. Any quantity or state (or combination of states) available
in the simulation model can then be extracted from the results of the process, generating so-called virtual
sensors. The tendency is to use easier to install or cheaper sensors, which combined with the usage of the
simulation models allow to maximize the efficiency of the process.

Challenges for forces and friction identification in vehicle dynamics

For example direct measurement of vehicle loads typically requires the use of expensive and time-consuming
to install sensors, while alternative methods based on virtual sensors have been proposed in the past [2][3][4].
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In vehicle dynamics applications friction phenomena are typically difficult to measure as well as model and
identify. Firstly, they appear at junctions between the links of a vehicle’s suspension where loads cells are
unpractical and intrusive. Furthermore they are non-linear phenomena of which the behavior also changes
in relation to boundary conditions and operational regimes. Nevertheless they play an important role for
e.g. comfort aspects, typically deteriorating the driving feel [5][6]. Virtual sensors then enable an appealing
framework for the measure, study and understanding of such phenomena which is efficient and not intrusive,
still providing the required level of insight.

Virtual sensing for multibody systems

When it comes to suspension mechanisms, multibody models are typically used as they can properly rep-
resent the kinematics as well as include the relevant non linear phenomena, including e.g. friction. Virtual
sensing methods have been developed in the past for such models. These typically employ state estimators
(e.g. Kalman filters) which perform the information fusion between the simulation model and the available
experimental data to estimate system states that are then used to generate the virtual sensors. Augmented
formulations of these state estimators can then be employed together with so-called random walk models to
perform couple state-input estimation hence allowing to estimate system inputs.

Examples of works related to estimation with multibody systems composed of only rigid bodies can be
found in [7], [8], [9], [10] and [11]. In [2] instead a methodology is derived to perform input-state estimation
for flexible multibody systems. Such existing framework describes the multibody equations with Flexible
Natural Coordinates [12] and enforces constraints with a penalty formulation, while the state-input estimation
is performed by means of an augmented extended Kalman filter.

Focus on extension towards parameter estimation

While research is open on the possibilities offered by the different multibody formulations in combination
with the different estimator structures, the focus of this paper is on extending the framework for coupled
state-input estimation for multibody systems previously proposed in [2] to also concurrently perform param-
eter estimation. The extension towards parameter estimation is obtainable for such framework by further
augmenting the system with states related to the unknown parameters and relative random walk models, as
for instance also done in [13].
The potential of the resulting procedure is shown by means of a virtual experiment in which alternatively one
friction force or one friction related parameter is estimated by means of a multibody model and displacement
sensor data for a McPherson suspension system.
The paper is structured as follows. Section 2 presents the proposed methodology. Section 3 presents the
system used to perform the numerical validation of which the results are instead reported in Section 4. The
conclusions of the work are finally drawn in Section 5.

2 Multibody model based estimation

2.1 General

In this work, the framework for state-input estimation for flexible multibody models proposed in [2] is
extended towards parameters estimation. Such existing framework describes the multibody equations with
Flexible Natural Coordinates and enforces constraints with a penalty formulation, resulting in Equations of
Motion (EOMs) which can be written in the following general form

g(ẋ,x,p,u) = 0 (1)

where the state vector x ∈ RnS is defined as

x =

[
q
v

]
(2)
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q ∈ RnDOF is then the vector of the generalized coordinates, which is the set of coordinates used to describe
the configuration of the system, v ∈ RnDOF is the vector of the generalized velocities with v = q̇, while
u ∈ RnI is the vector of the external inputs to the system. The vector of unknown parameters p ∈ Rnp is
also explicitly considered here.
An integration scheme can be applied to Eq.(1) to find the following implicit discrete-time state space equa-
tion of the system

gd(xk+1,xk,pk+1,uk+1) = 0 (3)

which can be solved in time by appliying an iterative Newton-Raphson scheme.
In this work an implicit integration scheme, namely backward Euler, is used in order to cope with the nu-
merical stiffness which normally arises in the numerical resolution of flexible multibody equations and to be
able to obtain a stable solution with a relatively large time step size.

In order to provide a full state space description of the system, a measurement equation is also introduced

y = h(x) (4)

where y ∈ RnO is the system outputs vector.

Furthermore, in optimal estimation, a stochastic contribution to the equations is also introduced in order to
model uncertainties on the system. The full combined deterministic-stochastic state space description of the
system then reads {

gd(xk+1,xk,pk+1,uk+1) = wk

yk+1 = h(xk+1) + vk+1
(5)

where the so-called process noise vector and measurement noise vector, wk and vk respectively, have been
introduced. It is assumed that both wk and vk are white, zero-mean, uncorrelated random processes with
known covariance matrices Qk and Rk respectively. As it can be seen from Eq.(5), both the process noise
and the measurement noise are considered to be additive in this work, but the procedure described can easily
be adapted if a more general noise type is to be used.

In order to extend the previous framework towards parameter estimation, so-called random walk models are
introduced both for the vector of the unknown inputs uUK as well as for the unknown parameters p

{
uUK
k+1 = uUK

k +wUK
k

pUK
k+1 = pUK

k +wp

k

(6)

in which wUK
k and wp

k are assumed to be a white, zero-mean, uncorrelated random processes with known
covariance matrices QUK

k and Qp

k, respectively. The vector of unknown inputs uUK is a subset of the input
vector u such that

u =

[
uK

uUK

]
(7)

where uK represents instead the subset of the known inputs. The discrete-time state space representation of
the so-called augmented system can then be obtained by combining Eq.(5) and Eq.(6), i.e.





gd(xk+1,xk,uk+1) = wk

uUK
k+1 = uUK

k +wUK
k

pk+1 = pk +wp

k

yk+1 = h(xk+1) + vk+1

(8)

for which a new augmented state vector as well as a new augmented process noise covariance matrix are
introduced as

xa =




x
uUK

p


 , Qa

k =



Qk 0 0
0 QUK

k 0
0 0 Qp

k


 (9)
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As an EKF estimation scheme is to be applied, linearizations of the systems of Eq.(8) have to be determined
to which the following so-called state Jacobian matrices for the state equation are associated

A =
∂fgd
∂xk

, B =
∂fgd

∂uk+1
, Bp =

∂fgd
∂pk+1

(10)

in which fgd is the explicit non-linear function associated with gd, such that
xk+1 = fgd (xk,pk+1,uk+1), which locally exists if gd is continuously differentiable for the theorem of the
implicit function. The measurement Jacobian matrix instead reads

H =
∂h

∂xk
(11)

The Jacobian matrices of the augmented systems then read

Aa =
∂fad
∂xa

=



A BUK Bp

0 I 0
0 0 I


 , Ha =

∂h

∂xa
k

(12)

where BUK is the matrix obtained by keeping the columns of the Jacobian matrix B related to the unknown
inputs. For more details about how to obtain the Jacobian matrices in Eq.(10) see [2].

It appears clear from all Eqs.(5) and (8) that both the state vector x and the augmented state vector xa are
now modeled as random processes. The aim of the estimation will be to provide the estimate of the first two
statistical moments of the augmented state vector xa given the sequence of measurements {yk} and known
inputs {uK

k }. The first moment corresponds to the mean value and the estimate of such quantity for the
augmented state vector, the state vector and the unknown input vector will be indicated with x̂a, x̂ and ûUK

respectively. The second moment corresponds instead to the augmented state error covariance matrix Pa

defined as
Pa

k = E
[
(xa

k − x̂a
k) (x

a
k − x̂a

k)
T
]

(13)

where E represents the expected value operator. Furthermore in the following the superscript �− will be
used to indicate quantities that are estimated by making use of measurements up to time step k, i.e. to indicate
so-called a-priori estimates. The superscript�+ will be instead used to indicate quantities that are estimated
by making use of measurements up to time step k + 1, i.e. to indicate so-called a-posteriori estimates.
It is now possible to illustrate the full estimation procedure which is obtained by applying a linear KF to
the linearized version of system of Eq.(8). The estimation is recursive and proceeds for each time step as
indicated below.

AEKF based estimation procedure

Compute the a-priori estimate of the mean of the unknown input vector and of the parameter vector as

{
ûUK−
k+1 = ûUK+

k

p̂−k+1 = p̂+
k

(14)

Compose the input vector as

uk+1 =

[
uK
k+1

ûUK−
k+1

]
(15)

Compute the a-priori estimate of the state vector mean by solving

gd(x̂
−
k+1, x̂

+
k , p̂

−
k+1,uk+1) = 0 (16)
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Propagate the augmented state error covariance matrix by means of

Pa−
k+1 = Aa

k Pa+
k AaT

k +Qa
k (17)

Compute the Kalman gain as

Kk+1 = Pa−
k+1H

aT
k (Ha

k Pa−
k+1H

aT
k +Rk+1)

−1 (18)

Compute the a-posteriori estimate of the state vector and of the unknown input vector as

x̂a+
k+1 =



x̂+
k+1

ûUK+
k+1

p̂+
k+1


 =



x̂−k+1

ûUK−
k+1

p̂−k+1


+Kk+1(yk+1 − h(x̂−k+1)) (19)

Compute the a-posteriori augmented state error covariance matrix as

Pa+
k+1 = (I−Kk+1H

a
k)P

a−
k+1 (20)

Note that by properly selecting columns and rows of the augmented matrices Aa
k, Pa

k, Qa
k, Ha

k and Ra
k, the

all following cases of estimation are covered

• state-input-parameter estimation

• state-input estimation (all parameters known)

• state-parameter estimation (all inputs known)

• state estimation (all inputs and parameters known)

Additionally, note that the covariance values of the random walk models inserted in matrices QUK
k and Qp

k
work as regularization parameters in the estimation process and have to be chosen in order to have a trade
off between estimation tracking capabilities and noise rejection. For more details see also [2].

2.2 Discontinuous Extended Kalman Filter

An important issue to take into account when designing an estimator, hence choosing the model structure and
sensors layout, is observability. The latter is a property that the estimator has or does not has to being able to
reconstruct the states from the measured data. This paper does not focus on this aspect, while details on how
to perform an observability analysis for the linearized multibody systems can be found in [2]. However, in
relation to parameter estimation, it may happen that a certain parameter is observable during a certain time
frame but unobservable during the next. This problem has been researched in [14] and a new algorithm is
proposed to better cope with this issue, namely the Discontinuous Extended Kalman Filter (DEKF).
Such algorithm still makes use of the standard EKF scheme while separates the set of observable and un-
observable states in the state vector. The covariance of the states is checked to make the distinction and
understand when a certain parameter or state is becoming unobservable. The unobservable states are hence
kept constant, while the other states are updated by means of the EKF scheme rearranging the matrices and
the model equations. The covariance of all the states are however still updated following a Schmidt-Kalman
filter scheme [15].
In this work the same approach is used to estimate some specific parameters, see Sections 4.1 and 4.2.
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Figure 1: The proposed methodology is applied in a
virtual experiment to a system based on the quarter
car test-rig based on a McPherson suspension here
reported.

Figure 2: Multibody model of the McPherson and
used in the virtual experiment. It is composed of rigid
bodies and possesses one degree of freedom corre-
sponding to the global vertical motion.

3 Vehicle suspension system under investigation

The proposed methodology is applied in a virtual experiment to a system based on the quarter car test-rig pre-
sented in [2] and also reported in Figure 1. Such test-rig is based on a McPherson suspension system which
is attached to a fixed frame in correspondence of the regular connections-to-body locations and loaded at the
tire contact patch by a six DOF hydraulic shaker capable of reproducing operational road loads. The sus-
pension system includes a control arm, a lower strut, an upper strut and a tierod all connected to a steering
knuckle. The four connection-to-body locations are indicated with the red dots.
Figure 2 instead shows the multibody model associated to the test-rig and used in this paper. All bodies, i.e.
control arm, lower strut, upper strut, tierod and steering knuckle are considered to be rigid bodies. The frame
is also considered to be rigid and fixed to the ground. Spherical joints connect the control arm, the tierod and
the upper strut to the frame (g). The steering knuckle is then connected to the lower strut by a rigid joint and
to both the tierod and the control arm by two additional spherical joints. Finally, the lower strut and upper
strut are connected to each other by a cylindrical joint. The system has hence one global degree of freedom
corresponding to the global vertical motion. The global reference frame of the model is centered in one of
the connection-to-chassis locations of the control arm. The x, y and z axes correspond to the longitudinal,
lateral and vertical directions of the vehicle respectively.
The external input loads are considered to be applied at the Wheel Center (WC) which is a point rigidly
attached to the knuckle. These external loads correspond to the Wheel Center Loads (WCLs) for the suspen-
sion system and consist of the three forces and three moments along and about the three global axes which
are applied from the tire-rim to the steering knuckle.

A force element is interposed between the upper strut and the lower strut to model the force Fsusp exchanged
between these two components along their axes as follows

Fsusp = Fs + Ff + Fb (21)

where Fs is the mains spring force, Ff is the friction force and Fb is the bump stop force for which the
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definition laws are reported in Table 1. xrel and vrel respectively represent the relative diaplscement and
relative velocity between the upper and the lower strut along their axes. It can be noticed that the spring
force Fs is linear while the friction force Ff is non-linear and is defined as the sum of a viscous friction
force Fvf and a contact friction force Fcf . The bump stop force Fb models the bump stop element which is
a rubber component which avoids metal to metal contact when the suspension travel is high and is activated
only after a given value of xrel. The details of the non-linear (elastic) function f b

nl which model its behavior
are not relevant here, but can be found in [16]. Nevertheless, the sum of the spring force Fs and of the bump
stop force Fb in function of xrel is reported in Figure 3.

Table 1: A linear spring element, a non-linear friction force element and a non-linear bump stop element are
used to model the internal forces exchanged between upper strut and lower strut. The parameters of the force
laws of these force elements are reported.

Force element law Relative parameters

Spring Fs = Ksxrel Ks = 23500 N/m

Friction

Ff = Fvf + Fcf

C1 = 2207 N/(m/s)

C2 = 2280 N/(m/s)

Fa = 135 N

vtr = 0.00883m/s

{
Fvf = C1vrel, if vrel > 0

Fvf = C2vrel, if vrel < 0
{
Fcf = Fa

vtr
vrel, if |vrel| < vtr

Fcf = Fa, if |vrel| > vtr

Bump stop Fb = f b
nl(xrel)
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Figure 3: Sum of the spring force Fs and of the bump stop force Fb in function of the relative displacement
between upper and lower strut xrel. The non-linear behavior introduced by the bump stop force Fb can be
observed.

4 A flexible tool for the analysis, identification and monitoring of
systems

In this section it is shown how the methodology presented in Section 2 can be applied as a general framework
to study certain system’s parameters or phenomena. In order to do that, virtual experiments are carried out
by making used of the multibody model of Figure 2. It is shown how different parameters can be estimated
withing the same framework, depending on the need.
In all examples only one unknown parameter or one unknown input at time is estimated along with the sys-
tem states, by making use of the one measurement channel, i.e. the relative displacement between the lower
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and the upper strut along the strut axis, which can in practice be easily measured in an experimental setup as
the one of Figure 1. More detail the force exchanged between the upper and the lower strut is analyzed, and
one of its parameters - i.e. one of the parameters or forces of Table 1 - is estimated in each of the examples
of the following subsections.
The excitation signal used for all cases is a vertical force at the wheel center corresponding to what the
suspension would undergo when driving on a speed bump superimposed to a smooth road excitation. Such
signal is reported in Figure 4. Gaussian noise is added to the simulated output - i.e. to the relative displace-
ment between the lower and upper strut - to simulate measurement noise.
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Figure 4: Input force signal applied at the wheel center in the vertical direction used in all examples to
generate the virtual measurement output.

Note on model accuracy Obviously while one of the parameters is estimated, all other properties of the
system are assumed to be known. If some of those properties are inaccurate, this will have an impact on the
result of the estimation, and typically the unknown parameters or unknown inputs estimates will be the most
affected. Therefore, if accurate estimates of unknown parameters are expected, it is also required that the
other parts of the model are properly updated and calibrated beforehand.

4.1 Bump stop force estimation

In this first case the bump force Fb of Table 1 is estimated. While the spring force Fs might be topically
easier to define thanks to its topically linear behavior, the bump force might be more difficult to characterize
especially in assembled conditions inside the vehicle. Furthermore monitoring this force during operations
might be relevant to evaluate the degradation of the component with usage and time.
Figure 5 shows the estimation results for the bump force. It can be seen that the force is properly detected
and estimated during the time lapse where the time where the speed bump occurs. Note that it was crucial
to use the DEKF implementation to properly estimate this force, as in the estimator would otherwise loose
stability during the time periods in which the bump force is not activated.
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Figure 5: Estimation results for the bump force Fb of Table 1
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4.2 Friction force and parameters estimation

As also explained in the introduction, friction plays and important role in the vehicle dynamics performance
of a passenger car, more in detail typically contributes to deteriorating the comfort perceived by the vehicle’s
occupants. It is therefore crucial to have a proper understanding of such phenomena in order to properly
assess whether the subsystem performance meets the design targets. It is however difficult to measure such
phenomena without making use of intrusive load cells which might modify the system’s performance. This
subsection shows four ways of looking at the phenomena by studying four of its different parameters (one at
time) by means of virtual sensing.

In the first case the entire friction force Ff of Table 1 is estimated. The related estimation results are reported
in Figure 6 from which it can be seen that the friction force can be properly estimated from the available
data.
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Figure 6: Estimation results for the friction force Ff of Table 1

In the second case instead only one part of the friction force, namely the viscous friction force Fvf (see Table
1), is estimated. The related estimation results are reported in Figure 7 from which it can be seen that the
part related to only the viscous friction force can also be properly estimated from the available data.
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Figure 7: Estimation results for the viscous friction force Fvf of Table 1

In the third case instead only the part related to the contact friction force Fcf Table 1 is estimated. This is
typically the most difficult part to model, measure and quantify but which still very much affects the comfort
perceived by the vehicle’s driver or passengers even though its amplitude is much smaller compared to the
one of the other force components. Also in this case the available data allows to estimate this force as it is
shown by the results reported in Figure 8.

The fourth example reported for the friction force is still related to the contact friction force. While in the
previous case the force itself was estimated, here one parameter of its force model is estimated, i.e. the con-
tact friction force amplitude Fa (see Table 1). In order to prove that a change of this parameter in operations
(due to any cause) can be detected by the virtual sensing procedure here proposed, the estimator input mea-
surements where generated by using a different value of such parameter, i.e. 160 N. The related estimation
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Figure 8: Estimation results for the contact friction force Fcf of Table 1

results are reported in Figure 9. It can be seen that the estimate correctly converges to 160 N starting from
the initial value which was set to 135 N. Note that also in this case a DEKF implementation was needed in
order to have a stable estimation for the whole time duration. With the standard EKF implementation the
estimation of such parameter would not be stable as it can be seen again from Figure 9 (it starts to diverge
after approximately 0.6 s).
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Figure 9: Estimation results for the contact friction force amplitude Fa of Table 1

4.3 Spring stiffness estimation

In this last case the estimation of another parameter, i.e. the spring stiffness Ks of Table 1, is carried out.
Also in this case, in order to show that the method provided can detect the stiffness value starting from a
wrong initial estimate, the estimator input data was generated with a model with a different value for such
parameter than the one reported in Table 1, i.e. 25500 N/m. The related estimation results are reported in
Figure 10, from which it can be seen that the estimation converges to the correct value of 25500 N/m starting
from the initial value that was set to 25300 N/m. The estimation results are reported for several values of the
random walk covariance associated to such parameter. It can be seen that all estimates converge to the same
value and they only differ by showing a different response to the initial wrong state condition.
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Figure 10: Estimation results for the spring stiffness Ks of Table 1

5 Conclusions

In this paper an existing framework for coupled state-input estimation for multibody systems has been ex-
tended to also concurrently perform parameter estimation. The existing framework described the multibody
equations with Natural Flexible Coordinates and enforced constraints with a Penalty formulation, while the
state-input estimation was performed by means of an augmented extended Kalman filter. The extension to-
wards parameter estimation was obtained for such framework by further augmenting the system with states
related to the unknown parameters and with relative random walk models. The resulting methodology can
be used in a virtual sensing context to study certain parameters or phenomena by making use of simulation
models in a testing context. The potential of the approach was shown on a numerical example related to
a vehicle suspension system. A multibody model made of rigid bodies and one global degree of freedom
was used in combination with the simulated measurements of the relative displacement between the upper
and lower strut to estimate one unknown parameter at time, selected from a list of interesting ones. Those
parameters were all related to the force exchanged between the upper and lower strut. It has been shown how
the proposed framework can be used as a general tool for the analysis of several phenomena affecting the
vehicle’s performance, e.g. friction.
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Abstract 
A flexible multibody approach is proposed for dynamic simulation of gear transmission by using either rigid 

models describing the simple dynamic behavior or flexible models adding various levels of complexity. The 

different interactions between the bodies are to be modeled using either kinematic constrains and force 

elements depending on the assumptions that engineers aim for. Especially, the models also include dedicated 

gear and bearing contact elements assigning multi-degrees of compliance for the major transmission 

components. The authors are willing to provide engineers with a practical guideline to decide the simulation 

modeling complexity to draw a meaningful conclusion for the intended level of fidelity for the outcome. For 

evaluation at each different level of simulation, time-domain data will be converted to a frequency domain 

where a family of FFT operations stacks up spectra at subsequent speeds. This waterfall plots will be 

particularly useful for identifying the gear excitation and system resonances. 

1 Introduction 

The fields of application for power transmission are numerous, where gears represent critical and reliable 

components to deliver power with high efficiency. In vehicles, gear transmissions are one of the major 

sources of noise and vibration apart from the engine. The noise sources are inherently coming from gear 

transmission error (TE) that is a consequence of various factors such as tooth deflection, tooth contact 

deformation, the deflection at supporting structures such as shafts and housing as well as manufacturing and 

assembly errors in operation. They could cause a whine or rattle that hinders the acoustic comfort of vehicle 

passengers. This resulting tooth excitation propagates through the supporting structure, and if harmonics of 

meshing frequency match resonance frequencies for the system, amplification for the radiated noise is 

observed.  

As engines become quieter with lighter components, an improved gear system design and manufacturing 

become more in demand in the automotive industry. During the development stages, it is desirable to assess 

the NVH behavior as early as possible to minimize the development time and cost from the design and 

prototype manufacturing iterations. To shorten this product development cycles, gearbox numerical 

simulations are becoming more popular as the computation power increases as well as numerical methods 

are improved. When it comes to numerical dynamic analysis, finite element analysis (FEA) and multibody 

simulation (MBS) are used heavily [1]. While FEA is usually robust in performing structural analysis in 

terms of stress and strain analysis, this FEA approach becomes computationally intense as the level of 

system complexity increases. On the other hand, MBS can be used to verify not only kinematics of rigid 

body dynamics but also system-level vibration analysis with flexible components in conjunction with the 

component model synthesis. For an efficient flexible multibody analysis, a modal reduction technique [2] 

to capture the realistic dynamic behavior of the complex system is used. 
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To build a simple yet effective MBS model, a progressive way of developing the model with a different 

fidelity level is essential not only because the engineering insight can be gained about which modeling 

detailing influences the system behavior, but also one can understand how to minimize the modeling 

complexity and computation time without compromising the accuracy of results. Therefore, the objective 

of this study is to provide transmission design engineers with meaningful and practical guidance about the 

modeling techniques so that a proper modeling complexity can be selected according to the engineer’s 

objective. Section 2 covers the MBS modeling procedures and details of the multibody elements used in the 

modeling and boundary conditions. Section 3 presents the results from the various MBS models and 

discusses interpretation from the modal analysis results and spectrogram plot. 

2 Multibody modeling 

For this MBS study of the gear transmission, commercially available system-level flexible multibody 

simulation software, called “Simcenter 3D” from Siemens PLM Software [3], is employed. It also covers 

detailed aspects of drivetrain modeling with dedicated vertical solutions “Transmission Builder”, that 

enables one to automatically create the gear train multibody model including, joints, shafts, especially with 

nonlinear gears and bearing parametric contact models having different complexity. [4] [5] 

2.1 Manual transmission description 

The example gear transmission system used for the multibody modeling and simulation in this study is a 6-

speed manual transmission as illustrated in Figure 1. This system comprises two shafts (input and output), 

gear trains, a differential case, and a housing with four deep groove ball bearings (A, B, C, and D) and a 

pair of tapered roller bearings (G and H) that support all rotating components. Synchronizers are omitted 

and hub models are simplified in the model, but the physical condition of synchronizer’s engagement to the 

idling gears is included. This study focuses on the 2nd shifting stage power flow and the layout can be shown 

in Figure 1.  

 

 

 

Figure 1: Manual transmission assembly layout 

Gear specification corresponding to the 2nd stage power flow is listed in Table 1, and the nomenclatures in 

the table are as per ISO 21771 [6]. 
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Table 1: Gear specification in a 2nd stage gear train 

Parameters Unit 
Gear pair 1 Gear pair 2 

Gear 1 Gear 2 Gear 3 Gear 4 

Center distance (𝐚𝐰) mm 96 153 

Normal module (𝐦𝐧)   2.22 2.98 

Normal pressure angle (𝛂𝐧) deg 18.5 20 

Helix angle (𝛃) deg 32 32 

Number of teeth (𝐳)   23 50 17 70 

Face width (𝐛) mm 24 23 40 38 

Tip diameter (𝐝𝐚) mm 67 137 69 252.2 

Root diameter (𝐝𝐟) mm 53.2 123.2 51.2 234.8 

 

Four types of microgeometries such as profile tip relief, profile crowning, flank line end relief, and flank 

line crowning are applied to all gears. These tooth modifications are intended to compensate gear meshing 

condition influenced by the system deflection system deflections to avoid excessive transmission error 

magnitude or excitation force at the given load. 

2.2 Multibody modeling approach 

First, bodies for MBS can be created in Simcenter 3D Motion from the geometries created in the modeling 

application or imported from CAD files by adding mass and inertia properties with material defined. They 

can be translated and rotated with three axes. Joints are used to connect one body to another to define the 

relative motion. Simcenter 3D Motion provides various types of joints that are from basic to the one that 

reflects the ideal physical behavior, where flexibility with damping in 6 DOF is applicable. Several types of 

forces and input motion, which are either constant or time-varying, can be applied to the bodies to mimic 

the boundary conditions close to reality. For more realistic representation, a rigid body can be replaced by 

the flexible bodies by using FE elements for more realistic representation. Once the MBS model is built, 

differential-algebraic equations are solved to reflect kinematic constraints and motion returning velocity and 

accelerations of the bodies and load transferred.  

2.2.1 Modeling assumption 

The NVH of a gear train at this stage more opts to be noticed at the lower stage of transmission because the 

major source of vehicle noise such as from tire contact on a road and an airborne were not fully developed 

at this speed. Therefore, the 2nd stage of the transmission is taken as the gear train of interest in this study. 

The power from an engine to the driveshaft through this 2nd stage gear train is indicated at the layout view 

in Figure 1. The associated gears in the power flow are gear 1 and 2 in gear pair 1, and gear-3 and 4 in gear 

pair-2. It is noted that gear 2 is an idling gear supported by a needle roller bearing at the gear inner bore on 

the output shaft, where a few microns of radial clearance is present at needle roller bearing. In addition, 

small gaps in the axial distance are present between two neighboring structures (synch. hub on the left and 

gear body on the right sides) on the output shaft. Once the synchronizer is engaged for this gear 2, the torque 

from this gear is transferred to the output shaft, but there are still some freedoms within this radial clearance 

and gaps on both sides. Under this engagement condition, it is inevitable to avoid some gear tilting motion 

due to force vectors from helical gear contact under load.  A challenging point for the MBS modeling arises 

at the load transfer path of the flexible structure through the bolted connection with preloading to mount 

gear 4 to the differential case. 

To achieve efficient yet accurate load path computation for flexible MBS, the simplification of the key 

boundary conditions and models is an essential step. A reasonable modeling assumption describing some 

multi-physics associated parameters that are complex to represent by numerical formulation or time-
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consuming to compute would be another step to consider. The followings are a list of assumptions and 

simplified boundary conditions that are defined in this study. 

 A constant damping coefficient values at gear contact and bearing models are used for all run-up 

operating condition under a constant torque 

 The gear friction is neglected although because the sizable amount of it only exhibits at very low 

speed before enough lubricant film thickness is formed. 

 The flexibility of supporting structure (here, engine block) to the housing is not included to 

minimize the size of the model to be computed but rather employed a load path technique by using 

RBE elements at the bolt holes to the ground.  

 Bolted connections between gear 4 to the differential case are simplified with different types of 

RBE elements due to the limitation of handling the bolt preloading and the surface contact in 

dynamic simulation. 

 Tapered roller bearing preloading (or axial clearance) is set to zero even though a few microns are 

applied at the bearing assembly. This is because the preload becomes negligible at the operating 

condition when the surrounding components are heated or expanded. 

 Gear body flexibilities are not included because their structure is quite rigid and high-frequency 

modes associated are not interested in this study. 

 Only a simple analytical time-varying gear mesh stiffness is applied for gear contact because it is 

enough to create consistent excitation force in the models having a different level of fidelities. 

 Bearing contact EHL (Elastohydrodynamic lubrication) computation is not included even though it 

alters the stiffness at ball/roller contact with inner and outer race in operation, but it is not the main 

interest to compare it with the real tested results, but the relative comparison between different MBS 

results. 

2.2.2 Operating condition and modeling fidelity 

All simulations are conducted with the same operating condition to keep the result comparison valid between 

various models having different levels of fidelity. The speed increases up to 4000 rpm at the input shaft in 

10 seconds to cover the wide range of the transmission operating speeds. The medium level of constant 

resistance torque of 2.2 kNm has been applied to the position in the differential case where the pinion shaft 

is connected to transmit power to driver shafts. This torque at the pinion shaft position is equivalent to 250 

Nm at the input shaft if the power loss is neglected. To reduce the simulation time and result file size for 

multiple modeling scenarios, variable sampling time (1e4 to 1.3e5 seconds) along the speed increase is 

introduced. This time steps are decided to accommodate enough data sampling equivalent to the 50 points 

per mesh cycles for the gear pair (gear 1 and 2) at the highest speed in the 2nd stage gear train in the 

simulation. With this time sampling technique, the simulation time and the results generated can be reduced 

by a half of the one that uses a constant time step (i.e., 1.3e5 seconds) for all ramp-up period. 

The 6 different modeling fidelity levels attempted in this study are listed in Table 2. 

Table 2: Transmission MBS modeling fidelity levels 

No. 

Gear contact Bearing 
Side 

contact at 

Gear 2 

Flexibility  

(5% damping – up to 5000 Hz) 

Model 
Micro- 

geom. 
Main 

Needle 

roller 

bearing 

In Out Diff. Housing 

1 Analytical Y Revolute Fixed      

2 Analytical Y Revolute Standard      

3 Analytical Y Revolute Analytical Y     

4 Analytical Y Analytical Analytical Y     

5 Analytical Y Analytical Analytical Y   Y  

6 Analytical Y Analytical Analytical Y Y Y Y Y 
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For all models, an identical gear contact model (ISO-CAI analytical) are applied. The variety of the 

simulations begins with Model-1 as a baseline, which is the simplest model that can be easily built with a 

minimal effort and extended to Model-6 that contains all possible flexibilities on structures including shafts, 

differential case, and housing with nonlinear bearing force elements.  

The following summary explains the reasonings for fidelity level selections. 

 Model-1:  

A baseline model where all rigid multi-bodies and joints are implemented except for the gear contact 

model, which computes time-varying mesh stiffness. It will generate the gear excitation forces 

transferred to the transmission system. 

 

 Model-2:  

A simple standard needle roller bearing element that comprises 6 by 6 force and moment stiffness 

and damping matrices are added to enable a tilting motion at the gear 2, which is caused by the 

bearing radial clearance and gaps on both sides of the gear. To complete this tilting motion boundary 

condition, an axial movement (displacement-z) and rotation-z (for torque transferring) are 

constrained by using fixed joints while enabling all other DOFs free. 

 

 Model-3:  

An inner geometry-based analytical needle roller bearing that replaces a standard roller bearing in 

Model-2. It is located between shaft and gear 2 with a radial clearance (32 μm) and side gaps (70 

μm on each). It is noted that multiple analytical contact elements dealing with the Hertzian contacts 

between a sphere and extrusion body are introduced to represent the side contact boundary 

conditions between gear 2 and the neighboring structures (a synchronizer hub and gear body) where 

gaps are exhibited. With this consideration, gear tilting motion bounded by the surrounding 

structures can be simply represented without large computational efforts. 

 

 Model-4:  

Analytical deep groove ball bearings and tapered roller bearings are added for the rest of bearings 

to add flexibility and damping to the respective rotating joints. From this model, bearing excitations 

from the ball/roller passing on the inner and outer race will be generated, and natural modes from 

these bearing structures become present. 

 

 Model-5:  

A rigid differential case body is replaced by a dynamic flexible body using Simcenter Nastran SOL 

103. In this structure, there are four large and small holes on the surface. A refined FE element size 

is selected after mesh convergence testing by running modal analysis in Simcenter Nastran. 

 

 Model-6: 

Flexibility is added to the rest of the structures such as two shafts (input and output) and housing. 

This combined shaft and housing flexibility are expected to exhibit the system lower frequency 

natural modes with structural damping affecting the system response to the gear excitation.  

 

2.2.3 Bodies and joints 

For gear train modeling, the corresponding gear geometries are not easily created manually. The dedicated 

vertical module, Simcenter 3D Motion Transmission Builder, for the gear train model creation for MBS has 

been used and it enables the shaft and gear tooth 3D geometry to be created as well as the tooth meshing 

phasing to be defined automatically. The basic shapes of shafts and gear body blanks generated by the 

Transmission Builder have been replaced by the user’s defined CAD geometries in the case that more 

detailed shapes are required. This 3D body representation in the multibody environment is important in 
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terms of enabling the engineer to have visual feedback when the system behavior is diagnosed during the 

animation after solving the given multibody system.  

Besides the simple revolute and fixed joints used, contact elements are implemented between two bodies 

either in point or surface contact. By applying joints having various levels of accuracy to either rigid or 

flexible bodies, the bodies in the transmission system are interconnected to each other to form a complete 

multibody system before solving. In a transmission model, shaft FE models are connected to other bodies 

(gears, bearing inner races, hubs, etc.) via a single center node and leg nodes. If the RBE2 element is used, 

this center node enforces the active DOF of the leg nodes (dependent) that are positioned on the nodes on 

the FE models. It means that all nodes in REB2 are considered rigidly connected. Unlikely to the case in 

RBE2, the leg nodes having the weighted average of the active DOF enforces the active DOF of the center 

node, it is not infinitely rigid due to the allowable freedom of the leg nodes.   

The following figure illustrates the RBE connection uses at different body connections with flexible bodies. 

 

 

Figure 2: Connection between bodies with RBE elements 

RBE2 elements are applied to the rigid connection where the press fits are applied at the component 

assembly. (e.g. at the interface between shaft and gear with press fit). On the other hand, RBE3 elements 

are applied to the interface where medium or loosen fits are applied at assembly. (e.g. medium fit at bearing 

inner race to the shaft and loosen fit at bearing outer race to housing). Therefore, depending on the assembly 

condition, the combination of RBE2 and RBE3 elements can be applied to a single shaft. The proper 

selection between RBE2 and RBE3 will avoid unrealistic stiffening effects on the connecting interface, 

which can alter the dynamic modes significantly. For housing bolted connection to the ground structure, 

RBE2 elements are used with a center node where each inner surface nodes at bolt holes are also connected 

to each bolt hole center node with RBE2. 

2.2.4 Gear contact and bearing force elements 

Gear contact model 

This gear contact solver architecture implemented in Simcenter 3D Motion is designed to allow the user to 

perform a dynamic multibody simulation with different levels of fidelity with measured transmission error 

shaft

RBE3 elements 
for bearing

Outer 
ring

Inner 
ring

Gear

Shaft    

Flexible bodies
( Input/output shaft, 
differential case)

RBE2 elements for press fit gear

Housing

Housing Case
Housing & case bolt
(RBE2)

① ② ③ ④ ⑤ ⑥ ⑦ ⑧ ⑨ ⑩

FE elements on shaft

RBE2 and 3 elements

2042 PROCEEDINGS OF ISMA2020 AND USD2020



values or FE method for gear contact according to the required computation time and desired level of 

predictive capacity. Constant stiffness computation is implemented as per ISO 6336 [7] and time-varying 

mesh stiffness is computed with the combined method of ISO 6336  and Cai [8] [9]. FE method has a hybrid 

scheme combining nonlinear FE computation for tooth bending including gear body deflection with an 

analytical formula to compute local tooth contact deformation by using Hertzian formula, which accelerates 

the computation speed without compromising the accuracy [10].  

Since this study is not subjected to change the gear contact model over different fidelity models, a medium-

fidelity level contact model, ISO-CAI method is used for all models as a source of vibration in the system. 

The features of this method are explained as follows: 

 The slicing approach allows one to select several slices in which the instantaneous axial overlap is 

divided. With this technique, microgeometry and misalignment effects are taken into consideration. 

The penetration is computed per slice and includes the influence of misalignment and profile 

modification according to the geometry section. 

 The stiffness curves provided by the Cai formulas are linear with respect to load and do not include 

non-linear stiffening effects. On the other hand, if a lead modification is present, the stiffness of the 

contact will be influenced by the fraction of the tooth flank in contact under low to medium loads, 

which partially include non-linear stiffening effects. 

 This method can be used in conjunction with Friction gear contact forces. 

After the penetration of each slice is computed, the solver evaluates the stiffness 𝑘𝑙𝑘
𝑗

 for each slice 𝑘, line 

of action 𝑗 and tooth in different ways depending on the type of gear in the model: 

For spur gear, the stiffness of the considered slice for the gear pair is given by 

 𝑘𝑙𝑘
𝑗

= 𝑐𝛾𝛽
𝑗

𝑙𝑘

[−1.8(
𝜑

𝑙
1𝑗

𝜀𝛾
)

2

+1.8(
𝜑

𝑙
1𝑗

𝜀𝛾
)+0.55]

0.85𝜀𝛾
→ [N μm⁄ ] (1) 

where 휀𝛾  is the total contact ratio and 𝑐𝛾𝛽
𝑗

𝑙𝑘
is the average ISO meshing stiffness of the pair for the 

considered slice and 𝜑𝑙
1𝑗

 provides the angular position of gear 1; 

 

for helical gear, the stiffness of the considered slice for the gear pair is given by 

 𝑘𝑙𝑘
𝑗

= 𝑤 ⋅ 𝑐pitch ∙ 𝑒
(𝐶𝑎|𝑋𝑙

𝑗
|
3

)
→ [N μm⁄ ], (2) 

where 𝑐pitch  is the ISO pitch stiffness and 𝐶𝑎 , 𝑋 are parameters that depend on the gear geometry, the 

instantaneous gear configuration, and the location of the gear contact along the line/plane of action. Lastly, 

𝑤 is a weight that accounts for the true fraction of the slice in contact with respect to the line contact over 

the full active overlap. 

The force magnitude is computed per line of action, teeth and slices as 

 |𝑭stiff,𝑙𝑘
𝑗

| = 𝑘𝑙𝑘
𝑗

∙ 𝛿𝑙𝑘
𝑗

→ [N], (3) 

where 𝛿𝑙𝑘
𝑗

 is the penetration at the contact point with stiffness 𝑘𝑙𝑘
𝑗

. 
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Bearing model 

The bearing model in Simcenter 3D Motion considers the position of the coordinate system of the inner and 

of the outer ring as an input. It computes the relative displacement and velocity to obtain the corresponding 

stiffness and damping contribution of the bearing. These contributions are then summed to calculate the 

total force and moment from the relative displacement and velocity vectors. While the stiffness contribution 

has two different numerical approaches, namely, “Standard” and “Analytical”, the damping force is always 

computed by the 6x6 damping matrix.  

The Standard model uses 6x6 stiffness and damping matrices that will be used to compute the force and 

moments vector for a given relative position. The relative position of the two coordinate systems can be 

computed using as both reference rings (inner and outer).  The stiffness force is the only function of the 

mutual displacement vector of the two rings and it is computed by pre-multiplying the displacement vector 

by the stiffness matrix. The computed stiffness and damping forces are then summed up to achieve the total 

force applied to the center of the coordinate system of the rings. 

The Analytical model instead considers the contact and the kinematics between the rolling elements and the 

raceways. It solves the equilibrium of each rolling element to compute the reaction forces and moments to 

the given relative position of the rings for the stiffness force computation. This approach first calculates the 

local displacement of the inner ring with respect to the outer ring at each rolling element location followed 

by the equilibrium of each rolling element computed, and the summed-up forces become the reaction forces 

from the relative displacement.  

In the bearing model, four contact models (DRY and EHL Steady) with different geometrical conditions 

(either ball or roller contact) are available, and they are based on a Hertzian approach. The EHL Steady 

contact models, instead, also include the effects of lubrication. The effects of lubrication become more 

relevant as the rotational speed of the bearings. Once the analytical stiffness contribution is computed, the 

damping contribution is summed up with it to come up with a total force that is applied to the coordinate 

system of the rings. A more detailed description of this bearing model can be referred to [11] [12]. 

2.2.5 Simplification of complex boundary conditions 

In this transmission model, some boundary conditions involve a combination of complex connections and 

contacts. It is essential to create reasonably accurate but simplified boundary conditions for MBS to 

minimize the computation efforts but maintaining a high-fidelity level. First of all, the ball bearings (A, B 

in Figure 1) that support the input shaft are designed to have freedom in an axial direction within a gap 

between the shoulders of the housing. Special caution has to be made for this boundary condition when the 

gear train with helical gears transmits power by operating in both positive and negative directions. In this 

case, bushing elements with stiffness and damping can be inserted to emulate the contact between bearing 

outer race and housing shoulder. However, in this example model, as only positive direction ramp-up 

operation is performed, the simpler way of defining the boundary condition is taken by constraining the 

outer race of bearing B in the axial direction while allowing the axial DOF freedom to the outer race of 

bearing A against housing shoulders. The mounting condition for bearing C and D is set identical to the one 

for bearing A and B. 

One complex boundary condition to be noted is a multi-directional play of the gear 2 that is assembled to 

the shaft with a needle roller bearing with radial clearance, where gaps are present at both sides of the gear 

2 against the neighboring components such as synchronizer hub and gear boss as seen in Figure 3(a). When 

gear 2 is engaged to the synchronizer hub via a loosen fit spline connection, the torque from the gear 1 is 

transmitted to the output shaft. From this mechanical engagement, the only torsional direction along the z-

axis (axial direction) is constrained while still allowing gear 2 to be shifted with a tilting motion as seen in 

Figure 3(b). This tilting motion is expected to alter the gear meshing condition in operation resulting in large 

fluctuation in gear contact forces that will affect the system dynamic behavior. For building up the simplified 

boundary condition to accommodate this tilting effect, the following modeling methods are used for each 

model described in Table 2. 
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 Model-1:  

A fixed joint that does not allow the tilting motion of gear 2 is used for the baseline modeling. 

 

 Model-2:  

A standard bearing of 6DOF stiffness is used. In this case, neither the radial gap of the needle roller 

bearing is considered nor are the side contact boundaries implemented while a tilting motion is 

simply emulated. To restrict the axial motion and torsional direction constraint, a fixed joint is added 

while allowing other DOFs free besides these two directions (axial and torsion). 

 

 Model-3 to 6:  

An analytical bearing element is used to include radial clearance with bearing inner geometry 

information. Secondly, to bound the gear 2 within the gabs on both sides, the analytical contact 

element (“sphere to extrusion”) has been employed that computes Hertzian contact deformation as 

seen in Figure 3(c). The contact elements between several spheres along the circumference of the 

gear body and the plate on both sides are employed to efficiently model this specific boundary 

condition instead of using FE contact elements. It is noted that that enough sphere bodies need to 

be used to avoid large harmonic fluctuation from the discrete nature of contact on individual sphere 

during the shaft rotation (e.g. 36 elements per each side). Lastly, since the combination of the 

number of spheres and diameters of them influences the amount of the axial displacement in contact, 

the combined configuration is important. 

 

 

Figure 3: Radial and axial gap constraints 

Regarding the boundary condition that has several bolted connections between the differential case and gear 

4, firstly a detailed deflection analysis has been conducted to understand the load path and deformed shapes 

of the differential case as a reference to the simplified model. As seen in the left side of the image in Figure 

4, the differential and gear body structures are represented by FE elements with bolted connection boundary 

conditions between them. The preloading amount is 15 kN at a total of 12 number of bolted connections at 

the circumference. In addition, surface contact elements are implemented at the interface of two components, 

and bolts are attached to the structure by node sharing around threads and head regions. To simply the model 

to avoid these FE contact elements and bolted preloading condition, RBE2 elements are constructed at each 

bolt holes for both components. These individual center nodes of RBE2 elements at each hole are merged 

to another center node that is positioned in the centerline of the component rotational axis as seen in the 

right side of the image in Figure 4. The RBE elements to this new center nodes are mixtures of RBE2 and 

RBE3. Besides, the numbers marked on the left side of the image describe DOFs that are set to rigidly 

constrained among 6DOF joints. (1, 2, 3 represent each DOF of displacement and 4, 5, 6 does each DOF of 

moment) 
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Figure 4: Model simplification to represent bolted connections 

 

3 Result and discussion 

Multibody simulations for the entire set of models listed in Table 2 are performed in a sequence of increasing 

levels of complexity, and the corresponding bearing force data are stored for further analysis. As mentioned 

earlier, a variable sampling time scheme is used in this simulation to better preserve the frequency resolution 

through different shaft rotating speeds, also resulting in a smaller size of data. The raw signals need to be 

resampled to create a constant time step for FFT analysis. To ensure an unbiased comparison between the 

results obtained from the models, the spectrogram plots are computed using the same set of processing 

parameters, such as averaging windows, frequency resolution, etc. The frequency range of interest is set up 

to 2000 Hz to ensure the presence of gear meshing orders (till the 4th harmonics) of the second gear pair. 

A selected set of the spectrograms obtained from the 6 different fidelity models are presented in Figure 5. 

These plots correspond to the reaction forces at the selected bearing location. The notation “G” seen in 

Figure 5 (1) indicate gear meshing orders. The first number in this notation expresses the gear pair, and the 

second number indicates the harmonic meshing number. For example, “G2.1” indicates the first meshing 

order of the 2nd gear pair (gear 3 and 4). 
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Figure 5: Spectrograms at bearing D in Model 1 to 6 by speed run-up simulations 

In addition to the spectrogram plots, a linearization analysis is performed in Simcenter 3D Motion to identify 

the most dominant mode shapes and resonance frequencies of the entire assembly (computed as eigenvalues 

and eigenvectors of the system). Mode shapes are inspected to see if there are specific modes that can 

influence the shaft misalignments resulting in gear excitation force increase. It is reported that the gear tilting 

(out of plane of action) tends to alter the peak to peak TE values while this alteration in TE is less important 

in operating conditions where center distance changes [13].  

Figure 6 shows some mode shapes obtained in the linearization step at 339, 429, and 698 Hz respectively, 

from Model-6 that has the highest fidelity level among the models in this study. The modes shapes present 

usually a combined deformation scheme of all components, but at these frequencies, the emphasis is on the 

relative deformation of the bearings. It can be observed that (1) the radial modes at bearing A, B, C and D 

(deep groove ball bearing), and (2) axial mode in bearing G and H in combination with (3) output shaft 

bending and (4) housing deformation are present. They can influence the gear meshing condition resulting 

in large bearing force amplification from resonances. In more complex modes such as the one observed at 
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698 Hz, the differential case and housing structures are both deforming and contributing to the system 

vibration. 

 

 

Figure 6: System eigenmodes of interest 

The combination of spectrogram plots and the modal parameters obtained from linearization analysis allows 

one to have a detailed understanding of the vibration sources and resonances in the system. These plots are 

usually inspected to check whether the harmonics of (gear tooth) meshing frequencies and bearing ball 

passing frequencies fall into the natural frequency regions of the system. The excitation frequencies caused 

by the gear meshing order increase are shifted to the higher frequencies as RPM increases. Any crossing of 

natural frequencies with the above-mentioned meshing order lines will result in a significant increase in 

component excitation level. 

The interpretation of the run-up simulation results for each case are as follows: 

 Model-1 (baseline):  

This model only comprises rigid bodies and joints (instead of bearings) for all components. Due to 

the time-varying gear mesh stiffness in the contact model, it shows very clear multiples of gear 

meshing harmonics without any resonances in the frequency range of study. These orders linearly 

increase in frequency axis with increasing rotation speed. The tonality content is referred to as 

“whine” and it is perceived as unpleasant noise from the gearbox without resonances. The 

magnitude of each meshing order is gradually increasing due to the increase in input energy as speed 

ramps up under a constant torque. 

 

 Model-2:  

It is similar to the Model-1 except for the needle roller bearing is described by a standard bearing 

element containing 6 by 6 stiffness values (and damping) to allow the tilting motion of gear 2. 

Although this needle roller bearings have flexibility, the resonance is not visible within the 

examined frequency range. Note that there are sidebands detected around the gear meshing order 

lines. They seem to be pronounced due to the amplitude modulation of the gear excitation forces 

resulted from the unstable tilting motions in out of plane of action of helical gear meshing. 

 

 Model-3:  

The simple bearing element that is used in Model-2 is replaced with an analytical needle roller 

bearing and the side boundary condition at gear 2 is represented by an analytical contact element. 

Due to this model change, some additional sidebands around the gear meshing order are observed, 

which are mainly caused by tilting motions of gear 2. However, no noticeable resonances are visible 

is the plot, since all rigid shafts are supported by means of joints. 
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 Model-4: 

All revolute joints in Model-3 have been replaced by analytical bearings. Therefore, rich harmonics 

of bearing ball passing orders are observed, and shaft orders become distinct due to the shaft 

fluctuation on the flexible bearings. Also, an amplification of the meshing harmonics from the 

resonance is observed around the frequency region 600-800 Hz. 

 

 Model-5:  

A flexible body model is introduced for the differential case to increase the system complexity. A 

wider range of natural frequencies is observed in the spectrogram. The crossing of these frequencies 

with the gear meshing orders and bearing ball passing orders results in resonated amplitudes. 

 

 Model-6:  

Rigid shafts and the housing are replaced with flexible bodies to further increase the system 

compliances. As most major bodies in the system become flexible with structural damping, the 

overall magnitudes of the harmonic orders are reduced. More system natural frequencies are visible 

in the lower frequency range compared to Model-5. In a range of 300-400 Hz, a large amount of 

amplification of the meshing harmonics are visible, and it is expected that a considerable amount of 

excitation forces in 2nd gear pair (gear 3 and 4) are transferred to the housing through the connected 

shaft and bearings, making the whining noise pronounced. 

Figure 7 shows the order cut plot of the 1st and 2nd meshing order in gear pair 1 (G1.1, G1.2). It compares 

the amplitude of bearing forces at the specific meshing orders between Model 4 and 6. The peak values 

during the speed run-up are found at different locations and the overall magnitudes are different. Since 

Model-6 has more system compliance, the resonance frequencies tend to be shifted to the lower frequency 

range, and peak magnitude becomes lower due to the added structural modal damping. 

 

 

Figure 7: Gear pair-1 meshing order cut comparison (Model 6 vs. Model 7) 
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4 Conclusions 

In this study, several MBS models with different levels of complexity have been created for the second stage 

gear train of the example manual transmission. The model build-up starts from rigid bodies and joints to the 

high-fidelity model having full flexible structural components. All multibody models are simulated using 

the Simcenter 3D Motion software with the same operating conditions: The input ramp-up speed, loading 

conditions as well as gear contact models are identical for all modeling cases. As the complexity level 

increases, more detailed joints and boundary conditions are implemented, and the rigid bodies are replaced 

by flexible bodies. The vibration signals obtained from each model are compared by generating spectrogram 

plots at bearing D position.  

The effect of adding more flexible bodies and complex boundary joints to the transmission system model is 

observable in the results. A progressive way of defining model fidelity can be helpful to understand which 

components and boundary conditions are required to consider in the analysis of a specific dynamic behavior 

of interest. It provides an insight into the modeling techniques required for practical uses in the field of 

transmission development to minimize the computational effort. 

Future work can be considered as creating a higher fidelity model that replicates more realistic multi-

attribute phenomena such as the influence of lubrication films in gear and bearing contact, lightweight gear 

body consideration, and gear body dynamic flexibility. Also, it should be interesting to see the bearing 

preloading and clearance effects to the system response. Once efficient models that fully represent 

transmission systems are built, they can be used for the system-level design explorations for the gear 

transmission. 
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Abstract 
A Bond Graph model for a light business aircraft and its brake system has been developed. The dynamic 

response of the aircraft is analyzed with two degrees of freedom considering it as a rigid body. Dual stage 

servo-valves, the hydraulic tubing and hoses, and brake assemblies behavior are considered on the analysis. 

The simulations are run using 20-Sim® software. Braking performance efficiency is assessed considering 

three different methods: Torque Method (AC 25-7D), Stopping Distance Efficiency and Developed μ 

Efficiency Methods (SAE AIR1739B). For each method, an On-Off pressure and slip control technique is 

implemented. The analysis of the results provides key insights for a better correlation between aircraft 

braking performance top level requirements and brake system specification. Therefore, this paper supports 

system and performance engineers on the definition of more accurate requirements on the aircraft early 

design phases. 

1 Introduction 

Compliance demonstration to authorities’ regulations requirements (FAA, EASA, TCCA, etc.) normally 

requests A/C braking performance tests [1]. In order to reduce the flight test campaign, system development 

lead time and costs, mitigate risks and better predict braking performance, A/C braking dynamics modeling 

and simulations are performed. The A/C and brake system integrated model is tuned and optimize so the 

braking performance, comfort and stability requirements are assessed over a broad range of runway 

conditions (dry, wet, contaminated, etc.). Therefore, modeling and simulation are crucial for anticipating 

undesired system behaviors and requirements noncompliance on the early phases of the A/C development. 

However, these are only tools that if applied to improper requirements definition may not lead to the 

stakeholders needs. Therefore, it is decisive to properly correlate the A/C braking performance requirements 

with the brake system requirements specification. 

The present work evaluates the brake system performance considering three different methods, one per AC 

25-7D [1] and two per SAE AIR1739B [2], in dry runways considering an On-Off control technique. This 

analysis is conducted adopting as object of study the brake system of a light business jet. It is modeled 

applying the Bond Graph (BG) methodology, using basic elements, junctions and sources. Models and 

simulations are performed using 20-Sim® software. Although brake system models are known, here it is 

proposed to elaborate the bond graph representation of the complete brake system in order to detail the 

energy exchange among its components. Additionally, the analysis and comparison between different 

performance evaluation methods will provide important insights for system and performance engineers on 

integrating A/C and System requirements at early design phases of its development. Furthermore, this study 

may also provide some guidelines to the Modeling and Simulation community on brake system modeling 

using BG, which can, later on, be implemented in different simulation software tools, such as Amesim® or 

SimScape®. 
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2 A/C and System Modeling 

The analyzes were conducted adopting as object of study a light business jet, with tricycle configuration, 

one wheel per MLG, one wheel on NLG, low wing design and two fuselage-mounted podded turbofan 

engines. Only the wheels located on the MLG fit brakes. 

The modeling of the A/C and brake system dynamics used the Bond Graph (BG) methodology. BG consists 

in a compact graphical representation of the energy interactions and exchanges that occur in the components 

of a system, and can be further used in the computational simulation models. [3]. 

Basic components, such as, Inductor/Inertia (I), Capacitor (C), Resistor (R), Source of Effort (Se), 

Transformer (TF) and Gyrator (GY), modulated elements, e.g., Modulated Resistor (MR) and Modulated 

Source of Effort (MSe), and multiple-ports components, for instance, 0 and 1 Junctions, were used for 

modeling the A/C and brake system components. [4, 5] 

The integrated model is split in three main sub-models for a better understanding: A/C Model, Brake System 

Model and Wheel-Tire Model. Sections 2.1 to 2.3 detail each sub-model. 

2.1 A/C Model 

The analysis assumed a rigid airplane with 2 degrees of freedom, namely vertical, y, and horizontal, x. 

Figure 1 illustrates the multiple forces acting on the airplane: Lift (L), Aerodynamic Drag (D), Weight (W), 

Braking Force (Fb), Rolling Resistance Force (Frr) and engine Thrust (T). 

The aircraft body rotation during braking, airplane pitching down, leading to a weight transfer to nose wheel 

was not considered. 

 

  

Figure 1: Acting forces at A/C during braking stop. 

Braking force calculation is detailed in Section 2.3. Although the NLG has no braked wheels, it was 

considered the tire-runway rolling friction force acting on it. 
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The A/C dynamics on the x axle was modeled separately from its dynamics on y axle, although the models 

were coupled afterwards. The separation was done in order to better detail the forces acting in each direction. 

Therefore, the A/C BG model on the x direction is shown in Figure 2 (a). Aerodynamic Drag (D), Rolling 

Resistance Force (Frr) on NLG and engine Thrust (T) are represented by MSe’s. Aircraft mass was modeled 

by a simple I element. 

Aerodynamic Drag is modulated by the A/C speed. Thrust is dependent on gross reverse thrust (Frg), reverse 

effectivity (E1), ramdrag (Rd) and interference loss correction factor (E2), while Rolling Resistance Force by 

the normal force on the NLG (NNLG). 

Braking Forces, on the other hand, are modeled as MRs, being regulated by the normal force on the 

respective MLG (NMLG) and the tire-road friction coefficient (μ). The aforementioned forces are obtained 

via Eq. 1 to 4. [6] 

 𝐷 =  
1

2
𝜌𝑉2𝑆𝐶𝐷 (1) 

 𝑇 = (𝐹𝑟𝑔𝐸1 + 𝑅𝑑)𝐸2 (2) 

 𝐹𝑟𝑟 =  𝑁𝑁𝐿𝐺  𝜇𝑓𝑟 (3) 

 𝐹𝑏 =  𝑁𝑀𝐿𝐺  𝜇 (4) 

  

(a)                                                    (b) 

Figure 2: BG model for A/C x and y axles 

Similarly, the A/C BG model on the y direction indicates the Weight Force modeled as a Se, proportional 

to gravitational acceleration, while Lift as a MSe modulated by the A/C speed, see Figure 2 (b). Aircraft 

mass was modeled by a simple I element. Lift is calculated as per Eq. 5. 

A load distribution of 85% on the MLG and 15% on the NLG was considered on the calculation of Fb and 

Frr, see Eq.6. The load on the MLG was equally distributed on each MLG leg. 

 𝐿 =  
1

2
𝜌𝑉2𝑆𝐶𝐿  (5) 

 𝑁 = 0,15 𝑁𝑁𝐿𝐺 + 0,85 𝑁𝑀𝐿𝐺  (6) 
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2.2 Brake System Model 

The Brake System architecture is shown in Figure 3. Pilot braking command is applied via tilting movement 

of the brake pedals, which is equipped with LVDT sensors. The electrical signal generated by the LVDT 

and associated to the pedal deflection is transmitted to the controller. It processes this pilot input and sends 

the commanded pressure electrical signal to the servo valves. In turn, they modulate the pressure applied to 

the brakes. Each servo valve is connected to one braked wheel. 

Each wheel is fitted with a speed transducer that provides the controller with the appropriate inputs for the 

antiskid function. This function addresses safety and performance concerns. First, it avoid wheel to lock 

and, consequently, tires to burst. Secondly, it modulates brake pressure based on the control technique 

implemented on the controller (see Section 3). [7,2] 

 

Figure 3: Brake system architecture and its main components 

Since this study focus on the A/C braking performance, and the flight test maneuver associated to this 

evaluation requires full pedal application, the modeling for the pedal mechanism and LVDTs electrical 

characteristics were not considered. Pedal application was modeled directly as the current input to the servo 

valves torque motors. Therefore, special attention is given to this component. 

The servo valves are a two stage type, being the first stage pressure controlled by the flapper displacement, 

and the second stage by the spool displacement. Three hydraulic ports fit the valve. Pressure supply, return 

and service port. The servo valves are hydraulic supplied by the A/C hydraulic system (3000 psi). See Figure 

4 for a detailed schematic of the servo valve. 
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Figure 4: Servo valve sub-parts 

Figure 5 illustrates the BG representation for the torque motor and flapper rotational movement. The torque 

motor was modeled similarly to a DC motor model, comprising a MSe (Varm) modulated by the pedal 

command (Pedal_Input), the armature resistance (R1) and inertia (I1). The flapper dynamics was modeled 

considering its rotational inertia (I2), the viscous resistance (R2) and the spring compliance (C2). An 

additional compliance was added to represent the spring stopping point (C_flapper_stop). 

Since the torque motor generates a torque proportional to the current, this energy exchange was represented 

by a GY which constant is associated to Kt (motor torque gyrator constant). 

 

Figure 5: BG model for the Torque motor and Flapper 

Figure 6 shows the first and second stage model of the servo valve. It comprises the hydraulic and 

translational mechanical characteristics of the valve, including the nozzles and spool dynamics. 

The flapper position modulates the resistances MRs (MRf1 and MRf2) associated to the nozzle-restricted 

area. 
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Figure 6: BG model for the 1st and 2nd stage of the servo valve. 

The flow through these resistances are obtained accordingly to Eq. 7 to 10, as a function of the orifice flow 

coefficient, Cd,v, the nozzle unblocked flow areas, Anz1 and Anz2, flapper displacement, xfl, hydraulic fluid 

density, ρ, and the pressure difference between the points of interest [8]. The nozzle unblocked flow areas 

are considered circumferential. Therefore, proportional to the nozzle diameter, dn, and to the total flapper 

allowed displacement, Lfl. 

 𝑄𝑛𝑧_𝑠𝑝 = 𝐶𝑑,𝑣𝐴𝑛𝑧1𝑥𝑓𝑙√ 
2

𝜌
∆𝑃  (7) 

 𝑄𝑛𝑧_𝑟𝑝 = 𝐶𝑑,𝑣𝐴𝑛𝑧2𝑥𝑓𝑙√ 
2

𝜌
𝑃𝑐ℎ1  (8) 

 𝐴𝑛𝑧1 = 𝜋𝑑𝑛𝑥𝑓𝑙 (9) 

 𝐴𝑛𝑧2 = 𝜋𝑑𝑛(𝐿𝑓𝑙 − 𝑥𝑓𝑙)  (10) 

The chamber volume of the first stage was represented with a capacitor element C (Cf1). 

The pressure (effort) acting in the spool chamber side 1 (Spool CH_s1) generates a force (effort) which was 

modeled via a transformer TF (Ac1). 

The spool translational mechanical dynamics considered its inertia (I5), a viscous friction (R4) and the spring 

(C6) located on spool chamber side 2 (Spool CH_s2). The spool stop was modeled with a C element 

(C_spool_stop). The movement of the spool (force transmitted) leads to a pressure change on the Spool 

CH_s2, represented by a transformer TF (Ac2). The volume on Spool CH_s2 represented by a capacitor 

element C (Cf2). The spool internal drilling connects the Spool CH_s2 to the chamber connected to the 

brake service port (Spool CH_svc). They were modeled considering a resistance R (Rint) and a capacitor C 

(Cfb) element, respectively. 

The last but not the least, the spool position is the input for the modulated resistances, MRs, associated to 

the orifices that connects the supply pressure to the service pressure (MRf3), and the service pressure to the 

return pressure (MRf4). 

Similarly to the MR at the first stage of the servo valve, the flow through MRf3 and MRf4 can be calculated 

based on similar equations as the Eq.7 and 8. However, the associated area will be as per Eq. 11, in which 

w is the width of the rectangular orifice formed by the spool displacement, xspl. 
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 𝐴𝑠𝑝1 = 𝑤 𝑥𝑠𝑝𝑙  (11) 

The hydraulic tubes and hoses that connect the servo valve to the brake piston housing were modeled by a 

resistor (Rh) and an inertia (Ih). The capacitor element (Cfbd) represents the volume associated to the 

displacement of the brake pistons. See Figure 7, for additional details. 

 

Figure 7: BG model for hydraulic tubing and brake assembly. 

The aforementioned elements constitutive equations were calculated according to Eq. 12 to 14, in which µf, 

represents the absolute viscosity of the hydraulic fluid, Lhl and Dhl, the length and diameter of the hydraulic 

line, respectively, and ρ, the hydraulic fluid density [8]. Ahl, represents the tube cross sectional area, while 

V indicates the chamber volume and β the bulk modulus. 

 𝑅ℎ = (
128𝜇𝑓𝐿ℎ𝑙

𝜋𝐷ℎ𝑙
4 )  (12) 

 𝐼ℎ = (
𝜌𝐿ℎ𝑙

𝐴ℎ𝑙
)  (13) 

 𝐶𝑓𝑏𝑑 = (
𝑉

𝛽
)  (14) 

2.3 Wheel Model and Slip Curves Characterization 

The A/C deceleration due to the brake application is the result of the force generated by the interface between 

the tire and the runway (Fb), as a consequence of the torque applied to the brakes (Tb). Figure 8 indicates the 

forces and torques acting on the wheel during a brake application. 

 

Figure 8: Wheel braking dynamics. 
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The BG model presented in Figure 9 indicates the wheel rotational inertia and brake torque represented as 

an inertia element (Jwheel) and a MSe (Brake_Torque), respectively. The wheel translational speed is 

obtained by the product of the wheel angular speed and the wheel rolling radius (Rr), which is modeled as a 

TF element. 

 

Figure 9: BG model for wheel dynamics. 

The brake torque (Tb) is proportional to the effective brake pressure (Pbrk) and to the constructive and 

geometric characteristics of the brake assembly (disks friction coefficient (μbdisk), effective brake radius (reff), 

number of disks, etc.) [9]. No brake torque limited characteristic was considered on the analysis. 

Brake torque is obtained according to Eq. 15. [10] 

 𝑇𝑏 =
2

3
 𝜋 𝑃𝑏𝑟𝑘  𝜇𝑏𝑑𝑖𝑠𝑘 𝑟𝑒𝑓𝑓

3 (15) 

The resultant braking force (Fb) is proportional to the friction coefficient as indicated in Eq. 16. On the other 

hand, the friction coefficient (μ) is a function of the slip ratio (s), defined per Eq. 17. It is a result of tire 

(thread) elastic deformation during braking and the reduced tire circumference [11]. The wheel translational 

speed is indicated by vw and the A/C translational speed by v. Wheel in free rolling, s=0, whilst wheel in 

locked state, s=1. 

 𝐹𝑏 =  𝜇(𝑠) 𝑁  (16) 

 𝑠 = 1 − 
𝑣𝑤

𝑣
  (17) 

The analysis was conducted taking a singular μ x s curve, for a paved and dry runway. An example of this 

curve is shown in Figure 10, in which the main characteristics are the slip for maximum friction coefficient 

(sμ_max) and the friction coefficient for locked wheel (μskid). The sμ_max and the μskid for the simulations 

performed on the present study are 0.2 and 0.7, respectively. The maximum friction coefficient, μmax, is 1. 
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Figure 10: μ vs slip curve for different runway conditions. [18] 

3 Brake System Control Technique 

The brake system control technique applied on the current study is an On-Off type. Brake pressure is applied 

until wheel locking is sensed (slip = 1). By releasing brake pressure, wheels are able to spin back up. Brake 

pressure is re-applied as soon as the system identifies that the wheel speed reached a value close to the A/C 

speed (or ground speed). This cycle is repeated throughout the braking stop or until the pressure applied to 

the brakes is not sufficient to cause a skid condition. An example of the wheel speed and brake pressure 

profile for an On-Off system response on a dry runway is presented on Figure 11[1]. 
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Figure 11: On-Off System response on a dry runway [1] 

4 Performance Analysis Methods 

Anti-skid efficiency evaluation used three different methods: Torque Method proposed by AC 25-7D [1], 

Stopping Distance Efficiency and Developed μ Efficiency, both proposed by AIR 1739 [2]. Table 1 

summarizes the analysis conditions. The evaluation was applied to dry paved runway.  

 

Table 1: Braking Performance Analysis Conditions. 

Simulation Case #1 #2 #3 

Braking Performance 

Analysis Method 
Torque Method AC 25-7D [1] 

Stopping Distance Efficiency  

SAE AIR1739B [2] 

Developed μ efficiency  

SAE AIR1739B [2] 

 

Torque Method (TM), defines that the anti-skid system efficiency is determined by the ratio of the 

instantaneous brake force integral to the peak brake force integral, as shown in Figure 12, and detailed in 

Eq. 18. 

 

Figure 12: Instantaneous Brake Force and Peak Brake Force. Torque Method. [1] 

 𝜂𝐴𝑆𝑇𝑀
=  

∫(𝑖𝑛𝑠𝑡𝑎𝑛𝑡𝑎𝑛𝑒𝑜𝑢𝑠 𝑏𝑟𝑎𝑘𝑒 𝑓𝑜𝑟𝑐𝑒)  𝑑𝑠

∫(𝑝𝑒𝑎𝑘 𝑏𝑟𝑎𝑘𝑒 𝑓𝑜𝑟𝑐𝑒)  𝑑𝑠
 * 100  (18) 

On the other hand, Stopping Distance Efficiency (SDE) is the ratio of the minimum distance required by the 

A/C to stop for a given condition (Xperfect) and the actual distance required to stop (Xactual). The minimum 
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distance is obtained considering the maximum available tire-runway friction coefficient during the whole 

stop. The actual distance is the one obtained with the anti-skid system normally operating. Eq. 19, defines 

the anti-skid efficiency for this method. 

 𝜂𝐴𝑆𝑆𝐷𝐸
=  

𝑋𝑝𝑒𝑟𝑓𝑒𝑐𝑡

𝑋𝑎𝑐𝑡𝑢𝑎𝑙
∗ 100  (19) 

Developed μ Efficiency (DME) method is defined by the ratio of the average friction coefficient actually 

developed during the stop and the average available friction coefficient [2], as indicated on Eq. 20 and 21. 

In the latter, S indicates the total stopping distance, vi the instantaneous velocity and μi the instantaneous 

friction coefficient. 

 𝜂𝐴𝑆𝐷𝑀𝐸
=  

𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒−𝑤𝑒𝑖𝑔ℎ𝑡𝑒𝑑−𝑎𝑣𝑒𝑟𝑎𝑔𝑒 𝑎𝑐𝑡𝑢𝑎𝑙 𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡

𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒−𝑤𝑒𝑖𝑔ℎ𝑡𝑒𝑑−𝑎𝑣𝑒𝑟𝑎𝑔𝑒 𝑎𝑣𝑎𝑖𝑙𝑎𝑏𝑙𝑒 𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡
∗ 100  (20) 

 𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 − 𝑤𝑒𝑖𝑔ℎ𝑡𝑒𝑑 − 𝑎𝑣𝑒𝑟𝑎𝑔𝑒 𝜇 =  
1

𝑆
∫(𝜇𝑖𝑣𝑖) 𝑑𝑡  (21) 

5 Results 

Simulations are run on 20-Sim® software, version 4.8. Modified Backward Differentiation Formula 

integration method is used in order to capture the servo valve and A/C dynamics. 

Brake system servo valve model validation is done by adjusting its components characteristics in order to 

match its static performance curve (Current x Pressure). Figure 13 shows the comparison for the real valve 

and the simulated results. 

 

Figure 13:. Servo valve Current vs Pressure curve (static performance). 

Aircraft dynamics is analyzed considering the forces acting on it during brake application with the On-Off 

control system activated. Figure 14 and Figure 15 show a braking stop maneuver with A/C initial speed at 

50 m/s (97 knots). Brake torque, brake friction force, as well as slip and associated μ values are presented. 

The pressure level shown in Figure 15 indicates that the A/C is not brake torque limited. 
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Figure 14: A/C dynamics during brake application 

 

Figure 15: A/C and Wheel Speed Profile and Instantaneous Brake Pressure (On-Off control) 

Torque Method (TM) is applied according to the definition provided in Section 4. Figure 16 indicates the 

instantaneous brake force and the peak brake forces, for both RH and LH side. A zoom in the curves for RH 

side evidences the brake force alleviation due to On-Off control. The resultant anti-skid efficiency based on 

the Torque Method is 73.87%. 
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Figure 16: Instantaneous Brake Force and Peak Brake Force for RH and LH side. 

Stopping Distance Efficiency (SDE) is calculated according to the Eq. 19 provided in Section 4. The 

minimum distance required by the A/C considered that during the whole braking stop maneuver the applied 

tire-runway friction coefficient was equal to μmax defined in Section 2.3. Therefore, the braking distance is 

reduced, as indicated in Figure 17. It shows the differences in the A/C speed and A/C braking distance 

profile, for the perfect μ and the On-Off control system active approaches. The anti-skid efficiency based 

on SDE Method is 76.93%. 

 

Figure 17: Stopping Distance for the minimum distance required by the A/C (Xperfect – perfect μ) and the 

actual distance stop (Xactual – On-Off control active). 
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Developed μ Efficiency (DME) method is calculated according to the Eq. 20 and 21 provided in Section 4. 

Instantaneous μ is obtained based on the μ x slip curve described in Secton 2.3 and Figure 10. The anti-skid 

efficiency based on DME Method is 74.72%. 

 

Figure 18: A/C Speed, Distance and Instantaneous friction coefficient actually developed during the stop. 

Table 2 summarizes the braking system efficiency for the different methods considered during the study. 

 

Table 2. Braking Performance Analysis Conditions. 

Simulation Case #1 #2 #3 

Braking Performance 

Analysis Method 
Torque Method AC 25-7D [1] 

Stopping Distance Efficiency  

SAE AIR1739B [2] 

Developed μ efficiency  

SAE AIR1739B [2] 

Braking System 

Efficiency [%] 
73.87 76.93 74.72 

 

All methods are consistent indicating that the applied On-Off control technique results in a reduced braking 

system efficiency, around 75%. As expected, this value is considerably lower than the maximum realistic 

efficiency for a fully modulated control technique, averaging around 95% [2]. 

Nevertheless, the comparison among the three different methods indicates the importance of correctly and 

consistently defining the brake system efficiency requirements on early design phase. If the interest is to 

obtain a shorter stopping distance, it would be recommended to define the efficiency based on the Torque 

Method, since it results in the lower value of efficiency for the same stopping distance. 
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6 Conclusions 

The anti-skid efficiency based on three different methods were analyzed for a light business jet, with tricycle 

configuration, low wing design and two fuselage-mounted podded turbofan engines. The airplane dynamics 

considered it as a rigid body with 2 degrees of freedom. 

In general, all methods provided consistent results indicating that the applied On-Off control technique 

resulted in a reduced braking system efficiency, around 75%. When compared to maximum realistic 

efficiency for a fully modulated control technique, averaging around 95% [2], this value is considerably 

low. 

However, when the methods are compared among each other, it is evidenced the difference in the obtained 

brake system efficiency, ranging from 73.87% (Torque Method) to 76.93% (SDE Method). 

It indicates the importance of properly defining brake system efficiency requirements on early design phase. 

Since the A/C system designers strive to achieve A/C shorter stopping distances, it is recommended to define 

the efficiency based on the appropriate method. The obtained results indicate that the Torque Method leads 

to a conservative approach, since it provides a lower value of braking system efficiency for the same 

stopping distance. 

Nevertheless, it is important to highlight that, although the focus of the current study is the brake system 

performance, some other requirements and constraints during the development of the brake system should 

be considered, such as comfort and stability. 
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Abstract
This paper describes the interactions between different modes of a nonlinearly coupled cyclic system with
three masses per segment, subject to a multi-harmonic excitation. The nonlinear coupling is based on the
Coulomb friction law to enable the energy transfer between different modes. The calculation of the friction
force further operates without any additional state and can be determined solely by the modal deflections. The
aim is to demonstrate the phenomenon of multi-resonances and study the consequences on the energy content
of the different modes. Special attention is paid to the relationship of the underlying eigenfrequencies. By
varying the physical mass and stiffness parameters, different scenarios are created and investigated. In the
examples shown, the case of two interacting modes is referred to understand the basic physical principles.

1 Introduction

In linear theory, the structural modes are orthogonal of each other. Due to nonlinearities, internal resonances
occur, so that an individual investigation is no longer permissible [1]. In addition to the frequencies that are
excited as a result of an external force, multiples of these frequencies are also activated. In the case of a
multi-harmonic excitation, further combinations of the two excited frequencies are added [2].

Resulting from this the location of the individual eigenfrequencies has an influence on the overall result. If
the resonance regions of several excited modes are in the same range, multi-resonances can appear. This
paper concentrates on the investigation of the phenomenon. It is shown how the energy content of individual
modes as well as the energy dissipation changes due to the multi-harmonic excitation. With the knowledge
gained in this way, it is possible to develop scenarios in which the energy of one mode becomes smaller as a
result of the multi-harmonic excitation and flows into other modes which, due to their properties, pose lower
structural-dynamic hazards.

Here, the established method such as the Harmonic Balance Method (HBM, [3, 4, 5, 6]) in combination with
the Alternating Frequency/Time Domain Method method (AFT, [7]) and the elastic COULOMB-slider model
(ECS) are utilized for calculation. On the other hand, a new numerical calculation of the friction force for the
ECS is presented. No additional state is required for the friction displacement, so that only the deflections
are required. In order to generate a better understanding, a small number of degrees of freedom (DOF) are
applied, so that the influencing factors can be kept small. The evaluation of the multi-resonances is based
on the explanation of the energy flows in nonlinear systems [8]. Cyclic symmetric systems are considered in
this work [9].

First, the theory for the implementation of HBM and AFT is described. Afterwards, the internal resonances
are explained. In addition, a presentation of the model applied is given. This includes the ECS with the newly
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developed method, which makes it possible to calculate the friction force on the basis of the deflections. The
calculation of the energy content is also part of the theory.

Finally the simulation results are shown. This includes the first demonstration of the phenomenon within
cyclic symmetry using different examples and the parameter studies for the influencing factors such as damp-
ing, phase angle and the ratio of stick and slip phases.

2 Theoretical Model

The following section contains the theoretical foundations for the methods implemented in this paper. The
general equations for a nonlinear structural dynamic system of any order are established and solved. In
addition, the theory around the ECS is shown. Finally, the methods required for the evaluation of the energy
flow are presented.

2.1 Harmonic Balance Method

The general equation of motion for a discrete, heteronomous, nonlinear structural dynamic model is given
by

Mẍ + Cẋ + Kx + Fnl = Fex. (1)

M , C and K represent the real, symmetric, positive definite mass matrix, the viscous damping matrix and
the real, symmetric stiffness matrix. Fnl contains the nonlinear forces of the system. The right hand side Fex

includes periodic excitation forces. To solve Eq. (1) the HBM is utilized, with the multi-harmonic approach

x =

Nh∑

n=0

xn,c cos(nΩt) + xn,s sin(nΩt). (2)

Applying the Ritz-Galerkin method to Eq. (1) yields the well-known algebraic equations
(
K − (nΩ)2M

)
xn,c + nΩCxn,s + Fnl,n,c − Fex,n,c = 0 (3)

and (
K − (nΩ)2M

)
xn,s − nΩCxn,c + Fnl,n,s − Fex,n,s = 0 (4)

for each harmonic considered [4]. Therefore the nonlinear forces and the excitation have to be split into
their Fourier coefficients. The nonlinear forces Fnl are calculated using the AFT method by switching into
the time domain [7]. The solutions from the last frequency domain iteration step are transformed into the
time domain and inserted into the determination equation for the nonlinear forces. The time series obtained
provides the coefficients Fnl,n,c and Fnl,n,s required for Eq. (3) and Eq. (4).

In addition, path continuation is implemented so that the frequency is part of the solution process, e.g. to
recognize overhangig branches. According to [10] or [11], the predictor-corrector method is implemented.

2.2 Internal resonances

The internal resonances of a system serve as the basis for the interactions of different modes [1]. Systems
with several discrete masses have several modes which are orthogonal in the linear case. When nonlinear
phenomena are implemented, this orthogonality is removed and energy flows between the modes [12]. For
this purpose, [2] handles the eigenfrequencies to demonstrate what kind of couplings can appear. Depending
on the chosen nonlinearity, certain internal resonances occur. For example, quadratic nonlinearities excite
couplings of two frequencies in the ratio

Ωi = 2Ωj . (5)
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This is proved numerically by an increase of the amplitude of the higher harmonics numerically by [13].
For systems whose order of non-linearity is not quadratic, other ratios are also possible. In addition to the
dependence of two frequencies, internal resonances also occur when several modes are combined. As an
example, [2] mentions a combination of three frequencies

Ωi = 2Ωj + Ωk (6)

for a cubic nonlinearity, which is numerically investigated by a two-degrees-of freedom system in [14]. The
influence of the resulting interactions between the modes can be seen both in the investigation of nonlinear
modes in [12] and in the occurrence of bifurcations in [15]. The consequences of these effects are disclosed
in [16] for different 1 : n-combinations on the basis of the resulting maximum amplitude. [17] examines the
influence of damping when the eigenfrequencies are not exactly commensurable.

2.3 Model for a bladed disk

The model applied is based on a generic academic example. A cyclic symmetric structure is assumed com-
prising three discrete masses per segment. The structure is demonstrated in Fig. (1). Here mi represents

m2

m1
k1

knl,2

k2

m3

k3

knl,3

knl,1

knl,4

... ...

Figure 1: cyclic segment (middle) with possible approximated structures in reality; left: dovetail root; right:
tip shroud and snubber coupling

a discrete mass and ki symbolizes the stiffnesses. The damping is not included in the Figure and is later
assumed as modal damping. The stiffnesses knl,i represent the ECS, which is depicted in subsection 2.4. In
order to obtain interactions with the relative motion, sliders 2 and 3 are designed for relative displacement
to the adjacent blade (like tip shroud and snubber coupling). The couplings to the environment, like sliders
1 and 4 are influenced by an absolut motion to represent for example a dovetail root. Applying a modal re-
duction (eigenfrequencies Λ, eigenvectors V from the linear sticking case and modal damping matrix Cmod)
and the utilization of the cyclic boundary conditions, Eq. (3) and Eq. (4) can be rewritten in modal domain
by

(
Λ− (nΩ)2 1

)
qn,c + nΩCmodqn,s + V TFnl,n,c − V TFex,n,c = 0 (7)

and (
Λ− (nΩ)2 1

)
qn,s − nΩCmodqn,c + V TFnl,n,s − V TFex,n,s = 0, (8)

with the vector of modal amplitudes q. The sticking case is chosen as the reference because the friction
conditions are closer to it than to the sliding case.
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2.4 Elastic Coulomb Slider

The elastic COULOMB Slider (ECS) is a model to compute a hysteresis loop of a friction oscillator [18].
Therefore a normal force N , a friction coefficient µ and a stiffness knl are implemented.

Using an additional quantity u, which describes the movement of the slider by the differential law

u̇ =

{
0, if ‖Fr‖ < µN

ẋ, else
(9)

the resulting frictional force can be calculated by

Fr = knl(x− u). (10)

When calculating the ECS, Eq. (10) and Eq. (9) can be replaced by a recursive equation:

Fr,i = Fr,i−1 + knl(xi − xi−1), (11)

where the subsequent condition

Fr,i =

{
Fr,i, if ‖Fr, i‖ < µN

µN · sgn (Fr,i) , else
(12)

allows the transition from stick to slip. This results in the same hysteresis loop as with the differential
formulation. Thus, only the previous force Fr,i−1 and the deflection xi−1 are required for the calculation. For
the first force Fr,1 initial values x0 and Fr,0 are necessary. With the AFT method applied here, the deflections
of the whole period are known, so that x0 can be calculated directly. The force Fr,0 can be determined by an
assumption, which is fulfilled with cyclical symmetric models: If the greatest deflection in terms of amount
is in sticking, sticking is present over the entire period. In the case of partial sliding, the largest deflection is
always in sliding. On the basis of this assumption, the force at the maximum is

Fr,0 =

{
knl · x0 if ‖knl · x0‖ < µN

µN · sgn (x0) else.
(13)

Since the friction force is periodic, just like the deflection, the start can be set to the largest deflection in
terms of amount, so that the above assumption can be utilized. An example is shown in Fig. (2).
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Figure 2: calculation of the friction force
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2.5 Calculation of the energy content

In order to be able to describe the influencing factors more precisely, a definition of the energy contained in
a mode and dissipated per friction branch is demonstrated.

To describe the energy flows the energy content of individual modes is applied. [8] deals with the question
how the energy flow between different modes can be influenced in a nonlinear system. In this way, energy
sinks1 can be determined, showing that the energy flow to one mode can be maximized and the energy flow
to another mode can be minimized [19]. Also examples of mistuning are applied with the energy methods
[20, 21]. Here parameter constellations are demonstrated where the energy is concentrated in one oscillation
mode. The resulting energy localization is described in [22] and [23] by the sum of kinetic and potential
energy using the modal description

Emode =
1

T

∫ T

0

1

2
qTΛq +

1

2
q̇T1q̇ dt. (14)

The directed energy transfer has been experimentally proven in structural dynamic systems by passive ([24,
25]) as well as active ([26]) energy absorbers. According to [27], the energy dissipation of the friction springs
is defined as

Ediss =

∫ T

0
µN(ẋ− u̇) dt. (15)

1In this paper the term energy sink describes the decrease of an energy content in the course of a frequency response function.
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3 Application

The results of the presented model are discussed in this section. At the beginning, the phenomenon of multi-
resonances is explained in general using a CAMPBELL diagram. Afterwards, a first case study is presented,
where different results are demonstrated to classify the energy content. Subsequently, the parameter studies
follow with the examples of different 1 : n and n : m resonance scenarios to obtain interactions between
the different modes. 53 segments are applied for the simulations. Exemplarily, Fig. (3) displays selected
eigenfrequencies and the case of a 1 : 3 resonance of two nodal diameters.
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Figure 3: 1 : 3 resonance in a campbell diagram

Due to the properties of cyclic systems there is a relationship between modes and frequency. In the cases
considered, the nodal diameter (nd) corresponds to the engine order. More details about it can be found
in [28]. The influence on the energy flow due to the internal resonances only occurs in nonlinear systems.
As a result of the friction, interactions with higher harmonics occur. Because of the internal resonances
another mode is excited near its resonance. This effect is intensified by the multiharmonic excitation. For the
parameter studies, the normal forces of the ECS two, three, and four are set to a high level, that full sticking
is present at these points. This ensures that the location of the non-linearity is known at all times and the
number of influencing factors is reduced.

Due to the chosen nonlinearity, the nonlinear force is an uneven function and only uneven multiples of the
excitation frequencies Ω1 and Ω2 and coupling frequencies

Ωi = l1 · Ω1 + l2 · Ω2 with |l1|+ |l2| = {1, 3, 5, ..} (16)

can appear [1]. The results presented are chosen in such a way that individual phenomena appear as isolated
as possible and overlaps of different phenomena are kept small.

Different combinations are selected. As 1 : n resonances, two different 1 : 3 resonances with similar modes
are selected (mode 1 from nd 2 in combination with mode 3 from nd 6 as well as mode 1 from nd 3 and
mode 3 from nd 9) to demonstrate the generalization of the results. Also, a 1 : 7 resonance (mode 1 from
nd 1 and mode 3 from nd 7) is selected to show the influence at higher combinations. The n : m resonances
appear with a combination of nd 5 (mode 1) and 9 (mode 2), which have a common higher harmonic, and a
3 : 4 resonance (nd 3 with mode 1 and nd 4 with mode 2), which has no common higher harmonic due to the
symmetry of the ECS. The values required for the individual cases can be found in the appendix. The modal
force Fmod is used for external excitation. It is applied for both excited modes.

For a better understanding, the results of the coupled nodal diameters 2 and 6 are displayed in Fig. (4) with a
frequency response function (FRF) of the physical and modal quantities as well as the phase angle between

2074 PROCEEDINGS OF ISMA2020 AND USD2020



the excitation and the answer due to the frequency. Besides, the logarithmic representation of the energy,
which is utilized in the further diagrams, is pointed out at the bottom right. The course of the dissipated
energy in the friction branch is not visible over the whole frequency range, because the start and the end is a
linear case and the energy is equal zero.
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Figure 4: analysis of a 1 : 3 resonance (nd 2 with mode 1 and nd 6 with mode 3); upper left: physical FRF;
upper right: modal FRF; bottom left: course of the phase angle; bottom right: energy content

The basis for the modes represented is the linear sticking case. Therefore, the energy contents of all modes
of the excited nodal diameters are displayed to intercept the effect of changes in the mode shape and to be
able to investigate energy transport between individual excitation orders. Due to the multi-resonance, there
is an energy sink in the resonance area A for nd 2. This is shown in all representations. In the physical
amplitudes, the amplitude for x3 decreases, since mode 3 of nd 6 only contains small deflections for these.
Also, the phase angle of the nd 2 decreases due to the resonance case of nd 6 and the dissipated energy in
the friction branch in this range decreases about several magnitudes to smaller values. This can be explained
by the interaction of the excited modes. Fig. (5) contains the values at the position of the ECS for the points
marked with a cross.

First, x1(t), as well as the nonlinear force, is dominated by the frequency of the nd 2, as can be seen in
the left diagram. As the frequency increases, the influence of the nd 6 grows and further local maxima and
minima arise, which are still too small to occur in the case of slipping (see middle diagram), so that there is
less friction in the system and the energy dissipation decreases. With further increase of the frequency, the nd
6 becomes more and more dominant, whereby both, the coordinate x1, and the nonlinear force, change (see
right figure) and altogether six friction phases arise. As a result, the influence of the nd 2 on the nonlinear
force decreases and the nd is excited less, resulting in the energy sink.
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3.1 Comparison of a multi-harmonic excitation with a superposition

To demonstrate the influence of multi-resonances, this subsection displays general interactions without pa-
rameter variation. The calculated frequency responses are displayed by three energies (the energy of the
smaller nd in black, the larger one in red, and the energy dissipation in blue). A superposition (q1 + q2) is
shown as dashed lines for comparison purposes. For each of the two excitations, a separate calculation is per-
formed and the amplitude curves are added taking the phase information into account so that the following
systems are solved:

Mq̈1 + Cq̇1 + Kq1 + Fnl = Fex,1 (17)

Mq̈2 + Cq̇2 + Kq2 + Fnl = Fex,2 (18)

Mq̈ + Cq̇ + Kq + Fnl = Fex,1 + Fex,2 (19)

The results of the five cases are presented in Fig. (6). In general, the differences occur mainly near the
resonance. The exception to this is the 3 : 4 resonance, where a combination occurs, that contains full
sticking for the case with excitation of the nd 3 (frequency range A). Due to the superposition, an increase in
the energy content occurs in this mode.

Besides, the n : m resonances contain differences in the energy transport to the other mode. There are
no interactions within a superposition, since the modes do not represent higher harmonics of each other.
The coupling leads to the effect that the relation between stick time and slip time changes, resulting in a
subcritical increase (see nd 9 in the lower right-hand picture, point B) and a supercritical decrease in energy
(see nd 4 in the lower left-hand picture, point C).

The multi-harmonic excitation causes coupling frequencies, which occur with the resonances of the corre-
sponding nodal diameters. An example of this is the 3 : 4 resonance in point D. One eigenfrequency of the
nd 8 (ωnd,8 = 4Ωnd,3 − 1Ωnd,4), which is located here, causes an energy sink for both nodal diameters.

The differences between the two cases of the 1 : 3 resonance are more devious. This can be explained by the
fact that the higher nd represents the first uneven higher harmonic of the smaller nd and more interactions
are possible. However, a comparison of the first resonance of the smaller nodal diameters reveals differences
that contradict a generalization based on the resonance situation. For the left case the nd 2 is higher for the
superposition case than for a multi-harmonic excitation (point E). In the upper right diagram the opposite
occurs (point F), which depends on the ratio of the deflections of both modes involved.

This can also be seen in the irregularity of the dissipation energy, which has already been discussed. When
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the integer ratio increases, the 1 : 7 resonance demonstrates that the differences decrease and only appear in
the area of the resonance of the higher nd (point G), similar to the n : m resonances.

Considering all scenarios, a generalization of the energy transport is quite ambitious. This becomes clear at
the points marked by B and H at the 5 : 9 resonance. Two resonances of two different modes are marked. At
point B, in contrast to the case H, an increase of energy in the higher nodal diameter is visible. The reason
for this is that the modes in the second case have small deflection at the point of the ECS. Thus, the shape of
eigenvector may also significantly affect the energy flow.

3.2 Influence of damping ratio

In addition to the influences shown, the effect of damping on multi-resonances is now described. For selected
cases, the damping factor is increased or decreased for all modes simultaneously. The exact values can be
taken from the appendix. In Fig. (7) an increase of the damping is indicated by darker lines. Due to the
similarity of the results for the cases disclosed above, only two combinations are displayed.
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Figure 7: influence of damping ratio on different resonance scenarios; course of energy content and dissipated
energy in the friction branch: nd3 and nd9 (left); nd5 and nd9 (right)

It can be seen that the interactions between the modes increase with lower damping. Both, the increase in
the subcritical area (see increase of nd 9 in points A and B) and the energy drop in the supercritical range
(see right figure, point C) expand. In the second case, an increase in energy transport effects that less energy
flows into nd 5 and thus more energy remains in the mode.

3.3 Influence of phase angle

To examine the influence of the phase angle between the two excitations, a spectrum from ϕ = 0◦ to
ϕ = 300◦ is investigated (see Fig. (8)) to solve

Mq̈ + Cq̇ + Kq + Fnl = Fex,1 cos(Ω1t) + Fex,2 cos(Ω2t+ ϕ). (20)

An increase of the shift is indicated by darker lines. For the n : m resonance (bottom right) and the 1 : 7
resonance (at the top), differences only appear in the results of the dissipated energy in the friction branch
(points A and B), the energy in the nodal diameters remains almost unchanged because the differences in the
time domain are smaller when the force signals are superimposed. For the n : m resonances, there is no case
where both, two maxima and two minima, appear at the same time. Over the whole period, the changes are
too small to affect the energy content. In the case of the 1 : 7 resonance, there is a point where the maxima
and minima of the excited modes can be added, but the frequencies are too different to change the energy
content. This is different from the 1 : 3 resonances, where the influence of the phase can be seen. The energy
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content in the larger nd to the respective resonances of the smaller nd can be influenced by the phase in such
a way that on the one hand, an energy increase is possible, but on the other hand, with a phase shift of 180◦,
an increase changes to a sink. This can be seen in both, the subcritical (point C) and the supercritical area
(point D) of the 1 : 3 resonances. This is different from the resonance range of the higher nd (point A). Here,
only a small change can be observed due to the variation of the phase angle. There is no change from the
energy sink to an increase. A generalization is not possible since the values for deflection are as different as
in these cases.

By studying the energy dissipation, the maximum energy for all phase angles is approximately the same for
all combinations. The energy sink cannot be prevented by a phase shift. However, the frequency at which
they occur shifts significantly for the 1 : 3 resonance (point E). This is related to the superposition displayed
in Fig. (5), which is very sensitive to the phase angle.

3.4 Parameter variation

Since the effect of the multi-resonances is most obvious in the 1 : 3 resonances, the following studies
contain one of these scenarios. Applying the combination of nodal diameters 1 (mode 1) and 3 (mode 3), the
influence of the frictional state is investigated by a variation of the excitation force (see Fig. (9)). In addition
to the softening character caused by the ECS, it is demonstrated that internal resonances are more excited
with small slip components than with higher slip components since the energy at the resonance of the second
mode of the nd 3 (point A) increases in absolute terms, but this is caused by an increase of the energy from
mode 3. This is also evident in the higher harmonics in the frequency range B, which are more clearly visible
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nd1

10
-3

0.3 1

force [N]
0.50.15

en
er

g
y
 [

J] 10
0

0 0
frequency [Hz]

10.3

frequency [Hz]force [N]
0.1 0.5

en
er

g
y
 [

J]

10
0

00

10
-3

nd3

10.3

10
-4

frequency [Hz]force [N]
0.15 0.5

en
er

g
y
 [

J]

00

10
-2

diss.

A

B

Figure 9: variation of the excitation force; course of energy content nd1 (upper left) and nd3 (upper right),
course of dissipated energy in the friction branch (down)

As a further parameter study, the stiffness of the ECS is varied (see Fig. (10)). Here the linear system is kept
the same in the case of full sticking by varying the linear stiffness so that the sum k1 +knl,1 remains constant.
In addition to effects that are not caused by the multi-harmonic excitation (such as the energy content in the
frequency range A), a multi-resonance appears in area B, which is displayed more clearly in the bottom right-
hand corner. By increasing the stiffness of the ECS, the eigenfrequencies become smaller in the nonlinear
cases. This is more relevant for the nd 1 than for the nd 3, which leads to the case that for a value of knl,1 = 6
the resonances are above each other. In this case, the increase of nd 3 is also most obvious. For stiffnesses
that cause a wider distance between the resonances, the energy decreases, because a smaller deflection of the
smaller nd means that less energy flows into the higher mode. Besides, the case under consideration shows
that an increase or decrease in nd 1 depends on whether a subcritical or supercritical excitation is present
(see circled points). The fact that in this case different results than in the introductory example arise can be
explained by the fact that the excitation of the higher nd is too small here.

2080 PROCEEDINGS OF ISMA2020 AND USD2020



1
10

stiffness [N/m] frequency [Hz]
0.5

en
er

g
y
 [

J]

10
1

5
0

nd1

10
-2

1
10

frequency [Hz]stiffness [N/m]
0.5

en
er

g
y
 [

J]

5
0

10
0 nd3

10
-3

1
10

10
-4

stiffness [N/m] frequency [Hz]
0.5

en
er

g
y
 [

J]

5
0

10
-2 diss.

nd1nd
nd310

-2

10
0

en
er

g
y
 [

J]

0.5 0.55 0.6 0.65

A

B

Figure 10: variation of the ECS-stiffness; course of energy content nd1 (upper left) and nd3 (upper right),
course of dissipated energy in the friction branch (down)

4 Conclusions and Outlook

In summary, it can be said that general statements about the effect of multi-resonances are hardly possible.
It can be demonstrated that the energy flow is very sensitive to the existing ratio of the eigenfrequencies
and the exact time course of the deflection, as it is also displayed with the dissipated energy in the friction
branch, which decreases near a multi-resonance. In comparison with a superposition, the effects of the multi-
resonances are most obvious to 1 : 3 resonances. For the 1 : 7 and n : m resonances there are differences
only in the vicinity of resonance. The coupling terms are conspicuous in a comparison with a superposition.
They only occur as a result of the multi-harmonic excitation and therefore they are not present when two
individually calculated load cases are superimposed. The energy flow to a mode that is in resonance depends
on the damping so that for the other mode the case can occur that the energy flow decreases and more energy
remains in the mode by increasing the damping. When varying the excitation force, it was found that the
energy flow is most obvious with small slip portions. By varying the spring stiffness of the ECS, it was found
that superimposing the resonances leads to an increase in energy in the higher nd. It is proved that it makes
a difference whether a multi-resonance is present in the subcritical or supercritical range of the modes so
that there is either an increase or decrease in energy. These findings need to be validated with the help of
further parameter studies and examined for other nonlinearities so that in the long run a transfer to real blade
geometries is possible.
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Appendix

A Nomenclature

M ,C,Cmod,K mass, damping, modal damping and stiffness matrix
q generalized modal coordinates
x generalized physical coordinates
Ediss dissipated energy in the friction branch
Emode energy content of the modes
Fnl nonlinear forces
Fex excitation
Fr friction force of an Elastic COULOMB-slider
k linear stiffness
knl stiffness of a friction branch
m mass
N normal force
Nh number of harmonics
u displacement of the slider
V eigenvectors
Ω excitation frequency
µ friction coefficient
Λ eigenfrequencies
(. . .)T transpose
AFT Alternating Frequency/Time Domain
DOF Degree of freedom
ECS Elastic COULOMB-slider
FFT Fast Fourier Transformation
FRF Frequency response function
HBM Harmonic balance method
nd nodal diameter

B Tables

Table 1: overview individual parameters

nd 1 nd 2 m1 m2 m3

1 3 9.1 6.0 0.4
1 7 9.9 0.2 6.9
2 6 8.7 6.4 4.7
3 4 7.9 6.8 5.6
3 9 2.1 3.5 1.1
5 9 6.1 9.8 3.6
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Table 2: overview global parameters

name variation else
k1 0 < k1 < 8 5
k2 − 10.5
k3 − 0.6
knl,1 3 < knl,1 < 11 6
N1 − 0.012
knl,2 − 0.7
N2 − 12
knl,3 − 3.9
N3 − 12
knl,4 − 1.2
N4 − 12
Fmod 0.015 < Fmod < 0.3 0.0375
D 0.01 < D < 0.1 0.05
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Abstract
In this work, a recently developed approach for nonlinear modal testing is discussed, which is suited for
systems with nonlinear dissipation. The approach relies on the definition of a nonlinear mode as periodic
motion. The nonlinear mode is described by a set of amplitude-dependent modal properties (i.e. modal
frequency, damping ratio and deflection shape). With the developed approach, these properties are obtained
experimentally. To this end, the specimen is excited to undergo periodic motions, ensuring phase resonance
between excitation and drive-point response using a phase-locked loop controller. In this contribution, we
discuss the nonlinear modal testing approach with regard to its potential and limitations. We show that for
many structures, local phase resonant excitation with respect to the fundamental harmonic is sufficient to
extract accurate modal properties. Furthermore, the influence of higher harmonics in excitation force and
response is discussed and a potential enhancement of the experimental approach is suggested.

1 Introduction

Due to the demand for higher efficiency and light-weight design, for example in turbomachines, nonlinear
vibration phenomena occur, e.g. in slender or jointed structures. To accurately predict such vibrations, mod-
els have to be validated or updated using experimental methods, which are suited for structures influenced by
both conservative and non-conservative nonlinear restoring forces. The large variety of nonlinearities calls
for nonlinear system identification methods that do not assume any prior knowledge of the functional form of
the nonlinearity. For a recent, extensive overview on nonlinear system identification methods, the interested
reader is referred to [1]. One approach is to extend the wide-spread concept of linear modal analysis to non-
linear systems and employ the concept of nonlinear vibration modes, i.e. modes with amplitude-dependent
frequency, damping ratio, deflection shape. In literature, several definitions of a nonlinear mode exist. A
nonlinear mode concept suited for both stiffness and damping nonlinearities is the extended periodic motion
concept (EPMC) [2], which defines a nonlinear mode as a periodic motion of an autonomous system. Such
a single nonlinear mode accurately describes v) around the resonance. ibrations near isolated resonances for
a large range of classes of nonlinearities under near-resonant external forcing or self-excitation.

To experimentally extract amplitude-dependent modal properties, i.e. nonlinear modal testing, several ap-
proaches have been suggested in the last years. The first approach for structures with light, linear damping
was to extend the notion of phase resonance to nonlinear systems and apply force appropriation [3]. After re-
moving the excitation, the free decay is analyzed to extract amplitude-dependent modal frequency and shape.
To avoid distortions when removing the excitation, steady-state force appropriation was later suggested using
a control scheme based on a phase-locked loop (PLL) [4, 5] or control-based continuation [6].

In recent years, we extended this idea and developed an approach for nonlinear modal testing of structures
with nonlinear dissipation [7], which is in accordance with the EPMC. Using a PLL control scheme, periodic
motion is enforced by compensating the dissipated energy over one cycle of vibration through appropriated
external forcing using either shaker-stinger or base excitation. In the subsequent analysis, an amplitude-
dependent modal damping ratio is extracted alongside with amplitude-dependent modal frequency and de-
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flection shape. This approach has been tested for both conservative and non-conservative nonlinearities, e.g.
geometric nonlinearities or local nonlinearities caused by dry friction or multi-physical effects.

In this contribution, we discuss this nonlinear modal testing approach regarding its potential and limitations.
We first summarize the method and provide an overview over the most important findings, which been
published in [2, 7, 8, 9]. We show that for many structures, local phase resonant excitation with respect to
the fundamental harmonic is sufficient to extract accurate modal properties. The accuracy of the method
is discussed in the light of repetition-variability inherent to the test rigs. Moreover, we discuss how higher
harmonics in excitation and response affect the control behavior and the extracted modal properties, and an
enhancement of the experimental approach is suggested.

2 Method

First, the EPMC [2] is briefly summarized. Then, we explain how to employ this concept in an experimental
setting and how to extract modal properties [7].

2.1 The EPMC

The following discussion is limited to nonlinear modes that depart from a specific linear mode with a distinct,
nonzero modal frequency (i.e. modes associated with repeated roots are excluded). Then, a nonlinear mode
is a continuous extension of a linear mode with respect to an amplitude measure such as energy. According to
the EPMC [2], a nonlinear mode is a family of periodic motions of an non-conservative, autonomous system.
The motion of the autonomous system would naturally decay, and, thus, periodic motion must be enforced.
In the EPMC, an artificial, negative, mass-proportional viscous damping term compensates the energy lost
by natural dissipation.

Given the equation of motion
Mẍ(t) + g(x(t), ẋ(t)) = 0 (1)

of a system described by a set of N generalized coordinates x ∈ RN . Here, t denotes time, the overdot
˙(•) denotes the derivative with respect to time. M is the symmetric, positive definite mass matrix, and g

comprises all linear and nonlinear damping and restoring forces. Introducing the artificial, negative viscous
damping term with ξ ∈ R,

Mẍ(t) + g(x(t), ẋ(t))− ξMẋ(t) = 0, (2)

a nonlinear mode is defined as a solution of Eq. (2), i.e. the family of periodic motions

x(t) = x(t+ T ) = Re

{ ∞∑

n=0

x̂neinωt

}
. (3)

Here, x̂n ∈ CN are complex Fourier coefficients, and the fundamental period is T = 2π/ω. It is important to
note that the negative damping term does not exactly cancel dissipation forces but compensates the dissipated
energy over a cycle of oscillation.

Based on Eq. (3), the amplitude-dependent modal properties are defined as follows: The modal frequency
is equal to the fundamental angular frequency ω, and x̂n are the Fourier coefficients of the modal deflection
shape. The modal damping ratio is determined as ζ = ξ

2ω . If the equation of motion is known, Eq. (3) can
be solved numerically for the unknowns ω, x̂n, and ξ (and thus ζ), using e.g. harmonic balance [2].

When the system Eq. (1) is externally excited near a primary resonance, the vibration energy is confined to
the corresponding nonlinear mode. Then, the resonant frequency response closely follows the frequency-
amplitude relation of the nonlinear mode, and the system behaves like a single-degree-of-freedom oscillator.

This definition of a nonlinear mode is consistent with the periodic motion concept for conservative systems
and to the linear case under modal damping. This definition is, therefore, an extension of the periodic motion
concept for nonlinear modes of systems with conservative nonlinearities.
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The modal properties loose their clear meaning if more than one linear mode shape contribute strongly in the
nonlinear mode and, at the same time, damping is not light. In such cases, the modal coupling is distorted
by the artificial term.

2.2 Experimental implementation of EPMC

To implement the EPMC experimentally, the negative viscous damping term can be interpreted as external
forcing,

f(t) = ξMẋ(t) = Re

{ ∞∑

n=0

inωξMx̂neinωt

}
. (4)

Such an external forcing is, however, infeasible in experiments, since the mass distribution would have to be
known, all degrees of freedom would have to be excited, and an infinite number of frequencies would have
to be contained in the excitation. Subsequently, an approximation of this forcing is derived [7]. In this paper,
we limit the discussion to shaker-stinger excitation, but it has been shown that base excitation can also be
utilized [10, 11].

First, the force of Eq. (4) is explicitly written for the direction of the k-th generalized coordinate,

fk(t) = Re

{ ∞∑

n=0

f̂k,neinωt

}
with f̂k,n = inωξ


Mkkx̂k,n +

∑

j 6=k
Mkj x̂j,n


 . (5)

Note that the force obeys the same periodicity T = 2π
ω as the nonlinear mode. For systems with weak inertia

coupling, such as slender structures, i.e. where the mass matrix is diagonal-dominant and |Mkk| � |Mkj |
for all j 6= k holds, the force can be simplified. In such cases, the phase of the n-th force harmonic f̂k,n
applied to coordinate k is mainly determined by the phase of x̂k,n. Thus, it is sufficient to ensure local phase
resonance, i.e. f̂k,n is shifted by π/2 with respect to x̂k,n for all n and k,

f̂k,n ≈ inωξMkkx̂k,n ∝ ix̂k,n ∀n, k (6)

The simplification of local phase resonance also holds for conservative or lightly damped structures that
undergo a phase-synchronous motion, i.e. the phase difference between generalized coordinates k and j is
equal to zero, arg (x̂k,n) = arg (x̂j,n).

Assuming that the fundamental harmonic dominates the nonlinear mode, it is sufficient to ensure local phase
resonance for the fundamental harmonic only in order to excite the nonlinear mode. Recalling further that the
mode dominates close to resonance, already a single-point excitation is sufficient (ensuring at the excitation
location is not a node of the mode). Then, the appropriated excitation force is

f appr(t) = ek




Re
{
f̂k,1e

iωt
}

︸ ︷︷ ︸
controlled

+ Re

{ ∞∑

n=2

f̂k,neinωt

}

︸ ︷︷ ︸
uncontrolled



, (7)

where ek is a unit vector with a non-zero entry at the excitation coordinate only. Note that higher harmonics
f̂k,n of the force with n > 1 are included here, since they are inevitable in practice due to interactions
between structure and excitation mechanism.

Phase resonance between f̂k,1 and x̂k,1 can conveniently be achieved using a PLL controller [12]. A phase
detector using synchronous detection provides accurate estimations of the phase lag, even in the presence of
higher harmonics [5]. A standard PI controller then adapts the excitation frequency until the desired phase
lag is reached. The fundamental harmonic magnitude

∣∣∣f̂k,1
∣∣∣ of the force can be set by the user to achieve the

vibration level of interest. Once the controller has locked, the steady-state periodic motion and the applied
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force is recorded. Subsequently changing the vibration levels stepwise and recording data for each step, the
phase-resonant backbone is tracked for different amplitudes.

2.3 Extraction of modal properties

Once the time signals are collected, the modal frequency ω and the Fourier coefficients of the deflection
shape, {x̂0 , x̂1 , x̂2 , x̂3 , ...}, are extracted directly from the measured signals. To extract the modal damping
ratio, a power balance between excitation and dissipated power is applied [7], which has to hold over one
cycle of vibration. The excitation power is expressed as active excitation power P1, associated with the first
Fourier coefficient of excitation force and drive-point velocity,

P1 =
1

2

∣∣∣f̂k,1
∣∣∣ |iωx̂k,1| cos(θ) (8)

with θ the phase angle between the Fourier coefficients of force f̂k,1 and drive-point velocity iωx̂k,1 [4]. |•|
is the absolute value. Note that θ = 0 holds for exact phase resonance. To account for imperfect control,
where only θ ≈ 0 holds, the term cos(θ) is included in Eq. (8). Then, the modal damping ratio is

ζ =
P1

ω3a2
, (9)

where a ∈ R is the modal amplitude, defined as the scaling factor x̂1 = aφ1 [7] between the first Fourier
coefficient of the mass-normalized deflection shape, φ1 with φ1

HMφ1 = 1, and the unscaled deflection
shape, x̂1. (•)H is the Hermitian transpose. To mass-normalize the deflection shape, the mass matrix Mest
is estimated based on linear mass-normalized mode shapes Φlin obtained with standard linear experimental
modal analysis at low excitation level,

Mest =
(
Φlin

T
)+

(Φlin)+ . (10)

Here, (•)T is the transpose and (•)+ is the pseudoinverse. The pseudoinverse is necessary here, since
generally more sensor rows than modes are contained in Φlin. Then, the modal amplitude is determined as

a2 = x̂1
HMestx̂1. (11)

The accuracy of the extracted modal damping ratio depends on the number of modes contained in Φlin. In
our experience, including more sensor rows than modes leads to more accurate results. By comparing the
modal damping ratio obtained with linear modal analysis at low level and the modal damping ratio extracted
from the backbone data at similar levels ( c.f. Eq. (9)), it can be checked if the mass-normalization step is
performed correctly.

3 Results

In this section, we summarize the most important findings based on our recent experiments.

First, the proposed approach was tested by means of simulated experiments using Matlab / Simulink. The
specimen was a cantilevered seven-element Euler-Bernoulli beam with an elastic dry friction element at the
fourth node in transversal direction. The simulated experiments include the effect of the shaker-stinger-
structure interaction and measurement noise [7]. As reference, the modal properties were computed solving
Eq. (2) numerically with the tool NLvib [13]. Comparing the reference with the simulated experimental
results proves that the modal properties are accurately extracted using the experimental implementation with
a PLL control scheme (see Fig. 1).

The method has then been applied to several experimental specimens with different sources of nonlinearity:

• nonlinearity caused by interactions at a bolted joint: joint resonantor [7] and Brake-Reuß-beam [8]

2090 PROCEEDINGS OF ISMA2020 AND USD2020



10−4 10−3 10−2

0.92

0.94

0.96

0.98

1

relative deflection

no
rm

al
iz

ed
m

od
al

fr
eq

ue
nc

y

10−4 10−3 10−2

1

2

3

relative deflection

m
od

al
da

m
pi

ng
ra

tio
n

in
%

Figure 1: Modal frequency and modal damping ratio of a beam with friction nonlinearities. Black lines are
modal properties obtained by solving Eq. (2) and dots represent results obtained with virtual experiments.

• nonlinearity caused by dry friction: a cantilevered beam called RubBeR [9]

• stiffening nonlinearity caused by multiphysics effects: a cantilevered beam with magnets [8]

• geometric nonlinearity caused by bending-stretching coupling: a thin curved beam that is clamped on
both ends [11]

• contact interactions of a technically relevant structure: a turbine blade, which is clamped at its root
[10]

Most specimen were excited with a shaker-stinger mechanism, but the last two listed experiments prove that
the proposed approach is also suited for base excitation.

To validate the experimentally extracted modal properties, frequency responses around the nonlinear mode
were predicted based on the modal single-degree-of-freedom oscillator. To this end,

[−Ω2 + 2iΩω(a)ζ(a) + ω(a)2]aeiθ = φH
1 (a)f̂1,exc (12)

is solved explicitly for the excitation frequency Ω2, given a modal amplitude a and the associated modal
properties. Here, θ is the phase lag between modal excitation force and response, and f̂1,exc is the first Fourier
coefficient of the excitation force. If the predicted frequency response curves correlate well with measured
reference curves, the modal properties are deemed accurate and meaningful. The successful validation for all
specimens emphasizes that the method is suited for a large range of types of nonlinearity, without requiring
any prior knowledge on the nonlinearity. Furthermore, the method is suited for model validation purposes
and can inform model upgrading [10]. The measurement duration of one backbone curve and one frequency
response with controlled force are of similar order. The proposed approach, thus, reduces the measurement
time compared to obtaining frequency response curves for several excitation levels as often done for model
validation purposes. Therefore, the proposed approach reduces the risk of harming a test specimen while
measuring close to resonance.

In the following, the results of two specimens are presented in more detail. Both specimens were excited
around the first bending mode. The vibration motion was measured using accelerometers. First, we discuss
the results of a cantilevered beam with magnets attachted at the beam’s tip [8]. Another set of magnets is
attached to a frame around the beam causing a repellent magnetic force between the magnets at the beam and
at the frame. This force depends on the distance between the magnets, i.e. the vibration amplitude, causing a
stiffening nonlinearity. In Fig. 2a, the modal frequency and modal damping ratio of this specimen is shown.
The frequency is normalized with the linear modal frequency, obtained with linear modal analysis at low
level and the deflection amplitude is normalized with the beam’s length. The frequency increases with the
vibration amplitude as expected. The small changes in damping ratio are most likely due contact interactions
at the clamping interface. Based on these modal properties, the frequency response is predicted (see Fig. 2b).
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Figure 2: (a) Modal frequency and modal damping ratio of the beam with magnets. (b) Predicted frequency
responses based on modal properties (purple solid line) and measured reference curves (black dashed line).
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Figure 3: (a) Modal frequency and modal damping ratio of RubBeR. (b) Predicted frequency responses based
on modal properties (purple solid line) and measured reference curves (black dashed line).

To gather the reference curves, the PLL controller was utilized to control the phase lag between -25◦ and
-150◦. This way, the unstable branch of the frequency response can be measured. A second control loop with
a PI controller was added to ensure a constant excitation force amplitude. The predicted frequency responses
agree very well with the reference curves for all tested levels, proving the accuracy of the modal model.

The second specimen is another cantilevered beam, called RubBeR. Here, the nonlinearity is caused by dry
friction. The friction contact is designed in such a way that the entire dynamic range from full stick to nearly
full slip can be measured [9]. Due to the variability inherent to experiments with dry friction, the backbone
measurements were carried out six times. In Fig. 3a, the averaged modal frequency and damping ratio is
shown. The gray-shaded area indicates the variability spread of the individual experiments. The results of
this specimen prove that the suggested approach is suited for strong damping nonlinearities. Furthermore,
the variability of the extracted modal properties can be quantified. Considering this variability also for
the prediction of the frequency responses (gray shaded area in Fig. 3b), the modal oscillator captures the
dynamics of the system well. Therefore, the identified modal properties are deemed accurate.
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Figure 4: (a) Relative amplitude and (b) phase lag between drive-point acceleration and force for the third
(purple solid) and fifth (orange dashed) higher harmonic.

3.1 Limitation and challenges

As mentioned in Section 2.1, the proposed approach assumes that the nonlinear mode is isolated and domi-
nates around resonance. In Fig. 3b, a second smaller peak in the second highest frequency response is visible
around normalized excitation frequency of 0.83. These dynamics might be caused by a modal interaction [9]
and cannot be explained by a single-degree-of-freedom oscillator. In such cases, the validity of the modal
properties is inherently limited.

One of the assumptions made in the simplified experimental implementation is that it is sufficient to ensure
phase resonance for the fundamental harmonic only. It is well known that higher harmonics in the excitation
force can be caused by interactions between structure and shaker, leading to a multi-frequency excitation.
These higher harmonics in the force are generally not in phase resonance with higher harmonics in the
response. This is demonstrated for the RubBeR specimen in Fig. 4. In the left plot, the amplitudes of the
third and fifth harmonic of the beam’s tip acceleration, normalized with the amplitude of the fundamental
harmonic, are shown. These higher harmonics are not in phase with the corresponding higher harmonic
of the excitation force (see Fig. 4b, where 90◦ would correspond to phase resonance). To improve the
quality of the excitation, significant higher harmonics in the force could be included in the control scheme
for phase resonance. To this end, the phase lag between the higher harmonics is readily available using
the synchronous detection phase detector. Ensuring correct scaling of the excitation amplitudes of those
harmonics, a controlled multi-frequency excitation could be implemented. This would, however, increase the
complexity of the control loop. Therefore, the trade-off between increased experimental effort and improved
accuracy of the exctracted modal properties has to be found for each specimen. Since the results for the
RubBeR specimen are accurate in the light of the inherent variability, we refrained from implementing multi-
frequency excitation.

4 Conclusions

The suggested nonlinear modal testing approach proves to be applicable for a large range of nonlinearities.
If the nonlinear mode of interest is isolated, a single modal oscillator accurately predicts periodic motion
under external forcing (or self-excitation) around the resonance. The approach does not require any prior
knowledge of the type of nonlinearity. The presence of uncontrolled higher harmonics in response and force
can, in principle, deteriorate the excitation of the nonlinear mode. As long as the fundamental harmonic
dominates, however, already a force applied at one location, controlling only the fundamental harmonic, is
sufficient to extract meaningful modal properties.
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[1] J. P. Noël and G. Kerschen, “Nonlinear system identification in structural dynamics: 10 more years of
progress,” Mechanical Systems and Signal Processing, vol. 83, pp. 2–35, 2017.

[2] M. Krack, “Nonlinear modal analysis of nonconservative systems: Extension of the periodic motion
concept,” Computers and Structures, vol. 154, pp. 59–71, 2015.

[3] M. Peeters, G. Kerschen, and J.-C. Golinval, “Dynamic testing of nonlinear vibrating structures using
nonlinear normal modes,” Journal of Sound and Vibration, vol. 330, no. 3, pp. 486–509, 2011.

[4] S. Peter and R. I. Leine, “Excitation power quantities in phase resonance testing of nonlinear systems
with phase-locked-loop excitation,” Mechanical Systems and Signal Processing, vol. 96, pp. 139–158,
2017.

[5] V. Denis, M. Jossic, C. Giraud-Audine, B. Chomette, A. Renault, and O. Thomas, “Identification of
nonlinear modes using phase-locked-loop experimental continuation and normal form,” Mechanical
Systems and Signal Processing, vol. 106, pp. 430–452, 2018.

[6] L. Renson, A. Gonzalez-Buelga, D. A. Barton, and S. A. Neild, “Robust identification of backbone
curves using control-based continuation,” Journal of Sound and Vibration, vol. 367, pp. 145–158, 2016.

[7] M. Scheel, S. Peter, R. I. Leine, and M. Krack, “A phase resonance approach for modal testing of
structures with nonlinear dissipation,” Journal of Sound and Vibration, vol. 435, pp. 56–73, 2018.

[8] M. Scheel, G. Kleyman, A. Tatar, M. R. Brake, S. Peter, J.-P. Noël, M. S. Allen, and M. Krack, “Exper-
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Abstract
In this paper a hybrid numerical-experimental approach for dynamic testing, the so called realtime dynamic
substructuring (RTDS) is exploited for nonlinear system testing. To this end, the RTDS approach is combined
with control based continuation (CBC), a method recently gaining much popularity in the nonlinear system
identification community. A slim cantilever beam is used as a numerical example system in this study.
The displacement of a certain degree of freedom of the beam is transferred in realtime to a real damper
element with friction by an electrodynamic shaker. The force generated by the damper is fed back into the
model for the calculation of the displacement at the next time step. The CBC involves a stabilizing external
control loop, which allows the nonlinear force-displacement characteristic of the system to be determined
experimentally.

1 Introduction

Realtime dynamic substructuring (RTDS) is an approach originated from civil engineering. It is a hybrid
(numerical and experimental) method, which is intended for the dynamic testing of complex or large sized
mechanical structures, since their testing in general is extremely costly and difficult to perform [1]. During a
RTDS-test an actuator is transferring the virtual displacement of a numerical model to a physical component
in realtime. In this context, realtime means that the calculation of this displacement by a time-step integra-
tion is carried out faster than the data acquisition rate. The resulting restoring force at the interface between
the actuator and the real mechanical component is measured and fed back into the numerical model. Thus,
the numerical model and the real mechanical component form a hybrid surrogate system that can be utilized
to study the dynamics of the real application without having to test the entire assembly. This is particularly
advantageous when investigating the effect of individual local elements on the dynamics of complex struc-
tures such as vibration dampers on helicopter rotor blades [2], vehicle suspension components [3], frictional
damping elements for bridges [4] and so on. Beyond that, design studies can be carried out on the virtual
structure without having to manufacture a prototype at every stage.
Surprisingly, to the authors’ knowledge, RTDS has not yet been combined with advanced control based
methods for system identification, which may provide new opportunities for the characterization of nonlin-
ear systems [5]. Control based continuation (CBC), for example, allows the amplitude-dependent resonance
frequency curves, which are also referred to as backbone-curves, to be determined experimentally. This is a
great feature as backbone-curves are used to describe nonlinear normal modes (NNM), which are a powerful
extension of the linear mode theory to nonlinear systems [6, 7, 8]. Beyond that, CBC allows the characteri-
zation of dynamic force-displacement curves. For nonlinear systems these typically s-shaped curves may be
non-unique in the vicinity of a resonance frequency (from which the term s-curve originates), which usually
makes it impossible to determine them experimentally due to unpredictable jumping between the upper and
lower branches of the s-curve. CBC, however, exploits a stabilizing feedback-control for the experimental
continuation of the s-curves [9, 10, 11, 12, 13]. Thus it becomes possible to measure them in one stretch.
In the present paper a hybrid system consisting of a frictional damper and a linear virtual cantilever beam is
investigated using the CBC method. The experiment is implemented on a dSpace hardware and an electrody-
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namic shaker is used to actuate the damper. The paper is structured as follows. First, the implementation of
the shaker control is described. In the following section the virtual model and the nonlinear element, a minia-
ture shock absorber of a radio controlled model car, are explained. This is followed by a brief introduction
to the CBC. Finally, the results for the open and closed loop experiment are presented.

2 Control Framework

The controller framework of the hybrid CBC-experiment is illustrated in Figure 1. The whole experiment
consists of three main loops: the inner shaker feedback-control loop 1©, the RTDS loop 2© and the CBC
loop 3©. The shaker control loop 1© is intended to compensate for the inherent dynamics of the actuator and
power amplifier. This feedback-controller is designed based on a parametrized shaker and amplifier model.
Details are given in the following section. The RTDS loop 2© consists of the shaker feedback-control loop
1©, the actual nonlinear attachment (here the damper), and a numerical model of the linear structure. Within

the RTDS loop the restoring force of the damper is fed to the virtual structure and from this a control signal
for the shaker controller is derived, cp. section 2.2. Finally the CBC feedback-controller 3© generates a force
signal which drives the virtual structure. The CBC method is explained briefly in section 2.3. Since the two
feedback-control loops (CBC 3© and shaker controller 1©) are cascaded, it is important to point out that for
stability reasons the CBC loop should be sampled at a lower sampling frequency than the inner control loop.
Therefore, in this study the sampling frequencies are fs = 8000 Hz for the RTDS loop and fs = 1000 Hz for
the CBC loop.

structure &controller

Damper

Force sensor

amplifier

shaker
+

virtual

RTDS-loop

Actuator dynamics compensation

shaker
+

controller
CBC

Hybrid CBC-experiment

1

2

3

Figure 1: Controller framework of the hybrid CBC-experiment.

2.1 Shaker Control

As mentioned above, the aim of a shaker feedback-controller is to compensate the actuator dynamics so
that the actuator displacement x corresponds to the reference displacement xref , at least in a user defined
frequency range. Additionally, the feedback-control enables the suppression of disturbances and modeling
errors. The reference displacement trajectory xref which the shaker is supposed to follow as exact as possi-
ble, is provided by the virtual structure block shown in Figure 1.
The model of an uncontrolled electrodynamic shaker is often compared to that of a loudspeaker [14]. In-
ternally the shaker essentially consists of a coil, a permanent magnet (usually only in smaller and medium
size types) and leaf springs [15]. If only low frequencies (far below the manufacturer defined maximum
frequency) are considered, a bare table shaker can be mechanically modeled as a single degree of freedom
oscillator. Thus, we will restrict ourself to frequencies up to 100 Hz in this study. In that operating range the
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electro-mechanical equations describing the shaker can be written as:

m
∂2

∂t2
x+ d

∂

∂t
x+ kx = ksi− F`

Ri+ L
∂

∂t
i+ ks

∂

∂t
x = us.

(1)

Herem, d and k are the mechanical model parameters of the shaker. The electrical counterpart is represented
by the coil impedance L and its internal resistance R. The electromechanical coupling factor between the
two domains is denoted by ks and finally x, i, us and F` are the displacement, current, voltage and load force,
respectively. The mechanical model parameters and the coupling factor ks can be determined, if an external
force F` is applied either by a second shaker or by an impact hammer while the shaker terminals are kept
insulated to avoid electric damping (i = ∂

∂t i = 0). For this study we used a second shaker and a random
white noise excitation signal. During the experiment, displacement, terminal-voltage, and excitation force
were measured simultaneously. The mass of the force sensor which is attached to the shaker was considered
as part of the load table and was therefore added to its moving mass m. We found the mechanical resonance
frequency of the shaker to be at 38 Hz, which is right in the frequency range of interest. The electrical
parameters (R and L) were estimated from a second measurement where the load table was blocked and the
shaker was excited electrically, that is x = ∂

∂tx = ∂2

∂t2
x = 0. All estimated model parameters are listed in

Table 1. For the amplification of the driving signal u a TIRA power amplifier was utilized, which can be
modeled as a simple gain factor ka amplifying the driving signal, so that us = kau.

Table 1: Model parameters of the TIRA S51075M shaker.

m = 0, 155 kg ks = 12, 1 N/A or Vs/m
d = 1, 5 Ns/m ka = 4, 3 V/V
k = 8000 N/m R = 1, 78 Ω
L = 0, 001 H

The approach we chose for the feedback-controller in this study is model-based and works best for linear
time-invariant plants [16]. The goal is to find a controller transfer function Gc(s) for which the overall
transfer function of the closed-loop corresponds to a desired function Gd(s). For this purpose, a plant-model
Ĝs(s) of the system must be found, which for the amplifier and shaker according to Equation 1 reads:

Ĝs(s) =
x

u
=

kaks
Lms3 + (Rm+ Ld)s2 + (Rd+ Lk + k2s )s+Rk

. (2)

As illustrated by Figure 2, if the plant model Ĝs(s) perfectly fits the real plant Gs(s), the inverse of Ĝs(s)

+ +
+

Figure 2: Schematic of the compensation controller for inner-loop.

and Gs(s) cancel each other out. The closed loop transfer function is than equal to the desired transfer
function Gd(s). Therefore, the desired transfer-function Gd(s) should have a constant amplitude response
and a zero phase response in the frequency range of interest. Also, according to Figure 2 the controller
transfer function Gc(s) equals:

Gc(s) =
1

Ĝs(s)

Gd(s)

1 −Gd(s)
. (3)
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As we see in Equation 3, Gd(s) must have a pole excess of at least the order of the plant model to assure that
Gc(s) remains causal. In the present case of a third order plant causality is approved, if Gd(s) is considered
a transfer function with three poles. However, the poles of Gd(s) must be selected in such a way that closed-
loop stability is still guaranteed. As a rule, this depends on the integration scheme used for the realtime
simulation. In the case of an Euler forward integration, as in this study, stability is guaranteed if the highest
eigenvalue λmax of Gc(s) fulfills the following requirement:

dtλmax ≥ −2, (4)

here dt is the sampling rate of the control loop. Nevertheless, a sufficiently large stability margin should still
be allowed. In short, the higher the sampling frequency can be set, the wider the frequency range in which
the control works well. Due to a limitation in hardware we chose a sampling frequency of 8000 Hz and set
the three poles to s1 = s2 = s3 = −2000, which corresponds a cutoff frequency of 318 Hz.
Figure 3 shows the reference tracking of the controlled bare table shaker in the frequency and in the time
domain. As reference signal a sine sweep from 1 − 100 Hz with an amplitude of 0.1 V was chosen, which
corresponds to a displacement amplitude of 0.1 mm. In order to achieve the optimal tracking with minimum

Figure 3: Reference tracking of the shaker feedback-control with delay compensation.

phase delay a delay compensation was implemented. Delay compensation is basically an extrapolation of
the reference signal into the future [17]. For this purpose a polynomial degree, and a certain number of past
values as well as the extrapolation horizon must be defined. These values depend mainly on the signal form
and the frequencies to be considered during the experiment. Of course, a polynomial-based extrapolation
works best for harmonic or almost harmonic signals and is less suitable for stochastic excitation, which has to
be kept in mind. For our measurement chain consisting of the D/A-converter, amplifier, shaker, displacement
sensor, and A/D-converter we identified total group delay of about 1.5 ms, which corresponds to 12 samples.
Thus, a polynomial degree ofN = 3, a memory length of 25 samples and an extrapolation by 12 samples has
proven to be optimal. However, these values may vary from case to case and need to be selected carefully.
While the amplitude response in Figure 3 is absolutely satisfactory, it can be seen that a slight phase lead of
the displacement compared to the reference signal occurs at higher frequencies. This is probably due to a
long extrapolation horizon. However, this trade-off was accepted because for this study the low frequencies
were more crucial.

2.2 Real Time Dynamic Substructuring

The experimental setup of the RTDS experiment is shown in Figure 4. A damper from a radio controlled
model car in scale 1/10 was chosen as the nonlinear attachment. Moving the damper by hand, one can
already feel significant friction forces between the dampers body and the piston plate or between the piston
and sealing, respectively. The damper was attached to a virtual linear structure by the RTDS loop. We chose
a linear cantilever beam to be the numerical structure, which was modeled applying Euler Bernoulli beam
theory. The analytical equation of motion was discretized by 50 nodes. The numbers in Figure 5 denote
the corresponding node numbers. The restoring force Fnl, acting between the shaker and the damper, is fed
back to the virtual structure and is applied at 1/2 of the beam length (node 25) as shown in Figure 5. The
virtual driving point (DP) was set to 1/5 of the beam length (node 10). The physical parameters of the beam

2098 PROCEEDINGS OF ISMA2020 AND USD2020



Shaker

Damper

Force sensor

Displacement sensor

Support structure

Seal

Figure 4: Left: Schematic view of the model car damper used as nonlinear physical attachment. Right:
Experimental Setup of the realtime dynamic substructuring.

are listed in Table 2. They were chosen in such a way that a sufficient displacement at the damper position
is provided at reasonable excitation forces. To reduce the turnaround time of the integration procedure and
thus speed up the simulation the beam additionally was reduced to its first 5 eigenmodes by modal reduction.
Considering damping, the same modal damping factor Dmod was chosen for all modes. An Euler forward
method with a step size of dt = 1/8000 s was used for time integration. For the Euler forward integration,
the excitation force and the measured damper restoring force at a current time step tk are converted from
physical to modal space and condensed into a vector Fq(tk). Then Fq(tk), the modal displacements q(tk)
and velocities q̇(tk) are used to calculate the system response for the following time step:

q(tk+1) = q(tk) + dtq̇(tk)

q̇(tk+1) = q̇(tk) − dt (Λq(tk) +Dmodq̇(tk) − Fq(tk)) .
(5)

Here Λ is the eigenvalue matrix with eigenfrequencies ω2
n along the diagonal andDmod is the modal damping

matrix, which has Dmod(n, n) = 2ωnDmod along the main diagonal. After applying Equation 5, the modal
displacements are converted back to the physical coordinates by multiplication with the modal matrix Ψ and
the corresponding reference displacement xref(tk+1) at the damper position is approached by the shaker.

1 10 20 30 40 50

driving point

real nonlinear attachment

virtual structure

Figure 5: Schematic of the substructures system.

Of course the coupling of the damper to the shaker changes the dynamic properties of the overall system.
As desribed, the controller was initially designed for the bare table shaker without any load. Therefore, the
controller gains needed to be readjusted. This was performed by manually varying the damping and stiffness
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Table 2: Model parameters virtual cantilever beam.

parameter value parameter value
young’s modulus 70 · 109 N/m2 hight 0.04 m

density 2700 kg/m3 thickness 0.005 m
modal damping (Dmod) 0.15 length 0.65 m

coefficients of the underlying shaker model, considering the damper adds additional damping and stiffness
to the system. Figure 6 shows the comparison between reference tracking for initially set and modified
controller gains in the synchronization space. The synchronization space represents the actual displacement
of an actuator over the reference displacement. Means, a diagonal line is the optimal case, because the
actuator then follows the reference trajectory without any deviation. The larger the deviation from a straight
line, the larger is the deviation of the two signals from each other. It is clearly visible, that the controller
adjustment has brought an improvement. Although the initial gains were not too bad, the simple modification
shows a significant improvement of the tracking, especially at higher frequencies.

Figure 6: Synchronization subspace for initial and modified controller gains.

2.3 Control Based Continuation

The aim of the CBC is to determine the nonlinear dynamic force-displacement characteristic of a system.
Near a resonance frequency this so called s-curves (called due to its characteristic shape) can look like
schematically drawn in Figure 7. While such curves in linear systems are simple lines that start at the origin
and have different slopes depending on the excitation frequency (usually steeper near resonance), the s-curves
of nonlinear systems may have a non-unique nature. This means that different displacement amplitudes can
occur with external excitation at a specific frequency and forcing amplitude. This can be seen very clearly
from the bold highlighted s-curve in Figure 7. A transition from the upper to the lower solution and vice
versa is often observed in experiments as a jump phenomenon during frequency sweeps. A projection of
all the s-curves onto a plane dividing the manifold at constant excitation force amplitudes, as illustrated by
the transparent grey area in Figure 7, represents the nonlinear frequency responses (NLFR) of a nonlinear
system. A NLFR often looks a lot, like a ”skewed linear frequency response”, that means it is bent to one
side. However, the difficulty with NLRF is, that one cannot simply measure them by classical methods,
mainly for two reasons: first, the unstable periodic solutions (marked by the dotted sections) do not occur
naturally. That means, when the system is excited in this region it will settle to the solutions of the upper
or the lower branch. Second, as described the transition between the branches can occur suddenly, due to
minor disturbances. So two measurements with the same set of excitation frequency and forcing amplitude
may lead to different results. Therefore, a complete NLFR can only be measured when these unstable orbits
are stabilized by an appropriate controller. This is why concepts like CBC or phase locked loop (PLL) have
become popular in the last few years. Figure 7 shows such a stabilizing CBC feedback-control loop on the
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right hand side. The controller is usually designed as a PD-controller. It ensures that the system follows
a reference trajectory xcbc. In the present study, this feedback-loop is implemented ahead of the shaker
controller described above. This means that the shaker+system block in Figure 7 is replaced by the RTDS
loop. Note that it is very important that the RTDS loop is fast enough to follow the changes of xcbc. That is
why its sampling time is set 8 times faster than the sampling time of the CBC loop.
When the signal x is fed back to the input of the CBC controller, it is usually not harmonic due to the
nonlinear nature of the system under test. The higher harmonic components are amplified by the controller
and the control signal u is not harmonic any more. Since the response of the system to pure harmonic
excitation is to be investigated, a fixpoint iteration is applied to ensure the non-invasiveness of the controller.
In the classical implementation this is realized by adding the higher harmonic frequency components of x
iteratively to xcbc. These will cancel each other out before the controller input, so that u becomes harmonic.
However, progress in CBC is still ongoing and so there are new approaches where adaptive FIR filters are
exploited to avoid iteration [18]. Nevertheless, the classical approach has been implemented in this paper.
The controller gains (P and D) were adjusted heuristically first according to the Ziegler-Nichols method and
then tuned manually [19]. Additionally, an amplitude feedforward-control was implemented to ensure that
the fundamental harmonic amplitude of the reference is maintained with an accuracy of up to 99%, because
the CBC controller itself has no I-component. Termination limits were not defined for the CBC iterations.
Instead, a fixed number of at least 10 FFT-blocks is allowed to pass before the fundamental harmonic of the
reference signal is updated. Each FFT-block has a length of 5 seconds. After each FFT the fixpoint iteration
is performed. According to our observation this was absolutely sufficient to reduce the higher harmonics.

unstable branch

Figure 7: Left: Schematic s-curves of a nonlinear oscillator (black) and nonlinear frequency response (white).
Right: Stabilizing feedback-control for CBC.

3 Experiments

In the following section experimental results are presented. First, the structure is examined with an open
CBC loop. This means that the feedback variable xdp in Figure 1 is disconnected from the CBC-controller
and the excitation force Fex is applied directly to the virtual structure at the DP. The results are interpreted
and compared with the closed-loop results. Finally, in section 3.3 the frequency responses of the system are
interpolated from the measured s-curves.
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3.1 CBC open-loop Amplitude Sweeps

Figure 8 shows an amplitude sweep with open CBC loop at a constant frequency of 4 Hz, which is close
to the first natural frequency of the virtual beam. The left left hand side shows the time domain signals of
the excitation force at the driving point (DP), the virtual displacement at this point, the displacement at the
damper position, and the restoring force measured at the damper. The right hand side of Figure 8 shows the
envelopes of displacement excitation force at the DP. This graph is analog to the prescribed s-curve but for
the uncontrolled case. Both, the up and down sweep were performed with a sweeprate of 26.7 N/min from
10 N to 90 N. It can be seen that initially, as the excitation force increases, the displacement amplitudes also
increase linearly, as expected. However, when a damper force of about 1.8 N is reached, it drops rapidly.
This simultaneously causes an increase in displacement, both, at the DP and at the damper position. With
further increasing excitation, these two continue to grow linearly, whereby the restoring force at the damper
remains almost constant. During sweep down, however, the system behaves differently. Here the decrease
of the displacements is almost linear during the whole sweep. But again the force at the damper remains
constant up to a certain excitation force (about 30 N) and then decreases linearly. This sweep up and down
cycle could be reproduced many times in a row, which we did it at least five times with always the same
results: once the damper has come close to a complete stop after sweep down, there was again the drop
in the damper force during sweep up. If the envelopes of the signals are reviewed, as in Figure 8 on the
right hand side, it is evident that this effect causes a hysteretic loop. It can be seen that the system shows a
non-uniqueness about the system response. That means there are at least two possible solutions for a single
combination of excitation frequency and excitation force and on which of the two branches the system settles
seems to essentially depend on the temporal development of the excitation force (sweep up or sweep down).

Figure 8: Left: Open loop amplitude sweeps at driving point (DP) and damper position at 4 Hz. Right:
Envelope of the amplitude sweeps at the driving point.

At the beginning of the investigations, we did not expect that this rather simple structure would have such
difficult to interpret dynamics. But this example demonstrates very well the complexity of finding suitable
models for nonlinear mechanical processes. The root of that phenomenon is not yet completely clear to us
and therefore we will be trying to find a suitable model for the process in the near future. Thus, we are also
looking forward to receiving feedback from the community regarding the described effect. Anyway, from
Figure 8 the question arises how the system behaves exactly in the transition area between the two branches
(between 35 and 75 N). Since the transition between these two states manifests itself as a jump, we suspect
that there may be an unstable equilibrium state, as shown in Figure 7 and described in Section 2.3. However,
this cannot be investigated by feedforward control of the excitation force. For this reason, the system is
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examined in the following with the stabilizing CBC control.

3.2 CBC closed-loop Amplitude Sweeps

The control parameters of the PD-controller of the CBC loop were determined according to the principle
of Ziegler-Nichols. For this purpose, the system was brought to the stability limit by increasing the P-gain,
thereafter the P- and D-values were calculated according to the Ziegler-Nichols formula. The values were
then adjusted manually, so that in the end a P-gain of 55000 and a D-gain of 0 proved to be optimal. First,
the reproducibility of the measurements was investigated. For this purpose the s-curve at 4 Hz was measured
three times in a row. A displacement amplitude from 10 to 95 µm at the driving point was specified. The
s-curves were sampled in the range between 50 and 80 µm in 1 µm steps and beyond that in 5 µm steps. The
results are shown in Figure 9. All three repetitions are plotted in a single graph. Additionally, the hysteretic
loop from Figure 8 is drawn in the background. The s-curves during sweep up and sweep down are marked
in different gray scales. It can be seen that the sweeps (up and down) result in different shapes of the s-
curve, just as observed in the uncontrolled experiment. The temporal evolution of an s-curve is indicated by
the arrows. With increasing displacement, the s-curve initially follows the lower branch of the hysteresis.
However, at a displacement amplitude of about 60 µm it shifts from the lower to the upper branch. Here the
s-curve progresses almost horizontally. We succeeded in resolving the s-curves in the horizontal area with
a maximum of 3 data points (marked by the circles). Here each data point is a set of amplitude values of
the fundamental harmonics of the signals under steady state condition. The transition from the lower to the
upper branch is absolutely reproducible and occurs in all measurements at similar amplitude levels. After
that the s-curve does not follow the upper branch completely, but clearly in its vicinity. After the change in
direction of the sweep, the s-curve initially follows with the sweep down for a while. However, at a certain
point it does not jump back to the lower branch, but runs somewhere in between the branches until it finally
ends on the lower branch.

Figure 9: Three repetitions of s-curves measured with CBC at 4 Hz in comparison to an uncontrolled ampli-
tude sweep.

From the literature review we know, that at least for conservative systems, s-curves usually are assumed to be
explicit [11, 20, 21, 12]. This means that their shape is independent of whether the excitation is increased or
reduced. This however is different for the non-conservative system in this study. Nevertheless, the behavior
is absolutely reproducible on this setup, as the comparison of the three measurements shows. So obviously
it has to be a system property.

NON-LINEARITIES: IDENTIFICATION AND MODELLING 2103



3.3 Synthesis of Nonlinear Frequency Responses

Nonlinear frequency responses (NLFRs) can be synthesized from measured s-curves, as described in section
2.3. For this, s-curves were measured at the frequencies of interest from 1 to 10.5 Hz in intervals of 0.5 Hz.
The s-curves are visualized as a manifold in Figure 10. From the intersection of this manifold with planes
along constant excitation forces, the amplitude responses of the system at this specific forcing levels are
obtained. The intersection plane for an excitation force of 60 N is visualized in Figure 10 on the left hand
side. Additionally, the s-curve manifold was interpolated by a spline interpolation to form a Bezier surface.
Since the s-curves for sweep up and down are different, the graphs were also divided into these two cases.
The NLRF for selected excitation levels are shown on the two right hand graphs. All s-curves were measured
with the above mentioned controller settings. The unstable solutions, resulting from the horizontal part of
the s-curves, can be seen very well by the NLFR for the sweep up case. Here an overhang is clearly visible.
However, for larger excitation forces, it seems to decrease, as the NLFR of the highest level shows, which
means the system approaches a linear limit case. The NLFR curves for the sweep down, on the other hand,
do not show any unusual features. It can only be guessed that with increasing excitation force there is a small
shift of the resonance frequency towards smaller frequencies.

Figure 10: Left/Middle: S-curves for sweep-up and down measurements at the virtual driving point (DP).
Right: synthesized nonlinear frequency responses at the DP.

Frequency responses are the common way of representing system dynamics in linear system identification.
With the synthesis of nonlinear frequency responses from s-curves, this can also be transferred to nonlinear
systems. The advantage is that the experienced engineer can interpret the results of frequency responses
directly, while s-curves are a also very intuitive, but still rather unusual. A feature that NLFR can have com-
pared to linear frequency responses are the unstable branches, i.e. the NLFR may have an overhang to one
side. Fully identifying such overhanging frequency responses, as in the case of the present system, is espe-
cially important because the transition from the lower to the upper stable branch can appear unexpectedly. If
not all possible vibrational states at a certain frequency have been identified beforehand and thus could been
taken into account when designing a component or assembly, this can later have dramatic consequences, e.g.
due to overstressing.

4 Conclusion

In this paper the realtime dynamic substructuring method (RTDS) combined with control based continuation
(CBC) has been proposed. The RTDS was applied to mimic a nonlinear, vibrating structure exploiting a
nonlinear, frictional damper and a virtual beam in an hybrid experiment. This structure was examined near
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its first resonance frequency by uncontrolled amplitude sweeps and it was found that the dynamic properties
in a certain amplitude range depend on whether the excitation is increased or decreased. This was taken as
an opportunity to apply control based continuation to the system. Control based continuation is a method for
the identification of nonlinear systems, especially for finding unstable equilibrium states. The measurements
with the CBC have unexpectedly shown that the non-conservative system under investigation here shows
different s-curves (force-displacement curves), which results in different frequency responses, depending
on the direction in which the force is currently evolving. Figure 9 shows the remarkable reproducibility
of these s-curves when the measurement is repeated several times. The nonlinear phenomenon underlying
this is not completely clear, but it was not part of the present investigation. Rather, that result shows how
powerful the CBC is as a tool for the nonparametric identification of nonlinear systems, since nonlinear
components or entire systems can be investigated without a priori knowledge of nonlinearity. This study
is therefore a very successful proof of concept, which shows the potential of RTDS combined with CBC.
Realtime dynamic substructuring extends the limits of the CBC to larger and more complex systems, even
beyond the laboratory scale.
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Abstract
Unstable periodic orbits of nonlinear structures can be stabilized through differential control of the displace-
ment. However, nonlinearities in the system generate non-fundamental harmonics that are fed back into the
excitation signal, affecting the structure’s response and making the controller invasive. Adaptive filters are
used to perform an online estimation of the Fourier coefficients of the displacement signal in order to cancel
the invasiveness. The performance of the method is discussed for simulated experiments possessing smooth
and non-smooth nonlinearities.

1 Introduction

The dynamics of a nonlinear system can be characterized through the identification of the periodic orbits it
follows when responding to a monoharmonic excitation. While it can be straightforward to identify stable
periodic orbits, there exist branches of unstable orbits that cannot be directly observed experimentally. One
solution is to use non-invasive feedback control such that the asymptotically vanishing action of the controller
modifies the system’s dynamics until it is stable [1]. Because the control is non-invasive, the periodic orbits
of the controlled system are identical to those of the uncontrolled one.

Stabilizing the nonlinear system allows the identification of whole branches of periodic orbits [2] and of
bifurcations between such branches [3] by performing an experimental control-based continuation similar
to what is done numerically. This method was able to characterize systems such as a vertically forced pen-
dulum [4] or a nonlinear energy harvester [5]. The necessity to use expensive continuation algorithms (e.g.
the pseudo-arclength method) can be avoided by choosing the continuation parameter to be the target ampli-
tude rather than a physical parameter [6], rendering control-based continuation faster and computationally
lighter. The method can be used to identify backbones of nonlinear systems [7], estimate the stability of
the orbits being identified [8], track bifurcations [9], or characterize multi-degree-of-freedom systems with
harmonically coupled modes [10].

In its state-of-the-art formulation, control-based continuation achieves non-invasiveness through an iterative
procedure [6]. During each of the corrective iterations, the system must first reach steady-state before any
measurement can be made. This work introduces a method to achieve non-invasiveness in an online manner
by using adaptive filtering, meaning that the control is directly non-invasive when the system reaches steady-
state. Section 2 illustrates how feedback control stabilizes the unstable periodic orbits of two virtual nonlinear
systems, one possessing a smooth nonlinear stiffness and the other a non-smooth one. Section 3 shows how
the stabilization is in general invasive and under which conditions it is not. Adaptive filters are introduced in
Section 4 to cancel the invasiveness online. A parameter study is made in Section 5 to assess the performance
of the method on the two systems possessing nonlinear stiffness and on a third system that does not exhibit
unstable orbits, possessing a non-smooth discontinuous friction nonlinearity. This work is finally concluded
in Section 6.
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Figure 1: Frequency Response Curves of the nonlinear systems for excitation amplitude F = 0.03 N; stable
orbits in black and unstable orbits in red

2 Feedback stabilization

Nonlinear systems respond in general to the following equation of motion defining the relation between the
displacement x and the excitation f :

Mẍ(t) + Cẋ(t) +Kx(t) + fNL(x, ẋ, t) = f(t) (1)

with the linear mass, damping, and stiffness matricesM , C, andK respectively. The internal nonlinear force
fNL generally depends on x and/or ẋ corresponding to nonlinear stiffness and damping respectively. This
paper considers single degree-of-freedom virtual experiments having identical linear coefficients shown in
Table 1. One structure has a cubic stiffness:

fNL,1(x, ẋ, t) = 2 · 108 x3 (2)

and is called the cubic system. Another has a piecewise linear stiffness:

fNL,2(x, ẋ, t) =





400x+ 0.4 for x < −1 mm
0 for − 1 mm ≤ x < 1 mm
400x− 0.4 for x ≥ 1 mm,

(3)

called the piecewise linear system.

Table 1: Linear parameters of the virtual experiments

M [kg] C [Ns/m] K [N/m]
0.05 0.2 57

When submitted to a monoharmonic excitation of constant amplitude F and varying frequency ω, the sys-
tem’s displacement follows a periodic orbit whose amplitude X can be characterized by so-called Frequency
Response Curves (FRCs) (Fig. 1). They show that both the cubic and the piecewise linear systems are hard-
ening: the amplitude peak shifts to higher frequencies as the amplitude increases. Furthermore, the shift is
such that there can exist multiple responses to the same excitation frequency. Some of the orbits are stable
and other are unstable, the latter meaning that the system’s displacement will diverge from the orbit towards
some other (stable) orbit. Such responses cannot be observed experimentally without external stabilization.

One stabilization method applies feedback control on the displacement. A target in displacement x∗ is
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Figure 2: (a) Displacement amplitude X and (b) excitation amplitude F of the cubic system excited by a
differential controller of gain Kd and monoharmonic target of amplitude X∗ of constant frequency ω =
12 Hz
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Figure 3: (a) Displacement amplitude X and (b) excitation amplitude F of the piecewise cubic system ex-
cited by a differential controller of gainKd and monoharmonic target of amplitudeX∗ of constant frequency
ω = 7 Hz

introduced and the excitation signal is generated by a differential controller of gain Kd:

f(t) = Kd[ẋ
∗(t)− ẋ(t)]. (4)

By combining Eqs. 1 and 4, an equivalent equation of motion can be rewritten:

Mẍ(t) + [C +Kd]ẋ(t) +Kx(t) + fNL(x, ẋ, t) = Kdẋ
∗(t). (5)

The effect of the controller on the system’s damping is apparent and the excitation is fully defined by the
target x∗. When x∗ is monoharmonic, both the displacement amplitudeX and excitation amplitude F depend
on the target amplitude X∗, as shown in Figs. 2 and 3 for a constant excitation frequency ω. The controller
gain Kd affects the stability of the periodic orbits and for a high enough value, all the orbits become stable at
constant ω. Any orbit of the FRC can therefore be identified experimentally by considering a monoharmonic
x∗ at frequency ω and tuning the amplitude X∗ until reaching the displacement amplitude X of the desired
orbit.
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3 Control invasiveness

Nonlinear systems respond in general with multiple harmonics. A Fourier decomposition can therefore be
made on the displacement signal x to obtain its Fourier coefficients:

x(t) = X0 +

NH∑

k=1

Xks sin(kωt) +Xkc cos(kωt). (6)

In practice, only a limited number of harmonics NH is considered. Identically, the Fourier coefficients of the
target x∗ and the excitation f are defined as follows:

x∗(t) = X∗0 +

NH∑

k=1

X∗ks sin(kωt) +X∗kc cos(kωt), (7)

f(t) = F0 +

NH∑

k=1

Fks sin(kωt) + Fkc cos(kωt). (8)

Eq. 4 defines the relation between the Fourier coefficients of every signal ∀k ∈ {1, . . . , NH}:




F0 = 0

Fks = −kKd(X
∗
kc −Xkc)

Fkc = kKd(X
∗
ks −Xks).

(9)

The non-fundamental harmonics (k ≥ 2) of the displacement x therefore influence the excitation f . As a
consequence, the response of the system is different to the one it would have if it were vibrating under a
monoharmonic excitation: the controller is invasive. A way to render the controller non-invasive is to cancel
every non-fundamental harmonic of f by constraining the target x∗:

{
X∗ks = Xks

X∗kc = Xkc
⇔

{
Fks = 0

Fkc = 0
∀k ∈ {2, . . . , NH}. (10)

There is therefore a need to estimate the Fourier coefficients of x to generate an appropriate target x∗.

4 Adaptive filters

Blasko used adaptive filters to eliminate harmonic noise in a continuous manner — i.e. “online” — without
interfering with the stability of feedback control loops [11]. This method can be applied to estimate the
Fourier coefficients of the displacement signal x and eliminate unwanted harmonics in the excitation signal
f , following Eq. 10. The reader is invited to consult [12] for technical details on adaptive filters. A collection
of purely harmonic signals is defined

q(t) =




q0(t)
q1s(t)
q1c(t)
q2s(t)

...
qNHc(t)



=




1
sin(ωt)
cos(ωt)
sin(2ωt)

...
cos(NHωt)



. (11)
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A linear combination of these harmonics signals is made with the weights

w(t) =




w0(t)
w1s(t)
w1c(t)
w2s(t)

...
wNHc(t)




(12)

to synthesize the output of the controller

y(t) = wT (t)q(t). (13)

The weights vary through time according to algorithm whose objective is to reduce the error

ε(t) = x(t)− y(t) (14)

with x still the displacement of the system. There exist several algorithms, the most known being LMS and
RLS, both discrete-time algorithms [12].

At time step i, the LMS algorithm updates the weights in a rather simple manner [12]:

w(ti+1) = w(ti) + µq(ti)ε(ti). (15)

The step size coefficient µ is an internal parameter. The sampling frequency fs has a large effect on the
performance of discrete-time filters. Therefore, the coefficient is normalized:

µ′ = µfs. (16)

The RLS algorithm is more complicated; past time steps have an influence on the weight update through the
estimation of the inverse covariance matrix for q, noted P [12]:

k(ti) =
λ−1P(ti−1)q(ti)

1 + λ−1qT (ti)P(ti−1)q(ti)
, (17)

ε̂(ti) = x(ti)−wT (ti−1)q(ti), (18)
w(ti) = w(ti−1) + k(ti)ε̂(ti), (19)

P(ti) = λ−1P(ti−1)− λ−1k(ti)qT (ti)P(ti−1). (20)

The performance of the filter is governed by the forgetting factor λ, an internal parameter. It can be normal-
ized

λ = 2−N/fs (21)

where N can be seen as the half-life of the information in time units.

For a successful filtering (i.e. ε � x and w(t) ≈ w), the weights are good estimators of the Fourier
coefficients (see the parallel between Eqs. 6 and 13):





X0 ≈ w0

Xks ≈ wks

Xkc ≈ wkc
∀k ∈ {1, . . . , NH}.

(22)

The method to achieve non-invasive feedback stabilization is shown in Fig. 4. There are two loops in parallel:
the feedback loop compares the displacement x to the target x∗ in order to generate the excitation f through
a differential controller, and the filter loop estimates the Fourier coefficients of x through an adaptive filter
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Figure 4: Feedback and filter loops used to achieve non-invasive feedback stabilization of the system’s
periodic orbits

generating the non-fundamental part of the target following Eq. 10:

x∗nf (t) =
NH∑

k=2

X∗ks sin(kωt) +X∗kc cos(kωt). (23)

The fundamental part x∗f of the target is a monoharmonic signal of frequency ω and amplitude X∗ tuned by
the user to identify the periodic orbit of same frequency and desired amplitude X .

5 Parameter Study

The performance of the method is evaluated for canceling the controller invasiveness. It is influenced by
the number of harmonics NH considered by the adaptive filter and the algorithm used. The latter possesses
internal parameters as well.

A third nonlinear system is introduced, possessing a non-smooth friction law:

fNL,3(x, ẋ, t) =





−0.05 for ẋ < 0 mm
0 for ẋ = 0 mm
0.05 for ẋ > 0 mm,

(24)

called the friction system. It does not possess unstable orbits like the cubic or the piecewise linear system
do. Stabilization is therefore useless in this particular case, but assessing the performance of the method on
a non-smooth friction nonlinearity is relevant.

For this study, the cubic and piecewise linear systems are stabilized on an unstable orbit and the friction
system on a similar orbit. The orbits are characterized in Table 2.

Table 2: Characteristics of the orbits identified in Section 5 (unstable for the cubic and piecewise linear
systems) and parameters of the feedback stabilization

System ω [Hz] X [mm] F [N] X∗ [mm] Kd [Ns/m]
Cubic 12 1.17 0.03 1.19 5
Piecewise linear 7 1.11 0.03 1.13 5
Friction 7 1.23 0.1 1.60 5
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Figure 6: Excitation signal in (a) time and (b) frequency of the piecewise linear system depending on the
number NH of harmonics considered in the adaptive filter

5.1 Number of harmonics

The performance of the adaptive filtering is linked to the number of harmonicsNH considered in the adaptive
filter. The present method cancels invasiveness of the harmonics for which Eq. 10 is met. Non-fundamental
harmonics generated by the nonlinearities of the system must be taken into account for the stabilization to
be non-invasive at this frequency.

The three systems are stabilized on the orbit characterized in Table 2 with various numbers of harmonicsNH

being considered in the adaptive filter. After having reached steady-state, one period of the excitation signal
is shown in Figs. 5a to 7a. The spectrum of the signal is shown in Figs. 5b to 7b. The fully invasive case (i.e.
for a monoharmonic x∗ = x∗f and without an adaptive filter) is shown with NH = 0.

Once the Fourier coefficients of a harmonic are estimated by the filter, the harmonic is reduced to insignificant
levels in the excitation signal. The cubic system exhibits a very strong third and a slight fifth harmonics while
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Figure 8: Evolution of the absolute error ε between x and y for various adaptive filter algorithms and param-
eters on the piecewise linear system (ε smoothed over 1/ω = 1/7 s)

the higher ones are not significant. Unsurprisingly, the non-smooth systems exhibit a much richer harmonic
content with harmonics up to 7 reaching significant amplitudes. The harmonics considered by the adaptive
filter are however successfully canceled.

5.2 Algorithm

The effect of the internal parameter of the LMS algorithm µ′ (see Eq. 16) is shown in Fig. 8. Larger values
increase the correction step size and render the filter more reactive. However, the magnitude of ε converges
to higher values. Smaller values of µ′ make the weights converge more slowly but ε is expected to eventually
reach a lower magnitude. However, the filter being in a feedback loop prevents this. A value of µ′ = 10
seems a good compromise in this case, leading to convergence after less than a second.

The effect of the internal parameter of the RLS algorithm N (see Eq. 21) is shown in Fig. 8 as well. The
larger λ is, the more important past time steps are. It seems that the RLS algorithm is less efficient than the
simpler LMS algorithm in this context.
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6 Conclusion

Feedback stabilization by differential control is a simple and effective way to experimentally identify unsta-
ble orbits of a nonlinear system. However, non-fundamental harmonics in the displacement signal generated
by the nonlinearities in the system affect the excitation signal. Consequently, the orbits identified are different
to the ones that the system would have if it were excited by a monoharmonic excitation signal. This invasive-
ness can be avoided by constraining the control target such that it cancels the non-fundamental harmonics of
the controller’s input, rendering the excitation signal monoharmonic.

The constraint consists in imposing that the target’s non-fundamental harmonics equal the ones of the dis-
placement. This paper presents a method to achieve this online — i.e. continuously in time — by using
adaptive filters. Harmonic signals are combined to synthesize a signal identical to the displacement signal.
The weights of this combination are good estimators of the Fourier coefficients.

Harmonics can be selectively removed from the excitation signal until it is monoharmonic. The feedback
stabilization is not lost and the controller becomes non-invasive. The performance of such a method is
shown for three systems: one containing a smooth nonlinear stiffness, one containing a non-smooth nonlinear
stiffness, and one containing a non-smooth nonlinear damping. Two algorithms used in the adaptive filter
are compared and their internal parameters studied to find a compromise between a small filtering error and
a fast convergence.
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Abstract
This paper presents a novel approach to linearize the input-output (IO) response of nonlinear mechanical
systems by using model predictive control (MPC) with integral action and solving a one-step-ahead reference
tracking problem. The discrete-time MPC controller, which builds on a nonlinear data-driven state-space
model, controls a continuous-time plant. State estimation is performed by means of the unscented Kalman
filter (UKF). The overall effectiveness of this MPC-based approach is validated in the time and frequency
domains by conducting simulations on a mechanical system with output nonlinearities of polynomial type.
The obtained results show that the proposed method is superior in terms of performance and robustness when
compared to the classical feedback linearization techniques based on Lie algebra.

1 Introduction

Feedback linearization is a promising approach in the mechanical industry to eliminate undesired nonlinear-
ities from a system dynamical behavior. It intends to find a direct linear relationship between the system
output and the control input, through a choice of a nonlinear state feedback control law [1, 2, 3]. The out-
come of feedback linearization is a linear system for a specified operating range, meaning that a single linear
controller can be designed that is stable in this entire range and exhibits the same transient and steady-state
behaviors for different set-points.

However, since the introduction of feedback linearization in the early eighties, its promise has not been
solidly realized, mainly because it is heavily dependent on accurate nonlinear models, which are significantly
more difficult to obtain than linear models. Another drawback of feedback linearization is that exact IO
linearization can only be achieved for either continuous-time systems with continuous-time controllers or
discrete-time systems with discrete-time controllers. Most mechanical control systems are however sampled-
data systems, i.e., a control system in which a continuous-time plant is controlled with a digital device. For
these kind of systems, research has shown that the effect of sampling imposes severe restrictions [4] or may
even result in the impossibility to linearize [5].

As for the modeling, this is usually achieved by applying first-principle-based methods. However, in a tech-
nological world where systems are becoming increasingly complex, and the degree of nonlinearity in these
systems is becoming increasingly high, first-principle modeling appears to be ever more resource-consuming.
To overcome this limitation, the identification of nonlinear systems can be achieved by exclusively process-
ing experimental IO data, resulting in so-called data-driven models. Since the focus of the present research is
on the control part, the discrete-time data-driven modeling approach in nonlinear state-space form is adopted
from [6]. The continuous-time representation of this model, implemented in Matlab/Simulink, serves as the
system plant. This means that we always have access to the true states as well as the states that are estimated
by the UKF. This also means that we have great freedom in purposely introducing modeling errors in order
to study the robustness of the derived controllers.

The remainder of this paper is structured as follows. Section 2 describes the data-driven state-space models
with output nonlinearities the present study builds upon. In Section 3, the problem of feedback linearization
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is stated in a data-driven philosophy, and major differences with classical feedback linearization are high-
lighted. Section 4 describes the applied MPC architecture. In Section 5, performance and robustness tests are
performed by using simulation data, before formulating conclusions and recommendations for future works
in Section 6.

2 Data-driven modeling with output nonlinearities

The adopted nonlinear state-space model form of order n and with p inputs and q outputs is defined as
{
ẋ(t) = Ax(t) + Bu(t) + Eg(y(t))

y(t) = Cx(t),
(1)

where A ∈ Rn×n, B ∈ Rn×p and C ∈ Rq×n are the linear state, input and output matrices, respectively.
Furthermore, x(t) ∈ Rn is the state vector and u(t) ∈ Rp and y(t) ∈ Rq are the control input and measured
output vectors, respectively. The over-dot indicates a derivative with respect to the time variable t. Finally,
g(t) ∈ Rs is a vector containing s polynomial basis functions, with E ∈ Rn×s the associated coefficient
matrix. The basis functions in g(t) are formulated in terms of the measured system outputs y(t). For the
sake of simplicity, and without major loss of generality, we consider no direct feedthrough term nor nonlinear
term in the second equation of (1).

3 Problem statement

Feedback linearization is achieved in this work by applying a MPC-based approach that both preserves the
linear dynamics in equations (1) and cancels the nonlinear term Eg(y(t)). It must be noted that traditional
feedback linearization based on Lie algebra notions transforms a nonlinear system in an equivalent linear
system by finding a suitable control input and a change of variables, eventually converting the nonlinear
system to a chain of ρ integrators, where ρ is the relative degree of the original system. Although this
approach is clearly different from the one pursued in this paper, we adapted the Lie algebra calculations
from classical feedback linearisation such that the dynamics of the original system is similarly preserved.
This allows us to achieve a valid comparison between both methodologies.

In summary, if the overall objective of the present MPC-based technique is strictly comparable to that of
traditional feedback linearization, their underlying machinery is considerably different: whereas the tradi-
tional approach tries to find a control input that exactly cancels out any nonlinearities in a system, the MPC
approach is tracking a time-domain reference which is, in discrete time, always available one step ahead.
Namely, by discretizing the plant matrices in (1), the one-step ahead reference signal can be found for any
time instant k ∈ N as follows

{
xref (k + 1) = Adxref (k) + Bdv(k)

yref (k + 1) = Cxref (k + 1),
(2)

where Ad and Bd are the discrete-time representations of A and B, respectively. Moreover, xref (k) is
the state reference and yref (k + 1) is the output reference to be tracked, while v(k) is the new outer-
loop control input at time instant k. The proposed output-feedback MPC controller, inspired by [7], has
integral action in the sense that robust convergence can be achieved in the case of model uncertainty and
imperfect state information, in this way overcoming one of the main deficiencies of traditional feedback
linearization. In addition, the MPC controller uses a discretized model of the continuous plant, meaning
that sampling dynamics are accounted for when calculating the optimal control signal. The present research
does not impose any constraint bounds on the applied control signal or output signal; thus, there is no online
optimization problem to be solved at every time step. Hence, there is no significant increase in computational
burden when compared to classical feedback linearization.
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4 Design of a linearising MPC with integral action

Consider again the continuous-time plant (1) with p inputs and q outputs and no direct feedthrough. The
corresponding discrete-time state-space prediction model at time instant k, assuming zero-order hold (ZOH)
discretization, is defined as

{
x(k + 1) = Adx(k) + Bdu(k) + Edg(k)

y(k) = Cx(k),
(3)

where Ed is the discretized version of E. Since we have a one-step-ahead output reference signal available,
we want to augment the prediction model (3) so as to include the output in the state vector. In order to do so,
we first define the following relations:

{
∆x(k) := x(k)− x(k − 1);

∆g(k) := g(k)− g(k − 1);

∆u(k) := u(k)− u(k − 1)

∆y(k + 1) := y(k + 1)− y(k).
(4)

Next, defining x(k) =
[
∆x(k)> y(k)>

]>, the augmented state-space model writes




x(k + 1) =

[
Ad 0p×q
CAd Iq

]

︸ ︷︷ ︸
A

x(k) +

[
Bd

CBd

]

︸ ︷︷ ︸
B

∆u(k) +

[
Ed

CEd

]

︸ ︷︷ ︸
E

∆g(k)

y(k) =
[
0q×p Iq

]
x(k) = Cx(k).

(5)

Note that, in this way, the monomials in vector ∆g(k) are treated as a constant disturbance over the prediction
horizon N = 1. The predicted output at time instant k + 1 can be written as

ŷ(k + 1) = CAx(k) + CB∆u(k) + CE∆g(k) = Sxx(k) + Su∆u(k) + Sg∆g(k). (6)

Subsequently, the following quadratic cost function is proposed:

J =
[
ŷ(k + 1)− yref (k + 1)

]>
Q
[
ŷ(k + 1)− yref (k + 1)

]
+ ∆u(k)>R∆u(k), (7)

where Q is a positive-definite weighting matrix penalizing any deviation from the reference and R is a
positive-definite weighting matrix penalizing the rate of change of the input signal. By substituting (6) in
(7), the cost function J becomes a quadratic and convex function of ∆u(k). Hence, by setting the derivative
of J with respect to ∆u(k) to zero and solving for ∆u(k), the optimal control input that leads to the global
minimum of the cost function is found to be

∆u∗(k) = −G−1F [Sxx(k) + Sg∆g(k)− yref (k + 1)] (8)

where

G = 2(R + S>uQSu), (9)

F = 2S>uQ. (10)

Lastly, the control input that is applied to the plant is defined as

u(k) = u(k − 1) + ∆u∗(k). (11)

From (8), we can see that we still need the current and previous state and output information to calculate
the optimal control signal. Since we only measure output signals, the states have to be estimated by means
of a nonlinear observer, in this case the UKF [8], which is basically an extension of the well-known linear
Kalman filter. Because all experiments in this research are performed in a simulation environment, there is
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Figure 1: Schematic overview of the control structure.

no process nor measurement noise. This could however be added synthetically, but the effectiveness of the
considered control methods can be best analyzed without noise, especially in the frequency domain. For
this reason, we refer to the literature for a more detailed description of the UKF. Nevertheless, the UKF is
very useful for studying the robustness of the control system when there is a mismatch between the true and
estimated states. A schematic overview of the entire control structure is depicted in Figure 1.

5 Simulation and results

This section considers throughout a second-order data-driven model identified based on experimental mea-
surements conducted on the Silverbox benchmark system, i.e., an electronic circuit mimicking the behavior
of a single-input single-output (SISO) Duffing oscillator with a single resonance [6]. This experimental
system features a cubic spring behavior in stiffness, altered by a comparatively small asymmetric stiffness,
modeled here as an additional quadratic term. As a result, g(t) =

[
y2(t) y3(t)

]>. The exact values of the
E matrix elements can be found in Table 3 of [6]. The control structure is implemented in Matlab/Simulink
according to the schematic overview of Figure 1. Simulations are carried out to validate the effectiveness of
the proposed MPC approach in terms of performance and robustness in Sections 5.1 and 5.2, respectively.
The weighting values Q = 1e5 and R = 1e-4 are fixed for the different experiments.

5.1 Performance

A first set of simulations is used to compare the performance of the classical feedback linearization approach
with that of the proposed MPC approach for various values of the sampling frequency. This analysis is
structured as follows: first, the original uncontrolled system is excited with a sine with an amplitude of 0.02
N and a frequency of 70 Hz, considering a simulation time of 4 s. The excitation frequency is slightly higher
than the resonance frequency of the linear part of the system which is 68.6 Hz. The reason for this is that
resonance frequency of the nonlinear system is higher due to the hardening effect of the nonlinearity. The
observed output amplitude is around 0.17 m, and this value will be used as a reference for the linearizing
controller. More precisely, the linear reference model is excited such that it produces an output reference sine
wave with an amplitude of 0.17 m and a frequency of 70 Hz. The time-domain outputs/errors and control
inputs in steady-state conditions for various sampling frequencies are plotted in Figure 2, considering (a) the
traditional approach and (b) the proposed MPC with integral action. The sampling frequencies are chosen
such that an amplitude spectrum with minimum leakage is obtained. So, dividing the sampling frequency
by the excitation frequency yields an integer value. From the output/error plots, it is noticed that the MPC
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(a) (b)

(c) (d)

Figure 2: Classical feedback linearization: time-domain output and input plots (a), frequency-domain output
amplitude spectra (c). MPC feedback linearization: time-domain output-error and input plots (b), frequency-
domain output amplitude spectra (d).

controller is superior to the traditional feedback control strategy. This is also verified by analyzing the values
of the root-mean-squared (RMS) errors listed in Table 1. The total RMS error of the MPC controller at
fs = 2450 Hz is a factor 150 times smaller than that of the traditional controller, and at fs = 9940 Hz this
is even more than a factor 5000. An attractive property of feedback linearization is that a linearized system
can also be used to shape the transient response of that system. For this reason, Table 1 displays the RMS
error values for the transient phase, i.e., the first 0.25 second. For all situations, the transient RMS error
is even smaller than the overall RMS error. The main reason for this is that the transient starts from zero
and gradually increases toward an amplitude of 0.17 m, with only very little overshoot. Thus, the absolute

Table 1: RMS values of the overall and transient error [m] at different sampling frequencies for the classical
feedback linearization and MPC approach.

classical FBL MPC
transient total transient total

fs = 2450 Hz 1.19e-2 1.54e-2 8.44e-5 1.03e-4
fs = 4970 Hz 1.19e-2 1.54e-2 1.35e-5 1.64e-5
fs = 9940 Hz 1.21e-2 1.56e-2 2.52e-6 3.07e-6
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error in the transient phase is lower than in the steady-state phase because the output has lower amplitude,
translating in a lower RMS error. Nonetheless, it can be concluded that very good tracking is achieved in the
transient phase. From the output/error plots and the RMS values of the error, it can also be noted that there is
no significant improvement nor degradation for the classical approach when there is an increase in sampling
frequency. For the MPC approach, on the other hand, there is a clear decrease in RMS error for an increase
in sampling frequency.

Figures 2a and 2b show the plant input signals, which exhibit clear harmonic components in order to elim-
inate the nonlinearities in the output. We also observe that, for the MPC approach, the minimum value of
the applied input signal is 25% greater in amplitude compared to the original input signal. From a physical
point of view, it makes sense that we need a larger input signal whenever the displacement of the oscillating
mass becomes more negative, due to the opposing effect of the cubic stiffness nonlinearity. Figure 2a verifies
that the output reference is at its most negative displacement value when the lowest peak in the input plot of
Figure 2b is reached.

Figures 2c and 2d finally represent the amplitude spectra of the output signals for the classical and MPC
approaches. These results agree with our time-domain findings. As for the classical approach, there are
very little nonlinearities eliminated, there is only some improvement at the higher frequencies. At these
frequencies, it is also visible that higher sampling frequencies result in slightly more eliminations. Much
better results are obtained for the MPC approach, as at fs = 9940 Hz the controller is able to suppress
the most dominant nonlinear contribution at 140 Hz by more than a factor 4000. Again, a higher sampling
frequency leads to more nonlinear eliminations. It must be noted that the fixed values for Q and R do
not influence the results, since they cannot be improved further by tuning these values. This is true for all
three sampling frequencies. It is also worthwhile mentioning that we can never obtain a perfect amplitude
spectrum, i.e., a spectrum with just a peak at 70 Hz, since the ZOH dynamics are inherently time-varying.

5.2 Robustness

This section studies the effect of model uncertainty and incorrect state estimation. Severe model uncertainty
is obtained by multiplying all the elements of the plant A matrix by a factor 1.5. Note that this is only
done for the plant; the models for control and state estimation do not contain this multiplication factor. Our
objective is similar to that of the performance test: the output reference signal to track is a sine with an
amplitude of 0.17 m and a frequency of 70 Hz. In addition to classical feedback linearization, the obtained
results are also compared to a MPC controller without integral action. This latter tracks the state reference
of (2) rather than the output reference. Moreover, it optimizes u∗(k) instead of ∆u∗(k). All simulations are
performed at a sampling frequency of 9940 Hz.

(a) (b)

Figure 3: Time-domain output and input plots for classical feedback linearization, normal MPC and MPC
with integral action (a). State and output estimation for the MPC with integral action (b).
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Figure 4: Frequency-domain output amplitude spectra for the original system, classical feedback lineariza-
tion, normal MPC and MPC with integral action.

Figure 3a presents the time-domain output and input plots for the three mentioned control approaches. From
the output plot, it becomes clear that there is a significant difference in reference tracking for the three
methods: the MPC with integral action is almost perfectly on top of the reference signal, the normal MPC is
not able to achieve decent tracking, while the classical feedback linearising controller is completely off. The
reason for the classical approach to fail is that it is not explicitly told to follow the reference signal, it rather
tries to cancel out nonlinearities in the system based on imperfect state information and in the presence of
substantial modeling errors. The input plot shows the need for a greater input amplitude compared to the
previous test, for the same output reference. The reason for this is that we do not excite the perturbed plant
around the resonance frequency, such that more input force is required for the same output displacement.
Figure 3b compares the true states and output to the estimated states and output, for the MPC controller with
integral action. A state mismatch is observed, especially visible for x2, but the controller still achieves very
good tracking. The RMS value of the overall error is 1.33e-4 m, that is a factor 43 higher than the RMS error
at fs = 9940 Hz in the performance test. On the other hand, it remains a factor 117 lower than the error of
the classical controller in the performance test.

Finally, Figure 4 depicts the output amplitude spectra for the three control approaches. The results are in line
with the time-domain findings: MPC with integral action is superior to the other two approaches. Note that
the comparison with the classical approach is not entirely valid since its amplitude at 70 Hz does not reach
0.17 m. However, the nonlinear contributions of the MPC with integral action at 140 Hz and 280 Hz are still
lower than the ones of the classical approach.

6 Conclusions

This paper presented a novel approach toward feedback linearization of nonlinear mechanical systems. To
achieve linearization, our methodology features a MPC controller tracking a one-step-ahead reference sig-
nal. In contrast to the classical feedback linearization theory, the linear dynamics of the nonlinear system
is preserved. Simulation results showed that the MPC controller consistently achieves a better level of ac-
curacy for a comparable level of computational complexity, when compared to a state-of-the-art feedback
linearising controller. Moreover, MPC proved to be very robust to severe model uncertainty and imperfect
state estimation, due to its integral action property. For future works, extensions to systems with input and
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state nonlinearities are envisaged. Moreover, the presented control approach will be implemented on real-life
experimental setups.
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Abstract  
In this paper, Equivalent Linearization techniques are used to develop a novel method for predicting the 

response of an oscillator with nonlinear stiffness to a combination of deterministic harmonic and random 

white noise excitation. By combining equivalent linearization and the Lyapunov equation, a set of six 

coupled first order differential equations are derived that describe the time-domain response of the nonlinear 

system. These equations can be solved numerically to give the statistical moments of the response. The 

method is applied here for the well-known Duffing oscillator, however it is also applicable to any oscillator 

with nonlinear stiffness, meaning there is potential to apply the method to a wider range of practical 

examples of nonlinearities. It is shown that the response predicted by the linearization method matches well 

with Monte Carlo results from direct time integration at a fraction of the computational cost 

1 Introduction 

Many engineering vibration problems are approximated as systems that are either harmonically or randomly 

excited. However, in reality many dynamic systems are subjected to a combination of broadband noise and 

harmonic excitation, for example floating crane systems [1], turbine blades under turbulent flows [2] or 

energy harvesting devices  [3].  

Current practice for examining the dynamic behaviour of nonlinear systems under combined excitation 

involves the use of time domain integration methods. However, these become prohibitively computationally 

expensive when Monte Carlo approaches are adopted to account for random loading. Therefore there is a 

need to develop new methods that can more efficiently predict the response of nonlinear oscillators to 

combined harmonic and random loads [4]. 

Over the last 30 years a variety of different methods have been proposed to examine this problem. These 

include equivalent linearization techniques [5], techniques based on the method of multiple scales [6]–[8], 

various methods based on developing the stochastic averaging technique [9]–[12] or extensions of the 

harmonic balance method [13]–[15]. The reader is referred to [14] for a more comprehensive summary of 

many of these proposed solution techniques. 

However, many of the proposed methods are specific to the particular nonlinearity under examination. For 

example, in [7], [11], [13], [14], [16] the methods proposed are only applicable to the Duffing oscillator. 

Furthermore, even in cases where the proposed technique is more broadly applicable, the derivations are 

presented for a specific nonlinearity, for example [6] develops a method specific to the Duffing-Rayleigh 

oscillator. This means that the proposed methods cannot be easily adapted to alternative nonlinearities such 

as friction or contact nonlinearities. Therefore, this paper aims to develop a method to predict the response 

to combined excitation that is can be readily applied to oscillators with any nonlinear stiffness. 
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The proposed method achieves this by combining Equivalent Linearization techniques and the Lyapunov 

equation. Equivalent linearization is a commonly employed technique to analyse nonlinear dynamic 

systems, based on minimizing the difference between the nonlinear system being examined and an 

equivalent linearized system. The steady-state covariance of random processes can be described by the 

Lyapunov equation. These are combined in this paper to derive a set of differential equations that describe 

the response of any nonlinear system to combined random and harmonic excitation. 

2 Derivation of Governing Equations 

The equation of motion describing the response of any oscillator with nonlinear stiffness can be written as: 

v̈+2ζωnv̇+f(v)=F(t)+m(t) (1) 

where v is the displacement response, the dot denotes the time derivative, ζ is the damping ratio, f(v) is the 

(nonlinear) stiffness function, F(t) is the random, zero mean, component of the loading and m(t) is the 

deterministic, harmonic component of the load. 

The response can be broken down into a zero mean random component, vr, and a deterministic harmonic 

component vh: 

v(t)=vh(t)+vr(t) (2) 

The nonlinear force can then be approximated by an equivalent linear expression: 

f(v)≈Klvr+Nl (3) 

where Kl is an equivalent linear stiffness, and Nl is an offset that allows for a non-zero mean force. This 

means that the linearized equation of motion can be written as: 

v̈+2ζωnv̇+Klvr+Nl=F(t)+m(t) (4) 

Taking expected values (across the ensemble) of Equation 4 gives: 

v̈h+2ζωnv̇h+Nl=m(t) (5) 

which can be rearranged as: 

d

dt
v̇h=m-2ζωnv̇h-Nl (6) 

The linearization error, ε, can be defined as the difference between Equation 4 (linearized form) and 

Equation 1 (original form): 

ϵ≡f(v)-Klvr-Nl (7) 

By minimizing ε2 with respect to Kl  and Nl, as is standard practice in Equivalent Linearization, and by 

assuming that vr is a zero-mean gaussian variable, it can be shown [5] that: 

Kl=E [
df(v)

dv
] (8) 

Nl=E[f(v)] (9) 

Where E[∙] denotes ensemble expectation. Differentiating the expression for Nl given by Equation 9 with 

respect to time and separating the response into harmonic and random components using Equation 2 gives: 

d

dt
Nl=E [

df(v)

dt
] (10) 

d

dt
Nl=E [

df(v)

dv
v̇h] +E [

df(v)

dv
v̇r] (11) 

d

dt
Nl=E [

df(v)

dv
] E[v̇h]+E [

df(v)

dv
v̇r] (12) 
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The assumption that vr is Gaussian allows further simplification: 

d

dt
Nl=E [

df(v)

dv
] v̇h+E [

d
2
f(v)

dv2
] E[vrv̇r] (13) 

Equations 6 and 13 give two expressions that describe the response of an oscillator subjected to combined 

harmonic and random excitation. Furthermore, an oscillator with nonlinear stiffness Kl subjected to white 

noise excitation with a constant spectral density S0 in N2//(rad/s) must satisfy the Lyapunov equation: 

V̇=GVT+VGT+
2πS0

M2
(
0 0

0 1
) (14) 

Where: 

V(t)=E[zzT]=E [
vr

2 vrv̇r

vrv̇r v̇r
2 ] (15) 

z=(vr v̇r)
T (16) 

G= [
0 1

-Kl -2ζωn
] (17) 

Expansion of Equation 14 gives three separate Equations: 

d

dt
E[vr

2]=2E[vrv̇r] (18) 

d

dt
E[vrv̇r]=E[v̇r

2]-KlE[vr
2]-2ζωnE[vrv̇r] (19) 

d

dt
E[v̇r

2]=-2KlE[vrv̇r]-4ζωnE[v̇r
2]+

2πS0

M2
(20) 

Collecting the Equations 6, 13, 18, 19 and 20 and substituting using Equation 8, gives: 

𝑑

𝑑𝑡
�̇�ℎ = 𝑚 − 2𝜁𝜔𝑛�̇�ℎ − 𝑁𝑙 (21a) 

d

dt
Nl=E [

df(v)

dv
] v̇h+E [

d
2
f(v)

dv2
] E[vrvṙ] (21b) 

d

dt
E[vr

2]=2E[vrv̇r] (21c) 

d

dt
E[vrv̇r]=E[v̇r

2]-E [
df(v)

dv
] E[vr

2]-2ζωnE[vrv̇r] (21d) 

d

dt
E[v̇r

2]=-2E [
df(v)

dv
] E[vrv̇r]-4ζωnE[v̇r

2]+
2πS0

M2
(21e) 

and by definition: 

d

dt
vh=v̇h (21f) 

These are a set of six coupled differential Equations, with six unknowns vh, v̇h, Nl, E[vr
2], E[vrv̇r] and E[v̇r

2]. 
These coupled differential equations govern the response of any oscillator with nonlinear stiffness under 

combined random and deterministic loading. They can be solved numerically for any nonlinearity that can 

be written as a function of displacement f(v). 
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2.1 Application to Duffing Oscillator 

In order to practically apply Equation 21, the function f(v), which describes the nonlinear stiffness, needs to 

be expanded. As an example, this is done here for a Duffing oscillator, however it is possible to apply the 

method to any oscillator with stiffness nonlinearity in a similar fashion. For a Duffing oscillator, nonlinear 

stiffness is given by: 

f(v)=ωn
2v+λv3 (22) 

Hence: 

df(v)

dv
=wn

2+3λv2 (23) 

d
2
f(v)

dv2
=6λv (24) 

Substituting using Equation 2 and taking expectations leaves: 

E [
df(v)

dv
] =wn

2+3λ(vh
2+E[vr

2]) (25) 

E [
d2f(v)

dv2
] =6λvh (26) 

Substituting Equations 25 and 26 into Equation 21 results in the governing equations specific to the Duffing 

oscillator: 

d

dt
vh=v̇h (27a) 

d

dt
v̇h=m-2ζωnv̇h-Nl (27b) 

d

dt
Nl= (wn

2+3λ(vh
2+E[vr

2])) v̇h+6λvhE[vrvṙ] (27c) 

d

dt
E[vr

2]=2E[vrv̇r] (27d) 

d

dt
E[vrv̇r]=E[v̇r

2]- (wn
2+3λ(vh

2+E[vr
2])) E[vr

2]-2ζωnE[vrv̇r] (27e) 

d

dt
E[v̇r

2]=-2 (wn
2+3λ(vh

2+E[vr
2])) E[vrv̇r]-4ζωnE[v̇r

2]+
2πS0

M2
(27f) 

As expected there are six coupled differential equations and six unknowns. These can be solved numerically 

in a stepwise manner using a Runge-Kutta scheme, for example using the ode45 function in Matlab. This 

gives values of each of the variables at each point in time where the equations are solved. While Equation 

29 describes the response of a Duffing oscillator, it can be appreciated how the proposed method can be 

adapted for any stiffness nonlinearity by calculating the first and second derivatives and substituting 

appropriately into Equation 21. 

3 Comparison with Time Integration 

3.1 Limiting Cases 

As an initial check on the applicability of the proposed method, its ability to predict the response in two 

limiting cases is investigated: first to purely white noise excitation; and second to purely harmonic 

excitation. For purely white noise excitation the proposed method should recover the standard Equivalent 
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Linearisation results [5], and for purely harmonic excitation the equations should simplify to that of a 

deterministic oscillator. 

3.1.1 White Noise Excitation 

For any oscillator subjected to white noise excitation with a constant spectral density S0, it can be shown 

[5] that the variance of the displacement and velocity response, 𝜎𝑣
2 and 𝜎�̇�

2 respectively, are given by: 

σv
2=

πS0

2M2ζ
eq

ωeq
2 ωn

(28a) 

σv̇
2=

πS0

2M2ζ
eq

ωn

(28b) 

where ωeq
2  is the equivalent linear stiffness obtained from an equivalent linearization analysis using Equation 

8. For a Duffing oscillator it can be shown [5] that this is given by: 

ωeq
2 =ωn

2+3λσy
2 (29) 

This leaves two equations which can be solved simultaneously: 

σv
2=

πS0

2M2ζ
eq

ωeq
2 ωn

(30a) 

ωeq
2 =ωn

2+3λσv
2 (30b) 

Substituting the expression for ωeq
2  given by Equation 30b into Equation 30a and then manipulating gives a 

quadratic expression for σv
2: 

3λ

ωn
2

(σv
2)

2
+σv

2-
πS0

2M2ζ
eq

ωn
3

=0 (31) 

The positive root of this equation is the theoretical value of σv
2 (or E[v2]) for a Duffing oscillator subjected 

to white noise excitation with a constant spectral density S0. 

It can be shown that the Equivalent Linearization method defined by Equation 27 reduces to Equation 31 

for white noise excitation. For this loading condition there is no deterministic component to the loading or 

response meaning that: 

vh=0 (32a) 

v̇h=0 (32b) 

Furthermore, as the steady-state response is stationary (i.e. statistical moments don’t change over time): 

d

dt
E[vr

2]=2E[vrvṙ]=0 (33a) 

d

dt
E[v̇2]=0 (33b) 

Therefore the system of coupled differential Equations 27 are: 

d

dt
vh=0 (34a) 

d

dt
v̇h=0 (34b) 

d

dt
Nl=0 (34c) 
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d

dt
E[vr

2]=0 (34d) 

d

dt
E[vrv̇r]=0=E[v̇r

2]-(wn
2+3λE[vr

2])E[vr
2] (34e) 

d

dt
E[v̇r

2]=0=-4ζωnE[v̇r
2]+

2πS0

M2
(34f) 

Which means that the governing equations reduce to: 

E[v̇r
2]=

2πS0

4M2ζωn

(35a)  

E[v̇r
2]=(wn

2+3λE[vr
2])E[vr

2] (35b) 

Equation 35a is equivalent to the theoretical expression for variance of velocity response of a Duffing 

oscillator to white noise excitation given by Equation28b, as E[v̇r
2]=σv̇

2. Substituting Equation 35a into 

Equation 35b and manipulating gives: 

(1+
3λE[vr

2]

ωn
2

) E[vr
2]=

πS0

2M2ζωn
3

(36) 

Noting that E[vr
2]=σv

2 leads to: 

3λ

ωn
2

(σv
2)

2
+σv

2-
πS0

2M2ζ
eq

ωn
3

=0 (37) 

Which is the same as the theoretical expression for the displacement response of a Duffing oscillator to 

white noise excitation as given by Equation 31. For the case of linear response where λ=0 this reduces to 

the standard equation for the response of a linear oscillator to white noise excitation: 

σv
2=

πS0

2M2ζωn
3

(38) 

Thus, when subjected to random white noise and no deterministic excitation, the coupled differential 

equations in Equation 27 reduce to the theoretical equations given by Equation 28 describing the response 

of a Duffing oscillator subjected to white noise excitation. 

This is demonstrated numerically using a single degree of freedom Duffing oscillator with hardening 

nonlinearity (𝜆 = 0.04), which is subjected to white noise with a constant spectral density S0=0.16. The 

oscillator is assigned unit mass and stiffness and a damping ratio of 5% (i.e. M=1, K=1, ζ=0.05). Figure 1 

shows the how values of vh, v̇h, Nl, E[vr
2], E[vrv̇r] and E[v̇r

2], i.e the variables in Equation 29, and the 

linearized stiffness, KL, given by Equation 8, evolve over 200 seconds. Firstly, it is obvious that the harmonic 

response components are zero. Secondly, it can be seen that the linearization coefficients, 𝑁𝑙 and KL, stay 

constant once steady-state response is reached. The theoretical value of the steady-state variance of the 

displacement and velocity response, E[vr
2] and E[v̇r

2], given by Equation 30 are also shown by the dotted 

black lines in the relevant plots. The response calculated using Equation 29, in blue, converges to these 

theoretical values once the calculated response reaches steady state, confirming that the proposed method 

works as expected for this limiting case. Furthermore, it can be appreciated that the response becomes 

stationary, shown by the fact that E[vv̇]=0 and the statistical moments E[v2] and E[v̇2] stay constant with 

time. The nonstationary response at the beginning of the simulation, where E[v2] and E[v̇2] rise gradually 

before converging to the theoretical value, is the ensemble-mean transient response due to the chosen initial 

conditions. For this simulation the system was chosen to be initially at rest, however if they are set to equal 

the theoretical values then the response remains stationary throughout. 
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Figure 1: Change in response variables and linearization coefficients with time for purely white noise 

excitation 

3.1.2 Harmonic Excitation 

For the case of purely deterministic harmonic excitation, F(t)=FcosΩt, the random components of the 

response all equal zero: 

d

dt
E[vr

2]=0 (39a) 

d

dt
E[vrvṙ]=0 (39b) 

d

dt
E[v̇r

2]=0 (39c) 

This means Equation 27 reduces to: 

d

dt
vh=v̇h (40a) 

d

dt
v̇h =m(t)-2ζωnv̇h-Nl (40b) 

d

dt
Nl=[wn

2+3λ(vh
2)]v̇h (40c) 

By integration of Equation 40c it can be shown that: 

Nl=ωn
2vh+λvh

3 (41) 

Thus, by substitution using Equation 41, Equations 40a and 40b become the state space representation of 

the response of a Duffing oscillator to harmonic excitation: 

d

dt
vh=v̇h (42a) 

d

dt
v̇h=FcosΩt-2ζωnx2-ωn

2vh-λvh
3 (42b) 

Furthermore, if the response is purely linear, i.e. λ=0, this reduces to: 
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d

dt
vh=v̇h (43a) 

d

dt
v̇h=FcosΩt-2ζωnx2-ωn

2vh (43b) 

which is the well-known state space equation that describes the response of a linear SDOF oscillator to 

harmonic excitation. Therefore, the proposed equivalent linearization method reduces to a Duffing oscillator 

subjected to purely harmonic excitation. 

Figure 2 examines the steady-state response of a Duffing oscillator with hardening nonlinearity (λ=0.04), 

subjected to a harmonic load of unit amplitude and excitation frequency Ω=1 rad/s. As before, the oscillator 

is assigned unit mass and stiffness and a damping ratio of 5% (i.e. ωn=1, ζ=0.05). It can be seen that the 

values vh and v̇h display typical steady state behavior and oscillate the excitation frequency, while the 

variable associated with the random component of the response are all zero.  

Note that in this case the linearization coefficients change with time due to the oscillatory nature of vh, 

something which can be explained by examining Equations 41 for NL and Equations 8 and 25 for KL. This 

is expected because the proposed method defines an instantaneous error  𝜖 (Equation 7), and the term that 

is minimized is the expectation of that error across the ensemble of inputs that arise from the random 

component of the loading: in the absence of a random component the response variance across the ensemble 

is zero, but the optimum linearization coefficients can be a function of time. No steady-state time-

dependence was observed for purely white noise excitation (Section 3.1.1 , Figure 1 ) because the 

deterministic component was zero and the response is stationary. 

 

Figure 2: Change in response variables and linearization coefficients with time for harmonic excitation 

Figure 3 shows the steady-state root mean square displacement response for a linear oscillator and Duffing 

oscillators with hardening (λ=0.04) and softening (λ=-0.003) nonlinearity to a sinusoidal harmonic load of 

unit amplitude. Again, the oscillators are assigned unit mass and stiffness and a damping ratio of 5% (i.e. 

ωn=1, ζ=0.05). The change in response with changing excitation frequency, Ω, obtained from the derived 

equations is compared with the steady-state RMS displacement obtained from time integration implemented 

using the ode45 function in Matlab. It can be clearly seen that results obtained using these two methods 

are equivalent, as would be expected from Equation 48. This demonstrates that the derived Equivalent 

Linearization method works as anticipated for the case of purely harmonic loading, although it is noted that 

other methods exist for this case such as the Harmonic Balance Method [17] .  
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Figure 3: Comparison of the response of Duffing oscillator to sinusoidal excitation calculated using time 

integration and the proposed Equivalent Linearization (EL) method 

3.2 Combined Excitation 

Figure 4 shows how the response variables and the linearization coefficients change over time for the same 

example Duffing oscillator as before, excited by a combination of white noise with a constant spectral 

density of S0 =0.16 N2/(rad/s) and harmonic loading with a unit amplitude and frequency of 1 rad/s. From 

Figure 4 it can be seen that the linearization coefficients NL and KL are time dependent due to the 

deterministic component of loading, as demonstrated in the previous section. In turn, this means that the 

variance of the random component of the response E[vr
2] and E[v̇r

2] are also time-varying, i.e. the problem 

becomes nonstationary. 

The frequency of oscillation of the 𝐾𝐿 term is twice that of the frequency of excitation. Employing a 

combination of Equation 8 and Equation 25, it can be seen that 𝐾𝐿 varies with the square of the harmonic 

response, vh
2, which is a squared sinusoid at the excitation frequency. The trigonometric identity sin2 𝑥 =

1

2
[1- cos 2x] can then be used to explain why the frequency of oscillation of 𝐾𝐿 is twice the loading 

frequency. In turn, E[vr
2], E[vrv̇r] and E[v̇r

2] oscillate at twice the excitation frequency due to their 

dependence on 𝐾𝐿, as shown in Equation 21. 
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Figure 4: Change in response variables and linearization coefficients with time for combined white noise 

and harmonic excitation 

In order to compare the output of the proposed method with the results of time integration it is helpful to 

recombine the random and harmonic components of the response. Firstly, the expected value of combined 

displacement and velocity response can be obtained from taking expectations of Equation 2 and the time 

derivative of Equation 2 respectively: 

μ
v
=E[v(t)]=vh(t) (44) 

μ
v̇
=E[v̇(t)]=v̇h(t) (45) 

The variance of the combined displacement response can be obtained by squaring and taking expectations 

of Equation 2: 

σv
2=E[v(t)2]=vh(t)2+E[vr(t)2] (46) 

Likewise, by taking the time derivative of Equation 2 and then squaring and taking expectations it can be 

easily shown that: 

σv̇
2=E[v̇(t)2]=v̇h(t)2+E[v̇r(t)2] (47) 

Equations 44(44 to 47 allow an expression for the time varying joint probability distribution function of 

displacement and velocity, p(v(t), v̇(t)), to be obtained: 

p(v(t), v̇(t))=
1

2π√σv
2σv̇

2(1-ρ2)

exp (
1

2(1-ρ2)
[
(v(t)-μ

v
)

2

σv
2

+
(v̇(t)-μ

v̇
)

2

σv̇
2

-
2ρ(v(t)-μ

v
)(v̇(t)-μ

v̇
)

σvσv̇

]) (48) 

where ρ is the correlation between v(t) and v̇(t) given by: 

ρ=
E[(v(t)-E[v(t)])(v̇(t)-E[v̇(t)])]

√E[v(t)2]E[v̇(t)2]
=

E[vrv̇r]

√E[v(t)2]E[v̇(t)2]
(49) 

Figure 5 gives an example of the JPDF for the example Duffing oscillator examined in previous the sections, 

excited by a combination of white noise with a constant spectral density of 0.025 N2/(rad/s) and harmonic 

loading with a unit amplitude and frequency of 1 rad/s. The JPDF is calculated using Equation 48Error! 

Reference source not found. at a time of t = 130s for ‘at-rest’ initial conditions. Also shown is the response 
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at 130s from 500 Monte Carlo simulations, which can be qualitatively seen to match the probability 

calculated probability distribution. The steady-state response of the oscillator to harmonic excitation over 

one loading cycle, as well as the mean response from the Monte Carlo simulations over ten steady-state 

loading cycles, are superimposed on the plot. From this, it can be appreciated that the response predicted by 

both the proposed equivalent linearization method and time integration generally follows the harmonic 

response trajectory with the additional random loading perturbing the response about the deterministic case. 

 

Figure 5: Joint Probability Density Function from proposed equivalent linearization method, response to 

harmonic excitation and results of Monte Carlo simulation for a sample Duffing oscillator after 130s 

Figure 6 and Figure 7 show the effect of harmonic excitation frequency, Ω, on the steady-state RMS 

displacement response for Duffing oscillators softening (λ=-0.003) and hardening (λ=0.04) nonlinearity 

respectively. As before, both oscillators are assigned unit mass and stiffness and a damping ratio of 5% (i.e. 

ωn=1, ζ=0.05). The oscillators are subjected to combined unit amplitude harmonic excitation and white 

noise excitation with constant spectral density of  S0 =0.08 N2/(rad/s) In order to provide benchmark results 

for comparison, a set of Monte Carlo time-domain simulations is carried out using 25 different random load 

time histories. The steady-state RMS displacement is estimated from the final 100 seconds of the 200 second 

simulation. These timescales were chosen as for the oscillator and damping value in question after 100 

seconds the starting transient has decayed to less than 1% of its initial value, with sufficient time allowed 

after this for one complete steady-state response cycle at the lowest excitation frequency considered. 

Results from time integration are compared with the proposed equivalent linearization method. The value 

for combined variance, and therefore the root mean square (RMS) response, given by Equation 48 changes 

with time. For comparison with results of time integration over a range of excitation frequencies the 

temporal average of the root mean square value calculated from the proposed method is compared with the 

root mean square value of the response calculated from time integration. It can be seen that for both the 

hardening and softening case these mean RMS values obtained from the proposed equivalent linearization 

method are similar to the mean values obtained from time integration, showing that the method works well. 
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Figure 6: Comparison of the response of Duffing oscillator with softening nonlinearity to combined 

harmonic and random excitation calculated using time integration and the proposed Equivalent 

Linearization (EL) method 

Figure 7: Comparison of the response of Duffing oscillator with hardening nonlinearity to combined 

harmonic and random excitation calculated using time integration and the proposed Equivalent 

Linearization (EL) method 

The Monte Carlo realizations show that random loading component leads to jumps occurring over a 

frequency range, in contrast to the jump phenomenon occurring at a single frequency for purely harmonic 

excitation.. Furthermore, switching-type behaviour, with multiple jumps between the two branches of the 

solution curve, is seen in some of the individual Monte Carlo realizations. For a small number of excitation 

frequencies in the jump region the proposed method returns intermediate values. These correspond to the 
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solution from the proposed method switching between the two possible solutions, rather than being 

physically meaningful solutions.  

In terms of computational time the proposed method is substantially faster than Monte Carlo time domain 

integration. For example, in the generation of Figure 7 the proposed equivalent linearization method takes 

approximately 1.97 seconds to obtain results for all harmonic excitation frequencies examined. In contrast 

time integration using ode45 for a single random load time history combined with harmonic excitation at 

all frequencies takes on average approximately 90s. Clearly, this is multiplied when multiple time 

integrations are performed as part of a Monte Carlo analysis to account for random excitation, meaning the 

25 analyses carried out in the generation of Figure 7 requires almost 2300s. It is acknowledged that it may 

be possible to improve time integration speed through use of a faster integration algorithm, such as Newmark 

Beta [18], or through more optimal selection of analysis parameters such as the time step and duration. 

However, this is true for both methods and it is clear that the proposed method is significantly more 

computationally efficient. 

3.2.1 Effect of Increasing Random Load 

Figure 8 demonstrates the effect of increasing the strength of the random loading component on the response 

of a Duffing oscillator. As before softening and hardening cases are examined, with both oscillators assigned 

unit mass and stiffness and a damping ratio of 5% (i.e. ωn=1, ζ=0.05). In all cases the systems are subjected 

to a set of harmonic loads of unit amplitude with a range of excitation frequencies combined with random 

white noise excitation with constant spectral densities of S0=0.008, 0.032 and 0.08 N2/(rad/s) .  

 

Figure 8: Effect of increasing random load variance on the frequency response  

Figure 8 compares the steady-state RMS displacement obtained from the proposed EL method for purely 

harmonic load and for combined loading, with corresponding bench-mark results from Monte Carlo 

simulations also shown. The primary effect of increasing the strength of the random load is noted away from 

the resonant peak, where additional random excitation leads to increased response. However, near the 

resonant peak the response becomes similar to the response to purely harmonic excitation, and the strength 

of the random excitation component becomes less influential. The minor differences between the results for 

purely harmonic excitation and combined excitation with low levels of random loading, illustrates why 

methods specific to harmonic input, such as the harmonic balance method, continue to be effective in such 
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scenarios and are often employed in practice, for example in the design of bladed disk structures found in 

aircraft engines or turbines [19]. 

As well as this, the additional random loading component also affects the jump frequency, something which 

can be seen by comparing the output from the proposed method with the solution for purely harmonic 

excitation. This is more notable in the case of hardening nonlinearity, where the jump frequency increases 

with increasing random load, however it is also true for softening nonlinearity where the jump frequency is 

reduced slightly as the intensity of the random load is increased.  

4 Conclusion 

A novel method has been developed that can efficiently predict the response of a nonlinear oscillator to a 

combination of harmonic and random excitation. The method is based on the principles of Equivalent 

Linearisation and the Lyapunov equation, resulting in a set of six coupled differential equations that describe 

the response of an oscillator with arbitrary stiffness nonlinearity. For this type of combined excitation, the 

linearization coefficients yielded by the equivalent linearization method are time dependent due to the 

deterministic component of loading, resulting in a nonstationary random vibration problem. 

The method is applied to the well-known Duffing oscillator. The proposed method was shown to work as 

expected for the limiting cases of white noise and purely harmonic excitation. Furthermore, good agreement 

with the results of time integration was achieved for the case of combined harmonic and white noise 

excitation. The computational time required for the proposed method was approximately three orders of 

magnitude less than that for time integration. 

While the proposed method is applied for the Duffing oscillator in this paper, it is also applicable to any 

oscillator with nonlinear stiffness. This differentiates the work from many of the existing works in this field, 

where methods for predicting response to combined excitation are often specific to a particular type of 

nonlinearity. This has the potential to enable the method to be applied to a wider range of practical examples 

of nonlinearities.  
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Abstract
Throughout the past 50 years, researchers have been developing methods for identification of systems that are
behaving nonlinearly due to the more frequent occurrence of nonlinearity in the mechanical and structural
dynamics. The paper presents a novel and modern approach to the problem of nonlinear system identification
by combining a physical system model and a technique from machine learning in a Bayesian framework. A
state-space model is employed to represent the underlying linear system together with a latent force model
to constitute the nonlinear forces, which is modelled by a Gaussian process. The Bayesian identification of
the system is enabled by the use of the Kalman filter and inference is performed using the Markov-Chain
Monte-Carlo method. This gives posterior distributions over the system parameters and produces a prediction
of the nonlinear forces. The method is demonstrated on a simulation of the Duffing equation, based on which
it is concluded that it shows to be a promising method for identification of nonlinear systems.

1 Introduction

One of the key challenges in nonlinear system identification is handling cases where the form of the nonlin-
earity in the system is not known. This is not a new problem and is well documented in the literature. Over
the last fifty years, many approaches to overcoming the lack of access to the nonlinearity have been proposed.
Many of these have been detailed previously, for example in Worden and Tomlinson [1] or Kerschen et al. [2].
More recent advances have been covered in the updated review paper of Noël and Kerschen [3]. However, as
with many aspects of nonlinear systems, no definitive solution has yet been found. This paper will suggest
another possible approach to this classic problem, the authors will not claim that it overcomes all of the
difficulties in nonlinear system identification rather that the properties of the proposed approach may be
desirable in certain circumstances.
As early as 1979, Masri and Caughey [4] cast the problem of identifying the nonlinearity in a system as one
of estimating an additional force term in the equation of motion, such that the system can be described by,

m Üx + f (x, Ûx) = F(t) (1)

where a systemwith mass m, displacement x, velocity Ûx and acceleration Üx is excited by an external force F(t).
The system will balance the external excitation F(t) with the sum of inertial force m Üx and some unknown
restoring force. This missing restoring force can be estimated by moving the inertial force in the system to
the right hand side and, in the classic work, f (x, Ûx) was estimated via an orthogonal polynomial regression.
One major drawback of this restoring force surface approach was lack of access to the internal states of the
oscillator. In order to estimate the functional form of the restoring force surface f (x, Ûx) it is necessary to
know the displacement and velocity of the oscillator at each point in time. Often these quantities are not
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directly measured in testing of a dynamic system. Although access to techniques such as Laser Doppler
Vibrometry is increasing the ease of measuring velocity, by far the most common testing setup is to only
capture acceleration data. It is, therefore, necessary to estimate the values of the displacement and velocity
in the system. The first port of call may be to apply some explicit numerical integration technique to the
acceleration data. Numerous approaches exist for this but it is a clear source of error, this is discussed in the
literature, for example Worden [5], and continues to be an active area of interest [6].
The proposed approach of this work aims to overcome this difficulty by casting the restoring force problem as
one of Bayesian filtering and smoothing. The classic Bayesian filter was introduced in Kalman [7], although
in that work it formed as the optimal filter, in the least squares sense, rather than as a probabilistic linear
Gaussian state-space model (LGSSM). Likewise, the Rauch-Tung-Streibel (RTS) smoother [8] solves the
corresponding smoothing problem for an LGSSM. These approaches infer the posterior distributions of the
hidden states of an LGSSM, in the case of a mechanical oscillator these are the displacement and velocity. The
application of this type of approach has been well studied in mechanical vibrations, recently being extended
to the joint input-state [9, 10, 11] and further to input-state-parameter problems [12, 13, 14].
The issue is complicated in the case of nonlinear systems since the solutions to the corresponding state-space
model are no longer available in closed-form. In this case approximate models must be adopted such as the
Extended or Unscented Kalman Filters, or a particle filtering approach [15]. While very good approximations
to the nonlinear filtering/smoothing problem can be found through these methods, they come at the expense
of significantly increased computational cost. In this work, it will be shown how the identification process
can be conducted in such a manner that the inference remains linear and the nonlinear restoring force of the
system is estimated by means of a Gaussian Process Latent Force Model (GP-LFM) [16] in its state space
form [17]. Inference is then made over the unknown parameters and hyperparameters in the model by means
of a Markov Chain Monte Carlo (MCMC) scheme.

2 A Bayesian approach to the restoring force surface method

The two key features of the methodology proposed in this work are:
• Bayesian probabilistic modelling of the system including the missing nonlinear restoring force
• Simultaneous inference over the unknown internal states of the oscillator and the missing nonlinear
restoring force (and the linear parameters of the system)

To do this, the problem is cast as a latent force model where the latent force is the unknown nonlinear restoring
force. It remains to choose a form for this unknown function in time, a logical choice is a Gaussian process
(GP) which provides a flexible Bayesian prior over a function space [18, 19]. The assumptions in this GP are
controlled by the mean function and the covariance kernel but allow very weak assumptions to be embedded
in a rigorous manner, e.g. that a function is stationary, smooth and nonlinear (in time). Considering a general
regression problem to be modelled using a GP,

z = g(u) + ε, ε ∼ N
(
0, σ2

nI
)

(2)

where some noisy observations z are generated through the addition of a Gaussian white noise with variance
σ2
n to an unknown function g(u), with inputs u. The model is formed by setting g(u) as a Gaussian process,

g(u) ∼ GP (m(u), k (u,u′)) (3)

with mean function m(u) and covariance kernel k (u,u′). The mean function can be chosen to be any
parametric model, although commonly it will be assumed to be zero as is the case in this work. The
covariance function controls the family of functions which are generated by the process, this embeds various
characteristics of the functions by measuring their similarity in a reproducing kernel Hilbert space.
A popular choice for the covariance kernel is the Matérn class [20], which give rise to stationary nonlinear
functions with varying levels of differentiability. One example of this family is the Matérn 3/2 kernel where
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the roughness parameter ν = 3/2. Choosing this form, the covariance kernel is defined as,

k (u,u′) = σ2
f

(
1 +
√

3r
`

)
exp

{
−
√

3r
`

}
(4)

with hyperparameters σ2
f and ` which control the overall scaling of the function and the length scale of the

process. The length scale controls the characteristic roughness of the function being modelled, colloquially,
how “smooth” it is. The covariance of the process is a function of r = | |u−u′ | |, as such this is a stationary and
isotropic covariance function, i.e. it is insensitive to rotation or translation on the inputs and only depended
upon their relative distance, usually measured as the L2-norm between u and u′.
For some given set of N inputs assembled into a matrix U where each row is an observation, there must exist
as corresponding set of observed outputs or targets z. Defining a matrix K(U,U ′) to be the matrix of pairwise
covariances between U and U ′, predictions over the distribution of the unknown function values g(U?) at a
set of new test inputs U? can be computed in closed form as,

g(U?)|g(U) ∼ N (
E[g(U?)],V[g(U?)]) (5a)

E[g(U?)] = K(U?,U) {K(U,U) + σ2
nI

}−1
z (5b)

V[g(U?)] = K(U?,U?) − K(U?,U) {K(U,U) + σ2
nI

}−1
K(U,U?) (5c)

This framework provides a powerful tool for modelling unknown nonlinear functions in a non-parametric
manner. Classically, the hyperparameters of the GP are learnt via as Type-II maximum likelihood estimate
which avoids overfitting due to the Bayesian Occam’s Razor [21]. However, in the setting used in this work
further manipulation of the problem is required. The formulation of the GP shown thus far scales poorly
with the number of data observed (O(N3)) and is not amenable to the type of latent force problem that is
being considered. Alvarez et al. [16] show how a latent force problem may be solved with a GP, however,
computationally it is far more efficient to convert the GP into a state-space representation using the technique
shown in [22]. It is this conversion to the state-space form that allows efficient inference to be performed
when it is known that the latent force obeys the Markov property [17].
In its most basic form, as developed in [16, 17] and applied in a dynamics setting in [13], the GP-LFM solves
problems,

m Üx + c Ûx + k x = F(t) (6)

where c is the viscous dashpot coefficient, k is the coefficient of linear stiffness and the unknown forcing
of the second order system F(t) is modelled as a Gaussian process in time with zero mean and a stationary
covariance function such as the one shown in Eq. 4. The GP which models the forcing as a function of time
can be converted into its own LGSSM which is then used to augment the states which model the dynamics of
the system. Since the state-space form of the GP is a linear Gaussian model, the classic closed form filtering
and smoothing solutions can be used.
In the linear joint input-state(-parameter) situation, the LFM is a model with no external forcing, where
the system is excited by a Wiener process filtered through the augmented states representing the GP. In the
proposed model, the GP will be used to model the unknown nonlinear restoring force as a function of time,
i.e. f (x, Ûx) ∼ GP(0, k(t, t ′)). Additionally, in this work, the linear stiffness and damping terms will be kept in
the model with the usual coefficients k and c. Therefore, the equation of motion of the system being identified
is,

m Üx + c Ûx + k x + f (x, Ûx) = F(t) (7)

where f (x, Ûx) remains some unknown additional terms in the nonlinear system which will be modelled by a
GP in time.
The key difference in this model, as opposed to that used in Rogers et al. [13], is the inclusion of a known and
measured forcing on the system F(t). However, it will now be shown that the system can still be identified as
a linear model despite modelling the nonlinearity in the system. The caveat of this approach will be that this
model will need to be operated as a smoother, it will not be able to make future predictions of the response
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of the nonlinear system. This restriction will be discussed in the context of the numerical case study.
Choosing the kernel to be a Matérn 1/2, although many other kernels are also valid, the GP in time can be
written as a continuous time linear state space model with transition matrix, fGP = −λ, where λ = 1/`, and
which is excited by a Wiener process w(t) with spectral density q = 3σ2

f /` through LGP = 1, which causes
only the second state to be excited. This model of the missing forcing f (x, Ûx) in the equation of motion can
be combined with the state-space form of the linear portion of the oscillator to give a full continuous time
model. 


Ûx
Üx
Ûr



=


0 1 0
− k

m − c
m 1

0 0 −λ






x

Ûx
r



+


0
1
m

0


F(t) +


0
0
1


w(t) (8)

It can be seen that the addition of the GP modelling the restoring force has introduced one additional state r
to the model, which represents this missing force.
Converting this continuous time model into discrete time is a standard procedure which can be found in any
good textbook, e.g. [23, 24]. Once in it’s discrete time form, the system can be solved with the usual Kalman
filtering [7] and RTS smoothing [8] algorithms to give posterior estimates of the states at each time t from
1, . . . ,T for a sequence of length T . Considering the new augmented states x′ = {x, Ûx,r, Ûr}T, this gives access
to p

(
x′t |y1:T

)
for t = 1, . . . ,T , where yt is the measured acceleration Üx at time t. The observation model for

this system can be chosen to be any linear combination of the states and the noise is modelled as a (potentially
unknown) additive Gaussian white-noise. A sensible choice would be that the observed quantity yt is the
acceleration at time t, leading to the observation model,

p
(
yt |x′t,F(t)

)
= N

( [
− k

m − c
m 1 0

]
x′t +

1
m

F(t), σ2
n

)
(9)

where σ2
n is the measurement noise.

Additionally, since the model remains an LGSSM, it is also possible to assess the energy function ϕt in
closed form. The energy function is proportional to the negative log marginal likelihood of the linear system,
ϕt ∝ − log p (y1:t |Θ) for some set of unknown parameters Θ. In this work it is assumed that the mass of the
system is assumed known, but all other parameters in the model are not. Hence,

Θ =
{
k, c, `, σ2

f , σ2
n

}
(10)

which remain to be inferred but whose posterior distributions are not available in closed form. While a
large variety of methods exist for solving problems in this form, it is relatively simple to apply the classic
Markov Chain Monte Carlo (MCMC) Metropolis-Hastings approach [25]. This is especially true in this
case since there is a closed form expression for the (unnormalised) posterior likelihood. In broad terms, the
Metropolis-Hastings algorithm will generate valid samples from the posterior of the parameter p (Θ|y1:T )
by proposing a new set Θ′ of parameters based on the current ones Θk at step k, using a proposal density
q (Θ′ |Θk), and accepting those with probability,

α = min
{

p (y1:T |Θ′) q (Θk |Θ′)
p (y1:T |Θk) q (Θ′ |Θk),1

}
(11)

In this way, the posterior distributions over the system parameters, the linear stiffness k, the linear damping
c and the measurement noise σ2

n can be determined. Also, the hyperparameters of the GP which models the
unknown restoring force are inferred; however, more importantly, samples of the unknown time series of the
force itself can be generated. After running this algorithm, it is then possible to visualise and use samples of
the unknown missing force f (x, Ûx). Dealing with these samples of the restoring force opens up a range of
possibilities for analysis. The fullness of those possibilities will not be covered in this work. Instead in the
case studies shown a parametric model of the nonlinearity is fit using the samples and the learnt model is
tested by assessing the simulation error.
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3 Numerical case study

It remains to demonstrate the use of the method, this will be done through a numerical case study where the
ground truth nonlinearity and system parameters can be known for evaluation of the method. This is done
by simulating a nonlinear system with known parameters. When demonstrating the method assumptions
are made about what information is available, in this case it is assumed that only the measurement of the
acceleration of the system is accessible (together with the excitation), but not the displacement or velocity.
Two cases are considered, one where the properties of the linear system are known a priori and one where only
the mass of the system is known. The system used to demonstrate the methodology is a Duffing oscillation
shown in Fig. 1

m

k

c

k3

F(t)

x(t)

Figure 1: Sketch of the simulated Duffing system

The equation of motion of this system is given as,

m Üx(t) + c Ûx(t) + k x(t) + k3x3(t) = F(t) (12)

where m = 1 kg, c = 0.4 Ns/m, k = 100 N/m, k3 = 100 N/m3 is the coefficient of the nonlinear restoring
force an F is the loading. Notably, the underlying linear system has a natural frequency of 1.59 Hz and a
damping ratio of 2 %.
The excitation applied a set of random phase multisines, whose spectrum is flat from 0.04 Hz to 4 Hz. In
total 500 sine waves are used, each with an amplitude of 0.30 N, and the phases have a uniform distribution
in the interval of 0 to 2π. The simulation is carried out using Newmark integration with Newton Raphson
iteration [26, 27], with a time step of 0.005 s for a duration of 94 s, the latter being equivalent to 150 periods
of oscillation of the underlying linear mode. The simulated response is corrupted with a white noise with a
standard deviation of 5 % of the standard deviation of the response, to simulate the presence of noise on the
measurements.
Given these parameters for the system and the chosen loading level, the ratio of the forces of the cubic term
relative to the forces of the linear stiffness term varies from 0 to 25 % throughout the response.

3.1 Case 1: estimation of states, hyperparameters, and measurement noise

In this first case study, the problem of estimating the missing nonlinear restoring force will be considered
when the parameters of the underlying linear system are known but it remains to perform inference over the
hyperparameters of the GP and measurement noise. The inference over these unknown parameters will be
achieved via the MCMC approach discussed in the previous section which will require definition of prior
distributions over the parameters of interest, these can be found in Eq. 13.

p
(
σ2
f

)
= N (2 , 5) , (13a)

p (l) = N (0.2 , 0.15) , (13b)

p
(
σ2
n

)
= N (0.6 , 0.3) (13c)

Running the Metropolis-Hastings algorithm for 10,000 iterations and discarding the first 2,000 of those as a
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“burn-in” together with every second iteration of the remaining ones, the posterior distributions in Fig. 2 are
obtained. It can be seen that unimodal distributions with a reduction in variance from the prior are obtained.
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Figure 2: Histogram of the posterior distribution of the estimated parameters of case 1

Alongside these distributions of the parameters, it is also possible to recover distributions over the hidden
states in the model, the displacement, velocity and restoring force. Fig. 3 shows these estimated states for the
mean values of the parameters from Fig. 2, although it is possible to propagate the full uncertainty if desired.
Very good agreement between the true displacement and velocity, and the estimated states can be seen with
all values lying with a three sigma confidence bound. The estimation of nonlinear restoring force can be seen
to have significantly higher uncertainty, however, the unknown force is still captured effectively. It is also
seen that in areas where the nonlinearity plays a larger role, it is better captured by the model. Conversely,
at instances where the magnitude of the missing restoring force is low the estimation would have a greater
relative error. Reassuringly, the uncertainty estimated in these predictions reflects the difficultly in obtaining
an accurate estimate of this missing quantity.
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Figure 3: Representative segment of the estimated and true states of case 1

In Fig. 4b the estimation of the restoring force is compared in the frequency domain. It is seen that it has
introduced some spurious low frequency components as well as increased high frequency content related to
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the additional noise in the estimation. However, the two main peaks associated with the addition of the cubic
term to the model are well captured.
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Figure 4: a) Estimated-, true-, and fitted force of the nonlinear restoring force over displacement of case 1.
b) Estimated- and true spectrum of the nonlinear restoring force of case 1

Since this estimation methodology also estimates the unmeasured displacement and velocity in the system
at every time step, it is possible to plot the force-displacement or force-displacement-velocity relationship.
Doing this, Fig. 4a shows how the cubic nature of the nonlinearity can be visualised. In the general case, a
decision needs to be made at this point of how to model the nonlinearity which has been extracted from the
system. This general problem is beyond the scope of this work. Instead, since it is known that the system is
a Duffing oscillator, a cubic model is fit to the data. Doing so, the k3 parameter is estimated as 94.1 N/m3.
This fitted model is compared to the ground truth curve in Fig. 4a where the uncertainty associated with the
fitted model is also visualised.

3.2 Case 2: estimation of states and all model parameters

Following the very promising results of the first case study attention now turns to a more difficult estimation
problem. In this second case study it is assumed that the only known parameter is the mass of the system.
Inference is then made over the linear stiffness and damping as well as the hyperparameters of the GP and
the measurement noise as before. Additional priors are specified over the linear stiffness and damping, the
priors over the other quantities remain the same. These are shown in Eq. 14.

p (k) = N (105 , 5) , (14a)
p (c) = N (0.35 , 0.05) , (14b)

p
(
σ2
f

)
= N (2 , 5) , (14c)

p (l) = N (0.2 , 0.15) , (14d)

p
(
σ2
n

)
= N (0.6 , 0.3) (14e)

This model is then identified using theMetropolis-Hastings algorithm, this time run for 20,000 iterations with
a “burn-in” period of 2,000 and an additional discarding of every second iteration. The resulting posterior
distributions are shown in Fig. 5. Two interesting and related phenomena are observed. Firstly, the linear
stiffness in the system is overestimated. Secondly, a different set of GP hyperparameters are found when
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simultaneously inferring the linear system parameters. This is due to a portion the nonlinear cubic term being
compensated for by increasing the linear stiffness in the system. This will be discussed in more detail later
with reference to Fig. 7.
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Figure 5: Histogram of the posterior distribution of estimated parameters of case 2

As before the hidden states of the model are also estimated in this procedure. Similarly to the previous
case there is very good agreement in the displacement and velocity estimation with the ground truth. In the
estimated time-series of the nonlinear restoring force it is clear that this has been consistently underestimated
in the model. This is consistent with the hypothesis that the linear terms in the system are being inflated to
compensate for the unknown nonlinearity.
The plots shown in Fig. 7, demonstrates this even more clearly. In frame a) the data is fit with a cubic
polynomial including the linear and cubic terms. Here it can be seen that it deviates significantly from the
ground truth cubic line. However, when the learnt linear component of the model is removed from the data
and also the fitted model, the agreement with the ground truth is very good.
In terms of the coefficients of the learnt model, the cubic term is estimated as k3 = 94.2 N/m3 and the linear
term to be -7.20 N/m. Considering the posterior distribution for the linear stiffness shown in Fig. 5, it is
clear that this linear term in the model of the restoring force compensates for the overestimation of the linear
stiffness in the posterior distribution. Interestingly, the estimated cubic stiffness values for this experiment
and the previous are very close, this consistency in the results is encouraging as it suggests the model is robust
to the unknown parameters of the underlying linear system.
Similarly to before, the spectra of the true restoring force can be compared with that of the estimated data.
In Fig. 7, it is clear that the content of the restoring force around the first peak is underestimated as was seen
in the time series. However, there is not the spurious low frequency component that was observed in the
previous experiment.
Although the general problem of prediction for a new set of inputs to the nonlinear system is not addressed
here in its general form, one approach will be considered to emphasise the quality of the model which has been
recovered. Samples from the posterior smoothing distributions of the states are used to recover distributions
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Figure 6: Representative segment of the estimated and true states of case 2
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Figure 7: Estimated-, true-, and fitted force over displacement of the nonlinear restoring force of case 2. a)
non-corrected values, b) without linear trend

over the unknown k3 term and the correction term for the linear component k̂, on the basis of assuming a
cubic model. The distributions over these identified parameters are shown in Fig. 9, for 750 samples.
In combination with the corresponding samples of the linear system parameters, these 750 samples are used
in a forward simulation on as yet unseen inputs to the system. The prediction error of these simulations can
then be used to assess the quality of the learnt nonlinear model of the system. Since valid samples of the
parameters are used this also serves to estimate the posterior predictive distribution given the unseen inputs
in a Monte Carlo manner. This distribution is visualised in Fig. 10. Heuristically, this response shows very
good performance with the true response captured inside the posterior distribution over the displacement.
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response of 750 samples from the estimated posterior distribution of the estimated parameters (grey)

To quantify the quality of the fit a normalised mean square error is introduced, this is calculated as,

N MSE =
| |yre f − y| |2
| |yre f − ȳre f | |2

(15)
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where yre f is the reference signal, y is the compared signal, and | | · | | is the L2-norm.
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Figure 11: Histogram of the 750 N MSE-values obtained from the displacement response of 750 samples
from the estimated posterior distribution of the estimated parameters

Since the simulation predictions contain the uncertainty of the parameters the quality of fit in terms of the
NMSE can also be assessed as a distribution by considering the error of each prediction. This distribution is
shown in Fig. 11. This confirms the exceptional performance of the learnt model with the vast majority of
errors less than 1%, the higher error samples tend to be associated with samples in the tails of the damping
parameter distribution which exhibits higher uncertainty than other parameters. When considering the error
on the mean response of the samples, the NMSE is equal to 0.18%, indicating an excellent fit in the prediction
data.

4 Discussion

This paper has introduced a modern Bayesian approach to estimation of nonlinear restoring forces. It has been
shown that, by employing a Gaussian process latent force model, reliable estimates of the missing states in a
model and the unknown nonlinear restoring force can be recovered. This can be performed simultaneously
with identification of the underlying linear system parameters in a Bayesian way, including quantification of
the parameter and state uncertainty, through the use of Markov ChainMonte Carlo. One attractive property of
the proposed method is that the system being identified can remain linear leading to favourable computational
performance compared to a fully nonlinear state-space model.
While it was shown how the results of the identification may be used to fit a nonlinear model for future
prediction and simulation, this is an area of investigation which will require further research. It is expected
that this will be complicated even further in the case of dynamic nonlinearities, for example hysteretic systems.
Beyond that, other avenues of interest include inference of the mass in conjunction with the parameters shown
in this paper and to explore if this procedure can be used when the loading time series is not available but
some characteristic about it is.
Finally, it is worth acknowledging some shortcomings of the methodology which must be considered moving
forward. A user must be wary of the flexibility of the GP, it has been seen here how the identification of
the linear parameters can be biased in the initial identification. Secondly, it should be noted that the GP can
struggle to model some of the higher order harmonic content in the nonlinear system, the reason for this is
the subject of further research.
In conclusion, this work has begun to explore how application of state-space approaches may allow for
identification of unknown nonlinearities in a system. It is argued that simultaneous recovery of the hidden
states and linear system parameters may lead to more robust or easier identification of the nonlinearity in the
system. It has been shown that this type of approach can lead to very accurate models of nonlinear dynamical
systems starting from only observation of the acceleration of the system due to a known, applied force.
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Abstract
Brake squeal is a long-standing problem in the vibration and tribology fields. This irregular noise causes irri-
tation for vehicle users and passers-by, who may think that the brake components are problematic, although
the brake system is working as designed. This study investigates brake squeal through a combination of
experiment and simulation. An improved version of the pin-on-disc test rig is developed for squeal testing.
Complex eigenvalue analysis is used to extract instability from the finite element model and different friction
laws are examined in order to improve prediction.

1 Introduction

With the increasing use of vehicles, braking performance is receiving significant attention. Brake squeal
is one of the most difficult problems related to automotive brake systems. It is caused by continued high-
frequency (higher than 1 kHz) vibrations generated by brake system components during a braking action [1].
Brake squeal is an irritation to consumers, who may believe that the brake system is not working properly,
although the system actually performs as per design [2]. In his study, Abendroth reported that up to 50%
of the engineering budget for designing and manufacturing the brake pads is spent by the manufacturers to
select a suitable pad material in order to control the issues of design noise, vibration and roughness [3].

Brake squeal does not happen every time when the vehicle brakes, but occurs irregularly and seemingly at
random. It is affected by a number of different factors at micro and macro levels, and some of these are not
well understood. Further, there is a lack of reliable predictive models [2].

The mechanisms of brake squeal are very complicated. There are four main mechanisms, namely the stick-
slip mechanism [4], the sprag-slip mechanism [5], the mode coupling mechanism [6] and the hammering
excitation mechanism [7].

The pin-on-disc rig is a widely used method for experiments starting from the 1970s [7]. Many improved
versions have been developed since then to take more parameters into consideration, including structural
symmetry, load, perturbation[8][9] and thermal and wear analysis [10][11] . In parallel with experiments,
the finite element method has proved a useful way to analyze brake squeal. Complex eigenvalue analysis in
the frequency domain and dynamic transient analysis in the time domain are two typical methods to predict
brake squeal [12].

The aim of the current work is to investigate the mechanism of brake squeal by using both experimental
and simulation methods on an improved pin-on-disc test rig and obtaining more accurate predictions. Modal
analysis of pin and disc parts of the apparatus is carried out to evaluate the model coupling mechanism.
Various key parameters governing the brake squeal such as rotational velocity, contact normal force and
coefficient of friction are taken into consideration in the experiments. The rotational velocity and contact
pressure are extracted from the squeal experiment itself whilst the friction coefficient and tangential contact
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Figure 1: Pin-on-disc test rig

stiffness are measured separately using a 1D high-frequency friction rig. A finite element model of that
squeal rig is built in Abaqus and complex eigenvalue analysis is used to predict the instability of the system.

2 Experiments with the pin-on-disc test rig

2.1 Overview of the improved pin-on-disc test rig

Figure 1 shows the geometry of the pin-on-disc test rig. The force sensor on the top is used to derive the
normal force at the back surface of the pin. The thin plates of 0.25mm thickness deform under load in order
to maintain stable normal force and to protect the sensor. At the bottom of the pin is a replaceable ball, which
comes into frictional contact with the disc under the applied normal force. The disc is driven by a motor and
can rotate at any speed between 0 and 500rpm. The dimensions and material for the ball and disc are listed
in Table 1. The microphone is set near the contact of pin and disc to record the squeal.

Table 1: Dimensions and materials

Material Outerdiameter/mm Innerdiameter/mm Thickness/mm

Pin(Ball) Chrome steel 30 − −
Disc Cast iron 100 6 10

There are some key advantages of this improved test rig. Firstly, compared to the real brake system, this
simplified rig has fewer parts and only one contact point, which makes it easy to build the finite model and
control the relevant parameters. Secondly, the pin assembly is assembled using adhesive joints in order to
minimize the use of bolts. In turn, this reduces the changes of system stiffness caused by the changes of bolt
tightness and also minimizes frictional loss at the interfaces.

2.2 Hammer test

A free-free hammer test was carried out using a dynamic signal analyzer, an impact hammer, an accelerom-
eter and a foam mat for support. Figure 2 shows the frequency response function for the disc. The five clear
peaks represent the natural frequencies of different mode shapes.

A finite element model of the cast iron disc was built in Abaqus (a software for finite element analysis) for
simulation. The predicted and measured natural frequencies of the disc are compared in Table 2. All the
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Figure 2: Measured frequency response function of the disc

Table 2: Dimensions and materials

ModeNumber Predicted frequency(kHz) Measured frequency(kHz) Error(%)

1 4.82 4.20 9.1
2 4.82 4.20 9.1
3 7.69 7.05 9.2
4 10.73 10.1 5.9
5 10.73 10.1 5.9
6 16.58 15.1 9.9
7 16.58 15.1 9.9
8 17.85 17.0 5.0
9 17.85 17.0 5.0

modes match but the predicted natural frequencies are higher than the results in experiments because the
stiffness in Abaqus is overvalued. Due to the complex structure of the pin assembly, the thin plates provide
many bending modes. Therefore, it does not make much sense to analyze the frequency response function
for the pin assembly.

2.3 Influence of normal force and rotational velocity

Squeal tests under different normal loads and rotational velocities were carried out on this pin-on-disc rig.
The coefficient of friction (COF) between pin and disc as an important parameter affecting brake squeal was
calculated based on the measured normal and tangential force.

Figures 3 and 4 show the COF under 10N and 20N normal loads. The rotational velocity of the disc in
sub-figure a, c and e gradually increases, respectively, for the 100, 200 and 300rpm. Sub-figures a, c and e
are raw experimental data and sub-figures b, d and f are filtered by taking the average of every ten COF of
those raw data. Note that the COF is zero or negative value in the raw data because of the stick-slip and the
sprag-slip mechanism.

As the rotational velocity increases, the change of COF is larger and the average COF increases. When the
velocity is higher than 200rpm, the COF can be more than 1 and sometimes up to 1.5. The average COF
increases slightly and may decrease suddenly (figures 3 (d) and (f)). This is because the COF will generally
increase as the wear increases during the experiment, but the metal debris generated by friction may act as a
lubricant and reduce the COF.

Comparing the data for the same velocity in figure 3 and 4 , the COF increases with the normal load. We
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Figure 3: COF between pin and disc under 10N normal load

Figure 4: COF between pin and disc under 20N normal load

expect that the more drastic the COF changes, the more instabilities will be introduced to the system and the
squeal will be more likely.

2.4 Coefficient of friction measured by the 1D friction rig

The 1D high-frequency friction rig at Imperial College (Figure 5) is another way to measure the coefficient of
friction. The upper chrome steel specimen carried by the moving arm does reciprocating movements, while
the lower cast iron specimen stays still. The moving arm is excited by a shaker with a frequency of 100Hz.
The pneumatic actuator place a constant normal load on the upper specimen. Two laser Doppler vibrometers
measure the relative displacement of specimens near their contact.

Figure 6 shows a 140-minute test with more than 800,000 cycles. The tangential contact stiffness slightly
increases in the first hour and then becomes stable after 360,000 cycles. Their friction coefficient changes
slightly between 0.6-0.7 during the test. Compared to the COF measured by pin-on-disc rig, this COF is
stabler due to lower relative velocity between contact. In addition, this COF is higher than the average COF
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Figure 5: 1D high-frequency friction rig [13]

Figure 6: Hysteresis loop and coefficient of friction

measured by pin-on-disc test rig because the direction of the COF changes due to intense friction on the
pin-on-disc rig and thus the negative value of COF decrease that average COF.

2.5 Audio signal recorded by a microphone

A microphone was set near the contact point between pin and disc to record the squeal signal during the
test. But environmental noise, such as the noise generated by the motor rotation, was also included. In
order to find out the frequencies of squeal due to the vibration and friction of pin and disc, the microphone
continuously recorded three different working conditions for comparison.

Figure 7 shows the spectrogram of the squeal data between pin and disc recorded by a microphone. This
spectrogram contains four time periods: during periods 1 and 3, there was no load and the rotational velocity
is 0, only the environmental noise was recorded. During period 4, the velocity of the disc was 300rpm
but without any normal force between pin and disc. The noise caused by disc rotation and environmental
noise was included in period 4. During period 2, the normal force was 20N and the velocity of the disc was
300rpm. The pin and disc were in frictional contact and the squeal signal was recorded.

The sound signals in the lower frequency area, less than 1 kHz, are not what we care about. Squeal caused
by motor and disc rotation in period 4 also needs to be eliminated. By comparing the audio signal at time
period 2 with those in periods 1, 3 and 4, the frequencies of squeal include at least 1.2, 2.3, 4.5, 7.2 and
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Figure 7: Spectrogram of squeal data from a microphone

Figure 8: Finite element model of pin-on-disc

10.1kHz.

3 Finite element (FE) method and complex eigenvalue analysis

3.1 Finite element model

In order to predict the squeal and compare with the experimental data, a finite element model of the pin and
disc (Figure 8) was built in Abaqus 2019. The pin assembly was represented as a single body without any
interface. A normal force was added on the top mounting plate of the pin assembly. The disc was restricted
so that it could only rotate around the central axis. Table 3 shows the number of elements and the materials
used in the analysis. The mesh was the finest close to the contact point and on the thin plates.

Table 3: Elements and materials of the pin and disc:

Part Name Element Type Number of elements Material

P in Assembly C3D8 2880 Chrome steel
Disc C3D8 2445 Cast iron

3.2 Complex eigenvalue analysis

The complex eigenvalue method was chosen to predict unstable frequencies which may cause brake squeal.
Four main steps were applied, including two static analysis steps to add normal load on the pin assembly and
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rotational motion to the disc. Natural frequencies were calculated and finally, the complex eigenvalues were
extracted. Any positive real part of eigenvalue indicates the instability of the system at that frequency.

3.3 Influence of the coefficient of friction on squeal prediction

The coefficient of friction (COF) is an important parameter that influences the stability of the pin-on-disc
system. In order to study the effect of the COF, the normal load was set to be 20N and the rotational velocity
was 300rpm. Only the value of COF was changed in the FE simulation.

Table 4: Variation of unstable frequencies with different coefficient of friction:

COF 0.6 1 decay from 1.5 to 1 1.5 decay from 2 to 1.5 2

− 1014.2 1014.2 832.83 832.83 882.31
Frequency/Hz − − − 2588.1 2588.1 −

− 5420.6 5420.6 5303.0 5303.0 −
− − − 11226 11226 11229

Table 4 shows the frequencies with positive real parts of eigenvalues under different conditions. As the
results in chapter 2.3 and 2.4 shows, the average COF in the experiment is about 0.6. However, no positive
real part of eigenvalue is predicted in this case. When the COF increases, more instability is introduced to the
system and more frequencies start to have positive real parts of eigenvalues. Four unstable frequencies are
calculated when the COF equals to 1.5. But the number of frequencies with positive real part of eigenvalue
is reduced when the COF further increases to 2.

3.4 Validation of the finite element model when normal force is 20N and rotational
velocity is 300rpm

As reported above, the audio signal recorded by a microphone under 20N normal force and 300rpm rotational
velocity gave five squeal frequencies. Table 5 shows the measured frequencies from experiments and the
predicted frequencies, predicted real part of eigenvalue and predicted effective damping from Abaqus. Apart
from the lowest one, all the other predicted frequencies are higher than measured in the experiment. This
phenomenon is consistent with the natural frequencies of disc in the hammer test (Chapter 2.2).

Table 5: Comparison between simulation and experiments:

Measured Predicted Predicted real part Predicted effective
frequency/Hz frequency/Hz of eigenvalue damping ratio

1219 832.83 198.21 −0.076
2344 2588.1 122.09 −0.015
4453 5303.0 122.14 −0.0073
7219 − − −
10080 11226 29.543 −0.00084

Four frequencies were successfully predicted using this finite element model. Their mode shapes with de-
formation scale factor equal to 10 are shown in figure 9. The instabilities at frequency 832 and 5303Hz
are introduced because of the bending of thin plates. Both the thin plates and the mounting plate deform at
2588Hz and cause more displacement. The unstable mode at 11226 Hz is due to the disc’s in-plane defor-
mation. However, the squeal at 7219Hz fails to be predicted based on the current finite element model with
a Coulomb friction law.
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Figure 9: Mode shapes (deformation scale factor = 10) at four frequencies with positive real part of eigen-
value in Abaqus

4 Conclusions

In this work, an improved version of the pin-on-disc test rig was designed and used for experiments. Squeal
signals were recorded using a microphone and their frequencies were extracted. Two methods were used
to measure the friction between chrome steel and cast iron. A finite element model of the pin-on-disc rig
was built in Abaqus and complex eigenvalue analysis was chosen to calculate instability. Both the Coulomb
friction law and a decaying friction law were covered in the simulation.

Four out of five of the measured squeal frequencies on the pin-on-disc test rig were predicted. The bending
modes of the pin assembly and disc in-plane mode caused the instability.
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Abstract 
The accurate measurement of contact interface parameters is of great importance for nonlinear dynamic 

response computations since there is a lack of predictive capabilities for such input parameters. Several test 

rigs have been developed at different institutions, and a series of measurements published, but their 

reliability remains unknown due to a lack of direct comparisons. To somehow address this issue, a Round-

Robin test campaign was performed including the high frequency friction rigs of Imperial College London 

and Politecnico di Torino. Comparable hysteresis loops were recorded on specimen pairs manufactured from 

the same batch of raw stainless steel, for a wide range of test conditions, including varying normal loads, 

sliding distances and nominal areas of contact. Measurements from the two rigs were compared to quantify 

the level of agreement between the two very different experimental setup, showing a reasonably good 

matching in the results, but also highlighting some differences. Results also demonstrated that loading 

conditions can strongly affect the contact parameters, and consequently their effect must be included in 

future nonlinear dynamic simulations for more reliable predictions. 

1 Introduction 

In the turbomachinery industry, nonlinear dynamic simulations are required to optimise the design and 

prevent failures of high value assemblies with friction, such as turbines in aeroengines [1]. To compute those 

simulations, several contact interface parameters are needed as input. However, due to a lack of predictive 

capabilities, such parameters need to be accurately measured with purposely designed friction rigs [2-10]. 

The structural dynamics community has been talking for a long time about comparing contact interface 

parameters measured from those friction rigs. The comparison is in fact needed to provide more confidence 

in the data sets used for dynamics simulations of assemblies with friction interfaces. 

It is known that friction has a heavy impact on dynamic response [11–15], in terms of shifts in frequency, 

changes in amplitude and stresses in the structure, which might lead to high cycle fatigue failures of 

components. The confidence in the measured contact parameters is therefore of importance for more 

accurate dynamic responses predictions, with the aim of optimising the joint performance (more damping, 

better repeatability, more robustness), predicting wear, life and the overall nonlinear response of 

components. 

Most of the data for dynamics simulations come from friction rigs that measure hysteresis loops, which are 

the typical load/displacement curves resulting from contacting interfaces in relative oscillating sliding, see 

Fig. 1. Such loops are characterised by three regimes, namely the stick regime during the initial phase, the 

microslip when part of contact starts sliding and the gross slip regime when all of contact is in sliding [2]. 

Despite their importance for the prediction accuracy, a lack of comparison of experimental data from the 

existing friction rigs prevents the optimisation of the interfaces for better performance. In fact, while most 
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hysteresis measurements have been performed at low frequencies [16–20], only few rigs provided 

measurement data at larger frequencies for dynamics applications [2–7, 21, 22], and a direct comparison 

between them has never been attempted. For example, there is no standardized approach, although lots of 

different rigs are available. Hence the idea here to compare quite different rigs to see how comparable the 

data is, what features are in common and what is different. 

A Round-Robin was therefore designed and performed, in which a multitude of comparable hysteresis loops 

were measured from the friction rigs of Imperial College London (IC) [2] and Politecnico di Torino (PoliTO) 

[3]. This Round-Robin was designed to directly compare data from such different rigs and to get further 

insights into the contact behaviour, mapping the contact parameters over a wide range of loading conditions 

at relatively high frequencies. Preliminary measurements are shown here, with a focus on the comparison 

of the two different friction rigs to understand how their different designs affect the measurements.  

 

 

Fig. 1. Typical hysteresis loop [23]. 

2 Experimental Setup and Round-Robin Description 

The two friction rigs are described in detail in [2] for IC and in [3] for PoliTO, and shown in Figs. 2a and 

3a. Although the setup of both rigs is quite different, the general idea behind the measurement is very similar. 

Both rigs generate an oscillating sliding motion between two specimens, one moving and one static. The 

excitation is harmonic from a shaker, and the relative displacement between the specimens is measured with 

laser doppler vibrometers very close to the contact interface, so that the bulk deformation effect is minimum, 

and most of the displacement is due to the sole contact interface. The friction force transmitted between the 

specimens in contact is measured with dynamic load cells. It is possible to control the relative displacement 

up to 0.1µm, thanks to the high accuracy of the laser. 

 

Fig. 2. a) Friction rig at IC; b) IC specimens [2]. 

a) b) 
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Fig. 3. a) Friction rig at PoliTO; b) PoliTO specimens [3]. 

These rigs present two main design differences: 

 Contact approach: Self-alignment vs rigid alignment. The PoliTO rig employs a novel self-

alignment system of the specimens, so that the contact they can always align ensuring a flat contact. 

Instead the IC rig employs a rigid approach, which requires high tolerance interfaces to guarantee a 

flat contact. 

 Contact geometry: one-leg contact vs two-leg contact. Because of the self-aligning system, PoliTO 

specimens employ a two-leg contact, as shown in Fig. 3b, while IC rig employs a simpler one patch 

contact, as shown in Fig. 2b. 

These two design differences led to different measurement challenges, which are described in the result 

section. Finally, Table 1 shows a comparison of the operating regimes of the rigs. 

Table 1. Operating regimes of the friction rigs. 

 

 

 

 

 

2.1 Experimental Plan 

A test plan was designed to provide a set of input parameters for the community, to compare the quality of 

data, but also to improve the understanding of the fundamental physics of the contact parameters. Values of 

friction coefficient and contact stiffness were measured for a wide range of loading conditions, which were 

chosen based on the compatibility of the rigs, but also to expand the test range beyond what each rig could 

do. In addition, specimens were manufactured from the same batch of raw 304 stainless steel to guarantee 

comparability.  

The experimental matrix is shown in Fig. 4, and the remaining test conditions are listed in Table 2. For every 

loading combination, a new specimen pair was used and run for 2.5 consecutive hrs. Although 4 normal 

loads, 4 displacement amplitudes and 4 nominal areas of contact were chosen, there is overlap only for 10 

loading combinations (highlighted in red and green in Fig. 4). The reason is that the two rigs could not 

 IC PoliTO 

Operating frequency 100Hz 175Hz 

Displacement amplitude at 

the operating frequency 
0.5-25µm 0.5-50µm 

Nominal contact area 1-25mm2 5-50mm2 

Contact pressure <500MPa <30MPa 

a) b) 
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always achieve the same extreme loading conditions because of structural limitations, and therefore it was 

chosen to keep the central loading values the same and extend the matrix to extreme cases that could only 

be investigated by one rig. This allowed to explore a larger experimental space.  

The range of nominal areas of contact, from 1mm2 up to 40mm2, was chosen to check for the scalability of 

the results, but also to understand what the best way of modelling frictional contacts in dynamics simulations 

is (e.g. with small or large contact elements). It is worth mentioning that the two rigs operate at different 

excitation frequencies, which result in different average velocities of the specimens. However, it is expected 

that the velocity has small effect on the contact parameters compared to the larger variation in the 

displacement amplitude.  

This large experimental matrix and the completion of all the tests resulted in more than 300hrs of testing, 

with more than 100 different specimen pairs used. A huge amount of data has been obtained and here 

preliminary results are presented. 

 

Table 2. Test matrix summary. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 4. Test Matrix. Tests with both colours were 

performed on both rigs.  

2.2 Data Post-processing 

Both rigs are run continuously for 2.5hrs for each specimen pair, thus generating more than 1.5 million of 

hysteresis loops per test. Since it is unfeasible to record all those data because of storage limits, only during 

the first 5 seconds of each test, all the loops were recorded. This was done because hysteresis loops strongly 

vary at the beginning of the test and consequently a high recording rate is needed to accurately capture their 

evolution [11]. After the first 5 seconds, loops were recorded with a lower rate until the 50th minute, after 

which only 10 consecutive hysteresis loops were recorded every 5 minutes. This procedure is reasonably 

chosen because, after a running-in, a steady state is reached [11]. 

For every hysteresis loop, the following parameters were extracted: 

 Friction Coefficient, calculated with the energy loss formula [3], 𝐸 2𝑁𝛥𝑥⁄  , where E is the energy 

dissipated within the hysteresis loop, N is the normal load and Δx is the displacement amplitude. 

 Tangential contact stiffness, calculated as the gradient of the stick portion of the loop from the 

reversal up until the force is equal to zero, as shown in Fig. 1. 

 Energy Dissipated, evaluated as the area inside the loop, i.e. the integral of the friction force over 

the relative displacement. 

Material Stainless Steel 304 

Type of contact Flat-on-flat 

Temperature Room Temp. 

Excitation 

Frequency 

100 Hz (IC) 

175 Hz (PoliTO) 

Roughness, Ra 0.1 µm 

Running time 2.5 hrs 
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The extraction of the parameters was automatized with a code that read the single hysteresis loops and 

extracted automatically both friction coefficient and contact stiffness. In addition, scans of the contact 

interfaces before and after experiments were performed with the Alicona Infinite Focus (Focus Variation) 

instrument. These scans were used to estimate the worn area of contact with the Mountains® software, by 

selecting the black worn spots and evaluating their extension. 

3 Round-Robin results 

In this paper, only preliminary results from the Round-Robin are presented and more will be reported in 

future publications. Results for a typical test on the IC rig are shown in Fig. 5 (Test n. IC25: 87N normal 

load, 14µm relative displacement and 5mm2 nominal area of contact). The evolution of the contact 

parameters (i.e. friction coefficient and tangential contact stiffness) over the whole test is plotted as a 

function of the cumulative energy dissipated. This energy is calculated as the sum of the energy dissipated 

within each hysteresis loop. The friction coefficient (Fig. 5b) rapidly increase within the first cycles as a 

result of the removal of initial oxide layers on the interfaces, as already observed in [11, 24]. The contact 

stiffness increases at a slower rate than the friction coefficient, as a result of an increase in the worn area of 

contact as pointed in previous studies [11]. The larger worn area in fact leads to more asperities and wear 

scars in contact which contribute to increase the resistance to elastic deformation.   

The same behaviour in the friction coefficient is also observed in PoliTO results, as shown in Fig. 6 (Test 

n. TO14: 87N normal load, 14µm relative displacement and 5mm2 nominal area of contact). However, on 

the contrary of what observed in the IC test, the contact stiffness seems to reach a steady state, which is 

attributed to the approach of the full worn area (as shown in the full worn specimen photo, in contrast with 

the IC specimen that has not a full worn contact). In fact, although the two tests were run for the same time, 

only in PoliTO the full worn area was reached, probably because of the self-aligning system, which ensured 

a full contact, and also because of the larger excitation frequency that led to more cycles in the 2.5hrs and 

hence to more energy dissipated at the contact (the steady state is reached in PoliTO at around 1500J of 

energy dissipated, while in IC the test stopped at 1100J). In addition, the PoliTO contact stiffness value is 

almost 7 times larger than that of IC. This mismatch only occurs because such stiffnesses are not normalised 

by the worn area of contact, which indeed is larger in PoliTO specimen, as better discussed in Section 4. 

 

Fig. 5. Typical IC evolution of contact parameters: a) Hysteresis loops; b) Friction coefficient; c) Tangential 

contact stiffness. Values for the Test n. IC25: 87N normal load, 14µm relative displacement, 5mm2 nominal 

area of contact, 100Hz excitation frequency and 2.5hrs of running. 
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Fig. 6. Typical PoliTO evolution of contact parameters: a) Hysteresis loops; b) Friction coefficient; c) 

Tangential contact stiffness. Values for the Test n. TO14: 87N normal load, 14µm relative displacement, 

5mm2 nominal area of contact, 175Hz excitation frequency and 2.5hrs of running. 

Finally, Table 3 shows an overview of contact interfaces and hysteresis loops for tests conducted on the IC 

rig on specimens with a 5mm2 nominal area of contact. During stick tests, at 1μm, there was no energy 

dissipation, and in fact the hysteresis loops were in a full stuck regime. At larger sliding, loops entered in 

gross slip. In addition, at very low normal loads (17N), loops that were in gross slip, 14μm and 24.5μm, 

presented a large amount of oscillations. These oscillations were due to a chattering phenomenon, which 

occurred when the normal load was so low that specimens were prone to lift-off. In fact, as the normal load 

increased, this effect disappeared. 

The Table also shows the worn area of contact. In the stick tests, 1μm, there was no worn area at the end of 

the test as a result of the null energy dissipation. At larger sliding distances, the worn area of contact was 

larger, and it also increased with the normal load, since each loop dissipated more energy at larger normal 

loads. The same trends were observed in the PoliTO rig, and therefore not shown here for the sake of brevity. 

Table 3. Overview of contact interfaces and hysteresis loops for tests conducted on specimens with a 5mm2 

nominal area of contact at IC. Columns are normal loads and rows are displacement amplitudes. 
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4 Comparison of results 

This section compares results obtained from the two friction rigs, discussing matches and differences. To 

this purpose, Table 4 shows the end-test values for both IC and PoliTO for the 5mm2 nominal contact area 

case.  

With regards to the contact stiffness, experiments conducted at 1μm of relative displacement show similar 

values at 17N (difference below the 10%), but at 87N the IC results are by almost 40% larger, probably 

because of noise due to the very low measured displacement. This might also indicate that PoliTO 

measurements are affected to a larger extend by the specimen bulk compliance. However, at 14μm of 

relative displacement, contact stiffness values from the PoliTO rig are larger than those from the IC rig up 

to 6 times. This occurs only because those values are not normalized by the worn area (which indeed in 

PoliTO tests is much larger). In fact, after normalizing, contact stiffness values become more comparable, 

reaching the same order of magnitude with differences below the 40%. This mismatch is reasonably 

acceptable considering that the two friction rigs have quite different designs. In addition, this relatively close 

match gives an idea on the amount of uncertainty that different experimental setup can introduce into tests 

performed at the same loading conditions, although a more detailed study on the uncertainty within each rig 

will be performed with future analyses. As a result of this contact stiffness comparison, it is concluded that 

the tangential contact stiffness must be normalized by the worn area of contact to get comparable results, 

rather than by the nominal area of contact, here the same at IC and PoliTO, as commonly done in the 

structural dynamics community. However, the challenge is that the worn area is often unknown, because it 

is not possible to monitor it during experiments, and consequently the system should be run until all of the 

area wears in, so that a reliable normalization can be performed. Alternatively, the worn area of contact must 

be determined after each test to establish the normalized stiffness value. Finally, the contact stiffness also 

increases with the normal load, while it has not a clear trend with the sliding distance because of the final 

different worn areas of contact achieved (e.g. at 1μm there is no worn area and the contact stiffness is small, 

while at 25μm the worn area is larger and kt is also larger). Hence, the worn area might hide the influence 

of the other parameters. 

With regards to the friction coefficient, values measured with the PoliTO rig are larger than those from IC 

by the 3%. It is to be noted that in other tests, here not shown, PoliTO values were larger than IC values up 

to the 15%. This mismatch can be due to some inaccuracies in the normal load measurement or variations 

in the normal load during the tests. The friction coefficient also seems to slightly decrease with the increasing 

normal load. 

Table 4. End-test values for the 5mm2 nominal area of contact. The worn areas of contact at the end of tests 

performed at 14μm of displacement amplitude are also shown. 
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In conclusion, despite the two friction rigs show some fundamental design differences (i.e. self-alignment 

vs rigid alignment, and one-leg contact vs two-leg contact), both measured values and trends are surprisingly 

comparable, indicating that the overall parameters that are being extracted for use in nonlinear dynamic 

analysis are most likely accurate enough. Some of the differences in the measurements were attributed to 

the following differences in the design:  

Contact approach, i.e. self-alignment vs rigid alignment: 

The two contact approaches employed in the two rigs present different advantages and disadvantages in 

terms of reliability and repeatability of the results. In the PoliTO rig, more variety of behaviour in the 

different tests was observed (here not shown) because the rig employed the self-alignment system that 

strongly depended on the interface morphology and also because larger nominal areas were used, leading to 

different spots for the initial contact and to different distributions of the worn area of contact. This variety 

allowed to gain insights into the kinematic dependency of the contact stiffness, since different worn areas 

were obtained. On the contrary, the IC specimens were rigidly fixed, and this allowed for a better 

repeatability of the experiments, with similar worn areas of contact achieved after each test. However, 

because of this rigidity, the IC rig could not employ large areas of contact, because there would be a larger 

risk of “edge contact” in case of slightly inclined interface, which could not self-align, on the contrary of 

the PoliTO rig. In fact, as a result of the self-alignment, full worn areas were easily reached in the PoliTO 

rig, while in the IC rig full worn area could be reached only for the smallest nominal area of contact of 

1mm2. As a conclusion, the choice on whether using a rigid or self-aligning system depends on the purpose 

of the test. If more repeatable tests are required, a rigid set up is preferable. However, if more complex and 

large interfaces are to be tested, a self-aligning system is to be used. 

Contact geometry, i.e. one-leg vs two-leg contact:  

Two legs are required with a self-aligning system, to avoid tilting. In fact, with a single leg contact, the 

specimen would tilt unless rigidly fixed. The two-leg design might lead to setup and measurement challenges 

since the contact is prone to uneven load distribution on the two legs if not mounted accurately. In addition, 

different results can be obtained depending on which leg is measured and which leg is moving more. The 

IC setup is easier for mounting instead and leads to more repeatable results, although limitations exist on 

the size and morphology of the tested interfaces. 

5 Conclusions 

A test campaign was performed on the high frequency friction rigs at Imperial College London and 

Politecnico di Torino with the aim to increase the confidence in the measurement of contact interface 

parameters used as input for nonlinear dynamic analysis of structures with friction joints. To this purpose, 

a test plan was designed to cover a wide experimental space by testing the friction rigs to their limits and 

measuring a multitude of hysteresis loops under a range of loading conditions. Specimens had comparable 

sizes in nominal contact areas and were manufactured from the same batch of raw stainless steel to make 

the comparison reliable. 

Values of friction coefficient and tangential contact stiffness were extracted and compared. Although the 

two friction rigs presented fundamental design differences, they provided similar values in the 

measurements. In fact, the friction coefficient showed differences below the 15%, probably coming from 

noise in the normal and tangential force measurements. The tangential contact stiffness showed 

discrepancies up to the 50%, which are larger than those observed in the friction coefficient probably 

because the contact stiffness also depends on displacement measurements, which add more noise in addition 

to the force measurements. However, this variability is acceptable and these observations increase the 

confidence in the measured parameters from these rigs, which indeed proved to be quite reliable tools to 

provide input parameters for nonlinear dynamic simulations, although they can still be improved to further 

decrease the experimental uncertainty. With regards to the contact parameters, it was shown that the 

tangential contact stiffness slowly increases during the test because of an increase in the worn area of 

contact. It is consequently necessary to normalise it by the worn area of contact, rather than by the nominal 
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area of contact as common practice today. The friction coefficient showed a milder dependency on the 

loading conditions instead. 

These preliminary measurements will be extended once the processing of the very large data set is 

completed. In fact, more results will be available in future, hopefully providing many more insights for the 

structural dynamics community and more guidelines on the best use of existing high frequency friction rigs. 

The authors would also very much like to encourage other research groups to participate in this comparison, 

so that it can become a comprehensive Round-Robin that will add even more value to the community. 

Acknowledgements 

This project has received funding from the European Union’s Horizon 2020 research and innovation 

programme under the Marie Sklodowska-Curie grant agreement No 721865. 

References 

[1] M. Krack, L. Salles, and F. Thouverez, “Vibration Prediction of Bladed Disks Coupled by Friction 

Joints,” Arch. Comput. Methods Eng., vol. 24, no. 3, pp. 589–636, 2017. 

[2] A. Fantetti and C. Schwingshackl, “Effect of Friction on the Structural Dynamics of Built-up Structures: 

An Experimental Study,” in Proceedings of ASME Turbo Expo 2020, 2020. 

[3] M. Lavella, D. Botto, and M. M. Gola, “Design of a high-precision, flat-on-flat fretting test apparatus 

with high temperature capability,” Wear, vol. 302, no. 1–2, pp. 1073–1081, 2013. 

[4] M. E. Kartal, D. M. Mulvihill, D. Nowell, and D. A. Hills, “Measurements of pressure and area 

dependent tangential contact stiffness between rough surfaces using digital image correlation,” Tribol. 

Int., vol. 44, no. 10, pp. 1188–1198, 2011. 

[5] T. Hoffmann, L. Panning, and J. Wallaschek, “Analysis of Contacts in Friction Damped Turbine Blades 

Using Dimensionless Numbers,” J. Eng. Gas Turbines Power, vol. 141, no. 12, Dec. 2019. 

[6] A. R. Warmuth, P. H. Shipway, and W. Sun, “Fretting wear mapping: The influence of contact geometry 

and frequency on debris formation and ejection for a steel-on-steel pair,” Proc. R. Soc. A Math. Phys. 

Eng. Sci., 2015. 

[7] J. Hintikka, A. Lehtovaara, and A. Mäntylä, “Fretting-induced friction and wear in large flat-on-flat 

contact with quenched and tempered steel,” Tribol. Int., vol. 92, pp. 191–202, 2015. 

[8] D. Botto and M. Lavella, “High temperature tribological study of cobalt-based coatings reinforced with 

different percentages of alumina,” Wear, 2014. 

[9] M. Umer and D. Botto, “Measurement of contact parameters on under-platform dampers coupled with 

blade dynamics,” Int. J. Mech. Sci., vol. 159, pp. 450–458, Aug. 2019. 

[10] M. M. Gola and T. Liu, “A direct experimental-numerical method for investigations of a laboratory 

under-platform damper behavior,” Int. J. Solids Struct., vol. 51, no. 25–26, pp. 4245–4259, Dec. 2014. 

[11] A. Fantetti et al., “The impact of fretting wear on structural dynamics: Experiment and simulation,” 

Tribol. Int., vol. 138, pp. 111–124, 2019. 

[12] C. Gastaldi, T. Berruti, and M. M. Gola, “The effect of surface finish on the proper functioning of 

underplatform dampers,” J. Vib. Acoust., pp. 1–30, Apr. 2020. 

[13] M. R. W. Brake, C. W. Schwingshackl, and P. Reuß, “Observations of variability and repeatability in 

jointed structures,” Mech. Syst. Signal Process., vol. 129, pp. 282–307, Aug. 2019. 

NON-LINEARITIES: IDENTIFICATION AND MODELLING 2173



[14] T. Butlin, P. Ghaderi, G. Spelman, W. J. B. Midgley, and R. Umehara, “A novel method for predicting 

the response variability of friction-damped gas turbine blades,” J. Sound Vib., vol. 440, pp. 372–398, 

Feb. 2019. 

[15] S. Bhatnagar, J. Yuan, A. Fantetti, E. Denimal, and L. Salles, “Quantification of Uncertainties in 

Nonlinear Vibrations of Turbine Blades with Underplatform Dampers,” in International Conference on 

Noise and Vibration Engineering, 2020. 

[16] S. Fouvry, T. Liskiewicz, P. Kapsa, S. Hannel, and E. Sauger, “An energy description of wear 

mechanisms and its applications to oscillating sliding contacts,” Wear, vol. 255, no. 1–6, pp. 287–298, 

2003. 

[17] H. Lee and S. Mall, “Investigation into effects and interaction of various fretting fatigue variables under 

slip-controlled mode,” Tribol. Int., vol. 39, pp. 1213–1219, 2006. 

[18] X. Huang and R. W. Neu, “High-load fretting of Ti-6Al-4V interfaces in point contact,” Wear, vol. 265, 

no. 7–8, pp. 971–978, 2008. 

[19] W. Lu et al., “Influence of surface topography on torsional fretting wear under flat-on-flat contact,” 

Tribol. Int., vol. 109, pp. 367–372, 2017. 

[20] V. Done, D. Kesavan, M. Krishna R, T. Chaise, and D. Nelias, “Semi analytical fretting wear simulation 

including wear debris,” Tribol. Int., vol. 109, pp. 1–9, 2017. 

[21] C. H. Hager, J. H. Sanders, and S. Sharma, “Characterization of mixed and gross slip fretting wear 

regimes in Ti6Al4V interfaces at room temperature,” Wear, vol. 257, no. 1–2, pp. 167–180, 2004. 

[22] M. Lavella, “Partial-gross slip fretting transition of martensitic stainless steels,” Tribol. Int., vol. 146, 

Jun. 2020. 

[23] L. Pesaresi, A. Fantetti, F. Cegla, L. Salles, and C. W. Schwingshackl, “On the Use of Ultrasound 

Waves to Monitor the Local Dynamics of Friction Joints,” Exp. Mech., vol. 60, no. 1, pp. 129–141, 

2020. 

[24] N. P. Suh and H. C. Sin, “The genesis of friction,” Wear, vol. 69, no. 1, pp. 91–114, 1981. 

 

2174 PROCEEDINGS OF ISMA2020 AND USD2020



A time-spectral form of harmonic balance method for 
nonlinear dynamic analysis  

B. Zhou, Y. Sun, C. Zang 
Nanjing University of Aeronautics and Astronautics, Aero-engine Thermal Environment and Structure 

Key Laboratory of Ministry of Industry and Information Technology 

Nanjing, 210016, China 

e-mail: biao.zhou@nuaa.edu.cn 

Abstract 
The capability of efficiently simulating the nonlinear structural dynamics of large-scale industrial bladed 

disks is crucial for the prediction and evaluation of friction damping. This work presents a time-spectral 

form of harmonic balance method (TSHBM) in order to enhance the computational efficiency of nonlinear 

dynamic analysis. The TSHBM, couples the solution at several time levels equally distributed over a 

vibrational period and it doesn’t require the alternating frequency/time-domain technique (AFT). A fully 

implicit pseudo-time marching strategy in conjunction with the Generalized Minimum Residual algorithm 

(GMRES) or the Biconjugate Gradient Stabilized (BICGSTAB) algorithm is proposed to rapidly march the 

equation to the solution. Effectiveness of the TSHBM coupled with the proposed strategy is verified in a 

Duffing oscillator and a dry-friction-damped beam model. Advantage of TSHBM over classical MHBM in 

terms of computational expense will be fully demonstrated. 

1 Introduction 

Nonlinearities naturally arise from many aerodynamic and structural dynamic problems in turbomachinery. 

For example, dry friction dampers have been extensively applied to suppress the excessive blade vibration 

in the mitigation practice. It is crucial for the designers to efficiently predict the periodic responses of the 

nonlinear systems under external excitations.  The time marching method, generally referred as the standard 

procedure for solving nonlinear ODE, nevertheless, suffers from inadequate efficiency particularly for large 

scale systems. 

The classical multi-harmonic balance method (MHBM) , fully developed in the past decades, has been 

showing computationally competitive in characterizing periodic responses of simple nonlinear problems as 

well as complex industrial bladed disks[1-3]. It proceeds by approximating the periodic oscillations of major 

concern in the form of a truncated temporal Fourier series, and then determining the unknown Fourier 

coefficients in the frequency domain as a solution of a set of nonlinear algebraic equations. The alternating 

frequency/time-domain scheme [4] is adopted to perform the two-way conversion for the nonlinear item 

from the time domain to the frequency domain. Roots of the nonlinear algebraic equations are usually found 

by using an iterative Newton-Raphson algorithm. Up to this point, the use of MHBM has been particularly 

successful in the realm of mechanical systems. The computational speed is largely affected by the size of 

nonlinear dynamic models and the number of retained harmonics. For large systems, the Jacobian matrix 

required by the iterative scheme can be ill-conditioned, which might lead to unconvergence in the linear 

search of iterative direction. It therefore remains an important and imminent challenge to continuously 

develop robust and efficient methods for large-dimensional and nonlinear multi-physical problems (e.g., for 

fluid–structure interaction, etc.). 

The time-spectral form of harmonic balance method (TSHBM) can be seen as a potential alternative for 

nonlinear dynamic analyses [5]. It originated from the time-spectral method firstly presented by Hall et al 

[6]. Since then, it was extensively developed for the analysis of nonlinear, time-periodic unsteady flows in 
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cascades [7-9]. Instead of working in terms of the Fourier coefficients in the frequency domain by means of 

MHBM, the dependent variables in the TSHBM are the time domain solution stored at equally spaced sub-

time intervals over one period. The resultant time-space coupled nonlinear algebraic equations are 

accordingly solved in the time domain. The TSHBM possesses twofold advantages that potentially enable 

it computationally as effective as or more effective than the classical MHBM. Firstly, the cumbersome and 

computationally intensive alternating frequency/time-domain conversions, basically required by MHBM at 

each iterative solving step, can be avoided; secondly, operating in the time domain makes it easy to solve 

the nonlinear algebraic equations after time-spectral harmonic balancing within the framework of so-called 

“pseudo-time marching” strategy embedded in various existing time marching solvers. The TSHBM is 

therefore acknowledged as a more elegant scheme than the classical harmonic balance techniques in CFD 

simulations. Recent studies have shown that this kind of method can be extended to aeroelastic flutter 

problems that involve a combination of periodic motion with a slower transient content [10]. The basic idea 

of TSHBM was also explored in structural dynamics while being referred as ’high dimensional harmonic 

balance method’ (HDHBM) [11, 12]. Among a limited number of previous research efforts, A. LaBryer 

[11] showcased the features of the method by solving three nonlinear structural dynamics problems related 

to the field of flapping flight. L. Salles et al. [13]have pioneered the exploration of HDHBM for simulations 

of nonlinear vibrations of bladed disks with contact interfaces. Performance of this method was rewarding 

nevertheless, it was also declaimed that its application in nonlinear structure dynamics deserves further 

study, particularly with respect to the solving strategy for the nonlinear algebraic equations after time-

spectral harmonic balancing.  

Objective of this research is to conduct an exploratory study on the TSHBM in order to enhance the 

computational efficiency of nonlinear dynamic analysis. To this end, an implicit pseudo-time marching 

strategy employing different numerical algorithms will be proposed and fully addressed. Well suited for 

large systems, it is expected to rapidly march the solution to the set of time-space coupled nonlinear 

algebraic equations after time-spectral harmonic balancing. This paper is organized as follows: the 

framework of the TSHBM will be firstly outlined; several implicit  pseudo-time marching schemes will be 

subsequently covered in detail and practical aspects in the implementation are highlighted; performance of 

these numerical scheme will be investigated in comparison with the classical MHBM; conclusions are drawn 

in the end. 

2 Mathematic formulation  

Consider a nonlinear mechanical system described by the following second order differential equation: 

𝐌�̈� + 𝐂�̇� + 𝐊𝐱 + 𝐟nl(𝑡, 𝐱, �̇�) = 𝐟(𝑡) (1) 

where 𝐌, 𝐂 and 𝐊 are mass, damping and stiffness matrix of size n × n, respectively; 𝐟nl(𝑡, 𝐱, �̇�) represents 

nonlinear force and 𝐟(𝑡) the external periodic excitation with a basic frequency ω. Since the derivation of 

TSHBM is similar to MHBM, the classical MHBM will be briefly revisited before the introduction to the 

TSHBM. 

2.1 Classical Multi-Harmonic Balance Method 

Considering that periodic response of the nonlinear systems is of major concern, 𝐱(𝑡) can be approximated 

by a truncated Fourier series 

𝐱(𝑡) = 𝐗0 +∑𝐗𝑐𝑘 cos(𝑘𝜔𝑡) + 𝐗𝑠𝑘 sin(𝑘𝜔𝑡)

𝑁ℎ

𝑘=1

= 𝐓(𝜔𝑡)𝐗

(2) 
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where 𝑁ℎ is the number of retained harmonics; the (2𝑁ℎ+1)n×1 vector 𝐗 is composed of the unknown 

Fourier coefficients: 𝐗 = [𝐗0,⋯ , 𝐗𝑐𝑘, 𝐗𝑠𝑘,⋯ ]𝑇 ; the trigonometric functions are regrouped as 𝐓(𝜔𝑡)  =
 [𝐈, cos(𝜔𝑡) 𝐈, sin(𝜔𝑡) 𝐈,⋯ , cos(𝜔𝑡) 𝐈, sin(𝜔𝑡) 𝐈,⋯ ] with 𝐈 being n × n identity matrix. 

A Galerkin procedure is applied to the problem described by Eq. (1), i.e., projecting the equation on the 

truncated trigonometric functions. Harmonic balancing is achieved by deriving a set of nonlinear algebraic 

equations linking the unknown Fourier coefficients 

𝐆(𝐗) = 𝐏(𝜔)𝐗 + 𝐅nl(𝐗) − 𝐅 = 0 (3) 

where the dynamic stiffness matrix 𝐏(𝜔) = 𝜔𝐍𝐌𝛁
2 +𝜔𝐍𝐂𝛁 + 𝐍𝐊 . 𝐍𝐌 is a block-diagonal matrix built as 

𝐍𝐌 = diag(𝐌,𝐌,⋯). 𝐍𝐂 and 𝐍𝐊 are constructed in the same way, respectively. ∇ denotes a frequential 

derivative operator in the form of 

𝛁 = diag(𝟎𝑛×𝑛, 𝛁1,⋯ , 𝛁𝑁ℎ), 𝛁𝑘 = 𝑘 [
0 𝐈
−𝐈 0

] (4) 

𝐅 is a multiharmonic vector of the external excitation 𝐟(𝑡). In most cases the nonlinear term 𝐅nl(𝐗) cannot 

be derived explicitly. The alternating frequency/time-domain (AFT) technique [4] on the basis of Fast 

Fourier Transforms (FFT) is outlined below for the determination of nonlinear Fourier coefficients 𝐅nl(𝐗) 

𝐗
𝐓(𝜔𝑡)𝐗
→    𝐱(𝑡), �̇�(𝑡) → 𝐟nl(𝑡, 𝐱, �̇�)

FFT
→ 𝐅nl(𝐗) (5) 

Roots of Eq. (3) are found by a Newton-Raphson algorithm. The Jacobian 𝜕𝐆(𝐗)/𝜕𝐗 is basically needed 

for the efficient iteration. It has been demonstrated that the Jacobian can be calculated in a simple, analytical 

way rather than in a numerical way, e.g., by finite difference approximation. Fast calculation of the Jacobian 

allows to greatly reduce the computational time. Readers are referred to a comprehensive book for details 

about the implementation [14]. 

2.2 Time-Spectral form of Harmonic Balance Method 

Instead of taking the vector of Fourier coefficients 𝐗 as the working variable, the TSHBM stores the time-

domain solutions 𝐱(𝑡𝑖) at 2𝑁ℎ+1 equally spaced sub-time intervals over a period as the working variables, 

with 𝑡𝑖 =
2𝜋

𝜔
∙

𝑖

2𝑁ℎ+1
( 𝑖 = 0,1,2,⋯ , 2𝑁ℎ). In the following text, the TSHBM will be outlined as a two-step 

method. 

2.2.1 Time-Spectral form of Harmonic Balancing  

Gather the 2𝑁ℎ+1 time-domain solutions 𝐱(𝑡𝑖)  as �̃� = [𝐱(𝑡0), 𝐱(𝑡1),⋯ , 𝐱(𝑡i),⋯ , 𝐱(𝑡2𝑁ℎ)]
𝑇

. It can be 

related with the vector of unknown Fourier coefficients 𝐗 in MHBM in the matrix form: 

�̃� = 𝐄−1𝐗 (6) 

where 𝐄−1 is the inverse discrete Fourier transformation matrix in the form of 

𝐄−1 =

[
 
 
 
1 cos𝜔𝑡0 sin𝜔𝑡0 ⋯ cos𝑁ℎ𝜔𝑡0 sin𝑁ℎ𝜔𝑡0
1 cos𝜔𝑡1 sin𝜔𝑡1 ⋯ cos𝑁ℎ𝜔𝑡1 sin𝑁ℎ𝜔𝑡1
1 ⋮ ⋮ ⋱ ⋮ ⋮
1 cos𝜔𝑡2𝑁ℎ sin𝜔𝑡2𝑁ℎ ⋯ cos𝑁ℎ𝜔𝑡2𝑁ℎ sin𝑁ℎ𝜔𝑡2𝑁ℎ]

 
 
 
⊗ 𝐈 (7) 

Conversely, the harmonic balance Fourier coefficients solution can be expressed in term of �̃� by rewriting 

Eq. (7) as  

𝐗 = 𝐄�̃� (8) 

where 𝐄 is the discrete Fourier transformation matrix in the form of 
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𝐄 =
2

2𝑁ℎ + 1

[
 
 
 
 
 
 
 

1

2

1

2
⋯

1

2
cos𝜔𝑡0 cos𝜔𝑡1 ⋯ cos𝜔𝑡2𝑁ℎ

sin𝜔𝑡0 sin𝜔𝑡1 ⋯ sin𝜔𝑡2𝑁ℎ

⋮ ⋮ ⋱ ⋮
cos𝑁ℎ𝜔𝑡0 cos𝑁ℎ𝜔𝑡1 ⋯ cos𝑁ℎ𝜔𝑡2𝑁ℎ

sin𝑁ℎ𝜔𝑡0 sin𝑁ℎ𝜔𝑡1 ⋯ sin𝑁ℎ𝜔𝑡2𝑁ℎ ]
 
 
 
 
 
 
 

⊗ 𝐈 (9) 

Similarly one can have �̃� = 𝐄−1𝐅 and �̃�𝑛𝑙 = 𝐄
−1𝐅𝑛𝑙 in an analogous manner. 

Substituting Eq. (8) into Eq. (3) and then pre-multiplying Eq. (3) by 𝐄−1  gives the resultant nonlinear 

algebraic equations derived by time-spectral form of harmonic balancing: 

(𝜔2𝐃2𝐍𝐌 + 𝜔𝐃𝐍𝐂 + 𝐄
−1𝐍𝐊𝐄)�̃� + �̃�nl − �̃� = 𝐙(𝜔)�̃� + �̃�nl − �̃� = 𝟎 (10)

where 𝐃 = 𝐄−𝟏𝛁𝐄  is essentially the time-derivative operator. Specifically, D is a real antisymmetric 

circulant matrix with a zero diagonal, of which the elements are exclusively determined by 𝑁ℎ. For example, 

if 𝑁ℎ=1, the matrix D is given by 

𝐃 = [
0 0.5774 −0.5774

−0.5774 0 0.5774
0.5774 −0.5774 0

]⊗ 𝐈 (11)

As the nonlinear term �̃�nl is stored in the time domain as well as the working variable  �̃�, the computationally 

intensive AFT procedure, which basically bridges the gap between the frequency/time-domain variables in 

the classical MHBM is no longer necessary. This is clearly an advantage of the TSHBM for higher 

computational performance. Since Eq. (10) is formulated in terms of the time-domain working variable  �̃�, 

it can be conveniently solved by the pseudo-time marching strategy presented below. 

2.2.2 Fully Implicit Pseudo-time marching strategy 

 Pre-multiplying Eq. (10) by the matrix D and then introducing a pseudo-time derivative term yields 

𝜕�̃�

𝝏𝜏
= 𝐃𝐙(𝜔)�̃� + 𝐃�̃�nl − 𝐃�̃� (12) 

where 𝜏 is the pseudo-time. The pseudo-time marching strategy relies on progressively constructing the time 

history of �̃� in the pseudo-time domain until the pseudo-time derivative 𝜕�̃�/𝜕𝜏 vanishes, resulting in the 

desired solution to the nonlinear algebraic equation presented by Eq. (10). 

Either explicit or implicit time integration formulae are generally applicable to march the equation. For the 

explicit formulae, the computer storage requirement is low. Nevertheless, typically very small time steps ∆𝜏 
are needed to ensure numerical stability and accuracy, particularly when high frequency components are 

involved in the response. The implicit formulae, on the contrary, usually with high cost per time step and 

storage, take advantage of improved stability and larger time steps. For instance, an implicit time integration 

solver based on the numerical differentiation formulae (NDF) was explored in an early attempt by L. 

Salles[13]. In the pursuit of enhanced computational efficiency, this paper is devoted to looking for a fully 

implicit time integration formula well suited for the TSHBM. It should be pointed out that the insertion of 

D in Eq. (12) is inspired by the stabilization technique proposed in a previous research contribution [15]. 

Eq. (12) can be discretized by a first-order scheme 

∆�̃�

∆𝜏
= 𝐑(�̃�) (13) 

where ∆�̃� = �̃�
𝑞+1

− �̃�
𝑞
 is the increment of the conservative variables between the iterations q and q+1. 

𝐑(�̃�) represents the residual of the complete TSHBM system (i.e. right hand side of Eq. (12)). The implicit 

backward-Euler scheme is derived by considering 𝐑(�̃�) at iteration q+1. Since 𝐑(�̃�
𝑞+1
) is unknown, it is 

linearized. The linearization of 𝐑(�̃�
𝑞+1
) can be derived by  
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𝐑(�̃�
𝑞+1
) = 𝐑(�̃�

𝑞
) + 𝐉∆�̃� + 𝒐 (∆�̃�

2
) (14) 

in which 𝐉 denotes the Jacobian 𝜕𝐑/𝜕�̃�. Eq. (13) and Eq. (14) lead to following fully linear system 

𝐀∆�̃� = 𝐑(�̃�
𝑞
) (15) 

where 𝐀 = (𝐈/∆𝜏 − 𝐉) is a nonsymmetric matrix with the form of  

𝐀 =

[
 
 
 
𝐀11 𝐀12 ⋯ 𝐀1𝑁𝑇
𝐀21 𝐀22 ⋯ 𝐀2𝑁𝑇
⋮ ⋮ ⋱ ⋮

𝐀𝑁𝑇1 𝐀𝑁𝑇2 ⋯ 𝐀𝑁𝑇𝑁𝑇]
 
 
 

(16) 

in which 𝑁𝑇 = 2𝑁ℎ + 1, each 𝐀𝑖𝑗 is a 𝑛 × 𝑛 symmetric block matrix. Traditional iterative methods such as 

Block-Jacobi algorithm and Gauss-Seidel algorithm [7] can be used to solve Eq. (15). As these methods 

require the matrix 𝐀 to be diagonally dominant, they rapidly become inefficient as the pseudo-time step ∆𝜏 
increases. It is therefore worth looking at special techniques to accelerate the solving process of this linear 

equation. To this purpose, the following paragraphs explore two different families of algorithms and discuss 

their pros and cons. 

I. The Generalized Minimal Residual (GMRES) Algorithm 

Firstly proposed by Saad and Schultz [16], the GMRES algorithm is a widely used iterative method for 

nonsymmetric linear systems. For the sake of simplicity, let us consider the linear equations Eq. (15) in a 

generalized form  

𝐀𝐱 = 𝐛 (17) 

note that in Eq. (17) 𝐀 ∈ ℝ𝑛×𝑛 is a general matrix, not the matrix 𝐀 in Eq. (15). 

The general idea of GMRES is iteratively seeking the approximate solution 𝐱(𝑚) to minimize the least 

squares norm of the residual obtained from 

𝐫(𝑚) = 𝐀𝐱(𝑚) − 𝐛 (18) 

over a Krylov subspace defined by 

𝐊𝑚(𝐀, 𝐫
(0)):= 𝑠𝑝𝑎𝑛{𝐫(0), 𝐀𝐫(0), … , 𝐀𝑚−1𝐫(0)} (19) 

where 𝐫(0) = 𝐛 − 𝐀𝐱(0) is the initial residual, 𝐱(0) is initial guess.  

GMRES is featured by the non-mandatory requirement in the diagonal-dominance of the matrix 𝐀. High 

efficiency and numerical stability enable it to become a prevalent linear solver for large scale systems. 

GMRES is often combined with a preconditioner in the iteration. The general process is described as follows: 

Algorithm 1: Preconditioned GMRES 

1: Given �̅�𝐱 = 𝐛 

2: Compute 𝐫(0) from 𝐌𝐫(0) = 𝐛 − �̅�𝐱(0) for some initial guess 𝐱(0), 𝛽 = ‖𝐫(0)‖
2
 and 𝐯(1) = 𝐫(0)/𝛽 

3: For 𝑖 = 1,2, … ,𝑚 Do 

4:       Compute 𝐰(𝑖) from 𝐌𝐰(𝑖) = �̅�𝐯(𝑖) 
5:       For 𝑗 = 1,… , 𝑖  Do 

6:             ℎ𝑗,𝑖 = (𝐰
(𝑖), 𝐯(𝑖)) 

7:             𝐰(𝑖) = 𝐰(𝑖) − ℎ𝑗,𝑖𝐯
(𝑗) 

8:       EndDo 

9:     Compute ℎ𝑖+1,𝑖 = ‖𝐰
(𝑖)‖

2
 and 𝐯(𝑖+1) = 𝐰(𝑖)/ℎ𝑖+1,𝑖   

10: EndDo 

11: Define 𝐕𝑚 = [𝐯
(1), … , 𝐯(𝑚)], �̅�𝑚 = {ℎ𝑗,𝑖}1≤𝑗≤𝑖+1,1≤𝑖≤𝑚

 

12: Compute 𝐲𝑚 = argmin
𝐲

‖𝛽𝒆1 − �̅�𝑚𝐲‖2 and 𝐱(𝑚) = 𝐱(0) + 𝐕𝑚𝐲𝑚 

13: If satisfied Stop, else set 𝐱(0) ← 𝐱(𝑚) and GoTo 1 
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In Algorithm 1, �̅�  corresponds to the coefficient matrix 𝐀 defined by Eq. (15), 𝐛  corresponds to the 

nonlinear 𝐑(�̃�) residual, 𝐱 is nonlinear update ∆�̃� to be computed. Preconditioner 𝐌 is applied in line 2 and 

4. To solve the minimization problem in line 12 of the algorithm, QR factorization by means of Givens 

rotations is utilized. 

II. The Biconjugate Gradient Stabilized (BICGSTAB) algorithm 

The BICGSTAB algorithm [17] is a variant of the BICG  that is shown well suited to nonsymmetric linear 

systems. Categorized into the Krylov subspace method, it relies on finding the approximated solution  

𝐱(𝑚) ∈ 𝐱(0) + 𝐊𝑚(𝐀, 𝐫
(0)) that satisfies 

𝐫(𝑚) ⊥ 𝐊𝑚(𝐀
T, 𝐫∗) (20) 

where 𝐫(𝑚) =  𝐛 − 𝐀𝐱(m),  (𝐫(0), 𝐫∗) ≠ 𝟎. Eq. (20) is commonly known as Petrov-Galerkin condition. 

In essence, BICGSTAB produces iterations where the residuals are of the form 

𝐫(𝑖) = 𝜓(𝑖)(𝐀)𝜙(𝑖)(𝐀)𝐫(0) (21) 

In Eq. (21), 𝜙(𝑖)(𝐭) is the residual polynomial associated with the BICG algorithm that satisfy 𝜙(𝑖)(𝟎) = 1 

and 𝜓(𝑖)(𝐭) is a polynomial which is defined recursively at each step with the goal of “stabilizing” or 

“smoothing” the convergence behavior. BICGSTAB also allows for the use of the preconditioner in the 

iteration below: 

Algorithm 2: Preconditioned BICGSTAB 

1: Given �̅�𝐱 = 𝐛 

2: Compute 𝐫(0) = 𝐛 − �̅�𝐱(0) for some initial guess 𝐱(0) 

3: Choose 𝐫∗ (for example, 𝐫∗ = 𝐫(0)) 
4: For 𝑖 = 1,2, … 

5:       𝜌𝑖−1 = 𝐫
∗𝑇𝐫(𝑖−1) 

6:       If 𝜌𝑖−1 = 0 method fails 

7:       If 𝑖 = 1 

8:          𝐩(𝑖) = 𝐫(𝑖−1) 
9:       Else 

10:        𝛽𝑖−1 = (𝜌𝑖−1/𝜌𝑖−2)(𝛼𝑖−1/𝜔𝑖−1)  

11:        𝐩(𝑖) = 𝐫(𝑖−1) + 𝛽𝑖−1(𝐩
(𝑖−1) −𝜔𝑖−1𝐯

(𝑖−1))  

12:     EndIf 

13:     Solve �̂� from 𝐌�̂� = 𝐩(𝑖) 
14:     𝐯(𝑖) = �̅��̂� 

15:     𝛼𝑖 = 𝜌𝑖−1/𝐫
∗𝑇𝐯(𝑖) 

16:     𝐬 = 𝐫(𝑖−1) − 𝛼𝑖𝐯
(𝑖) 

17:     check norm of 𝐬; if small enough: set 𝐱(𝑖) = 𝐱(𝑖−1) + 𝛼𝑖�̂� and stop 

18:     Solve �̂� from 𝐌�̂� = 𝐬 
19:     𝐭 = �̅��̂� 
20:     𝜔𝑖 = 𝐭

𝑇𝐬/𝐭𝑇𝐭 
21:     𝐱(𝑖) = 𝐱(𝑖−1) + 𝛼𝑖�̂� + 𝜔𝑖�̂� 

22:     𝐫(𝑖) = 𝐬 − 𝜔𝑖𝐭 
23:     check convergence; continue if necessary 

24:     for continuation it is necessary that 𝜔𝑖 ≠ 0 

25: End 

Preconditioner 𝐌 is applied in line 13 and line 18. Compare to GMRES, BICGSTAB is“parameter-free” 

and in most cases it is perceived more efficient and robust than GMRES. 
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III. Preconditioning method 

The convergence speed of Krylov subspace methods is highly dependent on the spectral distribution of the 

coefficient matrix 𝐀. The convergence speed may be unacceptable if the eigenvalues of 𝐀 are scattered [18]. 

In order to speed up the convergence of iteration, the a forementioned algorithms are usually combined with 

the preconditioning techniques in various applications.  

One of the widely used preconditioners is Incomplete LU (ILU) factorization. A general ILU factorization 

process computes a sparse lower (upper) triangular matrix L (U) so that one can write 𝐀 = 𝐋𝐔 + 𝐑. 𝐑 is the 

residual matrix that satisfies certain constraints, e.g., a matrix with zero entries in some locations. Then the 

preconditioner 𝐌 = 𝐋𝐔 can be formulated as 𝐌 = 𝐋𝐔. 

The Crout version of ILU factorization (ILUC) is one of the most appealing ways among numerous existing 

procedures for implementing the ILU factorizations. It is therefore employed to generate preconditioners 

necessary for the GMRES and BICGSTAB algorithms and their efficiency will be verified in the following 

section.  

2.2.3 Practical Aspect in the implementation 

As revealed in previous research efforts, the TSHBM occasionally produces nonphysical solutions for 

systems with strong nonlinearities. This side-effect is known as “aliasing”. The source of the nonphysical 

solutions is that the nonlinear terms �̃�nl are polluted by higher order harmonics (> 𝑁ℎ)  [11, 12, 19]. 

In order to overcome the drawback, this paper employs a novel dealiasing technique that works in a straight-

forward and efficient way [19]. The principal is extending the 2𝑁ℎ + 1 sub-time levels to a higher number, 

e.g., 6𝑁ℎ + 1 in the construction of the discrete Fourier transformation matrix 𝐄. 

By using this dealiasing technique, the involved higher harmonics in the time-spectral harmonic balancing will 

fundamentally eliminate the underlying error sources. However, the dealiasing technique  will inevitably slow 

down the computation speed especially when 𝑁ℎ is large. 

3 Numerical Results 

In this section, the TSHBM in combination with the proposed fully implicit pseudo-time marching strategy 

will be applied to 1) a Duffing oscillator and 2) a beam model with dry friction element in order to 

demonstrate its effectiveness in enhancing the computational performance in nonlinear dynamic analyses. 

3.1 The Duffing Oscillator 

Consider a Duffing oscillator interpreted as a single degree-of-freedom oscillator with cubic spring. The 

governing equation is given by 

𝑚�̈� + 𝑐�̇� + 𝑘𝑥 + 𝛼𝑥3 = 𝑓𝑐𝑜𝑠(𝜔𝑡) (22) 

where the system parameters are taken as 

𝑚 = 1, 𝑘 = 1, 𝑐 = 0.05, 𝛼 = 0.1, 𝑓 = 0.025, 𝜔 = 1 

Both the classical MHBM and TSHBM are employed to compute the forced response of the oscillator under 

external harmonic excitation.  For the purpose of comparison, simulation results by means of the MHBM in 

conjunction with a fast calculated Jacobian in the iteration for accelerated convergence are provided and 

denoted as ‘MHBM ACC.’.  The TSHBM runs with 3 implicit pseudo-time marching schemes, which give 

rise to the periodic response curves in Fig. 1 marked as ‘TSHBM-NDF’, ‘TSHBM-GMRES’ and ‘TSHBM-

BIGGSTAB’, respectively. The NDF scheme is carried out through ODE15s integrator in the GNU Octave 

environment with default option. The good agreements between the MHBM and TSHBM with 𝑁ℎ=3 can 
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be confirmed, indicating high accuracies of the TSHBMs. Specifically, no dealiasing treatments are 

performed for the TSHBM in the case of Duffing oscillator.  

 

Figure 1 Periodic response curve of MHBM an TSHBM at 𝑁ℎ=3 

Computational performances are then summarized in Table 1 in terms of increasing 𝑁ℎ. The CPU time 

consumptions are normalized with respect to the computation time required by the MHBM with 𝑁ℎ=1. It is 

shown that the number of retained harmonics 𝑁ℎ exerts a major impact on the performance of MHBM. At 

the same time, this method benefits a lot from the fast calculated Jacobian since the computational efforts 

required by MHBM ACC. are considerably reduced.  

Generally speaking, the TSHBM coupled with 3 implicit pseudo-time marching schemes behave almost as 

efficient as the MHBM ACC. does. In particular, the TSHBM-BICGSTAB performs even better than 

MHBM ACC. with a high harmonic number 𝑁ℎ=7. Moreover, a clear trend is observed that for both the 

TSHBM-GMRES and TSHBM-BICGSTAB, their efficiencies are less affected by the increasing harmonic 

𝑁ℎ. This feature makes these two TSHBM schemes very appealing. On the other hand, despite the good 

performance revealed in this table, effectiveness of TSHBM-NDF is found closely related with the 

increasing 𝑁ℎ . It is also worth mentioning that the computational efficiency of TSHBM-NDF drops 

drastically when it comes to 𝑁ℎ ≥ 9 (results are not presented in this section). Hence, the implicit NDF 

scheme seems not suitable for TSHBM. 

Table 1 Calculation results of 1-DOF Duffing Oscillator System (norm. CPU time) 

𝑁ℎ 1 3 5 7 

MHBM 1.00 1.50 2.51 3.88 

MHBM ACC. 0.69 0.83 0.94 1.11 

TSHBM-NDF 0.81 0.96 1.10 1.13 

TSHBM-GMRES 1.02 1.08 1.12 1.21 

TSHBM-BICGSTAB 0.89 0.93 0.96 1.05 

3.2 A Beam Model with Dry Friction Element 

Consider a cantilevered Euler–Bernoulli beam with a dry friction element [14] as depicted in Figure 1. The 

beam is discretized by 8 beam elements. Dry friction is described by coulomb law with a tanh-regularization 

of the signum-function: 
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𝑓
fric
(𝑥nl, �̇�nl) = 𝜇𝑁0 tanh

�̇�nl

𝜀
(23) 

in which 𝑥nl is the lateral deflection at the contact node illustrated in Figure 2.  

𝑁0 

𝑓𝑐𝑜𝑠(𝜔𝑡) 

𝜌𝐴,𝐸𝐼 , 𝑙 

𝑥tip 

𝑥nl  
𝑓fric 

 

Figure 2 The model of dry-friction-damped beam [14] 

The system parameters are 

𝑙 = 2, 𝜌𝐴 = 235, 𝐸𝐼 = 4.6 ⋅ 106, 𝜇𝑁0 = 1.5, 𝑓 = 0.2, 𝐂 = 8 ⋅ 10
−5𝐊, 𝜀 = 6.2 ⋅ 10−7 

 

Figure 3 The amplitude-frequency curves of different methods at 𝑁ℎ = 3 

The lateral deflection in the free tip of the beam under external harmonic excitation is computed as 𝑥tip
rms at 

50 uniformly distributed frequencies in the range of 𝜔 = [100, 373.5]. In this case, the TSHBM-NDF 

scheme is no longer tested due to its uncompetitive performance.  The amplitude-frequency curves derived 

by different schemes with 𝑁ℎ = 3 are illustrated in Figure 3. It can be seen that excellent agreement between 

the TSHBM and MHBM is achieved. It is pointed out that the dealiasing technique mentioned in 2.2.3 is 

applied in this case due to the presence of strong nonlinearity in the dry friction element.  
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Table 2 Calculation results of the model of dry-friction-damped beam (norm. CPU time) 

Nh 1 3 5 7 

MHBM 1.00  5.50  19.94  66.30  

MHBM ACC. 0.17  0.46  1.14  2.30  

TSHBM-GMRES 0.08  0.23  0.57  1.28  

TSHBM-BICGSTAB 0.07  0.22  0.56  1.26  

 

Computational performances are then compared in Table 2 in terms of the normalized CPU time 

consumptions. It is rewarding to find that the two TSHBM schemes offer enormous improvement in 

computational efficiency, which yields better performance over the MHBM ACC. at all 𝑁ℎ. It is accordingly 

demonstrated that the TSHBM in conjunction with the fully implicit pseudo-time marching strategy 

proposed in this paper is well suited to MDOF nonlinear systems. However, it can be also seen that the 

computational efficiency of TSHBM-GMRES and TSHBM-BICGSTAB exhibit strong dependence on the 

number of harmonics 𝑁ℎ. It is attributed to the following two reasons: 1. the dealiasing technique applied to 

TSHBM definitely slows down the computation speed especially when 𝑁ℎ is large [19]; 2. when 𝑁ℎ grows, 

the computational cost of ILUC preconditioning process increase rapidly. In fact, the computational time of 

ILUC process in TSHBM-BICGSTAB accounts for about 30% of the total computational time when 𝑁ℎ =
7, while it only accounts for about 6% when 𝑁ℎ = 1. Similar observations are also obtained with respect to 

the TSHBM-GMRES scheme.   

The results of these cases indicate that the TSHBM with fully implicit pseudo-time marching strategy is a 

very promising approach especially for MDOF nonlinear systems and worth further study. 

4 Conclusions 

This work focuses on the TSHBM coupled with a fully implicit pseudo-time marching strategy in pursuit of 

highly efficient numerical simulation tools for nonlinear structural analyses. The time-spectral form of 

harmonic balancing is formulated in terms of the time-domain solutions, which characterizes the TSHBM 

from the classical MHBM. It is further evaluated by the implicit pseudo-time marching strategy proposed 

in this paper.  Two variants of the Krylov subspace method, i.e., GMRES and BICGSTAB are addressed to 

speed up solving the coupled linear equations during the progressive time-marching steps.  

Numerical simulations demonstrate that the proposed TSHBM-GMRES and TSHBM-BICGSTAB schemes 

are computationally as effective as (in the SDOF case) or even more effective (in the MDOF case) than the 

classical MHBM.  It should be reminded that the TSHBM is not limited to these tested cases presented in 

this paper. Applications of the proposed TSHBM-GMRES and TSHBM-BICGSTAB schemes into 

complex, large scale systems (e.g., blades with contact interfaces, etc.) are also desirable. However, more 

efficient dealiasing and preconditioning techniques that have potentiality to further cut down the 

computational cost are highly expected in the future work.  
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Abstract 
The leaf seals are one of the typical sealing systems in gas turbine and jet engines. In Baker Hughes LT 

family gas turbines, they are used to create sealing between the combustion chamber and the first stage 

nozzle. The leaf seals are thin metallic plates and subjected to dynamic loads and high temperatures. They 

have curved contacts, and depending on the inclination, they can experience partial contact. Furthermore, 

when excited by dynamic loads, the leaf seal can be subject to intermittent contact, possibly triggering wear 

out or vibratory phenomena. Due to its flexibility and its partial seating, it exhibits a complex nonlinear 

dynamic behaviour, strongly variable with the operating conditions. This study presents a numerical 

investigation using coupled static/dynamic harmonic balance method (HBM) frequency-based solution 

technique. The reported solutions include nonlinear forced response and contact studies for various 

operating and kinematic conditions along with brief insights. 

1 Introduction 

Gas turbine engines are widely used in aviation to propel aircraft, electric power generation, pumping natural 

gas through pipelines, oil refining process and other applications given their very high power to weight ratio, 

small size and efficiency. Hence, these powerhouses are designed to perform at its structural limits to 

maximise the output and increase the efficiency and of course, to have high reliability. In the present study, 

one such component of the engine is analysed for its complex dynamic behaviour and reliability. 

Leaf seals are located in the annulus of the combustor section of a Gas Turbine Engine (GTE). Two sets of 

inner and outer leaf seals provide sealing and prevent the leakage of the combustion mixture from the 

combustor section to the surroundings. The leaf seals have two curved contact patches, as shown in Figure 

1 – between the nozzle and leaf seal, and the liner and the leaf seal. Given the location between the end of 

the combustor section and high-pressure turbine section, they experience high dynamic forces and acoustic 

pulsation. These seals work at high operating temperatures. They are designed to withstand a range of 

operating and kinematic envelopes and provide the sealing. Due to the curved contact nature, the two 

contacts on the leaf seal experience partial contact either at the edges or at the centre given the positive or 

negative inclination of the leaf seal and the dynamic behaviour. The leaf seal is mounted to the nozzle via 

two pins and two spiral springs surrounding the pins to allow sufficient play during the operation. However, 

the leaf seal may look simplistic in geometry, but their complex dynamic behaviour is primarily governed 

by the contact conditions and dynamic excitation. From the field tests, it is found the leaf seal experience 

dominant wear at the contact zones. The wear is caused due to partial intermittent contact at the contact 

zones. The wear pattern is also random sometimes concentrated at the centre or the edges of the contact 

patch, meaning the leaf seal experiences different intermittent contact behaviour for different operating 
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conditions. Hence, it is of high importance to investigate the complex nonlinear dynamic behaviour of the 

leaf seal when subject to various operating and kinematic envelopes. 

 

Figure 1: Combustor Leaf Seal 

The current study is a numerical work to investigate the nonlinear dynamic behaviour of leaf seal 

experiencing intermittent contact using a proven static/dynamic coupled approach with multi-harmonic 

balance method (HBM) ([1], [2]). Concerning the previous works existing in the literature ([3], [4]), the 

current approach allows the automatic update of the static pre-load distribution over the contact area during 

the nonlinear dynamic analysis, without any need for a separate static analysis. This is particularly helpful 

to model the intermittent contact behaviour where the static analysis is highly dependent on the contact 

condition. The current study presents linear analysis, nonlinear forced response and contact behaviour for 

various operating and kinematic envelopes along with the sensitivity study of other parameters. 

2 Methodology 

The contact interface introduces non-linearity to the system of equations. Two ways to solve the nonlinear 

differential equation is using time domain and frequency domain methods. A time-domain method such as 

Direct Time Integration (DTI) provides the transient as well as steady-state response but is computationally 

very demanding and is not a feasible solution for practical scenarios and large systems. The state-of-the-art 

frequency-domain method to compute the nonlinear response is the Harmonic Balance Method (HBM). This 

method assumes a periodic response under periodic excitation. Krack and Gross’s book [5] provides a 

detailed description of the method and examples of nonlinear vibration problems. This method offers speedy 

solution times assuming steady-state response and much less computationally demanding relative to the 

time domain methods. In our case, this is better as we are looking only for the steady-state response of the 

system. 

The current study uses a more recent formulation of the HBM, which allows performing a coupled static 

and dynamic analysis of the system. This coupled method is proven to provide better results in terms of 

accuracy with respect to classical uncoupled approaches [3]. It is comparable to the accuracy of direct time 

integration results with sufficient harmonics. 
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2.1 Governing equations 

The governing equation of motion of a system with contact interfaces undergoing periodic vibrations is 

written as: 

 𝐦�̈�(𝑡) + 𝐜�̇�(𝑡) + 𝐤𝐪(𝑡) = 𝐟(𝑡) + 𝐟𝑐(𝐪, �̇�, 𝑡) (1) 

where 𝐦, 𝐜 and 𝐤 are the mass, viscous damping and stiffness matrices, 𝐪(𝑡) is a displacement vector; 

𝐟(𝑡) is the excitation force vector; 𝐟𝑐(𝐪, �̇�, 𝑡) are nonlinear contact force vectors. To solve the equation (1) 

for periodic excitation using HBM, the periodic quantities with an angular frequency of 𝜔 are expressed as 

truncated series of harmonic terms: 

 𝐪(𝑡) = ∑ �̂�(ℎ)𝑒𝑖ℎ𝜔𝑡𝐻
ℎ = 0 ;  𝐟(𝑡) = ∑ 𝐟(ℎ)𝑒𝑖ℎ𝜔𝑡𝐻

ℎ = 0 ;  𝐟𝑐(𝐪, �̇�, 𝑡) = ∑ 𝐟𝑐
(ℎ)

(�̂�)𝑒𝑖ℎ𝜔𝑡𝐻
ℎ = 0  (2) 

The time-domain nonlinear differential equation (1) is transformed into a nonlinear algebraic equation using 

Galerkin projection with Fourier coefficients as defined in equation (2) and written as: 

 𝐃(ℎ)�̂�(ℎ) =  𝐟(ℎ) + 𝐟𝑐
(ℎ)

(�̂�) 𝑤𝑖𝑡ℎ ℎ = 0. . 𝐻 (3) 

where 𝐃(ℎ) =  (𝐤(ℎ) − ℎ2𝜔2𝐦(ℎ) + 𝑖ℎ𝜔𝐜(ℎ)). The equation (3) consists of the static (ℎ = 0) and dynamic 

(ℎ = 1. . 𝐻) equations of the system coupled to each other by Fourier coefficients of the nonlinear contact 

force 𝐟𝑐 depending on the Fourier coefficients of the displacement �̂�. The number of harmonics 𝐻 is 

determined by the accuracy of the results needed. 

The residual equation is given by: 

 𝐑𝐄𝐒(ℎ) =  𝐃(ℎ)�̂�(ℎ) −  𝐟(ℎ) − 𝐟𝑐
(ℎ)

(�̂�) 𝑤𝑖𝑡ℎ ℎ = 0. . 𝐻 (4) 

As the nonlinear solvers to be used to solve the above equation accepts only real values, the complex form 

residual equation is split into its real and imaginary components to minimize the residual to an acceptable 

tolerance as: 

 𝐑𝐄𝐒 = [𝐑𝐄𝐒(0), 𝕽(𝐑𝐄𝐒(1)), 𝕴(𝐑𝐄𝐒(1)) … 𝕽(𝐑𝐄𝐒(𝐻)), 𝕴(𝐑𝐄𝐒(𝐻))]
T
 (5) 

2.2 Contact Model 

A contact model is necessary to compute the nonlinear contact forces mentioned in the previous section. 

There are various node-to-node and patch-to-patch contact models available in the literature ([6]–[15]) such 

as Coulomb slider, Jenkins element – 2D and 3D with constant and variable normal load, Iwan model and 

its variations, Bouc-Wen model, Valanis model, LuGre model etc. In our study, we chose the state-of-the-

art node-to-node 2D Jenkins element with a variable normal load to compute the contact forces, as shown 

in Figure 2(a). A typical hysteresis loop generated for the given input force and displacements is shown in 

Figure 2(b). The solution of equation (3) requires the contact forces 𝐟𝑐 on the contact interface as input. The 

contact element is characterized by two linear springs in the tangential and normal direction with tangential 

(𝑘𝑡) and normal (𝑘𝑛) contact stiffness, at each node pair over the contact interface. The contact model allows 

to characterize and simulate three possible contact states – stick, slip and lift-off. Due to space constraints, 

the contact model and the governing equations are not mentioned here in detail. Refer [4] for a detailed 

working principle. 

The governing equation (3) is solved in the frequency domain using HBM, whereas the accurate contact 

forces are possible to compute only in the time domain. Hence an Alternate Frequency/Time (AFT) method 

([16], [17]) is employed. The relative displacements are converted from the frequency domain to the time 

domain by applying Inverse Fast Fourier Transform and then run through the contact model. The contact 

forces are obtained in the time domain. Then applying Fast Fourier Transform to the contact forces to 

convert to the Fourier coefficients, as shown in Figure 3. 
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Figure 2: (a) Jenkin’s element contact model with variable normal load, (b) A typical hysteresis loop 

 

Figure 3: Alternating Frequency Time (AFT) method 

Trust-region based algorithm is implemented for the iterative procedure in MATLAB to solve the nonlinear 

equations. The Jacobian matrix needed to solve the set of nonlinear equations is computationally intensive 

if using MATLAB built-in finite difference method (FDM) for large systems. Hence an analytical Jacobian is 

implemented based on the works of [18], [19]. This dramatically increases the speed of the solution by many 

folds. The contact forces and computation of the dynamic response are primarily based on the accurate input 

of the normal and tangential contact stiffness. The closed-form solutions needed to compute the accurate 

tangential (𝑘𝑡) and normal (𝑘𝑛) contact stiffness to provide the contact model is provided based on the 

analytical equations as mentioned in Ref [20]–[23]. The contact stiffnesses of elastic bodies can also be 

computed using numerical method as shown in Ref [24]. Then, the resulting contact stiffnesses are 

distributed over the contact area according to the individual elemental contribution. 

3 Results 

3.1 Leaf Seal system description 

Figure 4 shows the schematic of the leaf seal system along with the boundary conditions. The leaf is held 

on to the nozzle via two pins and two encasing spiral springs. The front leg of the nozzle acts as a stopper 

for the leaf with the compression of the springs and makes contact between the leaf and the nozzle. On the 

bottom half of the leaf, there is a liner which mates the leaf seal and making it a lower contact patch. Hence, 

there are two curved contact patches. The liner can be stationary or have an independent harmonic 

displacement. For the dynamic analysis, modelling of the nozzle and the liner can be omitted as they act as 

a fixed ground at the nozzle and moving ground at the liner contact. The right-side figure shows the 

simplified schematic with the necessary boundary conditions to model the system for dynamic analysis. The 

contact is assumed by equivalent springs with normal contact stiffness. The dynamic excitation is applied 

on one side and static pressure on the other side of the leaf as shown. 
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Figure 4: Schematic of the Leaf Seal and the boundary conditions – side view (left),Simplified schematic 

used for the dynamic analysis (right) 

Figure 5 shows the 3D FE mesh of the leaf seal. The FE mesh is generated using ANSYS. The upper and 

lower contact patch is highlighted in green colour. Each contact patch is discretized using three rows of 21 

node-to-node contact elements as described in the previous section. In total, 126 contact elements for the 

leaf seal. This is a sufficient number of contact elements to track the dynamics accurately and to see the 

change in the contact conditions for various scenarios. 

 

 

Figure 5: 3D FE Mesh of the Leaf Seal with highlighted upper and lower contact patches (in green) 

The material properties of standard Steel at room temperature are considered. Though the operating 

temperature is higher, it is omitted for this study. Also, the dimensions of the leaf seal are academic version. 

They do not correspond to the actual dimensions out in service in a typical GTE. As the intermittent contact 

is modelled in normal direction alone, any slip in radial direction and friction is omitted. The contact is 

modelled using a unilateral contact in the normal direction with an assumed normal contact stiffness. As 

mentioned in the methodology, considering the full size of the leaf seal with all DOFs for dynamic analysis 

is prohibitively expensive with computation burden and is unnecessary. Hence, a Craig-Bampton 

Component Mode Synthesis Reduced Order Modelling (CB-CMS ROM) is performed retaining the contact 

nodes, excitation and response nodes as master nodes, the rest as slave nodes. With 142 contact nodes giving 

284 DOFs and 20 retained modes, the size of the dynamic system is 304 DOFs. One harmonic is considered 

along with the 0th harmonic for the solution procedure. Figure 6 shows the range of kinematic envelope seen 

in actual operating conditions. 
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3.2 Kinematic and operating envelope 

 

Figure 6: Kinematic envelope showing the inward and outward leaf seal inclination driven by the liner 

displacement. [Note the partial contact area (edges or centre) when the leaf seal is not in vertical position 

due to the nature of curved contact] 

A parametrised sensitivity analysis is performed to study the effect of various encompassed operating and 

kinematic envelope. This would help to study the effect of the individual parameter has on the dynamics of 

the leaf seal and the contact status conditions. The parameters considered for the analysis are: 

1. Effect of Liner displacement (see Table 1) 

2. Effect of excitation force 

3. Effect of liner displacement only – without excitation force 

4. Effect of normal contact stiffness (Kn) 

5. Effect of pin spring stiffness (Kspring) 

Table 1: Tabular representation of various normalized liner displacement conditions 

Condition 

# 

Normalized liner displacement 

Static 

(0th harmonic) 

Harmonic 

(1st harmonic) 

1 0 0 

2 1 0 

3 -1 0 

4 0 1 

5 0 1i 

6 1 1 

7 -1 1 

3.3 Interpretation of the scheme of results presented using sample plots 

Figure 7 shows two response curves corresponding to the ‘linear free’ and ‘linear stick’ case for the two 

configurations shown in the boxes, respectively. The nonlinear response is then overlapped on these linear 

base curves, which aids to compare the response and to see whether the behaviour is closer to the free or 

stick case. 

2192 PROCEEDINGS OF ISMA2020 AND USD2020



 

Figure 7: Sample response curve showing “linear free” and “linear stick” cases corresponding to an arbitrary 

node DOF in order to compare the nonlinear response 

Figure 8 shows the response plots corresponding to the three nodes of the leaf as highlighted – top figure at 

the centre node of the upper contact patch, the middle figure at the geometric centre of the leaf seal and the 

bottom figure corresponding to the bottom corner of the leaf seal. This is in the hope to capture most of the 

dynamics with the help of these three graphs (as minimum as possible). Ideally, there exists data to plot 

similar graphs for all the master nodes selected. 

The response has two linear free and linear stick cases in blue and green coloured lines, respectively. The 

red coloured line is the nonlinear dynamic response of the system for a set of boundary conditions. 

 

Figure 8: Sample response curves pattern showing the corresponding nodes of the leaf seal to follow the 

pattern in the results section 

The above plots show the response amplitude versus frequency for a range of frequencies. However, it does 

not provide any information on the contact status, contact pressure, etc. Hence, Figure 9 provides the 

complementing information for a choice of frequency from the response plots. In this figure, the two contact 

pressure plots are shown corresponding to the upper and lower contact patch. Similarly, the contact status 

plots for the upper and lower contact patch are shown indicating whether the contact status at each contact 

node is in stick, separation-stick or full separation during one vibration cycle at that particular frequency. 

The contact patch is discretized with three rows of 21 contact elements, which is 63 contact elements for 

each patch. 
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Figure 9: Sample contact pressure plots and contact status plots corresponding to the upper and lower contact 

patches to follow the pattern in the results section 

3.4 Modal analysis and forced excitation results 

Figure 10 shows the different configurations of leaf seal with just the leaf, free, and stick conditions at the 

contact patches. Table 2 lists the natural frequencies of the first 10 modes for the given three conditions. In 

just the leaf seal configuration, there are two rigid body modes for the given kinematic envelope after 

imposing the displacement constraints. By imposing the two springs at the pin and spring configuration, we 

arrive at the second configuration. Now the rigid body modes are eliminated, but the natural frequencies are 

very low because the imposed springs are very soft in nature. In the first two modes, the dynamics are 

entirely governed by the springs, and the leaf acts as a rigid body. Of course, in the third configuration, 

where the contact is fully constrained by the imposed linear springs with normal contact stiffness (Kn), the 

resonant frequencies are higher as the system is stiffer. 

 

 

Figure 10: (a) Leaf Seal (free condition), (b) Leaf Seal with springs (free condition),(c) Leaf Seal with 

springs and grounded contacts (stick condition) 
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Table 2: Linear Modal analysis of the Flat Leaf Seal with free and fully stuck contact configurations 

Leaf Seal –  

Free condition 

Leaf Seal with springs –  

Free condition 

Leaf Seal –  

Fully Stuck condition 

Mode # 
Normalized 

Frequency 
Mode # 

Normalized 

Frequency 
Mode # 

Normalized 

Frequency 

1 0.00 1 0.01 1 1.17 

2 0.00 2 0.19 2 1.54 

3 1.00 3 1.35 3 1.59 

4 1.71 4 1.53 4 2.29 

5 2.44 5 2.43 5 2.73 

6 3.96 6 3.96 6 4.15 

7 4.78 7 4.78 7 4.95 

8 5.73 8 5.73 8 5.81 

9 6.00 9 6.00 9 6.11 

10 7.11 10 7.11 10 7.24 

3.4.1 Forced response results 

This section presents the complex nonlinear dynamic response plots for a vertical leaf seal with static liner 

configuration. Due to space constraints, only one set of results is shown. The normalized stiffnesses of 

mounting spring stiffness (Kspring) and the normal contact stiffness (Kn) is assumed to be 1 and 25, 

respectively. 

  

Figure 11a: Nonlinear response for the vertical leaf seal with static liner configuration (0th harmonic) 
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Figure 11b: Nonlinear response for the vertical leaf seal with static liner configuration (1st harmonic)  

(blue – linear free state, green – linear stick state, red – nonlinear response) 

The dynamic response (red line) can be classified into a linear regime and nonlinear regime. The nonlinear 

regime corresponds to the frequency range where the ‘jump phenomena’ ([10], [25]) or the softening 

behaviour is exhibited and deviates from the linear response. The rest is the linear regime. 

Generalizing for various cases performed on the sensitivity study, the leaf seal system exhibits softening 

behaviour non-linearity due to intermittent contact behaviour at the two contact patches. This softening 

behaviour tends to have multiple solutions at a given frequency as seen in the figure in the nonlinear 

frequency range. The peak response amplitudes are dominantly higher in the resonance zone and can be 

destructive if the system continued to operate in this range for a longer period. The partial or full loss of 

contact on the leaf seal in one vibration period, leads to impact behaviour and loss of material, thereby 

creating wear phenomena. For reference, an experimental investigation of fretting wear behaviour at high 

temperatures provides insights on the relationship of contact loads and wear properties [26]. The length of 

the ‘softening branch’ and peak amplitude for each case is dependent on the placement and excitation of the 

liner. 

3.4.2 Contact status insights corresponding to forced response plots 

The below contact status and contact pressure plots corresponding to the frequencies in response plot Figure 

11 indicate the general trend of contact behaviour such as fully stuck region, partial separation-stick region 

and/or full separation region. The frequencies corresponding to the linear regime, i.e., in plots numbered ‘1’ 

and ‘5’, the contact nodes at the curved contact patches are fully stuck. In other words, when the leaf seal is 

subject to operation in these frequencies, the contact between the leaf seal and nozzle, and between liner 

and leaf seal are fully adherent. So, there is no separation, and likely no wear occurs. However, in the 
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nonlinear regime exhibiting jump phenomenon, in plots numbered ‘2’, ‘3’ and ‘4’ partial contact elements 

exhibit separation behaviour. The vibration amplitudes are also higher. With the partial separation in one 

vibration cycle, leads to chattering, hence, creating wear. This wear can be amplified with increase in 

operation cycles. Also, the partial separation behaviour could trigger and enhance the complex nonlinear 

behaviour creating a snowball effect, hence leading to higher vibration amplitudes and branch switching. 

Especially in the plots numbered ‘3’ and ‘4’, where almost all the contact elements experience separation 

stick behaviour in a given vibration period. This is detrimental to the designed service life and maximum 

vibration amplitudes. Hence it is vital to mitigate and control the high amplitude and jump phenomena 

behaviour beforehand. 

 

Figure 12: Contact pressure distribution and contact status of the upper and lower contact patch 

corresponding to the data point 1 of Figure 11 

 

Figure 13: Contact pressure distribution and contact status of the upper and lower contact patch 

corresponding to the data point 2 of Figure 11 

2 

1 
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Figure 14: Contact pressure distribution and contact status of the upper and lower contact patch 

corresponding to the data point 3 of Figure 11 

 

Figure 15: Contact pressure distribution and contact status of the upper and lower contact patch 

corresponding to the data point 4 of Figure 11 

 

Figure 16: Contact pressure distribution and contact status of the upper and lower contact patch 

corresponding to the data point 5 of Figure 11 
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Effect of excitation: 

It was interesting to see how the leaf seal responds when subjected to different excitation forces. For all the 

analyses, the normalized static force was fixed at 3, and the dynamic excitation was varied from 0.1, 0.2, 

0.5 and 1. The plots are not shown here due to space constraints. However, the observations are - with low 

excitation forces, the response tends to follow the linear stick response for the most part with a small 

softening branch at the resonance like the one showed in the previous section. With increasing excitation 

force, the peak amplitude and the length of the softening branch increase with increasing the range of 

nonlinear frequency response giving more chance to have the jump behaviour. Higher excitation forces 

could cause the premature failure of the leaf seal because of larger separation-stick behaviour of contact 

nodes at the upper and lower contact patches for wide frequency range. 

Effect of normal contact stiffness (Kn): 

Similarly, the curiosity of the effect of assumed normal contact stiffness led us to span the numerical 

experiments on the system. What was seen is, when the system is modelled with higher normal contact 

stiffness, the overall system tends to get stiffer and vice versa. Because the dynamics of the system in this 

type of system are highly sensitive to the contact conditions such as contact state and contact stiffness, as 

this is a numerical investigation at this stage, we make an educated guess of contact stiffness from the prior 

experience. The usual way to obtain accurate values is through the experiments. 

Effect of pin spring stiffness (Kspring): 

Similarly, it is found that the dynamics of the system are extremely sensitive to the pin spring stiffness 

values (Kspring). In the current system, two soft springs are used to keep the leaf seal in place by resting on 

the nozzle contact surface in static condition. Hence, the stiffness of these springs plays a major role in 

governing the dynamics of the leaf. The softer the springs, the dynamic response has high amplitudes and 

longer softening branches, as the leaf is free to vibrate more than when the springs are stiffer. Hence, the 

choice of spring is dependent on the trade-off of vibration amplitudes and the required sealing capacity for 

the operating ranges. 

4 Discussion 

The nonlinear dynamic analysis is successfully performed on the given combustor leaf seal system and for 

various operating and kinematic envelopes using the static/dynamic Harmonic Balance Method (HBM) 

frequency-based method. 

The general observations valid for all configurations presented in the results section is as below: 

1. The contact elements experience intermittent contact (chattering) along with the upper and lower 

contact patch at the resonance region. The resonance region is defined here as the frequencies falling 

under the length of the branch of the softening curve and separating from the linear regime in the 

dynamic response plots. 

2. The ‘jump phenomena’ with softening behaviour is prevalent in the resonance region for all the 

operating and kinematic envelopes. However, the length of the softening branch and peak 

amplitudes are subject to the given configuration. 

3. The contact status behaviour and contact pressure plots provide additional information visually, 

such as the mode shapes in action depending on following the left or the right branch from the 

resonance region perspective. 

4. The response amplitudes outside the resonance region follow the linear stick solution branches, and 

there is no contact separation (intermittent contact behaviour - chattering). 

5. At the extreme configuration of positive inclination of the leaf seal, the contact occurs only at the 

edges, thereby leaving the centre elements at the contact patch in full separation during a vibration 

cycle and vice versa for the negative inclination of the leaf seal. 
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6. For very low excitation forces, the leaf seal response tends towards the ‘stick state’ response as the 

static force is three times larger and tries to keep the leaf seal in place. For very high excitation 

forces, the leaf seal behaves closer to the ‘free state’ response. 

7. The length of the softening response branch and peak response amplitude is qualitative as it depends 

on the number of factors – frequency range discretization, number of harmonics, pin modelling, etc. 

With higher harmonics, more accurate resonance amplitudes and length of the softening branch can 

be obtained, however, at the increased cost of computation. 

8. Effect of Kspring and Kn on the sensitivity of the results are briefly mentioned. These values greatly 

affect the dynamic behaviour as the leaf dynamics are highly dependent on the contact conditions. 

The computation time taken to obtain the solution for one configuration with a given frequency range is 

under two minutes with a standard standalone PC. Thanks to the frequency domain solver – HBM. If 

performing a time-domain analysis to get even the solution at one frequency on the FRF would take hours 

and sometimes would fail to capture the nonlinear behaviour due to changing contact conditions. The state-

of-the-art HBM solver facilitates to model and visualizes complex dynamic behaviour for highly contact 

nonlinear problems with the underlying assumption of steady-state condition. 

5 Conclusions 

The current research work successfully presented the nonlinear dynamic analysis performed on the given 

leaf seal system for various operating and kinematic envelopes using the static/dynamic Harmonic Balance 

Method (HBM) frequency-based method. The contact is modelled as a unilateral contact in the normal 

direction to the contact surface. Analysing response plots, it is found that the leaf seal experiences 

intermittent contact behaviour (chattering) at the resonance region and experiences jump phenomena with 

softening behaviour causing the leaf to wear at the contact regions and high vibrational amplitudes. In almost 

all configurations, the leaf seal experience high amplitudes and intermittent contact. These results can be 

interpreted as a qualitative study to give an overall idea of the complex dynamic behaviour and sensitiveness 

to the boundary conditions. To validate the numerical results, a test bench is necessary to capture the 

dynamics experimentally and perform a refined analysis and validation. 
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Abstract
Regularized State-space Model Interpolation of Local Estimates (ReSMILE) is a technique for creating B-
spline-based Linear Parameter-Varying (LPV) models allowing to trade-off model accuracy against model
complexity. Starting from a set of local Linear Time-Invariant (LTI) state-space models corresponding to dif-
ferent values of the scheduling parameter, it interpolates these LTI models using B-splines of a given degree
and knot sequence, and concurrently tries to remove knots from the splines, jointly using regularization and
reweighted `1 minimization. Model complexity is reduced by removing knots in all elements of the state-
space model matrices at the cost of model accuracy. The user is able to regulate this trade-off. This paper
presents some improvements over the original ReSMILE algorithm, and also an open source MATLAB im-
plementation integrated into the Linear Control Toolbox (LCToolbox) that provides H2/H∞ control design
functionalities.

1 Introduction

Linear Parameter Varying (LPV) models are used in cases where a dynamical system shows linear behavior
while some of its parameters are fixed, but the linear input-output relation is dependent on these so-called
scheduling parameters [1]. LPV models haven proven to be successful in modelling nonlinear systems in a
wide variety of application areas such as active magnetic bearings, pitch control of an aeroplane, robotic ma-
nipulators, engine control, noise cancelling headsets, vibration control test benches, automated lane guidance
in vehicles and automated driving via visual feedback [2].

Some more detailed examples are as follows. In an overhead crane the system dynamics are dependent on
the length of the cable between the trolley and the payload [3]. The cable length, measured in real-time is
used as the scheduling parameter of the LPV controller. For the radial control of the laser beam of a CD
player, an LPV model of the system has been identified, where the scheduling parameter was the frequency
of the disc rotation [4].

The MECO Research Team at KU Leuven has developed the Linear Control Toolbox (LCToolbox) [5] aiming
at bringing LPV control design towards industrial application. Its approach to control design is to directly
solve the parameter dependent optimization problem and guarantee the stability of the system based on
quadratic Lyapunov functions. In order to reduce numerical burden, it expresses the parameter dependent
linear matrix inequalities in terms of B-splines, which have some favorable properties like positivity, partition
of unity and local support [6], thus these LPV control design routines require B-spline based LPV models.

The numerical complexity of the LPV control design depends on the complexity of the LPV model and the
weights used to specify control objectives and constraints. For a given LPV model order, which is typically
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determined by the modes of the system, the LPV model complexity depends on the degree of the B-spline
basis and the number of knots. If the number of knots is high, the optimization problem to be solved during
control design becomes computationally involved, thus the goal is to reduce their count to a number as low
as possible.

The Regularized State-space Model Interpolation of Local Estimates (ReSMILE) [3] [7] is a B-spline based
method for LPV model identification and it focuses on finding a trade-off between model accuracy and
complexity by eliminating knots from the given B-spline basis. The ReSMILE originates from the SMILE
method [8], but adds regularization and reweighted `1 minimization (the latter is described in [9]).

Our main contribution is a MATLAB implementation of the ReSMILE, available as an open source toolbox
[10] that works together with the routines of the LCToolbox [5]. This work is based on [7], though most of
the functionality has been rewritten and has been thoroughly tested with both pre-existing and new datasets.
Moreover, the properties of the algorithm have been further analyzed, and the post-processing step to create
simplified splines has been improved.

The complete example code for the identification steps described in this paper is available online [11], and is
planned to be kept updated even if the application programming interface changes during later development.
The state of the code that this paper refers to is the commit tagged pub-isma2020 in the repository [10].

The present paper is organized as follows: section 2 describes how the ReSMILE algorithm works after
providing the necessary background on B-splines. In section 3 we suggest an identification workflow for
using our toolbox in practice. Finally, the paper is concluded in section 4.

2 The ReSMILE algorithm

In this section, first a short introduction to B-splines (subsection 2.1) and an overview on the ReSMILE
LPV identification technique (2.2, 2.3) is provided. Then we build up the ReSMILE algorithm step by step,
starting with the original SMILE technique (2.4), adding regularization (2.5) and then reweighting (2.6). All
of these steps are illustrated with examples that use the relevant functions in the MATLAB toolbox in order
to understand different parts of the algorithm. Finally, the process to acquire the final, simplified model is
explained (2.7, 2.8).

2.1 A short introduction to B-splines
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Figure 1: Concepts behind B-splines
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ReSMILE creates a B-spline interpolation of state-space model matrices corresponding to different fixed
scheduling parameter values. In order to define a B-spline function S along the α argument (a scalar value
which means the scheduling parameter of the system, in the context of LPV identification), the user has to
define a degree g (throughout this paper, 2nd degree splines are used), a λ array of Nλ knots, and a θ array of
Nλ − g − 1 coefficients. The B-spline is expressed as the weighted sum of the Qi,g,λ basis functions:

Sθ,g,λ(α) =

Nλ−g−1∑

i=1

θiQi,g,λ(α). (1)

These Qi,g,λ bases can be evaluated using the Cox-de Boor recursive formula as

Qi,g,λ(α) =
α− λi
λi+g − λi

Qi,g−1,λ(α) +
λi+g+1 − α
λi+g+1 − λi+1

Qi+1,g−1,λ(α). (2)

As seen in (2), any basis function depends on basis functions corresponding to a spline of one degree lower.
The initial values for the recursion are defined as follows at g = 0:

Qi,0,λ(α) =

{
1 if α ∈ [λi, λi+1)
0 else. (3)

To familiarize the reader with B-splines, Figure 1 shows a visual interpretation, and the toolbox contains
some spline-related example scripts as well. The evaluation of a spline based on (1) can be observed by
running examples/spline deboor run.

Due to the recursive formula (2) the first and last knots need to be present g + 1 times in λ. In the toolbox
the Resmile.knots extend function is used to make that duplication, thus the knot sequence Λ of NΛ

knots becomes
λ = {Λ1,Λ1, . . . ,Λ1︸ ︷︷ ︸

g+1 times

,Λ2, . . . ,ΛNΛ−1,ΛNΛ
,ΛNΛ

, ... ,ΛNΛ︸ ︷︷ ︸
g+1 times

}. (4)

In the rest of the paper, λ with this duplication as “extended knot sequence” and Λ without this duplication
as “knot sequence” refer to the same knots.

Fitting a B-spline to data involves finding the right θ coefficients if the λ extended knot sequence and the de-
gree g are given. A simple Least Squares (LS) fit can be observed by running the script
examples/spline deboor fit. However, instead of using this direct implementation of (1), the
OptiSpline toolbox [12] is used to formulate and solve spline fitting optimization problems through CasADi
[13] and Mosek [14] in the ReSMILE-related code of the toolbox. The file examples/spline opti fit
provides an introductory example for fitting a single spline with OptiSpline.

2.2 State-space model interpolation

A state-space model of a continuous-time Linear Time-Invariant (LTI) system with w ∈ Rs states, u ∈ Rp
inputs and v ∈ Rq outputs is defined as follows:

ẇ = Aw + Bu
v = Cw + Du

(5)

Note that it is also possible to define the state-space model for discrete-time systems. For convenience we
group the A,B,C,D matrices of the state-space models into a single P ∈ Rm×n matrix

P =

[
A B
C D

]
. (6)
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where m = s + q and n = s + p. The output of the ReSMILE algorithm is the result of the R → Rm×n

function represented as

PΘ,g,λ(α) =



Sθ11,g,λ(α) · · · Sθ1n,g,λ(α)

...
. . .

...
Sθm1,g,λ(α) · · · Sθmn,g,λ(α)


 , (7)

which encapsulates one spline per matrix element of P . Θ is a 3-D array that contains the coefficients for all
of the splines, and θ is the coefficient vector of a single spline. For an illustration see Figure 2.

spline
knot

value

α

Figure 2: The output of the ReSMILE

In the code PΘ,g,λ(α) appears as a splines.Function object (can be accessed with the function
simplified splines) that allows us to return the numerical values of the state-space matrices for every
α between the first and the last knot. To be directly used with the routines of the LCToolbox, these splines
are also available in an LPVDSSmod object that is returned by the function simplified ssmod.

The knot sequence Λ can be chosen to be the same as κ (i.e. the scheduling parameter values for which we
have input P matrices). Removing some knots to simplify our model might result in an error between the
jth input data matrix Pj and the value of the new splines PΘ,g,λ(α), both corresponding to a given α ∈ κ
scheduling parameter value. This phenomenon can be followed in Figure 3. All splines must have the same
basis, so if we remove a knot, we must remove it for all of them (otherwise we would not simplify control
design). By removing the knots that contribute less to the accuracy of the fitting, we want to make sure that
this error is kept low overall (taking into account all splines at all scheduling parameter values in κ).

2.3 The input data

Figure 4 gives an overview of the ReSMILE approach. As seen in Figure 4, the first step is to provide LTI
state-space matrices for a set of fixed values of the scheduling parameter. We can provide the input state-
space models either as a GridMod object coming from the LCToolbox or as a set of scheduling parameter
values and the corresponding ss objects (the built-in type of the MathWorks Control System Toolbox).

To get acquainted with the ReSMILE we suggest to get started with one of the given example models.
Calling the function Resmile.dataset ocwill return data corresponding to an overhead crane. Running
rsm=Resmile(Resmile.dataset oc) will create a Resmile object and load this data. The crane
dataset is based on the one used in [7], and the LTI identification method to create it is also described there
in detail. The input of the system is the velocity of the cart, the output is the load position. When calling the
function, local state-space LTI models for crane cable lengths

κ = {0.25, 0.2988, 0.3298, 0.3660, 0.4084, 0.4587, 0.5918, 0.8} (8)
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Figure 3: Spline interpolating data points

are returned (in meters), which means Nκ = 8 different Pj matrices.

A dataset for a mass-spring-damper system can be generated using Resmile.dataset msd. The model
is a white-box model based on physics we know in advance. In this model, the input is the force, the output
is the displacement, and we’ve chosen the weight of the mass as the scheduling parameter.

There is also a possibility to generate state-space matrices from splines with randomly generated parameters
using Resmile.dataset random. These don’t have a physical meaning, but they’re still very useful for
checking different features of the algorithm, as it will be described later in the paper.

2.4 SMILE

The ReSMILE technique presented in this paper and in [3] and [7] is based on the SMILE technique presented
in [8]. SMILE consists of two steps. In the first step, all provided LTI state-space models are transformed
towards a consistent basis and in a second step the resulting consistent set of state-space models are inter-
polated. The first step is required because the state-space model of a LTI system is not unique: an infinite
number of state-space models correspond to the same system input-output behavior. When the LTI models
are obtained using a black-box system identification it is very unlikely that they are all in the same consistent
basis, and hence cannot directly interpolated.

We can create another P̃ representation of the same system by choosing an appropriate nonsingular similarity
transformation matrix T and applying the transformation

P̃ =

[
TAT−1 TB
CT−1 D

]
(9)

to the matrices of the state-space model, for which an example is provided in the
examples/transform basis script.

The method presented by De Caigny et al. [8] to transform a set of LTI models to a consistent basis works au-
tomatically without user interaction and finds numerically well-conditioned results, and is available through
the rsm.make coherent function of the toolbox. Note that before applying the transformation described
above, it can optionally also apply balreal on the matrices to improve their numerical conditioning (can
be switched on/off using the property rsm.apply balreal). Running rsm.make coherent is not
required for white-box models that are based on physical understanding, as their state-space matrices are
already coherent (e.g. the mass-spring-damper dataset).

The second step of the SMILE technique [8] performs the interpolation, which corresponds to solving a
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Figure 4: An overview of the ReSMILE algorithm

linear least squares problem for each element of the P matrix. In [8] a polynomial basis of the scheduling
parameter is used. In this paper we use a B-spline basis, and for this basis, the interpolation corresponds to
solving the optimization problem

minimize
Θ

HΘ (10)

to minimize the error term

HΘ =

√√√√
Nκ∑

j=1

m∑

x=1

n∑

y=1

E2
x,y,Θ,j (11)

where Ex,y,Θ,j is the element with the x, y index in the error matrix given as

EΘ,j = PΘ,g,λ(κj)− Pj , (12)

which is defined as the difference between the PΘ,g,λ splines and the input state-space models Pj at the κj
scheduling parameter value.

We use the rsm.fit ls command to solve (10) for the crane dataset. We can view the resulting splines
after running rsm.analyze to prepare data for plotting and then rsm.plot(PL TABS SPLINES) to
open a tabbed interface with different plots. During rsm.analyze, the error term (11) is calculated, and
we see the following output in the command line, meaning that the spline exactly goes through the data
points:

The error term in the formula after fit_* step (norm(en)): 4.0475e-15

However, a fair amount of overfitting can be observed on all of the plot of the splines on Figure 5, which
show both the data points and knots along with the splines. The reason for the overfitting is that we have
previously set Λ = κ, and a 2nd degree spline of NΛ = 8 knots (Nλ = 12 knots in total after duplicating the
first and last knots) will have 9 coefficients, which is too many degrees of freedom for an exact fit.

A way to solve this is to put only NΛ = 7 knots by setting rsm.knots distribute mode =
Resmile.KNOTS IN MIDDLE and rerunning rsm.fit ls. This will place the knots in the middle of the
scheduling parameter values for which we have state-space models (except for the first and the last knots).
As seen on Figure 6, this time we can observe almost no overfitting on the results, while our error term (11)
is still close to zero, thus the splines still go through the data points exactly:
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Figure 5: Result of rsm.fit ls with default options on the crane dataset

The error term in the formula after fit_* step (norm(en)): 1.2648e-13

2.5 Regularized SMILE

In the next step, we introduce regularization to both overcome the overfitting problem and simplify our
model. Based on the idea from [15] we can define the ηi importance of the (i+ 1)th knot for a single spline
as

ηi =
∣∣∣θ(g)

(i+1) − θ
(g)
(i)

∣∣∣ i = 1, . . . , NΛ − 2, (13)

with θ(g)
(i) being the ith coefficient corresponding to the gth derivative of the spline.

Knowing the θ coefficients, we can calculate such importance values for all of the knots, except the first and
the last ones that cannot be removed anyway. Knots with a low ηi value contribute less to the spline, and
after removing them and solving the fitting optimization problem the splines will still closely fit to the input
data. The reason is that the gth derivative of a spline is piecewise constant, and if we see the same values at
the left and the right of a knot, then that knot does not contribute to the shape of the spline.

While all splines share the same knots, the knot importance value ηi is different for each of the splines, thus
we use the Frobenius norm to combine these into a single value

ζi,Θ =
∥∥∥R ◦

(
Θ

(g)
(i+1) −Θ

(g)
(i)

)∥∥∥
F

i = 1, . . . , NΛ − 2 (14)

for the (i+1)th knot. The Θ
(g)
(i) is the coefficient matrix corresponding to the gth derivatives of all the splines,

and R is a matrix that allows us to switch on/off individual splines from this calculation, as discussed later
in subsection 2.7.

By adding a regularization term in our optimization objective in the formula

minimize
Θ

HΘ + γ

NΛ−2∑

i=1

ζi,Θ (15)
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Figure 6: Result of rsm.fit ls with option KNOTS IN MIDDLE on the crane dataset

we try to push the sum of the knot importances down by sacrificing accuracy, i.e. allowing the error term
(11) to increase. The point is to let the algorithm find a fit where all of the importances are as low as possible,
even if we expect some of the knots to remain to have a large importance, as in a next step we want to remove
knots with an importance below a given threshold. The

∑
ζi,Θ term is an `1,2 norm as a sum of Frobenius

norms and it is approximating the `0 norm which has the property of regularizing towards obtaining a sparse
solution. The regularization parameter γ allows us to control simplicity against accuracy, and the algorithm
might be rerun with different γ values to find an appropriate compromise. We suggest first trying the default
value γ = 0.01 that provided good results for all of our datasets. A higher γ value leads to an equally or less
accurate solution.

In order to formulate (15) as a Second-Order Cone Problem (SOCP), we introduce the s vector of slack
variables in the formula:

minimize
Θ,s

HΘ + γ

NΛ−2∑

i=1

si

subject to ζi,Θ ≤ si i = 1, . . . , NΛ − 2.

(16)

We solve SOCPs using Mosek [14] in our implementation.

We start again with the crane dataset and the default settings, and run rsm.fit regsimple. This will
apply (16) with γ = 0.01. After solving (17), the next step is to remove knots with low importance using the
rsm.simplify command, which will be further explained in subsection 2.7. As shown in Figure 7, all
inner knots have low importance values below the threshold µ = 10−5 and hence candidate to be removed.
We can also spot that the resulting splines being shown in Figure 8 are smoother than the previous results
on Figure 6, because they do not go exactly through the data points. This also results in the error term (11)
getting larger, as seen in the command line output:

The error term in the formula after fit_* step (norm(en)): 1.9333

Even though we used the default settings that make κ = Λ, we don’t see overfitting on Figure 8, because the
regularization indirectly decreased the degrees of freedom by pushing the importances of some knots down.
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Figure 7: Knot importances as a result of rsm.fit regsimple on the crane dataset

Figure 8: Splines as a result of rsm.fit regsimple on the crane dataset

2.6 ReSMILE: regularized and reweighted SMILE

While rsm.fit regsimple performed well on our crane dataset, sometimes solving (16) will not be able
to clearly tell us which knots to remove. In order to increase the efficiency of regularization, reweighting of
the `2,1 norm is applied as explained in [9]. Based on these ideas, we solve the optimization problem

minimize
Θ,s

HΘ + γ

NΛ−2∑

i=1

φi,Θ̂si

subject to ζi,Θ ≤ si i = 1, . . . , NΛ − g
(17)

in a loop (see Figure 4) using a weighting term

φi,Θ̂ =
1

ζi,Θ + ε
, (18)

which are based on Θ̂ coefficients from the previous iteration. The ε in (18) is the parameter of the reweight-
ing. 1

ε is the maximum value that φi,Θ̂ can take.
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The explanation for those is as follows. In order to further improve the sparsity enhancing mechanism of
the `2,1 norm, the regularization term in (17) is weighted by φi,Θ̂, and this weight is updated in an outer
loop around (17). The inner loop solves (17) using weights φi,Θ̂ that depend on the previous solution of

(17). In the first iteration Θ̂ is not available, we set φi,Θ̂ = 1. These weights favor knots that already have
a low importance, hence pushing the importance of these knots further down. In contrast to [3], our final
implementation does not apply an iteratively updated scaling matrix inside the knot importance calculation
formula (14).

To test this algorithm, let us consider a random dataset generated with
Resmile.dataset random(DSRAND NOISYW). First a set of Sx,y,θa,g,λa random splines are gener-
ated with the knot sequence Λa = {0, 1, 2, 3} but random coefficients, to which Sx,y,θr,g,λr splines with a
random knot sequence and random coefficients are added as noise with a gain of 0.01, resulting in

Mx,y(α) = Sx,y,θa,g,λa(α) + 0.01 · Sx,y,θr,g,λr . (19)

This set of splines is sampled to 30 individual Pj matrices in the scheduling parameter range 0 . . . 3 and
used as input data for our spline fitting algorithms. If we run rsm.fit regsimple with γ = 0.01 on this
dataset and attempt to remove knots with rsm.simplify (see subsection 2.8 later), we expect that only
these 4 knots in Λa will be above the threshold µ. We also expect that the noise added to the model will
make it harder for the algorithm to figure out which knots are actually important.

As dataset random generates a different dataset on every run, we also provide the data that has been used
to create the following figures. It can be loaded using rsm.dataset load(’dsrand noisyw1’).
After running the analysis and plotting commands, we see in Figure 9 that the algorithm could not correctly
remove all knots other than {0, 1, 2, 3} on this dataset: many are still marked with blue color instead of red.
Knots originally corresponding to α = 1, 2 are knots number 10 and 20 on the figure.

Figure 9: Knot importances as a result of rsm.fit regsimple on the dsrand noisyw1 random
dataset

However, if we run the rsm.fit resmile to apply the reweighting to the same dataset ((17) in a loop
as in Figure 4), most of the knots can correctly be removed, see Figure 10. The exact ζi knot importance
values can be printed by running rsm.knot importances. The splines of the model resulting from
rsm.fit resmile can be viewed in Figure 11. Note that two knots (particularly no. 22 and 24) from the
noise still remained.

The way how ζi knot importances and φi,Θ̂ change over the iterations can be viewed on given tabs of the plot
corresponding to Resmile.PL TABS SPLINES. These values should converge for each of the splines.
The maximum number of iterations can be set with rsm.max reweighting iteration count, but
we experienced that 5 iterations were typically enough for the convergence, hence the default value.

Comparing the regularized, reweighted SMILE (17) with the SMILE with regularization only (16), our
experience is that the first always provided equal or better results than the second one. For an example case
where the reweighted algorithm is not doing much better, we provide the dsrand noisyw2 dataset.

If we run rsm.fit resmile on our crane dataset considered in the previous sections, and do the
simplify, analysis and plot steps, we can observe the resulting splines as in Figure 12. These
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Figure 10: Knot importances as a result of rsm.fit resmile on the dsrand noisyw1 random dataset

Figure 11: Splines as a result of rsm.fit resmile on the dsrand noisyw1 random dataset

are similar to the results of fit regsimple (Figure 8) in the sense that all the knots (except the first and
the last one) are below the threshold and removed. We can observe overfitting on spline (3,1) and (3,2)
(blue lines), because these are not taken into account in knot importance calculation anymore due to R as
described later in subsection 2.7. However, this does not anyway affect the final result (green dashed line),
which is correctly fitting the original data.

By running the plotting command rsm.plot(PL TABS FRF) we can also view the frequency response
function of the simplified LPV model, see Figure 13.

2.7 Dealing with straight lines

Formulas (16) and (17) contain the R matrix which allows individual splines to be taken into consideration
or left out while calculating the knot importances. The reason for this is that LPV state-space models might
contain elements that are constant, e.g. if they are constructed from a set of canonical LTI state-space forms.
These should not be considered in the regularization and reweighting, because for these elements it is known
beforehand that all internal knots can be removed. Hence they are left out of the regularzation by the selection
matrix R.
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Figure 12: Splines as a result of rsm.fit resmile on the crane dataset

The fit resmile takes care of this selection process and extends this to state-space matrix elements that
lie on a straight line. It automatically detects splines that appear as a constant function S(α) = c or a linear
function S(α) = aα + b (where a, b, c are constants). This behavior can be switched off by the user, or
the splines to leave out can also be manually specified. For auto-detection all the threshold values can be
user-defined, the default values are shown below. A linear function is detected by calculating the variance of
the Θ

(g)
x,y coefficients of the gth derivatives of the splines, and checking if they are below a threshold:

var(Θ(g)
x,y) < 10−5. (20)

A constant function is detected if both (20) and

var(Θ(g−1)
x,y ) < 10−5 (21)

(on the Θ
(g−1)
x,y coefficients of the (g − 1)th derivative of the spline) are satisfied.

The elements of the R matrix can only take values 0 or 1, based on (20). (21) is used in the method described
in subsection 2.8. In the first iteration, R starts as a matrix of ones, and the auto-detection is done at the end
of the first iteration. From then second iteration it contains zeroes for those splines that appear as a straight
line.

To know which splines are not taken into consideration rsm.spline remover info function can be
called. We suggest that the reader tries this on the crane dataset. There is also a
rsm.dataset random(Resmile.DSRAND REMOVER TEST) model that can be used to test this be-
havior.

2.8 Removing knots from splines

The next step after running fit regsmile is to create new B-spline bases by filtering out knots that have
a knot significance ζi < µ = 10−5. We suggest this as a default threshold value over 10−12 as in [7]
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Figure 13: Interpolated frequency response function as a result of rsm.fit resmile on the crane dataset

because it worked with all of our example datasets. The threshold value can be changed using the property
rsm.knot removal threshold.

[3] suggests to fit the simplified splines to the splines acquired during the last iteration of the reweighting
algorithm. We have chosen to fit the simplified spline to the input data instead, for better accuracy. We
separately solve the simple LS problem

minimize
Θ

Nκ∑

j=1

(Px,y,Θ,g,λ(κj)− Px,y,j)
2 . (22)

for each x, y indexed element in our P matrix. We add the constraint

subject to P
(g)
x,y,Θ,g,λ(α) = 0 ∀ α. (23)

on splines for which (20) holds. We add both (23) and

subject to P
(g−1)
x,y,Θ,g,λ(α) = 0 ∀ α. (24)

on splines for which both (20) and (21) holds.

3 Identification workflow

In the previous section the different ingredients of the ReSMILE approach have been explained and illus-
trated with examples. First fit ls and fit regsimple were explored to help understanding the con-
cepts behind fit resmile and to provide a comparison to it. In an industrial setting we suggest using
fit resmile right from the beginning for the best results. The workflow we suggest is as follows:

1. Estimate state-space LTI models for a selected set of scheduling parameter values (using either LCTool-
box or the MathWorks System Identification Toolbox).
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2. Supply the input data to the LC toolbox in the appropriate format using set input or the Resmile
class constructor.

3. In case of a black box model, apply make coherent to bring the state-space models into a coherent
basis. Skip this step for a white box model.

4. Apply fit resmile with the default parameters, which solves (17) in a loop, recalculating (18) in
every iteration, and calculating R in the first iteration.

5. Apply simplify to remove knots and to create a simplified LPV model, with possibly applying the
constraints (24) and (23).

6. Check errors (analyze) and graphs (plot) to evaluate the quality of the result.

7. Check if the correct splines are auto-detected as straight lines using spline remover info.

8. If not satisfied with model accuracy/simplicity: change gamma, and rerun from step 4 until satisfied.

9. If still not satisfied, adjust epsilon and knot removal threshold, and rerun from step 4.

10. If still not satisfied, change the initial distribution of knots (knots distribute mode), and rerun
from step 4.

11. Export model to LCToolbox LPVDSSmod object using simplified ssmod, to use for control
design.

4 Conclusion

The MATLAB toolbox that we contributed allows to find a simplified B-spline based LPV model with an
optimal knot sequence given a set of LTI state-space models corresponding to given scheduling parameter
values and an initial knot sequence, using the ReSMILE method. The complexity/accuracy trade-off can be
controlled. Our MATLAB toolbox is consistent with and added to the LCToolbox. We showed the results
of the ReSMILE on two datasets (the crane and a random dataset) to present that it can create B-spline
interpolated models from them and effectively remove knots to simplify the model. We also suggested a
workflow for LPV identification using our toolbox.

Moreover, we contributed to the ReSMILE algorithm [7] [3] by adding special cases for processing splines
appearing as straight lines, by adding a different method for fitting the simplified splines and suggesting
default values for γ, ε, µ based on experimental results.

Acknowledgements

This research is partially supported by Flanders Make: SBO project ROCSIS: Robust and Optimal Control
of Systems of Interacting Subsystems, and ICON project ID2CON: Integrated IDentification for CONtrol.
This work also benefits KU Leuven Center-of-Excellence Optimization in Engineering (OPTEC).

References

[1] G. Hilhorst, “Design of fixed-order feedback controllers for mechatronic systems,” Ph.D. dissertation,
KU Leuven, 2015.

[2] C. Hoffmann and H. Werner, “A survey of linear parameter-varying control applications validated by
experiments or high-fidelity simulations,” IEEE Transactions on Control Systems Technology, vol. 23,
no. 2, pp. 416–433, 2015.

2216 PROCEEDINGS OF ISMA2020 AND USD2020
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Abstract
The determination of model parameters by fitting measurement data is a common and widely used proce-
dure. Especially with non-smooth, nonlinear systems, however, there are increasing challenges. This paper
presents an approach to identify section wise linear functions, in particular also the transition points. The
method is applied to an oscillator with penalty contact, whose characteristic is the bilinear restoring force.
Using simulation data, the accuracy, the influence of the stiffness ratio between penalty and oscillator stiff-
ness and the signal-to-noise ratio are investigated. Subsequently, the method is applied to an experimental
test structure to determine a mechanical equivalent model. A time-step integration of the substitute model is
finally compared with the measured data.

1 Introduction

Data-based modelling can be used in system-/parameter-identification, control engineering, predictive main-
tenance and machine learning. While linear system identification is widely used in structural dynamics using
experimental or operational modal analysis, there are several approaches for nonlinear systems, whereby
no method has been able to establish itself as a standard today. A good summary of some methods for the
identification of nonlinear systems can be found in [1][2].

In order to gain a better understanding and parameterization of nonlinear structural dynamic models, physi-
cally interpretable parameters are mandatory. This is possible with the restoring surface method, cf. [3], or -
a similar but more general method - the sparse identification of nonlinear dynamics (SINDy), which allows
the reconstruction of governing equations from time series in state space [4]. To do so, all state variables
have to be known, either by measuring them (requires sensors for displacement, velocity, acceleration and
maybe driving force) or by integration/differentiation (generating drift or spikiness).

So far SINDy has been successfully applied to simulation data with and without artificial noise for the
purpose of model predictive control. It shows good generalization compared to neural networks and can
capture abrupt changes in the system dynamics without massive learning data/time. [5]

The application to real measurement data and - in case not all state variables are available - the reconstruction
of the phase-space by means of time delay embedding, was recently discussed in [6] and can be successful
under certain circumstances but leads to the loss of physical interpretation.

While polynomial approximations of the restoring force surface can lead to good results in structures with
softening/hardening behaviour, in non-continuous systems e.g. with penalty contact, piecewise linear ap-
proaches can lead to more information gain by separating the stiffness of structure and contact and estimating
of the gap size. The determination of the gap width was done here by determining the RMS error between
measurement and approximated model with different gap widths. The correct gap width was therefore the
approximation with the lowest RMS error. [3]

In order to reduce the number of calculations to a minimum, the method is slightly modified in this paper. It
is discussed on the basis of simulation as well as measurement data of a cantilever beam with penalty contact.
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2 Method

Nonlinear System

f(x,t)=Ax(t)+F(t)+��(x)

Output
x(t)

Input
F(t)

Figure 1: Forced system with linear and nonlinear terms

Dynamical systems (cf. Fig. 1) can be mathematically described in general by

ẋ = Ax + F +NL(x). (1)

In order to determine the governing equations of an unknown dynamical system, Eq. (1) can be written as a
linear combination

ẋ = Θ Ξ (2)

of a arbitrary nonlinear function library Θ with the linear coefficients Ξ [4]. Solving Eq. (2) for all time
steps leads to a linear regression problem which solves the least squares problem by

Ξ = (ΘTΘ)−1 ΘT ẋ. (3)

In mechanical vibrating systems, it can be said that we are dealing here with the fitting of the restoring force
surface Fres as a function of the state variables displacement and/or velocity. In other words, the acceleration
data scaled by the mass of the oscillator which is

mẍ = Fres(x, ẋ) (4)

has to be fitted in order to determine the functional relationship to the state variables. An illustration of the
procedure using polynomials up to third order can be seen in Fig. 2. It is applied on the penalty oscillator
described in the following chapter.
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Figure 2: Procedure for determination of the restoring force from data and comparison of estimation with
model
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Since the number of parameters to be determined grows with O(n2) for polynomial of order n, Duym
proposed in [7] to divide the phase plane into a regular grid and fitting linear surface functions in each grid
element separately. Thus equation (3) must be calculated for each grid element, however, the number of rows
decreases due to the lower number of data-points contained in the particular grid element. The motivation at
that time was to reduce the computational effort and not to approximate non-smooth functions by appropriate
choice of the grid.

In the case of piecewise linear functions, discretization at the boundary areas obviously makes the most
sense. To locate the border areas, Kerschen et al. visually selected a convenient range from the 2D-plot of
the restoring force and performed a hundred computations at various transition points in between this range.
Afterwards, the quality of the overall fit was determined using a mean-square error (MSE) indicator.[3]

Limiting the transition area may still be visually possible in 2D or 3D plots, but reaches its limits at higher
dimensions. In the following, an automated procedure without user input will therefore be presented. The
motivation in this paper is to lay the foundations for an automatic search of transition points, which may be
extended to multidimensional problems in the future.

In the first step, the phase space (here reduced to a single independent variable x for display purpose) is
divided into k equidistant grid elements over the independent variable. Then a linear function is fitted
for each subarea according to Eq. (3). Depending on the position of the grid points, the gradients can be
approximated more or less well. Then the grid will gradually be refined with ki+1 = ki + 1, however,
sufficient number of data-points must be included in each grid element for proper regression.
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Figure 3: Fitting of restoring force in k sub-intervals and gradients of the linear functions below

After doing this for a sufficiently large range of k, a histogram shows the frequency distribution of the
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gradients (Fig. 4). The gradients that occur only rarely are those that are averaged over the transition point
and thus are also change their values at different grids. In contrast, the gradients barely change if the grid
points are only moved within the linear range, therefore they occur more often.
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Figure 4: Histogram of all gradients for k = 3, 4, . . . , 15

With the information from the histogram that the gradients are most likely to be either 500 or 1500, the
grid k in which only these gradients occur is assumed to be the most accurate. This is one criterion for
assessing the quality of the grid. The second criterion is the continuity of the fitting functions between
adjacent network elements. The smaller the jump at the grid edges, the closer the point of discretization is to
the point of transition. The network which best meets both criteria is used to determine the transition points.
The evaluation of these two criteria can also be performed separately for the positive and negative range of
x if the restoring force is not symmetric. It is also possible and recommended to merge smaller areas with
the same gradient. However, this has the advantage that possible noise-related deviations are better averaged
out due to the larger amount of data contained in the larger subarea and the number of model parameters
reduced.

3 Model

The method was initially applied to artificial measurement data obtained from time-step integration. A
cantilever beam with penalty contact on both sides was used as a model (cf. Fig. 5) but has been reduced to
a SDOF-system with bilinear stiffness.

u u

kck

m
�

d
kc

Figure 5: Cantilever beam with penalty contact and simplified model

The second order differential equation of the simplified nonlinear model is written as a system of two first-
order differential equations

ẋ =

(
0 1

− k
m − d

m

)
x +

(
0

−H(|x1| − δ) · sgn(x1) · (|x1| − δ) · kcm

)
(5)
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with x = [x1, x2]
T = [u, u̇]T and the Heaviside step function H. The system parameters are summarized in

Tab. 1.

Table 1: Modelling parameters

Variable Value Unit
m 1 kg
k 500 N/m
kc 1000 N/m
d 0.4472 Ns/m
δ 4 m

ω0 =
√
k/m 22.4 rad/s

D = d/2ω0 0.01 −

The time step integration is performed with the initial condition x0 = [10, 0]T for 20 s. Subsequently, white
Gaussian noise has been added to the signals with a signal-to-noise ratio of 25.

Polynomials up to third order may be used (see Fig. 2) to approximate the bilinear restoring force. The
restoring force can be approximated quite well in this displacement range, but the error increases at higher
displacements due to the divergence of the cubic function from the linear restoring force.

Despite the fact, that this Duffing approximation of the non-smooth restoring force may be beneficial with re-
gard to numerical time-step integration due to the smooth polynomial function, there are other disadvantages.
First, the gap size δ cannot be determined from the polynomial approach. Second, the separation between
oscillator stiffness k and the wall stiffness kc is not possible. These disadvantages should be eliminated by
the method identified above.

4 Experimental Setup

A similar test setup of a cantilever beam as described in Chap. 3 is used to test the method on a real structure.
Two additional springs were attached to the free end of the cantilever beam, which have a gap to a fixed
stop. The beam is deflected by a nylon cord until the additional spring is visibly compressed (x0 > δ). After
cutting the nylon cord the beam swings out freely. The velocity signal in vicinity of the additional springs
is measured contactless using a laser vibrometer. Afterwards, the displacement is computed by applying
the trapezoidal integration rule on the velocity signal. Before applying numerical differentiation in order to
compute the acceleration signal, the velocity signal is smoothed using a third order Savitzky-Golay filter.
The experimental setup is depicted in Fig. 6. Details about the cantilever beam are listed in Tab. 2.

Table 2: Mechanical and geometrical values of the clamped beam in experimental setup

Beam length l 190 mm
Beam height h 40 mm
Beam width b 2 mm
Young’s Modulus E 2.1× 105 N/mm2

NON-LINEARITIES: IDENTIFICATION AND MODELLING 2223



Figure 6: Experimental setup of oscillating cantilever beam with bilinear stiffness at the free end

5 Results and Discussion

In the following, the grid for the linear fit is divided in k = 3 . . . 15 linear ranges and the best approximation
– using the two criterion described in Chap. 2 – is used for evaluation. The deviations from the specified
values are then compared and the relative errors are depicted. These are: The contact stiffness at negative
(x < δ) penetration k− = kc + k, as well as at positive (x > δ) penetration k+ = kc + k, the oscillator
stiffness k as well as the gap size δ.

5.1 Influence of the gap size (simulation)

The simulation is carried out for 100 different random gap sizes in between δ = 0.5 . . .8 which corresponds
to 5 %. . . 80 % of the initial value x0. The box and whisker plot in Fig. 9 shows that the relative error for all
investigated parameters the relative error is in a small and useful percentage range. However, it is noticeable
that the variation is greatest at the gap width δ. In contrast to the other parameters, the gap size is linked
to the discretization, shown in the minor grid of Fig. 8. This could be improved with a more sophisticated
method of discretization, but in reality the accuracy is also strongly dependent on the SNR.
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Figure 7: Relative error at 100 random gap sizes δ (simulation)
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Figure 8: Exemplary fit with all possible discretization points for k = 3 . . . 15.

5.2 Influence of signal-to-noise ratio (simulation)

By performing 101 simulations at various signal-to-noise ratios (SNR) in the range from 10. . . 30 with an
increment of 0.2 , the sensitivity of the SNR is investigated. The relative error of all four system parameters
can be seen in Fig. 9. With an SNR below 18, the method may fail completely. Above this limit the relative
error rarely exceeds the 5 % limit and converges towards zero.
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Figure 9: Relative error at different signal-to-noise ratios (simulation)

5.3 Influence of the penalty contact stiffness

The stiffness of the penalty contact kc is increased linearly from 1e3. . . 1e5 by an increment of 1e3, while
the oscillators stiffness k is hold constant. Note that the x-axis in Fig. 10 is not the penalty contact stiffness
kc but the stiffness ratio kc/k. Except for the oscillator stiffness k, the relative errors are in the single digit
percentage range. The reason for the increasing errors in stiffness k is the SNR. Since the restoring force
increases linearly with the stiffness at constant deflection and thus the noise also increases at constant SNR,
the noise ratio is correspondingly high at small deflections (no contact). This effect can be seen in Fig. 11,
where the relative error of the parameter k is plotted for different SNR’s.
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Figure 10: Relative error at different stiffness ratios (simulation)
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5.4 Parameter estimation in experimental setup

The results of the fit from the experimental data of the setup described in Chap. 4 are shown in Fig. 12.
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Figure 12: Fitting restoring force curve from experimental data

At small deflections a linear behaviour is observed, since the additional penalty stiffness is not yet active. The
linear characteristic curve shown in Fig. 12 has the advantage, that the gradient corresponds to the natural
angular frequency, due to the mass normalization. For the linear case, Eq. (5) simplifies to

ẍ = − k

m︸︷︷︸
ω2
0

x = −FRes

m
, (6)

so that the natural angular frequency is

ω2
0 =

∆FRes/m

∆x
. (7)
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In this case the natural angular frequency is ω0 ≈ 245.8 rad/s which corresponds to f0 = ω0/2π = 39.1 Hz.
The first natural frequency determined by experimental modal analysis is 39.3 Hz, so that the relative error
in relation to this reference is only 0.5 %.

The influence of the additional springs becomes visible in the stiffening characteristic at higher amplitudes.
Due to the nonlinear characteristics, the gradient-based estimation of the eigenfrequency from Eq. (7) can not
be applied here. Therefore, the output of the estimated model is compared to the measured data in Fig 13. A
time-step simulation was carried out using the MATLAB ode45-solver, using the same initial conditions as in
the measured signal. The stiffening behaviour is clearly observable, shifting the natural eigenfrequency form
f0 = 39.4 Hz up to 45 Hz. The determined nonlinear model shows good agreement with the measurement
in the frequency domain, however, the damping ratio seems to be higher in the simulation case with the
estimated parameter. Since the structure is approximated as a reduced-order model (single-mass oscillator),
locally there may be larger deviations in places at higher frequencies, since the higher modes present in a
continuous beam are not taken into account (e.g. second mode at 250 Hz).
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Figure 13: Comparison between input data and model approximation in time and frequency domain.

6 Conclusion

In summary, it can be said that the presented method is quite useful in practical application. With sufficiently
clean signals, i.e. a signal-to-noise ratio above 20, the relative errors are in the lower percentage range. It
should be noted, however, that with increasing stiffness ratio and thus increasing signal levels, the relatively
high signal noise at small deflections significantly increases the error. An improvement in the accuracy of
the transition points could be further enhanced by a finer grid, whereby a good compromise must be found,
especially for noisy signals. Grids that are too small can lead to insufficient data points being contained in
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the grid element and thus the quality of the regression suffers. A subdivision in the range between 3 and 15
network elements proved to be sufficient here, although the support points can of course also be quite sparse
locally.

However, one possibility would be to find a more sophisticated algorithm that changes the grid adaptively
and does not build on equidistant support points. This would also have the further advantage of selecting the
grid elements as large as possible in order to have a sufficient number of data points in the respective areas.
The question of how to analyse systems with a high stiffness ratio in the presence of noise also remains open,
but is important, as in reality the penalty contact stiffness goes against infinity for hard stops.
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Abstract
The process of characterizing a nonlinearity can be defined as determining three things; location, type, and
functional form. In the present study it is investigated if the random decrement technique can be used in an
output-only setting for one of these; localizing nonlinear behavior. The localization is performed through a
novel random decrement analysis procedure of the time history of each response measurement in a multiple-
degrees-of-freedom system. The analysis will detect nonlinear behavior, if present, and indicate the degree of
the nonlinear behavior. A numerical test case is investigated using the analysis procedure, where a localized
nonlinear element is located at various discrete locations of a T-shaped structure. Two types of nonlinearities,
and three locations are investigated. Results indicate that it is not possible to explicitly determine at which
degree-of-freedom a nonlinear element resides. It is, however, possible to determine which degrees-of-
freedom that are affected by the nonlinear element.

1 Introduction

This is a study of localizing nonlinear behavior in a multiple-degree-of-freedom (MDOF) system from a
response measurement during operating conditions. This means the input force is not measured, and there is
no control over the input forces. Input forces are assumed to be broadband, and adhere to the assumptions
of input forces determined in the Operational Modal Analysis (OMA) framework, see Brincker and Ventura
[1].

The field of nonlinear system identification, where both input and output are measured is well established.
Here, methods for performing standard procedures of detection, localization, characterization, and parameter
estimation of nonlinearities exist [2]. There are no well established methods of nonlinear system identifica-
tion for situations where the input force is either impossible to measure, or when the system is in operating
conditions where the input force is impossible to control.

The present study seeks to adapt a novel method for detecting nonlinear behavior introduced by Vesterholm
et al. [3] to be able to localize nonlinear behavior in multiple-degree-of-freedom (MDOF) systems. This is
done by determining the degree of nonlinear behavior in all measured response signals.

To the authors knowledge, no other study investigates localization of nonlinear behavior using output-only
methods for systems in operating conditions.

2 Theory

The random decrement technique is the foundation of the novel analysis procedure presented in the present
study. First the theory of the random decrement (RD) technique is presented, then the theory of detection
procedure introduced by Vesterholm et al. is reviewed, which is then expanded upon to describe the analysis
procedure used in the present study.
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The RD technique was invented by H. A. Cole, [4–6] as an empirical method of extracting a ’signature’ of a
vibration signal while it was being measured. A mathematical basis was then derived by Vandiver et al., [7]
who made the connection between the RD signature and the correlation function for a linear SDOF system
excited by a zero mean Gaussian force. Later, the theory was expanded upon by Brincker et al. [8] with the
general relationship between the random decrement signature and the sum of the correlation function and the
time derivative of the correlation function, as given in Equation (1), still assuming a linear system excited by
a zero mean Gaussian force.

Dy,y(τ) =
Ry,y(τ)

σ2y
· ã− Ṙy,y(τ)

σ2ẏ
· b̃ (1)

where

ã =

∫ a2
a1
ypy(y)dy∫ a2

a1
py(y)dy

, b̃ =

∫ b2
b1
ẏpẏ(ẏ)dẏ

∫ b2
b1
pẏ(ẏ)dẏ

(2)

a1 and a2 define a band in the response signal y(t), b1 and b2 define a band in the time derivative of the
response signal ẏ(t). Together, these two bands are interpreted as the initial conditions of the RD signature,
and scale the contribution of Ry,y and Ṙy,y in Equation (1).

The estimator for the RD signature is defined as a conditional mean

D̂y,y(τ) =
1

N

N∑

l=1

y(tl + τ)|TG
y(t) (3)

where the initial condition of the signature is defined through the triggering condition (TC)

TG
y(t) = {a1 ≤ y(t) < a2, b1 < ẏ(t) < b2} (4)

Here, a1, a2, b1, and b2 can take any value between the minimum and maximum of the signal and the time
derivative of the signal respectively. The TC specifies which initial condition the RD signature is calculated
with. This concludes the general RD theory.

The following theory applied in the present study was presented by Vesterholm et al. [3] to be applied on
single-degree-of-freedom (SDOF) systems to detect the presence of nonlinear behavior. This was done by
analyzing the fundamental property of linear systems; that the initial conditions have no influence on the
frequency and decay rate of the free response. This was done by calculating RD signatures using many
different initial conditions from a single random response signal using the RD technique. Then the similarity
of the resulting set of RD signatures was evaluated using principal component analysis (PCA). Here, the
same method is applied to MDOF systems with the specific purpose of determining which DOFs, if any, are
affected by the presence of a single localized nonlinear element.

A TC is defined to investigate many initial conditions in the same response signal as

T i,j
y(t) = {ai ≤ y(t) < ai+1, bj < |ẏ(t)| < bj+1} (5)

where ai is a set of m amplitude levels in the signal, and bj is a set of n amplitudes in the absolute value of
the differentiated signal. This results in a set of (m−1)×(n−1) TCs. Applying this set of (m−1)×(n−1)
TCs to one signal, is equivalent to investigating the free decay of the system using (m− 1)× (n− 1) unique
initial conditions. Applying this set of TCs results in the following set of RD signatures

Di,j
y,y(τ) =

Ry,y(τ)

σ2y
· ãi −

Ṙy,y(τ)

σ2ẏ
· b̃j +

Ṙy,y(τ)

σ2ẏ
· b̃j (6)

where

ãi =

∫ ai+1

ai
ypY (y)dy∫ ai+1

ai
pY (y)dy

, b̃j =

∫ bj+1

bj
ẏpẏ(ẏ)dẏ

∫ bj+1

bj
pẏ(ẏ)dẏ

(7)
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The estimator for the set of RD signatures is

D̂i,j
y,y(τ) =

1

N

N∑

l=1

y(tl + τ)|T i,j
y(t) (8)

For linear systems, the second and third terms in Equation (6) cancel, and an RD signature proportional to
the correlation function is obtained. This means when this set of RD signatures are estimated using Equation
(8) for the response of a linear system, all RD signatures in the set are identical.

Up until now, the theory have been derived for linear systems. It is the hypothesis, that when analyzing
the response of a nonlinear system, the set of estimated RD signatures described in Equation (8) will no
longer be equal to the expression in Equation (6). This is because each RD signature in the set has an initial
condition associated with it, and that is not the case for a correlation function.

This hypothesis must now be tested, which is done with PCA. The outcome of the PCA is in this context
a quantification of the variance in the set of RD signatures. Specifically, it means that if more than one
principal component (PC) is needed to account for the total variance, not all RD signatures are the same,
and thus the initial condition has an influence on the free decay. This constitutes a detection of nonlinear
behavior. In addition to the detection, the degree of nonlinearity in the response signal is quantified by the
standard deviation explained by PC1.

The PCA is realized by arranging all the RD signatures in the set Di,j as columns in a matrix, A. The order
of this arrangement has no influence on the end results. The covariance matrix Σ is calculated for matrix A

Σ =




cov
(
D1,1, D1,1

)
cov

(
D1,1, D1,2

)
· · · cov

(
D1,1, Dm−1,n−1

)

cov
(
D1,2, D1,1

)
cov

(
D1,2, D1,2

)
· · · cov

(
D1,2, Dm−1,n−1

)
...

...
. . .

...
cov

(
Dm−1,n−1, D1,1

)
cov

(
Dm−1,n−1, D1,2

)
· · · cov

(
Dm−1,n−1, Dm−1,n−1

)


 (9)

where the covariance between two RD signatures with zero mean is defined as

cov
(
D1,1, D1,2

)
=

1

N − 1

N∑

k=1

D1,1(k)D1,2(k) (10)

Notice that the dependency on τ has been omitted to simplify notation. Next step is to perform an eigenvalue
decomposition (EVD) of Σ.

Σ =

p∑

s=1

λsese
T
s (11)

where λs and es are the eigenvalues and eigenvectors respectively, and (·)T denotes transpose. The eigenval-
ues λs, which are all real and nonnegative because Σ is positive semi-definite, are then sorted in descending
order. It is λs that represent the variances of the PCs and therefore the information.

It can be shown that the standard deviation explained by the PCs, is easier to interpret when detecting
nonlinear behavior than the variance explained by the PCs. The standard deviation explained is expressed as

γs =

√
λs∑p

s=1

√
λs

(12)

The quantification of the degree of nonlinear behavior is represented by the standard deviation explained
by PC1, expressed as γ1. From this quantification, an indicator is introduced termed Nonlinear Response
Indicator (NORI).

NORI = 100− γ1 (13)

If NORI< 8, the response signal is interpreted as linear. This is based on the empirical threshold proposed by
Vesterholm et al. [3]. For NORI> 8, the response behavior is interpreted as nonlinear, and a higher number
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indicates a higher degree on nonlinearity.

The novel additions to this theory is the application to an MDOF system, where each measured response is
analyzed and its degree of nonlinear behavior quantified, and the formulation of NORI.

An analysis framework known as Nonlinear Optimized Random Decrement (NORD) has been presented in a
few publications, [3, 9, 10]. The present study will expand upon the framework to now also include a method
of localization, in addition to the detection method already presented.

3 Numerical test case

A linear numerical system, in the form of a T-shaped structure illustrated in Figure 1a, is the starting point
of the numerical test cases investigated in this study. The structure is clamped at the base, and has otherwise
free boundary conditions. The numerical system has been reduced from a 156 DOF system to 10 DOFs using
SEREP [11]. A damping matrix C is defined such that all modes have relative damping of ζr = 1%.
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Figure 1

Two nonlinear elements are used in the test cases, a cubic stiffness and a Jenkins element acting as a pure
friction. Each test case has a single nonlinear element placed at a different DOF in the system. The tested
DOFs are 1, 6, or 8.

A test consists of a forced response simulation with a zero mean Gaussian force signal applied to all 10
DOFs. The sampling frequency for all test cases is 1024 Hz. The response time-history is then analyzed
using the proposed method in order to localize nonlinear behavior.

3.1 Cubic stiffness

The cubic stiffness, a classic nonlinearity, is included in the present study. In test cases 1-3, a cubic stiffness
is alternately placed between DOFs 1, 6, or 8 and ground, see Table 1. Each test case is associated with a
specific stiffness parameter k3, which enters the equation of motion seen below

mÿ(t) + cẏ(t) + ky(t) + k3y
3(t) = F (t) (14)

The stiffness k3 for each test case is defined such that it is 25 times the diagonal element in the linear stiffness
matrix K corresponding to the DOF where the cubic stiffness is placed.
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Table 1: Parameter for the cubic spring

Case # DOF k3

1 1 4.81·106
2 6 1.56·107
3 8 4.97·107

The cubic test cases are simulated using a Newmark nonlinear algorithm with a Newton-Raphson iteration
for the cubic spring, [12, 13]. For cases 1-3, the applied force has RMS level of Frms = 56.6N on all DOFs.

3.2 Friction

The second type of nonlinear element used in the present study is a friction element. The friction is im-
plemented using a Jenkins element, illustrated in Figure 2. Here, two parameters are presented, kd and Fd.
Fd describes a friction force between two surfaces sliding against each other. When one surface has a force
acting on it, the resulting force has to overcome the friction force in order for the surface to move. If the
friction force is not overcome, the spring kd, known as the backing stiffness is acted upon. The equation
of motion describing the system is given in Equation (15). Three cases are investigated using the Jenkins

Figure 2: Jenkins element, describing the friction mechanism placed at DOFs 1, 6, or 8

element, which is alternately placed at DOFs 1, 6, and 8 as presented in Table 2. For all friction cases, a
very large backing stiffness is used. This results in the Jenkins element acting solely as a friction, meaning
|y| ≥ Fd/kd is the dominating condition.

mÿ(t) + cẏ(t) + ky(t) + fnl = F (t), where fnl =
{
kdy, for |y| < Fd/kd
Fd, for |y| ≥ Fd/kd

(15)

Table 2: Parameters for the Jenkins element

Case # DOF Fd kd

4 1 2.5 109

5 6 2.5 109

6 8 2.5 109

The friction test case is simulated using a state-space method developed by Lyan-Ywan Lu et al. [14]. For
cases 1-3, the applied force has RMS level of Frms = 5.37 N on all DOFs.

4 Results and discussion

Results of the test cases are presented and discussed in the following.

A visualization of the NORI analysis for cases 1-3 is presented in Figure 3, where a colored arrow in the
direction of the DOF indicates the degree of nonlinear behavior. Response signals from all DOFs are an-
alyzed, and for NORI < 8, indicating linear behavior, a blue color is given. For NORI > 8, green, then
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yellow and ultimately red are given to illustrate a higher and higher indication of nonlinear behavior. The

0

0.5

0.5

6.2

Z

1

4.1

Y

4.4

1.5

0 0.5

10.2

X

17.1

6.2

0

11.2

-0.5

13.5

-0.5

18

6.3

(a) Case 1

0

0.5

0.5

15.8

Z

1

24.3

Y

17.7

1.5

0 0.5

4.9

X

7.4

15.8

0

4.4

-0.5

4.1

-0.5

7.4

16.2

(b) Case 2
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Figure 3: Cubic spring cases. NORI is indicated for each DOF, illustrated with a colored arrow showing the
magnitude, blue is small, red is large. The text at each DOF is the NORI, the red text shows the location of
the nonlinear element.

red text in Figures 3a, 3b, and 3c mark the location of the nonlinear element. When examining the results
for cases 1 and 2, the largest NORI also corresponds to the location of the nonlinear element. Most clearly
for case 2 where the location of the nonlinear element clearly corresponds to where NORI is the largest. In
case 1, where the nonlinear element is placed in DOF 1, on the leftmost tip of the structure, NORI should be
compared between DOFs 1 and 4 the two ends of the top piece pointing in the y−direction. Even though the
structure is symmetric, and the responses in DOFs 1 and 4 have a sort of symmetry, the highest NORI is at
the DOF with the nonlinear element. For case 3 NORI is below 8 at the location of the nonlinear element,
indicating that this response signal can be considered stemming from a linear system. Other DOFs in case
3 have a NORI slightly above 8 indicating slightly nonlinear behavior. The cause of this result has not been
examined further in the present study. However, it is expected that it is related to the fact that the response is
low in DOF 8 compared to the other DOFs affected by the cubic stiffness.

A visualization of the NORI analysis for cases 4-6 is presented in Figure 4 similarly to the cases above. The
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Figure 4: Friction cases. NORI is indicated for each DOF, illustrated with a colored arrow showing the
magnitude, blue is small, red is large. The text at each DOF is the NORI, the red text shows the location of
the nonlinear element.

red text in Figures 4a, 4b, and 4c mark the location of the nonlinear element. The analysis of cases 4 and 5
shows similar results as cases 1 and 2 in the sense that the largest NORI corresponds to the location of the
nonlinear element. For case 6, the result has a different character than case 3 where a nonlinear element is
also in DOF 8. Here, in case 6, many DOFs are affected, including the DOF where the nonlinear element is
localized, unlike in case 3. The difference between the outcome of the NORI analysis in cases 6 and 3 lies
in the the type of nonlinear element. Case 3 is a cubic spring, where the nonlinear force contribution gets
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larges with a larger response. This is not true for the friction element in case 8, where certain response level
regimes are affected by the nonlinear force.

The larger NORI values for cases 4-6 compared to cases 1-3 should not be interpreted as this type of nonlin-
earity is causing a higher degree of nonlinear behavior. Rather, one should keep in mind that all nonlinear
systems are special cases, and type of nonlinearity, and input force level have great influence on the response
of such systems. For these specific cases with this scheme of input force and system parameters, NORI was
a lot larger for the friction compared to the cubic spring, but for other test cases it would be different.

What is noticeable for every test case investigated in the present study is the connection between the DOFs
affected by the nonlinear element and the mode shapes in Figure 1b. For instance in cases 1 and 4 where
the nonlinear element is in DOF 1, the modes affecting the response in DOF 1 are modes 1, 2, and 5, which
involves DOFs 1, 3, 4, 7, and 9. The same is true for cases 2 and 5 where the nonlinear element is located
in DOF 6. The modes where DOF 6 contributes are 1, 4, and 6, which involves DOFs 2, 5, 6, 8, and 10. A
similar observation can be made for cases 3 and 6, where the modes and affected DOFs are the same as for
cases 2 and 5. This observation fits very well with the analysis performed by Vesterholm et al. [9] where
the same T-shaped structure was analyzed using OMA to estimate the amplitude dependent damping of a
friction element located in DOF 3. In that study, only mode 2 was affected by the nonlinearity, and mode 1
was completely unaffected.

5 Conclusions

A novel procedure for detecting nonlinear behavior in single-degree-of-freedom systems has been imple-
mented in a multiple-degrees-of-freedom system setting and applied with the purpose of localizing nonlinear
behavior based on response measurements alone. The localization procedure is based on the random decre-
ment (RD) technique and a principal component analysis of a set of RD signatures from a set of initial
conditions.

Against expectations, the method is not capable of explicitly localizing the nonlinear elements tested, that
is, friction mechanism and cubic spring. The method does, however, reveal at which DOFs the vibration
response is affected by the nonlinear element. The DOFs affected by the nonlinear element coincide with
the modes that are affected by the nonlinear element.
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Abstract 
The aim of the paper is to introduce a case study for nonparametric nonlinear assessment using a toolbox 

illustrated on a small, battery-operated road vehicle. The toolbox (Simplified Analysis for Multiple Input 

Systems, SAMI) is based on the Best Linear Approximation framework of multiple input, multiple output 

systems which provides a user-friendly interpretation of the measurement data by extracting the user 

relevant information by splitting up the classical coherence function of the FRF measurements into noise, 

nonlinearity and transient parts. By the use of the proposed toolbox, a less experienced user will be able to 

1) nonparametrically assess the system under test, 2) to tell whether the underlying system is linear or not, 

and 3) to tell how much is the gain by the use of an advanced nonlinear framework. The proposed toolbox 

addresses the questions related to the semi-automatic processing of MIMO measurements with respect to 

the whole process from the design of experiment to the nonparametric analysis of the frequency response 

functions. The toolbox has been tested with simulations and real-life industrial measurements. 

1 Introduction 

The goal of this paper is to introduce a simple but efficient state-of-the-art nonparametric methodology for 

modeling and analyzing vibrating structures in real-life experimental situations while providing practical 

advice to the inexperienced users. The proposed methodology is illustrated on – but not limited to – a battery-

operated small road vehicle called Simrod.  

Many mechanical and civil structures are inherently nonlinear. The problem lies in the fact that there is no 

unique modelling tool because there are many different types of nonlinear systems – each of them behaves 

differently –therefore modelling is very involved, and universally usable design and modelling tools are not 

available. For these reasons the nonlinear systems are often approximated with linear systems.  

This paper introduces the Best Linear Approximation (BLA) framework for measurements of MIMO 

(multiple input, multiple output) systems which provides a user-friendly interpretation of the measurement 

data by extracting the user relevant information. The key idea in the proposed approach is to make use of 

some statistical properties of the excitation signal such that is becomes possible to split up the classical 

coherence function of the FRF measurement into noise and nonlinearity information. The (non)linearity 

assessment is based on the interpretation of the FRF, noise and nonlinearity estimates.  

For MIMO systems, the design of experiment is more involved than in the single input case, and the 

necessary time which is needed to analyze the available FRFs grows with the number of input and output 
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channels. Further, to properly analyze the estimation results and to troubleshoot, an experienced user is 

needed. To overcome the above-mentioned issues, a toolbox is proposed which addresses the questions 

related to the semi-automatic processing of MIMO measurements with respect to the whole nonlinearity 

assessment process.  

The proposed estimation toolbox (Simplified Analysis for Multiple Input Systems (SAMI) is a result of an 

industrial research program. The work has been tested with simulations and real-life industrial 

measurements. For a detailed overview of the components of the framework we refer to [1], for an overview 

of the toolbox functionalities we refer to [2]. 

This paper is organized as follows. Section 2 elaborates the considered systems and the main assumptions 

applied in this work. Section 3 briefly describes the toolbox. Section 4 addresses questions related to the 

experiment design. Section 5 discusses the estimation framework in detail. In Section 6 the description and 

analysis of the vibration testing of a small battery-operated vehicle. Conclusions can be found in Section 7. 

2 Basics 

2.1 Definitions and assumptions 

Several definitions and assumptions must be addressed prior to carrying out any system identification 

procedure. The considered systems are mechanical or civil dynamic vibrating structures. The dynamics of 

a linear MIMO system can be nonparametrically characterized in the frequency domain by its Frequency 

Response Matrix (FRM, a matrix whose elements are FRFs [3]) 𝐺 at frequency index k, which relates 𝑛𝑖 
inputs 𝑈 to 𝑛𝑜 outputs 𝑌 of N measurement samples as follows:  

 𝑌[𝑘] = 𝐺[𝑘]𝑈[𝑘] (1) 

where 𝐺[𝑘] ∈ ℂ𝑛𝑜×𝑛𝑖, 𝑌[𝑘] ∈ ℂ𝑛𝑜×1, 𝑈[𝑘] ∈ ℂ𝑛𝑖×1, 𝑘 = 0…
𝑁−1

2
 at frequency 𝑓𝑘 =

𝑘𝑓𝑠

𝑁
 with sampling 

frequency of 𝑓𝑠. In order to make the text more accessible, the frequency indices and dimensionalities will 

be omitted.  

The system represented by 𝐺 is linear when the superposition principle is satisfied in steady state, i.e.: 

 𝑌 = 𝐺{(𝑎 + 𝑏)𝑈} = 𝑎 𝐺{𝑈} + 𝑏 𝐺{𝑈} = (𝑎 + 𝑏) 𝐺{𝑈}  (2) 

where a and b are scalar values. If 𝐺 is constant, for any a, b (and excitation), then the system is called 

linear. On the other hand, when 𝐺 varies with a and b (and the variation depends also on the excitation signal 

– e.g. level of excitation, distribution, etc.) then the system is called nonlinear.  

In this work an arbitrary number of input and output channels are considered. The underlying systems are 

damped, bounded-input, bounded-output stable, time-invariant, nonlinear systems where the linear response 

of the system is still present and the output of the underlying system has the same period as the excitation 

signal (i.e. the system has PISPO behaviour: period in, same period out [3] [4]).  

Further, it is assumed that the output 𝑌 is measured with additive, independent and identically distributed 

Gaussian noise with zero mean and finite variance 𝜎𝑦 (denoted as 𝐸), and it can contain transient response 

(denoted as 𝑇) such that the measurement 𝑌𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑 is given by: 

 𝑌𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑 = 𝑌 + 𝐸 + 𝑇 = 𝐺𝑈 + 𝐸 + 𝑇 (3) 

2.2 Measurement setup and instrumentation 

The proposed framework makes use of the classical instrumentation and measurement setups [5]. A general 

overview of the measurement setup is shown in Figure 1 with an illustration of a car frame testing. The 

reference signals are the ideal signals generated by the toolbox to excite the system to be tested. In this work 

these signals are so called multisine (pseudo-random noise) signals (see Section 4.). In the measurement 
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example, the reference signals are the voltage signals being fed to the shakers via power amplifiers which 

represent the excitation system. The shakers start to move and generate forces which are the input signals 

to the car frame (i.e. the system under test). The output signals contain the waveforms of the system’s 

reaction to the input signals, and they are measured with a sensor. In this illustration the output signals are 

the acceleration signals. In this work it is assumed that the SNR of the input signal with respect to one 

measurement period (block) is at least 20 𝑑𝐵. Note, that most of the mechanical and electrical measurements 

have a much better SNR, typically well above 40 𝑑𝐵. Further, from instrumentation point of view, it is 

assumed that the measurement is perfectly synchronized i.e. samples are acquired at the same time instant 

with constant sampling frequency.  

 

Figure 1. An illustration of the measurement-instrumentation setup used for vibration testing of the Siemens 

Simrod vehicle. The reference signals (voltage) are generated by the toolbox and they are fed to the 

excitation system (shaker) which generates the input signals (force).  

3 The toolbox 

The Simplified Analysis for Multiple Input Systems (SAMI) is a user-friendly Matlab based toolbox [1] [6]. 

It supports command line and graphical user interfaces. The toolbox has been tested with many simulations 

and real-life industrial measurements, and it is optimized for MIMO experiments. SAMI supports data 

import from various platforms, including Simcenter Testlab [7]. The toolbox provides a user-friendly 

interpretation of the nonlinear MIMO measurement data by extracting the user relevant information and it 

addresses the questions related to the automatic processing of MIMO measurements with respect to the 

whole process. The key idea is to make use of the statistical properties of the proposed excitation signal 

such that it becomes possible to split up the classical coherence function into noise, nonlinearity (and 

transient) components. The warning-notification system is developed by experiences learned from typical 

mistakes which popped up during the measurement campaigns. The internal software architecture consists 

of the following interconnected layers (see Figure 2):  

- Step 1: The Design of experiment and measurement blocks address the issues related to signal design, 

choice of measurement parameters, instrumentation and execution of the measurement. 

- Step 2: The Pre-processing block considers a check-up of the input (reference) channels and provides an 

early warning to the user when the inputs are strongly correlated. Furthermore, it segments the 

measurement data and sets up the processing parameters for the BLA transfer function estimation. 

- Step 3: The BLA estimation block provides the BLA FRF estimation, calculates advanced statistics. 

- Step 4: The Post-processing block provides users with the FRF, noise, nonlinearity, transient estimates 

and warnings. It is possible to automatically highlight the FRF (or input, output, reference) channels that 

have significant nonlinearity or noise levels. Furthermore, channels with sensory faults and/or 

imperfections, and correlated inputs are detected as well. 
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Figure 2: Overview of the proposed estimation framework. Blue blocks require – in normal circumstances 

– no user interactions. Light gray blocks require moderate user interaction. Dark gray block requires 

experienced user interaction. 

4 Design of experiment 

4.1 Multisine excitation 

In modern system identification special excitation signals are available to assess the underlying systems in 

a user-friendly, time efficient way [8]. To avoid any spectral leakage, to reach full nonparametric 

characterization of the noise, and to be able to detect nonlinearities, a periodic signal is needed. The best 

signal that satisfies the desired properties is the easy to implement and apply (random phase) multisine 

signal (see Figure 3) which looks like white noise, behaves like it but it is not a noise. If the multisine 

contains all/only odd or even harmonics, then it is called full (band)/odd or even multisine.  

In general, when a small excitation level is used, the effects of nonlinearities can be hidden in the noise. If 

the excitation level is higher, the effect of the nonlinearities becomes visible. If a full-band multisine 

excitation is used, then the details of the nonlinear behavior are not directly separable from the linear part. 

Figure 4 shows an example, how the system response consists of the linear and nonlinear part. When an 

excitation set of only even harmonics is used, the odd nonlinearities are not detectable. The solution to detect 

both even and odd nonlinear contributions is to use an excitation set only with odd harmonics, e.g. odd 

random phase multisine. In order to examine the odd frequencies, it is needed to skip several odd harmonics 

in the multisine. The experiences show that the odd, random phase multisine with randomly skipped 

harmonics is the best what can be used because when a fixed odd harmonic is missing then certain type of 

nonlinearities can be hidden. A random skipping is recommended to be done within a fixed group of 

harmonics. Note that this signal is also known as a pseudo-random noise signal. For a detailed overview of 

excitation signals we refer to [3] [5]. 

 

Figure 3: Different excitation signals in time and in frequency domain 

 

Figure 4: System response originating from linear and nonlinear part of excited system 
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4.2 Multisines for multiple input measurements 

Without loss of generality, we will focus on systems with two inputs and two outputs. The straightforward 

extension of the SISO excitation case can be formulated in the frequency domain as follows: 

 𝑌 = 𝐺𝑈 ⟺ [
𝑌1
𝑌2
] = [

𝐺11 𝐺12
𝐺21 𝐺22

] [
𝑈1
𝑈2
]   (4) 

where the indices of the input and output data refer to the channel number.  

The above-mentioned set of linear equations suffers from the degrees of freedom problem: there are four 

unknown parameters and only two independent equations. In order to be able to solve the above-mentioned 

algebraic equation, the number of independent equations has to be increased. This can be done by increasing 

the number of experiments: in case of 2 inputs there are at least 2 different experiments needed.  

We recommend using so-called orthogonal random multisines in order to achieve uncorrelated experiments 

[1, 9]. Orthogonal multisines are based on the concept of the orthogonal inputs for linear MIMO 

measurements introduced in [10]. The proposed procedure is to generate independent random excitations 

for every input channel such that we have (more) randomness in the measurement with respect to the 

classical Hadamard’s technique [11] [12]. For each input channel there is an independently generated 

multisine sequence assigned.  

It is crucial to highlight that it is possible to use multiple periods (blocks) of multisines. Using multiple 

periods, the SNR of the measurement will be improved. Furthermore, it is highly recommended to enrich 

the randomness of the (periodic) multisines by adding multiple random realizations. Increasing the number 

of random realizations results in more robust nonlinearity estimates. In case of 𝑀 independent random 

realizations and 𝑃 repeated periods, the excitation signal is given by: 

 𝑈 =

[
 
 
 
 
𝑈11
(1)…𝑈11

(1)⏞      
𝑃−𝑡𝑖𝑚𝑒𝑠

𝑈12
(1)…𝑈12

(1)⏞      
𝑃−𝑡𝑖𝑚𝑒𝑠

𝑈21
(1)…𝑈21

(1)⏞      
𝑃−𝑡𝑖𝑚𝑒𝑠

𝑈22
(1)…𝑈22

(1)⏞      
𝑃−𝑡𝑖𝑚𝑒𝑠

]
 
 
 
 

⏞                
1𝑠𝑡 𝑠𝑒𝑡 𝑜𝑓 𝑖𝑛𝑑𝑒𝑝𝑒𝑑𝑒𝑛𝑡 𝑈 𝑠𝑖𝑔𝑛𝑎𝑙𝑠

…

[
 
 
 
 
𝑈11
(𝑀)…𝑈11

(𝑀)⏞        
𝑃−𝑡𝑖𝑚𝑒𝑠

𝑈12
(𝑀)…𝑈12

(𝑀)⏞        
𝑃−𝑡𝑖𝑚𝑒𝑠

𝑈21
(𝑀)…𝑈21

(𝑀)⏞        
𝑃−𝑡𝑖𝑚𝑒𝑠

𝑈22
(𝑀)…𝑈22

(𝑀)⏞        
𝑃−𝑡𝑖𝑚𝑒𝑠

]
 
 
 
 

⏞                  
𝑀𝑡ℎ 𝑠𝑒𝑡 𝑜𝑓 𝑖𝑛𝑑𝑒𝑝𝑒𝑑𝑒𝑛𝑡 𝑈 𝑠𝑖𝑔𝑛𝑎𝑙𝑠

 (4) 

5 Best Linear Approximation framework 

The Best Linear Approximation (BLA) of a nonlinear system is a modelling approach that minimizes the 

mean square error between the measured output of a nonlinear system and the output of the linear model 

[8]. It makes use of the knowledge that the excitation signal has both stochastic and deterministic properties. 

The excitation signal is a random phase multisine signal with M different (random phase) realizations, each 

of the blocks (periods) is repeated P times. By using multiple realizations (i.e. random phase rotations) of 

the multisines, the richness of the signal is increased. Instead of directly using the averaged input and output 

data (i.e. the use of classical H1 framework [5] [13]), a partial BLA estimate is calculated for each period 

of the excitation. A BLA FRM estimate, for a given signal, is then calculated via the average of partial BLA 

estimates (see Figure 2). In this case we can easily estimate the noise and nonlinearity levels. Figure 5 shows 

the theoretical structure of the considered BLA estimator.  

𝐺𝑙𝑖𝑛𝑒𝑎𝑟 is the linearized (transfer function), phase coherent component of the model for which phase 

rotations at the input result in a proportional phase rotation at the output [4]. For the cases, when the output 

has phase non-coherent behavior, we can capture the (non-coherent) nonlinearities represented by 𝐺𝑠. 
Increasing the number of random realizations of the multisine signal allows us to tackle the random output 

phase rotations as a ‘half-stochastic’ (nonlinear) noise source. The ‘half-stochastic’ term refers to the fact 

that 𝐺𝑠 does not vary over the repetitions of the same signal segment but only over different realizations. 𝐺𝐸 

represents the classical FRF measurement noise. The usage of periodic excitation reduces the effects of the 

measurement noise component 𝐺𝐸 (see (10)). The usage of multiple realizations reduces the impact of non-

NON-LINEARITIES: IDENTIFICATION AND MODELLING 2243



coherent nonlinearities represented by 𝐺𝑠. 𝐺𝐵𝑖𝑎𝑠 represents the nonlinearities remaining after multiple 

realizations of the excitation signal.  

The considered steady-state model at period 𝑝 and realization 𝑚 at excited frequency bins is given as a 

straightforward extension of Figure 5 by: 

 𝐺[𝑚] =
1

𝑃
∑ 𝑌𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑

[𝑚][𝑝]
𝑈[𝑚]

−1⏞          
𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑 𝐹𝑅𝐹𝑠 𝑖𝑛 𝑚

𝑃
𝑝=1⏟                

𝑡ℎ𝑒 𝑚𝑒𝑡ℎ𝑜𝑑 𝑓𝑜𝑟 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑖𝑜𝑛

=
1

𝑃
∑ 𝐺𝐵𝐿𝐴

[𝑚]⏞
 

𝐹𝑅𝐹
𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒

+ 𝐺𝑆
[𝑚]⏞

𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟𝑖𝑡𝑦
𝑓𝑖𝑥𝑒𝑑 𝑖𝑛 𝑚

+ 𝐺𝐸
[𝑚][𝑝]⏞    

𝑛𝑜𝑖𝑠𝑒
𝑣𝑎𝑟𝑖𝑒𝑠 𝑜𝑣𝑒𝑟 𝑝

𝑃
𝑝=1⏟                            

𝑡ℎ𝑒𝑜𝑟𝑒𝑡𝑖𝑐𝑎𝑙 𝑣𝑎𝑙𝑢𝑒𝑠

 (6) 

If there is a transient term present in the measurement it is either discarded or estimated [14]. For 

computational optimality, the FRM estimation is solved output channel-wise (i.e. one output channel per 

time). The BLA estimate is calculated at the excited frequency lines only. In the frequency band of 

excitation, the BLA estimates at the non-excited bins are obtained by (linear) interpolation. 

        

Figure 5: The structure of the best linear approximation (BLA, middle figure) and its connection to the FRF 

estimate (right figure) illustrated on a vibration testing measurement of an Simrod vehicle (left figure). GBLA 

refers to the BLA FRF, GE refers to the noise, Gs refers to nonlinear distortions. 

A partial FRM estimate is obtained via averaging over the 𝑃 periods (blocks) in a realization, see (10). If 𝑃 

is sufficiently large, then (considering the law of large numbers and the distribution properties of the 

measurement noise) the term 𝐺𝐸
[𝑚]

 in (10) converges to zero. Because the stochastic nonlinear contribution 

𝐺𝑆
[𝑚]

 does not vary over the 𝑃 repetitions of the same realization, one has to average over the 𝑀 different 

realizations. If 𝑀 is sufficiently large, then the averaged nonlinear noise source 𝐺𝑠 in (10) converges to zero. 

After the 2D averaging (i.e. averaging over 𝑃 and 𝑀) the BLA estimate is obtained, see Figure 6.  

 

Figure 6: Evaluation of BLA estimate with the help of 2D averaging. A partial BLA estimate 𝐺[𝑚] and its 

improved noise estimate 𝜎
�̂�[𝑚]
2  are obtained via the period-wise estimates 𝐺[𝑚][𝑝]. The BLA estimate 𝐺𝐵𝐿𝐴 

and its improved variance estimates �̂�𝐺𝐵𝐿𝐴
2  are obtained via partial BLA estimates. �̂�𝑁𝐿

2  and �̂��̂�
2 stand for the 

improved (experiment-wise) stochastic nonlinearity and noise estimates. 𝐺𝑆 and 𝐺𝐸 stand for the period-

wise stochastic nonlinearity and noise estimates (see Figure 5). 

FRF 𝑮𝑩𝑳𝑨 

nonlinearity 
 

 

noise 
𝐺𝐸  𝐺𝑆 
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The noise covariance �̂��̂�
2 is estimated from the improved averaged sample variance �̂�

�̂�[𝑚]
2  of each FRM 

realization as �̂��̂�
2 =

1

𝑀2
∑ 𝜎

𝐺[𝑚]
2𝑀

m=1  with �̂�
�̂�[𝑚]
2 = ∑ |𝐺[𝑚][𝑝] − 𝐺[𝑚]|

2
/(𝑃(𝑃 − 1))𝑃

𝑝=1  where in �̂�
�̂�[𝑚]
2  the 

additional normalization with 𝑃 is needed to show the improved covariance (noise) estimate (this term 

corresponds to 𝐺𝐸/𝑃). In other words, averaging over repeated blocks results in an improvement of the 

SNR. Similarly, the additional normalization with 𝑀 in �̂��̂�
2 is needed to show the noise estimate 

improvement over different realizations (this term corresponds to 𝐺𝐸/𝑀𝑃). If the user wants to see the 

covariance (noise) with respect to one period (block) one has to multiply �̂��̂�
2 with 𝑀𝑃 (this normalization is 

used in Figure 5).  

The total variance of the FRM �̂�𝐺𝐵𝐿𝐴
2  is estimated from the improved variance (i.e. with extra normalization 

factor 𝑀) of each partial BLA estimate 𝐺[𝑚] as �̂��̂�𝐵𝐿𝐴
2 = ∑ |𝐺[𝑚] − 𝐺𝐵𝐿𝐴|

2
/(𝑀(𝑀 − 1)𝑀

𝑚=1 ). 

The difference between the total variance and the noise variance is an estimate of the variance of the 

stochastic nonlinear contributions such that �̂�𝑁𝐿
2 = �̂��̂�𝐵𝐿𝐴

2 − �̂�𝐺
2. If the user wants to see nonlinear 

contributions with respect to one period (block) one has to multiply �̂�𝑁𝐿
2  with 𝑀 (this normalization mode 

is used in Figure 5). For the interpretation of different normalization modes, see Section 6.5.2 For the 

detailed calculation we refer to [2]. 

6 Experimental illustration 

6.1 The measurement setup 

This section concerns a vibration testing measurement campaign of a small battery-operated two persons 

vehicle called Simrod. A short description of the vehicle and its modal testing can be found at [15]. The car 

frame is excited by two shakers using combined multisines: odd multisines with skipping one random bin 

within each group of 4 successively excited odd lines. This sparse grid is used to detect even and odd 

nonlinear contributions. The sampling frequency is 400 Hz, the period length 4096 samples. The inputs 

(force) and outputs (acceleration) signals are measured. The range of excitation is between 9.9609 and 

159.961 Hz, there are 5 periods and 10 realizations per excitation level. There are 2 different input levels 

measured at low level in horizontal direction as 2.95, in vertical direction 2.2 N RMS, and in high level 5.94 

and 4.95 N RMS, respectively. In the 30 – 150 Hz band, the vehicle frame possesses about 20 resonance 

modes. In this paper we focus only on the nonparametric analysis of the vehicle. 

 

Figure 7: Left: the vehicle is shown in a fully assembled state. Right: the suspended frame of the vehicle is 

shown together with the excitation shakers.  
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6.2 Data processing 

The data processing is fully automated by the toolbox. In short, the first step is the automated segmentation 

of data: retrieving the periods and realizations. Next, the trends (such as the mean/offset values) from the 

individual segments are removed [8], and the transient is analyzed. Last, an early quality assessment of 

experimental data is done, and the parameters for the estimation procedure are set. Based on the SNRs of 

the input-output data, existence of reference signal, number of periods and the length of the transient, an 

appropriate estimator is automatically set. Currently, the automated possibilities include BLA, H1, indirect 

BLA [8], and special implementations of the LPM (Local Polynomial Method), LRM (Local Rational 

Method), indirect LPM and LRM methods, see [2] [16]. This section contains the results of the following 

one-line Matlab code directly used on the data: CreateAnalyzePlotAIO(Force,Acceleration,[],Fs).  

As can be seen, the toolbox requires only the signals in vector/Matrix form, and optionally the sampling 

frequency (if it is not set, then a normalized frequency scale is used). The figures shown in this paper are 

obtained from the toolbox (for accessibility resized, with no warnings).  

Figure 8 shows the visualization of toolbox transient check-up routine. In order to determine the length of 

the transient (i.e. the number of delay blocks), the last block (period) – assumed to be nearly in steady-state 

– is subtracted from every preceding block. Because the transient decays as an exponential function, the 

differences are shown in logarithmic scale. Using automated statistical analysis of all available signals, the 

transient term is estimated as 2 blocks. Because there are more than 2 transient-free periods available, the 

input-output signals are measured sufficiently good (see next subsection). Because the reference signal is 

not available, the BLA estimator is automatically selected. 

 

Figure 8: The left bottom figure shows the acceleration measurements at the horizontal driving point. The 

second figure shows the difference between the last block minus every block. The gray area refers to the 

automatically detected transient (delay) blocks which will be discarded during the data processing. 

6.3 Input signal 

It is crucial to analyze the excitation system as well to quantify its accuracy and linearity. For that reason, 

the input signals (generated multisine signals) are measured as well, see Figure 9. The figure shows the 

measured signals and their noise estimates. This measurement has good quality (SNR is greater than 40 dB), 

in the horizontal excitation, in the 10 – 60 Hz band the nonlinear distortions are higher than the noise level. 

It is interesting to point out that the high input signal is 6,52 dB higher than the low one, but the SNR is only 

increased around with around 1,33 dB. This indicates the presence of (weak) nonlinearities at the excitation 

system. Similarly, this information can be seen by looking at the even and odd distortions: the higher the 

excitation, the higher the nonlinearities. In the vertical excitation, even and odd nonlinear distortions are 

hidden in the noise.  

Overall, the measurement quality (the gap between the actuator transfer function and its nonlinear estimates) 

is good, much higher than 20 dB needed to fulfil the assumption on the precise excitation signal 

measurement.  
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6.4 Output measurement 

Further, in order to simplify the analysis, the output and FRF are shown at the driving points only. The 

output (acceleration) measurements are shown in Figure 10. As can be seen, the SNR is around 40…50 dB 

at the dominant resonances. Similarly to the input measurement, with increasing the excitation level the 

noise estimate has moved as well. It can also be observed that the resonances have been shifted a little, 

which is also a further indication of nonlinearities. This is due to the fact, that at higher level of excitation 

we have dominant odd distortions, which usually manifest in changing resonance locations and shapes (it is 

the so-called hardening or softening stiffness nonlinearity effect). Note that even distortions usually manifest 

as (excessive) noise on the measurement which explains the moving noise level estimates. 

 

 

Figure 9: The measured input (force) signals are shown. Darker shades refer to high excitation level. Thick 

grey shades refer to the signals. Thin grey shades refer to noise estimates. Orange shades refer to the odd 

distortions. Blue shades refer to the even distortions. Observe that the higher the excitation, the more the 

nonlinear distortion in the x direction. 
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Figure 10: The output (acceleration) measurement shown at the driving points. Darker shades refer to high 

excitation level. Thick grey shades refer to the signals. Thin grey shades refer to noise estimates. Orange 

shades refer to the odd distortions. Blue shades refer to the even distortions. 

6.5 FRF analysis 

6.5.1 FRFs at different excitation levels 

Figure 11 shows the FRFs at low and high level of excitation. This is the classical approach, FRFs at multiple 

level of excitation are compared with each other. It is interesting to point out that despite the fact that the 

high excitation is only 6.52 dB higher than the low level excitation, it can be observed that FRFs at different 

levels differ at a certain region (see the encircled regions in Figure 11) from each other. This indicates the 

presence of (weak) nonlinearities. However, for just one level of excitation, it is not possible to determine 

if there are nonlinearities present using the classical approach. The usage of the proposed multisines allows 

us to obtain noise and nonlinearity level estimations as explained in Section 5. With the help of these curves 

one can distinguish between the effects of noise and nonlinearity.  

For instance, when looking at the third FRF (second row, first column, Figure 11) the resonance around 95 

Hz (see the dashed encircled area) has an approximate SNR of 34 dB, and an SNLR (signal-to-nonlinearity 

ratio) of 3 dB. This means that at that resonance the main error source is the nonlinearity. If a linear model 

is used, then the expected error level will be in the order of the SNLR. If an appropriate nonlinear model is 

used, the expected error level could drop to the SNR. This kind of extra information would have been 

impossible to derive from the H1 framework. 

Furthermore, the toolbox provides an automated warning system for the FRF, actuator, reference, input, 

output signals when significant nonlinearities, noise, sensory fault, correlation issues are discovered. This 

warning system is partly illustrated in Figure 11. 
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Figure 11: The FRF estimation shown at the driving points. Darker shades refer to higher excitation levels. 

Thick grey shades refer to the FRFs. Thin grey shades refer to noise estimates. Red shades refer to the 

nonlinear distortions. The encircled areas refer to the visible changes of the FRFs between high and low 

level of excitation. 

6.5.2 Normalization modes 

Figures 9 – 11 show the noise and nonlinearity estimates normalized with respect to one block (period). 

This normalization mode is very important for understanding, modeling, simulation and control. Of course, 

it is possible to show the improved noise and nonlinearity estimates with respect to the whole experiment 

or for one realization of the multisine signals. The toolbox supports numerous normalization modes, for a 

detailed overview we refer to [2].  

Figure 12 compares the two most crucial normalization modes: the block-wise (default) normalization 

modes, and nonlinear detection mode. Authors recommend checking always the period-wise (block-wise) 

noise and nonlinearity levels first because using many realizations and simultaneously showing the 

improved nonlinearity level (i.e. experiment-wise normalization) might give a wrong message to the user 

since it converges to zero. The second most useful normalization mode is the nonlinear detection mode 

which can be used to detect the presence (significance) of nonlinearities (nonlinear variability mode). The 

transition between different noise and nonlinear quantities can be seen in Figure 12as well. 
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Figure 12: FRFs, noise and nonlinearity estimates shown at different normalization modes at high level of 

excitation. Block-wise mode refers to the period-wise normalization of noise and nonlinear distortions 

estimates. Nonlinear (variability) detection mode is the mode where the nonlinearities are shown w.r.t one 

block, noise is shown wr.t. the all blocks. Observe that the BLA FRF 𝐺𝐵𝐿𝐴 and the nonlinear estimates (𝐺𝑆) 

remains the same, only the noise estimates have been moved from the block-wise normalization (𝐺𝐸) to the 

measurement-wise normalization (�̂��̂�
2). 

6.5.3 Using only one block 

Authors recommend using as many realizations (and periods) as possible. However, it is sometimes not 

possible to measure long. Using the proposed multisines, it is possible to have a rough estimate about the 

nonlinearity and noise levels using at least 1 realization and 2 periods. In the classical literature [8] the 1 

realization case is called fast method, the multiple realizations case (with full multisines) is called robust 

method, where robust refers to the robustness estimate of the nonlinear and noise quantities.  

Figure 13 shows another interesting case to highlight the capabilities of the toolbox. A car frame is a lowly 

damped structure. It has been tested using 100 blocks of MIMO multisines, each block is 10,2 seconds long, 

the transient is 20.4 seconds (i.e. 2 blocks) long. The figure illustrates the situation what happens if only one 

measured block is available: the classical H1, windowed H1 [17], and the automated choice (in this case a 

special implementation of Local Rational Method [12]) are compared with each other. As can be seen, the 

automated choice has the best performance. 

 

Figure 13:  An FRF estimate of a lowly damped vehicle. The black line shows the H1 estimate using fifty 

periods. The blue line shows the classical H1 estimate using one period, the red line shows the H1 estimate 

with Hanning windowing using one period. The gray line shows the LRM estimate using one period.  
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7 Conclusions 

In this work a toolbox has been introduces based on the MIMO Best Linear Approximation framework to 

provide a user-friendly interpretation of the nonlinear behavior of measurement data by extracting user 

relevant information. The proposed toolbox turned out to be useful for modelling FRFs because: 

 it requires minimal user-interaction, and an expert user is not needed. 

 orthogonal excitation signals have been provided to optimally excite structures with multiple inputs, 

 the reference, input and output measurements were nonparametrically characterized, 

 advanced frequency response matrix estimation is provided 
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The potential of measuring spatial operating deflection
shapes from still images using spectral optical flow
imaging
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Abstract
The field of view of the well established 3D DIC method is often limited to a single face of the object,
observed by the stereo pair. For linear, time-invariant mechanical systems, 3D operating deflection shapes
can be measured using a single, moving camera using frequency-domain triangulation. By moving the
camera around the object of known geometry, the measurement field of view is arbitrarily extended. The
image-displacements, input to the frequency-domain triangulation procedure, are normally acquired using
a high-speed camera. The recently introduced spectral optical flow imaging method presents a possible
alternative to this image acquisition step, as it is capable of measuring operating deflection shapes in the
image plane using only a still camera together with a light source of harmonic intensity. In this paper, the
possibility of using the spectral optical flow imaging technique as a displacement measurement method for
3D operating deflection shape identification with frequency-domain triangulation is explored.

1 Introduction

Image-based displacement measurement methods are already considered a well-established alternative to
traditional vibration measurement techniques. They offer a non-contacting approach to measurement, which
is particularly important in cases where mass-loading may impede the use of conventional transducers. Spa-
tial resolution is another advantage of image-based methods. This is dictated by the resolution of the image
sensor, and can facilitate displacement measurement at millions of image elements, each corresponding to a
point on the observed surface of the structure for a full-field measurement [1].

From a single camera point of view, however, only the planar kinematics of the observed surface can be
accurately measured, due to an inherent limitation of 2D imaging systems. With the introduction of 3D
digital image correlation technique this limitation is partially eliminated, but the field of view of the stereo
camera pair remains limited to a single observed viewpoint, which might not be sufficient when dealing with
complexly shaped objects. [2].

Using the various multi-view methods proposed in recent years, the field of view of an image-based displace-
ment measurement system can be extended for objects of arbitrary shapes and dimensions. These methods
extract spatial information from simultaneously acquired image sequences of the observed mechanical pro-
cess by utilizing the principles of multiview geometry and triangulation [3]. Multiple digital cameras can be
arranged in various configurations around the specimen for a single 3D measurement [4]. Alternatively, the
mode shape data, captured by a moving stereo pair of high-speed cameras can be used to extend the field of
view of the measurement by combining multiple 3D DIC viewpoints into a single reference frame in post pro-
cessing with a process called surface stitching [2]. When using these multiview methods, possible distortions
in the optical systems and time-synchronization errors with using multiple cameras can negatively affect the
accuracy of the multiview measurements [5]. For the above reasons, the so-called single-camera multiview
measurement methods have become a prominent research topic in recent years. Using only a single digital
camera, the complexity of the imaging system is lowered, which often also means greater cost-effectiveness
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compared to conventional, multi-camera systems. Single-camera multiview systems however usually require
additional light-splitting elements such as mirror adapters or prisms to project multiple views of the observed
object on a single image sensor [6], which results in lower spatial resolution of the measurement.

The recently proposed frequency-domain method of triangulating 3D displacement information [7] offers
an alternative option for single-camera spatial vibration measurement. By utilizing the properties of linear-
ity and time-invariance of the vibrating response of a linear mechanical structure to stationary excitation,
frequency-domain images of small harmonic motion can be used to reconstruct 3D deflection shapes while
arbitrarily extending the field-of-view of the measurement using only a single, moving image acquisition
system, without reducing the spatial resolution of the measurement.

The first step to triangulating spatial information from digital images is identifying the displacements of the
observed object. This is commonly achieved using gradient-based methods, e. g. the digital image corre-
lation [8], based on the computation of optical flow [9] and the Lucas-Kanade image registration algorithm
[10]. Phase-based displacement identification methods [11] have also gained in popularity recently, and have
been successfully used in vibration measurement and motion magnification applications [12].

With the development of high-speed imaging technology in recent years, image-based methods became
feasible also in high-frequency vibration measurement applications. In an effort to reduce the complexity
and cost of high-speed imaging systems, various approaches to extending the frequency range of image-
based measurement have been researched [13, 14]. A particularly interesting approach in this regard is
the spectral optical flow imaging (SOFI) method [15], as it offers deflection shape identification using a
still-frame digital camera, with the frequency range of the measurement limited only by the frequency of a
harmonically controlled light source.

In this paper, the possibility of using deflection shape images, obtained by the SOFI method, in a frequency-
domain triangulation procedure to measure 3D deflection shapes of a linear mechanical structure using only
a single monochrome still-frame camera is explored. The text is organized as follows. In section 2 the
theoretical background of the frequency-based triangulation and the spectral optical flow imaging methods
is outlined. In Section 3 the preliminary experiment to assess the possibility of combining the two approaches
in a joint measurement methods is presented.

2 Theoretical background

In this section, the theoretical background of the frequency-domain method of small spatial harmonic motion
and the spectral optical flow imaging methods is briefly explained. For more information on the two methods,
the reader is kindly referred to the original publications.

2.1 Frequency-domain deflection shape triangulation

A method of multiview vibration measurement using a single monochrome camera and spatial deflection
shape triangulation in the frequency domain is proposed in [7]. Using a single, moving camera, frequency-
domain images of the deflection shapes of a time-invariant mechanical structure under stationary excitation
are acquired from various viewpoints. Spatial operating deflection shapes X(ω) can be reconstructed by
frequency-domain triangulation of image-based displacement data, in contrast to the well-established 3D
DIC method, where triangulation is performed on time-synchronized multiview measurements. Although
the frequency-domain deflection shape images are obtained in the original publication [7] by DFT of dis-
placement time series identified using DIC on a high-speed camera footage, we hereby propose that the
frequency-domain deflection shape imaging could be realized by other means, e. g. by using the spectral
optical flow imaging method.

A camera view in a multiview measurement setup is defined by a transformation matrix P, that projects the
coordinates of a point in space U from a global coordinate frame onto an image of the point u [3]:

wu = PU (1)
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P = K [R|t] is a 3 × 4 projective transform, composed of 3 × 3 camera calibration matrix K, a rotation
matrix R and a translation vector t. To get the actual image coordinates u, (1) is divided by the unknown
scale factor w, which depends on the distance between the physical point U and the camera’s center [3].
All physical points on the camera’s optical axis are projected onto the same point in the image, making the
perspective camera projection non-linear in the Euclidean coordinate frame [3].

By identifying the position of a single point in space U in multiple images (Figure 1), we arrive to a system
of equations:

u1 = P1U (2)
u2 = P2U

where u1 and u2 are the two images of the point U in space. Additional views add more equations to the
already overdetermined system (2), which can be solved in a least-squares sense for the unknown coordinates
U in the triangulation process [16].

Figure 1: Multiview triangulation principle.

The frequency-domain multi-view deflection shape triangulation method relates the frequency-domain image
of the deflection shape ∆u(ω) and the 3D operating deflection shape X(ω) to be calculated by a perspective
camera transform:

∆u(ω) + uREF︸ ︷︷ ︸
u(ω)

=
1

wREF
P
(
X(ω) + UREF︸ ︷︷ ︸

U(ω)

)
(3)

where uREF and UREF represent the initial (reference) positions of the observed image points and the corre-
sponding points in space, respectively, and ∆u(ω) is the frequency-domain displacement, measured in the
image plane. Although the perspective camera transformation (1) is non-linear in Euclidean space, [7] shows
this relation to be valid, assuming small harmonic motion.

Multiple views of the displaced points at ω are now used to triangulate the deflected 3D shape U(ω) using
Equation (2). From that, the spatial deflection shape X(ω) can be obtained by subtracting the initial 3D
positions of the undeformed point grid [7]:

X(ω) = U(ω)−UREF (4)

2.2 Spectral optical flow imaging

The spectral optical flow imaging method [15] is based on the brightness constancy equation of optical flow,
written here in terms of surface pattern radiance field r(x, y, L) and for constant illumination L = L0:

r(u + s, L0) = r(u, L0) + s∇r(u, L0) (5)
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where s represents the displacement in the direction of local surface pattern gradient ∇r(u). The image
displacement s can be calculated in different ways based on the above equation, e. g. the Lucas-Kanade
image registration algorithm [10] or the simplified optical flow method [17].

An image of the observed surface is produced on the camera sensor by integrating the radiance over the
exposure time Te:

I(u, L) =

∫ Te

0
r(u, L) dt (6)

By incorporating a harmonically varying illumination L(t) = L0 + LA sin(ωl t) into Equation (5) and per-
forming the integration (6), the image of a moving surface for illumination, varying harmonically with fre-
quency ωl, can be expressed in terms of the reference image of a stationary object at constant illumination L0

and the displacement spectral component at illumination frequency ωl, Ss(u, ωl), by effectively performing
the Fourier integral on the image sensor [15]:

I
(
u + s(u, t), L(t)

)
= I

(
u, L0

)
︸ ︷︷ ︸

reference image

+
LA

L0
∇I
(
u, L0

)
︸ ︷︷ ︸
reference image

gradient

Ss

(
u, ωl

)

2︸ ︷︷ ︸
displacement

spectral component

(7)

From Equation (7), the displacement spectral component at sinusoidally varying illumination Ss(u, ωl) can
be computed:

Ss

(
u, ωl

)
=

I
(
u + s(u, t), L(t)

)
− I
(
u, L0

)

1
2

LA
L0
∇I
(
u, L0

) (8)

To measure the spectral cosine spectral component Sc

(
u, ωl

)
of the observed displacement, another image

can be produced by changing the phase shift between the excitation and illumination control signals ap-
propriately. At each measurement frequency, three images must therefore be produced: two images of a
vibrating structure at different illumination phase shift settings, and a reference image of a stationary object
with constant illumination. As the measurement frequency ωl is dictated by controlling the illumination
rather than the image acquisition parameters, a still-frame camera can be used for image acquisition and a
very high measurement frequency range can be achieved.

The spectral components Ss

(
u, ωl

)
and Sc

(
u, ωl

)
represent the displacement s of each pixel in the direction

of the local image gradient only. To measure 2D displacement spectra, a subset based approach such as the
Lucas-Kanade image registration method can be used with the produced SOFI images [15]. This way, 2D
deflection shape images at the selected frequency ωl can be computed.

2.3 Frequency-domain triangulation of SOFI deflection shape images

The proposed measurement procedure, illustrated in Figure 2 is as follows:

1. Image acquisition using a moving still-frame camera and harmonically controlled illumination at each
measurement frequency.

2. Image-plane frequency-domain deflection shape identification using spectral optical flow imaging.

3. Multiview system calibration and frequency-domain spatial deflection shape triangulation.

3 Preliminary experiment

A concave steel object, composed of three 1 mm thick 100 x 100 mm sheet metal planes, bent and welded
along one edge (Figure 3) was placed on an electrodynamic shaker and excited with a sine-wave excitation
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Figure 2: Multiview SOFI with frequency-domain triangulation procedure (the final 3D result was in this
example obtained using image displacements, identified using high-speed DIC).

of approximately 2 g RMS at two frequencies (namely 141 Hz and 380 Hz), corresponding to previously
determined resonant peaks. The object was mounted to the shaker in such a way that the excitation force
vector formed an equal angle with all of its three planes.

A high contrast speckle pattern was applied to the object’s three visible faces. The three SOFI images (Sec-
tion 2.2) were obtained at each selected frequency using a Basler Ace still-frame monochrome camera with
a resolution of 4096 × 3000 pixels, with exposure period set to 2 s. The LED light source was controlled
simultaneously with the shaker excitation and image acquisition triggering by external signals, generated us-
ing single National Instruments 9263 output module, to achieve the desired synchronization of the excitation
and illumination signals.

The process was repeated 6 times at each frequency, rotating the object on the shaker by approximately
60 degrees between each measurement, to obtain 6 distinct views of the process, as shown in Figure 4. The
multiview system was calibrated using the Perspective N-point algorithm [3] and a set of markers with known
positions on the surface of the observed object (Figure 4).

3.1 Results and discussion

A regular grid of 100 x 100 points was projected from the 3D model of the specimen onto each of the three
visible faces in every view. A rectangular region of 75 x 75 pixels with the grid node in the center was
analyzed using the SOFI method for image subsets [15], to obtain frequency-domain image-plane deflection
shapes ∆u(ω) for each selected point in every distinct view. The resulting ODS images are shown in Figure
5.

The results of the preliminary experiment approximate the expected ODS images of the observed object well,
confirming the potential for future research of the combined approach of frequency-domain triangulation
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Figure 3: Experimental setup.

Figure 4: Feature matching and calibration results.

method for small harmonic displacements, used together with the spectral optical flow imaging method
for image-based deflection shape identification. The proposed method aims to achieve a single still-frame
camera measurement of spatial operating deflection shapes for linear, time-invariant mechanical structures
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Figure 5: Examples of multiview ODS images, obtained using spectral optical flow imaging.

bi utilizing the properties a stationary mechanical process to facilitate full-field single still-frame camera
multiview deflection shape measurements without the need for precise time-synchronization of multiple
video sequences, with the only additional equipment required being a controlled light source.
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Abstract 
The measurement of full-field dynamics of a light-weighted structure can be challenging due to its low 

mass-to-area ratio, complex spatial deformation shapes and geometrical nonlinear behaviours under harsh 

loadings. In this paper, a Three-dimensional Scanning Laser Doppler Vibrometer (3D SLDV) is used to 

capture the full-field, multi-harmonic shapes of a vibrating blade in a laboratory environment. The well-

known disadvantages of the 3D SLDV such as its long testing duration, coarse frequency resolution and 

severe spectral leakage are countered by a Multi-step Interpolated Fast Fourier Transform (Multi-step IFFT) 

procedure in combination with a phase resonance testing strategy. A numerical example featuring ten 

harmonics is firstly presented, highlighting the accuracy of the proposed procedure before it is applied to 

the test of a wide-chord fan blade. To the best of authors' knowledge, the full-field, multi-harmonic shapes 

for such an industrial large-scale, geometrically complex and nonlinear structure are experimentally 

measured for the first time. 

1 Introduction 

Demand to improve fuel efficiency and reduce the environmental impact of aero engines has led to blade 

designs that would experience considerable deformations during operation. As a result, geometric nonlinear 

responses that contain multiple harmonics may occur, even when excited mono-harmonically. These 

harmonics can coincide with higher structural modes, leading to additional responses, and potentially 

causing failures in unexpected areas. Preventing these structural modal interactions and capturing the full-

field vibrations are therefore of highest interest to an engine manufacturer. In conventional structural 

dynamic tests, several transducers (usually accelerometers or strain gauges) are attached to the test article 

to measure its vibrations, which are known as 'contact' techniques. In these techniques, the measured points 

are sparse due to limited channels of the data acquisition hardware. The added masses and connecting cables 

of the transducers are also intrusive and may alter the dynamics of the test article, especially when the 

structure is highly flexible or light-weighted.  

To avoid the abovementioned issues and also provide a full-field measurement with a dense measurement 

grid, a few 'non-contact' techniques such as high-speed Three-dimensional Digital Image Correlation (high-

speed 3D DIC) system [1-5] and Continuous-Scan Laser Doppler Vibrometry (CSLDV) [4-11] have 

attracted increased attention. Ehrhardt et al. [4,5] presented early work on the application of 3D DIC to 

measure the vibrations of geometrically nonlinear structures, such as a beam or a plate deform at large 

amplitudes, where the full-field shapes of higher-order harmonics were captured in addition to the 

conventional primary harmonic shape of the structure. An alternative non-contact technique is CSLDV [4,6-

11], in which the laser beam of a Laser Doppler Vibrometer (LDV) is continuously moving over the surface 

of the structure along a pre-defined path. For a nonlinear structure, however, a mono-harmonic input results 

in multi-harmonic responses and leads to interference between the harmonics (‘true’ signal) and the sideband 

harmonics (due to moving of the laser) which may deteriorate the quality of the CSLDV output spectrum. 

In Ref [4], the CSLDV technique was compared to 3D DIC. It was pointed out that the measurement 

resolution of CSLDV was generally higher than that of the 3D DIC, and the main limitation for CSLDV 
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was the number of the sideband harmonics that can stand out above the noise floor and participate in the 

reconstruction of the deformation shapes.  

This paper utilises an alternative 'non-contact' technique, the 3D SLDV [12-17], to measure the full-field 

vibrations of a nonlinear structure. The newest version of 3D SLDV (PSV-500-3D-HV) is capable of 

automatically measuring full-field, 3D vibrational responses with minimal surface treatment of the test 

article. It represents an excellent tool to capture the dynamic behaviours of vibrating blades in a laboratory 

environment. However, 3D SLDV is essentially a single 3D transducer. One of its major drawbacks is long 

measurement duration, which can be several hours for some 1000 points [11,15]. Even with such a long 

testing duration, the sampling interval for each scan point is still quite limited in full-field testing, resulting 

in a coarse frequency resolution (e.g., several Hz [15]) and a significant amount of energy leakage in the 

output spectrum if a non-integral number of cycles of the signal is sampled. In this context it is proposed 

here to apply phase resonance testing [18-21] to the test article via a vibration controller. A novel Multi-

step IFFT procedure to analyse the measured full-field data is also proposed to refine the frequency 

resolution and counter the spectral leakage.  

2 Multi-step IFFT procedure 

2.1 General 

In this paper, phase resonance testing [18-21] is applied to the test article via a vibration controller.  

Therefore, the excitation applied to the structure is assumed as a single point, mono-harmonic force: 

    = cos 2 ,p p pp t A f t   (1) 

where 
pA , 

pf  and 
p  denote the magnitude, frequency and phase of the driving force, respectively.  

The responses of the structure are considered as periodic and contain multiple harmonics; they are measured 

using a 3D SLDV in the test, such that the vibration of one point on the surface of the structure can be 

expressed as: 

  
1

cos 2 ,
N

m p m

m

x A mf t


 


   (2) 

where N  denotes the number of constituent harmonics considered in the response. mA  and m  are the 

amplitude and phase of the mth harmonic component, respectively. 

The sampling rate of the 3D SLDV is denoted as SLDV =1f t , and  the acquisition time interval for each 

scan point as =T N t , leading to a pair of N-point sequences of the force  p k t  and response  x k t  

signals for each scan point: 

    cos 2 , 0,1 , 1,p p pp k t A f t k N        (3) 
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       (4) 

The Discrete Fourier Transform (DFT) of the signals denoted by Eq. (3) and (4) is found to be: 
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where n denotes the number of the spectral line, 1f T   is the frequency resolution [22], and  D   

denotes the Dirichlet kernel defined by: 
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2.2 Long-range leakage reduction 

In order to reduce the energy of the long-range leakage [23], the Multi-step IFFT procedure starts with 

tapering the temporal signals of 3D SLDV with a suitable window to smooth the edges, i.e.,  

      = ,p k t p k t w k t    (8) 

      = .x k t x k t w k t    (9) 

where  w k t  represents the window. Here, no special requirement for the window is strictly required but 

an adequate choice of a window with low sidelobe peaks can effectively remove the long-range leakage 

while maintaining a proper frequency resolution [23]. 

The DFT spectrum of the windowed signal, which equals to the convolution of the signal spectrum and the 

window spectrum, can then be simplified to: 

    j
,

2

pp

p

A
P n e W n f f


    (10) 
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, 1,2, .

2

pm

m p

A
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     (11) 

where  W   denotes the Fourier transform of the chosen window.  mX n  denotes mth harmonic component 

of the windowed response signal  X n . 

Although tapering the signal with a proper window can help to reduce the long-range leakage, it is clearly 

shown by Eqs. (10) and (11) that the so-called short-range leakage [23] still exists if non-integral cycles of 

the signal are sampled during the measurement, i.e.  pW n f f   would not be one if 
pf f  is not an 

integer. 

2.3 Interpolate force spectrum 

It is then followed by a second step of the procedure to apply an Interpolated-FFT algorithm [24-27] to the 

force signal and estimate its parameters with high confidence.  Note that in phase resonance testing, the 

applied force should have a very high signal-to-noise ratio (SNR) and ideally, it is supposed to be a mono-

harmonic signal. As such, one would expect the true spectral line of the driving force, 
pf , exists between 

the largest two spectral lines in its DFT spectrum, as shown in Figure 1. 

Denoting 
pl  and  1pl   to be the number of the largest two lines, where 

pl  is an integer. Also denoting the 

interpolate distance 
p  as the 'true' location of the peak, i.e., 

   ,p p pf l f    with  0,1 .p   (12) 
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Figure 1: Example of the grid effect and spectral leakage of the DFT spectrum of the data sampled with a 

short time interval: a 51 Hz sinusoid sampled with a duration of =0.4 smT  ( =2.5 Hzf ). The points denoted 

by l and +1l  represent the two adjacent points of the DFT spectrum in the vicinity of the ‘true’ peak and 

 0,1  denote the distance between point l  and the ‘true’ line. 

Substituting Eq. (12) into Eq.(10), the DFT of the windowed force signal at spectral line n  can now be 

written as: 

    
j

.
2

p

p

p p

A e
P n W n l



    (13) 

From Eq. (13) we see that the spectrum possess a  p pW n l    profile of the window. If non-integral cycles 

of the signal are sampled, the window function smears a single sinusoid over the entire spectrum, where the 

adjacent lines around the peak 
pl  and  1pl   are profoundly affected by the short-range leakage. The ratio 

of the two magnitudes of the adjacent lines [24-27] can be expressed as: 

 
 

 

 
 

 
1 1

.
p p

p p p

pp

P l W

WP l


  



 
  


 (14) 

It is quite clear from Eq. (14) that this ratio -
p

 - is determined by the distance of the interpolate point 
p , 

i.e. 
p is an invariant function of the window. This function is utilised by the Interpolated FFT method [24-

27] inversely to infer the interpolation distance 
p  by resolving: 

  1= .p p p    (15) 

which is called the interpolation distance function in this paper. Note that for a rectangular window, Eq. 

(14) is ill-conditioned when 1p  , therefore, its reciprocal line ( =1
p

  ) should be substituted into Eq. 

(15) when 0.5p  . For other windows with wider sidelobes, Eqs. (14) and (15) are well conditioned. 

After obtaining the distance of interpolation 
p , the parameters of the sinusoid can be estimated using the 

relative larger component (denoted as P ) of the two adjacent lines to achieve better accuracy. According to 

the symmetrical shape of the window spectrum, it is not difficult to find that: 
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Then the complex amplitude of the driving force,  p pP l  , can be interpolated by 
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Till now, the magnitude and the phase of the driving force signal can be easily deduced from  p pP l  . 

2.4 Interpolate response spectrum 

The final step of the procedure is to apply a fixed-frequency interpolation for each harmonic of the 

windowed response spectrum by assuming that the sinusoids in the response signal are harmonically related. 

As such, the distance of interpolation ( m ) for the mth harmonic component of the response signal can be 

calculated with:  

 SLDV=m p mmf f l    with  0,1m   (18) 

where  SLDV=floorm pl mf f , 
pf  denotes the driving frequency estimated in subsection 2.3 using the force 

signal. 

The amplitudes and phases of the response harmonics can now be interpolated analogously since the 

interpolate distances are known for each harmonic at this stage. Note that the abovementioned interpolation 

process needs to be carried out for each harmonic component of the response and each scan point. 

3 Numerical validation 

In this section, the proposed Multi-step IFFT procedure is validated through a numerical example containing 

a pair of signals as would be expected by a single scan point measured using a 3D SLDV. Frequencies, 

amplitudes and phases were thereby randomly chosen, and do not reflect the later investigated test case. 

Also, to reflect the features of the signals in the phase resonance test setting, the example includes: 

 a pair of simultaneously measured driving force and response signals, where the driving force is a 

single sinusoid with a frequency of 203.33 Hz, a magnitude of 1 and a phase of 0. The response 

signal is composed of 10 harmonic terms, in which the fundamental frequency is the same as the 

driving force, the amplitudes and phases of the responses are randomly chosen in the interval (1e-

4, 10) and (0, 360), respectively [28]; the detailed values for each harmonic are listed in Table 1. 

 both the signals are then polluted with additive, zero-mean Gaussian noises [28].In order to mimic 

typical measurement results of 3D SLDV in a phase resonance test setting, the noise level is taken 

as 0.5% for the driving force whereas 5% for the response. 

 the sampling rate is considered as 12.5 kHz, which exceeds the Nyquist sampling rate for all the 

constituent harmonics of the simulated signals. 

Three sampling intervals (16 s, 1.6 s and 0.16 s) are considered for the signals such that the grid effects and 

spectral leakage can be illustrated in detail.  

First, the conventional tapered-window FFT method (with a 4-term Blackman-Harris window) is applied to 

the simulated force signal, leading to the results summarised in Table 2. It is not surprising to find out that 

a longer sampling interval generally yields smaller frequency error since its maximum can only be 2f .  
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Figure 2 shows the results of the tapered-window FFT method applied to the response signal. A glance at 

its relative amplitude error and the phase error for each harmonic, it is revealed that an increase of sampling 

time would not necessarily improve the estimate accuracy of the signal's harmonic amplitudes and phases. 

In fact, only moderate accuracy (within 10% in terms of relative amplitude error) can be achieved for the 

amplitudes, and the phases are almost erroneous for higher-order harmonics. 

Table 1: Amplitudes and phases of the simulated response signal. 

Harmonic 

order 
1 2 3 4 5 6 7 8 9 10 

Response 

amplitude 
8.147 9.058 1.270 9.134 6.324 0.975 2.785 5.469   9.575 9.649 

Response 

phase (°) 
56.741 349.41 344.58 174.74 288.1 51.079 151.83 329.66 285.19 345.42 

Table 2: A comparison of the estimate frequency and amplitude of the driving force signal. 

 

Tapered-

window FFT 

method applied 

to 16 s data 

Tapered-

window FFT 

method applied 

to 1.6 s data 

Tapered-

window FFT 

method applied 

to 0.16 s data 

Multi-step IFFT 

procedure applied 

to 0.16 s data 

Estimated frequency (Hz) 203.3125 203.1250 206.2500 203.4309 

Frequency error (Hz) 0.0175 0.2050 2.9200 0.1009 

Estimated amplitude 0.9672 0.9560 0.9253 0.9997 

Relative amplitude error 3.28% 4.4% 7.47% 0.03% 

 

  

(a)                                                              (b) 

Figure 2: Conventional tapered-window FFT method applied to response signals featuring three sampling 

intervals. Results of (a) relative amplitude error and (b) phase error. 
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(a)                                                              (b) 

Figure 3: Multi-step IFFT procedure applied to response signal featuring a sampling interval of 0.16 s. 

Results of (a) relative amplitude error and (b) phase error. 

The proposed Multi-step IFFT procedure (the same 4-term Blackman-Harris window is used in the first step) 

is applied to the driving force signal featuring a sampling interval of 0.16 s, yielding an estimation of 

frequency and amplitude of the signal also listed in Table 2. It is not difficult to find out that its frequency 

estimate error is only half of the tapered-window FFT method applied to a much longer sampling interval 

(1.6 s) while the magnitude estimate of the driving force owns the smallest error compared to the results of 

the tapered-window FFT method. Figure 3 shows the results of the Multi-step IFFT procedure applied to 

the response signal with 0.16 s sampling interval. As can be seen, only a maximum error of 0.14% for the 

relative amplitude and a maximum of 0.2°error of the phase occurs, which are smaller by approximately 

two orders of magnitude than those of the tapered-window FFT method (see Figure 2).  

It is therefore concluded that the proposed Multi-step IFFT procedure can significantly improve the 

frequency resolution and estimate accuracy of the harmonics compared to the conventional tapered-window 

FFT method when applying to signals featuring short sampling intervals. 

4 Application to a fan blade test 

4.1 Test set-up 

The proposed Multi-step IFFT procedure is now applied to the phase resonance testing of a generic fan 

blade. In the test, the blade is clamped at the root using an appropriated mechanism. A phase resonance 

tracking test is performed for a high-frequency nonlinear mode of the blade using the Data Physics 

SignalStar Abaqus controller, in which the control targets for the driving force is to have a normalised 

magnitude of 1, a phase lag of 90° with respect to the tip response in the x-direction. As soon as the controller 

meets the criterion and reaches steady-state, the 3D SLDV (Polytec PSV-500-3D-HV) is used to measure 

the full-field responses with a sampling rate of 12.5 kHz and a sampling interval of 0.32 s for each point. 

Figure 4 shows the coordinates of the measurement grid consisting of 2016 points, leading a full-field scan 

duration of approx. 11 minutes. The full-field data are then exported to MATLAB using the Polytec file 

access software [29] to perform the Multi-step IFFT analysis. Note that the data are normalised for the 

reason of commercial confidentiality.  
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(a)                                             (b) 

Figure 4: Measurement grid of 2016 points, where each blue dot represents a scan point: (a) front view and 

(b) side view in the Polytec Scan Viewer, where x- and y-directions are in the horizontal plane, and the z-

direction is in the vertical plane. 

4.2 Validation of interpolated results 

The frequency, magnitude and phase lag of the driving force obtained by applying the Multi-step IFFT 

procedure to the 3D SLDV data are compared to the control targets set in the Data Physics SignalStar Vector 

software for validation. Figure 5 and Figure 6 illustrates the estimated magnitude and frequency of the 

driving force for each scan point, respectively. As can be seen a maximum magnitude discrepancy of 0.1% 

is observed, which is quite accurate considered that a conventional tapered-window FFT for the same data 

would lead to as much as 8.47% relative error. A maximum frequency discrepancy of 0.1 Hz is seen between 

the Multi-step IFFT results and the control target, which is also a significant improvement to the nominal 

frequency resolution of only 3.125 Hz. It is confirmed that the Multi-step IFFT procedure is quite effective 

in refining frequency resolution as well as improving estimate accuracy of the harmonics. 
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Figure 5: A comparison of the normalised magnitude of the driving force estimated using the 3D SLDV 

data and the control targets set in the SignalStar Vector software. 

 

Figure 6: A comparison of the normalised frequency of the driving force estimated using the 3D SLDV data 

and the tracking value shown in the SignalStar Vector software.  

 

In the attempt to successfully isolate a nonlinear mode in the phase resonance test setting, the phase lag 

between the response of the structure and the input force should be monitored [4,18]. A mapping of the 

phase quadrature points, non-phase quadrature points and outliners to the geometry of the fan blade is shown 

in Figure 7(a), where the majority of the scan points vibrate in-quadrature [4,18] with the driving force; this 

is also confirmed by the phase scatter diagrams of the fundamental harmonic components of the full-field  

responses shown in Figure 7(b)-(d). The non-quadrature points are only localised around nodal lines and 

therefore their phases are more affected by the noise. 
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Figure 7: Phase lag validation of the Multi-step IFFT results: (a) mapping the indices onto the coordinates 

of the scan points where green markers denote phase quadrature points, blue markers denote non-quadrature 

points, and the red markers denote outliers, respectively. Phase scatter diagrams of the fundamental 

harmonic component of the full-field responses in (b) x-direction, (c) y-direction and (d) z-direction, where 

the outliers are rejected. 

4.3 Order of harmonics and full-field vibration shapes 

To determine the number of harmonics that exist in the full-field response, the Averaged Force Function 

(AFF) and the Averaged Response Function (ARF) are proposed as indicators for the force and response 

signals, respectively. They are formulated using the tapered-window FFT spectra of each scan point and 

expressed as: 

        
1 1

, ;
QP QP

i i

N NQP QP

AFF F ARF X
N N

       (19) 

where 
QPN  is the number of phase quadrature points,  iF   and  iX   denote the tapered-window FFT 

spectrum of the force and response signals for scan point i, respectively.  

Figure 8 illustrates the averaged force function of the full-field data, where it is shown that the primary 

harmonic term dominates the input as expected and no evident higher-order harmonics are observed.    
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Figure 8: Averaged force function of the tapered-window FFT spectrum. 

 

 

Figure 9: Averaged response function of the tapered-window FFT spectrum (bottom) and full-field, multi-

harmonic vibration shapes obtained using the Multi-step IFFT procedure (top).  

Figure 9 shows the averaged response function and the corresponding full-field shapes obtained using the 

Multi-step IFFT procedure. A total of 6 harmonic deformation shapes are identified for the investigated 

nonlinear mode of the fan blade with high confidence; these kinds of full-field shapes of higher-order 

harmonics for such a high-frequency nonlinear mode has never been reported to the best of authors' 

knowledge. It is also interesting to see from Figure 9 that the even harmonics which are frequently assumed 

neglectable in numerical simulations may play a significant role in realistic structures with asymmetrical 

geometry. 
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5 Conclusions 

This paper utilises a 3D SLDV to conduct full-field nonlinear modal testing and overcome its disadvantages 

such as long testing duration, coarse frequency resolution and severe spectral leakages by proposing a Multi-

step IFFT procedure in combination with a phase resonance testing strategy. One numerical example 

featuring 10 harmonics and an experimental case study of a realistic industrial large-scale fan blade are 

performed to show that the proposed procedure can significantly improve the estimate accuracy of frequency, 

amplitude, and phase of the harmonics compared to the conventional tapered-window FFT methods.  
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Abstract 
This paper presents a simulation and experimental study on the measurement with multiple cameras of the 

flexural deflection shape of a beam excited by a transverse force at the fundamental resonance frequency, 

which gives a good estimate of the first flexural natural mode shape. The first part of the study presents the 

simplified optical model employed to simulate how the accuracy of the measurements vary with respect to: 

a) the distance of the cameras from the structure; b) the elevation angles formed by the optical axes of the 

cameras and the beam plane; c) the angle of aperture between pairs of cameras; d) the resolution of cameras 

and e) the number of cameras. The second part of the study provides experimental results taken on a beam 

rig and camera setup assembled using off the shelf devices. The study shows that multi-cameras setups with 

low-resolution/high frame-rate cameras can be effectively employed to measure flexural vibrations of 

distributed structures up to audio frequency ranges. 

1 Introduction 

This paper presents preliminary simulation and experimental results on the measurement of flexural 

vibrations of distributed structures with multiple cameras. In general, two high frame-rate and high-

resolution cameras are necessary to reconstruct the transverse displacements produced by flexural vibrations 

of thin structures by means of triangulation [1-4]. Indeed, the amplitude of flexural vibrations of distributed 

structures tends to decrease asymptotically with frequency [5]. Therefore, even if the measurement were 

limited in the low audio frequency range, say below 1 kHz, high frame-rate and high-resolution cameras 

would be necessary to generate a good quality measurement [6-8]. However, the frame-rate of cameras is 

limited by the amount of data ought to be processed and stored for each recorded frame, that is by their 

spatial-resolution [9]. Therefore, in practice, a compromise has to be found between the resolution of the 

cameras, that is the accuracy of the measurement, and the speed of the cameras, that is the maximum 

frequency of the measurement. In this respect, Ref. [10] showed that, multiple cameras can be employed to 

increase the accuracy of triangulation. Therefore, the aim of this paper is to investigate to what extent 

multiple cameras can increase the accuracy of flexural vibration measurements of distributed structures.  

The study considers a simple model problem, given by the measurement of time-harmonic flexural vibration 

of a cantilever beam. More specifically, the study is focussed on the measurement of the beam flexural 

deflection shape at the first resonance frequency, which gives a good estimate of the shape of the first 

flexural natural mode. The study is structured in two parts. The first part presents a simulation study on the 

principal features of flexural vibration measurements with cameras by means of triangulation. The second 

part provides some experimental evidence of the principal findings emerged from the simulation study. The 

paper is organised in 6 sections. Section 2 introduces the model problem considered in this study, which is 

given by the measurement of the time-harmonic flexural vibration of a cantilever beam. Section 3 briefly 

recalls the pinhole model and linear triangulation formulation used to simulate the measurement of the beam 

flexural vibrations with multiple cameras. Section 4 presents a comprehensive parametric study, which 
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shows how the distance, the angle of separation, the resolution and the number of cameras influence the 

accuracy of the measurements. Section 5 presents a laboratory rig, composed by four off-the-shelf video 

cameras, and the preliminary measurements taken to confirm the findings presented in Section 4. Finally, 

Section 6 summarises the principal conclusions of the study.  

2 Model problem 

Figure 1 shows a sketch of the model problem considered in this study, which is composed by a cantilever 

thin beam made of aluminium whose dimensions and physical properties are summarised in Table 1. The 

transverse vibration of the beam is measured at 25 points aligned along the longitudinal axis of the beam. 

The points are evenly distributed along the length of the beam with a spacing of 25 mm. The simulation 

study assumes the points have infinitesimal dimension whereas the beam used for the experiments has been 

marked with circles having 5 mm diameter. The positions of these points are measured by multiple cameras 

such that triangulation can then be used to reconstruct the transverse displacements of the beam generated 

by the flexural vibrations. In general, a camera is composed by several components, although its working 

principle can be schematically represented by three elements as shown in the sketch (a) of Figure 1: first, 

the dark room; second, the lenses, which are characterized by an optical axis and a focal point at distance 𝑓 

(also called focal length) and third, the photosensitive sensor, which is normally located in the back plane 

of the dark room. 

 

 

Figure 1: model problem for the measurement of flexural vibration of a cantilever beam  

As specified in Figure 1, two Cartesian systems of reference are employed to define the positions of the 

beam points and the positions of the cameras, which are respectively: 

a) the beam coordinate frame of reference 𝑥, 𝑦, 𝑧, which is located at the clamped end of the beam; 

b) the so-called world coordinate frame of reference 𝑋, 𝑌, 𝑍, which is located in the middle of the beam  

For simplicity, the two systems of reference will be called respectively world system of reference and beam 

system of reference. The former reference system is used for the triangulation whereas the latter is used to 

define the flexural vibrations of the beam. The transverse displacement 𝑤(𝑥, 𝑡) along the beam is due to the 

flexural vibrations of the beam in the 𝑥, 𝑧 plane, which are generated by a transverse time-harmonic force 

at position 𝑥𝐹. The cameras are oriented in such a way as their optical axis points to the origin 𝑂 of the 

world system of reference 𝑋, 𝑌, 𝑍 and thus their image plane [11] is tangent to a hemisphere centred in 𝑂. 

Moreover, the base edge of the rectangular photosensitive sensor is oriented parallel to the base plane 𝑋, 𝑌 

of the hemisphere. The position of the camera is identified by the position of its focal point C, which, as 

shown in Figure 1, is defined by spherical coordinates with respect to world system of reference 𝑋, 𝑌, 𝑍: i.e.: 

a) the radial distance 𝒅; 

b) the azimuthal angle 𝜃; 

c) the elevation angle 𝜙. 
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The flexural vibration of the beam is governed by the following wave equation [5,12] 

 𝐸𝐼𝑧  
𝜕4𝑤(𝑥,𝑡)

𝜕𝑥4 + 𝜌𝐴
𝜕2𝑤(𝑥,𝑡)

𝜕𝑡2 = 𝐹(𝑥, 𝑡). (1) 

Here 𝐸 and 𝜌 are the Young’s modulus of elasticity of the material of the beam. Also, 𝐴 = 𝑏ℎ and 𝐼𝑧 =
𝑏ℎ3 12⁄  are the area and the area moment of inertia of the beam cross respectively, where 𝐿, 𝑏, ℎ are the 

length, width and thickness of the beam. Finally, 𝐹(𝑥, 𝑡) is the transverse force acting on the beam, which 

in this case is a time-harmonic point force acting at position 𝑥𝐹, such that 

 𝐹(𝑥, 𝑡) = 𝛿(𝑥 − 𝑥𝐹)Re{𝐹0(𝜔)𝑒𝑗𝜔𝑡} (2) 

In this expression, 𝐹0(𝜔) is the amplitude of the force, 𝜔 is the circular frequency, 𝑗 = √−1 and 𝛿( ) is the 

Kronecker function. As shown in Ref. [5,12], the flexural response of the beam can be expressed as the 

linear combination of the natural modes 𝜙𝑛(𝑥) and the modal coordinates (or generalized coordinates) 

𝑞𝑛(𝑡): 

 𝑤(𝑥, 𝑡) = Re{∑ 𝜙𝑛(𝑥)𝑞𝑛(𝑡)∞
𝑛=1 }  . (3) 

The natural modes of a cantilever beam are given by [13] 

 𝜙𝑛(𝑥) = (𝑐𝑜𝑠ℎ(𝑘𝑛𝑥) − 𝑐𝑜𝑠 (𝑘𝑛𝑥)) −  𝑛 (𝑠𝑖𝑛ℎ(𝑘𝑛𝑥) − 𝑠𝑖𝑛 (𝑘𝑛𝑥)) ,     (4) 

where 𝑛 = (𝑠𝑖𝑛ℎ(𝑘𝑛𝐿) − 𝑠𝑖𝑛 (𝑘𝑛𝐿)) / (𝑐𝑜𝑠ℎ(𝑘𝑛𝐿) + 𝑐𝑜𝑠(𝑘𝑛𝐿)) and 𝑘𝑛 is the modal wavenumber, 

whose values are summarized in Table 2. Also, the modal coordinates are given by 

 𝑞𝑛(𝑡) =
 𝜙𝑛(𝑥𝐹)

𝑀[𝜔𝑛 
2 +𝑗2𝜁𝜔𝑛𝜔−𝜔2 ]

𝐹0(𝜔)𝑒𝑗𝜔𝑡 . (5) 

Here, 𝑀= 𝜌𝐴𝐿 is the mass of the beam, 𝜁 is the modal damping ratio, which is assumed equal for all modes, 

and 𝜔𝑛 is the natural frequency, which is given by 

 𝜔𝑛 = √
𝐸𝐼𝑧

𝜌𝐴
 𝑘𝑛

2. (6) 

Table 1: dimension of the beam in mm 

Parameter Value 

length 𝐿 = 623 mm 

width 𝑏 = 30 mm 

thickness ℎ = 3 mm 

density 𝜌 = 2700 kg/m3 

Young’s modulus 𝑌 = 6.9 × 1010 N/m2 

Poisson ratio 𝜈 = 0.31 

modal damping ratio 𝜁 = 0.02 

Position of the force 𝑥𝐹 = 55 mm 
 

Table 2: values of 𝑘𝑛𝐿 for a clamped-free beam 

𝑛 𝑘𝑛𝐿 

1 1.87510 

2 4.69409 

3 7.85476 

4 10.9955 

5 14.1372 

6,7, … (2𝑛 − 1)𝜋/2 
 

 

In general, the modal overlap [5] of flexural vibrations in a thin beam grows slowly and proportionally to 

√𝜔 [14]. Therefore, when the cantilever beam is excited at the resonance frequencies of the low-order 

natural modes, the response can be expressed in terms of the modal contribution of the resonant mode only. 

For instance, the flexural response at the first resonance frequency, i.e. for 𝜔 = 𝜔1√1 − 2𝜁2, can be 

satisfactorily expressed as:  

 𝑤(𝑥, 𝑡) = 𝜙1(𝑥)Re {𝑞1(𝑡)}  . (7) 

This expression shows that, for a given instant of time 𝑡, the spatial response 𝑤(𝑥, 𝑡) coincides with the 

natural mode 𝜙1(𝑥) to within a constant Re{𝑞1(𝑡)} = Re {
𝜙1(𝑥𝐹)

𝑀[𝜔1 
2 +𝑗2𝜁𝜔1𝜔−𝜔2 ]

𝐹0(𝜔)𝑒𝑗𝜔𝑡}. In this study, the 

measurement of the spatial deflection shape 𝑤(𝑥, 𝑡) is investigated with respect to the instant 𝑡 where the 

time-harmonic function Re{𝑞1(𝑡)} is maximum, that is for 𝑡 = 𝑛𝜋 𝜔⁄  with 𝑛 = 0, 1, 2, … . 
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3 Pinhole model and linear triangulation with multiple cameras  

The simulation study assumes that the line of measurement points, evenly distributed along the length of the 

beam, have infinitesimal dimension. Therefore, the projection of the points into the plane of the camera is 

modelled with a classical pinhole camera model [11]. Also, the reconstruction of the positions of such points 

is based on a linear triangulation formulation for multiple, i.e. more than two, cameras. 

 

 

Figure 2: pinhole model  

The optics of a camera is normally studied with the pinhole camera model which, as shown in Figure 2, is 

characterized by three elements. First the optical axis (also called principal axis), second the focal point C 

(also called center of projection) and third the rectangular image plane. In contrast to the effective optics of 

cameras, the image plane is located in front of the center of projection C. More specifically, the center of 

the image plane 𝐶𝑖𝑝 is located along the segment 𝑂𝐶̅̅ ̅̅  at a distance 𝑓 from the center of projection C. Also, 

the image plane is oriented orthogonal to the principal axis and its base edge is oriented parallel to the plane 

formed by the axes 𝑋, 𝑌. The pinhole model considers a Cartesian camera coordinate frame of reference 

𝑥1, 𝑥2, 𝑥3, which is located at the center of projection C with the 𝑥3 axis aligned with the principal axis and 

the 𝑥2, 𝑥3 parallel to the edges of the rectangular image plane. Finally, the image plane is also characterized 

by a local image coordinate frame of reference 𝑢, 𝑣, which, as shown in Figure 2, is located on the top left 

hand-side corner of the image plane. The image coordinates 𝑢, 𝑣 are expressed in pixels. The pinhole model 

assumes that the projection of a point M into the image plane is identified by the intersection between the 

image plane and the segment 𝑀𝐶̅̅̅̅̅ between the point 𝑀 and the center of projection 𝐶. 

According to the pinhole model, the relationship between the 3D coordinates for the point M and the 2D 

coordinates of its projection onto the image plane can be expressed to within a scale factor with the following 

matrix relation [11]:  

 𝐦 =  𝐏𝐌, (8) 

where 𝐦 = [𝑢, 𝑣, 1]T and 𝐌 = [𝑋, 𝑌, 𝑍, 1]T are the homogeneous vectors with the image plane and world 

coordinates of point 𝑀 of the beam. Also, 𝐏 is the camera projection matrix [11], which is given by 

 𝐏 =  𝐊[𝐈|𝟎]𝐆 (9) 

Here 𝐆 is the 4 × 4 matrix for the transformation from the world homogeneous coordinates 𝑋, 𝑌, 𝑍, 1 to the  

camera homogeneous coordinates 𝑥1, 𝑥2, 𝑥3, 1 [11]:  
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 𝐆 = [
𝐑 𝐭
𝟎 1

] , (10) 

which is composed by the 3 × 3 rotation matrix 𝐑, the 3 × 1 translation vector 𝐭  and the 1 × 3 vector of 

zeros 𝟎. In addition, [𝐈|𝟎] is the 3 × 4 camera projection matrix, which encodes the normalized image 

coordinates on the image plane. Here 𝐈 is a 3 × 3 identity matrix and 𝟎 is a 1 × 3 column vector of zeros. 

Finally, 𝐊 is the camera calibration matrix, used to transform the normalized image coordinates into the 

image coordinates 𝑢, 𝑣 expressed in pixels [11]:  

 𝐊 = [

 𝛼𝑢 𝛼𝑢𝛾 𝑢0

0 𝛼𝑣𝑟 𝑣0

0 0 1
] . (11) 

Here 𝛼𝑢 = 𝑓𝑘𝑢 and 𝛼𝑣 = 𝑓𝑘𝑣 and 1 𝑘𝑢⁄ , 1 𝑘𝑣⁄  are the width and height of the pixel footprint on the camera 

photosensor. Also, 𝑢0, 𝑣0 are the coordinates in pixel of the center of the image plane 𝐶𝑖𝑝. Finally, γ and 𝑟 

are the skew and aspect ratio parameters, which are normally given by γ = 0 and  𝑟 = 1 for most cameras 

[11]. The camera calibration matrix takes into account three effects: first, the conversion from physical 

dimension to pixels; second, the position of the image coordinates with respect to the center of the image 

plane 𝐶𝑖𝑝 and third, the uniform scaling due to the focal length of the camera 𝑓.  

3.1 Linear triangulation method 

The pinhole model discussed above simply provides a relation between the global coordinates of a point M 

and the image coordinates of its projection into the image plane of the camera. Therefore, a single camera 

cannot be used to univocally identify the position of the point 𝑀. Indeed, to obtain the true position of the 

point 𝑀, two cameras should be employed such that the position of the point 𝑀 can be reconstructed from 

its projections into the image planes of the two cameras by means of linear triangulation. For instance, let 

us consider the scheme shown in Figure 3, where the beam is equipped with two cameras with the focal 

points located at positions 𝐶1, 𝐶2 and the image planes oriented orthogonal to the optical axis and the base 

edge parallel to the plane 𝑋, 𝑌. 

 

 
Figure 3: linear triangulation 

Recalling the pinhole formulation described above, the projections of the point 𝑀 into the image planes of 

the two cameras can be expressed in terms of the following two matrix relations  
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 𝐦1 = 𝐏1𝐌 , (12a)  

𝐦2 = 𝐏2𝐌 .  (12b)  

Here 𝐌 = [𝑋, 𝑌, 𝑍, 1]𝑇 is the homogeneous vector with the world coordinates of the point 𝑀 and  

𝐦1 = [𝑢1, 𝑣1, 1]𝑇, 𝐦2 = [𝑢2, 𝑣2, 1]𝑇 are the homogeneous vectors with the image coordinates of the 

projections of 𝑀 into the image planes of the two cameras. Also, 𝐏1, 𝐏2 are the projection matrices of the 

two cameras. Now, the following cross product vector expressions can be straightforwardly verified: 

 𝐦1 × 𝐏1𝐌 = 𝟎 ,  (13a)  

𝐦2 × 𝐏1𝐌 = 𝟎 .  (13b)  

These two vector expressions eliminate the unknown scaling factor contained in Eqs. (12a) and (12b). 

Therefore, they provide a total of six algebraic equations in the unknown homogenous global coordinates 

of the point 𝑀: 𝑋, 𝑌, 𝑍, 1. Normally the six equations are stacked into the following matrix expression [11]: 

 𝐀𝐌 = 𝟎 , (14) 

where 𝟎 is a 6 × 1 vector of zeroes and 𝑨 is the following 6 × 4 matrix: 

 𝐀 = [
[𝐦𝟏]× 𝐏𝟏

[𝐦𝟐]× 𝐏𝟐
] . (15) 

Here  [ ]× is the skew-antisymmetric matrix operator. Equation (14) gives a homogeneous linear system 

of six equations in four unknowns, which can be casted into a set of four linear equations. In practice, the 

measured coordinates of the projection points 𝐦1, 𝐦2 are affected by errors (e.g., digitalization errors, 

noise errors, etc.), therefore the  resulting four linear equations are linearly independent such that only the 

trivial solution 𝐌 = 𝟎 can be obtained explicitly. The non-trivial solution 𝐌 ≠ 𝟎, with 𝐌(4) = 1, can be 

found numerically searching the least-squares coordinates with the Singular Value Decomposition (SVD) 

method [11]. These solutions are thus affected by numerical errors. 

The procedure shown above can be generalized to the case of 𝑁 > 2 cameras. Each one adds 2 independent 

equations, so that a linear homogenous system of 2N equations in four unknowns is obtained. 

3.2 Geometric cost function 

As discussed above, the solutions of the system of equations in Eq. (14) are derived numerically and are 

affected by errors. To further minimise such errors, the following geometrical projection error ε(𝐌) is 

defined:  

 ε(𝐌) = ∑ (uj
r − uj)

2
+  (vj

r − vj)
2N

j=1  (16) 

where  𝑢𝑗, 𝑣𝑗 are the coordinates of the image point 𝐦𝑗 of the j-th cameras whereas 𝑢𝑗
𝑟, 𝑣𝑗

𝑟 are the coordinates 

of the estimated point 𝐌 mapped into the image plane of the j-th camera by using the projection matrix 𝐏𝑗: 

 𝑢𝑗
𝑟 =  

𝐩1,j
𝑇𝐌

𝐩3,j
T𝐌

,  (17a)  

𝑣𝑗
𝑟 =  

𝐩2,j
𝑇𝐌

𝐩3,j
𝑇𝐌

,  (17b)  

Here 𝐩1,j
𝑇 , 𝐩2,j

𝑇 , 𝐩3,j
𝑇  are the rows vector of the projection matrix 𝐏𝑗: 

 𝐏𝑗 = [

𝐩1,j
𝑇

𝐩2,j
𝑇

𝐩3,j
𝑇

] (18) 

Eq. (16) gives the sum of the squared geometric distance between each j-th measured image point 𝐦𝑗 and 

the re-projection point of 𝐌, that is 𝒎𝑗
𝑟,which is mapped on the image plane of the j-th camera. The new 

estimated point 𝐌 corresponds to the minimum of the cost function. The cost function defined in Eq. (16), 
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which can be minimised by using numerical methods such as Gauss –Newton algorithm [11]. The initial 

point to search the local minima is normally obtained from the solution of Eq. (14). 

4 Parametric Study 

As pointed in the Introduction, the aim of this paper is to investigate if and how multiple cameras can be 

employed to increase the accuracy of flexural vibration measurements of distributed structures. Therefore, 

the formulations presented in Sections 2 and 3 for the flexural response of a beam and for the optical 

measurement of displacements by means of triangulation were used to simulate the measurement of the 

flexural response of the cantilever beam model problem described in Section 2. More precisely, the analysis 

considered the measurement of the flexural deflection shape of the cantilever beam at the fundamental 

resonance frequency. The reference deflection shape was derived from Eq. (7) with 𝐹0(𝜔) = 1 N and 𝑡 =
𝜋 𝜔⁄ . Also, the measured deflection shape was simulated using the formulations presented in Section 3 with 

respect to the displacements at the 25 marker points calculated from Eq. (7) with 𝐹0(𝜔) = 1 N and 𝑡 =
𝜋 𝜔⁄ . 

To provide a background understanding of the problem at hand, a comprehensive analysis was performed, 

which shows how the following parameters affect the measurement of the beam flexural response by means 

of triangulation with a pair or multiple of cameras: 

a) radial distance 𝑑 of a pair of cameras from the centre of the beam; 

b) opening angle 𝛼 between a pair of cameras; 

c) resolution of a pair of cameras; 

d) number of cameras in setups composed by more than 1 pair of cameras. 

The pair or multiple cameras setups were arranged in a symmetric position with respect to the vertical plane 

𝑌𝑍 that cuts the beam in two parts. Therefore, the results presented in this section provide background 

considerations on how the geometry and the characteristics of different setups of cameras affect the 

measurement of the flexural response of a cantilever beam. The geometries, i.e. their positions and numbers, 

and the type of cameras, i.e. their resolutions, considered in the parametric studies listed above are 

summarised in Tables 3 and 4.  

The accuracy of the reconstruction of the deflection shape is analysed with respect to two errors. First, the 

point errors, which give the reconstruction error at each of the 25 measurement points, normalised with 

respect to the maximum displacement of the beam: Example: 

 𝐸𝑖 =  
|𝑤𝑖−𝑤𝑟,𝑖|

𝑤𝑚𝑎𝑥
100    (% rel. to 𝑤𝑚𝑎𝑥). (19) 

Here 𝑤𝑖 is the transverse displacement of the i-th marker reconstructed by the cameras setup whereas 𝑤𝑟,𝑖 

is the reference transverse displacement of the i-th marker given by Eq. (7). Also, 𝑤𝑚𝑎𝑥 is the maximum 

reference displacement i.e. the displacement of the marker at the tip of the beam, given with Eq. (7). Second 

the average error given by the root mean square error over all the 25 measurement points: Example: 

 𝐸𝑚 =  
√

1

25
∑ (𝑤𝑖−𝑤𝑟,𝑖)

225
𝑖=1

𝑤𝑚𝑎𝑥
100   (% rel. to 𝑤𝑚𝑎𝑥) (20) 

The following subsections will illustrate how the four parameters listed above influence the measurement 

of the first flexural deflection shape of the cantilever beam shown in Figure 1 using the multiple camera 

setup depicted in Figure 3. As can be deduced from Figures 4 to 10 shown below, the simulation results are 

reported in a standard framework, which shows:  

a) a sketch of the measurement setup with highlighted the varied parameter; 

b) the reference deflection shape (grey line) and the measured deflection shapes (coloured lines); 

c) the point errors in % with respect to the maximum displacent of the beam (colored lines); 

d) the average error in % with respect to the maximum displacent of the beam (colored lines). 
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Table 3: Positions and resolutions of pairs of cameras  

Cases 
Radial distance  

d (mm)  

Elevation angle  

𝝓 (DEG) 

Azimuth angle  

𝜽 (DEG) 
Aperture angle 

𝜶 (DEG) 

Resolution 

(pixel) 

1 (Fig. 4) 

500 

750 

1000 

1500 

25 30 60 320180 

2a (Fig. 5) 500 10 

8 

30 

55 

80 

16 

60 

110 

160 

320180 

2b (Fig. 6) 500 

5 

20 

40 

60 

90 

170 

140 

100 

60 

320180 

3 (Fig. 7) 500 25 30 60 

320180 

640360 

1280720 

19201080 

Table 4: Positions and resolutions of multiple cameras setups 

Case 
Distance  

d (mm) 

Elevation angle  

𝝓 (DEG) 

Azimuth angle  

𝜽 (DEG) 

Resolution 

(pixel) 

4a (Fig. 8) 500 

 15 

15 / 15 

15 / 15 / 15 

15 / 15 / 15 / 5 

15 / 15 / 15 / 5 / 5 

15 / 15 / 15 / 5 / 5 / 5 

7  

7 / 27  

7 / 27 / 47 

7 / 27 / 47 / 14 

7 / 27 / 47 / 14 / 30 

7 / 27 / 47 / 14 / 30 / 50 

320180  

4b (Fig. 9) 500 

15 

15 / 15 

15 / 15 / 15 

15 / 15 / 15 / 5 

15 / 15 / 15 / 5 / 5 

15 / 15 / 15 / 5 / 5 / 5 

27  

27 / 7  

27 / 7 / 47 

27 / 7 / 47 / 14 

27 / 7 / 47 / 14 / 30 

27 / 7 / 47 / 14 / 30 / 50 

320180 

4c (Fig. 10) 500 

8 

8 / 28 

8 / 28 / 48 

8 / 28 / 48 / 58 

90 

90 / 90 

90 / 90 / 90 

90 / 90 / 90 /90 

320180 

4.1 Distance d of cameras from the beam 

The accuracy of the reconstruction of the beam first flexural deflection shape with a pair of cameras arranged 

with fixed azimuthal 𝜃 and elevation 𝜙 angles and increasingly larger distance 𝑑 from the middle point of 

the beam is first considered in this subsection with respect to the geometries and resolution of the cameras 

summarised in Table 3 – Case 1.  

The results presented in Figure 4 clearly indicate that the accuracy of the measurement decreases as the 

distance of the cameras from the centre of the beam is increased. For instance, according to the bar plot (d), 

the average error grows from about 10% to about 40% when the distance of the cameras is increased from  

500 to 1500 mm. Also, Plot (c) shows that when the cameras are placed at 500 mm distance, the measurment 

error along th 25 marker points is always smaller than 30% whereas when the cameras are placed at 1500 

mm the error can reach a maximum of 80%.  

2282 PROCEEDINGS OF ISMA2020 AND USD2020



 

Figure 4: (a) distance case study 1, (b) comparison between reconstructed flexural deflection shapes of the 

beam (grey line reference shape); (c) percentage error calculated along the beam span; (d) histogram of the 

mean error. Colour lines reproduce the cases listed in the histogram. 

4.2 Aperture angle  between cameras 

The accuracy of the reconstruction of the beam first flexural deflection shape is examined in this subsection 

assuming the pair of cameras is arranged with fixed distance 𝑑 from the middle point of the beam and with 

increasingly larger aperture angle 𝛼 between the two cameras. Two cases are considered. In Case 2a, the 

cameras are arranged over an arc of a circle, which is oriented parallel to the plane of the beam such that the 

cameras are all characterised by the same elevation angle 𝜙 = 100 and have increasingly larger aperture 

angles 𝛼, therefore increasingly larger azimuthal angles 𝜃 = ± 𝛼 2⁄ . In Case 2b, the cameras are arranged 

over an arc of a circle, which is oriented orthogonal to the plane of the beam and passes through the 

longitudinal axis of the beam. Therefore, in this case both the elevation 𝜙 and azimuthal 𝜃 angles of the 

cameras are varied to generate the increasing aperture angle 𝛼 as summarised in the third row of Table 3 – 

Cases 2a and 2b.  

The results presented in Figure 5 indicate that, when the cameras are arranged along the arc of a circle 

oriented parallel to beam plane such that the cameras have a little elevation angle of 10o, the accuracy of the 

measurement does not vary significantly as the angle of aperture between the cameras is increased. Indeed, 

the bar plot (d) indicates that the average error is comprised between 11% and 16%. Also, plot (c) shows 

that the maximum error does never exceed a maximum level of 40%.  

Instead, the results presented in Figure 6 show that, when the cameras are arranged along the arc of circle, 

which is oriented orthogonal to the plane of the beam and passes through the longitudinal axis of the beam, 

the accuracy of the measurement does vary significantly as the angle of aperture between the cameras is 

increased. Indeed, the bar plot (d) indicates that the average error passes from 37% to 18% when the angle 

of apperture is increased from 60o to 170o. Moreover, when the aperture angle is only 60o rather large erors 

up to 70% characterise the measurement along the beam, whereas the maximum error for an aperture angle 

of 170o is of the order of 40% only. 

In conclusion, the results presented in Figures 6 inducate that the accuracy of the measurement is strongly 

influenced by the elevation angle of the cameras. The smaller is this angle the greater is the accuracy of the 

measurement. Therefore, in general, to have accurate measurements, the cameras should be arranged over 

an arc of a circle, which is oriented parallel to the plane of the beam and placed a small distance from the 

beam itself, so that the cameras are characterised by small elevation angles.  
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Figure 5: (a) aperture angle case study 2a, (b) comparison between reconstructed flexural deflection shapes 

of the beam (grey line reference shape); (c) percentage error calculated along the beam span; (d) histogram 

of the mean error. Colour lines reproduce the cases listed in the histogram 

 

Figure 6: (a) aperture angle case study 2b, (b) comparison between reconstructed flexural deflection shapes 

of the beam (grey line reference shape); (c) percentage error calculated along the beam span; (d) histogram 

of the mean error. Colour lines reproduce the cases listed in the histogram 

4.3 Resolution of cameras 

The accuracy of the reconstruction of the beam first flexural deflection shape obtained by pairs of cameras 

characterised by increasingly larger spatial resolution is now investigated. The distance 𝑑, the azimuthal 𝜃 

and elevation 𝜙 angles and the resolutions of the cameras are listed in Table 3 – Case 3. As one would 

expect, the results presented in Figure 7 unequivocally indicate that that the accuracy of the measurement 

decreases as the resolution of the cameras is increased. For instance, when the number of pixels is raised 
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from 320180 to 19201080, the bar plot (d) suggests that the average error of the measuremet falls from 

11% to 2%. Moreover, according to Plot (c), the maximum measuremet error over the 25 marker points falls 

from 28% to 5%.  

 

 

Figure 7: (a) resolution case study 3, (b) comparison between reconstructed flexural deflection shapes of the 

beam (grey line reference shape); (c) percentage error calculated along the beam span; (d) histogram of the 

mean error. Colour lines reproduce the cases listed in the histogram. 

4.4 Multiple cameras setup  

To conclude, the measurement with multiple cameras setup composed by more than 2 cameras is examined 

in this section. More precisely, the study considers the sequential addition of pairs of cameras, which are 

located symmetrically with respect to the YZ plane centred in the middle of the beam. The analysis is 

organised in two parts. The first part concerns increasingly larger numbers of cameras arranged over an arc 

of circumference, which, as for the Case 2a discussed in Figure 5, is oriented parallel to the plane of the 

beam such that the cameras are all characterised by the same elevation angle 𝜙 and have either increasingly 

larger or increasing smaller aperture angles 𝛼, that is larger or smaller azimuthal angles 𝜃. To avoid 

redundancy, the exact positions of the cameras are slightly misplaced, both with reference to the azimuthal 

and the elevation angles. Instead, the second part considers increasingly larger numbers of cameras arranged 

over an arc of circumference, which, as for the Case 2b discussed in Figure 6, is oriented orthogonal to the 

plane of the beam and passes through the longitudinal axis of the beam. Here only one configuration is 

considered where the aperture angle is progressively increased. The exact positions for the three 

arrangements are summarised in Table 3 – Cases 4a, 4b, 4c. 

To start with, the setup with increasingly larger numbers of cameras arranged over an arc of circumference 

oriented parallel to the plane of the beam is considered. The results presented in Figure 8 indicate that, as 

pairs cameras with increasingly larger aperture angle are added, the accuracy of the measurement 

significantly increases. For instance, according to Plot (c), when the measurement setup passes from 2 

cameras (1 pair) to 12 cameras (8 pairs) the average error of the measurement falls from 15% to 3%. 

Accordingly, Plot (b) shows that the error over the 25 points of measurement drops from peak values of 

35% to peak values of 5%.  

In parallel, the results presented Figure 9 show that, if pairs of cameras with increasingly smaller aperture 

angle are added, the average error still tends to drop but at a smaller rate. Indeed, as shown in Plot (c), the 

average error with the first pair of cameras having a large angle of aperture would be about 10% and then  
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Figure 8: (a) multiple cameras case study 4a, (b) comparison between reconstructed flexural deflection 

shapes of the beam (grey line reference shape); (c) percentage error calculated along the beam span; (d) 

histogram of the mean error. Colour lines reproduce the cases listed in the histogram 

 

Figure 9: (a) multiple cameras case study 4b, (b) comparison between reconstructed flexural deflection 

shapes of the beam (grey line reference shape); (c) percentage error calculated along the beam span; (d) 

histogram of the mean error. Colour lines reproduce the cases listed in the histogram 

fall again to 3% when a total of 12 cameras is used. Similarly, Plot (b) shows that the peak error over the 25 

measurement points falls from 20% to 5%. As discussed in Section 4.2 (Figures 5, 6), the accuracy of the 

measurement with a pair of cameras increases when the optical axis of the cameras is characterised by a 

small elevation angle and a large azimuthal angle. Therefore, when the addition of pairs of cameras start 

from a large aperture angle, that is from larger azimuthal angles, the initial averaged and peak errors are 

smaller than when the addition of pairs of cameras start from a small aperture angle. Nevertheless, the 

simulation with 12 cameras allows to obtain an average error of 3% and a peak error over the group of 25 

measurement points of 5%. 
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Figure 10: (a) multiple cameras case study 4c, (b) comparison between reconstructed flexural deflection 

shapes of the beam (grey line reference shape); (c) percentage error calculated along the beam span; (d) 

histogram of the mean error. Colour lines reproduce the cases listed in the histogram 

To conclude this analysis, the setup with increasingly larger numbers of cameras arranged over an arc of 

circumference oriented orthogonal to the plane of the beam is examined. The results presented in Figure 10 

show that, as cameras with increasingly larger aperture angle are added, the accuracy of the measurement 

significantly increases. Indeed, Plot (c) indicates that, when the measurement setup passes from 2 cameras 

(1 pair) to 8 cameras, the average error of the measurement falls form 18% to 6%. Moreover, Plot (b) shows 

that the error over the 25 measurement points drops from peak values of 40% to peak values of 10%. Also 

in this case, if cameras were sequentially added starting from large aperture angles towards small aperture 

angles the error for the first pair would have been smaller. Nevertheless, the final error for the configuration 

with 8 cameras would have been the same, that is 6% average error and 10% peak error. As shown above 

and in Section 4.2, to further reduce these errors it would be sufficient to tilt the arc of cameras laterally so 

that they are characterized by a smaller elevation angle.  

5 Experimental validation 

The effectiveness of vibration measurements with multiple cameras is now investigated experimentally. The 

study is based on a rig composed by a cantilever beam, which replicates the model problem discussed in 

Section 2 and used to produce the simulation results presented in Section 4. The principal features of the 

cantilever beam and cameras setup assembled for this study are first introduced. The procedures used to 

calibrate the cameras and to track the line of 25 markers printed on the beam are then revised in detail. Also, 

the numerical implementation of the triangulation method to reconstruct the transverse displacements of the 

centre points defined by the markers is briefly discussed. Finally, two sets of results are presented and 

discussed, which show how the resolution and the number of cameras influence the accuracy of the 

measurement.  

5.1 Test rig and cameras setup 

As shown in Figure 11(a), (b), the test rig built for this study is composed by a heavy rigid-frame base 

structure with a cantilever aluminium beam with the dimensions and physical properties given in Table 1 
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and by four cameras. Three lines of 25 markers are printed on the top side of the beam, although only the 

line printed along the longitudinal axis of the beam has been used in the measurements. The markers have 

diameter 5 mm and were evenly spaced along the beam with centre distances of 25 mm. The beam is excited 

in bending by a shaker located at position 𝑥𝐹 = 55 mm The shaker was connected to the beam via an 

impedance head, which was used to measure the point mobility frequency response function at the excitation 

positon. The shaker was driven with a time-harmonic signal at the fundamental resonance frequency for the 

flexural response of the beam, which occurred at 𝑓 = 4.25 Hz. Both the signal fed to the shaker and the 

signals measured by the impedance head were recorded and used in the post processing phase to identify 

the instant of time where the response of the beam, that is the deflection shape, was maximum.  

 

 

Figure 11: Lateral (a) and front (b) view of the experimental setup. Calibration of cameras (c) 

As shown in Figure 11(a), (b), four cameras were arranged around the beam. To comply with the simulation 

study, the cameras were arranged around the beam with the optical axes pointing to the center of the beam 

in correspondence of the world coordinate frame of reference X, Y, Z. More specifically, they were positioned 

at the same radial distance 𝑑 = 530 mm from the world center O, with the same elevation angle 𝜙 =
22 DEG. Also, for practical reasons linked to the space occupied by the cameras, they were arranged in two 

pairs, at both lateral sides of the beam. The two couples of cameras were arranged in such a way to have an 

aperture angle 𝛼 = 200, thus with azimuthal angles 𝜃 = ±100. Four off the shelf cameras were used, which, 

as summarized in Table 5, had similar, but not identical, characteristics. Nevertheless, they all guaranteed 

the minimum speed and spatial resolution necessary to carry out the test planned for this study. 

Table 5: Camera properties 

Camera 

Frame 

rate 

(fps) 

Resolution 

(pixel)  

distance 

d (mm) 

Azimuthal 

angle 

𝜃 (DEG) 

Aperture 

angle 

𝛼 (DEG) 

Elevation 

angle 

𝜙 (DEG) 

NIKON D5 60 19201080 570 10 20 22 

NIKON D850 60 19201080 570 -10 20 22 

NIKON D810 60 19201080 570 10 20 22 

NIKON D600 60 19201080 570 -10 20 22 
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5.2 Multi-camera calibration and tracking of the markers 

In this study the Sturm-Maybank-Zhang method [10,17] was used to calibrate the cameras setup. As shown 

in Figure 11(c), a planar checkerboard pattern characterized by a 99 array of tiles having dimension 4545 

mm was used. This calibration target was displaced and rotated so that a sequence of shots of the entire 

checkboard were taken at arbitrary positions and with arbitrary orientations.  

A total of 12 images was selected for the calibration post processing, which was implemented with the 

"Camera Calibration Toolbox for Matlab" [15]. The toolbox generated a calibration matrix (see definition 

in Eq. (9)) for each snapshot and each camera. Therefore, a total of 12 × 4 projection matrices were 

obtained. To refine the interior and exterior parameters of the cameras (defined respectively by the elements 

of their matrices 𝐊 and [𝐑|𝐭]) with respect to a unique world reference system, the bundle adjustment method 

[11] was employed. Similarly to the “re-projection” method discussed in Section 3.2, the resulting projection 

matrix is obtained from a minimisation process of the sum of the square distances between the j-th re-

projected point of the i-th camera 𝐦𝑖,𝑗
𝑟 = 𝐏𝑖𝐌𝑗 and the measured point 𝐦𝑖

𝑗
: Example: 

 χ(𝐌𝑗, 𝐏𝑖) = min ∑ ∑ ‖𝐦𝑖,𝑗
𝑟 − 𝐦𝑖

𝑗
‖𝑛

𝑗=1

2𝑁
𝑖=1  , (21) 

Here, 𝑁 and 𝑛 are respectively the number of cameras and corners points of the checkboard. As a result of 

this minimization procedure, four refined projection matrices were obtained for the cameras. As discussed 

in Chapter 3, these four matrices can be used to reconstruct the spatial position of the markers of the beam 

by means of the triangulation formulation discussed in Section 3.1. 

Although the cameras were triggered by a common remote command system, the video recordings showed 

a non-perfect synchronization. Nonetheless, this problem was suitably solved by synchronizing the cameras 

with the output signals from the impedance head mounted on the stinger of the shaker, which was acquired 

from the cameras audio input. More specifically, the time-delays for each camera were derived from the 

peak values of the cross-correlations between the audio signals recorded by the four cameras.  

The synchronized videos were converted into a sequence of contiguous frames. As anticipated above, the 

beam was excited by a harmonic force at the fundamental resonance frequency of flexural vibrations, that 

is at 4 Hz. Since the frame rate of the cameras is 60 fps, 15 images were extracted to detect one period of 

oscillation of the beam. The positions of the markers printed on the beam, were identified from each snapshot 

with the following three-steps procedure: 

a) definition of the markers template and definition of the search region on the image; 

b) removal of perspective distortion through the use of a homography transformation [11];  

c) template matching and identification of the marker position.    

The positions of the measurement points were then defined as the centre positions of the markers. At this 

point the triangulation discussed in Section 3.1 was implemented to reconstruct the positions of the 25 

markers for each frame. The displacements of the 25 points were then reconstructed for one period of the 

oscillations. Finally, the deflection shape of the beam was then straightforwardly reconstructed considering 

instant 𝑡′ where the amplitude of the displacements is maximum. 

The following two subsections shows the measured deflection shapes with respect to two parameters: first, 

the resolution of the cameras and, second, the number of cameras. The inherent resolution of the four 

cameras is rather high. Therefore, a set of results with lower resolutions were generated by simply down-

sampling the recorded images. The results presented in this section are depicted with the same layout of the 

simulation Figures 4 – 10. Therefore, they encompass  

a) a sketch of the measurement setup with highlighted the varied parameter; 

b) the reference deflection shape (grey line) and the measured deflection shapes (coloured lines); 

c) the point errors in % with respect to the maximum displacent of the beam (colored lines); 

d) the average error in % with respect to the maximum displacent of the beam (colored lines). 
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5.3 Resolution 

To start with, the reconstruction of the beam flexural deflection shape with different cameras resolutions 

was investigated. In real measurements, the resolution of the cameras affects both the calibration and the 

measurement. In fact, the former relies on the detection of the corners of the checkerboard whereas the latter 

is based on the detection of the markers of the beam. Thus, both depend on the accuracy of the detection of 

the positions of points, which, as shown in Section 4.3, is strictly connected to the resolution of the cameras. 

However, since the aim here is to provide experimental evidence for the simulation results presented in 

Section 4, the calibration has been performed with the highest resolution of the cameras only. This is 

possible because, according to Eq. (9), the camera projection matrix is obtained from the product of the 

calibration matrix 𝐊, which is formed by intrinsic parameters of the camera, and the transformation matrix 

𝐆, which is formed by extrinsic parameters of the camera. The extrinsic parameters define the positions of 

the cameras and thus can be obtained by calibrating the setup at the maximum resolution of the cameras. 

Therefore, the transformation matrix 𝐆 obtained from the high-resolution cameras can then be used to define 

the projection matrix of low-resolution cameras using Eq. (9). Instead, the calibration matrix 𝐊 will vary 

depending on the cameras resolution adopted for each measurement. In fact, as seen in Eq. (11), this matrix 

depends on the 𝑘𝑢, 𝑘𝑣 factors, which are the inverse of the width and height of the pixel footprint on the 

camera photosensors. Thus, the matrix 𝐊 has to be calculated for every different resolution considered.  

Nevertheless, the resolution strongly affects the accuracy of the markers detection and thus, the tracking of 

the markers. Accordingly, the positions of the triangulated points and thus the reconstructed deflection shape 

for the flexural vibration of the beam at the fundamental resonance frequency, is less accurate as the 

resolution is set to lower values. 

 

Figure 12: (a) resolution of cameras experimental case study, (b) comparison between reconstructed flexural 

deflection shapes of the beam (grey line reference shape); (c) percentage error calculated along the beam 

span; (c) histogram of the mean error. Colour lines reproduce the cases listed in the histogram. 

Figure 12 shows the deflection shapes measured considering three resolutions of the cameras: 640360, 

1280720 and 19201080. The results confirm that the accuracy of the measurement increases as the 

resolution of the cameras is increased. For instance, when the number of pixels is raised from 640360 to 

19201080, the bar plot (d) suggests that the average error of the measuremet falls from 3% to 1.2%. 

Moreover, Plot (c) shows that the maximum measuremet error for the 25 marker points falls from 6% to 

3%. 
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5.4 Number of cameras 

To conclude, the reconstruction of the beam flexural deflection shape with 2, 3 and 4 cameras is discussed. 

Three cases were considered where the triangulation was performed with the following cameras: first, 

cameras A-B; second, cameras A-B-C and third, cameras A-B-C-D. The results shown in Figure 13 indicate 

that, as predicted with the simulation study of Section 4.4, when the triangulation is performed with an 

increasing number of cameras, the accuracy of the measurement increases. More specifically, when the 

setup moves from 2 to 4 cameras, the bar plot (d) suggests that the average error of the measuremet falls 

from 4% to 1.2%. Moreover, Plot (c) shows that the maximum measuremet error for the 25 marker points f 

alls from 12% to 3%. 

 

 

Figure 13: (a) multiple cameras experimental case study, (b) comparison between reconstructed flexural 

deflection shapes of the beam (grey line reference shape); (c) percentage error calculated along the beam 

span; (c) histogram of the mean error. Colour lines reproduce the cases listed in the histogram. 

6 Conclusions 

This paper has presented a simulation and experimental study focussed on the measurement of flexural 

vibration of distributed structures with multiple cameras. The study has considered a practical model 

problem composed by a cantilever beam excited by a tonal force at the fundamental resonance frequency of 

the beam flexural vibration. The study has therefore considered the measurement of the beam deflection 

shape at this frequency, which accurately approximates the first flexural mode shape. The study showed that 

the accuracy of the measurement increases as: 

a) the cameras are arranged closer to the vibrating structure; 

b) the cameras are separated by large aperture angles; 

c) the optical axis of the cameras impinges the structure with small elevation angles; 

d) the resolution of the cameras is raised; 

e) the number of cameras is increased. 

Overall, the study has shown that indeed Multiple cameras setups with low-resolution/high frame-rate 

cameras can be effectively employed to measure flexural vibrations of distributed structures up to audio 

frequency ranges. 
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Abstract
Vision systems are continuously expanding the sensing capabilities of modern vibration testing, while ap-
proaching the NVH measurements from quite different technological perspectives and physics. There is a
strong need in many design procedures of reliability, precision and physical soundness in the obtainable data
from the experiment-based quantities of optical full field instruments.
This paper wants to underline the background of the solutions, developed to obtain quantitative and physi-
cally sound precise comparisons, to help the researchers in the field expand the investigations also towards
other optical full field instruments and related processing techniques. Together with the details on the test
procedures, dataset transforms and structural dynamics hints, quality assessment features will be also pro-
posed and commented with examples, as metrics of the reliability in the collected experiment-based data, for
the benefit of the experts in optical instrument manufacturing, in experiment NVH & modal analysis.

1 Introduction

The aims of this work are all about the consistency and reliability of the Full Field FRFs’ comparison,
when dealing with full field optical measurements. Reliable predictions are strongly related to the accuracy
and the measurement contamination with which the physical quantities of interest are obtainable from the
experiments in a complex environment such as that of structural dynamics.

At their earlier steps, mostly qualitative and not competitive in terms of time-to-result [1], full field measure-
ments were mainly used to depict the response shape of a structure at a particular frequency of interest, due to
the high spatial sampling offered and high consistency of each measurement degree of freedom with neigh-
bouring samples [2]: a highly detailed spatial domain against the traditional coarse representation obtained
by lumped sensor placement, with surface deflection shapes rapidly changing from frequency to frequency,
functions of the complex superposition of the eigensolutions in non-conventional patterns, giving relevant
information on where to better locate the lumped vibration sensors or strain-gauges, the only quantitative
instruments at that time.

Since the 1980s a non-native full field instrumentation like the SLDV has expanded the technique of contact-
less point measurement in time/frequency domains to a fine grid of locations, thus extending the concept of
the velocity sensors to a spatially detailed acquisition, also adding no mass to the specimen. Thus SLDV was
till recently considered the reference for the need of spatially detailed FRF measurements in NVH, because
SLDV has kept the same peculiarities of previous technologies and proven procedures, just adding more dofs
at a reasonable cost.

Native full field technologies, those based on an imaging sensor that acquires photons synchronously at every
sensible site in an even denser grid, approach the measurement from another point of view, that of the ac-
knowledged quality obtainable in the spatial domain, especially in terms of consistency of the deflection field
in the neighbouring dofs [3,4]. Stroboscopic ESPI gives since the 2000s [5,6] an extremely accurate displace-
ment field at the frequency of interest up to several kHz; but having data at all the lines of a broad frequency
band may become prohibitive, due to time-consuming stepped sine excitation/acquisition, not automated till
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now. High-speed DIC, with its first commercial prototypes since around year 2005, has good detail in the
time resolved displacement maps, though the extraction of the correlated fields is still very demanding in
terms of calculation time. DIC can be more limited in the frequency domain, as the sensor/electronics band-
width puts a trade-off between resolution and sampling rate, together with some limitation on the memory
capacity of the cameras, which, though, are seeing rapid electronics improvements.

The fundamental research project TEFFMA funded by the European Commission and carried out the author1

at the Vienna University of Technology aimed at making a comparison between the state-of-the-art in native
full field technologies and the SLDV as reference, to understand at which point of their development these
experimental procedures can provide NVH applications with enhanced peculiarities. Many works [7–17]
were already published by the author about the growing full field optical technologies, their advantages and
drawbacks in a broad frequency range. Especially in the latest works [12,15–17] after the TEFFMA project,
it was shown how native full field techniques, even if not completely mature, have started to offer tangible
advances for the consistency and continuity of their data fields, which bring advantages in model updating
and derivative calculations (rotational dofs and strains). Clean full field measurement are also relevant to
numerically evaluate rotational dofs or also strains (in [9, 12, 15] the reader can appreciate the effect of the
measurement noise, left on purpose as that of the techniques), nevertheless the rotational dofs are usually
disregarded for complexity or burden of their measurement, while are recognized as relevant [18, 19] for the
successful build of a reliable dynamic model for complex structures [20–22].

This work instead is focused on the procedures, experimental and numerical, that were behind the high
accuracy achieved in TEFFMA efforts. Therefore, the reader will find comments and suggestions about the
steps that made the comparisons in TEFFMA so effective and consistent. After a fast introduction of the Full
Field FRFs in section 2, in section 3 the reader will find suggestions about the experimental realisation of
the whole comparative set-up. Section 4 is dedicated to the topology transforms that are needed to precisely
match different optical techniques, while section 5 offers some comments on the numerical tools that can be
used to assess the quality of the obtained results. To have a proof-of-concept, section 6 comments the latter
tools when applied on TEFFMA datasets.

2 Experimental modelling by means of Full Field FRFs

All the activities in the TEFFMA project gravitate around impedance based studies by means of full field
optical measurements, in order to obtain highly reliable Full Field FRFs with unprecedented spatial resolu-
tions, for any further speculation that may come either from experimental test or from numerical models,
also in hybrid frameworks.

2.1 Direct characterisation

The well known formulation [20,21] of receptance matrix Hd(ω), as spectral relation between displacements
and forces, will be used for the Full Field FRF estimation, describing the dynamic behaviour of a testing
system, with potentially multi-input excitation, here 2 distinct shakers, and many-output responses, here also
several thousands covering the whole sensed surface, as can be formulated in the following complex-valued
equation:

Hdij (ω) =

∑N
k=1 S

k
XiFj

(ω)
∑N

k=1 S
k
FjFj

(ω)
∈ C (1)

where Xi is the output displacement at i-th dof induced by the input force Fj at j-th dof, while Sk
XiFj

(ω)

is the k-th cross power spectral density between input and output, Sk
FjFj

(ω) is the k-th auto power spectral
density of the input and ω is the frequency, evaluated in N repetitions.

1A. Zanarini, scientific proposer & experienced researcher in the project TEFFMA - Towards Experimental Full Field Modal
Analysis, financed by the Marie Curie FP7-PEOPLE-IEF-2011 PIEF-GA-2011-298543 grant, 1/02/2013 - 31/07/2015
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Figure 1: Full field measurement instruments gathered at the optical anti-vibration table

Even if rooted to the practice of single sensor tests with a very coarse spatial grid, the matrix of real-valued
coherence functions Cohed(ω) might be arranged, with the following formulation [20, 21, 23]:

Cohedij (ω) =

∑N
k=1 |Sk

XiFj
(ω)|2

∑N
k=1 S

k
XiXi

(ω)
∑N

k=1 S
k
FjFj

(ω)
∈ [0, 1] (2)

where SXiXi(ω) is the auto power spectral density of the output displacement.

The coherence function is usually used as index of quality of the FRF estimation, as was also done in [15,16];
when there is a perfect cause-effect relation between input and output the coherence reaches the value 1,
dropping instead when the output takes energy from sources not correlated with the controlled input, such
as not considered forces, not perfect isolation from the ambient or problems in the energy transfer path of
the known input. Another cause of low coherence function is when the latter is evaluated on areas with
no movement (as on nodal lines) against a dynamic force, which means that it is related to the dynamics
of the component and not to any measurement chain error. Though, as later explained in paragraphs 5-6,
the coherence function can misinterpret the presence of coherent errors as a benefit for the estimation, since
coherent errors give energy in the output signal and participate to high levels of coherence function, masking
problems on the measurements.

2.2 Concerns about Full Field FRFs adding higher spatial resolution

Full field technologies can expand the analyses in the spatial domain, a region whose potentialities have not
been sufficiently explored in the past, in particular as EMA, EFFMA or model updating targets [10,17]. But
this transition can not be made without taking care of the concerns it carries: the quality of the output fields is
of uttermost importance, especially on the side of low error and high consistency & continuity. It might also
require strong efforts in the direction of refining the technologies and the analysis approaches, when not to
re-think some established procedures. On the other side, adding high spatial resolution in dynamic models by
means of Full Field FRFs will be a valuable addition to the state-of-the-art of the design of complex systems
and will surely lead to the exploration of new FRF-based quantities derived from excellent displacement
fields, such as surface rotations, strains & stresses and failure point distributions [12–15, 17].

3 Accuracy in the lab of TU-Wien for the TEFFMA project

In the well equipped laboratory of the TU-Wien it was possible to build a complex set-up for the comparison
of the qualities of the different technologies available in acquiring Full Field FRFs (as best detailed in [16]).
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3.1 Understanding of the technological limits

All the 3 techniques were thoroughly studied in order to understand the requirements for a common set-up.
Great attention was paid on the target reflective surface, to avoid hot-spots and channel clipping. The surface
was accurately whitened, before spraying the stochastic pattern for DIC: it resulted as even reflective surface,
optimal for SLDV and ESPI, perfect for DIC thanks to the required noise pattern. Attention was also paid on
the optimal positioning of the optical instruments: SLDV required the scanning head to be placed at multiples
of the resonator cavity length; DIC needed distant cameras for a robust stereo view, together with distance
from the acquisition plane, to be able to crop the CCD read area and to increase the fps; ESPI needed close
distances, to maximise the coherent light collection when scattered back from the surface. Therefore the
set-up arrangement, as show in Fig.1, was the precise synthesis of all these needs (ESPI, normally screwed
to the table, was removed when SLDV & DIC were active).

The needed forces were another issue to be considered: while ESPI and SLDV used quite comparable excita-
tion, DIC requested much stronger forces, thus suggesting an ESPI-SLDV-DIC sequence, not to accidentally
ruin the fine tuning obtained by ESPI session.

3.2 Finding a feasible performance overlapping

Not going inside the physics of each instrumentation [1, 2, 24–26], it was clear since the beginning that
there were differences in both spatial and frequency domains (more details in [16]). SLDV had a relatively
limited usable spatial resolution, while it had freedom in the frequency domain, as it works as traditional
time/frequency gauges. DIC could reach much higher spatial resolutions, but was limited in frequency by
the CCD bandwidth. ESPI was plenty of spatial resolution (even 1 million dofs), but required sine excitation,
up to many kHz, but cumbersome in acquiring all the needed frequency lines, especially if tightly spaced.
Great attention was paid to understand the limits & requirements of all these technologies in order to find a
common intersection of measurements conditions: there resulted a promising compromise in the range [20 -
1024] Hz, with the 3 techniques having their own spatial and frequency resolutions.

The linearity was checked by some comparative test with varying input power, to be able to compare mea-
surements done at three different source power levels. While SLDV and dynamic ESPI delivered matching
results in the whole range, Hi-Speed DIC sensed a slightly different (softer) dynamics at higher frequencies,
probably due to the much higher input force level and related non-linearities [16, 17].

3.3 Brief summary of the technological equipment

During the time of the measurements the laboratory facility at TU-Wien had a dedicated room with seismic
floor and air-cushion anti-vibration optical table, to filter out the environmental vibrations. A Polytec PSV
300 was at disposal, with 1D (out-of-plane) scanning head OFV-056. Due to its peculiarities of being the
junction instrument between the traditional NVH measurement technologies and the growing native full field
apparel, SLDV was taken as reference. Besides, it must be recalled that SLDV delivers velocities and not
displacements. As native full field equipment there were the Dantec Ettemeyer Q-500 Hi-Res, the ESPI
system for 3D dynamic measurements in stroboscopic coherent laser light, and the Dantecdynamics Q-450
for 3D dynamic DIC acquisitions by means of hi-speed cameras (Nanosense Mk III) in high frequency &
power white light. The equipment was completed by an LMS-Scadas Mobile SCM05 16 channels acquisition
unit, with its dedicated LMS Test.Lab software suite used to tune the experiments, B&K shakers and force
cells, amplifiers and dedicated waveform generators.

3.4 Brief experimental set-up description

The experimental set-up was designed in order to let all the three measurement technologies focus on the
same dynamic behaviour, as this was decided to be populated by a high modal density inside the frequency
range of interest. An aluminium rectangular thin plate was tightened by wires fixed to a solid frame on
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the air-spring optical table (see Fig.1) to restrain excessive rigid body movement. The surface of the plate
was sprayed with a random noise pattern paint layer to full-fill the requirements of DIC. The excitation was
given by electrodynamic shakers positioned on the back side of the plate, to full-fill the stepped-sine acqui-
sition procedure for dynamic ESPI measurements. SLDV works with both impact testing or electrodynamic
shaker excitation, so a common set-up was possible. LMS Test.Lab drove the excitation in SLDV and DIC
measurements, while ESPI system used an external sine waveform generator, synchronised with the phase-
shifting procedures. To be able to calculate the receptance FRFs, force signal was sampled at the shaker-plate
interfaces by means of force cells.

3.5 Pre-testing to tune the rig

As already explained in [16], the tuning of the set-up went far beyond the traditional selection of the best
acquisition parameters for each technology, being ESPI in the bunch of the techniques. ESPI permitted
unprecedented fine tuning of the rig, by adjusting the nuts on the restraints, when the dynamic analysis was
carried out at much higher frequencies than those in the common overlapping. ESPI strongly helped in
assessing, fixing and thus preventing unwanted vibrations from any part of the rig up to 6500 Hz, just above
the Nyquist frequency for SLDV: this means that the output motion of the plate was highly coherent with the
input force [9], for the best achievable measurements.

Great attention was also paid to the optical alignments of all the instruments, in all the directions/rotations;
also the depth of field of each optics was accurately selected to match the structural dynamics requirements,
in terms of collected photons and dynamic range for the best image quality.

The gained experience with full field optical measurements revealed itself, together with extended practice
of fine art photography, as pivotal in arranging the multiple camera acquisition for photogrammetry [26] tests
in [27].

4 Topology transforms

When the modal density is high and near or repeated poles are present, the dynamic behaviour of a structure
may markedly change along the sampled locations, as was clearly faced during the tests at the ground of
the TEFFMA project [9–11, 15–17]. A common reference for all the three techniques was needed, to be
sure that the data in the comparisons were precisely taken from the same physical position on the specimen
and to solve the observed practical issues here recalled, even after what stated in subsection 3.5. In [9] the
receptance Hd(ω) datasets saw an earlier comparison, but limited to a promising qualitative investigation
of the operational shapes and single FRFs, without the ability to make a real pointwise comparison among
the technologies. Albeit these optical technologies offered a highly refined description of the geometry
under investigation, further alignment, scaling and rotation of the grid needed to be considered, because the
perfect superposition of the grids was not granted and not easily achievable. SLDV had arbitrary scaling
factor and origin, not stitched to the real world scanned volume, plus a barrel distortion of the scanning grid
sketched, due to the lens on the instrument. DIC, even if precisely calibrated with the proprietary tools, gave
a rotated and slightly perspective distorted grid, later restricted by the software for the image correlation
evaluations. ESPI was the only one with native rectangular grid of data, in image-based coordinates, but
with an unreferenced origin; residual lens distortions might be left on the field reflection or in the reference
light, but can not be clearly seen in the interferometric approach. Unfortunately, even with the best accuracy
in setting up the test rig as in section 3, there was a slight unavoidable error on location assessment and
size of the measured surface: the accuracy on the live-view geometry was much worse than that of the
dynamic measurements, with the calibrated gears. Even if in each software live-view monitor the sample
appeared quite coincident, errors on scaling, shift and orientation remained on the grids, while the structural
dynamics should have been the same for all the non contacting technologies. All this means that no pointwise
comparison could be made without topology processing and precise matching of the datasets.

The proposed and implemented procedure, sketched in the flow chart of Figure 2a, to obtain a precise point-
wise comparison on the 2D topology of the tests, started with the identification of two common reference
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Figure 2: Flow chart of the grid matching procedure between the object and the reference datasets in a, with
an example of rotated grids and common inner grid in b.

points in each dataset, with expected best matching dynamic behaviour; then it proceeded with the scaling,
rotation and alignment of the 2D grids to a common coordinate system. Instead of marking with two graphi-
cal references the accessible surface of the plate, not to ruin by any means the stochastic pattern sprayed for
best DIC measurements, a mating procedure was here adopted by seeking the two shakers’ locations in the
datasets, by means of FRFs analysis (see [20,21]). Later, once the three grids were in the wanted position and
properly scaled, the common portion of the measured area had to be extracted, based on discrete geometry
considerations (e.g. as in Fig. 2b, with the blue area being the common portion of the red reference map
with the green rotated grid). Lastly, the data map to be transformed was interpolated on the common points
of the reference grid (e.g. as in Fig. 2b, where the green field was interpolated on the grid of the common
blue reference portion). This has brought to three different reference grids (SLDV-, DIC- and ESPI-based)
against which to make the pointwise comparison of the other two techniques, by means of advanced spatial
interpolation of the datasets. Differences in frequency sampling were instead coped with simple cubic spline
interpolation in the frequency domain, once a reference set of discrete frequencies was chosen.

The basic features of the datasets retained in section 6 are the restricted geometry grid (57 x 51 dofs) of the
reference for all the three technologies, taken from that of SLDV, and the frequency axis in the common
range of [20.312 - 1023.438] Hz, with the SLDV native spectral spacing of 0.78125 Hz. By means of these
choices, the SLDV dataset was only restricted (by dropping the outlier grid points), but not interpolated,
thus avoiding potential distortions. Instead, DIC and ESPI were interpolated in both spatial and frequency
domains. The quality reached in the processed receptance FRFs was promising for all the potential elabo-
rations in frequency domain (see [13, 15, 17, 28, 29]), especially when dealing with space domain numerical
derivative operators, as lastly applied in [12].

5 Extra tools for processing quality assurance

As pointed out in [9, 16] and in section 2, due to its punctual formulation [20, 21], the coherence function
Cohed(ω) does not take into account the consistency of the measurements with the neighboring results on
the spatial grid but just one separate dof at a time, leading to the judgment of very highly coherent responses
with the excitation force even when the grid is scattered with relevant uncertainty around a mean, and more
physical, deflection shape. The error in the output measurements, scattered also on nodal lines, is then biased
as if linked to the excitation force, but this tends to mask the real behaviour of the specimen, as mentioned
above. The coherence function proved to ignore the non-physical scattering, which might be, for different
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reasons, spread on the measuring grid. To overtake the issues in the coherence function already thoroughly
discussed in [9, 15, 16], other processing tools are here for the first time proposed and implemented (with
personal development from what suggested in [30]) to address more properly the error analysis of full field
measurements.

5.1 MAC & FRAC

Recalling [31], MAC can be applied on the entire ODS field of two sets to address the similarity among
the competing techniques at specific frequencies, whereas FRAC can highlight where on the maps the dofs
correlate better in the whole frequency range. Therefore MAC and FRAC can be extended to two distinct
sets of Full Field FRFs, thus ODS maps, as:

MACω1,ω2 =

∣∣Hd1(ω1)H
H
d2
(ω2)

∣∣2

Hd1(ω1)HH
d1
(ω1)Hd2(ω2)HH

d2
(ω2)

∈ [0, 1] (3)

FRACij =

∣∣∣∣∣

ωend∑

ω=ωstart

Hd1,ij (ω)H
H
d2,ij

(ω)

∣∣∣∣∣

2

ωend∑

ω=ωstart

Hd1,ij (ω)H
H
d1,ij

(ω)

ωend∑

ω=ωstart

Hd2,ij (ω)H
H
d2,ij

(ω)

∈ [0, 1] (4)

where H is the hermitian operator.

5.2 Errors & field roughness

In order to address the error quantification on a raw full field dataset, it is relevant to find the smooth & clean
surface underneath. Therefore the error function can be defined as the complex-valued difference between
the raw (r) and the smooth (s) fields as follows:

Err(ω) = Hdr(ω)−Hds(ω) ∈ C (5)

Of the error function it is possible to quantify, at each frequency line, the minimal, the mean and the maximal
values, together with higher order statistical figures, such as the standard deviation [23].

The roughness index of each complex-valued raw field can be instead defined borrowing the definitions of

Figure 3: Examples of MAC matrices (1285x1285 frequency lines) from SLDV, DIC and ESPI: SLDV vs
DIC, SLDV vs ESPI, DIC vs ESPI.
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Figure 4: Examples of FRAC matrices from SLDV, DIC and ESPI: SLDV vs DIC, SLDV vs ESPI, DIC vs
ESPI.

Figure 5: Examples of AutoFRAC matrices of raw vs smooth fields from SLDV, DIC and ESPI: SLDV r vs
SLDV s, DIC r vs DIC s, ESPI r vs ESPI s.

surface metrology:

RoughRe,Im(ω) =
1

ndofs

ndofs∑

i=1

∣∣ErriRe,Im(ω)
∣∣ ∈ C (6)

It is also significant to evaluate the roughness percentage over the complex-valued amplitude of the field:

Rough%Re,Im(ω) = RoughRe,Im(ω)/ampRe,Im ∈ C (7)

6 Examples

By means of what was already acquired in [16], it is possible to apply the proposed bench-marking features
to the transformed Full Field FRFs, where the references of geometry and frequency belong to SLDV.

In Fig.3 are proposed the MAC matrices as calculated by Eq.3: SLDV vs DIC, SLDV vs ESPI, DIC vs
ESPI. The 3 matrices are each of size 1285x1285, being the common number of frequency lines after the
topology transform for the comparison. It appears that the comparison among native (DIC, ESPI) full field
technologies gives a maximal MAC value of 99.6% and it is stronger throughout the whole diagonal, whereas
the MAC value of SLDV vs DIC is 92.2% and of SLDV vs ESPI is 92.6%.

In Fig.4 are proposed the FRAC matrices as calculated by Eq.4 on raw datasets: SLDV vs DIC, SLDV vs
ESPI, DIC vs ESPI. The 3 matrices are each of the same size of the transformed common geometry, to
reveal the weak dofs among the technologies. While the maximum of FRAC matrices is 91.8%, 92.5% and
91.2% respectively, there are alarming minimums of 6.1% in SLDV vs DIC and of 7.4% in SLDV vs ESPI,
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Figure 6: Examples of raw & smooth fields from SLDV, DIC and ESPI at 126.56 Hz

Figure 7: Examples of error patterns from SLDV, DIC and ESPI at 126.56 Hz

whereas the FRAC minimum between DIC & ESPI is 54.7%. As repeated in many papers [9,11,15–17], the
SLDV suffered by unpredictable scattering of noise over the raw fields, as revealed by FRAC values and also
by the jeopardised pattern over the FRAC matrices. Instead, Fig.5 reveals the smoothing distribution that
was necessary to reach smooth fields, as accumulated in the whole frequency range. Again, the AutoFRAC
ranges may suggest the overall quality of the measurements, with [0.911-1.0] for SLDV, [0.968-1.0] for DIC
and [0.992-1.0] for ESPI, which could be easily quantified as the most clean of the bunch, as always said
in [9, 11, 15–17]. Specifically, errors are detrimental in numerical differentiation, as explained in [12].

As in Fig.6, the smooth field is estimated underneath the raw dataset: the different is self-evident for SLDV,
slight on the borders for DIC, imperceptible for ESPI. Fig.7 highlights the corresponding error pattern from
Eq.5: there results a clear difference in the shape of the error function among the 3 techniques.

Figures 8 show the effect of spatial domain smoothing on a specific FRF (at the white dot [dof #95] on
the whole ODSs), for which all the 3 techniques are compared together. Instead, Figs.9 propose for each
technique the superposition of the raw and spatially smoothed FRF. At the frequency line of the numerical
inquiry (126.56 Hz), it becomes manifest the difference for the technique, which was mostly affected by
scattering error: SLDV in both figures.

Finally, Fig.10 puts together the proposed indexes to quantify the error scattered on the complex-valued data
fields, with focus on the same frequency line discussed above. The logarithmic ordinate scale was used to
appreciate the differences among the indexes: in this way also the mean is visible, otherwise close to null,
being the minimum and maximum error values around the same modulus. The absolute roughness of Eq.6
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Dof [95] dir [3]
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[mm/N] [dB]
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[rad]

PhaDIC_r=-0.293 PhaESPI_r=-1.454 PhaSLDV_r=-0.653 [rad]

Dof [95] dir [3]

References: Geom SLDV Freq SLDV Shakers: #1[2611]  #2[931] Used: S1

20.312 1023.438Frequency [Hz]

DIC_s

ESPI_s

SLDV_s

-104.023

-14.093

Amp
[mm/N] [dB]

Step[137]=126.562 [Hz] 	AmpDIC_s=-19.886 AmpESPI_s=-15.268 AmpSLDV_s=-14.334 [mm/N] [dB]
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Figure 8: Examples of raw & smooth FRFs from SLDV, DIC and ESPI in dof #95, focused at 126.56 Hz

becomes a reliable index of the errors on the whole field, being, at the frequency of the quantitative focus,
equal to -29dB for SLDV, -71dB for DIC, - 69dB for ESPI, thus quantifying the clear difference already seen
on the ODS shapes in Fig.6. Also the roughness percentage of Eq.7 deserves attentions. It appears manifest
that for SLDV there is a clear adherence with the FRF peaks, witnessing some issues in the technology
control (as already pointed out in [16]), although not self-evident by the untrustable ”optimal” or ”very good”
response on the scanning software, which might had been improved with different acquisition parameters.
Instead, the native full field optical techniques appear more insensible of the structural dynamics underneath,
but DIC appears slightly affected by an increasing roughness percentage at the higher frequencies, where it
becomes harder to sense reliable ODSs [16]. Lastly, the standard deviation, for its mathematical definition
[23] with a mean close to null, replicates the absolute roughness of Eq.6, multiplied by the dofs number.

7 Conclusions

This paper has highlighted the importance of concurrent tools and operative suggestions to obtain increasing
quality from full field measurements, for the final advancement of design procedures in NVH. It was shown
how to go beyond the traditional FRFs & Coherence functions, with special attention to the topology trans-
forms for a true comparison of different technologies. Nonetheless, tools to quantify and to reveal errors on
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Figure 9: Examples of differences between raw & smooth FRFs from SLDV, DIC and ESPI in dof #95,
focused at 126.56 Hz
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Figure 10: Examples of error indexes from SLDV, DIC and ESPI, focused at 126.56 Hz

the fields were introduced and discussed, as valuable aids in both the testing and in the post-processing, for
an increased awareness of the qualities of the full field measurements in dynamic testing of structures.
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The path towards experimental Full Field NVH measurements is paved with promising advancements.
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Abstract
Complex mechanical products in automotive, aerospace and other mechanical industries are validated using
vibration measurements and experimental modal analysis. These tests are mainly performed using pointwise
sensors connected to the structure. A limited number of transducers might not be able to comprehensively
measure the dynamic response, especially when dealing with large-size or very small structures. This is one
of the reasons behind the development of image processing techniques, like Digital Image Correlation (DIC),
to perform modal analysis. A particular field of interest in using DIC for vibration analysis is in using cheap,
light and low speed camera to detect structure’s high frequency behavior. In this paper techniques such as
under-sampling and remapping the time histories to measure above the camera Nyquist frequency limit are
investigated. Moreover, the DIC estimated modal parameters are validated by using accelerometer sensors
mounted on the test bed and a full field validation of the FE model is presented and discussed.

1 Introduction

Nowadays, there has been an increase in applications of lightweight and composites materials in the automo-
tive, aerospace and other advanced manufacturing industries. The dynamic properties of structures can be
extracted from both forced and ambient vibrations tests. At the state of the art experimental modal analysis is
performed using conventional pointwise transducers, like accelerometers. These can provide just local mea-
surements. On the other hand, the state of the art numerical simulation of the structures’ dynamic behavior
through FE Analysis (FEA) can provide full-field results. Therefore, there is a lack of points/DOFs in the
validation and updating process of the FE models using experimental data [1]. Image processing methods,
like Digital Image Correlation (DIC) has recently received special attention in the structural dynamics field
because it can be used to obtain full field measurements, [2, 3]. Particularly, DIC for vibration analysis is
mostly performed on aerospace and automotive components [4, 5, 6, 7, 8] and rotating structures [9] like
turbine blades [10], helicopter rotors [2]. To characterize structure high frequency behavior there is the need
of high speed camera. However, high-speed cameras are characterized by an increasing of the frame rate
with the decreasing of the resolution. Hence, for having both an high resolution and the possibility to detect
structure’s high frequency behavior, techniques such as under-sampling and remapping the time histories to
measure above the camera Nyquist frequency are investigated, [11, 12, 13].

Moreover, pointwise sensors can influence lightweight structures due to the mass loading effect and they
introduce electrical noise to the measured signals due to the unavoidable wiring. This is another reasons
behind the development of image processing techniques to perform modal analysis of mechanical structures
without contact and without having to instrument the test structure.

In this paper, DIC technique is used to get the full-field displacement time histories of the unity under test.
These information are after used in combination with Siemens Simcenter Testlab to obtain the FRFs matri-
ces for the modal parameter estimation with Polymax algorithm, [14]. An airplane mockup was analyzed
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both using accelerometers and low speed cameras. An approach focused on multiple measurements using
low speed camera to reconstruct the aliased bandwidth was examined and a validation of the FE model is
presented and discussed.

2 Theoretical background

In this part of the paper a quick recall to the theoretical background behind the DIC analysis and the use of
low speed camera for high frequency behavior characterization is presented.

2.1 Digital image correlation working principle

DIC only requires a set of cameras and a specimen which has been speckled (i.e. a gradient must be present
in the photographed specimen, which can be created with spray paint, a marker, stickers, etc.) for point
tracking. Fig. 1 shows the DIC working principle: the first image of camera 1 is used as a reference image to
which the image of the second camera (taken at the same time) is compared. The corresponding points can
be triangulated into a three-dimensional point in space (denoted as [X,Y,Z]) if the orientation of the cameras
is known (by performing a pre-test calibration). The same matching of points can be done over time so each
measurement point can be tracked over time, leading to a total deformation tracking of the surface area of a
specimen (in which the deformation is indicated as [U,V,W]).

This process holds some intrinsic requirements towards the images: a gradient, as well as contrast, must
be present so features can be tracked. The size of those features lead to the minimal size of the so-called
subset (also called interrogation window), indicated in yellow in Fig. 1, which encompasses several features
and which is tracked throughout the set of images. This is needed since a single pixel is not a unique item
due to the limited amount of grey scales which are stored in an image (usually 8 bit cameras are used, so a
maximum of 256 grey scales are available). A cluster of pixels is however a unique set of data which can be
tracked, while it will also reduce the measurement noise at the same time. This subset is restricted in the way
it can deform by assigning a so-called “shape function” to it, leading to an even higher amount of robustness
against noise (more information on the shape function can be found in [15] and [16]). This, together with
image interpolation for sub-pixel accuracy [17], leads to high-quality and precise measurements of shape
and displacements.

Figure 1: Principle of DIC.
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2.2 Low Speed camera for high frequency behavior characterization

In this paper, cheep low speed camera are used to investigate vibrations at frequency higher with respect to
the camera Nyquist frequency. The under-sampling and remapping the time histories method was used to
measure high frequency vibrations.

A fundamental hypothesis behind this method is that the signal that we want to reconstruct has to be periodic.
When a signal is periodic it is possible to reconstruct it at a lower frequency using signal aliasing. If we want
to measure the blue signal in Fig. 2(a) having a frequency f = fsignal and we sample it with a sampling
frequency fsample < fsignal we obtain the purple signal, Fig. 2(b) having a frequency fr related both to
fsignal and fsample and equal to:

fr = fsignal · fsample · (f−1
sample − f−1

signal) (1)

An important property of the reconstructed signal is that the shape of the reconstructed signal has the same
shape of the original one but scaled along the time axis. The purple signal is described by the equation:

Sr(t) = Ssignal(
fr

fsignal
· t) (2)

Therefore, using the Eq. 2 we can derive Eq. 3 and reconstruct one period of the desired signal, obtaining
the one in Fig. 2(c).

Sartif (t) = Sr(
fsignal
fr

· t) (3)

(a) Original signal. (b) Original and sampling signals. (c) Reconstructed signal.

Figure 2: Signal reconstruction process.

From the experimental point of view, the structure was excited with a periodic chirp signal having a maximum
frequency minor than the used camera sample frequency. Therefore, the chirp signal was reconstructed using
the method previously exposed.

3 Experimental set up

The possibilities of using DIC as a measuring tool were explored by using it as a data-source for performing
a full-field modal analysis by measuring an airplane mockup. The specimen on which a white base coat has
been applied is shown in Fig. 3(a). The same specimen after the application of the white coat, needed to
create enough contrast after applying the speckles (i.e. features), is shown in Fig. 3(b). Finally, the specimen
used for the DIC test is shown in Fig. 3(c). The structure was suspended using soft bungees for simulating
free-free boundary conditions.

The full experimental setup, including the 2 cameras, the lights and the acquisition systems, is shown in
Fig. 4(a). Particularly, in Fig. 4(b), the two acquisition system, the SCADAS, from Siemens Industry
Software NV, and the TriggerBox, from MatchID, are shown. These 2 systems were interconnected together
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(a) Virgin structure. (b) White coated structure. (c) Speckled structure.

Figure 3: Process of speckling.

(a) Full experimental setup. (b) Data acquisition system.

Figure 4: Experimental Setup.

for synchronizing the cameras (triggered by the MatchID TriggerBox) with the shaker (triggered by the
Siemens SCADAS). A simple scheme on how the whole system was connected is shown in Fig. 5

A sine signal is sent from the SCADS to the TriggerBox. The latter, knowing the sine frequency, locks onto
it based on the zero crossing and the positive slope. In this way the two systems are synchronized. In the
meanwhile a periodic signal, multiple Chirps in our case, is sent to the structure through the shaker. For
each period, following the method exposed in Sec. 2.2, a certain number of pictures is grabbed in order
to reconstruct the chirp signal using a camera sample frequency minor with respect to the maximum chirp
frequency. The acquisition parameters and the signals specifications used in this measurement campaign are
shown in Tab. 1.
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Figure 5: TriggerBox - SCADAS connection.

Figure 6: Shaker drive signal and sync sine.

Table 1: Acquisition parameters.

Signals Specification
Parameters Value
Sine Frequency 0.25 Hz
Sine Amplitude 3 V
Chirp Frequency 1-200 Hz
Chirp Amplitude 0.3 V
Testlab acq. parameters
Parameters Value
Bandwidth 256 Hz
Spectral lines 256
Acquisition time 1 s
MatchID acq. parameters
Parameters Value
Sample frequency 512 Hz
Camera frequency 8 Hz

As it is possible to see from Tab. 1, the sine period is 4 s and the Chirp period is 1 s. It means that the output
displacement from 4 chirps is reconstructed by the camera system. This choice was made in order to have
4 averages for the FRFs calculation. The sine time signal sent to the TriggerBox for the synchronization is
shown in Fig. 6 together with the Chirp signal sent to the shaker.

From Fig. 4(a) it is also possible to see that some accelerometers where attached to the bottom face of
the structure. The accelerometers output were used to obtain a reference result to compare with the DIC
estimated modal parameters. Particularly, 22 accelerometers and 1 cell force attached to the stinger head
were attached to the structure. The cell force output signal was used as a reference for the FRFs calculation,
both for DIC and accelerometers.

The synchronization between the 2 systems was checked recording the sine both with the MatchID Trig-
gerBox and the Siemens SCADAS. A small misalignment between the 2 system, as shown in Fig. 7(a) was
found. This misalignment was solved in a post processing phase finding the number of samples to be delayed
in order to obtain the maximum correlation between the Testlab and MatchID sine signals. Therefore the
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Testlab sine was aligned onto the MatchID sine. Based on these results, also the time output signal from the
cell force to be used for the FRFs with the displacements was delayed .

(a) Sine comparison before allignment. (b) Sine comparison after allignment.

Figure 7: Sine comparison.

The steps going from the data acquisition to the modal analysis results for the DIC data are listed here:

1. Refining of the synchronization in a post acquisition phase;

2. Export full-field displacement of all images from MatchID software;

3. Manipulation and data reduction in Matlab to build the displacement time histories of all points mea-
sured during the entire measurements;

4. Import time histories in Simcenter Testlab for each measured Degree-of-Freedom (DoF);

5. Import the geometry from MatchID software;

6. Calculate FRFs in terms of Displacement/Force and perform EMA;

7. Estimation of the modal parameters fn and ζn and the mode shapes;

4 Results

4.1 Accelerometers results

The results in Fig. 8, in terms of stabilization diagram and Auto-MAC, were obtained processing directly
the output accelerations from the accelerometers.
11 natural frequencies and mode shapes were identified in the bandwidth of interest. The first 9 mode shapes
are shown in Fig. 9.

4.2 DIC results

Two Blackfly S BFS-U3-51S5M low speed camera were used in a stereo DIC setup to grab the pictures of
the specimen during the excitation. The specifics of the cameras and the MatchID processing parameters are
shown in Tab. 2 together with the geometry, Fig. 10, extracted directly from the camera pictures.

2048 images were acquired and 12800 points were analyzed. All the 3 DoFs were considered in the analysis.
The results in Fig. 11, in terms of stabilization diagram and Auto-MAC, were obtained processing directly
the output displacement time histories of MatchID software following the steps aforementioned.
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(a) Accelerometer Stabilization diagram. (b) Accelerometer Auto-MAC.

Figure 8: Stabilization diagram and Auto-MAC.

(a) 1st Mode shape. (b) 2nd Mode shape. (c) 3rd Mode shape.

(d) 4th Mode shape. (e) 5th Mode shape. (f) 6th Mode shape.

(g) 7th Mode shape. (h) 8th Mode shape. (i) 9th Mode shape.

Figure 9: Accelerometers mode shapes.

9 natural frequencies and mode shapes, Fig. 12, were identified in the bandwidth of interest. From a first
investigation it was noticed that the stable poles at a frequency higher than 105 Hz represent a dynamic be-
havior different than the one found with the accelerometers. This is probably due to the too low displacement
at that frequency and therefore the displacement signal is lower than the camera noise floor. These behavior
is still under investigation. It is also possible to notice from Fig. 11(a) that a frequency filter between 10-200
Hz was used to cut out the low frequency rigid body mode.

OPTICAL METHODS AND COMPUTER VISION FOR VIBRATION ENGINEERING 2315



Figure 10: Mockup Geometry.

Table 2: DIC parameters.

Parameters Value
Focal length 12.5 mm
Max fps full resolution 75 fps
Resolution 2448(H) x 2048(V) px
Subset 17
Step 8
Interpolation Bicubic Splines
Shape Function Quadratic

(a) DIC Stabilization diagram. (b) DIC Auto-MAC.

Figure 11: Stabilization diagram and Auto-MAC.

5 Results Comparison

The modal parameters obtained from DIC and accelerometers are compared together in Fig. 13 and Tab. 3.
It is possible to see that there is a good correlation between the 2 measurement systems up to the 6th mode
in terms of mode shapes and for all the modes in terms of natural frequencies (the % error is below the 5
%). It has to be highlighted that the lack of correlation on the 7th, 8th, 9th mode shapes are mainly due
to the fact that these modes are hidden under the vertical displacement of the full mockup. The 9th mode
shape is the first in-plane mode shape. This mode is detected using DIC, Fig. 12(i), but, as just said, it is
also strongly hidden under the vertical displacement of the full mockup. Therefore, the correlation, for this
modes, between the accelerometers and the DIC it is not good.

Being available a reliable FE model of the structure, the full field mode shapes were also compared with the
numerical results. The modal parameters obtained from the DIC and the FEA are compared together in Fig.
14 and Tab. 4.

It is possible to see that, also in this case, there is a good correlation between the DIC and the FEA mode
shapes up to the 6th mode. The main reason behind the lack in the correlation at higher frequency, 7th 8th

9th mode, is due to the rigid body motion in these DIC mode shapes. An example of the effect of the the
rigid body motion is shown in Fig. 15.

As it is possible to see from Fig. 15, from a qualitative comparison, the DIC and Numerical mode shapes
seem to be similar each other. However, from a quantitative comparison, MAC, the correlation value is really
low (MAC< 0.1). The idea behind an improvement in these results in a next step phase is to remove the
rigid body motion from each mode shape independently.
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(a) 1st Mode shape. (b) 2nd Mode shape. (c) 3rd Mode shape.

(d) 4th Mode shape. (e) 5th Mode shape. (f) 6th Mode shape.

(g) 7th Mode shape. (h) 8th Mode shape. (i) 9th Mode shape.

Figure 12: DIC mode shapes.

Figure 13: MAC matrix.

Table 3: Modal parameters comparison.

Mode Accelerometers DIC
fn (Hz) ζn (%) fn (Hz) ζn (%)

1 17.77 1 18.55 2.39
2 34.29 1.08 34.20 0.13
3 61.58 1.22 61.65 1.04
4 64.27 0.97 64.23 0.34
5 75.28 1.05 75.22 0.72
6 81.05 1.61 81.55 1.02
7 88.38 2.21 89.39 1.98
8 91.44 1.48 94.66 2.15
9 104.32 0.42 105.84 0.67
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Figure 14: MAC matrix.

Table 4: Modal parameters comparison.

Mode FEA DIC
fn (Hz) fn (Hz)

1 19.42 18.55
2 38.36 34.20
3 71.39 61.65
4 73.89 64.23
5 87.60 75.22
6 92.20 81.55
7 101.44 89.39
8 102.07 94.66
9 114.33 105.84

(a) 7th mode shape, MAC=0.089. (b) 8th mode shape, MAC=0.098.

(c) 9th mode shape, MAC=0.008.

Figure 15: Effect of rigid body motion.

6 Conclusions

In this paper, a first attempt to use DIC for modal analysis is investigated. An experimental measurement re-
sults which combines conventional modal analysis (accelerometers) with the novel DIC experimental modal
analysis is presented. The use of low speed camera for high speed vibration measurements seems to give
very good results. The application of DIC in the modal analysis field in order to enrich the conventional
modal analysis results with high density data is very promising. However some limitations need to be taken
into account:

• Data reduction techniques should be implemented to allow faster and accurate processing with current
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processors capabilities;

• A deeper investigation on the capabilities of using DIC with low displacements, that occurs at high
frequency, should be done;

• A streamline solution covering the full measurement and processing chain is needed;

• A further investigation on the modal damping coming out from the DIC modal analysis should be
done;

A very accurate validation of Finite Element (FE) models due to the very high spatial resolution it is possible
using DIC full field displacement modal analysis. This is one of the main advantages of DIC which shows
also potential for identifying defects in lightweight strictures where the weight of sensors could be an issue
when instrumenting the specimen for testing.
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Abstract
Phase-based Motion Magnification (PMM) has recently emerged as a potentially disruptive technology in the
field of Optical Methods for Vibration Engineering. In facts, PMM allows to post-process high-speed video
recordings in order to magnify small motions happening in a prescribed bandwidth. This work discusses
the possibility of using PMM as a non-destructive inspection tool for defect detection and identification in
vibrating panels. In particular, our strategy relies on measuring the low-frequency eigen-shapes aberration
resulting from small defects, which are usually very localized in space but appears even at lower frequencies,
making the approach suitable only for any high-resolution full-field optical technique. A novel Phase-based
defect detection processing pipeline is described, and this work presents the preliminary feasibility results of
our research. Validations were carried out by means of numerical simulations relying upon a photorealistic
dynamic finite element model of a rectangular plate.

1 Introduction

In the last few decades, image-based Optical methods have emerged as an attractive solution for measuring
vibrations due to exceptional advances in computing power, memory storage and increased availability of
high-speed camera sensors [1]. Besides the industrial-grade optical non-destructive methods such as, Laser
Doppler vibrometry (LDV) [2, 3, 4, 5] or Electronic Speckle Pattern Interferometry (ESPI) [2, 6], novel
image-based measuring techniques are emerging, which rely on images or photographs to sense measurable
quantities for the need of structural dynamics and vibration monitoring. More exactly, most recent trends are
characterized from migrating or adapting old computer vision techniques to high-speed imaging vibration
monitoring application: this trend has been fueled mostly by technological developments, with modern
hardware making old methods suitable for dynamics applications.

An emblematic example is optical-flow, whose theory date back to the early eighties [7, 8, 9], but was
recently demonstrated as a viable tool for modal analysis [10] [11] and structural vibration measurements
[12]. Similarly, although the principles of stereo or multi-view Photogrammetry have matured in the last
century, a plethora of Photogrammetry methodologies have appeared recently for structural dynamics [1].
Methods can be broadly classified in three categories, depending on the tracking approach used: point-
tracking(PT) [3, 13, 14, 15, 16, 4], digital image correlation (DIC)[3, 17, 18, 19, 5, 20, 21, 22, 6, 23, 24, 25],
and target-less approaches.
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Several works document the potential of leveraging photogrammetry on industrial-grade problems. DIC and
PT methods were validated in comparison to LDV and accelerometer measurments in [3]. A comparison of
several PT methods was discussed in [14], whereas a comparative analysis of DIC and LDV, detailing their
pros and cons for vibration and modal measurements was detailed in [5]. Feasibility of using DIC-enabled
drones Structural Health Monitoring has been documented [26, 27]

For observing very large object, such as construction sites or building, but also very complex shape items such
as industrial machines, using only one pair of stereo-cameras may be prohibitive. As a consequence, usage of
multi-view approaches were demonstrated were multiple stereo-camera were used to record synchronously
and a stitching method was applied on the the acquired time-domain deformation patterns[18, 28]. Later
on, the same approach was made more profitable by scaling the modes shapes using measured force spec-
trum, and thus porting the stitching from time-domain deflections pattern to frequency-domain FRF deflec-
tion shapes [29, 30]. More recently, the approach was extended to rely on operational deflection shapes
[31, 32, 22] where the force-based scaling is no longer needed. Lately, multi-view geometry was used to
further increase profitability enabling frequency-domanin deflections reconstruction by using only one cam-
era moved at different locations [33, 34]. Some more elaborate related attempts of using a single-camera
setup have been proposed, either based on mirror setups to emulate a stereo-rig [35, 36, 37, 15, 23], or in
combination of a still-camera [38].

Research efforts have been also directed towards relaxing the very demanding Nyquist-Shannon sampling
frequency limitation. In [23], they used a single industrial low-speed camera, relying on a pseudo-stereo
configuration (mirror based) to enable 3D-DIC. They demonstrated profitability of above Nyquist sampling,
exploiting a down-sampling approach, with the main hypothesis being that the vibration signal is character-
ized by a single known frequency component. Same authors demonstrated the feasibility of the approach
also for regular stereo low-speed camera systems [25]. A different solution was provided in [39], which re-
lies on exploiting explicitly the signal aliasing properties in modal analysis. In particular, they exploited the
spatio-temporal uncoupling property of modal expansion, achieving an accurate estimation of mode shapes
from temporally-aliased vibration measurements.

A peculiar alternative to all the above mentioned methods relies on the video Motion Magnification approach,
originally introduced at MIT [40, 41, 42, 43] which consists in a phase-based Eulerian video-processing
approach consisting in altering the video, with a sort of ”motion microscope” effect, such to enlarge motion
happening in a prescribed frequency band, making small vibrations.

Although a solution to handle large motions was already presented in [42], other researchers started to
propose mild modifications to the original processing pipeline, to focus more on acceleration magnification
[44, 45, 46] instead of displacements, in order to more naturally accommodate for large motions while still
magnifying vibrations. A generalization of VMM to be used for depth-sensing cameras was proposed in
[47], whereas in a more recent work [46] authors claims to have improved the original pipeline by avoiding
the direct computation of phase gradients.

Application of VMM techniques in the field of vibration engineering was first proposed by the MIT re-
searchers already in [48]. They proposed to use VMM, combined to edge tracking to extract and animate
operational deflection shapes of the vibrating structures. The proposed pipeline consists in three stages:
first, a very effective video-motion processing techniques, relying on the same phase-based mathematical
background of VMM is used in order to sense acceleration of the structure at several location. Therefore,
resonance frequencies of the structure can be estimated by means of regular modal estimation techniques. At
last, VMM can be used to extract the magnified operational deflection shapes for each resonance frequency.

Since then, VMM was used as a pre-processor in combination of other techniques, mainly to benefit from
its peculiar property of magnifying motions, without increasing also the noise floor, thus increasing the
overall SNR. Poozesh at al. [49] demonstrated the feasibility of extracting operating shapes using VMM
in combination of PT. A joint method combining VMM and DIC for mode shapes characterization was
proposed first in [50], and further developed later in [51] where the same authors described how to use
3D-DIC on top of two individually magnified videos.

Applications of VMM in combination of Phase-based motion processing enabled to extract the operational
deflection shapes of a wind turbine [52]. The method paved the way for the phase-based damage detection
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approach proposed later in [53], where the magnified deflection shapes were further processed with edge
detection, with some manual intervention still needed for achieving the desired outcome. Same authors
proposed to use particle filters in order to partially automate the process of extraction of the deflection shapes
from the magnified videos [54].

More recently, Yang et al. demonstrated that the original VMM pipeline can be tuned to accomplish exper-
imental modal analysis, in combination of blind source separation tecniques [55], without the need of any
other measuring methods, nor the a-priori knowledge of the resonance frequencies. Later on, the proposed
technique has been exploited to achieve the modal updating of a high-fidelity finite element model (FEM),
and by modal superposition, the estimation of full-field dynamic strains [56]. In effects, usage of blind sep-
aration as a tool for modal parameter estimation was already documented in [57], but based on optically
measured - by means of 3D point tracking - displacements. More in general, the methods proposed by Yang
et al. [56]represents a technologically more mature alternative to other related researches, where model-
based strain estimation was achieved, by using a few optical markers on the structure [58] or by means of a
virtual sensing strategy, with a very limited number of accelerometers[59, 60]. A similar related research was
presented recently in [61], which relies on DIC for retrieving experimentally a set of full-field strain mode
shapes used to build the high-fidelity FEM, which is required by the adopted strain expansion-reduction
approach.

This works documents the preliminary investigation regarding the usage of VMM as an inspection tool
for defect or damage detection. Similarly to what proposed in [53], the proposed methodology aims at
retrieving the presence of defects by analyzing the deflection shapes aberrations arising at a given resonance
frequency, or more blindly on a broad frequency range. Comforted and partially inspired to the recent
advances documented in [55, 56], the method proposed along this paper relies on a modification of the
VMM original pipiline [40], which consists in avoiding the band-pass time-filtering of the Complex-Pyramid
phase coefficient, in favor of a more general time-frequency-domain transposition which enable to compute
the full-field FRF deflections. A direct comparison, by means of cross-correlation, between the reference
(healthy) FRF deflections, and the damaged ones allows to highlight defect presence, even using a single
camera setup.

In particular this works aims at (1) demonstrating the feasibility of the damage detection approach, thus
verifying that differences caused between the healthy and the damaged deflection shapes falls in the range of
detectable motion, and (2) investigating the effectiveness of the Complex-Steerable Pyramid decomposition
as a tool for extracting the full-field deflection shape aberration, thus allowing to localizing defect presence.
Both the above-mentioned feasibility tasks were performed by means of a photo-realistic FEM simulation,
conceived to replicate the physical experiment that will be performed as the ultimate validation of the same
research.

The remainder of the paper is structured as follows: section 2 briefly describes the proposed methodology,
whereas results of the numerical investigations are discussed in section 3. Section 4 summarizes the achieved
results, with emphasis given also to the foreseen research activities.

2 Phase-Based Defect Detection

The phased-based Defect Detection algorithm discussed along this work is depicted in Figure 1. Image
sequences of the vibrating specimen in healthy (or reference) and damaged (or inspection) conditions, are
first recorded. Following the original pipeline of Phased-based video motion processing [40], each image
is transformed into its corresponding Complex Steeerable Pyramids. This is accomplished by convolving
each image with a set of multi-scale steerable filters. The convolution is realized in the image spectrum do-
main, as a direct multiplication. Phase variation of each corresponding sub-bands of the obtained pyramid is
proportional to the motion of the observed object, with each of the sub-bands encoding motion of the corre-
sponding spatial wavelength mostly aligned to the direction of the corresponding filter direction. Differently
from original VMM pipeline, the proposed approach relies on extracting the Frequency responses, by means
of the Discrete Fourier Trasforms of the encoded phase variation. The obtained complex-phase signals are
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Figure 1: An illustration of the Phase-based Defect Detection pipeline.

still related to the motion of each sub-bands. However, they encodes for each spectral line, the phase varia-
tions corresponding to a damage deflection shapes. At this point, taking into account that the phase gradient
of each subbands is mostly constant and equal to the spatial wavelenght of the corresponding filter, we can
accumulate the contributions of each level, multiplied by the corresponding scaling factor, thus obtaining for
each frequency, a damage map. Finally, by collapsing the obtained maps along the frequency dimension, a
single broadband damage map is obtained, as showed also in the bottom left corner of Figure 1.

3 Results

Considering that recent works had already demonstrated the potential of VMM to effectively extract modal
parameter, including high-fidelity full-resolution modal deflection shapes [55], this works aims first at in-
vestigating, by means of numerical photo-realistic simulations, whether the idea of comparing two different
mode shapes may be instrumental for damage detection in case of vibrating panels.

Inspired to a recent experimental campaign [62], we modeled the same plate with and without the defect, by
means of the Siemens Simcenter 3D software package. Figure 3 depicts the mesh of the two variant of the
plate, highlighting also the geometry of the defect. More details on the specimen can be found in [62]. After
imposing the essential boundary conditions on the four clamped edges of the plate, we extracted the modal
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Figure 2: Photorealistic rendering of the simulated plates (right) and the corresponding experimental setup
(left).

Figure 3: Mesh of the FEM model of the simulated plates (left), and the detailed view of the simulated defect
geometry (right). Elements colored in blue were removed from the damaged mesh.

parameters by means of the real eigenvalue analysis module (sol 103).

The same meshes used for the FEM was used to build a tessellated polygonal object with a grey-color pattern
variation assigned as a sinusoidal function of the node location within the plate, at rest. Figure 2 depicts both
the real specimen (left) and the simulated photorelaistic plate (rigth).

Animation of the photo-realistic plates, in order to simulate videos of the vibrating panels were obtained by
updating the position of the nodes of the underlying tessellation. Exploiting the same texture-based rendering
techniques, we obtained also the images of the vibration deflection shapes.

3.1 Damage map using FRF displacment projected on image plane

Our first feasibility test, aimed at verifying that the deflection differences due to damage, after projection
on the image plane, still produce a sensible quantity. In practice, assuming to know the geometry of the
plates, but also the visual geometry due to the camera projection, assessing the first feasibility consisted in
accomplishing the following simple test.

We considered the FRF displacement responses for each node of the mesh in both healthy and damaged
condition in response to a impulse impact test, with a 5000 N force. Figure 4 exemplifies such a response for
the impact node. From analyzing the FRF curves, a quite evident shift appears to happen around the third
eigen-frequency.

In facts, a damage map, can be computed considering the relative displacement between the healthy and
damaged deflection shapes, projected on the imaging camera plane. As depicted in Figure 5-left, an interest-
ing result was obtained computing the sum of the absolute value of both real and imaginary part of the inner
product between the two complex function corresponding to the FRF displacements.

Moreover, repeating the same computation for each of the resonance frequency of the FRF, and accumulating
the results over the frequencies, a global broadband damage map is obtained, as depicted in Figure 5-right.
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Figure 4: The time-domain impact location displacment (left) and its corresponding frequency content
(right), are shown for both the healthy (blue) and damaged (red) plates.

Figure 5: Damage Maps using FRF displacement projected on image plane.

3.2 Damage map using complex steerable pyramid correlation

Given the positive results, a second feasibility check was attempted by involving the complex steerable
pyramid decomposition. Images of the deformed plates were simulated, for each of the resonance peak of the
simulated FRF. As an example, Figure 6-top depicts the deformed plates corresponding to the third eigen-
mode for both the healthy and damaged condition. For each image, the corresponding complex steerable
pyramid was computed. For each level of the pyramids, we computed the phase variation between the two
conditions, as it is known to be proportional to the relative motion of the observed objects. Therefore, a
damage map is obtainable by accumulating the information of each pyramid level. More exactly, better
results were obtained using a variable scaling factor, empirically selected to be quadratically proportional
to the pyramid level depth. Figure 6-left depicts the results obtained using only the Frequency response
corresponding to the third-eigen mode. Similarly to what we accomplished for the first feasibility check,
we also computed a broadband damage map computed as the average over all the FRF peaks frequencies:
results are depicted in Figure 6-right.

4 Conclusions

In this work we present a novel defect detection methodology aiming at combining advantages of PMM
with a traditional accelerometer-based Experimental Modal Analysis. The conceived methodology, con-
sists of two phases: first, the eigen-frequencies are deduced from postprocessing the accelerometer and
shaker/hammer signals; afterwards, the operational deflection shapes (ODS) corresponding to each eigenfre-
quency are extracted using PMM. Defect detection is achieved by periodically monitoring the ODS of the
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Figure 6: Damage map using Complex Steerable Pyramids frequency correlations

structures, and computing the damage map, resulting from the relative difference between the current status
and the reference one. Numerical investigations were carried out by means of a photorealistic FEM model
of a fully clamped plate. Our preliminary results indicated that a damage map can be effectively computed,
provided that a set of full-field high resolution ODS are extracted. In particular, our tests showed interesting
results even when considering a single-view scenario, thus ODS were considered to be the bidimensional
fields projections on the camera image plane of the corresponding three-dimensional quantities.

Furthermore, our validations assessed that using complex steerable pyramid, which are the mathematical
tool enabling the Phase-based video motion processing technology, still produce a sensible difference, thus
enabling to achieve a positive result. Supported by the achieved results, future works will address the impact
of noise on the proposed pipeline, as well as a complete validation based on processing videos. Finally,
validation will be carried out using experimental (not simulated) data sets.
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[50] A. J. Molina-Viedma, L. Felipe-Sesé, E. López-Alba, and F. Dı́az, “High frequency mode shapes
characterisation using Digital Image Correlation and phase-based motion magnification,” Mechanical
Systems and Signal Processing, vol. 102, pp. 245–261, mar 2018.

2330 PROCEEDINGS OF ISMA2020 AND USD2020
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Abstract
High-speed cameras in combination with video processing algorithms like optical flow allow for straight-
forward, spatially dense, non-contact displacement measurements. Although the state of the art shows suc-
cessful application cases in the field of structural dynamics, the accuracy of displacement measurements and
their sensitivity to user defined parameters are often not assessed. In this paper, we numerically investi-
gate accuracy and sensitivity of camera based displacement measurements with optical flow, with respect
to acquisition and algorithm parameters. By simulating the camera acquisition process we create parame-
ter dependent artificial videos and evaluate the error of the camera based displacement measurement. With
this tool we explore the parameter space in order to find an optimal set of parameters for a measurement
campaign.

1 Introduction

Facilitated by the increasing availability of high-frame-rate cameras, video based displacement evaluation
is of growing interest for dynamic measurements. While camera based approaches originate from quasi-
static measurements in experimental mechanics, like surface strain measurements [1], a new focus is on the
application to high frequency measurements, e.g. [2, 3, 4, 5].

Video based methods for dynamic measurements are investigated because of their advantages against tradi-
tional sensors like accelerometers or laser (scanning) vibrometers, see table 1 for a qualitative comparison.
The main advantages consist of obtaining full-field data and the possibility for geometry reconstruction. The
principle of displacement measurements with cameras is easy to grasp because of its resemblance to the
human vision. However, camera based methods at the same time bear the disadvantages of being sensitive
to lighting conditions, showing a high noise floor [2, 3], requiring elaborate post-processing and being de-
pendent on user expertise for setting post-processing parameters [6]. Only signals with amplitudes above
the noise floor can be measured reliably. This complicates high frequency measurements additionally as
displacement amplitudes typically decrease with frequency. Another difficulty with video based dynamic
measurements is the quantification of the measurement accuracy. Performing validation measurements for
full field displacement measurements is often impossible in practice and the complexity of user-chosen set-
tings and computation algorithms makes the derivation of analytical error models difficult [7].

Therefore, an alternative route for evaluating measurement accuracy is to create virtual reference videos with
known displacements and quantifying the error being made thereon [8]. In this study we take the empirical
route of numerically generating reference videos and evaluating the displacements to compute the error with

2333



Table 1: Qualitative comparison of sensors for dynamic measurements.

video camera laser scanning
vibrometer accelerometer

measured quantity displacement velocity acceleration

spatial measurement
full field (single camera:
in-plane, stereo system:

3D)
full field (out of-plane) point

measurement intrusive-
ness

contact-less contact-less contact

additional information object geometry - -

environmental influence sensitive to light - sensitive to mounting
conditions

object preparation image gradients reflecting surface sensor mounting

frequency bandwidth restricted to low
frequencies

high (except very low
frequency)

high (depending on
accelerometer type)

noise floor high low low

post processing complex simple simple

respect to acquisition and algorithm related parameters. Our focus lies on the small displacement, high noise
region relevant for dynamic measurements.

The paper is organized as follows: Section 2 introduces the procedure for performing camera based dynamic
measurements and relevant influence parameters, in section 3 the optical flow evaluation algorithm is ex-
plained, section 4 shows the generation of virtual videos and finally, accuracy of optical flow and parameter
sensitivities are investigated in section 5.

2 Camera based dynamic measurements

The typical procedure for performing a camera based dynamic measurement is listed in table 2. When
preparing the test the spatial resolution (px/m) is set by the camera lens combination and the distance
between camera and measurement object. Displacement as it appears in the image is dependent on both the
actual displacement of the measurement object and the spatial resolution of the camera setup. A requirement
for optical flow is that image gradients are visible, this has to be met either by the natural structure of the
measurement object or can be defined by attaching patterns to the surfaces of interest. Apart from that,
a crucial preparation step is to lighten the scene. There should be enough, ideally homogenous light to
maximize the dynamic range of the resulting images (difference between lowest and highest pixel value).

Before recording the video, the camera frame-rate is set to the desired value. The maximum frame-rate is
limited by the rate of data transfer between camera and storage system (throughput). It is influenced by the
image size (number of pixels), the bit-depth (i.e. the number of values for resolving the light intensity) and
the storage format. This relation is visualized in fig. 1 using the example of a Ximea xiB-64 CB120RG-CM-
X8G3 high speed camera (nominal frame-rate: 133 fps at (4096,3072) px and 8 bit). Additionally, the frame-
rate fs is bound by exposure time te (and processing time), which cannot be longer than the time between
two consecutive frames: te,max = 1

fs
. On the other hand, exposure time together with aperture setting and

available light are limited by the desired dynamic range. Contrarily, when observing fast displacements
exposure time needs to be small in order to reduce motion blur.
With focusing, the image plane and the surface of the measurement objects are being aligned. The aperture
setting controls the depth of field (i.e. the distance range that results in a sharp image). An intermediate
camera calibration step (e.g. according to [9]) yields the intrinsic camera parameters, which are used to
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Table 2: Dynamic measurement procedure.

step influence parameters

1 test preparation lighting situation, displacement per spatial resolution, surface
pattern

2 video recording frame-rate, dynamic range (exposure time, aperture),
sharpness, bit-depth, image noise

3 image correction intrinsic camera parameters

4 point selection (and stereo
correspondence) extrinsic camera parameters

5 displacement computation and mapping
from pixel space to real world coordinates measurement point positions, window size, pre-smoothing

Figure 1: Throughput relation for Ximea xiB-64 CB120RG-CM-X8G3.

compensate for possible lens distortions. After recording and un-distorting the video, a selection of points
for displacement computation is made. This can be done either by manually selecting points, laying a grid
on the image or using a feature detector. Examples for features include edges or corners which usually show
strong image gradients as well as more abstract features like the ones obtained from a scale-invariant feature
transform [10]. In case of a stereo camera system the stereo correspondence problem has to be solved (for
the extrinsic camera parameters) in order to find the exact same physical points in images from both cameras.

Finally, the displacements are computed as described in section 3.1. Algorithm related parameters like the
size of the evaluation window or the amount of pre-smoothing have to be set.

3 Displacement estimation from video

The fundamental principle for video based displacement measurements consists of tracking physical points,
which are represented in images, over time [11]. In literature, a large amount of algorithms with differ-
ent application areas, requirements and estimation quality can be found. Thereby literature offers diverse
nomenclature, especially when looking at papers from both, the experimental mechanics (digital image cor-
relation) and the computer vision community (optical flow, feature tracking). In their paper, Pan et al. give a
detailed overview of the algorithms and techniques used in digital image correlation [12]. The algorithm we
use here is based on the explanations documented in [13]. It can be classified as a subcategory of digital im-
age correlation derived from Lucas-Kanade gradient based optical flow [12, 14]. The reasons for this choice
lie in our focus on small displacements, the relatively simple implementation and appropriate computational
performance.
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3.1 Optical flow

A fundamental assumption of Lucas-Kanade optical flow is brightness constancy, i.e. the brightness of a
certain point (or region) in an image does not change over time:

I(x+ u, y + v, t+ ∆t) = I(x, y, t). (1)

Here I represents the image intensity in two spatial dimensions (x, y) and a temporal dimension (t) and (u, v)
are the displacements. Filtered with a spatial window w(x, y) of a certain window size and linearized, this
equation can be written as an optimization problem for the two displacement components:

minimize
(u,v)

∑

w

w(x, y) (u Ix(x, y, t) + v Iy(x, y, t) + It(x, y, t))
2 . (2)

Ix, Iy are gradients in image space and It is the temporal derivative. Performing the minimization yields the
following linear system of equations

[ ∑
w I

2
x

∑
w IxIy∑

w IxIy
∑

w I
2
y

]

︸ ︷︷ ︸
K

[
u
v

]
=

[
−∑w IxIt
−∑w IyIt

]
, (3)

which can be solved for the displacement components in case the system matrix K is invertible. This
represents the so-called aperture problem and issues with inverting the system matrix occur if one of the
spatial gradients is very small [15]. However, for a large enough spatial window and under a sufficient
amount of image noise the system matrix is usually invertible.
For an improvement on the error made by linearization, eq. (3) is solved iteratively. The displacement
components are replaced by differences between two iterations (∆uk,∆vk) and after each iteration step, k,
the image at time t+ ∆t is warped according to the negative of the accumulated displacement:

Ik(x, y, t+ ∆t) = warp

(
I(x, y, t+ ∆t), (

∑

k

∆uk,
∑

k

∆vk)

)
. (4)

Then new displacement steps are computed according to eq. (3) with recomputed gradients by replacing the
left-hand side in eq. (1) with Ik. This procedure is repeated until the convergence criterion (we use the mag-

nitude of the displacement step
√

∆u2k + ∆v2k) is smaller than a certain threshold. Finally the displacement
components are computed to

u =
∑

k

∆uk, v =
∑

k

∆vk. (5)

In our implementation we followed suggestions in [12, 13, 16] with regard to consistent gradient compu-
tation, image pre-smoothing, robust weighting functions and image interpolation. Gradients in both spatial
dimensions are evaluated at the same spatial locations (i.e. central differences) to improve convergence of
the algorithm. Images are smoothed with a Gaussian kernel to reduce spatial high frequency components
and thus adapt the images better to the assumptions of the above linearization. In the minimization a me-
dian filtered weighting function is applied to reduce the influence of image noise and other outliers. When
warping the image, sub-pixel interpolation with bi-cubic spline shape functions is applied.

Furthermore, we took care to achieve an acceptable numerical efficiency with our implementation. Es-
pecially, taking the first frame as reference for all consecutive frames allows to pre-compute the spatial
gradients when evaluating a video. We compared our implementation with the opencv-python function
calcOpticalFlowPyrLK and obtained similar results (displacement deviation ≈ 1 · 10−3 px).
Since we focus on small displacements, we implemented a rigid body motion as displacement model [12]
and omitted coarse-to-fine refinement. We did not introduce any compensation to cope with changing overall
brightness.
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(a) Continuous in space
and intensity.

(b) Discrete in space and
continuous in intensity.

(c) Application of image
noise.

(d) Discrete in space and
intensity, with noise.

(e) 0.25 px displacement. (f) 0.5 px displacement. (g) 0.75 px displacement. (h) 1 px displacement.

Figure 2: Video generation process and step displacements.

4 Virtual video generation

For our analysis we look at moving patterns in two dimensional space. A great variety of different regular
and irregular patterns are possible (e.g. edge, corner, checkerboard, speckle or natural pattern). However, in
this paper we consider the case of a moving edge. The video generation process is shown in fig. 2, where
images with 8 levels of gray (3 bit) are depicted for better visualization. On the left-hand side of each image,
pixel intensities per column are plotted.
Starting from a continuous intensity distribution, fig. 2a, a spatial discretization yields the intensity values
for each pixel, fig. 2b. Next, we apply image noise as described in section 4.1. The noise represents random
fluctuations that occur in the recording of a real video (fig. 2c). Pixels with low intensities show a lower
amount of noise due to the intensity dependent noise model that is used. In a last step we discretize the
intensity values at each pixel according to the bit-depth, fig. 2d. This is repeated for each time step of the
virtual video while moving the underlying continuous pattern according to a predefined displacement signal.
Various step displacements of an edge are shown in figs. 2e to 2h.

4.1 Noise model

In order to represent image noise we apply a noise model. Three components dominate the total noise oc-
curring when capturing an image with a digital camera. These are shot, Photo Response Non-Uniformity
(PRNU) and readout noise [17]. Shot noise represents random fluctuations in sampling and temporal vari-
ations of transistor performance. It can be quantified by its standard deviation σshot =

√
Ig, depending on

the image intensity and the gain g. PRNU noise mainly accounts for geometry variations per pixel and is
also intensity dependent. It is modeled by the standard deviation σPRNU = Ip, where p is the PRNU factor.
Readout noise represents the temporal noise that generates while reading the signal out of the sensor. It
is modeled through a readout factor r: σreadout = r. Based on these three components the total standard
deviation (which depends on intensity) is:

σtotal =
√
σ2shot + σ2readout + σ2PRNU. (6)

The three parameters g, p, r are obtained inversely by fitting the intensity dependent image standard deviation
to a set of images obtained from a calibration step [18]. The calibration images need to show uniform surfaces
at different intensities, which can be achieved by varying camera aperture and exposure time. The fitted total
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Figure 3: Camera noise characterization.

standard deviation of a Ximea xiB-64 CB120RG-CM-X8G3 high speed camera can be seen in fig. 3. In
order to apply the noise to our virtual images Gaussian noise with zero mean and standard deviation σtotal is
added to the intensity of each pixel individually.

5 Accuracy and sensitivity analysis

By applying the process for virtual video generation described in section 4 we analyze the accuracy of optical
flow and the sensitivity to variations of influencing parameters as defined in section 5.2. The accuracy and
sensitivity are computed with respect to an error measure that we define in section 5.1.

5.1 Error measure

For each evaluation we compute the error between prescribed displacement u and the resulting optical flow
estimation u∗. Due to the random image noise the result is no deterministic value. Therefore, we compute
statistical estimates over a sample size N = 100. To this extend we use the Mean Absolute Error (MAE),

MAE =
1

N

N∑

k=1

|u∗k − uk| (7)

together with its the corresponding standard deviation, STD,

STD =

√√√√ 1

N

N∑

k=1

(
|u∗k − uk| −MAE

)2
. (8)

5.2 Influence parameters

We chose the acquisition and algorithm parameters under test following the measurement procedure listed
in table 2. Acquisition parameters are those parameters which depend in a real measurement on the physical
settings of the camera and the experimental setup. However, in our study we simulated these physical
settings through the virtual video generation. The acquisition parameters are: displacement, noise gain,
dynamic range, bit-depth and orientation of the pattern. We chose noise gain as representative for the total
standard deviation of image noise and pattern orientation was varied to test the influence of misalignment of
the displacement and the pixel grid of the camera.
Algorithm parameters are set during post processing of the recorded video. They are the window size which
defines the region of local averaging, standard deviation and size of the Gaussian smoothing kernel.
All parameters were varied starting from a base case. The values of the base case parameters as well as
the range of variation are listed in table 3. The base case parameters represent an optimistic assumption
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Table 3: Base case parameters and variations.

parameter base case variation range

displacement 1 px 0 px to 2 px

pattern orientation 0 rad 0 rad to π
12 rad

noise gain 0.0203 0 to 0.1

dynamic range 100 % 0 % to 100 %

bit-depth 8 bit 8 bit, 10 bit, 12 bit

window size (13,13) px (3,3) px to (29,29) px

smoothing standard deviation 0.25 0 to 1

smoothing kernel size 3 3 to 15

of typical measurement parameters. Only displacement itself will usually vary from frame to frame in a
real measurement an therefore takes a special place in the analysis. Influence parameters that were not
investigated in this study are intrinsic camera parameters because the error of removing lens distortion is
assumed to be small and extrinsic camera parameters because they are relevant only when measuring with
multiple cameras.

5.3 Results

In the base case we observed a MAE of 0.0023 ± 0.0017 px, which corresponds to a relative displacement
error of 0.23 %. In comparison, the theoretical resolution potential of optical flow in this case computes to
0.0003 px [19]. The difference in magnitude between MAE and resolution potential indicates that acquisition
and algorithm parameters of the optical flow processing have a considerable influence on the accuracy.
We computed the average MAE for variations of each parameter over the range listed in table 3 while keeping
all other parameters constant to evaluate which parameter is responsible for the largest contribution to the
MAE, i.e. we computed the global sensitivity of the MAE with respect to the parameters. Figure 4a shows
the average MAE obtained from each parameter variation. The parameter that shows on average the largest
MAE is the displacement itself, with 0.011 px (at 8 bit) more than double the MAE of the second most
contributing parameter. This is dynamic range with 0.0055 px (at 8 bit). The other parameters show on
average a MAE below 0.004 px and can be considered of secondary importance for measurement accuracy
(as long as they stay within the evaluated range of table 3).
Figure 4a also shows that the higher the bit-depth, the lower the average MAE. Furthermore, the difference
from 8 bit to 10 bit is larger than the difference from 10 bit to 12 bit. The only exception are variations in
displacement where all bit-depths show approximately equal (high) average MAEs. Therefore, using a higher
bit depth in a real measurement is only reasonable when the expected displacement is in a range where the
error does not exceed the errors caused by other parameters. Otherwise, bit-depth can be exchanged against
higher frame-rates or a higher spatial resolution without considerable loss of accuracy. The average STD is
shown in fig. 4b, here the dominating effect of displacement variations cannot be observed. Instead, there
is a clear trend towards lower STD for higher bit-depth. This means a higher bit depth leads to a smaller
uncertainty of the error computation.
In the remaining part of this section we show and discuss in detail the results of the simulations for varying
single parameters while keeping all other parameters constant. Acquisition parameters are discussed in
sections 5.3.1 to 5.3.4 and algorithm parameters in sections 5.3.5 and 5.3.6.

5.3.1 Displacement

From the results in fig. 5a there is no clear trend if higher or lower displacements lead to a lower MAE.
Instead, we observe distinct error minima at pixel and half pixel displacements. In between the MAE rises to
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(a) MAE. (b) STD.

Figure 4: Average MAE and STD per parameter variation.

a maximum of approximately 0.02 px (10 times the base case MAE). The reason for this increase in MAE is
the image interpolation that is necessary to compute temporal gradients for sub-pixel displacements (eq. (4)).
The additional local minima at half pixel displacements are explained by the symmetry of the interpolation
of the edge pattern.
Due to the expectation of measuring a range of different displacements in a dynamic measurement, in prac-
tice sub-pixel interpolation can hardly be avoided. However, it is often possible to decrease the distance
between measurement object and camera and thereby increase the spatial resolution. This way the recorded
displacement of the real object takes up more pixels in the video. Subsequently, the relative displacement
error decreases.

5.3.2 Pattern orientation

In order to test the effects of misalignment of pattern and pixel grid of the camera we rotated the pattern
while keeping the prescribing displacement in the vertical direction. Figure 5b shows a maximum MAE
close to 0 rad rotation followed by a local minimum and then slightly increasing MAE values for increasing
rotation angles. The minimum can be found at an angle of exactly 0 rad (base case value).
Numerically, the rotated pattern has the effect of introducing horizontal image gradients. Although there is
no horizontal displacement, the horizontal image gradients are coupled to the vertical displacement through
the system matrix in eq. (3). Therefore any uncertainty from the horizontal gradient computation propagates
into the vertical displacement. This can be seen from the increase of MAE with increasing angles in fig. 5b.
The increase at very small angles can be explained by uncertainties through ill conditioning of the system
matrix when the horizontal gradients are very small. For this reason, we replaced the matrix inversion in our
implementation by

K−1 ≈
[ 1
K11

0

0 1
K22

]
(9)

in case the condition number of K is larger than a threshold of 1 · 109. Therefore, the two directions are de-
coupled and the error at zero angle is not affected by numerical noise through the matrix inversion (therefore
the minimum at 0 rad).
Our results show that displacements aligned to the pixel grid of the image are estimated with the lowest
MAE. However, in practice it is often difficult to align the camera perfectly to the expected displacement,
especially when the displacement orientation is unknown in advance.

5.3.3 Noise gain

Increasing the image noise increases the MAE according to a logarithmic trend as it is depicted in fig. 5c.
The uncertainty in image intensity propagates through the optical flow processing into the estimated dis-
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(a) Displacement. (b) Pattern orientation.

(c) Noise gain. (d) Dynamic range.

Figure 5: Mean absolute error for variations of acquisition parameters.

placements. The slope of the increase is larger the smaller the bit-depth, suggesting that noisy images can be
compensated by a higher bit-depth. On the other hand, the results highlight the importance of a low-noise
measurement camera.

5.3.4 Dynamic range

Dynamic range, the difference between largest and smallest value of the image intensity, shows an inverse
effect on the MAE as shown in fig. 5d (i.e. the higher the dynamic range, the lower the MAE). Approaching
0 % dynamic range there is a steep increase in MAE. Above a dynamic range of approximately 40 % the
MAE is less sensitive to the variation of dynamic range.
In practice dynamic range is often reduced because of limited available light or short exposure times neces-
sary for high frame-rates. Sometimes dynamic range is reduced on purpose to achieve lower image noise.
However this is only reasonable when the error introduced through a low dynamic range does not exceed the
improvement through less image noise. For decreasing the dynamic range higher bit-depths are a possible
compensation. The base case MAE at 8 bit and 100 % dynamic range is reached for 10 bit only at 10 % and
for 12 bit at 3 %.

5.3.5 Window size

We observe a steady decrease in MAE with increasing window size, see fig. 6a. Due to averaging, an
increased window size reduces the effects of spatially random noise in the images. Above (20,20) px the
effect of larger window sizes decreases. In practice, the upper limit for the window size is set by the desired
spatial resolution as displacements are in our implementation assumed to be constant over the window.

5.3.6 Smoothing standard deviation and kernel size

Both smoothing standard deviation and kernel size and are affecting the image pre-smoothing step before the
evaluation of optical flow. The results in figs. 6b and 6c suggest that both smaller kernel size and standard

OPTICAL METHODS AND COMPUTER VISION FOR VIBRATION ENGINEERING 2341



(a) Window size. (b) Smoothing standard deviation.

(c) Smoothing kernel size.

Figure 6: Mean absolute error for variations of algorithm parameters.

deviation are beneficial. However, for the standard deviation the influence on the MAE is minor. For real
camera images the effect of the smoothing parameters might look different than in our study as blur from
both motion and un-sharp features can be present.

6 Conclusion

In this paper we presented a numerical study on the accuracy displacement estimation with optical flow and
its sensitivity to input parameters. We identified sub-pixel interpolation as the main driver for the estimation
error. While sub-pixel interpolation should be central for future algorithm improvements, our results sug-
gest that improvements in estimation accuracy can be achieved through decreasing image noise, increasing
dynamic range and using large window sizes. Bit-depth can be increased under the limitations given by the
camera throughput, dependent on the frame-rate and the spatial resolution. Displacements parallel to the
pixel grid are estimated with the highest accuracy. Apart from indicating favorable parameter settings the
model presented can also be used as error estimator for future measurements.

This study raises the following aspects for further investigations. First, a experimental validation is necessary
to validate the frame generation process and the displacement estimation with measurement data. Further-
more, the effect of different pattern and the question of how the displacement error between two frames
translates into an error for a whole time series or a frequency spectrum are interesting to investigate. Fi-
nally, an extension to 3D displacement estimation (with a stereo camera system) is important for a broader
applicability.
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[5] A. Molina-Viedma, L. Felipe-Sesé, E. López-Alba, and F. Dı́az, “High frequency mode shapes charac-
terisation using Digital Image Correlation and phase-based motion magnification,” Mechanical Systems
and Signal Processing, vol. 102, pp. 245–261, Mar. 2018.

[6] P. L. Reu, E. Toussaint, E. Jones, H. A. Bruck, M. Iadicola, R. Balcaen, D. Z. Turner, T. Siebert, P. Lava,
and M. Simonsen, “DIC Challenge: Developing Images and Guidelines for Evaluating Accuracy and
Resolution of 2D Analyses,” Experimental Mechanics, vol. 58, no. 7, pp. 1067–1099, Sep. 2018.

[7] Y. Wang, P. Lava, P. Reu, and D. Debruyne, “Theoretical Analysis on the Measurement Errors of
Local 2D DIC: Part I Temporal and Spatial Uncertainty Quantification of Displacement Measurements:
Theoretical Analysis on the Displacement Measurement Error of 2D DIC,” Strain, vol. 52, no. 2, pp.
110–128, Apr. 2016.

[8] P. Lava, S. Cooreman, S. Coppieters, M. De Strycker, and D. Debruyne, “Assessment of measuring
errors in DIC using deformation fields generated by plastic FEA,” Optics and Lasers in Engineering,
vol. 47, no. 7-8, pp. 747–753, Jul. 2009.

[9] Z. Zhang, “A flexible new technique for camera calibration,” IEEE Transactions on Pattern Analysis
and Machine Intelligence, vol. 22, no. 11, pp. 1330–1334, Nov./2000.

[10] D. Lowe, “Object recognition from local scale-invariant features,” in Proceedings of the Seventh IEEE
International Conference on Computer Vision. Kerkyra, Greece: IEEE, 1999, pp. 1150–1157 vol.2.

[11] Z. Wang, H. Kieu, H. Nguyen, and M. Le, “Digital image correlation in experimental mechanics and
image registration in computer vision: Similarities, differences and complements,” Optics and Lasers
in Engineering, vol. 65, pp. 18–27, Feb. 2015.

[12] B. Pan, K. Qian, H. Xie, and A. Asundi, “Two-dimensional digital image correlation for in-plane
displacement and strain measurement: A review,” Measurement Science and Technology, vol. 20, no. 6,
p. 062001, Jun. 2009.

OPTICAL METHODS AND COMPUTER VISION FOR VIBRATION ENGINEERING 2343



[13] D. Fleet and Y. Weiss, Handbook of Mathematical Models in Computer Vision. Springer Sci-
ence+Business Media, 2006.

[14] B. D. Lucas and T. Kanade, “An Iterative Image Registration Technique with an Application to Stereo
Vision,” p. 10, 1881.

[15] S. Baker, D. Scharstein, J. P. Lewis, S. Roth, M. J. Black, and R. Szeliski, “A Database and Evaluation
Methodology for Optical Flow,” International Journal of Computer Vision, vol. 92, no. 1, pp. 1–31,
Mar. 2011.

[16] D. Sun, S. Roth, and M. J. Black, “Secrets of optical flow estimation and their principles,” in 2010
IEEE Computer Society Conference on Computer Vision and Pattern Recognition. San Francisco,
CA, USA: IEEE, Jun. 2010, pp. 2432–2439.

[17] K. Irie, A. E. McKinnon, K. Unsworth, and I. M. Woodhead, “Measurement of Digital Camera Image
Noise for Imaging Applications,” Sensors & Transducers, vol. 90, no. Special Issue, pp. 185–194, 2008.

[18] “Sensor IQ’s Simple Model — Strolls with my Dog,” https://www.strollswithmydog.com/digital-
sensor-iq-model/.
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Abstract 
Low-noise pavements are an important tool for road administrations to reduce the tyre/road noise of road 

vehicles at the source. The efficient use of low-noise pavements requires approval test methods adequately 

capturing the impact of these pavements on the sound generation. In Austria the currently used approval 

testing method according to RVS 11.06.64 [1] is expected to be superseded by the Close Proximity method 

from the new standard ISO 11819-2 [2] in the near future. The two methods both use microphones close to 

the contact zone between test tyre and pavement but differ among other parameters in microphone 

arrangement and type and number of tyres. This paper will analyze the differences between the two methods, 

comparing their ability to represent the impact of pavements on tyre/road noise and their consequences for 

the use of low-noise pavements. This will provide insights that can be further used to improve this type of 

test method also in the context of international research and standardization on tyre/road noise. 

1 Introduction 

Road traffic noise is a dominant source of noise pollution in Europe due to the pervasiveness of the road 

network and the high traffic volumes. Therefore, a range of infrastructure-based noise abatement measures 

have been developed to reduce, deflect or absorb the noise generated by road vehicles. Noise barriers remain 

the most visible of these measures. They are very effective in preventing direct sound propagation from the 

road traffic noise sources to receiver points in residential areas adjacent to the road, providing typical 

attenuations exceeding 10 dB if suitable heights and configurations are chosen. However, they require 

additional construction work and may act as obstacles e.g. for winter maintenance. Low-noise pavements 

are getting increasing attention because they reduce the generated sound at the source instead of changing 

its propagation by absorption, reflection and diffraction. Their beneficial effects are not limited to specific 

receiver points or areas but can be achieved independently of the receiver position. They act on the noise 

generation mechanisms due to tyre-road interaction, which fall into two broad categories: On the one hand 

there is vibration excitation of the tyre, which is due to the pavement texture exerting forces on the tyre 

profile, and on the other hand air-pumping effects which are due to the compression and release of small air 

pockets between tyre and pavement surface structures. Pavement designers strive to reduce tyre road noise 

by creating smoother pavement surfaces giving rise to less vibration, but still with enough cavities below 

the tyre to prevent strong air compression.  A typical example are open porous asphalt surfaces, which have 

the added benefit of also introducing a certain amount of sound absorption. But also other types of asphalt 

and concrete surfaces exist for which substantial noise reductions are expected. The noise reduction of low-

noise pavements is time-dependent and typically in the range below 10 dB, but they can still reduce the 

required length and height of noise barriers substantially. However, to use the noise-reducing properties of 

low-noise pavements in planning, they have to be reliably established and verified. Therefore, appropriate 

measurement methods have been developed to measure the influence of pavements on road traffic noise 

emission. These follow two main approaches: Pass-By measurement methods like ISO 11819-1 use the 

measurement of isolated vehicle pass-bys from the normal traffic flow together with a speed measurement 

of the vehicles. The other approach is to use a trailer or specialized vehicle and to measure the noise emitted 

from the tyre very close to the tyre/road contact patch, like the Close ProXimity (CPX) method described 
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in ISO 11819-2. While the first type of measurements is mostly used to establish noise emission parameters 

for sound propagation calculations and to capture the overall sound emission from road traffic, the second 

type is well suited for approval testing of newly built pavement sections of a specific type of pavement and 

for long-distance monitoring.  

This paper focuses on measurement methods following the second approach. Due to the long development 

time of the current ISO 11819-2, which was published in 2017, a similar national measurement method had 

already been developed in Austria in 1997 and published in the form of the RVS 11.06.64 national guideline 

for road construction. The RVS 11.06.64 method has been used since then for the approval testing of newly 

built pavement sections within 1-2 months of their construction. However, now that the ISO 11819-2 is 

available as international standard, the differences and advantages of the two methods need to be evaluated 

to find out what a possible change to ISO 11819-2 would entail.  

2 The RVS 11.06.64 method 

The RVS 11.06.64 national guideline is part of a series of national Austrian guidelines on road construction 

dealing with methods for approval testing which is mandatory to use in the high-level motorway network 

(motorways and expressways). It was published in 1997 and has been used unchanged since then.  

The method specifies a single-wheeled trailer with a sound-absorbing enclosure containing the core of the 

measurement system, which is a wheel with a 4-groove PIARC test tyre and 2 microphones located behind 

and to the right side of the wheel. The rear microphone is located 400 mm behind the wheel axis and 100 

mm above the ground, while being tilted towards the ground at an angel of 58°. The lateral microphone is 

situated 220 mm beside the middle plane of the wheel at a distance of 150 mm above the ground and tilted 

20° towards the ground. With this setup the microphones point more or less at the tyre/pavement contact 

patch. The guideline is very specific about several details of the construction of the trailer, giving e.g. exact 

shape and dimensions and a wheel load of 4 kN and a tyre pressure of 230 kPa. The sound pressure levels 

at both microphone positions are measured in A-weighted overall levels and third octave bands from 250 

Hz to 10 kHz. The two other key parameters beside the sound pressure levels influencing the results that 

have to be measured are the measuring speed and the road surface temperature which are both used for 

corrections. In terms of environmental conditions, the windspeed must be below 5 m/s and the road surface 

temperature between 10°C and 40°C. The measurement speed can in principle be chosen between 30 and 

120 km/h, but in practice only the speeds of 50, 80 and 100 km/h are used, because these are the only speeds 

where limit values are defined. A valid measurement requires two runs where the difference between the 

overall measurement results must not exceed 0,5 dB.  

 

The evaluation of measured sound pressure levels is performed according to the following rules: Before 

aggregating sound pressure levels they are corrected for deviations of the road surface temperature and 

measuring speed from the reference values. The piecewise linear temperature correction uses 20°C as 

reference temperature and a temperature coefficient of 0,10 dB/°C below 20°C and 0,07 dB/°C above 20°C. 

Sound pressure levels measured at temperatures below 20°C are reduced and those measured above 20°C 

are increased. Speed correction is also linear and depends on the type of pavement and speed range and uses 

coefficients between 0,09 and 0,25 dB/(km/h). The corrected A-weighted third-octave band sound pressure 

levels of the rear and lateral microphones are averaged energetically, if the lateral microphone level is 

higher, but only the rear microphone level is used if that is the higher one. These third-octave band levels 

are energetically added and averaged over the runs to give the final level called LMA.  

 

The RVS 11.06.64 regulates also several practical aspects of approval testing. The approval test has to be 

performed within 28 days after finalizing the construction of the road pavement, with another possible 

extension of 28 days if the weather does not allow a valid measurement within the first period. If winter 

maintenance has been performed between finalization and measurement, the results cannot be used as 

approval test results. The measurement section length is fixed at 500 m and the line of measurement is in 
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the middle between the wheel tracks. The last requirement is remarkable, as it puts the measurement tyre at 

a different position than the tyres of normal road vehicles.  

 

3 The ISO 11819-2 (CPX) method 

The international standard ISO 11819-2 was published in 2017, 20 years after the RVS 11.06.64, and 

describes a similar measurement method based on measuring the noise emission very close to the 

tyre/pavement contact patch of a rolling tyre, which is called the CPX method (CPX is for Close ProXimity). 

It was designed to assess the influence of road surfaces on road traffic noise and can also be used for approval 

testing. However, it does not contain all elements of a full approval test procedure to the extent that RVS 

11.06.64 does and leaves several elements open to choice. The core elements of the method are one of two 

test tyres defined in ISO/TS 11819-3 [3], one representing passenger car tyres (P1) and the other with a 

tread pattern giving rise to noise emission more similar to truck tyres (H1) and two microphones located 

close to the tyre contact patch. The measurement tyres have tread patterns like commercially available tyres 

and cannot be used at the same time at the same mounting position, doubling the number of necessary runs. 

The test vehicle can either be a self-powered vehicle with one tyre fitted and equipped as a test tyre with a 

microphone assembly or a one- or two-wheeled trailer similar to the setup from RVS 11.06.64 with or 

without enclosure. Currently the most widely used design is a two-wheeled trailer with a measurement wheel 

and tyre in each wheel track. The standard specifies a certification procedure from which a device-dependent 

correction can be derived. The two microphones are mounted either at the left or the right side of the wheel 

with the test tyre at a lateral distance of 200 mm from the tyre sidewall and 200 mm in front of and 200 mm 

behind the tyre axle, while keeping a distance of 100 mm from the ground. The microphones are oriented at 

45° and 135° angles to the traveling direction point approximately at the tyre contact patch. The tyre load 

shall be 3,2 kN and the tyre pressure 200 kPa. Additionally, ISO/TS 11819-3 requires measurement of the 

rubber hardness and specifies a correction procedure. Sound pressure level at both microphones is measured 

in A-weighted third-octave bands from 315 Hz to 5 kHz. The CPX method uses measurements of air 

temperature and not road surface temperature like RVS 11.06.64. The allowed temperature range for 

moderate climate is 5 to 30 °C. Wind speeds shall not exceed 5 m/s or 10 m/s if an enclosure is used. The 

minimum possible length of a measured road section is 20 m. In general 2 runs differing not more than 0,5 

dB in their results are needed for a valid measurement. In the ISO 11819-2 standard the foreseen lateral 

measurement position is in one or both wheel tracks, but other lateral positions may be chosen depending 

on the application. The preferred reference measuring speeds are 50 km/h, 80 km/h and 110 km/h. The 

measuring speed may deviate up to 15% from this value during individual runs. 

 

In the measurement result calculation process, the A-weighted sound pressure levels of the front and rear 

microphones are averaged energetically. Then corrections for the device characteristics and a logarithmic 

speed correction are applied. The speed correction follows the formula  

 𝐿𝑐𝑜𝑟𝑟 = 𝐿𝑚𝑒𝑎𝑠 − 𝐵 ∙ 𝑙𝑜𝑔10 (
𝑣

𝑣0
)   (1) 

where Lmeas and Lcorr are the measured and corrected sound pressure levels, v is the actual measuring speed, 

v0 is the reference speed, and B is a coefficient ranging from 25 to 35 depending on the pavement type. The 

air temperature correction relative to the reference of 20°C is given in ISO/TS 13471-1 and is linear with 

coefficients ranging from 0,08 to 0,14 dB/°C depending of the pavement type, with an additional correction 

for the reference measuring speed. Finally, a linear correction for the deviation form the reference rubber 

hardness of 66 Shore A is applied with a coefficient of 0,20 dB/Shore A. In the last steps the resulting sound 

pressure levels are averaged arithmetically over all runs and road segments. The final results are the indices 

LCPX: P1, v and LCPX: H1, v for the two test tyres, where the index v stands for the reference speed in km/h, e.g. 

LCPX: P1, 80. The standard ISO 11819-2 provides a lot of additional information and informative sections on 

possible variants, alternative uses and tips on practical implementation.  
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4 Evaluation of similarities and differences 

The following table summarizes the key differences and similarities between the RVS 11.06.64 and ISO 

11819-2 methods. 

Table 1: Comparison of methods 

Key features RVS 11.06.64 ISO 11819-2 

Testing device Single-wheel trailer, specified in 

detail 

Single- or double-wheel trailer, 

or self-powered vehicle, subject 

to certification 

Test tyre(s) Standardized PIARC test tyre, 

smooth with 4 grooves 

Selected test tyres with tread 

patterns like commercial tyres 

Wheel load 4 kN 3,2 kN 

Tyre pressure  230 kPa 200 kPa 

Number of microphones 2 2 

Microphone positions rear, lateral (at 90° angle) lateral forward, lateral rear at 45° 

angle 

Frequency range of sound 

pressure measurement 

250 Hz – 10 000 Hz 315 Hz – 5 000 Hz 

Measuring speeds 50, 80, 100 km/h 50, 80, 110 km/h 

Number of required runs 2 2 

Type of temperature used for 

corrections 

Road surface temperature Air temperature 

Temperature correction Piecewise linear, but coefficient 

dependent on temperature range 

Linear, but dependent on 

pavement type and speed 

Speed correction Piecewise linear, dependent on 

pavement type and speed range 

Logarithmic with coefficient 

based on pavement type 

Rule for averaging and 

computing sound pressure levels 

Special decision algorithm 

combined with energetic 

averaging 

Combination of energetic and 

arithmetic averaging 

Measurement section length 500 m 20 m 

Location of measuring wheel Between wheel tracks In right or left wheel track (both 

for 2-wheeled trailers) 

Duration since finalization of 

pavement 

Maximum of 56 days, no winter 

maintenance 

No prescription 

 

The comparison in table 1 shows that in terms of the testing device, ISO 11819-2 (CPX) leaves a lot more 

choice than RVS 11.06.64. This source of variation can be compensated for with the device correction, 

however, the question remains if that will be sufficient for all the different designs allowed by ISO 11819-

2. Currently the majority of CPX devices are one- or two-wheeled trailers, in practice reducing some of the 

theoretically possible variation. On the other hand, the strict specification of RVS 11.06.64 may differ from 

the optimal design as well. The two methods use substantially different approaches concerning the test tyres. 

RVS 11.06.64 opts for a rather artificial, but easily reproducible smooth tyre tread with four grooves, which 

is likely to emphasize differences in the pavement. ISO 11819-2 on the other hand uses reference tyres 

aiming at representing commercial tyres and their treads and their typical interaction with the pavement. 
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Wheel load, tyre pressure and number of microphones are very similar for both methods. This is not the 

case for the location of the microphones. RVS 11.06.64 uses two microphones in positions likely to be 

sensitive to very different parts of the sound field emitted from the tyre, whereas the CPX microphone 

positions are located in a more comparable acoustic environment. This also probably gave rise to the unusual 

averaging algorithm for RVS 11.06.64. The frequency range for CPX measurements is somewhat narrower 

than for RVS 11.06.64, giving less information on the high- and low-frequency ends of the tyre/road noise 

spectrum. However, this narrower frequency range also makes CPX results more resistant to effects and 

disturbances occurring at the spectrum edges. The choice of reference speeds is similar, mainly reflecting 

that speeds above 100 km/h with a trailer are not allowed in Austria. The CPX method chooses air 

temperature over pavement temperature for corrections. Both are well correlated and air temperature may 

be somewhat easier to measure in practice. The CPX temperature correction is definitely more sophisticated 

and takes more influences into account than the RVS 11.06.64 version. The speed correction of ISO 11819-

2 also corresponds more closely to the well-established logarithmic dependence of tyre/road sound pressure 

level on speed. The averaging procedures of RVS 11.06.64 seem a bit more arbitrary today than those of the 

CPX method, but also the latter uses a mix of energetic and arithmetic averaging which can yield different 

results if the sequence of steps is not followed strictly. A large difference arises in the possible minimum 

length of a test section. While RVS 11.06.64 clearly aims at test sections typical for approval testing on 

longer distances, ISO 11819-2 specifies a length close to the physical minimum for a meaningful and stable 

sound pressure measurement result. In practice, also 20 m CPX test sections will probably be aggregated 

into longer sections in the context of approval testing. The lateral location of the measuring wheel prescribed 

by RVS 11.06.64 severely limits the representativeness of RVS 11.06.64 results for tyre/road noise 

especially on worn surfaces, where most of the change will happen in the wheel tracks, which is better 

captured by the CPX method. Finally, the maximum duration since the finalization of the pavement surface 

is only given in RVS 11.06.64, showing that it is not only a measurement method, but also an approval 

testing procedure. 

5 Conclusions  

The analysis of the two test methods presented here shows that despite a lot of similarities these were 

developed at different stage of research in this field and with a different background of knowledge, but also 

with a somewhat different objective in mind. While RVS 11.06.64 has worked well as an approval test 

method for a long time, some of its procedures and algorithms need to be updated to represent the current 

state of the art. ISO 11819-2 on the other hand offers a lot of possibilities and incorporates decades of 

additional research results, but it is currently still too open to be directly used as approval testing procedure 

without fixing some of its parameters and introducing additional elements.  
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Abstract 
In order to control the NVH performance during the development of transmission brackets, clear component 

KPIs and targets are needed. It was shown from previous research that an output/input side transmissibility 

can be a suitable KPI for the transmission mounting bracket, when considering the gear noise problem. In 

addition, due to the shorter development cycles and limited availability of vehicle prototypes, is important 

to evaluate the selected KPI as a stand-alone component (e.g. on a test bench, or from a decoupled 

component model) in order to predict the transmission bracket behaviour early during the development 

process. In this work, the Frequency-Based Substructuring (FBS) method is applied to derive the assembled 

system FRFs starting from the uncoupled components FRFs measured in free-free condition. In this sense, 

the application of FBS yields useful insights concerning component performance assessment, KPI’s and 

targets setting. 

1 Introduction 

The current trend towards electric and hybrid vehicles has led the automotive design industry to become 

more and more demanding in terms of Noise, Vibration & Harshness (NVH) performance of their vehicle. 

Every single component should be developed carefully in order to minimize the transfer of unwanted 

vibrations inside the vehicle compartment. When focusing on the transmission gear noise specifically, for 

example, the dynamic performance of the bracket connecting the rubber bushing to the transmission casing 

has a significant impact on the NVH performance. 

Given the large number of components involved in the overall NVH development of a vehicle, the 

management of the performance of those components should be organized in such a way as to make the 

definition of requirements and the follow-up of the performance during the development practically feasible 

[1]–[3]. This performance management is often organized following a ‘V-model’ (or V-shape). On the left 

leg of the V, performance requirements are cascaded down from full vehicle towards the different systems 

and components involved. This cascading is based on a suitable model of the performance. In the case of 

NVH, the first step of the cascade is typically to set contribution targets and decide the input and body 

transfer target based on a Transfer Path Analysis [4]–[6]. 

2351



In many cases, such an input or body transfer target is not directly useful for a component designer or 

supplier. Another breakdown step is needed to translate the body transfer or input targets into a specific 

component requirement. A key ingredient of this step is the definition (or selection) of suitable Key 

Performance Indicators (KPI’s). A suitable KPI should fit in a consistent breakdown of the performance, 

e.g. based on a (simple) model of the considered contribution path. It is also important that the selected KPI 

can be evaluated with reasonable effort, either through CAE or physical measurements.  

For the case of the bracket between transmission and mount rubber, an output/input side transmissibility can 

be a suitable KPI. To analyze if FBS enables a stand-alone component performance assessment it is applied 

to the connection between the transmission and the vehicle body, following an experimental practice to 

properly characterize the interface connections between components. In this work, FBS is applied to 

different substructures and interfaces of the transmission connection, the results are analyzed, and the 

benefits and limitations of the methodology are presented. 

2 Target cascading for mount brackets 

 

Figure 1: Schematic illustration of the target cascading process, focused on the transfer systems between. 

Good component NVH KPI’s and targets are essential to achieve the full-vehicle performance at the end of 

the development [1]–[3]. Component targets are commonly obtained by cascading the full-vehicle targets 

following the ‘V-model’. This is illustrated in Figure 1, with a focus on the transfer systems: the different 

systems connecting the powerplant to the rest of the vehicle: 

 The first step of the cascade is usually a Transfer Path Analysis (TPA) [4]–[6]. This method is well 

established, and benchmark data for body sensitivity and (to a lesser extent) input forces is readily 

available to support the first step of the target cascading. 

 In a second step, this input force target is broken down further based on a (simple) model of the 

considered transfer system. At this level, the output / input acceleration transmissibility is proposed 

as KPI for the transmission side bracket. At the input side, the (free) vibration of the powerplant can 

reasonably be considered invariant. 

 In the final step, the effect of the boundary conditions imposed by the assembly of the component 

on its performance in terms of the selected KPI is considered. Since the final vehicle is usually not 

available during the component development, the component boundary conditions have to be either 

recreated with sufficient accuracy or compensated through a suitable model to allow assessment of 

the component performance. This paper focusses on the use of FBS to compensate for full-vehicle 

boundary conditions, allowing a simpler component test. 

Full vehicle targets
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input targets
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Transfer systems
+ unit targets

System    
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2.1 Problem description: gear noise transmission through mounting system 

This paper is considering the problem of gear noise, specifically the structure-borne noise transmitted 

through the engine mounts. The discussion will focus on the transmission mount, but the conclusions should 

extend to other mounts as well. The problem is sketched in Figure 2. 

 

Figure 2: Typical layout for an FF engine. Gear noise is transmitted through the transmission mount to the 

body. (T/M: transmission, 𝑎𝑇/𝑀: transmission acceleration). 

2.2 Target cascading for gear noise through the engine mounts 

The aim is to find a suitable description of the input force (or, by extension, the complete path), 

corresponding to the second step of the cascade of Figure 1, for the mount contribution to gear noise. 

Considering the path in as illustrated in Figure 2, a breakdown can be formulated as: 

 
F②

𝑎𝑇/𝑀
=

𝑎①

𝑎𝑇/𝑀
∙
F②

𝑎①

     (1) 

The indices in 𝑎⓪, 𝑎①, … refer to the location on the path, as indicated in Figure 2. The ratio 𝐹② 𝑎①⁄  is 

basically the dynamic stiffness of the rubber bush. The performance of the transmission bracket is 

characterized by the transmissibility 𝑎① 𝑎𝑇/𝑀⁄ , which is proposed as KPI for this case. 

The connection from the bracket to the rubber can reasonably be assumed free, as the application for gear 

noise will typically be far above the powerplant rigid body modes. At the other side of the bracket (point 

⓪), the stiffness of the T/M will not impact the breakdown as formulated above (its effect is considered 

part of the input acceleration 𝑎𝑇/𝑀), but it will affect the practical evaluation of the transmissibility. 

 

Figure 3: Breakdown of the mount input force to unit input (𝑎𝑇/𝑀), T/M bracket transmissibility (
𝑎①

𝑎𝑇/𝑀
⁄ ) 

and mount stiffness. 
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This breakdown is illustrated in Figure 3. 

2.2.1 Application example for the target cascade 

The proposed breakdown is illustrated through an application example for a passenger vehicle. Rather than 

a validation on the level of the mount input forces, the entire path is measured in the form of a transfer 

function 𝑃 𝑎𝑇/𝑀⁄ , with the T/M acceleration (at the root of the T/M bracket) as input and the interior noise 

as response. As such, a unit input is used instead of operational acceleration. For this example, a simple 

stiffness is used for the rubber bush. For final application, it would be advisable to use a detailed frequency-

dependent stiffness for the rubber bush considered. 

In Figure 4, the transmissibility is plotted for the considered example. The behaviour on the actual part is 

very much in line with the expected response of a theoretical mass-spring transmissibility, making for an 

easy interpretation of the KPI. For this part, the first two resonances are very clear around 450 and 1300Hz. 

 

Figure 4: Application example of the transmissibility 
𝑎①

𝑎𝑇/𝑀
⁄ . 

Finally, Figure 5 compares the direct measurement of 𝑃 𝑎𝑇/𝑀⁄  with a calculation of 𝐹② 𝑎𝑇/𝑀⁄  according to 

Eqn. 1, further multiplied with the corresponding body sensitivity from the body side bracket. In general, a 

good agreement can be observed, validating the proposed KPI. The impact of the bracket resonances (as a 

main property of the bracket) is well captured. 

 

Figure 5: Validation of the cascade for  𝑃 𝑎𝑇/𝑀
⁄ . 
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3 FBS approach for transmissibility-based KPI 

3.1 Motivation & application concept 

The good accuracy of the performance breakdown based on bracket transmissibility shows the suitability of 

this KPI to characterize the performance during its development. To this end, it is important that this 

transmissibility can be evaluated in an easy and accurate way, and – as much as possible – without the need 

for a prototype vehicle or powertrain to mount the part.  

Recalling the schematic of Figure 2 and the definition of the transmissibility as 𝑎① 𝑎𝑇/𝑀⁄ , two points can 

be noted: 

1. The transmissibility can be evaluated from any measurement of 𝑎𝑇/𝑀 and 𝑎① as long as 𝑎① is 

coherent with (caused by) 𝑎𝑇/𝑀. This can be an operational measurement (with a coherence filter 

on 𝑎① if necessary) or a hammering measurement with excitation on the powerplant side. 

2. The boundary conditions at the connection of the bracket to the transmission will impact the 

evaluated transmissibility as defined above. As such, this transmissibility is not a property of the 

bracket only but will depend on the system in which it is assembled.  

Despite the second comment, it is desirable to be able to evaluate the transmissibility from a stand-alone 

test of only the bracket. This would remove the dependency on (prototype) parts for the powertrain during 

the development. Moreover, such a stand-alone part evaluation could also be carried out more easily by 

internal design teams or suppliers tasked with the actual design of the bracket. 

The application of a substructuring technique such as FBS allows to recover the assembled behaviour of the 

transmission and bracket as depicted in Figure 2 – including the transmissibility KPI – from stand-alone 

evaluation of the bracket interface on the powertrain and the bracket itself. As such, it offers the desired 

flexibility in evaluation. 

3.2 Frequency Based Substructuring 

FBS (Frequency Based Substructuring) is a dynamic substructuring method formulated by Jetmundsen et 

al. [7], directly applied to FRFs, which makes it valuable in the experimental field. The FRFs of the 

uncoupled structures can be measured or numerically simulated. Applying FBS it is possible to obtain the 

full system FRFs from the uncoupled substructures FRFs [8]. Its main advantage is avoiding the need of 

physically connect source and receiver to directly measure the FRFs of the full system. 

The model in Figure 6 represents an assembly composed of an uncoupled system (Eqn. (2)) plus a set of 

contact forces 𝒈 that enforce compatibility (Eqn. (3)) and satisfy equilibrium (Eqn. (4)). 

 

Figure 6: Assembly model. 
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 = 𝒀(𝒇 + 𝒈) (2) 
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 [𝟎 −𝑰 𝑰 𝟎]𝒂 = 𝑩𝒂 = 𝟎 (3) 

 𝒈 = 𝑩𝑇𝝀 (4) 

Where the subscripts refer to the DOFs (𝑠: any source DOFs, 𝑟: any receiver DOFs, 𝑐: connection) and the 

superscripts refer to the component (𝑆: source, 𝑅: receiver, 𝑆𝑅: coupled source and receiver). 𝑩 is a boolean 

matrix that maps the DOFs and 𝝀 are Lagrange multipliers representing contact forces. This follows the 

formulation proposed in [9], known as the LM-FBS. 

Manipulating Eqn. (2), Eqn. (3) and Eqn. (4), Eqn. (5) is obtained, which expresses the dual assembly of 

the substructures [10]. 

 𝒀𝑆𝑅 = 𝒀 − 𝒀𝑩𝑇(𝑩𝒀𝑩𝑇)−1𝑩𝒀 (5) 

When the connection between source and receiver is not rigid, but relative displacements are allowed by 

means of a resilient mount, a similar derivation can be carried out, substituting the equilibrium and 

compatibility conditions by the relationship of Eqn. (6). 

 𝒈 = −𝑩𝑇𝑲(𝒂𝑟𝑐
𝑅 − 𝒂𝑠𝑐

𝑆 ) = −𝑩𝑇𝑲𝑩𝒂 (6) 

Where 𝑲 is the dynamic stiffness of the mount (for 𝒂 representing displacement) or the dynamic mass (for 

𝒂 representing acceleration). The new coupled accelerance matrix for this case is shown in Eqn. (7). 

 𝒀𝑆𝑅 = 𝒀 − 𝒀𝑩𝑇(𝑲−1 + 𝑩𝒀𝑩𝑇)−1𝑩𝒀 (7) 

3.3 Geometrical Reduction 

One of the experimental difficulties of FBS is the requirement of the FRFs of the connection DOFs. The 

difficulty can arise for different reasons, such as a continuous interface (for which a discretization would be 

needed to make the approach practical) or a lack of accessibility of the connection DOFs (for which indirect 

measurements could be performed). 

In the second case some of the DOFs might not be available for direct measurements, such as rotational 

DOFs and DOFs that are not physically accessible due to the configuration of the connection. To indirectly 

measure those DOFs one extra assumption is made, i.e. a rigid behavior of the region around the DOF 

(Figure 7). 

 

Figure 7: Geometrical reduction model. 

This assumption allows the application of a geometrical reduction to the DOFs within the rigid region, 

using a mathematical description of the rigid body behavior. This geometrical reduction can be formulated 

for an acceleration DOF (Eqn. (8)) and a force DOF (Eqn. (9)). 
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 (8) 

Where 𝑞 are the linear and rotational DOFs at an arbitrarily chosen center of reduction, 𝑟 represents the 

geometrical location of the acceleration DOF respect to the center of reduction for each direction, and 𝑒 

are the projections of the acceleration DOF direction to each unitary vector. 

 

[
 
 
 
 
 
𝑚𝑥

𝑚𝑦

𝑚𝑧

𝑚𝑀𝑥

𝑚𝑀𝑦

𝑚𝑀𝑧]
 
 
 
 
 

=

[
 
 
 
 
 

𝑒𝑥

𝑒𝑦

𝑒𝑧

𝑟𝑦𝑒𝑧 − 𝑟𝑧𝑒𝑦

𝑟𝑧𝑒𝑥 − 𝑟𝑥𝑒𝑧

𝑟𝑥𝑒𝑦 − 𝑟𝑦𝑒𝑥]
 
 
 
 
 

𝑓 (9) 

Where 𝑚 are the equivalent forces and moments of load 𝑓 at an arbitrarily chosen center of reduction, 𝑟 

represents the geometrical location of 𝑓 respect to the center of reduction for each direction, and 𝑒 are the 

projections of the 𝑓 direction to each unitary vector. 

In this way, this technique can be applied to both source and receiver connections, allowing FBS to couple 

FRFs at the exact locations and include rotational DOFs (Figure 8). Similar approaches have already been 

used in literature [11], [12] and more recently popularized [13]. 

 

Figure 8: Geometrical reduction at source and receiver for FBS application. 

A meaningful validation for this rigid hypothesis can be achieved by comparing the measured FRFs with 

the geometrically reduced FRFs projected to the original DOFs. To simplify the comparison, a metric called 

sensor consistency or rigidness [13] is defined, which consists in a MAC between measured and projected 

FRFs: 

𝜌2 = MAC(�̃�, 𝒂) =
(�̃�𝐻𝒂)(𝒂𝐻�̃�)

(�̃�𝐻�̃�)(𝒂𝐻𝒂)
     (10) 

4 Experimental results 

4.1 Test setup 

For the experimental validations a commercial vehicle was considered. The vehicle is powered by an ICE, 

which is isolated from the vehicle body by three sets of rubber mount isolators: the engine mount, the anti-

roll mount, and the transmission mount. In this paper, the transmission mount connection has been 

considered for the analysis, while the other two connections are kept in place. The system is composed of 

the vehicle body plus the transmission, the transmission bracket, the mount between brackets and the body 

bracket. The full system is depicted in Figure 9. 
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Figure 9: Transmission connection setup (up) and schematic depiction (down). 

In this full setup 2 interfaces were analyzed. One interface was defined between the vehicle body and the 

body bracket, physically connected by 3 bolted connections. Each of these 3 connections was modelled as 

a 6 DOFs rigid coupling: front (BODY_FR_CON_REF), middle (BODY_MID_CON_REF) and rear 

(BODY_RE_CON_REF). The other interface was defined between the transmission and the transmission 

bracket, physically connected by 4 bolted connections. Considering the high rigidity of the interface and in 

order to improve the stability of the FBS, the 4 physical connections were reduced to 1 modelled 6 DOFs 

rigid coupling (TR_CON_REF). 

FBS was applied to the 2 interfaces in 2 separate cases, analyzing 1 interface per case. In one case, the 

substructures considered were the vehicle body and the uncoupled body bracket. In the other case, the 

substructures were the transmission and the uncoupled transmission bracket. The substructures considered 

were characterized in free-free conditions and are depicted in Figure 10 (uncoupled brackets) and Figure 11 

(vehicle body and transmission without brackets). 
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Figure 10: Uncoupled transmission bracket (left) and uncoupled body bracket (right). 

 

Figure 11: Vehicle body with transmission (without the brackets). 

The FBS validation was assessed by a comparison between FBS synthesized and measured coupled FRFs. 

The coupling for each of the 2 cases is indicated in Figure 12. 
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Figure 12: Transmission + transmission bracket (up) and body bracket + body (down). 

For the FRF measurements, excitation locations and accelerometers were placed around each connection 

for FBS application, and further from the connections as validation targets. These targets were placed at the 

body, transmission and body bracket components. 

To also obtain rotational DOFs FRFs, geometrical reduction was applied to forces and accelerations. For 

that purpose, several accelerometers and impacts were placed around each connection. This approach is 

depicted in Figure 13. 

 

Figure 13: Impacts and accelerometers for geometrical reduction at the front connection of body bracket 

(left) and body vehicle (right). 

FRFs measurements were performed for the coupled and uncoupled systems using a calibrated LMS 

Qsource miniature shaker (Q-MSH) exciting the frequency range from 50 Hz to 2000 Hz. 

4.2 Results 

In the first case, FBS was applied to couple the vehicle body with the body bracket (Figure 12, down). The 

coupling was performed using 3 rigid connections, i.e. 6 DOFs per connection, therefore a total of 18 

connecting DOFs. 

To validate the rigidity hypothesis of those connections, the previously defined consistency was applied to 

each connection. In Figure 14 the averaged consistency of the sensors around the middle connection of the 

free-free body bracket is shown. 
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Figure 14: Average sensor consistency of the middle connection of the body bracket. 

 In Figure 15, a comparison between a measured coupled FRF and the FBS synthesized FRF is shown. The 

depicted FRF is the driving point accelerance on the Z direction of the rear connection 

(BODY_RE_CON_REF in Figure 9). 

 

Figure 15: Comparison between measured and FBS synthesized coupled FRF (uncoupled vehicle body + 

body bracket). Rear connection response. 

In the second case, FBS was applied to couple the transmission with the transmission bracket (Figure 12, 

up). The coupling was performed using 1 rigid connection, i.e. 6 DOFs in total. Also, in this case the rigidity 

hypothesis was validated using the consistency, which is depicted in Figure 16 for the transmission bracket 

connection in free-free. 
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Figure 16: Average sensor consistency of the transmission bracket connection. 

In Figures 17 and 18, a comparison between a measured coupled FRF and the FBS synthesized FRF is 

shown. In Figure 17, the depicted FRF is the accelerance between an excitation at the Z direction of the 

transmission connection and the response of the target in the transmission. 

 

Figure 17: Comparison between measured and FBS synthesized coupled FRF (uncoupled transmission + 

transmission bracket). Transmission target response. 

In Figure 18, the depicted FRF is the accelerance between an excitation at the Z direction of the transmission 

connection and the response of the Z direction of the mount connection of the transmission bracket. 
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Figure 18: Comparison between measured and FBS synthesized coupled FRF (uncoupled transmission + 

transmission bracket). Transmission mount connection response. 

It can be observed that measured and synthesized FRFs follow similar trends in general. Some of them show 

larger deviations in magnitude and phase affecting the trend, together with deviations in form of spurious 

peaks [14]. These might have been caused by measurement errors, the simplification of the connection 

model (including the rigidity assumption), and error amplification due to numerical instabilities. These 

sources of errors will be further investigated in future research, analyzing and quantifying their effect on the 

FBS in order to define suitable approaches to tackle them. 

5 Conclusions 

This study has investigated the use of FBS in the context of component performance assessment, KPI’s and 

targets setting. In this regard, FBS has been applied to the body bracket and transmission bracket of a vehicle 

transmission connection. This constitutes an attempt to validate FBS at higher frequencies, up to 2000 Hz 

in this case. The comparisons between measured and FBS synthesized FRFs have shown the degree and 

range of validity of the FBS methodology for this application case. As a step of the component based TPA 

methodology, it can be used to tackle gear related problems and transmission issues. While the FBS results 

as reported here look promising, further investigation is required to improve the accuracy and stability of 

the results to enable the calculation of the transmissibility KPI as defined. 
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Appendix 

A. Technical terms and abbreviations 

Abbreviation comment 

NVH Noise, Vibration and Harshness 

NV Noise & vibrations 

KPI Key Performance Indicator 

FBS Frequency Based Substructuring 

FRF Frequency Response Function 

TPA Transfer Path Analysis: a common procedure in NV analysis to allocate noise or 

vibration level at a selected point to contributions of the difference noise or vibration 

sources. 

V-Model Procedure for cascading of requirements (down along left side of the “V”) and design 

validation (upwards along right side) 

Transmissibility Ratio of 
𝑜𝑢𝑡𝑝𝑢𝑡

𝑖𝑛𝑝𝑢𝑡⁄  of same quantity (acceleration or force) for a mechanical 

system or component. 

Inertance Local ratio of 𝑎𝑐𝑐𝑒𝑙𝑒𝑟𝑎𝑡𝑖𝑜𝑛
𝐹𝑜𝑟𝑐𝑒⁄ . It is related to the inverse of the local stiffness.  

dB Decibels 

T/M Transmission 

𝑎𝑖 Acceleration at component or location 𝑖 

𝑎𝑇/𝑀 Acceleration at the transmission 

𝑃 Sound pressure 

𝑃
𝑎𝑇/𝑀

⁄  Ratio of sound pressure (in the vehicle cabin) over acceleration at the transmission. 

This ration is also referred to as ‘Body Sensitivity’ 
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Abstract
Based on generalized Snell’s law, a composite structure is proposed which is composed of periodically
arranged porous elements of varied thickness in the in-plane direction with rigid separations in between to
obtain broadband and wide angle of incidence absorption. Without a rigid backing, the proposed design is
suitable for applications where both reflection and transmission need to be tackled simultaneously. Firstly, an
analytical model to calculate the phase response of reflection and transmission is derived. Moreover, based on
the analytical model, a detailed design is made and validated numerically and experimentally: an absorption
coefficient of over 0.9 is achieved between 1500Hz and 3000Hz for a range of angles of incidence of over
120°. Our work shows a way to achieve high reflection and transmission coefficients simultaneously using
regular foams, showing the potential for real-world applications.

1 Introduction

Metamaterials are a class of materials that are composed of smaller units, once combined, unconventional
material properties such as negative bulk modulus [1] and negative mass density [2] can be achieved. In the
field of acoustics, metamaterials find their applications in controlling and manipulating sound waves. They
include acoustic lenses that are capable of focusing plane waves [3], converting plane waves into evanescent
waves or vice versa [4] and anomalous reflection and anomalous transmission [5]. For the application of
obtaining a high absorption coefficient over a wide frequency range, designs are usually resonance based,
be it membrane type [6], rubber coatings with an air-filled cavity [7], mass inclusions [8] or Helmholtz
resonators [9]. Though such systems can achieve a high absorption coefficient at the design frequency, the
improvements tend to be narrow-banded. Even though multiple layers can be combined for a more broadband
solution, this measure tends to lead to more bulky designs or complicate the fabrication process.

Phase gradient materials have been shown to be able to manipulate waves effectively both for electromagnetic
and acoustic waves, where wave conversion can also be achieved [10]. In this paper, we utilize the wave
conversion capability of phase gradient materials and design a metasurface which is capable of reducing
the reflection and transmission coefficients simultaneously. As a result, a broadband high absorption can be
achieved. The layout of this paper is as follows: the description of the design is given in section 2.2; the
theoretical formulation and design process are explained in section 2 and 3; the numerical and experimental
validation is performed in section 4 and 5 respectively and conclusions are made in section 6.
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2 Problem description and methodology

This paper focuses itself on achieving a low reflection and transmission coefficient through one design at the
same time. Section 2.1 describes the theory that the design is based on. Section 2.2 shows the actual design.
The prediction model of reflection and transmission coefficients is shown in section 2.3.

2.1 Generalized Snell’s Law

The Generalized Snell’s Law provides an extension of the conventional Snell’s Law. It was first introduced
into the field of optics [11]. It describes that if there exists phase discontinuity at the interface between
two media, the transmitted and reflected waves behave differently from those in the case which is governed
by the conventional Snell’s law. In the case that the phase discontinuity is well-chosen, they can become
evanescent. A detailed derivation of the Generalized Snell’s Law based on the Fermat’s Law can be found
in [11]. The definitions of the conventional and generalized Snell’s Law are given in equation (1) and (2),
respectively:

n2 sin(θ2)− n1 sin(θ1) = 0, (1)

n2 sin(θ2)− n1 sin(θ1) = m
λ

l
, (2)

where n1 is the refractive index of medium 1 (unity for air), n2 is the refractive index of medium 1 in the
case of reflection or that of medium 2 in the case of transmission, θ1 is the angle of incidence, θ2 is the angle
of reflection in the case of reflection or that of transmission in the case of transmission, m is the order of the
reflected or transmitted wave, l is the length of one period for the phase gradient along the interface and λ is
the wavelength of the waves considered in medium 1.

As can be derived, if λ
l > 2, equation (2) will yield only complex solutions for any order of the reflected

and/or transmitted wave higher than the 0th order. As a result, all higher order reflected and/or transmitted
waves will have a complex wavenumber with a purely imaginary component in the direction normal to the
interface, meaning that along that direction they are evanescent and will not travel far [12]. A low reflection
or transmission coefficient can be achieved depending on where a phase gradient is applied. Consequently,
by exerting phase gradients on both the reflection and transmission interface, a high absorption coefficient
can be achieved.

2.2 Description of the design

A metasurface with periodically arranged unit cells is designed. Figure 1 shows the design schematically,
where regions in magenta grid represent foam and those in white represent the air regions.

Figure 1: Schematic representation of a unit cell design consisting of four cells

Each unit cell is composed of a number of separate cells with rigid partitions. Each cell is composed of a
foam of a certain thickness with air regions both at the top and bottom of the foam. The height of both the
top and bottom air region is adjustable to enable 2 degrees of freedom (DoFs) for each cell to independently
tune the reflected and transmitted waves. Thus, it is possible to form a phase gradient on both the top and the
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bottom interfaces. To create a synergy when combining multiple periods together, the width of each period
is kept as sub-wavelength at the frequency of interest.

2.3 Prediction of phase of the reflection and transmission coefficient of each cell

To achieve a certain phase profile on the reflection and transmission side of the surface, a model to predict
the phase of reflection coefficient R and transmission coefficient T at single cell level is proposed. Figure 2
shows the schematic representation of one cell of the unit cell as represented in Figure 1, where L1, L2, L3

and L are the thickness of the top air layer, foam layer, bottom layer and the whole cell, respectively.

L1

LL2

L3

S1

S2

Figure 2: Schematic representation of one cell of the design

The impedance translation theorem [13] can be expressed as:

ZS2 = Zc
−jZS1 cot(kL2) + Zc
ZS1 − jZc cot(kL2)

. (3)

It states that for two locations inside a medium, the surface impedance at one location (ZS2) can be calculated
once the following qualities are known: surface impedance at the other location (ZS1), the characteristic
wavenumber k, the characteristic impedance Zc of the medium and the distance between two locations L2

(see Figure 2 for locations of S1 and S2).

The reflection coefficient R at a given surface can be calculated from the surface impedance Zs at the given
surface:

R =
1− Zs
1 + Zs

. (4)

Combining equation (3) and (4), the reflection coefficient at the top of one cell can be predicted (where the
phase information is incorporated):

R =
−e−2ka(L1+L2)j

(
Z2
a − Z2

f

)
(σ1 − σ2)

(
Z2
a + Z2

f

)
(σ1 − σ2) + 2ZaZf (σ1 + σ2)

. (5)

By applying continuity of acoustic particle velocity and acoustic pressure on the transmission interface (S1)
for two media [14], the complex transmission coefficient T for one cell can also be predicted:

T =
eka(L1+L3)j4ZaZf(

Z2
a + Z2

f

)
(σ1 − σ2) + 2ZaZf (σ1 + σ2)

, (6)

where σ1 = ekfL2j ; σ2 = e−kfL2j ; Za, Zf , ka and kf are impedance and wavenumber of air and foam,
respectively.
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3 Design process

This section applies the theory of the previous section to obtain a design for the metasurface. As the design
incorporates foam, the strategy to obtain the equivalent fluid properties of the foam is explained in section
3.1. Section 3.2 describes the methodology to determine the geometry of a unit cell.

3.1 Foam characterization methodology

Since the design is composed of cells with foam of various thickness, it is necessary to use realistic foam
parameters to realize the design. To this extent the foam properties of a foam are retrieved from an impedance
tube experiment and are subsequently used to realize the design.

3.1.1 Description of the method

Foam parameters are measured and characterized in an impedance tube using the two cavity method as
proposed by Utsuno [15]. Figure 3 shows the impedance tube used in the measurement and Figure 4 shows
the foam samples used.

Figure 3: Impedance tube used for the inverse characterization of the foam parameters [16]

A cellular foam is chosen for the sake of achieving a lightweight design. For each sample, three measure-
ments are made with different depths of backing cavity between the foam and the backing piston. The surface
impedance and equivalent wavenumber can be extracted from the measurements. Then the frequency depen-
dent complex equivalent characteristic impedance Zf and wavenumber kf can be calculated using equation
(7) and (8):

Zf =

√(
Z0Z ′0(Z1 − Z ′1)− Z1Z ′1(Z0 − Z ′0))

(Z1 − Z ′1)− (Z0 − Z ′0)

)
, (7)

kf =
1

2jd
ln

(
Z0 + Zc
Z0 − Zc

Z1 + Zc
Z1 − Zc

)
, (8)

where d is the thickness of the sample used in the measurement, Z0 and Z ′0 are the surface impedance of the
samples with two different backing air cavity depths and Z1 and Z ′1 represent the impedance at the back of
the sample for the two different cavities. Z0 and Z ′0 can be measured directly, Z1 and Z ′1 can be calculated
as:

Z1 = −jZa cot (kaL) , (9)

where Za is the characteristic impedance of air, ka is the wavenumber in air and L is the applied cavity depth.
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Figure 4: Foam samples for the measurement

3.1.2 Validation of the method

During the experiments, three cavity depths are used: 6 cm, 2 cm and 0 cm (no cavity, for validation purpose).
The 6 cm and 2 cm cases are used together with equation (7) and (8) to obtain the equivalent wave number
and characteristic impedance of the foam.

When no backing cavity but just rigid boundary condition is applied, the surface impedance of the foam is
given by [13]:

Zs = −j cot(kfd), (10)

where kf is the equivalent wave number of the foam, d is the foam thickness and j is the imaginary unit.

Via equation 4, the reflection coefficient for the rigid backing case can be obtained, leading to the following
absorption coefficient:

αL=0 = 1−R2
L=0. (11)

Then the predicted absorption obtained with properties based on the measured 6 cm and 2 cm backing cavity
configurations is compared to the measurement with rigid baking. Results are presented in Figure 5. A good
agreement is observed, indicating the method is correctly implemented.

3.2 Determination of unit cell geometry based on the extracted foam parameters

Based on the extracted impedance and wavenumber, equation (5) and (6) are then used to predict the phase
of R and T . Figure 6 and 7 shows the phase of R and T as a function of L1 and L3 at 2000Hz.

With the aim to form a phase gradient on both the reflected and transmitted surfaces, different combinations
of L1 and L3 are selected. As a result, four unique cells as a period are designed to form a phase gradient on
both the reflected and transmitted surface. The geometry of the four cells is detailed in table 1.

It is worth mentioning that though in this specific case all values of L3 are zero, it does not imply that in
general L3 should be set to zero since it is dependent on the specific foam parameters. Besides, although
the phase of T does not cover the complete 2π range, which means the phase gradient formed by the four
cells will not be evenly distributed, as shown in next two sections, a favorable absorption enhancement is
still achieved.
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Figure 5: Absorption coefficient comparison: derived versus measured
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Figure 6: Phase of R as a function L1 and L3 at 2000Hz
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Figure 7: Phase of T as a function of L1 and L3 at 2000Hz
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Table 1: Dimensions of four cells

Cell No. L1(cm) L2(cm) L3(cm)

1 6 1 0
2 4 3 0
3 2 5 0
4 0 7 0

4 Numerical simulations

To validate and check the effectiveness of the design, a simulation is made based on the dimensions given
in table 1. Section 4.1 shows the setup of the numerical model. The results at normal incidence are given in
section 4.2. Section 4.3 shows the results at oblique incidence.

4.1 Numerical setup

As shown in Figure 8, a unit of four cells is simulated with the dimensions from table 1.
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Figure 8: Locations of pressure extraction for coefficient R, T and α

The simulations are made in COMSOL 5.4 with the pressure acoustics module. The extracted complex foam
parameters are imported into the software to represent the foam. A unit cell is placed in the middle of the air
domain which is 1.47 m (from left to right) by 0.08 m (from the top to bottom). The length for the air domain
below and above the unit cell is 0.7 m. An oblique plane wave field with controllable angle of incidence is
incident to the unit. To remove unwanted reflections, perfectly matched layers (PMLs) are added at the
boundary of acoustic domains both above and below the unit cell. Bloch Floquet boundary conditions are
added at the two sides to ensure periodic boundary conditions. The simulation is performed for the frequency
range from 1000Hz to 3000Hz. For sufficient accuracy, the maximum element size is set to be 1

20 of the
minimum acoustic wavelength considered.

Pressure values are predicted at 10 cm above and below the metasurface (see line 1 and line 2 in Figure
8). The reflection coefficient R, transmission coefficient T and absorption coefficient α are approximately
calculated as:

R =
Ps
Pi
, (12)

T =
Pt
Pi
, (13)

α = 1−R2 − T 2, (14)

where Ps is the averaged pressure for scattered waves along line 1 (L1), Pt is the averaged pressure for
transmitted waves along line 2 (L2) and Pi is the averaged pressure for incidence waves along line 1.
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For the sake of comparison, the absorption of a bare foam of the same thickness and of the same type is also
simulated with the same setup.

4.2 Absorption coefficient at normal incidence

The absorption coefficient of the designed sandwich structure obtained using the method mentioned above
is shown in Figure 9.
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Figure 9: Absorption coefficient α of metasurface and bare foam at normal incidence

A high absorption enhancement can be observed over a wide frequency range for the sandwich design, as
compared to the conventional bare foam case of the same thickness. This means that in the normal inci-
dence case, the absorption of the metasurface is greatly enhanced without any compromise to the absorption
coefficient at near frequencies, which sometimes is the case for elastic metamaterials. The broadband char-
acteristics are due to the fact that the metasurface is not a locally resonating structure since it works on the
collective contribution of each cell to form a phase gradient.

Figure 10 shows the real part of the pressure field above and below the surface for both the metasurface and
the bare foam case.

Evanescent waves

Evanescent waves

(a) Metasurface case: evanescent waves observed (b) Bare foam case: evanescent waves not observed

Figure 10: Pressure field distribution in the region close to the surfaces at 2000Hz

In the metasurface case, the evanescent waves are observed near the surface whereas in the bare foam case
only plane waves are observed. Evanescent waves possess an exponentially deceasing amplitude in the
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direction that moves away from the surface, which becomes negligible when the distance is larger than one
wavelength [17], as also can be confirmed by Figure 10a.

4.3 Absorption coefficient at oblique incidence

Similarly, the absorption coefficients of metasurface and bare foam under oblique angles of incidence can be
predicted and for the sake of saving space, the absorption coefficients for varying angles of incidence at only
2000Hz is shown in Figure 11.
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Figure 11: Absorption coefficient α of metasurface and bare foam at oblique incidence at 2000Hz

As can be seen from the figure, the metasurface case has a much higher absorption over a wider range of
angles of incidence as compared with the bare foam case, which serves as a great advantage.

Additionally, the absorption coefficients for the metasurface are high for angles ranging from normal inci-
dence up to approximately 60 degrees, while for the regular foam, high absorption coefficients are mainly
obtained for angles close to grazing. The reason is that the metasurface is based on the phase gradient which
tends to collapse at large angles of incidence, owing to the fact that an oblique angle of incidence will intro-
duce an additional phase gradient on the surface which, close to grazing cases, will neutralize the existing
phase gradient on the surface. For the bare foam case, the performance is mainly dependent on the effective
path that the acoustic waves travel through the foam, which becomes longer with a larger angle of incidence.

Apart from a much higher average absorption coefficient for a wide frequency range and also for a larger
range of angles of incidence, the location of higher absorption coefficient being centering around the normal
incidence can also serve as an advantage for the metasurface case as compared with the bare foam case. When
diffuse field measurements are considered, angles of incidence are mostly limited to 78 degrees as energy
impinging on the panel beyond that angle is minimal [18]. In the range of dominant angles of incoming
energy, the metasurface thus performs better.

5 Experimental verification

The design is also experimentally validated in a two-port test rig, which shows a good match to the numerical
validation results. Firstly, the experimental setup is described in section 5.1. Then the results are described
in section 5.2.
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5.1 Experimental setup and measurement procedure

The experiment is conducted in a two-port test rig, of which the cross section is 4 cm by 4 cm, allowing only
one plane wave to propagate below 4280Hz. Figure 12 shows a period of metasurface sample and Figure 13
shows the sample within the sample holder which is mounted on the two-port test rig.

Figure 12: A sample with a sample holder

Figure 13: A sample with sample holder mounted on the two-port test rig [19]

An acoustic two-port model is used to characterize the scattering matrix of the system. By analyzing the
scattering matrix, the reflection and transmission coefficients at both sides of the metasurface R± and T±

can be obtained. The scattering matrix S is defined as:

S =

[
T+ R−

R+ T−

]
. (15)

For both the sandwich and bare foam case, three samples are measured respectively. For each sample, four
measurements are taken, whose configurations are shown in table 2.

Table 2: Measurement configuration

Measurement No. Impedance treatment Source in duct
1 Y 1
2 Y 2
3 N 1
4 N 2

The impedance treatment is achieved by mounting a cone-shape structure at one end of the test rig to change
the end impedance thus the boundary condition of the system accordingly. For the same excitation, with and
without this treatment can yield two independent measurements.
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5.2 Absorption coefficient at normal incidence

The measured absorption coefficient of the sandwich and bare foam case together with their numerical coun-
terparts are shown in Figure 14 and 15.
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Figure 14: Measured and simulated absorption coefficient α of the metasurface at normal incidence
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Figure 15: Measured and simulated absorption coefficient α of bare foam at normal incidence
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As can be seen from the figure, in general, the measurement results agree well with the numerical results in
both cases, except for a small mismatch at the lower end of the spectrum, which is speculated to be introduced
by either different clamping conditions of the samples in the two-port test rig and the impedance tube or less
accurate characterization at low frequencies in the impedance tube.

6 Conclusions

It is shown that by exerting a phase gradient on both the reflection and transmission side of a structure,
high absorption coefficients can be obtained as the reflection and transmission of higher order waves can
be suppressed. Phase gradients are obtained in this work by using a metasurface, composed of periodically
arranged air-foam-air systems of varying dimensions that are separated by rigid interfaces. As compared to
a foam with the same thickness, an improved absorption coefficient is obtained in a wide frequency range
and for a wide range of angles of incidence. The effectiveness of the proposed design is verified by finite
element simulations and is experimentally validated for normal incidence.

Acknowledgements

The research of Z. Zhang is funded by an Early Stage Researcher grant within the European Project PBNv2
Marie Curie Initial Training Network (GA 721615). The research of E. Deckers is funded by a grant from
the Research Foundation – Flanders (FWO). The Research Fund KU Leuven is gratefully acknowledged for
its support.

References

[1] J. Li and C. T. Chan, “Double-negative acoustic metamaterial,” Physical Review E, vol. 70, no. 5, p.
055602, 2004.

[2] S. H. Lee, C. M. Park, Y. M. Seo, Z. G. Wang, and C. K. Kim, “Acoustic metamaterial with negative
density,” Physics letters A, vol. 373, no. 48, pp. 4464–4469, 2009.

[3] Y. Li, G. Yu, B. Liang, X. Zou, G. Li, S. Cheng, and J. Cheng, “Three-dimensional ultrathin planar
lenses by acoustic metamaterials,” Scientific reports, vol. 4, p. 6830, 2014.

[4] J. Li, L. Fok, X. Yin, G. Bartal, and X. Zhang, “Experimental demonstration of an acoustic magnifying
hyperlens,” Nature materials, vol. 8, no. 12, pp. 931–934, 2009.

[5] K. Tang, C. Qiu, M. Ke, J. Lu, Y. Ye, and Z. Liu, “Anomalous refraction of airborne sound through
ultrathin metasurfaces,” Scientific reports, vol. 4, no. 1, pp. 1–7, 2014.

[6] M. Yang, C. Meng, C. Fu, Y. Li, Z. Yang, and P. Sheng, “Subwavelength total acoustic absorption with
degenerate resonators,” Applied Physics Letters, vol. 107, no. 10, p. 104104, 2015.

[7] S. M. Ivansson, “Sound absorption by viscoelastic coatings with periodically distributed cavities,” The
Journal of the Acoustical Society of America, vol. 119, no. 6, pp. 3558–3567, 2006.

[8] S. Cui and R. L. Harne, “Tailoring broadband acoustic energy suppression characteristics of double
porosity metamaterials with compression constraints and mass inclusions,” The Journal of the Acousti-
cal Society of America, vol. 141, no. 6, pp. 4715–4726, 2017.

[9] T. Yamamoto, “Acoustic metamaterial plate embedded with helmholtz resonators for extraordinary
sound transmission loss,” Journal of Applied Physics, vol. 123, no. 21, p. 215110, 2018.

2378 PROCEEDINGS OF ISMA2020 AND USD2020



[10] Y. Fang, X. Zhang, J. Zhou, J. Guo, R. Fattah, G. Zhou, and B. Chen, “Acoustic characterization of a
porous metasurface with embedded partitions,” in 2018 AIAA/CEAS Aeroacoustics Conference, 2018,
p. 3277.

[11] N. Yu, P. Genevet, M. A. Kats, F. Aieta, J.-P. Tetienne, F. Capasso, and Z. Gaburro, “Light propagation
with phase discontinuities: generalized laws of reflection and refraction,” science, vol. 334, no. 6054,
pp. 333–337, 2011.

[12] Y. Xie, W. Wang, H. Chen, A. Konneker, B.-I. Popa, and S. A. Cummer, “Wavefront modulation and
subwavelength diffractive acoustics with an acoustic metasurface,” Nature communications, vol. 5,
no. 1, pp. 1–5, 2014.

[13] J. Allard and N. Atalla, Propagation of sound in porous media: modelling sound absorbing materials
2e. John Wiley & Sons, 2009.
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Abstract
The recently introduced DERRP (or Direct Estimation of Residuals from Rational-fraction Polynomials) al-
gorithm for modal parameter estimation computes all the parameters in a single step, rather than the two-step
traditional approach. A global estimation of all parameters is carried out such that complete modal infor-
mation is available for the pole selection phase. This eliminates the need for a second least squares solution
and opens up possibilities for innovations in the complete process. Residuals are explicitly computed and
a method to compare (lower and upper) residuals is proposed. The paper highlights the resulting improve-
ments in the pole selection phase, specifically via comparisons of the participation vectors and reconstructed
vectors (called longest vectors) using all measured degrees of freedom in the input and output space. This
approach is applied to a theoretical dataset and results are discussed. It is seen that the longest vectors cor-
rectly identify the output degrees of freedom that were not measured and may be utilised towards creating
“virtual FRFs” using the modal properties of a dynamic system.

1 Introduction

Modal parameter estimation (MPE) refers to a system identification procedure for vibrating mechanical
structures wherein an a-priori model is used to determine structural modal parameters from Frequency Re-
sponse Functions (FRFs) or Impulse Response Functions (IRFs). It is a well-researched field with various
approaches proposed over the past five decades, and its maturity may be gauged by the availability of a com-
mon framework unifying the various algorithms - UMPA (Unified Matrix Polynomial Approach) [1] and the
widespread use of algorithms like the poly-reference least squares frequency domain approach (also called
PolyMAX© [2]) and Least Squares Complex Exponential (LSCE) for industrial use cases. One of current
focuses of research is the automation of the MPE process [3], [4], [5], especially for large and noisy data sets
from industrial applications [6], and herein lies the motivation for the presented work.

The modal parameters that characterise the dynamics of a Multiple-Input Multiple-Output (MIMO), Linear
Time Invariant (LTI) system are as follows:

• Poles or complex natural frequencies (λ = σ + jΩ): The imaginary part corresponds to the observ-
able damped natural frequency. The damping ratio (ζ) is computed using the real part of the pole as
indicated in Equation 1.

ζ =
σ√

σ2 + Ω2
(1)
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• Modal (or mode shape) vectors ({ψ}) represent the principal shapes that the structure assumes when
vibrating at its natural frequency.

• Participation vectors ({L}) represent the contribution of various force input degrees-of-freedom
(DoFs) to each of the mode shapes.

• Modal scaling factors (Q) represents the constant that scales a normalised mode shape.

It should be noted that the modal parameters are considered as global properties of a system and as such
the algorithms used to compute these from experimentally obtained data must enforce this constraint. The
general process of MPE is discussed below and the recently introduced DERRP algorithm (Direct Estimation
of Residuals from Rational-fraction Polynomials) [7][8] is discussed in the following section. However, for
a detailed background on the basics and theory, the reader is directed to the references [9], [10], and [11].

The FRF matrix ([H(ω)] ∈ CNo×Ni) relating displacements to forces may be represented in the partial
fraction description of the MIMO FRF matrix in the frequency (or Fourier) domain in terms of the residues
([Ar] ∈ CNo×Ni), poles (λr) and residuals, both lower ([LR] ∈ CNo×Ni) and upper([UR] ∈ CNo×Ni), as
shown in Equation 2.

[
H(ω)

]
No×Ni

=

Nr∑

r=1

(
[Ar]No×Ni
jω − λr

+
[Ar]

∗
No×Ni

jω − λ∗r

)
+

[LR]No×Ni
(jω)2

+ [UR]No×Ni (2)

Here, No is the number of outputs, Ni is the number of inputs and Nr is the number of conjugate mode pairs
(λr, λ∗r = σ ± jΩ).

The residue at the rth non-repeated modal frequency i.e. [Ar] is of unity rank and can be decomposed into
the modal scaling factor (Qr ∈ C1×1), the modal vector (ψr ∈ CNo×1) and the modal participation vector
(Lr ∈ CNi×1) as shown in Equation 3. For the proportionally damped case, the residue is purely imaginary.

[
Ar
]
No×Ni = Qr

{
ψr
}
No× 1

{
Lr
}T

1×Ni (3)

In current state-of-the-art approaches, a rational fraction polynomial (RFP) is often used to represent the
FRF matrix to initiate the MPE process. The left-matrix RFP description shown in Equation 4, is used to
construct an overdetermined set of equations at each frequency line (s = jω), which is then solved in a least
squares sense for the shown matrix polynomial coefficients of the “denominator”([αi]) and the “numerator”
([βi]).

[
H(s)

]
No×Ni

=

[ m∑

i=0

[
[αi]s

i
]]−1

No×No

[ m∑

i=0

[
[βi]s

i
]]

No×Ni
(4)

The “numerator” (or [βi]) matrix coefficients are then either ignored after or eliminated by substitution before
the least squares solution. In any case, only the “denominator” (or [αi]) matrix coefficients are kept, and are
used to develop a polynomial eigen-value solution [12] (also see companion matrix [11]). This process is
carried out for increasing model order m, resulting in complex poles (as eigen-values) and modal vectors
(as truncated eigen-vectors) for each model order iteration, using which a consistency (or stabilisation) chart
may be plotted. The user is then required to select valid poles from the large set of computed poles (and
associated modal vectors), based on statistical parameters, as described in Section 3. This is an important
step in the first stage of MPE and requires user experience, especially when the data set may be noisy. Only
after the poles are selected and finalised, may the user proceed to the second stage where the partial fraction
model is applied (Equation 2) to each frequency line to compute the participation vectors, modal scaling,
and the upper and lower residuals in a least squares sense.

The DERRP algorithm attempts to tackle this issue by essentially estimating all the parameters in the first
step itself, before the construction of the stabilisation chart. The innate advantage of having the complete set
of modal parameters is greater confidence of the user while selecting valid pole estimates. This originates
not only from the ability to compare more parameters to determine consistency in the estimation of structural
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poles, but also from concrete metrics that can be employed to validate the model-based reconstruction of the
data against the original experimental set. The improvement in the consistency chart due to availability of
participation vectors is highlighted in [8]. This work proposes another stage in the construction of the stabil-
isation chart by using all the measured DoFs (input and output) to create a statistical comparison, especially
in cases where a complete set of driving point measurements is not available. With the increasing usage of
experimental modal analysis (EMA) by non-experts as a “commodity tool” [6], removal of dependency of
parameters on the user’s experience is considered to be a significant step forward towards automation of this
process.

2 Theoretical background

Equation 2 indicates the modal decomposition of the admittance FRF matrix (displacement over force).
Under the DERRP methodology, this partial fraction model is expanded and represented as a RFP, using a
left-matrix description (LFD) (Equation 5). As indicated previously, current state-of-the-art algorithms also
use a RFP model (Equation 4), however the main difference is that under DERRP, the expansion of the partial
fraction model is explicitly described by Equation 5. The “numerator” matrix polynomial order is limited to
one lesser than that of the “denominator” matrix polynomial.

[
H(s)

]
No×Ni

=

[ m∑

i=0

[
[αi]s

i
]]−1

No×No

[m−1∑

i=0

[
[βi]s

i
]]

No×Ni
+

[LR]No×Ni
s2

+ [UR]No×Ni (5)

Through left multiplication, this equation may be simplified to Equation 6 to include the residual terms in a
modified rational fraction left-matrix description.

[ m∑

i=0

[
[αi][H(s)]si

]]
−
[ m∑

i=−2

[
[β̂i][I]si

]]
=

[
0

]
(6)

An overdetermined least-squares problem using Equation 6 can then be set-up to compute the matrix-
coefficients [αi] and [β̂i] for increasing model iteration m. Under the DERRP methodology, the “numer-
ator” is then explicitly expressed as a ratio of the adjoint matrix-coefficient polynomial and the characteristic
polynomial (Equation 7) using Vu’s extension of Faddeev’s algorithms [13].

[ m∑

i=0

[
[αi]s

i
]]−1

No×No
=

[∑(No−1)m
i=0

[
[α+
i ]si

]
No×No

]

∑Nom
i=0 disi

(7)

This allows the MIMO model to be represented in its common-denominator form as shown in Equation 8. It
should be noted that the roots of the denominator polynomial on the RHS include a sub-set of actual poles
and (possibly) extra poles computed due to over-specification of the model order. This over-specification is
necessary since the actual poles are computed for increasing model iterations, but the extra (or computational)
poles do not remain fixed with respect to frequencies.

Nr∑

r=1

(
[Ar]No×Ni
s− λr

+
[Ar]

∗
No×Ni

s− λ∗r

)
+

[LR]No×Ni
s2

+ [UR]No×Ni =

[∑(No−1)m
i=0

[
[α+
i ]si

]
No×No

][∑m
i=−2

[
[β̂i]s

i
]
No×Ni

]

∑Nom
i=0 disi

(8)
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By a simple comparison of the LHS (theoretical model) and RHS (available model) in Equation 8, the (rth)
modal parameters may be defined as follows.

• Poles or complex natural frequencies (λr = σr + jΩr) are the roots of the monic characteristic
equation (denominator of the RHS in Equation 8). The poles result in the natural frequency and the
damping ratio for the specific pole as shown in Equation 1.

• Modal Residue([Ar]) associated with the pole λr is computed using Equation 9. The advantage of
computing the explicit inverse is that the limit may be computed by using L’Hospitals rule for ratio of
indeterminate forms, and results in a scaled version of the residue.

[
Ar

]
No×Ni

= lim
s→λr

([
H(s)

]
∗ (s− λr)

)
(9)

Equation 10 shows the derived final expression for the residue, which is of unity rank due to the
absence of truly repeated roots in actual dynamic systems. A singular value decomposition may be
computed to explicitly calculate the mode shape, participation vector and modal scaling for each pole.

[
Ar

]
No×Ni

=

[∑(No−1)m
i=0

[
[α+
i ]si

]][∑m
i=−2

[
[β̂i]s

i
]]

∑Nom
i=1 idisi−1

∣∣∣∣∣∣∣∣
s=λr

(10)

• Lower and Upper Residuals are explicitly calculable as the residue at s → 0 and at s → ∞ respec-
tively.

Thus, all parameters that define the admittance transfer function (Equation 2) in a finite frequency range of
interest are obtained before the traditional stabilisation chart is plotted. Hence, a modification is possible
whereby the in addition to an iteration-wise comparison of the modal vector, the participation vector and the
scaling factor (in other words, the complete scaled modal residue) can be included in this comparison [8].

3 Construction of the modified stabilisation chart

As stated in the previous section, 6 is solved for increasing model order in a least squares sense. As the model
order increases, so do the number of computed poles and associated modal parameters. This increase reflects
the overfitting of available FRF data and manifests itself in the increase in the number of computational poles,
while the structural poles are computed for each model order. Consequently, the computational poles require
to be sorted out for the user to choose valid poles only from an effective set of structural poles. Among other
methods, the stabilisation chart is a way to accomplish exactly this by iteration wise comparisons of several
properties of the poles as explained below.

3.1 Construction of the stabilisation chart under DERRP

The process highlighted in the previous section is carried out for each model iteration (m) , which is initially
defined by the user. Thus, at each model iteration, a total of mNo poles are computed, with all the associated
modal parameters (ζ,Ω, {L}, {ψ} and Q), which can then be used to plot the stabilisation chart to allow for
appropriate pole selection. The process of the construction of this stabilisation chart is highlighted below
and described graphically in Figure 1.

For each stage in the process of determination of the stabilisation symbols, a tolerance is user-specified and
is allowed to be changed. These tolerances are the “condition number” tolerance, pole “conjugate” toler-
ance, pole imaginary-part (or “frequency”) tolerance, pole real-part (or “pole”) tolerance, (modal) “vector”
tolerance and the newly introduced scaled participation vector (or “residue”) tolerance and “longest vector”
tolerance. The parameters associated with the poles are used for appropriate comparisons in each stage, as
described below.
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Figure 1: Schematic representation of the process for the assignment of the stabilisation chart symbols.

• Condition number check: Firstly, the condition number of the current (ith) model iteration’s under-
lying least squares problem (Equation 6) (assigned to all its computed poles) is checked to be lesser
than the tolerance condition number. This comparison ensures the quality of [αi] and [β̂i] obtained
from the least squares solution is better than the user-provided threshold. In case of a true compari-
son, the check moves to the next stage described below as the “Realistic” stage. In the case of a false
comparison, the pole is assigned a “None” consistency tag and the process ends for the pole under
check.

• Realistic pole check: In this stage, the real part is checked to be positive or non-positive. A negative
real-part indicates a stable pole and the process proceeds to the next comparison stage. In case of the
real part of the pole being positive (indicating an unstable pole), the pole is assigned a “Condition”
consistency tag. Otherwise, the process advances to the next stage.
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• Conjugate pole check: A conjugate of the pole is searched within the set of calculated poles for the
same iteration using a percentage difference criterion. If the percentage difference is lesser than the
specified tolerance, the process proceeds to the next stage. In case the percentage difference is equal
to or greater than the tolerance percentage, the pole is assigned “Realistic” consistency.

• Frequency check: From this stage onwards, the pole (with its associated parameters) is compared to
all the conjugate poles in the previous (i − 1th) iteration. A percentage difference between the imag-
inary parts is determined. If there exist no poles from the previous iteration for which the percentage
difference of the imaginary part of the current pole is lesser than the tolerance percentage-difference
defined, the current pole is assigned the “Conjugate” consistency. Otherwise, the set of poles from the
previous iteration for which the imaginary part percentage difference against the current pole is greater
than the percentage tolerance defined, are simply discarded/eliminated from the current comparison
process.

• Pole (or damping) check: The subset of poles from the previous iteration, obtained after the afore-
mentioned frequency check, are used for calculating the percentage difference between the their real
parts and the real part of the current pole. If there is no pole for which the percentage difference
thus calculated is lesser than the tolerance-percentage, a “Frequency” consistency is assigned to the
current pole. Otherwise, the set of poles from the previous iteration for which the real-part percentage-
difference against the real-part of the current pole is greater than the real-part percentage tolerance
defined, are again discarded from the current comparison cycle.

• Modal Vector check: The subset of poles from the previous iteration thus obtained, are used for
calculating the percentage of similarity between the associated modal vectors and the modal vector
of the current pole. The percentage of similarity is computed by using Modal Assurance Criterion
(MAC) [14](Equation 11).

MACv1,v2 =
|{v1}H{v2}|2

{v1}H{v1}{v2}H{v2}
∗ 100 (11)

Where, {v1} and {v2} are vectors of the same lengths and the {·}H operator indicates a Hermitian
of a vector and | · | indicates the magnitude value. The division is performed element-wise i.e. each
element in the numerator is divided by each corresponding element in the denominator.
If there is no pole for which the percentage MAC thus calculated is higher than the vector similarity
percentage (alternately a vector difference percentage may also be used, as in Table 2), a “Pole” consis-
tency is assigned to the current pole. Otherwise, the set of poles from the previous iteration for which
the percentage MAC of the participation vectors against the participation vector of the current pole is
greater than the percentage vector-tolerance defined, are eliminated from the current comparison cy-
cle. This is the last stage of comparisons for assignment of consistencies in the current state-of-the-art
processes, where if a favourable MAC value is found, the pole is assigned the “Vector” consistency
tag.

• Residue (or scaled participation vector) check: In the modification proposed to the stabilisation
chart due to the inherent advantage of the DERRP [8], the scaled mode shapes can be compared as well.
The subset of poles from the previous iteration obtained post the Vector check, are used for calculating
the percentage of similarity (using MAC) between the associated scaled participation vectors and the
scaled participation vector of the current pole. If there is no pole for which the percentage MAC thus
calculated is higher than the residue-tolerance percentage, a “Vector” consistency tag is assigned to
the current pole. Otherwise, a “Residue” consistency tag is assigned to the current pole.

• Longest vector check: In addition to the modification in the stabilisation chart [8], this present work
introduces another level of sorting where the longest vector is used for a MAC-based comparison.
Instead of assigning the “Residue” consistency tag in the previous step, the subset of poles from the
previous iteration is reduced further as before and the MAC value between the longest vectors of the
subset of poles in the previous iteration and the longest vector of the current pole is computed. In case
of an unfavourable MAC value with respect to the tolerance, a “Residue” consistency tag is assigned,
otherwise a “Longest vector” consistency tag is assigned to the pole under check, and the process
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moves on to the next pole for consistency label assignment.

Additionally, the lower and upper residuals are computed explicitly and are separately compared iteration
wise. This comparison is done by reshaping the entire residual matrix as a vector and using the synthesis cor-
relation coefficient definition [11] to represent the percentage similarity. It should be noted that in presence
of noise, this estimate is not the best, but only one possibility. If multiple bands are merged, the residuals
naturally need to be computed again.

diff =
|∑(R1iR

∗
2i)|2

{∑(R1iR∗1i)}{
∑

(
∑

(R1iR∗2i}
∗ 100 (12)

The utility of the DERRP model is highlighted since all the modal parameters are available to be used to plot
the stabilisation chart. The modified stabilisation chart enables a user to make a comparison not only until
the already improved “Residue” (blue diamond), but also the “longest vector” (black square) consistency
stage. These additional sorting options provide an increased level of confidence in the validity of the plotted
poles. The following section describes how and when the longest vector is constructed.

3.2 Realisation of the longest vector

For each pole, given the mode shape ({ψ}), the participation vector ({L}) and the DoFs represented in
associated vectors of the same length ({Vo} and {Vi} respectively), three vectors are constructed with the
common ({Vc{ψ}} and {Vc{L}}) and the complete set of the DoFs ({Vl}). The concept of computing the
longest vector based on the common DoFs is highlighted in Figure 2. The mean phase (θMP ) and mean
phase correlation (MPC) of both the modal and participation vectors is computed (Equation 13) to determine
which vector should be rotated. A unity MPC value implies that the vector is a real mode [15]. For a vector
{ψ}, the MPC is calculated as follows.

[Im(ψ) Re(ψ)]T [Im(ψ) Re(ψ)]{v} = λ̄{v}
{v}λ̄min = [vim vre]

T

θMP = tan−1
( vre
−vim

)

MPC = 1− ||Im(e−jθMP {ψ})||
||Re(e−jθMP {ψ})|| (13)

The vector from {ψ} and ({L} with the higher MPC is chosen to be rotated by an angle that is the difference
of their mean phases (θMP {ψ} and θMP {L}). The next step is to compute the scaling amplitude (k) for the
rotated vector. This is accomplished by using the common DoF vectors to form a least squares estimate of
the scaling factor (Equation 14).

|{Vc{ψ}}| ∗ k = |{Vc{L}}| (14)

Once the scaling and rotation factor values are computed, the transformation is carried out. It is to be noted
that the common DoFs from the vector being transformed are discarded. This operation allows for the
complete definition of the longest deflection vector ({Vl}) at the concerned natural frequency. The length of
the vector is the number of unique DoFs in output and input space, given by the union of all the DoFs. This
longest vector may then be used as an additional sorting parameter via MAC comparison, as described in the
previous subsection.

An additional advantage that this computation brings to the process is the evaluation of the missing FRF
elements. While the residual components may not be calculated for the missing combinations of the input
and output DoFs, the mode shapes in a global sense (square FRF matrix may be computed). This allows for
the visualisation of a “virtual” mode shape, such that all measured (input or output) DoFs may be animated.
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Figure 2: A schematic representation of the process for constructing the longest vector {X̂}. Top: The
broken lines represent the mean phases of the modal (blue) and the participation vectors (yellow). The
common DoFs are represented by solid green circles, while the solid purple circles represent the DoFs
absent in the modal vector, to be computed via the transformation represented by the green arrows. Bottom:
Once the absent DoFs (L2 and L3) are rotated and scaled, the longest vector is formed as {X̂}. Note that the
mean phase correlation may be computed again to determine the degree of normalcy of the longest vector.
The purple section indicates the FRF elements “virtually” added after creating the longest vector.

4 Application to a theoretical dataset

The aforementioned modifications to the stabilisation chart were introduced and applied to a theoretical
dataset for the purposes of this documentation. The description of the dataset is given below, along with the
images of the modified stabilisation charts and comparison of the resulting FRFs (missing combinations of
the DoFs) with the truth FRFs. Since DERRP uses a left matrix description of the rational fraction model,
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all FRF data was used to minimise the size of the denominator ([αi]) matrix coefficients.

A theoretical system was constructed by populating mass, stiffness and (proportional) damping matrices and
truncated such that its dimensions mimic testing data (No 6= Ni). The parameters used to construct the
system are given in Table 1[8].

Table 1: Values used for construction of the theoretical 9-DoF model.

[M ] (kg)
0.4000 0 0 0 0 0 0 0 0

0 0.3700 0 0 0 0 0 0 0
0 0 0.4600 0 0 0 0 0 0
0 0 0 0.7800 0 0 0 0 0
0 0 0 0 0.05000 0 0 0 0
0 0 0 0 0 0.07400 0 0 0
0 0 0 0 0 0 0.004500 0 0
0 0 0 0 0 0 0 0.06700 0
0 0 0 0 0 0 0 0 0.07600

[K] (N/m)
8583 -1000 -700 -500 -1400 -980 -1350 -1542 -1111
-1000 11011 -600 -810 -1600 -1500 -1467 -2756 -1278
-700 -600 8820 -712 -1424 -1524 -1172 -1321 -1367
-500 -810 -712 8630 -1345 -1255 -1473 -1298 -1237
-1400 -1600 -1424 -1345 14392 -2007 -2537 -2142 -1937
-980 -1500 -1524 -1255 -2007 12158 -2003 -1532 -1357
-1350 -1467 -1172 -1473 -2537 -2003 14584 -1540 -3042
-1542 -2756 -1321 -1298 -2142 -1532 -1540 14174 -2043
-1111 -1278 -1367 -1237 -1937 -1357 -3042 -2043 13372

[C] = 0.001 ∗ [M ] + 0.00001 ∗ [K] (N-s/m)

The DoFs included in the MPE process were 1, 2, 5, 6, 7, 8 and 9 in the outputs, and 1, 2, 3 and 4 in the
inputs. Figure 2 figuratively indicates the set of inputs and outputs included and the structure of the longest
vector finally constructed. The parameter estimation was carried out for the frequency range 10 Hz to 60 Hz
and the stabilisation chart was plotted as shown in Figure 3. The tolerances used for the construction of the
modified stabilisation diagram are indicated in Table 2.

Table 2: Tolerances utilised for the plotting of the stabilisation chart.

Consistency Criteria Tolerance
Frequency Check 1%
Pole (Damping) Check 5%
Modal Vector Check 2%
Residue (Participation Vector) check 2%
Longest Vector Check 2%
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Figure 3: The modified stabilisation chart with the CMIF plotted in the background. The blue left-triangle
and the purple right-triangle represent the consistencies of the lower and upper residuals respectively through
the sizes of the symbols, scaled according to Equation 12.

Figure 4: Contd..

2390 PROCEEDINGS OF ISMA2020 AND USD2020



Figure 4: Top: Reconstructed FRF for input location 1 and output location 1. The original FRF was included
in the DERRP parameter estimation process. Bottom: Reconstructed FRF for Input location 3 and output
location 3. The original FRF was not included in the DERRP parameter estimation process. The error is
ascribed to the absence of residuals in the reconstruction of the said FRF.

Figure 5: MAC based comparison of the mode shapes obtained from DERRP based MPE and the modified
stabilisation chart. Group 1 contains longest vectors from the MPE process with FRFs for output locations 3
and 4 excluded. Hence, the mode shapes are of length (7×1) while the longest vectors, constructed from the
process introduced in this paper are of length (9 × 1). Group 2 contains the mode shapes from the process
where all 9 DoFs in the output dimension are included i.e. the longest and the mode shape vectors are of
length (9× 1).
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Figure 6: The longest vectors and the actual mode shape are compared along with the mean phase correlations
(and mean phase deviations) after normalisation to the real axis. The black diamonds represent the values
estimated using the process described in this paper. It is seen that the values at “virtual locations” (DoFs 3
and 4) are accurately computed.

The reconstructed FRF with the selected poles and residues is shown in Figure 4 against the original FRFs.
With the MPE process carried out in an additional band of 60 Hz to 110 Hz, a complete modal model may be
computed from the given FRF matrix. This allows for the reconstruction of the missing FRFs as explained
previously. Figure 4 also shows one such comparison for a driving point FRF at DoF label 3.
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As is seen from the stabilisation chart, an added sorting mechanism for a more statistical evaluation of
the shape vectors is now included. Also, the prediction of an “unmeasured” FRF is a promising outcome.
Additionally, the MAC between two cases is shown in Figure 5. The aforementioned data setup is the first
case while for the second case, all nine output DoFs are utilised so the modal vector thus obtained includes
all 9 DoFs. A MPC plot for each mode is added as well (Figure 6), after normalising with the first vector
value, indicating that the longest vector calculated using the process highlighted in this paper is effective.

It is to be noted that as a useful by-product, prediction of FRFs at new “virtual sensor” locations, including
the driving point FRFs, is made possible through this process. It is clear that due to inability to compute
residuals for these locations, the FRF match is not accurate throughout the frequency range. However, by
computing enough modes around the frequency range of interest, this effect may possibly be minimized. The
bigger advantage is that now a statistically valid estimate to animate all the measured DoFs, be it in input or
output space, is obtained. This is useful in cases where placing a sensor is not an easy task, but impacting
with a hammer, for example, works well. In such a case, a driving point FRF may not be obtained and all the
DoFs may still be animated using this process.

5 Conclusion

The paper introduced a modified version of the stabilisation chart to instil further confidence in the user
when selecting valid poles. This new stage takes into account the set union of the measured DoFs in input and
output space, to create the so-called longest vector. The advantage this brings to the estimation process is that
by taking into account both the input and the output DoFs, the modal deflections of all the measured DOFs
may be estimated. This is applied to the stabilisation chart as an additional filter and holds the importance
that the animation vectors, used to visually represent mode shapes, include a union set of the input and output
DoFs for an augmented mode shape representation. Another direct consequence is that this process allows
the user to construct the FRF matrix from the modal model for the combination of input and output DoFs that
are not measured. While the influence of residuals is not taken into account, the effect may be circumvented
by predicting the modal model for a larger frequency range, and is a topic for further research. This technique
is applied to a theoretical truncated-9-dof data set and the results indicate the successful applicability of the
proposed process.
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Abstract
Adverse health effects related to exposure to traffic noise poses a challenge for future transport demand. To
reduce the exposure of noise, and in turn reduce the health impact, the present study investigates different
allocation strategies of an overall traffic noise-related cost down to individual vehicles in a microscopic traffic
simulation in SUMO. Two allocation concepts were analysed. The first concept proposed cost allocation only
to timesteps where the overall noise level exceeds a certain threshold. This resulted in lower cost for vehicles
driving in the road network at off-peak times. The second concept introduced a non-linear scaling to shift cost
either towards noisier vehicles at each timestep or toward timesteps with more noise than other timesteps.
This allocation strategy showed potential to reflect the system-level effect of traffic noise to the individual
vehicles in the network.

1 Introduction

The impact on health arising from exposure to traffic noise is a major modern-day issue. The challenge is to
reduce the exposure to traffic noise with possible future increases in demand for mobility and transportation,
and continued urbanization. Traffic noise and its associated impacts are system properties. The resulting
noise depends not only on the characteristics of the vehicle but also on the driving behavior, traffic assign-
ment, road or rail surface quality, surrounding area, and where as well as how people live in relation to the
road or rail network. When it comes to traffic assignment, a usual assumption of the behavior of the vehicles
in a traffic flow is that the drivers are not conscious of the external effects that do not affect them directly. If
drivers would have to pay for the impact caused by the noise with which they contribute, they might change
their behavior. However, it is not straightforward to allocate the evaluated total impact down to contributions
in time from each noise source.

The present study investigates the relation between the overall health impact due to exposure to traffic noise
and the vehicle-specific contribution to the total traffic noise. Models of a response to noise exposure are
often a function of some noise indicator, either logarithmic averaged noise indicators such as Lden and
LAEq,24h, specific times of the day such as Lnight or related to a pass-by noise event like LA,max. In
2012, Gerike et al. [1] proposed a strategy to allocate cost down to individual vehicles in relation to their
contribution of traffic noise. Specifically, the allocated fraction of the total cost is in direct proportion to the
ratio of acoustic energy emitted by a typical vehicle category to the total acoustic energy from the traffic.
This strategy to internalize cost due to traffic noise can also be motivated by the equal energy principle,
which is a hypothesis stating that the impact related to noise exposure is in relation to the amount of acoustic
energy that has been received, regardless of the temporal distribution of the acoustic energy [2].

However, as more vehicles are present in a network, each vehicle may experience a reduction in cost related
to their exposure. This is partially due to the fact that the noise indicator is a logarithmic function of a
measure proportional to the acoustic energy, whereas the distribution of cost would be linear with respect
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to the acoustic energy. Since the health impact estimate is a function of the noise exposure, the result is
dependent on the choice of noise source model.

The aim of the present study is to explore different allocation strategies of a health-related cost due to the
exposure of traffic noise, and to investigate whether a vehicle’s individual cost can reflect the total traffic
noise-related impact on the system. The microscopic traffic simulation software Simulation of Urban Mo-
bility (SUMO) [3] is used in combination with the European vehicle noise source model IMAGINE [4] to
estimate the instantaneous sound pressure levels at certain locations due to traffic along a section of a road
network. An existing cost model, based on hedonic pricing relating a willingness-to-pay (WTP) [5] to noise
exposure measured in a 24h equivalent A-weighted sound level, is used to estimate the impact of the noise.
The different allocation strategies are then implemented in order to estimate the impact of the noise from
each vehicle in the simulation.

2 Method

The cost model that will be used is presented in Section 2.2, together with different approaches aiming at
defining the cost of the traffic noise, as well as alterations of a similar allocation strategy proposed by Gerike
et. al. First, however, the European noise model IMAGINE, used in the present study, will be presented and
briefly explained.

2.1 Noise model

The European vehicle noise source model IMAGINE is used to estimate an instantaneous sound pressure
level. The model describes the vehicle source by means of the acoustic power, in one-third octave bands,
originating from propulsion (P ) and rolling (R) noise sources as functions LWR and LWP , respectively,
dependent on speed, v, and acceleration, a:

LWR(v, fn) = AR(fn)BR(fn) log

(
v

vref

)
, (1)

LWP (v, a, fn) = AP (fn) +BP (fn)
v − vref
vref

+ CP (fn) [min(max(a, amin), amax)] . (2)

The coefficients A, B and C are category-specific coefficients defined in one-third octave bands fn, and
vref = 70 km/h is the reference speed. The index P refers to propulsion noise contribution, whereas R

refers to rolling noise contribution. The correction factor for acceleration in the expression for LWP is a
linear function with respect to the acceleration a, saturated at amin = −1 m/s2 and amax = 2 m/s2. The
sound power levels from both noise contributions LWR, LWP , obtained by the expressions in Equations (1)
and (2), are then used to define a point source at a certain height h with a portion of energy from both rolling
and propulsion noise,

LW,h(v, a, fn, φ, θ) = 10 log
(
Xh · 100.1LWR(v,fn) + (1−Xh) · 100.1LWP (v,a,fn)

)
+∆LW,h(fn, φ, θ), (3)

whereXh determines the fraction of rolling noise the point source is comprised of. The last term in Equation
(3) is a correction factor accounting for directivity in the sound field from the source to a receiver point, where
φ and θ are the horizontal and vertical angles between the point source at height h and a receiver point. The
source directivity correction factors in Ref. [6] will be used in this study. The coefficients in Equations (1)
and (2), the specific height in Equation (3) and the number of point sources are determined by the vehicle
category. In this study, the noise source model of a road vehicle of category 1, i.e. a light road vehicle, is
used to model the instantaneous sound power level of the vehicles in the simulation. Lastly, a hemi-free-field
propagation is used to obtain an estimate of the instantaneous sound pressure level at stationary measurement
points from each point source,

Lp(r, t) = LW,h − 10 log
(
2πr2

)
, (4)
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where r is the distance between the source at height h and the measurement point. For simplification pur-
poses, the propagation time is assumed to be instantaneous. This allows each time-step in the simulation to
be independent of previous timesteps.

2.2 Cost model

In order to take the health impact from traffic noise into account, a willingness-to-pay (WTP) model by
Andersson et al. [5] is used to relate traffic noise emissions to a cost.

Π(L) =

{
3859− 173.4(75− L), L ≥ LA,threshold = 52.8 dB(A)

0, otherwise
(5)

Here, Π(L) is the demand function for the WTP model. To obtain the cost associated with an increase of the
24h-equivalent A-weighted sound level from L1 to L2, the demand function needs to be integrated over this
interval. The resulting cost, C1yr, is given by

C1yr =

∫ L2

L1

Π(L)dL =
max (L2, LA,threshold)−max (L1, LA,threshold)

2
(Π(L1) + Π(L2)) , (6)

and expressed in SEK(person)−1(year)−1 with pricing defined in 2009 year’s pricing [5], and where SEK
stands for Swedish Crowns, the Swedish national currency. See Figure 1.

L [dB(A)]

Π

Π(L)

L1 L2

C1yr

Figure 1: Evaluation of the WTP per year C1yr associated with a change in the 24-hour, A-weighted equiv-
alent sound level between L1 and L2.

Assuming that a 24h-equivalent A-weighted sound level obtained from a simulation can represent an annual
average, the cost over the simulation time T may be calculated as

C =
T

T1yr
C1yr, (7)

which is motivated by assuming the equal energy principle to hold. The total cost CR at a receiver point R
related to the health impact associated with noise is assumed to be a sum of two contributions: one from the
background noise CR,b, and one from the traffic noise CR,traffic.

CR = CR,b + CR,traffic (8)

The background noise is defined as the noise which is uncorrelated to the traffic. The cost is initially assumed
to be evenly distributed in relation to the acoustic energy contribution from each timestep and, in turn, each
individual vehicle. This is similar to the approach presented by Gerike et al.. [1] The cost related to the
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traffic noise measured at a receiver point R at time ti is given by

CR,traffic(ti) =

(
p̃2R,traffic(ti)∑T
t=0 p̃

2
R,traffic(t)

)
CR,traffic, (9)

where CR,traffic is the estimated total cost related to the traffic noise in Equation (8), p̃2R,traffic(ti) is the
instantaneous estimate of the mean-square pressure of the traffic noise measured at R at timestep ti, and∑T

t=0 p̃
2
R,traffic(t) is the sum of the mean-square pressure of the traffic noise at R over the simulation time

T . Using CR,traffic(ti), the cost for vehicle VID is then

CR,VID
(ti) =

(
p̃2R,VID

(ti)

p̃2R,traffic(ti)

)
CR,traffic(ti), (10)

where the ratio is between the instantaneous mean-square pressure originating from vehicle VID and the
instantaneous mean-square pressure from all traffic noise at the same timestep ti. By combining the expres-
sions from Equations (9) and (10), one obtains

CR,VID
(ti) =

(
p̃2R,VID

(ti)

p̃2R,traffic(ti)

)(
p̃2R,traffic(ti)∑T
t=0 p̃

2
R,traffic(t)

)
CR,traffic =

=

(
p̃2R,VID

(ti)
∑T

t=0 p̃
2
R,traffic(t)

)
CR,traffic.

(11)

For an allocation strategy that distributes the cost in relation to the acoustic energy received at measurement
point R, the resulting expression of the instantaneous cost estimate in relation to measurement point R for
vehicle VID at time ti only depends on the current emissions from the vehicle and the total acoustic energy
from the traffic noise measured at R over time T . However, to obtain the cost CR,traffic in the first place,
the procedure to distribute the total cost down to two contributions, as shown in Equation (8), needs to be
defined. Here, two different approaches to define these contributions are presented.

2.2.1 Background first cost definition

The first approach is to consider the background noise level as an already existing noise source, and the
traffic noise as an additional source. The cost associated with the traffic noise may then be considered as the
cost increase in the WTP model (see Equations (6) and (7)),

CR,b =
T

T1yr

LAEq,R,b − LA,threshold

2
Π(LAEq,R,b), (12)

CR,traffic =
T

T1yr

LAEq,R,tot − LAEq,R,b

2
(Π(LAEq,R,b) + Π(LAEq,R,tot)) . (13)

Here, T refers to the simulation time, LAEq,R,b is the T -equivalent A-weighted sound level of the background
noise measured at measurement point R and LAEq,R,tot is the T -equivalent A-weighted sound level of the
total noise measured at measurement point R. If LAEq,R,b > LA,threshold, then CR,b > 0. This cost
definition can be visualized using Figure 1. L1 corresponds then to LAEq,R,b, and L2 to LAEq,R,tot. The
resulting cost of the traffic noise is dependent on the A-weighted background noise since both L1 and L2 are
functions of it.

2.2.2 Shared cost definition

The second approach is to consider the background noise level and the traffic noise as two, simultaneous,
types of noise sources. Following the equal energy principle, each source’s respective contribution in terms

2398 PROCEEDINGS OF ISMA2020 AND USD2020



of acoustic energy received at each measurement point can be used to determine how much of the cost should
be considered as traffic-related cost and background-related cost respectively.

CR,b =

∑T
t=0 p̃

2
R,b(t)∑T

t=0 p̃
2
R,tot(t)

CR = 100.1(LAEq,R,b−LAEq,R,tot)CR (14)

CR,traffic =

∑T
t=0 p̃

2
R,traffic(t)∑T

t=0 p̃
2
R,tot(t)

CR = 100.1(LAEq,R,traffic−LAEq,R,tot)CR (15)

where it is assumed that p̃2R,tot(t) = p̃2R,b(t) + p̃2R,traffic(t) is the total, A-weighted instantaneous mean-
square value of the pressure at time t.

2.3 Alterations of the allocation strategy

This study proposes two different concepts deviating from the otherwise linear allocation based on acoustic
energy.

2.3.1 Exceedance concept

The first approach to allocate more cost to periods of time where the traffic noise is high considers the fact that
the cost obtained by the WTP model used in this study is a function of the A-weighted equivalent sound level.
In order to have a non-zero cost from the WTP model, the resulting 24-hour A-weighted equivalent sound
level needs to exceed the threshold level of the cost model. In turn, to obtain an equivalent sound level that
exceeds the threshold there needs to be contributions of instantaneous sound levels that exceed the threshold
level. All instantaneous sound levels at or below the threshold level will affect the resulting equivalent level,
but will by themselves not cause the equivalent level to exceed the threshold level. Therefore, one concept
of cost allocation is to only allocate cost to times t where the total, A-weighted instantaneous sound level
LA,Rtot(t) at receiver point R exceeds the threshold level LA,threshold,

{ti} = {t : LA,Rtot(t) > LA,threshold} . (16)

If the cost related to the traffic noise was defined as the increased cost from the background noise level, as
presented in Section 2.2.1, then the instantaneous background noise level also needs to be considered given
that the cost related to traffic noise is then defined as the increase from the background noise level,

{ti} = {t : LA,Rtot(t) > max (LA,threshold, LA,b,R(t))} . (17)

The effects of this allocation strategy should be more apparent at certain times when the traffic is sparse
and the total instantaneous A-weighted sound level only exceeds the threshold of the WTP model at a few
occasions.

2.3.2 Biased allocation concept

Another approach to shift the cost allocation towards periods of time where the contribution from traffic noise
is high, or towards the vehicles that contribute the most to the total instantaneous noise level, is to allocate
a non-linear scaling for the ratios in Equations (9) and (10). Let two different instances of the function
K(x) = Axm be used for the ratio of vehicle-to-traffic acoustic energy and for the current-to-total traffic
acoustic energy.

CR,VID
(ti) = KVID

(
p̃2R,VID

(ti)

p̃2R,traffic(ti)

)
Ktraffic

(
p̃2R,traffic(ti)∑T
t=0 p̃

2
R,traffic(t)

)
CR,traffic (18)
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In order not to introduce additional cost due to the potentially non-linear functions KVID
and Ktraffic, they

are normalized over all timesteps and vehicles. Normalizing the result of KVID
as shown in Equation (19)

means that, for all timesteps ti, the sum over all vehicles NR(ti) contributing to the cost due to the noise
measured at receiver pointR is assumed to be equal to the same total sum regardless of the choice of function
KVID

.

NR(ti)∑

n=1

[
KVID

(
p̃2R,n(ti)

p̃2R,traffic(ti)

)]
= 1 (19)

∑

ti

[
Ktraffic

(
p̃2R,traffic(ti)∑T
t=0 p̃

2
R,traffic(t)

)]
= 1 (20)

The sum over all timesteps of the fractions of the total contribution from traffic noise at each time-step to
the cost is assumed to be equal regardless of the choice of Ktraffic. In this study, the vehicle-to-traffic ratio
function was chosen to be linear, such that KVID

(x) = x, while the current-to-total ratio function was pos-
sibly nonlinear. This allowed for a bias towards allocating more cost to times where the total instantaneous
A-weighted sound level was high.

3 Results and analysis

3.1 Case setup

A 24-hour microscopic traffic simulation was set up in SUMO [3]. The road network shown in Figure 2
(left) is composed of two 2-lane roads which separate and join at two points. There are four possible routes
in the road network in total, and a total of 48 measurement points (marked by ∗ in left Figure 2) positioned
at a distance of 10 m from the centerline of the roads, and at a height of 2 m. Each measurement point was
considered to represent one person when computing the cost. Another possible approach, which was not
used in the present study, would be to consider each measurement point as a reference for the noise exposure
of a certain number of people in that area. The vehicles were loaded into the simulation with a specific time

Figure 2: Left: Overview of the road network. Right: Distribution of interval between loading times.

interval given by the distribution shown in Figure 2 (right). With lower values of ∆t, more vehicles were
added to the network per unit time resulting in a denser traffic. A total of 16736 vehicles distributed over a
resulting total simulation time of 86462 seconds (24 hours and 62 seconds) were introduced. The assigned
route for each vehicle was chosen randomly out of the four available routes, with a uniform distribution.

A background noise was added separately, assumed to be uncorrelated with the traffic noise. The background

2400 PROCEEDINGS OF ISMA2020 AND USD2020



noise level was dependent on time of day, but assumed to be equal for all measurement points R:

LA,b,R(t) =





55 dB(A) for t between 7.00 am− 7.00 pm (day)
50 dB(A) for t between 7.00 pm− 11.00 pm (evening)
45 dB(A) for t between 11.00 pm− 7.00 am (night)

(21)

The resulting A-weighted equivalent sound level of the background noise was LAEq,b ≈ 52.7 dB(A).

3.2 Comparing cost definitions

The choice of cost definition had a slight impact on the resulting noise-related cost. The resulting noise-
related cost over the 24h simulation was in the range 21-35 SEK for each measurement point using the
background first cost definition from Section 2.2.1. When using the shared cost definition from Section
2.2.2, the resulting noise-related cost was in the range 19-33 SEK. The resulting cost per measurement point
obtained using the background first definition was between 6-12 % higher than when using the shared cost
definition, when comparing costs for the same measurement point. The cumulative cost for each measure-
ment point in Figure 3 shows a significant increase during times with denser traffic, as seen when compared
with Figure 2 (right). The slope of the curve of the cumulative cost as function of time is almost 7 times
higher during peak hours compared to off-peak hours.

Figure 3: Range of the cumulative costs for the measurement points, given in % of total cost.

The cost per vehicle as defined by the background cost definition was shown to be about 10 % higher than
when the shared cost definition was used. The spread of the cost per vehicle at peak hours, as shown in
Figure 4 (left), corresponds with the periods of higher cost increase per unit time in Figure 3. Thus, for both
cost definitions, a significant part of the vehicles experience a cost, at peak hours, lower than the average cost
at off-peak hours, which is contrary to the cumulative cost per measurement point.

3.3 Exceedance concept

The exceedance concept had the most impact at time periods when the traffic was relatively sparse. With
the cost definition from Section 2.2.2, the allocated cost was reduced by up to 10 % for vehicles driving
at midnight when applying the exceedance concept, see Figure 5 (right). As the morning progressed, more
vehicles were driving in the network and the relative cost difference with and without the exceedance concept
gradually decreased until there was no difference in cost whether the concept had been used or not during
day-time. If the cost was defined as given by Section 2.2.1 instead, the exceedance was also compared to
the current background noise level as shown in Equation (17). This showed to have a minor effect compared
to the shared cost definition provided the background noise level was low. The relative difference in Figure
5 (left) shows the same trend as when the cost was defined as background first (right). Due to the setup
and calculation of the vehicle noise, the background noise level was exceeded almost immediately with one
vehicle in the simulation, as the difference was checked numerically. The reduction was most significant for
vehicles driving during night or evening. These hours corresponded to off-peak hours, and therefore shows
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Figure 4: Left: Relative cost difference of each vehicle to the cost of the first vehicle along each respective
route, using background first cost definition (Section 2.2.1). Right: Relative difference of the cost for each
vehicle estimated using the shared cost definition (Section 2.2.2) with respect to the estimated cost using the
background first cost definition.

Figure 5: Comparison of cost per vehicle with and without the exceedance concept. Left: Background first
cost definition. Right: Shared cost definition.

that the total instantaneous sound level did not always exceed the threshold at these times. However, the
results do not take effects of sleep disturbance into account, as no such penalization was implemented.
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3.4 Biased allocation concept

Four different configurations of ratio functions, as shown in Equation (18), were compared. The vehicle-to-
traffic ratio function was set to be linear for all configurations, such that KVID

(x) = x, while the current-
to-total ratio function was Ktraffic(x) = Amx

m with m = 1, 2, 3, 4. The scaling factor Am was set by
normalizing the ratio function with Equation (20). The total traffic noise-related cost was defined as shown
in Section 2.2.1. No vehicles along route 1 and 2 experienced a lower cost during peak-hours compared to

Figure 6: Relative difference in allocated cost from using a linear ratio function (m = 1) for Ktraffic(x)
compared to a non-linear function.

off-peak-hours when a nonlinear ratio function Ktraffic(x) was used. Cost was shifted from off-peak-hours
to peak-hours with dense traffic. The higher the exponent m, the greater this shift. Also, the cost spread
during peak-hours increased when m increased. Vehicles along route 2 and route 4 did not experience the
same cost shift compared to the vehicles along route 1 and route 3. Instead, there is a sharp peak in cost
allocation for some vehicles during peak-hours. Most other vehicles only have a slight cost increase, while
some even have a reduction in cost even during peak-hours. This has to do with the interaction between the
vehicles along each route due to the fact that there are two intersections, see Figure 2 (left). Route 1 and 3
have right-hand turns in one intersection, and have priority in the other. The average speed for vehicles along
route 1 and 3 is higher compared to vehicles along route 2 and 4, as they need to give way at the intersections.

A biased allocation strategy allows the cost to be shifted from off-peak-hours towards peak-hours where
the cost increase is at its highest at the measurement points, as seen in Figure 3. The cost is defined at
the measurement points, which implies that a more sustainable traffic system, from the perspective of noise
exposure, is sought by minimizing the resulting cost at these measurement points. If the noise-related cost
was the only consideration from a vehicle perspective, then the cheapest option would be to drive during
peak-hours as the congestion lowers the average speed along the routes and the cost is distributed among
many vehicles. The biased allocation strategy may allow the vehicle-specific cost to reflect the noise-related
effects at a larger system level. The exponent m should be chosen by observing the resulting traffic noise-
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related cost at the measurement points while allowing the vehicles to change their behavior to reduce their
allocated cost.

4 Conclusions

Two concepts to alter the allocation strategy of traffic noise-related cost down to individual vehicles were
introduced and analysed in combination with traffic simulations performed in the software SUMO, the Eu-
ropean noise source model IMAGINE, and a willingness-to-pay model proposed by Andersson et al. [5].
The first concept is defined by a cost allocated exclusively to timesteps where the instantaneous A-weighted
sound level exceeds a given threshold. This allocation strategy resulted in a lower cost for vehicles driving in
the road network at off-peak times. It may not be a suitable allocation strategy if effects of sleep disturbance
are not taken into consideration, as night-time often coincides with off-peak-hours. The second concept
introduced non-linear scaling to shift part of the cost from off-peak-hours to peak-hours. This allocation
strategy showed potential to reflect the system-level effect of traffic noise at the level of individual vehicles
in the network. A reduction of the cost evaluated at measurement positions, which should be placed in rela-
tion to where people live, is key to achieve sustainable transportation in terms of noise exposure. The biased
allocation strategy may shift the traffic-noise related cost to better reflect the impact at a system level. Future
work will analyse whether the overall impact at a system level is reduced when the vehicles are able to adapt
their behavior in order to reduce their allocated cost on the basis of the strategies presented here.
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Abstract
A tuneable elastic metamaterial (EMM) consisting of locally resonant substructures, where the effective
bandgap can be controlled to provide optimal attenuation, provides a solution to the issues arising from
parametric uncertainty in a structure. The resonance frequency of an inertial electrodynamic actuator can be
tuned by connecting a resonant shunt impedance across the terminals. This paper proposes an adaptive elec-
trodynamic metamaterial (AEDMM) unit cell consisting of an array of 12 inertial electrodynamic actuators,
each with a dedicated variable impedance shunt. An adaptive tuning method is proposed, based on short-time
fourier analysis of the structural velocity, tuning the closed-circuit resonance frequencies of the actuators to
the frequency bands with the greatest magnitudes. The system is simulated for a nominal multiple degrees of
freedom structure, and for cases of structural uncertainty. The proposed AEDMM is shown to offer greater
nominal and considerably greater robust performance compared to an EMM with fixed tuning.

1 Introduction

Locally resonant metamaterials, consisting of distributed resonant unit cells, have been shown to provide
narrow-band attenuation of vibration in structures at a scale much smaller than that of the wavelengths in-
volved [1, 2]. Multiple bands of absorption can be achieved using multiple degree-of-freedom (MDOF)
resonators [3], or multiple resonators tuned to different frequencies [4]. However, achieving robust absorp-
tion of multiple frequencies in the presence of uncertainty is difficult, and tuneable resonators could offer a
solution.

Tuneable resonators can be achieved by connecting resonant electronic impedance circuits to electrome-
chanical transducers such as electrodynamic assemblies or piezoelectric transducers, known as shunting [5].
These have the benefit over other methods of variable tuning [6, 7] by being easily translatable to a small scale
for integration into a metamaterial, and in the case of electrodynamic actuators, low-cost. A variable shunt
impedance can be synthesised digitally and implemented as a voltage filter in conjunction with an analogue
voltage controlled current source [8]. However, digital synthetic shunting requires a very high sampling fre-
quency to avoid latency issues, and is not feasible for application to a large array of independently shunted
resonators due to the significant computational requirements. A matrix-switched bank of circuits could be
designed to allow the selection of discrete tuning frequencies for each resonator on a very small scale, with
the only computational cost being setting or computing the tuning frequencies required.

As an alternative to manual tuning of shunted electrodynamic inertial resonators, recent studies have shown
that sweeping or switching the tuning frequency of a shunted inertial resonator across a range of frequencies
using digital synthetic impedances, can achieve broadband vibration suppression [9]. However, sweeping
or switching with no knowledge of the structural response could be less efficient than an adaptive approach,
which only switches between frequencies of high magnitude. Adaptive piezoelectric shunt damping has
been implemented using digital synthetic shunts to minimise an estimate of the piezoelectric patch strain
[10], and to iteratively tune the effective stiffness of a shunted piezo-stack proof-mass resonator to minimise
the transmissibility [11]. Piezo-based programmable metamaterials have also been developed [12] but are
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yet to integrate adaptive or automated tuning. Piezoelectric patches are only able to exert a bending moment
and piezo-stacks have, in general, a small stroke. Therefore, electrodynamic inertial resonators will be more
flexible for application to different structures and be able to exert a greater force as they have a larger stroke.

In this study, a novel adaptive electrodynamic metamaterial (AEDMM) is proposed, consisting of an array
of 12 inertial electrodynamic actuators connected to independently controlled switching analogue shunt cir-
cuits. The adaptive algorithm switches the shunt circuit such that the actuators are tuned to the peaks in the
dynamic response of the attached structure. The nominal and robust performance of the proposed system
when mounted on a MDOF structure with parametric uncertainty, is evaluated in a simulation study and
compared to a fixed-tuning electrodynamic metamaterial (EDMM), which has been tuned to the calculated
modal frequencies of the nominal structure alone.

2 Adaptive Metamaterial Design

2.1 Actuator dynamics

There are a number of small form-factor inertial actuators readily available. For this study, the Tectonic
Elements TEAX09C005-8 [13] is used because of the low unit cost, and is assumed here to be an ideal,
linear system. Figure 1 shows a photo of the actuator and the ideal electromechanical model as a single
degree-of-freedom (SDOF) resonator. The mechanical and electrical parameters of this actuator were taken
from the data sheet [13] and are: electrical resistance of the coil, Rcoil = 8 Ω; electrical inductance of the
coil, Lcoil = 0.07 mH; force-factor, Bl = 1.1 Tm; moving mass, mr = 0.00132 kg; suspension stiffness,
kr = 2000 Nm−1; and damping coefficient, br = 0.03 Nsm−1.

Figure 1: Tectonic Elements TEAX09C005-8 Miniature Audio Exciter (left) and ideal electromechanical
representation (right).

2.2 Shunt circuit

Resonant shunt circuits connected to the outputs of an electromechanical transducer can be used to change
the resonance frequency of the transducer, allowing it to be ‘tuned’ to a frequency of choice. The effect of a
parallel shunt circuit has been considered in the literature. Turco and Gardonio [9] showed that a resistance
and inductance in parallel with the coil present an additional effective damping and stiffness respectively.
Following the same derivation, a capacitance can be represented as an additional mass. Figure 2 shows
an actuator shunted by parallel resistance Rs, inductance Ls, and capacitance Cs. A negative resistance and
inductance are also included to cancel out the impedance of the coil. Also shown in Figure 2 is the equivalent
mechanical representation.

Assuming simple harmonic motion, the closed circuit resonance frequency, fr, c of the shunted actuator can
be expressed as

fr, c =
1

2π

√√√√ kr + (Bl)2

Ls

mr + Cs(Bl)2
. (1)
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Figure 2: Electromechanical diagram (left) and equivalent mechanical (right) diagram of an ideal shunted
electrodynamic inertial actuator.

From Eq. (1) it can be seen that the effective stiffness increases as Ls decreases and the effective mass
increases as Cs increases. For simplicity in tuning the resonators, it is assumed that for fr, c > fr,o, where
fr,o is the open-circuit resonance frequency, the capacitance is switched out of the circuit and for fr, c < fr,o
the inductance is switched out of the circuit. The required values of Ls and Cs can therefore be expressed as

Ls =
(Bl)2

ω2
r,cmr − kr

; (2)

Cs =
kr − ω2

r,cmr

(Bl)2ω2
r,c

. (3)

For a desired damping ratio of ζ, the required Rs can be expressed as

Rs =
(Bl)2

2ζωr,cmr − br
. (4)

At very low frequencies, Rs can become negative when br > 2ζωr,cmr. To prevent this, the br term can be
neglected and Eq. (4) becomes

Rs =
(Bl)2

2ζωr,cmr
. (5)

This removes the possibility of Rs being negative but the calculated value for Rs cannot accurately produce
the specified damping ratio ζ. The actual damping ratio of the shunted resonator will be much higher at low
frequencies (for example, for ζ = 0.01, the actual damping ratio at 10 Hz is 0.19 and at 100 Hz is 0.03).
Because of this, attenuation at low frequencies will likely be reduced.

2.3 Adaptive algorithm

The proposed adaptive tuning algorithm uses a ‘greatest magnitude’ frequency selection approach. This
involves the frequency response of the structure and the 12 highest magnitude frequency bins being taken
as the tuning frequencies. A logarithmic frequency vector is used for the frequency analysis in order to
better distribute the frequency points with relation to the bandwidth of the modes. The algorithm is set out
step-by-step below.

3 Simulation Study

3.1 Simulation method

A nominal three degree-of-freedom, mass-spring-damper system with a fixed base is simulated, with the
AEDMM consisting of 12 electrodynamic resonators connected to the free, top mass as shown in Figure
3. The total mass of the structure is set such that the mass of the AEDMM equates to approximately 10%
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Algorithm 1: adaptive tuning
Input: ẇ[n]
Output: Rs, Ls, Cs

1: Calculate frequency domain response using a logarithmically distributed FFT over the previous NFFT
samples.

2: Sort frequency vector in descending order of frequency response magnitude.
3: Truncate frequency vector to first 12 (corresponding to the 12 highest magnitudes).
4: Calculate required Rs, Ls and Cs values to achieve selected tuning frequencies and damping ratio.
5: Implement new component values.
6: Wait nupdate samples.
7: Repeat

of the structure. The structural mass is divided equally between masses m1, 2 and 3. The stiffness values
k1, 2 and 3 are set to provide three modes of vibration within the frequency range of 10-500 Hz. All structural
damping is modelled with a viscous damping coefficient, b of 0.1 Nsm−1. The disturbance force consists of
band-limited white noise and is applied to m1. All simulations are carried out using MATLAB/Simulink and
the Simscape library of mechanical and electrical component blocks, with a sampling frequency of 1 kHz
and duration of 60 s. The desired damping ratio of the resonators, ζ is set at 0.01, however as discussed in
section 2.2 the actual damping ratio achieved will vary with frequency and be approximately 0.2 at 10 Hz.

Figure 3: Structure and AEDMM for simulation.

For practical reasons, sensing of the structural response is carried out at the same location as the AEDMM
so that components can be contained within one housing. Initial simulations showed that the velocity of the
top mass was sufficient to capture all three modes of the structure and the adaptive tuning did not result in
any enhancement in the response of any of the three masses. It was therefore concluded that the velocity of
the top mass can be used as the structural feedback for the adaptive algorithm.

3.2 Selection of adaptive algorithm parameters

As the adaptive algorithm selects the tuning frequencies based on the frequency bins of the FFT, the length of
the FFT (NFFT) will have a strong influence on which points are selected, and the rate at which the algorithm
updates the component values (nupdate) may also affect the performance of the AEDMM. Figure 4 shows the
convergence of the broadband attenuation of the kinetic energy of the top mass, Ek, atten as a contour plot for
different values of NFFT and nupdate. For short update rates (< 27 samples) the response shows instability
(NaN) resulting in a massive increase in energy in the system. This could possibly be due to the introduction
of transients when the inductor and capacitor branches of the shunt switch in and out in quick succession.
There could also be an element of resonance in the electronic circuit contributing to this instability. From
this convergence study the optimal configuration is shown to be NFFT = 512 and nupdate = 256, which is
carried forward to the remainder of the simulation study.
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Figure 4: Contour plot showing the attenuation in the kinetic energy provided by the AEDMM for different
FFT lengths and update rates. The black area indicates where the response is unstable.

3.3 Nominal Performance

The simulation is run for three cases: the structure alone; the structure with a fixed-shunt EDMM, distributing
the resonance frequencies of the actuators equally between the three modal frequencies of the structure; and
the structure with the proposed AEDMM. Figure 5 shows the magnitude and phase of the mobility frequency
response function (FRF), Y (jω) of the top mass in each case. It can be seen how the fixed-tuning achieves
attenuation of the second and third modes but causes a ‘splitting’ of the peak. The AEDMM also achieves
attenuation of these modes, but results in a smoother response around the second mode. The AEDMM
achieves anEk, atten of 4.3 dB compared to just 1.7 dB for the fixed tuning. The AEDMM also does not split
the third mode, but appears to cause a shift and reduction in amplitude. Neither approach achieves significant
attenuation in the first mode. It is hypothesised that this is down to the increased damping of the resonator at
low frequencies as discussed in Section 2.2.

Figure 5: Magnitude (top) and phase (bottom) of the mobility FRF of m3, with the structure only, with a
fixed-tuning EDMM and with the proposed AEDMM.

The selection of tuning frequencies over time is shown in Figure 6, and it can be seen that the third mode
is not selected as a tuning frequency at any point. The added mass and damping of the resonators alone has
caused the shift and attenuation of the third mode that was shown in Figure 5, which is sufficient to prevent
the selection of this frequency.

3.4 Robust Performance

In practical systems, shifts in the resonance frequencies of the structure cause the effectiveness of fixed-
tuning resonators to be limited, whereas the AEDMM should still attenuate the highest magnitude points in
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Figure 6: Frequencies selected by the adaptive algorithm over the duration of the simulation.

the frequency response and provide higher robustness to parametric uncertainty in the structure. To investi-
gate this, 50 additional structures based on that shown in Figure 3 are simulated, with parametric variation
in the stiffness values. The resulting mean, standard deviation, minimum, and maximum values of the total
attenuation in the kinetic energy are shown in Figure 7. From these results it can be seen that the adaptive
method achieves approximately 3 dB improvement in the mean Ek, atten, along with large improvements in
the minimum and maximum values. The standard deviation (σ) of the adaptive method is marginally higher
than the fixed tuning, but the minimum and maximum show a wider range so this is to be expected. These
results show clear support for the hypothesis that the AEDMM is significantly more robust to changes in the
structure.

Figure 7: Robustness metrics (mean, standard deviation (σ), minimum and maximum) of Ek, atten for a
range of structural parametric uncertainty, with a fixed-tuning EDMM vs. the proposed AEDMM.

The minimum attenuation for the AEDMM is negative, which equates to a gain. To explain this, Figure 8
shows the mobility FRF for four cases: plots A and B show two structures with relatively small deviations
from the nominal; plot C shows the mobility FRFs of the structure which achieved the minimum attenuation
for the AEDMM and plot D for the maximum attenuation. From plot C it can be deduced that the overall
gain in kinetic energy is caused by the downward shift and enhancement of the first mode which cannot be
controlled by either approach, but with the adaptive tuning still outperforming the fixed tuning.

Figure 8: Magnitude of the mobility FRF ofm3, with the structure only, with a fixed-tuning EDMM and with
the proposed AEDMM for selected cases of parametric uncertainty. A and B: similar to nominal structure,
C: structure where the minimum Ek, atten was achieved by the AEDMM, D: structure where the maximum
Ek, atten was achieved by the AEDMM.
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4 Conclusions

This study has proposed an adaptive electrodynamic metamaterial (AEDMM) for the absorption of vibration
in an uncertain structure, consisting of an array of 12 electrodynamic inertial actuators with variable shunt
impedances. The AEDMM has been shown to achieve greater attenuation in kinetic energy for a nominal
structure when compared to a fixed-tuning EDMM, and greater robustness to structural uncertainty.
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Abstract
When considering a room-wall-room system to simulate a transmission suite in an acoustic laboratory, the
direct sound transmission can be obtained using a hybrid framework. The wall is then modelled determin-
istically as finite size effects are still important, while the rooms carry a diffuse field and are modelled as
stochastic subsystems. Finite elements is a straightforward approach to evaluate the modal behaviour of
the wall. However, at higher frequencies a finer mesh is needed to capture short wavelength deformations
resulting in higher computation times. Noting that most building elements such as gypsum board walls or
timber floors, exhibit spatial periodicity, periodic structure theory is introduced into the hybrid framework.
This results in a more general approach which can cope with a variety of structures, while reducing the finite
element mesh to a periodic unit cell. Novel is the expansion towards a modal approach, which takes modal
behaviour of simply supported structures into account.

1 Introduction

There is an increasing use of lightweight systems such as timber frame structures or gypsum board walls,
to achieve a high thermal performance and save material and transportation costs. Achieving sufficient
sound insulation with such systems is, however, challenging because of their low weight and complex vibro-
acoustic behaviour. The aim is to create an accurate sound transmission loss prediction technique, which
is efficient enough to be used as a design tool for building elements. At higher frequencies, state-of-the-
art methods are based on fast (semi)-analytic approaches or statistical energy analysis (SEA). In SEA, the
overall system is divided into different subsystems, each of which is assumed to carry a diffuse wave field.
The total energy is the only degree of freedom per subsystem, which makes the method computationally very
efficient. In conventional SEA, it is challenging to model geometrically complex subsystems [1, 2].

Much research has therefore been directed towards overcoming these limitations by proposing hybrid ver-
sions of the method, in which stochastic subsystems (aka SEA subsystems) are coupled to deterministic
subsystems. This allows analysing built-up systems of which some, but not all, components carry a diffuse
field [3]. For sound transmission modelling, it is assumed that the rooms of the transmission suite contain a
diffuse wave field, while the wall or floor still exhibits modal behaviour and is modelled deterministically.
The Finite Element Method (FEM) is a straightforward modelling approach to obtain the modal characteris-
tics of the structure [3, 5]. However, a finer mesh is needed in this hybrid FE-SEA approach when computing
for higher frequencies. To increase computational efficiency, a hybridization with the transfer matrix method
which also approximately accounted for modal behaviour, was then developed, but applications of this hybrid
mTMM-SEA method stayed limited to layered systems [13].

As most building elements have a periodic lay out, a hybridization between periodic finite element modelling
(PFE) and SEA seems worthwhile to explore, as it confines the finite element mesh to a periodic unit cell
of the structure only. This was investigated by Cotoni et al. in [14]. However, this newly developed PFE-
SEA approach has two challenges that must be tackled: (1) modal behaviour, which influences the sound
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Figure 1: A room-wall-room system, in which the wall is modelled in a deterministic way while the rooms
are modelled as SEA subsystems.

transmission loss in the considered frequency range (50-3150 Hz), is disregarded; (2) computing the sound
transmission loss requires an integration over each phase constant surface in the phase lag domain which
is computationally inefficient. The two problems are overcome by discretizing the phase domain into the
phase combinations, corresponding to standing waves in the structure. The propagating waves, resulting
from the eigenvalue problem of the unit cell at these particular phase combinations, can then be combined
into standing waves.

Ideas in this direction were already mentioned in [14]. Whereas the authors in [14] focus mainly on Born-
von Kármán boundary conditions, the wall or floor in the present work is assumed to have simply supported
boundary conditions. A general approach is provided within the method to ensure zero normal displacements
at the boundaries when solving for standing waves.

The remainder of this article is organized as follows. The hybrid deterministic-SEA framework is summa-
rized in section 2. Section 3 elaborates periodic structure theory with emphasis on obtaining the necessary
dynamic stiffness matrices for the hybrid framework. In section 4 the method is validated for a thick wall
and a periodic structure by comparing the predicted sound transmission loss with other prediction tools. The
conclusions are to be found in section 5.

2 The hybrid deterministic-SEA framework

Throughout this article, a room-wall-room system is considered, where the rooms carry a diffuse wave field
and the wall a deterministic wave field (cfr. Fig. 1). The out-of-plane displacements of the partition wall are
decomposed using a finite set of Ndof global basis functions and corresponding generalized coordinates. All
generalized response degrees of freedom (DOFs) are collected in the vector q(ω) ∈ CNdof , so that the time-
domain response is given by Re(qeiωt), with i the imaginary unit and ω the angular frequency. Similarly,
the corresponding generalized harmonic loads are collected in the load amplitude vector f(ω) ∈ CNdof . The
equations of motion of the whole system (room-wall-room) can then be written as

D(ω)q(ω) = f(ω), (1)

with D(ω) ∈ CNdof×Ndof the dynamic stiffness matrix of the system. D may be decomposed into the
dynamic stiffness matrix of the wall, denoted as Dd (subscript d stands for deterministic), and the dynamic
stiffness matrices of the rooms, denoted as D(1) and D(2):

D = Dd + D(1) + D(2) (2)

Since the rooms are assumed to carry a diffuse field in this work, they are modelled as random subsystems
in the overall room-wall-room system. The dynamic stiffness matrix of each acoustic room volume k is
decomposed as

D(k) = D
(k)
dir + D(k)

rev, k = 1, 2 (3)

where D
(k)
dir denotes the mean of the subsystem’s dynamic stiffness matrix D

(k)
dir := E

[
D(k)

]
. This term de-

scribes the response of the acoustic volume k to the outgoing wave field radiated by the displacements of the
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deterministic boundary [6, 16]. Boundaries and objects in the room induce however random wave scattering.
The influence of this reverberant field on subsystem k is captured by D

(k)
rev. With this decomposition, the

equations of motion for a random subsystem are

D
(k)
dirq = −f (k) + f (k)rev , (4)

where the reverberant forces are defined as f
(k)
rev := −D

(k)
revq, and f (k) denotes the sum of the loads applied to

subsystem k at its DOFs. Using Eq. (2)-(4), the overall equations of motion of the system (cfr Eq. (1)) are
rewritten as:

Dtotq = f + f (1)rev + f (2)rev , (5)

where Dtot := Dd +
∑2

k=1 D
(k)
dir is a purely deterministic matrix. When a diffuse field characterizes the

response in both rooms, the reverberant forces f
(k)
rev are related to D

(k)
dir through the diffuse field reciprocity

relationship [6]:

E[f (k)rev f (s)rev] = δks
4Êk
ωπnk

Im
(
D

(k)
dir

)
, (6)

with nk the modal density of subsystem k and δks the Kronecker delta. Note that the hat symbol is em-
ployed here as shorthand notation for ensemble mean. Using this equation, it is possible to obtain the mean
time-averaged total energy Êk of room k from a stationary power balance which involves the other random
subsystems as well as the deterministic master system, assuming the fields are statistically independent of
each other. For the case where the external loading acts solely on the random subsystems (rooms), the power
balance is formulated as [3]:

ω (ηk + η̂d,k) Êk +
2∑

j=1

ωη̂kjnk

(
Êk
nk
− Êj
nj

)
= P̂ (k), k = 1, 2. (7)

In this expression, ηk is the damping loss factor of subsystem k, P (k) the power input from external loading
injected directly into the diffuse field of this subsystem, and

η̂d,k =
2

ωπnk

∑

r

∑

c

Im (Dd,rc)
(
D−1totIm

(
D

(k)
dir

)
D−Htot

)
rc

(8)

η̂kj =
2

ωπnk

∑

r

∑

c

Im
(
D

(k)
dir,rc

)(
D−1totIm

(
D

(j)
dir

)
D−Htot

)
rc

(9)

where the superscript H denotes Hermitian transpose and the integer subscripts rc select an element in row
r and column c of a matrix. When the sound insulation provided by the wall is sufficiently high, P̂ (k) can
be approximated as the ensemble mean of the power input into a hard-walled room. It can be noted that the
power balance equation (7) has formally the same structure as in conventional SEA. Therefore the factors
η̂kj can be interpreted as coupling loss factors, and (9) provides a rigorous way to compute their ensemble
mean. In a similar manner, (8) enables to rigorously estimate the power that is lost by energy dissipation
in the wall. By solving for the mean coupling loss factor η̂12 between the two subsystems, the mean sound
transmission coefficient τ̂12 can be obtained from [17]

τ̂12 = η̂12
4ωV1
caS

, (10)

with S the surface area of the wall, V1 the volume of the sending room, and ca the speed of sound. The
modal density of the rooms nk is determined analytically as found in [17].
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In order to account for the modal behaviour of the simply supported structure, the generalized degrees of
freedom q which appear in Eq. (1), are chosen to be the modal displacement coordinates of the wall. It
is shown in section 3, how periodic structure theory can be employed to retrieve respectively the dynamic
stiffness matrices Dd and Ddir in terms of these modal coordinates.

3 Determining the dynamic stiffness matrices
in modal coordinates using periodic structure theory

The integration of periodic structure theory into the hybrid framework is elaborated in this section, with
emphasis on accounting for modal behaviour in the PFE-SEA approach. First, the theory of periodic structure
theory is summarized in §3.1. Next, it is shown in §3.2 how the dynamic properties of the periodic unit cell
are used to get the mode shapes of the simply supported structure. Finally, the dynamic stiffness matrices,
required in Eq. (10), are obtained by using the obtained eigenfrequencies and mode shapes in §3.3.

3.1 Periodic structure theory

Considering a two-dimensional periodic structure with dimensions Lx × Ly, a periodic unit cell can be
extracted which is repeated Nx and Ny times within the structure in respectively the x- and y-direction. A
finite element model of such a unit cell with dimensions lx = Lx/Nx and ly = Ly/Ny is shown in figure 2.

Figure 2: Indication of the edge and corner degrees of freedom of a periodic unit cell.

A finite element model for the dynamic deformation of the unit cell is now constructed. The degrees
of freedom (DOFs) u of the unit cell are reorganized into interior (I=interior), edge (T=Top, B=Bottom,
R=Right, L=Left) and corner DOFs (LB, RB, LT, RT). The dynamic response of the unit cell is then
investigated using Bloch’s theorem, in which periodic boundary conditions are imposed onto the edge
and corner DOFs [18, 19, 20, 21, 22]. Introducing cell-wise phase shifts exp(−iεx) and exp(−iεy) with
(εx, εy) ∈ [−π, π]× [−π, π], allows to relate the boundary DOFs as follows:
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uI

uB

uT

uL

uR

uLB

uRB

uLT

uRT




︸ ︷︷ ︸
u

=




I 0 0 0
0 I 0 0
0 Ie−iεy 0 0
0 0 I 0
0 0 Ie−iεx 0
0 0 0 I
0 0 0 Ie−iεx

0 0 0 Ie−iεy

0 0 0 Ie−iεx−iεy




︸ ︷︷ ︸
R(εx,εy)




uI

uB

uL

uLB




︸ ︷︷ ︸
u′

, (11)

with u′ = [uT
I uT

B uT
L uT

LB]T the reduced DOFs. The reduction matrix R is then applied to the equations of
motion of the unit cell as well, so that the following reduced eigenvalue problem is obtained:

K′(εx, εy)u′ = ω2M′(εx, εy)u′, (12)

where K′ := RHKR and M′ := RHMR are respectively the reduced mass and stiffness matrix of the
periodic unit cell. To analyse the free undamped wave propagation across the unit cell for a given set of
phase shifts (εx, εy), the eigenvalue problem is solved for the corresponding eigenfrequencies ωj(εx, εy) and
corresponding displacement shapes u′j(εx, εy).

It follows immediately from Eqs. (11,12) that free wave propagation in opposite directions occurs at the same
frequency yet with a complex conjugate wave displacement shape: if

(
ωj(εx, εy),u′j(εx, εy)

)
is a solution

of (12), then so is
(
ωj(−εx,−εy), ū′j(εx, εy)

)
, where the bar denotes complex conjugate. This limits the

range of (εx, εy) values that needs to be considered in a complete free wave propagation analysis. If the
unit cell exhibits symmetry, this range can be further restricted. Suppose that the unit cell is oriented such
that the symmetry plane is parallel to the yz plane. Because of this symmetry, free wave propagation for
the phase shifts (εx, εy) and (−εx, εy) will occur at the same frequencies: ωj(εx, εy) = ωj(−εx, εy). The
corresponding wave displacement shape can then be obtained by mirroring across the plane of symmetry. In
summary, for symmetric unit cells, the analysis can be restricted to (εx, εy) ∈ [0, π]× [0, π].

3.2 Modal behaviour of the structure

As pointed out earlier, the dynamic stiffness matrices are expressed in the modal coordinates of the simply
supported structure. Therefore, only phase constants that allow standing waves in the structure need to be
considered. For a standing wave, the summation of the phase constants of a back and forward travelling
wave in the global structure adds up to a multiplication of 2π, so that [24]:

εxk =
kπ

Nx
, 0 ≤ k ≤ Nx (13)

εyl =
lπ

Ny
, 0 ≤ l ≤ Ny (14)

Care must be taken to eliminate rigid body modes and propagating waves with a zero wavenumber compo-
nent in the x- or y-direction when solving the eigenvalue problem.

The corresponding mode shapes will now be analyzed. Following the reasoning that led to the natural
frequencies, an undamped mode shape in the entire wall, hence also in the unit cell, is a standing wave that
can be obtained as a linear combination of the four related free undamped plane traveling waves, as follows:

φ
(kl)
j =

4∑

r=1

a
(kl)
j,r u

(kl)
j,r (15)

PERIODIC STRUCTURES AND METAMATERIALS 2417



where

u
(kl)
j,1 := uj(εxk, εyl), u

(kl)
j,2 := uj(−εxk,−εyl) = ū

(kl)
j,1 ,

u
(kl)
j,3 := uj(−εxk, εyl), u

(kl)
j,4 := uj(εxk,−εyl) = ū

(kl)
j,3 . (16)

The complex wave amplitudes a(kl)j,r are chosen to ensure zero normal displacements at the left and bottom
boundaries of the unit cell and to satisfy a chosen scaling condition. To get zero normal displacements at
the required DOFs, the displacement fields of the four travelling waves are collected in a matrix and only
the edge DOFs, which need to be zero, are selected. Via a singular value decomposition of this matrix, an
eigenvector is obtained, which consists in fact of the complex wave amplitudes a(kl)j,r . In the present work,
the mode shapes are mass-normalized over the entire wall, so the scaling condition reads

φ
(kl)
full,j

H
Mfullφ

(kl)
full,j =

Nx∑

m=1

Ny∑

n=1

φ
(kl)
mn,j

H
Mφ

(kl)
mn,j = 1, (17)

where (m,n) denotes the location of a specific cell when the cells are numbered from left to right with m
and from bottom to top with n. As the displacement field of a travelling wave in cell (m,n) relates to the
displacement field of the first cell via:

umn(εxk, εyl) = u(εxk, εyl)e
−i((m−1)εxk+(n−1)εyl), (18)

insertion of Eq. (15) into Eq. (17) results in the following:

φ
(kl)
full,j

H
Mfullφ

(kl)
full,j =NxNy

4∑

r=1

|a(kl)j,r |2u
(kl)
j,r

H
Mu

(kl)
j,r

+ 2δk,Nxδl,NyNxNyRe

{
āj,1aj,2u

(kl)
j,1

H
Mu

(kl)
j,2 + āj,4aj,3u

(kl)
j,4

H
Mu

(kl)
j,3

}

+ 2δk,NxNxRe

{
āj,1aj,3u

(kl)
j,1

H
Mu

(kl)
j,3 + āj,4aj,2u

(kl)
j,4

H
Mu

(kl)
j,2

}

+ 2δl,NyNyRe

{
āj,3aj,2u

(kl)
j,3

H
Mu

(kl)
j,2 + āj,1aj,4u

(kl)
j,1

H
Mu

(kl)
j,4

}
(19)

3.3 Determining the dynamic stiffness matrices

Finally, the dynamic stiffness matrices Dd and Ddir are discussed. First, the deterministic dynamic stiffness
matrix of the wall Dd can easily be expressed in terms of its modal coordinates thanks to the unit modal
mass scaling (cfr. Eq. (17)):

Dd = −ω2I + (1 + iη)Ω where Ω :=




Ω11 0 . . . 0
0 Ω21 . . . 0
...

... . . .
...

0 0 . . . ΩNx,Ny


 , (20)

where Ωkl is the diagonal matrix containing the squared eigenfrequencies as obtained from (12) for (εxk, εyk).

The direct field dynamic stiffness matrix Ddir is derived in terms of the wall modal coordinates. As for
general finite structures, this could be achieved by directly computing the nearfield radiation impedance for
the mode shapes of the entire wall φ(kl)

full,j [5]. In the present work, the direct field response is determined via
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the wavenumber domain as follows [26]:

Ddir,(ik1l1,jk2l2) =
1

4π2

∫∫

R2

φ̄
(k1,l1)
z,full,i (kx, ky)G(kx, ky)φ

(k2,l2)
z,full,j(kx, ky)dkxdky, (21)

with G(kx, ky) the Green’s function. To avoid singularity problems at coincidence, the Green’s function is
approximated. First, the wavenumber domain (kx, ky) is dicretized in a square grid with equal gridspacing
4k in both directions. Next, the discretized, approximated Green’s function is obtained by averaging the
function over a small area in the discretized wavenumber domain, so that [23]:

G(kx, ky) ≈ iω2ρa

4k
√
k2x + k2y

(√
k2a − k21 −

√
k2a − k22

)
(22)

with ρa the density of air, ka the wavenumber in air and with k1 =
(√

k2x + k2y

)
− 4k/2 and k1 =

(√
k2x + k2y

)
+4k/2.

The modal displacement field in the wavenumber domain of the entire structure φ(kl)full,z,j(kx, ky) in equation
(21) contains only the displacements normal to the room-wall interface surface and is obtained via a Fourier
transformation of Eq. (15).

φ
(kl)
full,z,j(kx, ky) =

4∑

r=1

a
(kl)
j,r

∫∫

Sfull

u
(kl)
full,z,j,r(x, y)ei(kxx+kyy)dxdy

︸ ︷︷ ︸
:=u

(kl)
full,z,j,r(kx,ky)

(23)

where Sfull represents the room-wall interface surface. Since the wall displacement u(kl)full,z,j,r(x, y) depends

entirely on the displacement of the unit cell, u(kl)z,j,r(x, y), one has that [14]

u
(kl)
full,z,j,r(kx, ky) = Cklr(kx, ky)

[ ∫

Scell

u
(kl)
z,j,r(x, y)ei(kxx+kyy)dxdy

︸ ︷︷ ︸
:=u

(kl)
z,j,r(kx,ky)

]
, (24)

with Cklr(kx, ky) =

(
1− e−iNx(εxk(r)−kxlx)

1− e−i(εxk(r)−kxlx)

)
·
(

1− e−iNy(εyl(r)−kyly)

1− e−i(εyl(r)−kyly)

)
. (25)

with Scell denoting the surface area of the periodic unit cell.

4 Validation examples

In this section, the predicted sound transmission loss values of the discussed PFE-SEA are compared against
alternative prediction results. The considered structures are respectively a thick, homogeneous wall and a
periodic rib-stiffened panel. In the simulations, the reverberation time T , the air density ρa and the sound
speed ca in the rooms are taken to be 1.5 s, 1.2 kg

m3 and 343 m
s , respectively.

4.1 Hollow brick wall

First, a perforated brick wall with dimensions 3.25 m× 2.95 m× 0.19 m is considered. The wall is plastered
at both sides. Following [11], the wall is modelled as a homogeneous thick wall, for which the equiva-
lent Young’s modulus, Poisson’s ratio, density and thickness are taken as 1825 MPa, 0.2, 613.5 kg

m3 and
0.2934 m, respectively. The experimentally determined damping loss factor of the wall in the transmission
opening can be found in [13, Table 2]. Fig. 3 shows the periodic unit cell of the perforated brick wall. The
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Figure 3: Illustration of the finite element model of the periodic unit cell for the perforated brick wall. The
elements, colored in purple, are in plane with the room-wall interface.
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Figure 4: Harmonic sound transmission loss of a perforated brick wall as predicted with the PFE-SEA
method, the mTMM-SEA method and the FE-SEA approach.

brick wall is subdivided into 325 × 295 square unit cells with dimensions 0.01 m × 0.01 m. In the hybrid
PFE-SEA model, the wall is modeled using 8-node solid linear elastic finite elements (of the SOLID45 el-
ement type in ANSYS). The standing waves are obtained by optimizing the complex wave amplitudes (cfr
Eq. (16))) in such a way that the normal displacements become zero on the neutral plane of the unit cell.

The predictions of the hybrid PFE-SEA, the mTMM-SEA and FE-SEA approach are shown in fig. 4. The
results of the mTMM-SEA and the PFE-SEA approach are the same, while the hybrid PFE-SEA and FE-
SEA predictions agree well but are not exactly the same, which is expected since the boundary conditions
are slightly different. All models correctly predict the first resonance around 50 Hz and the transition from
stiffness to mass behavior at this point are clearly visible. The low modal density of the wall makes that
the coincidence dip, which can be observed in the conventional TMM and the FTMM predictions between
125 Hz and 160 Hz, cannot develop [13].

4.2 Rib-stiffened steel panel

Finally, the sound transmission loss of a periodic rib-stiffened panel is computed with the hybrid PFE-SEA
approach outlined above. The periodic structure consists of a steel base panel and vertical ribs, which have
a height of 2 mm. The steel elements have a thickness of 0.001 m and have a density 7750 kg

m3 , Young’s
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modulus 200 GPa and Poisson’s ratio 0.28. The damping loss factor of steel can be found in [13, Table 2].
The periodic unit cell of the rib-stiffened panel with dimensions 0.008 m × 0.015 m is shown in fig. 5 and
is repeated 25 times and 20 times within the entire structure in respectively the x- and y-direction. The ribs
are aligned with the outer edges and fixed halfway the length and width of the unit cell. 8-node quadratic
shell elements are used in the finite element model.

Figure 5: Illustration of the finite element model of the periodic unit cell for the periodic rib-stiffened steel
panel.
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Figure 6: Harmonic sound transmission loss of a periodic rib-stiffened panel as predicted with the hybrid
PFE-SEA method and the FE-SEA approach.

Fig. 6 shows the predictions of the PFE-SEA approach compared to the predicted values of the hybrid FE-
SEA approach. Both methods predict well the first panel resonance around 112 Hz and the transition from
stiffness to mass behaviour. Cross modal coupling is taken into account in both approaches, resulting in a
good agreement. However, a difference of 1 dB between the results of both methods can be noticed over the
whole frequency range at interest. This is due to a different discretization approach for the direct dynamic
stiffness matrix in both methods.
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5 Conclusion

In this work, a hybridization between two-dimensional periodic finite element modelling and statistical en-
ergy analysis has been investigated for simply supported structures. In order to decompose the displacements
of the structure into standing waves, the dynamic properties of the unit cell only need to be computed for a
specific number of imposed propagation constants. Next, the resulting travelling waves are combined into
standing waves to compute the direct field response, taking special care for zero displacements at the bound-
aries of the global structure. As validation examples, the sound insulation predictions of a thick brick wall
and a rib-stiffened steel panel were compared to other prediction tools. A good agreement was obtained.
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Abstract
This paper investigates the influence of partial resonant metamaterial treatments and boundary conditions on
the predicted stop band performance in finite plates excited by a point-force. These finiteness effects are typ-
ically not taken into account when designing stop band performance using infinite periodic structure theory.
In the first step, a finite plate in which only 24% of its surface can be treated with resonant metamaterials is
defined. Stop band behaviour is analysed for different unit cell sizes that fit in the chosen treatment area. In
the second step, the position of the force and treatment area in the finite plate, as well as boundary conditions,
are varied to assess the influence that these parameters have on the predicted attenuation in the stop band.
The attenuation in the untreated area of the plate is compared for the different models, and structural intensity
analyses are performed to gain further insight into the stop band attenuation mechanisms. Design approaches
are proposed to aid the design of robust resonant metamaterial systems for industrial applications.

1 Introduction

Resonant metamaterials have recently shown great potential to tackle NVH issues in the hard-to-address low-
frequency range. These improved NVH performances are due to stop band behaviour, which are tuneable
frequency ranges where free wave propagation is inhibited and a strong vibro-acoustic attenuation can be
achieved [1]. Stop band behaviour is achieved by adding resonant elements to a host structure in a scale
smaller than the wave to be affected, hence subwavelength scale [2]. Since stop band mechanisms do not rely
on periodicity [1, 3] as for other stop band materials [4, 5], resonant metamaterials allow a lightweight and a
compact design for low-frequency applications [6, 7, 8, 9]. Despite the efforts by the research community, as
proven by many publications in which new designs [10, 11, 12, 13] and applications [14, 15, 16] are proposed,
resonant metamaterials are still considered as a rather academic concept. Recent advancing in integration
and manufacturing aspects of resonant metamaterials have been made [7]. However, many challenges for
industrialization of resonant metamaterial still need to be overcome before this solution can be a robust
and effective alternative to current NVH solutions. One of these challenges consists of assessing how the
predicted stop band performance, which relies on infinite periodic structure theory [17, 18], is affected in
real metamaterial systems, which are finite and no longer periodic, although the periodicity is not strictly
required [6, 19]. Non-ideal boundary conditions in finite resonant metamaterial beams have already shown
to lead to edge modes that affect the predicted attenuation in the stop band [20]. Moreover, other finiteness
effects due to, for instance, partially treating a structure with resonant metamaterials may further impair the
predicted attenuation. A reduction of the attenuation can be due to local modal behaviour in the untreated
area of the system as well as edge modes due to different types of boundary conditions (BCs). Since in
industry it is a common solution to add the NVH treatment on a limited surface of the structure because of
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space constraints, manufacturability or costs, it is fundamental to assess the impact that a partial resonant
metamaterial treatment has on the predicted stop band performance.

To aid the design process of efficient resonant metamaterials solutions for industrial systems, this paper
provides an insight into the effect that partial resonant metamaterial treatments have on the predicted stop
band performance. A finite element (FE) model of a plate partially treated with resonators modelled as tuned
vibration absorbers (TVAs) and excited by a point-force excitation is chosen for the investigation. Such a
simple model helps to gain insight into the underlying interaction mechanisms, which are more difficult,
if not impossible, to fully understand in geometrically complex cases. Firstly, the structural attenuation
performance achieved in the stop band by different layouts of a grid of TVAs is evaluated and compared to
the infinite theory prediction calculated with unit cell (UC) analyses [21, 22]. Secondly, the effects on the
attenuation in the stop band due to different BCs and the position of the treatment area with respect to the
force are studied, and design approaches to reduce their influence on the predicted stop band performance are
proposed. To gain further insight into the vibration energy flow in the stop band, structural intensity analyses
[23, 24, 25] are performed.

This paper is organized as follows: after the introduction, section 2 describes the problem investigated in
this paper. Section 3 defines the different resonant metamaterial models. Section 4 discusses the stop band
behaviour predicted with the infinite periodic structure theory. Section 5 assesses the impact that different
grid layouts of TVAs, their positions with respect to the excitation, and BCs have on the predicted stop band
performance. The paper ends with the conclusions.

2 Problem definition

2.1 Finite plate host structure

The considered host structure consists of a rectangular steel plate of dimensions 0.5x0.75 m and 1 mm
thickness (Figure 1). The material properties are reported in Table 1. The plate is modelled with the FE
method using linear 6243 CQUAD4 shell elements [26].

Table 1: Material properties of the host structure.

Young’s modulus (E) Density (ρ) Poisson’s ratio (ν) Struct. damping (η)
Steel 7800 kg/m3 210 GPa 0.3 1%

Two different BC configurations are applied to the plate. The first configuration consists of simply supported
(SSSS) BCs applied to the four edges of the plate. SSSS BCs are chosen because the natural frequencies of
a finite SSSS plate sample on the dispersion surfaces of its infinite representation [27]. Therefore, the stop
band behaviour in finite fully treated SSSS resonant metamaterial plates corresponds to frequency ranges
where modal behaviour is not present and enhanced vibro-acoustic attenuation is achieved [28, 29]. The
second configuration corresponds to clamped-clamped-free-free (CCFF) BCs applied in the order depicted
by Figure 1(right). Clamped and free BCs are chosen because they are limit cases, and have demonstrated in
finite resonant metamaterial beams to lead to edge modes, which reduce the predicted attenuation in the stop
band [20].

The plate is excited by a unit point-force. In the first case, named case A, the force is applied at 240 mm
and 270 mm from the left and bottom edge of the plate, respectively (Figure 1(left)). Only SSSS BCs are
considered, given that the force is applied sufficiently far from the boundaries [30]. In the second case,
named case B, the force is applied close to the boundaries at 16 mm from the left and top edge of the plate
(Figure 1(right)) to ensure an influence of the BCs on the dynamic response of the plate. Therefore, for
case B both SSSS and CCFF BCs are considered.
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Figure 1: Finite plate with the force in case A (left) and case B (right). The dashed lines indicate the contour
of the treated area. The grey dots indicate the position of the nodes in the untreated area, where the response
is evaluated. The cross indicates the position of the force excitation. Only the orientation of the CCFF BCs
are indicated. The dimensions are given in meters.

2.2 NVH treatment area

To reduce the structural response of the plate around 500 Hz, the plate is treated with the resonant metama-
terial solution over a limited area. The allowed treatment area is arbitrary chosen as 24% of the total surface
of the plate. Among the different shapes that a treatment area can have within the given constraints, a square
shape of 0.3 m side-length is chosen for the first analyses and its boundaries are depicted in Figure 1 by the
black dashed lines. The treatment is always added around the location of the point-force excitation. This
choice helps to increase the structural impedance close to the driving point of excitation, leading to reduced
vibrational energy entering and propagating into the structure [31]. This increased structural impedance oc-
curs in resonant metamaterial systems around the lower stop band bound [32]. In case A, the treatment area
is centred around the force (Figure 1(left)), whereas in case B the treatment area has an uneven distribution
around the force (Figure 1(right)).

Different resonant metamaterials solutions are added to the treatment area. To compare the structural at-
tenuation performance in the stop band achieved by the different resonant metamaterials solutions, the dis-
placement in the untreated part of the plate is evaluated over all the nodes (grey dots in Figure 1) except for
the nodes on the edges. The root mean square (RMS) of the displacement across all the response nodes is
calculated at each frequency.

3 Resonant metamaterial models

Different resonant metamaterial models are obtained by adding a finite number of TVAs into the treatment
area on a regularly spaced grid. The spring-damper and the mass of the TVA are modelled with the FE
method using CBUSH and CONM2 elements, respectively [26]. The TVAs are tuned to 493 Hz, close to the
targeted frequency range and 1% of critical damping is added to the damper.

The distance between two consecutive TVAs is identified as the UC size (LUC) of the considered resonant
metamaterial model. Because of the defined treatment area and the regular grid layout, the UC sizes along
the x- and y-axis are equal, resulting in a square UC.

To achieve stop band behaviour, the TVAs need to be added on a subwavelength scale in the targeted fre-
quency range [2]. To calculate the UC sizes, the frequency ratio (fratio) introduced by Claeys et al. [2] is
used:

fratio =
fres
fλ/2

, (1)

which relates the tuned frequency of the TVA (fres) to the frequency (fλ/2) at which half-wavelength of
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a freely propagating wave equals the distance between two consecutive resonators. The frequency fλ/2 is
computed analytically for bending waves using the Kirchhoff plate theory as in [2]:

fλ/2 =
π

2L2
UC

√
t2E

12(1− ν2)ρ, (2)

where t is the thickness of the plate. Only UC sizes that lead to a fratio < 1 are used in this paper, since stop
band behaviour is ensured for these fratio values [2].

The allowable UC sizes that satisfy the fratio < 1 requirement and fit into the chosen treatment area are
reported in Table 2. Values of fratio < 0.092 are not considered because they would lead to a too fine
grid of TVAs with UC sizes smaller than 20 mm, and hence too small for the target frequency to be easily
manufactured with common manufacturing processes. In each resonant metamaterial model, the mass of
each TVA is varied so that 20% of mass is added in the UC, resulting in 4.8% of mass added in the whole plate
by each grid of TVAs. To keep the same tuned frequency, the stiffness of the TVA is changed accordingly.

Table 2: Resonant metamaterial models (mα), with α = 1, ..., 10 indicates a different model, and NUCx and
NUCy indicate the number of UCs in the treatment area along x and y directions, respectively.

m1 m2 m3 m4 m5 m6 m7 m8 m9 m10

LUC [mm] 21.4 23.1 25.0 27.3 30.0 33.3 37.5 42.9 50.0 60.0
fratio 0.092 0.10 0.13 0.15 0.18 0.22 0.28 0.37 0.50 0.72

NUCx ×NUCy 14×14 13×13 12×12 11×11 10×10 9×9 8×8 7×7 6×6 5×5

4 Stop band behaviour prediction in infinite periodic resonant meta-
material plates

4.1 UC analyses

Stop band behaviour in infinite periodic resonant metamaterial plates is studied by means of UC analyses.
Bloch-Floquet BCs [17, 18] are applied to the FE model of the UC. Both inverse [21] and direct [22] ap-
proaches are applied to solve the eigenvalue problem and calculate the dispersion curves [2], since their wave
solutions are complementary. The inverse approach allows to identify clear stop band limits in the dispersion
curves, since damping is not included in the calculation [2, 21], but wave solutions in the stop band cannot
be retrieved. The direct approach allows calculating the wave solution in the stop band since damping can
be included in the analysis [22]. Therefore, wave attenuation in stop band can be calculated, but clear stop
band limits cannot be identified.

(a) (b) (c)

Figure 2: Schematic representation of the resonant metamaterial UC, consisting of the square host struc-
ture and the TVA made up by a mass (m), a spring (k) and a damper (c) element (a). IBC (black arrows)
for a square UC (b) [33]. The points O,A,B,O of the IBC in the wave reciprocal domain have coordinates
(µx, µy) = (0, 0), (π, 0), (π, π), (0, 0), respectively. IBZ (grey triangle) with the wave propagation direc-
tions φ = 0◦, 25◦, 45◦ indicated by the black dashed arrows (c).
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Dispersion curves with the inverse approach are calculated on the irreducible Brillouin contour (IBC) chosen
according to [33] (Fig. 2(b)). Dispersion curves with the direct approach need to be calculated for different
wave propagation directions in the irreducible Brillouin zone (IBZ) [22] (Fig. 2(c)). For these analyses, wave
propagation directions φ = 0◦, 25◦, 45◦ are chosen, of which φ = 0◦ corresponds to O-A, and φ = 45◦ to
the O-B direction of the IBC in Fig. 2(b).

4.2 Prediction of stop band behaviour

The dispersion curves calculated with the inverse approach for the UC of the models of Table 2 are depicted
in Fig. 3(a). Only the targeted bending wave solutions are depicted. For each dispersion diagram, the lower
stop band (SBL) and upper stop band (SBU ) limits are found and the stop band width is calculated by the
difference between the upper and lower stop band limit (Fig. 3(b)). The stop band width increases and the
stop band bounds shift to a lower frequency with increasing values of fratio [2].

(a) (b)

Figure 3: Dispersion curves of the bending waves calculated with the inverse approach for the UC of the
considered models (a). The lower (SBL) and upper (SBU ) stop band limits for the UC of the different
models open around the tuned frequency (TF) of the TVA, leading to wider stop band width for higher
values of fratio (b).

The same analyses are performed with the direct approach. The dispersion curves are calculated with a
frequency resolution of 1 Hz. The solutions for the bending waves of the UC of the considered models
(Fig. 4(a)) show a strong attenuation of the waves around the calculated stop band, as indicated by the
imaginary part of the wave number (Im(k)). The maximum wave attenuation rate per meter reduces and shifts
in frequency for increasing values of the angle fratio and φ [22]. To further compare the wave attenuation
performance among the different UCs, the averaged wave attenuation rate is calculated for each UC and
propagation direction angle φ (Fig. 4(b)). This is performed by averaging Im(k) across a frequency band
of ±1 Hz, ±5 Hz, ±10 Hz, ±20 Hz, ±35 Hz, which is centred for each configuration on the respective
maximum value of Im(k) achieved in the stop band.

Inspection of the trends in Fig. 3 and Fig. 4 shows that low fratio values lead to a narrow stop band width
in which a higher attenuation rate per meter is found. This indicates that a resonant metamaterial composed
by a higher number of UCs into the same treatment area can be beneficial to maximise the wave attenuation
rate in a narrow frequency band. For broader frequency zones, it can be noted that higher values of fratio
can be beneficial since these tend to lead to a larger zone with outspoken reduction. In this case, for instance,
UCs with fratio = 0.37 and fratio = 0.5 show to have the best attenuation rate per meter along φ = 0◦ and
φ = 45◦, respectively, in a frequency band of ±20 Hz centred around the respective maximum attenuation
rate value. Too high value of fratio, in turn, do not seem to be beneficial. For example, in the chosen
frequency bands, the UC with fratio = 0.72 has the lowest attenuation rate per meter among the other
configurations, despite having the largest stop band width.
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(a)

(b)

Figure 4: Dispersion curves of the bending waves calculated with the direct approach for the UC of the con-
sidered models (a). The black dashed arrows indicate the trend of the maximum wave attenuation per meter
across increasing values of fratio. The tuned frequency (TF) is indicated. Averaged wave attenuation rate per
meter calculated over different frequency bands for the different UC configurations and wave propagation
direction angles φ (b).

The wave attenuation behaviour along φ = 45◦ is expected to drive the attenuation achieved in the untreated
area of the plate because most of the vibrational energy will propagate along this direction with the lowest
wave attenuation rate (Fig. 4). To ensure that the waves are sufficiently attenuated along this direction, a
minimum number of UCs are needed between the force location and untreated area. Using the values of
Im(k) calculated in Fig. 4(a) for φ = 45◦, the relative wave attenuation (ANUC

/A0) after a finite number of
UCs (NUC) can be calculated [17, 18] for each frequency and fratio:

ANUC
/A0 = exp(−Im(k)

√
2 LUC NUC), (3)

where A0 and ANUC
are the wave amplitude at the reference UC and after NUC , respectively. A threshold

of ANUC
/A0 = 0.01 is assumed that identifies the minimum number of UCs after which more than 99% of

the wave amplitude A0 is attenuated (Figure 5(a)). This minimum number of UCs is then identified for each
frequency and fratio by the isolines for ANUC

/A0 = 0.01 in Figure 5(b).

The results shows that a different number of NUC is required at each frequency in the stop band to guarantee
the minimum wave attenuation. Furthermore, a lower number of NUC is needed for increasing fratio values
to achieve the same relative wave attenuation in the stop band. This occurs because the TVAs in resonant
metamaterials with higher fratio are more effectively spread over half-wavelength, leading to stronger local
interactions that efficiently counteract to the wave displacement [34].
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(a) (b)

Figure 5: Relative wave attenuation at 500 Hz and φ = 45◦ achieved after NUC for the UC of the considered
models (a). The threshold line at ANUC

/A0 = 0.01 is indicated by the black point-dashed line. Isolines for
relative wave attenuation ANUC

/A0 = 0.01 for the considered UCs (b). For a constant frequency, increasing
values of NUC at the right of each curve leads to ANUC

/A0 < 0.01. The tuned frequency (TF) of the TVAs
is indicated.

5 Stop band in finite partially treated plates

5.1 Resonant metamaterial models with the force in case A

A direct dynamic response SOL108 [26] is used to calculate the solution of the different resonant meta-
material models in a frequency range between 350 Hz and 650 Hz with a resolution of 1 Hz. To compare
the attenuation achieved in the untreated area among the different resonant metamaterial models in different
frequency bands, averaged RMS displacement values are calculated. These averages are calculated using the
same centre-frequencies as for the averaged attenuation rate per meter for the wave propagation direction
φ = 45◦ in Figure 4(b).

A good agreement between the results of the finite models (Fig.6) and the results of their infinite UC coun-
terpart (Fig.4) is found. Models with lower values of fratio lead to a higher attenuation dip in the stop
band (Fig.6(a)), as predicted by the UC analyses (Fig.4(b)). Furthermore, the averaged RMS displacement
(Fig.6(b)) confirms that resonant metamaterial models with higher fratio values can lead to a better response
attenuation in a larger frequency band, as is the case for fratio = 0.37 and fratio = 0.5 for the frequency
bands of ±20 Hz and ±35 Hz, respectively.

Since the plate is partially treated, modes in the untreated area of the plate can occur in the predicted stop
band. These modes are found to be more excited for the analysed resonant metamaterial models with fratio =
0.5 and fratio = 0.72, because three UCs for the former and two UCs for the latter are placed between the
force and the untreated area (Figure 5(b)), so that a sufficient attenuation of the energy cannot be guaranteed.
A structural intensity analysis (Appendix A) of the plate depicts this effect in Fig. 7. The structural intensity
is calculated for the resonant metamaterial models m2 and m10 at 506 Hz, which is a frequency inside the
predicted stop band and close within 1 Hz to a local mode in the untreated area of the plate for both models.
The energy entering the plate is strongly attenuated within the treatment area for model m2. As indicated by
the arrows, the preferential energy propagation directions are at φ = 45◦ + n90◦, with n = 0, ..., 3 (Fig. 7),
for which the UC analyses predicted the least wave attenuation rate per meter among the wave propagation
directions. For model m10, more energy can reach the untreated area of the plate and exciting the local
mode (Fig. 7). These results further confirm the good agreement observed between the trends in Figure 4(b),
Figure 5(b) and Figure 6(b).

To summarise, designing partially treated resonant metamaterial systems with low fratio allows achieving the

PERIODIC STRUCTURES AND METAMATERIALS 2431



(a) (b)

Figure 6: RMS displacement of the finite plate with different resonant metamaterial models (a), and averaged
RMS displacement over different frequency bands (b).

Figure 7: Structural intensity of the model m2 (left) and m10 (right) at 506 Hz. The arrows indicate the
direction of the vibrational energy flow. The length of the arrow is proportional to the local magnitude of
the structural intensity. The points in the plate of maxima (minima) structural intensity are coloured in red
(blue) for the arrows and black (white) for the plate. The black dashed lines delimit the treatment area.

minimum excitation of the modes in the untreated area in a narrow frequency band. In view of broadening the
attenuation frequency range, higher fratio models may be beneficial at the price of a reduced peak attenuation
in the stop band. The level of attenuation in the stop band can be further reduced if a minimum number of
resonators between the force and the untreated area is not added.

5.2 Resonant metamaterial models with the force in case B

5.2.1 Influence of BCs and grid position on the stop band attenuation

In this section, model m2, m9 and m10 are further investigated, because they are the most interesting cases
due to the large difference among their dynamic response and wave propagation of the respective UCs. With
the force in case B, model m2, m9 and m10 have 12, 6 and 5 UCs between the force and the untreated area
along φ = −45◦, respectively, ensuring a sufficient wave attenuation along this direction (Figure 5(b)).

For excitation and treatment area close to the boundaries, the interaction with CCFF BCs leads to a deteri-
oration of the attenuation in the predicted stop band. This is due to the presence of clamped and free edge
modes due to the CCFF BCs, whereas edge modes are not present in SSSS BCs. Clamped edge modes affect
the vibration attenuation closer to the lower stop band bound and free edge modes closer to the upper stop
band bound. As observed in resonant metamaterial beams [20], the influence of these edge modes on the
vibration attenuation increases with the values of fratio (Fig. 8). Since a larger difference in the vibration
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attenuation is observed closer to the upper stop band bound as compared to the lower bound, the structural
intensity is compared at 520 Hz where free edge modes are present to gain insight into the influence of these
edge modes on the vibrational energy propagation in the stop band (Fig. 9). For the sake of brevity, only
structural intensity for model m2 and m9 with SSSS and CCFF BCs are compared (Fig. 9). It should be
noted that similar conclusions can be drawn by comparing model m2 and m10.

(a) (b) (c)

Figure 8: RMS displacement of the model m2 (left), m9 (centre) and m10 (right) with SSSS (solid line) and
CCFF BCs (dashed line). The predicted stop band limits in each model is indicated by the vertical lines.

The energy entering the plate is reflected at the SSSS BCs and attenuated by the TVAs within the treatment
area. The preferential propagation direction is along φ = −45◦ direction (Fig. 9). This preferential direction
changes when CCFF BCs are applied. Also because of the presence of edge modes, vibrational energy flows
along the free edge of the plate, reaching the untreated area in the model m9. In model m2, the influence
of these edge modes is less important because of the low fratio value [20], and the energy can be attenuated
within the treatment area (Fig. 9).

Figure 9: Structural intensity of the model m2 (left column) and m9 (right column) at 520 Hz with SSSS
(top row) and CCFF (bottom row) BCs. The arrows indicate the direction of the vibrational energy flow. The
length of the arrow is proportional to the local magnitude of the structural intensity. The points of maxima
(minima) structural intensity are coloured in red (blue) for the arrows and black (white) for the plate. The
black dashed lines delimit the treatment area.
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The effect of the clamped and free edge modes can be reduced for model m9 by translating the grid of TVAs
in the treatment area by a distance sufficiently far from the clamped edge and closer to the free edge to move
the edge modes outside the predicted stop band [20]. Following the guidelines proposed in [20], the sufficient
distance at which the grid of TVAs needs to be translated is found to be 24 mm closer to the left free edge
and 24 mm further from the top clamped edge of this configuration. Thus, a new model m9 with CCFF BCs,
named CCFF-2, is obtained (Fig. 10(a)).

The attenuation in the stop band for CCFF-2 configuration is restored, and an additional response reduc-
tion around the lower and upper stop band bound as compared to the SSSS configuration is also achieved
(Fig. 10(b)). Free edge modes are not anymore present at 520 Hz, and the vibrational energy is attenuated
within the treatment area by the new arrangement of the TVAs (Fig. 10(c)).

(a)

(b) (c)

Figure 10: Original model m9 (left) and model m9 CCFF-2 with a translated grid of TVAs in the direction
of the arrow (right) (a). RMS displacement of the model m9 with SSSS (solid black line), CCFF (dotted
grey line) and m9 CCFF-2 (dashed light grey line). The predicted stop band is indicated by the vertical
lines (b). Structural intensity of the model m9 CCFF-2 at 520 Hz (c). The arrows indicate the direction of
the vibrational energy flow. The length of the arrow is proportional to the local magnitude of the structural
intensity. The points of maxima (minima) structural intensity are coloured in red (blue) for the arrows and
black (white) for the plate. The black dashed lines delimit the treatment area.

In summary, a partial resonant metamaterial treatment with a low fratio design helps in reducing the effect of
BCs when the force and the treatment area are close to the boundaries. In view of broadening the frequency
range of attenuation, higher fratio design can be used. However, the interaction with the BCs needs to be
taken into account, for instance, by positioning the grid of TVAs at a sufficient distance far from the clamped
and closer to the free edges to reduce the effect of the edge modes.

5.2.2 Space between the force and the treatment area

The position of the treatment area with respect to the force location may influence the attenuation achieved
in the stop band. To demonstrate this effect, model m2 is used in this analysis, since the attenuation in the
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stop band is less influenced by the edge modes (Fig. 8). The grid of TVAs of this model is modified as such
that the same number of TVAs covers a treatment area that is still 24% the total surface of the plate, while a
space between the force and the treatment area is opened up (Fig. 11). In practice, the TVAs removed around
the force are added as an extra row at the bottom of the grid of the model m2. This new model is named
mmod

2 .

Figure 11: Model m2 (left) and mmod
2 (right), with the force (black cross) at 16 mm from the top and left

side of the plate. The treatment area is indicated by the black dashed lines.

The structural impedance around the driving point changes and local modal behaviour can occur in the space
between the force location and the treatment area. Depending on the size of the space and the type of BCs,
the frequencies of these modes can fall into the predicted stop band frequency range and lead to a different
degree of reduction of the attenuation achieved (Fig. 12). In the case in analysis, the model mmod

2 has a
local mode in the at 521 Hz for SSSS BCs and at 498 Hz for CCFF BCs, which contribute to reducing
the attenuation in the predicted stop band. Inspection of the structural intensity in the plate at these two
frequencies shows that more energy can enter the plate in the model mmod

2 than in the model m2 and the
energy is localized in the space between the force and the treatment area (Fig. 13). These results confirms
that a treatment area close to the force location can lead to a better attenuation in the stop band in partially
treated resonant metamaterial plates.

(a) (b)

Figure 12: RMS displacement of the model m2 (solid black line) and mmod
2 (dashed grey line) with SSSS

(a) and CCFF (b) BCs. The predicted stop band limits is indicated by the vertical lines.

6 Conclusions

This paper analyses how partial treatment and boundary conditions in finite plates can reduce the predicted
stop band attenuation. Firstly, modes in the untreated area of the plate can occur in the predicted stop band.
These modes are excited to a different degree by different distributions of TVAs in the treatment area and,
consequently, affect the predicted attenuation. A denser grid of TVAs leads to a minimum excitation of these
modes, at the price of a narrower stop band frequency range. Secondly, when force and treatment area are
close to the boundaries, edge modes can affect the vibration attenuation in the untreated area of the plate in
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Figure 13: Structural intensity per side area of the model m2 (left column) and mmod
2 (right column) at

521 Hz with SSSS (top row) and 498 Hz with CCFF (bottom row) BCs. The arrows indicate the direction of
the vibrational energy flow. The length of the arrow is proportional to the local magnitude of the structural
intensity. The points of maxima (minima) structural intensity are coloured in red (blue) for the arrows and
black (white) for the plate. The black dashed lines delimit the treatment area.

coarser grids of TVAs. To reduce the influence of these edge modes and to restore the predicted attenuation,
the grid of TVAs can be positioned within the treatment area at a sufficient distance far from and closer to
the clamped and free boundaries, respectively. Finally, a treatment area close to the force location helps to
maximise the vibration attenuation in the stop band.
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Appendix

A FE based structural intensity analysis

A FE based structural intensity analysis algorithm proposed in [23, 24, 25] is implemented in an in-house
code. A brief description of the algorithm is reported hereafter:

• Element forces and moments, and nodal velocities for linear shell elements are computed with NX
Nastran [26] for the frequency of interest. The element forces and moments are calculated with respect
to the centroid of the element in the element local reference system, while the nodal velocities are
provided according to the global reference system.

• For each element, the average element velocity is computed by averaging the velocity across the nodes
of the elements. The resulting element velocity is projected onto the local reference system of the
element.

• The structural intensity is computed for each element (eq. 4 and eq. 5) and projected back onto the
global reference system.

(a) (b)

Figure 14: Forces (a) and moments (b) in the element local reference system for a CQUAD4 linear shell
element [26].

The equations that define the structural intensity Ix and Iy along the x- (eq. 4) and y-axis (eq. 5), respectively,
of the local reference system of each element (Fig. 14) are:

Ix =
1

2t
Re[−(Vxv∗z −Mxω

∗
y +Mxyω

∗
x + Fxv

∗
x + Fxyv

∗
y)], (4)

Iy =
1

2t
Re[−(Vyv∗z +Myω

∗
x −Mxyω

∗
y + Fyv

∗
y + Fyxv

∗
x)], (5)

where, according to Fig. 14, Fx, Fy are membrane forces; Fxy, Fyx are membrane shear forces; Mx, My

are bending moments; Mxy is the twisting moment; Vx, Vy are transverse shear forces; vx, vy and vz are the
element translation velocity in x, y and z local directions, respectively; ωx, ωy and ωz are the element rotation
velocity in x, y and z local directions, respectively; and t is the element thickness. The symbol ∗ indicates
the complex conjugate and the real part of the complex number. The units of the structural intensity are in
W/m2, since the forces and the moments are calculated by the FE software in N/m and N , respectively.

The algorithm implementation is validated against the reference analytic solution of a model that consists
of a SSSS rectangular plate with dimensions 1x0.6 m and 1.5 mm thickness, similar as in [35, 36]. The
material properties are steel, with E = 210e9 Pa, ν = 0.3, ρ = 7850 kg/m3, and η = 1%. A unit point
force is applied at (x, y) = (0.2, 0.1) and a one-dimensional damper with damping rate Rd = 100 Ns/m
is positioned at (x, y) = (0.7, 0.4) (Fig. 15). The analytic solution proposed in [36] is calculated with 2.25
millions modes. The FE model is described by a regular grid of 37500 linear CQUAD4 shell elements [26].
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The structural intensity is calculated at 60 Hz and compared in Fig. 15. The grey colormap shows the
magnitude of the structural intensity per side area I =

√
I2x + I2y . The arrows indicate the direction of the

vibration energy flow, which enters into the plate at the force location (×) and exits through the damper (◦).
To ease the visualization, the energy flow is plotted on a smaller grid that is the same for the analytic and FE
results and that consists of 800 points, which are found by means of k-Means clustering of the element grid
position [37]. The structural intensity in the ith cluster is computed as a component-wise averaging of the
structural intensity across the elements in the cluster.

(a) (b)

Figure 15: Reference analytic intensity (a) and FE intensity calculated with the current implementation (b).
The arrows are plotted on a 800 points grid, and indicate the direction of the vibrational energy and the local
averaged structural intensity with their length.

A good agreement between the analytic and the FE intensity and vibrational energy flow are found (Fig. 15).
To highlight the structural intensity magnitude difference between the reference analytic and the current FE
implementation, the relative error in percentage is calculated:

εj [%] =
|
√
I2x,FE(xj) + I2y,FE(xj)−

√
I2x,ref (xj) + I2y,ref (xj) |

√
I2x,ref (xj) + I2y,ref (xj)

· 100, (6)

where I•,FE(xj) and I•,ref (xj) with • = x, y are the FE and analytic intensity at the point xj = (xj , yj),
respectively. The relative error is calculated at the centroid of all the 37500 elements in the mesh and depicted
in Fig. 16. The maximum error is found close to the boundaries, where the velocities tend to zero, and at the
force and damper locations, where large variations of forces and velocities are present. For other locations
in the system, the relative error is within the values reported in other works [23, 36].

Figure 16: Relative error in percentage between the analytic and FE intensity solution at 60 Hz. The point
force and the damper are indicated by the white cross (×) and circle (◦).
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Abstract
Various contributions have shown that periodic structures with specific material composition or geometry
layout have favorable dispersion characteristics. A special feature of so called metamaterials is the occur-
rence of stop bands, being frequency ranges where no free wave propagation is observed. The focus of this
contribution lies on two dimensional metamaterials with periodic inclusions and notches. Using the Wave
Finite Element Method the dispersion characteristics of periodic metamaterials can be studied on the basis
of a Finite Element Model of one repetitive segment (unit cell). The periodicity of the structure is introduced
by applying Bloch’s Theorem. The scope of this contribution is to investigate the influence of the topology
and shape of inclusions and notches on the wave propagation in periodic metamaterials. In continuation of a
former publication by the authors a wide-ranging parameter study analyzes the relation between the variance
in mass distribution along the unit cell and the stop band behavior.

1 Introduction

In the automotive and the aircraft industry, the aim is to build slender structures that are light-weight but at the
same time not susceptible to excessive sound radiation and unwanted vibrations. Due to the high stiffness-to-
mass ratio of light-weight components, conventional structures suffer from poor vibroacoustic properties. To
improve the vibrational performance without increasing the mass, slender and adjustable reduction measures
are required. In the literature this issue is often solved exploiting the favorable dispersion characteristics
of periodic metamaterials. Thereby different kinds of such metamaterials have been studied so far: Refs.
[1,2] prove that aligning tuned mass dampers (TMDs) on a plate can lead to frequency ranges where no free
wave propagation is observed. Those frequency ranges are called stop bands and can either be induced by
interference related effects or by local resonances. Ref. [3] takes a closer look at this behavior and describes
how TMDs affect the decay characteristic of waves that propagate in periodic structures. Refs. [4-6] show in
numerical studies that embedding rigid or elastic inclusions enhances the low frequency absorption behavior
of porous structures. Ref. [7] verifies this finding experimentally. In Ref. [8] the authors studied periodic
metamaterials with inclusions containing a TMD and found out that the wave propagation within the structure
can be affected purposefully by varying the alignment of the TMD and the shape of the inclusion. One of the
most significant results was that for the analyzed geometries the stop band width increased with increasing
variance of the mass distribution along the cell.

Building on Ref. [8], this contribution further studies the relation between the variance in mass distribution
along the unit cell and the dispersion characteristics. The dispersion characteristics will be compared for unit
cells with inclusions and notches of similar shape but different variance in mass distribution, and for unit cells
with the same variance in mass distribution but inclusions of different shapes. All numerical investigations
are carried out using the Wave Finite Element Method (WFEM).

Following the introduction, section 2 introduces the WFEM for two dimensional structures. Section 3
presents the numerical studies and analyzes the associated results. Section 4 concludes this contribution.
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2 Wave Finite Element Method - Inverse approach

Within this section the numerical strategy for the evaluation of the dispersion characteristics of periodic
structures is described. The WFEM uses a Finite Element Model of one repetitive segment and induces the
periodicity of the structure via the Bloch Theorem. The method was introduced in Ref. [9] and was further
enhanced in Refs. [10-12]. Ref. [13] further extended the method to be also applicable to finite structures.

The WFEM comprises two approaches for studying the wave propagation along periodic structures: The
direct approach solves for the wavenumber for a certain value of frequency; in the inverse approach the
wavenumber is given and the corresponding frequencies are computed. While the direct approach considers
all kinds of waves, the inverse approach only analyzes the dispersion characteristics of undamped waves.
The frequencies to which the inverse approach does not assign a wave number can be considered as stop
bands. In the context of this contribution the inverse approach will be used in order to evaluate the position
and width of the occurring stop bands.

2.1 Selection of the unit cell

When studying periodic structures using the WFEM the unit cell of the structure has to be specified. The unit
cell generally corresponds to the smallest possible section whose sequencing results in the periodic structure.
In order to apply periodic boundary conditions, the number and vertical position of the nodes at the left and
right boundaries of the cell have to coincide. There are often several possibilities to choose the unit cell.

Figure 1 shows three different unit cells which, when periodically assembled, all correspond to the same
periodic structure. While the first two unit cells could be used as an input for a WFEM analysis, the third
unit cell is not a valid choice as, after discretization, not every right boundary node will have a corresponding
left boundary node. Taking reference to Ref. [14], using the direct approach of the WFEM the second unit
cell enables a more efficient analysis than the first one does. This is because the number of boundary nodes
in the first cell is higher than in the second one. In the direct approach we condense the internal degrees of
freedom (DOFs) from the eigenvalue problem and therefore the computation effort is mainly influenced by
the number of boundary DOFs. Using the inverse approach, as we do within this contribution, both the first
and the second cell are a comparably good choice.

Figure 1: Selection of the unit cell.

2.2 Characterization of the unit cell

The dynamic behavior of the unit cell is exploited using a standard Finite Element Method implementation.
Without applying the periodicity conditions yet, the cell itself can be characterized by its equation of motion
under steady state harmonic loading with a frequency of ω:

(K− ω2M)q = f ; (1)

K and M are the stiffness and mass matrices of the unit cell; q corresponds to the vector of DOFs and f is
the force vector .
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2.3 Introduction of the periodicity

The periodicity of the structure is introduced by the so-called Bloch Theorem. Originally applied to prob-
lems in the field of quantum mechanics [15], the theoretical considerations can be transferred to structural
dynamics. The basic assumption is, that a wave propagating within a periodic structure will undergo the
same relative change in amplitude and phase when traveling from one cell to the next independently of the
location of these cells within the structure [16]. From this we can deduce that we can find an exponential
term that allows us to derive the response function of the periodic structure out of the response function of
the unit cell.

The relation between the DOFs of two neighboring unit cells in the x-direction is given by

q(x+ Lx) = q(x)e−iκLx , (2)

whereby a similar relation can be found between the forces acting upon these cells. The exponential term in
equation (2) expresses the relative change in amplitude and phase between the two cells. Lx is the length of
the unit cell and κ the wavenumber. Due to the fact that only undamped waves are taken into account when
using the inverse approach, κ will be restricted to real values in the scope of this contribution. The sign of κ
gives conclusion on the propagation direction of the respective wave.

2.4 Derivation of the eigenvalue problem

Combining equations (1) and (2) we can derive an eigenvalue problem which will be solved for ω given a
propagation constant µ defined as

µ = e−iκLx . (3)

Using the Bloch Theorem we can link the DOFs and forces at the right and left boundaries:

qR = µqL, (4)

fR = −µfL; (5)

thereby the indices R and L correspond to quantities at the right and left boundary; the index I will later on
be used for internal quantities.

Inserting equations (4) and (5) into equation (1) and assuming that the internal nodes are not loaded by
external forces, we can derive the following eigenvalue problem:

(Kred − ω2Mred)qred = 0; (6)

with Kred = RHKR, Mred = RHMR and qred = [qL qI ]
T . The reduction matrix R is defined as:

R =



I Z
Z I
µI Z


 , (7)

where Z is the null matrix and I is the identity matrix. The superscript H refers to the complex conjugate
transpose of a matrix.

Having computed the frequencies ω corresponding to a given value of µ, we can post-process the deformation
of the structure for each pair of ω and µ. Plotting the deformed structure we can draw conclusions on the wave
types (e.g. bending wave, quasi longitudinal wave) propagating along the structure in a certain frequency
range.
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3 Numerical investigations

Within this section we present the outcome of our numerical studies. In advance the material and geometry
configurations of the unit cells used in the subsequent investigations are introduced.

3.1 General setting

Within this contribution we study the dispersion characteristics of unit cells with different inclusions and
notches in a frequency range up to 45 kHz. The material of all cell configurations corresponds to aluminum.
Length and height of the unit cell are kept equal during the numerical studies. Material properties and unit
cell dimensions are listed in table 1.

Table 1: Material properties and geometry configuration of the unit cell.

Name Symbol Value
Young’s modulus E 70 GPa

Density ρ 2699 kg/m3

Poisson’s ratio ν 0.34
Length of cell Lx 0.06 m
Height of cell H 0.04 m

The geometry configurations of the inclusions and notches which are considered within this contribution are
depicted in figure 2. The inclusions are placed in the center of the cell. The radius r defines the size of the
circular inclusions and notches. Height h and width b specify the dimension of the rectangular inclusions
and notches.

Figure 2: Considered unit cell geometries; left: inclusions; right: notches.

Varying the dimensions of the inclusions and notches leads to different mass distributions with respect to x.
The mass distribution along the unit cell can be characterized by the variance of the mass distribution, which
is defined as

V ar(X) =

∫ Lx

0
(X − E(X))2dx, (8)

with X being the mass density and E(X) being the average mass density. The mass density thereby equals
the density assigned to the cell multiplied with the material filled height (total height minus local inclu-
sion/notch height). The average mass distribution is given as ρ (HLx)−A

Lx
; A being the area corresponding to

the inclusion/notch.
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For the considered rectangular inclusion/notch the variance of mass distribution may be expressed as

V ar(X)� = ρ2h2
(
b− b2

Lx

)
. (9)

For the circular inclusion/notch a similar, much more complex expression may be derived.

3.2 Impact of the variance in mass distribution

In a first step we compare the dispersion characteristics of unit cells with rectangular inclusions and notches
of different sizes. The width b is altered, while the height h is set to 0.02 m. As showed in Ref. [8] no stop
band is observed for homogeneous unit cells without inclusions and notches. This corresponds to the case
b = 0. No stop band can be observed for b = Lx either. This is explained by the fact that in this case two
stacked but unconnected homogeneous layers are considered.
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Figure 3: Correlation between variance in mass distribution and stop band width for unit cell with rectangular
inclusion.
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Figure 4: Correlation between variance in mass distribution and stop band width for unit cell with rectangular
notch.
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In figure 3, both the variance in mass distribution and the stop band width are plotted for rectangular inclu-
sions with b = [0, Lx]. Hereby the stop band width corresponds to the total frequency range between 0 and
45 kHz were no undamped waves emerge. If there is more than one stop band, the total stop band width is
obtained by summing up the individual stop band widths. We observe that both the variance in mass distri-
bution and the stop band width rise for increasing values of b from zero to a maximum value and then return
to zero. The difference is that the maximum is reached for unequal values of b. We conclude that although
the stop band tends to increase with increasing variance, this statement is not generally true. For example,
the variance increases from b = 0.02 m to b = 0.03 m, but the observed stop band is smaller.

Figure 4 shows the correlation between the variance in mass distribution and the stop band width for rectan-
gular notches. We observe a similar behavior as with the rectangular inclusions.

3.3 Impact of the shape of inclusions and notches

Next we evaluate the dispersion characteristics of unit cells with differently shaped inclusions/notches but
the same variance in mass distribution. We choose a circular inclusion/notch of radius r = 0.01 m, resulting
in a variance in mass distribution of 26.86 kg2/m3. We adapt the dimensions of a rectangular inclusion/notch
to match the variance in mass distribution and total mass of the unit cells with circular inclusion/notch.

Figure 5 shows the dispersion curves corresponding to the unit cell with circular inclusion and notch in the
frequency range [0,45] kHz. The dispersion curves visualize the solutions of equation (6). They identify
the frequencies for which we observe undamped waves. The phase κLx depicts the relative phase shift
between adjacent cells within the periodic structure. The shape of the dispersion curves can give conclusion
on the respective wave type. If the slope of the curve alters, we can presume that the curve corresponds to
a dispersive bending wave. A constant slope implies that we observe a non dispersive quasi longitudinal
wave. Since mixed forms of these wave types can occur at higher frequencies, an evaluation of the deformed
geometry provides clear information about the wave type.
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Figure 5: Dispersion curves for unit cell with circular (—) inclusion and (- - -) notch.

We observe a stop band for both, the circular inclusion and the circular notch, whereby the stop band corre-
sponding to the notch is smaller and located in a higher frequency range than the stop band corresponding to
the inclusion.

Figure 6 compares the dispersion characteristics of a unit cell with rectangular inclusion and rectangular
notch. Again the stop band corresponding to the notch is located in a higher frequency range, but the stop
band width is of similar size as the one corresponding to the inclusion.

Figure 7 summarizes the stop band width and location corresponding to the studied geometries. As stated
before, all geometries induce the same total unit cell mass and the same variance in mass distribution. The
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Figure 6: Dispersion curves for unit cell with rectangular (—) inclusion and (- - -) notch.

circular inclusion leads to the broadest stop band, while the circular notch results in the smallest stop band.
The stop band widths corresponding to rectangular inclusion and notch are of similar sizes, and centered
around frequencies similar to those of the corresponding circular shapes. We conclude that not only the
mass distribution along the cell but also the inclusion/notch shape itself has an impact on the dispersion
characteristics of the periodic structure and in particular on the stop band width.
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Figure 7: Stop band location of unit cells with differently shaped inclusions but equal variance in mass
distribution.

To further study the impact of the cell design on the stop band location we take into consideration the
deformed periodic structure for the locations marked with a triangle on the dispersion curves in Figures 5
and 6. Figure 8 a) visualizes the deformed structure for a unit cell with circular inclusion just below the stop
band. We can see that the wave length of the observed quasi longitudinal wave roughly equals twice the
length of the unit cell. For higher frequencies the wave will be trapped between the inclusions leading to
the observed stop band. Plotting the deformed shape of the periodic structure with circular notches for the
same frequency (Figure 8 c) and d)), we can see that for both, bending and quasi longitudinal wave, the wave
length is not an integer multiple of the cell length. We can state that for equal frequencies the wave length
of the waves propagating along the structure with circular inclusions is smaller than the one of the waves
propagating along the structure with circular notches. As a result, the frequency range in which a stop band
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occurs due to destructive interference is shifted towards higher frequencies (Figure 8 b)). Based on Figure 9,
this observation can be transferred to the periodic structure with rectangular inclusions and notches.

a)

d)

c)

b)

Figure 8: Deformed shape of periodic structure with circular inclusion for a) (π rad, 26.63 kHz) and circular
notch for b) (0 rad, 34.54 kHz), c) (1.31 rad, 26.63 kHz), d) (2.28 rad, 26.63 kHz).

a)

d)

c)

b)

Figure 9: Deformed shape of periodic structure with rectangular inclusion for a) (π rad, 27.79 kHz) and
rectangular notch for b) (0.89 rad, 27.79 kHz), c) (2.41 rad, 27.79 kHz), d) (π rad, 32.30 kHz).

4 Conclusion

From the performed numerical investigations on the impact of the variance in mass distribution along periodic
metamaterials we draw the following conclusions:

• In the performed numerical studies a higher variance in mass distribution does not necessarily lead to
a broader stop band. Still, a higher variance in mass distribution tends to result in in a wider stop band.

• For cell configurations with the same variance in mass distribution the shape of the inclusion has an
impact on the stop band location and width. Within the analyzed geometries the circular inclusion
leads to a broader stop band than the rectangular inclusion and notch and the circular notch. In addi-
tion, the stop band corresponding to the notches is located in a higher frequency range than the one
corresponding to the inclusions.
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Abstract 
This work is intended to further lower and broaden the band gap for flexural waves by means of a meta-

beam exploiting nonlinear resonator’s concepts. For this purpose, the beam structure is periodically attached 

with a nonlinear resonator. The proposed nonlinear resonator is developed by parallelly adding a negative 

stiffness (NS) corrector to linear elastic component. The NS corrector, which is formed by curved Euler 

buckled beams, can provide negatives stiffness and counteract the linear one at the equilibrium position in 

order to lower the dynamic stiffness the resonator, without sacrificing the support capacity. The theoretical 

model of such resonator is established firstly, and the reaction force and stiffness are calculated. After 

analyzing the sensitivity, a designing procedure for the NS is proposed. Finally, the theoretical model of the 

metastructure beam with NS resonators add-one is established and band gap structures are predicted using 

the Wave Finite Element Method (WFEM).  

1 Introduction 

In the last decade, the propagation of elastic or acoustic waves in metastructure has received a large amount 

of attention [1-7]. In general, so-called metastructure exhibit bandgaps which are responsible for improved 

vibroacoustic performances. Similar concepts are extensively used for wave manipulation [8], sound 

absorption [9], cloaking [10] and vibration suppression [11] for high-precision mechanical system, and so 

on. Liu [5] proposed the conception of local resonance mechanism that creates band gaps with a lattice 

constant two orders of magnitude smaller than the relevant wavelength, which makes it applicable in 

vibration engineering. Yu studied the flexural wave band gaps of LR metastructure beams by transfer matrix 

theory and experimental test. Kathryn [11] presented a composite 3D-printed metastructures for vibration 

absorption. Pai [12] proposed a two-stage resonator with different stiffness and mass in each layer to create 

two band gaps, and Ma [13] designed a metastructure plate attached periodically with vibration suppressors 

with multiple secondary oscillators, and the metastructure plate features with multiple band gaps. Fang [14] 

studied nonlinear acoustic metamaterial and chaotic band gap is observed. 
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In some engineering fields, one frequently to suppress the low-frequency (even ultra-low-frequency), e.g. 

aerospace, ship and civil, and so on. However, as for vibration suppression, the generation of low-frequency 

broadband band gaps remains challenging when restricted to linear resonators concepts. As is known, the 

locations of band gaps are determined by the resonant frequency of substructure of metastructure. Thus, it 

is a natural way to create low-frequency band gap by reducing the resonance frequency, which can be 

implemented by increasing mass or decreasing stiffness. Unfortunately, large additional mass is undesirable 

in engineering and low stiffness sacrifices the bearing capacity and deteriorates the stability of the system. 

In recent years, the conception of negative stiffness (NS) has been widely used in vibration isolation to 

expand the isolation range. Carrela et al. [15-17] used two inclined springs to produce negative stiffness and 

counteract the positive stiffness provided by vertical spring, and the force transmissibility and displacement 

transmissibility are studied. Platus [18] employed buckling beams under axial load to realize low frequency 

isolation. Fulcher [19] further designed a passive vibration and shock isolation systems based on buckling 

beams NS mechanism. Zheng proposed a HSLDS isolator by using permanent magnet [20] and applied it 

in a Stewart vibration isolation platform [21]. Zhou [22] developed a theoretical model of metastructure 

beam periodically attached with HSLDS resonator. In my previous work [23], a metastructure beam features 

with low-frequency-multi-mode band gaps is proposed. 

Aiming to lower the band gap of metastructure beam, a type of HSLDS resonator with buckling beams is 

proposed in this work. In Sect.2, the conceptual design and working principle of proposed resonator are 

addressed, and the static characteristics is verified by FEM model. In Sect. 3, the parameter sensitivity is 

studied and the implementation of HSLDS resonator is proposed. Besides, comparison studies between 

resonator with/without negative stiffness corrector are carried. In Sect. 4, band gap of the metastructure 

beam with HSLDS resonator add-one is obtained using the Wave Finite Element Method (WFEM). 

2 Static characteristics of negative stiffness corrector 

2.1 Analytical model 

The HSLDS resonator of interest in this paper is shown in Figure 1. It consists of a spring damping system 

in parallel with the negative stiffness corrector. In the negative stiffness corrector, four curved slender beams 

are considered. The displacement of two sliders is applied to generate axial load in beams until the load 

reaches the critical values and the beams become buckled. After that, the system shifts into working state 

and the negative stiffness is provided to counteract positive stiffness, realizing high-static-low-dynamic 

stiffness. The solution for this classic Euler beam buckling problem is stated fully in reference [24]. The 

approximate expression between the axial shortening , the axial force P, and the initial imperfection of 

the curved beams at center is  

  (1) 

where  is the classical Euler critical load for fixed-fixed boundary, EI is the flexural 

rigidity of the beam, and l is the length of curved beams in initial state. 
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Figure 1: HSLDS resonator using Euler buckled beams 

Then consider the system without the vertical spring and damper shown in Figure 1. A force F is applied on 

rigid mass in the vertical direction and the vertical displacement is assumed as x. Based on the analysis of 

buckled Euler beams, the force-displacement relationship of the negative stiffness corrector can be obtained 

by 

  (2) 

Where  and . One can get the negative stiffness provided by negative 

stiffness corrector by differentiating the force F with respect to displacement x 

  (3) 

Where  and . From Eq (3), it is found that the stiffness provided 

by negative stiffness corrector is a function of displacement x, which reveals that it features with nonlinearity. 

It is worthy of note that the approximation expression in Eq (1) is valid when the lateral deflection of buckled 

beam is less than 0.2L, thus the range for the pre-displacement of sliders to generate buckling is about 

. 

2.2 Verifying the formula of the reaction force using FEM 

To verify the analytical expression of the reaction force provided by negative stiffness corrector, FEM is 

employed. The structure parameters of the negative stiffness corrector are listed as Table 1, where l is the 

original length of curved beams, b and h is the width and height of beam section respectively, is the initial 

imperfection of curved beams, E is the Young modulus and is the stiffness of the vertical spring. 

Table 1: Structure parameters of negative stiffness corrector 

l (mm) b (mm) h (mm) q0 (mm) kL (N/mm) E (MPa) 

50 20 0.8 1 5 1800 

The finite element software ANSYS Workbench is adopted to simulate the reaction force. The PC material 

is employed for the convenience of 3D print manufacturing. As shown in Figure 2(a), the negative stiffness 

corrector is parallel with a linear spring element. The element type of all bodies is SOLID. The pre-

displacement of sliders is set as mm. And Figure 2(b) shows that when the negative stiffness corrector 

is in working state, the curved beams are buckled. 
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(a) 

 

(b) 

Figure 2: FEM model of negative stiffness corrector: (a) Initial state; (b) Working state 

 

Figure 3: Reaction force exerted by negative stiffness corrector 
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As illustrated in Figure 3, the reaction force obtained by FEM shows good coincidence with that obtained 

by theoretical model. It confirms the validity of analytical expression. Furthermore, it also can be found that 

the stiffness is less than 5 N/mm, i.e. the stiffness of vertical spring in parallel with the negative stiffness 

corrector, which demonstrates that the negative stiffness corrector works well. 

3 High-static-low-dynamic stiffness resonator 

3.1 Parameter sensitivity analysis of negative stiffness corrector 

Parameter analysis is an efficient way to analyze the influence of parameters on specific characteristics, 

providing guidance for structure design. Since the negative stiffness corrector plays an important role in  

 

Figure 4: Local sensitivity of parameters of curved beams 

HSLDS resonator, by counteracting the positive stiffness and determining the resonant frequency, the length 

of curved beams l, initial imperfection q0, width b and height h of beam section are considered as input 

parameters and the reaction force generated by negative stiffness corrector is set as the output parameter. 

As illustrated in Figure 4, increasing the height and width of beam section increases the value of reaction 

force (i.e. the negative stiffness corrector provides larger negative stiffness). However, with the increasing 

of length and initial imperfection, the reaction force decreases. It also can be concluded from Figure 4 that 

the height of beam section has serious influence on the stiffness characteristics of the negative stiffness 

corrector. Hence the height of section beam is an important parameter for designing the HSLDS resonator. 

From above analysis, the following designing procedure of HSLDS resonator can be concluded. Firstly, 

determine the stiffness of HSLDS resonator. Due to the counteraction of stiffness between the negative 

stiffness corrector and positive stiffness component, the objective negative stiffness depends on positive 

stiffness and objective resonant frequency; Secondly, increase the height of beam section until the negative 

stiffness approaches the needed one. Thirdly, adjust the negative stiffness slightly by changing the value of 

length, width and initial imperfection.  
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3.2 Implementation of the HSLDS resonator 

 

Figure 5: Physical structure of HSLDS resonator 

The physical structure of HSLDS resonator is shown in Figure 5. The proposed resonator is composed of 

five parts, they are rigid mass, curved beam, support beam, guide, slider and frame. Take fabricating 

precision and stability of spring into consideration, the support beam is adopted as an alternative solution 

for the positive stiffness component. The rigid mass is supported by support beams and is supposed to move 

in the vertical direction. Slider can slide on the frame along with guide by bolts to generate pre-compress of 

curved beams. To ensure the rigidity of the resonator, rigid mass, guide, slider and frame are made of 

Aluminum. And the other parts are made of Polycarbonate (PC). Such resonator has advantages of small, 

compact and light, with total length 126 mm, height 50 mm and width 20 mm. Furthermore, the proposed 

resonator is convenient for 3D printing manufacturing technology. 

3.3 Performance of HSLDS resonator 

To further demonstrate the performance of HSLDS resonator, two different systems are compared. They are 

HSLDS resonator with negative stiffness corrector and resonator without negative stiffness corrector 

respectively, as shown in Figure 6. For simplicity, the frame of resonator is suppressed in FEM simulation. 

 

 (a) (b) 

Figure 6: Two types of resonator: (a) without NS corrector; (b) with NS corrector 
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(a) 

 

(b) 

Figure 7: Static characteristics comparison between two resonators: (a) Reaction Force; (b) Stiffness 

As illustrated in Figure 7, both reaction force and stiffness of resonator are reduced obviously by connecting 

rigid mass negative stiffness corrector. Thus, the negative stiffness corrector has good performance in 

reducing stiffness without sacrifice of bearing capacity (support beams in two resonators are set as same). 

Then, the modal analysis of these two resonators is also carried out. The result shows that these two 

resonators share the same first modal: rigid mass resonates in the vertical direction. However, by adding 

negative stiffness corrector, the resonant frequency of first from 164.45 HZ to 37.336 Hz. Thus, the proposed 

features with high-static-low-dynamic stiffness. Furthermore, the resonator makes it practical to lower band 

gap of metastructure since the corresponding frequency is determined by the resonant frequency of resonator. 
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4 Model of metastructure beam with HSLDS resonators 

4.1 Overview of the WFEM 

The wave finite element method (WFEM) is a promising numerical tool of structure dynamics [25]. Based 

on periodic structures theory, WFEM converts the study of the whole periodic structure into a single unit 

cell or a small segment of the structure. In this section, basic formula for solving the free wave propagation 

problem in 1D periodic structure is given [26]. The periodic structure can be separated into N identical 

subsystem with length d. Unit-cell interactions at the left (L) and right (R) boundaries, as shown in Figure 

8. 

 

Figure 8: Illustration of the interaction of a unit cell 

Mesh compatibility is assumed between adjacent cells, and the discrete dynamic equation of a unit cell at 

frequency can be written as: 

  (4) 

where M, C, K are the mass, damping and stiffness matrices, respectively. After condensing of the inner 

DOFs and reordering degree of freedom, the description of the behavior of the unit cell can be stated in 

terms of the condensed dynamic stiffness operator : 

  (5) 

where . Note that the propagation constant  describing wave propagation over the cell 

with length d. Combing force equilibrium  in a cell and Bloch’s theorem , Eq. (5) 

leads to a quadratic spectral problem: 

  (6) 

where  represents the wave modes of the waveguide. By introducing appropriate state 

vector, the eigenvalue problem can be expressed as: 

  (7) 

with transfer matrix: 

  (8) 

where eigenvectors represent both nodal displacements and forces associated to a wave mode. The dynamic 

behavior of the global system can be obtained by expanding amplitudes of incident and reflected waves on 

a basis of eigenvectors.  
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4.2 Metastructure beam with HSLDS resonator 

In this place, the metastructure beam periodically attached with proposed HSLDS resonator is taken into 

consideration. The schematic diagram of the metastructure beam is shown in Figure 9. 

 

Figure 9: Schematic diagram of metastructure beam with HSLDS resonators 

As shown in Figure 9, the HSLDS resonator is simplified as a mass-spring-damping system, with mass 

kg, dynamic stiffness determined by resonant frequency obtained in previous section, 

N/m and the damping coefficient c is set as 0.02. The host beam is a slender aluminum beam with 

dimensions mm. The number of HSLDS resonators is set as 8. 

The propagation constant of propagative wave and evanescent wave obtained by WFEM is illustrated in 

Figure10. The results show the in a specific frequency range (i.e. 33.5 – 43.5 Hz), the propagation constant 

 is less than 1, in the contrast,  equals 1 in other frequency range. From Bloch’s Theorem , it 

can be concluded that in this frequency range, the propagation of propagative wave is suppressed, i.e. band 

gap. Namely, a broad and low-frequency band gaps is generated in the metastructure beam periodically 

attached with proposed HSLDS resonators. 

 

Figure 10: Propagation constant’s norm of wave guide in metastructure beam with HSLDS resonators 
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5 Conclusions 

In this paper, a novel nonlinear resonator is proposed, which is developed by adding a negative stiffness 

corrector to an elastic component. Due to the counteraction between negative stiffness and positive stiffness, 

the proposed resonator features with high-static-low-dynamic stiffness. The analytic model of HSLDS 

resonator is established and is verified by the FEM model. Parameters sensitivity analysis of negative 

stiffness corrector is carried out in ANSYS Workbench to study the influence of parameters, providing 

guidance for design of HSLDS resonator. Besides, the implementation of HSLDS resonator is proposed and 

the resonator is small, compact, light and convenient for fabricating by 3d printing technology. The 

comparative studies between resonators with/without negative stiffness corrector show that the HSLDS 

resonator has good performance with low frequency resonant frequency. Finally, the propagation constant 

of metastructure beam periodically attached HSLDS resonators is obtained by WFEM, which reveals that a 

broad and low-frequency band gap is generated. 
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Abstract
This paper discusses the potential of meta-poro-elastic systems with small mass inclusions to create broad-
band sound absorption performance under the quarter-wavelength limit. A first feasibility study is done to
evaluate whether embedding small mass inclusions in specific types of foam can lead to near-perfect absorp-
tion at tuned frequencies. This paper includes an optimization routine to find the material properties that
maximize the losses due to the mass inclusion such that a near-perfect/perfect absorption coefficient can be
achieved at specified frequencies. The near-perfect absorption is due to the mass-spring effect, which leads
to an increase in the viscous loss. Therefore, it is efficient in the viscous regime. The well-known critical
frequency, which depends on the porosity and flow resistivity of the material, is commonly used as a criteria
to distinguish the viscous regime from the inertial regime. However, for the types of foam of interest to
this work, the value of critical frequency is below the mass-spring resonance frequency. Hence, the inverse
quality factor is used to provides a more accurate estimation on the frequency at which the transition from
the viscous regime to the inertial regime.

1 Introduction

Poro-elastic materials are commonly used in many industries as a sound-absorbing treatment. However,
their efficiency is limited to mid- and high-frequencies, where a thickness of quarter-wavelength would not
result in bulky treatments. Therefore, many research efforts in the recent years focused on improving the
low-frequency behavior of poro-elastic materials by embedding different types of inclusion in the material.
Groby et al. [1] investigated the modal behavior of a porous layer with low/high contrast inclusions. They
showed that high contrast inclusions can modify the mode of the layer with a frequency offset from the
natural frequency of the layer. This offset depends on the spacing between the inclusions and the inclusion
geometry. They explained that the modified mode corresponds to evanescent waves in the ambient fluid and
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propagative ones in the porous layer, which leads to energy entrapment in the porous layer and consequently
an increase in the absorption. Another effect exists that leads to energy entrapment in the porous layer, which
is known as the trapped mode effect [2]. Groby et al. [3] showed that using a rigid inclusion of comparable
size as the acoustic wavelength in a rigid frame foam, the energy can be trapped between the rigid wall
and the inclusion leading to a perfect absorption above the decoupling frequecy i.e. in the inertial regime.
Weisser et al. [4] investigated the effect of elastic inclusions in a poro-elastic layer. They considered two
types of inclusions i.e. a soft and a hard elastic inclusion with comparable size to the acoustic wavelength
and a very thin rubber shell ring. The former showed the same behavior as the rigid inclusion leading to a
perfect absorption using the trapped mode effect. The latter showed absorption improvement at the flexural
mode of the ring in the viscous regime. In [5] the effect of periodic point mass inclusions in a poro-elastic
layer was investigated numerically. The investigation showed that the sound absorption performance can be
improved by the so-called mass-spring effect, where the foam under the mass is considered to be the spring.
It was shown that the resonance frequency of the mass-spring system depends on the mass and location of
the inclusion. The mass-spring effect was observed and confirmed experimentally in acoustic blankets with
randomly placed mass inclusions [6] in the context of transmission loss improvement.

These works show the potential of meta-poro-elastic systems to improve the absorption coefficient below
the decoupling frequency by exploiting the resonant behavior being the mode of the inclusion or the mass-
spring effect. It is shown in [7] that the amount of the absorption enhancement due to the mass-spring effect
is proportional with the viscous coupling coefficient [8, 9], i.e. viscous characteristic length and the flow
resisitivity of the poro-elastic layer. Therefore, an optimization routine is used in this paper to find material
properties that can lead to a perfect absorption using the mass-spring effect. On the other hand, it is known
that the number of resonance frequencies of a mass-spring system is limited to the number of degrees of
freedom (DOFs) of the system. In other word, the peaks in the absorption coefficient is rather narrow and
limited to DOFs of the mass-spring system. In this paper the potential of achieving a broadband perfect
absorption by creating a super-cell [10] with multiple mass inclusions (a multi-DOF mass-spring system)
tuned at different frequencies. Additionally, a detailed discussion is given on the decoupling frequency since
the efficiency of the mass-spring effect is strongly connected to the viscous losses.

This paper is structured as follows. Section 2 details the configurations studied in the paper and the modeling
technique used to calculate the sound absorption of the system. Section 3 focuses on the potential of the
meta-poro-elastic system to achieve broadband near-perfect/perfect absorption using the mass-spring effect.
Firstly, the sound absorbing behaviors of a homogeneous layer and a reference meta-poro-elastic layer are
discussed briefly. Secondly, the optimization routine for a periodic unit cell (PUC) with single inclusion and
a super-cell (with multiple inclusions) is explained. Thirdly, the criteria to distinguish the viscous regime
from the inertial regime is explained. The paper is concluded in the section 4.

2 Problem description

This section consists of three parts. The first part describes the problem configuration. The second part
briefly explains the material modeling used in this paper. The third part details the absorption coeffcient
calculation.

2.1 Problem configuration

In this paper an infinite 2D poro-elastic layer with and without inclusions is considered, see Figure 1. The
structure is modeled as a 2D plain strain problem in the x − y plane. The unbounded acoustic domain and
the poro-elastic domain are denoted by Ωa and Ωp, respectively. The problem is periodic in the x−direction
with a PUC characteristic length of lx in case of poro-elastic layer with a single inclusion per PUC, see
Figure 1(b) and Lx in case of super-cell with multiple inclusions, see Figure 1(c). The layer is rigidly backed
and excited by an acoustic plane wave with normal angle of incidence. The meta-poro-elastic systems are
obtained by introducing one inclusion at point (x0, y0) or multiple inclusions at different positions (xi, yi).
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(a) (b) (c)

Figure 1: Schematic view of the problem configurations:(a) Poro-elastic layer (b) Single inclusion meta-
poro-elastic layer (c) Periodic super-cell composed of n unit cells.

2.2 Modeling technique

The Helmholtz equation [11] is used to model the steady-state behavior of the semi-infinite acoustic domain.
The Biot-Allard model [12, 13, 14, 15, 16] is used for the poro-elastic domain in order to consider the frame
vibration and all the energy dissipation mechanisms, i.e. the viscous, thermal, and structural effects [17]. The
mixed u − p formulation [18, 19] is used, where the field variables are the solid-phase displacements and
the pore-fluid pressure. The coupling between the acoustic and poro-elastic domain [20] is considered by (i)
applying the continuity of the pressure at the interface (ii) imposing the pressure loading on the solid phase,
and the structural acceleration on the acoustic domain pressure due to the poro-elastic solid phase. Readers
are referred to [8] for the description of these coupling conditions. Moreover, the acoustic pressure is decom-
posed in terms of propagative Bloch modes [21] at the radiating boundary to account for the non-reflecting
boundary at the unbounded interface of the acoustic domain. Additionally, the solid phase displacement in
y−direction is constrained at the base to model the connection to the rigid wall.

Periodic field variables are considered for the acoustic domain (Ωa) and the poro-elastic domain (Ωp) to
ensure the Floquet-Bloch relation [22, 23]:

W (x + d) = W (x) exp
(
ik̃ · d

)
, (1)

where d = {dx, 0, 0} is the spatial periodicity vector, in which dx = lx for the single inclusion meta-poro-
elastic case and dx = Lx for the super-cell case. Moreover, k̃ = {k̃x, 0, 0} is the trace wavenumber of
the incident acoustic plane wave. Furthermore, the inclusion is considered as concentrated point mass (mi),
where only its inertial contribution is taken into account [5]. The Finite Element Method (FEM) is used to
solve the problem.

2.3 Absorption coefficient calculation

In this work, the performance of the proposed systems are evaluated in terms of its sound absorption coef-
ficient, which is calculated using the average acoustic impedance (Z = pt/v) at the interface between the
acoustic and poro-elastic domains. In this definition, pt is the total acoustic pressure and v is the velocity
of the propagative acoustic wave at the interface. The system sound absorption coefficient under the plane
acoustic wave excitation with normal incidence angle is determined as follows:

α = 1−
∣∣Z − Z0

Z + Z0

∣∣2, (2)

where Z0 = ρ0c0 is the characteristic impedance of the air with ρ0 and c0 being the air density and sound
speed respectively. In this paper, the absorption coefficient is decomposed in terms of viscous and struc-

PERIODIC STRUCTURES AND METAMATERIALS 2465



tural energy dissipation mechanisms, such that the resonance frequency of the frame and the inclusion or
inclusions can be identified. The mathematical description of this decomposition can be found in [17].

3 Results and discussion

This section consists of three parts. Firstly, the design of the proposed meta-poro-elastic configuration as
well as its specifications are detailed. This design is considered as the reference case. Secondly, the sound
absorption of the reference case is evaluated and is compared to the homogeneous layer of the same poro-
elastic material. Thirdly, an optimization routine is detailed and the results of the optimization of the meta-
poro-elastic system with a single inclusion and the super-cell with multiple inclusions are evaluated. Finally,
the efficiency of the mass-spring effect in the viscous regime is discussed in detail.

3.1 Meta-poro-elastic system design

Two cases are considered in this part. The first case consists of a homogeneous polyurethane (PU) foam
layer of thickness Ly = 24 mm. The material properties of the PU foam are shown in Table 1 , where E, η
are the elastic modulus and loss factor of the frame, ν is the bulk Poisson ratio, ρ1 is the bulk density, φ is the
porosity, α∞ is the tortuosity, Λ, Λ′ are the viscous and thermal characteristic lengths, and σ is the airflow
resistivity. These parameters are taken from [5].

The second case is the proposed design of a meta-poro-elastic system with a concentrated mass of m0 =
0.0039 kg equivalent to the mass by a rod steel inclusion of radius r = 0.4 mm embedded in the homo-
geneous layer. The location of this idealized point mass is (x0, y0) = (4, 12) mm. The proposed design is
periodic in the x−direction with a PUC characteristic length of lx = 8 mm. The acoustic and poro-elastic
domains are discretized using 710 TRI6 elements leading to a total of 4142 DOFs.

Table 1: The Biot parameters of the PU foam [5].

E (kPa) η (-) ν (-) ρ1 (kg/m3) φ (-) α∞ Λ (µm) Λ′ (µm) σ (Pa·s/m4)
143 0.055 0.3 31 0.97 2.52 37 119 87000

3.2 Sound absorption of the reference meta-poro-elastic system

The total sound absorption coefficients and the decomposed absorption coefficients in terms of viscous and
structural losses of the homogeneous layer and the reference meta-poro-elastic case are shown in Figure 2.
The resonance frequency of the frame [14] for the homogeneous case is observed at 820 Hz. This frequency
corresponds to a peak in the structural losses. At the same time, two peaks in the structural losses are
observed for the reference meta-poro-elastic case at 520 Hz (resonance frequency of the inclusion) and 1480
Hz (modified resonance frequency of the frame). The first peak is induced by the mass-spring effect [7],
while the second one is induced by the modified mode effect [1]. The resonance frequency of the inclusion
depends on the poro-elastic material properties as well as the vertical position and the mass of the inclusion,
while the modified mode frequency of the frame depends on the foam properties, PUC characteristic length,
and the spacing between the inclusions.

Moreover, the meta-poro-elastic system shows an improved absorption behavior, for example at f = 770 Hz
from α = 0.23 to α = 0.65, as compared to the homogeneous case. But this improvement is far from
a perfect absorption behavior. The latter gives the motivation to use an optimization routine such that the
energy losses due to the mass-spring effect are maximized.
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Figure 2: Total and partial absorption coefficients for the homogeneous layer and the reference (i.e. not
optimised) meta-poro-elastic case.

3.3 Optimization of the meta-poro-elastic system

A pattern search algorithm [24] is used for the optimization of the meta-poro-elastic system. In the optimiza-
tion routine the horizontal position of the inclusion (x0), the added mass (m0), the PUC characteristic length
(lx), and the poro-elastic layer thickness (Ly) are kept identical as the reference case. The design space
consists of foam material properties (σ, Λ, Λ′, ρ1, E, η) and the vertical position of the inclusion i.e. y0.
All the design parameters are normalized using scale factors such that the relative change in all of them is of
the same order at each iteration step. Moreover, a mesh expansion factor of 4, and a mesh contraction factor
of 2 is chosen. The target function is defined as:

fp =

i=m∑

i=1

(1− aiαi)
2, (3)

wherem is the number of tuned frequencies, αi is the value of absorption coefficient at each tuned frequency,
and ai is the correction factor for each value of absorption coefficient defined as follows:

ai =

{
0 αi < 0.8

1 αi ≥ 0.8.
(4)

This definition is used such that the convergence of the optimization to a global minimum is ensured. The
considered tuned frequency for the optimization of the PUC with single inclusion is 700 Hz. The lower bound
(LB), upper bound (UB), and the converged values (CV) of the design space parameters are summarized in
Table 2.

Table 2: The upper bound, lower bound, and the converged values of the design space parameters.

E (kPa) η ρ1 (kg/m3) Λ (µm) Λ′ (µm) σ (kPa·s/m4) y0(mm)

LB 3 0.01 10 1 1 1 0

UB 200 0.1 90 300 300 90 23

CV 159.62 0.0105 37.09 7.28 1 1.012 12.5

The total and partial absorption coefficients of the optimized configuration are shown in Figure 3. Addition-
ally, the total absorption coefficient of a homogeneous layer of the foam with optimized material properties
is calculated and compared to optimized meta-poro-elastic case. It can be seen that the optimized case shows
perfect absorption at the tuned frequency of 700 Hz due to the mass-spring effect. Moreover, it is apparent
that the viscous losses are very high at that frequency. There are two reasons behind such behavior. Firstly,
the resonating inclusion excites the frame to move out-of-phase with respect to the fluid phase. Secondly, the
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optimized case has a very low viscous characteristic length, which corresponds to a high amount of viscous
loss if the motions of the solid frame and fluid in the pores are out of phase. On the other hand, it can be
seen that this type of material shows poor performance at frequencies where the frame is not in motion,
i.e. frequencies outside the modified mode of the frame and the resonance of the inclusion. This raises the
following question: can broadband perfect absorption be achieved for a super-cell with multiple inclusions
tuned at different frequencies? This forms the topic of the next section.

0 500 1000 1500 2000 2500 3000

f [Hz]

0

0.2

0.4

0.6

0.8

1
tot

 - Optimized

Viscous
 - Optimized

Structural
 - Optimized

tot
 - Reference

tot
 - Homogeneous

Figure 3: Total and partial absorption coefficients for the homogeneous layer, the reference (i.e. not opti-
mized) meta-poro-elastic, and for the optimized case.

3.4 Optimization of the super-cell meta-poro-elastic system

In this part, the same optimization routine is used for the super-cell layer shown in Figure 1(c). A super-cell
with n = 4 inclusions is considered. The optimized material properties obtained in section 3.3 are used, and
the layer thickness (Ly) is the same as in the reference case. The design space consists of the position of four
inclusions, i.e. (xi, yi) for i = 1, ..., 4, and the PUC characteristic length, i.e. Lx. Five tuning frequencies are
considered in the optimization of the super-cell, viz. f = 700, 900, 1100, 1300, 1500 Hz. The lower bound
(LB) and upper bound (UB) for the horizontal position, vertical position, and PUC characteristic length in
millimeters are: [LBxi

,UBxi ] = [1, 20lx], [LByi ,UByi ] = [1, 23], and [LBLx ,UBLx ] = [lx, 20lx]. The
converged values (CV) of the design space parameters and the resulting configuration are given in Table 3.

Table 3: The schematic view of the optimized super-cell configuration with four inclusions and the converged
values of the design space parameters of the super-cell optimization.

CV (mm)
(x1, y1) (0.69lx, 14)
(x2, y2) (1.31lx, 16)
(x3, y3) (5lx, 16.5)
(x4, y4) (7.22lx, 13)
Lx 7.875lx

The total and partial (decomposed) absorption coefficients of the optimized super-cell configuration are
shown in Figure 4. Five near-perfect absorption peaks around the tuned frequencies are present. Four peaks
correspond to the four inclusion resonances and the additional peak corresponds to the modified mode of the
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frame. The converged values given in Table 3 show that each inclusion can be tuned to a different frequency
by changing its position inside the super-cell. The super-cell characteristic length (Lx) is also an important
factor, since this value influences strongly the spacing between the inclusions within the super-cell. Figure
4 shows clearly the potential of such super-cell meta-poro-elastic systems with mass inclusions to create an
enhanced absorption in a tuned wide-band frequency range.
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Figure 4: Total and partial absorption coefficients for the homogeneous layer and the optimized case of the
super-cell layer.

3.5 Discussion on the decoupling frequency

The decoupling frequency corresponds to the frequency at which the two phases of the poro-elastic material
decouple and the frame acts as rigid. Above this frequency the energy losses are mainly due to inertial effects,
while below this frequency energy is dissipated mainly through viscous effects. This frequency, known in
literature as the critical frequency, is commonly defined as [9]:

fc =
φσ

2πρ0
. (5)

The critical frequency for the optimized foam of single inclusion PUC is fc = 129 Hz. Moreover, it was
shown previously that at 700 Hz a perfect absorption coefficient can be achieved due to the mass-spring
effect. This seems to contradict the assumption that the mass-spring effect is efficient in the viscous regime,
since 700 Hz is above the critical frequency for the optimized foam. Therefore, the decoupling frequency is
reevaluated using the inverse quality factor [25]:

Q−1 =

∣∣∣∣
Im(kLi)

Re(kLi)

∣∣∣∣ (i = 1, 2), (6)

where kLi (i = 1, 2) is the wavenumber associated to the slow (L1), and fast (L2) longitudinal waves
propagating in the poro-elastic layer. The inverse quality factor measures the amount of damped energy with
respected to the total wave energy for each wave type. Therefore, the inverse quality factor value for L1
is high at low frequencies since this wave corresponds to the relative motion of the two phases. Its value
decreases around the decoupling frequency, where the energy dissipation is mainly due to the inertial effect
rather than viscous effect. At the same time, the value of the inverse quality factor for L2 starts to increase
and reaches a maximum at the decoupling frequency. Above the decoupling frequency its value drops down
reaching to zero at high frequencies. Therefore, the peak in the inverse quality factor for L2 can be used as
a criterium to define the decoupling frequency. The inverse quality factor of the two longitudinal waves of
a homogeneous layer of the optimized foam are shown in Figure 5 where the frequency range of the study
is normalized with respect to the critical frequency (fc), computed using Eq. (5), for a better comparison. It
can be seen that for the optimized foam, the transition from viscous regime to inertial regime occurs around
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Figure 5: Inverse quality factor of optimized foam.

f
fc
≈ 200. This is due to the fact that the critical frequency (fc) definition does not consider the viscous

characteristic length, which also contributes to the amount of viscous losses. The optimized foam has a very
low viscous characteristic length leading to a very high viscous loss in case of out-of-phase motion of the
two phases.

To further clarify that the decoupling of the fluid and solid phase for the optimized foam occurs at a much
higher frequency as compared to the critical frequency, the absorption curve of a homogeneous layer of the
optimized foam with 24 mm thickness is calculated using theory of Biot and the equivalent fluid model.
Since the frame acts as rigid above the decoupling frequency, the two models should be in agreement in
the inertial regime. This comparison is shown in Figure 6. As expected, there is a significant discrepancy
between the two models for frequencies much higher than the fc. This confirms that the mass-spring effect
noticed at 700 Hz is in the viscous regime.
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Figure 6: The absorption coefficient of a homogeneous layer of the optimized foam calculated using the
theory of Biot and the equivalent fluid model.

4 Conclusions

In this paper, a perfect absorption coefficient is achieved at a single frequency in a meta-poro-elastic system
below the decoupling frequency by exploiting the mass-spring effect. It is shown that embedding a mass
inclusion in foams with specific material properties can lead to perfect absorption at tuned frequencies.
In this study, only the inertial contribution of the inclusion is considered to ensure that the changes in the
absorption behavior of the system are due to the mass-spring effect. An optimization routine is used to derive
the material properties that magnify the viscous losses induced by the mass-spring effect. The feasibility of
achieving broadband near-perfect or perfect absorption behavior is evaluated by considering a super-cell of
the optimized foam with multiple inclusions such that a multi-degree-of-freedom mass-spring system can
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be created. It is shown that the mass-spring effect is efficient in the viscous regime and it is important to
use a correct criterion to identify the decoupling frequency. The commonly used definition of decoupling
frequency, based on the porosity and the flow resisitivity of the foam, is valid for a wide range of materials,
however, it is not accurate for foams with very short viscous characteristic length. On the other hand, the
inverse quality factor, which corresponds to the amount of damped energy by the two longitudinal waves,
seems to be a good indicator for the decoupling frequency.
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Abstract 
Experimental measurements of forced sinusoidal excitation and response are used to identify the material 

model equation of homogeneous uniform beam specimens in flexural conditions. The contribution of the 

measurement system structure to the specimen frequency response function is estimated to be used for 

calibration, and the stress-strain relationship of the beam specimen is estimated by means of an optimization 

algorithm. A Standard Linear Solid material model is considered, so that a rational polynomial function, in 

the frequency domain, can be used for both the instrument frame and the material model. A physically sound 

model for the instrument frame is obtained by eliminating unphysical and unstable poles from the rational 

function model. Such model is then used for the identification of the beam material model parameters in 

order to filter the instrument contribution to the beam measurements. The use of different polynomial 

function bases such as Forsythe, Legendre and Chebyshev and its influence on the accuracy of the model 

results is investigated. 

1 Introduction 

The material model as a function of the frequency can be obtained by using forced sinusoidal excitation 

measurements by means of commercially available dynamic mechanical analysis instruments by testing of 

specimens of different geometry [1-3]. The instrument and the specimen form a coupled system and to 

obtain an accurate estimate of the specimen material model, the frame model, the frame-beam boundary 

conditions, and the inertial contribution of the excitation moving substructure should be considered. A robust 

identification procedure, used to obtain an estimate of material models by means of dynamic measurements 

on beam specimens, was presented by the authors in a previous work [2], the frequency response function 

(FRF) associated with the instrument frame was also estimated and used to filter the contribution of the 

experimental system. In the experimental set up [2] considered in this work, specimens in the form of slender 

beams with theoretical clamped-double pendulum boundary conditions, are excited at different frequencies 

at the mobile beam end, where both excitation and displacement response are measured at the same time, 

by means of a sinusoidal flexural force. A schematic representation of the instrument-beam coupled system 

is reported in Figure 1. In a previously proposed approach [2], the estimated frame and the material beam 

specimen frequency response functions were not associated to physical models. In this work the frame and 

the material models are described by following a physically sound approach. It must be observed that the 

instrument frame frequency transfer function matrix can be associated to a classical second order, 

two·degrees of freedom (dofs), nf poles mechanical system, where the matrix elements can be modelled by 

means of the ratio of a nf order polynomial function to a nf +1 order polynomial function [4]. 
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Figure 1: Instrument frame (IF) and beam specimen (BS) coupled system,  

with mobile force measuring subsystem (MA) 

The SLS material model equation can be modelled by means of a nm order generalized Kelvin model [1,3,5], 

resulting from series connecting nm Kelvin blocks, i-th block being a parallel configuration of an elastic 

Hooke (Ei) and a viscous Newton (βi) unit, i=1,…,nm . Since for the i-th block Eq. (1) holds: 
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In Eqs. (3,4) the constant E0 is the material modulus at ω=0 and its value can be estimated from static 

measurements or extrapolated from dynamical measurement estimates as the frequency goes to zero. In this 

work, the estimates of both the instrument frequency response functions and the specimen beam stress-strain 

relationship, obtained by using a procedure previously presented by the authors of this work [2], are 

modelled by means of rational polynomial functions and the parameters of both models are identified by 

means of the same identification procedure. Generally high orders nf, nm, i.e. a high number of poles, are 

required to accurately identify such models because many unphysical poles result from the numerical 

identification procedure and from experimental measurement noise [6-7] A high number of poles can 

generate conditioning problems in the model parameters identification procedure, in order to minimize 

computational errors different polynomial function bases such as monomial, Forsythe, Legendre and 
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Chebyshev are taken into account in this work [8-9]. A physically sound model of the frame frequency 

response function is then obtained by eliminating from the rational function model the non-physical poles, 

i.e. real positive or complex non-conjugate poles, and the unstable poles from the stability diagram [1].  

2 Coupled instrument frame-beam specimen system 

2.1 FRF model 

The coupled instrument frame-beam specimen system (Figure 1) is composed of the instrument frame (IF), 

the beam specimen (BS) and the mobile force measuring subsystem (MA). Free-sliding boundary 

conditions, and a kinematical small displacement and deformation field are assumed for a 

homogeneous-uniform BS. The following equation is assumed 

    v   Φ Δ  (5) 

The transverse beam displacement Fourier transform is approximated by means of two separate functions 

of the normalized coordinate ξ=x/L (Φ is made up of no normalized, orthogonal eigenfunctions [10]) and ω. 

A pulse vector is defined: 

  1 k N ω  (6) 

The complex and frequency dependent instrument frame frequency transfer function is obtained starting 

from [2]: 
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where ( ) ( ) ( )L x       , I is the beam transverse section moment of inertia, A is the beam section 

area and ρ the material density, m is the added MA mass, iz are the infinite solutions of the equation 

tan tanh 0i iz z  . The material model frequency transfer function is:  

      k k kD       (10) 

Eqs. (7, 8) results from Eq. (4) assumption and by imposing the beam total potential energy stationarity 

condition to the beam equations of motion. The IF frequency transfer function is assumed as follows: 
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Combining Eqs. (6, 10) results in the following expression for the frequency response function of a beam 

specimen. 
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Eq. (11) explicitly depends on the unknown frame symmetric matrix X(ωk). An optimization algorithm can 

be applied to multiple (    1, , 1, , 1 measv F n     ) frequency dependent measurements data from nmeas 

homogeneous uniform beams of different material with a known model Eq. (9) and different size, in order 

to identify the X11(ωk), X12(ωk), X22(ωk) model parameters [2]. For every measure at frequency ωk an error 

vector erk for the nmeas measures and a corresponding scalar objective function ϒk are defined: 
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where ( )T is the transpose operator. By minimizing the ϒk functional, optimal X(ωk) values can be found. 

Starting from estimated X(ωk) and from 
v

F
 estimates related to a beam specimen made of unknown  

material, with an unknown stress-strain relationship Eq. (11) can be used to find the unknown D(ωk) material 

model by adopting the same optimization procedure previously outlined in Eq.(12), where   k k kD     

is here minimized with respect to D(ωk), with nmeas=1 [2]. 

2.2 FRF rational function model approach 

The instrument frame X11(ω), X12(ω),  X22(ω) functions and the material D(ω) can be expressed by means of 

rational functions. An extended generalized procedure for the identification of rational function parameters 

that can be applied to both X(ω) and D(ω)) is here presented. Transfer matrix G holds in the two different 

cases here considered, since: 
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All of the G matrix elements can be expressed as rational polynomial functions and the frequency values 

are normalized so that  0,1  in all of the following equations: 
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where pi (i=1,…,m) and qs (s=1,…r) are polynomials belonging to a polynomial basis, and in this work 

monomial, Legendre, Forsythe or Chebyshev polynomial bases are considered. From Eq. (14): 
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Defining aαβ and b coefficient vectors, Eq. (15) can be expressed as follows: 
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The following matrices are defined as follows: 
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where matrix a is generically build using ng vectors axy (ng is the number of independent G element 

components,i.e. G=X: ng=3, G=D: ng=1). From Eqs. (16, 17), ng equations can be obtained from 

measurements: 
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In a more compact form 
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From Eqs. (19) an error vector e and a scalar minimization functional Q can be defined: 

     e A a B b C  (22) 
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where 
*()  is the complex conjugate transpose operator. The minimum error condition with respect to a and 

b is imposed to obtain: 
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Figure 2: X11, X12,  X22 numerically assumed plot added noise (red);  

estimated rational fits with monomials (green) and Legendre polynomials (blue) 
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From Eq. (23), a and b can be obtained: 
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The rational model parameters are obtained from Eq. (24). Accurate and physically sound models for X 

and D are obtained by discarding unphysical and unstable poles, ad pole stability is evaluated by means of 

stability diagrams. In the case of X, the residual contribution of the discarded poles is estimated by means 

of a third-grade polynomial function [1, 4]. 

3 Numerical and experimental test cases 

3.1 Numerical test case 

The effectiveness of the procedure for the identification of the rational function parameters is first evaluated 

by means of some numerical test cases. A X analytical model with added noise (60 dB signal to noise ratio) 

is considered (Figure 2) and the effect of using different polynomial function bases, i.e. monomial, 

Chebyshev, Legendre and Forsythe, for the rational model fit identification, is investigated.  
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Table 1: numerical test case data 

IF beam model data 

L [mm] Width t [mm] Thickness h [mm] ρ [kg/m3] E [GPa] β  [Pa×s] 

700 1000 15 7850 210 2×107· 

Specimen beams model data 

N° L [mm] Width t [mm] Thickness h [mm] ρ [kg/m3] E [GPa] 

1 17.5 12.7 0.75 7850 210 

2 17.5 3 3 7850 210 

3 17.5 4 3 7850 210 

4 17.5 3 5 7850 210 

5 17.5 3 0.5 7850 210 

 

Stability diagrams for all of the functional bases here considered are shown in Figures 3-6, and the maximum 

and least square error plot values are reported as well in Figure 7. It is evident from Figures 4-6 that the 

same stable poles can be found in the identification approach by using the Chebyshev, Legendre and 

Forsythe polynomial functions, four stable complex pole couples with modulus 65, 125, 144 and 213 Hz 

and one stable real pole with real part -2.0 s-1 can be observed, these poles coinciding with the theoretical 

assumed ones. From Figure 7, the plot of the fit maximum and least squares (LS) error shows a similar trend 

with respect to the Legendre, Chebyshev, Forsythe polynomial fit, the Legendre fit outlining the best results, 

and such result was also confirmed in other applications of this procedure. Figure 3 shows that the monomial 

rational identification approach fails to identify all of the model poles, since there is no indication of stability 

for complex pole couples with modulus 125, 144 and 213 Hz. A comparison of the rational model fits 

obtained by taking into account of the stable physical poles found by the monomial approach and the 

Legendre polynomial approach is presented in Figure 2. Since identification by means of Legendre 

polynomial functions is significantly more accurate than the monomial case and sligthly more accurate wth 

respect to Chebyshev and Forsythe polynomials, the Legendre polynomial basis is chosen as the default 

basis to be used for all of the rational model identification estimates presented in this work.  

Three frequency transfer functions are generated by modelling the IF frame (Figure 1) as a homogeneous 

uniform beam with clamped-sliding boundary conditions [2] and characterized by a generalized Kelvin 

material model defined by a single Kelvin block (IF beam model in Table 1).  Numerical response data 

generated from four uniform homogeneous beam (beams 1-4 in Table 1) with a Hooke material model 

equation (D(ω)=E0) and coupled with the IF frame model, are used to estimate the values of X11(ω), X12(ω) 

and X22(ω) elements of FRF matrix by means of the optimization procedure of section 2.1 (Figure 8). The 

estimated values of X(ω) matrix elements are then used to identify a rational function model fit for the IF 

test case FRF (Table 1). Unphysical and unstable poles are discarded and a condensed rational model fit for 

X11(ω), X12(ω) and X22(ω) is obtained (Figure 8). The identified matrix X(ω) and the specimen beam 5 

model from Table 1 are adopted to numerically simulate the response data from Eq. (11), and these data are 

used to identify the condensed material model D(ω) of beam 5 by means of the optimization and the rational 

function identification procedures previously described. The results are shown in Figure 9. The D(ω) 

rational fit appears to be free of the frame poles contribution and is coherent with the Hook material model 

related to beam 5 used in the simulated measurements.  
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Figure 3: Stability diagram with monomial function bases 

 

Figure 4: Stability diagram with Chebyshev polynomial function bases 
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Figure 5: Stability diagram with Legendre polynomial function bases 

 

Figure 6: Stability diagram with Forsythe orthogonal polynomial function bases 

PERIODIC STRUCTURES AND METAMATERIALS 2481



Figure 7: Maximum and least square (Ls) error plots for monomial (black), Chebyshev polynomial (red), 

Legendre polynomial (blue) and Forsythe orthogonal polynomial (green) function bases 

 

Figure 8: X matrix element values: IF numerical beam model (green),  

estimated values by means of the optimization procedure (red), Legendre polynomial rational fit (black) 
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Figure 9: beam 5 (Table 1) D/E0 plot: ideal frame X 0  (red), assumed X (Figure 8) (blue)  

rational function fit estimated values 

3.2 Experimental test cases 

The identification procedure is then applied to experimental test cases. Measurements are made with a Ta 

Instruments Q800 dynamic mechanical analyser, single cantilever experimental set-up, [0.1-200] Hz 

frequency range. To find the instrument frame X11(ω), X12(ω) and X22(ω) functions, a set of measurements 

made on four harmonic steel beam specimens of different geometry are considered (beam 6-9 in Table 2). 

Experimental measurements on these beam specimens are used to estimate X11(ω), X12(ω) and X22(ω) FRF 

values at some measured frequencies (Figure 10). The rational function model approach is applied to these 

estimated values to find a condensed and physically sound model fit (Figure 10). The X11(ω), X12(ω) and 

X22(ω) rational function models can then be used with the experimental measurements on some beams of 

unknown different materials to obtain the beam material D(ω) model fit. Two examples are reported in 

Figures 11-12. The normalized D(ω)/E0 values obtained by taking into account of an ideal (infinite stiffness) 

frame and the condensed rational material model fit obtained by using the proposed identification procedure, 

for a harmonic steel beam (beam 10, Table 2) and a beam made of a cyanoacrylate polymer-based material 

(beam 11, Table 2) are shown. In Figure 11 a physically sound Hook material model results for beam 10.  

Table 2: experimental test case data 

Experimental beam specimens 

Beam Material 
L 

[mm] 

Width t 

[mm] 

Thickness h 

[mm] 
ρ [kg/m3] E0 [GPa] 

6 C67 Harmonic Steel 17.5 12.7 0.75 7850 210 

7 C67 Harmonic Steel 17.5 3 3 7850 210 

8 C67 Harmonic Steel 17.5 4 3 7850 210 

9 C67 Harmonic Steel 17.5 3 5 7850 210 

10 C67 Harmonic Steel 17.5 3 0.5 7850 210 

11 
Cyanoacrylate/Fe powder 

composite  
17.5 4.2 2 2000 1.4 
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Figure 10: X11(ω), X12(ω) and X22(ω) estimated FRF values (red) and rational function fit (blue) 

 

Figure 11: beam 10 (Table 2) D/E0 plot: ideal frame X 0  (red), 

assumed X (Figure 10) (blue) rational function fit estimated values 
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Figure 12: beam 11 (Table 2) D/E0 plot: ideal frame X 0  (red), 

assumed X (Figure 10) (blue) rational function fit estimated values 

4 Conclusions 

A procedure for the identification of the rational function material model by means of forced sinusoidal 

excitation and response measurements, available from a commercial DMA system, is presented. The effect 

of the use of different polynomial function bases in the identification approach is investigated by means of 

numerical test cases. Results from the identification of a known analytical model by means of simulated test 

data with numerically added noise shows that the use of monomial bases gives less accurate results with 

respect to same results obtained by using Chebyshev, Legendre or Forsythe polynomial bases. The 

identification procedure, using a Legendre polynomial basis, is then tested on some numerically generated 

measurement data taking into account of a clamped-free beam modelling the instrument frame (IF, Table 1). 

The FRF frame IF matrix is identified and the estimated results are used to obtain an accurate condensed 

model of the beam specimen materials. The numerical test case results show the accuracy and robustness 

properties of the identification procedure. The procedure is then applied, starting from measurements of four 

beam specimens made of known material, to find the instrument frame IF FRF model, and later applied, by 

using experimental measurement data on a harmonic steel beam and a cyanoacrylate polymer/Fe powder 

composite material beam, to estimate the condensed D(ω) material models, being free of the frame 

contribution. 
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Abstract
Metamaterials have recently emerged and shown potential as lightweight and compact noise and vibration
solutions. By adding or embedding resonant structures to or in a flexible host structure on a sub-wavelength
scale, stop bands can be created, which enable frequency ranges of strong vibration and noise attenuation.
These often periodic structures are typically analyzed using infinite periodic structure theory, based on a rep-
resentative unit cell model. The stop bands in metamaterials are generally analyzed by means of dispersion
curves. For complex unit cell models, however, this rapidly becomes computationally expensive. Therefore,
in this work, model order reduction is applied to finite element unit cell models for stop band predictions. In
view of designing metamaterials for a targeted frequency range, the reduced order modeling approach is next
introduced in a design optimization routine. The results show that the reduced order models for stop band
predictions enable substantial gains in metamaterial analysis and fast metamaterial design optimization.

1 Introduction

In recent years, metamaterials have emerged as potential lightweight and compact solutions with favorable
noise and vibration attenuation performance in targeted frequency ranges. Through the addition of structural
resonators to or in a flexible host structure on a sub-wavelength scale, a resonance-based stop band for struc-
tural wave propagation can be obtained around the tuned resonator frequency [1,2]. A resonance-based stop
band for the acoustically relevant bending waves in partitions can also enable a targeted frequency range of
strongly increased sound transmission loss, outperforming the acoustic mass-law [1, 3]. The improved noise
and vibration attenuation potential of these vibro-acoustic metamaterials has been experimentally demon-
strated for a variety of configurations, ranging from metamaterial beams [4–6], ducts [7] and pipes [8] to
metamaterial plates [9–12], double panels [13, 14], sandwich panels [15] and honeycomb panels [16].

When predicting the vibro-acoustic performance of metamaterials, the primary interest usually lies in analyz-
ing their stop band behavior. To this end, the often, yet not strictly necessary, periodic nature of metamaterials
is generally exploited [2]. By modeling a single representative unit cell and applying the Bloch-Floquet the-
orem [17, 18], a dispersion eigenvalue problem in frequency and wavenumbers or propagation constants is
obtained. The solution of this eigenvalue problem for a given set of frequencies or propagation constants
yields dispersion curves, which describe the wave propagation in the infinite periodic metamaterial structure.
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Stop bands emerge as frequency ranges without freely propagating wave solutions. Although a variety of
unit cell modeling methods exist, the finite element (FE) method has gained interest for the analysis of wave
propagation in complex structures due to its versatility and high modeling flexibility. Two main FE-based
unit cell methods are generally applied [2]. The first approach, named the wave finite element method, dis-
cretizes the unit cell using the standard FE method and applies Bloch-Floquet boundary conditions to the
unit cell boundaries [19]. The second approach, named the Bloch operator or shift cell operator method,
imposes a Bloch-Floquet wave solution to the governing equations of motion before FE discretization of the
weak form, and applies regular periodicity boundary conditions to the unit cell boundaries [20]. In this work,
the former method is of interest, as it allows straightforward unit cell modeling using standard FE software.

For complex structures, the amount of degrees of freedom (DOFs) in the FE unit cell model can become
large and the repeated solution of the dispersion eigenvalue problem for either a given set of frequencies
or propagation constants rapidly becomes computationally expensive. If the metamaterial design is well-
known, a dispersion curve based stop band prediction might still be feasible for one or a few variants within
a reasonable time. However, the time required to explore or optimize a metamaterial design can become
prohibitively large due to the need for repeated dispersion curve calculations. To accelerate dispersion curve
calculations, a variety of model order reduction (MOR) strategies have recently been proposed. These strate-
gies typically aim to reduce the system of equations for the dispersion eigenvalue problem, by reducing the
amount of interior and/or boundary DOFs of the unit cell model. One class of approaches focuses on the
condensation of the interior DOFs. Static condensation, or Guyan reduction, is only valid in the static case
and increasingly inaccurate with increasing frequency. Dynamic condensation at some prescribed (or all)
frequencies of interest is more accurate, but only applies when the dispersion eigenvalue problem is solved
for given frequencies instead of given propagation constants [21]. Another class of approaches are the modal
reduction methods. A reduced order basis for the unit cell model can for instance be formed by calculating
a set of wave modes for some prescribed propagation constants [22, 23]. Alternatively, a component mode
synthesis approach can be followed. Bloch Mode Synthesis (BMS) methods reduce the interior DOFs of the
unit cell using a truncated set of normal modes, while retaining the boundary DOFs [24–26]. The General-
ized Bloch Mode Synthesis (GBMS) additionally also reduces the boundary DOFs of the unit cell using an
extended basis with boundary modes [21]. The BMS and GBMS are particularly interesting as they allow
creating a reduced order unit cell model before and independently of how the dispersion eigenvalue problem
is solved, while significantly reducing the dispersion curve calculation time.

In this paper, the BMS and GBMS methods are applied to a realizable and experimentally validated meta-
material plate design [11]. The acceleration of the stop band predictions is analyzed and next exploited in a
design optimization routine to allow fast optimization of the metamaterial design in order to obtain a wide
stop band in a targeted frequency range. A variety of stop band optimization approaches have already been
proposed in recent years [27–32]. In this work, a black-box global optimization approach is followed, in
view of refining and optimizing the geometric parameters of a given metamaterial design. Such approaches
rely only on the outputs of the objective function for given inputs, without requiring the actual analytic form
of the objective function [33]. Although this generally means a higher number of function evaluations, these
methods are easy to use and, combined with a suitable MOR approach to reduce the function evaluation
time, are eligible for fast metamaterial design optimization.

This paper is organized as follows. In section 2, the applied methodologies for dispersion curve calculations,
model order reduction and optimization are described. Section 3 introduces the metamaterial design and
compares the full order and reduced order unit cell models as well as their results and performance. In sec-
tion 4, the optimization problem is defined and the metamaterial design is optimized for a targeted frequency
range, with specific constraints. The main conclusions are summarized in section 5.

2 Methodology

In what follows, the dispersion curve calculation for stop band predictions is first recalled in section 2.1.
Next, the MOR using the BMS and GBMS approaches is briefly explained in section 2.2. Section 2.3
eventually provides an overview of the metamaterial design optimization procedure.
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2.1 Unit cell modeling for dispersion curve calculations

In this work, metamaterial plates are of interest which are 2D periodic by translation according to a rect-
angular lattice. To predict the wave propagation in such an infinite periodic metamaterial plate, a general
rectangular unit cell model with in-plane dimensions lx × ly is considered, which is discretized using the
standard FE method (Fig. 1a). Assuming time-harmonic motion with ejωt time dependence, with j2 = −1,
angular frequency ω and time t, the equations of motion of the undamped FE unit cell model containing n
DOFs are in general given by: (

K− ω2M
)
q = f , (1)

with the (n× 1) DOF vector q and generalized force vector f and the (n× n) mass matrix M and stiffness
matrix K. For a given unit cell, the FE model matrices can be readily extracted from commercial FE soft-
ware. In this work, SIEMENS SIMCENTER 3D 2020.1 is used to this end. The DOF vector q is partitioned
according to the nodes in the unit cell interior and on the unit cell boundaries (Fig. 1b):

q = [qTI qTL qTR qTB qTT qTBL qTBR qTTL qTTR]
T . (2)

The same partitioning is applied to f , M and K.

(a) (b)

Figure 1: Top view of a rectangular FE unit cell model with in-plane dimensions lx × ly, of a structure with
2D in-plane periodicity (a) and partitioned DOF groups on the unit cell boundary and in its interior (b).

The Bloch-Floquet theorem, which governs wave propagation in infinite periodic structures, states that the
generalized displacements and forces on the boundaries of the unit cell are scaled with factors λx = ejµx and
λy = ejµy , when moving from one unit cell to the next along the direct lattice vectors of lengths lx and ly,
respectively [34]. The real and imaginary parts of the propagation constants µx = kxlx and µy = kyly, with
kx and ky the structural wave numbers, represent the associated phase and amplitude change, respectively.
The Bloch-Floquet theorem allows to formulate the following periodicity boundary conditions, relating q to
the periodic DOF vector q̃ through the Bloch-Floquet periodicity matrix Λ [19, 21]:

q︷ ︸︸ ︷



qI
qL
qR
qB
qT
qBL
qBR
qTL
qTR





=

Λ︷ ︸︸ ︷


I 0 0 0
0 I 0 0
0 λxI 0 0
0 0 I 0
0 0 λyI 0
0 0 0 I
0 0 0 λxI
0 0 0 λyI
0 0 0 λxλyI




q̃︷ ︸︸ ︷



qI
qL
qB
qBL




. (3)

In absence of an external excitation, fI = 0, the Bloch-Floquet theorem also allows expressing force equi-
librium at the unit cell boundaries with its neighboring unit cells in the infinite periodic structure as [34]:

ΛHf = 0, (4)
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in which ΛH is the Hermitian transpose of Λ. In order for Eqs. (3) and (4) to apply, the nodes on the cor-
responding unit cell boundaries should be located at the corresponding positions on either side. Combining
Eqs. (1)-(4) results in the following dispersion eigenvalue problem in ω and (µx, µy)[19, 21]:

ΛH(K− ω2M)Λq̃ = 0. (5)

Two main approaches are generally applied to solve this problem [2, 19, 35]. The first approach, referred
to as the inverse or ω(µ)-approach, imposes a set of real µ, thus free wave propagation, and solves for
ω. The second approach, named the direct or µ(ω)-approach, instead imposes a set of real ω, thus time-
harmonic wave propagation, and solves for µ. The direct approach is mainly of interest when analyzing wave
attenuation and, in particular, damped unit cells. To predict stop bands, the inverse approach is generally
applied to undamped unit cells: dispersion curves for free wave propagation are calculated by imposing real
(µx, µy) along the so-called irreducible Brillouin contour (IBC) [18] and solving Eq. (5) to real ω. Stop
bands are then found as frequency ranges in which no freely propagating wave solutions are obtained along
the entire IBC. Since mainly the stop band behavior is of interest in this work, the inverse approach is applied
to undamped unit cells. The method is implemented in MATLAB R2020A and Eq. (5) is solved using eigs.

2.2 Model order reduction

To obtain the dispersion curves, Eq. (5) needs to be repeatedly solved for an imposed set of (µx, µy)-pairs
along the entire IBC. For complex unit cells, however, the FE unit cell model can become large and solving
the dispersion eigenvalue problem becomes computationally expensive. To enable fast dispersion curve
calculations and thus stop band predictions, in this work, two component mode synthesis techniques are
applied to the unit cell FE model: the BMS [24] and the GBMS [21] methods. In what follows, both
methods are briefly described, following the theory of [21].

2.2.1 Bloch mode synthesis

The BMS splits the unit cell DOFs in interior and boundary DOFs and replaces the potentially large number
of interior DOFs by a small set of modes. This interior modal reduction is performed before applying Bloch-
Floquet boundary conditions, which allows obtaining an a-priori reduced order model (ROM) before solving
Eq. (5) along the IBC. To this end, the equations of motion in Eq. (1), with f = 0, of the free unit cell model
are first partitioned according to the nI interior DOFs qI and nA boundary DOFs qA:

([
KII KIA

KAI KAA

]
− ω2

[
MII MIA

MAI MAA

]){
qI
qA

}
= 0. (6)

Next, a set of fixed interface normal modes ΦI are calculated to describe the interior unit cell motion:
(
KII − ω2

IMII

)
φI = 0, (7)

ΦI =
[
{φI,1}, {φI,2}, · · · , {φI,nφI }

]
, (8)

with the truncated number of calculated interior modes nφI � nI . In addition, a set of static constraint modes
ΨIA is calculated, to describe the unit cell boundary motion:

ΨIA = −K−1
II KIA. (9)

The unit cell DOFs are now transformed by expressing the interior DOFs qI as a linear combination of these
fixed interface normal modes ΦI and static constraint modes ΨIA:

{
qI
qA

}
=

B︷ ︸︸ ︷[
ΦI ΨIA

0 I

]{
ηI
qA

}
, (10)
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with ηI the reduced set of interior modal DOFs. The transformation matrix B allows transforming the free
unit cell model matrices K and M to the reduced BMS unit cell model matrices K and M:

K = BTKB, M = BTMB, (11)

to which the Bloch-Floquet boundary conditions (3)-(4) can subsequently be applied, with Λ updated ac-
cording to the reduced DOFs. The resulting dispersion eigenvalue problem (5) is straightforwardly solved.

2.2.2 Generalized Bloch mode synthesis

Since the BMS transformation leaves the nA boundary DOFs qA unchanged, for large and complex unit cells,
the potentially large nA can still lead to computationally expensive dispersion curve calculations. Starting
from the BMS, the GBMS additionally performs a local interface modal reduction to reduce the boundary
DOFs before applying the Bloch-Floquet boundary conditions. To this end, the reduced BMS equations of
motion are again first partitioned according to the interior modal DOFs ηI and the boundary DOFs qA:

([KII KIA

KAI KAA

]
− ω2

[MII MIA

MAI MAA

]){
ηI
qA

}
= 0. (12)

The boundary motion is now described by calculating a set of normal modes ΦA:
(KAA − ω2

AMAA

)
φA = 0, (13)

ΦA =
[
{φA,1}, {φA,2}, · · · , {φA,nφA}

]
, (14)

with the truncated number of calculated boundary modes nφA � nA. In order for these boundary modes to
be suitable for the application of the Bloch-Floquet periodicity boundary conditions, the procedure proposed
in [21] is followed. After partitioning the boundary modes ΦA according to the boundary DOF groups
following Eq. (2), the boundary mode partitions of the corresponding DOF groups L and R, B and T as well
asBL,BR, TL and TR are respectively combined and orthogonalized using a singular value decomposition
before combining them in the boundary transformation matrix LA, which reduces the entire boundary as:

qA = LAηA, (15)

with ηA the reduced set of boundary modal DOFs. Next, the BMS transformation matrix B of Eq. (10) is
extended by incorporating this boundary transformation LA:

B =

[
ΦI ΨIALA
0 LA

]
, (16)

which now allows transforming the complete set of interior and boundary DOFs q of the unit cell as follows:

q = Bη, (17)

with η the entire reduced set of interior and boundary modal DOFs. This transformation matrix B is even-
tually used to transform the free unit cell model matrices K and M to the reduced GBMS unit cell model
matrices following Eq. (11). After updating Λ according to the reduced DOFs, the Bloch-Floquet boundary
conditions are straightforwardly applied to the reduced GBMS unit cell model matrices K and M and the
resulting dispersion eigenvalue problem (5) can eventually be solved. Both the BMS and GBMS approach
are implemented in MATLAB R2020A, solving eigenvalue problems (7) and (13) using eigs.

2.3 Design optimization

A variety of metamaterial designs have already been practically realized in the past years. However, they are
often still tuned in an ad-hoc manner by e.g. manually adapting some geometric parameters of the metama-

PERIODIC STRUCTURES AND METAMATERIALS 2491



terial unit cell model. This can be time-intensive and lead to sub-optimal designs for a targeted frequency
range. Therefore, in this work, the aim is to optimize a given metamaterial design in order to obtain an as
wide as possible stop band around a targeted frequency, while satisfying specific design constraints.

The problem at hand is treated as a black-box global optimization, which avoids the need to know the pre-
cise analytic form of the objective function or the type of design space [33,36]. To this end, HEEDS 2020.1
(Hierarchical Evolutionary Engineering Design System) [37] is used, which allows performing automated
design optimization studies and which allows straightforward interfacing between different modeling soft-
ware environments. As indicated in the preceding sections, the unit cell is modeled and meshed in SIMCEN-
TER and the MOR and dispersion curve calculations are performed in MATLAB. Within HEEDS, a variety
of global optimization algorithms are available, including e.g. genetic algorithm, particle swarm, simulated
annealing and direct search methods. Since global optimization algorithms in general require a significant
amount of model evaluations, the hybrid, adaptive SHERPA (Systematic Hybrid Exploration that is Robust,
Progressive and Adaptive) [36] algorithm is used, which combines elements of multiple search methods and
relies on less evaluations as compared to more traditional methods. Contrary to typical static optimization
algorithms, SHERPA does not require any tuning parameters to be set prior to execution. Instead, the algo-
rithm learns about the design space and automatically adapts its internal tuning parameters to more efficiently
search the design space with fewer evaluations. SHERPA was shown to be capable of competing with and
outperforming other global optimization algorithms [36].

The proposed metamaterial design optimization process in HEEDS is shown schematically in Fig. 2. A
parametrized unit cell and its FE model in SIMCENTER are fed into HEEDS along with the initial design
parameter values and the allowed parameter ranges. The SHERPA algorithm next iterates over a fixed amount
of evaluations. SIMCENTER first applies the parameter values to the unit cell, meshes it and exports the model
matrices M and K. Next, M and K are fed into MATLAB and reduced to M and K using MOR, which are
then used to calculate the dispersion curves. Along with the resulting stop band width SBwidth and center
frequency SBcenter, HEEDS evaluates the objective function and constraints, which are discussed in more
detail in section 4.1. The SHERPA algorithm next adapts its internal parameters, determines new design
parameter values and the above process repeats until the set amount of evaluations is reached, at which point
it terminates. The best feasible design obtained upon termination is the optimized metamaterial unit cell.

Figure 2: Flowchart of the metamaterial design optimization process in HEEDS [36].

2492 PROCEEDINGS OF ISMA2020 AND USD2020



3 Models and performance

After introducing the metamaterial design in section 3.1, the full order model (FOM) and corresponding
dispersion curves and stop band behavior are presented in section 3.2. Eventually, the ROMs are discussed
and compared with the FOM in section 3.3.

3.1 Metamaterial design

A metamaterial plate is considered, which consists of a 1 mm thick aluminum plate host structure with
periodically added beam-shaped PMMA resonators, corresponding to the design in [11]. The representative
unit cell of this metamaterial design is shown in Fig. 3. The geometric parameter values for the host structure
and resonator are listed in Table 1. The properties of the host structure and resonator materials are shown in
Table 2. This metamaterial design aims to achieve a stop band for the acoustically relevant bending waves
by means of the first out-of-plane bending mode of the resonator. To this end, the resonators are tuned to
a resonance frequency fres = 616 Hz and added with a 0.03 × 0.03 m sub-wavelength spacing to the host
structure, leading to a relative added mass ratio mratio of 39.8%.

Figure 3: Metamaterial unit cell, with geometric parameter values specified in Table 1.

Table 1: Geometric parameter values of the metamaterial unit cell.

lUC hUC wres lfoot hfoot lbase hbase lbeam hbeam lmass hmass
length [mm] 30 1 6 8 2 3 2 11 2 9 7.5

Table 2: Properties of the host structure and resonator materials.

Young’s modulus [GPa] mass density [kg/m3] Poisson’s ratio [-]
aluminum 70 2700 0.3
PMMA 4.85 1188 0.31

3.2 Full order unit cell model

The unit cell is discretized using 3834 CHEXA8 linear solid elements, imposing a maximum element size
of 1 mm and a minimum of three elements through the thickness of all parts. The FE model contains
16335 DOFs, with nI = 14871 and nA = 1464. The number of DOFs in q̃ after application of Bloch-
Floquet boundary conditions is 15591, which corresponds to the size of the FOM dispersion eigenvalue
problem. To analyze the stop band behavior, dispersion curves are calculated along the IBC of the unit
cell (Re(µx, µy) : O,A,B,C,O 7→ (0, 0), (π, 0), (π, π), (0, π), (0, 0) (Fig. 4a)), by solving Eq. (5) in 801
(µx, µy)-pairs. For every (µx, µy)-pair, the first five wave solutions are solved, which suffices to find the
low-frequency bending wave stop band in the frequency range of interest up to fmax = 2500 Hz. The latter
approximately corresponds to the sub-wavelength limit frequency fλ/2 = 2689 Hz of the bending waves for
this unit cell size, above which resonance-based bending wave stop bands are no longer guaranteed [38].
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The resulting dispersion curves along the IBC are shown in Fig. 4b. The color indicates the out-of-plane
nature of the waves in the host structure, which is calculated using the ratio of out-of-plane to in-plane nodal
displacements for the different wave mode solutions: red indicates out-of-plane bending waves and blue
indicates in-plane waves. A bending wave stop band is obtained between 597.47− 656.14 Hz, around fres,
which leads to a SBwidth = 58.67 Hz and SBcenter = 626.8 Hz. A computation time of 2024 s is required
for the calculation of these dispersion curves along the IBC. All calculations are performed on a laptop with
a 2.7 GHz Intel Core i7-4800MQ processor and 16 GB of memory.

(a) (b)

Figure 4: FE model of the metamaterial unit cell with definition of the IBC in the real propagation constant
space (a) and dispersion curves along the IBC with the bending wave solutions colored red and bending wave
stop band shaded gray (b).

3.3 Reduced order unit cell models

Using the FOM, the dispersion curve calculations take a significant amount of time. The largest number of
DOFs is contained within the unit cell interior. To reduce the unit cell interior DOFs, the BMS approach
is applied and the number of fixed interface interior modes nφI is determined using a frequency-based mode
selection by including the modes up to 2fmax = 5000 Hz in the modal reduction basis [24]. This results in
nφI = 5 interior modes, which eventually leads to 725 DOFs of the reduced unit cell model after application
of Bloch-Floquet boundary conditions. Including the interior modal reduction, this BMS reduced order unit
cell model results in a strongly reduced total time of 91 s to obtain the dispersion curves along the IBC.
To further reduce this computational time, the remaining boundary DOFs of the unit cell are reduced by
applying the GBMS approach. Based on several trials, the first nφA = 3nφI boundary modes were found to
provide sufficiently accurate results. After making the boundary modes compatible, this nφA = 15 reduces the
number of DOFs after application of Bloch-Floquet boundary conditions to only 56. This model reduction
further lowers the total time required to obtain the dispersion curves to 15 s. The number of DOFs after
application of Bloch-Floquet boundary conditions and the total computational times are shown in Table 3.

Table 3: Comparison of the amount of DOFs after application of Bloch-Floquet boundary conditions and
the total computation time (including model reduction for BMS and GBMS) to obtain the dispersion curves
along the IBC.

FOM BMS GBMS
DOFs 15591 725 56
total time [s] 2024 91 15

The computational times for the FOM and ROMs are shown in more detail in Fig. 5. For the BMS approach,
the interior modal reduction only requires a limited amount of time. The remaining unchanged amount of
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boundary DOFs leads to a computation time of the dispersion curves which can still be further improved.
For the GBMS approach, the interior modal reduction time is the same as for the BMS approach, while the
subsequent boundary reduction for the smaller amount of boundary DOFs is evidently faster. The result is
a very fast dispersion curve calculation along the IBC, which only takes a fraction of the total required time
for this approach.

(a) (b) (c)

Figure 5: Time required for the IBC calculation and model reduction steps for the full order unit cell model
(a) and for the BMS (b) and GBMS (c) reduced order unit cell models.

To also assess the accuracy of the ROM-based dispersion curve calculations, the obtained wave solutions
in the frequency range of interest up to fmax are compared (Fig. 6). Apart from a slight shift upwards
in frequency at higher frequencies near fmax, good agreement is obtained between the FOM and ROM
solutions. In addition, the relative error between the FOM and ROM solutions on the resulting wave mode
frequencies is calculated for every considered (µx, µy)-pair and wave solution up to fmax as:

ε =

∣∣∣∣
ωROM − ωFOM

ωFOM

∣∣∣∣ (18)

and compared (Fig. 7). With the applied nφI = 5 for the BMS, a relative frequency error below 10−2 is
obtained in the frequency range of interest. For the wave solutions around the stop band zone, this error is
even considerably lower. Around the point O of the IBC, the long wavelengths cause a slightly increased
error. For the GBMS with nφI = 5 and nφA = 15, the relative frequency error of the wave solutions of
interest shows an overall increase, but still remains limited to around 10−2, except for the very low frequency
solutions near the point O. The overall reasonably low error is also reflected in the predicted stop band
widths and center frequencies for the different models, which show very good agreement (Table 4). The
latter is in particular interesting when aiming to obtain fast predictions of the sub-wavelength and typically
low-frequency stop bands of metamaterials in the initial stages of their design and analysis.

(a) (b) (c)

Figure 6: First five wave solutions below 2500 Hz along the IBC, calculated using the full order (a) and BMS
(b) and GBMS (c) reduced order unit cell models.
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(a) (b)

Figure 7: Relative frequency error of the first five wave solutions below 2500 Hz along the IBC for the BMS
(b) and GBMS (c) reduced order unit cell models, compared to the full order unit cell model.

Table 4: Comparison of the stop band width and center frequencies for the full and reduced order models.

FOM BMS GBMS
SBwidth [Hz] 58.67 58.74 58.76
SBcenter [Hz] 626.80 626.84 626.90

4 Metamaterial design optimization

Since the baseline metamaterial design allows to obtain a stop band, it would be valuable to be able to quickly
tune this design to other target frequency ranges. In the preceding section, the GBMS approach was shown
to enable fast and accurate stop band predictions, which makes it an appealing approach to leverage upon
in metamaterial design optimization. In what follows, the optimization problem at hand is first described in
section 4.1. Next, the optimization results are discussed in section 4.2.

4.1 Design parameters, objective function and constraints

In this section, the objective is to create an as wide as possible stop band at lower frequencies than the
baseline design of previous section. It is known that mainly the resonator tuning and mass determine the stop
band frequency location and width, as long as the resonators are added on a sub-wavelength scale [38]. The
resonator geometry will hence be optimized by optimizing its design geometry parameters (Fig. 3), without
modifying the host structure and unit cell dimensions, nor their materials. A stop band center frequency
between 400 − 450 Hz is aimed for, while the relative mass addition mratio should not exceed 50% and a
spacing of at least 2 mm between consecutive resonators along the x-direction should be maintained to allow
proper attachment in practice. The objective function for this design optimization problem is formulated as
follows:

Maximize SBwidth, (19)

subjected to: 



400 Hz ≤ SBcenter ≤ 450 Hz,

mratio ≤ 50%,

2 mm ≤ Ldif ,
(20)

with Ldif = lUC − lbeam − lbase − lmass the remaining free space between subsequent resonators along
the x-direction. The optimization variables, their baseline values and their ranges are listed in Table 5. The
resolution of the design parameter space is 0.5 mm, which approximately corresponds to the accuracy of
the laser cutting manufacturing process for the resonators in [11]. The optimization problem is solved using
the process described in section 2.3. The unit cell models are reduced by means of the GBMS method with
nφI = 5 and nφA = 15, based on the good accuracy obtained for the baseline metamaterial design.

2496 PROCEEDINGS OF ISMA2020 AND USD2020



Table 5: Overview of the metamaterial design optimization variables, their ranges and baseline values.

minimum baseline maximum
wres [mm] 2 6 10
lbase [mm] 2 3 4
hbase [mm] 1 2 4
lbeam [mm] 2 11 16
hbeam [mm] 1 2 4
lmass [mm] 2 9 16
hmass [mm] 2 7.5 14

4.2 Optimization results

Using the baseline metamaterial design parameters as initial guess for the design variables, the SHERPA
algorithm is applied with different predefined numbers of evaluations. The default number of evaluations in
HEEDS is 150. In addition, separate optimization runs with 300 and 500 evaluations are also considered
to assess the convergence of or difference between the optimized designs as well as the computation time
required for a higher number of evaluations. A too low number of evaluations could prevent the optimiza-
tion algorithm from adequately evolving towards a global optimum and, thus, can reduce the quality of the
solution. The latter is, however, sometimes inescapable when only a limited time budget is available, while
evaluations are computationally expensive.

The resulting optimized unit cells for the different numbers of evaluations and their corresponding dispersion
curves along the IBC obtained after applying the GBMS-approach are shown in Figs. 8 and 9, respectively.
The optimal parameter values, stop band widths and center frequencies and constraint parameter values
are listed in Table 6. There are some differences between the optimized designs for different numbers of
evaluations, yet the resulting stop bands are similar. The optimizer aims to make mratio as large as allowed
and Ldif as small as allowed: a longer and heavier resonator allows for a wider and more low-frequency stop
band. Although this corresponds to the expected behavior of the first bending mode of a cantilever beam
with an end-point mass, such design optimization procedure can help revealing which parameters are more
relevant when tuning for a targeted frequency range for this and more complex metamaterial designs. The
latter is useful to gain more insight in the design, since local minima with very similar performance could
exist, as can be observed upon comparing the optimization result for 300 evaluations to the other cases.
Nevertheless, already for a limited number of evaluations, a suitable metamaterial design can be obtained.

(a) (b) (c)

Figure 8: Optimized metamaterial unit cells resulting from the optimization runs using 150 (a), 300 (b) and
500 (c) evaluations.

In order to accurately assess the robustness of the optimization procedure, multiple runs, different initial
values and different constraints should also be considered [36]. However, the main objective of this work is
to demonstrate that the current optimization approach combined with reduced order unit cell modeling allows
for fast metamaterial design optimization. This last point is clearly demonstrated by the computational time
required for the different numbers of evaluations (Table 6). The presented procedure allows to obtain a
suitable metamaterial design within less than 2 hours, when considering only 150 evaluations. Whereas the
SHERPA algorithm aims to reduce the number of required evaluations [36], the application of the GBMS
approach in addition successfully reduces the evaluation times. In comparison, 150 evaluations using the full

PERIODIC STRUCTURES AND METAMATERIALS 2497



order unit cell model for the same dispersion curve calculations would require multiple days. It is also noted
that part of the computation time is spent on model adaptation and meshing in SIMCENTER and additional
overhead and processing in HEEDS, on which the application of the model reduction has no influence.

(a) (b) (c)

Figure 9: Dispersion curves along the IBC of the optimized metamaterial unit cells resulting from the opti-
mization runs using 150 (a), 300 (b) and 500 (c) evaluations, with stop bands shaded gray.

Table 6: Optimized parameter values, stop band width and center frequencies and constraint parameter values
resulting from the optimization runs using 150, 300 and 500 evaluations, as well as the computational time
in SIMCENTER and MATLAB and the total computational time.

150 300 500
wres [mm] 5.5 6.5 5
lbase [mm] 2 2 2
hbase [mm] 1.5 1 1
lbeam [mm] 12.5 10 10.5
hbeam [mm] 2.5 2 2.5
lmass [mm] 13.5 16 15.5
hmass [mm] 7 5 7.5

150 300 500
SBwidth [Hz] 56.89 57.22 57.91
SBcenter [Hz] 443.25 449.67 444.31
mratio [-] 48.8% 48.3% 49.4%
Ldif [mm] 2 2 2
SIMCENTER time 0h56min32s 1h58min05s 3h19min17s
MATLAB time 0h50min58s 1h50min05s 3h37min57s
total time 1h50min37s 3h55min01s 7h08min51s

Since the nφI and nφA have been determined using the baseline design only, the optimized stop band widths
and center frequencies for the different numbers of evaluations are verified using the corresponding full order
unit cell models (Table 7). As expected based on the comparison in section 3.3, good agreement is obtained
between the full order and GBMS reduced order unit cell model based stop band predictions. Given the
relatively short design optimization throughput time, the result from the first design optimization can serve
as a good initial guess for subsequent optimization steps to further fine-tune the result with more precise
constraints. The fast optimization achieved by application of the GBMS method, together with the good
accuracy of the resulting optimized designs demonstrates the substantial benefits of reduced order unit cell
modeling for metamaterial analysis and design in the early metamaterial development stages.

Table 7: Comparison of the stop band width and center frequencies calculated with the full order and GBMS
reduced order unit cell models of the optimized metamaterial designs resulting from the optimization runs
using 150, 300 and 500 evaluations.

150 300 500
GBMS FOM GBMS FOM GBMS FOM

SBwidth [Hz] 56.89 56.85 57.22 57.20 57.91 57.87
SBcenter [Hz] 443.25 443.13 449.67 449.53 444.31 444.17

2498 PROCEEDINGS OF ISMA2020 AND USD2020



5 Conclusion

In this paper, model order reduction was applied to finite element based metamaterial unit cell models to
accelerate dispersion curve calculations. Reduced order unit cell models were obtained by applying two
component mode synthesis techniques: the Bloch Mode Synthesis method and the Generalized Bloch Mode
Synthesis method. Considerable speed-ups of the dispersion curve calculations along the irreducible Bril-
louin contour by means of the inverse solution method were demonstrated for a realizable metamaterial
design with both methods, with the Generalized Bloch Mode Synthesis method being fastest but slightly
less accurate as compared to the Bloch Mode Synthesis method. The resulting frequency solutions and stop
band predictions were shown to still be accurate, which is especially interesting for the typical low-frequency
range of interest in metamaterial design. The considerable analysis speed-ups with the Generalized Bloch
Mode Synthesis were next exploited in a metamaterial design optimization routine, relying on a hybrid adap-
tive, global optimization algorithm. The resonator geometry was optimized to obtain an as wide as possible
stop band in a targeted, low-frequency range, starting from a baseline design. The presented methodology
was demonstrated to enable fast metamaterial design optimization as well as to provide insight in the relevant
tuning parameters of the metamaterial design. Apart from metamaterials, the applied methodologies could
also be used for fast dispersion curve calculations and optimization of a variety of other periodic structures
or structures which can be represented by a unit cell model.
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Abstract
Data-driven models have been increasingly used in recent years. However, their application to explore engi-
neering design spaces only recently attracted attention. These design spaces are generally complex, which
suits the use of such data-driven models, like neural networks. In this paper, a neural network is built and
trained to create a surrogate model which enables the design of a resonator of a resonant metamaterial. For
increased training efficiency of the neural network, physical relations are embedded in it. The trained neural
network is used in design optimisation of a resonant metamaterial and benchmarked with an optimisation
using finite elements. The optimisation using neural networks is shown to be computationally cheaper and
yields to a better resonator design than the optimisation with finite elements. Moreover, the data dependency
of neural networks is also studied. Therefore, this work shows the potential of neural networks to explore the
design space of engineering design, in which multiple design tunings are required from a same geometry.

1 Introduction

Engineering design spaces are generally large and with a high complexity due to their large amount of degrees
of freedom. This can make design optimisation a time consuming and complex process, which generally
does not lead to an optimum due to resources constraints. Recently, machine learning algorithms have again
attracted attention due to the increase in computational power [1, 2, 3, 4, 5]. These algorithms allow the
construction of black-box models which do not require the implementation of the explicit mathematical
relations among inputs and outputs. They are obtained through a training procedure using the data available
from the case to be modelled. This training procedure is generally computationally very expensive. However,
the resulting trained model has negligible computational cost when used, which can enable a more time
efficient design space exploration when repetitive design of a similar geometry is required. Among the
different machine learning algorithms, neural networks have been demonstrated to be able to deal with
highly complex problems [1, 5] as are the design spaces present in engineering.

In this paper, neural networks are used to explore the design space of resonant metamaterials [6, 7]. For the
studied case, only the resonator that composes the resonant metamaterial solution is considered to reduce
the design space and consequently reduce the required training dataset size, which is generated from finite
element (FE) simulations. To increase the training efficiency and accuracy of the neural network, known
physical relations are embedded in its training [5]. The trained neural network is then used to design a
resonator through optimisation, in which interpolation w.r.t. the training data is required. This optimisation
is then benchmarked with a commonly used finite element optimisation procedure [8]. Furthermore, the
data dependency of the neural network is evaluated by re-training it with a smaller dataset and by requesting
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extrapolation w.r.t. the training data. It is shown that the neural network optimisation yields a better design
in a shorter time, while its accuracy is strongly dependent on the training data available.

This paper is organized as follows. Section 2 defines the important characteristics to be considered in a
resonator design in a view of a resonant metamaterial solution. Section 3 discusses the database used to
train the neural network model, whose designing, training and embedding of physical relations are discussed
in Section 4. Next, Section 5 discusses the use of the neural network model to design a resonator using
optimisation and also shows the limitations of using such a model. Finally, this paper ends with conclusions.

2 Problem definition

Resonant metamaterials recently became a potential noise and vibration harshness (NVH) solution for the
hard to address low-frequency region [7]. They are created by adding resonators on a sub-wavelength scale
onto a host structure. This creates a frequency region around the tuned frequency of the resonator of improved
noise and vibration insulation performance, called stop band [6, 7]. The design of resonant metamaterials
for practical applications is mainly based on FE modelling, which can be time-consuming [9]. Moreover, a
rather complex design space can be found for this application [10]. Consequently, the use of neural networks
to allow an efficient design exploration can be effective in reducing the design time of a resonator that
composes a resonant metamaterial.

Figure 1: First out-of-plane mode of a cantilever beam-like resonator used to create resonance based stop
band.

Resonant metamaterials design mainly entails the design of the resonator to be added onto a host structure
since the latter generally is defined by the application case. Many geometries can be used as a resonator
to compose a resonant metamaterial [11, 12, 13]. This paper focuses on a cantilever beam-like resonator
design, which was previously demonstrated to result in resonance based stop band at its first out-of-plane
mode [14, 15] (Fig. 1). Two main resonators parameters influence the stop band frequency region and width:
resonance frequency and mass. The former determines its frequency region, and the latter has a proportional
relationship with its bandwidth [7]. Since the bandwidth of the stop band is only influenced by the portion
of the resonator mass that vibrates during the first out-of-plane mode, the modal effective mass [16] of the
out-of-plane mode should be increased for an efficient increase of the mass ratio. Consequently, a neural
network relating the resonance frequency and modal effective mass (outputs) to a given resonator geometry
and materials (inputs), would facilitate the design of a cantilever beam-like resonator to be used in a resonant
metamaterial solution.

3 Data generation

The data used to train the neural network is obtained through a design surface screening using HEEDS R©MDO
2019. This is done using a geometric parametrised FE model of the resonator in which Polymethyl metha-
crylate (PMMA) material properties are considered (Tab. 1). The considered parametrised dimensions are
shown in Figure 2, and the surface screening is carried out by simulating all the combinations of the defined
maximum, medium and minimum defined values for each dimension (Tab. 2). This results in a database of
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6930 possible resonator designs, which took 2 days for completion running on a personal computer with
2.8 GHz CPU and 16 GB of RAM. Resonant metamaterials are especially promising as a low-frequency
NVH solution. Therefore, resonator designs with resonance frequency higher than 2000 Hz are removed
from the database, which results in a database used to train the neural network of 3608 resonator designs.

Table 1: PMMA material properties [14].

Young’s modulus (E) Poisson’s ratio(ν) Density (ρ)
PMMA 4850 MPa 0.31 1188.38 kg/m3

Figure 2: Parametrised dimensions of the resonator
design.

Table 2: Dimension values
available in the training data.

Dimension
Values

A [2, 5, 8] mm
B [2, 4, 6] mm
C [2, 6, 10] mm
D [2, 9, 16] mm
E [2, 4, 6] mm
F [2, 11, 20] mm
G [2, 11, 20] mm

H (offset) [50, 75, 100] %

4 Neural network

In this section, the neural network is designed, and physical knowledge embedded on it for the studied case.
Next its training performance is evaluated by comparing it with a neural network designed without physical
knowledge consideration.

4.1 Neural network design

Neural networks are composed of an input layer, one or more hidden layers and an output layer (Fig. 3). The
input layer is defined by the set of inputs given to the neural network, as such the neural network can predict
the requested set of outputs. The hidden and output layers are composed of weights, which multiply the
inputs of the layer, a bias, a net input function, which is generally a summation of all the weights multiplied
by the inputs and the bias, and neurons, in which activation functions are present.

The weights and bias are the training variables to be updated according to a defined loss function following
an optimisation procedure. The values obtained from the net input function are transformed through the
activation functions present in each neuron in the layer. The number of neurons in the hidden layers can
vary, however, in the output layer, they have to be equal to the number of outputs. In this way, some main
parameters can be identified to design a neural network: the set of inputs and outputs, the optimisation
algorithm to update weights and biases, the number of hidden layers and neurons in each hidden layer and
the activation function of the neurons.

The inputs are defined as the 8 dimensions (Fig. 2) and the total static mass of the resonator. As outputs, the
resonance frequency and modal effective mass are selected.

Many optimisation procedures are available, and they generally depend on the software used to implement
the neural network. In this paper, Python is used with the Tensorflow package [17] since it is a freeware and
allows easy customisation of the loss function. In Tensorflow, one of the most used optimisation algorithms
to train neural networks is Adam, which is a stochastic optimisation method [18]. Therefore, it is used in this
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Figure 3: Schematic representation of a neural network.

work. The optimiser also needs a loss function to be minimised. For regression problems, the mean square
error (MSE) is generally used:

MSE =
1

n

n∑

i=1

(yi − ŷi)2, (1)

where n is the number of samples, yi is the known value, and ŷi is the predicted value.

There are no strict rules to define the number of hidden layers and the number of neurons in each layer, which
are generally dependent on the dataset available, however, some guidelines can be found [19]. For mapping
approximation, 2 hidden layers can drastically decrease the number of neurons required in the neural network
[20, 19, 21]. Moreover, considering a 2 hidden layer neural network, the number of neurons can be defined
for the first layer as:

Neurons1st =
√
N(m+ 2) + 2

√
N

m+ 2
, (2)

and for the second layer as:

Neurons2nd = m

√
N

m+ 2
, (3)

where N is the number of training samples and m is the number of outputs [19, 21]. It is important to keep
in mind that those are guidelines, and optimisation procedures could be applied to define these numbers [1].

The activation functions of the neurons also have to be defined. The commonly used sigmoid activation
function, g(x) = 1/(1 − e−x), is applied in this work to the neurons of the 2 hidden layers. At the output
layer, generally linear activation functions are used hence also applied in this work. The final neural network
design without physical knowledge consideration is shown in Figure 4. It has 180 neurons in the first hidden
layer, 60 neurons in the second hidden layer, 2 neurons in the output layer.

Figure 4: Schematic representation of the designed neural network.
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4.2 Embedding physical knowledge

Physical knowledge is embedded in the neural network by adding a penalty function in the loss function [5].

For the case of a resonator design, a known physical relation is that the modal effective mass cannot be larger
than the total mass of the resonator. Consequently, the loss function used to train the neural network can be
defined as:

Loss =MSE + λ
1

n

n∑

i=1

[ReLU(m̂MEMi −mT i)]
2 , (4)

where λ = 1000 is a weight for the penalty function since the difference in mass can be too small to be
significant for the optimiser, ReLU is an activation function which has linear behaviour for positive values
and returns zero for negative values, in such a way that the penalty is only applied when the total mass of a
given case mT i is smaller than the predicted modal effective mass m̂MEMi.

4.3 Training

The neural networks accuracy with and without physical knowledge embedded are evaluated among the
training data since no data is left unseen by the neural network to compose a validation data set due to the
small database available. The evaluation is done by calculating the error as:

E =
1

n

n∑

i=1

∣∣∣∣
(yi − ŷi)

yi

∣∣∣∣ , σ =

√√√√
∑n

i=1

(∣∣∣ (yi−ŷi)
yi

∣∣∣− E
)2

n
, (5)

where E and σ are the average error and standard deviation, respectively, and they are calculated separately
for the natural frequency and modal effective mass. Moreover, the two neural networks are trained by the
same amount of one 105 iterations. This number is defined by the neural network error stabilization. The
training is done in six minutes by using Google Colab cloud computers.
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Figure 5: Average error and standard deviation w.r.t. the training data for resonator natural frequency (a) and
modal effective mass (b) prediction for a neural network designed without physical knowledge consideration
(NN) and for a physics guided neural network (PGNN). The error bars represent the calculated standard
deviation.

Figure 5 shows that the physics guided neural network has an error of 0.3% ± 0.7% and 5.8% ± 20.2%
for the natural frequency and modal effective mass, respectively, while the neural network without physical
knowledge consideration presents an error of 0.2%± 0.5% and 4.7%± 14.7% for the same outputs. Hence
the physics guided neural network has a slightly smaller average error and a considerable smaller standard
deviation for the two output quantities than the neural network without physical knowledge consideration.

PERIODIC STRUCTURES AND METAMATERIALS 2507



Moreover, both neural networks predict the natural frequency of the resonators more accurately than its
modal effective mass. This might be because the natural frequency is more sensitive to a change in geometry
than the modal effective mass.

5 Designing of a resonator using neural networks

In this section, the trained physics guided neural network is used as a surrogate model to design a resonator
through optimisation, and the results of the optimisation are compared with the results of an optimisation
using FE to model the resonator. Next, limitations on the use of neural networks are demonstrated. First, by
assessing its accuracy sensitivity to the size of the training database, and second, by requesting the neural
network to extrapolate.

5.1 Design optimisation

The trained neural network is used to design a resonator through an optimisation procedure described in [8].
The optimisation objective function is:





{ModeMEM}max ,

450Hz < Modefreq < 550Hz,

0.7g < mT < 1.3g,

(6)

where ModeMEM and Modefreq are the modal effective mass and resonance frequency of the targeted first
out-of-plane mode of the cantilever beam-like resonator. The optimisation is done using genetic algorithms,
and the optimiser is allowed to change the parametrised dimensions shown in Figure 2 accordingly to Table 3.
Therefore, the design space now allows the creation of more designs in the optimisation procedure within the
training data maximum and minimum bounds, by allowing the parametrised dimension to vary in a smaller
step as compared to the training data (Tab. 2).

Table 3: Dimension bounds and steps used during the optimisation.

A B C D E F G H
Dimension

(min-step-max)
2− 2− 8 mm 2− 0.5− 6 mm 2− 0.5− 10 mm 2− 0.5− 16 mm 2− 0.5− 6 mm 2− 0.5− 20 mm 2− 0.5− 20 mm 50− 10− 100%

The optimisation is run until convergence, which happened after 5680 designs and 3 hours of calculation
time, which is performed in the same computer used to generate the database. The resonance frequency
and modal effective mass of the six best resonator designs retained from the optimisation are compared
with their FE counterpart results in Figure 6. The average error among the six best designs is 1.2% for the
resonance frequency and 3.8% for the modal effective mass. The best resonator design dimensions are shown
in Figure 7, in which only two of the eight dimensions are present in the training data (B and C dimension).

Following the same objective function (Eq. 6) and the same bounds (Tab. 3), the optimisation is performed
again but now using a parametrised FE model to benchmark against the optimisation using the trained neural
network model. The comparison of the two optimisations shows that the optimisation using the neural
network model can evaluate 21 times more designs in a similar time than the optimisation using FE modelling
(Fig. 8a), allowing the former to find a resonator design with a 20% higher modal effective mass (Fig. 8b).
The optimisation using FE modelling is run until completion determined by the software, taking 13 hours,
hence more than 4 times longer than the optimisation using neural networks, and it still evaluates 5 times
less designs, and the best resonator design obtained still has a 6% lower modal effective mass (Fig. 8).

5.2 Neural networks limitations

To study the sensitivity of the accuracy of the neural network model to the training database size, 25% of
the data is randomly removed from the original training database, the neural network is re-trained, and the
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Figure 6: Six best resonator designs (a)resonance frequency and (b)modal effective mass obtained through
optimisation procedure using the trained neural network compared to them FE counterpart.

Figure 7: Resonator dimensions of the optimal resonator design obtained through the optimisation procedure
using the neural network model. The dimensions are shown in millimetres.

optimisation is re-run. The optimisation results are again evaluated as previously. As shown in Figure 9,
the error between the neural network and FE model counterpart increases an average with a factor of 5 for
both outputs when compared to the error obtained for the neural network trained with the complete database
(Fig. 6). This shows that the data set available is already limited and that the accuracy of the neural network
is very sensitive to the amount of data available for training.

A known problem for neural networks is that they lose accuracy when they have to extrapolate instead of
interpolate. This is verified by re-running the optimisation using the neural network trained with the full
database but with following objective function:





{ModeMEM}max ,

3000Hz < Modefreq < 3010Hz,

0.7g < mT < 1.3g,

(7)

as the data set is limited to resonators with a maximum resonance frequency of 2000 Hz, the neural network
has to extrapolate to reach the requested resonance frequency. Figure 10 shows that the average error of the
neural network among the 6 best resonator designs is 2 times and 8.5 times higher for the resonance frequency
and modal effective mass, respectively, when compared to the error obtained for the neural network trained
with the full database due to the extrapolation. This shows that is important to know the training data when
using these kind of models for design space exploration.
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Figure 8: Comparison over time of the optimisation using the neural network model and the optimisation
using FE model considering (a) number of designs evaluated and (b) maximum obtained modal effective
mass.
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Figure 9: Six best resonator designs (a) resonance frequency and (b) modal effective mass obtained through
optimisation procedure using the neural network trained with only 75% of the data set available compared to
them FE model counterpart.

6 Conclusions

The potential of physics guided neural networks for the design exploration of resonant metamaterials is
investigated. To that aim, a neural network is designed that can predict the two main characteristics that
drive the performance of a resonator to create stop band: resonance frequency and modal effective mass. As
inputs 8 geometrical dimensions that determine the design and the total mass of the resonator are selected.
The training database is generated by FE model simulations. To improve the training efficiency of the neural
network, known physical relations are embedded in the loss function used to train the neural network. This
creates a more accurate neural network as compared to a neural network where these physical relations
are not embedded. This trained neural network is then used to design a resonator through optimisation.
This optimisation result shows that the neural network yields accurate predictions of the requested outputs,
even though, the obtained result needs to be interpolated from the training data. The optimisation result
is also compared to an optimisation using parametrised FE model directly, and it is shown that the neural
network allows the evaluation of more designs in a considerably shorter time, resulting in a better resonator
design. Furthermore, two limitations on the use of neural networks are demonstrated. Firstly, it is shown
that the neural network accuracy depends on the size of the training database. Secondly, it is confirmed that
extrapolation leads to an increased inaccuracy of the neural network model. Thus, showing the importance
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Figure 10: Six best resonator designs (a)resonance frequency and (b)modal effective mass obtained through
optimisation procedure using the fully trained neural network, however following the objective function
shown in Eq. 7 compared to them FE model counterpart.

of knowing the training database used for an accurate design space exploration. Therefore, this paper shows
that neural networks can be used to design space exploration, however, it has limitations mostly dependent
on the training database available.
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Abstract
Resonant metamaterials are a lightweight noise insulation solution due to their tunable stop band effect. In
previous works, the authors have shown how resonant metamaterials can be manufactured and fully inte-
grated into a thermoformed twin sheet panel. This work shows an design optimisation procedure for the
resonant structure of the metamaterial panel, based on its modal effective mass. Additionally, foam is added
in the core of the panel, to achieve high noise insulation performance at the high-frequency range, which is
deteriorated by the slits introduced to create the resonant structures. Two panels are designed, targeting single
and double stop bands. Their insertion loss is experimentally evaluated, showing a pronounced noise insula-
tion performance at the stop band targeted frequency, and no loss of noise insulation in the high-frequency
range thanks to the foam addition. Therefore, this work shows that resonant metamaterials can be designed
through optimisation and work in synergy with classical solutions while keeping a lightweight design.

1 Introduction

Resonant metamaterials have been proven to be a lightweight and compact low-frequency noise and vibra-
tion harshness (NVH) solution thanks to their tunable stop bands [1, 2, 3]. These stop bands are frequency
zones of no free wave propagation, which are obtained due to a Fano-type interference created by the reso-
nance of resonators present in a sub-wavelength scale in a host structure [4, 5]. In the frequency region of
the stop band, resonant metamaterial structures present a high noise and vibration insulation performance
[6, 7]. In previous works [8, 9], thermoforming, a common industrial manufacturing process, was used to
create resonant metamaterial panels. The thermoformed metamaterial panels showed improved noise insu-
lation performance in the very-low-frequency range from 100 to 200 Hz. For agricultural vehicles such as
harvesters, typically the first acoustic mode of the cabin is situated in this frequency range. Thermoformed
panels are applied in their roofs and and these metamaterial solutions thus allow targetting this specific
acoustic problem. This paper further improves this previous work targetting two points, easiness of design
and the integration of classical solutions for broadband improved noise insulation performance.

In this paper, an optimisation procedure based on the modal effective mass of a resonator is developed and
applied to design two metamaterial thermoformed panels with single and double stop band. The modal
effective mass identifies the effective mass of a multiple DOF structure that vibrates in a certain mode in
each direction of motion and is calculated using the modal participation vectors [10]. Increasing the modal
effective mass leads to an efficient increase of the mass ratio between resonator and host structure, since only
the mass that of the resonator that vibrates is increased, leading to wider stop bands [6]. The optimisation
is done using genetic algorithms and commercial software. The optimised resonant metamaterial panels are
manufactured, and their vibration behaviour and insertion loss experimentally evaluated. They are lighter
than the original panel and have superior noise and vibration insulation performances in the frequency region
of the stop band. In a second phase, foam is added in the core of the thermoformed panels to increase the
sound insulation performance of the metamaterial panels in the high-frequency range since, in this frequency
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region, the metamaterial panels without foam are outperformed by the original panels due to the presence of
slits in the former. Within this paper, the design process of a metamaterial solution is thus simplified with a
straightforward optimisation loop, and resonant metamaterials are shown to work in synergy with classical
solutions.

This paper is organized as follows. First, the problem is defined. Next, the optimisation procedure is ex-
plained, and its outcome is discussed and compared with the previous non-optimised panels described in [8].
After that, the test setup is detailed, and the experimental results on vibration behaviour and noise insulation
performance of the optimised metamaterial panel with and without foam discussed and again compared with
previous results. This paper ends with conclusions.

2 Problem definition

A twin sheet thermoformed panel concept as used in [11] is used. The panel is composed of an Acrylonitrile
Butadiene Styrene - Polymethyl Methacrylate (ABS-PMMA) thermoformed 2.78 mm thick panel and an
ABS flat 5 mm thick panel, which are glued together (Figure 1). The considered material properties are
listed in Table 1. Due to limited availability at the supplier side, no new twin-sheet panel without resonators
has been manufactured. Hence, the metamaterial panels will be compared to the original panel of previous
work (Figure 2) [8]. Moreover, for evaluation of the optimisation performance, the optimised metamaterial
panels are also compared to the previously reported thermoformed metamaterial panels that have their stop
band in a similar frequency region. In these comparisons, it should be kept in mind that the previous panels
are lighter, due to being manufactured with a 3.51 mm thick ABS panel, and stiffer, due to the bigger
number of connections between flat and thermoformed panel. The change in thickness is also due to limited
availability at the supplier side. Moreover, in the optimised concept, a foam layer with 35 mm of thickness
is added in the core of the panels to solve the low noise insulation performance in the high-frequency range
due to the slits, as shown in Section 5. The foam layer adds 7% of the mass in relation to the panel without
slits.

Figure 1: Thermoformed original panel used for the optimised metamaterial design (left), and its UC with
the representation of the foam layer (right).

Table 1: Material properties of the two panels [11].

Young’s modulus Density Poisson ratio Damping
ABS-PMMA
(thermoformed) 1600 MPa 971.35 kg/m3 0.4 1.7%
ABS 1980 MPa 1025.1 kg/m3 0.4 2.88%
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Figure 2: Thermoformed original panel (left) used for the comparisons with the optimised metamaterial
design, and its UC (right).

3 Resonant metamaterial design using optimisation

The design of a resonant metamaterial entails defining a target frequency range, which for this case is de-
fined for the single stop band, from 170 to 200 Hz, and for the double stop band, from 130 to 145 Hz and
170 to 200 Hz. Those are similar to the stop band frequency ranges of the single and double stop band
cases presented in the previous work [11], which allows an assessment of the optimisation effectiveness
by the comparison of the two works. The targeted frequency ranges define the maximum spacing among
consecutive resonators since to guarantee resonance-based stop bands, resonators need to be spaced in a sub-
wavelength scale concerning the target frequency wavelength in the host structure. The thermoformed panel
is periodic and can be characterised by a 136×136 mm unit cell (UC) (Fig. 1), which is on a sub-wavelength
scale until 226 Hz. Therefore, covering the targeted frequency ranges. This UC is around 4 times bigger
in area than the previously reported UC in [8] with the goal to reduce the number of connections between
panels and therefore increasing the area available to create the resonator.

The optimisation can be performed towards different indicators, such as stop band width and STL perfor-
mance. However, these indicators rely on stop band identification, which can be time-consuming, and they
are not a commercially available features. Therefore, optimisation towards the modal effective mass is con-
sidered, since it is directly available in commercial finite element (FE) software. Its calculation only requires
a modal analysis simulation of the resonator, and it has a proportional relation with the stop band width, due
to the efficient increase of the mass ratio, as explained [6].

The proposed optimisation needs to start from a given resonator slit design since it is done by design space
exploration of pre-defined parameters. For that purpose, a slit design which created four resonators in a UC
is considered (Fig. 3). The slit design is similar from the design in [8]. However, in this design, taking
advantage of the reduced number of connections between panels, the resonators are centred towards the
middle of the UC to allow the central mass to also resonate, increasing the resonant mass efficiency (Fig. 4).
The optimisation procedure is then applied as follows.

First, the UC computer-aided engineering (CAE) model is created. The resonator dimensions are then
parametrised, as shown in Figure 3a. For the single stop band case, all the resonators have to be equal,
therefore, the change in one of the parametrised dimensions changes the same dimension for all four res-
onators. For the double stop band case, the resonators are divided into pairs (Fig. 3b), and the optimiser is
free to change each pair separately. Moreover, the start slit dimensions for both cases is the same as for the
previous metamaterial thermoformed design, which has a single-mode.

Second, an FE model of the UC with simply supported boundary conditions is created, and the modal effec-
tive mass is calculated. For the single stop band case, the modal effective mass in the out-of-plane direction
of the first out-of-plane mode is tracked together with its frequency. For the case of double stop band case,
the same is done but for the two first out-of-plane modes. This is done since acoustically relevant bending
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(a) (b)

Figure 3: (a) Parametrised dimensions used in the optimisation for the single stop band case. (b) Double stop
band case, in which the same parametrised dimensions of (a) are used but the resonators are divided in pairs.

Figure 4: Out-of-plane mode of the optimised resonator used to create stop band.

Table 2: Dimension bounds and steps used during the optimisation for the two cases with single and double
stop band.

A B C D E
Dimension

(min-step-max)
18− 0.5− 35 mm 30− 0.5− 55 mm 10− 0.5− 50 mm 10− 0.5− 35 mm 1− 0.5− 10 mm

waves are targeted, and the out-of-plane motion of the resonators natural frequency leads to a non-zero net
force on the host structure in out-of-plane direction, enabling the stop band creation on these targeted waves
[6]. HEEDS®MDO 2019 is used to run the optimisations based on a genetic algorithm. The optimisation
goal is set to maximise the out-of-plane modal effective masses of the tracked out-of-plane modes by chang-
ing the parametrised dimensions, within the set bounds (Tab. 2), while keeping the modes in the constrained
frequency regions, in which for the single stop band case is set to be from 175 to 180 Hz, and for the double
stop band case, for the first mode from 130 to 135 Hz and the second mode from 175 to 180 Hz. The modes
are constrained in these frequency regions since the lower bound of the stop band generally lies around the
tuned frequency of the resonator [12, 13]. The parametrised dimensions are changed accordingly with the
constraints and tolerances of the milling process. The optimisation loop is schematically represented in Fig-
ure 5. The best design for the single stop band case is defined by the highest modal effective mass. For
the double stop band case, a trade-off occurs between the modal effective masses of the two modes, and the
selection is based on a Pareto front. Finally, the selected designs are analysed using UC modelling [14, 15].
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Figure 5: Schematic representation of the optimisation loop used.

3.1 Resonator dimensions and stop band prediction

The inherent periodicity of the panel characterised by a UC opens the path for the use of dispersion diagrams
to predict the stop band frequency regions. The dispersion diagrams are obtained by FE UC modelling
combined with the Bloch-Floquet boundary conditions [14, 16, 6]. By doing this, the wave propagation
in an infinite structure composed of the modelled UC is described through frequency. For undamped UC
FE models, stop bands can be identified as frequency regions of no free-wave propagation in any direction.
Moreover, for stop band identification, in most of the cases, these dispersion diagrams do not need to be
calculated for all directions, but only along an irreducible Brillouin contour (IBC) [15, 17].

The single stop band resonator dimensions, shown in Figure 6a, are obtained from the optimisation in which
1120 designs were evaluated. Comparing to the starting design used in the optimisation, an improvement of
28% in the modal effective mass is obtained. A stop band in acoustically relevant bending waves is observed
from 187 − 197 Hz in the dispersion diagrams obtained by UC modelling (Fig. 7b), calculated considering
the UC and the IBC shown in Figure 7a [17]. A flat branch can be perceived in this dispersion diagram (Fig.
7a) due to the presence of the multiple resonators in the same UC, as in [11].

To assess the effect of the foam addition in the stop band, the foam mass addition of 7% w.r.t. to the panel
without slits is incorporated into the mass of the flat ABS panel, hence the density of this panel is updated
to 1129 kg/m3 in the UC model. The UC analysis is again performed, and the stop band is now identified
slightly narrower than before, from 187 − 196 Hz (Fig. 7c). Consequently, it is expected that the foam
addition has a negligible effect on the stop band effect.

The double stop band case is obtained from the evaluation of 1373 designs (Fig. 6b). The comparison with
the starting design, which only has one mode that can create stop band, shows that the modal effective mass
of the out-of-plane mode in the same frequency range is reduced by 44%. This happens due to the tuning
for two stop bands. The dispersion diagrams of the double stop band case, shown in Figure 8b, presents two
stop bands from 134 − 136 Hz and from 174 − 179 Hz also obtained without considering the foam. The
two partial stop bands obtained before the complete stop bands are due to modes of the resonators in which
they do not have in-phase motion in relation to each other. When the foam layer is considered as for the
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(a) (b)

Figure 6: Resulted dimensions for the single (a) and double (b) stop band cases after the optimisation.
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Figure 7: Along the IBC (a), the dispersion curves: not considering the foam mass addition (b) and consid-
ering it (c) show a stop band for the bending waves.

single stop band case, the stop bands are predicted from 134− 136 Hz and 174− 178 Hz (Fig. 8c). Again a
negligible difference in stop band width is predicted.
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Figure 8: Along the IBC (a), the dispersion curves: not considering the foam mass addition (b) and consid-
ering it (c) show two stop bands for the bending waves.
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Table 3 summarises the predicted stop bands. The comparison of the stop band limits of the single stop
band case with the previous single stop band presented in [8] shows that the stop band of the current case
is predicted to be 233% wider than the stop band of the previous case, even though the flat ABS panel is
now thicker and thus heavier than before, reducing the mass ratio. The same comparison between the double
stop band case and previous double stop band case [11] shows that the first stop band is reduced by 50% in
the optimised case since mass is added on the resonators in the previous case. For the second stop band, an
increase of 150% in stop band width is obtained for the optimised case.

Table 3: Stop band for previous design [11] and for the optimised case.

Configuration
Stop band
From [11]

Stop band
without foam

Stop band
with foam

Single stop band 182− 185 Hz 187− 197 Hz 187− 196 Hz

Double stop band
134− 138 Hz
179− 181 Hz

134− 136 Hz
174− 179 Hz

134− 136 Hz
174− 178 Hz

Finally, the designed resonators are manufactured in an A2 panel with a 4 × 3 UC configuration, as shown
in Figure 9.

(a) (b)

Figure 9: The two designed resonators are realised: (a) single stop band and (b) double stop band.

4 Test setup

Two measurements are performed, (i) insertion loss (IL) to assess noise insulation performances and (ii)
structural vibration behaviour to assess the vibration insulation performances of the evaluated panels.

4.1 Insertion loss

The noise insulation performance of the thermoformed panels is evaluated by IL measurements using the
KU Leuven Soundbox [18]. The concrete cavity has an A2 aperture size (420 × 594 mm), which can be
closed by a clamped panel. The sound power is measured using a GRAS sound intensity PP probe type 50
AI-L 1/2” with a spacer of 50 mm, which allows measurements from 31.5 to 1600 Hz, to evaluate the stop
band effect, and with a spacer with 12 mm, which allows measurements from 125 to 6300 Hz, to evaluate
the foam addition noise insulation effect.

PERIODIC STRUCTURES AND METAMATERIALS 2519



The panels’ IL is calculated as:

IL (f) = 10 log10
Wopen

Wclosed
(1)

where Wopen and Wclosed are the measured sound power through the A2 aperture without and with tested
panel installed respectively and when excited by a loudspeaker inside the Soundbox. In all the tests, the
thermoformed side is facing inwards the KU Leuven Soundbox, which also means that added foam layer is
also facing inwards the cavity.

4.1.1 Vibration behaviour characterisation

The structural vibration behaviour is evaluated by impact testing on the non-thermoformed ABS panel while
also clamped on the KU Leuven soundbox using roving hammer. Due to reciprocity, 56 acceleration re-
sponses can be measured on a rectangular grid of 7x8 points for an excitation in the point shown in Figure
10. The impact hammer used has an impedance head type PCB 086C03 and a single lightweight accelerom-
eter type PCB 35A24, weighing 0.8 g, is used.

Figure 10: The structural vibration behaviour of the thermoformed panels is assessed by impact testing over
a regular gird of 56 points.

5 Experimental results

This section shows the obtained experimental results for vibration attenuation and IL.

5.1 Vibration attenuation

The measured RMS accelerations of the original and metamaterial thermoformed cases are shown in Figures
11 and 12. A pronounced zone of vibration attenuation in the frequency regions of their respective stop bands
can be noticed. For the double stop band case, two frequency zones of vibration attenuation are obtained,
nevertheless, less pronounced than of the single stop band case, due to the presence of only half of the
resonators tuned to the same frequency per area [19]. Both optimised cases outperform their non-optimised
counterpart in the amplitude of attenuation and width of the frequency region of the stop band effect. The
latter is larger than predicted in the dispersion diagrams analysis due to damping and variability present in
the resonators [20, 6]. Moreover, as predicted by the UC modelling, the stop band effect is barely affected
by the foam addition, and the stop band performance is maintained in amplitude and frequency width.
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Figure 11: The calculated RMS acceleration over the 56 measurement points for the 4 cases: previous
original and single stop band (SB) cases [9] and the single stop band optimised case without and with foam.
The solid black vertical lines represent the predicted stop band for the single stop band optimised case.
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Figure 12: The calculated RMS acceleration over the 56 measurement points for the 4 cases: previous
original and double stop band (SB) cases [9] and the double stop band optimised case without and with
foam. The solid black vertical lines represent the predicted stop bands for the double stop band optimised
case.
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5.2 Insertion loss
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Figure 13: Insertion loss for the 4 cases: previous original and single stop band (SB) cases and the single
stop band optimised case without and with foam. The solid black vertical lines represent the predicted stop
band for the single stop band optimised case.
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Figure 14: Insertion loss for the 4 cases: previous original and double stop band (SB) cases and the double
stop band optimised case without and with foam. The solid black vertical lines represent the predicted stop
bands for the double stop band optimised case.

A pronounced IL improvement can be noticed in the stop band frequency regions of both cases, surpassing
the IL performance of the original panel and their previous non-optimised configurations counterparts (Fig.
13 and 14). Furthermore, the foam addition does not interfere with the stop band effect, similarly as for the
structural vibration results.

The IL of the metamaterial panel is the same or higher than of the original panel, surpassing the acous-
tic mass-law STL prediction calculated considering diffuse field and only the ABS panel and the foam
masses, while without foam, the metamaterial panels have similar IL performance to the calculated mass-law
(Fig. 15). The latter indicates that the slits made in the metamaterial panel to create the resonators make the
thermoformed ABS-PMMA panel acoustically transparent at high frequencies. The former shows the foam
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absorptive effect, and how the resonant metamaterial solution can work in synergy with classical solutions
to create a broadband effect.
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Figure 15: Insertion loss and mass-law prediction for the studied cases in 12th octave bands.

6 Conclusions

Thermoformed metamaterial panels are designed using optimisation towards modal effective mass. The
modal effective mass is a commercially available cheap computational parameter to be obtained, and it has
a proportional relation with the stop band width. The optimisation is performed for two cases: targeting a
single and double stop bands. Furthermore, foam is added in the core of the twin-sheet thermoformed panel
compensating for the high-frequency insertion loss deterioration caused by the slits in the metamaterial panel.
The vibration behaviour and insertion loss are evaluated, showing that both metamaterial panels result in a
pronounced noise and vibration insulation in the predicted stop band frequency region. The experimental
results show good agreement with the unit cell analysis showing that the stop band effect is maintained for
structural vibration attenuation and insertion loss despite the foam addition. Therefore, this work facilitates
the metamaterial design and shows that resonant metamaterials can work in synergy with classical NVH
solutions.
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Abstract
In this work, we establish a link between recent investigations on bending-to-shear conversion phenomena
in sandwich structures, and the existence of a local group velocity plateau in the near-cut-on bandwidth
of high-order guided resonances. The resulting non-dispersiveness allows the actuation and propagation of
these elastic waves over a long range, which is unusual for such structures in the low acoustic bandwidth.
The experimental set-up involves an array of piezoelectric patches, designed to produce a custom wave shape
displacement field as predicted by Floquet-Bloch theory.

1 Introduction

The ability to predict, understand and exploit some of the singular wave propagation features of complex
media is the cornerstone of most recent achievements in the fields of vibroacoustics, the scientific enthusiasm
about metamaterials applications being one of its most recent exemplification.

The strive for lightweight structures with enhanced vibroacoustic performances - despite its many advantages
- tends to make the structural health assessment more difficult. For decades, Guided Wave Testing (GWT)
has been successfully used to perform long-range damage inspection in large-scaled aerospace and offshore
parts [1, 2, 3, 4, 5, 6, 7, 8, 9]. In the transportation industry, the use of composite materials and increasingly
complex micro-architectures is largely responsible for a limited applicability of GWT as well as state-of-
the-art NDT/E techniques. Examples of such structures are typically meta-materials [10], locally resonant
[11] or bio-inspired [12] structures. Additionally, many other periodic designs can be used to enhance a
structure’s vibroacoustic properties (see [13, 14] for example).

In honeycomb sandwich panels alone, the scattering of Lamb waves has been the subject of countless in-
vestigations. The actuation, measurement and scattering phenomena affecting so-called Guided Resonances
(GR) which are a specific type of high-order modes propagating in waveguides with finite section, have
received a very seldom attention in composites, and are hence the focus of the present work. Ring mode
and high-order Lamb wave transducers have been widely investigated [15, 16, 17, 18]. Experimental ob-
servations of singular GR effects have been made recently by Droz et al. [19] and Serey et al. [20]. Such
guided resonances have been rarely generated experimentally in composites. Near-cut-on guided resonances
have never been studied, nor observed in sandwich structures. Despite their computational cost, numerical
methods have shed new lights on the coupling and conversion effects affecting the propagation of guided
waves in sandwich or multi-layer core topology structures. Numerical methods are critical to design such
transducers as the knowledge of both the wave dispersion characteristics and the unit-cell mode shape are
required for an effective actuation.
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We propose in this work the synthesis of a numerical-experimental investigation of near-cut-on GR propa-
gation in a sandwich panel. Floquet-Bloch formulation is used on then entire - finite - width of a honeycomb
plate. The bending-to-shear transition effect is then analyzed, revealing a near cut-on bandwidth displaying
a group velocity plateau, resulting in local non-dispersiveness. The actuation is based on an array of piezo-
electric patches, while full-field velocimetry is used to observe the transient pulse conversion and dispersion
over a 3 meters-long waveguide. Overall, this work aims to explore innovative solutions exploiting low/mid-
frequency wave-based phenomenon, with the potential of extending GWT to large-scaled periodic structures
such as metamaterials.

The paper is organized as follows: (i) the computation of wave dispersion characteristics using a direct
Floquet-Bloch modelling technique (WFEM) on a finite cross-section ; (ii) the identification of a bandwidth
where conversion phenomena enables non-dispersive propagation in a sandwich waveguide ; (iii) a concept
of guided resonance actuator exploiting our knowledge of dispersion and detailed waveshape information,
(iv) the experimental realization using full-field velocimetry.

2 Floquet-Bloch modelling

The wave dispersion characteristics are computed using a WFE framework. A periodic cell of the waveguide
is modelled using standard FE. Then, denoting K, C, M the finite element stiffness, damping and mass
matrices of the unit-cell and u the discretized displacements, the governing equation writes:

M
∂2u(t)

∂t2
+ C

∂u(t)

∂t
+ Ku(t) = f (1)

Introducing the dynamic stiffness sub-matrices denoted Dab(ω) = Kab + jωCab − ω2Mab with a and b the
left and right sides degrees of freedom of the unit-cell, the dynamic equation becomes:

[
DLL DLR

DRL DRR

]{
uL

uR

}
=

{
fL
fR

}
(2)

The WFEM exploits the periodicity of the waveguide to derive the propagation constants Λ and eigenvectors
Ψ from the direct Bloch formulation:

[DRL(ω)Λ−1 + (DRR(ω) + DLL(ω)) + DLR(ω)Λ]Ψ = 0 (3)

Interested reader can refer to [21, 22, 23] for details about the WFEM implementation and computational
aspects. In classic metamaterial or periodic structures, inner degrees of freedom are also present. A common
strategy for Direct formulation of the spectral eigenproblem consists in achieving a direct condensation of
the inner DOFs. Matrix D then denotes the condensed dynamic stiffness matrix. Alternatively, the dispersion
relation can be written without dynamic condensation with the following form:

X(λ)

{
uL

uI

}
=

{
0
0

}
, (4)

where D(λ) is a function of λ whose coefficients are the non-condensed dynamic stiffness sub-matrices:

D(λ) : D −→
[
DRL DRI

0 0

]
1

λ
+

[
DRR + DLL DLI

DIL DII

]
+

[
DLR 0
DIR 0

]
λ. (5)

The solutions of this quadratic eigenvalue problem are written as pairs (λ(ω),Φ(ω)) using a wavematching
procedure, where λ = exp(−jkd) and Φ are respectively the propagation constant and the waveshape. The
spectral problem admits twice as many solutions as DOFs in the chosen state vectors, which may lead to
numerous evanescent solutions. A filtering can therefore be used to eliminate waves exhibiting a high spatial
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decay. A wavematching algorithm is used to track the frequency-dependent wavenumbers and derive the
group velocities.

Figure 1: Periodic unit-cell of the honeycomb sandwich plate.

The finite section serving as a periodic unit-cell for the sandwich panel is shown in Figure 1. Note that the
unit-cell FEM extend on the entire width of the structure. Conditions at the edges is set to free-free.

3 Transition and non-dispersiveness

The spatial decay of a wave pulse propagating in a dispersive media is related to the chromatic dispersion. We
define the group velocity dispersion as the chromatic dispersion per unit-length. Therefore, the knowledge of
the frequency-dependent group velocity is necessary to predict the dispersive and non-dispersive bandwidth.
In other words, the spatial dispersion of a wave pulse increases with the slope of the group velocity in a given
bandwidth. In the low acoustic range, the dispersion behavior of sandwich composites can be described using
a 4th-order wavenumber (k) - frequency (ω) relation:

Sk4 − µω2k2 − µω2 S

D
= 0 (6)

where D, S and µ are the bending stiffness, transverse shear rigidity and mass per unit-area, respectively.

One can then predict the two asymptotic bending
(
cLFg = 2 4

√
D

µ

√
ω

)
and shear

(
cMF
g = 2

√
S

µ

)
group

velocities. In between the flexural wave is subjected to a conversion process called bending-to-shear transi-

tion [24, 25] centered around a local maximum
(
∂cg
∂ω

= 0

)
called the transition velocity, and responsible

for the only non-dispersive point achievable in the low frequency bandwidth [26]:

cg(ωT ) =
4

3

√
2S

3µ
(7)

In addition, the non-dispersiveness predicted in the shear region upon this model is rarely achievable due the
appearance of a local skin bending behavior at higher frequencies (i.e. 6th-order dispersion relation). This
transition frequency is therefore the only possible non-dispersive point in the low acoustic range.

The group velocities computed using the Floquet-Bloch formulation and the finite element model depicted
in Figure 1 are displayed in Figure 2a. Note that despite their similarity in terms of dispersion curves, the
guided resonances are not to be confused with Lamb waves. For comparison, the dispersion curves of an
homogeneous thick plate of same dimensions are given in Figure 2b. Noteworthy, no transition is present
in the second case (b), resulting in high dispersiveness within the entire bandwidth, while the sandwich
structure (a) exhibit the expected asymptotic behavior around 4 kHz. Note however that high-order modes
are producing an early conversion before reaching their asymptotic shear behavior. Although the generation
of high-order GRs at low frequency is usually limited by the strong chromatic dispersion near the cut-on
frequency, this near-cut-on plateau on the group velocities is expected to produce almost non-dispersive
waves shortly above the cut-on frequency of each GR.
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Figure 2: (a) Group velocities of the sandwich structure. (b) Group velocities for an homogeneous plate.
Both structure have a finite cross-section responsible for the appearance of the high-order guided resonances
(GR).

4 Guided resonances and GR Transducer concept

The generation of guided resonances over a large cross-section is more challenging than the one of Lamb
waves. Note beforehand that although the wave shapes are generally frequency-dependent, the GRs observed
in Figure 2 are fairly frequency-independent (some minor edge localization effects can be observed during
the transition). This property can advantageously be used to design custom wave transducers using mode
force appropriation techniques and exploitable over a broadband frequency range. The concept can be seen
as the excitation of a normal mode of the cross-section, at a selected frequency, as described in 3. It was
shown in [27] that the application of punctual loads corresponding to a given GR shape could be sufficient
to generate the corresponding GR, without conversion into evanescent or high-order GRs. Note that this is
generally not applicable in higher frequencies.

propag
ation

propag
ation

Figure 3: Illustration of the concept of frequency-dependent GR actuation (reproduced from [19]).
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Given the thickness of the plate, it is therefore preferable to apply surface moments corresponding to the
desired wave shape using bending transducers. The shape of the 8th-order GR is shown in Figure 4. Ex-
cluding the edges, one can identify 7 anti-node locations. Using the actuation concept described in [19], 14
piezoelectric patches are placed on the section to produce GR 8 without conversion.

Figure 4: Shape of the 8th-order GR, computed at 4 kHz using Floquet-Bloch theory.

5 Experimental setup

The sandwich structure is 600×2890mm, composed of 0.6mm-thick CFR skins and a 10mm-thick Nomex
honeycomb core core.

(a) Actuator
(b) Surface scan

Figure 5: Description of the experimental set-up: the piezoelectric patches are located on the left side of
the plate. The transient propagation of GR 8 over the entire structure (3 m long) is measured using full-field
velocimetry. The time snapshots are shown at t =1.1, 2.1, 4.2 and 6.5 ms.
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Measurements are made using a PSV-400 velocimeter. The cut-on frequency of the targeted wave is located
around 2.7 kHz, while the non-dispersive region is observed between 4 and 4.5 kHz. Details on the experi-
mental protocol are given in [19]. The transducers are actuated at 50 V using an 8-cycles impulsion centered
at 4 kHz. Results and wavefield processing technique are described in [28]. A picture of the actuation device
is shown in Figure 5a.

The results show a propagation of the wave pulse over nearly 3 m with almost negligible spatial dispersion.
The noticeable amplitude decay observed is expected in a sandwich composite. The imperfection of the
actuator yeilds higher- and lower-order wave components which are visible in the last time frame of Fig. 5a.
Low-order GRs propagate at higher velocities and are therefore observed in front-end of the pulse, while
higher-order GRs are on the back-end of the pulse. Note that since the actuated GR is close to its cut-on fre-
quency, higher-order GRs are mainly evanescent or have almost 0 group velocity. This phenomenon explains
the residual displacement field close to the piezoelectric patches in Fig. 5a. The quasi-non-dispersiveness
obtained at 4 kHz is due to the group velocity plateau identified in Fig. 2a.

6 Conclusions

In this work, Floquet-Bloch theory was used to design near-cut-on guided resonance transducers in a sand-
wich composite. The wave are propagating over a long distance thanks to a local non-dispersiveness re-
sulting from a group velocity plateau associated with a bending to shear conversion of high-order waves.
Noteworhty, these conversion are producing veering between pairwise GRs (i.e. GR 2 - GR 4, GR 3 - GR
5, GR 4 - GR 6 etc.). A possible explanation for the two-step transition of higher-order GRs lies in the exis-
tence of a different transverse shear modulus in the X and Y directions. There are therefore two transitions,
associated with two different asymptotic shear velocities. The relation bewteen the extent of the group veloc-
ity plateau and the occurrence of these two consecutive transitions deserves further investigation. However,
taking advantage of reduced formulations for the Wave Finite Element Method, this work was able to link
previous research on transition phenomena and experience on normal mode-force appropriation to generate
high-order propagating waves in a composite structure near their cut-on frequency.

Acknowledgements

The research of C. Droz is funded by the European Union’s Horizon 2020 research and innovation pro-
gramme (WIDEA) under the individual Marie Skłodowska-Curie fellowship grant agreement No. 797034.
The Research Fund KU Leuven (IOF) is also gratefully acknowledged for his support.

References

[1] M. J. Lowe, D. N. Alleyne, and P. Cawley, “Defect detection in pipes using guided waves,” Ultrasonics,
vol. 36, no. 1, pp. 147–154, 1998.

[2] T. Hayashi, W.-J. Song, and J. L. Rose, “Guided wave dispersion curves for a bar with an arbitrary
cross-section, a rod and rail example,” Ultrasonics, vol. 41, no. 3, pp. 175–183, 2003.

[3] P. Wilcox, B. Pavlakovic, M. Evans, K. Vine, P. Cawley, M. Lowe, and D. Alleyne, “Long range inspec-
tion of rail using guided waves,” in Review of Progress in Quantitative Non-Destructive Evaluation, vol.
22(1). AIP Publishing, 2003, pp. 236–243.

[4] X. Zhao, H. Gao, G. Zhang, B. Ayhan, F. Yan, C. Kwan, and J. Rose, “Active health monitoring of
an aircraft wing with embedded piezoelectric sensor/actuator network: I. defect detection, localization
and growth monitoring,” Smart Materials and Structures, vol. 16, no. 4, pp. 1208–1217, 2007.

2530 PROCEEDINGS OF ISMA2020 AND USD2020



[5] V. Giurgiutiu, “Tuned lamb wave excitation and detection with piezoelectric wafer active sensors for
structural health monitoring,” Journal of Intelligent Material Systems and Structures, vol. 16, no. 4, pp.
291–305, 2005.

[6] K. Diamanti and C. Soutis, “Structural health monitoring techniques for aircraft composite structures,”
Progress in Aerospace Sciences, vol. 46, no. 8, pp. 342–352, 2010.

[7] J. L. Rose, “A baseline and vision of ultrasonic guided wave inspection potential,” Journal of pressure
vessel technology, vol. 124, no. 3, pp. 273–282, 2002.

[8] F. Song, G. Huang, and K. Hudson, “Guided wave propagation in honeycomb sandwich structures using
a piezoelectric actuator/sensor system,” Smart Materials and Structures, vol. 18, no. 12, p. 125007,
2009.

[9] A. Raghavan and C. E. Cesnik, “Guided-wave signal processing using chirplet matching pursuits and
mode correlation for structural health monitoring,” Smart Materials and Structures, vol. 16, no. 2, p.
355, 2007.

[10] Y. Xiao, J. Wen, D. Yu, and X. Wen, “Flexural wave propagation in beams with periodically attached
vibration absorbers: band-gap behavior and band formation mechanisms,” Journal of Sound and Vibra-
tion, vol. 332, no. 4, pp. 867–893, 2013.

[11] Z. Liu, X. Zhang, Y. Mao, Y. Zhu, Z. Yang, C. Chan, and P. Sheng, “Locally resonant sonic materials,”
Science, vol. 289, no. 5485, pp. 1734–1736, 2000.

[12] Q. Zhang, X. Yang, P. Li, G. Huang, S. Feng, C. Shen, B. Han, X. Zhang, F. Jin, F. Xu et al., “Bioin-
spired engineering of honeycomb structure–using nature to inspire human innovation,” Progress in
Materials Science, vol. 74, pp. 332–400, 2015.

[13] H. Denli and J. Sun, “Structural-acoustic optimization of sandwich structures with cellular cores for
minimum sound radiation,” Journal of Sound and Vibration, vol. 301, no. 1, pp. 93–105, 2007.

[14] M. Ouisse, M. Collet, and F. Scarpa, “A piezo-shunted kirigami auxetic lattice for adaptive elastic wave
filtering,” Smart Materials and Structures, vol. 25, no. 11, p. 115016, 2016.

[15] M. Hasanian and C. J. Lissenden, “Second order harmonic guided wave mutual interactions in plate:
Vector analysis, numerical simulation, and experimental results,” Journal of Applied Physics, vol. 122,
no. 8, p. 084901, 2017.

[16] Y. Liu, V. K. Chillara, and C. J. Lissenden, “On selection of primary modes for generation of strong
internally resonant second harmonics in plate,” Journal of Sound and Vibration, vol. 332, no. 18, pp.
4517–4528, 2013.

[17] P. Fromme, P. D. Wilcox, M. J. Lowe, and P. Cawley, “On the development and testing of a guided ul-
trasonic wave array for structural integrity monitoring,” ieee transactions on ultrasonics, ferroelectrics,
and frequency control, vol. 53, no. 4, pp. 777–785, 2006.

[18] W. Zhou, F.-G. Yuan, and T. Shi, “Guided torsional wave generation of a linear in-plane shear piezo-
electric array in metallic pipes,” Ultrasonics, vol. 65, pp. 69–77, 2016.

[19] C. Droz, O. Bareille, and M. N. Ichchou, “Generation of long-range, near-cut-on guided resonances in
composite panels,” Journal of Applied Physics, vol. 125, no. 17, p. 175109, 2019.

[20] V. Serey, N. Quaegebeur, P. Micheau, P. Masson, M. Castaings, and M. Renier, “Selective generation of
ultrasonic guided waves in a bi-dimensional waveguide,” Structural Health Monitoring, vol. 18, no. 4,
pp. 1324–1336, 2019.
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Abstract
Structural and acoustic metamaterials explore the generation of bandgaps, which are frequency regions with
high levels of wave attenuation, to control vibration and noise on a structure. Metamaterials are usually
obtained by periodicity, where the main structure is composed of many repeated sub-elements, called cells.
In this context, this paper investigates the design of local resonances by coupling a mechanical structure to
an electrical circuit comprised of a combination of capacitance, inductance, and electrical resistance. The
system considering is a beam in free-free configuration, and the electromechanical coupling is obtained
using an electromagnetic transducer made of a permanent magnet that moves through a coil wire. The Euler
Bernoulli beam is modeled using the dynamic stiffness method, and local impedances attached at the periodic
arrangements along the beam are added at the dynamic stiffness matrix. Tunable bandgaps are obtained by
adding electromechanical resonators to the modeled beam and are analyzed.

1 Introduction

Metamaterials have received attention in recent years [1, 2, 3, 4, 5] due to their potential ability to exhibit
behavior not found in naturally occurring materials and by allowing the generation of bandgaps, which are
frequency regions with high levels of wave attenuation [6]. Local resonating units or wave scattering could
suppress the propagation of elastic waves at specific frequency ranges (bandgaps) when it propagates in a
periodic composite medium. Thus these composite mediums help to reduce the vibration [7]. Depending on
how the bandgaps are achieved, they can be either Bragg or locally resonant bandgaps.

For phononic crystals,[8], artificial periodic composite materials with unusual characteristics as acoustic
band structure and negative refraction [9], the bandgaps are a result of multiple ”Bragg scattering” [10] and
destructive interference that takes place in the structure due to periodic changes in the impedance. This
type of bandgaps are greatly influenced by the geometric parameters of the system, and can only be ap-
plied to a high-frequency domain[10]. Regarding the locally resonant bandgaps, they can be obtained by
tuning the resonance frequencies of the resonator and differing from the Bragg presenting a low-frequency
bandgap [11]. Herewith metamaterials made from locally resonating periodic structures will form a bandgap
at much longer wavelengths than the lattice size and will occur at lower frequencies [12]. Contrarily, the
Phononic Crystals based on Bragg scattering result from structural periodization, are influenced greatly by
the structural geometric parameters and will occur at higher frequencies. This paper proposes an alternative
to achieve bandgaps in different frequency regions, and as different proposed alternatives [13], a possibility
to be a tunable metamaterial by changing parameters of the system.

Recently, shape memory alloys metamaterials have received attention due to this capability to change its char-
acteristics [14, 3] and adapt to desired shapes combining the Bragg effect and the local resonator. Another
simple solution to deal with vibrational problems is the use of piezoelectric absorbers [15], among other
piezoelectric solutions, as an effective way to diminish structural vibrations. Several approaches utilizing
this type of solution have been proposed in the past years utilizing this principle in analogy to elastic meta-
materials, combining both in an electromechanical metamaterial aiming the creation of bandgaps at lower
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frequencies [16]. Different approaches, including the possibility of energy harvesting, have also been inves-
tigated, with the capability of creating meta-structures with vibration attenuation and low-power electricity
generation [17]. Another electromechanical solution to vibrational problems [18] that have been used to the
same purpose is the effect of eddy current damping [19], which has been shown that is capable of creating
bandgaps at different frequency regions and also the capability to form a wide bandgap by interconnecting
separated bandgaps.

The structure investigated on this paper is an electromechanical metamaterial through the realization of a
finite Euler Bernoulli beam coupled to electric oscillators composed by series circuits of resistance, capaci-
tors, and inductors. The couplings are made by moving-coil transducers positioned at periodic arrangements
along the beam. The bandgaps are then created by setting the electrical parameters.

2 Mathematical modelling

The metamaterial structure studied in this work is a periodic structure composed of three cells connected in a
tandem manner, as shown in fig.1. The system consists of a three beams with an permanent magnet attached
represented by the gray boxes. The permanent magnet moves through the wires which have terminals A and
B connect to the electrical circuit shown in detail on the right. The linear and angular displacements of each
side of the beam are represented by W and Θ, respectively, and the subscript L and R refer to the left and
right hand sides of the structure, respectively. Similarly, F and M represent forces and moment acting on
both sides of the structure.

R

L

C
Ai

Bi

B1
A1

B2
A2

B3
A3

WL

ML

FL

ΘL

WR

MR

FR

ΘR

Figure 1: Metamaterial beam with electromechanical resonators

Initially, the analysis is based on the dynamics of a single cell of structure and results are represented in terms
of the displacement transmissibility, defined by the ratio of the displacements Tr = WR/WL. The modeling
procedure and numerical results are presented in the following sections.

2.1 Single cell modelling and analysis

The single cell system considered in this work is illustrated in fig. 2, which shows a beam of length l subjected
to the forces FR,L and moments MR,L applied at both ends. WR,L are the linear displacements and ΘR,L

the angular displacements. The subscripts L and R refer to the left and right hand sides of the beam. At the
right end, there is a permanent magnet with mass mp and moment of inertia about the top end defined by Ip
and length lp. The properties of the beam are the Young ’s modulus E, the mass density ρ, the cross section
area S, and the second moment of area I . Following from the equation of motion for a finite Euler–Bernoulli
beam, the dynamic stiffness and the receptance matrices can be determined in terms of trigonometric and
hyperbolic functions by applying geometric and natural boundary conditions at each end of the beam [20].
The dynamic stiffness matrix is given by equation 1.




FL

ML

FR

MR


 =




−K11 −P K12 V
−P Q11 −V Q12

K12 −V −K11 +Dm P
V Q12 P Q11 +Di







WL

ΘL

WR

ΘR


 , (1)
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Figure 2: Euler-bernouli beam with a permanent magnet at the edge.

where

K11 = EIk3 [cos(kl) sinh(kl) + sin(kl) cosh(kl)] /N

K12 = EIk3 [sin(kl) + sinh(kl)] /N

Q11 = EIk [cos(kl) sinh(kl)− sin(kl) cosh(kl)] /N

Q12 = EIk [sin(kl)− sinh(kl)] /N

P = EIk2 [sin(kl) sinh(kl)] /N

V = EIk2 [cos(kl)− cosh(kl)] /N

N = cos(kl) cosh(kl)− 1 (2)

where k is the bending wavenumber, given by k =
(
ω2ρS/EI

)1/4. The terms Dm and Di are the dynamic
stiffness functions, representing the influence of the permanent magnet mass and its moment of inertia, given
by

Dm = −ω2mp, Di = −ω2Ip (3)

The receptance matrix is obtained by inverting equation 1. In this case, the interest is to investigate the trans-
missibility between the transverse displacement WR and WL, given as Tr = WR/WL. Initially, neglecting
the effect of the permanent mass and moment of inertia, the transmissibility function can be calculated as

Tr =
WR

WL
=
Q12

Q11
=

sin(kl)− sinh(kl)

cos(kl) sinh(kl)− sin(kl) cosh(kl)
. (4)

The magnitude of the transmissibility function given in eq. 4 is illustrated in fig.3 (a). To illustrate the main
behavior of such systems, all beam parameters were assumed equal to one, except when indicated differently
(table 1). The frequency axis is then considered as nondimensional in all results.

Table 1: Parameters of the beam used to illustrate the system behaviour.

Parameters Values
Beam Young’s Modulus (real part), E0 1
Beam density, ρ 1
Beam cross section area, S 1
Beam second moment of area, I 1

A small structural damping was considered by assuming a complex Young’s modulus E = E0(1 + jη), with
η = 0.01. In these results, the low frequency value of the transmissibility is given by |Tr| = 1/2, which is
equivalent to -6 dB. However, for higher frequencies, the minimum value of the transmissibility stays at a
minimum value of -3 dB (|Tr| = 1/

√
2). Therefore, the value of -3 dB is used as a comparison value for any

modification added to the beam. For high values of frequency, equation 4 is simplified by considering that
the hyperbolic functions can be approximated as cosh (kl) ≈ sinh (kl) ≈ exp(kl)/2. In this case, eq. 4 is

PERIODIC STRUCTURES AND METAMATERIALS 2535



(a) (b)

Figure 3: The magnitude of the transmissibility for (a) beam only, (b) beam with considering the influence
of the permanent magnet mass, but without considering its moment of inertia. In both figures the orange and
red dashed lines represent 0 and -3 dB respectively. The blue line is the minimum transmissibility value.

rewritten as
Tr =

1

cos (kl)− sin (kl)
=

1√
2 cos (kl − π/2)

(5)

which clearly shows that the minimum of the transmissibility function is bounded by -3dB. Using a similar
high-frequencies approximation procedure, it is possible to obtain the expression for the transmissibility of
the beam, considering the mass of the permanent magnet, as

Tr = − 1(
1− 2Dm

EIk3

)
sin(kl)− cos(kl)

(6)

in which the mass of the permanent magnet is assumed to be 7% of the beam’s mass. The magnitude of the
transmissibility function given in eq. 6 is shown in fig. 3 (b). Comparing the two results in fig.3 (a) and (b) it
is possible to see that the effect of the mass is the introduction of a roll-off frequency response, such that the
minimum of the transmissibility is limited by

|Tr| =
[

1 +

(
1− 2Dm

EIk3

)2
]−1/2

(7)

2.2 Influence of the permanent magnet moment of inertia

Considering the influence of the permanent magnet mass and moment of inertia, and using again the high fre-
quency approximation where the hyperbolic functions are simplified as explained before, the transmissibility
function can be calculated as

Tr = −
Di

EIk
+ 1

(
1− 2Dm

EIk3
− DmDi

(EI)2k4

)
sin(kl)−

(
1 +

2Di

EIk
− DmDi

(EI)2k4

)
cos(kl)

(8)

Differently from the previous expressions for the transmissibility of the beam only and the beam with a mass
attached to the end, the effect of the moment of inertia adds a term to the numerator of Eq. 8. The term in

2536 PROCEEDINGS OF ISMA2020 AND USD2020



Figure 4: Transmissibilty of the beam considering the mass and moment of inertia

the numerator is function of the moment of inertia and adds an anti-resonance to the system transmissibility
as shown in fig. 4 around the nondimensional frequency of Ω = 50. The anti-resonance frequency can be
calculated as

Ω =

√
EI

ρS

(
ρS

mmr2

)2/3

(9)

in which r is the radius of gyration defining the moment of inertia of the permanent magnet. In this results,
the radius of gyration of the permanent magnet was assumed to be r = 11.55% of the beam length. Another
feature is change in high frequency roll-off effect of the mass. It can be seem that the blue line that bounds
the minimum of the transmissibility is defined by the equation 10.

Tr = −
Di

EIk
+ 1

√(
− 2Dm

EIk3
− DiDm

(EI)2k4
+ 1

)2

+

(
− 2Di

EIk
+

DiDm

(EI)2k4
− 1

)2
(10)

3 Electromechanical resonator modeling and analysis

The electromechanical structure is completed when a coil connected to an RLC circuit is positioned sur-
rounding the permanent magnet. The RLC circuit is a resonator and it aims to create a local resonance that
will generate a locally resonant bandgap.

3.1 Definition of an electromechanical resonator in a single cell

The discussion is based on the system shown in fig. 5, consisting of a distributed parameter system (beam)
connected to a lumped parameter system. The lumped parameter system has an impedance that will have
influence on the beam. The permanent magnet near the beam’s free end and the electrical circuit give
additional impedance to the system. The influence of the permanent magnet mass and moment of inertia
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Figure 5: RLC circuit and coil at the edge of the beam.

is given by equation 3 in the frequency domain by the dynamic stiffness equations Dm and Di, respectively.
Figure 6 shows the detailed coupling between the permanent magnet and the electrical circuit. The permanent
magnet is considered a solid cylinder with massmp and length lp, and its moment of inertia about the cylinder
edge is given by Ip = mpl

2
p/3 = mpr

2. The electrical circuit is considered to be an RLC resonator. The

W(x=l)

fe(x=l, t)

coil

R

C

L

neodymium

Figure 6: Detail of the permanent magnet attached to the beam end at x = l.

influence of the electromagnetic system is also defined in terms of the dynamic stiffness De. In an ideal
condition, the magnetic field should be given by a vector perpendicular to the wire exposed to it, with
constant magnitude. Within ideal conditions, the electromotive force is given by fe as in equation 11.

fc = −Bq̇ (11)

where, B is the magnetic field and q̇ is the electrical current. According to [?], the electrical system can be
represented by an ordinary differential equation:

Lq̈ +Rq̇ +
q

C
= −Bẇ (12)

where, ẇ is the velocity of the permanent magnet moving through the coil, and q is the electrical charge.
Assuming harmonic motion once again, where w(t) = Wejωt and q(t) = Qejωt, and combining eqs. 11
and 12, it is possible to obtain the dynamic stiffness representation of the electromagnetic system,

F

W
= De =

−ω2B2

−ω2L+ jωR+ 1
C

(13)

where j is the complex number. One can observe from equation 13 that when R → ∞, De → 0, which
means the electrical system decouples from the mechanical system, and when R → 0, the complex term
vanishes resulting inDe = (B2Cω2)/(LCω2−1). Consequently, the denominator leads to ω =

√
1/(LC),

which is the resonance frequency of an RLC circuit. This means the RLC circuit will have more influence in
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the whole system as the forcing frequency approaches its natural frequency. Equation 1 becomes:
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−K11 −P K12 V
−P Q11 −V Q12

K12 −V −K11 +Dm +De P
V Q12 P Q11 +Di
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ΘL
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ΘR


 , (14)

And the high frequency transmissibility from equation 8 becomes:

Tr = −
Di

EIk
+ 1

(
1− 2(Dm +De)

EIk3
− (Dm +De)Di

(EI)2k4

)
sin(kl)−

(
1 +

2Di

EIk
− (Dm +De)Di

(EI)2k4

)
cos(kl)

(15)

Analytic results can be obtained for any set of parameters for this system by using equations 13 and 15. The
analysis present in this work, all RLC parameters were assumed unitary, except the magnetic field (B = 59)
when indicated differently. For instance, figure 7(a) shows the magnitude of the transmissibility for a system
coupled to a resistive circuit, from where it is possible to conclude the transmissibility drastically reduces
as R → 0. This seems to be interesting, but it happens that as R → 0, the system tends to become
pinned at the point where the electromechanical coupling is made, and it is not a feasible system once it
does not have inductance. If this is repeated for several cells, then the whole structure will be pinned at
the electromechanical coupling points. Figure 7(b) shows the magnitude of the transmissibility for a system
coupled to an RL circuit, from where it is possible to observe slight changes in frequencies where the peaks
occur and that the low-frequency transmissibility tends to a much lower value than |Tr| = 1/2.

Figure 7: The magnitude of the transmissibility for (a) a couple pure resistive circuit and (b) a coupled RL
circuit.

Figure 8 shows the magnitude of the transmissibility for a system coupled to the complete RLC circuit
with capacitance 80 · 10−6 [F] (a) and 230 · 10−6 [F] (b). The most interesting features observed are the
mitigation of one peak, creating a wide attenuation band, and a new anti-resonance. This can be used to
create wide bandgaps as fig.8 (b) shows; by controlling the capacitance value, it is possible to create these
wider bandgaps.

This variation on the transmissibility magnitude can be observed in fig.9. In both figures (a) and (b), the
capacitance value is varying from 10−5 to 10−2, but shown on a logarithmic scale. It is possible to see
the attenuation frequencies changing with the electric circuit and possibly creating bandgaps through the
frequency range, making it possible to create a wide bandgap by changing the system’s parameters. It is
possible to see the anti-resonance of the electrical circuit seems to have a linear behavior as the capacitance
varies.
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(a) (b)

Figure 8: The magnitude of the transmissibility for (a) a coupled RLC circuit with capacitance = 80× 10−6

F and (b) a RLC circuit with capacitance = 230× 10−6 F.

(a) (b)

Figure 9: The of magnitude of transmissibility (a) related to capacitance variation and (b) the resonance of
the electrical circuit.

3.2 Electromechanical metamaterial analysis

In this section, the complete structure with three cells and the electromechanical resonator. The anti-
resonance of the electrical circuit was tuned to match the 50 Hz bandgap from the influence of the permanent
magnet moment of inertia. The transmissibility response for the metamaterial is presented by fig. 10. Con-
sidering parameters as unit values, the response for multiple cells has no gain in attenuation for the system.
The bandgap did not change with the addition of multiple cells.

Now, changing the inductance to L = 10 H,f 11 (a) shows that the metamaterial lowered the amplitude is
almost the whole frequency band analyzed. The structure with two cells created an anti-resonance around
140 Hz and lowered the bandgap created by the circuit RLC on the single-cell structure. Regarding the
second comparison between one and three cells (b), the metamaterial also lowered the response, including
the antiresonance created by multiple cells and the anti-resonance created by the RLC and the influence of
the permanent magnet moment of inertia on the single cell.
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(a) (b)

Figure 10: The magnitude of the transmissibility for (a) one and two cells (black and blue line) (b) one and
three cells (black and blue line).

(a) (b)

Figure 11: The magnitude of the transmissibility for (a) one and two cells (black and blue line) (b) one and
three cells (black and blue line).

4 Conclusions

This paper presented a model of an electromechanical resonant metamaterial to mitigate structural vibrations
by creating bandgaps in certain frequency ranges. The system is modeled based on a single cell of an Euler-
Bernoulli beam with a permanent magnet at the edge of the beam. The structure is modeled with the dynamic
stiffness matrix method the discussion is based on results for the transmissibility from the left to the right
side of the structure.

At first, the mechanical system is studied by adding the local impedances one at a time. The effect of the
moment of inertia is evident when compared with the systems with no impedance. The effect of the moment
of inertia adds an anti-resonance to the system transmissibility. Later, the electromechanical resonator is
modeled and the single cell with different types of circuits is analyzed. The electrical circuit also adds an
anti-resonance to the system transmissibility, which can be tuned using different values of capacitance and
inductance.

An interesting result can be obtained by tuning the anti-resonance frequency created by the electrical circuit
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in a value close to the anti-resonance created by the permanent magnet anti-resonance. This strategy creates
a broad bandwidth bandgap at low frequencies.
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Abstract
An increasing demand for high comfort standards in civil engineering drives research toward new solutions
for tackling anthropogenic vibrations in buildings. Railway induced vibrations are a major issue within this
framework. They are transmitted to the building through ground-structural element coupling, where they are
turned to disturbance for occupants. In this paper, we address the problem of vibration containment in pillars
by designing metamaterial panels functioning as elastic wave absorbers. These elements consist of lattice
structures tuned at the dominant frequency of the incoming excitation and are designed to be attached to the
columns of a building. The meta-panels serve the dual function of retaining the load-bearing capacity of the
hosting structure, while inhibiting the propagation of vibrations. This study looks into the preliminary design
of the architected panel developed via a set of parametric analyses on the metamaterial unit cell followed by
the validation of its vibration mitigation performance by means of frequency domain analyses.

1 Introduction

Groundborne vibrations comprise a source of disturbance in densely populated urban areas, where new
transport networks, i.e., railways, undergrounds, roads, are built nearby existing residential buildings. They
propagate in the ground from anthropogenic sources to neighbouring structures mainly in the form of sur-
face Rayleigh waves and, in some cases, as shear body waves. Within the buildings they often experience
amplifications due to the matching with resonant frequencies of pillars and slabs [1].
Railway traffic is certainly one of the most relevant vibration sources. These types of waves are characterised
by frequency spectra that might vary within the range from 0 to 100 Hz depending on the type of vehicle
and exhibit pronounced peaks at specific frequency components [2]. The influence of these vibrations on
existing structures depends on diverse factors, such as the distance between the source and the building, the
frequency content and speed of the waves and the type of soil or foundation [1], [3]. Despite the low odds
of inducing structural damage, these low-intensity vibrations often cause a nuisance to dwellers and shaking
or cosmetic damage to structural components. Currently, practical mitigation solutions envisage the use of
elastomeric devices aiming to decouple sources and structures from the ground, or filled trenches dug along
the transmission path [1], [4]. On the other hand, state-of-the-art research efforts point toward novel tech-
nologies based on metamaterials, i.e., engineered materials capable of controlling wave propagation [5], [6].
The majority of these studies focus on designing barriers of resonant units to surround and protect existing
buildings from incoming vibrations [7], [8], [9], [10]. These measures are often associated with wide space
requirements and invasive intrusions. Thus, they are not suitable for urban areas where the availability of
buildable lots are an asset and the distances between rails and structures are limited [11]. As a result, another
approach, based on the development of structural meta-components has emerged. These consist in beams
and plates with attached or embedded metamaterials behaving as wave absorbers [12], [13], [14].

Lattice materials show an attractive potential in terms of meta-devices for vibration mitigation [15], [16].
These periodical reticulated structures comprise beams or trusses [17] and leverage local resonances or Bragg
interference to create bandgaps [18], i.e., frequency regions in which the propagation of elastic waves is hin-
dered. Several studies proved the possibility to tune the location of the stop bands by changing the topology
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or materials of the constituent cell [17], [19], therefore, paving the way to the application of these structures
in various fields. Such solutions are largely explored in acoustics, aerospace and automotive engineering
[20], [21], [22] for their attenuation properties and structural bearing capacity, due to high stiffness to den-
sity ratios [19].
Two-dimensional (2D) periodic lattices have been deeply studied both from the static and dynamic point of
view [23], [24], [25]. On the other hand, the dynamic behavior of three-dimensional (3D) lattices is certainly
more complex to understand, and therefore less investigated so far. However, their topology offers a higher
degree of efficiency since they are capable of controlling waves that propagate in all directions of the space.

Our objective in the present paper is to exploit the vibration insulation characteristics of 3D frame structures
in civil engineering applications, by designing these for the purpose of railway-induced vibrations. To this
end, we propose the design of a lattice panel to shield existing structural components. Its constituent cell is
a modified version of the octet lattice [26] where an external stiff frame is added to the basic unit allowing
larger flexibility in terms of material and geometrical choice. We rely on the external frame to provide vertical
stiffness to the panel, while we exploit the bending resonance of the octet struts to generate an attenuation
zone. The band structure of the unit cell is computed via combination of the Bloch theory with a finite
element analysis. Moreover, parametric studies are performed in order to identify the relevant parameters
for tailoring the bandgap. Frequency domain analyses are conducted on a finite model of the panel and the
results are compared to those of the infinite lattice for validation purposes.
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2 Meta-panel design

Lattice structures are optimal candidates to build lightweight, effective devices for vibration attenuation.
Among the possible designs belonging to the Bravais lattices family (i.e. simple, body centered and face
centered cubic [27]) we selected the octet cell as the starting model [26]. The unit cell geometry, depicted
in Figure 1(a), consists of a standard octet enclosed in an external cubic frame of width l. At each node, 18
struts with constant circular cross-section of thickness t and axial length denoted by lstrut converge.
We carry out the numerical simulations considering two different materials for each of the constituent struc-
tural parts. We choose elastomeric polyurethane (EPU40 - E = 7.7 MPa and ρ = 1025 kg/m3 ) for the
inner octet, as it can be readily 3D printed and it is necessary to use a soft material for targeting the fre-
quencies of ground vibrations. Whilst the external frame is made of carbon fiber (E = 277.5 GPa and
ρ = 1550 kg/m3), a stiffer yet lightweight material largely employed in the fabrication of truss structures
for civil engineering. To reduce the number of parameters, we approximate carbon fibers as an isotropic
material. The addition of the external frame to the initial octet is motivated by the distinct function each of
the two components fulfills. While the octet is designed to control the wave propagation, the frame provides
additional vertical stiffness to the entire structure. Static analyses proved that via addition of the frame, the
cell is statically stable and is able to support the weight of other units placed atop without resulting in major
sags.
By periodically tessellating a single unit cell in the horizontal and vertical directions, we build a panel of
length L, height H and the same width as the basic cell size l, as shown in Figure 1(b). This meta-panel is
designed to be attached to existing structural components in order to protect these from incoming vibrations
over specific frequency ranges.

3 Band structure analysis and bandgap mechanism

We compute the band structure of the framed octet unit cell by numerically solving a parametric eigenvalue
problem with the finite element software COMSOL Multiphysics 5.5. By exploiting periodicity, we perform
the calculations on a single unit cell of width l = 12 cm with struts of length lstrut = 12

√
2/2 cm and

thickness t = 5 mm.

According to Brillouin [28], upon definition of the following three basis vectors, namely direct lattice vec-
tors, for the framed octet (primitive) cell:

a1 = (0,
l

2
,
l

2
); a2 = (

l

2
, 0,

l

2
); a3 = (

l

2
,
l

2
, 0) (1)

the position r of a point in an arbitrary cell of the infinitely periodic lattice is described by simply translating
the vector position of the corresponding point in the primitive unit cell, r0, as in [29]:

r = r0 + n = r0 + n1a1 + n2a2 + n3a3 (2)

where n is the translation vector and n1, n2, n3 are integers. The direct lattice vectors are then used to
compute the reciprocal lattice vectors:

b1 = 2π
a2 × a3

a1 · (a2 × a3)
; b2 = 2π

a3 × a1
a1 · (a2 × a3)

; b3 = 2π
a1 × a2

a1 · (a2 × a3)
; (3)

which determine the reciprocal space where the wave vector k is defined: k = k1b1 + k2b2 + k3b3.
k1, k2 and k3 are integers that assume values between 0 and 1/2 in the wavenumber space.
The Bloch theorem states that, due to periodicity, the displacement of an arbitrary point in the lattice u(r, t)
can be expressed as a function of the corresponding displacement in the primitive cell u(r0, t), as follows
[30]:

u(r, t) = u(r0, t)eik·r (4)
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Figure 2: (a) Dispersion relation of the framed octet cell, with the bandgap emphasized by the grey region.
(b) Simplified model of the struts: deformed (continuous line) and undeformed (dashed line) configurations.
(c) Mode shapes at the symmetry points of the Irreducible Brillouin zone.

where eik·r is a plane wave and u(r0, t) a periodic function having the same spatial periodicity of the lattice,
such that: u(r0 + n, t) = u(r0, t) [30]. Hence, after applying the Bloch hypothesis (4) to the 3D elastodynamic
wave equation [31], we seek a time-harmonic solution in the form:

u(r0, t) = u(r0)eiωt (5)

with ω designating the frequency of the propagating wave and u(r0) corresponding to the wave amplitude.
This solution is then numerically computed with COMSOL by spatially discretizing the framed octet unit cell
of Figure 1(a) with quadratic tetrahedral finite elements and imposing Bloch periodic boundary conditions
on its opposite paired surfaces:

u(rdest, t) = u(rsrc, t)e−ik·(rdest−rsrc) (6)

Therefore, the solution to the eigenvalue problem:

(K(k)− ω2M)un = 0 (7)

obtained by sweeping the wave vector k along the edges of the First Irreducible Brillouin zone, Γ, X, M, R,
provides the dispersion relation in Figure 2(a). Where K and M are the stiffness and mass matrices of the
discretized domain and un the nodal displacements.

The dynamic response of the framed octet cell can be thoroughly inferred from its dispersion relation. At
low frequencies and long wavelengths, close to point Γ, the lattice behaves as an equivalent non-dispersive
medium [32]. Three rigid modes are excited, with the characteristics of a longitudinal and two shear waves,
represented in the band structure by linear branches originating from Γ [17]. At higher frequencies the
dispersive nature of the cell arises owing to the interaction of its detailed geometry with shorter wavelengths.
Here, the branches are flattened and they accumulate before the opening of a complete bandgap between
66.8 and 79.7 Hz (grey region in Figure 2(a)). This region is characterised by the exponential decay of
the propagating waves [28] due to the local resonance of the 36 struts forming the soft inner octet [33].
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Figure 3: Dispersion relations for increasing cell width l.

The bandgap generation mechanism is proven by the existence of flat bands before the attenuation zone, a
distinctive feature of Fano resonance [34]. The flat curves represent localized modes clustered around the
resonant frequency, fr, of an Euler Bernoulli beam clamped at both edges:

fr =
22.4

2πl2strut

√
EI

ρA
(8)

whereE and ρ are the properties of EPU40 introduced in the previous section, while I andA are respectively
the moment of inertia and area of a circular cross section with diameter t. This implies that the dynamic
behavior of each strut resembles that of a simple fixed-fixed Euler Bernoulli beam, as shown in Figure 2(b).
By analysing the eigenmodes of the lattice we can further support the hypothesis that the bandgap is a result
of the struts local resonance [33]. Figure 2(c) shows the mode shapes of the cell computed at the corners
of the Irreducible Brillouin zone, points Γ, X, M and R, for frequencies belonging to the flat branches. It
is apparent that these modes are generated by different combinations of beam bending resonances. Thus,
when the frequency of the incoming excitation matches the range of the attenuation zone, it is prevented
from propagating forward in the structure as the energy remains localised in the vibrating struts [33].
The bandgap mechanism leveraged here has been already explained by Wang et al. [33] for 2D lattice
structures. In [33] they showed that this dynamic behavior is not a peculiar feature of all types of lattices,
since it is strictly related to the connectivity number (z), namely the number of struts converging in a node.
The higher this number, the greater the likelihood that the stop band will be caused by local resonance
rather than Bragg scattering. This observation, together with the high connectivity number of the framed
octet lattice (z = 18), motivates our choice of this cell for the meta-panel design. Indeed, a local resonance
bandgap allows for more flexibility in terms of bandgap tunability and the possibility to reach low frequencies
while retaining subwavelength scales.
The mode shapes in Figure 2(c) provide a crucial validation of the role played by the external frame structure.
All the modes responsible for the opening of the bandgap show displacement localised only in the struts of
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Figure 4: Dispersion relations for increasing strut thickness t.

the inner octet, whereas the elements of the carbon fiber frame remain stationary. This supports the initial
intent of designing the external frame and internal octet for two separate purposes.

4 Parametric analysis

The effectiveness of the designed meta-panel depends on its capability in preventing the propagation of
incoming waves through the attached structural components. Depending on the source of vibration, the main
frequency content might vary as well as the required attenuation range. The overall objective is to design
a stop band between 0 and 100 Hz. To this end, it is relevant to investigate the parameters underpinning
the bandgap breadth and starting frequency. Given that the existence of a stop band is owed to the strut
resonances arising around the natural frequency fr reported in (8), its location in the dispersion relation
depends both on geometrical and material parameters.
Numerical simulations prove that a change in material affects solely the frequency of the bandgap and not the
shape of the dispersion curves. This emphasizes the need for adopting a soft elastomeric material to target
the frequencies excited by railway vibrations.
The influence of the cell topology on the dynamic behavior of the octet structure can be summarised by a
single parameter, the relative density, namely the ratio between the volume of the lattice cell and the volume
of a filled cube of same size, l. We can compute the relative density for the framed octet cell as follows:

ρrel =
Vlattice
Vcube

=
27π(t/2)2lstrut

l3
(9)

This formula reveals that ρrel is function of two variables, cell width l and strut thickness t, considering that
the strut’s length can be expressed as lstrut = l

√
2.

Figure 3 shows how the dispersion relations change when the cell width varies while the other geometrical
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Figure 5: (a) Meta-panel setup for frequency domain analyses. (b) Transmission spectra for cells increasing
in the vertical direction.

and material properties remain the same as those employed in Section 3. By increasing l from 12 to 15 cm
the relative density decreases from 2.6 to 1.6 %. As a result the location of the stop band is shifted toward
lower frequencies (from 66.8-79.9 Hz to 43.6-52.3 Hz), but its bandwidth narrows. Indeed, a wider cell is
characterised by longer and more flexible struts that push the bending natural frequency, reported in equation
(8), near lower ranges.
Conversely, higher resonant frequencies are observed when expanding the strut cross-section, as in Figure 4.
Here the thickness rises from 5 to 8 mm and the relative density moves from 2.6 to 6.6 %, as a consequence
the bandgap is shifted to frequencies well above those typical of train-induced vibrations. This behavior can
be easily explained by the dependency between the beam frequency fr and the moment of inertia to area
ratio I/A in equation (8).
The parametric analyses prove that above a certain threshold of relative density (16% for the framed octet)
the bandgap closes prohibiting further wave attenuation. Thus, to mitigate the frequency range of ground
vibrations it is necessary to design a cell made by soft elastomeric material and low relative density, possibly
below 4%.

5 Dynamic analysis

To validate the vibration attenuation potential of the designed lattice we consider a finite structure by period-
ically repeating the framed octet cell of Section 3 in the horizontal and vertical directions. The meta-panel
consists of 4 × 1 × 4 cells and has dimensions L = 48 cm, l = 12 cm and H = 48 cm.
We then evaluate its frequency domain response to a base broadband excitation ranging from 0 to 100 Hz. To
mimic the effect of surface waves we use a source with polarisation in the x direction and propagating from
the bottom to the top of the structure. We acquire the signal in two points respectively located at the base
and top surfaces of the panel, as shown in Figure 5(a) by the red and green dots. Therefore, we compute the
ratio of the displacement magnitude at these two points in order to quantify the wave transmission through
the finite lattice:

Transmission = 20 · log

(
uoutput
uinput

)
(10)

we repeat this analysis for three panels increasing the number of cells in the vertical direction, using 4, 8 and
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16 cells respectively.
The transmission plot of the 4 × 1 × 4 meta-panel (Figure 5(b)) exhibits an attenuation region between
66.2 and 76 Hz, which is a good approximation of the bandgap estimated in Section 3. This spectrum
shows an asymmetric profile typical of Fano resonance [34], [35]. The transmission dip is followed by a
peak at 76.8 Hz representing the localised mode with zero group velocity[34]. This mode marks the end
of the bandgap in Figure 2(a), at 79.7Hz in point Γ. The upper bounds of the finite and infinite models
slightly differ since a limited number of cells is employed for the meta-panel. Moreover, the finite structure
is characterised by two-dimensional periodicity, whereas the eigenvalue analysis is carried out on an infinite
lattice with periodicity in all three directions of the space.
It is apparent from the transmission spectrum that the growth in cell number, from 4 to 8 and 16, has a
positive impact on the vibration mitigation performance of the structure. The maximum reduction drops at
approximately 80 dB, exhibiting a wider range below -40 dB. Nonetheless, as the number of cells increases
the same happens to the peaks arising around the stop band. These peaks could be potentially damped out by
simply considering the material dissipation factor in the numerical simulations. However, in this preliminary
investigation we decided to neglect the effect of damping to focus exclusively on the attenuation capacity of
the panel due to local resonance.

6 Conclusions

In this paper we analyse an innovative lattice panel designed to absorb ground vibrations propagating in the
structural components of existing buildings. The meta-panel can be designed to address railway-induced
vibrations generated by multiple sources (e.g. passenger or freight trains) in the frequency range between 0
and 100 Hz. The advantage of this structure lies on the combination of its lightness and effectiveness. Indeed,
complete bandgaps can be created by simply exploiting the flexural resonance of the struts in the octet cell,
without the addition of external resonators. Parametric analyses on the geometrical properties show that the
location of the bandgap in the frequency spectrum can be tailored and adjusted to the type of input excitation.
By decreasing the relative density of the basic cell, acting either on the thickness of the struts or on the cell
width, the complete stop band can be shifted toward lower frequencies. Conversely, the bandgap disappears
when the relative density exceeds the threshold of 16%. The efficiency of this design is further demonstrated
by numerical simulations performed on three finite meta-panels, showing that a structure made of only 4
× 1 × 4 cells provides a maximum attenuation of 40 dB. This preliminary study paves the way to future
investigations on the use of lattice structures, or their coupling with existing structural element, as ground
vibrations absorbers in civil engineering.
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absorption
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Abstract
Electrodynamic loudspeakers can be used to absorb sound energy in a narrow frequency band around the
loudspeaker resonance. To increase the operational bandwidth, active and passive impedance control tech-
niques have been described in the literature. In this work, we propose a passive technique that makes use of
a periodic array of small loudspeakers mounted as side branches along a straight duct. A larger loudspeaker
is mounted at one end of the duct, which acts as a conventional narrow-band absorber. This system aims at
absorbing the sound energy flowing inside the duct, leading to a small reflection coefficient at the entry of
the periodic waveguide. We investigate the sound absorption of such a device through numerical simulations
based on the transfer matrix method. The unit cell is made up of a one-dimensional acoustic waveguide with
a side-branch loudspeaker. It is shown that the proposed approach might increase the absorption bandwidth,
even with 1-inch loudspeakers and a number of cells as small as five in the periodic structure.

1 Introduction

The most common method to improve the sound absorption of a surface is to cover it with porous materials.
However, this solution is unpractical in the low-frequency range because it requires extremely bulky sound
absorption systems. Low-frequency absorption can be achieved by combining resonators with porous mate-
rials, which leads to a high absorption coefficient over a narrow bandwidth around the natural frequency of
the resonator. Therefore, several resonators of different and large sizes are needed to provide broadband ab-
sorption. This may also require a system that is too bulky for the desired application. To tackle these issues,
loudspeakers can be used to absorb sound waves instead of producing sound, a concept probably introduced
by Olson and May in the 1950s [1].

Unlike the usual Helmholtz-type resonators, loudspeakers are compact devices with a substantial amount
of damping due to the mechanical resistance of the diaphragm suspension. In addition, loudspeakers are
commercially available in a wide range of models with the electromechanical parameters given in the man-
ufacturer datasheet, the so-called Thiele-Small parameters [2]. Moreover, such devices can be subjected
to a number of electrical control strategies to obtain a target dynamic behavior [3]. These features make
loudspeakers an interesting choice for sound absorption.

Active and passive impedance-control techniques have played a major role in electroacoustic absorption. The
objective is to match the acoustic impedance at the loudspeaker diaphragm to the characteristic impedance
of the propagation medium. This has been carried out by electronically adjusting the impedance of a single
loudspeaker mounted on a duct termination [4, 5], although a system made up of two stacked loudspeakers
has also been investigated [6].

In this work, we propose a simpler passive technique that makes use of a periodic array of small loudspeakers
mounted as side branches along a uniform duct. A larger loudspeaker is mounted at one end of the duct,
which acts as a conventional narrow-band absorber. The design of the whole system must be such that the
set of loudspeakers could absorb the sound energy flowing inside the duct, leading to a small reflection
coefficient at the entry of the periodic waveguide. The sound absorption of the periodic electroacoustic
waveguide is investigated through numerical simulations based on the transmission matrix method. The unit
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cell is made up of a one-dimensional acoustic waveguide with a side-branch loudspeaker. The simulations are
carried out by using the common linear acoustics assumptions for plane-wave propagation in uniform ducts,
and the Thiele-Small model for loudspeakers. Therefore, the model presents both distributed and lumped
parameters. It is shown that the proposed approach might lead to a significant increase in the operational
bandwidth of electroacoustic absorbers, even with 1-inch loudspeakers and a number of cells as small as five
in the periodic structure.

2 Electroacoustic modeling of periodically loaded waveguides

This section describes a frequency-domain model for the sound propagation along the proposed electroa-
coustic waveguide. Throughout this paper, a harmonic time dependence of the form ejωt is assumed, where
j ≡
√
−1, ω is the angular frequency, and t is time.

2.1 Semi-infinite periodic structure

Figure 1 shows an acoustic waveguide with a linear array of equally-spaced loudspeakers mounted at the
duct wall. The unit cell of this periodic structure is made up of a uniform duct of length L with a branch
loudspeaker located at its midpoint. The duct element is modeled here as a standard one-dimensional waveg-
uide, which is a distributed-parameter element defined by its characteristic acoustic impedance, Zc = ρc/S,
where S is the cross-section area of the duct, ρ is the density of the medium, and c is the sound speed in the
absence of wave reflections. The branch loudspeaker is modeled as a lumped-parameter element represented
by an acoustic impedance, Z, that will be addressed on Section 2.3. Therefore, the impedance-type electroa-
coustic analogy leads to an equivalent unit cell that is a shunt impedance with a length L/2 of transmission
line on each side. The resulting analogous circuit is shown on the right of Fig. 1, where Pn and Un are the
sound pressure and volume velocity at the entry of the nth cell.

x

L

unit cell

Z Z ZZZ P
n P

n+1

U
n

U
n+1

nth cell

forward
wave

backward
wave

Bloch wave

Figure 1: Acoustic waveguide periodically loaded by side-branch loudspeakers (on the left) and its
impedance-type analogous circuit (on the right).

The system depicted in Fig. 1 is a semi-infinite periodic structure. It is a cascade connection of an infinite
number of cells, but only for x ≥ 0. The sound source that excites the system is located somewhere on the
left of the first cell (x < 0). At this region, the sound field can be conveniently decomposed on classical
forward (+x direction) and backward (−x direction) propagating waves, which present a sinusoidal variation
along x. The forward wave is the incident wave to the periodic structure, whereas the backward wave is the
reflected wave. For x ≥ 0, it is advantageous to deal with Bloch wave functions [7, 8]. A Bloch wave is
a complex waveform in the space domain that may propagate along a periodic structure. It assimilates the
multiple reflections that take place along the waveguide, so that it does not present a sinusoidal variation
along x.

The acoustic variables at the input and output of a unit cell are related by
[
Pn
Un

]
=

[
A B
C D

]

︸ ︷︷ ︸
≡ Φ

[
Pn+1

Un+1

]
, (1)
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where Un = UnZc is the normalized volume velocity and Φ is the transfer matrix of the unit cell. If the peri-
odic structure is able to support a propagating Bloch wave, then the acoustic signals at the (n+ 1)st terminal
must be a delayed version of the signals at the nth terminal, i.e., Pn+1 = e−κLPn and Un+1 = e−κLUn,
where κ is the propagation constant for the periodic structure [7]. The substitution of these equations into
(1) leads to [

A B
C D

] [
Pn+1

Un+1

]
= eκL

[
Pn+1

Un+1

]
, (2)

which shows that κ can be derived from the eigenvalues of Φ. For the special case of a uniform duct
(physically smooth waveguide), κ = ±jk, where k = ω/c is the classical acoustic wavenumber. The plus
and minus signs refer to classical sinusoidal waves in the −x and +x directions, respectively.

The characteristic impedance of the periodic structure, ZB, is the impedance of a Bloch wave at the input
terminals of a unit cell, i.e., ZB = Pn/Un = Pn+1/Un+1. From (2), one has

ZB =

(
eκL −D
C

)
Zc. (3)

Let Zin be the input impedance of the periodic waveguide (at x = 0), which can be used to evaluate the
reflection and absorption coefficients. The pressure reflection coefficient, Γ, is defined as the ratio between
the sound pressures of the reflected and incident waves at x = 0. The absorption coefficient, α, is the ratio
between the sound power transmitted to the periodic structure at x = 0 and the sound power of the incident
wave. These three variables are related by

Γ =
Zin − Zc

Zin + Zc
and α = 1− |Γ|2. (4)

For a semi-infinite structure, Zin = ZB, so that (3) and (4) can be used to compute Γ and α.

For the unit cell under study, the transfer matrix can be obtained from the transfer matrices of a uniform duct
with length L/2, Φd, and of a lumped shunt element, Φs, which are given by [9]:

Φd =

[
cos(kL/2) j sin(kL/2)
j sin(kL/2) cos(kL/2)

]
(5)

and

Φs =

[
1 0

Zc/Z 1

]
. (6)

Since Φ = ΦdΦsΦd, (5) and (6) lead to

Φ =




cos(kL) + j
Zc

2Z
sin(kL)

Zc

2Z
cos(kL) + j sin(kL)− Zc

2Z
Zc

2Z
cos(kL) + j sin(kL) +

Zc

2Z
cos(kL) + j

Zc

2Z
sin(kL)


 . (7)

The inspection of this matrix reveals that A = D and det[Φ] = 1, as expected for a symmetrical and
reciprocal network.

2.2 Finite periodic structure

In a theoretical framework, it would be better to use a semi-infinite uniform duct instead of a semi-infinite
periodic structure, so that Zin = Zc in (4) and the system would be fully absorbent (α = 1), as desired for
this paper purposes. However, semi-infinite absorbers are of little practical interest. A real electroacoustic
absorber must be finite with a number of loudspeakers as small as possible. Figure 2 shows a finite system
made up of N = 5 branch loudspeakers and terminated by a larger loudspeaker, which is represented by the
acoustic impedance Zt = PN+1/UN+1 in the analogous circuit.
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Figure 2: Acoustic waveguide loaded by five side-branch loudspeakers and terminated by a larger loud-
speaker (on the left), and its impedance-type analogous circuit (on the right).

The impedance Zt greatly affects the input impedance, Zin = P1/U1. The latter can be derived from Zt and
Φ by using the transfer matrix method,

[
P1

U1

]
= ΦN

[
PN+1

UN+1

]
⇒
[
P1

U1

]
=

[
E F
G H

] [
PN+1

(Zc/Zt)PN+1

]
, (8)

where E , F , G, andH are the entries of ΦN . Therefore,

Zin =
E + F(Zc/Zt)

G/Zc +H/Zt
, (9)

which can be used in (4) to evaluate the absorption coefficient.

The problem addressed in this work is essentially an impedance-matching problem, in which the electroa-
coustic system must be designed to achieve Zin ≈ Zc over a bandwidth as large as possible.

2.3 Electrodynamic loudspeakers

To evaluate the acoustic impedances Z and Zt, the direct-radiator loudspeaker is modeled here as a damped
mass-spring mechanical system coupled to an electrical circuit through an electrodynamic motor. Fig. 3
shows the impedance-type analogous circuit representing this model with the electrical quantities referred to
the mechanical side [10], where u is the velocity of the loudspeaker diaphragm, f is the net force acting at
the diaphragm due to the acoustic waves, Mm is the loudspeaker moving mass (diaphragm and voice-coil),
Cm is the suspension compliance, Rm is the mechanical resistance of the suspension, Re is the voice-coil
resistance, Ze is the electrical impedance of a circuit that may be connected to the voice-coil terminals, and
Bl is the transduction coefficient, which is the product between the magnetic flux density and the length of
wire on the voice-coil winding.

Mm Cm Rm

(Bl)2
___ 
Re

(Bl)2
___ 
Ze

f

u

mechanical part electrical part

Figure 3: Impedance-type analogous circuit for an electrodynamic loudspeaker.

Let Sd be the effective area of the loudspeaker diaphragm, so that the sound pressure acting at the diaphragm
is f/Sd, the volume velocity is uSd, and the acoustic impedance becomes Z = (f/u)/S2

d . Therefore, the
analysis of the circuit shown in Fig. 3 leads to

Z(ω) =

[
jωMm +

1

jωCm
+Rm +

(Bl)2

Re + Ze

]
1

S2
d
. (10)
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This same equation can be used to compute Zt.

There are some special cases of (10) that are worthy of note. If the voice-coil terminals are short-circuited,
Ze = 0. On the other hand, Ze → ∞ if the voice-coil terminals are open-circuited, so that the term
(Bl)2/(Re +Ze) does not contribute to Z (or Zt), as expected since there is no current flowing in the voice-
coil. For the larger loudspeaker at the end of the duct, an optimum point should be sought between these two
extreme cases. Consider a system without the periodic branch loudspeakers, so that the sound absorption
is fully determined by Zt only. Then, a perfect absorption will be achieved if Zt = Zc, i.e, ={Zt} = 0
(resonance condition) and <{Zt} = ρc/S. Therefore, Ze can be chosen to obtain full absorption (α = 1) for
a desired frequency. If Ze is purely resistive and Sd = S, then its optimum value is given by

[
Rm +

(Bl)2

Re + Z
(opt)
e

]
1

S2
d

=
ρc

S
⇒ Z(opt)

e =
(Bl)2

ρcS −Rm
−Re, (11)

which leads to α = 1 at the natural frequency of the loudspeaker, ω =
√

1/(MmCm). We will show on
the next section that the absorption bandwidth can be substantially increased by combining this narrow-band
absorber with a periodic structure of branch loudspeakers.

3 Simulation results

This section presents simulation results for an electroacoustic waveguide with commercial loudspeaker units
of nominal diameters of 1 in (Aurasound NSW1-205-8A) and 3 in (Aurasound NS3-193-8A). Table 1 shows
their electromechanical features derived from the Thiele-Small parameters [2] given in the loudspeaker
datasheets. The 1-in loudspeakers were used as side branches to form the periodical structure, whereas the
3-in loudspeaker was used as the duct termination. The remaining adopted parameters were ρ = 1.2 kg/m3,
c = 340 m/s, L = 80 · 10−3 m, and S = 31 · 10−4 m2. In addition, a 14.6-Ω resistor was connected to the
voice-coil terminals of the 3-in loudspeaker according to (11).

Table 1: Electromechanical parameters of the simulated loudspeakers

Parameter Aurasound NSW1-205-8A Aurasound NS3-193-8A
Nominal diameter 1 in (25 · 10−3 m) 3 in (70 · 10−3 m)

Sd [m2] 5.31 · 10−4 31 · 10−4

Mm [kg] 0.5 · 10−3 4.3 · 10−3

Cm [m/N] 1155 · 10−6 920 · 10−6

Rm [N/m/s] 0.3133 0.2702
Re [ohm] 6.3 7.6
Bl [T ·m] 1.9 4.7

For a circular duct of radius a, the assumed one-dimensional propagation holds for ka < 1.84 [9]. Since
a =

√
S/π = 0.0314 m, this constraint is fulfilled for frequencies smaller than 3170 Hz approximately.

In addition, Bragg reflection in the periodic structure takes place at kL = π [11], which corresponds to
a frequency of 2125 Hz and is detrimental to sound absorption. These frequencies are above the range of
interest for electroacoustic absorption, so that this paper does not deal with undesirable three-dimensional
propagation and Bragg reflection.

Figure 4 shows the absorption curves for different configurations of electroacoustic absorbers. The bench-
mark configuration corresponds to a conventional absorber (without branch loudspeakers) made up of a
single loudspeaker mounted at the duct termination. For the branch loudspeakers of the periodic waveg-
uides, both open-circuit (a) and short-circuit (b) conditions were considered. The vertical lines indicate the
natural frequencies of the 3-in and 1-in loudspeakers: 80 Hz and 209 Hz, respectively. Note that α ≈ 1 near
80 Hz due to the 14.6-Ω resistor connected to the terminals of the 3-in loudspeaker. The curves show that
the absorption bandwidth can be substantially increased by adding a periodic array of small loudspeakers to
the conventional absorber. The bandwidth becomes larger as the number of branch loudspeakers increases,
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and full absorption is virtually achieved for a semi-infinite structure (N → ∞). In addition, a compari-
son between Figs. 4-a and 4-b shows that open-circuit loudspeakers lead to a larger absorption bandwidth,
especially for systems with a small number of branch loudspeakers.
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Figure 4: Absorption coefficient for a single 3-in loudspeaker (“benchmark”) and periodic waveguides of N
1-in loudspeakers with (a) open-circuit terminals, and (b) short-circuit terminals.
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Figure 5: Absorption coefficient for a single 3-in loudspeaker (“benchmark”) and periodic waveguides of N
1-in loudspeakers with open-circuit terminals and Rm = 0.

The periodic structure leads to an improved absorption performance due to the presence of mechanical damp-
ing in the unit cell. Indeed, if we let Rm = 0 for the 1-in loudspeakers in the simulations, the periodic
structure has a minor effect on the absorption curve, except near 209 Hz, as shown in Fig. 5. In this case, the
1-in loudspeakers play the role of branch undamped Helmholtz resonators with resonance at 209 Hz. Such
devices are known to selectively inhibit waves in a narrow frequency range around the resonance [9], which
explains the dip in the absorption curves near 209 Hz. For the infinite periodic structure, this can also be
seen in the Brioullin diagram shown in Fig. 6. It relates kL with ={κL}, where a narrow stopband around
kL = 0.1π can be identified, corresponding to the natural frequency of the branch resonator. Acoustic waves
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in this narrow frequency range cannot propagate throughout the periodic structure, so that they are strongly
reflected back toward the sound source, leading to α ≈ 0, as previously described in the literature [11, 12].
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Figure 6: Brioullin diagram for a periodic waveguide made up of 1-in loudspeakers with open-circuit termi-
nals and Rm = 0.

4 Conclusions

This paper investigated the behavior of periodic arrays of branch loudspeakers as electroacoustic absorbers
in ducts. The unit cell was made up of a 1-in loudspeaker mounted as a side branch on a uniform duct. Finite
and semi-infinite structures were considered. For the finite configurations, the duct was terminated by a 3-in
loudspeaker with a resistor connected to the voice-coil terminals, which was tuned to achieve full absorption
at the natural frequency of the loudspeaker. A conventional absorber with a single 3-in loudspeaker (without
branch loudspeakers) was considered as a benchmark configuration.

It was shown through numerical simulations that the periodic structure may lead to a larger absorption band-
width than the conventional absorber, even if only five cells of 80 · 10−3 m length are used. This result is due
to the mechanical resistance of the suspension of the branch loudspeakers. Indeed, periodic waveguides with
undamped resonators are not suitable for sound absorption applications, which also lead to an undesirable
stopband near the natural frequency of the side-branch resonators.
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Abstract
Phononic crystals, artificial materials constituted by a periodical repetition of elements, can inhibit the propa-
gation of elastic or acoustic waves in certain frequency ranges, referred to as bandgaps. These frequency gaps
originate from destructive interference when the characteristic length of the periodicity within the phononic
crystal is equal to half the wavelength of the incoming waves. Therefore, unless an extremely large lattice
constant is considered, achieving large stop bandwidths at low frequencies is practically impossible. How-
ever, recent observations show that inertial amplification mechanisms can elude this limitation. In this work,
an inertial amplification mechanism is used to design a periodic structure endowed with a low frequency
bandgap. Simplified analytical and finite element models of the unit cell are developed to obtain the dis-
persion properties of the infinite structure. Finally, we perform a frequency response analysis on the finite
structure to investigate the transmission of mechanical vibrations and assess the attained attenuation level.

1 Introduction

Phononic crystals are artificial periodic composite materials specifically designed to inhibit the propagation
of elastic or acoustic waves in certain frequency ranges, referred to as bandgaps or stop bands [1, 2]. One of
the challenges when designing these materials for vibration attenuation is to obtain wide and deep stop bands
at a low-frequency range. In phononic crystals, bandgaps originate due to wave destructive interference when
the wavelength becomes comparable to the lattice constant (the so-called Bragg scattering mechanism [3]).
In particular, the lowest frequency bandgap occurs for a frequency value equal to the ratio between the wave
speed (longitudinal or transverse) of the medium and the lattice constant [4]. Therefore, in order to create
low frequency Bragg gaps, low wave speeds or large lattice constants are required, which can be attained
through the use of high density/low modulus materials or large-sized structures.

An alternative approach to the creation of bandgaps for arresting wave propagation is represented by locally
resonant metamaterials [5, 6]. These architected materials comprise inclusions/elements resonating at spe-
cific frequencies, to which part of the vibration energy is transferred. Several works have been focused on the
study and design of locally resonant metamaterials for wave and vibration attenuation [7, 8, 9]. Continuous
structures, such as beams [10] or plates [11], with attached resonant elements have been long investigated.
Recently, arrays of meter-large mechanical resonators embedded in the soil surface have been proposed with
the aim of shielding civil infrastructures from ground-borne vibrations [12, 13, 14].

Bandgaps induced by local resonance mechanism do not depend on the periodicity of the system, but are
dictated by the frequency of the local resonances [6] and can be created, in principle, at any arbitrary low fre-
quency. However, in practice, the stop band lower limit is bounded by spatial limitations and the bandwidth
is usually narrow, unless heavy resonant masses are employed.

Embedding inertial amplification mechanisms within the metamaterial unit cell allows to overcome the lim-
itations of the previous methods. Besides achieving deep and wide bandgaps at low frequencies without
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employing large lattice constant or heavy masses, the number of unit cells required to obtain a specific level
of attenuation, when designing the finite metastructure, is lower than that one needed by Bragg or local res-
onance mechanisms [15]. Different amplification mechanisms have been proposed and investigated so far.
One of the first designs that exploits an inertial amplification mechanism dates back to 1967 [16]. It is a
vibration isolator consisting of a levered mass in parallel with a spring. By amplifying the motion of a small
mass, the lever generates enhanced inertial forces, which cancel the elastic ones produced by the spring,
thus generating anti-resonance frequencies. Moreover, the inertial forces increase the apparent mass of the
system, decreasing the resonance frequency and allowing the isolator to operate in a lower-frequency range.

One of the most investigated amplification mechanism comprises a mass connected to two inclined moment-
free rigid links. This mechanism has been used as a backbone structural component in discrete [15, 17]
or continuous [18, 19] systems but also connected to a host structure, such as a rod [20], a beam [21],
or a mechanical oscillator [22]). An alternative method to amplify the inertia of the system exploits the
concept of chirality to couple the traslational and rotational motion of the mass elements by means of non-
centrosymmetric links [23, 24]. The introduction of a rotational degree of freedom (DOF) within the lattice
building block leads to an additional inertia contribution into the system, without increasing the total mass
or decreasing the total stiffness of the structure [25]. Recently, it has been shown that if this axial-rotary
coupling mechanism is embedded in a one-dimensional (1D) lattice with oppose-chirality unit cells, the
attenuation width considerably enlarges [26, 27]. In these studies, the inertia amplification mechanism is
implemented in monoatomic continuous lattices, i.e., periodic structures with one mass element per primitive
unit cell.

In this paper, we design a 1D diatomic (i.e., two mass elements per primitive unit cell) continuous lattice
with an embedded inertial amplification mechanism generated through the translational-rotational motion
coupling. The building block of the periodic structure consists of two non-equivalent mass elements, a
hollow-square plate and a ring, connected through arch-like ligaments. An analytical lumped parameter
model and a finite element model are developed to obtain the band diagram of the infinite diatomic lattice. A
wide stop band is found, with a bandwidth which considerably exceeds the one achievable by conventional
band gap generation methods. To tune the bandgap to a desired low-frequency range, multiple parametric
studies are conducted, varying the geometric parameters of the structure. After adopting those design param-
eters which maximise the bandwidth, we perform a frequency domain analysis to investigate the transmission
of mechanical vibrations through a sandwich panel comprising a core made of two metamaterial units and
two steel plates serving as sandwich faces.

2 Results

2.1 Inertial amplified metamaterial design

In this work, an axial to rotary conversion mechanism is designed within a 1D diatomic continuous lattice
with oppose-chirality unit cells. The goal is to achieve wide and deep bandgaps at low frequencies without
employing extremely large masses or lattice constant. Figure 1(a) shows the schematic of the designed
mechanism. A hollow-square plate of mass mp is connected to a circular ring of mass mr through four arch-
like ligaments. The geometry of the latter is exploited to couple the axial and rotational DOFs of the system.
In particular, due to the curved shape of the links, a relative motion of the mass elements in x-direction
triggers a relative rotational motion around the x-axis and the overall inertia of the system is increased.

2.2 Analytical lumped parameters model

To analytically derive the dispersion properties of the infinite lattice structure, a lumped parameters model
is considered. While the hollow-square plate and the ring contribute to the mass and the moment of inertia
of the system, the arch-like ligaments provide the elastic response. We assume that both mass elements are
rigid and can move axially and rotate around their symmetry axes, remaining parallel to the y-z plane. The
ligaments are modelled according to the Euler-Bernoulli theory assuming negligible shear deformation. We
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Figure 1: (a) Building block of the inertial amplified metastructure. (b) 1D Infinite periodic array. (c)
Analytical and numerical model for the arch-like ligament.

choose not to adopt the Winkler-Bach theory, since the assumed radius of curvature is large compared to the
dimension of the beam cross-section (R/l = 20) [28]. To obtain the band structure of the infinite periodic
array, depicted in Fig. 1(b), we conduct an equilibrium analysis on the ith building block. The equations of
motion for the ith square plate and the ith ring can be expressed as:

mpüp,i = F (ur,i − up,i, βr,i − βp,i)− F (up,i − ur,i−1, βp,i − βr,i−1) (1)

Ipβ̈p,i = Mt(ur,i − up,i, βr,i − βp,i)−Mt(up,i − ur,i−1, βp,i − βr,i−1) (2)

mrür,i = F (up,i+1 − ur,i, βp,i+1 − βr,i)− F (ur,i − up,i, βr,i − βp,i) (3)

Irβ̈r,i = Mt(up,i+1 − ur,i, βp,i+1 − βr,i)−Mt(ur,i − up,i, βr,i − βp,i) (4)

where up, βp, ur, βr represent the axial and rotational displacements of the square plate and the ring, respec-
tively, Ip and Ir are the related moments of inertia, and F and Mt describe the axial and torsional elastic
forces of the system provided by the arch-like ligaments. The stiffness of the links is derived by considering
the strain energy and, then, applying Castigliano’s second theorem. We first consider the arch-like ligament
highlighted in yellow in Fig. 1(a) and depicted in Fig. 1(c). Since the mass elements can only move axially
and rotate around their symmetry axes, remaining parallel to the y-z plane, the rotations around z axis are
not allowed at nodes 1 and 2 of the arch-like ligament (see Fig. 1(c)). The resulting stiffness matrix for
the curved beam element, which relates the vertical (Fx,1, Fx,2) and horizontal (Fy,1, Fy,2) forces with the
displacements (ux,1, uy,1, ux,2, uy,2), can be expressed as [29]:



Fx,1

Fy,1

Fx,2

Fy,2


 =

EJ

R3




a1(θ, I, A,R) a3(θ, I, A,R) −a1(θ, I, A,R) −a3(θ, I, A,R)
a3(θ, I, A,R) a2(θ, I, A,R) −a3(θ, I, A,R) −a2(θ, I, A,R)
−a1(θ, I, A,R) −a3(θ, I, A,R) a1(θ, I, A,R) −a3(θ, I, A,R)
−a3(θ, I, A,R) −a2(θ, I, A,R) a3(θ, I, A,R) a2(θ, I, A,R)







ux,1
uy,1
ux,2
uy,2


 (5)

where a1, a2 and a3 are functions depending on the opening angle of the arch θ, the Young’s modulus E, the
radius R, the area A, and the moment of inertia J of the cross section. Via adoption of the aforementioned
considerations, we derive the stiffness matrices of the other seven arch-like ligaments.

Assuming small displacements, the horizontal displacements of the curved beam nodes and the rotation of
the mass elements are geometrically related by uy/z,1/2 =

√
2
2 Rpβp (if the node is linked to the plate) and

uy/z,1/2 = βrRr (if the node is linked to the ring), whereRr is the external radius of the ring andRp =
√

2Rr

is the distance between the center of the square plate and its vertex, where the arch-like ligament is joined.
The vertical displacements of the curved beam nodes, instead, coincide with the axial motion of the mass

PERIODIC STRUCTURES AND METAMATERIALS 2565



elements (ux,1/2 = up or ux,1/2 = ur).

Finally, by assuming solutions of the form ui = ūie
ika−iωt, βi = β̄ie

ika−iωt and applying the Bloch theorem
[3], the equations of motion can be rewritten, in matrix form, as:

ω2




mp 0 0 0
0 Ip 0 0
0 0 mr 0
0 0 0 Ir







ūp
β̄p
ūr
β̄r


 =

= 4
EJ

R3




2a1 0 −a1(1 + e−ika) −a3Rr(1− e−ika)

0 a2Rp
2 −

√
2
2 a3Rp(1− e−ika) −

√
2
2 a2RpRr(1 + e−ika)

−a1(1 + e+ika) −
√
2
2 a3Rp(1− e+ika) 2a1 0

−a3Rr(1− e+ika) −
√
2
2 a2RpRr(1 + e+ika) 0 2a2Rr

2







ūp
β̄p
ūr
β̄r




(6)

where ūp, β̄p, ūr, β̄r are the amplitudes of the axial and rotational displacements of the plate and the ring,
respectively, ω is the circular frequency, i is the imaginary unit, k is the wavenumber and a is the lattice
constant.

It is worth noting that, due to the axial-rotary motion coupling, in each of the four equations an additional
term arises which decreases the elastic force, contributing to lower the resonant frequency of the system.
These additional terms appear only when considering the dynamic response of the system, but not the static
one (when the wavenumber k is zero). Indeed, for k = 0, the stiffness matrix reads:

Kstatic =




2a1 0 −2a1 0

0 a2Rp
2 0 −

√
2a2RpRr

−2a1 0 2a1 0

0 −
√

2a2RpRr 0 2a2Rr
2


 (7)

The axial-rotary coupling terms vanish and the translational response of the system is decoupled from the
rotational one. Therefore, the designed translational and rotational DOFs coupling allows for reducing the
resonant frequency of the system without decreasing its static stiffness, needed to restrain large static defor-
mations. Furthermore, it generates enhanced inertial forces. If the additional coupling terms are re-written as
functions of the rotational DOFs βp and βr, the inertial amplification effect becomes evident. We show, for
instance, how the first equation of motion (Eq. 1), relative to the translational motion of the plate, modifies:

ω2

[
mpūp +

8
√

2a3a2R
2
rRpE

2J2(1− e−ika)(1 + e+ika)

cpcrR6
Ipβ̄p +

4EJa3Rr(1− e−ika)

crR3
Irβ̄r

]
=

4
EJ

R3

{[
2a1 −

4EJR2
ra

2
3(1− e−ika)(1− e+ika)

crR3

]
ūp+

−
[
a1(1 + e−ika) +

8E2J2a2a
2
3R

2
rR

2
p(1 + e+ika)(1− e−ika)2

cpcrR6

]
ūr

}
(8)

with cp = 4EJa2R
2
p/R

3 and cr = 8EJa2R
2
r/R

3 − 8E2J2a22R
2
pR

2
r(1 + e+ika)(1 + e−ika)/cpR

6. Two additional
mass terms arise, thus amplifying the total effective inertia.

We, then, derive the dispersion relation for the 1D infinite array by solving the resulting eigenvalue problem
in Eq. 6. Figure. 2(a) shows the analytical band structure (black lines) of the diatomic lattice made out of
steel (ρ = 7850 Kg/m3, E = 210 GPa) for Rr = R = 0.04 m, Rr,i = 0.03 m, Lp,i = 0.06 m, tp = 0.01 m,
tr = 0.008 m, θ = 3π/7 and J = l4/12 with l = 0.002 m being the cross section dimension of the arch-like
ligament. Four propagating modes along the x-direction are visible. The first two lower ones begin at zero
wavenumber for zero frequency, as the acoustic mode for the diatomic chain, and then reach asymptotically
the values of frequency 191 Hz and 236 Hz, respectively, with increasing wavenumber. Conversely, the third
and fourth mode have a non-zero frequency at zero wavenumber, as the optical mode. Consequently, a wide
stop band occurs between the second and the third mode, characterised by 118.1% gap to mid-gap ratio
(defined as the ratio between the gap width and the mid-gap frequency ∆f/fm). A second stop band, less
wider than the previous one (5.2% gap to mid-gap ratio), occurs between the third and fourth mode.
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Figure. 2(b) shows the analytical mode shapes for the four different branches of the dispersion relation for
certain values of wavenumber k. The first mode, depicted for k = 10.7 rad/m, is mainly a combination of
rotary motion of the plate and axial-rotary motion of the disk. In the second branch, at k = 14.7 rad/m, the
axial motion of the plate and the axial-rotary motion of the disk prevail. The third mode, at k = 9.5 rad/m,
mainly involves a rotation of the mass elements, while in the fourth mode, at k = 5.3 rad/m, both the plate
and the disk mostly move axially. The distinction between these four branches is perceived more clearly for
a comparison at a close-to-zero wavenumber (infinite wavelength). Figure. 2(c) shows the four analytical
mode shapes for k = 0.3 rad/m. In the first vibration mode, the two mass elements rotate in phase and in
the second one the plate and the disk oscillate axially in phase, consistently with what is observed in the
acoustical branch of the diatomic lattice. To the contrary, for the third mode, the two mass elements exhibit
an out-of-phase rotation. Finally, in the fourth mode, the plate and the disk vibrate axially in opposing phase,
consistently with what has been observed in the optical branch of the diatomic chain.
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Figure 2: Dispersion analysis. (a) Analytical (black lines) and numerical (red dashed lines) band diagram of
the metastructure. (b) Mode shapes obtained from the analytical model. (c) Analytical mode shapes for a
close-to-zero wavenumber (k = 0.3 rad/m).

2.3 Finite element model

A three-dimensional (3D) finite element model of the inertial amplification mechanism is generated to verify
the analytical calculations. In particular, we model the unit cell of the infinite diatomic structure using
COMSOL Multiphysics R©. We, then, impose periodic Bloch boundary conditions on the unit cell sides
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and we perform an eigenfrequency analysis by sweeping the wave vector over the reduced Brillouin zone
to obtain the dispersion diagram. Multiple modes arise from the numerical band diagram. However, we
illustrate only those allowed by the analytical model, which assumes that the mass elements can translate
and rotate, remaining parallel to each other and to the y-z plane.

The numerical dispersion curves of the metastructure are shown in Fig. 2(a) (red dashed lines). The four
propagating modes along the x-direction for the 3D structure, obtained from the numerical model, are in
good agreement with the ones calculated with the analytical model (black lines). There is a slight mismatch
between numerical and analytical solution in the fourth branch of the dispersion relation. This is mainly due
to the approximation of the elastic forces in the lumped parameter model. In particular, in the numerical
model, the rigid ring constrains a small region of the ligament (brown-shaded region in the numerical model
of the ligament shown in Fig. 1(c)), slightly affecting the elasticity of the latter. In the analytical model,
this is partly taken into account, considering the opening angle of the curved connection θ smaller than π/2
(θ = 3π/7). Figures 3(a)-(b) depict the numerical mode shapes of the structure, for the same k values
considered in the analytical model (Figs. 2(b)-(c))), which are in good agreement with the results obtained
from the lumped parameter model.
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Figure 3: (a) Mode shapes obtained from the numerical model. (b) Numerical mode shapes for a close-to-
zero wavenumber (k = 1.3 rad/m).

2.4 Parametric Studies

In order to understand how the band diagram of the proposed structure is affected upon variation of the design
parameters, a parametric study is conducted on the unit cell using the numerical model. In order to enhance
clarity, the impact of variation of each parameter on the metastructure performance is analysed individually.
In particular, the material properties are maintained as fixed, while we examine the effect of the variation of
the following design parameters: external and internal radius of the ring (Rr, Rr,i), internal edge of the plate
(Lp,i), cross section dimension of the arch-like ligament (l) and thickness of the ring and of plate (tr, tp).
The performance of the metastructure is evaluated in terms of the opening (fop) and closing (fcl) frequency
of the bandgap and gap to mid-gap ratio (∆f/fm).

The first parameter we analyse is the external radius of the ring Rr, which is intrinsically linked by design
to the external edge of the plate (Rp =

√
2Rr) and the radius of the curved ligaments (R = Rr). Table 1

indicates that when the ring radius increases, the opening frequency of the bandgap decreases while the
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normalized bandwidth increases. In particular, both the translational mass, as well as the rotational one (in
particular) increase and, consequently, the frequency of the 2th axial-torsional coupled mode, which opens
the stop band, considerably decreases.

Next, we investigate the variation of the thickness of the mass elements (tr and tp). The results indicate that
when increasing the thickness, the bandgap lower limit shifts toward lower frequencies (see Table 2). The
normalized bandwidth slightly narrows when tr increases, while it grows when tp increases.

The results on the dependence of the band structure on the cross section dimension of the ligaments l are
shown in Table 3. With the increase of l, the overall stiffness of the system increases and, as intended, the
bandgap shifts towards higher values, narrowing its width.

Table 1: Opening and closing frequency of the bandgap and gap to mid-gap ratio with respect to the radius
of ring Rr (and, consequently, Rp and R.)

Rr (mm) fop (Hz) fcl (Hz) ∆f/fm (%)
20 1215.9 4097.4 108.5
40 231.4 925.0 120.0
60 90.3 370.8 121.7
80 47.6 198.0 122.4
100 29.2 122.2 122.9

Table 2: Opening and closing frequency of the bandgap and gap to mid-gap ratio with respect to the thickness
of the ring tr and of the square plate tp.

tr (mm) fop (Hz) fcl (Hz) ∆f/fm (%)
4 250.9 1065.1 123.7
8 231.4 925.0 120.0
16 189.9 753.3 119.5

tp (mm) fop (Hz) fcl (Hz) ∆f/fm (%)
5 262.6 927.4 111.7
10 231.4 925.0 120.0
20 182.2 799.5 125.8

Table 3: Opening and closing frequency of the bandgap and gap to mid-gap ratio with respect to the cross
section dimension of ligament l.

l (mm) fop (Hz) fcl (Hz) ∆f/fm (%)
1 51.0 220.7 124.9
2 231.4 925.0 120.0
4 984.0 2487.4 86.6

Table 4 and Figs. 4-5 show how the internal radius of the ringRr,i and the internal edge of the plateLp,i affect
the band structure of the metamaterial. As Rr,i decreases, the inertia of the ring increases and, consequently,
the frequency of the 2th axial-torsional coupled mode decreases, at the expense of the bandwidth, which
reduces. However, it is worth noting that the bandgap opening is not strongly affected by changes of Rr,i,
when the latter is lower than 20 mm. This is because when passing from Rr,i = 20 mm to Rr,i = 0 mm,
i.e., when the ring becomes a full disk, the rotational mass remains nearly constant, with the translational
mass alone increasing. However, the rotational mass makes a greater contribution than the translational
mass to the overall inertia of the system in the opening mode of the bandgap. Therefore, the increase of the
translational mass over the overall inertia of the system is negligible and no relevant changes are noted in the
band diagram.

The same applies in terms of the influence of Lp,i. When Lp,i decreases, the inertia of the plate increases,
leading to both a downward shift and an enlargement of the bandgap. However, the stop band opening is not
strongly affected by changes of Lp,i, when the latter becomes lower than 30 mm.
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Table 4: Opening and closing frequency of the bandgap and gap to mid-gap ratio with respect to the internal
ring radius Rr,i and to the internal plate edge Lp,i.

Rr,i (mm) fop (Hz) fcl (Hz) ∆f/fm (%)
0 207.8 776.2 115.5
20 211.9 830.3 118.7
30 231.4 925.0 120.0
35 251.1 1057.6 123.4

Lp,i (mm) fop (Hz) fcl (Hz) ∆f/fm (%)
0 177.1 833.2 129.9
40 195.5 861.3 126.0
60 231.4 925.0 120.0
70 261.3 997.7 117.0
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Figure 4: Band diagram for two different values of internal radius of the ring (Rr,i = 35 mm and Rr,i = 0
mm). The gray-shaded zone demonstrates the variation of the bandgap region as Rr,i decreases from 35 mm
to 0 mm.
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Figure 5: Band diagram for two different values of the internal edge of the plate (Lp,i = 70 mm and Lp,i = 0
mm). The gray-shaded zone demonstrates the variation of the bandgap region as Lp,i decreases from 70 mm
to 0 mm.

2.5 Vibration isolation in the finite metastructure

After conducting a parametric study to investigate the linear elastic wave propagation in the infinite diatomic
array under variation of the geometrical parameters of the unit cell, we perform a frequency domain analysis
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Figure 6: Frequency domain analysis. (a) Schematic of the inertial amplified metastructure. (b) Band dia-
gram of the infinite lattice. (c) Transmission loss through the structure as a function of frequency.

on the finite metastructure. Figure 6(a) shows the schematic of the proposed finite structure, a panel formed
by two inertial amplified units enclosed by two steel sheet layers. The number of units has been chosen
taking into account the desired level of attenuation, as well as the static (restrained deformations) and spatial
(panel thickness) requirements that the structure has to meet. The adopted design parameters for the unit cell
are: Rr = R = 80 mm, Rr,i = 65 mm, Lp,i = 130 mm, tr = 15 mm, tp = 16 mm, l = 2 mm. These values
allow for achieving a large stop bandwidth at low frequencies, from 30.7 to 128.9 Hz. Figure 6(b) exhibits
the band diagram of the infinite lattice: the gray-shaded zone highlights the stop band.

To assess the attenuation properties of the proposed inertial amplified metastructure, we study the response
of the panel subjected to harmonic axial excitations. In particular, we carry out harmonic simulations from
1 to 180 Hz with an imposed displacement ūx(f) = ūx0e

iωt with ūx0 = 0.001 m, applied to the left end of
the panel (see Fig. 6(a)). We consider a material loss factor of η = 0.002, typical of steel structures.

Figure 6(c) depicts the transmission loss through the structure as a function of frequency, calculated as
20 log(ux,end(f)/ūx(f)), where ux,end(f) is the x-component of the displacement field computed on the
right end of the panel. The gray-shaded zones highlight the frequency regions where the logarithmic ratio
between transmitted and imposed vibrations becomes lower than zero. From 24.9 to 112.1 Hz, a wide signal
reduction occurs, confirming the filtering behaviour of the bandgap region of Fig. 6(b) obtained from the
infinite metastucture analysis, with vibration values decreasing of 2 orders of magnitude (i.e. −92 dB =
20 log(10−2)). Two slightly amplified peaks appear at 7 and 24 Hz, respectively, generated as a consequence

PERIODIC STRUCTURES AND METAMATERIALS 2571



of the activation of the 1th and 2th axial-torsional coupled modes. While in the mode associated with the
lowest resonant frequency (7 Hz) the maximum displacement occurs at the right end of the panel, in the
other vibrating mode it is located inside the core of the panel. These peak frequencies can be manipulated
by changing the material of the structure (for instance, employing high-damping alloys instead of steel) or
further manipulating the geometry of the ligaments (for instance considering a parabolic-arch geometry).
It is worth noting that the modes in the pass-band region from 145 to 166 Hz are not effectively activated.
Consequently, the first and second bandgaps are merged and the filtering properties of the metastructure are
enhanced.

3 Conclusions

In this study, an axial to rotary conversion mechanism is investigated to obtain a large stop band at low
frequencies. In particular, we design a 1D phononic structure, whose repeating building block consists of a
hollow-square plate connected to a circular ring through four arch-like ligaments. The curved geometry of
the connection beams allows for coupling the translational motion of the mass elements to the rotational one,
thus increasing the overall inertia of the system.

An analytical lumped parameters model with axial-rotational coupled DOFs and a finite element model are
developed to obtain the band diagram of the 1D infinite metastructure. The lower limit of the originated
bandgap is governed by the 2th axial-torsional coupled mode of the unit cell, which occurs at low frequen-
cies as a result of the increased inertia of the system. Parametric studies performed on the unit cell are
conducted to determine the design parameters of the metastructure which allow for achieving a large stop
bandwidth at low frequencies. Finally, a frequency response analysis is performed on the finite structure to
assess the attained vibration attenuation. A wide attenuation gap occurs within the frequency region of the
predicted stop band, confirming the results obtained from the infinite metastucture study. Two slightly am-
plified peaks, describing the resonance phenomena of the inertially amplified system, precede the bandgap.
These peak frequencies can be manipulated by, for instance, introducing some levels of damping in the struc-
ture, or altering the geometry of the ligaments in order to shift the stop band to further lower frequencies.
Interestingly, the modes of the second pass-band region are not effectively activated and, consequently, the
first and second bandgaps are merged, thus enhancing the filtering properties of the metastructure.
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Abstract
This work aims to delve into the knowledge of dynamic interaction of wheel and track in the presence
of flats. To this end, a comprehensive physical time-domain model is developed based on a numerical
track model considering the dynamic behaviour in the high-frequency range. Three different wheel flat
models that represent different evolution phases of the wheel flat (newly formed, slightly rounded and heavily
rounded) are introduced in the model. Once the model is built, the influence of three variables in the wayside
accelerations is assessed: the flat shape, the span length and the position of the flat impact within the bay. The
previous theoretical study has been complemented through experimental measurements. In each rail, a strain
gauge arrangement detects the passage of each wheel, and three accelerometers take measurements covering
the whole turn of each of them. Good correlation between experimental measurements and theoretical results
is observed.

1 Introduction

Wheels are one of the most important components in railway transportation due to the significant role they
play in multiple key problems of train circulation, such as safety or comfort. More specifically, their interac-
tion with the rail determines to a great extent the vehicle dynamics. This wheel-rail contact occurs in a small
area, due to the high hardness of the materials, which combined with their low dissipation minimises losses
and ensures high efficiency of circulation (undoubtedly one of the main advantages of railway transporta-
tion). Nonetheless, the high hardness and small contact area also make little defects, both in rail and wheel,
to have a great influence in vehicle dynamics. In the case of a defect on the wheel, it will continuously cause
large dynamic forces and be detrimental to both track and vehicle.

One of the most common wheel defects are flats: local wheel tread imperfections with circumference chord
shape. They result from excessive braking that locks the wheel and makes it to slide along the rail. Presence
of external elements such as leaves, grease or snow reduces the adhesion and aggravates the problem.

In the sliding process, part of the wheel material, whose hardness is usually lower than that of the rail,
is deformed and even torn away, creating the wheel flat. Friction between wheel and rail also raises the
temperature in the contact point, although it rapidly cools down when the wheel starts rolling again, leading
to martensite formation. The resulting residual stresses between different phase zones and the brittle nature
of the martensitic structure, combined with the periodic impacts against the rail, lead to cracks that may
evolve into the spalling problem [1].

However, the problems wheel defects generate do not limit to the wheel condition and maintenance. Flats
produce an impact on the rail every wheel turn and can cause serious damage on the track, shortening the
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life of rail [2]. Apart from that, these impacts cause noise and vibration problems that affect the comfort of
passengers. Therefore, it is necessary to detect these defects and solve them as promptly as possible.

The prediction of flats formation is precluded by the sudden way in which they happen, and therefore the
defect can only be corrected once it has occurred. Traditionally, these defects would only be detected in
thorough workshop inspections, so defective wheels were usually in service for a considerable amount of
time before they were corrected. However, technological advances in recent years have led to a transition
towards a Condition Based Maintenance (CBM), which pursues applying maintenance procedures based on
the condition of components instead of only doing it periodically.

In order to know the condition of components while vehicles are in-service, different types of sensors can
be used. Depending on their installation, two main approaches are distinguished: on-board techniques, in
which sensors are placed on the vehicle, and wayside techniques, where sensors are installed on a fixed
point of the track. In the case of wheels, the most straightforward way to estimate their condition would
be to install accelerometers in the axle-box of each wheel and study their vertical acceleration, which is an
on-board approach. Some examples of this procedure are presented in [3, 4, 5, 6]. Despite being the easiest
way to estimate the condition of each wheel, it requires using one accelerometer per wheel, which can be too
expensive in several applications.

Economic feasibility makes the wayside approaches a more suitable choice than on-board techniques, and
nowadays, there are several commercial products able to detect flats using Wheel Impact Load Detector
(WILD) systems [7]. These detectors generally consist of a series of strain gauges installed on the rail.
Excessively high contact forces may reveal the existence of flats, although there are several parameters that
affect the contact force apart from the defects. This is why some studies have further analysed contact forces
in the presence of flats.

In this regard, A. Pieringer [9] has assessed the effect of several parameters (such as speed, flat depth or
impact position within the span) on the contact force as well as analysed the validity of different theoretical
models to simulate contact forces for wheels with flats. Similarly, N. Correa [10] has carried out a thorough
study on the contact force in the presence of rail welds, whose effects on the contact resemble those of the
flats.

The measurement of the contact force can be performed by using strain gauges. However, the main problem
of designing a strain gauge based flat detector is that these sensors can only obtain information about the
contact force when the wheel is close to the sensor. Therefore, this kind of systems needs a large number of
gauges to cover the whole turn of each wheel, which leads to an increase in the cost of the systems. A. Alemi
developed a method to reconstruct a signal from a more reduced number of bridges in [11], and validated
the method using a test rig in [12]. In this way, the whole wheel circumference signal was obtained from a
series of incomplete signals, but the number of gauges was still considerable and depended on parameters as
wheel diameter or speed. On the contrary, an accelerometer is able to detect the effect of local defects even
when they contact the rail far from its position, since vibrational waves are rapidly transmitted along the rail.

Some systems have been designed in order to detect wheel flats using accelerometers, as those that have been
described in [13, 14, 15] using field tests. Despite, some authors doubted about the possibility to estimate the
impact load using accelerometers [16], Lee and Chiu [17] have developed a method to obtain a good contact
force signal estimation from acceleration measurements. Belotti [13] has also described a system to estimate
the severity of the flats using wavelets. Nevertheless, the effect of different parameters on these accelerations
has hardly been assessed. In this regard, there are still gaps to be filled in the knowledge of the effect of flats
on rail accelerations that could enlighten this issue.

This paper presents preliminary results of an ongoing research whose aim is to study the rail vertical acceler-
ation in the presence of wheel flats from a theoretical point of view, making use of a numerical track model.
The model uses Timoshenko beams and Newmark resolution method. The effect of several parameters on
the acceleration of the rail is analysed by means of numerical simulations, and some experimental results
are presented too, showing a good correlation. The results prove that the flat shape and the position where it
impacts influence the signal magnitude and shape. The bay length also affects the track response.
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2 Description of the model

Several works have developed systems to detect wheel flats using accelerometers [13, 14, 15], although most
of them are based on field measurements and do not take into account many parameters that influence the
acceleration signal. A better understanding of these relationships would allow developing systems able to,
not only detect flats, but also asses their severity. However, carrying out a series of experimental tests for
all those parameters would be extremely expensive, so a theoretical approach using a numerical model is
chosen instead. This section explains the numerical model that has been used to simulate the response due
to defective wheels in different running conditions.

2.1 Track modelling

In order to study the wheel-rail dynamic interaction, a numerical model based on the finite element method
is formulated. The model uses the Timoshenko beam theory for the rail modelling, which considers the shear
strength and rotatory inertia of the rail section. In order to avoid the non-physical response of the standard
Timoshenko finite element, the numerical track model implements the local displacement representation
proposed by Blanco et al. [20].

The rail is attached to supports with a constant separation, S. They account for pads and ballast with Kelvin-
Voigt elements, and sleepers with point masses. The modelling of foundation as periodic allows the predic-
tion of the pinned-pinned resonances, which occur at those frequencies where the nodes of the rail modal
shape are separated by S/n, where n ∈ N.

Most model parameters are based on a straight section of Metro Bilbao, which has double-block sleepers
every 1 m. Figure 1 shows the predicted Frequency Response Function (FRF) of the track for excitation on
position 0.4 m of the bay, taking the start of the 0.16 m support as reference. The different lines of the graph
make reference to the vertical response of the rail in the middle of the support, and the quarter, half and
three-quarter positions of the span where the excitation is applied.

FRF in Figure 1 shows how the pinned-pinned mode appears as a peak at 430 Hz except for the position in
the middle of the support, where the node of the mode takes place. Analogously, at the central position of the
span the second pinned-pinned resonance (around 1360 Hz) is not noticeable and a little anti-resonance is
found in the graph due to the closeness of the excitation. These modes can easily be excited by a flat impact,
which justifies the use of Timoshenko beams.

Apart from that, a single side of the track is considered using a 2-D model, which Pieringer et al. [9] proved
to give good results. The contact is represented in the centre of a long section with 61 bays. The rail is long
enough to consider it as infinite, since vertical deformation and rotation vanish at a certain distance from the
contact.

The rail corresponds to the UIC54 type and its surface is considered perfectly smooth, with no defects.
Although this assumption is not realistic and irregularities that affect the wheel-rail interaction are always
present, the focus of this work is on studying the effect of wheel defects, whose modelling is discussed in
more detail later.

2.2 Vehicle

Units in Metro Bilbao have 4 or 5 coaches with two bogies of two wheel-axles each. However, the interest
in the present study lies on the wheel-rail interaction, so the vehicle has been simplified to its unsprung mass
(half of the axle mass) with the pre-load of the primary suspension applied to it (considering in this way the
mass of the eighth part of the coach). This simplification is justified on the basis that vehicle suspension
affects mainly the low-frequency range of the response, whereas the impact concerns the high-frequency
range. This is because the contact is much stiffer than the primary suspension.
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Figure 1: Accelerance of the track with 1 m bays.

2.3 Wheel-rail contact and wheel defects

A Hertzian non-linear contact is used to define the wheel-rail interaction and determine the contact force Fc

as:

Fc =

{
Kcδ

3/2 + Ccδ̇ δ > 0
0 δ ≤ 0

, (1)

whereKc is the Hertzian contact coefficient, Cc is the contact damping, and δ is the interpenetration between
wheel and rail, which reads

δ = zr − zw − zd , (2)

where zr and zw are the vertical rail and wheel displacements, respectively, and zd refers to the wheel defect.
This last term defines the wheel centre trajectory variation due to the defect on the wheel rim. As proven
by Pieringer et al. [9], it is important to introduce the wheel centre trajectory instead of the wheel profile
deviation. When the interpenetration is zero or negative, the contact force is null and it means that the wheel
has lost contact with the rail, which is possible to happen in the presence of disruptive defects such as flats.

The shape of flat evolves with time, and so does the wheel centre trajectory. This paper considers three
phases: newly formed, slightly rounded and heavily rounded flats. Generally, the shape of flats is defined by
its length, L, and depth, d. The newly formed flat is a circumference chord, and these parameters are related
by

R =
L2 + 4d2

8d
, (3)

whereR is the wheel radius. The wheel centre trajectory definition that Equation (2) needs for the simulations
is

z0 =

{
x2
0

2R 0 ≤ x0 ≤ L
2

(x0−L)2

2R
L
2 < x0 ≤ L

. (4)

However, as a consequence of repetitive impacts after the flat has occurred, its edges start to round. In
order to represent these flats in a more advanced phase, Wu and Thompson [19] presented a design where
the central part remains flat as in the newly formed model while at the edges there is a smoother transition
defined by a quadratic function. This leads the wheel centre trajectory to be approximated as

z0 ≈
{

4d
(
x0
L

)2
0 ≤ x0 ≤ L

2

4d
(
L−x0
L

)2 L
2 < x0 ≤ L

. (5)

Finally, it is possible to represent a completely rounded local defect that has lost its flat section due to
continued running. Lyon [21] proposed a model whose profile is defined by a harmonic function. In this
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case, the wheel centre trajectory reads

z0 =
d

2

[
1− cos

(
2πxp

L

)]
+
R

2

(
πd

L

)2

sin2

(
2πxp

L

)
, (6)

where it should be taken into account that the relationship between the longitudinal position of the centre
and the contact point is given by

x0 = xp +
πRd

2L
sin

(
2πxp

L

)
. (7)

When including rounded flats in their studies, some authors choose the quadratic transition model [19, 22],
while others opt for the harmonic model [23, 9, 24]. However, it is interesting to use both models and
compare their results. Seco [25] suggests choosing the model depending on the value of a form factor, which
in turn depends on the flat depth and length and the radius of the wheel, and it is calculated as

η =
8dR

L2
. (8)

An ideal newly formed flat has a unity form factor. In rounded real flats whose form factor is above 0.25,
their shape is better modelled using quadratic transitions. For flats whose form factor is below that threshold,
Seco assures that simulated results better resemble the real ones with the harmonic model.

Most of the results in the present paper are obtained with a d = 0.9 mm and L = 100 mm flat, values that are
used in [16, 9]. Although Pieringer uses harmonic functions for its modelling, following the recommendation
in [25] and taking into account that the form factor, Equation (8), of this flat is above 0.25, the quadratic
transition model defined by Wu and Thompson is chosen.

2.4 Resolution Method

Once the models for the track, vehicle and wheel flats have been defined and their parameters set, the equation
of motion of the system can be stated as

m · üt+∆t + c · u̇t+∆t + k · ut+∆t = ft+∆t . (9)

Subsequently, its resolution is performed throughout numerical integration. Among the different numerical
integrators, the one based on the Newmark method is one of the most widely used in structural problems. It
is a second-order implicit method that defines the displacement and velocity unknowns as

ut+∆t = ut + ∆t · u̇t +
[
(0.5− β) ∆t2

]
· üt + β∆t2 · ü(t+∆t) , (10)

u̇t+∆t = u̇t + [(1− γ) ∆t] · üt + γ∆t · ü(t+∆t) , (11)

respectively, where β and γ are the integrator weighting parameters. Equations (10) and (11) relate the
kinematic variables at the instant t + ∆t with their value at the previous instant. To guarantee stability
and accuracy of the integrator, β and γ are set at 0.25 and 0.5, respectively. Moreover, these values do not
introduce numerical damping.

3 Theoretical results

Once the model is defined, the response of the track in the presence of flats can be determined. This study
focuses on the acceleration of the rail, and the influence of several variables is studied in three groups:
vehicle, track and positions where flats contact the rail within the bay. Since it is still an ongoing research,
only one variable is presented in each group.
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Figure 2: Predicted wayside acceleration signals for newly formed, quadratic transition and harmonic flat
models.

3.1 Influence of the vehicle: flat shape

Amongst vehicle characteristics, the condition of the wheel profile is a key factor in railway dynamics. This
section presents the wayside acceleration of the rail in the presence of wheel flats, focusing on the effect of
the defect shape.

As described in Section 2.3, three main models are used to describe different phases of evolution in flats.
In order to see how the acceleration of the rail in the measurement point varies depending on the evolution
of the flat, a d = 0.9 mm new flat (L = 55 mm approximately) and its quadratic transition and harmonic
rounded versions of L = 100 mm (maintaining d = 0.9 mm) are considered. Figure 2 shows the predicted
wayside acceleration for the three cases, in simulations where the flats impact around 20 cm far from the
accelerometer and the wheel travels at 60 km/h.

The acceleration is considered positive in the ascending direction and negative in the descending direction.
The predicted signals of the three models can be divided into three main parts: in the first one, there is a
mild ascending acceleration due to the sudden material loss in the wheel at the beginning of any flat, which
produces a contact force reduction. Even though it does not necessarily involve a loss of contact, it makes
the rail to accelerate upwards while the wheel accelerates in the opposite direction. This leads to the second
phase, characterized by a sudden force increase which is referred to as ‘impact’. In this phase the rail suffers
a considerable negative acceleration around the contact point followed by a lower rebound. In the third
part, there is a residual oscillation after the flat has finished its contact, whose frequency is the same in the
three cases and corresponds approximately to the second pinned-pinned frequency of the track, that has been
excited and needs some time to be damped.

The shape of the signal is similar in the case of the newly formed flat and the one with quadratic transitions,
whereas it considerably changes in the case of the harmonic model. The second phase of the newly formed
and the slightly rounded flats is an abrupt acceleration in the descending direction followed by a rebound,
whilst the heavily rounded model generates a smoother excitation and the response does not show a disruptive
impact, but a smooth transition towards the negative acceleration peak. Apart from that, the difference in
signal shape between the newly formed and the slightly rounded models is that the former has a higher and
shorter initial positive acceleration due to the lack of transition.

As far as the magnitude of the signal is concerned, the largest values are obtained in the newly-formed flat
and the lowest ones in the completely rounded flat. Moreover, results show that the impact is higher as the
depth increases, as it was already proven in [16, 9]. Conversely, the magnitude of the impact diminishes as
the length increases (maintaining depth constant).
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Figure 3: Accelerance of the track with 0.6 m bays.

3.2 Influence of the track parameters: span length

Since the focus of the ongoing research is on the acceleration response of the rail at a specific point, track
characteristics influence the results. This section presents the effect of the bay length on the rail acceleration.

In the present study S = 1 m bay length is chosen taking a section in Metro Bilbao track as reference.
However, it is common to find shorter bay tracks, so a track with S = 0.6 m bays is modelled maintaining
the support length and the rest of parameters the same. Figure 3 shows the accelerance at the middle position
of the support, and quarter, half and three-quarter positions of the span, when the excitation is applied at
position 0.126 m from the end of the support. The FRF seems similar to the one of the track with S = 1 m.
However, natural frequencies are displaced to higher frequencies: the first pinned-pinned frequency is now
close to 1030 Hz, and the second pinned-pinned frequency is now out of the studied range. Moreover, the
peak magnitudes in the time domain signals are smaller than in the S = 1 m track.

3.3 Position of the impact within the span

As previously said, the acceleration of the rail at a specific position is influenced by flats that impact the rail
far from that position. However, the distance between measurement and impact positions, along with the
position of the impact within the span, affect that acceleration.

Figure 4 shows the predicted vertical acceleration signal for a wheel travelling at 60 km/h and containing a
flat (L = 100 mm and d = 0.9 mm) that impacts on ten different positions of two adjacent bays. Supports
are 0.16 m wide, and they are represented by horizontal black lines. The acceleration is predicted for the
measurement position, MP, 0.33 m in the first bay, and it is represented by a black point. The graph shows
that the magnitude of the response is similar when the excitation occurs in the same span, but it diminishes
when the excitation happens on the support or the next bay. Apart from that, impacts occurring in the same
bay of the MP have the main parts described in Section 3.1. On the contrary, the shape of the predicted signal
changes considerably when the impact occurs in an adjacent span, in spite of the flat used for all the impacts
being the same. Instead of having a small positive acceleration followed by the large negative acceleration
of the impact and a rebound, the order seems to be the opposite. This means that, while the rail of the span
where the impact occurs accelerates in descending direction, the spans next to it do it in ascending direction.

4 Experimental results

In order to verify some of the theoretical relationships, the ongoing research is taking wayside acceleration
measurements in a part of Metro Bilbao track with S = 1 m, where units travel at 60 km/h. Even if the con-
dition of the wheels is unknown, the signature of wheel flats in acceleration signals is easily identified. Most
of the signals seem to be produced by healthy wheels. However, some of them present impacts produced

RAILWAY DYNAMICS AND GROUND VIBRATIONS 2581



0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

Wheel displacement in the span (m)

-8000

-6000

-4000

-2000

0

2000

4000

W
ay

si
de

 a
cc

el
. (

m
/s

2
)

MP=0.33m / V=60km/h
0.05
0.15

0.25
0.35

0.45
0.55

0.65
0.75

0.85
0.95

Impact position within bays (m)

Figure 4: Predicted wayside acceleration at position 0.33 m for impacts happening at different positions of
the same and the following bays.
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UT 501: 2nd accelerometer, 9th wheel impact in adjacent span

Figure 5: A flat impact measured by an accelerometer located in the same span as the impact happens (left)
and by another located in the adjacent span.

by low severity flats, whose magnitude is considerably below the predicted levels for the L = 100 mm and
d = 0.9 mm flat used in the theoretical study.

Figure 5 shows two field wayside acceleration signals of a flat impact: one measured by an accelerometer
located in the same span of the impact (left graph), and the other measured by an accelerometer in the
adjacent span (right graph). These signals present the same effect that was theoretically observed: whereas
in the same span the flat produces a small positive acceleration followed by a higher descending acceleration,
in the adjacent span the order is the opposite.

5 Conclusions

The present paper studies the effect of several parameters on wayside acceleration signals in the presence of
wheel flats using a numerical model. Moreover, experimental results have shown similar signals for wheels
with flats. The main conclusions are:

• The damage flats inflict to rails is higher when they are newly-formed, and it diminishes as their edges
round.

• The length of the bay affects the track modes, which determine the shape of the measured signal in an
impact.
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• When impacts occur in an adjacent span, the shape of the measured acceleration signal varies consid-
erably.
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Abstract 
A field measurement of ground vibration was performed on the Istanbul-Ankara high speed railway in 

Sakarya-Turkey, using seismometers. By placing the seismometers at difference distances from the track, 

the passage of different trains were recorded. In the first part of the paper, a two-dimensional numerical 

model which is based on finite element method applied for the purpose of studying ground vibrations and 

validating experimental results. The dynamic analysis of the proposed railway-soil coupled model has 

been performed in the time domain under plain-strain condition by using PLAXIS 2D commercial FEM 

software. In the verification process, the experimental results were compared with those from numerical 

analysis. In the second part of the paper, the train induced vibrations for different types of soil are 

analysed. Analysis was performed for four types of soil; the soils were specified as soft, medium, dense 

and rock. High-speed train was used as a dynamic source to observe the differences in behavior of 

dynamic ground motions at different types of soil. Results showed that the peak acceleration values of the 

train induced vibrations at the soft, medium and dense sites increased dramatically compared to the rock 

site. 

1 Introduction 

With the rapid increase and development of high-speed trains, the problems such as train-induced 

vibration and its dynamic effects on nearby structures have become a major environmental concern in 

urban areas. Ground-born vibrations produced by high-speed trains posing a great challenge for field 

engineers to build structures in such area that are applicable for residents. The effect of vibrations 

generated by traffic systems on urban life and working environment has been brought to public attention 

since vibration has been listed as one of the seven major environmental hazards in the world [1]. 

Therefore, a thorough analysis of these effects is necessary to avoid possible problems for nearby 

buildings which may be affected by train-induced vibrations. 

Recently, a considerable amount of research works into train-induced vibrations have been done. These 

studies can be categorized as field measuring, experimental tests, and numerical works. 
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Triepaischajonsak and Thompson [2] studied the train-induced ground vibration using a hybrid approach 

considering the train-track interaction. Yang et al. [3] developed a model to study the wave propagation in 

layered soils induced considering different train speeds. Lombaert and Degrande [4] investigated the 

excitations of train-induced ground vibration to quasi-static and dynamic and suggested a numerical 

model. Gupta et al. [5] studied Beijing’s subway line 4 train vibrations by using combined FEM/BEM 

method.  

In addition to the above-mentioned analytical and numerical methods, numerous experimental research 

studies have been performed to evaluate the train-induced ground vibration. Xia et al. [6] performed a 

series of in-situ experiments to study the effects of train-induced vibrations on the ground and nearby 

structures. Zhang and Feng [7] studied the characteristics of high-speed train induced ground vibrations in 

the Hu-Ning Railway by using experimental method. Degrande and Schillemans [8] measured the train-

induced ground vibration near Brussels-Paris high-speed railway line with variable train speeds between 

223 and 314 km/h to validate a numerical model. Çelebi et al. [9] performed a series of in-situ experiments 

to study the effects of open or in-filled trench barriers as a reduction measure for soil vibrations due to a 

moving load which is considered as stationary wave source. Auersch [10] carried out a series of 

measurements of ground vibration during the test runs of the ICE train with varied speed near Würzburg.  

This paper mainly focuses on three aspects. Firstly, the in-situ measurement and ground-borne vibration 

experiment carried out by the authors on Istanbul-Ankara high-speed railway. The test train speed was 250 

km/h. Secondly, a two-dimensional numerical model which is based on finite element method applied for 

the purpose of studying ground-borne vibrations and validating experimental results. According to the 

obtained results, its concluded that the simulated numerical model is capable of the replicating the 

experiment data and can be applied in the analysis of vibrations. Lastly, the verified model was used to 

study the influence of train induced vibrations for different soil conditions. Analysis was performed for 

four types of soil (soft, medium, dense and rock). The computational results are discussed in order to 

figure out some useful conclusions.       

2  The characteristics of the train and test site 

In July 2018, a free filed measurement on the Istanbul-Ankara high-speed railway which has a total length 

of 533 km was performed with train speed 250 km/h. The measurement was done at Kırkpınar, Sakarya 

where the SAU Kırkpınar Guest House is located.  The purposed test location is near to Arifiye train 

station. The high-speed railway line passes through the Kırkpınar village which is located at the western 

end of the place in the Sapanca district. This place was chosen for experimental measurements because of 

its weak soil condition (VS = 200 m/s), being close to the train line and away from other environmental 

vibrations. There are four railway lines near the guest house buildings. These buildings are located just 8-

10 m away from the Line 1 as shown in Figure 1. The measurement campaign was carried out in order to 

determine the free field ground motion produced by repeated train passes. The obtained results of the field 

measurements are presently used to validate the prediction numerical model. The railway line selected for 

this purpose is the line L1 which stretches from Istanbul to Ankara.  

 
(a) 
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(b)  

Figure 1: (a) Location of the railway and (b) details of the measurement site  

TCDD HT65000 is considered as test train. The train consists of 6 cars but depending on the passenger 

situation can be reconstructed as 8-car units with two additional cars. There is a set of right and left wheels 

for each axle and the axle load of the car is 180 kN. The distance between the first and last axle is 21.8 m 

which in terms of time is 0.314 sec for the considered train with speed of 250 km/h. The distance between 

the wheels is 2.8 meters. This train is about 159 m in length and human capacity 419. Train is moving 

over ballasted track which is consists of UIC-60 rails and B70 monoblock sleepers. Characteristics of the 

train are shown in Figure 2. 

 

Figure 2: Geometrical characteristics and axle load of train HT65000 

3 The in-situ experiment 

3.1 Measuring point arrangement  

Figure 3 shows the testing instrumentation plan and cross section for the field measurements carried out 

on July 2018 at Kirkpinar, Sakarya. There are 4 different railway lines in testing site. The ground-borne 

vibration has been recorded at this site for variety of train passages including passenger trains, freight 

trains and high-speed HT65000 trains. The lines L1 and L2 are belong to high-speed trains which is 

connecting Istanbul with Ankara, while the lines L3 and L4 are used for freight transportation and 

suburban passenger traffic purposes. Measurements have been performed in 14 measuring points in three 

directions during the passage of trains. The directions are defined as N-S (perpendicular to the track), E-W 
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(parallel to the track) and U-D (vertical downward). Ten of the accelerometers placed on the ground 

surface to examine free field motion, and other four of them located in the SAU Kirkpinar Guest House 

building for structural monitoring observations. Passage of trains on all tracks are recorded during 

measurements. In this study, in order to validate the prediction numerical model, the data from four 

measurements (M168, M166, M171 and M150) during the passage of HST at 09:40 AM were selected 

only. These accelerometers were placed at distances 7, 14, 21, and 28 m from the line 1.  

 
(a) 

 

 
(b) 

Figure 3: Schematic diagrams of measuring point arrangement (a) top view and (b) cross-section view 
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3.2 Recorded passages 

Four train passages have been recorded by M168, M166, M171 and M150 accelerometrs in order to 

observe the ground vibration. These measurements carried out during passages of the high-speed trains 

(HSTs) on line L1 with speed 250 km/h. The recorded HST passages are summarised in Table 1. 

  

Figure 4: Passage of the HT65000 high-speed train on track 1 with speed V = 250 km/h (Kirkpinar, 

Sakarya 2018) 

Table 1: Overview of recorded high-speed train passages 

Track Direction Passage 
Date and time  

17-07-2018 

1 Istanbul - Ankara 4 09:40 11:04 12:15 13:34 

 

3.3 Field measurement results 

In this study, recorded ground vibration during the passage of the high-speed train is prepared in terms of 

acceleration. In order to transfer raw data to interpretable data, the SeismoSignal program was used for 

data processing. The measured raw data were base line corrected and the fourth-order Butterworth 

bandpass filter was applied. The frequency range defined between 10 Hz to 100 Hz. Time-history graphs 

carried out for both N-S (perpendicular) and U-D (vertical) directions and peak ground accelerations 

(PGAs) were extracted. Figure 5 summarise the time history of the vertical and parallel accelerations at all 

distances from the track 1. The extracted peak ground accelerations are given in Table 2. 

 
(a) 

RAILWAY DYNAMICS AND GROUND VIBRATIONS 2589



 
(b) 

Figure 5: Time-histories of the ground vibration accelerations at 7 m, 14 m, 21 m and 28 m from track 

during the passage of the HT65000 high-speed train on track 1 with speed of 250 km/h. (a) in horizontal 

parallel direction and (b) in vertical downward direction 

Table 2: Summary of PGA values for parallel and perpendicular directions  

Device No Distance from Track (m) N-S U-D 

M168 7 0.230 0.307 

M166 14 0.078 0.128 

M171 21 0.082 0.102 

M150 28 0.043 0.031 

  

It is observed from Figure 5 and Table 2 that vibration levels decreased with distance from the track. For 

perpendicular direction, at x = 7 m from the track, the PGA for M168 is equal to 0.230 m/s2 and at x = 28 

m from the track, the PGA for M150 is equal to 0.043 m/s2. When considering the results for vertical 

direction, at x = 7 m, the PGA for M168 is equal to 0.307 m/s2 and at x = 28 m the PGA for M150 is equal 

to 0.031 m/s2. According to the results, the distance of railway lines and peak ground accelerations are 

directly proportional. Also, the PGA results for both directions show that the downward (U-D) direction of 

train vibrations has more impact than the perpendicular (N-S) direction. 

4 The numerical prediction model 

4.1 Finite element modeling 

In this study, a two-dimensional plane-stain finite element model was developed in PLAXIS 2D using 15 

noded triangular elements. The FE model developed in the current study is shown in Figure 6. In dynamic 

analysis, the model dimensions and boundaries, finite element size, time step and mesh size have to be 

selected carefully for results accuracy [11-13]. For determining of the finite element model dimensions, 

many analyses were employed in the past and it is suggested that these boundary areas must be as far at 

least 8-10 times of the superstructure base width [14, 15]. In the present study, the length of the model was 

chosen 160 m while the depth was 40 m. Standard fixities and absorbent boundaries were assigned along 

the model to reduce the wave reflections at the boundaries. The horizontal and vertical sides were fully 

restrained (ux = uy = 0). A linear elastic soil model was used due to small deformations induced by the 

dynamic wave.  
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Figure 6: Typical 2D FE model of track-ground system developed in PLAXIS 

The relevant properties for soil were density, γ = 16.18 kN/m3; modulus of elasticity, E = 1.38×105 kN/m2; 

shear wave velocity, VS = 170 m/s and Poisson’s ratio, ν = 0.478. The standard railway superstructure is 

modelled as one-dimensional (ID) beam element with required moment of inertia and moment of area. As 

the train load changed in the time and it is not static, therefore the train load is considered as dynamic 

point load.  In the current study, a dynamic point load of magnitude 32.5 kN used in the FE numerical 

modeling, as shown in Figure 7.   

 

 

Figure 7: Time-dependent variation of the influence forces for HST passage [16] 

4.2 Numerical results 

The numerical analysis of the proposed track-ground coupled model for different points has been 

performed in the time domain under plain-strain condition by using PLAXIS finite element package. In 

this study, a 2D linear elastic analysis was performed and the relative horizontal and vertical accelerations 

for point A, B, C and D were prepared in form of diagrams and shown in Figure 9. The peak ground 

accelerations (PGAs) of the finite element analysis for different points are given in Table 3. 
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Figure 8: (a) The FE model (before calculation) and (b) deformed mesh (after calculation) 

 

 

Figure 9: The time history of the horizontal and vertical accelerations at selected points  

Table 3: PGA values in horizontal and vertical directions (m/s2) 

Points Distance from point load (m) 
PLAXIS 

ax ay 

A 7 0.204 0.272 

B 14 0.125 0.164 

C 21 0.096 0.138 

D 28 0.064 0.112 

 
Figure 9 shows the horizontal and vertical accelerations (ax and ay) for the selected points (see Figure 8a) 

at distances of x = 7 m, 14 m, 21 m and 28 m from the load axis. Acceleration amplitudes were 

significantly decreased with distance from the dynamic load as expected. The highest acceleration belongs 

to checkpoint A which is located near the load axis. The checkpoints B, C and D have smaller 

accelerations as the distance increase in x direction. From Table 3 it is also observed that, the largest peak 

accelerations are related to the vibration calculated in the vertical direction whereas the smallest peak 

accelerations occur in the horizontal direction.  
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4.3 Validation of present model 

The validation of the present numerical model was performed using field measurement data which is 

carried out by the authors and presented in the previous section.  The measured and calculations results 

were compared for validation by using peak ground acceleration (PGA) values. Figure 11 shows a 

comparison between measured and calculated peak ground accelerations on the ground at distances 7 m, 

14 m, 21 m and 28 m from the track, where a reasonable fit was found (Figure 10). The vertical and 

horizontal PGAs for selected points are presented and summarised in Table 4. A comparison between the 

measured and calculated accelerations on the ground shows a good agreement and the compatibility of the 

results proves that the verified FE model can be applied in the analysis of vibrations. 

 

Figure 10: Example of a 2D numerical model 

Table 4: Comparing PGA of the measured and calculated accelerations (m/s2) 

Device/measuring point Distance from track (m) 
Experimental PLAXIS 

N-S U-D ax ay 

M168 / A 7 0.23 0.307 0.204 0.272 

M166 / B 14 0.078 0.128 0.125 0.164 

M171 / C 21 0.082 0.102 0.096 0.138 

M150 / D 28 0.043 0.031 0.064 0.112 

 

 

Figure 11: Comparison of measured and calculated peak ground accelerations in horizontal and vertical 

directions 
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5 Impact of soil classification on the train-induced vibrations  

According to the Turkish Building Earthquake Code 2018 (TBEC 2018) [17], rock and soil can be divided 

into 6 categories, which are hard rock, rock, dense soil, medium-hard soil, soft soil and special soils that 

requiring site-specific evaluation.  

To investigate the effect of soil properties on the train-induced vibrations, analysis was performed for four 

types of soil. The soils were specified as hard rock, dense soil, medium-hard soil and soft soil. In the 

present study, a 2D linear elastic analysis was performed and the relative horizontal and vertical 

accelerations for the selected points (see Figure 8a) were obtained comparatively and showed in graphic 

forms. The mechanical properties of different soil types are shown in Table 5.  

Table 5: Mechanical properties of different soil types 

Parameters  Hard rock Dense soil Medium - hard soil Soft soil 

γ (kN/m3) 26.50 21.64 18.64 16.67 

E (kN/m2) 4.5×107 3.01×106 3.61×105 3.45×104 

υ (-) 0.125 0.35 0.30 0.25 

VS (m/s) 2720 710 270 100 

 

Based on the established FE model and numerical analysis, the resulting time histories and PGA of the 

vertical and horizontal accelerations on the ground at selected points are carried out and shown in Figure 

12 and 13. The extracted peak ground accelerations are given in Table 6.  
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Figure 12: The time history of the horizontal and vertical accelerations at selected points for different soil 

types 

Table 6: Summary of maximum vibration accelerations at different points 

Soil Types 
ax (m/s2) ay (m/s2) 

A B C D A B C D 

Hard rock 0.003 0.005 0.007 0.009 0.017 0.015 0.014 0.014 

Dense soil 0.023 0.022 0.035 0.039 0.051 0.041 0.037 0.030 

Medium soil 0.082 0.113 0.098 0.059 0.161 0.123 0.095 0.090 

Soft soil 0.190 0.173 0.143 0.086 0.215 0.190 0.156 0.134 

 

 

Figure 13. Comparison of calculated peak ground accelerations for different soil types in horizontal and 

vertical directions 
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Comparing the maximum accelerations on the ground at the nearest and furthest points to the track (A and 

D) it can be found that, the maximum horizontal acceleration values for point A on soft soil are 

respectively 56%, 88% and 98% bigger than medium, dense and hard rock. Also, the maximum horizontal 

acceleration values for point D on soft soil are respectively 31%, 55% and 89% bigger than medium, 

dense and hard rock. When considering the results for vertical direction, it can be said that the maximum 

vertical acceleration values for point A on soft soil are respectively 25%, 76% and 92% bigger than 

medium, dense, and hard rock. Also, the horizontal PGA values for point D on soft soil are respectively 

33%, 78% and 89% bigger than medium, dense, and hard rock. 

6 Conclusions 

An in-situ test for ground vibration due to passage of high-speed train (HT65000) with speed of 250 km/h 

was carried out on the Istanbul-Ankara high-speed railway in Turkey. During the test, the resulting time 

histories of the vertical and horizontal accelerations on the ground are obtained. Secondly, a numerical 

prediction model for train-induced ground vibrations has been developed.  The results of in-situ 

measurements used to validate the numerical model. Lastly, to investigate the effect of soil properties on 

the train-induced vibrations, analysis was performed for four soil types with different stiffnesses by using 

verified model. Then, the relative horizontal and vertical accelerations for different soil conditions were 

obtained comparatively.  

The field and numerical results presented in this study revealed that: 

(1) The vibration levels decreased with distance from the track. According to the results, the distance 

of railway lines and peak ground accelerations are directly proportional. 

(2) The PGA results for both directions show that, the downward direction of train vibrations has 

more impact than the perpendicular direction. 

(3) According to the results, the provided numerical results show a good agreement with the 

experimental results. Therefore, the compatibility of the results proves that the verified finite 

element model can be applied in the analysis of vibrations. 

(4) The train induced ground vibrations vary considerably for different soil conditions because of 

stiffness of soils. It is observed that, the PGA values are increasing from hard rock to soft soil. 

(5) The analysis with PLAXIS 2D under different soil conditions demonstrated that, the train-induced 

ground vibrations for each soil type change according to its mechanical properties. 
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Abstract 
NEOBALLAST is an innovative high-performance, long-lasting and eco-friendly ballast aggregate solution 

designed to overcome the two most important shortcomings of railway tracks: track degradation and noise 

and vibration emissions. It consists of traditional ballast stones coated with synthetic elastomers from 

recycled vehicle tyres. The paper presents the details of a test to compare the performance of 

NEOBALLAST in terms of noise and vibrations with regular ballast, performed on an operational line in 

Spain. In order to demonstrate the properties of NEOBALLAST under actual conditions and over a long 

period, the test was performed on an operational line close to Sils, Spain, and using a monitoring station in 

order to evaluate the behaviour as a function of time. The comparison with regular ballast was made possible 

by simultaneously constructing a reference site with traditional ballast next to the test site with 

NEOBALLAST on the same track. Noise and trackside vibrations of each passing train were recorded for 

over a period of a year. At regular time intervals, track geometry measurements were performed as well. 

1 Introduction 

NEOBALLAST is an innovative high-performance, long-lasting and eco-friendly ballast aggregate solution 

designed to overcome two of the most important shortcomings of railway tracks: track degradation and noise 

and vibration (N&V) emissions. Whilst the former is the main trigger of maintenance and eventually renewal 

works, thus representing one of the main cost drivers for infrastructure managers, the latter has become an 

issue of paramount importance not only to infrastructure managers but to the whole EU, since according to 

the European Environment Agency rail noise affects around 12 million people during day time (55 dBA) 

and 9 million at night (50 dBA).  

NEOBALLAST aggregates are provided with an advanced coating composed of a special binder and 

recycled rubber coming from end-of-life vehicles (ELV) tyres, which enables not only to drastically extend 

the lifespan of ballast, doubling overall track service life, but also to recycle old ballast. As a result, the use 

of new conventional ballast could be reduced up to 70%, with potential savings of over 100,000 tons of 

CO2. Furthermore, NEOBALLAST offers a significant reduction of N&V levels, improving life quality of 

nearby residents.  

In order to demonstrate the properties of NEOBALLAST under actual conditions and over a long period, 

the test was performed on an operational line close to Sils, Spain, and using a monitoring station in order to 

evaluate the behaviour as a function of time. The comparison with regular ballast was made possible by 

simultaneously constructing a reference site with traditional ballast next to the test site with NEOBALLAST 
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on the same track. Trackside vibrations of each passing train were recorded for over a period of a year. At 

regular time intervals, track geometry measurements were performed as well. 

The paper is structured as follows: chapter 2 presents the field test. Chapter 3 describes the monitoring that 

was performed and the data analysis procedure. Finally, chapter 4 presents the results. 

2 Field test description 

2.1 Goal of the test 

The goal of the field test and monitoring is to:  

 assess the performance of the NEOBALLAST with respect to traditional ballast 

 under actual conditions and 

 for a long period. 

The first requirement is addressed by installing sensors in both a NEOBALLAST section and a conventional 

ballasted section, on the same track and next to each other. As a result, both sections are measured under 

the same conditions (soil, vehicle speed, …) such that the performance of NEOBALLAST with respect to 

traditional ballast can be compared. 

The second requirement is addressed by monitoring an actual railway line under normal operation. Several 

train types, including freight trains, use this line. 

Finally, the last requirement is addressed by using an unmanned monitoring station which automatically 

detects a train passage and can therefore measure all train passages over a long period. With respect to a 

single measurement campaign, this approach has the advantage that the behaviour of the NEOBALLAST 

in time can be assessed. 

2.2 Performance criteria 

The performance of NEOBALLAST is expressed in terms of vibration emission and track degradation. 

Vibration emissions are measured primarily next to the track, using seismic accelerometers. The full 

vibration signal during a train passage is measured at a high sampling rate (4 kHz), allowing a detailed 

analysis in post-processing. 

Track degradation is measured based on land surveying; at regular intervals, track settlement is measured. 

Total pressure cells were also installed in the ballast layer. However, the results of these measurements are 

up until now not inconclusive and need further analysis. 

Figure 1 schematically shows the layout of the test site, including the sensors in both sections, the existing 

building where the power is taken and the monitoring cabinet and the cabling. The figure illustrates the 

location of the roads and crossing. The signal cables are drawn from the monitoring cabinet inside the 

existing building under the track. Track based accelerometers are installed as well and are mainly used to 

detect train passages and determine vehicle velocity. Figures 2 and 3 show photos of the finished 

installation. Finally, figure 4 shows a photo of the finished NEOBALLAST section; the ballast stones are 

black due to the rubber coating. 
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Figure 1: Schematic overview of the test site 

 

Figure 2: Photos of the monitoring installation (left: seismic accelerometer, right: total pressure cell) 

 

Figure 3: Photos of the monitoring installation (rail-based accelerometers) 
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Figure 4: Photo of the finished NEOBALLAST section 

3 Monitoring and analysis 

3.1 Measured data 

During the monitoring period between June 2019 and June 2020, the vehicle passages were detected on the 

instrumented track. Vibration and total pressure signals are recorded for each passage, and this both for the 

traditional as for the NEOBALLAST site. The system was maintained, and its status was followed-up 

remotely by an online platform. Furthermore, each train passage (or other event in the camera field of view) 

triggers a camera to register a film of the passage. 

For each measurement, all signals are recorded and stored locally. The signal can then be transferred for 

further analysis using a mobile connection. Figure 5 shows an example of measured signals. 

 

Figure 5: Example of measured signals: wayside vibration and total pressure 

The detailed analysis was done in a two-step procedure. In a first step, called “data analysis”, all data was 

pre-processed and assigned to a category depending on the vehicle type and vehicle speed range. In the 

second step, called “measurement analysis”, the measurements of individual passages were processed in 

detail and average behaviour was calculated for each defined category. 
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3.2 Data analysis 

Data analysis consists of 2 steps, pre-processing and classification. 

3.2.1 Pre-processing 

The pre-processing is further divided in 3 steps: 

1. Elimination of faulty passages 

2. Determination of vehicle speed 

3. Detection of bogies 

The first step is the elimination of faulty passages. During the monitoring period, a total of close to 

8000 events were recorded, most of which were vehicle passages. However, other events like maintenance 

works on the tracks (tamping performed at the end of July) can also trigger the measurement. These events 

need to be removed prior to further analysis. 

In the second step, the vehicle speed is determined. This is possible because the distance between the sensors 

in the NEOBALLAST section and the traditional ballast section is known, and because the signals in both 

sections are measured using the same measurement system and hence synchronized. Based on the time shift 

observed in the signals measured in both sections and the distance between both sections, the vehicle speed 

is calculated. Figure 6 illustrates this procedure (the figures do not show units since they are irrelevant for 

this purpose). 

 

Figure 6: Illustration of vehicle speed determination 

The final and most important step in the pre-processing is the detection of the individual bogie passages in 

the signal. This step is based on the signal from the total pressure cells, since this signal shows best the 

passages of the individual bogies. Figure 7 shows an example of a result of this step, in this case for a freight 

train. The top figures show intermediate steps in the procedure, including filtering and peak detection. The 

bottom figure shows the result; each bogie is indicated with 2 vertical lines having the same colour. The 

zoom shows the beginning of the signal with 2 bogies consisting of 2 wheels, followed by several bogies 

consisting of a single wheel. 

∆T 
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Figure 7: Example of the detection of individual bogies in the signal (freight train) 

This data is used for classification of passages, as explained below, and for further analysis of the signals, 

where only parts of the measured signal are retained, e.g. for calculation of the spectrum. 

3.2.2 Classification 

After pre-processing all passages, they are classified based on the vehicle type and the vehicle speed. The 

analysis of the pre-processing results showed that classification according to vehicle type is possible based 

on the number of bogies: 

 Freight trains: with a large number of bogies. Figure 8 shows an example of a freight train with its 

typical signature. 

 Passenger trains: most passenger trains are coupled Renfe 449 trains, with 12 bogies. The second 

most common train is the coupled Renfe 447, also with 12 bogies. Figure 9 shows an example of 

passenger trains with the typical signature of a Renfe 449 train. 

In the dominant speed range between 100 and 110 km/h, about 120 passages per month were registered. 
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Figure 8: Example of a freight train with its typical signature 
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Figure 9: Example of a passenger train with its typical signature (Renfe 449) 
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3.3 Measurement analysis 

Based on the detection of the bogies, the actual signal is cut to only retain the actual vehicle passage. Each 

recording is then processed separately, and the vibration spectrum is calculated for the passage on the 

NEOBALLAST section and on the traditional ballast section. 

In order to compare the behaviour of the NEOBALLAST section to the traditional ballast section, the 

analysis is performed on the equivalent vibration spectrum over the passage time, LeqTp, with the passage 

time Tp determined based on the identified bogies. 

After calculation of the average equivalent spectra for each vehicle speed class, the insertion loss is 

calculated as the difference between the result in the NEOBALLAST section and the result in the traditional 

ballast section. 

4 Results 

4.1 Vibration measurements 

Most train passages were registered in the 100-110 km/h range, the results of which will be presented in this 

paper. 

Figure 10 shows the average measured vibration spectra, calculated over all passenger train passages, both 

for the reference section and the NEOBALLAST section. Results are shown for measurements in June 2019, 

compared to June 2020. The measurements are performed at 2 m from the track. 

 

Figure 10: Comparison of vibration levels 

Significant reductions in the NEOBALLAST section as compared to the reference section are observed, 

especially in the dominant frequency range around 50 Hz. Furthermore, vibration levels in the 

NEOBALLAST section are more stable in the NEOBALLAST section than in the reference section; the 

average spectrum in the reference section measured in June 2020 is higher than the average spectrum in the 

NEOBALLAST section. From June 2019 to June 2020, the overall vibration level in the reference section 
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increased from 112.5 to 114.5 dB, while the overall vibration level in the NEOBALLAST section even 

showed a slight decrease from 109.5 to 109 dB in the same period. 

The attenuation of vibration levels in the NEOBALLAST section with respect to those in the reference 

section was 3 dB in June 2019 and 5.5 dB in June 2020. The improvement of this figure is believed to be 

due to the more stable behaviour of NEOBALLAST with time, an aspect that is confirmed in the following 

chapter. 

4.2 Track settlement 

At regular time intervals, track geometry measurements are performed, in order to evaluate the stability of 

the NEOBALLAST section with respect to the reference section. It is believed that track geometry will be 

more stable due to the better load distribution in the NEOBALLAST layer. 

Figure 11 shows the results of the regular track settlement measurements, relative to the initial measurement. 

Due to the elastic nature of NEOBALLAST, a rapid settlement is expected immediately after installation. 

This is observed in the curve between July and September 2019. 

After this first rapid settlement however, the settlement is converging in the NEOBALLAST section. In the 

last measurement, track settlement in the NEOBALLAST section was the same as in the reference section. 

This convergence of the settlement confirms the more stable behaviour of NEOBALLAST. Track settlement 

measurements will be continued in order to follow-up on this behaviour. 

 

Figure 11: Track settlement 

5 Conclusion 

This paper presented an experimental validation of “NEOBALLAST”, an innovative high-performance, 

long-lasting and eco-friendly ballast aggregate solution designed to overcome two of the most important 

shortcomings of railway tracks: track degradation and noise and vibration (N&V) emissions. 

In order to demonstrate the properties of NEOBALLAST under actual conditions and over a long period, 

the test was performed on an operational line close to Sils, Spain, and using a monitoring station in order to 

evaluate the behaviour as a function of time. The comparison with regular ballast was made possible by 

simultaneously constructing a reference site with traditional ballast next to the test site with NEOBALLAST 
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on the same track. Trackside vibrations of each passing train were recorded for over a period of a year. At 

regular time intervals, track geometry measurements were performed as well. 

The vibration measurements showed a good reduction at the NEOBALLAST site with respect to the 

reference section, especially around the dominant frequency of 50 Hz. Moreover, overall reduction exhibits 

the tendency to decrease as a function of time, implying a higher level of attenuation at the NEOBALLAST 

section as a function of time. At the beginning of the monitoring period, the vibration level in the 

NEOBALLAST section is about 3 dB lower than in the reference section. After a year, the attenuation 

increased to 5.5 dB. The reason for this is that vibration levels in the NEOBALLAST section remain fairly 

constant over time, while vibration levels in the reference section increase. This confirms the believe that 

NEOBALLAST behaviour remains more stable over time. 

Track settlement measurements have been performed on a regular basis. These measurements show an initial 

important settlement of the NEOBALLAST section, which was expected based on laboratory tests. After 

this initial settlement, the rate of track settlement decreases and converges. which also confirms the stability 

of the NEOBALLAST layer. 

References 

[1] NEOBALLAST – New high-performant and long-lasting ballast for sustainable railway infrastructures 

– Horizon 2020 - 720491 

RAILWAY DYNAMICS AND GROUND VIBRATIONS 2609



2610 PROCEEDINGS OF ISMA2020 AND USD2020



A mid-frequency component of train-induced ground 
vibration due to scattered axle impulses and the 
irregularities of the soil and ballast 

L. Auersch 

Federal Institute of Material Research and Testing, 

Unter den Eichen 87, D-12200, Berlin, Germany 

e-mail: lutz.auersch-saworski@bam.de 

Abstract 
The passage of the train is dominated by the impulses of the static axle loads. The response of the regular 

homogeneous and irregular soils has been calculated by the finite-element method in frequency domain. 

The superposition of the impulse responses yields the quasi-static component of the ground vibration which 

is restricted to very low frequencies and to the close near-field of the track. In case of an irregular soil or 

ballast of which the stiffness varies randomly in space, a mid-frequency ground vibration component is 

generated by the scattering of the axle impulses. Measurements will be shown which prove the existence of 

the mid-frequency ground vibration component and the unique explanation by the scattered axle impulses: 

many international measurements with a raised mid-frequency component, axle-box measurements with a 

too low mid-frequency dynamic load, amplitude-speed dependencies which are incompatible with 

irregularity-induced dynamic loads, and ground vibration reductions due to stiff track elements. 

1 Introduction to the mid-frequency ground vibration component 

A special mid-frequency ground vibration component that seems to have a special excitation mechanism 

has been observed during the test runs of the German Intercity Experimental. Huber [1] measured two 

passages of the same train with the same speed at two neighbouring measurement axes. The response was 

almost identical for the same measurement axes, but quite different for the different measurement axes 

(Fig. 1). It has been concluded that the irregularities of the soil have an important influence on the ground 

vibration. Auersch [2] has found that the spectra of the ground vibration (Fig. 2) are very similar to the 

spectra of the track vibration. As the track vibration is dominated by the static axle loads it has been assumed 

that the axle impulses play an important role for the generation of ground vibrations.  

The one-third of octave band spectra in Fig. 3a of the Intercity Experimental test runs have clearly indicated 

three components of the ground vibration, the low-, mid-, and high-frequency component. Each component 

has a typical attenuation law. The high-frequency component, which is dominated by the sleeper passage in 

Fig. 3a, attenuates rapidly with distance because of the material damping of the soil. The low-frequency 

(quasi-static) part attenuates even stronger. In addition, the transfer function of a layered soil has often a 

low-frequency cut-off with small amplitudes at the low frequencies. The mid-frequency part lies often in 

the highest part of the transfer function of the soil which is affected neither by the low-frequency cut-off of 

the layering nor by the high frequency reduction of the damping. Moreover, the mid-frequency component 

has the weakest attenuation and therefore dominates at the far field. Therefore, the mid-frequency range of 

the ground vibration is of the highest importance and it is of great value to know the reason of this vibration 

component. This ground vibration component typically comprises three thirds of octaves of higher 

amplitudes and two clear cuts (minimum frequencies) below and above the high-amplitude region.  
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Figure 1: ICE test runs, measured time histories of train passages 1 (a,c) and 2 (b,d) at measurement axes 1 

(a,b) and 2 (c,d) dy = 16 m apart, x = 64 m, vT = 200 km/h [1]. 

The characteristics are similar to the axle-sequence spectrum of the train, but the measured mid-frequency 

amplitudes are higher and the second minimum is lower than for the axle-sequence spectrum. These 

characteristics have been used to identify the special component in many measurements of the Federal 

Institute of Material Research and Testing and international researchers, see the examples from Spain, 

Portugal and United Kingdom in Figures 3b-d. 
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Figure 2: Spectra of the ground vibration at x = 2.5, 5, 10 and 20 m (bottom) compared to the spectrum of 

the axle sequence (top), three passages of a 5-unit ICE with speeds of vT = 200, 250 and 300 km/h. 
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a) 

 

b) 

 
c) 

 

d) 

 

Figure 3: Measured one-third of octave band spectra of the passage of a) an ICE train with vT = 200 km/h, 

at distances x =  2.5,  5,  10,  20,  30,  50 m. b) a high-speed train in Spain [10], r =  3,  9, 

 12,  15,  32 m, vT = 300 km/h, c) in Portugal [11], r =  3,5,  7,  15,  30,  45 m, 

vT = 214 km/h, d) in UK [12], r =  12,  20  30 m, vT = 170 km/h. 

2 Calculation methods for the train passage over irregular ballast 
and soil 

2.1 The response spectra to a train passage by the superposition of impulse 
spectra 

The passage of the static train loads is represented by a number of impulses at a line of discrete excitation 

points. The passage of a train yields impulses F0dt on the track due to the static axle load F0. The length dt 

of the impulse follows from the distance dy of the discrete excitation points and the train speed vT as dt = 

dy/vT. The impulse on the rail is a Dirac function (t). The bending stiffness of the track filters out the high 

frequency content of this infinitely sharp impulse. This is included by the filter function  

 𝐻𝑇(𝑓) =
1

1+(𝑓 𝑓0⁄ )4 (1) 

(Fig. 4a) where the cut-off frequency f0 is ruled by the bending stiffness EI of the track, the support stiffness 

k of the ballast and soil and the train speed vT according to 
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 𝑓0~√
𝑘

𝐸𝐼

4
𝑣𝑇 (2) 

For a ballast track and a train speed of 200 km/h, a value of f0 = 14 Hz has been used. 

The impulses at different places yj are applied at different times tj = yj/vT. The delay time tj has been included 

in frequency domain as the factor 

 exp(−i2𝑓𝑡𝑗) (3) 

Then the response at a point x to the sequence of impulses due to a single axle is given as the spectral density 

 𝑢(𝑥, 𝑓)  = 𝐻𝑇(𝑓) 𝐹0dt ∑ 𝐻𝑆(𝑥, 𝑦𝑗 , 𝑓)exp(−i2𝑓𝑡𝑗)
+𝑛/2
𝑗=−𝑛/2  (4) 

for the displacements and 

 𝑣(𝑥, 𝑓) = i2𝑓𝑢(𝑥, 𝑓) (5) 

for the particle velocities. HS(x, yj, f) is the transfer function of the regular or irregular soil (see Section 2.3) 
which is summed up for the n+1 excitation points yj. The response of a whole train follows by the 

multiplication of (5) with the axle-sequence spectrum  

 𝑋(𝑓) ≈ √𝑛𝐵𝑋𝐴(𝑓) = √𝑛𝐵2 |cos (π𝑓
𝐿𝐴

𝑣𝑇
)| (6) 

with nB = 20 the number of bogies and LA = 2.5 m the axle distance in the bogie (Fig. 4b). This axle-sequence 

spectrum has two characteristic minima, for example at 10 and 32 Hz for 200 km/h, which are shifted in 

frequency with train speed. 

The results are presented as one-third of octave band spectra which follow from the spectral densities (4) as  

 𝑣(𝑥, 𝑓𝑇) = 2√∑
𝑣2(𝑥,𝑓𝑙)

𝑛𝑇

𝑙𝑜
𝑙=𝑙𝑢

√𝑑𝑓𝑑𝑓𝑇 (7) 

with fT the centre frequency of the one-third of octave band, fl are the nT frequencies of the spectral density 

within the one-third of octave band (lu < l < lo). The one-third of octave bands dfT are proportional to the 

frequency dfT = 0.23f and the linear frequency band df = 0.5 Hz has been used as the reference. 

a) 

 

b) 

 

Figure 4: a) Force transfer function of a ballast track from top to bottom, and b) spectrum XA(f) of the axle 

distance in a bogie, train speed vT =  160,  200,  250 km/h. 

2.2 Randomly varying ballast 

A soft or stiff ballast has an influence on the load distribution of the track. A soft ballast yields a wide 

distribution, a stiff ballast a narrow distribution. The distribution of the load along the track means at the 

same time a distribution of the load in time. The impulses from the static axle loads are sharper for a stiff 
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ballast and smoother for a soft ballast. The random variation of the ballast stiffness is now included in the 

model in a simplified manner by modifying the width of the impulse. The width of the impulse is expressed 

in the filter function (1) of the track. A soft ballast shifts the filter frequency f0 to a lower value. The random 

ballast stiffness is realised in the calculation by a random support stiffness and hence a random filter 

frequency of the track. The stiffness for each excitation point is calculated as 

 ki = k0 (1 + q rani) 

where k0 is the average value and q is the percentage of the variation and rani are equally distributed random 

numbers between -1 and +1. 

The transfer function of the soil could be a theoretical solution of a regular homogeneous soil. On the other 

hand, the finite element solution for the regular or irregular soil could be used (see next section). 

2.3 Finite-element model of a regular and an irregular soil 

A finite part of the soil is discretised (Fig. 5), which is 20 m deep and 100 m x 100 m wide. The element 

width is dx = 1 m. The excitation points along the track have also the distance dy = 1 m. The response points 

are in the middle of the soil region at xk = 3, 5, 10, 20, and 30 m. The transfer functions HS(xk, yj, f) between 

all excitation and response points are calculated for frequencies f = 0, 1, … 29, 30 Hz. 

The soil is modelled by 8-node solid elements with linear-elastic isotropic material. The standard 

homogeneous soil has the parameters shear modulus G = 8 107 N/m2, Poisson’s ration  = 0.33, and a mass 

density  = 2000 kg/m3. These parameters give shear wave velocity of vS = 200 m/s and a compressional 

wave velocity of vP = 400 m/s. These standard values have also been used for the irregular soils. The soil 

will be varied as vS = 150, 200, 300 m/s so that the shortest wavelength at 30 Hz is  = 150/30 m = 5 m and 

is represented acceptably by 5 elements in the finite element mesh. 

At the boundaries (area A) of the finite-element region, viscous dampers have been applied. The damping 

values are cT =  vS A for a transversal direction and cL =  vP A for the longitudinal direction. At the bottom 

boundary, additional spring elements have been applied. The spring constants kT =  vS
2 A/50 m, and 

kL =  vL
2 A/50 m have been adjusted to the maximum displacement of the analytical static solution. A high 

material damping of D = 5 % has been used for the soil material to further reduce possible reflections from 

the artificial boundary. 

For simplicity and because of the reciprocity, the excitation and response points have been interchanged so 

that actually only one load case, the excitation at the midpoint of the surface, is calculated and the response 

at 5 lines passing at distances of xk =3, 5, 10, 20, 30 m is output from the finite-element solution. 

The irregular soils are generated in a simple way. The soil is divided in cubes of length L (= 1, 2, 5, 10 m, 

Fig. 5b). 21 materials are defined by an average shear modulus G0 and a variation q as 

 G = G0  jq G0/10 q = 10, 30, 50 %  j = 0, … 10.          (8) 

The different materials are arbitrarily and equally distributed on the cubical subregions.  

There is another boundary effect which should be minimized. The train passage starts and ends at the 

boundary of the finite-element region with non-zero values at the observation points xk. The corresponding 

errors are reduced by a Hanning window 

 ℎ𝐻(𝑦) = cos2(
𝜋𝑦

𝐿𝐹𝐸
) (9) 

If the element size dy and therefore the time step dt is too long, the phase of the delay function (5) is not 

smooth enough. In that case, the transfer function HS(f) can be interpolated to get more load steps. The 

amplitude and the phase of the transfer function HS(f) of the soil are interpolated separately. 
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Figure 5: Finite-element model of a) a regular homogeneous soil and b) an irregular soil, 

(100 m x 100 m x 20 m, element length 1 m, L = 5 m with different stiffnesses). 

 

 

Line of excitation points Line of observation points 
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3 Results for the passage of a train 

3.1 The quasi-static response on a regular ballast and soil 

At first, the completely regular situation with regular ballast and regular soil is examined. A train with train 

speed of 200 km/h and the standard soil and ballast of G = 8 107 N/m2 are considered. The train passage is 

presented as one-third of octave band spectra of the particle velocity for the distances x = 3, 5, and 10 m in 

Fig. 8b. The moving static loads induce very low-frequency vibration in the neighbourhood of the railway 

line. The main amplitudes of this quasi-static solution are below 16 Hz at 3 m, below 8 Hz at 5 m, and below 

4 Hz at 10 m. The spectra strongly decrease with frequency as well as with distance. That means that the 

response to the static loads is limited to the low-frequency near field of the track. The typical spectra of the 

different distances can be used to easily identify the quasi-static component in the following calculations. 

In measurements, there may be some additional maxima and minima due to special train configurations. 

Note that the low-frequency quasi-static solution has been calculated from axle impulses of higher frequency 

content. The result is very similar to a calculation based on the static transfer function of the soil [3]. 

Obviously, the higher impulse frequencies, which come from different track points, perfectly cancel each 

other. 

a) 

 

b) 

 

c) 

 

d) 

 

Figure 6: One-third of octave band spectrum due to a train passage with vT = 200 km/h over an irregular 

ballast of, q = a) 3, b) 10, c) 30, d) 50 %, x =  3,  5,  10 m, stiffness of the soil G = 8 107 N/m2. 
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3.2 The response to trains passing over irregular ballast 

Next, the train is running over an irregular ballast while the soil is still regular. Once again, the passage of 

static loads generates the quasi-static response of the soil. The typical spectra can be observed below 10 Hz. 

For frequencies above 10 Hz, a big difference between the regular and irregular soil is obvious. Whereas 

the quasi-static component tends to zero, the irregular soil generates a new ground vibration component with 

considerable amplitudes. The low-frequency quasi-static and the mid-frequency response are clearly 

separated by a minimum at around 10 Hz. There is a second minimum at 32 Hz so that the mid-frequency 

ground vibration component can be identified by a typical maximum region between these minima. This 

characteristic follows from the axle-sequence spectrum XA(f) of a bogie. The mid-frequency component has 

also a completely different attenuation with distance. In contrast to the strong attenuation of the quasi-static 

component, the mid-frequency part has a rather weak attenuation. For some situations, the curves for 3, 5 

and 10 m distance come close together. 

a) b) c) 

   

Figure 7: One-third of octave band spectrum due to a train passage with vT = 200 km/h over an irregular 

ballast and different track stiffnesses, a) EI ballast track, b) 10 EI, c) 100 EI slab track, x =  3,  5, 

 10 m, stiffness of the soil G = 8 107 N/m2. 

The static axle load runs over different excitation points of the track which have different stiffnesses. If the 

track is stiffer, the impulse is shorter and has a wider bandwidth. If the track is softer, the impulse is longer 

and the bandwidth is narrower. Therefore, low frequencies of the impulse are similar for all excitation points, 

but the frequency range around the bandwidth varies considerably. The impulses from neighbouring 

excitation points cannot perfectly cancel each other. The remaining rest of the superposition constitute the 

new mid-frequency ground vibration component which is called “the scattered axle impulses”. 

The response at 3, 5 and 10 m distance from the track is shown for four different irregular ballast situations. 

Figure 6 shows the one-third octave band spectra for q = 3, 10, 30 and 50 % variation of the ballast stiffness. 

The mid-frequency range strongly increases with the bandwidth of the stiffness variation. At the end, for 

50 % variation the mid-frequency amplitudes are as high as for the nearest quasi-static response.  

Another variation in Figure 7 shows the influence of the track stiffness on the mid-frequency component. 

The bending stiffness EI of the track is increased from the (UIC60) rail, to 10 EI and 100 EI where 100 EI 

is approximately a concrete plate of 0.5 m thickness. The mid-frequency amplitudes are clearly reduced by 

a stiff plate on the ballast, to less than one tenth. The stiff plate results in a wider distribution of the static 

load along the track. This means a smoother impulse which has lower frequencies and lower amplitudes. 

So, this contribution reveals a new ground vibration component, but also a possible mitigation strategy. 

3.3 The response of irregular soils to passing trains 

Next, results are presented for a regular ballast, but for an irregular soil. The results in Figure 8d-f have 

some similarity to the results for an irregular ballast in the preceding section. The irregular soil does not  
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a) 

 

d) 

 
b) 

 

e) 

 
c) 

 

f) 

 

Figure 8: One-third of octave band spectrum due to a train passage with vT = 200 km/h over different regular 

(a-c) and irregular soils (d-f), G0 = a,d) 4.5, b,e) 8, c,f) 18 107 N/m2, q = 50 %, L = 5 m. 

change the regular quasi-static solution. The characteristic low-frequency spectra can be clearly seen below 

10 Hz. Above 10 Hz, an additional mid-frequency component occurs. This component is accompanied by 

two minima at 10 and 32 Hz. Figure 8 shows the results for three different soil stiffnesses between 4.5 and 

18 107 N/m2 and for regular and irregular soil. The (quasi-static) amplitudes of the regular soils vary 

according to the stiffness by a factor of 4. The mid-frequency component for the irregular soil varies stronger 
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a) 

 

d) 

 
b) 

 

e) 

 
c) 

 

f) 

 

Figure 9: One-third of octave band spectrum due to a train passage with vT = 200 km/h over different 

irregular soils, L = 5 m, and q = a) 10, b 30, c) 50 %, L = d) 2, e) 5, f) 10 m, q = 50 %, G0 = 8 107 N/m2. 

by a factor higher than 10. The soft soil has a much higher mid-frequency component than the stiff soil. The 

mid-frequency amplitudes of the soft soil are somewhat smaller than the quasi-static amplitudes. 

The responses to the axle impulses from different places run through different, softer or stiffer, slower or 

faster soil media, and they can be reflected at the interfaces between different soil materials. Finally, they 

are superposed to the low-frequency quasi-static response, but a certain part of the mid-frequency axle 

RAILWAY DYNAMICS AND GROUND VIBRATIONS 2621



impulses is left over from this procedure. This additional vibration component is once again called the 

scattered axle impulses. 

a) 

 

b) 

 

c) 

 

d) 

 

Figure 10: One-third of octave band spectrum due to a train passage over irregular soils a) different strength 

of irregularity q =  0, 10,  30,  50 %, L = 5 m, x= 5 m, b) different widths of irregularity L =   

(homogeneous),  10,  5,  2,  1 m, q = 50 %, at x = 5 m, c) at different distances x =  3,  5,  10, 

 20,  30 m (q = 50 %, L = 1 m), d) with different train speeds, vT =  160,  200,  300 km/h (q = 50 

%, L = 1 m, x = 3 m), G0 = 8 107 N/m2 

Some parameter influences are shown in the following figures. The strength of the stiffness variation 

expressed as the maximum deviation from the average, the percentage q, has a clear influence on the 

amplitudes of the scattered axle impulses (Fig. 9a-c, 10a). Whereas the scattering effect is small for 10 %, 

it is strong for 50 % and intermediate for 30 %. 

The length L of the stiffness variation has an influence on the scattering amplitudes (Fig. 9d-f, 10b). In 

general, the shorter variation lengths yield higher scattering amplitudes. This could be explained by more 

interfaces that a wave must pass. More interfaces would mean more reflections and therefore more scattering 

amplitudes. On the other hand, if the waves pass more different soil regions, the final wave velocity will be 

closer to the average wave velocity. This means smaller scattering amplitudes. Apparently, the reflections 

are stronger than the averaging and the shorter variation length has higher scattering amplitudes. 

The influence of the distance from the track is considered in Fig. 10c. The results for the distances of x = 3, 

5, 10 m and in addition at x = 20 and 30 m are presented. It is clear that the attenuation with distance of the 
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scattered amplitudes is much weaker than for the quasi-static response. The attenuation of the scattered axle 

impulses is approximately A ~ x -1 which is a typical value for the dynamic train loads. 

The influence of the train speed can be studied in Fig. 10d. The quasi-static response gets a wider frequency 

range with increasing train speed. The bandwidth increases from 6, 8, to10 Hz proportional to the train speed 

of 160, 200, to 250 km/h. The same frequency shift is observed for the scattered axle impulses and the 

characteristic axle sequence. The zeroes of the axle sequence of a bogie and the dominant part of the 

scattered axle impulses are 8 to 25, 10 to 30, and 12 to 40 Hz for the different train speeds. 

3.4 The effect of irregular soil and irregular ballast 

One example of an irregular ballast of q = 50 % stiffness variation and an irregular soil of q = 50 % stiffness 

variation (L = 2 m) is shown in Figure 11. Now, the amplitudes of the mid-frequency component are greater 

than the amplitudes of the quasi-static component. This result is in good agreement with the measurements 

(Fig. 3a). At the moment, it cannot be clearly decided which of the systems ballast or soil have the more 

important influence. This should be determined if realistic variations of the soil and the ballast are known. 

 

Figure 11: One-third of octave band spectrum due to a train passage with vT = 200 km/h on an irregular soil 

of L = 1 m, q = 50 %, G0 = 8 107 N/m2 and an irregular ballast of q = 50 %, x =  3,  5,  10 m. 

4 Experimental evidence for scattered axle impulses 

Some experimental observations support the importance of scattered axle impulses. 

Axle-box accelerations have been measured for different train speeds between 63 and 160 km/h [2] and 

have been evaluated for the mid-frequency component. At frequencies up to 30 Hz, the wheelset 

accelerations strongly increase with the speed of the train (Fig. 12a). On the other hand, there are 

measurements where the ground vibrations are almost constant in this frequency range [4]. In Figure 13, 

train passages with 200, 250 and 300 km/h are shown, where the dominant mid-frequency range is shifted 

from 12 – 16 Hz, to 16 – 25 Hz, and to 20 – 32 Hz while the amplitudes are almost the same [5]. This would 

clearly indicate that the mid-frequency component is not primarily generated by the dynamic loads from 

vehicle or track irregularities at these places. The axle impulses, however, have constant amplitudes for 

varying train speeds (Fig. 4a) and can explain the experimental observations. 

Besides the comparison of the amplitude-train speed relation, the absolute ground vibration amplitudes can 

be compared with the axle box measurements. The ground vibration in Figure 12b are generated by the train 

with 160 km/h of which the dynamic axle loads are presented in Figure 12a (marker square). The measured 

dynamic axle loads of about 1 kN are too small to generate the dominant ground vibration amplitudes of 

about 0.1 mm/s around 12 Hz. Once again, the dynamic loads cannot be the main excitation of the mid-

frequency ground vibration. More comparisons of that kind have been made at several Swiss sites [6]. The 
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same conclusion has been found, the dynamic loads from vehicle and track irregularities are not the reason 

for the raised mid-frequency ground vibration amplitudes. 

  

Figure 12: One-third of octave band spectra a) of the dynamic axle loads from axle-box measurements of 

different train speeds vT =  160,  125,  100,  80,  63 km/h, b) of the ground vibrations at x =  3, 

 8,  13,  20,  30 m,  50 m, vT = 160 km/h. 

Besides the raised ground vibration amplitudes, the scattered axle impulses can also explain the reduction 

of the mid-frequency component by special track forms. In this frequency range, there would be no reduction 

of the dynamic loads from wheel and track irregularities. The static loads, however, can be wider distributed 

by stiffer tracks or by soft track elements. The wider distribution along the track means a smoother axle 

impulse (a lower cut-off frequency in the track transfer function HT (2)) and therefore lower amplitudes of 

the scattered axle impulses. All measurements with a reduction effect in the mid-frequency range, for 

example by a ballast-plate track [7], a trough with under ballast mat [8], a slab track [9] or a tunnel track, 

are an indication for the scattering of the axle impulses by an irregular soil. 

a) b) c) 

   

Figure 13: One-third of octave band spectra of the ground vibrations at x =  2.5,  5,  10,  20,  30, 

and  50 m, Intercity Experimental with vT = a) 200, b) 250, and c) 300 km/h. 

5 Conclusion 

The passage of static train loads has been calculated by the superposition of axle impulses. This leads to the 

quasi-static response of the soil which attenuates very rapidly with frequency and distance. This low-

frequency nearfield component can be found for regular homogeneous as well as irregular situations. 

Irregular ballast and irregular soil with varying stiffness have been investigated by varying impulses and by 
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a finite-element model with a varying soil stiffness. Both irregularities result in a new ground vibration 

component in the mid-frequency range from 10 to 30 Hz. This ground vibration component is due to the 

imperfect superposition of the impulses and is called the “scattered axle impulses”. The influence of the 

strength and the width of the irregularities, of different soil stiffnesses, and different distances, and of 

different train speeds has been investigated. The simultaneous effect of irregular ballast and soil results in 

high mid-frequency amplitudes similar as in the measurements. Calculations with more realistic models, 

which have smoother stiffness variations, are still necessary, as well as information about the stiffness 

variations can be expected in situ. Nevertheless, measurements are presented, simultaneous axle-box and 

ground vibration measurements and train speed variations, which clearly show that at these places, dynamic 

loads from irregularities cannot be the reason for the high mid-frequency amplitudes. The contribution 

provides good arguments for the existence of the scattered axle impulses from the irregularity of the ballast 

and soil. 
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Abstract
The automated track segment characterization, as an initial stage of a broader track condition monitoring
procedure, via on-board vibration measurements from an Athens Metro railway vehicle moving under dif-
ferent speeds is investigated. Two approaches within a Multiple Model (MM) framework are employed, a
non-parametric MM TRansmittance (MM–TR) function based, and a parametric MM TRansmittance Au-
toRegressive with eXogenous (MM–TR–ARX) input based. Two distinct test cases of track characterization
are considered. The first corresponds to the characterization of a specific track segment after 6 months of use
and the second to the comparison between two nominally identical track segments installed with a 2 months
time difference. The characterization results indicate deterioration of the track segment in the first test case
and detection of significant differences between the two track profiles in the second, underlying the fact that
in both cases the vibration signals remain unaffected from the minor changes to the examined tracks.

1 Introduction

The numerous passages of railway vehicles combined with the varying environmental conditions may cause
significant changes to the profile of a track segment and its infrastructure. Such changes may evolve into ad-
verse track deterioration, as for instance may be the rail corrugation, the wear of railhead and the degradation
of the settlement mechanisms that affect the vehicle’s wheel-rail contact, and thus ride quality, comfort and
safety. Based on this, track characterization pertaining to the prompt detection of any change to segments
of railway networks is very important, and may constitute an initial stage of broader on-board condition
monitoring procedures – where also the localization of track profile changes is attempted – through which
enhanced safety and ride comfort, increased railway availability and cost-effective Condition Based Mainte-
nance (CBM) [1–3] may be achieved.

Railroad tracks are mostly monitored via visual inspection and special track geometry cars that record the
track profile properties [3]. Visual inspection is subjective and usually employed for the detection of major
faults, while track geometry cars lead to reliable track monitoring, yet of high operating cost, demanding the
interruption of the train normal operation and the exclusive use of the inspected track segment [3]. On the
other hand, a lot of attention has been paid to on–board vibration based methods in the last years [4–19],
due to the availability of a wide range of low cost sensors and related equipment, a fact that allows for the
instrumentation of even an entire train for continuous track monitoring, avoiding thus to interrupt the normal
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operation of both trains and railroad tracks. These methods may be divided into two broad categories: the
explicit- and the implicit-model-based [5].

Explicit methods focus on the determination of the track profile, which is the main excitation of the railway
vehicle, provided that precise physics-based models for the vehicle dynamics and the wheel-rail contact are
available. Based on these, an inverse problem is solved for the track profile estimation and track defects (short
type or distributed over a track length) may be potentially classified according to the profile changes [6–9].
Such methods have been mostly assessed through simulations achieving very good results, while oftentimes
their performance is significantly degraded in experimental applications with actual trains due to the need
for precise and realistic physics-based models which is a highly challenging task [5, 9]. However, some
promising results have been presented in two recent studies [10, 11] for the estimation of the vertical track
profile within a specific track wavelength range of 3 – 25 m, using measurements from actual trains, although
short type defects such as corrugation, worn joints and rail profile, with wavelengths below the 3 m cannot
be detected.

Alternatively, implicit methods are data-driven in the sense that there is no need for physics-based models,
relying exclusively on the extraction of a proper feature directly from vibration measurements (mainly ac-
celeration) that may reflect potential changes on the track without necessarily recognizing the defect type.
To this end, various approaches have been effectively applied to actual experimental data, mainly based on
wavelets [12–15], Short Time Fourier Transform [16], Hilbert-Huang Transform [17] and RMS related fea-
tures [18] for the monitoring of specific and a-priori known track defects such as short-pitch corrugation,
damaged switches, worn joints and squats [12–18]. However, such methods are not capable of detecting
other changes to the track than those used for their training, the effects of the considered defects on charac-
teristics (such as the RMS) of the vibration signals are in most cases noticeable, while their performance has
been assessed via a limited number of experiments with the train passing over the examined track [3]. The
detection of any type of unknown but sudden changes to the track profile has been recently attempted in [19]
using the vertical acceleration on the car body from an actual railway vehicle. Based on this, deviations
from signal energy values, obtained via a windowing procedure with the vehicle moving over the nominal
track, indicate changes to the track profile. Numerous train passes have been used for the method’s assess-
ment, which seems to be capable to detect various types of sudden track profile changes, although some false
alarms and missed changes are also observed probably due to the high sensitivity of the signal energy to the
varying train speed.

It is worth noting that all the above methods use position data, typically from GPS, in order to provide both
detection and localization of track profile changes. However, a GPS unit offers varying accuracy according
to the moving area, as well as the spatial alignment of data from different passes is a demanding task [3,
19]. Furthermore, these methods have been mainly used for major and sudden track defects, while their
localization capability necessitates their sequential operation, where the decision on track profile change is
made at each time instant [4, 19].

The goal of this study is to investigate the potential for automated track segment characterization via on-
board vibration measurements as an initial stage of a broader track condition monitoring procedure. This is
achieved within a Multiple Model (MM) framework via two distinct approaches: A non-parametric Multiple
Model TRansmittance (MM–TR) function based, and a parametric Multiple Model TRansmittance AutoRe-
gressive with eXogenous (MM–TR–ARX) input based [20]. Both approaches are founded on data–based
representations of the partial vehicle-rail dynamics resembling to the implicit methods, and their training is
performed in a baseline phase with the track being in an initial (potentially healthy) state, using vibration
signals from different passes of the railway vehicle over the considered track segment. Once the training
phase has been completed, track segment characterization is accomplished in the inspection phase with fresh
vibration signals obtained from a new pass of the train over the specific segment. In contrast to the se-
quential operation of the above mentioned condition monitoring methods, track characterization is presently
performed in batch mode in the sense that the decision making on potential track profile change is made
for a specific segment once vibration signals of some seconds have been obtained without providing precise
localization information. The main characteristics of the approaches employed in this study are:

• Very small changes to the track profile without obvious effects on the vibration signals may be detected
based on vibration measurements from only two accelerometers on the axle box and the bogie of the
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vehicle.

• Any type of changes to the track profile (sudden or gradual) may be detected without the availability
of vehicle’s speed that necessitates extra equipment.

• Both approaches are simple and may be easily automated on a railway vehicle for real time track
segment characterization provided that vibration signals from the nominal track state are available for
their training.

The performance of the postulated approaches for track segment characterization is assessed using on-board
vibration measurements from an Athens Metro railway vehicle moving under three operational speeds (60,
70 or 80 Km/h), and two distinct test cases for track characterization. The first corresponds to the characteri-
zation of a specific track segment after a 6 months period of continuous use and the second to the comparison
between two nominally identical track segments, which are installed with a 2 months’ time interval between
each other and used by a different number and type of trains. Comprehensive and statistically reliable track
profile changes detection results are presented by means of Receiver Operating Characteristics (ROC) curves
and scatter plots of the employed distance metrics using hundreds of inspection test cases.

The rest of this article is organized as follows: The problem statement is presented in section 2. The field
measurements with an in-service railway vehicle are presented in section 3, while track segment characteri-
zation via the Multiple Model framework is presented in section 5. Track segment characterization based on
field measurements is presented in section 5, and concluding remarks are summarized in section 6.

2 Problem statement

Let a railway vehicle moving with distinct but constant speeds at each time over a specific track segment.
The problem of automated track segment characterization is presented as follows:

Given:

• The baseline (training) phase: It is formulated once and off-line using n random N -sample long
vibration response signals xi[t], yi[t] (i = 1, . . . , n) from sensors on the axlebox and the bogie frame
of the vehicle that travels under different operational speeds vk (k = 1, . . . , L) over the examined track
segment considered in an initial, nominal, state. Note that n > L, implying that more than one signal
pair can be obtained under speed vk.

• The inspection (diagnosis) phase: It is performed on-line using a fresh pair of response signals,
xu[t],yu[t] acquired from a new pass of the vehicle over the examined track segment under unknown
speed; the subscript ‘u’ designates the unknown to be characterized state of the track.

Characterize: If the state of the track segment is nominal or changed (potentially deteriorated).

Remarks: The traveling speeds in the inspection phase need to be within the range of those used in the
baseline phase, while the vehicle’s health state is the same in both phases. The employed vibration signals
should be of the same nature (displacement,velocity or acceleration) acquired from the same locations on
the vehicle in both baseline and inspection phases. Moreover, the track segment characterization through the
postulated approaches is presently achieved in batch mode. Based on this, batches of vibration signals of
short duration that may be obtained during the vehicle’s normal operation in a periodic mode or on demand
are used in the MM-based approaches, while the final decision making is performed at the end of a data
batch.

3 The field measurements with an in-service railway vehicle

3.1 The vehicle, the operating conditions, and the measurement set-up

The field measurements are performed with a typical (3rd generation) Athens Metro vehicle manufactured
by Hyundai-Rotem-Hanwha. This is a 6-car train that consists of two motorcars with driver cab (at the two
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train ends), two motorcars without driver cab and two trailing cars. The train is 106 m long, has a total tare
weight of 182 tons and a weight of 254 tons when fully loaded with 5 passengers/m2. It is powered by 16
AC asynchronous motors of 175 kW each, with 2 motors per bogie and has a maximum operational speed of
80 Km/h. The tested train first went into operation in 2014 covering approximately 80.000 Km/year.

On-board random vibration signals are acquired using two lightweight uniaxial accelerometers, which are
mounted in the axlebox of one of the trailing cars (no motor) and in the corresponding bogie as shown in
Figure 1 measuring the vertical (on axis z) acceleration, as well as a portable data acquisition unit (Na-
tional Instruments PXIe-4492). Vibration acceleration signals (Table 1) are collected with the train traveling
without passengers at three operating speeds (60, 70, 80 Km/h ± 3 Km/h) on the same straight nominally
identical tracks (Track 1 and Track 2). The measurements are conducted during two distinct experimental
campaigns, say Campaign 1 and Campaign 2, with a time period of 6 months between them.

Each signal is acquired using sampling frequency fs = 980 Hz and is high-pass filtered through a Chebyshev
II digital filter of order 18 and cut-off frequency fc = 2 Hz removing noise effects out of the accelerometers
operational frequency bandwidth, while all signals are sample mean subtracted and normalized with their
standard deviation. It is important to note here that all signals from Track 1 are further low-pass filtered
(Chebyshev II digital filter of order 18, cut-off fc = 49 Hz) and re-sampled at fs = 98 Hz in order to
eliminate significant periodic spikes in the time domain signals due to rough welded joints which, along
with the rail crossings and other such standard points on the railroads, should not be considered as track
deterioration or fault [3]. Thus, track segment characterization is presently examined in two individual
frequency bandwidths: (a)BWA = [2−490] Hz for the characterization of Track 2 and, (b)BWB = [2−49]
Hz for the comparison between Tracks 1 and 2; also see Test Cases A and B in the next subsection.

3.2 Track segment characterization test cases and railway vehicle-rail dynamics

Two test cases of track segment characterization are investigated in the present study: Test Case A corre-
sponds to the detection of potential changes to Track 2 after the 6 months period between Campaign 1 and
2 caused by the numerous passages of various trains, without the presence of any other track fault or serious
problem. Test Case B concerns the comparison of the two nominally identical tracks, Track 1 and Track 2
and characterization of the former, which however have been installed with a 2-month time interval between
each other and might be used by a different number and type of trains in the past.

Figure 1: Measurement set-up: (a) Half vehicle schematic and, (b) positions of the accelerometers.
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Table 1: Experimental details.

Test Case A
Track Track No. of No. of signals Experimental
health state No. signals* (all speeds) Campaign
Nominal 2 10 / 8 / 8 26 Campaign 1
Unknown 2 10 / 9 / 7 26 Campaign 2
Sampling freq: fs = 980 Hz; bandwidth: BWA = [2− 490] Hz; signal length N = 10 240 samples.

Test Case B
Nominal 2 10 / 9 / 7 26 Campaign 2
Unknown 1 9 / 7 / 5 21 Campaign 2
Sampling freq: fs = 98 Hz; bandwidth: BWB = [2− 49] Hz; signal length: N = 1 024 samples.
* #/#/# indicates number of signals per operating speed 60/70/80 Km/h

For Test Case A, the states of Track 2 corresponding to Campaigns 1 and 2 are designated as “nominal”
and “unknown”, respectively. On the other hand, as “nominal” is designated the state of Track 2 and as
“unknown” this of Track 1 for the comparison between the two tracks and the characterization of Track 1 in
Test Case B. Indicative acceleration signals for both test cases are depicted in Figure 2, while all experimental
details on the measured signals per test case are presented in Table 1. Based on Figure 2, track segment
characterization is impossible in the time domain. This is also confirmed through a typical F-test [21] for
the comparison of the vibration signals’ sample variance between nominal and unknown states. As it is
presented in Figure 3, there is no discrimination among the values of the F statistic corresponding to the
“nominal” and “unknown” track states indicating similar track profiles.

Furthermore, the variability to the partial vehicle-rail dynamics due to the different traveling speeds (60, 70,
80 Km/h) and the “nominal” and “unknown” track states, for both considered test cases, is presented through
Welch [22, p. 186] based estimates of the transmittance (TR) function magnitude [20] in Figure 4. In partic-

0 2 4 6 8 10
-40

-20

0

20

40

0 2 4 6 8 10
-40

-20

0

20

40

0 2 4 6 8 10

-4

-2

0

2

4

6

0 2 4 6 8 10
-4

-2

0

2

4

Figure 2: Indicative vibration acceleration signals corresponding to “nominal” and “unknown” track states:
(a), (b) Test Case A; (c), (d) Test Case B. [Traveling speed of 60 Km/h.]
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Figure 3: Indicative F-test results corresponding to “nominal” and “unknown” track states for all traveling
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Figure 4: Envelopes of Welch based estimates of the Transmittance Function magnitude under the traveling
speeds 60, 70, 80 Km/h: (a) Test Case A (nominal state: 26 signals, unknown state: 26 signals), (b) Test Case
B (nominal state: 26 signals, unknown state: 21 signals).

2632 PROCEEDINGS OF ISMA2020 AND USD2020



ular, Figure 4a depicts envelopes of TR estimates (Hamming window, segment length of 2048 samples, 85%
overlap, frequency resolution δf = 0.47Hz) for Test Case A, while corresponding estimates (Hamming
window, segment length of 256 samples, 85% overlap, frequency resolution δf = 0.36Hz) for Test Case B
are shown in Figure 4b. The significant overlap between the “nominal” and “unknown” envelopes, although
there are some discrepancies in certain frequency ranges, indicates a challenging track segment character-
ization problem. This is due to the fact that the effects of track profile changes on the partial vehicle-rail
dynamics, caused potentially by track deterioration or other defect, are not separated from corresponding
effects due to the vehicle varying speed.

4 Track segment characterization via a Multiple Model (MM) frame-
work

The postulated approaches that operate within a MM framework [20, 23] are based on: (i) non-parametric
multiple model transmittance function (MM–TR) and, (ii) parametric multiple model transmittance AutoRe-
gressive with eXogenous input (MM–TR–ARX) representations. The magnitude of the non-parametric TR,
estimated via the Welch method, and the TR–ARX parameter vector constitute the corresponding feature
of each approach that is employed for track segment characterization. The TR–ARX model is estimated
via Ordinary Least Squares (OLS) [22, pp. 81-83] (MATLAB function arx.m), while model order selection
is based on the Bayesian Information Criterion (BIC) and the Residual Sum of Squares normalized by the
Signal Sum of Squares (RSS/SSS) [22, pp. 505-507].

The steps of both approaches are concisely described in the sequel:

Step 1. The frequency bandwidth selection: This is achieved based on proper filtering of the acquired signals,
in order to discard the effects induced by rail crossings switches, joints, or other standard points on the
railroads that should not be considered as track deterioration or fault to be detected [3].

Step 2. The baseline (training) phase: This includes the formulation of the MM representation of the “nom-
inal” vehicle-rail dynamics, abbreviated as Mo with the subscript “o” indicating “nominal” track state. Ac-
cording to the selected approach, this consists of a group of non-parametric (MM-TR) or parametric (MM-
TR-ARX) models denoted as Mo,i with i = 1, 2, . . . , n (n designating the MM dimensionality), estimated
based on the properly filtered vibration response signal pairs xi[t], yi[t] (also see section 2).

Step 3. The inspection phase: This step includes the characterization of the examined track segment. Thus, a
similar model as those used in the baseline phase, designated as Mu (the subscript “u” designates unknown
track state), is estimated from a fresh, filtered (as in the baseline phase), pair of response signals xu[t], yu[t]
(see section 2). Then, track segment characterization is based on determining whether or not the current
modelMu belongs to the MM representationMo. In the positive case the track segment is declared as “nom-
inal” indicating no significant change to track profile, else as “unknown” that necessitates further detailed
in-situ inspection. The decision-making mechanism is based on a distance metric D between the current
model Mu and Mo. This is currently defined as the minimum of individual distances between Mu and all
components of Mo, that is:

D := min
i
d(Mo,i,Mu), for i = 1, 2, · · · , n (1)

with d(Mo,i,Mu) designating the Euclidean distance for the MM–TR approach and the squared Mahalanobis
distance for the MM–TR–ARX approach. Track segment characterization is then achieved as follows:

D ≤ llim ⇒ Nominal state
Else ⇒ Unknown state (2)

with llim designating a user specified threshold.
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5 Track segment characterization based on the field measurements

5.1 The assessment procedure

The performance of the MM based track segment characterization approaches is assessed via a systematic
procedure performing “rotation” of the vibration signal set that is employed in the baseline phase. The goal
is to eliminate the dependence of each approach performance from the specific set of signals which is used
for the construction of the MM representation of the “nominal” track state, warranting thus reliability of the
track segment characterization results. Based on this, the baseline signal set is formed by an equal number
of vibration signals per operating speed (60, 70, 80 Km/h) from those corresponding to the “nominal” track
state. The rest signals from both “nominal” and “unknown” track states are used in the inspection phase
(referred to as inspection signals) for the approaches performance assessment.

This procedure is repeated until all available signals from the “nominal” state are selected at least once in the
baseline phase. The number of these repetitions is referred to as “rotations”. The normal operation of each
approach is conducted for all employed baseline sets and the corresponding inspection signals, leading to a
high number of inspection cases, based on which the performance of each approach to detect track profile
changes is assessed. Once a number of rotations that leads to an adequate number of inspection cases is
completed, the procedure stops. 60 rotations that lead to 2400 and 2100 inspection cases for Test Case A and
Test Case B, are employed in the present study; see more details in Table 2.

The performance of the employed approaches is presented via scatter plots of the distance metric D and
Receiver Operating Characteristic (ROC) curves, with the latter representing the true positive rate (percent-
age of correct track profile change detection) versus the false positive rate (percentage of false alarms) for
varying decision threshold [24, pp. 34–35].

5.2 Track segment characterization results

Step 1 of the MM based approaches including the frequency bandwidth selection is performed as described
in subsection 3.1. In particular, a special filtering procedure is necessary only for Test Case B for the removal
of the welded joints effects on the vibration response signals.

Model estimation details corresponding to Step 2 of the approaches are summarized in Table 3, while the
characterization results for both Test Cases A and B are presented in Figure 5 and Figure 6, respectively, for
all inspection cases (see Table 2).

Test Case A: Figure 5a and Figure 5b depict the scatter plots of the distance metric D as obtained from
each approach based on all inspection cases. It is evident that the values corresponding to the “nominal” and
“unknown” track states are almost fully non-overlapped for the MM-TR approach, while they are clearly
separated for the MM-TR-ARX, indicating the superiority of the latter, as well as the change of the examined
track segment after 6 months of daily use and its potential slight deterioration according to the Athens Metro
experts. These results are confirmed by the ROC curves in Figure 5c, which indicate 100% correct detection
at 0% false alarms for the MM–TR–ARX and 97% at 0.7% false alarms for the MM–TR.

Table 2: Inspection cases.

Test Case No. of rotations No. of inspection signals
Nominal Unknown Total

A
1 14 26 40
60 840 1560 2400

B
1 14 21 35
60 840 1260 2100

No of baseline signals per rotation n = 12
(4 per speed – 46% of the available “nominal” signals)
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Table 3: Details of the employed approaches and the MM modeling.

Approach Feature
Feature dimensionality

Distance Type
Test Case A Test Case B

MM–TR TR magnitude 1025 129 Euclidean
MM–TR–ARX TR–ARX parameter vector 121 77 Mahalanobis
Non-parametric TR (Welch) modeling
Test Case A: segment length of 2 048 samples; overlap 85%; frequency resolution (δf) 0.47 Hz.
Test Case B: segment length of 256 samples; overlap 85%; frequency resolution (δf) 0.38 Hz.
Parametric TR–ARX modeling
Test Case A: ARX(60,60); BIC = −2.78±0.09, RSS/SSS(%) = 5.66±0.09, SPP = 169.25
Test Case B: ARX(38,38); BIC = −1.76±0.13, RSS/SSS(%) = 10.55±1.67, SPP = 26.59

Test Case B: The scatter plots in Figure 6a and Figure 6b indicate clear difference between Track 2 and
Track 1 through both approaches although these should be identical, implying thus clear characterization
of the “unknown” state of Track 1 as not being similar to its nominally identical counterpart Track 2. This
is expected due to the fact that comparing with the previous test case, there are more significant changes
between the two tracks, as also noted in subsection 3.2 (also see Figure 4b), which according to the Athens
Metro experts may be attributed to variability in the construction including the installation of the track and
its components, as well as possible imperfections onto the invert and trackbed concrete layers’ interfaces.
The excellent performance of both approaches is reflected to the corresponding ROC curves in Figure 6c,
where 100 % correct detection at 0% false alarms is observed for both approaches.
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Figure 5: Test Case A – Track characterization results via (a), (b) scatter plots with the values of the distance
metric D for each approach and, (c) ROC curves. [All traveling speeds; 2 400 inspection cases in total for
each approach.]
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Figure 6: Test Case B – Track characterization results via (a), (b) scatter plots with the values of the distance
metric D for each approach and, (c) ROC curves. [All traveling speeds; 2 100 inspection cases in total for
each approach.]

6 Concluding Remarks

The problem of automated track segment characterization using on–board vibration signals from an in-
service Athens Metro train and two multiple model based approaches, the MM-TR and the MM-TR-ARX,
has been investigated. The approaches’ performance assessment has been accomplished via two distinct test
cases of track characterization, one corresponding to the characterization of a specific track segment after a
6 months period of continuous use and the other to the comparison between two nominally identical track
segments, installed at different time periods and used by a different number and type of trains.

The main conclusions from the study are summarized below:

• The detection of very minor – with no noticeable effects on the measured vibration signals – changes
to the profile of the examined tracks, has been achieved in both test cases via the postulated approaches
with the MM-TR-ARX slightly outperforming the MM-TR in Test Case A. Based on these results and
combined with historical data from the Athens Metro S.A. on the examined tracks, Track 2 has been
slightly deteriorated in the period of 6 months from the daily use of various trains, while the differences
in the nominally identical tracks in Test Case B are potentially due to variability in the construction of
the two tracks and their infrastructure.

• The above detection results have been obtained with the railway vehicle moving under different speeds
indicating robustness of the two approaches in varying operating conditions.

• Only two accelerometers have been used for the characterization of two track segments, implying a
simple and low cost set-up of both approaches for automated real time use.

• The two approaches may offer valuable information about the proper set-up of new track segments
which should be nominally identical with the rest used in the network, and most importantly about
the characterization of heavily used track segments, or segments with potential harsh incidents, as for
instance may be a sudden and long breaking, constituting part of a broader track Condition Based
Maintenance scheme.

Future plans include the assessment of the two approaches via more test cases with different track profile
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characteristics and potential defects, as well as their extension to a sequential form for track profile change
localization.
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the dynamic response of an operational train,” Mechanical Systems and Signal Processing, vol. 87, pp.
1 – 16, 2017.

[20] A. Poulimenos and J. Sakellariou, “A transmittance-based methodology for damage detection under
uncertainty: An application to a set of composite beams with manufacturing variability subject to
impact damage and varying operating conditions,” Structural Health Monitoring, vol. 18, no. 1, pp.
318 – 333, 2019.

[21] G. W. Snedecor and W. G. Cochran, Statistical Methods, 8th ed., Iowa State University Press, 1989.

[22] L. Ljung, System Identification: Theory for the User, 2nd ed., New Jersey, USA: Prentice-Hall, 1999.

[23] K. Vamvoudakis–Stefanou, J. Sakellariou, and S. Fassois, “Vibration-based damage detection for a
population of nominally identical structures: unsupervised multiple model (mm) statistical time series
type methods,” Mechanical Systems and Signal Processing, vol. 111, pp. 149 – 171, 2018.

[24] R. Duda, P. Hart, and D. Stork, Pattern Classification, 2nd ed., New York City, USA: John Wiley and
Sons, 2000.

2638 PROCEEDINGS OF ISMA2020 AND USD2020



On tailored signal processing tools for operational 
condition monitoring of railway switches and crossings 

M.D.G. Milošević1,2, B.A. Pålsson 1,2, A. Nissen 3, H. Johansson 1, J.C.O. Nielsen 1,2 
1  Chalmers University of Technology, Department of Mechanics and Maritime Sciences, 

SE-412 96 Gothenburg, Sweden 

 
2  CHARMEC, Centre of Excellence in Railway Mechanics 
 

3  The Swedish Transport Administration, 

Box 809, SE-971 25 Luleå, Sweden 

Abstract 
Railway switches and crossings (S&C, turnout) connect different track sections and create a railway network 

by allowing for trains to change between tracks. This functionality comes at a cost, however, as load-

inducing rail discontinuities in the switch and crossing panels cause much larger degradation rates for S&C 

compared to regular track. As there are hundreds of thousands of S&C in Europe, railway administrators 

are interested to advance solutions for reliable and resilient maintenance of these assets via remote condition 

monitoring. One such solution is to measure accelerations using embedded sensors mounted on the sleeper 

that lies underneath the crossing transition. With the adoption of this solution, this paper addresses the 

development of tailored signal processing tools for specifically analysing and evaluating the given 

acceleration signals. In particular, the methodology addresses both temporal and frequency characteristics 

of measured accelerations, and their integration to displacements. In this work, measured accelerations from 

41 train passages and two different crossing panels have been used.  

1 Introduction 

Railways is an energy-efficient mode of transportation with low environmental impact [1, 2] that contribute 

to a more sustainable transport sector. In order to fulfil its potential, however, it must operate reliably. In a 

railway network, the components that connect tracks and switch trains from one track to another are called 

switches & crossings (S&C, turnout). S&C take the role of serial links in the network's operational reliability 

and create an organizational space for it to be used at a high capacity. But the switching and crossing 

flexibility also endangers the given operational reliability. This is because S&C feature load-inducing rail 

discontinuities that increase the damage of vehicle and track components, and therefore also increase the 

number of failures that in turn reduce the reliability. S&C are subjected to much larger degradation rates as 

compared to regular track. 

The larger degradation rates of S&C are the reason why railway infrastructure managers spend from tens to 

hundreds of millions of Euros annually on their maintenance. In  Table 1, numbers are presented for some 

railway networks around Europe concerning S&C maintenance costs. In Sweden, there are around 12 000 

S&C and the annual maintenance cost is estimated to 400-450 MSEK (~40-45 MEUR) [3]. In the United 

Kingdom, there are around 20 000 S&C and the annual maintenance cost in 2012 was 189 MGBP (~212 

MEUR), with additional cost for renewals 220 MGBP (~246 MEUR) [4].  

The large cost for S&C maintenance creates a business case for effective condition monitoring solutions 

that could potentially pay its own cost and more via a better utilization of track components. Such systems 

are today made possible by modern sensor and IT technology. This contrasts with the more traditional 

approach of periodic inspections performed in track by engineers. 
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Country Number of turnouts Annual maintenance cost 

Sweden [3] 12 000 400-450 MSEK (2014) 

Germany [4] 69 983 / 

The Netherlands [5] 7 000 / 

United Kingdom [4] 20 327 
220 MGBP renewals 

189 MGBP maintenance 

France [4] 25 600 / 

Switzerland [6] 15 062 >1 BSF (2009) 

 

For crossing panels, a common condition monitoring solution is to install an accelerometer on the sleeper 

that lies underneath the crossing transition in order to detect changes in track response that can indicate a 

fault or a degraded condition of the track. To this end, this paper presents tailored signal processing tools 

for the analysis and interpretation of acceleration measurements from such sensors. The focal point is on the 

computation of measurement quantities of relevance for condition monitoring. 

The following introductory sections will provide (a) an introduction to wheel–rail kinematics in crossing 

panels, (b) the instrumentation technology used and (c) an overview of the research field. 

1.1 Wheel–rail kinematics in crossing panels 

 

Figure 1  introduces the wheel–rail interaction kinematics in crossing panels as well as nomenclature for the 

main components of the crossing panel. Studying the oncoming wheelset in the bottom left of the figure, the 

right wheel would be in contact with the wing rail, and the left wheel would be in the contact with the stock 

rail (regular contacts – details A&B). Moving the wheelset further ahead, the right wheel would approach 

the running surface discontinuity between the wing rail and the crossing nose. Upon entering the 

discontinuity region, contact between the wing rail and the right wheel would be shifting towards the right 

on the wheel tread. This enables space for a contact of the right wheel with the crossing nose, and in the 

moment of transition, a dynamic vertical wheel–rail impact occurs. This is due to the reversal in vertical 

displacement trajectory for the wheel from a slightly downwards motion while rolling on the wing rail to 

 Table 1: S&C economy around Europe 

Figure 1: Crossing panel with labelled components and illustrations of the wheel–rail interaction kinematics  
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slightly upwards on the crossing nose. The contact between wheel and crossing nose is illustrated in detail 

E. If the wheel is hollow worn (deeply concave tread), the given transition occurs later (detail D) and it 

usually causes much higher dynamic impacts than for a regular transition. At the same time, the left wheel 

is experiencing two contact locations: one between the wheel tread and the stock rail, and one between the 

wheel flange and the check rail (detail C). The check rail is an important guiding feature to ensure that the 

wheelset cannot move too far sideways and make interference contact with the tip of the crossing nose. It is 

also a feature that can manipulate the impact location of the right wheel tread with the crossing nose 

depending on its lateral position. The dynamic response of the given train–track interaction is in this case 

recorded with the shown accelerometer that is installed on the sleeper next to the tip of the crossing nose. 

1.2 Instrumentation technology  

Various sensor technologies have been investigated for the purpose of S&C condition monitoring and 

dynamic response analysis in the past. This includes accelerometers, geophones, strain gauges, remote video 

monitoring, and optical fibre sensors [5, 7-11]. In [8], different micro-electro-mechanical systems (MEMS) 

accelerometers in use for S&C monitoring are compared. The present work is focused on using MEMS 

accelerometers installed next to the railway crossing (see Figure 1). 

Condition monitoring technology can be seen as a part of the Internet of Things (IoT). IoT represents a 

system of fused computing devices and mechanical and digital machines. MEMS is taking a part in the IoT, 

with MEMS accelerometers being found for example in smartphones, smartwatches and various other 

commercial electronic devices. Using a multi-purpose technology that is being developed within the fastest 

developing technology field is a promising thing. In a condition monitoring context, big advancements could 

be expected from technology improvements. This is because it could resolve easier the problems signal 

processing might not, for example low-frequency noise. 

1.3 Overview of the research field 

The field of condition monitoring and instrumentation of S&C has been well worked on from different 

perspectives. The key distinction between the approaches found in the literature is whether their foundation 

is based on numerical or experimental analysis. 

On the experimental side, [12] presents an approach for active structural health monitoring of railway 

turnouts using ultrasonic guided waves. The authors claim that the method can detect growing (but not 

existing) defects in real-time. In [5], two experimental tools were used, accelerometers and remote video 

monitoring, to resolve the dynamic response of a railway crossing.  It was found that the magnitude of the 

wheel impact can vary considerably from one wheel to another and a fatigue area criterion was defined for 

damage assessment of the crossing nose. In [13], it was explored whether condition monitoring of a crossing 

can be made based on ambient vibrations recorded in short time intervals before the oncoming train arrives 

at the crossing transition. Structural system identification methods were applied to these signals to resolve 

the dynamic response of the track. For the aspect of long-term condition monitoring in ref. [14], 2D profiles 

of a crossing were recorded at 19 positions over 30 months. Additionally, the work refers to a diagnostic 

system that focuses on accelerations and transition dynamics. S&C monitoring technologies, their added-

value and implementation, are overviewed in the In2Rail report [7]. The given deliverable focuses on 

geophones, accelerometers, and 3D-scanners. In paper [8], micromechanical system (MEMS) 

accelerometers are studied in the context of S&C maintenance. Additionally, in practice, it is often found 

that track measurement cars [15] are utilized for S&C monitoring. Instrumented wheelsets have been used 

to measure the wheel-rail contact forces between vehicle and S&C [16]. 

A comprehensive overview of the structural health monitoring in the railway industry can be read in [10, 

17]. In [17], the authors state that there is little information available on the processing of acceleration 

recordings in the literature. Methods for evaluation of railway vibrations for railway track and subgrade, 

and as benchmark work on railway vibrations, are provided in [18, 19]. In [10], accelerometers, geophones, 

and optical fibres are discussed. It is pointed out that geophones have a high cut-off frequency of 4 – 12 Hz 
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and are limited to a high frequency of 1 kHz. In [20], the authors used optical sensors to monitor railway 

traffic achieving a sampling rate for a strain profile of 31.4 Hz.  

Referring to a neighbouring field, a valuable long-term structural health monitoring work is presented in 

[21]. This paper describes a bridge that was monitored for 10 years and many failures of continuous 

monitoring equipment were noted during this time. Also, the authors show examples where non-linear 

damage lowers the dynamic response and that the eigenfrequencies of the structures are significantly 

influenced by the environmental conditions. Notable structural health monitoring work in the domain of 

operational modal analysis and stochastic subspace system identification can be seen in [22-24]. There it is 

concluded that identification of damage is dependent on white noise as excitation and its covariance 

properties. Overall literature lacks in providing results of minor damage detection in operational conditions 

of complex systems with the use of system identification methods. 

In the numerical analysis work of [25], a set of representative measured wheel profiles is used to explain the 

kinematic constraints in a crossing, while [26] assess damage in S&C. The CHARMEC group at the 

Chalmers University of Technology has produced three Ph.D. theses in recent years in the field of numerical 

analysis of S&C: on the long-term rail damage evolution in railway crossings [3], on optimization of S&C 

geometry [27], and on wheel-rail impact loads and track settlements in railway crossings [28]. In works such 

as [29], the explicit finite element method is used for dynamic analysis of wheel–rail interaction at railway 

crossings. The value of those papers for condition monitoring purposes lies in the creation of domain 

knowledge for the understanding of S&C behaviour. Invaluable work for an introduction to S&C and its 

maintenance is produced in the Ph.D. thesis [6]. Also, a comprehensive study on railway S&C monitoring 

is presented in the Ph.D. thesis [4]. 

To summarise; in the field of condition monitoring of S&C, work devoted explicitly to the processing of 

measurements recorded in the field has not been found in the literature. The additional identified gap in the 

field is a methodology to process a large amount of data from multiple S&C sources for the perspective of 

railway network condition monitoring. With the methodology presented in this paper, the two identified 

gaps are addressed. 

2 Vertical vehicle–track interaction and damage in crossing panels 

This section will cover the dynamic response of the crossing panel structure under a wheel passage and the 

damage that follows. It will also discuss how different damage modes are expected to change the dynamic 

response of the track and how these changes can be utilized for condition monitoring. The discussion will 

be centered around two important damage modes that infrastructure owners would like to monitor with 

embedded sensors: degradation of the crossing running surface geometry and differential track settlement 

[6].  

Figure 2 presents a cross-sectional view of a two-layer track structure model of the crossing transition. 

Starting from the top is the crossing rail. The rail is coupled to sleepers via bushing elements that represent 

the resilience in the rail to sleeper connections. The sleepers in turn are coupled to rigid ground via bushing 

elements that represent the ballast and foundation stiffness. The figure also illustrates the location for the 

accelerometer considered in this study. 

When a wheel rolls over the crossing as in Figure 2 (and Figure 1), it excites the track in a broad frequency 

range. On the low end is the deformation stemming from the static wheel load. Further up in frequency is 

the vertical impact load stemming from the designed discontinuity of the crossing. Based on analytical 

modelling, this force impulse is expected to consist of two main components [30]. The first is the P1 force 

(500 – 1000 Hz), which is due to the wheel and rail oscillating out of phase with a frequency related to the 

contact stiffness. The second is the P2 force, which is related to the wheel and track oscillating together on 

the foundation stiffness (50 – 100Hz). Naturally, the dynamic response of the real structure can be expected 

to be broader with a wider range of frequencies excited. However, these analytically derived force 

components give an indication of the frequency regions of interest for typical system properties and are still 

expected to qualitatively represent fundamental forces and frequencies that are present in the real system. 

There can also be rail surface irregularities at short wavelengths causing excitations at even higher 
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frequencies. These dynamic loads cause damage to the crossing and the crossing panel structure. Over time 

each damage increment accumulates to failures or deterioration so large that maintenance is needed.  

 

 

There are at least two fundamental aspects of the structural response of crossings under traffic loading that 

are of interest for condition monitoring. The first is that some response frequencies (such as the global track 

deformation) will be dependent of the speed of the vehicle while others (such as the P1 & P2 forces) can be 

expected to be related to fundamental frequencies in the coupled vehicle–track system. The second is that 

the resulting displacement amplitude under a given load has a much stronger frequency dependence than 

the resulting acceleration amplitude. In the simulation-based study in chapter 5 of ref. [7], this property was 

used to show that a form of decoupling can be observed between different changes in crossing panel 

properties. Changes in track stiffness (which are related to differential track settlement) were strongly 

proportional to vertical rail and sleeper displacements during a wheel passage over a crossing. In contrast, 

the crossing running surface geometry and the resulting vertical trajectory experienced by passing wheels 

had a strong influence on the resulting accelerations while they were at a high enough frequency to have a 

smaller influence on track displacements. Thus, these results suggest that track settlements could be 

observed via changes in displacements while accelerations are more directly related to the running surface 

geometry of the crossing. 

Given that the acceleration response on a crossing panel sleeper under a train passage can be measured and 

this information should be used to observe changes in track settlements and rail surface geometry, there are 

therefore several features that would be useful to extract from this signal. This includes: 

 Integrating the accelerations to displacements 

 Computing measures of the vibration level in the system that could be coupled to changes in the 

transition geometry of the crossing and rail surface irregularities 

 Observing the frequency content in the measured signals. Possibly there are fundamental 

frequencies where changes in frequency could be related to structural changes over time 

 Detecting the speed of passing vehicles 

The signal processing tools presented in this paper are intended to address these points and to lay the 

foundation work for further development on condition monitoring work for S&C. 

  

Figure 2: Schematic cross-sectional view in the longitudinal-vertical plane of a wheel rolling over the 

crossing transition 

Stiffness changes due to 
degradation in pads and ballast. 

Changes in crossing geometry 
and rail surface roughness 
changes the excitation 

The accelerometer location 
considered in this study 
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3 Methodology overview 

This paper concerns a methodology based on tailored signal processing tools for specifically analysing 

accelerations recorded via a sensor installed in the crossing panel. Considering the transient aspect of the 

given acceleration measurements, the methodology assesses both temporal and frequency characteristics. 

The methodology also lays the foundation for processing a large amount of data from multiple S&C sources 

for railway network condition monitoring evaluations. The steps in the methodology are presented in Figure 

3. 

 

  

Step 1. Cutting and filtering 

acceleration recording 

 

Step 2. Integration of 

accelerations to displacements 

 

Step 3. Manual annotation of 

axles, bogies & ambient sections 

 

Step 4. Bogie passage signature 

identification 

 

Step 5. Presentation of segments 

cut for band-passed accelerations 

Step 6. RMS computations for 

accelerations and displacements 

 

Step 7 continuous wavelet 

transform 

 

Step 8 similarity filtering [31, 

32] 

 

Step 9 postprocessing 

 

Step 10 saving data  

Figure 3: Illustration of methodology workflow 
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4 Measurement data 

The measurement data used to demonstrate the methodology consists of 41 acceleration trace measurements 

from two different crossing panels. The measurements were recorded via an accelerometer installed on the 

sleeper (see Figure 1). The excitation consisted of passages from operational passenger trains at various 

speeds. The measurement campaigns are classified by the location of the crossing panel and the date when 

the accelerations were recorded: SG21A-20170927 -  first measurement campaign 15 measurements - speed 

range 28.5 - 46 m/s; SG21A-20171106 – second measurement campaign 20 measurements - speed range 28 

- 45.5 m/s; KAT-20180403 - 6 measurements - speed range 21.5 - 44.5 m/s. As indicated by the asset code, 

the two first measurement sets were recorded at the same crossing panel. One example of a raw acceleration 

measurement is presented in Figure 4. In Figure 5, the continuous wavelet transform for the segmented 

signal from Figure 4 is presented. The sampling rate for the measurements was 20 000 Hz. 

 

Figure 4: Raw acceleration signal recorded for the 

sleeper next to the crossing nose. Train passage 

with 20 axles and speed 34.5 m/s 

 

Figure 5: Continuous wavelet transform for the 

signal in Figure 4 

Figure 6 shows a sampling frequency error study for the acceleration response of one train passage (signal 

from Figure 4). In the given graph, one red scatter mark presents the sampling frequency error concerning 

one axle passage. The computational procedure is as follows: a time segment corresponding to one axle 

passage is cut from the full signal and resampled with the sampling frequencies: 1 kHz, 2 kHz, 4 kHz, 5 kHz, 

and 10 kHz, with the original sampling rate being 20 kHz. For the case of a resampling rate of 2 kHz, this 

produces 10 new signals. For the case of 10 kHz, it produces 2 new signals, etc. The computed error is based 

on a comparison between the newly computed signals and the original signal of 20 kHz. The comparison is 

made concerning the maximal acceleration magnitudes induced by the wheel–crossing rail transition impact 

and repeated for all mentioned resampling frequencies and all axle passages.  

In analogy to the error method study in Figure 6, an additional error study is performed in terms of 

comparing root mean square (RMS) values computed from cuts of acceleration recordings during bogie 

passages. In this case, the analyzed resampling frequencies are: 0.5 kHz, 1 kHz, 2 kHz, 4 kHz, 5 kHz, and 

10 kHz. In Figure 7, the given error study is presented for one train passage of raw recording data. One red 

scatter mark corresponds to the error between the maximum and minimum root mean square values for the 

resampled recording of one bogie passage. 
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Figure 6:  Sampling frequency error study 

concerning resolution of crossing transition impact 

accelerations; raw data 

 

Figure 7:  Sampling frequency error study 

concerning RMS of bogie passages; low-pass 

filtered data to 2560 Hz 

In the presented sampling frequency error analysis, it is observed that for resolving the maximal acceleration 

with resampling frequency 10 kHz, the error could go as high as 12.5% with a mean per 20 axle passages 

of 5%. With the lowest resampling frequency in this analysis of 1 kHz, the mean error was 62%. On the 

other hand, for the RMS-values of bogie passage accelerations, the mean error was 2% for 10 kHz. 

Depending on the frequency range of interest for the damage mode to be monitored, the above-given 

sampling frequency error analysis could indicate the magnitude of the expected errors.  

The continuation of this work is based on 20 kHz sampling frequency. 

5 Demonstration of methodology – example results 

This chapter presents selected results obtained using the tailored signal processing tools. 

5.1 Integration to displacements   

Crossing sleeper displacements is a quantity of importance for S&C condition monitoring as it can give an 

indication of track stiffness changes. In step 2 of the presented methodology, acceleration recordings are 

integrated to displacements. The process to perform the integration includes low-pass filtering of the 

acceleration signal at 2560 Hz and high-pass filtering with two steps of polynomial fit. The given steps are 

implemented using MatLab’s filter designer toolbox and polyfit function (MatLab ver. R2019b). In Figure 

8, an example displacement estimate is shown. The red line shows the first obtained displacement after low-

pass filtering and double integration. The black line presents the final estimated displacements relative to 

the rest position after high-pass filtering with two polynomial fits. It is observed that the method yields a 

realistic estimation of displacements in line with those found in direct measurements of track displacements 

[7, 33]. 
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Figure 9 and Figure 10 give examples of bogie passages for a crossing panel with a smooth transition and 

another crossing panel with an anomalous transition. It is observed that the higher frequency and amplitude 

of accelerations in Figure 10 are reflected in the computed displacements compared to the smoother response 

obtained in Figure 9.  

 

Figure 9: Measured accelerations and estimated 

displacements - crossing panel SG21A-20170927 - 

one bogie passage - train speed 34.5 m/s 

 

Figure 10: Measured accelerations and estimated 

displacements - crossing panel KAT-20180403 - 

one bogie passage - train speed 44.5 m/s 

 

5.2 Locating maximum accelerations during axle passages with respect to 
displacement peak position 

Locating the maximum impact accelerations during a wheel passage creates information of practical use to 

categorize the type of wheel transition from wing rail to crossing nose. It can say whether it’s: (a) regular 

transitions – impacts 0.2-0.5m from the tip of the crossing nose, (b) late crossing transitions – hollow worn 

wheels – impacts ~>0.5m  from the tip of the crossing nose and (c) smooth crossing transitions without 

pronounced impacts – possibly very small transition dip angles. 

 

Figure 8:  Estimated displacements – crossing panel SG21A-20170927 
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In Figure 11, the plots show the distance between the position of maximum acceleration and the position of 

maximum sleeper displacement. It is assumed that when the displacement wave reaches a peak, the wheelset 

is located above the accelerometer. Also, it is assumed that the wave propagation time from when the wheel 

impacts the rail until it reaches the accelerometer position is negligible compared to the train movement. 

With these assumptions, the location of maximal displacement is treated as a fixpoint in space, and the 

location of the maximal acceleration amplitude is found relative to this point. The analysis is performed 

using low-passed accelerations at 2560 Hz. 

In Figure 11 (a-c), it is observed that the average peak acceleration per train passage is located around 0.5 

m in front of the accelerometer. Positive direction is in the direction of increasing time and distance travelled, 

with zero position being the location of the accelerometer. Figure 11(a,b) represents crossing SG21A and 

shows a large spread of acceleration locations with the mean distance from the accelerometer varying from 

1.0 m to 1.5 m. Those results indicate that there are other irregularities on the crossing that induce larger 

accelerations than the wing rail to crossing transition itself. This might imply that SG21A undergoes 

transition with small dip angles. Overall the crossing panel SG21A shows smaller displacements and smaller 

accelerations compared to crossing panel KAT, which indicates that it is in a better condition. For crossing 

panel KAT Figure 11 (c), observations are made based on 6 train passages. More data is needed to firmly 

establish the most characteristic type of crossing transition. 

Further work is required to separate acceleration signals that originate from the wing rail to crossing nose 

transition and those that originate from other rail surface irregularities. It also needs to be further investigated 

whether the point of peak displacement can be assumed to be a fixed point given the observed variability in 

results. 

 

(a) Crossing SG21A-20170927 

 

(b) Crossing SG21A-20171106 

 

(c) Crossing KAT-20180403 

5.3 Root mean square analysis of accelerations and displacements  

In the presented signal processing methodology, RMS (root mean square) values have been computed for 

accelerations from different axle passages and different bogie passages. Additionally, RMS values have 

been computed for a relative comparison of displacements of different axle passages and different bogie 

passages. The computations were performed for signals band-passed to eight different frequency regions. A 

bogie passage refers to passage with a wavelength equal to two times the longitudinal wheelset spacing in 

the bogie, centered at the mid of the bogie. An axle passage refers to passage with a wavelength equal to the 

axle spacing in the bogie, centered at the mid of the axle. 

Figure 11: Location of maximum impact acceleration with respect to peak displacement. Positive location 

in the direction of distance travelled 
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Figure 12: Bogie passage accelerations RMS for 

three measurement sets – average per train passage 

 

Figure 13: Axle passage displacements RMS  

percentage for three measurement sets – average 

per train passage 

In Figure 12, RMS values for bogie passage acceleration recordings are presented. The colour bar covers a 

variety of train speeds and, with different markers, three measurement campaigns for two crossings. One 

vertical line shows the spread of computed RMS values for one train passage, and the corresponding marker 

shows the average value in that spread. Large deviations are observed in the results. 

In Figure 13, RMS percentage for axle passage displacement in different band pass regions are shown. It is 

observed that the crossing panel SG21A has most of the displacement energy in frequency domain 1-40 Hz. 

For the crossing KAT, the displacement energy leaks to the region of 40-160 Hz in amounts of up to 20%. 

The assumption is that displacements generated in higher frequencies could be an indicator of e.g. rail 

surface damage leading to more high frequency excitation. 

5.4 Similarity filtering 

The theory behind Similarity Filtering (SF) is presented in [31] (there called probabilistic filtering) and [32]. 

In the present study, the idea of SF is applied to filter different segments of one signal with each other in the 

time domain. The purpose of such filtering is to amplify the similarities between the different segments of 

one signal and attenuate their differences, further resulting in an easy extraction of the most dominant 

frequency of the signal. 

For this analysis, signals are separated into segments with axle passages and segments of ambient excitation 

between bogie passages. The idea is to isolate the two systems, one being the coupled train–track interaction 

system (axle passages) and the other being the unloaded track system (between bogie passage segments). 

Figure 14 shows different acceleration recording segments that will be subjected to SF in the further 

analysis. 

Based on the acceleration recordings from Figure 14, the SF results are presented in Figure 15. The results 

concern the filtered acceleration recordings in eight band-pass frequency regions for the ambient and axle 

segments. The SF output is then processed with the Fast Fourier Transform. For each band-passed region, 

the most dominant frequencies are identified. 
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From the results shown in Figure 15, it is concluded that in the regions 320-640 Hz; 640-1280 Hz; and 1280-

2560 Hz, there exists an overlap in identified frequencies. With the assumption that two systems will vary, 

this observation indicates that the identified frequencies might not belong to either of the systems and could 

be a measurement system feature. The energy around these frequencies is also observed in Figure 5. For the 

frequency regions up to 320 Hz, clear differences between the two systems are observed. It is to be 

investigated further whether the reduced identified frequency for the case of the train–track system (axle 

passages) compared to track system (ambient excitation) belong to the same mode of vibration. An 

additional conclusion is that a low-pass filter of 1 Hz was not able to successfully attenuate higher 

frequencies. Additionally, the intention is to use SF with a larger fusion of data to achieve convergence in 

identified dominant frequencies with respect to larger variations in operational conditions. 

 

Figure 15: SF results for one train passage – ambient and axle segments 

 

Figure 14: Different acceleration signal segments that are subjected to SF, ambient excitation segments 

and axle passage segments where axle 1&2 refer to the first and second axle in each bogie, respectively 
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6 Conclusions 

The introduction section of this paper highlights the existence of railway switches and crossings (S&C) in 

the domain of sustainability and its importance for railway transportation. Overall there are hundreds of 

thousands of S&C around Europe and their susceptibility to damage is creating a demand for research. 

Surveying the S&C condition monitoring literature showed that a variety of approaches is currently being 

utilized with two main foundations for the development of knowledge: experimental and numerical analysis. 

However, two research gaps have been identified in the S&C condition monitoring field: the lack of a 

methodology that (a) specifically addresses the signal processing aspect of S&C condition monitoring, and 

(b) sets S&C operational condition monitoring evaluations in the perspective of the railway network. This 

paper was motivated by the given identified gaps. With the focus on developing a methodology to extract 

important temporal and frequency information from acceleration recordings generated in operational 

conditions of S&C, and with the approach to evaluate multiple crossing panels at once, this paper has 

addressed the research questions from the identified gaps. 

The analysis has been performed based on data of acceleration measurements generated from 41 train 

passages and two railway crossings. In the results, it is observed that the tailored signal processing tools can 

produce a good estimation of sleeper displacements. From the two crossings that were analysed, a clear 

difference in response was observed between the two crossing panels where one crossing generated larger 

displacement and acceleration amplitudes. This difference was most clearly observed from the method to 

separate displacement energy into multiple frequency regions. For the crossing panel with smaller observed 

displacements, most of the displacement energy was in the region up to 40 Hz. For the crossing panel with 

larger amplitude dynamics, the region 40-160 Hz displayed up to 20% of the displacement energy. More 

energy in the high-frequency dynamics could be an indicator of running surface degradation in the crossing.  

Lastly, the relative displacement energy approach creates an opportunity to evaluate the behaviour of 

hundreds of crossing panels in one plot. This quantity can be directly observed from the integrated 

displacements, but in the perspective of a railway network condition monitoring, there are tens of thousands 

of S&C and feasible evaluations are required. With the relative displacement energy indicators, the targeted 

crossing panels can be extracted and addressed close attention by applying tailored signal processing tools. 

In conclusion, the presented methodology has been created to analyze both global and local aspects of 

operational condition monitoring of crossing panels. For future research, the provided signal processing 

methodology could use the assistance of machine learning for axle passage and ambient excitation segment 

annotation. Those steps in the analysis are currently performed manually, and practical experience manifest 

an outstanding performance of machine learning in the domain of image annotations. Those opportunities 

could be realised with a richer source of data. Additionally, a large data source would be needed to address 

questions concerning behaviour in different environmental conditions. 
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Abstract
This paper presents a new method for calculating the ground-borne vibration from shallow underground
railways. The method is based on an iterative wave-scattering approach, which decouples the problem into
two sub-systems: (1) a tunnel embedded in a full-space and (2) a half-space domain for the soil alone. The
Pipe-in-Pipe (PiP) model is first used to find the soil response remote from the tunnel, in the absence of
a free surface. The reflected wave-field approaching the soil-tunnel interface from the free surface is then
computed using a Boundary-Element Method (BEM) model, before applying this as an external load on the
tunnel wall to calculate the revised response. The process is repeated for multiple iterations until convergence
is achieved. To the authors’ knowledge, this is the first time that an iterative approach has been applied to
an elastodynamic problem. The results from this iterative PiP-BEM model are compared with those of a
coupled Finite-Element-Boundary-Element Method (FEM-BEM) model and found to agree well over the
frequency range typically associated with ground-borne vibration.

1 Introduction

Vibration generated by the passage of underground trains can have a significant environmental impact on
nearby structures. Vibration is generated at the wheel-rail interface and this can propagate through the soil
into nearby buildings, where it may disturb occupants and lead to the malfunctioning of vibration-sensitive
equipment. This has generated research interest in numerically modelling ground-borne vibration problems
on account of increasing public sensitivity to noise and vibration and the introduction of new underground
lines in urban areas.

One well-regarded numerical tool is the Pipe-in-Pipe (PiP) model [1], which is a computationally efficient
software package for predicting the soil response around a railway tunnel. In the model, the tunnel invert
can be excited either by a time-harmonic point force or by a train-track system, such as when a wheel-rail
roughness is applied at axle masses on a floating-slab track (FST) [2]. The standard PiP model is derived
by assuming the tunnel is embedded in a full-space [3] and then appropriate Green’s functions are used with
the fictitious-force method to account for when the tunnel is, instead, embedded in either a homogeneous [4]
or a multi-layered [5] half-space. Multiple studies have concluded that there is good agreement between the
PiP model and more rigorous Finite-Element-Boundary-Element Method (FEM-BEM) models [6] over the
frequency range of 1–80 Hz, which is typically of interest for the perception of ground-borne vibration.
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The fictitious-force method assumes that the near-field around the tunnel is not influenced by the existence
of the free surface, i.e. the displacement at the soil-tunnel interface is the same whether or not there is
a free surface. This assumption is valid when the distance between the tunnel crown and free surface is
greater than the longest wavelength in the soil. However, when the tunnel is closer to the free surface, the
response between the tunnel and free surface becomes coupled and the influence of the free surface cannot
be neglected. Hussein et al. [7] compare the half-space PiP model against the 2.5D coupled FEM-BEM
model of François et al. [8] for a tunnel embedded at different depths, when a point force is applied at the
tunnel invert. At some frequencies, there are deviations in excess of 15 dB between the two models for the
free-surface displacements generated by shallow tunnels.

The objective of this paper is to account more fully for the presence of the free surface in the half-space PiP
model by proposing an iterative wave-scattering approach, and to assess the accuracy of this approach for
realistic cases. The paper is organised as follows. Section 2 outlines the three distinct calculation steps in the
proposed method. Section 3 presents a numerical study in which the results are compared against those from
the equivalent 2.5D coupled FEM-BEM model [8]. Finally, Section 4 presents the conclusions and outlines
some further work.

2 Method

In principle, an iterative wave-scattering approach can be used to dynamically couple two isolated sub-
systems by accounting for the waves that propagate back-and-forth between them. The isolated sub-systems
in this problem represent: (1) a tunnel embedded in a full-space and (2) a half-space domain for the soil.
Iterative approaches have been applied to analyse wave-scattering problems involving elastic waves [9],
[10], but, to the authors’ knowledge, they have not been applied to an elastodynamic problem involving
soil-embedded structures.

Soil-tunnel

Free surface

interface

(a) Full-space PiP model (c) BEM model

Tunnel

Soil

un,si
inc~ pn,si

inc~

qn
~ usi

inc psi
inc

ufs

ufs
inc~

f(  ) p 
~

(b) Fictitious-force method

Figure 1: Implementation of the proposed iterative wave-scattering approach for a tunnel-soil system.

The method presented here consists of three main steps, as summarised in Fig. 1. In the first step (Fig. 1(a)),
the full-space PiP model is used to calculate the response of the tunnel sub-system due to the directly applied
excitation. In the second step (Fig. 1(b)), the fictitious-force method is applied to the soil sub-system to find
the displacement field at the free surface. In the third step (Fig. 1(c)), the Boundary-Element Method (BEM)
is used to calculate the wave-fields reflected from the free surface towards the soil-tunnel interface (evaluated
at internal points in the soil domain). The reflected waves from the free surface are then applied to the tunnel
sub-system used in the first step to revise the response at the tunnel. Thus, the three steps are repeated as
an iterative process. During each iteration, the tunnel and soil sub-systems are weakly coupled together
but, with multiple iterations, the combined response converges towards the fully coupled response, when the
presence of the free surface is fully accounted for. All the equations given in this section are numerically
implemented using the technical computing software, MATLAB [11].
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An important concept of the iterative approach is that a field variable u at an interface can be expressed as the
linear superposition of an incident field uinc that propagates towards the interface and a scattered field usca

formed by the wave interaction at the interface, such that u = uinc + usca. This is adopted in the following
subsections, which outline each of the three steps.

2.1 Step 1: The iterative PiP model for a full-space

In the first calculation step, the full-space PiP model is used to calculate the response at the soil-tunnel
interface due to a vertical, time-harmonic point force F0 applied at the tunnel invert and, in subsequent
iterations, incident displacement ũinc

si and traction p̃inc
si fields at the outer tunnel wall, as illustrated in Fig.

2. The PiP model is based on a Fourier transformation from the time domain t to the frequency domain ω,
and from the space domain x along the tunnel’s longitudinal axis to the wavenumber domain ξ. Moreover, a
Fourier series expansion is employed in the circumferential direction θ to evaluate the response in terms of
n discrete circumferential ring-modes. Only a finite number of modes is necessary to achieve convergence
in the response; it is found that n = 10 achieves this.

The tunnel is modelled as an infinite, thick-walled shell with outer radius rto and inner radius rti, and the soil
is modelled as an infinite, cylindrical cavity with infinite outer radius rso → ∞ and inner radius rsi = rto.
The three-dimensional response of the tunnel and full-space are described by their radial, circumferential
and longitudinal components in the cylindrical coordinate system (r, θ, x). Thus, the displacement and
traction fields in the soil-tunnel system are expressed as u(r, θ, x, ω) = {ur, uθ, ux}T and p(r, θ, x, ω) =

{σrr, σrθ, σrx}T, respectively, where T denotes the vector transpose.

θ

y

z

r

x

rso → ∞

rti

F0

usi
inc~ psi

inc~

rto = rsi

Figure 2: A tunnel embedded in a full-space.

By implementing the inverse Fourier transform and the Fourier series expansion, it is straightforward to show
that the point force F0 at the tunnel invert can be expressed as the traction field:

q(r, θ, x, ω) =




qr
qθ
qx



 =

1

2π

∫ ∞

−∞

∞∑

n=0




q̃rn cosnθ
q̃θn sinnθ
q̃xn cosnθ



 · e

iξxdξ , (1)

where the traction field components q̃n = {q̃rn, q̃θn, q̃xn}T in the modal-wavenumber-frequency (n, ξ, ω)-
domain are

q̃rn(n, ξ, ω) =





F0

2πrti
for n = 0 ,

F0

πrti
for n ≥ 1 ,

q̃θn(n, ξ, ω) = q̃xn(n, ξ, ω) = 0 for all n .

(2)
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Forrest and Hunt [12] employ wave potentials to derive the solution for elastic wave propagation in the tunnel
and full-space, and describe the motion at the tunnel inner and outer walls as the following matrix equations:

ũn,ti(n, ξ, ω) = Ũ
∣∣∣
r=rti

c̃ , (3)

p̃n,ti(n, ξ, ω) = T̃r

∣∣∣
r=rti

c̃ , (4)

ũn,to(n, ξ, ω) = Ũ
∣∣∣
r=rto

c̃ , (5)

−p̃n,to(n, ξ, ω) = T̃r

∣∣∣
r=rto

c̃ , (6)

where the 6 × 1 vector c̃ denotes the equation coefficients for the motion of a thick-walled shell, and the
3× 6 matrices Ũ(r, n, ξ, ω) and T̃r(r, n, ξ, ω) are given in closed form by Forrest and Hunt [12].

The scattered-fields at the soil-tunnel interface, due to the incident displacement ũinc
n,si and traction p̃inc

n,si
fields, can be expressed as the following matrix equations:

ũn,si − ũinc
n,si = Ũm

∣∣∣
r=rsi

b̃ , (7)

p̃n,si − p̃inc
n,si = T̃m

∣∣∣
r=rsi

b̃ , (8)

where the 3×1 vector b̃ denotes the equation coefficients for the motion of a cylindrical cavity, and the 3×3

matrices Ũm(r, n, ξ, ω) and T̃m(r, n, ξ, ω) contain the second, fourth and sixth columns of Ũ(r, n, ξ, ω)

and T̃r(r, n, ξ, ω). By satisfying compatibility and equilibrium at the soil-tunnel interface and setting the
traction field at the tunnel-invert p̃n,ti = q̃n, Eq.(3)-(8) can be rearranged to calculate the vector coefficients:

c̃ =




T̃r

∣∣∣
r=rti

T̃r

∣∣∣
r=rto

− T̃m

∣∣∣
r=rto

Ũ−1m
∣∣∣
r=rto

Ũ
∣∣∣
r=rto



−1{

q̃n

p̃inc
n,si − T̃m

∣∣∣
r=rto

Ũ−1m
∣∣∣
r=rto

ũinc
n,si

}
, (9)

b̃ = Ũ−1m
∣∣∣
r=rto

Ũ
∣∣∣
r=rto

c̃ , (10)

Substituting Eq.(9)-(10) into Eq.(7)-(8) computes the displacement and traction fields at the soil-tunnel inter-
face of a tunnel excited by the loads represented in Fig. 2. Note that, for the first iteration, ũinc

n,si = p̃inc
n,si = 0

because the free surface has not yet been excited by the tunnel; this is equivalent to the soil response predicted
by the PiP model for a full-space [12].

2.2 Step 2: The fictitious-force method for a half-space

In the second calculation step, the incident displacement-field uinc
fs that propagates towards the free surface

from the excited tunnel is calculated using the fictitious-force method. A detailed overview of the fictitious-
force method for a tunnel embedded in a homogeneous half-space is provided by Hussein at al. [4].

The fictitious-force method calculates an internal source at the soil-tunnel interface that produces the same
displacement field ũn,si around the tunnel embedded in a full-space. The internal source can be discretised
into an equivalent set of M fictitious line-loads f̃(p) in the wavenumber-frequency (ξ, ω)-domain. In the
Cartesian coordinate system (x, y, z) shown in Fig. 3, each line-load evaluated at θp can be written as
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f̃(p)(ξ, ω) =
{
f̃x, f̃y, f̃z

}T
for p = 1, 2, . . . ,M . (11)

The fictitious line-loads are then applied in a half-space, where the tunnel cavity is filled in with soil, as shown
in Fig. 3. The line-loads are transformed into the wavenumber-wavenumber-frequency (ξ, γ, ω)-domain by
applying the spatial Fourier transform:

f̂(p)(ξ, γ, ω) =

∫ ∞

−∞
f̃(p)(ξ, y, ω) · e−iγydy ,

=

∫ ∞

−∞
f̃(p)(ξ, ω) · δ (y − rto sin θp) · e−iγydy ,

= f̃(p)(ξ, ω) · e−iγrto sin θp ,

(12)

where γ is the wavenumber with respect to the coordinate y along the tunnel’s transverse axis.

When the fictitious line-loads are expressed as Eq.(12), the Green’s functions for a 2.5D elastodynamic half-
space [13] are used to find the far-field displacements in the soil. Thus, the incident displacement-field ûinc

fs
at the free surface is calculated as a summation of the fictitious line-loads:

ûinc
fs (ξ, γ, z, ω) =

M∑

p=1

Ĝhalf
u(p) f̂(p) , (13)

where the 3× 3 matrix Ĝhalf
u(p) contains the 2.5D half-space Green’s functions:

Ĝhalf
u(p)(ξ, γ, ω) =



Ĝhalf
uxx Ĝ half

uxy Ĝ half
uxz

Ĝhalf
uyx Ĝ half

uyy Ĝ half
uyz

Ĝhalf
uzx Ĝ half

uzy Ĝ half
uzz


 . (14)

The spatial Fourier transform can be applied twice to Eq.(13), with respect to the γ and ξ wavenumbers, to
evaluate the incident displacement-field at the position x = {x, y, z}T:

uinc
fs (x, ω) =

(
1

2π

)2 ∫ ∞

−∞

∫ ∞

−∞
ûinc
fs (ξ, γ, z, ω) · eiγy · eiξxdγdξ . (15)

f(  )(ξ,ω)p 
~

θp
rto

y
z

x

Figure 3: The internal source is represented using an equivalent set of fictitious line-loads at the soil-tunnel
interface of a tunnel filled in with soil, where the line-load at θp is f̃(p)(ξ, ω).
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2.3 Step 3: The BEM model for internal points

In the third step, the BEM in the space-frequency (x, ω)-domain is used to calculate the incident-fields that
propagate towards the soil-tunnel interface as a result of the tunnel exciting the free surface in the previous
step. An unbounded 3D mesh, as shown in Fig. 4, is used to discretise the free surface and the soil-tunnel
interface in the soil domain into smooth, constant rectangular elements. The numbers of elements N1, N2

and Nx are constrained so that N1 = N2 = Nx. The elements at the soil-tunnel interface are regarded as
internal points within the soil domain, as illustrated by the dashed circle in Fig. 1(c).

By implementing the BEM for internal points in the soil domain, the incident displacement uinc
si and traction

pinc
si fields at the soil-tunnel interface are calculated using the following matrix equations:

uinc
si (x, ω) = Gupfs −Huufs , (16)

pinc
si (x, ω) = Gppfs −Hpufs , (17)

where the matrices Gu, Hu, Gp and Hp contain the full-space Green’s functions for the displacements and
tractions at internal points [14]. Since the free surface simply responds to the far-field displacements from
the tunnel, ufs = uinc

fs . Note also that pfs = 0 as, by definition, the free surface has zero normal stresses.

In order to apply the incident fields at the soil-tunnel interface as external loads on the tunnel in the next
iteration, the incident fields must be transformed from the (x, ω)-domain into the (n, ξ, ω)-domain. This is
achieved by applying the spatial Discrete Fourier Transform with respect to the x coordinate, and by applying
a Fourier series expansion in the θ direction around the soil-tunnel interface.

N2 elements

N1 elements

Nθ elements

Soil-tunnel
interface

Free surface

0

-5

-10

z [m]

0-5-10
5 10

-10

y [m]

0

10

x [m]

Nx elements

Figure 4: The discretised free surface and soil-tunnel interface (internal points) in the unbounded BEM mesh.

3 Results

In order to verify the proposed method, a number of displacement frequency-response functions (FRFs) are
predicted at the free surface using the iterative PiP-BEM model and compared against published results from
the 2.5D FEM-BEM model developed by François et al. [8]. The FRFs at the points (0 m, 0 m, 0 m) and
(20 m, 20 m, 0 m) on the free surface are evaluated, as illustrated in Fig. 5. Three different tunnel depths D
are also considered: shallow (5 m), medium depth (10 m) and deep (20 m).

For all cases, the tunnel has an inner radius rti = 2.75 m and an outer radius rto = 3.0 m, and is constructed
out of concrete with Young’s modulus E = 50 GPa, Poisson’s ratio ν = 0.3 and density ρ = 2500 kg/m3.
Material damping is introduced through a hysteretic loss factor η = 0.03 associated with both elastic Lamé
constants. Furthermore, the tunnel is embedded in a homogeneous, isotropic half-space with phase speeds
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cS = 200 m/s and cP = 400 m/s, for shear and pressure waves, density ρ = 1800 kg/m3 and hysteretic
loss factor η = 0.04 associated with both elastic Lamé constants.

xy

z

(0, 0, 0)

(20, 20, 0)

F0

D

Figure 5: Schematic diagram indicating the two points on the free surface where the displacement FRF is
predicted for an underground tunnel excited at the tunnel invert by a vertical, time-harmonic point force F0.
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i = 1 (PiP) i = 2 (Iterative PiP-BEM)FEM-BEM i = 4 i = 6i = 5i = 3

(a) N1 = 26, D = 5 m (c) N1 = 101, D = 5 m(b) N1 = 51, D = 5 m

(d) N1 = 26, D = 10 m (f) N1 = 101, D = 10 m(e) N1 = 51, D = 10 m

(g) N1 = 26, D = 20 m (i) N1 = 101, D = 20 m(h) N1 = 51, D = 20 m

Figure 6: Magnitude of the vertical displacement FRFs at the point (0 m, 0 m, 0 m) for different tunnel
depths D = 5 m, 10 m, 20 m and number of elements N1 = 26, 51, 101 in the BEM meshes.
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i = 1 (PiP) i = 2 (Iterative PiP-BEM)FEM-BEM i = 4 i = 6i = 5i = 3

(a) D = 5 m (c) D = 20 m(b) D = 10 m

(d) D = 5 m (f) D = 20 m(e) D = 10 m

(g) D = 5 m (i) D = 20 m(h) D = 10 m
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Figure 7: Magnitude of the displacement FRFs in the (a)-(c) longitudinal, (d)-(f) transverse and (g)-(i)
vertical directions at the point (20 m, 20 m, 0 m) for different tunnel depths D = 5 m, 10 m, 20 m.

In the BEM mesh, the size of the elements at the free surface and soil-tunnel interface are 0.4 m × 0.4 m
and 0.4 m × 0.448 m, respectively. This ensures that there are at least six elements per wavelength, as
recommended by Domı́nguez [15], over the frequency range of 1–80 Hz.

Figure 6 plots the vertical displacement FRFs at the point (0 m, 0 m, 0 m), directly above the excitation
point, using up to six iterations of the PiP-BEM model over the frequency range of interest. For a tunnel
depth D ≥ 10 m, there is good agreement between the PiP-BEM model and the FEM-BEM model over
the full frequency range, and the FRFs have converged after just one iteration (i = 1). This is expected
because the tunnel is located far from the free surface. Note that, for the first iteration, the FRFs are directly
equivalent to those predicted by the half-space PiP model.

For a shallow tunnel, with D = 5 m, there is a greater difference between the first iteration (i = 1) of the
PiP-BEM model and the FEM-BEM model, particularly at high frequencies (above approximately 60 Hz).
There is a clear anti-resonance trough in the FRF of the first iteration at ≈ 64 Hz, which corresponds to a
shear wavelength of λS ≈ 3.1 m in the soil. In general, anti-resonances of a system can be interpreted as
the resonances of the system when fixed at the excitation point [16]. At 64 Hz, the distance between the
tunnel-invert, where the point force is applied, and the free surface at (0 m, 0 m, 0 m) is ≈ 2.5 shear wave-
lengths. Thus, the anti-resonance is consistent with the destructive interference caused by shear waves when
the presence of the tunnel is neglected in the soil sub-system, i.e. when applying the fictitious-force method.
This anti-resonance is not present when using either the FEM-BEM model or when more iterations are ap-
plied using the proposed method. It is clear that the iterative PiP-BEM model captures the coupled response
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of the soil-tunnel system by allowing the free surface to influence the tunnel’s response and eliminating the
destructive interference caused by shear waves.

Figure 6 also shows that, as the number of elements used in the BEM mesh is increased from N1 = 26
to N1 = 51 for a tunnel with D = 5 m, the agreement between the proposed method and the FEM-BEM
model improves. This is expected because a greater extent of the free-surface and soil-tunnel interface is
discretised in the BEM mesh, which prevents waves from leaking around the edges of the mesh. However,
when the number of elements is increased from N1 = 51 to N1 = 101, fluctuating artefacts appear in the
FRF. The most likely explanation for this phenomenon is that the distance between the soil-tunnel interface
and free surface is very close over a large extent of the BEM mesh for a shallow tunnel. Therefore, the
unbounded mesh closely resembles a bounded mesh; this can cause the integral equations in the BEM to lose
the uniqueness of solutions at certain frequencies, known as fictitious eigenfrequencies [15]. Typically, the
use of full-space Green’s functions with an appropriately discretised boundary does not result in fictitious
eigenfrequencies [17].

Figure 7 plots the longitudinal, transverse and vertical displacement FRFs at the point (20 m, 20 m, 0 m),
again using the first six iterations of the PiP-BEM model. To minimise the fluctuating artefacts in the FRFs,
N1 = 51 elements are used in the BEM mesh. Again, there is good agreement between the proposed method
and the FEM-BEM model when D ≥ 10 m. For a shallow tunnel, the FRFs predicted by the iterative PiP-
BEM model agree better with those predicted by the FEM-BEM model, when compared to the PiP model
for a half-space.

4 Conclusions

This study demonstrates that the iterative PiP-BEM model agrees well with the coupled FEM-BEM model
for predicting the soil response around a tunnel embedded in a homogeneous half-space over the typical
frequency range (1–80 Hz) associated with ground-borne vibration. Compared to the half-space PiP model,
the iterative wave-scattering approach introduced in this paper better captures the coupled response of shal-
low tunnels by accounting for the scattered-fields at both the free surface and the soil-tunnel interface. As a
general rule, a good solution is obtained using the half-space PiP model if the distance between the tunnel
and the free surface is larger than the tunnel diameter.

Future work will involve coupling a railway train-track system to the tunnel-invert in the iterative PiP-BEM
model and to investigate numerical schemes that will minimise the fluctuating artefacts in the FRFs. In
addition, the BEM in this paper uses the 3D Green’s functions for a full-space because the railway tunnel
will eventually be coupled to a BEM model for a 3D pile-group, which will be the subject of a future paper
on the train-induced response of pile foundations.
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Abstract
In this paper, a finite element model aiming to simulate the apparent mass of the human body is presented.
In the automotive industry, the apparent mass corresponds to the inertia forces applied by the human body on
the automotive seat when subjected to an input acceleration. Studies from the literature show that it impacts
objective vibratory comfort indicators such as the transmissibility. First, in order to characterize the dynamic
behavior of the human body, the apparent mass of 7 male participants corresponding to a mean human sat
in a representative posture is measured. Then, the equivalent model is built based on the CAD of a rigid
seat and the finite element model of a crash test dummy. A static simulation is performed to sit the occupant
model in the seat and then a dynamic simulation is done to compute the apparent mass. The results show
that the use of interface stiffnesses at the back allow to retrieve a resonance in the simulated apparent mass.
However, the comparison with experimental data shows the need to update the model to match its frequency.

1 Introduction

The comfort of an automotive seat is commonly assessed by acting on the different sources of discomfort.
Regarding the vibratory effects, a common quantity used in the automotive field to characterize the seat
comfort is its transmissibility. This quantity, measured with an occupant on the seat, corresponds to the ratio
of the acceleration measured at the seat surface divided by the acceleration at the seat base, and illustrates the
vibration isolation performance of the seat. Tufano and Griffin have shown that the human subject dynamic
behavior, characterized by the appparent mass, has an influence on the derived transmissibility indicators [1].
The apparent mass of the human body corresponds to the force it applies on a structure divided by the input
acceleration to which it is subjected, as defined in the ISO 5982 norm [2]. At low frequencies, the apparent
mass tends toward the static mass of the human subject seen by the structure. But unlike the static mass,
the apparent mass is not constant and in the case of a seated human body exhibits a resonance phenomenon
around 5Hz, before decreasing afterwards.

Within the seat development, finite element models are already used to assess the seat performances under
rapid dynamic loads (crashes). But the literature shows that it is also possible to use them to predict vibratory
comfort features such as the transmissibility [3, 4, 5]. However, this requires occupant models that are
representative of the human body mechanical behavior. Indeed, as indicated above, the mechanical behavior
of an occupant on the seat is not constant.

In this paper, it is proposed to simulate the apparent mass of the human body using the finite element method.
First, a review of the different finite element models used to simulate the apparent mass of the human body
is presented in section 2. Then, the experimental characterisation of the human body dyamic behavior is
presented in section 3. In section 4, the model used for the study is presented. In sections 5 and 6, the
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sitting and dynamic simulations are presented in order to derive the apparent mass. Finally, the quality of the
prediction is discussed and solutions for improvements are proposed.

2 Finite element models of the human body to predict the apparent
mass

Different finite element models have been proposed in the last decades to simulate the apparent mass. These
models can be divided into two groups, namely industrial and academic ones.

Regarding industrial works, two models are proposed by Choi et al. and Siefert et al. [6, 5]. Both models
aim at being used to predict both static comfort features, such as the pressure distribution at the occupant/seat
interface, as well as human body dynamic features such as the apparent mass and, in the case of the model
proposed by Siefert et al., the seat transmissibility.

Both models are built using an extensive modeling of the human body. First, for both models, a detailed
geometry of the skeleton is used. Regarding the material properties, the modeling mainly focuses on the
mechanical behavior of the vertebrae and of the soft tissues (skin, muscles and fat) within the thighs, buttocks
and abdomen. In the first model [6], the occupant model is first sat on a rigid structure made of two separate
plates, then an excitation is applied to the seat plates and the support. In second model [5], the apparent
mass is predicted by combining the simulated apparent mass with simulations of the dynamic stiffness of the
seat. In both cases, the simulated apparent mass matches the measured apparent masses taken as reference.
However, few details are given about the occupant modeling, the simulation process used to obtain the
apparent mass or the model updating.

Academic models provide more insight about the modeling choices. A first example of academic models
is proposed by Denninger [3]. The model is based on works from Lizée et al. [7] and is adapted to the
simulation of dynamic features such as the eigenmodes of the human body, its apparent mass and the seat
transmissibility. Another model has been proposed by Liu et al. and was used for the same purposes [8]. It
was later used by Zhang to predict the seat transmissibility [4].

These two models have an opposite approach. Similar to the models of Choi et al. and of Siefert et al., the
model used by Denninger has a detailed modeling of the head, neck and abdomen. The remaining parts come
from the finite element model of the Hybrid-III manikin, a crash test dummy that reproduces the geometry
and the mass distribution of a 50th percentile male occupant and whose development was initated in the
1970s by Foster et al. [9]. On the other hand, the model proposed by Liu et al. is made of 5 body segments,
4 of which being modeled as rigid bodies and the last one using a linear elastic material.

By adapting the model proposed by Lisée et al., including a new characterization of the soft tissues, the
model proposed by Denninger is able to match the resonance frequency compared to the ones from the
reference measurements. However, the amplitude at the resonance is underestimated. In the case of the
model proposed by Liu et al., after a calibration of the Young’s modulus of the soft tissues, the simulated
amplitude matches the experimental one, thus allowing to study the influence of the material properties of
the soft tissues on the results through a parametric study.

These four models show that different strategies can be chosen to build a model capable of predicting the
apparent mass. They have varying complexities, going from an assembly of rigid bodies proposed by Liu et
al. to more detailed models such as the one proposed by Siefert et al. This complexity depends on the number
and nature of comfort features that the models should predict. In this paper, a detailed model has been chosen
since the final goal is to use it to predict static and dynamic comfort features. However, before building the
finite element model, it is necessary to have an experimental reference. The experimental protocol as well as
the obtained apparent mass are detailed in the next section.
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3 Description of the test

For this study, the reference apparent mass is measured using the setup presented in figure 1 (a).
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Figure 1: Measurement of the apparent mass: (a) Experimental setup, (b) Averaged response of 7 subjects.

To perform this measurement, a rigid structure made of a main frame with three adjustable plates, one for
the cushion and two for the backrest, is used. To represent a driving posture, the seat plate angles were 19.9◦

from the horizontal axis for the cushion plate, 108.5◦ for the lower backrest plate and 105◦ for the upper
backrest plate. A numerical modal analysis of the structure without subject has been performed and shows
that it has no modes between 0 and 20Hz, and can thus be considered as rigid.

The apparent mass of 7 male participants is measured (average height: 1.75m; average weight: 78.6kg).
They are chosen to represent a 50th percentile male driver. They hold two bars that act as a steering wheel
and their feet are placed on a footrest, both of which being connected to the structure.

The structure is placed on a table connected to a shaker that produces a vertical excitation. The acceleration
signal used for the excitation is a white noise from 2 to 20Hz with an amplitude of 0.5m/s2RMS. The tests
lasts 80s, divided in 20s in order to reach a steady state and 60s of measurement.

The force is measured at the interface between the seat structure and the table. Four load cells are used and
the total force is taken as the sum of the force measured by each load cell. The acceleration is measured
using four accelerometers placed on the structure above the force sensors. The resultant acceleration is taken
as the average of the vertical acceleration measured by each accelerometer.

Due to the position of the load cells, the measured force corresponds to the inertia effects of the occupant and
the seat structure. In order to remove the effects of the structure, a mass cancellation step has been performed
by removing the static weight of the structure. The final apparent mass corresponds to the average of the
measurements at each frequency point and is represented in figure 1 (b).

At low frequencies, the apparent mass tends toward the average mass of the group. Then, a resonance
phenomenon is observed at 6Hz, with a corresponding amplitude of 129.3kg. After this resonance, the
amplitude decreases over the rest of the frequency range. Regarding the phase, it starts at 0 and then decreases
down to less than −π/2, with a steep decrease around the resonance frequency.

4 Model assembly

This experimental curve corresponds to the target to reach with the finite element model. In this section, the
complete finite element model is presented. It is made of a seat model coupled with an FE model of a crash
test manikin.
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The FE model of the rigid seat represents the three plates defining the cushion (1 plate) and the backrest
(2 plates) whose geometries come from the CAD model of the structure, and placed in the driving posture
described in section 3. Each plate is meshed using quadrilateral elements of characteristic length 10mm and
a thickness of 21.5mm (same as experimentally). To represent the plywood, a linear elastic isotropic material
is defined, with ρ = 660kg/m−3, E = 12.4GPa and ν = 0. To be consistent with the test, the perimeter of
each plate is clamped.

The occupant model is the FE model of the Hybrid-III manikin introduced above. It is a standard model
available in the automotive industry, making it easier to use this model for other purposes. In this study,
to ensure reasonable computing times, the ’FAST’ version of the model, characterized by a coarser mesh
and the simplification of several body parts, is used [10]. This manikin is made of 148 parts that form the
body segments, each segment being connected to one another using kinematic joints. For this study, the
translational and rotational stiffness and damping coefficients of these kinematic joints are defined as design
variables that can be set to a desired value.

To be consistent with the experimental protocol, the angles of the manikin were adjusted to match the ones
from the specification. Here, the angles of the ankles, knees and elbows were adjusted by rotating the
corresponding parts when needed. The angles values are based on comfort angle ranges proposed by Rebiffé
[11] and detailed in table 1 and figure 2.

Table 1: Comparison between specified angles and angles of the FEM model.

Name Specified (◦) Model (◦)

Ankle (A4) 85.00 84.74
Knee (A3) 101.0 100.7
Elbow (A6) 124.0 123.9

Figure 2: Occupant angles definition.

Finally, the two models are then assembled to form the complete model. The models are aligned in the
lateral position so that their symmetry planes match. Finally, a plate representing the footrest is added and
connected to the manikin using a rigid body element.

5 Sitting simulation

Once that the model is ready, the sitting simulation can be performed. The goal is to sit the manikin so that
its back angle corresponds to inclination of the seat backrest. This is important because, as shown by Toward
and Griffin, differences of backrest angles, and thus of back angles, lead to changes of the resonance peak
in the apparent mass [12]. When comparing pairs of measurements with two different backrest angles, the
measurement with the greater angle has an increased resonance frequency and a decreased amplitude.
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The sitting simulation is performed with an implicit solver and is separated into two steps. In the first step, an
enforced displacement is applied to the pelvis and calves nodes during 500ms so that the manikin approaches
the seat. The enforced displacement is prescribed using a velocity curve that has a gaussian profile in order
to reduce the energy added to the model at the end of this first step. A second step consisting in a gravity
loading of the manikin during 500ms ensures that the final position corresponds to a stable one. For the
whole sitting simulation, the manikin joint stiffnesses (respectively dampings) are set to 0N/m and 0N.m/rad
(respectively 0Ns/m and N.s.m/rad) to ensure that the manikin falls in the seat.
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Figure 3: Sitting simulation: (a) Final state of the model, (b) Kinetic energy level during the simulation.

The final state of this simulation as well as the kinetic energy in the model during the simulation are presented
in figure 3. It is seen that the kinetic energy at the end of the simulation tends toward zero, thus describing an
equilibrium state of the model. Regarding the manikin angles, the comparison between the initial and final
state of the simulation is shown in table 2. It is seen that the ankle and knee angles keep their original values.
The elbow angle increases from 123.9◦ to 160◦. Although this represents an increase of 30%, this deformed
geometry is used for the dynamic simulation as the angle of the elbow is assumed to have less impact on the
apparent mass than the other angles, as shown by measurements from Toward and Griffin [13].

Table 2: Comparison between specified angles and angles measured on the FEM model.

Name FEM - initial value (◦) FEM - final value (◦)

Ankle (A4) 84.74 84.74
Knee (A3) 100.7 100.7
Elbow (A6) 123.9 160.0

6 Dynamic simulation and apparent mass computation

Before conducting the dynamic simulation, several modifications are done to the model. First, and as said
above, the deformed geometry of the manikin is used. Its joint stiffnesses are set back to their original values.
Then a rigid body element is built to represent the main frame that holds the seat. This rigid body element
contains the nodes from the plates and the manikin that are connected to the seat frame in the experiment.
Finally, 4 linear elastic springs are added under the seat plate to act as force sensors, their bottom node being
clamped. The model is depicted in figure 4.
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Nodal rigid body Force sensors

Figure 4: Model used to compute the apparent mass. Force sensors on the manikin right hand side are not
visible.

The simulation consists in applying a base acceleration at the 4 clamped nodes in the vertical direction.
The response is then computed using the modal superposition method, which requires modal damping ra-
tios. Studies from Wei and Griffin and Rützel et al., who identified parameters of lumped models from
experimental apparent mass measurements, showed that the modal damping ratio for such computations are
between 25% to 40% or 10% to 52% [14, 15]. Here, a constant modal damping ratio of 25% is used for all
modes. Finally, the apparent mass is computed from the displacement of the 4 force sensors located under
the cushion plate and is normalized by its amplitude at 0.75Hz, taken as the static mass.

In the case of a resolution using the modal superposition method, the apparent mass corresponds to a linear
combination of the modes response weighted by their modal effective masses, which can be interpreted as
the mass they effectively move when excited. More specifically, the static mass corresponds to the sum of
the modal effective masses. Therefore, since the apparent mass should tend toward the static mass of the
occupant at low frequencies, the size of the modal basis depends directly on the number of modes needed so
that their cumulated effective mass approaches the total mass.

6.1 Simulation using tied contacts.

A first simulation is performed considering that the manikin is tied to the seat. The areas in contact are
located under the thigs and at the spine.

The modal analysis of this model shows that, in order to reach about 90% of the total mass, modes with cor-
responding eigenfrequencies should be computed up to 530Hz, as presented by the dark blue curve in figure
5 (a), which corresponds here to a modal basis of 3000 modes. The normalized apparent mass computed
with this modal basis is depicted in figure 5 (b). The results show a near constant amplitude with a slight
increase at high frequencies, but the apparent mass shows no resonance, which is not representative of the
behavior from figure 1 (b).

This dynamic behavior is explained by the fact that only two modes are located in the frequency range of
interest (at 17.6 and 17.8Hz respectively). Their associated mode shapes correspond to deformations of
highly elastic parts such as the soft tissues around the pelvis but not to global deformations of the manikin,
see figure 6 (a). Moreover, their modal participation factors show that they mostly contribute to deformations
in directions orthogonal to the vertical axis, which is why they are not seen by the force sensors.
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Figure 5: Results comparison between dynamic simulation with tied contact and interface stiffness: (a)
Cumulated modal effective mass, (b) Normalized apparent mass.

6.2 Simulation using interface stiffnesses.

When using tied contacts, it appears that the manikin is overconstrained since it is clamped at its buttocks,
back, hands and feet. To release the constraints on this model, a second simulation has been performed with
a tied contact at the cushion and 3 linear elastic springs at the backrest. The first two are normal and tangent
to the seat backrest plate and their stiffnesses values are taken from previous works from Barbeau et al. [16].
A third lateral spring with a rigid behavior is added to constrain the lateral modes.

Similar to the previous computation, 3000 modes are needed so that the cumulated modal effective mass
represents 90% of the total mass of the model. However, it is interesting to see that, in that case, a steep
increase of the cumulated modal effective mass is observed around 45Hz, as seen with the pink curve of
figure 5 (a). Indeed, the 19th mode, located at 43.95Hz, carries more than 45% of the total mass. This mode
correspond to a bending of the manikin in the fore-and-aft direction, as shown in figure 6 (b).

(a) (b)

Figure 6: Comparison of mode shapes depending on the boundary conditions: local mode of the pelvis with
tied contacts (a), and global mode of the manikin with interface stiffness (b).
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The impact of this global mode on the apparent mass is shown in figure 5 (b) as it results in a resonance
peak at 38.5Hz with a corresponding amplitude of 1.54. These results are then compared to the experimental
measurements, as shown in figure 7. To do so, the experimental amplitude is divided by the average static
mass of the participants. When comparing the amplitudes, a difference of -6.14% is observed between
the simulation and the measurements (taken as reference). However, the resonance frequency is greatly
overestimated and shows that the Hybrid-III model with its current parameters is not representative of the
human body dynamic behavior.
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Figure 7: Comparison of normalized apparent masses.

7 Discussion

These results show the limits of the Hybrid-III manikin model when used for low-frequency dynamic simu-
lations. First, the model is very stiff since one of the design requirements of the actual manikin is to remain
still under an accelaration of 1g. This kinematics behavior of the model are not representative of the human
body’s behavior in the considered frequency range. Thus, contrary to the work of Liu et al. who have found
that 3 modes under 15Hz are responsible for the resonance of the apparent mass [8], the first mode of this
model is at 17.6Hz and the mode responsible for the resonance is at 43.95Hz.

The comparison of the simulated apparent masses also shows the impact of the boundary conditions at the
seat/occupant interface. The results show that the hypothesis of tied contacts is too strong compared to the
actual measurements since it results in a near constant amplitude. On the opposite, the results with interface
stiffnesses between the back and the backrest allow to obtain a resonance of the apparent mass, explained by
a global mode of the manikin. The interface stiffnesses might then be interpreted as way to model the slips
that occur between the human body and the seat during the measurement.

In the case of simulations with interface stiffnesses at the backrest, the remaining challenge is to match the
resonance frequency. Here, the overestimation of the resonance frequency confirms that the manikin model
is too stiff for this kind of simulation. A possibility to improve the results would be to add flexibility in the
manikin by acting on its joint stiffnesses, or by acting on the interface stiffnesses between the seat and the
manikin. A sensitivity analysis could help to understand the impact of each parameter on the apparent mass
indicators.
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8 Conclusions

In this paper, a finite element model has been built in order to predict the apparent mass of the seated
human body exposed to a vertical excitation. The model consists in an assembly of three adjustable plates
representing the experimental structure combined with the finite element model of the Hybrid-III manikin, a
common manikin used in the automotive industry. The simulation workflow consists in a first step that aims
to position the manikin in the seat, followed by a dynamic simulation in order to compute the apparent mass
using the modal superposition method. Finally, the influence of the interface conditions between the manikin
back and the seat backrest are compared.

The results show that, depending on the modeling choices for the manikin seat/interface, different validation
criteria are met. If the manikin is tied to the seat, it is possible to retrieve the static mass, provided that the
modal basis is large enough, but the apparent mass shows no resonance. On the other hand, using interface
stiffnesses results in a resonance in the apparent mass curve, although it is currently not representative of the
measured dynamic behavior. These opposite modeling choices and their associated results show that more
work is needed in order to use the Hybrid-III manikin model for low-frequency dynamic simulations.

A possible use for such model remains interesting because it would allow to obtain a model that could be
used for the rapid dynamics simulations it was built for, but also for comfort simulations using a dedicated
set of parameters. Combined with a finite element model that represents the seat dynamic behavior in the
low-frequency, it is expected that this occupant model could be a useful tool in order to predict the seat
dynamic comfort.
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Abstract 
The paper is aimed at modelling and optimization of a rescue cushion system, which is a device used by fire 

brigades for evacuation of people from buildings. The goal of the study is an improvement of the system 

response under various operational conditions. For faster and cheaper analysis of the system performance 

and further development of the complex structure of the rescue cushion system, a dedicated dynamical 

model is elaborated. Implemented numerical model is further applied for the parametric study in order to 

evaluate the influence of selected airbag parameters on the effectiveness of impact mitigation process and 

to determine possible improvements of the actual system design. In particular, adaptation of the rescue 

cushion to the mass of landing person, as well as to the initial velocity, is analyzed. Simultaneously, the 

necessity of meeting all the functional and operational requirements is taken into account. The most 

promising directions of further research are indicated. 

1 Introduction 

Airbags are commonly used for impact absorption purposes and they can be found in many applications of 

the safety engineering. The principle behind their operation is an accumulation of impact energy in the gas, 

which fills interior of the airbag, and release of absorbed energy through vents or valves. The most popular 

airbag system is a car airbag, which protects drivers and passengers during the crash [1]. Another important 

application is the use of airbags for protection of off-shore structures [2]. Similar systems are currently 

implemented as a component of emergency landing systems, e.g. elaborated for unmanned aerial vehicles 

(UAV) [3]. It is worth mentioning that airbags have been developed also for space missions, in particular, 

as a suspension system designed for landing on the Mars [4]. 

The paper concerns another important airbag-based device, which is a rescue cushion – the system applied 

in operations of fire brigades for evacuation of people from heights. The analyzed system is based on the 

popular type of rescue cushion, which is composed of the pneumatic frame with membranes enclosing the 

volume of the air and creating the airbag. When an evacuated person lands on the rescue cushion the air is 

compressed, the pneumatic force acting on the body rises and decelerates the person. In order to obtain 

relevantly reduced value of maximum reaction force, a number of release vents is placed on the side 

membranes of the airbag. Typically, size of vents is selected for the worst possible case and as a result, the 

people of low mass or evacuated from low height are exposed to higher risk of injuries. 

Nowadays, two different designs of rescue cushions can be found on the market. The first corresponds to 

the construction based on the inflatable frame, as proposed by Peter Lorsbach in 1986 [5]. The second 

alternative is an airbag, which is continuously supplied with the air by additional fans. Such system is 

typically used for evacuation of people from extremely high altitudes up to 60 m. The design of rescue 

cushion systems is a challenging task because of numerous functional and legal requirements. Moreover, 

a number of operational aspects and process uncertainties should be taken into account. They concern, 

among others, mechanical parameters of the system, time of the preparation, as well as psychological factors 

[6]. 
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Despite the fact that rescue cushions are more often applied in fire brigade operations, the construction and 

its characteristics have not changed significantly for over three decades. Simultaneously, accidents and 

injuries of evacuated people are recorded. According to these facts the research on elaboration of improved 

rescue cushion system has been initiated by the authors. In particular, the conducted work is aimed at 

development of adaptive system, which will be able to efficiently mitigate the impact independently from 

mass of landing person and variety of impact velocities. The first step, necessary for obtaining this goal, is 

modelling and optimization of the system, which constitute a subject of this paper. 

2 Impact mitigation with a use of rescue cushion 

2.1 Performance-based approach to the design of a rescue cushion system 

As mentioned above, various requirements and performance measures need to be taken into consideration 

during the design process in terms of functional, operational as well as economic aspects. According to this 

fact the performance-based approach, known from earthquake engineering, can be adjusted and developed 

for the purpose of the rescue cushion design and optimization. Tab. 1. presents selected criteria, which have 

been formulated for development of a new type of adaptive rescue cushion system. They include functional 

requirements, which are assessed by the quality of excitation mitigation, stability of the airbag or its 

adaptivity to the mass and velocity of a landing person. Simultaneously, from operational point of view, the 

appropriate mobility of the system has to be provided and the preparation procedure of the system has to be 

as short as possible. Economic aspects, including purchase and maintenance costs, also play an important 

role in reference to commercial success of the device. 

Table 1: Requirements, criteria and performance indices for the rescue cushion system 

Requirement 
 

Criteria
 

Performance index 
 

Functional 
 

Impact mitigation quality
 

Maximum loading
 

 System stability
 

Behavior during drop of the 

landing object outside the 

airbag center
 

 Adaptivity
 

Mean of the maximum 

loading for the range of 

impact conditions
 

Operational  Mobility
 

Mass of the device 

Size of the folded device
 

 System preparation
 

Number of necessary staff 

Time of system preparation
 

Economic  Construction cost Direct cost 

Additional equipment cost 

 Lifecycle cost Maintenance costs 

Utilization 

 

All of the requirements mentioned above should be evaluated quantitatively if possible and assessed in 

accordance with predicted uncertainty or risk. Since the performance-based approach has not been applied 

for the rescue cushion systems, new procedures for the design assessment can be proposed. One of the 

possible techniques may include differentiation of the impact conditions depending on the targeted 

geographical region (continent, country) and optimization of the rescue cushion according to the most 

common evacuation conditions. Because of the currently applied certification procedures, the requirements 
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for the system behavior under maximum excitation conditions have still be met. Nevertheless, the best 

efficiency of the system can be provided for the most common conditions. The discussion may seem to be 

quite hypothetical because the rescue cushions based on the inflatable frame up to now has been constructed 

as entirely passive devices, but the authors conduct a research on the development of the adaptive system, 

which will possess embedded mechanisms responsible for the self-adjustment of the airbag to actual loading 

conditions. In such a case the selection of nominal conditions acquires new meaning and constitute an 

important aspect to be considered within performance-based design of the rescue cushion system. 

2.2 Study on elaboration of the self-adaptive system 

A starting point for elaboration of the self-adaptive rescue cushion is a research conducted in last two 

decades and devoted to the Adaptive Impact Absorption (AIA) [7]. In classical cases the AIA approach 

assumes identification of the impact excitation [8], [9], determination of the optimal system response and 

its realization with a use of active components, such as controllable valves [10]. Modification of the standard 

AIA methodology has been recently proposed [11] and it allows to avoid the step of impact identification 

without loss of the system efficiency [12], what has been verified experimentally [13]. Since the rescue 

cushion system have to be extremely reliable during operations of the fire brigade and it should not require 

any additional actions from the staff, a use of active devices should be minimized and the system should be 

self-adjustable. Several solutions operating in passive manner, but equipped with mechanisms allowing for 

system adaptation to predicted impact conditions, have been proposed, e.g. passive absorber with velocity 

and displacement-dependent characteristics [14] or adaptable pneumatic shock-absorber with shutters for 

adaptation to the actual impact conditions [15]. These solutions can be an inspiration for the development 

of adaptation mechanisms for the considered rescue cushion. Nevertheless, as mentioned above the 

adjustment of working elements should be done by the system itself. According to this fact and all the 

requirements discussed in previous section, the purely passive valves with variable opening should be 

considered. Selection of such solutions provides possibility of self-adjustable gas release, but the range of 

efficient system adaptation is limited. In order to obtain the best possible performance, the self-adjustable 

rescue cushion can be designed taking into account specificity of the given region, where the device is 

utilized. In particular, the valves parameters can be selected in accordance with the distribution of the people 

weights, as well as the heights of buildings. Since, from the business point of view the general construction 

of the device should not be varied between countries, the valves should be the elements which are tuned to 

the specific range of impact conditions. Due to the patenting plans of the authors the developed solution 

cannot be revealed within this paper. The specific construction of elaborated valves will be 

presented/published after the submission of a relevant patent application. 

2.3 Problem formulation 

An operation of any impact mitigation system can be treated as successful only if the vast majority (ideally 

entire) impact energy is absorbed by a protective structure. Residual amount of the impact energy should be 

very small and eventual rebound possibly minimized. In case these requirements are met the effectiveness 

of shock-absorbing device can be evaluated, e.g. by comparing the maximal value of reaction force or 

calculating the so-called impact absorption efficiency [12]. The mentioned quality indices can be modified 

depending on a particular application or legal requirements. As the subject of presented study is the rescue 

cushion system, consideration of the system performance demands evaluation of the device efficiency in 

accordance with the law. In particular the requirements presented in the norm DIN-14151 [16] should be 

addressed. Within this document maximum acceptable values of accelerations acting on head, chest and 

pelvis are introduced. These values cannot be exceeded for longer than ∆𝑡 = 3 ms. In reference to this 

requirement the authors introduce a new goal function (1a), which will be further used for evaluation of the 

impact mitigation quality. It will be calculated for all assumed values of the landing person’s mass 𝑀 and 

the impact velocity 𝑣0, which corresponds to the moment of the first contact of the person body with the 

membrane of the airbag. The optimization problem addressed within the conducted study is formulated as 

follows: 
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Minimize: ( 𝑚𝑖𝑛
𝑡∈[𝑡𝑖−

∆𝑡

2
,𝑡𝑖+

∆𝑡

2
]

|�̈�(𝑢, 𝑡)|) (1a) 

With respect: 𝑢 ∈ [𝑢𝑚𝑖𝑛, 𝑢𝑚𝑎𝑥] (1b) 

Subject to: ∫ [(𝑝(𝑡) − 𝑝𝑒𝑥𝑡)𝐴𝑐(𝑡) + 𝐹𝑚𝑒𝑚]𝑑𝑠
𝐿

=
1

2
𝑀𝑣0

2 + 𝑀𝑔𝑥(𝑇) (1c) 

where: 𝐿: 𝑥(𝑡) ∈ [0, 𝑥𝑚𝑎𝑥] and 𝐹𝑚𝑒𝑚 is the reaction force of the membrane, so it is a function of the 

displacement 𝑥, contact area 𝐴𝑐 (Fig. 1a) and gas pressures: inside the airbag 𝑝 and outside 𝑝𝑒𝑥𝑡. 

Fig. 1c presents an exemplary graph of the head accelerations of the dummy landing on the rescue cushion, 

as shown in Fig. 1b. For consecutive time periods the time intervals ∆𝑡 are marked together with the values 

of acceleration, which are exceeded longer than by the time of ∆𝑡. From all these values the maximum is 

chosen and it is minimized within the optimization process. The accelerations are determined for head, chest 

or pelvis and for all of them they should not exceed the limits presented in the norm. 

The problem (1) is solved for the selected values of the mass and impact velocities of the landing person. 

The nominal parameters of the excitation should be chosen according to the performance-based approach 

discussed in the previous section. Simultaneously, the values of the goal function (1a) are calculated for the 

entire range of possible impact conditions in order to verify if the obtained performance is satisfying, i.e. it 

is better than in the typical rescue cushions. On the other hand, values calculated for both various impact 

conditions and different parts of the body can be used for extension of the problem formulated above or its 

reformulation to the multicriteria optimization problem. 

 

Figure 1: a) scheme of an object landing on the airbag, b) numerical model of dummy landing on the 

rescue cushion, c) determination of the acceleration, which is exceeded by time longer than assumed 

value of ∆𝑡 
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3 Analysis of the rescue cushion system 

3.1 Development of the dynamical model 

According to the problem of the system modelling, the principle of operation of safety cushions is 

conceptually very simple: the bag of a cubic shape, filled with air, which is compressed and released through 

some especially prepared holes or valves. The resulting pneumatic force decreases the accelerations 

affecting the falling person during the contact with ground by an airbag. With regard to the aspect of 

structural design: the rescue cushion is built of non-inflammable membrane material sewn together, so that 

it takes the shape of a cube. This shape is maintained thanks to the use of a pneumatic frame, placed inside 

the cushion, as shown in Fig. 2. 

 

Figure 2: Numerical model of the rescue cushion, which is based on the inflatable frame 

Despite the fact that the concept of the safety cushions is simple, their modelling and simulation procedures 

are relatively complex. Building a proper model, which could reliably reproduce the dynamic behavior of 

the system during an impact, is a very time-consuming and complicated process. Incurring these 

expenditures is rewarded by the possibility of a thorough examination of the behavior of the structure when 

changes to the design are made. As a result, expensive and long-lasting experimental research can be 

replaced by various numerical simulations and a large number of parametric studies. The process of 

numerical modelling of a safety cushion is in many respects similar to the typical airbag modelling – one of 

the critical aspects in today’s automotive industry crashworthiness division. Airbag numerical models were 

created since as early as the seventies of the twentieth century [17], [18]. Most of the leading car 

manufacturers utilize numerical simulations in the design process for a so-called passive safety elements, 

such as seat belts and airbags. It is a very strong factor, positively influencing the development of new, 

reliable numerical procedures and concepts facilitating and accelerating this process. The modelled 

phenomena are very complicated, but thanks to the great amount of work involved in the development of 

this area of knowledge, it has become possible to use computers efficiently for this purpose. One of the 

biggest difficulties in these simulations are very high deformations of the modelled systems, interaction 

between the fluid filling the airbag and its envelope, and the contact between the airbag and the occupant 

but also with itself (contacting sheets of material). These issues, especially the fluid-structure interaction, 

are so complex and resource-intensive that the attempts to model them in a simplified manner have led to 

couple of different approaches. 
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The most popular and successful modelling methods are among others: the Uniform Pressure Method 

(UPM), where the fluid cavity is modelled as an ideal gas which pressure is uniformly distributed, the 

Particle Methods (PM) or the Lumped Kinetic Molecular methods (LKM), where the particles of the gas are 

modelled as corpuscles and the Arbitrary Lagrangian-Eulerian method (ALE), where the gas model is 

coupled with the structure by the Fluid-Structure Interaction methods [19]–[23]. Each of these methods has 

its unique advantages which can be expressed in the context of the speed of calculations and their accuracy. 

The UPM is the simplest one but in many applications the results obtained with that method are absolutely 

sufficient. 

According to the considered application of the impact mitigation by the use of a rescue cushion system, the 

authors are interested the most in dynamic loads affecting the landing person, what requires a relatively 

small integration step. Large deformations and associated with that strong nonlinearities, as well as high 

time resolutions of the investigated phenomena, require the usage of explicit numerical integration methods. 

This technique allows for obtaining the results with a relative ease when compared to implicit methods 

which require solving a very big system of equations in every iteration. Very complicated contact conditions 

are the factor which introduce additional complexity to the model by high nonlinearities, occurring during 

the connection and disconnection moments (so called chattering). They are not very cumbersome, when the 

explicit methods are utilized. The aforementioned difficulties make the simulation of such system a very 

demanding task, both in terms of a model development and the required computing resources. Years of 

experience, gathered in automotive and crashworthiness industry, have resulted in the special purpose 

models built especially for this kind of simulations, which together with the developed software 

environments made them a very reliable tools. A strong similarity between the issue considered in this paper 

and the very popular issue of airbag modelling let us draw on the experience of the automotive industry. 

Thanks to that, but also to the future experimental verification of our numerical model, we can develop 

a reliable and efficient numerical representative of the safety cushion which will be used to create 

a completely new kind of such structure. 

3.2 Optimization of the system response 

As rescue cushions available on the market are very similar to each other, the parameters of the exemplary 

system have been assumed comparable with parameters of the most popular models. The external 

dimensions of the safety cushion, presented in Fig. 2, are equal to 3.4 x 3.4 x 1.8 m. The device is divided 

into two chambers of equal volumes and the outer membranes are mounted on the inflatable frame. The 

diameter of the frame elements is 0.2 m and it is filled with air compressed to the value of 1.4 bar. The 

thickness of the membranes is equal to 0.5 mm, its density is 800 kg/m3, Young modulus 0.7 and 0.6 GPa 

in the plane of the element and the transverse plane, respectively. The damping coefficient has been assumed 

equal to 0.1. 

In order to assess the feasibility of further improvements of the safety cushion performance, a parametric 

study has been conducted. One of the system parameters, which influence the efficiency of excitation 

mitigation the most, is a value of venting area of the airbag. Too low value of this parameter leads to high 

values of the body’s deceleration. In turn, too high value of the venting area results in only partial absorption 

and dissipation of the excitation energy. As a consequence the collision of a landing person with the ground 

is not avoided. This is the reason why the venting area is assumed relatively small and the overloading, 

appearing during typical operation of the rescue cushion, is higher than it should be. 

In Fig. 3. the results of exemplary simulations, which have been conducted for the drop of three dummies 

from the height of 8 m, are presented. The applied models of dummies relates to 5th, 50th and 95th percentile 

in terms of people height and weight [24]. The graphs demonstrates that in the case of adjustable venting 

area of the safety cushion, the reaction force transmitted to the body of landing person can be significantly 

reduced for different values of the landing person’s mass and cubature. 
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Figure 3: Force responses of the current and improved rescue cushion during landing of dummies with 

different values of their mass and cubature 

Except the mass of the landing person also the height of evacuation may vary and it influences the system 

response significantly. Fig. 4. reveals the possibility of efficient mitigation of the loading transmitted to the 

body of landing person in case of different evacuation heights corresponding to the values of the impact 

velocity. As previously, the improvement of system response due to adjustment of the venting area is very 

high. It should be mentioned that in practice it can be very hard to conduct adjustment of the venting area 

in the range allowing for optimal impact mitigation for the entire range of excitation conditions. 

Nevertheless, the results presented within this section prove the fact that the characteristics of currently used 

rescue cushions can be enhanced and the illustrative examples on the graph can be treated as the direction 

for improvements of the adaptive rescue cushion. The results planned to be obtained within further research 

assume obtaining the system response below the current design curves and as close as possible to the 

improved design curves. It is worth mentioning that implementation of variable venting area may provide 

even better performance for selected excitation conditions. 

 

Figure 4: Force responses of the current and improved rescue cushion for different heights of evacuation 

(various impact velocities) 
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The values of a venting area required for obtaining the improved system response for different impact 

conditions are presented in Fig. 5. As shown on the graph, the dependencies of venting area on the values 

of body mass and on the height of evacuation are opposite. Higher mass of landing person demands more 

stiff airbag and the venting area should be decreased. In turn, increase of the impact velocity requires more 

efficient release of the gas, so that the venting area should be increased. According to this contrary influences 

of both excitation parameters, it is worth to indicate that the venting area for particular energy of landing 

person may vary and will always depend on both the mass and the impact velocity. Opposite influence of 

the impact parameters on the value of optimal venting area of the airbag constitutes a significant challenge 

in the practical implementation of adaptation mechanism, which will ensure successful operation under 

uncertainty of excitation conditions.  

 

Figure 5: Opposite influence of the landing person's mass and the height of evacuation on the optimal 

value of venting area 

4 Conclusions 

Within the paper a preliminary study on the modelling and optimization of the rescue cushion system is 

presented. The discussed analyses are aimed at performance improvement of the safety cushion, in particular 

the adaptive impact absorption is investigated and possible mitigation of the system response is evaluated. 

Article covers the discussion on the rescue cushion design, including analysis of operational, functional and 

legal requirements, as well as general approach to the modelling and simulation of the dynamic system 

behavior. Result of the preliminary study indicates that the impact mitigation of currently used rescue 

cushions can be improved significantly. The resultant reaction force transferred to the decelerated body can 

be reduced even up to 50%, if the proper adjustment of a venting area is applied. Adaptation mechanism, 

which will be further developed, will ensure efficient mitigation of the impact for both different masses of 

landing person and different impact velocities, which result from various heights of evacuation. The 

presented results constitutes an indicative direction of the further system improvements and the paper can 

be treated as a study on the limits that can be obtained by adjustment of the airbag venting area. 
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Abstract
As the usage of small satellites becomes more widespread, the demand for high quality data collection ability
grows as well. New low vibration satellite platforms and improved optics must ensure small spacecraft’s
position as a low cost solution for high resolution earth observation (EO). For telescope optics, this means a
larger aperture diameter and focal length. KU Leuven aims to reconcile the small spacecraft form factor with
large optics by means of a novel deployable Cassegrain telescope for 6U CubeSats (30x20x10mm). In the
described research, the dynamic behaviour of the telescope structure is experimentally validated by means
of a modal analysis. A dynamic analysis is performed to emulate the in-orbit vibration environment, using
KU Leuven reaction wheels as a reference. From the response, it is concluded that relative centering error
between primary and secondary mirror is small enough to allow for 1m GSD from LEO, while focus error is
not. A redesign of the in-orbit locking system is proposed to keep focus error within acceptable bounds.

1 Introduction

Modern civilization is in ever greater need of accurate remote sensing data on natural processes (e.g. climate
change) and human activity (e.g. traffic). Satellite observation forms a major pillar of the remote sensing
industry, but high initial investment cost prohibits widespread application. Standardized small satellites, like
Cal Poly’s CubeSat [1], require less launch volume and development effort than traditional systems. The
size reduction introduced by small satellites increases accessibility to space, but comes at a cost of satellite
performance.

As the usage of small satellites becomes more widespread, the demand for high quality data collection
ability grows as well. Their small mass and the close proximity of moving spacecraft subsystems makes
small satellite payloads susceptible to on-board dynamic disturbances. The average small satellite supports
a payload bay of a mere few cubic decimetres at most. As a consequence, optical image quality, which
depends on the mirror diameter for brightness and the focal length for resolution, is significantly lower for
small satellites than for traditional observation platforms.

On-board dynamic disturbances originate mostly within a SmallSat’s standard support systems. For example,
reaction wheels, motorized flywheels that regulate angular momentum as a part of the attitude determination
and control system (ADCS), are an often recurring vibration source. On-board disturbances often excite
vibration modes of the spacecraft structure and the payload optics, affecting the geometric properties which
are key to the generation of quality images. New low-vibration platforms and improved optics must ensure
small spacecraft’s position as a low cost solution for high resolution earth observation (EO), astronomy, laser
communications and other future fields of space flight.

To reconcile low volume small satellites with large optics and a low susceptibility to disturbances, KU
Leuven has initiated the development of a novel deployable Cassegrain telescope for 6U CubeSat satellites
(30x20x10mm). The telescope framework consists of a set of elastic elements arranged into a self-deploying
coilable boom. The structure unfolds once in orbit, separating the primary and secondary telescope mirror
to the desired focal length. As such, large optical elements can be stowed into the satellite launch volume,
which is limited by standardized CubeSat form factors.
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As touched upon above, the relative motion of primary and secondary mirror surfaces caused by satellite
disturbances is detrimental to image quality. Therefore a major objective of the telescope development is
to keep mirror excursions within reasonable bounds. Two strategies are explored to achieve said purpose.
A piezo-actuated focal length correction system (FLCS) enables active control of the mirror surfaces for
disturbance rejection. Meanwhile, the telescope structure itself is designed to exhibit sufficient stiffness in
orbit. The goal of the structural design is to keep secondary mirror excursions of a deployable telescope
within the maximal error bounds required to deliver a 1 m ground sampling distance (GSD) from an altitude
of 500km or, in case the first requirement is too strict, within the control bounds of the FLCS.

Research performed at KUL over the last few years has yielded a first functional design of the telescope
structure, which is shown in Figure 1. The design requirements and considerations are described in more
detail in the following subsection. The occurrence and shape of the natural vibration modes and the telescope
response to the expected on-board vibrations are key in ensuring that the mechanical behaviour of the tele-
scope complies to the maximum mirror displacement objectives set in the design requirements. A detailed
knowledge of the expected vibration modes is essential to the implementation of an effective controller. The
research presented here addresses this concern using a simulated modal and response analysis on the ideal
telescope structure, which is verified by means of a dynamic identification campaign on a physical prototype.

Figure 1: Deployable telescope prototype, with secondary mirror (M2) spider located to the left, primary
mirror (M1) on the base plate to the right

2 Telescope design

2.1 Tolerances

A Cassegrain telescope like the one shown in Figure 2 is of the reflective kind, composed of two mirrors.
Light is collected onto the concave primary mirror surface M1 and reflected to the convex secondary mirror
M2, from which light is concentrated onto an image sensor placed behind the primary mirror. The secondary
mirror size and the associated obscuration of the primary mirror increases with focal length. The chosen
telescope dimensions as shown in Table 1 are a compromise between accuracy and brightness requirements.

Position tolerances of the relative mirror separation are within the micrometer order of magnitude, akin
to the wavelength of visible light. Three types of relative position errors influence the optical telescope
performance. The tilt error is the relative rotation of the mirror surfaces, the centering error the relative
translation in the mirror plane. Both lead to coma aberration of the telescope image. The focus error is the
error to the relative axial separation of the mirror surfaces. Deviations to this dimension quickly result in
image blur, known as defocus aberration. The maximally allowable errors to obtain the required accuracy
goals are shown in Table 1.
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Figure 2: Cassegrain telescope lay-out

Table 1: Telescope dimensions with allowable errors

M1 diam [mm] M1-M2 separation [mm] M2 diam [mm] Focus error [µm]
200 450 64 22

Tilt error [◦] Centering error [mm] Tilt error [◦] w FLCS Centering error w FLCS [mm]
0.18 0.60 4.50 4.50

2.2 Structure

The telescope structure is a coilable boom that consists of eight Titanium Ti-6Al-4V elastic elements bending
helically around five Aluminium 2024, T8510/8511 reinforcement rings. The dimensions of the telescope
components are selected to store sufficient elastic energy for passive self-deployment, and avoid plastic
deformation while stowed well within the satellite form factor. The telescope configuration is chosen to
maximize the stiffness whilst minimizing the launch mass of the structure. The telescope configuration
parameters are shown in Table 2. Aluminium rings are counted from M1 to M2, see Figure 1.

Table 2: Telescope dimensions with allowable errors

Parameter Optimized value [mm]
Width Ti beam 10.0

Thickness Ti beam 1.0
Height Al ring 1 15.6
Height Al ring 2 14.3
Height Al ring 3 14.1
Height Al ring 4 12.3
Height Al ring 5 6.7

Al Ring thickness 2.0
Position Al ring 1 20
Position Al ring 2 100
Position Al ring 3 191
Position Al ring 4 279
Position Al ring 5 450

2.3 Self-locking hinges

The joints connecting the elements of the deployable telescope are subject to two conflicting design objec-
tives. On the one hand they are required to allow relative rotation between the telescope elements. On the
other the structure is to be as stiff as possible in the deployed state in order to remain within the allowed error
ranges for the mirror separation.
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To fix all joints after separation, the structure is outfitted with magnetic self-locking hinges. Figure 3 shows
a virtual representation of the hinge design. The magnetised hinge components only touch in the deployed
configuration. Due to the inverse square relation between magnetic force and magnet pole separation, the
lock does not prevent telescope stowing and deployment.

Figure 3: Self-locking magnetic hinges in deployed (a) and collapsed (b) state; The magnetized component
on the ringside (blue) attracts a soft magnetic component on the elastic element (green)

3 Virtual dynamic analysis

In a first stage of the structural identification, a virtual model of the self-deploying telescope is verified in the
ANSYS Workbench 2019 simulation environment. A modal analysis aims to identify the frequency response
and the corresponding natural modes located within the expected frequency range of on-board disturbances.
A response analysis investigates the telescope performance in an expected reference environment.

3.1 Reaction wheel vibrations

Reaction wheels developed at KU Leuven are chosen as a representative reference source of on-board satel-
lite vibrations. A full reaction wheel set-up consists of three mutually perpendicular flywheels, as shown in
Figure 4. Each wheel controls one rotation axis by means of angular momentum exchange with the satellite
structure. Momentum exchange is realised through acceleration and deceleration of the flywheel. Conse-
quentially, reaction wheels usually exhibit a high rate of rotation, even when in stand-by. The disturbances
generated by a rotating reaction wheel have previously been characterised at the KU Leuven department of
mechanical engineering. Reaction wheel vibration is tonal, with frequencies located at rotation speed har-
monics. Higher harmonic disturbances originate from a variety of sources, e.g. electric motor torque ripple
and bearing irregularities. Nevertheless, the fundamental harmonic, related to the mass imbalance of the
flywheel rotor, was found to be dominant [2].

Figure 4: Simplified representation of the reaction wheel assembly
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Reaction wheel imbalance vibration causes bearing forces and moments about the perpendicular axes (see
Figure 4). Disturbances along the axis of rotation are negligible. The virtual response analysis of subsection
3.4 is based on a worst-case combination of reaction wheel disturbance forces. As a consequence, the
reaction wheel forces input to the dynamic analysis are assumed to be in phase. The maximal frequency of
the fundamental harmonic is expected to be 167 Hz, equivalent to a maximal rotation speed of 10.000 RPM.

3.2 Simulation configuration

The structural analysis is performed in ANSYS Workbench 2019. All telescope parts are modelled as beam
elements with a cross-section according to the parameters in Table 2. The self-locking hinges are assumed to
form ideal, rigid joints in the deployed state. A variable point mass is associated with each hinge, according
to the mass of the hinge on that location. The secondary mirror M2 is approximated with four point masses
in the central spider. The values of the point masses are shown in Table 3.

Table 3: Hinge and mirror M2 point masses

Location Mass [g]
M2 mirror 7.5

Ring 1 4.5
Ring 2 4.1
Ring 3 4.2
Ring 4 3.7
Ring 5 4.2

A combined telescope-satellite model allows to simulate the satellite within its eventual application environ-
ment. The telescope model is connected to a simplified 6U-CubeSat model. The CubeSat is modeled as an
Aluminium beam element enclosing surface elements. The combined model and hinge masses are shown in
Figure 5.

Figure 5: Combined CubeSat-telescope model, including point masses
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3.3 Modal analysis

The modal analysis is performed on both the singular telescope and the combined satellite-telescope model.
Figure 6 shows the eigenmodes and eigenfrequencies of the telescope structure, fixed to ground, for fre-
quencies below the maximal fundamental harmonic of the reaction wheel. The results serve as a reference
for the experimental identification of a telescope prototype. The eigenmodes of the combined simplified
CubeSat-telescope model are shown in Figure 7.

Figure 6: Deployable telescope eigenmodes

Figure 7: CubeSat-mounted deployable telescope eigenmodes

In both cases, five distinct mode shapes can be discerned, starting around 90 Hz, or a reaction wheel speed of
5400 RPM, with the first bending mode of the telescope structure. The second to fourth mode are found in
a 100 to 130Hz frequency range and correspond to a pumping motion of a telescope (subsection). The final
mode is a torsional mode located around 140Hz, or 8400 RPM. The results are summarized in Table 4.
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Table 4: Vibration modes of the rigid telescope and combined CubeSat-telescope structure

Telescope mode shape Fixed telescope frequency [Hz] Combined model frequency [Hz]
X-axis bending 84.8 89.3
Y-axis bending 84.8 90.2

Top section Pumping 112.6 108.8
M2 mirror support pumping 117.6 118.2

Full telescope pumping 131.6 126.3
Z-axis torsion 139.4 141.0

3.4 Dynamic response analysis

Knowledge of the telescope’s frequency response function is required to calculate the maximal errors to rel-
ative mirror position induced by the reaction wheel disturbances described in subsection 2.1.
The FRF for relative mirror displacement represents the frequency behaviour of the displacement error be-
tween M1 and M2. As shown in figure 8, the ADCS is mounted in the service module, such that the
disturbance input point is a finite distance away from the primary mirror. The FRF of interest only describes
a section of the total vibration transfer path.

Figure 8: Location of the reaction wheel input signal

Looking at Figure 4, each reaction wheel generates disturbance forces along and moments around its per-
pendicular (local x- and y-) axes. For each force or moment, the response of the M1 and M2 mirrors can be
calculated. Taken together, the input signal has six DOF, three disturbance forces and as many disturbance
moments.

A harmonic analysis is performed for both mirrors for unit force (1N ) and moment (1Nm) input signals,
applied to the structure over 0 to 512Hz along each DOF in the ADCS mounting point. A worst-case
negligible damping ratio of 0.005 is assumed. Figure 9 shows an example of the FRF for an X-direction
load.
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Figure 9: Frequency response function of the mirror movement to a unit load along the global X-axis in the
ADCS mounting point

Both reaction wheel forces and moments lead to relative mirror displacements along the X,Y and Z axis,
according to the measured FRF. For example, for the X-axis:

Xtotal = XForce +XMoment (1)

In the worst case scenario, all contributions to the displacement from all reaction wheels are in phase. Two
forces and two moments act along each axis. For the X-axis this amounts to:

XForce = HFXx
× 2FRW +HFXy

× 2FRW +HFXz
× 2FRW (2a)

XMoment = HMXx
× 2MRW +HMXy

× 2MRW +HMXz
× 2MRW (2b)

The magnitude of forces FRW and moments MRW depends on the spin rate and thus vibration frequency of
the reaction wheel. The forces were measured from the reaction wheel using a piezo-element dynamometer
[2]. Some of the results are shown in Figure 10.

Figure 10: Reaction wheel vibration amplitudes in function of rotation speed and frequency for force (a) and
moment (b) in the local x-direction
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The relative mirror displacements over the investigated frequency range are shown in Figure 11 for all three
spatial axes. Under the assumptions made, both lateral and axial shift remain under the centering, respec-
tively focus error bounds.

Figure 11: Worst case total relative displacement between M1 and M2 in the global X, Y and Z axes

4 Experimental identification

The telescope behaviour as calculated in the virtual identification phase, is verified in a physical test run,
performed on a telescope prototype. In a modal analysis, the model is verified by means of a comparison be-
tween the modes detected in the telescope prototype and those predicted by the telescope model. A response
analysis is performed to see if the conclusion that the telescope conforms to the error requirements holds for
the physical prototype.

4.1 Modal analysis

In the modal analysis, the telescope is attached to a fixed base plate, and RW disturbances are introduced at
the primary mirror position. In a first test run, the structure is attached to a shaker table. In the second, the
structure is manually excited by means of a roving hammer.

4.1.1 Shaker test

In the shaker test, excitations are introduced via a six-DOF hydraulic shaker table to which the base plate
of the telescope structure is attached, as seen on Figure 12. Each DOF is controlled independently using
Siemens Testlab software. The test is spread across several runs, in which the response at several locations
along the structure is measured using six unidirectional accelerometers. A multi-axial accelerometer placed
in the centre of the bottom plate acts as a reference for the primary mirror movement.

The response is measured at 36 scattered points along the telescope structure, at joints between the rings
and elastic elements and at points located at the center of an elastic element section between two rings. The
excitation is a random acceleration signal with a 0 to 200 Hz spectrum. Using the stabilization diagram from
Figure 13, calculated in Siemens’ Testlab software, two vibration modes are found, an X-direction bending
at 49.337 Hz and an Y-direction bending at 50.710 Hz. These mode shapes are comparable to the lowest
mode shape found from the simulated model in section 3.3.
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Figure 12: Telescope structure mounted to the hydraulic shaker (left) and a detail showing the accelerometers
mounted to the telescope (right)

Figure 13: Stabilization diagram for the shaker analysis

4.1.2 Roving hammer test

The roving hammer method is better suited to the small satellite telescope structure under investigation than
the large scale shaker test described above. For the roving hammer test, two unidirectional accelerometers
are attached at perpendicular positions and at different heights along the structure. The bottom plate of the
telescope structure is clamped tightly to a stationary testing table. Over the course of the test, the structure
is manually excited in 34 different locations with a medium hard plastic tipped hammer. The test set-up is
shown in Figure 14. Figure 15 shows the stabilization diagram for the resulting structure FRF. As in the
previous test, the simple bending mode shapes are found at 50.583 HZ and 52.205 Hz. In addition, two
higher frequency modes are observed. One mode at 94.616 Hz corresponds to pumping movement of the
top section of the telescope structure, a second mode at 105.286 Hz to pumping of the entire structure. Both
mode shapes can be found back in the simulation model of section 3.3.

4.1.3 Discussion

Table 5 summarizes the results of both modal analyses and compares them to the simulated predictions.
From the results it is observed that the mode shapes of the physical prototype are located at lower frequencies
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Figure 14: Test set-up for the roving hammer analysis

Figure 15: Stabilization diagram for the roving hammer analysis

than the simulation results. From the mode shape similarity, it can be concluded that the simulation model
contains no significant structural errors, but their skewed location implies that the stiffness of the prototype
is lower than anticipated. The cause for the discrepancy can be found in the rigid joints assumed in the
simulation model, a condition which is not realizable using the fairly loose magnetic joints implemented in
the telescope prototype.
From the test results, it is observed that some modes present in the simulation were not visible in the test
results. In the shaker experiments, none of the higher order modes are observable due to FRF noise. The
noise likely originates within the shaker, which is designed for vehicle dynamics experiments and thus is not
well dimensioned to deal with small, lightweight satellite structures.
The roving hammer experiment fails to detect the pumping mode of the secondary mirror spider and the
torsional mode around the symmetry axis. The lack of the former is caused by the lack of Z-axis excitation
over the course of the experiment, and limited influence of this mode on the measurement locations. The
torsion mode shape could not be visualized at one fixed frequency, but partial torsion was observed at several
frequencies centered around 130 Hz. The results thus imply that a torsion mode is present around 130 Hz,
but due to friction damping of the excitation signal in the structure’s joints, the higher frequency mode has
been smeared out in the frequency domain.
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Table 5: Test results of the modal analysis simulation and tests

Telescope mode shape Simulation freq. [Hz] Roving hammer freq. [Hz] Shaker freq.[Hz]
X-axis bending 84.8 50.6 49.3
Y-axis bending 84.8 52.2 50.7

Top section Pumping 112.6 94.2 X
M2 mirror support pumping 117.6 X X

Full telescope pumping 131.6 105.3 X
Z-axis torsion 139.4 X X

4.2 Dynamic analysis

An excitation representative to the environment is applied to the telescope structure. The resulting response
gives an indication of the expected telescope pointing errors. In the ideal case, the response of the combined
telescope and satellite structure to reaction wheel vibrations is measured in a coupled analysis. However, a
satellite prototype is not available at the time of testing. Therefore, an excitation signal based on the dominant
reaction wheel disturbances is applied to the hard-mounted telescope base in a decoupled response test [3].
To prevent from overtesting, the input excitation signal is appropriately notched.

4.2.1 Sine sweep test

The test set-up is the same as used for the shaker modal analysis. All six accelerometers are placed near
the secondary mirror spider, as only the secondary mirror movement is of interest. Again, a multi-axial
accelerometer mounted to the base plate acts as a reference. The excitation signal is a representation of the
first imbalance harmonic, calculated using equation 3.

F (t) = mεω2cos(ωt) (3)

In which F is the reaction wheel force, ε the mass eccentricity, and ω the reaction wheel speed. A notched
sine sweep from 0 to 200 Hz with increasing amplitude, based on the imbalance force divided by the total
mass, is applied to the structure over a 13 second time interval. The input signal is shown in figure 16.

Figure 16: Notched acceleration input signal for the reaction wheel response tests
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The total relative perpendicular displacement is shown in Figure 17. A maximum horizontal displacement
of 0.45 mm was found at 49 Hz, close to the centering error tolerance without FLCS. The relative axial
displacement can be found in Figure 18. A maximum value of 72µm is found at 139 Hz, which exceeds the
allowed error tolerances.

Figure 17: Total relative perpendicular displacement between M1 and M2

Figure 18: Total relative axial displacement between M1 and M2

4.2.2 Discussion

From the decoupled structural analysis, the secondary mirror displacement seems to be way higher than
predicted in the simulation model. In addition, the locations of the amplitude peaks in the FRF are different
from the ones in the simulated FRF, due to the decreased structural stiffness observed in the modal analysis.
Although the centering error is within acceptable bounds, the focus error is large enough to cause significant
defocus aberration. In future design iterations, the rigidity of the joints will have to be improved by means
of a magnetic force increase.
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5 Conclusion

Deployable telescope structures offer an opportunity to provide affordable, high-quality imaging from space.
The flexible optics are inherently vulnerable to on-board disturbances caused by the reaction wheel assem-
bly. The deployable Cassegrain telescope for 6U CubeSats developed at KU Leuven consists of Ti elastic
elements, held together by self-locking magnetic hinges. The telescope design is verified and validated us-
ing a roving hammer modal analysis. Following a decoupled dynamic response analysis, using KU Leuven
reaction wheel vibrations as input disturbance, centering error levels are proven to lie below the threshold
required for reliable high-accuracy earth observation. The focus error however, is up to three to four times
too large, owing to low rigidity of the telescope joints in the deployed state, which is further affirmed by a
decrease in structural stiffness from the telescope model to the physical telescope realization. Future work
will thus have to focus on improved hinge design.

Acknowledgements

This research was realized with the help of the following Master’s students at the mechanical engineering
department; Jens Heylen, Maarten Kempenaers and Sarah Witlox.

References

[1] S. Lee, A. Hutputanasin et al., CubeSat Design Specification rev. 13, Cal Poly, San Luis Obispo, CA,
USA (2014).

[2] W. De Munter, T Delabie, D. Vandepitte, Characterization of reaction wheel micro-vibrations,
Katholieke Universiteit Leuven, Departement Werktuigkunde, Leuven, Belgium (2018).

[3] L. M. Elias and D. W. Miller. A Structurally Coupled Disturbance Analysis Method Using Dynamic Mass
Measurement Techniques, with Application to Spacecraft-Reaction Wheel Systems, Technical Report
SERC9-01, March 2001.

2698 PROCEEDINGS OF ISMA2020 AND USD2020



Reconstruction and analysis of the torsional excitation 
force component of a cutter suction dredger in hard rock 
conditions 

L. Vancauwenbergh 1,2, D. Vandepitte 1, D. Moens 1, G. Vanneste 2, P. Vercruijsse 2 
1  KU Leuven, Department of Mechanical Engineering, 

Celestijnenlaan 300, B-3001, Heverlee, Belgium 

 
2   DEME NV, ALD-EDT department 

Scheldedijk 30, 2070, Zwijndrecht, Belgium 

e-mail: vancauwenbergh.lode@deme-group.com 

Abstract 
The construction of growing maritime infrastructure often requires the deepening of approach channels or 

berths to create the access for large ships. During the excavation of hard rock (up to 100 MPa), existing 

cutter suction dredgers (CSD) reached their working limits. High amplitude vibrations have resulted among 

others to the failure of gearboxes and the pontoon's structure, low ergonomic conditions on board, reduced 

productions level and increased wear and tear. The current inability to evaluate the dynamic behaviour of 

the CSD, more specifically the excitation and dynamic response of the drivetrain and structure, restrain a 

potential increase of efficiency. By combining a FEM model with the CSD kinematics, a first step is made 

towards a better understanding of the dynamics of the entire operating system. A dynamic model of the 

drivetrain components is combined to verify this excitation with an operational measurement campaign. 

Critical areas of the CSD and influencing operation and design parameters can be subtracted from the model. 

1 Introduction 

In order to respond to the ever growing maritime industry, construction of marine infrastructure is facing 

large challenges: (1) deepening berths and access channels to allow the increasing size of ships to reach 

important logistic hubs all over the world in combination with (2) preparing the seabed for the construction 

of marine infrastructure. Geologically speaking, deeper often means harder. Recent experience indicates 

that the number of projects where hard rock has to be dredged is increasing. The cutter suction dredger 

(CSD) is the preferred dredging tool to be used.  

Dredging soil with a cutter suction dredger (CSD) proceeds in a number of phases that mutually influence 

each other: breaking out of the soil, mixing the broken soil with water, pumping and depositing the mixture. 

This paper focusses on the first phase of this process: breaking out of soil, more specifically rock. Other 

dredging phases are not further discussed. When rock breaks out, two processes mutually influence each 

other: the breakout and the wear process. Both processes are highly dependent on the heterogeneous aspects 

of the rock mass w.r.t. the dimensions of the CSD.  

The breakout process:  

The volumes and shapes of the broken out rock parts are irregular and generate a highly fluctuating 

excitation force on the interacting cutting tool. These variable loads, which causes vibrations, are transmitted 

through the teeth, transferred to the cutterhead, the cutting drivetrain and the entire structure of the CSD, 

which at high load levels can limit production and cause major damage to several components (teeth, 

cutterhead, gearbox, …) of the CSD. In addition, the comfort of the crew reduces significantly. To prevent 

these adverse effects, the operator can only reduce the production rate. In addition, an accurately forecast of 
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these effects is problematic as a direct relation between production limiting excitations and rock strength 

parameters are highly unreliable due to the irregularity and complexity of the breakout process itself [1].  

The wear process:  

Figures on tooth wear vary by two orders of magnitude (factor 10 to 100), which causes lower production 

levels, additional downtime of the CSD and additional mobilization of teeth. In addition to the typical 

abrasive wear process [2], teeth can also break due to fatigue or overload conditions. Tooth fracture disrupts 

the nominal breakout pattern, which again causes more vibrations. All these factors negatively affect the 

operational performance of the CSD and evidently the cost of a project. An improved estimation about the 

impact of both processes including the behaviour of the dynamic behaviour of the CSD is required.  

Due to its complexity, the problem is subdivided into several components. This paper discusses the first 

component, which consists of the reconstruction of the highly fluctuating torsional excitation force 

component. A forward approach for reconstruction of the force starting from fracture mechanical principles 

is combined with a 1 DOF dynamic drivetrain model [3]. This modelling approach is extended with an 

operational measurement campaign [4] to update the dynamic cutterhead drivetrain model parameters and 

verify the force reconstruction approach resulting in an estimated torsional excitation force component. 

This paper consists of several sections which reflect the successive steps performed. Section 2 discusses the 

working principles of the CSD. Section 3 discusses the detailed motion modelling of the cutterhead with its 

rock-interacting teeth. This rigid body model is extended with a dynamic modelling of the cutterhead 

drivetrain. Dynamic impacts of cutterhead, shaft, gearbox and electro-motor are incorporated in this model 

and discussed in section 4. The set-up of the operational measurement campaign is discussed in section 5, 

followed by a verification of the model in section 6. 

2 Cutter Suction Dredger (CSD): working principles 

Together with the trailing suction hopper dredger, the CSD is the most commonly used type of dredger. 

CSDs are capable of operating in shallow waters and they are suitable for the construction of new ports and 

waterways and the reclamation of sites. This first section describes the main mechanical elements of the 

CSD and the factors which are important in this respect. The CSD is capable to dredge rock. But the stronger 

the rock, the bigger and stronger the CSD should be. CSDs from the previous century (e.g. Al Mahaar) are 

usually limited up to 3000 kW on the cutterhead and they can handle only weak rock (up to 30 MPa 

unconfined compressive strength) in an economical way. The use of explosives to break harder rock is 

nowadays subject to a very strict legislation due to all kinds of restrictions (environment, safety, stability 

neighboring located structures, ...). Since the turn of the century, some larger and stronger mega CSDs have 

been built (e.g. d'Artagnan, 6000 kW). The economic limit on the unconfined compressive strength of the 

rock fluctuates for these CSDs between 50 and 60 MPa, with a trend towards building even more powerful 

machines. The dredging of harder rocks, as required by an increasing number of projects requires, implies 

an extreme economical risk. Figure 1 shows the main parts of a CSD and its motion pattern. This motion 

pattern consists of three parts: swing, step and spud:  

 Swinging motion: The pontoon moves on a circular path from left to right by pulling on the side 

anchors using the side wires and winches. The working spud is the anchor point around which the 

pontoon moves. Usual values: swing width: 70 to 140 m, swing speed: 10 to 30 m/min. 

 Stepping motion: When the pontoon reaches the corner of a swing, it pushes itself forward by means 

of the hydraulic cylinder situated in between the pontoon and the working spud. Usual values: step 

size and time: 0.5 to 1.5 m, 5 to 10 sec.  

 Spudding motion: After a number of swinging, stepping, swinging, stepping motions, etc., the CSD 

reaches the end of the spud carriage cylinder and the working spud requires a position shift. The 

pontoon, first positioned on the centerline of the swing, anchors a second (called auxiliary) spud 

and retracts the working spud. The working spud carriage moves forward in the pontoon structure. 

The auxiliary spud retracts while the working spud anchors again. After this action, the cycle of 

swing and step motions resumes. Usual values: hydraulic cylinder stroke: 6 to 10 m, spud time: 3 

to 7 min. 
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Figure 1: CSD impression 

Simultaneously with the swinging motion, the cutterhead (see Figure 2) breaks off the soil, which mixes 

with water in the cutterhead, whereafter the pumps suck up the mixture and press it to the landfill by 

pipelines (possibly a few kilometers further down) or deposit it in a transport vessel (located next to the 

CSD). After a few cycles, the position of the pontoon has shifted too far relative to the anchors: the winch 

forces required to get out of the corner become too large and a re-anchoring is required. In this way, a 

channel of the desired length and width can be cut at a time. A larger desired channel width requires two or 

more cuts side by side. The layer thickness that can be broken out per swing motion depends on the type of 

soil: a few tens of centimeters (in hard rock) up to 10 meters or even more in free flowing sand is common. 

Removal of a thicker layer requires a division into the vertical direction. A change in downward angle of 

the ladder is enabled by the ladder winch. 

 

 

Figure 2: cutterhead components 

3 Teeth-rock interaction definition for excitation reconstruction 

To predict the forces generated by the movement of a cutterhead, the kinematics of a single tooth must be 

well understood. This section discusses the physical parameters which determine the cutting process of a 
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tooth in rock. The motion of a cutting tooth is investigated in the plane perpendicular to the cutterhead drive 

shaft. The tooth-rock interaction and excitation force estimation is based on earlier research performed [3], 

which incorporates fracture mechanic first principles [5]. 

3.1 The path of a tooth tip 

Figure 3 visualizes a plane perpendicular to the cutterhead shaft. Six orthocycloid paths represent the path 

of each tooth in the respective plane on the sequential blades (one to six for a 6-bladed cutterhead). The 

teeth are at a radial distance rc from the cutterhead shaft. The cutterhead moves sideways with the swing 

velocity vs (m/s) and rotates with the angular velocity ω (rad/s). The swing velocity as well as the 

circumferential velocity can obtain values in both directions. A combination of both values triggers two 

possible ways of dredging: over- and undercutting. In an overcutting mode, cutting teeth approach the rock 

from above. In an undercutting mode, cutting teeth approach the rock from below. At the end of a full swing, 

the swing direction reverses and the cutterhead switches from under- to overcutting or vice versa. 

 

All teeth are distributed over several blades. The tooth positions on a blade can differ compared to the 

previous and next blade (staggered). On one blade, the teeth are positioned in a helical path, referred to as 

sweep. The highest tooth position is defined as zero sweep, with an increasing sweep angle (θsweep) towards 

the backring. The staggering is expressed in the number n, which indicates how many blades are in between 

two similar tooth positions with the same vertical height above the backring and radial distance from the 

cutterhead axis. Depending on the staggering (n) and amount of blades (m), the amount of teeth in one plane 

(p) perpendicular to the cutterhead shaft is changing. Equation (1) calculates how many tooth tips are located 

in a single plane. Each tooth tip is 
2∙𝜋

𝑝
 radians away from each other. 

 𝑝 =
𝑚

𝑛+1
 (1) 

 

 

Figure 3: path of a tooth tip 

When the swing velocity is down to zero, the motion of a tooth tip simplifies from an orthocycloid to a 

circle. Equations (2) and (3) describe the path of a tooth tip. The sign of vs decides on the mode of cutting: 

over- or undercutting. 

 𝑦 =  ±𝑣𝑠 ∙ 𝑡 + 𝑅 ∙ sin (𝜃𝑠𝑤𝑒𝑒𝑝 +  𝜔 ∙ 𝑡) (2) 

 𝑥 =  𝑅 ∙ cos (𝜃𝑠𝑤𝑒𝑒𝑝 +  𝜔 ∙ 𝑡) (3) 
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3.2 Cutting phase of a tooth tip 

During the rotation and swing motion of a cutterhead, a tooth runs through a cutting and a non-cutting phase. 

Depending on the step length and face height, this varies for each tooth position. Intact rock does not breach 

(free flow by gravity) implying that all rock material must be excavated before it can be sucked up. The 

uncut rock in front of the cutterhead takes the shape of the cutterhead contour. The shape of the face is 

visualized in Figure 4. The yellow line indicates the 2D shape of the rock cut in the previous swing. The 

area enclosed by the red and yellow line indicates the 2D shape of the rock (after a step motion) in the next 

swing. The dotted lines indicate the tooth positions of the stepped cutterhead characterized by different 

cutting phases [3]. 

 

 

Figure 4: shape cut by a cutterhead (LA = ladder angle) 

3.3 Cutting thickness 

Depending on the number of teeth within the same plane perpendicular to the cutterhead shaft, the tooth 

trajectories leave a zone of rock material between each other. This blank space is called the slice that will 

be excavated when the cutterhead is in contact with rock. The slice is visualized in Figure 3: one slice is the 

area between two sequential dotted lines. The shortest distance of a tooth position to the tooth trajectory of 

the previous tooth within the same contour plane, is called the cutting thickness. The path depends on the 

parameters vs, ω and p (see equation (1)). The maximum cutting thickness is calculated using formula (4) 

and indicated in Figure 3 by a. Reaching this maximum cutting thickness depends on the step size and layer 

thickness (see section 2) in combination with the position of a tooth tip on its path. 

 𝑎 =
𝑣𝑠

60∙𝜔

2∙𝜋
∙𝑝

 (4) 

3.4 Force reconstruction 

A force reconstruction method is applied based on the above mentioned principles: path (position and 

velocity), cutting phase and cutting thickness. In combination with earlier research performed [3], a variable 

excitation per tooth is generated (see section 3.4.1, Figure 7). Summing all single tooth excitation results in 

a total torsional excitation of the cutterhead drive shaft (see section 3.4.2, Figure 8). The force reconstruction 

method and total torsional excitation is briefly discussed in sections 3.4.1 and 3.4.2.  
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3.4.1 Force reconstruction per tooth tip 

The input required for the force reconstruction models are the rock parameters, tooth frontal (cutting) area, 

orientation and cutting depth. All relevant rock parameters are listed below. A detailed explanation about 

these parameters can be found in [3]. 

 

 φ = internal friction angle [°] 

 δ = external friction angle [°] 

 c = cohesion [MPa] 

 UCS = Unconfined Compressive Strength [MPa] 

 

Fixed tooth parameters are the tooth frontal area (width of tooth tip = leading edge, see Figure 6) and 

orientation (cutting angle α, see Figure 6). The variable tooth parameter is the cutting depth (hc, see Figure 

6), reaching a maximum as illustrated in Figure 3: path of a tooth tipFigure 3 and equation (4). The existing 

cutting theories describe the forces required to create a crack in a two dimensional space. This crack is 

initiated in a specific direction: the shear angle (β, see Figure 6), which is calculated based on the principle 

of minimum energy. In this research, the force model of Miedema [5] is used as a starting reference for the 

shear angle (see equation (5)) and two dimensional force calculation (see equations (6), (7), (8) and Figure 

5). 

 𝛽 =
𝜋

2
− 

𝜋

6
+ 𝛼+𝛿+𝜑

2
 (5) 

 𝑐 =
𝑈𝐶𝑆

2
∙

(1−sin φ)

cos 𝜑
 (6) 

 𝐹ℎ =
cos (𝜑)∙sin (𝛼+𝛿)

sin (𝛽)∙sin (𝛼+𝛽+𝛿+𝜑)
∙ 𝑐 ∙ ℎ𝑐 ∙ 𝑤 (7) 

 𝐹𝑣 =
cos (𝜑)∙cos(𝛼+𝛿)

sin (𝛽)∙sin (𝛼+𝛽+𝛿+𝜑)
∙ 𝑐 ∙ ℎ𝑐 ∙ 𝑤 (8) 

 

 

Figure 5: horizontal and vertical force component illustration 

The Miedema force model is extrapolated to a three dimensional space to incorporate for three dimensional 

effects. Experimental research is evaluated to incorporate sideways crack angles (θ, see Figure 6) for specific 

cutting conditions [6]. The motion of the cutting teeth through a virtual rock mass (matrix) generates an 

irregular break-out pattern created by the breakout shapes as illustrated in Figure 6. 
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Figure 6: breakout shape per tooth tip with parameters 

3.4.2 Total torque on the cutterhead 

The model calculates the torque required to rotate the cutterhead. A tangential direction (𝑡) is calculated at 

each tooth position. The scalar product of the cutting force vector (Fc) and the tangential direction vector 

results in the tangential component of the cutting force (see equation (9) and Figure 7). The sequential 

pattern with increasing tangential force component is the consequence of the returning cutting phase (see 

section 3.2) and increasing cutting thickness (see section 3.3) during a rotation cycle. The tangential 

component is multiplied by the radius of the tooth considered to obtain the torque per tooth. A summation 

over all teeth is performed to calculate the total torque on the cutterhead (see Figure 8).  

 𝐹𝑡,𝑖 = (𝐹𝑐,𝑖, 𝑡𝑖) (9) 

 

 𝑇𝑡𝑜𝑡 = ∑ 𝐹𝑡,𝑖 ∙ 𝑅𝑖
𝑁
𝑖 = 1  (10) 

where: 

 

 Ti = tangential direction at the tooth tip i [-] 

 i = index of the tooth considered [-] 

 N = number of teeth [-] 

 Ri = radius of tooth tip i [m] 

 

STRUCTURAL DYNAMICS: METHODS AND CASE STUDIES 2705



The maximum allowable torque on the cutterhead depends on the cutterhead drivetrain characteristics. A  

dynamic model is added to the discrete model to estimate the cutterhead shaft and drive behaviour and to 

perform a calibration and validation with an operational measurement campaign (see section 4, 5 and 6). 

 

 

Figure 7: torsional excitation force component for 1 tooth 

 

Figure 8: excitation torque on the cutterhead 

4 Discrete dynamic model cutterhead drivetrain  

4.1 Cutter Suction Dredger (CSD) cutterhead drivetrain components 

The CSD cutterhead drivetrain consists of following components (see Figure 9): 

 cutterhead  

 shaft front section with large cutterhead roller bearing 

 shaft intermediate section (5 sections, each 6 m length) 

 shaft roller bearings (4) 

 thrust bearing in front of the gearbox 

 gearbox with RPM reduction ratio of 40 

 slip and flexible couplings 

 electromotors (2) 
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Figure 9: cutterhead drivetrain components 

4.2 Modelling approach 

The continuous equation of motion of a discrete torsional spring damper system is given in equation (11). 

 𝐼 ∙  
 𝑑2𝜃

𝑑𝑡2 + 𝐶 ∙  
𝑑𝜃

𝑑𝑡
+ 𝐾 ∙  𝜃 = 𝑇(𝑡) (11) 

where: 

I = mass moment of inertia [kgm2] 

 θ = angle of deflection from rest position [rad] 

C = rotational friction (damping) = energy dissipation [kgm2rad-1s-1] 

K = coefficient of torsion spring = energy accumulation [Nmrad-1] 

T(t) = drive torque in function of time [Nm] 

 

To apply this equation for the discrete model in this research, the parameters are calculated for each time 

step i (equation (12)). 

 𝐼 ∙  
 𝜔𝑖+1−𝜔𝑖

𝑑𝑡
+ 𝐶 ∙  𝜔𝑖 + 𝐾 ∙  𝜃𝑖 = 𝑇𝑖 (12) 

The motor-cutterhead shaft-cutterhead drivetrain is simplified to a mass spring damper system (see Figure 

10). The motor and cutterhead are represented by a mass moment of inertia (I). The cutterhead shaft is 

represented by a spring (K) and a damper (C). The angular position (θ), speed (ω) and acceleration (α) are 

calculated at the motor end (me) and cutterhead end (ch). 

 

Figure 10: dynamic approximation of the drivetrain in a 1 DOF system 

The torque delivered by the cutterhead drive is largely dependent on the type of drive (electric/hydraulic). 

In this research, an electric drive is considered. The speed control of the electric drive is simulated by a 

simplified closed-loop PI-control system consisting of a KP (P-action) and a KI (I-action) control constant. 
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To simulate this closed loop system in the discrete model of this research, following drive parameters are 

required: 

 

Idrive = mass moment of inertia electric drive [kgm2] 

ne = number of electric drives [-] 

rg = ratio gearbox [-] 

Pnom = nominal power electric drive [-] 

RPMnom = nominal RPM cutterhead shaft [-] 

D = speed droop [%] 

S = stall point speed control [%] 

KI = integral speed control constant [s] 

KP = proportional speed control constant [-] 

RPMdrive = nominal RPM electric drive [-] 

 

The nominal torque delivered by the drive on the cutterhead shaft is calculated by the nominal power, 

nominal RPM, number of electric drives and ratio of the gearbox (see equation (13)). 

 𝑇𝑛𝑜𝑚 =  
𝑃𝑛𝑜𝑚

𝑅𝑃𝑀𝑛𝑜𝑚
∙  

30

𝜋
∙  𝑟𝑔 ∙ 𝑛𝑒 (13) 

The KP and KI drive-specific speed control factors are fixed parameters. The percentage of torque delivered 

by the P-action is given by equation (14). The torque is proportional to the difference in rotational speed 

compared to the unloaded speed set point of the drive. 

 𝑇𝑃,𝑖 =  𝐾𝑃 ∙ (𝑅𝑃𝑀𝑠𝑒𝑡𝑝𝑜𝑖𝑛𝑡,𝑖 − 𝑅𝑃𝑀𝑙𝑜𝑎𝑑,𝑚𝑒,𝑖−1) (14) 

To calculate the torque delivered by the I-action, the torque delivered by the P-action is integrated over the 

new time step and added to the I-action of the previous time step. The torque delivered by the I-action of 

the electric drive at time step i is given by equation (15). This value is limited by the stall point speed control-

value. The I-action of equation (15) is limited by the upper limit calculated in equation (16). 

 𝑇𝐼,𝑖 = 𝑇𝐼,𝑖−1 +  
𝐾𝐼

𝑑𝑡
∙ 𝑇𝑃,𝑖 (15) 

 𝑇𝐼,𝑖 𝑚𝑎𝑥 = 𝑇𝑃,𝑖 − 𝑆 (16) 

The total torque delivered by the cutterhead drive is the sum of the P- and I-torque actions (equation (17)). 

 𝑇𝑡𝑜𝑡𝑎𝑙,𝑖 = 𝑇𝑃,𝑖 + 𝑇𝐼,𝑖 (17) 

For the cutterhead shaft, some parameters are required to model the dynamic behaviour. The shaft spring 

coefficient is calculated by equation (18). 

 𝐾 =  
𝐸 ∙𝐽

2∙(1+ 𝜈)∙𝐿
 (18) 

where: 

E = Young's modulus = 211 ∙ 109 [Pa] 

ν = Poisson's ratio = 0.3 [-] 

J = polar moment of inertia around the longitudinal axis of the shaft [m4] 

L = shaft length [m] 

 

The damping coefficient is approximated by 2 percent of the nominal torque (see equations (19) and (20)). 

 𝑃𝑛𝑜𝑚 =  𝑇𝑛𝑜𝑚  ∙  
2 ∙𝜋∙ 𝑅𝑃𝑀𝑛𝑜𝑚

60
 (19) 

 𝐶 = 0.02 ∙  
𝑃𝑛𝑜𝑚

𝑅𝑃𝑀𝑛𝑜𝑚
 (20) 

The mass moment of inertia of the cutterhead shaft is neglected. The external torque is calculated as briefly 

discussed in section 3. The mass moment of inertia of the cutterhead is given by the cutterhead manufacturer. 

It exhibits a high degree of variation depending on the number of blades/teeth on the cutterhead. For both 

the drive and cutterhead, an equation of motion is set up. Both discretized equations of motion are given in 
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equations (21) and (22). The subscript ‘me’ stands for motor end, the subscript ‘ch’ stands for cutterhead 

and the subscript ‘cs’ stands for cutterhead shaft. 

 𝐼𝑑𝑟𝑖𝑣𝑒 ∙  
𝜔𝑚𝑒,𝑖+1− 𝜔𝑚𝑒,𝑖

𝑑𝑡
+  𝐶𝑐𝑠 ∙ 𝜔𝑚𝑒,𝑖 + 𝐾𝑐𝑠 ∙ (𝜃𝑚𝑒,𝑖 − 𝜃𝑐ℎ,𝑖) =  𝑇𝑑𝑟𝑖𝑣𝑒,𝑖 (21) 

 𝐼𝑐ℎ ∙  
𝜔𝑐ℎ,𝑖+1− 𝜔𝑐ℎ,𝑖

𝑑𝑡
+  𝐶𝑐𝑠 ∙ 𝜔𝑐ℎ,𝑖 + 𝐾𝑐𝑠 ∙ (𝜃𝑚𝑒,𝑖 − 𝜃𝑐ℎ,𝑖) =  −𝑇𝑒𝑥𝑡,𝑖 (22) 

Given the equations of motion, the angular velocity of the cutterhead shaft at the motor end and cutterhead 

end can be calculated at the next time step. Once the angular velocity at the new time step is known, the 

angular position at the new time step can be calculated (equation (23)). 

 𝜃𝑖+1 = 𝜔𝑖+1 ∙ 𝑑𝑡 (23) 

To calculate the external torque during the next time step, the angular velocity is used. The torque delivered 

by the cutterhead drive is also updated with the angular velocity at the motor end of the cutterhead shaft. 

When all the parameters have been calculated at the new time step, the angular velocity is updated again for 

the subsequent time step. The natural frequency of the simplified dynamic system (with no damping) is 

given in equation (24). 

 𝑓𝑛 =  
1

2∙𝜋
 ∙  √

𝐾

𝐼𝑒𝑞
 (24) 

Ieq is the equivalent mass moment of inertia of the two masses at both ends of the spring and damper. Ieq is 

calculated by equation (25). 

 𝐼𝑒𝑞 =  
𝐼𝑑𝑟𝑖𝑣𝑒∙𝐼𝑐ℎ

𝐼𝑑𝑟𝑖𝑣𝑒+𝐼𝑐ℎ
 (25) 

The natural frequency of the system incorporating the damping coefficient is given in equation (26). The 

excitation frequency is very near the resonant frequency. The exact values differ a lot per type of CSD drive 

system and corresponding cutterhead. For the CSD considered, it varies between 5.5 and 6.5 Hz. 

 𝑓 =  
1

2∙𝜋
∙ √ 𝐾

𝐼𝑒𝑞
∙ (

𝐶

2∙𝐼𝑒𝑞
)

2

 (26) 

5 Operational measurement campaign 

An operational measurement campaign was performed on the CSD’s drivetrain. The torque signal was 

measured as close as possible to the gearbox of the drives (see Figure 9, with an indication of the 

measurement location). This location was chosen as a position to monitor and control overloading of the 

gearbox. Details about the measurement campaign are listed below.  

 Measurement frequency: 100 Hz 

 Outer radius shaft: 700 mm 

 Measurement type: strain gauge 4-gage 90° rosette/tee rosette 

6 Verification of the excitation reconstruction model 

Due to the irregular excavation pattern of rock, the cutterhead drivetrain is loaded with a highly variable 

amplitude. A torsional vibration is induced in the cutterhead shaft. Both CSD manufacturers and dredging 

contractors are facing the question if this torsional vibration is advantageous or disadvantageous for the 

cutting process as it may accelerate the cutting process but it may as well cause damage to the equipment. 

To investigate this effect, a simplified dynamic model is presented in this paper. This model gives a good 

first impression of the dynamic behaviour, but does not represent the physical drivetrain in much detail. The 

dynamic effect (variation in circumferential velocity) of the torsional vibration on the cutting process is 

expected to be large. Torsional vibrations are of particular importance when they occur near the resonance 
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frequency of the system as they can generate damage. Illustrative is the often occurring damage to the 

drivetrain gearbox when working around the resonance frequency of the system. For a CSD drivetrain, a 

very low natural frequency around 4 to 7 Hz is common. The work load frequencies of current rock 

cutterheads are located around 3 to 5 Hz. Both frequencies interact and this interference has a large effect 

on the dynamic excavation process. A Fourier series is used to analyze the frequency spectrum of the torque 

signal. The torsional vibrations are investigated using a Fast Fourier Transform (FFT).  

6.1 Calibration of the dynamic measurement signal with the model 

The measured torque signal was used as a reference to calibrate the model. A test case is defined during the 

execution of a hard rock dredging project. Parameters are listed below. 

Operational parameters: 

 Rotational speed: 30 RPM 

 Swing speed: 20 m/min 

 Step size and layer thickness: 1.2 m and 0.3 m 

 Ladder angle: 30 degrees w.r.t. vertical (vertical hinged orientation drivetrain) 

Cutterhead/drivetrain parameters: 

 Cutterhead: 7 bladed hard rock cutterhead, Ich = 48 946 kgm2 

 Drive: 2 x 3000 kW electromotor + gearbox, Idrive  = 613 790 kgm2 

 Shaft stiffness and damping: K = 54 185 kNm/rad, C = 2%  

These parameters lead to the following dominant frequencies: the main excitation frequency (also called 

blade frequency) at 3.5 Hz and resonance frequency at 5.5 Hz. The measured and modelled signal are 

analyzed and evaluated in frequency and time domain. The frequency domain is evaluated to confirm the 

presence of both dominant frequencies. The time domain is evaluated to calibrate the mean and peak-to-

peak value of the signal.  

6.1.1 Frequency domain 

Figure 11 shows an FFT of the measured and the modelled torque signal. Both frequencies (blade frequency 

and resonance frequency) are almost equal in both signals. This evaluation is assumed to be sufficient as a 

first validation. 

 

Figure 11: frequency domain sample of the torsional signal: measured (left) and modelled (right) 
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6.1.2 Time domain 

Figure 12 shows a time domain plot of the measured and the modelled torque signal. Average and peak-to-

peak values are almost equal in both signals. This evaluation is assumed to be sufficient as a first validation. 

 

Figure 12: time domain sample of the torsional signal: measured (left) and modelled (right) 

6.2 Verification of the torsional excitation 

The modelled torsional signal is generated with a specified torsional excitation (Figure 13, left). In practice, 

this torsional excitation may have been different, as the real-life process inevitably exhibits a high degree 

of scatter. During the verification phase of this signal, tooth design loads are compared with the generated 

tooth forces (Figure 13, right). It is known in practice that for the case measured/modelled, teeth are loaded 

up to their maximum capacity, as their break-up is observed when loading was further increased. 

 

Figure 13: reconstructed torsional excitation signal (left) and maximum tooth force signal (right) 

7 Conclusions 

The objective of this research is to optimize the operational behaviour of a CSD in rock. This paper discusses 

the first steps during the research, focusing solely on the torsional component of the excitation and dynamic 

behaviour of the drivetrain. It describes the method to reconstruct excitation forces based on fracture 

mechanical principles. This method is used to generate a first approximated torsional excitation on the 

cutterhead of a CSD. The torsional excitation was combined with a discrete dynamic model, which consists 

of a 1 DOF mass spring damper system of the cutterhead drivetrain. This approach enables the verification 

and validation of the reconstructed excitation with an operational measurement campaign. The operational 
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measurement campaign consists of a torque measurement on the cutterhead shaft, near the gearbox. This 

location is chosen because of favourable operational conditions: above the waterline and reachable for 

maintenance and repair. 

As a direct validation of the reconstructed excitation signal is not possible, the dynamic behaviour is used 

to perform a first verification. The general dynamic behaviour of the system was validated: resonance 

frequency and damping. Both dynamic model parameters are partially unknown and need to be estimated.  

After iterative steps to improve the model, realistic results in the output of the model and an almost identical 

signal as the measurements is generated. Despite some numerical differences between simulation results 

and measurements, the model for the cutterhead drivetrain can be used for optimization purposes and as a 

design tool on the condition that simulations are done close to the simulated working point. 

Further improvement of the excitation reconstruction method can only be achieved by extending the 

dynamic model of the CSD with more components impacting the dynamic response (ladder, side winches, 

spud, hull). An optimization approach based on a sensitivity analysis is proposed, maximizing the efficiency 

of the system.  In addition, an extension of the operational measurement campaign focusing on the lateral 

components of the excitation (x-, y-, z-direction) is required.  
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Abstract 
Vibrations are a common issue in elevator installations, where a drive machine that holds and pulls the cabin 

and the counterweight composes the electromechanical system. In order to reduce the space needed by the 

installation, nowadays the drive machine is usually mounted upon a frame that is fixed to the guide rails. 

Therefore, vibration transmission can occur through the machine to the cabin or even to the building. With 

the purpose of reducing this vibration transmission, the use of isolators under the machine is a widely 

employed solution. These isolators are often selected just taking into account the static loads, due to the lack 

of information about the dynamic behavior of the system. The present research develops a theoretical model 

of an elevator system to study the influence of the isolators on vibration transmission. 

1 Introduction 

Elevators are vehicles that move vertically, normally used for human transportation. With increasing 

building construction, and therefore, increasing demand for elevator installations, to offer good ride quality 

and to guarantee acceptable sound and vibration conditions is becoming a priority. 

Nowadays, conventional elevator installations are composed of an electromechanical part, including the 

electric motor and the controlling system, and a mechanical part, which involves the traction sheave, pulleys, 

cabin, counterweight and the rope or belts.  The electric motor drives the traction sheave where the 

suspension system is coupled. This suspension system holds and pulls the cabin that travels vertically 

through the guide rails. The counterweight is added to balance the weight of the cabin so that the torque 

required for the machine is reduced. 

The drive machine can be a source of vibrations caused by imbalances, electromagnetic torque ripple or 

even by possible eccentricity between motor and traction sheave. In order to reduce the space needed by the 

installation, the machine is usually mounted upon a frame that is fixed to the guide rails, which are attached 

to the building. Therefore, vertical vibration can be transmitted to the cabin through the cables or directly to 

the building structure. The effects of mechanical vibrations in elevator installations include the reduction in 

ride quality conditions, the increase of sound and vibration noticed in residences adjacent to the equipment 

or even an increase of component wear phenomena. 
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Therefore, it is clear that reducing vibration transmission in elevator installations is a highly necessary task, 

and many investigations have focused on different ways to counter these phenomena. The first step of any 

study that aims to reduce vibration transmission is the analysis of the dynamic behavior of the elements 

involving the elevator system. It is fundamental to understand which vibration transmission mechanisms are 

and how different parts of the elevator respond under those conditions, so that later on solutions can be 

applied. Some studies have developed dynamic models of the complete elevator system, like Nalbant et al. 

[1] where they used the linear graph method. A common way to represent the elevator system is to develop 

a multi-body dynamic model. These physics-based models use to include the major inertia elements, such 

as the drive sheave, the cabin, the counterweight and the compensating sheave, connected by rope segments 

of varying lengths. The suspension and compensating rope is usually modeled as distributed-parameter 

elements. Cho et al. [2] used this approach to create a model accounting for the vertical movement of the 

elevator car that can be scaled to any height, to obtain the dynamic response. Fortgang et al. [3] developed 

a model of a high rise elevator creating a 22nd order model. Crespo et al. [4] presented a comprehensive 

mathematical model of a high-rise elevator to analyze the interactions between its components. Arrasate et 

al. [5, 6] studied the vertical vibrations caused by the torque ripple generated at the drive system, making 

measurements of the acceleration response in experimental tests, and comparing the results with the 

developed 5 degree-of-freedom lumped-parameter model. 

Some investigations have focused on the modeling of specific parts of the elevator system. The cabin is a 

widely analyzed element, as it is subjected to vertical and lateral vibrations affecting the comfort of the 

passengers. Coffen et al. [7] developed a statistical energy analysis to predict the dominant path of acoustic 

energy transmission. Feng et al. [8] created a model of horizontal vibrations on the cabin based on the theory 

of rigid body dynamics, similar to the one developed by Qiu et al. [9] for a high-speed elevator car. This 

type of cabin models can be also found in [10, 13, 16, 17]. Other elements of the elevator installation have 

been analyzed too, to study their response under vibration conditions, such as the ropes or compensating 

sheave [11, 12].  

Apart from the analysis of the dynamic behavior of the elements, some studies have focused on the 

investigation of the influence of the design parameters. Qiu et al. [9] studied the influence of the design 

parameters in high-speed elevator and designed an optimization model for horizontal vibration reduction. 

Zhang et al. [13] studied the influence of random parameters, caused by manufacturing or installation errors, 

in the vibration acceleration response. Vladic et al [14] created a dynamic model of the whole elevator 

system and perform simulations with varying dynamic parameters to study their influence. 

However, not only the elevator installation ´s design parameters can influence the behavior of the system, 

but also the external variables. To correctly predict the dynamic behavior of the cabin it is important to take 

into account the effect of the passengers. Modeling and experimental testing of the influence of passengers 

and the transmissibility analysis were carried out by Herrera et al. [15, 16, 17]. Furthermore, Kaczmarczyk 

et al. [18] studied the influence of the wind-induced building movement in the vibration of the ropes. 

Once the analysis of the dynamic behavior of the elevator has been made and the vibration transmission 

phenomenon has been identified, solution methods can be applied. Some authors have investigated the 

possibility of implementing active vibration control algorithms, which do not require any physical element 

implementation, but a variation of the operation parameters. Nalbant et al. [1] implemented a fuzzy logic 

algorithm and Fortgang et al. [3] used the input shaping method in a scheduling algorithm based on the 

elevator position. Moreover, Kang et al. [19] used the elevator car acceleration feedback compensation to 

control the vertical vibration. To control the lateral vibrations in the cabin, Feng et al. [8] designed a 

controller using the Lyapunov´s method. 

Although these methods can reduce significantly the vibration in elevator systems, they are limited to 

specific operation conditions and design of elevators, so the implementation of vibration isolators is always 

necessary. Vibration isolators are usually made of elastomeric materials, which offer good damping 

properties along with reliability and durability.  They are commonly mounted under the drive machine and 

between the elevator car frame and cabin. However, this widely employed solution is not perfect, as the 

isolators are often selected just taking into account the static loads, due to the lack of information about the 

dynamic behavior of the system. Hence, it is necessary to study which is the influence of the isolators on 

the vibration transmission in the elevator system. 
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In this work, a theoretical model of the drive machine mounted upon a frame that is fixed to the guide rails 

is developed. This model includes the isolators that are located in the two attachments of the machine to the 

frame. Therefore, the dynamic model is divided into three elements: the drive machine modeled as a rigid 

solid, the isolators that are described using constitutive models, and the frame-guide rails system, which is 

modeled using a finite element description. Using this model the time domain response of the elevator 

system under dynamic loads can be calculated. Moreover, the response in the frequency domain can be 

obtained. These results are then used to study the energy flow throughout the system. The energy flow 

transmitted from the machine to the frame-guide rails is a suitable indicator of the effectiveness of the 

isolation system. Therefore, the model enables to draw conclusions about the impact of each element in the 

vibration transmission. Furthermore, the numerical model can be used to characterize and select the proper 

isolator for a certain elevator system. 

2 Model description 

The developed mathematical model consists of three parts that are defined separately (figure1). The first 

one, the drive machine, is modeled as a rigid solid. Then, the isolators are described with a constitutive 

model that represents not only the elastic behavior but also the viscoelastic and friction phenomena. Finally, 

the frame – guide rails system is modeled using Timoshenko beam theory implemented in the finite element 

method. Once the three parts are defined, they are coupled to obtain a global model that can predict vibration 

transmission from the drive machine to the frame. The response is going to be calculated in the time domain, 

using a time step of ∆𝑡 = 1.25𝑒 − 4 𝑠𝑒𝑐. 

 

Figure 1. Simplified model of elevator drive system. 

2.1 Drive machine 

The drive machine is composed of the main body (electromechanical motor, brakes, etc.) with a pulley, 

where the load from the cabin is going to be introduced (𝐹pulley). This rigid solid has two degrees of freedom, 

named 𝑤m and 𝜃m for the vertical and rotational displacement respectively. The 𝑤1 and 𝑤2 displacements 

correspond to the displacement of the body in the first and second union points. In this points the forces 𝐹1 

and 𝐹2 are going to be the connection between the machine and the isolators. 

(a)  (b) 
 

Figure 2. The drive machine. (a) Forces and displacements, (b) dimensional parameters. 
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The equations for the rigid solid can be obtained applying the equations of force and momentum as 

 −𝐹exc
𝑖 − 𝐹g − 𝐹1

𝑖 − 𝐹2
𝑖 = 𝑀 · �̈�m

𝑖  (1) 

 −𝐹exc
𝑖 · 𝑒 + 𝐹1

𝑖 · 𝑑1 − 𝐹2
𝑖 · 𝑑2 = 𝐼 · �̈�m

𝑖  (2) 

where 𝑀 and 𝐼 are the mass and inertia of the machine respectively. The parameters 𝑒, 𝑑1 and 𝑑2 are 

dimensional variables that measure the corresponding distance to the center of gravity of the machine, 

according to Figure 2. Finally, the ~̈ indicates the second time derivative, and 𝑖 is the current time step value 

(𝑖 = 1,2,… , 𝑛). The equations (1) and (2) can be written in matrix form:  

 [
−𝑀 0
0 −𝐼

] · [
�̈�m

𝑖

�̈�m
𝑖
] + [

−1 −1
𝑑1 −𝑑2

] · [
𝐹1

𝑖

𝐹2
𝑖
] = [

𝐹exc
𝑖 + 𝐹g

𝐹exc
𝑖 · 𝑒

], (3) 

where he force 𝐹exc is the summation of static and dynamic loads in the pulley and 𝐹g is the force due to the 

mass of the machine. 

2.2 Isolators 

The next elements of the system are the isolators, which are located just below the machine and with the 

purpose of absorbing the vibration. The isolators included in the system are made of viscoelastic material, 

which means that they behave somewhere in between a purely elastic body and a perfect viscous material. 

The dynamic behavior of these elastomeric materials depends on various parameters, such as frequency and 

strain amplitude [21]. In order to represent the mechanical characteristics of isolators a constitutive model 

is employed. 

The constitutive model adopted is composed of three elements: a spring, a pot element and a friction element 

(figure 3). Each element introduces elastic, viscoelastic and friction forces in the system respectively. Thus, 

the force 𝐹 coming from the machine and the frame must be equal to the resultant of these three forces 

 

Figure 3. Constitutive model for the isolator. 

The forces acting on isolator 1 and 2 are going to be the summation of elastic, viscoelastic and friction 

forces: 

 [
𝐹1

𝑖

𝐹2
𝑖
] = �⃗�el.

𝑖 + �⃗�ve.
𝑖 + �⃗�fr.

𝑖  (4) 

2.2.1 Elastic force 

The elastic force is defined by Hook’s law: 

 �⃗�el.
𝑖 = [

−𝑘1 · ∆𝑥1
𝑖

−𝑘2 · ∆𝑥2
𝑖
]. (5) 
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2.2.2 Viscoelastic force 

The frequency dependency of the material is introduced by the pot element. For viscoelastic materials, the 

stress does not only depend on the actual strain, but also on the previous strain history [21]. To take this into 

account, it is necessary the implementation of hereditary (convolution) integrals. These integrals, suppose 

that the actual stress-strain state is determined by the sum of the previous states. However, modeling of this 

phenomenon usually requires a large number of parameters to be fitted from experimental results. 

To solve this problem, fractional calculus is applied, where constitutive equations are implemented along 

with time derivatives of non-integer order (fractional derivatives, Dα). In this work, the Riemann-Liouville 

convolution integral definition is used, which reads  

 D𝛼𝑓(𝑡) =
1

Γ(1−𝛼)

d

d𝑡
∫

𝑓(𝜏)

(𝑡−𝜏)𝛼
d𝜏

𝑡

0
, (6) 

that supposes that the order of the time derivative 𝛼 ∈ [0, 1] [21]. This equation cannot be solved analytically 

in the time domain, so a numerical procedure has to be carried out. From [22] a suitable definition of the 

fractional derivative is  

 D𝛼𝑓(𝑡 = (𝑛 + 1)Δ𝑡) =
1

(Δ𝑡)𝛼
∑ 𝑐𝑗(𝛼) · 𝑓(𝑡) = (𝑛 + 1 − 𝑗)Δ𝑡𝑛

𝑗=0 , (7) 

With 

 𝑐𝑗(𝛼) =
Γ(𝑗−𝛼)

Γ(−𝛼)Γ(𝑗+1)
, (8) 

where 𝑐0 = 1; 𝑐1 = −𝛼. The pot element introduces this fractional derivative with a proportionally constant, 

leading to a definition of the viscoelastic force as 

 𝐹ve.(𝑡) = 𝑏 · D𝛼(𝑥(𝑡)). (9) 

The α parameter governs the behavior of the pot element.  On one hand, for a value equal to zero, the pot 

element resembles a simple spring. On the other hand, with 𝛼 = 1 the pot element will apply a purely 

viscous force. So, with values between zero and one, pot element is supposed to behave somewhere in 

between those definitions, meaning viscoelastic behavior. So, the force corresponding to the pot elements 

of both isolators of the elevator system can be calculated following the expression: 

 �⃗�ve.
𝑖 = [

−𝑏1 · D𝛼1(∆𝑥1
𝑖)

−𝑏2 · D𝛼2(∆𝑥2
𝑖 )

]. (10) 

2.2.3 Friction force 

The amplitude dependence of the rubber materials is taken into account with friction models. In this work, 

Berg´s friction model (often called Smooth Friction Model) is employed, as it enables a very good fitting to 

measurements with few parameters [21]. The force response is decomposed as follows: 

 𝐹fr.(𝑡) = 𝐹fr.s +
𝑥(𝑡)−𝑥s

𝑥2(1−𝑎)+(𝑥(𝑡)−𝑥s)
(𝐹fr.max − 𝐹fr.𝑠), if ∆𝑥 > 0 (11) 

 𝐹fr.(𝑡) = 𝐹fr.s +
𝑥(𝑡)−𝑥s

𝑥2(1+𝑎)−(𝑥(𝑡)−𝑥s)
(𝐹fr.max + 𝐹fr.s), if ∆𝑥 < 0 (12) 

where 𝐹fr.max is the maximum friction force, and 𝑥2 the displacement needed to achieve half of 𝐹fr.max. The 

values of 𝐹fr.s and 𝑥s refer to the starting points (force and displacement) for each loop and they are updated 

during motion. The parameter 𝑎 is defined as 

 𝑎 =
𝐹fr.s

𝐹fr.max
. (13) 

As it can be seen, depending on the direction of the deformation, the friction force changes its value. The 

friction force is only dependent on the current displacement, thus for simplification is going to be expressed 

like 
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 �⃗�fr.
𝑖 = 𝑓 ([

∆𝑥1
𝑖

∆𝑥2
𝑖
]). (14) 

2.3 Frame – guide rails 

The last element of the system is the frame and guide rails (Figure 4). The frame is going to be connected 

to the isolators through 𝐹1 and 𝐹2, and two displacements are defined in those union points (𝑤frame1
, 

𝑤frame2
). The relation between the forces acting on the frame and the corresponding transversal 

displacements are going to be defined by an impulse response. 

 

Figure 4. Forces acting on the isolator – frame contact points and corresponding displacements. 

To obtain the impulse response of the frame at the contact points the entire frame – guide rails system is 

modeled using the finite element method. The entire frame is replaced by several continuous structural 

members as is can be seen in figure 5. 

 

Figure 5. Frame divided into finite elements. 

In order to describe each finite beam element, the Timoshenko beam theory is used. This model takes into 

account not only the transversal displacement as it does the Euler-Bernoulli theory, but also includes the 

shear deformation. The displacements inside the j-th element can be described as 

 𝑤𝑗(𝑥, 𝑡) = N⃗⃗⃗(𝑥) · q⃗⃗𝑗(𝑡), (15) 

 

Where 

 N⃗⃗⃗(𝑥) =

[
 
 
 
 
 
 
 

1

1+Φ
[1 − 3 (

𝑥

𝐿
)
2
+ 2(

𝑥

𝐿
)
3
+ Φ(1 −

𝑥

𝐿
)]

𝑥

𝐿(1+Φ)
[𝐿 (1 −

2𝑥

𝐿
+ (

𝑥

𝐿
)
2
) +

Φ

2
(1 −

𝑥

𝐿
) 𝐿]

1

1+Φ
[3 (

𝑥

𝐿
)
2
− 2 (

𝑥

𝐿
)
3
+

Φ𝑥

𝐿
]

𝑥

𝐿(1+Φ)
[𝐿 ((

𝑥

𝐿
)
2
−

𝑥

𝐿
) −

Φ

2
(1 −

𝑥

𝐿
) 𝐿] ]

 
 
 
 
 
 
 

, (16) 

contains the interpolation functions [29] and  

 q⃗⃗𝑗(𝑡) = [𝑤𝑗.1(𝑡) 𝜃𝑗.1(𝑡) 𝑤𝑗.2(𝑡) 𝜃𝑗.2(𝑡)], (17) 
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includes the nodal degrees of freedom, displacement, 𝑤, and bending rotation, 𝜃. The parameter Φ =
12𝐸𝐼/𝐺𝐴𝜅𝐿2 represents the ratio between the flexural and shear rigidities [24]. From the energy equilibrium 

equations, the elementary stiffness and mass matrices are obtained. For more details of the calculation of 

these matrices, the reader is referred to [23]. The guide rails are modeled as Timoshenko beam and coupled 

to the frame at both ends. The stiffness components of the guide rails are introduced in the global stiffness 

matrix in the corresponding nodal displacements. To model the energy dissipation through the frame and 

guide rails proportional damping is introduced as 

 [𝐶prop] = 𝛼 · [𝐾frame] + 𝛽 · ([𝐾frame] + [𝐾guide]), (18) 

where the corresponding values are 𝛼 = 1𝑒 − 4 and 𝛽 = 1𝑒 − 5. Finally, the transfer function can be 

expressed as 

 [�̃�(𝜔)] = (−𝜔2[𝑀] + 𝜔𝑖[𝐶prop] + [𝐾])
−1

, (19) 

where [𝑀] and [𝐾] are the global mass and stiffness matrix respectively, and (~) refers to the frequency 

domain. To obtain the response of the system the following expression is employed: 

 �̃�(𝜔) = �⃗⃗⃗�(𝑥exc) · [�̃�(𝜔)] · �⃗⃗⃗�(𝑥exc)
T, (20) 

where �⃗⃗⃗�(𝑥exc) defines the excitation node (the node where the punctual force is introduced) and �⃗⃗⃗�(𝑥resp) 

defines the response node (the node where the response is recorded). As there are two nodes (named 𝐴 and 

𝐵) where external forces are going to be applied, four impulse response functions, ℎ(𝑡), are calculated using 

the inverse Fourier transform (ifft) of �̃�(𝜔), 

ifft (�̃�AA(𝜔)) = ℎAA(𝑡) → Excitation in A − response in A, 

ifft (�̃�AB(𝜔)) = ℎAB(𝑡) → Excitation in A − response in B, 

ifft (�̃�BA(𝜔)) = ℎBA(𝑡) → Excitation in B − response in A, 

ifft (�̃�BB(𝜔)) = ℎBB(𝑡) → Excitation in B − response in B. 

The displacements at node A and B of the frame are obtained via convolution product between “connection” 

forces and the impulse responses as  

 [
𝑤frame1

𝑖

𝑤frame2

𝑖
] = ∑ [

ℎAA ℎBA

ℎAB ℎBB
]
𝑧

·𝑖
𝑧=0 [

𝐹1
𝑖−𝑧

𝐹2
𝑖−𝑧

] · ∆𝑡, (21) 

where ℎAA,  ℎAB,  ℎBA,  ℎBB are the impulse response functions. 

2.4 Newmark method 

The equations of motion of the machine are a system of ordinary differential equations, so to solve it a 

numerical method is required to solve it. The Newmark method is chosen as it is a common numerical 

integrator in mechanical dynamic problems. The equation (3) can be written as: 

 [𝑀] · �̈⃗� + 𝑝(�⃗�) = 𝑔(𝑡), (22) 

which is a non-linear ordinary differential equation, where the terms dependent on the degrees of freedom 

are named 𝑝(�⃗�) and the independent terms are indicated as 𝑔(𝑡). Newmark method estimates the position 

and velocity at time step 𝑖 as 

 �̇⃗�𝑖 = �̇⃗�𝑖−1 + [(1 − 𝛽) · �̈⃗�𝑖−1 + 𝛽 · �̈⃗�𝑖] · ∆𝑡, (23) 

 �⃗�𝑖 = �⃗�𝑖−1 + ∆𝑡 · �̇⃗�𝑖−1 + [(
1

2
− 𝛼) · �̈⃗�𝑖−1 + 𝛼 · �̈⃗�𝑖] · Δ𝑡2, (24) 
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by using expressions that average the acceleration using the parameters 𝛼 and 𝛽. The values of 𝛼 and 𝛽 are 

selected 0.25 and 0.5 respectively as in [24]. If the displacements are chosen to be the primary unknown, 

the following formula is employed for calculation: 

 
1

𝛼(∆𝑡)2
· [𝑀] · �⃗�𝑖 + [𝑀] · �̂̈�𝑖−1 − 𝑓(�⃗�𝑖) = 𝑔(𝑡). (25) 

2.5 Coupling and calculation procedure 

Once the equations for each member of the elevator system have been defined, they are joined into a system 

like [𝐴] · �⃗� = �⃗⃗�, where 

 �⃗� =

[
 
 
 
 
 
 
 

𝑤m
𝑖

𝜃m
𝑖

𝐹1
𝑖

𝐹2
𝑖

𝑤frame1
𝑖

𝑤frame2
𝑖
]
 
 
 
 
 
 
 

. (26) 

The first step in the calculation is to obtain the initial state of the system. It is important to carry on this step 

to start the simulation from the equilibrium state. Otherwise, the system will undergo a jump and therefore 

it will take longer to reach the steady-state. Then the iteration process starts, to simulate the rest of the time 

steps (𝑖 = 1,… , 𝑛). Every iteration the residual is calculated as  

 𝑅𝑒𝑠⃗⃗⃗⃗⃗⃗⃗⃗ = [𝐴] · �⃗�𝑖
trial − �⃗⃗�𝑖, (27) 

to verify the trial solution. If the residual is larger than a specified tolerance, a correction to the trial solution 

is made 

 �⃗�𝑖
new = �⃗�𝑖

trial − (𝑅𝑒𝑠⃗⃗⃗⃗⃗⃗⃗⃗ · [𝒥]−1), (28) 

where [𝒥] is the Jacobian matrix defined as [𝒥] = [𝐴]. Once the residual gets smaller than the tolerance, the 

trial solution is taken as valid and the simulation jumps to the next time step 

2.6 Energy Flow 

The energy flow, or power flow, is a good indicator of how effectively an isolator is performing in a system 

under vibration conditions. It provides a veridical measurement of the energy transmitted to a structure, so 

if it is minimized, the vibration transmission is reduced. The power in a system is defined as the work per 

unit of time, calculated as 

 𝑃 =
d𝑊

d𝑡
, (29) 

where 𝑃 is the power and 𝑊 is the work, defined as the force applied over a distance, thus 

 𝑃 =
d(𝐹·𝑥)

d𝑡
= 𝐹 ·

d𝑥

d𝑡
= 𝐹 · 𝑣, (30) 

With these definitions in mind, the time-averaged power flow can be calculated as 

 〈𝑃〉 =
1

𝑇
∫ 𝐹 · 𝑣 · d𝑡

𝑇

0
. (31) 

As stated in [20], the time-averaged power flow can be expressed as 

 〈𝑃〉 = ∫ 𝑆(�̃�, �̃�)
∞

−∞
d𝜔, (32) 
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where 𝑆 is the double-sided cross-spectrum and �̃�, �̃� are the force and velocity in frequency domain 

respectively. Due to symmetry, the single-sided cross-spectrum can be used to eliminate the negative 

frequencies, leading to 

 〈𝑃〉 =
1

2
Re∫ 𝐺(�̃�, �̃�)d𝜔

∞

0
. (33) 

Finally, the energy flow will be calculated as 

 𝐸𝐹(𝜔) =
1

2
Re(�̃�∗ · �̃�). (34) 

Now, the energy dissipated throughout the isolator is given by the difference of the energy introduced in the 

system 

 𝐸𝐹input(𝜔) =
1

2
Re(�̃�machine

∗
· �̃�machine), (35) 

 and the energy that it is transmitted to the structure 

 𝐸𝐹output(𝜔) =
1

2
Re(�̃�frame

∗
· �̃�frame). (36) 

This is the procedure followed to obtain the energy flow in the machine – isolators – frame system. The 

energy flow calculated with the external force and the displacement of the machine represents the input. On 

the other side, the sum of the energy flows calculated with the reaction forces and displacements at both 

contact points of the frame is going to be the energy flow output. 

3 Results and discussion 

3.1 Experimental results and parameter identification 

In order to characterize the isolators, dynamic compression experiments are carried out. Two commonly 

used isolators are tested in a compression testing machine. Due to the frequency and amplitude dependency 

of these materials, several dynamic tests, with different excitation amplitudes are performed (0.25 mm, 

0.075 mm, 0.025 mm). Each excitation amplitude is applied in a frequency range of 10 Hz to 100 Hz, 10 

Hz to 200 Hz and 10 Hz to 300 Hz respectively. Therefore, the behavior of the isolator could be correctly 

assessed. Once the experimental tests are done, to obtain the parameters of the constitutive model a nonlinear 

least-squares fit method is implemented. The function “lsqnonlin” from Matlab® (MATLAB Release 

2019b, The MathWorks, Inc., Natick, Massachusetts, United States) is employed and the objective function 

is defined as: 

 𝑜𝑏𝑗 = ∑ [(𝐸exp
𝑖 − 𝐸model

𝑖 ) · conj(𝐸exp
𝑖 − 𝐸model

𝑖 )]𝑚
𝑖=1 , (37) 

where 𝐸𝑒𝑥𝑝
𝑖  and 𝐸𝑚𝑜𝑑𝑒𝑙

𝑖  are the 𝑖th experimental measurement and simulation of dynamic compression 

modulus. The symbol conj[·] refers to complex conjugate. This objective function is minimized to obtain 

the parameter values. In order to quantify how good the model approximates to the experimental results the 

relative error is measured: 

 𝑅𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝐸𝑟𝑟𝑜𝑟 =
√∑ [(𝐸exp

𝑖 −𝐸model
𝑖 )·conj(𝐸exp

𝑖 −𝐸model
𝑖 )]𝑚

𝑖=1

√∑ [𝐸exp
𝑖 ·conj(𝐸exp

𝑖 )]𝑚
𝑖=1  

. (38) 

The results of the parameter identification are shown in table 1. The relative error between experimental 

results and model with these parameter values is 2.15% for isolator A and 9.55% for isolator B. Experimental 

results are shown in figure 6 and figure 7 along with the values given by the constitutive model. 
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Table 1. Parameters of the isolators. 

Isolator 𝒌 [𝐍/𝐦𝐦] 𝜶 [−] 𝒃 [𝐍𝐬𝛂/𝐦𝐦] 𝑭𝐟𝐫.𝐦𝐚𝐱[𝐍] 𝒙𝟐[𝐦𝐦] 

A 2.7813e6 0.2364 5.0101e4 1.1669e4 3.0892e5 

B 1.5e6 0.3174 8.844e4 2.3163e3 3.8978e4 

 

Figure 6. Magnitude and loss factor for isolator A. Model: solid lines. Experimental: data points. 
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Figure 7. Magnitude and loss factor for isolator B. Model: solid lines. Experimental: data points. 

3.2 Energy flow calculation 

The energy flow through the elevator system is going to be evaluated for three different harmonic force 

amplitudes. These external forces with magnitudes of 100 N, 200 N and 300 N are applied at the pulley with 

frequency ranges from 100 Hz to 1000 Hz. The mass of the machine is set to 500 kg and the dimensional 

parameters 𝑑1 = 0.1 m, 𝑑2 = 0.1 m and 𝑒 = 0.5 m. The static weight of the cabin is introduced in the pulley 

with a value of 1000 N. For the frame, the beam characteristics are: 𝐸 = 2.1e11 Pa, 𝐺 = 8.1e10 Pa, 𝜌 =
 7850 kg/m3, 𝐴 = 2.624e-3 m2, 𝐼 = 4.51e-6 kg·m2, 𝜅 = 0.6277, 𝐿 = 0.932 m. The guide rails characteristics 

are: 𝐸 = 2.1e11 Pa, 𝐺 = 8.1e10 Pa, 𝜌 = 7850 kg/m3, 𝐴 = 2.282e-3 m2, 𝐼 = 1.51e-6 kg·m2, 𝜅 = 0.2783, 𝐿 =
 5 m. The resulting energy flow input and output with isolator A are plotted in figure 8. 
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Figure 8. Energy flow into the system (dashed) and into the frame (solid) for various excitation force 

amplitudes and isolator A. 

By comparing the energy flow introduced to the system, it is found that for larger excitation force amplitudes 

the energy flow input increases as it was expected. As can be seen, the energy flow output is lower than the 

energy flow input, meaning that part of the energy introduced to the system is being dissipated through the 

isolators. As the isolators are not able to absorb all the vibration coming from the machine, some energy is 

transmitted to the frame. The energy flow output shows a peak at 360 Hz. This peak corresponds to the 

resonance frequency of the frame. It is desirable to avoid this frequency, as the vibration dissipation 

decreases drastically. Finally, the non-linearity of the isolator can be observed in the energy flow results as 

the excitation force amplitude changes. 
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Figure 9. (a) Energy flow input (dashed) and output (solid) for isolators A and B with excitation amplitude 

of 100 N. (b) Ratio of energy flow input-output. 

In figure 9, the comparison between isolator A and B is shown. As it is visible, the energy flow input and 

output are different for each material. Isolator A dissipates more energy than isolator B, as can be seen in 

figure 9(b), where the ratio between input and output is plotted. Further research in this phenomenon is 

going to be made, for more understanding about the behavior of the isolators in the elevator system. 

4 Conclusions 

A 2D mathematical model has been proposed for the analysis of vibration transmission between motor and 

structure through viscoelastic connections. The modeling makes special emphasis on the accurate 

description of amplitude and frequency dependency of viscoelastic materials. 

Parameter identification is performed to characterize real isolators. Experimental results from dynamic 

compression tests are compared to the predictions given by the model. Subsequently, parameters are fitted 

by a nonlinear least-squares method. The relative error for the adopted constitutive model is 2.15% and 

9.55% for isolators A and B, respectively. 

The difference between energy flow input and output is proved to be a good indicator of how effectively an 

isolator is performing. Results show a peak at 360 Hz corresponding to the resonance frequency of the 

frame. Through the comparison OUT/IN energy flow, the model is able to predict better isolation of the 

isolator A than B.  

In future research, this model will be subject to enhancements to include more variables, such as different 

isolators or real excitation signals. The final goal is the development of a tool that enables the study of the 

most suitable isolator type for elevator applications. 
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Abstract
In this paper, a general harmonic balance finite element method is developed for the 3D structure. An
investigation of the nonlinear dynamic behavior of a three dimensional beam due to distributed geometric
nonlinearities arising from large displacements is proposed in this paper. Green-Lagrange strain measures
paired with the Harmonic Balance Method with Alternating Frequency/Time (HB-AFT) domain technique
to simulate the nonlinear response has been used to obtain the dynamic behaviours for both the linear and
nonlinear cases. It has been found that geometric nonlinearities present hardening effects on the forced
frequency response of the system. Also, higher order elements have shown to better capture the vibration
characteristics of the structure, however this comes with a cost of increased computational time.

1 Introduction

In the last couple of decades global awareness of climate change and economic impact of high fuel con-
sumption and low propulsion efficiency in the aviation industry has led to major changes in manufacturing
practices all the way up to the design stages. Aero-engines to attain high fuel efficiencies require sustained
operations at increasingly higher temperature using lightweight materials. This poses a structural integrity
challenge from a vibration analysis standpoint whereby components become ever more sensitive to fatigue
failure and structural instabilities. From a cost perspective the ability to simulate dynamic vibration behaviors
at the design stage can reduce the cost of expensive prototyping and testing, as well as enabling simulation
of high rotational speeds, dynamic loads, and rotor-dynamic effects [1] which would be difficult to test oth-
erwise. Therefore, the ability to model accurately dynamic nonlinear behaviors becomes imperative in the
vibration analysis of safe-critical components. Nonlinear systems are those for which the principle of super-
position does not hold due to the coupling of modes, internal resonance and shifting of natural frequencies.
Main sources of nonlinearities derive from frictional forces, material and geometrical nonlinearities. Geo-
metrical nonlinearities in particular arise due to large displacements and solid rotations and thus the nonlinear
strain-displacements relations [2].

This paper will focus on the analysis of dynamic nonlinear behavior of geometric nonlinearities using forced
frequency response on a 3D beam using Green-Lagrange strain measures and Harmonic Balance Method
(HBM). HBM is the most popular frequency domain method used for calculating the periodic steady-state
response. It was first introduced by Krylov and Bogoliubov [3] while Urabe introduced the method for
Fourier approximations truncated to several harmonics into the harmonic balance in 1960s [4] also employed
in other studies [5]. HBM has also been coupled with alternating Fourier transformation (AFT) by Cameron
in 1989 [6] which considerably improved the HBM method. The AFT methodology computes the nonlinear
term in time domain and then transfers it to the frequency domain, providing better approximation than the
analytical description of nonlinear term in frequency domain. The investigation herein will make use of
the AFT enhanced HBM method to numerically solve the dynamic equation of motion of the beam. Other
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studies [7] have made use of the finite difference method to investigate free vibrations of clamped and simply
supported thin plates which showed that the solution of the natural frequency is more accurate when using
a higher number of sub-domains. Attempts at improving the finite difference for the vibration analysis of
rotating turbomachinery blades have made use of smaller matrix leading to faster convergence time compared
to the first order method [8].

Other time domain numerical techniques for predicting the nonlinear behaviour of systems such as the shoot-
ing and Poincaré method [9] have been surveyed and reviewed over time by Keller and Meyer [10]-[11]. The
shooting method in particular has proven to be particularly useful to solve boundary problems for ordinary
differential equations (ODEs). Pai and Palazotto [12] used multiple shooting method to investigate flexi-
ble beams undergoing large elastic rotations and displacements in three-dimensional space in a two point
boundary problem to assess the performance of nonlinear finite-element codes in analyzing large structural
deformations. Studies conducted on nonlinear free vibrational of double-clamped beams subjected to axial
loads have used modified Lindstedt-Poincare methods to obtain analytical expression of natural frequencies
as a function of beam axial load and slenderness ratio [13]. Chen et al [14] also employed the multidimen-
sional Lindstedt–Poincare (MDLP) to investigate nonlinear vibration of axially moving systems showing
that the MDLP method agree reasonably well with that obtained by the incremental harmonic balance (IHB)
method.

The nonlinear dynamic response of a long slender beam has been the subject of many theoretical and experi-
mental efforts due to the fact that engineering safe-critical components like turbine blades and aircraft wings
can be modelled as a beam-like slender structure. Euler-Bernoulli beam theory has been used extensively
to analyse small deformation of slender beam under load [15]. Yoon et al investigated simply supported
double cracked beam modelled using the Euler-Bernoulli theory [16] to identify the influence of crack depth
and position on natural frequency and vibration mode. In order to account for shear strain and stresses
variation over the cross section of a beam, Timoshenko beam theory provides a better approximation of the
beam deformation [17][18]. However, Euler-Bernoulli and Timoshenko inherently have great limitations in
a full mechanical analysis as only 2D beam elements can be used while most structure investigated will be
three-dimensional.

The finite element method (FEM) analysis carried out in this paper therefore uses three-dimensional brick
elements which model the nonlinear hyper-elastic formulation of the beam. A clear advantage of using the
FEM analysis is that all matrices in the equation of motion are characterized by high degree of sparsity (i.e.
large number of zero elements as its entries). Since the computational requirements to analyse complex
engineering structures can easily become unmanageable, FEM provides a memory efficient computational
approach to investigate nonlinear behavior. In the investigation herein presented the high level of sparsity
gives us the choice to use Compressed Sparse Row (CSR) storage numerical method to reduce the computa-
tional burden to converge to a solution. Other studies [19]-[20] in blade vibration monitoring have focused
on the utilisation of the CSR method to develop models to reconstruct the under-sampled blade tip-timing
(BTT) signals in order to build unknown multi-mode blade vibrations.

Green-Lagrangian strain measures are widely used in the vibration analysis of different structures. Stud-
ies [21]-[22] employed a Green-Lagrangian framework to analyse the free vibration of composite laminate
plates in higher order shear deformation theory. Almansi-Lagrange strain commonly used in the Updated La-
grangian formulation have been shown to provide good agreement in the context of modelling and simulation
of damage in large deformations in elastomers [23].

The objective of this research is to investigate the dynamic behavior of a beam undergoing forced frequency
response including geometric nonlinearities due to large deformation. The model will use 3D solid brick
element formulation paired with the Green-Lagrange strain framework and the Harmonic Balance Method.
Algorithms used in the numerical analysis are highlighted in section 2. Finite element model used for the
simulations is illustrated in section 3.1. The numerical results are discussed in section 3. Final conclusions
and future outlooks are drawn up in section 4.

2732 PROCEEDINGS OF ISMA2020 AND USD2020



2 Governing Equations

2.1 Green-Lagrangian Strain

Strain is a measure for the non-rigid part of the deformation. When undergoing a geometrically nonlinear
deformation process, continuum bodies will exhibit large strains. Green-Lagrange strain measures, Eij , are
employed in this paper to describe the nonlinear geometric effect for structures undergo finite deformation.
The explicit expression of the tensor is shown in Equation 1.

Eij =
1

2

(
∂ui
∂Xi

+
∂uj
∂Xj

+
∂uk
∂Xi

∂uk
∂Xj

)
(1)

In Green-Lagrangian deformation tensor, partial derivative of the displacement vector u are with respect to
the material/reference coordinates X, i.e. the coordinate system of the undeformed configuration. This strain
measure is independent of rigid body rotations, which makes it suitable for describing strain in engine blades.

Linear 3D Saint Venant–Kirchhoff material law (Equation 2) is used in this paper for the constitutive rela-
tionship of the material and derivation of stress measure [24],[25]. S represents the second Piola-Kirchoff
stress tensor, µ and λ are the Lamé constants.

S = λ tr (E) I + 2µE (2)

2.2 Finite Element Method

Figure 1: Transformation between physical and reference element.

In finite element analysis, the structure is assigned with a set of node points associated with given number of
Degree-of-Freedoms (DOFs). The region confined by the adjacent nodes is referred to as an element [26].
In 3D solid element, nodes are allowed to translate along the x, y, z axes, hence each node has 3 DOFs.
The estimated displacement vector u of each element can be defined as in Equation 3, where N is the shape
function matrix, ae is the column vector of nodal displacement. n stands for the total number of nodes in
the element and subscript e refers to elementary quantities. For the convenience of computation, physical
elements are all transformed into reference element as shown in Figure 1, shape functions of the reference
element with coordinates (ξ, η, ζ) are used.

ue (ξ, η, ζ) =
{
ux uy uz

}ᵀ
= N (ξ, η, ζ) · ae(t)

ae =
{
ax1 ay1 az1 ax2 ay2 az2 ... axn ayn azn

}ᵀ (3)

Green strain vector εεε (Equation 4) can be decomposed into linear part εεε0 and nonlinear part εεε1. Details of
the shape function matrix N and matrices of derivatives of the shape function B0 and B1 can be found in
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Appendix A.

εεε = εεε0 + εεε1

= B0 (ξ, η, ζ) · ae +
1

2
· B1 (u) · ae (4)

2.3 Equation of Motion

[M] {ẍ(t)}+ [C] {ẋ(t)}+ [K(x)] {x(t)} = {Fext(ω, t)} (5)
[M] {ẍ(t)}+ [C] {ẋ(t)}+ [K0] {x(t)}+ {Fnl(x, t)} = {Fext(ω, t)} (6)

The matrix format of equation of motion (Equation 5) can be achieved by applying Euler–Lagrange equation
on to the energy expressions of the system. M, C, K represents the mass, damping and total stiffness matrix
respectively, x is a vector listing the displacement in x, y, z directions of each node and Fext represents the
periodic excitation force vector with frequency ω. The dots refer to the derivatives with respect to time t.
Damping matrix is considered as a proportion of the mass matrix, i.e. C = αM. Expressions of the mass
and stiffness matrix are displayed in Equation 7 and 8. D is the constitutive matrix based on linear Saint
Venant–Kirchhoff law (Equation 2). The total stiffness matrix K can be decomposed into K0 and Knl, where
Knl includes all the terms with B1, hence forms the nonlinear force vector Fnl of the dynamic system in
Equation 6.

[M] =

∫
Nᵀ (x, y, z) ρN (x, y, z) d Ω

=

N∑

i=1

Nᵀ (ξi, ηi, ζi) ρN (ξi, ηi, ζi) · |Jac (ξi, ηi, ζi) | · wi (7)

[K] =

∫ [
B0 + B1(u)

]ᵀ
· D ·

[
B0 +

1

2
B1(u)

]
d Ω

=

N∑

i=1

[
B0 + B1(u)

]ᵀ
· D ·

[
B0 +

1

2
B1(u)

]
· |Jac (ξi, ηi, ζi) | · wi

= [K0] + [Knl(u)] (8)

The integral functions can be estimated by employing Gaussian quadrature rule. N is the total number
of Gaussian Quadrature points, ξi, ηi, ζi are the quadrature points and wi is the corresponding quadrature
weight.

2.4 Harmonic Balance Method with Alternating Fourier Transformation

The nonlinear ODE involved in the dynamic systems (Equation 6) can be solved by using harmonic balance
method with alternating Fourier transformation. HBM uses a linear combination of sinusoids to build the
solution. The response x(t) to the periodic excitation is expected to be ω-periodic. The periodic vectors x,
Fext and Fnl in Equation 6 can be estimated as a truncated Fourier series to the NH -th harmonic as shown in
Equation 9. χ̃(t) represents the ω-periodic vectors. χ̃ is the collection of all Fourier coefficients for all DoFs
in the system.

χ(ω, t) =
1

2
χ̃0,c +

NH∑

n=1

χ̃n,c cos(nωt) + χ̃n,s sin(nωt) (9)

χ̃ =
[
χ̃0,c χ̃1,c χ̃1,s χ̃2,c χ̃2,s ... χ̃NH ,c χ̃NH ,s

]
(10)
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The equation of motion in time domain (Equation 6) can hence be transformed into Equation 11, where
·̃ denotes parameter in frequency domain and A(ω) describing all the linear dynamics part of the system.
Details of A(ω) can be found in Appendix B. Parameters q̃, b̃nl and b̃ext are x, Fnl and Fext in frequency
domain respectively. Newton–Raphson method [27] is used to solve the harmonic balance equation Z(ω, q̃).

Z(ω, q̃) ≡ A(ω)q̃ + b̃nl(q̃)− b̃ext = 0 (11)

q̃ IDFT−−−→ x(t)
Knl(x)−−−−→ Fnl(x)

DFT−−→ b̃nl(q̃) (12)

Alternating frequency-time domain (AFT) method is used to compute b̃nl. Solution q̃ at each Newton–Raphson
iteration is transformed into time domain by applying Inverse Discrete Fourier Transform (IDFT). Discrete
Fourier Transform (DFT) is then followed to compute the resulting nonlinear force in frequency domain b̃nl
as shown in Equation 12.

2.5 Continuation Scheme

Studying the evolution of periodic solutions x with respect to the frequency ω of the harmonic forcing
Fext can be very useful. Continuation scheme provides algorithmic procedures to generate a continuum of
periodic solution x. Continuation algorithms are based on two main steps applied recursively for each point
in the state-control space (x, ω). A prediction point is guessed first based on the previous obtained points,
then follows a correction step which provides the new point in the state-control space. The path following
procedure in continuation scheme is an useful theoretical tool to track the turning path of the solutions
and find coexisting solutions for the same parameter value in many applications due to its versatility and
robustness. Secant method and arc length constraint are chosen to be the prediction and correction method
respectively for the continuation scheme in this paper. Details on the continuation scheme employed in this
paper can be seen in Appendix B.

3 Numerical Results

3.1 Model Description

(a) Schematic Model (b) FEM mesh with 3D tetrahedron solid elements

Figure 2: 3D cantilevered beam model used for numerical analysis.

In this paper, a 3D cantilevered beam model with dimension of 5mm ∗ 100mm ∗ 1000mm is used. The
periodic excitation force is applied at the free end of the beam (Figure 2a). The nonlinear beam used in
is made with homogeneous material of Young’s Modulus E = 104 GPa and density ρ = 4400 kg/m3.
Parameter α involved in the damping matrix is chosen to be α = 0.01∗ω0, where ωn is the natural frequency
of the cantilevered beam. 3D tetrahedron solid elements are used in the FE model (Figure 2b). The mesh
studied in this paper has 277 elements in total.
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3.2 Static Analysis of Nonlinear Beam

(a) Linear Model (b) Nonlinear Model

Figure 3: Deformation of 3D cantilevered beam under static point load.

Figure 3 shows the deformation of the 3D cantilevered beam under static point load Fext = 104 N. Four
nodes tetrahedron elements are used in the FE model. Figure 3a shows the deformation of the 3D beam with
consideration of only the linear part of the strain εεε0 (Equation 4), artifacts can be observed such as increase
in volume. Figure 3b shows the simulation result with the full Green-Lagrange strain measure employed in
the model. The effect of the nonlinear part of the strain measure becomes significant when undergoing large
deformation, hence linear approximation is no longer accurate enough when modeling the system.

3.3 Dynamic Analysis of Nonlinear Beam

3.3.1 Forced Frequency Response
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Figure 4: Forced frequency response of 3D cantilevered beam under periodic point load.

Figure 4 shows the forced frequency response of the first bending mode of the cantilevered beam under
different level of periodic excitation force. NH = 5 and linear 4 nodes tetrahedron elements are employed.
Frequency is scalded by the natural frequency of the structure ωn = 38.872 Hz. Hardening effects of the
nonlinear strain can be observed from the FRF plot in Figure 4b.

Resonance frequencies and the mode shapes of the model can be computed by solving the eigenproblem in
Equation 13, where ω is the vector containing all the resonance frequencies and Φ is the matrix listing all
the corresponding mode shapes. Table 1 shows the comparison of the first three lowest resonance frequen-
cies yields by using different element type with the analytical values. ‘Tet 4’ indicates the 4 nodes linear
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tetrahedron element with nodes at the corners only as shown in Figure 1 and ‘Tet 10’ indicates the 10 nodes
quadratic tetrahedron element with 6 more nodes at the mid of the edges. Same mesh (Figure 2b) but dif-
ferent element type are used. The analytical values are calculated by following the formula in [28]. For the
same level of mesh resolution, quadratic elements show much better convergence and produce much more
accurate results than the linear elements. 20 nodes hexahedron elements (another commonly used 3D solid
element) are also investigated, indicated as ‘Hex20’ in the table. A much fewer elements are used to generate
the mesh for the cantilevered beam. The results show that quadratic elements have a much better capability
to capture curvature than linear elements. However the computational time is increased due to the increase
in total DoFs and increase in Gaussian Quadrature points when computing matrices (Equation 7-8).

[
K0 − ω2M

]
Φ = 0 (13)

Table 1: Comparison of resonance frequencies computed by different element types.

Tet 4 Tet 10 Hex 20 Analytical
No. of elements 277 277 13 N/A

ω1 38.872 4.201 4.018 3.926
ω2 100.139 27.358 25.307 24.607
ω3 236.665 81.928 71.797 68.910

3.3.2 Computational Time

Figure 5: Flowchart for the dynamic analysis of the structure.

Figure 5 depicts the procedures involved when generating the points on the nonlinear FRF plot. Details of
algorithms used in Newton direction computation for harmonic balance can be found in Appendix C. Figure
6 shows the computational time consumed by different stages when generating Figure 4b with excitation
force at an amplitude of 200 N. AFT takes the majority of the computational time, this is due to the calcu-
lation of Fnl and the corresponding Jacobin matrix ∂Fnl/∂x at each time step and transformation from time
domain into frequency domain. 28 time steps are used in the IDFT and DFT steps in Equation 12. Matri-
ces generated by FEM have high sparsity level, CSR (Compressed Sparse Row) format is hence selected to
store the matrices. Intel MKL Pardiso solver is used for applying the Newton direction computation to solve
Equation 11 in sparse matrices. Sparse matrix solver and the assembly of Jacobin matrix for Newton di-
rection computation ranks second and third respectively in the computational time consumed. Computation
of Z(ω, q̃) by manipulating the sparse matrices is efficient and takes negligible time. The peaks on the plot
are corresponding to the increase in the iteration numbers when solving the equations. Computational times
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Figure 7: Comparison of computational time with different time steps per period.

arising from different time steps per period used in DFT and IDFT are shown in Figure 7. Mean time taken
by the most computational consuming procedures are compared. AFT is the most sensitive procedure to the
time steps per period. Linear 4 nodes tetrahedron elements are used in this study. Higher order elements
can increase the accuracy of the result however the increase in the total DOFs in the system and number
of Gaussian points used for constructing matrices (Equation 7 and 8) will cause the increase in the overall
computation time.

4 Conclusion and Outlook

Investigation of the nonlinear behavior of the dynamic response of a 3D beam using the AFT Harmonic
Balance Method within the Green-Lagrange strain framework has been presented in this paper. In particular
it has been shown that when structures undergo large deformation, linear approximations are no longer
sufficient to produce accurate solution for the response of the structure.

The Harmonic balance method with alternating frequency-time domain method has been shown to be an
effective mathematical tool for calculating the steady-state nonlinear dynamic solution. Geometric nonlin-
earities show hardening effects on the forced frequency response of the system.

Finally, to accurately capture the complex curvatures, higher order elements are preferred, however this
comes with a cost of increased computational time.
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Reduced order modelling can be considered in the future in order to study the dynamic behaviour of a
complex structure using minimal computational resources. Effect of rotation on the nonlinear beam can also
be investigated.
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Appendix

A Finite Element Matrices

The shape function matrix N and matrices of derivatives of the shape function B0 and B1 are given by:

N (ξ, η, ζ) =



N1 0 0 N2 0 0 ... Nn 0 0
0 N1 0 0 N2 0 ... 0 Nn 0
0 0 N1 0 0 N2 ... 0 0 Nn


 (14)

B0 (ξ, η, ζ) =




∂N1

∂x
0 0 ... ... ...

∂Nn

∂x
0 0

0
∂N1

∂y
0 ... ... ... 0

∂Nn

∂y
0

0 0
∂N1

∂z
... ... ... 0 0

∂Nn

∂z

0
∂N1

∂z

∂N1

∂y
... ... ... 0

∂Nn

∂z

∂Nn

∂y
∂N1

∂z
0

∂N1

∂x
... ... ...

∂Nn

∂z
0

∂Nn

∂x
∂N1

∂y

∂N1

∂x
0 ... ... ...

∂Nn

∂y

∂Nn

∂x
0




(15)

B1(u) = A(u) ·G (16)

G =




∂N1

∂x
⊗ I3

∂N2

∂x
⊗ I3 ...

∂Nn

∂x
⊗ I3

∂N1
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⊗ I3
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⊗ I3 ...
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⊗ I3

∂N1
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⊗ I3

∂N2

∂z
⊗ I3 ...

∂Nn
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⊗ I3




(17)

A(u) =




∂ux
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∂uy
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∂uz
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(18)

G · {ae} =

[
∂ux
∂x

∂uy
∂x

∂uz
∂x

∂ux
∂y

∂uy
∂y

∂uz
∂y

∂ux
∂z

∂uy
∂z

∂uz
∂z

]
(19)
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B Formulation in Harmonic Balance Method and Continuation Scheme

B.1 Linear Matrix in Harmonic Balance Method

Details of A(ω) matrix in the harmonic balance method equation (Equation 11):

A(ω) =




K
K− ω2M ωC
−ωC K− ω2M

. . .
K− (ωNH)2M ωNHC
−ωNHC K− (ωNH)2M




(20)

B.2 Continuation Scheme

Figure 8: The prediction and correction step in the continuation scheme

Following notations as shown on Figure 8 are going to be used:

• y(i) = (x(i), αi): i-th converged point;

• y(i+1,0) = (xi+1,0, α(i+1,0)): prediction for (i+ 1)-th point;

• y(i+1,j) = (x(i+1,j), α(i+1,j): (i+ 1)-th point after j correction steps.

B.2.1 Prediction Method

To predict a point in the state-space, a direction and a distance is needed. The step size ∆s(i+1) is the distance
between the converged points y(i) and the predict point (x(i+1,0), α(i+1,0)). In Secant Method, two converged
points in the previous step (x(i−1), αi−1) and (x(i), α(i)) are used to predict the point (x(i+1,0), α(i+1,0)).

∆s(i+1) =
√

(x(i+1) − x(i))T (x(i+1) − x(i)) + (α(i+1) − α(i))2 (21)

(x(i+1,0), α(i+1,0)) = (x(i), α(i)) + ∆si+1
(

(x(i), α(i))− (x(i−1), αi−1)
)

(22)

B.2.2 Correction Method

The correction step in continuation scheme is used to move the predicted point (x(i+1,0), α(i+1,0)) towards
to the converged point y(i+1) which satisfies Equation 11. In Arc Length Constraint, distance between the
corrected points and the previous converged point is fixed. The arc-length method has the ability to pass
turning points.

∀j ≥ 1, ‖x(i+1,j+1) − x(i)‖2 + |α(i+1,j+1) − α(i)|2 = (∆s(i+1))2 (23)
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C Newton Direction Computation for Harmonic Balance

1: Pre-assembly M, C, K0 matrices in Equation 6 and vector b̃ext.

2: Set tolerance εr

3: Initial Guess (ω0, q̃0)

4: Set ω = ω0 and q̃ = q̃0

5: REPEAT

6: for k = 0, . . . , (Nt − 1) do

7: IDFT: x(tk) = 1
2 q̃0,c +

∑NH
n=1 q̃n,c · cos( 2π

Nt
· k n) + q̃n,s · sin( 2π

Nt
· k n)

8: x(tk) −→ Knl and ∂Fnl
∂x (tk)

9: Knl −→ Fnl(tk)

10: end for

11: Fnl(x, t) DFT−−−→ b̃nl

b̃n,cnl = 2
Nt
×∑Nt−1

k=0 Fnl(tk)) · cos( 2π
Nt
· k n)

b̃n,snl = 2
Nt
×∑Nt−1

k=0 Fnl(tk)) · sin( 2π
Nt
· k n)

12: Compute A(ω)

13: Z(ω, q̃) ≡ A(ω)q̃ + b̃nl(q̃)− b̃ext = 0

14: Jacobian Matrix: ∂Fnl
∂x (tk)

DFT−−−→ Z′

15: Arc Length Constraint

16: Newton Direction Computation:

Z′(ω, q̃) ·∆ = −Z(ω, q̃)

(ω1, q̃1) = ∆ + (ω, q̃)

17: Update: ω = ω1 and q̃ = q̃1

18: Evaluate Residual: r = Z(ω1, q̃1)

19: UNTIL r ≤ εr
20: Return value (ω, q̃)

21: Predict next point with Secant Method

NH is the total number of harmonics considered in HBM and Nt is the total number of samples taken per
period for DFT and IDFT.

Step 6 to 11 correspond to procedure AFT in the flowchart shown in Figure 5. Step 12 to 13 correspond
to assembly of Z(ω, q̃), computation of Jacobian matrix Z′ and Newton direction computation are shown in
step 14 and 16 respectively.
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Abstract 
Morphing structures are multifunctional structures in which the geometry, shape and parameters vary with 

the functionality and time. Such morphing structures are used in mechanical systems such as cranes and 

adaptive or morphing aircraft. Span morphing aircraft is an aircraft in which the geometry can be changed 

during the operation. Due to its complexity in mathematical modelling, system identification (SI) methods 

are investigated to model a telescopic type morphing beam in the current study. The system is formulated 

as a beam subjected to moving loads which results in time varying parameters. The dynamic response 

data, generated with theoretical models shows that the system switches from time varying to time invariant 

system, moving window methods are used to identify the system. Stages of data preparation, model and 

model order selection, model evaluation and further developments are discussed in the paper. 

1 Introduction 

Engineering structures are typically designed with a fixed geometry and constant material properties. 

However, some mechanical systems require a variable geometry structure for multi-functional 

requirements. Robotic arms, gantry cranes and deployable satellites are examples of systems with variable 

geometry structures. Similarly, morphing aircraft is a next generation aircraft that can change the 

geometry of its wing to multiple optimal shapes. Reconfiguring or morphing the span of a wing and its 

dynamics can significantly enhance the performance, stability and manoeuvrability of the aircraft. 

Therefore, the accurate modelling of dynamics and analysis of the morphing structures are important. The 

span morphing wing is one type of morphing wing in which the wing is extended or retracted based on the 

operating conditions. Such span morphing wings or beams can be realised with a telescopic-beam type 

mechanism.  

Denil and Murugan [1], modeled the span morphing wing as a telescopic beam. This telescopic beam 

mechanism is modeled as a host beam subjected to a moving beam. However, the moving beam effects are 

modelled as moving load (force /torque/moment) which represents the deployable part of wing or beam. 

This results in linear differential equations with time varying coefficients. The loads are assumed to be 

moving with constant velocity and corresponding modal frequencies and mode shapes are obtained by 

applying Eigen function expansion method. However, the additional effects such as acceleration and 

deceleration of moving loads are not modeled due to the increasing complexities. Further, the inclusion of 

actuation mechanism for morphing will make the system modelling a highly complex process. Therefore, 

another way to model the morphing structures have to be explored.   

System identification (SI) method is an alternative modeling approach that can be used to capture the 

acceleration and de-acceleration effects of morphing beam with minimal complexity. Initially, a prototype 

of the morphing beam can be built and the experimental data can be generated. The experimental data can 

be used to identify parameters of the complex morphing system. This model can be further developed or 

used for the simulation purposes. However, the key challenge is to find the appropriate SI methods to 

model such morphing systems in which the parameters are varying.  
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In the current study, the system identification methods are studied to accurately model a morphing beam 

structure. Initially, the theoretical models are used for generating the dynamic response data. This data is 

used to develop the dynamic models and extract the modal parameters of the system. These parameters are 

verified with theoretical values. The complexity of theoretical models is increased and the accuracy of the 

SI models is verified. Once, the SI models are validated sufficiently, these methods are planned to extract 

the modal parameters from the experimental data. 

2 Dynamic formulation of morphing beam 

2.1 Governing Equation: 

 

Figure 1: Beam subjected to moving load 

The telescoping beam modeled as moving load over a host beam problem is studied by Denil and 

Murugan [1] as shown in Figure 1. Here, the extending part of the beam is assumed to introduce the 

moving force ‘F’ along the base beam shown in Figure. The dynamics of the base beam due to these 

moving loads are studied. The moving force ‘F’, is considered to move with a constant velocity, c1. The 

effect of accelerations of moving loads was not considered in the dynamic modeling and response, 

In this work, the above telescopic beam is further simplified as a single DoF(Degree of freedom) system. 

The beam is assumed to be rigid while the flexural rigidity of its corresponding Euler beam is modeled as 

an equivalent spring constraint of stiffness ‘Kt’ at the root. The moving load is modeled as point mass ‘m’ 

that slides along the length of the beam with a length ‘L’ and mass ‘M’. The nature of the motion of the 

mass and spring stiffness are mathematically modeled as a function of time, linear displacement ‘x’ of the 

moving mass and the angular displacement ‘ϴ’of the beam respectively. The governing equation of this 

single DoF system is given as 

 �̈� +
𝐾𝑡

𝑀𝐿2

3
+𝑚𝑥2

∙ 𝜃 =
𝑚𝑔

𝑀𝐿2

3
+𝑚𝑥2

∙ 𝑥 (1) 

Where,Keeping the tip displacement of the beam as the reference the value of Kt is calculated to be  

 𝐾𝑡 =
3𝐸𝐼

𝐿2
 (2) 

Where, 

 E= young's modulus of the Euler beam 

 I=section moment of inertia of the rigid beam 

 

Here, the dynamic response due to the mass ‘m’ moving with constant velocity ‘V’ is simulated. Initially, 

these dynamic response data is then used to generate the modal parameters by SI methods. The dynamic 

model and response due to mass moving with the acceleration and deceleration effects will be discussed in 

the final presentation. 
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3 Dynamic response : 

For applying the system identification methods, the mass is considered to move with a constant velocity 

‘V’ till the tip of the rigid beam, and assumed to stay there for the rest of the time. This represents that the 

system is piecewise modeled over two intervals of time. Therefore, the system parameters such as stiffness 

in the above equation of motion are time dependent in the initial case and become a time invariant in the 

second case. The response of the system is generated using fourth order Runge-Kutta method for various 

initial conditions. A typical free vibration response and phase portrait of the above time varying system is 

due to moving loads alone, for zero initial conditions, the response is shown in the figure below. 

 

Figure 2: Dynamic response due to the moving load 

 

Figure 3: Phase portrait of the system. 

4 System Identification: 

The numerically simulated data is processed and used to identify the system parameters. The obtained 

displacement data is sampled at “n” optimum sampling rate and various data points are collected as an 

output vector. As the identification process requires the input vector “u1”, the forcing component in the 
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above equation is generated by the sampling same rate as that of the output vector “y1”. A typical beam 

with dimensions of 1m, 0.1m and 0.1m dimension is used. The moving mass is assumed to be 1/10th factor 

of the mass of the base beam. The dynamic response “y1” for a free vibration, for an initial displacement 

condition of y1=4.5e-5, is given in the figures below. Note, even for the free vibration, the moving load 

acts as a forced loading condition for the first window, as given in above Equation of motion . 

 

Figure 4: Input (u1) and Output(y1) data for the system with moving load 

The dynamic system takes a specific time to shift from “time varying” to “time invariant” depending upon 

the value on the velocity “V” of moving loads. Therefore, the data from two windows can be used to 

generate and validate the model parameters and dynamic response. Initially, the time invariant system of 

second window is considered for system identification. 

 

Figure 5: Input and Output data used for SI by the frozen window technique.  
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The input and output data points from second time invariant are trained into two different data sets. Oneset 

(Estimation data)is used to identify the model of the system while the other (validation data) is used to 

validate the data. The SI is carried out using the MATLAB commands for SI methods. 

 

4.1 System identification and results: 

Different methods of system identification were investigated for feasibility and accuracy of the fit. The 

usage of NL-arx is avoided as the current case neglects the system non linearity. Methods like transfer 

function methods and state space identification methods were found to work efficiently on second degree 

harmonic system [2].  

A detailed work by Overschee et al [3,4] on N4SID algorithm performance on deterministic and stochastic 

system has been studied  and the method of stochastic subspace identification (SSI) was chosen. In 

addition to this, various trials for minimum final prediction error (FSE)and mean square error(MSE) also 

played a crucial role in the model selection. 

The method of stochastic subspace identification has been chosen after various trials by minimum final 

prediction error and mean square error. Order of the model is selected by evaluating the singular values of 

the covariance matrix constructed from input/output data for different model orders. The order from where 

the singular values start to decrease is the best model order, as shown in the following figure. 

 

 

Figure 6: Singular value and model orders. 

The best fits of models identified in the case of invariant window are 

 2nd order State space model 

 Transfer function considering 2 zeroes and 3 poles. 

The measured and simulated model outputs for both the models are shown below in the Figure 
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Figure 7: Simulated model output of state-space and transfer function model vs. time(Invariant window) 

Table 1: System matrices and model parameters of the system. 

 

5 Summary & Conclusion: 

In this study, the dynamic models of morphing beams are developed from the data using system 

identification methods. The parameters of the morphing beam can be time varying for some period and 

time invariant for other periods. Therefore, the specialized methods such as moving windows of SI are 

used.  Two cases of SI modeling are studied. In the first case, the dynamic response of whole system, both 

time variant and time invariant is used for SI.  The accuracy is lower for the SSI model (74%)developed 

with the entire window of data. This might be due to the sudden change in the way the moving load 

interacts with the system. That is, the model while being identified by one trend of data from time varying 

system is later validated by a different trend of data that is generated by time invariant system. However, 

for the case in which moving load stops slowly or de-accelerate to zero velocity, the change in dynamic 

response data can be smoother and the accuracy of SI modeling can be improved. This will be the case if 

the data is acquired from an experiment. 

The preliminary results of this study shows that the SI methods can be effectively implemented to model 

and predict the complex dynamics of the morphing beams. However, the procedure for implementation of 

SI methods for the morphing system is being investigated further with the idea of approximating systems 

2750 PROCEEDINGS OF ISMA2020 AND USD2020



as time invariant and variant. Non-parametric FS-TARMA models are also studied for further 

development of the models and will be discussed in the final presentation. 
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Abstract 
Most companies do not take assembly aspects of a product into account during the early design process. 

This often results in designs that are optimal from a performance point of view, but are hard or impossible 

to assemble. This leads to numerous design changes late in the product development process, causing 

significant extra costs. To solve this issue, a co-optimization framework is developed that takes into account 

the assemblability as a constraint during the performance optimization. The presented framework is applied 

to minimize the mass of a gearbox with constraints on the axle stiffness and the first resonance frequency 

of the housing, while also respecting a set of assembly rules. The assembly rules take into account the 

complexity of the assembly, for instance the number of unique standard parts used and geometric properties 

like weight and dimensions.In each iteration, the performance of the design is evaluated with a parametrized 

finite element model, while a numerical assemblability score of the current design is estimated based on the 

assembly STP file. The obtained performance and assemblability metrics and their combination serves as a 

constraints and objective function for the design optimization. 

1 Introduction 

The design of engineering products has become a complex process for which Computer Aided Design 

(CAD) and Computer Aided Engineering (CAE) tools are commonly used. These tools allow to formulate 

the design of a product as an optimization problem in which all design parameters become variables and all 

requirements become constraints or objective functions. Generally the focus of these tools lies on 

maximizing product performance given a set of design specification and fixed product cost. 

The assemblability of a product can be defined as the ease with which a product can be assembled. Currently, 

it is not a common practice to incorporate assemblability aspects into the product development cycle [1, 2]. 

Assembly process of the future product usually become a major concern only at the final stages of the 

development process. However, ignoring these aspects often leads to designs that are hard or even 

impossible to assemble. As a result, it is often necessary to either revise the product design (which increases 

the design time), revise the assembly process (which increases the design time and production cost) or 

implement an assembly process that is complex and error prone (leading to increased production and 

operation cost) [3]. 

The main reasons why assembly knowledge is not incorporated into the product development cycle are as 

follows. First, the assembly process is often designed manually based on the knowledge of experienced 

assembly engineers. This implies that the assembly aspects are not properly formalized, making it hard to 
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take them into account in an optimization loop. Second, companies are not convinced that the initial increase 

in design cost associated with a more complex design will pay off in the later stages of the design process.  

In order to fill this gap between performance and assemblability sides of the product development process, 

a framework for their simultaneous consideration and analysis is introduced. The suggested framework 

should include methods for formalization of the assembly knowledge, estimation of the assemblability of 

the product, generation of possible assembly sequences and their comparison. Additionally, it should allow 

design engineers to deal with both performance and assemblability aspects of the design at the early stages 

of the development process in order to produce design optimal in terms of performance and 

assemblability [4], [5]. 

In this paper we will describe a general framework in order to incorporate assembly aspects of a product in 

the development process. Afterwards we will illustrate this framework for the design optimization of a 

gearbox, in which we minimize the mass of the gearbox, while constraining the axle stiffness and the first 

resonance frequency of the housing. Assembly aspects will be incorporated with four assembly specific 

metrics which will be combined into a single complexity measure. The metrics considered are relative 

volume, relative footprint, relative height and relative number of unique standard parts used in the product. 

With this optimization, we will show that taking the assembly aspects of a product into account during 

development process is feasible and impacts the obtained product design in a meaningful way.  

The remainder of the paper is organized as follows. In section 2 we discuss the general structure of the co-

optimization framework, while in section 3 we illustrate the impact of including the assembly knowledge in 

the product development cycle on the final design of the gearbox. 

2 Design co-optimization framework 

The envisioned co-optimization framework is depicted in figure 1. It consists of four interconnected 

components: the CAD model of the product, the performance estimation, the assemblability estimation and 

the co-optimization solver. The optimization solver is the master component which controls the data flows 

between the other blocks in the framework. Its goal is to find the optimal design with respect to a given 

performance parameters, while respecting a set of constraints which depends on the performance and 

assembly metrics. 

In order to evaluate these metrics the performance estimation and assemblability estimation blocks are used. 

Both base their estimation on the current geometry stored in the CAD model of the product, which in turn 

depends on the current values of the design parameters. Both these blocks are considered as a black box 

functions, no assumptions are made on their properties during the optimization. This allows for a variety of 

metrics to be used to analyze the performance and assembly characteristics during the optimization [6]. 

Additionally, it makes the framework independent from the specific tools and software and ensures their 

interchangeability. In this way the flexibility of the developed method is preserved since it does not rely on 

any particular software. 

One iteration of the co-optimization routine could be described as follows. The CAD model of the product 

is rebuilt based on the current values of the design parameters. The geometry of this model is then used to 

calculate the performance and assemblability metrics, which are treated as a constraints or objectives in the 

co-optimization routine.  
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Figure 1. Integrated framework of the performance and assemblability co-optimization 

2.1 CAD model 

The CAD model of the assembly is a starting point of the co-optimization process and it plays a dominant 

role in the process. This model should contain not only the initial geometry of the product but also a set of 

design parameters, required for the future optimization process. This means that the CAD model has to be 

fully parametrized – determined by set of the design parameters – ensuring the required flexibility of the 

design in a way that any change of the design parameters inside the given boundaries preserves the assembly, 

including connections between parts and their relative locations valid [7]. Parametric modeling is becoming 

an industrial standard now, which is why it is reasonable to assume that its use is not an obstacle for the 

implementation of the framework. Parametrization of the model is a tedious task, but the effectiveness of 

the future optimization fully depends on it, since a determined set of the design parameters should be 

sufficient to ensure the required flexibility and variability of the assembly design.  

In order to comply with the given requirements, some CAD processing software should be used. It should 

be able to create and work with a parametrized assembly. Additionally, there should be an option for either 

data exchange with other blocks of the framework or direct use of the CAD model by other blocks of the 

framework. In the current version of the framework, the performance estimation block uses the CAD model 

of the assembly directly, while the assemblability estimation requires exporting of the relevant assembly 

model in a neutral STP format. 

2.2 Performance estimation 

The performance estimation block has to be able to process any geometric representation of the assembly, 

regardless of its complexity, and has to combine different physical models, in order to obtain a set of output 

performance indicators. The finite element method (FE) was chosen to play the main role in the performance 

estimation due to its versatility, fidelity and universality. Only FE method allows to easily create link with 

a given CAD model and maintain it if the geometry changes [8], [9]. Basically the link between CAD model 

and FE software is already implemented in majority of available FE software. At the same time, use of the 

FE models ensures the possibility of using a variety of performance metrics, as well as flexibility in defining 

the output parameters. 

Integration of the FE performance models into the co-optimization process is one of the challenging tasks, 

especially since the FE model should stay valid during changes of the CAD model [6]. Moreover, besides 

the human interaction, this process requires resources such as domain expertise and computational effort. 

However this restricted amount of the user interaction ensures that after the FE performance model has been 

built, the further co-optimization routine does not need excessive human interaction.  
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Additionally, to enhance the computation speed of the performance estimation block, the FE models could 

be combined with analytical or empirical models. These could be added at the level of the FE software or at 

the level of the optimization solver, wherever there is an access to the design parameters [8]. Another 

approach for increasing the computation efficiency is implementation of different model order reduction 

(MOD) techniques, especially parametric MOD, since a co-optimization process requires repetitive 

calculation of the parametrized geometries. Both these approaches are directions for the future evolution of 

the described method, but will not be further discussed in this paper. 

2.3 Assemblability estimation 

The goal of the assemblability estimation block is to validate how easy it is to assemble a product design 

based on its 3D CAD model and a given set of assembly rules. The assembly rules are a formal description 

of the different aspects of the assembly process. They allow to incorporate assembly concerns into the 

optimization of the design in the form of additional constraints or cost. The accuracy and evaluation time of 

these rules strongly depends on the level of detail in which the assembly process is described. Making the 

right trade-off between accuracy and computation time is often the most challenging aspect of the 

assemblability estimation.  

The easiest way to impose assembly rules, is to define them in a heuristic way at the product level. For 

example, restrictions on the mass, dimensions, number of parts, or number of interconnections between parts 

would intuitively increase the assemblability of the product. This approach has the advantage that the rule 

evaluation only requires a description of the product and can be performed quickly. However, no accurate 

evaluation of the assembly process is performed, which may result in a design which requires revision at a 

later stage of the design process, even after optimization.  

More accurate rules also evaluate the assembly sequence (i.e. the order and steps needed to assemble the 

product starting from its individual parts). To do so, they evaluate how difficult each individual operation 

in the assembly sequence becomes for the given product design and then compute an aggregated measure 

for the whole sequence (typically the minimum or product of the individual operations’ scores). The 

complexity of evaluating these assembly operations again depends on the level of detail in which they are 

described and can range from fast heuristics up to full blown physical simulation. 

The assembly sequence itself can either be generated manually or automatically. When considering 

automatic sequence generation, it is possible to fix the assembly sequence at the start of the design process 

or instead optimize the design sequence together with the product design. In the latter case the evaluation of 

the assemblability becomes an optimization process in itself, which may slow down the evaluation 

considerably. 

At the current stage, assemblability estimation of the product design is performed based on its 3D CAD 

model and a given set of the assembly rules. Only the full assembly is analyzed during estimation of the 

assemblability score without taking into account the assemblability sequence. 

2.4 Co-optimization solver  

As it was described previously, on the top level of the co-optimization framework, there is an optimization 

solver which controls the blocks of the framework and manages data exchange between them. At each 

iteration of the optimization it uses a set of the input design parameters to rebuild a parametrized CAD 

model of the assembly. In turn, this rebuilt geometry is used by the performance and assemblability blocks 

of the framework as inputs. After evaluating performance and assemblability of the model their metrics are 

collected and processed in order to be treated as optimization constrains and objectives [10], [11]. This 

division of the assemblability and performance parts of the algorithms not only allows parallelization of the 

calculation but also creates the possibility to save computational time, since when the output from one block 

does not fulfill the constraints, the other block doesn’t have to be run anymore.  
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Since blocks of the framework are treated as a black box functions the only available possibility for running 

co-optimization is to use derivative-free algorithms. Of course, they are less effective comparing to 

conventional derivative based algorithms, but the use of the derivative-free algorithms ensures flexibility 

and versatility of the co-optimization framework and interchangeability of its parts [12], [13]. On the other 

hand assembly metrics could be complex and discontinuous, making derivative based algorithms unfeasible 

as well.   

3 Application to the design optimization of a gearbox 

In order to demonstrate the application of the performance and assemblability co-optimization framework 

described in the previous chapter, results of the optimization of a gearbox taking into account dynamic 

performance and assemblability will be discussed. A bevel-helical gearbox assembly containing 55 parts 

was considered as an example. The initial geometry of the gearbox assembly is depicted in figure 2. 

 

Figure 2. CAD model of the gearbox assembly. Loads and boundary conditions used during evaluation of 

the performance metrics indicated in the red and blue respectively 

3.1 Problem formulation 

The optimization problem is formulated according to equation 1, where the objective function minimizes 

the total mass of the assembly. Additionally, a set of performance and assemblability inequality constraints, 

Gj(X), is used. In total, four functions were chosen to be optimization constraints: three performance metrics 

and one assemblability metric. The design of the gearbox is determined by a set of five input design 

parameters. A description of these parameters and their bounds are presented in table 1. Parameter x1 which 

represents the thickness of the walls of the gearbox housing, is a continuous parameter, while parameters 

x2,x3 and x4, diameters of the gearbox axles, can have only integer values and parameter x5, the size of the 

fixing bolts (figure 3), is a discrete parameter with three possible values x5∈{10; 12; 14}.  

 {

𝑚𝑖𝑛[𝑓(𝑋)]

𝐺𝑗(𝑋) ≥ 0;

𝑋 = {𝑥1, … , 𝑥5}

 (1) 

Table 1. Set of the design parameters 

Parameter Description Lower bound, mm Upper bound, mm 

x1 Housing wall thickness  7 25 

x2 Diameter of the axle #1 14 36 

x3 Diameter of the axle #2 15 36 

x4 Diameter of the axle #3 16 36 

x5 Fixing bolts size (set #1, figure 3) 10 14 
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3.2 Performance side of the problem 

Three constraints used in optimization represent performance metrics: the stiffness of two axles and the first 

resonance frequency of the assembly. These performance metrics are calculated with FE models. The total 

stiffness of the axles, including the stiffness of the surrounding elements of the gearbox, are estimated by 

applying static loads to the areas where the gears are positioned (see figure 2), while the threaded area of 

the fixing bolts and the bottom surface of the housing are fixed. The gears themselves are not included in 

this model. Contact interaction between parts of the assembly as well as their material properties are 

represented in a linear way. Exact values of the performance inequality constraints used in the optimization 

routine are depicted in table 2. 

Table 2. Set of the optimization constraints 

Description Constraint 

Stiffness of the axle #1  > 5e5 N/mm 

Stiffness of the axle #2  > 5e5 N/mm 

First resonance frequency of the assembly >550 Hz 

Assemblability score <C4 

3.3 Assemblability side of the problem 

At the current stage, assemblability metrics that take into account the assembly sequence, their effectiveness 

and quality, were not analyzed nor was a search for the optimal assembly sequence performed. Only the full 

assembly is analyzed during estimation of the assemblability score without taking into account the 

assemblability sequence. Four ‘full assembly’ assemblability rules are combined into one assemblability 

score as follows: 

 𝐴𝑠𝑐𝑜𝑟𝑒 = (
𝑘

∑ 𝑁𝑖
𝑘
𝑖=1

) ∙ (
𝑉𝑏𝑏

𝑉𝑙𝑖𝑚𝑖𝑡
) ∙ (

𝑆𝑓𝑝

𝑆𝑙𝑖𝑚𝑖𝑡
) ∙ (

𝐻

𝐻𝑙𝑖𝑚𝑖𝑡
) (2) 

The last three factors in equation 2 represent assembly rules that evaluate relative values of the dimensional 

metrics of the assembly compared to their critical values. Vbb, Sfp and H – are the bounding box volume, the 

area of the footprint of the assembly and the maximum height of the assembly respectively, while Vlimit, Slimit 
and Hlimit – are the corresponding critical values. These metrics are useful when there are some restrictions 

on the size of the product imposed by the production line or the assembly process. Assemblability scores of 

this metrics are approaching unity when dimensions of the assembly reach their critical values and they 

decrease proportionally to the decreasing of the dimensions of the assembly. Designs where the critical 

values are surpassed, are assumed to be unfeasible designs.  

The first factor of the assemblability score expression presents the influence of the presence of different 

standard parts, e.g. bolts, parallel keys etc., on the complexity of the assembly. It depends on the number of 

unique standard parts used in the assembly with, k – the number of unique types of standard parts and Ni – 

the number of standard parts of the ith type. This score approaches unity when each standard part in the 

assembly belongs to a unique type (there is only one part of each type), while in the case all standard parts 

are identical, it approximately equals zero assuming total number of standard parts approaching infinity.  

In the case of the gearbox, each axle of the gearbox has a set of standard parts connected to it. They are 

tapper roller bearings, parallel keys and retaining rings (see figure 3). The particular type of the used standard 

part is determined by the diameters of axles, parameters x2, x3 and x4. In the case all axles have different 

diameters, the number of used types increases, while the total number of standard parts remains unchanged. 

If two axles or all three axles have equal diameters, the number of used types of standard parts reduces, 

which leads to decrease of the total assemblability score. The last design parameter (x5) determines the size 

of the bolts which fix the bottom housing (set #1, figure 3) of the gearbox. If their size equals the size of the 

other bolts used in the assembly, for example the bolts of set #2, the number of unique standard types and 

the total assemblability score decrease. 
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Since the total assemblability score is a multiplication of four assemblability scores, which could take values 

in the interval [0,1], the total score also lays in this range. A low values of the assemblability score indicates 

optimal or close to optimal assemblability.  

 

Figure 3. Influence of design parameters on the assemblability score through the “Number of unique 

standard parts” metric 

3.4 Results and discussion  

The optimization problem described in equation 1, is a single objective optimization, where the mass of the 

assembly is an objective function and the assemblability score and the three performance metrics are used 

as an inequality constraints. Several attempts to solve this optimization problem performed with the help of 

the derivative-free algorithms (direct local search and stochastic global search methods) showed that these 

algorithms fail to converge and find any solution. The cause of this problem is the stepped and piecewise 

behavior of the assemblability score function, which makes this function non-smooth. Direct use of the non-

smooth assemblability score function in the initial setting of the optimization problem significantly reduces 

the efficiency of the derivative free optimization algorithms. 

The last three factor of the assemblability score function (equation 2), representing assembly rules for 

dimensions restriction are smooth, as they linearly depend on the individual design parameters or their 

combinations. On the other hand the first part of the assemblability score expression, which represents the 

“Number of unique standard parts” rule, could be described as follows: 

 𝐴𝑆1({𝑥2, … , 𝑥5}) = {

𝐶1, 𝑥2 ≠ 𝑥3 ∪ 𝑥3 ≠ 𝑥4 ∪ 𝑥2 ≠ 𝑥4 ∪ 𝑥5 ≠ 10          
C2;  𝑖𝑓 𝑥5 = 10 ∩  𝑥2 = 𝑥3 ∩  𝑥3 = 𝑥4 ∩  𝑥2 = 𝑥4

C3;  𝑖𝑓 𝑥5 = 10 ∪ ( 𝑥2 = 𝑥3 ∩  𝑥3 = 𝑥4 ∩  𝑥2 = 𝑥4)
C4;  𝑖𝑓 𝑥5 = 10 ∪  𝑥2 = 𝑥3 = 𝑥4                               

 (3) 

 𝑤ℎ𝑒𝑟𝑒 𝐶𝑖 𝑖𝑠 𝑠𝑐𝑎𝑙𝑎𝑟 𝑎𝑛𝑑 𝐶1 > 𝐶2 > 𝐶3 > 𝐶4  

This function, AS1, could take several values around the design space with rapid jumps between them. The 

lowest value, C4, representing the best assemblability where the minimum number of unique standard parts 

is used, is achieved when all axles of the gearbox have the same diameter and the size of the fixing bolts is 

equal to the size of the other bolts already used in the assembly. The highest value, C1, indicates the case of 

the worst assemblability with a maximum number of unique standard parts, occurring when all axles have 

different diameters and the fixing bolts size differs from the size of other bolts in the assembly.  

When a strict constraint for the assemblability score is applied, for instance AS1 ≤C4, only several narrow 

areas in the design space comply with such restrictions. This leads to common derivative-free optimization 

algorithms either fail to find any feasible points or manage to find only a local optimum, which is remote 

from the global optimum [12]. Such a non-smooth optimization problem requires nondeterministic or 
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stochastic methods to solve it and they are only able to converge and find the global optimum when the 

number of function evaluations is approaching infinity [12]. Tests performed with the help of surrogate 

models with the same number of variables showed that direct local search methods failed to find any 

reasonable solution, while stochastic global search algorithms, for instance genetic and particle swarm 

algorithms, tend to find solutions near the global optimum only after at least several tens of thousands of 

function evaluations. The required number of the function evaluations in combination with the 

computational cost of the FE models and the assemblability estimation algorithm, which require several 

minutes of computational time per evaluation, makes direct solving of the optimization problem in this form 

unfeasible.  

A possible solution in this case is to rearrange the optimization problem described in expression 1. Instead 

of using a minimization of the total mass of the assembly as the optimization objective, it is possible to use 

a cost function which is a combination of the mass and assemblability score: 

 𝑓𝑠𝑐𝑜𝑟𝑒 = 𝑀 + c ∙ 𝐴𝑠𝑐𝑜𝑟𝑒 (4) 

With M – the total mass of the assembly, Ascore – the total assemblability score and c – a scaling coefficient. 

The scaling coefficient in expression 4 is used to make the influence on the cost function from the 

assemblability score and mass of the assembly equal. In the current case scaling coefficient equals 100, 

which is comparable to the maximum possible mass of the assembly. In this way, a balance in the influence 

from the two used metrics on the cost function is achieved. Meanwhile, the assemblability constraint is 

removed from the constraint list (table 2) and the design space is kept without changes (table 1). This way, 

instead of dealing with non-smooth function directly, the objective function is rearranged to make it non-

convex. 

After reformatting the optimization problem, a common derivative free algorithms manage to find a solution 

in several hundred iterations. Below, in figure 4 and table 3, the solution of the reformatted optimization 

problem found with the help of a Matlab built-in realization of a generalized pattern search method is 

depicted. This algorithm managed to find the global optimum of the single objective optimization in 97 

function evaluations, which required 7 hours of computational time. On figure 4, the optimization results in 

the form of a Pareto front show a trade-off between the total mass of the assembly and its assemblability 

score. From the Pareto front, the stepped and piecewise behavior of the assemblability score function is 

easily noticeable, as well as the linear dependence driven by the second, smooth part of this function.  

The properties of the design, optimal from both performance and assemblability points of view, and the 

optimum found without taking assemblability into account are shown in table 3. It is evident that, taking 

assemblability score into account during optimization has meaningful impact on the resulting gearbox 

design. When the assemblability was included into the gearbox optimization the resulting optimal design 

has all axles of the same diameter, even though the total mass of the gearbox in this case is higher, because 

having all axles with equal diameters significantly reduces number of unique standard parts used in 

assembly, which in turn simplifies assembly process and reduces chance of the assembly error due to the 

part misplacement. Meanwhile, the design found without taking assemblability into account, is better from 

performance point of view. Since there are no performance constraints for the diameter of the axle #3 and 

still there is some margin in the stiffness of the first axle, their diameters and, in turn, the total mass of the 

assembly can be reduced, while compliance with all performance constraints is maintained, but it 

significantly worsens assemblability of the gearbox.  

Additionally it is worth to mention that the suggested approach, with a cost function that combines the mass 

(performance metric) and assemblability score (assembly process metric), is not a perfect solution for the 

non-smooth assemblability score function. This approach is only relevant when areas in the design space 

where non-smooth assemblability score function takes values of interest are uniformly distributed in the 

design space, like in the current example. In the case performance and assemblability metrics contributing 

to the cost function achieve their optimal values in remote areas in the design space, the co-optimization 

algorithm will locate only the local optimum.  
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Table 3. Properties of the optimal design, with and without taking assemblability into account 

Design parameters and performance 

and assemblability metrics 

Optimal design Optimal design without 

assemblability taken into account 

Housing wall thickness (T), mm 7.1 7.1 

Diameter of the axle #1, mm 27 25 

Diameter of the axle #2, mm 27 27 

Diameter of the axle #3, mm 27 16 

Fixing bolt size, mm 10 10 

Stiffness of the axle #1, N/mm 6.2e+05 5.0e+05 

Stiffness of the axle #2, N/mm 5.1e+05 5.1e+05 

First resonance frequency, Hz 658 679 

Total mass, kg 21.89 21.45 

Assemblability score 0.056 0.11 

 

Figure 4. Pareto front showing trade of between total mass of the assembly and assemblability score 

4 Conclusion 

A framework for design co-optimization taking into account the performance and assemblability of the 

product is presented in this paper. The proposed framework allows to run an optimization of a parametrized 

geometry of the assembly using performance metrics based on FE calculations and assembly process metrics 

as optimization constraints and objective function. In the current work, the assembly metrics take into 

account the complexity of the assembly through the number of unique standard parts used and geometrical 

properties of the assembly. The methodology was applied to the design optimization of a helical-bevel 

gearbox. The optimal values of the five design parameters were found taking into account several 

performance metrics, such as the total stiffness of the axle and the resonance frequency of the assembly and 

assemblability metric, based on the complexity of the assembly and geometrical properties like weight and 

dimensions. Results obtained in the application of the described framework to the optimization of the 

gearbox test case prove validity and relevance of the approach. However, the presented methodology 

requires further development including implementation of more profound assemblability metrics, taking the 

assembly sequence into account, and increasing the computational efficiency of the algorithm. The gearbox 

case already faced problems with convergence and finding the global optimum due to dealing with a non-

smooth and non-convex functions. Further evolution of the assemblability and performance metrics and 

elaboration of the parametric dependencies of the CAD model will increase the complexity of the co-
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optimization problem even more and will lead to a significant increase in the required computational time. 

That is why different ways of increasing the computational efficiency of both the performance estimation 

models and assemblability evaluation algorithms have to be addressed in future research.  
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Abstract
The purpose of this work is the demonstration of energy harvesting with piezoelectrets, also known as fer-
roelectrets, in aircraft structures under realistic circumstances. With an analysis of the NASA Common
Research Model, strain distributions within an aircraft wingbox at specific frequencies are calculated. An
FE model of a demonstrator structure represented by a thin aluminum plate in a four-point flexural test is
developed to calculate the dynamic behaviour of attached piezoelectric electrets. In a test setup the structure
is excited with a dynamic load in the frequency range between 50 Hz and 500 Hz. The voltage output of
ferroelectrets is measured when glued directly to the surface and onto spacers. The experimental results are
used for the validation of the FE model for a mechanical and a mechanical-electrical case. With the validated
model, the power output of ferroelectrets exposed to the strain magnitude in the NASA CRM is calculated.
Furthermore a comparison of ferroelectrets to common piezoceramics for strain energy harvesting is con-
ducted and the optimization of the power output is discussed.

1 Introduction

Throughout the flight of an airplane, vibrations occur in the mechanical structure through aerodynamics or
engine-unbalances. The vibration energy is dissipated by the structure and remains unused. The question of
research is if and to what extent this energy can be used to power devices like wireless sensors or remote dis-
plays and therefore to reduce the amount of cables with associated weights as well as maintenance. Electrets
are polymers that exhibit a quasi-permanent electric field. Due to their high flexibility, low density, good
recyclability and high piezoelectric constants, ferroelectrets appear to be a suitable electromechanical trans-
ducer for the application compared to common piezoceramics. Testing on real planes is costly and difficult
regarding safety standards. Hence a model-based approach with experiments on simplified structrues is used.
One part of research is the derivation of realistic loads that are used on representative models to determine
the mechanical loads resulting for attached ferroelectret-transducers.

1.1 Energy harvesting with piezoelectric transducers

Piezoelectric energy harvesting (EH) describes the conversion of mechanical vibration energy into an elec-
trical alternating current that can be used in an electrical consumer device. The numerical simulations in the
following investigation of ferroelectrets are based on the piezoelectric properties coupled with the mechani-
cal properties via the piezoelectric constitutive equations
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S = sET + δE (1)

and
D = δT + εTE (2)

with compliances sij , piezoelectric charge constants δij and permittivities εij . S is the strain tensor, T the
stress tensor,E the electric field andD the electric flux density. The electrical power output of a piezoelectric
transducer can generally be expressed by

Pel = Uel · I = U2/R = U2
el · ω · C (3)

showing a linear relation to frequency and capacitance but a quadratic relation to the electric voltage U . In
Equation 3 R represents the optimal load resistance. With open electrodes Equation 2 simplifies to

Uel = −t · δ31 · Y1 · S1/ε3 (4)

with the piezo-thickness t and the Young’s modulus Y . As shown the voltage is proportional to the local
strain in the material, assuming all the other values to be constant. Because of this an enhancement of strain
in the material should be considered in the design process of the energy harvester. Vibrating structures like
aircrafts usually have the largest vibration amplitudes at low eigenfrequencies. Therefore it can be reasonable
to use Energy-Harvesters in a low frequency range.

1.2 Characteristics of investigated ferroelectrets

Due to high piezoelectric transducer coefficients and high structural flexibility, ferroelectrets combine the
advantages of piezoceramics and electroactive polymers. Electrets provide a permanent electric field caused
by a forced charge separation in the material itself. This charge separation can be induced by a so-called
corona charging, leading to an electrical breakdown in the dielectric. With metallic electrodes vaporized
onto the material, compensation (or equalisation) charges appear when connected to an electrical circuit.
Through a cyclic deformation of the material, the electric field changes periodically and hence the compen-
sation charges can be used as an alternating electric current. The electret-material has gained piezoelectric
properties and is therefore called piezo- or ferroelectret. In Figure 1 two types of ferroelectrets are shown.

a)

b)

c)

Figure 1: Ferroelectrets, left: IXPP, right: parallel-tunnel FEP, a) Photos, b) Microstructure in thickness
direction [1, 2], c) Schematic structure in thickness direction with charge distribution

One type is irradiated cross-linked polypropylene (IXPP) as shown on the left. It provides an increased
temperature stability of the piezoelectric transducer coefficients compared to regular polypropylene ferro-
electrets achieved by a radiation process of the foam material. A hot-pressing process reduces the thickness
and increases the compliance of the material in thickness direction at the same time. After the corona charg-
ing process electric surface-charges emerge on the voids of the foam, that cause a quasi-permanent electric
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field [3]. IXPP is mostly used as a δ33-transducer. However, the material also works in the δ31-mode. IXPP
usually provides δ33-constants in the range from 300 up to 700 pC/N being in the same order of magni-
tude as piezoceramics. The charge constants perpendicular to the polarization axis are about two orders of
magnitude lower [4, 5]. Another type is parallel tunnel fluorethylenepropylene (FEP), having a macroscopic
tunnel-structure, that is formed by a fusion of two waved layers of FEP. The structure is shown on the right-
hand-side of Figure 1. The tunnels work similarly to the air-voids of the foams as macroscopic cavities sep-
arating the charges after corona charging. When the material is exposed to an external load perpendicular to
the tunnels length axis, the tunnels deform and an electric potential can be measured between the electrodes.
Parallel-tunnel FEP is designed as a d31-transducer despite having high δ33-constants of about 1300 pC/N
as well [4]. Ferroelectrets are a subject of research for EH only since 2012 and provide a huge potential for
the use in leightweight-structures. Analytical models for the electrical power-output of ferroelectret-EH have
been developed for harvesters working in both the δ33 and δ31-mode by Pondrom [6]. These models describe
systems with one degree of freedom including a seismic mass. The systems are optimized for a certain fre-
quency. Regarding ferroelectrets the question of research is adressed, if and to what extend distributed EH
based on ferroelectrets can be used in a wide frequency range. This work focusses on the ferroelectret IXPP,
due to the fact that it can be produced in larger sheets and that it is more robust than parallel-tunnel FEP.
When attached to metallic host structures ferroelectrets show a very low mechanical retroaction due to their
much higher compliances. Therefore a very low coupling coefficient can be predicted for most applications,
which is nearly not measureable in experimental setups via a frequency-shift of eigenfrequencies.

2 Derivation of strain data in the wingbox during smooth cruise

Vibration EH in aircraft structures with piezoelectric materials is theoretically possible in all structural parts.
With its ultimate goal to reduce cable weight and maintenance, especially parts of the aircraft are of special
interest, that are remote from the central energy supply. Therefore the passenger room is less interesting
whereas the potential of EH in the wing should be considered. Because of high deflections in the wing local
strains emerge on the material surfaces of the wing structure, that can be used directly by ferroelectrets.
The acquirement of strain data in airplanes is a major difficulty due to duties of confidentiality of aircraft-
producers. Therefore a model-based approach is used to determine the order of magnitude of local strains in
a wing structure. The NASA Common Research Model (CRM) [7] [8] is an open-source Model developed
by a cooperation of the NASA and Boeing. It is very similar to a Boeing B787-9 [9]. Part of it are FE
wingbox-models for structural simulations as shown in Figure 2. The typical static deflection during cruise
is already considered in the geometry, so no further assumptions for static pressures have to be made [10].

Figure 2: Finite element Wingbox Model of the NASA CRM

To calculate quantitative strain distribution at certain frequencies a harmonic analysis is conducted with a
commercial FE-solver. First assumptions for additional masses are made. Most importantly half of the mass
of the aircraft-fuselage [9] is added to the root of the wing. Additionally the mass of the engine [11], payload
as well as fuel masses in the wing tank and the wing root [12] are added. The respective masses are shown
in Table 1.

The root of the wingbox model is fixed in x- and y-direction and free in z-direction. To calculate mode shapes
with their respective eigenfrequencies, where local strains are amplified and therefore the potential power
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Table 1: Added masses for the representation of the aircraft body

Part description Added mass
engine mount engine mass 5, 410 kg

wing tank fuel mass 8, 500 kg

wing root fuel mass 17, 200 kg

wing root fuselage mass 40, 200 kg

wing root payload 15, 000 kg

output, a modal analysis is conducted. Neglecting the rigid body mode at 0 Hz the first three eigenfrequencies
calculate to 1.51 Hz, 4.51 Hz and 6.48 Hz.
The excitation of the model is realized by a sinusoidal pressure on the upper skin of the wing to model
an area-proportional effective force. It represents small air-pressure fluctuations during smooth cruise. Its
amplitude is iteratively increased until the z-acceleration in the wing-root matches literature-data of around
0.06 m/s2, measured in test flights of the NASA [13]

Figure 3: Wingbox Model of the NASA CRM. Calculated strain distribution from harmonic analysis in the
first eigenfrequency at 1.51 Hz

With a harmonic analysis and the assumption of Rayleigh-damping of 3% calculated by the first eigenfre-
quency and 50 Hz, the maximum local strain of 4.59 · 10−5 m/m is calculated at the first eigenfrequency as
shown in Figure 3. This value is regarded as the order of magnitude of surface-strains that are used in further
experiments and simulations.

3 Modeling of a four-point flexural test setup

For laboratory tests, thin aluminum (AlMg3) plates represent a simplification of the skin of the wing structure
to provide local surface strains at certain frequencies. When used in an aircraft structure Energy-Harvesters
based on ferroelectrets always cover relatively small areas compared to the size of the host structure. There-
fore the local strain is assumed to be close to constant over the ferroelectret-surface. To achieve this in a test
setup, a four-point flexural test is used to load the aluminum-plates with a force f . The concept is shown
in Figure 4. In Figure 4 Y = 70 GPa describes the Young’s Modulus of the plate, I = 9.17 · 10−12 m4

the geometrical moment of inertia, and µ = 0.30 kg/m the mass per unit-length. Furthermore a setup with
spacers is investigated to test if the electrical power output can be increased by stiff and lightweight struc-
tures that increase the distance of the electromechanical transducer to the neutral axis of the host structure.
Relevant mode shapes for EH with respective eigenfrequencies are the ones where the ferroelectret is loaded
uniformly, especially the first bending mode, where the qualitative curvature of the bending plate is similar to
the static bending line. In the following section an analytical model is presented to derive eigenfrequencies
and mode-shapes of the plates with ferroelectrets and mass-influences of the setup.
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Figure 4: Schematic four-point flexural test with ferroelectret and voltage-measurement (thickness of IXPP
not to scale. Left: ferroelectret glued on plate, right: ferroelectret glued on spacers)

3.1 Discretized model

To calculate mechanical and electromechanical responses of the system subject to external forces and added
masses, the plate is furthermore represented by an FE model. To model the electromechanical material
behaviour of the ferroelectret used in the setup, a material model is used as described in [14].

3.1.1 Ferroelectret material model

For the simulation of the material a linear model is used, because small local strains of aircraft base struc-
tures are assumed to affect the material. This assumption seems reasonable, as polymer foams show a linear
elastic behaviour for small deflections [15]. In Figure 5, a unit cell of the material is shown with a local
coordinate system. The indices 1 and 2 represent in-plane directions, the number 3 the direction of polarisa-

3

1
2

Figure 5: Unit cell of the IXPP-ferroelectret with corresponding coordinates

tion perpendicular to the 1- and 2- direction. Based on the literature [16] and the manufacturing process it is
assumed, that the parameters in 1- and 2-direction are in the same order of magnitude so they are assumed
identical. The parameters in 3-direction have different values. Hence, a linear transverse isotropic material
model is chosen in this work. The parameters are inlcuded in Equations 1 and 2 by means of compliances
sij , piezoelectric charge constants δij and permittivities εij . Complemented by the mass-density ρ, the equa-
tions are imported into a commercial numerical simulation software. Viscoelastic and nonlinear effects are
neglected in this work.

3.1.2 Finite element model of the four-point flexural test setup

Using the geometry data of the setup in Figure 4 an FE model of the plate is set up, discretizing the aluminum
plate and the IXPP-ferroelectret by means of hexahedric elements as shown in Figure 6.

The equation of motion for the mechanical system can be expressed in its most general form as

Mẍ+Bẋ+Kxxx = f(t), (5)
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max

min

Figure 6: Model of aluminum plate with ferroelectret in a four-point flexural test, left: geometry, right:
qualitative electric voltage caused by a static force applied to the edges of excitation

with the mass matrixM , the damping matrixB, the mechanical stiffness matrixKxx, the vector of deflec-
tions x = [u v w]

T and the external force vector f(t). Expanding the system by additional degrees of
freedom φ for the electric potential on all nodes of the piezoelectric material, the system of equations

[
M 0
0 0

] [
ẍ

φ̈

]
+

[
B 0
0 0

] [
ẋ

φ̇

]
+

[
Kxx Kxφ

K′
xφ Kφφ

] [
x
φ

]
=

[
f(t)
q(t)

]
(6)

results. Kxφ(δ) is the piezoelectric coupling matrix, Kφφ(ε) the electric stiffness matrix and q(t) the
vector of external charges applied to the electrical degrees of freedom [17, p. 32]. The IXPP-properties are
defined by the material model from section 3.1.1. The force excitation is induced with the help of an external
point, coupling all degrees of freedom of the edges of excitation. Additional mass is added to the edges as a
model parameter. The FE model regarding the generated voltage on the IXPP-electrodes is shown in Figure
6 when exposed to a static force. For the damping matrix B the model of superposition of modal damping
matrices is used as described in [18, p. 424]. This results in the relation

B =M

(
N∑

n=1

2ζnωn
m̃n

ψnψ
T
n

)
M (7)

with the modal damping ratios ζn, the modal masses m̃n and the eigenvectors ψn. For the simulation in the
frequency and time domain, the systems matrices are exported from the FE-Software to a numerical solver
with the AdaptroSim R©-Toolbox developed at the Fraunhofer Institute for Structural Durability and System
Reliability (LBF) in Darmstadt. In the solver a model reduction of the piezo-mechanical structure and a
conversion to a state-space representation is conducted as described in [17, p. 77].

To increase the distance of the IXPP-ferroelectret, to the neutral axis, spacers are used. These are modeled
as cuboids on top of the plate as shown in Figure 7.

max

min

Figure 7: Simulation model with aluminum-spacers for the increase of distance to the neutral axis, left:
geometry, right: qualitative electric voltage caused by a static force applied to the edges of excitation

In Figure 8 the transfer functions of the simulations with and without spacers are shown. The output-voltage
of the simulation with spacers is around 10 times higher than without spacers.

2768 PROCEEDINGS OF ISMA2020 AND USD2020



50 100 150 200 250 300 350 400 450 500
−80

−70

−60

−50

−40

−30

−20

−10

frequency in Hz

am
pl

itu
de

in
dB

(r
ef

.1
V

/N
)

mech-el

force-voltage spacer
force-voltage plate

Figure 8: Comparison of simulated frequency responses of Structure with and without spacers for the in-
crease of the generated voltage on the IXPP-ferroelectret-electrodes

4 Experimental validation of the ferroelectret material model

The experimental investigation is mainly used to show that the material model is valid in the investigated
frequency range and subject to increased strains by the use of spacers. Firsty the experimental setup is
explained, which is derived from the model shown in section 3. After that the experimental results are shown
with an updated model.

4.1 Four-point flexural test setup

The experimental setup used in this work is shown in Figure 9. The bearings and the contact edge of force
excitation are made of aluminum rolls. The rolls for the excitation are mounted on a base plate with a mass
of 0.93 kg. An impedance sensor underneath the base plate measures acceleration and force. Furthermore
the electric voltage of the ferroelectret is measured. With an FFT-Analyzer complex transfer functions of the
system are measured, more specifically the ones from force to acceleration and from force to voltage. The
measuring chain is shown in Figure 10.

4.2 Experimental results and modelfit

The experimental results are mechanical transfer functions of acceleration over excitation force, i. e. the
mechanical admittance

Zfa(ω) =
a(ω)

f(ω)
(8)

at the connection point. Additionally the transfer functions of the electrode voltage over excitation force

Zfφ(ω) =
φ(ω)

f(ω)
(9)

are measured. The mechanical and mechanical-electrical transfer functions of 4 different samples of plates
with spacers and IXPP-ferroelectrets are measured after rearranging and clamping each one 3 times in the
setup. The results in terms of Equation 8 are shown in Figure 11. It can be noticed that the transfer functions
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Figure 9: Experimental setup, upper left: open state, upper right: prestressed state, lower left: sample with
ferroelectret directly glued on plate, lower right: sample with ferroelectret on spacers
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Figure 10: Measuring chain

show a good agreement up to a frequency of around 400 Hz. Between 400 and 500 Hz larger differences can
be observed. These can be attributed to the spacers and their respective glueing, adding varying masses to
the system. Further the simulated transfer function is shown. It is achieved by choosing a mass of 0.67 kg at
the edges of force excitation and one of 0.01 kg at the base of the spacers. Further a prestress force of 71 N
is chosen for the setup, mainly influencing the eigenfrequency at 228 Hz. The results in terms of Equation 9
are shown in Figure 12. The measured transfer functions show a relatively large deviation between different
samples, whereas they show a very good agreement inbetween the tests of one sample. These differences can
mainly be attributed to varying ferroelectret material parameters as the mechanical transfer functions show
a good agreement. The simulated analogous transfer function of the model using the ferroelectret material
model described in section 3.1.1 is also shown in Figure 12. It shows a good agreement with the transfer
function of the best-performing ferroelectret in the frequency range up to around 120 Hz. At higher frequen-
cies it shows a higher amplitude than the measured transfer functions. The mode shape at the frequency of
228 Hz can be observed in the FE model as the first bending mode of the prestressed ferroelectret. In the
simulated graph it is much less pronounced than in the measured curves. For a comparison to ferroelectrets
directly glued to the aluminum plates measurements of three samples are conducted. The respective results
are shown as dotted lines in Figure 12. The output-voltages of ferroelectrets without spacers have a similar
magnitude like the worst performing samples with spacers, therefore the difference between the two cases
lies in the range of deviation through varying material parameters. However the difference between sample
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Figure 11: Measurements of the mechanical transfer function (tf) with transfer function of updated model
(dash-dotted line). The results are complemented with measurements of plates without spacers and directly
glued IXPP-ferroelectrets to the plate surface (dotted lines)

one and two without spacers and sample one with spacers is about 20 dB in the lower frequency range like
in the simulated results. Furthermore it is remarkable, that with higher frequencies the performance of the
directly glued ferroelectrets approaches the performance of the samples on spacers.

5 Power output subject to calculated load and comparison to piezo-
ceramics

Based on the plate models investigated in this work, the voltage output of the IXPP-ferroelectrets in both
cases - with and without spacers - is calculated. For the plate without spacers a force of 11.47 N and for
the plate with spacers a force of 13.35 N lead to a strain of 4.59 · 10−5 m/m. Assuming the static case
to be representative for the low frequency of 1.51 Hz a voltage of 1.03 · 10−2 V for the first case and a
voltage of 1.20 · 10−1 V for the sample with spacers is calculated. Using Equation 3 and the Capacitance of
C = 450 · 10−12 F as a typical capacitance of the investigated IXPP-samples, a power output of 7.11 · 10−14

W for the directly glued samples and 9.75 · 10−12 W can be calculated. Although this power output is very
low, IXPP-ferroelectrets are not optimized for the use in 31-mode and its elastic potential is not fully used in
this work. It is shown however, that the power output can be increased by around two orders of magnitude
by the use of leightweight spacers.

Compared to piezoceramics, ferroelectrets generally show a lower power output when glued directly to
metallic host structures. This can be observed in Figure 13 when comparing an IXPP-ferroelectret glued
on spacers to a PZT-piezoceramic, both having the same volume. In this comparison both materials are
ideally connected to the plate surface. However piezoceramics are much stiffer than polymers, and the
application to host structures is more difficult due to prestressing. Further the glueing usually leads to strain
losses that are not regarded in the simulation. For strain EH with ferroelectrets the electrical power output
can be maximized by transmission mechanisms, since the Energy Harvesters show a very small retroaction
on the mechanical behaviour. In this work the power output is optimized by spacers, as they increase the
distance to the neutral axis of the host structure. For aircraft structures a smaller curvature of the bending
host-structure is assumed than in the investigated plates in this work. Therefore either the spacers have to
be designed higher or the strain has to be enlarged by transmission mechanisms. Furthermore the power

STRUCTURAL DYNAMICS: METHODS AND CASE STUDIES 2771



50 100 150 200 250 300 350 400 450 500
−100

−80

−60

−40

−20

frequency in Hz

am
pl

itu
de

in
dB

(r
ef

.1
V

/N
)

mech-el tf sample1 test1
tf sample1 test2
tf sample1 test3
tf sample2 test1
tf sample2 test2
tf sample2 test3
tf sample3 test1
tf sample3 test2
tf sample3 test3
tf sample4 test1
tf sample4 test2
tf sample4 test3
tf sample p1
tf sample p2
tf sample p3
force-voltage sim

Figure 12: Measurements of the mechanical-electrical transfer function (tf) with transfer function of updated
model (dash-dotted line). The results are complemented with measurements of plates without spacers and
directly glued IXPP-ferroelectrets to the plate surface (dotted lines)

increase can be regarded as more reasonable with spacers than with stacked ferroelectrets since an increased
strain increases the power output quadratically. Stacks mainly increase the capacitance and therefore the
power output linearly. Nevertheless a combination of transmission mechanisms and stacks is possible and
reasonable when approaching the maximum strain of the material. Assuming either the use of parallel-
tunnel FEP ferroelectret in the δ31- or δ33-mode or IXPP ferroelectret in the δ33-mode, the voltage output
can easily be increased by more than a factor of 100. The electrical power output can therefore be increased
tremendously. With an increase of strain by the factor 10 and an increase of the piezoelectric constant by 100
the power output can be increased by the factor 106. Hence a power output in the range of µW should be
obtainable with strain EH. However for the use of ferroelectrets in the δ33-mode on a bending host structure
a suitable transmission mechanism is necessary.

6 Conclusion

This work covers a first step to answer the question of research if and to what extent ferroelectrets can be used
for strain EH on metallic host structures. Strain data were derived based on a simulation of the NASA CRM
subject to loads from literature data. For laboratory tests, thin AlMg3 plates were used as a simplification of
the skin of the wing structure to provide local surface strains at certain frequencies. The plates were firstly
modeled and simulations where conducted. In a test setup the mechanical and electromechanical behaviour
of the model was validated. Based on the validated model the power output was calculated as 7.11 · 10−14

W for the directly glued samples and 9.75 · 10−12 W for the samples on spacers subject to the calculated
strain of the wingbox model. These values can be seen as a reference for future work. Further research is
going to focus on the optimization of the power output by the use of transmission mechanisms to multiply
the strain in the ferroelectret-material and by the use of other ferroelectrets that are designed especially for
the use in the δ31-mode, like parallel-tunnel FEP. Another concept is the transformation of the in-plane strain
to a mechanism compressing a stack of IXPP-ferroelectrets perpendicular to the plate.
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Abstract 
The phenomena of wave retarding and focusing caused by Acoustic black hole (ABH) effects opens new 

horizons for wave manipulation and energy harvesting (EH). This paper investigates the electromechanical 

coupling between the PZT patches and the host ABH beam and explores the resultant energy conversion 

efficiency for potential the EH applications. An improved fully coupling electromechanical semi-analytical 

model is first established based on Timoshenko deformation theory and validated against FEM and 

experimental results. Numerical analyses are then conducted to show typical ABH-specific features and the 

influence of PZT layout on the electromechanical coupling strength of the system and the corresponding the 

EH efficiency. It is shown that ABH effects allow effective EH upon a proper design of the PZT layout in 

relation to the wavelength. The electromechanical coupling coefficient is shown to be positively related to 

the EH efficiency of the system, which can be used to maximize the EH performance of the system. 

1 Introduction 

Flexural waves propagating along a thin-walled structure interact with the surrounding medium, which leads 

to the structural vibration and noise radiation. Manipulating waves through tailoring the physical or 

geometrical properties of the structure proves to be a promising way for vibration and noise mitigation [1-

3]. Among existing possibilities, the so-called acoustic black hole (ABH) effect draws an increasing 

attention from the scientific community [4-7]. ABH effect takes advantage of the propagation properties of 

structure-borne flexural waves in a thin-walled structure. By tailoring the thickness profile of the structure 

according to a reducing power-law relationship, the phase (and the group) velocity of the flexural waves 

gradually reduces when approaching the thinner part of the structure [6, 8]. In the ideal scenario when the 

thickness becomes zero, wave reflection is annulled, thus creating a high energy concentration within the 

area, referred to as energy focusing. Upon using a small amount of damping material in the energy focusing 

area, a substantial increase in the overall structural damping can be achieved through effective energy 

dissipation [4, 9]. Capitalizing on the simultaneous energy focusing and dissipation, possible energy 

harvesting (EH) can be envisaged [10, 11].  

The topic started to draw some attention during the past few years. Compared with other existing EH 

methods based on various physical mechanisms [12, 13], particularly the vibration-based energy harvesting 

using uniform beams, ABH shows its promising potentials, which were first investigated by Zhao et al. [14, 

15]. It was shown that an ABH beam outperforms a uniform beam in terms of harvested electrical power. 

Meanwhile, Maogan et al. [16] proposed an equivalent ABH structure formed by piezoelectric sensors to 

create a gradual variation of the equivalent Young’s modulus along the beam. The concentrated mechanical 
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energy at the beam center was harvested by a piezoelectric device in both weak and strong coupling cases. 

More recently, Liang et al. investigated a double-layer compound ABH beam using FEM simulations and 

experiments [17], over which a PZT array comprising multiple piezoelectric patches was used as energy 

harvester. The use of the PZT array was to avoid possible neutralization of the opposite electrical charges 

which would have been produced by a single PZT layer. 

Despite the aforementioned efforts, ABH-based EH has only received limited attention. Existing studies 

mainly focused on phenomenon analysis through FEM simulations on specific configurations. In a broad 

sense, the design of an effective EH system strongly relies on an effective electromechanical coupling 

between the host mechanical structure and the energy harvesting devices such as PZTs. Meanwhile, due to 

the weakened structural stiffness of the ABH structure, especially within the ABH area, the coupling 

becomes delicate which calls for a meticulous handling. Meanwhile, numerous parameters involved into the 

physical process, relating to both the host structure and the energy harvesting devices pose challenges to the 

design of an effective ABH-based EH system. All in all, a flexible simulation tool is required 1) to cope 

with the specific needs of ABH-based EH to guide the system design; and 2) to gain a good understanding 

and quantification of the electromechanical coupling and energy conversion in the system. 

Motivated by the above, this paper proposes a semi-analytical electromechanical ABH beam model based 

on Timoshenko beam theory, by incorporating the coupling between the ABH structures and the additional 

electro-mechanical elements such as PZTs and external electrical circuits. Upon its validations, the model 

is used to investigate the electromechanical coupling mechanism of a typical PZT-coated ABH structure 

and show the influence of various electromechanical parameters. Studies provide useful guidelines for the 

installation of PZTs to maximize the ABH benefits and the energy harvesting performance. 

2 Theoretical model and formulation 

Figure 1: A Timoshenko beam with symmetrical ABH power-law profiles 

The system under investigation is shown in Figure 1, which consists of a symmetrical beam covered by PZT 

patches on both its top and bottom surfaces. The beam is composed of an uniform portion and an ABH 

portion whose thickness is tailored according to a power-law function from xu to l, i.e. hb(x)=β(lref -x)m. All 

dimensional parameters of the beam are labelled in Figure 1. In particular, lref is a reference length, 

corresponding to the length of an ABH beam when its terminal thickness reduces to zero, i.e. a beam without 

truncation. The ABH tip of the beam is free, while the other end is elastically supported by a rotational 

spring k1 and a translational spring k2, the stiffness of which can be adjusted to mimic various boundary 

conditions [18]. The whole system undergoes flexural vibration under a point force excitation. 

he 

x 

PZT 

l 

lref 

xu 

hu 

k1 

k2 

f (t) y 

xf 

b 

hb(x)=β(lref-x)m 

h0 

xe1 xe2 
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Different from existing models based on Euler-Bernoulli deformation assumption [19-22], Timoshenko 

beam theory is adopted, which allows the consideration of the effects of the cross-sectional rotational inertia 

and shear deformation. As shown in Figure 2, the displacement field of the beam writes: 

 {𝑢(𝑥, 𝑦, 𝑡), 𝑤(𝑥, 𝑦, 𝑡)} = {−𝑦 ⋅ [
∂𝑤(𝑥,𝑡)

∂𝑥
+ 𝜃(𝑥, 𝑡)] , 𝑤(𝑥, 𝑡)} (1) 

where u(x, y, t) and w(x, y, t) are, respectively, the displacements of an arbitrary point in the beam along the 

x- and y- axes. θ(x, t) is the rotational angle of the beam cross-section. 

Figure 2: Timoshenko beam theory 

w(x, t) and θ(x, t), are decomposed over two sets of assumed admissible shape functions, φi(x) and ϕi(x), 

respectively as: 

 𝑤(𝑥, 𝑡) = ∑ 𝜑𝑖(𝑥)𝑎𝑖(𝑡)𝑖=0 = 𝛗(𝑥)𝐚(𝑡) (2) 

 𝜃(𝑥, 𝑡) = ∑ 𝜙𝑖(𝑥)𝑏𝑖(𝑡)𝑖=0 = 𝚽(𝑥)𝐛(𝑡) (3) 

Expressed this way, ai(t) and bi(t) are the corresponding temporal coordinates to be determined, packed into 

two unknown vectors a(t) and b(t), respectively. For convenience, the same admissible functions are used 

for φi(x) and ϕi(x) in the subsequent analyses. More specifically, we adopt a set of modified trigonometric 

functions with supplementary boundary smoothing terms as follows: 

 𝑤(𝑥, 𝑡) = ∑ 𝑐𝑜𝑠( 𝜆𝑖𝑙𝑥)𝑎𝑖(𝑡)
𝑁
𝑖=0   

 +휁1𝑙(𝑥)𝑎𝑁+1(𝑡)|𝑥=0 + 휁2𝑙(𝑥)𝑎𝑁+2(𝑡)|𝑥=𝑙 + 휁3𝑙(𝑥)𝑎𝑁+3(𝑡)|𝑥=0 + 휁4𝑙(𝑥)𝑎𝑁+4(𝑡)|𝑥=𝑙  (4) 

 𝜃(𝑥, 𝑡) = ∑ 𝑐𝑜𝑠( 𝜆𝑖𝑙𝑥)𝑏𝑖(𝑡)
𝑀
𝑖=0   

 +휁1𝑙(𝑥)𝑏𝑀+1(𝑡)|𝑥=0 + 휁2𝑙(𝑥)𝑏𝑀+2(𝑡)|𝑥=𝑙+휁3𝑙(𝑥)𝑏𝑀+3(𝑡)|𝑥=0 + 휁4𝑙(𝑥)𝑏𝑀+4(𝑡)|𝑥=𝑙  (5) 

where λil=iπ/l, with i = 0, 1, 2, …. and N and M denoting the truncated number of terms to be kept in the 

calculation. With M=0 and ignoring the last four terms, i.e. without considering the rotation angle, the above 

Timoshenko model degenerates to a Euler-Bernoulli model. ζ(x) is the auxiliary boundary smoothening 

functions to supplement the standard trigonometric series, so as to satisfy the differential continuity 

requirements. Detailed expressions can be found in our previous work [22]. 

Classical constitutive equations of piezoelectricity write: 

 {𝑇 = 𝑐𝐸𝑆 − 𝑒𝐓𝐸𝑒

𝐷 = 𝑒𝑆 + 휀𝑆𝐸𝑒  (6) 

where T is the stress; S the strain; D the electric displacement and Ee the electric field. cE is the elastic 

stiffness constant of PZT measured at constant electric field and εS the dielectric constant measured at 

constant strain. The term e is the piezoelectric stress constant. In the present model where thin PZT patches 

are used, the electric potential across the PZT element writes: 

 𝐸𝑒 =
𝑣(𝑡)

𝜓(𝑦)
=

𝑣(𝑡)

ℎ𝑒
   (7) 

where ψ(y) is the electrical field function in the thickness direction, which is assumed to be constant as he; 

v(t) is the electrical voltage across the PZT thickness. 

The modeling procedure follows classical variational principle alongside Lagrangian equation: 

θ 

x 

y 
𝜕𝑤

𝜕𝑥
 

w 

o 

dx 
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𝑑

𝑑𝑡
(

∂𝐿

∂�̇�𝑖(𝑡)
) −

∂𝐿

∂𝑞𝑖(𝑡)
= 0 (8) 

where, qi(t) represents ai(t), bi(t) and v(t) and the Lagrangian L is expressed as: 

 𝐿 = 𝐸𝑘 − 𝐸𝑝 +𝑊 (9) 

in which Ek represents the kinetic energy of the entire system (beam and PZT patches); Ep the corresponding 

potential energy and W the work done by the external force and electrical loading. These physical quantities 

are respectively expressed as: 

 𝐸𝑘 =
1

2
∫𝜌𝑂 (

∂𝑤

∂𝑡
)
2
𝑑𝑥 +

1

2
∫𝜌𝐼 [

∂

∂𝑡
(
∂𝑤

∂𝑥
) +

∂𝜃

∂𝑡
]
2
𝑑𝑥 (10) 

 𝐸𝑝 =
1

2
∫𝐸𝐼 (

∂2𝑤

∂𝑥2
+

∂𝜃

∂𝑥
)
2

𝑑𝑥 +
1

2
∫𝜅𝐺𝑂𝜃

2
𝑑𝑥 +

1

2
𝑘1 (

∂𝑤

∂𝑥
+ 𝜃)

2
|
𝑥=0

+
1

2
𝑘2𝑤

2|
𝑥=0

− ∫𝐸𝐓𝐷𝑑𝑉𝑝 (11) 

 𝑊 = 𝑓(𝑡)𝑤(𝑥, 𝑡) − 𝑣(𝑡)𝑞(𝑡) (12) 

Note the above integrations cover both the host beam and the PZT patches. Therefore, the parameters 

involved apply to either the beam or the PZT patches depending on the integration domain. More specifically 

in the above expressions, ρ represents the density of the structural components (beam or PZT layers 

depending on the integration interval); E is their elasticity modulus, in which a structural damping is 

included as E=E(1+iη) with η being the damping loss factor; G is their shear modulus. Besides, O denotes 

the cross-sectional area; I the cross-sectional moment of inertia and κ the cross-section shear coefficient, 

usually taken as 5/6 [23]. v(t) is the voltage and q(t) the electrical charge. 

After Truncating the decomposition series in Eqs. (2, 3) and applying Eq. (8) lead to the following fully 

coupled electromechanical equations, cast in a matrix form: 

 (𝐌𝑎1 +𝐌𝑎2) ⋅ �̈�(𝑡) + 𝐌𝑏1 ⋅ �̈�(𝑡) + (𝐊𝑎1 + 𝐊𝑎2 + 𝐊𝑎3) ⋅ 𝐚(𝑡)  

 +(𝐊𝑏1 +𝐊𝑏2) ⋅ 𝐛(𝑡) − 𝚯1 ⋅ 𝑣(𝑡) = 𝐟(𝑡)  (13) 

 𝐌𝑏1 ⋅ �̈�(𝑡) + 𝐌𝑏2 ⋅ �̈�(𝑡) + (𝐊𝑏1 + 𝐊𝑏2) ⋅ 𝐚(𝑡) + (𝐊𝑏3 +𝐊𝑏4 + 𝐊𝑏5) ⋅ 𝐛(𝑡) − 𝚯2 ⋅ 𝑣(𝑡) = 0  (14) 

 𝚯1
𝐓 ⋅ 𝐚(𝑡) + 𝚯2

𝐓 ⋅ 𝐛(𝑡) + 𝐶𝑒𝑞 ⋅ 𝑣(𝑡) = 𝑞(𝑡) (15) 

where M and K with subscripts stand for different components which form the global mass matrix and 

stiffness matrix. Similarly, Θ is the electromechanical coupling matrix and Ceq the capacitance of the PZT 

equivalent circuit. T denotes the transpose of a matrix.  

The PZT patches can be connected to an external circuit module as part of the whole coupling system for 

energy harvesting. As such the electromechanical coupling with the mechanical system is ensured via the 

electrical voltage v(t). 

3 Model validations 

For model validation, consider a free-free ABH beam coated with PZT layers. The same configuration used 

in [18] is reused here, with all material and geometrical parameters of the PZT patches tabulated in Table 1. 

The beam is subject to a harmonic point force excitation of 1N in amplitude at xf=0.06m on the uniform 

portion of the beam. To mimic the free boundaries, the two two springs k1 and k2 are set to 0 in the semi-

analytical model. 
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Table 1: Material and geometrical parameters of PZT patches on free-free ABH beam 

Material parameters Geometrical parameters 

Density: ρe=7600kg/m3 

Damping loss factor: ηe=0 

Elasticity modulus: Ee=132GPa 

Shear modulus: Ge=64GPa 

Piezoelectric stress constant: e=-4.1C/m3 

Dielectric constant: εs=5.84×10-9F/m 

xe1=0.16m  

xe2=0.28m 

he=0.4mm 

3.1 Validation with FE simulations 

For the FE simulation, a two-dimensional FE model is established using COMSOL Multiphysics. The beam, 

PZT patches and external circuit are modeled using 2D Solid Mechanics module and Electrical Circuit 

module, respectively. The external electrical circuit connecting the PZT electrode is a purely resistive 

circuit. Non-uniform meshing is used to ensure the accuracy of the FE modeling. The meshing results in a 

total of 3316 non-uniform triangular elements for the beam and 864 triangular elements for PZT patches. 

Firstly, Figure 3 shows a comparison in terms of the first eight resonant frequencies of the ABH beam 

without PZT patches, and the calculated point velocity, obtained from FE simulation using COMSOL, 

Euler-Bernoulli beam and the present model. It can be seen that both Euler-Bernoulli and the present models 

give reasonably accurate results for the lower order modes. For higher order modes, however, Euler-

Bernoulli results start to show more obvious error, which can be alleviated by the present model. This 

verifies the improved accuracy and the necessity of the proposed ABH beam model based on Timoshenko 

assumption. Figure 3b, further confirms the above observation in terms of both amplitude and peak locations 

of the point velocity. The model successfully alleviates the obvious errors produced by the Euler-Bernoulli 

model, especially at the high frequency end of the curves. It is therefore apparent that the neglected shear 

and rotational effects in the Euler-Bernoulli model are necessary to be considered in such an ABH beam. 

a.  b.  

Figure 3: Comparisons among different models without PZT of: a. natural frequencies; b. point velocity 

Next, we compare the the present model with the FE model with piezoelectric patches. Figure 4a shows the 

point velocity responses of different models with PZTs. It can be seen that, with additional PZT components, 

the present model also provides results which are consistent with the FE results, in terms of both amplitude 

and resonance frequencies of the system. Meanwhile, we can also verify the ability of the model in 

characterizing electromechanical effects of the proposed model. As a representative example, we add a 

purely resistive circuit to the PZT-coated beam. With an electrical resistance R=1000Ω, the harvested 

electrical power from each PZT patch is calculated as P=V 2/R, thus giving a total harvested electrical power 

of Pout=2P. Comparisons in terms of Pout obtained from the present and the FE models are shown in Figure 

4b, showing again good agreement. 
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a.  b.  

Figure 4: Comparisons among different models with PZT of: a. point velocity; b. output power 

3.2 Experimental Validations  

Here, we use the same beam configuration without PZTs as the one used in the above FE verification. The 

beam was suspended by two thin strings from a rigid frame to mimic free boundaries (Figure 5). The beam 

was excited by an electromagnetic shaker with the force measured through a force transducer. A Polytech 

scanning laser vibrometer (PSV) was used to generate a periodic chirp signal with frequency from 0Hz to 

12kHz to feed the shaker via a power amplifier and to scan the whole beam for the velocity measurement. 

 

Figure 5: Experimental set-up 

Computed point velocities using the present model, alongside are compared with the actual experimentally 

measured results, with details shown in Figure 6. The agreement between two sets of results (including the 

position and amplitude of the resonance peak at high frequency) further proves the correctness and accuracy 

of the proposed model. 

 

Figure 6: Comparisons of point velocity with two experiments 
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Therefore, the accuracy of the proposed model, as well as the improvement it brings about to the existing 

semi-analytical model, have now been fully validated from both mechanical and coupled electro-mechanical 

perspectives. 

4 Numerical Results and Analyses 

This part of the analyses uses a different ABH beam configuration, which is a cantilever ABH beam 

(clamped at the end of the uniform portion and free at the ABH tip).  The two springs k1 and k2 are set to 

1012, a sufficiently high value to mimic the clamped boundary. Material and geometrical parameters of this 

beam and those of the PZT patches are tabulated in Table 2. The beam is subject to a harmonic point force 

excitation of 1N in amplitude at xf=10cm on the uniform portion. Same as above, the external circuit is still 

a pure resistor with 1000Ω. 

Table 2: Material and geometrical parameters of cantilever ABH beam and PZT patches 

Material parameters Geometrical parameters 

Beam 

Density: ρb=7800kg/m3 

Damping loss factor: ηb=0.005 

Elasticity modulus: Eb=210GPa 

Shear modulus: Gb=102GPa 

 

PZT 

Density: ρe=7600kg/m3 

Damping loss factor: ηe=0 

Elasticity modulus: Ee=132GPa 

Shear modulus: Ge=64GPa 

Piezoelectric stress constant: e=-4.1C/m3 

Dielectric constant: εs=5.84×10-9F/m 

Beam 

β=0.1 

m=2 

b=0.05m 

xu=0.25m 

l=0.45m 

lref=0.5m 

hu=6.25mm 

h0=0.5mm 

 

PZT 

xe1=0.4m (case-specific) 

xe2=0.45m (case-specific) 

he=0.5mm 

4.1 ABH-based energy harvesting performance and efficiency 

As an important EH evaluation metric, apart from the harvested electrical power, we introduce an energy 

conversion rate, δ, which is defined as the ratio between the harvested electrical power and the input 

mechanical power: 

 𝛿 =
𝑃𝑜𝑢𝑡

𝑃𝑖𝑛
=

𝑃𝑜𝑢𝑡
1
2⁄ 𝑅𝑒{𝐹⋅𝑣∗}

 (16) 

Note that, based on energy conservation, Pin would include both the harvested electrical power and the 

dissipated power in the mechanical system. 

4.1.1 Effect of PZT layout 

We first discuss the effect of PZT position on the EH efficiency. To demonstrate the benefit that one can 

draw from the wave focusing effect in ABH region for EH, the harvested electrical power by the PZTs 

placed on the free end of the ABH portion is compared with the one when they are placed at the clamped 

end, which is known as the best position for EH in a cantilever. Another position near the junction between 

the uniform and ABH portions is also included for comparisons. In all cases, the length of PZT patches is 

5cm. The output power and the energy conversion rate of the piezoelectric patches corresponding to the 

three positions are shown in Figure 7a and 7b, respectively.  
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a.  b.  

Figure 7: Comparison among different PZT positions of: a. output power; b. energy conversion rate 

Figure 7a shows that, in terms of EH, Position No.2 shows no advantages over No.1, when PZTs are placed 

on the uniform part of the beam. This confirms the common belief that placing PZTs toward the clamped 

end of a cantilever is indeed desirable in terms of getting a higher energy on uniform portion. However, 

comparing Position No.1 with Position No.3 shows that the harvesting at the clamped end seems to deliver 

higher output power at the very low frequency end, then become comparable with that provided by Position 

No.3 before entering into a wide frequency range in which EH at the end of the ABH tip region (No.3) 

outperforms the clamped end. This is definitely owing to the energy trapping effects of the ABH to create a 

high energy concentration around the tip region and pick up by the PZTs. The observed tendency is 

confirmed from the perspective of the energy conversion rate δ (Figure 7b). Again, the advantage of 

harvesting energy around the ABH tip region is obvious, consistent with the conclusion drawn from the 

output power. 

On the other hand, EH at the clamped end of ABH beam offers generally lower, but more evenly distributed 

δ across the entire frequency range. On the contrary, EH at the ABH tip region exhibits very high energy 

conversion rate over an appreciable broad frequency range, which shows the great potential of the ABH-

based broadband EH, including high-frequency energy conversion. 

4.1.2 Effect of PZT size 

1. Effect of PZT thickness 

The size of PZT patches will definitely affect the energy harvesting power, which should be properly 

designed for effective EH. In order to illustrate this, the issue is investigated first using the above ABH beam 

with PZTs of different thicknesses at the tip region. In the present case, the length of PZT patches is kept at 

5cm, but with three different thicknesses: 1mm, 0.5mm and 0.25mm. The corresponding harvested electrical 

powers and the energy conversion rates are shown in Figure 8a and 8b, respectively.  

a.  b.  

Figure 8: Comparison among different PZT thicknesses of: a. output power; b. energy conversion rate 
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Figure 8a shows that, at the low frequencies, exemplified by the first four peaks, the harvested energy by 

the thickest PZT is obviously the lowest. In this case, adding a thicker piezoelectric patch is equivalent to 

adding a larger mass, particularly when the thickness of the PZT exceeds that of ABH tip. Starting from the 

fourth peak, the peak position of the solid black line shifts significantly toward higher frequencies than the 

other two cases, as a result of the increased overall rigidity of the tip region due to the piezoelectric patches. 

After 2000Hz, the harvested energy by the thickest PZT is obviously the highest. The trend is also reflected 

in Figure 8b. 

2. Effect of PZT length 

Here, we investigate the same ABH beam with PZTs of different lengths at the tip region. Note that, in the 

present case, the shortest wavelength of the bending waves along the beam occurs at the truncated tip, 5cm 

at highest frequency considered here, i.e. 4000Hz. Three PZT lengths are chosen: 20cm, 5cm and 2.5cm, 

respectively. The corresponding harvested electrical power and the energy conversion rate are shown in 

Figure 9a and 9b, respectively.  

a.  b.  

Figure 9: Comparison among different PZT lengths of: a. output power; b. energy conversion rate 

Figure 9a shows that, at the low frequencies, exemplified by the first and the second peaks, the harvested 

energy by the longest PZT is obviously the highest. This is understandable, since this low frequency region 

is dominated by the global modes of the beam, exhibiting long wavelength and overall structural 

deformation. Therefore, ABH effect is absent in this frequency region and a longer PZT would definitely 

be beneficial to EH. With the increase of the frequency, shorter PZTs (5 and 2.5 cm) start to show better 

performance when approaching the cut-on frequency (roughly 1470Hz) of the ABH and the effect is 

persistent when frequency further increases. This is due to the ABH-induced energy focusing in the ABH 

portion. A closer examination and comparison between the two curves (corresponding to 5 and 2.5 cm) 

show a transition in terms of the harvested power with the increase of the frequency. More specifically, as 

compared with the 2.5cm PZTs, the 5cm one performs better at first, but deteriorates when frequency 

increases. This can also be physically explained. In fact, structural wavelength decreases with the frequency, 

more drastically within the ABH region. The effective EH frequency range for each PZT length can be better 

seen in terms of the energy conversion rate (Figure 9b). The observation is basically consistent with the 

conclusions drawn from previous power analysis. Definitely, the longest PZTs show high but very narrow 

effective frequency range, before the ABH cut-on. When frequency increases, a longer PZT is more likely 

to cover more wave undulations, thus producing opposite charges over different parts of the PZT, which 

ultimately would neutralize the energy output. A shorter PZT would favor higher frequency EH. Therefore, 

we can make a preliminary conjecture that the length of the piezoelectric patches should be positively related 

to the wavelength at the laying position. Different lengths of piezoelectric patches would suit different 

frequency ranges. With a proper sizing and positioning of the PZT layout, ABH structures can enable 

efficient, broadband and high frequency EH. The relationship between the optimal PZT length and the 

structural wavelength will be scrutinized quantificationally later. 

In order to provide a design guideline on the optimal PZT length, the relationship between the PZT length 

and the structural wavelength in the ABH beam is investigated. To this end, we introduce a dimensionless 

parameter, referred to as normalized PZT length, xe/λc, where xe is the length of PZT patch and λc the 
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wavelength of the structure at the center point of the PZT patch. Using this normalized parameter, the energy 

conversion rate δ, with the same set of PZT lengths, is plotted in Figure 10.  

 

Figure 10: Energy conversion rates with respect to the normalized PZT length 

Figure 10 shows that, despite the differences in their physical length, the regions corresponding to a high 

energy conversion rate are all close to, but slightly higher than xe/λc = 0.5, i.e. when the PZT length is about 

half of the wavelength at the central point of the PZT. Though experimentally observed in a previous work 

on a specific configuration [17], results from Figure 10 quantificationally confirm this rather general 

relationship between the structural wavelength and the laying size of the piezoelectric patches quantitatively, 

which offers a rule of thumb and useful guidance for determining the optimal size of the PZT with respect 

to the operating frequency of the structure as well as the position of the PZT coverage. The observed 

phenomenon can be explained from the viewpoint of spatial matching between the PZT length and the 

corresponding structural wavelength. In fact, if the beam were uniform, the optimal normalized PZT length 

would have been exactly 0.5. For the ABH-beam, structural wavelength under the PZT gradually reduces, 

more significantly toward the tip. Therefore, this ABH-induced wave compression causes the derivation of 

the optimal normalized PZT length from 0.5. 

4.2 Electromechanical coupling and energy conversion 

The above analyses show that numerous parameters would affect the energy harvesting efficiency of the 

ABH-based EH. Therefore, the design of an effective system is a complex problem which should take all 

these factors into consideration to draw the maximum of benefit out of them. To guide the design, we 

examine possible criteria governing the deployment of the PZT to maximize the ABH benefits and the 

energy harvesting performance. To this end, we use the electromechanical coupling factor k to establish its 

possible relationship with the energy conversion rate. More specifically, k is defined as [23]: 

 𝑘2 =
𝜔2

𝑜𝑐−𝜔
2
𝑠𝑐

𝜔2
𝑠𝑐

 (17) 

where ωoc and ωsc are the angular natural frequencies of each mode of the structure when the piezoelectric 

transducer is open-circuited and short-circuited, respectively. Both can be calculated using the established 

model by solving the corresponding eigenvalue problems. 
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Figure 11: Comparison of energy conversion rate and electromechanical coupling factor 

Using the same set of configurations as Figure 10, k and δ corresponding to three PZT lengths are computed 

and shown respectively on the left- and right-and-side axes in Figure 11. It can be seen that, the variations 

in both k and δ with respect to frequency exhibit very consistent trend in all three cases, thus suggesting that 

the electromechanical coupling coefficient k could be regarded as a simple and intrinsic indicator of the EH 

efficiency. It can then be used in the design of effective ABH-based EH structure by tuning or optimizing 

the numerous physical and geometrical parameters of its components through maximizing k. Note this 

electromechanical coupling coefficient can either be calculated using the present model or even 

experimentally measured. 

5 Conclusions 

In this paper, a fully-coupled electromechanical semi-analytical model of PZT-coated Acoustic Black Hole 

beams is established. The model is based on Timoshenko deformation assumption and shows flexibility in 

coping with various system parameters and allowing for system optimization to accommodate different 

functionalities (energy transfer, coupling or energy harvesting). Comparisons with experimental and finite 

element results verify the validity of the model and its improved accuracy in comparison with the existing 

semi-analytical model based on Euler-Bernoulli assumption. 

Numerical results show that the unique wave retarding and energy focusing features of the ABH beam favor 

the PZT installation in the vicinity of its tip area to warrant better EH performance than the common practice 

of harvesting at the clamped end. Upon a proper sizing of the PZT, ABH offers efficient and broadband EH, 

as reflected by the harvested power and energy conversion rate. As a rule of thumb, a PZT should be sized 

in such a way that, for a given frequency/frequency range, the normalized PZT length (with respect to the 

structural wavelength at the center of the PZT covered region) is close, but slightly larger than 0.5 to ensure 

a high energy conversion rate. Should one need a more rigorous design criterion, the electromechanical 

coupling is shown to exhibit consistent variations with the energy conversion rate of the system, thus 

providing a good indicator to be used for either evaluating the EH performance or tuning/optimizing system 

parameters for enhanced EH performance, which is meaningful to propose a new type of ABH-based energy 

harvesting device with optimal parameters to strive for optimal EH performance. 
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Abstract
Within structural health monitoring, the use of acoustic emission is a popular technique for damage localisa-
tion. In particular, data-driven methods have shown much promise in environments that are challenging to
localise in, such as structures with complex geometrical features. Many data-driven approaches rely on learn-
ing a spatial mapping of difference-in-time of arrival (dTOA) information, which can be posed as a problem
of Gaussian process (GP) regression. However, as the computational cost of learning a GP scales cubically
with the number of training points, their application is limited to small training sets, restricting the ability to
localise on larger structures. This paper presents the use of an approach that constructs a reduced-rank GP
approximation, solving the eigenfunctions of a Laplacian operator bound to a physical domain. The method
is applied to learning dTOA information, offering both a grey-box solution and a reduced computational cost.
It is shown that directly incorporating boundary condition knowledge enhances prediction capabilities.

1 Introduction

When developing structural health monitoring (SHM) systems, the ability to locate sources of damage is
often a desirable functionality. A fundamental component in many localisation strategies is the capture of
acoustic emission (AE); a physical phenomenon consisting of high-frequency elastic stress waves. Whilst
there are many physical mechanisms that can produce such waves, AE activity can often be attributed to
the formation and progression of damage. For example, as a crack begins to form and grow, the associated
redistribution of internal stresses will cause a small amount of elastic energy to be released, manifesting as
an elastic stress wave that will travel through the material. Given that this energy will propagate in a radial
manner from the point of the source, the onset time of an observed AE event will be sensitive to the distance
between the source and a receiving transducer. As such, by observing an identical event across a group of
spatially distributed sensors, it is possible to extract a difference-in-time of flight value between each unique
sensor pair. The location of the source can then be estimated by minimising the difference between the sum
of the recorded difference-in-time of arrival (dTOA) values and a calculated value, based on a trial source
position [1, 2].

When localising AE events by directly minimising the difference between a calculated and recorded dTOA, it
is assumed that the waves propagate at a constant speed in all directions and along a direct path from source
to sensor. In practice however, these assumptions constrain the use of the technique to simple structures.
Geometrical complexities such as thickness changes, holes and bolts will obstruct a direct path to a receiving
transducer, whilst the use of anisotropic materials will induce a directional dependence on the wave speed.
One branch of localisation techniques that have been successfully applied to structures containing these
complexities are those that take a data-driven approach. Here, the objective is to learn a relationship between
extracted data and the structure, where no a-priori assumptions regarding the propogation path and velocity
profile of the waves are required to be made. An early example of the application of data-driven methods to
source localisation is provided by Baxter et al. [3], where artifical AE sources are generated at each point
of a grid defined across the surface of a structure. By calculating the arrival time of each event at a number
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of distributed sensor, a “map” that quantifies the expected dTOA information for each sensor pair is then
constructed. As a real AE event is observed, the corresponding dTOA values can be matched to those on the
maps, and a source location can be estimated. To offer an increased spatial resolution, [3] suggest linearly
interpolating between training grid points. However, when considering complex structures, the emergence of
phenomena such as internal reflections and wavemode conversion will create a highly nonlinear wavefield,
resulting in a linear interpolation scheme being ill-suited. To account for this expected nonlinear behaviour,
Hensman et al. [4] proposed the use of Gaussian process (GP) regression, a Bayesian non-parametric tool for
nonlinear regression. By learning a relationship between dTOA values and grid locations, the GP provides a
complete workflow for directly predicting the location of an AE event observed outside of the training stage.
The use of GPs was then extended in [5], learning a spatial mapping of dTOA information for multiple
sensor pairs. The maps are then used as a basis for assessing the likelihood of a real AE event’s origin across
the surface of a structure, allowing the source location to be inferred as the position returning the largest
likelihood.

Whilst GPs present a powerful approach for a range of spatial modelling problems [6, 7, 8] and indeed many
other tasks of regression [9, 10] and classification[11, 12], exact inference relies on the inversion of an n x n
covariance matrix (where n represents the total number of training points). This results in a computational
complexity and storage requirement that scales as O(n3) and O(n2) respectively, limiting the application of
GPs to data sets with less than a few thousand observations. Considering that it is common for the resolution
of the training grid to be anywhere between 5 − 20mm [3, 4, 13], it becomes impractical to obtain a full
GP solution for structures that have dimensions growing upwards of 250 x 250mm (or an equivalent area).
Clearly there will be many scenarios in which it would be desirable to perform localisation on specimens
larger than these limits. To overcome this problem of computational intractability, schemes that are based
on building a low-rank approximation of the full covariance matrix have emerged as a popular choice, for
which examples can be found in [14, 15, 16]. These methods often rely on using a set of m inducing points
that are disjoint to the training data to act as psuedo-inputs. Providing m < n, the cost associated with
the training phase is then reduced to O(nm2) with storage demands of O(nm), allowing the use of GPs to
scale to larger data sets. Whilst most sparse approximations consider inducing points that lie in the same
domain as the GP inputs, as any given stationary covariance function has an equivalent spectral density, it is
possible to construct an approximation in the spectral domain of the process [17]. Under this transformation,
the approximate kernel is now built through sinusoids as opposed to kernel functions. Recently, Solin et
al. [18] proposed a spectral approach to obtaining a reduced-rank representation by forming an approximate
eigenvalue decomposition of the covariance function. The decomposition relies on firstly interpreting the
covariance matrix as a pseudo-differential operator, before constructing a Hilbert space approximation. As
the pseudo-differential operator breaks down into a series of Laplace operators, the approximate covariance
function is equivalent to an eigenfunction expansion of the Laplacian operator subject to boundary conditions
on a specific domain. The significance here is that the Gaussian process can naturally be constrained to an
arbitrary domain, where specific knowledge of the conditions at the boundary of a physical system can be
incorporated into the GP prior.

1.1 Overview of Proposed Methodology

Under the localisation framework of [5], the initial step is to train a Gaussian process to learn a spatial map
of dTOA values on a structure for each sensor pair. Whilst learning times are not too cumbersome for the
application shown in the work, to extend past the relatively small structure considered in [5] requires the
use of more computationally efficient GPs. Within this paper, the use of the constrained Hilbert space GP is
therefore proposed as a grey-box approach [19, 20] for efficiently learning spatial maps of dTOA information.
By directly encoding physical knowledge of a system’s boundary conditions into the Gaussian process prior,
it is shown that an improved representation of the full covariance matrix can be obtained in comparison to
other state-of-the-art GP approximation methods. It is also explicitly demonstrated how the use of Neumann
boundary conditions can be incorporated, offering an extension to [18, 21] where only Dirichlet conditions
were considered.

The paper will proceed as follows; Section 2 summarises the theory for constructing a full GP representation,
whilst Section 3 will outline the necessary theory to construct the Hilbert space GP, along with specific
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consideration given for Neumann boundary conditions. Section 4 presents and discusses the application of
the constrained GP to learning spatial dTOA maps with a conclusion of the work given in Section 5.

2 Gaussian Process Regression

In the most basic sense, a Gaussian process is a collection of random variables of which any finite number
have a joint Gaussian distribution [17]. In a regression setting, one is concerned with establishing a func-
tional mapping between a series of d dimensional inputs X to a vector of corresponding targets, y. This is
equivalent to learning functions of the form

y = f(X) + ε, (1)

where ε is some Gaussian additive noise such that ε ∼ N (0, σ2
n). For a single input x, the Gaussian process

acts as a prior over f(x)

f(X) ∼ GP(m(x), k(x,x′)), (2)

which is fully defined by a mean m(x), and covariance function k(x,x′). Here, the mean function will be
set to zero, as is a standard convention to adopt [17]. Having observed a set of training data D = {X,y},
to make a prediction at a new test point x? (or similarly, at multiple test points X?), the joint distribution
between the training values and the output of the latent function y? should be assessed

[
y
y?

]
= N

([
0
0

]
,

[
K(X,X) + σ2

nI K(X,x?)
K(x?, X) K(x?,x?)

])
. (3)

Through the use of the conditional distribution of a multivariate Gaussian, the predictive mean and variance
for a test point x? can then be defined as

E[y?] = K(x?, X)[K(X,X) + σ2
nI]−1y (4)

V[y?] = K(x?,x?)−K(x?, X)[K(X,X) + σ2
n]−1K(X,x?), (5)

in the sense that,

p(y?|X,y,x?) = N (E[y?],V[y?]). (6)

Before Equation 4 and 5 can be assessed to obtain a prediction, a covariance function must be defined,
specifying the correlation between two given inputs. A common kernel choice for use with engineering data
is that of the Matérn 3/2, which for a d dimensional input x takes the form

k3/2(x,x′) = σ2
f (1 +

√
3r

l
) exp(−

√
3r

l
), (7)

where r = |x− x′|. Observing Equation 7, it can be seen that there are a further two undefined parameters.
Specifically, these are the length scale l and the signal variance σ2

f , which together, form the model hyperpa-
rameters that govern the behaviour of the covariance function. A typical approach for identifying a suitable
set of hyperparameter values, θ, is to minimise the negative log marginal likelihood of the GP with respect
to θ

θ = arg min
θ
{1

2
y′(KXX + σ2

nI)−1y +
1

2
log
∣∣KXX + σ2

nI
∣∣+

n

2
log(2π)}. (8)
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Considering Equations 4, 5 and 8, it can be seen that each expression contains the matrix inversion [KXX +
σ2
nI], which is the source of the computational complexity O(n3). Despite only having to be computed a

single time once the optimal hyperparameter values are found, Equation 8, and therefore the matrix inversion,
has to be evaluated at each run of the optimiser, leading to a significant practical limitation for large training
sets.

3 Constrained Gaussian Processes

In order to alleviate the computational burden of computing a GP, one approach is to obtain a reduced-
rank approximation of the full covariance matrix such that m < n, where m and n define the rank of
the approximate and full matrix respectively. Whilst an eigendecomposition of the full matrix will result
in the reduced rank representation K ≈ ΦΛΦ′, where Λ represents a diagonal matrix of the leading m
eigenvalues and Φ is the matrix of the corresponding eigenvectors, computing the eigenvalue decomposition
is in itself an O(n3) operation and therefore offers no remedy. Instead, [18] proposes the construction of an
approximate eigendecomposition, returning an approximate covariance matrix that is anm-rank truncation of
a Laplace operator eigenfunction expansion. As the eigendecomposition is required to be bound to a domain
Ω, physics-based knowledge of the system being modeled, represented by that domain, can be incorporated
into the GP prior to enhance performance. This section will first briefly summarise the theory behind this
series expansion; for a full derivation, the reader should refer to [18]. The extension to Neumann boundary
conditions will then be discussed, resulting in the formation of the following model

f(x) ∼ GP(0, k̃(x,x′)), x ∈ Ω

df(x) = 0, x ∈ δΩ, (9)

where Ω represents the domain of interest, and δΩ indicates the corresponding boundary.

3.1 Approximating the Eigendecomposition

Here, the fundamental assumption in forming a spectral representation of the covariance matrix is that it is
stationary. That is to say the covariance matrix is a function of r = x − x′ only, and is therefore invariant
to input space translations [17]. This property allows one to make use of Bochner’s theorem, which states
that any continuous, positive definite function, such as the covariance function, is able to be represented as a
Fourier transform of a positive, finite measure [22]. Providing the measure has a density, it can be defined as
the spectral density S(ω) of the covariance function, where the spectral density and covariance function act
as Fourier duals of each other. More formally, this is known as the Wiener-Khintchin theorem [23], resulting
in the following relations:

k(r) = F−1{S(ω)} =
1

2π

∫ ∞

−∞
S(ω)eiωrdω, (10)

S(ω) = F{k(r)} =

∫ ∞

−∞
k(r)e−iωrdr. (11)

By taking a polynomial series expansion of the spectral density, noting that for an isotropic covariance
function, S(ω) =∆ S(||ω||)), it is possible to construct a psuedo-differential operator K that acts over the
covariance function as a series of Laplacian operators

K = a0 + a1(−∇2) + a2(−∇2)2 + a3(−∇2)3 + ... . (12)

Exploiting the homogeneous nature of the covariance function, a covariance operator acting over a function
ϕ(x) can be defined as the convolution of the covariance matrix and ϕ(x)
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Kϕ(x) =

∫
k(x,x′)ϕ(x′)dx′. (13)

If the negative Laplacian is defined as the operator in the above expression, then by substituting Equation 12,
a series expansion of both sides returns

∫
k(x,x′)ϕ(x′)dx′ =

∫
[a0 + a1k

1(x,x′) + a2k
2(x,x′) + ...]ϕ(x′)dx′. (14)

Through the use of Mercer’s theorem [24], which states that a kernel can be represented as an infinite sum
of eigenvalues and eigenfunctions, Equation 14 can be transformed into the following relation

k(x,x′) ≈
∑

j

[a0 + a1λ
1
j + a2λ

2
j + ...]φj(x)φj(x

′), (15)

which is only an approximation due to the limitations imposed by the domain when calculating the eigen-
vectors and corresponding eigenvalues. If the expansion of S is taken for the input λj , then the covariance
matrix approximation takes the final form

k(x,x′) ≈ k̃(x,x′) =
m∑

j

S(
√
λj)φj(x)φj(x

′), (16)

and is equivalent to an approximate eigendecomposition where

Φ = (φ1(X), φ2(X), φ3(X), ..., φm(X)),

Λ = diag(S(λ1), S(λ2), S(λ3), ..., S(λm)).
(17)

Here, S represents the spectral density of the covariance function with λj and φj denoting the jth largest
eigenvalue and corresponding eigenfunction of the Laplace operator with domain Ω. For readers from a
dynamics background, it will perhaps be useful to point out that the calculation of the eigenvalues and
eigenvectors of the domain is analogous to the modal decomposition of a mechanical system, where the
eigenvalues represent the natural frequency and eigenvectors are equal to the mode shapes. In regards to the
choice of covariance function, the Matérn 3/2 kernel (ν = 3/2) is selected here, whose spectral density for
a two-dimensional input can be defined as

S(ω) = σ2
f

4π(2ν)ν

l2ν
Γ(ν + 1)

Γ(ν)
(
2ν

l2
+ w2)(−ν+1), (18)

where Γ denotes the Gamma function. For testing pointsX? that have been projected onto the eigenfunctions
Φ?, the predictive equations are transformed to the following

E[y?] ≈ Φ?(Φ
′Φ + σ2

nΛ−1)−1Φ′y (19)

V[y?] ≈ σ2
nφ?(φ

′φ+ σ2
nλ

−1)−1φ′?. (20)

As in the case of the full GP, the optimal hyperparameters can then be found by minimising the negative log
marginal likelihood, which is given by

θ = arg min
θ
{1

2
(n−m) log σ2

n +
1

2

m∑

j=1

Λj,j +
1

2
log |σ2

nΛ−1 + Φ′Φ|+ n

2
log(2π)

+
1

2σ2
n

(y′y − y′Φ(σ2
nΛ−1 + Φ′Φ)−1Φy)}.

(21)
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3.2 Boundary Conditions for dTOA Maps

In the work conducted by Solin et al. [18, 21], the eigendecomposition is only solved for Dirichlet boundary
conditions and as such, is limited to problems where it is valid to enforce the process being modelled to a
constant value at the boundary. In the case of spatially mapping dTOA values across a structure, as dTOA
values are functions of the difference in propagation path from the source to each sensor, the physical process
will not be restricted to values that are identically fixed at all boundaries. As such, Dirichlet conditions are
not a reasonable constraint to place on the model. It is, however, valid to assume that the derivative of
the process is equal to 0, allowing the use of Neumann boundary conditions. This can be explained by
considering two AE events that are separated by an infinitesimal distance. As the distance tends to 0, then
the difference in their respective dTOA values will also approach 0. Applying this logic in the region of a
boundary, we can therefore write

df(x) = 0, x ∈ δΩ, (22)

where f(x) =dTOA(x). The stage at which Equation 22 can be built into the model is during the calculation
of the eigenvalues and eigenvectors. Whilst a closed form solution of the Laplace operator is available for
simple geometries, to allow generalisation to domains of arbitrary shapes, a numerical approach is adopted
here. To compute eigendecomposition nunmerically, a domain of interest must first be selected. For the
work presented in this paper, an 200x370x3mm aluminumum plate from [4] is used, of which a schematic is
provided in Figure 1. Resulting from the large number of holes that are present across the plate, the structure
presents both a challenging environment to localise in, as well as a number of opportunities for constraining
to known boundary conditions.

(a) Photograph of structure used. (b) Test structure schematic with sensor locations.

Figure 1: Structure used to demonstrate the methodology. Recreated from [4] using a subset of sensors.

Following the establishment of a domain of interest, it must then be converted into a discrete form such that
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a matrix populated with zeros and ones is created, which we refer to as the grid mask u. In the grid mask,
matrix entries that are equal to one denote locations inside the domain, whilst entries of zero indicate the
opposite. A finite difference approximation of the negative Laplace operator acting on the domain can then
be constructed through

−∇2u(i, j) ≈ 1

h2
(−4ui,j + ui−1,j + ui,j−1 + ui+1,j + ui,j+1), (23)

where (i, j) are the row and column indices of the grid mask, and h represents the step size of the discretised
domain, specifying the resolution of the numerical approximation scheme. By iterating through each element
of the grid mask, a sparse-stencil matrix can be computed for Ω. For grid locations that lie on a boundary,
there will be at least one adjacent grid point that doesn’t lie within the domain. Neumann boundary condi-
tions can therefore be included through the use of the first-order central difference formula, which for each
direction is defined as

u′i =
ui+1,j − ui−1,j

2h
u′j =

ui,j+1 − uu,j−1

2h
. (24)

As the derivative of the process is equal to zero on the boundary, for a grid mask point that lies adjacent to a
boundary location in the x direction (j), the following holds

ui,j+1 = ui,j−1. (25)

Additionally, for the y direction (i) we have,

ui+1,j = ui−1,j . (26)

By substituting Equation 25 and 26 at the relevant grid nodes, a sparse-stencil matrix is returned, representing
a finite differnce approximation of the Laplacian subject to the domain of interest. Them leading eigenvalues
and eigenvectors of this matrix can then be solved through a chosen solver.

4 Application to AE Localisation

To assess the performance of the constrained GP, the method will be compared to a full Gaussian process
prior representation, as well as two popular choices for reduced-rank GP regression; the Fully Independent
Training Conditional (FITC) approach [14] and the Variational Free Energy (VFE) method [15]. For each
example that is shown, the training data consists of the same subset of artificial event locations, where
n = 1518. For the purpose of this study, the number of basis functions/inducing points is fixed at m = 64.
However, similar trends to those presented were observed across a range of values for m.

As an initial investigation, the ability of each reduced-rank GP to capture the dTOA mapping learnt by a full
GP will be considered. Firstly selecting sensor pair 2-3, chosen as a pairing which represents a higher error
score (see Table 1), each GP method is required to learn a functional mapping (x, y) → dTOA2,3 where
hyperparamters are chosen through minimising the negative log marginal likelihood, which for FITC and
VFE, include the selection of the inducing point locations. The testing locations are then assigned to be a
dense grid across the test specimen. Figure 2 demonstrates the mapping that has been learnt by each method,
illustrating the posterior mean which can be interpreted as the predicted dTOA value at a given location. At
a first glance, it can be seen that each approximation method struggles to capture the exact representation
of the full GP in a number of regions across the plate. However, given the reduced-rank approaches do not
have access to the full covariance matrix, this is to be expected. Instead, the most important consideration to
make is whether the grey-box approach offers an improvement over FITC and VFE. Considering the upper
left quadrant of the plate, the constrained GP is able to better replicate the local variation that is present in
the full GP mapping. This observation is particularly true in the area around the two holes that sit above
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the central sensor, clearly indicating that the inclusion of boundary condition information has allowed the
grey-box model to more accurately capture the underlying phenomena.

Figure 2: Spatial mapping of sensors 2-3 dTOA (as shown by black circles), learnt by each respective GP.
The colour bar represents the absoloute difference in arrival time, measured in seconds.
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If a second sensor pair is considered, which this time is representative of a pairing with a lower error score,
Figure 3 shows the maps that have been learnt for sensor pair 2-4. Drawing attention to the upper right
quadrant, particularly just above the large rightmost hole, it can again be seen that the predictions obtained
by the constrained GP better represent the full Gaussian process in comparison to FITC and VFE. This is
most clearly demonstrated in the location of the darker red region of the full GP plot, which out of each
approximate method, is most closely represented by the grey-box GP.

Figure 3: Spatial mapping of sensors 2-4 dTOA (as shown by black circles), learnt by each respective GP.
The colour bar represents the absoloute difference in arrival time, measured in seconds.

To numerically quantify the performance of the four approaches, GPs are trained on each unique sensor pair
combination (for reference to the sensor locations, see Figure 1). The testing inputs are then transformed
to locations at which direct measurements of the dTOA information are available, but were not used during
the training process. The predicted values obtained through the model can therefore be compared to the
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ground truth, and used to produce an error metric, which here, is selected as the normalised mean squared
error (NMSE). For each sensor pair, Table 1 provides the NMSE obtained by each of the four models. An
averaged value is also shown. It can be seen that the constrained prediction is more accurate than both FITC
and VFE in all sensor pair instances, again demonstrating the advantage of taking a grey-box approach.

Table 1: NMSE (%) on test set for all sensor pair combinations.

NMSE(%)
Sensor Pair FULL CON FITC VFE

1, 2 0.21 0.34 0.51 0.48
1, 3 0.96 1.09 1.30 1.20
1, 4 0.19 0.27 0.33 0.33
2, 3 2.38 2.63 3.10 2.95
2, 4 0.67 0.88 1.13 1.08
3, 4 2.21 2.49 2.86 2.92

Average 1.33 1.54 1.85 1.79
Change w.r.t FULL - 0.21 0.52 0.46

5 Conclusion

In this paper, the use of a grey-box approach for constraining Gaussian processes has been presented as a
computationally efficient method for learning acoustic emission dTOA maps. By transforming the covariance
function into the spectral domain, an eigenfunction expansion of the Laplace operator can be constructed
as an approximate representation of the covariance matrix. As the constrained GP offers a reduction in
computational cost, localisation strategies that rely on the use of spatially mapping dTOA information can
be extended to larger structures. Furthermore, given that the solution to the eigenvalue problem is required
to be bound to a finite domain, physical knowledge of boundary conditions can be encoded into the model to
enhance predictive capability. The performance of the grey-box method is then compared to other popular
reduced-rank approximation schemes, returning an improved performance in all cases considered.
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Abstract 
The effectiveness of leak detection in water pipes using acoustic methods is partly determined by how 

accurately the time delay between the leak signals is estimated. This comparative study of correlation-, 

error-, and wavelet-based time delay estimators using simulated and real steady-state and transient leak 

signals shows that while these estimators perform well at high signal-to-noise ratio (SNR), their performance 

degrades at low SNR. They are more effective for estimating delays in steady-state signals, although 

wavelet-based methods also perform well for transient signals. The effectiveness of wavelet-based methods 

depends primarily on the scale or decomposition level, rather than on the type of wavelet used. The results 

of this study also shows that an accurate time delay estimate can be obtained directly in the frequency 

domain from the unwrapped cross-spectral phase; however, this method requires the exclusion of additional 

phase shifts caused by resonances and reflections in order to improve accuracy. 

1 Introduction 

Pipelines, as means of long-distance transportation of important resources such as oil, gas, water, etc., have 

to fulfil stringent requirements of safety, integrity, robustness, reliability, and efficiency. Leakages not only 

make it impossible to satisfy these requirements, but also have serious economic, social, and ecological 

consequences. Loss of resources due to leakages constitutes considerable financial losses and can lead to 

inability to meet demand as well as increased operational costs. Even losses from small leaks can be 

significant if they are left undetected and unrepaired for a long period of time. In England and Wales, about 

3.1 billion litres of potable water are lost daily due to leakages [1], with leakage losses as high as 33% in 

some water distribution networks [2]. Leaks undermine the safety of water distribution networks, since leak 

areas can cause severe damage to the pipes and serve as potential entry points for contaminants, especially 

in low-pressure areas. Flooding of roads and airports by water from burst pipes disrupts people’s movement. 

With an ever-increasing demand for resources, including water, and the disastrous consequences of 

leakages, reliable leak detection systems are very important. Leak detection systems ensure that leaks in 

water distribution networks are detected and repaired on time. Acoustic methods are the most widely used 

leak detection methods in the water industry owing to their low cost, ease of deployment and operation, 

ability to detect leaks over a long length of the pipeline, and relatively high accuracy [3]. Other approaches 

include sounding methods, use of ground microphones, district metering area analysis, transient analysis 

methods, etc.  

Acoustic leak detection methods are based on the measurement and analysis of vibroacoustic signals 

generated by leaks in the pipes. When a leak occurs in a fluid-filled pipe, acoustic waves are created as a 

result of the escaping pressurised fluid losing its energy to the pipe and the surrounding medium [4]. These 

waves propagate along the pipe in both directions and can be measured by sensors installed on the pipe or 

in the fluid path. The sensors commonly used for this purpose are accelerometers, hydrophones, or 

geophones [5]. Accelerometers and geophones are mounted directly on the pipe wall, or on fixtures in 

contact with the pipe (hydrants, valves, fittings, etc.), and so sense the vibration of the wall. Hydrophones 
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measure the acoustic pressure in the fluid, so they are directly installed in the fluid path, usually through an 

opening in the hydrant. 

Leak signals consist of transient and steady-state parts. Transient leak signals correspond to the start of the 

leak event, while steady-state signals are generated by ongoing leaks. The typical measurement setup for 

acoustic leak detection method is depicted in Figure 1. The position of the leak is located via the cross-

correlation of the acoustic or vibration signals measured at two access points on either side of the leak. 

 

Figure 1: Typical measurement setup for acoustic leak detection. 

The relative position of the leak is computed from the expression [6] 

 1
2

peakd c
d

 
 , (1) 

where 1d  is the distance of the leak from one of the sensors, 
peak  is the time delay between the signals 

measured at the two sensors, d  is the distance between the measurement points, and c  is the propagation 

speed of acoustic waves along the pipe. The effectiveness of this method depend on how well the 

propagation wavespeed is known and how accurately the time delay is estimated. Factors that determine the 

accuracy of the time delay estimate in leak signals are the sensitivity and type of acoustic sensors, 

background noise level, estimation method used, and the properties of the pipe [5]. 

2 Time delay estimation methods 

Time delay refers to the difference in the times of arrival of a signal from a source at spatially separated 

sensors. The time delay estimation (TDE) problem has considerable significance for a variety of applications 

in many areas such as radar, sonar, speech processing, leak detection, etc. The aim of TDE is to calculate 

the time delay accurately, even in the presence of noise. Some of the techniques for estimating time delays 

in systems include correlation-based [7], minimum error [8], and wavelet-based methods [9-11].  

Cross-correlation functions provide a measure of correlation between two signals as a function of delay. 

The largest peak in the cross-correlation function represents the delay that minimises the mean squared error 

between the two signals when the corresponding delay is applied. Generalisations of this principle can be 

considered in which filters are applied to the signals prior to the correlation process; such methods are called 

generalised cross-correlation (GCC), and the method where no filter is applied is termed the basic cross-

correlation (BCC). The cross-correlation function can be computed either in the time domain, or in the 

frequency domain by taking the inverse Fourier Transform (IFT) of the cross-power spectrum  1, 2x xG f  

(Wiener-Khinchin theorem). In the GCC method, the cross-spectrum is multiplied by a weighting function 

prior to taking the IFT. This helps to reduce the effects of factors that can broaden the peak of the basic 

cross-correlation function, making it harder to detect correctly. For acoustic leak signals, these factors 

include background noise, properties of the pipe and surrounding medium, and spectral characteristics of 

the leak signals [7]. The weighting functions attempt to enhance the signal in the frequency bands where the 

signal-to-noise ratio (SNR) is high, whilst attenuating them in bands with low SNR. GCC methods have 
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become popular methods for solving TDE problems due to their high accuracy, wide applicability, and 

computational ease. The weighting functions for the GCC methods commonly used in practice are shown 

in Table 1. Each weighting function is chosen for maximising some performance criterion. The weighting 

functions for the PHAT, SCOT and Roth estimators are also called pre-whitening filters since they sharpen 

the peak of the cross-correlation of the signals by whitening the cross-power spectrum [7]. 

Table 1: Weighting functions for the GCC methods: Phase Transform (PHAT), Roth, Smoothed 

Coherence Transform (SCOT), Eckart, Roth, Wiener and Maximum Likelihood (ML). 

GCC Method BCC PHAT SCOT Eckart 

Weighting 

function  f  
1  1, 21 x xG f  

   1, 1 2, 2

1

x x x xG f G f

  

   
1, 1

1, 1 2, 2

x x

n n n n

G f

G f G f
 

GCC Method Roth Wiener ML  

Weighting 

function  f   1, 1

1
x xG f

  
2

1, 2x x f
  

 

 

2

1, 2

2

1, 2 1, 2

1

1

x x

x x x x

f

G f f







 

 

The minimum error (or minimum difference) methods include the average square difference function 

(ASDF) and average magnitude difference function (AMDF) methods [8]. In the ASDF method, the time 

delay is estimated from the square difference error between the two signals, i.e. 

     
1

2

1 2

0

1 N

ASDF

n

R x n x n
N

 




     . The time lag that minimises the square difference error function 

is considered the time delay. Minimising the ASDF can be shown to be equivalent to maximising the basic 

cross-correlation function. The ASDF can be simplified by expanding the bracket so that 

          
1 1 1

2 2

1 2 1 2

0 0 0

1 1 2N N N

ASDF

n n n

R x n x n x n x n
N N N

  
  

  

             . (2) 

The first term on the right-hand side is constant, independent of  . For the case where the delay is small 

compared to the duration of the signal, as is usually the case, the second term is approximately constant. 

The final term is proportional to an estimate of the cross-correlation function  R   between the two signals, 

where 

          
1

1 2 1 2

0

1 N

n

R E x n x n x n x n
N

  




       , (3) 

where E  is the expectation operator. Consequently, the minimisation of the ASDF is equivalent to 

maximising the cross-correlation. The AMDF method estimates the time delay from the magnitude 

difference error between the signals, i.e.      
1

1 2

0

1 N

AMDF

n

R x n x n
N

 




   . The ASDF and AMDF 

methods tend to be computationally more demanding than the GCC approaches when computed for all 

possible delays, but in applications where the anticipated range of delays is significantly smaller than the 

duration of the measured signals, these methods can offer computational advantages. 

In wavelet-based TDE methods, the time delay between signals is obtained from the wavelet transform 

(WT) coefficients of the input signals. The wavelet transform of a signal  x t  is defined as [12] 

      ,,x a bWT a b x t t dt 

 ,  (4) 

where  ,

1
a b

t b
t

aa
 

 
  

 
 consists of a family of normalised expansions (dilations) assigned by the 

scale factor ( 0a  ), and translations in time assigned by the translation factor b , of a function   

known as the mother wavelet, and symbol *  indicates the complex conjugate. Numerous wavelet functions 
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exist; examples include Daubechies, Morse, Gaussian, symlets, etc. The choice of a wavelet depends on the 

specific application. The original signal can be recovered from the wavelet transform using the inverse 

wavelet transform (IWT).  

There are two classes of wavelet transforms: continuous wavelet transform (CWT) and discrete wavelet 

transform (DWT) [13]. The CWT is applied directly to the signal at any scale without sub-sampling using 

the discretised form of Equation (4). An important property of the CWT is shift-invariance [14]; this means 

that a shift in the input signal manifests as an equivalent shift in the wavelet coefficients. The scale and 

translation parameters can be set arbitrarily in the CWT, making it a good candidate for time-frequency 

analysis, as transients and oscillatory behaviours can be easily localised at different scales. The DWT 

discretises the scale and translation parameters to eliminate redundancy while retaining the ability to recover 

the original signal without loss. Hence, it provides a more compact and non-redundant representation of the 

signal. The DWT is efficiently implemented on a dyadic scale using a filter bank with quadrature filter pairs, 

and the signal is down-sampled by 2 after each filtering [12]. Due to the inherent decimation, the DWT is 

not shift-invariant; in fact, a simple shift in the input signal can cause a significant rearrangement of signal 

energy in the DWT coefficients by scale. However, a non-decimated, and thus a shift-invariant, DWT can 

be obtained by restricting the translation parameter to integer shifts. Example of a non-decimated DWT is 

the Maximal Overlap DWT (MODWT) [12]. 

The CWT and DWT can be used for estimating time delays in systems. Wavelet-based TDE methods include 

the Wavelet Pre-filter Generalised Cross-Correlation (WP-GCC) Wavelet Domain Inner Product (WD-IP), 

and Wavelet Transform Cross-Correlation (WT-CC) methods. In the WP-GCC method, wavelet transforms 

are used to denoise the signals as a pre-filtering step prior to estimating the time delay using the cross-

correlation method [9]. The schematic of the WP-GCC method is shown in Figure 2. First, the signals are 

transformed into the wavelet domain via the DWT, then a threshold is applied to the DWT coefficients to 

remove noise, and finally, the filtered signals are obtained using the IWT. The time delay estimate can then 

be obtained from the cross-correlation function of the filtered signals.  

 

Figure 2: Wavelet Pre-filter Generalised Cross-Correlation (WP-GCC) method [9]. 

The WD-IP method [10] takes advantage of the time-variant property of the DWT. In this method, the time 

delay is estimated by comparing the DWT coefficients over the entire range of possible delays. The inner 

product is used as the similarity index to compare the correspondence between the two sets of DWT 

coefficients. Because the decimated DWT is not shift-invariant, the DWT coefficients of a signal and its 

delayed replica will correspond precisely to one another only when the delay is zero. As a result, the inner 

product will be small except at the correct delay, where the DWT coefficients will be identical, and the inner 

product will yield the maximum value. The delay that produces the best correspondence between DWT 

coefficients is the estimated time delay between the signals. One disadvantage of this method is the 

execution speed. Since the shifting and inner product operations are separated, FFT-based correlation 

algorithms cannot be used. The time-shift and inner product operations must be performed sequentially by 

brute force, making the method slow. Figure 3 illustrates the WD-IP method. 
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Figure 3: Wavelet Domain Inner Product (WD-IP) method [10]. 

In the WT-CC method [11], the delay estimate is obtained from the cross-correlation of the wavelet 

coefficients of the signals. The signals are first transformed into the wavelet domain using a shift-invariant 

wavelet transform (CWT or non-decimated DWT) at an appropriate scale or decomposition level. The 

wavelet coefficients are then cross-correlated with each other, and the time lag that corresponds to the peak 

of the cross-correlation function is the estimated time delay. Shift-invariance ensures that the shift between 

the input signals is preserved in the wavelet coefficients. The WT-CC method is illustrated in Figure 4. 

 

Figure 4: Wavelet Transform Cross-Correlation (WT-CC) method [11]. 

The improved filtering and denoising provided by wavelet transforms make these methods more effective 

for estimating time delays in the presence of noisy signals compared to the cross-correlation methods. Unlike 

methods based on Fourier Transforms, wavelet-based methods are especially useful for estimating delays 

in non-stationary and transient signals [10,11]. However, the effectiveness of these methods depends on the 

suitability of the chosen mother wavelet, denoising threshold and the scale or decomposition level for the 

analysis of the given signals.  

The aim of this work is to study and compare the effectiveness of these TDE methods for estimating time 

delays in acoustic leak signals using simulated and real signals. The methods studied include the correlation-

based methods (BCC, PHAT, SCOT, Roth, Wiener, ML), error-based estimators (AMDF, ASDF) and 

wavelet-based methods (WP-GCC, WD-IP, WT-CC). The selected methods were implemented using the 

Signal Processing and Wavelet toolboxes in MATLAB. The default wavelet used was db4 (Daubechies 

wavelet with 4 vanishing moments). Minimax method was employed for the wavelet denoising with hard 

and level-independent thresholding. The WT-CC estimator was implemented using MODWT with db4 

wavelet for the DWT and Morse wavelet for the CWT. 

3 Comparative study of time delay estimators on simulated leak 
signals 

In order to simulate the types of acoustic leak signals encountered in water distribution networks, a set of 

representative transient and steady-state signals were convolved with the impulse response of a water-filled 
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distribution pipe. The impulse response can be obtained from the IFT of the frequency response function of 

a water-filled pipe, which is given by the expression [5] 

    ,
n i x c x

nH x i A e e     , (5) 

where x  is the distance of the sensor from the leak, nA  is related to the pipe wall properties and the type 

of sensor used ( 0n  , 1 and 2 corresponds to measurements of either pressure, radial velocity or radial 

acceleration of the pipe wall respectively) and 
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 is a measure of the loss within the pipe 

wall, 
fc  is the fluid wavespeed,   is the loss factor of the pipe wall; a , h  are the pipe radius and wall 

thickness, respectively; E is the Young’s modulus of the pipe wall material, and B is the fluid bulk modulus 

of elasticity. A short burst of white noise was convolved with the impulse response of a typical MDPE pipe 

with 10a h  , 
9 25 10E N m  to generate acoustic transient leak signals (sampled at 1000 Hz) at 

distances 20x   and 30x   metres from the leak. In the same way, steady white noise was used to obtain 

steady-state leak signals at these distances. Simulation of leak signals from white noise is based on the 

assumption that the leak signal, at source, has a flat spectrum over its bandwidth. Since acoustic leak signals 

measured by sensors are generally bandlimited and low frequency, the generated signals are realistically 

similar to signals from real water networks due to the low-pass filtering property of the pipes [6]. The 

generated transient and steady-state signals are shown in Figure 5. The actual time delay between the 

generated signals in both sets was obtained as 32 samples using the time delay estimators. 

 

Figure 5: Simulated transient and steady-state acoustic leak signals. 

A comparison of the TDE methods was conducted on the generated steady-state and transient signals via 

1000 Monte Carlo simulations. Independent white noise was added to each of the signals to achieve SNR 

values between -20 and 20 dB. The time delay between the noisy signals in each set was then estimated at 

each SNR value. For each Monte Carlo run, a different realisation of the added noise was used. In order to 

evaluate and compare the performances of the estimators, two metrics were used: probability of a correct 

time delay estimate (PTDE) and root mean square error (RMSE). The PTDE is expressed in percent as the 

ratio of the number of correct delay estimates to the number of runs, i.e. 

100
Number of correct estimates

PTDE
Number of runs

  , while the RMSE is defined as 
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where N  is the number of runs, î  is the time delay estimate from the ith run, and   is the true delay. The 

RMSE considers both the variance of the estimates and the bias around the correct delay. Estimators with 

higher PTDE and lower RMSE are better.  

The results obtained for the estimators on the simulated steady-state leak signals at different SNRs are 

summarised in the plots of the PTDE and RMSE in Figure 6. These results show that the time delay estimate 

exhibits a thresholding phenomenon; in other words, for each estimator, there is an SNR threshold, above 

which the time delay estimate is accurate and unbiased. Conversely, below this threshold, the effectiveness 

of time delay estimators decreases significantly. The thresholding phenomenon observed is associated with 

the unresolved ambiguities that arise in the time delay estimation due to the oscillatory nature of the phase 

and envelope of the cross-correlation function [15]. The cross-correlation is quasiperiodic, and adjacent 

peaks become closer in magnitude as the relative bandwidth decreases. If the relative bandwidth is very 

small, adjacent peaks will have nearly equal magnitude, making it difficult to determine the actual peak 

accurately and unambiguously. These ambiguities become more pronounced as the SNR decreases. At low 

SNR, there is a distortion in the cross-power spectrum and the wavelet transforms of the signals due to noise. 

The effectiveness of wavelet filtering also decreases as the SNR decreases. Since the domains of the signals 

and the noise are comparable at low SNR, any attempt to denoise the signals distorts the signals; likewise, 

pre-whitening the cross-power spectrum whitens the noise as well, rather than only the signals. Furthermore, 

at low SNR values, the probability that an instantaneous noise peak will cause the absolute maximum in the 

computed cross-correlation is significant [16]. The signal observations completely dominated by noise at 

low SNR are essentially useless for delay estimation, and the large error resulting from the noise dominates 

the RMSE. Presence of significant noise on the signals poses difficulty for time-domain methods, such as 

direct cross-correlation, AMDF, and ASDF, as the noise distorts or even masks the signals. In addition to 

the SNR of the signals, the RMSE and the threshold for transition in the 'ambiguity-free' region are 

determined by other factors such as bandwidth and observation time [15]. Above this threshold, the RMSE 

is determined mainly by the noise fluctuations around the true delay value, or in the neighbourhoods of 

adjacent peaks, and ambiguities can be resolved. 

 

Figure 6: PTDE and RMSE of the time delay estimates for the steady-state signals. 

Overall, the time delay estimators show accurate results when the SNR is high, and in this case, all of them 

provide correct time delay estimates for SNRs above 7 dB. Wavelet-based methods achieve the best 
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performances for these acoustic leak signals, and the GCC methods perform considerably better than the 

time-domain methods (direct cross-correlation, AMDF and ASDF). The good performances of the wavelet-

based and GCC methods are due to the additional filtering and denoising present in these methods. 

Figure 7 illustrates the effects of weighting functions and wavelet decomposition levels on the cross-

correlation functions of the steady-state signals. Compared to the BCC, the peak of the GCC functions are 

sharpened and less spread out. This helps to reduce ambiguity in estimating the peak of the function. The 

smoothness and broadness of the wavelet cross-correlation function depend on the decomposition level. As 

the detail level or scale increases, the peak becomes broader. This is because at each higher detail level, the 

frequency resolution is doubled, while the time resolution is halved. Lower time resolution leads to a broader 

and less-localised peak in the wavelet cross-correlation function. 

 

Figure 7: Basic, generalised and wavelet cross-correlation functions of the steady-state leak signals. 

Figure 8 shows the PTDE and RMSE for different wavelets and decomposition levels in the WT-CC method. 

 

Figure 8: Performance of the WT-CC time delay estimator at various wavelet decomposition levels. 

One important observation that can be made from the plots is that irrespective of the type of wavelet used, 

the accuracy of the wavelet-based time delay estimates depends mainly on the detail level; in this case, the 
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best estimates are achieved at levels 3 and 4. This is because significant signal energies are concentrated in 

the frequencies encompassed by these levels. The good frequency localisation of wavelets ensure that the 

bandpass approximations of the signals in these levels are quite good. Outside these levels, the performance 

of the WT-CC estimator degrades. Similar trends are observed for other wavelet-based estimators. Thus, for 

wavelet-based methods, the decomposition level or scale is primarily more important than the type of 

wavelet. The level or scale should be selected, such that it encompasses the frequency bands with significant 

signal energy and high coherence. 

The plots of the PTDE and RMSE for the transient leak signals at different SNR values are shown in Figure 

9. Wavelet-based methods perform well for transient signals compared to the time-domain and correlation-

based methods. The good performance of wavelet-based methods is associated with the improved band-pass 

filtering and denoising of the signals provided by wavelet transforms due to the good scale and time 

localisation of wavelets. This allows for non-stationary features to be better characterised by the wavelet 

transforms in time and frequency. On the other hand, the short duration and non-stationary nature of 

transients pose difficulty for the GCC methods since these methods rely on accurate estimation of the spectra 

of both the signals and noises using Fourier transforms.  

 

Figure 9: PTDE and RMSE versus SNR for the transient signals. 

The SNR thresholds of the estimators are lower for the steady-state signals than the transient signals, which 

indicates that the estimators perform better on the steady-state signals. Among the wavelet-based methods, 

the WD-IP method achieves the best performance. The WP-GCC method performs slightly better than the 

WT-CC for the signals considered, and both give the correct time delay estimate for SNR values above 4 

dB. The results, therefore, show that wavelet-based methods provide a better and viable alternative to GCC 

and time-domain methods, especially for transient leak signals. 

From these results, it follows that a high SNR is important for accurate leak localisation. This can be 

achieved by amplifying leak signals and limiting background noise during the measurement. Sometimes, 

these measures may be impractical on the field, in which case, improved filtering and denoising techniques 

should be applied to remove background noise and improve the SNR before estimating the time delay. 

4 Time delay estimation in real acoustic leak signals 

The performances of the time delay estimators were compared for leak signals from real water distribution 

networks. The first signal set was obtained at a leak test rig located in Blithfield, UK [17]; the test rig consists 

STRUCTURAL HEALTH MONITORING (STRUCTURES) 2809



of a 110 m pipe with a mean radius of 80 mm and thickness of 9.85 mm. Accelerometers were mounted on 

hydrants located at distances of 20 and 30 metres respectively from the leak. The wavespeed of acoustic 

leak signals in the Blithfield facility is estimated to be 416 m/s [6]. The other two datasets consist of 

accelerometer- and hydrophone-measured leak signals acquired at a leak detection facility in Ottawa, 

Canada [18]. The length of the pipe system is about 200 m, and the pipe has an outer diameter of 75 mm. 

The leak was caused by a crack in the buried pipe, at distance of 73.5 metres from one of the two 

measurement points, which were 102 m apart. The propagation speeds in the Ottawa site are 479 and 484 

m/s for the hydrophone and accelerometer signals respectively [7]. The Ottawa leak signals were acquired 

at a sampling rate of 500 Hz. The Blithfield signals were down-sampled from 5 kHz to 500 Hz for uniformity 

and easy comparison of results. There is no aliasing since the leak signals are low frequency (< 200 Hz). 

The schematics of the two sites are shown in Figure 10. 

 

Figure 10: Schematics of the Blithfield and Ottawa pipe networks.  

In order to improve the effectiveness of the time delay estimation process, it is important to determine the 

frequency range, over which leak signals can be effectively detected. This is the frequency range in which 

the phase of the cross-power spectrum can be successfully unwrapped [19]. The coherence of the signals in 

this range must exceed a certain threshold, which is determined from the variance of the phase and the 

number of averages over which this estimate is obtained. The variance of the phase at frequency f  is given 

by the expression [20]  
 2

1var
2

f
f N




   , where  2 f  is the coherence, and N is the number 

of averages. The phase can only be unwrapped successfully in the frequency range where the variance of 

the phase is less than  
2

2  [19]. Estimating the variance of the phase over 10 averages gives a coherence 

threshold of 0.001. This coherence threshold determines the bandwidth in which the leak signals are 

significant, and the unwrapped phase is linearly proportional to the frequency. The bandwidth for the 

Blithfield signals is [20, 166] Hz, while it is [6, 94] and [26, 121] Hz for the Ottawa hydrophone and 

accelerometer signals, respectively. Each leak signal was passed through a band-pass filter with passband 

corresponding to the respective bandwidth. This band-pass filter suppresses the low-frequency regions 

where background noise is dominant, and the high-frequency regions where the amplitude of the signals is 

low due to attenuation and the filtering properties of the pipe [6]. 

The time delay estimates obtained for the filtered signals are given in Table 2. The relative error of the time 

delay estimate (shown in brackets) is calculated as the percent deviation of the estimated distance from the 

actual distance between the leak and the measurement point. The low values of the relative errors show that 

all the time delay estimators perform reasonably well for the acoustic leak signals considered. The largest 

error of 1.4% in the Blithfield estimates represents a deviation of only 0.4 m from the actual leak position. 

In the Ottawa site, the worst estimate (Roth) with 2.4% error corresponds to a deviation of about 1.8 m. In 

general, the relative errors of the time delay estimates obtained using the GCC methods are smaller for the 

Ottawa accelerometer signals than the hydrophone signals. This can be explained by the higher time 
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resolution of the delay estimate for the accelerometer signals. The time resolution of the delay estimate is 

defined as c    , where c  is the centre frequency of the passband of the band-pass filter [7]. This 

gives a time delay resolution of about 0.007 s for the accelerometer signals compared to 0.01 s for the 

hydrophone signals. These values correspond to distances of 3.3 m and 4.8 m, respectively. Wavelet-based 

methods achieve very good results for the three leak signals (with the worst wavelet-based estimate placing 

the leak within a distance of 0.01 m and 0.7 m from the correct position in the Blithfield and Ottawa sites, 

respectively). 

Table 2: Time delay estimates between leak signals. 

Leak signal 
Blithfield 

Accelerometer 

Ottawa 

Accelerometer 
Ottawa Hydrophone 

TDE method Estimated time delay (ms) (relative position error) 

BCC 22 (-1.4%) 90 (-0.6%) 90 (-0.9%) 

PHAT 24 (0.03%) 92 (0.1%) 88 (-1.5%) 

Roth 24 (0.03%) 92 (0.1%) 100 (2.4%) 

SCOT 24 (0.03%) 92 (0.1%) 88 (-1.5%) 

Wiener 22 (-1.4%) 90 (-0.6%) 90 (-0.9%) 

ML 22 (-1.4%) 92 (0.1%) 88 (-1.5%) 

AMDF 22 (-1.4%) 90 (-0.6%) 90 (-0.9%) 

ASDF 22 (-1.4%) 90 (-0.6%) 90 (-0.9%) 

WP-GCC 24 (0.03%) 92 (0.1%) 92 (-0.2%) 

WT-CC 24 (0.03%) 90 (-0.6%) 90 (-0.9%) 

WD-IP 24 (0.03%) 90 (-0.6%) 92 (-0.2%) 

CWT-CC 24 (0.03%) 92 (0.1%) 92 (-0.2%) 

5 Effect of wavelet decomposition level and scale on time delay 
estimates 

Table 3 shows the delay estimates obtained using the WT-CC estimator on the Blithfield and Ottawa leak 

signals at various decomposition levels with different wavelets. The WT-CC estimators achieve good results 

for the three leak signals at level 3; in fact, they give exactly the same estimate at this decomposition level 

irrespective of the wavelet function used. Similar results and observations were obtained for the other 

wavelet-based methods. For instance, CWT-CC method (WT-CC method with CWT) gives consistently 

accurate estimates at scales encompassing frequencies around 40–45 Hz for the three signals with different 

wavelets. These results show that the decomposition level or scale is more important than the choice of 

mother wavelet. The effects of the decomposition level can be explained by the band-filtering behaviour of 

the wavelet transform. Generally, the nth detail level encompasses frequencies in the range 

12 , 2n n

s sf f , where sf  is the sampling rate of the signal. Level 3 encloses frequencies in the range

 31,63  Hz; this frequency band is in the high-coherence bandwidth of the signals (see Figures 11 and 12). 

Hence, the good frequency localisation of wavelets ensure that the band-pass approximations of the signals 

are good at this level. This consequently leads to a good time delay estimate. The most appropriate 

decomposition level or scale for accurate time delay estimation can be selected based on the coherence and 

cross-spectrum of the signals. Wavelet-based estimators generally achieve a better performance for the 

accelerometer signals than for the hydrophone signals measured in the Ottawa site, as shown by the smaller 

relative position errors at almost all decomposition levels (except for level 4). This is because the high-

coherence bandwidths of the accelerometer signals are broader, encompassing the passbands of more 

decomposition levels. With an appropriate choice of scale or decomposition level of wavelet transforms, 

wavelet-based methods are excellent tools for estimating time delays in leak signals with high accuracy. 
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Table 3: Wavelet-based time delay estimates between leak signals. 

Wavelet 

Type and 

Order 

Detail 

Level 

Time delay estimate (ms) 

Blithfield accelerometer 

signals 

Ottawa accelerometer 

signals 

Ottawa hydrophone 

signals 

haar 

1 22 (-1.4%) 92 (0.1%) 90 (-0.9%) 

2 22 (-1.4%) 90 (-0.6%) 90 (-0.9%) 

3 24 (-0.03%) 90 (-0.6%) 90 (-0.9%) 

4 22 (-1.4%) 90 (-0.6%) 94 (0.4%) 

5 24 (-0.03%) 90 (-0.6%) 102 (3.0%) 

db2 

1 8 (-11.1%) 92 (0.1%) 68 (-8.0%) 

2 22 (-1.4%) 90 (-0.6%) 88 (-1.5%) 

3 24 (-0.03%) 90 (-0.6%) 90 (-0.9%) 

4 24 (-0.03%) 90 (-0.6%) 94 (0.4%) 

5 24 (-0.03%) 90 (-0.6%) 102 (3.0%) 

sym4 

1 8 (-11.1%) 92 (0.1%) 68 (-8.0%) 

2 22 (-1.4%) 92 (0.1%) 68 (-8.0%) 

3 24 (-0.03%) 90 (-0.6%) 90 (-0.9%) 

4 24 (-0.03%) 90 (-0.6%) 94 (0.4%) 

5 24 (-0.03%) 90 (-0.6%) 104 (3.7%) 

db14 

1 16 (-5.6%) 82 (-3.2%) 124 (10.2%) 

2 8 (-11.1%) 92 (0.1%) 50 (-13.9%) 

3 24 (-0.03%) 90 (-0.6%) 90 (-0.9%) 

4 28 (2.7%) 58 (-11.1%) 94 (0.4%) 

5 112 (61.0%) 90 (-0.6%) 104 (3.7%) 

fk22 

1 24 (-0.03%) 92 (0.1%) 88 (-1.5%) 

2 8 (-11.1%) 92 (0.1%) 84 (-2.8%) 

3 24 (-0.03%) 90 (-0.6%) 90 (-0.9%) 

4 28 (2.7%) 58 (-11.1%) 94 (0.4%) 

5 64 (28%) 90 (-0.6%) 104 (3.7%) 

coif5 

1 16 (-5.6%) 92 (0.1%) 136 (14.1%) 

2 8 (-11.1%) 92 (0.1%) 50 (-13.9%) 

3 24 (-0.03%) 90 (-0.6%) 90 (-0.9%) 

4 26 (1.4%) 92 (0.1%) 94 (0.4%) 

5 114 (62.4%) 90 (-0.6%) 104 (3.7%) 

6 Time delay estimation from the unwrapped phase of the cross-
power spectrum 

Time delay can be estimated directly in the frequency domain from the phase of the cross-power spectrum 

[21]. A shift or delay in the time domain corresponds to a rotation in the frequency domain, i.e. 2 fD  , 

where D  is the time delay, f  is the frequency,   is the angle of rotation in the frequency domain. This 

only holds true for a pure delay in the absence of noise since the presence of noise in the input signals 

corrupts the phase of the cross-power spectrum. The time delay can be estimated from the slope of the cross-

spectral phase i.e. 2D s  , where the slope of the phase is given by s f   . However, as the phase 

of the Fourier Transform wraps around  ,  , it is necessary to unwrap the phase, in order to get the 

actual angle of rotation (phase difference between consecutive frequency bins). As stated previously, the 

unwrapped cross-spectral phase plot is linear in the frequency region where the ordinary coherence exceeds 

a certain threshold (0.001 for the cases being considered in this work). An estimate of the time delay can be 

obtained from the slope of this linear portion, since noise is not substantial in that frequency region. The 

plots of the magnitude and unwrapped phase of the cross-spectra of the leak signals are shown in Figures 

11 and 12. 
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Figure 11: Magnitude and unwrapped phase of the cross-power spectra of the leak signals. 

Table 4 compares the time delay computed from the slope of the unwrapped cross-spectral phase (the 

relative errors are shown in brackets). The slope is computed by fitting a straight line using a least-squares 

approach, as shown in Figure 11 above.  

Table 4: Time delay estimates from the slope of the unwrapped cross-spectral phase. 

Leak signal 
Blithfield 

accelerometer 

Ottawa 

accelerometer 

Ottawa 

hydrophone 

 Estimated delay (ms) (relative position error) 

Linear section with phase jumps 

included 
20.8 (-6.5%) 71.9 (17.1%) 84.1 (6.3%) 

Linear section before phase jump 22.8 (-0.9%) 91.8 (-0.1%) 91.6 (0.9%) 

Linear section after phase jump 23.0 (-0.7%) 91.8 (-0.1%) 91.4 (1.1%) 

The large relative errors of the estimates (row 1 in Table 4) obtained using this approach are related to the 

additional phase shifts present in the considered portion of the unwrapped cross-spectral phase. These 

additional phase shifts can be attributed to resonances caused by the structural dynamics of elements in the 

pipe system (hydrants, valves, bends, etc.) and reflections of acoustic waves [17]. Since these phase shifts 

do not change the slope of the unwrapped phase, the accuracy of the time delay estimate can be improved 

by excluding them and considering only the linear sections before or after the phase jumps. Table 4 (rows 2 

and 3) shows the results of excluding these phase shifts, as illustrated in Figure 12. The time delays estimated 

from the sections before and after the phase jumps are close and more accurate than the estimates with the 

phase jumps included. Hence, it is necessary to exclude such additional shifts when estimating the time 

delay directly from the cross-spectral phase. The shape of the phase plot should therefore be considered 

when selecting the frequency band over which the delay is computed. 

 

Figure 12: Excluding phase jumps from time delay estimation (Ottawa accelerometer-measured signals). 
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The cross-spectral phase method achieves consistently good performance for the three leak signals. In fact, 

in some instances, it outperforms both wavelet-based and correlation-based methods, achieving smaller 

relative position error. For the Ottawa hydrophone signals, it achieves a relative error of 0.1% compared to 

0.2% for the best-performing wavelet-based method and 0.9% for the best GCC method. Wavelet-based 

methods are, on the other hand, more effective for the accelerometer signals. The cross-spectral phase 

method is robust to noise, since the estimation is carried out in the high-coherence frequency band, where 

leak signals are high quality, and effects of noise are not substantial. Computational load and time are 

reduced, as the delay estimate is obtained directly in the frequency domain with no need for the IFT. This 

method, therefore, provides a robust alternative for time delay estimation in acoustic leak detection. 

7 Conclusion 

Comparison of different time delay estimation methods using acoustic leak signals from water distribution 

networks shows that each time delay estimator has an SNR threshold, above which the estimates are accurate 

and unbiased. Wavelet-based methods are effective for transient signals unlike correlation-based and 

minimum error methods. The effectiveness of wavelet-based estimators is determined primarily by the scale 

or decomposition level rather than by the choice of wavelet—the best estimates are obtained at 

decomposition levels that encompass the high-coherence bandwidth of the leak signals irrespective of the 

mother wavelet function used. All the methods perform well on the real leak signals considered, with the 

worst estimate placing the leak position within 2.4% of the actual position. Cross-spectral phase method 

allows for accurate estimation of the time delay directly in the frequency domain from the slope of the 

unwrapped phase of the cross-spectrum. However, it is necessary to exclude any additional phase jumps 

introduced by phenomena such as resonances, reflections, etc. The results of this study show that wavelet-

based and cross-spectral phase methods provide viable alternatives for estimating time delays in acoustic 

leak signals. These methods are more robust to noise, and wavelet-based methods also perform well for non-

stationary signals. 
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Abstract 
The present work proposes an unsupervised early-stage damage detection method, which relies on the 

combined application of the Principal Component Analysis, for features extraction and dimensionality 

reduction, and Symbolic Data Analysis, for automatically cluster different patterns. The structure considered 

is a Warren truss bridge, which is numerically simulated by a Finite Element Model. It is excited by a 

thermal cycle and a static load; the damage is modelled as a sudden reduction of the area of the section. The 

validity of the proposed algorithm is numerically tested over one month of vibration data. The damage is 

properly identified by some PCAs; furthermore, Symbolic Data Analysis allows an effective clustering of 

damaged and undamaged PCA samples. Robustness of the algorithm is tested at different noise level, timing 

of damage, damage position and depth, the influence of the sensors’ number is also tested. 

1. Introduction 

Structural health monitoring (SHM) allows the real-time characterization of a structure in order to improve 

its safety and optimize the maintenance procedures. The first issue in SHM is the early stage damage 

detection, which is generally pursued analyzing vibration data coming from the monitored structure [1-5, 

28-35]. Several techniques employed in SHM are based on the observation of the modal properties variations 

[1-3], since natural frequencies and mode shapes are influenced by mass and stiffness modifications of the 

structure induced by the presence of a damage. These techniques generally require the signal filtering which 

may mask the damage signature buried in the raw data [5]. In addition, modal components essentially 

provide an equivalent linear behavior of the structure, ill suited to analyze the nonlinear features caused by 

the presence of damage [6]. To overcome these problems, several damage detection methods proposed in 

recent years  rely on signature principles, which involve a time-frequency analysis of the acquired raw data 

[4-5, 28-35]: on paper, these technique generally show good performances, especially for the early stage 

damage detection; however their results can be hardly generalized in an automatic detection procedure when 

real life structures are considered. In addition, working with raw data imply  dealing with large data sets, 

which make the analysis process time demanding. 

To  bypass these issues, most of the modern techniques adopt a model-free approach involving artificial 

intelligence. A model-free damage detection algorithm does not need an accurate model, e.g. Finite Element, 

of the structure, even if at the cost of  a less reliable understanding on how the damage modifies the system 

response. The  artificial intelligence is employed to train an algorithm to classify the data acquired on the 

structure, so to separate signals coming from healthy structures from those damaged. Classification can rely 

on unsupervised methods. In an unsupervised training, data are available only for the presumably 

undamaged structure and the adopted algorithm should indeed identify appreciable deviations from the 

normal behavior. In this ground, the unsupervised detection methods are often based on novelty detection 

[7-9], which implies that damage is spotted in respect to a reference status that is assumed to be undamaged. 
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In the field of Cluster Analysis, Symbolic Data Analysis provides computational efficiency and it has been 

successfully adopted [10-12]. The term symbolic is used to stress the fact that this data has a deeper 

representation, since provides information on the variability that affects the variables of the problem.  

This paper draws inspiration from a research project of the department of Mechanical and Aerospace 

Engineering of Sapienza University of Rome in collaboration with BASF Italy Spa, concerning an 

unconventional structural restoration of a train bridge [13,14], located over Bormida river, in northern Italy. 

Instead of using traditional steel bars reinforcements, Glass Fibers Reinforced Polymers (GFRP) are 

employed, with an embedded set of Fiber Bragg Grating (FBG) strain sensors for monitoring the structural 

health of the reinforced existing structure. FBG sensors allow continuous acquisition and distributed sensing 

over significant areas. As a result, a huge amount of data is generated and the following needs have to be 

fulfilled: i) discern the modifications induced by a damage from those caused by the environment, ii) limit 

the computational efforts without losing significant information on the damage signature, understand the 

influence of the sensors’ iii) number and iv) placement. In order to fulfil these needs, this paper provides a 

SHM algorithm for the damage detection level 1 problem according to Rytter’s classification [6], which 

involves data compression via Principal Component Analysis (PCA) for data normalization and for the 

reduction of the dimensionality of the problem [15,16], and data clustering by Symbolic Data Analysis 

(SDA) for the easy implementation of an automatic detection procedure. 

2. Health Monitoring Algorithms 

2.1. Principal component analysis 

Principal Component Analysis (PCA) is a method of multivariable analysis [5] that allows the reduction of 

a complex data set to a lower dimension and that may reveal some hidden and simplified structure that 

frequently underlie it. PCA aims at separating the most relevant information in the system from the 

redundant ones and from noise [17]. PCA can be considered as a basic and nonparametric technique for data 

compression and information extraction, by the combinations of variables that describe major trends in a 

puzzling data set [18]. 

Considered as a means of dimension reduction, PCA works by discarding those linear combinations of the 

data that contribute least to the overall variance or range of the data set, e.g. which are characterized by low 

active energies. Please note that this criterion should be applied with care if the goal is to identify the 

presence of early stage damage, whose signature may be identified on PCs with low active energies.  

2.2. Symbolic Data Analysis (SDA) 

In this section, the basic principles of symbolic data analysis are presented. Among data mining techniques, 

in data clustering related data are divided into homogeneous groups without any a priori information of the 

groups’ definitions [19]. Clusters are created by gathering in the same group objects with highest similarity 

and in different groups objects with lowest similarity . This approach allows the identification of structures 

in an unlabeled dataset by organizing data into similar groups. A time-series is basically categorized as 

dynamic data since its values change as a function of time, namely the value of each point is one observation 

made chronologically, for this reason time-series data are naturally high dimensional. In this ground, the 

importance for clustering time-series datasets can be summarized in the following points: i) pattern detection 

is employed to reveal the hidden information buried into time-series database; ii) the relevant size of a time 

series database generally prevents its analysis by technicians. Therefore, the original dataset is processed 

and structured so that data are grouped into a set of similar time-series objects, by aggregation of data in 

nonoverlapping clusters. iii) Time-series cluster structures are usually portrayed with images, which help 

technicians to rapidly understand how the data is structured, its clusters and its outliers.  

The formal approach to time-series clustering can be summarized as follow [20]: let D a time-series data, 

e.g. 𝐷 = {𝑤(𝑡1), . . . , 𝑤(𝑡𝑠)} is the set of vertical deformations of a flexural beam excited by ambient load 
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and measured in the set of time points {𝑡1, . . . , 𝑡𝑠}, and consider a set of n time-series data 𝑆 = {𝐷1, . . . , 𝐷𝑛}. 

Time-series clustering is the unsupervised process so that the set S is partitioned int a new set 𝐶 =

{𝐶1, . . . , 𝐶𝑝}, where similar time-series are assembled together into the i-th cluster Ci in respect to a suitable 

similarity measure. Therefore, Ci is called cluster, and the original dataset S is the union of p- non 

overlapping clusters 𝑆 = ⋃ 𝐶𝑖
𝑝
𝑖=1 , being 𝐶𝑖 ⋂ 𝐶𝑘 = 0 ∀𝑖 ≠ 𝑘. 

An important issue with time-series clustering is related to the high dimensionality of the analyzed data, 

which deeply affects the performance of many algorithms [21,22]. Another issue involves the similarity 

measures for clustering, which allow the identification of related time-series. In this process, the entire 

lengths of time-series are evaluated in distance calculation: the process is complex due to the variable length 

of time series and due to the presence of noise, shift and outliers that pollute the data [23], on the other hand 

the length of time-series varies and the distance among them needs to be calculated.  

Time-series clustering algorithms can be roughly classified into these groups [20, 24]: hierarchical, grid-

based, partitioning, model-based, density-based clustering and multi-step clustering algorithm. Only 

hierarchical and partitioning clustering are be employed in the present study. Hierarchal clustering creates 

a hierarchy of clusters using agglomerative or divisive algorithms. Agglomerative algorithm, as the one here 

employed, considers each symbolic element of the data as a cluster and, with a bottom-up approach, 

progressively combines the clusters; as a result nested hierarchy of similar groups is created based on a pair 

wise distance matrix of time-series. The result can be visualized using a dendrogram, i.e.a tree-like diagram 

that records the sequences of merges and has an excellent visualization clarity [25]. An important advantage 

of hierarchy clustering with respect to most algorithms is that it does not necessitate the initial definition of 

the number of clusters, which is generally an unknown information that actually has to be unveiled in real 

world problems. Another important feature is that hierarchical clustering permits to cluster time-series with 

different length, by the adoption of elastic distance measure such as Dynamic Time Warping [26] or Longest 

Common Subsequence [27]. The hierarchical clustering main limitation stands in its quadratic 

computational complexity, which prevents its application to large datasets. Another drawback is related to 

the impossibility to reallocate the data after clustering. The lack of a sort of feedback loop induces a limited 

accuracy. 

the partitioning clustering generates k-groups from n unlabeled symbolic items in the data, so that each 

group includes at least one object. Among many algorithms in this class, K-means is an iterative data-

partitioning algorithm that assigns n observations to exactly one of k clusters defined by centroids, where 

each cluster has a prototype, which is the mean value of its objects. The value k is chosen before the 

algorithm starts. The main idea is the minimization of the total distance, typically Euclidian distance, 

between all objects in a cluster from their cluster center, which is called prototype: each point is indeed 

assigned to the cluster with the closest centroid; the silhouette plot allows to evaluate how well each object 

has been classified. The accuracy provided by partitioning clustering methods is strictly connected to the 

way the prototypes are generated and on the updating method. Therefore, they are primarily adopted for 

finding clusters in similar time-series in time and with equal length time-series, given the difficulty of 

employing elastic distance measures to make up porotypes. 

2.3. Proposed techniques 

Consider a structure to be monitored and suppose the structure is equipped with m (displacement or strain) 

sensors distributed over it; n time samples are acquired by each sensor. As the presence of damage is not 

easily appreciable by the inspection of the time-series, PCA is here employed to normalize data so that the 

signature of damage gets separated from the effect of the load and from the background noise: data are 

organized in a n x m input matrix where rows are for the time samples and columns for the acquisition from 

each sensor. PCA is applied to the input matrix, producing another n x m matrix, where PCs are organized 

in columns.  

The first PCs have the largest variance and are related to the global modal properties of the structure. The 

presence of damage has indeed a greater influence on PCs with higher indices, which undergo a sudden 
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amplitude jump. In order to make all the PCs comparable, the nondimensional Principal Components (𝑃𝐶𝑛) 

are introduced: 

 𝑃𝐶𝑛  =
𝑃𝐶−𝑚𝑒𝑎𝑛 (𝑃𝐶)

𝑟𝑚𝑠(𝑃𝐶)
  (1) 

From now on, only nondimensional 𝑃𝐶𝑛s will be considered and will be further processed by SDA. This 

tool allows to divide the dataset in three different clusters, before, during and after the damaged has occurred. 

For each PC a new input matrix is made up and processed by SDA: every 24 hours a new set of data is added 

to the input matrix and the PCA is applied. Each PCs is then divided in the initial 24 hours samples and 

assigned to another d x m matrix that is the input for the classification. 

3. Case Study and Experimental Campaign 

Validation tests to showcase the ability of the embedded machine learning approach are performed. The test 

structure is a Finite Element Model of a Warren truss bridge made up by one large span 1.7m long and 

0.297m tall, divided into 5 equilateral triangles, as shown in Figure 1. Every joint is considered welded and 

the structure is fixed in two points at the rigid frame. 

 

Figure 1: Test structure. The blue triangles represent sensor positions, the red numbers indicate the damage 

positions. 

The structure undergoes a punctual static load, applied in the second base chord and a thermal cycle, which 

varies from 15 degrees to 40 degrees according to a sinusoidal distribution plus a random noise that 

simulates 24 hours in a typical summer day reaching the maximum at 12pm. The total dataset includes 60 

days measurements numerically simulated by FEM considering different sets of sensors distributed over the 

structure. 

The presence of damage is simulated by a sudden cross section reduction, from 1% to 10%, at different 

locations. Numerical data is corrupted by zero mean noise proportional to the 1% of the mean value of the 

signals. 

4. Results and discussion of autonomous fault detection 

The total dataset includes 60 days in which 38 sensors uniformly distributed over the entire structure record 

the displacement every minute. This total data set is organized so that in the first 30 days the structure is 

intact, at the 31st day the damage occurs and for the remaining days the structure remains damaged. This set 

of data is then processed by PCA. As shown in Figure 2, from the comparison between the displacement of 

damaged and undamaged structure, the presence of damage is not directly recognized by a simple 

observation of the signals.  
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Figure 2: Comparison between the displacement of damaged (red dash line) and undamaged structure (blue 

line). 

Figure 3 shows the first 8 PCs in the case of 10% of damage depth in position 1, as previously shown in 

Figure 1. The presence of damage is clearly visible in the 5th PC, which shows an amplitude jump in 

correspondence of the 31st day, while the first four PCs are not appreciably influenced by damage and are 

more related to global variations induced by temperature. With reference to Figure 4, the damage effect is 

so sharp that the application of SDA to the 5th PC produces three different clusters, where one cluster is 

made of only one item, which is the acquisition at the 31th day when the damage occurs. The other two 

groups are made of symbolic items belonging to the first 30 days, when the structure is intact, and to the 

remaining 29 days, after the damage has occurred; both k-means and hierarchical clustering provide similar 

performances. 

 

Figure 3: First 8 Principal Component normalized. 
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Figure 4: SDA applied to PC number 5. From the left: Silhouette plot, Dendrogram. 

The sensitivity of the algorithm to different damage depth, location, noise level and time occurrence of 

damage were investigated with an extensive numerical test campaign: in each case it was possible to identify 

at least one PC that shows a sudden jump and reveals the presence of the damage. When the damage depth 

decreases the PC that reveal the presence of damage shift to those PCs with less variance. Here, as example, 

the cases of 5% and 1% damage depth in the same position are reported in Figure 5, which shows 4 PCs. 

 

Figure 5: Some PCs of the structure with damage at 5% depth in position 1 at the top. PCs of the structure 

with 1% of damage depth in position 1 at the bottom. 

5. Conclusions and Future Perspectives 

A novel technique for the early stage damage detection is here presented and is based on the combinate use 

of PCA and SDA. The damage is properly identified by the 5th and the 6th PCs, which show a sudden 

amplitude variation with respect to the damage application. The position of the damage and its depth affect 

the robustness of the algorithm shifting the component in which the variation appears. When the damage 

depth is roughly 10%, three different clusters arise, separating the damaged and undamaged days from the 

day in which the damage occurs; when the damage depth decreases only 2 clusters appear, separating the 

damaged and undamaged days until 1 % of damage depth; below this threshold, the proposed algorithm fails 

at identifying the damaged state of the structure.  
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Abstract
Strain-based vibration monitoring is a promising alternative to the more conventional acceleration-based
because a dense and relatively low cost measurement grid can be achieved and because strain mode shapes
are more sensitive to local stiffness changes than displacement mode shapes. However, the feasibility of
monitoring strain mode shapes of full-scale civil structures, where the operational dynamic strain amplitude
is very low and temperature changes can influence the modal characteristics, has remained an open question.
The present work provides a proof of concept in which a steel arch bridge is instrumented with eighty FBG
strain sensors, multiplexed in four fibers, that are interrogated with a high accuracy and precision technique.
For one year, the natural frequencies and strain mode shapes of ten modes have been automatically identified
from operational strain time histories, with typical RMS values of 0.01 µε, on an hourly basis. Using these
modal data, the influence of temperature fluctuations and that of a retrofitting of the braces connecting the
bridge deck and the arches, which took place during the monitoring period, are extensively investigated.

1 Introduction

In the civil, aerospace, marine, railway, energy, and other industries, the monitoring of the operational be-
havior of structures and the timely identification of structural deterioration are prime concerns. Deterioration
may occur due to multitude of possible causes, such as the exceedance of the design life, faults in the de-
sign, construction errors, etc. Structural Health Monitoring (SHM) systems [1] are therefore deployed on an
increasing number of critical structures such as bridges, dams, tunnels and wind turbines. They enable to
detect modifications in the behavior and response of structures with respect to the baseline condition at the
time of installation of the monitoring system. Thus, an early installed SHM system increases the chances of
damage identification at any moment of the structure’s service life.

Vibration-Based Monitoring or VBM is a global monitoring method [2]. It is based on the relation be-
tween the stiffness, mass and energy dissipation of a structure and its dynamic behavior, which is entirely
determined by the modal characteristics [2, 3]. Natural frequencies are the most commonly used modal
characteristics for VBM [3]. However, they are mainly sensitive to global stiffness modifications and not
so much to local ones [3]. Therefore, local damage of small or moderate severity has a small influence
on natural frequencies, while the global stiffness is often influenced by variations in environmental factors
such as temperature [2]. That influence can be high enough to completely mask the presence of even severe
damage, necessitating data normalization [2, 4]. Displacement mode shapes can also be used for damage
identification purposes [3]. They are more sensitive to local stiffness changes than natural frequencies, and
less sensitive to temperature variations [5]. The main disadvantage is that a dense sensor grid is required
for good damage localization capabilities, which is generally costly when conventional sensors, such as ac-
celerometers, are employed. Furthermore, in hyperstatic structures, damage-related changes of mode shapes
are not confined to the damaged part of the structure, which makes damage localization more difficult [6].
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Strain mode shapes are an attractive alternative for the conventional displacement mode shapes [7], because
modal strains are much more sensitive to local damage than modal displacements [8], and dense sensor grids
can be achieved at relatively low cost thanks to the multiplexing capacity of some sensor types such as fiber
Bragg gratings (FBG) [9]. The main challenge is that the dynamic strains that occur in large civil structures
in operational conditions are very small, typically in the sub-microstrain range. However, recent experiments
involving FBG sensors have demonstrated that with improved sensor interrogation [7] or signal processing
techniques [10], the required sensing accuracy can be attained. Laboratory experiments on concrete [10,
11] and steel beams [12] have illustrated that modal strains are highly sensitive to local damage of low or
moderate severity, while they are insensitive to global temperature changes [11].

The present work takes the step of monitoring the detailed strain mode shapes of a full-scale civil structure
in operational conditions. To this end, the deck of a steel tied arch railway bridge was instrumented with
a dense grid of multiplexed FBG macro-strain sensors as a proof of concept. For a time period of more
than a year, the natural frequencies and strain mode shapes were automatically identified every hour from
the low-amplitude operational and free vibration strain data. The results demonstrate the feasibility and
accuracy of the strain monitoring methodology of [10] in field conditions. Furthermore, the temperature
influence on the natural frequencies and modal strains of this full-sized civil structure with complex boundary
conditions and large temperature fluctuations is investigated. Small but clear influences are found for the
natural frequencies, while the strain mode shapes are insensitive to temperature, which confirms the finding
of an earlier study involving uniform temperature changes on a free-free prestressed concrete beam tested
in controlled laboratory conditions [11]. Furthermore, during the monitoring period, the investigated bridge
underwent a retrofit. The influence of this retrofitting on the natural frequencies and strain mode shapes is
investigated and compared with the temperature influence. As this retrofitting resulted in global mass and
stiffness changes of the structure, it is found to have an influence mainly on the natural frequencies, except
when it induces an interaction between previously well-separated modes: in that case the strain mode shapes
are also affected.

The text is organized as follows. The monitored structure is described in section 2, while the monitoring
system and setup are presented in section 3. Section 4 contains the results of the strain-based modal analyses
throughout the monitoring period and it includes the study of the influences of temperature and retrofitting
on the natural frequencies and strain mode shapes. Concluding remarks are provided in section 5.

2 The KW51 bridge

The KW51 is a 117 m long railway bridge that crosses the Leuven-Dijle channel close to the city of Leuven,
Belgium. The bridge is part of the 100 km Line 36 that runs from Brussels to Liège. The line is operated
exclusively by passenger trainsets of the Thalys, ICE, Intercity, Suburbain and Omnibus types. KW51 is
a steel single-span tied arch bridge with a two-track deck that is suspended from the arch with thirty-two
inclined braces (Fig. 1). The deck consists of two main girders that are stiffened by thirty-three transverse
beams (Figs. 2 and 6). The girders consist of three parts that are connected with steel plates (Fig. 2c). The
bridge is supported on four neoprene bearings at its ends, which directly sit on two concrete abutments.

Figure 1: The KW51 bridge, as seen from the south (left) and north (right) sides.
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(a) (b) (c)

Figure 2: The structural system of the KW51 bridge deck: (a) south girder and east abutment; (b) detail of
the south girder and two of the transverse beams; (c) detail of the plates connecting girder sections.

From 16 May 2019 until 15 September 2019, the bridge was retrofitted so that a construction error, related
to the bolted connections of the braces with the deck and the arch, could be resolved (Fig. 3a). During this
period, scaffolding was installed on the bridge, adding significant mass and stiffness to the structure. All
bolted connections (Fig. 3a) between the braces and the arch, and the braces and the deck of the bridge
were strengthened with welded steel plates, as displayed in Fig. 3b. The influence of the strengthening on
the modal characteristics will be investigated in this paper, as it resembles the case of a slightly damaged
structure (before retrofitting), which has been restored to a healthy structural condition (after retrofitting).
Monitoring data from during the retrofitting period itself will be excluded from the study as during this
period, scaffolding was installed on the bridge and this modified the overall mass and stiffness significantly.

(a) (b)

Figure 3: Typical bolted connection between two braces and the arch of the KW51 bridge. (a) Before
retrofitting and (b) after retrofitting.

3 Strain monitoring

3.1 Dynamic strain sensing with fiber Bragg gratings

Dynamic macrostrains of the bridge have been monitored with four chains of FBG sensors, inscribed in
optical fibers with a glass fiber reinforced polymer coating. The fibers are located at the top surface of the
bottom flange of the main girders of the bridge (Figs. 4 and 6). Each fiber contains 20 FBG sensors, except
from the northwest one that contains 19 FBG sensors (Fig. 6). The fibers are prestressed to ensure that they
remain in tension when the corresponding bridge part is in compression. They are attached to the flanges via a
custom clamping system [10], to measure axial dynamic strains. The bottom part or base of a clamping block
is directly glued on a strong magnet, which is then placed at its designated location on the flange (Fig. 4a).
Then, the fibers are firmly fixed at the discrete clamping blocks (Fig. 4b) to ensure the proper transfer of
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strains from the span to the sensors. The FBG sensors measure the average strain or macrostrain between
two clamping blocks. The measurement distance is about 2.5 m. Since FBGs are sensitive to both strain
and temperature [9], the fibers are covered with thermal insulation (Fig. 4c), to ensure that fast temperature
fluctuations would not affect the dynamic measurements. The thermal insulation is covered with plastic foils
to protect it against the environment. The plastic foils are secured with magnets (Fig. 4d).

The strain acquisition is conducted with an interrogator that offers the required high accuracy and precision
for dynamic sub-microstrain measurements [7, 10], the FAZ Technologies FAZT-I4. The sampling frequency
is fs = 1000 Hz. The acquisition system and the laptop that is required to operate the acquisition system, and
to store the data, are placed inside a cabinet that is located close to one end of the bridge and is attached on
a transverse beam via magnets. The FBG fibers are connected to the acquisition system through a telecom
fiber that spans the distance (≈60 m) between the cabinet and the midspan of the bridge, where all four fibers
are connected to the telecom fiber in a wall mount box.

(a) (b) (c) (d)

Figure 4: Installation of the optic fibers: (a) clamping block for connecting a glass fiber to a girder of the
bridge; (b) clamping blocks holding fibers in place before covering; (c) thermal insulation covering fibers
and clamping blocks; (d) plastic foil covering the thermal insulation. All photos are taken on the transverse
beam near the connection box B in Fig. 6, where FBG sensors are not present.

3.2 Temperature measurements

Throughout the monitoring period, the temperature of the bridge has also been measured with a thermocou-
ple. It is attached on the same transverse beam as the cabinet that contains the acquisition system (Fig. 6). The
local bridge temperature, as recorded by the thermocouple, is displayed in Fig. 5. The maximum recorded
temperature is 38 ◦C and the minimum −0.5 ◦C. The thermocouple is part of a second monitoring system
with a small number of conventional sensors installed on the same bridge [13]. It runs independently from
the fiber optic strain monitoring system that is employed in the present study.

Date
14-Feb-2019 14-Mar-2019 14-Apr-2019 14-May-2019 14-Jun-2019 14-Jul-2019 14-Aug-2019 14-Sep-2019 14-Oct-2019 14-Nov-2019 14-Dec-2019 14-Jan-2020 14-Feb-2020
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Figure 5: Local bridge temperature as recorded every hour during the monitoring period.
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4 Strain-based operational modal analysis

Every hour, the fiber optic strain monitoring system that was presented in the previous section captures 900 s
of dynamic strain data under ambient excitation from all FBGs installed of the bridge at a sampling rate
of 1000 Hz. Each set of ambient strain data is used for Operational Modal Analyses (OMA), to identify
the modal characteristics that represent the state of the bridge at the corresponding time. In total, 8022
operational excitation tests were conducted during the first year of the monitoring, from 14 February 2019
to 24 February 2020.

4.1 System identification

The data processing and the system identification is conducted with the Matlab toolbox MACEC. First,
the static or DC (Direct Current) offset is removed from all measured strain signals. Second, the data are
low-pass filtered with an eighth-order Chebyshev Type I filter with a cut-off frequency of 16 Hz and then
re-sampled at 40 Hz. A fourth-order Butterworth filter with a high-pass frequency of 0.35 Hz is subsequently
applied to all channels, in order to remove the influence of the temperature fluctuations on the FBG mea-
surements. The position-averaged root-mean-square (RMS) strain value is around 0.01 microstrain (µε). A
typical strain time history under ambient excitation, as recorded from sensor NW1 at the midspan of the
bridge (Fig. 6b), is displayed in Fig. 7. Then, the output-only, data-driven stochastic subspace identification
(SSI-data) method [14] is employed for identifying a range of state-space models from the strain data. The
half number of Hankel block rows is set to 40 and the model order ranges from 30 to 120 in steps of 2. When
the time signals include one or more train passages, the data Hankel matrix [14] is modified to exclude them
from the identification process, i.e. the columns of the Hankel matrix that contain data from times when a
train is on the bridge, are removed. The train passages are automatically detected via peaks in the strain data
with amplitude larger than 1 µε, which are caused by train boggies. The computed modal characteristics are
used for constructing stabilization diagrams [15].
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Figure 7: Ambient excitation strain time history as recorded from sensor NW1 at the midspan of KW51.

4.2 Automatic identification of modal characteristics

In a single or a small number of modal tests, the modes can be manually selected from a stabilization di-
agram. However, in continuous structural health monitoring, this selection process needs to be automated.
The hierarchical agglomerative clustering is considered as a suitable procedure for clustering the estimated
modes of a clear stabilization diagram and automatically obtain the psychical modes of the structure. The
implementation of the hierarchical agglomerative clustering for automatically identifying the modal charac-
teristics of KW51 is implemented in two levels. First, on the stabilization diagram of a single test to obtain
the physical modes of the bridge. Second, on the time history of the automatically identified physical modes
of all modal tests that were conducted within a month to obtain systematically identified modes. The pro-
cess is thoroughly explained in [16]. Ten modes are consistently identified during the considered period.
The strain mode shapes and natural frequencies of nine of these modes are displayed in Fig. 8. Modes 7,
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8 and 11 are only identified from a few data records, possibly because they are rarely excited. Thus, they
are not forming clusters of systematically identified modes, e.g. like modes 1 to 6, and are not presented
here. The physical interpretation of the identified strain mode shapes is possible thanks to the results of
an acceleration-based OMA that was performed by colleagues of the Structural Mechanics Section of KU
Leuven [13]. The modes of the bridge can be classified as deck or arch modes, depending on which part of
the bridge is predominantly deformed.
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Figure 8: Strain mode shape and natural frequency of nine modes of the KW51 bridge, as identified from
strain-based OMA using SSI-data identification and data from a test that was conducted at 16:52 on 14/2/19.
The top subplots illustrate the 3D view and the bottom subplots the front (x-z) view of the strain mode shapes.
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4.3 Influence of temperature on modal characteristics before retrofitting

The influence of temperature on the modal characteristics of the bridge is investigated for the period before
retrofitting, from 14/2/2019 to 15/5/2019, with a temperature range of 24◦C.

4.3.1 Influence of temperature on natural frequencies

The time evolution of the natural frequencies of the ten systematically identified modes of KW51 is displayed
in Fig. 9. The natural frequencies of the first six modes are plotted as a function of temperature in Fig. 10;
the vertical axis limits span ±3% of the mean natural frequency value so as to have a common relative
scaling for all modes. The linear regression and the coefficient of determination (R2) between temperature
T and natural frequency f is also computed for each mode separately and displayed in Fig. 10. The linear
regression is given by:

f(T ) = αT + f0 (1)

where α is the slope of the linear regression and f0 the natural frequency that corresponds to temperature T =
0◦C. Based on Eq. (1), the relative change of the natural frequency of each mode ∆f [%], for a temperature
change of ∆T = +10◦C is given by:

∆f10[%] =
f(10)− f0

f0
=
a10

f0
100% (2)
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Figure 9: Natural frequencies of the modes of KW51 bridge as they are automatically identified during the
period before the retrofitting, after removing the modes that are not systematically identified from strain-
based OMAs.

It can be observed in Fig. 10 that the measured temperature correlates better with the modes of the arch
(modes 1, 2 and 4) and the second bending mode of the deck (mode 6) than with the other deck modes
(modes 3 and 5). An increase of ∆T = 10◦C in temperature results in a relative decrease of about ∆f10 =
0.2−0.25% for the natural frequencies of the arch modes and deck mode 6. The low correlation between the
measured temperature value and the natural frequency of deck modes 3 and 5, together with the relatively
large scatter of the natural frequency values, indicate that these natural frequencies can be influenced by other
factors, such as: environmental variations other than temperature (e.g. solar radiation), loading amplitude
(e.g. wind intensity), thermal inertia of the structure and identification errors. Similar conclusions are drawn
for the other identified arch and deck modes [16] and therefore additional plots are not reproduced here.

4.3.2 Influence of temperature on strain mode shapes

The strain mode shapes that have been determined from the ambient vibration tests that are conducted every
hour, have been normalized such that the strain mode shape vector has unit norm and that its largest com-
ponent is purely real. This normalization scheme facilitates the comparison between mode shapes that have
been determined from different ambient vibration tests [11]. After normalization, the strain mode shapes are
clustered into groups based on the temperature that was recorded during the corresponding ambient vibration
test. Each temperature group has a range of 2◦C and the groups are not overlapping. For each temperature
group k, the sample mean µ[ψ

ssi,(k)
j ] of all strain mode shapes in the group is then computed, as well as
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Figure 10: Natural frequencies of modes 1 to 6 of the KW51 bridge as a function of temperature, as identified
from SSI-data (f ssij ) and during the period before the retrofitting. The dash-dotted line denotes the mean
natural frequency µ[f ssij ], while the dashed line denotes the linear regression of the data f(T ). The y-axis
limits of the plots, which correspond to ±3% of µ[f ssij ], are also denoted with dashed lines.

the sample standard deviation σ[ψ
ssi,(k)
j ] and the related ±2σ confidence interval CI[ψ

ssi,(k)
j ], which boils

down to a 95% confidence interval when the samples are normally distributed, which is usually the case in
operational modal analysis [11].

As an example, Fig. 11b displays the mean strain mode shape of the second bending mode of the deck (mode
6) with the 95% confidence interval for all temperature groups. It can be clearly observed that the confidence
intervals for the different temperature groups overlap completely, and they all have nearly the same width.
The same observation holds for all other identified strain mode shapes [16], and therefore these results are
not reproduced here. It can be concluded that, in the present experiment, there is no statistically significant
influence of the temperature on the strain mode shapes, for the given temperature range of 24◦C.

Since temperature does not influence the strain mode shapes, the statistical uncertainty must relate to other
causes of variability in the strain mode shapes at a given temperature group, such as identification errors.
The corresponding variance error can be reduced by averaging the identified strain mode shapes that belong
to the same temperature group. Indeed, the standard deviation of the sample mean of the entire set of Nk

independent samples (i.e. identified strain mode shapes) obtained at a given temperature group k is related to
the standard deviation of the set as:

σ[µ[ψ
ssi,(k)
j ]] =

σ[ψ
ssi,(k)
j ]
√
Nk

(3)

and the related 95 % confidence interval reads:

CI[µ[ψ
ssi,(k)
j ]] = [−2σ[µ[ψ

ssi,(k)
j ]], 2σ[µ[ψ

ssi,(k)
j ]]] =

[
− 2√

Nk
σ[ψ

ssi,(k)
j ],

2√
Nk

σ[ψ
ssi,(k)
j ]

]
(4)

Fig. 11c displays, for mode 6, the sample mean of the complete set of all the repeatedly identified strain
mode shapes µ[ψ

ssi,(k)
j ] that are obtained at a given temperature group k, together with the 95% confidence

interval of the sample mean of each set. Note that the sample mean values of Figs. 11b and 11c are identical,
but that the width of the confidence intervals in Fig. 11c are a factor 1/

√
Nk narrower than in Fig. 11b,
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because in Fig. 11c the uncertainty of the averaged, sample mean values is considered. It can be clearly
observed that the narrow confidence intervals of the sample mean of the different temperature groups overlap
completely, and they all have nearly the same width, which strengthens the conclusion that there is no
statistically significant influence of the temperature on the strain mode shapes, for the temperature range
of 24◦C. The same observation holds for all other identified strain mode shapes, so the corresponding plots
are not reproduced here.
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Figure 11: (a) South view of the KW51. (b) Sample mean µ[ψ
ssi,(k)
j ] and 95 % CI[ψ

ssi,(k)
j ] of the strain mode

shapes that have been identified in each temperature group k for mode 6, for the period before the retrofitting.
(c) Sample mean µ[ψ

ssi,(k)
j ] and 95 % CI[µ[ψ

ssi,(k)
j ]] of the sample mean, of the strain mode shapes that have

been identified in each temperature group k for mode 6, for the period before the retrofitting. The top and
bottom subplots contain the strain mode shapes at the north and south sides of the bridge, respectively.
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4.4 Influence of temperature on modal characteristics after retrofitting

The influence of temperature on the modal characteristics of the bridge is investigated for the period after
retrofitting, i.e. from 15/9/2019 to 24/02/2020, with a temperature range of 26◦C.

4.4.1 Influence of temperature on natural frequencies

The time evolution of the natural frequencies of the ten systematically identified modes, which are the same
modes as before the retrofitting, is displayed in Fig. 12. The gaps that are observed, i.e. around 30 October,
are due to power cuts or other hardware issues that kept the monitoring system off for a few hours or days.
The natural frequencies of the first six modes are plotted as a function of temperature in Fig. 13; the vertical
axis limits span ±3% of the mean natural frequency value so as to have a common relative scaling for all
modes, similar to Fig. 10 before the retrofitting. The linear regression between temperature and natural
frequency is also computed. The coefficient of determination R2 and the relative change of the natural
frequency ∆f10[%] (Eq. (2)) of each mode are provided in Fig. 13.
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Figure 12: Natural frequencies of the modes of KW51 as they are automatically identified during the period
after the retrofitting, after removing the modes that are not systematically identified from strain-based OMAs.
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Figure 13: Evolution of the natural frequencies of modes 1 to 6 of the KW51 bridge as a function of tem-
perature, as identified from SSI-data (f ssij ) and during the period after the retrofitting. The dash-dotted line
denotes the mean natural frequency µ[f ssij ], while the dashed line denotes the linear regression of the data
f(T ). The y-axis limits of the plots, which correspond to±3% of µ[f ssij ], are also denoted with dashed lines.
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It can be observed in Fig. 13 that the measured temperature correlates better with the the modes of the arch
(modes 1, 2 and 4) and the second bending mode of the deck (mode 6) than with the other deck modes
(modes 3 and 5). An increase of ∆T = 10◦C in temperature results in a relative decrease of about ∆f10 =
0.2−0.23% for the natural frequencies of the arch modes and deck mode 6. A similar observation was made
before retrofitting.

4.4.2 Influence of temperature on strain mode shapes

The strain mode shapes have been normalized and clustered into temperature groups in the same way as
before retrofitting, see section 4.3.2. As an example, Fig. 14b displays the mean strain mode shape of the
second bending mode of the deck (mode 6) with the 95% confidence interval for all temperature groups after
retrofitting. It should be noted that the NE fiber went out of order in August 2019 and for practical reasons
it could only be repaired at the beginning of November 2019. Therefore, Fig. 14 does not contain results for
this fiber for the period from 1/9/2019 to 31/10/2019.

It can be clearly observed that the confidence intervals for the different temperature groups overlap com-
pletely, and they all have nearly the same width. The same observation holds for all other identified strain
mode shapes [16], and therefore these results are not reproduced here. It can be concluded that, in the present
experiment, there is no statistically significant influence of the temperature on the strain mode shapes, for
the given temperature range of 26◦C.

The variance error on the identified strain mode shapes can be further reduced by averaging, similarly to
the period before the retrofitting. The standard deviation and the related 95 % confidence interval of the
sample mean of the entire set of Nk identified strain mode shapes obtained at a given temperature group k
is calculated by Eqs. (3) and (4). Fig. 14c displays, for mode 6, the sample mean of the complete set of
all the repeatedly identified strain mode shapes µ[ψ

ssi,(k)
j ] that are obtained at a given temperature group k,

together with the 95% confidence interval of the sample mean of each set. It can be clearly observed that the
narrow confidence intervals of the sample mean of the different temperature groups overlap completely, and
they all have nearly the same width. The same observation holds for all other identified strain mode shapes
[16], so the corresponding plots are not reproduced here. These observations strengthen the conclusion that
there is no statistically significant influence of the temperature on the strain mode shapes, for the investigated
temperature range of 26◦C.

4.5 Influence of retrofitting on modal characteristics

During the retrofitting, all of the bolted connections between the diagonal braces and the deck and arch were
strengthened (see section 2 and Fig. 3). The weaker situation before retrofitting can resemble a damage case,
and the strengthened situation can represent the healthy condition. The influence of this quasi-distributed
damage on the monitored natural frequencies and strain mode shapes is investigated here.

4.5.1 Influence of retrofitting on natural frequencies

The natural frequencies of six of the systematically identified modes are plotted as a function of temperature
in Fig. 15 for the time periods before and after the retrofitting. The vertical axis limits span ±5% of the
average natural frequency value before retrofitting so as to have a common relative scaling for all modes.
The relative change of the mean value of natural frequency of each mode before and after the retrofitting,
∆µ[f ], is also provided. There is a small but clear influence of the retrofitting on the natural frequencies of
most modes. The changes that are induced by the retrofitting are different for the different types of mode.

For the modes of the arch, i.e., modes 1, 2 and 4, a reduction of the natural frequencies of about 1% is
observed. For these modes, the mass increase due to the welded steel plates that strengthen the connections
of the braces is important while the additional stiffness is relatively unimportant. For the bending modes of
the deck, i.e., modes 6, 10, 12, the opposite influence is observed: the retrofitting results in an increase of
their natural frequencies of about 2.2 − 2.6%. For these modes, the increased stiffness that is offered by
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Figure 14: (a) South view of the KW51. (b) Sample mean µ[ψ
ssi,(k)
j ] and 95 % CI[ψ

ssi,(k)
j ] of the strain mode

shapes that have been identified in each temperature group k for mode 6, for the period after the retrofitting.
(c) Sample mean µ[ψ

ssi,(k)
j ] and 95 % CI[µ[ψ

ssi,(k)
j ]] of the sample mean, of the strain mode shapes that have

been identified in each temperature group k for mode 6, for the period after the retrofitting. The top and
bottom subplots contain the strain mode shapes at the north and south sides of the bridge, respectively.

the steel plates that are welded at the brace connections has a larger effect than the added mass. For the
other modes, the influence is less clear due to the larger scatter of the natural frequency values [16]. It can
be concluded that the influence of the retrofitting is larger than the influence of temperature, for the given
temperature ranges of about 24◦C and 26◦C that were achieved before and after the retrofitting respectively,
and for the modes that correlated well with temperature [16].
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Figure 15: Evolution of the natural frequencies of the arch modes (1, 2 and 4) and the deck modes (6, 19
and 12) of the KW51 bridge as a function of temperature, as identified from SSI-data (f ssij ) and during the
periods before (circles) and after (diamonds) the retrofitting. The dash-dotted lines denote the mean natural
frequency µ[f ssij ] of each period, while the dashed lines the ±5% of µ[f ssij ] (before retrofitting) y-axis limits
of the plot.

4.5.2 Influence of retrofitting on strain mode shapes

In order to investigate the influence of retrofitting on the strain mode shapes, combined graphs are con-
structed, where the strain mode shapes before and after the retrofitting are plotted on top of each other. In
sections 4.3.2 and 4.4.2, it was concluded that temperature does not affect the strain mode shapes before
nor after retrofitting. Therefore, all the identified strain mode shapes of a mode (i.e. for all temperatures)
are clustered in two groups, one containing the strain mode shapes before retrofitting and one after. The
sample mean µ[ψssi

j ] of the complete set of strain mode shapes of each group is plotted, together with the
95% confidence interval of the sample mean of that group CI[µ[ψssi

j ]] in Fig. 16, for modes 6 and 10.

It can be clearly observed, due to the very narrow confidence intervals of the sample mean of the two groups
that the retrofitting has an insignificant influence on the strain mode shapes of mode 6, while for mode 10,
an influence is observed. For all other modes, the retrofitting has an insignificant influence on the strain
mode shape [16], just as for mode 6, and therefore they are not reproduced here. This is due to the fact that
the retrofitting results in a quasi-uniform modification of mass and stiffness along the bridge, and the strain
mode shapes are sensitive to local changes, as experimentally demonstrated in e.g. [10, 11]. Since the bridge
deck is instrumented with FBGs, it is expected that only local mass and stiffness changes in the deck can be
detected from the strain mode shapes, unless absolute mode scaling, e.g. mass normalization, is possible.

The insensitivity of the strain mode shapes to the retrofitting is confirmed also by the Modal Assurance
Criterion (MAC) values between the strain mode shapes before and after retrofitting (Fig. 17). The MAC
can take values between zero (no consistency between the mode shapes) and unity (the mode shapes are
consistent). The MAC values of the main diagonal in Fig. 17 display the correlation between the strain mode
shapes of the same mode before and after the retrofitting. As can be observed also by the visual inspection
of the strain mode shapes, only mode 10 appears to be slightly influenced, exhibiting a reduction of 7% in its
MAC value. The fact that the retrofitting does have an influence on the strain mode shape of mode 10, can
be explained as follows. Before retrofitting, modes 10 and 11 have well separated natural frequencies and
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they can be characterized as a bending and torsion mode of the deck, respectively [16]. Due to the stiffening
effect of the retrofitting, the natural frequency of mode 10 has increased such that it almost coincides with
that of mode 11. As a result, both modes interact after retrofitting such that mode 10 is not a pure bending
mode anymore but it has gained also a torsion component.
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Figure 16: (a) South view of the KW51. (b) and (c) Sample mean µ[ψssi
j ] (solid lines) and 95 % CI[µ[ψssi

j ]]
of the sample mean (dashed lines), of the strain mode shapes that have been identified during the periods
before (blue) and after (orange) the retrofitting for (b) mode 6 and (c) mode 10. The top and bottom subplots
contain the strain mode shapes at the north and south sides of the bridge, respectively.
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Figure 17: MAC values between the mean strain mode shapes of KW51 before retrofitting (µ[ψ
ssi,(BR)
k ]) and

the mean strain mode shapes after retrofitting (µ[ψ
ssi,(AR)
j ]) as identified from SSI-data.

5 Conclusions

The KW51 bridge was monitored with FBGs for a period of one year, during which it underwent retrofitting.
Modal tests, using operational excitation were conducted every hour throughout this period. The dynamic
strain data from these tests were used in operational modal analyses. The modal characteristics of the bridge
were automatically identified with a hierarchical agglomerative clustering algorithm. Despite the very low
ambient dynamic strain levels, the natural frequencies and detailed strain mode shapes of ten modes could
be accurately and continuously identified throughout the entire monitoring period.

The influence of temperature on the monitored modal characteristics was investigated. The natural fre-
quencies of the arch modes and some of the deck modes were seen to correlate well with the measured
temperature, which implies that temperature is a dominant factor in the regular environmental variation of
those modes. Their natural frequencies degrees with 0.5 % or less when the temperature decreases with
20 ◦C for the investigated temperature range. The strain mode shapes of all identified modes were found to
be insensitive to temperature variations, confirming the observations from the laboratory tested beam [11].
This is an important conclusion, since a temperature-insensitive dynamic characteristic can be directly used
for damage identification, without requiring data normalization.

The retrofitting increased both the overall mass and stiffness of the bridge. As natural frequencies are sen-
sitive to overall mass and stiffness changes, a clear influence of the retrofitting on the monitored natural
frequencies was observed. The natural frequencies of the arch modes decreased, as the mass effect is more
important for those modes, while the natural frequencies of the deck modes increased, as the stiffness effect
is more important for those modes. Since the retrofitting did not result in local changes in the bridge deck,
the monitored strain mode shapes were not influenced, except when the retrofitting induces and interaction
between previously well-separated modes. Dynamic monitoring in a dense grid of FBG sensors enables to
accurately capture both natural frequencies and strain mode shapes, which complement each other very well
in a SHM context as they are sensitive to global and local stiffness changes, respectively.
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Abstract
Until today, the manual inspection of riveted lab joints and detection of loose or damaged rivets is a time-
consuming and costly task in the regular maintenance of civil aircraft. Many studies investigate the crack
propagation in rivet holes or the influence of manufacturing parameters to the durability of riveted lab joints.
However, no automated and digital in–situ quality assessment for loose and damaged rivets is explored so
far. This work presents a study on a real aircraft fuselage panel in which Scanning Laser Doppler Vibrometer
measurements enable the detection and distinction of loose, damaged and intact countersunk rivets.
On the one hand, a chirp sine excitation allows the detection of loose rivets by a coherence analysis of
the excitation signal and the measured vibration. On the other hand, damaged and intact rivets appear in
the vibration analysis as so–called local defect resonances at low and high frequencies respectively. The
presented work potentially leads to a digital, automated and full–field inspection method suitable for the
application in an industrial environment like the regular aircraft maintenance.

1 Introduction

Since the beginning of civil aviation, daily checks and regular maintenance of aircraft contribute significantly
to the safety and reliability of air transport in general. One major aspect of aircraft maintenance are methods
and procedures for non-destructive testing (NDT) which ensure the safe operation of critical parts and struc-
tural elements. Like in other sectors (e.g. inspection of buildings and bridges or nuclear power plants), novel
NDT techniques are developed also in the aerospace sector as a result of the constantly increasing technical
know–how and feasibility.

Despite the fact that aluminum is still widely used in aircraft structural parts, most novel NDT methods
focus on the application on modern and lightweight materials like composite parts. However, according to a
forecast by Airbus, 65% of today’s world fleet of 23000 will only be replaced until the year 2038 [1]. This
explains the continuous need of NDT inspection methods also for ”old–school” materials like aluminum.

One critical part of aircraft structures are the riveted lab joints of various components. Their fatigue behavior
is explored in several numerical [2, 3] as well as experimental studies [4, 5] and can be found in many books
like e.g. by Skorupa [6]. Even if riveted lab joints are well know for being a weak point in the aircraft
structure, no automated and digital inspection method have been explored in the last decade.

Some articles like Riegert et al.[7] propose vibroacoustic thermography for the inspection of rivets and cracks
in metal. Even if this approach seems promising, the method is based in the play between the two riveted
metal sheets and does not grasp the play of each individual rivet. Another well established NDT inspection
method which is widely used for the detection of surface cracks, is Eddy current. Le Diraison et al. [8] and
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Lingvall and Stepinski [9] experiment with riveted lab joints where the focus lies on the subsurface crack
detection in rivet holes. Besides the thermal and Eddy current inspection of aircraft components in general
and specifically riveted lab joints, the application of a magneto–optic imaging technology is explored by e.g.
Deng et al. [10] as well as Fan et al. [11].

However, in none of the aforementioned articles, the aspect of in–situ quality assessment of rivets and their
connection to the surrounding structure is discussed. One method that is used since decades to characterize
the vibrational behavior of various specimens and is successfully applied by Solodov et al. [12] to detect
cracks in rivet holes, are measurements with Laser Doppler Vibrometers (LDV).

This work presents LDV measurements which enable the detection of loose and damaged rivets in a real
aircraft fuselage panel.

2 Method

The principle of LDV measurements is based on the doppler shift which was first used by Davis and Kulczyk
[13], who published their work in 1969 about a method to measure vibrations of a rotating bladed disc using
a laser Doppler system. Since then, the technical development result in a constantly increasing signal–to–
noise ratio. First concepts to scan a structure point–by–point were presented in 1980 [14]. The principle,
history and major breakthroughs of LDV are summarized in various reviews and are beyond the scope of this
paper [15, 16].

In this work, a Scanning Laser Doppler Vibrometer is used to record the surface vibrations of the aircraft
fuselage panel which is excited with a broad band (typically chirp) signal by means of a piezoelectric patch.
Analysing the vibrational response allows on the one hand the detection of uncoupled or badly coupled areas
of the structure, being an indication for loose rivets. On the other hand, a chirp signal can excite some kind
of local defect resonances (LDR) which originate from defects in the plate–like structure.

Following Solodov [17] a LDR results from the fact that the presence of a defect leads to a local decrease in
stiffness of a certain mass of the material in the area of the LDR. Based on this definition, every rivet in a
plate–like structure should give rise to a LDR as the rivet–plate connection will always have a stiffness lower
than the stiffness of the surrounding plate. While many articles present the LDRs of flat bottom holes which
come with a reduction of material thickness and stiffness in a certain area, rivets are usually thicker than
the surrounding plate and add additional mass to the area while decreasing the stiffness. However, as both,
the stiffness and the mass, influence the fundamental resonance frequency (f0) of a LDR, the stiffness of a
rivet–plate connection should affect the LDR center frequency, while the mass, being the same of defect and
intact rivets, has no impact. Hence, the LDR frequency of a rivet in a plate–like structure gives an indication
of the stiffness, or ”tightness” of the rivet–plate connection.

This is true for rivets which are sufficiently coupled to the surrounding plate and which can be excited by the
stimulating broad band signal. However, loose rivets with sufficient play in the rivet holes will not experience
any defined excitation but shake ”chaotically”. This chaotic behavior can be quantified by calculating the
coherence of two vibration signals which is done by e.g. Suryam et al. [18] for contact detection of two
components. The coherence of the two signals, here the excitation and the vibrational response, is defined as

COH(γ2) =
Sxy(ω)

2

Sxx(ω)Syy(ω)
, (1)

where Sxx(ω) and Syy(ω) are the two power spectral densities of the two signals x(t) and y(t) and Sxy(ω)
their cross–power spectrum at an angular frequency ω. Suryam et al. also infer several properties of which
the most important for this work is that the coherence is close to unity for a linear correlation between the
vibrational signal and the input excitation. This can be used to identify loose rivets as areas of low coherence,
whereas other parts of the specimen that are properly coupled to the excitation source are characterized by
a coherence value of nearly one. The coherence is hence used as a statistical measure for the mechanical
coupling between the rivet and the surrounding structure. To estimate a single scalar value for COH, which
is generally frequency dependent, it is convenient to calculate the root–mean–square of COH, COHRMS.
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2.1 Measurements

The measurements presented below are performed on a real aircraft fuselage panel from a Airbus A320. The
panel is made from aluminum (AL 2024–T3) and coated with a primer and conventional aircraft paint. In
the panel, a service door mounted which allows quick access to a underlying pressure release valve which is
used in the daily maintenance of the aircraft. The opening for this door is surrounded by a supporting frame
which is riveted with countersunk rivets to the plate. This setting is an ideal example of riveted lab joint in
an aircraft fuselage panel and serves the demonstration of the proposed methods to detect loose and sheared
rivets.

Figure 1: The two areas of a fuselage panel from an Airbus A320 aircraft with modified rivets which are
measured in this study. The two images at the top show area I from the front (top) and the back side of the
panel (middle). The bottom image shows the screws holding the door hinge, of which one (right screw) has
a loose nut and is hit once with a hammer from the back.

For this study, two areas of the panel are modified and measured with a Optomet’s Scanning Laser Doppler
Vibrometer. One area (”area I”) is a row of countersunk rivets of which one rivet is heavily hammered to
loose it and another rivet is slightly modified by rotating it with pliers. The play of the loose rivet is so big
that it is possible to rotate the rivet with bare handed. The second rivet is still tight but obviously modified
from the back. In Figure 1, the two top images show area I and the loose rivet (fourth from the left) as well
as the slightly modified rivet (second from right) are easy to recognize from the back side of the panel. All
other rivets in that row are not intentionally modified, but experienced some stress due to the surrounding
work on the loose rivet. The second area (”area II”) is a row of five countersunk screws which hold the door
hinges. The bottom image in Figure 1 shows area II where the screw at the very right has a loose nut and is
hammered once from the backside to generate a small play between screw and plate.

The measurements are performed with a compact Scanning Laser Doppler vibrometer from Optomet GmbH.
This scanning head has an integrated function generator which simplifies the experimental setup as the there
is no need to synchronize the excitation signal and data acquisition externally. With 1550 nm, this SLDV
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operates in the short–wave infrared (SWIR) range which allows an output power of 10mW while it still falls
under Laser protection class 1. This is especially important for the operation in an industrial environment
like aircraft hangars. The scanning head has an operating angle of 40◦ by 50◦ and an in–built Full HD camera
for a later mapping of the measured points to the real photo on the sample under test [19]. To generate a
sufficient excitation, a piezoelectric driver is used to amplify the signal provided by the internal function
generator and drives the piezoelectric patch (PZT). A sketch of the experimental setup is shown in figure 2.

Figure 2: A sketch of the experimental setup which includes the SLDV head (blue), the voltage amplifier
(black and the fuselage panel with the attach PZT patch (gray and yellow).

The excitation signal which drives the PZT is a τ = 23ms long sine chirp signal from 1 kHz to 350 kHz. To
further reduce the noise, for every point in the measurement grid, three measurements are performed. For
the post–processing, the single measurement as well as the averaged time signal can be used. In this work,
the analysis is solely based on the averaged signals.

3 Results

To visualize the vibration behavior of the specimen in a single image, the root mean square (RMS) is cal-
culated in the frequency domain for every measurement point. For this, the Fast Furier Transform (FFT) of
each point is exported from the measurement software (OptoScan) and band–pass filtered before the RMS is
calculated and normalized to one. Together with an adapted colormap for the visualization, a good feature
extraction for various frequency ranges is achieved. The colormap is tailored to each frequency band so that
the lowest 0.8% of measurement points are shown red and the highest 0.5% of measurement points are in
saturation.

The coherence map and the RMS for different frequency ranges of area I are shown in figure 3. At the top,
the RMS of the coherence is shown where all points below the threshold of COHRMS < 0.8 are red. The
four middle plots (b)-(e) show the RMS of measured signals for different frequency bands with constant
band widths (50 kHz). At the bottom (e), the unfiltered RMS and the corresponding colormap is shown.
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Figure 3: The coherence analysis (a) and band pass filtered and normalized RMS for different frequencies
for area I of the fuselage panel. The color bar at the bottom refers only to (d) as it is adapted for each filter
according to the description above.

A close–up of the damaged but tight rivet (fourth rivet from the right) is shown in figure 4 for different
frequencies. The different pattern correspond to the different vibrational modes of the system with a funda-
mental frequency 25(1) kHz and higher harmonics at 51 kHz, 76 kHz, 89 kHz, 125 kHz and 169 kHz.

(a) 25 kHz (b) 51 kHz (c) 76 kHz (d) 89 kHz (e) 125 kHz (f) 169 kHz

Figure 4: Different vibration modes of the middle left rivet (area I) for the fundamental frequency (a)
25(1) kHz and higher harmonics (b-f) 51 kHz, 76 kHz, 89 kHz, 125 kHz and 169 kHz. Additional vibra-
tion pattern are shown in Appendix A.

In figure 5, the measurement of area II is shown. The top three plots show the RMS data for different band–
pass filters (a) 15 kHz to 65 kHz, (b) 115 kHz to 165 kHz, (c) 260 kHz to 310 kHz. The bottom plot (d)
shows the unfiltered data and the corresponding colorbar which is, as described above, different for the other
plots as it changes from image to image.
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Figure 5: The band pass filtered and normalized RMS heat map for different frequencies for area I of the
fuselage panel. The color bar at the bottom refers only to d) as it is adapted for each filter according to the
description above.

4 Discussion

The measurements in figure 3 and 5 show the feasibility to detect loose and damaged rivets and screws with
SLDV measurements. In both cases, the modified fastener have a different signature than the other intact
fastener.

4.1 Area I

In area I, two different behavior of modified rivets are found. On the one hand, the loose rivet that is freely
moving in its rivet hole appears in the analysis of the coherence as well as in the RMS of the vibration. Both
physical interpretations of the measurement data indicate the bad coupling of the rivet to the surrounding
plate. The non–linear vibration of the rivet due to the play between plate and rivet result in a low coherence
between input signal and measured vibration. One advantage of this analysis technique is that the distinction
between a loose rivet or bolt and vibrational good coupled areas is very clear. In figure 6, shows the histogram
of all COHRMS values in area I and the threshold of THD = 0.8 which separates red and green or ”good”
and ”bad” measurement points. However, as seen in figure 3, the analysis of the coherence is not suitable to
detect damaged but tight rivets. For this, an analysis of the frequency–dependent vibration is required.

As seen in figure 3, loose as well as damaged rivets can be detected by analyzing the frequency–dependent
vibration of the rivets. In principle, two behaviors should be distinguished. As the analysis is based on the
average of three measured time signals, a ”chaotic” and non–linear vibration with respect to the input signal
by e.g. a loose rivet result in a low RMS value. This is true for the full frequency spectrum analyzed in this
work and the loose rivet appears in red for all frequency–bands shown in 3.

Damaged rivets that are well coupled to the surrounding plate do show up in the vibration analysis due to
the excitation of different resonances of the plate–rivet system. In figure 3 (b) and (c), two exited rivets
are visible at different frequencies. Figure 4 confirms that the damaged rivet appear as a LDR when the
excitation frequency meets one local harmonic of the rivet–plate system. The lowest frequency at which the
rivet shows a resonant behavior is f0 =25 kHz, followed by 51 kHz, 76 kHz, 89 kHz, 125 kHz and 169 kHz.
The pattern are similar to the vibration pattern of a plate–like structure at harmonics that are multiples of
the fundamental patterns and are measured by e.g. Segers et al. for flat–bottom holes[20]. With some
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Figure 6: Histogram of all COHRMS values in area I indicated in green if above the threshold and red if
below the threshold of THD= 0.8.

uncertainty, the pattern appear at 1f0, 2f0, 3f0, 5f0. For a linear system, one would expect the fourth
harmonic at 4f0 = 100 kHz and not at 89 kHz as shown in figure 4d. The same holds for the harmonic in
4f which is visible at 169 kHz instead of 6f0 = 150 kHz or 7f0 = 175 kHz. However, it can be said that
the rivet appears in the vibrational analysis for many more frequencies and with different vibration pattern
of which some are shown in Appendix A.

Despite this offset in expected harmonic frequency, the measurement of vibration pattern is an impressive
confirmation for the assumption that the rivet–plate system act like LDRs that are conventionally investigated
in a plate structure with cracks, delaminations or flat bottom holes.

Besides the damaged rivets that appear as LDRs, another feature can be detected in figure 3 (d) between
10 cm to 15 cm. This resonances with a shape of four horizontal stripes might indicate a faulty area in the
sealing between the two riveted plates. It is common practice that riveted lab joints are sealed with some
grease similar to silicone which is spread between the two riveted plates. When the sealant is spread with a
comb to ensure a equal distribution, a stripe–like structure as seen in figure 3 (d) might occur and show up
as a vibration pattern when exited with the right frequency. A close look at 3 (b) already indicate this area as
a single local resonance in which the wavelength too long to resolve the different stripes.

Figure 3 (e) refers to the vibration pattern for 280 kHz to 330 kHz and shows that also tight and intact rivets
show up as local resonances at high frequencies. This is especially interesting as only the intact rivets are
visible and the two damaged rivets are almost invisible. Other than the damaged rivets, the intact rivets
appear as rings and the vibration is restricted to the outer corner of the rivet where the weak spot between
surrounding plate and rivet result in an exited vibration. Both aspects are of outmost importance as they
enable the detection of intact rivets which, if not detected at low frequencies, can be classified as healthy.

4.2 Area II

In area II, the screw with the loose nut is clearly visible in the RMS and shows a different behavior than the
tight screws. Figure 5 (a) and (b) shows the low frequency band–pass filtered RMS where the loose screw is
clearly visible. Even if the screw head has a shape far more complex than of a plate, like for the damaged
rivet, different vibration modes with resonances at different regions can be seen. While 5 (a) indicates a
vibration of the inner part of the screw, 5 (b) visualizes the outer as well as inner edge of the screw head. For
high frequencies above 250 kHz, the same behavior as for area I can be demonstrated in 3 (c) where all screw
heads appear as local resonances. In addition to the screws, a intact rivet at the very right of the measurement
area appears and confirms that intact rivets are detectable at high frequencies (>250 kHz).
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For a concise visualization, the some colormap as for area I is used to show area II. However, as this area
contains no loose parts and all measured points show a high coherence between input signal and measured
vibration, the red pixel corresponding to the lowest 0.8% RMS are not clustered and do not provide any
information to be interpreted.

5 Outlook

The presented measurements demonstrate the feasibility to detect and differentiate between loose, damaged
and intact rivets in aircraft fuselage panels. As this work is conducted on a real aircraft panel, technically
the measurements can easily be transferred and used in the in–line maintenance in the hangar or even on the
runway. However, as described above, the PZT batchs have been glued on the fuselage panel for this study.
For obvious reasons this is not possible in the daily aircraft maintenance as the effort of removing the PZT
would outweigh the benefits of a digital and automatized inspection method. However, in other studies by
e.g. Segers et al., the PZT was glued on the specimen by phenyl salicylate which melts at 45 ◦C and enables
the easy removal of the PZT after the measurement [20, 21].

For an application in an industrial environment, an automated post–processing and rivet evaluation is re-
quired. The presented data indicate the multidimensional nature of rivet inspection with SLDV which result
in feature extraction for different frequencies and analysis methods (RMS vs. COH). For a automated or
semi–automated evaluation of rivets, all parameters have to be taken into account and should result in a sin-
gle and easy to interpret output image which indicates intact, damaged and loose rivets. A possible output of
an automated rivet quantification could look like shown in figure 7.

Figure 7: An automated rivet detection and quantification should combine different parameters and result in
a single, easy to interpret image.

6 Conclusion

The presented work demonstrates the feasibly to identify loose, damaged and intact rivets in riveted lab joints
of aircraft fuselage panels with Ultrasound exited SLDV measurements. The specimen being a real aircraft
fuselage panel with loose and damaged rivets and screws serves as a good test sample on which realistic
conditions for later applications are found.

The results indicate that rivets with different tightness in the surrounding plate show different vibrational
behaviors in the investigated frequency band of 1 kHz to 350 kHz and can potentially categorized in three
groups being intact rivets, loose rivets and damaged rivets. The results of this study might lead towards a
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automated and fully digital measurement system which detects and characterizes loose, damaged and intact
rivets and bolts in aircraft fuselage panels.
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A Vibration pattern

(a) 13 kHz (b) 25 kHz (c) 34 kHz (d) 38 kHz (e) 51 kHz

(f) 57 kHz (g) 63 kHz (h) 65 kHz (i) 72 kHz (j) 75 kHz

(k) 80 kHz (l) 89 kHz (m) 100 kHz (n) 107 kHz (o) 113 kHz

(p) 125 kHz (q) 150 kHz (r) 158 kHz (s) 168 kHz (t) 171 kHz

(u) 205 kHz (v) 234 kHz (w) 249 kHz (x) 305 kHz (y) 349 kHz
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Abstract 
The rapidly growing industry of composite materials requires fast and accurate tools to check the quality of 

the composite parts during manufacturing and maintenance. To detect the defects, many non-destructive 

testing techniques exist. In this paper, authors are aimed at the improvement of one of the most promising 

techniques – Local Defect Resonance (LDR) detection with scanning Laser Doppler Vibrometry. A concept 

for the simulation-assisted testing procedure is proposed. Modal analysis is performed on several woven 

composite plates containing flat bottom holes and delamination of different defect sizes and depth. With the 

automated simulation process, more than 23000 simulations have been done to assess a wide range of 

possible defects. As an outcome of such simulations, a function of the LDR frequencies is defined for 

various defects and materials. Obtained database of mode shapes with and without clearly visible LDR is 

proposed as a simulation-based training in Deep Learning techniques, such as Convolutional Neural 

Networks, to increase defect detectability and to simplify the experimental setup. 

1 Introduction 

Composite materials are in wide use in many industries. The importance and requirements of high-quality 

composite products have led modern science and engineering to non-destructive testing (NDT). One of the 

most popular techniques is Laser-Doppler Vibrometry (LDV). LDV allows us to observe Local Defect 

Resonance (LDR). LDR is a substantial enhancement of the amplitude in the defected area due to stiffness 

difference between intact and defected areas in the material during modal analysis. This phenomenon was 

observed by I. Solodov [1] [2]. Many scientists tried to investigate LDR in composites for many defects 

such as flat bottom holes (FBH), barely visible impact damage (BVID), delamination, cracks [3] [4] [5] [6] 

[7] [8] [9] [10] [11], etc.  Coupling with Finite Element Analysis (FEA) helps to further understand LDR 

phenomena; a good correlation between experiment and simulation has been achieved in [3-11]. Nowadays, 

Artificial Intelligent (AI) tools such as a neural network (NN) are in wide use in many fields of science and 

engineering. Some groups of scientists successfully implemented NN in NDT of composite materials [12] 

[13] and honeycomb structures [14]. They used experimental data to train NN. 

This work emphasizes on automation of LDR frequency relation between defect size, depth, location, and 

material through FEA. This helps to test with the right frequency band, can improve existing analytical 

formulations, and, most important, provides a rich database to be used as training in NN. The combination 

of FEA and NN in NDT has the potential to improve LDV by reducing pre/post-processing time and to 

increase defect detectability.  

In this study, the methodology of LDR frequency investigation for FBH and delamination was developed 

via FEA and validated with the experiments. NN implementation based on simulation training data is 

mentioned only briefly, detailed description is provided in [15].  
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2 Specimens manufacturing 

The material under consideration is Poly(methyl methacrylate) (PMMA), carbon fiber reinforced polymer 

(CFRP), and glass fiber reinforced polymer (GFRP). PMMA plate was kindly provided by UGent 

researchers in the framework of a regional research project Detect-ion. It consists of 2 layers: PMMA and 

polystyrene with thickness 5 and 0.5 mm, respectively, and has four rectangular and four circulars FBH [5]. 

CFRP and GFRP woven plates were manufactured through the VARI (vacuum-assisted resin infusion) with 

a thickness of about 2.84 mm, and dimensions 460x760 mm. For the CFRP plate, plain-weave fabric with 

the same fiber quantity in warp and weft directions was used as a reinforcement. For GFRP, a plain-weave 

fabric was used with 7 and 11 fibers in warp and weft directions. The laminate stacking sequence is 

[0/45/90/-45/0]s for both plates. Each plate was cut into 13 specimens with a size of 100x150mm and two 

specimens with a size of 125x225 mm. Material mechanical properties were obtained thought the tensile 

tests according to ISO 527-4, see Table 3 in the Result section. It was used four dog-bone specimens for 

each laminate (CFRP, GFRP). The maximum machine load was 14000 N during the test. 

Different defects were introduced in the CFRP plate: 36 FBH with 2, 6, 11, 20 mm diameters, and different 

depth within 10 and 90 percentages of plate thickness. The depth of the defect is the ratio between plate 

thickness and thickness of cut material. GFRP plate includes the insert in order to simulate delamination. 

Insert locates between 5th and 6th layers, has dimensions 20x40 mm and made of one layer of adhesive tape. 

Specimens can be found in figure 1. 

   

(a) (b) (c) 

Figure 1. (a) GFRP with the insert, (b) CFRP with FBHs, (c) PMMA with FBHs 

3 LDV experiments 

The laser Doppler Vibrometer was employed to perform experimental modal analysis of obtained 

specimens. The Frequency Response Function (FRF) was measured in each point of the scanning grid for 

PMMA (3723 nodes, 3.8 mm sparsity) and CFRP (1925 nodes, 3.3 mm sparsity) specimens with flat bottom 

holes. Sets of FRFs were processed with Polymax algorithm, implemented in Siemens Simcenter Testlab 

software. As a result, the set of eigenfrequencies and mode shapes is available for each specimen.  

 

Experimental setup and acquisition parameters 

Two different devices were used during the performed research: Polytec PSV-500 SLDV and Optomet 

SLDV. Both devices are presented in Figure 2, and the general LDV experimental setup scheme is shown 

in Figure 3. An LDV is connected to the data management system (PC with acquisition board and signal 

generator). The Optomet-based system has the signal generator and acquisition board internally 

implemented in the scanning head, so it just requires the external PC or laptop to control the experiment and 

store the data. Polytec PSV-500 has a separate junction box and signal generator, as well as a PC-based data 

management system. The defined excitation signal is generated with a signal generator and amplified 50 

times with Falco Systems WMA-300 amplifier. A parallel line goes from the signal generator to the 

acquisition board as the reference signal channel. Amplifier’s output channel is connected to the 20 mm 

piezo patch that is attached to the test specimen surface with wax.  

2856 PROCEEDINGS OF ISMA2020 AND USD2020



  

Figure 2. (a) Polytec PSV-500; (b) Optomet SLDV. 

 

Figure 3. The general LDV experimental setup scheme. 

Using both Optomet SLDV and Polytec PSV-500 devices, acquisition parameters were selected as presented 

in Table 1. This set of parameters was experimentally chosen as an optimal trade-off between scanning time 

and accuracy of measurements. 

Table 1. Data acquisition & excitation parameters. 

Excitation signal type Chirp 

Excitation & measuring frequency band 0-80 kHz 

Excitation signal amplitude 1 V from the signal generator, amplified to 50 V 

Measuring mode FFT 

Number of spectral lines for FFT 25600 

Frequency response function resolution 3.125 Hz 

Number of averages per point 10 

Averaging type Complex 

Window function Rectangle 

Type of measurement grid Regular rectangular 

Trigger Off 

Measurement range 500 mm/s 
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4 Virtual modal analysis 

4.1  CAD generation 

The simulation process can be divided into three steps. The first step is a CAD model creation. Plate 

geometry and defect location, depth, and geometry are established during this stage. Two types of models 

are considered in this work: one-to-one replication of manufactured plates to validate FEM against available 

experimental results (figure 4) and idealized models with one defect in the middle to investigate LDR 

frequencies for defects with a particular type, size, depth (figure 5). 

  

(a) (b) 

Figure 4. Simulated plates: GFRP with insert (a), CFRP with FBH (b) 

 

(a) 

 

(b) 

Figure 5: Composite laminate with FBH (a) and delamination (b) in the middle 

The FBH is simulated as a different laminate inside the defected area. All elements on the boundary between 

intact and defected laminates are merged. The model of the plate with FBH (20 mm. diameter and 80% 

depth) is shown in figure 5a. In this work, a circular FBH was used with a different diameter from 3 up to 

27 mm, and depth within 50% and 90%. The delamination was simulated in another way from FBH. The 
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intact area of the plate has the same laminate physical properties, but delamination is simulated by two 

different dependent meshes without any interactions. The first mesh is used as the bottom delaminated part 

and the second as a top delaminated part. Each mesh has its laminate physical properties depends on the 

delamination location. For example, if delamination is between 8th and 9th layers, the top part consists of 

two layers, and the bottom part consists of 8 layers. The laminate stacking and angles of two parts in the 

defected area are the same as in the laminate setup of the intact area. The scheme of delamination with a 20 

mm diameter between 4th and 5th layers can be found in figure 5b. 

4.2  Mesh and material properties of the plate 

The second step is the CAE model creation. Here we mesh the model and set the laminate properties. An 

important part of any simulation through the FEA is a mesh size and type because it influences results and 

calculation type. The general rule for modal analysis is that with increasing frequency, the wavelength 

reduces, and mesh should be smaller than half of the wavelength. The optimal mesh size for the given 

models is 2 mm for LDV within 1 and 80 kHz frequency range. To reduce computational time, 2D quadratic 

shell elements with four nodes (CQUAD4) are used to discretize plates. Sensitivity results on CFRP plates 

show that 2D elements decrease computational time by 20 times and yet have a good agreement with 3D 

solid elements up to 90 kHz. Once the model has meshed, the material is applied to the mesh collectors. For 

that, the homogenized properties of a single composite woven ply need to be computed with the FEA 

homogenization technique [16][17] on the representative unit cells. Latter is the smallest part of a repeated 

weaving pattern. To model cells, we need to measure yarn’ width, thickness, gaps, and space between them. 

After measuring these parameters from high-resolution scans, the computer-aided design (CAD) models of 

a single cell are created (figure 6).  

  

(a) (b) 

Figure 6 (a) scan of the dry fabric; (b) CAD model of the plain weave 

In the current project, we used TexGen free software for material cell modeling and VMC ToolKit (plugin 

in Simcenter 3D) for homogenized properties calculation. Homogenized linear elastic properties of a single 

ply are computed by applying six load cases under periodic boundary conditions (tree tensile and three shear 

loading scenarios) and assembling full stiffness matrix. One of the inputs is the material properties of the 

impregnated yarns, which are computed with the analytical formulation of Chamis for unidirectional 

composite material [18]. Intra-yarn fiber volume fraction (85% for CFRP and 78% for GFRP) is recalculated 

based on the total volume fraction in the composite (46% for CFRP and 38% for GFRP).  

4.3  Solving and post-processing 

The third step is the computation of eigenfrequencies and mode shapes. Modal analysis was done through 

the Finite Element based software Siemens Simcenter 3D with 103 Real Eigenvalues Lanczos solver to 

calculate eigenfrequencies with mode shapes. Piezo-patch and damping are not included in the simulation, 

and boundary conditions are set as free, to mimic the testing, where plates were placed on a piece of foam. 
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Once the analysis is completed, it is important to highlight LDR frequency through the whole frequency 

range to exclude mode shapes that do not include LDR and can not be used for defect detection. For this, 

Defect-to-Background ration (DBR) [9] was computed for each frequency and plotted in the whole 

frequency range (eq. 1).  

 𝐷𝐵𝑅 =
𝐴𝑖𝑛𝑡𝑎𝑐𝑡

𝐴𝑑𝑒𝑓𝑒𝑐𝑡𝑒𝑑

∑ 𝑉𝑧(𝑥𝑖,𝑦𝑖,𝑓)
𝑛𝑑𝑒𝑓𝑒𝑐𝑡𝑒𝑑
𝑖=1

∑ 𝑉𝑧(𝑥𝑖,𝑦𝑖,𝑓)
𝑛𝑖𝑛𝑡𝑎𝑐𝑡
𝑖=1

 (1) 

Where, 𝐴𝑖𝑛𝑡𝑎𝑐𝑡 – the intact area which contains 𝑛𝑖𝑛𝑡𝑎𝑐𝑡 points, 𝐴𝑑𝑒𝑓𝑒𝑐𝑡𝑒𝑑 – the defected area which contains 

𝑛𝑑𝑒𝑓𝑒𝑐𝑡𝑒𝑑 point, 𝑉𝑧(𝑥𝑖, 𝑦𝑖 , 𝑓) – the magnitude of the out-of-plane velocity of the point at the location (𝑥𝑖, 𝑦𝑖) 

for the mode shape corresponding to frequency 𝑓. The example of the DBR plot and a mode shape 

corresponding to LDR frequency can be found in figure 7a. According to this graph, we should expect 

fundamental LDR at frequency 91 kHz for FBH with a 6 mm diameter and 90% depth in the CFRP plate 

(100x150). Mode shape at frequency 91 kHz is depicted in figure 7b. 

 

 

 

 

 

(a) (b) 

Figure 7. (a) DBR plot of CFRP plate with FBH defect with diameter 6 and depth 90%; (b) mode shape at 

frequency 91kHz with the highest DBR 

4.4  Automation 

To find out dependencies between LDR frequencies and different defects, it is necessary to investigate a lot 

of testing scenarios. The focus of this work to create an automation that can help to change defect parameters 

such as size, depth, location automatically. A python script was created based on NXOpen API. This script 

can change defect parameters, create a CAD model of thin plate with defect, create CAE model, mesh it, 

apply the material, calculate eigenfrequencies and mode shapes, and provide post-processing of calculated 

data. DBR calculation and data storage in txt files is done during the script’s post-processing stage. Each 

simulation contains one defect per plate. 

In total, 23830 specimens were simulated. The approximate time for one iteration of the script is about four 

minutes for 2D elements. Each of them is a CFRP plate of 150x100 mm size and 3 mm thickness, having 

one unique defect. Defect parameters were varied in ranges presented in Table 2. The GFRP simulation data 

was not used. 
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Table 2. Defect parameters 

 FBH Delamination 

Shape Circle 

Sizes Radius 3-27 mm 

Depths 80% and 90% of the thickness Layer pairs: [9,10], [5,6], [3,4] 

Locations Moved all over the plate with 7mm step 

 

The output data for each specimen is the following:  

 the set of eigenfrequencies; 

 the set of original coordinates of each node;  

 mode shapes represented as the set of displacement of each node; 

 and the set of Defect-to-Background ratio values. 

This data is used in neural networks training. Using the DBR ratio values, it is possible to assess the LDR 

frequencies of each specimen. Mode shapes corresponding to identified frequencies are then selected and 

reconstructed as images with nodal displacements encoded as color intensity. Those images are used to train 

the neural network for the segmentation of the LDR effect. Additionally, mode shapes of each specimen are 

compared to the mode shapes of the reference plate in the form of the MAC matrix. Those matrices are used 

to train the neural network for defect classification. 

5 Results 

5.1  Linear elastic properties 

To assess the credibility of the homogenization technique, computed elastic properties of composites are 

compared with experiments. The challenge is that the tensile tests are obtained on composites with a certain 

stacking sequence, and homogenized properties are computed on a single ply.  Classical Laminate Theory 

(CLT) is applied to calculate properties of manufactured laminates, where the lamina properties are taken 

from the homogenization of a single composite ply. In the Simcenter 3D software, the tool “Laminate 

physical properties” was utilized, which allows us to simulate laminates and calculate its mechanical 

properties via CLT. The experimental and simulated material mechanical properties of CFRP and GFRP 

material are shown in Table 3 and 4, respectively. 

Table 3. Material properties from the tests 

 Tensile 

modulus 

Poisson’s ratio Tensile strength Volume fraction Thickness 

CFRP 38 ± 0.1 GPa 0.31 ± 0.02 416 MPa 0.46 2.84 mm 

GFRP 15 ± 0.04 GPa 0.22 ± 0.01 244 MPa 0.38 2.87 mm 

 

Table 4. Mechanical material properties from homogenization + CLT 

 Tensile modulus Poisson’s ratio 

CFRP 42 GPa 0.28 

GFRP 16 GPa 0.25 
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Good accuracy was obtained between simulations and experiments: 90% and 94% for Young modulus for 

CFRP and GFRP, respectively, and 90% and 88% for Poisson’s ratio for CFRP and GFRP respectively. 

5.2  Dynamic properties 

To compare experimental and simulated mode shapes (on the ‘as-manufactured’ one-to-one replication 

models), Modal Assurance Criterion [19] was used. MAC shows the similarity of all made shapes between 

each other of two samples. MAC takes values between 0 (totally different mode shapes) and 1 (similar mode 

shapes) and has a matrix view, where all mode shapes of reference solution listed in one direction and mode 

shapes of work solution listed in perpendicular direction. The MAC formula you can see in equation 2. 

(MAC is shown in figure 9) 

 𝑀𝐴𝐶(𝑟, 𝑞) =  
|{𝜑𝐴}𝑟

𝑇{𝜑𝑋}𝑞|
2

({𝜑𝐴}𝑟
𝑇{𝜑𝐴}𝑟)({𝜑𝑋}𝑞

𝑇{𝜑𝑋}𝑞)
 (2) 

Where, {𝜑𝐴}𝑟 – modal vector of the first sample, {𝜑𝑥}𝑞 – compatible modal vector of the second sample, 

 {𝜑𝐴}𝑟
𝑇 – transpose of {𝜑𝐴}𝑟, {𝜑𝑥}𝑞

𝑇 – transpose of {𝜑𝑥}𝑞. 

 

Dynamic properties are correlated between the intact specimen and its model. Eigenfrequency correlation 

plots and MAC matrix for both materials CFRP and GFRP are depicted in figures 8 and 9. In figure 8a, we 

can see vertical lines at frequencies 14 and 29 kHz. These lines appear because of the different amount of 

mode shapes that we can extract from the experiment and simulation. For example, from simulation, we 

obtain about 600 mode shapes up to 80 kHz, but from the experiment, we obtain only about 300 mode 

shapes. Vertical lines mean that some simulated mode shapes are similar to particular mode shape from the 

experiment. In figure 8, we can see correlated eigenfrequencies only for mode shapes with MAC values 

higher than 0.2. 

The difference between mode shapes amount influences on MAC view - MAC has a rectangular view 

instead of square. (figure 9b)  

 

(a) (b) 

Figure 8. (a) Eigenfrequency correlation of CFRP; (b) GFRP 
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(a) (b) 

Figure 9. (a) MAC matrices of CFRP; (b) GFRP 

The eigenfrequency accuracy for CFRP is 95% within 65kHz, for GFRP 98% within 55 kHz. A good 

correlation between mode shapes was obtained for CFRP up to 33 kHz and for GFRP up to 23 kHz. 

5.3  LDR frequencies 

The LDR frequencies are analyzed on idealized models with a single defect in the middle. Figure 10 contains 

a correlation between simulation and experimental results for PMMA material. Figures 11 and 12 contain 

obtained functions of the LDR frequencies vs. defect characteristics for CFRP and GFRP, respectively. 

For PMMA, only three LDR frequencies for circular FBH with diameters 21, 16, 10 mm were 

experimentally observed (figure 10). Simulation results include 24 cases for one circular FBH in the PMMA 

plate with defect diameter within 3 and 27 mm. A good correlation is achieved between existing simulated 

and experimental results. 

 

Figure 10. LDR frequency for FBH in PMMA. 
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It is simulated of lot testing scenarios and figured out LDR frequencies for many defects with different 

parameters. But these data not enough to predict the frequency range for the expected defect before the LDV 

test. One of the solutions is to fit the obtained data into the function. It can be done through the regression 

analysis. Regression is a statistical method of estimation relationship between a dependent variable and 

independent variables. For our case dependent variable is LDR frequency and independent variables are 

defect size and depth. We used Python script and library “scikit-learn” [20] for regression analysis. To 

evaluate the regression function, it was used the coefficient of determination. It was used polynomic 

regression, so it is important what degree of polynomic better to use. The coefficient of determination for 

different function degree is shown in Table 5. As we can see, the most accurate function has degree six for 

both cases, CFRP and GFRP with a coefficient of determination are about 0.993 and 0.996. 

Table 5. Coefficient of determination of the polynomic degree 

 Polynomic degree 2 3 4 5 6 7 8 9 

CFRP c. Determination 0.859 0.959 0.984 0.991 0.993 0.992 0.988 0.982 

GFRP c. Determination 0.940 0.978 0.990 0.995 0.996 0.980 0.994 0.994 

 

  

  

(a) (b) 

Figure 11. LDR frequency function of FBH size and depth for CFRP (a); GFRP (b) 
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(a) (b) 

Figure 12. LDR frequency function of delamination size and depth for CFRP (a); GFRP (b) 

As we can see in figure 11, material properties influence LDR frequency. Defects in stiff material can be 

observed at higher frequencies. Also, for shallow defect defection, we should amplifier higher frequencies. 

According to figure 12, delamination in the middle of the plate require the highest frequency range for 

detection. The same phenomenon was observed by Segers [9]. It may be related to influence LDR of 

compliant part on the stiffer part of delamination. Still, the intensity of this influence can be evaluated during 

the experiment because, during modal analysis, we did not simulate an amplifier, so we could not predict 

displacement values, and our model did not include interfacial interactions. 

The function that can fit obtained data has the following view: 

𝑦(𝑥1, 𝑥2) = 𝑤0 + 𝑤1𝑥1 + 𝑤2𝑥2 + 𝑤3𝑥1
2 + 𝑤4𝑥1𝑥2 + 𝑤5𝑥2

2 + 𝑤6𝑥1
3 + 𝑤7𝑥1

2𝑥2 + 𝑤8𝑥1𝑥2
2 + 𝑤9𝑥2

3 +
𝑤10𝑥1

4 + 𝑤11𝑥1
3𝑥2 + 𝑤12𝑥1𝑥2

3 + 𝑤13𝑥1
2𝑥2

2 + 𝑤14𝑥2
4 + 𝑤15𝑥1

5 + 𝑤16𝑥1
4𝑥2 + 𝑤17𝑥1𝑥2

4 + 𝑤18𝑥1
3𝑥2

2 +
𝑤19𝑥1

2𝑥2
3 + 𝑤20𝑥2

5 + 𝑤21𝑥1
6 + 𝑤22𝑥1

5𝑥2 + 𝑤23𝑥1𝑥2
5 + 𝑤24𝑥1

4𝑥2
2 + 𝑤25𝑥1

2𝑥2
4 + 𝑤26𝑥1

3𝑥2
3 + 𝑤27𝑥2

6 (3) 

Where, x1 – defect size, x2 – defect depth, 𝑦(𝑥1, 𝑥2) – LDR frequency function, w0-27 – coefficients (the aim 

of the regression is to find these coefficients). 

5.4  Application of ML in brief 

The automation of the virtual modal analysis procedure allows the generation of a massive set of data. It 

was used to create the regression model that helps to specify the frequency range for modal testing of the 

specimens. Besides, another application of this data is the training of a machine learning model, such as a 

neural network. This concept was also tested, and it showed great potential. 

The neural networks-based system was created for the automated classification and localization of present 

defects. Two types of neural networks used. The first one is three hidden layers Multi-Layer Perceptron 

(MLP) that employed for the classification of the present defect from the MAC matrix of the object in 

comparison to reference one. The second network is the Mask Region-Convolutional Neural Network (Mask 

R-CNN) [21], which is used for the localization of the LDR effect on the mode shape. According to the 

detected defect type and size, based on the DBR metric of simulated specimens, the set of mode shapes, 

most probably containing the LDR effect, is selected from the whole set of mode shapes and further fed into 

the Mask R-CNN. As a result, the estimations of defect type, size, and location are available. The general 

workflow of the automated system is presented in figure 13. The complete description of the system is 

available in [15]. 
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Figure 13. The general workflow of the automated defect detection system 

To train the MLP, the MAC matrix was calculated for each specimen versus the reference one, having no 

defects. The dataset was split into training and validation datasets in a proportion of 80-20%. The 

classification accuracy on the validation dataset was 95%. For the Mask R-CNN training, the mode shapes, 

containing LDR effect, were selected and reconstructed from the dataset, according to the DBR values. The 

dataset, consisting of 61337 mode shape images with LDR, was also split into training and validation 

datasets in a proportion of 80-20%. The 99% of classification accuracy and 92% of mask identification 

accuracy were reached after the training on the validation dataset. 

The test case is the CFRP plate with multiple flat bottom holes kindly provided by UGent researchers and 

described in their publication [9]. The UGent specimen’s thickness if 5.43 mm, which is two times thicker 

than the plate, used in virtual modal analysis, and further for training. It is important to note that since the 

CAE model for this plate was not available, the LDR frequencies were taken from the publication, instead 

of MLP-based classification of MAC. Also, the Mask R-CNN was not retrained, which means that the 

training is applicable not only for the particular material used for training dataset generation but also for 

other different materials. The localization results are presented next to the picture of the specimen in  figure 

14. The sizes and depths of defects are presented in Table 3. 

 

 

Figure 14. UGent CFRP specimen (left) [9]; Mask-based defect heatmap for UGent CFRP specimen. 

  

2866 PROCEEDINGS OF ISMA2020 AND USD2020



Table 3. UGent specimen defects parameters [9].  

Number 1 2 3 4 5 6 7 8 9 10 11 10 

Radius 

(mm) 

3.5 7.5 5 7.5 6.25 7.5 10 7.5 12.5 7.5 7.5 7.5 

Depth 

(%) 

71 80 69 71 70 61 69 51 69 42 33 100 

 

As a result, seven holes were detected out of twelve. Those five holes are the deepest and the smallest holes 

that lie beyond the detection limit of current training of Mask R-CNN. However, the detection result is still 

good, and the transferability of training is proven with this test case. 

6 Conclusion 

The methodology of the LDR frequency investigation for FBH and delamination was proposed. It consists 

of LDR investigation through the Modal Analysis of Finite Element Analysis, laminate simulation by the 

homogenization technique with CLT, the automation by Python scripting, and NXOpen API. Based on 

simulated data, the LDR frequency function was obtained for FBH and delamination of various depth and 

size through the regression analysis. The methodology was tested on three materials: CFRP, GFRP, and 

PMMA.  

A good correlation was obtained between experimental and simulated eigenfrequencies and mode shapes. 

For CFRP and GFRP was obtained functions that fit the simulated data and allow to predict LDR frequencies 

for particular defect (FBH, delamination) size and depth before the test. The Insert presence in GFRP did 

not observe during the LDV experiment and simulation. It related to defect location between 5th and 6th 

layers that do not change the symmetry of the plate. Also, GFRP plates are transparent, which is a crucial 

parameter for LDV experiments – specimens should be painted. 

From the experimental point of view, the application of simulation allows the specification of LDR 

frequencies of defects. It reduces the time of the post-processing of experimental results and helps to 

implement Artificial Intelligence tools for automation of detection processing.  

The neural network-based automated defect detection system has been developed, trained using simulated 

specimens, and tested on both simulation and test cases. Testing on several real cases showed that the 

training of the neural network is also applicable for the defect localization in the specimen of size and 

thickness that differ from initial ones. The results of simulation and neural network implementation show 

the potential for further investigation and implementation for other defects and structures. FBH and 

delamination defects were investigated in the frequency band up to 80 kHz. For future improvement, it is 

necessary to include the piezo transducer in simulation in order to increase accuracy in simulation. In 

addition, the interaction between two parts of delamination should be added. This paper covered simulation 

and briefly NN implementation. More information about this project and can be found in [22][15]. It is 

planned to publish the paper “Methodology of non-destructive evaluation of composites based on Laser 

Doppler Vibrometry, Finite Element Analysis training set, and deep learning techniques” about NN 

implementation results in Composite structures journal. 
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Abstract
Efficient and reliable Structural Health Monitoring (SHM) systems are required for structural damage detec-
tion of composite materials which are widely used in aeronautics and aerospace. In this work, a numerical
approach for crack-type damage detection and localization of a thick composite sandwich structure based on
a deep learning algorithm Convolutional Neural Networks (CNN) is reported. An intact composite sandwich
plate with a thick honeycomb core and same plates with cracks are modelled in ANSYS. Excitation pulse
signals are applied on the plate surface to stimulate vertical displacement. Raw vibration response signals
are transformed into 2D images by continuous wavelet transform, which are used as input to CNN for train-
ing and test of the network. A two-stage CNN is constructed to detect the occurrence and the localization
of the damage. Besides, impact of the number of sensors and their emplacement on the efficiency of the
CNN-based SHM is investigated, which may provide a reference for similar studies.

1 Introduction

Advanced composite materials are widely applied in industries such as civil engineering, transportation,
manufacturing and other fields due to the advantageous properties (e.g., light weight, corrosion resistance,
heat insulation, sound insulation, shock absorption, etc.). Structure components that often work in an envi-
ronment with external loads, such as bridges, nuclear power plants, airplanes and spacecraft, are susceptible
to structural damages due to fatigue or material degradation, which will lead to functional insufficiency. Se-
vere damages may cause structural failure resulting in huge loss. Therefore, Structural Health Monitoring
(SHM) has attracted great attention since the last two decades [1].

During the last few decades, SHM has been performed mainly by expertise-dependent visual inspections
[2, 3, 4]. However, visual inspection is often time-consuming and labor-intensive. Sometimes inspectors do
not have access to all parts of structures. To deal with these issues, several non destructive testing (NDT)
methods that are capable of detecting internally hidden damages are proposed during inspection intervals [5].
Two of the most commonly used NDT methods, vibration-based technique and guided wave-based technique,
have been developed by extracting discriminant damage-sensitive information from structure responses. A
general process of SHM based on these methods involves collecting relevant vibration response data from
sensors attached on the structure, data pre-processing for the purpose of data reduction and key feature
extraction from these measurements, and determining the structural healthy state by statistical analysis of
features. Vibration-based NDT focuses on the detection of modal information such as natural frequency
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changes and mode shape singularity created by local discontinuity due to damages. It has been employed in
damage detection of delaminations in composite plates [6], debonding in honeycomb sandwich beams [7],
multi-type damages in composite sandwich plates [8, 9]. Guided wave-based NDT focuses on the detection
of amplitudes, changes in wave propagation pattern and elastic wave energy variation due to the interaction
between propagated waves and material discontinuity where damage occurs. It has been applied in damage
detection of quasi-isotropic composite laminates [10], multi-type damages in composite sandwich structure
[11, 12]. A combination of vibration-based and guided wave-based approaches was proposed by Radzienski
et al. [13] to achieve a better accuracy in damage detection without reducing the effectiveness of NDT
techniques for detection of debonding in honeycomb core panels. However, a common feature of these two
methods in application is the high requirements of expertise for practitioners during the analysis of structural
vibration responses, especially for complex structures, which is not always available.

To tackle these disadvantages, a promising solution has emerged with the explosive development of artificial
intelligence (AI) in recent years, especially the hottest sub-field deep learning [14]. Deep learning uses multi-
ple layers to extract features from low level to high level from raw input [15]. It permits to represent features
hierarchically and learn features automatically, which avoids the requirements of expertise in conventional
SHM approaches. A CNN-based approach was proposed for the classification and prediction of various types
of in-plane and through-the-thickness delamination in smart composite laminates[16]. The proposed neural
network can provide both damage occurrence and damage location information with an overall classification
accuracy of 90.1% which is acceptable compared to results obtained by other machine learning approaches.
A deep learning-based framework was proposed by Meng et al. [17] for the classification of ultrasonic sig-
nals from CFRP laminates with void and delamination. CNN is employed to learn high-level representation
for each signal from wavelet transform. It’s shown that the chosen methods including Wavelet transform,
CNN, SVM have optimal performance. Deep learning is also employed in SHM for various other types of
materials, such as for joint damage detection on a steel frame of Qatar University grandstand simulator based
on CNN [18, 19], for bearings [20, 21, 22], for concretes [23, 24], etc.

To the authors’ knowledge, although there are some related studies of SHM for composite materials, the
research in this area is very scarce, and there is no attempt to apply deep learning in SHM for composite
sandwich structures. In this study, a numerical approach for crack-type damage detection and localization
of a thick composite sandwich structure based on a deep learning algorithm Convolutional Neural Networks
(CNN) is reported. The goal of the study is to predict and localize crack-type damages in composite sandwich
plates using a deep learning algorithm in order to prevent the disadvantages in conventional SHM approaches.
The rest of this paper will be organized as follows: the basic theoretical background including convolutional
neural network and continuous wavelet transform will be introduced in section 2. CNN-based crack detection
and localization will be described in section 3. Section 4 concludes the paper and suggests potential future
works.

2 Theoretical background

2.1 Convolutional Neural Network

Convolutional Neural Network (CNN), a deep learning neural network, has brought breakthroughs in pro-
cessing images, video and speech [14]. A CNN is a deep learning algorithm which can take in an input
image, assign importance by adjustable weights and biases to various contents in the image and be able to
distinct one from the other. In computer vision, an image is nothing but a matrix of pixel values. A CNN
interprets an input as hierarchical representations by convolving it with multiple filters. In CNN, there are
basically three types of layers: Convolution layer, Pooling layer and Fully-connected layer. Convolution
layer is used to extract key features in the input images by sliding a filter from left to right, from top to bot-
tom by small steps called stride, until it covers the whole image through a convolution operation. Then the
dimensionality of the feature is reduced by a average pooling layer or max pooling layer. With the stacking
of convolution layer and pooling layer, features are extracted from low level to high level. A Fully-connected
layer is then employed for the classification of the input image. Figure 1 illustrates an example of a classic
CNN architecture LeNet-5 for the recognition of a handwritten number. In the first convolution layer, a filter
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of dimension 5 × 5 is applied with a stride 1. The output is in turn transformed with an average pooling
with filer size 2 × 2 and stride 2. The output of pooling layer is again fed into the second convolution layer
and pooling layer. The output of the second pooling layer is flattened into a 400× 1 vector, which is passed
successively through two FC layers until the final classification of the image.

Figure 1: Architecture of a classic CNN: LeNet-5

2.2 Continuous Wavelet Transform

Multi-resolution Analysis (MRA) is a practical approach to analyze signals, allowing to analyze signals with
different resolutions at different frequency bands. Continuous Wavelet Transform (CWT) is widely used as
a MRA method. It is defined by:

CWT{f(t)}(τ, s) = 1√
|s|

∫
f(t)ψ∗(

t− τ
s

)dt (1)

where f(t) is the signal at hand, ψ(t) is the mother wavelet, τ and s are the translation and scale, respectively,
which are related to time and frequency. Mother wavelet means that wavelets used in different regions of
the signal are derived from this prototype wavelet, and wavelet means the wave is of finite length, similar
to the window function in STFT. The difference is that the length of the wavelet will change depending on
the location of the wavelet in the signal. There are various options for mother wavelet, among which some
commonly used are Morlet wavelet, Daubechies wavelet, Coiflet wavelet, Symlets wavelet, etc. The scale s
is proportional to the reciprocal of frequency. In other words, low scale means high frequency, while high
scale means low frequency. The term translation τ is the same as in STFT, it is used to shift the wavelet to
next location. It should be noted that in CWT, there are two variables scale and translation, which are used
to scan the time and frequency domains of the signal f(t). CWT of a signal is computed as the following:
the wavelet is firstly located at the beginning of the signal at t = 0 with the scale τ = 1. The wavelet is
multiplied by the signal and integrated over the whole time field. The final result corresponds to the CWT
at t = 0 and s = 1 in the time-scale plane. Then the wavelet is shifted to the next location by a step of τ .
The same procedure is performed and repeated until the wavelet overlaps the whole signal in time field for
s = 1. One row of the time-scale plane is completed. Then the scale s is increased by a sufficiently small
step size so that the computation seems ”continuous”, and the wavelet locates again at t = 0. The CWT is
computed for the new scale by shifting the wavelet towards the right. This procedure is repeated for each
scale until the entire time-scale plane is completed. It is worth mentioning that the computation of CWT of a
signal for a certain scale representing a certain frequency, is a comparison of similarity between the wavelet
and the signal in frequency field. More precisely, if the frequency corresponding to the scale in the wavelet
is a major component in the signal f(t), then the result of CWT will be relatively large, otherwise it will be
small or zero. The result displayed in the form of CWT is a two-dimensional image including time domain
and frequency domain.
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3 Crack detection and localization by CNN

One of the main advantages of deep learning compared to conventional data-driven techniques is that it can
learn and extract key features from raw data. Deep learning is able to learn complex concepts automatically,
represent features hierarchically, and is efficient for large scale data. Deep learning has been successfully
applied in SHM of bearing [22], rotating machinery [25], gas turbine combustors [26], concrete [24], com-
posite laminates [16, 27] as well as in medical field [28]. In this section, a CNN-based method is proposed
for crack detection and localization in a thick composite sandwich structure.

3.1 Vibration response of the structure

(a) (b)

Figure 2: (a) Geometry and (b) numerical model of the composite sandwich panel

In the present work, a composite sandwich plate with a hexagonal shaped Nomex honeycomb core (3D core)
and CFRP-skin is selected for simulation and classification tasks. The dimension of the plate is 300 mm
× 294 mm × 19 mm. The thickness of each face sheet is h = 2mm. The face sheets are laminate panels
made of carbon/epoxy materials whose properties are: density ρ2 = 1850kg/m3, Poisson’s ratio ν2 = 0.3,
Young’s modulusE2 = 70×109Pa. The thickness of the honeycomb core isH = 15mm in which the radius
and wall thickness of each cell are r = 5mm and t = 0.2mm, respectively. The Nomex core’s material
properties are: density ρ1 = 1240kg/m3, Poisson’s ratio ν1 = 0.33, Young’s modulus E1 = 5.5 × 109Pa.
A simplifies illustration of the sandwich structure is referred to figure 2a and the numerical model is referred
to figure 2b.

Figure 3: Transformation of transient vibration response into time-frequency image by CWT
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The vibration responses of the intact structure and cracked structures from transient analysis are transformed
into 2D images by CWT, as shown in figure 3, where in the CWT figure the horizontal axis represents time
and the vertical axis represents frequency. In this way features can be extracted in both time and frequency
domains.

3.2 CNN architecture

The proposed CNN architecture is introduced in this section. As in the proposed two-stage CNN methodol-
ogy, two CNNs have the same architecture. The only difference is the number of classes in the output layer
depending on different classification targets. Table 1 shows the detail of the CNN architecture which con-
tains five convolution layers and pooling layers that are employed to extract key features from time-frequency
plane images of the vibration responses of the composite sandwich structure with and without cracks. A fully
connected layer and a Softmax classifier are employed to classify the extracted discriminant features through
convolution layers and pooling layers into corresponding classes. The first stage CNN is used to detect if
damages occur in the structure, therefore, there are two classes in the output layer: healthy or crack. The
second stage CNN is then used to localize the crack area, where the output has 6 classes (i.e., 6 crack cases).

In the training step, Adam optimizer is adopted to speed up the calculation, a mini-batch size of 32 is set to
train CNN models. The initial learning rate is 0.00001. The training is not stopped until it reaches the max
epoch number.

Table 1: CNN configuration

Layer Description
Input 656× 656× 3 CWT images
Conv1, Pool1 Convolution filter 5× 5, stride 1,

Filter number = 16, Batch normalization, ReLU,
Max Pooling filter 2× 2, strides 2

Conv2, Pool2 Convolution filter 3× 3, stride 1,
Filter number = 32, Batch normalization, ReLU,
Max Pooling filter 2× 2, strides 2

Conv3, Pool3 Convolution filter 3× 3, stride 1,
Filter number = 64, Batch normalization, ReLU,
Max Pooling filter 2× 2, strides 2

Conv4, Pool4 Convolution filter 3× 3, stride 1,
Filter number = 96, Batch normalization, ReLU,
Max Pooling filter 2× 2, strides 2

Conv5, Pool5 Convolution filter 3× 3, stride 1,
Filter number = 128, Batch normalization, ReLU,
Max Pooling filter 2× 2, strides 2

Fully connected Output = 7, WeightLearnRateFactor = 10,
softmax BiasLearnRateFactor = 10

3.3 Detection and localization of crack

The composite sandwich structure is modelled in ANSYS. The face sheets are modelled with 3D solid-shell
element SOLSH190 that has 8 nodes where the degree of freedom of each node is 3: translation in x, y and z
directions. Shear phenomena in the face sheets can be taken into consideration when high frequency signals
propagate in the structure. 2D shell element SHELL181 is used to model the honeycomb cells. The two face
sheets and core are connected by automatic constrain equation developed by ANSYS.

Composite materials are susceptible to several damages due to fatigue, impact and material degradation.
Cracks are one of the main damages that occur in composite structures. Therefore, in this study, the detection

STRUCTURAL HEALTH MONITORING (STRUCTURES) 2875



Figure 4: Composite sandwich models with crack damage in different positions: (a) in x direction x = L
4 ,

y = W
4 (b) in x direction x = L

4 , y = W
2 (c) in x direction x = L

2 , y = W
4 (d) in x direction x = L

2 , y = W
2

(e) in x direction x = 3L
4 , y = 3W

4 (f) in y direction x = L
2 , y = W

2 . 1 actuator (red) and 3 sensors (yellow)
attached on the face-sheet.

of cracks in composite structure is conducted. Crack damage is designed in the sandwich structure by
disconnecting local nodes through the top face sheet and honeycomb core. One healthy case and six cases
with one crack at a certain position in each are constructed. Five crack damages are in the x direction and
one crack damage is in y direction. Cracks in x direction are located at (x = L

4 , y = W
4 ), (x = L

4 , y = W
2 ),

(x = L
2 , y = W

4 ), (x = L
2 , y = W

2 ), (x = 3L
4 , y = 3W

4 ), respectively. Crack in y direction is located at
(x = L

2 , y = W
2 ). The length of cracks is 30mm which is L

10 in x direction, and crack length in y direction is
43mm, as illustrated in figure 4.

0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01
-0.01

-0.008

-0.006

-0.004

-0.002

0

0.002

0.004

0.006

0.008

0.01

0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01
-5

-4

-3

-2

-1

0

1

2

3

4

5
10-4

0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01
-5

-4

-3

-2

-1

0

1

2

3

4

5
10-4

0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01
-5

-4

-3

-2

-1

0

1

2

3

4

5
10-4

1.6 1.8 2

10-3

-1

0

1
10-4

2.6 2.8 3

10-3

-1

0

1
10-4

1.8 2 2.2 2.4 2.6 2.8

10-3

-1

0

1

10-4

1.6 1.8 2

10-3

-1

0

1
10-4

2.6 2.8 3

10-3

-1

0

1
10-4

1 1.2 1.4

10-3

1

2

3

10-4

Figure 5: Comparison of structural vibration responses of a healthy model and a model with crack damage
to an excitation signal of frequency 8 kHz.
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Signals that have propagated on the structure are supposed to have interacted with damages and contain
discriminant information of damages. A comparison of vibration responses of intact structure and a struc-
ture with crack in figure 4(b) to a same excitation signal of 8kHz with seven cycles is shown in figure
5. Firstly, it can be seen that the excitation signal waveform has changed after propagation along differ-
ent directions. Secondly, due to the anisotropic properties of the honeycomb core, the signal propagation
behaviour is direction-dependant, which results in difference between three sensors located at different lo-
cations. Thirdly, the behaviour of signals that propagate in intact structure and cracked structure are slightly
different (i.e., signal amplitude and phase) due to the change of physical property (e.g., bending stiffness,
boundary conditions) caused by damage. However, these differences are not evident enough and the analysis
of signals are too expertise-dependent. Therefore, deep learning algorithm is proposed to learn such kind of
features.

In this study, a two-stage CNN is proposed to detect the occurrence and localization of the damage. A
first CNN is constructed to detect whether damages occur in the structure. After fault-pattern recognition,
a second CNN with the same architecture as the first one is constructed to predict the localization of the
damage, as illustrated in figure 6. Data collected from seven cases (one healthy and six cracked structures)
are transformed into 2D images by CWT which are then used as input to train CNN models.

CNN.png

Figure 6: Overview of data pre-processing and the proposed 2-stage CNN-based crack detection algorithm.

3.4 Testing on unseen cases

In this section, the trained CNN model from section 3.3 is used to classify cases of crack that have never
been used in the training and validation of CNN model in section 3.3. In the present study, an unseen case
of crack is designed between two cracks in figure 4 (a) and (b) in direction x located at (x = L

4 , y = 3W
8 ). It

is different from all other cases in the training step. In the testing of CNN-1, the coarse classification, results
are presented in Table 2. The classification accuracy is 96.67% although 3.33% instances of the unseen crack
are misclassified as ’healthy’.

After fault-pattern recognition, a second CNN with the same architecture as the first one that has been pre-
trained in section 3.3 is employed to predict the localization of the unseen damage. Table 3 presents the labels
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Table 2: Labels predicted by pre-trained CNN-1 for unseen cases of crack in coarse classification

Ground truth Predicted label Percentage
Crack Healthy 3.33%
Crack Crack 96.67%

predicted by pre-trained CNN-2 for unseen cases of crack in fine classification. In this step, the ground truth
of the unseen cases is denoted by ’g’ to distinguish from training cases ’a’, ’b’, ’c’, ’d’, ’e’ and ’f’ in figure
4. It is found that 88.89% instances of crack ’g’ are classified as crack ’a’ and ’b’, which is consistent with
the physics knowing that a structure with a crack between crack ’a’ and ’b’ should have similar dynamic
characteristics with either case ’a’ or case ’b’. 11.11% instances of crack ’g’ are misclassified as crack ’f’,
but according to the location of crack ’f’, this classification result helps to determine the approximate area
of the damage.

Table 3: Labels predicted by pre-trained CNN-2 for unseen cases of crack in fine classification

Ground truth Predicted label Percentage
g a 55.56%
g b 33.33%
g c 0
g d 0
g e 0
g f 11.11%

Table 2 and Table 3 show the ability of the proposed 2-stage CNN-based method to correctly predict the case
of crack that was not even considered in the training and validation of the network.

3.5 Classification with one sensor

As an acceptable classification result has been obtained in section 3.4, the next step is to discuss whether it is
possible to reduce the number of sensors required while ensuring the accuracy of classification. The purpose
of this idea is that if the number of sensors can be reduced, on the one hand, the cost of the experimental
equipment can be reduced, and on the other hand, the amount of data can be reduced to speed up the calcu-
lation. In the same way as in section 3.4, data from each sensor are used individually as input to the neural
networks in order to investigate the impact of the number of sensors and their emplacement on the efficiency
of the CNN-based SHM . Results are listed in Table 4. It is shown that data from each individual sensor are
effective in the detection of damage, however, reducing the number of sensors in the current study will lead
to worse results in the localization of crack damage. Data from sensor 3 perform better than the other two
sensors. It may be explained by the fact that the damage is located between the actuator and sensor 3 so that
damage information contained in the signal received at sensor 3 is more important than others.

Table 4: Performance of data from each sensor in the detection and localization of unseen crack damage

Data/network CNN-1 CNN-2
All sensors 96.67% 88.89%
Sensor 1 100% 75%
Sensor 2 100% 60%
Sensor 3 100% 87.5%
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4 Conclusions

A 2-stage deep learning algorithm CNN is proposed to predict and localize crack-type damages in a thick
composite sandwich structure through numerical approach. Raw vibration signals of the structure are trans-
formed into 2D images by CWT that keeps features in both time and frequency domains. The time-frequency
plane images are used as input to train CNN models where the first CNN model is used to detect the occur-
rence of crack damage while the second CNN is used to localize the crack damage. The proposed method is
proven to be able to detect and localize crack damages in thick composite sandwich plates with acceptable
accuracy. The number and emplacement of employed sensors in the optimal results may provide a reference
for similar studies. Finally, the proposed method has the potential to be extended to detect and localize
different types of damages in composite sandwich structures.
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Abstract
This paper presents a damage identification technique based on the frequency changes between healthy and
damaged beam structure. An algorithm based on frequency shift coefficient (FSC) is proposed, and the
sensitivity of eigenfrequencies is studied. The method is tested by introducing an artificial damage, which
depends on local stiffness reduction using five frequencies. The modal analysis technique is employed for
healthy and damaged 2D Euler-Bernoulli beam modeled with Finite Element by using mass and stiffness
matrices in order to provide natural frequencies. The effect of uncertainty on natural frequencies (0.1%, 0.2%
and 0.3%) in damaged case is considered, and samples are used to estimate the average damage position and
severity. In the beginning, the damage is localized and quantified. Then, the sensitivity of eigenfrequencies
is investigated based on added uncertainty. The conclusion of analyses indicates that the algorithm correctly
localizes and accurately estimates the damage by requiring a short amount of computational time.

1 Introduction

Structural integrity evaluation based on vibration analysis is an important aspect for researchers and scien-
tific committee. There are many critical mechanisms in a structure that can cause for damage. However, the
presence of damage can causes changes in the physical parameters (mass, stiffness and damping) and ge-
ometry parameters (thickness, length, height, etc.). Therefore, changes in the natural frequencies and mode
shapes of the structure. One of the most suitable techniques to identify the presence of damage and assess
the structure is vibration-based structure health monitoring (VBSHM). Doebling et al. [1], Montalvao [2]
and Sohn et al. [3] presented reviews covering on VBSHM based on advances in damage detection and
SHM with an emphasis on structures. Rytter [4] defined four levels for damage detection and assessment:
(i) detection (ii) localization (iii) quantification (iv) prediction of the remaining life of the structure. The
first step for structural identification is to compare the natural frequencies of healthy beam and unknown
beam. If the frequency shift remains, then there is a chance that damage is present in the structure. The
frequencies are commonly used modal parameters for identification of defect as they are sensitive for dif-
ferent types of damage. Cawley and Adams [5] introduced sensitivity analysis using natural frequencies to
detect, locate and quantify damage. Salawu [6] mentioned that natural frequency is a sensitive parameter and
measurements of frequencies can be quickly conducted and are reliable. Messina et al. [7] presented dam-
age location assurance criterion (DLAC) and after multiple damage location assurance criterion (MDLAC)
based on natural frequency changes. Silva and Gomes [8] introduced frequency shift coefficient to detect
damage position and estimate crack length. Shukla and Harsha [9] acknowledged that the changes in natural
frequency are an indication of cracks in the blade geometry. Zhang et al. [10] presented techniques based
on vibration methodologies by the frequency shifts from three inverse algorithms based on graphical tech-
nique, surrogate-assisted optimization and artificial neural network, to predict the location, size and interface
of damages in the composite beam. Le et al. [11] employed a method based on the first-order analytical
estimation value of the relative variations of eigenfrequencies due to the change in mass and/or rigidity from
the estimation of the modal parameters. Serra et al. [12] examined numerical damage case using different
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indicators and a damage library was created from 3-D and 2-D Finite Element (FE) model of a cantilever
beam from considering bending frequencies. Serra and Lopez [13] compared many classical indicators to
evaluate their performance and capacity to detect and localize damage from different cases.

In this paper, a FE based algorithm using modal analysis technique is proposed for a cantilever beam struc-
ture. The vibratory response of the structure is tested with two states: the healthy state and the damaged state.
Localization and quantification of damage are calculated from these two states using frequency variations.
The main objective of this paper is to implement the proposed algorithm which can be used for damage
identification based on the frequency shift between healthy and damaged structure. In order to validate the
proposed damage identification algorithm, at first, the algorithm is implemented between FE models to iden-
tify damage. Then noise levels or uncertainty levels on natural frequencies (0.1%, 0.2% and 0.3%) are tested
by adding random noise in damaged beam frequencies. In each noise level, ten samples are used in dam-
aged beam frequencies to estimate the average damage position and severity. Finally, the sensitivity of the
algorithm is mentioned through the identification of damage case with or without noise levels.

The paper is organized as follows. In Section 2 , a brief introduction about beam bending vibration theory
for 2D FE model is presented to extract the modal parameters from a structure. In Section 3 , the steps of
proposed strategy and variation in frequencies using random noise function are illustrated. In Section 4 , a
numerical case is tested, and results are analyzed employing noise levels in damaged beam frequencies. In
Section 5 , the conclusion is drawn based on the proposed algorithm using the different noise levels.

2 Beam vibration model

The study model focuses on a Euler’s-Bernoulli cantilever beam structure, as shown in Fig. 1 . The beam is
modeled with 100 elements, and each element size is 10 mm. The 2D FE model has a the total number of
202 degree of freedoms (DOFs), where each node has 2 DOFs: displacement along y-axis and rotation (θz)
along the z-axis.

1 2 3 N... ...

y

θz

l

w

h

x

y

z

Figure 1: 2D FE model of a cantilever beam and cross-section area.

The formulation of the equation of motion for each degree of freedom can be described in matrix form:

[M ]{Ẍ}+ [C]{Ẋ}+ [K]{X} = {F} (1)

where [M ], [C] and [K] are the mass, damping and stiffness matrices, respectively. Here, X stands for a
nodal displacements vector. Considering no external force and damping, the eigenvalue equation for the ith
vibration mode of a dynamic structure is expressed as:

([K]− λi[M ])φi = 0 (2)

where λi and φi are the ith eigenvalue and eigenvector, and where λi = ω2
i in which ωi is the ith natural

frequency. In this particular 2D FE approach, it is assumed that the damage only affects the stiffness of
selected elements. In this study, an artificial damage is simulated by reducing the bending stiffness of the
selected element. Damage severity is represented by the stiffness reduction coefficient βe, which is the ratio
of stiffness reduction to the initial stiffness.
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The following equation defines the stiffness matrix of a damaged beam:

[Kd] =
n∑

e=1

(1− βe)[Ke] (3)

where [Kd] is global stiffness matrix for a damaged beam, [Ke] is the element stiffness matrix for element e,
n is the number of elements, and βe is a bending stiffness reduction parameter, which varies from 0 to 1 for
the damaged structure. The value of βe = 0 indicates a healthy element.

3 Proposed damage identification strategy

This work presents a strategy based on natural frequencies for locating and estimating damage in a beam
discretized using FE. The strategy focuses on the shift of natural frequencies between healthy and damaged
beam, whereas 2D FE models are simulated in order to perform damage identification. To achieve this
goal, the damage is identified by updating a FE model using a criterion based on natural frequencies. The
identification is performed by the use of four sets of natural frequencies : on the one hand, a healthy beam
and a damaged one, the latter being to identify, on the other hand, a 2D healthy beam model and damaged
one, the latter being updated. Here, the strategy uses numerical computation of frequencies along with the
damage position and 1 to 99% stiffness reduction, as the study is carried out using the FE model updating.
To sum up, the strategy consists in updating the stiffness of an FE model, based on frequency shifts. The
numerical solution of damage case is obtained with the use of FE model updating approach. Finally, the
strategy is carried out in order to investigate the sensitivity of the eigenfrequencies.

3.1 Objective function and minimization procedure

In this study, a Frequency Shift Criterion (FSC) is employed during minimization procedure to find the po-
sition and severity percentage. This FSC is first presented by Silva and Gomes [8] for damage identification
problems. The FSC is expressed as:

FSC =

√√√√ 1

m
||

m∑

i=1

(
(Ri)X − (Ri)A

(Ri)X

)
|| and Ri =

ωd
i

ωh
i

(4)

where Ri is the ratio of damaged (ωd
i ) and healthy (ωh

i ) beam frequencies, m is the total number of frequen-
cies, D refers to the damaged case, A refers to the reference i.e. safe FE model to be updated, and i denotes
frequencies indices. At least two vibration frequencies must be considered for the evaluation of the FSC.

In the minimization procedure, the updating parameters are set by the vectors of positions [p1, p2....pN ]
and severities [β1, β2.....βN ]. The objective of 2D FE updating is to obtain the best-fit value through the
minimization procedure between 2D FE model to be updated and tested damaged case. The parameters
minimizing FSC correspond to the position and severity of the damaged case.

Practically, the minimization problem is solved using Particle Swarm Optimization (PSO) [14]. Several other
techniques may be employed, but the main reasons behind this choice is that a global solution must be found
and the gradient of the cost function i.e. the FSC, is difficult to define or to estimate. In practice, the PSO
(as implemented in the particleswarm() function in MATLAB Global Optimization Toolbox) proves
to be adequate to solve the problem.

There are many parameters in PSO, i.e., swarm size, number of iterations, inertia weight, learning factors,
etc. The influence of PSO parameters are not considered during minimizing procedure. Only the swarm size
and the number of maximum iterations are explicitly specified during FSC minimization, with values of 10
and 50, respectively.
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3.2 Algorithm

The main steps for the proposed algorithm are summarized as follows:

Step-1: Generate damage case with the bending stiffness reduction ranging between 0.01 and 0.99 with a
step of 0.01.

Step-2: Develop the FE models of the beam structure in order to compute natural frequencies as for healthy
and given damaged case from step-1. Optionally, add a perturbation to the set of frequencies of the damaged
case in order to simulate measurement imprecision.

Step-3 : Using the FSC and the minimization algorithm, update a beam FE model with a generic defect, for
each set of tested frequencies.

Step-4 : Consider the updated parameters as the damage parameters. In the case where perturbations are
introduced, consider the mean and standard deviation of the results.

3.3 Modeling uncertainty on natural frequencies

Measurement imprecision always exists in the experimentally measured frequencies as well as other modal
parameters. In this study, artificial uncertain cases, i.e. cases whose natural frequencies are incorrectly esti-
mated, are generated numerically, and the effect on the results are analysed based on the proposed algorithm.
The uncertain or noisy cases are introduced in damaged beam frequencies by the addition of percentage noise
levels with assumed normally distributed random variables. In this regard, the uncertain or noisy damaged
beam frequencies can be expressed as:

ω̄d
i = ωd

i (1 + ηγi) and i = 1, 2..., nm (5)

where ω̄d
i is ith damaged beam frequency after noise addition, η is the percentage of noise, and γi is a

Gaussian random number between -1 to 1, different for each i.

4 Results and discussions

To investigate the proposed strategy and evaluate the performance of the algorithm, we propose to identify a
damage location and severity on a Euler-Bernoulli cantilever beam. Furthermore, on a given damaged case,
we will estimate the sensitivity of the algorithm by introducing a perturbation on the natural frequencies as
presented in Eq. 5.

The steel beam properties and dimensions are listed in Table 1 . The artificial damage is introduced by
reducing the stiffness of the individual element. Here, the damage case is set at 0.8 m beam position by 50%
stiffness reduction. The first five lowest natural frequencies of the healthy and damaged beam are extracted
from the respective FE models. The result may vary with consideration of more than five frequencies.
However, it is also essential to reduce the computation time. Hence, five frequencies prove to be sufficient to
identify the considered structural modifications. The frequencies of healthy and damaged beam are reported
in Table 2. Three significant digits are kept in the natural frequencies, which is enough for the algorithm to
works accurately and identify a damage.

In a first step, the damage of the tested case is identified based on the exact natural frequencies. The Fre-
quency Shift Criterion is minimized in order to identify position and severity of the damage. In Fig. 2, the
FSC is plotted in color levels as a function of position and severity. The red circle denotes real damage
position and severity (%) while the cross symbol is obtained from minimizing the FSC using PSO; The lo-
cus of the FSC lowest value corresponds to the result of the minimization and also to the exact parameters.
Essentially, it shows that the criterion is valid and that the minimization yielded the expected result. Note
that the computational time for minimization using PSO is approximately 10 s.
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Table 1: Steel beam properties and dimensions.

Properties Value
Length (l) 1 m
Width (w) 0.0249 m
Height (h) 0.0054 m
Poisson’s ratio (v) 0.33
Mass density (ρ) 7850 kg/m3

Young’s modulus (E) 210 GPa

Table 2: Numerically identified natural frequencies of healthy and damaged beam.

Beam case
Natural frequencies (Hz)

1 2 3 4 5

Healthy 4.554 28.537 79.904 156.579 258.837
Damaged ( 0.8 m with 50% ) 4.553 28.480 79.294 154.845 256.882
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Figure 2: FSC as a function of position and damage (%). The red circle denotes a real damage case, where
cross symbol and colorbar indicate the lowest minimized value corresponding to identified 0.8 m beam
position with 50% damage severity.

In a second step, the natural frequencies of the tested case are perturbed by adding noise with η = 0.1, 0.2 and
0.3 %. It is important to notice that the algorithm does not affect by the addition of the noise levels. By these
noise levels, the algorithm works accurately for the localization and estimation of the damage. Using Eq. 5,
10 random samples are generated by randn MATLAB function based on the tested damaged case. Each
sample i.e. each set of five natural frequencies is used in the minimization procedure in order to estimate
damage parameters.

The results are represented in Fig. 3, where the red dot represent real damage position and severity i.e.
without perturbation. Green, blue and black stars denote identified damage parameters for 0.1%, 0.2% and
0.3%, perturbation levels, respectively. Average values of positions and severities are 0.806 m, 0.808 m,
0.811 m and 50.37%, 50.07%, 51.54%, respectively. The standard deviation values for obtained positions
and severities are 0.006 m, 0.022 m, 0.024 m and 1.56%, 3.65%, 5.09%, respectively.

The average identified damage parameters for 0.1%, 0.2%, and 0.3% perturbation levels are really close to
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real identified damage parameters. These results are a good way to represent the sensitivity of the criterion
and algorithm. Sensitivity is not negligible and show that a precise estimation of natural frequencies is
needed.
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Figure 3: Real and identified damage positions and damage (%) concerning for ten samples with 0.1%, 0.2%
and 0.3% random noise levels.

5 Conclusion

The present work focused on damage localization and quantification with an algorithm using FE models
and the minimization of a Frequency Shift Criterion. As small errors are inevitable in the estimation of
experimental frequencies, the sensitivity of the criterion to the natural frequencies of the beam is investigated
by considering the perturbation of these frequencies at different levels. Each random perturbation provides
a different set of damage parameters. On average, these parameters depends on the perturbation level but
are close to the real ones; sensitivity is given by the standard deviation on a number of sample. Sensitivity
is not negligible. The numerical results demonstrated that damage positions and severities may be correctly
identified by minimizing the FSC with or without perturbation, within a small computational time. The
results are validated for several cases (different damage levels and position, several perturbation levels).
Future investigation on the identification of multiple damages, and damages on other structure needs to be
conducted.
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Abstract
Guided waves are used for both non-destructive-evaluation (NDE) and structural health monitoring (SHM)
applications. High-frequency waves excited on certain structures can appear as guided waves. These waves
exhibit the phenomenon of dispersion, where a wave-packet consisting of waves with different frequencies
will tend to spread out in space. Dispersion curves give information on the wavenumber of individual wave
modes for a given frequency-thickness. This information is often determined through numerical solutions,
but is possible to determine experimentally. Here, a case study is carried out to separate and reconstruct time-
signals of wave modes from dispersion curves using a two-dimensional inverse Fourier transform. In this
study, Lamb waves are simulated in a thin plate, and a forward-backwards method of 2D Fourier transforms
is then used to separate and reconstruct individual modes. Separating of wave modes can lead to deeper
understanding of Lamb wave phenomena, as well as produce potential benefits for NDE/SHM applications.

1 Introduction

The use of ultrasonic guided waves (UGWs) for non-destructive evaluation (NDE) and structural health mon-
itoring (SHM) strategies [1] can offer a number of advantages, such as range and sizing potential, greater
sensitivity and cost effectiveness. Understanding and modelling of UGWs is an established field with robust
methods for orthotropic or homogeneous materials, though unique phenomena in more complex materi-
als limit understanding to a qualitative level. UGWs consist of two types of high-frequency stress waves:
Rayleigh waves which propagate parallel to a surface or, in plate-like media where the thickness is suffi-
ciently small compared to the wavelength, as Lamb waves. An explanation of Rayleigh and Lamb waves is
given in [2, 3], though a short introduction will be given here. A particular characteristic of Lamb waves is
their separation into symmetric and asymmetric modes, the former of which has the upper and lower bounds
oscillating in opposite directions at equal propagation distance, whereas the latter oscillates in the same di-
rections. The number of each type of wave mode present increases with increasing frequency-thickness; these
are termed higher-order modes. A wave-packet is a single burst containing multiple wave modes of different
frequency and shape; for Lamb waves these will contain both types of modes. The propagation velocity of
Lamb waves depends on the central frequency of the wave and will vary between the modes present, and
therefore a wave-packet of mixed wavelengths will spread out in space, i.e. they will disperse.

When the wave equation is applied to a bounded medium, there appear two equations to solve, which each
have non-trivial solutions. The first equation from boundary conditions represents the symmetric modes,

tan(qh)

tan(ph)
= − 4k2pq

(q2 − k2)2 (1)

the second represents the asymmetric modes,

tan(pq)

tan(qh)
= − 4k2pq

(q2 − k2)2 (2)
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where,
p =

ω√
c2L − c2

, q =
ω√

c2T − c2
(3)

and 2h is the thickness of the medium, k is the wavenumber and ω is the central circular frequency of
the wave; c is the wave velocity, and cL, cT are the longitudinal and transverse speeds of sound respec-
tively. From Equations (1) to (3), it follows that the wave velocity is dependent on ωh, which is termed
the frequency-thickness product (FTP). The solutions to these equations, determined numerically, give what
are called dispersion curves, which are often used to show how the velocity or wavenumber of Lamb waves
change with FTP.

Separation of wave modes can open up further understanding of the physical behaviour of modes indi-
vidually, such as the phenomena of continuous mode conversion of Lamb waves in fibre composites [4].
Furthermore, tracking modes separately can improve both the quality and number of features available for
SHM/NDE strategies. Some techniques have been proposed to separate wave modes, such as using a ma-
chine learning-based technique of independent component analysis [5], or a more physics-based tactic of
utilising velocity or amplitude ratios [6], though these can have disadvantages, which will be discussed later.

2 Methods

For the data considered in this paper, two-dimensional Lamb waves were simulated using the PzFlex package
[7, 8] for a 1mm thick aluminium plate of 192mm length. The thickness of the plate was divided into 10
equilateral cells of dimension 0.1mm, the resulting data were then down-sampled to a spacing of 0.5mm
by taking every fifth point. This was done in order to reduce computation time as equivalent wavenumber
information above this is not necessary for this analysis. The plate was excited with a single cycle of a sine
wave at an equivalent frequency of 500kHz. The actuation source was located at 1/3 of the distance into the
plate (64mm), as shown in Figure 1, and the simulation run to create signals of 90µs duration.

Figure 1: Setup of simulation where black arrow indicates actuation location and red arrows represent where
surface displacements are taken (not to scale).

2.1 Determining Dispersion Curves

An approach to determining dispersion curves is to spatially sample the surface displacement of a Lamb wave
as it propagates through a bounded medium, then perform a two-dimensional Fourier transform (TDFT)
along time and distance sequentially [9]. This strategy gives a transformation from the time-distance [t-x ],
space to the frequency-wavenumber [f -k ], space,

H(f, k) =

∫ ∞

−∞

∫ ∞

−∞
h(t, x)e−i2π(ft+kx)dtdx (4)
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where h(t, x) is the surface displacement. In the discrete form this approach uses a two-dimensional fast
Fourier transform (2D-FFT) algorithm,

H(f, k) =
M−1∑

m=0

N−1∑

n=0

h[m,n]e−i2π(fm/M+kn/N) (5)

where M and N are the number of data points in time and distance respectively. The results of the simula-
tion are shown in Figure 2a, in which can clearly be seen multiple waves propagating from the source, all
overlapping each other. By taking the 2D-FFT of this data, the dispersion curves can be produced as seen
in Figure 2b. The spatially sampled signals are normalised based on dividing each signal by the maximum
amplitude of the signal, then passed through the 2D-FFT algorithm. For the purposes of visualisation and
ridge extraction, the [f -k ] space is expressed in terms of its power, using a log transformation,

P (f, k) = 20 log10(1 + |H(f, k)|) (6)

(a) (b)

Figure 2: (a) Normalised time-distance data taken from surface of 2D simulation results and (b) FTP-
wavenumber data calculated using 2D-FFT, presented in terms of P (f, k), where 2h is the thickness of
the plate.

2.2 Mode Separation

The wavenumber dispersion curves for several propagating modes in the simulation can be seen in Figure 2b.
In order to separate the modes, the equivalent curves must first be extracted from the image data; this was
done using a simple ridge-picking algorithm which extracts local maxima as points of the curve. The al-
gorithm considered each pixel in the image and subtracted the mean of the surrounding N2 pixels, it then
normalised the data and set any point with a value below 50% to 0, and any above 50% to be 1. The re-
sulting Boolean image data, D, is then used to extract the curves from the complex 2D-FFT data by simply
performing an element-wise multiplication,

H∗ = D ◦H (7)

In order to reduce loss of information as much as possible from the [f -k ] space, a buffer of ±u and ±v
additional data points, in the horizontal and vertical directions respectively, are set to be 1 inD. The Boolean
matrix D must be the same size as H , and it is important to select modes that appear on the full 2D-
FFT data which represent the negative frequencies and wavenumbers in the transform; this can be done
by simply returning the mirrored indices from the ridge selection process. D can also be tuned to include
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any number of selected modes to determine which will be included in the reconstructed signal. Once these
curves are extracted, they can be used to reconstruct individual, or selected, modes by applying an inverse
two-dimensional Fourier transform (ITDFT) on the new image data,

h∗(t, x) =
∫ ∞

−∞

∫ ∞

−∞
H∗(f, k)ei2π(ft+kx)dfdk (8)

Or in discrete matrix form using an inverse two-dimensional fast Fourier transform (I2D-FFT),

h∗[m,n] =
M−1∑

f=0

N−1∑

k=0

H∗[f, k]ei2π(fm/M+kn/N) (9)

The modes that are included in the reconstructed signals were chosen based on comparison to numerical
results of dispersion curves determined using ‘Disperse’ [10]. For purposes where it is difficult to accurately
generate dispersion curves numerically, they can be given arbitrary labels at this stage and the mode shape
determined later by analysing the phase between the reconstructed signals on the upper and lower surfaces
of the structure.

3 Results

The results of passing the data shown in Figure 2b through the ridge-picking algorithm are shown in Fig-
ure 3a. By comparing the dispersion curve generated using Equation (4) to those generated with ‘Disperse’
it can easily be determined which individual wave modes correspond to each ridge. The dispersion curves
taken from the 2D-FFT show good correspondence with those calculated numerically.

(a) (b)

Figure 3: (a) Point data of individual modes found using ridge-picking algorithm (red circle markers) and
comparing to data from ‘Disperse’ (blue dashed line). These lines are representative of (in order of appear-
ance with increasing 2fh) theA0, S0, A1, S1, S2 andA2 modes. (b) Separated dispersion curves extracted
using a buffer of u = 5 and v = 1.

After comparing the extracted ridges with the numerically-determined dispersion curve data, the image was
flattened using Equation (7) in order to separate individual modes present in H . The separated mode data,
H∗, are shown in Figure 3b in terms of P (f, k), with the A0, S0, A1, S1, S2 modes selected. Although the
ridge extraction worked well to select the modes that were clearly visible in Figure 2b, in H there appears
to be information missing for the S1 mode at points where two wavenumber solutions are available for one
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frequency-thickness. Additionally, the A2 mode does not appear to have been picked up and is therefore not
in the H∗.

Figure 4: Reconstructed normalised time-distance spaces using inverse 2D-FFT for all modes together and
each mode individually.

The separated modes were then passed through Equation (8) in order to reconstruct the time-distance space
of all modes together as well as each mode individually. The total reconstructed time-distance space can be
seen in Figure 4, and individual time signals at a propagation distance of 10mm in Figure 5. In comparison
to the original data in Figure 2a, the reconstructed [t-x ] space is missing a larger wavelength component
which is likely to be a mode that is not visible in Figure 3b. It should be noted that the re-appearance of the
signals at ∼ 25-40µs is due to reflection from the opposite boundary. It is interesting to note the appearance
of two waves of distinctive group velocities in the reconstructed S0 mode, whereas the other modes appear
to contain more overlapping waves of similar velocities, this is also apparent in Figure 5.

From Figure 5 it can be seen that the relative amplitude of the individual wave modes is preserved throughout
this method. The original amplitudes can easily be returned by storing the amplitude used for normalisation
at each spatial point and scaling the corresponding signals. The retention of the amplitudes is important for
studying Lamb wave physics, in particular for attenuation investigations of each mode separately [11]. It
appears in Figure 5 that the fundamental modes (A0, S0) contain a wavelet shape similar to a single-cycle
sine wave, whereas the higher-order modes contain only wavelets of high-cycles.

An artefact of this method is that all reconstructed signals contain a non-zero signal at 0-3µs, which should
have no displacement due to the wave-packet not having arrived yet; this is likely due spectral leakage (which
occurs in both dimension of the process), and so selection of individual modes will carry through frequencies
and wave numbers that are ‘leaks’ of the original signal. An important property to consider is the buffer size;
if the values of u and v are too small, spectral leakage becomes stronger.

4 Discussion

Although relatively simple to implement, the strategy presented here for separating individual wave modes
from multi-mode signals can have insightful advantages in both the use and study of Lamb waves. In most
Lamb wave studies, in order to view the behaviour of modes individually, the structures are excited with a
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Figure 5: Individual normalised signals taken from propagation distance of 10mm for original data and
reconstructed signals for all modes together and each mode individually.

tuned actuation (both in frequency and mode shape) to excite specific modes. Although this works well, it
is much more difficult to excite higher-order modes individually, particularly in experimental regimes. This
problem is due to the increased number of modes which have overlapping frequency-wavenumber band-
widths, as well as similar mode shapes. By separating individual wave modes using the method presented
in this paper, it is possible to separate out higher-order modes with ease and quality. Furthermore, if inves-
tigating wave modes by exciting them individually, the data recording/simulation and processing time are
multiplied by the number of modes chosen to investigate. This new strategy can reduce investigation time
significantly for both simulation and experimental regimes.

Wavelets representative of a single-cycle sine wave are more apparent in the fundamental wave modes than in
higher-order ones, which indicates that the fundamental modes are more directly influenced by the actuation
source. This observation can be explained by examining the dispersion curves; the actuation source was
driven at 500kHz-mm, at which there are only two solutions for wavenumber/group velocity, the A0 and S0
modes. Therefore, the actuation of higher-order modes is due to excitation of wavelength components from
the fundamental modes. This indirect actuation, as well as the use of simulation data, may explain the lack
of multiple-wavenumber solutions for the S1 mode. As this mode is driven by wavelengths of lower-order
modes, for a simulation this can manifest at only one frequency-wavenumber pair. In the original signal
there exists a large wavelength wave which is not apparent in the reconstructed signal of all modes, this
would indicate that this wave is not of those selected in Figure 3b. By extending the range of FTP used in
the I2D-FFT step, this wave could likely be included. In comparison to the other modes, the S0 mode has
two distinct, easily separable waves, which may be due to the ‘gap’ in the curve for this mode in Figure 2b.

Examining the reconstructed modes individually already expands analysis capabilities for isotropic and ho-
mogenous materials. By utilising this method on more complex materials, such as fibre composites, extensive
study can be made of some of the unique phenomena of guided waves in these materials. One such phenom-
ena is that of continuous mode conversion (CMC), where the conversion of modes due to local asymmetric
inhomogeneities occurs often enough it is considered continuous. Separation of modes at various propa-

2896 PROCEEDINGS OF ISMA2020 AND USD2020



gation angles will give insight into how modes of different shape and order interact with CMC. Dispersion
curve analysis is often done at a qualitative level, as a quantifiable comparison of modes individually is dif-
ficult directly from the 2D-FFT data. By separating the modes, signal processing techniques can then be
applied to track features and quantify features such as wave energy, central frequency, etc. By expanding
these characteristics to modes individually, the quality and content of features used for SHM/NDE strategies
can also be increased.

Other methods of wave mode separation include using a physics-based approach of utilising amplitude ra-
tios of anti-/symmetric modes [6]; in order to use this however, accurate prior knowledge of the system is
required. A particular advantage of the method proposed in this paper is for use in deeper study to complex
materials, for which models are difficult to obtain and validate to an accurate enough degree to reasonably use
for the amplitude ratio method. Another strategy for mode separation when no prior knowledge is available
is to use machine learning methods, such as independent component analysis. This approach has been shown
to work well but data-based decomposition methods can present disadvantages such as reconstructed signals
being ‘down-sampled’ in comparison to the originals, and lack of physical insight can limit applicability.

5 Conclusion

The method presented here for separating multi-mode wave propagation using an inverse two-dimensional
Fourier transform offers a simple, but powerful, tool for analysing, quantifying and studying Lamb waves.
By using the method on a homogeneous material, some additional insight to individual mode behaviour has
been discussed, applying this method to more complex materials can greatly increase understanding. Some
important characteristics of the method have been discussed, such as two-dimensional spectral leakage and
its use in simulation based approaches vs experimental. This method can offer several advantages, such as;
time effectiveness, large number of simultaneous modes studied, and little prior knowledge of the system
required. Further work will be done to utilise this method for analysis of complex materials, as well as
for expanding the number of physics-based features that can be used in damage detecting strategies and
continuous mode conversion.
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Abstract
This work aims to demonstrate that coherence weighting on nearfield acoustic holography improves damage
detection on vibrating plates. The use of coherence maps is common in acoustical beamforming but has
received less attention in acoustical holography. It is shown that the computation of the coherence map
after back-propagation increases the contrast on the source plane relatively to a chosen reference such as the
excitation point or any other point of interest on the source plane. Different types of defects in thin plates
behave as secondary sources, correlated or uncorrelated with the excitation source. Hence one can separate
the damaged regions by making use of the coherence (or complementary) map. An experimental validation
of the method has been implemented on a two-dimensional case using sequential acquisitions with a linear
microphone array.

1 Introduction

Localised damage, defects or anomalies in a given structure modify its local properties, thus affecting its vi-
bration behaviour and local sound radiation. Therefore, the identification and quantification of such anoma-
lies can be treated as a sound source localisation problem, where they act as secondary sources in the vibrat-
ing structure of interest.

Acoustic imaging using microphone arrays is a viable non-contact, non-destructive alternative to traditional
methods [1, 3]. Among the challenges that arise from the use of remote sensing approaches, are the loss of
sensitivity to different types of damage and the need for fine spatial resolution.

Acoustical imaging technologies have appeared and evolved over the past seventy years, resulting in a so-
phisticated range of techniques available for many fields such as non-destructive testing, medical imaging,
underwater acoustics and geophysics [4]. These methods allow to build a pressure or velocity map (or image)
of a medium or structure of interest.

The choice of a suitable algorithm for sound source localisation is generally motivated by experimental
conditions and the type of sources or phenomena to be identified.

Nearfield acoustic holography (NAH) [6] presents a fundamental advantage, for instance with respect to
beamforming methods, in that it considers both the propagating and evanescent components of the acoustic
field. The method is attractive for instance in acoustic radiation problems where the vicinity of the structure
is accessible with a microphone array. The evanescent component of the radiated field inherits its spatial fea-
tures from those of the structure of interest, thus providing a finer spatial localisation resolution, as compared
to classical beamforming and related methods, in particular at low frequencies.

Moreover, coherent or incoherent phenomena may be exploited in order to enhance source separation and
increase level contrast in acoustic imaging maps by applying a suitable coherence-based weighting. This
procedure has been successfully implemented within the CLEAN-SC deconvolution method [4] as well as
within a classical beamforming approach [5], by computing a spatial coherence function from the back-
propagated sound pressure field in the time domain with respect to an arbitrary reference point, on the
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structure of interest or elsewhere. In the presence of a known vibration source, the latter may serve as
a reference in order to identify coherent or anti-coherent secondary sources. However, NAH relies on a
back-propagation procedure performed in the Fourier domain, from which a coherence map is not directly
available on the structure of interest.

This paper proposes a coherence-weighting procedure for NAH. The method uses the classical NAH algo-
rithm for back-propagation in short-time windows, which then serve as the basis for the computation of a
frequency-dependent spatial coherence map. The latter is then used as a filter allowing to enhance the coher-
ent or anti-coherent components of the vibration field of the structure with respect to a reference position.

The core of the paper is structured as follows: sec. 2 presents the acoustic imaging method, from classical
NAH to the proposed coherence-based NAH, and sec. 3 presents two experimental validation cases.

2 Nearfield acoustic holography with coherence weighting

The entire mathematical background of nearfield acoustic holography (NAH) is cast into the single state-
ment [6]

ẇ(x, y, z) = F−1
x F−1

y

[
FxFy[p(x, y, zh)]

kz
ρck

eikz(z−zh)

]
, (1)

with Fx and F−1
x the direct and inverse spatial Fourier transforms along the x direction, respectively; zh the

position the microphone array - normal to the z direction, from where are measured the pressure p(x, y, zh)
at regularly spaced positions in the x and y directions; z the position of the back-propagating plane, such
that zs ≤ z < zh, with zs the plane hosting the source(s); ρ the air density; c the speed of sound in air; kz
the wavenumber chosen for the back-propagation along z; and k the wavenumber of the evanescent wave.

Eq. (1) can be decomposed into four processing steps:

1. Measure the pressure at the array position z = zh: p(x, y, zh),

2. Compute its angular spectrum P (kx, ky, zh) = FxF1
y [p(x, y, zh)],

3. Multiply by the inverse propagator G(kx, ky, z − zh) =
kz
ρck

eikz(z−zh),

4. Compute the inverse Fourier transforms to retrieve the back-propagated pressure field at z.

However, experimental constraints impose a limit on the spatial resolution of the method, for which signal
pre- and post-processing is required.

2.1 Wavenumber filtering and zero-padding

To avoid an exponential increase of the noise amplitude in the pressure map after back-propagation, it be-
comes necessary to filter out the frequencies higher to the largest frequency of interest. The latter is selected
such that evanescent waves can be still captured by the array. Moreover, the propagating waves with a lower
wavenumber than the evanescent waves must be removed [6]. Therefore, the filter should be in a ring-shape
in the wavenumber domain, with an inner radius equal to kair = ω/c and the outer radius to kco [3],

kco =

√
k2f +

SNR
8.7zh

, (2)

with SNR the signal-to-noise ratio and kf the flexural wavenumber in the vibrating plate.

Additionally, in both the wavenumber domain and the spatial domain, zero-padding is a simple solution to
improve the spatial resolution of the acoustic map [1, 2]: First, by extending the spatial domain on windowed

2900 PROCEEDINGS OF ISMA2020 AND USD2020



data before performing the spatial Fourier transform; and then by extending the wavenumber domain on the
filtered angular spectrum.

Figure 1 illustrates the filtering in the wavenumber domain, as well as the two successive zero-paddings and
their effects on the reconstructed velocity map for a simulation on an ideal aluminium plate.

(a) (b)

(c) (d)

(e) (f)

Figure 1: NAH spatial resolution improvement thanks to zero-padding. (a,b) Original reconstructed plate
velocity and filtered wavenumber spectrum (between the two circles); (c,d) after zero-padding in the spatial
domain; (e,f) after zero-padding in the wavenumber domain.

2.2 Coherence-weighted NAH

Once the back-propagated pressure map is obtained, the next step is to calculate the spatial coherence cohref,m
between a selected reference point (ref) and any point (m) at the source plane zs at any given frequency [5]

cohref,m(ω) =
|Sref,m(ω)|2

Sref,ref(ω)Sm,m(ω)
, (3)

where Sref,ref and Sm,m are the time-averaged autopower spectra at the reference and at the investigated
point, respectively; and Sref,m is their cross-power spectrum.

By definition, the coherence is a unitless quantity between 0 and 1, so that weighting the back-propagated
pressure map Pm(zs, ω) from NAH processing yields the coherence-weighted pressure map

P
(coh)
ref,m (zs, ω) = cohref,m(ω) · Pm(zs, ω). (4)

It is also immediate to derive the anti-coherence weighted pressure map P (acoh) with acohref,m = 1−cohref,m.
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Both coherence and anti-coherence are useful to enhance source separation and increase the level contrast,
most likely with regards to the known vibration source (if any).

If a secondary source emerges from the weighted maps, it can be useful as a second step to re-calculate the
coherence and anti-coherence maps using this new point as reference. It is likewise that the cross-correlations
- or cross-spectra - would be smaller in the coherence maps, thus increasing further the contrast. The same
principle could be used sequentially if several secondary sources are spotted.

Since resonance phenomena are frequency-dependent, a back-propagation at a single frequency will not
always lead to a source localisation efficiently. Then, by averaging several acoustic maps obtained at different
frequencies, the chance to make secondary sources visible is higher. The coherence weighting becomes even
more efficient but is more time-consuming and slightly different to implement in this case: The original and
coherence-weighted NAH maps are computed for multiple frequencies; and finally a geometrical average of
all the acoustic maps is performed. As a consequence, low coherence values - down to zero - could decrease
severely the estimated coherent or anti-coherent pressure at specific points throughout the averaging process,
while higher coherence values - up to one - do not significantly impact the pressure maps. This results in a
weighted pressure map with enhanced contrast, and highlighting points with higher coherence.

3 Experimental validation

Validations were carried out in a semi-anechoic room on suspended thin aluminium plates excited by a shaker
as main source (see figure 2(a)).

A large 2D microphone array was not immediately available for such a test so that a horizontal linear array
was moved sequentially along the vertical axis in order to cover all or most of the plate (see figure 2(b)).

Since the data from linear arrays are acquired sequentially, the excitation signal differs from measurement to
measurement and, consequently, the relative phase between the source and each microphone of the complete
2D array becomes inconsistent.

One way to overcome this issue is to measure a reference signal at a common fixed point for all vertical
positions the array, which keeps the same phase relation with the source between measurements. Therefore,
the phase of the sequential measurements is corrected, yielding an equivalent 2D array.

In the present case, a force cell at the excitation position was used. All spectra from individual linear array
acquisitions were phase-corrected in Simcenter Testlab Time Data Processing before applying the classical
NAH back-propagation. This operation is crucial as a correct phase information is mandatory to compute
the coherence values, as seen in the cross-spectrum term of Eq. (3).

The coherence-weighting computation requires time averaging, thus the 20s of time data were split into
segments 0.1s long, on which phase-referenced spectra are calculated with 5Hz resolution, inducing an
overlap of 50%.

3.1 Suspended plate with two controlled sources

In this first setup, the microphone array spacing was of 2cm vertically and horizontally. There were 29
microphones measuring on a horizontal line the sound pressure for one measurement. This measurement
was thus repeated 15 times lifting the array with a 2cm step. This setup induces [6]

• a maximum frequency at about fmax = c
2p = 8500Hz, with p the grid spacing,

• a minimum frequency at about fmin = c
2d = 570Hz, with d the vertical array size respectively 300Hz

along the horizontal axis.

Several measurements were performed on a simple setup making use of two shakers exciting a homogeneous
aluminium plate of dimensions 500mm×250mm×0.8mm. First tests account for two independent shakers
sending uncorrelated random noise into the structure, as presented on figure 2(a). In this experiment, one
line array contains 29 microphones and there has been 15 consecutive measurements, lifting the array with a
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2cm step. After post-processing, the data obtained is equivalent to a 2D array of 435 microphones covering
effectively an area of 560mm×280mm 2(b).

(a) (b)

Figure 2: Two-shaker setup: (a) The shaker representing the known source and the shaker representing a
defect are both connected to a suspended aluminium plate; (b) The linear array (29 microphones) and the
scanning grid with 15 positions in the vertical axis.

Figures 3 and 4 show the experimental results of the coherence-weighted NAH in the case of two uncorrelated
sources exciting the same plate at two known locations. The coherence and anti-coherence references were
both taken at the main source point. For coherence-weighting, the method increases the contrast and displays
an improved source location. For anti-coherence weighting, the secondary source clearly emerges although
its level was much lower than that of the main source, and thus nearly not visible in the original NAH pressure
map. These results correspond to a single frequency but representative of all frequencies within the available
range as the two sources were broadband and stationary.

3.2 Suspended plate with an artificial defect

This second setup aims to test partially correlated sources by considering an aluminium plate with identical
dimensions as in the previous experiment, this time with an artificial defect, as depicted in figure 5(a). The
defect is a C-shaped cut of dimensions 27mm×27mm, with a 10mm-long connection with the rest of the
plate. This is designed to be a simple resonator, with a resonance frequency in the order of magnitude of the
first natural frequency of a clamped beam, about 500 Hz.

In this experiment, the pressure map changes with frequency so that predominant sources can be better found
by averaging geometrically all the pressure maps within a given frequency range. Indeed the side lobes of
fixed source positions will move accordingly and will average out, increasing the contrast again and therefore
the localisation of the main and secondary sources (defects).

This measurement was performed with a smaller setup, by moving a linear array with 18 microphones
spaced of 2.5cm and lifted over 7 vertical positions spaced of 2cm. This covers the small area presented on
figure 5(a), which includes the source and the defect. Thus, the frequency limits are

• a maximum frequency at about fmax = c
2p = 6800Hz, with p the grid spacing,

• a minimum frequency at about fmin = c
2d = 1215Hz, with d the vertical array size respectively 380Hz

along the horizontal axis.

Figure 6 presents frequency averaged results in the range [2300, 2500] Hz. Compared to the original pres-
sure map (top), the coherence-weighted map is cleaner, and the relative levels of the well-localised sources
appear clearer (middle). This also means that the defect is highly correlated with the main source within the
frequency, due to its harmonic behaviour. The coherence weighting procedure clearly enhances the identifi-
cation of areas of the plate that are correlated with the source.
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(a) (b)

(c) (d)

(e) (f)

. (a) Coherence map; (b) anti-coherence map; (c,d) original map; (e) coherence-weighted sound pressure
map; (f) anti-coherence-weighted sound pressure map. The red cross denotes the reference corresponding

to the primary source position. Dimensions are in meters; Sound pressure maps are in arbitrary units.

Figure 3: Coherence and anti-coherence weighting for back-propagated sound pressure maps, geometrical
average in the range f ∈ [560, 705]Hz

Another aspect improving the map’s contrast was the selection of the defect as coherence fixed reference
point. This means that this result comes from a second step in the process, once the defect was found
emerging from the coherence-weighted map with reference on the main known source.

This second case is closer to a real situation and the coherence-weighted NAH shows again some values in
better localising and detecting secondary sources, as potential defects or damages.
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(a) (b)

(c) (d)

(e) (f)

Figure 4: Coherence and anti-coherence weighting for back-propagated sound pressure maps at a single
frequency, f = 2800Hz. (a) Coherence map; (b) anti-coherence map; (c,d) original map; (e) coherence-
weighted sound pressure map; (f) anti-coherence-weighted sound pressure map. The red cross denotes the
reference corresponding to the primary source position. Dimensions are in meters; Sound pressure maps are
in arbitrary units.
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(a)

(b)

Figure 5: Plate and damage dimensions. (a) Rear view, shaker removed; (b) frontal view. The white
rectangle indicates the scanned area and the blue circle the shaker position.

Figure 6: Coherence weighting within f ∈ [2300, 2500]Hz: (a) original map, (b) coherence-weighted map,
(c) coherence map. The red cross points to the coherence reference. The coherence-weighted map highlights
the defect and its correlation with the main (shaker) source. Dimensions in meters; 2D maps in normalised
units.
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4 Conclusion

This paper proposes a coherence weighting method for nearfield acoustic holography (NAH) for sound
source localisation and damage detection. The method allows to increase the contrast in the back-propagated
sound pressure or velocity maps by applying a weighting filter defined as the coherence function with respect
to an arbitrarily chosen reference point. In the proposed implementation, frequency-dependent spatial coher-
ence maps on the structure of interest are obtained by applying NAH on short-time windows of the recorded
time signals. Source or defect localisation can be further enhanced by performing the coherence weighting
procedure within frequency bands rather than at individual frequencies.

The method was demonstrated on two experimental cases, namely a plate excited by two coherent or anti-
coherent sources, and a plate with an artificial defect. These application cases are academic but demonstrative
of the advantages of coherence weighting. Indeed, the results show a clear enhancement of the contrast in
the back-propagated field, thus allowing to separate coherent and anti-coherent components of the field and
yielding a successful localisation of secondary sources or damage.
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Abstract 
Parts with geometrical complexity bring significant challenges in nondestructive testing. The Process 

Compensated Resonance Testing (PCRT) method has recently shown promising results for inspecting such 

parts. PCRT is a broadband vibrational testing procedure that relies on the extraction of resonant frequencies 

coupled to learning methods. Once a suitable classifier is trained, it can be applied to test samples to classify 

them as healthy/defected. The target of this work is to upgrade the PCRT by improving its classification 

performance. For this purpose, first the use of Q-factors as the PCRT feature set is investigated and then, a 

novel classifier fusion based on Dempster-Shafer theory of evidence (DST) is proposed to combine several 

models. The models are adaptively boosted NNs trained with different numbers of features. The proposed 

algorithm is applied to polycrystalline Nickel alloy first-stage turbine blades with complex geometry. The 

results indicate that the proposed fusion algorithm increase the classification accuracy from 93.5% to 96.5%. 

1 Introduction 

The advanced computational methods, novel materials, and flexible manufacturing tools provide a 

foundation to optimize the performance of complex systems by moving toward parts with complex 

geometries. However, nondestructive testing (NDT) of such components is far from straightforward. An 

extensive review of the application of different NDT methods on parts with different levels of geometrical 

complexities has been conducted in [1]. One of the methods which showed potential is Process compensated 

resonance testing (PCRT). PCRT is based jointly on vibration data and statistical pattern recognition [2], 

[3]. However, very limited peer-review literature is available on this NDT technique. Presenting the PCRT 

method and enhancing its performance for geometrically complex cases are at the heart of this paper. 

This enhancement has two aspects. (i) Including new features to the feature set: Normally, the PCRT uses 

only frequencies to estimate the health status of the samples. Howeve, in some cases there are not enough 

information in the frequencies, therefore in this work we investigate the benefit of including other features, 

like Q-factor, to the feature set. 

(ii) Employing advanced classification methods: Neural network (NN) is one of the most common 

classification algorithms that is increasingly using in conjunction with different NDT approaches to boost 

their performance. However, in complex problems due to the presence of noise, outliers, and data 

redundancy, simple NN cannot deliver accurate models. To deal with this problem, researchers suggested 

employing an ensemble of classification models to compensate for the weaknesses and boost the strength 

of each classifier [4]. In this regard, the well-known approaches are bootstrap aggregation [5], and adaptive 

boosting [6], Majority voting [7], Multilayered perceptrons [8], Bayes combination [9], Fuzzy integrals [10], 

and Dempster-Shafer theory of evidence (DST) [11]. In this paper, we propose to employ a DST-based 

fusion method in conjunction with the adaptive boosting method.  
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The main goals of the current paper are thus (i) investigating the inclusion of Q-factor as a feature for 

training classifiers, and (ii) proposing a new DST-based classifier fusion method to be used in conjunction 

with the adaptively boosting NNs. This is done to detect defected samples when it is used with the PCRT 

method. 

2 Background 

2.1 PCRT 

PCRT is an NDT&E and material characterization method. In this method, by using one actuator and two 

sensors the magnitude of the frequency response function (FRF)  of a test specimen is first measured. Then, 

important features such as resonant frequencies and associated Q-factors are estimated. This procedure is 

performed for several healthy and defected samples in order to create a database. In the end, the database is 

used to train a Mahalanobis-Taguchi System (MTS), to separate the healthy and defected components based 

upon the shifts occurring at the resonant frequencies. Although several methods are available in the literature 

performing NDT&E by analyzing resonant data [12], the superiorities of the PCRT lay in: 

1- measuring the FRF at medium to high frequencies. 

2- Estimating only resonant frequencies for a fast procedure.  

3- Compensating for the frequency shifts which are linked to natural variability in both the 

manufacturing process and the environment, like temperature. 

2.2 Adaptive boosting 

One of the widely used approaches to create an ensemble model is adaptive boosting, known as AdaBoost 

[6]. It is a sequential method in which, at each step, the training samples depend on the model output in the 

previous step. The final classifier is a linear combination of the models obtained through the procedure. This 

algorithm is presented in Algorithm 1.  

Algorithm 1: Pseudocode for AdaBoost 

1: Input: 𝐿 : Ensemble size, 

2:            𝑻 = {(𝒙1, 𝑦1), (𝒙2, 𝑦2), … (𝒙𝑁 , 𝑦𝑁)}, 𝑦𝑖 = {−1, +1} : Training dataset 

3:            𝐷1(𝑖) = 1/𝑁 for 𝑖 = 1,2, … , 𝑁 : weight distribution 

4: For 𝑙 = 1: 𝐿 do 

5:        train a weak classifier ℎ𝑙 using distribution 𝐷𝑙 

6:        compute 𝜀𝑙  = Σ𝑖:ℎ𝑙(𝒙𝑖)≠𝑦𝑖
𝐷𝑙(𝑖) 

7:        compute 𝛼𝑙 =
1

2
ln(

1−𝜀𝑙

𝜀𝑙
) 

8:        compute 𝑧𝑙 = Σ𝑖=1
𝑁 𝐷𝑙(𝑖) exp(−𝛼𝑙𝑦𝑖ℎ𝑙(𝒙𝑖)) 

9:        update the weight distribution as  

𝐷𝑙+1(𝑖) =
𝐷𝑙(𝑖) exp(−𝛼𝑙𝑦𝑖ℎ𝑙(𝒙𝑖))

𝑍𝑙
    for 𝑖 = 1,2, … , 𝑁 

11: For new sample 𝒙0  do 

            𝐻(𝒙0) = 𝑠𝑖𝑔𝑛 (Σ𝑙=1
𝐿 𝛼𝑙ℎ𝑙(𝒙0)) 
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2.3 Dempster-Shafer theory of evidence 

Dempster-Shafer theory (DST) of evidence [11], is an important method for presenting uncertain 

knowledge. It provides a foundation to fuse the uncertain information obtained from different sources to 

have more concrete statistical inferences. DST is defined as follows. 

 Let 𝜃1, 𝜃2, … , 𝜃𝐾 be a finite number of possible hypotheses describing a phenomenon. A set with all these 

hypotheses is called Frame of discernment, i.e. Θ = {𝜃1, 𝜃2, … , 𝜃𝐾}. Its powerset denoted by 2Θ is a set of 

all its subsets including the null set 𝜑 and itself Θ.  

Basic belief assignment (BBA), 𝑚(⋅), is a function that assigns a value in the bounded value [0, 1] to every 

subset 𝒜 of Θ with the following conditions, 

 {
𝑚(𝜑) = 0

∑ 𝑚(𝒜) = 1𝒜∈2Θ
 (1) 

In contrast to probability theory in which a value is assigned to each individual hypotheses 𝜃𝑖, in belief 

theory, one can assign a value to a composite hypothesis 𝒜, i.e. 𝒜 = {𝜃1, 𝜃2}, without any overcommitment 

to either. This means some “ignorance” is associated with 𝒜 that could lead to 𝑚(𝒜) + 𝑚(�̅�) ≤ 1 with 

�̅� as the complement of 𝒜. 

Combination rule provides a methodology to combine different BBAs in the frame of discernment Θ. It is 

defined as 

 𝑚(𝒜) = (𝑚1⨁𝑚2)(𝒜) = {

𝑚12(𝒜)

1−𝑚12(𝜑)
𝒜 ⊂ Θ, 𝒜 ≠ 𝜑

0  𝒜 = 𝜑
 (2) 

in which ⨁ is the orthogonal sum, 

 𝑚12(𝒜) = ∑ 𝑚1(𝒞1)𝑚2(𝒞2)𝒞1∩𝒞2=𝒜  (3) 

indicates the conjunctive consensus on 𝒜 among the sources 𝒞1 and 𝒞2. Besides, the denominator is the 

normalization factor with, 

 𝑚12(𝜑) = ∑ 𝑚1(𝒞1)𝑚2(𝒞2),𝒞1∩𝒞2=𝜑  (4) 

This can be extended when we have several BBAs as, 

 𝑚(𝒜) = (((𝑚1⨁𝑚2)⨁𝑚3) … ⨁𝑚2) (𝒜) (5) 

The combination rules (2) and (5) provide the required foundation for classifier fusion as explained in 

Section 3.3. 

3 NDT methodology 

Figure 1 shows the building block of the proposed method. It consists of four main stages:  

I) Data collection: this is carried out to collect frequency response function (FRF) of the samples 

(typically up to 300 kHz for initial screening).  

II) Data preparation: this is about providing proper features for the classifiers. It consists of three steps: 

(i) extracting features from the FRF data, i.e. resonant frequencies and associated Q-factors.  

(ii) normalizing the feature to provide a fair baseline to compare the features. Here Min-Max 

normalization is used to scale the data into the range of [-1, 1] by using the following equation. 

 𝑥 =
𝑥−min (𝑥)

max(𝑥)−min (𝑥)
 (6) 

(iii) ranking the normalized features 𝑥 with respect to their importance in determining the class label 

for each sample. This is discussed in Section 3.1. 

III) Classification: a pool of classifiers is the outcome of this step. This is explained in Section 3.2 

STRUCTURAL HEALTH MONITORING (STRUCTURES) 2911



IV) Classifier fusion: in this step, the classifiers are combined to create a fused classifier with higher 

accuracy and robustness than those of each individual classifier. This is extensively discussed in 

Section 3.3. 

 

Figure 1. Flowchart of the proposed algorithm. 

3.1 Feature ranking (selection) by LASSO: 

One important step before performing classification is to rank the features. In this regard, the least absolution 

shrinkage and selection operator (LASSO) is used here. LASSO is a method developed to estimate the 

coefficient of a linear regression model under the constraint of having the sum of the absolute values of the 

coefficient less than a threshold [13].  

Let 𝑿 ∈ ℝ𝑛𝑠×𝑛𝑓 and 𝒀 ∈ ℝ𝑛𝑠×𝑛𝑐  be the matrices of input and output respectively. Here, 𝑛𝑠, 𝑛𝑓 and 𝑛𝑐 are 

the number of samples, features, and outputs. The purpose is to find a linear regression model to fit the data. 

That is, 

 𝑦𝑖 = 𝛽0 + ∑ 𝑥𝑖𝑗𝛽𝑗
𝑛𝑓

𝑗=1
 (7) 

The LASSO estimate of the coefficients 𝛽 is defined by, 

 �̂�𝑙𝑎𝑠𝑠𝑜 = 𝑎𝑟𝑔𝑚𝑖𝑛 (∑ (𝑦𝑖 − 𝛽0 − ∑ 𝑥𝑖𝑗𝛽𝑗
𝑛𝑓

𝑗=1
)

2𝑛𝑠
𝑖=1  )  

 𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 ∑ |𝛽𝑗|
𝑛𝑓

𝑗=1
≤ 𝑡 (8) 

By setting the 𝑡 value, one can control the number of features to be selected or rejected. Eq.(8) could be 

translated to the Lagrangian form as 

 �̂�𝑙𝑎𝑠𝑠𝑜 = 𝑎𝑟𝑔𝑚𝑖𝑛 (∑ (𝑦𝑖 − 𝛽0 − ∑ 𝑥𝑖𝑗𝛽𝑗
𝑛𝑓

𝑗=1
)

2𝑛𝑠
𝑖=1  ) + 𝜆 ∑ |𝛽𝑗|

𝑛𝑓

𝑗=1
 (9) 

here ∑ |𝛽𝑗|
𝑛𝑓

𝑗=1
 is the penalty term, and 𝜆 is a tuning parameter to control the strength of the penalty term. 

That means, by increasing (resp. decreasing) this term, more (resp. less) features are forced to be zero. In an 

extreme, by relaxing it, i.e. 𝜆 = 0 in Eq.(9) or correspondingly let 𝑡 → ∞ in Eq.(8), one can use LASSO to 

rank the features.  

3.2 Classification by NN 

Neural network (NN) with backpropagation is a learning method inspired by the human brain to learn 

gradually. AdaBoost NN (ABNN) is an ensemble method created by using NN. This is used here as the 

Pool of NN
Feature 
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Fusion of 
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Conducting 

experiment

Feature 
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Feature 
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extraction

II

IIIIV

I
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classification method. The whole algorithm is implemented by using the deep learning toolbox in Matlab 

2019a.  

In order to train an ABNN, the first step is to select proper features. In this work, the features are first ranked 

by using LASSO when 𝜆 = 0 and then, to make a feature set with 𝑛𝑓 features, we just select first 𝑛𝑓 features. 

By selecting different numbers of features, thus, we can generate a pool of classifiers. It should be 

emphasized that, since the features are ranked, the vital features are always available in the feature space.   

The second step is to divide the available dataset into three parts, training set, validation set, and test set. 

The training set includes the samples that are used to estimate the parameters associated with the NN and 

thus, fit the NN to the data. The validation set is the samples used to assess the accuracy of the fitted model, 

estimate its prediction error, and hence, avoid overfitting of the model into the training set. The test set is 

the samples used to assess the generalization error of the final model. Then, by employing Algorithm 1 and 

using the NN as the required weak classifier, one can generate ABNN. 

The performance of the trained NN model is evaluated by the so-called confusion matrix, see Figure 2. 

Based on this matrix, two decisive measures are also employed, accuracy (𝐴𝑐𝑐) and specificity (𝑆𝑝𝑐) as 

defined respectively in Eq.(10) and Eq.(11). 

 

Figure 2. Confusion matrix 

 𝐴𝑐𝑐 =
𝑇𝑃+𝑇𝑁

𝑇𝑃+𝐹𝑃+𝐹𝑁+𝑇𝑁
 (10) 

 𝑆𝑝𝑐 =
𝑇𝑁

𝑇𝑁+𝐹𝑃
 (11) 

3.3 Classifier fusion by DST 

In this section, the application of DST to combine the classifiers is explained. Let 𝑐𝑖, 𝑖 = 1, … , 𝑛𝑐 be a 

classifier with 𝐾 classes. 𝒚𝑖 is its associated output vector and 𝜃𝑘  is the hypothesis that 𝒚𝑖 belongs to class 

𝑘. Further, let 𝒘𝑖 be a weighting factor associated with the classifier 𝑐𝑖. Then, the frame of discernment is 

defined as Θ = {𝜃1, … , 𝜃𝑘, … , 𝜃𝐾}. Moreover, 𝑚𝑖(𝜃𝑘) and 𝑚𝑖(Θ) respectively indicate the belief in 𝜃𝑘 and 

the ignorance associated with 𝑐𝑖. These BBAs will be combined based on the combination rule in Eqs. (2) 

and (5) to produce the new output vector 𝔂 as follows, 

 𝔂 = 𝑚(𝜃𝑘) = 𝑚1(𝜃𝑘) ⨁ … ⨁ 𝑚𝑛𝑐
(𝜃𝑘) (12) 

Different methods have been proposed to estimate the BBAs [14]–[16]. In this paper, a distance-based 

method has been implemented. In this regard, let, 

 𝑑𝑘
𝑖 = 𝜙(𝑅𝑘

𝑖 , 𝒘𝑖𝒚𝑖) (13) 

be a proximity measure for the reference vector 𝑅𝑘
𝑖  and 𝒚𝑖. 𝜙 could be any function and/or norm that could 

represent this proximity. Here, 𝜙(𝑅𝑘
𝑖 , 𝒘𝑖𝒚𝑖) = exp (−‖𝑅𝑘

𝑖 − 𝒘𝑖𝒚𝑖‖
2

). Considering 𝜀𝑖 as the ignorance of 

𝑐𝑖, BBAs is defined as 
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 𝑚𝑖(𝜃𝑘 , 𝑅𝑘
𝑖 , 𝜀𝑖) =

𝑑𝑘
𝑖 (𝑅𝑘

𝑖 )

∑ 𝑑𝑘
𝑖 (𝑅𝑘

𝑖 )𝐾
𝑘=1 +𝜀𝑖

 (14) 

 𝑚𝑖(Θ, 𝑅𝑘
𝑖 , 𝜀𝑖) = 1 − ∑ 𝑚𝑖(𝜃𝑘, 𝑅𝑘

𝑖 , 𝜀𝑖)𝐾
𝑘=1 =

𝜀𝑖

∑ 𝑑𝑘
𝑖 (𝑅𝑘

𝑖 )𝐾
𝑘=1 +𝜀𝑖

 (15) 

The last step is to obtain the reference vector 𝑅𝑘
𝑖  and also the ignorance 𝜀𝑖. Inspired by [17], the reference 

vector is obtained by minimizing the distance between the combined-model output 𝔂(𝑹𝑘 , 𝜺) defined in Eq. 

(12) and the true output 𝒚t, i.e. 

 𝑹𝑘 , 𝜀 = 𝑎𝑟𝑔𝑚𝑖𝑛(‖𝔂(𝑹𝑘, 𝜺) − 𝒚t‖) (16) 

This optimization has been performed on the training dataset. To avoid overfitting, the cost function was 

assessed on the validation dataset. 

4 Application to first-stage turbine blades 

In this section, the proposed classification algorithm is applied to equiax Polycrystalline Nickel alloy first-

stage turbine blades with complex geometry. Two views of its CAD model are shown in Figure 3. The 

cooling channel in the middle can be seen in the transparent view. By using the PCRT, the FRF of each 

blade is obtained in the range of [3, 38] kHz, see Figure 4. From the FRFs, 15 frequencies, 𝐹𝑖 𝑤𝑖𝑡ℎ 𝑖 =
1,2, … ,15, and 15 quality factors, 𝑄𝑖  𝑤𝑖𝑡ℎ 𝑖 = 1,2, … ,15, are extracted to be used as the features for the 

classifiers. To create a database 194 healthy and 39 defected blades have been measured. The damages in 

the blades range from microstructure changes due to over-temperature, airfoil cracking, inter-granular attack 

(corrosion), thin walls due to casting, MRO operations, and/or service wear. 

 

 

 

 

Figure 3. Two views of the CAD model of the Equiax Polycrystalline Nickel alloy first-stage turbine blade. 

Bottom plot shows a transparent view to illustrate the cooling channel. 
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Figure 4. Three examples of the FRFs collected by the PCRT. Two top FRFs have been collected from 

healthy blades and the bottom one was from a defected blade. 

The NN is made by using one layer and 10 neurons and the associated ABNN is obtained by adaptively 

boosting the NN for 10 times. In order to make a pool of classifies, ABNNs with an increasing number of 

features are made. 

Prior to conducting any classification, the features should be ranked. This has been done by employing the 

LASSO algorithm. In the following two scenarios with respect to the employed features are investigated: 

1- Only frequencies (the original form of the PCRT)  

2- Frequencies and Q-factors 

For each case, we first present an example to show how the fusion can improve the performance and then 

statistical analysis is provided for further and deeper investigation on the extent to which the proposed fusion 

technique can improve the classification performance.    

To commence the procedure, the data has been randomly divided into three parts: 50% for training (117 

samples), 15% for validation (35 samples), and 35% for test (82 samples) dataset.  

In order to combine the trained ABNNs, the weighting factor 𝒘 is defined to be the accuracy of each trained 

model when it is evaluated on its associated training and validation dataset. In the end, the performance of 

the proposed fusion method has been compared with four state-of-the-art DST-based fusion method. In the 

following sections, the Prop. stands for the proposed method whereas, the other fusion methods are shown 

by M1[18], M2[19], M3[20], M4[21]. 

4.1 Only frequencies as the features 

In this section, only frequencies are used as the feature to train the ABNNs. The performance of the trained 

ABNNs in the sense of accuracy and specificity together with the number of features used for their training 

are shown in Table 1. The models with the best performances are highlighted. One can see that the maximum 

accuracy obtained in the model with 15 features and the maximum specificity is for the models with 12 and 

15 features. Hence, in this example the best model is the model with 15 features. 

These models are then combined by using the proposed approach as well as four other methods. Their 

performances are presented in Table 2. It can be seen that our combination method increases the accuracy 

and specificity of the classification procedure. In other words, it increases the probability of detection of 

defected samples. By comparing the combination method, it can be concluded that, in this application, the 

proposed method outperforms the other DST-based methods. 
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Table 1. Performance of the basic models, ABNNs with an increasing number of features 

 

Accuracy Specificity 

6 12 15 6 12 15 

Train 98.3 97.4 95.6 94.8 89.5 73.7 

Validation 97.1 100 100 83.3 100 100 

Test 90.2 91.4 95.1 57.1 78.6 78.6 

Table 2. Performance of the fused models 

Specificity 

Accuracy Specificity 

Prop. M1 M2 M3 M4 Prop. M1 M2 M3 M4 

Train 99.1 97.4 97.4 97.4 98.3 100 84.2 84.2 84.2 84.2 

Validation 100 100 100 100 97.1 100 100 100 100 100 

Test 96.3 93.9 93.9 93.9 94.5 85.7 78.6 78.6 78.6 64.3 

4.1.1 Statistical analysis 

To provide a statistical foundation for the performance improvement of the proposed fusion method, the 

data resampling, and the following classifier training have been done 100 times. At each repetition, first, the 

accuracy (resp. specificity) of the trained ABNN models with an increasing number of features have been 

assessed on the training 𝐴𝑐𝑐𝑡𝑟 (resp. 𝑆𝑃𝐶𝑡𝑟), validation 𝐴𝑐𝑐𝑣𝑙 (resp. 𝑆𝑃𝐶𝑣𝑙), and test 𝐴𝑐𝑐𝑡𝑠 (resp. 𝑆𝑃𝐶𝑡𝑠) 

datasets. Their outcomes in the form of boxplot are shown in the left plot of Figure 5 for accuracy and Figure 

6 for specificity. Then, the trained ABNN models have been combined using the proposed fusion method 

as well as the four fusion techniques, i.e. M1 to M4. The results presented in the form of boxplot in the right 

plot of Figure 5 and Figure 6 for accuracy and specificity. In each box, the associated mean value and median 

are shown respectively by a cross (x) and a line in the middle of the box. 

 

  

Figure 5. Statistical analysis of the accuracy of the classification procedure, obtained through 100-time 

repetition of data resampling and classifier training. Left) individual ABNN classifiers with an increasing 

number of features, Right) the combined model by using different fusion methods 
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Figure 6. Statistical analysis of the specificity of the classification procedure, obtained through 100-time 

repetition of data resampling and classifier training. Left) individual ABNN classifiers with an increasing 

number of features, Right) the combined model by using different fusion methods 

By comparing the performance of the proposed fused model with those of the constituent models, one can 

observe that the proposed method increases the accuracy and specificity of the classification procedure. 

Furthermore, by comparing them with those of other fusion methods, it can be concluded that the proposed 

method improves the classification performance more than the other methods. 

4.2 Frequencies and Q-factors as the features 

In this section, both frequencies and Q-factors are employed to train the ABNNs. The performance of these 

classifiers together with the number of features used for their training are presented in Table 3. The models 

with the best performance are highlighted in the table. It can be seen that the maximum accuracy obtained 

with 18 features whereas, the maximum specificity obtained with 12 and 30 features. Hence, in this case, 

one best model cannot be defined. This thus indicates the importance of having a proper classifier fusion 

method to combine the strength of each classifier. Moreover, by comparing Table 3 with Table 1, one can 

observe that including Q-factor to the feature set enhances the performance of the single models in both 

senses of accuracy and specificity. 

As the next step, the single ABNN models are combined by using the proposed method as well as the 

other four methods. The results are presented in  

Table 4. The results confirm that (i) the proposed combination method increases the accuracy and specificity 

of the classification procedure, (ii) in this application, the proposed method outperforms the other DST-

based methods. 

Table 3. Performance of the basic models, ABNNs with an increasing number of features 

 
Accuracy Specificity 

6 12 18 24 30 6 12 18 24 30 

Train 94.8 97.4 97.4 98.7 97.4 78.9 84.2 84.2 73.7 84.2 

Validation 97.1 97.1 100 100 100 100 100 100 100 100 

Test 91.5 93.9 97.6 96.3 96.3 78.6 92.9 85.7 78.6 92.9 
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Table 4. Performance of the fused models 

 

Accuracy Specificity 

Prop. M1 M2 M3 M4 Prop. M1 M2 M3 M4 

Train 100 98.3 98.3 98.3 97.4 100 89.5 89.5 89.5 84.2 

Validation 100 100 100 100 100 100 100 100 100 100 

Test 98.8 95.1 96.3 96.3 97.6 92.9 85.7 85.7 85.7 92.9 

 

4.2.1 Statistical analysis 

Statistical analysis of the DST-based fusion technique is presented here. This has been obtained by 100 

repetitions of data resampling followed by the classifier training. The performance of the trained ABNNs 

with an increasing number of features are shown in the left plot of Figure 7 for accuracy and  Figure 8 for 

specificity.  

The trained ABNN models are combined using the proposed method and the other four techniques. The 

results presented in the form of boxplot in the right plot of Figure 7 and Figure 8 for accuracy and specificity. 

In each box, the mean value and median are respectively shown by a cross (x) and a solid line in the middle 

of the box. A comparison between the performance of the proposed fused model and those of the constituent 

models and other fusion methods, confirms that (i) the proposed method enhances the performance of the 

classification procedure, (ii) the proposed method improves the classification performance more than the 

other methods. 

Comparing these figures with Figure 5 and Figure 6 reveals the role of Q-factor in enhancing the 

classification performance. It can be seen that including Q-factor in the feature set increases the maximum 

average accuracy (resp. specificity) of the single classification models from 93.5% (resp. 71.5%) to 94.7% 

(resp. 75%). This, in turn, leads to improving the average classification accuracy (resp. specificity) of the 

proposed fused models from 95.2% (resp. 81%) to 96.5% (resp. 86%). 

 

 
 

Figure 7. Statistical analysis of the accuracy of the classification procedure, obtained through 100-time 

repetition of data resampling and classifier training. Left) individual ABNN classifiers with an increasing 

number of features, Right) the combined model by using different fusion methods 
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Figure 8. Statistical analysis of the specificity of the classification procedure, obtained through 100-time 

repetition of data resampling and classifier training. Left) individual ABNN classifiers with an increasing 

number of features, Right) the combined model by using different fusion methods 

5 Conclusion 

In this paper, an algorithm for the classification of metallic parts with complex geometry has been 

developed. This has been achieved by coupling the high-frequency vibration data, the adaptive boosted 

neural network (ABNN), and the Dempster-Shafer theory of evidence (DST). The algorithm was initiated 

with training ABNNs with increasing numbers of features and then, combined them by using a novel DST-

based method. The proposed algorithm was applied to equiax polycrystalline Nickel alloy first-stage turbine 

blades with complex geometry to detect 39 defected samples out of 233 samples. Its performance in the 

sense of accuracy and specificity has been compared with 4 state-of-the-art DST-based fusion method. 

The results indicated that improve the classification performance one can (i) employ Q-factors together with 

frequencies to train the classifiers, and (ii) employ the proposed DST-based fusion method. By using these 

two enhancement approaches, the maximum average classification accuracy (resp. specificity) increased 

from 93.5% (resp. 71.5%) to 96.5% (resp. 86%). 

It should also be noted that, compared with other fusion methods, the proposed method improves the 

classification performance more.  
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Abstract
Many leakage detection techniques used in water distribution pipelines rely on the vibration response caused
by the leak and, therefore, are limited by the capabilities of the pipe, fluid and its surroundings of carrying
the leakage signal, and of the detection device used. In some cases, such as in cross-correlation of leak
noise, the effective detection depends on low wave attenuation and the proper estimation of propagation
velocity. Since attenuation depends on both the propagation mode and the medium, we propose a change
in the pipes, usually made of plastic, to make them less attenuating: we add longitudinal metallic stringers
to them. In this work, the pipe with stringers, now a longitudinally stiffened cylindrical shell, is treated in
vacuo. The system’s equations of motion and dispersion relationship are derived for one stringer attached
to the shell. Analytical and numerical results from a finite element method simulation are compared and a
significant decrease in attenuation is apparent. The numerical simulations also help understand what needs
to be improved in the analytical model to better represent the proposed pipe.

1 Introduction

In Brazil, almost two fifths (38,3%) of treated water is lost due to leakage in water distribution networks [1]
and similar or higher figures occur in many developing and least developed countries. To counter that, many
techniques were developed and refined to detect leakages in buried pipes, from balancing the input and the
output of water in the distribution network, to others used specifically to locate a single leak given that
its approximate location is known. In this latter category, many techniques use the vibroacoustic signals
generated by the leakage or its effect on other mechanical waves. That is the case of leak noise correlators,
which can identify a leak and pinpoint its location by cross-correlating the signal in two distinct locations in
a pipe. This has been used with great success for more than half a century [2], and both the technique and
the equipment used have improved greatly and are still object of research [3, 4, 5, 6].

In spite of the many improvements that cross-correlators found since its inception, experience shows that
the its effectiveness highly depend on the attenuation of the noise and the appropriate estimation of its
propagation velocity [7]. While the latter can be tackled with changes in the measurement devices, the
former is intrinsic to the water-pipe-soil system, and can’t be changed easily. Still, what this work proposes
is a modification to the usual plastic pipes used in water distribution networks: since metal is knowingly less
attenuating than plastic, we add longitudinal metallic stringers to the pipe to reduce attenuation. Thus, the
main objective of this paper, as an initial research in this line of work, is to develop a mathematical model
to describe the behavior of waves propagating in a pipe with metallic stringers without accounting for the
surrounding soil.

In the following section the equations of motion, and the wave dispersion relationship of the system are
derived, and a finite element model is also described which will be used to verify the analytical model’s
prediction of the propagation character of waves. Section 3 shows the results of the dispersion relationships
and compare them to numerical simulations from which many insights of the pipe-stringer system are drawn.
Finally, Section 4 summarized our findings and suggests what further has to be investigated to improve the
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analytical model.

2 Modeling the problem

2.1 Description of the system and its components’ Lagrangians

The pipe with added stringers can be treated as a longitudinally stiffened cylindrical shell, although the de-
sired effect of the stringers here is not to stiffen the shell, but to make it a less attenuating waveguide. A
stringer can be treated as a beam rigidly coupled to the shell, and both elements can be modeled indepen-
dently. There are two shell theories useful for this work: membrane and Donnell-Mushtari shells [8]. The
former is the simplest possible case, which is capable of transmitting only torsional and axial stress, and
the latter, besides that, can transmit bending moments too. The Donnell-Mushtari theory is important be-
cause by treating the stringer as a beam, bending moment needs to be accounted for. As for the stringer, a
Euler-Bernoulli beam with longitudinal displacement is used.

The equations of motion of the system can be obtained by coupling a beam with transverse and longitudinal
displacements to the same displacements of the mid-surface of the shell, which will be done using Lagragian
Mechanics. First, we define the coordinate system for the shell and the stringers. In the cylindrical coordinate
system of Figure 1, the shell of radius R and thickness h has three displacements: u, the longitudinal, v, the
tangential, and w, the radial; and the neutral axis of the i-th stringer has two: u(i)b , the longitudinal, and w(i)

b ,
the transverse. All displacements depend on the position (x, θ) and the time t. The stringers’ tangential
displacement is neglected because water leakage never causes torsion in the pipe [4], while shell’s will be
eliminated later on too. The Lagrangian of the system can now be defined.

x

R
θ v

u

w

x

θ

A section of the shell

h

Cylindrical shell coordinate system Stringer attached to the shell

Stringers

Shell’s mid-surface

w
(i)
b u

(i)
b

Neutral axis

Figure 1: Coordinate system of longitudinally stiffened cylindrical shell and its displacement components

Since a membrane shell can be obtained from a Donnell-Mushtari shell by simplification, the latter’s La-
grangian will be used, which can be found in Reference [8]. The deformation energy of a semi-infinite shell,
from x = 0 to +∞ is

Vs =
Eh

2R (1− ν2)

∫ +∞

0

∫ 2π

0
(Rux + vθ + w)2 − 2R(1− ν)

[
wux −

R

4

(
vx −

uθ
R

)2]

+β2
{(
∇2w

)2 − 2(1− ν)
[
wθθwxx − (wxθ)

2
]}

dθdx, (1)

and its kinetic energy is

Ts =
ρhR

2

∫ +∞

0

∫ 2π

0
(u̇)2 + (v̇)2 + (ẇ)2 dθdx, (2)

where subscript x and θ means differentiation with respect to each coordinate, a dot means differentiation
in time, E, ρ and ν are the Young modulus, mass density and Poisson ratio of the shell’s material, β2 =
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h2/12R2 is the shell’s thickness parameter, and the operator∇2 = ∂2/∂x2+(1/R2)∂2/∂θ2 is the Laplacian
in cylindrical coordinates. The shell’s Lagrangian is Ls = Ts − Vs, and a membrane shell theory can be
obtained by making β = 0 [8].

The beam’s axial deformation has two components: bending, εbend., and compressional deformation, εcomp..
Using Hooke’s Law, Euler-Bernoulli beam theory and basic Solid Mechanics, an area element dA positioned
at (z, y) in the cross-section of the beam, as in Figure 2, is under total axial stress of

σx = Eb(εbend. + εcomp.), (3)

where εbend. = −zwb,xx, and εcomp. = ub,x, Eb is the Young modulus of the beam’s material. For a semi-
infinite beam, such as the shell, its deformation energy is

Vb =
1

2

∫ +∞

0

∫

A
σxεx dAdx. (4)

Substituting Equation 3 in Equation 4, and integrating over the area A, and since in Euler-Bernoulli beam
theory the cross section does not change shape, we have

Vb =
Eb

2

∫ +∞

0
Ab(ub,x)2 − 2I [1]z (ub,x)(wb,xx) + I [2]z (wb,xx)2 dx, (5)

where Ab is the beam’s cross section area, and I [1]z =
∫
A ydA and I [2]z =

∫
A y

2dA are the first and second
moment of area with respect to z. As for the total kinetic energy of the beam, it is

Tb =

∫ +∞

0

∫

A
ρb[(u̇b)2 + (ẇb)2]dAdx, (6)

which can be integrated over the area and result in

Tb =
ρbAb

2

∫ +∞

0
(u̇v)2 + (ẇv)2 dx, (7)

where ρb is the mass density of the beam’s material. Thus, the beam’s Lagragian is Lb = Tb − Vb, and now
the system’s equations of motion can be obtained.

x

y

z

dA

Figure 2: Coordinate system at a cross section of the beam (the z-axis is tangent to the shell’s mid-surface)

2.2 Equations of motion and dispersion relationship

Before defining the system’s total Lagrangian, an assumption is made: there is enough distance between each
stringer such that their motion doesn’t affect one another. By doing so, for two or more stringers, there is
no coupling between them, only between each stringer and the shell individually. Now, for N evenly spaced
stringers, located at θi = 2π(i− 1)/N , for i = 1, . . . , N , the total Lagrangian L of the system is

L = Ls +
N∑

i=1

L
(i)
b , (8)
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which depends on 2N + 3 displacement functions — u, v, w, u
(1)
b , w

(1)
b , . . . , u

(N)
b , w

(N)
b . By setting rigid

couplings between the shell and the stringers, i.e.

u = u
(i)
b and w = w

(i)
b , (9)

for i = 1, . . . , N , a set of holonomic constraints is now defined and can be used to reduce the dependency of
L from 2N + 3 to only three displacements functions — u, v, w. However, when this reduction is made, one
ceases to have information of the system in θ 6= θi, i.e. where there are no stringers. Another consequence is
that is doesn’t matter how many stringers there are anymore, because they all have to be studied individually.
Hence, the total Lagrangian of the system can now be written as

L = Ls + Lb, (10)

dropping the summation on the N stringers. Now, the analysis is carried out considering only a line in the
shell where there is a stringer.

The equations of motion of one stringer attached to the shell can be derived using the appropriate Euler-
Lagrange equations that minimize the total action S =

∫ t2
t1
Ldt, which are omitted here. The resulting

equations of motion are:

uxx +
1− ν
2R2

uθθ +
1 + ν

2R
vθx +

ν

R
wx +

1

ρhRc2p

(
AbEbuxx − EbI

[1]
y wx3

)
=

(
1 +

ρbAb

ρhR

)
ü

c2p
, (11)

1 + ν

2R
uθx +

1− ν
2

vxx +
vθθ
R2

+
wθθ
R2

=
v̈

c2p
, and (12)

− νux
R
− vθ
R2
− w

R2
− β2R2∇4w +

1

ρhRc2p

(
EbI

[1]
y ux3 − EbI

[2]
y wx4

)
=

(
1 +

ρbAb

ρhR

)
ẅ

c2p
, (13)

where∇4 = ∇2∇2, and c2p = E/ρ(1− ν2).

To find the dispersion relationship, we assume harmonic waves traveling in the +x direction:

u = Un cos(nθ)ei(kx−ωt), (14)

v = Vn sin(nθ)ei(kx−ωt), and (15)

w = Wn cos(nθ)ei(kx−ωt), (16)

where i =
√
−1, k is the wavenumber, ω is the angular frequency, n is the order of circumferential mode

shapes shown in Figure 3, and Un, Vn and Wn are the longitudinal, tangential and radial amplitudes, respec-
tively. Substituting Equations 14, 15, and 16 into Equations 11, 12, and 13, results in a system that can be
written in the form [M ]{U} = 0, where {U} = [Un VnWn]T , the coefficient matrix is

[M ] =



M11 M12 M13

M21 M22 M23

M31 M32 M33


, (17)

and its elements are

M11 = Ω2 −K2 − n2(1− ν)

2
+

Ab

ρc2pH

(
ρb

Ω2c2p
R2
− Eb

K2

R2

)
, M12 =

(1 + ν)

2
iKn,

M13 = iKν +
EbI

[1]
y K3

ρc2pHR
3
, M21 = M12, M22 = n2 − Ω2 +

(1− ν)

2
K2,

M23 = n, M31 = M13, M32 = M23, and
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M33 = 1− Ω2 + β2(K2 + n2)2 +
1

ρc2pH

(
EbI

[2]
y

K4

R4
− ρbAb

Ω2c2p
R2

)
, (18)

with K = kR, Ω = ωR/cp, and H = h/R being the non-dimensional wavenumber, frequency and thick-
ness. For the non-trivial solution, we set

det[M ] = 0, (19)

which is a polynomial equation in K for a given Ω, and is the system’s dispersion relationship.

n = 0 n = 1 n = 2 n = 3

Figure 3: Circumferential mode shapes of a thin cylindrical shell

2.3 Adding internal fluid to the system

The internal fluid is taken into account by using the fluid loading term derived by Fuller and Fahy [9], here
named Ff. It assumes that the fluid is not flowing and remains in full contact with the shell wall. By using
the momentum equation to make the radial fluid vibrational velocity and the shell radial velocity equal, the
fluid appears in the equations of motion of the shell as a non-linear radial load. In the coefficient matrix [M ]
of Equation 17, the resulting fluid loading term Ff should then be subtracted from element (3,3), resulting in

M33 = 1− Ω2 + β2(K2 + n2)2 +
1

ρc2pH

(
EvI

(2)
z

K4

R4
− ρvAv

Ω2c2p
R2

)
− Ff, and (20)

Ff =
Ω2

HKR
· ρf

ρ
· Jn(KR)

J ′n(KR)
, (21)

where ρf is the fluid’s mass density, KR = ±
√
K2

f −K2 is the non-dimensional radial wavenumber, Kf =

Ω(cp/cf) is fluid’s non-dimensional free-field wavenumber, cf is the speed of sound the fluid, and Jn( ) is
a Bessel function of the first kind and n-th order. With that, Equation 19 ceases to be a polynomial and
becomes an implicit equation in K due to the presence of a Bessel function.

2.4 Simplifying the dispersion relationship

To simplify Equation 19, first we note that Fuller and Fahy [9] show that most of the energy in a fluid-filled
thin cylindrical shell is found in the cases where n = 0 and 1. The first is the axisymmetric mode, and the
second is the beam mode. However, in buried pipes, which is usually the case for water distribution systems,
there is no transverse motion of a beam mode, only axisymmetric waves [10], thus allowing us to set n = 0 in
the radial and longitudinal waves (Equations 14 and 16). As tangential motion was neglected for the beam,
it is also eliminated for the shell now, hence Equation 15 becomes v = 0. By doing so, the equations of
motion (Equations 11, 12 and 13) do not depend on θ anymore, and Equation 12 completely vanishes. Also,
experiments show that the energy in a water leakage signal is mostly contained in a low frequency band [11],
below pipe’s ring frequency, i.e. the frequency in which K = 1. If we consider K � 1, it is reasonable
to assume that K3 and K4 → 0, and now the stringer contributes with only one parcel in M33, which is
Ω2(ρv/ρ)(Av/HR

2) that arises from bending. Still, any other term related to bending from both the shell
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(β) and the stringer (K4) already vanished, therefore it is also reasonable to eliminate this leftover term in
M33. The resulting coefficient matrix is

[M ] =

[
Ω2
(

1 + ρv
ρ

Av
HR2

)
−K2

(
1 + AvEv

ρc2pR
2H

)
iKν

iKν 1− Ω2 − Ff

]
. (22)

If the stringer is removed, the resulting matrix would be the same derived Pinnington and Briscoe [12],
and if the fluid too is removed, it would be a membrane shell with no torsion [8]. The last step is to as-
sume that the radial motion of the fluid is the same for every point by making KR → 0, which results
in J0(KR)/J ′0(KR) ≈ −2/KR, and making Ff = −2Ω2ρf/Hρ

(
K2

f −K2
)

[12]. Now the dispersion
relationship is a rational function of the form

det[M ] =
P (K)

Q(K)
= 0, (23)

and its roots are given by P (K) = 0, with K 6= Kf.

2.4.1 Fluid and shell waves

For a fluid-filled shell there are only two axisymmetric modes of propagation, named s modes, below the
pipe’s ring frequency [9]: an s = 1 mode, whose energy is contained in the fluid, and an s = 2, whose
energy is contained in the shell. With that in mind, Equation 23 can be further simplified as follows [12]:

• for s = 1 (fluid wave), K2 � K2
L, i.e. the wavenumber is much greater than KL = ωR/cp = Ω,

which is the compressional wavenumber in a plane plate, and

• for s = 2 (shell wave), K2
f � K2, i.e. the free-field wavenumber in a fluid is much greater than that

of the fluid-filled shell.

By making either one of these assumptions individually, one finds the desired dispersion relationship for
fluid or shell waves in a longitudinally-stiffened, fluid-filled shell.

2.5 Including and evaluating attenuation

So far, this formulation considers isotropic linear elastic materials without internal loss. To account for
internal losses which cause wave attenuation, we consider a complex Young modulus Ē = E(1 + ηi) where
η is the material’s loss factor, and then we can simply substitute E by Ē in the above equations. Hence,
even real roots k of the dispersion relationship (Equation 19) become complex, being k = kRe + ikIm, and
harmonic waves then become

u = Un cos(nθ)e−kImxei(kRex−ωt) and w = Wn cos(nθ)e−kImxei(kRex−ωt) (24)

which are waves propagating under an exponentially decaying envelope in x. Therefore, evaluating attenua-
tion is a matter of measuring kIm.

2.6 Numerical validation

Numerical simulations were run on COMSOL Multiphysics(R) [13] which uses the Finite Element Method.
The shell and the beams were modeled using tetrahedral elements. The model was excited in the time domain
by a prescribed displacement in one of its rims, while the other was damped to reduce reflection of waves.
The model was meshed under the constraint that the longest edge of an element could be no longer than 1/6
of the shortest expected wavelength, which is the wavelength of a longitudinal wave in the unstiffened empty
shell at the highest simulated frequency. Since this is an initial investigation of the use of stringers to reduce
attenuation, the inner fluid was not included in the simulations, only in the analytical solutions.
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The wavenumber can be estimated using the transfer function TAB between the displacement at point A in
x = a, and B in x = b, with b > a. Since longitudinal and radial displacements are coupled, either one of
them can be used. For axisymmetric waves (n = 0) and complex wavenumber k, the longitudinal displace-
ment in A and B are u(a, t) = U0e−kImaei(kRea−ωt) and u(b, t) = U0e−kImbei(kReb−ωt), respectively. Taking
the Fourier transform F{ } of those with respect to time and calculating TAB = F{u(b, t)}/F{u(a, t)},
we have that

TAB =
U0e−kImbeikReb

U0e−kImaeikRea
= e−kImdeikRed = ||TAB||e−iφAB(ω), (25)

where ||TAB|| and φAB(ω) are the modulus and phase of TAB , respectively, and d = b− a. Since e−kImd is
always real, and eikRed has modulus equal to 1, then we can estimate the real and imaginary parts of k as

kRe =
φAB(ω)

d
and kIm =

− ln ||TAB||
d

. (26)

3 Results and discussion

The pipe, stringer and fluid properties can be found in Table 1. The pipe is made of PVC, the same found in
commercial pipes in Brazil, the stringers are made of structural steel and the fluid is water. The loss factors
were obtained from Reference [10] for the pipe, and Reference [14] for the steel. The finite element model
was excited in a time domain simulation, using a linear sine chirp from 50 Hz to 1 Hz in 0.1 s, with amplitude
of 0.1 mm. The reciprocal of the time step was 12.8 kHz, and the model had 250 mm of length, which was
necessary to avoid resonances below 1 kHz.

Table 1: Properties of the pipe, stringer and fluid

Property Pipe (plastic) Stringer (steel) Fluid (water)
Mass density (kg/m3) 1, 514 7, 800 1, 000
Young modulus (GPa) 1.644 200.0 —
Poisson ratio 0.4 0.3 —
Loss factor 6.0× 10−2 2.3× 10−3 —
Radius (mm) 50 — —
Thickness / Edge length (mm) 3 3 —
Speed of sound (m/s) — — 1, 500

3.1 Analytical results

The results of solving Equation 23 for the wavenumber can be seen in Figure 4. The real part kRe (Figure 5a)
shows that up to 1 kHz the propagation is non-dispersive for every case. The effect of the stringer can be
better seen by comparing the phase velocity c = ω/kRe of each case, which is constant and is the reciprocal
of the slope of the curves. The values of the phase velocity c are listed in Table 2 and show that the increased
stiffness of the system results in increased phase velocity, which is reasonable, and that the stringer affects
shell waves (s = 2) more than fluid waves (s = 1). As for the imaginary part kIm, it also behaves linearly
and increases with the frequency.

Changes in attenuation can be evaluated quantitatively by comparing the attenuation rate m of each case,
which we define as the slope the curves in Figure 5b and whose values are shown is show in Table 2. It can
be observed that in a unstiffened fluid-filled shell, attenuation is a much greater in fluid waves (s = 1) than
in shell waves (s = 2). Also, although the stringer barely changes the attenuation in fluid waves (s = 1),
by adding it the attenuation in shell waves (s = 2) drops to less than 4% of its value, and the same tendency
is seen comparing empty unstiffened and stiffened shells. We conjecture that this unexpectedly good im-
provement is due to limitations in the analytical model: it does not account for the transmission of energy
between a stringer and the shell, possibly carried by stationary vibration in the tangential direction, which
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(a) Real part of wavenumber, kRe
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(b) Imaginary part of wavenumber, kIm
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Figure 4: Roots of the dispersion relationship of Equation 23

would result in attenuation in the longitudinal direction due to the demand of energy from the vibration.
This effect was demonstrated by Grice and Pinnington [15] in an infinite, beam-stiffened, plane plate, but the
method used there be directly applied to a cylindrical shell, because in this case there is only one direction
of propagation, as opposed to two in the infinite plate problem. This limitation is found in every shell theory
because they all consider stationary vibration in tangential direction, which is evident by the presence of sine
and cosine functions in Equations 14, 15, and 16, which result in the mode shapes of Figure 3. If this energy
flow is considered, at least one more imaginary wavenumber appears in the system’s characteristic equation,
which is related a evanescent vibration sourced by the stringer, or a change in the shell’s circumferential
mode shape is needed. Hence, its inclusion implies that the number of stringers needs to be accounted for.

Another relevant result is the amplitude ratio between radial and longitudinal displacement r = ‖W/U‖.
Going back to Equation 22 and rewriting the system [M ]{U W}T = 0, we have that M11U + M12W = 0
and M21U +M22W = 0. Substituting the root K in [M ] and calculating its elements, then, the ratio is

r =

∥∥∥∥
W

U

∥∥∥∥ =

∥∥∥∥
−M11

M12

∥∥∥∥ =

∥∥∥∥
−M21

M22

∥∥∥∥ , (27)

whose results are shown in Figure 5. Since the ratio between the curves is approximately constant, we
can use linear regression and calculate the average value of the relative amplitude ratio r/rshell between the
amplitude ratio r of every case and the simplest case of the free shell rshell. The of this ratio are listed in
Table 2. From Figure 5, in a free shell, the motion is predominantly longitudinal, and by adding a stringer the
amplitude ratio drops almost 2/3 of its value, favoring even more longitudinal motion. The stringer increases
10 times the ratio for fluid waves (s = 1), and drops 2/3 of the ratio for shell waves (s = 2).

The observations so far, together with the ones made in the previous paragraph, suggest that to increase the
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Table 2: Phase velocities, attenuation rate (m), and relative amplitude ratio (r/rshell)

Case Velocity, c (m/s) m r/rshell

Shell 1, 030 1.83× 10−4 1.00
Shell + fluid (s = 1) 314.3 5.84× 10−4 1.85× 10
Shell + fluid (s = 2) 1, 121 1.67× 10−4 4.81× 10−2

Shell + stringer 3, 267 5.57× 10−6 3.16× 10−1

Shell + stringer + fluid (s = 1) 340.1 5.28× 10−4 2.41× 10+2

Shell + stringer + fluid (s = 2) 3, 285 6.06× 10−6 1.66× 10−2

effectiveness of adding stringers to reduce attenuation, measurements for leakage detection should be made
in longitudinal direction to detect shell waves (s = 2). This, however, contradicts what the works of Fuller
and Fahy [9], Pinnington and Briscoe [12] and Hunaidi et al. [11] combined say about this matter: that water
leakage signal is contained in the fluid, and in the case that using hydrophones is not a viable option, in
low stiffness pipes, such as plastic made ones, it is better to measure the pipe’s radial motion to detect fluid
waves (s = 1). To rule in favor or not to our suggestion, the same study made by Fuller and Fahy [9] has to
be carried out to a longitudinally-stiffened, fluid-filled shell to evaluate the energy distribution between the
shell, stringers and the fluid, which is not done in this paper.
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Figure 5: Amplitude ratio between radial and longitudinal displacement

3.2 Comparing analytical and numerical

The finite element method models had N = 0, 2 and 4 stringers evenly spaced around the shell. High
computational costs and non-convergence of the solver made it not feasible to simulate a greater number of
stringers. All transfer functions TAB were calculated using longitudinal displacement and with respect to the
input at x = 0. There was very little difference between results calculated using points in a stringer or in the
shell for the same position in x, another evidence that the vibration is stationary in the tangential direction.
The results were, then, calculated as an average of many points without making distinction between stringer
and shell points.

The predicted and simulated wavenumber are shown in Figure 6, where we can see that for 0 and 2 stringers,
both of their curves agree very well. For 4 stringers, the simulated wavenumber is less than the predicted by
our model, which indicates that the number of stringers should be accounted for. It also shows that in this case
the wavenumber behaves very close to an unstiffened steel shell with same radius and thickness as the plastic
one. We hypothesize that there is a minimum number of stringers that can be used in order to consider

STRUCTURAL HEALTH MONITORING (STRUCTURES) 2929



an stiffened plastic shell as the same as unstiffened metallic shell. Although COMSOL Multiphysics(R)’s
simulations in time domain cannot be used to evaluate the imaginary part of the wavenumber, the behavior
seen for the real part indicate that the imaginary part is very likely to less than that of a unstiffened shell.
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Figure 6: Comparing real part of wavenumber from FEM simulations and from the analytical model

Calculating the amplitude ratio r = ‖F{w(x, t)}/F{u(x, t)}‖ results in Figure 7. The case with 0 stringers
is well adjusted to the analytical model, while the 2 and 4 stringers cases deviate. Even though the same axial
prescribed displacement was used in all numerical models, in the unstiffened case the axisymmetric n = 0
mode was excited, while for 2 and 4 stringers, the modes n = 2 and n = 4 were excited, respectively. Since
the greater the number of the stringers, the higher the circumferential mode, the closer the results would be
to a metallic shell. It is possible that by considering a buried pipe, the surrounding soil would reduce this
ratio even more, if not completely avoiding the propagation of n 6= 0 modes, which are not observed in
unstiffened buried pipes.
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Figure 7: Comparing amplitude ratio from FEM simulations and the analytical model

4 Final remarks

This paper proposes the use of longitudinal metallic stringers to reduce the attenuation of leakage noise in
plastic pipes, in order to increase the maximum distance for leakage detection using vibroacoustic techniques.
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The pipe with stringers was modeled as a longitudinally stiffened cylindrical shell, and its equations of
motion were derived using Lagrangian mechanics. The system’s dispersion relationship was obtained using
harmonic motion, and simplified considering frequencies below the pipe’s ring frequency. A finite element
model without internal water was used to gain better understanding of the behavior of the new pipe and show
what the analytical model lacks, but also to reinforce what it suggests. There are a few key points that can
be summarized here:

• The analytical model shows that stringers greatly decrease attenuation, but a quantitative measure of
this improvement is not definitive because the model does not account for neither the transmission
of energy between the pipe and the stringers, nor the change in the circumferential mode shapes.
Accounting for them would result in attenuation in the direction of propagation.

• The finite element model with stringers can be stiffer than the analytical one, and the length of waves
in the former becomes closer to that of waves in a metallic pipe with the increase in the number of
stringers.

• The agreement between simulated and analytical real wavenumber, together with the tendency of the
stiffened plastic pipe to behave as a metallic pipe, suggests that the imaginary wavenumber, which
could not be measured in the finite element model simulation, is likely to be less than that of the
unstiffened shell.

Although the results indicate a decrease in attenuation, the effectiveness of using stringers appears to be
greater if leakage signals were measured in longitudinal direction to detect shell waves, instead of fluid
waves, which is what is currently widely used. In order to be more assertive on this suggestion, further
research to improve the model and correct the observations made above is needed.
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Abstract
When monitoring the health condition of a semiconductor machine, it is important not to disturb processes
performed by the machine. Therefore, non-contact measurement techniques such as using machine sounds
are being increasingly favored nowadays. Furthermore, traditional condition monitoring systems have relied
on extracting handcrafted features from data, which may not always be the best approach. In this paper,
an automatic feature extraction approach, referred to as end-to-end learning, is studied for a sound-based
fault isolation framework using convolutional-recurrent neural networks. By using a commercial wire bon-
der machine produced by the company ASM Pacific Technology as an experimental test-bed, sound data
is collected under healthy and faulty machine conditions. For this dataset, the features learnt from raw au-
dio signals show promising results and achieve classification accuracies that are at least on par with using
handcrafted magnitude spectrogram features.

1 Introduction

The semiconductor industry is one of the most technology-evolving and capital-intensive market sectors
[1] [2] [3] [4]. To strengthen a competitive position in the semiconductor industry, the key challenges a
manufacturing plant has to face are the increase of production throughput and yield. Monitoring the health
of the semiconductor machines is, therefore, necessary to secure the required product quality. Furthermore,
effective prediction of the failures of the semiconductor equipment is a way to decrease machine downtime,
improve productivity, and reduce production costs and repairing time.

Data for condition monitoring is commonly broadcast from contact-type sensors that are nominally installed
on the machine such as encoders, accelerometers, current sensors, temperature sensors, etc. Data from these
sensors can be used to detect deviations of the machine performance from the nominal one, in order to
avoid degradation in the product quality and losses in the production yield. The same data is useful in the
process of discovering when the equipment needs maintenance to avoid machine failures and unscheduled
breaks in the production. However, when additional such sensors are required, it may be possible that these
sensors affect the machine dynamics and performance, especially when they are not foreseen during the
development of the semiconductor machine. Such a scenario is not desirable, particularly when µm or even
nm range accuracy is required. For this reason, non-contact measurement systems are being increasingly
favored. In this regard, collecting machine sounds using microphones for condition monitoring is a possible
approach. Several works using machine audio signature for condition monitoring have already been reported
in the literature [5] [6] [7] [8] [9].

Traditional condition monitoring systems involve hand-extracting features depending on the application. In
most cases, there are no formal procedures to pick the best features and considerable domain-expertise may
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be needed to hand-pick the features, especially for complex applications. A possible solution to avoid manu-
ally selecting the features is to use algorithms that can extract the best features from the data. In this regard,
deep learning architectures, especially convolutional neural networks (CNNs) and convolutional-recurrent
neural networks (CRNNs), appear to be well suited to combine the task of both feature extraction and classi-
fication. This is also referred to as end-to-end learning. In recent years, this idea has gained a lot of attention
in the scientific literature [10] [11]. However, the state-of-the-art in this field of condition monitoring is the
use of vibration signals. The use of sounds for end-to-end machine health management is not so common in
the literature. Nevertheless, it should be noted that end-to-end learning has been extensively used in other
audio-related tasks, such as acoustic scene classification [12], music classification [13], etc.

In this work, a fault classification framework using sound signals, to classify the faults in a commercial wire-
bonder [14] produced by the company ASM Pacific Technology, is studied. Based on the sound measured
by a single microphone, the fault classification performance is investigated for both cases of learned and
handcrafted features using CRNNs.

2 Convolutional-recurrent neural networks

This section provides a brief theoretical background behind the convolutional and recurrent neural networks
and the advantages of combining the two network architectures.

2.1 Convolutional neural networks

Deep learning has been in the spotlight since Alexnet [15], a convolutional neural network (CNN) model
achieved remarkable results in classifying the images in the Imagenet dataset in 2012. If deep feedforward
neural networks (FNN), where the input features are connected to every neuron in the hidden layer, are
employed for image classification, many of the connections are likely to be redundant [16]. This happens
since an image generally has several common spatial features, such as horizontal and vertical edges, which
can potentially be learnt once with a few parameters and be re-used when they repeat. This is the main
philosophy behind CNNs and this idea can also be extended to image-like inputs with common spatial
features. A convolutional layer in CNN employs kernels or filters to learn such features and these kernels
typically have only a small number of weights. These kernels convolve with the inputs and pass through an
activation function, typically rectified linear units (ReLU), to generate a stack of feature maps. In addition
to the convolutional layers, CNNs also employ pooling layers that reduce the dimension of the feature maps
and thereby accelerate learning. Furthermore, the pooling layers have no associated weights. Commonly
used pooling operations are max-pooling and average pooling, where a pool of features is reduced to a single
value by taking the maximum or averaging them respectively [17]. The pooling layers also help in somewhat
retaining the most important features in a neighborhood and discarding the rest. If the input is a three-
dimensional tensor, a 2D CNN is employed, where the prefix 2D is used since the kernels convolve with the
input tensor in two dimensions. Similarly, a 1D CNN is used if the input is two-dimensional.

2.2 Recurrent neural networks

For sequential data such as audio and video, a machine learning model needs to be able to learn patterns
temporally. For example, when translating a particular word in a sentence to a different language, it is ideal
to also know some words before and after, which then results in an effective translation. When FNNs are
used to learn from sequential data, they may have difficulties in capturing the temporal context. This is
because each input is processed independently of each other. FNNs with context windowing [16], i.e., by
concatenating a fixed number of frames on either side of a frame to provide some context, is a possible option
to provide temporal context. But this method results in increased feature dimensions and consequently needs
more data and model parameters due to the curse of dimensionality [17], which refers to the learning process
becoming more difficult as the dimension of training data increases.
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Recurrent neural networks (RNNs) on the other hand, allow feedback connections and thus enable the model
to also learn temporal patterns. The input to an RNN is a sequence of Tx number of column vectors X =
[x<1>, x<2>, .., x<t>, .., x<Tx>], with x<t> ∈ Rnx ∀t = 1, 2, ...., Tx and the network outputs a sequence of
Ty number of vectors, Y = [ŷ<1>, ŷ<2>, .., y<t>, .., ŷ<Ty>] with y<t> ∈ Rny ∀t = 1, 2, ...., Ty. In general,
Tx need not be the same as Ty, in which case, the RNN is implemented as an encoder-decoder network.
Assuming Tx = Ty = T , the hidden activations [h<1>,h<2>, ..,h<t>, ..,h<T>] and outputs for one RNN
layer are computed as [18],

h<t> = f(Whxx<t> + Whhh<t−1> + bh),

ŷ<t> = g(Wyhh<t> + by),
(1)

for t = 1, 2, ...., T and h<t> ∈ Rnh . Here, matrices Whx ∈ Rnh×nx , Whh ∈ Rnh×nh and Wyh ∈ Rny×nh
represent the weights connecting two layers, terms bh ∈ Rnh , by ∈ Rny denote the bias vectors and
f(.), g(.) represent the hidden layer and output activation functions respectively. In deep RNNs, typically
two to three of such RNN layers are stacked above each other, and the outputs of one layer act as inputs to
the next layer. However, the weight matrices and bias vectors for a particular time step remain the same in
all the layers. The RNN represented in (1) is called a unidirectional RNN, where the hidden activation at a
particular time step is only influenced by the previous activations. However, in some applications, it is also
beneficial to have information from future time steps. In such a case, bi-directional RNNs could be used [18].

When using a basic RNN architecture as represented in (1), the network can suffer from the problem of
vanishing gradients [17], especially when the network has to remember dependencies from several steps past
in time. A solution to this problem is to use gated recurrent layers such as gated recurrent units (GRUs) and
long-short term memory (LSTM) units [18]. The performance of GRUs is comparable to LSTMs, but GRUs
are computationally favored sometimes due to fewer parameters.

2.3 Convolutional-recurrent neural networks

RNNs are well suited for learning temporal context from sequence data, but similar to FNNs, suffer from the
problem of increasing number of parameters as the data dimension increases [19]. CNNs on the other hand
are not very well suited for sequential modeling but offer a compact way to learn repetitive, common features
by employing kernels. It is therefore possible to combine the two networks to create a hybrid convolutional-
recurrent neural network (CRNN) that can efficiently learn common features across the input while also
being well suited to model sequential information [19]. A typical CRNN architecture employs CNN as a
feature extraction layer to further reduce the dimensionality of the network and pick the best features up
while preserving the temporal information. After the CNN layer, there is an RNN layer that learns the
temporal patterns.

3 The wire bonder description and the fault scenarios

This section provides a brief description of the ASMPT AB383 wire bonder, the commonly occurring faults
in this machine, and a procedure to mimic these faults in the machine.

3.1 Wire bonder

A wire bonder machine is used to make interconnections between a semiconductor device and its packag-
ing [20]. In this work, the AB383 wire bonder produced by the company ASM Pacific Technology is used as
an experimental test-bed. A photo of the machine is shown in Figure 1. The main mechatronics module of
the wire bonder is a motion stage, which performs translations along three Cartesian coordinates. The hori-
zontal motion axes are denoted by x and y. The vertical motion along the z-axis is performed by a so-called
bond head.
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Figure 1: Photo of the AB383 wire bonder machine and the integrated motion stage. (a) Complete machine
(b) Magnified view of the wire bonder motion stage with three Cartesian degrees of freedom; each degree of
freedom is actuated with own motor drive.

3.2 Fault Scenarios

In this work, the four most frequently occurring faults in the motion stage are considered:

1. Presence of high-frequency resonances.

2. Reduction in the motor constant due to degradation of magnetic properties of the motor magnets.

3. Increase in the friction of the motion guides.

4. Undesired external disturbance forces.

We restrict ourselves to only isolating the faults related to the x and y stages. Furthermore, to avoid damage
to the machine, instead of inducing mechanical faults we mimic these faults by modifying the controller
parameters of the motion stage. The motion stage controller consists of an outer position control loop and an
inner current control loop. Both these loops have their own dedicated feedback and feedforward controllers.
The total control output of the position loop serves as the set-point current for the inner current loop. It
should also be noted that there are separate controllers for the x and y motion stages.

3.2.1 Presence of high-frequency resonances in the motion stage

In a complex machine with multiple moving parts, such as the wire bonder, performance can be hampered
by the wear and tear processes, loosening of mechanical fasteners, etc. This can cause changes in the motion
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stage dynamics, including the involvement of resonance modes. Since such frequencies are typically present
beyond the bandwidth of the position feedback controller, these cannot be actively compensated by the
feedback control. These undesired resonances may cause unnecessary vibrations of the motion stage, the
bond head in particular, which in turn can seriously hamper the accuracy of wire bonding.

The presence of high-frequency resonances in the x and y motion stages can be mimicked by increasing the
gain of the position feedback controller. Assuming the presence of some high-frequency modes, increasing
this gain increases the magnitude of the open-loop frequency response function [21]. Due to this, the magni-
tude of the system response to high-frequency disturbance forces is also amplified, which increases the risk
of exciting these resonances during the stage motions.

3.2.2 Degradation of the motor constant

A motor force constant, or simply motor constant, is the ratio between the force supplied by the motor and its
input current. It is a measure of the motor’s actuation capacity and efficiency. After some period of operation,
the efficiency of the motor may drop, or in other words, the mechanical efficiency decreases for the same
input electrical power. This decrease of the motor constant is often difficult to notice and can adversely affect
the motion control performance, due to an effective decrease in the control bandwidth.

A reduction in the motor force constant most of the time is an indication of the degradation of motors. This
scenario can be mimicked by reducing the overall gain of the position controller. Recall that the total control
output from the position control loop acts as the set-point current for the inner current loop. As a result,
reducing the current set-point decreases the force applied by the motors to the motion stage. This has the
same effect as when the motor constant reduces under the degradation of motor properties.

3.2.3 Change in the friction of the motion guides

This fault scenario represents the change in the friction in the linear guides of the x and y stages. Such a
situation can arise, for example, if there is a decrease of lubrication or appearance of dirt in the x and y
motion guides. When these situations occur, the position feedforward controller is no longer tuned correctly,
which may lead to increased position errors.

A change in the friction characteristics of x and y motion guides can be mimicked by deliberately ”mistun-
ing” the position feedforward controller. Consider a nominal feedforward controller tuned to operate under
the healthy machine condition described by,

uff = Kfar̈ +Kfvṙ +Kfcsign(ṙ), (2)

where Kfa the acceleration feedforward and Kfv, Kfc are the feedforward parameters that are used to com-
pensate for viscous friction and dry friction, respectively. In a situation when there is a change in the friction
characteristics of the system, the friction feedforward coefficients mismatch the actual values of these pa-
rameters. For instance, consider the following changes of the actual feedforward coefficients,

K ′fv = Kfv + δKfv

K ′fc = Kfc + δKfc,
(3)

where δKfv and δKfc quantify the change in the viscous and dry friction, respectively. Working backward
from (2) and (3), a possible way to mimic the changed friction in the machine would be to subtract δKfv
and δKfc from the nominally tuned feedforward friction parameters. The modified position feedforward
controller that can be used to mimic the change in the friction can then be written as,

u′ff = Kfar̈ + (Kfv − δKfv)ṙ + (Kfc − δKfc)sign(ṙ). (4)
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3.2.4 Undesired external disturbance forces

The wire bonder stage can be subject to external forces due to, for instance, mechanical interactions between
different neighboring machines. Such external disturbances could cause undesired movements of the motion
stage. Although these disturbances, in general, could be broadband, we focus on the disturbances which are
tonal, which means that their energy is restricted to a few discrete frequencies only. This assumption is still
realistic since these disturbance forces stem from interactions that are usually periodic with a set of fixed
discrete frequencies.

The effect of external disturbances is mimicked by adding a disturbance force via the position feedforward
controller. Since the disturbance force is assumed to be tonal, a possible implementation of the disturbance
signal could be,

d(t) = A1 sin(2πf1t) +A2 sin(2πf2t) +A3 sin(2πf3t), (5)

where t is time and frequencies f1, f2 and f3 are chosen arbitrarily with amplitudes A1, A2 and A3 respec-
tively. As a result, the feedforward controller output is modified as,

u′ff = uff + d. (6)

4 Sound measurement setup and dataset realization

In this section, the sound measurement setup is described. Sound is measured when the wire bonder performs
a chosen ”diagnostic set-point” motion under nominal machine health and faulty conditions. In the second
half of the section, details regarding the chosen set-point and collected sound dataset are provided.

4.1 Sound measurement setup

For sound measurements, a Shure SM11 [22] microphone is used. The microphone is positioned close to the
motion stage just outside the stroke limits of the motion axes. The measurement setup is shown in Figure 2.
The sound from the microphone is recorded using a ZOOM H6 recorder [23] with a sampling rate of 44.1
kHz.

microphone

Figure 2: Single microphone sound measurement setup.
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4.2 Dataset realization

4.2.1 Set-point profile for dataset generation

The sound signals are acquired from the microphone when the wire bonder stage performs a heuristically
chosen, diagnostic set-point motion with an amplitude of 0.001m and a peak acceleration of about 230ms−2.
The motion profile consists of forward and backward movements along either the x- or y-axis, which is
repeated 60 times; in total, this exercise takes about 12s to complete. The set-point profile for one cycle
of forward and backward motion is shown in Figure 3. Furthermore, the set-point profile is identical for
both motion axes. The sound is recorded separately for the x and y motions under the nominal machine
health and mimicked faulty conditions. It is also worthwhile mentioning that the data is collected while the
compressed air supply was enabled, which adds significant background noise. This is done to resemble a
realistic industrial environment while recording the sound.
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Figure 3: One cycle of the motion set-point profile used for sound recording. In the forward cycle, the
stage moves to a particular position; remains at that position for a fixed, chosen duration of time, and then
performs a reverse motion to return to the original starting point. This cycle is repeated 60 times, which takes
roughly about 12s to complete. The velocity, acceleration, and jerk profiles are shown for completeness. The
set-point profile is identical for both x- and y-axes.

4.2.2 Dataset details

The controller settings under the nominal machine health and while mimicking the faulty conditions are
given in Table 1. In the case of the presence of high-frequency resonances, the gain of the position feed-
back controller G is increased to 120% for x and 110% for y, relative to the nominal machine conditions.
Similarly, the overall gain of the position controller K is decreased by 50% to mimic the degradation of
motor constant in both x and y. When mimicking the change in the friction, sound data for x is collected for
δKfc = 40% of the maximum feedforward force and for y, we use δKfc = 30% of the maximum feedfor-
ward force. The value of δKfv in these experiments is determined by dividing the respective δKfc with the
peak value of reference speed. External disturbances are mimicked by injecting a tonal disturbance via the
position feedforward controller. The disturbance is a sum of three sine components, and assuming no loss of
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generality, the three frequencies f1 = 340Hz, f2 = 580Hz and f3 = 924Hz are chosen tentatively. The ampli-
tudes of these sine components, A1, A2 and A3, are also chosen to be equal. For x, the amplitude value is
chosen as 10% of the maximum feedforward force, and for y, we set the amplitude to be 7% of the maximum
feedforward force. The mimicked faults are somewhat severe in nature. For each condition, we collect 30
sound recordings of 10s duration each. The sound snippets of 0.5s for some of the sound recordings in the
dataset are shown in Figure 4.

Table 1: Controller settings for mimicking the various fault scenarios. The values in brackets correspond to
the measurements during the motion of the y-axis when the values differ from those used during the motion
of the x-axis.

Situation
G K δKfc [% of δKfv [% of A1 = A2 = A3 f1 f2 f3
[-] [-] max(uff)] max(uff)/max(ṙ)] [% of max(uff)] [Hz] [Hz] [Hz]

Nominal 1 1 0 0 0 0 0 0
Presence of high-frequency resonances 2.2 (2.1) 1 0 0 0 0 0 0
Motor constant degradation 1 0.5 0 0 0 0 0 0
Change in the friction characteristics 1 1 40 (30) 40 (30) 0 0 0 0
External disturbances 1 1 0 0 10 (7) 340 580 924
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Figure 4: Sound examples of 0.5s depicting the sound under nominal and faulty conditions.

5 Processing and classifying the sound signals

This section explains the techniques used for processing and classifying the measured sound signals. The
implementation used in this work is based on the methodology proposed in [24].
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Figure 5: Schematic of the employed data workflow.

5.1 Overview

The schematic of the data workflow used in this study is shown in Figure 5. The workflow consists of
splitting the input audio signal into non-overlapping sequences, optionally extracting the features, and finally
classifying the data in order to predict the class of the input sound signal. In this work, two approaches based
on handcrafted and learned features are compared. For the case of handcrafted features, the magnitude
spectrogram is chosen as the desired representation. For both cases, supervised classification is done using
CRNN.

5.2 Classification using handcrafted features

5.2.1 Magnitude spectrogram

The spectrogram is a commonly used time-frequency representation when dealing with audio-signals [19].
The magnitude spectrogram is computed as the magnitude of the short-time Fourier transform (STFT) of the
input signal with a window w ∈ RK and hop size of H points and is given by [24],

Xmag(m, k) = |
K−1∑

n=0

x(n+mH)w(n)e
−i2πkn
N |, (7)

where x ∈ RN is the input time signal,m = 0, 1, 2.., (bNH c+1) is the time index, and k = 0, 1, 2..., (bK2 c+1)
is the frequency index, assuming no zero-padding. A variant of the magnitude spectrogram which is fre-
quently reported in the literature of audio-related classification tasks is the Mel spectrogram [16]. Mel
spectrogram uses a non-linear, perceptually motivated frequency scale called the Mel-scale which closely
resembles the auditory response of a human ear. This is implemented by passing the magnitude spectro-
gram through a Mel-filterbank that consists of a series of triangular filters whose bandwidths increase with
increasing central frequencies [16]. However, in this work, the magnitude spectrogram is preferred over
Mel-spectrogram because the machine sounds could contain important information at high frequencies that
are otherwise weighted less in the mel-scale.

5.2.2 Classification using 2D CRNN

The proposed 2D CRNN architecture is a variant of the CRNN proposed in [25]. The architecture in [25]
is chosen as the base model since it is one of the state-of-the-art CRNN architectures, which also won the
DCASE1 real-life sound event detection challenge in 2017. Moreover, the base model is highly flexible and
is easily adapted to the present application by making only a few changes. The proposed network architecture
is shown schematically in Figure 6.

1Detection and Classification of Acoustic Scenes and Events (http://dcase.community/)
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CNN layer i (i=1,2,...,I)

CONV 1D nci filters ∈ Rfi

Batch normalization,
ReLU activation

MAXPOOL 1D ∈ RpTi , dropout

reshape - RT ′×ncI
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Dense, 10 units, softmax

R10

(b)

Figure 6: Proposed network architectures (a) 2D CRNN (b) 1D CRNN.

The input to the proposed 2D CRNN is the magnitude spectrogram tensor Xmag ∈ RT×F×M computed on
each of the non-overlapping sequences. The third dimension M is equal to one in this case since there is
data only from one microphone. Looking at Figure 6, in the 2D CRNN architecture, the input feature is first
processed by a stack of I number of 2D CNN layers. Each CNN layer has a convolution layer denoted as
CONV 2D and a max-pooling layer denoted by MAXPOOL 2D. The filter in the ith convolution layer is a
matrix ∈ Rfi×fi . Given an input tensor ∈ RT×F×1, and assuming nci filters in the ith convolution layer,
the resulting output is a tensor ∈ RT×F×nci . Same convolution is done in this case to preserve the time
and frequency dimensions by zero-padding the input. Following this, batch normalization [17] is performed

2942 PROCEEDINGS OF ISMA2020 AND USD2020



to reduce the effect of internal covariate shift and then passed through a ReLU activation function. The
activations are subsequently passed through a max-pooling layer. This step can be thought of as using
CNNs to extract only the relevant frequency information and reducing the dimensionality of data before it is
processed by the recurrent layers. MAXPOOL 2D in the ith layer uses a filter ∈ R1×pFi and thus, the output

∈ R
T×(b

F−pFi
pFi

c+1)×nci after performing a valid convolution. It should be noted that the channel dimension
is not affected by the max-pooling operation. After passing through all the convolutional layers, the output
is reshaped to flatten and merge the frequency and channel dimensions while retaining the time dimension,
since the recurrent layers require that the sequence information be preserved.

The proposed recurrent layer is a two-layer bi-directional GRU. Bi-directional GRUs are used since they
are simpler than LSTMs while offering the advantages of gated recurrent units. The first GRU layer is a
many-to-many type layer with nr1 hidden units, which is equal to the dimension of the hidden activation
at each time step h<t> defined in (1). Therefore, the output from the first recurrent layer ∈ RT×nr1 . The
second GRU layer is a many-to-one type and as a result, the time dimension is collapsed. This is common
in audio-related tasks when there is a single output required from an audio sequence, such as in predicting
the sentiment of a speech snippet or identifying the genre of a song. Thus the output from the second GRU
layer is a vector ∈ Rnr2 . The last part of the architecture consists of a fully connected layer with fc units and
an output layer with softmax activation that outputs the class probabilities. The overall output vector ˆy10s, is
computed on 10s segments during inference as,

ŷ10s =
1

N

N∑

i=1

ŷi, (8)

where ŷi is the output vector of the ith sequence and N is the number of sequences in the 10s segment. The
accuracy is calculated on 10s segments to obtain one class output for every sound recording, which is of 10s
duration. This also has the effect of denoising the output. The output class label ĉ is finally computed as the
argmax of ŷ10s.

5.3 End-to-end learning with 1D CRNN

The proposed 1D CRNN architecture takes in the raw audio waveform as the input. This is advantageous
because it obviates the need for manual feature extraction. The proposed architecture is very similar to
the 2D CRNN architecture but with some key differences in the CNN layers. Since there is no frequency
information in the input data, the filters in the convolutional and max-pooling layers are one-dimensional in
this case. However, the recurrent and output layers remain the same as in the 2D CRNN. The schematic of
the proposed 1D CRNN architecture is also shown in Figure 6. Given an input audio waveform, the CNN
layer extracts the relevant features and reduces the dimensionality of the input data. Following this, the
bi-directional GRU layers process the sequential data. The final class probabilities are computed using a
fully connected and a softmax layer, and finally averaged over 10s segments to predict one class per sound
recording, using (8). The output predictions are computed similarly to the 2D CRNN.

6 Evaluation

In this section, the classification results when using handcrafted and learned features are presented and
discussed.

6.1 Evaluation metric

Since we have a balanced dataset in terms of class labels, accuracy is a simple and elegant metric and
calculates the percentage of true positives and true negatives out of all the predictions. Accuracy for multi-
class classification is computed as,
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Accuracy =
1

N

N∑

i=1

1(ĉ(i) = c(i)), (9)

where ĉ(i) and c(i) are the predicted and ground truth class labels for the ith observation respectively, N is
the total number of observations, and 1(·) is the indicator function. It returns 1 if ĉ(i) = c(i) and 0 otherwise.
k-fold cross-validation, which refers to creating k non-overlapping partitions of the training and evaluation
sets aimed at generalizing to an independent test set [17], is used in this case and the average accuracy across
all the folds is also reported.

6.2 Results and discussion

Even though the data is collected separately for x and y, a common classifier is considered instead of two
separate classifiers. For the experiments, the total dataset is divided into training, validation, and test sets.
The test set is kept constant across all the experiments and contains randomly chosen 15 recordings per class.
The rest of the recordings are again split randomly between the training and validation sets. Furthermore,
five-fold cross-validation is performed by randomly choosing five disjoint partitions of the training and val-
idation sets. After this split, each of the sound files is divided into 20 sequences of 0.5s length each. While
computing the magnitude spectrogram, a Hanning window of length 2048 points and a hop length of 1024
points are chosen. The CRNN hyper-parameters used in the experiments are chosen after a limited grid-
search and are shown in Table 2. This results in 267514 parameters in the 1D CRNN model and 769386
parameters in the 2D CRNN model. Dropout [26] is added after each of the layers for regularization. The
models are trained using the Adam optimizer [27] to minimize the categorical cross-entropy loss and training
is done on an NVIDIA Titan V GPU. The models are trained for 400 epochs and the model corresponding to
the best validation accuracy is picked and evaluated on the test set.

Table 2: CRNN model hyper-parameters used in the experiments.

Hyperparameters 2D CRNN 1D CRNN
Adam initial learning rate 0.002 0.002
Dropout rate 0.25 0.25
Mini-batch size 32 32
CNN kernel size (3, 3) 4
Number of CNN filters 128 128
Max-pool size {(1, 5), (1, 5), (1, 5), (1, 2), (1, 2)} (5, 5, 4, 4, 3, 3)
Number of hidden GRU units (64, 64) (16, 16)
Number of fully connected layers 32 16

During the preliminary tests, it is observed that the test accuracies of ≈ 99 to 100% are attained when
the training set contains only two sound recordings per class. As a result, extensive experiments are only
performed when the number of sound recordings per class in the training set (denoted as ”Num recordings”
in Table 3) equals one and two, respectively. The individual and average classification accuracy across the
folds when using the magnitude spectrogram and raw audio waveform are shown in Table 3. From the table,
it can be observed that both the feature-classifier combinations achieve almost 100% test accuracy when
there are only two sound recordings per class in the training set. On the other hand, when there is only one
recording per scenario, 1D CRNN + raw audio waveform obtains a 6.13% higher average test accuracy as
compared to 2D CRNN + magnitude spectrogram. However, these results are only preliminary, and more
experiments should be performed by varying the STFT parameters and also with different neural network
weight initializations to confirm this improvement with statistical significance. Nonetheless, it is clear from
these results, that end-to-end learning from raw audio data achieves test accuracies that are at least on par
when using magnitude spectrogram features. Furthermore, two sound recordings per class in the training set
are sufficient and provide acceptable accuracies.

Finally, the convergence time or the time taken to attain the best validation accuracy is investigated for both
the feature-classifier combinations when the training set contains two sound recordings per class. This can

2944 PROCEEDINGS OF ISMA2020 AND USD2020



Table 3: Fold-wise and average test accuracy [%].

Num
Combination Fold 1 Fold 2 Fold 3 Fold 4 Fold 5 Average

recordings

1
1D CRNN + raw audio waveform 86.67 88 100 92 94 92.13
2D CRNN + magnitude spectrogram 84.67 93.33 86 85.33 80.67 86

2
1D CRNN + raw audio waveform 99.33 100 100 98 100 99.47
2D CRNN + magnitude spectrogram 96.67 100 100 100 100 99.33
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Figure 7: Evolution of validation accuracy during training across 5-fold cross validation sets for 1D CRNN +
raw audio waveform and 2D CRNN + magnitude spectrogram for the case of 2 sound recordings per scenario
in the training set.

be qualitatively visualized by plotting the evolution of the validation accuracy during training across the
folds for 1D CRNN + raw audio waveform and 2D CRNN + magnitude spectrogram as shown in Figure 7.
It is apparent from this figure that the validation accuracy when using 2D CRNN + magnitude spectrogram
appears to peak first across all the folds. The average best epoch and average convergence time across the
five folds are shown in Table 4. The time per epoch is slightly higher in the case of the 2D CRNN since it
has more parameters as compared to 1D CRNN. Despite this, the approximate average convergence time for
2D CRNN + magnitude spectrogram is about 3 times less as compared to 1D CRNN + raw audio waveform
in this case. This result shows a possible limitation of using end-to-end learning systems, which is slower
convergence as compared to handcrafted features.

Table 4: Approximate average convergence time.

Num
Combination

Average best ≈ Time per ≈ Average convergence
recordings epoch epoch [s] time [s]

2
1D CRNN + raw audio waveform 234 3 702
2D CRNN + magnitude spectrogram 54 4 216

7 Conclusion

In this paper, the feasibility of end-to-end learning using machine sounds for fault isolation in a commercial
wire bonder has been studied. The sound dataset is measured on the AB383 wire bonder produced by the
company ASM Pacific Technology when the wire bonder performs a chosen repetitive set-point motion under
healthy and abnormal conditions. On this dataset, end-to-end learning using raw audio waveform signals
with 1D convolutional recurrent neural network (CRNN) is compared against the traditional approach of
using handcrafted magnitude spectrogram features with a 2D CRNN. Preliminary results reveal that end-to-
end learning with CRNNs can be a potential alternative to using handcrafted features for sound-based fault
isolation applications.
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Abstract 
Hydraulic transients in long surface water pipelines are an important cause of the failure of the pipe 

supports. During water hammer events axial stress waves may be generated travelling through the pipe 

wall and transmitting a longitudinal load to the pipe supports. Ideally intact supports should not move, 

resulting with the total reflection of the incident axial stress waves, damaged supports however will allow 

some transmission of the axial stress. This research work aims at developing a methodology for anchoring 

flaw detection using as hypothesis that Bragg resonance conditions may arise under specific anchoring 

dispositions, allowing the diagnosis of damaged pipe supports.   

1 Introduction 

Above-ground or non-buried pipe systems, such as hydropower systems, long oil and gas pipes, cooling 

systems of nuclear, thermal plants or any fluid distribution system in industrial compounds are frequently 

affected by longitudinal fluid-structure interaction. However, only a few authors investigated anchor and 

support behavior in the context of water hammer theory. Frequently, studies are based on qualitative 

discussions focused on post-accident analyses and mitigation measures case-by-case oriented [1]. 

Pipelines are never anchored sufficiently to eliminate motion due to a water hammer surge [2], hydraulic 

transients are a major cause of pipe supports failure. Fluid-structure interaction (FSI) models are used in 

post-accident analyses to reproduce the dynamics that led to accidents and incidents. In the present work a 

methodology is proposed for the utilization of FSI models for the diagnosis of the state of pipe supports. 

Bragg resonance principles (Bragg and Bragg 1913,  [3]) are analyzed aiming at understanding their 

capability for detection of damaged anchoring pipe supports. 

The analysis of Bragg resonance effects in vibrating pressurized conduits is an emerging approach for the 

development of methods in pipe flaw detection, such as leakages or blockages. Recently experimental, 

analytical and numerical analyses have confirmed the existence of frequency bands for which wave 

refection or transmission through blockages are maximized or minimized under Bragg resonance 

conditions [3]. The effect produced by blockages to pressure waves may be similar to the effect produced 

by pipe supports to the axial stress waves in the pipe wall. 
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2 Theoretical background 

2.1 Governing FSI equations 

The 4-equation model used hereby is based on the model developed by [4] considering Poisson and 

junction coupling and neglecting friction losses. It is synthesized in the set of Eqs. (1) to (4), where beam 

equations for the longitudinal vibration of thin cylindrical tubes [5], are combined with water hammer 

equations [6] for the pressure wave propagation in conduits. 

 

Mass and momentum equations for the fluid are 
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Mass and momentum equations for the pipe wall structure are 
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Equations (1) and (2) are the fluid momentum and mass conservation equations, they are equivalent to 

those of classical water hammer theory and with a new added term in the right-hand-side of the continuity 

equation (Eq. 2) associated with the interaction with the second pipe vibrating mode. Whereas Equations 

(3) and (4) are the homologous pipe conservation equations, coming from Timoshenko beam theory, 

where also the right-hand-side of the continuity equation (Eq. 4) includes an added term corresponding to 

the interaction with the fluid. 

2.2 Bragg resonance conditions 

2.2.1 Problem definition 

Based on the hypothesis that pressure and axial stress waves through closed conduits may be partially 

reflected and transmitted due to the effect of pipe supports, the possibility of Bragg resonance conditions 

are analyzed based on the problem depicted in Figure 1. The goal is to determine for what distance 

between pipe supports, their mass and for which wave frequencies, Bragg resonance conditions are 

achieved. Pipe supports are considered as thrust blocks attached as rigid solids in the pipe wall, which 

offer resistance to movement due to their inertia. 
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Figure 1 Schematic of pressure and axial stress waves propagating respectively through the fluid and the 

pipe-wall across pipe supports, which result on transmitted and reflected waves. 

2.2.2 Analytical solution 

Eqs (1) and (2) give the wave equation in the fluid 
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Eqs (3) and (4) give the wave equation in the wall 
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In what follows the Poisson coupling is neglected ( 0  ). The fluid and structure are coupled only at 

junctions (i.e. pipe ends and other boundaries). Therefore, the wave number at the pipe wall is different 

from the one in the water. The wave solutions at each region (i.e. upstream junction, downstream junction 

and between junctions) in the fluid and the pipe wall are respectively 
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The boundary conditions at the upstream and downstream ends are 
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Satisfying the boundary conditions at the supports/junctions gives 

at x=0 
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Simplifying and taking into account the boundary conditions at the upstream and downstream ends 

(Eq. (8)) yields: 

at x=0 
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In matrix form: 
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The solution points out that the supports have no effect on the wave propagation in the fluid. This is 

expected given that Poisson coupling is neglected and the only coupling exist at the boundaries which are 

the supports connected to the pipe wall. Therefore, the solution above could have been obtained by 

studying the pipe equations alone. In what follows 3

sT  is analyzed to derive the Bragg resonance 

conditions. 3

sT  represents the transmission amplitude at the downstream end. Therefore, when 3

sT  is 

maximum gives the Bragg resonance of maximum transmission, and when 3

sT  is minimum, it gives the 

Bragg resonance of maximum reflection.  
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The magnitude squared of 3

sT  is 
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To obtain the maximum and minimum conditions, the magnitude of 3

sT  is differentiated with k and 

equated to zero as follows 
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Finally, the Bragg resonance conditions for the problem presented in Figure 1 are: 
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 (21) 

It can be shown that the second equation in Eqs (21) represents the condition of minimum reflection, 

whereas the third equation represents the condition of maximum reflection. This is discussed further in the 

next section.  

Figure 2 gives the variation of transmission amplitude as a function of G and frequency. The G axis is 

dimensionless with respect to the length between supports, and the frequency is dimensionless with 

respect to the Bragg resonance frequency of maximum reflection for the blockage case ( [3]) with length 

equal to the distance between the supports (fb = as/(4l)). Similarly to the Bragg resonance effect found for 

the blockage case ( [3]), Figure 2 shows that there exist frequency bands at which maximum reflection 

occurs, and other frequency bands at which maximum transmission occurs. For the blockage case (see 

Figure 3), these bands depends on the ratio between the blockage area (Ab) and the pipe area (A). 

However, for the structure supports case, the frequency bands are governed by the ratio G/l. Some 

similarities are between the two cases are noticed especially at high frequency and at larger values of G 

which will be studied in the next section. In fact, as shown in Eqs (21) the resultant expression is 

nonlinear, and therefore, the solution needs to be analyzed under special cases (or asymptotically). In the 

next section, singular solutions are therefore explored for specific combinations of the G factor, wave 

frequency and distance between supports. Each of the cases presented in the next section are studied 

numerically using an MOC numerical scheme and the results are found to confirm the analytical analysis.  
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Figure 2 Variation of transmission amplitude in function of the dimensionless unit length (G/l) and the 

dimensionless frequency (f/fb). 

 

Figure 3 Variation of transmission amplitude in function of the dimensionless area (Ab/A) and the 

dimensionless frequency (f/fb) for the case of a blockage with length l in unbounded water filled pipe  
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3 Singular cases for Bragg resonance 

3.1 Case-1 

Knowing that  s sG M A  and considering typical values (e.g. mass M (~10kg), density (~104) and the 

thickness is usually small (As ~ 10-5)), yields G>>1. In this case, the second solution in Eq. (21) gives 
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This gives Bragg resonance condition of minimum reflection. The form of this condition is identical to the 

Bragg resonance condition of minimum reflection for the blockage case. Note that this solution is 

independent on frequency and it is therefore true at low and high frequencies.  

The third solution in Eq. (21) gives 
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which gives the Bragg resonance of maximum reflection. At the limit of high frequencies (ks > 10 m-1), the 

solution becomes  
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which becomes identical to the condition of Bragg resonance of maximum reflection for the blockage 

case. 

3.2 Case-2 

Consider the same typical parameters as in case 1 except that the thickness of the pipe is larger (As~10-2). 

In this case, G << l and the second solution in Eq. (21) gives 
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which represents the Bragg resonance of maximum transmission but its form becomes identical to the 

Bragg resonance condition of maximum reflection for the blockage case. This is caused by the frequency 

shift observed in Figure 2 at low G/l. Again, this condition is independent on frequency and thus valid at 

low and high frequencies. On the other hand, the third solution in Eq. (21) gives 
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which depends on the frequency and represents the Bragg resonance of maximum reflection. At the limit 

of high frequencies, the solution becomes  
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which is identical to the Bragg resonance condition of minimum reflection for the blockage case. This 

special case is shown in the Figure 4 for G = 0.01.  

 

Figure 4 Transmission amplitude variation in function of dimensionless frequency for Case-3 (G = 0.01) 

condition. 

3.3 Case-3 

A special case arises when the parameter G equals the pipe length, i.e.: 

 support mass of structure between two supportss sG l M A l M M      (28) 

which shows that the third solution in Eq. (21) gives 
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which is the Bragg resonance of maximum reflection. The condition in Eq. (2828) indicates that when the 

mass of the support is the same as the mass of the structure in between the supports, the waves will 

experience maximum reflection at the frequencies identical to the Bragg resonance frequency of 

maximum reflection for the blockage case independently of the frequency. This special case is given in 

Figure 5Error! Reference source not found..   
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Figure 5 Transmission amplitude variation in function of dimensionless frequency for Case-2 (G = l) 

condition. 

4 Conclusions and implications 

This work presents analytical and numerical analyses of wave-junction interaction in pipe systems. A set 

of analytical solutions are derived and the conditions of minimum and maximum reflection are determined 

considering thrust blocks attached as rigid solids in the pipe wall. The derived conditions are non-linear 

and do not provide an easily-interpretable form. However, taking special cases for thin and thick pipe wall 

and studying the solutions asymptotically, it is shown that the wave-structure interaction in pipe system is 

governed by Bragg-type resonance phenomenon. These conditions have valuable implication in practice 

for anchoring fault detections and/or pipe vibration control. Indeed, given the derived conditions, one can 

control which frequency to transmit or not through the pipe wall. Moreover, in case of junction rupture or 

dis-anchoring, the stiffness length G will change and thus provides a signature in the form of frequency 

shift of the Bragg resonance conditions. During this analysis a special case is depicted when the mass of 

the support equals the mass of the structure in between the supports. Under this case, the maximum 

reflection condition becomes independent of frequency and has identical form to the case of a blockage in 

a pipe. The effect of Poisson coupling and pipe material change will be discussed in another paper.  
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Appendix 

A. Notation 

A = pipe area 

Ab = blockage area 

Af = fluid cross-sectional area (m2) 

af = pressure wave speed (ms-1) 

As = pipe-wall cross-sectional area (m2) 

as = axial stress wave speed (ms-1) 

D = pipe inner diameter (m) 

E = pipe-wall Young's modulus (Pa) 

e = pipe-wall thickness (m) 

f = frequency 

fb = 1st Bragg resonance frequency of max reflection for blockage case 

k = wave number (m-1) 

l = distance between pipe supports (m) 

M = mass of the pipe supports (kg) 

P = pressure (Pa) 

R = reflection amplitude (m) 

T = transmission amplitude (m) 

t = time (s) 

U = pipe-wall velocity (ms-1) 

V = fluid mean velocity (ms-1) 

υ = Poisson's ratio (-) 

ρf = fluid density (kgm-3) 

ρs = pipe density (kgm-3) 

σ = pipe axial stress (Pa) 
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Abstract 
This work investigates the use of frequency response-based parameters for monitoring of fatigue crack 

propagation in a cantilever beam under spectrum loading. It further develops and presents experimental 

results from a new methodology for Structural Health Monitoring. For the experimental tests, an initial crack 

is machined in the structure and it is then propagated by the application of random loads, contrary to the 

common practice used in the literature to apply artificial cracks for damage characterization. Two damage 

metrics are used to monitor the damage evolution and to investigate the correlation between the damage 

indices and the structure’s fatigue life. The methods employed are simple and easy to implement, and the 

results show that both damage metrics can successfully be applied for damage monitoring of fatigue cracks 

under spectrum loads. 

1 Introduction 

There are numerous studies on non-destructive techniques, and particularly on vibration-based methods, 

applied to damage detection and monitoring of beams subjected to fatigue crack. Most of them rely on the 

non-linearities induced in the dynamic response of the structures due to a phenomenon known as a breathing 

crack, which arises from the open-close behavior of the crack due to dynamic loading. During the last 

decade, these studies have also incorporated advanced (and more complex) signal treatment techniques. 

Andreaus and Baragatti [1] studied crack detection in a harmonically excited beam using a shaker as a 

driving force and accelerometers to register the dynamics of the beam. They verified that even the simple 

appearance of nonlinear behavior in the response of the beam was already a reliable indication of a closing 

crack and they proposed a damage index based on the ratio of the magnitudes of sub- or super-harmonic 

component and the fundamental harmonic component. Solís, Algaba and Galvín [2] proposed a damage 

identification method based on a combined modal-wavelet analysis. The wavelet transform is applied to the 

difference between mode shapes of a pristine and a damaged beam, which are obtained experimentally. The 

differences in each mode are added together weighted by the corresponding frequency shift, thus giving 

more emphasis to modes that are more sensitive to damage. The technique was experimentally verified in 

steel beams with artificially induced crack. More recently, Wimarshana, Nan and Wu [3] demonstrated a 

technique for identification of breathing cracks in metal beams using entropy measures and wavelet 

transform. A breathing crack leads to nonlinearity in structural response, and entropy is a measure that can 

quantify the complexity or irregularity in system dynamics, and hence employed to quantify the bi-

linearity/irregularity of the vibration response. The method was tested in a cantilever beam with an artificial 

crack and, according to the authors, can successfully identify even small cracks (3% of the beam’s 

thickness). Prawin, Lakmish and Rao [4] proposed a damage detection technique based on the zero strain 

energy nodes concept to identify the spatial location of a breathing crack using a single sensor measurement. 
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The physical principle is that the nonlinear behavior of the structure disappears when it is vibrating at a 

certain frequency, which has a nodal point that coincides with the crack location. Multi-level Singular 

Spectrum Analysis was used to conclude about the presence of nonlinear behavior of the structure and for 

the identification of frequencies at which the cracked structure behaves linearly. The methodology was 

tested in a cantilever beam with an artificially induced crack. 

In fact, the works pointed above can contribute to the development of Structural Health Monitoring (SHM) 

systems, which have shown to possess a good perspective for an increase in its use and application in the 

next years. Recent advances in sensors, signal processing, machine learning, and artificial intelligence point 

to a future of widespread use of sensing and monitoring technologies for all kinds of purposes, with 

applications varying from big structures, such as airplanes and helicopters, to cars and even home 

appliances. In this context, the development of reliable and cost-effective monitoring systems is undoubtedly 

an important step towards that future. Scientific contributions developed by the present authors can be found 

in the literature [5-9], mainly in terms of vibration-based methods and different techniques of detection of 

damage. However, it is also worth noting that structures in operational conditions are often subjected to 

random loads, such as the ones arising from wind spectra, ocean waves, or bumps in a road. Moreover, 

random loads may also interact with the structure’s vibrational response, amplifying certain modes, and 

increasing the stress level applied to the structure. Thus, an SHM system based on vibrational methods 

(VBM) is an appropriate tool to monitor the structural conditions and to help get insight into the dynamic 

behavior. In other words, an SHM system for damage monitoring of fatigue cracks propagation under 

spectrum loads based on the frequency domain is strategic, but based on the author’s knowledge, there are 

only a few contributions in this way in the literature [10]. 

Therefore, the main purpose of this work is to investigate a fast and simple to implement technique on SHM 

for fatigue crack propagation due to random loads, exploring changes in the vibrational response of the 

structure. Thus, this paper presents experimental results for the case of a pre-cracked metallic beam 

subjected to spectrum load, which is a part of the methodology behind the SHM system that has been 

developed by the present authors [11]. For the experimental tests, an initial crack is machined in the structure 

and it is then propagated by the application of random loads, contrary to the common practice used in the 

literature to apply artificial cracks for damage characterization. Two damage metrics are used to monitor 

the damage evolution and to investigate the correlation between the damage indices and the structure’s 

fatigue life. The methods employed are simple and easy to implement, and the results show that both damage 

metrics can successfully be applied for damage monitoring of fatigue cracks propagation under spectrum 

loads. 

2 Structural dynamics and SHM 

2.1 General 

The equation of motion for a single degree of freedom system subjected to an excitation force 𝑓(𝑡) can be 

written in the following form: 

 𝑚�̈� + 𝑐�̇� + 𝑘𝑥 = 𝑓(𝑡) (1) 

where the constants 𝑚, 𝑐, and 𝑘 are respectively the mass, damping, and stiffness of the system, and its 

displacement is given by 𝑥. When looking at the system in the frequency domain, one may define a 

Frequency Response Function (FRF) 𝐻(𝑤) which relates the system’s output displacement to the input 

force, as shown in Eq. (2): 

 𝐻(𝑤) =
𝑥(𝑤)

𝑓(𝑤)
 (2) 

Similarly, an FRF may be defined in terms of different quantities of structural response and input excitation, 

such as velocity, acceleration, etc. In some cases, the user knows a priori only the acceleration profile which 

will be applied to the system, described by its Power Spectral Density (PSD), and is interested in knowing 

the stress response in a particular point of the structure. As shown in [12], an FRF 𝐻𝑠(𝑤) can be defined in 
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terms of the system output stress over the applied acceleration. The stress response spectrum relates to the 

applied excitation according to the following equation: 

 𝑆𝑠(𝑤) = |𝐻𝑠(𝑤)|2𝑆𝑎(𝑤) (3) 

where 𝑆𝑎(𝑤) is the PSD of the applied acceleration and 𝑆𝑠(𝑤) is PSD of the stress response. Both the 

acceleration and the stress response are random processes, which are better characterized in a statistical 

sense. Eq. (3) shows that the stress response of the structure is coupled with the excitation spectrum, which 

can increase or decrease the importance of certain vibrational modes in the stress response and therefore 

impact the fatigue life of the component. 

2.2 Damage Indices 

The FRF carries information about the structure’s mass, stiffness, and damping. These properties are 

expected to change due to the presence (and propagation) of damage in the component, which is in turn 

reflected as changes in FRF. Structural Health Monitoring (SHM) systems can then take advantage of this 

behavior and monitor the FRF as an indirect way to assess structural integrity. 

A damage index is, in general, a scalar value whose magnitude is a quantitative measure of the damage level 

in the structure. There are many ways to calculate a damage index, but in this work, it was concerned with 

those arising from the measurement of the Frequency Response Function of the structure. In particular, two 

damage metrics available in the literature are evaluated. The first damage index (Damage I), shown in Eq. 

(4), was proposed by Monaco, Franco and Lecce [13]. The second one (Damage II), shown in Eq. (5), was 

proposed by Mickens et al. [14]. 

 𝐷𝑎𝑚𝑎𝑔𝑒 𝐼 =  
∑ |𝐻𝐼(𝑓𝑖)−𝐻𝐷(𝑓𝑖)|𝑁

𝑖=1

∑ |𝐻𝐼(𝑓𝑖)|𝑁
𝑖=1

 (4) 

 𝐷𝑎𝑚𝑎𝑔𝑒 𝐼𝐼 =  
Δ𝑓

𝑓c−𝑓0

∑ |
𝐻𝐷(𝑓𝑖)−𝐻𝐼(𝑓𝑖)

𝐻𝐼(𝑓𝑖)
|𝑁

𝑖=1  (5) 

where 𝐻𝐼 and 𝐻𝐷 represent the magnitude of the FRF for the initial (intact) and damaged structure, 

respectively; 𝑓0 is the lower frequency and 𝑓𝑐 is the upper frequency of the range of interest; Δ𝑓 is the 

frequency increment between measurement points; and 𝑁 is the total number of points in the FRF. It can be 

noticed that the damage metrics return zero values if there is no change in the FRF of the structure and will 

return values greater than zero for any change in the vibrational response. As it can be seen, Damage I 

computes the absolute difference between the intact and damaged response, and then normalizes it by the 

sum of the absolute values of the response in the intact condition; while Damage II can be seen as the 

numerical integration of the relative difference between the response in the intact and damaged conditions. 

3 Test Configuration 

A cantilever beam is chosen for the experimental procedure. To accelerate the phase of crack initiation and 

to study the effect of random loads mainly in the propagation phase, a pre-crack of 7 mm long was machined 

on both edges of the beam using an electrical discharge machine (EDM), as shown in Figure 1. This 

configuration has a very small crack tip radius (approximately 0.2 mm), which justifies the assumption that 

the crack starts almost immediately to propagate once the dynamic load is applied. A tip mass weighting 4.5 

g is attached to the tip of the beam to increase the stress response amplitude. 
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Figure 1: Geometry used in the random vibration tests – dimensions [mm]. 

The beam is clamped to an electro-mechanical shaker and excited in the out-of-plane direction by a constant 

PSD acceleration profile of 0.2 g2/Hz in the frequency range of 34 Hz to 100.5 Hz. Only the first vibrational 

(bending) mode of the beam is within this range. 

Before the application of any excitation to the structure, an experimental modal analysis is carried out to 

measure its response in the initial configuration (i.e., with a crack size of 7 mm). The modal analysis is 

conducted using a chirp signal from 10 Hz to 2048 Hz with a frequency resolution of 0.125 Hz. The 

structural response is measured using a linear laser vibrometer set to measure the velocity at point P1, shown 

in Figure 1, while an accelerometer is fixed at the clamp to measure the input acceleration. Both the shaker, 

accelerometer, and laser were linked to an LMS SCADAS Mobile equipment, which is controlled by 

Test.Lab software (LMS Test.Lab ™). This initial modal analysis is used as a reference to calculate the 

posterior damage indices. 

Four specimens (identified as SP1, SP2, SP3, and SP4) are manufactured with nominally identical 

parameters and they are subsequently subjected to a test. Each sample is clamped to the shaker’s head and 

the random load due to the constant PSD acceleration is applied for a few minutes, which causes crack 

propagation. Load application is then interrupted, and a new modal analysis is carried out. The procedure is 

then repeated until the complete failure of the specimen. 

4 Results and discussions 

The results shown are based on the modal analysis runs of the structure in successive stages of load 

application. The time interval (and thus the number of cycles applied) between each modal analysis run 

would get smaller as the test progressed, to allow the characterization of the rapid changes expected to occur 

towards the end of the life of the specimens. The first three modal measurements are made after five minutes 

of load application; the excitation time is then reduced to 3 minutes for the next nine measurements and it 

is finally reduced to a two minutes interval until the end of the test, which happens at the complete failure 

of the specimen. This procedure allowed for at least 20 measurements of the damage indices. 

4.1 Modal Parameters 

A finite element model of the beam in its pristine configuration (i.e., no cracks) was developed in Abaqus® 

using second order solid elements with reduced integration (C3D20R). The lower four vibrational bending 

modes, along with its natural frequencies, are shown in Figure 2, which also depicts the position of the crack 

when the beam is in its damaged configuration. 
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Figure 2: Lower four vibrational bending modes of the intact cantilever beam with tip mass. The arrow 

indicates the position of the edge crack. 

Figure 3 shows all the 24 FRFs measured for specimen SP3. It can be observed that the resonance peaks 

slowly shift to the left as the test progresses, a behavior explained by the continuous decrease in stiffness as 

the fatigue crack propagates from the edges towards the center of the specimen. This shift takes place for 

all modes which exhibit a high curvature at the position of the crack. In general, this effect is more 

pronounced at higher frequencies. Sensitivity of the natural frequency to local bending stiffness is usually 

more relevant at higher frequencies. 

 

Figure 3: Frequency Response Functions for sample SP3 measured after different number of cycles. Final 

FRF was measured after 3840 s of load application (2.20e5 cycles), and the final fracture happened after 

3953 s (2.26e5 cycles). 

Figure 3 shows that the second resonance mode does not suffer any significant change. As can be seen from 

Figure 2, in the second bending mode the crack is positioned almost on top of the nodal line, in a place 

where there is almost no curvature of the beam, which explains the lower sensitivity of this resonance mode. 

The complete behavior for the first three modes is better depicted in Figure 4, which shows the normalized 

value of each natural frequency plotted versus the number of cycles. The results shown in Figure 4 are based 

on the average value of the natural frequencies measured for the four samples tested. It should be pointed 

out that the number of cycles referred to in this work is an average value, since the loads applied to the 

structure are of random nature and spread throughout a frequency range rather than having a single, fixed 

value. The average number of cycles per second was obtained by counting the number of stress cycles 

applied to the structure in a five minutes interval. For this purpose, a strain gage was attached to one 

specimen and the number of cycles calculated using the Rainflow algorithm [15]. 
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Figure 4: Normalized natural frequency versus cycles. 

Figure 4 shows that the drop in the natural frequency of the first mode is the more pronounced, suffering a 

reduction of about 10% after 200,000 cycles, when the structure is already at the eminence of failure. After 

100,000 cycles (about halfway through the life of the component), the first natural frequency shows a 

reduction of less than 2%, which does not favor its use for damage quantification due to its low sensitivity. 

In a similar fashion to what was done for the natural frequencies, Figure 5 shows the normalized values of 

the modal damping coefficient. The modal damping associated with the first mode shows an increasing 

tendency, but with some deviations. The increase in damping is to be expected as crack grows due to the 

interaction between the crack surfaces as the beam vibrates, which increase the energy dissipation. The 

second mode, as it was observed for the natural frequency, stays overall constant, despite some small 

variations. Finally, modal damping for the third mode follows an almost linear decrease before reverting 

this tendency at about the final 20% of the time. These results indicate that modal damping coefficients are 

not a good alternative for SHM of the fatigue crack. 

 

Figure 5: Normalized modal damping versus cycles. 
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4.2 Damage Indices 

Equations (4) and (5) show that damage indices can vary depending on the frequency range to which they 

are applied. One might expect that the damage index would increase as the frequency range increases, as 

the differences between the two FRFs are added, but that is not the case observed in these measurements. 

Figure 6 demonstrates the evolution of damage indices for the two metrics when two different frequency 

ranges are considered: the first frequency range (FR 1) goes from 40 Hz to 250 Hz, thus including only the 

first vibrational mode in the FRF; the second frequency range (FR 2) is defined from 40 Hz to 1500 Hz, 

encompassing the lower three vibrational bending modes. 

 

Figure 6: Effect of the frequency range in the calculation of the damage indices. a) Normalized indices for 

Damage I. b) Normalized indices for Damage II.  

Figure 6 shows that there is almost no change in damage indices calculated by Damage I; Damage II on the 

other hand shows that the damage indices are more sensitive when only the first mode is considered for the 

calculation of the damage metric. 

The results for the damage index of all samples, as calculated by the metric Damage I, are shown in Figure 

7. The results are calculated in the frequency range from 40 Hz to 1500 Hz. It can be observed that the 

damage indices nicely fall in what appears to be a linear tendency when plotted against the number of cycles. 

Figure 8 then shows a linear fit applied to the data (r-squared = 0.89), along with the 95% confidence band 

and 95% prediction band. 
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Figure 7: Damage I versus applied cycles. 

The case of the final damage index measured for specimen SP2 appears to be an outlier, as the extreme 

value deviates from the linear tendency observed in earlier phases. The explanation for it is because, for this 

particular sample, the final modal analysis was conducted when the specimen was in a very severe condition, 

right before its final failure. Fatigue cracks are known to rapidly increase towards the end of the component’s 

life, so a high damage index is expected in this circumstance. In fact, after that last modal analysis, the 

specimen withstood less than 900 cycles (15 seconds of load application) before failure. 

 

Figure 8: Damage I versus applied cycles and linear fit. 
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The results for Damage I indicate its sensitivity and applicability monitoring the damage level of the 

structure tested in this work. The damage index increases by a factor of five from the beginning until the 

end of the tests. 

Figure 9 shows the results for all samples calculated according to the metric Damage II, in the frequency 

range from 40 Hz to 250 Hz. When plotted on a linear scale, it can be observed that the damage indices 

rapidly increase as the structure approaches the end of its life. Plotted on a semi-logarithmic scale, however, 

the data exhibit almost linear behavior. 

 

Figure 9: Damage II versus applied cycles. a) Linear scale. b) Semilogarithmic scale. 

Figure 10 shows a linear fit (r-squared = 0.91) applied in the semi-logarithmic plot for the Damage II index. 

 

Figure 10: Damage II versus applied cycles in the semilogarithmic scale and linear fit. 

The metric applied in Damage II also shows to be a good index for damage evaluation, monotonically 

increasing as the number of cycles and following a predictable tendency, demonstrating its potential for 

SHM systems. The value of the damage indices increases by about 20 times from the beginning until the 

end of the tests. 
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5 Conclusions 

This work presents the results of an experimental study on vibrational methods for SHM of fatigue crack 

propagation in a cantilever beam subjected to random loads. And, it is a part of the methodology behind the 

SHM system that has been developed by the present authors. The investigation focuses on the use of modal 

parameters and damage metrics based on the structure’s frequency response function. It is shown that the 

modal parameters alone do not provide a good measure for damage quantification. For the case of the 

structure’s natural frequencies, it is observed that the first mode is most sensitive to damage, yet it exhibits 

a reduction of only 10% of its original value when the structure is already at the eminence of failure, and 

less than 2% at half the life of the component. Similarly, the results obtained for the modal damping 

coefficient also do not support their use for an SHM system. 

On the other hand, the two damage metrics evaluated in the study show a good capability for quantification 

and monitoring of the damage state. Both damage indices increase monotonically with the application of 

the random load. The damage metric identified as Damage I shows a good correlation and sensitivity for the 

fatigue crack damage, increasing linearly with the number of cycles. Damage II indices also perform well 

for damage quantification. The data aligned in a linear curve when plotted on a semi-logarithmic scale. 

The results show that both damage metrics can successfully be applied for damage monitoring of fatigue 

cracks under spectrum loads. Once the correlation between damage index and stress cycles is established, 

one can rely on a simple and easy to implement modal analysis procedure to estimate the number of cycles 

that the structure may further endure and then plan accordingly for its maintenance and/or replacement. 

It should be noted however that the phenomenon of crack propagation investigated in this work starts at a 

somewhat high damage level, and further work is required to investigate the reliability and sensitivity of the 

damage indices at low levels of damage (i.e., at small crack lengths). 
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Abstract
The problem of vibration–based robust damage precise localization under varying environmental and oper-
ating conditions (EOCs) is addressed through the proper formulation of the Functional Model Based Method
(FMBM). This method is founded on special forms of stochastic data–based Functional Models (FMs) with
parameters that functionally depend on properly selected scheduling variables, presently corresponding to
the varying EOCs and the damage coordinates on the investigated structural topology. The method’s perfor-
mance is experimentally assessed via damage precise localization on a thin aluminum plate under varying
boundary conditions and hundreds of damage scenarios, implemented via the attachment of a small mass
at different locations on a topology on the plate. The obtained results indicate very good damage localiza-
tion accuracy using a single pair of random excitation - vibration response signals within a low and limited
frequency bandwidth.

1 Introduction

Over the previous two decades, significant attention has been devoted to vibration–based Structural Health
Monitoring (SHM) due to various advantages. Yet, SHM becomes highly challenging in practice, as struc-
tures are subject to changing Environmental and Operating Conditions (EOCs) and uncertainty, which often
‘mask’ the changes in the dynamics induced by damage, and aggravate the SHM methods’ operation and
performance [1, 2, 3, 4, 5]. Although several methods have been developed for robust damage detection
under varying EOCs [1, 2, 4, 6, 7, 8, 9], vibration–based robust damage localization has been explored to a
lesser extent.

Robust damage localization via data–based methods [10, 11, 12, 13, 14, 15, 16] is typically treated as a
rough classification problem, according to which the discretization of the considered structural topology
into a number of regions, each one uniquely specified by a sensor, is performed, so as there is a one–to–
one correspondence between sensors and examined regions. As a result, potential damage may be roughly
localized as belonging to one of the preselected regions by employing a damage detection scheme for each
sensor. This treatment obviously presents disadvantages such as the usually high number of sensors needed
for the full coverage of the structure, which is impractical and cost inefficient.

Based on the above concept, the modeling of the healthy dynamics under varying EOCs is performed based
on vibration signals from each distinct sensor that represents a certain region on the considered structural
topology. Once vibration signals from unknown structural health state and EOCs are available from all em-
ployed sensors, damage detection and conceptually rough localization are accomplished, typically through
statistical testing of selected features, by examining if the current dynamics coincides with any of the models
corresponding to the considered regions. Thus, in case of deviation from a specific model, damage detection
and rough localization to the specific region have been achieved. Such methods may be based on Princi-
pal Component Analysis [10, 11, 14] attempting to select features of the dynamics that are insensitive to
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changes due to the varying EOCs, assuming that they are sensitive to damage, or on the proper deterministic
or stochastic modeling of the dynamics under varying EOCs and features such as the model parameters and
residual signal [12, 13, 15, 16].

Unlike the above vibration–based methods, the data–based Functional Model (FM) method [17, 18, 19] is
uniquely characterized by the fact that it may provide estimates of the exact damage coordinates on the
considered structural topology, along with a precise confidence region. The cornerstone of the method is a
special form of stochastic data–based FMs, which are capable of representing the dynamics of any 1D, 2D or
3D structure under damage at different locations on the considered topology. The identification of a proper
form of a scalar or vector FM is performed in an offline, training phase, while damage precise localization is
achieved online in the inspection phase of the method through optimization procedures. Based on previous
studies [18, 20], where damage precise localization has been attempted via the FM method, it has been
demonstrated that a limited number (even a single one) of sensors and/or a limited operational frequency
bandwidth may be adequate for the precise localization of various damage types and magnitudes. Yet, thus
far, the FM method has been presented for damage precise localization under constant EOCs, while very
recently, a conceptually new approach of the method was presented and experimentally validated by the
present authors for robust damage detection under varying EOCs [21, 22].

The goal of the present study is the formulation of the classical Functional Model Based Method (FMBM)
for robust damage precise localization under varying EOCs. To this end, proper FMs characterized by param-
eters that incorporate the variable operating conditions and the exact damage coordinates on the examined
structural topology through a proper scheduling vector, are employed. The identification of these models
is performed in the training phase of the method via controlled experiments, each one corresponding to a
sample of known operating conditions and different locations of a single damage, using standard procedures
[18, 19]. Then, once a damage is detected in the inspection phase, its precise localization is achieved based
on proper hypothesis testing and estimation algorithms without the knowledge of the EOCs.

In particular, Vector–dependent Functionally Pooled AutoRegressive with eXogenous excitation (VFP–ARX)
models are presently employed for robust damage localization, that incorporate a single varying operating
condition and damage Cartesian coordinates on a 2D structural topology through a 3–dimensional scheduling
vector.

The method is experimentally assessed via damage precise localization on a thin aluminum plate under
varying boundary conditions (tightening torque at its mounting) and hundreds of subtle damage scenarios,
realized via the attachment of a small mass (∼ 0.7% of the plate’s total mass) at a time, simulating local
stiffness reduction at different locations on a 400 × 320 mm part of the plate. Robust damage precise local-
ization is based on vibration response measurements from a single accelerometer on the plate, within a low
and limited frequency range of [5–512] Hz, while random force excitation is applied on the plate through an
electromechanical shaker equipped with a stinger.

In summary, the main contributions of the present study are:

(a) The postulation of the FMBM for robust damage precise localization under varying EOCs and,

(b) a preliminary experimental assessment of the method’s performance via damage precise localization
on a thin aluminum plate under varying boundary conditions and hundreds of damage scenarios with
minor effects on the structural dynamics.

The rest of this paper is organized as follows: The precise problem statement is presented in section 2, while
the Functional Model method for robust damage precise localization in section 3. The structure, the varying
operating condition, the damage scenarios and the experiments in section 4, and the experimental results in
section 5. Concluding remarks are finally summarized in section 6.

2 Precise problem statement

The problem of damage precise localization under a single varying operating condition (tightening torque)
on a 2D structural topology (aluminum plate) is, in the current study, stated as:
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Given:

1. Baseline Phase: A total of M training sets (of which M1 correspond to the varying operating condi-
tion, M2 to the damage coordinate x and M3 to the coordinate y) of excitation and random vibration
response signals:

xk[t], yk[t] (t = 1,2, . . . ,N) (1)

with t designating normalized by the sampling period discrete time and k1, . . . ,kM including known
sample values of the tightening torque τ and damage coordinates x, y on the 2D structural topology:

k ∶= [τ x y]T (2)

2. Inspection Phase: A fresh set of excitation and random vibration response signals (subscript ‘u’ stands
for unknown):

xu[t], yu[t] (t = 1,2, . . . ,N) (3)

obtained from the structure under an unknown operating condition and damage location, that is un-
known current k.

Determine:
The current damage precise coordinates (current vector k) along with its associated uncertainty at a selected
risk level α.

3 The FM method for robust damage precise localization

The cornerstone of the FM method for robust damage precise localization is the representation of the struc-
tural dynamics under any EOC and damage at any location on the considered topology through a proper
form of a functional model. This is achieved in the method’s baseline, offline phase, where its training is
performed using excitation–response signals corresponding to a sample of known EOCs and locations of
damage on the considered topology. Once this phase has been completed and a damage is detected, the
method may be used in an inspection, online time, phase, using a new pair of excitation–response signals
obtained from the considered structural topology, under unknown EOCs and damage location, for damage
precise localization. The description of the method’s basic operational phases follows using a simple type of
FM, yet various other forms may be employed according to the needs [17].

Baseline phase. A Vector–dependent Functionally Pooled AutoRegressive with eXogenous excitation (VFP–
ARX) model [18, 19] is considered. This model is scalar, in the sense that a single pair of excitation–response
signals is used, while a proper scheduling vector is employed for the representation of the structural dynamics
under varying EOCs and damage at different locations on the examined topology. The size of the scheduling
vector depends on the number of the considered varying EOCs (herein the tightening torque) and the 1D, 2D
or 3D geometry of the structural topology (herein 2D). Thus, for simplicity but without loss of generality, a
VFP–ARX, equipped with a 3–dimensional scheduling vector k (also see Equation 2), of the following form
is presently used:

yk[t] + na∑
i=1ai(k)yk[t − i] = nb∑

i=0 bi(k)xk[t − i] + ek[t], ek[t] ∼ NID(0, σ2e(k)), k ∈ R3 (4a)

ai(k) = p∑
j=1ai,jGj(k), bi(k) = p∑

j=1 bi,jGj(k) (4b)

E{ek1
(t) ⋅ ek2

(t − τ)} = γe(k1,k2) ⋅ δ[τ] ∀(k1,k2), γe(k,k) = σ2e(k) (4c)

where na, nb are the corresponding orders of the AR and X parts of the model and ek[t] the model innova-
tions signal for the specific conditions and damage coordinates, included in k. ek[t] is a zero–mean, white
(uncorrelated) sequence with variance σ2e(k), which may be cross–correlated with corresponding sequences
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from other values of k. E{⋅} designates statistical expectation, δ[τ] is the Kronecker delta (δ[τ] = 1 when
τ = 0 and δ[τ] = 0 when τ ≠ 0), while NID stands for Normally Independently Distributed.

VFP–ARX model estimation is based on a number of experiments conducted in this operational phase, for
a sample of combinations of the varying operating condition and damage location’s coordinates. Thus, the
complete series of experiments, covering the whole range of the considered EOCs and damage locations on
the structural topology, are sampled in the ranges [τmin, τmax]×[xmin, xmax]×[ymin, ymax] of interest (also
see section 2).

As it is shown from Equation 4b, the AR and X parameters are modeled as explicit functions of k, by using a
p−dimensional functional subspace, spanned by the mutually independent functions Gj(k). The functional
subspace constructed for the FM parameters is consisted by trivariate polynomials obtained as tensor prod-
ucts from univariate orthogonal polynomials, such as Chebyshev, Legendre, and others (see details in [18]).
The constants ai,j , bi,j designate the corresponding AR and X projection coefficients. The estimation of ai,j
and bi,j is based on Ordinary Least Squares (OLS), while model validation is based on formal verification of
the residual (serial) uncorrelatedness (whiteness) hypothesis [20].

Inspection phase. Once a damage is detected, the following procedures are activated for its precise local-
ization. The acquired signal pair xu[t], yu[t], obtained from the considered structure without the knowledge
of the current EOCs and the damage location, is driven through the VFP–ARX(na, nb)p model of the base-
line phase, which is now re–parametrized, with corresponding residual series eu[t,k] and variance σ2eu , as
follows:

M(k, σ2eu) ∶ yu[t] + na∑
i=1ai(k)yu[t − i] =

nb∑
i=0 bi(k)xu[t − i] + eu[t,k] (5)

Following, an estimation of the unknown k, including the current EOCs and the (Cartesian) coordinates of
the damage that ‘best’ expresses the current signal pair xu[t], yu[t], is made and the corresponding residual
variance σ̂2e(k̂) is obtained (estimators/estimates are designated by a hat):

k̂ = argmin
k

N∑
t=1 e

2
u[t,k], σ̂2eu(k̂) = 1

N

N∑
t=1 e

2
u[t, k̂] (6)

with eu[t,k] designating the model residual signal, given by Equation 4a, for unknown k. The estimate
of the vector k via the left of the above equations is obtained based on a Bayesian optimization algorithm
(Matlab function bayesopt.m). Based on this, the approximation of the objective function, say f , is
attempted via a Gaussian Process (GP) model. In a first step, the f is calculated for randomly selected values
of the independent variable (herein vector k) and in the sequel, based on a ‘prior belief’ on f , an update
of the GP model is made, using samples from the f via a Bayesian procedure. Further improvement of
the GP model at specific points with greater variance is achieved through the maximization of a so–called
acquisition function. This optimization algorithm is presently used as, compared to other algorithms used in
previous studies [18, 20], it is faster, searching for the global optimum in a minimum number of steps (see
full details in [23]).

The obtained damage coordinates are accepted as valid, if and only if, the estimated re–parametrized model
is successfully validated through typical statistical tests such as the Peña–Rodrı́guez one [24], examining the
hypothesis of its residual eu(t, k̂) uncorrelatedness (whiteness) (also see [17, 18]). It is worth noting that
along with the damage coordinates, the method also provides precise estimates of the current EOCs.

The estimator k̂ may be shown to be asymptotically (N → ∞) Gaussian distributed, with mean equal to
the true k value and covariance matrix Σk, coinciding with the Cramer–Rao lower bound [19], that is
k̂ ∼ N (k,Σk). Based on this, uncertainty regions (confidence bounds) may be constructed for both damage
location and EOCs.

Based on the Gaussianity of k̂, the confidence region of the estimated damage location on a 2D structural
topology may be constructed based on the estimated coordinates included in k̂ = [x̂ ŷ]T as [19, 20]:

(k̂ − k)TΣ−1
k (k̂ − k) ≤ χ2

1−α(2) (7)
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Figure 1: The experimental set–up. (a) Photo of the aluminum plate with the examined topology enclosed
by the blue dashed square, the excitation Point X and the accelerometer at Point Y. (b) Zoom on the plate
mounting and the electromechanical shaker used for the excitation at Point X.

where Σk is the part of Σk that corresponds to the damage coordinates and χ2
1−α(2) designates the χ2

distribution’s, with two degrees of freedom, 1 − α critical point. This expression defines an ellipsoid within
which the actual damage location should lie with probability (1 − α), or equivalently, with risk α.

4 The structure, the varying operating condition, the damage sce-
narios and the experiments

The employed structure is a thin aluminum plate (see Figure 1) of dimensions 1000 × 800 × 2 mm and mass
of ∼ 4 300 g, suspended vertically via a clamp, consisting of two thick (5 mm) rectangular steel plates,
tightened together by two bolts. The tightening torque of the clamp (Figure 1) is the considered varying
operating condition, that takes values from 5 up to 13 Nm, simulating assembly uncertainty.

In addition, various damage scenarios are considered, each one corresponding to the attachment of a single
mass of 30 g (∼ 0.7% of the plate’s mass) on a distinct location (single–site damage) on a 400 × 320 mm
part of the plate (blue dashed square surface in Figure 1). Each damage scenario is characterized by its own
Cartesian coordinates x, y and simulates local stiffness reduction.

The structure is excited at Point X via an electromechanical shaker as shown in Figure 1b, applying a random,
low frequency, band limited ([5−512] Hz), white Gaussian force at each experiment. Acceleration response
signals at Point Y on the plate, are acquired through a lightweight (0.5 g) accelerometer (Figure 1a). All
signals are sample mean subtracted and normalized by the sample standard deviation.

840 experiments are in total conducted with the healthy and damaged structure under varying tightening
torque values and damages at different locations (see details in Table 1). From these, a number are used for
the FM based method’s training in the baseline phase, while the rest of them for the method’s experimental
assessment, in the inspection phase. It should be noted that all experiments used in the inspection phase
are different from those in the baseline. Additionally, various operating conditions and combinations with
damage locations, different from those used for the method’s training, are included in the inspection phase.
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Table 1: Experimental details.

Structural
State

Torque
(Nm)

Coordinates:
(x,y) mm

Number of
Experiments

Baseline Phase
Damage

Detection Healthy
[5-13]

step of 2 - 5∗

Damage
Localization Damaged

[5-13]
step of 2

x: [0-400]
y: [0-320]
step of 40

495∗

Inspection Phase
Damage

Detection Healthy
[5-13]

step of 1 - 18◇

Damaged
[5-13]

step of 2

x: [0-400]
y: [0-320]
step of 80

300◇

Damage
Detection /

Localization
Damaged 5

(20,0)
(100,100) (300,300)
(320,220) (340,120)

10◇

Damaged 6
(20,0) (140,0)

(40,240) (200,200)
(220,240) (300,300)

12◇
∗1 experiment per case; ◇ 2 experiments per case; Sampl. freq.: fs = 1 024 Hz
Sig. length: N = 2 000 samples(1.95 s); freq. bandwidth: [5 − 512] Hz

5 Experimental results

5.1 Effects of the varying operating condition and the damage on the dynamics

The effects of some of the considered damage scenarios and different tightening torques on the plate’s dy-
namics via Welch–based Frequency Response Function (FRF) estimates [25], are depicted in Figure 2; es-
timation details: signal length N = 4000 samples, Hamming window, segment length 2 048 samples, 95%
overlap. In particular, FRF estimates corresponding to the healthy structure under all considered values of
the tightening torque, as well as to one of the used damage locations under a specific tightening torque, are
shown in Figure 2a. The obvious minor effects on the dynamics of the considered damages, along with
their overlap by the effects of the healthy dynamics due to the varying torque, lead to a challenging damage
detection problem.

Furthermore, the similar effects on the dynamics (Figure 2b) from damages at different locations on the
aluminum plate, especially in the lower frequencies [5-128] Hz, and the effects’ overlap from damages at
two different damage locations due to the varying tightening torque (Figure 2c), indicate a highly challenging
damage localization problem.

5.2 Robust damage detection

Robust damage detection is based on the FM based method as presented in [21]. The main concept behind
this is the construction of a ‘healthy subspace’ describing the healthy structural dynamics under varying
EOCs using the parameters of a proper FM (see details in [21]). Damage detection is then based upon
determining, at a certain risk level, whether or not the current (unknown health state) dynamics resides
within the healthy subspace. In the affirmative case, the structure is declared as healthy, else as damaged.

In the present study, where the structure operates under a single varying operating condition (tightening
torque), a Functionally Pooled AutoRegressive with eXogenous excitation model, that is FP–ARX(na, nb)q,
with na, nb designating the corresponding AR and X orders (not necessarily the same with those of the
VFP–ARX) and q the functional subspace dimensionality, is employed for the representation of the ‘healthy
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Figure 2: Indicative Welch–based FRF estimates (Point X - Point Y) for: (a) the healthy structure under all
(28 experiments) tightening torques (green envelope) and a single damage scenario (red line); (b) the dam-
aged structure under tightening torque of 5 Nm and all (704 experiments) damage locations (blue envelope),
and two distinct but ‘close’ damages; (c) for two ‘close’ damage scenarios and varying (20 experiments)
tightening torques (blue envelope).

subspace’. This model uses a scalar scheduling variable k corresponding to the varying tightening torque,
while all details about its estimation may be found in [26].

Thus, vibration signal pairs from Points X and Y (see Figure 1) obtained from a single experiment with
the healthy plate under any value of tightening torque (presently 5 Nm), are used for the estimation of a
conventional ARX model, based on standard identification procedures [25]. This leads to an ARX(130,130)
model characterized by zero delay (b0 ≠ 0 in the exogenous polynomial). Maintaining the AR and X orders
and the zero delay, an FP–ARX(130,130)5 model with functional subspace consisting of q = 5 Shifted
Legendre polynomials (see estimation details in Table 2) is identified, based on experiments with the healthy
structure under varying tightening torque (see Table 1) and a genetic algorithm (GA) [18].

In the following, damage detection is achieved based on a current (fresh) signal pair xu[t], yu[t] obtained
from the structure under unknown health state and operating conditions, testing its ‘consistency’ with the
FP–ARX model of the baseline phase via the FM–Residual Uncorrelatedness (FM–RU) version of the FM
method [22, 27]. The damage detection results, in terms of the method’s D statistic for the 340 experiments
of the inspection phase (Table 1) are provided in the scatter plot of Figure 3, from which it is obvious that the
healthy test cases are always separated from all damage scenarios, indicating ideal damage detection (also
see Table 3).

5.3 Robust damage localization

Baseline phase. A VFP–ARX(130,130)36 model with functional subspace consisting of 36 trivariate Shifted
Legendre polynomials is identified based on the standard procedure also used previously for the FP–ARX
identification (see estimation details in Table 2). In particular, M = 495 excitation–response signal pairs
(Table 1) are used, and instead of a genetic algorithm, the Bayesian optimization procedure, described in
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Figure 3: Damage detection results based on the FM–RU method – Scatter plot with the values of the
method’s D statistic. [18 experiments with the healthy plate and 322 with the damaged.]

Table 2: Functional model estimation details.

Estimated model No. of projection No. of training SPP∗ Condition number
coefficients experiments of inverted matrix

FP-ARX(130,130)5 1 305 5 15.32 6.14 ×109
VFP-ARX(130,130)36 9 396 495 210.72 2.88 ×107

FP-ARX model estimation - Damage detection
Estimation method: Ordinary Least Squares (OLS)
Functional basis: 5 univariate Shifted Legendre polynomials.
Functional subspace dimensionality determination based on GA: Population = 100, elite count = 20,
crossover fraction = 0.7, max no. of generations = 1000, tol. of the object. func. = 10−4, MATLAB func.: ga.m

VFP-ARX model estimation - Damage precise localization
Estimation method: Ordinary Least Squares (OLS)
Functional basis: 36 trivariate Shifted Legendre polynomials
Functional subspace dimensionality determination based on the Bayesian optimization: Acquisition function =
expected–improvement–plus, exploration ratio = 0.5, GP active set size = 300, max object. func. evaluations =
500, no. of initial evaluation points = 4, MATLAB func.: bayesopt.m
*Samples Per model Parameter

Table 3: Summary of damage detection and localization results.

Damage Detection
Model Correct Detection False Alarms

FP–ARX(130,130)5 100% 0%
Damage Localization

Model Model Validation Localization error
(sample mean ± std) cm

VFP–ARX(130,130)36 100% 0.67 ± 0.57 cm

section 3, is employed for the determination of the functional subspace dimensionality. The obtained VFP–
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Figure 4: Indicative damage localization results for 2 damage scenarios. In each case the true damage
location (●: added mass; ) and its estimate (⋆), along with their confidence (uncertainty) regions (–) at the
α = 0.01 risk level (true and estimated damage location coordinates are numerically provided above each
plot as well).

ARX(130,130)36 model represents the plate’s partial structural dynamics under any damage location on the
considered topology for any torque value in the range of [5 – 13] Nm.

Inspection phase. The method’s damage localization accuracy is examined via 322 experiments, each cor-
responding to a distinct combination of damage location and tightening torque (see Table 1). All estimates of
the damage coordinates and the tightening torque included in k̂ are firstly validated through the examination
of the corresponding residual signal whiteness, as described in section 3. As shown in Table 3, the method
correctly indicates that all considered test cases belongs to the dynamics that is represented by the VFP–
ARX(130,130)36 model of the baseline phase. Indicative damage localization results, in terms of damage
coordinate estimates and confidence regions, are presented in Figure 4 for two damage locations. Based on
the estimates of the damage coordinates in k̂ and the actual coordinates of the considered damage scenarios,
the histogram in Figure 5 illustrating the damage localization error (distance between the actual and esti-
mated damage locations) is made. Evidently, the localization error is, in general, remarkably low and under
2 cm for the 98.44% of the considered test cases.

6 Concluding remarks

The problem of vibration–based robust damage precise localization under varying EOCs has been considered
via the proper formulation of the data–based Functional Model Based Method, employing FMs characterized
by a scheduling vector that incorporate the varying EOCs and the exact damage coordinates on the examined
structural topology. The main conclusions of the study may be summarized as follows:

(a) A robust damage localization method has been presented, which unlike alternative methods, provides
precise estimates of the damage coordinates on the considered structural topology.

(b) The method is capable of operating in the inspection phase without the need for measuring the operating
conditions.

(c) Based on the minor effects of the employed damage scenarios on the partial dynamics of the consid-
ered aluminum plate, the use of a single vibration response sensor and the limited and low operational
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Figure 5: Damage precise localization results – Euclidean distance between the true and the estimated
damage locations. [322 damage cases.]

frequency bandwidth, along with the low mean localization error achieved, the method’s damage lo-
calization accuracy is judged as very good.

Future plans include the extension of the method within a response–only framework, as well as the investiga-
tion of the method’s performance for bigger topologies and more complex structures under multiple EOCs.
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Abstract 
The complex geometry of metallic components combined with the variety of possible damage features limits 

the application of conventional NDT technologies. For parts with complex geometric shapes relevant 

product quality assurance tools are needed. Process Compensated Resonance Testing (PCRT) is an advanced 

and sensitive non-destructive evaluation method. It employs Mahalanobis Taguchi System (MTS) to classify 

the components as Good/Bad by evaluating the variations on resonance frequencies in Mahalanobis space. 

However, the process of feature selection and threshold determination in MTS is questionable. In the present 

paper, a two-stage Mahalanobis Classification System (MCS) approach is proposed coupled with binary 

particle swarm optimization procedure. The proposed MCS approach is applied to equiaxed Nickel alloy 

first-stage turbine blades with various possible defects. The obtained results demonstrate the high 

classification accuracy and evidence of the superior performance of the proposed approach. 

1 Introduction 

Components with complex geometries pose significant challenges to traditional non-destructive testing 

(such as X-ray, ultrasound testing, radiography, thermal imaging, and acoustic emission) technologies[1-5], 

thus leading to strong demand for alternative quality assurance tools to handle those components with 

complex geometries. Fortunately, the process compensation resonance test (PCRT) [6-8] technology came 

into being. 

PCRT technology has been demonstrated as a powerful alternative for the traditional NDT, and the 

underlying technique was originally developed at the Los Alamos National Laboratory in the late 1980s. 

The main principle of PCRT technology is to evaluate the quality of specimens by using the resonance 

frequency to be affected by material changes and/or defects. And PCRT technology enables minor defects 

to be detected by adopting Mahalanobis Taguchi System (MTS) sorting approach [9]. Although the 

scientific literature on PCRT technology is still scarce, it has brought gratifying results to the aerospace, 

automotive and power industries, and materials laboratories [9-12]. 

The MTS method is a pattern recognition algorithm used for classification and prediction of multivariable 

systems. It was originally derived from the concept of Mahalanobis distance (MD) proposed by P.C. 

Mahalanobis [13] in 1936. Genichi Taguchi [14-16] combined the concept of Mahalanobis distance with 

robust design theory and developed the MTS method for multidimensional system dimensionality reduction 

analysis and diagnosis/prediction. Because of its simple operation and remarkable effect, it is widely used 

in the optimization of multi-variable systems such as product quality detection systems, mechanical fault 

diagnosis, financial warning, and medical diagnosis [17-20]. 

Central to MTS classification method is the employment of signal-to-noise ratio (SNR) and orthogonal array 

(OA) to screen the optimal feature subset. However, orthogonal arrays have been criticized as an ineffective 
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feature selection scheme[21-23]. Subsequently, many efforts were implemented to use various optimization 

algorithms for feature screening: such as Binary Particle Swarm Optimization (BPSO), genetic algorithm, 

and Omni-optimizer, etc [23-27]. Besides, to solve the problem of overfitting, rough set theory [28] was 

proposed to realize feature selection, including regularization and punishment. In addition to feature 

selection, the threshold determination is also a focus of MTS controversy. In [29], Taguchi proposed a 

quadratic loss function (QLF) to determine the classification threshold, however, it is impractical. For this 

reason, a large number of studies on threshold determination have subsequently emerged including 

Probability Threshold Method (PTM) [30], Type I and Type II error methods [19, 31] and ROC curve 

method [32], etc. 

The main purpose of this paper is to develop an effective method for classifying the quality of complex 

metal components and propose a two-stage Mahalanobis Classification System (MCS) [33]. Specifically: 

In the first stage, the feature search strategy coupled with BPSO algorithm for multi-dimensional MD is 

described. The second stage employs PSO to search for the optimal threshold (decision boundary). In 

addition, MCS can map features to a higher-dimensional MD space to achieve better classification 

performance. 

The paper is organized into four main sections. Section 2 describes the proposed two-stage MCS method. 

Section 3 shows a case study on metallic turbine blades with complex geometry. Finally, conclusions are 

drawn in section 4. 

2 Methodology 

The Mahalanobis-Taguchi system combines the Mahalanobis Distance MD in statistics with the Taguchi 

method to scientifically diagnose and evaluate the system using OA array and signal-to-noise ratio. To our 

knowledge, one of the main challenges of classic MTS is the lack of sufficient applicability to construct 

multidimensional MS and suboptimal feature selection methods. In order to handle the above challenges, 

this paper proposes a two-stage MCS, as an extension to the classical MTS approach. In the first stage, the 

proposed MCS supports multi-dimensional MS, and BPSO screens the most useful features in each feature 

dimension. The second stage builds the decision boundary for the final classification. 

 

 

Figure 1: The implementation of MCS 
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2.1 Stage 1: Feature selection  

2.1.1 Multi-dimensional Mahalanobis Space  

A 𝑀-dimensional (𝑀 ≥ 1) multivariate system is considered. Then samples from normal observations are 

defined as 𝑥𝑖𝑗
𝑘 , indicating the 𝑗th variable of the 𝑖th normal observation in the 𝑘th dimension (𝑖 =

1,2, … , 𝑛;  𝑗 = 1,2, … , 𝑝; 𝑘 = 1,2, … , 𝑀).  

The samples are firstly standardized as: 

 𝑧𝑖𝑗
𝑘 =

𝑥𝑖𝑗
𝑘 −�̅�𝑗

𝑘

s𝑗
𝑘  (1) 

  

In equation (1) 

 �̅�𝑗
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1

𝑛
 ∑ 𝑥𝑖𝑗
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𝑖=1  and 𝑠𝑗
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1
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 ∑ (𝑥𝑖𝑗
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Then 𝑀-dimensional MDs can be obtained as  

 𝑴𝑫𝑖 = [𝑀𝐷𝑖
1, 𝑀𝐷𝑖

2, … , 𝑀𝐷𝑖
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𝒁𝑖

𝑘𝑇
𝑹𝑘−1

𝒁𝑖
𝑘 , 𝒁𝑖

𝑘 = [𝑧𝑖1
𝑘 , 𝑧𝑖2

𝑘 , … , 𝑧𝑖𝑝
𝑘 ]

𝑇
 and 𝑹𝑘 =

1

𝑛−1
∑ 𝒁𝑖

𝑘𝑇
𝒁𝑖

𝑘𝑛
𝑖=1  

Thereby abnormal MDs can be calculated  

 𝑴𝑫𝑖 = [𝑀𝐷𝑖
1, 𝑀𝐷𝑖

2, … , 𝑀𝐷𝑖
𝑀]  

𝑖 = 𝑛 + 1, 𝑛 + 2, … , 𝑛 + 𝑚; 𝑘 = 1,2, … , 𝑀  (4) 

in which 𝑀𝐷𝑖
𝑘 =

1

𝑝
�̌�𝑖

𝑘𝑇
𝑹𝑘−1

�̌�𝑖
𝑘 , �̌�𝑖

𝑘 = [𝑧𝑖1
𝑘 , 𝑧𝑖2

𝑘 , … , 𝑧𝑖𝑝
𝑘 ]

𝑇
and 𝑧𝑖𝑗

𝑘 =
𝑥𝑖𝑗

𝑘 −�̅�𝑗
𝑘

s𝑗
𝑘 .  

2.1.2 Binary Particle Swarm Optimization  

Particle swarm optimization, inspired by bird predation behavior, was originally developed by J. Kennedy 

and R. C. Eberhart in 1995 [34]. In order to enable the PSO algorithm to solve combinatorial optimization 

problems, J. Kennedy and R. C. Eberhart then developed the discrete binary version of the PSO algorithm 

in 1997, namely binary particle swarm optimization (BPSO) [34]. A recent study [23] found that using the 

BPSO to search for an optimal feature subset space in the MTS system can significantly reduce the number 

of variables. Evidence from this study implies that intelligent feature search strategies can potentially 

contribute to a better solution. Therefore, the MCS proposed in this paper integrates the BPSO optimization 

algorithm to filter the optimal features of each dimension by appropriately defining the objective function 

in the first stage. 

First, BPSO initializes a random particle swarm consisting of binary code (0 or 1), and each particle uses 

Equation (5) to generate its velocity. 

 𝑉𝑎𝑏
𝑡+1 = 𝑊 ∙ 𝑉𝑎𝑏

𝑡 + 𝐶1 ∙ 𝑟𝑎𝑛𝑑() ∙ (𝑃𝑝𝑏𝑒𝑠𝑡,𝑎𝑏 − 𝑋𝑎𝑏
𝑡 ) + 𝐶2 ∙ 𝑟𝑎𝑛𝑑()  ∙ (𝑃𝑔𝑏𝑒𝑠𝑡,𝑏 − 𝑋𝑎𝑏

𝑡 ) (5) 

In (5), the subscript a, b represent particle swarm a and the particle bit b. 𝐶1 and 𝐶2 are acceleration 

coefficients. And the velocity and position of the particle swarm at iteration t are indicated as 𝑉𝑎𝑏
𝑡  and 𝑋𝑎𝑏

𝑡 . 

𝑃𝑝𝑏𝑒𝑠𝑡,𝑎𝑏 is the best solution for particle a at iteration t, and 𝑃𝑔𝑏𝑒𝑠𝑡,𝑏 is the global optimal solution at iteration 

t. 𝑊 is used to control the velocity. The velocity 𝑉𝑎𝑏
𝑡+1 is then mapped to the interval [0,1], through the 

sigmoid function: 
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 𝑆(𝑉𝑎𝑏
𝑡+1) =

1

1+exp(−𝑉𝑎𝑏
𝑡+1)

 (6) 

According to the probability obtained from (6), Equation (7) is used to update the position of particle a for 

the next iteration. 

 𝑋𝑎𝑏
𝑡+1 =  {

1         𝑖𝑓 𝑟𝑎𝑛𝑑() ≤ 𝑆(𝑉𝑎𝑏
𝑡+1)

0         𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 (7) 

The particle bit b can be determined to be 1 or 0 depending on the value of (7). For more detailed information 

about the BPSO algorithm (see [35]). 

The fitness function is defined as a function of the combination between total weighted fractional 

misclassification (TWFM) 𝑓1 and the proportion of selected features 𝑓2 in BPSO, shown as below 

 min [𝛼𝑓1(𝑿) + (1 − 𝛼)𝑓2(𝑿)] (8) 

where 

 𝑓1(𝑿) = 𝜔
𝑛1

𝑒

𝑛1
+ (1 − 𝜔)

𝑛2
𝑒

𝑛2
 (9) 

 𝑓2(𝑿) =
𝑝𝑠𝑒𝑙𝑒𝑐𝑡𝑒𝑑

𝑝
 (10) 

By assigning weights to the two classification type errors, the concept of total weighted fractional error 

classification TWFM [23] was proposed to evaluate the severity of the system classification error, as shown 

in formula (9). 

 

where 𝑛1
𝑒 is the number of normal observations misclassified as abnormal; 𝑛2

𝑒 is the number of abnormal 

observations misclassified as normal. 𝑛1 and 𝑛2 are the total number of normal and abnormal observations, 

respectively. 𝜔 and 1 − 𝜔 are the weights of the two misclassification types, which satisfies 0 ≤ 𝜔 ≤ 1. 

More details regarding the criteria of two classification type errors can be found in [23]. 

The fitness function (10) is subject to: 

 ∑ 𝑥𝑗 ≤ 𝑝
𝑝
𝑗=1  (11) 

 ∑ 𝑥𝑗 = 𝑝𝑠𝑒𝑙𝑒𝑐𝑡𝑒𝑑
𝑝
𝑗=1  (12) 

 0 < 𝑝𝑠𝑒𝑙𝑒𝑐𝑡𝑒𝑑 (13) 

In which 𝑝𝑠𝑒𝑙𝑒𝑐𝑡𝑒𝑑  and 𝑝 is the number of selected features and the total number of features, respectively. 

The constraint Equations (11)-(12) ensures the number of selected features to be smaller or equal to the total 

number of features. The adaptation value reaches the minimum value of 0 when no feature is selected. To 

avoid this problem, a constraint Equation (13) is proposed for this: once the binary particle sequence 

contains all zeros, the particles will be reinitialized. 

2.2 Stage 2: Threshold searching mechanism  

In the second stage, a solution based on particle swarm optimization algorithm [36-37] to determine the 

decision boundary is proposed. However, its applicability is limited to one-dimensional MS, and should not 

be applied to multi-dimensional MS. For the case of multidimensional MS, we will explore the application 

using machine learning approaches. 

The definition of optimization goals is the primary consideration for optimization problems. For comparison 

with PTM-based thresholds, a similar form was established as 

 𝑇 = 𝜇𝑀𝐷 + 𝛾 ∙ 𝜎𝑀𝐷 (14) 

In (14), 𝛾 is the parameter that needs to be optimized. 𝜇𝑀𝐷 is the MD mean value of the normal observations 

and 𝜎𝑀𝐷 is the MD standard deviation of the normal observations. 
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By appropriately defining the fitness function (Misclassification error rate), shown in (15), the optimal value 

of 𝛾 can be obtained. The error rate in (15) is an indicator to evaluate the performance of the classifier.  

 𝐸𝑟𝑟𝑜𝑟 𝑟𝑎𝑡𝑒 =
𝐹𝑁+𝐹𝑃

𝑇𝑁+𝐹𝑁+𝑇𝑃+𝐹𝑃
 (15) 

in which TP and TN are true positives and true negatives, and FP and FN are false positives and false 

negatives.  

3 Case study 

The proposed MCS is used here to classify first-stage turbine blades with complex geometries and internal 

cooling channels. A total of 232 turbine blades are available, including 193 healthy blades and 39 defective 

blades. Through the use of various methods (such as X-ray CT, ultrasound, penetrant testing, micro 

sectioning, operating performance and operator experience), it is found that the defective blade may have 

various damage characteristics, such as (i) microstructural changes due to overheating, (ii) airfoil cracks, 

(iii) intergranular erosion (corrosion), (iv) thin walls caused by casting, (v) maintenance and repair 

operations, and (vi) service wear. The blades were initially divided into these two groups 

(Healthy/Defective). 

15 resonance frequencies, 15 Q-factors, and 15 associated amplitudes of all blades have been provided by 

Vibrant Corporation (link: www.vibrantndt.com) in the frequency range of [3, 38] kHz. These 45 features 

serve as the input of classification algorithms.  

In this study, we implement both classical MTS and MCS (Matlab2018b) on turbine blades, comparing their 

performance. The training dataset comprises 60% of the original dataset, randomly selected equal 

proportions from healthy and unhealthy samples. The remaining 40% of the dataset, as a testing dataset, is 

used for evaluating the performance of the classification approaches. The numbers of samples in the training 

and testing dataset are thus 139 and 93, respectively. The 1-dimensional MCS is discussed in this study by 

considering 15 resonance frequencies only.  

3.1 Classical MTS 

The core of the traditional MTS is to use OA and SNR to reduce the dimension of the original feature set 

while maintaining the ability to distinguish different types of systems. Consider that each variable is 

assigned to two levels (selected or unselected), and each feature dimension considers 15 variables. Thus, a 

2-level Taguchi L16 orthogonal table with 15 factors is used. 

Only those features that contribute positively (positive gain value) to the system can be retained. The original 

15 feature sets are reduced to 7 feature sets: 𝑓3, 𝑓4,𝑓6, 𝑓7, 𝑓8, 𝑓13, 𝑓15. The new MS is then constructed based 

on these 8 features and serves further as the reference measurement scale, more details concerning MTS 

approach can be found in [14-16]. 

In addition, to solve the determination of a threshold for the decision boundary, the PTM approach is 

employed then. Prior to the implementation, a logarithmic normalization should be applied for the input 

variables, considering that logarithmic transformation can be used to reduce the skewness of highly skewed 

distributions. Figure 2a and Figure 2b present the classification results using classical MTS for training and 

testing datasets, respectively. The PTM-based threshold with a value of 0.4715 leads to a classification 

accuracy of 95.68% and 96.77% for the training dataset and the testing dataset. A group of misclassifications 

(3 and 2 for training and testing dataset), marked as black ellipses, can be observed from Figure 2a and 

Figure 2b, respectively.  
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Figure 2a: Classification on training samples Figure 2b: Classification on test samples 

3.2 MCS  

3.2.1 Stage 1: Feature selection 

The proposed two-stage MCS is applied to the identical training and testing dataset applied in section 3.1. 

Prior to implementation, several tuning parameters have to be configurated. α and  (1 − α) in (8) refer to 

the weights of importance assigned to 𝑓1 (classification accuracy) and 𝑓2 (number of features) are set to 0.9 

and 0.1, respectively. In addition, the parameters for initializing the condition in the BPSO implementation 

are defined as follows: set the size of the binary particle to 20. The particle is initialized as a 15-bit binary 

string. The acceleration coefficients 𝐶1 and 𝐶2 are set to 2 and 𝑉𝑚𝑎𝑥= 1. The maximum iteration is set to 

200. 

As a result, only 4 significant features (𝑓2, 𝑓4, 𝑓7, 𝑓14) are filtered out of the original 15 feature dataset, which 

is less than classical MTS. 

Interestingly, the optimal subset of features identified from MCS analysis differs from the subset of features 

identified through MTS. The following findings can be observed: 1) Fewer features comprising 4 resonance 

frequencies are filtered from MCS compared to classical MTS; 2) The features identified by MCS are not 

fully included in the subset of features obtained by MTS. 

Based on the selected features in the first stage of MCS, the new MS can be constructed for the purpose of 

classification in the second stage. 

3.2.2 Stage 2: Threshold determination 

PSO optimization algorithm is then employed to investigate the optimal parameter  𝛾 in (14) for the purpose 

of classification. Consequently, parameter 𝛾 is determined as 2.2625,  thus the threshold 𝑇 = 𝜇𝑀𝐷 +
𝛾 ∙ 𝜎𝑀𝐷 = 0.4533 is then derived.  

Figure 3a and Figure 3b illustrate the classification results for the training and testing samples. A total of 2 

misclassifications and 1misclassification, marked as black ellipses, occur in the training and testing stage, 

respectively, thus resulting in an accuracy of 98.56% and 98.92% accordingly. 
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Figure 3a: MCS on the training dataset Figure 3b: MCS on the testing dataset 

Further, a summary of misclassifications and the classification accuracy for both the classical MTS and the 

developed MCS is presented in Table 1.                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                 

Table 1: Classification summary for both MTS and MCS 

 
Total 

misclassification 

Classification 
accuracy [%] 

MTS- training 6 95.68 

MCS- training 2 98.56 

MTS- testing 3 96.77 

MCS- testing 1 98.92 

 

Table.1 clearly indicates that MCS outperforms the classical MTS as it has a higher classification accuracy 

with fewer selected features (5 features instead of 8). Such a strategy offers higher classification accuracy 

and helps to cut down the computational load, especially for big data processing. 

4 Conclusion  

In this article, a two-stage Mahalanobis Classification System (MCS) combined with Particle Binary Swarm 

Optimization (BPSO) algorithm is proposed, aiming to deal with the major challenges of the classical MTS 

procedure: Feature selection and threshold determination. Specifically, the proposed MCS employs BPSO 

to filter the critical features instead of OA and SNR in classical MTS in the first stage. In the second stage, 

the threshold/decision boundary for discriminating the classes is achieved using PSO. 

A case study on casted equiaxed Nickel alloy turbine blades having a very complex geometry and having 

various subtle defect types has been studied. The obtained results indicate that our proposed two-stage MCS 

outperforms the classical MTS, demonstrated in two aspects: MCS greatly significantly reduces the feature 

dimensionality and achieves an outstanding performance in classification accuracy. 

The proposed two-stage MCS to handle with multi-dimensional MD by introducing Machine learning 

techniques to search for the threshold/decision boundary instead of PSO will soon be studied. 
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Abstract
The problem of random vibration response–only robust damage detection under assembly–induced uncer-
tainty is considered within a Supervised Statistical Time Series – Machine Learning type framework. Within
it, three methods are formulated based on stochastic Vector AutoRegressive Moving Average (VARMA)
representations of the dynamics: A Support Vector based (SVM–VARMA) method, a Discriminant Analy-
sis based (DA–VARMA) method, and a Random Subspace Discriminant Analysis based (RS–DA–VARMA)
method. Their comparative assessment and potential performance improvements over previous Unsupervised
methods is based on a benchmark problem involving a scale composite aerostructure. The results, presented
in terms of Receiver Operating Curve (ROC) characteristics, indicate that only the RS–DA–VARMA method
achieves performance improvements over the best unsupervised method (U-PCA-VAR), by attaining almost
100% True Positive Rate for 1% False Positive Rate versus 5% False Positive Rate achieved by the latter.

1 Introduction

Vibration based Structural Health Monitoring (SHM) has received significant attention in recent years as vi-
bration signals are often naturally available under normal structural loading and operation. The main premise
of this technology lies with the fact that damage affects the structural dynamics, and these in turn affect the
vibration response characteristics [1, 2]. Yet, similar, or even more significant, changes in the dynamics
may be induced by other factors as well, such as changes in Environmental and Operational Conditions
(EOCs) and uncertainty. These are well known to cause serious detrimental effects on detection (and broader
diagnostic) performance [3].

Various classes of vibration based robust SHM methods, aiming at separating the effects of uncertainty and
changing EOCs from those of damage, have been developed over the past several years. These may be
broadly classified as either ‘implicit’ or ‘explicit’. ‘Implicit’ methods aim at selecting dynamical features
that are insensitive to changes in the EOCs and uncertainty, yet still sensitive to damage. Typical methods
are based on Principal Component Analysis (PCA) [4–6], Kernel Principal Component Analysis (KPCA)
[7, 8], Singular Value Decomposition (SVD) [9, 10] and Factor Analysis (FA) [10, 11]. They may be simple
and effective, yet they may be characterized by potential information loss due to the selection of limited /
truncated dynamical features; an action reducing the information conveyed on the structural dynamics.

On the other hand, ‘explicit’ methods aim at explicitly modelling the effects of varying EOCs and uncertainty
on the structural dynamics. Representative methods in this class are based on Multiple Models (MMs)
[12, 13], Random Coefficient (RC) models [14–16], Autoassociative Neural Networks (ANNs) [10], Deep
Learning Neural Networks (DLNNs) [17,18] and Support Vector Machines (SVMs) [19–21]. The problem of
potential information loss is avoided, yet conceptual and computational complexity are generally increased.
‘Hybrid’ type methods naturally fall into this latter category as well.
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The present study addresses the problem of robust damage detection under assembly–induced uncertainty.
This type of uncertainty is very often encountered, is mostly non–measurable, and may have serious detri-
mental consequences on detection performance. Yet, it has only recently received attention via two studies
by the second author and co–workers [22,23]. These have been based on a benchmark problem with assem-
bly uncertainty being systematically studied via several hundreds of assembly and disassembly operations
on a scale composite aerostructure, with damage consisting of clamping torque reduction at different levels
(10%, 30%, and 50%). The challenging nature of the problem has been demonstrated, with the effects of
damage on the structural dynamics shown to be similar or smaller than those caused by assembly uncertainty.
So far, damage detection has been tackled via unsupervised data–based robust methods, demonstrating that
effective detection characterized by almost 100% True Positive Rate (TPR) may be achieved at 4% (in the
excitation–response case) or 5% (in the more difficult response–only case) False Positive Rate (FPR) via
Unsupervised Multiple Model (MM) or PCA–based methods [22, 23].

The goal of the present study is examining the performance improvement attainable within a Supervised
Statistical Time Series – Machine Learning type framework, that is at the cost of incorporating in the baseline
(learning) phase vibration signals not only from the healthy, as in the above referenced previous studies, but
also from all damaged states of the structure. The current focus is on the more difficult, but also most
important, response–only case, implying that the force excitation signals are assumed non–measurable and
unavailable.

For achieving this goal a Support Vector (SVM) based, a Discriminant Analysis (DA) based, and a Random
Subspace version (RS–DA) of the latter (resulting in an ensemble learning method), are presently formulated
and mutually compared. They are all based on stochastic Vector AutoRegressive Moving Average (VARMA)
Statistical Time Series representations of the (partial) structural dynamics as ‘viewed’ from a number of
(presently three) vibration sensor locations, which is also in contrast to the simpler VAR models employed
in the corresponding previous study [22]. The resulting methods are presently designated as SVM–VARMA,
DA–VARMA and RS–DA–VARMA (an ‘S’ prefix could be also used to designate the supervised nature of
the methods, but it is currently omitted for representation simplicity).

The benchmark problem of the aforementioned previous studies is employed, while performance assessment
is based on a systematic procedure with hundreds of experiments and Receiver Operating Characteristics
(ROC) curves depicting the True Positive Rate (TPR, or correct damage detection rate) versus the False
Positive Rate (FPR, or false alarm rate) for varying decision threshold.

The rest of the paper is organized as follows: A concise overview of the benchmark problem and the precise
problem statement are presented in section 2, the Supervised Statistical Time Series – Machine Learning
type methods employed are briefly outlined in section 3, and detection performance assessment results and
a critical comparison with those of the Unsupervised PCA–VAR method of [22] are presented in section 4.
Concluding remarks are finally summarized in section 5.

2 The benchmark problem and problem statement

2.1 Concise overview of the benchmark problem

A brief overview of the benchmark problem on damage detection under assembly–induced uncertainty is
provided; further details are available in [22, 23]. The experiments are based on a lab–scale composite beam
which represents the boom of a commercial Unmanned Aerial Vehicle (UAV). The structure has been man-
ufactured by the Resin Transfer Molding method and consists of several layers of woven and unidirectional
fabric.

The boom is tightly clamped at one end, simulating its connection to the UAV fuselage, while an aluminum
mass, representing the aircraft tail, is attached to its free end (Figure 1). Both connections are bolted, with
the nominal tightening torques being equal to 2 Nm and 4 Nm, respectively. The structure is excited at its
free end (Point X) with a random white Gaussian force, and the random vibration acceleration responses are
measured from at (Points Y1, Y2, Y3) via lightweight accelerometers.
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Figure 1: Experimental set up: A random force is applied at Point X and the resulting random vibration
signals are measured at points Y1, Y2, Y3 of the boom (vertical direction) [23].

Three distinct damage scenarios are considered, each characterized by a specific reduction, of 10%, 30%, and
50%, in the tightening torque of its clamped end (fuselage connection). Details on the tightening torques for
each structural state are provided in Table 1, along with the corresponding number of performed experiments.
Assembly uncertainty is introduced by disassembling and re–assembling the structure after each experiment.

Table 1: Structural states, total numbers of experiments per state, and random vibration signal details [23].

Structural
State

Clamping
Torque [Nm]
(% reduction)

Tail Mass
Torque [Nm]

Number of
Experiments

Healthy 2.0 4.0 405
Damage 1 1.8 (-10%) 4.0 70
Damage 2 1.4 (-30%) 4.0 70
Damage 3 1.0 (-50%) 4.0 70
Signal details: Sampling frequency fs = 4654.5 Hz;
Length N = 15 000 samples

2.2 Precise problem statement

The considered damage detection problem may be stated as follows:

Given:
Baseline Phase: p vector (trivariate) random vibration signals y[t] (t = 1, 2, . . . , N) from the healthy state,
and q1, q2, q3 vector signals from each damaged state, respectively, with q := q1 + q2 + q3, and,
Inspection Phase: a single vector (trivariate) current random vibration signals yu[t] (t = 1, 2, . . . , N) from
an unknown health state,

Determine:
whether the current vector signal yu[t] is from the healthy or (any of the) damaged states of the structure.
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3 The Supervised VARMA model based Statistical Time Series meth-
ods for robust damage detection

3.1 The framework: an overview

The Supervised Statistical Time Series – Machine Learning type methods attempt to ‘learn’ the relationship
between some damage sensitive feature(s) derived from the measured random vibration vector signals y[t]
and the health state of the structure. The baseline (learning) phase of each method essentially focuses on
‘learning’ this relationship. Then, in the inspection phase, this relationship is employed for classifying a
fresh random vibration vector signal yu[t] as originating from the healthy or a damaged state of the structure.
The damage sensitive feature employed in the present study consist of a proper subset of the VARMA model
parameter vector; the selection being separately performed for each method via a corresponding sensitivity
analysis considering detection performance maximization. On the other hand, hyper–parameters are selected
via an automated Bayesian Optimization based procedure.

3.2 VARMA based modeling of the dynamics

The structural dynamics, as ‘seen’ through the available sensors, are presently represented via Vector Au-
toRegressive Moving Average (VARMA) Statistical Time Series type models. A ny–variate VARMA(na,nc)
model is of the form1 [24]:

y[t] +
na∑

i=1

A[i] · y[t− i] = e[t,θ] +
nc∑

i=1

C[i] · e[t− i,θ]

E(e[t,θ] · eT [t− τ,θ]) = Σ(θ) · δ[τ ]
(1)

with t = 1, ..., N designating normalized (by the sampling period) discrete time, y[t] = [y1 [t] . . . yny [t]]
T
ny×1

the response vector signal (characterized by ny scalar components), and e[t] = [e1 [t] . . . eny [t]]
T
ny×1 the

residual vector (one-step-ahead prediction error) signal that should be zero mean uncorrelated (white) over
time, with covariance Σ = E(e[t] · eT [t]). δ[τ ] designates the Kronecker delta, A[i] (ny × ny) and
C[i] (ny × ny) the AutoRegressive (AR) and the Moving Average (MA) matrices, respectively, with na
and nc designate the AR and MA orders, respectively. E(·) indicates statistical expectation and θ the
n := (na + nc) · ny2 – dimensional parameter vector comprising the elements of the AR and MA ma-
trices. The estimation of θ is accomplished via methods such as the Two–Stage Least Squares (2SLS), the
Linear Multi Stage (LMS) and the Prediction Error Method (PEM), while the AR/MA order determination
is based on the Bayesian Information Criterion (BIC) [24–26].

3.3 A Support Vector Machine VARMA (SVM–VARMA) method

Baseline phase. In the baseline phase, p and q random vibration vector signals are obtained from the healthy
and damaged state, respectively. Based on these, p+ q VARMA(na,nc) models, say m0,i (i = 1, . . . , p+ q)
and their parameter vectors {θ0} = {θ0,1, . . . ,θ0,p+q} are obtained.

The SVM algorithm [27, pp. 131-146] attempts to construct an optimal separating hyperplane (or other
hyper–surface) boundary between the healthy and the damaged structural states (see Figure 2). The separat-
ing hyperplane is described by the following decision function:

D(θ) = wTφ(θ) + b (2)

where the vector w (normal to the hyperplane) and the bias b are used to define the position and the orien-
tation of the separating hyperplane, while T designates transposition. The adoption of a function φ(θ) 6= θ
changes the hyper–plane into a hyper–surface in the original coordinate space.

1Bold–face upper/lower case symbols designate matrix/column–vector quantities, respectively.
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Figure 2: Linear separation of the structural state using the SVM algorithm. Circles and squares represent
parameter vectors in {θ0} from the healthy and the damaged structural state, respectively. Support vectors
are indicated by filled shapes [28].

The goal of the baseline phase is the determination of the decision functionD(θ) ( Equation 2) that describes
the optimal separating hyperplane by ensuring that the classification error in the baseline set is minimized
while still maximizing the distance between the hyperplane and the closest to the hyperplane baseline pa-
rameter vectors in {θ0}.
In order to quantify the classification error in the baseline set, the non–negative slack variables ξi (i =
1, . . . , p+q) are introduced. Indeed, each ξi represents the distance between the hyperplane and the parameter
vector θ0,i when lying on the wrong side of the margin. A parameter vector θ0,i is misclassified if ξi ≥ 1
(i = 1, . . . , p+ q).

Assuming that D(θ0,i) ≥ 1 for θ0,i coming from the healthy structure, and D(θ0,i) ≤ −1 for θ0,i coming
from the damaged structure, the distance between the hyperplane and the nearest2 to the hyperplane element
in {θ0} from each structural state is defined as:

d(θ0,w, b) =
1

||w||2
(3)

with || · ||2 designating l2 norm. The geometrical margin between the two structural states is given by the
quantity 2/||w||2 (see Figure 2). It is noted that the concept of margin is fundamental to the SVM framework
as it is a measure of its generalization capability.

D(θ) may be determined as the solution of the following convex quadratic programming problem:

min
w,b,ξ

1

2
||w||2 + C

p+q∑

i=1

ξi

subject to to Yi(w
Tφ(θ0,i) + b) ≥ 1− ξi, ξi ≥ 0, i = 1, . . . , p+ q

(4)

The first term in the criterion ensures margin maximization, and the second provides an upper bound for the
classification error in the baseline set. C is the error penalty that controls the balance between training error
and margin maximization, Yi = 1 if θ0,i is obtained from the healthy structure, and Yi = −1 otherwise. The
selection of the hyperparameter C is based on Bayesian Optimization (see subsection 3.6).

In order to simplify this optimization problem and eliminate the constrains, the method of Lagrange mul-
tipliers [27, pp. 131–146] is used. Thus, the optimization problem of Equation 4 is transformed into the

2The parameter vector θ0,i from each structural state that is closest to the hyperplane is referred to as a support vector.
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following dual quadratic form3:

max
a

p+q∑

i=1

ai −
1

2

p+q∑

i,j=1

aiajYiYj

(
φT (θ0,i) · φ(θ0,j)

)

subject to
p+q∑

i=1

aiYi = 0, 0 ≤ ai ≤ C, i = 1, . . . , p+ q

(5)

where the coefficients ai are the Lagrange multipliers. If there is a kernel function such that K(θ0,i,θ0,j) =
φT (θ0,i) · φ(θ0,j), the explicitly calculation of the φ(θ) turns out unnecessary. The most popular kernel
functions are the linear K(θ0,i,θ0,j) = θT0,i · θ0,j , the polynomial K(θ0,i,θ0,j) = (γθT0,i · θ0,j + 1)d, and
the Gaussian K(θ0,i,θ0,j) = exp(−γ‖θ0,i − θ0,j‖2). The tuning of the hyperparameters γ and d is based
on Bayesian Optimization (see subsection 3.6).

Thus, by solving the dual optimization problem Equation 5, one obtains the Lagrange multipliers ai’s
(i = 1, . . . , p+ q). The decision function associated with the optimal hyperplane turns out to be:

D(θ) =

p+q∑

i=1

aiYiK(θ0,i,θ) + b (6)

Inspection Phase. Once a fresh response vector signal is obtained, with the structure being in unknown
health state, a new VARMA model (of the same orders as in the baseline phase) is estimated and its parameter
vector θu (n× 1) is obtained. Damage detection is then based on the decision rule:

D(θu) =

p+q∑

i=1

aiYiK(θ0,i,θu) + b > 0 −→ Healthy Structure

Otherwise −→ Damaged Structure

(7)

3.4 A Discriminant Analysis VARMA (DA–VARMA) method

Baseline Phase. In the baseline phase, p and q random vibration vector signals are obtained from the healthy
and damaged state, respectively. Based on these, p+ q VARMA(na,nc) models, say m0,i (i = 1, . . . , p+ q)
and their parameter vectors {θ0} = {θ0,1, . . . ,θ0,p+q} are obtained. This allows for the construction of
the prior conditional probability density functions (PDFs) p(θ|Healthy) and p(θ|Damaged) which specify
the probability that a parameter vector θ (n × 1) arises from the healthy and damaged structural state,
respectively. The PDFs are assumed to be Gaussian as follows:

p(θ|Healthy) =
1√

(2π)p|ΣH |
exp

(
− (θ − µH)TΣT

H(θ − µH)
2

)

p(θ|Damaged) =
1√

(2π)q|ΣD|
exp

(
− (θ − µD)TΣT

D(θ − µD)
2

) (8)

where µH,D (n× 1) and ΣH,D (n× n) are respectively the sample mean and sample covariance matrix for
the VARMA parameter vectors θ0,i associated with the healthy and the damaged structural state, and | · |
designates determinant of the indicated matrix.

3It is worth mentioning that the optimization problem is convex, therefore the primal and the dual form converge to the same
optimal solution.
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When the number of parameters in a single VARMA model is greater than the number of healthy or damaged
vector signals, that is n > p or n > q, the covariance matrix Σ becomes singular. The singularity issue is
overcome by regularizing the covariance matrix as follows [29, pp. 656–657]:

Σ̃(δ) = δΣ+ (1− δ)tr(Σ)I (9)

where Σ̃ the regularized covariance matrix, tr(·) the trace of the indicated matrix, δ a parameter that controls
the shrinkage of the covariance matrix Σ towards a multiple of the identity matrix I .

Inspection Phase. Once a fresh response vector signal is obtained, with the structure being in an unknown
health state, a new VARMA model of the same orders as in the baseline phase is estimated and its param-
eter vector θu becomes available. The current structural state (healthy or damaged) could be chosen as
the most likely given the parameter vector θu. This could be implemented via the posterior probabilities
P (Healthy|θu) and P (Damaged|θu) for the healthy and the damaged structural state, respectively. Hence,
the basic decision rule is:

P (Healthy|θu)− P (Damaged|θu) > 0 −→ Healthy Structure
Otherwise −→ Damaged Structure (10)

Applying the Bayes rule yields the required probabilities P (Healthy|θu) and P (Damaged|θu) as:

P (Healthy|θu) =
p(θu|Healthy)P (Healthy)

p(θu)

P (Damaged|θu) =
p(θu|Damaged)P (Damaged)

p(θu)

(11)

where P (Healthy) and P (Damaged) are the prior probabilities of the parameter vector coming from the
healthy and damaged structural state, respectively. Assuming equal prior probabilities for the healthy and
damaged states the decision rule of the Equation 10 may be expressed as:

p(θu|Healthy)− p(θu|Damaged) > 0 −→ Healthy Structure
Otherwise −→ Damaged Structure (12)

3.5 Random Subspace Discriminant Analysis VARMA (RS–DA–VARMA) method

Baseline Phase. In the baseline phase p and q random vibration vector signals are obtained from the healthy
and damaged state, respectively. Based on these, p+ q VARMA(na,nc) models, say m0,i (i = 1, . . . , p+ q)
and their parameter vectors {θ0} = {θ0,1, . . . ,θ0,p+q} are obtained. A random set of m scalar VARMA
parameters (m < n) are selected with replacement from the original parameter vectors θ0,i (n × 1) for
i = 1, . . . , p + q. By applying the process k times, a corresponding number of k subsets of the original
parameter vectors θ0,i (n × 1) are extracted. Then, for each of the k obtained subsets, a classifier based on
the DA method can be trained. Thus, the baseline phase of the RS-DA method is completely specified by a
set of k distinct DA based classifiers. The selection of the hyperparameters m and k is based on Bayesian
Optimization (see subsection 3.6).

Inspection Phase. Once a fresh response vector signal is obtained, with the structure being in an unknown
health state, a new VARMA model with the same orders with that of the baseline phase is estimated and
its parameter vector θu (n × 1) is obtained. Using the k pretrained classifiers which are based on the DA
method, a set of k predictions about the structural state of the unknown parameter vector θu is obtained.
For each classifier, the inspection is based only on the same d VARMA parameters of θu that have been
selected randomly for the training of the corresponding classifier. Then, using a majority voting scheme, θu
is classified to the structural state that is predicted by the majority of the k distinct DA based classifiers.
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3.6 Remarks on hyperparameter selection

The performance of the proposed Supervised Statistical Time Series – Machine Learning type methods is
significantly affected by hyperparameter selection. A hyperparameter is a user–selected design parameter
whose value is used to control the method’s training. Thus, the goal is to find the hyperparameter values
that minimize the classification error in the baseline set. The direct minimization of the classification error is
expensive to perform (the method’s training should be repeated per evaluation), thus a Bayesian optimization
technique [30] is employed. This optimization algorithm constructs a probabilistic model for the classifica-
tion error and then exploits it in order to make decisions about which values of the hyperparameters are more
likely to minimize the classification error. An acquisition function is also employed in order to determine the
next set of hyperparameter values to evaluate. The essential philosophy of Bayesian optimization is to use
all information provided from previous evaluations of the classification error and not simply rely on local
gradient approximations.

4 Damage detection performance assessment

4.1 The assessment procedure

The numbers of vector signals from each structural state employed in the baseline and inspection phases of
the methods are provided in Table 2. Details on the signals are summarized in Table 1.

Table 2: Details on the Supervised and the Unsupervised damage detection method assessment.

Type of Learning Method
Structural State

Healthy Damage 1 Damage 2 Damage 3
Baseline Phase: No. of signals per rotation∗

Supervised
SVM–VARMA†

105 35 35 35DA–VARMA†

RS–DA–VARMA†

Unsupervised U–PCA–VAR‡ 300 0 0 0
Inspection Phase: No. of signals per rotation∗

Supervised
SVM–VARMA†

300 35 35 35DA–VARMA†

RS–DA–VARMA†

Unsupervised U–PCA–VAR‡ 300 70 70 70
†VARMA(50,30), ‡VAR(55), ∗35 rotations.

The signals selected for use in the baseline phase are ‘rotated’ within the available dataset; a procedure
aiming at warranting ‘consistency’ of the results, in the sense of eliminating the dependence of the method’s
detection performance on the signals used in the baseline phase. Specifically, the rotations are performed
by replacing 6 baseline vibration signals (3 from the healthy and 1 from each damage scenario) with 6
inspection vibration signals (3 from the healthy and 1 from each damage scenario). These rotations are
repeated until each available vibration signal from the damaged structure has been employed in the baseline
and the inspection phase; this implies a total of 35 rotations.

The performance of the proposed damage detection methods relies on the selection of the design parameters.
The hyperparameters are selected via Bayesian Optimization; selection details in Table 3. A sufficient subset
of the original n-dimensional VARMA parameter vector is selected via a sensitivity analysis separately for
each method. In particular for the SVM–VARMA method 640 scalar parameters (370 from the AR matrices
and 270 from the MA matrices) are selected. Also, 180 and 300 scalar parameters (half from the AR matrices
and half from the MA matrices) are chosen the DA–VARMA and RS–DA–VARMA methods, respectively.
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Table 3: Hyper–parameter selection details.

Method Hyperparameter Search Interval

SVM–VARMA

Kernel type {Linear, Polynomial, Gaussian}
γ [10−5, 105]
C [10−5, 105]
d† [2, 6]

DA–VARMA δ [0, 1]

RS–DA–VARMA
m [1, 299]
k [10, 500]

Bayesian Optimization details:
Objective function: classification error on the validation set which consists of 36 base-
line signals, half with the healthy structure and half under damage
Acquisition function: expected-improvement (EI), Objective function evaluations: 30
Number of initial evaluation points: 4, Exploration ratio: 0.5
†: Defined only for polynomial kernel functions.

4.2 VARMA modeling of the dynamics

Parametric identification of the (partial) structural dynamics is based on vibration response vector (trivariate)
signals and corresponding VARMA(na, nc) models. For AR and MA order selection a batch of 100 vibration
response vector signals from the healthy structure are used. Model estimation is based on the Two–Stage
Least Squares (2SLS) [26] method, with AR and MA order selection based upon the trace of the residual
covariance matrix, the Bayesian Information Criterion [31], and the comparison of parametric with non
parametric Power Spectral Densities (PSDs). The Samples Per (estimated) Parameter (SPP4) should be
sufficiently high (a value of 20 or greater is typically preferred [31]).

Based on the aforementioned criteria, a trivariate VARMA(50,30) model is selected – identification details
are provided in Table 4. A comparison with the trivariate VAR(55) model that has been adopted in a previous
study [22], in terms of sample mean of the BIC and trace of the residual covariance matrix, is provided in
Table 4. Representative VARMA(50,30) and VAR(55) based Power Spectral Density (PSD) estimates for a
vibration signal from the healthy state are compared in Figure 3. The agreement of the VARMA(50,30),
VAR(55) and Welch based PSDs indicates good capturing of the underlying dynamics.

Table 4: Parametric stochastic modeling of the trivariate random vibration signals: VARMA(50,30) and
VAR(55) estimation details.

Model
Estimation

method
Signal length

(samples)
No. of estimated
scalar parameters

Trace of
residual covariance† SPP‡ BIC†

VARMA(50,30) 2SLS 15 000 720 4.57×10−6 62.5 -20.83
VAR(55) OLS 12 000 495 4.20×10−6 72.7 -20.98

†Sample mean over 100 experiments. ‡ SPP: Samples per (estimated) Parameter.
2SLS: Two-Stage Least Squares, OLS: Ordinary Least Squares

4SPP is defined as the total number of scalar signal samples over the number of model scalar parameters.
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Figure 3: Indicative stochastic modeling of a trivariate random vibration response signal: Non–parametric
Welch based auto PSD versus VAR(55) and VARMA(50,30) model based auto PSDs. [Welch parameters:
Hamming windowing; 15 000 sample–long signals; 512 sample–long segments; 80% overlap.]

4.3 Comparative performance assessment

The detection performance of the Supervised Statistical Time Series – Machine Learning type methods is
presented in terms of Receiver Operating Characteristic (ROC) curves, which provide the True Positive
Rate (TPR or correct damage detection rate) versus the False Positive Rate (FPR or false alarms rate) for
varying decision threshold [32]. A ROC curve through the (0,1) point indicates optimal performance. The
ROC curves are constructed based on each method’s score. Scores are variables representing the degree by
which an inspection signal belongs to the healthy or a damaged structural state. For the SVM–VARMA
method, the score is the value of the decision function D(θu) (see Equation 7). For the DA–VARMA
and RS–DA–VARMA methods the scores is defined as the difference of the posterior probabilities, that is
P (Healthy|θu)− P (Damaged|θu) ( Equation 11).

The score plots, for a representative rotation by each method, provide visualization of the decision making
procedure ( Figure 4). The aggregate (cumulative over all rotations) performance of each method is presented
in Figure 4 via average5 ROC curves (with each method’s threshold varying).

5‘Vertical averaging’ of the ROC curves corresponding to the 35 rotations is performed at pre–defined False Positive Rates
(FPRs).
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Figure 4: Damage detection performance by each Supervised Machine Learning method in terms of ROC
curves (all rotations; left column) and scores (a representative rotation; right column). 1st row: The SVM–
VARMA method; 2nd row: The DA–VARMA method; 3rd row: The RS–DA–VARMA method. (Each ROC
curve is based on 405 inspection test cases per rotation; 35 rotations.)
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Qualitatively, the ROC curves reveal that the best overall performance is achieved by the RS–DA–VARMA
method, with the DA–VARMA method following. For the RS–DA–VARMA method the TPR approaches
100% for FPR of 1% or higher. On the other hand, the SVM–VARMA method is characterized by poor
detection performance.

Overall, the obtained detection performance results reveal the capability of Supervised Statistical Time Series
– Machine Learning type methods to effectively detect even minor damage–induced changes in the dynamics
from those due to assembly. Furthermore, the foregoing assessment, confirms the performance boosting
attainable by the combination of a single learning algorithm (DA) and an ensemble learning scheme (RS).

4.4 Comparison with an Unsupervised method

As previously mentioned, the benchmark problem of robust damage detection under assembly–induced un-
certainty has been recently tackled using two Unsupervised response–only Statistical Time Series (STS) type
methods, a Principal Component Analysis (PCA) based method and a Multiple Model (MM) based coun-
terpart [22] using a Vector AutoRegressive (VAR) representation of the dynamics. The performance – in
terms of ROC curves – of the best Supervised (RS–DA–VARMA) method is contrasted to that of the best
Unsupervised counterpart (U–PCA–VAR) in Figure 5 (method details in Table 4). Evidently, the Super-
vised RS–DA–VARMA method manages to reduce the False Positive Rate (FPR) from 5% to 1%, while still
maintaining the True Positive Rate (TPR) at approximately 100%.
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Figure 5: Performance comparison of the best Supervised (RS–DA–VARMA) method with the best Unsu-
pervised (U–PCA–VAR) method in terms of ROC curves.

5 Concluding remarks

The problem of random vibration response–only robust damage detection under assembly–induced uncer-
tainty within a Supervised Statistical Time Series – Machine Learning type framework has been considered.
Within it three distinct methods have been formulated based on trivariate stochastic Vector AutoRegressive
Moving Average (VARMA) representations of the (partial) structural dynamics: a Support Vector based
(SVM–VARMA) method, a Discriminant Analysis based (DA–VARMA) method, and a Random Subspace
Discriminant Analysis based (RS–DA–VARMA) method.

The assessment of the methods, as well as their potential performance improvements over previous Unsu-
pervised methods [22], have been based on a benchmark problem involving a scale composite aerostructure,
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with damage consisting of clamping torque reduction at different levels (10%, 30%, and 50%). For this pur-
pose a systematic procedure with hundreds of experiments has been undertaken, with the results presented
in terms of Receiver Operating Characteristics (ROC) curves.

The main conclusions of the study may be summarized as follows:

1. The three Supervised VARMA based methods achieved variable performance, with the ensemble
learning RS–DA–VARMA method achieving the best.

2. Yet, only the best (RS–DA–VARMA) method managed to achieve performance better than that of the
best Unsupervised (U–PCA–VAR) method: That is, almost 100% True Positive Rate (TPR) for 1%
False Positive Rate (FPR) versus 5% False Positive Rate (FPR) achieved by the U–PCA–VAR method.

3. Of course this performance improvement has come at the cost of including vector signals from each
damage scenario (35 signals, that is 50% of the available) in the baseline phase.
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Abstract
In many complex engineering systems, significant nonlinear effects can be ascribed to the connections be-
tween coupled subsystems. For this reason, when analyzing the dynamics of the coupled assembly it is
possible to assume that the subsystems behave linearly and that the nonlinear effects are only due to the con-
nections. In order to analyze this possible scenario, an experimental setup is developed. It is composed of
two linear beams coupled through two nonlinear connecting elements. Measurements are performed on each
component of the assembly to build the corresponding linear and nonlinear numerical models. Experimental
tests are also performed on the coupled system to obtain its nonlinear normal modes and compare them to
the numerical results obtained from a nonlinear substructuring procedure in the modal domain.

1 Introduction

Many systems in nature are nonlinear, thus when dynamic analyses are performed it is often necessary
to include the nonlinearities to obtain accurate results. In some engineering scenarios, the most relevant
nonlinear effects are due the connections between coupled subsystems, as it happens with bolted joints [1]
and wire rope isolators [2]. In these cases, it is possible to neglect the nonlinearities of the connected
subsystems and account only for the nonlinearity of the connections. One possible way to analyze the effects
of nonlinear phenomena occurring in a system is by computing its Nonlinear Normal Modes (NNMs).

NNMs represent an extension of Linear Normal Modes for nonlinear systems [3], and are defined as the ”non-
necessarily synchronous periodic motion of a conservative nonlinear system” [4]. They can be computed
using different methods: shooting and pseudo-arclength continuation [5], Harmonic Balance (HB) [6] and
Modal Derivatives (MDs) [7], to name a few. Besides, different procedures have been proposed to measure
the NNMs of a structure [8, 9].

This work aims at analyzing the dynamic behavior of an experimental setup composed of two beams con-
nected through two Nonlinear Connecting Elements (NLCEs). This assembly has been designed at the Uni-
versity of Wisconsin-Madison in order to have a system whose main nonlinear effects are due to the presence
of the NLCEs. In fact, the NLCEs are specifically designed to have a nearly cubic nonlinear behavior such
that the beams can be assumed to behave linearly. Experimental tests are performed on each subsystem to
characterize its dynamics. For the beams, since they can be considered as linear, FRFs alone allow to identify
their dynamics in terms of resonance frequencies. In contrast, each NLCE is tested in order to measure its
NNMs by performing the experimental procedure proposed by Peeters et al. [9] and by Ehrhardt et al. [8].
Also, the dynamic behavior of the complete assembly is evaluated and one of its NNMs is measured.
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The measurement campaign on the components of the assembly provides the experimental data that are used
as reference to build the linear and nonlinear numerical models of the beams and of the NLCEs, respectively.
These models can then be used to perform substructuring analyses and build the model of the complete
assembly to retrieve its nonlinear dynamic behavior. Dynamics Substructuring approaches [10] are very
useful since they allow to tackle problems either in physical [11], modal [12] and frequency [13] domains,
enabling the use different types of models, either numerical [14] and experimental [15, 16]. These techniques
can be applied to different cases: the dynamic behavior of complex systems can be obtained starting from
the known dynamic behavior of its component substructures (coupling) [17]; also, it is possible to obtain
the behavior of one substructure from the known behavior of the complete structure and that of the residual
substructures (decoupling) [18, 19]. However, substructuring techniques are based on the assumption that
the component substructures are linear. This represents a strong limitation when the considered subsystems
are known to behave nonlinearly [20]. Thus, nonlinear effects must be included in the analyses if accurate
results are needed.

Different attempts have been made to include the nonlinearities in the substructuring procedure. Chong and
Imregun [21] suggest two different approaches named construction and extraction to model the behavior of
the nonlinear substructures and proceed with the coupling in the modal domain. Kalaycioğlu et al. propose
an iterative frequency-based approach based on the method introduced by Özgüven in [22] to deal with
structural modifications for linear systems. In particular, in [23] the nonlinear FRFs of a coupled system are
computed using those of the original system and the dynamic stiffness matrix of the nonlinear modifying
system. Hughes et al. [24] developed an interface reduction technique on a nonlinear model in which two
beams are bolted together at each end in order to decrease the computational time and obtain highly reliable
results. Andersson et al. [25] analyze the effects that nonlinearities at the interface between substructure
have on the dynamics of the assembly by reducing each subsystem with component mode synthesis. The
nonlinear coupling procedure in the modal domain, outlined in [26, 27] and inspired by the work of Kuether
and Allen [28], is used to obtain the NNMs of the coupled assembly. The experimental results on the
assembled system are then compared to the numerical results provided by the nonlinear coupling procedure,
in order to assess the accuracy of the method.

In Section 2 the experimental setup is presented, along with the mechanical properties of the single com-
ponents. In Section 3 the test procedure for each component is described and the identification process is
outlined. In Section 4 the results for the complete assembly are presented and the comparison between the
numerical and experimental results is provided.

2 Experimental Setup

The measurement campaign is performed on the the assembly shown in Figure 1(a). It is composed of two
beams of 910 mm x 30 mm x 6.35 mm made of steel, connected together through two Nonlinear Connecting
Elements (NLCEs). Since the system is hung from the frame through bungees, it can be considered as
unconstrained.

The most important element of this system is the NLCE, shown in Figure 2(a). It has to be significantly
nonlinear such that the nonlinearities of the beams can be neglected and they can be assumed to behave
linearly. The NLCE is composed of a C-shaped element and a T-shaped element, connected together by a
thin plate made of spring steel, as shown in Figure 2. The NLCE dimensions are listed in Table 1. The
nonlinear behavior of the NLCE depends on the nonlinearity introduced by a thin plate clamped at both
ends which experiences a large displacement at mid-span, similarly to the case of a beam clamped at one
end in [23]. Experimental tests are performed on each component of the assembled structure in order to
build the corresponding numerical models that fit the experimental data. Once the properties of either linear
substructures and the NLCEs are identified, the whole system can be modeled in Matlab. The beams are
modeled using 65 Euler-Bernoulli finite elements of equal length, as shown in Figure 1(b). Every node has
two degrees of freedom, the one related to the vertical displacement and the one accounting for the rotation.
The NLCEs are modeled as a nonlinear cubic springs (orange lines) and are placed in accordance with their
position in the real assembly.
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Table 1: Dimensions of the NLCE

b d hup hdown l w tb tp

12 57 20 15 150 30 5 0.2 [mm]

3 Experimental characterization of components

The dynamics of each component is experimentally analyzed in order to have reference data to build the
corresponding numerical models. Since the beams can be assumed to behave linearly, their FRFs are exper-
imentally evaluated to identify the resonance frequencies. On the other hand, the nonlinear behavior of each
NLCE needs to be investigated through a more sophisticated analysis, that involves the measurement of their
response at several excitation levels.

3.1 Experimental Tuning of Beam Models

The FRFs are evaluated for each beam to have an estimate of their resonance frequencies. Tests are performed
by applying a burst random excitation using a shaker (Modal Exciter 2100E11), measuring the response
through a laser vibrometer (Polytec PSV 400) and the applied force through a piezoelectric force sensor
(PCB 208C04). Figure 3 shows in blue the drive point FRF measured on one beam, where four different
resonance frequencies are found in the range between 0 and 500 Hz.

Their geometric dimensions and the weight are known, thus it is possible to adjust the value of the Young
Modulus such that the resonance frequencies of the numerical model match the measured ones. Using the
Euler-Bernoulli theory, the expression of the i-th resonance frequency for the beam is:

ωi = k2i

√
EI

ρA
(1)

where I is the moment of inertia, A is the area of the section, E is the Young Modulus, ρ is the density and
ki is the wavenumber. This last term, for the case of a beam unconstrained at both ends, can be found by
solving:

cos(kil)cosh(kil) = 1 (2)

The value of Young Modulus can then be evaluated for each measured resonance frequency by solving Eq. 1.
Averaging the results it is possible to find that E ≈ 214 Gpa. The comparison between the numerical and
experimental FRFs of the upper beam is shown in Figure 3.

(a) Assembled System.
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(b) Structure of the unconstrained system. The
horizontal lines represent the linear beams, the two

vertical lines represent the two NLCEs.

Figure 1: Experimental setup, composed of two beams connected through two NLCEs.
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(a) Real NLCE.
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Figure 2: Nonlinear connecting element.
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Figure 3: Comparison between the numerical and experimental FRF of one beam.

3.2 Experimental Identification of the Nonlinear Connecting Element

Each NLCE is considered as a substructure during the substructuring procedure [26], thus it is necessary
to measure their NNMs. After having measured the NNMs of interest, they are used as reference to find
the coefficients of the cubic law that suitably approximates the NLCEs’ behavior. The whole experimental
procedure to obtain the NNM is here explained and partial results are shown for the left NLCE (Figure 1(a));
the same procedure is applied also to the right NLCE. As first, the response to a low amplitude burst random
excitation is measured using a laser scanner vibrometer to estimate the linear frequency corresponding to the
mode of interest, which is around 43 Hz. The set of measurement points is shown in Figure 4, where points
on red lines (1-20) refer to the T-shaped element, points on the blue line (21-30) to the thin plate and points
on the green lines (31-40) to the C-shaped element.

Being the resonance frequency of a NNM dependent on the energy, it is identified for different levels of
excitation. For a given amplitude, the frequency of the sinusoidal excitation is adjusted to attain the resonance
condition: i.e. the velocity measured by the scanner and the input signal are in-phase or 180◦ out-of-phase [8,

(a) Grid of points for the NLCE. (b) Points number of the NLCE.

Figure 4: Set of measurement points for the NLCE.
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Figure 5: Resonance condition in which the measured velocity of point 11 is almost 180◦ out-of-phase with
respect to the input signal at the 7 excitation levels.

9]. This procedure is performed for seven increasing levels of excitation for each NLCE. Once the resonance
condition is attained, the velocity of oscillation of each measurement point is recorded for a time interval of
0.2 s (corresponding to 8 periods of oscillation at 40 Hz) and the amplitude-frequency pair of the excitation
are stored. Figure 5 shows the resonance condition for a point of the T-shaped element (point 11) at the
seven excitation levels. It is possible to see that all the curves have a similar shape, and that the velocity
signal is as close as possible to be 180◦ out-of-phase with respect to the voltage input (particularly evident
for the excitation at 15 mV). For high excitation levels, the non perfect overlapping is due to the practical
difficulty in getting close to the resonance condition without falling off the NNM branch. The integration
of the velocity signal leads to the displacement time series for the points of the C and T shaped elements.
Figure 6 shows the velocity and displacement signals for point 1. A high-pass Butterworth filter with a low
cut-off frequency of 20 Hz is used to remove the low frequency contents from the velocity signal due to the
presence of the bungees (red curve in Figure 6(a)). The filtered signal (blue curve in Figure 6(a)) is subjected
to distortion in amplitude up to the second peak of oscillation (≈ 0.04 s), thus that part is neglected for the
further steps of the procedure.
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(a) – measured response; – measured response after filter application; - - part of
the signal used for the NNM determination.
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(b) – integrated measured response; – integrated filtered signal; - - integrated part
of the signal used for the NNM determination.

Figure 6: Raw and high pass (AC) filtered velocity and displacement signals for node 1.

Although there is phase shift introduced by the filter, all the responses are almost harmonic at the same
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(a) Displacement signals for: – Node 1; – Node 11; – Node 31. The gray rectangle
highlights the part of the signal that is not used for the reconstruction of the NNM.
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(b) Relative displacement between set of nodes (n31, n1 − n11).

Figure 7: Oscillation signals for (n31, n1 − n11).

frequency, thus the change in phase that they experience is the same. Considering the NLCE as two masses
connected by a cubic spring, its resonance frequency can be associated with the amplitude of the relative
displacement between the C-shaped and T-shaped elements. In Figure 6(b) it is shown the difference between
the displacement signals obtained before and after the filtering (red and blue curve, respectively). It is evident
that it is not possible to use the velocity signal as measured from the vibrometer since, being its average value
different from zero, when it is integrated it leads to a signal drift that would give erroneous results, thus the
green part of the filtered signal is used. For each of the ten values of abscissa, one point on the C-shaped
and two points on the T-shaped element are present: for instance, referring to Figure 4, one set of nodes is
(n31, n1 − n11). The displacement signals for nodes (n31, n1 − n11) are shown in Figure 7(a).

The responses for the two points belonging to the T-shaped element (points 1 and 11) almost coincide; the
small difference highlights a small rotation of the T-shaped element along the x direction (see Figure 4(a)).
Besides, it is possible to see that those responses are 180◦ out of phase with respect to the one of the point
belonging to the C-shaped element (point 31). For the NNM searched it is expected since this is the config-
uration that leads to the maximum deformation of the nonlinear element. The frequency of oscillation for a
given excitation level is obtained by averaging the frequencies estimated by fitting the filtered velocity signal
with a sinusoidal function for each point. The amplitude of the NNM is obtained performing these steps:

Step 1: The displacement responses of pairs of points sharing the same abscissa and belonging to the T-
shaped element are averaged to cancel out the rotational effect (for instance, (u1 + u11)/2);

Step 2: The relative displacement between the point belonging to the C-shaped element and the points be-
longing to the T-shaped element (response obtained from Step 1) is computed for each abscissa value;

Step 3: The amplitude of oscillation is estimated by averaging the value of the relative maximum points
over the portion of the signal selected after the filtering (Figure 7(b)).

These steps are performed for every group of 3 nodes and for every level of excitation (seven in total),
resulting in ten curves, each one containing seven points corresponding to the measured data. The amplitude
of the NNM is obtained for the two NLCEs by averaging the results of the ten set of points, as shown in

3016 PROCEEDINGS OF ISMA2020 AND USD2020



1 1.5 2 2.5 3 3.5
38

40

42

Amplitude Relative Displacement [mm]

A
ve

ra
ge

Fr
eq

ue
nc

y
[H

z]

n31,1−11 n32,2−12
n33,3−13 n34,4−14
n35,5−15 n36,6−16
n37,7−17 n38,8−18
n39,9−19 n40,10−20

NNM

(a) NNM of the left NLCE.

1 1.5 2
37

38

39

40

Amplitude Relative Displacement [mm]

A
ve

ra
ge

Fr
eq

ue
nc

y
[H

z]

n31,1−11 n32,2−12
n33,3−13 n34,4−14
n35,5−15 n36,6−16
n37,7−17 n38,8−18
n39,9−19 n40,10−20

NNM

(b) NNM of the right NLCE.

Figure 8: NNMs of the two NLCEs.

mtmc

kl

knluc ut

kl [N/m] knl [N/m3]

Left Spring 7180 1.73× 109

Right Spring 6978 2.04× 109

Figure 9: Model of the NLCE (left) and coefficients of the cubic law for the two springs (right).

Figure 8. The two curves show that both the NLCEs experience an hardening behavior. In particular, for
the right NLCE, in the range between 37.2 Hz and 38.8 Hz there are not available data since the resonance
condition was difficult to maintain. The objective is to model the NLCE as a nonlinear substructure in which
two masses, representative of the T-shaped and C-shaped elements, are connected through a cubic spring.
It is then necessary to find the correct values for the parameters kl and knl of the cubic law such that the
numerical NNM retraces the experimental one. The linear angular frequency of the out-of-phase mode for
such a system is equal to:

ωn =

√
kl
meq

with meq =
mtmc

mt +mc
(3)

where mt and mc are the masses of the T-shaped and C-shaped element, respectively, as shown in the left
side of Figure 9. Thus, assuming the mode of interest to be the one of a Duffing oscillator with mass meq

and linear and nonlinear spring kl and knl, the resonance angular frequency is expressed as function of the
amplitude A as [29]:

ωr =

√
ω2
n +

3knl
4
A2 (4)

Hence, the parameters kl and knl are estimated by performing a minimization through a least-square error
method, using the experimental results as reference. The resulting coefficients are shown in the right side
of Figure 9. Figure 10 shows that the numerical NNMs are in good agreement with the experimental ones.
However, for the right NLCE, the absence of data in the range between 37.2 Hz and 38.8 Hz (see Fig-
ure 8(b)) might affect the accuracy of the obtained parameters. Also, it is worth remarking that the simplified
2DoFs model does not take into account rotational DoFs since the effect of the longitudinal spring alone is
considered.

4 Experimental nonlinear behavior of the assembly

The dynamic response of the assembled system in the free-free configuration is analyzed in order to measure
one of its NNMs. The objective is to compare the numerical result obtained performing the Coupling Proce-
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Figure 10: Comparison of the numerical and experimental NNMs.

dure (CP) described in [26] to the experimental ones. The measurement procedure aims at identifying both
the resonance frequency and the mode shape of the system at different excitation levels. The experimental
response of a set of points is measured through the scanner laser vibrometer with an excitation provided by
the shaker, as previously shown in Figure 1(a). Figure 11 shows the set of measurement points for the lower
beam and the NLCEs; the measurement points on the upper beam are not visible from this view. The mea-
surement of the NNMs for the unconstrained assembled system is performed as for the NLCEs by setting the
amplitude and by adjusting the frequency of the harmonic excitation to identify the resonance conditions.
Since the linear frequency of the mode of interest is at 41 Hz, the velocity signal of each point is filtered
using a high pass Butterworth filter with a low cut-off frequency of 20 Hz and then integrated to obtain the
displacement response, as for the NLCE. Figure 12 shows a resonance condition at a given excitation level
for a subset of measurement points for the two beams and the two NLCEs. For some points the velocity is in-
phase with the voltage input, for others the signals are 180◦ out-of-phase. This gives an insight of the mode
shape of the beams at the considered excitation level. For each excitation level (i.e. fixed pair of amplitude
and frequency of the sinusoidal input), the amplitude and phase of oscillation are identified and polynomial
functions are used to fit the mode shape of the assembled system. Figure 13 shows the mode shapes of the
system at each excitation level. It is possible to see that the nodal points move as the excitation increases
(from blue to red curves), thus leading to a change in the mode shapes. In particular, it is worth noticing that
the right NLCE is much more deformed than the left one.

Once the NNM of the system is measured, it is possible to compare it with the results obtained by coupling
the models of the beams through the NLCEs, assuming a rigid connection between the pairs of matching
DoFs. However, it is not possible to compare the numerical and experimental NNMs by using the FEP
diagram because the measured data cannot be expressed as function of the total mechanical energy of the
system, as it is done numerically. In fact, for excitation level, the experimental results of the NNM are
expressed in terms of the resonance frequency and the amplitude of oscillation of the measurement points.

In this particular case, it is possible to express the resonance frequency of the NNM as function of the
deformation of the right NLCE that is the nonlinear component experiencing the highest deformation. The
experimental results are compared in Figure 14(a) to the numerical results obtained by coupling the the
updated beams (Section 3.1) and the identified NLCEs (Section 3.2) using the numerical procedure outlined

Figure 11: Grid of measurements points on the bottom beam and on the NLCEs of the assembly.
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Figure 12: Resonance condition on a subset of measurement points of the assembly. For each point the plot
shows the voltage input vs the velocity. All the plots have the same x and y axis scales.

Figure 13: Mode shape comparison from low amplitude excitation (blue curves) to high amplitude excitation
(red curves).

in [26]. Using the models based on the experimental identification it is possible to see that there is an
increasing error as the deformation of the right NLCE grows. However, there is a good correlation between
the experimental and numerical mode shapes, as shown by the MAC value in Figure 14(b), which is almost
unitary up to a deformation of the right spring of 2.51 mm and it decreases to 0.91 at 4.35 mm. In particular,
the best correlation is achieved for values of deformation of the right spring inside the range for which its
parameters (kl and knl) are experimentally evaluated (Figure 10(b)).

Besides, an optimization of the parameters for both the NLCEs is carried out to investigate the causes of the
error in frequency highlighted in Figure 14(a). Although the beams and NLCEs are singularly experimentally
identified, the real connection is not perfectly rigid, as it is assumed in the numerical model. Also, the error
in frequency could be due to the lack in accuracy on the estimation of the coefficients of the cubic law for
the right NLCE. In fact, as seen from Figure 14, the right NLCE experiences a deformation that is partially
in the range where there are no data for the identification (from 0.89 mm to 1.9 mm) and partially in a range
where the behavior of the NLCE is extrapolated over 2.23 mm. Thus, the optimization aims at finding the
linear and nonlinear parameters of the NLCEs’ that account also for the non-modeled local effects of the real
interface. A multi-objective optimization technique is performed to simultaneously minimize the differences
between the numerical frequencies and the experimental ones for each excitation level. The frequency-
deformation curve obtained by using the optimized coefficients (Table 2) are shown in Figure 14(a). The
optimized coefficients for each NLCE, especially for the right one, are lower than the ones experimentally
identified. This may be explained if considering an additional flexibility of the connection between the
beams and the NLCE. The different behavior between the two NLCEs can be either incidental or due to the
unequal amplitude of vibration of the two NLCEs, thus leading to different loosening of the connections. The
frequency-deformation plot obtained using the optimized parameters almost overlaps on the experimental
one with an average error in frequency of ≈ 0.41%. However, using the optimized parameters instead of
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Table 2: Coefficients of the cubic law for the two NLCEs after optimization.

kl [N/m] knl [N/m3]

Left NLCE 4000 1.6× 109

Right NLCE 2000 1.2× 109

the identified ones, the correlation between the experimental and numerical mode shapes decreases slightly
below 3.22 mm and it improves at 3.85 mm and 4.35 mm (Figure 14(b)).

5 Concluding remarks

The design of the experimental assembly proved to be valid in order to measure NNMs due to the presence of
nonlinearities localized at the connection between two linear subsystems. The nonlinear hardening behavior
of the specifically designed NLCEs has been successfully measured using an experimental procedure able
to track the resonance condition at different excitation levels. One NNM of the complete assembly is iden-
tified and the evolution of the mode shapes of the complete system for the different excitation levels is well
captured. Experimental results are compared to the numerical results obtained via a nonlinear substructuring
procedure. A coherent variation of the resonance frequency as function of the excitation level is obtained,
and a good correlation between the mode shapes is found. Eventually, a multi-objective optimization is
performed to improve the numerical model providing information about the causes of the error in frequency.
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[5] M. Peeters, R. Viguié, G. Sérandour, G. Kerschen, and J. Golinval, “Nonlinear normal modes, Part
II: Toward a practical computation using numerical continuation techniques,” Mechanical systems and
signal processing, vol. 23, no. 1, pp. 195–216, 2009.

[6] M. Krack and J. Gross, Harmonic balance for nonlinear vibration problems. Springer, 2019.

[7] C. Sombroek, L. Renson, P. Tiso, and G. Kerschen, “Bridging the gap between nonlinear normal modes
and modal derivatives,” in Nonlinear Dynamics, Volume 1. Springer, 2016, pp. 349–361.

[8] D. A. Ehrhardt, M. S. Allen, and T. J. Beberniss, “Measurement of Nonlinear Normal Modes using
Mono-harmonic Force Appropriation: Experimental Investigation,” in Nonlinear Dynamics, Volume 1.
Springer, 2016, pp. 241–254.

[9] M. Peeters, G. Kerschen, and J.-C. Golinval, “Dynamic testing of nonlinear vibrating structures using
nonlinear normal modes,” Journal of Sound and Vibration, vol. 330, no. 3, pp. 486–509, 2011.

[10] D. de Klerk, D. J. Rixen, and S. N. Voormeeren, “General Framework for Dynamic Substructuring:
History, Review, and Classification of Techniques,” AIAA journal, vol. 46, no. 5, 2008.

[11] D. J. Rixen, “A dual Craig-Bampton method for dynamic substructuring,” Journal of Computational
and applied mathematics, vol. 168, no. 1-2, pp. 383–391, 2004.

[12] R. L. Mayes, P. Hunter, T. W. Simmermacher, and M. S. Allen, “Combining experimental and analytical
substructures with multiple connections.” Sandia National Lab.(SNL-NM), Albuquerque, NM (United
States), Tech. Rep., 2007.

[13] B. Jetmundsen, R. L. Bielawa, and W. G. Flannelly, “Generalized frequency domain substructure syn-
thesis,” Journal of the American Helicopter Society, vol. 33, no. 1, pp. 55–64, 1988.

[14] J. Brunetti, A. Culla, W. D’Ambrogio, and A. Fregolent, “Selection of interface dofs in hub-blade(s)
coupling of ampair wind turbine test bed,” vol. 2, 2014, pp. 167–178.

[15] M. S. Allen, R. L. Mayes, and E. J. Bergman, “Experimental modal substructuring to couple and uncou-
ple substructures with flexible fixtures and multi-point connections,” Journal of Sound and Vibration,
vol. 329, no. 23, pp. 4891–4906, 2010.

SUBSTRUCTURING AND COUPLING 3021



[16] J. Brunetti, A. Culla, W. D’Ambrogio, and A. Fregolent, “Experimental dynamic substructuring of the
Ampair wind turbine test bed,” vol. 1, 2014, pp. 15–26.

[17] R. Craig, Jr, “Coupling of substructures for dynamic analyses-an overview,” in 41st Structures, Struc-
tural Dynamics, and Materials Conference and Exhibit, 2000, p. 1573.

[18] S. N. Voormeeren and D. J. Rixen, “A family of substructure decoupling techniques based on a dual
assembly approach,” Mechanical Systems and Signal Processing, vol. 27, pp. 379–396, 2012.

[19] W. D’Ambrogio and A. Fregolent, “Decoupling procedures in the general framework of frequency
based substructuring,” Proceedings of 27th IMAC. Orlando (USA), 2009.

[20] D. Roettgen, B. Pacini, and B. Moldenhauer, “How Linear Is a Linear System?” in Topics in Modal
Analysis & Testing, Volume 8. Springer, 2020, pp. 185–192.

[21] Y. H. Chong and M. Imregun, “Coupling of non-linear substructures using variable modal parameters,”
Mechanical Systems and Signal Processing, vol. 14, no. 5, pp. 731–746, 2000.
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Abstract
Dynamic substructuring methods are originally developed for time invariant systems in order to evaluate the
dynamic behavior of a complex structure by coupling the component substructures. Sometimes, the compo-
nent substructures change their position over time affecting the dynamics of the entire structure. This family
of problems can be tackled using substructuring techniques by isolating the time dependency in the coupling
conditions among the substructures that are time invariant. Mechanical systems, composed by subsystems in
relative motion with a sliding interface, can be analyzed using this approach. In previous works the authors
proposed a solution method in time and frequency domain using this approach under the assumption that
the relative sliding motion at the contact interfaces is a-priori known, at least approximately. The previous
assumption implies that the perturbation generated by the friction induced vibration is neglected. In this
work the analysis is extended to account for friction induced vibrations in the formulation of the coupling
conditions. This extension allows for the investigation of a wider range of operating conditions including
also friction induced instabilities.

1 Introduction

In complex mechanical systems, contact and friction forces arise at the contact interfaces among components
in relative motion. These forces can cause the so called friction induced vibrations [1, 2]: a dynamic response
of the system in terms of vibration and noise, that in certain conditions can affect structural integrity and
comfort [3].

Contact problems could be tackled using the dynamic substructuring approach [4, 5, 6], considering each
body in contact as a single substructure. In fact, the dynamic substructuring allows to predict the dynamic
behaviour of a complex mechanical system, knowing the dynamic behaviour of its component subsystems [7,
8].

Although the classical substructuring approach assumes that the system is time invariant, time-variant sys-
tems composed by time-invariant substructures subjected to time-variant coupling conditions have been tack-
led with this approach [9, 10, 11]. The numerical analysis of configuration dependent problems in the frame-
work of dynamic substructuring provides interesting results reducing the computational effort. For sliding
contact problems with friction, equilibrium conditions apply on the tangential directions at the contact in-
terface, that are not considered in the compatibility conditions because of sliding. This represents a non
collocated interface as defined in [12, 6].

The approach presented in [11] assumed that the time-variant compatibility and equilibrium conditions,
arising from sliding contact, are a-priori known. The assumption made in [11] does not allow to account for
the relative displacement at the contact interface due to the system deformation, that is relevant for dynamic
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contact problems [13] where it is the main cause of friction induced vibrations phenomena such as dynamic
instabilities [14, 15, 16], stick-slip [17, 18] or sprag-slip [19, 20].

For this reason the authors proposed an enhanced substructuring method that provides a more reliable defini-
tion of compatibility and equilibrium conditions [21]. In this case, the time-variant coupling conditions due
to sliding are estimated accounting for the deformation of the contacting bodies introducing also geometric
nonlinearities.

In this paper, substructuring methods are applied to evaluate the response associated with unstable friction
induced vibrations of a beam on beam system [22]. In particular, the results obtained using the method pro-
posed in [11] are compared with those of a well assessed numerical method [23] in order to highlight possible
limitations. Then, the results obtained using the enhanced method proposed in [21] are also compared with
those of the well assessed numerical method [23].

2 Numerical methods for contact dynamic analysis

In this section two different approaches are presented to investigate the dynamic response of system com-
posed by different bodies in frictional contact in which the mutual interaction can give rise to friction induced
vibrations. A well known numerical approach [23] is described, to be used as reference for the result com-
parison with a substructuring based method, developed by the authors and detailed in [11].

2.1 Forward increment Lagrange multiplier method

The method proposed by Carpenter et al. in [23] is a very efficient numerical method to simulate the dynamic
response of a mechanical system with a frictional contact interaction among different parts. It employs the
explicit β2 integration scheme proposed by Newmark [24] to evaluate a predictor of displacements at a given
step without accounting for contact. When predicted nodal positions show a compenetration, Lagrange
multipliers are introduced on contact nodes in order to correct the nodal displacement. The first correction is
computed supposing a sticking contact, but if the computed friction forces exceed the sticking limit, relative
sliding between parts is allowed and friction forces are those due to sliding. Hence, the correct displacement
is evaluated by using a Gauss-Seidel iterative procedure.

2.2 Substructuring with time variant coupling conditions

Contact problems are naturally prone to be investigated using dynamic substructuring. In fact, the system is
generally composed by different subsystems and their contact interaction could be defined in the substruc-
turing framework.

A contact problem can be represented as system composed by n interacting subsystems. For the single linear
subsystem r, the equation of motion can be expressed as:

M(r)ü(t)(r) +C(r)u̇(t)(r) +K(r)u(t)(r) = f(t)(r) + g(t)(r) (1)

where:

M(r), C(r),K(r) are the mass, damping and stiffness matrices of subsystem r;

u(t)(r) is the vector of displacements of subsystem r;

f(t)(r) is the vector of external forces on subsystem r;

g(t)(r) is the vector of connecting forces with other subsystems (internal constraint forces).
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Before considering the contact interaction, the equation of motion of the n independent subsystems can be
written as:

Mü(t) +Cu̇(t) +Ku(t) = f(t) + g(t) (2)

where M, C and K are block diagonal matrices.

For contact problems, compatibility and equilibrium do not necessarily apply to the same set of DoFs. In
fact, if sliding with friction occurs, the compatibility applies only on the direction normal to the contact
interface (no penetration), whilst equilibrium of tangential and normal forces must be imposed. Moreover,
due to the relative displacement between subsystems, compatibility and equilibrium conditions change over
time.

Compatibility requires that a given pair of matching DoFs at time t, must share the same displacement [11].
This condition can be generally written as:

BC(t)u(t) = 0 (3)

where each row of BC(t) defines compatibility between a pair of matching DoFs at time t.

Internal constraint forces apply only on connecting DoFs. The equilibrium condition requires that sum of
connecting forces at a pair of matching DoFs at time t is zero [11]. The resulting set of equilibrium conditions
can be expressed as:

LE(t)
Tg(t) = 0 (4)

Using the set of the three previous equations (the so called three field formulation):





Mü(t) +Cu̇(t) +Ku(t) = f(t) + g(t)

BC(t)u(t) = 0

LE(t)
Tg(t) = 0

(5)

it is possible to include contact problems in the substructuring framework. Note that, when relative displace-
ment occurs at the contact interface BC and LE depend on time t.

The substructuring problem can be solved by automatically satisfying the equilibrium condition, this can be
obtained by defining a unique set of Lagrange multipliers λ corresponding to connecting force intensities:

g(t) = −BE(t)
Tλ(t) (6)

Note that, when friction forces are present at the interface, the matrix BE(t) is different from the matrix
BC(t) previously defined to enforce the compatibility condition [21].

In this approach, known as dual assembly, each interface DoF is considered as many times as there are
substructures connected through that DoF.

The interface equilibrium condition (4) is thus written:

LE(t)
Tg(t) = −LE(t)

TBE(t)
Tλ(t) = 0 ∀λ (7)

Since Eq. (7) is always satisfied by any set of connecting force intensities λ, the system of equations (5)
becomes:

{
Mü(t) +Cu̇(t) +Ku(t) +BE(t)

Tλ(t) = f(t)

BC(t)u(t) = 0
(8)
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Eq. (8) can be explicitly solved in the time domain using an approach similar to the one presented in [23],
i.e. by relating compatibility at time tn+1 = tn + h with the dynamic equilibrium at time tn, where h is
the integration time step. If both compatibility and dynamic equilibrium were considered at the same time
instant, the problem would be singular. The equation of motion becomes:

{
Mün +Cu̇n +Kun +BE

T
n+1λn = fn

BCn+1un+1 = 0
(9)

In this notation the subscripts n and n + 1 indicate the functions at time tn and tn+1. The first equation of
(9) can be rewritten as:

ün = M−1
[
fn −Cu̇n −Kun −BE

T
n+1λn

]
(10)

For explicit integration of the equation, the Newmark β2 scheme can be used [24], that for β2 = 0.5 reduces
to the central difference scheme:

ün =
1

h2
(un+1 − 2un + un−1) (11)

By substituting the central difference expression of ün in the equation of motion (10), and by using u̇n =
(un − un−1) /h one obtains the displacement u at time n+ 1. It can be expressed as the sum of a predictor
term u?

n+1, that can be directly evaluated since it depends only on the displacements of the system at times
tn and tn−1, and a corrector uc

n+1 that represents an incremental displacement associated with the contact
forces λ:

un+1 = u
?
n+1 + u

c
n+1 (12)

where

u?
n+1 = h2M−1

[
fn −

1

h
C (un − un−1)−Kun

]
+ 2un − un−1 (13)

and

uc
n+1 = −h2M−1BE

T
n+1λn (14)

The corrector is unknown because contact forces λn must be estimated and constraints BEn+1 must be
defined. The amplitude of contact forces can be obtained by combining Eqs. (14) and (12) with the second
line of Eq. (9):

λn =
(
h2BCn+1M

−1BE
T
n+1

)−1
BCn+1u

?
n+1 (15)

Contact forces depend on matrices BE and BC at time tn+1. In [11] the authors proposed a definition of
matrices BE and BC based on the rigid, a-priori defined, relative motion of component subsystems due to
the kinematic boundary conditions.

2.3 Results comparison

In this subsection the results of transient simulation performed with the substructuring method (referred as
“Subs” in the following) are compared with the results of the forward increment Lagrange multiplier method
(referred as “FiLm” in the following).
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Figure 1: Mechanical system used in the simulations.

Table 1: Geometrical characteristics of the model.

Dimensions Beam 1 Beam 2

Length l 75 100 mm
Thickness b 1.5 2 mm

Width a 10 20 mm
Angle ϑ 30 0 degree

The mechanical system considered in this work is composed by two subsystems connected through a sliding
interface with a constant friction coefficient µ. As shown in Figure 1, the two subsystem are: an oblique
beam that slides along the upper horizontal edge of a cantilever beam. The oblique beam, of length l1 and
section a1 × b1, forms an angle ϑ with the horizontal beam, of length l2 and section a2 × b2. The horizontal
beam is fixed at its end B, while time-variant boundary conditions (vertical force Fy and velocity vx) are
applied at the upper end A of the oblique beam. During the simulation the contact point C, initially distant
s0 from the fixed end, moves to the right. Geometrical characteristics, mechanical properties and boundary
conditions are reported in Tables 1 and 2. Note that a viscous proportional damping is considered in the
model. The vertical load Fy, the velocity vx and the friction coefficient µ are applied smoothly during the
first 0.1 s and then remain constant up to the end of simulation. Moreover, in order to damp the transient
vibrations generated by the horizontal acceleration and by the application of the vertical load, high damping
coefficients (α0 = 40 s−1 and β0 = 4.0e − 8 s) are used during the first 0.2 s and gradually reduced to the
desired values α and β in the next 0.05 s.

Table 2: Mechanical properties and boundary conditions of the model.

Dimensions Beam 1 Beam 2

Young mod E 71 2.38 GPa
Poisson ratio ν 0.33 0.40

Density ρ 2770 1200 kg/m3

M prop. damping α 0.2 40 s−1

K prop. damping β 4.0e-8 4.0e-8 s

Friction coefficient µ 0.30
Force Fy -0.20 N

Velocity vx 30 mm/s

The two beams are modeled separately by plane stress element in ANSYS. To reduce the computational
burden, a modal reduction of both the substructures is performed using the Craig Bampton method with 20
fixed interface modes. Besides the modal DoFs of the modal reduction, only the physical DoFs on which the
boundary conditions apply and the ones involved in the contact are maintained, for a total of 243 DoFs.

The value of the friction coefficient µ used in the simulation is chosen so that some instabilities due to modal
coupling arise, when the oblique beam slides along the horizontal one. Figure 2 shows the locus plot of
complex eigenvalues [11] of the coupled system when the oblique beam, starting form position s0, slides
toward the free end of the horizontal cantilever beam. The locus plot is obtained by coupling for every
position the two substructures using primal assembly, as proposed in [11]. Note that, the real part of some

SUBSTRUCTURING AND COUPLING 3027



−40 −30 −20 −10 0 10
0

5

10

15

Real [Hz]

Im
a
g
[k
H
z
]

Figure 2: Locus plot of the 20 lowest eigenvalues for a friction coefficient µ = 0.3.
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Figure 3: Vertical acceleration of point T : comparison between “Subs” and “FiLm” method.

eigenvalues reaches positive values, i.e. possible dynamic instabilities at some position of the contact point.
Specifically, instabilities may occur around 7 kHz and 10.5 kHz.

When the system passes trough an instability region, it is expected that the vibration amplitude increases with
an exponential law, whilst it extinguishes when the instability region is overcome. Figure 3 shows the vertical
acceleration of the free end T of the horizontal beam evaluated using the two different method previously
outlined. Figure 4 shows the spectrograms of the vertical accelerations in Figure 3. Result obtained using
the FiLm method show typical bursts of vibration associated with the crossing of instability region. On
the other hand, the results obtained with the Subs method highlight that, although the substructuring based
method, as it is formulated in [11], is capable of detecting the changes in the global dynamics of a time
variant coupled system, it does not provide reliable results in case of contact dynamic instabilities. This
limitation was already mentioned by the authors in [11] and it is due to the a-priori definition of coupling
conditions that do not account for sliding associated with static and dynamic body deformation. This is in
fact a crucial aspect in order to reproduce unstable friction induced vibrations, since the energy absorption
of the structural system depends on the phase shift between the oscillations of contact forces and relative
displacement [15]. Therefore, a lack in precision in the estimation of these quantities can heavily affect
the correctness of results. Thus, an improved time variant substructuring method will be introduced in the
following section.

3 Enhanced time-variant substructuring method

In order to get more reliable results also in presence of friction induced vibrations, an improved method
was proposed by the authors and detailed in [21]. This enhanced method uses the same general integration
scheme shown in section 2.2 but in this case the matrices BE and BC are defined accounting also for system
deformation. The contact algorithm now estimates the deformed position U? of the whole system at time
tn+1 using the predictor of displacements u?:
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Figure 4: Spectrograms of the vertical acceleration of point T obtained using the “Subs” (left plot) and
“FiLm” (right plot) methods.

U?
n+1 =X + u?

n+1 (16)

whereX represents the undeformed position. Since the system deformation affects the coupling conditions,
the coupled system is geometrically nonlinear. Moreover, the variation of the tangential displacement at the
contact can be observed, thus allowing to account for friction induced vibrations.

3.1 Numerical validation for unstable FIV

In this subsection the results of transient simulation performed with the enhanced substructuring method
(referred as “EnSubs” in the following) are compared with the result of the forward increment Lagrange
multiplier method (FiLm). The mechanical system and the boundary conditions are the same described in
section 2.3.

Figure 5 shows the vertical acceleration of the free end T of the horizontal beam evaluated using the EnSubs
method and the reference FiLm method. Results highlight a substantial superposition of the two responses
thus confirming the effectiveness of the enhanced time variant substructuring method in retracing also the
friction induced vibrations due to contact induced instabilities.

Figure 6 shows the horizontal velocity of point C and the normal contact force λ during the simulation with
the “EnSubs” method. Results confirm the sliding contact assumption for all the simulation time.

In this case, the proposed method is computationally more efficient with respect to the classical FiLm
method: the computational time required by EnSubs is 30% lower than that required by FiLm. In fact,
although the two subsystems are always in sliding contact, the FiLm method for each time step supposes that
the bodies are in sticking contact and, if sticking condition is not verified, it relaxes the constraint along the
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Figure 5: Vertical acceleration of point T : comparison between “EnSubs” and “FiLm” method.
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Figure 6: Relative velocity and normal contact force for the “EnSubs” method.

tangential direction and approximates the correct position with an iterative procedure. On the contrary, the
EnSubs method provides directly the correct solution at the subsequent time step thus reducing the compu-
tational burden.

Conclusions

In this paper, two substructuring based methods, previously proposed by the authors, and a well-established
numerical method are adopted to evaluate the time response of a mechanical system, composed by two
subsystems connected through a frictional contact interfaces. The first substructuring method assumed that
the time-variant compatibility and equilibrium conditions, arising from sliding contact, are a-priori known.
The comparison of the results with the reference method highlighted that this approach provides a correct
estimation of the variation of the global dynamics of the system due to the relative sliding. However, it is not
able to reproduce friction induced vibrations, since it does not properly account for the relative displacement
at the contact interface due to the body deformation. The second substructuring method is an enhancement
of the previous one, on which the deformation of the mechanical system is accounted for in the definition
of the compatibility and equilibrium conditions. Hence, this method, providing a more reliable definition of
coupling conditions is able to retrace the dynamic response of the system also in case of unstable friction
induced vibration due to mode coupling. The comparison of the computational time highlights a significant
reduction of the computational burden with respect to the reference method.
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Abstract
The vibration analysis of a multilevel spent nuclear fuel canister loaded with 68 fuel assemblies (FA) is
considered. The multilevel aspect leads to large numbers of degrees of freedom (DOF) and vibration eigen-
modes. The Craig-Bampton (CB) substructuring technique is well suited to perform the modal analysis in
presence of few interface DOF between the components and the structural levels, as well as for tackling
the high modal density. The Shift-Invert Lanczos solver is used for solving the large-scale CB generalized
eigenvalue problem (GEP), whose large dimension results from the numerous component modes. A block
factorization based on the Schur complement that exploits the sparsity of the CB matrices enables consider-
able speed-up. A CB model for the FA is also implemented as it exhibits two structural levels. Since many
local vibration modes do not contribute much to the response, a strategy for ranking the importance of the
component modes is developed, so that a significant portion of them are removed and the CB GEP lightened.

1 Introduction

This paper deals with the linear vibration analysis of a spent nuclear fuel (SNF) canister loaded with 68
identical fuel assemblies (FA). Each FA gathers 92 fuel rods that are wrapped together and maintained in
parallel configuration by spacer grids. The loaded SNF canister being considered in vertical configuration,
each FA is inserted in one of the basket cells of the canister, maintained by localized attachments at the
top and simply supported by the bottom plate of the cylindrical canister. The detailed geometry of the FA
requires a finer mesh in comparison to that of the canister and its basket. The structure is characterized by
the presence of three distinct structural levels, namely (i) a main body made up of the canister and the basket
as the upper level, (ii) the 68 FA as the intermediate level, and (iii) the 68× 92 = 6256 fuel rods as the lower
level. There is the repetition of a very large number of interconnected components, each of which having its
own resonant vibrations. As a result, the multilevel structure exhibits a very large number of modes, among
which many consist of local vibrations of small components. The vibration analysis relies on computing
nearly half a million modes using a finite element (FE, [1]) model with more than 130 million degrees of
freedom (DOF). Fortunately, the localized attachments between the several components and scales allows
an advantageous domain decomposition to be considered, with small interfaces. The vibration modes are
the eigenvectors of the generalized eigenvalue problem (GEP) involving the mass and stiffness FE matrices
[2, 3]. For several reasons, the Craig-Bampton (CB) substructuring technique [4, 5] is considered as an
approximate solver for this GEP. First, the substructural modes of the FA need not be computed 68 times.
Second, the small interfaces between the components lead to a small number of interface coupling DOF.
Third, the iterative solvers such as Shift-Invert Lanczos (SIL, [6, 7, 8]) or the Subspace Iteration Method
[9, 10, 11], although very efficient general-purpose solvers, turn out to be very time consuming in the present
case.
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The CB method consists in approximating the system modes as linear combinations of the component modes
and interface static constraint modes through Galerkin projection of the FE GEP. The number of static con-
straint modes is given by the number of interface DOF, whereas the number of component modes is generally
adjusted by considering a cutoff frequency. Even though the number of static constraint modes is small, the
dimension of the CB GEP obtained through Galerkin projection is very large, as a result of the large num-
ber of component modes. Usually for the CB method, the CB GEP is solved directly for all the eigenpairs
using for instance Householder tridiagonalization, with a negligible computational cost. Unfortunately, in
the present case, the CB GEP is a large-scale GEP with sparse matrices, and for which a large portion of the
eigenpairs are required. Although the SIL solver is better suited to solving a few eigenpairs of a sparse GEP,
spectrum slicing with multiple SIL is a possible strategy for solving many eigenpairs. The strategy consists
in dividing the frequency band into several slices and considering eigenvalue shifts given by the center of
the slices [12]. Independent eigenvalue computations with the different shifts are then run in parallel, for
which the eigenvectors are orthogonal by construction (upon convergence). For each shift, the matrix to
be factored for use in the iterative process is different. However, the sparsity of the CB matrices allows an
efficient factorization. With a small number of boundary (interface) DOF and a large number of substructure
(modal) DOF, a block factorization based on the Schur complement (see [13, 14]) of the interface coordinates
enables considerable gains. Thus, the CB GEP is solved by multiple SIL with block factorization by Schur
complement.

The accuracy of the CB approximation of the system modes depends on the number of component modes
kept. Several criteria can be used to quantify the error perpetrated by the CB approximation, such as con-
vergence of the eigenvalues and modal error. However, presumably due to the high modal density of the
multilevel structure, these criteria turned out to lack robustness. The objective being to calculate the vibra-
tion response, given by frequency response functions (FRF) between given input excitation DOF and output
observation DOF, the CB error is quantified through an FRF error criterion. For one given FRF, it is defined
as the root mean square error in decibel (RMS-dB) of the modulus of the response. It should be noted that
the exact response is required for computing such an error measure, and that it is not available. Since the
response can be written as modal superposition and since numerous modes have negligible contribution, it
is proposed to substitute the actual FRF with the FRF restrained to a subspace spanned by a small subset of
dominant modes. Such FRF spanned by a subset of modes is referred to as “partial FRF”. The few dominant
modes are recomputed exactly by using the SIL solver with block factorization by Schur complement accord-
ing to the domain decomposition (this differs from the Schur complement factorization of the CB matrices).
Then the partial FRF can be compared (CB approximation against FE approximation). It has been shown
that this procedure allows to characterize the accuracy of the CB approximation with a good confidence.

Once its accuracy is quantified and deemed sufficient, the CB model can be considered as a reference. Then,
it is possible to decrease the cutoff frequency without altering the accuracy. This is explained by the fact that
the cutoff frequency required for obtaining rank correspondence between the exact and CB eigenvalues in
the validation step above can be very high due to the small eigenvalue separation (caused by the very high
modal density), which needs to remain larger than the relative eigenvalue error (otherwise, mode swap is
susceptible to occur, in which case the exact and CB partial FRF may not coincide). Since the structure is
multilevel, another CB step (inner CB), nested in the first one, is well indicated. The FA exhibits numerous
components (the fuel rods) attached to the main body by localized connections (through the spacer grids).
The cost for computing the FA modes (component modes of the outer CB) is thus decreased.

The most computationally demanding operation is the large-scale CB GEP. Its large dimension is due to
the numerous component modes, which correspond to local vibrations of small components. It has been
observed that many of the system modes made up of such local vibrations do not contribute much to the
response of the canister. In this research, the focus is on the prediction of the vibration response of the
canister exterior. Therefore, the removal of component modes with local vibrations is investigated in order
to decrease the dimension and cost of the CB GEP while keeping a satisfactory level of accuracy. For
doing so, a substructural (component) modal importance measure is introduced, defined as the RMS-dB
error resulting from the sole removal of the substructural mode for which the error is to be characterized.
However, the calculation of the RMS-dB error (with respect to the CB model) requires calculating the FRF
with the CB model. It is proposed to do so with coarse frequency sampling and observation grid, using
direct numerical simulation (frequency-by-frequency) involving a dynamic stiffness matrix that can again be
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factored by Schur complement. Then, it is shown that the approximate response resulting from the removal
of one given mode can be calculated through a rank-1 modification of the Schur complement. Using the
Scherman-Morrison-Woodbury matrix identity, the response can be computed very efficiently. This enables
a precise yet affordable characterization of the substructural modal importance. Then, the least important
modes can be removed and the induced error examined with respect to the cost reduction.

The paper is organized as follows. In Section 2 some well known concepts for modal analysis in computa-
tional structural dynamics are briefly described, including modal projection, domain decomposition, Craig-
Bampton method, and Shift-Invert Lanczos approach with spectrum slicing. In Section 3 the methodology
proposed for performing an efficient multiscale modal analysis is presented. Section 4 presents developments
toward substructural mode selection that allow the overall cost to be significantly reduced. Finally, Section 5
presents numerical results and Section 6 draws conclusions. The theoretical developments and numerical
results can be found with more details in [15, 16].

2 Modal analysis in computational structural dynamics

2.1 Modal projection

The structural dynamics is described in the frequency domain by the discretization U(ω) of the displacement
field by using the FE method. For all circular frequency ω belonging to a given frequency band of analysis
B = 2π×]0, fu] (fu is the upper bound in Hz), the complex vector U(ω) is given by

(
−ω2[M] + iω[D] + [K]

)
U(ω) = F(ω) , (1)

in which [M], [D], and [K] are respectively the mass, damping, and stiffness matrices and where vector F(ω)
is the discretization of the external forces. A reduced representation of the response can be obtained through
linear combination of the vibration eigenmodes ϕ such that

U(ω) =

ne∑

α=1

ϕα qα(ω) , (2)

in which α denotes the mode number (the modes are sorted according to their eigenfrequency or eigenvalue)
and ne denotes the number of modes kept, while quantity qα(ω) constitutes a so-called “generalized” coor-
dinate. In matrix form, one can write U(ω) = [Φ]q(ω) with [Φ] the modal matrix whose size is (N × ne)
with N the number of DOF. The vibration modes ϕ are the eigenvectors satisfying the GEP

[K]ϕ = λ[M]ϕ , (3)

with λ the associated eigenvalue and f =
√
λ/2π the eigenfrequency in Hz.

2.2 Domain decomposition

The structural domain can be partitioned. The DOF that are connected to several subdomains or substruc-
tures are referred to as boundary DOF and denoted by letter B. The other DOF belong to the interior of the
substructures and are denoted by letter S. These substructure DOF are not coupled with any other DOF than
those present in the same substructure. Therefore, the coupling blocks between substructures are zero and
consequently, a DOF ordering according to the domain decomposition leads to block-diagonal submatrices
[KSS ], [MSS ], and [DSS ]. Based on this domain decomposition, the linear system [K]x = f can be paral-
lelized over the substructures, as described hereinafter. Let x (resp. f) be partitioned based on the subvectors
xB and xS (resp. fB and fS) associated with the boundary DOF and the substructure DOF. Then, it can be
shown that introducing the Schur complement [SKBB] = [KBB]− [KBS ][KSS ]−1[KSB] leads to the solution

xS = [KSS ]−1 (fS − [KSB]xB) , xB = [SKBB]
−1 (fB − [KBS ][KSS ]−1fS

)
. (4)
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2.3 Craig-Bampton method

The above equations can be obtained by projecting the linear equations onto a square matrix [B] such that

[B] =

[
IS tSB
0 IB

]
, (5)

in which [tSB] = −[KSS ]−1[KSB] is the matrix of the static constraint modes that represent the static
reactions of the interfaces between the substructures. The CB technique first introduces this change of coor-
dinates and then, for dimension reduction, introduces a projection on the component modes [ΦS ] gathered in
a matrix [R] such that

[R] =

[
ΦS 0
0 IB

]
, (6)

where matrix [ΦS ] is block diagonal with each block containing the modal matrix of its corresponding sub-
structure. The CB matrices are obtained by Galerkin projection onto the basis [V ] = [B][R] and yields the
CB GEP

[K]q = λ[M ]q (7)

whose eigenvectors q yield an approximation ϕ = [V ]q to the eigenvectors ϕ of the GEP of Eq. (3). The
accuracy and the cost of the CB procedure are related to the modal truncations for the substructures. Denoting
as nJ the number of modes kept for substructure number J , as N the number of substructures, and as NB

the number of boundary DOF, the dimension ν of the CB model is ν = NB + nS with nS =
∑N

J=1 nJ .

2.4 Shift-Invert Lanczos approach

For solving a GEP of the type of Eq. (3) one possible strategy is to introduce an eigenvalue shift σ ≥ 0 and
consider shifting as ([K]− σ[M])ϕ = (λ− σ) [M]ϕ and then inverting (useful for eigenvalue separation)
as

([K]− σ[M])−1[M]ϕ =

(
1

λ− σ

)
ϕ . (8)

The largest eigenvalues µ of the standard eigenvalue problem [A]ϕ = µϕ with [A] = ([K]− σ[M])−1[M]
and µ−1 = λ−σ correspond to the eigenvalues λ that are closest to the shift σ. Due to the orthogonality of the
eigenvectors ϕ, two sets of eigenvectors (modes) computed from two different shifts are mutually orthogonal
as long as redundancy is avoided. The orthogonality is verified if the eigensolutions are converged. By
considering several shifts, a large number of modes can be computed. Using this strategy, the eigenvalue
calculation can be parallelized and the complexity is kept linear with respect to the number of modes sought.
For each eigenvalue analysis of the type of Eq. (8), the matrix [H] = [K]−σ[M] has to be factored for solving
linear systems in the iterative Lanczos process. In this work, an LDL factorization (see [17]) [P]T [H][P] =

[L][D][L]T is considered, with [P] a permutation matrix, [L] a lower-triangular matrix, and [D] a block-
diagonal matrix with block size of 1 or 2. Dividing the frequency band (spectrum slicing) to perform the
eigenvalue analysis of Eq. (3) requires a good knowledge of the modal density, to balance the number of
modes per shift as well as to avoid computing the same modes twice. In this work, the matrix size makes
the LDL factorization costly in terms of memory and CPU usage. Therefore, the domain decomposition of
Section 2 is considered and the LDL factorization is performed blockwise based on the Schur complement
(see Section 3.1).
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3 Multiscale modal analysis

3.1 Block factorization based on Schur complement

Using domain decomposition, the symmetric indefinite matrix [H] can be factored as [P]T [H][P] = [L][D][L]T

with the following construction:

[L] =

[
LS 0

PTBHBSH−1SSPSLS LB

]
, [D] =

[
DS 0
0 DB

]
, [P] =

[
PS 0
0 PB

]
, (9)

in which the matrices with index S satisfy the block LDL factorization [PS ]T [HSS ][PS ] = [LS ][DS ][LS ]T

(this factorization can be parallelized over the substructures according to the block-diagonal structure of
[HSS ]) and where the matrices with indexB satisfy the LDL factorization [PB]T [SHBB][PB] = [LB][DB][LB]T

of the Schur complement. Such block LDL factorization as described in (9) will be used in several instances
of the proposed methodology. It should be noted that the inertia count I([H]) (number of negative eigenval-
ues of matrix [H]) associated with a shift σ can be obtained as

I([H]) = I([D]) = I([DB]) + I([DS ]) = I([DB]) +
N∑

J=1

I([DJ ]) . (10)

3.2 Large-scale Craig-Bampton generalized eigenvalue problem

For performing the eigenvalue analysis of Eq. (3) in an affordable manner, the CB GEP of Eq. (7) is consid-
ered instead. In order to obtain an accurate CB model, a high frequency truncation is considered that leads
to a large value for the number nS of substructural (or component) modes. The small interfaces between
components yield a small number NB of boundary DOFs. The CB matrices are written as

[K] =

[
ΛS 0
0 KBB

]
, [M ] =

[
IS MT

BS
MBS MBB

]
, (11)

in which [IS ] is the identity matrix of dimension nS and [ΛS ] is the diagonal matrix of the eigenvalues of
the substructures, and where the submatrices [KBB] and [MBB] are rather dense and the submatrix [MBS ]

is sparse with dense blocks (their expression can be deduced from the equality [K] = [V ]T [K][V ] or [M ] =

[V ]T [M][V ]). Due to the large value of nS related to the high modal density arising from the local vibrations
of the numerous components, the dimension ν of the CB matrices [K] and [M ] can be several million. In
this context, the GEP of Eq. (7) cannot be solved by the usual direct solvers by transformation methods such
as the Householder tridiagonalization. Instead, the only tractable possibility is to consider the solvers for
large-scale sparse GEP such as SIL or SIM. This is possible because the CB matrices exhibit quite a high
sparsity, that is amplified by the large ratio nS/NB (large number of substructural modes and small number
of boundary DOF). In addition, the block structure allows an LDL factorization just like that of Eq. (9)
and, given that [ΛS ] and [IS ] are diagonal, significant gain can be obtained by doing so. For following the
SIL approach of Section 2.4, the LDL factorization [P ]T [H][P ] = [L][D][L]T of [H] = [K] − σ[M ] is
considered:

[L] =

[
IS 0

−σP TBMBS(ΛS − σIS)−1 LB

]
, [D] =

[
ΛS − σIS 0

0 DB

]
, [P ] =

[
IS 0
0 PB

]
, (12)

in which [PB], [LB], and [DB] satisfy the LDL factorization [PB]T [SHBB][PB] = [LB][DB][LB]T of the
Schur complement [SHBB]. It should be noted that the inertia count I([H]) (number of negative eigenvalues
of matrix [H]) associated with a shift σ can be obtained as

I([H]) = I([D]) = I([DB]) + I([ΛS ]− σ[IS ]) = I([DB]) +
N∑

J=1

I([ΛJ ]− σ[IJ ]) . (13)
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3.3 Accuracy verification

The modal density can be estimated using several shifts σ and computing, for each of them, the inertia count
I([DB]) through the LDL factorization of the Schur complement [SHBB]. Since the number NB of boundary
DOF is small, this is quite efficient. Then, several slices are introduced and parallel SIL is undertaken. For
each GEP, the matrix factorization requires the LDL factorization of the Schur complement [SHBB]. Then,
the linear solves involve thin matrix products involving matrices with similar structure as [MBS ]. The CB
GEP can thus be solved very efficiently for a very large number of eigenpairs. Very large truncations are first
considered, to obtain a CB model that can be considered as error-free.

Concerning the error quantification, the usual error measures based on eigenvalue convergence or the modal
error did not turn out to be adequate for the multilevel structure considered. With the modal error, too large
values were obtained for some modes while considering very high truncations. Furthermore, because of the
very high modal density, the relative eigenvalue error could remain as high as the relative difference between
two distinct eigenvalues. In fact, the eigenvalues are susceptible to swap even though the CB model is already
very accurate. Since the purpose of the computational model is to calculate the FRF, the error measure is
defined through the FRF error. Let Uij(ω) denote the entry i, j of the exact FRF matrix and let Ũij(ω) denote
one approximation of it, for instance obtained with the CB model. The associated error measure εij for this
particular FRF is defined as

εij =

√
1

|B|

∫

B
(uij(ω)− ũij(ω))2dω , (14)

in which uij(ω) = 20 log10|Uij(ω)| and ũij(ω) = 20 log10|Ũij(ω)| are the moduli in decibel (dB) scale, and
where |B| denotes the length of the frequency band of analysis. Error εij is the RMS-dB error. The global
error measure ε is then given by

ε = µε + kε σε , µε =
1

N2
I

NI∑

i=1

NI∑

j=1

εij , kε > 0 , σ2ε =
1

N2
I − 1

NI∑

i=1

NI∑

j=1

(εij − µε)2 , (15)

in which kε is a parameter that indirectly controls the probability of obtaining an error greater than ε when
randomly considering one FRF with error εij .
The exact FRF Uij(ω) are not available and consequently, this error measure ε cannot directly be used to
quantify the accuracy of the CB model. Since the response can be written as modal superposition and since
numerous modes have negligible contribution, it is proposed for error quantification to consider the FRF
restrained to a subspace spanned by a small subset of dominant modes. The dominant modes are defined
as those for which the error induced by their sole removal is the greatest. Such FRF spanned by a subset
of modes is referred to as “partial FRF”. This way, it is possible to calculate the exact “partial FRF” by
exactly computing the subset of dominant modes with a solver as accurate as machine precision. To do so,
the SIL approach of Section 2.4 is used, along with domain decomposition for its linear solver, as described
in Section 2.2. The number nd of dominant modes should be such that nd � ne and adjusted such that the
eigenvalue computation of Eq. (3) be affordable. Then, the use of the error measure defined in Eqs. (14) and
(15) allows for controlling the accuracy of the nd dominant modes calculated through the CB GEP of Eq. (7).
It should be noted that these dominant modes are very much likely to cover the whole frequency band, if
there are enough of them. These dominant modes do not have any reason to have better accuracy than all
the other modes that have not been verified by such direct comparison. To make sure of it, one possibility is
to examine the other error measures (modal error and eigenvalue convergence) and verify that the dominant
modes do not behave differently than the others.

3.4 Loose truncation and multilevel Craig-Bampton

The FRF error described in Section 3.3 required that the modes recomputed with SIL correspond to the
same modes computed by the CB approach. Otherwise the error due to the mismatch between the FRF
would not be due to the inaccuracy of the CB model, and the accuracy verification would be biased and most
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likely exhibiting too large errors. The mode correspondence was thus necessary for the accuracy certification
described in Section 3.3 and required large truncations (large value for nS). Nevertheless, the CB model does
not necessarily need that large a value for nS . The CB model for which the accuracy has been verified in
Section 3.3 is used as a reference and then the FRF error (not that of the partial FRF but that of the true
FRF) is used to study the convergence of the CB model with respect to the truncation of the substructural (or
component) modes.

In fact, the accuracy verification of Section 3.3 can be seen as an offline step necessary for preparing an
efficient procedure to perform the dynamic analysis for the same computational model but altered with
few changes such as damage or randomness. Beside the loose truncation compared to that used in the
accuracy verification step of Section 3.3, several other approximations are examined to decrease the cost of
the computational model while keeping the same level of accuracy.

Since the multilevel structure presents three structural levels, it is also beneficial to consider a second CB
approximation (referred to as “inner CB”), nested in the first one (referred to as “outer CB”), that is to say
devoted to computing the component modes of the outer CB. The component modes of the outer CB are
the FA modes and the modes of the so-called frame substructure constituted of the canister and its basket.
The inner CB only considers the CB model of a FA (the 68 FA are nominally identical) as it is assumed that
the frame substructure is not subject to change. Just like the FA are connected to the upper scale through
localized attachments with the basket and the canister bottom plate, the fuel rods are connected to the FA
skeleton through localized attachments with the spacer grids. The same methodology is used for performing
this inner CB step.

4 Substructural mode selection

For one different instance of the computational model, that is to say e.g., either for one choice of the set of
mechanical parameters describing the computational model or for one damage scenario, the FA modes and
static constraint modes need to be recomputed (no change is applied to the canister and its basket). As a
consequence, the CB model is changed and the CB GEP of Eq. (7) needs to be solved again. The main cost
is that of the CB GEP and for decreasing it, the strategy proposed is to remove the FA modes that do not
contribute much to the CB model. From one instance of the computational model to the other, the importance
or dominance of the FA modes varies, in general. Therefore, it needs to be calculated “online”, that is to say
for each instance of the computational model. Following the same definition as in Section 3.3, the dominant
FA modes are defined as those for which the error induced by their sole removal is the greatest. Nevertheless,
in this case, such calculation must be less time consuming than the time that is gained by dealing with a CB
GEP with a reduced dimension resulting from the removal of FA modes.

For quantifying the error due to removing one given FA mode, the FRF error is again used as in Section 3.3.
The true FRF is that obtained with the CB model without FA mode removal and the approximate FRF is
that with single FA mode removal. Again, the true FRF is not available. The strategy thus proposed is
to calculate the true FRF using direct numerical simulation using the dynamic stiffness matrix [H(ω)] =

−ω2[M ] + iω[D] + [K] , for which the damping model is hysteretic such that [D] = 2ξ(ω)
ω [K] with ξ(ω) a

frequency-dependent damping ratio. This way, the dynamic stiffness matrix exhibits the same sparsity as the
shifted matrix [H] of the CB GEP of Eq. (7). The approximate FRF then considers the same damping model
and is obtained in considering the removal of one FA mode (thus decreasing the dimension of the CB model
by one unit). Let [MβA] be the matrix similar to [MBS ] but associated with the FA substructure and for which
the rows are restricted to its Nβ boundary DOF. The matrix [sH,Aββ (ω)] = [MβA][HAA(ω)]−1[MβA]T with
[HAA(ω)] = −ω2[IA] + (1 + 2iξ(ω)) [ΛA] (dynamic stiffness matrix of the FA) includes the contribution
of the FA modes to the Schur complement [SHBB(ω)] of the dynamic stiffness matrix [H(ω)] of the complete
system. Let vβ denote the column vector of matrix [MβA] corresponding to the FA mode to be removed.
Then it can be shown that the contribution [s̃H,Aββ (ω)] of the remaining FA modes to the Schur complement
[SHBB(ω)] is given by

[s̃H,Aββ (ω)] = [sH,Aββ (ω)]− 1

h(ω)
vβvTβ , (16)
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in which h(ω) = −ω2+(1 + 2iξ(ω))λA with λA the eigenvalue of the removed FA mode. It can be deduced
that the modified Schur complement [S̃HBB(ω)] resulting from the single FA mode removal can be written as

[S̃HBB(ω)] = [SHBB(ω)] +
w4

h(ω)
vBvTB , (17)

in which vector vB is the extension of vector vβ with zeros in the entries corresponding to boundary DOF
of other substructures. It can be seen that the single mode removal comes down to a rank-1 modification
of the Schur complement. The Sherman-Morrison-Woodbury formula is then used to efficiently deduce the
inverse of the modified Schur complement based on the inverse of the original Schur complement. This is
quite useful, considered that there are as many modified Schur complements to consider as the number of FA
modes (they are each removed one at a time). It can be shown that then inverse [S̃HBB(ω)]

−1
of the modified

Schur complement can be written as

[S̃HBB(ω)]
−1

= [SHBB(ω)]
−1 − 1

a(ω)
pB(ω)pTB(ω) , (18)

in which the frequency-dependent quantities a(ω) = h(ω)
ω4 + vTBpB(ω) and pB(ω) = [SHBB(ω)]

−1vB then
allow the modified FRF to be obtained.

For each mode of each FA and for a given sampling of frequencies, the approximate FRF are computed
and used along the true FRF to calculate the error measure defined in Eqs. (14) and (15). The importance
of a given FA mode is defined by the value of the error measure obtained through the sole removal of
this substructural mode. Thus, the FA modes can be sorted according to their importance. Then, a given
percentage of the most dominant FA mode is kept and the CB GEP is solved. A convergence analysis is
carried out to determine an adequate percentage of substructural mode filtering, with respect to both accuracy
and efficiency.

5 Numerical results

The frame substructure (canister and its basket) has NF = 2,209,084 DOF, one FA has NA = 1,935,837
DOF, and there is a total of NB = 1140 boundary DOF. Therefore, the FE model is of dimension N =
NB + NF + 68 × NA = 133,847,140 DOF. Preliminary calculations pertaining to the offline stage are
carried out. Among them, the first nF = 211,057 modes of the frame substructure are calculated, as well
as the first nA = 46,383 FA modes. These numbers correspond to a frequency truncation of 20 kHz, given
that the modal analysis is to be performed up to 1.2 kHz. Such a high truncation is considered for obtaining
a reference computational model. The static constraint modes for both these structures are quite cheap to
compute, as there are only NB = 1140 of them for the frame substructure and Nβ = 27 for the FA. Then,
the CB GEP of Eq. (7) is solved for all the eigenpairs below 1.2 kHz: there are ne = 458,910 of them. The
dimension of the CB GEP is ν = NB +nF + 68×nA = 3,366,241. Even though it exhibits higher numbers
than for the frame substructure, the calculation is faster, thanks to the efficient block factorization.

The ne = 458,910 CB system modes are removed one at a time and the error measure defined in Eqs. (14)
and (15) is calculated for each of them. This allows for the modes to be ranked according to their dominance.
For accuracy certification as described in Section 3.3, the nd = 200 most dominant modes are considered.
For each of them, the approximate eigenvalue given by the CB model with 20 kHz truncation is available.
For each of these eigenvalues, the corresponding eigenpair is recomputed up to machine precision using
the SIL approach with domain decomposition as described in Sections 2.2 and 2.4, by using a frequency
shift equal to the approximate eigenvalue. Such a precise shift is necessary because of the very high modal
density. The matrix factorization necessary for the Lanczos iterative process also gives the inertia count as a
byproduct, which allows the rank correspondence to be verified. Then the “partial FRF” restrained to these
nd = 200 dominant modes are computed with both the exact modes and the CB modes, which then allows
to calculate the FRF error defined in Eqs. (14) and (15). Using kε = 4 (the choice for this value is fixed for
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the rest of this paper), the decibel error is of 0.46 dB, which is very low. Therefore, the CB model with 20
kHz truncation can be considered as a reference.

Then, a convergence analysis with respect to the truncation frequency is carried out, which shows that a 4 kHz
truncation is sufficient to reach a decibel error of 0.38 dB with respect to the reference computational model
(CB model with 20 kHz truncation frequency). There are only nF = 16,623 frame modes and nA = 14,064
FA modes up to 4 kHz and consequently, the dimension of the CB model is decreased to ν = 974,115.
Then, the FA modes are approximated by introducing an inner CB model for the FA. Using a 6 kHz inner
truncation allows for obtaining a decibel error of 0.41 dB, that is to say no noticeable error is introduced.
Due to this CB approximation, the number of FA modes slightly decreases to nA = 14,047. Applying the
methodology presented in Section 4, these modes are sorted according to their importance. For that, a coarse
frequency sampling of 1000 frequency points instead of 3000 frequency points as used everywhere else in
this paper is considered. Moreover, the number of FRF considered is decreased, such that the size of several
of the frequency-dependent matrices involved in the substructural mode selection are reduced. Despite these
approximations, the methodology delivers satisfying results, as a removal of 75% of the least important FA
modes leads to a decibel error of 0.45 dB, which is still very low. Thanks to this filtering, the size of the
CB model is decreased to ν = 256,579 with nA = 3512. As a remark, the sole removal of the one most
dominant FA mode gives an error of 7.43 dB, which is quite significant.

Regarding the computational cost, for the FA mode selection, the elapsed time for the true FRF is∼ 2 minutes
on one compute node devoted to one FA, and the elapsted time for computing the 68 × 14,047 = 955,196
FRF with FA mode removal is ∼ 12 minutes (therefore, it is five orders of magnitude faster). The mode
filtering allows the CB GEP to be solved in ∼ 21 minutes with dimension ν = 256,579 instead of being
solved in ∼ 118 minutes with dimension ν = 974,115. It should also be noted that the computational cost
per mode is four orders of magnitude less for the reference CB GEP with 20 kHz truncation than for the
SIL approach with domain decomposition as described in Sections 2.2 and 2.4. The proposed methodology
allows the vibration analysis to be performed in about ∼ 40 minutes whereas it is nearly intractable with a
standard approach.

6 Conclusions

For the vibration analysis of a multilevel structure characterized by pseudo-periodicity arising from the repe-
tition of numerous identical components, an efficient methodology combining Craig-Bampton substructuring
and Shift-Invert Lanczos solver with spectrum slicing allowed to tackle the high computational cost induced
by the large number of DOF and the very large modal density characterized by nearly half a million modes.
The proposed methodology took advantage of the small number of interface DOF between components,
which allowed efficient matrix factorizations. In addition, capturing the relevant physics by removing 75%
of the least significant substructural modes allowed the computational cost to be further reduced. The pro-
posed methodology enables the practical simulation of the complex multilevel structure for studying various
instances of damage or variation of the mechanical properties.
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Abstract 
NVH (Noise, Vibration and Harshness) performance is determined by the combination of all parts of a car. 

Therefore, in the case of product development by multiple companies, it is impossible to fully consider the 

performance until the final stage of development in which the shape of all parts is determined. On the other 

hand, if vibration and noise become a major problem in the final stage, well-known rework occurs. A 

solution to this problem is to share finite element models among companies and to perform vibration analysis 

on the whole structure. However, this method is difficult to be introduced because technical know-how of 

each company will be leaked through the sharing of finite element models. Even if finite element models 

are allowed to be shared, it is necessary to make adjustments each time when each part is changed. Therefore, 

in this paper, we propose a method to design the NVH performance of a product from the initial design stage 

without sharing finite element models under development, and without a large-scale rework. 

1 Introduction 

In automobiles, NVH performance, which is related to product quality and brand image, is determined by 

the coupling relationship of all components that make up the product. Under the division of labor, where 

OEM (IATF 16946, 2016) plays a central role in assembling the components provided by multiple suppliers, 

it can be said that the performance is guaranteed by the coordination across companies. In recent years, with 

the development of electrification and computerization globally, the central functions such as power trains 

have been changing and becoming complicated. Furthermore, the movement to reduce coordination among 

companies can be seen through the introduction of MBD (Model Based Design) process [1] [2] and the 

modularization of products [3] [4]. However, NVH performance of a whole structure cannot be evaluated 

accurately until the end of product development when the detailed configuration of each component is fixed. 

It is due to the specifications and shapes of products that determine NVH performance will continue to be 

changed by each company throughout the development phase for considering the balance with other 

performances. As a result, if vibration due to the combination of each component becomes a problem in the 

final stage of development, a large-scale rework of the design has to be done, which leads to the prolonged 

development period and the increase of the product cost.  

The variable that governs NVH performance which is the target of the design in this paper is the resonance 

frequency of a whole structure that can cause particularly noticeable problems. Large amplitude vibration 

occurs when the resonance frequency exists in the frequency band where the excitation force is large. To 

improve NVH performance, it is important to detune these frequencies at an initial design stage. As one of 

the methods to examine resonance frequencies before the prototyping a product, a method of sharing a 
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detailed finite element model can be considered. However, this solution is often difficult to be introduced 

because it leads to mutual disclosure of the modeling know-how of each company. In addition, even if the 

information of the analysis model is allowed to be shared, it is necessary to make adjustments each time 

when each component is changed. Therefore, the advantage of the division of labor cannot be fully utilized. 

As mentioned in the above paragraph, it is considered that the following two conditions must be met when 

designing the resonance frequency between the OEM and the supplier concurrently. The first condition is 

that if the design requirements related to the resonance frequency of a whole structure given by OEM are 

preserved by supplier until the detailed design stage, the resonance frequency of a whole structure would 

become the desired value. In this way, if the adjustment and reworking in the downstream of the design can 

be reduced by performing the adjustment at the initial design stage, the design load can be greatly reduced. 

It is essential to realize concurrent design between companies that the design requirements do not change 

from the initial design to the detailed design stage. As for the second condition, it is important not to disclose 

all the information on the finite element model to other companies when defining such design requirements. 

In this paper, we propose a design method that realizes a desired resonance frequency without large-scale 

reworking while maintaining the design requirements set from the upstream until the downstream of the 

design. This method does not need to disclose all the information of its own finite element model for 

vibration analysis to other companies, but only needs mutually sharing of information about the self-

compliance matrix of the coupling region of two subsystems of a previous product. Such a self-compliance 

matrix can be calculated if the modal mass, the modal stiffness and the modal vectors of the coupling region 

of a subsystem alone are known. Therefore, even if the shape, size, material, etc. of each subsystem are only 

vaguely determined upstream in the design, the design requirements for realizing the desired resonance 

frequency can be obtained from the database of vibration characteristics of a previous product. The design 

requirements determined in this way do not need to be changed consistently from the initial design stage to 

the detailed design stage, and are expected to help prevent design rework. 

2 Assumed concurrent design 

There are various situations in which concurrent design of a resonance frequency is performed. Therefore, 

in this paper, the proposed design method is summarized for the case where a whole structure is divided into 

two subsystems and each subsystem is concurrently designed by an OEM and a supplier. And we note that 

the proposed ideas and design theories can be used in other cases of concurrent design as well. As the 

assumptions necessary for the definition of the design method proposed in this paper, we list the major 

assumptions including those mentioned above. 

(a) As shown in Fig. 1 (a), the mechanical structure that guides the design method is divided into two 

subsystems A and B, and is designed concurrently. 

 A supplier is in charge of the design of subsystem A, and an OEM is in charge of the design of 

subsystem B. 

 The excitation source is located at subsystem A. 

(b) The OEM and the supplier have previously designed similar products consisting of subsystems A and 

B. In the following, the finite element model of a previous product will be referred to as the conventional 

model, and the finite element model from which the conventional model has been structurally modified 

will be referred to as the new model. 

(c) In the conventional model, the frequency of a harmonic external force applied to the subsystem A was 

close to one of the resonance frequencies of the whole structure, causing a failure due to resonance. 

Therefore, the OEM which is responsible for the design of the whole structure wants to detune the 

resonance frequency of the new model from the frequency of the harmonic external force. This is 

because it is difficult to change the frequency of the harmonic external force because of the functions 

which are required for the subsystem B. 

 In order to avoid the resonance due to this harmonic external force, one of the resonance frequencies 

of the new model is set as design target. 

(d) Both the OEM and the supplier still own the finite element model created for the vibration analysis of 

the conventional model. 
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 Here, it is assumed that the finite element models remain secret and do not exchange. 

(e) Design requirements for the resonance frequency are set by the OEM in upstream of the design of the 

new model. 

 However, it is assumed that through the consultation with the supplier, the design requirements will 

be set based on the feasibility study of the new model. 

The following shows the development method of a new model under an assumption that the design 

requirement is decided in upstream of the design to eliminate the deviation between the desired resonance 

frequency and the actual resonance frequency. 

 

 

Figure 1: A whole structure of interest and the decomposed subsystems. It is assumed that excitation forces 

are applied to the subsystem A, and responses are evaluated on the subsystem B. 

3 Basic theory used to control resonance frequency 

The proposed concurrent design method is based on the study of Kido et al. [5], and it is a design method to 

decide the shape, size, and material of each subsystem so that the resonance frequency becomes the desired 

value. Therefore, in this section, the basic theory required in the following sections is extracted from the 

research results of Kido et al. and then is summarized. 

The method of understanding the resonance frequency based on the calculation formula of the FRF based 

sub-structuring (FBS) [6] is summarized according to the study by Kido et al.. The response acceleration 

vector �̈�o at the evaluation degrees of freedom o in the frequency domain can be calculated by the following 

equation according to the FBS based on the free body diagram shown in Fig. 1 (b): 

 �̈�o = 𝑳oc
B [𝑮cc

A + 𝑮cc
B ]

−1
𝑮ci

A𝑭, (1) 

where 𝑳oc
B  is the accelerance-FRF matrix between the coupling degrees of freedom and the evaluation 

degrees of freedom in the free body of the subsystem B. 𝑮cc
A  and 𝑮cc

B  are the self-compliance-FRF matrices 

at the coupling degrees of freedom in the free body of subsystems A and B respectively. 𝑮ci
A  is the 

compliance-FRF matrix between the excitation and coupling degrees of freedom in the free body of 

subsystem A. The matrix computed as the inverse matrix in Eq. (1) was named the kernel compliance matrix 

by Kido et al. and is expressed as, 

 𝑮𝑘𝑒𝑟(𝜔) ≝ 𝑮cc
A (𝜔) + 𝑮cc

B (𝜔). (2) 

Kido et al. showed that the resonance of a whole structure is formed at the frequency where this matrix has 

zero eigenvalue. This can be understood by computing the inverse matrix after the eigenvalue decomposition 

of the kernel compliance matrix. Here, it is assumed that the number of degrees of freedom of the coupling 

region c of the two subsystems is 𝑁c. As shown in the following equation, one of the diagonal terms of the 

inverse of the kernel compliance matrix diverges at frequencies with at least one zero eigenvalue. Therefore, 

at these frequencies, the acceleration response �̈�o calculated by Eq. (1) becomes infinite. From the FBS, it 

can be seen that the phenomenon that the diagonal term of the inverse matrix of the kernel compliance 

matrix becomes infinite is called resonance. 

(a) Whole structure                                                      (b) Free body diagram                                     

𝑭 �̈�o

oc 

Subsystem A

Subsystem B

c

𝑭 �̈�o

oc 

Subsystem A
(Supplier side)

Subsystem B
(OEM side)
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 𝑮𝑘𝑒𝑟 = 𝜳[

𝜆1 𝐎

⋱
𝐎 𝜆𝑁c

]𝜳𝑇    ∴ 𝑮𝑘𝑒𝑟
−1 = 𝜳

[
 
 
 

1

𝜆1
𝐎

⋱

𝐎
1

𝜆𝑁c]
 
 
 

𝜳𝑇   (3) 

4 Design requirements for maintaining the resonance frequency of 
a whole structure until the end of concurrent design 

in this section, design requirements are introduced so that the resonance frequency does not change during 

concurrent design. According to the method described in the previous section, to place the resonance at the 

desired angular frequency 𝜔T, kernel vector, 𝝍𝑛 ∈ ℝ𝑁c is needed to exist to meet following equation: 

 [𝑮cc
A + 𝑮cc

B ]𝝍𝑛 = 𝟎, (4) 

where 𝟎 represents the zero vector. Here, 𝑮cc
A  and 𝑮cc

B  before the structural modification at the angular 

frequency 𝜔 can be expressed as the following equation using the modal method: 

 𝑮cc
A (𝜔) = ∑

𝝓𝑟
Ac(𝝓𝑟

Ac)
𝑇

�̅�𝑟
A−𝜔2�̅�𝑟

A𝑟 , (5) 

 𝑮cc
B (𝜔) = ∑

𝝓𝑟
Bc(𝝓𝑟

Bc)
𝑇

�̅�𝑟
B−𝜔2�̅�𝑟

B𝑟 , (6) 

where �̅�𝑟 and �̅�𝑟 represent the modal stiffness and the modal mass of the r-th mode respectively, and the 

superscripts indicate that they are either quantities for subsystem A or subsystem B. Further, 𝝓𝑟
Ac ∈ ℝ𝑁c 

and 𝝓𝑟
Bc ∈ ℝ𝑁c  respectively represent the modal vector extracted only the components of degrees of 

freedom related to the coupling region c from the modal vector of the r-th mode of the subsystems A and B. 

Substituting these Eq. (5) and Eq. (6) into Eq. (4), we obtain the relation of the following equation, 

 ∑
(𝝓𝑟

Ac)
𝑇
𝝍𝑛

�̅�𝑟
A−𝜔2�̅�𝑟

A 𝝓𝑟
Ac

𝑟 + ∑
(𝝓𝑟

Bc)
𝑇
𝝍𝑛

�̅�𝑟
B−𝜔2�̅�𝑟

B 𝝓𝑟
Bc

𝑟 = 𝟎. (7) 

To find the meaning of this equation, multiplying the transposed vector of the kernel vector 𝝍𝑛 from the 

left of this equation gives the relation that the sums of scalar quantities related to subsystems A and B are 

equal to each other, 

 𝝍𝑛
𝑇[𝑮cc

A + 𝑮cc
B ]𝝍𝑛 = 𝟎     ∴  ∑

{(𝝓𝑟
Ac)

𝑇
𝝍𝑛}

2

�̅�𝑟
A−𝜔2�̅�𝑟

A𝑟 + ∑
{(𝝓𝑟

Bc)
𝑇
𝝍𝑛}

2

�̅�𝑟
B−𝜔2�̅�𝑟

B𝑟 = 0. (8) 

From the viewpoint of eigenvalue analysis, it can be seen that the scalar quantity 0 appearing on the right 

side of this equation is the zero eigenvalue shown by Kido et al. It is also found that the kernel vector 𝝍𝑛 in 

Eq. (7) is the eigenvector corresponding to the zero eigenvalue in Eq. (8).  

This section summarizes the points of interest in this paper for realizing the concurrent design method. In 

this paper, focusing on the point that concurrent design will be realized if the OEM and the supplier design 

each subsystem separately while maintaining the sum of the first term and the second term in Eq. (7). 

According to this method, the desired resonance frequency can be achieved by determining the shape, 

dimensions and materials of both subsystems so that the left-hand term in Eq. (7) has the same magnitude 

and opposite sign at the frequency of interest. At this time, the modal mass �̅� and modal stiffness �̅� of each 

subsystem can be used as design parameters. 

In this paper, the design requirements that designers of each subsystem must keep in order to maintain the 

resonance frequency from upstream to downstream of the design are the first and second terms on the left 

side of Eq. (7) respectively. In the proposed design method, the resonance angular frequency 𝜔T and the 

kernel vector 𝝍𝑛 to be achieved are set in early design stage. In this way, by using the kernel vector 𝝍𝑛 as 

a key for encryption and using the vectors 𝒑A and 𝒑B of the following equations like code as the design 

requirements for the design of the subsystems A and B, they can prevents confidential information from 

leaking from design requirements: 
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 𝒑A ≝ 𝑮cc
A (𝜔T)𝝍𝑛 = ∑

(𝝓𝑟
Ac)

𝑇
𝝍𝑛

�̅�𝑟
A−𝜔T

2�̅�𝑟
A 𝝓𝑟

Ac
𝒓 , (9) 

 𝒑B ≝ 𝑮cc
B (𝜔T)𝝍𝑛 = ∑

(𝝓𝑟
Bc)

𝑇
𝝍𝑛

�̅�𝑟
B−𝜔T

2�̅�𝑟
B 𝝓𝑟

Bc
𝒓 . (10) 

If the following equation, which is obtained by rewriting Eq. (7) using Eq. (9) and Eq. (10), is satisfied, the 

resonance of a whole structure is assigned to the desired angular frequency 𝜔T: 

 𝒑A = −𝒑B. (11) 

In other word, it is a design requirement that this equation must be satisfied at the desired angular frequency 

𝜔T . At this time, it is considered virtually impossible to reproduce the finite element model of each 

subsystem from these vectors 𝒑A and 𝒑B. Fig. 2 shows the procedure of the design method using the above 

theory. 

 

 

Figure 2: Flow chart of primary design flow of the proposed method. The proposed method is divided into 

two phase: reconciliation phase and concurrent design phase.  

5 Numerical verification 

The effectiveness of the proposed design method is confirmed through a numerical case study in which a 

whole structure is divided into two subsystems and the resonance frequency is set to a desired value with an 

example of the two design groups performing concurrent design.  

5.1 Design object 

The design object is assumed to be a homogeneous steel frame structure shown in Fig. 3. The subsystem A 

consists of two uniform columns with a height of 50 mm, a width of 20 mm, and a thickness of 5 mm, 

connected to a uniform top plate with a length of 250 mm, a width of 20 mm, and a thickness of 2 mm. 
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Subsystem B is a uniform beam lying in the x-direction with a length of 1000 mm, a width of 20 mm, and a 

thickness of 10 mm. Both subsystems are rigidly connected at positions 225 mm and 475 mm from the left 

end of subsystem B. In this model, the NVH performance is evaluated from the displacement response of 

the left end of subsystem B in the y-directional degree of freedom q when unit harmonic excitation force is 

applied to the y-directional degree of freedom p at a position 125 mm from the left end of the top of 

subsystem A. In the following design, a finite element model in which all structures were mesh-divided into 

beam elements with a length of 25 mm was used, and the mass and stiffness matrices, modal characteristics 

and frequency response function obtained from this model were used. Fig. 4 shows the compliance-FRF 

calculated from the conventional model shown in Fig. 3, the resonance frequencies and the mode shapes in 

the frequency range from 0 to 200 Hz. The modes other than the second mode are bending modes on the x-

y plane, and the second mode oscillates in the z-direction. The fourth mode is a local mode in which the top 

plate of subsystem A mainly vibrates, but the other modes are global modes. 

 

 

Figure 3: Design object: a whole structure of conventional model. Subsystem A is composed of a top plate 

and two columns. On the other hand, subsystem B is a straight beam structure. 

 

Figure 4: Compliance of the initial model of the design object. The goal of the design is to move the 

resonance frequency of the fourth mode. 

5.2 Determination of design requirements on the OEM side 

Figure 5 shows the eigenvalue of 𝑮𝑘𝑒𝑟  at each frequency in the conventional model. The 𝑮cc
A  and 𝑮cc

B  

required for this calculation are shared through the process described in Fig. 2. Figure 5 can be created by 

calculating the eigenvalues of 𝑮𝑘𝑒𝑟 in steps of 0.1 Hz from 0 Hz to 200 Hz, and drawing all eigenvalues 

with blue circle markers. The horizontal axis in Fig. 5 shows the frequency, and the vertical axis shows the 

eigenvalue. It can be confirmed from Fig. 5 that there is a zero eigenvalue in the vicinity of 174.7 Hz. This 

is the zero eigenvalue that causes resonance at 174.7 Hz. In the design shown later, the resonance frequency 

of the 4th mode of the whole structure at 174.7 Hz will be moved to 180.0 Hz (𝜔𝑇 = 2π × 180.0). Therefore, 

the structure of subsystem B will be modified in order to make this eigenvalue zero at 180.0 Hz. 

Accordingly, we set the eigenvector corresponding to the eigenvalue of 180.0 Hz of the conventional model 

as the kernel vector 𝝍𝑛 . By multiplying this 𝝍𝑛  by 𝑮cc
B  from the left, a design requirement 𝒑B  for the 

concurrent design can be calculated. 

(a) Magnitude of compliance-FRF                                  (b) Modal properties 

1st      56.9 Hz

2nd 105.2 Hz

 z-direction mode

3rd 156.8 Hz

4th 174.7 Hz

5th 267.2 Hz
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Figure 5: Eigenvalues calculated from kernel compliance matrix 𝑮𝑘𝑒𝑟 of the structure shown in Fig. 3 before 

structural modification. The red vertical dashed line shows there is a zero eigenvalue at 174.7 Hz. 

5.3 Structural modification of subsystem A 

When the thickness of the elements of the subsystem A shown in Fig. 6 was changed to 2.3 mm, the results 

shown in Figs. 7 and 8 were obtained. Figure 7 shows the MAC (Modal Assurance Criterion) [7] values 

between  𝒑A calculated from 𝑮cc
A  of subsystem A after the structural modification and 𝒑B calculated in the 

previous subsection. The horizontal axis shows the frequency, and the vertical axis shows the MAC value. 

The MAC value is generally used as an index to judge the orthogonality of the modal vector with the range 

between the values of 0 and 1, indicating orthogonal at the value of 0 or parallel at the value of 1. From Fig. 

7, it can be confirmed that 𝒑A and 𝒑B are most parallel to each other around 185 Hz. Figure 8 shows the 

difference between the vector norm of  𝒑A  calculated from 𝑮cc
A  of subsystem A after the structural 

modification and 𝒑B calculated in the previous subsection. The horizontal axis shows the frequency and the 

vertical axis shows the difference between the norms. It can be confirmed from Fig. 8 that the difference 

between the norms of 𝒑A and 𝒑B is minimum around 184 Hz. From these results, it is assumed that Eq. (11) 

was satisfied in the vicinity of 180 Hz, not around 174.7 Hz, and the compliance-FRF of the whole structure 

shown in Fig. 9 was obtained. From Fig. 9, it can be confirmed that the resonance frequency has moved 

from 174.7 Hz to 180.0 Hz by the structural modification. From Figs. 7 and 8, one might expect the 

resonance moves to a range between 184 Hz and 185 Hz, but in reality, it moves to 180Hz. This is because 

the Eq. (11) is not completely satisfied by the shallow level of the structural modification implemented in 

this paper. Therefore, in order to reduce such an error, it is necessary to more completely satisfy the Eq. 

(11). Figure 10 shows the eigenvalues of 𝑮𝑘𝑒𝑟 after the structural modification. The horizontal axis shows 

the frequency, and the vertical axis shows the eigenvalue. From Fig. 10, it can be seen that the target 

eigenvalue is 0 in the vicinity of 180 Hz. Hence, even if Eq. (11) is not completely satisfied as in this 

numerical example, if the OEM and the supplier share 𝑮cc
A  and 𝑮cc

B  between each other, the supplier can 

confirm the movement of the resonance frequency by calculating the eigenvalue of 𝑮𝑘𝑒𝑟 after the structural 

modification. 

 

 

Figure 6: Modified elements. 
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Figure 7: MAC (Modal Assurance Criterion) values between 𝒑A calculated from 𝑮cc
A  of subsystem A after 

the structural modification and the given 𝒑B. 

 

Figure 8: Difference between the norm of  𝒑A  calculated from 𝑮cc
A  of subsystem A after the structural 

modification and the given 𝒑B. 

 

Figure 9: Compliance-FRF of the whole structure after the structural modification. The result shows the 

resonance frequency of the fourth mode is almost moved to 180.0 Hz. 
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Figure 10: Eigenvalues calculated from kernel compliance matrix 𝑮𝑘𝑒𝑟 after the structural modification. 

One eigenvalue is zero-crossing at 180 Hz. 

6 Conclusion 

A method for concurrent design of the resonance characteristics of a whole structure was proposed. The 

findings are summarized below. 

(1) If an OEM and a supplier share the self-compliance matrices 𝑮cc
A  and 𝑮cc

B  at coupling region between 

two subsystems A and B upstream in design stage, design requirements  𝒑A and 𝒑B which realize a 

desired resonance frequency are available. As long as the design requirements is met by the concurrent 

design between an OEM and a supplier, the resonance frequency of the final product will be as desired. 

(2) Even if design requirements  𝒑A and 𝒑B is not completely satisfied in the concurrent design, if the OEM 

and the supplier share the self-compliance matrices 𝑮cc
A  and 𝑮cc

B  at any time, they can confirm the 

movement of the resonance frequency by calculating the eigenvalue of 𝑮𝑘𝑒𝑟  after the structural 

modification. 
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Abstract
The performance of the centrifugal pendulum vibration absorber (CPVA) is investigated in the low rotational-
speed regime in the context of a heavy-duty combustion engine. With the given dimensions and properties
of heavy-vehicle engines, special considerations must be taken into account in the analysis of the CPVAs
in the low speed regime. In this study, bifilar-suspended pendula absorbers attached to the engine flywheel,
tuned to absorb the main engine firing order, is modeled analytically. Friction damping is included in the
pendulum model and the effects of the performance by varying the pendulum path curve is studied in the low
rotational-speed regime. The low rotational-speed is due to engine down-speeding, resulting in excessive
torsional vibration in the driveline. In order to maintain or improve NVH and fulfill legal requirements, the
excess torsional vibration must be addressed to gain the emission benefits of down-speeding. Simulation and
analysis of the CPVA behaviour is therefore paramount for heavy-vehicle manufacturers to understand and
thus make well balanced decisions to fulfill environmental goals.

1 Introduction

The heavy-duty vehicle industry is facing challenges to reduce CO2 emissions. Trucks, busses and coaches
are responsible for a about quarter of the total CO2 emissions from road traffic in the EU [1]. Even though
electrification is on the rise, the combustion engine is foreseen to still be used for long-haulage applications
for some time to come. Although, in combination with an electric motor or/and propelled by alternative
bio-fuels. Nevertheless, these demands push the development of the combustion engine to be more efficient.
Engine down-speeding, down-sizing and increased cylinder pressure are measures to increase the efficiency
of combustion engines in heavy-duty commercial vehicle applications. Unfortunately, this gives rise to
increased torsional vibration when using conventional technology to isolate engine pulsations from the rest
of the driveline. A schematic sketch in Figure 1 shows the relation between current engines and future
engines and how the driveline torsional vibration is affected. Increased torsional vibration leads to increased
noise emissions, which is also subject to more stringent regulations [2]. Therefore, new torsional vibration
reduction technologies are being investigated in the heavy-duty vehicle industry [3]. Besides the dual-mass
flywheel and power-split absorber, the centrifugal pendulum vibration absorber (CPVA) is a device used to
reduce torsional vibration in reciprocating engines.

The CPVA consists of one or more pendula attached near the periphery of the carrying rotating part that
needs torsional abatement, for instance on the engine flywheel as in Figure 2. When the pendulum absorber
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Figure 1: Future engine torque levels and effects of down-speeding on driveline torsional vibration.

is properly tuned, the pendulum motion counteracts the torsional oscillations of the flywheel, which is ex-
cited by the reciprocating engine. The eigen-frequency of the pendulum absorber, which is related to the
absorbing frequency, is proportional to the rotational-speed of the flywheel. This feature allows tuning to a
fix reciprocating order and absorption of a torsional-vibration-order is possible over the complete rotational-
speed range. For a four-stroke, six-cylinder engine, the dominant torsional-vibration-order is n = 3, where
the term order can be described as ”number of disturbances per revolution” of the flywheel. Therefore, the
CPVA is an order-tuned device rather than a frequency-tuned device like the tuned mass absorber.

The CPVA has been known since the beginning of the 20th Century [4] and has lately gained interest in the
automotive industry and academia [5, 6, 7, 8]. However, the performed studies have mainly been focused
on dimensions appropriate for passenger cars. In this study, a flywheel with pendula absorbers, of typical
dimensions of a heavy-duty engine, is investigated. The torque oscillation excitation stems from measured
cylinder gas-pressure traces and cylinder-oscillation forces. The low rotational-speed performance of the
CPVA is investigated and the parameters related to the path type and tuning of the pendulum are varied in a
parameter study. The goal of the investigation is to analyse the behaviour of the CPVA in the low-rotational
speed regime with a down-speeded engine.

2 CPVA model

The presented CPVA model consists of N pendula absorbers mounted on the engine flywheel A as depicted
in Figure 2. The flywheel, with a moments of inertia of I0, rotates about point O in the direction n̂z in
the inertial reference frame N where the rotation is described by the generalized coordinate q0. The j:th
bifilar-suspended pendulum body, with a mass mj and moments of inertia of Ij , do not rotate relative to the
flywheel and the center of mass P∗j of the pendulum absorber follows the path Cj . The reference frame Cj
with mutually perpendicular unit vectors, {ĉxj , ĉyj}, are rotated relative to the flywheel-fix reference frame
{âx, ây} with an angle denoted qj , so the unit-direction vector ĉx points in the tangent direction of the curve.
The position vector of the j:th pendulum may then be written

rOP
∗
j (qj) =

∂G

∂qj
ĉxj −G (qj) ĉyj , (1)

where the path function is given by

G (qj) = c

(
cos (qj) +

cos (qj)− cos (λqj)

(λ2 − 1)
(
n2t + 1

)
)
, (2)
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Figure 2: The CPVA system.

where nt =
√

(c− ρ0)/ρ0 is the tuning-order of the pendulum absorber and ρ0 is the local radius of curva-
ture of the path at qj = 0 and c is the distance from O to the vertex position on the flywheel Vj . The path
function describes a Circle for λ = 0, an Epicycloid for λ ∈ (0, 1), a Cycloid for λ = 1 and a Hypocycloid
for λ > 1. Each curve type, besides the circle, has a singular cusp at qj = ±π/(2λ) [9, 5, 10].

2.1 Equations of motion

The equations of motion described below are derived by Gomez [10] using Kane’s method, facilitated by
SYMPY [11]. Kane’s method yields directly a system of first order differential equations [12]. Setting the
rocking-motion to zero (R = 0) in the retrieved equations, one obtains the equations of motion for the CPVA
system described above. With the chosen generalized speeds,

u0 = q̇0, uj = ρ (qj) q̇j , (3)

where the radius of curvature of the j:th pendulum path is

ρ (qj) = G (qj) +
∂2G

∂q2j
, (4)

the equations of motion of the flywheel becomes

I0u̇0 +

N∑

j=1

((
Ij +mj‖rOP

∗
j (qj) ‖2

)
u̇0 +mjG (qj) u̇j

)
=

−
N∑

j=1

mj

(
u2j

ρ (qj)
+ 2u0uj

)
∂G

∂qj
− u0c0 + Tfw, (5)
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where c0 is the viscous loss factor and Tfw is the external torque on the flywheel described in the following
section. The equation of motion of the j:th pendulum becomes

mjG (qj) u̇0 +mj u̇j −mju
2
0

∂G

∂qj
= −Fj , j = 1, 2, ..., N (6)

where Fj is a normal-force friction-loss which depends on the rotational-speed of the flywheel and the path
characteristics expressed as

Fj = µFNj tanh (σuj) , (7)

where µ is the friction coefficient and FNj is the normal force acting in the direction of ĉyj [10]. The
tangent-hyperbolic function is used instead of a sign function (commonly used in Coulomb friction) where
σ determines the sharpness over the zero-velocity transition [13].

3 Load cases

Two external torques applied to the flywheel are used in this study. The first torque represents the cylinder
torques on the crank-shaft of a typical four stroke, six-cylinder, heavy-truck engine where the k:th cylinder
torque is a function of the generalized coordinate q0, expressed as

Pk(q0) = Re

(
24∑

a=1

Aae
ia
2
q0−ia2βk

)
, (8)

where Aa is the Fourier coefficient and βk is the firing angles of the k:th cylinder given in Table 1 and Table
2, respectively [14]. The torque contains the engine orders n = a/2 ∈ [0.5, 12], in half-order steps. Here, the
mean torque is removed and only the oscillating part of the forces are used. By summation of the individual
cylinders, the total oscillating torque is obtained. Figure 3 shows the total torque as function of q0 for a
full four-stroke cycle. This cylinder torque excitation is equivalent of the full-torque case of a heavy-duty
engine. Normally, without down-speeding, the maximum torque output is maintained down to 1000 Rpm
and then the level decreases with decreasing Rpm. In a down-speeding situation, the maximum torque is
pushed down in Rpm to approximately 900 Rpm. It is of interest to see how far down in Rpm the CPVA
will abate torsional vibrations. Therefore, this maximum-torque oscillation is used for the the complete Rpm
range.

The second torque used in this study only consists of the firing order component (n = 3) and described by

Tfw = Ts sin(3q0), (9)

where the synthesized torque level is set to Ts = 4370 Nm. This simplification facilitates the study of the
higher order harmonics created by the CPVA since the response is not distorted by the order components of
the total cylinder torque [15].

4 Parameter study

There are several parameters in the CPVA model that may be varied to obtain desired operating range and
absorbing characteristics. However, some are restricted by the flywheel geometrical dimensions. One of
those parameters is the distance from the rotor-center to the pendulum mass-center, c, which is desirable
to have as large as possible to increase the torque-arm for the counteracting force created by the pendulum
absorber. The mass of the pendulum is also desirable to maximize, with the restriction of not increasing
the total weight or inertia of a conventional flywheel, since this will affect the crank-shaft durability. In this
study, the pendulum mass, inertia and the distance c are maximized and fix to values typical of a heavy-truck
engine and given in Table 3. The focus of the parameter study will be on the tuning-order nt of the pendulum
absorber and the path characteristics governed by the parameter λ.
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Table 1: Complex Fourier coefficients for the cylinder excitation.

a Aa a Aa
1 863.6 + 709.0i 13 122.3 + 163.6i
2 545.6− 1590.5i 14 −105.9− 118.0i
3 −215.9 + 1303.0i 15 88.5 + 87.1i
4 23.4− 913.6i 16 −75.9− 60.3i
5 72.2 + 1026.1i 17 62.2 + 39.8i
6 −119.9− 718.2i 18 −51.0− 24.2i
7 162.7 + 718.2i 19 39.6 + 13.7i
8 −176.1− 563.1i 20 −31.3− 5.8i
9 179.0 + 459.7i 21 24.2 + 0.2i

10 −164.4− 362.0i 22 −18.4 + 4.2i
11 152.4 + 284.6i 23 13.0− 5.7i
12 −138.4− 216.8i 24 −9.0 + 7.8i

Table 2: Cylinder firing angle βk.

k 1 2 3 4 5 6

βk 0 8π
3

4π
3

10π
3

2π
3

6π
3

Figure 3: Total oscillating cylinder torque as function of q0.
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Table 3: Numerical values of the used parameters.

Parameter Value
c 183.8 · 10−3 m
mj 1.05 kg
Ij 0.0033 kgm2

I0 2.53 kgm2

c0 10.0 Nms/rad
σ 1000
µ 0.0023

4.1 Tuning order

The tuning-order of the pendulum absorber, nt, is varied from 3.0 to 3.15 in steps of 0.01. For nt = 3.0,
the tuning-order exactly matches the dominant excitation-order from the engine. Values below the main
excitation-order is not considered since the pendulum motion may become unstable while over-tuning may
increase the stability of the pendulum motion [16].

4.2 Path characteristics

The tautochronic-tuning of the path, i.e. the absorbing eigen-order is constant independent of the pendulum
amplitude, is used as the baseline in this study. The tautochronic-tuning is obtained by setting

λ = λt =
√
n2t /(n

2
t + 1), (10)

where nt is the tuning-order [17, 8]. Values above λt will have an increasing eigen-order with increasing
pendulum amplitude (Stiffening) and values below λt will have a decreasing eigen-order for large pendulum
amplitudes (Softening) where the latter is undesirable due to instability of the pendulum motion. Three
values are chosen for the parameter study, λ = [λt, 1.04λt, 1.08λt].

4.3 Rpm sweep simulations

The full non-linear equations of motion are numerically integrated by means of the SCIPY odeint function
using the lsoda solver [18]. To speed up simulations, one pendulum absorber with equivalent mass and
inertia may be used under the assumption that all pendula have synchronous motion. The parameters used in
the simulation are presented in Table 3. For each parameter-combination and load case, the initial flywheel
rotational velocity is set to 2080 Rpm while the excitation torque is continuously increased from zero to
maximum with a smooth-step function with a duration of 1 s. An additional static torque is applied to the
flywheel to obtain a -20 Rpm/s Rpm run-down. As the Rpm decreases, the pendulum amplitude increases and
then reaches the cusp of the pendulum path. At the cusp, the simulation fails due to entering this singularity
and integration ends. Orders 3 and 6 of the flywheel angular acceleration are extracted from the time signal
and analysed and compared.

5 Results and Discussion

Figure 4 (a-f) shows the results of the parameter study with the cylinder-torque excitation. The horizontal
axes show the mean rotational-speed of the flywheel in Rpm and the vertical axes show the tuning-order of
the CPVA. The color-levels represent the angular acceleration of the flywheel for order 3.0 in Figure 4 (a,c,e)
and for order 6.0 in Figure 4 (b,d,f) for the different values of λ, respectively.
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As the Rpm decreases, the pendulum amplitude increases and finally reaches the cusp of the pendulum
path-curve (white region in the plots). When λ increases, the pendulum reaches the cusp at lower Rpm,
which is desirable for down-speeding. This is however more prominent for values of nt closest to the main
excitation-order. For the larger values of nt, the difference is not that significant.

For the tautochronic tuning case, λ = λt, at exactly the tuning-order, the CPVA reduces the flywheel angular
acceleration the most for order 3. Nevertheless, for order 6 the angular acceleration levels are the highest and
the pendulum reaches the cusp at rather high Rpm, which unsuitable for down-speeding. In summary; An
appropriate balance of λ and nt must be considered to obtain the desired performance in the low Rpm-range.

Figure 5 (a-f) shows the equivalent plots for the single order excitation torque. For order 3, the results are
similar to the full cylinder excitation case, implying that this simplified excitation can be used for preliminary
parameter-studies before the exact engine excitation is known. Note however that the angular acceleration
level of order 6 is significantly lower in comparison to the cylinder excitation case. Albeit, no excitation at
order 6, the same trend may be observed. The appearance of order 6 in this case is caused by the non-linear
effects of the CPVA.

Finally, in Figure 6, the flywheel angular acceleration for order 3, 6 and 9 as function of the mean rotational-
speed in Rpm is shown for λ = 1.04λt and nt = 3.11 together with a standard flywheel with an inertia
equivalent to locked pendula at the vertex position (solid line) excited by the cylinder torque. The dashed
line represents a flywheel with a CPVA with five pendula absorbers and the dots represent a flywheel with
a CPVA with one pendulum with the equivalent mass and inertia of five pendula. A significant reduction of
order 3 is achieved with a CPVA compared to the standard flywheel. However, order 6 is amplified and order
9 is more or less the same. The response is equivalent for the five-pendula case and for the one-pendulum
case with equivalent mass and inertia of five pendula. This shows that the simplification of reducing several
pendula to one is valid. However, one must be certain that the pendula motion are synchronous.
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(a) (b)

(c) (d)

(e) (f)

Figure 4: Flywheel angular acceleration as function of λ, nt and the mean rotational-speed in Rpm for
cylinder excitation.
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(a) (b)

(c) (d)

(e) (f)

Figure 5: Flywheel angular acceleration as function of λ, nt and the mean rotational-speed in Rpm for order
3 excitation.
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Figure 6: Flywheel angular acceleration for order 3, 6 and 9 as function of the mean rotational-speed in Rpm
excited by the cylinder torque. The solid line represents a standard flywheel with an inertia equivalent to
locked pendula at the vertex position. The dashed line represents a flywheel with a CPVA with five pendula
absorbers and the dots represent a flywheel with a CPVA with one pendulum with the equivalent mass and
inertia of five pendula for λ = 1.04λt and nt = 3.11.

6 Conclusions

A CPVA model with bifilar pendula absorber is presented. The pendulum loss is described by a normal-
force friction model. In order to assess the low rotational-speed performance of the CPVA in the context of
heavy-truck engines, a parameter-study is conducted with cylinder torque excitation and a synthesized order
3 torque. The tuning-order nt and the pendulum path curve parameter λ are varied in the study. The low
speed-regime can be pushed down by increasing the tuning-order nt and increasing λ. However, the angular
acceleration of the flywheel is increased in comparison to lower values of nt and λ. A balance between
nt, λ and the desired low rotational-speed-range must be found to fulfill requirements on the low-speed
oscillations. The developed model and study can help heavy-duty vehicle manufacturers to balance different
requirements and asses the performance of the CPVA.

Future development of the CPVA analysis is to include a compliant crank-shaft and a complete driveline to
more accurately predict the torsional vibration levels, especially on the gearbox side. However, including
many degrees of freedom may render slow numerical models. Thus, development will also focus on efficient
formulations of the equation of motions for numerical simulation.
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Abstract 
Due to an oscillating input torque created by the cylinders, a crankshaft is submitted to a detrimental 

phenomenon, the rotational irregularities, that create noise and wear in the driveline. Moreover, these 

oscillations are prone to excite the crankshaft torsional modes, able to break the shaft if no additional 

damping is provided. Both issues are well-known and industrial solutions exist to tackle them, but the 

requirements increase, necessitating new concepts. In this paper, the authors present a concept for a 

simultaneous reduction of both phenomena at once, relying on a redistribution of energy between two 

coupled electromechanical devices, that still offer a fail-safe property. After a model and a description of 

the main mechanical and electromagnetic characteristics of such a concept, numerical simulations are 

investigated, in order to provide an overview of its performances. 

1 Introduction 

The working principle of a 4-stroke internal combustion engine (ICE) is well known. After the admission 

of fuel and air in the cylinder, the mix is compressed and ignited, creating an explosion that moves the 

piston, and creates a rotating motion on the propelling shaft thanks to the crank. The gas is then exhausted 

and the cycle starts again. However, that cycle takes place every two turns of the crankshaft, which means 

the torque created by the explosion is a 4π-periodic function. Moreover, the lever arm created by the crank 

also depends on the angular position, and so does the pressure in the cylinders that creates the torque. 

Calculating this torque reveals that it is a periodic function of the shaft angular position involving all 

harmonics multiple of 1 2⁄  order. A summation of the contributions of the Ncyl cylinders of the engine, and 

letting aside the impact of the rotating inertias, we obtain a well-known result: the input torque Ca consists 

in a constant drive torque plus an oscillating torque, that is periodic relative to the angular position of the 

shaft and involves all harmonics multiple of Ncyl / 2 [1]. 

Moreover, the lower the harmonics, the higher the magnitude of oscillation, and these oscillations 

necessarily affect the dynamics of the shaft. This means in particular that the output speed of the crankshaft, 

and then the input speed of the rest of the driveline, is also an oscillating function, with the same harmonics 

as the input torque. This phenomenon, often referred to as “rotational irregularities”, is a problem, as it leads 

to noise and early fatigue in the driveline, and especially in the gearbox. The traditional way to decrease the 

magnitude of the oscillations is to add inertia to the back end of the crankshaft, with a flywheel or its further 

developments (Double or Triple Mass Flywheel (DMF [2-3], TMF [3]), Centrifugal Pendulum Vibration 

Absorbers (CPVA [4]), variable inertia [5], etc). This solution enables a consequent mitigation of the 

oscillations, but is not enough and needs constant improvement to reach the future standards, which paves 

the way to the emerging active and semi-active alternatives [6-8]. 

However, a second issue affects the crankshaft, as the harmonics of the input torque are prone to excite the 

resonance frequencies of the shaft. Among them, the first torsional mode is particularly affected. The 

harmonics being periodic relative to the angular position and not to the time, each harmonic matches the 

resonance frequency at a given rotational speed. When this phenomenon occurs, the shaft can brake very 
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quickly if no additional damping is provided. To tackle this issue, the traditional solution consists in the 

addition of a viscous damper located on the front end. It is an efficient solution, but at the cost of a vibration 

energy dissipated as heat. In heavy-duty vehicles, a power up to 1kW can be wasted this way. To that extent, 

the oscillating torque applied on the crankshaft is a twofold problem. However, the cure is different for the 

two: the vibration damper is an energy sink while the newest flywheel concepts need power supply. There 

is then a need for an energy management that enables the vibration damper to feed a semi-active device to 

mitigate the rotational irregularities. The present paper offers a concept for such a type of damper, as well 

as some of its important behaviours observed in numerical simulations. 

2 Hybrid control concept 

In order to properly understand the concept, let us briefly remind the usual description of a crankshaft. It is 

considered as a set of inertias (representing wheels or rod bearing journals and counterweights), linked one 

to another by torsional springs and dashpots (standing for the other journals). Fig.1 depicts such a 

representation for a 6-cylinders crankshaft. However, as there is only one torsional mode considered (the 

first), we suppose for a matter of universality and simplicity that we have only two inertias in the crankshaft 

(I1 and I2), linked by one torsional spring (kTeq) and one torsional dashpot (cTeq). To that extent, only two 

modes are taken into account, namely the first torsional mode and the rigid body mode. This little detour by 

the modelling paves the way for the description of our concept. 

 
Fig. 1: 6-cylinders crankshaft and its mass-spring multiple DoF representation  

2.1 Mitigation of the torsional vibrations  

The core idea of this concept is the following: a redistribution of the oscillating energy within two devices, 

featuring electromagnetic converters, so that each of them can properly mitigate a phenomenon (one is 

devoted to torsional vibrations, the other to rotational irregularities). Let us start with the mitigation of the 

torsional vibrations. 
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The traditional crankshaft damper is a viscous damper, which converts the oscillating energy into heat. A 

further reconversion to electricity is not suited. To that extent, it is preferable to extract the oscillating energy 

while keeping it as a mechanical one, which is much easier to further convert to electrical energy by 

induction. Indeed, electromagnetic conversion is most suited than piezoelectricity given the architecture and 

the important potential displacements [9]. The contemplated solution is the use of a Tuned Mass Damper 

(TMD, or sometimes called Dynamic Vibration Absorber – DVA), a technology that performs well on a 

narrow bandwidth. However, contrary to most of those devices that work against bending vibrations, our 

TMD works in torsion, and so rotates with the shaft along its rotation axis. It is tuned according to the equal 

peak design laws [10] in order to ensure a fail-safe damping capability, and equipped with a magnet. This 

magnet is located inside a coil clamped to the front wheel, so that any torsion between the front wheel and 

the TMD moves the magnet relatively to the coil. This motion creates two phenomena: 

 A current appears in the coil due to an electromotive force (EMF) proportional to the torsion speed 

between the magnet and the coil; 

 This current creates a magnetic field within the coil, which interacts with the field created by the 

magnet and slows down the torsion. It can be seen as a force opposing the motion, according to 

Lenz’s law. 

The reverse behaviour also exists: any current in the coil originated by another source can affect the motion 

of the TMD. Active Mass Dampers (AMD) rely on that property to increase the motion of the magnet in 

order to extract more energy from the primary system and so to improve the damping compared to a 

conventional passive TMD. This is also an important property of our design. 

2.2 Mitigation of the rotational irregularities  

The concept for the rotational irregularities damper is similar to other academic or industrial concepts [6, 8, 

11, 12], and consists in a permanent magnet synchronous machine (PMSM) built around the flywheel. 

However, the originality is the relative disposition of the magnets and the coils. Indeed, in order to close the 

circuit with the vibrations damper part, it is preferable to locate the coils on the rotor (ie the flywheel), 

surrounded by the magnets on the stator. The number and layout of the magnets will be discussed further 

on. 

This PMSM also relies on the electromagnetic interaction between the coil and the magnets, and has two 

possible behaviours as well. Either a current circulating in the coils creates a torque thanks to the induction 

phenomenon, which enables a mitigation of the output rotational speed oscillations depending on the current 

and the shape of the magnets layout. Or, the rotation of the coils in the magnetic field creates an EMF that 

itself leads to the circulation of charges and slows down the rotation of the flywheel, including its 

oscillations. However, these are the two “ideal” behaviours of each part, but the coupling between the two 

actually leads to an “intermediate” behaviour, that has to be tailored to be beneficial. 

2.3 Coupled circuit  

The sketch shown in Fig.2 depicts the concept with a merely illustrative description of the two parts 

introduced in the previous paragraphs. The green arrows stand for the electromagnetic interactions, whereas 

the green lines represent the coupled circuit linking the two converters one to the other. This circuit consists 

in a series RL circuit as the base for the coupling, but it can be further enriched with an additional impedance 

called ZEM. This impedance can be useful in order to adapt the values of resistance and inductance, or to 

manage a controllable phase shift. This latter is of particular importance, as the phase of the current has to 

be tuned in order to ensure a beneficial impact of the damper, and as this phase is a direct consequence of 

the electromotive forces. The construction of these quantities will be one of the main topics of the next 

section. However, it can be already noticed by the red arrows that the converter at the TMD works with a 

relative degree of freedom whereas the converter at the flywheel involves an absolute degree of freedom. 
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Fig.2: Sketch of the coupled damper and the electromagnetic circuit 

3 Model for the coupled damper 

3.1 Mechanical model 

The other purpose of the previous sketches is to give an overlook of the mechanical model we use. Indeed, 

the base for all further analyses rely on the modelling of a 6-cylinders 8L heavy duty crankshaft developed 

by Volvo. This crankshaft is able to operate in a regime range from 600 RPM (idle regime) to 2600 RPM 

(top speed regime). Its critical frequency for the first torsional mode is 1613.7 rad/s or 256.8 Hz. We 

approach the torsional behaviour of this crankshaft with the base model already introduced in section 2, 

which yields the values given in Table 1 for the inertias and the torsional elements. 

Table.1: Parameters of the base mechanical model 

Parameter Meaning Value 

I1 Inertia of the front wheel 1,65 kg.m² 

I2 Inertia of the flywheel 0,23 kg.m² 

kTeq Torsional stiffness 524114 Nm/rad 

cTeq Torsional damping 100 Nm.s/rad 

ωc Critical frequency 1613,7 rad/s 

 

The three remaining mechanical elements are determined with the equal peak design laws, which necessitate 

the knowledge of the modal inertia for the first torsional mode, Ieq. Indeed, the presence of a rigid body 

mode prevents a direct knowledge of the inertia involved in the torsion. We determine it by a projection in 

the modal domain. The inertia I0 of the TMD is described as a percentage of Ieq through the inertia ratio µ. 

Per definition, we have: 

 µ =
𝐼0

𝐼𝑒𝑞
 (1) 

The inertia ratio also enables a definition of the last two mechanical parameters, with the well-known 

equations: 

 𝑘𝑇𝑀𝐷 = 𝐼0. (
𝜔𝑐

1+µ
)
2
 (2) 
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 𝑐𝑇𝑀𝐷 = 2. 𝐼0.
𝜔𝑐

1+µ
. √

3µ

8(1+µ)
 (3) 

3.2 Electromagnetic model 

3.2.1 Space derivative of the magnetic flux 

In order to understand the EMF created by the rotational irregularities damper, it is necessary to recall the 

base equation of the induction, which is Faraday’s law. If we note ϕ the overall magnetic flux between the 

sets of coils and magnets, we have:  

 𝑒𝐹𝑊 = −
𝑑ϕ

𝑑𝑡
 (4) 

Due to the rotation, we know that the EMF is an angular periodic function. If we introduce the angle, θ2 

according to the sketch in Fig.2, we get:  

 𝑒𝐹𝑊 = −
𝑑ϕ

𝑑𝜃2
�̇�2 (5) 

 

Fig.3: Description of the magnetic flux Φ between one coil and one magnet as a spatial function, and of its 

resulting space derivative 
𝑑𝛷

𝑑𝜃2
 

The EMF is then defined as the product of two functions, the instantaneous angular speed (IAS) �̇�2, and the 

spatial derivative of the overall magnetic flux to θ2. This latter is unfortunately not very well known. Most 

of the time its precise description on a given machine is either measured experimentally or simulated using 

a FE analysis. We can however approximate its shape using simple equations. Indeed, as we can see in 

Fig.3, the local magnetic flux is maximal when a coil n is facing a magnet m, then decreases to 0 when the 

coil turns away, and then increases again to its maximal value after a complete rotation to start a new cycle. 

This description is close to the construction of the permeance model by Ostovic [13]. To that extent, we 

assume an analogous description of the local magnetic flux, which is given in blue in Fig.3, with a cosine 

to bridge the gap between the maximal value and 0. The angular derivative (depicted in red) lets only one 

positive peak and one negative peak, described with a sine function. The summation yields: 

  
𝑑ϕ

𝑑𝜃2
= ∑ ∑

𝑑ϕ𝑚,𝑛

𝑑𝜃2
𝑛𝑚  (6) 

Of course, the exact description depends on the layout and number of magnets and coils. It is the same for 

the total electromagnetic torque 𝐶𝑒𝑚 = 𝑅. 𝐹𝑒𝑚 created by the damper, R being the radius of the flywheel. 
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Indeed, the local electromagnetic force derives from the magnetic moment of the magnet m and the magnetic 

field of the coil n: 

 �⃗�𝑒𝑚𝑚,𝑛
= ∇⃗⃗⃗(�⃗⃗⃗�𝑚. �⃗⃗�𝑛) (7) 

However, this relationship is valid only when the coil and the magnet are “close enough”, ie locally, with a 

small angle between the two elements. Otherwise, we consider this interaction to be 0. With the 

assumption 𝐵𝑛 ≅ 𝑘𝑛. 𝑖, and with 𝛼𝑚,𝑛 the angle, we have after summation: 

 𝐶𝑒𝑚 = 𝑅.∑ ∑ 𝐹𝑒𝑚𝑚,𝑛𝑛𝑚 = 𝑅.∑ ∑ 𝑀𝑚𝑘𝑛sin (𝛼𝑚,𝑛)𝑛𝑚  . 𝑖 =  𝑇𝑓(𝜃2). 𝑖(𝜃2) (8) 

In (8), the function Tf has the same spatial variations than 
𝜕𝜙

 𝜕𝜃2
, with close magnitudes. To that extent, we 

conflate those two functions, consistently with the theory for PMSM given in [14]. This is also consistent 

with the common assumption that the coupling coefficients in the two descriptive equations of 

electromagnetic transducers are equal [15].  

An example of what these theoretical considerations look like is given in Fig.4, with a regular layout of 

magnets and coils over nine pairs of poles. The graph shows a smoothed restriction of the space derivative 

of the magnetic flux to its two main harmonics. Obviously, the fundamental harmonic is equal to the number 

of pairs of poles of the PMSM, and is largely predominant. To that extent, the function Tf can be restricted 

to this fundamental harmonic, with a magnitude T1. 

 

Fig.4: Aspect of the space derivative 
𝑑𝛷

𝑑𝜃2
 for a machine displaying nine pairs of poles, thus involving 18 

coils and 18 magnets, nine of each sense of polarization 

The choice of nine pairs of poles here is not innocent. With a 6-cylinder crankshaft, the 9th harmonic is the 

third most important in the input torque. Moreover, it excites the critical frequency almost in the middle of 

the regime range, whereas the 3rd harmonic never excites it. The 9th harmonic is therefore an interesting one 

to study. However, in order to mitigate several harmonics at once, the layout and the number of magnets 

would be a “superposition” of several pairs of poles, possibly with a phase shift in between, leading to a far 

less regular and cyclic architecture. 

3.2.2 Hybridization at the TMD 

Similarly to the previous analysis, the relative motion of the TMD magnet and the coil clamped to the front 

wheel creates an EMF: 

 𝑒𝑇𝑀𝐷 = −
𝑑𝛷𝑇𝑀𝐷

𝑑𝑡
 (9) 
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Where ΦTMD is the magnetic flux between the magnet and the coil. The device works analogously to a Voice 

Coil Motor. With Br the radial component of the magnetic field density of the magnet, NSP the number of 

turns of the coil, rc the average radius of the coil and RTMD the lever arm to the axis of revolution, we get: 

 𝑒𝑇𝑀𝐷 = 2𝜋. 𝑟𝑐 . 𝑁𝑆𝑃 . 𝐵𝑟. 𝑅𝑇𝑀𝐷 . (�̇�1 − �̇�0) (10) 

A calculation of the Lorentz force between the magnet and the coil multiplied by the lever arm yields the 

torque created between the front wheel and the TMD: 

 𝐶𝑇𝑀𝐷 = −2𝜋. 𝑟𝑐 . 𝑁𝑆𝑃 . 𝐵𝑟. 𝑅𝑇𝑀𝐷 . 𝑖 (11) 

Which is proportional to the current flowing in the circuit. We have obviously the same coefficient 

governing the EMF and the torque. Consequently, we introduce the coupling coefficient: 

 𝑇2 = 2𝜋. 𝑟𝑐 . 𝑁𝑆𝑃 . 𝐵𝑟. 𝑅𝑇𝑀𝐷 (12) 

3.3 Dynamic behaviour 

3.3.1 System of equations  

With this knowledge on the mechanical and electromagnetic interactions, we can build the system of 

constitutive equations governing the dynamic behaviour of the coupled damper with the crankshaft. The 

three mechanical degrees of freedom bring each one equation, while a fourth equation comes from the 

electric circuit.   

 

{
 
 

 
 
𝐼0. �̈�0 + 𝑐𝑇𝑀𝐷 . (�̇�0 − �̇�1) + 𝑘𝑇𝑀𝐷 . (𝜃0 − 𝜃1) + 𝑇2. 𝑖 = 0                                                                              (𝑎)

𝐼1. �̈�1 + 𝑐𝑇𝑀𝐷 . (�̇�1 − �̇�0) + 𝑐𝑇𝑒𝑞 . (�̇�1 − �̇�2) + 𝑘𝑇𝑀𝐷. (𝜃1 − 𝜃0) + 𝑘𝑇𝑒𝑞 . (𝜃1 − 𝜃2) − 𝑇2. 𝑖 = 𝐶𝑎(𝜃1)  (𝑏)

𝐼2. �̈�2 + 𝑐𝑇𝑒𝑞 . (�̇�2 − �̇�1) + 𝑘𝑇𝑒𝑞 . (𝜃2 − 𝜃1) − 𝑇𝑓(𝜃2). 𝑖 = −𝐶𝑟                                                                     (𝑐)

𝐿𝑐 .
𝑑𝑖

𝑑𝑡
+ 𝑅𝑐. 𝑖 + 𝑇𝑓(𝜃2). �̇�2 + 𝑇2. (�̇�1 − �̇�0) = 0                                                                                              (𝑑)

 (13) 

One can notice the presence of a constant resistive torque Cr in eq. (13c), which only aims to counterbalance 

the constant part of Ca, and the dependency of Ca and Tf on an angular variable. With this dependency, it is 

more suited to consider all the variables of the state vector as angular-dependant variables rather than as 

time-dependant variable. If there is a bijective relationship between the angular position and the time (which 

is the case if the instantaneous angular speed remains strictly positive), this consideration is perfectly 

acceptable [16]. As the input torque is applied on the front wheel, its angular position 𝜃1 is defined as the 

new evolution parameter. This trick necessitates a small alteration of the state-space system as well, with 

the apparition of the instantaneous angular speed: 

 
𝑑𝑋(𝑡)

𝑑𝑡
= 𝐴(𝑡, 𝜃1). 𝑋(𝑡) + 𝐵(𝑡, 𝜃1). 𝑈(𝑡, 𝜃1) →  

𝑑𝑋(𝜃1)

𝑑𝜃1

𝑑𝜃1

𝑑𝑡
= 𝐴(𝑡, 𝜃1). 𝑋(𝜃1) + 𝐵(𝑡, 𝜃1). 𝑈(𝑡, 𝜃1) (14) 

3.3.2 Core parameters  

A comparison of the system of equations (13) with the equations of a simple 2-DoF system defines a set of 

core parameters that characterize the coupled damper. Indeed, equations (1-3) recall the dependency of all 

parameters of the TMD to the inertia ratio µ, and we have seen in 3.2.1 and 3.2.2 the construction of a 

coupling function Tf and its magnitude T1, and of a coupling coefficient T2. Both characterize the behaviour 

of the electromagnetic converters. Finally, the electrical equation (13d) brings two other parameters, the 

inductance of the circuit, LC, and the resistance of the circuit, Rc. They consist in the sum of the self-

inductance (resp. resistance) of the coils and connectors of the two converters, and of the inductance (resp. 

resistance) brought by the impedance ZEM. For further analyses, a reference value, listed in Table.2, is given 

to each of these parameters. 
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Table.2: Parameters of the coupled damper 

Parameter Meaning Value 

T1 Coupling at the flywheel 0,5 Nm/A 

T2 Coupling at the TMD 10 Nm/A 

µ Inertia ratio 10 % 

Lc Inductance of the circuit 1,2 mH 

Rc Resistance of the circuit 1,24 Ω 

4 Numerical simulations  

4.1 A game of phases and current 

 

Fig.5: Percentage of the undamped torsional magnitude as a function of p, at 1800 RPM (red curve) and 

2600 RPM (blue curve) 

Because of its apparition in the two electromagnetic torques, the current also has a major importance for the 

damping capabilities of the coupled damper. In magnitude, but also in phase. If the phase of the 

electromotive force at the TMD is a consequence of the dynamic behaviour of the whole, it is not the case 

for the EMF at the flywheel. Indeed, the relative initial position between the sets of magnets and coils 

compared to the initial angular position 𝜃2 define a phase in the coupling function Tf, which we note p. Fig.5 

illustrates the importance of that phase in the performance of the damper for two engine regimes. Indeed, 

over the range [-π;π] for p, the magnitude of the torsion (𝜃2 − 𝜃1) with the damper divided by its magnitude 

without damper oscillates strongly, being alternately favourable and detrimental. Depending on the engine 

regime, the range of beneficial phases can be large or narrow, and with a strong or limited effect. Moreover, 

there seem to be for each regime an optimal phase for a maximal damping of the torsion, and this optimal p 

is also dependent on the engine regime. 

4.2 Efficiency of the coupled damper  

In order to understand the capabilities of such a coupled damper, it is interesting to compare different 

scenarios. The construction of those rely on the values listed in Table.1 and, where applicable, in Table.2. 

The first of them depicts the situation where no damping device is appended to the crankshaft, and acts as a 

reference scenario. The second one features only a passive TMD, no electromechanical coupling is provided. 
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The third one provides a coupling only at the TMD, none at the flywheel. It is analogous to the situation 

where Tf equals zero. The fourth one uses all values of Table.2 except T1, which is set to 0.2 Nm/A, and 

finally the fifth scenario involves all the reference values. We investigate for the optimal phase p every 100 

RPM over the whole regime range, for a constant mono-harmonic excitation where the 9th harmonic is the 

only one involved. The resulting torsion (𝜃2 − 𝜃1) and the resulting output instantaneous angular speed �̇�2 

are given in Fig.6. 

 

Fig.6: Mitigation of torsional vibrations (left) and rotational irregularities (right) for different settings of 

the coupled damper, compared to a passive TMD and to a crankshaft without damping 

Let us start with the torsion. The passive TMD is already efficient around the resonance frequency, but not 

at low and high regimes. When equipped with a magnet and no further current, the influence of the resistance 

and inductance of the circuit detune the TMD. Consequently, it performs better after the resonance but 

displays a lower performance before the resonance compared to the previous case, but at low and high 

regimes again, the torsion is almost not affected by the damper. However, the two other scenarios show that 

the coupled damper performs well over the whole regime range except around the idle regime. Moreover 

the higher T1 and the higher the engine regime, the better the performance, with a torsion magnitude that 

can be divided by 4 around the resonance when T1 equals 0.5.  

As far as the rotational irregularities are concerned, we observe exactly the same variations as for the 

torsional vibrations, in addition to a slope due to the derivative link between the two variables. To that 

extent, we can draw almost the same conclusions. Both the passive TMD and the coupled damper reduce 

efficiently the rotational irregularities around the critical frequency, but unfortunately none of the damping 

devices have a major effect at low regimes, where those irregularities are the most detrimental in real use. 

Still, increasing T1 enables to improve their mitigation. 

5 Discussion and future works  

The present work shows that our damper concept successfully manages the energy to mitigate at the same 

time the torsional vibrations and the rotational irregularities. However, the influence on the rotational 

irregularities is very limited in the speed range where these irregularities are the most detrimental. A 

possibility to overcome this limitation could be a combination with the newest concepts on passive and 

active dampers, especially the DMF or the e-DMF [6]. Moreover, the present electro-magnetic description 

for Tf and T2 is simple and does not involve loss models or saturation that would affect the dynamics and 

the shape of the current. The system being already non-linear, such additional non-linearity could lead to a 

different behaviour. 

Still without this additional description, the introduced matter of phases complicates the prediction of an 

optimal design, and no investigation for an input torque featuring multiple harmonics, with variable phases 
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and magnitudes is presented here. Regarding the phase, the most suitable solution would seem to be a 

dynamic adaptation of the electrical parameters using an additional impedance ZEM in the circuit, with the 

sole limitation that no capacitance is considered. Otherwise, the electric equation changes to a 2nd degree 

equation in the charge, leading to a resonant behaviour that could possibly alter the dynamics. Another 

improvement at low rotation speeds could be an adaptive switch on / off in the electrical circuit, which could 

activate the coupled circuit only when it is more efficient than the passive damping system brought by the 

TMD, hence the importance of an effective fail-safe tuning. However, both require the addition of a control 

unit within the rotating system, as well as its power supply. Moreover, little has been said on the magnitude 

of the current, but depending on the electromotive forces and the impedances, this one could become 

unrealistically intense. 

Additionally to these potential improvements and as the present study is limited to numerical simulations, 

further work will necessarily involve the conception of a test bench and a 3-DoF prototype, in order to 

corroborate the numerical simulations and set up an experimental proof of concept for the coupled damper. 

6 Conclusion  

In this paper, we have presented a concept for a coupled damper that aims to reduce at once the torsional 

vibrations of a crankshaft and the rotational irregularities caused by an oscillating input torque, relying on 

an electrical circuit coupling two electromechanical converters, which have been modelled and described. 

The numerical simulations that have been done after the described model reveal a real improvement 

compared to a passive technology, especially as far as the torsional vibrations are concerned. Indeed, and 

similarly to other technologies, the damper provides a limited mitigation of the rotational irregularities at 

low regimes. However, these capabilities rely largely on the phase of the current, which can be adapted by 

the initial position of the PMSM or by an additional impedance in the electric circuit. Still, the damping 

performances at high regimes are promising and make this concept relevant. 
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Abstract
Newly developed high strength, lightweight materials unlocked the possibility of designing taller, flexible
structural systems. Such structures, when exposed to lateral loads are often susceptible to significant defor-
mations. By lowering the structural vibration response of such structures, passive damping mechanism in
the form of tuned liquid dampers (TLD) have been already investigated and found to be effective. Within
this framework, the current study aims to investigate the effect of a TLD on a mast structure, exposed to
natural wind loading. Vibration-based, triaxial sensors with a low noise-floor are utilized to acquire high
quality structural response. A significant set of recorded measurements is analyzed by exploiting the robust
Operational Modal Analysis (OMA) theoretical background. As a result, changes in the natural frequencies
and modal peaks of the structural system upon the addition of the TLD are identified and a quite interesting
relationship emerges between the efficiency of the TLD and the wind speed.

1 Introduction

Slender, lightweight structural systems have experienced a significant increase in popularity in the last
decades. Allowing a constant urban and industrial growth this type of structures are often designed us-
ing lightweight, high strength materials. This yields flexible systems, with a rather low structural damping
and thus, vulnerable to lateral loading, experiencing vibration levels that exceed their serviceability limits
and even reach structural failure. One passive damping mechanism utilised for reducing the lateral vibrations
of a structure is the tuned liquid damper (TLD). This damper represents a simple and economical solution,
that works effectively on mitigating lateral vibrations in the low frequency domain. Its functioning principles
are similar to the ones of the widely utilised tuned mass damper (TMD) and the main idea behind both of
them is the addition of a supplementary mass to the original system. When the structure is subjected to any
external dynamic load, the additional mass oscillates and hence, extracts energy from the system. The differ-
ence between the two damping devices relates to the nature of the added mass. While the TMD relies on a
rigid mass, the TLD employs a fluid mass and dissipates energy trough the sloshing movement of the liquid
and its interaction with the walls of the container. This liquid movement is, however, complex and difficult
to compute and thus, predicting the influence of the passive damper on a structure represents a challenge. A
series of studies have been already conducted in this direction with both numerical and experimental focus.
These studies resulted in analytical models for defining the properties of a TLD. To begin with, J. T. Wang
[1], conducted real-time hybrid simulations to investigate the effect of TLDs on controlling seismic responses
of multi-story buildings. J. K. Yu [2] introduces a non-linear numerical model of the TLD by modeling it
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as an equivalent solid mass damper with non-linear stiffness and damping. Y. Fujino [3] experimentally
investigates the tuning parameters for shallow water TLDs. Furthermore, K. Fujii [4] executed a study on
two real structures, investigating the response reduction as an upon installation of several TLDs in the two
controlling towers.

Based on the aforementioned ideas, the purpose of this study is to experimentally analyse the effect of a TLD
on a wooden, monopile-like structure. In that sense, the main objective of this study can be formulated as:

Can a tuned liquid damper be efficiently designed and implemented to reduce wind induced vibrations of a
mast-like structure?

In order to meet this objective, a rectangular TLD is designed, constructed and attached to a mast-like
structure, tuned to the frequency of the first longitudinal bending mode of this structure. The system is
monitored for two weeks while being exposed to naturally induced wind loading. Its response is recorded by
vibration-based, triaxial sensors with low noise-floor and the modal parameters of the systems are identified
using the extensive Operational Modal Analysis theoretical background. The effect of the TLD on each
vibration mode as a function of wind speed is determined.

2 Methodology

This section briefly presents the theoretical formulations standing behind both the design of the tuned liquid
damper (TLD) and the Operational Modal Analysis (OMA) technique utilised herein to identify the modal
parameters of the investigated structure.

2.1 Operational modal analysis

The OMA methods are constructed around the idea of identifying modal parameters such as natural frequen-
cies, fn, damping ratios, ζn and mode shapes, an from the operational response of a structural system. The
Frequency Domain Decomposition (FDD) technique represents one of the OMA identification techniques.
It assumes that any random response y(t) can be decomposed in terms of mode shape vectors, ai, and modal
coordinates, qi(t), as

y(t) = a1 q1(t) + a2 q2(t) + . . . + an qn(t) = A q(t) (1)

Here, the mode shape vectors are collected in the mode shape matrix A = [a1, a2, . . . , an] and the modal
coordinates in the modal coordinate column vector, q(t). Further, computing the correlation functions of the
modal coordinates and taking them to the frequency domain through Fourier Transforms

Gy(f) = A Gq(f) AT (2)

where Gq(f) is the SD matrix of the modal coordinates. Due to the fact that Gq(f) is Hermitian, its con-
jugate transpose, AH , is next used instead of AT . Additionally, by assuming that the modal coordinates are
uncorrelated, the off-diagonal elements of both the CF and the SD matrices become zero and thus, Equation 2
develops into

Gy(f) = A
[
g2n(f)

]
AH (3)

where g2n(f) denotes the diagonal elements of the Gq(f), the auto spectral densities. By looking at the
singular value decomposition (SVD) of the SD matrix (which is as already mentioned complex, Hermitian
and positively defined), Brinker and Andersen [5] showed that Equation 3 can be expressed as

Gy(f) = U S UH = U
[
s2n
]

UH (4)
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where the singular value, s2n, in the diagonal matrix S is interpreted as the auto spectral density of the modal
coordinates and the columns in U should be seen as mode shapes. A mode detailed description of the FDD
identification technique can be found in [6].

2.2 Tuned Liquid Damper

A tuned liquid damper (TLD) is a passive damping mechanism that has a near-zero acceleration trigger,
designed to reduce horizontal vibrations in the low frequency domain. This damper is a rather straightforward
device, that consists of a tank partially filled with a liquid. The functioning principle of this passive damper
relies on out-of-phase fluid movement, relative to the structure.

For a TLD to extract enough energy out of a system and thus, effectively damp the structure, it is tuned to
the frequency of the mode that it is desired to be damped. At the same time, the tank design has to assure
that enough water is active regardless of the intensity of the excitation load. These two calibration conditions
are the main focus of the design process. The design process relies on the assumption that the movement of
water surface is linear. It is shown by Ramos [7] that the fundamental natural frequency (fw) of a TLD can
be estimated using Lamb’s linear theory of liquid surface motion [8]

fw =
1

2π

√
π g

L
tanh

(
π h0
L

)
(5)

where, g denotes the gravitational acceleration, L the length of the TLD tank in which the water moves and
h0 the liquid height during standstill conditions. Consequently, Equation 5 is utilised when tuning the TLD
to the desired structural mode. According to Y. Fujino et al. [3] the highest additional damping percentage
for structures excited by low amplitude excitations is attained for a damping ratio of Ω = fw/fs = 1,
while, for large amplitudes, approximately the same additional damping is attained regardless of Ω. Here, fs
denotes the the frequency of the structural mode towards which the damper is tuned.

Moving to the second calibration condition, a linear model developed by Housner [9] describes the TLD
as a system with two separate masses. One passive mass (mp) rigidly connected to the structure and one
active mass (ma), connected to the structure through a stiffness coefficient (ka). This model ensures that the
damper is actively extracting energy out of the system even if low amplitude loads are applied to the system.
The active and passive mass, as well as the stiffness coefficient are computed by the following three steps.

mp = m
tanh

(√
3 (a/h0)

)
√

3 (a/h)
(6)

ma = m
1

3

√
5

2

a

h0
tanh

(√
5

2

h0
a

)
(7)

kL = 3
m2
a g h0
ma2

(8)

Where m denotes the total mass of the liquid and a = L/2. As a result, Equation 7 is applied when
designing the mass ratio of the TLD, µ = ma/ms. Jin-Ting Wang et al. [1] finds that a mass ratio between
1 and 4 % is optimal for an efficient TLD.
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3 Experimental setup

The experimental model represents a slender, monopile-like structure with a stiff top-site as depicted in Fig-
ure 1. The body of the structure consists of a 3.60 m wooden pile with a cross-section of 0.10 m x 0.10 m. A
steel girder box, constructed out of tubular elements, welded together into a rigid body, is attached to the top
of the wooden pile while the bottom of the wooden pile is fixed to a concrete block, acting as the foundation
of this vertical cantilever structure. The connections between the three elements are constructed as fix bolted
steel connections. This results in a slender, flexible mast that will oscillate under low wind excitations. The
model is mounted in proximity to the meteorologic station utilised for recording the environmental data. The
exact position of the two can be observed in Figure 2.

The tank of the TLD is centrally positioned inside the steel box. As it can be seen in the top right of Figure 1,
the longitudinal direction of the tank is parallel to the longitudinal direction of the structure. The TLD tank
is constructed out of plexiglass and has a rectangular shape. It is designed to damp the vibrations of the first
longitudinal bending mode of the mast. Considering a tuning ratio of ω = 1, as found to be optimal for low
amplitude loading by Y. Fujino et al. [3], and a mass ratio of ν = 3%, the tank dimensions, water level and
properties are set as summarised in Table 1. In order to linearize the water movement and bring it close to
the analytical assumptions of linear water movement a polystyrene plate floats on top of the water acting as
a floating roof. As the polystyrene plate has a higher stiffness, this prevents wave breaking, turbulence or
other contaminating phenomenons from occurring. It should be noted that the plexiglass tank of the TLD is
attached to the mast at all times while the water is added only in the second part of the monitoring campaign.

Table 1: Analytically determined parameters of the TLD

Direction
L
[m]

b
[m]

h0
[m]

fw,n
[Hz]

ma,n

[kg]
mp,n

kg
kn

[N/m]
Longitudinl 0.4 0.12 0.12 1.20 2.63 3.3 190.77
Transverse 0.12 0.4 0.12 2.55 0.84 5.33 217.84

The model is exposed to lateral vibrations induced predominantly by wind loading, as the structure is
mounted outside. The operational response of the monopile-like structure is captured by four triaxial, geo-
phone type, sensors. These sensors are chosen mainly for their high sensitivity. The velocimeters are manu-
factured by CAP2 Aps and present an analogue-to-digital converter that utilises the sigma-delta technology
and thus, provide measurements with a low noise-floor. They are positioned in four corners of the top-site
steel box as depicted in Figure 1.

In order to capture the dynamic response of the structure during loading conditions with varying wind in-
tensity, the mast is monitored for six days before the installation of the TLD and for an additional seven
days after installing the damping mechanism. All measurements are conducted with a sampling frequency
of 100 Hz. As the data is analysed in relation to wind speed a duration of T = 600 s is set for all measure-
ments. This 10-minutes window is considered standard time duration when estimating mean wind speed as
it is long enough to smooth over short term wind turbulence but, short enough to be viewed as a period of
constant wind flow.

A number of signal processing activities are executed in order to obtain meaningful information out of
the recorded data sets. These filters concern the correction of the dynamic system of the geophones, the
integration of the signal from velocity to displacements, and the decimation of the signal down to 6.25 Hz.
Further details related to the experimental model, the monitoring system and the filtering tools can be found
in [10].
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Figure 1: Experimental setup. Left: Overview of the mast structure. Middle: fixed connection between the
mast and the steel box and between the mast and the concrete block. Right: Position of the TLD and sensors
system

Figure 2: Starlit view of the experimental setup location including the placement of the structure and the
placement of the weather station
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4 Results

All the measurements recorded prior to the TLD installation (110 data sets) and the ones recorded after the
TLD installation (158 data sets) are analysed through OMA techniques with the purpose of determining
the modal behavior of the structure. Specifically, the aforementioned FDD identification technique is applied
herein, yielding singular values decomposition plots of the SD matrix and estimates of the poles and vibration
modes using the Welch averaging technique with a Hanning window of 50% overlap. Because all the data
sets are recorded with a Nyquist frequency of fν = 50 Hz, the estimation of the first five vibration modes
is conducted in two separate groups, with two decimation factors. The data is down-sampled by a factor of
8 when identifying the properties of the first bending modes and the torsional one, while no down-sample is
applied for the estimation of the second bending modes.

The SV decomposition of the SD matrix in Figure 3 represents the response of the structure without the
TLD. The plot to the left depicts the frequency content of the down-sampled signal. Here, two singular value
lines peak almost one on top of the other in the 1.00 Hz - 1.35 Hz range, showing the presence of two closely
spaced translational modes. These two modes correspond to the longitudinal and the transverse first bending
modes of the structure. Around 2.10 Hz a third peak can be identified. This reflects the torsional mode of the
mast. The SV decomposition on the right side of Figure 3 allowed the identification of the second bending
modes around 9.5 Hz and 12.20 Hz.

Figure 4 depicts the response of the structure after installing the damper. Three physical modes are present
in the 1.00 - 1.35 Hz frequency interval. One depicting the transverse bending mode of the structure and
the other two illustrating the longitudinal bending mode being split into two modes, one on each side of the
transverse one. This clearly illustrates the effect of the TLD on the mode it is tuned towards. The splitting
is again presented in Figure 5 for a more clear image. The forth peak observed around 2.10 Hz depicts again
the torsional mode at almost the same frequency as in Figure 3 where the TLD was not active. The SV
decomposition plot to the right of Figure 4 allows the identification of the two transverse second bending
modes of the structure, again in almost the same band width as in Figure 3. It can thus be inferred that the
damper does not influence the modal behaviour of the structure in relation to its higher modes.

As already mentioned, the identification is performed on all recorded data sets. The spectra presented in
Figure 3 and Figure 4 are representative for the two experimental setups. One with the TLD tank being
empty and the other with the TLD tank containing 12 cm of water. Table 2 summarizes the identified natural
frequencies and damping ratios for the two setups as an average over all the estimated values.

Table 2: Natural frequencies, fn, and damping ratios, ζn, of the first five bending modes of the structure
without (w/o) and with (w.) the TLD

Mode: First bm. x First bm. y TLD Torsional Second bm. x Second bm. y
fn,w/o [Hz] 1.14 1.15 - 2.11 9.34 11.86
ζn,w/o [%] 0.9 0.7 - 1.07 0.8 0.7
fn,w. [Hz] 1.05 1.09 1.24 2.09 9.47 12.28
ζn,w. [%] 0.08 0.04 1.20 1.30 0.90 0.80
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Figure 3: Singular value of the SD matrix of the structural response of the mast without the damper. Left:
as applied in the identification of the first bending modes and the torsional one; Right: as applied in the
identification of the second bending modes
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Figure 4: Singular value of the SD matrix of the structural response of the mast with the damper. Left:
as applied in the identification of the first bending modes and the torsional one; Right: as applied in the
identification of the second bending modes

Figure 5 shows the estimated frequencies of the first two translational bending modes as a function of the
data set they are recorded in. It can be seen that the frequencies of the bending modes of the structure
without the TLD are closely spaced at around 1.15 Hz (see blue symbols). Upon the installation of the
damper, the frequency of the transverse bending mode drops slightly while the longitudinal one splits into
two similarly shaped modes (see red symbols). The slight drop in frequency of the transverse bending mode
can be motivated by the increase of mass caused by the TLD.

TUNED VIBRATION ABSORBERS AND DAMPERS 3083



Figure 5: Identified frequencies of the first bending modes with the TLD (red) and without the TLD (blue),
along all data sets showing, the splitting of the bending mode along y

Figure 6: Modal response of the first transverse bending mode of the mast as a function of mean wind speed,
V600, squared, before and after the addition of the TLD.

The total response of the structure pre- and post- TLD installation is decomposed into modal responses,
ym,i(t) quantified in therms of root mean squares (RMS) of each 10 minutes measurement and presented
as a function of mean wind speed squared, V600. Figure 6 and Figure 7 depict here the modal response of
structure associated with the first bending modes along the two horizontal axis of symmetry of the structure,
x and y, before (in blue) and after (in orange) damper’s installation. These two vibration modes, previously
identified as a pair of closely spaced modes, are found to have the highest contribution to the total structural
response.

Figure 6 presents the modal response of the first bending mode along the transverse direction of the mast. It
is clearly observed that the influence of the damper on this particular mode is almost negligible. On the other
hand, Figure 7 depicts the modal response of the first bending mode along the longitudinal direction of mast,
which is the vibration mode to which the TLD is tuned towards. Here, the impact of the TLD results in a
reduction of the modal response, energy being actively taken out of the system through the water movement
independently of the amplitude of the excitation load. A response reduction factor of 1.84 is calculated.
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Figure 7: Modal response of the first longitudinal bending mode of the mast as a function of mean wind
speed, V600, squared, before and after the addition of the TLD.

5 Conclusions

This study has the purpose of investigating the effect of a rectangular TLD on a wooden, monopile-like
structure, when the TLD is tuned towards the first longitudinal bending mode of this structure. The mast was
subjected to naturally induced wind loading and monitored for two weeks. The response of the structure was
recorded by four three-axial, geophone type sensors. The study concludes that:

• The installed TLD acts as an efficient passive damping mechanism, reducing the modal response of
first longitudinal bending mode of the mast structure by a factor of 1.84.

• The effect of the TLD on the structural mode to which this is tuned leads to splitting of the initial
structural mode into two similarly shaped modes.

• The OMA FDD identification technique can be successfully applied to identify the effect of the TLD
on the structure
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Abstract 
Generally, it is difficult to employ inerters in the literature into applications which have restricted space. 

Furthermore, these devices usually require direct attachment to inertial ground. This contrasts with a 

classical tuned mass damper (TMD) device which can be deployed on a host structure without a grounded 

connection, making them a potentially more versatile solution for vibration absorption scenarios. This study 

proposes a new design of tuned inerter damper (TID) which utilizes a relatively small-scale frictionless 

mechanical inerter to improve the vibration suppression performance.  The optimal parameters for the TID 

are obtained via a numerical optimisation method. The numerical simulation that is obtained with the 

optimal design parameters shows that the amplitude of the vibrations is suppressed. This result is also 

validated numerically. It is shown that the new design of TID can be successfully applied to applications 

that have limited space or where direct connection to an inertial ground is not possible. 

1 Introduction 

Passive vibration control devices have been commonly utilized to suppress undesirable vibrations observed 

in mechanical structures. One of the earliest examples of a passive control device, the dynamic vibration 

absorber (DVA) introduced by Frahm [1], was improved by Ormondroyd and Den Hartog [2] by adding a 

damper. This concept is called a Voigt type DVA or more commonly, tuned mass damper (TMD). Adding 

a damper brings the energy dissipation into the system as well as enhancing the effectiveness of the absorber 

by broadening the frequency range. It is important to optimize the parameters of TMD to achieve the best 

performance. The optimisation strategy, the so-called fixed-point theory, was reported by Den Hartog [3]. 

Many researchers have been studied TMDs to improve the vibration control of the structures [4–7].  

The performance of a traditional TMD, which consists of a mass, a stiffness element and a damping element, 

can be increased by employing an inerter in the concept of a TMD. An inerter, which was first introduced 

by Smith [8], is a mechanical device that produces a force proportional to the relative acceleration between 

its two terminals. The performances of inerter-based control devices have been evaluated for different types 

of systems [9–14]. Generally, the inerter types in the literature (the rack and pinion inerter [8], the ball-

screw inerter [15], and the fluid inerter [16]) are relatively large for small-size applications. Even if they are 

built in a smaller scale, the friction, and the backlash in the inerters can limit the application of these inerter. 

 

Recently, a frictionless mechanical design of inerter using living-hinges which is applicable for small-size 

application was proposed by John and Wagg [17]. However, the layout in which the inerter was tested was 

relatively simple and it was tested for the base isolation system while it is similar to a traditional TMD in 

this paper.  It has been shown that there is no benefit to utilize an inerter for the system which is mounted 

to a ground and forced from the primary mass [14]. The study of Hu and Chen [14] was presented that one 

of inerter-based layouts which improves the vibration performance is tuned inerter damper (TID) connected 

to a spring in parallel (the whole structure is called inerter IDVA). Hence, the novelty in this study is that a 

new design of TID with a relatively small-scale frictionless mechanical inerter is presented and tested 

3087



without the need for a ground connection. The new design of the layout is applied to an undamped single 

degree of freedom system to suppress the vibrations.  The optimal design parameters are obtained via Self-

adaptive Differential Evolution algorithm and the finite element analysis of the design is conducted in 

ANSYS Workbench. It is shown that the new design of TID can be successfully applied to applications that 

have limited space or where direct connection to an inertial ground is not possible. 

This paper is arranged as follows. In Section 2 the frequency response function (FRF) is formulated and the 

optimal design parameters for the primary system are presented. The design of the inerter and the whole 

layout is described in detail in Section 3. Section 4 introduces the finite element analyses and gives the 

results. Finally, conclusions are drawn in Section 5. 

2 Frequency response function and optimal design parameters 

2.1 Frequency response function of the system 

An inerter is capable of generating force which is proportional to the relative acceleration of its two terminals 

as shown in Figure 1a. The force can be given as  

 𝐹 = 𝑏(�̈�2 − �̈�1) (1) 

where 𝑏 is the constant which is called the inertance, with units of kilograms. 

A single degree of freedom (SDOF) system which is controlled by coupling a tuned inerter damper and an 

additional parallel connected spring (called inerter-based dynamic vibration absorber) is given in Figure 1b. 

The TID consists of a spring and a damper in series connection and an inerter which is connected in parallel 

to them. The undamped primary system which is mounted to the ground is under excitation of a force and 

the control system is deployed without a grounded connection in order to suppress the vibration of the 

primary system. 

 

Figure 1: (a) Schematic representation of the inerter device (b) A tuned inerter damper with an additional 

parallel connected spring that is connected to an undamped SDOF primary system. 
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The frequency response function for the whole system can be written in dimensionless parameters: 

 𝐻(𝜇, 𝛿, Ϛ, 𝜂, 𝛾, 𝜆) =
𝑅𝑛(𝜇,𝛿,Ϛ,𝜂,𝜸,𝝀)+𝑗𝐼𝑛(𝜇,𝛿,Ϛ,𝜂,𝜸,𝝀)

𝑅𝑑(𝜇,𝛿,Ϛ,𝜂,𝜸,𝝀)+𝑗𝐼𝑑(𝜇,𝛿,Ϛ,𝜂,𝜸,𝝀)
 (2) 

where dimensionless parameters are given in Table 1. Here, the natural frequency of the absorber 𝜔𝑚, the 

corner frequency 𝜔𝑏 and the natural frequency of the primary system 𝜔𝑛 are equal to √𝑘/𝑚, √𝑘1/𝑚 and 

√𝐾/𝑀, respectively. The full expression for the frequency response function is presented in Appendix A. 

 

Table 1: Dimensionless design parameters 

Mass 

ratio 

Inertance-to-

mass ratio 

Damping 

ratio 

Corner frequency 

ratio 

Natural frequency 

ratio 

Forced frequency 

ratio 

 

𝜇 =
𝑚

𝑀
 𝛿 =

𝑏

𝑚
 Ϛ =

𝑐

2√𝑚𝑘
 𝜂 =

𝜔𝑏

𝜔𝑚
 𝛾 =

𝜔𝑚

𝜔𝑛
 𝜆 =

𝜔

𝜔𝑛
  

 

2.2 Optimal design parameters 

Tuning parameters of the component of the control device is important to achieve the best performance. To 

obtain the optimal design parameters for the vibration suppression can be considered as an optimization 

problem where the objective function, which is tried to be minimized, is the maximum displacement at the 

FRF of the primary mass (𝐻∞ optimisation). Therefore, the objective function problem for a chosen mass 

ratio can be defined as 

 𝑚𝑖𝑛𝛾,ϛ,𝛿,𝜂(𝑚𝑎𝑥𝜆|𝐻(𝑗𝜆)|) (3) 

 

This problem can be solved, and the parameters can be obtained by utilizing Self-adaptive Differential 

Evolution (SaDE) algorithm in Matlab. SaDE is a differential evolution algorithm and thus, it is a 

population-based search technique which can effectively solve global optimisation problems [18]. It is also 

relatively easy to use since the control parameters and learning strategy is self-adapted. The optimal design 

parameters for μ=0.1 are 𝛿 = 0.1930, Ϛ = 0.0505, 𝜂 = 0.9013 and 𝛾 = 0.9766. The design parameters 

have also matched the parameters in the study of Hu and Chen [14] where the design parameters were found 

for the same model by using the patternsearch solver in Matlab. 

3 Design of the inerter-based damper 

A mass grounded by a compliant structure (demonstrated in Figure 2a) can be considered to act as an SDOF 

system and its dominant mode shape is in the horizontal direction. It is common to utilize a traditional TMD 

to suppress the vibration on the mass part. A traditional TMD can be mounted to a host structure without 

attaching to ground as shown in Figure 2b. The objective in this paper is to design an inerter-based dynamic 

vibration absorber so that it can be deployed on the host structure without a grounded connection. The 

illustration of the host structure with the inerter-based dynamic vibration absorber is demonstrated in Figure 

3a and the new design of IDVA is given more detail in Figure 3b. The IDVA is mounted to the mass part of 

the primary system to suppress the vibration in this direction. The notch hinges in both the inerter and the 

outer spring provide flexibility so that the inerter bar can rotate freely and acts as an inerter. The stiffness of 

the outer spring can be adjusted by the geometry of the notches (radius and thickness of the notch). Similarly, 

simple leaf type rectilinear springs are employed for the stiffness of the inner spring. Though the damping 

element is not physically modelled, it is applied between the leaf type springs.  
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Figure 2: (a) The dominant mode shape of the primary system (b) Isometric view of the primary system 

controlled by a traditional TMD 

 

Figure 3: (a) Isometric view of the designed IDVA on the SDOF system (b) Detailed view of the IDVA 

Material properties of the primary system are given in Table 2. Structural steel and aluminum materials are 

selected for the flexible part (compliant base) and the mass part of the primary system, respectively. 

Dynamic properties of the primary structure and the design parameters obtained by using the dimensionless 

design parameters are presented in Table 3. 𝑀 and 𝑓𝑛 are the modal mass and the natural frequency of the 

primary system, and 𝑚𝑎 , 𝑘, 𝑘1, 𝑏 and 𝑐 are the auxiliary mass, the stiffness of the outer spring, the stiffness 

of the inner spring, the inertance of the inerter and the damping value in Table 3, respectively. 
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Table 2: Material properties for Aluminum and Steel 

Material 
Density  Young 

Modulus 

Poisson’s ratio    

Aluminum 2700 kg/m3 69 GPa 0.3    

Steel 7850 kg/m3 200 GPa 0.3    

 

Table 3: Dynamic properties of the primary structure and the design parameters   

M 𝑓𝑛 𝑚𝑎 k 𝑘1 b c 

11.7 kg 207.6 𝐻𝑧 1.17 𝑘𝑔 1797.1 𝑘𝑁/𝑚 281.7 𝑘𝑁/𝑚 0.226 kg 146.5 Ns/m 

3.1 Inerter 

The inerter shown in Figure 4b consists of an inerter bar, four notch hinges and a mass mounted at the tip 

of the bar. The notch hinges reduce the stiffness in the connections so that the inerter bar can easily rotate. 

The long bar rotating provides the amplification of inertia. The inertance of the inerter can be calculated as 

 𝑏 =
𝐼(𝑏𝑎𝑟+𝑚𝑎𝑠𝑠)

𝑙𝑎
2  (4) 

where 

 𝐼(𝑏𝑎𝑟+𝑚𝑎𝑠𝑠) =
𝑚𝑏𝑎𝑟𝑙𝑏𝑎𝑟

2

12
+ 𝑚𝑏𝑎𝑟 (

𝑙𝑏𝑎𝑟

2
)

2
+ 𝑚𝑎𝑑𝑑𝑙𝑏𝑎𝑟

2  (5) 

where 𝑚𝑏𝑎𝑟, 𝑙𝑏𝑎𝑟 and 𝑚𝑎𝑑𝑑 are the mass of the inerter bar, the length of the inerter bar and the mass added 

at the tip of the bar, respectively. 

A similar notch design of hinges to the work of Edward and Wagg [17] was used. The notch hinges bring 

frictionless and backlash-free connection to the design. In theory, the thickness of the notch should be as 

small as possible to achieve a stiffness connection close to zero but the manufacturability of the notches 

must be taken into consideration since it can be difficult to achieve very small thickness in reality. The 

accelerance of an ideal inerter is expected to have a constant value, which equals to 1/𝑏. When the thickness 

of the notch increases, a peak appears in the accelerance as shown in Figure 3a and this leads to higher and 

non-constant inertance around peak frequency. Figure 4a shows the accelerance of only the inerter (inerter 

bar and four notch hinges). As the thickness increases from 0.4 mm to 1 mm, the peak shifts to the higher 

frequencies.  

For the design of the inerter, the thickness of the notch was taken 0.6 mm, which gives a constant inertance 

after around 40 Hz. As the resonance for the primary system occurs at around 207 Hz, the design acts as an 

inerter at around this frequency.  

It is possible to add mass to the tip of the inerter bar via a screw-connection. This mass provides the 

adjustment of the inertance of the inerter. The desired inertance value was obtained by an inerter with the 

mass and the dimensions which are given in Table 4. For aluminum material whose properties are given in 

Table 2, the inertance of the inerter in Figure 4b is found as 0.222 𝑘𝑔 around 207 𝐻𝑧 in ANSYS. 

Table 4: Additional mass and dimension of the inerter for the desired inertance   

Additional 

mass, m 

Length of the 

bar, 𝑙𝑏𝑎𝑟 

Width of the 

bar, 𝑤𝑏𝑎𝑟 

Thickness of 

the bar, 𝑡𝑏𝑎𝑟 

Lever arm 

length, 𝑙𝑎 

17.4 gram 110 mm 15 mm 15 mm 44 mm 
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Figure 4: (a) Accelerance of the inerter for different notch thicknesses (b) The illustration of the inerter bar, 

four notch hinges and the additional mass to set inertance of the inerter. 

         

3.2 Springs and damping 

 

Figure 5: A detailed view of the inner spring base, the four leaf types springs and the location of the damping 

applied in ANSYS Workbench. 

Two types of linear spring mechanism which have been utilized in the design are the leaf type rectilinear 

spring for the inner spring in Figure 5 and the notch type linear spring for outer spring. The damping, which 

is represented as a damper connected in parallel to the inner spring 𝑘1 in Figure 5, can be applied between 

the leaf type spring and the inner spring base. The damping mechanism can be implemented in different 

ways (e.g. viscous damper or eddy current damper) in the real case. An element damping with viscous 

damping characteristic (COMBIN14 element in ANSYS) was employed between the inner spring and the 

inner spring base in the finite element analysis in ANSYS Workbench. 
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4 Finite element analysis 

The finite element analyses have been conducted in three stages in ANSYS Workbench. The material of the 

all parts except the compliant base of the primary system was taken as aluminum and the material of the 

compliant base was structural steel. Material properties for both materials are given in Table 2. In the first 

stage, the springs and the inerter were analysed separately to validate the stiffnesses and the inertance of the 

components. Initial dimensions for the outer and the inner springs for desired stiffness values can be 

calculated as both springs are flexural systems [19]. The dimensions of the inerter for the desired inertance 

can be calculated from Equation 4. The dimensions of the springs and the mass added to the tip of the inerter 

bar were adjusted until the desired values for the stiffnesses and the inertance were obtained. Finally, the 

stiffness of the inner spring (𝑘1 = 281.1 kN/m), stiffness of the outer spring (𝑘 = 1799.3 kN/m) and the 

inertance of the inerter (𝑏 = 0.222 kg) were found. 

In the second stage, all components of the IDVA were assembled in the model and the damping was applied 

between the inner spring and the inner spring case. The auxiliary mass was added to the end of the outer 

spring and the IDVA was fixed from where it is normally connected to the primary mass. The FRF of the 

IDVA for the displacement of the auxiliary mass in horizontal 𝑥𝑎 direction was obtained and compared with 

the theoretical FRF which was obtained in Matlab. The comparison is demonstrated in Figure 6.  

 

Figure 6: The comparison of the FRFs of the IDVA for the displacement of the auxiliary mass in horizontal 

direction and the theoretical model 

In the last stage, the IDVA was connected to the primary mass and the FRF for the displacement of the 

primary mass in horizontal direction was obtained. The result is given in Figure 7. 
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Figure 7: The FRF of the primary mass in horizontal direction which shows the vibration suppression by 

employing an inerter-based vibration control device 

Figures 6 and 7 show that the results obtained from the finite element analyses are close to theoretical results. 

The results for uncontrolled structure and controlled with a traditional tuned mass damper (TMD), which 

tuned by fixed-point theory (Den Hartog’s method) were also given in Figure 7. The result for the TMD was 

obtained at the same mass (𝜇 = 0.1) and thus, it can be considered as the benchmark. The finite element 

result shows that the design for the IDVA proposed in this paper provides a better vibration suppression 

performance than a traditional TMD. 

5 Conclusion 

A new design of an inerter-based control device with a relatively small-scale frictionless mechanical inerter, 

which develops the vibration suppression performance of a system, was proposed and tested. The 

uncontrolled structure had higher amplitudes in the horizontal direction, which was the dominant mode of 

the structure. It was assumed that the structure vibrates only in that mode shape so that the absorber was 

designed for an undamped SDOF system. The optimal design parameter was obtained by using SaDE. The 

finite element analyses were conducted in ANSYS Workbench. The FE results were close to theoretical 

results. Hence, it has been shown that the design proposed in this paper has successfully achieved to suppress 

vibration in the primary system.  

The passive device proposed here is more effective than a traditional TMD at the same mass ratio. Therefore, 

it can be used to improve the vibration suppression of the structure without changing the mass ratio. 

Alternatively, the same performance can be achieved with a smaller mass ratio and hence a lighter weight 

auxiliary structure. 

One of the points must be taken in the consideration in the design of the inerter is that the inerter might not 

work properly at low frequencies due to stiffnesses of the notch hinges. In an ideal case, the stiffness should 

be zero and the inerter is be able to rotate without any restriction. As long as this condition is met, the inerter 

acts as an ideal inerter with a constant inertance. Otherwise, the working condition of the inerter should be 

considered. In this study, the design worked well since the resonance frequency was high enough to have a 

flat curve in accellerance.  

The experimental validation of the result obtained in this paper is considered as a future work of this study. 

In the numerical analyses, the damping was directly applied to the model but the application of damping in 

the experimental work will not be as simple as that. Therefore, the challenge in the future work will be the 

application of the desired damping to the structure.  
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Appendix  

A. Expressions for 𝑹𝒏, 𝑰𝒏, 𝑹𝒅 and  𝑰𝒅 

The full expressions of the terms of the frequency response function (Equation 1): 

𝑅𝑛 = −𝛿2𝛾2𝜂2𝜆2 + 𝛿𝛾4𝜂2 − 𝛿𝜆2𝜂2𝛾2 − 𝛿𝜆2𝛾2 + 𝛿𝜆4  

𝐼𝑛 = −2𝜁𝛾𝛿𝜆3 + 2𝜁𝜆𝛾3 − 2𝜁𝜆3𝛾 

𝑅𝑑 = 𝛿2𝜆4𝜂2𝛾2𝜇 + 𝛿2𝜆4𝜂2𝛾2 − 𝛿𝜆2𝛾4𝜂2𝜇 − 𝛿𝜆2𝛾4𝜂2 + 𝛿𝜆4𝜂2𝛾2 − 𝛿2𝛾2𝜂2𝜆2 + 𝛿𝜆4𝛾2𝜇 + 𝛿𝛾4𝜂2

− 𝛿𝜆2𝜂2𝛾2 + 𝛿𝜆4𝛾2 − 𝛿𝜆6 − 𝛿𝜆2𝛾2 + 𝛿𝜆4 

𝐼𝑑 = 2𝜁𝜇𝜆5𝛾𝛿 + 2𝜁𝛾𝜆5𝛿 − 2𝜁𝛾3𝜆3𝜇 − 2𝜁𝛾3𝜆3 + 2𝜁𝛾𝜆5 − 2𝜁𝛾𝛿𝜆3 + 2𝜁𝜆𝛾3 − 2𝜁𝜆3𝛾 
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Abstract 
This paper presents initial experimental results on the practical implementation of time-varying semi-active 

electromechanical units to control the low frequency vibrations of flexible structures excited by stationary 

stochastic disturbances. Two types of control units are considered: first, electromagnetic and second, 

piezoelectric transducers. The two electromechanical vibration absorbers are connected to time-varying 

electrical shunt circuits. The study shows that the proposed semi-active sweeping electromechanical 

vibration absorbers effectively reduce the vibration level of the structures over the range of frequency 

considered and without the need of a precise tuning, which would require an accurate system identification. 

This is a rather interesting result since it suggests that the two semi-active control systems can effectively 

work under changes of the physical properties of the host structure. 

1 Introduction 

This paper is focused on the experimental implementation of time–varying shunts connected to a) a proof-

mass electromagnetic transducer and to b) piezoelectric patches, which are fixed on thin structures to control 

the resonant response of multiple low order flexural modes. The concept of using shunted piezoelectric 

transducers to enhance vibration absorption was proposed by Forward in 1979 [1]. Next, Hagood and von 

Flotow [2] and Wu [3], proposed the idea of a Tuned Vibration Absorber (TVA) composed of a piezoelectric 

transducer connected to an electrical resistive-inductive (RL) shunt circuit. Recently, the concept of the so-

called “shunt damping” has been applied also to electromagnetic transducers [4]. Since then, many works 

have been carried out on this concept, investigating and exploring new innovative solutions and technologies 

[5-17].  

Piezoelectric patch electromechanical transducers were connected to RL shunt circuit to generate a vibration 

absorption effect similar to that of a spring-mass-damper TVA [18]. Indeed, the combination of the RL-

elements with the inherent capacitance of the piezoelectric patch produces an electrical resonating circuit, 

coupled to the structure via the piezoelectric transduction effect. As can be found in literature, many ideas 

have been proposed over the years to improve the absorption effect of such RL resonant shunt. For example, 

many studies were dedicated to enhance the vibration absorption effect by reducing the inherent capacitive 

effect of the piezoelectric patches with active shunt circuits [19-27]. Research efforts have also been focused 

on the development of multi-resonant shunts that allow the control of multiple resonant modes of the hosting 

structure [28-36]. In parallel, several studies have also been dedicated to the development of criteria to 

optimally tune the resistance and inductance of the shunt circuit to reduce the resonant vibration of a 

mechanical system excited by a broad band disturbance. As normally done with classical mechanical 

Tuneable Vibration Absorbers (TVA), the inductive component should be fixed in such a way that the 

resonance of the RLC circuit is closely tuned to the resonance frequency of the mode to be controlled. Also, 

the resistive component should be tuned in such a way to minimise the overall response of the targeted 

mode, which is normally referred to the H2 or H∞ norm cost functions. Some of these works on simple 
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analytical formulations based on a single structural mode model can be found in references [37-40]. A 

literature review of the works and ideas presented on this topic over the years can be found in [41-43].  

Proof-mass electromechanical transducers were connected to purely resistive (R) [14], resistive-inductive 

(RL) [17] and resistive-capacitive (RC) [13] to dampen the vibration of distributed structures [8-17]. For 

instance, the combined inductive-resistive-capacitive effect of the transducer coil and (RC) shunt [11-

13,17,44-46] was exploited to generate a TVA effect, which effectively absorbs energy at the resonance 

frequency of the shunted transducer. Also, proof-mass transducers with very low fundamental natural 

frequency and low Couette air damping effect [47] were equipped with resistive (R) shunt [4,11] to produce 

sky-hook damping effects on the hosting structure [5,6]. The resistive-inductive (RL) shunt [14,15] employs 

a negative inductance to compensate the coil inductance so as the electrical current flowing in the shunt 

does not depend on frequency and thus a broadband electromechanical vibration absorption effect can be 

obtained through the resistor.  

This paper presents a comparative study on the experimental implementation of proof-mass electromagnetic 

transducers and piezoelectric transducers, which are connected to sweeping time-varying shunts. This idea 

was first presented for classical mechanical TVA in Refs. [48,49] and verified experimentally in Ref. [50]. 

Next the practical implementation of sweeping shunts on proof-mass electromagnetic and piezoelectric 

transducers was investigated with simulations [51,52] and experiments [53,54]. The aim of this paper is to 

present a comparative analysis on the principal characteristics of these two sweeping TVAs. For both 

transducers the resistive and inductive components of the shunt are continuously varied within given ranges 

such that the tuning frequency and the damping ratio of the resulting electro-mechanical TVAs is uniformly 

swept in a given frequency range to control multiples resonant responses of the hosting structure, which 

resonate in a given frequency band.  

The paper is structured in two sections, which describe the two type of electro-mechanical TVAs. In 

particular, Section 2 is devoted to the shunted electromagnetic control unit while Section 3 focuses on the 

shunted piezoelectric unit. Each section contains three subsections. The first subsection presents the test rig 

and experimental setup. The second subsection provides a comprehensive overview on the equivalent 

mechanical effects produced by the electrical components of the shunt circuits. Finally, the third subsection 

presents the practical implementation of the synthetic shunt impedances via a digital programmable 

platform. The preliminary experimental results on the vibration control produced with the sweeping control 

units are also presented and discussed in detail. The principal conclusions of this study are then summarized 

in Section 4.  

2 Electromagnetic sweeping vibration absorber 

The time-varying control unit formed by a proof-mass electromagnetic transducer connected to the sweeping 

resistive-inductive (RL) shunt is discussed in this Section. Due to the relatively higher mass of the unit 

compared to the piezoelectric patches, the effectiveness of the electromagnetic sweeping vibration absorber 

is experimentally assed with respect to the flexural vibration of a large and stiff cylindrical shell structure. 

The equivalent mechanical effects produced on the hosting structure by the proof-mass electromechanical 

transducer connected to the RL-shunt are then discussed with reference to the transducer mechanical base 

impedance. Finally, experimental results on the vibration control produced by the proof-mass 

electromagnetic transducer connected to a sweeping RL-shunt are presented.  

2.1 Model problem 

Fig. 1(a) shows the experimental setup used to assess the control performances of the electromagnetic 

sweeping control unit. A cylindrical thin-walled shell made of steel, suspended with four thin ropes to a 

framework structure, is excited by a shaker in such a way that the cylinder is subject to a radial white-noise 

point force. An electromagnetic transducer, whose magnified picture and sketch is shown in Fig. 1(b) and 

(c), is mounted on the cylinder. The electromagnetic transducer considered in this study is composed by a 

cylindrical core magnet and an external ferromagnetic ring, where a double coil is housed. The magnetic 
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and ferromagnetic elements are connected by spiral springs characterised by a soft axial stiffness and a hard 

transverse stiffness, which guarantee a small air gap between two elements such that the transducer is 

characterised by a high electromechanical transduction effect. The transducer is connected via an interface 

circuit to a programmable digital board, which synthetises the electrical impedance of the time-varying 

resistive-inductive shunt. The geometrical and physical parameters of the cylinder and electromagnetic 

transducer considered in this section are reported in Table 1. 

 

 

 

Figure 1: Picture of the experimental setup (a), 

picture (b) and sketch (c) of the electromagnetic 

transducer. 

Table 1: Physical and geometric parameters of the 

cylinder and electromagnetic transducer 

 Parameter Value 

Cylindrical 

shell 
Length 𝐿 = 500 [mm] 

 Diameter 𝐷 = 700 [mm] 
 Thickness ℎ = 3 [mm] 
 Material steel 
 Mass 𝑚𝑐 = 26 [kg] 

EM 

transducer 
Base mass 𝑚𝑏 = 115 [g] 

 Suspended mass 𝑚𝑎 = 185 [g] 
 Fundamental 

natural frequency 
𝑓𝐸𝑀 = 18 [Hz] 

 Damping ratio 𝜁𝐸𝑀 = 22 [%] 
 Coil resistance  𝑅𝑒 = 22.5 [Ω] 
 Coil inductance 𝐿𝑒 = 6.25 [mH] 
 Transduction 

coefficient 
𝜓𝑒𝑚 = 22.5 [N/A] 

 

 

 

Figure 2: Measured spectrum of the cylinder transverse velocity at the footprint of the open-circuit 

electromagnetic transducer per unit primary force excitation and measured deflection shapes. 
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Fig. 2 shows the 10 – 150 Hz spectrum of the measured radial velocity of the cylinder equipped with the 

electromagnetic transducer in open circuit per unit primary force excitation at the control position, i.e. at the 

footprint of the electromagnetic absorber. Although below the ring frequency, the modal overlap factor for 

flexural vibrations in a cylindrical shells is characterised by a rising behavior proportional to √𝜔3 [55], in 

the low frequency range considered in this study, the spectrum of the flexural response of the cylinder is 

characterised by a sequence of well separated sharp resonance peaks. These peaks are generated by the 

resonant responses of the flexural modes of the cylinder equipped with the open-circuit electromagnetic 

transducer, which are also shown in Fig. 2. According to the shape functions shown in Figure 2, most of 

these modes are characterised by axial mode order equal to 0 or 1 and circumferential mode orders 

comprised between 2 and 5. 

2.2 Shunted electromagnetic vibration absorber properties 

Fig.3(a) shows the electro-mechanical lumped parameter model of the electromagnetic transducer shown in 

Fig. 1(b). The inertial effects of the permanent magnet and of the ferromagnetic ring are modelled with the 

two masses 𝑚𝑏 and 𝑚𝑠, respectively, which are connected with the spring 𝑘𝑎 and the dashpot 𝑐𝑎 elements 

in parallel. These two elements characterise the elastic property of the spiral springs and the dissipation 

effect due to the Couette flow in the small gap between the permanent magnet and the ferromagnetic ring 

[48]. Also, the electrical resistance 𝑅𝑒 and inductance 𝐿𝑒 components describe the resistive-inductive effects 

of the coil of the transducer. The transduction between the mechanical and electrical domains is modelled 

with a two-port element, which is composed of an ideal current-controlled force generator 𝑓𝑒𝑚 = 𝜓𝑒𝑚 𝑖𝑒𝑚 

and an ideal velocity controlled voltage generator 𝑒𝑒𝑚 = 𝜓𝑒𝑚 (�̇�𝑠 − �̇�𝑏), where 𝜓𝑒𝑚 is the electromagnetic 

transduction coefficient [56]. As anticipated in the introduction, the electromagnetic transducer is connected 

to a shunt circuit composed of a resistance 𝑅𝑠 and an inductance 𝐿𝑠 connected in series. The effects of the 

aggregate coil and shunt electrical circuit on the mechanical response of the shunted electromagnetic 

transducer could be modelled in terms of the equivalent mechanical elements [52,54] shown in Fig. 3(b). 

The series of equivalent spring  

 𝑘𝑒𝑠 =
𝜓2

𝐿𝑒𝑠
, (1) 

where 𝐿𝑒𝑠 = 𝐿𝑒 + 𝐿𝑠 is the aggregate coil and shunt inductance, and the equivalent damper 

 𝑐𝑒𝑠 =
𝜓2

𝑅𝑒𝑠
, (2) 

where 𝑅𝑒𝑠 = 𝑅𝑒 + 𝑅𝑠 is the aggregate coil and shunt resistance, is connected in parallel with the inherent 

mechanical spring 𝑘𝑎 and damper 𝑐𝑎. Inspection of Eqs. (1) and (2) indicates that the equivalent mechanical 

spring 𝑘𝑒𝑠 is affected only by the aggregate inductance and that the equivalent damper 𝑐𝑒𝑠 is affected merely 

by the aggregate resistance. Furthermore, the two expressions show that, to produce a large equivalent 

stiffness 𝑘𝑒𝑠 and a large equivalent damping 𝑐𝑒𝑠, the aggregate coil and shunt inductance and resistance 

should be small, leading to the implementation of negative inductive and resistive elements. This raises 

issues regarding the stability [14,15,45,46] and special care should be adopted to guarantee the stability of 

the shunted transducer [14,15,45,46,54]. 

To have a better insight on the equivalent mechanical effects of the aggregate coil and shunt electrical 

elements, the mechanical response of the shunted electromagnetic transducer is now analysed with respect 

to the transducer base impedance 𝑍𝑏(𝜔) = 𝑓𝑏(𝜔)/�̇�𝑏(𝜔) [54,57], which is given by the ratio of the 

complex amplitudes of the force and velocity at the base. Figure 3(c) shows the FRFs of the base impedance 

when the transducer is in open-circuit (dashed black lines), in short-circuit (dotted black lines) and connected 

to a resistive-inductive shunt circuit (thin solid coloured lines) considering several combinations of the shunt 

resistance 𝑅𝑠 and of the shunt inductance 𝐿𝑠. In particular, the red lines correspond to increasingly larger 

values of the inductance and fixed resistance, while the thin solid cyan lines represent the case of fixed 

values of the shunt inductance and increasingly values of the shunt resistance. Overall, it can be seen that 

the natural frequency of the transducer could be effectively varied over the 20 – 180 Hz range by setting a 
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proper value of the shunt inductance. Similarly, the transducer inherent damping can be effectively altered 

by the shunt resistance. 

 

 

 

Figure 3: Electromechanical (a) and equivalent mechanical model (b) of the shunted electromagnetic 

transducer and base impedance of the transducer in open circuit (thick dashed black lines), in short-circuit 

(thick dotted black lines) and connected to shunts formed either by a fixed resistance 𝑅𝑠 and increasingly 

larger inductances 𝐿𝑠 (thick red lines) or a fixed inductance 𝐿𝑠 and increasingly larger resistance 𝑅𝑠(thin 

cyan lines). 

2.3 Experimental implementation 

The electrical shunt circuits were digitally synthetised with a digital programmable board, which was 

connected to the electromagnetic transducer via an interface circuit [54]. The desired electrical impedance 

𝑍𝑠(𝜔) = 𝑗𝜔𝐿𝑠 + 𝑅𝑠 of the resistive-inductive shunt shown in Fig. 4(a) was implemented with the electrical 

circuit shown in Fig. 4(b). The interface circuit is composed by a current sensing stage, which feeds to the 

digital board a signal proportional to the current flowing through the coil and interface circuit. The output 

signal of the digital board is then summed to the input signal of the digital board so that the impedance 

implemented in the programmable board 𝑍𝑒𝑚 is synthetised at the terminals of the transducer. Finally, the 

power amplification stage provides the constant gain of the electrical impedance. The interface circuit 

provides a unity constant gain, therefore the impedance implemented in the digital board corresponds to the 

desired electrical impedance: 

 𝑍𝑒𝑚 = 𝑍𝑠. (3) 
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Figure 4: Electrical circuit of the electromagnetic transducer connected to the shunt (a) and electrical 

implementation of the shunt with the digital board (b). 

 

Figure 5: Time history of the shunt inductance (a) and resistance (c) implemented to produce a 40 – 150 Hz 

harmonic sweep of the transducer fundamental natural frequency (b) with a damping ratio comprised 

between 4% and 12% (d). 

The time-varying vibration control unit composed by the electromagnetic transducer connected to a 

sweeping electrical shunt circuit is now considered. As suggested by Eqs. (1) and (2), the control unit natural 

frequency 𝑓𝐴 and damping ratio 𝜁𝐴 could be varied harmonically over time by varying over time the shunt 

inductance 𝐿𝑠 and the shunt resistance 𝑅𝑠. In particular, as shown in Fig. 5(a), the shunt inductance was 

varied over time according to the following law: 

 𝐿𝑠(𝑡) = 𝐿𝑚𝑎𝑥 − (𝐿𝑚𝑎𝑥 − 𝐿𝑚𝑖𝑛) cos2 (2𝜋
𝑓𝑠𝑤

2
𝑡), (4) 

where 𝐿𝑚𝑎𝑥 = 45 mH and 𝐿𝑚𝑖𝑛 = −5 mH are upper and lower values of the inductance range and 𝑓𝑠𝑤 is 

the frequency of the sweep, which was set to 20 Hz. This time variation of the shunt inductance corresponds 

to a harmonic variation over time of the absorber natural frequency between 𝑓𝐴,𝑚𝑖𝑛 = 40 Hz and 𝑓𝐴,𝑚𝑎𝑥 =
150 Hz, as shown in Fig. 5(b). Preliminary experimental results showed that to optimally control the 

resonant response of the flexural modes of the cylinder in the frequency range of the sweep, i.e. 40 – 150 

Hz, the shunt resistance should be kept constant and equal to 𝑅𝑠 = −22.5 Ω, as shown in Fig. 5(c). Hence, 

as shown in Fig. 5(d), the damping ratio of the control unit was set to vary over time between 4% and 12%. 
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Figure 6: Measured spectra of the velocity at the control position per unit primary force excitation of the 

cylinder equipped with the open circuit transducer (thin black lines) and with the sweeping shunted 

transducer (thin cyan lines) operating in the 40 – 150 Hz frequency band. 

Fig. 6 shows the measured spectra of the cylinder flexural velocity per unit excitation force at the control 

position when the electromagnetic control unit is in open circuit (thin black lines) and connected to the shunt 

circuit implementing the sweep (thick cyan lines) described in Eq. (4) and shown in Fig. 5 (a) and (c). The 

plot shows that the sweeping electromagnetic control unit could effectively dampen the flexural response of 

the cylinder in the 40-150 Hz frequency band of the sweep. In particular, the amplitude of the resonance 

peaks in this frequency range are reduced by 2 to 10 dB. 

3 Piezoelectric sweeping vibration absorber 

The time-varying control unit formed by a piezoelectric patch connected to a sweeping resistive-inductive-

capacitive (RLC) shunt with fixed negative capacitance is discussed in this Section. First, the design and 

laboratory implementation of a test setup composed by a thin panel with five piezoelectric patches connected 

to the time-varying shunt is presented.  The equivalent mechanical effects of the shunt RLC and piezoelectric 

patch components are then discussed. Also, the electronic system used to implement the sweeping shunts is 

introduced. Finally, the measured flexural response of the panel structure with the five piezoelectric patches 

connected to the time-varying shunts is analysed. 

3.1 Model problem 

Figure 7 shows the rig used in this study, which is composed by a rectangular thin aluminium plate clamped 

on a box structure. As depicted in picture (a), five square piezoelectric patches are bonded on the bottom 

side of the panel at centre positions 𝑥𝑐1,2,3,4 , 𝑦𝑐1,2,3,4 = 𝐿𝑥 2⁄  ± 60 mm , 𝐿𝑦 2⁄  ± 60 mm and 𝑥𝑐5 , 𝑦𝑐5 = 

𝐿𝑥 2⁄   , 𝐿𝑦 2⁄  . The panel is exposed to a stochastic point force at position 𝑥𝐹 =85 mm, 𝑦𝐹 = 110 mm , which 

is generated by a shaker located in the box. The flexural response of the panel is monitored by using a 

scanning laser vibrometer. The geometrical and physical properties of the panel and piezoelectric patches 

are summarized in Tables 2 and 3.   

Fig. 8 shows the deflection shapes of the six flexural modes that characterize the 40–270 Hz Power Spectral 

Density (PSD) of the panel flexural kinetic energy per unit force PSD when the five piezoelectric patches 

are in short circuit. In the 40–270 Hz frequency range considered, the flexural response of the smart panel 

is characterised by six resonance peaks located at 51, 91, 125, 141, 216, 245 Hz. There is also a seventh 

peak at 172 Hz, which, however, is much lower than the other peaks and thus is neglected in this study. 
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Figure 7: Pictures of the smart panel (a) and of the experimental test rig (b). 

Table 2: Physical and geometrical parameters of 

the panel 

Parameter Value 

Length 𝐿𝑥 = 414 [mm] 
Width 𝐿𝑦 = 314 [mm] 

Thickness ℎ𝑝𝑒 = 1 [mm] 

Material aluminium 
Mass 𝑚𝑝 = 0.35 [kg] 

 

Table 3: Physical and geometrical parameters of 

the piezoelectric transducers 

Parameter Value 

Length 𝑙𝑝𝑒,𝑥 = 26 [mm] 

Width 𝑙𝑝𝑒,𝑦 = 26 [mm] 

Density 𝜌𝑝𝑒 = 5440 [kg/m3] 

Young’s 

Modulus 
𝐸𝑝𝑒 = 3 × 1010 [N/m2] 

Poisson ratio 𝜈𝑝𝑒 = 0.355 [−] 

capacitance 𝐶𝑝𝑒 = 53 × 10−9 [F] 

Strain/charge 

constants 

𝑑31 = −19 × 10−13 [m/F] 
𝑑32 = −19 × 10−13 [m/F] 
𝑑36 ≈ 0 [m/F] 

 

 

 

Figure 8: Measured kinetic energy PSD per unit force PSD of the panel equipped with the short-circuit 

piezoelectric patches and measured deflection shapes. 
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3.2 Shunted piezoelectric vibration absorber properties 

Before entering into the details of the implementation of the sweeping shunts, this section provides an 

overview of the equivalent mechanical effects produced by a piezoelectric patch connected to the RLC shunt 

circuit. To this end, an idealized piezoelectric transducer connected to a single-degree-of-freedom mass-

spring-damper hosting system is considered, which reproduces the response of the r-th flexural mode of the 

plate and shunted piezoelectric patches. The capacitance C encompass both the inherent capacitive effect of 

the piezoelectric patch and the capacitive effect of the shunt. 

 

 

Figure 9: Electromechanical (a) and equivalent mechanical model (b) of the shunted piezoelectric transducer 

connected to a single-degree-of-freedom primary system and kinetic energy PSD (c) of the primary system 

with the piezoelectric transducer in short-circuit (black line) and connected to an inductive (thin red line), 

capacitive-inductive (thick red line) and capacitive-inductive-resistive (cyan lines) shunts.  

Figure 9(a) shows the electro-mechanical lumped parameter model of the mass-spring-damper hosting 

system and the idealised piezoelectric transducer with the parallel RLC shunt circuit.  

As shown in sketch (b), the combined effects of the aggregate piezoelectric patch and shunt capacitance and 

shunt resistance and inductance elements produce an equivalent TVA mechanical effect, which can be 

modelled as a series mass-spring-damper system connected to the lumped mass of the hosting system. 

Therefore, as shown in plot (c), the PSD of the kinetic energy of the single-degree-of-freedom primary 

system with the idealised piezoelectric transducer in short circuit (black line) presents a single peak in 

correspondence of the resonance frequency of the system. Then, when the piezoelectric patch is connected 

to an inductive element 𝐿𝑠, the single resonance peak is changed into a double undamped resonance peak 

(thin red line). The aperture between the two peaks can be increased by reducing the inherent capacitance 

of the transducer, hence considering a negative shunt capacitance 𝐶𝑠, as shown by the thick red line. Finally, 
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as shown by the thin cyan lines, the amplitude of the two resonance peaks is then reduced by adding into 

the shunt an increasingly larger resistance 𝑅𝑠.  

3.3 Experimental implementation 

To facilitate the implementation of the shunts, the RLC circuits were synthetized using a digital 

programmable control board. In order to produce the desired shunt effects, the digital board was connected 

to the piezoelectric patches via ad hoc interface circuits, which were specifically designed to produce the 

impedance load digitally programmed in the platform.  

 

 

Figure 10: Electrical circuit of the piezoelectric transducer connected to the shunt (a) and electrical 

implementation of the shunt with the digital board (b).  

Considering a single patch, Figure 10(b) shows the scheme of the electronic setup used to synthesize the 

shunt circuit shown in Figure 10(a). As depicted in Figure 10(b), the piezoelectric transducer is connected 

to the board input channel via an operational amplifier, which is characterized by a high electric impedance. 

The input voltage to the board is thus proportional to the voltage at the terminals of the piezoelectric patch. 

The use of this amplifier avoids current flows in the board. 

The digital board implements in real time a transfer function which produces an output voltage equivalent 

to the voltage drop that would be produced by the shunts. Therefore, the output of the digital board is 

connected to the terminals of the piezoelectric patches. Similarly to the input channel, also the output 

network from the board is connected to an operational amplifier. Also in this case, the amplifier is used to 

deliver a voltage signal without effecting the current flow. 

The following formulation gives the transfer function 𝑍𝑝𝑒  that should be implemented in the digital board 

to digitally synthesize the desired electric impedance of the shunt 𝑍𝑠. Considering the electrical scheme in 

Figure 10(b), three relations can be written: 

 𝑒𝐴𝐷 = 𝑒𝑠, (5a) 

 𝑒𝐷𝐴 = 𝑍𝑝𝑒𝑒𝐴𝐷, (5b) 

 𝑒𝑠 − 𝑒𝐷𝐴 = 𝑅𝑖𝑠, (5c) 

where 𝑒𝐴𝐷 is the board input voltage, 𝑒𝑠 is the voltage at the terminals of the piezoelectric patch and 𝑒𝐷𝐴 is 

the output voltage of the digital board. Also, 𝑅 is the reference resistor and 𝑖𝑠 is the current flowing trough 

the piezoelectric patch. According to the electric scheme in Figure 10(a),  

 𝑒𝑠 = 𝑍𝑠𝑖𝑠, (6) 

where 𝑍𝑠 is the desired shunt impedance. Combining Eqs. (5-6) gives the following expressions for the 

electric impedance and digital platform transfer function: 

 𝑍𝑠 =
𝑒𝑠

𝑖𝑠
=

𝑅

1−𝑍𝑝𝑒
 , (7) 
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 𝑍𝑝𝑒 =
𝑒𝐷𝐴

𝑒𝐴𝐷
= 1 −

𝑅

𝑍𝑠
 , (8) 

Specifying Eq. (8) for the desired shunt impedance 𝑍𝑠, results: 

 𝑍𝑝𝑒 =
−(𝑅𝑅𝑠𝐶𝑠𝐿𝑠)𝑠2+𝐿𝑠(𝑅𝑠−𝑅)𝑠−𝑅𝑅𝑠

𝑠𝐿𝑠𝑅𝑠
. (9) 

The transfer function derived in Eq. (9) is actually improper. Therefore, to implement it in digital board, the 

transfer function is pre-multiplied by a low pass filter, i.e. 
𝜔𝑐

𝜔𝑐+𝑠
  with 𝑓𝑐 = 𝜔𝑐 2𝜋⁄ = 5 kHz corner frequency, 

such that it does not affect the frequency band analysed here, which is  comprised between  40–270 Hz.  

 

 

Figure 11: Time history of the shunt inductance (a) and resistance (c) implemented to produce a 40 – 270 

Hz harmonic sweep of the shunts electrical circuits (b) with a damping ratio comprised between 5.6% and 

7.8% (d). 

As shown in Figure 11, in the sweeping operation mode, the time-varying shunts are uniformly varied in 

such a way as to control all flexural modes that resonate in the frequency range comprised between 40 and 

270 Hz. The sweeping mode is implemented asynchronously such that the piezoelectric patches are not 

tuned simultaneously at the same frequency. The resonance frequency of the shunts 𝑓𝐴 is swept between the 

upper 𝑓𝑢 and lower 𝑓𝑙 limits of the frequency control range according to the following equation: 

 𝑓𝐴 = 𝑓𝑙 + (𝑓𝑢 − 𝑓𝑙) sin4(2𝜋𝑓𝑠𝑤𝑡), (10) 

where 𝑓𝑙 and 𝑓𝑢 are the lower and upper value of the frequency control range and 𝑓𝑠𝑤 is the sweeping 

frequency, which has been set to 0.35 Hz after a trial and error search. 

Since the sweeping shunts also implement a negative capacitance equal to 55% of the piezoelectric patch 

capacitances i.e. 𝐶𝑠 = 0.55𝐶𝑝𝑒, the shunt inductance is swept following the law: 

 𝐿𝑠(𝑡) =
1

𝜔𝐴
2 (𝑡)(𝐶𝑝𝑒−𝐶𝑠)

, (11) 

where 𝜔𝐴 = 2𝜋𝑓𝐴. Also, the resistance of the shunt is swept according to the following law: 

 𝑅𝑠(𝑡) =  𝑘0 + 𝑘1𝐿𝑠(𝑡), (12) 

where the coefficients 𝑘0 = 201.4 kΩ and 𝑘1 = 2.1 kΩ 𝐻⁄  were obtained from the linear regression of the 

optimal RL shunt values found during the fixed tuning operation mode. 
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Figure 12: Kinetic energy PSD per unit force PSD of the panel equipped with the five piezoelectric patches 

in short circuit (black line) and connected with sweeping shunts (cyan line). 

Figure 12 shows the flexural kinetic energy PSD per unit force PSD when the panel is equipped with five 

piezoelectric patches in short circuit (solid black line) and connected with the sweeping shunts (solid blue 

line). The graph shows that the shunted piezoelectric patch absorbers produce between 2.1 and 12.5 dB 

reductions of the resonance peaks in the target frequency band. 

4 Conclusions 

This paper has presented experimental comparative study on the implementation of sweeping shunts to 

control the flexural response of a cylinder and thin rectangular plate using shunted electromagnetic and 

shunted piezoelectric transducers, respectively.  

At first, a comprehensive analysis of the mechanical equivalent effects produced by shunts connected to a 

real electromagnetic and piezoelectric patch transducer have been analysed. The experimental 

implementation of sweeping shunts on electromagnetic transducer and on five piezoelectric patches bonded 

on a thin panel has then been assessed. The initial experimental results presented in this study have shown 

that the proposed sweeping operation modes produce 2 to 10 and 2.1 to 12.5 vibration reductions at the 

target resonance frequencies for the electromagnetic and piezoelectric transducers respectively. This is a 

rather interesting result, since these operation modes work without need of tuning, and thus system 

identification of the dynamic response of the structure. Moreover, this characteristic makes the system robust 

to changes of operation condition, particularly of the hosting structure, which could be affected by 

tensioning or temperature change effects. 
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Abstract 
Micro or nano scale vibratory disturbances negatively influencing performance of sensitive subsystems 

onboard spacecrafts and satellites. Such vibrations are important in scientific missions with high pointing 

stability requirements. Vibratory sources, such as reaction wheels, electrical motors, cryogenic machines, 

and cryogenic machines generate such disturbances. The stringent stability requirements are addressed by 

mitigating the propagation of micro or nano vibratory disturbances. The mechanical environment is defined 

by low-level loads generated by decoupled equipment (CMG, RW, etc.) during an orbital life. Two types of 

solutions can be considered. The 1st one is based on passively decouple RWs and CMGs. These isolators 

must withstand the launch loads with limited dynamic amplification and efficiently mitigate the micro 

vibrations due to cryogenic machines during orbital operation. The 2nd one is based on the application of 

Tuned Mass Damper (or TMD). TMDs are introduced to reduce high dynamic amplifications at structural 

resonances. Both solutions are based on SMACTANE. The architecture of these combined solutions and 

the theoretical aspects will be presented, and their performances will be highlighted. 

1 Introduction 

An effective micro-vibration reduction mechanism, for space-born laser beam platforms, should address 

two different loading and operating stages. (1) Non-operating periods during which space-born laser beams 

are not operating (i.e., not pointing) but the platform is subjected to continuous vibrations and incidental 

shock loads. (2) Operating periods during which laser beams are operating (i.e. pointing) while subjected to 

excessive micro disturbances that negatively affect performance. For example, in the case of space and 

satellite applications, a micro vibration solution should have two key functions: (1) protection of high shock 

loads induced during the launch period and (2) micro-vibration mitigation during satellite orbital operations. 

Effective and practical solutions should have space-qualified parts to perform in the first stage or function. 

One of the key parts is a stiff elastomeric element will protect laser beams during non-operation periods and 

in the presences of excessive vibration and shock loads. For the 2nd stage function (i.e. micro vibration 

reduction), the solution should use space-qualified soft elastomer to mitigate micro vibrations.   

As it is stated in reference [1], successful utilization of directed energy devices require precision in pointing 

accuracy. Current laser platforms are often at a disadvantage for implementation to mobile host vehicles due 

to size, weight, and power (SWaP) requirements. These stringent SWaP requirements are challenging when 

attempting to damp vibrations by traditional means, such as adding mass (stiffness) to the system. Innovative 

methods are sought that might include mechanisms that are either passive or active in nature, utilize 

beneficial tolerances for the assembly, to improve pointing accuracy. One of the key metrics, to a successful 

micro vibration reduction solution, is its minimized weight. An effective solution should leverage low mass 

components to provide better beam control accuracy. 
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For directed energy systems, maintaining a stable line-of-sight with passive and active compensation of 

optical beam jitter is a critical element [2]. Jitter causes a decay in optical resolution [2] which decreases 

accuracy of directed energy systems. Typical disturbance sources contributing to optical jitter or micro 

vibrations vary with platform and environment. Common sources of jitter on space and airplane systems 

include platform vibration, structural flexibility, dynamic loading, acoustics, atmospheric jitter and beam 

path conditioning effects. The beam control subsystem should be designed to minimize optical jitter under 

these various disturbance sources.  

High Energy Laser Beam Control Systems (HELBCS) consist of many complex subcomponents, working 

together to accurately send and receive light. An HELBCS consists of a rate gyro stabilized gimbaled 

telescope with a 10-inch primary mirror, Wide Field of View (WFOV) and Narrow Field of View (NFOV) 

Camera Systems, Fast Steering Mirrors (FSMs), a Position Sensing Detector (PSD) sensor for jitter control 

and fine beam steering, a Deformable Mirror (DM), a Shack-Hartman wave front sensor for Adaptive Optics 

(AO), and a Spatial Light Modulator (SLM).  HELBCS for directed energy weapons can be isolated from 

micro-vibrations using active and/or dual-stage passive approaches. Active isolation systems rely on the use 

of sensors to adjust one or more of the three key elements of an isolator, stiffness, mass, or damping, in 

order to reduce vibrations at the protected equipment. These systems require additional space for the sensors, 

electronics for calculating the response, and additional electrical energy to power active components which 

is difficult for platforms with limited Size, Weight, and Power. Active systems have an inherent risk of 

failure due to the necessity of connectivity between each component [3].  

Specific elastomer devices or tuned mass dampers [3-6] are among passive protective measures of sensitive 

instruments and electronics subjected to jitter or micro-vibrations. The latter solution is typically designed 

further in the development of a system to reduce specific structural resonance while the former needs 

additional engineering earlier in a design process to accommodate stringent laser platform requirements. 

The complex designs of the elastomeric device must fit within the geometry and weight budget of a specific 

configuration and be protected from the harsh loads exerted during non-operation periods. These complex 

designs are specific to a laser platform geometry and orientation without application to multiple platform 

geometries. 

Single-stage or dual-stage Passive systems have less risk associated with failure due to the elimination of 

sensors, electronics, and power. For pure passive isolation solutions [7-16] soft elastomers are required to 

attenuate low frequency micro-vibrations. Due to their material properties, soft elastomers are susceptible 

to damage under high loads often experienced during road vibrations, landing/takeoff or launch 

environment. To prevent these soft elastomers from disintegrating under high shock loads, supplementary 

external passive mechanisms are often added to the system. These external mechanisms only function during 

non-operation periods. An effective solution eliminates the need for an external protection mechanism of 

the passive isolator. Our design is based on dual stage passive approach that combines the ability to isolate 

laser beams from both large vibrations and shock loads and jitter or micro-vibrations. 

In this work, we employ our experience in practical applications [7-16] in developing and delivering shock 

and vibration mitigation solutions for the most demanding environments. Our solution is based on our 

proprietary elastomer formulation, namely SMACTANE SP, since this product has been qualified for 

military ground, aircraft, space applications and are deployed on multiple space platforms. SMACTANE, a 

high damping elastomer, is used to design passive isolators that can address both launch and orbit stages. 

SMACTANE is specific elastomeric compounds compliant for space requirements and constraints. In 

addition, our solution can be complemented by adding damping to mechanical structures of a satellite or of 

a payload. Due to mass constraints, satellite and payload structures are often built with stiff materials with 

poor damping properties resulting in high dynamic amplifications. Vibrations are mitigated by adding local 

damping solutions, such as Tuned Mass Dampers (TMD), directly screwed on structures. TMDs are 

designed with SMACTANE elastomer in order to pass the launch mechanical loads. 
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2 Key challenges in mitigating micro-vibrations passively 

The theoretical aspect of isolators is based on the implementation of “soft” elements at the interface between 

the disturbing sources (like Reaction Wheel, CMG, & Cryo-Machines) and the spacecraft structures. This 

approach allows to employ a 1-DOF model which is basically a mechanical filter for mitigating dynamic 

loads with frequencies higher than the cut off frequencies or resonant frequency of the system as shown in 

Figure 1.  

 

Figure 1: An isolator for inertial unit (left) and its frequency response (right) 

However, due to constraints, this ideal case is not suitable. While an isolator can be installed at the 

interface between a vibrating equipment and satellite structure, an offset between the center of 

gravity and the elastic center of the isolator has to be accounted for . This approach will convert a 

single DOF model to multi DOF model resulting in several modes that limit the effectiveness of 

isolators. Such models should be optimized based on stiffness distribution around the base of the 

equipment and effective modes. 

In order to optimize an isolator, one should target an optimized stiffness. There are two opposing 

constraints  to be considered. (1) The stiffness of the isolator and its damping capability has to be 

high enough for vibrating launch loads about few thousand Newtons. The relative dynamic 

displacements have to be limited to avoid failures of the different equipment links, such as thermal 

braids, electrical harness, and to avoid failure of the isolator itself. Moreover, low frequencies 

should be filtered as related to the control of the rocket. (2) Stiffness and damping of an isolator 

have to be low enough allowing for low cut off frequencies and improving mitigation performance 

by limiting force transmissibility during the orbital life when subjected to micro-vibration loads 

about few tenths of Newton. Tradeoff is necessary between the dynamic behavior during launch 

(large vibratory loads) and orbital life (micro-vibrations). In summary, the model should have three 

main contraints. (i) During launch period, eigen frequencies should be larger than 35Hz 

withrelatively high damping factors resulting in Q factor < 3. (ii) during orbital period, eigen 

frequencies should be less than 40Hz with relatively high damping factrors resulting in Q factor < 

3. (iii) there should be a gap of  5 Hz for managing any non-linearity in damping materials. (iv) 

elastomer compounds have to be less sensitive to input loads. 

3 Overall Solution  

This work is focused on micro vibration and jitter reduction solutions suitable for laser beam applications. 

The proposed solution can have overlap between ground-borne, airborne and space-borne directed energy 

devices and recent satellite optical communication advancements. The solution leverages mechanisms that 
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are both dual-stage and passive in nature. It is designed and produced based on utilizing required tolerances 

(size, geometry, weight, fit) for the assembly in order to improve pointing accuracy.  

To achieve the damping target (Q factor <3), an isolator was designed with an elastomer compliant with 

regards to the space constraints (outgassing, radiations, thermal cycles, for example). Because of their 

chemical structures, their mechanical modulus (G’) and loss factor (tan delta) depend on strain rates, which 

in turn depend on input loads that are quite different between launch and orbital stages. This phenomenon 

is named “Payne”, characterized by a linear range (low displacements) with a quasi-constant modulus (linear 

range) and a non-linear range (high displacements) with rapid changing modulus with respect to 

displacement. These differences are shown in Figure 2.  

 

Figure 2: Influence of the input acceleration on first eigen frequency for different elastomers 

For satisfying the combined stiffness requirements for high vibratory loads and micro-vibrations; dedicated 

elastomer compounds were designed.  After conducting laboratory shaker tests on simplified isolator 

mockup (1DOF model), the elastomer named “SMACTANE 40 SP” was selected. Moreover, SMACTANE 

40 SP is compliant with space environment and is already “Flight Proven”. Figure 3 shows the frequency of 

a single DOF versus applied Gs. 

 

Figure 3: Damping elastomer and PAYNE effect (DMA tests) 

4 Conclusions 

Two different solutions met the required damping performances with regards to high accuracy of space 

instruments (ESA program). Solutions were based on the same elastomer (SMACTANE 40 SP) which was 
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selected for its high damping properties with limited non-linearity effects. Moreover, low frequencies, 

onboard satellites, were addressed. All-in-all this project resulted in a successful development. 
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Abstract 
Regenerative chatter kind of self-excited vibrations is one of the main issues setting a barrier to productivity 

in thin wall milling processes on account of their low stiffness and damping properties. In this paper, the 

tuneable clamping table (TCT) concept is presented as an efficient device for chatter avoidance in thin-

walled part milling. The idea is based on mode coupling with in-series configuration, which permits 

enhancing the dynamic stiffness at the machining point without any direct intervention at the cutting point. 

The paper presents an optimal tuning strategy for the TCT aiming at maximizing the milling stability, 

providing the analytical formulae for achieving it. The introduced concept is compared to regular TMDs in 

terms of optimal parameters and tuning limits and its effect on milling stability are shown. 

1 Introduction 

In an industrial context where the manufacturers are moving towards lighter components seeking for agile 

assemblies and the lowest fuel consumption possible, more and more structural and engine parts are being 

designed with thin-walled features, offering a high structural stiffness while fulfilling the strict weight 

restrictions. Even though the ‘near-to-shape’ manufacturing is an increasing trend, end-milling operations 

are still compulsory in order to achieve the required dimensional tolerances for their posterior assembly. 

However, milling operations on these kinds of parts result to be a challenging task, mainly due to the 

occurrence of static deflection errors and, especially, regenerative chatter. 

Chatter is a kind of self-excited vibration generated by the cutting process regenerative effect [1], [2], by 

which every cutting edge cuts the wavy surface pattern left by the vibrating cutting edge in the prior pass. 

Under certain set of cutting parameters, the regenerative mechanism may become unstable, giving rise to 

high amplitude vibrations. Regenerative chatter can result in deep surface marks, increased tool wear or 

breakage and can potentially damage the machine tool components [3]. In thin walls, the low local stiffness 

is added to the inherently low damping properties of the part, as thin walls usually include very few or no 

bolted nor riveted unions where the friction between different interfaces could add a higher level of damping. 
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As a consequence, they present a high dynamic flexibility that much promotes the emergence of regenerative 

chatter when being machined. 

Therefore, strategies focused on enhancing the dynamic stiffness of the machined part are a proper solution 

for chatter avoidance. On the one hand, solutions based on increasing the static stiffness of the machined 

part are the most common in the industry, although constraining the machined part can lead to static form 

errors if the supporting forces are not properly controlled. On the other hand, introducing additional damping 

by active or passive means can provide the desired reduction of dynamic flexibility without producing static 

form errors. Multiple passive damping solutions for thin-walled parts can be found in the literature, such as 

viscoelastic material layers [4], eddy current-based damping [5], Lanchester dampers [6], tuned mass 

dampers (TMDs) [7], [8] and tuneable TMDs [9]. Active damping devices for thin-walled parts have also 

been lately proved to be suitable for industrial applications [10]. 

The mode coupling concept, which is, in fact, a generalization of the TMD concept, can provide damping 

to the critical mode by tuning a controlled mode with high damping close to the targeted mode. Even though 

the efficiency of mode coupling devices is superior to other broad-bandwidth damping solutions, the correct 

tuning to the targeted mode is crucial. In this sense, different optimal tuning strategies for TMDs have been 

developed.  

When aiming at minimizing the maximum amplitude of the frequency response function (FRF),  Den 

Hartog's approximate analytic amplitude tuning for 1-DoF TMDs is usually applied [11], [12], which has 

been more recently extended with the exact tuning expressions [13]. Multi-DoF TMDs have also been 

investigated for vibration suppression [14]–[17], but no closed-form expressions of the optimal tuning can 

be obtained and numerical algorithms have to be implemented. When the system is subjected to random 

excitation, alternative methodologies based on minimizing the total vibration energy of the system all along 

the frequency band are applied, for which optimal algebraic tuning parameters for single DoF TMDs can be 

found [18]. 

Nevertheless, the above mentioned tuning strategies are not optimal for chatter suppression, where the 

critical depth of cut for chatter free machining is inversely proportional to the real part of the FRF [19]. In 

this case, Polacek proposed targeting the reduction of the real part of the FRF [20]. Based on this idea, Sims 

developed the analytical real part tuning formulae for TMDs [21]. 

In any case, the so-far mentioned methods have been developed for TMDs, for which the controlled mode 

is placed parallel to the flow of cutting forces. However, applying this concept to thin-walled part machining 

entails a higher level of difficulty, since physically clamping the device to the part without interfering in the 

machining sequence can be challenging. This study introduces the tuneable clamping table (TCT) concept 

for chatter avoidance in thin walls, which is based on mode coupling with in-series configuration, allowing 

increasing the dynamic stiffness at the cutting point without any direct intervention in the cutting zone. The 

tuning formulae for maximum milling stability based on optimizing the real part of the receptance are 

presented and their tuning limits are studied. Finally, the influence of the concept and tuning strategy in 

milling stability is analyzed. 

2 Tuneable clamping table: conception and optimal tuning 
formulation 

2.1 Conception 

In the same way as TMDs, the tuneable clamping table concept aims at increasing the dynamic stiffness at 

the machining point by means of mode coupling. When two or more modes lie close in the frequency band, 

mode coupling occurs and the mode shapes of the neighboring modes are combined. When damping is 

considered, a transfer dissipation between ideal (stand-alone) modes is achieved, which can be used for 

decreasing the dynamic flexibility of critical modes of structures.  
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Figure 1: (a) Tuned mass damper (TMD) concept. (b) Tuneable clamping table (TCT) concept.  

However, in TMDs, the highly damped mode is placed in parallel to the critical mode (Figure 1 (a)), whereas 

the TCT concept is based on placing the controlled mode in a serial configuration with the critical mode 

inside the flow of the excitation forces (Figure 1(b)). This allows introducing damping and, therefore, 

increasing the dynamic stiffness of the part at the machining point without actually having any device that 

can interfere with the cutting process clamped to it. 

2.2 Tuning formulation for optimal milling stability 

As well as TMDs, TCT needs a proper tuning to increase its effectiveness. However, despite the similarities 

between the TMD and TCT architectures, the tuning of TCT differs from the TMD. While in TMDs the 

objective is to minimize the receptance H11 under the stiffness k2 and damping c2 parameters of the device, 

in TCTs it is the H22 the object of optimization under the parameters k1 and c1 of the table, which invalidates 

the so-far developed TMD tuning formulae for the TCT case.  

Generally, in machining processes, the limiting depth of cut for a stable cut is approximately inversely 

proportional to the real part of the oriented receptance function at the machining point [19]. The so-called 

directional factor β0, which describes the projection of the flexible modes onto the direction defined by the 

chip thickness, is what determines whether the negative real part of the FRF (positive directional factor, β0 

> 0) or the positive real part (negative directional factor, β0 < 0) sets the limiting depth of cut. In milling 

processes, the directional factor is most likely to be positive, although negative values are also possible 

depending on the geometry of the cutting process. To this end, a wide-bandwidth constant parameter (k1 and 

c1) tuning strategy similar to Sims theory to TMDs [21] is proposed here, which shows the best performance 

on real part peak optimization. 

The thin-walled part – TCT assembly is modeled as a 2-DoF system as depicted in Figure 1(b). For achieving 

a closed-form analytical tuning of the device, the damping of the thin-walled part c2 is considered equal to 

zero, which actually leads to an accurate enough approximation due to the very low damping properties of 

thin-walled modes. Accordingly, the differential equation of motion results in 

 𝑚1�̈�1(𝑡) + 𝑐1�̇�1(𝑡) + (𝑘1 + 𝑘2)𝑥1(𝑡) − 𝑘2𝑥2(𝑡) = 0,   

 𝑚2�̈�2(𝑡) + 𝑘2𝑥2(𝑡) − 𝑘2𝑥1(𝑡) = 𝐹2(𝑡). (1) 

Single-harmonic 𝜔 excitation on e.g. 𝐹2(𝑡) ≔ 𝐹2e
j𝜔𝑡 results in stationary response in the following form 

 𝑥1(𝑡) = 𝑋1e
j𝜔𝑡,  

 𝑥2(𝑡) = 𝑋2e
j𝜔𝑡. (2) 

By replacing (2) and its respective derivative functions into (1) and after grouping terms, the following 

(Fourier transformed) expressions are obtained: 

 (−𝜔2𝑚1 + j𝜔 𝑐1 + 𝑘1 + 𝑘2) 𝑋1 − 𝑘2𝑋2 = 0,  

 (−𝜔2𝑚2 + 𝑘2) 𝑋2 − 𝑘2𝑋1 = 𝐹2. (3) 
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The frequency response function on the second DoF (H22 = X2/F2) can be obtained solving the equation 

system in (3) for X2 giving 

 𝐻22(𝜔) =
𝑘1+𝑘2−𝜔

2𝑚1+𝑐1j𝜔

(𝑘2−𝜔
2𝑚2)(𝑘1+𝑘2−𝜔

2𝑚1)−𝑘2
2+𝑐1(𝑘2−ω

2𝑚2)j𝜔
. (4) 

Here, for the sake of developing a general tuning formulation, the receptance function in (4) is transformed 

into the dimensionless receptance function 

 ℎ22:= ℎ22(𝑔) ≡ 𝐻22(𝜔1𝑔)𝑘2 =
(𝑓4𝜇−𝑔2𝑓2+𝑓2)+2𝜉1𝑓

2j𝑔

(𝑓2−𝑔2)(𝑓2𝜇−𝑔2+1)−𝑓4𝜇+2𝜉1(𝑓
2−𝑔2) j𝑔

 (5) 

in terms of the dimensionless parameters in Table 1. 

Table 1 Dimensionless parameters of the TCT. 

parameter definition 

mass ratio 𝜇:=
𝑚2

𝑚1
 

 

 𝑚2: thin-walled part mass, 

 𝑚1: TCT mass, 

 ω2 = √𝑘2 𝑚2⁄  : natural frequency of the part, 

 ω1 = √𝑘1 𝑚1⁄  : natural frequency of the TCT, 

 𝜔: excitation frequency, 

 𝑐1: damping of the TCT. 

  

tuning frequency ratio 𝑓:=
𝜔2
𝜔1

 

dimensionless excitation 

frequency 
𝑔:=

𝜔

𝜔1
 

standalone TCT 

damping ratio 
𝜉1: =

𝑐1
2𝑚1𝜔1

 

dimensionless 

receptance 
ℎ22:=

𝑋2
𝐹2
𝑘2 

The real part of the division of two complex numbers can be almost straightforwardly obtained by following 

the procedure: 

 ℎ22 =
𝐴+𝐵 j

𝐶+𝐷 j
      ⇒         Re ℎ22 =

𝐴 𝐶+𝐵 𝐷

𝐶2+𝐷2
, (6) 

where 

 

 𝐴:= (𝑓4𝜇 − 𝑔2𝑓2 + 𝑓2),   𝐵:= 2𝜉1𝑓
2𝑔,  

 𝐶:= (𝑓2 − 𝑔2)(𝑓2𝜇 − 𝑔2 + 1) − 𝑓4,  𝐷:= 2𝑔𝜉1(𝑓
2 − 𝑔2). (7) 

Applying this procedure to equation (5), the real part of the frequency response function 

 Re ℎ22 =
(𝑓4𝜇−𝑔2𝑓2+𝑓2)((𝑓2−𝑔2)(𝑓2𝜇−𝑔2+1)−𝑓4𝜇)+4𝑔2𝜉1

2𝑓2(𝑓2−𝑔2) 

((𝑓2−𝑔2)(𝑓2𝜇−𝑔2+1)−𝑓4𝜇)
2
+4𝑔2𝜉1

2(𝑓2−𝑔2)2
 (8) 

is attained. As noted in the work of Sims [21], the presence of three invariant points (A, B and C in Figure 

2(a)) independent of the standalone table damping ξ1 can be noticed when considering all the real 

dimensionless receptance functions associated to all possible combinations of f and μ. The real part of the 

response in gA is always positive; otherwise, in gC it is always negative. The invariant point of the middle, 

gB, can be positive or negative depending on the tuning frequency ratio f. The best achievable frequency 

tuning ratio f for positive directional factor case (β0 > 0) will be the one in which B and C invariants are local 

minimums. This can be achieved by setting the optimal tuning ratio fo,+ that matches the real part of the FRF 

at B and C invariants and obtaining the optimal standalone table damping ratio ξ1,o,+ related to zero tangent 
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of (8) at the mentioned invariants. Similarly, for negative directional factor case (β0 > 0), the aim is to 

determine the optimal tuning ratio fo,- that sets the A and B invariants local maximums. 

 

Figure 2: Invariant points for the real part of the dimensionless receptance function for µ = 0.05. (a) Mistuned 

f = 1 case. (b) Tuned for positive directional factor f = fo,+ case. (c) Tuned for negative directional factor  

f = fo,- case. 

For obtaining the dimensionless frequencies associated to the fixed point B, the infinite table damping case 

(c1 = ∞) is considered, which reduces the system to the single DoF undamped mass-spring system (with k2 

and m2) representing the thin-walled part dynamics. The dimensionless frequency gB can be then located by 

computing the vertical asymptote associated to the infinite standalone table damping case 

 lim
𝜉1→ ∞

Re ℎ22  =
𝑓2

𝑓2−𝑔2
, (9) 

which can be achieved by evaluating the roots of the denominator of (9): 

 𝑓2 − 𝑔2 = 0. (10) 

Similarly, gA and gC dimensionless frequencies can be obtained by computing the vertical asymptote of the 

zero-damping case 

 lim
𝜉1→ 0

Re ℎ22 =
𝑓4𝜇−𝑔2𝑓2+𝑓2

(𝑓2−𝑔2)(𝑓2𝜇−𝑔2+1)−𝑓4𝜇
, (11) 

which can be obtained by seeking the roots of its denominator: 

 (𝑓2 − 𝑔2)(𝑓2𝜇 − 𝑔2 + 1) − 𝑓4𝜇 = 0. (12) 

Therefore, computing the roots of (10) and (12), the three fixed points 
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 𝑔A =
1

√2
 √𝑓2 + 𝑓2𝜇 + 1 −√𝑓4(𝜇2 + 2𝜇 + 1) + 2𝑓2(𝜇 − 1) + 1,  

 𝑔𝐵 = 𝑓       and      𝑔𝐶 =
1

√2
 √𝑓2 + 𝑓2𝜇 + 1 + √𝑓4(𝜇2 + 2𝜇 + 1) + 2𝑓2(𝜇 − 1) + 1 (13) 

are obtained. 

As mentioned, for positive directional factor (β0 > 0), B and C points must be set local maximums. To this 

end, (8) and (9) are respectively evaluated at the dimensionless frequencies g = gB and g = gC of (13) and 

set to be equal as depicted in Figure 2(b), leading to the expression 

 
𝑓4−𝑓4𝜇−𝑓2

𝑓4𝜇
=

2𝑓2

𝑓2−𝑓2𝜇−1−√𝑓4(𝜇2+2𝜇+1)+2𝑓2(𝜇−1)+1
, (14) 

from which the optimal frequency tuning fo,+ can be obtained. Likewise, for negative directional factor  

(β0 < 0), the optimal frequency tuning fo, can be obtained by evaluating g = gB and g = gA at (8) and (9), 

respectively and equaling: 

 
𝑓4−𝑓4𝜇−𝑓2

𝑓4𝜇
=

2𝑓2

𝑓2−𝑓2𝜇−1+√𝑓4(𝜇2+2𝜇+1)+2𝑓2(𝜇−1)+1
, (15) 

which corresponds to matching the both invariants as in Figure 2(c). Solving equations (14) and (15) optimal 

tuning frequency ratios related to µ are obtained: 

 𝑓o,± = √
2

2−2𝜇±√2𝜇
. (16) 

Once the optimal tuning frequency ratio fo,± has been determined, the damping ratio must be adjusted to 

obtain a horizontal tangent curve through the pair of invariant points corresponding to the positive/negative 

directional factor tuning (see Figure 2(b) and (c)). This is achieved by evaluating the derivative function of 

the dimensionless real part of the receptance function d(Re(h22))/dg at the invariant points and equating the 

standalone table damping ratio ξ1,o,± related to tangent zero. Thus, the derivative of (8) results in 

 
d Re ℎ22 

d𝑔
=

(
d𝐴

d𝑔
+
d𝐵

d𝑔
)(𝐶2+𝐷2)−(2𝐶

d𝐶

d𝑔
+2𝐷

d𝐷

d𝑔
)(𝐴+𝐵)

(𝐶2+𝐷2)2
 (17) 

 𝐴 = (𝑓4µ − 𝑔2𝑓2 + 𝑓2)[(𝑓2 − 𝑔2)(𝑓2µ − 𝑔2 + 1) − 𝑓4µ], 𝐵 = 4𝑔2ξ2𝑓2(𝑓2 − 𝑔2), 

  𝐶 = [(𝑓2 − 𝑔2)(𝑓2µ − 𝑔2 + 1) − 𝑓4µ], 𝐷 = 2𝑔ξ(𝑓2 − 𝑔2).  
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Figure 3: Optimal standalone table damping ratio at each locked point and average damping ratio.  

(a) Positive directional factor f = fo,+ case. (b) Negative directional factor f = fo,- case. 

For horizontal tangent curve at the fixed points, the derivative function evaluated at each invariant point 

must be equal to zero. Therefore, two different damping ratios are expected for the two objective invariants 

under the both strategies (ξ1,o,+,B and ξ1,o,+,C for β0 > 0, ξ1,o,-,A and ξ1,o,-,B for β0 < 0) as depicted in Figure 3. 

For positive directional factor (β0 > 0), (17) is evaluated at frequency tuning fo,+ and the dimensionless 

frequencies corresponding to the invariants B and C. This leads to the optimal damping ratios 

 
d Re ℎ22 

d𝑔
|𝑓=𝑓o,+
𝑔=𝑔𝐵

= 0   →    𝜉1,o,+,B = √
3µ

8+4√2µ−8µ
 (18) 

and 

 
d Re ℎ22 

d𝑔
|𝑓=𝑓o,+
𝑔=𝑔𝐶

= 0    →     𝜉1,o,+,C = √
3µ

8+4√2µ(3−2µ)
 (19) 

for invariants B and C, respectively. In the same way, for negative directional factor (β0 < 0), the optimal 

damping ratios  

 
d Re ℎ22 

d𝑔
|𝑓=𝑓o,−
𝑔=𝑔𝐴

= 0   →     𝜉1,o,−,A = √
3µ

8−4√2µ(3−2µ)
 (20) 

and 

 
d Re ℎ22 

d𝑔
|𝑓=𝑓o,−
𝑔=𝑔𝐵

= 0    →      𝜉1,o,−,B = √
3µ

8−4√2µ−8µ
 (21) 

for invariants A and B are respectively obtained.  

In practice, the arithmetic average of the square of each optimal damping ratio leads to a near-optimal 

approximation and simple form too, as seen in Figure 3: 
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 𝜉1,o,± =

{
 

 √1 2⁄ (𝜉1,o,+,𝐵
2 + 𝜉1,o,+,𝐶

2 )  ,     when       𝛽0 > 0

√1 2⁄ (𝜉1,o,−,𝐴
2 + 𝜉1,o,−,𝐵

2 )  ,     when       𝛽0 < 0
}
 

 

    = √
3µ(√2±√µ)

8(√2±(3−2µ)√µ)
. (22) 

2.3 Comparison of optimal tuning strategies 

The so-far developed optimal analytical tuning expressions for TCTs are gathered and compared to the ones 

derived by Sims [21] for TMDs in Table 2. Despite following a similar approach to the one proposed by 

Sims [21] for TMDs, the derived analytical formulae for optimal TCT tuning differs from them due to the 

already mentioned evident differences on the objective function (Re H22 in TCTs, Re H11 in TMDs) and the 

tuning parameters (k1 and c1 in TCTs, k2 and c2 in TMDs). As shown in Figure 4, a large difference is noticed 

in both frequency and damping tuning between the devices, being especially remarkable the high standalone 

table damping ratio required for optimal tuning of the β0 < 0 case.  

Table 2 Optimal tuning formulas. Comparison between TMD and TCT. 

  frequency tuning ratio (fo) standalone device damping ratio (ξo) 

  TMD (Sims) TCT TMD (Sims) TCT 

REAL 

PART 

β0 > 0 √
µ + 2 + √2µ + µ2

2(1 + µ)2
 √

2

2 − 2µ + √2µ
 

√
3µ

8(1 + µ)
 

√
3µ(√2 + √µ)

8(√2 + (3 − 2µ)√µ)
 

β0 < 0 √
µ + 2 − √2µ + µ2

2(1 + µ)2
 √

2

2 − 2µ − √2µ
 √

3µ(√2 − √µ)

8(√2 − (3 − 2µ)√µ)
 

 

 

Figure 4: Optimal tuning of TCTs and TMDs for positive and negative directional factors. (a) Optimal 

frequency ratio tuning. (b) Optimal standalone table damping ratio tuning. 
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3 Limitations of TCT 

The tuneable clamping table concept presents several particularities in terms of optimal tuning parameters 

and limits and static stiffness that differentiate it from the regular TMDs, which are described in the present 

section. 

3.1 Singularities and tuning limits 

The formulation describes critical singularities for determinate mass ratios µ where no analytical optimal 

solution can be attained. Considering the irrational characteristics of the optimal tuning formulae, no real 

solution will exist when the argument of the root takes a negative value, since it leads to a complex number 

that lacks from physical meaning. For the sake of carrying out an analysis of the critical singularities of the 

formulae, the functions 

 𝑓o(𝜇) = √𝑓(𝜇) and 𝜉1,o(𝜇) = √𝜉1,o(𝜇) (23) 

are defined. The function 𝑓(𝜇) extracted from the real part optimal tuning frequency ratios, equation (24), 

has a vertical asymptote with non-coincident limits (± ∞) in µ = 1 / 2 and µ = 2 for negative and positive 

directional factors, respectively, taking a negative value from the asymptote on and thus giving rise to a 

non-real physical solution. Considering 

 𝑓(𝜇) =
2

2−2𝜇±√2𝜇
   such that  {

∃𝑓o,+,  if 𝜇 < 2 ,

∃𝑓o,−,  if 𝜇 <
1

2
 .
   (24) 

 

 

Figure 5: (a) 𝑓(𝜇) function representation. (b)  Optimal tuning frequency ratio fo,± representation. 

The validity of the optimal tuning strategy depends on the non-existence of singularities in the optimal 

damping ratio formulas within the mass ratio range where optimal frequency tuning is possible. The 

asymptotic nature of the function 𝜉1,o(𝜇) for optimal damping ratio equation in (25) results in singularities 

at µ = 2 and µ = 1 / 2 for positive and negative directional factors, respectively. On the one hand, positive 

directional factor function 𝜉1,o(𝜇)|𝜉1,o,+
 have a vertical asymptote at µ = 2 with non-coincident limit (±∞) 

when approaching from the right and left sides, and taking a negative value from the asymptote on. On the 

other hand, the asymptote of the function for negative directional factor 𝜉1,o(𝜇)|𝜉1,o,−
 is located at µ = 1 / 2 

having a coincident limit (+∞) and becoming negative from µ = 2 on.  

 𝜉1,o(𝜇) =
3µ(√2±√µ)

8(√2±(3−2µ)√µ)
   such that  ∃𝜉1,o,±,  if 𝜇 < 2    (25) 
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and 𝜉1,o,± is achievable (see Figure 6(b)), which differs from the real modal damping factors of the 

assembled system on which the limit one value should be considered. 

 

Figure 6: (a) 𝜉1,o(𝜇) function representation. (b) Optimal standalone table damping ratio ξ1,o,± representation. 

Combining the singularities of optimal tuning frequency and damping ratio, the critical mass ratio is set at 

µ = 2 and µ = 1/2 for positive and negative directional factors. 

However, even if in theory the here mentioned singularities may restrict the applicability of the introduced 

tuning strategies, the real scenario is very different. Even though large mass ratios are sought aiming at 

achieving a high robustness of the tuning, in practice relatively large mass ratios (µ > 0.05) are hardly 

achievable due to the inherently low reflected modal masses m2 of the thin-walled modes. Attaining a high 

mass ratio through decreasing the moving mass of the device m1 without compromising the local stiffness 

of the clamping itself represents a major design challenge that relegates the limitations given by the 

singularities in the optimal frequency ratio to the background. 

Moreover, the singularities in the optimal standalone table damping ratio are also in practice far from 

representing a real constraint in real cases. Eddy currents are a common alternative for providing a viscous, 

linear and controllable damping source to the controlled mode. However, the amount of obtainable damping 

is directly linked to the volume of the conductors immersed into the magnetic field, and may not be sufficient 

to satisfy the optimal values for high large mass ratios, especially for negative directional factors. Obtaining 

standalone table damping ratios higher than 15% may require alternative damping means, such as polymer- 

or fluid-based dampers, although their linearity and controllability is very far from eddy current-based 

damping systems. 

3.2 Static stiffness loss 

As a counterpart to the evident benefit provided by the in-series configuration compared to TMDs, the 

addition of an intermediate workholder directly affects the rigidity chain and results in a static stiffness loss 

compared to a regular rigid clamping. The relative static stiffness loss with respect the stiffness of the 

standalone part k2 is defined as  

 𝜒:=
𝑘T,2−𝑘2

𝑘2
, (26) 

where 𝑘T,2
−1 ≔ 𝑘1

−1 + 𝑘2
−1 represents the total static stiffness at the part clamped to the TCT. The ratio of the 

static stiffnesses k2/k1 for the optimal tuning case can be expressed as a function of the mass ratio in the 

validity region (see Figure 5(b)) as  

 |
𝑘2

𝑘1
|
𝑓=𝑓o,±

=
2µ

2−2µ±√2µ 
, (27) 

which leads to the following expression of the total static stiffness: 

 |𝑘T,2|𝑓=𝑓o,±
=

𝑘2(2−2µ±√2µ)

2±√2µ
. (28) 
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Finally, the relative stiffness loss for the optimal tuning situation is obtained by evaluating (28) into (26),  

that is 

 𝜒± =
∓2µ

± 2+√2µ
, (29) 

which uniquely depends on the mass ratio. The comparison of the relative stiffness losses of the introduced 

tuning strategies for different mass ratios is depicted in Figure 7. 

 

Figure 7 Static stiffness loss of the TCT for the two tuning strategies. 

4 Effect on milling stability 

In order to verify the stability enhancement provided by the device under the optimal tuning strategy 

introduced above, the stability lobe diagrams (SLD) obtained by means of the zeroth order algorithm (ZOA, 

[22]) of the milling cases described in Table 3 cutting are depicted in Figure 8 for positive and negative 

directional factors. For these cases, the parametric excitation is negligible due to the large immersion of the 

milling cases. Consequently, the assumption of considering the limiting depth of cut proportional to the real 

part of the oriented receptance function is accurately enough and ZOA provides an almost exact stability 

calculation. Compared to a regular (rigid) clamping, the TCT provides a considerable increase of the critical 

depth of cut, which represents the minimum depth of cut for a stable cut in the entire spindle speed range.  

Table 3 Process parameters, dynamics of the original standalone part system and TCT design parameters. 

process parameters dynamics of the original system TCT parameters 

Z 𝜂 (°) 𝜅 (°) 𝐊c (MPa) 𝜔n (Hz) 𝜉1 (%) 𝑚2 (kg) 𝐯 [𝑥, 𝑦, 𝑧]
T 𝑚1 (kg) 

4 0 0 [800, 240]T 300 0.5 0.5 [0,1,0]T 10 
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Figure 8: Frequency response functions (upper charts) and stability lobe diagrams for large immersion 

obtained with ZOA (lower charts) for regular clamping and TCT with optimal tuning cases. Slotting case 

with positive directional coefficient (𝛽0 > 0) (left charts). Up-milling Ψ = 70% case with negative 

directional coefficient (𝛽0 < 0) (right charts). 

However, milling operations over thin-walled parts usually involve low radial immersion Ψ and, therefore, 

the parametric excitation can largely alter the stability of the process. Figure 9 shows the SLDs for positive 

and negative directional factors under the same cutting parameters as the previous case but with lower 

immersions (Ψ = 20% for both down- and up-milling strategies). The stability chart is calculated by the 

semidiscretization method (SDM, [23]), which captures the parametric excitation of the system. Under these 

circumstances, the critical depth of cut is no longer proportional to the real part of the receptance function 

due to the presence of flip-kind of instabilities, whose limiting depth of cut is given by a combination of the 

amplitude and phase of the receptance function [24] and for which alternative tuning strategies should be 

investigated. 

 

Figure 9. Stability lobe diagrams obtained with SDM for Ψ = 20% radial immersion for regular clamping 

and TCT with optimal tuning cases. Down-milling case with positive directional coefficient (𝛽0 > 0) (left). 

Up-milling case with negative directional coefficient (𝛽0 < 0) (right). 
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5 Conclusions 

This paper introduces the tuneable clamping table concept for regenerative chatter suppression during thin 

wall milling. Similarly to TMDs, the TCT concept is based on mode coupling but with an in-series 

configuration, allowing to increase the dynamic stiffness at the machining point without any device directly 

clamped to the machined part. A constant parameter tuning strategy for the TCT based on fixed points is 

presented and the analytical formulae for optimal tuning are derived aiming at maximizing the milling 

stability by optimizing the real part of the receptance. The presented TCT concept is compared to the TMD 

concept in terms of optimal tuning parameters, tuning limits and stiffness loss. Finally, the effect on milling 

stability is theoretically studied for large and low immersion milling cases, showing a large stability 

enhancement compared to a regular clamping. The results over low immersion cases evidence the need of 

investigating an alternative tuning strategy for milling cases where the effect of the parametric excitation is 

unneglectable.  
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Abstract
Self-excited vibration in machining operations, known as chatter, can lead to poor surface finish, unpleasant
noises and increased tool wear. There is an on-going need to find novel methods to mitigate chatter while
allowing machines to operate in a productive way. Recent publications have investigated the possibilities
afforded by using inerter-based control. These papers focussed on designs using passive devices and showed
a 37% improvement in performance over a traditional machining vibration absorber.
The present paper will look at the possibilities offered by using an ideal semi-active inerter to control chatter.
The analysis focuses on an implementation controlling chatter in a slender boring bar, modeled as a one
degree of freedom system with a delay term and varying mass. Semi-discretisation is used to create stability
diagrams, which are then verified using a time domain model. The effects of different parameters and the
implications for the design of semi-active inerters in the context of machining operations is discussed.

1 Introduction

The problem of self-excited chatter is a major topic in machining dynamics. Vibration of the cutting tool
leaves a wavy surface as it cuts material away from the work-piece, meaning that the actual chip thickness
depends on both the current displacement of the tool and that during the previous pass. Under certain
conditions (depending on the system parameters, spindle speed and depth of cut) this feedback loop can
become unstable, causing chip thickness and cutting force to increase with each pass. This is known as self-
excited chatter and leads to poor surface finish and tool damage [1]. While it is not a recent phenomenon,
chatter is and will remain a major limitation to productivity as machining moves to lighter weight machines
with low system damping, especially when working on light-weight, flexible parts [2].

Conventional chatter suppression is done through careful selection of spindle speed and depth of cut, using
a stability chart, known as a stability lobe diagram (SLD), so-called because of the distinctive, curved lobes.
An example is shown in Figure 1. Parameters are chosen so that they are below the limit of stability, in the
stable zone. This limits the possible material removal rate. For this reason, a variety of techniques to increase
the size of this stable zone (either by raising the critical limiting depth of cut or by increasing the size of the
stable lobes) have been studied over the years.
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Figure 1: An example stability lobe diagram

One area of research is in techniques that affect the system equation. The main focus has been on the
time delay, either using continuous spindle speed variation (CSSV) [3] or discrete spindle speed variation
(DSSV) [3]. The former technique replaces the constant spindle speed with one that varies about a mean
value (either sinusoidally or otherwise), which constantly changes the time delay between one rotation and
the next, perturbing the self excited oscillations and improving stability. This technique mostly affects lower
spindle speeds and the gearing required for rapid speed changes makes it impractical. The latter describes a
method whereby chatter is detected and an algorithm is used to search for a spindle speed which falls within
one of the stable lobes. This means it is dependent on the ability to rapidly sense the onset of chatter, before
damage occurs. While the two techniques have similar names, it should be made clear that CSSV affects the
shape of the stability lobe diagram, while DSSV affects where a specific operation falls within it.

A design exists in the literature [4], [5] for a boring bar which uses magnetorheological fluid to vary its
stiffness, continuously varying the natural frequency of the system. Another potential method to achieve a
similar effect which has yet to be investigated is the use of a semi-active inerter, which is the focus of the
present contribution.

1.1 The semi-active inerter

The inerter is defined as a mechanical device with two ports (or nodes), which provides a resistive force pro-
portional to acceleration [6]. One way to conceptualise this is as a way of providing an effective mass (known
as inertance) in between either end of the inerter, in the same way a spring provides stiffness between the two
nodes. Inerters have been successfully used within race-car suspension systems [7] and to provide resilience
to earthquake [8] and wind vibration [9] in civil structures, as an alternative to tuned mass dampers. The im-
plementation of inerters as vibration absorbers in machining operations has also been recently investigated
[10].

Various designs of inerter exist in the literature, including those using rack and pinions, ball screws, flywheels
[11], planetary gears [12] and fluid flowing through a helical path [13]. In recent years, there have been some
investigations into designing semi-active inerters, so that the inertance can be controlled during operation.
These include gearboxes [14], variable transmissions [15], adjustable masses [16] and magnetorheological
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fluid [17]. Designs also exist for ‘adjustable’ inerters, where the inertance value can be set before operation
[18].

The ‘ideal inerter’ is an idealised concept, as all implementations feature either additional forces or non-
linearities. As an example, the helical fluid inerter creates a non-linear parasitic damping force [19]. Never-
theless, for the purpose of this paper, the existence of an ideal, semi-active inerter will be assumed, i.e. one
which features a linear force-acceleration relationship, creates no secondary forces and is perfectly control-
lable with no time delay or non-linearities. The aim here is not to reflect the actual behaviour of existing
designs but, instead, a) to investigate the ways in which it would be desirable for semi-active inerters to be-
have, within the context of chatter avoidance, and b) to provide a simple baseline against which the behaviour
of more complex models can be compared .

Depending on its implementation, it is proposed that a semi-active inerter could be used to create a similar
effect to either DSSV or CSSV. The former could be achieved with an adjustable inerter and manual trial
and error or with a semi-active inerter within a control loop. This would be advantageous as it wouldn’t
require the reduction of spindle speed (and thus productivity), as may be required with DSSV. The latter
could be achieved with a semi-active inerter, varying its inertance to disrupt chatter without needing to detect
it. This may be preferable to CSSV if it can be achieved in a way that avoids the gearing issues. The basic
requirements of both discrete and continuous inertance variation (DIV and CIV, respectively) are looked at
here.

1.2 Basic system equation

Chatter can be described using a delayed differential equation (DDE): a class of equations describing an
oscillatory system with a delayed feedback term. The DDE for chatter for a machine tool system with one
degree of freedom, with mass m, damping c and stiffness k is

mẍ(t) + cẋ(t) + kx = Ksw (x(t− τ) − x(t)) , (1)

where Ks is the cutting force coefficient, w is depth of cut and τ = 60
Ω is the time delay between one rotation

and the next. Ω is the spindle speed in rev/min [1].

The system being investigated is as shown in Figure 2 and has the system equation

m(t)ẍ(t) + cẋ(t) + kx(t) = wKs (x(t− τ) − x(t)) , (2)

noting that the mass term is now time-dependent. As this system uses a grounded inerter (as opposed to
one within a vibration absorber as in Ref. [10]), the effect of varying inertance can be modelled as a time-
dependent mass term, with an average mass m0 composed of the system mass and average inertance, and a
variable term m1 being the magnitude of the varying inertance.

m
c kb(t)

wKs[x(t-τ)-x(t)]
x(t)x(t-τ)

Figure 2: Diagram of the system being investigated

In order to generalise, as well as for convenience and consistency with the literature [20] when using the
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semi-discretisation method (Section 3.1), it is useful to work in the non-dimensional time domain, here
defined by the map t̃ = ω0t. This leads to the non-dimensional spindle speed Ω̃ = 2π

60
Ω
ω0

and delay τ̃ = ω0τ .

ω0 =
√

k
m0

is the average natural frequency of the system. It is also useful to introduce a non-dimensional

depth of cut w̃ = wKs

m0ω2
0

= wKs
k and mean damping ratio ζ = c

2
√
m0k

. For all systems in this paper ζ = 0.05

will be used as an indicative value. Using these terms, Equation 2 can now be written as

m1(t̃)

m0
ẍ(t̃) + ẍ(t̃) + 2ζẋ(t̃) + x(t̃) = w̃

(
x(t̃− τ̃) − x(t̃)

)
. (3)

In physical terms, this is equivalent to modelling a system where k = Ks and an average natural frequency
of ω0 = 2π.

2 Discrete inertance variation

For this first case, the system can be considered to be quasi-static so the acceleration coefficient becomes
1 + RA, where RA = m1

m0
is the amplitude coefficient and is constant over time within a given operation.

This means that Equation 3 can be solved analytically. The standard method for this involves solving three
equations [1]:

ε = 2π − 2 arctan

(
Re(G)

Im(G)

)
(4)

w̃lim =
−1

2Re(G)
(5)

Ω̃ =
p

N + ε
2π

, (6)

where Re(G) and Im(G) are the real and imaginary parts of the frequency response function (FRF) G =
1

1−(1+RA)p2−2jζp
, with p = ω

ωn
, ωn =

√
k

m0+m1
and j is the imaginary unit. ε is the phase value, N is the

lobe number or number of whole surface waves created per revolution and p = ωc
ωn

, with ωc being the chatter
frequency.

For a given value of RA, the FRF is calculated for a range of values of p > 1, as the chatter frequency must
be above the natural frequency. The phase is calculated from Equation 4 and then Equations 5 and 6 are
used to find the corresponding pairs of (w̃, Ω̃) for a range of values for N . As there is only one unique pair
corresponding to each chatter frequency, when Equation 6 causes an overlap, the true limiting depth of cut is
the lower value.

2.1 Results

Figure 3 shows the outcome of this process for a system without an adjustable inerter, up to the tenth lobe.
The line shows the limiting normalised depth of cut at a given normalised spindle speed. Any pair above this
line results in chatter, any pair below is stable. The critical limiting depth of cut, the value of w̃ below which
any spindle speed results in stable behaviour, can also be observed at approximately w̃ = 0.1

Figure 4a shows the SLDs of 50 systems from RA = 0 to RA = 0.1 overlaid. This represents the available
stability curves with an inerter which can be adjusted by up to 10% of the total mass. Any (Ω̃, w̃) pairs in the
white area area below the curves will always result in a stable system, any in the area above always result in
chatter and any pair that falls within the blue shaded area may or may not be stable, depending on the value
of the inertance.
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Figure 3: A stability lobe diagram for a 1DoF system without inerter, i.e. RA = 0, up to the ninth lobe
(N = 9), with the dashed line showing the critical limiting depth of cut
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Figure 4: (a) Stability lobe diagram for a 1DoF system with adjustable inerter up to RA = 0.1 with (b) a
section showing the higher order lobes in detail. The heavy, dashed line shows the base case (RA = 0)

2.2 Discussion

It can be observed from Figure 4a that being able to adjust the total effective mass of the system by up to 10%
using an inerter results in an increase in the available stable cutting parameters. This increase is achieved by
shifting the lobe to its left and it should be noted that this means that parameters to the right hand side of the
lobe that were previously stable could become unstable. Careful selection of RA would be required.

The effect is especially notable at the upper end of the lobes. This is a positive indicator, as this is where
productivity is highest. While, from Figure 4b, the relative increase in potential lobe width for lower speed
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machining is larger than at higher speeds, it should be noted that the absolute increase in productivity asso-
ciated with working within the lobes is reduced at these speeds.

Increasing the effective mass of the system slightly decreases the critical limiting depth of cut. This means
that this technique is only suitable for operations which fall within the lobes.

3 Continuously inertance variation

This second technique has two main points of distinction from discrete inertance variation:

1. The way the inertance is defined (i.e. sinusoidally, triangular waves, square waves etc.) prior to
operation and so there is no need to detect chatter

2. The mass term in Equation 2 is now no longer taken to be quasi-static but now fully time-dependent.

3.1 Semi-discretisation

While it has been shown that Equation 1 is analytically solvable when the coefficients are static or quasi-
static, this does not hold if any of them are time-dependent and so it is necessary to use other techniques.
One efficient method of solving DDEs is semi-discretisation [21]. With respect to DDEs, this means approx-
imating the time delayed terms on the right hand side of Equation 1 with constant values found at κ discrete
time-steps across the principle period, while the current time domain terms on the left hand side remain in a
differential form. The general theory of the semi-discretisation method for DDEs is set out in Ref. [21] and
its specific application to machining operations with continuously varying spindle speed is set out in Ref.
[20], which forms the main basis for this investigation. For convenience, a brief overview of the method is
described below.

We start with the system equation in its state-space form

ẋ = A(t)x(t) + B(t)x(t− τ), (7)

where A(t), B(t) and τ are all periodic within the same principal period T . The approximation parameter,
κ, is selected and T is divided into discrete time-steps of length ∆t = T

κ . This allows Equation 7 to be
written in its semi-discretised form, so that at any integer i = 1, 2...κ

ẋ(t) = Aix(t) + Bix(t− τ), (8)

where N = τ
∆t and Ai = 1

∆t

∫ ti+1

ti
A(t)dt, Bi = 1

∆t

∫ ti+1

ti
B(t)dt.

The instantaneous solution of Equation 8 is

xi+1 = Pixi + Rixi−N , (9)

where

Pi = eAi∆t (10)

Ri = (eAi∆t − I)A−1
1 Bi. (11)

If the vector

yi =




xi
xi−1

...
xi−N


 (12)
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is created, Equation 9 defines the map
yi+1 = Ciyi, (13)

where the coefficient matrix is

Ci =




Pi 0 0 . . . 0 Ri

I 0 0 . . . 0 0
0 I 0 . . . 0 0
...

...
...

. . .
...

...
0 0 0 . . . I 0




. (14)

The final step is defining the transition matrix, Φ, over the principal period such that yκ = Φy0. If the
eigenvalues, or ‘characteristic multipliers’, of the transition matrix fit with in the unit circle, the system is
known to be stable, otherwise it is unstable. From Equation 13, the transition matrix is

Φ = Cκ−1Cκ−2...C1C0. (15)

3.2 System model

Returning to Equation 3 if, instead of the effective mass term being quasi-static, it is assumed to vary sinu-
soidally then

m(t̃) = m0 +m1 cos(ωm
t̃

ω0
), (16)

where ωm is the modulation frequency in radians. Recalling RA = m1
m0

= m1k
ω0

, and introducing the modula-

tion ratio, RM = 2π
60

Ω
ωm

= ω0Ω̃
ωm

and substituting these into Equation 16 returns

m(t̃) =
k

ω2
0

(1 +RAcos(
Ω̃t̃

RM
)) =

k

ω2
0

1

χ(t̃)
, (17)

where χ(t̃) describes the periodic variation of the system’s natural frequency.

Recognising that ẋ(t̃) = ẋ(t)
ω0

and ẍ(t̃) = ẍ(t)
ω2
0

, Equation 3 can now be written as

1

χ(t̃)
ẍ(t̃) + 2ζẋ(t̃) + x(t̃) = w̃

(
x(t̃− τ̃) − x(t̃)

)
, (18)

where w̃ = wKs

mω2
0

= wKs
k is the non-dimensionalised depth of cut and ζ = c

2
√
m0k

is the mean damping ratio.
The system specific form of Equation 7 is

ẋ =

[
0 1

−(1 + w̃)χ(t̃) −2ζχ(t̃)

]
x(t̃) +

[
0 0

w̃χ(t̃) 0

]
x(t̃− τ̃) (19)

= A(t̃)x(t̃) + B(t̃)x(t̃− τ̃), (20)

where x(t̃) =
[
x ẋ

]T .

The fact that the second columns of B(t̃) and, from Equation 11, R(t̃), are empty means that the mapping
from Equation 13 can be reduced to

zi+1 = Dizi (21)

where
zi =

[
xi ẋi xi−1 xi−2 . . . xi−N

]T (22)
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and

Di =




Pi,11 Pi,12 0 0 . . . Ri,11

Pi,21 Pi,22 0 0 . . . Ri,21

1 0 0 0 . . . 0
0 0 1 0 . . . 0
...

...
...

...
. . .

...
0 0 0 0 . . . 0




, (23)

with the transition matrix now defined as

Φ =
κ∏

i=1

Di. (24)

The semi-discretisation algorithm used here operates as shown in Figure 5.

A. Set system parameters 

and approximation termζ, RA, RM, κ 

F. Calculate P, R
matrices

G. Update Floquet matrixΦ
H. Calculate eigenvalues

E. Increment timestepi

B. Increment spindle speed Ω~
C. Calculate timestep sizedt~

D. Increment depth of cut w~

Figure 5: Summary of the semi-discretisation algorithm

3.3 Results

Figures 6a and 7a show indicative results for different values of amplitude ratio, compared against the base
case of a system without CIV. Note that these results are preliminary and are yet to be fully verified (see
section 3.4).
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Figure 6: Comparison of system with CIV, RM = 5 and (a)RA = 0.1, (b) RA = 0.2 to the base case

3.4 Verification

These results are in the process of being validated using a time domain model. Figure 6a shows the results
of this for the base case, while Figure 7a shows those for the system from Figure 6a. It can be seen that
the semi-discretised model has poor agreement at lower spindle speeds but there is still some evidence of
increased limiting depth of cut at lower spindle speeds in the time domain model.

Initial analysis indicates this poor agreement is likely to be an issue caused by choosing an insufficiently
high value for κ, which leads to too small a time step. Figure 8 shows how doubling κ improves agreement.
However, increasing κ requires a major increase in computational effort.
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Figure 7: Validation of (a) the base case and (b) the system in Figure 7a against the time domain model
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Figure 8: Demonstration of improvements gained from increasing κ on a section of Figure 7a

3.5 Discussion

Analysis has found that CIV with RM ≤ 1, i.e. modulating inertance faster than the spindle speed, appears
to have little to no effect.

From Figures 6a and 7a it is apparent that, while lower order lobes are less affected, there may be some
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increase in the limiting critical depth of cut at the higher order lobes. The magnitude of the effect appears to
correlate with the amplitude ratio.

It is difficult to be confident on the size of this effect, as there also appear to be issues with convergence
at these lower speeds. The fact that each oscillation of the inertance takes longer at lower spindle speeds
(meaning the time-step is larger) may be contributing to this. Decreasing the step size has proven to be
computationally expensive. The technique may require adapting to take this into account. Nevertheless, the
time domain data in Figure 7a supports the idea that there is some effect in the low speed range and this
would be comparable to results with CSSV [20].

4 Conclusion

This paper has looked at two proposed use cases for semi-active inerters in Machining operations: discrete
inertance variation and continuous inertance variation. These techniques are based on the pre-existing dis-
crete spindle speed variation and continuous spindle speed variation techniques. However, in the present
study, instead of modulating the spindle speed, the effects of modulating the natural frequency of the system
through use of a semi-active inerter is investigated. This is a device which can provide a controllable force
proportional to the acceleration of a system.

Discrete inertance variation was studied analytically, using well established theory. It was shown that the
technique may be able to increase the effective size of the stable lobes. It does not however increase the
limiting critical depth of cut.

Continuous inertance variation cannot be studied using the same analytical equations. Instead, semi-discretisation
was used.The technique appears to offer some improvement on the limiting critical depth of cut in low speed
machining when used with a modulation frequency lower than the cutting speed. However, these results are
not yet fully validated against a time domain model and suffer from some convergence issues so further study
is required.

Future work will involve a complete validation of these results and investigations into the physical inter-
pretation for this effect. Other use cases for semi-active inerters in machining operations also remain to be
investigated.

The code used in this study can be found at https://matttipuric.github.io/ISMA2020/
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Abstract 
In this paper, response reconstruction is performed in the time-domain for a trailer bogie frame of a typical 

high-speed train running at 350km/h. With the reconstructed responses, loads applied to the frame are 

identified. A time-domain response reconstruction method based on the empirical wavelet transform 

(EWT) is used. The empirical wavelet transform is used to decompose each measured response signal into 

a number of mono-components, and responses at unmeasured locations are reconstructed from those 

mono-components through mode transfer matrices derived from a finite element model of the bogie frame. 

The time-histories of forces applied to the frame are identified. It is shown that the response reconstruction 

method is able to avoid numerical truncating errors introduced by Fourier transform, and the reconstructed 

results are in good agreement with measurement, confirming the effectiveness of the method. It is also 

shown that, forces identified by different regularization techniques match well with each other. 

1 Introduction 

Vibration of, and noise from, a mechanical system may affect its performance, cause component failures, 

reduce acoustic comfort, and/or pollute the environment. In general, a vibrating system suffers from 

multiple excitation sources simultaneously, and each excitation may excite responses via different 

transmission paths. Train interior noise is mainly contributed via two transfer paths. One is airborne in 

which noise outside the train excites car bodies to vibrate and the vibration radiates sound inside the train. 

The other path is structure-borne in which car bodies are excited by vibration which is transmitted 

structurally through wheelsets, primary suspensions, bogie frames and secondary suspensions. It is now an 

important topic to rank the importance of the elements in structural vibration transmission. This requires 

the determination of forces applied to, or transmitted by, a bogie frame.  

Since force transducers require well-defined support surfaces and/or insertion into interfaces, direct 

operational forces measurement is generally very difficult; instead, the indirect force identification 

method, based on the system characteristics and responses, is a practically useful tool in identifying 

operational forces if sufficient vibration measurement data are available.  

For a driven bogie frame, there are 24 connecting elements which apply 72 forces to the frame. In the 

context of indirect force identification method, the number of degrees of freedom (dofs) for which 

responses are measured should exceed that of the external excitations, typically by a factor 2 as a rule of 

thumb, in order to minimize the ill-condition nature of the pseudo-matrix inversion. That means at least 

144 channels and 50 tri-axial acceleration transducers are required. Due to limitations in budget, on-site 

measurement equipment and environment, the number of sensors which can be installed is often limited. 
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Response reconstruction is to use measurement data at a limited number of locations to get as much 

response information as possible, in case of measurement is not performed for a sufficient number of 

locations due to various reasons. This technique may be used to tackle the problem described above. 

Recent researches have proposed several types of dynamic response reconstruction methods. The most 

common method is based on the transmissibility concept [1-4], and the unknown responses are 

reconstructed using the known responses and the transmissibility matrix in the frequency domain. This 

method requires the knowledge of excitation locations and a sufficient number of measurement responses. 

The second type is based on empirical mode decomposition (EMD) and structural finite element modeling 

(FEM) [5, 6]. The time-domain signals at unmeasured locations are reconstructed by summarizing the 

reconstructed modal responses, which derived from EMD-obtained intrinsic mode functions (IMFs) and 

FE-calculated transmission ratios. The quality of the reconstruction is largely limited by issues in EMD, 

such as mode mixing, end effect, sensitive to measurement noise, etc. Due to that the quality of the 

reconstructed responses strongly relies on the numbers and locations of measurement, the reconstruction 

problem may be treated to be a constrained inverse optimization problem [7-10]. Meanwhile, more 

advanced state estimation methods based on filtering techniques [11-13] are also developed for response 

reconstruction.  

This paper presents an investigation into the applicability of the empirical wavelet transform (EWT) 

[14,15], which can overcome the shortcomings of EMD in vibration response decomposition, combined 

with transfer matrix, to reconstruct response in the time-domain, especially for complex engineering 

structures such as the bogie frame described above. 

According to the classical transfer path analysis (TPA) approach, estimation of the interface forces is a 

vital step, and frequency response function (FRF) matrix inversions are commonly involved. However, 

inversion operation of a FRF matrix may give rise to large errors because the condition number of the FRF 

matrix is considerably high, especially at and near the structural resonances. And the frequency-domain 

method of force identification might not be feasible for non-stationary situations such as impact events. In 

a non-stationary situation, force time-histories are of greater interest to engineers. A time-domain model 

allows us to obtain the real time-varying force and to get insight into the transient phenomenon at each 

specific time-step. In recent years, more and more scholars have turned their attentions to time-domain 

methods. Further details on load identification may be found in Refs. [16,17]. 

In an attempt to identify the forces applied to the frame, this paper propose to perform the response 

reconstruction based on data measured on the bogie frame, and with the reconstructed response, the time-

histories of forces applied to the frame are identified by making use of some regularization techniques 

which can improve the condition of the problem. The method is briefly introduced in Section 2. Section 3 

gives a description of the bogie frame, measurement on it and the finite element model of the bogie frame. 

An investigation on the vibration response data of the test is also presented in this section. In Section 4, 

response reconstruction is performed based on data measured on the bogie frame, and with the 

reconstructed response, operational forces applied to the frame are identified. And finally, the paper is 

concluded in Section 5. 

2 Theoretical basics 

2.1 Empirical wavelet transform 

An essential step of the proposed dynamic response reconstruction method is to obtain the mono-

components by empirical wavelet transform. The main idea of EWT is to extract the mono-components 

with compactly supported Fourier spectrum by designing the appropriate wavelet-based filters.  

Considering the Shannon criteria, the range of the Fourier spectrum is normalized to [0, π]. Assumed that 

adaptive the boundary of the Fourier spectrum, denote ωn (where n=0, 1, 2 ,…, N; ω0 = 0, ωN = π), which 

can divided the spectrum of a signal into N segments. According to Little Wood-Paley and Meyer's theory, 
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the empirical scaling function and the empirical wavelets, which construct N wavelet filters (containing 

one low-pass and N-1 bandpass filters) in the frequency domain, are defined as  
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where, the function β(x) in Eq.(1) and Eq.(2) is an arbitrary polynomial function with values in the range 

[0,1] and satisfies 
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Many polynomial functions satisfy Eq. (4), and the one which is most commonly used is 

4 2 3( ) (35 84 70 20 )x x x x x                                                              (4) 

Around each ωn, the transient phase with a width of 2γn is linearly proportional to ωn, i.e., τn=γωn, where 

the parameter γ must satisfy0< γ <1and
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is a tight frame. 

According to the classic wavelet theory, the wavelet approximation and detail coefficients can be 

determined by the inner products 
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Then, the empirical modes are defined as 

0 1( ) W (0, ) ( )xx t t t                                                                      (8) 

( ) W ( , ) ( )k x kx t k t t                                                                     (9) 
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2.2 Reconstruction for periodic impulse response 

 

Figure 1: The spectrum of the vibration acceleration in bogie area. 

Figure 1 shows the Fourier spectrums of the vertical vibration accelerations measured at an axle box, the 

bogie frame and the car body in bogie area as the train runs at 121 km/h. It can be seen that, the spectra 

have a modulation characteristics. 

It is assumed that there is a local fault exists on the wheel tread, such as a small flat. When the wheel 

rotates at a certain speed, periodical impulses will be produced, which may be described by: 
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where, Ai is ith the amplitude of impulse; N is the number of periodical impulse; T0 = (πD)/v is the period 

and D is the wheel diameter, v is the train speed. 

If all the amplitudes of impulse are the same, the system response spectrum is 

1

0 0 02 2
0 0

1 2
( ) [ ][ ( )] , 1,2, ,

2

N

i r r r r

A
Y i r N

m Tj


     

    





   
 

                     (11) 

where, ζ is the damping ratio; ωn is the natural frequency; 21d n    is the damped natural frequency; 

A and φ are vibration amplitude and initial phase angle, which are determined by initial conditions.  

Therefore, when the defect occurs in the wheel tread, the defects at an early stage will excite the resonance 

frequencies, which correspond to the system modes. In this case, the spectrum of the dynamic response 

will include the natural frequency of the structure as well as the harmonics corresponding to the 

periodicity of the impacts. And the EWT, as presented in Section 2.1, will consider the modulation as an 

interested mode. For this reason, the better way to do this is to take each impulse separately that excite the 

natural frequencies, and then consider the whole time-domain response. 

Due to the resonance frequencies excited by the local defect are correspond to the bogie modes. Natural 

frequencies detected by FEM are used to compute boundaries support of the filter banks, which are 

defined by the scaling function and empirical wavelet given by Eqs.(1) and (2). With detected boundaries, 

the signal is decomposed into a set of mono-components. 

For a mono-component of a natural mode of the structure, the mode transfer function method is used to 

predict the corresponding mono-component in the to-be reconstructed response. According to the principle 

of modal superposition, the structural response can be obtained by superimposing modal responses of the 

first N modes of the structure, i.e. 
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where, φr is the rth modal shape determined by the mass and stiffness matrices of the structure, qr(t) 

represents the rth modal coordinate.  

Assume that ( )ax t and ( )ux t represent the mono-component of the known response and that of the unknown 

response of the same mode. According to Eq. (12), ( )ax t and ( )ux t can be expressed 
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where, dai(t) is the mono-component of the ith mode at dof a. Similarly  
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From Eq. (13) it has 

( ) ( )i ai aiq t d t                                                                              (15) 

Substituting Eq.(15) into Eq.(14), the unknown response can be written as 

1 1

( ) ( ) ( ) ( ) ( )
N N

u ui i ui ai ai ua a

i i

x t q t d t t  
 

     T d                                               (16) 

where, matrix Tua and vector da(t) are given by 

1 1 2 2[ ]ua u a u a uN aN     T                                                      (17) 

T

1 2( ) [ ( ) ( ) ( )]a a a ant d t d t d td                                                         (18) 

where, the mode transfer matrix Tua can be derived from a finite element model, and the modal response 

vector da(t) can be evaluated by the empirical wavelet transform. 

2.3 Operational force identification 

For a linear time-invariant system subject to a single load, the system response can be expressed as the 

following convolution integral 

0
( ) ( ) ( ) ( ) ( )

t

y t g t f t g t f d                                                               (19) 

where, y(t) is the response, which can be displacement, velocity, acceleration, strain, etc.; g(t) is the 

response to a unit-pulse load, namely the Green's function of the system; f(t) is the time history of dynamic 

force; the symboldenotes the convolution operation. 

Under zero initial conditions, the convolution integral in Eq. (19) can be discretized into a matrix form 

1 1

2 2

( ) ( )( ) 0 0

( ) ( )(2 ) ( ) 0

( ) ( )( ) (( 1) ) ( )Q Q

y t f tg t

y t f tg t g t
t

y t f tg Q t g Q t g t

    
    

         
    
           

                                         (20) 

where, Δt is the sampling time; Q is the number of sampling points. 

If the structure subject to multisource loads, total structural response is the linear superposition of 

responses caused by each single load, so multisource load identification problem can be constructed 

through 
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G G G fy

G G G fy

                                                          (21) 

where, M is the number of measured dofs; N is the number of to-be determined external excitations; Gij (i 

= 1,2,…,M; j = 1,2,…,N) is the discrete Green's function matrix from the ith response to the jth force. In 

order to ensure a unique solution for the equation, M ≥N is usually required, that is, the number of 

measurement points (or dofs) should be equal to, or greater than, that of the external excitations, typically 

by a factor 2 as a rule of thumb.  

Then the dynamic load identification can be written simply and uniformly as 

y Gf                                                                         (22) 

In engineering applications, the matrix G is commonly ill-conditioned, which means a small perturbation 

in the measured response may lead to large errors in the identified force. The force identification in Eq. 

(22) is well-known as a typical ill-posed problem, thus it is irrational to calculate external force by means 

of the direct inversion method.  

Based on the principle of the singular value decomposition (SVD), the singular system of G is {σi , 
ui, vi }. 

By regularization operation, the stable and approximate solution fa for the unknown dynamic load 

min( , )

1

( , )
Tm n

i

a i i

i i

f  


 
u y

f v                                                           (23) 

where, α is the regularization parameter and f(α, σi) is a regularization operator; the value σi is the singular 

values of G; the vectors ui and vi are the left and the right singular vector, respectively. 

With regard to the discrete Picard condition [18], the coefficients |ui
Ty| on average decay to zero should 

faster than the singular values σi, that is, the ratio |ui
Ty|/σi decreases with the increase of i. If the discrete 

Picard condition is not satisfied, then Eq. (22) is an ill-posed problem, which may lead to inverse 

instability. The measured noise in the responses will be widely amplified and propagated into the 

identified forces. Therefore, aiming to reduce any inversion instability, regularization processes, such as 

Tikhonov regularization [19-21], truncated singular value decomposition (TSVD) [18] and L1-regularized 

least squares (l1_ls) [22] are introduced to identify the dynamic forces improve the condition of the 

problem. And the optimum regularization parameter α for Tikhonov regularization and TSVD is 

determined by the L-curve criterion [23] and the generalized cross-validation (GCV) criterion [24], 

respectively. 

Overall, the time-domain response reconstruction and operational forces identification for a bogie frame 

from a high-speed train can be summarized as: 

(1) Identify the period T of periodic impulse response based on autocorrelation function, and take each 

impulse separately that excites the natural frequencies for response reconstruction. 

(2) Determine the segmentation of Fourier spectrum by the natural frequencies ωi (i = 1, 2, …, N) 

extracted from the FEM and build the wavelet-based filters  
-1

1 1
{ (t), (t) }

N

n n
 


. 

(3) Extract the mono-components da(t) based on the EWT and combine with the mode transfer matrix Tua 

to reconstruct the response ai(t) (j = 1,2, …, M) of key locations without sensors. 

(4) Estimate the operational forces Fj(t) (j = 1, 2, …, N) acting on the frame by time domain force 

identification approach accompany with regularization techniques. 
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3 An introduction to the in-situ test and data analysis 

3.1 Layout of vibration measurement points on the bogie 

The bogie frame used in this study is from an unpowered bogie located under the driver's cab and is shown 

in Fig.2. The train tested runs uniformly at speeds between 120 km/h and 350km/h on a newly built 

ballastless track. The layout of the measurement points is depicted in Fig.3. The measured point are 

denoted by the symbol "", and there are 10 acceleration sensors with 24 channels. Among them, 

measurement points 1B1, 1B2, 1B3 and 1B4 are installed just above the primary suspension spring; 1B5 

and 1B6 are installed near the air spring mount; 1B7 and 1B8 are at the traction rod seat; 1B9 and 1B10 

are at the antiroll torsion bar seat. 

 

Figure 2: Trailer bogie of a typical high-speed 

train 

 

Figure 3: Layout of measurement points for the 

bogie frame 

3.2 Finite element modal analysis 

Figure 4 shows the finite element model of the bogie frame, which is H-shaped welded structure and not 

completely symmetrical. The bogie frame is made of weather-resistant steel with material density is 

7800kg/m3 and Young’s modulus is 2.061011Pa. Since the response reconstruction requires the modal 

shapes of the nodes, the accuracy of the finite element model of the frame will directly affect the 

reconstruction results. For this reason, the operation modal analysis (OMA) of the frame is carried out 

based on the test data. The natural frequencies and the frequencies obtained by OMA of the frame for the 

first 800Hz are listed in Table 1. It can be seen that, the experimental modal frequencies of the frame show 

good correlation with the FE results, which verifies the accuracy of the FE model. 

 

Figure 4: Finite element model of the bogie frame. 

Table 1: Natural frequencies and the frequencies obtained by OMA of the frame. 

No. FEM OMA No. FEM OMA No. FEM OMA No. FEM OMA 
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Frequency/Hz Frequency/Hz Frequency/Hz Frequency/Hz 

1 53.39 52.42 9 248.07 242.84 17 419.76 416.36 25 616.24 612.92 

2 81.31 80.91 10 263.92 265.95 18 427.85 427.88 26 660.17 659.18 

3 86.26 84.40 11 276.37 277.52 19 463.07 462.50 27 671.51 670.59 

4 114.62 115.66 12 285.52 289.11 20 468.02 485.60 28 701.71 693.87 

5 128.35 127.26 13 318.64 312.23 21 497.29 497.29 29 717.98 716.97 

6 156.58 150.32 14 331.16 335.37 22 517.13 520.35 30 740.85 740.11 

7 195.88 196.59 15 354.73 358.44 23 587.11 589.81 31 753.36 751.63 

8 203.81 208.16 16 405.01 404.73 24 603.33 601.41 32 775.15 776.37 

3.3 Analysis of experimental data 

The frequency range of interest is [0-800] Hz, and the sampling time is 30s with a sampling frequency of 

5000Hz. Taking the measured point in left-front axle box of bogie frame as an example. Figs. 5-8 (a) and 

(b) are the time-domain waveform and the corresponding frequency spectrum with the train running at 121 

km/h, 156 km/h, 221 km/h and 323 km/h along the subgrade section-I, respectively. It is obvious that 

impulse features are buried in the background noise and are difficult to be distinguished in Figs. 6-8(a). In 

addition, it could be found that the characteristic frequencies are also submerged in the environmental 

noise in Figs. 6-8(b). For this reason, Hilbert transform is then applied to the interested components to 

extract modulation information. 

As is shown in Figs. 5-8(c), the characteristic frequency and its harmonics can be found in the Hilbert 

envelope spectrum. It observed that the characteristic frequencies vary with the speed, that is, they are 

derived from the excitation of wheel or rail. With the change of velocity, the characteristic frequencies are 

11.58 Hz, 15.03 Hz, 21.17 Hz and 31.11 Hz, respectively, which just equal the rotating frequencies. Based 

on the wheel diameter (920 mm) and rotating speed (121 km/h, 156 km/h, 221 km/h and 323 km/h) of the 

high-speed train, theoretical rotating frequencies are 11.63 Hz, 15.00 Hz, 21.24 Hz and 31.04 Hz, 

respectively. This, in fact, reveals a slight defect on the wheel treat, such as scratch, flat bar. 

 

Figure 5: (a) The time-history of acceleration 

with the train running at 121 km/h; (b) Fourier 

spectrum; (c) envelope spectrum. 

 

Figure 6: (a) The time-history of acceleration 

with the train running at 156 km/h; (b) Fourier 

spectrum; (c) envelope spectrum. 
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Figure 7: (a) The time-history of acceleration 

with the train running at 221 km/h; (b) Fourier 

spectrum; (c) envelope spectrum. 

 

Figure 8: (a) The time-history of acceleration 

with the train running at 323 km/h; (b) Fourier 

spectrum; (c) envelope spectrum. 

4 Response reconstruction and load identification 

4.1 Response reconstruction of the bogie frame 

As depicted in subsection 3.3, the repetitive shocks generated by the defect at each revolution excite all 

bogie frame resonances, and the spectrums of the dynamic responses measured on the bogie frame include 

the natural frequency of the structure as well as the harmonics which are excited by the local defect on the 

wheel tread. The better way to mask the modulation is to take each impulse separately that excite the 

natural frequencies, and then consider the whole time-domain response. In addition, due to the influence 

of noise interference, the autocorrelation function is used to determine the starting time of each period of 

vibration response. 

When the train running at 121 km/h in the subgrade section-Ι, the time for the wheel to rotate one cycle is 

about 0.086s, having about 430 data samples. Then, the starting position of a cycle is determined based on 

the autocorrelation function and the 10s response is extracted. Figs. 9(a) and (c) show the temporal signals 

of the data acquired for 10 second and the corresponding frequency spectrum. Fig. 9(b) shows the 

vibration response of the measured point on the bogie frame when the wheel rotates for one cycle. From 

Fig. 9(d), it can be seen that the peak values of the frequency spectrum are correspond to some natural 

frequencies of the bogie frame. 
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Figure 9: (a) The time-history of acceleration (10 second); (b) acceleration time series in one impulse; (c) 

Fourier spectrum of full time response. (d) Fourier spectrum of response in one impulse. 

The support boundaries of the filter banks are estimate by the natural frequencies. Fig.10 shows the time-

domain waveform and corresponding spectrum of the reconstructed vertical acceleration response of the 

front traction rod seat (1B7 in Fig.3) based on measured transverse response of the axle box (1B1 in Fig.3), 

when the train running at 121 km/h in the subgrade section. Fig.11 shows the results of the reconstructed 

of the air spring (1B5 in Fig.3). It is found that the reconstructed acceleration response of the frame 

matches well with the measured response. 

However, noticed that there are some errors between the reconstructed response and the measured 

vibration acceleration. The possible reasons for this result include: the measurement error and noise in 

operational environment; or there is a certain deviation between the position of sensor installed on the 

frame and the response point determined by the finite element model. 

  

Figure 10: (a) Reconstructed response at location 1B7Z based on measured response at location 1B1Y and 

(b) Fourier spectrum (The red dotted line represents the reconstructed result; the black solid line represents 

the measured response). 
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Figure 11: (a) Reconstructed response at location 1B5Z based on measured response at location 1B6Z and 

(b) Fourier spectrum (The red dotted line represents the reconstructed result; the black solid line represents 

the measured response). 

4.2 Vibration response prediction of bogie frame 

With respect to the determination of operational interface forces, it is necessary to predict the dynamic 

response in connecting elements, which apply 72 forces to the frame. Based on the similar the response 

reconstruction procedures in subsection 4.1, the predicted dynamic acceleration are directly presented, as 

shown in Figs.12-13. Fig.12 shows the frequency spectrum of the reconstructed dynamic response for the 

primary suspension in left front area. Figs.13 shows the frequency spectrum of reconstructed dynamic 

responses for the left front secondary suspension (secondary vertical damper, yaw damper and transverse 

damper) in vertical, horizontal and vertical directions. Therefore, the responses of the connecting elements 

on the frame are all reconstructed using the acceleration response signal of the limited measurement 

points. 

   

Figure 12: The frequency spectrum of reconstructed dynamic response for the primary suspension in left 

front area. 
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Figure 13: The frequency spectrum of reconstructed dynamic response for the secondary suspension in left 

front area. 

4.3 Operational forces identification 

The input excitations on the frame are unknown and cannot be measured directly in realistic conditions. In 

this paper, based on the reconstructed dynamic responses, the time-histories of forces applied to the frame 

are identified by making use of some regularization techniques which can improve the condition of the 

problem. 

The Picard plot in Fig.14 shows that the singular values σi, the absolute value of the Fourier coefficients 

|ui
Ty|, and the ratio |ui

Ty|/σi. It is observed that the coefficients |ui
Ty| decrease more slowly than the singular 

values σi, that is the ratio |ui
Ty|/σi is increasing with the increase of i. Based on the statement of the Picard 

condition in subsection 2.3, therefore, the force identification problem is ill-posed, and the measured noise 

in the responses will be widely amplified and propagated into the reconstructed forces.  

In this regard, the regularization techniques, Tikhonov regularization, truncated singular value 

decomposition (TSVD) and L1-regularized least squares (l1_ls) are utilized to increase the inverse stability. 

Additionally, the optimum regularization parameter α of the Tikhonov and TSVD are determined by L-

curve criterion and the generalized cross-validation (GCV) criterion, respectively. Figs. 16-17 show that 

the identification results obtained by the regularization techniques. Clearly, the identified forces by three 

different regularization techniques are still matches each other quite well on the whole. Subsequently, it is 

also noticed that the peak of the results obtained by L-curve Tikhonov regularization is a little bit smaller 

than that computed from the other two regularized methods.  

 

Figure 14. The Picard plot for the inverse process. 
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Figure 15: Identified force of the left-front axle box spring (a) force time series (vertical); (b) a detailed 

view during 0-0.1s; (c) Fourier spectrum. 

  

Figure 16: Identified force of the left air spring (a) force time series (vertical); (b) a detailed view during 

0-0.1s; (c) Fourier spectrum. 

5 Conclusions 

This paper presents the time-domain response reconstruction for a trailer bogie frame of a typical Chinese 

high-speed train running at 350km/h. With the reconstructed responses, loads applied to the frame are 

identified. A time-domain response reconstruction method is based on the empirical wavelet transform 

(EWT), which is used to decompose each measured response signal into a number of mono-components. 

Thus, structural responses at unmeasured locations are reconstructed from those mono-components, 

through mode transfer matrices derived from a finite element model of the bogie frame. The time-histories 

of forces applied to the frame are identified by making use of some regularization techniques which can 

improve the condition of the problem. It is shown that, the time-domain response reconstruction method is 

able to avoid numerical truncating errors introduced by Fourier transform, and the reconstructed results 

are in good agreement with measurement, confirming the effectiveness of the method. It is also shown that, 

forces identified by different regularization techniques match well with each other. 
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Abstract 
Improvement of the NVH performances of modern vehicles and increasing diffusion of hybrid and electrical 

vehicles (where masking from thermal engine is no longer present) has increased the focus on noise increase 

when A/C compressor is on. Purpose of the present paper is to describe a methodology that allows to foresee 

HVAC structure-borne contribution to interior noise, by means of FEM calculation. This has first required 

the development of dedicated experimental methodologies to characterize material properties of the 

different components and materials of A/C lines, which have then been separately modelled and validated. 

The overall model has then been validated by means of on vehicle tests. The FEM procedure allows to 

estimate and rank the different A/C lines structure borne paths. An example of the application of this 

procedure to a critical A/C is then shown. 

1 Introduction 

Without FEM tools allowing to foresee impact of HVAC loop on NVH vehicle performance, HVAC loop 

design has been mainly guided by former experiences, “common NVH” sense (i.e. double stage filtering on 

fixations to body), targets on body NTFs, or eventually, simply by what comes out from lay-out constraints. 

All the above might lead to over-design practices (with potential negative impacts on weight and costs) or 

to KO performance on vehicle once the system has been manufactured, with consequent fire-fighting 

activities and their additional costs. 

Moreover, the increasing improvement of overall performance of ICE engines (with consequent reduction 

in masking noise from the engine) and the increasing number of HEV-BEV models (where masking can 

come from blower fan noise only) has required the development of a methodology allowing to foresee NVH 

performance by means of FEM tools.  

HVAC noise issues can be divided into 3 subgroups: HVAC box, A/C Compressor, A/C hoses. The first 

two have been already studied and described [1], [3]; in this paper a methodology to identify the dynamic 

behavior of A/C hoses has been set up. 

With such a methodology, there is the possibility to: 

 support lay-out design by being able to assess alternative configurations in the early stage of model 

development process 

 rank them from a NVH point of view, identifying most important transfer paths, thus being able to 

eliminate potential issued 

 perform also performance and cost driven optimization processes, being able to evaluate alternative 

in terms of materials, shapes, aluminum-to-rubber ratio, different types of fixations and locations 
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This has first of all required the development of several experimental methodologies for identifying the 

characteristics of the components to be modelled. If the aluminum part of the hoses is business-as-usual, the 

rubber portion is a much more complex object, almost never made of a single material, but often resulting 

in the superposition of several layers of different materials. The same is true for hoses fixations, where again 

we might find a combination of plastic, metal and rubber parts. 

We have thus performed the following steps: 

 Development of methodologies for identifying rubber and fixations parameters 

 Validation of A/C hose FEM model by performing virtual and experimental FRFs on standalone 

single A/C hose 

 Validation of A/C hose fixation model, by performing virtual and experimental transmissibility on 

a standalone fixation 

 Development of the overall FEM model, and its on vehicle validation 

 Example of case study: identification of critical paths on a vehicle model where compressor noise 

has been complained 

 

 

2 Rubber hoses characterization 

As it has been already said in the introduction, A/C lines are a composite object mixing metal and rubber. 

Moreover, rubber portion is in turn generally made of several layers, as shown in Figure 1: 

 

Figure 1 – Samples of A/C lines together with rubber internal structure 

This means that we cannot integrate a rubber portion into a FE model by simply looking for properties into 

a database. Thus the need for a dedicated experimental procedure made allowing to identify the dynamic 

behavior of A/C hoses. 

Since it is very difficult to measure the hoses on vehicle, it has been chosen to characterize a rubber sample 

of defined length. The FE model will take in account the effects of the geometry of the layout but for a first 

dynamic model is better to consider a condition as simple as possible. 

The method shown in Figure 2 has been developed. 
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Figure 2: Conceptual scheme of the experimental lay out for hoses characterization 

A sample of rubber hose has been clamped to an inertial mass (m2) and on the free end an imposed force 

has been applied (F). On the inertial mass four accelerometers have been placed: by measuring the inertial 

mass average acceleration is possible to calculate the transmissibility of the hose as Equation (1) shows. 

 𝑡𝑟𝑎𝑛𝑠𝑚𝑖𝑠𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑦 =
𝑖𝑛𝑒𝑟𝑡𝑖𝑎𝑙 𝑚𝑎𝑠𝑠 𝑎𝑣𝑔 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑎𝑐𝑐𝑒𝑙𝑒𝑟𝑎𝑡𝑖𝑜𝑛

𝐹𝑖𝑚𝑝𝑜𝑠𝑒𝑑
 (1) 

Figure 3 shows the physical bench for hose rubber portion characterization. It is possible to see the 4 

accelerometers and the shaker that supplies the imposed force. 

 

 

Figure 3: Experimental layout for hose characterization 

From this method, we obtain transmissibility curves as those shown in Figure 4. 
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Figure 4: Experimental Transmissibility (left) and estimated damping ratio (right) 

Those curves allow also to estimate damping ratio by means of the peak picking method, as shown in Figure 

5. The peak picking method is based on the intersection with the horizontal axis of the real part of the 

transmissibility function. 

 

 

Figure 5: Example of the real part of the transmissibility function 

When the minimum (or maximum) before the intersection point and the maximum (or minimum) after the 

intersection are identified, the modal damping ratio can be evaluated with Equation 2 

 𝑚𝑜𝑑𝑎𝑙 𝑑𝑎𝑚𝑝𝑖𝑛𝑔 𝑟𝑎𝑡𝑖𝑜 =
𝜔𝐴

2 −𝜔𝐵
2

2𝜔𝑛
2  (2) 

Where the subscript n indicates the modal shape n.  

We now have a methodology allowing to discriminate transmissibility between different types of rubber. 

An experimental database has been created. 
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3 F.E. model of the hose 

As we have seen, the rubber portion of the hose is not a homogeneous and isotropic material but it is made 

up of a various materials like rubber and nylon. In order to correctly model its dynamic behavior, we need 

to model it as a composite material. The advantage is twofold: correct dynamic behaviour and material 

characteristics (matrix and ply) with physical meaning. 

In order to reach a good correlation with the experimental measurements an optimization process has been 

set up. The outputs of that process are: 

 Ply angle 

 Characteristics of the rubber: density and Young’s modulus 

 Characteristics of the ply: density and Young’s modulus 

 Volume fraction between rubber and ply [2] 

These outputs have physical meanings and can be identified by means of Mode Frontier by imposing that 

the experimental dynamic behavior of the rubber hose sample is as close as possible to the experimental 

one. 

Figure 6 shows the numerical model and the experimental setup used for the hose modelling. 

 

 

Figure 6: Numerical model (left) and experimental set up (right) of the hose 

The methodology developed to obtain a dynamic model of the hose is shown in Figure 7. 

 

 

Figure 7: Flow chart of the methodology for a dynamic model of the hose 

The experimental curves used like targets for the optimization are the inertances (acceleration over force) 

between the excitation point and three response points. 

An example of optimized results is shown in Figure 8. 
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Figure 8: Example of optimized model: blue experimental curve, red simulated 

 

4 Clamping characterization 

A/C lines fixations to vehicle body are composite objects too, as we can see in Figure 9, where several 

samples are shown:  

 

Figure 9: A/C lines fixations examples 

Again, there is the need, for an experimental methodology allowing, to characterize the fixation so to be 

able to identify parameters required by FE model. This characterization is very similar to the rubber hoses 

portion one but in this case the physical quantity under investigation is the dynamic stiffness (N/mm). The 

main difference is in the input, since for measuring dynamic stiffness it is more suitable to impose a 

displacement rather than a force. 

Also in this case, a dedicated test bench has been developed, whose conceptual scheme is shown in Figure 

10: 
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Figure 10: Conceptual scheme of fixations test bench 

The dynamic stiffness can be evaluated with Equation (3). 

 S𝑡𝑖𝑓𝑓𝑛𝑒𝑠𝑠 = 𝑚𝑎𝑠𝑠 ∗
𝑚𝑎𝑠𝑠 𝑎𝑣𝑔 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑎𝑐𝑐𝑒𝑙𝑒𝑟𝑎𝑡𝑖𝑜𝑛

𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑎𝑐𝑐𝑒𝑙𝑒𝑟𝑎𝑡𝑖𝑜𝑛−𝑚𝑎𝑠𝑠 𝑎𝑣𝑔 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑎𝑐𝑐𝑒𝑙𝑒𝑟𝑎𝑡𝑖𝑜𝑛
∗ (2 ∗ 𝜋 ∗ 𝑓)2 (3) 

The control sensor that guarantees the imposed displacement profile can be seen in Figure 11 where the 

bench is shown. In order to evaluate the non linear effects 4 levels of imposed displacements have been 

used: 5 – 10 - 15 and 20 micron. 

     

 

Figure 11: Experimental layout (left) and measured dynamic stiffness (right) 

As for the different types of rubber, this methodology allows to rank the different types of fixations in terms 

of dynamic stiffness. Also in this case, a database of measured components has been created. 
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5 F.E. model of the clamping 

In analogy to what has been to the rubber hose, a FE model of the testing methodology for characterizing 

fixations has been developed, as shown in Figure 12. 

 

Figure 12: FE model of the clamping (left) – Equivalent lumped mass model (right) 

The FE analysis has been performed with NASTRAN. In order to simulate the experimental layout shown 

in Figure 12, a simulation with imposed displacement should be performed. However, NASTRAN uses the 

large mass method to do this, which is not adequate for dynamic stiffness simulation. 

With reference to the lumped mass scheme shown in  Figure 12, if a large mass is added to the first mass 

the modes of that mass on the first (unknown) stiffness are blocked and this does not correspond the physical 

situation in the experimental set-up. 

This problem can be overcome if the inertance functions between the input point and the inertial mass are 

considered. 

Equation (4) shows how to calculate dynamic stiffness from the inertance functions and it shows that the 

dynamic stiffness is independent from the input; this means that with this method nonlinear effects are not 

taken into account. 

 𝐾𝑐𝑙𝑎𝑚𝑝 =
𝐹𝑐𝑙𝑎𝑚𝑝

𝑠𝑖𝑚𝑝.−𝑠𝑚𝑎𝑠𝑠
=

𝑚𝑚𝑎𝑠𝑠∗𝑎𝑚𝑎𝑠𝑠

𝑠𝑖𝑚𝑝−𝑠𝑚𝑎𝑠𝑠
= 𝑚𝑚𝑎𝑠𝑠𝜔2 𝑎𝑚𝑎𝑠𝑠

(1−
𝑎𝑚𝑎𝑠𝑠
𝑎𝑖𝑚𝑝

)𝑎𝑖𝑚𝑝
 

= 𝑚𝑚𝑎𝑠𝑠𝜔2 𝐻𝑖𝑚𝑝,𝑚𝑎𝑠𝑠𝑓𝑖𝑚𝑝

(1−
𝐻𝑖𝑚𝑝,𝑚𝑎𝑠𝑓𝑖𝑚𝑝

𝐻𝑖𝑚𝑝,𝑖𝑚𝑝𝑓𝑖𝑚𝑝
)𝐻𝑖𝑚𝑝,𝑖𝑚𝑝𝑓𝑖𝑚𝑝

 (4) 

Model validation is shown in Figure 13. Peaks in dynamic stiffness are not resonances because the final 

curve is the result of a ratio between inertances. 
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Figure 13 Calculated dynamic stiffness (red) VS experimental (blue) 

The FEM fixation model requires a large number of elements in order to have a good mesh for a good 

representation of the geometry. The geometry of the rubber in contact with the tube can affect a lot the 

dynamic stiffness of the clamping. 

Once the model is validated two choices are possible: 

1. To integrate the FE model of the clamping within the whole model of the HVAC line: 

this method can be used to evaluate different fixation designs. 

2. To use the FE model to evaluate the stiffness along the other directions and then to 

integrate the fixations lumped stiffness within the whole model. 

6 F.E. model and validation on vehicle 

In the above paragraphs we have described the methodologies that have allowed us to model the rubber part 

of the hoses and hoses fixations. Also the aluminum part has been separately tested and validated: a 

conventional experimental activity (that means measurements of  FRFs and comparison with FE model of 

the part under investigation without any optimization process or special bench for the measurements) has 

been performed, as shown in Figure 14: 

 

 

Figure 14: Characterization of the metallic part of the line 

Now we have all the elements needed to set up the whole A/C loop model. In order to have more accurate 

boundary conditions, the HVAC line and the whole vehicle FE model have been assembled together. Once 
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the model has been validated, FE vehicle model can be replaced by equivalent springs, corresponding to 

vehicle body equivalent stiffnesses evaluated in correspondence of the A/C line connections to the vehicle.  

The resulting model, as shown in Figure 15, consists of: engine model (lumped mass + rigid element), A/C 

line, HVAC box, cross car beam and steering column, connected to the ground at the structure’s attachment 

points through the equivalent springs. 

 

   

Figure 15: Overall FE model 

Since one of the most important structure borne paths is via TXV valve (due to high NTF values that have 

been experimentally measured), the whole HVAC box, to whom the TXV valve is directly connected, needs 

to be modeled. 

The overall model has been validated by measuring vibrational response functions along the line and the 

cabin noise, imposing a force on an accessible point (see Figure 16).  

 

 

Figure 16: FRFs measurements for FE model validation 

In this way we can be sure that the response at driver’s ear is determined by structure-borne contributes from 

the A/C lines only. 

Figure 17 shows an experimental-numerical comparison:  main critical points such as compressor 

connection and TXV valve have been monitored. 
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Figure 17: Examples of numerical (red) Vs experimental (blue) comparison 

FE A/C lines validated model can give a lot of useful pieces of information. As an example, it is possible to 

rank contributions from each transfer path in terms of force transmitted to the body, and in terms of sound 

pressure level at driver’s ear (multiplying force by the relative noise transfer function). 

Figure 18 shows an example of ranking in terms of colormaps: such a representation allows to easily 

troubleshoot the most critical paths. 

 

 

Figure 18: Colormap ranking contributions from the different transmission paths 

In each row of the colormap we can see the product between the forces calculated at each body attachment 

point multiplied by the relative noise transfer functions. This means that, when the main contribution is 

identified, it is necessary to understand if that is due to high force value or to high noise transfer function 

(or to both). Then, corrective actions can be virtually tested without the need for time consuming testing, or 

the necessity to wait until real objects are available. 

For instance, if the force transmitted to the body through the clamping is high, it is possible to act on the 

stiffness or on the dynamic behavior of the line (for example with a mass placed where the amplitude of the 

vibration is high, or by changing rubber type or shape of the line). Otherwise if the noise transfer function 

is high, another position of the clamping needs to be considered.  
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From Figure 18 it is possible to notice, as previously highlighted, how the contribution of the TXV valve is 

very important, especially around 150-200 Hz. These frequencies have to be carefully monitored since they 

correspond to those of main engine orders: high values in that frequency range might indicate that engine 

noise can be transmitted by A/C lines through the TXV. 

Here following, an example of potential application of the model will described. The sensitivity to rubber 

hose type has been evaluated in terms of cabin noise with a unitary force applied on the connection between 

compressor and HVAC line. The results in terms of rubber transmissibility and reconstructed interior noise 

are shown in Figure 19: 

 

 

Figure 19: Experimental Transmissibility and calculated interior noise with three different rubber types 

The transmissibility curves have been measured up to 650 Hz, but the predicted noise at the right ear has 

been extrapolated up to 900 Hz. The advantage of unitary forces is to evaluate intrinsic dynamic behaviour 

of the system separately from the effects of the real input. As it will be shown in the next paragraph, even 

with a unitary force input important indications about the system behaviour on vehicle can be obtained. 

7 Application of the model: case study 

In this paragraph an application of the model to a troubleshooting situation will be described. On a vehicle 

model under development, a compressor noise issue has been complained. In Figure 20, we can see overall 

noise level measured at driver’s right ear over a partial open throttle manoeuver at neutral, with A/C turned 

ON and without A/C: 
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Figure 20: Overall noise level and spectral maps measured on vehicle over POT @ Neutral 

At low RPM, turning the A/C compressor on gives a significant increase in overall sound pressure level. By 

analyzing noise spectral maps at driver’s right ear, we can see that the increase is given by compressor order 

(in this case, equal to 7.47), over 120-220 Hz frequency range. In Figure 21, A/C lines loop is shown: as it 

can be seen it involves several potential transfer paths: 

 

 

Figure 21: A/C loop lay-out under study 

The system has then been modelled, and the contribution from each potential transfer path has been 

evaluated. The results, in terms of colormaps ranking the different paths, are shown in Figure 22: 
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Figure 22: Colormaps ranking path contributions for baseline and modification proposal 

The colormap of the base line vehicle shows that the dome 2 is an important path, together with path called 

front rail vertical, where discharge line is attached. Therefore, the following proposal has been made: to 

remove Suction Shock Tower Fix 2 and to replace a proposal single stage filtering Discharge Clamp with a 

double stage one (Figure 23): 

 

Figure 23: Proposed change in A/C lines fixations 

This lay-out has then been tested on vehicle, with the result shown in Figure 24: 

 

Figure 24: Overall noise level and spectral maps measured on vehicle over POT @ Neutral 

As it can be seen, the lay-out identified by FE model has allowed to solve the issue: the overall level increase 

when A/C is ON has been reduced. Moreover, from A/C ON spectral maps comparison, contribution from 

main compressor order has been substantially decreased over 120-220 Hz frequency range. 
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8 Conclusions  

We have shown that the development of FE model of a “complex” object like an automotive A/C loop 

requires a close cooperation between testing and modelling. Material properties for hoses fixations and 

rubber portion of the hoses cannot be simply imported from existing databases; experimental methods have 

been specifically developed in order to estimate the parameters needed by FE model. Fixations experimental 

procedure has also been used to specify component characteristics to the supplier. 

The developed model allows to rank each structure-borne path, identifying most critical ones since the early 

stages of the design process. This will reduce the need for last minute changes during the vehicle validation 

phase. 

At the moment, compressor is modelled as a unitary force constant over frequencies: nevertheless, this does 

not prevent to have important indications on A/C lines NVH behavior on vehicle: if the magnitude of the 

frequency response function of the system is improved, it is reasonable that also the response in real 

condition will be improved. This is just what we have seen in the described application case. 

Next step will be to include the compressor in FE model. This activity is currently ongoing. 
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Abstract
Multi-body simulation softwares are used to evaluate the performance of the whole rail vehicle where the
secondary suspension is included as mechanical lumped model. Even if these mechanical models are quickly
and easily implemented, some pneumatic system input parameters often have to be predetermined. Nowa-
days, the values of these parameters must be provided by manufacturer or experimentally obtained. Accord-
ingly, the present research is focused on the obtention of several input parameters (effective area, variation
of the effective area, moment distribution factor, viscous and friction losses, etc.) from a FEM model of
the air spring developed in ABAQUS. The model is validated with data provided by the manufacturer and
experimental data. Moreover, it has been analyzed how the construction parameters of the air spring and
mainly fiber orientation influence the values of these input parameters and therefore, the ride comfort. The
simulations that have been carried out show that there are eigenvalues and vibration modes below 150Hz.

1 Introduction

The transportation tendency of the new century is related with the increase of load/passengers capacity
while ensuring a safe and comfortable travel. A non-comfortable ride is related with the perception of the
passenger, so the suspension elements must avoid the transmission of vibrations from the wheel-rail contact
to the car-body and passenger seat. The suspension elements should be able to absorb all the vibrations
caused by track irregularities, curves, rail discontinuities and wheel defects. Passenger rail vehicles have
two suspension systems; the primary is composed of a stiff helicoidal spring, to ensure vehicle stability and
guidance, the secondary corresponds to a soft pneumatic spring to ensure the comfort. The pneumatic system
consist of a bellow connected to an auxiliary reservoir via a pipeline, and an emergency spring that acts in the
case of bellow deflation. The main purpose of air spring suspension is to provide smooth and constant ride
quality, maintaining a constant height of the carbody. Its vertical behavior mainly depends on the effective
area of the bellow and the total volume of the pneumatic system, whereas the lateral performance is highly
delimited by the structural properties of the bellow and axial loads.

Finite element modeling gives the chance to recreate an accurate, accessible/customized and parameterized
model of the air spring. Up to date, the majority of air spring FEM models developed are not oriented
to the modeling of a railway pneumatic suspension element, but they are focused on general suspension
systems (road vehicles, machinery) and specially on the evaluation of the vertical static stiffness. Different
simulations developed mostly in ABAQUS and ANSYS analyze the influence of construction parameters of
the bellow on its vertical stiffness [1, 2]. Others evaluate air spring fatigue [3, 4] or cord angle influence in the
deformation shape [5, 6]. Only few of them study the lateral static behavior [7] or the dynamic performance
of the spring up to 400Hz [8].
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Although the dynamic frequency range of railway vehicles is defined until 20Hz and the multi-body simula-
tions are validated in that frequency range, the vibration transmission can occur in higher frequencies. The
structure-borne vibration transmission occurs in a frequency range up to 300Hz [9]. Hence, if the air spring
has a resonance frequency in that frequency range the vibrations could be amplified and the isolation could
decrease.

In this context, the present research is focused on getting from a FEM model some of the vertical and lateral
input parameters for the mechanical air spring models incorporated in multi-body simulations. Firstly, a brief
comparison between the current air spring models of multi-body softwares is done. Then, the FEM model
developed in ABAQUS is explained and validated in order to analyze how the construction parameters of
the air spring (mainly fiber orientation) affect on these input parameters and therefore on the ride comfort.
Finally, the FEM model enables studying the air spring behavior (natural frequencies and vibration modes)
in higher frequencies, above the railway vehicle dynamic frequency range.

2 Air spring modeling in a Multi-body simulation

At the beginning, air springs were incorporated into the whole vehicle model as a simple vertical model
including a linear spring with a linear damper in parallel. However, an air spring suspension has a non-linear
behavior so the accuracy of this approximation is not sufficient, being only valid for quasi-static simulations.
Currently, more complex models are used in which different non-linearities of the pneumatic system, such
as geometrical data, material non-linearities and fluid inertia effects are included.

2.1 Vertical model

Vertically, air spring behavior, stiffness and damping mainly depend on the effective area of the air spring
and the total air volume of the entire pneumatic system including the air spring, the auxiliary chamber and
pipelines. The axial stiffness is inversely proportional to the volume, so that in order to soften the suspension
an auxiliary chamber is added. Moreover, even if the amount of air mass into the connection elements
(orifices and pipelines) might not be large, its inertia and friction losses are important. Modifying this
connectors, not only the stiffness but mainly the damping of the system in medium frequencies (until 20hz)
can be modified [10]. As the frequency arises, the air mass does not have enough time to move out and the
auxiliary chamber and therefore connectors become insignificant in pneumatic suspension performance. The
fact that both, the vertical dynamic stiffness and damping are non-linear, dependent on frequency and load,
difficult air spring modeling. Figure 1 shows the different air spring mechanical models used by multi-body
softwares.

(a) Vampire [11] (b) Simpack [12]
(c) GENSYS [13]lateral air spring
models

Figure 1: Multi-body air spring vertical models.

Even if each model (see Figure 1) has their own way or nomenclature, all of them describe the same physical
behaviour. GENSYS and SIMPACK non-linear model are based on Berg’s one [14], so the elastic, frictional
and viscous effects are considered. However, the frictional effect is negligible in VAMPIRE model as well as
in the linear SIMPACK model, thus ignoring the amplitude dependence behavior of elastomer’s. VAMPIRE
vertical model is an extension of Nishimura model [15] where a lumped mass is added representing the
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air flow inertia. Listed models have the same performance in quasi-static and high frequency (above 20hz),
being air mass inertial effects only critical in frequencies until 20Hz [16]. In addition, in the case of including
the emergency spring, its stiffness might be added in series to the air spring model.

As an example, the required input parameters of the air spring models are summarized in Table 1. Note as
the complexity of each modeling technique is different, the definition of the input parameters for each model
is not analogous and therefore linear models may have less parameters. The extraction method is associated
with the way of how the parameters are derived; geometrical characteristics of the air spring are grouped in
data extraction method, parameters related to fluid dynamics are merge in thermo and lastly, parameters can
be experimentally obtained or based on a finite element model.

Table 1: Vertical parameters of a non-linear and linear air spring model used in multi-body softwares.

Parameter extraction method Model type
Data Thermo Experimental FEM Non-Linear Linear

Ffricmax [N] Yes Feasible Included
ZFfric/2 [m] Yes Feasible Included
Kemerg [N/m] Yes Included Included
ρ Density [kg/m3] Yes Included Included
n Polytropic rate [-] [17, 18] Included Included
p0 Atmospheric pressure [Pa] Yes Included Included
pg Gauge pressure [Pa] Yes Feasible Included
Vb0 Initial bellow volume [m3] Yes Feasible Included
Ae Effective area [m2] Yes Feasible Included Included
dAe
dz Effective area change [m2/m] Yes Feasible Included
Vr0 Initial reservoir volume [m3] Yes Included
ls Surge pipe length [m] Yes Included Included
As Surge pipe area [m] Yes Included Included
kt Loss coefficient in surge pipe [-] [13, 17, 18] Feasible Included
Cs Damping in surge pipe [Ns/m] [19] Feasible Included

Data procedure is related with the geometrical data of the connection elements and rigid reservoir as well as
data provided by manufacturers such as emergency spring stiffness. Parameters related with fluid dynamics
are derived from thermodynamic equations or tables (notice that losses inside the pipelines are still crucial
modeling point [20]). However, there are other parameters which are related with the structural properties of
the bellow that must be experimentally obtained or that could be extracted from a FEM simulation. Therefore,
M.Presthus focused her study on the derivation of the air spring parameters for the GENSYS model deduced
from thermodynamic equations or experimental tests [13], B.Xu et al. optimized the values of the simple
model (spring and damper in parallel) using Kalman filter [21] and others phenomenologically, based on
direct measurement, deduced area and volume values [22].

2.2 Lateral model

The lateral performance is more susceptible to external loads and it is highly delimited by the structural prop-
erties of the bellow, mainly the hysteretic behavior of the rubber and cord material. Rubber is an elastomer
able to tolerate large deformations and recover its original shape when unloading, but it has asymmetric
hysteresis loop dependent on the amplitude and on the frequency of the motion. Generally, the air springs of
the secondary suspensions of a passenger rail vehicle are toroidal, symmetric respect the longitudinal axis.
Therefore, the behavior in the longitudinal and pitch directions is assumed to be the same as in the lateral
and roll directions. Figure 2 shows the mechanical equivalent circuit used in some multi-body softwares.

Regarding the lateral modeling techniques, mainly two models can be found: Berg’s one [14] (in which
SIMPACK and GENSYS models are based) and VAMPIRE’s lateral one [11]. Both of them have an elastic
part in parallel to the frictional and viscous components in order to represent rubber hiperelasticity and
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viscoelasticity. However, the friction and the elastic part are differently defined; smooth friction and non-
linear elasticity are defined in Berg’s model, whereas an exponential friction function and a linear elastic
term are adopted in VAMPIRE, being this last model an special case for the normal situation with lateral
and roll inputs. Finally, there is another kind of model named as Bouc-Wen model, which not only includes
a basic spring and damper but also a block that simulates the hysteresis behavior of rubber, a model that is
computationally efficient and more accurate than basic ones [23].

(a) Vampire [11] (b) Simpack [12]
(c) GENSYS [13]lateral air
spring models

Figure 2: Multi-body lateral air spring models.

When a shear spring is defined as a spring carrying a large load in one direction it may also deflect in a
perpendicular direction. Hence, an air spring can be modeled as a shear spring. When the air spring is
axially (vertically) loaded, additional roll torques or lateral forces are generated at its top and bottom as a
response to lateral displacements or roll, becoming a non-uniform shear spring. This phenomena is included
in multi-body softwares lateral air spring model as an additional parameter representing the portion of the
total moment taken at the top (see Figure 3a,b).

The moment distribution in the top an botton of the air spring has to be, nowadays, experimentally deter-
mined. However, performing an experimental test of every air spring included in a railway vehicle requires
a large laboratory infrastructure. That is why, some railway companies and researchers are forced to still
use the basic air spring model (a spring with a linear viscous dashpot in parallel). Nevertheless, as the non-
uniform moment distribution between plates has a great impact in the tendency to sway of the vehicle, it
should be included. In order to improve the accuracy of these modeling technique and compensate the addi-
tional moments (Msup, Minf), a lateral force applied at an specific height point (hNMP , null moment point)
can be added. In this way, the resulting moment due to the applied lateral force will be the real moment
difference between plates (see Figure 3c). Note that the distance between connection points/markers of the
air spring force element in the whole railway vehicle model (adding the emergency spring in the model or
not) is a key issue for the lateral performance, it changes the moment distribution factor and hence, the height
of null moment point.

As the lateral behavior of the bellow is mainly influenced by the structural characteristics of the bellow, that
is the non-linearities of a reinforced hyperelastic and viscous material, nowadays model input values are
mainly experimentally obtained (see Table 2).

3 FEM model of an air spring

3.1 Model description

Secondary suspension elements play an important role as they are designed to reduce the vibration transmis-
sibility maintaining the desired nominal height while ensuring an adequate dynamic behavior and maneuver-
ability of the vehicle. There is a dilemma about the stiff/soft relation, the interaction between the structural
characteristics and fluid part, which is also reflected in the air spring model complexity. Parameters related
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(a) Definition of the moment distribu-
tion factor in Vampire [11]

(b) Definition of the moment distribu-
tion factor in Simpack [12]

(c) Definition of the Null Moment
point [24] modified.

Figure 3: Definition of the moment distribution factor and the Null Moment point.

Table 2: Lateral parameters of Berg and VAMPIRE air spring model used in multi-body softwares.

Parameter extraction method Model type
Parameter Data Thermo Experimental FEM Berg VAMPIRE
Ke Elastic deflection stiffness [N/m] Yes Feasible Included Included
Ker Elastic rotation stiffness [N/m] Yes Feasible Included
Ffricmax Maximum friction force [N] Yes Feasible Included
XFfric/2 Lateral displacement [m] Yes Feasible Included
FH Hysteresis force [N] Yes Feasible Included
α Hysteresis exponential [-] Yes Feasible Included
Kv Viscous stiffness [N/m] Yes Feasible Included Included
Cv Viscous damping [Ns/m] Yes Feasible Included Included
a Moment distribution parameter [-] Yes Feasible Included Included

with the fluid inertia (kt,Ct) and reinforced rubber of the bellow (Ae, dAe
dz , Ffricmax , ZFfric/2 , Ke, Ker , Ffricmax ,

XFfric/2 , FH, α, Kv, Cv, a) are more complicate to derive. With the aim of identifying these mechanical model
parameters and analyzing the influence of the construction parameters of the bellow, a FEM model devel-
oped in ABAQUS gives the choice of incorporating the non-linearities of the material as well as reinforcing
configurations. The present work is focused on the parameter derivation of an air spring without an auxiliary
chamber system and avoiding the influence of the leveling system or heat transfer. The influence of the latter
parameters and the coupling into a multi-body simulation are discussed in detail in the thesis of N. Docquier
[17].

The principal part of the pneumatic suspension, the bellow, is a composite non-linear elastomer full of
air. In the FEM model the coupling between the structural deformation and the pressure of the internal air
is represented through a fluid cavity [25]. By sharing nodes at the cavity boundaries with the structural
elements, a membrane that defines the cavity is created, which allows the calculation of its volume and the
momentary fluid pressure via a reference cavity node.

The geometrical and reinforcement data of the bellow are extracted from a real air spring. The main di-
mensions of the studied bellow are represented on the Figure 4a: the nominal height with auxiliary spring is
around 284mm, where the height is 215mm long and diaphragm diameter 740mm under tare load (equiva-
lent to 3.67bar). Paying attention to the figure 4b, six reinforced layers separated 0.4 mm are observed, the
fiber diameter is 0.5mm and the spacing between fibers of the same layer is 0.5mm where the orientation of
fibers per layer seems to be 75◦ for odd and−75◦ for even layers respectively. They have been introduced in
the FEM model as rebar elements which are used to define layers of uniaxial reinforcement [25]. The rebar
geometry is defined with respect to a cylindrical local coordinate system where the direction 1 is the circum-
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(a) air spring draft (b) cut bellow

Figure 4: Geometrical data of the bellow.

ferential horizontal direction, meaning 0◦angle for horizontally aligned fibers. The diaphragm material is
natural rubber (Shore A 70 hardness) reinforced by Nylon 66 and the end plates are made of steel. It is well
known that the rubber has a non-linear behavior characterized by an asymmetric hysteresis loop response to
cyclic excitation, which slightly varies with the excitation frequency and amplitude. The developed FEM
model applies an overlay mesh technique to incorporate non linear elasticity (via hyperelasticity, with Odgen
3 strain enery potential function), time domain viscoelasticity (through prony series definition) and friction
behavior [26].

Moreover, in order to achieve the moment distribution factor and the height of the null moment point an extra
element is used, a surface based coupling constraint is used [25]. Since the moment cannot be evaluated in
a plate, the kinematic multi point constraint (MPC) couples the motion of a collection of nodes on a surface
(external face of plates) to the motion of a reference node (a external point on the center of the plate) via a
rigid beam in the all degree of freedoms, allowing moment calculation.

Six different analysis have been carried out to study the general performance of the spring and to obtain the
values of input parameters of the multi-body models:

• Air spring inflation (fixing both plates into the desired height and increasing the inner pressure)→ V0

• Static vertical displacement (after inflation, the upper plate is vertically displaced) → Static vertical
stiffness, Ae and dAe

dz are obtained.

• Static lateral displacement (after inflation, the upper plate is laterally displaced)→ Static lateral stiff-
ness, a and hNMP are obtained.

• Cyclic vertical displacement (after inflation, the upper plate is excited with a sinusoidal vertical move-
ment)→ Dynamic vertical stiffness, Ffricmax and ZFfric/2 are obtained.

• Cyclic lateral displacement (after inflation, the upper plate is excited with a sinusoidal lateral move-
ment)→ Dynamic lateral stiffness, Ke, Ker , Kv, Cv, Ffricmax , XFfric/2 and FH are obtained.

• Natural frequency excitation (natural frequency excitation with inflated air spring)→ Resonance fre-
quencies and mode shapes are obtained.

3.2 Validation of the proposal air spring FEM model

The manufacturer provides the static vertical and lateral stiffness of the bellow with and without auxiliary
reservoir for three pressure levels. However, manufacturer data are no longer available for dynamic response
so previous experimental results have been used [10].

Regarding the vertical and lateral static stiffness, which are compared with manufacturer data (see Table 5),
simulation results are satisfactory, in both directions error is less than 10%. Additionally, even if both FEM
stiffnesses are smaller than theoretical ones, the ratio between the vertical and lateral stiffness is almost
constant. In addition, Figure 5 shows the lateral force-displacement loop for an harmonic excitation of
10mm and 0.1Hz.
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Table 3: comparison between FEM and Contitech values for static vertical and lateral stiffness.

Vertical Behavior
Pressure [bar] Amplitude [mm] Contitech [kN/m] FEM [kN/m] Error [%]

3.67 10 633 584 -8.21
4.4 10 723 655 -9.41
5.1 10 774 723 -6.59

Lateral Behavior
Pressure [bar] Amplitude [mm] Contitech [kN/m] FEM [kN/m] Error [%]

3.67 10 235 222 -5.53
4.4 10 242 229 -5.37
5.1 10 252 236 -6.35
3.67 40 195 190 -2.56
4.4 40 210 197 -6.19
5.1 40 222 202 -9.01

Figure 5: Force versus displacement for a sinusoidal lateral excitation of 10mm and 0.1Hz.

3.3 Derivation of the air spring model parameters for a multibody simulation

The validated FEM model is used to calculate the input parameters of a mechanical lumped model. Some
parameters are taken directly from simulation results, such as areas, volumes and moments. However, others
mainly related with the structural characteristics of the reinforced rubber (elastic, viscous and friction) are
derived according to M.Berg proposal [27]. Briefly, the type of analysis that needs to be done in order to
obtain the elastic and frictional parameters is large excitation amplitude and low frequency (20-40mm and
0’1Hz) and for viscous ones, a medium excitation amplitude and medium frequency (5-20mm in 1Hz) is
required. The elastic stiffness is related with the slope of the quasistatic large amplitude response of the
bellow. The elastic rotation stiffness of the bellow is directly obtained knowing the height and load of the
suspension. Friction term is related with the vehicle curving at significant lateral acceleration in the track
plane without track irregularities, and the viscous one with the ordinary dynamic track irregularities.

The values obtained for the present air spring, without auxiliary reservoir neither emergency spring, are
summarized in Table 4 for different pressures.
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Table 4: Vertical and lateral input parameter values of the air spring models used in multi-body softwares for
the analyzed case.

Vertical Parameters

Pressure [bar] Vb0 [m3] Ae [m2] dAe
dz [m2/m] Ffricmax [N] ZFfric/2 [mm]

3.67 0.0615 0.2389 -0.265 137 1.23
4.4 0.0619 0.2407 -0.3025 191 2.43
5.1 0.0623 0.2422 -0.3525 216 2.39

Lateral Parameters
Pressure [bar] a [-] Ke [N/m] Ker [N/m] Ffricmax [N] XFfric/2 [mm] Kv [N/m] Cv [kNs/m]

3.67 1.06 157 66 1112 10.54 342 0.353
4.4 1.05 164 66 955 9.47 273 0.353
5.1 1.03 167 66 997 9.5 292 0.353

3.4 Sensitivity analysis

Different studies conclude that the orientation angle of fibers is the most influential construction parameter
on the air spring performance [1, 8]. Thus, the effect of cord angle in the stiffness of the bellow and in the
mechanical model input parameters for different pressure values is analyzed.

3.4.1 Stiffness

The evolution of the static and the dynamic vertical and lateral stiffness are analyzed.

In Table 5 the values of the static stiffness for a given cord angle along different pressure values are sum-
marized. Vertically, for larger cord angles the stiffness increases. However, laterally, cord angle effect is
the other way, as the angle becomes more vertical the lateral stiffness decreases. Hence, for smaller cord
angles both stiffnesses, vertical and lateral, are similar (Kv/Kh relation near 1), whereas for bigger angles
the relation between stiffness is larger (Kv/Kh relation near 3.2). In both directions, stiffness increases with
pressure.

Table 5: Cord angle influence in vertical and lateral static stiffness.

Vertical Behavior
Pressure [bar] Amplitude [mm] 50◦ 60◦ 70◦ 75◦ 75◦

3.67 10 370 484 559 581 597
4.4 10 419 544 628 655 674
5.1 10 464 597 692 723 745

Lateral Behavior
Pressure [bar] Amplitude [mm] 50◦ 60◦ 70◦ 75◦ 75◦

3.67 10 366 337 259 222 184
4.4 10 378 344 269 229 193
5.1 10 387 350 273 236 201
3.67 40 305 273 218 190 155
4.4 40 318 284 225 197 162
5.1 40 328 293 231 202 169

Dynamic simulations corroborate that the structural properties of the bellow and, therefore, the reinforcement
cord angles play a key role in the lateral behavior. Figure 6 shows the force-displacement loop for an
harmonic excitation of 0.1 in lateral and vertical directions. An increase of 30◦ duplicates the lateral stiffness,
although the vertical stiffness remains constant. In both directions stiffness changes less than 7%, being
stiffer with higher pressure.
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(a) Lateral direction (b) Pressure direction

Figure 6: Force-Displacement relation for different cord values and pressure of 5.1bar.

3.4.2 Vertical parameters

Figure 7a shows the influence of the cord angle in the effective area for three pressure values. Different stud-
ies state that the cord angle of commercial air springs is between 65◦ and 75◦ with respect to the horizontal
[28], which means that the effective area is around 0.1-0.3m2 [13]. Pressure influence is often neglected, its
effect is minor than few millimeters, for instance, the base case of 75◦, its area varies from 0.238m2 (3.67bar)
to 0.242m2 (5.1bar). The initial volume of the bellow after inflation varies linearly with internal pressure and
for angles above 65◦ hardly changes, as shown in Figure 7b.

(a) Effective area (b) Initial volume

Figure 7: Influence of cord angle in the effective area and initial volume.

The variation of the effective area due to a deflection of the bellow in z-direction (vertical) for an air spring
with fibers inclined 70◦, 75◦ and 80◦ and 3.67-4.4-5.1bar of supply pressure is illustrated in Figure 8. The
ratio between the effective area (Ae) and the vertical displacement (dz) varies with cord angle and pressure,
the slope is function of the cord angle and the offset of pressure. Even if some researches neglected its
influence [17], its values vary from 0.2m2/m to 0.38m2/m.

Friction parameters Ffricmax , ZFfric/2 are derived from a quasistatic cyclic test and hence, from the hysteresis
asymmetric loop. The friction phenomenon in vertical direction is often neglected, as it happens in the case
of VAMPIRE or linear SIMPACK model. Simulation results (see Table 6) indicate that the distance moved
since last turning point is near 2.5mm, variating few tenths and remaining almost constant with angle and
pressure variations. The stationary maximum friction force increases as pressure increases, however, it has
an inflection point for 75◦ cord angle.
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Figure 8: Influence of cord angle in the variation of the effective area of the pneumatic suspension.

Table 6: Vertical friction parameter values of non-linear air spring model used in multi-body softwares.

3.67bar 4.4bar 5.1bar
Parameter 70◦ 75◦ 80◦ 70◦ 75◦ 80◦ 70◦ 75◦ 80◦

Ffricmax [N] 145 137 159 193 191 198 223 216 251
ZFfric/2 [mm] 2.18 2.23 2.4 2.38 2.43 2.25 2.34 2.39 2.74

3.4.3 Lateral parameters

An air spring has been defined as a shear spring where the moment distribution through both plates is not
equal. This difference in moments somehow must be added to the multi-body model either through a di-
mensionless moment distribution factor or specifying the height to the zero moment point. The present FEM
model evaluates a bellow without emergency spring, where the markers are the top and bottom plate of the
air spring. In this case, the moment distribution factor may be greater than one due to the fact that the inferior
plate moment is negative [11]. The evolution of both parameters (dimensionless moment distribution factor
and the zero moment point height) with pressure and cord orientation are represented in Figure 9. Notice
that a mayor cord angle decreases the upper plate moment and increases the resultant moment of the bottom
plate, and therefore, the moment distribution factor decreases too. However, the moment distribution factor
still remains being jut over one and hence, the distance to the inflection point or the height of the null moment
point remain outside the bellow. Moreover, a pressure increment rises both moments being higher the change
in the upper plate. As a consequence, the moment distribution factor and zero moment point height reduce,
being the relation is almost linear (see Figure 9b). The experimental tests, even if they were performed with
the auxiliary spring, corroborate that the pressure influence is inversely proportional to the relation between
the moments.

Lateral parameters related with the non-linearities of the material are sum up in the Table 7.

The elastic stiffness of the lateral model (Ke) refers to the slope of the hysteresis loop of the bellow. It
is really influenced by the cord angle and its value can be duplicated reducing the cord angle in 30◦ (see
Figure 6a). Pressure also varies the elastic lateral stiffness, a higher pressure gives a softer air spring. The
elastic rotation stiffness of the bellow (Ker), which is directly obtained knowing the height and load of the
suspension, remains constant for all angles and pressure, values fixed on 66N/m.

The influence of the lateral amplitude in the air spring behavior cannot be neglected and it is evaluated
through the friction force (Ffricmax) and displacement terms (XFfric/2). The lateral maximum friction force,
analogously to the vertical one has an inflection point for 75◦ cord angle and increases with pressure too.
The lateral displacement where the friction is half of the maximum is given around 10mm, slightly rising
with pressure and with bigger cord angles.

Lastly, viscous parameters are analyzed, Kv and Cv. On the one hand, for higher pressure values the viscous
stiffness diminishes, however, there is not a clear tendency of the cord angle influence. On the other hand,
the viscous damping remains unchanged, 0.353kNs/m for all cases.
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(a) Displacement influence (b) Pressure influence

Figure 9: Influence of cord angle in the moment distribution factor.

Table 7: Cord angle and pressure influence in material lateral non-linear parameters.

3.67bar 4.4bar 5.1bar
Parameter 70◦ 75◦ 80◦ 70◦ 75◦ 80◦ 70◦ 75◦ 80◦

Ke [N/m] 188 157 128 196 164 135 201 167 141
Ker [N/m] 67 66 65 67 66 65 67 66 66
Ffricmax [N] 1191 1112 1044 988 955 971 1057 997 1029

XFfric/2 [mm] 10.28 10.54 11.15 8.64 9.47 10.24 9.36 9.5 10.78
Kv [N/m] 120 161 145 107 79 111 86 85 49

Cv [kNs/m] 0.353 0.353 0.353 0.353 0.353 0.353 0.353 0.353 0.353

3.5 Eigenvalues and vibration modes

Vehicle ride is of fundamental importance for passenger railway vehicles and it depends on the track quality
and the suspension of the train. The ride experienced by a railway passenger is dependent on the whole
vehicle-track system and specially of the pneumatic suspension. The pneumatic suspension is the train
element which provides the comfort, so if it has resonance frequencies in the borne vibration transmission
frequency range, vibrations will not be isolated and therefore, the ride comfort for all the passengers and
crew will be compromised.

The simulations that have been carried out show that there are eigenvalues and vibration modes below 150Hz.
Figure 10 shows that first vibration modes of the bellow come up around 80-90Hz depending on the rein-
forcement angle and pressure. Besides, the shape of the first six vibration modes are shown in Figure 11.

As a general rule, the vibration frequency decreases as the fibers are oriented more vertically, except the
second mode corresponding to the first pure vertical mode that remains almost constant or slightly increases
(see Figure 11a). The sixth mode which corresponds to a torsional one only appears with greater angles (70◦,
75◦ and 80◦). In addition, the fifth lateral mode sustains this tendency of having two different performances
due to more horizontally or vertically oriented fibers, having a significant hertz reduction.

Figure 11b shows the pressure influence in the resonance frequencies of the system. Its not as influential as
the cord angle value, mainly having an increasing effect of less than 8%. The sixth torsional mode remains
constant, it does not vary with pressure.
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(a) cord angle influence with 3.67bar (b) pressure influence with cord angle of 75◦

Figure 10: Natural frequencies of the bellow

(a) mode 1 (b) mode 2 (c) mode 3 (d) mode 4 (e) mode 5 (f) mode 6

(g) mode 1 (h) mode 2 (i) mode 3 (j) mode 4 (k) mode 5 (l) mode 6

Figure 11: Vibration modes of the air spring for cord angle of 75◦ and pressure of 5.1bar

4 Conclusions

A finite element model of a commercial railway air spring considering rubber material non-linearities and
incorporating reinforcing fibers has been developed in ABAQUS. Its performance is validated with manu-
facturer data for static lateral and vertical behavior and with experimental data the dynamic part. Predicted
behavior is satisfactoring, with errors below 10%.

A brief analysis about mechanical models implemented in multi-body softwares is presented. Vertically,
two models are more recurrent (Nishimura’s and Berg’s one) whereas laterally, as the non-linearities of
construction parameters must be taken into account, Berg’s model is mainly adopted. The input parameters
of these mechanical models are related with geometrical, thermodynamic and material properties. Moreover,
as the pneumatic suspension of railway vehicles behaves as a shear spring where the moments distribution
through the upper and bottom plate are different, a parameter must be defined to include this phenomenon.
Mechanical lateral models of air springs define a moment distribution factor and the concept of applying a
lateral force in the zero moment point can be added for simple modeling of air springs in multi-body codes.
Currently, most of the parameters must be provided by manufacturers or experimentally obtained, so the
influence of the materials or construction parameters are not known.

The proposed model allows obtaining almost all of the required parameters of the bellow. A clear example
of this is that the derivation of parameters of a commercial railway air spring made of natural rubber Shore
A75 reinforced by Nylon fibers oriented at 75◦ has been carried out. The developed air spring model only
omits the reservoir and pipelines, thus in order to evaluate the inertial effects of the air mass a coupled
fluid-structure interaction (FSI) is required.

Simulations confirm that air spring construction parameters and, specially, reinforcement cord angle play
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a key role in the lateral performance and hence, in the lateral parameters of the mechanical models. For
instance, the dynamic lateral stiffness varies significantly compared with the vertical which remains almost
constant. In order to modify the relation between both directions static stiffness, fiber angle can be changed.
Higher orientation angles provide stiffer vertical and softer lateral suspension. Moreover, as fibers are more
vertically oriented, effective area and its variation increase, whereas the total volume and the moment dis-
tribution factor decrease. Regarding material non-linear parameters, as cord angle increases, the elastic
stiffness and frictional displacement increase too, the elastic rotational stiffness and the viscous damping
remain constant and the friction force and viscous stiffness have an inflection point for 75◦.

The model also predicts that the pneumatic suspension system has resonance frequencies in the borne vibra-
tion transmission frequency range, the first resonance mode comes up at 80Hz. As fibers are oriented more
vertically (higher cord angle) the frequency for the same mode is reduced and new modes come out. At least,
the analyzed air spring has six resonance frequencies up to 300Hz.

Furthermore, a sensitivity analysis of bellow construction parameters can be applied to evaluate ride comfort
indexes in order to fulfill the requirements of EN12299 standard [29].
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Abstract
The aim of this paper is to describe a numerical vibro-acoustic methodology, experimentally assessed, for
the estimation of the overall vibratory and acoustic level of a gearbox employed on agricultural equipment.
The process is carried out in order to create the NVH digital twin of the real gearbox. The vibro-acoustic
model is the combination of three sub-models: a lumped-parameter (LP) model, a structural finite-element
(SFE) model and an acoustical finite-element (AFE) model. The LP model is used to obtain the reaction
forces on the bearings during working conditions. Reaction forces are employed as an input for the further
SFE dynamic model to evaluate the dynamic response of the gearbox’s case, which is the only meshed part.
The dynamic response is exploited to set-up an AFE model which allows to estimate the noise generation in
terms of overall acoustic pressure. The numerical simulation results are validated using experimental data
acquired on a real gearbox. Testing activities have been carried out at Comer Industries facility in Reggiolo,
where specimens and test benches have been set. Advantages and limitations of the model are reported.

1 Introduction

High levels of noise may be produced by a gearbox during its operational life. The noise is generated by gear
meshing, and it is further amplified by the resonances of the case [1]. Since it may be difficult to estimate
the acoustic emission during the design process, which is finalized at obtaining a certain gear ratio for the
gearbox, noise levels may be too high and exceed acoustic tolerance limits. The overall acoustic pressure
level, in fact, will depend both on the choice of the gears and on the properties of the case. Assuming that the
design of the case is fixed (i.e. it is already optimized in terms of geometry and material), one may propose
many designs for the gears, e.g. different teeth profiles or gear types, in order to obtain the lowest noise
generation possible while achieving the required gear ratio. This goal can be accomplished by performing
an extensive campaign of experimental testing, but this means that every possible combination of gears and
teeth profile has to be tested, and the acoustic pressure levels must be measured for each one of them. The
process is very time-consuming and requires a large amount of resources. A faster way to optimize the
design consists in generating a digital twin of the gearbox, i.e. a digital replication of the physical entity
[2] allowing to test different gear configurations without creating a physical prototype of the gearbox for
each test. In this case, the experimental tests must be carried out only to validate the baseline model: design
modifications, then, may be numerically evaluated by changing its input parameters. Within this framework,
this paper describes the generation of a digital twin of a real gearbox employed on agricultural equipment,
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Figure 1: Gearbox schematic diagram

aiming at evaluating the overall acoustics in operational conditions. The system under study is schematically
depicted in Figure 1. The gearbox case contains three shafts, five gears and six bearings. The shafts name
driver, intermediate and driven shafts, while the gears are denoted by numbers from 1 to 5. Gear ratio of the
system τ = Ωout/Ωin may take the values 1 or 1.8, depending on the meshing gears: τ is equal to 1 when
the meshing takes place between gears 1-3 and 3-5, while τ = 1.8 when the meshing occurs between gears
2-4 and 3-5. The gear ratio may be changed by using a coupling mounted on the driver shaft. In this work,
results will be reported only for τ = 1, meaning that the output speed has to be equal to the input speed
so that Ωin = Ωout. This gear ratio is achieved due to the fact that gears 1, 3 and 5 have the same number
of teeth (37). The proposed digital twin is a combination of a lumped-parameter (LP) model, a structural
finite-element (SFE) model and an acoustical finite-element (AFE) model. A similar procedure, involving
the use of these three types of models, has been already developed by one of the authors in previous works
([3][4]), and also by other researchers ([5]). In the following, after a brief description of the experimental
setup, the models are presented and experimentally assessed.

2 Experimental setup

The gearbox used for the tests is shown in Figure 2. The driver shaft is connected to the output shaft of the
engine of an agricultural tractor by an universal joint, while the driven shaft is connected to a braking system.
The case is fixed on a steel plate. The reference frame depicted in the bottom left of the figure, employed
for the experimental tests, is the same used for all the numerical models. The performed experimental tests
may be divided in two categories: experimental modal analysis (EMA) and operative analysis. The EMA
has been carried out by using 31 excitation points and 3 response points distributed on the surfaces of the
case, by using the roving hammer based method. The excitations have been applied with an impact hammer
model PCB 086D05, while the responses have been measured by piezoelectric triaxial accelerometers model
PCB 356B21. The results of this analysis are used to validate the SFE model. The operative analysis has
been realized in firing condition by applying a load on the driver shaft through the output shaft of the engine.
Acceleration on the case has been measured by using two piezoelectric triaxial accelerometers model PCB
356B21 (Acc1 and Acc2 in Figure 2) fixed on two opposite faces of the case, and the acoustic pressure
has been measured with two microphones model PCB 378B02 in front of the accelerometers, at a distance
of 20 cm from the corresponding surfaces (Mic1 and Mic2 in Figure 2). The rotational speed of the input
and output shafts have been evaluated by using two optical tachometers placed on the corresponding shafts.
Tests have been run for one working condition, and for two different teeth profiles, here called Baseline and
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Figure 2: Experimental setup.

Mod1. The latter consists in a modification of the geometry of the former, i.e. the original profile, but is not
described for confidentiality reasons. By changing the profiles, two different time-varying meshing stiffness
are generated, hence producing different acoustic emissions. The working condition for which the system
has been tested is reported in Table 1 and it is defined by rotational speed of the driver shaft Ωin, input power
P and gear ratio τ . The rotational frequency fr of the shafts and the gear meshing frequency fg of gears 1-3
and 3-5 are also given. Notice that for both of them only one value is listed since for τ = 1 all shafts have
the same speed and the gear meshing frequency is identical for both gear pairs. Pressure levels are reported
in Figure 3 for both tested profiles. From these graphs it may be noticed how the highest contribution to the
overall level comes from the frequency interval consisting in the 1/3 octave bands whose center frequencies
range from 630 Hz to 2500 Hz, i.e. from 562 Hz (lower frequency limit of the 630 Hz band) to 2818 Hz
(upper frequency limit of the 2818 Hz band). This result allows lowering the computational burden for the
SFE and AFE dynamic model by reducing the frequency range of the analysis from 0 - 20 kHz to the reduced
interval 562 - 2818 Hz. Furthermore, it must be noted that by changing teeth profile from Baseline to Mod1
the overall levels decrease, as reported in Table 2.

3 Description of the models and experimental validation

The developed digital twin is a combination of three sub-models: a LP model, a SFE model and an AFE
model of a gearbox employed on agricultural equipment. The output of the combined LP/SFE/AFE model
is the overall acoustic pressure due to specified working conditions and gear design. The LP model allows
to estimate the reaction forces on the bearings due to gear meshing by simulating the dynamic effect of the
motion of the components inside the case. It is a non-linear model, as it takes into account the transmission
error, gear pair backlash, meshing stiffness, bearing stiffness and damping. For the latter, values are chosen
in order to consider the damping effect of the oil inside the case. Frequency-dependent reaction forces are
the input of the dynamic model. In the SFE model, only the case is meshed. All the internal components are
substituted by concentrated masses connected to the bearing housings by rigid elements. The SFE model was
validated by performing a numerical modal analysis on the frequency range of interest, and comparing the
obtained natural frequencies and mode shapes with the results assessed by the experimental modal analysis.
The examined frequency interval is the one with the highest acoustic emission as determined by experimental
measurements. Then, the same validated mesh is used to carry out a dynamic analysis where the input forces
are the ones obtained by the LP model and applied on the bearing housings. It is assumed that case vibration,
which is the output of the SFE model, has no influence on the dynamic behavior of the moving components.
The output of the SFE the model is exploited as input for the AFE model, which employs the acoustic transfer
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Table 1: Tested working conditions.

Quantity Value Description

P 50 kW Input power
τ 1 Gear ratio

Ωin 506.4RPM Rotational speed of the driver shaft
Ωout 506.4RPM Rotational speed of the driven shaft
fr 8.4Hz Rotational frequency of the driver, intermediate and driven shafts
fg 310.8Hz Meshing frequency of gear pairs 1-3 and 3-5

Teeth profiles Baseline, Mod1 Names of the tested profiles
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Figure 3: Acoustic levels sensed by the microphones for both tested profiles. Reference pressure is
pref = 2 · 10−5 Pa.

Table 2: Reduction of the overall acoustic pressure levels due to change of the teeth profile. The levels are
A-weighted and computed over the reduced frequency range 562 - 2818 Hz. Reference pressure is

Pref = 2 · 10−5 Pa.

Mic1 Mic2

dB(A) reduction -3.5 -4.9

vector (ATV) method to evaluate the overall acoustic pressure at specified locations due to the vibration of
the case. Both the SFE and the AFE models are developed using Simcenter 3D as the pre/post processor and
Simcenter Nastran as the solver [6]. The LP model is developed in MATLAB [7]. Experimental assessment
is carried out by means of experimental modal analysis (EMA) as well as acceleration and acoustic pressure
measurements.

3.1 Lumped parameter model

The dynamic behavior of the moving components inside the case is described by means of a non-linear
lumped-parameter model. The LP model consists in the subdivision of the system into masses and iner-
tias connected to each other by elastic and viscous damping elements. The model considers the effects of
time-varying mesh stiffness, the non-linearity of the meshing phenomenon and a constant bearing stiffness.
During the meshing, the existence of backlash is necessary to allow better lubrication, reduce wear and limit
interference due to geometrical construction errors. The backlash induces torsional vibrations that can cause
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the detachment between teeth [8]. Given a direction of pinion rotation, the forces are exchanged along the
direct line of action. If contact is lost, the driven wheel may impact the pinion on the opposite side of the
tooth. Considering that only spur gears are present in the system, translations and rotations were monitored
just in the plane transverse to the gears, no displacement will occur in the z direction. In fact, according to
Figure 4 the LP model has nine degrees of freedom: the x and y translations and the angular displacement θ
around the rotation axis for each gear. The values assigned to the components are listed in Table 3. Since the
tested configuration has a gear ratio τ = 1, the considered gears are 1, 3 and 5 (see Figure 1). The equation
governing the motion of the system is:

[M ]{ẍ}+ f(xr, xb)

[
[C]{ẋ}+ [K]{x} − 1

2
{km}xb

]
= {F} (1)

where

f(xr, xb) =





1, if xr >
xb
2

0, if −xb
2 ≤ xr ≤

xb
2

−1, if xr < −xb
2

(2)

and [M ], [C] and [K] are the mass, damping and stiffness matrices, respectively; xr is the dynamic trans-
mission error; xb is the gear backlash; {km} is the time-varying meshing stiffness; {ẍ}, {ẋ}, {x} are the
acceleration, velocity and displacement vectors; {F} is the external forces vector. Damping is defined as
Rayleigh damping, i.e. proportional to mass and stiffness matrices, so that:

[C] = α[M ] + β[K] (3)

Different strategies can be followed on the choice of α and β coefficients: in the first instance, they may be
fixed according to experience. Then, they may be calibrated on the most important (linearized) resonances
of the geartrain (experimentally evaluated for example). In this study the first option was adopted. Different
damping coefficients were considered for each damper of the LP model, the chosen values are shown in Table
3. As depicted in Figure 2, lumped parameter mi represents the oscillating mass of all the elements fixed to
the i-th shaft, while Ji considers the inertia of all rotating elements. When meshing takes place between gears
1 and 3, gear 2 is not rotating with the driver shaft. Its rotary motion is accomplished by gear 4 that is fixed
to the intermediate shaft. Thus, the rotary inertia of gear 2 is considered as part of Jintermediate. On the other
hand, looking at the radial displacement, the oscillating mass of gear 2 is part of mdriver. The numerical
analysis was carried out by using MATLAB. Simulations have been run for one working condition, shown in
Table 1, and for two different teeth profiles Baseline and Mod1, which generate two different time-varying
meshing stiffness, as reported in Table 3. Reaction forces on the bearing are exported and used as input
solicitation for the SFE analysis. Results are shown in Figure 5. It is worth noting that there is a strong
reduction of bearing reaction forces due to the tooth profile modification.

3.2 Structural finite-element model of the gearbox case

A finite-element analysis is carried out in order to estimate the case vibration due to reaction forces generated
by gear meshing and acting on the bearings. In the SFE model, only the external case of the gearbox is
meshed by using 4-nodes 3D tetrahedral elements. On the contrary, all the internal components are replaced
by concentrated masses, defined only by their center of mass and inertial properties (mass and moments of
inertia). These concentrated masses are connected to the bearing housings by rigid elements as depicted in
Figure 6: the central node, which is the concentrated mass, is connected to all the nodes on the surface of
the corresponding bearing housing. Concerning the boundary conditions, fixed constraints are applied on the
bottom of the case, in place of the screws that would tighten it to the plate below. A fixed constraint implies
that all the degrees of freedom for the involved nodes are restrained. As for the material, the case is made of
cast iron with Young’s modulus E = 90 GPa and density ρ = 7250 kg/m3.
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Table 3: Values assigned to the components of the LP model.

Quantity Value Description

mdriver 15.88 kg Mass of the driver shaft
mintermediate 16.85 kg Mass of the intermediate shaft
mdriven 10.69 kg Mass of the driven shaft
Jdriver 2.36 · 104 kg ·mm2 Moment of inertia of the driver shaft

Jintermediate 5.38 · 104 kg ·mm2 Moment of inertia of the intermediate shaft
Jdriven 1.72 · 104 kg ·mm2 Moment of inertia of the driven shaft
kb 1.82 · 109 N/m Bearing stiffness

km,Baseline 7.73 · 108 N/m Average value of the meshing stiffness of Baseline profile
km,Mod1 7.26 · 108 N/m Average value of the meshing stiffness of Mod1 profile

The structural FE mesh, which will be later used in the dynamic model, is validated against the data collected
with the EMA by comparing the natural frequencies and the mode shapes numerically evaluated by using
the Nastran solution SOL 103. It has been decided to focus only on the frequency range with the highest
acoustical emission, which is located between 562 and 2818 Hz as assessed by the experimental measure-
ments reported in Section 2, and in particular on the first two experimental modes in this interval, found
at 828 Hz and 1221 Hz. The results obtained with SOL 103 are reported in Table 5. The numerical and
experimental mode shapes are shown in Figure 7a for the first mode and Figure 7b for the second mode. It is
worth nothing that, for both modes, the obtained numerical natural frequencies are close to the experimental
ones, as the frequency difference between them is 0.9 % for mode 1 and 6.4 % for mode 2. Furthermore, the
modal assurance criterion (MAC) takes fairly high values for both of them, since it is equal 0.66 and 0.73 for
the first and second mode, respectively. These results denote a good accordance between the experimental
and numerical results, hence validating the SFE model and allowing to further employ it for the dynamic
analysis.

The dynamic model is developed using the same mesh generated for the modal analysis. This time, the modal
frequency response solution (SOL 111 in Nastran) is employed. Forces are applied on the bearing housings
(Figure 8) by providing their magnitude and phase, and distributed on the entire surface for each housing.
Since the axial forces are neglected, a total of twelve forces acting on the system, six of them in the x direction
and the other six in the y direction, are considered so that two forces acting on each bearing are accounted.
To accomplish this, each one of the forces depicted in Figure 5 is divided between the two bearings of each
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Table 4: Damping coefficients for the LP model.

Parameter α [s−1] β [s]

Cb1 Driver Bearing 1 1 · 10−4

Cm13 Driver - Intermediate meshing 1 5 · 10−4

Cb3 Intermediate bearing 1 5 · 10−4

Cm35 Intermediate - Driven Bearing 1 5 · 10−4

Cb5 Driven Bearing 1 6 · 10−4
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Figure 5: Bearing reaction forces.

shaft, scaling its magnitude based on the distance of the meshing gear from the corresponding bearing. As
for the modal analysis, the frequency range of interest is again the one that has been assessed to have the
highest acoustical emission, located between 562 and 2818 Hz. Hence, the dynamic analysis is carried out
only in this frequency range. Furthermore, frequency-dependent modal damping is introduced. Its values,
estimated by the EMA, are reported in Table 6. The applied forces are the ones estimated by the LP model
for the working conditions reported in Table 1. The output of the model of major interest is the vibration of
the case, namely its acceleration. To validate the results, numerical acceleration results are compared with
experimental results obtained during the operative analysis by the accelerometers Acc1 and Acc2 (Figure 2).
Acceleration is evaluated numerically by taking the x component of the acceleration from two nodes on the
case, located in the same position as the accelerometers in Figure 2. These two nodes are shown in Figure 9.
Results are compared in terms of reduction of overall acceleration levels in the frequency range 562 - 2818
Hz as reported in Table 7 and in 1/3 octave band spectrum as shown in Figure 10. The dynamic model is able
to capture the reduction due to the modified profile, as the order of magnitude of the reductions is similar
for both accelerometers: for the accelerometer Acc1, in fact, the model predicts a reduction of 7.3 dB, while
the real reduction is -5.3 dB; for Acc2 the results are closer, as the model gives a reduction of 5.5 dB against
the experimental reduction of 6.1 dB. Since we are interested in the assessment of the overall levels, these
results validate the dynamic model and its output may be used as the input for the AFE model.
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Table 5: Comparison between the first two natural frequencies obtained experimentally (EMA) and
numerically (SOL 103).

Natural Frequency [Hz]

EMA Numerical MAC

Mode 1 828 835 0.66
Mode 2 1221 1143 0.73

EMA Numerical

(a) Mode 1

EMA Numerical

(b) Mode 2

Figure 7: Comparison between the first two mode shapes obtained experimentally (EMA) and numerically
(SOL 103).
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Table 6: Modal damping values estimated by the EMA .

Frequency [Hz] Modal Damping (%)

562 7.6
828 7.6
1221 3.7
1423 1.8
2154 0.5
2818 2.3

Acc1

Node: 716652

(a) Node corresponding to Acc1.

Acc2

Node: 623249

(b) Node corresponding to Acc2.

Figure 9: Location of the nodes corresponding to the two accelerometers Acc1 and Acc2.
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Table 7: Reduction of the overall acceleration levels, x component, computed in the highest acoustic
emission frequency range (562 - 2818 Hz). Reference acceleration is aref = 1 g.

Acc1 Acc2

Experimental Numerical Experimental Numerical

dB reduction -5.3 -7.3 -6.1 -5.5
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Figure 10: Experimental and numerical acceleration levels in 1/3 octave band spectrum, x component, for
both tooth profiles.

3.3 Acoustical finite-element model

An acoustical finite-element model is developed to estimate the overall acoustic level due to the vibration of
the case, generated by gear meshing. The proposed AFE model exploits the acoustic transfer vector (ATV)
methodology. This method consists in computing a set of functions which establish a relationship between
the normal velocity of the nodes on the surface of the vibrating structure and the acoustic pressure at defined
locations [9], called microphone points. For each one of them, a vector {ATV (f)} is computed so that:

p(f) = {ATV (f)}T {vn(f)} (4)

where p(f) is the pressure at a specified location and {vn(f)} is a vector containing the normal velocities of
each node on the radiating surface. All these quantities are frequency dependent. Assuming that there are m
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Figure 11: Acoustic mesh and microphone points.

microphone points and n nodes on the vibrating surface, the vector {ATV (f)} is computed for all m point,
so as to generate an m x n ATV matrix [ATM(f)] that satisfies the equation

{p(f)} = [ATM(f)]{vn(f)} (5)

where {p(f)} is a vector of length m containing the frequency-dependent acoustic pressures at each micro-
phone point. The main characteristic of the ATV matrix [ATM(f)] is that it does not depend on the structural
response, as it depends only on the properties of the acoustic domain and on the position of the microphone
points. This means that the ATV matrix is constant and needs to be computed only once, provided that the
fluid - radiating surface interface does not change, allowing to test various loading conditions, i.e. different
case vibrations, using the same ATV matrix. This matrix can be computed using the Nastran solution SOL
108. In order to do so, it is necessary to create a 3D acoustic mesh for the fluid surrounding the gearbox case
(Figure 11). As the problem concerns the solution of exterior acoustics, the size of the domain is reduced by
exploiting a perfectly matched layer (PML), which is an artificial layer that absorbs all the incoming incident
waves instead of reflecting them back into the fluid, independently from their frequency and their direction
[10]. The PML allows to truncate the size of the acoustic domain, thus reducing the number of 3D elements
needed to create the mesh. Considering Figure 11, the layer is generated on the entire external surface of the
mesh excluding its bottom side. On it, in fact, an infinite plane is defined to take into account the presence
of the steel plate located below the case (Figure 2). Since it is a reflecting surface, a symmetric boundary
condition is imposed on it, meaning that the normal velocity must be zero on the infinite plane. Microphone
points, then, can be placed anywhere outside the layer, as shown in Figure 11. In the acoustic model, they
are located in the same location as the corresponding microphones in the experimental tests. The acoustic
fluid is assumed to be air having density ρ = 1.20 kg/m3 and speed of sound c = 343m/s

Once the ATV matrix has been computed, it can be combined with the results of the dynamic model to obtain
the acoustic pressure at locations Mic1 and Mic2. The reductions of overall acoustic pressure levels due to
to teeth profile modification are reported in Table 8. Moreover, Figure 12 compares the experimental and
numerical results in 1/3 octave band spectrum. According to these results, the model is perfectly able to
capture the relative reductions of the acoustic pressure when the tooth profile is changed. In fact, for Mic1
the reduction is 3.5 dB(A) for the experimental and -3.3 dB(A) for the numerical model. Moreover, for Mic2
the same reduction (-4.9 dB(A)) is achieved for both the experimental and the numerical results. This ensures
the quality of the results obtained by the combined LP/SFE/AFE model. Hence, the proposed digital twin
for the gearbox is validated.
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Table 8: Reduction of the overall acoustic pressure levels, A-weighted, computed in the highest acoustic
emission frequency range (562 - 2818 Hz). Reference pressure is pref = 2 · 10−5 Pa.

Mic1 Mic2

Experimental Numerical Experimental Numerical

dB(A) reduction -3.5 -3.3 -4.9 -4.9
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(b) Experimental results, Mic2.
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(c) Numerical results, Mic1.
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(d) Numerical results, Mic2.

Figure 12: Experimental and numerical A-weighted acoustic pressure levels in 1/3 octave band spectrum,
for both tooth profiles.

4 Final remarks and further developments

In this work, a combined LP/SFE/AFE model for vibro-acoustic analysis has been presented. The model
is exploited to generate the NVH digital twin of a real gearbox employed on agricultural equipment. The
lumped parameter model simulates the dynamic behavior of the component inside the case; the structural
finite-element model allows to predict its vibration; the acoustical finite-element model determines the over-
all acoustic pressure level at microphone points. Results have been experimentally assessed, and a good
accordance is found between the numerical and the experimental data. In fact, the SFE model of the case
accurately identifies the first two natural frequencies in the highest acoustic emission interval (Table 5). Fur-
thermore, the dynamic SFE model is capable of capturing the reduction of overall accelerations levels due to
different teeth profiles (Table 7), and so the AFE model in terms of overall acoustic pressure level (Table 8).
The validation process allows to assert the combined LP/SFE/AFE model as a digital twin of the gearbox,
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hence a tool that may accompany the designer in the choice of the optimal solution for the noise generation
problem. The main advantage of this model is the capability of being able to easily estimate the acoustic
pressure level generated by various working conditions, i.e. input speeds and power, gear ratio and teeth
profiles, in order to choose the optimal design which reduces the noise produced by gear meshing. In fact,
by using the ATV method, once the ATV matrix has been computed, it does not need to be calculated again
if the fluid-radiating surface interface does not change (i.e the external geometry of the case is not modi-
fied). This methodology speeds-up the optimization process since only the LP and the SFE models have to
be solved to obtain the normal velocities on the surface of the case that are needed to estimate the acoustic
pressure through the AFE model. Also, even the numerical modal analysis (SOL 103) has to be performed
only once: in fact, once the structural mesh is validated, there is no need to carry it out again as the mesh of
the case does not change. It is worth noting that the model is suitable to estimate overall levels and it can be
employed as an instrument to evaluate the best design among a set of possible combinations of gear types
to determine which one generates the lowest noise. Its main strength, in fact, resides in the capability to
assess the variations in terms of dB when the magnitude of the excitation source, i.e. gear meshing, changes.
Concerning possible further developments, the LP model should be extended in order to consider the gear
ratio τ = 1.8, as for this work it has been developed only to solve the case in which τ = 1.
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Abstract 
The aim of this ongoing project is the validation of multibody NVH gearbox calculations. In recent years 

simulation methods for NVH analysis have been improved to an extent that allows the simulation of entire 

gearboxes in multibody simulation (MBS) software such as Simcenter 3D Motion within a comparatively 

short amount of time. Especially the models for gears and bearings have been optimized regarding time 

efficiency despite consideration of nonlinearities and micro geometry. Using a customized two-staged 

gearbox, equipped with bearing force measurement devices, studies in constant and run-up operating 

conditions are conducted in order to evaluate the reachable accuracy of the MBS models. With an Order 

Based Modal Analysis (OBMA) furthermore the vibrational behavior of the whole gearbox is obtained. In 

a preceding step a thorough investigation of the vibrational characteristics of the individual parts provides 

an insight into the challenges of accurate modelling, especially when facing manufacturing deviations. 

1 Introduction 

Transmissions appear to be omnipresent in the mechanical world. Whether in industrial applications, wind 

turbines, trucks or cars – they are indispensable when it comes to ensuring efficient operating conditions of 

drive units. However, transmissions like almost all mechanical devices tend to convert small amounts of the 

energy that flows through them into sound, which may become problematic due to the remarkable sensitivity 

of the human ear. For instance, as the sound pressure level in the passenger cell of vehicles dropped from 

around 75 dB(A) in the year 1980 to values around 60 dB(A) in 2010 [1] mainly due to optimizations applied 

to the combustion engines the NVH behavior of transmissions became more relevant. In addition, the 

ongoing electrification further eliminated the “masking” capabilities of the engine. It is commonly known 

that the range is a strong limitation of an electric cars performance. Therefore it is crucial to increase 

efficiency which is currently done by reducing the size of the electrical engine and increasing its operating 

rotation speed. This in return increases the excitation frequencies in the attached reduction gearbox that 

generates noise of a tonal character, which is perceived as very disturbing [1], [2]. The devastating effects 

of noise exposure due to an advanced level of urbanization are documented in a study published by the 

WHO [3]. Vehicles play a major role when it comes to sound emission in urban areas which underlines the 

necessity to further reduce their noise generation. Apart from that, the sound characteristics of cars became 

a more important purchasing argument in the recent years [4]. A loud transmission, e.g. is assigned with 

malfunction and low quality even though it might be perfectly fine from a technical point of view. That is 
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mostly because of the target conflicts between good NVH behavior and other aspects such as lightweight 

design, strength, efficiency etc. Consequently, the demand for accurate noise predictions of transmissions 

in an early development stage will further increase. This requires reliable and validated simulation methods 

so that the number of prototypes needed is reduced saving money and time. The main internal noise 

excitation mechanisms that have to be considered by the models are summarized in [5]: 

 Parametrical excitation due to a time-varying meshing stiffness 

 Load-induced elastic tooth deformation causing meshing interference through premature meshing 

 Deviations of the ideal flank geometry (microgeometry) due to manufacturing tolerances or flank 

modifications that can additionally contribute to the excitation 

These mechanisms cause vibrations that are transmitted to the housing via the shafts and bearings and are 

radiated as sound. The simulation methods used for analyzing this phenomenon changed during the course 

of the last years. Even though in [6] and [7] e.g. predominantly FE-based approaches were used, the 

necessity to consider nonlinear effects lead to the incorporation of MBS into the research, e.g. [8], [5]. Today 

commercial simulation tools offer various options for modelling entire gearboxes in a MBS environment in 

a short amount of time [9]. If the acoustic behavior is relevant, a vibro-acoustic FE-based simulation 

succeeds the MBS. Considering the housing as the predominantly radiating component the following 

sources of error are the main causes for inaccurate noise predictions: 

 Inaccurate excitation forces mainly due to inaccurate gear, bearing and shaft models and insufficient 

boundary conditions (e.g. not considering the housing elasticity), missing information about 

external excitation 

 Inaccurate representation of the housings vibrational behavior, e.g. missing mode shapes or shifted 

frequencies 

 Incomplete data such as material stiffness and mass properties, damping 

 Inaccurate acoustic model 

Within the course of this project these influences are studied carefully which requires an adequate 

experimental setup that is explained in the next chapter. On that basis the conducted measurements are 

described in chapter 3. Chapter 4 covers the numerical analysis of the tested gearbox using the FE and 

Multibody Simulation capabilities of Simcenter 3D. Subsequently the correlation between the 

measurements and simulation is discussed leading to some conclusions in the final chapter. 

2 Experimental setup 

For the validation of various important quantities such as dynamic bearing forces, surface accelerations and 

sound power levels, a test rig located in a reverberation chamber has been built. It consists of two identical 

electrical engines, a customized gearbox with a lubrication system and a torque sensor, see Figure 1. 

 

Figure 1: Test rig in reverberation chamber 

Generator (torque-controlled) 

Driving unit (speed-controlled) 

Bearing force measurement devices 

Gearbox mounted 
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The asynchronous electrical engines are electrically coupled so that the torque-controlled machine acting as 

a generator feeds the power back to the speed-controlled driving engine. In between is the transmission that 

has a casted aluminum series-production housing with a rather complex geometry. All inner parts have been 

removed and were replaced by a two-staged gear train consisting of an input shaft, countershaft and output 

shaft. The gear train approximately resembles the third gear in a manually shifted gearbox as it is considered 

to be a frequently used gear in several common driving scenarios [10]. The gear specifications are 

summarized in Table 1. All gears are without flank modifications in order to facilitate the evaluation of 

flank deviations due to manufacturing tolerances. However, all the presented investigations could also be 

carried out with gears that have intended flank modifications. The gears are press-fit on the shafts. 

Table 1: Specifications of the gears used in the test rigs transmission with a center distance of 95 mm 

Helical gear stage 1 (module: 2.5 mm) Helical gear stage 2 (module: 2.5 mm) 

pinion: number of teeth: 28, width: 22 mm, 

profile shift coefficient: - 0.0054 

pinion: number of teeth: 33, width: 22 mm, 

profile shift coefficient: 0 

gear wheel: number of teeth: 43, width: 20 mm, 

profile shift coefficient: 0.2314 

gear wheel: number of teeth: 38, width: 20 mm, 

profile shift coefficient: 0.2259 

 

The fixed bearings of the shafts consist of single row angular ball bearings of the type B71907-E-T-P4S-

DUM mounted in an O arrangement with a defined axial preload. Located between the input and output 

shaft a needle bearing represents a floating bearing for both shafts. The floating bearing of the countershaft 

is a cylindrical roller bearing. Figure 2 illustrates the schematic arrangement of the gear stages and the 

sensors used. The intention is to record the whole noise generation path as far as possible. Therefore special 

bearing force measurement devices (see Figure 3) that directly measure the excitation force of the housing 

are installed at three of the four bearing seats. At the small cylindrical roller bearing of the countershaft only 

two orthogonally oriented accelerometers could be placed due to space limitations. 

 

Figure 2: Schematic illustration of the test rig and sensor arrangement 

Figure 3 provides illustrations of the two types of sensors for direct measurement of operational bearing 

forces. The first sensor works with four triaxial piezoelectric force sensors that are mounted between two 

parts with a respective pre-load of 10 kN [8]. One part contains the bearing whereas the other part is pressed 

into the original bearing seat. The sensors in between measure the transmitted force within a range of ± 2 

kN radially, resp. ± 1kN axially. The second type of sensor uses strain gauges that are mounted on radial 

bars that connect two coaxial rings and detect transmitted forces in three directions. The bearing sits in the 

inner ring and the outer ring is pressed into the original bearing seat in the housing. As this kind of sensor 

is not available on the market it had to be developed in collaboration with the HBM GmbH. It was 

manufactured there two times in single unit production. The accelerometers mounted on the housing surface 

record its vibration in operating conditions. With the torque sensor any external excitation, e.g. by the 

z: axial 

x: radial 

y: tangential 
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electrical engines can be detected. The radiated sound power can be measured indirectly with three 

microphones in accordance with ISO 3743-1 [11]. 

   

Figure 3: Bearing force measurement devices with piezoelectric senors (left), strain gauges (middle) and 

accelerometers (left) 

3 Measurements 

3.1 Modal analyses 

The usage of flexible bodies in the MBS comes with some uncertainties. For complex parts often several 

modelling options exist so that the models Eigen frequencies and mode shapes can be different depending 

on the chosen model. Furthermore, damping properties are unknown in the initial design phase. Therefore 

typically a modal analysis (MA) is conducted to validate the simulation model and obtain modal damping. 

In this case all three shafts underwent a MA with the gears mounted on the shafts, using the roving hammer 

technique with stationary accelerometers. As described in more detail in chapters 4.4.1 and 5.1.1 the 

measured modal model was successfully used to optimize the contact definition between shafts and gears. 

This approach focused on the bending modes as it was not possible to properly excite the torsional modes. 

The MA for the validation of the housing model were first conducted for the single parts and then at each 

assembly state, see Figure 4. At the last state the empty housing was equipped with the bearing force sensors 

and mounted on the test rig. As the fully assembled gearbox was difficult to excite with a modal hammer, 

an OBMA was performed, see chapter 3.4. Together with the 3D Scan data (chapter 3.2) the measured modal 

models help estimating the influence of the manufacturing deviations on the mode shapes (chapter 5.1.2). 

 

Figure 4: Modal Analysis of gearbox housing in different assembly states 
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3.2 3 D Scans of the housing parts 

In order to obtain the manufacturing deviations of the two housing parts they were scanned using an 

industrial 3D digitizer [12]. Figure 5 exemplarily depicts the process and the analysis results for the bell 

housing. 

    

Figure 5: 3D Scan of the gearbox housing and deviation analysis 

The scanned data was compared with the CAD data using the free software GOM Inspect [13]. First the two 

geometries have to be oriented by aligning the best fit surfaces of the bearing and flange areas with the 

respective CAD model surfaces. This allows e.g. the three-dimensional analysis of the manufacturing 

deviations as illustrated in Figure 5 or the investigation of wall-thickness deviations. Subsequently this 

information was used for morphing CAD based meshes in order to study the effects of the manufacturing 

deviations on the calculated mode shapes, see chapter 5.1.2. 

3.3 Gear flank measurements 

In order to consider the deviations of the microgeometry due to manufacturing tolerances the gear flanks 

had to be measured accurately, hence the gear flank measurements were conducted by the FRENCO GmbH. 

The data resulting of a software based evaluation process consists of deviations normal to the nominal tooth 

flank at around 5500 grid points for each tooth flank. In Simcenter 3D Motion so far only two flanks per 

gear – left and right – can be considered. Consequently, usually three scenarios are considered [14] : A worst 

and best-case scenario defining a confidence interval and a scenario with averaged values. In this case the 

flanks with the largest standard deviation within the flank topography were considered worst and those with 

the lowest standard deviation best. The two average flanks (left and right) for each gear were determined by 

calculating the mean values at each grid point over all teeth of that gear. In the worst-case scenario, all gears 

had their respective worst flank assigned, same with according flanks for the best and average case scenario. 

3.4 Order based modal analysis (OBMA) 

3.4.1 Basic theory of OBMA 

During the development process of a gearbox, Multi-Body Simulation (MBS) and Finite Element (FE) 

models are built and their validation need to be performed for an accurate prediction of internal loads and 

radiated sound. Parameters such as the bearings and gears stiffness are depending on the rotational shaft 

speed and applied torque. This is an important reason for which the validation tests have to be performed in 

operational conditions, for instance on a gearbox test rig under controlled torque and rotational speed. 

Standard techniques such as Operational Modal Analysis cannot be applied in a straightforward way due to 

self-induced vibrations at several rpm-dependent frequencies (gear meshing orders). Building on existing 
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techniques such as Order Tracking (OT) and Operational Modal Analysis (OMA), a dedicated methodology 

has been developed for the analysis of operational gearbox dynamic behavior. Particular attention is reserved 

to the separation between structural resonances and excitation orders. These frequencies can be identified 

as resonances of the system, even though they are not. Two different conditions can be identified: 

 Stationary conditions (constant rpm) 

 Run-up / run-down tests 

In the first case, the gear meshing orders are at a constant frequency and they need to be filtered out from 

the random signal part that contains information about the resonances of the system. For what concerns the 

run-up and run-down tests, they can be considered as a multi-sine sweep broadband excitation. The most 

excited orders can be extracted by using several order tracking techniques. When one of these orders is 

crossing a structural resonance (which is at a fixed frequency) a signal amplification can be seen. The 

concept of fitting a modal model on the extracted orders have been exploited and several modal parameter 

estimation techniques have been used. The proposed technique is named Order-Based Modal Analysis 

(OBMA) and it can be seen as a combination of Order Tracking and Operational Modal Analysis [15]. 

Order tracking is the analysis of frequency components whose frequency is related to the rotational 

frequency of the operating machine. If the machine is running in non-stationary conditions, then the 

frequency components will be time varying and some more information are needed in order to perform the 

analysis. The additional information is in the form of tachometer signal measured on reference shaft of the 

machine. Several methods have been employed to digitally track orders which results from rotating 

components in noise and vibration problems. In order to allow the computation of the exact frequency 

possessed by the order of interest, an accurate tachometer signal is needed for all the methods: 

 Time domain sampling Fast Fourier Transform (FFT) order tracking 

 Angle domain computed order tracking 

Several works [15], [16] have demonstrated that the results of the spectrum-based approach look very 

satisfactory, but they have to be interpreted with care. Some of the peaks in the overall spectrum are 

originated from order components which suddenly stop at the maximum rpm. These “end-of-order” peaks 

are identified as poles of the system even if they are not physically in the system. By combining the Order 

Tracking together with the Operational Polymax allows to identify the resonances from the orders instead 

than from the spectra. 

3.4.2 Measurement campaign and order tracking process 

The recordings for the OBMA were obtained sequentially in batches of nine movable sensors and one 

stationary reference sensor. This resulted in 76 run-ups from 1000 to 3000 rpm (568 to 1705 rpm at the 

output shaft) with 60 Nm torque load at the output shaft within 30 s obtaining signals for 684 housing surface 

locations. That means that the nine sensors were replaced to their next positions after each run-up recording. 

The stationary sensor is mandatory for correct phase referencing between the individual recordings. Its 

location was determined by analyzing the eigenvectors of the assembled gearbox (without shafts). This was 

accomplished in two steps. First, for each possible sensor location the minimal entry over all eigenvectors 

was searched. Then the maximum of all found minima was chosen as reference point to ensure a reasonable 

signal level at each mode. The result seems plausible as it is located on the only larger housing surface 

without ribs. First, a classical operational modal analysis (OMA) based on crosspower spectra between the 

sensors and the reference and without order tracking was conducted. If the “end-of-order”-effect is 

negligible for a certain frequency band, this method already reveals the most dominant modes. 

The tacho signal was recorded with the torque sensor at the output shaft (see Figure 2) generating 60 pulses 

per revolution. After converting the pulse train into a rpm tacho and raw tacho signal the synchronous 

sampling method was applied. This method uses a fixed number of revolutions to determine the time length 

of the processed data blocks that consequently become shorter with increasing rpm. The advantage of this 

approach is an increased quality of the extracted orders, Eigen frequencies however might not appear as 

clearly as with a Fixed Sampling approach [17]. Nevertheless the colormap diagram of the reference sensor 

in Figure 6 shows Eigen frequency hyperbolas and the most significant gear meshing orders with respect to 

3210 PROCEEDINGS OF ISMA2020 AND USD2020



the output shaft rpm: 38 (1st order stage 2), 49.52 (1st order stage 1), 76 (2nd order stage 2), 99.03 (2nd order 

stage 1) and 114 (3rd order stage 2). Therefore these orders were chosen for the order tracking process. 

 

Figure 6: Colomap diagram of reference sensor and most significant orders 

3.4.3 OBMA: operational modal analysis and results 

Comparing the orders envelopes and sums clearly shows that the orders 38 and 76 have the largest 

amplitudes. The sum functions are evaluated with the Operational Polymax algorithm that generates 

reasonable stability diagrams as depicted in Figure 7. This not only allows the identification of several 

modes that include housing vibration, but also reveals modes that contribute most at operating points with 

higher amplitudes. Some of these dominant modes are listed in Table 2. 

Table 2: Dominant modes extracted with Operational Polymax Algorithm 

Frequency 1040 Hz 1115 Hz 1154 Hz 1825 Hz 

Order 38 49.52 49.52 76 

Modal damping 2 % 1.7 % 0.7 % 1.6 % 

 

 

Figure 7: Sum functions of extracted orders and stability diagram of order 76 

Orders 38, 49.52,  76,  99.03, 114 

Order 76 
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4 Numerical Analysis 

4.1 Workflow of the gearbox modelling 

First a MBS model is built employing the so-called Transmission Builder in Simcenter 3D (more 

information in [9]). It is used to create the geometric representation and definition of all model parameters 

of the shafts, gears and bearings. Next, the rigid bodies of the shafts are replaced with flexible bodies which 

according to the Component Mode Synthesis Method (for more information see [18]) contain static 

displacement fields and fixed interface vibration modes. Furthermore, the flexible housing model is added 

and connected with the outer bearings outer rings. The modelling of the individual gearbox components is 

explained in more detail in the next chapters. 

4.2 Gear modelling 

Advanced FE preprocessor - Dry 

When two gears are engaging, the meshing conditions vary during the meshing cycle: in particular the 

number of teeth pairs in contact, as well as the meshing conditions such as local relative motion of the 

contacting surfaces, their local curvature and the transmitted load are subject to variations. By exploiting 

the intrinsic geometric properties of involute gear flanks it is possible to efficiently account for 

microgeometry modifications, and translational and rotational misalignment. The contact stiffness is non-

linear with respect to the load due to the stiffening of the non-conforming contact between the tooth flanks. 

The Advanced FE method, following the work of Andersson and Vedmar [19], divides the tooth pair 

compliance in two type of contributions: a local compliance describing the deformation close to the contact 

area and a bulk compliance describing the contribution due to the deformation far away from the contact 

region. Figure 8 shows the decomposition. 

 

Figure 8 Composition of 2 static cases and local non-linear deformation [20] 

The bulk compliance is accounted for by a procedure that stores the reduced compliance matrix and a series 

of deformation patterns of the teeth flanks of the gears, only retaining the stiffness information about tooth 

bending, shearing and coupling. More information can be found in [20], [21]. The bulk stiffness is then 

combined with a Hertz-based analytical formula by Weber and Banaschek [22] to model the local 

deformation due to the non-conforming contact. The local compliance efficiently captures the non-linearity 

typical of Hertzian contacts. 

4.3 Bearing modelling 

In general, the Bearing Element considers as input the position of the coordinate system of the inner and of 

the outer ring. By the position of these two, it computes the relative displacement (and velocity) that are 

then used to compute the force and moments vector. From the relative displacement and relative velocity of 

the rings it computes the corresponding stiffness and damping contribution of the bearing. The damping and 

stiffness contributions are then summed in order to calculate the total force and moment due to the relative 

displacement and velocity vector. While the stiffness contribution can have two different approaches, 
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respectively Standard and Analytical, the damping force is always computed by the 6x6 damping matrix 

defined by the user. A more detailed description of this element can be found in [23], [24]. 

Standard model  

The Standard model allow the user to input the 6x6 stiffness and damping matrix of a bearing that will be 

used to compute the force and moments vector for a given relative position of the coordinate system of the 

inner and outer ring. The relative position of the two coordinate systems can be computed using as reference 

ring both the inner and the outer. The stiffness force is only function of the mutual displacement vector of 

the two rings. The 6x6 stiffness matrix is defined by the user and has real positive diagonal terms and real 

non-diagonal terms and it is defined with respect to the selected reference ring. The displacement vector 

calculated with respect to the reference ring (same reference ring as the stiffness matrix) is then pre-

multiplied by the stiffness matrix to compute the equivalent forces. The computed stiffness and damping 

forces are then summed up to achieve the total force which is then applied to the center of the coordinate 

system of the rings. 

Analytical model 

The Analytical model instead considers the contact and the kinematics between the rolling element and the 

raceways. It solves the equilibrium of each rolling element to compute the reaction forces and moments to 

a give relative position of the rings to compute the stiffness forces. For the analytical model the stiffness 

force calculation is more complex since it has to take into account every single contact between the rolling 

elements and the raceways. To do this, the approach first calculates the local displacement of the inner ring 

with respect of the outer ring at each rolling element location. Then the equilibrium of each rolling element 

is computed, and the contact forces are summed up to define the reaction forces due to the relative 

displacement. A more detailed description of this element can be found in [23], [24]. 

In total there are four different contact models available, two contact models (DRY and EHL Steady) for 

point contact (Ball bearings) and two (DRY and EHL Steady) for line contact (Roller bearings). The Dry 

contact models are based on an Hertzian approach. The EHL Steady contact models, instead, also include 

the effects of lubrication. In fact, the effects of lubrication becomes more relevant as the rotational speed of 

the bearings increases, as showed in [23]. Once the analytical stiffness contribution is computed, it is 

summed to the damping contribution and the total force is applied to the coordinate system of the rings. 

The bearing stiffness matrices for the standard model and the geometry for the analytical model had to be 

estimated. For the verification of the analytical modelling approach for the bearings, simple MB models 

with just the loaded bearings were evaluated and compared with so-called Bearinx-Map data provided by 

the bearing manufacturer. The obtained stiffness curves matched well with the catalogue specifications and 

the Bearinx Map data for the translational stiffness values [25]. However, especially for the roller and needle 

bearing the rotational stiffness obtained with the analytical model is significantly lower than the Bearinx-

Map based value. An adjustment of the bearing geometry is not expedient, as it would alter the well matching 

translational stiffness. This verification step is important as even small geometric variations can lead to a 

significantly different stiffness curves. For the bearing damping a literature recommendation with a stiffness 

proportional with a proportional factor of 0.25 𝑡𝑜 2.5 ∙ 10−5 𝑠 [26]. Due to the lower rotational stiffness of 

the needle bearing a larger factor for the rotational damping was chosen with 10−3𝑠. 

4.4 Modelling of flexible structural parts 

4.4.1 Shaft models 

The shafts were modelled together with the gears. A linear glued contact definition was applied to connect 

the gears with the corresponding shafts. However, at the contact area between shaft shoulder and side face 

of the gear several variants with reduced amounts of “glued” elements were calculated as it influenced some 

modes quite strongly, see Figure 9 [25]. The correlation in chapter 5.1.1 reveals the best option for each 

shaft regarding MAC values and frequency error. Employing the Nastran Solver with SOL103 the flexible 
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bodies were generated using the previously validated FE models with dynamic modes up to around 11 kHz 

followed by the static modes. 

 

Figure 9: Contact definition options between gears and shafts 

4.4.2 Gearbox housing model 

The flexible housing model in the MBS model is obtained with the SOL103 Flexible Body Solution of a 

FE-model. For the bolted joint connections beams that connect RBE2-spiders in the thread and the head 

area were used. The linearization of the contacts was done by using “Glued Contacts” in previously 

determined areas. They were identified with a preceding nonlinear contact analysis considering the bolt 

pretension as this is a commonly used technique, e.g. [27]. The contact analysis was validated by comparing 

the calculated pressure distribution with a pressure pattern obtained with a pressure sensitive foil [28] 

showing a good correlation. Only elements with positive contact status in the contact analysis were 

considered in the linear contact definition for the flexible body model. The bearing force sensors were also 

modelled so that in total seven bearing center nodes were defined as ASET with all boundary DOFs fixed. 

In order to avoid artificial stiffening RBE3 elements were used to connect the center nodes with the nodes 

at the according outer bearing races. 

 

Figure 10: Flexible body generation for the housing assembly model with Nastran SOL 103 

As at the first stage of the project only the bearing forces are evaluated there was no need to include other 

nodes in the flexible body representation. Therefore only the bearing center nodes and the positions of the 

accelerometers (Figure 10) were taken into account by using 1D PLOTEL elements for a so-called 

“ERFEM” representation. This step is highly recommended as otherwise the MBS result animation is 

calculated for all nodes of the flexible body requiring much more CPU resources only for visualization 

purposes. Note that the ERFEM representation doesn’t affect the models accuracy, but rather restricts the 

results to just the relevant nodes. For the run-up simulations that shall be compared to the results of the 

OBMA the surface measurement nodes were additionally included resulting in an ERFEM model with 738 

nodes and the same number of DOFs. Furthermore, this model is used for modal analysis of the linearized 

gearbox model in the MBS. 

complete 
shoulder area 

vs. 

thinned out 
shoulder area 

SOL 103 

Approximately 1 Mio. Nodes 

           10 nodes         /    738 nodes ERFEM 
representation with 412 DOFs: 

370 fixed interface vibration modes + 42 static “modes” 

3214 PROCEEDINGS OF ISMA2020 AND USD2020



4.5 Complete gearbox models 

For the investigation of the result quality four models were created. The bearings are modelled with the 

analytical approach including an estimated microgeometry. In addition, the measured modal damping values 

were used for the damping of the flexible bodies. The first three models are meant to illustrate the influence 

of the microgeometry according to the scenarios defined in chapter 3.3: flank with maximum standard 

deviation, averaged flank and flank with minimum standard deviation (at each gear respectively). With the 

4th model a run-up is calculated which is the counterpart to the measured run-ups. The extracted housing 

accelerations are used for an OMA / OBMA of the virtual model. Table 3 contains the models considered 

in this work. 

Table 3: Considered modelling options (CO: constant operating point, RU: run-up) 

Modelling options: 
Model 1 (CO) Model 2 (CO) Model 3 (CO) Model 4 (RU) 

Gears 

Advanced with FE 
Preprocessor, 

microgeometry with 
maximum standard 

deviation 

Advanced with FE 
Preprocessor, averaged 

microgeometry 

Advanced with FE 
Preprocessor, 

microgeometry with 
minimum standard 

deviation 

Advanced with FE 
Preprocessor, averaged 

microgeometry 

Load Input From measurement From measurement From measurement Constant nominal value 

Calculated Time 4.3 s 4.3 s 4.3 s 32 s 

Simulation Time 7.3 h 5.5 h 5.5 h 34 h 

5 Correlation between Measurement and Simulation 

5.1 Modal analyses 

5.1.1 Correlation - shaft models 

The mode shapes obtained with the modal analyses (chapter 3.1) were correlated with the results of the 

various simulation models. The average MAC values for the input shaft, countershaft and output shaft are: 

91%, 90 % and 78%. Lower MAC values even after model optimization can be explained with the 

rotationally symmetric geometry. It can lead to different oscillating planes of calculated bending modes 

whereas all measured bending modes oscillate in only two perpendicular planes. For the input shaft the best 

version turned out to be that with all shoulder elements coupled. In contrast, the countershaft model with no 

shoulder coupling showed the best results. The thinned out variant with only four elements coupled in the 

shoulder area prevailed for the output shaft. That different behavior can be explained by examining the 

affected modes. It turned out that in some cases the complete shoulder coupling resulted in a highly increased 

stiffening [25]. After model updating the average frequency error was below 0.02 % for all three shafts. 

5.1.2 Correlation - housing model 

The single part models of the gearbox housing show good correlations except for a few modes. Using the 

3D scan data it could be proved that here mostly the manufacturing deviations are the cause for the MAC 

declines as exemplarily illustrated in Figure 11. Usually this affects neighbored modes with small frequency 

distance leading to uncertainties in both measurement and simulation and hence to an increased sensitivity 

to geometric deviations. 
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Figure 11: Correlation between morphed (based on 3D Scan) and original (CAD based) FE model Modal 

Analysis 

At the next assembly state where the two housing parts are bolted together, this effect still can be observed. 

However, with more parts added to the assembly, other influences especially from boundary conditions 

become dominant. As illustrated in the right part of Figure 12, the geometric deviations still can cause 

significant MAC declines for some modes of the empty housing assembly (right picture Figure 4), but this 

can’t solely explain the increased number of modes with poor correlation between measurement and 

simulation (left part Figure 12). For instance, the thin-walled aluminum rods the housing is mounted on 

perform nonlinear buckling vibrations. In a more general manner it can be stated that the support of gearbox 

housings often create nonlinear effects that lead to bad correlation as it was illustrated for rubber mounts in 

[29]. In free-free boundary conditions however, good correlations can be obtained even for assemblies [7]. 

 

Figure 12: Left: Correlation measurement vs simulation (CAD model), Right: simulation (morphed model) 

vs simulation (CAD model) 

5.2 Operational bearing forces 

Analyzing the sum functions of the tracked orders (Figure 7) one operating point where all orders show 

elevated levels is at 1700 rpm at the output shaft, resp. 3000 rpm at the input shaft. Therefore the chosen 

operating point for the first correlation was at 3000 rpm at the input shaft and 120 Nm of torque at the output 

shaft in order to ensure significantly high peaks at the gear mesh frequencies. The measured and calculated 

bearing forces are compared at the bearing of the input shaft in all three translational directions as introduced 

in Figure 2. The most interesting frequency range is that of the gear meshing frequencies (GMF). At the 

Morphing of CAD 
based FE mesh 

+ 
 

Modal Analyses 

Correlation of 
obtained 

Eigenvectors 
with: 

 
original CAD 
based mesh 
and morphed 

mesh 

Original vs. morphed modal model shows MAC 
decline at same modes as Original vs. Measurement  

Deviation analysis of scanned data 

Original vs. measured modal model of the 
gearbox housing assembly 

Original vs. morphed modal model of the 
gearbox housing assembly  

MAC
Ø
 = 75 % 

3216 PROCEEDINGS OF ISMA2020 AND USD2020



chosen operating point the two GMFs of the two stages lie at 1074.4 (2nd stage) and 1400 Hz (1st stage). In 

Figure 13 they are compared in all three directions at the bearing of the input shaft. 

 

Figure 13: FFT spectra of calculated vs. measured bearing forces (log scale) at the input shaft bearing 

The diagrams clearly show that the influence of the microgeometry highly depends on the individual gear 

stage. In radial x-direction the peaks at the second stage’s GMF are overestimated by all models, whereas 

at the first stage all models underestimate the GMF peak value. In the measurement the signal level in x-

direction is elevated around 1400 Hz, presumably caused by a modulation due to an unbalance or 

misalignment force that creates strong sidebands with 50 Hz distance (equals 3000 rpm). As the simulation 

model does not consider this effect the underestimation is plausible. Not only in x-, but also in y- and z-

direction model 3 matches best with the measurement. However, all models tend to overestimate the GMF 
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peaks in these two directions which indicates a missing damping mechanism in the model. An increased 

gear contact damping could not significantly lower the GMF peaks. Overall, a combination of the averaged 

flanks for stage 1 and the minimum standard deviation flanks for stage 2 would be the best modelling option 

in this case. This finding is supported by the frequency distribution of the flank standard deviations that 

clearly shows that most flanks of all gears are in the range between the minimal and average standard 

deviation. Only few flanks show a high standard deviation, which makes the meshing of two “bad” flanks 

very unlikely. 

5.3 Mode shapes of the gearbox housing in operational conditions 

The surface accelerations calculated with the model 4 were processed in Simcenter Test.Lab in same manner 

as the measured data. First, also an OMA without order tracking was conducted. For the most dominant 

modes a good correlation could be achieved, e.g. a MAC value of 90 % for a calculation based mode at 

1124.7 Hz with 0.57 % damping correlated with a measurement based mode at 1128.7 Hz with 0.54 % 

damping. However, the other modes correlated poorly probably due to low excitation and influences of 

nonlinearity. Evaluating the mode shapes extracted from the orders in the OBMA the correlation of the 

mode shapes was even worse although visually the extracted modes appeared to be plausible. Furthermore, 

the simulation based modes had a higher damping which was also visible in the orders. Nevertheless, the 

modal data obtained from the measurements with the OMA / OBMA is a valuable basis for the 

understanding of the transmissions vibrational behavior in operational conditions and for further correlations 

with results of adapted models. 

6 Conclusions 

The validation of gearbox MB simulations begins with the examination with the FE models used to generate 

the flexible bodies of the shafts and gearbox housing. The correlation between simulated and measured 

modes of the shafts revealed that even small changes in glued contact areas can affect the model accuracy, 

but in general a good correlation was achieved. In case of the housing parts, the single parts showed good 

correlations that where only affected by geometric deviations. This statement is also true for just the two 

housing parts bolted together, but in the last assembly state on the test rig other influences, presumably the 

boundary conditions become dominant. This results in lower MAC values for the assembled gearbox 

housing. Nevertheless, it could be shown with the OMA / OBMA, that the most dominant operational mode 

shapes can be identified with run-up simulations despite several uncertainties. The comparison of the 

bearing forces for instance reveals the large influence of the gear’s microgeometry that mostly remains 

unknown in the early development stage together with the damping and realistic boundary conditions. In 

order to quantify these influences a sensitivity analysis might help identify the most relevant model 

parameters. To sum it up, this work emphasizes the importance of validation for the gearbox NVH 

simulation and presents state of the art methods for measuring operational bearing forces and mode shapes. 
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Abstract
This paper presents an adaptive optimal control strategy focused on improving ride comfort by minimising
the root mean square of accelerations measured at seven points on the carbody floor. The proposed optimal
control requires knowledge of the rail profile ahead and differs from other works in considering pointwise
constraints (upper and lower secondary suspension travel limits). Secondary suspensions consist of pneu-
matic springs connected, via a variable restriction orifice, to auxiliary air reservoirs. Optimal diameters for
four track irregularity levels (from ORE classification) and four different speeds (240, 300, 330 and 360
km/h) were obtained using eight different track samples of 300 seconds. Results show that the adaptive opti-
mal control either obtains comfort improvements of up to 34 % with respect to the best passive configuration
which complies with the constraints or achieves similar comfort levels than passive configurations which
repeatedly violate the constrains.

1 Introduction

In the last fifty years, the transport of passengers and goods by train has been increasing and hence the need to
improve its safety and comfort. The current trend towards lighter trains running at increasingly higher speeds
has resulted in a major effort by manufacturers for not impairing comfort. Comfort can be considered by
means of several factors, such as temperature and humidity inside the car, interior acoustics and mechanical
vibrations experienced by passengers. These latter are perhaps the most important and therefore there are
different standards to assess and classify comfort [1, 2].

Improved comfort can be addressed from virtually all areas of the car: the primary and secondary suspension
(vertical and lateral) [3], the rigidity of the structure (flexible vibration modes), the connection between
cars [4], the seats [5] and even the passenger–carbody interaction [6]. All these actions make it possible
to maintain comfort levels despite increasingly demanding service conditions. Achieving this goal with
conventional passive elements seems to be reaching its limit, so inertial dampers [7, 8, 9], viscoelastic panels
[10, 11], magnetorheological dampers [12] or hydraulic actuators [13] are being added along with control
strategies such skyhook damping, fuzzy logic,H∞, genetic algorithms or Linear-Quadratic-Gaussian control
(LQG) [3].

As far as the secondary suspension is concerned, air springs are the most commonly used elements because
of their ability to modify their rigidity and static deflection. In general, these springs are connected, either by
a duct or an orifice, to an external air reservoir, increasing their dissipative capacity. Different authors have
seen in this connection a possibility to modify, and even control, the dynamic stiffness [14, 15].

Tang [16] proposed to control the air flow between the air spring and the reservoir by means of a butterfly
valve. He compared two control strategies in a complete car model with four air springs, one per corner of
the car: first, an individual skyhook control, and second, an optimal control law, this latter showing better
comfort results throughout the carbody. Alonso et al. [17] proposed a device that modified the restriction
with the pressure drop of air spring–reservoir. They presented a first prototype of the device but only showed
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preliminary results. Okamoto et al. [18] proposed a device whose orifice depends on the excitation fre-
quency, decreasing for frequencies close to 1 Hz. Later, Takino et al. [19] validated by means of simulations
the capacity of this device to decrease vibrations (below 3 Hz) under a random excitation in a complete car
model. Sugahara et al. [15] proposed and validated experimentally a H∞ strategy to control the flow restric-
tion of the secondary air suspension, which led to a reduction of vibrations corresponding to a rigid mode
of the car. Later, Sugahara et al. [20] also added a controllable damper, commanded by a skyhook strategy,
in the primary suspension. Experimental tests on actual tracks showed that, in addition to the capacity to
reduce low frequency vibrations (0.5-3 Hz), controlling the primary suspension led to lower vibrations at the
centre of the carbody which were induced by the first flexible mode (8–9 Hz) of the floor.

The above works prove that comfort in the carbody can be significantly improved by modifying the restric-
tion of the air flow between air spring and reservoir. Since the spectrum of the track irregularities remain
unchanged over long distances, this work proposes an adaptive control strategy for the air suspension of each
axle. This means that control does not have to be fast or involve many sensors; it simply needs to identify the
quality of the track [21] via the Power Spectral Density (PSD) of the vertical axle box acceleration and the
train speed, and then choose the optimum diameters using a decision map. These diameters are previously
obtained by solving an optimal control problem whose cost function consists in maximising comfort on the
car floor. Suspension travel restrictions for avoiding impacts with emergency springs are not included in
the cost function as authors usually do, since this would deteriorate comfort unnecessarily (when there is no
risk of reaching these limits) and does not guarantee its fulfillment [16, 22]. Conversely, they are treated as
pointwise restrictions.

2 Dynamic model

The mechanical model of the car with which the simulations have been carried out has been defined as
a system with four degrees of freedom (Fig. 1): vertical displacement and pitching of the car (zs and
θ, respectively), and vertical displacements of the semi–suspended masses (zpf and zpr, front and rear,
respectively). Wheels have been assumed to be rigid, so that irregularities of the track (z0f y z0r, front
and rear, respectively) excite the primary suspension of the car modelled by a spring–damper assembly of
stiffness kp and damping cp. The secondary suspensions between the bogies (semi-suspended masses, mp)
and the carbody (ms) consist of air springs communicated to air reservoirs. The air flow is restricted by
orifices of diameter ∅f and ∅r, respectively.

wb
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zpf
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prs,f

pf
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z
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Figure 1: Diagram of the car with air suspension.

Naoteru and Nishimura [23] proposed a mechanical model that simulates the behavior of an air spring con-
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nected to a reservoir. This model considers the damping due to the flow resistance between the connected
elements. Thus, the force of the air spring is expressed as

Ḟ =
1

c
[−F (k1 + k2) + (k1k2 + k1k3 + k2k3)z + c(k1 + k3)ż] (1)

whose parameters are obtained with the relations




k1 =
np0A

2
0

V0
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np0A
2
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dAe
dz
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0.126g
, c =

p0A
2
0

RfT0Rg
= 0.126 g

p0A
2
0

∅3T0Rg
,

(2)

where n is the polytropic coefficient, p0 is the absolute initial pressure of air spring and reservoir, A0 and V0
are the effective area and volume of the air spring, Vr is the volume of the reservoir, pat is the atmospheric
pressure, Rf is the flow restriction coefficient, T0 is the initial temperature of the pressurized air, ∅ is the
diameter of the orifice (restriction) and g is the acceleration of the gravity.

Once the air suspension is defined, dynamic equations of movement for the model in Fig. 1 can be written
as follows (the subscripts f and r referring to front and rear, respectively):





msz̈s = −Ff − Fr
Iy θ̈ = wfFf − wrFr

mpz̈pf = −kp(zpf − z0f )− cp(żpf − ż0f ) + Ff
mpz̈pr = −kp(zpr − z0r)− cp(żpr − ż0r) + Fr

Ḟf = (1/cf )[−Ff (k1 + k2) + (k1k2 + k1k3 + k2k3)zcf + cf (k1 + k3)żcf ]

Ḟr = (1/cr)[−Fr(k1 + k2) + (k1k2 + k1k3 + k2k3)zcr + cr(k1 + k3)żcr]

(3)

where Iy is the pitch inertia of the car, wf and wr are the distances from the centre of gravity to the front and
rear ends of the car, z0f and z0r are the track unevenness profiles at the front and rear wheels, respectively,
and zcf and zcr are the relative displacements of the air springs,

{
zcf = zs − wfθ − zpf
zcr = zs + wrθ − zpr. (4)

2.1 Railway track generation

Irregularities of the tracks are usually expressed by its Power Spectral Density (PSD) (Sz) as a function of
the spatial frequency Ω (with Ω = ω/v, in rad/m). UIC [21] suggests that Sz(Ω) can be expressed as

Sz =
AvΩ

2
c

(Ω2 + Ω2
r)(Ω

2 + Ω2
c)

(5)

where Ωc = 0.8246 rad/m, Ωr = 0.0206 rad/m, and Av represents the level of irregularities in the track. The
values of Av that are used in this work, as well as the names used to refer to the corresponding type of track,
are found in Table 1. The PSD representation of these tracks is shown in Fig. 2. Track Q1 and Q3 correspond
to poor and good quality tracks, respectively, in accordance to ORE classifications [21].
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Table 1: Characteristics of track profiles.

Name Av [µm rad] Level of irregularities
Q1 0.4032 low
Q2 0.7416 mid
Q3 1.0800 high
Q4 1.4184 very high
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Figure 2: Power Spectral Density for different tracks.

2.2 Comfort assessment

According to EN 12229, the accelerations of three car points (ends and centre) should be measured for
five minutes in order to assess comfort. These signals are weighted in frequency to subsequently obtain
Continuous Comfort (Cc) and Mean Comfort (NMV). Cc is calculated by the value of the five–second rms
of the weighted acceleration (Eq. 6) and thus 60 values are obtained:

Cc(t) =

√
1

T

∫ t

t−T
(z̈w)2 dt, T = 5s (6)

The Mean Comfort, also called Comfort Index, is obtained from the 95th percentile of Cc (Eq. 7):

NMV = 6Cc95 (7)

The above expressions are a simplification since only vertical accelerations are evaluated in this work. Both
parameters, Cc and NMV, are not able to capture the importance of peak acceleration values that occur during
very short instants of time, diluting them into rms values.

The ISO 2631-1 standard, widely used to assess the comfort of the human being when exposed to vibrations,
proposes two parameters to evaluate transient point vibrations: the Maximum Transient Vibration Value
(MTVV) and the Vibration Dose Value at the fourth power (VDV). MTVV corresponds to the maximum
of the weighted acceleration rms values calculated at intervals of one second or less and allowing for some
overlap (Eq. 8), while VDV raises the acceleration to the fourth power to calculate its mean value (Eq. 9).

aw(ti) =

√
1

τ

∫ ti

ti−τ
(z̈w)2 dt, τ ≤ 1s ∀ ti ε [τ, T ] (8)
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VDV =
4

√∫ T

0
(z̈w)4 dt (9)

It is recommended to use MTVV and/or VDV when the crest factor (|z̈w,max|/z̈w,rms) is greater than 9 and
also comply with

MTVV

z̈w,rms
≥ 1.5

VDV

z̈w,rmsT 1/4
≥ 1.75

being z̈w,rms the rms value of the frequency-weighted acceleration.

3 Adaptive suspension optimisation

The air spring-reservoir suspension allows to change its dynamic stiffness simply by modifying the flow
restriction, which in this work is attributed to a ∅ diameter orifice which connects both elements. Usually,
the diameter of this orifice is determined in the design phase and does not modify its dimension in operating
conditions, which gives the suspension a passive character. In this work we propose an adaptive modification
of the front and rear orifices (independently) according to the train speed and the track excitation (quality).
Optimal diameters for different operating conditions have been obtained by formulating an optimum control
problem (to maximise comfort) subjected to specific pointwise restrictions (to prevent the air springs from
reaching their travel limits) which has been solve with a non–linear programming method called the Method
of Moving Asymptotes (MMA)[24].

3.1 Physical considerations

In order to formulate and state the optimal control problem, some physical considerations on passengers
comfort and safety must be brought up.

Ride comfort
The passengers comfort is closely dependent on the accelerations they receive. That is why the objective
function to be minimised is defined as the average value of the integrals of the squared acceleration at seven
locations of the carbody. This function is written as

C(∅f ,∅r) =
1

7

7∑

i=1

1

T

∫ T

0
z̈2i dt (10)

where
z̈i = z̈s − diθ̈ ∀ di = [6, 4, ...,−6] m (11)

being di the passengers position in relation to the mass centre of carbody.

Suspension travel
Air springs have a maximum and minimum travel that, if exceeded, can cause safety problems since it means
reaching bumps that stiffen the suspension exponentially and also transmit severe vibration peaks to the
carbody floor, impairing comfort. In addition, in the worst case, springs can become out of adjustment, which
would cause major safety problems. Therefore, the formulation of the optimal control problem includes that
neither of the two air springs contemplated in the model exceeds a certain extension or compression (ε),
being treated as restrictions of the problem and written as

{
|zs − wfθ − zpf | ≤ ε, ∀t ≥ 0
|zs + wrθ − zpr| ≤ ε, ∀t ≥ 0

(12)

VEHICLE NOISE AND VIBRATION (NVH) 3225



3.2 Optimal control problem

Control variables definition
The parameter you act on to adapt the suspension behaviour is the constraint diameter ∅ that modifies the
damping constant c. In this work, the size of ∅ can vary continuously between 5 and 25 mm, so the value of
c is also limited (c5 and c25, respectively). The value of c is modified with the control variable of the problem
I , which is assumed to take values between 0 and 1. Since we have two independent air springs, cf and cr
are defined for the front and rear suspensions, respectively, and they vary linearly with the control variables
If and Ir (Eq. 13):

cf = (c5 − c25)If + c25, cr = (c5 − c25)Ir + c25. (13)

Control problem definition
Once the mechanical model, the cost function and the pointwise restrictions have been defined, the optimal
control problem that arises is the following

MinimisedIf ,Ir∈Uad C(If , Ir) =
1

n

n∑

i=1

1

T

∫ T

0
(ẋ2 − diẋ4)2 dt (14)

subject to




ẋ1 = x2
ẋ2 = −(1/ms)(x9 + x10)
ẋ3 = x4
ẋ4 = −(1/Iy)(−wfx9 + wrx10)
ẋ5 = x6
ẋ6 = −(kp/mp)(x5 − z0f )− (cp/mp)(x6 − ż0f ) + (1/mp)x9
ẋ7 = x8
ẋ8 = −(kp/mp)(x7 − z0r)− (cp/mp)(x8 − ż0r) + (1/mp)x10
ẋ9 = (1/cf )[−x9(k1 + k2) + (k1k2 + k1k3 + k2k3)xcf + cf (k1 + k3)ẋcf
ẋ10 = (1/cr)[−x10(k1 + k2) + (k1k2 + k1k3 + k2k3)xcr + cr(k1 + k3)ẋcr

(15)

where {
xcf = x1 − wfx3 − x5
xcr = x1 + wrx3 − x7 (16)

with initial conditions xi(0) = 0 ∀i = 1, ..., 10, and the pointwise constraints:

|x1(t)− wfx3(t)− x5(t)| ≤ ε, ∀t ≥ 0, (17)

|x1(t) + wrx3(t)− x7(t)| ≤ ε, ∀t ≥ 0. (18)

The set of admissible controls (If and Ir) is the set of piecewise continuous functions If , Ir : [0, T ]→ [0, 1].

3.3 Method of moving asymptotes

The main difficulty with this problem of optimal control, in its discrete version, is to comply with all re-
strictions at every instant of time (ti). A Sequential Quadratic Programming (SQP) algorithm has been used,
specifically the so–called Method of Moving Asymptotes (MMA) developed by Krister Svanberg [24]. This
algorithm generates and solves in each iterative step a quadratic sub–problem that is strictly convex. By
means of what is called “movement of asymptotes”, the generation of these sub-problems is controlled,
whose function is to accelerate and stabilize the convergence of the problem.

In numerical simulations the time interval [0,T ] is evenly discretised {ti = ih}Ni=0, where T is the final time,
N is the number of discrete intervals and h is the time interval. MMA employs an iterative process on the
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Table 2: Simulation results.

Track Parameter Speed [km/h]

Quality [mm] 240 300 330 360

Q1

∅f 19.22 20.40 20.98 21.21
∅r 18.46 18.79 18.88 19.01

|zsf |max 13.10 17.19 17.13 20.11
|zsr|max 14.16 19.53 18.26 22.47

Q2

∅f 19.40 20.32 20.76 21.53
∅r 18.39 18.79 18.81 19.14

|zsf |max 21.60 21.47 24.23 24.07
|zsr|max 23.19 23.26 27.04 25.28

Q3

∅f 19.23 20.27 20.97 19.25
∅r 18.28 18.73 18.87 19.10

|zsf |max 22.40 25.82 28.02 27.31
|zsr|max 24.07 28.28 29.86 29.99

Q4

∅f 16.69 18.44 18.04 20.23
∅r 18.47 18.35 17.55 16.51

|zsf |max 24.73 27.00 25.92 29.42
|zsr|max 30.00 30.00 29.97 30.00

vectors of the control variables If and Ir, requiring in each iteration the cost, constraints and derivatives of
both. Derivatives of the cost and constraints are obtained by discretising the directional derivatives. Once
a control vector has been obtained, the state system and its corresponding attached state system must be
resolved, and then the vector of the derivatives must be obtained in its discrete form and introduced into the
MMA, which returns a new update of the control that improves the cost.

3.4 Optimisation results

The optimal control problem has been solved for a total of 128 track samples, which include 8 different
samples for 4 speeds (240, 300, 330 and 360 km/h) and 4 levels of irregularities (Table 1), the duration of
each one being 300 seconds. The solution found is given by the values of If and Ir, which with the Eq. 2
and 13, are related to the diameters of the front and rear restrictions, respectively:

∅f = 3

√
0.126gp0A

2
0

[(c5 − c25)If + c25]T0Rg
, ∅r = 3

√
0.126gp0A

2
0

[(c5 − c25)Ir + c25]T0Rg
. (19)

The results obtained are shown in Table 2 and in Figures 3 and 4. In Table 2,the averages of the diameters
and maximum displacements for both front and rear suspension for each quality and speed are given. Fig.
3 shows that tracks in good conditions (Q1 and Q2) and normal operating speeds (above 240 km/h) lead to
similar optimal diameters. In these cases suspension travels are not compromised by the proximity of the
travel limits (Fig. 4) and therefore optimal solution only contemplates comfort improvement. The tendency
is to increase diameters with speed, from diameters of 19.2-18.5 mm at 240 km/h to 21.2-19.0 mm when the
speed is 360 km/h. For Higher track irregularities relative displacements are more compromised (Fig. 4) and
consequently diameters decrease (around 16.5 mm) in order not to violate the restrictions imposed. Optimal
diameters are, in this case, a compromise between comfort and safety. Note that the minimum diameters
in the front and rear suspension are not obtained with the same operating speed. When one suspension is
stiffened (with a reduced diameter) to restrict its relative displacement, the opposite can be kept more flexible
to reduce pitch and roll accelerations.
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Figure 3: Optimal diameters for the front (left) and rear (right) suspension.
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Figure 4: Maximum relative displacement of the front (left) and rear (right) suspension.
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4 Case of study

This section considers a case of study to evaluate the capacity of a proposed adaptive strategy, where the
train runs at constant speed on a track with five sections whose quality is deteriorating progressively.

Assuming that the vertical acceleration in the axle box over a period of time Tm can be acquired (which is
usually done), that the train speed is also known, and that wheels can be considered rigid (at least for the low
frequency range considered for comfort assessment), one could estimate the PSD of the track displacement
as a function of the spacial frequency Ω:

Sz(Ω) =
Sz̈(f)

2πv3Ω4
=

Sz̈(f)

32π5f4
v (20)

This PSD can be subjected to a least squares fitting in order to estimate the parameter Av from Eq. 5. In this
way, the actual chunk of track can be classified in accordance to Table 1, which, along with the speed, allows
us to enter into the optimised control maps (Fig. 3) and determine the optimal diameters for the front and
rear suspensions. In general, track quality and operating speed do not vary abruptly, so it is not necessary
to identify the track in excessively short periods Tm. This fact allows the implementation of this simple
open–loop adaptation strategy.

The mechanical model of the car presented in Section 2, used for the definition and resolution of the optimal
control, does not consider what happens to comfort when it is hit with a bumper, since optimal control
guarantees that restrictions are not violated at any moment in time. In the case studies, the generated track
samples will respond to identical PSDs to those used in the optimization phase, but due to their random nature
they will obviously be different. Thus, since both passive (for comparisons) and adaptive configurations may
end up violating the imposed restrictions, the increase in suspension stiffness once an impact is produced has
been included in the dynamic model. The element that provides this stiffness can be considered an elastomer
which has been previously characterized (k = 2 · 106 N/m) [25]. It has been assumed that the increase in
stiffness occurs equally for both the extension and contraction limits of the suspension.

Simulations correspond to the circulation of the train at different constant speeds (240, 300, 330 and 360
km/h) on a track whose quality changes every 330 seconds (Q1-Q4). A total of 12 simulations were carried
out, corresponding to the four speeds above and three different diameters: a reduced passive diameter ∅15

for a rigid dynamic configuration (15 mm); a high passive diameter ∅20 for a flexible dynamic configuration
(20 mm); and an adaptive diameter ∅opt obtained from the optimised control maps.

To evaluate the results of these simulations, three comfort parameters are calculated: NMV, MTVV and
Cc. NMV and MTVV are shown in Table 3, while Cc is shown in Figure 5. All of them correspond to the
average values obtained after evaluating accelerations at three points of the carbody (extremes and centre).
Table 3 also shows the number of times that the suspension travel exceeds its limits. It should be noted that
the parameters NMV and MTVV are obtained after the frequency weighting of the accelerations (EN 12229)
whereas the objective function cannot incorporate these filters. The comparison will be made with realistic
metrics but may slightly distort the optimal character of the calculated diameters.

Of all the restrictors, ∅15 is the most restrictive and therefore the only one with guarantees the fulfillment of
the suspension travel restrictions: it offers the greater dynamic rigidity and the greater damping. The main
disadvantage of this passive diameter is its poor comfort (high NMV and MTVV) compared to the rest of the
simulated diameters. Qualitatively, it can be seen in Fig. 5 that Cc is by far the highest for all track qualities,
a trend that is followed for all speeds.

For track qualities with very low or medium levels of irregularity, Q1-Q2, the results for all other configura-
tions (∅20 and ∅opt) are similar across the speed range. None of them produces impacts due to over-travels
and the values of NMV, MTVV and Cc are similar (see Table 3 and Fig. 5).

When the track quality worsens (Q3) the above trend is still met although, for high speeds (300–360 km/h),
some over-travels are observed for the ∅20 configuration. These impacts are hardly reflected in the comfort
metrics due to the filtering of the accelerations and based on RMS values, but they are totally undesirable
from the point of view of suspension design and safety. The optimal diameter, despite stiffening the suspen-
sion so that it does not exceed the travel limits, guarantees very similar comfort metrics.
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Finally, if the track has a very high level of irregularities Q4, ∅opt stiffens the suspension and leads to a
deterioration of comfort, obtaining a somewhat higher NMV value than the ∅20 setting. However, this
increase in stiffness guarantees that impact with the suspension stops is avoided (except at 360 km/h, in
which case they are almost imperceptible). This is why MTVV value in this case is significantly lower than
in other configurations (over 26%) where impacts are much more numerous and severe. In Figure 6, a detail
of the temporal evolution of MTVV around an impact can be seen. ∅opt behaves better than the rest of
diameters except in the case of ∅15, which does not impact but presents clearly inadvisable comfort metrics.

Table 3: Results of the simulation of a variable quality track crossed at constant speed 360 km/h.

240 km/h NMV MTVV [m/s2] Suspension limits

Track ∅15 ∅20 ∅opt ∅15 ∅20 ∅opt ∅15 ∅20 ∅opt

Q1 1.68 1.18 1.24 0.38 0.27 0.28 0 0 0
Q2 2.24 1.61 1.68 0.54 0.43 0.40 0 0 0
Q3 2.74 1.94 2.05 0.62 0.62 0.46 0 0 0
Q4 3.09 2.22 2.51 0.76 0.38 0.59 0 1 0

300 km/h NMV MTVV [m/s2] Suspension limits

Track ∅15 ∅20 ∅opt ∅15 ∅20 ∅opt ∅15 ∅20 ∅opt

Q1 2.07 1.40 1.41 0.51 0.32 0.33 0 0 0
Q2 2.94 1.90 1.95 0.72 0.43 0.44 0 0 0
Q3 3.55 2.30 2.37 0.86 0.51 0.53 0 0 0
Q4 4.06 2.71 2.93 0.98 0.66 0.67 0 6 0

330 km/h NMV MTVV [m/s2] Suspension limits

Track ∅15 ∅20 ∅opt ∅15 ∅20 ∅opt ∅15 ∅20 ∅opt

Q1 2.39 1.53 1.53 0.61 0.35 0.36 0 0 0
Q2 3.15 2.04 2.05 0.79 0.46 0.47 0 0 0
Q3 3.91 2.50 2.51 0.99 0.58 0.59 0 1 0
Q4 4.48 2.99 3.35 1.13 0.75 0.81 0 10 0

360 km/h NMV MTVV [m/s2] Suspension limits

Track ∅15 ∅20 ∅opt ∅15 ∅20 ∅opt ∅15 ∅20 ∅opt

Q1 2.58 1.57 1.57 0.63 0.37 0.37 0 0 0
Q2 3.56 2.20 2.16 0.81 0.50 0.49 0 0 0
Q3 4.23 2.64 2.79 1.09 0.63 0.68 0 3 0
Q4 4.93 3.13 3.51 1.11 1.50 0.86 0 17 6

Figure 5: Continuous Comfort (solid lines) and MTVV (histograms) when the train is running at 360 km/h
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Figure 6: Zoomed view of the MTVV(t) when the train is running at 360 km/h on track section Q4.

5 Conclusions

In this work an adaptive control strategy for the secondary suspension of a railway vehicle has been proposed.
This suspension is pneumatic and consists of an air spring that is connected to a reservoir through an orifice
of controllable size. The proposed control chooses the diameter to be selected (front and rear independently)
in accordance to the track quality and the speed at which the train travels. Optimum diameters for each case
have been obtained by an optimisation process that aims to maximise comfort as long as the suspensions (air
springs) work within their range of permitted relative displacements.

The proposed strategy has been compared through a case study with two passive configurations (low and
high dynamic stiffness). The train travels at constant speed on a track whose quality deteriorates from time
to time. Results have shown that the best comfort is provided by the optimised configuration and the low
stiffness diameter although the latter has higher relative suspension displacements and, as a consequence,
impairs comfort when measured through the MTVV parameter. This parameter, which evaluates comfort in
short time periods (< 1 s) in demanding operating conditions is reduced by 42% with the optimum setting
compared to the low stiffness configuration. Furthermore, the optimum configuration reduces the number of
times the suspension violates travel restrictions and, if they occur, the over-travel is almost negligible and
does not affect MTVV.
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Abstract 
This article extends the use of tooth Frequency Response Functions (FRF) concept for the analysis of electric 

motor Noise, Vibration and Harshness due to electromagnetic forces (e-NVH) at intermediate design stage 

or after manufacturing, using both simulation and testing. The principle consists in first characterizing the 

structural response of the housing envelope when exciting stator teeth under harmonic loads. Then tooth 

FRF can be converted to wave FRF to analyze the structural response under rotating Maxwell stress waves. 

These wave FRF can be used for modal parameter extraction, or to study the effect of eccentricities by 

modulating pulsating magnetic forces driving the NVH behavior of e-motors in electric and hybrid electric 

vehicles (EV / HEV) automotive applications. Besides, tooth FRF can be used to visualize the operational 

magnetic force waves acting on the stator using Operational Force Shape analysis. Longitudinal FRF 

concept is also introduced to study skewing effects and optimize the skewing pattern combining tests with 

simulation under MANATEE software, specialized on the electromagnetic and vibroacoustic design of 

electric motors. Finally, the extension of the concept on stator FRF to rotor FRF is discussed. 

1 Introduction 

Magnetic forces in electrical machines are a significant source of Noise, Vibration and Harshness (NVH), 

which can be responsible of high tonal noise. Multi-physics modeling including electric, electromagnetic, 

structural and acoustic calculations is performed to predict noise levels at a design stage. 

 

 

Figure 1: Multi-physics modeling for noise and vibration assertion in e-machines [1] 

Magnetic forces can be distinguished by their respective frequency and spatial distribution along the airgap 

of the electrical machine. The spatial distribution frequency is called circumferential wavenumber and noted 

r. Some examples of force circumferential wavenumbers are given in Figure 2. 
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Figure 2. Examples of rotating or pulsating Maxwell stress waves along the electrical machine 

circumference (r = 0: pulsating, r = 1: UMP) 

r = 0 corresponds to a pulsating vibration wave; r = 1 to an Unbalanced Magnetic Pull (UMP), the magnetic 

equivalence of a mechanical imbalance; other magnetic force harmonics always rotate. 

Each of the above Maxwell stress wave induces magnetic radial and tangential forces on each tooth’s tip 

numerated with 𝑖 ∈ [1, 𝑍𝑠] as in (1) and (2) according to [1,2]:  

 𝐹𝑟𝑎𝑑𝑟,𝑖
(𝜔) = 𝑅𝐿

2

𝑟
sin (𝑟

𝜋

𝑍𝑠
) 𝜎𝑟𝑎𝑑 (𝑟, 𝜔)𝑒𝑗𝑟𝛼𝑖 (1) 

 𝐹𝑡𝑎𝑛𝑟,𝑖
(𝜔) = 𝑅𝐿

2

𝑟
sin (𝑟

𝜋

𝑍𝑠
) 𝜎𝑡𝑎𝑛 (𝑟, 𝜔)𝑒𝑗𝑟𝛼𝑖   (2) 

where:  

 R: stator bore radius [m], 

 L: stator stack length [m], 

 𝑟: circumferential wavenumber [NA],  

 𝑍𝑠: number of stator teeth [NA], 

 𝜎𝑟𝑎𝑑 : Maxwell radial stress wave [N/m²], 

 𝜎𝑡𝑎𝑛 : Maxwell tangential stress wave [N/m²], 

 i: node on a stator tooth tip [NA],  

 i: angular tooth position [rad]. 

 

The summation of individual forces for each wavenumber corresponds to the total magnetic force applied 

on each tooth’s tip i: 

 𝐹𝑟𝑎𝑑𝑖
(𝜔) = ∑ 𝐹𝑟𝑎𝑑𝑟,𝑖

(𝜔)𝑟  (3) 

 𝐹𝑡𝑎𝑛𝑖
(𝜔) = ∑ 𝐹𝑡𝑎𝑛𝑟,𝑖

(𝜔)𝑟   (4) 

This paper is presenting a complementary approach to full e-NVH virtual prototyping. Indeed, a mechanical 

numerical model always requires to be fitted with experiments (e.g. using Experimental Modal Analysis) 

due to complex electrical motor material properties (e.g. winding, orthotropic laminations), unknown 

damping and uncertain boundary conditions (e.g. frame to stator shrink fit, weldings).  

If a prototype is manufactured, modal basis characterization might not be the most convenient way to 

quantify the structural behavior of the stator and frame assembly under magnetic excitations. Experimental 

Modal Analysis characterizes all structural modes, even the ones which cannot be excited by magnetic forces 

due to mismatch between magnetic force shape and modal shape.  
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This new approach aims at assessing the contribution of individual electromagnetic excitation harmonics to 

the overall vibration or Sound Power Level of the machine. Then the physical origin of the key excitation 

contributors is provided allowing to speed up the diagnosis and the choice of noise mitigation strategies. 

This paper first describes the concept of a tooth FRF including its measurement and simulation 

methodologies. Then the conversion method from tooth FRF to wave FRF, which gives physical insights to 

the results, is detailed.  

Finally, the importance of wave FRF to identify the root cause of e-NVH harmonics is highlighted. An 

application case is included through all the sections. 

2 Stator tooth FRF 

2.1 General principle 

A tooth FRF consists in loading a specific stator tooth with an impulse force while monitoring the structural 

response of the stator housing external envelope. Excitation is either radial or tangential leading to 

respectively a radial or a tangential tooth FRF. 

2.2 Experimental protocol 

An impact hammer and accelerometers are used to characterize stator tooth FRF by tests, to respectively 

apply the excitation and measure its effect on the structure. 

Applying a hammer shock excitation on a stator tooth’s tip (force on point i) is often unfeasible due to 

limited space. Alternatively, it is possible to apply the excitation on the external envelope of the stator (force 

on node k) in normal direction while monitoring the structural response of a certain stator tooth (velocity on 

node i). This assumes that the reciprocity principle [3] holds, implying the following equivalences:  

  𝐹𝑅𝐹𝑟𝑎𝑑𝑘,𝑖
= 𝐹𝑅𝐹𝑟𝑎𝑑𝑖,𝑘

   (5) 

  𝐹𝑅𝐹𝑡𝑎𝑛𝑘,𝑖
= 𝐹𝑅𝐹𝑡𝑎𝑛𝑖,𝑘

  (6) 

for which k is a point on the stator external envelope and i a point on a tooth’s tip. Figure 3 illustrates each 

side if the equations (5) and (6). 

 

 

 

Figure 3. Measurement test set-ups for radial tooth FRF (top) and tangential tooth FRF (bottom)   
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2.3 Simulation 

Characterizing stator Tooth FRF can also be performed numerically using FEA (Finite Element Analysis). 

Several models are built to model experimental conditions with loading impulse forces. 

2.4 Application 

Measurements and simulations are both performed on a benchmark machine specifically designed to 

illustrate the interaction between magnetic forces and the structural response of electrical machines [4], [5], 

[6]. The geometrical of the studied stator is presented in Figure 4.  

 

 

Figure 4. 12S10P SPMSM benchmark machine [4] 

Experiments are done using twelve 3D accelerometers glued on each tooth’s tip in successively four 

different planes as described on Figure 5 and Figure 6. Both radial and tangential accelerations are monitored 

while successively impacting the 96 points of the external stator envelope. All measurements are carried 

with OROS OR38 32 channel and OR35 10 channel acquisition systems.  

This is leading to 9216 (96 times 12 times 4 times 2) different tooth FRF, half radial and half tangential. 

Examples of radial stator tooth FRF are given in Figure 7 for the first measurement plane. 

 

 

Figure 5. 12S10P benchmark stator equipped with 12 3D accelerometers  
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Figure 6. Experimental mesh implemented on 12S10P benchmark machine for stator tooth FRF (4 planes 

of 24 points externally, 4 planes of 12 points internally) 

 

Figure 7. Average radial stator tooth FRF when impacting on node 1 to 96 while measuring on nodes 97 to 

108 (plane 1)  

The validity of the reciprocity principle has been checked by measurement in radial direction (refer to Figure 

8). It still needs to be validated in tangential direction using a dedicated stator with significant space between 

teeth to allow access for a tangential hammer’s hit.  

             

Figure 8. Stator tooth FRF when impacting on node 50 while measuring on node 121, and vice versa 
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3 Stator Circumferential Wave FRF 

3.1 General principle 

Once all stator Tooth FRF are acquired (either by simulation or by test), a specific computation is applied 

to analyze the local structural response of electric machine under rotating Maxwell stress waves of 

circumferential wavenumber r. For each node on the external stator envelope k: 

  𝑊𝐹𝑅𝐹𝑟𝑎𝑑𝑟,𝑘
= 𝑅𝐿

2

𝑟
𝑠𝑖𝑛 (𝑟

𝜋

𝑍𝑠

) ∑ 𝐹𝑅𝐹𝑟𝑎𝑑𝑘,𝑖
(𝜔)𝑖=𝑍𝑠

𝑖=1 𝑒
𝑗𝑟𝛼𝑖    (7) 

This formula has been validated in [2] for a given plane. 

Similarly: 

  𝑊𝐹𝑅𝐹𝑡𝑎𝑛𝑟,𝑘
= 𝑅𝐿

2

𝑟
sin (𝑟

𝜋

𝑍𝑠

) ∑ 𝐹𝑅𝐹𝑡𝑎𝑛𝑘,𝑖
(𝜔)𝑖=𝑍𝑠

𝑖=1 𝑒
𝑗𝑟𝛼𝑖   (8) 

3.2 Specifities 

Maxwell stress waves with high wavenumbers are usually neglected. However recent work [7] shows that 

they must be considered and that they can easily be assessed. Indeed, Maxwell stress waves of wavenumbers 

r+uZs are folded back into Maxwell stress waves of wavenumbers r (with u: integer) due to tooth sampling. 

Analytically, it can be shown that WFRF integrates this effect as: 

  𝑊𝐹𝑅𝐹𝑟𝑎𝑑𝑟+𝑢𝑍𝑠,𝑘
= 𝑊𝐹𝑅𝐹𝑟𝑎𝑑𝑟,𝑘

   (9) 

 Besides, analytically the following equation holds: 

  𝑊𝐹𝑅𝐹𝑟𝑎𝑑−𝑟,𝑘
= 𝑊𝐹𝑅𝐹𝑟𝑎𝑑𝑟,𝑘

   (10) 

which is valid for axisymmetric systems. Otherwise, system structural response amplitudes are different 

when excited by a stress wave of wavenumber r than when excited by a stress wave of wavenumber -r.  

They depend on system boundary conditions.  

3.3 Application 

Radial and tangential circumferential wave FRF are derived using (7) and (8) then RMS values are assessed 

as per (11) where 𝑛𝑒 is the total number of nodes on the external stator envelope. Results shown in Figure 

9 are similar in both directions apart from ~ 4000Hz. It is linked to the measurement quality of tangential 

tooth FRF above 4000Hz. Indeed, the tooth FRF coherence function which quantifies how much the 

accelerometer signal is related to the hammer signal is further away from one from ~ 4000Hz, meaning 

lower measurement quality. 

  𝑊𝐹𝑅𝐹𝑟𝑎𝑑𝑟,𝑅𝑀𝑆
=  √

1

𝑛𝑒

∑ 𝑎𝑏𝑠(𝑊𝐹𝑅𝐹𝑟𝑎𝑑𝑟,𝑘

2)
𝑛𝑒

𝑘=1
   (11) 
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Figure 9. Radial (top) and tangential (bottom) stator circumferential Wave FRF RMS 

4 Stator longitudinal Wave FRF 

4.1 General principle 

In addition to the circumferential wavenumber r, a longitudinal wave number s must be introduced when 

having variation of magnetic stress along the machine length (case of skewing). It refers to the spatial 

frequency of a magnetic stress wave in the axial direction. An example is given in Figure 10 to illustrate a 

magnetic stress wave of r = 2 and s = 1. 

 

Figure 10. Radial stress wave (r = 2, s = 1)  

As tooth FRF can be measured (or calculated) on different planes, longitudinal WFRF can as well be 

extracted.  If the teeth are continuous in the longitudinal direction, an arbitrary number 𝑁𝑝  of longitudinal 

stator tooth tip node (or experimental impact points) can be chosen. Using the same mathematical framework 

from [8], the integrated load applying on a longitudinal section p can be expressed as:   

  𝐹𝑟𝑎𝑑𝑠,𝑘
(𝜔) =

2𝐿

𝑠 𝜋
𝑠𝑖𝑛 (

𝑠𝜋Δ𝐿

𝐿
) 𝜎𝑟𝑎𝑑(𝑠, 𝜔). 𝑒

𝑗𝑠𝜋𝐿𝑝    (12) 

Then the longitudinal wave FRF response of a tooth i at a point k on the yoke on a longitudinal section p 

can be calculated: 

  𝑊𝐹𝑅𝐹𝑟𝑎𝑑𝑠,𝑘
=

2𝐿

𝑠 𝜋
𝑠𝑖𝑛 (

𝑠𝜋Δ𝐿

𝐿
) ∑ 𝐹𝑅𝐹𝑟𝑎𝑑𝑘,𝑖

(𝜔)
𝑖=𝑁𝑝

𝑖=1
𝑒

𝑗𝑠𝜋𝐿𝑝    (13) 
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Where: 

 𝑠: longitudinal wavenumber [NA],  

 Δ𝐿: half-length between two consecutive excitation points [m], 

 Lp: relative length (between 0 and 1) of each tooth tip longitudinal node. 

Rotor or stator skewing induces axial forces on the electrical machine. Longitudinal WFRF are key to 

quantify the effects and optimize the skewing pattern combining tests with simulation under MANATEE 

software. 

4.2 Application 

Radial longitudinal wave FRF is derived using formula 7 and 12 then RMS value is assessed. Results are 

presented in Figure 11. 
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Figure 11. Radial stator Wave FRF RMS for r=2,3 and 4, s=0,1 and 2 

5 Key outputs with application 

Stator WFRF allows to analyze the response of the electric machine under specific rotating Maxwell stress 

waves.  

5.1 Key contributions 

Based on the amplitude of each magnetic excitation harmonics associated to a given wavenumber (from the 

electromagnetic step from Error! Reference source not found.), it is possible to identify the key 

contributors to the overall vibration  and overall acoustic power of the machine.  

First, the velocity of each external node k is computed based on the excitation of each magnetic harmonic, 

associated to a pulsation and wavenumber 𝑟: 

  𝑣
𝑘

= ∑ 𝑣
𝑟,𝑘

𝑟 = ∑ 𝑊𝐹𝑅𝐹𝑟𝑎𝑑𝑟,𝑘
𝐹𝑟𝑎𝑑,𝑟 + 𝑊𝐹𝑅𝐹𝑡𝑎𝑛𝑟,𝑘

𝐹𝑡𝑎𝑛,𝑟𝑟    (14) 

where WFRF can be reconstructed from measured tooth FRF or simulated on FEA software, magnetic 

excitations harmonics 𝐹 are generally generated from electromagnetic simulation as the airgap 

electromagnetic flux density is difficult to capture experimentally,  is the pulsation frequency. 

Then, the square of the RMS velocity 𝑣𝑅𝑀𝑆
2  of the machine external surface is calculated using: 

  𝑣𝑅𝑀𝑆
2 =

1

𝑆
∬ (𝑣.

𝑆
𝑣∗). 𝑑𝑆 =

1

𝑛𝑡
∑ 𝑣𝑘 . 𝑣𝑘

∗𝑛𝑒
𝑘=1    (15) 

with 𝑆 the external surface of the machine, 𝒗 the complex velocity of an elementary oriented surface 𝒅𝑺, 

which turns into a discrete summation if all elementary surfaces are identical, 𝑛𝑒 the number of nodes on 

the external stator envelope. 

Finally machine acoustic power W can be characterized from the square of the RMS velocity of its external 

surface using: 

  𝑊(𝜔) =  
1

2

𝜌𝑐𝑆𝜎𝑣
𝑅𝑀𝑆

2    (16) 

where 𝜌 is air mass density, 𝑐 is sound velocity in air,  𝜎 is the acoustic radiation factor. 
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Assuming unit radiation factor (as per Equivalent Radiation Power), one can therefore obtain an image of 

Sound Power Level under each Maxwell stress wave. 

Having extracted both 𝑊𝐹𝑅𝐹𝑟𝑎𝑑𝑟,𝑘
and 𝑊𝐹𝑅𝐹𝑡𝑎𝑛𝑟,𝑘

, it is possible to conclude on the contribution of the 

tangential forces to the overall displacement. 

5.2 Modal parameters 

Plotting displacement WFRF for several wavenumbers allows to identify modal shapes, natural frequencies 

and modal damping of the studied structure. It assumes representative boundary conditions while 

characterizing tooth FRF. 

Natural frequencies can be captured by extracting the peak-value for each wavenumber. Modal damping 

can be extracted based on the width of the peak as described in Figure 12. 

 

 

Figure 12. Damping extraction process based on displacement FRF 

A comparison with modal parameters obtained by Experimental Modal Analysis (EMA) is given in Table 

1.  

Natural frequencies are accurately captured with a maximum of 8% deviation. However, damping deviation 

is significant, apart from breathing mode which is at 2%. The reason for the damping discrepancies needs 

to be further investigated.  

Table 1: Modal parameter comparison between EMA and radial displacement WFRF 

Mode 

number 

WFRF 

frequency 

(Hz) 

EMA 

frequency 

(Hz) 

Natural 

frequency 

deviation 

(%) 

WFRF 

damping 

(%) 

EMA 

Damping 

(%) 

Damping 

deviation 

(%) 

(0,0) 7542 7583 -1 0.6 0.6 2 

(2,0) 731 741 -1 1.3 0.5 147 

(3,0) 1517 1532 -1 0.9 0.5 77 

(4,0) 2450 2474 -1 1.0 0.5 117 

(5,0) 3283 3450 -5 2.2 0.8 182 

(6,0) 3659 3968 -8 5.2 0.8 567 

(2,1) 1391 1394 0 1.5 1.1 30 

(3,1) 2248 2262 -1 1.5 1.2 19 

(4,1) 3345 3314 1 2.4 1.5 58 

(5,1) 4400 4356 1 2.5 0.9 185 

(4,2) 4619 4580 1 2.7 2.0 30 

(5,2) 5566 5618 -1 1.9 1.8 9 
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5.3 Effect of asymmetries 

Dummy sets of tooth FRF can be built based on a single tooth measurement to study the effect of stator 

asymmetry. The dummy set linked to a tooth Ti assumes all the other teeth have the same response function 

relatively to their position. In particular, a dummy set for tooth T5 can be calculated based on tooth T1 

assuming:  

  𝐹𝑅𝐹
𝑟𝑎𝑑𝑁6,𝑇5

= 𝐹𝑅𝐹
𝑟𝑎𝑑𝑁22,𝑇1

   (17) 

and equivalent relationships for the other nodes and tooth. 

 

 

Figure 13. Stator section showing nodes on the external envelope and tooth numbers. 

Dummy sets of WFRF can then be derived. Figure 14 compares dummy WFRF of wavenumber r = 2 

calculated based on tooth n°1, with the one based on tooth n°2. Original WFRF of wavenumber r = 2 

integrating all teeth measurements is overlaid as a reference. The ear located in front of tooth n°2 (refer to 

Figure 15) is reducing the amplitude of the structural response due to an excitation of wavenumber 2 around 

720Hz. 

 

 

Figure 14. WFRF of wavenumber r=2 based on dummy sets linked to tooth n°1 and tooth n°2 and the 

reference integrating all teeth measurements 
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Figure 15. Stator section showing ears in front of tooth n°2, tooth n°5, tooth n°8 and tooth n°11. 

5.4 Effect of eccentricities and uneven airgap 

Both eccentricities and uneven airgap lead to Unbalanced Magnetic Pull (UMP) forces of wavenumber 1 

(or -1).  Knowing WFRF associated to a wavenumber 1 (and -1), it is possible to account for a force 

amplitude increase of UMP and quantify its impact on the overall displacement of the structure, and then to 

the noise radiated by the structure. 

Indeed, assuming force amplitude being proportional to the square of flux density and flux density being 

proportional to the inverse of the airgap, a small eccentricity of ɛ% in the airgap creates additional forces of 

wavenumbers r +/- 1 with an amplitude 2ɛ % of F as illustrated on Figure 16.   

 

 

Figure 16. Effect of 10% of eccentricity on a force r=2 of 1N amplitude 

6 Possible extensions 

6.1 Operational Magnetic Force Shapes 

An Operational Magnetic Force Shape (OFS) consists in visualizing the operational magnetic force shape 

at a certain frequency and a certain speed. As for an Operational Deflection Shape (ODS), an OFS requires 

to monitor the displacement of the stator external envelope while the structure is being excited by its internal 
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operational forces. Additionally, tooth FRF as defined in (1) and (2) are needed to reconstruct both radial 

and tangential forces on each tooth node i using the following formula [9]:  

  𝐹
𝑟𝑎𝑑𝑖

= 𝐹𝑅𝐹
𝑟𝑎𝑑𝑘,𝑖

−1
  𝑑

𝑟𝑎𝑑𝑘
   (18) 

  𝐹
𝑡𝑎𝑛𝑖

= 𝐹𝑅𝐹
𝑡𝑎𝑛𝑘,𝑖

−1
 𝑑

𝑟𝑎𝑑𝑘
   (19) 

 

 

Figure 17. Direct force prediction method. 

When an OFS is carried around the e-motor stator at a frequency where driving forces are mainly of 

electromagnetic origin, one can visually analyze the nature of the force excitation (rotating or pulsing) and 

the rotation direction. An OFS can also confirm the main wavenumber of a radial or tangential force 

excitation. 

Besides, the maximum circumferential wavenumber that can be captured with an OFS corresponds to the 

number of stator teeth divided by two, assuming 1 node per stator tooth’s tip per plane is defined, and 

according to Shannon theorem (e.g. on a stator with 12 teeth, 12 accelerometers are used to capture a 

maximum circumferential wavenumber = 6). 

6.2 Rotor FRF 

Radial force waves of wavenumber r >1 and r = 0 applied to an inner rotor do not create significant 

deflections due to high shaft stiffness. However radial force wave of wavenumber r = 1 generate bending of 

the rotor shaft. Measurement of stator FRF r = 1 does not include the excitation of rotor bending mode. 

Future work therefore aims at deriving UMP rotor FRF separately for more accuracy. 

 

 

Figure 18. Rotor shaft bending 

To investigate further the contribution of the radial magnetic force r = 1 on structure borne noise through 

rotor shaft vibration, the concept of stator tooth FRF can be extended to rotor tooth FRF. Acceleration could 

be monitored on both bearings while successively impacting the rotor on different points.  
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7 Conclusions 

This paper presents a measurement technique based on stator tooth Frequency Response Function post 

processing to more directly capture the airborne e-NVH behaviour of electric motor stators. Tooth FRF 

based on impact hammer measurements are converted into Maxwell pressure wave FRF.  

This method can be used to accurately optimize the mechanical integration of the stator into the frame, 

without carrying any electromagnetic calculations. For instance, it can be used to estimate the sound pressure 

level variations among several stator to frame coupling techniques, or several impregnation techniques, 

under specific magnetic force patterns such as UMP, torque ripple or radial ripple.  

Alternatively, this method can be used to carry fast and accurate e-NVH design optimization after stator 

manufacturing on any design variable that does not affect stator FRF: rotor magnetic circuit design (e.g. 

pole shaping, skewing pattern optimization) and e-motor control (e.g. current angle, commutation strategy, 

harmonic current injection). As an example, such FRF can be imported in MANATEE software specialized 

in electrical drives NVH simulation. 

Finally, further developments are planned on the indirect visualization of operational magnetic stress waves 

and rotor FRF to provide additional tools for e-NVH troubleshooting. 
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A. Definitions/Abbreviations 

FRF Frequency Response Function 

NVH Noise, Vibration, Harshness 

ODS Operational Deflection Shape 

OFS Operational Force Shape 

r Circumferential wavenumber 

s Longitudinal wavenumber 

 Stress 

WFRF Wave Frequency Response Function 

Zs Number of stator teeth 
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Noise and vibration development in early stage of design 
- introduction of stiffness principal axis and its 
application - 
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1-1 Minami- Osawa, Hachioji-shi, Tokyo , Japan 

Abstract 
Various methods of optimization to decrease noise and vibration have been proposed in the design of the 

mechanical structures. But in the early stage of design, effective structural change methods have not been 

established yet. Therefore, the method of sensitivity analysis using the eigenvalue and eigenvector of the 

stiffness is proposed in this paper. The purpose of this study is to establish the method which gives engineers 

the information of design against noise and vibration in the early stage by developing the sensitivity analysis. 

In this study, we carried out the simulation with the chassis model, and it was successful to reduce the level 

of noise and vibration using the abstract properties of the structure: eigenvalue of the structural stiffness. 

1 Introduction 

The design of an automobile is carried out in several stages; at first, conceptual design, then basic design, 

and then detailed design. After that, it is produced a prototype and evaluated in this reverse order. In the 

conventional development method, verification and improvement are carried out at each stage of the 

prototyping process, and the entire vehicle is only verified at the final stage of the prototype. If a problem 

arises at this stage, the design and prototyping processes are repeated from the beginning, so the 

development period will be longer. To prevent this, the function assignment, which means to define 

functional requirements, is necessary at an early stage of the design. However, it has not been established 

against the structural vibration problem and it is still in the research stage, although dynamic analysis such 

as finite element method (FEM) allows us to get information about the dynamic properties. With this 

background, a sensitivity analysis with the stiffness eigenvalue of a structure as a design variable was 

proposed [1] by one of the the authors. In this study, the sensitivity analysis is expanded to further investigate 

the performance of noise and vibration. 

2 Theory 

2.1 Stiffness eigenvalue and stiffness principal axis 

The design process is assumed as follows: 1] To express the dynamic characteristics of the structure by 

abstract parameters. 2] Allocating them to each component in the initial design. 3] To confirm whether or 

not the desired performance is achieved. 4] If the required performance is not met in step 3, the abstract 

parameters are changed so as to satisfy the noise and vibration performance. 5] Considering the specific 

shape.This study uses stiffness eigenvalues and stiffness eigenvector as a method to express the abstract 

parameters. 
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Let B be the region of a structure to be structurally modified, A be the region where the response is to be 

evaluated and 𝐾𝐵 be the stiffness matrix of region B. The eigenvalue problem of  𝐾𝐵 is written as 

 𝐾𝐵 ∙ 𝜙𝑟 = 𝜆𝑟 ∙ 𝜙𝑟 (1) 

where 𝜆𝑟 is the r-order eigenvalue of 𝐾𝐵 and 𝜙𝑟 is the r-order eigenvector. In this study, 𝜆𝑟 is defined as the 

stiffness eigenvalue and 𝜙𝑟  as the stiffness principal axis. The stiffness eigenvalues and the stiffness 

principal axis have the following properties.  

When a displacement of 𝑥 = 𝜙𝑟  is given at region B, the restoring force F is given by Eq. (2). 

 𝐹 = 𝐾𝐵 ∙ 𝜙𝑟 = 𝜆𝑟 ∙ 𝜙𝑟 (2) 

It is considered from Eq. (2) that 𝜆𝑟  expresses the spring constant in the direction of 𝑥 = 𝜙𝑟  and 𝜙𝑟 

expresses the direction of deformation. 

2.2 Sensitivity analysis using stiffness eigenvalue 

Sensitivity is the differential coefficient when the objective function is differentiated by a design variable: 

it tells how the objective function changes due to the variable changes in a small amount. In this study, the 

change in vibration characteristics due to the stiffness change in region B is predicted. The structure is 

modified by changing the spring constant in each principal axis by Δ𝜆𝑟 without considering the change in 

eigenvector. Considering the stiffness eigenvalue 𝜆𝑟 as a design variable, the amount of change in stiffness 

can be expressed as follows using stiffness eigenvalue and stiffness principal axis. 

 Δ𝐾𝐵 = Δ𝜆𝑟 ∙ 𝜙𝑟 ∙ 𝜙𝑟
𝑡
 (3) 

The equation of motion before the structural change is expressed using 𝑀, 𝐾, 𝑎0, 𝐹, and 𝜔 for the mass 

matrix, stiffness matrix, the acceleration, and the angular velocity, respectively. 

 (𝑀 −
𝐾

𝜔2) 𝑎0 = 𝐹 (4) 

Therefore, the change in response Δ𝑎𝐵 to the change in stiffness of region B Δ𝐾𝐵 is as follows. 

 {Δ𝑎𝐵} = [𝐺𝐵𝐵]
Δ𝐾𝐵

𝜔2
{𝑎𝐵0} (5) 

In the same way, for region A, 

 {Δ𝑎𝐴} = [𝐺𝐴𝐵]
Δ𝐾𝐵

𝜔2
{𝑎𝐵0} (6) 

Hence, the sensitivities of the structure's response {𝑎𝐴} and {𝑎𝐵} are derived using Eq. (3) as 

follows. 

 
∂{𝑎𝐵}

∂𝜆𝑟
=

𝐺𝐵𝐵

𝜔2 𝜙𝑟𝜙𝑟
𝑡{𝑎𝐵0} ,

∂{𝑎𝐴}

∂𝜆𝑟
=

𝐺𝐴𝐵

𝜔2 𝜙𝑟𝜙𝑟
𝑡{𝑎𝐵0} (7) 

This allows the sensitivity to the stiffness eigenvalue of a component to be derived by considering the FRF 

to be evaluated on the structure as {𝑎𝐴} or {𝑎𝐵}. 

2.3 Sensitivity by frequency band using r.m.s. values 

In this study, we perform the sensitivity analysis using r.m.s. values of multiple responses. The r.m.s. value 

of the panel response is evaluated to evaluate the sound radiation of the panel of the chassis model. Let the 

objective function be the r.m.s. value of FRF in the target frequency range. In this case, the r.m.s. value of 

the FRF R can be defined as 

 𝑅 = {
1

𝑚

1

𝑛
∑ ∑ |𝐺𝑖𝑎(𝜔)|2𝑛

𝑖=1
𝜔ℎ𝑖𝑔ℎ

𝜔𝑙𝑜𝑤
}

1

2
 (8) 
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where m is the number of frequencies, n is the number of output, 𝜔ℎ𝑖𝑔ℎ is the upper, and 𝜔𝑙𝑜𝑤 is the lower 

end of the frequency range. n is the number of panel nodes in the analytical model in this paper. The 

sensitivity S can be derived as 

 𝑆 =
1

𝑅
×

1

𝑚𝑛
∑ ∑ Re (𝐺𝑖𝑎

𝑐𝑜𝑛𝑗 𝜕𝐺𝑖𝑎

𝜕𝜆
)𝑛

𝑖=1
𝜔ℎ𝑖𝑔ℎ

𝜔𝑙𝑜𝑤
 (9) 

where ‘conj’ is the complex conjugate. 

3 Application to automotive chassis model 

3.1 Introduction 

In this chapter, we evaluate noise and vibration using the FEM model and apply sensitivity analysis to 

improve the performance, which consists of a frame and four panels imitatimg an automobile chassis. The 

frame of the model is the area of the structural change, and the characteristics of the skeleton that reduce the 

sound radiation of the panel are determined. MATLAB is used in this numerical simulation. 

3.2 Model of numerical analysis 

 

Figure 1: The chassis model 

Table 1: the physical properties and dimensions 

number of nodes [-] 189 

internode interval [mm] 50 

Young's modulus [Gpa] 206 

density [kg/m3] 7900 

Poisson's ratio [-] 0.29 

a [m] 0.6 

b [m] 1.1 

Panel thickness [mm] 0.5 

Frame diameter [mm] 5 

 

Figure 1 shows the chassis model used in the simulations. The material is assumed to be a general structural 

rolled steel (SS400), and the physical properties and dimensions of the chassis model are summarized in 

Table 1.  

a 

b 
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3.3 Structural modification 

3.3.1 Partition of the frame 

As shown in Figure 2, we divide the frame of the chassis model into 16 frames and they are supposed to be 

the candidate areas for structural modification. Each area is a solid cylindrical rod beam, and their 

characteristics in each area are shown in Table 2. 

 

Figure 2: Area setting 

Table 2: Properties of beams of each area  

 Area [-] number of 
nodes [-] 

Number of beam 

elements [-] 

Beam 1 ①，②，③ 

⑬，⑭，⑮ 

7 6 

Beam 2 ④，⑤，⑥，⑦ 

⑩，⑪，⑫，⑯ 

6 5 

Beam 3 ⑧，⑨ 5 4 

3.3.2 Stiffness eigenvalues and eigenvectors of areas 

Stiffness eigenvalues up to the 6th order, which indicates the simple shape of the stiffness principal axis, are 

used as design variables for sensitivity analysis. Although there are six stiffness eigenvalues of zeros where 

the corresponding stiffness principal axes are rigid mode, in this study, they are ignored and let the 7th-order 

be the 1st-order. The stiffness eigenvalues of each beam up to the 6th order are shown in Table 3. Figures 3 

show the shape of the stiffness principal axis corresponding to each stiffness eigenvalue. The shapes of 

stiffness principal axes are commonly observed in all beams. A cruciform(+) shapes at both ends of the 

beams are illustrated to show the angular displacement of the end. As shown in Figure 3, 1st and 4th-order 

of stiffness principal axes show the torsional deformation of a beam element, 2nd and 3rd-order of them 

show bending deformation, and 5th and 6th-order of them show shear deformation. Both the 1st and 4th-

order of stiffness principal axes show torsionally deformed, but in the 1st-order, both ends of the beam are 

twisted in opposite phase, while in the 4th-order, both ends of the beam are in phase and the center of the 

beam is twisted in opposite phase.  

① ② ③ 

⑪ 

④ 

⑬ 

⑤ ⑥ 
⑨ ⑧ 

⑫ 

⑦ 

⑭ ⑮ 

⑩ 

⑯ 
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Table 3: Eigenvalue of each beam 

 Beam 1 Beam 2 Beam 3 

1st-order [N/m] 310.5125 420.0779 598.8280 

2nd-order [N/m] 399.7186 541.0966 771.7469 

3rd-order [N/m] 399.7186 541.0966 771.7469 

4th-order [N/m] 2166.6 1567.8 1180.5 

5th-order [N/m] 2791.6 2018.6 1518.8 

6th-order [N/m] 2791.6 2018.6 1518.8 

 

     

1st-order                                                                  2nd-order 

 

       

3rd-order                                                                     4th-order 

 

       

         5th-order                                                                   6th-order 

Figures 3: Shapes of stiffness principal axes 
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3.4 Analysis and structural optimization 

3.4.1 Setting of analysis conditions 

It is considered that input is given in the z-direction of the point shown in Figure 4 and outputs are given in 

the z-direction of all points of the panel. Figure 5 shows the r.m.s. value of FRFs of all output points. The 

frequency range is set from 0 to 100 Hz with a frequency resolution of 0.1 Hz. As shown in Figure 5, there 

are two peaks around 50 Hz. Considering the reduction of these two vibration levels, we set the target 

frequency from 45 to 55 Hz. 

 

Figure 4: Input point and output points 

 

Figure 5: r.m.s. of FRF of input and output to be evaluated 

y x 

z 
Input 

Output 
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The natural modes that exist in the target frequency range are shown in Fig. 6. (a) shows the 18th natural 

mode at 49.3 Hz and (b) shows the 19th natural mode at 52.13 Hz. It is shown from Fig. 6 that the panel is 

greatly deformed in the out-of-plane. 

 

(a)  18th natural mode (49.3Hz)       (b)  19th natural mode (52.13Hz) 

Figures 6: Natural modes in the target frequencies 

3.4.2 Result of sensitivity analysis and structural changing 

The two areas(A, B) with high desired sensitivity (negative values) and an area(C) with high positive 

sensitivity are shown in Table 4. Area A has the highest and area B has the second-highest sensitivity. In the 

area where the sensitivity is positive, the vibration reduction is predicted by reducing the stiffness.  Area A 

to C are shown in Figure 7(a), and the shapes of the 1st and 2nd-order stiffness principal axes are shown in 

Figure 7(b). 

Table.4 List of high sensitivity areas 

 

 

(a)high sensitivity areas           (b) Shapes of Stiffness Principal Axis 

Figure 7: high sensitivity areas and stiffness principal axis 

The frame structures are modified based on the results of sensitivity analysis. 

(Case1) Adding two eigenvalues with high sensitivity by 10% at the same time.  

 1st 2nd Positive 

sensitivity 

Area A(Beam⑫) B(Beam⑮) C(Beam②) 

order 1 1 2 

S [m2/N2s2] -0.04408 -0.03819 0.2081 

𝜆[N/m] 420.1 310.5 399.7 

 

A 

B  

C 

order=1  

order=2  
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The dashed line in Figure 8 shows the FRF after the modification, whereas the solid line shows the FRF 

before the modification. The r.m.s. value of FRF in the target frequency range was reduced by 4.3 % and it 

is confirmed that the vibration level was reduced. 

(Case2) Adding two eigenvalues with high sensitivity by 10%, and reducing an eigenvalue with high 

positive sensitivity by 5%  at the same time.  

The dotted line in Figure 8 shows the FRF after the modification. The r.m.s. value of FRF in the target 

frequency range was reduced by 13.2 % and it can be confirmed that the vibration level was reduced more 

than Case 1. 

 

Figure 8: Objective rms of FRFs 

4 Conclusions 

To investigate the performance of noise and vibration in the early stage of design, we developed the 

sensitivity analysis using stiffness eigenvalue and stiffness principal axis. By applying it to the chassis 

model, an attempt was made to reduce the r.m.s. value of FRF which imitates the sound radiation of the 

panel. The results of the sensitivity analysis confirmed its usefulness and it shows that the abstract 

characteristics like the stiffness eigenvalue allow establishing the method to define functional 

requirements without defining the specific shape of the frame in the early stage of the design. The authors 

would like to further investigate the effective way of early stage design for noise and vibration 

performance including stiffness eigenvalue. 
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Abstract 
The Problem of damping of operator’s cabin vibrations is well recognized in middle and small size machines 

and vehicles (trucks, general; purpose earth moving machinery). However, mega- machines of mining 

industry define the separate class of objects, due to their mass ( reaching up to thousands of tonnes), size 

and relating to their main frequencies in the range around 3Hz. The paper presents developments in the 

identification and  vibrations control of a system for bucket wheel excavator operator’s cabin. A semi-active 

damping system is proposed that based on magneto-rheological dampers and on a dedicated, iterative 

learning  control (ILC) algorithm. The paper presents a method for identification potentially useful locations 

of sensors. In this paper we present the  preliminary results of simulations, concerning  the efficiency of the  

ILC algorithm. The algorithm of learning is based on efficient calculations of the Frechet derivative of a 

quality criterion with respect to a control signal. 

1 Origin of the problem 

The phenomenon of mechanical vibrations has been known in technology for many years. They are causes 

of the positive and negative effects for the human. To the positive effect of vibration we can assign sound, 

but in the specific situation it could be danger for human. Similar situation is in the mechanical vibration 0, 

0. The article describe problem of the vibration in a heavy type of machine. 

In this type of machine the operators, are exposed for long term vibration exposure. Many publications have 

been written about the harmfulness of vibration to the human health 0. Analysis of the data contained in the 

scientific literature shows that low-frequency vibrations are particularly dangerous. Long-term work of a 

machine operator in such condition has a negative effect on his health. Therefore, it is important to limit the 

exposure time to low frequencies or control them. 

Such conditions as described in the previous paragraph, they often concern heavy machines. The operator 

of such machines spends his entire working day in it. Therefore, it is very important to make improvements 

for this type of machine to eliminate this threats. This goal can be achieved in different ways. One of method 

is autonomous or remote-controlled machines. The second method is to reduce the exposure time of 

vibration for the machine operator by vibration damping systems. This path was chosen in this article. To 

the scientific research one of the groups of heavy machines was selected. The group of these machines is 

called heavy equipment machines, it includes: bucket wheel excavators, spreaders and stackers. As the 

literature study shows, they are a very good example of objects working with low frequencies 0, 0, 0 . This 

is also confirmed by the results of tests carried out on one of the machine working in Poland, included in 

this article. 

Currently, passive vibroisolation is mainly used in this type of machines 0, 0. There is now a tendency to 

use semi-active and active methods to reduce vibrations in various technical objects. There are many 
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different examples of applications of these methods in civil engineering in the literature 0, 0, but there are 

fewer of them on the case of working machines. An interesting current trend are active learning system that 

uses semi-active dampers 0, 0, 0. An example of such semi-active elements are magnetorheological 

dampers. 

The article presents the first results of scientific work on the use of MR dampers in the operator’s cabin of 

bucket wheel excavator. Also presented is the research procedure for BWE during operation (fig. 1), and 

analysis of the obtained data for the future points of sensors assembly for the algorithm. The result of 

numerical simulation of the application of the iterative learning control for quasi-periodic excitations, that 

are characteristics for the mentioned machines were also made in this article. 

 

Figure 1. Research object, bucket wheel excavator. 

2 Measurements set-up and signal selection 

During the development of control algorithms, it is important to collect information about the controlling 

object. In describing example this is a bucket wheel excavator. For the purpose of the ILC algorithm, test 

were carried out during the machine’s operation. Accelerometers were used for this purpose, Figure 2 shows 

it during measurements. They were placed at various points in operator’s cabin and superstructure of BWE. 

There were two reasons for this distribution of measuring point. The first goal was to collect information 

about propagation of mechanical wave in the tested machine, especially in the area of excitations (bucket 

wheel) and the operator’s workplace. The second goal was to locate potential points for future sensors 

supporting the algorithm. 

 

Figure 2: Accelerometers mounted on the bucket wheel axis. 
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Accelerometers are located at 5 different  points on the machine. Three of them were on the bucket wheel 

boom. The first of the measuring points was located on the bucket wheel axis on the left side of the boom. 

Two sensors were installed there, one of them measures vertical accelerations, and the second transverse 

component. On the right side of the bucket wheel boom only vertical component of acceleration was 

measured. Another sensor was placed on the steel structure of the boom at a distance of about 10m from the 

axis of the bucket wheel boom (only vertical component). The rest of the measuring points were in the 

operator’s cabin. Four of the sensors were attached to the cabin structure. One of them measured transverse 

acceleration, three other vertical. They are mounted so that they were not aligned. At the last measuring 

point, a three-axis accelerometer was placed on the operator’s seat (seat pad). Figure 3: Schematic 

illustration of the localization of measurement points on the bucket wheel boom carrying structure shows 

the arrangement of the measuring points schematically. 

 

 

 

Figure 3: Schematic illustration of the localization of measurement points on the bucket wheel boom 

carrying structure 

Presented in figure 4 time traces shows that the low frequencies components are leading one. 

 

Figure 4. Time traces of measured signals 

Operator’s 

cabin 
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As the all sensors on the channels 5,6,7 were measuring the vertical accelerations of the cabin (for its local 

stability) and are giving very similar signal (see Figure 4), further analysis covered only signal from channel 

5. 

The analysis of Figures 5 and 6 , which presents spectra of the vibrations acquired on the particular sensors, 

indicates presence of vertical model of frequency about 0,9Hz and 0,79Hz which is present during 

excavation and most probably directly derived by the buckets discharge. 

In purpose to identify the signals with strongest correlation with the cabin in the low frequency range, the 

signal from one selected cabin sensor (channel 5), was cross-correlated with the particular sensors signals 

paced on the carrying structure (channels: 1, 2, 3, 4, 8). Cross-correlated signals were in the next step 

analyzed with use of the Fourier function. Figures 7 and 8 presents normalized spectra of the cross-

correlation signals data acquired during travel and excavation respectively. One can easily observe strong 

influence of the signal of the channel 2 and 3 on the cabin vibration (red box indication on the spectra). 

Those channels acquired signals in the vertical direction (Z) from the sensors placed closed to the bucket 

wheel axis. 

 

 

Figure 5. Vibrations spectrum on the selected signals – machine travel 
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Figure 6. Vibrations spectrum on the selected signals – regular excavation 

 

 

 

Figure 7. Spectra of the normalized cross-correlated signals – machine travel 
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Figure 8. Spectra of the normalized cross-correlated signals – regular excavation 

 

Performed signal analysis indicated that the signals from channels 2 and 3 carries information, which can 

be useful as the input signal for control algorithm.  Additionally, selected channels are in the close proximity 

of the main excitation area (bucket wheel boom) which is providing positive time shift for the algorithm 

control to keep, cabin placed in the distance, in balance. 

3 Iterative learning of disturbances damping 

Operators’ cabins are subjected to perturbations that are repetitive. This  fact opens a way to learn a control 

system to suppress or reduce their impact. The iterative learning (ILC) approach is based on learning from 

pass to pass. In our case, one pass T > 0 is as long as the time between successive strokes of buckets into 

a ground. Thus, the rate is dictated by the repetitive disturbances. 

The ILC approach is currently under investigations in many universities: 0, 0, 0. In 0 one can find the 

bibliography and approaches for optimizing ILC processes (see also 0, 0). 

The approach proposed here attempts to minimize the influence of the disturbances on the acceleration of 

the operator’s cabin. The main idea can be presented using a very simplified model of the cabin. Namely, 

the cabin is considered as a stiff, uniform beam that is supported by two dampers. Denote by xn(t) 

the displacement of the beam (in its middle) at time t and pass n. The following system description is 

adopted: 

  (1) 

where m > 0 is half of the mass of the beam, k > 0 is the stiffness and c > 0 is the damping coefficient. For 

simplicity we assume:  

Gn(t) is the external disturbance at time t and pass n. It is assumed that Gn is either (almost) the same or 

slowly varying with n. Fn(t) is the damping force at n-th iteration of learning, which is considered as 

the control variable. Since Gn is unknown, one can try to reduce its impact on ) by reducing the impact 

of ) and xn(t) in the right hand side of (1.1), simultaneously trying to learn Gn. The proposed learning 

scheme is as follows: 

  (2) 
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where γ > 0, w0 > 0 and w1 > 0 are parameters to be tuned. Also F0(.) is selected by the user. 

Remark 1.1 (Selecting F0). As we shall see later, it is desirable to take into account a previous experience 

when F0 is selected. When such experience is not available, then F0(t) ≡ 0 is the simplest choice. 

We emphasise that (2) is not the PD controller in the classic sense, since the control signal for the present 

pass uses ) and xn(t), t ∈ [0, T] from the previous pass. Notice that we have to keep in the controller 

memory only samples of one copy of the previous Fn. 

Remark 1.2 (Stability along the pass). When external disturbances Gn(t) are bounded and they have bounded 

derivatives ) for t ≥ 0 and n = 1, 2,, then system (2), (1) is stable in the bounded input, bounded output 

(BIBO) sense along each pass n = 1, 2,, provided that F0(t) is bounded for t > 0. Indeed, the characteristic 

polynomial (in p) of this closed loop system has the form: 

 mp2 + (c + w1)p + (k + w0) = 0. (3) 

By construction we have: m > 0, (c + w1) > 0, (k + w0) > 0, which are the necessary and sufficient conditions 

for the asymptotic stability of the second order, linear and time-invariant system. 

This fact implies the BIBO stability. Thus, for n = 0 we have that G0(t), ) are bounded, which 

implies that x1(t) and its derivatives are also bounded for t > 0. The rest of the proof goes by the induction. 

In the simulations we shall use ) and xn(t) calculated from model (1), but in practice one can apply 

accelerometers to obtain estimates ˆ  and ˆxn(t) by numerical integration procedures. Then, ˆ  ) and 

ˆxn(t) are used in (2). Thus, the proposed approach is model-inspired, but it is not heavily model-dependent. 

Learning algorithm 

Step 0 Set pass number n = 0. Select an initial damping force profile Fˆ
0(t) along the pass: t ∈ [0, T] (see 

Remark 1.1). Select parameters: γ > 0, w0 > 0 and w1 > 0. 

Step 1 Collect observations of the acceleration ˆx’n(t) at sample points of [0, T]. Estimate ˆ  ) and ˆx’n(t) 

by the numerical integration. 

Step 2 Calculate the damping force profile for the next pass: 

  (4) 

and apply at the beginning of the next pass. Set n := n + 1 and go to Step 1. 

In the simulations we use: m = 2700kg, c = 900N sec/m, k = 9000N/m, but these values are not used for 

tuning the parameters in (2) that were selected as w0 = 1500, w1 = 1000, γ = 1. 

As the quality index we take the transmitability Tr of disturbances (excitations): 

  (5) 

which is considered here for one frequency 1/T only. It relates the energy of a disturbance to the energy of 

the beam displacement. 

The following three cases were considered in the simulations: 

1. no damping force – for comparisons only, 

2. learning according to (1.2), starting from F0(t) ≡ 0, 

3. learning by (1.2), starting from F0(t) = 2500[1(t) − 1(t − 0.05)] that mimics a priori 

knowledge about disturbances. 

In Fig. Figure  we compare the displacements of the cabin’s middle point in cases 1., 2. and 3. along n = 10 

pass of learning. As one observe, the blue line (case 1.) attains even − 100 mm of the displacement, while 

in cases 2. and 3. the largest displacement is about −25 mm. Notice that cases 2. and 3. are almost 

indistinguishable in Fig. 10. The reason is in that both curves are obtained after 10 passes of learning, when 

the role of F0 is vanishing. However, if the learning is run on-line, as in Learning algorithm, then it is also 
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of importance to damp large oscillations as fast as possible, since otherwise they influence the operator 

body. In case 3. one can observe essential reduction of Tr in a few first iterations in comparison to case 2. 

(see Fig. 10). Thus, it pays to collect a priori knowledge about various kinds of disturbances, e.g., invoked 

by digging a coal or a sand. 

 

Figure 9: The displacement of the beam in cases: 1. (blue line), 2. (brown line) and 3. (green line). 

 

Figure 10: The comparison of the learning rates in cases 2. and 3., described in the text. 

As the next possible improvement one can consider to build a computer vision system which is able to 

classify images in front of a BWE in order to restart the learning process with an appropriate F0. We refer 

the reader to 0 and to 0 for recent examples of image recognition systems. 

4 Conclusion 

The aim of the article was to determine the nature of mechanical excitations and its impact on the 

adaptability of iterative learning control method. Tests, carried out on the bucket wheel excavator, have 

shown that the nature of excitations acting on the carrying structure is quasi-periodic. Additionally, research 
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objectives were to find a correlation between measured vibration frequencies at various points of the BWE 

structure. Investigations pointed out correlations, e.g. between the area of excitations (in this case a bucket 

wheel) and the operator's cabin. This relation will allow to retrieve information about vibrations affecting 

on the operator cabin ahead of time. Following the research, simulations of an algorithm based on ILC 

methodology, which is dedicated to controlling the parameters of magnetorheological dampers were carried 

out. It should be noted, that such machines do not currently use any type of semi-active vibration damping 

elements. The simulations carried out showed a positive impact of the application of the proposed algorithm 

on the amplitude of mechanical vibrations and the time of extinguishing the mechanical wave. They also 

showed that earlier information on the value of the impact force allows faster achievement of the target 

quality index of damped vibrations (Tr). 
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Abstract
Conceiving lighter products while retaining beneficial Noise, Vibration and Harshness (NVH) properties
is far from trivial, because NVH properties typically deteriorate with decreasing mass. Solutions with
lightweight materials such as plastics require reinforcement metallic beams in order to keep structural in-
tegrity. New design methodologies and tools are needed to propose a solution that already from the concep-
tual phase takes into account the NVH properties. This work proposes a two steps methodology. In a first
step, different architectures are generated and their performance is evaluated selecting the architecture that
reduces the static loads and increases the first eigenfrequency. Thereafter, the mass of the best architecture
is redistributed with the double competing objective to increase the first eigenfrequency and decrease the
mass subject to static deformation constraints. Two distinguished tools support our proposed methodology
in order to obtain a Pareto front of feasible conceptual solutions.

1 Introduction

New light weight concepts that (a) can combine the functionalities and the structural integrity, together with
(b) an environmentally friendly solution already in (c) an early stage of design is still the main challenge
for mechanical components when evolving towards Design for Excellence (DFX). Existing optimisation and
design processes are still valuable when concepts are chosen, but seeing the above design challenges, new
alternative topologies are needed rather than optimised components which can make use of the possibilities
of light materials such as plastics and composites [1, 2]. Therefore, developing new tools and new method-
ologies is now one of the main strategic activities of all companies who plan to stay competitive.

Design methodologies and design tools have been reported in the past that are adequate for specific needs
and applications. Domain specific methodologies that (a) support functional modeling, concept generation
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and concept evaluation [3], (b) propose search mechanisms for new concepts, filter and ranking [4], and (c)
combine analysis tools of variety of disciplines of both low and high fidelity [5], have inspired a part of
this work [6]. In addition, a number of tools, such as [7, 8, 9, 10, 11], propose the generation of different
architectures of different product applications; this work also exploits an architectural concept generator that
reinforces locally the new concept with beam structures [12].

Among the many attributes that the complex design process has to consider, the dynamic behaviour of the
design (eigenfrequencies and mode shapes) is often overlooked in the early conceptual phase. Noise and
vibrations problems are often treated only in later design phases as a posteriori adjustments, e.g. by adding
localised, non-structural mass. Evidently, this results in a sub-optimal design.

This paper proposes a methodology and the corresponding tools in order to conceive a lighter truck door that
maximizes its ω1 to values above the excitation frequencies of the road, while both (a) considerably reducing
its weight and (b) withstanding static loads. The idea is to change the material from aluminum to plastic
and to reinforce the regions of high loads with steel beams. Then, with an appropriate redistribution of the
mass, to perform a multi-objective optimisation in order to maximize ω1 and to minimize the total mass. Two
discrete steps then are identified. During the first step, several different beam architectures are generated to
reinforce the regions of high loads of the new design, and based on the attribute evaluation of the generated
concepts, the best reinforced concept is chosen. During the second step, the thickness of the plastic door
and the sections of the steel beams are redesigned by performing a multi-objective optimisation on ω1 and
total mass. This two step described methodology is the innovative part of this work, first generate the beams
architectures for structural integrity and high ω1 and then continue optimizing to further, both, reduce total
mass and increase ω1.

2 Design Methodology

2.1 Project Requirements

In the frame of the Light Vehicle 2025 Interreg project [13], four demonstrators are being developed with
double objective: a) decrease the emissions by proposing lightweight solutions, b) strengthen the co-operation
of interlocutors, industrial and academic, of the Euregio Meuse-Rhine region. One of the four demonstrators
is the truck door module, where the work of this paper is based on. The project consortium, which is built
by research, academic and industrial partners, is exploring the impact of new materials, new manufacturing
processes and mew functionalities within the scope of the project. The objective of the Body Module demon-
strator is to redesign a DAF truck door i) lighter, ii) structurally functional, iii) with the materials, with the
manufacturing process rules and with the desirable functionalities of the consortium. This paper discusses
the methodology that is being used during the conceptual phase of the door, where, besides the strength
under lower weight, the natural frequencies should stay high enough far from the excitations coming from
the engine and from the road.

In Figure 1, the design of the existing DAF door is shown on the left. First, the functionality to increase
the window space and to reduce the upper part of the door frame (1. frameless) is discussed. Second, the
new possible manufacturing process of robomolding is considered together with a very light plastic material
(2. plastic). Replacing the aluminum of the existing door by plastic, the new concept door needs to be
reinforced with metallic beams at the regions where the loading is considerably high. Steel is chosen for this
study but it could also be aluminum or any other metal of high stiffness. At the same time a different material
(plastic) with such a difference on the stiffness compared to the existing one (aluminium) greatly influences
the NVH behavior of the new concept. And there comes the need of a design methodology to advice the best
beams architecture (step 1) as well the material distribution for both the plastic door main frame and the steel
reinforcement beams (step 2).

An overview of the methodology is given in Figure 2. The two steps: step 1) ‘generation of beam archi-
tectures’ in order to select the one with the highest ω1 (single objective) and step 2) ‘mass distribution’ in
order to at the same time reduce the total mass and increase the ω1 (double objective) are in bold and each
one uses another design tool. During step 1 the ConcEval WorkBench [6, 12] is used, while in step 2 Noesis
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Figure 1: New design of a DAF door: (a) on the left the design requirements together with the preliminary
CAD are illustrated, (b) on the right the conceptual representation for the structural integrity calculations is
shown.

Optimus [14] is used. (The description of the tools is in paragraph 2.2). The two steps stay independent to
reduce the design parameters. In our case, after completing the two steps, the optimal concept was compliant
with the requirements. In other cases where this does not succeed, a second loop of the same methodology is
advised by increasing the number of beams. For this case, we have used 5 reinforcement beams, for bigger
components with multiple loads and enough design space, 6 reinforcement beams could provide a better
solution.

According to the DAF specifications for a truck door design, we define three static load cases as well as the
constraints of the modal analysis in Figure 3 (x-direction on the door frame along its width, y-direction on
the door frame along its length, z-direction out of the plane of the door frame):

• Load case 1 takes into account the maximum possible load on the y-direction: (a) maximum expected
weight of the door and (b) a weight of a person that hangs on the door at the position of the handle.
The position of the door is open, which means that the door is kept only at the two hinges and thus
during the calculations the position of the constraints will be at the two hinges. The constraints are
modeled by not allowing any movement (no translation nor rotation) in any of the three directions).

• Load case 2 takes into account the maximum possible load on the z-direction: (a) maximum expected
weight of the door and (b) a weight of a person that sits on the door. The position of the door is open
(which means that the position of the constraints is at the two hinges of the door) while at the same
time the cabin is tilted 45◦ for maintenance (which means that the loads need to be multiplied by

√
2).

The constraints are modeled by not allowing any movement.
– A small parenthesis concerning the load values of case 2: The values of the loads have to be

reduced in order to increase the success rate of the calculations of most of the concepts. To keep
integrity, the same reduced loads are used for the optimisation of the mass distribution. The two
reasons that forced the reduction of the loads are: (a) plastic is a material with very low strength
compared to the existing aluminium; (b) the thickness of the plastic door frame was arbitrary
chosen equal to the existing one at 3 mm, a choice that is inadequate for plastic as it is shown
further in this work. Therefore it is essential to verify that the optimum final design can undergo
the real magnitude of the loads (see paragraph 3.3).

• Load case 3 treats a homogeneous pressure impact load, therefore maximum homogeneous load in the
z-direction: (a) maximum pressure value, which is applied during the modeling on the grid points. The
position of the door is closed, which means that the position of the constraints are all around the door
frame. The constraints are modeled by not allowing any movement.
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Figure 2: Methodology of the conceptual design: (a) step 1, define the architecture of the reinforced beams,
(b) step 2, define the minimum beam sections and plate thickness - mass distribution

Figure 3: Load cases for the structural integrity calculations: (a-c) three scenarios of extreme use conditions
of the door translated in three static loads - first three sub figures (d) constraints of the modal analysis - right,
last sub figure

The constraints of the modal analysis consider also a closed door thus the position of the constraints are all
around the door frame. No translation

is allowed, while rotation is left free. This constraint modeling is shown in Figure 3 as ‘Simply supported –
123’ to make the difference with the constraints of Load Case 3 – 123456.

2.2 Tools supporting the design

The next paragraphs describe the two main tools that are used for this study, one tool per step, mainly from
the user point of view in order to explain their support to the design methodology.

1. ConcEval W/B Concerning the selection of the best architectural design of the beams by ranking the
different concepts based on their attribute values versus the project requirements (tool 1, step 1), we are
proposing the CONCept EVALuation Workbench. It contains 3 main modules: (1.1) a concept generator of
architectures, (1.2) an attribute calculator, (1.3) an attribute evaluator with a ranking algorithm.

1.1 ConcEval generator of architectures The frameless plastic door is geometrically represented by a 2D
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Figure 4: Designer’s decisions to drive the concept generation of the reinforcement beams: (a) on the left,
the specifications translated into constraints for the topology generation of the beams, (b) on the right, an
example of a concept with its representation in the architecture tool

Figure 5: Conceptual design of the reinforced beams: examples of different topology generations

projection of the 3D scanned existing door (taking a form of a 2D plate, see Figure 4 on the left) where
rectangular beams are added from the ConcEval generator of architectures. Rigid connection is chosen
between the beams and the plate, which is a fast and accurate enough connection during this conceptual
phase.

More specifically, beam architectures are automatically generated within a given design space, using the two
step approach depicted in Figure 5: (i) topology generation and (ii) geometry generation. In the first step,
topological graphs are generated, that define all the possible ways to connect a given number of joints. The
joints assigned as hinges are always at the same (x,y) location, the joints assigned as the reinforcement joints
are allowed to be located only on the reinforcement zone and the rest of the joints can take any location of
the defined grid points of the CAD, see the grid in Figure 18 on the left and find more information about the
generator in [12]. The second step generates geometries that are compliant with each individual topology
graph.

The decisions that the designer takes or in other words the input that the designer provides for this work and
drives the beams architecture design are listed in the middle of Figure 4.

1.2; 1.3 ConcEval attribute calculator and evaluator The attribute calculator as well the ranking algo-
rithms of the ConcEval W/B have been presented in detail [6]. For this work the mesh is a combination
of 2D elements for the door (plate) and 1D elements for the reinforcement beams. FreeCAD is the solver for
both the FE static analysis, to determine deformation under specific load cases, and for the modal analysis to
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Figure 6: Working platforms of the two tools: (a) User Interface of the ConcEval WorkBench, (b) User
Interface of Noesis Optimus

determine the eigenfrequencies and mode shapes of the designs.

2. Optimus Concerning the optimization of the mass distribution of the beams and the door frame (tool
2, step 2), we are proposing the Noesis Optimus tool. Optimus [14] is a commercial platform embedding
(a) CAD/CAE simulation workflow automation capabilities, (b) algorithms for design space optimization
and response surface modelling and (c) post-processing of engineering simulation results. In both tools,
the attribute calculator is the ConcEval W/B that calculates the total mass, the static displacements under
the three specific load cases (FEM linear analysis) and the eigenfrequencies (modal analysis) of every door
concept and every optimised door.

Interfaces The user interface of the ConcEval W/B is shown on the left of Figure 6 and the one of Optimus
on the right. The link of the attribute calculator of the ConcEval W/B with Optimus is driven by Optimus.
The tools in this work are used one after the other, first the best architecture of the beams is designed with
the ConcEval W/B and then the optimization of the mass distribution of the best architecture is designed
by Optimus. At this work the two tools are complimentary. Optimus can further parametrize any kind of
information given in a file such as the location of the joints and the material of the plate and the beams. A
link with the concept generator is also possible, not yet performed at this work.

3 Design Process

3.1 Design of the beam architectures

Based on the designer’s decisions and the refinement of the grid points of the CAD, 209 architectures are
generated. Their attributes are evaluated and plotted according to 5 principle attributes (Figure 7): (1-2-3)
the three maximum static displacements that are resulting from the three static loads, DispZ from load case
2 (z-direction), DispY from load case 1 (y-direction) and DispPress from load case 3 (z-direction), (4) first
eigenfrequency ω1, (5) cost (based on material and joint cost input).

Due to an inefficient placement of the stiffeners, many of the generated designs have a rather low ω1. An
example of designs to be avoided is shown in Figure 8. In this case, the stiffeners only have a limited global
stiffening effect, and mainly add mass. Nevertheless, some designs can deliver and have higher ω1 (up to 25
Hz). The modeshape associated to ω1 for the three best architectures (33, 38 and 126) are shown in Figure 9.
These indicate the efficient placement of the stiffeners; they divide the door body in equally sized segments
which are more or less isolated from the other segments by the stiffeners. As such, the mass of the stiffeners
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Figure 7: Attributes representation of the architectural concepts versus ω1: (a) on the top left, the maximum
displacement of the load case 2 (b) on the top right, the maximum displacement of the load case 3 (c) on the
bottom left, the maximum displacement of the load case 1, (d) on the bottom right, the cost

is applied where it has the largest impact on the global stiffness. This stiffening is further illustrated through
the static load cases. All three cases show a low deformation, both in the z-direction for the discrete load
case 2 (top left graph) and for the pressure load case 3 (top right graph). The values of the displacements
on the y-direction for the discrete load case 1 (left down graph) are one order of magnitude smaller than the
ones in the z-direction and thus, the attribute of maximum displacements at the y-direction, DispY , is not
further taken into account during the optimization of the mass distribution (step 2 of the methodology).

As the main objective is to maximize ω1 without increasing the static maximum displacements, all three
concepts look advantageous. There are, however reservations with concept 33 from the beam architecture.
Although it seems to be the easiest to be produced (due to near-symmetry), it will be excluded from the
selection of the best concept during this study, because the beams exceed the door’s perimeter. This could
prove to be a good candidate for a closer inspection if moving the joints positions is allowed.

A visualization of the displacements in z-direction of load case 2 for the 3 best concepts is shown in Figure
10. The position of maximum displacement is the same for all concepts as it corresponds with the position
of the loading. Concept 33 shows the lowest displacements, but it is not further considered (due to geometry
defaults). Concept 38 and 126 do not have considerably different values of displacements. But their values
are still very high compared to the desirable ones and thus, this attribute becomes critical and needs to be
further optimise during this study, especially because the load values for case 2 are reduced during this design
phase. A verification with the realistic load values at the optimum design is at the end of the study performed
(see paragraph 3.3).

A visualization of the displacements in y-direction of load case 1 for the 3 best concepts is shown in Figure
11. The values of these displacements are very small compared to the displacements in z-direction. Therefore
the maximum displacements attribute in y-direction, DispY , does not seem to be critical for selecting the
best concept. A visualization of the displacements when a homogeneous pressure is applied in z-direction
is shown in Figure 12. There is no obvious advantage of one of the three concepts, the beams for all the 3
concepts cover more or less the plate plane.

The selection then for concept 126 is based on the value of ω1 (step 1 of the methodology). The design

VEHICLE NOISE AND VIBRATION (NVH) 3277



Figure 8: Modal analysis representation for three concepts with the poor dynamic performance

Figure 9: Modal analysis representation for the three concepts with the highest ω1 values

with the ConcEval W/B is now completed and Optimus will optimise its mass distribution (step 2 of the
methodology).

A small parenthesis to emphasize the importance of modeling, which is as influential as the designer’s de-
cisions. In Figure 13, the eigenfrequencies considerably change values: The results of the calculation with
a 3 point connection between the plastic door frame and the metallic reinforcement beams and with no con-
straints during the modal analysis, no support on the plate contour are shown on top left graph. The values
were very low compared to what we were expecting and that was the main reason to investigate further the
influence of the modeling. First by adding constraints to the modal analysis top right graph, the values of
ω1 increased from 3 to almost 12 (see top right graph). Second, the connection between the reinforcement
beams and the plate was adopted to rigid all along the beam length. Then the values of ω1 doubled. Further
post processing of the three ways of modeling, showed that the last modeling is closer to the physics and
thus adopted for this work. The authors underline that the modeling influences not only the values but also
the selection of the best concepts, as their relative position based on ω1 values alters considerably: Notice
how the best experiments for the first modeling (52, 152 and 35) move their relative place in the other two
modelings.

3.2 Mass Distribution

Once the architecture is chosen in step 1, the step 2 designs the mass distribution in such a way that both
the ω1 maximizes while at the same time the total mass is minimized. Let us make a clarification on the
mass variable and underline the difference when mass is used as a global design variable and when it is used
as attribute and thus optimisation objective. Specifically, the ’mass distribution’ as global design variable
is driven by 11 geometrical design parameters: (a) two parameters to determine the cross section of each
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Figure 10: Static displacements of the load case 2 (concentrated z-direction) for the three concepts with the
highest ω1 values

Figure 11: Static displacements of the load case 1 (y-direction) for the three concepts with the highest ω1

reinforcement beam, width (y-direction) and depth (z-direction), thus 2 times 5 beams equals 10 parameters,
plus (b) the thickness of the plastic door frame. The bounds of the cross section parameters are from 20 to
50 mm and the bound of the door thickness is from 3 to 9 mm. The reference experiment, on which the
design parameters are adjusted during the optimisation takes 30 mm width and 30 mm depth for all the cross
sections of the reinforcement beams and 3 mm thickness of the door.

Among the different Design of Experiments (DoE) algorithms available in Optimus, the well-known Latin
Hypercube design (LHD) was chosen. An LHD is constructed by dividing the range of each design parameter
in n equally probable intervals, n being the number of design points. The design points can then be chosen
in such a way that for each interval there is only one design point [15]. Instead of choosing them completely
randomly, our implementation is coupled with a space-filling strategy, called maximin, ensuring that the
points identified by the selected design are also uniformly spread within the design space.

Figure 14 illustrates the attribute values of the DoE experiments. The graphs obtained from Optimus have 4
dimensions: (i) the x axis always refers to ω1, (ii) the y axis refers to the values of the rest of the attributes
(such as total mass and maximum displacements), (iii) the color axis refers to the values of one of the
maximum displacements (a dot which is one experiment colored closer to red takes higher values and a dot
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Figure 12: Static displacements of the load case 3 (pressure on z-direction) for the three concepts with the
highest ω1

colored closer to blue takes lower values), and (iv) the radius axis refers to the values of one of the maximum
displacements (a dot with high radius takes higher values and a dot with lower radius takes lower values).
Analyzing the DoE results, the same attributes of the same experiments are plotted four times by exchanging
axis to stress out the relationships that were found between the attributes. The top left graph already shows
the possibility of optimising the total mass and the ω1 at the same time, because they are experiments that
take values around the total mass of the reference experiment (30 kg) and at the same time much higher ω1

compared to the reference once (25 Hz). A multi-objective optimization on these two attributes is then of
great importance, searching for better solutions than the DoE result.

Before describing the result of the optimization, we can further learn about the relationships between the
attributes and investigate if any additional constrain on the optimisation is necessary: Still in Figure 14, on
the top right graph, the obvious relation is shown between the maximum displacement of the out-of-plane
load case 2, DispZ , and first ω1: this relationship is dominated by out-of-plane behaviour of the door frame,
as the stiffness is lowest in this direction due to the low thickness. When the thickness of the door frame
increases, both total mass (t) and stiffness (t3) increase. This leads to lower deformations, driven by the
stiffness, and higher eigenfrequencies, driven by both, the stiffness and the total mass. Also, DispZ do not
need to be extra constrained during the optimisation of maximizing ω1 as they automatically decrease.

Similar observations can be made for load case 3 DispPress (deformation under uniform pressure excitation),
as well (bottom right graph). For completeness, the maximum displacements on the y-direction, DispY (load
case 1), are put in evidence on the bottom left graph. There is no obvious relationship with the eigenfrequen-
cies though, as ω1 is dominated by out-of-plane (z-direction) behaviour. Because the values of DispY are
two orders of magnitude smaller compared to the displacements in z-direction, for all the DoE experiments,
they will be neither constrained during the optimisation.

In what follows, a multi-objective non constraint optimization is performed to maximize the first ω1 and
minimize the total mass.

The optimization study relies on an extension of the Differential Evolution (DE) [16] algorithm for multi
objectives problems. The adopted algorithm is an extension of the so-called Non-Dominated sorting Differ-
ential Evolution, coupled with response surface modelling techniques to improve the speed of convergence
and the resolution of the identified Pareto front. The result of all experiments of the multi objective optimi-
sation is shown in Figure 15. The following observations can be made:

Observation 1. There is a high number of experiments that reduce the total mass and at the same time
increase ω1 considerably. Indirectly optimising the stiffness by adding mass where it is needed and removing
mass where stiffness is high, the ω1 is maximized. A Pareto front is formed for total mass values between
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Figure 13: The influence of the modeling on ω1.

20 and 30 kg and for 30 < ω1 < 70 Hz (a zoom of this region is shown in Figure 16 and further discussed
in the next paragraph). Observation 2. From the global results (Figure15), ω1 has reached an upper bound,
which is an indication that for those experiments one or more of the design parameters have reached one of
their bounds. (As we further discuss at the observation 6, it is the upper bound of the thickness of the plastic
door frame.) More specifically, the concentrated region of 72–73 Hz of experiments can take any total mass
value.

Observation 3. The colors of the dots, that correspond to the attribute DispZ change from red to blue
as the frequency values increase, reminding the relationship between ω1 and the out-of-plane stiffness.
Observation 4. The experiments around the Pareto front increase the maximum displacement on the y-
direction, DispY , but this increase is relatively very small. Observation 5. The zoom of Figure 16 also
shows four representative experiments of the Pareto front: the two top values in green per experiment in-
dicate the number of experiment and the differential evolution iteration of the multi-objective optimisation.
The key words in green square imply the type of the equivalent mono-objective optimization either on ω1

or on the total mass constrained by the other one: For example, the experiment 690 found after 6 iterations
would rather correspond to a minimization of total mass with constrained ω1 at 40 Hz, while the experiment
713 found after 7 iterations would rather correspond to a maximization of ω1 with constrained total mass
at 35 kg. Small parenthesis to comment that the constraint at 40 Hz or at 35 kg can be violated during the
iterations of the optimisation. So it is advised to be rather considered as a constraint very close to 40 Hz or
very close to 35 kg.

Observation 6. Looking closer at the values of the design parameters in Figure 17, the thickness of the door
panel (last parameter on the figure) has the most dominant influence as we go from experiment 690, with the
least total mass to the experiment 713 (with the highest ω1).

Combining this, with the above Observation 2, as well as with further post processing tools in Optimus, we
can conclude that in case we need to increase the eigenfrequency even more, then we should open the upper
bound of the door panel thickness to higher than 9, or, alternatively, modify the stiffener pattern to allow
more stiffening.

Observation 7. The rest of the design parameters of the sections usually take lower values than the reference
case (less than 30mm); a secondary trend is indicated on top of every parameter. One of the sections shows
not a real trend (z-direction of the shortest fourth beam). This is an indication that further investigation is
probably needed about the importance of this beam.
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Figure 14: DoE attribute representation of the experiments in Optimus, plotted four times by exchanging the
attributes axis to show the dependencies between attributes

Figure 15: Attribute representation of the multi-objective optimisation of the mass distribution in Optimus
- Objectives : Maximize ω1 and minimize total mass

Figure 16: Attribute representation of the multi-objective optimisation in Optimus - ZOOM of Figure 15
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It should also be mentioned the possibility that this methodology of two steps could lead to a local optimum.
Ideally, all design space should be considered at the same time so that we also take into account during
the optimisation the influence on the objectives from the combinations of all the design parameters. In our
methodology, first the architecture is optimised and then comes the distribution of the mass.

Figure 17: Design parameter values for the four representative experiments of the Pareto front of Figure 16

3.3 Best Solution

For one of the best solutions of the Pareto with maximum ω1 and low total mass, the values of the design
parameters have been rounded to mm and the required value of the load case 2 is applied in order to verify if
the Pareto designs can withstand the requirements of the Light Vehicle project (Figure 18). Small parenthesis
to explain that in reality the sections of the beams that can be found ready in the market are at the order of
mm and thus, it was important to propose a design that is robust enough on the mm accuracy. Applying the
real loads, the maximum displacement at the z-direction takes acceptable value equal to 10.16 mm. ω1 keeps
its optimised value equal to 72.7 Hz.

Figure 18: Best Design with rounded design parameters and required load values of load case 2 – eigenfre-
quency = 72.7 Hz
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4 Conclusions

A two steps methodology for conceptual design of lightweight components that provide structural integrity
and a high first eigenfrequency ω1 has been proposed in this paper. The innovation to already include
structural dynamics into the very beginning of the design saves several optimisation iterations towards the
end of the design phase. During the first step, architectures are generated and their performance is evaluated
based on the values of their structural attributes, such as, the maximum displacements in three directions and
ω1. After selection of the best architecture, its mass distribution is optimised in a second step so that both
objectives are optimized, i.e., first ω1 maximized and total mass minimized.

During the first step, the tool called ConcEval WorkBench drives the generations and the evaluation of the
architectures. During the second step, the tool Noesis Optimus drives the multi-objective optimisation. Then
the best architecture with the best mass distribution is the final best solution. It has ω1 ≈ 70 Hz, which is
considered high enough to avoid strong external excitations.

The methodology has been tested on a new conceptual design of a truck door: The requirements were to
reduce considerably the weight by assuring the structural integrity of the door and avoiding eigenfrequencies
close to the road excitation noise. The replacement of a heavy material such as aluminium for the truck door
with plastic is possible, only through an increase of the thickness of the plastic door frame with a factor 3
and at the same time adding metallic (steel) reinforcement beams. Notwithstanding the addition of the extra
reinforcement beams, the total weight almost reduced to half. The position of the beams (architecture) and
the dimensioning of the components (sizing)) are used in a two-step approach to both reduce total mass and
increase ω1.

Beyond the application of the truck door, the methodology can be used for any other component that needs to
change material and thus reinforce its regions exposed to high loads. The tool of ConcEval W/B supports the
possibility of conceiving in 3 dimensions. The only limiting factor for the moment is the ConcEval generator
of architectures which still needs to expand in 3D.
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Abstract 
In this paper, we are investigating the capabilities of both classical system identification and modern 

machine learning (time regression neural networks) to derive predictive black-box models which can predict 

the wheel center loads (WCLs) by making use of either the road disturbances acting on the wheel-patch or 

strain measurements on the suspension components. The WCLs are very important for the durability 

analyses of a vehicle and their direct measurement requires the use of expensive force transducers. Thus, 

predictive black-box models can augment data sets by predictions of the WCLs when multiple vehicles need 

to be tested and where it is infeasible to instrument dedicated transducers in each vehicle. As identification 

techniques to be used to derive those black-box models, the linear ARX model, the polynomial nonlinear 

state space (PNLSS) method, and the time regression neural networks (NNs) will be reviewed and 

benchmarked using experimental data measured on a McPherson suspension test rig.  

1 Introduction 

In the vehicle dynamics design process, one challenge for the automotive OEMs is the continuous increase 

of the number of the vehicle variants and the high amount of the conditions to be tested, resulting in a large 

push for a strong simulation-driven design process as a target. Changing the roles of vehicle testing and 

simulation models in the vehicle dynamics design process is the way to reach that target. In this new 

scenario, vehicle’s tests should derive the process of the simulation model creation, parameterization, and 

validation to support and enhance the simulation-driven design process. On the other hand, tests should be 

done more efficiently, faster, and in a more reliable way. Incorporating strong simulation models when 

performing the testing process is one of the needed steps that will enable this increase in efficiency and 

robustness. This will lead in the end to integrated test and simulation solutions that can support the 

automotive OEMs in improving their vehicle dynamics design process.  Vehicle structures involve many 

interconnected components that may dynamically behave either linearly or nonlinearly depending on the 

excitation levels and the operating conditions. In the CAE modelling environment, which can be viewed as 

a white-box modelling approach, it is not always easy to obtain a high-fidelity white-box model for some of 

the vehicle’s subcomponents. One reason for that could be, for instance, because the phenomenon to be 

modelled is highly nonlinear and it is difficult to predict the actual performance using a physical 

mathematical model. A well-known example in the automotive industry are the tire models. These models 

involve a large set of parameters, which have to be identified through expensive physical experiments, which 

have to be redone for each individual tire. Another generic problem statement (for any high-fidelity CAE 

model) is that for HIL testing, the model typically has to be reduced such that the resulting computational 

complexity allows for real-time execution. However, the main advantage of using physically based models 
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(i.e., white-box models) is the ability to study the effects of the physical changes of the system itself 

(variation of the system parameters).   

An alternative to “white-box” CAE models may be found in the “black-box” modelling methods where a 

linear and/or nonlinear system identification [13] is performed on experimentally obtained input and output 

measurements without imposing physical constraints to obtain a so-called a black-box data-driven model.  

On top of the classical system identification techniques that can be used to build those models various 

techniques for time-series prediction from the field of machine learning (e.g., recurrent neural networks 

[21]) are nowadays intensively used to build black-box data-driven models for highly nonlinear dynamical 

systems.  The artificial neural network (ANN) [16,21] is one of the machine learning techniques that offers 

a flexible modelling approach, which can model a given ‘nonlinear’ system once the correct architecture 

and appropriate training data are defined. Networks are trained so that a particular input leads to a desired, 

or known, target output. Learning in neural networks (NN) is achieved by adapting the network parameters 

so that the expected error between the network and the target output is minimized. Cases found in the 

literature have shown the advantages obtainable from a shallow neural network modelling for the automotive 

applications: tire and lateral dynamics modelling [1-4], nonlinear passive hydraulic damper [5], a clutch 

system [8], a steer-by-wire system modelling [6], and a steering wheel torque model [7].  Once a black-box 

model is derived and validated it can be used for possible various applications. It can be integrated with a 

physical model to replace a component that is difficult to be physically modelled and hence to improve the 

prediction capability and numerical efficiency, e.g., a neural network model of a clutch system is integrated 

with an automotive drivetrain model for system simulations in [8]. The trained NN black-box model of the 

clutch system, together with a comprehensive drivetrain model, is implemented to simulate up-shifting 

process of an automatic transmission system under various operating conditions (e.g., different engine 

throttle levels). Black-box data-driven models can be also used in the frame of virtual sensing where it can 

be adopted to predict signals that require a costly instrumentation of the vehicle. In [3], NN black-box 

models are adopted to predict the wheel center loads (WCLs). WCLs are the loads acting on the center of 

the wheels of the vehicle due to the interaction with the road, and they are needed as input quantities to 

assess durability performances when designing a new vehicle [9]. Traditionally, those loads are measured 

during so-called Road Load Data Acquisition (RLDA) testing campaign in which the vehicle is instrumented 

with so-called Wheel Force Transducers (WFTs) that are known to be of high cost.  So, having a means to 

augment measurement data sets with validated black-box data-driven models could save time and cost in 

the RLDA testing campaign when multiple cars are needed to be tested and it is infeasible to instrument 

such transducers in each vehicle. Related to that application, black-box models that can give a good 

estimation of the WCLs from different possible input signals will be presented and discussed in the context 

of this article.  

In this contribution, the possibility of building black-box models for subcomponents of a tire-suspension 

system using system identification techniques and the time-regression neural networks will be illustrated.  

The tire-suspension system involved in this study is based on a McPherson suspension system which is 

attached to a fixed frame in the correspondence of the regular connections-to-body locations and loaded at 

the tire contact patch by six DOF hydraulic shaker capable of reproducing operational road loads. The 

suspension system includes as subcomponents:  a control arm, a lower strut, an upper strut and a tierod all 

connected to a steering knuckle that is connected to the wheel. Not all the subcomponents will be analyzed 

in this work.  The analysis in this article will be focusing on the identification of the wheel (hub + tire), 

control arm and the steering knuckle. Two black-box models will be estimated and evaluated in the frame 

of this article. The first black-box  model involves the wheel (hub + tire) as a system, and its objective is to 

model the relationship between the vertical displacement acting on the wheel patch (road disturbances) and 

the six operational WCLs acting on the center of the wheel as the input and the outputs of that system 

respectively.  The second black-box model involves the control arm plus the steering knuckle as a system 

with the objective to predict the six WCLs as output quantities from some strain signal measured on the 

control arm and the steering knuckle as input quantities. Prior to the identification process, the presence and 

the level (relative to the noise level) of the nonlinearity on the tested components will be examined using a 

sinusoidal excitation. As identification techniques to be used to derive the aforementioned black-box 

models, the ARX model, the Polynomial Non-linear State Space (PNLSS) method, and the recurrent neural 

network (RNN) will be used. These techniques will be benchmarked in terms of the prediction accuracy, 

the generalization capabilities, and the level of model complexity.  
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2 Identification techniques 

In this section, a brief introduction for the identification techniques that will be used in this work will be 

given. A detailed explanation of each technique is not the scope of this paper, and for more detailed 

explanation the reader is referred to the corresponding reference. The techniques that will be used are the 

linear ARX model, the polynomial nonlinear state space (PNLSS) method, and the time-regression neural 

network (NN). 

2.1 Linear ARX model 

The linear ARX (Autoregressive model with eXogenous Input) models belong to the equation error model’s 

category that constitute the simplest way of modelling the dynamics of a linear system driven by an input 

in the presence of uncertainties. The linear ARX model describes the observed outputs as the sum of a 

regression on the previous input and output observations and of a white noise process that describes the 

equation error [13]. This gives the following model (assuming a single input single output (SISO) system) 

 𝑦(𝑡) = ∑ 𝑏𝑖𝑢(𝑡 − 𝑖) − ∑ 𝑎𝑜𝑦(𝑡 − 𝑜) + 𝑒(𝑡)
𝑛𝑎
𝑜=1

𝑛𝑏
𝑖=1  (1) 

with 𝑦(𝑡), 𝑢(𝑡), and 𝑒(𝑡)  the output, the input, and the white noise disturbance (the equation error) 

respectively at time instant 𝑡, 𝑛𝑎 and 𝑛𝑏 the ARX model orders. The adjustable parameters are 𝜃 =
[𝑎𝑜 𝑎𝑜 ⋯ 𝑎𝑛𝑎 𝑏1 ⋯ 𝑏𝑛𝑏]

𝑇. In a special case of that model where 𝑛𝑎 = 0 the output 𝑦(𝑡) is 

modelled as a finite impulse response (FIR). For a multi input multi output (MIMO) case, the output 𝑦(𝑡) 
is a 𝑁𝑜-dimensional vector with 𝑁𝑜 the number of outputs, the input 𝑢(𝑡) is a  𝑁𝑖-dimensional vector with 

𝑁𝑖 the number of inputs, the coefficients 𝑏𝑖 are 𝑁𝑜  × 𝑁𝑖 matrices, and the 𝑎𝑜 are 𝑁𝑜  × 𝑁𝑜 matrices. The 

total number of parameters to be identified for an ARX MIMO model is 𝑛𝑎 . 𝑁𝑜
2 + 𝑛𝑏 . 𝑁𝑜𝑁𝑖 .  

2.2 PNLSS model 

A polynomial nonlinear state-space (PNLSS) model is a model which consists of the classical linear state-

space part and the nonlinear extension part where cross terms of the input and states are considered, see 

Figure  1. It is based on the work of [14]. A freely available implementation of the PNLSS Matlab toolbox 

can be found on [15]. It estimates and simulates polynomial PNLSS models from measured data. The 

PNLSS model structure is flexible, as it can capture many different nonlinear dynamic behaviors (hysteresis, 

nonlinear feedback, etc.). The model structure can also easily deal with multiple inputs. The method has 

already been successfully applied in a large range of applications (mechanical, electronical, 

electrochemical).  

 

 

 

Figure 1: The theoretical structure of PNLSS model. 

The total number of parameters to be estimated in the PNLSS model is ((𝑛(𝑛 + 𝑁𝑜 +𝑁𝑖) + 𝑁𝑜𝑁𝑖) +

(𝑛.𝑁𝑥𝑢𝑥 +𝑁𝑜. 𝑁𝑥𝑢𝑦)) with 𝑛 the number of states, 𝑁𝑜the number of outputs, 𝑁𝑖 the number of inputs, and  

𝑁𝑥𝑢𝑥, 𝑁𝑥𝑢𝑦 depending on how many cross terms of the inputs and states are considered in the nonlinear part 
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of the state and the output equations respectively. For instance, for a system with a single input and 2 states, 

if all possible quadratic and cubic monomials in the states and input cross terms 

(i.e.,𝑥1
2𝑥2

0𝑢0, 𝑥1
1𝑥2

1𝑢0, 𝑥1
1𝑥2

0𝑢1,…, 𝑥1
0𝑥2

0𝑢3) are considered, this will result in  𝑁𝑥𝑢𝑥 = 16   and  𝑁𝑥𝑢𝑦 = 16. 

The main concern is that the PNLSS is extremely sensitive to unseen input distributions and it might produce 

unstable simulation output. 

2.3 Artificial Neural Networks (ANN) 

Artificial neural networks (ANN) is a powerful tool that have become a very popular choice of model 

structure in recent years when identifying a dynamical system from input-output data [16,13,20]. The study 

of ANN and its engineering applications can be traced back respectively to the 1960s and 1980s. It has now 

found applications in pattern recognition, intelligent control, signal and graphics processing, system 

identification, nonlinear optimization, vibration control, and market prediction. A time-regression ANN is 

used to derive data-driven models for the nonlinear dynamic systems where the network trains itself from 

the input-output data of the identified system. Thus, the trained network reflects the input-output 

characteristics of the system it intends to represent. A main difficulty in dealing with a nonlinear system lies 

in finding a reliable mathematical model for it. The advantage of the ANN is that it does not rely on prior 

knowledge of the type of the nonlinearity or on a preconceived mathematical model for the nonlinear system 

under test. Owing to its learning ability and its nonlinear nature, ANN is well suited for nonlinear system 

identification.  

The time-regression ANN is generally composed of three main interconnected layers: the input layer, the 

hidden layers, and the output layer. The input layer contains the independent input signals that are connected 

to the hidden layer for processing. The hidden layer(s) are composed by a set of processing units called 

neurons. The neurons in the hidden layer process the input signals by accumulating each stimulus and by 

transforming the total value using an activation function. The activation function builds the nonlinear 

relation between the output and the input signals. The commonly used activation functions when identifying 

a nonlinear system are the hyperbolic tangent sigmoid (𝑇𝑎𝑛𝑆𝑖𝑔) and the log sigmoid (𝐿𝑜𝑔𝑆𝑖𝑔) functions. 

The stimuli to and from a neuron are modified by a real value called weight, which characterizes the relative 

importance of that stimuli. In the output layer, the number of neurons equals the number of the output 

signals, and a linear activation function is commonly used.  To simply illustrate the flow of the signals in a 

neural network, Figure 2 shows a simplified representation of a neural network for a system with 2 inputs 

(𝑥1,𝑥2) and one output (𝑦). The network is composed of an input layer with two neurons, one hidden layer 

with one neuron, and an output layer with one neuron. 𝑤1𝑗, 𝑤2𝑗 are respectively the weights of the first and 

the second inputs when connected to the neuron 𝑗 in the hidden layer, 𝜑(𝑣𝑗) is the activation function that 

transfers the total of the accumulated stimulus 𝑣𝑗  given by the neuron 𝑗 in the hidden layer and moving it 

forward to the output layer, 𝑏𝑗 is a bias value, 𝑤𝑛1𝑜1 is the weight of the output moving from the neuron 𝑗 

in the hidden layer to the neuron 𝑜1 in the output layer, 𝑏𝑜1  is a bias value for the neuron 𝑜1 in the output 

layer, 𝑣𝑜1 is the accumulated stimulus from the neuron 𝑜1 in the output layer, and  𝐿(𝑣𝑜1) is a linear 

activation function considered for the output layer. From Figure 2, one can observe that the final output 

predicted by the network can be written as in equation (2). The network is trained by optimizing its weights 

and biases (e.g.  𝜃 = [𝑏𝑗 𝑏𝑜1 𝑤1𝑗 𝑤2𝑗 𝑤𝑛1𝑜1]
𝑇
) in order to match the predicted outputs to the desired ones. 

The network’s weights and biases are optimized by minimizing the error between the predicted value of the 

output and the desired value (i.e., 𝐸 = 𝑦 − �̂�) using a backpropagation technique. 
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Figure 2: A simplified neural network composed by one hidden layer with one neuron for a system with 2 

inputs and one output 

 �̂� = 𝑏𝑜1 +𝑤𝑛1𝑜1
1

1+𝑒
𝑏𝑗+(𝑤1𝑗𝑥1+𝑤2𝑗𝑥2) (2) 

Levenberg-Marquardt (LM) algorithm is one of the commonly used backpropagation techniques when 

training a regression ANN for prediction. In the LM algorithm, the parameter vector 𝜃 is continuously 

updated over a predefined number of iterations (epochs) using the LM equation 𝜃𝑖+1 = 𝜃𝑖 −

[𝐽𝑖
𝑇𝐽𝑖 + 𝜆𝑖𝐼]

−1
𝐽𝑖
𝑇𝐸𝑖  with 𝑖 the current iteration (epoch), 𝜃𝑖 the parameters vector, 𝐽𝑖 the Jacobian matrix (the 

derivatives of the error equation with respect to all the weights and biases), 𝜆𝑖 an adaptive  positive scalar 

used to improve the matrix inversion, and 𝐸𝑖 the error vector. The performance of the network is measured 

by a cost (loss) function (e.g. mean square error MSE: ℓ(𝑦|𝜃) = 1 𝑁⁄ ∑(𝑦 − �̂�)2 ) at each epoch.   

The interconnection pattern of neurons and of layers demonstrates the architecture of a neural network (NN) 

and indicates its functionality. Some commonly used regression NN architectures for time prediction of 

dynamical systems are Feed Forward NN (FFNN), Time Delay NN (TDNN), and Recurrent layer NN 

(RNN). Feed Forward NN can be used for any kind of input to output mapping. However, it is preferred 

when modelling static input-output data meaning that there is no time-dependency in the data sequence. In 

the Feed forward network, the information from the input layer to the output layer passing through the 

hidden layers always moves in one direction, and it never goes backwards. The Time delay NN (TDNN) 

and recurrent NN (RNN) are meant to model dynamic data where the data sequence has a time-dependency. 

The TDNN is similar to the feedforward NN, but for the TDNN the input weight has a tap delay line 

associated with it. This means that both the instantaneous and the past input samples will be used to predict 

the instantaneous output sample. The RNN is also similar to the feedforward NN, except that each layer has 

a recurrent (or a feedback) connection with a tap delay associated with it. This recurrent connection with a 

tap delay allows the RNN to acquire state representation. Having this state representation allows the RNN 

to not only learn from the provided inputs but also from the hidden state of the network. Another advantage 

of the recurrent connection is that it enables the design of a physics-informed NN architecture [17]. When 

selecting a NN architecture the so called hyperparameters need to be set before starting the training. The 

most common  hyperparameters that are needed to be set are the number of hidden layers, the number of 

neurons per hidden layer, the number of epochs, the number of delays for the TDNN and RNN, the type of 

activation function per hidden layer, the learning approach, the learning rate, and the data division (training 

& validation subsets) ratio. The number of the parameters (weights & biases) to be estimated depends on 

the NN architecture selected for the modelling problem. The NN complexity should be carefully set with 

respect to the size of the training data to avoid solving an underdetermined problem.   

3 Measurement Setup 

The identification techniques introduced in section 2 will be applied to input - output data measured on the 

tire-suspension test-rig shown in Figure 3-a. The tire-suspension system under test is based on a McPherson 

suspension system which is attached to a fixed frame in correspondence of the regular connections-to-body 

locations and loaded at the tire contact patch by a six DOF hydraulic shaker capable of reproducing 

operational road loads. This is closely related to the case of operational vibration measurement campaigns 

performed on prototype vehicles driven on proving grounds useful to gather data for fatigue assessments. 

The suspension system includes a control arm, a lower strut, an upper strut and a tierod all connected to a 

𝑤𝑛𝑗𝑜1

𝑏𝑗  𝑥1

  𝑥2

    ∑

𝑣𝑗 = 𝑏𝑗+(𝑤1𝑗𝑥1 + 𝑤2𝑗𝑥2)

𝜑 𝑣𝑗 =
1

1+ 𝑒 𝑗

Sigmoid activation function

∑

𝑏𝑜1

𝐿 𝑣𝑜1 = 𝑣𝑜1

Linear activation function

𝜑 𝑣𝑗
𝑣𝑜1 = 𝑏𝑜1+(𝑤𝑛1𝑜1𝜑 𝑣𝑗 ) �̂� = 𝑣𝑜1 = 𝑏𝑜1  𝑤𝑛1𝑜1𝜑 𝑣𝑗  

Input Layer Hidden Layer Output Layer
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steering knuckle that is at the end connected to the wheel (cf. Figure 3-b). The four connection-to-body 

locations are indicated with the red dots. A load cell is interposed between the knuckle and the tire rim as 

shown in Figure 3-c. While being rigidly screwed on the knuckle side, the load cell includes bearings as 

well as a rotating spindle on the tire rim side such that the rolling motion of the tire is allowed. Such device 

directly measures the WCLs, which consist of three forces and three moments along and about the three 

global vehicle axes, and they are indicated as 𝐹𝑥 , 𝐹𝑦, 𝐹𝑧, 𝑀𝑥 ,𝑀𝑦, and 𝑀𝑧 in this paper.  Sensors have been 

distributed over knuckle and control arm for 34 strain gauges channels in total as shown in Figure 3-d. 

Subsets of those sensor channels will make up the sensor sets used in the identification process as explained 

in Section 4.  Additionally, the signal from the internal LVDT sensor of the hydraulic shaker which measures 

the vertical position of the latter has been acquired. This sensor signal gives the road profile that disturbs 

vertically the full suspension system at the tire patch. An optical displacement sensor is also installed in 

order to measure the suspension deflection, i.e. the relative displacement between upper strut and lower strut 

along the strut axis, as it is visible in Figure 3-b. Such displacement sensor, along with several 

accelerometers distributed over knuckle, control arm and frame as well as a pair of additional strain gauges 

on the tierod, completes the full instrumentation. Table 1 lists the executed experimental runs that are 

relevant for this work. In all of them a purely vertical motion of the hydraulic shaker has been imposed. In 

the considered 3 runs, a random road profile has been replicated where the time signal of the imposed road 

profile has been generated such that its Power Spectrum Density (PSD) is representative of a road profile 

class according to the ISO standard [10]  and assuming a constant vehicle speed.  

 

 

(a) (b) (c) (d) 

 

 
 

 

Figure 3: The validation test-rig is based on a McPherson suspension attached to a frame on one side and 

loaded by a six DOF hydraulics shaker capable of reproducing road loads on the other side. 

 

Table 1: The three experimental runs relevant for this work 

 

ID Signal type Frequency (Hz) Excitation level 

1330 Random Road A (realization 1) 0-40 + 

1370 Random Road A (realization 2) 0-40 + 

1380 Random Road B 0-20 ++ 

 

 

A low-pass filter with cutoff frequency of 40 Hz and 20 Hz for the first 2 runs and the 3rd run respectively 

has also been applied to such signal as a safety precaution with respect to the test rig integrity. To verify the 

generalization capabilities of the identified black-box models, the experimental run A-1330 will be used to 

train the models while the other two runs (i.e. run A-1370 & run B-1380) will be kept as unseen data for 

testing the models. The random road profiles class ‘A’ and ‘B’ are shown in Figure 4 both in time and 
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frequency-domains. Comparing road class ‘A’ and road class ‘B’, one can see that road class ‘B’ is narrower 

in terms of frequency bandwidth but higher in terms of amplitude. More details about the test rig 

configuration can be found in [11,12]. 

 

4 Results & Discussion 

Figure 5 shows a schematic of the interconnected subsystems to be identified and the considered inputs and 

outputs for each subsystem. The steering knuckle and the control arm are taken as one subsystem which has 

as inputs the six WCLs  (3 forces & 3 moments)  acting on the connection point between the wheel’s center 

and the steering knuckle and has as outputs 34 strain signals measured by strain gauges distributed over the 

control arm and the knuckle structures. A subset composed of six strain signals are selected from the 34 

measured strains for the identification process. These six strain signals are selected based on an optimal 

sensor placement strategy for nonlinear systems in order to maximize signal-to-noise ratio and observability. 

More details on the strain signals selection procedure can be found in [11]. The wheel (hub + tire) system 

has as an input the vertical displacement generated by the hydraulic shaker and has as outputs the six WCLs 

acting on the center of the wheel.  

 

 

 

Figure 4: The reproduced random road profiles (see Table 1) correspond to a road class ‘A’, and a road class 

‘B’.  Two realizations of road A and one realization of road B are shown.  

4.1 Nonparametric analysis 

The analysis in this section aims to examine the presence and the level of non-linearity in the identified 

subsystems. To achieve that, a harmonic distortion analysis is adopted: the tire-suspension system is excited 

at the wheel patch by a sinusoidal signal and the output signals are analyzed in both time and frequency 

domains where the distortion of the signal in the time-domain and the presence of new harmonics in the 

spectrum plot will be examined. The sinusoidal signal used in this analysis is of 10 mm amplitude at 4 Hz, 

and it consists of 28 periods sampled at 1000 Hz.  The time history and the spectrum of this excitation signal 

are shown in Figure 6. As it is shown in the spectrum plot the signal injects energy at one frequency (i.e., 4 

Hz) while all the other frequency lines have energy below the noise level that is presented by the blue line. 

The noise level is obtained by averaging the FFT of the signal over the 28 periods to calculate the standard 

deviation of the noise. The noise standard deviation at the excited frequency line is taken as a measure for 

the noise level. The time-domain response and the corresponding frequency-domain spectrum for the wheel 

center forces (𝐹𝑥 , 𝐹𝑦, and 𝐹𝑧) and three typical strain signals are shown in Figures 7 & 8 respectively. The 

wheel center moments and the other three strain signals are not shown, but they show the same behavior. It 

can be seen from Figure 7 & 8 that the output signals, either the WCLs or the stain responses, have a distorted 

time-domain wave form, and that on top of the excited frequency line new harmonics, which have energy 
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higher than the noise level, are generated. Both the distortion in the time-domain signals and the generation 

of new dominant harmonics (i.e., harmonics that have energy higher than the noise level) clearly indicate 

the presence of a significant nonlinearity in the identified subsystems. The new dominant harmonics are 

generated on both odd and even frequency lines that indicates the presence of both even and odd 

nonlinearity. 

 

 

Figure 5: A schematic of the interconnected subsystems to be identified  

 Following the schematic given in Figure 5 and the analysis shown in Figure 7 and 8, it can be concluded 

that the relationship between the road disturbances and either the WCLs (i.e., subsystem 1: D3Z-WCLs  ) 

or the strain responses  (i.e., subsystem 1+subsystem 2: D3Z-Strains) is a nonlinear relationship which was 

expected due to the presence of the tire in that path. Since both the WCLs and the strain responses are output 

signals generated from the application of the vertical displacement (D3Z) as an input it is not possible to 

judge the nature of the relationship (linear or nonlinear) between the WCLs and the strain responses.  

However, from the linearity analysis (i.e., using a linear model in the identification process) given in the 

next sections of the paper this relationship (i.e., between the WCLs and the strain responses) seems to be a 

linear relation.  

4.2 Parametric analysis: data-driven models 

In this section, the capability of the identification techniques introduced in section 2 to derive data-driven 

black-box models for the sub-systems under identification will be tested. The main objective of those black-

box models is to give an estimation of the WCLs as an output quantity considering as input quantity either 

the road disturbances acting vertically on the wheel patch or the strain signals measured on the control arm 

and the steering knuckle. Although those two scenarios will be illustrated and discussed in the next two 

subsections, the second scenario (i.e. estimating WCLs from measured strain signals) seems more feasible 

from the practical point of view since the first scenario requires the measurement of the road disturbances. 

4.2.1 Subsystem 1: Wheel (hub + tire)   

Starting from the displacement applied on the wheel patch as an input, the linear ARX model, the PNLSS 

method and a recurrent neural network (RNN) are trained to estimate the WCLs acting on the center of the 

wheel. The random road A (realization #1) is used to train the models while the random road A (realization 

#2) and the random road B are kept as unseen data to test the generalization capability of the estimated 

models. For the three methods the training data are divided into 2 subsets. The first set was taken as 70% of 

the data samples and was used for estimating/tuning the model’s parameters while the other 30 % was kept 

for validation. The model size of the ARX and PNLSS method is determined by trying different model 

orders and the best model size was selected based on the best performance in terms of goodness-of-fit 

calculated on the validation data. The PNLSS method requires an accurate estimation of the frequency 

response functions (FRFs) of the system. In order to achieve this the FRFs are calculated by using the local 

polynomial technique [19] instead of the classical 𝐻1 estimator and by considering a transient term during 

the estimation of the FRFs to reduce the leakage errors. 

Steering Knuckle

+

Control Arm

Wheel

(hub + tire)

Road 

disturbances

D3Z

Strain signals

S

WCLs
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Subsystem 2
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Figure 6:  A sinusoidal excitation (28 periods) of 10 mm amplitude at 4 Hz used to illustrate the presence 

and the level of the nonlinearity in the identified system.   

 

Figure 7:  Wheel center forces Fx, Fy, and Fz in both time domain (zoom-in) and frequency domain. For the 

frequency domain plots: odd frequency lines (black circles), even frequency lines (red crosses), noise level 

at the excited line (blue solid line), and 99% bounds of the noise level of the excited line (dashed-green line)  

The recurrent neural network (RNN) was constructed and trained in 𝑀𝐴𝑇𝐿𝐴𝐵 using the Neural Network 

toolbox [18].  The RNN adopted in this exercise has only one hidden layer with logsig activation function, 

trainlm learning function, and a learning rate 0.01. The number of epochs is set to 100 epochs.  The other 

hyperparameters, e.g., the layer delays, the number of hidden neurons, and the initial values for the weights 

and biases, are then selected based on the best validation performance calculated over different settings of 

those hyperparameters. Different layer delays amongst 2, 3, and 5 have been tried considering a wide range 

of number of neurons (i.e., 1 to 23 neurons) for each layer delay case. At each layer delay-number of neuron 

combination case five random initialization trials have been considered. In all the tried training runs of the 

RNN the early stopping option with 6 fails was used to avoid overfitting (i.e., training will automatically 

stop if the validation MSE gets higher than the training MSE for 6 consecutive epochs). Based on the 

performance of the models on the validation data, the model orders for the ARX model are selected to be 

(𝑛𝑎 = 0 & 𝑛𝑏 = 100) which results in 600 free parameters to be estimated. For the PNLSS, the number of 

states is taken as seven states and quadratic and cubic power terms are considered in the nonlinear terms in 

both the state and the output equation considering that those nonlinear terms are function of both the input 

and the states (i.e.,𝑓(𝑥, 𝑢) ).  Therefore, the PNLSS model has 2132 free parameters to be estimated. The 

selected RNN architecture has 5-layer delays and 22 hidden neurons that gives in total 2602 parameters (28 

biases and 2574 weights) to be estimated. The goodness of fit (GOF) between the measured and the 

simulated time-domain signals is used as a criterion to measure the accuracy of the estimated models (cf. 

𝐺𝑂𝐹 = (1 − 𝑁𝑅𝑀𝑆𝐸) × 100 %,  with 𝑁𝑅𝑀𝑆𝐸 the normalized root mean square error. The GOF takes a 

value ranges from −∞ for a very bad fit to 100% for a perfect fit).  

VEHICLE NOISE AND VIBRATION (NVH) 3295



 

Figure 8:  Strain signals in both time domain (zoom-in) and frequency domain. For the frequency domain 

plots: odd frequency lines (black circles), even frequency lines (red crosses), noise level at the excited line 

(blue solid line), and 99% bounds of the noise level of the excited line (dashed-green line)  

Figure 9 shows the estimation results for the WCLs expressed in terms of goodness of fit calculated between 

the measured signals and the simulated ones for the three experimental runs represented in Table 1. The 

results obtained based on the training run A1330 show that an improvement in the estimation of the WCLs 

is gained by using the nonlinear models (either the PNLSS or the RNN) over the linear one. The linear ARX 

model shows the lowest goodness of fit for all the six WCLs channels, and the best performance it achieves 

is only 59% on the dominant force (WCLs: Fz).  The RNN model shows a slightly better performance than 

the PNLSS as it is shown in Figure 9/ training run A-1330 results, and this points out the applicability of 

the NN as an identification technique for the nonlinear dynamical systems. The performance of both the 

PNLSS and the RNN models slightly decreases when tested on road A-1370 which is just another realization 

of the training data (i.e. has the same frequency content and the same amplitude level as the training data). 

So, they have a reasonable generalization ability when used with data that have the same nature (e.g. 

amplitude and frequency content) as the training data.  When tested on road B-1330, which is different from 

the training data in terms of amplitude and frequency content, the performance of the PNLSS and the RNN 

models is a channel-dependent. For certain channels the goodness of fit significantly decreases which gives 

an impression that the generalization ability of the models is poor. This can be noticed for instance on the 

force channel Fx where the goodness of fit for this force channel drops by more than 20 % compared to run 

A-1330 and run A-1370 results and this is for both the PNLSS and the RNN models. This can be justified 

by the fact that the channel force Fx exhibits high level of nonlinearity compared to the channels Fy and Fz 

(cf. Figure 7, Fx has the highest nonlinear distortion to noise ratio ~ 50 dB compared to Fy and Fz). 

This may explain why the PNLSS and the RNN models have a poor generalization ability for this channel. 

For some other channels (e.g. Fy, Fz, My, and Mz), the performance of the PNLSS and RNN models on the 

testing data B-1380 is comparable with their performance achieved on the training run and the testing run 

A-1370. Therefore, it can be concluded that neither the PNLSS nor the RNN has a good generalization 

ability for all the 6 WCLs channels in general, and their generalization performance seems to be channel- 

dependent which could be due the fact that the level of nonlinearity is different from one channel to another. 

The goodness of fit of the linear ARX model does not have remarkable changes when comparing its 

performance on the training and on the testing runs because the linear model is already a biased model on 

the training data itself. Figure 10 shows the fit between the power spectrum density (PSD) of the measured 

WCLs and the PSD of the simulated ones for the testing run B-1380. From this figure, one can clearly see 

that the linear (ARX) model closely fits the measured data up to the maximum frequency of the input signal 

for this run (i.e. 20 Hz). The linear ARX model starts to diverge from the measured data above 20 Hz since 

the energy injected at those frequency lines is mainly due to the nonlinear dynamic behavior of the system 

as the excited frequency lines interact with each other and generate energy on the non-excited frequency 

lines (i.e. > 20 Hz). The nonlinear models, i.e. the PNLSS and the RNN models,  not only closely fit the 

dynamics of the system up to 20 Hz but also try to capture some high frequency dynamics that are generated 
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due to the nonlinear behavior of the system (i.e. the new harmonics generated from the interactions between 

the excited frequency lines). The PNLSS and the RNN give a comparable result, and they both lead to an 

improvement in the prediction accuracy when compared to the linear model.  In terms of the model 

complexity, the RNN uses 470 parameters more than the PNLSS. However, in terms of the signal processing 

steps needed, the PNLSS is less user-friendly than the neural networks (NN) since it requires some advanced 

signal processing methodologies when calculating the FRFs (e.g., transient effects modelling, averaging in 

frequency-domain, using an advanced technique like the local polynomial technique,..).   

 

 

Figure 9: The goodness of fit between the measured and the simulated 6-WCLs from the different models 

(Road disturbances-WCLs black-box models) 

4.2.2 Subsystem 2: Steering knuckle and control arm 

In this subsection the three identification techniques (i.e., ARX, PNLSS, and RNN) will be used to derive a 

black-box  model that estimates the WCLs from the six selected strain signals measured on the steering 

knuckle and the control arm (i.e. MIMO model with 𝑁𝑖 = 6 & 𝑁𝑜 = 6 ).  The hyperparameters for each 

technique are set in the same way that is explained in subsection 4.2.2. The training data are divided into 

training and validation subsets (i.e. 70% for training & 30% for validation), and the hyperparameters for 

each model are selected based on the best performance calculated on the validation data segment. The model 

orders for the ARX model are selected to be (𝑛𝑎 = 0 & 𝑛𝑏 = 20)  which results in 720 free parameters to 

be estimated. For the PNLSS, seven states are considered with both quadratic and cubic power terms 

considered in the nonlinear polynomial term in the state equation only (the nonlinear terms are taken as a 

function of both the input and the states (i.e.,𝑓(𝑥, 𝑢) ). This results in 3991 parameters for the PNLSS model. 

The selected RNN architecture has 5-layer delays and 10 hidden neurons that gives in total 636 parameters 

(16 biases and 620 weights). Figure 11 shows the accuracy of the estimation of the six WCLs for the ARX, 

PNLSS, and RNN models expressed in terms of goodness of fit between the directly measured WCLs and 

the estimated ones for both the training data set (run A-1330) and the two testing runs (run A-1370 & run 

B-1380). Figure 12 shows the time series of the measured and the estimated signals for the testing run B-

1380 as an example.  From Figures 11 & 12, one can see that the three models give a quite good prediction 

for the six WCLs, and this is for both the training data set and the two testing data sets. The linear ARX 

model gives a quite comparable good prediction of the WCLs to the ones obtained by either the PNLSS or 

the RNN models. The equivalence in the performance between the linear and the nonlinear models implies 

that the relationship between the strains and the WCLs is a linear relation up to the considered excitation 

levels. For the WCL Fy channel in the two testing runs, one can see that the ARX and the RNN models 

show an opposite behavior with respect to the PNLSS model. For the testing run B-1380, the PNLSS shows 

about 20% higher goodness of fit compared to the ARX and RNN, while for the testing run A-1370 the 

ARX and RNN show about 15% higher goodness of fit compared to the PNLSS model. To further 

investigate that, the PSD of the measured and the estimated signal of the WCL Fy channel are plotted in 
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Figure 13 together with the goodness of fit calculated up to 100 Hz which is a more-than-sufficient frequency 

range for the vehicle dynamic applications. 

 

 

Figure 10: Power spectrum density (PSD) of the measured WCLs compared to the PSD of the simulated 

WCLs of the 3 estimated models for the road profile B-1380 (D3Z-WCLs black-box models) 

 

Figure 11: The goodness of fit between the measured and the simulated 6-WCLs from the different models 

(Strains-WCLs black-box models) 

 For the testing run B-1380, the differences between the three techniques in terms of the frequency-domain 

based calculated goodness of fit values are not that significant, and the ARX & RNN seem to perform 

slightly better than the PNLSS at higher frequencies. For the testing run A-1370, the results shown in Figure 

11 and Figure 13 show that the AXR and the RNN keep giving better goodness of fit both when it is 

calculated considering all the frequency components and when it is calculated considering the frequency 

components up to 100 Hz only. The low performance of the PNLSS for this force channel (run A-1370/ Fy) 

can be explained by the fact that it misses a peak around 80 Hz (cf. Figure 13/ Testing run A-1370).  

The generalization ability of the studied techniques in this exercise seems to be better than the case of 

subsystem 1 introduced in section 4.2.1, and this is expected since in this case the considered system behaves 

linearly. In terms of the model complexity, the RNN is the lowest complexity model where it has 636 

parameters. The linear ARX model comes in the second place with 720 parameters, while the PNLSS is the 

highest complexity model with 3991 parameters. The good prediction of the WCLs achieved by the studied 

black-box models confirms the applicability of those models to be used as data-driven virtual sensors to 
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augment measurement data sets. This could help in reducing both the cost and the time needed when multiple 

cars are needed to be tested.  

 

 

Figure 12:   Time series (zoom-in) of both the measured and the predicted WCLs for experimental run B-

1380 (Strain-WCLs black-box models)  

 

Figure 13: Power spectrum density (PSD) of the measured WCL Fy compared to the PSD of the simulated 

WCL Fy from the 3 estimated models (Strain-WCLs black-box models) 

5 Conclusions 

In this paper, the linear ARX model, the PNLSS, and the Recurrent Neural Networks (RNN) are used to 

derive black-box models for subcomponents of a tire-suspension system. The derived black-box models are 

meant to estimate the operational WCLs acting on the center of the wheel through two different paths.  The 

first path involves the wheel as a component to be identified while the second path involves the control arm 

together with the steering knuckle. For the first path, black-box models are derived using the adopted 

identification techniques to estimate the WCLs from the road disturbances acting on the tire patch. For the 

second path, the WCLs are inversely estimated from the strain signals measured on the steering knuckle and 

the control arm. A nonparametric analysis using a sinusoidal excitation showed that the first path exhibits a 

nonlinear behavior which is mainly due to the expected nonlinear behavior of the tire. The nonlinear models 

derived by the PNLSS and the RNN for this path improve the estimation of the WCLs compared to the 

linear ARX model. The generalization ability of both the PNLSS and the RNN models was found to be a 

channel dependent due to the different level of nonlinearity in each channel. The generalization ability of 

those models can be further improved by adopting some regularization techniques (e.g., Akaike criterion, 

Bayesian estimation framework...). In a complex mechanical structure like a tire-suspension system, not all 

the subcomponents are necessarily by default assumed to behave in a non-linear fashion. This has been 
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noticed when analyzing the second path that involves the control arm together with the steering knuckle as 

components. For this path, the WCLs estimation results showed that the linear ARX model works as accurate 

as the PNLSS and the RNN, and this indicates a linear relation between the strains and the WCLs up to the 

excitation levels considered in this work. The ARX and the RNN models with a smaller number of 

parameters and less signal processing steps compared to the PNLSS method were able to deliver the same 

level of the estimation accuracy. Since the relation between the strains and the WCLs seems to be linear the 

three studied techniques seem to be able to generalize well in this case. The black-box model derived for 

the steering knuckle & the control arm can be considered of a high value since it can augment data sets by 

predictions of the WCLs when multiple vehicles need to be tested and where it is infeasible to instrument 

dedicated transducers in each vehicle.  
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Abstract 
The electrification of vehicles brings new challenges to noise control, as higher frequency components and 

a lack of masking noise (originally from the combustion engine). This work focus on the experimental 

identification of electric vehicle (BMWi3) noise and on perception analysis. The measurements are made 

during a run-up manoeuvre and psychoacoustic analysis (based on loudness and sharpness) is performed 

afterwards. As results, strong tonal high-frequency noise arises related to the electrical motor orders and 

harmonic components (fan effect) from the power electronics, not only around the switching frequency but 

also around its multiples. By extracting (bandpass filter) and filtering (removing) orders and bands, it is 

possible to rank the components regarding its annoyance. Such results can contribute to the development of 

packaging of the noise sources, based on new materials (as metamaterials) and active solutions (as smart 

structures), as well as a combination of both (active metamaterials). 

1 Introduction 

In the latest years, an intensive process of vehicle electrification could be observed (Figure 1). In one 

extremity, there is the traditional Internal Combustion Engine (ICE) vehicle. On the other extremity, there 

is the Pure Electric Vehicle (PEV). Between those points, some possibilities have been developed such as 

Hybrid Vehicles (HV) and Range-extended Electric Vehicle (ReEV). In one hand, the HV presents an ICE 

combined with an electric motor suitable to switch between the motors according to the demand. On the 

other hand, the ReEV is always driven by the electric drive (using the batteries and power electronics) and 

a small auxiliary ICE is used to recharge the batteries.  

Since the presence of electric motors/drives have been increasing in vehicles, its noise behaviour presents 

new patterns. In this way, the efforts regarding noise reduction from ICE must be reoriented to new 

challenges. As the first point, taking out an ICE from a vehicle will decrease substantially the internal and 

external global sound pressure levels. Therefore, the sound pressure level itself becomes less important as 

an acoustic parameter [1]. At low speeds, while in electrical operational mode, the vehicle noise will 

decrease at such level that may be a risk to pedestrians [1] [2]. Electric and power electronics / conversion 

noises become more important [3] with an increase in frequency range [3] [4]. The signature sound from 

electric motors is based on permanent magnet synchronous motors, that are characterized by multiple high-

frequency tonal components originating from harmonics of the electromagnetic force waves acting on the 

stator housing [4] [5]. As the global sound pressure level reduces, auxiliary systems (controllers, fans and 

pumps) noise require more attention in the vehicle development [3]. 
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Figure 1: Vehicles electrification 

Regarding HV and ReEV, the same noise problems occur as of ICE and PEV vehicles. However the problem 

of frequent Start/Stop process of the ICE is added [6]. For example, a knocking sound with a high sound 

pressure level appears during the ICE stop process. In its term, the structural characteristics are not prepared 

for the new vibro-acoustic sources [6]. As the automotive sub-systems noise has reached the lower sound 

pressure levels, the electric powertrain has created unacceptable noises [7]. 

Additionally, some effort could be verified dealing with the generation of alert signals to prevent: (i) low 

exterior noise for pedestrians [8] [9] [10] and (ii) low internal noise for the driver dynamic impression at 

high speeds. 

One important aspect arises in this context: the perception evaluation of the noise will play an important 

role in vehicle development. As the high sound pressure levels related to the ICE do not exist in a PEV, 

other sound profiles must be understood and developed. Psychoacoustics (sometimes referred as Sound 

Quality) is the study of the human perception of the sound. Psychoacoustic metrics offer better agreement 

with subjective sensation than conventional A-weighted and unweighted sound pressure levels [1]. 

Some important psychoacoustic metrics (parameters) are: Loudness (level metric), Sharpness (annoyance 

metric). Loudness describes the perception of level (there are different standards) and considers non-

linearities and masking effects of the hearing system. Sharpness describes the sensation of (un)pleasantness 

of a sound. It is strongly related to the spectral content of the sound, with a pre-emphasis for higher 

frequencies.  

When those metrics are applied to the vehicle development, interesting discussions come up around how 

the sound of an electric vehicle would be like (internal and external). For the moment, it remains unclear 

what exactly the interior noise of an electric vehicle should sound like. Some researchers are mixing virtual 

noise to mask the noise from electrical vehicles [11], for example. Although intuitively the reduction of 

noise and/or vibration levels should always be perceived as good, human related perceptions might result 

negatively affected, once psychoacoustic issues related with masking, pitch, equalization are not foreseen 

[12]. While there are discussions about how target noise of electric vehicles should sound like and what 

possibilities exist for NVH engineers to design the sound of electric cars [6], the great challenge is to 

determine target sounds in the context of new alternative drives concepts [13]. 

1.1 Pure Electric Vehicles noise 

Several studies are presented in the following paragraphs to understand the main and some specific 

characteristics of the PEV noise behaviour. 

To understand the PEV noise, it is important to verify one example of a HV internal noise [1]. The interior 

noise spectrogram run-up from 0 to 50km/h of a HV presents the behaviour of ICE noise and also the electric 

engine noise. The so called “whining noise” from electric engines (high orders component increasing with 

the speed) between 500 and 2000 Hz and the noise from power inverters around 8000 Hz are two phenomena 

related to the electric drive unit. Power inverter noises are transmitted into the passenger cabin and are 

clearly audible since this noise is not masked. The ICE start noise can be observed as an instantaneous (time 
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related) level that increases in a certain frequency range. The ICE load increase normally is evidenced at 

higher rotation speeds around 200 and 500 Hz [1].  

When comparing the engine compartment noise from an ICE vehicle (FIAT500) and a PEV (modified 

FIAT500 with Li-ion drive), the difference is significant in a run-up manoeuvre with full load and second 

gear. For the ICE vehicle case, it is possible to find the crankshaft half order (up to 200 Hz), low engine 

orders (from 200 to 1000 Hz) and some resonances together with several high engine orders (between 1 and 

5 kHz). For the PEV, the levels are quite small, and it is possible to verify clearly separated engine orders 

from 2 to 10 kHz, which means that the PEV is more quiet. However, it offers fewer masking possibilities 

and, subjectively, it presents unpleasant tonal engine orders [11]. 

The origin of the noise behaviour in PEV is related to the electric motor harmonics and power electronics 

harmonics. The surface acceleration of electric motor housing during acceleration in PEV clearly shows the 

amplitude peaks increasing according to the rotational speed. The PWM switching frequency (around 10 

kHz) and several harmonics are increasing and decreasing from this point (called fan effect) [3]. 

The effects of such behaviour are noted in the noise outside and inside the vehicle. The frequency range of 

dominant structure-borne noise for electric machine noise is significantly higher than for a conventional ICE 

[3]. From a Binaural Transfer Path Analysis [13], the interior noise contributions of electric drive vehicle 

were analysed according the structure borne and air borne noise, from electric motor and power inverter. 

The electric motor orders are not transferred via structure borne paths only. Some important content is 

transmitted to the vehicle interior by air paths (airborne noise). 

Considering other PEV model [14], a Transfer Path Analysis presented the individual contribution of the 

panels inside the vehicle to the internal noise at passenger positions. The measured particle velocity 

distribution showed the importance of the noise from front pillars, floor and windshield. After considering 

the area of each panel, a resultant rank of contribution presented the most important panels: A-pillars, 

windshield and B-pillars. 

Regarding the evaluation of interior noise under full-load acceleration in the pure electric mode [6], the 

interior overall noise from 10 km/h to 100 km/h showed to be below 62.5 dB(A). However, during 

acceleration, the vehicle is not quiet and comfortable. Without a “masking effect” by the ICE, the noise from 

the driveline and the accessories becomes audible and annoying. Considering high-frequency noise 

components, especially when the vehicle is at a high speed, the interior sound will greatly irritate passengers. 

The 25th order whining noise coincides with the gear meshing frequency of the reducer and is mainly 

transmitted into the passenger compartment via air [6]. 

From the perception perspective, several studies deal with the matter. Using a sound file from an PEV 

internal noise during an acceleration recording, the prominence of was calculated and compared to a filtered 

version [4] simulating a more pleasant noise. It was possible to reach negligible values of prominence of 

tones compared to the high levels of the original file. 

In a general overview of the perception, tonal noise components give rise to customer annoyance. In a last 

study [3], the whining noise from PEV is low in terms of sound pressure level but can still be potentially 

annoying if it cuts through masking such as road, wind and engine noise. Targets for interior noise at 

occupant position may be described by a metric for quantifying this tonal exposure rather than sound 

pressure for the fundamental harmonics of the electric drive [3]. 

In order to reduce the noise in HV and PEV, some methodologies and solutions can be observed. Simulation 

and test methods as well as system engineering solutions strongly rely on experiences from previous 

programs. The consideration of secondary effects (auxiliary sources) requires cross-attribute optimization 

[3]. The reduction of unpleasant noise shares “sound cleaning” is still the major goal of the acoustic 

development work. From subjective evaluation, the reduction of high frequencies significantly improves the 

pleasantness and preference rating [11]. A holistic approach should reduce noise levels in the order of 10 

dB and more, measurable in the car (not on the component level) [15]. 

It is possible to find high efficiency gearboxes, optimized for noise reduction [7], as well as driving simulator 

equipped with a 3D Sound Simulation System [13]. Some passive control still continue to improve the noise 

reduction, as in the case of from a comparison of the overall level of the interior noise before and after sound 

insulation, around 5 dB from 30 up to 100 km/h could be verified [6]. However, recent technologies using 
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smart materials and active control provide the potential solutions. As it was the case of an active Helmholtz 

resonator installed in an intake system, where the unwanted harmonics are reduced by around 15 dB [15]. 

The development of new materials, called metamaterials, can be designed for the specific noise from PEV. 

Those materials are artificially engineered to achieve unusual properties by means of periodic structures 

[16] [17]. Some passive metamaterials have its acoustic behaviour enhanced in a specific frequency range 

[18] [19] [20]. Using active approaches, it is possible to tune an vary the acoustic behaviour [21]. 

A promising research presents the Active Sound Quality Control [12]. From the Sound Quality Metrics, 

tonal, narrowband, and sharp sounds can be faced according the novel high-frequency occurrences in the 

noise that come with integration of the electric motor in the powertrain. Loudness, sharpness, and tonality 

targets could be attained with a good level of accuracy. 

2 Methodology 

The measurements were performed in the BMW i3 (Figure 2, left) pure electric vehicle, manufacturing year: 

2014. Some vehicle characteristics: AC Synchronous Electric Motor; peak power of 170 bHP at 4800 rpm; 

single speed transmission gear ratio of 9.7; battery type (high voltage) Li-Ion, with 22 kWh. 

In the motor compartment (Figure 2, right), the drive unit is on the left, where the power electronics (orange 

connectors and box just below), the transmission gear box (around the centre) and the electric motor itself 

(below the electronics). 

  

Figure 2: BMWi3 (left) and motor compartment (right) 

The measurement points are distributed in the motor compartment (Figure 3) and at the passenger 

compartment (Figure 4). At the motor compartment, there are one accelerometer at the power inverter box 

(structure), one microphone close to the power inverter, one microphone close to the electric motor and one 

tachometer at the right wheel shaft. At the passenger compartment, the artificial head was positioned at the 

front right seat (left and right ear) and at the rear right seat (left and right ear). 

The equipment used in the experiments are: microphones GRAS; accelerometer ICP 352C33 PCB 

Piezotronics; tachometer Pocket Laser Tach 200 (PLT200) WACHENDORFF; measurement system 

(artificial head) type HMS IV, HEAD Acoustics GmbH; SCADAS Recorder SCR, LMS; software 

Test.LAB 17, LMS; notebook, cables and accessories. 

The tests were performed on a road (up to 70 km/h) for a run-up manoeuvre. Some attempts must be done 

due to the influence of the passing vehicles noise and regarding the ground effects in the internal 

microphones (artificial head). 

The procedure to evaluate the results is based on some aspects: (i) order analysis (including order extraction 

and order filtering); (ii) frequency band filtering (band pass and band stop); and (iii) comparative 

psychoacoustics analysis. 
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A straightforward analysis is established from the results of acceleration, passing by the sound pressures in 

the motor compartment and finally the measurements inside the passenger’s compartment. The most 

sensitive measurement point was chosen, for which the psychoacoustic analysis was performed.  

In that way, the comparative analysis between the original noise and the extracted (order tracked bandpass 

filter) and filtered (order tracked bandstop filter) components could identify and rank the acoustic 

components that are more unpleasant to the human perception, according to the psychoacoustic metrics. 

 

Figure 3: Measurement points: motor compartment 

  

Figure 4: Measurement points at front right seat: left and right ears (left); and rear right seat: left and right 

ears (right) 

3 Results and Discussion 

The analysis of vibration data is presented as acceleration measurement results and analysis of noise data is 

presented as (i) sound pressure measurement results and as (ii) psychoacoustic analysis metrics.  

The vibration measured at the inverter structure during the run-up test presents several useful information 

(Figure 5). Numerous orders of the electric motor appear while the motor speed increases. Two structural 

resonances could also be observed around 2.7 and 5.3 kHz. The inverter harmonics are increasing and 

decreasing from the PWM switching frequency (8 kHz) creating a behaviour usually called “fan effect”. 

Microphone 

Microphone 

Accelerometer 

Tacho 
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This is also perceived at 16 kHz and probably around 24 kHz it occurs again because the effect observed in 

high speed and high frequency. 

 

Figure 5: Inverter vibration Campbell diagram and main characteristics 

The noise measured at the motor compartment (Figure 6 to 8) presents approximately the same behaviour 

observed in the vibration measurement. However, the structural resonances are not present and an increasing 

noise with the motor speed are included, mainly up to 5 kHz, due to the increasing of road and wind noise. 

One can observe higher orders identified (order cursors) in Figure 6 (left): strong presence of order 144 and 

weak presence of orders 204, 216 and 228. Also, in Figure 6 (right): high levels of order 144 and quite small 

evidence of orders 156 and 216. 

  

Figure 6: Noise close to the inverter (left) and noise close to the eMotor (right) 
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The graphics zoomed versions indicate more detailed electric motor orders up to 6.5 kHz (Figure 7), with 

several identified orders using the order cursor. Other zoomed regions present the detailed fan effect for the 

inverter harmonics around 8 kHz (Figure 8 - left) and around 16 kHz (Figure 8 - right). The amplitude ranges 

of the graphics were managed to show better representation of the orders. While in Figure 8 (right), the fan 

effect is superposed by the electric motor higher orders in the range of 8 kHz, in Figure 8 (left) the fan effect 

could be detected and the electric motor orders have no significant presence. 

 

Figure 7: Zoomed (up to 6500 Hz) noise near inverter (left) and noise near eMotor (right) 

 

Figure 8: Noise close to the eMotor: zoomed (6 to 10 kHz) with fan effect around 8 kHz (left) and 

Zoomed (12 to 20 kHz) with fan effect around 16 kHz (right) 

For the measurements done inside the vehicle, the front-right seat position (Figure 9) and rear-right seat 

position (Figure 10) results present the electric motor orders. The fan effect can be observed around 8 kHz 

in both seat positions and around 16 kHz in the rear seat position, principally. There are time related peaks 

of broadband noise that can be perceived more frequently in the front position and, in few cases, in rear 

position. They are related to the undesired noises caused by the external (passing by vehicle noise) or internal 

(movement of test equipment inside the car) events and could not be completely avoided in a road test.  

The left-ear of the artificial head in the rear-right seat position was selected to be submitted to the 

psychoacoustic analysis. The rear position was less affected from the undesired noise and the left ear is 

closer to the drive unit than the right ear. 
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Figure 9: Noise measured in the front-right seat position: left ear (left) and right ear (right) 

 

Figure 10: Noise measured at the rear-right seat position: left ear (left) and right ear (right) 

The zoomed views (Figure 11) around 8 and 16 kHz present the fan effect also inside the vehicle. However, 

the amplitude levels are not so prominent. 

The order analysis includes identification, filtering, and extraction of the orders. The identified orders 

(Figure 12 – left) are extracted and presented as the Sound Pressure Level (SPL) in function of the motor 

speed (Figure 12 – right). 

The identified orders for the inverter vibration, the noise inside the motor compartment (near the inverter 

and near the electric motor) and inside the vehicle are presented in Table 1. Almost 30 different orders were 

identified as inverter vibration. However, not all of them are irradiated as noise, such as some orders are 

missing in the columns “Noise (inverter)” and “Noise (e-Motor)”. Some of the remaining orders are also 

attenuated from the motor compartment to the passenger’s compartment, which can be observed in the 

column “Noise (rear seat, left ear)” in Table 1. 
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Figure 11: Noise measured at the rear-right seat position left ear: zoomed (6.5 to 9.5 kHz) (left) and 

zoomed (15 to 17 kHz) (right) 

 

Figure 12: Noise measured in left-ear at rear-right seat position with identified orders (left) and amplitude 

of extracted orders (right) 

Table 1: Identified orders 

Vibration  

(inverter) 

Noise  

(inverter) 

Noise  

(e-Motor) 

Noise  

(rear seat, left ear) 

228  216  204 228  216  204 ---  216  --- ---   ---   --- 

156  144  100        ---   144  100 156  144  100 ---  144  100 

78   75   72 ---   75   72 78   75   72 ---   75   72 

60   57   50 ---   57   50 ---   ---   50 ---  57   50 

47   38   36  47   38   36  47   ___   36  47   ---   36 

28   25   19 28   25   19 28   25   19 ---   25   19 

16   12   9.4 ---   12   9.4 ---   12   9.4 ---   ---   9.4 

8   7.7   7.4 ---   ---     --- ---   7.7   --- ---   ---   --- 

7   6   5.4 ---   ---   --- ---   ---  --- ---   ---   --- 

3.3   1 ---   --- ---   --- ---   --- 
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According to some authors [4] [5] the orders 36 and its multiples 72 and 144 are related to the number of 

teeth of the motor stator. The electromagnetic forces induce vibration into the teeth and the resultant noise 

reflects the structural response of those forces.  

Regarding the order number 9.4 (around 9.5) and its multiple (order 19) could be related to the gear ratio 

(around 9.7) of the drive unit. As the measurement was done at the wheel shaft, the ratio was used to 

calculate the rotational speed of the electrical motor. 

As pointed out by other author [6], the order 25 and its multiples 50, 75 and 100 are related to the gear 

meshing frequency (rotational speed times number of gear teeth) of the reducer and generates the noise 

called “whining noise”. 

In order to evaluate the effects of the different causes, the orders were divided into groups: 

 Group 1: orders 9.4; 19; 36; 72; 144 (related to gear ratio and stator teeth dynamics) 

 Group 2: orders 25; 50; 75; 100 (related to gear meshing frequency) 

 Group 3: orders 47; 57 (related to unknown sources) 

Considering the original noise from the rear-right seat position left-ear (Figure 12 – left), the result of 

filtering all selected orders can be observed in Figure 13 (left), which means the perception of the filtered 

orders will be reduced (or not perceived). The result of the cumulative extraction of all orders can be 

observed in Figure 13 (right), which means only orders will be perceived (highlighted), i.e., the remaining 

noise will be attenuated.  

The overall Sound Pressure Level (SPL) (Figure 14) calculated for the three cases shows that the filtered 

case presents around the same SPL than the original case, while the extracted case presents approximately 

20 dB less than the original. 

 

Figure 13: Filtered (left) and extracted (right) orders from the original 

In order to understand the psychoacoustic metrics approach, it is necessary to compare the ordinary SPL 

with some psychoacoustic metrics as loudness (level metric) and sharpness (annoyance metric). For the 

same analysis of filtering and extracting orders, those metrics present different results (Figure 15).  

For the loudness (Figure 15 – left), the sensation level for the filtered noise (green) is slightly smaller than 

the original noise (red), while the sensation of level of the extracted orders (blue) is much smaller than the 

original. This behaviour is more suitable with the sensation understanding of level than the SPL (Figure 14). 

When the orders are filtered (removed), less reduction of level sensation is perceived; when the orders are 

extracted (all the remaining noise is reduced) more reduction of the sensation is noted. 

For the sharpness (Figure 15 – right), the noise annoyance is addressed. When the orders are filtered (green), 

there is a decrease in sharpness (decrease of annoyance) which means an increase of pleasantness. In other 

hand, when the orders are cumulatively extracted (blue) there is an increase of annoyance compared to the 

original noise. 
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Despite of the extracted orders present low perception levels; the annoyance is higher than the one from the 

original noise. One important conclusion is that, removing (filtering) the orders causes an increase of 

pleasantness of the noise, compared to the original noise. This means that: (i) the tonal noise coming from 

the electric drive unit itself is unpleasant and (ii) if it is possible to reduce this tonal noise it could be possible 

to improve the pleasantness of the original noise. 

 

Figure 14: Overall sound pressure level: original (red), filtered (green) and extracted (blue) 

 

Figure 15: Loudness (left) and sharpness (right) comparison:                                                               

original (red), filtered (green) and extracted (blue) 

Splitting up the orders in groups, as defined before, the sharpness analysis presents interesting results. The 

effect of filtering (removing) the group 1 is more pleasant than filtering the other two groups (Figure 16 - 

left). While the annoyance of each extracted group (Figure 16 – right) is higher than the original noise, as 

expected, the group 2 is more unpleasant than the other groups in most of the analysed period. The 

annoyance of the extracted group 3 is higher than the others only at the end of the period. 

Regarding the noise from the inverter, the fan effect could be observed in two frequency bands: from 6.5 to 

9.5 kHz and from 17 to 19 kHz. The results of filtering (bandstop filter) and extracting (bandpass filter) the 

first frequency band, around 8 kHz, are presented in Figure 17. For the second frequency band, around 16 

kHz, the same procedure was also performed (but not showed). 
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Figure 16: Sharpness of filtered (left) and extracted (right) orders: original (red), group 1 (green), group 2 

(blue) and group 3 (magenta) 

  

Figure 17: Frequency band from 6.5 to 9.5 kHz: filtered (left) and extracted (right) 

The effect of filtering (removing) the 8 kHz band is a perceivable decrease of sharpness, while removing 

the 16 kHz band the effect in the annoyance is negligible (Figure 18 – left). In the case of extracting the 16 

kHz band, the unpleasantness is less than the original (means also negligible); while the extracted band of 8 

kHz presents sharpness values much higher than the original noise (Figure 18 – right). This pronounced 

result is magnified by the presence of some higher orders of the electric motor in this frequency range, and 

not only the inverter fan effect. 

4 Conclusions 

The major behaviour of electrical vehicles noise that was pointed out by the literature review was also 

perceived in the present evaluation. Electrical vehicles generate significant amount of tonal high-frequency 

components due to: (i) the electrical motors, regarding the whining noise from 500 Hz up to 2 kHz, and (ii) 

the power electronics, regarding the noise from 5 kHz up to 10 kHz (starting from 8 kHz for this case). The 

tonal behaviour is related to the motor angular velocity and the transmission ratio. The tonal high-frequency 

components are annoying to the passengers, despite the lower global levels of electrical engines. 
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Figure 18: Sharpness of filtered (bandstop filter) (left) and extracted (bandpass filter) (right) bands: 

original (red), 6.5 to 9.5 kHz band (green) and 15 to 17 kHz band (blue) 

Furthermore, the present evaluation could extend the results to enhance the analyses, as for example the 

presence of a second “fan effect” around 16 kHz with well-defined inverter harmonics. And also, some 

evidence that this behaviour is also present in 24 kHz.  

From the inverter vibration, passing through the noise surrounding the drive unit (microphones close to 

electric motor and inverter) up to the noise inside the vehicle (artificial head), the airborne noise could be 

experimented. Only part (around 1/3) of the identified orders present in inverter vibration were perceived in 

the noise inside the vehicle. Regarding the inverter harmonics, which are quite prominent in the inverter 

vibration, are perceived only in rear position inside the vehicle with low magnitudes levels. 

Considering the measurements results of this work and the results from previous works, it could be possible 

to assume the noise causes: the gear meshing frequency related to the 25th order and its multiples (25th, 

75th and 100th); the stator teeth dynamics regarding 36th order and its multiples (72th and 144th); and the 

gear ratio associated with 9.5th order and multiple (19th). 

The psychoacoustic analysis presented conclusive results according to the perception. In one hand, the 

extracted orders (when the orders are bandpass filtered) present low perception levels, however the 

annoyance is higher than the one from the original noise. On the other hand, filtering (removing) the 

identified orders, it causes an increase of pleasantness of the noise, compared to the original noise. Both 

aspects complement each other to conclude that the tonal behaviour (from the orders) of the noise, increasing 

with the motor speed, causes the perception of unpleasantness. 

The orders related to the gear meshing frequency (whining noise) were identified as the most unpleasant. 

However, filtering cumulatively the orders related to all phenomena (gear meshing frequency, stator teeth 

dynamics and gear ratio) will reduce considerably the unpleasantness. 

Filtering (removing) the 8 kHz range decreases the annoyance (sharpness) perceptually, while filtering the 

16 kHz range presents negligible effects on perception. However, it is shown that filtering the motor orders 

achieves better results than filtering the inverter harmonics, regarding the perception.  

This work can contribute to conduct the efforts in reducing noise in electric vehicles. The major effects are 

related to the orders based on the motor speed variation: gear meshing frequency, gear ratio and stator teeth 

dynamics (in this order). The next most important issue regards the inverter harmonics, more specifically 

around 8 kHz, the power electronics switching frequency.  

Such results can contribute to the development of new strategies in electric motors, power electronics and 

gear boxes design processes. In addition, it could lead to the development of packaging (sealing/covering) 

of such devices based on new materials (as metamaterials) and active solutions as smart structures, or even 

a combination of both (active metamaterials). 
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Abstract 
When designing a vehicle, the ride comfort is an essential factor to investigate. Recently, the discomfort of 

the harshness when riding over a bump depends not only on the amplitude of noise and vibration but also 

on the time difference of the peaks of two waves [1]. Therefore, to improve the comfort with respect to the 

harshness, we need to control the transient responses of sound and vibration transmitted to the occupant in 

a car. However, the efficient structural modification to change the transient response has not been 

established. In this paper we proposed the sensitivity analysis for time domain response and examined the 

fundamental feasibility by using mass-spring-damper model. 

1 Introduction 

When designing a vehicle, ride comfort is an essential factor which should be evaluated. Vibration from the 

road is one of the reasons of the ride discomfort. There are many researches about ride comfort of vibration 

from the road [1] [2]. Especially, the harsh vibration generated when driving over a small bump is one of 

the important evaluation properties for a car development. When driving over a bump, noise and vibration 

are transmitted to the occupant through a car body. Recently, it turned out that the discomfort with harshness 

depends not only on the amplitudes of noise and vibration but also on time difference of the arrival of the 

waves of sound and vibration [1]: the discomfort tends to increase if the time difference of the peaks of two 

waves becomes large. Therefore, to improve the comfort with respect to harshness, we need to control the 

transient responses of sound and vibration transmitted to the occupant in a car. However, the efficient 

structural modification to change the transient response has not been established.  

Sensitivity analysis has been widely applied in structural reliability [3], decreasing structure-induced noise 

[4], etc. We had developed a sensitivity analysis of transient response in the time domain [5] [6]. The 

sensitivity of the frequency response function (the FRF) with respect to the mass change or the stiffness 

change had formulated in the frequency domain and had widely applied to investigate the structural 

modification in order to effectively reduce the response. The sensitivity can be transformed into the time 

domain by way of the inverse Fourier transform. The obtained sensitivity in the time domain tells how the 

time response changes with the structure change. The sensitivity is defined as the derivative of the response 

(e.g. FRF) with respect to the design parameter. In such cases we know how the response changes with the 

mass addition (subtraction) or the stiffness addition (subtraction) at a specific location of the structure. In 

this research, the sensitivity analysis of the transient response is applied to control the wave form of the 

vibration generated with harshnes 
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2 Definitions and formulations of Sensitivity 

2.1 Mass sensitivity formulation 

For structural optimization, mass addition and stiffness addition can be done. However, only mass addition 

is done in this paper.  

The sensitivity of the FRF 𝐺𝑏𝑎, compliance from point a to point b, with respect to the mass modification 

can be written as Eq. (1). Points a and b are the input point and the output point, respectively. Point j is the 

point of mass addition (subtraction), and 𝜔 is the angular frequency. 

 
𝜕𝐺𝑏𝑎

𝜕𝑚
= 𝜔2𝐺𝑏𝑗𝐺𝑗𝑎 (1) 

Based on the fact that accelerance, 𝐿𝑏𝑎, and compliance, 𝐺𝑏𝑎, are in a relationship shown in Eq. (2), the 

sensitivity of accelerance is written as Eq. (3). 

 𝐿𝑏𝑎 = −𝜔2𝐺𝑏𝑎 (2) 

 
𝜕𝐿𝑏𝑎

𝜕𝑚
= −𝐿𝑏𝑗𝐿𝑗𝑎 (3) 

As shown in Eq. (3), the sensitivity of accelerance can be calculated by multiplication of 𝐿𝑏𝑗, accelerance 

between point b and point j, and 𝐿𝑖𝑎, acceleration between point a and point j. The compliance and the 

accelerance after mass addition of ∆𝑚 can be calculated by McLaughlin’s expansion shown in Eq. (4) and 

Eq. (5). 

 𝐺𝑏𝑎
′ = 𝐺𝑏𝑎 +

𝜕𝐺𝑏𝑎

𝜕𝑚
(∆𝑚) (4) 

 𝐿𝑏𝑎
′ = 𝐿𝑏𝑎 +

𝜕𝐿𝑏𝑎

𝜕𝑚
(∆𝑚) (5) 

The sensitivities shown in Eq. (1) and Eq. (3) are sensitivities in the frequency domain. 

2.2 Formulation of time domain sensitivity 

A time domain response, 𝑥(𝑡𝑖), is given by the invers Fourier transform of the frequency domain response, 

𝑋(𝜔𝑘), as shown in Eq. (6). The sensitivity is the derivative of the Eq. (6) with respect to design parameter 

𝛼  as shown in Eq. (7). Eq. (7) shows that the time domain sensitivity is given by the inverse Fourier 

transform of the sensitivity in the frequency domain. We call the sensitivity in the time domain the time 

domain sensitivity. In this paper, we calculated the time domain mass sensitivity by applying Eq. (3) and 

Eq. (7). 

 𝑥(𝑡𝑖) =
∆𝜔

2𝜋
∑ 𝑋(𝜔𝑘)𝑒

𝑗𝜔𝑘𝑡𝑖𝑁
𝑘=1  (6) 

 
𝑥(𝑡𝑖)

𝜕𝛼
=

∆𝜔

2𝜋
∑

𝑋(𝜔𝑘)

𝜕𝛼
𝑒𝑗𝜔𝑘𝑡𝑖𝑁

𝑘=1  (7) 

3 Simulation and discussion 

3.1 Model and settings 

The model used in this research is a mass-spring-damper system with 10 degree-of-freedom shown in Fig. 

1. Each mass point has mass of 1 [kg] and each spring has spring constant of 10000 [N/m]. Damping is 

given by proportional viscous damping and proportional constants are 𝛼 = 0.2[1/s], 𝛽 = 10−4[𝑠]. An 

impulse input is given to mass #2 and output is evaluated in acceleration at mass #9. The beginning of the 

impulse response, the object wave for optimization, is shown in Fig. 2. 𝑡1 denotes the time of maximum 
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peak, and 𝑡2 is the aimed time for the maximum peak shift (𝑡2 > 𝑡1). The shift of the maximum peak from 

𝑡1 to  𝑡2 is approached by decreasing the amplitude at 𝑡1 and increasing the amplitude at 𝑡2 so that the shift 

of the peak is carried out by small amount of mass addition (subtraction). 

 

 

Fig. 1 Mass-spring-damper system with 10 degree of freedom 

 

Fig. 2 Impulse response in acceleration (IN:2, OUT:9) 

3.2 Results and discussion 

The result of sensitivity analysis of time 𝑡1 and  𝑡2 is shown in Fig. 3 and Fig. 4. Because we want the 

response at 𝑡1 to decrease, the preferred structural optimizations for 𝑡1 are mass subtraction if the sensitivity 

is negative, mass addition if the sensitivity is positive. On the other hand, preferred structural optimizations 

for  𝑡2 are mass addition if the sensitivity is positive, mass subtraction if the sensitivity is negative since the 

preferred response change at  𝑡2 is increment. Therefore, mass #1, #3 and #10, the masses with opposite 
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signs of sensitivities at 𝑡1 and  𝑡2, are the proper masses to optimize. The desired response change can be 

obtained by mass subtraction to mass #1, #10, or mass addition to mass #3. Given the fact that mass #1 had 

the largest sensitivity at 𝑡1, first, we considered mass subtraction to mass #1. Then also considered mass 

addition to mass #3 to show that maximum peak can be controlled by both addition and subtraction of the 

mass. 

Enlarged view of the change in the FRF by the mass subtraction of 0.05[kg] and 0.1[kg] to mass #1 is shown 

in Fig. 5. The 4th mode, which did not appear in the original FRF, appeared around 16[Hz] after the mass 

change and the amplitude of 6th mode, the mode around 23[Hz], has decreased. The impulse responses after 

mass subtraction of 0.05[kg] and 0.1[kg] from mass #1, which is given by inverse Fourier transform of the 

FRF, is shown in Fig. 6. For 𝑡1, the response decreased as the amount of mass subtraction increased. On the 

other hand, for  𝑡2, the response was larger than the original response when subtracting 0.05[kg] and 0.1[kg] 

but the largest response at 𝑡2 was when 0.05[kg] of mass was subtracted. As just described, it does not 

always mean that more changes in the target function are obtained when change in the design parameter is 

larger. This is because the sensitivity is applying a linear approximation which is effective only around the 

original value. Therefore, in this research, the structure is changed in the range of under 10 % of the original 

mass which is assumed to be within the effective range of sensitivity.  

Also, enlarged view of the change in the FRF by the mass addition of 0.1[kg] and 0.2[kg] to mass #3 is 

shown in Fig. 7. In Fig. 7, the amplitude of 6th mode, the mode around 23[Hz], decreased and 9th mode, the 

mode around 30[Hz], increased. The impulse response after mass addition to mass #3, which is given by 

inverse Fourier transform of the FRF, is shown in Fig. 8. The changes of the response at 𝑡1 and  𝑡2 increased 

in the desired way as the amount of mass change increased. The maximum peak was moved from 𝑡1 to  𝑡2 

at the mass addition of 0.2[kg], although the maximum peak still appeared at 𝑡1 with the mass addition of 

0.1[kg]. Compared to the case of mass subtraction from mass #1, more mass change was needed to move 

the maximum peak because the absolute value of the sensitivity of mass #3 was less than mas #1 in both 𝑡1 

and  𝑡2. 

The maximum peak of the time history response was shifted from 𝑡1 to  𝑡2 by subtracting 0.1[kg] from the 

mass #1 or adding 0.2[kg] to mass #3. This showed that the goal of moving the maximum peak from one 

time to another can be attained by both addition and subtraction of parameter. It also showed the usefulness 

of applying time domain sensitivity for optimization of structural vibration. 

 

Fig. 3 Mass addition sensitivity of each mass at 𝑡1 
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Fig. 4 Mass addition sensitivity of each mass at  𝑡2 

 

Fig. 5 Comparison of FRF after mass subtraction to mass #1 
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Fig. 6 Impulse response after mass subtraction to mass #1(IN:2, OUT:9) 

 

Fig. 7 Comparison of FRF after mass addition to mass #3 
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Fig. 8 Impulse response after mass addition to mass #3(IN:2, OUT:9) 

 

4 Conclusions 

The purpose of this research was shifting the maximum peak of time domain response from one time to 

another by applying time domain sensitivity analysis. First, the sensitivity in the frequency domain was 

calculated and inverse Fourier transform was applied to obtain the time domain sensitivity. Based on the 

time domain sensitivity, the suitable mass for mass addition (subtraction) to optimize the time history 

response was found. Finally, we were able to shift the maximum peak to the aimed time by making a 

structure change based on the mass sensitivity. 

As a conclusion, the goal to shift the maximum peak of time history response by applying time domain 

sensitivity was achieved, and the applicability of time domain sensitivity was shown. 

 For further research, the model needs to be expanded to a real structure. The responses are to be evaluated 

both in vibration and sound in order to consider the time difference of two peaks. . 
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Abstract
Noise, vibration and harshness (NVH) development plays a crucial role in many mechanical engineering
industries. For example, brake systems have been studied for decades to find instability mechanisms that
enable the growth of friction-induced vibrations that are commonly known as brake squeal, moan, or others.
Typically, brake system development is a data-heavy process involving lots of physical tests on components,
larger assemblies and full vehicle test campaigns. In this contribution, we aim at leveraging the potential of
data-driven methods that are currently transforming complete industries and scientific disciplines. Particu-
larly, we illustrate how the brake sound detection task and the brake squeal prediction task can be approached
using machine learning techniques. This contribution highlights some aspects of the in-depth study presented
in [1]

1 Introduction

In this work, we use machine learning to a) identify characteristic vibrational phenomena, such as brake
squeal, in raw sensor measurements and to b) predict the occurrence of squeal from a given set of system
loads during a single brake application in the sense of a digital twin.

1.1 Brake squeal

Friction-induced vibrations (FIV) of brake systems have been studied extensively for decades with special
focus on brake squeal, i.e. a tonal high-frequency vibration phenomenon [2]. Today, mode-coupling [3] is
largely agreed on to be the root instability mechanism for self-excited vibrations in the absence of stick-slip
motion. FIV are highly sensitive to parametric changes to the system [4, 5] which renders the vibration
behavior practically very challenging to predict under realistic conditions. Slight changes to the contact
conditions [6, 7], component properties or environmental conditions can lead to dynamic instability of the
system. Particularly, the system’s damping level [8] crucially effects the system’s stability, while at the same
time being highly variable [9] and challenging to measure. The frictional processes in joints [10] and the
main friction interface pose major challenges to model building and parameter identification, while being one
of the major damping contributors in the complete structure [11]. To cope with those uncertain and variable
parameters, uncertainty quantification analysis [12, 13, 14, 15] is one pathway to follow in simulations.
Overall, the numerical prediction of brake system dynamics has evolved [16, 17] from minimal surrogate
models [3, 18] over complex eigenvalue analysis [19, 20] to nonlinear approaches [21, 22, 23].

The complexity of brake system vibrations is revealed by the growing evidence for deterministic chaos
in FIV of those systems, both numerically [24, 25, 26] and experimentally [27, 28, 29]. Following the
core characteristic of chaotic systems, i.e. the sensitivity with respect to the choice of initial conditions,
one reason in the limited numerical prediction quality may lie in the exponential instability of these highly
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nonlinear dynamical systems. Hence, a small change of initial values or system parameters may lead the
steady-state solution to vary significantly. Lately, focus of scientific research has shifted towards oscillator
chains [30, 31] and multi-stable friction oscillators [32, 33]. Additionally, the data-richness of brake squeal
research and design has motivated researchers to apply evidence-based techniques to vibration measurements
of squeal [34, 35]. In [36], the instantaneous growth rates of brake squeal, i.e. the experimental analogies to
eigenvalue real parts in simulations, are extracted from microphone and accelerometer measurements through
time series analysis and regression methods. Nonlinear invariant measures are used in [37] to arrive at an
experimental stability metric, and recently open data sets are made available [38] to promote further research
on FIV of brake systems. Despite the advance of numerical tools and system identification approaches, brake
squeal prediction must still be considered an only partly solved task. At the same time, the application of
novel machine learning techniques to the brake squeal phenomenon seems to be rather limited today [1].

1.2 Machine learning

In the last two decades, machine learning (ML) and related deep learning (DL) techniques [39] have been
empowered by the availability of computing resources and data that is becoming easier to collect and store
in huge amounts. Generally, supervised machine learning modelsM try to approximate a highly nonlinear
and potentially high-dimensional relationship between inputs X and outputs y

M : X 7→ y (1)

where the inputs and outputs can take arbitrary forms and dimensions. One of the major breakthroughs of ML
can be related to the field of computer vision, where in 2012 the AlexNet [40] was the first learning algorithm
outperforming classical vision approaches in annual image classification and object detection challenges.
For such tasks, the input X would take the form of a two-dimensional array (gray-scale image) or a three-
dimensional tensor (colored image), and the output y would be a class label for image classification. As a
result, the learning algorithm would output that the given input image shows a specific object, e.g. a fruit,
an animal, or any other class that it has been trained to recognize. Instead of deriving hard-coded if-then
statements, causal relations or filters, the ML model learns from a large repository of sample images and
related class labels to come up with a highly nonlinear mapping function between the inputs and the outputs.
Typically, the models are made up from layers that collect a large number of units, which themselves process
a number of inputs to a number of outputs. Locally, the inputs are scaled by weights wi, before sums of
scaled inputs are fed trough nonlinear activation functions that produce the local output of a unit. The values
of the weights are found during a training phase, during which historical data X with known labels y are
fed through the model to obtain a prediction. The model prediction error L is given by the difference of
the prediction ỹ and the ground truth y. In the model updating step, the partial derivative of the error with
respect to each weight gives an indication for how to change the weights to arrive at a lower prediction error.
Classical optimization schemes are applied to find a local minimum in the error surface spanned in the high-
dimensional space of model weights. Given that optimal model set-up, the weights are fixed and the trained
model can be used to make predictions on new, that is unseen and unlabeled, data. Hence, ML models are
especially useful for finding patterns in high-dimensional and large data sets. Such pattern recognition can
also be exploited to make time series prediction, i.e. predict the behavior of a system under a set of given
inputs.

Machine learning has been used in a range of scientific disciplines related to dynamics, such as fluid me-
chanics [41], material modeling [42] and also structural dynamics [43]. However, most ML approaches in
structural dynamics are related to structural health monitoring and fault detection [44], where patterns in
vibration data are recognized that indicate a malfunction of a machine, or one of its components.

2 Methods

Data from automotive brake system testing on dynamometers is used that is recorded during protocols sim-
ilar to the SAE-J2521 standard [45]. During testing, various types of brake applications (stop braking, drag
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braking) and several combinations of load parameters, i.e. rotational velocity, brake line pressure, disk
temperature, ambient temperature and air humidity, are applied to the brake system to find NVH-sensitive
parameter ranges. Thus, in the first step squeal events must be recognized in microphone measurements that
are taken in proximity to the brake disk. As those tests comprise over 1000 brakings, the squeal detection
must be a completely automated process, which we will discuss in the first part of this work. Having recog-
nized squealing brakings, load parameter sensitivities can be read from the testing data. In the second part
of this work, the load parameters are used as input to a machine learning model which will then predict the
squeal behavior of the system. The ML models were implemented using the Python framework TensorFlow
[46].

2.1 Brake vibration detection

Deep learning has empowered computer vision in image classification, image segmentation and object de-
tection tasks [47]. We are using these advances for a data-driven brake squeal detection method that is more
flexible than classical squeal detection approaches. These classical approaches mostly build on the spectral
information contained in vibration measurements [48, 1]. Tonal squeal sounds are detected through finding
sharp peaks in the signal’s Fourier transform. Such approaches work well for high-intensity brake squeal
events, but have limitations in the degree to which they can be generalized to other common types of NVH
events such as wirebrush, moan, or impulse-type click sounds. For these sounds, spectral methods are very
challenging to configure through hand-coded algorithms. Hence, the detection quality may not be optimal,
which has a direct impact on the consecutive engineering process in the form of under-estimating or over-
estimating the rate of noisy brakings, and thus affecting the efforts for reducing those noises. We make use of
the ML computer vision approaches by converting the sound detection problem into an image-based object
detection task. For this purpose, the vibration measurements s(t) are transformed into a two-dimensional
representation through the short-time Fourier transform (STFT). In this representation, different classes of
brake vibrations are visually separable, such that computer vision techniques are a promising technique for
brake squeal detection. Figure 1 depicts a schematic illustration of the ML brake sound detection approach
proposed in this work. In fact, the arrays used as inputs to the object detection model are three-dimensional,
as we use a colored spectrogram which then results in the third dimension (RGB color values) of the input.

For the machine learning object detection model, we employ the concept of transfer learning (TL). TL
denotes the process of re-using an already fully trained network for a new task. Existing object detection
models from the TensorFlow model zoo are re-trained on the brake squeal data set, which results in shorter
training times than when starting from an untrained network. Specifically, two Faster-RCNN (region-based
convolutional neural network, inception and resnet architecture) [49] models (M1, M2) and one R-FCN
(region-based fully convolutional network, resnet architecture) [50] model (M3) are chosen. Both models
are trained for 100.000 epochs using a unit batch size and a learning rate of 0.0003. Data augmentation
(horizontal flipping, random padding, random cropping, random black patching) is employed to increase the
model’s generalization ability and robustness. 3050 recordings of brakings sampled at 51.200 Hz are used for
training the object detectors, and a hand-selected set of 290 brakings is used for validating the detectors and
reporting their performance. Object detection performance is reported by (mean) average precision values
derived from the area under curve (AUC) of the corresponding precision-recall curves. Minimal confidence
scores of 0.9 (M1), 0.84 (M2) and 0.88 (M3) are chosen for considering a prediction of the ML models
as valid. These values are found to yield optimal detection results without creating too many false positives
(lower confidence threshold) or too many false negatives (higher confidence threshold).

2.2 Brake vibration prediction

In the second step, a digital twin is developed for the NVH behavior (squeal) of a single brake system. Insta-
bility in brake systems is a dynamical phenomenon that involves bifurcations of the steady sliding condition
under parameter changes. These parametric changes can involve the overall friction characteristic, the con-
tact stiffness or any of the many different component properties (stiffness, damping) as well as the ways
they interact through mechanical joints. Specific conditions can lead to one mode becoming unstable, i.e.
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ML object detection model

sound ∈R1 STFT−−−→ image ∈R3

object location: [xmin, xmax]
[ymin, ymax]

’squeal’object class:

confidence: 95%95%

dsq = 9.5 s
fsq = 8.2 kHz

RGB

Figure 1: Machine learning-assisted brake noise detection: a microphone measurement signal is converted to
a three-dimensional array that will be treated as an image by the ML object detection model. The output of
the model comprises the class label, the bounding box coordinates and a confidence score. The bounding box
coordinates can be transformed back to frequency and time domain, such that the squeal sound frequency
fsq and the duration dsq are obtained

exhibiting negative damping, and giving rise to high-amplitude vibrations. Given the plethora of component
properties and the multi-physic loads acting on the brake systems, manual identification of critical param-
eter combinations must be considered impractical in most cases. The macroscopic friction coefficient is a
result of many mechanical-chemical process acting on much smaller length and time scales in the friction
interface. Wear and temperatures evolve, which change the contact conditions. Under thermal expansion,
stiffness values and damping characteristics may change quickly. Furthermore, external effects such as the
ambient air temperature, humidity as well as external forcing through the road and the engine in the real-
istic driving scenario act on the structure. Braking pressure quickly builds up during braking and initiates
slower processes like the heating of the complete system. Hence, a brake system is a complex dynamical
structure [37] that is operating under non-steady and multi-physic loads. Even though the loading parameters
recorded during testing do not directly relate to component stiffness or damping values, they might be used
as proxy measures that encode some of the parametric changes taking place inside the multi-component and
multi-scale dynamical system. This assumption sets the basis for the approach we propose in the following.

Instead of trying to predict the system vibrational behavior through numerical simulations, we propose to use
data recorded during NVH testing for the design of a digital twin. More precisely, we use the loading param-
eter time signals to predict the vibration behavior with respect to brake squeal (squealing / not squealing).
As load parameters, the following quantities are considered as input for the digital twin: disk rotation, brake
line pressure, ambient temperature, relative air humidity, disk surface temperature, brake fluid temperature,
and the macroscopic friction coefficient. These signals are samples at 100 Hz during the brake application,
and can thus be used as sequential input to a ML model. As for the output, NVH sounds are detected using
the ML detectors developed in the first part. At each time step of the loading signals, a binary value (0, 1) is
derived for indicating the occurrence of brake squeal. Figure 3 illustrates the correspondence of the digital
twin and the real brake system in the proposed set-up.
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Figure 2: Digital twin for the squeal behavior of a brake system: loading sequences, such as the disk rotation
Ω and the brake line pressure p act on the brake system and create instantaneous system configurations that
give rise to an unstable mode and the resulting high-intensity brake squeal. The digital twin is set up to use
the loading signals as input and predict the squeal behavior in form of a binary sequence

The digital twin setting can be regarded as a time series classification problem, which considers multivariate
time series inputs and predicts a single output time series. Hence, the temporal information about history,
gradients and the general time evolution of a quantity measured by sensors needs to be taken into account by
the ML model. Classical multi-layered perceptrons would not take the sequential character of the input data
into account, which motivates the choice of recurrent neural networks. Particularly, long short-term memory
(LSTM) [51] units are utilized to avoid the vanishing gradient issues in classical recurrent networks, and
to facilitate the learning process of longer correlations along time. The experimental data features brakings
of different lengths, such that in a data pre-processing step all loading sequences are cut to samples of 4 s
length using a sliding window approach with a window overlap of 75%. Given the sampling rate of 100 Hz,
the input to the ML model takes the dimensions of 8 load parameter channels × 400 time steps. A single
NVH test run featuring 1206 brakings is considered, of which 487 brakings were found to exhibit squeal
sounds. The sliding window pre-processing increases this data basis to 7650 samples that can be used fo
model training and validation. Matthews correlation coefficient MCC [52] is uses as quality metric for the
prediction as we need to take into account the over-represented silent samples and the under-represented
squealing samples. A hyper-parameter study revealed that a single LSTM layer with 256 units, a dropout
rate of 0.1 and sigmoid activation already obtains high prediction quality scores. Hence, this rather simplistic
architecture is used for this very first design of a brake system vibration digital twin.
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3 Results

We report the results for some of the studies that are discussed in [1] in far more depth. First, the results of
the brake squeal detection models are analyzed, before we turn to the brake squeal prediction methods using
machine learning.

3.1 Brake squeal detection

The object detection models are trained on the available data sets that were manually labeled, i.e. bounding
boxes and class labels were generated by hand. A 20-80 train-test split allowed to observe the prediction
scores during training. Overfitting to the training data was not observed for any model in this study. The
trained models are exposed to the set of 290 validation data samples in order to derive the final performance
scores reported in Table 1. The confidence scores provided with each bounding box prediction allow to
compute the PRC, and thus to derive the average precision AP achieved by each ML model on the validation
set. Furthermore, the minimum intersection-over-union value is varied to study how the model performance
decreases as we impose stricter conditions on the correct prediction of the bounding box location and size.
Overall, high AP scores are observed for all models, withM2 being slightly better than the other two models.
A detailed comparison of the detector models to a conventional spectral detector, and the evaluation of the
detection performance for other brake sounds can be found in [1]. It is found that the machine learning
detectors achieve at least the performance of a classical squeal detector for squeal sounds, and drastically
outperform the spectral approaches when considering other noise classes such as wirebrush. These results
indicate the flexibility of such data-driven approaches and their ability to find patterns in large data sets which
would be hard to find by manually hard-coded algorithms. The application of such an ML vibration detector
to another class of vibration problems or dynamical systems is rather straight-forward and can be initiated
through transfer learning starting from the detector models presented in this work.

Table 1: Squeal detection performance measured by average precision (AP) at intersection-over-union levels
50%, 75% and 90%

classifier category AP0.50 AP0.75 AP0.90

M1 squeal 0.66 0.66 0.60

M2 squeal 0.68 0.68 0.62

M3 squeal 0.66 0.65 0.60

3.2 Brake squeal prediction

The brake squeal detectors developed in the first part of this work are used to annotate a complete NVH test in
order to provide training and testing data for the recurrent neural network-based digital twin model for brake
squeal prediction from multivariate loading sequences. For the given data, an MCC score of 0.78 ± 0.02
was obtained in ten individual model training and validation runs. As the MCC ranges from (−1) (complete
disagreement) over (0) (no better than random) to (1) (perfect prediction), these classification scores are
very promising for future developments of such digital twins. First of all, the relevant parametric variations
that are responsible for most of the vibration behavior seems to be encoded in the loading sequences used as
input for the model. This finding is novel in the field of FIV of real automotive brake systems.

The study of other digital twins for other brake system test data in [1] supports our findings: for four different
data sets stemming from different brake systems we were able to predict the onset and duration of squeal
with high precision. Furthermore, it was found that such simple ML model architecture does not generalize
well for other brake systems. That is, a model trained on one test run does not obtain high prediction scores
when used to predict squeal events in the data stemming from a different brake systems. The more similar
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digital twin

ML model

Figure 3: Digital twin for brake squeal prediction. Eight loading parameters (left panel) are fed to the trained
ML model that predicts a sequence of vibration behavior classes, i.e. indicating whether or not squeal will
occur. For this sample the prediction is very accurate and matches the ground truth, i.e. the actual vibration
behavior measured on the real brake system, very well with high confidence scores

the brake systems in terms of geometry and braking performance, the better the cross-evaluation results are.
However, in order to train a model that can predict the vibration behavior of a range of brake systems, more
data and - most likely - a more complex model structure are required. Still, our results indicate that the use
of machine learning methods for classical challenges in machine dynamics can be a promising direction for
future research. For industrial applications and data-heavy development processes, the usage of nearly real-
time squeal detection methods is straight-forward. On the other hand, digital twins may challenge physical
testings in the near future and may help to reduce the cost- and time-intensive testing.

4 Conclusion

In this short review of the results presented in [1], we illustrate the usage of data-driven methods in brake sys-
tem vibration research. Particularly, a new vibration detection approach based on deep learning for computer
vision is presented. This approach achieves state-of-the-art detection performance for brake squeal sounds,
and can easily be extended to other sound classes given enough training data. In a second step, the vibration
behavior of commercial automotive brake systems is predicted from a set of eight multi-physic loading pa-
rameters. It turns out that most of the NVH behavior can be correctly predicted from this rather small set of
external loads and internal states of the brake system. Both results represent promising directions for future
research in a world with ever-increasing amounts of data available to the vibration engineer and researchers.
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Abstract 
Fluid power transmission is widespread for Off-Road and On-Road vehicles. However, manufacturers and 

users are more and more concerned with the effect of pressure flow fluctuations inducing noise and 

vibrations. These fluctuations can be directly linked with environmental or safety issues. So, it is critical to 

correctly measure the hydroacoustic contribution of the active components (pumps, compressors, or motors) 

in a circuit and to be able to characterize their intrinsic hydroacoustic behavior i.e. independently of the 

connected hydraulic circuit. This paper presents a simplified experimental methodology to measure the 

intrinsic pulsating flow and impedance of an industrial active source. The methodology is based on the norm 

ISO 10767-1 and consists in using two different circuit impedances. It is then used to solve an equation with 

two unknown factors, leading to the pulsating flow Qs and the impedance Z0 of the active component. Some 

results of the study are shown and discussed according to the operating points. 

1 Introduction 

Gas- or liquid-based fluid power transmission systems are widely used in many industrial sectors: Off-Road 

and On-Road vehicles, aviation, etc. A distinctive feature of most of those systems, considering their use, is 

that they have operating points that change very often depending on the mission profile. As a result, 

flowrates, pressures, and rotational speeds vary constantly. Today, through system modelling, all types of 

hydraulic or pneumatic circuits can be modelled and their behaviours can be simulated with varying system 

input and output parameters. The average pressures, the average flowrates, and the fluid temperatures at any 

point of the circuit then become accessible, within the time domain for each time step. 

Hydraulic or pneumatic power transmission systems usually generate noise during their operation. This has 

become increasingly perceptible with the significant soundproofing work carried out on cockpits and 

passenger compartments and with the appearance of electrical drive systems as an alternative to thermal 

drive systems, whose noise drowned out most of the fluid-borne noise. In most cases, noise is generated 

mainly by the flow source. The flow from this source, by design, is pulsating due to the variation in the 

kinematic conditions and to the effect of the compressibility of the fluid. Therefore, noise is transmitted by 

the fluid, the mechanical components, and the ambient air (see Figure 1). 

The pulsating flow from the source, combined with a resisting loading circuit (characterised by its 

impedance), generates pressure pulsations which propagate within the entire circuit. The whole assembly, 

made of different components which form a complete system, can then propagate, and even amplify these 

pressure pulsations, depending on the hydroacoustic characteristics of each component. Moreover, the 

pressure pulsations also generate varying forces at the interfaces, and this can also generate noise. 

Therefore, the hydroacoustic behaviour of each component must be controlled to control the noise in these 

power transmission systems. Subsequently, by smartly associating the components, it will be possible to 

design a quiet circuit. All this work is carried out in the frequency domain. Therefore, a “frequency / time” 
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hybrid approach appears to be necessary to enhance the acoustic performance of hydraulic or pneumatic 

systems. As a matter of fact, the hydroacoustic behaviour of the components often depends on various  

 

parameters, among which the average pressures, the operating temperatures, the rotational speeds, the 

displacements, etc. 

Then, with the hybrid approach, it is possible, using time-based system modelling, to determine the average 

component values at any point in the transmission. At the same time, using the average component values 

of the circuit and the hydroacoustic behaviour of the components as input data, frequency-based 

hydroacoustic modelling makes it possible to determine the pressure pulsations at any point in the circuit. 

The methodology (based on hydroacoustic modelling) for prediction of pressure pulsations at any point of 

a circuit requires extensive knowledge of the hydroacoustic behaviour of the pulsation source and the 

loading circuit. 

The loading circuit connected to the source can be likened to one or more load impedances, associated in 

series or in parallel, which express a hydroacoustic behaviour that is dependent on the hydroacoustic 

characteristics of each component of the loading circuit. This purely impedance-based representation is valid 

only if the components of the loading circuit are passive, i.e. they do not generate but only transmit 

pulsations. Every passive component of the loading circuit can be characterised by its Z impedance matrix. 

This impedance, which connects the pulsating pressures P to the pulsating flows Q at the inlet and outlet of 

the component, represents the hydroacoustic behaviour of the component for given conditions (average 

pressure, average flowrate, fluid temperature, etc.).  

 𝑍(𝑠) =  
𝑃(𝑠)

𝑄(𝑠)
 (1) 

Where P is the pressure pulsation, Q the flow pulsation and s Laplace variable. 

This impedance matrix can be determined using the three-transducer method, with the transducers placed 

upstream or downstream of each hydraulic or pneumatic port of the tested component 0. This method and 

these conditions of implementation are described in generic standard ISO15086 “Hydraulic fluid power – 

Determination of the fluid-borne noise characteristics of components and systems”. 

In the case of the hydroacoustic modelling of a complete circuit, the loading circuit can be considered in 

two different ways. 

In the first technique, the results which directly stem from the hydroacoustic measurements of the 

component (impedance matrix) are integrated into the calculation. This technique has the obvious advantage 

of being extremely accurate, but it requires the component to be characterised for each of its operating points 

beforehand; this can be a very long and tedious process in terms of tests to be performed. 

In the second technique, a hydroacoustic behaviour model is used. Its parameters are those of the component 

itself (material, geometry, etc.) and those which describe the operating points of the component (average 

pressure, average flowrate, temperatures, etc.). It may be necessary to carry out a few hydroacoustic 

measurements to readjust some parameters, depending on the type of model used. This second technique is 

Figure 1: Noise sources in a system 0 
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sometimes a little less accurate, as it does not necessarily represent all the phenomena involved, but it 

requires few or even no tests, which is a significant advantage over the first technique.  

Once the loading circuit is characterised and modelled, the hydroacoustic behaviour of the pulsating flow 

source needs to be represented. To do this, several state-of-the-art methods are available to model active 

components. The table below (see Table 1) details four main methods to model the pulsating flow source, 

with advantages and drawbacks for each. 

Table 1 : Comparative table of the possible hydroacoustic modelling methods for an active component 0 

Modelling method Advantages Drawbacks 

Analytical formulae 0 
No need to change from the frequency 

domain to the time domain 

Requires the geometric data and adjustments (design 
drawing, CAD model, etc.). 

It is difficult to model the volumetric leaks. 

The quality of prediction of the pressure/flow pulsations 

depends on the level of detail of the analytical formulae 

Component modelling 

No need to change from the frequency 
domain to the time domain 

Prediction of pulsations potentially 
interesting 

Requires the geometric data (design drawing, CAD, etc.). 

Simulation time (potentially large number of explicit 
variables). 

The quality of prediction depends on the level of 
modelling detail and the uncertainties of the components 

used.  

Impedance and flow pulsation data 
obtained by measurement (case of the 

article by Heiko Baum et al. 0) 

No need to change from the frequency 
domain to the time domain 

Good prediction of the pressure/flow 
pulsations 

Requires the characterisation of every pump/motor on 
two test benches. 

Using the impedance measured in 
accordance with standard ISO 10767 

Parts 1 and 2 00 

Good prediction of the pressure/flow 
pulsations 

Change from the frequency domain to the time domain. 

Determination of the impedance matrix by measurements 
on a test bench. 

Constant parameters (constant viscosity, etc.). 

 

At first sight, the methods for modelling active sources based on the internal geometry of the components 

seem to be easier to implement, as they do not require tests. However, a very high level of accuracy regarding 

the internal geometry of the components is required to make these methods representative and robust. This 

accuracy will make it possible to obtain internal and external leak rates that are as close to the actual 

conditions as possible, and thereby an accurate prediction of the pressure and flow pulsations. Moreover, 

depending on the geometric complexity, once the model of the source component is inserted into a complete 

system, simulation can take a very long time due to many explicit variables. 

Consequently, from a practical standpoint, the method based on impedance characterisation seems to be the 

easiest to implement. As a matter of fact, this method does not require any knowledge of the internal 

geometrical data of the component, given that in most instances only the manufacturers know exactly these 

characteristics. 

The major interest of the model developed by Heiko Baum 0 is that it does not require the use of a frequency 

/ time hybrid method. However, in practice, its implementation is extremely difficult, as it requires test 

results from two test benches. 

The method which relies on impedance characterisation to model the flow source clearly shows that the 

source, which is the origin of the flow pulsations that are transmitted in the form of pressure pulsations in 

the circuit, cannot be compared only to a pulsating flow source Qs. In fact, the internal geometry of the 

source, made up of conduits and cavities in most cases, constitutes an internal impedance of the source that 

needs to be considered. Therefore, the flow generator “discharges” into its internal impedance Z0 and into 

the impedance of the loading circuit Zc. The hydroacoustic modelling of the source is then represented by 

the Norton model (see Figure 2). 
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Figure 2: Diagram of the standard Norton model 

Where:  

 𝑄𝑠 =  𝑄0 + 𝑄𝑐 (2) 

i.e. 

 𝑄𝑠 =  
𝑃

𝑍0
+  

𝑃

𝑍𝑐
= 𝑃 (

1

𝑍0
+ 

1

𝑍𝑐
) (3) 

 

The Norton model as shown above is sufficient to achieve the hydroacoustic modelling of a complete circuit 

which contains the source characterised at the different operating points. However, this representation 

determines the pulsating flow Qs at the outlet of the component casing (suction side or discharge side) and 

not at the exact place where this pulsating flow is generated inside the component Qs* (at the outlet of the 

port plate, for example, for a hydraulic pressure pump). It can then be used to achieve an enhanced modelling 

of the Norton model (see Figure 3), in order to take into account the propagation of the pressure / flow waves 

inside the component. This can allow the designer of the source product to identify the specific operating 

points at which the component might be pulsating. 

 

Figure 3: Enhanced modelling 

This enhanced modelling considers that the pressure / flow waves propagate inside the component in an 

internal conduit whose transfer matrix [T] can be determined. Hence:  

 (
𝑃∗

𝑄𝑠
∗) = [

𝑇11 𝑇12

𝑇21 𝑇22
] . (

𝑃

𝑄𝑐
) (4) 

 

The modelling described above is generic. As such, it can be applied to a very large number of flow pulsation 

source components. Thus, it is valid for components such as pumps or motors, and for both the suction side 

and the discharge side.   

 

Pump/motor 

component 

Component port 

Matrix 

Component 

Internal duct Connected external circuit 

Component 

Component port 

Connected external circuit Internal duct 
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2 Multi impedance measurement method for hydroacoustic 
properties 

2.1 Impedance variation 

The multi impedance measurement method has been chosen to evaluate the hydroacoustic properties of an 

industrial active source. It permits determining the pulsating flow and the source impedance without any 

external excitation as the existing source signal is sufficient. For a two-port component, with a high pressure 

(HP) line and a low pressure (LP) line, two straight measuring tubes are used (see Figure 4). The 

hydroacoustic properties are separately measured in both lines equipped with pressure sensors. The 

unknown hydroacoustic properties are the pulsating flow Qs and the source impedance Z0, thus at least two 

circuit impedances need to be used to solve the system (see Figure 4).  

The ISO 10767-1 standard recommends to use two flow restrictors inside each line to modify this impedance 

(see Figure 5). The first impedance is obtained through the restrictor R1 and the length Lr + Lext1, the second 

one is obtained with the restrictor R2 and the length Lr + Lext2. However, this circuit has several 

disadvantages:  the manual flow control can take time and can suffer from a lack of reproducibility; pressure 

drops can arise at the suction ports due to the restrictors.  

Figure 6 : New hydraulic circuit proposed for the multi impedance method 

Figure 4 : Multi impedance circuits connected to a two-port active component 

z Zc HP 1 z Zc LP 1 

z Zc HP 2 z Zc LP 2 

Impedance circuit 1 

Impedance circuit 2 

Figure 5 Hydraulic circuit recommended in the ISO 10767-1 standard 

P1 P2 
R1 R2 

Lr 

 

Lext1 

Lext2 

P1 P2 
 R 

L1-2 

 

L 

Valve 

New impedance 
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To avoid these issues, a new circuit concept has been studied. It is made of control valves to connect or 

disconnect a new impedance to the circuit (see Figure 6). This new impedance can be for instance a quarter-

wavelength resonator or a Helmholtz resonator. This circuit permits improving the reproducibility of the 

measurements and it avoids pressure drops at the suction ports. The flow restrictor R is used to regulate the 

average pressure in the circuit. 

 

2.2 Extraction of the pulsating flow and impedance 

Rigid straight tubes must be mounted at the inlet and outlet ports of the component to measure the pulsating 

pressures. Within the circuit of impedance Zc1, they are noted P1 and P2. The pulsating pressures within the 

circuit of impedance Zc2 are noted P1’and P2’. The admittance matrix of a L1-2 length rigid straight pipe 0 is 

noted A12:  

 [𝐴12] =  [
𝐴12 𝐵12

𝐵12 𝐴12
] (5) 

 

Admittance matrices are defined as: 

 

 (
𝑄1

𝑄2
) =  [

𝐴12 𝐵12

𝐵12 𝐴12
] . (

𝑃1

𝑃2
)              (

𝑄′1
𝑄′2

) =  [
𝐴12 𝐵12

𝐵12 𝐴12
] . (

𝑃′1
𝑃′2

) (6) 

 

The quantities are defined as: 

 

 𝐴 =  
𝜋𝑑2

4𝜌𝑐2

𝜔𝐿

𝑎−𝑗𝑏
coth[𝑗(𝑎 − 𝑗𝑏)]     𝐵 =  

𝜋𝑑2

4𝜌𝑐2

𝜔𝐿

𝑎−𝑗𝑏

𝑗

sin(𝑎−𝑗𝑏)
 (7) 

 𝑎 =  
𝐿

𝑐
(𝜔 + √

2𝜔𝜐

𝑑2  )      𝑏 =  
𝐿

𝑐
(

4𝜐

𝑑2 + √
2𝜔𝜐

𝑑2  )   (8) 

 

With d the tube diameter, L the tube length, c the oil sound speed, the oil density,  the kinematic viscosity 

and  the pulsation. 

 

The pulsating flow of the active component can be expressed using (3) and (6) : 

 𝑄𝑠 =  
𝑃1

𝑍0
+  𝑄𝑐 =  

𝑃1

𝑍0
+  𝑄1 =  

𝑃1

𝑍0
+ 𝐴12. 𝑃1 + 𝐵12. 𝑃2   (9 

 𝑄𝑠 =  
𝑃1

′

𝑍0
+  𝑄𝑐 =  

𝑃1
′

𝑍0
+  𝑄′1 =  

𝑃1
′

𝑍0
+ 𝐴12. 𝑃1

′ + 𝐵12. 𝑃2
′  (10) 

Figure 7 : Pressure sensors inside one line of the active component for two circuit impedances 

z 

P1 P2 

Zc 1 z 

P1’ P2’ 

Zc 2 

L1-2 
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This leads to the pulsating flow Qs and the impedance Z0 of the source: 

 𝑄𝑠 = 𝐵12.
𝑃1.𝑃2

′−𝑃2.𝑃1
′

𝑃1−𝑃1
′  (11) 

 𝑍0 =  
𝑃1−𝑃1

′

𝐴12.(𝑃1
′−𝑃1)+𝐵12.(𝑃2

′−𝑃2)
 (12) 

2.3 Measurement line sizing 

2.3.1 Impedance sizing 

The quantities Qs and Z0 can be calculated by avoiding the denominators to tend toward zero. It can be 

achieved by properly size the new impedances to be connected to the circuit. Indeed, the impedance volume 

will tend to modify the dynamic response of the circuit. Thus, numerical simulations can be used to optimize 

the impedances over the frequency range of interest. A limit factor was set to validate or not the 

measurements according to these denominator values.  

2.3.2 Distance between sensors 

The distance between sensors depends on the frequency band of interest. Based on the Shannon theorem, 

the distance between sensors must be less than: 

 𝐿 < 0.95
𝑐

2𝑓𝑚𝑎𝑥
 (13) 

With L the distance between sensors and fmax the upper limit frequency. 

The lower limit frequency is set according to the phase error of the analyzer dθ in degrees:  

 𝑓𝑚𝑖𝑛 =  10 ∗ 𝑓𝑚𝑎𝑥 𝑑𝜃 
1

180
 (14) 

2.3.3 Sensor number 

At least two pressure sensors must be set up in each measuring line to determine the hydroacoustic properties 

of the active component (Qs and Z0). However, B12 and A12 terms of the admittance matrix are expressed 

according to the oil sound speed. This quantity is often measured by the three sensors method 0, which 

estimates the sound speed in a straight pipe using the spectral signals of the three sensors.  

 

Thus, three sensors are set up in each measuring line. It permits measuring the sound speed and selecting 

the best couple according to sensor distance and Z0 denominator values.  

3 Hydroacoustic characterization of a pump 

3.1 Test bench 

The test bench is made of the active component directly connected to the two measuring lines (see Figure 

4). A Helmholtz resonator has been designed in each line to avoid the Qs and Z0 to tend toward zero (see 

section 2.3.1). Quarter turn valves are used to bypass or to use this new impedance. To ensure that the active 

component is the unique hydroacoustic source, gas-loaded accumulators are used. They permit reaching the 

test pressure within the circuit without any external hydroacoustic source, however the time signal 

acquisition is limited due to the accumulator discharge time.  
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3.2 Results 

3.2.1 Pulsating flow measurements 

The impedance matrix of the rigid tube directly leads to the pulsating flow by measuring the pulsating 

pressures P1 and P2 (see Eq (6)). Figure 8 represents the amplitude of the circuit pulsating flows at the HP 

port for two circuit impedances Z1 and Z2. In low frequencies, the pulsating flow amplitudes are close until 

120 Hz. For higher frequencies, the amplitudes start diverging because the circuit admittance 

(1/Zc) becomes a significant factor in relation to the source admittance (1/Z0). Thus, a simple flow 

measurement at the source port is not enough to fully characterize the hydroacoustic source. The source 

pulsating flow Qs needs to be calculated because it is independent of the connected circuit impedance.  

 

Figure 8 – Source pulsating flow (Qs) and circuit pulsating flows (Qc Z1 and Qc Z2) for two circuit 

impedances in the HP line 

3.2.2 Source pulsating flow 

The pulsating flow and the source impedance have been calculated for several operational conditions by 

varying the rotation speed and the pressure in the HP line. The pressure in the LP line was set to 25 bar.  

Figure 9 represents the pulsating flow amplitude in the HP line versus the static HP pressure values at 200 

rpm. The values have been plotted according to the source harmonic orders (the first source harmonic order 

corresponds to H22). The measurements, which do not respect the limit factor defined in section 2.3.1, were 

tagged as NOK. The results show that the higher the static pressure is, the higher the pulsating flow is. The 

measurements are sufficiently accurate until the sixth order. 

Figure 10 represents the pulsating flow in the HP line versus the rotation speed with a HP static pressure of 

80 bar. Unlike the previous case, the pulsating flow amplitude do not proportionally increase with the 

rotation speed especially for the second and third orders. High values appear for the third order at 100 rpm 

and for the second order at 150 rpm. To understand these values, the pulsating flow was plotted according 

to frequencies. A peak value is visible at 120 Hz for the pulsating flow, which explains the disproportionate 

increase of the pulsating flow versus the rotation speed due to this resonance. As explained before, the 

pulsating flow Qs of the source is estimated at the outlet of the component casing. Thus, it is the result of 

the pulsating flow generated inside and its propagation through the internal geometry. Even if the pulsating 

flow may proportionally increase with the rotation speed, the propagation inside the component can lead to 

resonances at specific frequencies. 

10dB 
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3.2.3 Source impedance 

To ensure the fact that the propagation in the component can lead to resonances, the source impedance Z0 

has also been plotted for the HP and BP line according to frequencies (see Figure 12 and Figure 13). The 

impedance amplitudes are represented versus the HP static pressures. The impedance is clearly independent 

on the HP line static pressure. Moreover, these curves show that results can be accurate and repeatable to 

evaluate the source impedance. Source impedance amplitudes are different for the HP and the BP lines. The 

HP source impedance has a drop in its amplitude value around 120 Hz leading to the pulsating flow 

resonances seen previously. Even if other drops appear for the source impedance, the pulsating flow 

resonance is highest at 120 Hz because the source energy is more important at its first harmonic orders and 

so in low frequencies.  

 

Figure 9 -|Qs| in HP line in kg/s versus HP pressure values at 200 rpm and LP = 25 bar 

 

Figure 10 - |Qs| in HP line in kg/s versus rpm values at HP = 80 bar and LP = 25 bar 
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Figure 12 - |Z0| in the HP line in (Pa.s)/kg according to HP pressure values 

 

Figure 11 - |Qs| in HP line in kg/s versus frequencies at HP = 80 bar and LP = 25 bar 

10dB 

Figure 13 - |Z0| in the BP line in (Pa.s)/kg according to HP pressure values 

 

10dB 
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4 Conclusions 

Fluid power transmission can induce noise and vibration issues because of pressure flow fluctuations. Thus, 

it is critical to characterize the hydroacoustic contribution of the active components. This paper has 

presented a simplified experimental methodology to measure the intrinsic pulsating flow and the impedance 

of an industrial active source. The method is based on the norm ISO 10767-1 and consists in using two 

different impedances to calculate the source pulsating flow Qs and its impedance Z0. 

The simplified hydroacoustic methodology has been applied to an industrial pump. The results show the 

advantages to measure the intrinsic pulsating flow rather than the measured flow at the source ports. The 

pulsating flow has been presented for several operational conditions by varying the static pressure or the 

rotation speed. The source pulsating flow increases with the static pressure. However, some pulsating flow 

peaks can appear due to internal resonances. As the source pulsating flow is measured at its ports, the source 

impedance influences its amplitude. Thus, the source pulsating flow Qs calculated with this simplified 

methodology does not give information about the internal mechanism of pulsation generation. However, it 

gives useful data of the pulsating flow seen by the external circuit.  

The pulsating flow and its impedance can be used in a numerical model to predict the pulsating pressure in 

a hydraulic circuit. Once the hydroacoustic behavior of active and passive components measured or 

calculated, the whole circuit can be assembled to predict and limit the noise and vibration issues due to 

pressure flow fluctuations.  
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Abstract
The goal of this paper is to provide a method for airborne source description of the EC and to determine the
airborne sound contribution at the driver’s ear. The radiation of the EC was approximated by six acoustic
monopoles emitting a volume acceleration. The characterization was conducted with the help of noise trans-
fer functions (NTFs) and operational measurements in an anechoic chamber. Volume acceleration sources
were used to measure the NTFs. The validation of the source identification was performed in a changed
environment and a vehicle. The first results for the sound pressure predictions at the driver’s ear showed
good agreement to the reference measurements. However, in the high-frequency range, the prediction was
partly deviating from the reference. To further improve the accuracy, an artificial EC was constructed to
replace the volume sources for the NTF measurements. Thereby the predictions could be improved in the
high-frequency range. These results are also validated in a changed environment.

1 Introduction

Noise Vibration Harshness (NVH) is an important part of automotive engineering since, apart from func-
tional requirements, customers expect a pleasant driving experience. The vehicle’s NVH properties play an
important role for the customers, often subconscious, quality perception. The increasing expectations on
acoustics drive the continuous development of improved engineering methods for NVH optimization. In
the automotive industry, the change in drive concepts towards hybrid and electric drivetrains is leading to
the increased use of electro-mechanical components and thus to a change in the vehicle background noise
[3]. Medium- and high-frequency sources instead of low-frequency excitation by the combustion engine are
increasingly occurring. Due to the ever shorter development cycles, it is necessary to consider NVH design
as early as possible in development. Therefore, transfer path analysis (TPA) can be used to analyze the
noise contributions of different transmission paths. In a TPA, a distinction is made between an active and a
passive component. The actively vibrating source-component transmits its excitation to the coupled passive
component. Within the framework of TPA, the source is often represented by forces acting at the interface
to the passive system [8]. This is advantageous since a time-consuming modeling of the sources internal
excitation is spared. It also enables a strict separation of excitation mechanisms from structural or acous-
tic transmission paths. Once the source has been identified, the methods of component-based transfer path
analysis allow to calculate the sound pressure in any conceivable source installation condition. This is also
possible if the coupled system exists only virtually. The computer-aided representation of a real machine’s
acoustics is called virtual acoustic prototyping (VAP) [5]. In order to allow a realistic interpretation of the
prediction results, an auralization should be provided. Audio examples greatly simplify discussions about
the quality of an acoustic design, also with non-acoustic experts [10].

Goal of this paper is to develop a VAP approach for the airborne sound transfer of an electric refrigerant
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q

p

Figure 1: Schematic measurement setup for airborne source identification. Depicted is the spherical array of
microphones measuring sound pressures p and the monopoles q chosen to approximate the source radiation
[2].

compressor (EC). This is done using concepts from component-based TPA. The first attempt of the charac-
terization was done with the help of volume acceleration sources (Q-sources). Subsequently, the optimization
potential of an artificial EC in the form of a loudspeaker box was investigated.

2 Theory

The goal of component-based TPA is to determine a source characterization which is a property of only
the source itself and can hence be used for noise prediction in different peripherals [8]. The first method
presented in this paper is an inverse approach which approximates the source with a finite number of discrete
monopoles, as previously described in [1, 4, 7, 9, 2, 6]. The inverse approach is used to calculate a set of
equivalent blocked volume accelerations (BVA) at m monopoles around the source. These are contained in
the vector q, see figure 1. Each of these monopoles has its contribution to the radiated sound pressure, which
is recorded with n microphones around the compressor. The sound pressures are contained in the vector p.
The contribution of each volume acceleration qm to the sound pressure pn of a microphone is determined
by the frequency response function (FRF) Ynm. This means that the sound pressure pn at each position can
computed by:

pn = Yn1q1 + Yn2q2 + ... + Ynmqm (1)

Or in matrix notation:




p1
p2
...
pn


 =




Y11 Y12 . . . Y1m
Y21 Y22 . . . Y2m

...
...

. . .
...

Yn1 Yn2 . . . Ynm







q1
q2
...
qm


 (2)

In order to calculate the monopole source characterization, the inverse of the FRF-matrix Y−1 is required.
This matrix must have at least the same rank as the number of unknown monopole radiators. In the experi-
mental determination, it is advantageous to generate an over-determined system, i.e. n > m, since in general
the results are more accurate and less sensitive to small measurement errors [2]. For an over-determined
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system the pseudoinverse Y+ is calculated which solves a problem of the smallest error squares. For the
source characterization we get:




q1
q2
...
qm


 =




Y11 Y12 . . . Y1m
Y21 Y22 . . . Y2m

...
...

. . .
...

Yn1 Yn2 . . . Ynm




+ 


p1
p2
...
pn


 (3)

From equation 3 it is clear that the sound pressure vector p and the transfer matrix Y must be measured to
calculate a source characterization by q. In compact matrix notation, equation 3 can be written as:

q = Y+ · p (4)

This approach is in principle very similar to component TPA used for the source description in structure-
borne sound [8]. The volume accelerations q can equivalently describe the airborne excitation of the source.
This can be seen and derived from the same reasoning as the blocked forces, which is not explained here.
The q represent the volume accelerations needed for counter-acting all volume accelerations radiated off the
compressor surface. The negative signs needed are omitted for brevity. The identified q can therefore also
be called blocked volume accelerations [2]. They would in theory act like an active noise cancellation on the
source and block/cancel all sound pressure at the surrounding microphones. This is based on the following
assumptions [2]:

1. As for component TPA, one assumption is that the internal source mechanisms (e.g. rotor imbalance,
electromagnetic forces, etc.) are independent of the mounting condition. As the compressor was
mounted with very soft rubber isolators in the vehicle, and the identification was performed in free-
free conditions, this assumption was assumed valid.

2. Additionally, one is assuming that the whole ”interface” of the compressor with the surrounding air is
controllable by the chosen monopoles. This is much harder to achieve, since the interface in acoustic
fields is a continuous surface. The representation with only a few monopoles is therefore subject to
a natural upper frequency limit. In addition, when n > m, one can estimate if the source is well
described by the m monopoles by checking the error p−YY+p.

3. If the compressor was mounted rigidly against a stiff receiver, the vibrations on the compressor hous-
ing, and therefore also the BVAs q, would change. Hence, one is assuming that the surface vibrations
of the freely hung up compressor are the same as in the vehicle. In the specific case of this application,
the compressor is mounted with very soft rubber bushings in the vehicle. So this assumption was con-
sidered to be valid (this was validated by comparing in-vehicle vibration levels with the freely hung-up
compressor).

3 Source characterization of an EC

The source characterization process of the electric refrigerant compressor (EC) is divided into three main
parts. The first part is the frequency response function measurement (Y), followed by an operational mea-
surement (p) and lastly the calculation of blocked volume accelerations (q) as source description.

3.1 FRF measurements

For the source characterization, the EC was placed in a cubical anechoic chamber. The compressor was quasi-
freely suspended with elastic cords in the center of the chamber. Around the compressor 14, microphones in
three different levels were positioned on a fictive sphere, see figure 1. In figure 2 a photo of the test set-up
with the microphones and the compressor is shown.
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Figure 2: Measurement setup for airborne source identification of the compressor [6].

Figure 3: Depiction of monopole positions for the source characterization of the electric refrigerant com-
pressor.
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In this study, the compressor excitation is approximated with six monopoles. If one considers the compressor
as a cuboid, it is assumed that there is a monopole in the center of each side-surface. In figure 3, the positions
of each monopole are shown. The compressor has a dimension of roughly 20 x 15 x 15 cm3. For the FRF
measurement, two volume acceleration sources for different frequency ranges are used1. They emit white
noise with monopole characteristic while measuring the volume source output with a sensor. These sources
were placed subsequently at each of the monopoles. The transfer functions from pole m to each microphone
are computed with an H1-estimator (auto- and cross power spectra computed from 500 frequency blocks,
1 second length, 66.7 % overlap). As a result, one obtains the 14 x 6 FRF-matrix Y from each monopole
to each of the surrounding microphones. By combining the FRFs estimated with both volume sources, the
FRFs could be determined in the frequeny range from 30-10 000 Hz.

3.2 Operational measurements

For the operational tests, the same test setup is used as for the FRF-measurements. The operational measure-
ments are performed without Q-sources, but this time with the compressor running in different operational
states o of constant engine speeds. Starting from 10% to 100% of the maximum engine speed (8600 min−1),
in increments of 10%. This means 10 different operational speeds are measured. The time signal pn,o(t)
at each microphone is recorded and later transformed to the frequency domain. The vector of microphones
signals in the frequency domain at operational state o will be denoted as po.

3.3 Source characterization

With the signals recorded during the operational measurements po, for o different compressor speeds, and
the pseudo inverse FRF-Matrix Y+ the calculation of the blocked volume accelerations (BVAs) qo is:

qo = Y+ · po (5)

As a result, one obtains the BVAs qo representing the airborne compressor excitation at operating speed o.

4 Validation

To validate the source description with the equivalent monopole excitations qo, a transfer validation in a
modified room and in a vehicle was conducted.

4.1 Modified room validation

The first validation is achieved by modifying the anechoic chamber with metal shelf boards placed on the
walls, see figure 4. These plates increase the reflections in the room and thereby change the acoustic transfer
functions [2]. In figure 5, the same FRF measured in either configuration of the room is compared. It can be
seen that the ”waviness” of the FRF is increased by adding the metal plates to the walls. This is expected,
since the ”waves” in the FRF magnitude are caused by reflections on the wall.

The transfer predictions were computed with the blocked volume accelerations obtained from the measure-
ments in the anechoic chamber without the metal plates. For the validation, the FRF and operational measure-
ments are repeated in the modified environment to obtain Ymod and po,mod. As the previously identified
blocked volume accelerations qo are an independent property of the source only, one can calculate predic-
tions ppred

o,mod for microphones in the modified chambers for different operational states o. The predictions
are obtained with the following equation:

1Siemens Q-source family: Q-IND source for lower frequency range and Q-MHF for higher frequency range
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Figure 4: Modified anechoic chamber with metal shelf boards mounted to the walls to change the environ-
ment of the compressor [6].
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Figure 5: Comparison of anechoic room FRF with the same FRF in the room that was modified by metal
plates on the wall [2].
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Figure 6: Transfer validation for 80% of maximum compressor speed ((a) narrow band plot, (b) third oc-
tave plot). Both plots show the comparison between the validation measurement pmod, a component TPA
prediction ppred

mod and a filtered prediction ppred#
mod [2]. One y-axis increment in plot (b) denotes a 10 dB

difference.

(a) Reference (b) Prediction (c) Filtered Prediction

Figure 7: Auralization of reference signal, prediction and filtered prediction [2] for the results shown in
figure 6 at 80% of the maximum compressor speed. For audio playback, click on the loudspeaker symbol
(Acrobat Reader version 9 or higher required).

ppred
o,mod = Ymod · qo (6)

These predictions are validated with the actual operational measurements in the modified chamber. The
results can be seen and heard in figure 6. In addition to the raw predictions a regularization was applied [2].

In this section, the airborne source modeling of the compressor by blocked volume accelerations qo was
executed. The results proved to be promising for quantifying the airborne sound radiation of the compressor
[2]. This was shown by a transfer validation. Due to a higher noise level on some microphones, a regulariza-
tion which filters the non-order components of the compressor sound was applied. This resulted in clearer
auralizations of the TPA predictions. The source description is limited in frequency, since the discretization
with six monopoles is assumed to be insufficient for higher frequencies. From previous experience, it was
known that the compressor sound was only audible up to around 2 kHz in the vehicle. The discretization with
six monopoles was assumed to be valid in this frequency range. During the measurements, it was noted that
towards higher frequencies, the influence of positioning errors on the volume source become more apparent.
In figure 8, the same FRF with the orifice of the volume source moved 3cm is shown. When conducting
the volume source measurements in the vehicle, it was found that positioning the volume source properly is
often not possible due to space limitations, and the repositioning for measuring all six monopoles is labor
intensive. In order to avoid this, in [6] an artificial compressor was developed, to speed up the measurements
and reduce positioning errors. The artificial compressor is shown in figure 4. This approach will be further
described in section 5.
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Figure 8: Positioning influence on the FRF measurements with the Q-MHF source in the anechoic chamber
[2].

4.2 In vehicle validation

The second stage validation was conducted in a vehicle. To validate the compressor source characterization,
a prototype of a long range electric vehicle was available. The whole validation process is divided in FRF
measurement and operational measurements in the vehicle. For the FRF measurements, the compressor was
mounted at its supposed location. Using the Q-sources and placing microphones at the driver’s ears it is
possible to measure FRFs Yem from the six monopoles m to the driver’s ears e. As a result, one obtains the 6
x 2 FRF-matrix from each monopole to each of the two driver’s ears. The source BVA (indentified in section
3.3) of the electric refrigerant compressor qo in combination with the vehicle FRF-matrix Yvehicle allows
to make predictions for the sound pressure at the driver’s ears ppred

o,vehicle. The following equation shows the
determination of the predicted sound in the car.

ppred
o,vehicle = Yvehicle · qo (7)

For validation, operational measurements were conducted in the vehicle, where the compressor is in the same
position as it was for the FRF measurement and the same operational conditions as in the anechoic chamber
were recorded. To avoid structure borne sound contributions, the compressor was freely suspended in this
position (against an external support). The power supply cable and the refrigerant hoses were guided out of
the car, without touching the body, to an external load unit from IPETRONIK which allowed a controlled
and repeatable operation of the compressor.

Figure 9 compares the prediction for airborne compressor sound (equation 7) at the left driver’s ear with the
reference measurements in the vehicle. Additionally, the background noise level (compressor switched off) is
plotted in the figure, to better interpret the results especially at higher frequencies. The considered operating
state is at 50% of maximum speed. The following observations can be made (also for other compressor
speeds): If the prediction is compared with the reference measurement taken with the freely suspended
compressor, it is noticeable that the prediction matches well, especially in the lower frequency range. When
auralizing the reference and the prediction, they sound similar. At higher frequencies, the prediction tends
to be quieter than the reference. This is assumed to be partly due to the noise floor in the measurements. To
improve the results for higher frequencies, a higher spatial resolution through more than 6 monopoles would
be necessary. Also, the positioning errors of the Q-sources during the source identification in the anechoic
chamber and the measurement of the vehicle transfer functions becomes more relevant at higher frequencies
(see figure 8). Despite these deviations, a good estimate can be made for the airborne sound perceived at the
driver’s ear.

3358 PROCEEDINGS OF ISMA2020 AND USD2020



Airborne: vehicle validation 4300rpm compressor speed

62 125 250 500 1000 2000 4000 8000
Frequency [Hz]

So
un

d
pr

es
su

re
[d

B
A

]

pvehicle ppred
vehicle

Noise

Figure 9: In vehicle validation of the compressor’s airborne source identification [2]. The airborne TPA
prediction is denoted as ppred

vehicle (equation 7), the Reference pvehicle was recorded with the compressor in
the vehicle, and the noise was recorded with the compressor switched off. One y-axis increment denotes a
10 dB difference.
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Figure 10: Auralization of the in vehicle validation of the compressor’s airborne source identification shown
in figure 9 [2].

5 Artificial compressor

The identified weaknesses of the volume source method described in the previous section are the motivation
for the construction of an artificial EC. The concept of the artificial compressor is a cuboid wooden box
with dimensions similar to the actual compressor. The housing is made of birch multiplex with 15 mm wall
thickness. The outer dimensions of the box are 15 x 17 x 25 cm3. On each of the six sides, there is a
full-range loudspeaker with a 6 Ω impedance, a nominal output of 30 W and a maximum output of 50 W.
Six cinch jacks allow the speakers to be driven separately. Each of the speakers is directly wired to a jack.
Circular holes have been milled in the center of each side to allow the speakers to be mounted inside the
enclosure.

The goal of the design is to enable transfer function measurements of the six monopoles without the use of
volume acceleration sources. The occurring reflections and inaccuracies caused by the source positioning
are to be eliminated with this construction. Without the volume sources, the execution of the method is less
time consuming. The positioning of the sources, which has to be carried out for each of the monopoles, is
no longer necessary, which significantly reduces the experimental effort. Another advantage of the artificial
EC is that it can better represent the physical reality of the compressor. The airborne sound emitted by
the compressor during operation is radiated by the vibrating surface, not a monopole. The membranes of
the loudspeakers, which are enclosed in the wooden box, approximate this property of the vibrating surface
much better than the volume acceleration sources used previously. Figure 11 shows the artificial compressor,
i.e. a box with six loudspeakers and their connections for control.

The construction of the artifical EC system includes the wooden box with the six loudspeakers, an amplifier
and the measurement system, which was already used in previous experiments, see figure 12. The amplifier
amplifies the signal from a function generator. This signal is fed to one artificial EC loudspeaker at a time,
via a cable specially designed for this application. The loudspeaker input signal is also measured by the
data acquisition system. This measurement of the voltage signal is necessary because there is no volume
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Figure 11: Artificial compressor, realized as loudspeaker box, with the numbering of the six inputs. The
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Figure 12: Artificial compressor with connection to measurement system and amplifier. One speaker at a
time can be driven with the amplified input signal. The input signal, which is output by the signal generator
of the measurement system and amplified, is recorded as reference channel.

acceleration sensor that directly measures the emitted signal of the loudspeaker. This applied voltage signal
correlates with the emitted volume acceleration of the loudspeaker and can therefore be used as a reference
channel for the transfer function measurement. The artificial EC was constructed and designed with the help
of various experiments which are further described in [6].

5.1 Source characterization with the artificial compressor

The general approach for characterizing the compressor’s airborne excitation remains unchanged. The mea-
surements are again subdivided in FRF and operational measurements. For the FRF measurements, the
artificial compressor is now used instead of the Q-sources.

5.1.1 FRF measurements

For FRF measurements, the same set-up as in the previous tests for the Q-sources was used. The artificial
compressor was placed in the center of 14 microphones in the anechoic chamber. The FRFs measured during
these tests are the transfer from each of the six inputs i to each of the microphones n. In figure 11, on can
see the position of each of the six inputs. First the transfer function Yni to the microphones n was measured
(same settings for the H1 estimator as in section 3.1). The calculated FRF indicates the transmission from
the measured input signal ui to the sound pressure at the respective microphone pn:

Yni =
pn
ui

(8)

The advantages of the artificial EC in determining FRFs were first noticed when the experiment was carried
out. By switching the connector, each of the six loudspeakers could be controlled individually. Furthermore,
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Figure 13: Transfer function Y22 from input i = 2 to microphone n = 2, measured with the artificial
compressor. Measurements were made in free field space under the conditions described above. Note that
this transfer function has the unit [pa/V].

no source positioning was necessary. The use of broadband drivers required only one measurement per
input to cover the entire frequency range required (as opposed to the two different volume sources needed
previously). The best input signal for the loudspeakers was found to be a band noise of 30-10 000 Hz at an
amplitude of 9 V when measuring the transmission function from the loudspeakers to the microphones. The
result is a 14 x 6 FRF matrix.

Figure 13 shows an example of the transfer function Y22 from input i = 2 to microphone n = 2. It can be seen
that the transfer functions are measured with good coherence using the test setup and correct setting of the
input signal for the loudspeaker box. It is noticeable that the loudspeakers do not emit sound pressure to the
same extent for all input frequencies. Especially in the low-frequency range, there are dips. The wooden box
and loudspeaker system therefore does not emit the same amount of sound pressure for all frequencies. This
is due to system-inherent resonances and anti-resonances. By using the artificial refrigerant compressor, time
and measuring effort are significantly reduced without reducing the quality of the measured transmissions.

5.1.2 Operational measurements

After the FRF measurement was completed, the operational measurements were carried out. For this purpose,
the real compressor was positioned in place of the artificial EC in the anechoic chamber. Subsequently,
the measurements as performed in section 3.2 were repeated because the layout of the anechoic chamber
changed. Each of the microphones recorded during operation for 20 s the time signals of the sound pressure
pn,o(t) at the respective microphone position. This was then transformed into the frequency domain. The
load unit and a control software enabled the controlled operation of the compressor.

5.1.3 Source characterization

With the results from the operational measurements and the calculated transfer functions, the Blocked Volt-
ages (BVs) can be determined. Since with the use of artificial EC, the transfer between volume acceleration
and sound pressure can no longer be measured, the source characterizing quantity is BVs contained in the
vector uo. The vector uo contains the six BVs for the compressor operating condition o. With the pseudo
inverse Y+ and the measured sound pressures from the operational measurements po the BVs are obtained
from:
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Figure 14: Shown is the result of the metal plate validation for the artificial EC in the third-octave spectrum.
The prediction AB TPA for one microphone is compared with the actually measured reference for the op-
erating state with o = 90% of the max. rotational speed. Additionally, a filtered prediction was calculated.
One y-axis increment denotes a 10 dB difference.

uo = Y+ · po (9)

This results in six Blocked Voltages (BV) for each o of the 10 operating states. The results of the source
characterization are checked by means of a validation in a modified room.

5.1.4 Transfer validation

In section 4.1, a metal plate validation has already been performed. This form of validation was repeated for
the source identification with the artificial compressor. Both the operational measurements and the transfer
function measurement are repeated in the modified room. For this purpose, the room was modified with metal
plates (see figure 4). For the reference signal, the same set of operational measurements o were repeated in
the modified room to measure po,mod. The source’s BVs uo were previously identified in the plain anechoic
chamber, without the metal plates. For predicting for the sound pressure at the microphones in the changed
ambient conditions, the transfer functions of the modified space are multiplied with the FRF of the modified
room:

ppred
o,mod = Ymod · uo (10)

This is compared with the reference signal po,mod in figure 14, for the exemplary operating state o = 90 % in
a third-octave spectrum. The calculated prediction can replicate the measured signal very well. For both the
low and the high frequency range, an improvement of the results can be achieved compared to the validation
results from section 4.1, compare figure 6. This improvement becomes clear when the results are auralized,
see figure 15. It was particularly noticeable in previous results that the prediction showed deviations in
the high-frequency range. Compared to the procedure with the volume acceleration sources, the artificial
compressor yielded an improvement in result accuracy, while decreasing the experiment time significantly.
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(a) Reference (b) Prediction (c) Filtered Prediciton

Figure 15: In this figure one can listen to the auralization of the prediction, the filtered prediction and the
reference signal.

6 Conclusion and Outlook

Overall, the characterisation of the compressor by six monopoles allowed good predictions for the airborne
noise in the vehicle. The drawback of using the monopole volume sources was an inaccuracy in the results
mainly occuring at higher frequencies, which could be avoided with the constructed artificial EC. The design
of the loudspeaker box brought, in addition to the result improvement, a reduction in measurement time
and effort. The validation has shown, that the predictions can accurately represent the reference measure-
ments. The auralization made it possible to not only evaluate the spectral plots, but also have a subjective
auditory comparison of the results. In summary, it can be said that the methodology is an important tool to
independently obtain the airborne sound contribution of an acoustic source. This can then be compared to
the structure borne noise contributions [2], such that effective counter measures to the overall cabin noise
can be developed. The effect of introducing different kinds of sound insulation capsules around the source
can be simulated, by obtaining the source description in the free-field room with the different capsules and
multiplying them with the vehicle transfer functions.
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with Acustica 72 (1990), pp. 233–246.

[8] Maarten V Van Der Seijs, Dennis De Klerk, and Daniel J Rixen. “General framework for transfer
path analysis : History , theory and classification of techniques”. In: Mechanical Systems and Signal
Processing 68-69 (2016), pp. 217–244. ISSN: 0888-3270. DOI: 10.1016/j.ymssp.2015.08.
004. URL: http://dx.doi.org/10.1016/j.ymssp.2015.08.004.

[9] Herman Van Der Auweraer et al. “Transfer Path Analysis Innovations for Airborne Noise Prob-
lems with Focus on Pass-By-Noise”. In: SAE Technical Papers 2014-Novem.November (2014). ISSN:
01487191. DOI: 10.4271/2014-36-0801.

VEHICLE NOISE AND VIBRATION (NVH) 3363



[10] Peter Zeller. Handbuch Fahrzeugakustik. 3. Auflage. Springer Vieweg, 2018. ISBN: 978-3-6581-8519-
0. DOI: 10.1007/978-3-658-18520-6.

3364 PROCEEDINGS OF ISMA2020 AND USD2020



Application of dynamic substructuring in NVH design of
electric drivetrains

P. Wagner 1,2, A. P. Hülsmann 2, M. V. van der Seijs 3

1 AMITRONICS GmbH,
Am Technologiepark 10, D-82229 Seefeld bei München, Germany

2 BMW Group,
Knorrstrasse 147, D-80788, München, Germany
e-mail: arthur.huelsmann@bmw.de

3 VIBES.technology,
Molengraaffsingel 14, 2629 JD Delft, The Netherlands

Abstract
This paper shows the advantages of frequency-based substructuring (FBS). It shows that FBS can bridge
the gap in full-vehicle responsibility between the conception phase and full-vehicle hardware testing in the
V-Model describing the full-vehicle development process. Substructures can be exchanged during rebalanc-
ing of subsystem conception and targets. In the presented case, FBS and component-based Transfer Path
Analysis (TPA) methods are used to analyze the drivetrain acoustics of an electrical vehicle. The model de-
scription for measurement-based and hybrid modeling, based on experimental data as well as on simulation
data from FE-models, will be shown. The excitation by equivalent forces, the mount models, the coupling
of the subsystems and the full-vehicle synthesis showing acceleration and sound pressure level results are
validated one by one. As a last step, a parameter variation as a powerful application example is mentioned.

1 Introduction

The automotive industry has to deal with great challenges for the future. The current global situation forces
the OEMs to accelerate the development process by reducing costs and limiting the number of hardware
prototypes. From an acoustic point of view it is important to predict the interior sound in an early design
phase and track design changes and their consequences. In addition, new acoustical phenomena of electrified
and electrical drivetrains need to be designed for. Therefore powerful technical design tools are needed to
face these challenges.

1.1 State of art

A full-vehicle design department responsible for electrical drivetrain acoustics has the task to balance the
sound pressure level targets at the passengers ear and the dynamic behavior of the subsystems among them-
selves. In the early design stage, this responsibility is accounted for by determining subsystem targets. In
the middle stage of the design timeline, the departments responsible for the development of the subsystems
verify subsystem target fulfillment using subsystem simulation and subsystem test benches. In this stage,
the full-vehicle department cannot account for this full-vehicle design responsibility, which would be in re-
balancing of the subsystem targets. Only when the first prototype car is ready to drive (i.e. in the last phase
of the design timeline) the full-vehicle point of view is considered again.

In these late stages of design, classical TPA methods are often used to identify the dominant vibrations
paths and inform design teams where to put the last efforts [1]. Apart from their late availability, results from
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Figure 1: The V-Model, describing the vehicle development process. Dynamic Substructuring can be used
to close the gap in full-vehicle analysis and responsibility between the early-stage conception phase and the
first actual full-vehicle prototype in hardware.

classical TPA are also limited in use: they cannot simulate for design changes and cannot properly implement
results obtained on subsystem level, e.g. from component test benches. This underlines the need for a new
paradigm in automotive NVH design, that is better tailored towards a future of modular “platform-based”
end-products and shorter design timelines with fewer prototypes in hardware.

1.2 Advantages of Dynamic Substructuring

Dynamic Substructuring [2] enables us to collect the subsystem models and assemble them to a whole vehicle
model for structure-borne electrical drivetrain acoustics. The subsystem dynamics can either originate from
finite element models or from component or subsystem measurements, depending on the actual development
stage. The excitations can equally be obtained from full computer simulation or component test bench
trials. The combination of component-specific excitation profiles (e.g. equivalent forces, often referred to
as “blocked forces”) with substructured vehicle dynamics is often regarded as component-based TPA, and
relies on proper use of FBS subsystem models and operational spectra under the right conditions [1, 3, 4].

Some substructure models, like the drivetrain housing, axle carriers and the car body, are usually available
in an early design phase from finite element modeling. Models for rubber mounts and acoustical transfer
functions of the car body can either be derived from measurements on predecessors or from synthetic values.
Hence it is possible to analyze and design the interactions of all coupled components and the resulting
NVH-synthesis over all transfer paths, but also to do parameter variations with a reduced amount of efforts.
In a later design phase, hardware of the substructures will become available and can be measured. Test-
based models derived from these measurements can be interchanged with the virtual substructure models to
compare and to refine model quality [5].

The full-vehicle model, simulated through dynamic substructuring, can be used to close the gap in full-
vehicle analysis and responsibility between the early-stage conception phase and the first actual prototype in
hardware, see figure 1. Target levels which have not been fully met in one subsystem can be compensated
by target over-fulfillment on another subsystem, avoiding expensive and potentially unnecessary measures
on subsystems. Working on the full-vehicle analysis in cooperation with all involved departments will also
intensify the cooperation and the understanding between these colleagues.

1.3 Paper outline

This paper shows an application of aforementioned FBS and TPA methods on the simulation of the acoustics
of an electric drivetrain. First we will introduce the chain of components and FBS modeling approach in
section 2. Section 3 will discuss the modeling of the subsystems, as well as the modeling of the excitation
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Figure 2: Schematic overviews of the electric drivetrain assembly.

spectra. Remarks towards inclusion of secondary noises are also made. Results of assembly and validation
are discussed in section 4.

2 Modeling approach

2.1 Subsystem definitions

The electric power train assembly under consideration is shown schematically in figure 2(a). We distinguish
the following subsystems:

• EDU: the electric drive unit, connected to the rear axle carrier (RAC) at 4 coupling points.

• RAC: the rear axle carrier, connected to the bodywork (TMB) with 4 coupling points. Altogether this
carrier is modeled by 8 coupling points.

• TMB: the bodywork or “trimmed-body”, including the noise transfer functions (NTFs) to the interior
microphones.

A total of 8 coupling points can be identified: each of them is comprised by an elastic mount. Part of
building the transmission model is thus the identification of the dynamic mount stiffness properties in the
relevant directions; this will be discussed in section 3.1.2.

Figure 2(a) shows the original full-vehicle assembly, for which operational run-up measurements have been
conducted. In this configuration FRFs have also been measured, using a variety of shakers and impact
hammers; this is detailed in section 3.1.

Figure 2(b) shows the ultimate goal of applying dynamic substructuring: to create a modular transmission
model, allowing to interchange, optimize and re-use individual subsystems. This model will be referred to as
the three-stage FBS model. As we will use Lagrange-multiplier frequency-based substructuring (LM-FBS)
[2], all subsystems are to be described by linear(ized) FRF matrices and the excitation’s by frequency spectra.

2.2 Subsystem coupling

This section discusses the assembly of substructures by LM-FBS. The goal is to build the transfer functions
of the three-stage model using the substructure FRFs of the components EDU (YA), RAC (YC) and TMB
(YE). This assembled FRF can then be used to apply forces, such as internal excitation forces f1 or equivalent
(blocked) forces f

eq
2 :

u6 = YDS
61 f1 ; u6 = YDS

62 f
eq
2 (1)
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In the following derivation, all subsystem denotations and DOF subscripts use the definitions as introduced
in figure 2(b).

2.2.1 Rigid LM-FBS coupling

The main equation of LM-FBS is well known and can straight-forwardly be set up for this assembly using a
block-diagonal organization of the three subsystem FRF matrices:

Ydual = Y(I−BT
(
BYBT

)−1
BY) (2)

where we have for the uncoupled subsystem FRFs, response DOFs and force DOFs:

Y ,




[
YA

11 YA
12

YA
21 YA

22

]
0 0

0

[
YC

33 YC
34

YC
43 YC

44

]
0

0 0

[
YE

55 YE
56

YE
65 YE

66

]




; u ,




uA
1

uA
2

uC
3

uC
4

uE
5

uE
6




; f ,




f1

f2

0

0

0

0




(3)

and for the Boolean compatibility matrix:

B ,
[[

0 I
0 0

] [
−I 0
0 I

] [
0 0
−I 0

]]
(4)

Note that the TMB subsystem also contains acoustic noise transfer functions (NTFs) to the interior positions;
these are part of YE

65. It is also important to note that the shown subsystem matrices are not all obtained
separately, but really by measurement or simulation of the subsystems, resulting in the groups of FRFs
within the brackets.

2.2.2 Compliant coupling using mount models

Standard rigid LM-FBS coupling requires strict coordinate compatibility and force equilibrium for each
matching DOF i. This would read for the compatibility and equilibrium between A and C:

Rigid coupling:

{
Bu = 0 =⇒ uAi − uCi = 0

LTg = 0 =⇒ gAi + gCi = 0
(5)

In the presented three-stage model, the subsystems are all connected through flexible rubber bushings. There-
fore, we adopt the compliant coupling technique, given by:

Compliant coupling:

{
Bu = Υλ =⇒ uAi − uCi = Υiiλi

LTg = 0 =⇒ gAi + gCi = 0
(6)

We here define Υ as the diagonal flexibility matrix containing the inverse of the dynamic stiffness functions
(zii) for the rubber bushings at the relevant coupling DOFs i. As the matrix is diagonal, cross-coupling in
the bushings is neglected. The dynamic stiffness functions are estimated using an inverse substructuring
approach [6, 7] of which the practice is discussed in section 3.1.2.

It can be shown that incorporation of the weak compatibility condition of (6) in (2) yields the following
compliant coupling LM-FBS scheme:

Ydual = Y(I−BT
(
BYBT + Υ

)−1
BY) (7)
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This equation, together with the definitions of (3) and (4) is used to create all substructured assemblies. For
our application, we used the VIBES Toolbox for MATLAB, which implements this method for compliant
LM-FBS coupling out-of-the-box.

2.2.3 Virtual points

Key to successful substructuring is having a well-defined set of interface degrees of freedom (DOF). As the
goal is to be able to replace numerical components for test-based components, one needs a uniquely defined
set of DOFs for both representations. In the following analysis we use virtual points (VP) [5, 8] for the
above-mentioned coupling points. Every VP is described by 6 DOF, i.e. 3 translations and 3 rotations. For
the acquisition and modeling of the experimental models, DIRAC is used (see section 3.1), which naturally
produces virtual point FRFs by transformation of the measured FRFs. For the models synthesized from
FE, RBE2 and RBE3 elements have been used in the reduced numerical models, which are effectively the
numerical equivalent of virtual points.

2.3 Equivalent force description

As a next step the equivalent force concept will be introduced. In many cases, measuring the internal excita-
tion force f1 directly is not feasible. Instead it is possible to define a set of equivalent forces f eq that have the
same characteristics as the source for what concerns the responses downstream of their points of application;
typically the interfaces. In other words, the equivalent forces at the interface of the full assembled system
leads to the same dynamic behaviour at the passive side like the excitation force at the active side does.
Hence the f eq are more general and a property of the source, contrary to for instance interface forces g2. For
more information on this concept see [1].

In this paper an equivalent force approach based on the free velocities (or in practice: accelerations) is used.
The advantages and disadvantages of free velocities for this application will be discussed in more detail in
section 3.2.2. The equivalent forces are defined as:

f
eq
2 = (YA

22)
−1ufree

2 (8)

In this equation, (YA
22)

−1 can be understood as the dynamic stiffness of the freely-suspended EDU at the
active-side interfaces. The term ufree

2 is the operational acceleration measured on the source acting in free-
free condition.

3 Implementation

3.1 Test-based modeling using DIRAC

Obtaining high-quality subsystem models from test is known to come with many challenges [9]. In this
project we have used DIRAC from VIBES.technology, which is designed to optimize the process of test-
based modeling from start to end and mitigate any of the traditional challenges. The process consists of the
following steps:

1. Off-line preparation: design of experiment. CAD geometry of the vehicle parts was loaded in the
3D Prepare environment of DIRAC. As virtual points are ultimately the desired outputs of the model,
these have been defined first. Next, sensors have been placed around the virtual points, as well as
excitation points for impact hammer testing and shaker testing. Suitable locations have been assessed
by cross-checking the 3D CAD environment with the actual car in the test facility.

2. On-line preparation: sensor placement and DAQ setup. In the test facility, sensors were connected to a
Müller-BBM MK2 data acquisition system (DAQ). Two impact hammers were connected for alternate
testing with a light nylon-tip hammer and a heavier rubber-tip hammer.
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Figure 3: Test-based modeling of the trimmed-body using DIRAC with live 3D guidance.

3. On-line measurement: guided FRF impact testing. The Measure module of DIRAC offers a measure-
ment experience with live calculation of virtual points, such that the quality of the desired end-results
– virtual-point transformed FRFs at a multi-kHz range – can already be assessed during measurement.
Figure 3 shows the workflow for the measurement of the TMB subsystem. A measurement like this
can be executed in half a day.

4. Virtual point transformation & analysis. The Analyze module offers an in-depth view into the mea-
sured FRF data, by means of coherence overviews and ODS animations, as well as VP quality in-
dicators like sensor and impact consistencies and reciprocity. This is shown for the rear axle carrier
measurement in figure 4. The matrix on the left shows the overall reciprocity of the 8 virtual points
after transformation.

3.1.1 Subsystem modeling

The subsystems as listed in section 2.1 have been measured in several “test assemblies”. These test assem-
blies have a certain meaning for FBS and component-TPA purposes and are identified as follows:

1. Full vehicle: the original full-vehicle configuration;
2. TMB + RAC: the vehicle on air springs, without the drive unit but with rear axle carrier;
3. TMB: the trimmed-body vehicle on air springs, without the drive unit and rear axle carrier;
4. RAC: the rear axle carrier freely suspended;
5. EDU: the electric drive unit freely suspended;
6. RAC + EDU: the sub-assembly of rear axle carrier and electric drive unit.

After measurement, an final round of measurement optimization is done in DIRAC using the coherence
overviews and ODS animations, for instance to check for incorrect sensor orientations.

By applying the virtual point transformation for both sensor channels and excitations on the measured FRF
matrix, a new VP FRF matrix is generated that has a square size ofN×6, whereN is the number of coupling
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Figure 4: The virtual point FRF matrix for the 8 coupling points of the rear axle carrier.

points. Additional response points, such as validation sensors, microphones and seat-rail accelerations can be
added as additional untransformed response rows to this matrix [5]. The same applies for validation impacts
that can later be used to validate the results of FBS.

An additional benefit of the modular substructuring approach is that subsystem FRFs/NTFs are typically
obtained at higher signal-to-noise ratios (SNR) then full-vehicle FRFs/NTFs, and thus better overall quality.
In the full-vehicle configuration, an excitation on the electric drive renders hardly any signal at the driver’s
ear microphones. This is of course due to the two stages of isolation along this path. The trimmed-body
measurement on the other hand has much more direct transfer of vibrations from the RAC coupling points
to the driver’s ears. As a result, the coherence of the impact measurements is high even up to 4 kHz, as can
be observed in figure 3.

3.1.2 Mount modeling

The rubber mounts are characterized using the inverse substructuring technique [7]. Figure 5(a) shows the
measurement setup for one of the RAC mounts in DIRAC. Aluminum brackets have been machined that fit
tightly around the mount’s outer cylinder. On the other ends, aluminum crosses have been connected that
allow for easy measurement on the ends that are normally connected to the vehicle bodywork (as was shown
in figure 3). A total of 14 tri-axial accelerometers can be identified: 6 for the center bracket and 2 times 4
for the crosses. This is quite some more than strictly needed for the process, but done to further study the
rigidness of the adapter brackets.

The general process of dynamic stiffness characterization is depicted in figure 5(b). After impact measure-
ment, the 14 × 3 = 42 response channels and 37 impact positions are transformed to 2 × 6 = 12 virtual
point DOFs, resulting in VP FRF matrix Yqm(ω). This matrix comprises 6 rigid body modes plus 6 flexible
modes, as a result of the mount’s stiffness and the mass of the brackets1.

The obtained 12 × 12 VP FRF matrix is inverted to yield Zmnt(ω), which is now the dynamic stiffness
matrix of the assembly of bracket-mount-crosses. The inverse substructuring concept takes the off-diagonal

1The next mode that kicks in can be seen as an indicator for the upper frequency limit of the method: either caused by an internal
resonance of the mount or due to a flexible mode in one of the adapters.
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(a) Model of mount characterization.
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Figure 5: Mount modelling.

(a) Comparison of the front RAC mount in X-
direction (radial).

(b) Comparison of the rear EDU mount in Z-
direction (radial).

Figure 6: Comparison of mounts characterization methods for different types and directions.

6 × 6 blocks of this dynamic stiffness matrix, which approximates the dynamic stiffness terms of a just the
mount2. By choosing the virtual points in the mass/stiffness center of the mount, we minimize the effect of
cross-terms. Therefore the main diagonal of the two off-diagonal submatrices can be assumed to be a good
approximation of the dynamic stiffness of the mount before its first internal resonances3. As a last step, the
6 pairs of reciprocal stiffness curves are averaged and extrapolated down to 0 Hz. The process was repeated
for the other mount types, resulting in a total of 8 × 6 = 48 dynamic stiffness curves, with amplitude and
phase information for all translational and rotational DOFs. These are in the right format to plug into the
compliant LM-FBS method governed by (7).

This application of inverse substructuring is validated against classical mount test bench measurements with
unidirectional pre-load in X- and Z-direction. As can be seen in picture 6, the different curves align well
for the different mount types, directions and calculation methods. Therefore it is possible to say that the
FBS stiffness model is valid for the linear range of the mounts, i.e. in a range that is most relevant for NVH
engineering.

2By definition of the terms Z12 and Z21: any connected structure has no contribution to these terms [6].
3Beyond these resonances, the method’s assumption of negligible mass is not satisfied anymore. A full FBS decoupling approach

is warranted here [7], which is beyond the scope of this paper.
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3.2 Hybrid subsystem modeling

So far, the models discussed in section 3.1 are all originating from measurements. In this section, we will
combine test-based models with model descriptions originating from finite element models. The goal is to
be able to obtain each input from either measurements or finite element modeling and to interchange these
different model descriptions, depending on e.g. the progress of the development process of the vehicle.

3.2.1 Setup of the structure model

At the time of writing this paper, we were able to describe the dynamics of the drivetrain housing, the RAC
and the connecting points to the car body using finite element models. The noise transfer function of the car
body and the description of the dynamics of the rubber mounts are taken from measurement data as covered
in section 3.1.

The elasticity of the mounts could be modeled either as an elastic coupling between subsystems, or as
subsystems by their own [7]. We used the first option as introduced in section 2.2.2 and equation (7). In
Y, the accelerance FRFs of each of the substructures are combined, which are all in free-free boundary
conditions. Because of the compliant coupling, we need a dual assembly. That means, after coupling all
degrees of freedom on both sides of the interface are present in the dynamic equations, to be able to describe
the dissimilar dynamics for each side of the interface.

3.2.2 Applying excitation

In the previous section, we built up the assembled system. In this section we will apply loads, i.e. dynamic
forces and moments on this system. There are two possibilities to do so: By applying the physical excitation
on the degrees of freedom that correspond with the locations where the loads act in reality, or by applying
equivalent loads on other degrees of freedom, using component-based TPA [1]. In our case of hybrid system
characterization we basically can do both. The drivetrain department can simulate the loads in the air gap of
the electric motor caused by the electromagnetics, as well as the loads on the gear shaft bearings caused by
the gear wheel contact. These loads can be applied directly on the corresponding degrees of freedom of the
finite element model of the drivetrain.

This solution has a few important disadvantages. First, the size of the model becomes very large, because
of the amount of DOFs surrounding the air gap and the number of shaft bearings. Secondly, the loads and
accelerances can be determined in finite element models, but not (with manageable effort) in a measure-
ment setup. Therefore the compatibility and exchangeability between simulation and measurement is not
warranted in this case.

Therefore, we decided to use the second possibility: we use component-based TPA and determine the excita-
tion using the free accelerations and the accelerances on the interface between the drivetrain and the rear axle
carrier, or more specifically on the drivetrain housing directly next to the rubber bushings; see section 2.2. As
described in [1], there are a few different concepts to determine equivalent forces, for instance the methods
based on blocked forces and the method based on free velocities, which corresponds to free accelerations.
The difference between these two methods is in the boundary conditions for the subsystem setup during the
determination of these forces or accelerations. To determine blocked forces, it is essential to fix the interface
degrees of freedom, which works well for low frequencies but is the harder the higher the frequency. To
determine free accelerations, it is essential to leave all degrees of freedom of the system and in particular the
interface degrees of freedom free, which works well for high frequencies, but at low frequencies is difficult
for an operating electrical drivetrain, because the static torque and its reaction forces in the rubber bushings
need to be supported.

We decided to use the free accelerations method rather than blocked forces, because this method is better
suited for the higher frequency range of the excitation of the electrical drivetrain.

Besides the disadvantages stated earlier, using free accelerations brings up an advantage related to the orga-
nization of our development processes: our department for whole vehicle acoustics derives targets for the

VEHICLE NOISE AND VIBRATION (NVH) 3373



different departments, each responsible for a different subsystem. The interface between the drivetrain hous-
ing and the rubber bushings fits very well to this organizational implementation and the (free) accelerations
corresponds very well to a suitable target value for the excitation and the dynamic behavior of the drivetrain.
This target value can be very well simulated with finite element models of the drivetrain as well as measured
on a drivetrain test bench or in a whole vehicle measurement setup.

The difference between free accelerations and operational accelerations at this interface (at a test bench or
in a full vehicle) is depending on the dynamic stiffness of the bushings and the rear axle carrier compared to
the drivetrain housing itself and we assumed it to be small for the frequency range of the electrical drivetrain
acoustics, starting at about 200 Hz upwards. The rigid body modes of the drivetrain on the bushings and also
most of the rigid body modes of the rear axle carrier between the drivetrain and the car body are (far) lower.
Nevertheless we have to be aware of the possibility of dynamics of the rear axle carrier and especially of the
rubber mounts in the frequency range above 200 Hz.

Both as input for the calculation of the equivalent forces as well as for validation, we used the same opera-
tional accelerations from a full-vehicle measurement at a roller test bench.

3.2.3 Including airborne noise

Up to now, the hybrid model exist of a dynamic description of the structure -borne paths and the structure-
borne excitation for the acoustics of the electrical drivetrain. In addition, the airborne source and paths could
be included. To do so, the radiation at the surface of the drivetrain housing can be calculated in the finite
element model and the transfer paths can be measured on a full vehicle, which is not done in this study.

3.2.4 Including wind and rolling noise

Besides the drivetrain acoustics, other sources can be accounted for as well, such as wind noise and rolling
noise. This can be done for two purposes: either to analyze masking effects or to make an auralization for
all the different sources together.

One way to account for wind and rolling noise is to measure accelerations and sound pressure levels during
a roll-out test, with the electric motor in neutral, that is inactive and not in recuperation. These measured
values can than be added to the synthesis result for the electrical drivetrain acoustics.

However, it is important to realize which inputs have been used for determining the excitation for the synthe-
sis in the first place. If these free acceleration data is determined by simulation of the drivetrain, no rolling or
wind noise sources are present. Also if these are measured on a subsystem test bench without axle and tires,
there is no problem with including these sources twice. But if measurements on a full vehicle or on a test
bench where the drivetrain is combined with the whole axle including the tires on a drum, adding additional
rolling noise measurements is problematic.

For the curves shown in this paper, measured accelerations from a roller test bench with a full vehicle are
used and therefore rolling noise is not added additionally. Separately determined wind noise, for instance
from a wind tunnel, is also not added here.

4 Validation and design modification possibilities

In the previous section we discussed how to setup the models for the component-based TPA and how to
improve the quality of the measurements. Here different steps towards the full synthesis will be discussed
and validated.

4.1 Comparison of excitation from measurement and simulation

As stated in section 2.2, we calculated the equivalent forces based on free accelerations. However, it is
practice not possible to measure under purely free boundary conditions. Therefore, like discussed in section
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3.2.2, we assume that the free accelerations behave like the operational accelerations uA,free
2 ≈ uA,meas

2 at
the interface points on the drivetrain housing. In further investigations this assumption was validated by
comparing the FRFs and operational accelerations at the roller test bench in full vehicle condition with the
drivetrain test bench as well as in free condition. This comparison showed us that the assumption is valid in
this case, but it is important to keep in mind the remarks in section 3.2.2.

Hence it is possible to compute the forces with (8). With the explanations from the previous section it is
possible to calculate the forces based on either the pure measured model or the hybrid model. In a first step
it was decided to use the same operational data in both cases. That means for the two cases:

f
eq
2 =





(
YA,meas

22

)−1
uA,meas
2

(
YA,FE

22

)−1
uA,meas
2

(9)

The following figure illustrates the forces exemplary for the rear left mount position and the first order of the
first pinion wheel of the gearbox. The operational condition is a certain middle engine torque.

(a) X-direction. (b) Y-direction. (c) Z-direction.

Figure 7: Comparison of equivalent forces derived from measured free accelerations, in combination with
either measured (blue) or simulated (red) FRF data of the EDU.

The results of the two approaches show partially higher discrepancies between the curves, caused by the
differences in the FRFs of the models of the EDU subsystem. Therefore these EDU FRFs are analyzed in
more detail.

(a) X-direction. (b) Y-direction. (c) Z-direction.

Figure 8: Comparison of virtual point accelerance for the rear left engine mount.
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Looking at figure 8 it can be seen that the trend fits quite well in phase and at lower frequencies. But over
400 Hz, the curves starts to deviate, especially in Z-direction. Furthermore it can be seen that the level of
the simulated curves is higher than the measured ones. The levels of the simulated equivalent forces are
lower, because the higher simulated FRFs are inverted to calculate these force levels. It is an advantage of
FBS and component-based TPA that improved measurement or model results for the different inputs can be
interchanged, i.e. updated, very easily.

4.2 Coupling of the subsystems

After identifying all subsystems and making sure that all virtual points line up, the subsystems can be coupled
to get the assembled system. As described in section 2.2, a compliant dual coupling is used. For validation
purposes, an extra measurement with physically connected engine (EDU) and rear axle carrier (RAC) was
done. This was used to validate substructure coupling of the first stage as shown in figure 9(a).

(a) Coupling of the first stage of EDU to RAC. (b) Overview of the 24 matched DOFs in
each subsystem.

Figure 9: Overview of the first stage coupling.

Figure 9(b) shows the Boolean connectivity matrix for the first stage, coupling 24 virtual point DOFs. Hence
each DOF at the engine side matches with the corresponding DOF with the rear axle carrier side. In this
process all 6 DOFs (3 translations and 3 rotations) are included. This shown Boolean matrix, together
with the associated dynamic stiffness values for every connection, is all that is needed to establish the DS
coupling using (7). As stated in section 3.1.2, the mount stiffness is incorporated using the diagonal parts of
the stiffness matrices.

Figure 10 compares the coupled FRF through substructuring (blue) with the measured FRF of the coupled
system (red). The left side shows an FRF at the engine side; the right side for a position after the engine
mount; both for an impact at the engine in Z-direction.
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(a) FRF comparison of an excitation at the engine
in Z-direction to the rear-right engine measurement
point in Z-direction.

(b) FRF comparison of an excitation at the engine in
Z-direction to the rear axle carrier after the mount in
Z-direction.

Figure 10: Validation of the coupling for two complex structures.

Looking at figure 10 it can be seen that the comparison of the transfer function at the engine side fits very
well up to one kHz. A similar result can be seen after the engine mount but with an increase deviation to
higher frequency. Reasons can be small positioning errors in the measurement or some numerical effects
during the coupling. Overall, the results show that the compliant coupling with the simplified mount model
performs well for the presented situation. As a conclusion from both diagrams it can be seen that the system
reaches a resonance at about 50 Hz, where the phase in the right diagram, i.e. after the mounts, shows the
corresponding phase shift. Above that frequency there is a transmission loss over the first stage of one up to
two orders of magnitude.

This exercise gives a good understanding of the coupling process and will be a key enabler for the further
substructuring process.

4.3 Synthesis of the FBS-model

After validating the different steps of the frequency-based substructuring it is possible to calculate the syn-
thesis of the full FBS-model. As described in section 2.2, the synthesis results by applying the equivalent
forces to the corresponding DOFs of the assembled system. At first, the resulting synthesis for the structure
borne noise of the hybrid simulation will be compared with the measurement at different coupling stages in
the first order of the first pinion wheel of the gearbox.

In figure 11 the hybrid simulation results are shown in the upper row of the figure and the validation mea-
surement underneath. This is for the first order of the first pinion wheel of the gearbox and for a certain
middle engine torque. The solid red line is the acceleration at the engine side. Subsequently the dashed red
line corresponds to the positions at the rear axle carrier, directly after the engine mounts. The dashed blue
line is the acceleration before and the solid blue line the acceleration after the mounts between the rear axle
carrier and the car body. It can be seen, that the match is quit good overall, only the accelerations at the car
body in the rear (i.e. the solid blue lines in the upper right two diagrams) are lower than the values of the
validation measurement.

Figure 12 illustrates the sound pressure in the cabin of the car for the same manoeuvre as in figure 11.
As mentioned above the airborne contribution is not yet included, this will be a future step. As can be
seen, the measurement and hybrid-based FBS model match well over the frequency range. Furthermore
there is a significant gab between both synthesis and the measured curve. The reason for this is that we
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Figure 11: Validation of the structure borne noise before/after first mounting level (red curves) and be-
fore/after second mounting level (blue curves) in the first order of the first pinion wheel of the gearbox in
vertical direction. The (dashed) black lines with constant amplitudes are for orientation purposes only. The
numbers in the legend refer to the numbers used in figure 2(b).

analyzed the drivetrain contribution only, but the frequency range below 500 Hz is typically dominated by
the rolling noise. By adding the airborne as well as the suspension contributions, the match of measurement
and synthesis can be improved. The next figure shows this for the interior positions. From the figure above it
is possible to see that the suspension path dominates below 500 Hz. Above that frequency the drivetrain path
becomes more important. The additional paths where determined by the classic matrix inversion method.
The theory and different processing steps of getting the results are beyond the scope of the paper and can be
found in [1].

The now completely described and validated simulation environment can be used to do various component-
based TPAs, which can be evaluated very easily. In addition, response points can be evaluated at all stages
on both the active and passive side. Furthermore it is now possible to change and to interchange single
substructures and to use hybrid models like presented in this paper. An example of such an application is
shown in the next section.

4.4 Parameter variation

One of the advantages of Dynamic Substructuring is the fact, that we can exchange substructures and simulate
the dynamics of the new system, leaving all other subsystems unchanged. In this synthesis project of the
electric car, we exchanged the finite element model of the rear axle carrier using different values for the
elasticity modulus and for the density. These two parameters are scaled respectively up and down with the
amount of 30% of the nominal value of the original model. This was more done to show the possibilities of
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(a) Airborne synthesis at the inner driver ear position. (b) Airborne synthesis at the inner ear position at the
back seat.

Figure 12: Resulting synthesis at different interior positions based on the two approaches.

(a) Different path contributions at the inner driver ear
position.

(b) Different path contributions at the inner ear posi-
tion at the back seat.

Figure 13: Visualisation of the different contributions regarding to the interior positions.
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(a) E-modulus variation for the inner driver ear posi-
tion.

(b) Density variation for the inner driver ear position.

Figure 14: Parameter variation of the elasticity modulus and the density of the rear axle carrier. The curves
can directly be compared with those in figure 12.

the method and out of curiosity than for physically based analytical reasons. The results can be seen in figure
14.

5 Conclusion and outlook

In this paper two FBS approaches have been presented: one based on measured models and a second from
a hybrid combination of models. Each processing step towards the component-based TPA was addressed
and validated separately. For mount characterization, an inverse substructuring approach was used which
fit very well with common mount measurements. The coupling of subsystems is discussed and validated
against an assembled system in hardware. The FBS compliant coupling showed very comparable results. In
addition, the equivalent forces of the two approaches have been compared, where the differences between the
measurement-based and the hybrid-based approach result from the differences in accelerances of the drive-
train housing. In a last step the sound pressure level in the cabin caused by the structure-borne contribution
was discussed. Therefore it can be shown that the differences between measurement and synthesis is based
on the absence of the contribution over the suspension and airborne path of the engine and wheels.

It can be concluded that FBS can generate reliable results in a full-vehicle context. As presented in this paper,
the method allows to use hybrid modeling for sound prediction and enables to interchange substructures or
do parameter variations very easily. Therefore FBS is a powerful method in NVH-design at different stages
of the vehicle development process.

As next steps on the way to a comprehensive simulation environment for the acoustics of an electrical driv-
etrain of a passenger car, it is necessary to expand the frequency range of the hybrid simulation model as a
whole to higher frequencies. That means, the finite element models of the subsystems should be enabled to
describe the dynamics of these subsystems in this higher frequency ranges. At the moment, in our case, the
measured input is not restrictive here.
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Abstract
The expectation for higher sound quality has always been a key factor in the automotive luxury segment. In
the last years, the well-known tendency towards smaller displacements engine along with increased torque
and horsepower has increased the complexity of the powertrain isolation system’s requirements. Late in
the automotive development cycle, the mounting system is already available, allowing to build data-based
empirical models rather than purely relying on simulation. In this paper powertrain mount models are ob-
tained directly from test-bench measurements. By running the engine in operational conditions, synthesized
accelerations and calibrated dynamic forces in the mounts’ main elastic centers are used to map the dynamic
stiffness in the same location. Results coming from the methodology are then used to simulate the drivetrain
booming-related sound pressure level in the cabin. A comparison between directly-measured results and the
simulated results is then given for different vehicles.

1 Introduction

Booming noise represents one of the major acoustic discomfort within an automobile cabin for the luxury
segment. Not just its low frequency character, but also its tonal signature tends to negatively affect the driving
experience. For this reason it has been studied intensively, and in the last decades many efforts have been
made in order to gain a better understanding and description of the phenomena. During the last twenty years,
the synthesis of the cabin booming noise has always represented a great challenge due to the fact that the
vibro-acoustic coupling involved is overly complicated.

To optimize the position of the powertrain mounting system (PMS) isolators during the early design phase
and guarantee sufficient isolation between the chassis and the powertrain, accurate vibro-acoustic predictions
are essential. This prediction is usually obtained when the powertrain rotates only around its torque roll axis
(TRA). It is common knowledge that any architecture change in later development phases would negatively
affect the complete project, increasing the cost. For this reason, methodologies to identify PMS isolator
locations and orientation has been developed, leaving though the refinement to later phases [1] [2] [3].
Booming noise problems are difficult to tackle: during the early design phases is difficult to eliminate the
acoustic issues just with numerical tools. The experimental approach, on the other hand, it is possible
only at later development times, and at very high costs. Hybrid approaches, as the one described in this
paper [4], where experimental results are combined with analytical tools, are usually preferred during the
validation phase, and for the tuning of the components as well. Further difficulties in the acoustic quality
predictions come as a result of the strong influence of manufacturing variability among vehicles (which
should be identical to the consumer) on the acoustical quality. The mentioned variability is complicated to
simulate, as it depends on multiple connections, contact points and backlashes in the entire vehicle which
are difficult to model. For this reason, measurement campaigns are usually carried out in order to collect as
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much data from vehicles as possible. If this is not practical, other strategies are used, such as using sample
vehicles defined as benchmarks.

In recent years, there has been a well-known trend towards reduction of engine displacements, while main-
taining their power and torque output unchanged, if not even increasing them. This fact, combined with other
emissions reductions strategies, very often leads to engine operational speed within the booming frequency
range. In this situation it is important to develop methodologies that allows to quickly find solutions also
at rather advanced development, validation and tuning phases. The availability of reliable model becomes a
must, to assure quality in the predictions with the modified parts. Even in the longer future, pure ICE vehi-
cles will not be the mainstream of the automotive industry, hybrid powertrain is already here [5], bringing
new challenges to the problem. These, are mainly related to the extra weights, pre-loads and torques that
drastically change the behavior of the engine mounting system. Methods capable of predicting the system’s
response to such modifications are very important in a rapidly evolving environment.

The proposed methodology has two aims. Firstly, to improve the understanding of the lower frequency
booming phenomenon, thanks to the accurate calculation of the contribution of the different components
during operating conditions. Secondly, to improve the development engineer’s problem solving capabilities,
specifically during advanced development stages. Through the use of the methodology, in fact, it will be
possible to combine experimental and synthetic data, creating virtual designs for the simulation of the sound
pressure level (SPL) in the cabin, which is considered the target of the activity. Starting from prototype
components, as shown in the diagram in figure 1, two procedures are followed. One procedure is a purely
experimental approach in which the dynamic forces acting on the cabin noise transfer-paths are measured
and calibrated, allowing for direct direct estimates of the SPL. In parallel, by using a simplified kinematic
model, each mount is dynamically characterized using response surfaces (RSs). By extracting the dynamic
stiffnesses from these, it is therefore possible to simulate virtual designs , without the need for further exper-
imental measurments. The results obtained experimentally are then compared with those derived from the
RS.

Figure 1: Graphical representation of the procedure followed
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2 Booming noise contribution

The transfer path analysis (TPA) is a well known and widely used tool for the study of the acoustic properties
of vehicles. It consists in identifying which are the main paths of noise propagation from the powertrain to
the passenger’s ears. The source-receiver model, for each individual receiver can be described as:

SPLk =
n∑

i=1

NTFik · Fi +
p∑

j=1

NTFjk · Fjk (1)

Where the first term on the right-hand side represents structure-borne noise, and the second air-borne noise.
Since it is known that in low frequency booming the major contribution comes from the powertrain, the
second term may be disregarded. As shown by [6], 90 − 95% of the low frequency booming noise can be
synthesized considering only the structure borne powertrain sources. If necessary, it can always be integrated
later. The formulation can than be reduced to:

SPLk =
n∑

i=1

NTFik · Fi (2)

Being:

• SPL: is the sound pressure level at the microphone,
• NFT: are the mechanical-acoustic transfer functions,
• F: are the dynamics forces exciting the structure.

As far as NTFs are concerned, it is known that even nominally identical vehicles may differ. This spread has
an influence on the SPL synthesis. In particular, it is observed that the dynamic behavior of some vehicles
involves more (or less) booming than others. The treatment of this complex problem will require further
research. NTFs can be obtained in several ways. In this work [6] it has been verified how this variability is
already present in the body in white and how the addition of the powertrain does not negatively affect the
measurments spread.

In accordance with this, NTFs from trimmed mass body (TMB), i.e. vehicles in which the drivetrain has
been removed, but also from complete vehicles are used in this study and methodology. The components
considered for the dynamic force estimation are those listed below:

• EnM: engine hydraulic mount located on the engine side of the powertrain,
• GeM: gearbox mount located on the gearbox side of the powertrain,
• TSM: torque strut mount, located at the bottom of the powertrain,
• WBM: wishbone mounts (neglected in the discussion).

For each of the these, all three main directions (x,y and z) are considered. In particular, the powertrain
mounts only, visible in figure 2, are the most important. The GeM has only one bi-linear spring. The EnM is
the only of the three to be hydraulic and the TSM (in both its configurations) has two elastic elements. One
on the powertrain side, and one on the car-body side.

The dynamic forces necessary to perform the SPL synthesis, as per equation 2, are only usually obtained
either from multi-body models, or alternatively through inverse methods. During this methodology, with
reference to the scheme in figure 1, the dynamic forces are directly measured under operational conditions.

The conditions in which low frequency booming appears as a phenomenon are generally those of high gear
and low driving torque, as reported by Siano and Panza [7]. The phenomenon appears generally in 5th and
6th gear when driving at a constant speed and then increasing the speed without reducing the gear. This
situation is replicated on the test bench by a wide-open throttle acceleration in a fixed gear.
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(a) Engine hydraulic mount (b) Gearbox mount (c) Torque strut mount

Figure 2: Powertrain mounts - highlighted in orange, the fixing components of each mount to the powertrain

2.1 Experimental Setup

2.1.1 Force sensors setup

The powertrain test bench, as far as the dynamic force acquisition system is concerned, is instrumented as in
figure 3a. The sensors are mounted underneath the powertrain mounts, as shown in figure 3b, with regard to
the EnM. With this instrumentation, forces transmitted from the powertrain to the chassis under operational
condition can be measured.

(a) Force sensor mounting scheme

(b) Shaker holder and force sensor installation - En-
gine mount

Figure 3: Mounting diagram of EnM force sensor and general diagram of the measuring positions using
force sensors.

The test bench is designed to test different engine (3 / 4 cylinders, ICE /Hybrid) and mounts configurations
(Side and central TSM) allowing for all necessary flexibility during development and tuning operations

In order to make the calculations comparable among the configurations and simplify the SPL calculation,
all acting forces are computed, via an appropriate inverse calculation, in the Mount Elastic Center (MEC),
which coincide with the rolling center of the mount, along each main direction. For this purpose, a force
transfer procedure has been developed.

First of all, two or more sensors are used for the three main paths to capture torques acting on the mount.
In particular, two sensors are used for the EnM and GeM, while three are used for the new Middle-TSM
system, as shown in figure 3a.

The force transfer procedure used ensures the correction of amplitude values, and corrects, when necessary
the signs of the measured signals throughout the frequency range of interest. Using purpose-built holders,
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an inertial shaker can be applied in each MEC in all directions. The holder for the EnM is visible in figure
3b. The procedure uses an inertial shaker connected to the mount interface and a sine sweep signal between
0-100 Hz. Knowing the geometry of the support itself, after verifying the stability of the transfer functions
between the shaker and the sensors, thanks to appropriate dynamic relationships, a matrix that allows to
transfer the forces to the MECs is obtained.

Forces computed with the described procedure are than used in the SPL computation without further pro-
cessing.

2.1.2 Accelerometers setup

Simultaneously with the acquisition of dynamic forces, powertrain’s operational accelerations are also mea-
sured. To improve the repeatability and reliability of these measurements across the different engines and
mounts configurations, the sensors are mounted on specifically designed brackets fixed on the engine in close
proximity to the engine mounts. The brackets are designed to be used on the test bench and in the actual
car for road tests. Using force sensors in road tests would be impossible due to mounting limitations and
cumbersome set-up and calibration procedures. 4

As shown in figure 4, each holder has two slots for positioning tri-axial accelerometers. For the kinematic
analysis there is therefore an over-determined system, which must be reduced in order to establish the pow-
ertrain kinematic.

Figure 4: Accelerometers holders

3 Data processing

Forces and accelerations measured on the test bench are acquired and initially post-processed using an MKII-
Müller BBM - PAK acquisition system.

In order to compute the kinematics of the powertrain a overdetermined set of equations is used, starting from a
redundant set of acceleration responses, as shown in figure 4, and the geometrical positions and orientations
of the different sensors. Appropriate orientation matrices are defined to compute the components of the
measured accelerations along the principal coordinate system of the powertrain

Starting from the geometric coordinate information of each accelerometer , which can be rewritten in matrix
form as in equation 3
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Ṽn =




0 −vzn vyn
vzn 0 −vxn
−vyn vxn 0


 (3)

where vin are the component of the nth mount position vector along the ith axis

It is possible to define a A matrix, necessary to describe the kinematic system of equations, as:

A =




1 0 0 |
0 1 0 | ṼT

p1

0 0 1 |
− − − + − − −

... | ...
− − − + − − −
1 0 0 |
0 1 0 | ṼT

pn

0 0 1 |



[3n×6]

(4)

Where the general Ṽ T
pn represent the transpose of the corresponding Ṽn matrix as described in equation 3.

At this step, utilizing a Penrose-Moore pseudo inverse

A+ = (AT ·A)−1 ·AT (5)

it is then possible to solve the system of equations, and derive the rigid body motion, as described in in the
equation 6.

[A+] ·




ax,1
ay,1
az,1
−
...
−
ax,n
ay,n
az,n




[3n×1]

=




Tx
Ty
Tz
Rx
Ry
Rz



[6×1]

(6)

where ain are the measured accelerations in the nth along the ith axis

From the resolution of the system of equations 6, it is first possible to verify the behavior of the TRA during
the measurements. It is in fact necessary to ensure that the powertrain kinematics are independent of mount
stiffness changes and that there are no natural frequencies of the TRA for the considered frequency range. If
this was the case the effects of the resonance would be visible in the mounts dynamic forces and it would be
not possible to characterize their dynamic stiffness.

In figure 5a, thanks to the simplifying assumption that the powertrain rotates mainly around the y-axis, it
is possible to check how the x and z coordinates of the TRA behave during operation. It observed that the
position of the TRA itself remains stable during a full load measurement in 5th gear as the engine speed
increases. It is therefore possible to proceed with the synthesis of the accelerations in the MEC.

By exploiting the knowledge of the geometric position of the MEC it is possible to proceed with the synthesis
of the accelerations in the same point. This is an intermediate step towards the calculation of the dynamic
stiffness.
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(a) TRA position control during full load in 5th gear (b) Acceleration synthesis in the monts’s EC

Figure 5: Results of the kinematic analysis and acceleration synthesis

With the same procedure used for the kinematic analysis it is also possible to define a matrix for the EC
coordinates:

ṼECn =




0 −vzn vyn
vzn 0 −vxn
−vyn vxn 0


 (7)

where vin are the component of the nth mount’s EC position vector along the ith axis




1 0 0 |
0 1 0 | ṼT

EC,V1

0 0 1 |
− − − + − − −

... | ...
− − − + − − −
1 0 0 |
0 1 0 | ṼT

EC,Vn

0 0 1 |



[6×3n]

·




Tx
Ty
Tz
Rx
Ry
Rz



[6×1]

=




ax,ec,1
ay,ec,1
az,ec,1
−
...
−

ax,ec,n
ay,ec,n
az,ec,n




[3n×1]

(8)

Where the general Ṽ T
EC,Vn

represent the transpose of the corresponding ṼECn matrix as described in equation
(7).

The result of this synthesis is shown in figure 5b, as far as the x component of acceleration is concerned. In
this graph the dashed curves represent the measurments obtained directly from the accelerometers, while the
solid curves represent the synthesized accelerations in the MECs. It can be seen that, especially for the two
upper mounts (EnM and GeM) the synthesis has a great importance, reaching values equal to 5m

s2
starting

from 1600rpm. The difference is, and remains, modest for the TSM.

It is now possible to proceed with the calculation of the dynamic stiffness for each mount.

4 Mounts data based modelling

The purpose of this section is to obtain numerical models for the describing the dynamic stiffness of each
mount in each direction. Once RSs for each of these have been obtained, it is then possible to use values
extracted from them, instead of experimental quantities for the SPL synthesis.
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The calculation of the dynamic stiffness using directly calculated results is mainly an intermediate step for
the calculation of the corresponding RSs. The calculation is done by dividing the measured dynamic forces
measured with the displacements in the MEC derived from the kinematic analysis. The results obtained here
have the usefulness of being able to be used to verify how the mounts behave dynamically under operating
conditions, thus eliminating the need for component tests.

4.1 Dynamic stiffness - Response surface

The dynamic stiffness of a powertrain mount, in each direction, can be described as a function of displace-
ment, torque and frequency, as described in equation (8):

Cdyn = f(τ, d, F ) (9)

a polynomial that takes into account the three variables above described is then used as fitting model. The
RSs are then calculated as follows:

Cdyn =c0 +
3∑

i=1

pτ,n ∗ τn +
3∑

j=1

pd,j ∗ dj +
3∑

k=1

pF,k ∗ F k + pτd ∗ τ ∗ d+ pτF ∗ τ ∗ F

+ pdF ∗ d ∗ F + pτdF ∗ τ ∗ d ∗ F + pτ2d ∗ τ2 ∗ F + pτd2 ∗ τ ∗ d2pτF2 ∗ τ ∗ F 2

+ pd2F ∗ d2 ∗ F + pdF2 ∗ d ∗ F 2

(10)

The results of the RS lie in a space having three-dimensional basis, making them difficult to represent in a
graph. The simplified solutions, for which the frequency dependency has been removed, are visible in figure
6. It is however specified that the frequency has an influence equal to that of displacement and torque. For
this reason, it cannot be excluded when creating the numerical model. For brevity, only the RSs concerning
the EnM are here shown, but the same solutions are obtained for the other two mounts.

(a) X - direction (b) Y - direction (c) Z - direction

Figure 6: EnM dynamic stiffness RSs

As for the goodness of the fitting, the R2 values are checked. Figure 7 shows the residuals concerning the
fitting in figure 6. In general it can be stated that the fitting is very good with R2 values close to 1 for the
x and z directions. As far as the y-direction is concerned, the residuals values obtained have some outliers,
presenting a slightly worse fit overall. However, the fact that the paths in this direction are not very significant
means that the dynamic forces obtained do not negatively affect the SPL synthesis.
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(a) X - direction (b) Y - direction (c) Z - direction

Figure 7: EnM dynamic stiffness RS’ residuals

5 Results and Conclusions

5.1 Results

From the RS it is finally possible to extract the dynamic forces values required for the SPL synthesis.

The first aspect to check is the reproducibility of the SPL synthesis using the RSs. For this reason a design
is measured and at the same time the respective RSs are created. Each mount is hence characterized in the
same design in which it is used.

(a) SPL at the driver’s ear simulation (b) Dynamic forces comparison - X components only

Figure 8: Simulation results comparison. Solid lines: results utilizing forces derived directly from the
measurments - Dotted lines: Dynamic forces derived from RS of the measured mounts.

First of all, the goodness of the calculated RS is verified through the SPL synthesis. Figure 8a shows the SPL
obtained by the directly measured forces (black-solid line) with that obtained by the forces derived from the
RS ( red-dashed line). As it can be seen, the result is very satisfactory. In figure 8b the same comparison is
made at the level of the dynamic forces.

The next step is to verify that the synthesis of the SPL obtained from RSs of each mount measured in a given
design is comparable with the synthesized SPL using RSs of the same mount characterized in other designs.
In order to confirm the interchangeability of the mounts’ models for the SPL synthesis.

In figure 9a the SPL generated using RS derived values created directly from the measured design, is com-
pared with the SPL generated using the RS derived forces of the same mounts measured in different designs.
The red-dashed curve in figure 9a is therefore identical to the red-dashed curve in diagram 8a. The black-
dashed curve is instead generated by RS values of the same mounts obtained separately. Also in this case, in
figure 9b, the same comparison is made for the dynamic forces.

It can be seen that using dynamic forces deriving from RSs of mounts measured in different design the SPL
synthesis continues to provide satisfactory results.

Thanks to the possibility of measuring a component only once, it is therefore possible to reduce the number
of required measurments. Starting from a base of n different mounts for each type, the possible designs
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(a) SPL at the driver’s ear simulation (b) Dynamic forces comparison - X components only

Figure 9: Comparison between simulated SPL utilizing RSs from the mount measured in the tested design
and RSs from the same mounts measured in other designs

are n3. But thanks to the methodology proposed here it is necessary to characterize each mount only once.
Reducing to n the number of required measurments. All the other designs can be virtually created.

Using the supports used for measurments, it is also possible to combine different powertrains with the results
from the response surfaces obtained. The inputs from the powertrain are in this case necessary to extract
the operating points from the RSs, and provide the corresponding dynamic forces. Its is therefore possible
to completely change the type of engine, switching from petrol to diesel but also with different number of
cylinders, and if the architecture supports it, also hybrid engines that add electric torques.

Finally, even multiple vehicles can be quickly investigated, in fact, different NTFs are accessible from a
database of measured TMBs. Thus, it is possible to simulate the acoustic behavior of vehicles that are not
available at the time of the measurments.

The logical scheme of the procedure is shown in the figure 10.

Figure 10: Scheme of the procedure - interchangeability of different components
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5.2 Conclusion

The methodology developed makes it possible to significantly reduce the number of measurements normally
required to characterize powertrains reducing corresponding analysis times and measurement costs. The
quality of the simulations obtained using RS is in line with that obtained directly from the measurements.
As an additional aspect, it is possible to monitor the dynamic stiffness of every single powertrain mount in
every direction under operating conditions, thus increasing the understanding of the studied phenomenon.

Future work will include a complete parameterization of the kinematic model, so that the main powertrain
properties can be modified and an optimization process can be integrated. In doing so, it will be possible to
increase the simulation capabilities of the method herein presented.
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Vibroacoustic modeling of a ballistic re-entry vehicle and
validation through diffuse field acoustic testing
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Abstract
During a ballistic flight, a re-entry vehicle is subjected to high level structural vibrations due to pressure fluc-
tuations on its bounding surface. The aim of this work is to simulate this structural vibration response. The
first step, which is not covered in this study, is the modeling of pressure fluctuations using aerodynamic sim-
ulation results. The second step is the simulation of the vibroacoustic response. The use of a structural finite
element model leads to practical difficulties to implement a vibroacoustic loading, i.e. a correlated random
surface loading. A few workarounds are proposed and then the use of a dedicated vibro-acoustic modeling
based on boundary element method is studied. The validation of this model is based on a ground experiment
with controlled diffuse field acoustic loading. A dedicated reverberation chamber has been developed. First
results of this modeling process are presented, the structure studied is a metal shell representing a re-entry
vehicle aeroshell. Various simulation results (including or not acoustic phenomena such as diffraction or
acoustic resonances) are compared with experiments.

1 Introduction

The simulation of in-flight structural vibrations of an aeronautical vehicle requires to model pressure fluctu-
ations on its bounding surface and to model the vehicle. The first scheme in Figure 1 represents the target
simulation process. In-flight experiments are rare and the ability of the simulation process to reproduce the
measured dynamical behavior depends on:

• the Computational Fluid Dynamics (CFD) simulation of the flow around the vehicle,

• the pressure fluctuation dimensionless model,

• the vehicle vibro-acoustic model.

These three steps must be validated separately. The CFD simulation and the Turbulent Boundary Layer
(TBL) pressure fluctuation models are usually validated using wind tunnel experiments. For example, the
Goody’s model has been validated using several wind tunnel experiments (with subsonic Mach numbers)
[1]. Dedicated experiments also focus on high Mach numbers for the modeling of ballistic vehicles (see [2]
for example). This classical validation process is the second process represented in Figure 1.

The objective of this article is to propose and implement a process to validate the vibro-acoustic model.
Dynamical models are usually validated using experimental modal analysis, which do not enable to validate
the simulation of acoustic phenomena such as diffraction and acoustic resonances. The validation process
proposed in this study, which is represented by the third scheme in Figure 1, is based on a diffuse acoustic
field excitation. The modeling of this excitation is well known, and the experimental validation is available
through reverberant acoustic testing. Diffuse acoustic field excitation has been widely used for decades to
test qualify spacecrafts to vibro-acoustic launch environments [3]. Those experiments can now be com-
pared to simulations using Structural Finite Elements Models (FEM), Boundary Element Model (BEM) and
Statistical Energy Analysis (SEA) (see [4] for example).

A reverberation chamber has been developped in CEA/CESTA site to implement this validation process. The
first structure tested in this facility is a test structure named “HB-2”. The test structure and the experimental
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Figure 1: Simulation and validation processes. The blue rectangles represent steps where various models can
be chosen. The red rectangles represent the comparison to experiments steps.

set-up are presented in the second section of this document. Various models of the structure and its sur-
rounding air volumes are presented in the third section. This models are FEM or FEM-BEM [5]. Simulation
results obtained with the most complete model is compared to experimental results in the last section.

2 Experiments

2.1 The HB-2 test structure

The structure HB-2 is shown in Figure 2. It is composed of an envelope and a bottom both in aluminum. It
represents the aeroshell of a ballistic vehicle, without heat shield. The external profile, named “HB-2” has
been defined in the scientific literature for aerodynamics studies purpose [6]. The diameter of the cylinder
has been set to 200 mm, resulting in a total height of the envelope of 980 mm. The bottom contains 6 circular
holes which provide a direct link between the internal and external air volumes. The internal profile of the
envelope includes stiffeners and flanges. The structure is suspended in the air to get free boundary conditions.

2.2 Diffuse acoustic field experiments

A reverberation chamber has been developed in the CEA/CESTA site. The excitation is provided by two
identical assemblies of loudspeakers, one of them is visible in Figure 3. Each assembly includes 12 mid-
frequency loudspeakers (100–2000 Hz) and 5 high-frequency loudspeakers (1000–15000 Hz). The position
of the mid-frequency loudspeakers, a dedicated waveguide for the high-frequency loudspeakers and the
natural reverberation properties of the chamber ensure a homogeneous diffuse acoustic field in the room
at any point situated more than one meter away from the excitation assemblies. This acoustic pressure
field is measured by 6 microphones placed randomly. The mean of these 6 measurements serves as control
channel, in such a way that the acoustic pressure power spectral density (PSD) can be controlled precisely.
The excitation chosen is a pink noise between 100 Hz and 15 kHz:

Sp(ω) = Sp(100 Hz)

(
2π 100 Hz

ω

)
(1)

Sp(100 Hz) is calculated to control the overall acoustic pressure root mean square (RMS) level. This level is
fixed at 110 dB SPL. Figure 4 presents this command and the resulting mean acoustic pressure PSD.
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The structural response is measured using a scanning laser vibrometer situated in a neighbor room and
protected by a glass window. The results obtained at the center point of the bottom are presented in this
paper.

Figure 2: HB-2 structure suspended in the air

Figure 3: HB-2 structure in the reverberation room with the loud speakers on the left and behind the window,
the scanning laser vibrometer
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Figure 4: Mean pressure PSD of the 6 microphones (blue) compared with the command (thick line), ±3dB
envelope (dashed lines) and ±6dB envelope (thin lines).

Figure 5: HB-2 Finite Element Model

3 Finite Element Models

3.1 Structural Finite Element Model

A Finite Element Model of the structure HB-2 has been built using Abaqus, it is shown in Figure 5. The
maximum element length on the envelope is 5 mm. The two parts (bottom and the envelope) are tied together.
The 93 first modes, whose frequency are lower than 2500 Hz, have been computed. The structural response
is then computed using this modal basis of size Nm = 93. The frequency transfer function is defined by :

Hk(ω) =
(
mk

(
ωk

2 − 2jξkωkω + ω2
))−1 (2)

where, for every mode k, Φk is the proper vector, ωk the proper angular frequency, mk the modal mass and
ξk the modal damping coefficient.
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3.2 Surface diffuse acoustic field

When the air volume surrounding the structure is not modeled, the definition of the acoustic excitation has to
be a random pressure applied on the external surface S. It is described by its Power Spectral Density (PSD)
Sp(x, ω) and its Cross Power Spectral Density Sp(x1,x2, ω). The correlation function is defined as the
ratio:

C(x1,x2, ω) =
Sp(x1,x2 ω)√

Sp(x1, ω).Sp(x2, ω)
(3)

In the case of a diffuse acoustic field excitation, the correlation function at the surface of the structure can be
approximated by the correlation function obtained with a diffuse acoustic field in an open space without any
diffraction effect, that is:

C(x1, x2, ω) = sinc
(
ω‖x1 − x2‖

c

)
(4)

The pressure PSD is the pink noise spectrum given by equation (1). The PSD of the structural acceleration
response in point x, along degree of freedom q, is then computed using the formula:

SA(x, q, ω) =

Nm∑

k1=1

Nm∑

k2=1

Φk1(x, q)Φk2(x, q)Hk1(ω)∗Hk2(ω)ω4 Fk1k2(ω) (5)

where Fk1k2 are the cross spectral modal forces (or joint modal acceptances) defined by:

Fk1k2(ω) =
∑

x1∈S

∑

x2∈S

√
Sp(x1, ω)Sp(x2, ω)C(x1, x2, ω) (Φk1(x1)∗ dx1) (Φk2(x2)∗ dx2) (6)

(Φk1(x1)∗ dx1) is the projection of the 3D vector Φk1(x1) on the locally oriented surface in point x1. Each
evaluation of Fk1k2(ω) requires a double integration over the surface S which is computationally expensive.

3.2.1 Method using modal forces at the resonance only

The first method proposed in this study to lighten the computational cost, is to reduce the number of cross
spectral modal forces Fk1k2(ω) evaluated. First, the cross terms (Fk1k2(ω) with k1 6= k2) are neglected.
Equation (5) becomes:

SA(x, q, ω) =

Nm∑

k=1

‖Φk(x, q)‖2‖Hk(ω)‖2 ω4 Fkk(ω) (7)

In that sum, the modal force Fkk(ω) is important only when ‖Hk(ω)‖2 is high, that is in the vicinity of the
proper angular frequency ωk. Then, in equation (7), the modal forces can be approximated by their value
at the resonance: Fkk(ω) ≈ Fkk(ωk). As a result, the number of modal forces evaluated is reduced to Nm

instead of Nm ×Nm ×Nω (where Nω is the number of angular frequencies evaluated).

3.2.2 Computation using Wave6

The second method proposed in this study is implemented in the vibro-acoustics simulation software Wave6.
The computation of the cross-spectral modal forces is equivalent to the computation of the acoustic dynamic
stiffness matrix [7]. Instead of computing this matrix directly in the modal basis, an intermediate basis is
used. This basis is a wavelet discretization of the surface. The method is detailed in [8]. Once the acoustic
dynamic stiffness matrix is evaluated on this wavelet basis, it can be easily projected on any mode shape, at
any frequency, which enhance the computational efficiency of the method.
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Figure 6: HB-2 structural response (acceleration PSD) at the center of the bottom simulated using the method
with the computation of the modal forces at the resonance only (blue) and the method implemented in Wave6
(green).

These two methods have been used to compute the vibro-acoustic response of the structure HB-2 at the
center of the bottom. Results are plotted in Figure 6. The two methods give the same results in the vicinity
of the main structural resonances (408 Hz and 2107 Hz), yet, away from these main resonances, the results
are different because the assumption Fkk(ω) ≈ Fkk(ωk) is no longer valid. The method implemented in
Wave6 is more relevant to simulate the full vibrational response spectrum. The main interest of the other
method proposed is that it can be easily implemented apart from any advanced simulation software. It helps
understanding the role of each mode in the vibro-acoustic response. It gives a good estimation of the overall
vibration level and the PSD in the vicinity of the main resonances.

3.3 Boundary Element Model

In the two methods previously presented, no acoustics phenomena such as scattering or acoustic resonances
are modeled. This requires to model the air volumes surrounding the structure, which can be done using the
Boundary Element Method.

3.4 Modeling the external air volume of the structure

A closed external surface of the structure is defined and meshed as illustrated in Figure 7, left. The external
volume of this surface is defined as a BEM subsystem. A volume diffuse acoustic field excitation is defined
in this subsystem. This excitation is implemented using the reciprocity relationship between direct field
radiation and diffuse reverberant loading [7].

This BEM subsystem is then coupled to the FEM subsystem through a surface junction. The boundary con-
dition of the BEM subsystem becomes a structural coupling and the pressure loading on the FEM subsystem
is equal to the acoustic pressure at the BEM boundary. This strong coupling creates a classical FEM-BEM
model [5].
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Figure 7: HB-2 Boundary Element Models in Wave6: left – model of the external air volume, right – model
of external and internal air volumes

3.5 Modeling internal and external air volumes of the structure

A new BEM subsystem is defined to model both external and internal air volumes. The external surface of
the structure is defined and meshed excluding the 6 circular surfaces corresponding to the holes in the bottom
of the structure (see Figure 7, right). This open surface enables to create a BEM subsystem that includes the
internal and external air volumes of the structure. In that subsystem, the meshed surface is “double-sided
wetted” with a discontinuity in the acoustic pressure field from one side of the surface to the other. The
coupling with the FEM subsystem is then performed as a surface junction. This coupling associates the
external faces of the FEM subsystem to the external side of the BEM surface and reciprocally the internal
faces of the FEM subsystem to the internal surface of the BEM subsystem.

The simulation results obtained with the three Wave6 models are compared in Figures 8 and 9. The differ-
ences between the violet and the green curves point out the influence of scattering on the structural response.
The spectrum obtained are very similar (same resonances) but the response levels are different. Scattering
phenomena change the cross spectra modal forces. When the internal air volume is modeled (red curves),
many additional resonance peaks are observed (see Figure 8). They correspond to acoustic resonance phe-
nomena. Modeling the air volumes surrounding the structure thus implies obvious effects on the structural
responses, yet the main resonances and the RMS levels remain similar. The RMS level corresponding to
the three simulations of Figure 8 are 10.86 m.s−2 (FEM model with surface DAF excitation – green curve),
9.43 m.s−2 (FEM-BEM model with external air volume modeled – violet curve) and 9.07 m.s−2 (FEM-BEM
model with external and internal air volumes modeled – red curve).
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Figure 8: HB-2 structural response (acceleration PSD) at the center of the bottom simulated using the ”Sur-
face Diffuse Acoustic Field” method implemented in Wave6 (green), the BEM subsystem of the external air
volume (violet) and the BEM subsystem of the internal air volume (red).
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Figure 9: Zoom of Figure 8 in the vicinity of the first structural bottom mode (408 Hz).

3402 PROCEEDINGS OF ISMA2020 AND USD2020



0 2 0001 000200 400 600 800 1 200 1 400 1 600 1 800 2 200
10

−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

10
1

Frequency (Hz)

A
cc

el
er

at
io

n 
P

S
D

 (
 (

m
/s

²)
² 

/ H
z 

)

Figure 10: Acceleration PSD at the center of the bottom, comparison between experimental data (black) and
simulation results (red).

4 Test-simulation comparison

The modeling method chosen for the comparison to experiments is the most complete: FEM-BEM model
with external and internal air volumes modeled. Simulation results are compared to experiments in Fig-
ures 10 and 11. The qualitative comparison of the simulation results with experiments is excellent. Both
major structural resonances and secondary acoustic resonances are very well correlated with experimental
resonances. The PSD levels are also coherent in the full-frequency spectrum. The RMS level corresponding
to simulation (red curve) in Figure 10 is 9.07 m.s−2 while the RMS level of the measurement is 6.82 m.s−2.
This difference is mainly related to the resonance peak simulated at 2100 Hz that is not correlated to exper-
imental results. Nevertheless the difference between simulation and measurement is +2.5dB which is low
enough to validate the vibro-acoustic modeling.

With such a good test-simulation correlation, simulation helps interpreting experimental resonances. Fig-
ure 11 points out the four first resonances in the simulated response. Each resonance is linked to a numerical
resonance phenomenon in Table 1. Three out of four resonances are due to acoustics. The experimental
results thus confirm that acoustic resonances simulated affect the bottom response. This validate the vibro-
acoustic model with the internal and external air volumes modeled in a BEM subsystem.
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Figure 11: Zoom of figure 10 below 600 Hz.

Table 1: Interpretation of the four first resonances phenomena simulated (see Figure 11).

Frequency Mode Mode shape

217 Hz First acoustic resonance

384 Hz Second acoustic resonance

411 Hz First bottom structural mode

575 Hz Third acoustic resonance
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5 Conclusion

This work has presented a methodology to model the vibro-acoustic response of a ballistic vehicle during a
flight. Beyond the difficulties to characterize the in-flight pressure fluctuations, that are not addressed in this
study, a detailed vibro-acoustic model of the vehicle is needed. In the methodology proposed, the structure
is modeled using finite elements and this model is validated using diffuse acoustic field experiments. A
dedicated experimental set-up in a reverberant room has been developped in the CEA/CESTA center. The
methodology is applied to the test structure HB-2 that represents the external envelope of a ballistic vehicle.
Four models have been studied: from the first one where the structure only is modeled and the computation
is performed using simple scripts, to the last one that uses a complete BEM modeling of the surrounding
air volumes in Wave6 software. The simulation results and their comparison to measurements enhance the
interest of a detailed vibro-acoustic modeling. The effects of scattering and acoustic resonances are visible
in the experimental results. The last model presented is the only one able to simulate those phenomena. The
final test-simulation comparison validates the vibro-acoustic modeling.

Further work will first focus on high frequency simulation (using Statistical Energy Analysis) and then on
adapting these models to aeroacoustic excitation.
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Abstract 
The transmission of vibration from a machine to its foundation can be predicted if all the elements of the 

installation are appropriately characterised. In order to do so the machine must be characterised in terms of 

its intrinsic operational vibration behaviour; e.g. blocked forces according to ISO 20270:2019. This data can 

be combined with a model of the installation formed from the passive properties of its individual elements 

(vibration source, isolation system and receiver) by sub-structuring. The approach is powerful since it allows 

elements of the system to be changed, e.g. the stiffness of isolators, to form virtual prototypes to predict 

noise and vibration at any position of the assembly. In this paper a case study is presented for a typical 

industrial installation comprising a vibrating machine attached to an inertia block supported by resilient 

mounts on a factory floor. The model is validated by comparing predictions of floor vibration to those 

subsequently measured on a physical realisation of the assembly. 

1 Introduction 

Industrial machinery has the potential to generate structure-borne sound and vibration that propagates to the 

surrounding floor and structures affecting nearby sensitive machinery and workers, have an influence in its 

precision and damage its inner tooling, potentially having significant effects on its performance. In order to 

predict structure-borne sound and vibration from a machine to its nearby environment, there is a need to 

characterise each element individually to anticipate how the assembled structure would behave. This would 

allow not only mitigation measures after construction but also optimisation actions at the design phase of a 

project.  

In some cases, vibration sources can be characterised using modelling software. However, as a result of high 

computational requirements and disagreements with field-data [1], measurements are necessary in most 

cases. Since the structure-borne sound power of a source is also highly dependent on the receiver, it is widely 

accepted that a characterisation independent on the mounting interface is required and the parameters 

commonly used are free velocity [2] and blocked force [3]. These methods can be combined with the 

dynamic sub-structuring approach, as defined for example by Jetmundsen et al [4] or Rixen, de Klerk et al 

[5],  which have the capability to associate measured or simulated frequency response functions of individual 

elements which would be part of the same assembly to predict its overall behaviour once coupled.  

This paper presents a case study concerning the application of the in-situ blocked forces together with the 

sub-structuring method to an air compressor and inertia block installed on resilient mounts. The first 

objective is to calculate the blocked forces at the feet of the air compressor and at the corners of the inertia 

block it is attached to, and verify that they are independent of the receiver they are coupled to, as they should 
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be by definition (see section 2). The second aim of the paper is to compare predicted vibration levels 

obtained from blocked forces to those directly measured at remote points on the receiver when the source 

was operating. Finally, a sub-structuring approach subdividing the assembly into four components namely 

vibration source, inertia block, isolator and receiver, is applied to predict vibration experienced at two 

locations of the receiver and is compared with actual operational measurements.  

2 Theory 

The assembly presented in the paper is composed of four elements namely vibration source (S), inertia block 

(IB), isolator (I) and receiver (R). A two-stage air compressor was used as a vibration source rigidly coupled 

to a concrete inertia block implemented within the system to replicate isolated foundations set-ups, 

providing mass damping and increasing system stability as a result of increased stiffness and lower centre 

of gravity. These elements are supported on isolators, which provide a soft connection reducing structure-

borne vibration transmitted to the receiver. 

Figure 1 describes the elements of the assembly with their interfaces, indicating the different excitation and 

response positions used for experimental measurements. (a) is the location of the internal forces within the 

source, (b) represents the source-inertia block interface, (c) is the inertia block-isolator interface, (d) is the 

isolator-receiver interface and (e) is the location of a point on the receiver away from the interface. 

 

Figure 1: Assembly diagram showing the four elements (S, IB, I, R) with their interfaces (a, b, c, d, e) 

The subscripts S, IB, I, R are used to refer to the independent Source, Inertia Block, Isolator, Receiver 

respective elements, when C and X are used to describe the aforementioned assemblies. Two more 

subscripts detail the interfaces where response and excitation measurements are captured respectively. For 

instance, 𝑌𝑋,𝑒𝑏 refers to the mobility matrix of the assembly X where the response is observed at (e) when 

exciting (b). 

2.1 In-situ blocked force method 

Approaches such as the inverse methods measuring operational forces at the source-receiver interface in-

situ have proven successful, particularly in transfer path analysis [6]. However, the forces obtained are not 

intrinsic properties of the source since they are largely influenced by its mounting condition as well as the 

receiver itself. Ideal source characterisation quantities are instead those that are transferable from one 

assembly to another, for example the blocked force or free velocity. 
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In order to characterise the source S, the free velocity 𝑣𝑆,𝑏 can be measured at the contact points (b) while 

the source is hanging and running at constant operation conditions. The blocked forces can be determined 

in-situ according to: 

 𝑓𝑆,𝑏 = 𝑌𝑆,𝑏𝑏
−1  𝑣𝑆,𝑏 (1) 

where 𝑓𝑆,𝑏 is the blocked forces at interface (b), 𝑌𝑆,𝑏𝑏 is the free source mobility, and 𝑣𝑆,𝑏 is the operational 

free velocity. 

In most cases, operating the source in free conditions is not feasible and the blocked forces can also be 

obtained when the vibration source is installed within any assembly, independently from its boundary 

conditions: 

 𝑓𝑆,𝑏 = 𝑌𝑋,𝑏𝑏 
−1 𝑣𝑋,𝑏 (2) 

where 𝑓𝑆,𝑏 is the blocked forces at interface (b), 𝑌𝑋,𝑏𝑏 is the mobility at the source-inertia block interface of 

the assembly X and 𝑣𝑋,𝑏 is the operational velocity of the coupled source at (b).  

As just presented, the blocked forces for source characterisation reveal the intrinsic properties of the latter 

allowing one to make a prediction of structure borne noise produced by the source when installed in different 

environments. This has already been demonstrated previously for simple [7] and more complex assemblies 

[8][9] and will be further illustrated in this paper. 

2.2 Dynamic sub-structuring 

As described in [10],  dynamic sub-structuring (DS) methods determine the behaviour of an assembly using 

individual characterisations of the different elements composing it. As formulated in Eq. 3, DS requires 

mobility (or equivalent such as compliance or accelerance) inputs of the elements at their interface locations. 

Thus, several advantages can be identified compared to global approaches predicting overall behaviours of 

assemblies. DS allows a wide range of characterisation methods of the assembly elements, enabling the 

combination of numerical approaches such as finite element method (FEM) and experimental in-situ 

measurements which is the option presented in this paper. Hence, one of the main benefits of this method is 

the possibility to adapt dynamic stiffness on substructure level i.e. inertia block or isolators in our example 

(vibration source and receiver are usually invariable in industrial applications) to optimise system 

behaviours and reach designed solutions to specific applications. 

Despite this, the use of the DS method presents limitations affecting the accuracy of the predictions obtained 

[11]. Matrix inversion is highly sensitive to errors [4] and only few erroneous elements have the potential 

to affect entire matrices to be inversed, propagating uncertainties across the entire calculations. 

The mobility at the (e) location of the coupled assembly X can be obtained from the independent 

characterisations of the sub-elements composing the assembly, and is formulated as: 

 𝑌𝑋,𝑒𝑏 = 𝑌𝑅,𝑒𝑑  [𝑌𝐼 + 𝑌𝑅,𝑑𝑑]
−1

𝑌𝐼  [− 𝑌𝐼(𝑌𝐼 + 𝑌𝑅,𝑑𝑑)
−1

𝑌𝐼 +  𝑌𝐼 +  𝑌𝐶,𝑐𝑐]
−1

 𝑌𝐶,𝑐𝑏 (3) 

where 𝑌𝑅 and 𝑌𝐼 are the mobility matrices of the receiver and isolator respectively, and 𝑌𝐶,𝑐𝑐 and 𝑌𝐶,𝑐𝑏 are 

the combinations of the source and inertia block obtained by sub-structuring, using: 

 𝑌𝐶,𝑐𝑐 = [𝑍𝐼𝐵 + 𝑍𝑆,𝑏𝑏]
−1

 (4) 

 𝑌𝐶,𝑐𝑏 = 𝑌𝐼𝐵,𝑐𝑏 (𝑌𝑆,𝑏𝑏 + 𝑌𝐼𝐵,𝑏𝑏)
−1

 𝑌𝑆,𝑏𝑏 (5) 
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3 Experimental set-up 

3.1 Sub-assembly characterisations 

The four components of the assembly were individually characterised with mobility FRFs obtained from 

artificial excitations and velocity responses at the interface locations of each elements. These were combined 

with measures of the velocity at the same locations while the air compressor was operating at constant 

conditions. 

The instrumentation used for these experiments consisted of 4533-B001 (B&K) single axis accelerometers 

as response sensors, and an 8207 instrumentation hammer (B&K) for performing the different structure 

excitations. The force and velocity measures together with their FRFs were synchronously collected using 

a SIRIUS acquisition card (DEWESOFT) at a sampling rate of 16450 Hz with a frequency resolution of 1 

Hz/data point. 

3.1.1 Source 

The vibration source is a 3 horsepower (HP) Clarke XEV16 air compressor weighing 69 kg. It is composed 

of a V twin pump and an air tank volume of 100 Litres. 

 

Figure 2: Vibration source hanging, with (a) and (b) interface positions 

The machine was raised and kept hanging with steel chains and bungee cords to get as close as possible to 

free-free conditions. Twelve transducers were used for the independent source characterisation providing 

acceleration in X, Y and Z directions at each foot of the air compressor. The source was excited with a 

hammer and responses were measured at the machine feet to obtain the mobility required for sub-structuring 

analysis (see Eq. 3).  
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3.1.2 Inertia Block 

The inertia block weighs 825 kg and is composed of a 1 x 1 x 0.3 m concrete structure with a 0.8 x 0.8 x 

0.04 m steel plate built within it. The latter offers a homogeneous and flat surface with precise threaded 

holes, allowing for an ideal coupling between the arrangement and the interfaces (b). 

 

Figure 3: Inertia Block hanging, with (b) and (c) interface positions 

Similarly to the source, the inertia block was suspended with steel chains to replicate free-free conditions. 

Twelve transducers were used for the inertia block characterisation providing acceleration in X, Y and Z 

directions at each location of (b) when exciting (b) and (c). Four accelerometers were also placed at the 

corners of the block at (c) to measure the vertical mobilities of the structure used in the sub-structuring 

calculations. 

3.1.3 Isolator 

Two types of isolators manufactured by Farrat Isolevel were used in this experiment. Four 75 x 75 x 75mm 

natural rubber pads NR6250II [12] and four 50 x 50 x 25mm granulated cork composite pads VM7025PP 

[13] typically used as industrial machinery isolators were selected as interfaces between the inertia block 

and the receiver. They were vertically characterised with a dynamic hydraulic testing press (MTS, USA). 

This machine uses the ISO 6721 Part 12 test standards for conducting DMA (determination of dynamic 

mechanical properties) of materials in compression, at frequencies up to 200 Hz. The test procedure 

characterises the viscoelastic properties by determining the storage (E’), loss (E’’) and complex (E*) moduli 

as well as the tan delta (tan δ) as a function of frequency. In our example, the only needed parameter is the 

complex dynamic stiffness (K*) which is required to obtain the isolator mobility used in Eq. 3. 
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Figure 4: Dynamic compression for isolator characterisation (left) and dynamic stiffness of VM70 obtained 

in the vertical direction (Z) (right)  

3.1.4 Receiver 

The receiver is a 1.5 x 1.5 x 0.25 m concrete foundation supported by stiff pads (Farrat structural thermal 

breaks, elastic modulus of 4100 MPa). Thus, it is supposed to present similar mean mobility to a continuous 

heavy weight factory floor. 

 

Figure 5: Receiver structure with (d) and (e) interface positions 

The slab was excited using an instrumented hammer in the vertical direction (Z) at the four connection 

points with the isolators (d) and at two remote locations (e) on the receiver and velocity was recorded at 

those points to obtain the mobility matrices required in Eq. 3. 
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3.2 Coupled assembly experiment 

Figure 6 presents the coupled experiment, corresponding to assembly X in Figure 1. It is composed of the 

air compressor rigidly coupled to its inertia block separated from the receiver by isolators. The inertia block 

was positioned off-centre on the receiver to avoid any potential symmetry simplifying the case study to 

evaluate the robustness of the method to be later used on continuous factory floors. 

 

Figure 6: Coupled assembly with interface positions 

The assembly was excited with the instrumented hammer to obtain the mobility matrices at (b) and (c) 

interfaces, used in the blocked force calculations presented in section 4.1. Operational measurements were 

also performed, at a constant motor cadence of 1320 revolutions per minute (22 Hz) with an open valve 

displacing a volume of air of 14 cubic feet per minute (cfm), to collect structure velocities at different 

interface positions (in particular at (b), (c) and (e) to obtain the results presented in the following section). 

4 Results 

In the following sub-sections, the blocked forces calculated at the interface (c) from one configuration 

(assembly X with NR62 isolators) is used to predict the velocity of a point on the receiver from a second 

configuration (assembly X with VM70 isolators). This predicted velocity is compared with direct 

operational measurement to demonstrate that the blocked force is not dependent on its mounting conditions.  

Secondly, the sub-structuring and blocked force methods are combined to predict the velocity experienced 

at the same point of the receiver and once again compared with direct operational measures. 

4.1 Blocked forces predictions 

Operational blocked forces of the assembly X using natural rubber NR62 isolators have been computed at 

the corners of the inertia block (c) using the two following formulations. Eq. 6 uses a direct measurement 

of the velocity at (c), when Eq. 7 derives this velocity from the mobility matrix between (b) and (c) and the 

blocked forces at (b). 

 𝑓𝑆,𝑐 = 𝑌𝑋,𝑐𝑐 
−1 𝑣𝑋,𝑐 (6) 

 𝑓𝑆,𝑐 = 𝑌𝑋,𝑐𝑐 
−1  𝑌𝑋,𝑐𝑏 𝑓𝑆,𝑏 (7) 
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Figure 7: Logarithmic representation of the vertical blocked forces at the (c) interface using Eq. 6 (blue) and 

Eq. 7 (red-dashed) in narrow band frequency between 5 and 200 Hz 

This figure presents a good agreement at the operational velocity of the source (22 Hz) and its harmonics 

(multiples of the fundamental frequency). Some disparities are observed below 20 Hz and between the 

peaks, due to the fact that they are located at frequencies not excited by the vibration source. However, in 

theory, the blocked force method is not restricted to any particular frequency range, see for example [14]. 

This comparison therefore validates the blocked forces obtained at the (b) interface for this range of 

frequency. 

Since the blocked forces at (b) present a satisfactory result, it is interesting to consider the air compressor 

and the inertia block placed below as an individual vibration source and verify the reliability of the blocked 

forces at (c). In order to do so, a predicted velocity at the (e) position, located on the receiver away from the 

isolator interface, can be obtained using the blocked forces at (c) coming from the assembly X on NR62 

isolator pads and from the mobility matrix between (e) and (c) coming from the assembly X on VM70 

isolator pads: 

 𝑣𝑋,𝑒 =   𝑌𝑋,𝑒𝑐  𝑓𝑆,𝑐 (8) 

The predicted velocity provided a good fit with the in-situ direct operational measurement of the assembly 

X on VM70 isolators, with good agreement in the narrow band representation at the peaks defining the 

source operational speed and the successive harmonics, and also in the third octave representation. This 

enables the use of the blocked force method as a reliable independent active source characterisation, which 

is therefore descriptive of this source performance in any other assembly. 

 

Figure 8: Logarithmic representation of the vertical acceleration measured (blue) and predicted at (e) using 

Eq. 8 (red-dashed) in narrow band frequency (top) and in third octave band (bottom) between 5 and 200 Hz 

3414 PROCEEDINGS OF ISMA2020 AND USD2020



4.2 Sub-structuring prediction 

The mobility matrix 𝑌𝑋,𝑒𝑏 can be derived from the mobilities of each element of the assembly as described 

in Eq. 3. The latter can then be inserted in Eq. 9 with the afore-validated blocked forces at (b) interface to 

predict the operational velocity experienced at a remote location (e) of the receiver, when the inertia block 

is supported on VM70 pads: 

 𝑣𝑋,𝑒 = 𝑌𝑋,𝑒𝑏 𝑓𝑆,𝑏 (9) 

This calculated velocity is compared in Figure 9 with the direct operational velocity recorded at the (e) 

position as part of the assembly X. The most important frequencies regarding perception are those where 

the peaks are located in the spectrum. Considering that, and as highlighted by the third octave representation, 

the predicted vertical vibration is found to be in decent agreement with the measured one between 20 to 130 

Hz. 

 

Figure 9: Logarithmic representation of the vertical acceleration measured (blue) and predicted at (e) using 

Eq. 9 (red-dashed) in narrow band frequency (top) and in third octave band (bottom) between 5 and 200 Hz 

Figure 9 demonstrates that the blocked forces measured in-situ in a realistic installation can be combined 

with mobility FRFs of individual elements by sub-structuring to make structure-borne sound and vibration 

prediction of the combined assembly. 

5 Conclusion 

This paper has investigated the in-situ blocked force together with a sub-structuring approach in the context 

of industrial machinery vibration source. In order to replicate usual isolated foundation designs, an inertia 

block has been inserted within the usual Source-Isolator-Receiver system. The two different vibration source 

configurations (air compressor and air compressor/inertia block) were characterised at each connection point 

between the source and the rest of the assembly. 

Two validation results are presented in this paper to demonstrate that the blocked force in-situ method is a 

reliable approach to characterise a vibration source independently from its mounting condition. It was shown 

that the blocked forces could be used to predict the vibration velocity of a point located on the receiver when 

the machine was installed in a different condition than the one in which it was characterised. Thus, these 

forces could be applied to reconstruct the response of that same source as part of any other assemblies. 

Finally, a sub-structuring approach combined with the blocked force method was successfully applied on 

the four-element structure to predict the vibration level experienced on the receiver. However, this method 
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remains sensitive to potential errors that could emerge from the complexity of characterising every sub-

element under free conditions combined with the difficulty of accessing some of the interfaces and take into 

account the correct number of degrees of freedom. 

Although the results presented in the paper are promising, future work should be undertaken to apply this 

methodology on heavier machinery in places offering more realistic conditions such as industrial factories. 

Alternatively, the implementation of analytical and numerical data for the characterisation of assembly 

elements such as the isolator and the inertia block would be crucial for vibration isolation companies to be 

able to optimise their design based on their client needs. 
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Abstract
Poroelastic materials are essential for engineers to improve the sound and vibration properties of a product.
The most common mathematical model that describes the vibro-acoustic behaviour of these materials is the
Biot theory, which considers the fully coupled behaviour of a homogenised solid phase, based on the struc-
tural skeleton, and a homogenised fluid phase, describing the inter-penetrating fluid. This paper focuses on
an efficient implementation of poroelastic materials using the finite element method. Owing to the presence
of several wave solutions, namely, two compressional wave types and one shear wave type, it is difficult to
define clear meshing guidelines for poroelastics modeling a priori and trial and errors is required to ensure
reliable results. Multiple scales may be present, and local resonance phenomena may significantly modify
the resolution requirements in certain frequency bands. In order to remedy this, and to be able to deliver
a (nearly) mesh-independent solution, a physics based adaptivity rule is developed which determines the
distribution of (directional) element orders at each frequency, prior to the calculation, in order to reach a
user-defined target accuracy. The resulting approach is applied to a system-level vibro-acoustic application
case with a poroelastic material treatment.

1 Introduction

With ever more stringent requirements on noise and vibration levels, engineers strongly rely on passive
treatments (e.g. multi-layered stacks of of elastic, viscoelastic and poroelastic layers) to improve the sound
and vibration properties of a product. Poroelastic materials have two constituents: an elastic skeleton and
a surrounding acoustic fluid in the pores. Through strongly frequency dependent structural, thermal and
viscous effects, these materials are able to dissipate excess vibrational and acoustic energy. The Biot theory
[1, 2, 3] describes the fully coupled behaviour of a homogenised structural- and fluid phase. The structural
phase is described by an elastodynamics solid model, and the fluid phase by an acoustic fluid with complex,
frequency-dependent parameters obtained for instance from the Johnson-Champoux-Allard model [4, 5].
More details can be found in the reference book by Allard and Atalla [6].

Over the past decades, Computer Aided Engineering tools built upon the Finite Element Method (FEM)
have become indispensable tools to predict the behaviour of virtual prototypes. By dividing the problem
into a large number of small elements, the underlying problem is approximated by an algebraic system
of equations in the unknown nodal values. Many formulations have been proposed for the modelling of
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poroelastic materials[7], among which the (us,pf )-formulation [8, 9], where us represents the solid phase
displacement field and pf represents the pressure field of the fluid phase.

Through its innate element discretisation concept, the FEM can tackle geometrically complex problem cases.
Within these elements, polynomial approximation functions are used to describe the dynamic field variables.
This procedure is a strength of the FEM, but it constitutes also a limitation. As the frequency increases,
the number of low-order elements required to control the interpolation and pollution errors increases more
than linearly [10, 11, 12]. Poroelastic materials are particularly challenging to solve. Firstly, they have a
high number of DOFs per node (4 for the displacement-pressure formulations in 3D). Secondly, they support
relatively short wavelengths (as compared to acoustics) and outspoken near-field damping effects. This
makes that the applicable frequency limit of the classical FEM shifts to even lower frequencies for these
applications. Furthermore, the discretisation of the problem requires a cumbersome meshing step, which, to
minimise the computational cost, needs to be redone at each frequency, following an a priori, but arbitrary
rule of thumb, e.g. 6 to 10 elements per wavelength [13].

To overcome these problems, research been done over the past years to improve the efficiency of FE meth-
ods. Examples are h-refinement, where the mesh density is adaptively refined by studying the convergence
of subsequent solutions of refined meshes, and p-refinement techniques, which apply higher order elements.
Although classical p-refinement can improve the efficiency of the methodology, it still requires a frequency-
dependent meshing step, following rules of thumb for higher order elements. Hörlin [14, 15] initiated this
in poroelastic material modelling by considering the (us,uf )-formulation for hexahedral meshes, assum-
ing that the solid- and fluid phase order are equal. Rigobert [16] extended the ideas to the more efficient
(us,pf )-formulation and considered different orders for solid-and fluid phase. The innate coupling between
both phases, together with the highly dispersive properties of the different wave types that propagate in a
poroelastic material, make it very difficult to derive simple guidelines to create a valid mesh (and FE model).
Furthermore, the meshing of poroelastic materials often is part of a larger system-level effort.

To overcome these difficulties, this paper proposes a higher order FE method for the modeling of poroelastic
materials. The element orders are determined a priori, adaptively per frequency, and based on the physics of
poroelastic materials. Furthermore, these element orders can be directional, in order to account for anisotropy
in the mesh, resulting in an (nearly) mesh-independent solution that allows to reach a user-defined target
error. In order to do so, this work builds further upon recent work by Bériot et al. [17], who have introduced
a simple a priori error indicator for 3D Helmholtz p-FEM applications, which determines the element order
based on solving a 1D Helmholtz problem at the same frequency and characteristic length. Later on, this
approach has been extended to allow for directional order enforcement of the interpolation basis [18].

A few challenges need to be addressed to allow the application of these methodologies to poroelastic mate-
rials. Firstly, by contrast to Helmholtz, the formulation is vector-valued, and the distribution of (directional)
element orders needs to be assessed for each primitive variable consistently. Secondly, these multiple vari-
ables support three mutually coupled wave types which are strongly frequency dependent and dispersive.
Thirdly, in practical acoustics trimming applications, the mesh is often non-uniform with high aspect ratio
elements, due to a mesh sweeping process, requiring directional element orders.

The paper is organised as follows; Section 2 briefly introduces the multi-physics problem. Starting from the
weak integral form of the Biot equations, Section 3 discusses the build-up of the p-FEM model. Section 4
considers the choice of an error indicator that allows to a priori calculate the necessary edge order and their
propagation into a fully anisotropic higher order FE model. The final sections show a numerical verification
and an application of the new technique; Section 5 verifies the error indicator by looking at a number of
meshes built from different element classes, exhibiting different degrees of anisotropy. Section 6 presents an
industrial-flavoured vibro-acoustic application case. Finally, Section 7 concludes the paper.

2 Problem definition

Consider a general 3D vibro-acoustic problem with a poroelastic damping layer, shown in Figure 1. The
steady-state dynamic behaviour is described by three sets of variables, one for the acoustic domain, one for
the elastic domain and one for the poroelastic domain. Note that for the remainder of the paper, a harmonic
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form x (r, t) = <
(
X (r) ejωt

)
is assumed withX the complex amplitude of the field, ω = 2πf the harmonic

pulsation, t the time, r = [x y z]T the location in space and j2 = −1 the imaginary unit. Also note that the
r-dependency is dropped in the following. Any frequency dependency of material properties is denoted with
a tilde as •̃ in what follows.

The dynamic pressure distribution pa(r) inside the acoustic cavity Ωa, with its characteristic wave number
ka = ω/ca determined by the speed of sound ca is described by the Helmholtz equation [19]. The second
set of variables describes the deformation of a flexible structure ue(r) inside the elastic domain Ωe through
the Navier-Cauchy equation [20].

y

z

∞

x

r

Ωa

Ωe

Ωp

Figure 1: A general open 3D vibro-acoustic problem with a complex damping treatment (light and dark grey)
on some of the boundaries.

The cavity and the structure are in partial contact with a poroelastic material domain Ωp. The vibro-acoustic
behaviour of these materials is described by the Biot theory [21] in their (us,pf ) formulation [8, 9]. The
equations describe a homogenised solid phase, governed by the classical elastodynamics equations and a
homogenised fluid phase, governed by a model that describes the acoustic wave propagation through a rigid
porous frame using the Johnson-Champoux-Allard model [4, 5].

3 Higher order finite element model

3.1 Weak integral formulation of the Biot equations

The weak form of the Biot equations in the (us,pf ) formulation [9] can be easily deduced through the
application of Green’s theorem:

∫

Ω
σ̂s : es∗dΩ− ω2

∫

Ω
ρ̃us∗ · usdΩ +

∫

Ω

φ

ω2ρ̃22
∇pf

∗ ·∇pfdΩ−
∫

Ω

φ2

R
pf
∗
pfdΩ

−
∫

Ω

(
γ̃ + ξ̃

)(
us∗ ·∇pf + ∇pf

∗ · us
)
dΩ−

∫

Ω
ξ̃
(

(∇ · us∗) pf + pf
∗

(∇ · us)
)
dΩ

−
∫

Γ

(
σt · n

)
· us∗dΓ−

∫

Γ
φpf

∗ (
uf − us

)
· n dΓ = 0,

(1)

Solid- and fluid phase variables are denoted •s and •f , respectively. The total stress field is denoted by σt.
The normal to the interface Γ = ∂Ω is denoted by n. More information on the involved poroelastic material
parameters can be found in [6].

Application of the finite element method to this weak integral formulation replaces each of the field variables
and weighting functions (•∗) with their polynomial expansion functions. This is complemented by a set of
boundary conditions, being one vectorial in terms of the solid phase variables and one scalar in terms of the
fluid phase variables [9, 22].
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3.2 Higher order FEM discretisation

The variational formulation Eq. (1) is discretised using the high-order finite element method [17]. The entire
domain Ω is approximated by a collection of non-overlapping elements. On each element, the numerical
solution is made up of high-order, H1-conforming polynomial shape functions. Lobatto shape functions are
used as they exhibit good performance and conditioning [23]. Furthermore, the element’s internal degrees of
freedom associated with the ”bubble” shape functions can be eliminated since these degrees of freedom do
not interact with neighbouring elements. This technique is called condensation and allows to reduce the size
of the global system of equations before it is assembled and solved, hence reducing the memory requirements
[24]. Finally, Lobatto shape functions form a ‘hierarchic’ basis, meaning that the shape functions at order p
form a subset of the shape functions at higher orders. It is therefore simple to handle models with different
polynomial orders in the element. Furthermore, one additional prominent feature of the hierarchic p-FEM
scheme is the ability to enforce directional orders in the interpolation basis. This feature is essential in a
number of applications, where it allows to accommodate naturally for anisotropy in the computational grid
(i.e. with distorted or large aspect ratio elements) and/or in the physics of the problem.

In order to evaluate the elementary integrals described in the variational formulations (1), high-order numer-
ical quadrature is used with an order of accuracy corresponding to the highest polynomial order that appears
in the integrand. For the line, the quadrangle, hexahedral prismatic elements, standard Gauss–Legendre
quadrature is used, while for the triangle and tetrahedral elements, we use economical quadrature rules from
[25, 26] respectively. The sparse linear system resulting from the element matrix assembly is solved using
the multi-frontal solver MUMPS [27].

Note that due to the hierarchical shape functions, and the fact that all frequency dependent functions in Eq.
(1) are a pre-multiplication scalar, the different sub-matrices need to be assembled only once for the highest
order. They can be trimmed for the right order and pre-multiplied with the frequency dependent material
property values without having to recompute the element matrices. This results in a significant reduction of
the computational cost [17].

4 Anisotropic adaptivity strategy

Earlier work by Bériot et al. [17] developed an a priori error indicator to attribute the element order for
p-FEM acoustics based on a 1D acoustic propagation problem.

This section extends the ideas to poroelastic media and investigates some of the specificities of the Biot
model. Similarly to the work of Bériot et al., firstly a reference problem is defined. Thereafter, a strategy is
elaborated to attribute the optimal order. The resulting edge orders are then propagated to the face (2D) and
volume (3D) mesh, with full anisotropy support, through element-type specific conformity rules.

4.1 Edge order attribution

The adaptivity criterion is based on the solution of a reference problem. This section starts with the definition
of a 1.5D reference problem to predict the wave propagation over a line element. Initially, only single wave
types and fixed orders (i.e. psolid = pfluid are considered. Thereafter, a strategy to combine the three wave
types and a methodology to determine psolid and pfluid (semi-)independently is presented.

4.1.1 1.5D reference problem

A key difference between the Biot equations and the classical Helmholtz equation lies in the wave types they
support. In order to simplify the following representation and without loss of generality by considering an
isotropic material and invariance in the z direction, we can limit ourselves to a 2D problem.

Three propagating wave types exist which are generally called Biot waves. Two of them are compressional
and that the last one is a shear wave. For a given frequency, and depending on the material, all three wave
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numbers have a different value, which makes that some wave types require a higher resolution than oth-
ers. Moreover, each wave has its own preferential phase of propagation; the solid phase typically governs
the structure-borne compressional wave and the shear wave, whereas the fluid phase supports the airborne
compressional wave. Different phases thus can require a different resolution.

In earlier work for the Helmholtz equation, the reference problem consists of a single travelling wave over a
domain of length h. For an acoustic problem, which is purely compressional, a 1D element is sufficient. For
a poroelastic problem, however, it is necessary to consider the propagation at oblique incidence at an angle
θ (Figure 2).

hθ
x

y

Figure 2: 1.5D reference problem for adaptive edge order determination

Let x and y denote respectively the direction of the element and the perpendicular one. Plane wave problems
at oblique incidence can be simulated by imposing that all the physical fields f (e.g. displacements ux and
uy, pressure p, stresses σ̂s and σt) share the same y-dependence so that:

f(x, y) = f(x)e−ikyy, where ky = k sin(θ). (2)

This y-periodicity assumption implies that the original 2D problem leads to a 1D problem. In this weak
form, the spatial derivatives with respect to y are replaced by −jky multiplications. The model is thereby
referred to as a 1.5D model. The x dependence can discretised so that the weak form Eq. (1) is reduced to
an integral on [0, h] and boundary terms in x = 0 and x = h.

Concerning the boundary terms, these are imposed on both sides where the material is excited by a particular
Biot wave. We can then determine the boundary terms analytically. To do so, we impose that ky = δy

and kx =
√
δ2
i − k2

y , where δ is the wave number of the particular Biot wave. In order to increase the
performance of the numerical model, the boundary terms are imposed through a mixed Robin boundary
condition in order to impose the incoming characteristics [28]. The solution of the problem is then a single
travelling wave for which an analytical reference solution is available.

This 1.5D model has the advantage that it is the most general on a 1D element topology. However, it requires
an additional parameter, namely θ. In the following section its influence is assessed.

4.1.2 Convergence behaviour for single wave excitation at fixed order

In this section, the convergence of the 1.5D reference problem is considered for a single travelling wave and
fixed order, i.e. psolid = pfluid. The L2-error between the 1.5D element and its analytical reference can be
calculated as follows:

EL2 =
‖uFE − uref‖L2

‖uref‖L2

, where ‖ • ‖L2 =

(∫

Ω
| • |2dΩ

)
(3)

Figure 3 shows the EL2-values for each of the nodal variables (usx, usy and pf ) under excitation by each of
the three propagating Biot waves. Four values for the angle θ are considered (θ=0◦, 30◦, 45◦ and 60◦). The
different colors, ranging from red to blue, represent the varying element order psolid = pfluid ∈ [1, 10].

A number of common poroelastic materials were tested. The results presented here are obtained using the
material in Table 1 [29].

This analysis shows that for each field the errors at various angles for fixed order are superposed. This can
be understood easily as kx governs the spatial dependence in the element direction but note that there are no
theoretical results for the Biot theory to justify this assumption, hence it is worth testing it on practical cases.
From here on forth, a 1.5D reference element with θ = 30◦ will be used.

VIBRO-ACOUSTIC MODELLING AND PREDICTION 3423



0°

30°

45°

60°

(a) Slow compressional wave

0°

30°

45°

60°

(b) Fast compressional wave
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Figure 3: Convergence behaviour (EL2 vs. kh) for psolid = pfluid ∈ [1, 10] – Angle dependency.

These curves also confirm that the convergence of Lobatto shape functions is also preserved for this particular
physics. This leads to the conclusion that poroelasticity does not modify the convergence properties of the
FEM model and that the a-priori indicator of [17] can be further extended to poroelastic material models.

4.1.3 Convergence behaviour for simultaneous wave excitation at variable order

The previous analysis was performed for psolid = pfluid. The following analysis dives deeper into the typical
error convergence behaviour in the case where psolid 6= pfluid within the same element. Figure 4 shows the
EL2-response surface of the 1.5D reference element at a given frequency of 2000 Hz and element size of
h = 0.1 m for each of the physical variables (usx, usy and pf ).

These figures confirm the observations by Rigobert et al. [16] that the convergence behaviour of the solid
phase indicators are also affected by the resolution of the fluid phase dynamics and vice versa. This behaviour
is apparent through the L-shape of the EL2-isolines. Typically, the solid phase requires a higher resolution,
yet both phases should be sufficiently resolved. Furthermore, the different wave types require different
orders; the shear wave is typically the most restrictive and has mainly an impact on the solid phase.

To improve their usability, these 9 surfaces must be condensed further. Firstly, the three Biot waves are
excited simultaneously in the element and secondly, the results for the physical variables are condensed into
one total (root-mean-square) EL2

tot
-value. This leads to a single global error surface (Figure 5).

4.1.4 Optimal edge order determination

The EL2
tot

-response surface contains a lot of information, but is too computationally expensive to generate
on the fly for each frequency and for each edge length, which is necessary due to the strongly dispersive Biot
waves.

The search for the optimal (psolid, pfluid) pair can be interpreted as an optimisation problem, i.e. a minimi-
sation of the computational cost, subject to an error constraint set by ET :

min
s.t.E

L2
tot

<ET
3psolid + pfluid. (4)

Note that the 3:1 scaling above is due to the use of the (us,pf ) formulation in 3D with three directional solid
phase DOFs and one scalar fluid phase DOF per geometrical entity.

The solution of this optimisation problem is however not trivial. Nevertheless, the monotonous convergence
of the FEM with increasing order can be exploited. Therefore psolid and pfluid are increased simultaneously
until EL2

tot
< ET . This accords to the method of steepest descent. Thereafter, either psolid or pfluid can be

reduced by tracing the error threshold isoline EL2
tot

= ET horizontally or vertically. psolid is reduced first (if
possible) as it has the highest influence on the computational cost.
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(a) usx (b) usy (c) pf

(d) usx (e) usy (f) pf

(g) usx (h) usy (i) pf

Figure 4: EL2-contours for 1.5D reference element h = 0.1 at 2000 Hz, excited by various poroelastic wave
types (top: slow compressional wave; middle: fast compressional wave; bottom: shear wave).

Although not NP-hard, this strategy ensures that the set ET is met and the computational cost is minimised.
Figure 5 summarises the algorithm at work. In the following section, these edge orders are propagated
towards face (2D) and volume (3D) elements.

Figure 5: EL2
tot

-based order attribution through computational cost minimisation (2: Not allowed ; 2:
Allowed but sub-optimal ;  : Allowed and optimal).
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4.2 Anisotropic adaptive order strategy

The Lobatto shape functions can be split up in four categories: nodal-, edge-, face- and solid shape functions.

The number of nodal shape functions is directly determined by the element mesh. There is one linear shape
function associated to each node. The number of edge shape functions is given by the edge order defined
above. The remaining task is to define the anisotropic order distribution on the neighbouring faces and inside
the elements based on the edge orders. This may be achieved by using element-type dependent conformity
rules defined in [18].

In a first step, the face orders are determined. The parent element for the quadrangle and triangle elements
together with the vertex and edge numbering conventions are depicted in Figure 6. For an anisotropic inter-
polation basis, the face shape functions are characterized by two polynomial orders, each corresponding to
a coordinate in the reference element. These directional orders, denoted psξ and psη are determined using
a maximum conformity rule on the influential edges, where the influential edges are defined as the edges
which are not-orthogonal to the directional order axis under consideration (i.e. the ξ or the η-axis). For 2D
elements in the mesh it leads to enforcing:

Quadrangle: p
sξ
i = max (pe1i , p

e3
i ) p

sη
i = max (pe2i , p

e4
i ) ∀i ∈ 1, 2, · · · , Nq

Triangle: p
sξ
i = max (pe1i , p

e2
i ) p

sη
i = max (pe2i , p

e3
i ) ∀i ∈ 1, 2, · · · , Nt

Ωq
ref Ωt

ref

e1

e3

e4 e2

e1

e2

e3

ξξ

ηη

v1 v2

v3v4

v1 v2

v3
psξ

psη

Figure 6: Reference quadrangle Ωq
ref (left) and triangle Ωt

ref (right) elements. Definition of vertices, edges,
polynomial degrees and color coding for the representation of the directional element orders psξ , psη .

In the last step, the three directional solid (bubble) orders, denoted pbξ , pbη and pbζ (Figure 7) are also
assigned using a maximum conformity rule on the set of influential edges, where the influential edges are
defined as the edges which are not-orthogonal to the directional order axis under consideration (i.e. the ξ, η
or ζ-axis). This leads to the following rule:

Prism: p
bξ
i = max (pe1i , p

e2
i , p

e7
i , p

e8
i ) p

bη
i = max (pe2i , p

e3
i , p

e8
i , p

e9
i ) p

bζ
i = max (pe4i , p

e5
i , p

e6
i )

e
5

e1

e2
e3

e4 e5

e6
e7

e8
e9

pbξ
pbηpbζ

Figure 7: Edge number and local orientation convention for P6 prism element type, required for the definition
of the solid anisotropic order conformity rules, pbξ , pbη , pbζ .

4.3 Meshing guidelines

As already outlined in [17, 30] the computational performance of p-FEM is maximized when large elements
are used. The element size cannot however be made arbitrarily large. Firstly, the geometry of the problem
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should be accurately captured by the FE mesh. Secondly, there is also necessarily a maximum order pmax =
10 available in the implementation. Thirdly, lower-order elements may suffer from the pollution effect and
locking, which proposed local error indicator is incapable of measuring. Hence additional precautions must
be taken to avoid the range of problematic mesh resolution rates. Hereto, a lower order pmin = 2 is set.

Using anisotropic higher order elements for poroelastic materials and multi-layers can strongly reduce the
meshing effort by sweeping the mesh from the structural component towards the acoustic cavity, using just
one element through the thickness. The adaptivity criterion will ensure that a sufficiently high order is
attributed to the elements in the extruded direction, whereas the other, spatially more resolved in-plane
directions retain a lower order to allow compatible meshes at the multi-physics interfaces.

5 Verification of mesh independence

As a numerical verification, the independence of the prediction accuracy from the mesh is demonstrated for
the P6 prism element using meshes with various degrees of anisotropy. Hereto, a plane wave propagation
through a semi-infinite poroelastic layer is considered. This allows comparison to an analytical solution [6].

x

∞

z

y
∞k

α
θ

∞

∞

xy

z

θ
α

k

Figure 8: Flat poroelastic layer, excited by an incoming acoustic plane wave (θ=35◦ ; α=20◦ ; |k|=ka) (left)
; RVE with periodic boundary conditions (right)

The poroelastic material has a thickness 0.01 m and is subjected to an incoming plane wave (θ=35◦ and
φ=20◦, |k|=ka as defined in Figure 8). The material properties are taken from literature [29] and are given
by Table 1. The layer is laterally infinite, and the bottom is glued to a rigid backing.

Table 1: Material properties for Material A [29]

Skeleton Fluid Micro-geometry
E 214·103 Pa T 293.15 K φ 0.97 -
η 0.115 - η 1.84·10−5 Ns/m2 α∞ 1.54 -
ν 0.3 - ρ 1.204 kg/m3 σ 57·103 Ns/m4

ρ 46 kg/m3 γ 1.4 - Λ 24.6·10−6 m
Npr 0.71 - Λ′ 73.8·10−6 m

5.1 Poroelastic RVE

Due to the periodicity of the problem, it can be condensed into a Representative Volume Element (RVE).
Here, a cubic RVE of 10 mm × 10 mm × 10 mm (Figure 8) is adopted. Periodic boundary conditions
[31, 32] are applied at the xy-and xz-planes through the procedure detailed in [33].

Results are presented in terms of the L2-error (see Eq. 3) with respect to an analytical solution. A target
error level ET = 1% is set for the adaptive criterion. Its behaviour is studied in a frequency range from 10
Hz to 5000 Hz in 10 Hz steps.
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5.2 Performance for anisotropic meshes

The performance of the anisotropic error indicator is illustrated for 7 meshes with anisotropy ranging from
1:1 to 6:1 and 1:6. All are extruded in the x-direction through a mesh sweeping algorithm (Figure ??).

Figure 9: Presentation of the 7 unit-cell mesh topologies used for the verification of mesh independence,
oriented as in Figure 8. The meshes are sorted per element aspect ratio.

As the frequency increases, the adaptivity criterion steers the directional order of both the solid phase and
the fluid phase separately (Figure 10). Due to the higher wave number associated to the waves that propagate
mainly in the solid phase, and the fact that these wave numbers increase rapidly with frequency, also the
order associated to the solid phase is both higher, and increases more rapidly than the fluid phase order. The
fluid phase order sometimes locally spikes, which is due to the formulation of the constrained minimisation
problem (Section 4); as the solid phase order increases, local minima occur as EL2

tot
flirts with the set

tolerance ET=1%. As the elements become more anisotropic (middle and right), the order associated to the
shorter edge decreases, up to the point that it is no longer limited by the error indicator, but is floored at the
initial order pmin = 2.

Figure 10: Directional element orders for selected meshes with increasing degree of anisotropy. A darker
color indicates a larger element aspect ratio.

The resulting EL2-curves (Figure 11) switch discontinuously at the frequency where either psolid or pfluid
increases, triggered by the adaptivity criterion. In almost all cases, all quantities (usx, usy and pf ), which
are to a certain degree mutually coupled, stay below the set tolerance of 1%, except for some slight non-
conservative behaviour for the in-plane deformation components usy.

Note that the results for the meshes with the same discretisation in the x-direction are on top of each other
as this direction’s discretisation is the limiting factor. For the meshes with more refined discretisation in
the x-direction, the accuracy is higher below 1000 Hz since the order is floored at psolid = pfluid = 2.
As frequency increases, the adaptivity criterion cuts on, firstly in the yz-plane, and thereafter also in the
x-direction.

From the study above, it is clear that the adaptivity criterion performs well and is actually able to steer the
adaptive p-refinement of the model very well, with very little non-conservative behaviour. However, one
should always be wary of the inherent limitations of some of the element topologies themselves which, for
some combinations of boundary conditions can be prone to locking. This, however, is a general concern one
should be wary of when creating FE models, and is not directly related to either poroelastic materials or the
proposed adaptivity criterion.
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Figure 11: EL2 obtained on the ux (left column), uy (middle column) and p variables are presented for the
7 unit-cell meshes used for the verification of the a-priori error indicator. A darker color indicates a larger
element aspect ratio, which ranges from 1 to 6. The error target ET = 1% is shown in dashed gray line.

6 Component Mode Synthesis for damped vibro-acoustics

Finally, the FEMAO for poroelasticity is applied to a problem of industrial relevance, where a poroelastic
material is instrumental in improving the vibro-acoustic properties of products. The application considers a
poroelastic layer glued to a flexible component, subject to a resonant (vibro-)acoustic environment, similar
to applications in automotive, aerospace and industrial machinery.

As is conventional in industrial practice, these models are built up in modal coordinates by projecting the
direct-coordinate vibro-acoustic model onto two uncoupled mode sets, one containing the modes of the
acoustic cavity (Φa), and one containing the modes of the structure (Φs). The model can be written in terms
of the unknown structural- and acoustic modal contribution factors qa and qs.

Incorporating the poroelastic material and the structure, and with the cavity, respectively can be done using
the Schur-complement [34] and subsequent projection of the damping layer reduced matrix[35]. Application
of the coupling conditions leads to the following system of equations in modal coordinates:

[
Z̃aa + Z̃aa,tm Z̃as + Z̃as,tm

Z̃sa + Z̃sa,tm Z̃ss + Z̃ss,tm

] [
qa

qs

]
=

[
F̃a

F̃s

]
. (5)

6.1 Case definition

The procedure is demonstrated on a vibro-acoustic system inspired by a test set-up for lightweight materials,
which is available at KU Leuven. More details can be found in [36, 37]. It consists of a convex acoustic
cavity with five rigid walls and a dismountable front wall, which allows to host structural test panels with an
optional damping treatment. The acoustic cavity is convex and has circumscribing dimensions of 1.122 m ×
0.82 m × 0.982 m). The acoustic fluid properties are given in Table 2. The cavity is excited by an acoustic
volume source with an amplitude of q = 1m3/s, located at (0.10, 0.75, 1.0). At the front wall, a steel panel
of dimensions 0.5 m × 0.35 m with a 3 mm thickness is clamped. The steel properties are given in Table 3.
A poroelastic layer of 35 mm thickness is glued to the panel. The material properties are given in Table 2.
The short edges of the poroelastic layer have sliding boundary conditions.

Table 2: Poroelastic material properties for (Material C)

Skeleton Fluid Microgeometry
E 143·103 Pa T 293.15 K φ 0.97 -
η 0.055 - η 1.84·10−5 Ns/m2 α∞ 2.52 -
ν 0.3 - ρ 1.225 kg/m3 σ 87·103 Ns/m4

ρ 31 kg/m3 γ 1.4 - Λ 37·10−6 m
Npr 0.71 - Λ′ 119·10−6 m
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Table 3: Structural component properties (steel)

E 210 GPa
ν 0.3
ρ 7800 kg/m3
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Figure 12: Vibro-acoustic system mesh (left) and poroelastic component meshes, i.e. FE fixed order reference
mesh(middle) and FE adaptive order mesh (right).

The vibro-acoustic system model (Figure 12) consists of 14094 structural DOFs, resulting from a quadratic
triangular discretisation, and 273617 acoustics DOFs, resulting from a quadratic tetrahedral discretisation.
The model is projected onto a mode set, consisting of 11 structural modes and 129 acoustic modes. The
poroelastic reference model builds further on the vibro-acoustic model’s fine discretisation and sweeps the
mesh between the structural and the acoustic domain in 5 steps. The resulting elements are quadratic P6
elements (103356 DOFs). The adaptive order FE model is built separately from a coarser triangular surface
mesh which is swept in one separate step.

Both the adaptive order FE model and the reference model of the poroelastic layer are introduced into the
undamped vibro-acoustic model through modal contributions Z̃•,tm (see Eq. 5) which are calculated explic-
itly at key frequencies every 10 Hz. In between, they are linearly interpolated in order to have the modal
contributions in the entire frequency range from 10 to 500 Hz in 1 Hz steps.

6.2 Results

The predicted FRF curves are shown in Figure 13 for an acoustic response point located at (0.50;0.40;0.30)
and a structural response point located at (0.44;0.57;0).

It is clear from a comparison with the undamped system response that the poroelastic layer mainly has an
impact on the damping of the acoustic modes. The impact on the structural modes is lower. Visually, the
FRFs for the adaptive order model and the refined quadratic reference model are indistinguishable. Also for
the the modal poroelastic contributions Z̃•,tm, there is no visual difference (Figure 13). Figure 14 further
confirms that the adaptivity criterion performance through the L2-error. The prediction accuracy stays below
the set tolerance ET = 1%, on FRF level. Also for the modal coefficients, this is satisfied, except for
Z̃ss,tm(6, 6) where the calculation of the L2-error is ill-conditioned due to divide-by-(almost)-zero.

The FEMAO model size ranges between 7923 and 31962 DOFs, with orders up to 6. The geometrical
distribution of the face orders in the anisotropic FEMAO mesh at 150 Hz and 500 Hz are shown in Figure
15. These show that the adaptivity criterion effectively steers the anisotropic element order based on the
physics. At 150 Hz, the fluid phase is (slightly) more restrictive, whereas at 500 Hz the solid phase requires
the highest orders.

This application case confirms that the adaptivity criterion can effectively help creating an economical model
for a required accuracy in a common industrial application of numerical simulation of poroelastic materials.
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(a) Acoustic response (0.50;0.40;0.30) (b) Structural response (0.44;0.57;0)

(c) Modal dynamic stiffness coefficients

Figure 13: Damped vibro-acoustic response prediction through Component Mode Synthesis (top) and se-
lected modal poroelastic coefficients (structural mode 6 at 654 Hz, acoustic mode 100 at 907 Hz and, and
the acoustic cross-modal coefficient (5,120) relating the mode at 241 and 978 Hz (bottom).
(◦ represents FEMAO and + represents the quadratic reference model)

(a) L2-error FRF at (0.50;0.40;0.30) (Acoustic) (b) L2-error FRF at (0.44;0.57;0) (Structure)

(c) L2-error on Z̃•,tm.

Figure 14: L2-error curves between the FEMAO model and quadratic FEM reference.
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(a) Solid (150 Hz) (b) Fluid (150 Hz) (c) Solid (500 Hz) (d) Fluid (500 Hz)

Figure 15: Anisotropic element order distribution.

7 Conclusion

This paper focuses on an efficient implementation of a higher-order Finite Element Method for poroelastic
materials described by the Biot theory.

Firstly, the paper gives an overview of the literature and a brief recapitulation of numerical modelling of
poroelastic materials, involving the Biot theory, and higher order FE methods, involving a hierarchical Lo-
batto basis for anisotropic discretisations. Thereafter, the adaptive order FEM for Biot poroelasticity is
further detailed. Crucial is a criterion based on a 1.5D reference problem which considers the propagation of
the three Biot waves through a single higher order 1D element with periodicity in the second dimension to de-
termine the solid- and fluid phase orders semi-independently, which is possible due to the hierarchical nature
of the Lobatto basis. The strategy minimises the computational cost for a required accuracy. The calculated
edge orders can are then propagated to the face (2D) and solid (3D) elements by using the element-type
specific conformity rules. This allows to consider anisotropy, which is especially interesting for poroelastic
material meshes, which are often created through mesh sweeping in from system-level vibro-acoustic system
models. A verification of the methodology is then performed for a specific swept element topology, the P6
prism element where it shows the robustness for different degrees of anisotropy. It shows the resulting model
is a tailor-made fit which balances accuracy (set error threshold) with computational efficiency (low number
of DOFs). In this way, the element mesh only needs to satisfy the geometrical accuracy; the resolution of the
dynamic behaviour is done through the higher order anisotropic element shape functions. Finally, the adap-
tive order method is applied to an application case with industrial relevance, being a vibro-acoustic resonant
system with poroelastic damping.

All cases illustrate the ease of modelling and the added value of the adaptive order Finite Element strategy
in creating economic models for a set accuracy.
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Abstract
The use of foam materials as a means of improving the sound absorption and transmission properties of
structures, especially at low frequencies, has been receiving considerable attention over the past years. Un-
fortunately, the underlying complex material domain that may include solid inclusions, renders numerical
simulation using the standard FEM a computationally taxing task. Within the taxonomy of multiscale sim-
ulation methods, the Coupling Multiscale Finite Element Method (CMsFEM) has been recently introduced
as a means of reducing computational costs for the consolidation analysis of highly heterogeneous domains.
In this work, we originally apply the CMsFEM framework to the Biot theory of elastic wave propagation
in air-saturated porous media. The resulting numerical scheme allows inclusions of air and other potential
sources of heterogeneity at the mesoscopic scale. The performance and accuracy of the method, along with
applications to materials with inclusions are explored using an in-house MATLAB code.

1 Introduction

1.1 Overview

The vibro-acoustic performance of porous materials is controlled by structural and visco-inertial-thermal
dissipation effects of the solid skeleton and pore-fluid, respectively. In several cases the solid skeleton is
quite stiff and the elastic effects may be neglected under the rigid skeleton assumption. In such cases, the
classical Helmholtz theory [1] can be applied to compute pore-fluid pressures. This theory however cannot
capture the significant resonance effects that are manifested due to the deformability of the solid skeleton. In
such cases the modified Biot equations [2] have to be employed.

The Biot theory provides a phenomenological model that predicts the behaviour of waves propagating inside
a fully-saturated porous material at the meso-scale. Considering that the wavelengths under examination are
much larger than the average pore diameter, a periodically repeating unit cell, representative of the entire
domain (also known as an RVE) is constructed. Effective material parameters are obtained over this RVE
through homogenization schemes [3].

In vibro-acoustics, all dissipative effects are captured using complex parameters. Structural dissipation is
accounted for by the loss factor η̃s(ω). Fluid dissipation effects can be either viscous or thermal in character
at the microscopic level. The dynamic density ρ̃eq(ω) and dynamic bulk-modulus K̃eq(ω) capture these
effects.
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The model, as originally formulated by Biot [4, 5] is a u −U formulation, i.e., the primary field variables
are the solid-skeleton and pore-fluid displacements. Hence, using a standard finite element approach to
discretize and solve the governing equations results in 4 degrees of freedom (DOFs) per node in 2-D and 6
DOFs per node in 3-D. An alternate mixed u − p formulation was proposed in [6], where the primary field
variables are solid-skeleton displacements and pore-fluid pressures, respectively. In this case, only 3 DOFs
per node in 2-D and 4 DOFs per node in 3-D are required hence resulting in a significant reduction to the
corresponding computational costs. However this alternate formulation requires a reworking of the original
Biot parameters.

The formalism developed in [7], overcomes this limitation by providing a robust methodology to decouple
the computation of the dissipation parameters from the rest of the terms. This allows one to insert any
chosen dissipation model into the equations. This is desirable, as estimation of macroscopic parameters for
porous materials is a challenging task. For instance, when one does not have all the parameters required in
a six parameter semi-phenomenological dissipation model (the Johnson, Champoux, Allard, Lafarge model
(JCAL)) [8, 9, 10], one can instead choose a model for which all required parameters are indeed available,
e.g. the one parameter Delaney-Bazley-Miki model (DBM) [11, 12].

Upscaling techniques are used in numerical methods to drive down computational costs incurred when mod-
elling physical phenomena exhibited by porous and composite materials.

Figure 1: Motivation for multiscale approaches

Such materials have observably different scales as illustrated in Fig. 1. They can include complicated pore
geometries created by fluid-solid skeleton interfaces, and varying material properties, e.g, elastic moduli,
porosity, permeability. These variations can have a measurable impact on the behaviour of the material
under consideration, at all scales. It is evident that numerical approaches that can account for these vari-
abilities in micro-structural configurations can provide valuable insights into mechanical and vibro-acoustic
characterizations.

The transfer matrix method (TMM) [13] is used to model acoustic wave propagation in layered media. These
can include solid, porous and fluid layers. Matrices are used to describe the wave propagation through each
medium and the coupling constraints at layer interfaces. Semi-infinite flat surfaces are assumed for all layers.

A significant shortcoming of this method is its inability to account for heterogeneous non-planar configu-
rations. Alternative methods, relying on double porosity theory [14, 15] were proposed to model anechoic
wedges and heterogeneous porous composites, respectively. It is however, still insufficient to model complex
shapes with varied heterogeneous meso-scale inclusions. Such involved material layouts necessitate the use
of numerical techniques such as the Finite Element Method (FEM).

Classical FE approaches require an explicit resolution of all complex fine-scale morphologies. This can
be prohibitively expensive even when studying static behaviour. Dynamic or spectral approaches used for
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Table 1: Material parameters used in governing equations

Parameter Description
E elastic Young’s modulus
ν Poisson’s ration

ηs(ω) structural loss factor
ρ̃(ω) modified Biot density
ρ̃eq(ω) dynamic mass density
K̃eq(ω) dynamic bulk modulus
γ̃(ω) coupling factor

studying evolving phenomena, e.g., consolidation and sound absorption, further exacerbate this problem,
especially in the field of acoustic topology and shape optimization problems [16, 17].

Heterogeneous multiscale methods seek to address this by defining coarse-elements that cluster their own
set of fine elements. The coarse-element is understood as a generalization of the notion of RVEs. The
more typical notion of being representative of the entire domain is recovered in the periodically repeating
limit. The fine-scale heterogeneities are directly mapped to the coarse-scale through a set of multiscale basis
functions.

1.2 Governing Equations

In the following, we employ the mixed u − p formulation adopted by [2] and [7]. The momentum balance
equations for both phases are expressed as:

div(σs) + ω2ρ̃(ω)u = −γ̃(ω)∇p (1a)
∆p

ρ̃eq(ω)
+ ω2 p

K̃eq(ω)
= ω2γ̃(ω)div(u), (1b)

where σs = D̃(ω)ε(u) denotes the in-vacuo stress tensor.

The elastic constitutive tensor D̃(ω) depends on the Young’s modulus E, the Poisson’s ratio ν, and the
structural loss factor ηs(ω), i.e.,

D̃(ω) ≡ D̃(E, ν, ηs(ω)). (2)

The terms ρ̃(ω) and γ̃(ω) represent a modified Biot density and coupling factor, respectively.

These equations are efficiently solved in the frequency domain. The material parameters used are sum-
marized in Table 1. The (̃·) symbol denotes the complex-valued nature of those parameters. There is a
parametric dependence of the complex-valued parameters involved, on the angular frequency ω. This is
consistent with experiments, as dissipation effects are frequency dependent.

1.3 Finite Element Formulation

Following the weak formulation proposed in [2] the following coupled system of equations is obtained, i.e.,
[
K̃− ω2M̃ −C̃
−ω2C̃T H̃− ω2Q̃

]{
u
p

}
=

[
fu

fp

]
(3)
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Figure 2: Schematic diagram of a flat poroelastic layer in an impedance tube with rigid wall backing. The
material is subject to a normal incidence plane acoustic wave.

where the state matrices have the following forms:

K̃ =

∫

Ω
BT D̃(ω)B dΩ linear elastic stiffness matrix

M̃ =

∫

Ω
NT ρ̃(ω)N dΩ mass matrix

H̃ =

∫

Ω
(∇Np)

T 1

ρ̃eq(ω)
(∇Np) dΩ permeability matrix

Q̃ =

∫

Ω
NT
p

1

K̃eq(ω)
Np dΩ compressibility matrix

C̃T
=

∫

Ω
NT γ̃(ω)∇Np dΩ coupling matrix.

Eq. 3 reduces to the simpler Helmholtz equivalent fluid representation in the limit of rigid skeletons or
infinitely soft skeletons (in the latter case however, one would end up with a different expression of the mass
density). The boundary conditions are first specified for a flat layer subject to impedance tube conditions, as
shown in Fig. 2:

u = 0, on Γ3 : bonded conditions (4a)
uy = 0, on Γ2 ∪ Γ4 : sliding conditions (4b)
p = p0, on Γ1 : free end conditions (4c)

The constraints will change with the nature of the medium the poroelastic is coupled with (e.g., elastic solid,
fluid, poroelastic, rigid-wall etc.). For the study of absorption in poroelastic materials, there is no external
load. As a result, it is sufficient to have a zero vector in place of the load vectors fu and fp. The free-end
pressure constraint is a simplification of more complicated impedance-type Robin boundaries.

2 A heterogeneous multiscale method for vibro-acoustics

The Coupled Multiscale Finite Element Method [18], has been developed to drive down computational costs
when dealing with mechanical phenomena in highly heterogeneous two-phase porous media. In principle, to
accurately resolve heterogeneities, a very fine mesh discretization is required, often leading to prohibitively
expensive computations. The CMsFEM alleviates this problem by using a second, coarser, mesh; each coarse
element clusters its own portion of the underlying fine mesh. Fine-scale details are mapped onto the coarse
mesh through an upscaling procedure using numerically derived multiscale basis functions. The solution
procedure is finally performed at the coarse scale, thereby significantly reducing computational complexity.
In this work, the Biot (u−p) formulation in the ω-domain, as described in Section 1.2 is originally introduced
within the multiscale framework to achieve these objectives.
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Figure 3: Visualizing multiscale basis functions for a heterogeneous domain

2.1 Evaluation of multiscale basis functions

The heterogeneous domain shown in Fig. 3 comprises nM = 36 coarse nodes and nMel = 25 quadrilateral
coarse elements. Each coarse element contains nm = 81 fine nodes and nmel = 64 fine elements. In each
coarse element a random distribution of elastic properties is assumed sampled from a normal distribution as
shown in Fig. 3. We restrict our discussion to the 2-D case, however, generalisation to 3-D is straightforward.

Assuming a generalized representation for the abstract weak form of the governing equations:




Find (u, p) ∈ V ×W :

a(u,v) = F(v),∀v ∈ V,
b(p,w) = G(w),∀w ∈ W,

(5)

the multiscale basis functions are evaluated through the solution of the piece-wise continuous homogeneous
version of Eq. 5 over each coarse element domain ΩM(α), α = 1, . . . nMel for the solid and fluid phase,
respectively, as follows: 




Solid Phase
Find u ∈ V(ΩM(α)) :

a(u,v) = 0,∀v ∈ V(ΩM(α))

u|∂Ω(M(α)) = ū,

(6)





Fluid Phase
Find v ∈ W(ΩM(α)) :

b(p,w) = 0,∀w ∈ W(ΩM(α))

p|∂Ω(M(α)) = p̄,

(7)

where V andW represent the space of all trial and test functions for the solid and fluid phases, respectively.
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The terms ū and p̄ denote the prescribed displacement and pressure fields over the Dirichlet boundary. The
solutions u and p are the static modes of the coarse element and are equivalent to the multiscale basis
functions Nu

i and Np
i , i = 1, . . . 4.

The prescribed boundaries ū and p̄ can influence the shape of the basis and are therefore critical to the
accuracy of the method. Assuming the barycentric property Nu,p

i (xj) = δij, where xj, j = 1, . . . 4 denote
coarse-nodal coordinates, these prescribed kinematical constraints are broadly classified into (a) linear and
(b) periodic boundary conditions.

Linear boundary conditions often result in coarse elements that over-estimate the stiffness of the underlying
micro-structure particularly in the case of highly oscillatory material coefficients. Periodic boundary con-
ditions relax this restriction although necessitating the periodicity of the underlying mesh hence restricting
their applicability to periodic domains. Such an approach is not valid when encountering randomly defined
material distributions or dealing with more flexible polygonal/polyhedral RVE definitions.

Oscillating boundary conditions have been shown to alleviate the aforementioned issues [19, 20]. In these,
a reduced version of the governing Eqs. 6 and 7 is solved over the boundary under consideration hence ac-
counting for the heterogeneities along the boundary. Furthermore, it can be easily shown that linear bound-
aries arise naturally as a limit case when dealing with homogeneous material definition along the boundary.

In the case where, the coarse and fine length scales approach each other, resonance errors start to propagate
[20]. This problem is alleviated by evaluating the basis over a larger domain that encapsulates ΩM(α); this
approach is known as an oversampling strategy.

The discretized matrix forms of Eqs. 6 and 7 are now expressed:
{
K̃α

m(ωk)u
α
m = {∅} , on KM(α)

uS = ūIJ , on ∂KM(α)

, I = 1 . . . nM, J = 1, . . . ndim, k = 1 . . . nfreq (8)

{
H̃α

m(ωk)p
α
m = {∅} , on KM(α)

pS = p̄IJ , on ∂KM(α)

, I = 1 . . . nM, J = 1, . . . ndim, k = 1 . . . nfreq (9)

where ndim = 2 or 3, depending on the dimension of the problem and nfreq denotes the number of frequency
steps. The multiscale basis functions are iteratively evaluated for each frequency.

2.2 Upscaling procedure

The RVE specific vectors of nodal displacements uαm =
[
umx, umy

]T and pressures pαm are associated
with the corresponding coarse-element field variables through the following Eqs.:

uαm(i) = Nu
m(i)uM(α) (10a)

pαm(i) = N
p
m(i)pM(α), (10b)

where uαm(i) and pαm(i) denote the displacement and pressure vectors for the ith fine-element in the αth

element. The arrays Nu
m(i) and N

p
m(i) represent the multiscale basis functions mapping the αth coarse-element

nodal displacements uM(α) and pressures pM(α) to the fine-scale, respectively.

Collecting the contributions from each fine-element, Eq. (10) can be expressed over the entire RVE:

uαm = Nu
muM(α) (11a)

pαm = Np
mpM(α), (11b)
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Using Eq. 3, the governing equations at each frequency ωk are expressed for each micro-element as
[
K̃el,α
m(i)(ωk)− ω2

kM̃
el,α
m(i)(ωk) −C̃el,α

m(i)(ωk)

−ω2
kC̃

el,α
m(i)(ωk)

T H̃el,α
m(i)(ωk)− ω2

kQ̃
el,α
m(i)(ωk)

]{
uαm(i)

pαm(i)

}
=

[
fu el,α
m(i)

f
p el,α
m(i)

]
(12)

Substituting the micro to macro mapping relations from Eq. (10) into Eq. (12), and multiplying the first
row-set of equations by Nu T and second row-set of equations by Np T , the following equation is obtained:
[
K̃el
M(α),m(i) − ω2

kM̃
el
M(α),m(i) −C̃el

M(α),m(i)

−ω2
kC̃

el T
M(α),m(i) H̃el

M(α),m(i) − ω2
kQ̃

el
M(α),m(i)

]{
uM(α),m(i)

pM(α),m(i)

}
=

[
fu el
M(α),m(i)

f
p el
M(α),m(i)

]
, (13)

where K̃el
M(α),m(i), M̃

el
M(α),m(i), H̃

el
M(α),m(i), Q̃

el
M(α),m(i), and C̃el

M(α),m(i) correspond to the fine-element state
matrices mapped onto the coarse element nodes and assume the following form

K̃el
M(α),m(i) = Nu T

m(i)K̃
el,α
m(i)N

u
m(i) (14a)

M̃el
M(α),m(i) = Nu T

m(i)M̃
el,α
m(i)N

u
m(i) (14b)

H̃el
M(α),m(i) = N

p T
m(i)H̃

el,α
m(i)N

p
m(i) (14c)

Q̃el
M(α),m(i) = N

p T
m(i)Q̃

el,α
m(i)N

p
m(i) (14d)

C̃el
M(α),m(i) = Nu T

m(i)C̃
el,α
m(i)N

p
m(i) (14e)

In Eqs. (13) and (14) the dependence of the state matrices on (ωk) is omitted for brevity. Similarly, the
forcing terms assume the following form

fu el
M(α),m(i) = Nu T

m(i)f
u el,α
m(i) (15)

f
p el
M(α),m(i) = N

p T
m(i)f

p el,α
m(i) (16)

for the nodal forces and outflows, respectively.

On the basis of the principle of energy equivalence between the coarse element and its fine-scale discretiza-
tion, the following relations between the micro-macro transition state matrices and vectors and their local
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coarse element representations are established:

K̃el
M(α) =

nmel∑

i=1

K̃el
M(α),m(i) (17a)

M̃el
M(α) =

nmel∑

i=1

M̃el
M(α),m(i) (17b)

H̃el
M(α) =

nmel∑

i=1

H̃el
M(α),m(i) (17c)

Q̃el
M(α) =

nmel∑

i=1

Q̃el
M(α),m(i) (17d)

C̃el
M(α) =

nmel∑

i=1

C̃el
M(α),m(i) (17e)

fu el
M(α) =

nmel∑

i=1

fu el
M(α),m(i) (17f)

f
p el
M(α) =

nmel∑

i=1

f
p el
M(α),m(i) (17g)

The local coarse element state matrices and vectors shown in Eqs. (17) can be assembled over the coarse
domain using standard assembly operations, i.e.,

KM =
nMel
A
α=1

Kel
M(α), (18a)

MM =
nMel
A
α=1

Mel
M(α), (18b)

HM =
nMel
A
α=1

Hel
M(α), (18c)

QM =
nMel
A
α=1

Qel
M(α), (18d)

CM =
nMel
A
α=1

Cel
M(α), (18e)

fu
M =

nMel
A
α=1

fu,el
M(α), (18f)

f
p
M =

nMel
A
α=1

f
p,el
M(α). (18g)

Hence, the upscaled global governing equations assume the following form:
[
K̃M − ω2

kM̃M −C̃M

−ω2
kC̃

T
M H̃M − ω2

kQ̃M

]

︸ ︷︷ ︸
Z̃M

{
uM
pM

}

︸ ︷︷ ︸
XM

=

[
fu
M
f

p
M ,

]

︸ ︷︷ ︸
FM

(19)

where the unknown field vectors uM and pM denote the coarse-nodal displacements and pressures, respec-
tively.
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2.3 Solution procedure at the coarse scale

The coarse-scale governing equations Eq. (19) are solved repeatedly over each frequency step.

XM (ωk) = Z̃M (ωk)
−1FM , for k = 1 : nfreq (20)

The complex impedance at each frequency can now be computed at the incident surface:

Z̃n(ωk) = − p|Γi

vn|Γi

, (21)

where p|Γi and vn|Γi denote the average pressure and average normal fluid velocity at the incident surface
Γi, respectively. The average normal fluid velocity is computed as follows:

vn|Γi = jωkUn, (22a)

Un =

∑
Fg|Γi

Γi
, (22b)

Fg = Z̃M (ωk)XM (ωk)/ω
2
k, (22c)

where Zair represents the impedance of air. The sound absorption coefficient α(ωk) is finally computed in
terms of the complex frequency dependent impedance Z̃n(ωk) as follows:

α(ωk) = 1−
∣∣∣∣∣
Z̃n(ωk)− Zair

Z̃n(ωk) + Zair

∣∣∣∣∣

2

. (23)

2.4 Downscaling

While the SAC is computed at the coarse scale in Eq. (23). It is also possible to compute it from the fine-scale
information, to offer a more detailed account of the underlying heterogeneities.

The fine-scale displacements and pressures at each time-step can be evaluated from the solution of Eq. (20) by
employing the following down-scaling procedure. The coarse element-wise displacements and pressures are
first extracted at the desired frequency steps from uM(ωk) and pM(ωk), respectively. These values are now
stored in the vectors of coarse-nodal displacements uM(α) and pressures pM(α), α = 1 . . . nMel , respectively.
The displacements and pressures associated with the ith fine-element in the αth coarse-element / RVE can
be evaluated using Eq. (10). The ith fine-element Fg information is also recovered with the same mapping.
Now the SAC can be computed from all the fine-scale information.

3 Numerical Examples

Three benchmarks have been examined to investigate the validity of the proposed multiscaling solution
procedure for a) equivalent fluid rigid motionless skeleton models and b) elastically deformable Biot solid
skeleton models, when subjected to plane wave normal incidence acoustical excitation. Melamine foam
and non-dissipative air are used in all cases. The macroscopic material parameters of melamine foam are
summarized in Table 2. The Sound Absorption Coefficient (SAC) of these configurations are computed
through the MsFEM over the frequency range 20Hz ≤ f ≤ 5500Hz. These results are compared to the
corresponding TMM computations.

The efficiency of the MsFEM is measured by comparing its performance against the corresponding FEM.
The FEM operates over the associated global fine mesh. Computational times taken to (A) evaluate the
multiscale basis functions and (B) perform the solution procedure are recorded and averaged over three runs.
Assembly and upscaling of state matrices are included within (A). Similarly, the downscaling operations are
included within (B).
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Table 2: Melamine foam macroscopic parameters

Parameter Name Value

σ
static air flow

resistivity
104 N · s ·m−4

φ open porosity 0.99

α∞
high frequency limit of

dynamic tortuosity
1.01

Λ
viscous characteristic

length
9.8× 10−5 m

Λ′
thermal characteristic

length
1.96× 10−4 m

k′0
static thermal
permeability

4.75× 10−9 m2

E Young’s modulus 1.6× 105 N ·m2

ν Poisson’s ration 0.44

ηs
structural damping

coefficient,(loss factor)
0.1

ρ1 mass-density 8 kg ·m−3

The acceleration provided by the MsFEM is demonstrated through computing speedup:

speedup =
tFEM

tMsFEM
, (24)

where tFEM and tMsFEM denote the total times taken by each method, respectively.

3.1 Foam layer with rigid backing

This example is intended to verify the accuracy of the proposed method against the equivalent fluid and Biot
models. An 80 mm thick foam layer is placed inside an impedance tube of side 80 mm. The configuration
is subjected to sliding boundaries on the sides and a rigid wall backing at the rear. The 2-D geometry is
discretized with [8 × 8] coarse quadrilateral elements with each coarse element clustering an underlying
[2× 2] fine quadrilateral mesh. The 3-D geometry is similarly discretized with [8× 8× 8] coarse hexahedral
elements with each coarse element clustering an underlying [2×2×2] fine hexahedral mesh. The coarse-scale
discretizations are illustrated in Fig. 4 .

The sound absorption coefficients for the rigid skeleton and elastic skeleton assumptions as evaluated by the
MsFEM and the TMM are shown in Figs. 5a and 5b, respectively. Near exact correspondence between the
MsFEM and the TMM is observed for all cases.

The averaged computational times and speedup offered by the MsFEM over the FEM in the case of the
elastic skeleton assumption is provided in Table 3. A significant speedup of 15.66 is obtained for the 3-D
discretizations.

3.2 Foam layer with air backing

This example is provided to examine the accuracy of porous-fluid coupling. A 40 mm melamine foam layer
with a 40 mm air backing is placed in an impedance tube of side 80 mm. The sides are subjected to sliding
boundaries. Both a 2-D and a 3-D model are examined.

The 2-D geometry is discretized with [10 × 10] coarse quadrilateral elements with each coarse element
clustering an underlying [2 × 2] fine quadrilateral mesh. The 3-D geometry is similarly discretized with
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(a) 2-D mesh (b) 3-D mesh

Figure 4: Coarse-scale meshes (a) 8× 8 quadrilateral coarse-elements with 2× 2 quadrilateral fine-elements
per coarse-element and (b) 8 × 8 × 8 hexahedral coarse-elements with 2 × 2 × 2 hexahedral fine-elements
per coarse-element.

(a) Rigid skeleton model (b) Elastic skeleton model

Figure 5: Sound absorption coefficients computed for a 80mm single melamine foam layer with rigid back-
ing, through 2-D and 3-D MsFEM models and TMM models.

Table 3: Computation time taken (in seconds) and speedup offered by the MsFEM over FEM for a elastic
skeleton description of a melamine foam with rigid backing

MS Basis
Computation times

Solving and
Downscaling times Total time Speedup

2-D
FEM 0.20 16.82 17.01

3.19
MsFEM 0.87 4.45 5.32

3-D
FEM 4.08 803.67 807.73

15.66
MsFEM 8.93 42.66 51.59
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(a) 2-D mesh (b) 3-D mesh

Figure 6: Coarse-scale meshes (a) 10×10 quadrilateral coarse-elements with 2×2 quadrilateral fine-elements
per coarse-element and (b) 10×10×10 hexahedral coarse-elements with 2×2×2 hexahedral fine-elements
per coarse-element.

(a) Rigid skeleton model (b) Elastic skeleton model

Figure 7: Sound absorption coefficients computed for a 40mm melamine foam layer with 40mm air backing
through 2-D and 3-D MsFEM models and TMM models.

[10×10×10] coarse hexahedral elements with each coarse element clustering an underlying [2×2×2] fine
hexahedral mesh. The coarse-scale discretizations are illustrated in Fig. 6. The sound absorption coefficients
for the rigid skeleton and the elastic skeleton assumptions as evaluated by MsFEM and TMM are shown in
Figs. 7a and 7b, respectively.

Once again, near exact correspondence between the MsFEM and TMM is observed in all cases. The averaged
computational times and speedup offered by the MsFEM over the FEM in the case of the elastic skeleton
assumption is provided in Table 4. A significant speedup of 19.04 is obtained for the 3-D discretizations.

3.3 Melamine foam layer with meso-scale perforation

This example is provided to illustrate the ability of the MsFEM to adequately handle mesoscale inclusions.
An 80 mm foam layer with a square perforation of side 40 mm is placed in an impedance tube of side
80mm and length 400mm. The configuration is subjected to rigid wall backing and sliding boundaries on
the sides. In this case, to account for reflection, scattering, dispersion and edge effects introduced by the
mesoscale perforation, the entire impedance tube geometry is modelled with impedance mismatch values
being computed at the extreme left end.

The 2-D geometry is discretized with [40×8] coarse quadrilateral elements with each coarse element cluster-
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Table 4: Computation time taken (in seconds) and speedup offered by the MsFEM over FEM for a elastic
skeleton description of a melamine foam with air backing

MS Basis
Computation times

Solving and
Downscaling times Total time Speedup

2-D
FEM 0.35 16.53 16.89

2.34
MsFEM 1.82 5.40 7.23

3-D
FEM 14.46 1592.07 1606.52

19.04
MsFEM 27.46 56.89 84.36

(a) 2-D mesh (b) 3-D mesh

Figure 8: Coarse-scale meshes (a) 40×8 quadrilateral coarse-elements with 2×2 quadrilateral fine-elements
per coarse-element and (b) 40× 8× 8 hexahedral coarse-elements with 2× 2× 2 hexahedral fine-elements
per coarse-element.

ing an underlying [2×2] fine quadrilateral mesh. The 3-D geometry is similarly discretized with [40×8×8]
coarse hexahedral elements with each coarse element clustering an underlying [2 × 2 × 2] fine hexahedral
mesh. The coarse-scale discretizations are illustrated in Fig. 8 .

The sound absorption coefficients for the rigid skeleton and elastic skeleton assumptions as evaluated by
MsFEM and TMM are shown in Figs. 9a and 9b, respectively.

The 3-D MsFEM computations for both the rigid and elastic skeleton models agree with the TMM porous
composite model [15] , accounting for dynamic radiation correction and neglecting the pressure diffusion
effect. The SAC at the quarter wavelength resonance for the elastic model is slightly overestimated in relation
to the TMM model.

The 2-D MsFEM computations are compared against the TMM mixing law (ML) [15]. While the trend
is replicated correctly, the MsFEM is found to slightly overestimate the SAC. This can be attributed to the
differences in the cross-sectional geometry. The 3-D MsFEM and TMM result can be recovered from the
ML procedure when the mesoscale porosity is computed for a 3-D cross-section, i.e., φm = 402

802
= 0.25

. However, to facilitate ML comparisons with the 2-D MsFEM model, a 2-D cross-section is considered,
resulting in a mesoscale porosity φm = 40

80 = 0.5. The comparison proves meaningful only in the case of
low resistive materials, like Melamine foam.

The averaged computational times and speedup offered by the MsFEM over the FEM in the case of the
elastic skeleton assumption is provided in Table 5. The FEM procedure in case of 3-D discretizations in
the elastic skeleton assumption, proves very expensive, as illustrated by the total times. The MsFEM proves
invaluable in accelerating computations here, offering a speedup of 28.94.
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(a) Rigid skeleton model (b) Elastic skeleton model

Figure 9: Sound absorption coefficients computed for a 80mm melamine foam layer with a square mesoscale
air perforation of side 40mm through 2-D and 3-D MsFEM models and TMM models.

Table 5: Computation time taken (in seconds) and speedup offered by the MsFEM over FEM for a elastic
skeleton description of a melamine foam with mesoscale perforation

MS Basis
Computation times

Solving and
Downscaling times Total time Speedup

2-D
FEM 1.29 51.81 53.10

3.22
MsFEM 5.20 13.96 19.16

3-D
FEM 28.28 14,118.37 14,146.65

28.94
MsFEM 106.88 381.89 488.77

4 Concluding remarks

We discuss the particulars of the application of the Multiscale Finite Element Method (MsFEM) to vibro-
acoustic problems in porous media. This method is shown to significantly drive down computational costs
while retaining the fidelity of the standard FEM. Three benchmark examples are examined to establish the
validity of the proposed methodology in its application to coupled multilayered porous segments and porous
composite materials. Transmission loss problems as well as the case of oblique incidence and diffused field
excitations are further extensions to be investigated.
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Abstract
Hollow bricks are used to construct load bearing walls because of their reduced weight, resulting in a de-
creased material cost and an easier handling on site. To increase the sound insulation, double walls are
often constructed. However, in practice, when the walls leafs are connected through the floor and ceiling,
a structural transmission path between the two leafs is created which reduces the acoustic performance of
these walls. To attenuate the structural coupling, elastic interlayers can be used to try to decouple the wall
leafs. In this work, the influence of these interlayers is simulated. The length scale of the perforations is
generally much smaller than the wavelength of deformation. Both length scales can therefore be considered
separately: first the behavior of individual bricks is considered (micro-scale), this is, in turn, related to the
behavior of a homogeneous solid model of the entire wall (macro-scale). The models of a double leaf wall
with decoupled leafs and a double leaf wall on elastic interlayers are validated using experimental data.

1 Introduction

Load bearing wall systems composed of perforated bricks are often used in the construction industry because
of their light weight, handling ease on a construction site and load bearing capacity. However, when com-
pared to monolithic walls of the same thickness or even the same weight, hollow masonry walls tend to have
a much lower sound insulation due to the increased ratio of stiffness over weight, the anisotropy and the ap-
pearance of thickness resonances and shear waves in the building acoustics frequency range. The prediction
of the airborne sound insulation of these hollow masonry walls is challenging since the length scale of the
perforations is small compared to the wall dimensions, making it hard to construct a detailed element-based
model.

In laboratory conditions, this structural coupling between the two wall leafs is recreated by constructing the
wall leafs on top of the same frame of the transmission suite as shown in Fig. 1.a. In this paper, both the wall
and the surrounding structure are modeled deterministically to accurately capture their vibratory behavior
while the sound fields in the transmission rooms are modeled as diffuse. A homogeneous solid model with
equivalent material parameters can be used for the wall. The equivalent parameters are computed using a
homogenization approach where the micro-scale behavior of an individual brick is related to the macro-scale
behavior of a homogeneous, solid model of the entire wall. A detailed FE model is constructed of the wall
leafs, the elastic interlayers (if they are present) and the surrounding structure that couples the two leafs.

The first original contribution in this paper is the development of a computationally efficient sound insulation
prediction model for coupled double leaf hollow masonry walls that accounts for thickness resonances,
modal behavior and structural coupling in between the wall leafs. The second contribution is the validation
of the prediction model using experimental data from the KU Leuven Laboratory of Acoustics. The last
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a) b)

Figure 1: a) Construction of a double leaf hollow masonry wall on top of an elastic interlayer (black, bottom).
b) Elastic interlayer (left) and bricks (right) used in the construction of the hollow masonry wall.

contribution is the quantification of the influence of the elastic interlayer by comparison with simulated
results of walls without interlayers and walls constructed on top of very flexible elastic interlayers.

This paper is structured as follows. In Section 2, the governing equations of the double leaf hollow masonry
wall are elaborated. The prediction model is validated against the results of experimental tests of a single
hollow masonry wall and a coupled double leaf hollow masonry wall in Section 3. In Section 4, the results
are discussed and in Section 5, the conclusions and final remarks are listed.

2 Numerical model

Consider a wall system that consists of two leafs separated by an air cavity. The wall leafs are constructed
to the same concrete frame of the transmission suite and therefore have structural connections in between.
The wall leafs can either be constructed on top of elastic interlayers or they can be in direct contact with the
concrete frame.

In the first instance, the cavity and the rest of the wall are decoupled from each other. The assumed-modes
method [1] is then used for approximating the vibration field of the wall system without the cavity, uwall,
and the pressure field within cavity, pcav, at spatial location x and frequency ω, using a finite set of basis
functions, collected in the matrix function Φ(x), that satisfy the boundary conditions, and corresponding
generalized coordinates q:

uwall(x, ω) ≈
n1∑

k=1

φwall,k(x)qwall,k(ω) = Φwall(x)q`1(ω) (1)

pcav(x, ω) ≈
ncav∑

k=1

φcav,k(x)qcav,k(ω) = Φcav(x)qcav(ω). (2)

The choice of the basis functions of the decoupled components will be discussed in detail below. The
vibration fields, uwall, denote the out-of-plane displacements of the wall. Subsequently, the interaction will
be achieved by introducing coupling loads between the cavity and the leafs. This will result in a system of
equations in which the generalized coordinates of the wall components are coupled:

[
Dwall Lf1 + Lf2

Ls1 + Ls2 Dcav

] [
qwall

qcav

]
=

[
fwall

0

]
, (3)
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Figure 2: The six displacement fields, χkl,0, corresponding to strain field εkl,0, for a cuboid 3D base cell.
The undeformed base cell is depicted in black and the deformed base cell in red.

or shortly,
Ddq = f . (4)

2.1 Equivalent material parameters

Since the structure is built from a repeated unit cell with a complex geometry, i.e. the perforated brick,
it is inconvenient to model every detail of the micro-structure. An equivalent global description of the
mechanical behavior, which does not take the local deformation pattern (micro-scale) into account, can be
determined when the length scale of the micro-scale features are smaller than the deformation wavelength
on macro-scale. Such processes are denoted as homogenization techniques. Homogenization can be used to
adequately model the wall leaf since it consists of a base cell, i.e. the perforated brick, that is repeated and
since the length scale of the perforations is smaller than the wavelength of deformation of the wall in the
acoustic frequency domain (50-5000 Hz) for most commercial bricks [2, 3].

The homogenization approach uses an equivalence between the virtual work equations for a body that con-
sists of a repeating, periodic base cell Y, and the virtual work equations for an equivalent body consisting of
a homogeneous material. The behavior of this second body determines the equivalent material parameters.
The homogenization approach results in 21 independent equivalent material parameters, EH

ijkl, which are
used in the generalized Hooke’s law, which can be expressed in Voight notation as

σij = EH
ijklεkl, (5)

where σij are stresses and εkl are strains. These homogenized material parameters can be computed as [4]

EH
ijkl =

1

|Y|

∫

Y
Epqrs(ε

0(ij)
pq − ε∗(ij)pq )(ε0(kl)

rs − ε∗(kl)rs ), (6)

where |Y| is the volume of the unit cell and ε0(kl)
pq are the strains in the pq-direction corresponding to the unit

displacement field χ0(kl) as shown in Fig. 2. The strains ε∗(ij)pq = 1
2

(
∂χkl

p

∂yq
+

∂χkl
q

∂yp

)
are computed based on

displacement fields χklp as the solutions of the equilibrium equations

∫

Y

∂χklp
∂yq

∂φi
∂yj

dy =

∫

Y
Eijkl

∂φi
∂yj

, (7)

where φ is any Y-periodic virtual displacement field - i.e. the where the displacements at opposite faces of
the unit cell Y are equal.

In practice, Eq. (7) is discretized using finite elements [5]. In the remainder of this paper, solid elements with
8 nodes and 3 displacement degrees of freedom at each node are used in the discretization. The displacements
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Figure 3: FE-model of the concrete frame of the transmission suite, the two wall leafs and the elastic inter-
layers between the frame and the leafs.

χkl are computed under the load fkl with Y-periodic constraints. The vector fkl corresponds to the load on
the unit cell that results in the unit strain field, ε0(kl), which correspond to the displacement fields χkl,0, as
shown in Fig. 2. The displacements χkl are computed under the load fkl with Y-periodic constraints. The
vector fkl corresponds to the load on the unit cell that results in the unit strain field, ε0(kl), which correspond
to the displacement fields χkl,0. The displacements χkl can be expressed as [5]

Kχkl = fkl (8)

fkl =
∑

e

∫

Ye

BT
e Ce(y)ε0(kl)dy, (9)

where the integration is performed over the volume Ye of element e in terms of the micro-scale coordinates
y =

[
y1, y2, y3

]T, as defined in Fig. 2, K is the stiffness matrix of the unit cell, Be denotes the strain-
displacement matrix of element e and Ce(y) denotes the stiffness tensor of element e.

In discretized form, the corresponding computation of the equivalent material parameters in Eq. (6) be-
comes [5]

EH
ijkl =

1

|Y|
∑

e

(
χij,0 − χij

)T
Ke

(
χkl,0 − χkl

)
, (10)

where |Y| is the volume of the unit cell and Ke represents the stiffness matrix of element e.

3454 PROCEEDINGS OF ISMA2020 AND USD2020



2.2 Finite element model of the wall

A model for the wall leafs can be constructed based on the equivalent material parameters obtained from
Eq. (10). It is assumed that the behavior of a perforated masonry wall can be adequately modeled using an
orthotropic material model, which is fairly accurate [2, 6].

In order to accurately capture the structural connections between the two wall leafs, both the wall leafs
(possibly the elastic interlayers) and the bottom part of the concrete frame of the transmission suite are
modeled numerically, using the finite element method [7]. Only the bottom of the frame of the transmission
suite, which has a height and depth of respectively 30 and 32 cm, is modeled since during the construction
of the wall care is taken not to include structural couplings between the sides of the wall and the frame. At
the top, an elastic interlayer is placed between the wall and the frame of the transmission suite, however,
there is nearly no contact between the wall and the top frame. Coupling both the top and bottom of the wall
to the frame resulted in a less accurate prediction of the transmission loss. All parts of the wall modeled
with structural solid elements. The particular element type that is employed here is the Solid185 element
from the Ansys finite element software; it is an eight-node element with three degrees of freedom - three
displacements - at each node. As the wavelength of deformation at high frequencies is small, a fine mesh
is needed; in the present work, an element edge length of 1 cm is employed (Fig. 3). The frame of the
transmission suite is connected rigidly to the rest of the building, therefore clamped boundary conditions are
assumed on the outside of the frame. The displacements of the bottom of the wall leafs are either coupled to
the displacements of the frame, when no interlayer is present, or to the interlayer which is in turn coupled to
the concrete frame.

The model is then employed for computing the natural frequencies and mass-normalized displacement mode
shapes of the decoupled stud. These numerically computed mode shapes are taken to be the basis functions
which appear in Eq. (1). The corresponding generalized coordinates are then the modal amplitudes of the
wall. The equation of motion of the wall therefore reads

Dwallqwall = f̃wall, (11)

where Dwall is a diagonal matrix with entries

Dwall,kk = −ω2 + ω2
wall,k(1 + iηwall,k), (12)

with ωwall,k the numerically computed angular natural frequency of mode k of the wall, and ηwall,k the
corresponding structural damping loss factor.

2.3 Analytical model of the cavity

For the sound field within the cavity, the conventional linear acoustic theory is adopted. Since there are
no sound sources within the cavity itself, the acoustic pressure within the cavity pcav(x, ω) satisfies the
homogeneous Helmholtz equation. The interaction between the sound field in the cavity and the studs is
neglected, i.e., the studs are assumed to be acoustically transparent, such that the cavity has a rectangular
cuboid shape. This is a common assumption in sound transmission models of double leaf walls, see e.g. Lin
and Garrelick [8], and Davy [9]. Since the particle velocity at the boundaries is small, hard-walled boundary
conditions are assumed. This assumption introduces a discontinuity between the particle velocity inside the
cavity and the velocity of the wall leafs at the cavity-leaf boundary interfaces, yet with negligible error on the
cavity pressure field [10]. The interaction between the wall leafs and the cavity is therefore not modeled by
imposing continuity of the velocity fields, but by taking the displacement fields of the wall leafs as external
loads onto the cavity pressure field, and vice versa. These interactions will be detailed further on.

From these considerations, it follows that the sound pressure field within the cavity can be modeled analyti-
cally. The basis functions which appear in (2) are taken to be the normalized mode shapes of the decoupled,
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hard-walled, rectangular cuboid cavity [11]:

φcav,k(x) = ak cos

(
mkπx

Lx

)
cos

(
nkπy

Ly

)
cos

(
pkπz

Lz

)
, (13)

where Lz denotes the cavity depth and mk ∈ N, nk ∈ N and pk ∈ N denote the number of half wavelengths
in the x, y and z coordinate directions. The normalization constant satisfies

ak =
cγ(mk)γ(nk)γ(pk)√

LxLyLz

where γ(s) =

{√
2 if s = 0

1 if s 6= 0
(14)

and c denotes the sound speed. The modes are numbered according to increasing natural frequency. The
angular natural frequency of mode k equals

ωcav,k = c

√(
mkπ

Lx

)2

+

(
nkπ

Ly

)2

+

(
pkπ

Lz

)2

. (15)

Since the basis functions have been chosen to be the normalized mode shapes of the cavity, the corresponding
generalized coordinates are the modal amplitudes of the cavity. Its equation of motion therefore reads

Dcavqcav = f̃cav, (16)

where Dcav is a diagonal matrix with entries

Dcav,kk = −ω2 + ω2
cav,k(1 + iηcav,k), (17)

and ηcav,k denotes the damping loss factor of mode k. When the cavity is empty, the damping inside the
cavity is prescribed in terms of a reverberation time Tcav. The modal loss factors can then be determined
from [12, Ch 2.4.1]

ηcav,k =
4.4π

ωcav,kTcav
. (18)

Soft porous materials such as mineral wool are often placed inside the cavity to increase thermal and acoustic
performance. When the deformation of the solid skeleton of the porous material is negligible, the cavity
fluid model that was presented above can still be employed yet with modified, complex material properties.
Several of these so-called equivalent fluid models have been proposed in the literature on an empirical basis.
In the present work, the Delany-Bazley-Miki [13] equivalent fluid model (DBM) is used; it is an extension
of the Delany-Bazley-model [14] towards low frequencies. The DBM-model depends only on the flow
resistivity σ of the porous material and the frequency. When formulated in terms of a complex sound speed
cc and complex fluid density ρc, this model reads

cc =
c

1 + 7.81a− i11.41a
, (19)

ρc =
cρa

cc
[1 + 5.50b− i8.43b] , (20)

a =

(
103 f

′

σ′

)−0.618

and b =

(
103 f

′

σ′

)−0.632

, (21)

where f ′ := f
1 Hz denotes a dimensionless frequency, σ′ := σ

1 Ns/m4 a dimensionless flow resistivity and ρa

the air density. Note that, when cavity damping is modeled with complex material properties, ηcav,k is taken
to be zero in (17).
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Figure 4: Perforation pattern of the brick.

2.4 Fluid-structure interaction at the cavity boundaries

Let us now consider the part of the modal load onto the first wall leaf, f̃`1, which is due to the cavity pressure
pcav(x, ω). When a particular mode k of the leaf is considered, this load equals

f`1,k,cav(ω) = −
∫

Γ`1

φ`1,k(x)pcav(x, ω)dx, (22)

where Γ`1 denotes the interface surface area between the leaf and the cavity. The minus sign results from
the fact that for a positive cavity pressure, the force exerted onto the first wall leaf points in the negative
z direction. With the chosen set of basis functions for the cavity pressure, the above expression can be
elaborated as

f`1,k,cav(ω) ≈ −
ncav∑

l=1

Lf1,klqcav,l(ω), (23)

where
Lf1,kl :=

∫

Γ`1

φ`1,k(x)φcav,l(x)dx. (24)

Note that Lf1,kl equals element (k, l) of the coupling matrix Lf1. Since there are no analytical expressions
available for the modal displacements of the wall leaf, Eq. (24)is evaluated numerically.

Subsequently, let us consider the part of the modal load onto the cavity, f̃cav, which is due to displacement
of the first wall leaf, u`1(x, ω). When a particular mode k of the cavity is considered, this load equals

fcav,k,`1(ω) = −ρaω
2

∫

Γ`1

φcav,k(x)u`1(x, ω)dx. (25)

With the chosen set of basis functions for the leaf displacement, the above expression can be elaborated as

fcav,k,`1(ω) ≈ −
n1∑

l=1

Ls1,klq`1,l(ω), (26)

where
Ls1,kl := ρaω

2Lf1,lk. (27)

Note that Ls1,kl equals element (k, l) of the coupling matrix Ls1, and that Lf1,lk follows from (24).

Subsequently, the coupling matrix Ls1, which relates the modal load onto the cavity, f̃cav, to displacement
of the first wall leaf, u`1(x, ω), can be computed according to Eq. (27). The elements of the fluid-structure
coupling matrices involving the second wall leaf and the cavity, i.e., Lf2 and Ls2, can be obtained following
the same lines as for the first wall leaf and the cavity.
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Figure 5: Measured damping loss factor for the brick wall.

3 Experimental validation

3.1 Setup

The test setup for the measurement of the airborne sound insulation of walls consists of two adjacent rever-
beration rooms separated by the test specimen. The sound insulation has been measured in the KU Leuven
Laboratory of Acoustics. The test opening has a width of 3.25 m and a height of 2.95 m. The adjacent
transmission rooms have a volume of 87 m3. The perforation pattern of the considered brick is shown in
Fig. 4.

The material parameters and the geometry of the brick are provided in Table 1. The cavity of the double leaf
wall is 40 mm and is filled with mineral wool with a flow resistivity σ = 5000 Ns/m4. The damping loss
factor η of the masonry wall is based on the measured values shown in Fig. 5.

Table 1: Material parameters of the terracotta and geometrical parameters of a single brick and the resulting
equivalent material parameters for the homogeneous orthotropic plate as a result of the numerical homoge-
nization technique.

Material parameters Equivalent parameters
Ex′ 15 GPa EH

1111 0.97 GPa
Ey′ 5.3 GPa EH

1122 1.0 GPa
Ez′ 15 GPa EH

1133 0.15 GPa
ν 0.25 EH

2222 4.54 GPa
ρ 1860 kg/m3 EH

2233 0.14 GPa
EH

3333 0.42 GPa
Lx′ 0.50 m EH

2323 0.07 GPa
Ly′ 0.20 m EH

3131 0.95 GPa
Lz′ 0.14 m EH

1212 0.42 GPa
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Figure 6: Predicted versus measured airborne sound insulation of the coupled double leaf hollow masonry
wall.

For the concrete a Young’s modulus of 30 GPa, a Poisson’s ratio of 0.25 and a density of 2500 kg/m3 are
assumed. The elastic interlayer (Sonicstrip) has a thickness of 8 mm, a Young’s modulus of 17.5 MPa, a
Poisson’s ratio of 0.5 and a density of 870 kg/m3.

3.2 Results

For considered wall, the airborne sound transmission loss is computed at 320 frequency lines spanning
the 1/3-octave bands with center frequencies between 50 and 4000 Hz. These frequency lines therefore
coincide with the 1/48-octave band center frequencies. The harmonic sound transmission coefficients, τ ,
are subsequently averaged over each 1/3 octave band. The total computation time depends on the number
of generalized degrees of freedom that are necessary to accurately describe the dynamic behavior of the
considered wall. The calculations have been performed on a single personal computer with a 2.7 GHz Intel
Core i7 processor and 16 GB RAM. The time needed to compute the transmission loss at all 320 frequency
lines was 1.5 hours. The transmission loss curve as a function of frequency is displayed in Fig. 6. The single
number ratings of the experimental data and the prediction model presented in Table 2.

4 Interpretation

A good agreement between the model prediction and the experimental results can be observed. This is also
the case at low frequencies, although the sound fields in the rooms are modeled as diffuse while in a single
experiment, the modal behavior of the rooms will be important. The ISO 12999 - 1 : 2014 standard [15]

Table 2: Comparison of the experimental results and predictions of the single number ratings.

Rw(C;Ctr)exp dB Rw(C;Ctr)model dB
56(-2;-5) 56(-1;-4)
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Figure 7: Comparison of the transmission loss of the hollow masonry wall: constructed on a regular and a
very flexible elastic interlayer, and constructed directly onto the frame of the lab.

defines an average experimental reproducibility for the single number ratings Rw, Rw +C and Rw +Ctr as
respectively 2.0, 2.1 and 2.4 dB for a 95 % confidence interval. The resulting single number ratings, it can be
concluded that the predicted single-number ratings differ from the experimental values by 0 to 1 dB which
is within the average reproducibility with a coverage probability of 95 % for experiments.

The low frequency region shows a coincidence plateau up to 400 Hz. This plateau is dominated by the modal
behavior of the wall leafs as was discussed in Chapter 6. The second frequency region can be identified as the
damping controlled region of a double leaf wall. The rise in sound insulation in the second region, however,
is lower than the 15.5 dB/oct which was found for a decoupled double leaf wall in the previous Chapter
but also higher compared to the theoretic value of 7.5 dB/oct for single leaf walls. The structural coupling
between the wall leafs therefore hinders the development of the double wall effect which typically attributes
to the high sound insulation of double leaf walls.

Because of the good prediction performance, the model can be employed to quantify the influence of the
interlayer on the sound insulation of the wall. This is achieved by making a prediction in which different or no
interlayers are present. The sound insulation of the hollow masonry wall presented in Section 3 is computed
for a wall constructed on top of the regular interlayer (E = 17.5 MPa), a very flexible interlayer (E = 0.175
MPa) and a wall that is constructed directly on top of the concrete frame of the transmission suite. The results
of the predictions are displayed in Fig. 7. Below 200 Hz, all three curves have a similar transmission loss.
Above 250 Hz, the transmission loss of the walls constructed with and without the interlayers show a lower
increase in terms of the frequency compared to the wall with the fully decoupled wall leafs. Above 500 Hz,
the influence of the elastic interlayers becomes apparent. The difference in transmission loss between the
wall constructed with the regular interlayer and the one without increases up to 21.7 dB in the 2000 Hz 1/3
octave band. A difference in single number ratings of 3 dB is found. By reducing the Young’s modulus by a
factor of 100, a gain in single number rating between 4 and 5 dB is found.
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5 Conclusions

In this Chapter, an accurate and computationally efficient model is presented for the prediction of the airborne
sound insulation of double leaf hollow masonry walls constructed on top of elastic interlayers where the
wall leafs are structurally connected through the frame of the transmission suite. In this model, the cavity
is modeled analytically to reduce computational cost. The complex perforation pattern is reduced to an
equivalent material model using a homogenization approach, since the length scale of deformation is larger
than the perforations in the relevant acoustic frequency domain. The equivalent material parameters are used
to construct a detailed FE model of the wall leafs connected to the frame of the transmission suite through
the elastic interlayers.

The model was validated against measured transmission loss data. An absolute accuracy between 0 and 1
dB on the single number ratings was achieved. This is within the average reproducibility of the experiments.

In order to quantify the influence of the elastic interlayer, the transmission loss was compared with a sim-
ulation of a wall constructed without elastic interlayers. A difference up to 21 dB in transmission loss was
found between a wall constructed directly on top of the frame of the transmission suite and on top of a regular
elastic interlayer, showing the benefits of constructing hollow masonry walls on top of elastic interlayers, at
least in laboratory conditions. By reducing the Young’s modulus of the interlayer, the performance of the
wall can be increased in the mid- to high-frequency range.
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A. P. Rocha 1, A. Lenzi 1, R. Timbó 2, C. O. Mendonça 2, A. T. Brandão 2

1 Federal University of Santa Catarina, Multidisciplinary Optimization Group, MOPT/LVA,
Campus Trindade, Florianópolis, Brazil
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Abstract
The structural vibration behavior of gas pipeline systems can be strongly affected by the response of the
acoustic domain represented by the gas being transported through pressurized pipes, cylinders and other
related components. The Acoustically Induced Vibration (AIV) can be a cause of failure, for example, in
reciprocating compression systems. The authors present a strategy based on the acoustic Transfer Matrix
Method (TMM) and on the Timoshenko beam theory to represent the acoustic-structure interaction in gas
pipelines as a weakly coupled system, modeled by the Finite Element Method (FEM). It is possible to predict
the dynamic behavior of pipe systems subjected to harmonic acoustic loads, with excitation frequencies
similar to the first harmonics within typical compressors pulsation’s spectra. An open source code called
OpenPulse was developed in Python, where displacement, stress and pressure fields are shown in 3D graphs
and associated with frequency plots. Coherent results were achieved using the proposed procedure.

1 Introduction

Petroleum, in its natural form, can not be used in a practical way for other purposes than supplying energy
by combustion processes. However, its chemical composition is based on hydrocarbons of large molecular
heterogeneity, enabling the production of very specialized products (petroleum derivatives) that are required
in modern engines and complex industrial systems [1]. For this reason, refining processes are performed to
transform and refine crude oil into useful products like Liquefied Petroleum Gas (LPG), kerosene, asphalt
base, jet fuel, gasoline, heating oil, fuel oils, paraffin, petroleum coke, and many others sub-products. The
refining processes can be classified as [1]:

• Separation processes (processes without chemical reactions, in which different properties are used in
the separation of mixtures of different compositions): distillation, crystallization, adsorption, mem-
brane processes, absorption, stripping, and extraction;

• Conversion processes (processes with promotion of chemical reactions to obtain hydrocarbons of eco-
nomic interest): thermal and catalytic processes;

• Treating processes (processes that stabilize and upgrade petroleum sub-products by separating them
from less desirable sub-products and by removing objectionable elements): amine gas and caustic
treating, and hydrotreating.

Hydrotreating is a process by which pressurized hydrogen, in presence of a catalyst, reacts with sulfur com-
pounds in the produced fuel to form hydrogen sulfide gas (H2S) and a hydrocarbon [2]. This is one of the
most important processes to improve the quality of petroleum derivatives. The resultant H2S gas is not clas-
sified as a fine derivative, and it is eliminated through a recuperation process (the resultant “pure” sulfur, in
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Figure 1: CAD representation of a complex piping system (source: [3]).

solid form, is exploited for other purposes like in food and cosmetic industry).

In the hydrotreating process, the hydrogen gas must be pressurized to high pressures, being transported
through pipes, cylinders, and other related components. Large reciprocating compressors are used to reach
this objective. The gas (acoustic fluid) pulsation produced by this kind of machine is an important source of
excitation for the pipeline systems that transport the pressurized gas throughout the refinery plant.

As a consequence, the structural vibration behavior of pipeline systems can be strongly affected by the
response of the acoustic domain represented by the gas being transported through the pipes. When vibra-
tions are induced by compressor gas pulsation, the phenomenon is known as Acoustically Induced Vibration
(AIV). This vibration mechanism is considered an important problem in industry because is a common cause
of failure that obstructs smooth plant operations and in serious cases can lead to significant maintenance and
repair costs. An example of a piping system can be seen in Fig. 1.

AIV is a vibration mechanism that responds to an unsteady fluid flow and/or to a pulsating flow field [4].
Dealing with AIV means that the general random frequency characteristic of the fluid flow in the pipes has
a particular frequency component (and harmonics if broadband excitation exists) that becomes dominant
when the interaction between the acoustic fluid and the compressor occurs (intermittent suction/discharge
flow generating pressure pulsations or acoustic oscillations).

Reciprocating compressors or positive displacement pumps can cause these pressure pulsations, which con-
tain many harmonic components of the rotational speed (with more energy generally in frequencies less than
100 Hz). Also, centrifugal compressors can generate tonal pressure pulsations at low flow conditions and
sub-synchronous tonal pressure component (10 to 80% of rotor speed) caused by the rotating stall. The
pressure pulsation can be too weak to cause any problem by itself, but if a coincidence with any acoustic and
structural piping natural frequency occurs, the pulsation can be largely amplified [5], and hence significant
“shaking” forces can appear.

Approximate models can be used to calculate frequency-domain solutions for AIV. The most common meth-
ods used to obtain that solutions are: the Method of Characteristics (MOC), especially used for water hammer
calculations in the time-domain [6]; the Finite Element Method (FEM) [7], a powerful and well-known tech-
nique for solving problems in engineering; the Matrix Condensation Method (MCC) [8, 9]; the Transfer
Matrix Method (TMM) [8, 10, 11, 5, 12], an analytical method that has been used to solve a variety of linear
and non-linear dynamic or static problems in engineering especially for chain-type topology systems (i.e.,
pipes and its related elements); and, finally, hybrid techniques. The last one consists of combinations be-
tween the aforementioned methods, generally used to reduce the computational cost of FEM approaches or
for a quick analysis of complicated piping systems, like the MOC-FEM [6] and the Finite Element Transfer
Method (FETM) [10, 8, 13, 14] sometimes called as the Stiffness Matrix Method (SMM) [5], as well as
others.

3464 PROCEEDINGS OF ISMA2020 AND USD2020



The emphasis of this work is to predict the structural harmonic response of pipeline systems subjected to
internal “low-frequency” distributed loads (internal acoustic pulsation in frequencies equivalent to the first
harmonics of typical compressors pulsation’s spectra). It is assumed that the pipes are composed of linear
elastic isotropic materials, for which the length is much larger than the diameter (at least 10 times) and the
deflections are small compared to the pipe thickness. Under these hypotheses, this work does not consider
high-order local deformation of the pipe wall: the objective is to analyze the global structural behavior
of the pipeline system, which here is considered as a system of beams. Besides that, it is considered a
“weak” coupling between structural and acoustic fields (one-way coupling) based on the resultant structural
stresses over the pipe wall (obtained analytically from pipe section dimensions and internal pressure), which
is converted in axial structural forces.

Also, it is assumed that there is an acoustic field through a non-dissipative ideal gas inside each pipe/duct,
and that the structural vibration response of the pipe can be represented by the Timoshenko beam theory, for
a defined domain and a set of boundary conditions. The problem is modeled by a combination of a TMM-
based procedure (for acoustic field) and FEM (for structural field) considering reciprocating compressor
pulsation as the main source of excitation under time-harmonic plane wave assumption. Here, the TMM-
based procedure refers to the FETM, which can be implemented in the same way as FEM, enabling its
application for complex geometries and facilitating the weak coupling procedure.

An open source code called OpenPulse was developed in Python to solve the AIV problem and, also, to
solve separately the acoustic or the structural problem, when necessary. In this article, it is presented the
main physical and numerical concepts that were used to develop OpenPulse, and the effectiveness of the
adopted strategy is demonstrated using a simplified example application. The related engineering project is
at an early stage, and we will present preliminary results without experimental validation.

2 Modelling the acoustic domain (1D acoustics)

Firstly, we need to model the acoustic domain inside the piping system. The main goal of the acoustic field
analysis is the obtaining of the acoustic pressure (considering plane wave hypothesis) for a certain frequency
range, at all points of a pipe system. After this procedure, the acoustic results are stored to be used in FEM
structural analysis (Section 3) as a load case under certain coupling conditions (Section 4). In this section,
the TMM formulation for an 1D hard-walled straight uniform duct element and its adaptation to FETM is
briefly presented, including some considerations to obtain the global acoustic system.

2.1 Adapting Transfer Matrix Method (TMM) to Finite Element Transfer Method
(FETM)

The TMM is a powerful mathematical technique to build discretized models for performing analytical and
numerical studies of the plane wave acoustics in pipe systems. This method is particularly efficient to deal
with plane acoustical waves in tubular circuits, because of the following aspects of the formulation [11]:
(i) two scalar fields p and q are sufficient to describe the waves; (ii) use of exact analytical wave solutions
for low order modes propagation (plane waves); (iii) only a few types of transfer matrices are necessary
for assembling discretized tubular models; (iv) certain implementations and changes in boundary conditions
(i.e., nodal impedances, position and kind of nodal sources) and extension to dissipative problems can be
done maintaining the elementary formulation.

Consider a hard-walled straight uniform duct element as shown in Fig. 2. Gas properties like mean density
ρf and speed of sound cf are assumed to be uniform inside the tube. The volume velocity and pressure at
the inlet of the element are denoted as q1 and p1, while q2 and p2 denote the corresponding quantities at the
outlet. Z represents the acoustical impedance of the tube element. The objective is to find a matrix equation
that expresses the volume velocity q(x, k) and the pressure p(x, k) at any point x inside the tube element at
the wavenumber (frequency) k = ω/cf , in terms of their values at the inlet. Accordingly, the tube element
can be represented as a matrix linear system with two inputs and two outputs as follows:
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Figure 2: Uniform tube element (adapted from [11]).

[
p2

q2

]
= Te

[
p1

q1

]
, (1)

where T is the 2x2 transfer matrix for the uniform tube element.

To obtain each entry of Te, it is needed to solve the wave equation under the assumption of plane waves.
By definition, the volume of fluid in a tube is characterized by one dimension, x, which is much larger than
the others (the transverse dimensions). As a consequence, for a fluid oscillation at a given frequency ω, the
compressibility parameter is predominant in the longitudinal direction. Moreover, if ω is small enough the
compressibility parameter can be taken into account just in the longitudinal direction. So, the larger is the
wavelength λ, the better the plane wave assumption works. Therefore, we can assume constant pressure in
the hole tube cross-section and establish a frequency range validity for this assumption as

λ

ri
=

cf
ωri

>> 1, (2)

where ri is the inner duct radius. For this simple case, the homogeneous and non-dissipative wave equation
is

p(xx) −
1

c2
f

p(tt) = 0. (3)

The sub-indexes inside parenthesis indicate derivatives.

Then, the 1D solution can be written in terms of traveling waves for the pressure as

p(x, t) =
(
Ae−ikx +Beikx

)
eiωt. (4)

Consequently, with the aid of Euler’s equation:

q(x, t) =
Sf
ρfcf

(
Ae−ikx −Beikx

)
eiωt, (5)

where q is the interior volume velocity (which, for a given element n, is related to the particle velocity un by
qn = Selementn un). From the mathematical standpoint, the two constants A and B appearing in the general
solution of the local Eq. 3 are univocally defined if both the pressure and the volume velocity are specified
at the inlet of the tube element.

Evaluating Eqs. 4 and 5 at x = 0 and x = L, the constants A and B are eliminated and the components of
the transfer matrix Te are obtained. Thus, Eq. 1 can be written as

[
p2

q2

]
=

[
cos(kx) −i Zf sin(kx)

− i
Zf
sin(kx) cos(kx)

] [
p1

q1

]
, (6)

where Zf = ρfcf/Sf is the acoustic fluid impedance. Observe that Te is not symmetric because of the
choice made in the definition of the input and output vectors, which mix kinematics and stress variables
(mixed formulation) [11].
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To relate the TMM with a FEM-like matrix form, a few algebraic operations need to be done to rearrange
the variables of the mixed formulation into one not mixed (the same type of variables in each nodal vector),
which is more suitable with the FEM matrices. In structural mechanics, this method is known as FETM
[10]. Taking the process suggested by [8] (one of the firsts that applied this procedure for duct acoustics),
the TMM system of Eq. 6 can be adapted into the form (for a given duct element e)

Ke
A pe = qe, (7)

where qe = [q1, q2]′ and pe = [p1, p2]′ are the nodal volume velocities and the nodal pressures, respectively.
Ke
A is the elementary matrix for a straight tube, which is presented in the expanded form of Eq. 7:

[
−i cot(kx) /Zf i / Zf sin(kx)
i / Zf sin(kx) −i cot(kx)/Zf

] [
p1

p2

]
=

[
q1

q2

]
. (8)

The matrix Ke
A is known as the element Mobility Matrix [14], being clearly symmetric. This name probably

is the most appropriated based on the mechanical/acoustic analogue force-velocity/pressure-volume velocity.
Ke
A is also called Acoustic Stiffness Matrix [8], Admittance Matrix [15, 16] and Four-Pole Matrix [17]. In

essence, the matrix Ke
A still depends on harmonically functions and on the fluid wave-number k, i.e., it is

frequency dependent (k = ω/cf ).

2.2 Obtaining the global acoustic Mobility Matrix

In order to obtain the global acoustic behavior of the system, the elementary matrices Ke
A are assembled

respecting the connectivity of each pipe element. The global mobility matrix KA is obtained doing the
same procedure as adopted in FEM (see, e.g., [18]). In this work, each 1D acoustic element has two nodes
and each node has 1 degree-of-freedom (DOF) (pressure). Also, the elements can have arbitrary length and
cross-sectional area without harming the continuity of the field variables p and q. Briefly, the steps for the
assembly process of the nKe

A matrices, considering a system with n elements, are:

• node indexing in a convenient way (dependent on the desired bandwidth for KA);

• construction of the connectivity table;

• assembly of the nKe
A matrices according to the connectivity table, leading to KA .

Thus, for a given excitation frequency ω, the global acoustic system is

KA p = q, (9)

where KA is the global Mobility Matrix, p are the nodal pressures and q are the nodal volume velocities for
the whole system.

2.3 Acoustic boundary conditions (BC)

In the global system presented in Eq. 9, the global pressure vector p is presented as an unknown variable
and must be found. Before solving the system, it is necessary to consider the applications of the BC’s, which
can be classified as:

• nodal volume velocity, qi;

• nodal pressure, pi;

• nodal acoustic impedance, Zi, or element acoustic impedance, Zij . Some components like valves,
cylinders, filters, etc, can be considered by their equivalent acoustic impedances.

These BC’s can vary with the frequency. For example, one can consider to apply a table of pressure obtained
from an experiment or to apply a table of acoustic impedance that represents a valve, etc. More details on
the implementation of BC’s used in this work can be found in [19].
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2.4 Some other characteristics considered in the implementation of acoustics in
OpenPulse

Some features also implemented in OpenPulse that are detailed in [19]:

• capability of considering a mean flow velocity;

• adjust of effective element lengths depending on the transition of pipe diameters (e.g., in expansion
chambers and side branches);

• materials properties related to specific regions, making it possible to change gas properties according
to the operational characteristics of each region of the domain (temperature, mean pressure, etc);

• addition of dissipation through inserting a complex wave number k, if needed.

3 Modelling the structural domain (3D Timoshenko beam)

Once the acoustic domain is modeled, now we need to describe the structural part of the system. Structural
FEM models based on beam theory are well consolidated for predicting global vibrations of pipe systems
(considering here that the length of the pipes is much larger than the diameter, with small deflections and
global behavior). The classical Euler-Bernoulli beam theory requires C1-continuity, resulting in schemes
that can be complicated to be implemented for multidimensional problems. On the other hand, the classical
Timoshenko beam theory requires only C0-continuity, enabling the use of finite element shape functions that
are easily constructed. The C0 Timoshenko’s formulation also allows us to obtain better stress/strain values
when compared to other procedures.

Figure 3: 3D beam local coordinates.

3.1 Main assumptions

It is initially assumed that the {xe1, xe2, xe3}-axes are locally defined at the centroid of the beam segment
cross-section and are principal axes [18], as can be seen in Fig. 3. A more detailed assumption is considered
in OpenPulse [19], but the present one is sufficient to explain the structural modelling without losing of
physical meaning.

The tridimensional displacements of a point (x1, x2, x3) that belongs to a cross-sectional area Ae placed in
x1 are given by [20, 18, 21]:

u1(x1, x2, x3, t) = w1(x1, t)− x2θ3(x1, t) + x3θ2(x1, t), (10)

u2(x1, x2, x3, t) = w2(x1, t)− x3θ1(x1, t), (11)
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u3(x1, x2, x3, t) = w3(x1, t) + x2θ1(x1, t). (12)

Consequently, the movement of a given point (x1, x2, x3) in the element domain Ωe is described byu(x1, x2,
x3, t) = [u1, u2, u3].

The translation componentswi of the neutral line and the rotation angles θi of the sectional area are illustrated
in Fig. 4. These kinematic constraints do not include warping (the plane sections remain plane). Besides
that, it is considered that w1, w2 and w3 are small when compared to he, and sin θi ≈ tan θi ≈ θi.

Figure 4: Deformation components in Timoshenko beam theory.

Different from Euler-Bernoulli theory, here σ21 (= σ12) and σ31 (= σ13) are not null (shear stress is consid-
ered). However, σ23 = 0 and σ32 = 0 (there is no bending along x2 and x3). Considering the homogeneous
isotropic case, we have [18]:

σij = λεkkδij + 2µεij , (13)

where δij is the “delta of Kronecker” (see [22] for a review on continuum mechanics), and λ and µ are the
Lamé parameters, which are obtained by:

λ =
νE

(1 + ν)(1− 2ν)
, µ =

E

2(1 + ν)
. (14)

The Young’s modulus E and the Poisson’s ratio ν are intrinsic material properties considering an isotropic
media. Assuming the hypothesis for shear previously presented and Eq. 13, the following constitutive
relations are obtained:

σ11 = Eε11, σγ1 = 2µεγ1, (15)

and with γ = 2, 3.

From Eqs. 10 to 12, the kinematic relations (strain-displacement equations) can be obtained as follows:

εβγ = u(βγ) = 0, (16)

ε11 = w′1 − x2θ
′
3 + x3θ

′
2, (17)

ε21 =
1

2
(w′2 − x3θ

′
1 − θ3), (18)
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ε31 =
1

2
(w′3 + x2θ

′
1 + θ2). (19)

where the primes denote differentiation with respect to x1 (d(·)/dx1), and βγ = 23, 32.

3.2 Mechanical equilibrium and variational equation

Assuming the local condition of mechanical equilibrium in a continuum medium Ω, and considering the
virtual displacement field u (a kinematic admissible field), the variational equation can be written as [18, 21]:

∫

Ω
u(ij)σijdΩ−

∫

Ω
uiFidΩ−

∫

Γk

uikidΓ +

∫

Ω
uiρüidΩ = 0, (20)

where Γg is the boundary of Ω where Dirichlet boundary conditions gi are applied, and Γk is the boundary
of Ω where Newmann boundary conditions ki are applied (at normal direction n). The entity F represents
the body forces acting on Ω and ρ is the density of the material. The sub-indexes inside parenthesis indicate
derivatives.

Considering dA = dx2dx3, the domain can be represented by elements as follows:

∫

Ω
dΩ =

nel∑

e=1

∫

Ωe

dΩ =
nel∑

e=1

∫ he

0

∫

Ae

dAdx1. (21)

Assuming Γk = {�} due to the “line shape” of the simplified structure [18], it is applied the hypothesis that
all distributed external loads (force/length or moment/length) can be considered in the body force vector F .
By this way, Eq. 20 can be rewritten as

0 =

nel∑

e=1

{∫ he

0

(
γ2µA

e
sγ2 + γ3µA

e
sγ3 + κ2EI

e
2κ2 + κ3EI

e
3κ3 + εEAeε+ ΨµJeΨ

)
dx1

−
∫ he

0

(
w2F2 + w3F3 + w1F1 + θ2C2 − θ3C3 + θ1C1

)
dx1

+

∫ he

0

(
(w2ẅ2 + w3ẅ3 + w1ẅ1)ρAe + θ1θ̈1ρJ

e + θ2θ̈2ρI
e
2 + θ3θ̈3ρI

e
3

)
dx1

}
,

(22)

or, using a matricial form (and now emphasizing that the integration is performed over the element length):

0 =
nel∑

e=1

{∫ he

0

[
γTDsγ + κTDbκ+ ε(EAe)ε+ Ψ(µJe)Ψ

]
dxe1

−
∫ he

0

[
wTF + θ

T
C

]
dxe1 +

∫ he

0

[
wTGtrẅ + θ

T
Grθ̈

]
dxe1

}
,

(23)

where [18]

w =



w1

w2

w3


 ,θ =



θ1

θ2

θ3


 ,γ =

[
γ2

γ3

]
,κ =

[
κ2

κ3

]
, (24)

Ds =

[
µAes 0

0 µAes

]
,Db =

[
EIe2 0

0 EIe3

]
, (25)
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Gtr =



ρAe 0 0

0 ρAe 0
0 0 ρAe


 ,Gr =



ρJe 0 0
0 ρIe2 0
0 0 ρIe3


 , (26)

and: Ψ = θ′3; κβ = θ′β is called “curvature”; ε = w′1; γ2 = w′2−θ3; γ3 = w′3+θ2; Fi = {F ei } andCi = {Cei }
are the element applied external forces and couples, respectively, per unity length, for 1 ≤ e ≤ nel. In this
text, in order to simplify the presentation of the main hypotheses, the assumption that {xe1, xe2, xe3}-axes are
locally defined at the centroid of the beam segment cross-section (and that they are principal axes) decouples
bending from axial strain, in addition to decoupling torsional from transversal strain. In OpenPulse, a more
real assumption is considered (see [19]).

In the above equations, Je, Ie2 and Ie3 are the area moments of inertia and Aes is the effective shear area
considering a representative shear correction factor [23].

3.3 Structural Finite Element Method

The FEM procedure is implemented assuming that [18]:

wei (x1, x2, x3, t) =

npel∑

a=1

Nawe
ia, and θei (x1, x2, x3, t) =

npel∑

a=1

Naθ
e
ia, (27)

where Na is the shape function related to the “weights” wia and θia at node a in element e.

In order to obtain the element matrices, we assume the following vector form for the element’s degrees of
freedom weights and element’s load weights: de = [we

11,w
e
21,w

e
31, θ

e
11, θ

e
21, θ

e
31, . . . ,w

e
1npel,w

e
2npel,w

e
3npel,

θe1npel, θ
e
2npel, θ

e
3npel]

′. Consequently,




we1(x1, x2, x3, t)
we2(x1, x2, x3, t)
we3(x1, x2, x3, t)
θe1(x1, x2, x3, t)
θe2(x1, x2, x3, t)
θe3(x1, x2, x3, t)




= Nde, (28)

where N is the matrix of shape functions. Considering Ba, Bb, Bs and Bs the matrices of shape functions
derivatives depending on the strain evaluated in Eq. 23, the element stiffness matrix Ke is obtained as [18]

Ke = Ke
b + Ke

s + Ke
a + Ke

t , (29)

Ke
b =

∫ he

0
BbTDbBbdxe1 (bending stiffness), Ke

s =

∫ he

0
BsTDsBsdxe1 (shear stiffness), (30)

Ke
a =

∫ he

0
BaT (EA)Badxe1 (axial stiffness), Ke

t =

∫ he

0
BtT (µJ)Btdxe1 (torsional stiffness). (31)

The element mass matrix Me is obtained as

Me = Me
tr + Me

r, (32)

Me
tr =

∫ he

0
NtrTGtrNtrdxe1 (translational mass), Me

r =

∫ he

0
NrTGrNrdxe1 (rotational mass). (33)

Considering Fintg = [F1, F2, F3, C1, C2, C3]′, the element force vector is obtained as follows:

fe =

∫ he

0
NTFintgdxe1. (34)
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3.4 Obtaining the global structural system of equations

To obtain the global structural behavior of the system, the elementary entities Ke, Me and pe are assembled,
after local to global coordinate system transformation [21], respecting the connectivity of each beam element.
The elements can have arbitrary length and cross-sectional area without harming the continuity of the field
variables. After the assembling procedure, the global structural system is

Kd + Md̈ = f, (35)

where K and M are global stiffness and mass matrices, respectively, d are the nodal displacements and
rotations, and f are the nodal forces and moments for the whole system. In this work, the objective is to
analyze time-harmonic vibrations. So, the system above can be rewritten as

(
K− ω2M

)
d(ω) = f(ω). (36)

3.5 Damping model

The damping matrix C used in harmonic analysis (considering only the material damping) is defined as

C = αM + (β +
1

ω
η)K, (37)

where α is the mass-proportional coefficient, β is stiffness-proportional coefficient, and η is the structural
(hysteretic) damping. ω = 2πf , where f is the excitation frequency. Eq. 36 is rewritten as

(
K + jωC− ω2M

)
d(ω) = f(ω). (38)

3.6 Structural boundary conditions (BC)

In the global system presented in Eq. 35, the global vector d is presented as an unknown variable and must
be found. Before solving the system, it is necessary to consider the applications of the BC’s, which can be
classified as:

• nodal forces and/or moments, fi;

• nodal displacements and/rotations, di;

• nodal lumped parameters: mass, spring and dampers.

These BC’s can vary with the frequency. For example, one can consider to apply a table of accelerations
obtained from an experiment, or to apply a table of spring stiffness that represents supports, etc. More
details on the implementation of BC’s used in this work can be found in [19].

3.7 Some other characteristics considered in the implementation of beams in Open-
Pulse

Some features also implemented in OpenPulse that are detailed in [19]:

• possibility of applying an offset between local coordinates and the beam’s neutral axis as described in
[24].

• calculation of section properties and shear correction factor through a FE mesh of each section, as
described in [24].

• different materials can be associated to different regions, making it possible to change pipe properties
according to the operational/structural characteristics of each part of the domain;

• addition of distributed mass for representing insulation material, if relevant.
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Figure 5: Section of the pipe element.

4 Acoustic-structure one-way coupling

In the previous section, the acoustic behavior of the fluid being transported throughout pipes and the struc-
tural behavior of pipeline systems were described independently (by assuming appropriate hypotheses that
allow modeling each behavior independently). However, the objective of this work is to predict the dynamic
response of structural systems subjected to harmonic acoustic loads.

In this research, we consider the structural pipe element as a beam with a hollow section, as can be seen
in Fig. 5. The acoustic pipe element is configured in such a manner that the FETM mesh is the same as
that used for FEM structural analysis. Additionally, the acoustic pipe element diameter equals to the internal
structural diameter Di considered in the respective beam element.

There are some important works on the formulation of an “elasto-acoustic” beam based on the “strong”
coupling between structural and fluid fields [25, 26, 27, 28]. However, in this work it is assumed a “weak”
coupling (one-way coupling) based on the following hypotheses:

• the fluid is a gas;

• the viscosity of the fluid is negligible;

• the acoustic plane wave propagates in axial direction (1-D acoustics);

• the pipe is thin-walled and linearly elastic;

• the radial inertia of the pipe wall is neglected if considering low frequencies (ka << 1) [29];

• the acoustic wave speed cf in the gas is affected by the mechanical compliance of the pipe wall [29]
and is given by:

cf =

(
ρf
Kf

(
1 +

DiKf

Et

))−1/2

, (39)

where ρf is the fluid mass density, Kf is the fluid bulk modulus, E is the Young’s modulus of pipe
material, Di is the internal diameter and t is the pipe wall thickness;

• resultant normal and shear stresses in the structure are derived from the internal fluid pressure under
the assumptions: i) plane stress conditions in the wall; ii) cross sections remain plane to the neutral
axis.

4.1 Internal pressure effect on a structural pipe: equivalent load vector

The internal pressure has a zero external resultant force acting on the pipe. However, in the approach used
in this work [30, 31], considering the assumptions listed above, the load equivalent to the stress field in-
duced by the pressure effect is applied on each element as an external axial load, considering harmonic
pulsation/vibration with an excitation frequency ω.

The axial stress is resultant from the difference between internal and external pressure, and is given by
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[32, 30]:

σ1(ω) =
pi(ω)D2

i − poD2
o

D2
o −D2

i

, (40)

where pi(ω) is the internal pressure, obtained from the acoustic problem defined in Eq. 9 considering Eq. 39;
Di is the internal diameter; Do is the external diameter; and po is the external pressure, considered constant
in this work.

The radial stress can be obtained using the Lamé stress distribution [32, 30], using the internal and external
pressures as a boundary condition:

σr(r, ω) =
pi(ω)D2

i − poD2
o

D2
o −D2

i

− D2
iD

2
o(pi(ω)− po)

4r2(D2
o −D2

i )
. (41)

And the hoop (circumferential) stress is obtained using the same stress distribution considered in the radial
case, resulting in:

σc(r, ω) =
pi(ω)D2

i − poD2
o

D2
o −D2

i

+
D2
iD

2
o(pi(ω)− po)

4r2(D2
o −D2

i )
. (42)

Consequently, the axial equivalent forces acting at both ends of each element can be found, and the additional
element load vector fep, which must be added to Eq. 34, is given by:

fep =
[
Fp, 0, 0, 0, 0, 0,−Fp, 0, 0, 0, 0, 0

]′
, (43)

where

Fp = AeE

[
1

E

(
σ1 − ν(σr + σc)

)]
. (44)

After this procedure, the new element load vectors fep can be assembled and added to the global vector f,
which allows the calculation of the displacements vector d through Eq. 38. The axial stress σ1 is considered
only in the “capped end” condition [19].

4.2 Fluid mass effect

The mass of the gas is considered distributed throughout the length of the structural elements. Thus, the
matrix Gtr in Eq. 26 is modified as follows

Gtr ′ = Gtr +



ρfAi 0 0

0 ρfAi 0
0 0 ρfAi


 , (45)

where Ai is the internal area of the pipe, calculated with Di.

5 Implementation and user interface using Python

OpenPulse is a open-source software written in Python 3.7.7, with the requirement of installing the libraries
numpy, scipy, vtk, PyQt5 and matplotlib. The software is implemented in a way that follows the sequence
illustrated in Fig. 6.
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Figure 6: Sequence of problem set-up in OpenPulse.

A friendly interface allows the user to import the geometry of the pipe system (lines in IGES format), insert
materials properties, set sections, and import pressure/acceleration/force loads (from measurements or the-
ory), as can be seen in Figs. 7 and 8. After defining the FEM mesh for the model, the user can plot the piping
system geometry, see the FE mesh, and run the desired simulations after a proper setup. It is possible to plot
deformed shapes, frequency plots of acoustical and structural responses, stress fields, and local stresses of
desired sections.

The code and a more detailed description of the implementation can be found in [19].

(a) (b)

Figure 7: (a) Main window of OpenPulse. View of imported IGES (lines). (b) Details of geometry (after
setting sections) and FE mesh.

Figure 8: Entry of properties, section parameters and loads in OpenPulse.
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6 Simplified example of application

In this section, the simplified piping system presented in Fig. 7 is analyzed. The maximum pipe length in
the model is 2.25 m. The element size for acoustic and structural analyses is 0.01 m (the same mesh is used
in both analyses). The external and internal diameters are Do = 0.05 m and Di = 0.034 m. An expansion
chamber is considered (see Fig. 7b) withDo = 0.2 m andDi = 0.184 m. Three identical capped end branches
(see Fig. 7a and 7b) are set with Do = 0.025 m and Di = 0.017 m. The structure is modelled considering
steel pipes with E = 210 GPa, ν = 0.3 and ρ = 7860 kg/m3. The gas being transported is hydrogen with ρf
= 0.087 kg/m3 and cf = 1321.1 m/s. In this simple example, no dissipation or damping is considered.

In this example, it is considered an acoustic BC equivalent to a compressor pulsation (simplified) in the
discharge. A table with the frequency spectrum of the pressure is imported and applied as a pressure BC.
This simplified spectrum of excitation can be seen in Fig. 9a. Acoustic impedance is applied as indicated
in Fig. 9b to simulate an infinite tube. For the structure, it is considered a fixation of all translational
movements (rotations free) in the nodes marked in Figure 9b. Remembering that it is possible to set other
boundary conditions for structural analysis as forces, vibrations, springs, etc.

(a)

(b)

Figure 9: (a) Frequency plot of imported pressure. (b) Acoustic and structural BCs (presentation in FE mesh
view).

According to the imported pressure table, the harmonic analysis is set to run from 0 to 200 Hz, with incre-
ments of 2 Hz. The acoustic and structural responses of the piping system are presented in Fig. 10 for an
excitation frequency of 60 Hz (second harmonic in the spectrum of the excitation pressure).
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(a) (b)

Figure 10: (a) Acoustic response and (b) structural response at 60 Hz. Colormap: amplitudes.

The frequency plot of acoustic pressure and structural displacement can be done in the results module of
OpenPulse. For example, a node at the left largest vertical tube (node 561) is analyzed in Fig. 11.

(a) (b)

Figure 11: (a) Frequency plot of pressure amplitude and (b) x-displacement amplitude at node 561.

7 Conclusions

In this work, the authors presented physical and numeric details of the implementation of an open source
software - the OpenPulse - with the objective of analyzing acoustically induced vibration caused in pipeline
systems by low-frequency internal pulsation. The related project is in an early stage, but the first results
present coherent significance, which can be validated with other commercial FEM codes (using 3D FEM
acoustic analysis and 3D beam structures). The authors hope to publish a future work presenting the differ-
ent possibilities of using OpenPulse in more realistic examples, considering more piping elements (valves,
chambers, etc) and comparing them with experimental results.
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Abstract
A new method for wind turbine drive-train condition monitoring is proposed: the innovative idea is that
vibrations are measured at the tower. The critical point is extracting knowledge about the drive-train from
tower measurements: this is achieved by measuring simultaneously at the highest possible number of nearby
wind turbines. One wind turbine is selected as target and the others are used as reference. The data are
analyzed in the time domain basing on statistical features (root mean square, peak, crest factor, skewness,
kurtosis). The data set in the feature space reduces to a matrix, from which the observations at the target
wind turbine should be distinguishable. The application of this algorithm is supported by univariate statistical
tests and by Principal Component Analysis. A novelty index based on the Mahalanobis distance is finally
used to detect the statistical novelty of the damaged wind turbine. This work is based on field measurement
campaigns, performed by the authors in 2018 and 2019 at wind farms owned by the Renvico company.

1 Introduction

The diagnosis of gears and bearings faults of gearbox-based systems [1] is particularly challenging, espe-
cially if the operation conditions are non-stationary.

This is true in particular for modern horizontal-axis wind turbine technology: wind turbines operate in field
under non-stationary conditions that can likely be extreme and are affected by the ambient turbulence. In the
recent review [2] about wind turbine gearbox condition monitoring through vibration analysis, the study in
[3] is cited, basing on which gearbox failures account for the order of 25% of all the wind turbine failures;
furthermore, the average downtime for this kind of failures is particularly high [4]. In [5], it is estimated that
bearings cause around 70% of gearbox downtime and 21–70% of generator downtime depending on wind
turbine size: 21% on small generators (rated power lower than 1 MW), 70% on medium generators (rated
power between 1 MW and 2 MW) and 50% on large generators (rated power higher than 2 MW).

On these grounds, it is evident that an efficient vibration-based wind turbine drive-train condition monitoring
passes through the separation of the faulty signatures from the masking signals, due to the other rolling
elements like the gears or the shafts and this is a complex objective because wind turbines are subjected to
non-stationary conditions. A powerful methodology is based on the fact that the signatures due to gears and
shafts are deterministic and fault signatures are stochastic and can be treated as cyclo-stationary [6] around
their fundamental period. The downside of this kind of analysis is that the angular speed of the rotor must
be measured with high sampling rate and therefore its application to wind turbines operating in field is far
from obvious: for this reason, several studies deal with numerical simulations [7] and laboratory test rig
measurements [8].

Real world data are analyzed for example in [9], where Signal Intensity Estimator is employed for tackling
not only high-dimensionality field data but also very extremely modulated data; furthermore, visual inspec-
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tion (through Principal Component Analysis) of statistical features extracted from the data sets of interest
result being particularly useful for the prognostic analysis.

Basing on these considerations, the general idea of the present study is inquiring if it is possible to detect
wind turbine drive-train damages by processing appropriately vibration measurements collected at the tower.
The rationale for this purpose is that tower vibrations have the great pro that they can be collected without
impacting on wind turbine operation and therefore could in perspective be used as unsupervised diagnostic
tool on vasts wind turbine portfolios; the drawback is that this kind of measurements must be treated like
a black box in lack of the transfer function from the component of interest to the tower. The study in
[10] provides meaningful indications of the fact that it is possible diagnosing wind turbine drive-train faults
through tower vibration measurements: this kind of measurements is processed through Empirical Mode
Decomposition and the outcomes are correlated with the vibration signals acquired directly from the target
damaged generator bearings.

The objective of this study is renouncing to the crosscheck against vibration measurements collected at the
damaged subcomponent because the perspective is contributing to a framework for unsupervised condition
monitoring: therefore, only tower vibration measurements collected by the authors are employed for the
present study. The keystone for reliably detecting anomalies is comparing wind turbines in the same wind
farm: measurements are acquired simultaneously or nearly-simultaneously at the highest possible number of
wind turbines.

Measurements have been collected at a wind farm sited in Italy, owned by the Renvico company, featuring
six 2 MW wind turbines. Five wind turbines have been selected for this study: three reference healthy
ones and two target ones. The former target wind turbine is damaged at the high-speed shaft bearing (as
independently indicated by oil particle counting analysis), the latter target wind turbine had a planetary shaft
bearing damage and the bearing of interest was substituted some weeks before the measurement campaign
was conducted. It should be noticed that further measurement campaigns and further test case studies had
to be conducted in the early months of 2020 but it resulted impossible due to the COVID-19 outbreak and
therefore the present study has overlaps with [11].

If the methods proposed in this work are reliable, it should be possible to distinguish the damaged target wind
turbine with respect to the reference healthy ones, while the recovered wind turbine should be indistinguish-
able with respect to the reference ones. In this study, it is shown that this is indeed the case. Summarizing,
the post-processing algorithm proceeds as follows: vibration measurements are analyzed in the time domain
through a multivariate Novelty Detection algorithm based on the analysis of simple statistical features; the
application of this algorithm is supported on the ground of visual inspection of the statistical features data set
through Principal Component Analysis. Finally, a novelty index based on the Mahalanobis distance is used
to distinguish the target from the reference wind turbines.

The structure of the manuscript is therefore the following: in Section 2, the test case and the measurements
are described; Section 3 is devoted to the methods; in Section 4 the results are collected and discussed;
finally, in Section 5 conclusions are drawn and further directions of this study are indicated.

2 Test case description

The wind farm is composed of six 2 MW wind turbines and it is sited in southern Italy. The layout of the wind
farm is reported in Figure 1: the damaged wind turbine (WTG03) is indicated in red, the healthy reference
wind turbines (WTG02, WTG04, WTG05) are indicated in green and the recovered wind turbine (WTG06)
is indicated in blue. The damage at WTG03 regards the high speed shaft bearing, the recovered damage at
WTG06 regarded a planetary bearing. WTG03 has been independently diagnosed on the basis of oil particle
counting and it has operated for four months from detection to intervention. When the measurements for this
work have been conducted, WTG03 was operating normally.
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Figure 1: The layout of the wind farm. The healthy wind turbines are indicated in green, the damaged in red
and the recovered in blue.

The measurement procedure is the following: accelerometers have been employed inside the tower of the
wind turbine, measuring the longitudinal (x-axis) and transversal (y-axis) vibrations at a a height of the order
of two meters with respect to the tower base. A sketch is reported in Figure 2. Each acquisition therefore
consists of 2 channels and these are sampled at 12.8 kHz for at least 2 minutes.

Figure 2: Definition of the reference frame for the longitudinal and the transversal directions.

The vibration time series have been organized as indicated in Table 1. It is important to notice that acqui-
sitions have been performed within 3 hours, but there are always two contemporary acquisitions (one at a
reference wind turbines and one at the target ones), so that the risk that operational or environmental effects
could be confounded for damage is reduced.
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Table 1: The time series selection

TS number Wind turbine Status Acquisition time Use
1 WTG02 healthy 14:15 reference - calibration
2 WTG04 healthy 14:55 reference - calibration
3 WTG05 healthy 15:25 reference - calibration
4 WTG02 healthy 14:25 reference - validation
5 WTG04 healthy 15:05 reference - validation
6 WTG05 healthy 15:35 reference - validation
7 WTG06 repaired 13:00 target - validation
8 WTG06 repaired 13:10 target - validation
9 WTG06 repaired 13:20 target - validation
10 WTG03 damaged 13:00 target - validation
11 WTG03 damaged 13:10 target - validation
12 WTG03 damaged 13:20 target - validation
13 WTG03 damaged 14:15 target - validation
14 WTG03 damaged 14:25 target - validation
15 WTG03 damaged 14:55 target - validation
16 WTG03 damaged 15:05 target - validation
17 WTG03 damaged 15:25 target - validation
18 WTG03 damaged 15:35 target - validation

3 Methods

The data pre-processing proposed in this work consists of three steps:

1. a pre-treatment of the single accelerometric tracks to remove possible non-physical trends (due, for
example, to disturbances);

2. the extraction of the selected statistical features;

3. a multivariate anomaly cleaning, in order to remove from the analysis the chunks of the signal that
likely describe the wind turbine in adaptation to a change of the work condition.

The method for damage detection is divided in three sub-analyses [12]:

1. at first the goodness of the selected features and of the pre-processing is assessed univariately. This
is performed as a univariate test of hypothesis exploiting the ANOVA (Univariate Analysis of Vari-
ance) to investigate the damage detection ability of the single features extracted from the two different
channels.

2. Then, in order to visualize the multivariate dataset, a Principal Component Analysis is performed.

3. Finally, an unsupervised damage detection implemented in terms of multivariate Novelty Detection is
used to detect the damaged wind turbine distinguishing from the other machines.

A scheme of the work flow is reported in Figure 3.
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Figure 3: Block diagram of the data analysis procedure.

3.1 Data pre-processing

Some available acceleration signals have non-physical trends, probably due to the strong electromagnetic
fields which can interest the area around wind farm. In signal processing, it is very common to deal with
trends by considering them as the low-frequency content of the signal, which can be then divided into a
long-term contribution (i.e. the trend), and a short term (high frequency) contribution. Hence, a trend can be
highlighted by low-pass filtering the original signal to remove the high-frequency fluctuations: in the present
study, the moving average filter [13] with a cut-off of the order of 500 Hz has been employed.

Furthermore, some abnormal spikes can still be found in the residual signal. In order to compensate also for
this effect, a Hampel filter is used. The Hampel filter is an on-line two steps procedure meant to identify
univariate local outliers and substitute such samples with more plausible values. To ensure robustness, the
local outliers are not identified through the usual 3σ rule, but using the median and the Median Absolute
Deviation (MAD) [14, 15]. If a sample from the windowed signal sw (i.e., a chunk of the signal in the
±MM samples range) falls out of the confidence interval of

|sw −median(sw)| ≤ 3 · 1.4826MAD (1)

it is considered an outlier and is removed and substituted with the median value median(sw). In this work, a
window of MM = ±22 samples was used.

The final result of data pre-processing in depicted in Figures 4 and 5. Figure 4 deals with a sample time
series and Figure 5 deals with the zoom on a time series excerpt. The upper plots in Figure 4 and 5 represent
the raw data and the data trend (filtered with the moving average), the lower plots represent the data trend
and the data trend removed of the outliers (through the Hampel filter).
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Figure 4: A sample time series of the raw and processed signal.
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Figure 5: Zoom on a sample time series of the raw and processed signal.

3.2 Features extraction

The following statistical features have been selected for this study:

1. Root Mean Square;

2. Skewness;

3. Kurtosis;

4. Peak;

5. Crest Factor.

To guarantee the reliability of the method, many measurement points are necessary [16]. The above features
have therefore been extracted on independent (no overlap) excerpts of the original signals: each acquisition
is divided in 100 sub-parts on which the five features are computed. Doing this, one obtains a features matrix
X where the number of columns is n = 10 and it is given by the product of the number of channels (2)
times the number of computed features (5); the number of rows is d = 1800 and it corresponds to number of
chunks extracted from the 18 acquisitions of Table 1 placed consecutively.

3.3 Multivariate data cleaning

An automatic routine is here proposed for removing the data-points in the 10-dimensional (d = 10) feature
space (5 features, 2 channels) which are multivariate outliers with respect to the sample of 100 observations
corresponding to that particular acquisition. The routine is based on the multi-dimensional generalization of
the 3σ rule.

This can be easily implemented through the Mahalanobis distance, which corresponds to the standard-
ized distance of a point from the centroid

(
X̄
)

of the ellipsoid defined by the covariance matrix S =
1
N

(
X − X̄

) (
X − X̄

)T The Mahalanobis distance MD is defined as (Equation 2):

MD =
√(

X − X̄
)
S−1

(
X − X̄

)
, (2)

so that, if the estimates X̄ and S can be confused with the true values and X is assumed normal, the simple
confidence interval based on the chi-squared (χ2) critical value holds (Equation 3):

MD <
√
χ2
d;0.997. (3)
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If the assumption of a χ2 distribution for the MD does not hold, a simple but effective method for getting
robust estimates of X̄ and S is thorough the Minimum Covariance Determinant (MCD) [17].

3.4 Hypothesis test

The ANOVA (univariate Analysis Of Variance) is a statistical method based on the analysis of variance
and it is employed to test the null hypothesis H0 that all the considered groups populations come from the
same distribution: in other words, the null hypothesis corresponds to the fact that no significant difference
is detectable among the groups. The null hypothesis will be accepted or rejected according to a statistical
summary F̂ :

F̂ =

σ2
bg

G−1

σ2
wg

N−G
' F (G− 1, N −G), (4)

where

σ2bg =

G∑

j=1

nj
N

(ȳ − µj)2 , (5)

σ2wg =
1

N

G∑

j=1

nj∑

i=1

(ȳij − µj)2 , (6)

with G being the number of groups of size nj , N being the global number of samples with overall average ȳ,
σ2bg being the variance between the groups, σ2wg being the variance within the groups (basically the average
of the variance computed in each group).

The null hypothesis H0 will be accepted with a confidence level 1−α if the summary F̂ is less extreme than
a critical value Fα(G− 1, N −G). The corresponding p-value is computed: it represents the the probability
that the summary is more extreme than the observed F̂ , assuming that H0 is true. If the p-value is less than
α (a typical threshold selection is 5%), H0 is rejected. These concepts are sketched in Figure 6.

Figure 6: F (G− 1, N −G) distribution, with highlighted the 5% critical value and the concept of p-value.

For this analysis, the data sets are divided in 2 groups: the former one contains the healthy samples (TS1-
TS6) and the latter one includes the features extracted from the time series of the damaged wind turbine
(TS10-18).
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3.5 Principal Component Analysis

The PCA [18] is a space rotation to convert a set of correlated quantities into orthogonal variables called
principal components: the first principal component explains the largest variance of the data set and each
succeeding component explains the largest variance under the constraint of orthogonality with the preceding
ones. This technique is widely employed in multivariate statistics and it is powerful for visualizing multi-
dimensional data sets by projecting them to the first principal components, i.e. those explaining the largest
amount of the variance. In the present study, the statistical features matrix is PCA-rotated and projected to
the first principal components, in order to highlight distinguishable features of the damaged wind turbine
with respect to the reference ones.

3.6 Novelty Index

The Mahalanobis distance is particularly appropriate for highlighting data discordance in multi-dimensional
spaces, because it is non-dimensional and scale-invariant, and takes into account the correlations of the data
set. The Mahalanobis distance between one measurement z and the X distribution, whose covariance matrix
is S, is given by

MD =
√(

z − X̄
)
S−1

(
z − X̄

)
. (7)

In this study, the reference X distribution is selected as the statistical features matrix extracted from the
calibration data set of Table 1 (TS 1-3). The target z is selected as the statistical features matrix extracted
from the target data set of interest in Table 1. For example, computing the Mahalanobis distance, according
to Equation 7, for each features observation in TS 4-18, it is possible to appreciate the different statistical
novelty of the target (healthy, damaged and repaired) wind turbines with respect to the reference healthy
ones.

4 Results

The statistical features computed on the cleaned data sets are reported in Figure 7. The vertical lines divide
each plot in four areas corresponding respectively to healthy calibration data, healthy validation data, repaired
validation data, damaged validation data. From Figure 7, it clearly arise that the damaged wind turbine is
clearly distinguishable with respect to the healthy wind turbine and with respect to the repaired wind turbine
as well. Some difference arise in the repaired wind turbine with respect to the healthy wind turbines, but it
considered not relevant. For this reason, therefore, the data for the hypothesis test are grouped as follows: the
ANOVA is performed to test if significant differences can be found between the healthy turbines observations
(TS 1 to 9) and the damaged turbines observations (TS 10 to 18) and the results are reported in Table 2. As it
can be easily seen, all the features prove to be clearly good for detecting the damage, except the Crest Factor
of the accelerations from y-direction channel.

The four data sets (healthy training, healthy validation, repaired validation, damaged validation) are further
analyzed via visual inspection in Figure 8. The plots are two-dimensional, in the form of projections of the
data set on the first principal components (P1-P2, P1-P3, P2-P3, P3-P4). It can be noticed that the dispersion
of the damaged cloud (in red) is much larger, so that the red observations (in particular on the P2-P3 and
P3-P4 planes) result more scattered and distinguishable.

Finally, in Figure 9 the Novelty Index (Mahalanobis distance) is reported. The plots is divided by vertical
lines similarly to Figure 7, corresponding to healthy calibration data, healthy validation data, repaired valida-
tion data, damaged validation data. In red, a threshold is reported for novelty detection based on Montecarlo
simulations. It should be noticed that the repaired turbine data seems to show some differences with respect
to the original healthy data, but the main novelty detection (consistently with the expectation) regards the
damaged wind turbine. In this sense, it can be observed that the Mahalanobis distance is a very responsive
metric, because it highlights also some relevant difference between the repaired wind turbine and the healthy
wind turbines: these differences do not arise clearly from the qualitative analysis of the statistical features,
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also if they are projected to the principal component planes (Figures 7-8). This strongly supports the use of
Mahalanobis distance for novelty detection and therefore for early fault diagnosis.

Figure 7: The statistical features computed on the cleaned data set. The different acquisitions are ordered
according to their corresponding TS number.

Table 2: The ANOVA p-values considering two groups: Healthy (TS 1 to 9) vs Damaged (TS 10 to 18)

Channel RMS Skewness Kurtosis Crest Factor Peak
1 (X-dir) 0 0.28 1.4 · 10−14 8.2 · 10−7 0
2 (Y-dir) 0 9.4 · 10−7 1.9 · 10−35 0.59 0
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Figure 8: The statistical features computed on the cleaned data set. The different acquisitions are ordered
according to their corresponding TS number.

Figure 9: The Novelty Index computed via Mahalanobis Distance.
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5 Conclusions

This study has been devoted to the investigation of the possibility of reliably diagnosing wind turbine drive-
train damages through the analysis of vibrations measured at the tower. The rationale for inquiring this
possibility is the perspective of setting up an unsupervised condition monitoring approach that can be em-
ployed on a large scale, without intervening on wind turbines operation. There are studies [10] supporting
that this objective is achievable, basing on the analysis of the correlation between tower vibrations and vi-
brations collected at a damaged generator bearing. The objective of this study has been renouncing to the
crosscheck against vibrations at the target sub-components: the keystone has been comparing the wind tur-
bines at the same wind farm, by measuring consecutively or almost consecutively at the highest possible
number of wind turbines. The problem therefore translates in highlighting the distinguishable features of the
tower vibrations at the damaged wind turbine with respect to the reference undamaged wind turbines.

A test case has been discussed in this work: it is a wind farm featuring six 2 MW wind turbines, one of
which had a damage at the high speed shaft bearing when the measurements were collected. Three reference
healthy wind turbines have been selected and a further target wind turbines has been individuated because it
suffered a planetary bearing damage and was recovered when the measurements have been collected.

The collected data have been appropriately pre-processed and statistical features (root mean square, skew-
ness, kurtosis, peak, crest factor) have been computed on independent excerpts of the time series. Through
Univariate Analysis of Variance, Principal Component Analysis, Novelty Analysis through the Mahalanobis
distance it has been possible to clearly distinguish the damaged wind turbine, while the recovered wind
turbine resulted being substantially indistinguishable with respect to the healthy reference wind turbines.

In general, the algorithm proved to be an excellent damage detection routine, considering the quickness, the
simplicity and the full independence from human interaction, which makes it suitable for real time imple-
mentations. Another important development of this research is empowering the experimental techniques, in
order to have high-frequency rotor angular speed measurements: this direction is currently being explored
through video-tachometer [19] because it preserves the zero-impact philosophy of the approach. The avail-
ability of this kind of information, as well as of the gearbox geometry, is decisive for obtaining a precise
identification of the damage location.

A further direction is being explored and it has been inspired by the impossibility of performing on site
measurement during the period of COVID-19 outbreak: it deals with this kind of analysis applied on the data
provided by the industrial condition monitoring system of the wind turbines, where available.
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Abstract
This study is a collaboration between Technische Universität München (TUM) and University of Perugia and
consists in analyzing, through wind tunnel tests, the mechanical aspects of yaw by Individual Pitch Control
(IPC) on a wind turbine scaled model. A total of about 60 tests have been executed in different conditions
in order to assess a comparison between turbine’s behaviour with and without IPC. The referece parameters
used for the analysis are comprehensive of energetic and mechanical quantities, the first are used to verify
that IPC does not causes a loss of power production, while the latter to investigate the differences on loads
and vibration scenario. Results show that performance of the turbine is not affected by IPC. Otherwise, the
effects of IPC on loads and vibrations have been found to be extremely complex as measured forces and
accelerations can be increased or not depending on the direction or on the spectral order considered. In the
end, Damage equivalent loads (DEL’s) computation shows that IPC can be impactful on tower loads.

1 Introduction

Horizontal-axis wind turbines basically constitute a mature technology and therefore in the recent years the
attention has grown about the analysis of energy yield and fatigue loads as well: a fertile line of research
deals with how to achieve the optimum balance between maximization of the energy yield and minimization
of the fatigue loads [1, 2]. There are no trivial solutions to this optimization problem, whose target (energy
and loads) are conflicting and in this context the analysis of wind turbine control at the wind farm level is
fundamental.

For example, wakes between nearby wind turbines constitute a stressing operation regime for the downstream
wind turbines (order of 10% of loads increase) [3, 4] and an appropriate management of wakes at the wind
farm level through the control system of individual wind turbines is therefore a valuable perspective, about
which there are first practical achievements [5, 6].

In a nutshell, the active management of wakes is based on the redirection through a non-vanishing setpoint
of yaw angle between the wind flow and the rotor of the upstream wind turbines [7]. By the point of view of
energy yield, it should be said that non-trivial yaw configurations (up to 10◦) for several layers of downstream
(and not only upstream) wind turbines can result being profitable, as supported in [8] through wind tunnel
analysis.

Evidently, the drawback of yaw active control is that yaw misalignment remarkably increases the loading
on the rotor disk [9]. In [10, 11], for example, an optimization computational tool, simulating a wind farm
of NREL 5 MW wind turbines, has been developed. The objective is modeling yaw misalignment, wake
interactions and partial wake overlap and the result is that partial wake overlap, obtained through active yaw
control, increases the flapwise and edgewise bending moments, compared to fully symmetrical wake overlap.
Several studies have been devoted to the analysis of wind turbine controls for wake redirection, in particular
as regards the power production and the aerodynamics of the wake [12, 13, 14, 15].
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The standard for the yaw control is to adopt collective control of the pitch angle and yaw actuation but in the
latest years another possibility has been explored in the scientific literature: it consists in the Individual Pitch
Control (IPC) [16], which is achieved by adding a once-per revolution (1P) component; its applications are
studied for potentiality in reducing yaw and structure loads [17, 18, 19].

On these grounds, the objective of the present study is a wind tunnel analysis of the yaw by IPC control, with
a particular focus on the characterization of the mechanical behavior in actual operation conditions. Mea-
surements have been collected at the ”R. Balli” wind tunnel of the University of the Perugia; a scaled wind
turbine model (named G1 because it has rotor diameter of 1.1 meters) provided by Technische Universität
München (TUM) has been tested: its peculiarity is that it has active pitch, torque and yaw control and this
allows testing control strategies that are realistic for utilization on full scale wind turbines; furthermore, the
G1 wind turbine has a comprehensive sensorization allowing measures of blade, shaft and tower loads. A
total of about 60 experimental tests have been performed with different wind conditions in Region II and
yaw configurations (from −30◦ to 30◦).

The effects of the yaw by IPC control on tower loads and nacelle vibrations have been analyzed by comparing
against the reference of collective pitch and yaw motor control. The analysis in the order domain highlights
that the contributions which are proportional to the rotor rotation frequency are likely to be exacerbated by the
yaw by IPC control: it should be noticed that this phenomenon is typically associated to rotor imbalance and
therefore this result is a peculiarity of the G1 wind turbine in operation; nevertheless, this aspect is instructive
for full-scale applications because wind turbines operating in field can be affected by rotor imbalance issues.
On the other way round, an important result of this study is that the contributions proportional to the blade
passing frequency (3P: three times the rotor fundamental frequency) are diminished by the yaw by IPC
control. It therefore results that the yaw by IPC interferes non-trivially with the aerodynamics of the wind
turbine and the attenuation of the 3P is promising in light of applications of the yaw by IPC for wake steering,
because this frequency component is associated to blade - tower interaction, which is particularly important
in yawed configuration. Furthermore, the possible effects of yaw by IPC control on fatigue life has been
analyzed through the estimation of the Damage Equivalent Loads (DELs) and it results that the IPC control
slightly increases tower base DELs, whereas it decreases DELs in the rotating frame (hub).

The structure of the manuscript is therefore the following: in Section 2, the test case and the measurements
are described; in Section 3 the results are collected and discussed; finally, in Section 4 conclusions are drawn
and further directions of this study are indicated.

1.1 The yaw by IPC control

Large scale wind turbines are equipped with pitch actuators, allowing blades to be rotated in order to control
aerodynamic loads, optimizing or reducing the generated power according to the desired control strategies.
In light of this, two main kinds of pitch actuation can be employed in wind turbine technology: collective
pitch and individual pitch control (IPC). The former strategy is based on keeping the pitch angle at the same
value for all the blades and its use is power control. IPC, instead, is realized rotating each blade indepen-
dently: in this way, using sufficiently responsive actuators, the pitch angle value can be modified during
a rotor revolution in order to adjust aerodynamic loads according to the azimuthal position of the blade.
Independently actuating the blades, it is therefore possible to increase the application field of pitch control
not only regulating produced power, but including as well the possibility to apply innovative strategies for
load control: for this reason, IPC is now implemented in most recent multi-MW wind turbines. Practically,
the IPC is realized by providing an harmonic reference pitch signal to a proportional integral and derivative
(PID) controller that commands a single blade pitch motor. For a three bladed WT, three different signals are
generated, with a phase shift of 120◦ , and are given as input to controllers . Figure 1 shows the pitch actual
value with respect to the blade azimuth angle position. In this study, one step ahead in the comprehension
of a possible application of IPC is pursued, evaluating the capability of this control to reach and maintain a
non-zero angle between nacelle and wind direction.
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Figure 1: Representation of pitch value azimuthal variation(adimensional rotor radius) at 30◦ of yaw misal-
lignment.

In the following, a brief recap of the principles of the IPC is reported. The notations and the equations follow
those in [16] and [18].

The approach is based on the Coleman transformation. Given the three measured blade loadsMi, i = 1, 2, 3,
the transformation to the stationary frame Mt and My is given by:
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In Equation 1, ψ is the azimuth angle of blade 1 with respect to the vertical position; Mt and My are
respectively the tilt moment and the yaw moment. Basing on the load signalsMt andMy, pitch signals θt and
θy in the stationary frame can be synthesized to minimize the loading and the inverse Coleman transformation
provides the individual blade pitch commands θi, i = 1, 2, 3,
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(2)

If a wind turbine has a yaw error χ, the IPC can be used on the other way round to reject the yaw error (at
the expense of inducing rather than minimizing the yaw and-or tilt moments) and stabilizing the turbine in
yaw by adding a pitch component θχy through a Proportional-Integral controller:

θχy = Kpχ+Ki

∫
dχ. (3)

As discussed in [14], the cyclic pitch 1P is obtained by requesting that

θi = θ0 + θc cosψi + γ, (4)

where θ0 is the collective pitch constant, θc is the 1P pitch component, ψi is the i-th blade azimuth angle and
γ is the phase angle. Refer to [7] for the explicit relation between the yaw and tilt moments and the 1P or 2P
extra-component of the pitch angles.
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2 The test case and the measurements

The experimental equipment is comprehensive of the test case turbine, wind tunnel facility and all the sen-
sors necessary to acquire information of environmental conditions and wind turbine operation data. In the
following all these aspects will be discussed.

2.1 The G1 wind turbine

The G1 scaled wind turbine model is represented in Figure 1: it has been designed in order to scale an
aeroleastic model of a modern multi-MW wind turbine. The rotor diameter is 1.1 meters. The rated rotor
speed is 850 revolutions per minute. The blades are constituted of a layer of carbon fiber, covering a machined
Rohacell core, mounted on the hub with two bearings in order to enable pitch actuation. The pitch angle is
controlled by a small brushed motor equipped with a gear and built-in relative encoder.

Figure 2: Description of the G1 wind turbine scaled model.

The torque exerted by the rotor is measured through a shaft type torquemeter and strain gauges on the hub.
Strain gauges are positioned also at the base of the wind turbine and therefore it is possible to measure
the forces at the hub and at the base. Hall sensors and encoders are used to measure the positions and the
velocities, as for example blade pitch angle, yaw angle, rotor azimuth positions, rotor speed. In addition, a
series of accelerometer have been installed both at nacelle and tower base levels. In particular, a three axis
acceleration transducer has been located at the tower top in a sistem of reference solidal with nacelle. In this
way, fore aft and side to side acceleration are recorded. The couple of uniaxial base tower accelerometers,
instead, are in a fixed frame and located close to tower extensometers in parallel and perpendicular directions
with respect to the wind flow.

2.2 The wind tunnel

The experimental tests have been conducted at the wind tunnel ”R. Balli” at the University of Perugia. It is
a closed loop and open test area. The chamber area is 2.2× 2.2 meters and the recovery section is 2.7× 2.7
meters. The maximum achievable wind speed is 48 m/s and the electric motor in closed loop circuit has a
375 kW power. The average turbulence intensity is of the order of the 0.4%. The wind tunnel is represented
in Figure 3.
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Figure 3: A sketch of the wind tunnel.

The wind turbine has been set at the center of the test chamber, and up to 60 session have been realized with
different wind characteristics, yaw angles and with or without IPC. The tested yaw angles are:

• ±30◦;

• ±20◦;

• ±15◦;

• ±10◦;

• 0◦.

and the type of wind time series to which the test wind turbine has been subjected are steady and unsteady
(as in [20]).

Three different acquisition systems have been used to record respectively turbine operation data (i.e. yaw,
rotational speed, generated power), vibration signals and wind tunnel control parameters. The latter system
has been used as trigger generator in order to have a reference instant for all the test runs to use during data
post processing to synchronize all the acquired signals.

3 Results

In this section, an analysis of the acquired measurements is presented. At first, an overview on wind turbine
performance is addressed, comparing power coefficient in different yaw configurations with IPC on and off.
This step is necessary to verify that control does not affect significantly the average power production of
the machine. Subsequently, the analysis gets focused on the wind turbine mechanical behavior, studying in
deep the generated forces and the nacelle accelerations by the point of view of time histories and frequency
spectra order analysis. For what concerns rotating machinery in non-stationary conditions, in fact, it can
be useful to scale frequencies of measured accelerations with respect the rotational fundamental frequency.
In the following, the n-th order will be labeled as nP, to indicate phenomena having a frequency that is n
times the rotational one. As expressed in [21], different components of a wind turbine can affect vibrations
amplitude at definite frequencies, or orders. For example, it is well known that rotor imbalance can reflect on
1P vibration peaks and aeroelastic interactions between blades and tower can be found analyzing 3P order.
Order spectra can be also focused on gearbox and bearings diagnosis or detecting generator and electric faults
[22]. Order analysis will be applied in this section to investigate how vibrating phenomena get modified by
the presence of IPC.

3.1 Performance analysis

Wind turbine performance is evaluated processing the acquired data from multiples test runs executed at 7
different yaw angles with and without IPC. A meaningful parameter for analyzing the efficiency of wind
kinetic energy conversion is the power factor Cp: it is defined in Equation 5
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Cp =
W

0.5ρAv3
(5)

where:

• Cp= power coefficient;

• W= produced power [W];

• ρ= air density[Kg/m3];

• A= rotor area[m2];

• v= wind speed[m/s];

In figure 4, the Cp measurements with IPC on and off are represented, showing that discrepancies between
the standard control case (STD) and the IPC are slight and the differences are quantifiable with a maximum
of 2%. Basing on aerodynamics considerations, the first approximation of the relation between the power
coefficient and the yaw angle α can be expressed as in Equation 6 with k = 3:

Cpα = Cp0 × cosk α (6)

where:

• Cpα= power coefficient at α yaw angle;

• Cp0= power coefficient at zero yaw angle;

The k exponent actually depends on the control [23], on the operation region, on the wind turbine character-
istics and on the test conditions (the wind tunnel, for example) and in general can not be expected to be equal
to 3. From previous wind tunnel tests on the G1 wind turbine [24], the best approximation for k has been
estimated to be 2.174. The best curve fit, in terms of mean squared error, for the measurements reported in
Figure 4 is obtained for k = 2.7

Small differences arise between the Cp measurements for a given positive and negative value of yaw angle:
this can be explained on the grounds of the fact that the wind tunnel where the tests have taken place has
an open chamber: this is a well known effect of the particular layout of the tunnel, that presents slightly
non-symmetrical boundary walls with respect to the the inlet flow. In consequence of this, for negative yaw
angles the wind turbine rotor gets closer to the tunnel right wall more than it does to the tunnel left wall
when the yaw angle is positive: this causes a slight acceleration to the airstream. The ”R.Balli” wind tunnel
facility has been object of previous studies aimed at characterizing its flow and blockage effect [25] and it
can be argued that this effect causes an overestimation of the power factor Cp and can explain the difference
with respect to the literature [24] about the k exponent estimate.
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Figure 4: Cp coefficient at different yaw angles with standard control (STD) and IPC active (IPC).

3.2 Loads and vibration analysis

Once stated that the wind turbine power performance is comparable between STD and IPC cases, the in-
vestigation gets focused on the mechanical aspects, regarding aerodynamic loads and nacelle accelerations.
In Figure 5 and 6, fore-aft (FA) and side-side (SS) moments are plotted with respect to the azimuth angle:
they are measured at tower base through strain gauges with respect to the rotor azimuth position. Loads
are extracted from wind tunnel tests with a variable yaw time history, where yaw error is continuously and
repeatedly changed from −30◦ to 30◦. In general, a remarkable variation of the loads with respect to the
azimuth angle is observed and this can possibly be ascribed to rotor inertial - aerodynamic unbalances which
have not been quantified.

It arises that the presence of IPC exerts and evident action on FA moment: in particular, it has been evaluated
that, whereas the averages during a revolution are comparable (there is a slight increment of 0.65% in IPC
case), the oscillations amplitudes increase of the 11% with the IPC control. Another noticeable effect (visible
on Figure 5) consists in a delaying phase shift present on IPC curve with respect the STD one: it can be
quantified in 27◦. In light of this, for the same test runs, selecting some time intervals with constant yaw
error, the phase shift at different yaw angles has been evaluated and it can be stated that the previous value
remains constant with different rotor orientations.

In Figure 6, the analysis has been addressed to side to side (SS) moments, where it results that IPC is less
impacting on load scenario. The phase shift is reduced to 6.5◦ and the moment mean value is decreased
of 9.4%; otherwise it has to be considered that, if each load amplitude is re-scaled with respect to its mean
value, there is an increment for the IPC case of about 8.7%. These observations indicate that the use of IPC
causes a combination of different effects whose overall assessment is complex.
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Figure 5: Azimuth diagram of the average fore-aft tower loads, with IPC and STD control.
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Figure 6: Azimuth diagram of the average side-side tower loads, with IPC and STD control.

A further analysis has been devoted to nacelle vibrations, to investigate if the presence of IPC can modify
the spectral components of accelerations acting on turbines. All the measured fore-aft accelerations time
histories have been post processed through a power spectrum, in order to obtain a frequency domain signal
that shows peaks in correspondence of characteristic values. In a subsequent step, signals are translated to the
order domain: as most of the phenomena on rotating machines take place with a frequency proportional to
the fundamental rotational one, it is convenient to scale the frequency accordingly. In this way, it is possible
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to compare vibration spectra of tests executed at different rotational speeds. An algorithm of automatic
detection of peaks has been used to identify the maximum values in correspondence of 1P, 2P, 3P, 6P and
9P orders. These values can be considered of particular interest because they are characteristic of different
phenomena. The literature on IPC [19, 17] suggests that this control strategy can affect various orders
components: usually this has been used to limit loads, but as in this case the technology has been applied
to yaw control, its effects have to be investigated in deep. In Figure 7, it is represented how the peaks of
different orders (from 1P to 3P) change with the yaw angle in IPC (red lines) and STD (blue lines) cases.

As can be seen for the 1P vibration plot, the presence of IPC generally tends to increase the peaks referred
to this particular order: the maximum 1P values are 2.0 × 10−3 for STD and 8.7 × 10−3 for IPC and the
standard deviations are respectively 4.4 × 10−4 and 2.2 × 10−3. With respect to the yaw angle, the IPC
curve shows a monotonically decreasing trend, whereas the STD one remains mostly flat. Similar results
arise from the analysis of 2P peaks where IPC peaks are constantly greater than STD one. Anyway, it results
that the highest is the yaw angle and the lowest is the difference between the STD and the IPC peaks: this
can be an indication of the fact that the adoption of the IPC becomes more fruitful when the demanded yaw
angle is large.

This observation is corroborated by the analysis of the 3P order, which is important because it has been
found to be correlated with aerodynamic blade/tower interaction [26] and is particularly relevant when yawed
configurations are considered. For this reason, it is noticeable that the plot for the 3P order shows, in contrast
with 1P and 2P orders, that IPC peaks have a lower magnitude with respect to STD ones and are less spread:
the standard deviation is 1.5 × 10−5 for IPC against 4.1 × 10−5(STD). In this case, therefore, the IPC has
the important effect of controlling third order vibrations and the difference between STD and IPC peaks
increases visibly with the yaw angle.

For what concerns 6P and 9P orders, the IPC appears to have a limited influence, nor increasing neither
decreasing significantly the amplitude or the standard deviation of the peaks.
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Figure 7: Power spectrum peaks as a function of the yaw angle: 1P, 2P and 3P frequency orders.

3.3 Damage equivalent load estimation

A useful approach to consider the effect of IPC on fatigue life of wind turbine components is to calculate the
Damage Equivalent Loads (DELs) using a raiflow count algorithm combined with S-N curve, as similairly
explained in [27]. To estimate the DEL coefficients, data from variable yaw time history, represented in
Figure 8, have been used. In these runs, the wind flow has been kept constant at a nominal value of 5 m/s and
the yaw has dynamically spanned approximately between ±30◦. DELs computation regarded two different
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Table 1: DEL estimation on turbine hub and base tower: IPC and STD cases.

Hub DEL[adim] Tower DEL[adim]
IPC 0.4250 1.8144
STD 0.4428 1.5962

reference frames: the former is located at hub height and rotating accordingly with blades where nacelle
yawing and nodding moment are used; the latter is referred to the tower base using fore-aft and side-side
moments. Finally, the estimated DELs have been scaled with respect the coefficient 1

2ρArv
2.

Table 1 shows the estimated DELs: it can be noticed that the presence of IPC has a dual effect that reduces
DEL values in the rotating frame at the cost to increase the tower one. It should be noticed that the DELs in
Table 1 have been obtained in Region II (5 m/s) and with the turbulence intensity of the wind tunnel which
is practically zero: as a further direction of the present work, it would be interesting to put in relation the
results in Table 1 against the fatigue life evolution in presence of turbulence intensity levels which are typical
of outdoor environments, instead that of laboratory.
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Figure 8: Yaw setpoint signal used on variable yaw time history.

4 Conclusions

This study is a comprehensive outlook, based on wind tunnel experimental tests, on wind turbine individual
pitch control. The motivation of this kind of study is the possible application of different control strategies at
the level of single wind turbine in the context of wake steering and wind farm control: in particular, yawing
upstream wind turbines through the use of IPC is promising as regards the control of rotor loads, which in
general increase when a rotor is yawed with respect to the wind flow. An important point of strength of
this work is that a scaled model of a three-bladed wind turbine has been tested: this model, called G1, is
fully instrumented and resembles the controls of large-scale multi-MW wind turbines: therefore, although
the experiments have been conducted in a controlled environment (wind tunnel) and with a scaled model,
the results can be instructive in the perspective of understanding the IPC control for applications to full scale
wind farms.

In this work, the first analysis has regarded the performance: produced power with different yaw angles are
compared between cases with IPC active and inactive and the target parameter has been the power coefficient
Cp. This assessment brings to assert that wind turbine performance with IPC or standard (STD) yaw controls
are comparable: therefore, the use of IPC does not introduce remarkable drawbacks as regards producible
power.
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A subsequent analysis has been devoted to mechanical aspects: at first, fore-aft and side-side tower base loads
have been investigated and it results that the one of the effects of the IPC is an increase of the oscillation of
fore-aft tower loads, while the effect of the IPC on side-side loads is a non-negligible average decrease. These
observations indicate that the use of IPC causes a combination of different effects whose overall assessment
is complex.

A further analysis has been focused on nacelle fore-aft vibrations spectra. In particular power spectra have
been calculated and then translated from frequency to order domain. This has allowed to identify in particular
the 1P, 2P and 3P orders peaks both of IPC and STD tests. In this way, it has been possible to visualize how
the presence of IPC affects order peaks. In particular, it results that for the 1P and 2P orders the IPC peaks
are averagely higher with respect to the STD case: this means that the pitch control can have a non-negligible
effect on increasing peaks of these two orders. It should be noticed that the 1P frequency component is asso-
ciated to the rotor imbalance and it is therefore a peculiarity of the G1 prototype in operation; nevertheless,
this kind of analysis is instructive because full-scale wind turbines operating in field can be affected by this
kind of issues. A mitigation effect of 3P vibrations can instead be found in IPC test: peaks appears to be
lower with respect to the standard case: this is a remarkable result because this particular order is related
to aerodynamic blade-tower interaction, which is of a particular interest when the wind turbine is in yawed
configuration. A further interesting aspect is that the for the IPC the magnitude of the peaks (and therefore,
the difference with respect to STD) decreases with increasing yaw angle for the orders 1P and 2P; further-
more, for the 3P order, despite the amplitude of the peaks increases with the yaw angle for both IPC and
STD, the larger the yaw angle and the higher is the difference between STD and IPC: these results indicate
that the use of the IPC can be mostly favorable when the yaw angle is large and this is a useful indication for
the application in the wake steering controls.

A further analysis has been devoted to the estimation of Damage Equivalent Loads (DEL) in presence and
absence of IPC, in order to understand how this control may affect fatigue life. Results have shown that most
of the effect of IPC regards mostly the base tower loads: actually, the hub DELs decrease when the IPC is
active, whereas the base tower DELs increase. This result confirms that the IPC control leads to a complex
chain of mechanical effects on the wind turbine: in this regard, future studies will be addressed in order
to comprehend the trade off between pros and cons under a technical and economic point of view. By this
point of view, the utilization of numerical simulations will integrate the wind tunnel analysis in estimating
the behavior of the wind turbine subjected to ambient turbulence.
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Abstract  
In this work, wind turbine blade numerical models have been developed with two different finite element 

software – DTU Wind Energy HAWCStab2 with Timoshenko beam elements and MSC NASTRAN with 

solid elements. A correlation analysis has been performed comparing both of these models with 

experimentally measured data in order to validate the models. For the experimental part, we have performed 

the experimental and operational modal analysis of a 14.3 m long composite blade clamped at the root. The 

natural frequencies have been extracted from the measured acceleration responses with three different 

methods – PolyMAX, MOESP and CWT and compared with the ones computed by the two software, while 

the mode shapes were correlated with MAC and COMAC metrics. Although the frequency values are in 

good agreement, the ordering of the 5th flapwise mode shape has been swapped with the 1st simulated 

torsional mode in the solid model, while this was not the case with mode shape ordering in the beam model.  

1 Introduction  

Modal analysis is a well-established tool for experimental structural dynamics identification [1]. The outputs 

of the experimental modal analysis are the modal parameters, namely, natural frequencies, damping ratios 

and mode shapes. Modal properties of any structure have an influence on the magnitude of loading that the 

structure may be subjected to, and hence on their design. Wind turbine blades are a critical component in 

the chain of green energy production from wind power. Their design has to be reliable in order to withstand 

severe dynamic loading at high altitudes. As the size of modern wind turbines is continuously growing [2], 

there is an increasing need for accurate identification of the structural natural frequencies of the blades, to 

avoid resonances and aeroelastic instabilities [3] during operation.   

Common approaches for modeling dynamic behavior of wind turbine blades are the Rayleigh-Ritz 

approximation with joint coordinate approach, and the finite element method. Modal models consist of 

global information, and a few frequencies and mode shapes are expected to capture the dominant structural 

behavior, while physical models include local information, such as the stiffness and mass distribution. The 

model correlation process aims at calibrating the model at the element level or global matrix level to improve 

the correlation between the normal modes of the model and of the test [4]. The correlation analysis reveals 

the discrepancies between the modal parameters of numerical models and the experimental measurements. 

For model validation purposes, the next step is model updating where material properties in the numerical 

model are fine-tuned to match the real ones. This procedure improves correspondence of testing and 

simulation modal parameters, usually natural frequencies and mode shapes. The most popular tools for 
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numerical model assessment in this regard are absolute or relative frequency differences [5, 6], correlation 

coefficients [7] as well as MAC and COMAC metrics for mode shape comparison [6].   

DTU Wind Energy has recently commissioned a Large Scale Test Facility, for the experimental research of 

full-scale wind turbine blades and their subcomponents in DTU Risø campus. The facility has three test rigs 

capable of accommodating blades of different lengths, ranging from 12 up to 45 meters, for static, fatigue 

and dynamic testing. The composite material blade tested for this study is a research-scale blade, with a 

length of 14.3 m and a mass of approximately 530 kg. It has been designed at DTU Wind Energy, 

and manufactured by Olsen Wings. The aim of this study is to compare numerical models of wind turbine 

blade developed with two different software and verify these models using the analysis of correlating the 

numerical models with experimentally measured mode shapes and natural frequencies for the blade in the 

clamped-free configuration. The first numerical model is developed in a commercial finite element software 

NASTRAN with Patran pre/post processor using solid elements and exported to Siemens Simcenter 3D 

platform for the further analysis. The second model has been constructed with Timoshenko beam elements 

using a HAWC2 software created by DTU Wind Energy. Natural frequencies and mode shapes from these 

models are computed and correlated with experimental ones obtained from experimental and operational 

modal analysis measurements of the blade in clamped-free support conditions. 

The next sections are organized as follows – the experimental campaign is described in Section 2. Details 

of numerical blade simulation are provided in Section 3. Procedure of extraction of modal parameters is 

described in Section 4. Section 5 deals with the correlation of modal data obtained from testing and 

simulation. Conclusions are presented in Section 6. 

2 Experimental testing  

The research object is a 14.3 m long glass fiber composite wind turbine blade with a mass of about 530 kg. 

The blade was clamped at a concrete block with the suction side parallel to the ground (flapwise 

configuration) as is showed in Figure 1.  

 

Figure 1: Instrumented blade on the test stand with clamped-free boundary conditions 

Both experimental modal analysis (EMA) and operational modal analysis (OMA) have been carried out on 

the blade. For the EMA case, the blade was equipped with 13 tri-axial accelerometers and excited with a 

hammer in both flapwise and edgewise directions. Additional driving point measurements were conducted 

in flapwise and edgewise directions. For OMA measurements, the blade was excited using a pull-and-release 

excitation. As can be seen in Figure 1, the blade was equipped with a bungee cord and pulled towards the 

ground in the flapwise direction. Once the blade tip had reached the desired displacement, it was released, 

and the free vibration response recorded using the accelerometers. 
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3 Numerical models  

The model of the 14.3 m wind turbine blade was originally generated by using the commercial software 

NASTRAN with MSC Patran pre/post processor and DTU Wind Energy in-house software Blade Modeling 

Tool. Then it was imported in Simcenter3D and was solved using SOL103 Real Eigenvalues. The composite 

layup consists of 6 to 32 plies through the thickness. The model is discretized with approximately 130.000 

layered 20-noded solid elements (CHEXA).  

Another model was created with the HAWCStab2 software [8], which can perform the aero-servo-elastic 

stability analysis of isotropic three-bladed turbine models. HAWCStab2 models the structural members 

using Timoshenko beam elements. The solver used for the simulation has been set to dense newmark. The 

blade has been divided into 19 Timoshenko beam elements. The distribution of element nodes has been set 

such that there is a node at every station along the elastic center of the blade.  

4 Estimation of natural frequencies  

The analysis of the EMA data was carried out using PolyMAX algorithm in Siemens Simcenter Testlab 

software platform [9]. The PolyMAX algorithm is based on the Frequency Response Function (FRF) 

calculation and analysis. The first estimate of the natural frequencies has been obtained by processing the 

average FRFs. The analyzed frequency band covered the range up until the 1st torsional mode. A total of 16 

mode shapes were measured in clamped-free configuration. The following datasets were excluded from the 

further analysis: 

 The Z direction (spanwise) from all sensors since it coincides with the longitudinal axis of the blade. 

 The sensors placed on the leading edge due to the lower quality of correlation with simulation data 

(see Section 5).  

Frequency response functions (FRFs) were computed for the remaining acceleration signals and 

stabilization analysis was conducted to extract the stable poles of the system. The last step involved 

computation of the mod shapes. 

The data measured with OMA technique has been processed with MOESP algorithm [10]. The algorithm 

has been tuned by means of the stabilization diagram, and by comparing the Power Spectral Density 

estimated from the measures to the one obtained from the predicted output. The third algorithm used for 

estimation of natural frequencies is continuous wavelet transform (CWT). It is appropriate for analyzing 

non-stationary signals, such as free vibration decay originating from pull-and-release excitation, both in 

time and frequency. The CWT is performed by a convolution of a vibration signal (acceleration in this case) 

and a special wavelet function with specific properties (with oscillations around the zero value with a mean 

value of zero) at different frequency and time values. The regions of resulting wavelet transform coefficients 

with the largest proportion of energy (satisfying conditions that the 1st derivative of the modulus of CWT 

coefficients at fixed time with respect to a scale parameter is zero and the 2nd derivative is negative) are 

called wavelet ridges. These ridges can be effectively used for extraction of natural frequencies and damping 

ratios [11-13]. 

The evidence of lower signal-to-noise ratio associated with the sensors close to the root is depicted in Figure 

2 showing the CO-ordinate Modal Assurance Criterion (COMAC) metric calculated at each degree-of-

freedom 𝑖 of the 𝐿 mode shape vector pairs of experimentally identified mode shapes {𝜓𝐸} and computed 

mode shapes {𝜓𝐶} [14]  

 COMAC(𝑖) =
∑ |{𝜓𝐸}𝑖,𝑙

𝑇 {𝜓𝐶}𝑖,𝑙|
2𝐿

𝑙=1

∑ {𝜓𝐸}𝑖,𝑙
2𝐿

𝑙=1 ∙∑ {𝜓𝐶}𝑖,𝑙
2𝐿

𝑙=1
 (1) 

The calculation were performed in Siemens Testlab platform. Indeed, the responses closer to the root 

measured in all directions yield low COMAC values, which is also the case for responses in spanwise 

direction (Z); hence, these measurements are excluded from the further analysis. 
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Figure 2: COMAC values showing mode shape correlation between test and model at every mode shape 

point in edgewise (X), flapwise (Y) and spanwise (Z) directions– colorbar showing the correlation scale 

from perfect correlation (1) to no correlation (0)  

The frequencies estimated by the two finite element software and the three identification algorithms are 

compared in Table 1. As discussed in [15], the pull-and-release excitation technique in OMA case does not 

provide sufficient energy to excite higher-order modes, while EMA is appropriate for higher-order mode 

excitation.  Results in Table 1 indicate that the ordering of identified and computed modes is consistent in 

the case of beam model, while it is consistent up to the 7th mode (3rd edgewise) for the solid model. The 

ordering of the 5th flapwise mode from the experiment agrees with the beam model, however, according to 

the solids model, the 8th mode is the 1st torsional suggesting that the order of 8th and 9th modes is swapped. 

This inconsistency could possibly result from suboptimal modeling of the clamp, which has a pronounced 

effect in the case of higher-order modes.  

Table 1: Comparison of the estimated natural frequency values between experimental measurements and 

numerical simulations 

Mode no. 

Mode shape  

(test  

reference) 

Test Simulation 

PolyMAX 

(EMA) 

MOESP 

(OMA) 

CWT 

(OMA) 
HAWCStab2 NASTRAN 

1 1st flapwise 2.30 2.28 2.27 2.27 2.38 

2 1st edgewise 4.84 4.84 4.76 4.85 4.20 

3 2nd flapwise 7.36 7.36 7.23 7.18 7.36 

4 3rd flapwise 14.61 - - 14.40 12.59 

5 2nd edgewise 15.54 - - 16.00 14.37 

6 4th flapwise 25.09 - - 24.66 22.69 

7 3rd edgewise 34.20 - - 34.25 – 3rd edgewise 29.42 – 3rd edgewise 

8 5th flapwise 37.35 - - 37.67 – 5th flapwise 31.58 – 1st torsion 

9 1st torsion 39.12 - - 43.71 – 1st torsion 32.85 – 5th flapwise 

5 Correlation of simulation and testing data  

For the blade model verification purposes, the mode shapes were compared using the modal assurance 

criterion (MAC) metric, measuring the correlation between the modal vectors. A perfect correspondence 

yields a value of unity, while no correlation at all yields zero. MAC is a popular tool for comparing simulated 

and measured mode shapes for model updating purposes [16, 17]. MAC comparison of mode shapes is 
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independent of mode shape scaling and is computationally efficient [18]. The MAC value is calculated as 

follows 

 MAC =
|{𝜓𝐸}

𝑇{𝜓𝐶}|
2

({𝜓𝐸}
𝑇{𝜓𝐸})({𝜓𝐶}

𝑇{𝜓𝐶})
 (2) 

where the mode shape notation is the same as in Equation (1). The full set of calculated MAC values for the 

measured and simulated mode shapes are shown in Figure 3. 

 

Figure 3: A full MAC matrix for the simulated and measured mode shapes – rows represent simulation 

results and columns – testing results 

It can be seen, that the MAC values for the first few modes are high, followed by slightly lower values for 

higher-order modes probably because as the order of mode increases, so is the requirement for the number 

of sensors to accurately measure the mode shape. With a limited number of sensors, only the mode shapes 

up to the 1st torsional mode were sufficiently represented, which is marked by drastic decrease of MAC 

values for higher modes. A few identified and calculated mode shapes are illustrated and compared in Figure 

4. Mode shape identification from the experimental measurements was conducted using the PolyMAX 

algorithm in Siemens Testlab platform. Mode shapes computed from a solid model in commercial 

NASTRAN software are compared with the corresponding mode shapes computed with Timoshenko beam 

element model in HAWCStab2 software.  
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Identified mode shapes 

 

Mode 1 – 1st flapwise 

 

Mode 2 – 1st edgewise 

 

Mode 8 – 5th flapwise 

 

Mode 9 – 1st torsion 

Computed mode shapes 

Solid model with NASTRAN in Siemens Simcenter 3D  

 

Mode 1 – 1st flapwise 

 

Mode 2 – 1st edgewise 

 

Mode 8 – 1st torsion 

 

Mode 9 – 5th flapwise 

Beam model with HAWCStab2 

 

Mode 1 – 1st flapwise 

 

Mode 2 – 1st edgewise 

 

Mode 8 – 5th flapwise 

 

Mode 9 – 1st torsion 

Figure 4: Comparison of computed and identified mode shapes of the clamped-free blade 

The correlation of the first flapwise and edgewise mode shapes yields high MAC value (0.962 and 0.868, 

respectively) and are shown here as fundamental modes. The ordering of modes is consistent among test 

and models; however, it is observed that modes no. 8 and 9 have a reverse order of appearance in the test 

and solid model results as is indicated in Table 1. It can be seen that the first torsional mode measured 

experimentally has a swapped order of appearance with the fifth flapwise mode in the solid model. A 

potential reason for such a phenomenon is that a wind turbine blade is a composite structure made of multiple 

layers exhibiting an anisotropy property. The fiber orientation in each layer may be different; hence, the 

stress distribution in every layer due to mechanical excitation also varies. That is why some layers are more 

sensitive to particular directions of excitation energy than other layers controlling the global behavior of the 

structure at a particular mode. A potential solution to this problem would be to perform a model updating 

procedure by optimizing material property values of specific layers of the blade. The updated models will 

exhibit lower discrepancies with the measured results, thus yielding higher MAC values [19, 20]. On the 

other hand, no mode shape swapping is observed regarding the beam model results. Another procedure for 

a potential improvement of solid model consistency with experimental results would be a more accurate 

modeling of clamp which is the objective of future studies. 
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6 Conclusions  

In the present study, finite element models of a 14.3 wind turbine blade in clamped-free configuration have 

been developed in two different software – DTU Wind Energy in-house code for aerodynamic load 

simulations HAWCStab2 using Timoshenko beam elements and NASTRAN using solid elements. A 

correlation analysis of the computed natural frequencies and mode shapes and experimentally measured 

ones is carried out in order to compare the performance of both models and to verify them. The experimental 

measurement campaign was performed in DTU Risø campus Large Scale Test Facility by mounting the 

blade on a rigid block and performing experimental and operational modal analyses (EMA and OMA). EMA 

had been performed with a hammer excitation, while OMA – with pull-and-release excitation at the tip. This 

particular excitation for the OMA approach is not suitable for higher-order mode excitation, hence only the 

1st and 2nd flapwise and the 1st edgewise modes could be reliably estimated. Three different algorithms were 

used for the extraction of natural frequency values – PolyMAX for EMA and MOESP and continuous 

wavelet transform (CWT) for OMA. The extracted values were compared with the ones computed with 

beam element and solid element models. Results show acceptable agreement between the experimentally 

obtained values. However, discrepancies were observed by comparing frequency values for both simulation 

models and the ordering of modes. The mode shape correlation analysis involved two popular metrics – 

COMAC and MAC. COMAC analysis has revealed that sensor responses close to the clamping are not 

appropriate for the extraction of modal parameters due to low signal-to-noise ratio. The mode shape 

correlation with MAC metric has showed satisfactory correspondence of experimentally measured and 

numerically simulated mode shapes for both simulated models for the first seven modes. However, the 

sequence of the 5th flapwise mode was swapped with the 1st torsional mode for the solid model and test, but 

no such swapping was observed in case of the beam model. This observation suggests that the model 

updating procedure would have to be carried out on the solid model in order to minimize the discrepancy 

between computed and experimentally obtained natural frequency of that particular mode. The future work 

would deal with a more accurate modeling of the clamp in the solid model in order to improve the 

correspondence with  
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Höchstädtplatz 6, 1200 Wien, Austria

Abstract
This study deals with the analysis and identification of the dynamic response of a vertical-axis wind turbine
(VAWT) for residential use. The VAWT has been installed on a free standing steel tower and the system has
been equipped of a decoupling device: vibrations are measured before and after the damper and the spectra
in the frequency domain are interpreted. The decoupler is shown to mitigate the frequency contribution
which is the third multiple (3P) of the fundamental shaft rotation frequency, but a resonance with the free
beam oscillations arise: this indicates that the structural design of the device should be carefully tuned, in
order to avoid that the damping interferes with the operation of the wind turbine. The transfer function
between the pre and post-decoupler accelerations has been estimated numerically in the Laplace domain.
This analysis reveals as well the vibration components (in term of orders) which are difficult to be damped
by the decoupler: this gives interesting hints on the possible mechanical improvement of the system design.

1 Introduction

The contemporary trend in energy production planning is to support large industrial intensive power plants
and possibly locating small-scale energy systems close to the end users.

As regards wind turbine technology, the main issue with micro-scale systems located at end users is given by
the fact that in built environment the wind flow is strongly turbulent, rapidly variable in speed and direction
with the presence of boundary layer effects caused by buildings and obstacles [1, 2, 3].

Despite Horizontal-Axis Wind Turbines (HAWT) have in general the highest efficiency [4], the diffusion of
Vertical-Axis Wind Turbines (VAWT) has been growing for the use in built environment: the rationale is
that VAWTs are less demanding by the point of view of control and operation & maintenance. The most
important favorable aspects of VAWTs are:

• There is no need to align the rotor to the wind direction: VAWTs do not have yaw control and this
allows economizing the overall usage of actuators in the devices, with a non-negligible impact on the
required investment; most of all, VAWTs are insensible to the sudden and huge wind direction changes
that occur in proximity of buildings and obstacles.

• The impact of structural loads is less relevant with respect to HAWTs [5].

• Noise emissions are averagely lower with respect to HAWTs [6]: actually, micro HAWTs modulate
variable loads at very high rotation speed (up to 1000 rotor revolutions per minute).

Noise and vibration is in general a critical issue as regards the social acceptance and the practical applications
of micro wind turbines and it is particularly important if the wind flow characteristics are complex (as in built
environment). In [7], vibration from micro wind turbines tower is analyzed and it is argued that most vibra-
tion energy occurs in the very low frequency band (≤ 10 Hz) and the emitted noise from the tower at large
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distances can be neglected, while close to the tower the noise can reach 30 dB. In [8], the aerodynamic noise
from a 10 kW wind turbine is analyzed and it results that the trailing edge bluntness noise can be a dominant
noise source unless the wind turbine blades have very sharp trailing edges. In [9], wind tunnel experiments
and numerical simulations are employed in order to characterize the vibration spectrum of a HAWT having
2 meters of rotor diameter: the main results is that the vibration of the tail fin induces vibrations on the tower
and therefore, for such small devices, secondary elements (from the point of view of mass) can contribute to
the vibration spectrum with considerable amplitudes under certain operational conditions.

Despite the importance of noise and vibration control in micro wind turbine systems, few studies are devoted
to this issue in the scientific literature. Some examples are the following. In [10], dynamic analysis of
Darrieus turbine bevel spur gear subjected to transient aerodynamic loads is carried out: the point of strength
of that study is establishing a correlation between the complexity of the aerodynamic phenomenon and the
non-stationary dynamics vibration of the mechanical gearing system. One of the main results of that study is
that the variation of rotor rotational speed directly affects the torque production, but there is a small change
in the dynamic vibration of gearing system. In [11], a numerical approach to investigate the global dynamic
behavior of a Darrieus turbine under unsteady and non-uniform flow conditions is proposed and it results that
a change in the inlet velocity changes the entire response in both the aerodynamic efficiency and the dynamic
vibration of gearing system of the Darrieus wind turbine. In [12], a test case rooftop VAWT similar to the
one in the present work is considered: a health monitoring system is implemented and the dynamic behavior
of the VAWT is studied using vibration measurements under ambient conditions. To process the vibration
data, an automated algorithm based on stochastic subspace identification (SSI) and a fast clustering approach
is developed and presented to show how modes could be determined: one of the main result of the study is
that the modal behaviors can be differentiated into building-associated and non-building-associated modes.
Consequently, a discussion is conducted about the effect of building-associated and non-building-associated
modes on the VAWT tower responses and this could be useful for improving the design of the VAWT tower.
The environmental effects on the ambient vibration data are addressed too and it arises that the blade rotation
speed has a significant effect on the VAWT vibration power spectral density amplitudes. Preliminary results
about the test case of this study are collected in [13], where a general outlook has been achieved on the
capability of a damper in reducing vibration levels: for example, it has been observed that the decoupler is
able to damp vibrations in a wide range of frequencies, decreasing the amplitude of all the orders of about
90%, except on the frequency range covering the orders between 60th and 100th, where the decreasing of
the vibration amplitude is smaller (33%).
In present study a focus on the identification of the decoupler parameter is developed using experimental
data from a new arrangement of the VAWT on a free standing steel tower.

On the grounds of the above considerations, the objective of this study is to analyze a test case dealing with
noise and vibration control for VAWTs. Differently respect to our previous study (see [13]) dealing with
the prototype mounted on top of a building and equipped of a decoupler for damping vibrations, the actual
experimental setup of this work includes the same test wind turbine installed on a free standing steel tower
with the same decoupler mounted just below the generator. In this way it has been possible to clearly identify
the dynamical parameters of the damping device using operational data: this kind of analysis can be very
useful also to simulate its ability in damping noise and vibration on residential installation. At this aim,
accelerations have been measured at meaningful points of the system: the first one is on the wind turbine
mast, below the generator and above the decoupler; the second one is placed below the damping device. The
effect of the decoupler was assessed in this way on a free installation without suffering the noisy environment
of a building arrangement.

The structure of the manuscript is the following: in Section 2, the test case and the measurements set up are
described; Section 3 is devoted to the data processing and the results discussion; conclusions are indicated
in Section 4.

2 The test case and the measurements

The turbine used for this experiment is a commercial Darrieus rotor with three fiberglass helix blades. The
rotor diameter is 2.4 meters, as its height, for a nominal power of 1.2 kW. The airfoil is expressly designed
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to have a low cut-in speed equal to 3 m/s and this is a qualifying point for micro-scale wind turbines because
they are typically exploited in environments where the average wind intensity is low; the cut-out wind speed
is 16 m/s and from 14 m/s to 16 m/s the rated power 1.2 kW is produced.

Differently from our previous study ([13]), where the wind turbine has been placed on the rooftop of a small
building in order to exemplify the mutual interaction between buildings and turbines in urban environment,
in the present study mainly measurements from a free standing steel tower arrangement have been analyzed
in order to perform operational system identification of the damping device.

rotor rpm

accX1, accY1

decoupler

accX2, accY2

tower

Device installation Measurements setup

Figure 1: Device installation with the measuring setup.

This arrangement allows a comparison of the accelerations before and after the decoupler, characterizing
its effect on vibrations spectra. In order to estimate the damping potential of the decoupler, it is important
to compare the acceleration before and after the device using the measured signals. This task was fulfilled
running some measurements with the turbine starting from standing still up to the maximum allowed speed
for the rotor (' 280 rpm).

Figure 2 shows the installation layers of the instruments, while in Figure 1 the data flow for the system iden-
tification process is represented. The effectiveness of the decoupler device was finally synthesized through a
transfer function (TF) in the Laplace domain.
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rotor rpm

accX1, accY1

decoupler

accX2, accY2
TF

Figure 2: Experimental measurements data flow for transfer function (TF) identification.

All the sensors are connected to a data acquisition system; the band width is 1000 Hz: this value has been
selected in order to remain below the first resonance of the instrument but, at the same time, to explore high
frequency tails of the system vibration spectra.

3 Data Analysis and Results

3.1 Operation device characterization

In order to better understand the dynamic behaviour of the decoupler, a static characterization of the device
was performed in the two orthogonal main directions.

Table 1: Stiffness of the decoupler in the two main orthogonal direction.

Load (N) X (mm) Y (mm) Stiffness X (N/mm) Stiffness Y (N/mm)
49,05 0,6 1,4 81,8 34,1
98,1 1,2 2,8 81,8 36,9

147,15 1,8 4,1 81,8 36,9
196,2 2,4 5,3 81,8 39,9
294,3 3,45 6,3 93,4 105,5

The results from the static test (table 3.1 ) can be used to estimate the natural frequency of the device. The
system is nonlinear, increasing its stiffness versus the deflection both in X and Y direction; according to the
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decoupler overall weight the natural frequency at the beginning of the deflection starts from 52 Hz in the X
direction and 33.5 Hz in the Y direction.
After the static test, the dynamic properties of the spectra and the capability of the damper in mitigating the
vibration has been analyzed through non-stationary measurements, spanning all the operation regime of the
wind turbine. In order to understand the features of vibration spectra for non-stationary rotating machines,
it is useful to order track according to multiples of the shaft fundamental rotation frequency, which will be
indicated as 1P: therefore, the subsequent orders are indicated as 1P, 2P and so on.

As discussed in [13] regarding the interpretation of the vibration spectra of the system, a relevant contribution
to vibrations in layer 1 is given by 3P order acceleration due to the variability of aerodynamic forces that act
on the blades during a revolution of the three-bladed rotor. Meanwhile rotating, each section of the blade
undergoes different angle of attack depending on the wind direction. As a consequence, aerodynamic forces
will vary from a maximum to a minimum value during one revolution. With a three bladed turbine, this
phenomenon takes place with a cadence of three times per rotation of the shaft and so it goes to excite 3P
order vibrations. With respect to HAWTs, in VAWTs the 3P order vibration are more important because of
the design of the device: the wind turbine tends to block the air flow on the downwind blade, increasing the
fluctuation of aerodynamic forces. Therefore the 3P order is particularly important to analyze and, possibly,
to damp using the decoupler system.

The waterfall plots are a powerful technique for analyzing vibration spectra of non-stationary rotating ma-
chinery. The n-th multiple of the 1P fundamental shaft rotation frequency can be tracked as straight line in
the shaft speed - frequency plane as:

ν =
nω

60
, (1)

where n is the order, ν is the frequency (Hz) and ω is the shaft speed in rotor revolutions per minute.

The waterfall plot tracking the 3P order is reported in Figures 3 and 4 for the data before and after the
decoupler: from Figure 3, consistently with what observed in [13], the importance of the 3P order in the
spectrum is evident. From Figure 4, it results that the decoupler is capable of damping this vibration order
along all the operation of the wind turbine, but a sharp vibration contribution at around 140 revolutions per
minute arises. This can be clearly seen from Figure 5, reporting the difference between the waterfall plots of
the vibrations before and after the decoupler. These plots can be interpreted as follows: at this shaft speed,
the system goes in resonance with the first modal frequency of the steel tower supporting the device which,
in light of the decoupler arrangement, is left free to vibrate. This result indicates that the system should be
structurally sized with care, in order to avoid contraindications as the present one where instead the tower
was designed arbitrarily in order to compare the operation of different turbine types in the test field.

Figure 3: Sample waterfall plot of vibrations before the decoupler: 3P frequency is order-tracked.
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Figure 4: Sample waterfall plot of vibrations past the decoupler: 3P frequency is order-tracked.

Figure 5: Sample waterfall plot of the difference between vibrations before and past the decoupler: 3P
frequency is order-tracked.

3.2 System Identification

If a dynamical system is described by a differential equation of order n (Equation 2)

y(n)(t) + a1y
(n−1)(t) + · · ·+ any

n(t) = b1u
(n−1)(t) + b2u

(n−2)(t) + · · ·+ bnu(t), (2)

where y(t) and u(t) represent respectively the input and the output of the system, the parameters ai and bi
of the system can most efficiently be identified through the use of the Laplace transform.

The Laplace transform of a real function f(t) over the time interval [0,+∞) is defined in Equation 3:

F (s) :=

∫ +∞

0
f(t)e−stdt. (3)
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The most important advantage of the Laplace transform is that it transforms differentiation and integration
in multiplication (by s) and division respectively. Therefore, Equation 2 in the Laplace domain reads as
Equation 4: (

sn + a1s
n−1 + · · ·+ an

)
Y (s) =

(
b1s

n−1 + b2s
n−2 + · · ·+ bn

)
U(s) (4)

and therefore the transfer function is given algebraically by (Equation 5)

G(s) :=
Y (s)

U(s)
=
b1s

n−1 + b2s
n−2 + · · ·+ bn

sn + a1sn−1 + · · ·+ an
(5)

This theory [14] has been applied as follows to the test case: first of all, data have been down-sampled to 120
Hz because the mechanical phenomena that are of interest to the study have characteristic frequencies much
smaller than the sampling frequency. Subsequently, using Python routines, the discrete Laplace transform of
the input (pre-decoupler signal) and of the output (post-decoupler signal) are computed and the numerical
discrete transfer function is computed. Several type of models are tempted and the parameters of each model
are estimated from the training data transfer function using Python multi-dimensional curve fit routines.
Stability of the results was discovered to be strictly related to the quality of the input data-set; for this reason
good identification was achieved by training the model using a small chunk of the ramp signal where the
rotor acceleration was quite stable, as shown in Figure 6. This is also due to the fact that the model is trying
to simulate the decoupler as a linear system, but at low rpm it is nonlinear due to the influence of frictions
and at very high rpm other nonlinear effects arise. Generally, the best results have been obtained identifying
the model just before the turbine reaches the tower resonance.
The goodness of the identified model was evaluated through the coefficient of determination R2 defined as:

R2 = 1−
∑

i(yi − ŷi)2∑
i(yi − ȳ)2

(6)

where yi is the history of the measured output, ȳ is the mean of the measured output and ŷi is the history of
the modeled data. A perfect model has a value of 1 for R2; in the present work a good identification with an
R2 > 0.75 was finally reached only using the acceleration data in the Y direction. This is mainly due to the
fact that all the considered time histories are characterized by wind blowing mainly in the Y direction so that
thrust aerodynamic forces excite the decoupler only in this direction.

Figure 6: Operational data for a ramp test with the chunk of signal used for identification highlighted in red.
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Different orders for the model were tested but finally, as expected, the best results were achieved identifying
a second-order system with a transfer function in the Laplace domain defined by the following equation:

G(s) =
as+ b

s2 + cs+ d
(7)

where a, b, c and are the parameters estimated by the multi-dimensional curve-fit routine.

Figure 7: Comparison of simulated and measured data in the all time history for a ramp test.

In Figure 7, the simulation is compared with the measurements for the all time history of a ramp test; even
if only few seconds of the signal were used for identification the model, the results are quite good in the all
time history. Similar results have been obtained using all the four ramp tests at our disposal; only in the Y
direction the identification was good and the parameters allowed to identify a damping ratio of about around
3.2%. In Figure 8, the bode plot of the identified system is represented.

Figure 8: Bode plot of the identified model.
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4 Conclusions

The present study has been devoted to the vibration analysis for a system composed of a Darrieus VAWT
sited on a free standing tower (with a hub height of 7 a.g.l.) at the Lichtenegg test field of FH Technikum
Wien: the experimental set up has been arranged in order to analyze the dynamic behavior of a decoupler
damping device of which the wind turbine has been equipped. Particular attention has been devoted to the
dynamic system identification and the characterization of the decoupler transfer function. In general, this
kind of analysis is motivated by the fact the social acceptance of micro-wind turbine technology at end users
is strongly related to the possibility of mitigating as much as possible the noise and vibration transmitted to
the neighboring structures. However, this is a non-trivial task especially for the exploitation of the devices in
built environment because in proximity of buildings the wind flow is particularly complex and turbulent.

As discussed in a preliminary study [13], the decoupler results in general capable of smoothing vibrations
along a quite wide range of frequency, but there are some aspects that should be treated with care in the design
phase. In this study, particular attention has been devoted to order-track the contribution to the spectrum
which is proportional to the third multiple of the shaft fundamental rotation frequency (which is variable
in time, because of the non-stationary conditions in which wind turbines operate). This 3P contribution is
suppressed by the damper, but at a particular shaft rotation speed the system goes in resonance with the steel
tower which is left free to vibrate: this kind of downsides should be prevented in the structural design phase
for an effective noise and vibration mitigation.

A valuable result of the present work is the operational system identification described in Section 3.2: the
results support that the identification of the mechanical parameters of the decoupler is possible using mean-
ingful operational data and the correct settings for the model. The main further direction of the this study is
the analysis of the damping device through a standalone shaker testing.

Acknowledgements

The authors acknowledge Roberto Pascolini for his precious help in the experimental campaign. This re-
search was developed within the framework cooperation of the IEA Wind Project - Task 41.

References

[1] I. Abohela, N. Hamza, and S. Dudek, “Effect of roof shape, wind direction, building height and urban
configuration on the energy yield and positioning of roof mounted wind turbines,” Renewable Energy,
vol. 50, pp. 1106–1118, 2013.

[2] L. Ledo, P. Kosasih, and P. Cooper, “Roof mounting site analysis for micro-wind turbines,” Renewable
Energy, vol. 36, no. 5, pp. 1379–1391, 2011.
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Abstract
The purpose of this study is to present different designs for the wind turbine blade and generator test spec-
imens for evaluating a passive vibration reduction concept, which is based on the high damping properties
of granular materials. For the experimental purpose in the laboratory, small-scaled replica inspired by the
original configuration are used as reference geometries for the wind turbine generator and the blades. In
the development process of the small scaled test specimen, numerical simulations based on the finite ele-
ment method are performed to evaluate different design configurations with respect to their vibroacoustic
behavior in order to meet the behavior of the originally scaled wind turbine components. To study the struc-
tural reliability of the different designs, a series of tensile test and four-point bending test simulations have
been performed by means of the finite element method. Eventually, the efficiency of the vibration reduction
concept based on granular materials will be investigated using a laser scanning vibrometer device.

1 Introduction

Wind energy is a major renewable energy source with the potential to meet the challenges faced in today’s
world. With the increasing attention on the carbon-neutral energy production, wind turbines offer an effective
way to generate electricity, which can reduce the dependency on fossil fuels. One of the major goals of the
German government is to achieve an 80 – 90 percent reduction in greenhouse gas emissions by 2050. To
achieve this, a rapid development of onshore wind farms is necessary, which also have several disadvantages
such as: structural vibration, sound emission and visual impact, hindering its global utilization. Among
these, the sound emission is one of the major hindrance in the deployment of onshore wind turbines and
plays a crucial role during the planning process of wind farms. It is also important to consider the acceptance
of the nearby living population to wind turbine sound emissions for the development process of onshore wind
farms. It has been reported in [1] that 46 % of the residents residing within 204 m from the nearest wind
turbine perceive the sound emissions (in the range of 33-50 dBA) disturbing and the same disruption can be
felt by 28 % of residents living in the proximity of up to 1728 m. Other studies have shown that the sound
emissions from wind turbines may cause sleep deprivation and possible adverse health effects [2, 3]. In turn,
this can lead to imposing restrictions on the running speed of the wind turbine and also the operation time
during night [4]. Furthermore, regulatory authorities put strict regulations on wind turbine sound emission
threshold limits and violating it can result in strong regulatory penalties. Hence, wind turbine manufacturers
are increasingly focused on measures to reduce the sound emissions of wind turbines.

Sound emissions of a wind turbine are generated due to the relative motion of its mechanical components
and the dynamic response within these components. A prominent source of sound radiation is the generator.
The vibration in the generator is produced due to the electromagnetic interactions between the spinning poles
of the rotor and the stator. The vibration caused by the generator is transmitted to the blades, and the large
surface area of the wind turbine blade radiates the sound to the surrounding. In the current work, the focus
is on the vibration behavior of the generator and the blades. Also, the strength analysis of the wind turbine
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blade test specimens is addressed. The long-term goal of this project is to develop a vibration and sound
reduction concept without having an influence on the performance of the wind turbine.

To reduce the undesired vibrations and sound emissions in any mechanical structure, two different vibration
control approaches are commonly used: active and passive concepts, see Fig. 1. Furthermore, the active
concept can be categorized in three different groups, namely: active vibration control (AVC), active noise
control (ANC), and active structural acoustic control (ASAC). In general, the active system consists of three
major components: actuators, sensors and a controller. The sensors are used to measure the response of
the system, and the generated signals are used to control actuators. The actuators are operated by an exter-
nal power source and are used to add energy in the structure by applying forces to the vibrating structure
in a prescribed manner in order to achieve destructive interferences (ANC and AVC) or a more advanta-
geously acoustic behavior (ASAC). In the AVC and ANC, reduction of the sound emissions are based on
the anti-phase compensation principal, i.e. vibration and sound reduction is achieved by superimposing a
signal containing the same frequencies and amplitudes, but with a phase difference of 180◦. To generate this
canceling signal in the AVC system, force actuators are used. In the case of ANC, for example loudspeakers
are used to generate these canceling signals. Applications of the ANC system to reduce the noise signal in
an elevator cabin and in a car cabin can be seen in the work of Landaluze et al. [5] and Schirmacher et al. [6],
respectively. Troge et al. [7] have addressed the application of the AVC to reduce gear noise of the rear
differential of a passenger car. In the ASAC, sound radiation is reduced by changing the dynamic behavior
of the structure to an acoustically more favorable one, which does not have to be accompanied by a reduction
in the vibration amplitudes. The ASAC may be seen as an extension of the AVC, in which the active system
attempts to control only the vibrations, which are important to sound radiation. The efficiency of the ASAC
to reduce the interior noise of an aircraft has been investigated by Carneal et al. [8]. The active systems
are in general associated with higher costs and failure risk, as they require microprocessors, data acquisition
systems, sensors, actuators, signal conditioners and power amplifiers.

Contrary to the active systems, passive vibration control (PVC) systems do not require additional power sup-
ply to operate. The PVC techniques are often easy to realize, cost effective and robust in nature. Therefore,
PVC systems are widely popular in industrial applications. In general, the PVC systems typically involve
either modifications of the structure or the application of additional damping materials. For instance, ribbing
is used for changing the stiffness of a structure in order to reduce sound radiation. Schrader et al. [9] has
investigated the stiffness modification of an oil pan for a two cylinder diesel engine to reduce the sound emis-
sions. In [10], it has been reported that the design modifications to the wind turbine rotors and blades can
reduce the sound emissions to some extent. In the same study, it has been suggested to reduce the rotational
speed of the wind turbine and at the same time to increase the turbine diameter to reduce the sound emis-
sions. Implementation of this concept may increase the wind turbine dimensions as well as its overall mass.
Application of this concept may also leads to a longer blade size, which may again requires a broad analysis
for stability and durability issues. Apart from this it also requires a financial and economic assessment before
implementation. Application of damping materials, for instance encapsulation is considered to be another
PVC technique methodology to reduce the sound emissions from mechanical structures, which is widely im-
plemented in automotive industry. In [11], for example, a thermo-acoustical encapsulation, made of foamed
material, for a combustion engine is developed and investigated, which shows a significant improvement in
the insulation of engine, both thermally and acoustically. Nevertheless, additional installation space is re-
quired for encapsulation. Another challenge is to keep the increased weight, caused by encapsulation, as low
as possible. Damping materials like bitumen, polyurethane, melamine foams and microfiber are commonly
used for sound emission control [12]. Chung had reviewed a wide range of materials for vibration damping
which includes metals, polymers, ceramic and their composites [13]. Schrader et al. [14] have investigated
the acoustical behavior of two different damping materials, namely: microfibers and polyurethane. In their
numerical and experimental investigation they have shown that the overall sound pressure decreases with the
increasing density of the damping material. It has been also shown that the microfibers mat possess higher
damping than the polyurethane foams. Increase in the overall weight of the structure because of damping ma-
terials is also a matter of concern. Furthermore, they are only effective for higher frequencies. To overcome
these drawbacks, special classes of heterogeneous materials are used, known as acoustic metamaterials. In
comparison to conventional damping materials, metamaterials have the ability to design much more compact
and thinner structures. Schrader et al. [15] have shown that mass inclusions in polyurethane foam increase the
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damping effect of the structure in higher frequency ranges. Duvigneau et al. [12] have investigated a special
class of metamaterial in order to improve the acoustical behavior of engines and vehicles. In their studies,
it has been reported that synthetic foams with spherical inclusions is more effective for sound absorption in
comparison to conventional damping materials.

Sound reduction methods

Active Structural
Acoustic Control

(ASAC)

Active approaches

Active Noise Control
(ANC)

Active Vibration Control
(AVC)

Geometry Optimization

Material Damping

Metamaterial

Tuned Mass Dampers
(TMD)

Acoustic Black Hole
(ABH)

Particle Damping

Passive approaches

Figure 1: Different possibilities of sound reduction methods.

Passive dampers like viscoelastic dampers, viscous dampers, friction dampers, tuned mass dampers, and
tuned liquid dampers are successfully implemented for seismic response reduction [16], rail noise con-
trol [17], automotive and aerospace industry [18]. The viscoelastic damper, for instance, works as an energy
dissipater, i.e. it increases the energy dissipation capability of the structure to which it is attached by con-
verting the mechanical energy into thermal energy. One of its applications can be found in vibration control
of aerospace structures [19]. The viscoelastic dampers are dependent on the excitation frequency and are
also very sensitive to temperature, as they loose efficiency in extremely low or high temperatures. Tuned
mass dampers (TMD), which belong also to passive dampers, have been applied successfully for rail noise
control. In [17] for instance, the TMD is installed on a track section in Hong Kong to investigate its effect on
the sound emissions. It has been found that the use of TMD on rail track may reduce rail vibration by about
10 dB(A) and sound emissions are reduced by 3.5 dB(A). In an experimental investigation, Duan et al. [20]
have shown that the interior booming noise issues for automotive can be solved by installing the TMDs at the
driveshaft and subframe, respectively. Although TMD is useful for mitigating the resonance, its main disad-
vantage is its narrow band nature, i.e. TMDs are effective in a small range around their resonance frequency
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and therefore are not suitable for wind turbines, which due to their size posses high number of eigenfrequen-
cies in the frequency range of interest and are operated with a variable speed additionally. Another recently
developed PVC technique is the application of acoustic black holes (ABH). The roots of the ABH concept
lies in the analytical study of Mironov [21]. The very first important extension of the original idea of the
ABH was introduced by Krylov [22] and later was experimentally demonstrated by him [23]. Typically the
vibration reduction through ABH technique is achieved through the geometrical properties variation accord-
ing to the spatial power law profile. For instance, sound reduction by using the ABH technique in a beam-like
structure can be achieved by spatial variations of the thickness [24]. Therefore, it becomes very important to
analyze the stability and durability issues before applying this passive concept at an industrial scale. In [25],
Bowyer et al. have applied the ABH technique on turbofan blades to show an effective reduction of the blade
vibrations.

In this contribution, the general purpose is to present a passive vibration reduction concept, which is based on
high damping properties of granular materials. The movement of granular material in the cavity and collision
with each other as well as the walls lead to friction and results in a reduction of the vibration amplitude. The
damping behavior of granular materials is highly non-linear and depends on several parameters, like particle
size and shape, number of particles, mass ratios, particle materials, etc. [26]. Particle dampers are suitable
for harsh environments and can be applied under different operating conditions. Furthermore, the particle
damping technology can work over wide temperature and frequency ranges. Moreover, the particle dampers
can be mounted to the structure without causing significant changes in the mass or stiffness of the original
structure. Therefore, the particle damping methodology can be seen as a low-maintenance damping tech-
nology. Stauber et al. [4] has investigated the effect of particle damping pods on vibration reductions of the
tower of a wind turbine. It has been shown that the placement of particle damping pods increases its damping
characteristics leading to significant reductions of the vibrations and the sound emissions. The exceptional
damping properties of granular materials were shown previously in the work of Duvigneau et al. [27] for
automotive applications. In the proceeding investigations, Koch et al. [28, 29] show that soft particles, such
as granular rubber, have a larger damping effect than stiffer particles, like sand, glass and corundum. The
effectiveness of particle damping in space shuttle has been investigated experimentally by Veeramuthuvel et
al. [30], in which it has been found that the particle damper capsule on a printed circuit board can suppress
the vibration under the random environment encountered during the launch of a spacecraft. Experimental in-
vestigations by Lu et al. [31] show that the particle dampers reduce the response of a three-storey steel frame
structure under random and earthquake excitations. Particle dampers have been also applied to reduce the
vibration behavior of an oscillatory saw [32]. Many experimental and analytical studies have demonstrated
the effectiveness of particle damping technology in civil structures [31], automobile [27], space and aircraft
structures [30, 33]. But, to the extend of our knowledge, there have been rare practical engineering projects
in the wind turbine field that incorporate particle dampers.

In the ongoing studies, different types of granular fillings will be examined with respect to their efficiency
in reducing the vibration amplitudes of the structure while being as light as possible in order to design
a lightweight solution, which increases the overall mass of the wind turbine marginally. One of the first
investigations of granular-filled cavities with respect to sound emission was done by Khul and Kaiser [34].
In their work, the hollow stones were filled with sand to increase the sound absorption by 4 to 6 dB for
middle and high frequencies.

In this contribution, for the experimental purpose in the laboratory, small-scaled replica inspired by the
original configuration are used as representing geometries for the wind turbine generator and the blades. To
evaluate in advance different design configurations with respect to their vibroacoustic behavior in order to
meet the behavior of the originally scaled wind turbine components, a series of numerical simulations based
on the finite element method (FEM) is performed. In this study, honeycomb-sandwich-like structures are
employed, which consist of several small cavities. Koch et al. [28] have shown that the small cavities of
a honeycomb-sandwich-like structure are very useful to optimize the distribution of the granular filling. In
a study by Ahmad et al. [26], the effect of the damping particles on the resonance peaks of a honeycomb
sandwich beams filled with damping particles was investigated both analytically and experimentally. The
results showed a vibration reduction effect with an increasing mass ratio. A very similar effect was obtained
by Panossion [35] in his numerical and experimental investigations carried out on a honeycomb composite
structure filled with particle dampers. In this contribution, a series of tensile and four-point bending test
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simulations are performed using the commercial FE software package ABAQUS. For the four point bending
test, a static scenario is considered. The results of these simulations are helpful for improving the design
of wind turbine blades test specimens and to address fatigue strength issues. Additional, the simulations
are used to monitor the stresses and strains developing inside the blade test specimens. ASTM standard
test method C 393-06 and international standard test method ISO 1922 are considered as the basis for the
four-point bending and tensile test simulations, respectively.

This paper is organized in five sections. In section 2, the tensile test and 4-point-bending test simulations of
the blade test specimen are presented in detail. The results of the numerical investigations are discussed in
section 3. Section 4 provides the design concept of the wind turbine generator test specimen. Finally, section
5 contains the summary of this work.

2 Design of the wind turbine blade test specimen

Sandwich structures are widely used in wind turbine blade designs because of their lightweight properties
and high specific bending stiffness. The idea of this contribution is to replace the original sandwich core
by honeycomb-like-structures, as Koch et al. [28] have successfully shown the potential of partial fillings of
such a honeycomb structure by granular materials for an automotive application. To evaluate different design
configurations of the test specimen representing the wind turbine blades with respect to their vibroacoustic
behavior, a modal analysis of each setup was performed in a previous study [36].

The aim of this contribution is to improve the existing wind turbine blade test specimen design. To do this,
a series of tensile test and four-point bending test simulations are performed by means of the finite element
method. These numerical simulations are also useful to investigate the reliability of the blade test specimens.
To investigate the blade test specimen design, a small section of an originally scaled wind turbine blade is
considered.

The finite element model of the wind turbine blade test specimen consists of two thin face sheets (red)
attached to both sides of a lightweight core (green), see Fig. 2. The length lb and the width wb of the
blade test specimen remain constant for each simulation setup. In this contribution, the influence of two
different core profiles (tubus and honeycomb) on the test specimen design is investigated, see Fig. 3. The
diameter of the tubus, dt = 1.0 · d0 mm, is considered to be fixed for all computations because of the man-
ufacturer’s limits. In this study most of the geometry parameters are expressed in relation to the value
of d0, hc0 , and t0 due to confidential reasons. For the honeycomb cell, all six sides a are considered to
be the same. The diameter dhc of the hexagonal cell is computed as dhc = 2 · a. The tubus wall thick-
ness tt and the tubus core height ht are two parameters, which are used for the tubus structural modifica-
tion. The honeycomb structure can be modified by using three parameters, namely: core wall thickness
thc, core height hhc, and the honeycomb cell diameter dhc. Modifications in the above-mentioned param-
eters can lead to a change in structural properties. In this study, the influence of tubus and honeycomb
core parameters on the blade test specimen design is investigated. Altogether the effect of three differ-
ent core wall thickness (tt = thc = 1.0 · t0 mm,0.5 · t0 mm and 0.2 · t0 mm) and three different core heights
ht = hhc = 1.0 ·hc0 mm,2.5 ·hc0 mm and 3.8 ·hc0 mm) are shown in this contribution. Furthermore, the influ-
ence of three different diameters of the honeycomb cell, namely: dhc = 1.0 ·d0 mm, dhc = 1.25 ·d0 mm and
dhc = 1.75 ·d0 mm, on the resulting mechanical behavior of the blade test specimen design is studied.

Polypropylene (PP) test specimens are used for tensile tests and four-point bending simulations. The material
properties of the PP are taken from the previous study [36]. It is used because of its extremely low density
and high tensile strength. Furthermore, it is corrosion and moisture resistant and also reduce the sound
emission and vibrations in the structure, as the material damping is higher than that of metals. Furthermore,
only non-metallic materials are possible for wind turbine blades due to lightning safety requirements.

For the tensile test simulations, the length and the width of the honeycomb-like-structure are determined
according to the international standard ISO 1922 and are set to lb = 248 mm and wb = 48 mm, respectively.
The length and width of the test specimen are chosen in such a way that an integer number of cells can be
modeled, i.e. 31×8 number of cells. The sandwich structures are discretized by quadrilateral shell elements
with quadratic shape functions, which are favourable for the analysis of composites and sandwich structures.

WIND TURBINE DYNAMICS 3529



lb lb

wb wb

lb

hhc ht

Figure 2: Sandwich structure for the wind turbine blade test specimen, which consists of two thin face sheets
(red) attached to both sides of a honeycomb (left) and tubus (right) core (green).

The Reissner-Mindlin shell theory is used to obtain the solution. The required mesh density is determined by
a convergence analysis and for the tensile test simulation an edge length of 1 mm was chosen for meshing.
The three-dimensional FE-model for the tensile test simulation encompasses between 76952 and 201774
elements for the core height between 1.0 · hc0 and 3.8 · hc0 mm. The displacement and the rotation of the
nodes on one of the shorter edges on the sandwich structure have been restricted in all directions to replicate
clamped boundary condition, see Fig. 4. An axial load of the magnitude 480 N is applied on a reference
node, which is coupled with the nodes on another shorter edges of the blade test specimen see Fig. 4.

The FE-model of the four-point bending test simulation is based on the experimental procedure as mentioned
in the ASTM standard test method C 393-06. In this contribution, only the static scenario is examined.
The length lb and width wb of the honeycomb-like-sandwich structure is considered to be 550 mm and
64 mm, respectively. To represent the experimental loading condition as mentioned in the ASTM standard,
a displacement driven load is applied to the wind turbine blade test specimen through a rigid body motion
of two cylinders, see Fig. 5. This rigid body has been initially positioned perpendicular to the core. The
applied boundary conditions can be seen in Fig. 5. The displacement of the nodes at position A and C are
restricted in y-direction. For nodes at position B, the displacement in two directions are constrained, namely:
x- and z-direction. To define the contact between rigid body and the blade test specimen, a surface-to-surface
contact method is used. The tangential behavior between test specimen and rigid body is defined by using
penalty friction formulation, which uses the Coulomb friction model. An isotropic friction coefficient of
µ = 0.2 is applied. For the discretization, an eight-node shell element with reduced integration is used,
which is suitable for modeling bending of a curved shell. Another advantage of this shell element is that the
strains and stresses are computed at the locations that provide optimal accuracy. Additionally, the reduced
number of integration points decreases CPU time and storage requirements. The surface of the rigid body is
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Figure 3: Core profile: (a): Tubus core geometry with thickness tt , diameter dt and heigt ht . (b): Honeycomb
cell geometry with height hhc, diameter dhc and thickness thc.

selected as the master surface and an edge length of 3 mm is chosen for meshing. The sandwich structure is
chosen as the slave surface and an edge length of 2 mm is chosen for meshing. The required mesh density is
determined by a an h-refinement convergence analysis, see Fig. 6. The quantity of interest for the four-point
bending convergence analysis is the displacement of the evaluation point (highlighted in blue in Fig. 5).

3 Results of the numerical investigation for the wind turbine blade
test specimen

The tensile test simulations show that the wind turbine blade test specimen with a honeycomb core behaves
slightly stiffer than the test specimen with a tubus core profile. The influence of the core wall thickness
is illustrated in Fig. 7. Three different core wall thickness (1.0 · t0 mm, 0.5 · t0 mm, and 0.2 · t0 mm) are

F = 480 N

Evaluation point

Clamped
(U1 = U2 = U3 = 0)

(a) (b)

Evaluation point

Figure 4: Load and boundary conditions for the tensile test simulation. (a): A force of 480 N is applied in
axial direction. (b): The shorter edges are fixed in all three directions.
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Evaluation point

U2 = 1mm

A B C

U2 = 0 U1=U3 = 0 U2 = 0

Figure 5: Load and boundary conditions for the four point bending test simulation. (a): Displacement driven
load (U = 1 mm) is applied on the rigid surface of the two cylinder (grey). (b): Applied boundary conditions
(green and yellow).
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Figure 6: h-refinement convergence analysis for the four-point bending test simulation. For this purpose, the
displacement at the evaluation point (see Fig. 5) is considered.

compared. It was assumed that an increase in the wall thickness will make the blade test specimen stiffer,
which will decrease the displacement in the loading direction. This assumption is verified by the tensile
test simulation results and can be seen in Fig. 7. The value of the nodal displacement is extracted from the
mid-position of the structure (blue point), see Fig. 4. The influence of the core height on the displacement
has been also investigated. For comparison, three different core heights of 1.0 · hc0 mm, 2.5 · hc0 mm, and
3.8 ·hc0 mm are used. It has been found that increasing the core height makes the structure stiffer as it was
expected because of an increase in the test specimen cross sectional area. The effect of the honeycomb
cell diameter on the resulting displacement is depicted in Fig. 8. In the tensile test simulation, it could be
observed that an increase in the honeycomb cell diameter, i.e. decrease in the total number of honeycomb
cell makes the structure softer. This lead to an increases in the displacement as the size of honeycomb cells
increases, see Fig. 8. It has been also observed that the influence of core wall thickness and core height on
the displacement is similar for the tubus and honeycomb structure.

The four-point bending simulation results also show that the honeycomb core is stiffer than the tubus core,
see Fig. 9. The value of the von Mises stress is extracted from the mid-position of the structure (blue point),
see Fig. 5. It has been found that the tubus core wall thickness shows no significant effects on the von
Mises stress. In contrast, it was observed for the honeycomb core that the wall thickness and core height
influence the von Mises stress, i.e. increase in the honeycomb wall thickness also causes the increase in the
von Mises stress. The influence of the core height on the stiffness of the blade test specimen has been also
investigated and is illustrated in Fig. 9. It can be observed that increasing the core height makes the structure
stiffer. Similar to tensile test simulations, the influence of honeycomb cell diameter is also investigated
for the four-point bending simulations. The comparison between three different honeycomb cell diameters
is illustrated in Fig. 10. It has been observed that the sandwich structure with smaller honeycomb cell
diameter is much stiffer than the structure with large honeycomb cell diameter. In other words, the stiffness
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Figure 7: Axial displacement at the evaluation point (highlighted as blue in Fig. 4) for different core heights
in the tensile test simulation: Comparison between the honeycomb core (dashed lines) and the tubus core
(solid lines).
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Figure 8: Axial displacement at the evaluation point (highlighted as blue in Fig. 4) for different core heights in
the tensile test simulation: Influence of the different honeycomb cell diameter on displacement (dotted lines:
cell diameter 1.0 ·d0 mm, dashed lines: cell diameter 1.25 ·d0 mm, solid lines: cell diameter 1.75 ·d0 mm).

of honeycomb structure is sensitive to the cell numbers and increasing the cell numbers makes the structure
stiffer. Moreover, an increment in honeycomb cell diameter makes the blade test specimen lighter, i.e. the
mass of the test specimen decreases as the total number of cells decreases. It can be seen that the blade
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Figure 9: Four-point bending simulation: Comparison between honeycomb (dashed lines) and tubus (solid
lines) profile.

test specimen with the honeycomb cells becomes stiffer as the wall thickness increases. A similar effect has
been observed in the case of honeycomb core height. Fig. 11 shows a normed contour plot of the von Mises
stress for honeycomb sandwich and tubus sandwich. Qualitatively it can be seen that the von Mises stress
distribution for both core profile structures is the same.

The total number of tubus cells (69 cells) is less than the number of honeycomb cells (79 cells) for the blade
test specimen of the same length. Furthermore, two honeycomb cells are bonded together with a common
wall, which helps to keep the honeycomb wall thickness constant throughout the blade test specimen. This
also lead to a 14.5% increase in the honeycomb cell numbers. However, tubus cores are joined together with
the adjacent core in such a manner that no common wall is shared at the connecting position, which increases
the local tubus wall thickness. Therefore, the test specimen with a tubus cell has more weight than the test
specimen with a honeycomb cell. It has been found that the blade test specimen of the same dimensions with
the honeycomb core is our case is 27% lighter than the blade test specimen with the tubus core. Moreover,
it is assumed that a single tubus cell uses more material in comparison to a single honeycomb cell of the
same dimension, because of which the tubus cell is heavier. This assumption can be verified analytically by
comparing the cross section area of the honeycomb Ahc and tubus cell At . The area with respect to side ahc
and thickness thc of the honeycomb cell can be computed approximately as Ahc = 6 · ahc · thc, see Fig. 3(b).
The cross section area of the tubus cell can be approximated as At = 2 ·π · dt

2 · tt . With dt
2 = ahc and tt = thc the

area for the tubus cell can be determined as At ≈ 6.28 · thc ·ahc ≈ 1.0467 ·Ahc. It can be clearly seen that the
area of the tubus cell is larger than the honeycomb cell, which implies that the tubus core sandwich structure
requires more material than the honeycomb core sandwich structure.

From the tensile and four-point bending test simulations, it can be observed that by increasing the core wall
thickness the blade test specimen with honeycomb and tubus core becomes stiffer (except four-point bending
simulation of tubus core sandwich structure). Furthermore, it can be seen that the wind turbine blade test
specimen with the honeycomb core is stiffer than the test specimen with the tubus core. Moreover, the
influence of core height on the structural stiffness is similar for both core geometries. After investigating
the blade test specimen with two different core geometries, it can be concluded that the test specimen with
honeycomb core is lighter and stiffer in comparison to the tubus core sandwich structure. Therefore, the
blade test specimen with honeycomb core is preferable for the experimental investigations.
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Figure 10: Four-point bending simulation: Comparison between the three different honeycomb cell diam-
eters (dotted lines: cell diameter 1.0 · d0 mm, dashed lines: cell diameter 1.25 · d0 mm, solid lines: cell
diameter 1.75 ·d0 mm).
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Figure 11: Distribution of the von Mises stress for the four-point bending simulation. (a): Sandwich structure
with honeycomb profile. (b): Sandwich structure with tubus profile. Length, width, height and thickness of
both the sandwich structures are the same.
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4 Design of the wind turbine generator test specimen

The generator is one typical sound source in wind turbines. The electromagnetic interaction between stator
and spinning poles causes mechanical vibrations in the generator. So finally, a simplified version of the
annular generator stator is investigated, which consists of a big ring and several arms, which are connected
to the ring and carry the whole structure. Manufacturing the exact replica of this stator for laboratory purpose
is not possible because scaling the original dimension make the cavity dimensions, used for the filling with
granular materials, so small that it becomes impossible to manufacture. Therefore, it is necessary to create
simple profiles by taking a small section of the original wind turbine generator and scale it. The aim of this
part of the project is to reduce the transmission of vibration forces from the generator ring to the stator arm.

Consequently, for the generator test specimen design, the center of attention is the transmission path damp-
ing. In Fig. 12, a sketch with the design parameters of the generator test specimen is presented. The generator
test specimen consists of three parts, namely: the stator arm (red), the generator ring (grey), and the particle
damping plate (blue), see Figs. 12 and 13. The generator test specimen in Fig. 12 is the reference test spec-
imen without damping plate. Each component of the test specimen is assembled together with the help of
screws. One focus during the development process of the generator test specimen was that the damping plate
should be assembled and disassembled without any complexity. Also, the test specimen parts representing
the generator ring and the stator arms can be reused for each experiment. Therefore, screw joints are more
useful in this scenario in comparison to any other joining technologies. Additionally, due to standardization,
it is possible to adopt a cheap manufacturing process.

a G b G
c G

d G e G f G
g G

tG

tG

Figure 12: Design parameters of the T-profile of the generator test specimen consisting of ring (grey) and
arm (red).

Figure 13: Generator test specimen consisting of ring (grey), arm (red) and damping plate (blue).
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Apart from original dimensions, two scaling factors are also investigated. In this context, scaling means that
all the dimensions including the thickness are scaled by the corresponding factors. However, to handle the
test specimen easily in the laboratory, the test specimen with a scaling factor 5 is chosen for the parameter
study.

The influence of the particle dampers at different positions (inside and outside of all four sides of the gener-
ator ring (grey)) on the transmission path damping will be investigated. One of such position of the damping
plate can be seen in Fig. 13. Furthermore, the effect of single-unit and multi-unit particle dampers will be in-
vestigated. Multi-unit particle dampers are obtained by assembling the single-unit particle dampers together,
which will make the manufacturing process simple and cost-effective. Moreover, the parameters like filling
materials, particle size, filling degree, and core size will be also investigated.

5 Summary

In this work, the design process of test specimen representing wind turbine parts to evaluate a passive vibra-
tion reduction concept based on granular materials is presented. To develop the test specimens, numerical
simulations based on the finite element method are executed. For the wind turbine blade specimen, tensile
test and four-point bending test simulations are performed in addition to model analyses, which were exe-
cuted in a previous work. Two different sandwich core profiles are investigated. It has been found that the
honeycomb behaves stiffer than the tubus core. Furthermore, blade test specimen with the honeycomb core
is also 27% lighter in comparison to the test specimen with tubus core for the investigated test examples of
this contribution. It has also been shown that increasing the core height makes the sandwich structure stiffer.
Moreover, increasing the core wall thickness from 0.2 · t0 mm to 1.0 · t0 mm makes the structure stiffer.
Another important factor revealed by the numerical investigations is the influence of honeycomb diameter
on the structural properties of the honeycomb sandwich. It has been shown through tensile and four-point
bending test simulation that the test specimen becomes stiffer by decreasing the honeycomb cell diameter,
making the displacement of structure smaller but the mass higher. Consequently, a compromise has to be
found between overall mass and stiffness of the structure. For the generator test specimen, a scaled T-profile
is chosen as lab specimen. The transmission path damping is an important factor for designing the generator
test specimen. Based on the results of all numerical studies the final specimen designs are defined. It is
an ongoing project and the defined specimen are under manufacturing at the moment. In the next step, the
vibroacoustic behavior of the test specimen representing the blade and generator parts with different filling
materials and distributions will be evaluated with the help of a laser scanning vibrometer.
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Abstract
One of the advantages of the current industrial digitalization trend, the so-called Industry 4.0, is that machines
are becoming increasingly sensorized and connected to the internet. This is similar in the wind industry.
Detailed measurements from hundreds of sensors embedded in the wind turbine are being sent continuously
to cloud computing data-centers. Condition monitoring techniques can leverage these huge volumes of
available data to increase detection potential and insights in system behavior by long-term trending. In
addition to condition monitoring, these embedded sensors offer information for failure prognosis and lifetime
insights. In this paper, a framework to automatically obtain the load history of different turbines within a
farm is presented using high frequency SCADA. Special attention is paid to the effects of wake. The fact that
data of similar machines of a fleet is collected in a central cloud environment allows for exploiting system
similarity in a monitoring and root cause analysis context.

1 Introduction

In Europe, there has been a rapid growth in the capacity of offshore wind energy. In 2019, an additional
capacity of 3.6 GW was installed, bringing the total to 22.1 GW [1]. For these farms, the operating and
maintenance (O&M) costs are typically higher than their onshore equivalent, among other due to logistics
costs [2]. In order to minimize the O&M costs, two aspects are essential. First, it is needed to be able
to predict machine failure and degradation ahead of time. In this way, scheduled maintenance can be per-
formed, which not only allows to minimize the downtime of the machines, but also to reduce logistics costs.
The latter is especially relevant for offshore farms, since jack up vessels are required to replace certain ma-
chine components such as gearboxes, which can present a significant cost in case of unexpected failures [3].
Second, it is essential to be able to pinpoint the root cause of the failure modes. In this way, these can be
mitigated in future design iterations.

Within the context of Industry 4.0, wind turbines are being instrumented more extensively with sensors that
allow to monitor their performance and health. This high frequency SCADA data (≥ 1Hz) can be used to
continuously assess parameters such as torque load, rpm, wind speed and wind direction. In this way, it be-
comes possible to accurately represent wake effects throughout the farm and to obtain representative loading
conditions for each turbine in different operating regimes. In this paper, there is focused on developing a
framework to assess the loading history at the level of the gearbox. For wind turbines, the gearbox is the
component that causes the largest downtime per failure [4]. A difficulty with the prognosis of this component
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is that its loading conditions can strongly vary. These will be a function of time due to seasonal effects in the
wind, and of the analyzed turbine due to wake effects. Several options are available for performing prognosis
depending on the failure mode of interest. For fatigue calculations at the level of the different components,
it is often needed to reflect the measured loading (e.g. shaft bending, torque) to the level of specific compo-
nents, either making use of analytical models or of multibody models [5]. At this stage, it is essential to work
with representative loading conditions in order to predict the portion of used life [6]. For failures unrelated
to fatigue, parameters such as vibration signals, currents and temperatures can be used to detect anomalous
machine behavior [7]. The remaining useful life can then be assessed by calculating a probability of failure
based on previous failure records. For wind turbines, a difficulty however lies in the fact that the amount of
similar failures is often small. Nonetheless, the evolution of some features indicative to the failure can be
tracked over different loading conditions, which will allow to gain insight in the loading conditions trigger-
ing the propagation of the failure. In [8], a framework for prognosis of bearing axial cracking is presented.
This approach was demonstrated using experimental data where a relatively large amount of similar failures
took place within the same wind farm. In [9], a methodology to calculate the remaining useful lifetime using
current signatures is presented using test rig measurements of a gearbox.

Besides assessing the turbine loading during steady state operation, the influence of dynamics on the machine
lifetime is also of interest. These can not only lead to increased fatigue, but are also hypothesized to play
a role in triggering failure modes such as White Etching Cracking due to causing unfavorable tribological
conditions at the level of the bearings [10].

In this paper, the focus will be on analyzing the differences in loading that can take place on a fleet-wide
level, focusing both on steady-state conditions and on transient events. As such, the first step will be to
present a framework capable of automatically detecting all starts and stops from the different machines in
the farm and to classify the conditions of this stop. This can afterwards be combined with high frequency
acceleration or strain measurements in order to assess the severity of different events. This can be done
based on several metrics, e.g. by analyzing their torque signature and the spectral content of the acceleration
signals. The more dynamic the event, the higher the chance that it could damage the driveline and the
higher the corresponding fatigue. For the spectral content, focus is on the first modes of the machine, which
are important for turbine reliability. The more consistent the loading conditions during events, the more
straightforward their impact on the lifetime can be assessed, and included in the prognosis framework. An
overview of the presented methodology can be seen in Figure 1. It can be noted that starting from the SCADA
data, the first step is to automatically separate transient events and steady state operation. Afterwards, these
two categories are further characterized based on the environmental conditions (e.g. wind speed and wind
direction). In this way, a condensed overview can be obtained of the operating history of each turbine in the
farm. By classifying the data streams of all turbines in the farm, the relative differences between the loading
conditions in the farm can be obtained, which for example allows to experimentally observe the effects of
wake on turbine performance within the farm.

High frequency 
SCADA

Automatic event 
detection

Transient events

Steady state operation

Ambient conditions (e.g. wind speed)

Operating history of 
turbines

Figure 1: Overview of the methodology used in this paper.
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2 Automatic event detection

2.1 Methodology

In this paper, a framework to automatically detect events critical for turbine health is developed. Since these
are controlled events, their time signature in the SCADA data is expected to be similar. Therefore, a machine
learning approach based on signature mining and matching is proposed. These algorithms have as objective
to efficiently discover recurring signatures in a given dataset.

The first step in the process of automatically detecting the events is to manually label these in a set of training
data. The less variable an event is, the smaller the number of events that need to be manually labeled. This
training data is then binned and the recurring signatures are extracted. Based on these, similar shapes are
identified in the time series by means of a pattern matching approach. To save computational cost, this
process is only done when an event could potentially take place. This can for example be implemented by
observing bin changes within the data over a certain time horizon. If there is indeed a change in bins, the time
series is extracted and is tried to be matched with the ones obtained from the training step. This matching can
be done by calculating the distance between the two time series. A threshold needs to be imposed by the user
in order to define how variable the events can be relative to one another [12]. In order for the performance
of the algorithm to not be strongly dependent on the chosen reference event, the training stage is done in
an iterative way, allowing the methodology to become more capable in identifying the different events after
each iteration. In this way, it is not needed to manually label a large number of events. This allows to make
the methodology more robust in the identification of events, even when a significant variability is present in
their shape.

For the analysis performed in this paper, this procedure is set up in order to detect both the starts and stops
automatically. Since the breaking program of the turbine will be dependent on the type of stop (e.g. stop
due to the wind speed dropping below the cut-in versus an emergency stop due to the controller raising an
error), it is desired to be able to keep track of the conditions in which the stop has taken place. As shown
in Figure 1, the detection of events takes place on the SCADA data (sampled at a frequency of least 1 Hz).
More specifically, the rotor speed and the pitch angles of the blades are used, since these produce the most
consistent signatures in the time series. By filtering all the transient behavior, the periods of steady state
operation can readily be obtained. These are then further divided into different operating regimes based on
the SCADA. A similar procedure is done for the different starts and stops. Whenever possible, the stops are
allocated with their corresponding status code, allowing to attribute the precise reason of the stop.

Using this methodology, a complete operating history of the different turbines within a farm is obtained.
This allows to easily evaluate the relative differences between the different machines, which can be useful
for several goals. As already mentioned, it allows to assess typical machine behavior in different ambient
conditions, which are essential inputs for simulation models in order to reflect the measured loading (e.g.
shaft torque and bending) to component levels (e.g. bearings). Second, the effects of wake on the perfor-
mance on the farm can be obtained. Examples of this are shown in Sections 3.2 and 4.1. Last, this history
is essential for root cause analysis of failures. For example, when different turbines within the farm show
similar failures, the loading and event history of these machines can be compared with the rest of the farm.
In this way, similarities within the group of failed turbines can be found, and distinguishing factors between
these machines and the rest of the farm can be retrieved. In this paper, over six months of continuous high-
frequency data of an offshore wind farm was analyzed in order to illustrate the difference in loading history,
both during steady-state operation and during transient events.
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3 Analysis of steady-state operation

3.1 Assessment of dynamic behavior

3.1.1 Methodology

This section has as main idea to analyze the dynamic response of the machine in steady-state operation. For
this assessment, Operational Modal Analysis (OMA) is used. The big difference compared to Experimental
Modal Analysis (EMA) is the fact that no artificial excitation forces are applied. The response of the structure
due to natural excitation sources is rather analyzed. A limitation of OMA within the context of rotating
machinery is the fact that the harmonics can be falsely identified as structural modes [13]. In literature,
multiple methods have been proposed to make OMA compatible with the presence of harmonic content,
which are either based on preprocessing the data to remove the deterministic components, or make them
compatible with stationary harmonics. In this work, the accelerometer signals are preprocessed with a low-
pass cepstral lifter in order to reduce the influence of the harmonics [14]. Afterwards, the cross power spectra
are estimated by means of a periodogram approach [15]. Finally, a poly-reference least-square complex
frequency-domain (p-LSCF) estimator is used to perform the modal parameter estimation. The theoretical
background behind this algorithm can be found in [16].

For the turbine under investigation, two accelerometers, measuring in orthogonal directions, are available.
These do not allow to perform a detailed analysis of the mode shapes due to the limited observability, but
they do allow to assess the global machine dynamics. As there is focused on the reliability aspect, espe-
cially the first global modes of the machine (i.e. drivetrain), are of interest. Furthermore, a high frequency
encoder signal is available. In steady-state conditions, the dynamics of the machine will introduce speed
variations. The spectral content of these fluctuations will be analyzed and compared with the poles retrieved
from the modal analysis of the accelerometers. In the discussion that follows, all axes are normalized for
confidentiality purposes.

3.1.2 Results

On the left of Figure 2, the speed of the turbine can be seen during full-power operation. As can be noted here,
speed oscillations of up to 10% are present due to the introduced dynamics. Using OMA, the global poles
of the system are estimated for the two accelerometer measurements. These can then be compared with the
peaks in spectrum of the speed oscillations. This can be seen on the right of Figure 2. A close correspondence
can indeed be seen between these poles and the peaks in the spectrum of the speed oscillation. The knowledge
of the resonance frequencies of the system are important since these can introduce in increased fatigue
loading [17]. Moreover, these can be excited during events such as starts and stops of the turbine. In [18], it
was for example observed that the first mode of the drivetrain resulted in torque reversals during a grid loss
event of the turbine. An analysis of the occurrence of dynamic events is therefore performed in Section 4.
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Figure 2: Zoom of the speed profile during full-power operation of the turbine (Left). Comparison between
the resonance frequencies estimated with the p-LSCF estimator and the peaks in the spectrum in the speed

signal (Right).

3.2 Effect of wake in steady state operating conditions

The modeling of wake and its effect on wind turbine loading and performance is a popular field of research
[19, 20]. Typically, the effects of wake are attempted to be minimized by optimizing the lay out of the wind
farm based on the expected wind conditions at that site [21]. Due to wake, the loading conditions of the
different turbines in the farm will not be identical, which can be seen in Figure 3. Here, the normalized
torque loading at the level of the main shaft is shown in case the wind is coming from the North-East. It
can be noted that the turbines in the back of the farm experience around 30% less torque loading. For this
analysis, only wind conditions below rated wind speed are taken into account, as the effects of wake on shaft
torque (and thus power output) are not visible when the turbine is in pitch control. In this mode, the pitch
angles of the turbines will nevertheless be different within the wake, which can affect other turbine loading
components (e.g. thrust).
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Figure 3: Average torque loading of an offshore wind farm obtained with the framework in case the wind is
coming from the North-East. Under these conditions, turbine 0 is experiencing free-flow.
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4 Analysis of start-stop behavior

4.1 Effect of wake on start-stop behavior

The effect of wake is also visible when looking at the number of dynamic events a turbine is experiencing.
This can be seen in Figure 4. Only the stops are shown where the wind speeds are around the cut-in and
where no status code is returned by the turbine in order to ensure that only the stops are registered where
the turbine was shutting down due to having inadequate wind. It can be noted that the machines in the back
of the farm experience up to twice the amount of events compared to the ones in free-flow. The trend in the
amount of stops closely corresponds to the one of the turbulence intensity. This can for example be seen
by the decrease in stops between machines 2 and 3. As there is a greater distance between these turbines,
the flow will be able to recuperate more, resulting in a decrease of the turbulence intensity, and the number
the stops. In Figure 5, an in-depth comparison between the stop behavior of turbines 0 and 9 in this farm is
given. For both machines, the most stops are seen in the wind direction with the largest turbulence intensity.
Given lay-out and the wind conditions of the farm, some turbines will thus be exposed to more dynamic
events compared to others.
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Figure 4: Total number of stops for a subset of turbines of an offshore wind farm in case the wind is coming
from the North-East. Under these conditions, turbine 0 is experiencing free-flow.
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Figure 5: Decomposition of the stops of two different machines in the farm in terms of wind direction. The
blue graph corresponds to Machine 0, whereas the red one corresponds to Machine 9 in Figure 4.
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4.2 Variability of start stop events

An important parameter of stop events is the duration of the used breaking program. The experimental
distribution of this duration is shown in Figure 6. The majority of the stops clearly takes place in the interval
between 60 and 70% of the maximum observed duration. Two other clusters of stops are also present, one
between 10 and 20%, and the other one around 30%. The shortest duration stops are typically the ones at
wind speeds above cut-in where the turbine initiated a stop due to the controller raising an error (e.g. yaw
misalignment, temperature alarm). The second category is typically linked to a stop when the turbine tries
to start up around its cut-in, but where the wind speed drops to below the cut-in during start-up. In this case,
the turbine will not connect to the grid. The last, most common and most variable category are the stops
taking place around the cut-in speed of the turbine. The severity of the event will clearly be linked to its
duration. The shorter the duration of the stop, the faster the pitching actions must take place to bring the
turbine to standstill. To assess the differences between the turbine response during events, a spectral analysis
is performed on the accelerometer data.
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Figure 6: Distribution of the duration of the stops seen across the farm. The y-axis is in a logarithmic scale
in order to be able to better appreciate the different categories.

4.3 Spectral analysis of dynamic events

After having classified the different events based on several parameters (e.g. breaking duration, wind condi-
tions), it is important to be able to assess their influence on the machine. Ideally, detailed load and accelerom-
eter data are available for this evaluation. Within the context of this paper, only the two aforementioned
accelerometers are available, which do not allow to fully assess the impact of the events on the levels of the
different subcomponents. Nonetheless, it still allows to to gain insight in which events result in a globally
increased dynamic response. To this end, a spectral analysis is performed around the time windows where
an event has taken place. Multiple events with different durations of the breaking program are selected to
be analyzed. An example of an acceleration signal during a wind gust, which causes yaw misalignment, can
be seen on the top of Figure 7. The two dotted lines indicate the timestamps during which the turbine was
in standstill. From this graph, there can be noted that there is an increase in the amplitude of the vibration
signal at the moment the rotor is no longer properly aligned with the wind. The turbine therefore decides
to shut down in order to be able to properly realign itself with the wind. On the bottom graph, the spec-
trogram of this signal can be seen. It can be noted that after the misalignment takes place, the amplitude
of the resonance around fnorm = 0.1 increases. During standstill, the response remains dominated by this
resonance. For the stops caused by low wind conditions, no strong increase in the amplitude can be seen,
even at the moment that the resonance frequencies and the rotor harmonics coincide with one another. Since
the accelerometers however only capture the global machine behavior, no definitive conclusions can be made
on the the influence of these events on machine subcomponents (e.g. bearings).
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Figure 7: Example of the turbine response during a yaw misalignment.

5 Conclusions

This paper has investigated a methodology to automatically detect start-stop events in time series data. Based
on this detection, a separation between transient and steady-state behavior was done. These two categories
were then further classified based on the SCADA of the turbine. In this way, a history of the environmental
and loading conditions the machine was exposed to, is obtained.

For the steady-state data, a modal parameter estimation was performed on two accelerometers and a high
resolution encoder in order to obtain the eigenmodes of the system. This was done since the excitation of
these modes can result in unfavorable loading conditions during dynamic events. Second, the effect of wake
on the turbine loading was illustrated.

For the transient events, there was first illustrated that wake effects can trigger an increased amount of stops.
Furthermore, the duration of the extracted stops was discussed. Based on this, the occurrence of the different
breaking programs could be derived. Finally, an analysis of the spectral behavior around these events was
performed. Increased dynamic excitation was seen around the events which cause an emergency stop. For
the slow stops around the cut-in, no increased dynamic excitation was seen when analyzing the available
accelerometers.
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Abstract 
Robust estimates of the fatigue life for wind turbine towers rely on an accurate knowledge of the damping 

in the system. Due to symmetry and wind-rotor interaction, the responses in the fore-aft and side-side 

directions are closely and unconventionally coupled. This causes energy transfers between the two directions 

and complicates the aerodynamic damping identification. Using a two-degree of freedom reduced wind 

turbine model previously developed, this coupling can be accurately expressed by a fully populated 

aerodynamic damping matrix. An identification method has been proposed to extract this aerodynamic 

damping matrix. Comparison between the proposed extraction method and modal damping parameters from 

standard operational modal analysis showed that the identified damping matrix captures better the side-side 

aerodynamic damping, which is often critical for fatigue as fore-aft vibration in operation is more highly 

damped. The influence of this improved identification on the predicted fatigue life associated with side-side 

vibration was investigated and it was shown to have a significant effect in a typical Northern-European site. 

1 Introduction 

Fully coupled models ([1][2]) are typically used to obtain the dynamic responses of wind turbine towers for 

the purpose of fatigue estimation. However, these models require detailed wind turbine information, 

including material and geometric properties of the rotor and the support structure, airfoil data, and soil data. 

This information is normally available in the design stage but might not represent the current status of a 

wind turbine which has operated for many years, since the dynamic properties can change over time due to 

environmental changes such as scour and soil degradation and changes of the structural properties of the 

wind turbine. System identification techniques can be implemented to identify actual dynamic properties 

and thus provide more reliable knowledge of the current wind turbine system. The system identification 

aims at obtaining the modal properties of the dynamic system, including modal stiffnesses, masses, and 

damping ratios. Among these dynamic properties, damping significantly influences vibration amplitude and 

fatigue life [3]. Thus, correctly identified damping is key for establishing dynamic models which are able 

to capture the dynamics of wind turbines and thus accurately assess fatigue life. Among the different 

damping sources in wind turbine systems, aerodynamic damping has the largest contribution for operating 

wind turbines [4]. Aerodynamic damping identification for wind turbines has been carried out by researchers 

such as Hansen et al. [5], Devriendt et al. [6], Dong et al. [7], Ozbek and Rixen [8], Koukoura et al. [9] and 

Dai et al. [10]. These studies estimated the modal aerodynamic damping ratios in the fore-aft (FA) and side-

side (SS) directions using classic or modified identification methods in the time or frequency domain. 
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Identifying damping ratios in FA and SS directions implicitly assumes that FA and SS motions are 

decoupled as damping identification techniques were applied on measured data for only FA or SS directions.  

Studies by Chen et al. ([11][12]) emphasized the importance of the coupling between the FA and SS motions 

and developed a model with a so-called “aerodynamic damping matrix” to capture this coupling. Chen et al. 

[13] compared the effects of the identified damping ratios and the identified aerodynamic damping matrix, 

confirming that the side-side response depends significantly on the damping definition in the wind turbine 

modal model. Given the identified modal properties, it is possible to establish a dynamic modal model from 

which the dynamic responses of the entire wind turbine tower can be calculated using modal expansion. 

Pelayo et al. [14] proposed a method to calculate the stress at any point within a beam element from the 

nodal displacement. Using this method and modal expansion, the stress at any point of the wind turbine 

tower can be estimated from the dynamic modal model.  

This paper first proposes a fatigue damage estimation procedure using a modal vibration model. The 

damping definition of the modal model is based either on identified conventional modal damping ratios or 

the modal aerodynamic damping matrix. Fatigue damage is calculated using the modal model with the 

different damping definitions and compared to that calculated from FAST [15] simulations. Section 2 

describes the methodology, including the two-degree of freedom (2-DOF) model development, the damping 

identification methods and the fatigue estimation procedure. Section 3 provides the comparison of fatigue 

estimation results using the different models. Section 4 concludes the paper. 

2 Methodology 

2.1 2-DOF model description 

This section briefly describes a recently proposed 2-DOF wind turbine model which will be used for fatigue 

estimation [13]. As this study focuses on aerodynamic damping, for simplicity the wind turbine considered 

is onshore and assumed to be fixed at its bottom. When the wind turbine is operating, its tower mainly 

vibrates in the FA direction (𝑥) and SS direction (𝑦), with the vertical vibration neglected due to its small 

magnitude. The linear motions at the tower top are represented by �̇�  and �̇� , and the angular motions 

represented by �̇�𝑥 and �̇�𝑦 around the 𝑥 and 𝑦 axes respectively, which are shown in Figure 1. The non-

uniform turbulent inflow wind field represented by 𝑉0 is assumed to only have a component in the FA 

direction. The aerodynamic forces are derived theoretically by combining blade element momentum (BEM) 

theory and tower dynamics. The blade vibration is ignored, so parametric excitations due to rotor dynamics 

are not included. The aerodynamic forces are linearized to the sum of terms corresponding to the forces for 

an assumed rigid tower, plus terms proportional to the tower top linear and angular velocities, which can be 

expressed as 

 𝐅𝑇𝑜𝑝
𝐹𝑙𝑒𝑥(𝑡) = 𝐅𝑇𝑜𝑝

𝑅𝑖𝑔𝑖𝑑(𝑡) − 𝐂𝐴𝑒𝑟𝑜�̇�𝑇𝑜𝑝(𝑡). (1) 

The aerodynamic forces from the rotor are then applied at the tower top as shown in Figure 1. According to 

[13], 𝐂𝐴𝑒𝑟𝑜 is 

 𝐂𝐴𝑒𝑟𝑜 =

[
 
 
 
𝑐𝑥𝑥 𝑐𝑥𝑦 𝑐𝑥𝜃𝑥

𝑐𝑥𝜃𝑦

𝑐𝑦𝑥 𝑐𝑦𝑦 𝑐𝑦𝜃𝑥
𝑐𝑦𝜃𝑦

𝑐𝜃𝑥𝑥 𝑐𝜃𝑥𝑦 𝑐𝜃𝑥𝜃𝑥
𝑐𝜃𝑥𝜃𝑦

𝑐𝜃𝑦𝑥 𝑐𝜃𝑦𝑦 𝑐𝜃𝑦𝜃𝑥
𝑐𝜃𝑦𝜃𝑦]

 
 
 
, (2) 

where the off-diagonal terms representing the damping coupling terms are not symmetric. The expression 

of 𝐅𝑇𝑜𝑝
𝐹𝑙𝑒𝑥(𝑡) is detailed in Appendix 1. For a particular parameter set of mean wind speed, rotor rotation 

speed and blade pitch angles, the aerodynamic damping matrix and 𝐅𝑇𝑜𝑝
𝑅𝑖𝑔𝑖𝑑(𝑡) are calculated in MATLAB. 

A finite element (FE) model (also written in MATLAB) of the tower was modelled as a cantilever made of 

11 Euler-Bernoulli beams elements using the properties of the 5MW reference onshore wind turbine in 
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FAST. The rotor-nacelle assembly (RNA) is modelled as a lumped mass. The wind turbine properties are 

given in Table 1. 

 

 

 

Figure 1. Schematic diagrams illustrating linearization of the aerodynamic forces at tower top. 

Table 1. Properties of the NREL 5MW reference onshore wind turbine. 

 

Rotor Diameter, 𝑅 126m 

Hub Height from MSL 87.6m 

Tower Diameter, 𝐷 3.87-6.00m 

Tower Thickness, 𝑡 19-27mm 

Lumped Mass at Top 3.5×105 kg 

Rated Wind Speed 12.1m/s 

Natural Frequency 0.34 Hz 

 

The equation of motion for the wind turbine system can be written as 

 𝐌�̈�(𝑡) + 𝐂𝑆𝑡𝑟𝑢𝑐�̇�(𝑡) + 𝐊𝐮(𝑡) = 𝐅𝐹𝑙𝑒𝑥(𝑡), (3) 

where 𝐌 , 𝐂𝑆𝑡𝑟𝑢𝑐  and 𝐊  are the mass, structural damping and stiffness matrices respectively.  𝐂𝑆𝑡𝑟𝑢𝑐 , 

representing standard structural damping is assumed to be a Rayleigh damping matrix. 𝐅𝐹𝑙𝑒𝑥(𝑡) is the 

external aerodynamic force vector which includes 𝐅𝑇𝑜𝑝
𝐹𝑙𝑒𝑥(𝑡) at the nodes at the tower top, and 𝐮(𝑡) is the 

generalised displacement vector. The superscript “Flex” denotes the force is the force applied to a flexible 

tower. In this study, only the aerodynamic force on the rotor is considered, so 𝐅𝐹𝑙𝑒𝑥(𝑡) is only non-zero at 

the tower top degrees of freedom. After substituting Eq. (1) into Eq.(3), the equation of motion changes to 

 𝐌�̈�(𝑡) + 𝐂�̇�(𝑡) + 𝐊𝐮(𝑡) = 𝐅𝑅𝑖𝑔𝑖𝑑(𝑡), (4) 
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where 𝐂 is the addition of the damping matrices 𝐂𝑆𝑡𝑟𝑢𝑐 and 𝐂𝐴𝑒𝑟𝑜 (adding the terms of 𝐂𝐴𝑒𝑟𝑜 at the relevant 

degrees of freedom in 𝐂𝑆𝑡𝑟𝑢𝑐𝑡 ). In Eqs. (3) and (4), 𝐅𝐹𝑙𝑒𝑥(𝑡)  or 𝐅𝑅𝑖𝑔𝑖𝑑(𝑡)  represent the complete 

aerodynamic force vector applied to the flexible tower or the rigid tower, with components corresponding 

to the tower top expressed as 𝐅𝑇𝑜𝑝
𝐹𝑙𝑒𝑥(𝑡) and 𝐅𝑇𝑜𝑝

𝑅𝑖𝑔𝑖𝑑(𝑡) in Eq.(1). Then the model represented by Eq.(4) is 

reduced to a two-degree of freedom (2-DOF) model which will be described as follows. 

In wind turbines, the FA and SS responses are dominated by the first FA and SS bending modes [16], so the 

behavior of the system can be efficiently described by only considering these two modal coordinates. 

Applying modal decomposition to Eqs. (3) and (4) using the first two bending mode shapes (FA: 𝛟𝑥 and 

SS: 𝛟𝑦), the two equations of motion for the first bending modes can be written as: 

 

�̅�𝑥�̈�𝑥(𝑡) + 2𝜁�̅�√�̅�𝑥�̅�𝑥�̇�𝑥(𝑡) + �̅�𝑥𝛼𝑥(𝑡) = 𝛟𝑥
𝑇𝐅𝑥

𝐹𝑙𝑒𝑥(𝑡),

�̅�𝑦�̈�𝑦(𝑡) + 2𝜁�̅�√�̅�𝑦�̅�𝑦�̇�𝑦(𝑡) + �̅�𝑦𝛼𝑦(𝑡) = 𝛟𝑦
𝑇𝐅𝑦

𝐹𝑙𝑒𝑥(𝑡),
 (5) 

where �̅�𝑥, �̅�𝑦, �̅�𝑥 and �̅�𝑦 are the modal masses and stiffnesses for the first FA/SS  mode respectively, 𝜁�̅� 

and 𝜁�̅� are the structural modal damping ratios, and 𝛼𝑥(𝑡) and 𝛼𝑦(𝑡) are the modal coordinates for the FA 

and SS modes respectively. 𝐅𝑥
𝐹𝑙𝑒𝑥(𝑡) and 𝐅𝑦

𝐹𝑙𝑒𝑥(𝑡) are the linearised aerodynamic forces which also include 

tower top velocity terms. These terms can be combined with the structural damping ratios into a 2x2 modal 

aerodynamic damping matrix 

 �̅� = [
𝑐�̅�𝑥 𝑐�̅�𝑦

𝑐�̅�𝑥 𝑐�̅�𝑦
]. (6) 

In this study the structural damping is assumed to be zero for simplicity, as this paper concentrates on 

aerodynamic damping. The modal decomposition method described above can be easily extended to include 

more modes. For the model with damping ratios, the off-diagonal terms are zero in the modal damping 

matrix in Eq. (6) and the diagonal terms can be easily obtained from the damping ratios and modal masses 

and stiffnesses using the relationship 𝑐̅ = 2𝜁√̅�̅��̅�. 

2.2 Damping identification 

In this paper, the damping is described by the above developed modal aerodynamic damping matrix or 

conventional damping ratios. To identify the modal aerodynamic damping matrix expressed in Eq. (6), a 

method based on the measurement of frequency response functions (FRF) of the system is proposed. It is 

noted that when the inflow wind field is non-uniform turbulent, the modal aerodynamic damping matrix is 

time-varying. However, in [13] it was shown that the 2-DOF model with a constant modal aerodynamic 

damping matrix corresponding to the mean wind speed generates very similar responses compared to the 2-

DOF model with a time-varying modal aerodynamic damping matrix. Therefore, the identification 

procedure aims to obtain the constant modal aerodynamic damping matrix. The damping matrix to be 

identified is not symmetric, so a general damping identification matrix method proposed by Chen et al. [17] 

has been used (details in Appendix B). Assuming the mass and stiffness matrices are already known, the 

method estimates the damping matrix from the FRFs of the system. Converting the wind turbine model into 

a 2-DOF system as described in Section 2.1 reduces the FRFs to a 2×2 matrix 𝐇(𝜔) for the first bending 

modes. The FRF matrix for the 2-DOF system can be written as 

 𝐇(𝜔)  = [
𝐻𝑥𝑥(𝜔) 𝐻𝑥𝑦(𝜔)

𝐻𝑦𝑥(𝜔) 𝐻𝑦𝑦(𝜔)
], (7) 

where the term 𝐻𝑥𝑦 represents the transfer function between the output FA (𝑥) displacement and an input 

force in the 𝑦 (SS) direction, and other terms follow this format. Once 𝐇(𝜔) is obtained, 𝐆(𝜔) can be 

calculated (𝐆(𝜔) = −Im(𝐇(𝜔))[Re(𝐇(𝜔))]−1, see Appendix B). The modal stiffnesses and masses, and 

the mode shapes in Eq. (5) can be obtained by traditional operational modal analysis (OMA) methods on a 

parked turbine, from which 𝐇𝑁(𝜔) = [𝐊 − 𝜔2𝐌]−1 can be determined. Then, following Chen et al. [17], 

the damping matrix can be determined by averaging the calculated frequency-dependent damping terms. 
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The FRF matrix in this study is obtained using responses caused by the combination of wind loading and 

harmonic forces applied at the tower top. It is closer to conventional experimental modal analysis, which 

typically uses harmonic forces as external excitations [18]. As the response of an operating wind turbine is 

caused by the combination of the aerodynamic loading and the harmonic excitation at a particular frequency, 

the harmonic excitation must be large enough so that it produces a discernible component at that frequency 

in the response spectrum. The synthetic times series used for the FRF estimation were output from the open-

source package OpenFAST by NREL [19]. Additional code was written into the source code of OpenFAST 

to allow harmonic forces to be applied at the tower top with different frequencies and amplitudes. These 

forces can be applied separately in the FA and SS directions. The modified OpenFAST code was compiled 

using Microsoft Visual Studio 2015 to generate a new FAST executable file, from which the dynamic 

responses of wind turbines were obtained and used to calculate the FRF matrix. Classic data-driven 

Stochastic Subspace Identification (SSI) was used to identify the damping ratios in the FA and SS directions 

from the responses at the tower top caused by a turbulent wind field [20]. 

2.3 Fatigue estimation 

The dynamic component of the normal stresses 𝜎𝑧𝑧 at position (𝑥, 𝑦) within a beam cross-section and at 

position 𝑧 along the tower can be calculated using the following superposition equation  

 𝜎𝑧𝑧(𝑥, 𝑦, 𝑧, 𝑡) = −
𝑀𝑦(𝑡)

𝐼𝑦
𝑥 +

𝑀𝑥(𝑡)

𝐼𝑥
𝑦, (8) 

where 𝑀𝑥(𝑡) and 𝑀𝑦(𝑡) are the dynamic components of the bending moments about the 𝑥 and 𝑦 directions 

respectively, 𝐼𝑥 and 𝐼𝑦 are the second moment of area of the beam section. The dynamic part of the normal 

stresses caused by axial forces is much smaller than the normal stresses caused by bending moments in 

beam elements, which has been checked by FAST simulations. Thus, in Eq. (8) the normal stresses caused 

by axial forces are ignored. The calculation of stress in Eq. (8) requires the internal forces at the cross-

section of interest. The 2-DOF model in Section 2.1 directly generates the displacement responses of the 

wind turbine tower but not the internal forces. Therefore, a method is needed to calculate the stress at 

arbitrary location using the responses (displacement, velocity and acceleration). Pelayo et al. [14] developed 

a method to extract the dynamic stress from the responses of a structure under dynamic loading and the 

modal parameters of the structure. This method was formulated for beam bending in a single direction, and 

is extended here as follows to enable the calculation of stresses for bending in two directions. 

From Euler-Bernoulli beam theory, the bending moment 𝑀𝑦(𝑡) and 𝑀𝑥(𝑡) and the curvatures 
𝑑2𝑢𝑥

𝑑2𝑧
 and 

𝑑2𝑢𝑦

𝑑2𝑧
 

can be related by Eqs. (9) and (10): 

 𝐸𝐼𝑦
𝑑2𝑢𝑥

𝑑2𝑧
= 𝑀𝑦(𝑡), (9) 

 𝐸𝐼𝑥
𝑑2𝑢𝑦

𝑑2𝑧
= −𝑀𝑥(𝑡), (10) 

where 𝐸 is Young’s modulus. Using the finite element method, the displacements 𝑢𝑥(𝑧, 𝑡) and 𝑢𝑦(𝑧, 𝑡) in 

FA and SS directions at any arbitrary point 𝑧 along the beam element can be approximated by 

 𝑢𝑥(𝑧, 𝑡) = 𝐍𝑒(𝑧)𝐮𝑥
𝑒(𝑡), (11) 

 𝑢𝑦(𝑧, 𝑡) = 𝐍𝑒(𝑧)𝐮𝑦
𝑒 (𝑡), (12) 

where 𝐍𝑒(𝑧) is the elemental shape function vector, 𝐮𝑥
𝑒(𝑡) and 𝐮𝑦

𝑒 (𝑡) are the nodal displacement vectors in 

𝑥 and 𝑦 directions for the beam element. The curvatures 
𝑑2𝑢𝑥

𝑑2𝑧
 and 

𝑑2𝑢𝑦

𝑑2𝑧
 can be obtained from the second 

derivatives of Eqs. (11) and (12): 

 
𝑑2𝑢𝑥

𝑑2𝑧
= 𝐍𝑒′′(𝑧)𝐮𝑥

𝑒(𝑡), (13) 

 
𝑑2𝑢𝑦

𝑑2𝑧
= 𝐍𝑒′′(𝑧)𝐮𝑥

𝑒(𝑡), (14) 
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where 𝐍𝑒′′(𝑧) is the second derivative of the shape function with respect to 𝑧. Substituting Eqs. (13) and 

(14), the normal stresses due to tower bending at any point within a beam element can be obtained by 

 Δ𝜎𝑧𝑧(𝑥, 𝑦, 𝑧, 𝑡) ≈ −( 𝐸𝐍𝑒′′
(𝑧)𝐮𝑥

𝑒(𝑡)𝑥 +  𝐸𝐍𝑒′′
(𝑧)𝐮𝑦

𝑒 (𝑡)𝑦) (15) 

The fatigue damage accumulation at the location of concern is calculated by rainflow counting. The S-N 

curve is selected according to DNV recommendations [21] and defined by 

 log(𝑁) = log(�̅�) − 𝑚 log(∆𝜎 (
𝑡

𝑡𝑟𝑒𝑓
)
𝑘

) , (16) 

where 𝑁 refers to the number of cycles to failure, ∆𝜎 is the stress range, 𝑚 is the negative inverse slope of 

the S-N curve, log(�̅�) is the intercept of log 𝑁 axis, 𝑡𝑟𝑒𝑓 is the reference thickness, 𝑡 is the thickness through 

which a crack will most likely grow, 𝑘 is the thickness exponent of fatigue strength. After rainflow counting 

to bin the stress amplitudes into multiple stress levels and count the number of cycles in every stress bin, 

respective damages for each stress bin were added together to obtain the total damage. The damage 𝐷 is 

calculated using the Palmgren-Miner sum rule: 

 𝐷 = ∑
𝑛𝑖

𝑁𝑖

𝑁𝑐
𝑖=1 , (17) 

where 𝑛𝑖  is the number of cycles in 𝑖𝑡ℎ  stress bin, 𝑁𝑖  is the number of cycles to fatigue failure for the 

nominal stress cycle amplitude 𝑖, and 𝑁𝑐 is the total number of bins.  

3 Results 

3.1 Stress and fatigue estimation 

An example for mean wind speed equal to 20m/s is selected to demonstrate the fatigue estimation based on 

damping identification. A customized turbulent wind field generator written in MATLAB was used to 

generate a 10 min non-uniform turbulent field. The parameters of the turbulent wind field were determined 

based on the Kaimal spectrum specified in IEC 61400 - Edition 3 [22]. The wind field was used as input 

inflow wind in FAST, and the tower top responses obtained. The SSI method was applied to the tower top 

responses to identify the modal parameters including modal masses, modal stiffnesses, modal shapes and 

damping ratios for the first bending modes in the FA and SS directions. The identified FA damping ratio is 

6.13%, and SS damping ratio 0.88%. The 2-DOF model with damping ratios were developed based on these 

modal parameters.  

Harmonic forces (amplitude: 10kN, frequency: 0.2 Hz - 0.5 Hz) were separately applied in the FA and SS 

directions at the tower top using the equivalent OpenFAST model. These forces are superimposed onto the 

wind field. This frequency range contains the resonance frequency and allowed stable averaged damping 

coefficients to be obtained. The frequency increment for the harmonic forces was 0.01 Hz, except for the 

range from 0.3 Hz to 0.38 Hz, where a smaller frequency increment of 0.004 Hz was chosen to obtain higher 

resolution around the resonance frequency (0.34 Hz). The FRFs were obtained from the Fast Fourier 

Transform (FFT) of steady state responses divided by the FFT of the applied harmonic forces. The four 

aerodynamic damping coefficients defined in Eq. (8) were calculated from the frequency-dependent 

estimations of these coefficients using Chen et al.’s method [17]. Combining the previously identified modal 

masses, modal stiffnesses, and the newly identified modal aerodynamic damping matrix, a different 2-DOF 

model was established. 

For the external modal forces to be applied to the 2-DOF models, the aerodynamic forces with respect to 

the rigid tower were calculated using BEM codes in MATLAB and converted into modal forces using the 

formulae in Appendix A. For the same turbulent wind field, tower top responses were generated by the three 

models, i.e., the FAST model, the 2-DOF model with damping ratios, and the 2-DOF model with the modal 

aerodynamic damping matrix. The tower responses of all nodes considered were obtained through modal 

expansion. Here only the stresses at the node at the tower bottom are considered as this location corresponds 

to the largest bending moments. Given the responses at the first two nodes of the tower bottom, the stresses 
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at the tower bottom were estimated using Eq. (15). Then the fatigue damage index was calculated from the 

stress time history using Eq. (17).  

Stress time histories caused by only the FA moment 𝑀𝑦(𝑡) or the SS moment 𝑀𝑥(𝑡) are shown in Figure 2. 

The FA stress time history at the point with coordinates (𝑥, 𝑦) = (𝐷𝑝𝑖𝑙𝑒/2, 0) in the cross-section, is shown 

in Figure 2(a), while the SS stress time history at the corresponding point (𝑥, 𝑦) = (0, 𝐷𝑝𝑖𝑙𝑒/2) with highest 

bending stress is shown in Figure 2(b). For the FA stress time history, the stresses from the three responses 

agree very well. For the SS stress time history, the responses from the 2-DOF model with damping ratios 

do not agree with the responses from the FAST and modal aerodynamic damping matrix models. From this 

observation, it can be seen that the identified damping ratios and the modal aerodynamic damping matrix 

both accurately represent the FA damping in the wind turbine system. However, the model with the 

identified damping ratios performs much worse in predicting the stresses in the SS direction, compared to 

the 2-DOF model with the modal aerodynamic damping matrix.  

  

(a)       (b) 

Figure 2. FA (a) and SS (b) stress time histories from the three models. 

The stress time histories at the tower bottom calculated from the three models are compared in Figure 3 for 

the spot where the maximum fatigue damage is accumulated. It can be seen that the stress time histories 

from the FAST model and the 2-DOF model with the modal aerodynamic damping matrix are very close, 

while the stresses from the 2-DOF model with damping ratios generally have larger amplitudes. 

 

Figure 3. Stress time history at location with largest accumulated fatigue damage. 
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The fatigue damage accumulation in 20 years from the 10 min stress time histories can be estimated by 

scaling up. The maximum damage at the tower bottom over 20 years calculated are 1.02, 1.24 and 1.02 for 

the FAST model, the 2-DOF model with damping ratios and the 2-DOF model with the modal aerodynamic 

damping matrix respectively. The percentage difference of the maximum damage with respect to the damage 

from the FAST model for the 2-DOF model with damping ratios is 22.27%, and 0.06% for the 2-DOF model 

with the modal aerodynamic damping matrix. Therefore, it can be concluded that describing the 

aerodynamic damping using damping ratios could cause large errors in fatigue damage estimation. Using 

the modal aerodynamic damping matrix to capture the aerodynamic damping leads to a better model in 

terms of fatigue estimation and similar calculation effort. 

3.2 Fatigue damage comparison 

 

Figure 4. Fatigue damage percentage difference for different wind speeds. 

The fatigue damages accumulated over 20 years for the typical range of wind speeds were estimated using 

the calculation procedure detailed in Section 3.1. For each wind speed, 5 random seeds were used to generate 

the 10 min long wind field time series, and the corresponding fatigue damage indexes were averaged to 

obtain the estimate of the fatigue damage for that wind speed. The fatigue damage percentage differences 

for wind speeds from 6m/s to 20m/s in 2m/s steps compared to the FAST results are plotted in Figure 4. 

Fatigue damage was calculated for locations subjected to largest fatigue damage. This figure shows that the 

fatigue estimation error for the 2-DOF model with the modal aerodynamic damping matrix is less than 5%, 

while the estimation error can vary from 5% to 23% for the 2-DOF model with damping ratios. To evaluate 

the influence of the different occurrence probability for different wind speeds, a typical Weibull mean wind 

speed probability distribution [23] was used. The annual average wind speed was set to 8.2m/s, representing 

sites located at the Danish west coast.  

The average fatigue damage index for each wind speed was factored by multiplying the damage with the 

nominal occurrence probability. For instance, the occurrence probability of the mean wind speed of 10m/s 

was taken as the probability when the mean wind speed is between 9m/s and 11m/s. The factored fatigue 

damages for different wind speeds were summed to provide an estimate of the total fatigue damage over 20 

years within the wind speed from 6m/s to 20m/s. It should be noted that the total occurrence of wind speeds 

from 6m/s to 20m/s is 74%. The total fatigue damages over 20 years for the FAST model and the 2-DOF 

model with the modal aerodynamic damping matrix are both 0.31, while the total damage for the 2-DOF 

model with damping ratios is 0.36. Therefore, the 2-DOF model with damping ratios overestimates the 

fatigue damage by 16%.  
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4 Conclusion 

This paper proposes a fatigue damage calculation procedure based on identified 2-DOF modal vibration 

models of onshore wind turbines during operation. The paper compares fatigue results obtained from two 

aerodynamic damping models: one based on the conventional damping ratios and the other based on a modal 

aerodynamic damping matrix. The fatigue damages calculated using the two 2-DOF models were also 

compared with results from an equivalent FAST model. Simulation results showed that the 2-DOF model 

with damping ratios could cause an overestimate of the fatigue damage up to 16%.  The 2-DOF model using 

the modal aerodynamic damping matrix estimates very similar fatigue damage compared to the FAST 

model, providing better and less conservative results than employing conventional damping ratios. The 2-

DOF model is also much faster and efficient than FAST due to its simplicity. This work presented in this 

paper was focused on an onshore turbine. However, the methodology could be extended to offshore systems 

and include idle time in the fatigue calculation.   
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Appendix A 

According to [13], the resultant aerodynamic forces from the rotor to the top of a flexible wind turbine 

tower, 𝐅𝐹𝑙𝑒𝑥
𝑇𝑜𝑝 (𝑡) = [𝐹𝑥

𝐹𝑙𝑒𝑥(𝑡) 𝐹𝑦
𝐹𝑙𝑒𝑥(𝑡) 𝑀𝑥

𝐹𝑙𝑒𝑥(𝑡) 𝑀𝑦
𝐹𝑙𝑒𝑥(𝑡)]

𝑇
, can be rewritten in the following simplified 

form 

 
𝐅𝐹𝑙𝑒𝑥

𝑇𝑜𝑝
(𝑡) =

[
 
 
 
 
 ∑ ∫ 𝑑𝑇(𝑉0, 𝑉𝑟)

𝑅

0

𝑁𝑏
𝑖=1

−∑ 𝑐𝑜𝑠𝛾𝑖(𝑡) ∫ 𝑑𝑆(𝑉0, 𝑉𝑟)
𝑅

0

𝑁𝑏
𝑖=1

∑ ∫ 𝑟𝑑𝑆(𝑉0, 𝑉𝑟)
𝑅

0

𝑁𝑏
𝑖=1

∑ 𝑐𝑜𝑠𝛾𝑖(𝑡) ∫ 𝑟𝑑𝑇(𝑉0, 𝑉𝑟)
𝑅

0

𝑁𝑏
𝑖=1 ]

 
 
 
 
 

− 𝐂𝐴𝑒𝑟𝑜

[
 
 
 
 
�̇�
�̇�

�̇�𝑥

�̇�𝑦]
 
 
 
 

= 𝐅𝑅𝑖𝑔𝑖𝑑
𝑇𝑜𝑝 (𝑡) − 𝐂𝐴𝑒𝑟𝑜�̇�

𝑇𝑜𝑝(𝑡).

 (18) 

Where 

𝐂𝐴𝑒𝑟𝑜 = 

 

[
 
 
 
 
 
 ∑ ∫

𝜕(𝑑𝑇)

𝜕𝑉0

𝑅

0

𝑁𝑏
𝑖=1

∑ 𝑐𝑜𝑠𝛾𝑖(𝑡) ∫
𝜕(𝑑𝑇)

𝜕𝑉𝑟

𝑅

0

𝑁𝑏
𝑖=1 −∑ ∫ 𝑟

𝜕(𝑑𝑇)

𝜕𝑉𝑟

𝑅

0

𝑁𝑏
𝑖=1

∑ 𝑐𝑜𝑠𝛾𝑖(𝑡) ∫ 𝑟
𝜕(𝑑𝑇)

𝜕𝑉0

𝑅

0

𝑁𝑏
𝑖=1

−∑ cos 𝛾𝑖(𝑡) ∫
𝜕(𝑑𝑆)

𝜕𝑉0

𝑅

0

𝑁𝑏
𝑖=1 −∑ cos2 𝛾𝑖(𝑡) ∫

𝜕(𝑑𝑆)

𝜕𝑉𝑟

𝑅

0

𝑁𝑏
𝑖=1

∑ 𝑐𝑜𝑠𝛾𝑖(𝑡) ∫ 𝑟
𝜕(𝑑𝑆)

𝜕𝑉𝑟

𝑅

0

𝑁𝑏
𝑖=1 −∑ cos2 𝛾𝑖(𝑡) ∫ 𝑟
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𝑅
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𝑅
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𝑁𝑏
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𝜕𝑉𝑟

𝑅
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 (19) 

where 𝑑𝑇 and 𝑑𝑆 are the steady-state forces in normal and tangential directions respectively applied to one 

blade element at distance 𝑟 from the hub. 𝑉0 is an steady inflow wind velocity in the FA direction, 𝑉𝑟 is the 

tangential speed of the blade element at distance 𝑟 which is caused by the rotor rotation, 𝑁𝑏 is the number 

of blades, 𝑅 is the radius of the blade, 𝛾𝑖(𝑡) is the azimuth angle of blade 𝑖 at time 𝑡. 
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Appendix B 

Outline of Chen et al..’s method [12] 

Given a dynamic system with mass, stiffness and damping matrices 𝐌, 𝐊 and 𝐂 excited by an external force 

𝐟, the equation of motion is 

 𝐌�̈� + 𝐂�̇� + 𝐊𝐱 = 𝐟. (20) 

Rewrite this equation of motion in the frequency domain: 

 (−𝜔2𝐌 + 𝑖𝜔𝐂 + 𝐊)𝐗(𝜔) = 𝐅(𝜔). (21) 

The frequency response function (FRF) matrix 𝐇(𝜔) is defined as: 

 𝐇(𝜔) = (−𝜔2𝐌 + 𝑖𝜔𝐂 + 𝐊)−1. (22) 

The “normal” FRF 𝐇𝐍(𝜔) is defined with the undamped system: 

 𝐇N(𝜔) = [𝐊 − 𝜔2𝐌]−1 (23) 

With the “normal” FRF, the frequency domain equation of motion can be written as 

 [𝐇N(𝜔)]−1𝐗(𝜔) + 𝑖𝜔𝐂𝐗(𝜔) = 𝐅(𝜔), (24) 

or 

 𝐗(𝜔) + 𝑖𝐆(𝜔)𝐗(𝜔) = 𝐇𝑁(𝜔)𝐅(𝜔), (25) 

where 

 𝐆(𝜔) = 𝜔𝐇𝑁(𝜔)𝐂. (26) 

Therefore, the relationship between the measured FRF 𝐇(𝜔) and the “normal” FRF 𝐇N(𝜔) is 

 𝐇𝑁(𝜔) = [𝐈 + 𝑖𝐆(𝜔)]𝐇(𝜔), (27) 

where 𝐈 is an identity matrix. Since 𝐇𝑁(𝜔) and 𝐆(𝜔) are real matrices, the imaginary part of the RHS in 

the above equation is zero, giving 

 𝐆(𝜔) = −im(𝐇(𝜔))[Re(𝐇(𝜔))]
−1

. (28) 

Finally, the damping matrix at any given frequency can be expressed by 

 𝐂 =
1

𝜔
[𝐇𝐍(𝜔)]−1𝐆(𝜔). (29) 

It should be noted that this damping identification method requires prior knowledge of the stiffness and 

mass matrices. 
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Abstract 
The denoising performance of  traditional denoising methods is greatly affected by parameters set manually, 

so this paper proposes an end-to-end deep learning-based denoising method, called Attention-Guided Cross-

Layer Feature Fusion Convolutional Neural Network (ACFCNN). In ACFCNN, an attention-guided cross-

layer feature fusion module is constructed. This module first introduces the Cross-Layer Feature Fusion 

Block to achieve the feature fusion between the shallow layer and the deep layer, which solves the problem 

of important information loss during the encoding operation. And it then introduces the Channel Attention 

Block into the decoder network to improve the decoding quality for high dimensional features. Additionally, 

this paper recommends Leaky ReLU as the activation function in the denoising network, because it retains 

the negative value information. Finally, the effectiveness and superiority of the proposed ACFCNN is 

verified on the Case Western Reserve University bearing dataset.  

1 Introduction 

Monitoring the health status of machinery is of great significance to the safety of machinery and to extend 

its service time. During the operation, vibration signals always carry the dynamic information, which 

potentially reflects the health status of machinery. Extracting features of vibration signals is an important 

part for the fault diagnosis and life prediction of machinery. However, in the actual operation, the vibration 

signal often suffers from strong noise interference, such as environmental noise and signal interference from 

other sources, which makes the Signal-to-Noise Ratio (SNR) of the vibration signal very low. This causes 

interesting challenges to feature extraction, making it difficult to monitor the machinery health status more 

accurately. Therefore, it is very meaningful to denoise the vibration signal before the feature extraction. 

At present, the published literature mainly focuses on traditional denoising methods. Vibration signals are 

often transformed to the frequency domain using the Fast Fourier Transform (FFT) and then a filter is 

constructed to remove the useless frequency bands while at the end the denoised signal is reconstructed. 

Moreover, the Wavelet Transform (WT) [1][2] and the Empirical Mode Decomposition (EMD) [3] are used 

in order to decompose the vibration signals into multiple signal components, and then a threshold is used to 

filter out the noise. Wang et al. [4] proposed a dual-tree complex wavelet transform method to denoise the 

signal firstly, and then diagnosed the rotating machinery faults. Zhao et al. [5] used the reweighted Singular 

Value Decomposition to denoise vibrational signals, and then detected weak fault signals of rotating 

machinery. These methods have achieved significant success on denoising processing of vibration signals. 

Meanwhile, there are still some open questions and limitations: 1) When constructing a filter, how to choose 

the center frequency and the bandwidth? 2) When decomposing the signal, how to set the number of signal 

components and the threshold? These parameters seriously affect the denoising performance. Furthermore 
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under the working condition of multi-source interference and strong environmental noise, traditional 

denoising methods still have limited denoising ability.  

Recently, the theory of deep learning has developed rapidly. More particularly, due to the excellent feature 

learning representation ability of Convolutional Neural Network (CNN), it has achieved great success in the 

fields of image perception, semantic recognition, and signal processing. In the field of machinery condition 

monitoring, there are lots of published papers focusing on CNN-based machinery fault diagnosis [6][7][8], 

and CNN-based remaining useful life (RUL) prediction [9][10]. Chen et al. [11] proposed a novel bearing 

fault diagnosis method based on the Cyclic Spectral Coherence and the CNN, achieving competitive fault 

diagnosis results. Wang et al. [10] proposed the Multi-Scale Convolutional Attention Network for the 

prediction of the RUL of milling cutters with multi-sensor data, and achieved a superior RUL prediction 

accuracy. However, as far as the authors are aware, there are few papers about deep learning-based denoising 

methods for vibration signals.  

Based on the above motivation, this paper first constructs a fully convolutional encoder decoder architecture 

for signal denoising in an end-to-end way, as shown in Figure 1, where Conv represents a convolutional 

layer. In the encoder network, the main components of the signals are encoded into the high-dimensional 

feature space layer by layer through multi-layer convolution and down-sampling operations, and thus the 

noise is filtered. In the decoder network, the signal details and the signal size are recovered layer by layer 

through multi-layer convolution and up-sampling operations, and hence the denoised signal with a high 

SNR is reconstructed. This fully convolutional encoder decoder architecture is inspired by the standard 

AutoEncoder (AE) network, but the difference is that AE reconstructs signals through fully connected layers 

while the proposed architecture consists of fully convolutional layers and has better feature representation 

ability and signal reconstruction ability. In addition, considering the signal itself, this paper proposes  to use 

Leaky ReLU [12] as the activation function instead of ReLU [13], because ReLU function maps all features 

to zero or positive values, which loses the negative value information of vibration signals.  

 

Figure 1: The encoder decoder architecture. 

However, when the encoder network encodes the signal into a high-dimensional feature space, an amount 

of signal detail information is lost due to multiple down-sampling operations, which challenges the decoder 

network to accurately reconstruct the signal details. It can be found that the feature resolution in the encoder 

network is high but contains a lot of noise information, and the decoder network has a low resolution but 

less noise information. Inspired by the excellent image segmentation network U-net [14], we construct a 

Cross-Layer Feature Fusion Block (CLFFB) between the encoder network and the decoder network. This 

block fuses features between the encoder network and the decoder network through skip connection, which 

solves the problem of information loss during the encoding process. 

As mentioned above, features in the encoder network contain a lot of noise information. After the 

introduction of CLFFB, although the comprehensiveness of information is guaranteed, it also suffers from 

information redundancy. Therefore, we construct a Channel Attention Block (CAB). This can synthesize 

the global information of fusion features obtained from CLFFB, and generate channel weight vectors. These 
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weight vectors assign weights to channel features, so that the network can automatically optimize the fusion 

features, pay more attention to useful information, and ignore the noise information. 

Consequently, this paper proposes a deep learning-based denoising method, named Attention-Guided Cross-

Layer Feature Fusion Convolutional Neural Network (ACFCNN), which consists of an encoder network 

and a decoder network. CLFFB is constructed to effectively make use of features in the encoder network 

and enable the decoder network to obtain better signal reconstruction results. We validate the effectiveness 

and the superiority of the proposed ACFCNN on the Case Western Reserve University (CWRU) bearing 

dataset. 

The contributions of this paper are summarized as follows: 

 This paper proposes an Attention-Guided Cross-Layer Feature Fusion Convolutional Neural 

Network denoising method in an end-to-end way. This is a new attempt in the field of vibration 

signal denoising. We have proved that deep learning technique is promising for signal denoising. 

 An Attention-Guided Cross-Layer Feature Fusion mechanism is proposed, which takes advantage 

of the complementary characteristics of features between the encoder network and the decoder 

network to improve the signal reconstruction ability of the encoder network. 

 This paper conducts a lot of experiments on the CWRU bearing dataset. The experiment results 

confirm that ACFCNN has a very competitive denoising ability. 

This paper is organized as follows. The proposed ACFCNN is described in section 2. Section 3 introduces 

the experimental setup and the dataset. In section 4, the effectiveness and the superiority of the proposed 

ACFCNN are verified. Finally, some conclusions are drawn in Section 5. 

Concatenate

Conv: Stride = 2,  Leaky ReLU

Conv: Stride = 1,  Leaky ReLU

Up-sampling layer, size: 2

Input noisy signal

2048×1

Output denoised signal

2048×1

CAB CAB CAB CAB

Encoder Network Decoder Network

W

C

Residual Connection

GAP

× + C

W

Conv 1×1, Filters: C/2, Stride: 1 

+ BatchNorm + ReLU

Conv 1×1, Filters: C, Stride: 1 + 

BatchNorm + Tanh

Channel affinity matrix

× Matrix multiplication

+ Element-wise sum

Channel Attention Block (CAB)

GAP Global average pooling

 

Figure 2: The detailed network architecture of ACFCNN. 

2 Proposed Methodology 

This paper proposes an end-to-end deep learning-based signal denoising method, called ACFCNN, with 

excellent discriminative feature learning ability and denoising ability. In ACFCNN, an Attention-Guided 
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Cross-Layer Feature Fusion module is constructed to effectively fuse features from the encoder network and 

the decoder network, and then to give relative importance weight to channel features, in order to improve 

the denoising performance. The proposed ACFCNN architecture is shown in Figure 2. It considers vibration 

signals contaminated by noise as input, and then uses an encoder network and a decoder network to 

automatically denoise the signals and reconstruct the denoised signals in an end-to-end way. ACFCNN is 

composed of an encoder network, a decoder network, and the proposed Attention-Guided Cross-Layer 

Feature Fusion module. Additionally, Leaky ReLU is used as the activation function. 

2.1 Convolutional layer and Leaky ReLU 

Multiple convolutional layers are used in the encoder network and the decoder network. The convolutional 

layer, composed of multiple convolution kernels, is an important part of CNN. The convolution kernel is 

also called a filter, and the number of convolution kernels determines the channel number of the 

convolutional layer. Each convolution kernel has a fixed size. Assume the output of the jth convolutional 

layer is 1 2[ , , , , , ]j j j j j

n Nx x x x x , where N is the channel number. Suppose there is N  number of 

convolution kernels in the j+1th convolutional layer, the weight of the thn  convolution kernel is 1j

nw 

 , the 

bias is 1j

nb 

 , there is padding and the convolution stride is 1. The output of the j+1th convolutional layer is 
1 1 1 1 1

1 2[ , , , , , ]j j j j j

n Nx x x x x    

  . 
1j

nx 

 is calculated as Eq.(1). 

   1 1 1

1

Nj j j j

n n n nn
x w x b  

  
     (1) 

where, σ(•) is the activation function, and ∗ denotes the convolution operation.  

The activation function layer aims to map the linear fitting function to the nonlinear fitting function so as to 

increase the non-linear representation ability of the network. In the field of fault diagnosis and life prediction 

tasks, ReLU is widely used as the activation function. The ReLU function r(z) is expressed as Eq.(2). 
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When the input z is less than 0, the function output is 0. If ReLU is used as the activation function, all 

negative values of the vibration signal are mapped to zero, but in theory the denoised vibration signal should 

contain negative value information. Therefore, in the denoising network, ReLU function is not suitable as 

the activation function.  

Fortunately, Leaky ReLU activation function solves this problem well. Therefore, in the proposed encoder 

and decoder network, Leaky ReLU is used as the activation function, which retains the negative value 

information of the vibration signal. The Leaky ReLU function lr(z) is calculated as Eq.(3). 
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z z
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z z


 


  (3) 

where the hyperparameter ranges from [0,1], which requires to be set in advance. It is worth noting that if 

 is set to 0, the Leaky ReLU function becomes ReLU function. In this paper, the experiment method is 

used to determine the value of hyperparameter  . 

2.2 Attention-Guided Cross-Layer Feature Fusion 

The Attention-Guided Cross-Layer Feature Fusion module is proposed to improve the denoising ability of 

the network. In this module, the Cross-Layer Feature Fusion Block (CLFFB) is introduced between the 

encoder network and the decoder network, as shown in Figure 2 with the red line. CLFFB fuses low- and 

high-layer features to solve the problem of information loss during the encoding process. It is worth noting 

that the channel number and the feature map size of the low layer and the high layer used in CLFFB must 
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be the same. Specifically, if in the low layer (L-layer),  there are u number of channels and the feature map 

size is v, the channel number and the feature map size of the high layer (H-layer) are u and v separately as 

well. Then the fusion features are obtained by splicing the feature maps of H-layer behind the feature maps 

of L-layer, so the fusion layer outputs features with the channel number 2u and the feature map size v. 

Although CLFFB combines shallow- and deep-layer features to solve the problem of information loss in the 

encoder network, it also causes information redundancy. The output features of CLFFB contain noise 

information. Therefore, after each CLFFB, this paper introduces a Channel Attention Black (CAB) to assign 

importance weights to different channels and optimize the fusion features. CAB focuses more on useful 

features with large weights, and ignores noise features with a small weight, improving the feature 

optimization ability and the signal reconstruction ability of the network.  

Assume that the input of the lth CAB: 1,1 2,1 , ,[ , , , , , ]l l l l l

i c W Cx x x x x , where ,

l

i cx is the ith feature value of the 

cth channel of the lth CAB. The feature map size of 
lx is W, and the channel number is C. After the global 

average pooling layer, the cth channel features become ,1
( ) /

Wl l

c i ci
x x W


  , and the feature map size 

becomes 1, but the channel number is still C. Then, the output feature maps are input into the first 

convolutional layer of the CAB with the convolution kernel size 1 and number C/2, and the activation 

function is the ReLU. The output feature of the first convolutional layer  is 
,1 ,1 ,1 ,1 ,1

1 2 /2[ , , , , , ]l l l l l

i Cx x x x x , 

where the channel number becomes C/2 and the feature map size is 1. 
,1l

ix  is calculated as Eq.(4). 

  ,1 ,1 ,1 ,1 ,1

1 1
0,

C Cl l l l l l l

i i c i i c ic c
x w x b max w x b

 
      
     (4) 

where, 
,1l

iw  is the weight of the ith convolution kernel in the first convolutional layer of the lth CAB, 
,1l

ib  is 

the bias, ( )  is the ReLU activation function. Then, 
,1lx  is input into the second convolutional layer with 

the convolution kernel size 1 and number C, and the activation function is the tanh. After that, the attention 

coefficient 1 2[ , , , ]c CA a a a a , called channel affinity matrix, is obtained, and the cth attention weight 

ca  is calculated as Eq.(5).  
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where, 
,2l

cw  is the weight of the cth convolution kernel in the second convolutional layer of the lth CAB, 
,2l

cb  

is the bias, tanh(•) is the activation function. Then, the weighted output ˆ lx  is obtained by element-wise 

multiplication of the channel affinity matrix A and input features 
lx : , ,

ˆ l l

i c i c cx x a  . Then a residual 

connection is used to prevent the gradient from disappearing or exploding, so the final output of the lth CAB 

is ˆl l l

CABx x x  . 

2.3 The architecture of ACFCNN 

The network parameters of the ACFCNN are shown in Table 1. ACFCNN is composed of 24 learning layers, 

including 11 convolutional layers, 5 up-sampling layers, 4 CLFFBs and 4 CABs. In the encoder network, 

the size of the convolution kernels of the 5 convolutional layers is 3, the activation function is the Leaky 

ReLU, and the convolution stride is 2, which finishes the down-sampling operation. However, in the decoder 

network, the convolution stride is 1. The size of five up-sampling layers is set to 2. In each CAB, there are 

one global average pooling layer, and two convolutional layers with the convolution kernel size 1 and the 

activation functions ReLU and tanh, respectively.  
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Table 1: Network parameters of ACFCNN. 

Encoder Network 

  Kernel 

number 

Kernel 

size 

Stride 

/padding 
Activation Output  

D1 Convolutional layer 16 3 2/yes Leaky ReLU 1024×16 

D2 Convolutional layer 32 3 2/yes Leaky ReLU 512×32 

D3 Convolutional layer 64 3 2/yes Leaky ReLU 256×64 

D4 Convolutional layer 128 3 2/yes Leaky ReLU 128×128 

D5 Convolutional layer 256 3 2/yes Leaky ReLU 64×256 

Decoder Network 

D6_1 Up-sampling layer / / 2 / 128×256 

D6_2 Convolutional layer 128 3 1/yes Leaky ReLU 128×128 

D6_3 CLFFB (D6_2 and D4) / / / / 128×256 

D6_4 CAB 256 1 1/yes ReLU + tanh 128×256 

D7_1 Up-sampling layer / / 2 / 256×256 

D7_2 Convolutional layer 64 3 1/yes Leaky ReLU 256×64 

D7_3 CLFFB (D7_2 and D3) / / / / 256×128 

D7_4 CAB 128 1 1/yes ReLU + tanh 256×128 

D8_1 Up-sampling layer / / 2 / 512×128 

D8_2 Convolutional layer 32 3 1/yes Leaky ReLU 512×32 

D8_3 CLFFB (D8_2 and D2) / / / / 512×64 

D8_4 CAB 64 1 1/yes ReLU + tanh 512×64 

D9_1 Up-sampling layer / / 2 / 1024×64 

D9_2 Convolutional layer 16 3 1/yes Leaky ReLU 1024×16 

D9_3 CLFFB (D9_2 and D1) / / / / 1024×32 

D9_4 CAB 32 1 1/yes ReLU + tanh 1024×32 

D10_1 Up-sampling layer / / 2 / 2048×32 

D10_2 Convolutional layer 8 3 1/yes Leaky ReLU 2048×8 

D11 Convolutional layer 1 3 1/yes Leaky ReLU 2048×1 

 

3 Experiment 

3.1 Dataset introduction 

In order to verify the effectiveness of the proposed method, this paper uses the published CWRU motor 

bearing dataset [15]. The bearing test rig is shown in Figure 3, which consists of an electric motor, a torque 

transducer and an encoder, a dynamometer and two testing bearings. We used the drive end bearing dataset, 

which contains four bearing health status, namely healthy, ball fault, inner race fault, and outer race fault. 

There are three fault severities with the crack size 7mil, 14mil, and 21mil for each type of fault. These 

bearings operate under motor loads: 0hp, 1hp, 2hp, and 3hp, respectively, and the motor rotation frequency 

is approximately 30Hz. The signal sampling frequency is 12kHz. 

Training a deep learning model requires a large number of samples. The sliding segmentation [16] technique 

is widely used to increase the number of samples. In this paper, in order to ensure that the sample length 

includes signal points collected by the rolling element bearing rotating at least one rotation, each sample 
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size is set to 2048, and the sliding step is 256. After the data augmentation, there are a total of 18,600 samples, 

of which 13920 (75%) are used as training samples and 4680 (25%) as test samples. 

Dynamometer

Drive end bearing

Electric motor Torque transducer 

& encoder

Fan end bearing

 

Figure 3: CWRU bearing test rig [15]. 

Before inputting samples into the network, all samples are normalized using the z-score standardization 

method to enable network easily convergence, which can be expressed as Eq.(6). 

 
( )

ˆ
( )

x x
x

x






   (6) 

where, x is the raw sample, and x̂  is the sample after normalization, ( )  and ( )  are the mean function 

and the standard deviation function, respectively. 

Moreover in order to evaluate the performance of the methodology on noise signals, artificial noise is added 

on the real signal of the CWRU bearing dataset. Assuming that the raw vibration signal after normalization 

is the pure signal x̂ , Gaussian white noise is added to obtain the noisy signal ˆ
nx . The Signal-to-Noise Ratio 

(SNR) of the noisy signal is described in Eq.(7). 

 10SNR 10log
signal

noise

P

P

 
  

 
  (7) 

where signalP  and noiseP  are the power of the signal and the noise respectively. The proposed ACFCNN takes 

the noisy signal ˆ
nx as the input and outputs the predicted denoised signal ˆ

dx . The optimization goal is to 

make the error between the predicted denoised signal ˆ
dx and the pure signal x̂ the minimum possible.  

3.2 Comparison methods and evaluation metrics 

In order to verify the effectiveness of the proposed ACFCNN, we choose two classic traditional denoising 

methods and construct one AutoEncoder-based denoising network as comparison methods. The three 

considered methods are briefly described below: 

 OWD [1]: In this Optimized Wavelet Denoising (OWD) method, the wavelet transform is used to 

decompose the signal, and the obtained wavelet coefficients are processed by a threshold to remove 

the redundant information. Finally the denoised signal is reconstructed based on the inverse wavelet 

transform.  

 EMD-Custom [3]: This method firstly uses EMD to decompose a noisy signal into intrinsic mode 

functions (IMFs). Then the modified Customized Thresholding Function (Custom) algorithm is 

used to suppress the noise of all IMFs. 
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 AutoEncoder Denoising Network (AEDN): Although few deep learning-based denoising methods 

have been proposed, this paper constructs an AutoEncoder Denoising Network as a comparison 

method based on deep learning. The detailed network parameters are described in Table 2.  

Table 2: The detailed network parameters of AEDN. 

Encoder Network 

  Unit Activation Output 

D1 Dense layer 1024 Leaky ReLU 1024 

D2 Dense layer 512 Leaky ReLU 512 

D3 Dense layer 128 Leaky ReLU 128 

D4 Dense layer 64 Leaky ReLU 64 

Decoder Network 

D5 Dense layer 128 Leaky ReLU 128 

D6 Dense layer 512 Leaky ReLU 512 

D7 Dense layer 1024 Leaky ReLU 1024 

D8 Dense layer 2048 Leaky ReLU 2048 

 

In this research, the denoising performance can be evaluated by these two evaluation metrics, SNR 

improvement (SNRimprove) and mean squared error (MSE) [3]. SNRimprove and MSE are calculated based on 

the Eqs.(8) and (9). 
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where T is the length of the signal, ˆ( )x t is the pure signal and ˆ ( )dx t  is the predicted denoised signal. The 

better the denoising performance of the network, the larger the SNRimprove value and the smaller the MSE 

value. 

4 Results 

All experiments are run on Ubuntu 16.04 with a GTX 2080 GPU. The proposed ACFCNN is written in 

Python 3.6 with deep learning framework Keras. The batch size is set to 128 and the learning rate of the 

optimizer, Adam, is set to 0.0001. We run the network for 100 epochs. The experiments are repeated 5 times 

to reduce the influence of randomness.  

In this section, we first discuss the effect of the parameter α of the Leaky ReLU on the network performance. 

Then, the effectiveness of the Attention-Guided Cross-Layer Feature Fusion module is demonstrated. 

Further, the superiority of the proposed ACFCNN is verified, and finally the impact of the training sample 

number on the denoising ability of the network is discussed. 

4.1 Discussion of Leaky ReLU with parameter 𝜶 

Before the application of the general methodology, the parameter a  of Leaky ReLU needs to be set. As 

described above, [0,1]a , so we set a to 0.0, 0.1, , 1.0.  For each value, five repeated experiments are 

performed under −4dB noise, and the results of the SNRimprove and the MSE are recorded, as shown in Table 

3. Obviously, when a is equal to 0.0, that is, the Leaky ReLU function becomes the ReLU function, the 
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SNRimprove is the smallest among all results, only 1.8509dB, and the MSE is the largest among all results, 

reaching 0.6530, so the denoising performance is the worst when 0.0a  . This occurs because the ReLU 

function maps the negative values of signals to zero, and the negative value information of the signal cannot 

be recovered in the decoder network, resulting in poor denoising ability. This again indicates that in the 

denoising task, ReLU is not suitable as the activation function. When 1.0a  , the Leaky ReLU function 

becomes a linear function completely, so the network does not have a (strong) nonlinear learning ability. 

The experimental results (SNRimprove = 3.2541dB, MSE = 0.4727) also confirm that the performance is poor 

at 1.0a  . Except for these two values, at other parameter values, the network achieves similar denoising 

results, that is, SNRimprove is about 5dB and MSE is about 0.3. Specifically, when 0.7a  , the SNRimprove 

value is the largest (5.2145dB) and the MSE value is the smallest (0.3010) among all results, so the network 

obtains the best denoising performance. Therefore, in the following experiments, the parameter a of the 

Leaky ReLU is set to 0.7. 

Table 3: The influence of parameter a  to SNRimprove and MSE results of ACFCNN under −4dB noise. 

a (Leaky ReLU) SNRimprove (mean ± standard deviation) MSE (mean ± standard deviation) 

0.0 1.8509 ± 0.0042 0.6530 ± 0.0006 

0.1 5.0795 ± 0.0422 0.3105 ± 0.0030 

0.2 5.0796 ± 0.0612 0.3105 ± 0.0044 

0.3 5.1449 ± 0.0112 0.3058 ± 0.0008 

0.4 5.1672 ± 0.0069 0.3043 ± 0.0005 

0.5 5.1958 ± 0.0100 0.3023 ± 0.0007 

0.6 5.2056 ± 0.0083 0.3016 ± 0.0006 

0.7 5.2145 ± 0.0077 0.3010 ± 0.0005 

0.8 5.1706 ± 0.0085 0.3042 ± 0.0005 

0.9 5.0885 ± 0.0037 0.3098 ± 0.0003 

1.0 3.2541 ± 0.0076 0.4727 ± 0.0008 

 

4.2 The effectiveness of Attention-Guided Cross-Layer Feature Fusion module 

In the fully convolutional encoder and decoder network, this paper proposes the Attention-Guided Cross-

Layer Feature Fusion module. In order to verify the effectiveness of this module, we construct a Baseline 

network (ACFCNN without Attention-Guided Cross-Layer Feature Fusion module). The other settings of 

the Baseline are exactly the same as ACFCNN. We set five noise conditions (−4dB, −2dB, 0dB, 2dB and 

4dB). Under each noise condition, five repeated experiments are conducted, and the SNRimprove and the MSE 

results as shown in Table 4. 

Table 4: The SNRimprove and MSE results of Baseline and ACFCNN under five noise condition. 

Noise 

(SNR) 

SNRimprove (mean ± standard deviation) MSE (mean ± standard deviation) 

Baseline ACFCNN Baseline ACFCNN 

−4dB 4.2850 ± 0.0071 5.2074 ± 0.0062 0.3728 ± 0.0006 0.3015 ± 0.0004 

−2dB 5.2796 ± 0.0099 6.2613 ± 0.0109 0.2965 ± 0.0007 0.2366 ± 0.0006 

0dB 6.3066 ± 0.0130 7.3680 ± 0.0073 0.2340 ± 0.0007 0.1833 ± 0.0003 

2dB 7.3471 ± 0.0186 8.5296 ± 0.0018 0.1842 ± 0.0008 0.1403 ± 0.0001 

4dB 8.4080 ± 0.0184 9.7432 ± 0.0103 0.1443 ± 0.0006 0.1061 ± 0.0002 

 

WIND TURBINE DYNAMICS 3571



It can be seen that the Attention-Guided Cross-Layer Feature Fusion module can significantly improve the 

denoising performance of the network. As can be seen from the SNRimprove metric, under each noise 

condition, the denoising performance of the ACFCNN is better compared to the Baseline. More specifically, 

under −4dB noise, the SNRimprove obtained by the ACFCNN is 5.2074dB, which is 0.9224dB higher than 

that of the Baseline. Under the other four noise conditions, the SNRimprove value of the ACFCNN is about 

1dB higher than that of the Baseline. This means that the Attention-Guided Cross-Layer Feature Fusion 

module can significantly enhance the denoising ability of the network. In addition, it can be found that the 

denoising performance of both networks gradually decreases with the increase of noise (SNR decreases 

from 4dB to −4dB), and SNRimprove of ACFCNN decreases from 9.7432dB to 5.2074dB. It is obvious that 

the more noise components are contained in the signal, the harder it is to obtain denoised signals with high 

SNR. Similarly, as can be seen from the MSE metric, the denoising ability of the ACFCNN is better than 

that of the Baseline under all noise conditions. Under −4dB noise, the MSE of the Baseline is 0.3727, but 

the MSE obtained by the ACFCNN is 0.3015, which is 0.0712 lower than that of the Baseline. Under other 

noise conditions, the MSE value of the ACFCNN is lower than that of the Baseline, so the denoising 

performance of the ACFCNN is better than that of the Baseline. Similarly, the stronger the noise and the 

larger the MSE value, the worse the denoising performance of the network. Consequently, the proposed 

Attention-Guided Cross-Layer Feature Fusion module contributes a lot on improving the network denoising 

performance. 

In addition, in order to make the denoising results more intuitive, we visualize the noisy signal, the pure 

signal, and the predicted denoised signal by the ACFCNN under four health status of the bearings under 

−4dB noise condition, as shown in Figure 4, where Figure 4(a) is the time domain vibrational signal and 

Figure 4(b) is the frequency spectrum obtained by the Fast Fourier Transform (FFT). It can be found from 

Figure 4(a), under four health status of bearings, that the predicted denoised signal obtained from the 

ACFCNN has removed a lot of noise from the noisy signal, and it has a good coincidence with the pure 

signal as well. It can be observed from the frequency spectrum that the predicted denoised signal not only 

removes the noise information, but also well preserves the impulse frequency band of the pure signal. This 

again shows that the ACFCNN has excellent denoising ability. 

 

Figure 4: The visualization of the noisy signal, the pure signal, the predicted denoised signal by the 

ACFCNN under four health status of the bearings under −4dB noise condition: (a) Time domain signal;  

(b) Frequency spectrum by FFT. 
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4.3 Comparison with other denoising methods 

To demonstrate the superiority of the proposed ACFCNN, three denoising approaches are also employed to 

remove noise signals from noisy signals in this section, including OWD, EMD-Custom, AEDN, described 

in section 3.2. Five repeated experiments are implemented under five noise conditions. Table 5 and Figure 

5 show two evaluation metric results. 

Table 5: The SNRimprove and MSE results of four denoising methods under five noise conditions. 

Metrics Noise (SNR) OWD EMD-Custom AEDN ACFCNN 

SNRimprove 

−4dB 0.9302 1.5872 0.7096 ± 0.0041 5.2074 ± 0.0062 

−2dB 1.2434 2.1209 0.8394 ± 0.0036 6.2613 ± 0.0109 

0dB 1.5096 2.5861 0.9484 ± 0.0045 7.3680 ± 0.0073 

2dB 1.7472 3.0088 1.0243 ± 0.0048 8.5296 ± 0.0018 

4dB 1.9522 3.3730 1.0790 ± 0.0034 9.7432 ± 0.0103 

MSE 

−4dB 0.8072 0.6939 0.8492 ± 0.0008 0.3015 ± 0.0004 

−2dB 0.7510 0.6136 0.8243 ± 0.0007 0.2366 ± 0.0006 

0dB 0.7064 0.5513 0.8038 ± 0.0008 0.1833 ± 0.0003 

2dB 0.6688 0.5002 0.7899 ± 0.0009 0.1403 ± 0.0001 

4dB 0.6379 0.4599 0.7800 ± 0.0006 0.1061 ± 0.0002 

 

 

Figure 5: Performance estimation results of four denoising methods under five noise conditions:  

(a) SNRimprove values; (b) MSE values. 
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It can be found from Figure 5 that, under any noise conditions, the proposed ACFCNN has a higher 

SNRimprove value and a smaller MSE value than the other three denoising methods, which signifies that the 

ACFCNN can obtain a denoised signal with a higher SNR and the performance is relatively robust. More 

specifically, as can be seen from Table 5, under 4dB noise, the SNRimprove value of the ACFCNN increases 

by 8.6642dB and the MSE value decreases by 0.6739 compared to the AEDN with the worst denoising 

performance among the four methods. Under the strong noise condition of −4dB, the advantage of the 

ACFCNN is still significant. SNRimprove increases by 4.4978dB, and the MSE decreases by 0.5477 compared 

with the AEDN. Although the performance of the EMD-Custom is worse than the ACFCNN, it is the best 

among the three comparison methods. Meanwhile, we find that the performance of the AEDN is the worst 

with the highest MSE and the lowest SNRimprove under any noise conditions, which means that deep learning-

based denoising method is not necessarily better than traditional denoising method for vibrational signal 

denoising. Similarly, as the noise increases, the performance of each method gradually decreases. In 

summary, the proposed ACFCNN is superior to other denoising methods. This performance enhancement 

demonstrates again the advantage of the Attention-Guided Cross-Layer Feature Fusion module. 

We also visualize the denoising results of the four methods for one noisy signal of outer race fault under 

−4dB noise condition. As shown in Figure 6, the left figure is the time domain vibration signal and the right 

figure is the frequency spectrum. It can be observed that the denoised signal obtained by the ACFCNN and 

the pure signal have a good coincidence both in the time domain and in the frequency domain. However, 

the denoised signal obtained by the three comparison methods not only removes the noise information, but 

also removes a lot of important impact information, so that the denoised signal and the pure signal do not 

coincide well, which can also be observed in the frequency spectrum. This shows that these three comparison 

methods have a relative poor denoising performance. Observing the frequency spectrum figure,  EMD-

Custom is superior to the other two comparison methods, which is consistent with the conclusions obtained 

in Table 5 and Figure 5. 

 

Figure 6: The visualization of denoising results for outer race fault signal under −4dB noise condition:  

(a) ACFCNN; (b) AEDN; (c) EMD-Custom; (d) OWD. 
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4.4 The influence of training samples number 

In this section, we explore the effect of the training sample number on the denoising performance of the 

ACFCNN under the same test samples. Therefore, we set five training sample numbers, which are 13920, 

9280, 4640, 2320, and 464. The number of test samples and data are the same, which is 4640. Under each 

dataset, the ACFCNN denoises the vibration signal containing −4dB noise, and the experiment results are 

shown in Table 6. 

Table 6: The experiment results of ACFCNN with different training sample numbers under −4dB noise. 

Training sample number : test sample 

number 
SNRimprove MSE 

13920 : 4680 ≈ 2.97 : 1 5.2074 ± 0.0062 0.3015 ± 0.0004 

9280 : 4680 ≈ 1.97 : 1 5.1284 ± 0.0094 0.3070 ± 0.0007 

4640 : 4680 ≈ 0.99 : 1 4.9799 ± 0.0081 0.3177 ± 0.0006 

2320 : 4680 ≈ 0.50 : 1 4.8086 ± 0.0890 0.3305 ± 0.0067 

464 : 4680 ≈ 0.10 : 1 3.7903 ± 0.1486 0.4180 ± 0.0144 

 

It can be observed that, when the training set contains more samples (13920), the ACFCNN has a larger 

SNRimprove value and a smaller MSE value, and the standard deviation is smaller. This shows that the 

ACFCNN has a better denoising result, and the performance is more robust. This happens because the 

network can learn better feature distributions from more training samples and thus train a model with better 

generalization, so that the denoising performance is better. On the contrary, when the training set only 

includes 464 samples, the SNRimprove value is the smallest (only 3.7903dB), the MSE value is the largest 

(0.4180), and the standard deviation is also the largest. This shows that the network performance is the 

worst, and the stability of the network is relatively poor. With small training samples, the network cannot 

learn the potential signal characteristics, and the trained model is easily over fitting, resulting in poor 

denoising results. Therefore, in the vibration signal denoising field, we should obtain a large amount of 

training samples. If not, some data augmentation techniques can be used to increase the sample number.  

5 Conclusion 

In this paper, a new deep learning-based denoising framework called ACFCNN is proposed for removing 

noise signals from noisy signals, which is comprised of an encoder decoder network with the proposed 

Attention-Guided Cross-Layer Feature Fusion module. In the ACFCNN, raw vibration signals added 

Gaussian white noise are used as the input of the denoising network. Then, the encoder network stacked by 

multiple convolutional layers is constructed to encode the vibrational signal into a high dimensional feature 

representation. After that, a decoder network is designed to decode the abstract features into a denoised 

signal with high SNR. Particularly, the Attention-Guided Cross-Layer Feature Fusion module is proposed 

to improve the decode ability of the network. Specifically, in this module, the Cross-Layer Feature Fusion 

block is introduced between the low layer and the high layer to fuse the low- and high-layer features to solve 

the problem of important information loss during the encoding process. After each Cross-Layer Feature 

Fusion block, a Channel Attention block is constructed to automatically assign the weight to channel features,  

and thus to obtain the relative importance along channels, in order to focus more on useful information. The 

proposed ACFCNN is experimentally validated using the CWRU bearing dataset. Experiment results 

demonstrate the superiority of the ACFCNN. The effectiveness of the Attention-Guided Cross-Layer 

Feature Fusion module is also verified and the Leaky ReLU activation function is recommended in the 

denoising network.  

It should be noting that although the proposed ACFCNN denoising network has achieved better denoising 

ability for vibration signals, there are still some possible limitations for its direct application in the industry. 
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1) ACFCNN is a supervised denoising method, which requires a large amount of training samples with 

labels to learn a better denoising model. However, it is very difficult to obtain samples with labels. 2)  

ACFCNN has larger model size than the standard CNN because of the embedding of the Attention-Guided 

Cross-Layer Feature Fusion module, resulting in more computation cost during model training. In future 

work, some new methods or techniques should be further explored to try to solve these limitations. 
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Abstract
Wind turbine infrastructure represents an active area of research in the structural dynamics domain, which
comes with significant challenges due to the nature of loading these systems are exposed to. The establish-
ment of a Digital Twin for each blade, i.e. a digital model featuring encoded information on the structure
“as-is”, can introduce useful simplifications to data acquisition procedures. In order to provide a proper
representation of the physical structure, the monitored full field response of each Digital Twin should match
the one experienced by the actual blade in operational conditions. Performing output-only measurements on
each single blade, only allows to acquire response at a finite number of locations on the structure. Virtual
Sensing techniques can be applied to reconstruct the operational response of a system at unmeasured loca-
tions, contributing to build a true-to-life Digital Twin of the wind turbine blade. This work will focus on
exploiting Virtual Sensing techniques for enriching the information obtained from simulated test data.

1 Introduction

Operational Modal Analysis (OMA) forms an active area of research. The situation in which loads acting
on an engineering structure cannot be measured arises in many areas of engineering; one key example is
wind energy industry. The cyclic loading acting on wind turbines (WTs) may lead to high strain values at
critical locations and finally to structural failure. It is therefore important to continuously monitor the strain
response time histories at these locations. The establishment of a Digital Twin [1] for each blade can help
effectuate the monitoring of the performance of these systems throughout the structural life-cycle. Indeed,
if constantly updated, the Digital Twin can facilitate the blade performance investigation and its reliability
assessment. A process that enables adjustment of the original design after product delivery can be thus put
in place. Moreover, Predictive Engineering can be performed: the system performance can be investigated
at any stage of its development, allowing to predict behavior rather than react on issues that may arise in
operation.

In order to build a test-validated Digital Twin, output-only measurements are usually performed with the
purpose of collecting as much information as possible regarding the operational response of the structure. In
an optimal setting, the full field response of the blade in operational conditions should be collected during
these tests. In this regard, the inaccessibility of some of the locations to be instrumented and the high cost
of this type of measurements often represent a limit. In this context, Virtual Sensing (VS) techniques such
as Kalman-type filters [2], can be adopted for estimating the operational responses of the tested blade at
locations that are hardly accessible for direct measurements [3] [4]. The adoption of VS, by fusing the
measured data with the blade Finite Element (FE) model, allows for the development of a trusted virtual
model that can guarantee estimation of representative dynamic response in generic circumstances. The
outcoming enriched data can be then used to build a true-to-life “Digital Twin” of the WT blade.

This work adopts the Augmented Kalman Filter (AKF) [5] for joint input-state-response estimation of a 14.3
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m long research blade entirely designed by the DTU Wind Energy department and manufactured by Olsen
Wings. The mentioned research blade has been designed, tested and extensively studied [6] by the DTU
Wind Energy department in the framework of the project “BLATIGUE : Fast and efficient fatigue test of
large wind turbine blades”. The target lies in input and strain response estimation during the so-called pull
and release tests of the mentioned blade in clamped-free boundary conditions. Estimation results obtained
by applying the AKF to a fully simulated data set will be hereby presented.

2 WT blade operational modal analysis: pull and release tests and
blade FE model validation

WT blades are subjected to irregular loading during their entire lifetime. Several kind of tests are usually
performed on such blades in order to prove that they can resist the loads that they are subjected throughout
their life-cycle. Although more attention is usually put on static and fatigue tests, dynamic tests are con-
sidered to be useful for identifying modal parameters and therefore, possible failure modes. Several tests
may be performed in order to fulfill the mentioned goal, including shaker or hammer tests with the blade in
free-free or clamped-free boundary conditions, and the so-called pull and release test.

The object of this work concerns pull and release tests on a 14.3m long research blade made of glass fiber
reinforced plastics. The WT blade was entirely designed by DTU Wind Energy and manufactured by Olsen
Wings in the framework of the “BLATIGUE” project. The DTU Wind Energy department has kindly pro-
vided the FE model of the blade required for the present work, along with the experimental data on the tests
this work refers to. As shown in Figure 1 (left), during the hereby considered pull and release tests, the
blade was clamped to a rigid steel-reinforced concrete block through the circular interface plate in a flapwise
configuration. The test consisted in pulling the blade towards the floor by making use of a bungee applied at
a distance of 13.1m from the clamping. Once the blade tip had reached the desired displacement, the blade
was released and the free vibration response recorded. The blade was instrumented via 76 strain gauges
distributed on 12 sections along its lenght and all measuring in Z direction, i.e., the length direction of the
blade. On each section, 4 or 8 strain gauges were positioned. The sensors configuration is reported in Figure
1 (right), while Figure 2 (left) shows the strain gauges located on section 4.0 of the blade (at 4.0m distance
from the clamping). Figure 2 (right) shows the strain time histories measured by 2 of the 8 sensors placed on
section 4.0.

Figure 1: WT blade setup during the pull and release test (left). Test geometry (right).

The FE model, shown in Figure 4 and developed by DTU Wind Energy, has been modeled using the com-
mercial software MSC Nastran and afterwards exported in Simcenter 3D for model validation. It consists in a
3D model made up of around 130000 six-sided elements (from 8 to 20 nodes), which refer to several layered
composite element properties. At the blade root, a spider connection links the nodes belonging to the circular
interface plate to the central node of the root section, which is blocked. The model has been validated using
modal parameters obtained from hammer tests performed on the blade in clamped-free conditions, i.e., the
same boundary conditions adopted during the pull and release tests. During the considered hammer test, the
blade was excited either in the flapwise or edgewise direction and it was instrumented via 64 accelerome-
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Figure 2: Sensor locations on section 4.0 (left). Strain responses measured by sensors 4 and 8 on section 4.0
during the pull and release test.

ters measuring both X and Y directions (including the driving point one). Sensors were distributed along the
blade on 14 sections and only half of the blade surface was covered. Figure 3 shows the MAC diagram result-
ing from the correlation of the FE model mode shapes (computed using Nastran SOL103 Real Eigenvalues)
and the experimental mode shapes obtained from the described hammer test. A good matching between the
numerical and experimental mode shapes is achieved for the first ten normal modes, i.e., up to 43 Hz.

Figure 3: MAC between numerical and experimental mode shapes from hammer test.

3 Virtual sensing for operational modal analysis of WT blades

In order to build a Digital Twin able to offer insight into the performance of the physical structure, the
full field response of the blade in operational conditions must be available. The discrete nature of standard
sensors, the instrumentation cost and the inaccessibility of some locations on the structure often limit the
possibility of retrieving the system response in a spatially continuous manner. In this sense, VS techniques
can be used to expand the information pertaining to the system response, obtained while testing. Moreover,
joint input-state estimation techniques can be used for estimating unknown inputs applied to the system. This
paper addresses the derivation of quantities of interest for pull and release type of tests on the previously
described WT research blade in clamped-free boundary conditions. The AKF has been applied in order
to retrieve for the mentioned test case, not only the full field strain response, but also the unknown input
applied to the system. Indeed, output-only measurements are usually performed during pull and release tests
and OMA is applied for retrieving the system modal parameters.
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3.1 Blade reduced order model

The blade has been modeled according to the equation of motion:

Mz̈(t) + Cż(t) + Kz(t) = Bu(t) (1)

where z(t) ∈ Rndof is the FE model Degrees of Freedom (DoFs) vector, M,C,K are the mass, damping and
stiffness matrices respectively; u(t) ∈ Rni (with ni number of loads) is the input vector and B ∈ Rndof×ni

is the Boolean input shape matrix that selects the DoFs where the inputs are applied.

A Model Order Reduction (MOR) technique, relying on component mode synthesis, as described in [7], has
been applied to reduce the model size. According to this method, the dynamic behavior of the blade can be
formulated as a superposition of modal contributions:

z = Ψq (2)

where Ψ ∈ Rndof×nr is the reduction basis and q ∈ Rnr is the vector of the generalized coordinates of the
system.

Inserting the reduction basis into equation (1), it results in:

Mrq̈(t) + Crq̇(t) + Krq(t) = Bru(t) (3)

where the mass, damping, stiffness and input shape matrices of the reduced system are respectively Mr =
ΨTMrΨ, Cr = ΨTCrΨ, Kr = ΨTKrΨ and Br = ΨTB.

The adopted reduction basis can be expressed as:

Ψ =
[
Ψn Ψa

]
; (4)

where Ψn ∈ Rndof×nk is the matrix of the normal modes to be included in the Reduced Order Model (ROM),
i.e., the eigenmodes in the frequency range of interest, and Ψa ∈ Rndof×na is the residual attachment modes
matrix. The residual attachment modes are usually inserted in this kind of reduction bases in order to include
a representation of the static response of the structure to a specific input location. Typically, for each applied
load, the relative residual attachment mode is included in the basis. Each of them is computed as a static
mode of the system when a unitary input at the correspondent location is applied. Therefore, na is equal to
the number of loads applied to the system and nr = nk + na.

3.2 Augmented Kalman Filter for joint input-state estimation

Kalman-based strategies require equation (1) to be written into the following conventional state-space form:
{

ẋ(t) = Ax(t) + Bu(t)

y(t) = Cx(t) + Du(t)
(5)

where x =
[
q q̇

]
is the state vector, y is the vector of measured quantities, A and B are computed as

funtions of Mr, Cr and Kr, while C and D depend on the observed quantities. When the AKF has to be
applied for simultaneous input and state estimation, the state vector x must be augmented by the unknown
input u as:

xa =
[
x u

]
. (6)

Therefore, introducing (6) into (5) and passing from the continuous to the time-discrete form, the following
formulation can be derived: {

xa
k = Faxa

k−1 + wa
k−1

yk = Caxa
k + vk

(7)
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where all the inputs applied to the system have been assumed to be unknown and mutually uncorrelated
Gaussian noises w and v have been introduced to respectively take into account model uncertainties and
measurement noise. The associated noise covariance matrices are R = E{vlvk} ≥ 0 for measurement

noise and Qa = E{wa
l w

aT

k } =
[
Q 0
0 Qu

]
≥ 0 for process noise, where matrix Q takes into account model

uncertainties, while matrix Qu represents uncertainties on the input to be estimated. Equations (6) and (7)
indicate that the location of the input has to be known in order to apply the AKF. Moreover, a model for
the input dynamics must be introduced. In this work, a zeroth-order random walk model [8][5] [9] has been
adopted:

uk = uk−1 + wu
k−1 (8)

where wu is the stochastic process associated to the covariance matrix Qu.

In equation (7), the output matrix is obtained as Ca =
[
C D

]
, while formulation of matrices Fa and Qa

depends on the chosen discretization scheme. An exponential time integration scheme [10] has been adopted
for this application.

The discrete-time formulation of the AKF can be splitted into two sequential steps as follows:

1. Time Update:
x̂a−
k = Fax̂a+

k−1 (9)

P−
k = FaP+

k−1F
aT + Qa

k−1 (10)

2. Measurement Update:
Kk = P−

k CaT
(
CaP−

k CaT + Rk

)−1
(11)

x̂a+
k = x̂a−

k + Kk

(
yk −Cax̂a−

k

)
(12)

P+
k = (I−KkC

a)P−
k (13)

where Pk = E{(xa
k − x̂a

k) (x
a
k − x̂a

k)
T } is the error covariance, the trace of which is minimized by the AKF.

Once the estimated augmented state vector x̂a+
k has been obtained, it can be used for estimating the vector

yek of the unmeasured DoFs responses using the following formula:

ŷek = Ce
ax̂a+

k (14)

where Ce
a is the augmented output matrix computed at the DoFs where the response has to be estimated.

4 Input-response estimation results for a simulated pull and release
test of the research WT blade

This Section treats the input-response estimation for a simulated data-set. The data-set has been obtained
by executing a forward simulation of the previously described WT blade FE model, when a force in +Y
direction is applied at the location pointed out in Figure 4 (left). The force location and direction, as well as
the adopted force profile shown in Figure 4 (right), simulate the conditions for performing a pull and release
test as the one described in Section 2. During the specific simulated test, the blade is pulled towards the
floor by an increasing force applied at a distance of 13.1 m from the blade root. After reaching the desired
amplitude value of 3.17 kN, the force is kept constant for a certain amount of time and is then released. The
idea is indeed to simulate a test representative model in order to obtain time histories of the responses at
chosen locations, which can then be used as observations in the AKF.

A Reduced Order Model (ROM) of the blade has been built following the procedure outlined in Section
3.1 in order to reduce the computational effort derived from the high dimensionality of the original FE
model. The ROM reduction basis has been built taking into account the first ten normal modes (frequency
range of interest: 0-43 Hz) and one residual attachment mode related to the unknown force to be estimated.
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Figure 4: Test and FE model geometries alignment (left). Sensors are represented by light blue points, while
input location by a black point on the input section (shown in red). Applied input profile (right).

The discrete-time state-space matrices have been then computed and used to simulate the model when the
previously described force is applied.

For this application, only strain-type sensors have been used. In particular, it has been chosen to simu-
late the blade response at locations corresponding to where physical sensors, displayed in Figure 1 (right),
have been placed during tests described in Section 2. Figure 4 (left) shows the alignment of test and FE
model geometries and highlights the visible locations at which strain responses in Z direction have been
simulated. Among all the simulated responses, only the ones “measured” by a specific set of sensors have
been used as observations in the AKF. The others have been estimated via the AKF and the predicted re-
sponses have been compared with the simulated ones to evaluate the estimation performance. In particular,
two “measured”/”unmeasured” sensors configurations have been analyzed. Figure 5 (left) shows the dis-
tinction between “measured” and “unmeasured” locations for configuration “A”, while configuration “B” is
represented in Figure 5 (right). Configuration “A” corresponds to a situation in which only locations on the
bottom surface have been instrumented, while configuration “B” represents a condition in which sensors are
positioned only on a few sections of the blade.

Figure 5: ”Measured” (red) and “unmeasured” (green) sensors for configurations “A” (left) and “B” (right).

Noise has been then added to the obtained time histories in order to simulate actual measurements. The noise
covariance adopted for this purpose has been computed from the available static measurements in order to
assume a physically reasonable value.

The parameters needed for the AKF implementation have been set as follows:

• the initial state vector, i.e., initial displacements and velocities, has been set to be zero, as well as the
initial error covariance matrix P0.

• the noise covariance matrix R has been computed as a diagonal matrix with elements equal to the
noise covariance value used in the construction of the ”measured” quatities.
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• the process noise covariance matrix Qa has been built assuming that the uncertainty related to the
unknown input is higher than the model uncertainty. Therefore, Q has been set such that its diagonal
elements are equal to 10−20 , while Qu is a scalar number, the value of which has resulted from a
calibration procedure based on the use of the so-called L-curve [11]. In Figure 6, the L-curve for the
unknown force is reported for both configuration “A” (top) and “B” (bottom). This picture shows,
for the two configurations, the variation of the smoothing and error norms when the process noise
covariance associated to the input varies from 10 to 1013. The smoothing error is defined as:

N∑

k=1

‖u(k)‖2 (15)

where N is the number of time steps and u(k) is the estimated input at time step k. The error norm is
instead related to the estimated responses and it is expressed by:

N∑

k=1

‖y −Caxa‖2. (16)

Figure 6 shows that, for both configurations “A” and “B”, the minimum of both the error and the
smoothing norms is achieved when Qu is equal to 108, which is the value that has been set for the
estimation.

0 0.05 0.1 0.15 0.2

5.5

6

6.5

10
5

Figure 6: Lcurve for configurations “A” (top) and “B” (bottom).

Figure 7 shows the input estimation results for the unknown force applied to the blade when sensors configu-
rations “A” (top) and “B” (bottom) are adopted. Figure 8 reports the ”measured” and estimated responses for
configuration “A” at three “unmeasured” locations: strain gauge 6 on section 2.18, strain gauge 8 on section
4.0 and strain gauge 7 on section 9.75. Response estimation results for the same three sensors when adopting
configuration “B” are reported in Figure 9. Visual information about the three sensors locations is given in
Figure 5.

From the results reported in Figures 7, 8 and 9, it can be concluded that a precise input and response predic-
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Figure 7: Input “measured” (black) and estimated (red) time histories for configurations “A” (top) and “B”
(bottom).
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Figure 8: Time histories (left) and detailed time histories (right) of strain responses at strain gauges St.6
(Sec2.18), St.8 (Sec4.0), St.7 (Sec9.75) for sensors configuration “A”.

tion can be obtained using the AKF with data simulating pull and release tests on the WT blade object of this
work. In particular, the plots visually show that the AKF allows to accurately estimate both the input and the
responses when either configuration “A” or “B” is adopted. Table 1 provides instead a quantitative compar-
ison between the response estimation results for the two configurations. The RMSE between the estimated
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Figure 9: Time histories (left) and detailed time histories (right) of strain responses at strain gauges St.6
(Sec2.18), St.8 (Sec4.0), St.7 (Sec9.75) for sensors configuration “B”.

and “measured” time histories of sensors St.6 (Sec2.18), St.8 (Sec4.0) and St.7 (Sec.9.75) are reported in
this Table for configuration “A” and “B”. From the comparison it can be concluded that the overall response
estimation accuracy remains unchanged between the two configurations, i.e., the deviation between the esti-
mated time histories and the “measured” ones is not affected by the variation of the observations set used in
the AKF. The same conclusion can be drawn for the input estimation by looking at the Lcurves reported in
Figure 6. Indeed, the same smoothing norm value (when Qu = 108) is obtained for both the curves .

Table 1: RMSE values for strain responses at sensors St.6 (Sec2.18), St.8 (Sec4.0), St.7 (Sec9.75): compari-
son between configurations “A” and “B”.

Sensors configuration “A” Sensors configuration “B”
St.6, Sec2.18 9.76 ×10−7 9.77 ×10−7

St.8, Sec4.0 9.78 ×10−7 9.76 ×10−7

St.7, Sec9.75 1.01 ×10−6 1.06 ×10−6

5 Conclusions

The application of VS techniques to the so-called pull and release tests on a WT blade has been proposed in
this paper. The blade object of this work is a 14.3m long research blade designed by DTU Wind Energy and
manufactured by Olsen Wings. During the mentioned tests, performed by DTU Wind Energy, output-only
measurements were carried out on the blade instrumented by strain gauges. The blade was excited by pulling
it towards the floor and releasing it after the desired tip displacement was reached. In this paper, the measured
responses have been simulated by running a forward simulation of the FE model provided by DTU Wind
Energy. The simulated response time histories have been used, after inserting some noise, as “measured”
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quantities in order to estimate responses at locations that are assumed not to be measured. In particular, the
AKF has been exploited for this purpose by using only some of the “measured” responses as observations
with the aim of estimating response in “unobserved” locations. At the same time, the input, assumed to
be unknown, has been also estimated. The comparison of the estimated and the “measured” quantities has
provided good results for both input and response prediction. Moreover, a comparison has been offered in
this work between the input-response estimation results achieved by using two different observations sets for
the AKF. The comparison shows that the observations number and the sensors layout do not have a strong
influence on the estimation accuracy. Therefore, possible future investigations will focus on determining the
optimal sensor layout, which can ensure a balance between the number of sensors (and associated costs) and
the desired precision in input-response estimation. Further studies will also investigate the use of VS with
actual experimental data.
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Abstract
The fusion of Gaussian Process (GP) models with the Dual Kalman Filter (DKF) is proposed in this con-
tribution, with the aim of recursively estimating the state and distributed input in dynamical systems using
a limited number of vibration response measurements. To do so, the distributed system excitation is rep-
resented by a GP model, enabling thus the implementation of a space-time filtering approach for the input
process, which is then coupled with a Kalman filter for the state estimation of system dynamics. The pro-
posed approach is assessed in terms of a simulated case study on the finite element model of a wind turbine
blade under operational conditions, which is excited by a distributed drag and lift load along the length of
the blade.

1 Introduction

Bayesian inference has attracted considerable attention over the last years, among others, in areas that involve
information extraction from partially monitored, uncertain dynamical systems. Within this context, notable
paradigms are the estimation of states, inputs-states and joint inputs-states-parameters [1, 2, 3]. Along this
track, a problem that has been scarcely studied thus far corresponds to systems that are amenable to excita-
tions that are spatially distributed. Examples of particular practical interest include wind pressure on wind
turbine blades, high-rise buildings and bridges, as well as wave loading in offshore structures. In such cases,
the measurement of the distributed input is heavily constrained by the instrumentation cost and the oftentimes
limited access, and, it is inevitably conducted pointwise via a sparse sensor network. In recent contributions
[4, 5], Gaussian Process (GP) models have been also used in this context with the aim of providing a time
evolution model for the unknown inputs.

In this contribution, a GP model, which is also referred to as Kriging, is fused with the Dual Kalman filter
(DKF) [6] for state and distributed input estimation of dynamical systems. The proposed methodology
assumes that i) the monitored system’s uncertainty is known and can be effectively represented by the process
and measurement noise components; ii) the distributed excitation is an observable and spatially continuous
process; iii) a sparse sensor network that tracks the vibration response of the system at certain spatial points
is available. The first assumption allows the use of a linear state-space model for tracking the unmeasured
states through a conventional KF. The second assumption aims at decomposing the distributed excitation
into a spatial and a temporal component, with the former corresponding to a spatially colored, temporally
white process and the latter to a purely dynamic one, parameterized as a time-varying linear combination
of orthogonal functions. Lastly, the third assumption enables the direct implementation of a second KF, in
which the spatial component is estimated through simple Kriging and the temporal component is estimated
by treating the weights of the orthogonal functional basis as unknown “states”.

The manuscript is organized as follows: the mathematical formulation of the problem is presented in Section
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2. In Section 3 the core of the methodology is presented, by initially elaborating the formulation of the
spatio-temporal process for the input modeling and subsequently by establishing the fusion of the latter with
the Dual Kalman filter. Section 4 is focused on the application example whereon the methodology is tested,
as well as on the performance assessment of the latter in terms of estimation accuracy, while Section 5
provides a brief discussion of the conclusions drawn from this study.

2 Problem formulation

The dynamics of a linear structural system are typically represented by a continuous-time second order
differential equation

Mü(t) + Cu̇(t) + Ku(t) = Spp(t) (1)

where u(t) ∈ Rn is the displacement vector and M, C and K ∈ Rn×n denote the mass, damping and
stiffness matrices, respectively. The excitation term, on the right-hand side of Eq. (1), is herein decomposed
into the selection matrix Sp ∈ Rn×np and the force vector p(t) ∈ Rnp , where np denotes the number of
degrees of freedom whereon forces are applied.

The equations of motion can be transformed into a state-space system by introducing the state vector x(t) =
vec ([u(t) u̇(t)]) ∈ R2n and subsequently transferred to the discrete-time domain and supplemented with
the process and measurement noise terms. Such steps are herein only briefly described since they are already
widely reported in the literature [7]. As such, the

xk+1 = Axk + Bpk + vk (2)

yk = Gxk + Jpk + wk (3)

where the system matrices A ∈ R2n×2n and B ∈ R2n×np are obtained upon discretization of the continuous-
time counterpart of the state-space model described by Eqs. (2) and (3). The output and direct transmission
matrices G ∈ Rny×2n and J ∈ Rny×np are defined according to the measured vibration response quantities,
which herein comprise strain and acceleration signals. The reader is referred to [6] for analytical expressions
of the state-space matrices.

The aim of this contribution is to recursively estimate the unknown state xk and input pk on the basis of
limited output measurements yk. Such a problem has been properly tackled for applications in which the
dynamics of the system are driven by concentrated loads [6, 8, 3]. However, the problem may become
quickly ill-conditioned as the number of excitation forces increases, as is the case with aerodynamic and
hydrodynamic excitation which is applied in the form of distributed pressure. Such an obstacle may be
overcome via use of a reduced-order model and the subsequent identification of the excitation in the reduced
space of generalized coordinates [9]. In this contribution the spatial and temporal characteristics of the
unknown load are modeled by a Gaussian Process (GP) model, as elaborated in the next section, which allows
for the representation of the load in terms of the (GP) regression parameters, enabling thus the estimation of
the distributed input in the original space of the system.

3 Space-time filtering

It is assumed that the distributed load exerted on the system can be described by the following spatio-temporal
process

p(s, t) = µ(s, t) + ν(s, t) (4)

where s ∈ S, with S designating the spatial domain whereon external loads are applied. The term ν(s, t)
represents a random Gaussian process for the modeling of small-scale spatial variations, while µ(s, t) is the
mean value, also known as trend, of the process p(s, t). The temporal evolution of µ(s, t) is dictated by the
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following state equation

µ(s, t) =

∫

S
w(z)µ(z, t− 1)dz + ξ(s, t) (5)

where ξ(s, t) is a spatially coloured error process and w(z) denotes the interaction function between µ(s, t)
and µ(s, t− 1). Both µ(s, t) and w(z) are described by the following regression models

µ(s, t) = b1(t)f1(s) + b2(t)f2(s) + . . .+ bp(t)fp(s) = fT(s) b(t) (6)

w(z) = c1(s)f1(z) + c2(s)f2(z) + . . .+ cp(s)fp(z) = cT(s) f(z) (7)

where bi(t) and ci(t) (i = 1, 2, . . . , p) are the zero-mean regression coefficients, while fi(s) (i = 1, 2, . . . , p)
denote the corresponding basis functions, which satisfy the orthogonality condition

∫
S fi(s)fj(s)ds = δij .

As such, substitution of the regression expressions, namely Eqs. (6) and (7), into the evolution model of
µ(s, t), described by Eq. (5), yields

µ(s, t) = c1(s) b1(t− 1) + c2(s) b2(t− 1) + . . .+ cp(s) bp(t− 1) + ξ(s, t)

= cT(s) b(t− 1) + ξ(s, t) (8)

where c(s) = [c1(s) c2(s) . . . cp(s)] and b(t − 1) = [b1(t) b2(t) . . . bp(t)]. The combination of Eqs. (7)
and (8) yields an evolution model for the regression coefficients bi(t) (i = 1, 2, . . . , p) as follows

fT(s) b(t) = cT(s) b(t− 1) + ξ(s, t) (9)

The availability of measurement data at locations
[
sm
1 , s

m
2 , . . . , s

m
ns

]
, where ns is the number of available

channels, implies that Eq. (9) can be evaluated ns times, one for each channel. These evaluations can be
compactly written in matrix form as follows

FT b(t) = C b(t− 1) + Ξ(t) (10)

where F =
[
fT (sm1 ) fT (sm2 ) . . . fT(smns

)
]T ∈ Rns×p, C =

[
cT(sm1 ) cT(sm2 ) . . . cT(smns

)
]
∈

Rns×p, Ξ(t) =
[
ξ(sm1 , t) ξ(sm2 , t) . . . ξ(smns

, t)
]T ∈ Rns . Assuming now that the number of measure-

ment points is greater than or equal to the regression order, that is ns ≥ p, and
(
FTF

)−1 is non-singular, Eq.
(10) can be solved for b(t), yielding thus the evolution model for the regression coefficients

b(t) = L b(t− 1) + N Ξ(t) (11)

where L = N C ∈ Rp×p is the transition matrix and N =
(
FTF

)−1
FT ∈ Rp×p.

3.1 Input-state estimation

Similarly to the dual Kalman filter formulation [6], a new state-space model can be defined for the input by
combining the state equation of the regression parameters, expressed by Eq. (11), with the measurement
equation defined by Eq. (3). Thereafter, the input and state estimation can be performed by tailoring the
problem to a dual Kalman filter, which operates on the unknown system state xk and the input regression
coefficients bk, where bk = b(k∆t) and 1/∆t denotes the sampling rate of the discretized state-space
represented by Eqs. (2) and (3).

Input prediction

bk|k−1 = L bk−1|k−1 (12)

Pb
k|k−1 = L Pb

k−1|k−1 LT + NQNT, Q = var(ξ) (13)

USD - UNCERTAINTY IDENTIFICATION AND QUANTIFICATION 3593



Input update

Kb
k = Pb

k|k−1Φ JT
(
JΦTPb

k|k−1Φ JT + R
)−1

(14)

bk|k = bk|k−1 + Kb
k

(
yk −Gxk−1 − JΦTbk|k−1

)
(15)

Pb
k|k = Pb

k|k−1 −Kb
k J ΦTPb

k|k−1 (16)

In the above equations Φ =
[
fT (s1) fT (s2) . . . fT(snp)

]T ∈ Rnp×p, where si (i = 1, 2, . . . , np)
denote the coordinates of the nodes on which the load is applied. Upon update of the input process regression
coefficients, the optimal a posteriori estimate of the input process pk(s) is obtained as follows

pk|k(s) = fT(s) bk|k + cTv (s) (C p
0 )
−1

p̂m
k (17)

where Cp̂
0 = cov [p̂m

k p̂m
k ], with p̂m

k denoting the predicted input at the measurement locations, while cv(s) =
E [v(s, t)v(t)], which is obtained upon fitting a spatially stationary and isotropic model on a set of available
measurement data [10]. Thereafter, the input at the physical degrees of freedom of the model can be obtained
by evaluating the process pk|k(s) at the nodes of the model as follows

pk|k =
[
pk|k(s1) pk|k(s2) . . . pk|k(snp)

]T (18)

Thereafter, the estimated input pk can be substituted in Eqs. (2) and (3) and a second Kalman filter can be
used for the estimation of the unknown state. The corresponding equations are summarized as follows:

State prediction

xk|k−1 = Axk−1|k−1 + Bpk|k (19)

Pk|k−1 = APk−1|k−1A
T + Q (20)

State update

Kk = Pk|k−1G
T
(
GPk|k−1G

T + R
)−1

(21)

xk|k = xk|k−1 + Kk

(
yk −Gxk|k−1 − Jpk|k

)
(22)

Pk|k = Pk|k−1 −KkGPk|k−1 (23)

4 Application example

4.1 Description

The methodology presented in the previous sections is tested using the vibration response of a simulated wind
turbine blade. The considered blade, which is schematically presented in Fig.1, is part of the NREL-5MW
Reference Wind Turbine [11] and is herein modeled with Euler-Bernoulli beam elements. Under normal
operational conditions, the blade is subjected to distributed, along the length, drag and lift forces, denoted
by dFL and dFD respectively in Fig. 1, whose effect is equally represented by the axial and tangential
components, dFN and dFT respectively. For the generation of simulated vibration data, the blade is subjected
to a turbulent wind field of 600 seconds, which is obtained from TurbSim [11] simulations. The aerodynamic
load is thereafter calculated by means of the Blade Element Momentum (BEM) theory [12], upon division
of the blade into 50 blade elements, and the dynamic equations of motion are solved using a Runge-Kutta
integration scheme.

3594 PROCEEDINGS OF ISMA2020 AND USD2020



Figure 1: Schematic representation of the simulated WT blade

The vibration response of the blade, in terms of strains and accelerations, is measured at the positions indi-
cated by the red dots in Fig. 1, which are located at 30, 40, and 50m distance from the root of the blade,
with a sampling period of 0.01s (sampling frequency Fs = 100 Hz). The time series vector of measurement
data yk is polluted with 2% white Gaussian noise and subsequently used for the identification of the system
state and distributed input as described in Section 3. The estimation of the GP basis functions is based on
a training phase, which consists in creating a pool of snapshots from the input distribution during the first
200s. The empirical orthogonal functions are extracted by applying a singular value decomposition on the
pool of snapshots and retaining only the first three components, due to the fact that the latter is bounded by
the number of measurement points. Both the state of the filter and the regression parameters of the input
process are initialized with a zero value, while the corresponding values of the initial covariance matrices are
set to 10−3 × I3 and 10−10 × I2n, respectively. The process noise covariance matrix is equal to 10−12 × I2n
and the measurement noise is set to 10−6 × Iny .

4.2 Results

The temporal evolution of the distributed normal force, which is applied along the length of the blade, is
illustrated in Fig. 2 for a number of time steps during the simulation period of 600 seconds.

The estimated distribution of the normal force is presented in Fig. 3 for two different time instants, along with
the actual load distribution, as obtained from the forward simulation. It is shown that the load distribution
is well captured close to the area of available measurements, from the middle up to the tip of the blade, and
most of the error is concentrated at the first half of the length. Lastly, in order to demonstrate the quality of
state estimates at unmeasured locations, the estimated displacement at the tip of the blade in x direction is
compared with the actual value in Fig. 4.
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Figure 2: Temporal variation of the normal force distribution along the length of the blade
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Figure 3: Actual (green) versus estimated (red) distribution of the axial force along the length of the blade at
two different time instants.
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Figure 4: Actual (green) versus estimated (red) displacement at the tip of the blade in x direction.

5 Conclusions

This paper presents a space-time filtering approach for state and distributed input identification of dynamical
systems. It was shown that the distributed drag and lift excitation on operating wind turbine blades can be
well captured with the recursive filtering of a GP-based model. The coupling of the latter with a second
filtering step, for the system dynamics, allows for the dual input and state estimation on the basis of sparse
vibration measurements, achieving sufficiently accurate tracking of the corresponding unmeasured signals.
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Abstract
Parameter estimation plays an important role in describing the characteristics of dynamic systems. In many
applications however, the chosen model may not always be able to properly describe all the physics of the
real system, leading to biased parameter estimation results. This paper proposes a novel parameter estimation
approach through an equation discovery procedure, which allows erroneous forms in the model to be removed
and model discrepancy to be properly captured simultaneously. This is achieved by introducing sparsity into
the model through sparse Bayesian learning and using a non-parametric Gaussian process model to account
for model discrepancy. These two methods are utilized via a Bayesian framework, allowing the parameters
to be estimated in a probabilistic manner. Synthetic and experimental data are used to validate the proposed
method. The results show that this new method is able to provide better estimates of the model parameters
with less bias involved, thereby better identifying the physics and reducing epistemic uncertainty.

1 Introduction

Estimating the parameters associated with a physics-based model using measured system response data can
help the engineer to better understand the physics of the real system. It plays an important role in structural
health monitoring, with applications such as damage detection and maintenance management [1]. However,
all models contain simplifications, missing physics or approximations. The mismatch between model pre-
diction and system response is referred to as model discrepancy, which exists in all computational models
to some degree [2]. The inferred system parameters will be biased if model discrepancy is not properly
accounted for.

Model selection is a popular way of finding representative models for the system of interest, which has
attracted significant research interest over the past decades with various approaches developed, see for ex-
amples [3, 4]. Equation discovery is related to model selection but it focuses on identifying both the mathe-
matical form of the model as well as the associated system parameters at the same time. Existing equation
discovery techniques include Bayesian inference [5, 6, 7] and sparse Bayesian learning [8]. However, a
problem for both model selection and equation discovery is that they assume all possible models or model
components needed to accurately model the system behavior are taken into consideration. When this is not
true, the method can select incorrect terms, leading to model discrepancy and biased parameter estimation.

As a result, model discrepancy shall be properly considered when calibrating the model. One common way
of considering model discrepancy is to assume it is zero mean Gaussian with some variance. This is not
sufficient when model discrepancy is significant. For example, Kennedy and O’Hagan consider the model
discrepancy as a regression problem [2] using a Gaussian process (GP) approach [9]. Several studies have
followed this approaches, see for example [10, 11, 12, 13]. However, this method may lead to identifiability
issues when jointly estimating the parameters and model discrepancy using a GP model. Physical constraints
or a more informed prior shall be applied to overcome these issues [14, 15, 16]. However, none of these
methods seeks to learn the missing physics, reducing the model discrepancy and inferring system parameters
all at the same time.
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In view of this, this paper tries to find the representative form of the system model and account for model dis-
crepancy at the same time through an equation discovery procedure. First, sparsity is introduced to the system
models using sparse Bayesian learning [17], which allows erroneous forms in the model to be removed. At
the same time, a Gaussian process model [9] is included in order to account for model discrepancy. The idea
is that the flexible GP model will be capable of explaining the system behavior that is not captured by the
physics-based models so that the associated system parameters can be inferred with less bias. A Bayesian
framework is proposed to encapsulate these two models so that associated uncertainty can be considered
rigorously.

2 Model specification

Without loss of generality, let x ∈ RN×D and y ∈ RN×1 denote a set of measured input and output of the
system respectively, where N is the number of measured data points and D is the dimension of input. The
system model can be represented as

y = f (x,θ) + δ (x,ψ) + ε (1)

where f (x,θ) is the system model associated with the input x and a set model parameters θ; δ (x,ψ) is the
model discrepancy term that is a function of input x and a set hyperparameters ψ, and ε is the measurement
error.

The system model is considered as a linear combination of some basis functions with corresponding param-
eters given by:

f (x,θ) = Φθ (2)

where Φ =
[

Φ1 (x) · · · ΦM (x)
]

denotes the N ×M ‘design’ matrix with each column representing
the basis functions with respect to the input x. In this work, the system response functions are used as basis
functions hence the corresponding θ is treated as system parameters.

The premise of this work is that system model has some level of missing physics due to lack of knowledge
or simplifications. That is, the complete set of ‘true’ system response functions are not included in the
design matrix and some of the basis functions are likely to be incorrect. The model discrepancy will be
significant and the estimated system parameters will be biased if such system model is directly used for
parameter estimation. In view of this, sparsity is introduced to the basis functions in the design matrix,
which allows some of the basis functions that do not provide significant contributions to be removed during
inference. Specifically, sparse Bayesian learning [17], also known as relevance vector machine (RVM) is
applied, which is capable of being embedded in the Bayesian framework and allows the system parameters
to be obtained in a probabilistic manner.

In this work, a Gaussian process model is applied to model the discrepancy term in order to capture the
missing physics of the system model in a nonparametric manner. Specifically,

δ (x,ψ) ∼ GP (m (x,ψ) , k (x,ψ)) (3)

wherem(.) and k(.) are the mean and covariance functions of the GP model with the output of these functions
denoted as m ∈ RN×1 and K ∈ RN×N respectively. More details about available mean and covariance
functions can be found in [9].

Finally, the measurement error ε is modeled as independent and identically distributed (i.i.d) zero mean
Gaussian with variance σ2.
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3 Bayesian framework

Based on the specified model, inference of the associated parameters (i.e., system parameters θ, hyperpar-
maters ψ and noise variance σ2) are investigated in this section. The Bayesian framework is proposed in this
section which encapsulates the RVM method and the GP model, allowing the parameters to be inferred in a
probabilistic manner. The posterior distribution of the parameters to be identified given the measured data is
generally intractable. In view of this, the marginal likelihood of the parameters is derived for the parameter
estimation. Detailed derivation and discussion are given as follows.

First consider the system model, sparsity is introduced through hyperparameters α ∈ RM×1 as

p (θ |α) = N
(
0,A−1

)
(4)

where A = diag (α). The hyperparameters α control the variance of the hierarchical prior of the system pa-
rameters θ. When αi =∞, p (θi |αi ) becomes a delta function, i.e., θi is equal to zero and the corresponding
basis function is excluded from the design matrix.

For a GP model, the probability density function of δ (i.e., the output of model discrepancy function) given
the hyperparameter ψ can be expressed as

p (δ |ψ ) = N (m,K) (5)

The posterior distribution of output y given the system parameter θ, the model discrepancy δ and the noise
variance σ2 is given by

p
(
y
∣∣θ, δ, σ2

)
= N

(
Φθ + δ, σ2I

)
(6)

The marginal likelihood function p
(
y
∣∣α,ψ, σ2

)
can then be calculated as

p
(
y
∣∣α,ψ, σ2

)
=

∫∫
p
(
y
∣∣θ, δ, σ2

)
p (θ |α) p (δ |ψ ) dθdδ

= (2π)−N/2
∣∣σ2I + K + ΦA−1ΦT

∣∣−1/2 exp

{
−1

2
(y −m)T

(
σ2I + K + ΦA−1ΦT

)−1
(y −m)

} (7)

According to Bayes’ theorem, the parameters involved in the model should be inferred based the posterior
distribution p

(
α,ψ, σ2 |y

)
given by

p
(
α,ψ, σ2 |y

)
=
p
(
y
∣∣α,ψ, σ2

)
p
(
α,ψ, σ2

)

p (y)
(8)

Here, p (y) is the normalising constant that does not depend on the parameters to be inferred. Assuming a
uniform prior p

(
α,ψ, σ2

)
, the parameters can be obtained by maximising the marginal likelihood function

p
(
y
∣∣α,ψ, σ2

)
or equivalently, its logarithm:

L
(
α,ψ, σ2

)
= −N

2
log (2π)− 1

2
log det (C)− 1

2
(y −m)TC−1 (y −m) (9)

where

C = σ2I + K + ΦA−1ΦT (10)

The system parameters can be estimated through its posterior distribution given by
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p
(
θ
∣∣y,α,ψ, σ2

)
=
p
(
y
∣∣θ,ψ, σ2

)
p (θ |α)

p (y |α,ψ, σ2 )
= N (µ,Σ) (11)

where
Σ =

[
Φ

T (
σ2I + K

)−1
Φ + A

]−1
(12)

µ = Σ
(
σ2I + K

)−1
Φ

T
(y −m) (13)

The Gaussian process model is quite flexible, especially when universal kernels are used [18]. The global
maximum of the likelihood function can be located at the point where all the basis functions in the system
models are removed and the Gaussian process model simulates all the system behavior. This will defeat
the initial purpose of using GP model to capture the model discrepancy. The explanatory power between
the system model and GP model shall be balanced when inferring the parameters to ensure that all the
components in the resulting model work properly. In this work, the expectation maximization method is
applied to infer the parameters in an iterative way, which is discussed in the next section.

4 Expectation maximization inference

Expectation maximization (EM) [19] is a popular optimization approach which infers the parameters in
an iterative way. This allows the method to control the inference start point and find the (possibly local)
maximization where the system model is dominant. The EM method is applied in this work and details
are presented in this section. Specifically, consider the system parameter θ as the latent variables. The
parameters α, ψ and σ2 can then be updated between the expectation (E-) step and the maximization (M-)
set given as follows:

E-step: Compute the expected log-likelihood function

Q
({
α,ψ, σ2

} ∣∣∣
{
α,ψ, σ2

}(t))
= E

θ
∣∣∣y,{α,ψ,σ2}(t)

[
log
(
p
(
y
∣∣θ,ψ, σ2

)
p (θ |α)

)]
(14)

where E(.) is the expectation operation; then

M-step: Maximize Q
({
α,ψ, σ2

} ∣∣∣
{
α,ψ, σ2

}(t)) to obtain

{
α,ψ, σ2

}(t+1)
= arg maxQ

({
α,ψ, σ2

} ∣∣∣
{
α,ψ, σ2

}(t)) (15)

The Q(.) function can be given as

Q = E
θ
∣∣∣y,{α,ψ,σ2}(t)

[
log
(
p
(
y
∣∣θ,ψ, σ2

)
p (θ |α)

)]

= E
θ
∣∣∣y,{α,ψ,σ2}(t) [log p (θ |α)] + E

θ
∣∣∣y,{α,ψ,σ2}(t)

[
log p

(
y
∣∣θ,ψ, σ2

)]

= Q1 +Q2

(16)

where

Q1 = E
θ
∣∣∣y,{α,ψ,σ2}(t) [log p (θ |α)]

= −N
2

log (2π)−
N∑

i=1

log a−1i +
Σii + µ2i
a−1i

(17)
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Q2 = E
θ
∣∣∣y,{α,ψ,σ2}(t)

[
log p

(
y
∣∣θ,ψ, σ2

)]

= E
θ
∣∣∣y,{α,ψ,σ2}(t)

[
log

∫
p
(
y
∣∣θ, δ, σ2

)
p (δ |ψ )dδ

]

= −N
2

log (2π)− 1

2
log det

(
σ2I +K

)

− 1

2
[y − (m+ Φµ)]T

(
σ2I +K

)−1
[y − (m+ Φµ)] +

1

2
tr
[
Φ

T (
σ2I +K

)−1
ΦΣ

]

(18)

It can be seen that Q1 is a function with respect to α and Q2 is a function with respect to ψ and σ2, which
means the parameters can be updated separately. Note thatα is related to Q1 through the form of lnx+ c/x,
which has a unique minimum 1 + ln c at x = c. This means α can be updated as

αi =
1

Σii + µ2i
(19)

On the other hand, ψ and σ2 can be updated by maximizing Q2.

The forgoing E- and M- steps are repeatedly implemented until convergence. Assuming that the basis func-
tions in the system model can capture most of the real system behavior, the EM inference can be started with
initial values of hyperparameter ψ equal to zero (i.e., the measured system response does not involve model
discrepancy). After inference, the parameters can converge to the target optimum point (possibly a local
maximum) where the system model dominates and the model discrepancy is captured by the Gaussian pro-
cess model. On the other hand, if there is little knowledge about the physics of the real system, the inference
can then start with initial values of system parameters θ equal to zero.

5 Illustrative examples

Two examples are considered in this section to illustrate the proposed method. Synthetic data simulating a
Duffing oscillator, i.e., a nonlinear dynamic system with position-dependent stiffness, have been considered
in this first example. The identification results based on the proposed method (referred to as GP-RVM in this
section for conciseness) are compared with those based on the classic sparse Bayesian learning method (i.e,
RVM). Different forms of basis functions are also investigated. The Silverbox experimental data is inves-
tigated in the second example, illustrating the applicability of the proposed method in real implementation.
For the GP-RVM method, zero mean function and squared exponential (SE) covariance function are used for
the Gaussian process model in both examples.

5.1 Duffing oscillator

Consider a Duffing oscillator with position-dependent stiffness, the data is simulated based on the following
equation:

mÿ (t) + cẏ (t) + k (y(t)) y (t) = u (t) (20)

where u(t) denotes the excitation applied to the system and y(t) is the displacement response of the system.
Parametersm and k denote the mass and damping of the system, respectively. The stiffness k(.) is a function
with respect to y(t) given by

k (y(t)) = a+ by2 (t) (21)

where a and b are the associated stiffness parameters.
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The values of the system parameters used for simulation are listed in Table 1. The system is excited by
Gaussian white noise with a standard deviation of 1kN. The measured system response is contaminated with
a Gaussian white noise with a standard deviation equal to 1% of that of the system response. Ten seconds
of data are recorded for each data set with a sampling rate of 50Hz. Ten sets of data are used for analysis in
each scenario.

Table 1: System parameters for simulated duffing oscillator

Parameters m c a b

Value (in SI units) 1 2.151 10 105
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Figure 1: Model prediction based on RVM and GP-RVM with simulated responses of the test dataset, first
scenario

In the first scenario, the model is assumed to be

ÿ (t) =
1

m
u (t)− c

m
ẏ (t) = Φ1θ1 (22)

where Φ1 =
[
u ẏ

]
and θ1 =

[
1/m −c/m

]T . The stiffness term is completely ignored in this case
and the system model has significant missing physics. This is not common in real applications but here
such model is considered to investigate the case where model discrepancy is significant. Both the RVM
and the GP-RVM method have been applied for parameter estimation and the results are summarized in
Table 2. The estimated system parameters are quite biased based on the RVM method. The averaged bias
of the mass and damping parameters are about 1.3% and 1.9%, respectively. This is reasonable since the
RVM method can not properly account for the model discrepancy due to the absence of stiffness term. on
the other hand, the GP-RVM method provides a better estimation on the system parameters. The identified
mass and damping parameters are very close to the true values with averaged bias being 0.04% and 0.29%,
respectively. The model prediction of these two methods is also investigated using an independent test
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dataset. The normalized mean squared errors (NMSE) of the model predictions based on the RVM and
GP-RVM methods are calculated to be 4.4×10−4 and 9.4×10−6, respectively. Figure 1 shows the model
prediction (mean value as well as ±2 posterior standard deviation) of these two methods as well as the
simulated system responses for the first 2.5 seconds as an example. The difference between the simulated
responses and the model predictions based on these two methods are shown in Figure 2. It can be seen that
the GP-RVM method provides better parameter estimations and model predictions compared to the RVM
method. The Gaussian process model in the proposed method is capable of capturing the missing physics
due to the absence of the stiffness term.

Table 2: Parameter estimation results of duffing oscillator example, first scenario

Data Set No. RVM GP-RVM
m c m c

1 1.021 2.209 1.000 2.151
2 1.013 2.166 1.000 2.165
3 0.985 2.082 0.999 2.149
4 0.985 2.080 1.000 2.155
5 0.991 2.120 1.000 2.156
6 1.012 2.169 1.000 2.150
7 1.009 2.156 0.999 2.145
8 1.001 2.140 1.000 2.145
9 0.981 2.108 1.000 2.144
10 0.984 2.051 1.000 2.129
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Figure 2: Residual between the predictive mean and simulated response for RVM and GP-RVM method
based on the test dataset, first scenario

In the second scenario, the system model is assumed to be

ÿ (t) =
1

m
u (t)− c

m
ẏ (t)− (dy3 (t))y (t) = Φ2θ2 (23)

where Φ2 =
[
u ẏ y4

]
and θ2 =

[
1/m −c/m −d/m

]T . The stiffness in the model is considered
but in erroneous forms. Both RVM and GP-RVM methods are applied for parameter estimation and the
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results are summarized in Table 3. For the RVM method, the erroneous stiffness forms are not excluded after
inference even when sparsity is introduced. This also leads to biased estimation in the mass and damping
parameters. On the other hand, the GP-RVM method provides a better estimation result, where the erroneous
stiffness forms are removed and the identified mass and damping parameters almost coincide with the true
values. It indicates that the proposed method is capable of removing the erroneous terms in the system model
and capturing the model discrepancy properly.

Table 3: Parameter estimation results of duffing oscillator example, second scenario

Data Set No. RVM GP-RVM
m c d(×105) m c d

1 1.024 2.194 9.910 1.000 2.157 0
2 1.017 2.156 32.31 1.000 2.139 0
3 0.934 1.933 0 1.000 2.140 0
4 0.996 2.109 15.50 1.000 2.139 0
5 0.983 2.087 16.69 1.000 2.152 0
6 1.010 2.210 9.750 1.000 2.163 0
7 0.968 2.096 8.620 1.000 2.142 0
8 0.981 2.085 6.500 0.999 2.145 0
9 1.007 2.117 20.41 1.000 2.133 0
10 1.012 2.187 17.14 1.000 2.143 0

5.2 Silverbox benchmark test

Experimental data are investigated in this example to illustrate the applicability of the proposed method in a
real implementation. The Silverbox system is considered, which is an electric circult simulating a nonlinear
dynamic system with a position dependent stiffness term. It is similar to a Duffing oscillator as investigated
in the previous example. Detailed test configurations and properties of the measured data can be found in
[20]. The major focus in this example is to investigate if the proposed method can select the correct system
forms and also provide good prediction considering that the true system parameter values are unknown.
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Figure 3: Measured input and output signal of Silverbox training data
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The system was excited by a Gaussian white noise with increasing amplitude and the data were recorded
for parameter estimation. Forty thousand samples were used for analysis with a sample rate of 107/214 ≈
610.35Hz. The excitation and system response are shown in Figure 3. The initial data were chopped into
40 non-overlapping sets for analysis. To apply the equation discovery methods, all the system states are
required. Numerical differentiation has been conducted to obtain the first and second derivatives of the
output measurement.
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Figure 4: Percentages of model forms picked by RVM and GP-RVM methods
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Figure 5: Measured input and output signal of Silverbox test data

The candidate design matrix used to explore the model forms of the system in this example is set as:

Φcandi =
[
u y ẏ y2 y3 y4 sin (y) cos (y)

]
(24)

As with the previous example, both the RVM method and the GP-RVM method are applied to infer the
system properties. Figure 4 shows the percentage of each model form in the design matrix selected by
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Figure 6: NMSEs of model prediction based on RVM and GP-RVM methods for the Silverbox test data

these two methods among these 40 datasets. It can be seen that the linear components in the system are
correctly picked by both methods. The percentages of the position dependent stiffness term y3 involved in
these two methods are about 30%. This is reasonable considering that the nonlinearity in the system is not
significant, especially for the first several datasets with low excitation amplitude. The differences between
these two method lies in the remaining nonlinear components. The GP-RVM method is less likely to pick
the erroneous nonlinear forms in the design matrix compared to the RVM method.

The model predictions of these two methods are also investigated by using an independent dataset. Figure 5
shows the input and output of this test dataset. The NMSEs of the model predictions based on these two
methods are shown in Figure 6. The NMSEs of the RVM models based on the first four training datasets
are relatively high. This is mainly due to the low excitation amplitude, which leads to inaccuracy in the
estimated system parameters. Compared to RVM method, the GP-RVM methods provides a better model
prediction with low NMSEs.

6 Conclusions

This paper proposed a parameter estimation approach through an equation discovery procedure. The method
is based on sparse Bayesian learning combined with a Gaussian process model, which allows erroneous
forms in the model to be removed during inference and properly accounts for the model discrepancy through
a nonparametric process. A Bayesian framework was developed to encapsulate these two methods. The
parameters can be estimated in a probabilistic manner. An expectation maximization approach was applied
for inference in order to balance the proportion of system model and model discrepancy. Both synthetic
and experimental data examples were presented and it has been shown that compared to a classic equation
discovery method (i.e., RVM), the proposed method can provide better parameter estimation results with less
bias involved. At the same time, the model discrepancy can be properly captured by the Gaussian process.
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Abstract
The quantification of wave loading on offshore structures is a crucial element in the assessment of their useful
remaining life. This paper develops a grey-box modelling approach; one which combines physics (white-
box) and data-based (black-box) components, to improve predictions of force on structural members. Two
potential model architectures are presented; one where the model is a summation of the two components,
the second where the white-box prediction is fed into the black box as an additional input. Here Morison’s
equation is used as the physics-based component in combination with a data-based Gaussian process NARX -
an autoregressive variant of Gaussian process regression. Two key challenges with employing the GP-NARX
addressed here are the selection of appropriate lag terms and the proper treatment of uncertainty propagation.
The best performing grey-box model, the residual modelling GP-NARX, was able to achieve a 29.13% and
5.48% relative reduction in NMSE over Morison’s Equation and a black-box GP-NARX respectively.

1 Introduction

Many engineering structures within the North Sea have already exceeded or are close to their initially spec-
ified 20-25 year design lives [1]. The financial incentive for continued operation of structures beyond their
design lives brings attention to the need for accurate prediction of remaining fatigue life. Safety concerns
around the operation of ageing structures are a key priority and confidence within prognosis is, therefore,
important.

Offshore engineering structures operate in harsh environments, in which accurate representation of dynamic
behaviour and prediction of remaining fatigue life is difficult. In such extreme environments, physics-based
(white-box) models are often unable to fully capture the complexity of dynamic behaviour. For example,
phenomena including movement of mechanical joints, thermal effects and humidity are difficult to charac-
terise and, therefore, model and validate in a dynamic context.

A data-based (black-box) approach aims to provide a more flexible alternative, where machine learning
techniques may be used to characterise relationships between variables directly. The nature of the variables
being modelled is arbitrary and no prior understanding of the system is required. Although purely data-based
approaches have proven to be effective in the prediction of structural responses in changing environments
[2–4], machine learning models have their drawbacks. Black-box models are generally poor at extrapolation,
with performance suffering in conditions outside the scope of provided training data. Overfitting and the
adoption of unnecessarily complex model structures during training can also be an issue [5].

A grey-box approach combines physics-based modelling and data-based learning with the aim of construct-
ing a flexible model that is informed by physical insight. A key area of expected improvement concerns
extrapolation; it is hoped that the structured white-box component of the model will assist inference in areas
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where training data coverage is low. Improvement of performance outside the observed training conditions
would reduce the current demand for increasingly large training datasets and associated monitoring efforts.

The dataset used within this paper was collected from the Christchurch Bay Tower (CBT), an offshore test
facility constructed with the intention to develop better understanding of wave and current action [6]. The
tower was equipped with Perforated ball Velocity Meters (PVMs) to measure water particle velocity and
acceleration, along with force sleeves to measure the horizontal force acting on the tower. This provides
a dataset capturing a real sea state environment with valuable measurements of the modelling target, wave
loading force, which allows for the validation and performance measurement of modelling approaches.

Within research communities, the study of Computational Fluid Dynamics (CFD) has dominated the quantifi-
cation of wave loading forces [7,8]. Within industrial applications however, the high computational resource
requirements of CFD and difficulty of model validation for structures in complex environments, has led to
a preference, in some industries at least, for more simplistic empirical methods. A common example of one
such method is Morison’s Equation [9], which offers an empirical solution for wave loading with minimal
computational resources. This paper will explore methods of combining Morison’s Equation with black-box
Gaussian process NARX models, with the aim of improving predictive performance. A focus will be placed
on two key challenges arising from the inclusion of the GP-NARX within the combined model: the selection
of appropriate lag terms and the proper treatment of uncertainty propagation.

2 Morison’s equation, GP-NARX and Grey box models

This section details the modelling methodology proposed for the prediction of wave loading. Morison’s
Equation forms the basis for the white-box model construction, whilst a GP-NARX model is used for the
black-box. Methods of combining the approaches to form grey-box models are also presented.

Morison’s equation has been a widely used tool for the modelling of wave loading on slender members since
its introduction in 1950 [9], being used in applications including wind turbine design [10] and characterising
dynamic behaviour of offshore spar platforms [11]. Its popularity has been helped, in part, by benefits in
computation time over more complex, CFD approaches. To achieve such benefits, Morison’s equation relies
on a number of simplifying assumptions, such as unidirectional flow, the waves remaining unbroken and the
waves being unaffected by the presence of the structure [9–12].

The simplest form of Morison’s equation assumes the structure on which the wave force acts is a rigid,
slender cylinder. For a given wave velocity U and acceleration U̇ , the force per unit axial length is given as:

F =
1

2
ρDCd

︸ ︷︷ ︸
C ′d

U |U |+ 1

4
πρD2Cm

︸ ︷︷ ︸
C ′m

U̇ (1)

where ρ is the fluid density, D is the cylinder diameter, Cd is the drag coefficient and Cm is the inertia
coefficient. The dimension specific terms may be grouped to form two constants C ′d and C ′m relating to the
drag and inertia forces of the wave.

Parameter estimation and model prediction with Morison’s equation is achieved via Bayesian linear regres-
sion. Approaching the regression in a Bayesian manner provides distributions over the parameter estimates
and confidence intervals for the predictions, which can then be compared with the Gaussian process models
used later. The regression is setup as:

X = [U |U |, U̇ ] (2)

β = [C ′d, C
′
m]T (3)

p(F |X,β, σ2n) ∼ N (Xβ, σ2β) (4)

The parameter posterior distributions were recovered via Gibbs sampling with 10,000 draws. This provided
a computationally efficient method for accurate estimation of the conjugate conditional distributions [13].
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Gaussian Process Regression (GPR), utilised here for the black-box component, is a non-parametric, flexi-
ble, Bayesian machine learning technique [14]. The return of confidence intervals with predictions, minimal
requirement for prior knowledge and modelling capabilities under the presence of noise have lead to the pop-
ularity of GPR within a wide range of usage applications. These span from standard regression tasks [15],
to image processing [16], to more engineering relevant examples [2, 17, 18]. A dynamic-variant of a GP
regression model is employed here, namely a GP-NARX [19–21].

A Nonlinear AutoRegressive model with eXogenous inputs (NARX) is a function of previous signal values
and additional (exogenous) inputs, in which both are fed through some nonlinear function f(x).

yt = f([ut, ut−1, ..., ut−lu , yt−1, yt−2, ..., yt−ly ]) + ε (5)

The previous signal values, yt−i and exogenous inputs, ut−j are considered up to ly and lu lagged time steps
respectively. For the wave force estimation in this paper, the exogenous inputs, u, considered are the velocity,
U and acceleration, U̇ of the wave particles. The nonlinear function, f(x), in a NARX is commonly fixed to
be a polynomial [22, 23], but in the case of a GP-NARX, a Gaussian process (GP) is used.

There are two types of prediction that may be calculated from any autoregressive model form: One Step
Ahead (OSA) and Model Predicted Output (MPO). These may also be referred to as the prediction and
simulation methods. For OSA, previously measured values of the output signal are used as lagged inputs
to the model, whilst MPO requires the feedback of the model prediction itself. The MPO performance will
generally be worse than that of OSA due to the compounding of model errors, however, it is a much more
representative measure of how well the model has captured the true dynamics of the process. In a structural
health monitoring context, the assumption is that continual measurement of the wave force itself will not be
available, meaning that an OSA prediction will not generally be useful. This paper, therefore, focuses more
on the MPO.

The focus on an MPO necessitates careful attention to how the hyperparameters in the GP covariance function
are optimised. In a standard static implementation of a GP, the hyperparameters, θ of the covariance function
are set by optimising a negative log marginal likelihood, −log p(y|X,θ), where y is the set of training
targets, with corresponding inputs X . This optimisation doesn’t reflect the dynamic nature of the GP-NARX
and strongly favours the performance of OSA predictions if used.

Here, a more appropriate cost function is the Negative Log Predictive Likelihood of the Model Predicted
Output, −log p(y|E(y∗),V(y∗),θ). The NLPL of the MPO is calculated as a joint Gaussian likelihood of
each measured data point yt coming from the corresponding predictive distribution y∗t ∼ N (E(y∗t ),V(y∗t ))
of the GP-NARX output. The authors suggesting using an independent validation dataset for this step. The
process is defined in Algorithm 1.

Algorithm 1: MPO NLPL cost function for GP-NARX optimisation.

1 Calculate training set covariance matrix K(X,X) for hyperparameters θ
2 Initialise GP-NARX for validation set from Ut:t−lu , U̇t:t−lu and yt−1:t−ly

3 for t = 1 : T do
4 Calculate: p(y∗t |Ut:t−lu , U̇t:t−lu ,E(y∗t−1:t−ly

),θ) = N (E(y∗t ),V(y∗t ))

5 end
6 NLPL = −∑T

t=1 logN (yt|E(y∗t ),V(y∗t ))

A grey-box model combines physics and data-based approaches with the aim of extracting benefits from
each of the model types: structure and insight from the white-box component and flexibility and an ability to
model unknown phenomena from the black-box component. There are two potential architectures presented
here, both of which combine the earlier discussed Morison’s equation with GP-NARX models.

Perhaps the simplest approach to grey-box modelling is to sum the predictions of a white and black-box
model. Here we refer to this approach as residual modelling. If the white-box takes a fixed form, this
summation is equivalent to using the black-box to model the residual error between the white-box and any
collected data. In the FE modelling community the practice of using a machine learner (often a GP) to model

USD - UNCERTAINTY IDENTIFICATION AND QUANTIFICATION 3613



the residuals from an FE model is often referred to as ‘bias correction’, acknowledging that there is likely to
be some error in the complex FE representation of the structure. It is possible to apply the approach to more
simplistic base models such as Morison’s Equation, with the modelling of polynomial regression residuals
using a GP being explored as early as 1975 [24].

It is known that Morison’s Equation simplifies the behaviour of wave loading, not accounting for effects such
as vortex shedding or other complex behaviours [25] and will typically have residual errors in the region of
20% [26]. Through the use of a black-box component, these residual errors may be modelled and the result
added to the white-box, producing a model of the form:

yt = Fmor︸ ︷︷ ︸
White−box

+ f([U, U̇ ]) + ε︸ ︷︷ ︸
Black−box

(6)

Here, the parameters in Morison’s equation will be established via Bayesian linear regression. The GP-
NARX model is set up identically to those discussed within the black-box section, except that the target is
now the residual error of Morison’s Equation rather than the measured wave force itself. The intention is to
capture the missing physics excluded by the simplifications present within Morison’s Equation.

In regions of high uncertainty, outside the observed training data, the GP-NARX will revert to its prior of
zero with the overall model therefore outputting Morison’s Equation. An equivalent view of this is the usage
of a white-box mean function within the GP-NARX.

An alternative means by which physics and data-based approaches may be combined is via the inclusion
of the white-box model output as an additional input to the black-box. Here we refer to this approach as
input augmentation. The transformation of model input data through physical insight has been referred to
as ‘semi-physical’ modelling [27], with the approach being used in [28] to model and optimise hydroelectric
power generation. Input augmentation has also shown to offer performance increases over white and black-
box approaches in the context of a nonlinear cascaded tanks system, particularly in the case of an extended
physical model [29].

Here, the prediction of Morison’s Equation is used along with the originally included water particle velocity
U and acceleration U̇ as the input to the GP-NARX. The model is of the form:

yt =

Black−box︷ ︸︸ ︷
f([Fmor,︸ ︷︷ ︸
White−box

U, U̇ ]) + ε (7)

The output of the white-box model is carried forward to provide an input for the GP-NARX that is strongly
linked to the physics of the problem. An advantage of this approach over residual modelling is the maintain-
ing of the signal to noise ratio. This is particularly important in cases of high fidelity physics-based models,
where the residual of the model will be small in comparison to the model noise.

3 Lag selection and uncertainty propagation

This section will discuss lag selection and uncertainty propagation in a GP-NARX setting. The case study
used throughout this paper is the Christchurch Bay Tower (CBT) [6]. The dataset collected from the structure
provided a test of model performance within a real sea environment.

The structure is comprised of a large central column, 2.8m in diameter, and a smaller column, 0.48m in diam-
eter, each equipped with an array of sensors. Perforated ball Velocity Meters (PVMs), pressure transducers,
force sleeves and wave buoys were used to create a 41 channel dataset [6]. Although this is a historic dataset,
the sensor network here is more densely populated than those that might be employed on offshore structures
today due to the CBT being constructed specifically as a test facility.

Three subsets of 1000 data points, sampled at 13.25Hz, were selected from the complete dataset for use
as training, validation and test sets. These were taken from a region where the ratio of the x-velocity to
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y-velocity of the wave was a maximum to ensure that the flow was primarily unidirectional. The study
here focuses on data from the small column where the assumptions of Morison’s equation around slender
members are likely to be more valid. In all cases, the training, validation and test sets remain the same and
unless otherwise specified, all results correspond to performance on the unseen test set.

The parameters for Morison’s equation are found via Bayesian linear regression on the training dataset. The
prior Cd = 0.6 and Cm = 1.2 coefficients used were obtained from Clauss [30] and DNV-RP-C205 [31].
Note here that Cd and Cm refer to the specific drag and inertia coefficients rather than the grouped constants
C ′d and C ′m.

3.1 GP-NARX lag selection

The selection of lag terms within a GP-NARX model has a significant effect on the structure and performance
of the model. The number of lags included for both the previous signal values and exogenous inputs can
be optimised by considering lu and ly as hyperparameters. The optimal model may then be chosen via
calculation of an appropriate model selection criterion.

Here we use the Akaike Information Criterion (AIC) [32] and Bayesian Information Criterion (BIC) [33] in
combination for the selection of lags, where for the AIC, the second order variant (AICc) [34] is appropriate
due to the low sample size relative to the number of model parameters.

The primary difficulty faced within GP-NARX lag selection is the computational cost of the search. Even
when considering only the maximum lags, rather than the full combinatorial problem, a significant number
of models are required to be constructed and evaluated. Due to the long training time of the GP-NARX,
particularly when using the MPO NLPL cost function and accounting for repeated optimisation starts, the
computational cost of covering even moderate search spaces becomes an issue. A proposed solution is to
perform the search on a computationally inexpensive AutoRegressive model with eXogeneous inputs (ARX)
and carry the lag selections forward for use in the full GP-NARX model. Although still autoregressive in
nature and trained using the same datasets as the GP-NARX, it should be noted that the ARX is a linear
model and will thus capture a reduced range of behaviours when compared with the GP-NARX. This will
likely introduce slight deviation from the optimal lag selections, however the result is expected to provide
a sensible lag selection with performance of the final GP-NARX model close to optimal. The pragmatic
decision was taken here to make a compromise between computation time and potential improvements in
model performance.

An ARX model is considered for the lag selection search of the form:

yt =

lu∑

i=0

αiut−i +

ly∑

i=1

βiyt−i + ε (8)

where similarly to the GP-NARX, the previous signal values, y are the wave force and the exogenous inputs
considered are the velocity, U and acceleration, U̇ of the wave particles.

A search space of up to 20 lagged time steps was considered for both the outputs and exogenous inputs. A
heatmap of ∆AICc and ∆BIC values for both the OSA and MPO prediction of the ARX model is shown
in Figure 1. The blue areas represent lower values of ∆i and superior models whilst yellow indicates higher
∆i values and therefore worse models.

The optimum lags were found to be lu = 1 and ly = 3 for both the OSA and MPO predictions of ∆BIC
and the OSA prediction of ∆AICc. The MPO prediction of ∆AICc narrowly suggested lu = 1 and ly = 4
as optimal with lu = 1 and ly = 3 having a ∆AICc of 1.67. This still provided ‘substantial’ [35] evidence
in favour of the lags lu = 1 and ly = 3 which were therefore selected for the model.
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Figure 1: Heatmaps of lag selection metrics for the OSA and MPO predictions of the ARX model.

The results suggest that, uniformly, there is little benefit in considering more than one lag for the particle
velocity and acceleration terms. Instead, the richer dynamics are expressed through the autoregressive terms
for the force.

3.2 GP-NARX uncertainty propagation

One of the benefits of using a Bayesian regression approach, such as GPR, is the availability of confidence
intervals on any prediction made. This causes an issue, however, in a NARX MPO setting, as model pre-
dictions get fed back and used as model inputs at the next step. Previous uses of GP-NARX models have
generally avoided the tricky issue of uncertainty propagation in an MPO setting.

Without alteration, the confidence intervals of the GP-NARX fail to account for the full uncertainty within
the prediction. The MPO requires the feedback of the model prediction, for use as subsequent lagged output.
This is typically taken as a point estimate of the expected value of the GP-NARX prediction, failing to
acknowledge that the output of the model is in fact a distribution. This does not account for the potential
variation in the feedback of model outputs which would have a cumulative effect over time.

A more representative method of uncertainty propagation within the GP-NARX can be achieved via the use
of Monte Carlo sampling [20,36]. Instead of feeding back the model output mean, a sample from the output
distribution ŷt is used. This may be repeated for N samples to form a series of N potential realisations for
the model output y(n)t∗ from which more realistic confidence intervals may be estimated. The procedure for
generating the Monte Carlo sampled Model Predicted Output (MC MPO) is summarised in Figure 2.

The consideration of the uncertainty present within the feedback of GP-NARX outputs via implementation of
MC MPO was found to contribute a significant amount to the overall uncertainty within predictions. Figure
3 compares GP-NARX MPO and MC MPO predictions, where one can see a significant difference between
the widths of confidence intervals. The average increase in confidence interval width was 75.0%.
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Figure 2: Block diagram of Monte Carlo uncertainty propagation within the GP-NARX.

Figure 3: Comparison of black-box GP-NARX MPO and MC MPO predictions on the test set.

Although a perceived increase of model uncertainty may be argued a disadvantage, the underlying uncer-
tainty present within the modelling processes has remained the same. What has instead changed is the
proportion of the uncertainty that has been captured. A model should aim to be as realistic as possible about
uncertainty within its predictions in order to prevent circumstances of ‘confidently wrong’ predictions. At
around time points 840 and 910, instances can be seen of poor model performance when a sudden downwards
spike in the measured data occurs. In the case of the MPO prediction, the confidence bounds are not wide
enough to accommodate the measured data. For the MC MPO prediction however, the confidence interval
width can be seen to increase significantly in these areas and is able to account for the true behaviour. A
general trend of increased uncertainty in areas of poor performance can be seen within the MC MPO.

From here onwards, the MC MPO will be considered the primary prediction type of interest.

4 Model predictive performance

The performance of each model was assessed using the response prediction on an unseen test-set that was
not used in the estimation of any parameters or hyperparameters. For the purposes of model comparison,
two measures are used: the Normalised Mean Square Error (NMSE) to assess the performance of each
models expected output and the Mean Standardised Log Loss (MSLL) to provide a probabilistic measure.
The NMSE is expressed:

NMSE =
100

nσ2y
(y? − y∗)T (y? − y∗) (9)

where n is the sample size, σ2y is the signal variance, y? is the measured test signal and y∗ is the model
prediction. An NMSE of zero implies perfect prediction whilst an NMSE of 100 would be equivalent to
predicting the mean for all observations.
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To construct the MSLL, one must first consider the Negative Log Predictive Likelihood (NLPL) of the model,
−log p(y?|X?, X,y), where y? is the measured test signal,X? is the set of test inputs,X is the set of training
inputs and y is the training target. Taking the negative here returns a loss rather than a utility which may
be standardised by subtraction of the loss calculated when predictions equal the mean and variance of the
training set. This returns a Standardised Log Loss (SLL):

SLL = −log p(y?|X?, X,y) + log p(y?;E(y),V(y)) (10)

The SLL, and therefore the MSLL, will be equal to zero for the baseline case of predicting with the training
set mean and variance and increasingly negative for improved model predictions.

A comparison of metrics for the models and their various prediction types is shown in Table 1. Comparisons
of the full test set posterior between the model with the lowest NMSE, the grey-box residual modelling
GP-NARX, and other model types are shown in Figures 4-6.

Table 1: Performance comparison of model types.

Model Model type NMSE (%) MSLL

Morison’s Equation White-box 19.528 −0.813

GP-NARX MPO
Black-box 14.773 −0.968
Residual modelling 13.862 −0.872
Input augmentation 14.072 −0.994

GP-NARX MC MPO
Black-box 14.643 −0.788
Residual modelling 13.840 −0.835
Input augmentation 14.088 −0.791

The NMSE of the white-box linear regression was found to be 19.528% which is in line with the expected
20% [26] residuals of Morison’s Equation. Although this is around 3-6% higher than the NMSE of other
models, the result is achieved with reduced modelling complexity and computational burden.

All models including a machine learning component were able to offer significant reductions in NMSE over
the white-box model. The success of the grey and black-box models was to be expected due to the failure of
Morison’s Equation to account for complex behaviours present within wave loading such as vortex shedding
[25]. The inclusion of the black-box component increased model flexibility, allowing the representation of
such behaviours. This indicates that previously missed underlying structure within the wave force was then
able to be captured.

For all grey-box models, modest improvements in NMSE over the equivalent black-box approach were
observed, implying that the inclusion of physics through the white-box component was able to aid model
performance.

The MSLL of Morison’s Equation was−0.813, which being in line with the MSLL of the residual modelling
GP-NARX MC MPO of−0.835, indicated a strong model performance. Although a similar MSLL results in
a similar prediction likelihood, it does not describe other aspects of model performance. Morison’s Equation
achieved the result with the highest NMSE of all models and the residual modelling GP-NARX the lowest.
The similar MSLL was achieved through the lower prediction variance of Morison’s Equation which can be
seen from the narrower confidence interval width within Figure 4. The trade-off between variance and NMSE
would generally be preferred in favour of NMSE with wider confidence intervals better able to contain the
measured result.

The earlier discussed effect of GP-NARX uncertainty propagation can be seen within the increase in MSLL
between the MPO and MC MPO of the GP-NARX. The increased prediction variance caused by the feed-
back of output distribution samples reduced the likelihood of the prediction significantly. However, the
proper treatment of uncertainty is important in preventing overestimation of prediction likelihood and over-
confidence within predictions far from the observation.
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Figure 4: Test set prediction comparison between the white-box linear regression (solid line) and the MC
MPO of the grey-box residual modelling GP-NARX (dotted line).

Figure 5: Test set prediction comparison between the MC MPO of the black-box (solid line) and grey-box
residual modelling GP-NARX (dotted line).

Figure 6: Test set prediction comparison between the MC MPO of the grey-box input augmentation (solid
line) and residual modelling (dotted line) GP-NARX models.
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5 Conclusions

The combining of physics-based white-box and data-based black-box modelling techniques in the form of
two grey-box architectures was found to offer benefits in predictive performance over either approach used
alone. The best performing grey-box model, the residual modelling GP-NARX, achieved a 29.13% and
5.48% relative reduction in NMSE over Morison’s Equation and a black-box GP-NARX respectively.

The handling of uncertainty propagation within the GP-NARX via feedback of Monte Carlo samples from
the predictive distribution rather than the feedback of a point estimate of the expected prediction significantly
increased prediction variance. For a black-box GP-NARX this led to a 75.0% increase in confidence interval
width. The uncertainty captured was deemed more representative of the underlying uncertainty present
within the MPO prediction of a GP-NARX, the prediction type of interest within SHM applications.

This paper investigated the combining of Morison’s Equation with GP-NARX regression models to pre-
dict wave loading in predominantly unidirectional flow conditions. Further work, incorporating the use of
higher fidelity physics models to account for flow in both x and y directions would allow investigation in to
prediction capabilities over a wider range of conditions.
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Abstract

Digital twins are an exciting new technology that aims to optimally combine data- and physics-based models
to enchance predictive capabilities and aid in decision-making for high-value and safety-critical assets. A
key aspiration for a digital twin is to dynamically adapt to previously unseen structural, operational, and
environmental conditions. Given this goal, digital twins are required to recognise when poor predictive
performance occurs. This requirement leads to the question; what actions may be taken to improve the
predictive performance of a model combining physics and data? The current paper aims to highlight
and discuss the decision process to be undertaken by an agent tasked with maintaining the predictive
performance via the following courses of action: do nothing, parameter calibration, (re)learning of a
data-based component and incorporation of new physics into the model. As a case study, a grey-box
formulation with a GP-NARX model is used to predict the outputs of an asymmetric Duffing oscillator. This
study is then used to motivate discussions around factors influencing the decision process and the benefits
and challenges of a risk-based decision-making approach.

1 Introduction

As machine learning garners ever more interest as a topic of research, it has inevitably been found applicable
in the field of engineering. One such application is within an exciting technology, currently in its infancy,
known as the digital twin [1]. A digital twin may be defined as a virtual replica of a high-value, or safety
critical, physical asset (known as the ‘physical twin’) that is used to inform decisions regarding the design and
operation of the asset. Digital twins have been considered applicable across numerous fields of engineering
including aerospace [2, 3], nuclear [4, 5], offshore wind turbines [6, 7], and offshore oil and gas facilities [8].

Whilst historically the term digital twin has found a wide range of interpretations, in the context of asset
management, key technologies have been identified that serve as motivation for the current paper [9]. One
of the defining technologies of digital twins is that they aim to combine data- and physics-based models in a
manner that enhances predictive capabilities. Furthermore, it has been suggested that digital twins should be
capable of recognising when they are predicting poorly, and consequently adapt so that predictions remain
valid. Because of these requirements, it is necessary for the models forming a digital twin to be robust to the
structural, operational and environmental variation experienced by the physical asset.

The current paper aims to present the decision process required to adapt models combining physics and data
such that good predictive performance is maintained. Moreover, the paper aims to highlight interesting topics
and challenges that should be discussed so as to progress the capabilities of such technologies.

A model required to predict the response of an asymmetric Duffing oscillator is presented in Section 3 as a
case study to motivate discussion. Initially instantiated as a purely physics-based linear model, the decisions
associated with adapting the model as the Duffing oscillator is subjected to nonstationary forcing amplitudes
are highlighted then subsequently discussed in Section 4. Four possible courses of action are identified
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in the case study, namely; do nothing, recalibrate the physics-based model parameters, introduce/relearn a
data-based component, and identify and incorporate physics absent from the current physics-based model.

The model eventually developed to predict the Duffing oscillator response is a grey-box model. Grey-box
modelling is a powerful method for combining physics-based (white-box) models and data-based (black-
box) models that aims to improve predictive performance by supplementing knowledge of physics with
information contained within data, or vice versa [10]. Specifically, the grey-box model developed is a differ-
ential equation augmented by a Gaussian process, adapted to model dynamic system behaviour by adopting
a NARX (Nonlinear Auto-Regressive with eXogenous inputs) framework, that takes as inputs the outputs
of the physics-based model. Background theory relating to Gaussian processes, GP-NARX models, and
grey-box modelling is presented in Section 2.

The discussions presented in Section 4 focus on the constraints and considerations influencing the decision
process required of an agent tasked with maintaining a model’s predictive performance, including; the costs
of each considered course of action, the time horizon for which the model performance must be maintained,
budgetary constraints imposed on the agent, and the information available to the agent at the time of making
a decision. Additionally, discussions are made regarding the benefits and challenges of progressing towards
a risk-based decision process that could potentially culminate in fully-automated adaptive models.

2 Background Theory

2.1 Gaussian Process Models

Gaussian processes are a Bayesian nonparametric method for data-driven modelling. Due to their ability to
effectively model nonlinear functions and to quantify the uncertainty in the outputs, Gaussian processes have
been used extensively in many engineering applications [11, 12, 13].

A Gaussian process provides a mapping from an n × D matrix of inputs X = [x1, . . . ,xn]T to a n × 1
vector of outputs y = {y1, . . . , yn}T which are assumed to be corrupted by zero-mean Gaussian noise ε with
variance σ2n. This representation can be expressed mathematically as,

yi = f(xi) + ε, ε ∼ N (0, σ2n) (1)

It follows that,

y ∼ N (f(X), σ2n) (2)

By considering equations (1) and (2), one can realise that a Gaussian process describes a distribution of
functions over the latent function f . A Gaussian process prior may be given for f as follows,

f(xi) ∼ GP(m(xi), k(xi,xi)) (3)

where m(xi) is the mean function and k(xi,x
′
i) is a positive-definite covariance function, also referred to as

the kernel.

One is able to consider the outputs of a Gaussian process at a finite number of points of interest by utilising
the convenient marginalisation properties of the Gaussian density function in addition to the fact that, by
definition, a finite number of outputs from a Gaussian process are multivariate normal. This fact is useful
as it allows a multivariate normal distribution to be defined for the outputs of the process jointly at training
points, where the inputs and outputs are known, and at test points, where the inputs are known and the
outputs are to be predicted. For a single test point x∗, the joint distribution for the training targets and the
latent function value at the test point f∗ is given by,

(
y

f∗

)
∼ N

(
0,

[
K(X,X) + σ2nI K(X,x∗)

K(x∗, X) K(x∗,x∗)

])
(4)
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where a zero-mean prior is used for simplicity, and K is a matrix, or vector, where the (i, j)th element
is given by k(xi,xj). For discussion on the use of zero-mean priors in Gaussian processes, the reader is
directed to [14].

By converting the joint distribution p(y, f∗) and by using standard results for the conditional distribution of
a multivariate Gaussian, one arrives at the posterior predictive distribution p(f∗|y) given by,

f∗|y ∼ N (E(f∗),V(f∗)) (5)

where E(f∗) is the posterior predictive mean and is given by,

E(f∗) = K(x∗, X)
[
K(X,X) + σ2nI

]−1
y (6)

and where V(f∗) is the posterior predictive variance and is given by,

V(f∗) = K(x∗,x∗)−
[
K(X,X) + σ2nI

]−1
K(X,x∗) (7)

Finally, the posterior predictive distribution for the observable outputs p(y∗|y) is given by,

y∗|y ∼ N (E(y∗),V(y∗)) (8)

where

E(y∗) = E(f∗), V(y∗) = V(f∗) + σ2n (9)

Selecting an appropriate covariance function is an important consideration in Gaussian process modelling.
A popular choice of covariance function is a squared-exponential kernel of the form,

k(x,x′) = σ2f exp

(
− 1

2l2
‖x− x′‖2

)
(10)

Whilst there are many other options for covariance function, as discussed in [14], the kernel shown in equa-
tion (10) is selected in the current paper for convenience.

The introduction of the squared-exponential covariance function brings with it two hyperparameters σ2f
and l, referred to as the signal variance and length-scale, respectively. Assuming the noise variance of the
process is not known a priori, σ2n can also be considered a hyperparameter of the Gaussian process. These
hyperparamters can be summarised in a vector θ = {σ2f , l, σ2n} and optimised by maximising the following
function,

f(θ) = −1

2
yT
[
K(X,X) + σ2nI

]
y − 1

2
log |K(X,X) + σ2nI| (11)

which is directly proportional to the log marginal likelihood. There exists a multitude of optimisation
schemes for determining the hyperparameters [14], though the current paper utilises MATLAB’s derivative-
free fminsearch algorithm for stability and ease of implementation.

2.2 GP-NARX Models

The Gaussian Process models presented in Section 2.1 are static mappings between point inputs and point
outputs. Recent advances have adapted Gaussian processes so that they are capable of learning dynamical
system behaviour [15]. This is achieved by adopting a NARX (Nonlinear Auto-Regressive with eXogenous
inputs) framework. The GP-NARX formulation can be expressed succinctly as follows,
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y∗t = F
(
yt−1, . . . , yt−ny , xt, . . . , xt−nx+1

)
(12)

where F is a Gaussian process and ny and nx are the number of output lags and input lags, respectively. It
should be noted that the variant of the GP-NARX formulation as described by equation (12) utilises the input
at the current time.

To evaluate the performance of GP-NARX models, the Normalised Mean Square Error (NMSE) can be used.
The NMSE is defined as,

NMSE(y∗) =
100

Nσ2y

N∑

i=1

(yi − y∗i )2 (13)

In equation (13), the normalisation with respect to the variance σ2y allows the comparison of predictions made
on signals with differing powers. One issue with using the NMSE as a performance measure for GP-NARX
models is that it does not account for the probabilistic nature of the predictions; the error is not weighted
with the certainty of the prediction. This property of the NMSE is beneficial for the current paper as it
allows the NMSE to be used as a consistent measure to compare the predictions of GP-NARX models and
non-probabilistic white-box models. As a rule of thumb, a NMSE of less than 5.0 indicates good agreement
between observation and prediction, a NMSE of less than 1.0 suggests excellent agreement.

There are various tests that may be applied to GP-NARX models. The most basic test is the evaluation
of the one step ahead (OSA) predictions that may be computed using equation (12). A more stringent
test is to evaluate the model predicted output (MPO), in which the model predictions are fed back into the
autoregressor as an input for the next time instance such that,

y∗t = F
(
y∗t−1, . . . , y

∗
t−ny

, xt, . . . , xt−nx+1

)
(14)

For clarity, it is worth mentioning that, in some circles, computing the OSA predictions is referred to as
prediction whereas computing the MPO is referred to as simulation.

There are two pertinent issues with GP-NARX models; the first is associated with the cost of the inversion of
the covariance matrix K that is necessary in the training of a Gaussian process; this inversion costs O(N3)
multiplications, where N is the number of data points in the training set. Additionally, the prediction of
new outputs costs O(N) for the computation of the predictive mean, and O(N2) for the computation of the
predictive variance.

The second issue relates to the handling of uncertainty propagation when computing the MPO. A fundamen-
tal assumption of the traditional Gaussian process formulation is that inputs are noise-free. This assumption
is violated when computing the MPO as outputs of the Gaussian process (which are Gaussian distributions,
not point estimates) are fed back in as inputs. There are numerous ways of handling the required uncertainty
propagation in a principled manner, including, Monte Carlo sampling, moment matching and approximate
closed-form solutions [16]; although, in some situations when the uncertainty is high or predictions far in the
future are required, GP-NARX models have been documented reverting to their prior, and discussed in [16].
For simplicity here, the case study in the current paper opts to ignore the uncertainty propagation aspect of
computing the MPO and instead feeds in only the predictive mean as an input.

Both issues mentioned here impact upon the decision process required for adaptive models and will be further
discussed in Section 4.

2.3 Grey-box Modelling

As mentioned in the introduction, a defining technology of digital twins is the combination of information
from two sources: knowledge of the underlying physics of a system, and data observed from a system.
One approach to combine physics and data is grey-box modelling [10, 17]. A grey-box is comprised of a
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white-box component, in which partial knowledge of the underlying physics is specified, and a black-box
component to reduce the overall model error, where the behaviour is learned from data. Two prominent
formulations for grey-box models are as follows,

y∗ = f(X) + ε(X) (15)

and,

y∗ = g(X, f(X)) (16)

where, in both cases, y∗ are the predicted outputs and f is a function corresponding to the white-box model.

In equation (15), the black-box component is introduced through an explicit correction term denoted by
ε(X). In this case, the black-box learns to predict the residual between the white-box predictions and the
observed data.

In equation (16), the black-box component is introduced through the function g. Here, the black-box com-
ponent takes the outputs of the white-box component as additional inputs that possess a strong correlation
with y∗. The current paper pursues a grey-box model of the form outlined in equation (16), and is referred
to as the ‘input augmentation’ formulation [10].

3 Case study

3.1 Asymmetric Duffing Oscillator

To motivate discussions around the decision processes required to ensure that models retain good predictive
performance, an asymmetric Duffing oscillator, identical to that in [15], experiencing non-stationary forcing
amplitudes will be considered as a case study. The equation of motion for the oscillator is,

mÿ + cẏ + k1y + k2y
2 + k3y

3 = x(t) (17)

The parameters of the system were specified to be m = 1, c = 20, k1 = 104, k2 = 107 and k3 = 5 × 109.
A fourth-order fixed-step Runge-Kutta algorithm was used to integrate equation (17) and simulate data. A
time step of ∆t = 0.001 seconds was chosen, equivalent to a sampling frequency of 1 kHz. To make the
simulated data a little more realistic, the time series were corrupted with a Gaussian noise of 1% RMS of
the signal variance. The excitation used was a zero-mean white Gaussian sequence for which the standard
deviation σx was set to varying levels.

For the purposes of this paper, it is posited that the agent tasked with maintaining good predictive perfor-
mance of the model, whether that be an engineer or automated computer program, would at first be ignorant
of the true underlying physics and non-stationary variation in the excitation. Initially σx was set to a value
of 0.05. At this level of forcing, displacements of the oscillator are small and as a result the nonlinear con-
tribution to the response is also small. This level of forcing was selected to emulate a scenario in which
the response system is close-to-linear meaning an engineer would plausibly believe a simple linear physics-
based, or white-box model, would be sufficient.

Choosing a simple linear oscillator to model the response of the Duffing oscillator at the forcing level σx =
0.05 yields the equation of motion,

m′ÿw + c′ẏw + k′1y
w = x(t) (18)

where yw denotes the output of the Duffing oscillator as predicted by the white-box model. In the current
case study, the parameters m′, c′ and k′1 are perturbations of the true parameters m, c and k1 such that a
small systematic error is introduced, as would be expected to be present in the predictions of such a model.

USD - UNCERTAINTY IDENTIFICATION AND QUANTIFICATION 3627



The values used for m′, c′ and k′1 were 0.99, 22 and 0.99× 104, respectively. It is worth noting here that the
forcing is known up to and including time t.

Figure 1: Linear white-box predictions for Duffing oscillator data with σx = 0.05.

Figure 1 shows the white-box prediction for the Duffing oscillator data when σx = 0.05. As would be
expected, the linear model performs well, with an NMSE of 0.88. Due to this performance, it would be
reasonable for an engineer to accept this linear model as a predictive tool for modelling the output of the
Duffing oscillator.

Suppose now that the Duffing oscillator is subjected to an increased level of forcing σx = 1. If the oscillator
in question was in fact linear, the linear white-box model would be able to extrapolate to previously unseen
forces and maintain good predictive performance. Since, of course, the Duffing oscillator is nonlinear, one,
with knowledge of the underlying physics, would anticipate the predictions of the linear model to diverge
from the observed data; this phenomenon is shown in Figure 2. The prediction shown in Figure 2 has an
NMSE of 11.54 which indicates poor predictive performance.

It is at this stage that the agent tasked with maintaining good predictive performance would be required to
intervene and perform one of the following actions:

• Do nothing.

• Recalibrate (parameter update) the linear model.

• Identify and incorporate possible missing physics into the model.

• Supplement the linear model with a data-based, or black-box, component.

In the interest of furthering the current case study, here, the ‘do nothing’ option will be assumed to be
unsuitable due to the poor predictive performance of the model and therefore ignored, although scenarios
in which this may not be the case will be considered in Section 4. Recalibrating the linear model would
be an appropriate action if it were believed that the parameters governing the observed response had drifted
from their original value; however, if this is not the case, recalibration could bias the model, as discussed in
[18, 19]. As the agent would have no particular reason to believe that parameters had drifted, the recalibration
action will be discounted.

The remaining two options; the identification and incorporation of missing physics, and the introduction of
a data-based component, both offer the prospect of rectifying the predictive performance. That being said,
in general, the action of identifying and incorporating absent physics is almost always a more costly process
than utilising a data-based component. For this reason, it would be sensible for the agent to undertake the
latter option as an initial course of action.
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Figure 2: Linear white-box predictions for Duffing oscillator data with σx = 1.

As discussed in Section 2.3, there are multiple methods for combining physics-based and data-based models.
For the current case study, the ‘input augmentation’ method has been selected due to its superior performance
on nonlinear benchmarks, detailed in [20]. The grey-box model utilised for the current case study was a GP-
NARX model of the form,

ygt = F
(
ygt−1, . . . , y

g
t−ny

, xt, . . . , xt−nx , y
w
t , . . . , y

w
t−nx

)
(19)

where F is a Gaussian process, the Duffing oscillator response as predicted by the grey-box is denoted by
yg, and the number of output and input lags are denoted by ny and nx, respectively. The number of lags for
the output and inputs were selected to be ny = 2 and nx = 1; this is the theoretical minimum number of lags
required for an auto-regressive function to model a second-order differential equation, as derived in [21].

The GP-NARX model was trained on 1000 data points, where the target outputs were the response of the
simulated Duffing oscillator, and the inputs were the lagged response of the simulated Duffing oscillator,
the response of the linear white-box model and the forcing. The prediction of the GP-NARX model on an
independent test set simulated for the same level of forcing is shown in Figure 3.

It can be seen from Figure 3 that the grey-box makes an improved prediction over the white-box alone and a
reasonably good prediction overall, with a corresponding NMSE of 2.54. The predictive standard deviation σ
quantifies the uncertainty in the prediction, whereas the residual shows the accuracy of the mean prediction,
given by y − yg.

Suppose, again, that the excitation level is increased further such that σx = 5. Although the grey-box can
now account for some degree of nonlinearity due to the data-based component, the model will be required
to extrapolate to unseen levels of forcing. As Gaussian processes, and indeed all machine learners, are
essentially interpolaters, the extrapolation to regions outside of the training data will result in more uncertain
predictions and possibly also less accurate predictions.

The predictions of the grey-box trained on data simulation when σx = 1 and tested on data simulated when
σx = 5 are shown in Figure 4. The mean prediction can be seen to be poor, with a corresponding NMSE
of 35.24. In addition to the poor mean prediction, one can see the inflated predictive standard deviation,
indicating that the model is extrapolating.

At this stage, the agent tasked with maintaining good predictive performance, once again, must intervene
with one of the following actions:
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Figure 3: Grey-box model predicted outputs for Duffing oscillator data with σx = 1.
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Figure 4: Grey-box model predicted outputs for Duffing oscillator data with σx = 5 when trained on data
with σx = 1.

• Do nothing.

• Recalibrate (parameter update) the linear model.

• Identify and incorporate possible missing physics into the white-box model.

• Re-train the grey-box model with data associated with the new forcing conditions.

Again, ignoring the ‘do nothing’ and recalibration actions, here, the authors wish to present the outcomes of
both re-training the grey-box model and identifying and incorporating the absent physics into the white-box
model so as to motivate the further discussion to be made in Section 4 surrounding the decision-making
required of an agent.

Figure 5 shows the predictions of the grey-box, retrained on data simulated when σx = 5, for an independent
test set also simulated with σx = 5. The prediction can be seen to be excellent, with a corresponding NMSE
of 0.15. The high quality of prediction can also be seen in the small residuals. In addition to a good mean
prediction, the predictive standard deviation is also small demonstrating the model is relatively certain about
the predictions.

Figure 6 shows the nonlinear white-box prediction for the Duffing oscillator data for when σx = 5. The
white-box was adapted to incorporate the physics present in the Duffing oscillator but absent in the linear
white-box model, yielding a model of the form,

m′ÿw + c′ẏw + k′1y
w + k′2(y

w)2 + k′3(y
w)3 = x(t) (20)

where k′2 and k′3 are perturbations of k2 and k3 and take the values of 0.99×107 and 4.95×109, respectively.
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Figure 5: Grey-box model predicted outputs for Duffing oscillator data with σx = 5 when trained on data
with σx = 5.

It can be seen from Figure 6 that the updated white-box performs excellently in predicting the outputs of the
Duffing oscillator, this is to be expected as any error can be attributed to either the small discrepancies
between the ‘true’ and model parameters, or to the small process noise associated with the observed data.
The NMSE of the nonlinear white-box prediction is 0.55.

For completeness, and to highlight the extrapolative capabilities of the white-box model, the predictive per-
formance for each of the current models are stated for both a further increase in forcing amplitude with
σx = 10 and for a return to the original forcing amplitude where σx = 0.05. Predicting on data produced
with σx = 10, the nonlinear white-box model has an NMSE of 0.46 whereas the grey-box, trained with data
produced with σx = 5, has an NMSE of 8.70. Predicting on data produced with σx = 0.05, the nonlinear
white-box model has an NMSE of 0.49, whereas the grey-box model, trained on data produced with σx = 5,
has an NMSE of 11.30.

The following section will discuss the scenario conditions that may result in each action being decided on by
the agent tasked with maintaining good predictive performance of the model. In addition, discussions will
be made over the possible methods that may be used by the agent in order to make those decision, including
the information available in both the white-box and grey-box formulations.

4 Discussion

The current section aims to highlight and discuss several factors that impact upon the decision-making pro-
cess required of an agent tasked with adapting a model so as to maintain a good standard of predictive per-
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Figure 6: Nonlinear white-box predictions for Duffing oscillator data with σx = 5.

formance. Discussions will be motivated by the case study presented in Section 3 but extended to adaptive
models in general.

The case study presented utilised non-stationary forcing conditions as a means of controlling the predictive
performance of the model for illustrative purposes. However, the degradation of predictive performance is
not a phenomenon exclusive to models predicting under varying excitation levels, and the discussions made
here are equally applicable to models that may have degraded for other reasons including, but not limited to,
structural changes in the ‘true’ system caused by damage, and previously unseen environmental conditions.

4.1 Constraints and considerations

There are numerous constraints and considerations that factor into an agent’s decision process. Including
the:

• cost of each course of action;

• time horizon for which the model performance must be maintained;

• budgetary constraints imposed on the agent;

• information available to the agent.

A somewhat obvious factor that must be considered by an agent is the cost of each available course of action.
As previously mentioned, the cost of identifying and incorporating missing physics into a white-box model is
often a costly process due to likely requiring the system of interest to be taken offline and experimented upon
for an extended time. Whilst the cost of identifying new physics generally has a fixed minimum cost (whether
or not this cost would increase in time is left as future work), the cost of learning a data-based component
may increase as observations associated with new operational, environmental and structural conditions are
seen. As highlighted in Section 2.2, the cost of training for a traditional Gaussian process is O(N3), and
in general, training machine learners becomes more expensive the larger the training dataset. Therefore, if
one is reluctant to discard training data associated with past conditions, in order to reduce the likelihood of
extrapolation and poor predictive performance as demonstrated in Section 3, the cost of learning a black-
box component will at some point exceed the cost of identifying new physics. If an agent is operating with
the policy of selecting the cheapest course of action at any given time (while ignoring ‘do nothing’ when
predictive performance is poor), the time at which the costs intersect will correspond to the time at which
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a change in strategy is triggered. An alternative methodology, which results in the cost of learning a black-
box component being fixed, is to preferentially select data for the training set through minimisation of the
mutual information such that as much of the input space is represented as possible while keeping the size
of the training set fixed. In this case, a change in strategy would be triggered when a minimum predictive
performance threshold criterion is unable to be met for the specified training set size.

Two constraints that, together, heavily influence the agent’s decision process are the time horizon for which
the predictive performance must be maintained, and the budgetary constraints imposed on the agent.

Many problems within decision theory and game theory are categorised with respect to their time horizon, of
which there are three main types [22]; finite horizon, infinite horizon and indefinite horizon. For finite horizon
problems, the time period for which an agent may be required to act is known and finite; for infinite horizon
problems the time period for which an agent may be required to act is known to be infinite, and for indefinite
horizon problems the time period for which an agent may be required to act is finite but undetermined.
In most practical engineering applications, where life-cycle assessments are best practice, infinite horizon
problems are uncommon. Additionally, indefinite horizon problems are usually encountered only when
lifetime extension is anticipated.

Two main types of budgetary constraint may also be considered. The first is where an agent is tasked with
allocating a finite amount of resource; in this case, once all the budget has been expended, the agent will be
forced to select the ‘do nothing’ action. The second is where an agent theoretically has access to unlimited
resource though they are required to minimise expenditure; in this case, the agent has access to every course
of action at all times.

Consider the point in the case study presented in Section 3 at which the grey-box model has poor predictive
performance on data produced when σx = 5, having only been trained on data produced when σx = 1.
Budget permitting, an agent with finite resource to allocate operating within a finite time horizon may be
more inclined to relearn the data-based component if they have either a small amount of time remaining or
lower levels of resource in an attempt to reach the end time having conserved resources. On the other hand,
an agent with finite resource to allocate operating within a finite time horizon but with a large or infinite
amount of resource and a long operating time remaining may be more inclined to opt for the more expensive
action of incorporating missing physics initially utilising the superior extrapolative capabilities of white-box
models (as demonstrated in Section 3) in an attempt to reduce expenditure in the future.

The information available to the agent is of paramount importance to the decision process; both for informing
what decisions should be made, and for determining when intervention is necessary. Available to an agent
for both the white-box and grey-box model approaches examined in Section 3, are the residuals and NMSEs
of the predictions up to time t. Naturally, for a model predicting under varying structural, operational and
environmental conditions, it is desirable for an agent to consider recent errors as having greater importance
than errors further in the past. For instances where residuals and NMSEs are available to the agent, it
is sensible to trigger decisions using heuristic criteria such as the NMSE values corresponding to ‘poor’
predictive performance.

In addition to the residuals and NMSEs of predictions, the GP-NARX grey-box formulation provides addi-
tional information in the form of the predictive standard deviation/variance; a quantification of the prediction
uncertainty. This information may be used by the agent to infer times when the model is extrapolating, and
if a model is found having to extrapolate frequently, this can serve as an indication that the physics-based
component is not fit for purpose. In general, this uncertainty quantification can be gained through the use of
probabilistic models. One of the key benefits of using probabilistic models is that they facilitate risk-based
decision-making.

4.2 Risk-based decision-making

Thus far, the methods discussed for triggering decisions have been information-based, involving determining
whether the model is extrapolating and whether it is doing so successfully. A more challenging approach,
though perhaps more desirable, is a risk-based decision-making process that factors in the context-specific
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application of the model. In the current paper, risk is defined as a product of probability and cost and can be
thought of as an expected utility.

During the decision process, in addition to considering the costs of each course of action, a risk-based
decision process would consider the utility gain or loss that the model is being used to maximise or minimise,
respectively.

Suppose that the model predictions presented in Section 3 are used as inputs to an active control system that
is used to avoid an adverse event such as the displacement of the Duffing oscillator exceeding some critical
value, and, that if the critical displacement were to be exceeded, a large cost would be incurred. In this
context, an agent operating within a risk-based decision-process would act so as to minimise the expected
utility loss. This is subtly different from acting to maintain good predictive performance as the agent would
preferentially intervene when both the predictive performance is poor and there is high risk of the adverse
event occurring. In order to trigger an intervention in this manner, an agent must utilise both the mean
prediction and predictive variance of the output from a probabilistic model.

One advantage of a risk-based decision process is that it makes it possible to factor in the the time available
to act in to the decision-making. This information is beneficial to the agent for the reason that, in an online
setting, actions that take longer than the time available to execute online may be removed from consideration.

Once it has been identified that intervention is necessary due to poor predictive performance, it becomes
possible to estimate how long the system may be left in operation before the risk of an adverse event becomes
unacceptable. Here, the thresholds at which intervention is deemed necessary and at which the risk becomes
unacceptable are analogous to the warning and alarm levels used in condition monitoring [23]. In order to
quantify the future risk, the model is required to forecast outputs at times greater than time t. Naturally, in
many applications, inputs for times greater than time t are going to be unknown and uncertain, therefore
in order to forecast risk in this manner, probability distributions encoding beliefs about future inputs are
required so that they may be propagated forward through the model. This practice pertains to the second
issue identified with propagating uncertain inputs in GP-NARX models and highlighted in Section 2.2. with
the consequence that, if uncertainty cannot be propagated stably and the model reverts to the prior to make
predictions, erroneous decisions may be made.

Finally, it is posed that, given knowledge of the expected utility associated with each action, the decision
process for maintaining model predictive performance could theoretically be fully automated and utility-
optimal with the use of an autonomous agent with the policy of selecting the action with the maximum
expected utility (or minimum expected cost). In order to evaluate the expected utility of an action, one
must consider both the cost of the action, the cost of the adverse event, and the probability of identifying and
preventing an adverse event with the model, given each of the actions. The challenge here is in the estimation
of the probability of identifying and preventing the adverse event without knowledge of the information each
action provides. The feasibility and/or practicality of knowing, or quantifying the uncertainty surrounding,
what information an action will yield prior to its execution is left as an open question and topic for discussion.

5 Summary

The aim of this paper has been to present the decision process required of an agent tasked with adapting
a model that combines both physics and data such that good predictive performance is maintained. It was
demonstrated by means of a case study that, by repeated learning of a data-based component, or by iden-
tifying and incorporating physics into a physics-based component, of a grey-box model, good predictive
performance can be maintained under varying operational conditions; a result that may be extended to vary-
ing structural and environmental conditions. Finally, discussions were made that highlight factors influencing
the decision process and attention was drawn to a risk-based decision-making process that has the potential
to facilitate automated adaptation of models; a key technology required for digital twins.
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Abstract
In this study, a data-driven equation discovery approach is followed for simultaneous model structure selec-
tion and parameter estimation based on sparse linear regression. Adopting a Bayesian framework, a new
equation discovery algorithm is proposed using spike-and-slab prior which results in models that are more
parsimonious and interpretable. The proposed algorithm is applied to four systems of engineering interest,
which include a baseline linear system, a cubic stiffness (Duffing oscillator), an additive quadratic viscous
damping and a Coulomb damping. It is shown that the proposed algorithm is effective in identifying the pres-
ence and type of nonlinearity in the system. Additionally, comparisons with the Relevance Vector Machine –
a previously proposed algorithm for Bayesian equation discovery that uses a Students’t prior – indicate that
the spike-and-slab priors often achieve stronger model selection consistency and derive models that have
superior predictive accuracy.

1 Introduction

In many areas of engineering and applied science, differential equations are used to analyse the behaviour of
dynamical systems. For the case of structural dynamics, most governing equations of motion can be readily
represented as first-order differential equations of the form

ẋ = f(x) + u (1)

This form of representation is popularly referred to as the state-space formulation, where x is the state vector
of system responses, ẋ is the time derivative of the state vector, u is the external input force, and f(x) is
the generative model embedding the equation of motion of the structure. With the ubiquitous presence of
nonlinearity in modern structural systems, the generative model f(x) typically includes nonlinear functions
of x. In forward analysis, the equation of motion, i.e. the true generative model f(x), is considered to be
known and the analyst investigates various attributes of the system by simulating responses. However, when
there is very little known about the generative model, a question that naturally arises is: what can f(x) be?
Alternatively, can one discover the correct equations of motion of the structural system? This task constitutes
one of the central goals of nonlinear system identification and one that is particularly relevant to structural
dynamics.

Formally, the problem of identifying f(x) can be viewed as two sub-problems: model selection, which
intends to determine the form of generative model (or equations of motion) of the underlying dynamical
system, and parameter estimation, which aims to determine the unknown parameters of the chosen gener-
ative model. Individually, both these problems have received significant attention in the remit of structural
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dynamics as well as in the broader context of nonlinear system identification, and the interested reader is
directed to excellent review papers [1, 2] on nonlinear system identification.

Since the goal here is to discover the form of f(x), the identified model should satisfy two essential attributes:
(a) good prediction power, by the virtue of which it is able to predict future observations effectively without
suffering from over-fitting, and (b) interpretability such that the model includes only a few features that
exhibit the strongest effect, thus providing a better understanding of the underlying process. Typically when
prediction is the only aim, the actual choice of the features is of less interest, as long as the fit to the data
is good. However, when the aim is also to understand the phenomena generating the responses, there is a
need to search for the real but unknown relationship between the responses and the features. For a good
understanding of the relationship, it is important to select only the relevant features i.e., the features that
matter.

For identifying f(x), standard model selection procedures [3, 4] begin with a small set of generative models,
typically less than 10, where each model is handpicked based on expert domain knowledge. A model from
the set is selected to represent f(x) if it best achieves a desired balance between model complexity and
goodness-of-fit. This balance is often achieved based on an information criteria such as AIC [5], BIC [6],
etc. However, in a realistic identification setting, one is not always sure of the exact type of nonlinearity
present in the system. In this paper, an alternative approach of recovering f(x) is followed, based on sparse
linear regression, that allows simultaneous model selection and parameter estimation from a large set of
candidate models (often in the order of 10000). This alternative approach has gained much attention in
recent years and has been popularly termed as data-driven equation discovery [7], even though it is really by
another name nonlinear system identification.

The key assumption in the data-driven equation discovery approach is that the function f consists of only a
few terms, making it sparse in the space of possible functions. This assumption is generally true for many
systems of interest, as their governing physics is often simple and interpretable. To recover f , the idea is to
first express f as a weighted linear combination of a large number of simple basis functions and then apply
algorithms to select a relevant subset that best explains the measurements. As such, the model selection
problem turns into a basis (or variable) selection problem in the equation discovery approach.

To elaborate on the procedure in more detail, consider the example of a Single Degree-of-Freedom (SDoF)
oscillator with equation of motion of the form,

mq̈ + cq̇ + kq + g (q, q̇) = u (2)

wherem, c, k are the mass, damping, and stiffness, g is an arbitrary nonlinear function of displacement q and
velocity q̇, and u is the input forcing function. The first-order state-space formulation for this system is

ẋ1 = x2 (3)

ẋ2 =
1

m
(u− kx1 − cx2 − g(x1, x2)) (4)

with x1 = q and x2 = q̇. Eq. (3) can be ignored as it simply provides the definition of velocity; Eq. (4) cap-
tures the governing equation of the structure’s motion. To uncover the underlying structure of the right hand
side of Eq. (4), a large dictionary of basis functions f1(x1, x2), f2(x1, x2), . . ., fd(x1, x2) is constructed,
containing several functional forms that the right hand side of Eq. (4) can possibly have. The right hand side
is then expressed as a weighted linear combination of the dictionary,

ẋ2 = θ1f1(x1, x2) + θ2f2(x1, x2) + · · ·+ θdfd(x1, x2) + θd+1u (5)

where, {θ1, θ2, · · · , θd, θd+1} are the coefficients. Given that one observes (noisy) time-series measurements
of the system {x1,j , x2,j , ẋ2,j , uj}nj=1, where j in the subscript indicates time point tj , the above problem
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reduces to a linear regression problem as follows:




ẋ2,1
ẋ2,2

...
ẋ2,n




︸ ︷︷ ︸
y

=




f1 (x1,1, x2,1) f2 (x1,1, x2,1) · · · fd (x1,1, x2,1) u1
f1 (x1,2, x2,2) f2 (x1,2, x2,2) · · · fd (x1,2, x2,2) u2
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...
f1 (x1,n, x2,n) f2 (x1,n, x2,n) · · · fd (x1,n, x2,n) un




︸ ︷︷ ︸
D




θ1
θ2
...
θd
θd+1




︸ ︷︷ ︸
θ

+




ε1
ε2
...
εd




︸ ︷︷ ︸
ε

(6)

In the above equation, y is the vector of observations of the derivatives of x2, D is the dictionary matrix of
basis functions and ε denotes the vector of residuals, taking into account model inadequacies and measure-
ment errors.

Figure 1: Sparse linear regression for selection of relevant basis functions (shown in blue) in equation dis-
covery approach.

The task is now to estimate the coefficient vector θ, given known vector y and dictionary matrix D. Since
the governing equation of motion of a structure typically has only a few terms, it is expected that only a few
basis functions in the dictionary would actively contribute to the solution of θ, while the rest would have zero
(or negligible) contribution. As such, the estimated θ would be sparse, i.e. would have only a few non-zero
coefficients; hence, it is reasonable to seek sparse solutions of θ in the above linear regression problem.

Classical penalisation methods [8] can offer sparse solutions to the linear regression problem. These methods
add a convex penalty function to the usual least-squares objective. The goal of the penalty function is to
shrink small coefficients to zero while leaving out a few large coefficients. Popular penalised regression
methods include lasso, ridge, and elastic net penalties. However, a major limitation of these approaches is
that they tend to increase the bias of the non-zero coefficients. Moreover, the success of these penalisation
methods depends critically on the tuning of a regularisation parameter which weighs the penalty function.
Another class of methods seeking sparse solutions to the linear regression problem is based on magnitude
thresholding of the model coefficients. For example, a sequential threshold least-squares algorithm finds
sparse solutions by iteratively solving a least-squares problem while zeroing out the small coefficients in
successive iterations. This algorithm was used in [7] for equation discovery of dynamical systems. However,
results from using such algorithms are sensitive to the choice of the threshold parameter and its tuning is
required by cross-validation.

In this work, a sparse Bayesian learning framework [9, 10] is adopted over the deterministic penalisation
and thresholding framework, to solve the sparse linear regression problem. Apart from the usual advantage
of uncertainty quantification, the sparse Bayesian learning approach offers three additional advantages: (a)
it allows for natural penalisation through prior distributions, (b) the penalty parameter is simultaneously
estimated with other model parameters and does not require determination through cross-validation, and
(c) Bayesian techniques using Markov Chain Monte Carlo (MCMC) sampling, facilitate a more straightfor-
ward implementation of non-convex penalty functions, unlike classical approaches which use convex penalty
functions to achieve a unique minimum.
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In a sparse Bayesian learning approach, sparsity is induced by placing sparsity-promoting (or shrinkage)
priors on the coefficients. These priors tend to shrink small coefficients to zero while allowing a few large
coefficients to escape shrinkage. The densities of these priors feature a strong peak at zero and heavy tails:
the peak at zero enforces most of the values to be (near) zero while heavy tails allow a few non-zero values.
This structure of the priors tends to produce a selective shrinkage of the coefficients of the linear model, i.e.
the posterior distributions of most coefficients are shrunk towards zero while a small set of coefficients have
a large probability of being significantly different from zero [11]. Examples of such priors include Laplace
[12], Student’s-t [9], Horseshoe [13], and spike-and-slab [14–16].

The use of sparse Bayesian learning in data-driven equation discovery has been explored only very recently,
and the current state of research in this direction has been quite limited. The handful of research that exists
has mostly focussed on obtaining sparse solutions using a particular implementation of the Student’s-t prior
– the Relevance Vector Machine (RVM) [9]. Unlike common Bayesian algorithms that use MCMC-based
random sampling, the RVM performs a (non-convex) marginal likelihood optimisation to yield parameter
posteriors, and is therefore computationally very fast compared to sampling-based algorithms. The RVM
was used in [17] for equation discovery of structural dynamic systems. In [18], the RVM was used in
conjunction with magnitude thresholding for discovering governing partial differential equations.

The critical challenge in the equation discovery approach for nonlinear system identification is learning the
correct set of basis functions from the dictionary D. Although the RVM can provide quick results, it is based
on the Student’s-t prior that has less selective shrinkage capabilities compared to priors like the spike-and-
slab. The Student’s-t prior is not as peaked around zero, hence it leaves some coefficients, which should truly
be zero, to take non-zero values. In an equation discovery setting, this may lead to more terms being selected
than is true and may hinder the interpretability of the learned model. On the other hand, a spike-and-slab
prior comprises a point mass at zero (the spike) for small coefficients, and a diffused density (the slab) for
the large coefficients. The spike is capable of shrinking the small coefficients to exactly zero, hence the
spike-and-slab prior can induce stronger selective shrinkage of the coefficients compared to the Student’s-t
prior. Figure 2 provides a visual illustration of the densities of the Student’s-t and spike-and-slab priors.

(a) Student’s-t (b) Spike-and-slab

Figure 2: Probability density functions of (a) the Student’s-t prior, and (b) the spike-and-slab prior (with the
spike displayed by an arrow pointing upwards).

This paper explores the performance of spike-and-slab priors in Bayesian equation discovery. The rest of
the paper is structured as follows: Section 2 describes the spike-and-slab prior model for linear regression,
the MCMC approach to sampling the model parameters, and the proposed methodology for Bayesian basis
selection. Section 3 presents numerical demonstrations of equation discovery for four SDoF oscillators: a
linear oscillator, a Duffing oscillator with cubic nonlinearity, an oscillator with quadratic viscous damping
and an oscillator with Coulomb damping. Section 4 provides a critical discussion on the results obtained
with the spike-and-slab prior. Finally, Section 5 summarises the conclusions of the paper.
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2 Sparse Bayesian learning with spike-and-slab priors

2.1 Model specification

To perform basis selection with the spike-and-slab prior, the linear regression problem is considered as part
of a larger hierarchical model. To see how the hierarchy is defined, consider once again the linear regression
problem in Eq. (6), rewritten here in a compact matrix-vector form,

y = Dθ + ε (7)

where, y is a n × 1 target vector, D is a n ×m dictionary matrix1, θ is the m × 1 coefficient vector, and
ε is the n × 1 residual error vector. The residual error ε is modelled as a vector of independent Gaussian
noise with diagonal covariance matrix σ2In

(
ε ∼ N

(
0, σ2In

))
. With a known dictionary D, the likelihood

function can be written as,

y | θ, σ2 ∼ N
(
Dθ, σ2In

)
(8)

The key feature of the hierarchical model is that each component of θ is assigned an independent spike-and-
slab prior, defined as follows,

θi | zi, vs ∼ (1− zi)δ (θi) + ziN (0, vs) (9)

In this paper, the spike part of the prior is modelled by a Dirac delta function at zero [14], while the slab
part is modelled by a continuous zero-mean Gaussian density with a large variance vs. The activation of
the spike or the slab for θi is controlled by a binary latent variable zi: zi = 0 implies θi = 0, and zi = 1
implies θi ∼ N (0, vs). The interpretation of this formulation is that, when zi = 1, the θi will be a non-zero
estimate and the corresponding basis function should probably be included in the final model. Furthermore,
each latent variable zi is assigned an independent Bernoulli prior, controlled by a common hyperparameter
p0,

zi | p0 ∼ Bern(p0) (10)

Eq. (10) implies the selection of a basis function from the dictionary D is independent of the inclusion of
any other basis functions in D. Together, the coefficient vector θ and the vector of binary latent variables z
constitute the main parameters of the spike-and-slab prior model.

The complete specification of the spike-and-slab prior, however, requires the definition of hyper-priors over
auxiliary parameters p0, vs, and σ2. The parameter p0 in Eq. (10) represents the fraction of the total basis
functions in D that are a priori expected to be selected in the final model; it can be assigned a fixed value.
For example, p0 = 1

2 implies that each basis function in D has equal chance of being selected and reflects
the prior belief that the model should include approximately half of the basis functions in D. However, here
a Beta prior is assigned to p0

p0 ∼ Beta(ap, bp) (11)

as it puts more emphasis on selecting a smaller number of basis functions in the model, which conforms well
with the assumption of the equation discovery approach. Finally, inverse-Gamma priors are assigned to the
slab variance vs and error variance σ2 via,

vs ∼ IG (av, bv) (12)

σ2 ∼ IG (aσ, bσ) (13)

By assigning an inverse-Gamma prior on vs, the resulting marginal density of the slab component of the
spike-and-slab prior is a more heavy-tailed Student’s-t density; the Student’s-t density arises due to the scale

1The number of columns in the dictionary has been redefined as m = d+ 1
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mixture property of Gaussian distributions [19]. Note that ap, bp, av, bv, aσ, bσ appearing in Eqs. (11),
(12) and (13) are deterministic prior parameters, controlling the shape of the respective hyper-priors. The
complete hierarchical spike-and-slab model for linear regression is illustrated in Figure 3.

y

D
σ2

aσ aσ

θ

vs

av bv

z

p0

ap bp

Figure 3: Graphical structure of the hierarchical spike-and-slab model for linear regression; the variables in
circles represent random variables, while those in squares represent deterministic parameters.

2.2 Posterior computation via Gibbs sampling

Once the spike-and-slab hierarchical model is specified, the next part entails extracting the information rel-
evant to basis selection from the posteriors of z and θ. The joint posterior of p (z,θ | y) can be computed
using Bayes’ theorem

p (z,θ | y) =
p (y | θ) p (θ | z) p (z)

p (y)
(14)

where p (y | θ) is the likelihood, p (θ | z) p (z) is the spike-and-slab prior over z and θ, and p (y) is the
normalising constant. Additionally, one can marginalise Eq. (14) over θ1, . . . , θm and z1, . . . , zm except zi
to compute the marginal posterior p (zi | y) to determine if the ith component of θ is different from zero.

Exact Bayesian inference is difficult with spike-and-slab priors and often MCMC techniques are employed
to sample from the posteriors. In this case, a Gibbs sampler [20] is used to draw samples from the posterior.
Gibbs sampling needs the knowledge of the full conditional distributions which, in this case, are derived
analytically due to the use of conjugate priors. Below, the conditional distributions of the main parameters
θ, z, and the hyperparameters p0, vs, σ2 are specified.

(a) The components of θ are set to zero whose corresponding z1, . . . , zm are equal to zero, as they
are modelled by the spike. The other components of θ that fall in the slab, are represented by a
r-dimensional vector θz=1, and they are sampled as,

θz=1 | y, z, vs, σ2 ∼ N (µ,Σ) (15)

Here, Σ =
(
σ−2XTX + v−1s Ir

)−1, µ = σ−2ΣXTy, and X is a n×r matrix that includes only those
columns of D whose corresponding components of z are unity.

(b) The conditional distribution of z is expressed componentwise. We compute the probability of zi = 1
compared to zi = 0, given the values of other z components, denoted here as z−i. Also, define
ξ−i = y −D−iθ−i as the residuals from regressing y on all columns of D barring the ith column.
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The conditional distribution of zi is then given by

zi | y, z−i,θ−i, p0, vs, σ2 ∼ Bern

(
p0 φ

(
f i, ξ−i, vs, σ

2
)

p0 φ
(
f i, ξ−i, vs, σ2

)
+ (1− p0)

)
(16)

where, f i represents the ith column of D, and,

φ
(
f i, ξ−i, vs, σ

2
)

= v
− 1

2
s


 1(

1
σ2f

T
i f i + 1

vs

)




1
2

exp


 1

2σ4

(
ξT−if i

)2
(

1
σ2f

T
i f i + 1

vs

)


 (17)

(c) The conditional distribution of p0 is given by,

p0 | z ∼ Beta

(
ap +

m∑

i=1

zi, bp +m−
m∑

i=1

zi

)
(18)

(d) The conditional distribution of vs is given by,

vs | θ, z ∼ IG
(
av + 0.5

m∑

i=1

zi, bv + 0.5
m∑

i=1

θ2i

)
(19)

(e) The conditional distribution of σ2 is given by,

σ2 | y,θ ∼ IG
(
aσ + 0.5n, bσ + 0.5 (y −Dθ)T (y −Dθ)

)
(20)

By repeated successive sampling using Eqs. (15) to (20), the following Markov chain is obtained,

z(0),θ(0), p
(0)
0 , v(0)s , σ2

(0)
, . . . ,z(j),θ(j), p

(j)
0 , v(j)s , σ2

(j)
, . . . (21)

which embeds the Markov chains for z and θ. The first few samples of the chain are discarded as burn-in,
and the remaining J samples are used for basis function selection, as described next.

2.3 Methodology for basis selection

With a total of m basis functions in the dictionary, there are 2m possible models, where a model is indexed
by which of the zi’s equal one and which equal zero. For example, the model with zero basis functions
has z = 0, whereas the model that includes all basis functions has z = 1. Finding the model with highest
posterior probability is often challenging whenm is large, as one will probably need more than 2m samples to
explore the entire space of models. In this work, the marginal posterior probabilities p (zi = 1 | y) are used
to select those basis functions whose corresponding probability is more than a fixed probability threshold.
The marginal posterior p (zi = 1 | y) is approximated using J Gibbs samples as the fraction of times the
index i was sampled,

p (zi = 1 | y) ≈ 1

J

J∑

j=1

I
{
z
(j)
i = 1

}
(22)

where I stands for an indicator function. Specifically, one selects the ith basis function from D and includes
it in the final model if,

p (zi = 1 | y) ≥ 0.5 (23)
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The above criterion implies the selection of basis functions that appear in at least half of the visited models.
The final model so obtained corresponds to the median probability model [21], in short MPM, and is compu-
tationally advantageous since estimating this model often requires fewer Gibbs iterations than that required
for the highest probability model. The vector of coefficients for the MPM, denoted by θMPM, has non-zero
components only corresponding to the selected set of basis functions.

2.4 Posterior prediction

In order to make predictions with the MPM, one uses the marginal distribution of θMPM as follows,

p (y∗ | y,θMPM) =

∫
N
(
y∗ | D∗θMPM, σ

2In∗
)
p (θMPM | y) dθMPM (24)

where y∗ is the n∗ × 1 predicted target vector and D∗ is the n∗ × m test dictionary, defined at a set of
n∗ previously-unseen test data points. For most practical purposes, one is interested in the mean and the
variance of the predicted responses, which can be obtained as follows,

µy∗ = D∗µθ (25)

Vy∗ = D∗ΣθD
∗T + σ2In∗ (26)

In the above equations, µθ and Σθ represent the mean vector and the covariance matrix associated with
θMPM, which can be calculated using the posterior Gibbs samples of θMPM.

3 Numerical studies

In this section, the performance of the proposed sparse Bayesian algorithm for equation discovery is ex-
plored. SDoF oscillators of the form expressed by Eq. (4) containing the nonlinear term g(x1, x2) are con-
sidered, where x1 and x2 represent the displacement and velocity states of the oscillator. Different forms of
the nonlinearity g(x1, x2) lead to different systems of engineering interest. Four different cases of nonlin-
earities g(x1, x2) are considered in this study, as enumerated in Table 1.

Table 1: Simulation cases.

System Name g(x1, x2)

1 Linear 0
2 Duffing k3x

3
1 k3 = 105

3 Quadratic viscous damping c2x2|x2| c2 = 2
4 Coulomb friction damping cF sgn (x2) cF = 1

The first system is a linear system, used here to verify if the proposed method is capable of ruling out the
existence of any nonlinearities in the dynamical system. The second system is a Duffing oscillator, with a
cubic displacement nonlinearity g(x1, x2) = k3x

3
1. It can be used to represent many physical systems and has

been widely used in a large number of studies in nonlinear system identification [1]. In structural systems,
it can be used to represent hardening geometric nonlinearity arising as a result of large displacements; as
the displacement increases, the nonlinear restoring force becomes greater than expected from the linear term
alone. The third system includes a quadratic viscous damping nonlinearity g(x1, x2) = c2x2|x2|, where
| · | denotes the absolute value. This type of damping occurs in fluid flows through orifices or around a
slender member. The former situation is common in automotive dampers, whereas the latter occurs in fluid
loading of offshore structures [22]. The fourth system includes a Coulomb friction damping nonlinearity
g(x1, x2) = cF sgn (x2), where sgn (·) denotes the signum function. This type of nonlinearity is encountered
in situations that involve interfacial motion or sliding [23], such as dry sliding occurring in bolted joints.

The four aforementioned systems are simulated using the following parameters:
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• The parameters of the linear system are taken as: m = 1, c = 2, and k = 103.

• The three other nonlinear systems use the same values of parameters for the underlying linear part and
only differ in the additional nonlinear term g(x1, x2). The respective forms and the values of g(x1, x2)
are provided in Table 1.

• The systems are excited using a bandlimited Gaussian excitation with standard deviation of 50 and
passband of 0 to 100 Hz.

• The displacement x1 and velocity x2 for each system are simulated using a fixed-step fourth-order
Runge-Kutta numerical integration scheme, with a sampling rate of 1kHz.

• The acceleration ẋ2 is obtained using Eq. (4).

The measurements that are used for equation discovery include noise-corrupted versions of the displacement
x1, the velocity x2, the acceleration ẋ2, and the input force u. The noise is modelled as Gaussian white noise
with a standard deviation equal to 5% of the standard deviation of the simulated quantities.

The equation discovery approach commences with a dictionary of candidate basis functions. In this work, a
dictionary D is constructed with 36 basis functions, where each basis function represents a certain function
of the noisy measurements x1, x2:

D =
{
P 1(x), . . . , P 6(x), sgn (x) , |x|,x⊗ |x|, u

}
(27)

Here, P γ(x) denotes the polynomial expansion of order γ of the sum of state vectors (x1 + x2)
γ . The

dictionary consists of basis functions that are terms from polynomial orders up to γ = 6 and certain other
terms. The term sgn (x) represents the signum functions of states, i.e., sgn (x1) and sgn (x2). Similarly, |x|
denotes the absolute functions of states, i.e., |x1| and |x2|. The tensor product term x ⊗ |x| represents the
following set of functions: x1|x1|, x1|x2|, x2|x1| and x2|x2|. Finally, the measured input force u is included
in the dictionary so as to learn its contribution to the model outputs. Note that the total number of models
that can be formed by combinatorial selection of all 36 basis functions in the dictionary is 236, and it grows
exponentially as the number of basis functions increases.

An issue with the constructed dictionary in Eq. (27) is that it is often very ill-conditioned. This happens
due to a combined effect of (a) the large scale difference among the basis functions and (b) the presence of
strong linear correlation between certain basis functions. Appropriate scaling of the columns (i.e. the basis
functions) can help to reduce the difference in scales and improve the conditioning of the dictionary. For the
purposes of Bayesian inference, the columns of the training dictionary are centered and scaled to have zero
mean and unit standard deviation, and a column vector of ones is added to the training dictionary to account
for the intercept. Put formally, the dictionary used in the Bayesian inference algorithm has the form

Ds =
[
1 (D− 1µD)S−1D

]
(28)

where, 1 denotes a column vector of ones, µD is a row vector of the column-wise means of D, and SD

is a diagonal matrix of the column-wise standard deviations of D. Furthermore, the training data are also
centered to have zero mean. Post Bayesian inference, the estimated vector of scaled coefficients excluding
the intercept coefficient is denoted by θ̂s, and it is re-scaled back to its original space using the relation
θ̂ = S−1D θ̂s.

For Bayesian inference with the spike-and-slab prior, the Gibbs sampler is commenced with the following
initial values of the hyperparameters: p(0)0 = 0.1, v(0)s = 1000, and σ2(0) is set equal to the residual variance
from ordinary least squares regression. To facilitate faster convergence of the Gibbs sampler to a good
solution, the initial vector of binary latent variables z(0) is computed by starting off with z1, . . . , zm set to
zero and then activating the components of z that reduce the mean-squared error on the (training) data, until
p0m components of z are equal to one. Given all the other parameters, the initial value of θ(0)s is obtained by
sampling from Eq. (15). The deterministic prior parameters are set to the following values: ap = 0.1, bp = 1,
av = 0.5, bv = 0.5, aσ = 10−4, bσ = 10−4; the values ap, bp are chosen so as to promote the selection
of sparser models, whereas the other parameter values are chosen so as to provide non-informative priors.
Five Markov chains are used for Gibbs sampling with 5000 samples in each chain. The first 1000 samples
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of each chain are discarded as burn-in, and the remaining 4000× 5 = 20000 samples are used for posterior
computation. To ensure variability across the chains, each of them is initialised with randomly perturbed
values of aforementioned initial hyperparameters. The Gelman-Rubin statistic R̂ [24], which estimates the
potential decrease in the between-chain variance with respect to the within-chain variance, is applied to
assess the convergence of the generated samples. A value of R̂ < 1.2 for the coefficient parameter θs is
adopted to decide if convergence has been reached.

The left panel of Figure 4 demonstrates the procedure of basis selection for the four systems, based on
the marginal posterior probability p (zi = 1 | y), i = 1, . . . , 36. When p (zi = 1 | y) = 1, it implies the
ith basis function had been selected in all Gibbs posterior samples, while p (zi = 1 | y) = 0 implies the ith

basis function has never been selected in the posterior samples. As mentioned in Section 2.3, only those basis
functions are selected whose corresponding marginal posterior probabilities of p (zi = 1 | y) are greater than
the set threshold of 0.5 (shown by dotted line in red). It can be seen that the estimated models for all the
four systems are able to select the true basis functions out of the pool of 36 basis functions. In most cases,
the computed marginal posterior probabilities corresponding to the true basis functions are close to one,
which indicates very strong selection probability; however, that may not always be the case. For example, in
the Duffing oscillator case, the true basis function x2 gets selected with a marginal posterior probability of
0.6, while two other basis functions, x32 and x2|x2|, get discarded with marginal probabilities of 0.4. Such
situations can arise when there exist strong correlations between certain basis functions causing the Bayesian
algorithm to be confused as to which among the set of correlated basis functions should be selected.

The right panel of Figure 4 plots the posterior means and variances of the coefficients corresponding to the
selected basis functions on the left panel. The mean values of the coefficients are found to agree quite well
with their corresponding true values. The posterior variances, on the other hand, are found to be relatively
large for some of the selected basis functions. For example, in the Duffing oscillator case, the coefficient k3m
– corresponding to the selected basis variable x31 – shows a large coefficient of variation. Upon inspection of
the pairwise joint posteriors of the coefficients, plotted in Figure 5, it can be inferred that the high variance of
k3
m stems from a set of biased samples appearing during the process of random sampling. The appearance of
these biased samples can be related to the high correlation between basis functions: when a correlated basis
function gets selected in place of (or in addition to) the true basis function during the process of random
sampling, the true basis coefficients get altered to different values leading to higher variances. However, as
there are only a few of these biased samples in the posterior, the mean values still remain largely unbiased.
To obtain better point estimates of the coefficients, one may also consider using the median values of the
posterior samples instead of the mean values.

Performance comparison using Monte Carlo simulations

In this section, Monte Carlo simulations are used to compare the performance of the proposed algorithm,
hereafter referred to as SS-MPM, with that of the RVM [9] using Student’s-t prior. The RVM is imple-
mented following the algorithm outlined in [25]. 1000 different realisations for each of the four systems, as
summarised in Table 1, were considered. The realisations were created by introducing random perturbations
of 0.1κ to the nominal values of the parameters c, k, k3, c2, cF , such that the new realisations have parame-
ters c̄ = (1 + 0.1κ)c, k̄ = (1 + 0.1κ)k, and so on. The variable κ was sampled from a standard Gaussian
distribution N (0, 1) for each realisation. Note that the nominal values of parameters are the ones that were
used in the previous numerical study.

In order to assess the performance, the following performance metrics are defined:

• Coefficient estimation error, eθ =
‖θ̂−θ‖

2
‖θ‖2

, where θ̂ is the estimate of the true (unscaled) coefficient
vector θ corresponding to the unscaled dictionary. Similarly, one can also define a scaled coefficient

estimation error, eθs =
‖SD(θ̂−θ)‖

2
‖SDθ‖2

. In the case of spike-and-slab priors, θ̂ is obtained as the mean
estimate of the posterior samples, whereas in the case of RVM, it is obtained as the maximum a
posteriori estimate.

• Test set prediction error, ep =
‖y∗−D∗θ̂‖

2
‖y∗‖2

, where y∗ is the test set of responses, D∗ is the unscaled
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Figure 4: The left panel illustrates the basis selection strategy, and the right panel shows estimates of absolute
posterior means (left axis) and variances (right axis) of the coefficients of the selected basis functions.
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Figure 5: Pairwise joint posteriors of the coefficients k
m , c

m , and k3
m corresponding to the selected basis

variables x1, x2, and x31, for the Duffing oscillator case.

test dictionary, and θ̂ is the estimate of coefficient vector obtained using training data. 2000 data points
were used for training and another 2000 data points for testing.

• False discovery rate (FDR), defined as the ratio of the number of false basis functions selected to the
total number of basis functions selected in the estimated model.

• Exact model selection indicator, M̂ = M, is a variable that takes value 1 when the estimated model
M̂ has the exact same basis functions as the true modelM, and is zero otherwise.

• Superset model selection indicator, M̂ ⊃M, is a variable that takes value 1 when the estimated model
M̂ includes all the basis functions present in the true modelM, and is zero otherwise.

The above performance metrics are evaluated for each of the 1000 different realisations for all four systems
and the average of the results are reported in Table 2.

Table 2: Comparison of results from SS-MPM and RVM algorithms, averaged over 1000 realisations; bold
numbers highlight the best performing metric.

System Type Alg. eθs eθ ep FDR M̂ =M M̂ ⊃M

1 Linear
SS-MPM 0.004 0.017 0.069 0.002 0.993 1.000

RVM 0.010 489.909 0.094 0.575 0.005 0.999

2 Duffing
SS-MPM 0.029 4.004 0.079 0.042 0.832 0.981

RVM 0.062 39.717 0.093 0.561 0.000 0.975

3
Quadratic

viscous damping
SS-MPM 0.019 53.425 0.072 0.035 0.831 0.843

RVM 0.017 1840.941 0.073 0.490 0.005 0.932

4
Coulomb

friction damping
SS-MPM 0.011 0.004 0.072 0.022 0.817 0.822

RVM 0.012 930.374 0.095 0.493 0.004 0.998

For System 1 (linear system), the proposed SS-MPM algorithm outperforms the RVM in all metrics of per-
formance. Similar performance of SS-MPM can be observed for System 2 (Duffing system). For Systems
3 and 4, the SS-MPM gives better results than the RVM in all performance metrics except in the selection
of all the relevant basis variables. For these two systems, it is found that the final median probability model
estimated with spike-and-slab priors missed out on selecting one of the true basis functions. The high corre-
lation between some of the basis functions seems to cause such mis-selections. The RVM, on the other hand,
can be seen to result in a high proportion of M̂ ⊃ M; nonetheless, it comes at the cost of too many false
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discoveries.

Overall, it can be inferred that the RVM (using the Student’s-t prior) very rarely finds the exact true model
and will likely include many false positives. This can be regarded a major deterrent in equation discovery,
where selecting the correct set of basis functions is crucial for the interpretability of the estimated model. In
most cases, the SS-MPM algorithm shows very strong model selection consistency; that is, it is able to select
the true models and shows extremely low rates of false discoveries. At the same time, it selects models that
have slightly better prediction accuracy than that obtained using RVM.

4 Discussion

From the standpoint of equation discovery, the results of performing combined model structure selection
and parameter estimation using the spike-and-slab priors are quite encouraging. In comparison to RVM, the
models obtained using the proposed SS-MPM algorithm are not only more interpretable but also superior in
prediction. However, unlike RVM, the SS-MPM is a sampling-based technique, and hence is computationally
more expensive than the RVM. For faster implementation of Bayesian inference with spike-and-slab priors,
one may consider employing alternative methods such as variational Bayes [26, 27], expectation propagation
[12, 28], etc.

It is also important to highlight that the success of basis variable selection using SS-MPM can depend crit-
ically on the conditioning of the dictionary. Highly-correlated basis variables can degrade the conditioning
of the dictionary, can cause poor mixing (or even local entrapment) of the Markov chains, and can induce in-
correct selection of variables from a set of correlated basis variables. Parallel-tempering algorithms [29] can
aid in improving the mixing of chains; however, they can significantly increase the computational burden. It
is probably best to check the dictionary for strongly-correlated basis variables prior to Bayesian inference,
and if possible, eliminate some of them after careful deliberation. For example, variables x and sin(x) could
be very highly correlated for small values of x, and one may choose to exclude sin(x) from the dictionary
to prevent ill-conditioning, as has been done here. It is to be also remarked that, compared to SS-MPM, the
RVM is found to be more robust to handle ill-conditioned dictionaries.

Finally, it should be mentioned that the study presented in this paper uses SDoF systems; a move to multiple
degrees of freedom would be relatively straightforward, but this lies outside the scope of this paper.

5 Conclusions

This paper presents a novel application of spike-and-slab priors in Bayesian equation discovery of structural
dynamic systems, which aims at finding the ordinary differential equations of motion of an underlying struc-
ture from measured data. The spike-and-slab priors are well-known to possess superior sparsity-enforcing
properties compared to the Laplace or Student’s-t priors, owing to its two-component mixture distribution of
a narrow spike and a broad slab. As such, their use in the equation discovery approach has the potential of
deriving more parsimonious and interpretable models of the underlying structural dynamics. In this paper, a
discontinuous variant of the spike-and-slab prior that uses a Dirac-delta spike is employed as a prior distribu-
tion, and an MCMC sampling-based SS-MPM algorithm is presented which estimates a median probability
model for identifying the ‘true’ nonlinear terms in structural equations of motion.

Using a series of numerical simulations, it has been demonstrated that the SS-MPM algorithm correctly iden-
tifies the presence and type of various nonlinearities such as a cubic stiffness, a quadratic viscous damping,
and a Coulomb friction damping. Furthermore, using Monte Carlo simulations, the performance of SS-MPM
has been compared to RVM, which uses the Student’s-t prior. It is found that SS-MPM displays stronger
model selection consistency than the RVM. Additionally, the models selected by SS-MPM are also found to
provide good predictive accuracy compared to that offered by the models selected by RVM.
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Abstract 
The adaptive dimension reduction method is combined with a stochastic collocation method to 

quantitatively estimate the variability of modal characteristics in viscoelastic damping structures. For the 

deterministic solver, the layer-wise finite element is employed to model the viscoelastic damping structures 

and the shift-invert iteration method is used to solve nonlinear eigenvalue problem. In the uncertainty 

quantification phase, the high-dimensional model is first decomposed into several low-dimensional 

component models by the adaptive dimension reduction method. Then, in each component model, the 

stochastic collocation method (SC) is used for constructing the approximate model with minimal model 

evaluations. The integration approach is illustrated on two examples. It is shown that the integration 

approach has efficiency and accuracy advantages over Monte Carlo Simulation and SC method.  

1 Introduction 

It is well known that viscoelastic damping structures undergo uncertainties in geometric and material 

parameters. In most cases, these uncertainties can propagate through the system and cause significant 

variability in the dynamic response, leading to reliability and robustness problems. Several studies have 

been performed to address this problem. Hermandez et al. [1] investigated how uncertainties affect modal 

properties of viscoelastic sandwich structures using Monte Carlo Simulation (MCS). Arnoult et al. [2] 

proposed a modal stability procedure (MSP) based on the assumption that the mode shapes are weakly 

sensitive to input variations. Using this assumption, they performed the uncertainty analysis of beams and 

plates by the MCS method. Recently, Hamdaoui et al. [3] used the MSP to evaluate the variability of modal 

properties of viscoelastic sandwich beams in the case of random material properties. Then, Druesne et al. 

[4] extended this work to the case of spatial geometrical and material randomness for viscoelastic sandwich 

structures. 

However, the commonly used MCS method mentioned above has slow convergence rates and requires a 

large number of model evaluations. Regarding the uncertainty quantification (UQ) of the modal analysis of 

viscoelastic damping structures in this paper, since each deterministic sample involves the large-scale 

nonlinear eigenvalue solver, the entire computational cost is unaffordable. Stochastic expansion methods, 

e.g., Polynomial Chaos Expansion (PCE) and Stochastic Collocation (SC) method [5], can be utilized to 

address this problem. In [6], the authors have proposed to use the SC method to predict the variability of 

modal characteristics in viscoelastic damping structures. Nevertheless, this method suffers from the curse 

of dimensionality, and therefore is not suitable for solving the related UQ problems in high dimensions.  

Dimension reduction method (DR) is an effective way to deal with high dimensional problems. Introduced 

in [7] and further extended in [8], the DR method expands the high-dimensional problem into multiple low-

dimensional additions or multiplications, so as to achieve a reduction in model dimensions. Particularly, in 
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[9-11], some adaptive criteria were adopted for selecting the active component terms corresponding to 

important dimensions, which can further reduce unnecessary computational cost. In this paper, we propose 

to use the adaptive dimension reduction method (ADR) integrated with the SC method to quantitatively 

estimate the variability of natural frequencies and damping ratios in viscoelastic damping structures. In the 

implementation, the ADR method is first used to decompose the original model into the summation form of 

partial dimensional components. An adaptive criterion is adopted, which not only effectively reduce the 

random dimensions, but also automatically determines the truncation order. Subsequently, for the resulting 

component terms in low dimensions, the SC method based on Lagrange interpolation is used to construct 

the approximate model. The probabilistic sampling corresponding to the Gaussian-type integral points and 

sparse grid technique are employed to accelerate the uncertainty propagation. Finally, for each solution of a 

single sample, the well-validated layer-wise finite element is used to model the viscoelastic composite 

structures, and the shift-invert iteration method is utilized to solve nonlinear eigenvalue problems. 

2 Finite element model and modal analysis 

As shown in Figure 1, the viscoelastic damping structures are modeled based on the well-known layer-wise 

theory. A well-validated layer-wise finite element proposed by the authors in [12,13] is then used to discrete 

target structures. After detailed finite element deviations, the motion governing equation of modal analysis 

is obtained as 

 (𝐊(i𝜔) − 𝜆∗𝐌)𝝓∗ = {0} (1) 

where 𝜔 is the circular frequency, 𝐊(i𝜔) is the global frequency-dependent complex stiffness matric, 𝐌 is 

the global real mass matric, 𝜆∗ is the complex eigenvalue and 𝝓∗ is the corresponding complex eigenvector. 

Note that the frequency-dependent characteristic of viscoelastic damping material makes Eq. (1) to be a 

computationally expensive nonlinear eigenvalue problem. In order to accurately and efficiently solve for 

eigenvalues and eigenvectors, the shift-invert iteration method based on fixed-point iterative principle is 

employed. This method utilizes an assumption of initial frequency and an iterative loop to transforms the 

nonlinear eigenvalue problem into a general eigenvalue problem, which can be then easily solved by the 

well-known Implicitly Restarted Arnoldi (IRA) method. Readers can refer to [6] for detailed 

implementation. 
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Figure 1. The layer-wise theory based model for viscoelastic damping structures. 
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3 Integration approach for UQ 

3.1 Adaptive dimension reduction method 

The DR method was first proposed in the form of univariate decomposition in [7], and is therefore called 

the univariate dimension reduction method (UDR). Subsequently, the bivariate dimension reduction method 

(BDR) with additional consideration of bivariate decomposition and the general dimension reduction 

method (GDR) was proposed in [8]. It should be noted that this type of method is similar to the High 

Dimensional Model Representation (HDMR) [11]. All of them involve the decomposition of the original 

high-dimensional model into a series of low-dimensional component models.  

Assume the mapping 𝑓 describes the dependence of the output 𝐘 on the 𝑑-dimensional input vector variable 

𝒙 = [𝑋1, 𝑋2, … , 𝑋𝑑]𝑇 , where 𝑋𝑗  denotes the abscissa in 𝑗th dimension, 𝑗 = 1,2 … , 𝑑. The DR method is 

used to expresses the response Y as the sum of hierarchical components function as 

𝑓(𝒙) = 𝑓0 + ∑ 𝑓𝑗(𝑋𝑗)1≤𝑗≤𝑑 + ∑ 𝑓𝑗,𝑘(𝑋𝑗, 𝑋𝑘)1≤𝑗<𝑘≤𝑑 + ⋯ + ∑ 𝑓𝑠1,𝑠2,…,𝑠𝑑
(𝑋𝑠1 , 𝑋𝑠2 , … , 𝑋𝑠𝑑)1≤𝑠1<⋯<𝑠𝑑≤𝑑  (2) 

where 𝑓0 denotes the constant zeroth order term, 𝑓𝑗(𝑋𝑗) denotes the 1st-order term representing the effect 

of a variable 𝑋𝑗 on the response 𝑓(𝒙), 𝑓𝑗,𝑘(𝑋𝑗, 𝑋𝑘) denotes the 2nd-order term representing the cooperative 

influence of variables 𝑋𝑗 and 𝑋𝑘 on the response 𝑓(𝒙), and 𝑓𝑠1,𝑠2,…,𝑠𝑑
(𝑋𝑠1 , 𝑋𝑠2 , … , 𝑋𝑠𝑑) is the highest order 

term representing the cooperative influence of all the variables on the response 𝑓(𝒙). 

The UDR method considers that all terms above the first order have little effect on the original model and 

are negligible. The BDR method considers all terms higher than the second order to be futile and should be 

discarded. Using these two methods, the decomposition in Eq. (2) can be rewritten as 

𝑓UDR(𝒙) ≈ 𝑓0 + ∑ 𝑓𝑗(𝑋𝑗)𝑑
𝑗=1   

 𝑓BDR(𝒙) ≈ 𝑓0 + ∑ 𝑓𝑗(𝑋𝑗)𝑑
𝑗=1 + ∑ 𝑓𝑗𝑘(𝑋𝑗 , 𝑋𝑘)1≤𝑗<𝑘≤𝑑  (3) 

based on a cut point 𝒙𝑐, the component functions in the above equations can be further expressed as 

𝑓UDR,𝑐𝑢𝑡(𝒙) = 𝑦0
𝑅 + ∑ 𝑓𝑗

𝑅(𝑋𝑗)𝑑
𝑗=1   

 𝑓BDR,𝑐𝑢𝑡(𝒙) = 𝑦0
𝑅 + ∑ 𝑓𝑗

𝑅(𝑋𝑗)𝑑
𝑗=1 + ∑ 𝑓𝑗𝑘

𝑅 (𝑋𝑗, 𝑋𝑘)1≤𝑗<𝑘≤𝑑  (4) 

where 𝑦0
𝑅, 𝑓𝑗

𝑅(𝑋𝑗) and 𝑓𝑗𝑘
𝑅 (𝑋𝑗 , 𝑋𝑘) are given by 

 𝑦0
𝑅 = 𝑓(𝒙𝑐)  

 𝑓𝑗
𝑅(𝑋𝑗) = 𝑓(𝑋𝑗 , 𝒙𝑐

𝑗
) − 𝑦0

𝑅  

 𝑓𝑗𝑘
𝑅 (𝑋𝑗, 𝑋𝑘) = 𝑓(𝑋𝑗 , 𝑋𝑘 , 𝒙𝑐

𝑗𝑘
) − 𝑓𝑗

𝑅(𝑋𝑗) − 𝑓𝑘
𝑅(𝑋𝑘) − 𝑦0

𝑅 (5) 

where 𝑦0
𝑅  denotes the response at cut point 𝒙𝑐 , 𝑓(𝑋𝑗 , 𝒙𝑐

𝑗
)  denotes the response of one-dimensional 

component function 𝑓(𝑐1, ⋯ , 𝑐𝑗−1, 𝑋𝑗 , 𝑐𝑗+1, ⋯ , 𝑐𝑑) , 𝑓(𝑋𝑗 , 𝑋𝑘 , 𝒙𝑐
𝑗𝑘

)  denotes the response of two-

dimensional component function 𝑓(𝑐1, ⋯ , 𝑐𝑗−1, 𝑋𝑗 , 𝑐𝑗+1, ⋯ 𝑐𝑘−1, 𝑋𝑘 , 𝑐𝑘+1, ⋯ , 𝑐𝑑), where 𝑐𝑠  denote the 

mean abscissa of support domain at 𝑠-th dimension, 𝑠 = 1, … , 𝑑. Substitute Eq. (5) into Eq. (4), and finally 

get the 1st-order and 2nd-order truncated representations as  

𝑓UDR,𝑐𝑢𝑡(𝒙) = ∑ 𝑓(𝑋𝑗 , 𝒙𝑐
𝑗
)𝑑

𝑗=1 − (𝑑 − 1)𝑓(𝒙𝑐)  

 𝑓BDR,𝑐𝑢𝑡(𝒙) =
(𝑑−1)(𝑑−2)

2
𝑓(𝒙𝑐) + (𝑑 − 2) ∑ 𝑓(𝑋𝑗 , 𝒙𝑐

𝑗
)𝑑

𝑗=1 + ∑ 𝑓(𝑋𝑗 , 𝑋𝑘 , 𝒙𝑐
𝑗𝑘

)1≤𝑗<𝑘≤𝑑  (6) 

However, for practical problems involving a large number of random parameters, using the full DR method 

to build the decomposition is still time-consuming. For example, a 2nd-order truncated decomposition for 

problems involving 20 random dimensions requires the construction of 210 component models, which 

means tens of thousands of sample evolutions. An efficient way to solve this problem is to focus only on 
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the component models that have significant impact on the statistical results. However, prior information 

regarding the essential component models is rarely known. This drives us to develop a variant of the DR 

method that can simultaneously detect crucial dimensions and establish partial decomposition. This section 

presents our attempt at developing an ADR method with a minimal computational cost.  

Define 𝐷𝑗 as the set of potential active dimension combinations in the 𝑗-th order component modes, and 𝑺𝑗 

as the set of all dimension combinations in the 𝑗-th order component modes, 𝐷𝑗 ∈ 𝑺𝑗, 𝑗 = 1, … , 𝑑. Then, 

Eqn. (2) can be rewritten as  

𝑓(𝒙) = 𝑓0 + ∑ 𝑓𝑗(𝑋𝑗)1≤𝑗≤𝐷1
+ ∑ 𝑓𝑗,𝑘(𝑋𝑗, 𝑋𝑘){𝑗,𝑘}∈𝐷2

+ ⋯ + ∑ 𝑓𝑠1,𝑠2,…,𝑠𝑑
(𝑋𝑠1 , 𝑋𝑠2 , … , 𝑋𝑠𝑑) {𝑠1,…,𝑠𝑑}∈𝐷𝑑

 (7) 

Generally, 𝐷1 = 𝑑 is predefined to retain all 1st-order component models. To choose the active dimensions 

in 𝐷2, the importance measure for each term in the 1st-order component models is defined as 

휀𝑗 = |𝐄 (𝑓𝑗(𝑋𝑗)) 𝐄(𝑓0 + ∑ 𝑓𝑗(𝑋𝑗)1≤𝑗≤𝐷1
)⁄ |                                     (8) 

where 𝐄 is the expectation operator. Then the important terms in the 1st-order component model will be 

selected when it satisfies 

 휀𝑗 ≤ ε (9) 

where 1 ≤ 𝑗 ≤ 𝑑  and ε is our preset error tolerance. It should be noted that when the output is multiple, the 

average evaluation can be used to deal with it, which is defined as 

휀𝑗 = (휀𝑗,1 + ⋯ + 휀𝑗,𝑣) 𝑣⁄                                                (10) 

where 𝑣 is the number of the outputs. For the selected 1st-order important dimensions, we can use them to 

form some second-order combinations. In addition to increasing the accuracy of the reduced-dimensional 

model, the obtained 2nd-order combinations will continue to be used for importance evaluation to determine 

new 3rd-order combinations. The whole process keeps looping until there is no new next-order 

combinations that can be formed. A vivid example is shown in Figure 2 to illustrate the process of adaptive 

dimensionality reduction. It is clear that the 2nd, 3rd, and 6th dimensions are first selected via Eq. (9). At 

the second truncation stage, the selected three dimensions are combined into three different combination 

numbers. Since the importance measures of these terms are all larger than the error tolerance, they are all 

selected and combined into a unique combination number. When the only 3rd-order term is calculated, the 

adaptive process stops.   

2,3,6

2,3 2,6 3,6

1 2 3 4 5 6

1 2 3 4 5 6

1st -order 

2nd -order 

3rd -order 

2,3 2,6 3,6
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Selected dimension
 

Figure 2. The adaptive selection of important component models in a 3rd-order truncated decomposition. 
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3.2 Stochastic collocation method used for component models 

To minimize the computational cost while maintaining precision, the SC method is used here to construct 

the probabilistic metamodels of all the potential component models. The SC method is a stochastic 

expansion technique that is based on the interpolation approximation and sparse grid collocation. Given a 

set of preset collocation nodes Θ�̃� = {𝒙𝑟}𝑟=1
𝑚 , where �̃� ≤ 𝑑 is the random dimension of component model. 

Assume a mapping 𝑔: ℝ�̃� → ℝ𝑁 that describes the dependence of the output of the component models on 

the input 𝒙 , then the approximation response 𝒯𝑔(𝒙)  can be obtained by the Lagrange polynomial 

interpolation, given by  

 𝒯𝑔(𝒙) = ∑ 𝑓(𝒙𝑟)𝐿𝑟(𝒙)𝑚
𝑟=1 , 𝒙𝑟 ∈ Θ�̃� (11) 

and satisfying the following conditions 

 𝒯𝑔(𝒙𝑟) = 𝑔(𝒙𝑟), ∀𝑟 = 1, … , m (12) 

where 𝑔(𝒙𝑟)  are the frequency responses evaluated at collocation nodes 𝒙𝑟 ∈ Θ�̃� , 𝐿𝑟(𝒙)  is the multi-

dimensional Lagrange basis function. In one-dimensional case, introduce an index 𝑖 ∈ ℕ+ which refers to 

the depth of the interpolation. Let Θ1
𝑖 = {𝑥𝑗

𝑖 }𝑗=1
𝑚𝑖  be a series abscissas of interpolation node at the value of 

𝑖. Then, the well-known univariate Lagrange interpolation operator 𝒰𝑖 is defined as 

 𝒰𝑖(𝑔) = ∑ 𝑔(𝑥𝑗
𝑖)

𝑚𝑖
𝑗=1 𝑙𝑗

𝑖(𝑥) (13) 

where 𝑙𝑗
𝑖(𝑥) are the univariate Lagrange polynomials, satisfying 

 𝑙𝑗
𝑖(𝑥) = ∏

𝑥−𝑥𝑗
𝑖

𝑥𝑘
𝑖 −𝑥𝑗

𝑖

𝑚𝑖
𝑗=1,𝑘≠𝑗 , 1 ≤ 𝑗, 𝑘 ≤ 𝑚𝑖  

 𝑙𝑗
𝑖(𝑥𝑠

𝑖)  = 𝛿𝑗𝑠, 1 ≤  𝑠 ≤ 𝑚𝑖 (14) 

where 𝛿𝑗𝑠 = 1  if 𝑗 = 𝑠 , otherwise 𝛿𝑗𝑠 = 0 . In the multivariate case �̃� > 1 , define the multi-index 𝐢 =

(𝑖1, ⋯ , 𝑖�̃�) ∈ ℕ�̃�
+  to describe the interpolation depth in each dimension. The Smolyak algorithm [14] 

employing a linear combination of partial tensor products is used to construct the sparse grid interpolation 

formula. The parameter 𝑞 ∈ ℕ+ is defined to describe the precision level of multivariate interpolation. Then 

the sparse grid interpolation formula can be given by 

 𝒯(𝑓) = 𝐴𝑞,𝑑(𝑓) = ∑ (−1)𝑞+𝑑−|𝐢| (
𝑑 − 1

𝑞 + 𝑑 − |𝐢|
) ∙ (𝒰𝑖1 ⊗ ⋯ ⊗ 𝒰𝑖𝑑)𝑞+1≤|𝐢|≤𝑞+𝑑  (15) 

where 𝐢 = (𝑖1, ⋯ , 𝑖𝑑) ∈ ℕ𝑑
+  represents the multi-index vector, 𝒰𝑖1 ⊗ ⋯ ⊗ 𝒰𝑖𝑑  is the tensor product 

formulas defined as 

 (𝒰𝑖1 ⊗ ⋯ ⊗ 𝒰𝑖�̃�)(𝑓) = ∑ ⋯
𝑚𝑖1
𝑗1=1

∑ 𝑓 (𝑥𝑗1

𝑖1 , ⋯ , 𝑥
𝑗�̃�

𝑖�̃�) ∙ (𝑙𝑗1

𝑖1 ⊗ ⋯ ⊗ 𝑙
𝑗�̃�

𝑖�̃�)
𝑚𝑖

�̃�

𝑗�̃�=1
 (16) 

To compute 𝐴𝑞,𝑑(𝑓), one needs to evaluate responses on the sparse grid  

 𝚯𝑑
𝑞

= ⋃ (Θ1
𝑖1 × ⋯ × Θ1

𝑖�̃�)𝑞+1≤|𝐢|≤𝑞+�̃�  (17) 

where Θ1

𝑖𝑝 = {𝑥
𝑗

𝑖𝑝  }
𝑗=1

𝑚𝑖𝑝
 denotes the abscissas in the 𝑝 th-dimension, 𝑝 = 1, … , �̃� . Obviously, the total 

number of collocation nodes 𝑚, which is related to the interpolation level 𝑞, determines the computational 

cost of the conventional SC method. Therefore, to achieve the desired accuracy requirement with the 

minimal possible number of collocation nodes, the most pivotal issue in this method is to choose a suitable 

set 𝚯
�̃�
𝑞

.  

The abscissa is the cornerstone for the construction of collocation nodes. Studies [5] show that using the 

specific Gauss-type nodes corresponding to the input random distribution can achieve an exponential 

convergence rate, which is the same as the PCE method. Moreover, the Lagrange interpolation 

approximation model constructed using the Gauss-type nodes will have no numerical error during the 
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subsequent integration for statistical moments. And the number of nodes 𝑚𝑖𝑝
 in any dimension 𝑝 has the 

following relationship with the interpolation depth 𝑖𝑝 as 

 𝑚𝑖𝑝
= 2(𝑖𝑝 − 1) + 1, 𝑝 = 1, … , �̃� (18) 

Once the response at the collocation nodes are evaluated, the statistical results can be finally calculated, e.g., 

 𝜇𝑟𝑒𝑠 ≈ ∫ 𝒯𝑓(𝒙)π(𝒙)𝑑𝒙
𝛤

= ∑ 𝑓(𝒙𝑟)𝑚
𝑟=1 ∫ 𝐿𝑟(𝒙)π(𝒙)𝑑𝒙

𝛤
= ∑ 𝑓(𝒙𝑟)𝑚

𝑟=1 𝑤𝑟 (19) 

where 𝜇𝑟𝑒𝑠 is the mean value of the response, 𝑤𝑟 is the tensor product of the weight coefficients of Gaussian 

integral in multidimensional space.  

4 Numerical examples 

A cantilever beam-plate composed of two elastic layers and a soft core is taken to evaluate the accuracy and 

efficiency of the adaptive DR methods. The length 𝑙 of the beam-plate is 177.8 mm and the width 𝑤 is 12.7 

mm. The total thickness ℎ is 3.175 mm, where the thickness ℎ1 and ℎ3 of the elastic layers are 1.524 mm 

and the thickness ℎ2 of the viscoelastic layer is 0.127 mm. The material properties of the elastic layers are: 

Young’s modulus 𝐸𝑒 = 69,000MPa, Poisson ratio 𝜈𝑒 = 0.3 and Mass density 𝜌𝑒 = 2766kg/m3. For the 

core layer, the 3M VHB4955 viscoelastic materials [1] are considered. The complex shear modulus 

�̃�(i𝜔) follows a fractional derivative constitutive law such as 

 �̃�(i𝜔) = 𝐺0 (1 + (𝑑 − 1)
(i𝜔𝜏)𝛼

1+(i𝜔𝜏)𝛽) (20) 

where 𝜔 is the circular frequency, and 𝐺0, 𝑑, 𝛼, 𝛽, 𝜏 are five parameters. The finite element model is modeled 

by 56 (28×2) layer-wise finite elements with 870 DoFs. The natural frequencies and loss factors are 

calculated by the shift-invert iteration method. We denote by 𝛗 = {𝐺0, 𝑑, 𝛼, 𝛽, 𝜏, ℎ2} the vector of random 

inputs including five material parameters and the thickness of the core layer. Table. 1 shows the statistical 

information of random variables. It is assumed that random variables are independent of each other. The 

random distribution of five parameters in the viscoelastic constitutive model is derived from the literature 

[1]. For other random variables, a moderate 5% value of coefficient of variations (CV) is considered. All 

the computations are carried out on a server with a quad-core Intel i7-6700 processor (3.40 GHz).  

Table 1: Statistical information of inputs 

Input sets π(𝛗) 

𝛗 π(𝐺0) ∼ 𝑁(�̅�𝐺0
, 𝜎𝐺0

2 ), �̅�𝐺0
= 8.1972, 𝜎𝐺0

= 0.092. 

π(𝑑) ∼ 𝑁(�̅�𝑑 , 𝜎𝑑
2), �̅�𝑑 = 27.1559, 𝜎𝑑 = 1.3993. 

π(𝛼) ∼ 𝑁(�̅�𝛼 , 𝜎𝛼
2), �̅�𝛼 = 0.5889, 𝜎𝛼 = 0.0023. 

π( 𝛽) ∼ 𝑁(�̅�𝛽 , 𝜎𝛽
2), �̅�𝛽 = 4.158 × 10−3, 𝜎𝛽 = 3.3514e − 5. 

π( 𝜏) ∼ 𝑁(�̅�𝜏, 𝜎𝜏
2), �̅�𝜏 = 0.5842, 𝜎𝜏 = 0.003. 

π(ℎ2) ∼ 𝑁(�̅�ℎ2
, 𝜎ℎ2

2 ), �̅�ℎ2
= 0.127mm,  𝜎ℎ2

= 0.00635 

 

The deterministic modal response is first studied to have an initial understanding of the dynamic behavior 

of the target structure. The first-order natural frequency and loss factor are 70.7058 Hz and 7.5714 %, 

respectively. The corresponding mode of vibration is shown in Figure 3. Then, we use SC method alone to 

calculate the expectation of the first-order frequencies and loss factors. Meanwhile, we integrate the UDR, 

BDR and ADR methods with the SC method respectively to calculate the results of interest. The error 

tolerance of 휀 = 1𝑒 − 3 is considered. The MCS with 100,000 samples is conducted for a reference solver. 

The actual relative error 𝛿 can be defined as 

𝛿 = |((∙) − (∙)MCS) (∙)MCS⁄ |                                             (21) 
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where (∙) denotes the mean result obtained by SC or other three integrated methods, and  (∙)MCS denotes the 

mean result obtained by MCS.  

After calculation, the mean values of the 1st-order natural frequency and loss factor obtained by MCS are 

𝜇𝑓,𝑟 = 71.0822 Hz and 𝜇𝜂,𝑟 = 7.5334 %, where subscript 𝑟 stands for reference solution, as well 𝑓 and 𝜂 

denote the first-order nature frequency and loss factor, respectively. Note that this is the result approximated 

to 4 significant digits after the decimal point. Table 2 shows all the UQ results obtained by the SC and three 

different integration methods. First of all, it can be seen that the results of all methods meet the requirements 

of calculating error tolerance 휀 = 1𝑒 − 3. What is more special is that the error of the loss factor is greater 

than the error of the natural frequency. This may be due to the greater complexity of mapping relationships 

between the loss factor and the input parameters. Secondly, although they all meet the requirements, it can 

be seen that the SC and BDR-SC methods have greater calculation accuracy, while the UDR-SC and ADR-

SC methods have lower calculation accuracy. Corresponding to the accuracy is their calculation cost: the 

SC and SC-BDR methods require 97 samples, which is significantly larger than the 37 samples required by 

the latter two methods. Finally, it should be noted that the UDR-SC and ADR-SC methods have the same 

calculation accuracy and cost. This is because ADR stops only when it reaches the 1st-order truncation. The 

importance estimates of each of their dimensions are listed in Table 3. It can be seen that all 1st-order terms 

satisfy Eq. (9) with 휀 = 1𝑒 − 3. Therefore, this also shows that ADR can at least obtain the calculation 

accuracy of UDR level.  

Besides, in this implementation, we can also get a new 1st-order expectation-based sensitivity index (ESI), 

defined as 

ESI(𝑋𝑗) = |𝐄 (𝑓𝑗(𝑋𝑗))| ∑ |𝐄 (𝑓𝑗(𝑋𝑗))|1≤𝑗≤𝐷1
⁄                                            (22) 

where the ESI value can be directly used to measure the sensitivity of each parameter to the expectation. 

Of course, this index is different from the well-known variance-based sensitivity index (VSI) that is 

defined as 

VSI(𝑋𝑗) = 𝐕 (𝑓𝑗(𝑋𝑗)) 𝐕(∑ 𝑓𝑗(𝑋𝑗)1≤𝑗≤𝐷1
)⁄                                            (23) 

where 𝐕 is the variance operator. In this example, both ESI and VSI for natural frequency and loss factor 

are calculated and shown in Figure 4 and 5.  

Not only statistical moments and sensitivity indexes, but also PDFs of natural frequency and loss factors are 

available. They can be seen in Figure 6. The results show that the result of the ADR method is consistent 

with the reference solver of the MCS method. 

 

 

Figure 3. The mode of vibration for viscoelastic beam-plate. 
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Table 2: UQ results obtained by SC and three integration methods: m denotes the number of model 

evaluations. 

Methods SC UDR_SC BDR_SC ADR_SC 

Outputs 𝜇𝑓 (Hz) 71.0822 71.0812 71.0816 71.0812 

𝛿 1.2607e-6 1.3710e-5 7.4425e-6 1.3710e-5 

𝜇𝜂 (%) 7.5339 7.5362 7.5352 7.5362 

𝛿 6.2415e-5 3.7216e-4 2.4513e-4 3.7216e-4 

m 97 37 97 37 

 

Table 3: the importance measure for each 1st-order term. 

Dimension individual 𝐺0 𝑑 𝛼 𝛽 𝜏 ℎ2 

importance measure 휀𝑓 9.64e-6 1.98e-4 2.04e-7 1.17e-6 3.37e-7 5.01e-6 

importance measure 휀𝜂 3.76e-5 5.36e-4 4.88e-6 2.09e-5 8.13e-6 5.11e-4 

Average importance measure 휀 2.36e-5 3.67e-4 2.54e-6 1.10e-5 4.23e-6 2.58e-4 

 

(a) (b)  

Figure 4. Comparison of ESI (a) and VSI (b) for 𝒇. 1,2,3,4,5, and 6 in the legend represent 𝐺0, 𝑑, 𝛼, 𝛽, 𝜏, ℎ2 

respectively 

(a) (b)  

Figure 5. Comparison of ESI (a) and VSI (b) for 𝜼. 1,2,3,4,5, and 6 in the legend represent 𝐺0, 𝑑, 𝛼, 𝛽, 𝜏, ℎ2 

respectively 
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Figure 6. The PDFs of the 1st natural frequency and loss factor obtained by MCS and ADR-SC. 

 

Then the proposed integration method is further applied to a curved composite cylindrical shell with the 

stacking sequence of [0°/0°/90°/90°/𝑐𝑜𝑟𝑒/90°/90°/0°/0°]. The viscoelastic material 3M ISD112 is used 

as the core layer with a frequency-dependent constitutive law as 

�̃�(i𝜔) = 𝐺0 (1 + ∑
∆𝑘𝜔

𝜔−i𝛺𝑘

3
𝑘=1 )                                                       (24) 

where the parameters in the above equation can be found in [15], and the geometry parameters of the 

structure can be found in [6]. We denote by 𝛗 = {ℎ1, ℎ2, ℎ3, ℎ4, ℎ5, ℎ6, ℎ7, ℎ8, ℎ9, 𝐺0, 𝐸1, 𝐸2, 𝐺12 , 𝐺13, 𝐺23} the 

vector of random inputs including 15 material and geometry parameters, where ℎ𝑗 denote the thickness of 

the 𝑗-th layer from the bottom to the top of the stack, 𝐸1, 𝐸2, 𝐺12, 𝐺13 and 𝐺23 are the engineering elastic 

constants of the orthotropic material with the nominal value of 𝐸1 = 119000 Mpa, 𝐸2 = 8670 Mpa, 𝐺12 =
𝐺13 = 5180 Mpa , and 𝐺23 = 3900 Mpa . A large 15% value of CV is considered for all the random 

variables.  

The mean values, standard deviations and CVs obtained by the proposed method are given in Table 4. In 

the adaptive process, it is shown in Figure 7 that among all the 1st-order terms, only ℎ5 and 𝐺0 that are the 

thickness and modulus of the core layer have lager importance measure values than the preset error tolerance 

휀 = 1𝑒 − 3 . Therefore, the 2nd-order term formed by the combination of these two parameters are 

considered. Besides, in the aspect of computational cost, the ADR-SC method requires 95 samples to 

converge, which is less than the 511 samples required by SC. The ESI and PDF results are shown in Figure 

8 and 9, respectively. 

Table 4: UQ results obtained by the ADR-SC method. 

𝑓 𝜂 

𝜇𝑓 (Hz) 𝜎𝑓 (Hz) CV (%) 𝜇𝜂 (%) 𝜎𝜂 (%) CV (%) 

19.7185 0.7939 4.0261 8.9616 0.9862 11.0047 
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Figure 7. The value of average importance measure of 15 random parameters. 

 

(a) (b)  

Figure 8. ESI for 𝒇 (a) and 𝜼 (b). 

 

4  

Figure 9. The PDFs of the 1st natural frequency and loss factor obtained by ADR-SC. 

 

5 Conclusions 

In this work, the integrated approach of the ADR method and the SC method is used to quantitatively 

estimate the variability of modal characteristics in viscoelastic damping structures. The ADR method is first 
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used to decompose the original model into the summation form of all low dimensional components. An 

adaptive criterion that can simultaneously detect the important component models and determine the 

truncation order is adopted for the reduction of unnecessary computational cost. Secondly, the SC method 

based on Lagrange interpolation is used to construct the approximate representation of the resulting 

component models. The probabilistic sampling corresponding to the Gaussian-type integral points and 

sparse grid technique are employed to accelerate the uncertainty quantification. 

Finally, the integrated approach for forwarding UQ of modal analysis in viscoelastic damping structures is 

demonstrated by two numerical examples. Expectations and standard deviations of natural frequencies and 

damping ratios, the new defined expectation based sensitivity index (ESI), as well as the probability density 

distributions, are the Qualities of interest (QoI). Results show that the integrated approach has a more 

excellent performance in terms of computational accuracy and efficiency in comparison with MCS and SC. 

The detailed implementation of the introduced method is discussed. 
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Abstract
The ability to accurately predict current condition and remaining life of our high-value assets is crucial
to guarantee safety, maximise use and minimise maintenance costs. Where structures operate in complex
dynamic environments (e.g. offshore), this task is clearly a significant challenge, particularly as the loading
is often unknown and difficult to characterise. As the number of measurement campaigns of high-value
structures has increased, loads monitoring has become an area of interest within the SHM community. Where
strain or acceleration measurements are available over a period of time, these may be used to build an
understanding of the loads a structure has undergone. Unfortunately, the coverage of most sensing systems
employed on operating structures is restricted by budget, accessibility and, in some cases, a hostile operating
environment (i.e. subsea). In this work we employ a Gaussian process regression model to act as a virtual
sensor, predicting strain at a given location on a structure. A probabilistic methodology for assessing fatigue
damage accumulation is developed, where the uncertainty of the strain prediction from the Gaussian process
is incorporated. The method is demonstrated with data from a monitoring campaign of small aircraft.

1 Introduction

Structural health monitoring (SHM) utilises measurements of structural response to assess current condition
using an installed sensor network. The lowest level of Rytter’s well cited SHM hierarchy [1] concerns the
detection of established damage in a structure. However, more than 80% of the failures of structures are
thought to be due to fatigue [2], and in some cases, the accumulation of fatigue damage may be significant
before cracks are detectable by an SHM system, driving a requirement to assess fatigue damage accrual
through the life of a structure. The assessment of fatigue damage accrual is particularly pertinent in a safe
life design setting, where fatigue accumulation should not result in crack initiation. There are numerous
methods of assessing fatigue damage, but a knowledge of the loads that a structure has undergone is a
common requirement for each.

In addition to enabling damage detection, attaching sensors to structures also facilitates the monitoring of
loads that the structure is subjected to, particularly if strain gauges are part of the monitoring campaign.
This is commonly referred to as loads monitoring and allows one to refine estimated loading spectra [3].
Unfortunately, there are often limits to such monitoring campaigns. Firstly it is unlikely that strain can be
measured in all areas of interest. Alternatively, budgetary constraints may mean that sensing equipment is not
installed at the commissioning stage. High-value structures, such as offshore wind turbines or oil platforms,
frequently operate in harsh environments, thereby making the maintenance of sensors for loads monitoring
difficult. In the event of damage, sensors are often difficult or unfeasible to replace. The result of this is a lack
of knowledge of the real loads a structure has seen, which is of crucial importance when trying attempting to
assess current condition.

As a result, there is a growing area of interest within the SHM community in building models to predict stress
and strain values at different locations on a structure using information from a small number of permanently
installed sensors. This is sometimes referred to as virtual loads monitoring and enables a more detailed
understanding of the loading spectrum of a structure. Some of the current approaches in this field, discussed
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below, use such load predictions to complete fatigue assessments, although most stop short of this.

One method of overcoming the limitation on monitoring campaigns is to use the available measurements to
update finite element models. Ziegler [4] uses a single strain measurement to extrapolate strain prediction
across a monopile wind turbine, estimating fatigue damage with reasonable accuracy. Further examples of
the updated finite element model approach can be found for bridges, where weigh-in-motion data has been
used in combination with acquired strain measurements to conduct fatigue assessments [5]. Environmental
factors, such as pavement temperatures, have been introduced to such measures to improve accuracy [6].

An alternative to physics-based modeling approaches is to utilise data-driven methods, which are increasing
in popularity. Typically measurements of parameters such as acceleration are used to build regression models
for predicting loads. Loads monitoring of aircraft represents an area in which this is popular. Machine
learning methods have been used to predict strain on landing gear [3] and at points across the main body
of aircraft [7, 8]. Such methods have also been extended to fatigue life prediction [7, 8]. Alternatively, [9]
models fatigue damage directly, without including strain prediction. Data-driven methods have also been
shown to be capable of predicting wind turbine fatigue damage accrual [10].

Where assessment of fatigue accrual is attempted, these methods mostly predict the accumulated damage as
a deterministic phenomena. However, even when strain measurements are available in the areas of interest,
uncertainties lie in sensor accuracy, misalignment or noise during data acquisition [11]. By predicting strain
values, there is an increased opportunity for error and uncertainty in both physics-based and data-driven
predictions.

Many machine learning methods, used to establish regression models such as those discussed above, have
roots in probability theory [12], and therefore provide probabilistic predictions, i.e. they provide a distri-
bution for strain prediction rather than a deterministic value. One such method is Gaussian process (GP)
regression. This work will investigate how the output distribution of strain prediction using GP regression
may be used to provide a predictive distribution of fatigue accrual.

2 Methodology

2.1 Gaussian Process Regression

Gaussian process regression is a powerful machine learning technique, popular within the structural health
monitoring field. GP regression is a non-parametric method, meaning that its output does not specify a
defined functional form, but rather a distribution over functions that are coherent with the data that the
process is conditioned by. A Gaussian process is specified by the choice of a mean and a covariance function,
k(x, x′), where x and x′ are distinct inputs to the GP. The squared exponential is the most commonly used
covariance function [13] and will be employed here:

k(x, x′) = σ2f exp

(
− 1

2`2
||x− x′||2

)
(1)

where σ2f and ` are the signal variance and lengthscale hyperparameters, respectively.

Like other machine learning methods, Gaussian process regression is split into two phases: training and
prediction. During the training phase, the majority of the computational time is spent on the hyperparameter
optimisation, which is achieved here through minimisation of the negative log likelihood (see [13]).

Predictions now can be specified as a function of K(X,X), the covariance matrix of the training input
values, K(X∗, X), the covariance matrix of the test (prediction) and training input values, K(X∗, X∗), the
covariance matrix of the test input values, and y, the observed training output/target values. The GP posterior
mean, f∗, and covariance, V, functions can be defined by equations 2 and 3, respectively [13]:

f∗ = K(X∗, X)[K(X,X) + σ2nI]
−1y (2)
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V = K(X∗, X∗)−K(X∗, X)[K(X,X) + σ2nI]
−1K(X,X∗) (3)

where I is the identity matrix. The noise hyperparameter σ2n represents the variance of noise ε. This is
required as real world situations are unlikely to follow a function y = f(x), but rather a noisy representation
of this y = f(x) + ε.

A number of researchers have attempted to predict strain time histories using GP regression. In [7], the mean
prediction of the GP was used to assess damage accumulation. Here, the suggestion is to use this approach
but extend it to exploit the full probabilistic nature of the Gaussian process.

A feature of GP regression is that the distribution of any finite number of points in the output space are
jointly Gaussian. This results in an infinite number of functions that can fit, or be drawn from, the posterior
distribution. Figure 1a illustrates an arbitrary GP posterior distribution, while figure 1b shows a series of
functions that this non-parametric model can fit, which are often referred to as ‘draws’ from the posterior
distribution.

(a) 3σ confidence (b) Functions fitting posterior distribution

Figure 1: GP Posterior showing draws/sample functions

The proposed method involves sampling from the posterior distribution of the GP model. The novel concept
in this work arises from the notion that there is no specific f(x) that characterises the data, but infinite f(xi)
instead. By calling upon a large number of these functions, a probabilistic prediction for fatigue can be built
from the GP posterior distribution. Specifically, by generating a large number of draws from the posterior
and using the stress-life fatigue methodology to assess damage, we will be able to generate a distribution for
damage accumulation given a GP strain prediction.

Samples/draws are generated from the posterior by calculating ([13]):

fsample = f∗ + Lu (4)

where f∗ is the the mean function calculated using equation 2, u follows an independent Gaussian dis-
tribution, u ∼ N (0, I). L is the lower triangular matrix of the Cholesky decomposition of the posterior
covariance, such that LLT = V, where V is the posterior covariance, equation 3. This process is used to
generate the draws from figure 1a shown in figure 1b.

It should be noted that this process is not equivalent to generating samples by adding the mean prediction,
f∗, to Gaussian noise scaled over the magnitude of the confidence interval. Such an approach would have
sampled values independent from each other and would result in effectively having small fatigue cycles
within the confidence interval, as shown in figure 2.
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Figure 2: Comparison of a sample drawn from full posterior covariance (joint Gaussian) vs noise process
within confidence interval (independent Gaussian)

3 Results

GP regression is now used to predict strain and subsequent fatigue damage accrual using data from a loads
monitoring campaign on a Tucano short aircraft (see [14, 8]). Data is available for strain measurements across
the aircraft for a range of flights. This is used with standard in-service measurements, such as acceleration,
airspeed and altitude, to build a GP regression model. As described above, the established GP model will
be used to create a predictive distribution for fatigue accrual, which will be compared with the equivalent
fatigue accrual from the measured strain. The GP regression model is trained using data from five flights and
tested on five different flights not included in the training dataset. Two flights will subsequently be viewed
in more detail. All results shown and discussed are on the testing data flights. Four variables are selected
as inputs to the regression model: indicated airspeed and normal accelerations at the centre of gravity, port
side wing and tail. The regression model here only considers data from in flight; measurements from taxi,
take-off and landing are discounted. The data are regularly subsampled such that there are 5000 data points
for each of the variables in the training set.

Strain measurements are available across the aircraft, but for demonstration purposes here, only one mea-
surement point will be used at the inner starboard wing. This strain measurement will be used as the target
variable. The main point of the results section here is to demonstrate the methodology and its feasibility.
Consequently, no dedicated effort was expended in attempting to improve the error of the GP prediction (see
[7]), although, as we will show, it is low for the test cases investigated.

A normalised mean squared error (NMSE) of the prediction, defined by equation 5 below, is used here as
measure of how well a prediction matches the measured value.

NMSE = 100
∑ (yp − yi)2

nσ2y
(5)

where yp and yi are the values of the prediction and the measured data at data point i, σy is the standard
deviation of the measured values and n is the number of data points.

Table 1 shows the results of this GP regression model for the five test flights.
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Reference NMSE Fatigue damage
prediction accuracy

Flight 1 1.4% 15.7%
Flight 2 1.1% 10.5%
Flight 3 2.0% 3.0%
Flight 4 1.2% 5.8%
Flight 5 6.7% -10.0%

Table 1: Comparison of mean square error and fatigue life prediction for the five test flights

Flights 1 and 2 shall be used as representative examples for discussion hereon in. Figures 3 and 4 show the
strain prediction from the GP regression model for the two flights.

Figure 3: Strain prediction for flight 1

Figure 4: Strain prediction for flight 2

By assuming that the component is within the linear-elastic region, the stress of the component can be cal-
culated. Fatigue assessment is then conducted for each of the flights using the stress-life methodology; a
rainflow cycle count is employed, followed by calculation of damage using Miner’s rule. The material prop-
erties and fatigue life data to perform this are found in Reed [14]. Table 1 shows the percentage difference
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between the fatigue damage calculated from the measured strain compared with that calculated from the
mean GP prediction for each of the test flights. While the mean squared errors for the strain prediction of
the test flights range between 1 and 7%, the error in fatigue accumulation ranges between 3 and 16%. The
results in table 1 show that an increase in strain prediction error doesn’t necessarily lead to an increase in
error in fatigue damage prediction.

By taking samples from the posterior distribution using the methodology presented in the previous section,
it is possible to build a distribution for predicted fatigue damage. To do this, 1000 samples are taken for each
flight. The result that this process has on stress cycle distribution for flights 1 and 2 can be seen in figures 5a
and 5b, comparing the cycles arising from the original measured data to the mean number of cycles in each
stress range from the sampled predictions. The maximum and minimum number of cycles within each stress
range from the sampled predictions can also be seen.

(a) Flight 1 (b) Flight 2

Figure 5: Stress cycles from the measured strain and mean, min and max from the GP samples

In table 1, fatigue damage assessments performed on the GP mean prediction were compared to the results
from the measured data. The sampling process now provides additional values for estimating fatigue damage:
the mean fatigue damage of the sampled predictions and, in the case that the predicted fatigue is not normally
distributed (and therefore the mean of the sampled damages is not equal to the largest probability), there is
also the damage associated with the peak of the histogram plots, i.e. the most probable value for damage.
These can be compared in the damage histograms shown in figures 6a and 6b.

(a) Flight 1 (b) Flight 2

Figure 6: Fatigue damage histograms following GP sampling

The standard deviations of the predicted damage for the two flights are similar, equal to 10.1% and 10.5% of
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the mean damage of the samples. The plots show that the fatigue damage of the mean prediction and the sam-
pled damage mean are close for both flights, with the sampled mean giving a more conservative estimate of
damage accumulation. Crucially, however, the measured result falls within the sampled distribution for both
flights, indicating that the damage distribution derived from the GP may provide a more robust assessment
than just considering the damage accumulation from the mean of GP prediction alone.

In both flights, the most damaging draws are further away from the mean damage state than the least dam-
aging draws, i.e. the distribution shows ‘long-tails’. Figures 5a and 5b show that the variation in number
of cycles for each stress range is similar for the two flights. The largest variation occurs in the lowest stress
range for both, however, this has a small impact on damage. The worst case draws show an increase in the
maximum stress range seen, which has a greater impact on damage. This is explained by the material S-N
data which shows a non-linear relationship between an increase in stress cycle range and damage caused by
the stress cycle.

(a) Peak values (b) Typical Values

Figure 7: Strain comparison for maximum, minimum and most likely damage cases

Figures 7a and 7b show strain predictions from the most and least damaging draws of the GP posterior,
alongside the measured strain and most probable damage draw for flight 1. Figure 7a shows the peak value
of the stress response, and figure 7b shows a representative segment of a lower stress region. Clearly, at
the peak value, the strain prediction for the most damaging case is significantly greater than the other draws
resulting in the large stress cycles shown in figures 5a and 5b. By contrast, only small difference between
the draws shown for the lower stress region can be seen.

4 Discussion and Conclusions

The purpose of this work was to present a methodology for providing a distribution of predicted fatigue
damage using Gaussian process regression. By exploiting the probabilistic nature of the GP, the hope is that
the robustness of an assessment of fatigue accrual based on a prediction of strain may be improved over only
considering the damage accrued from the mean GP prediction.

The GP model developed was able to predict strain on an aircraft wing with a low error of 1-7%, which
corresponds to an error in fatigue damage estimation between 3 and 16%. For the two test flights investigated
here, the fatigue damage calculated from the measured strain is captured within the predicted distribution,
indicating an enhanced robustness. Clearly the investigation of a larger number of flights is necessary before
making firmer conclusions.

The use of the full posterior distribution over the mean warrants further discussion as to the possible mod-
elling scenarios one may encounter with regards to accuracy and confidence. Here we consider four possible
scenarios one may encounter with the regression model (from the best case to the worst):
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• Accurate and confident: Inherently, such predictions are difficult to acquire depending on the avail-
ability of training data. In such a scenario, additional sampling of the posterior confidence would be
beneficial but additional robustness may be insignificant.

• Accurate but uncertain: If the posterior mean is accurate, but the model confidence is low, there will
be additional uncertainty in damage prediction. In this case, the mean of the sampled results should
predict the true value with a good degree of accuracy, but the distribution of results will be larger than
in the first scenario.

• Inaccurate and uncertain: Figure 8a is an example where the posterior mean does not model the true
value very accurately, however, the model confidence reflects this. The result is that samples taken
from this confidence interval will enable some understanding of the damage state.

• Inaccurate and over-confident: Figure 8b is an example of an inaccurate prediction, where the model
is confidently wrong. Such a scenario provides a large risk that, even after sampling from the posterior
confidence intervals, the true fatigue damage is unlikely to be captured by the output distribution.

(a) Inaccurate and uncertain (b) Confident and incorrect

Figure 8: Examples of possible scenarios encountered with predictive models

Figures 8a and 8b highlight the last two scenarios with segments of flight 1. Figure 8a shows that the model
is not able to accurately predict the peak values of the stress response. Such errors represent a concern from
a fatigue perspective, as the peak values of a stress response are crucial for fatigue life calculation. While
the mean function does not capture this measurement accurately, the confidence of the model does indeed
capture this uncertainty and therefore, samples drawn from this distribution will capture the true damage. By
contrast, the overconfidence shown in figure 8b does not allow for this. This highlights the importance of a
representative training dataset and models inputs that capture the drivers of the strain time history.

Whilst we advocate exploiting the probabilistic nature of the GP model, or any probabilistic model, care
must be taken in how uncertainty assessments are interpreted. The uncertainty in the GP prediction is based
on a measure of the distance between input training and testing points. The inputs to the GP are specified by
the user and the distance measure dictated by the covariance function. This means that the predictive distri-
butions of fatigue shown here are dependent on the selection of both of these things. So long as the strain
prediction quality is acceptable, the selection of the covariance function should not be of large consequence
(although here, we do anticipate that switching to a Matérn kernel class may improve peak prediction). How-
ever, care must be taken in selection of the model inputs. For example, if an irrelevant input were included
which exhibited different behaviour between training and testing sets, this would increase the uncertainty on
the fatigue damage assessment in an unrepresentative manner. As with all data-driven methods, prediction
quality and reliability of the confidence bounds will decrease in extrapolation. If the relationships between
inputs and targets change outside of the training dataset, the inference here will not be valid.

The sensitivity of the fatigue assessment procedure has been highlighted, showing that small prediction
errors can have a significant impact on damage estimates and prediction accuracy, as quantified by mean

3674 PROCEEDINGS OF ISMA2020 AND USD2020



square error. By taking draws from a GP posterior distribution, assessing the fatigue distribution from a
predicted strain time history is made possible and a greater understanding of the uncertainty in predicted
fatigue damage level is achieved as a result.
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Abstract 
In this paper we are discussing the problems of uncertainty propagation, resulted by using hand-held 

vibration probes. For this purpose the so called fault tree analysis (FTA) shall be used, which is a top-down, 

deductive failure analysis. To deal with uncertainty it would be appropriate to use fuzzyfied data-, and 

mathematical operation structures. The exact (without fuzzy) results cannot show the substantial setting of 

the real system operations. In the vibration engineering usually the Monte-Carlo (MC) method has been 

applied for uncertainty analysis. With fuzzyfied FTA could be provided information on system critical 

uncertainty and the priorities of the basic parameters (basic events) which is the subject of our article. In 

this work we present an online embedded algorithm, which is an iterative method (quasi Newton 

optimization). Defining the priorities, its goal is to find maximum likelihood estimates of the membership 

function parameters in fuzzy fault tree model, where the model starts form the mixed top event membership 

function. 

1 Introduction 

The continuous nature of the industrial production can be maintained by making sure that the production 

equipment work constantly in a reliable manner. However, mechanical faults frequently occur during the 

operation of machines, which damage the parts, and shorten their life span [6], 

Fault tree analysis (FTA) is a widely used method for analyzing a system’s failure logic and calculating 

overall reliability. However, application of conventional FTA has some shortcomings, e.g. in handling the 

uncertainties, allowing the use of linguistic variables, and integrating human error in failure logic model. 

Hence, fuzzy set theory has been proposed to overcome the limitation of conventional FTA. Fuzzy logic 

provides a framework whereby basic notions such as similarity, uncertainty and preference can be modeled 

effectively [7]. 

FTA is basically a cause-and-effect analysis and traces a system failure ‘down’ to one or more failures at 

the lower levels. The fundamental concept involved in the FTA is the translation of a technical system into 

a structured logic diagram, in which certain sequence of basic events (causes) lead to one specified TOP 

event (i.e. system-level) of interest . In fact, FTA is a deductive procedure for determining combinations of 

both component failures and human errors, which could result in the occurrence of specified undesired 

events at the system-level. The logic diagram is constructed using event and logic symbols which derive the 

failure logic for a system and represent it in a form which is ideal for communication to managers, designers, 

and operators. If failure rate and other necessary data are available for the basic events, the fault tree analysis 

will provide estimates of the frequency of occurrence of the undesired events. However, application of 

conventional FTA has some shortcomings; vague, absence of accurate data, and uncertainty. [9-11]. 

In conventional FTA, the basic events considered are normally associated with hardware failure. However, 

even in a highly automated system, human beings are the key components in the system. According to Lee 
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et al., depending upon the degree of human involvement in the system, the human component is responsible 

for 20–90 % of the failures in many systems. As a result of the unpredictability of human performance as 

well as the vagueness of system phenomena, the basic events in a man–machine system can be classified 

into two categories, i.e. human-related subjective events and probabilistic objective events. Thus, the 

integration of probabilistic estimation of hardware failures and subjective evaluation of human performance 

is the major concern of analyzing the hybrid system. In fact, the crisp approach used in conventional FTA 

is unable to convey the imprecision or vague nature of human performance in system modeling [12-21]. 

Moreover, the conventional FTA doesn’t allow allocation of a degree of uncertainty to the probability values 

in the modeling of the basic event’s probability. Also, it does not allow treating different aspects of 

uncertainty, probability and possibility at the same time. Even the most sophisticated, precise, and well-

constructed quantitative model may give misleading results, if uncertainties are not treated at some level. 

With the basic fault tree analysis basic and intermediate elements are transmitted through logical gates 

(generally “and” and “or” gates) using a tree topology resulting a top event, which could be identified as the 

reliability of the system (see Fig 1).  

 
 

Figure 1: Classical fault tree analysis. The basic events and intermediate events are  transmitted through 

logical gates using a tree topology resulting a top event which could be identified as the reliability of the 

system. 

In the absence of accurate data, makes it difficult to determine the top event reliability/probability in an 

objective manner. Hence, human judgments by linguistic variables and fuzzy sets become essential. 

Therefore, it is necessary to develop a new methodology to capture the subjectivity the priority and the 

imprecision of failure data, to be used in the conventional FTA. Fuzzy logic provides a framework whereby 

basic notions such as similarity, uncertainty and preference can be modeled effectively. A ‘‘fuzzy set’’ 

represents a set with ill-defined boundaries, and processes vague terms with ‘‘grey boundaries’’. Fuzzy 

Logic is a branch of mathematics that deals with fuzzy statements (linguistic variables) and allows for partial 

membership in a set. Fuzzy Logic provides a remarkably simple way to draw definite conclusions from 

vague, ambiguous or imprecise information. 

As an example, the diagnostic procedure is based on the observed analytical, fuzzyfied systems and the 

heuristic knowledge of the process. Fuzzyfied systems in the hand-held vibration experiments are the 

observations obtained through inspection by operating personnel in various forms, e.g. acoustic noise, 

oscillations or optical impressions like colors or smoke. In fact, conventional mathematical ways of the fault 

tree analysis cannot handle fuzzyfied expression efficiently. 

The general technical aspects published fuzzyfied-, or fuzzy- FTA literature concentrated almost exclusively 

on nuclear engineering issues. Among others, the Nuclear Engineering Group of University Palermo 
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published an open source software TreeZZy, where all procedure for the top event reliability was coded in 

a software system [11].  Using the software, each basic event are considered as a  

1. Typ “double” value with FTA, and parallel as a 

2. trapezoidal fuzzy structure. 

 

For the procedure, the classical cut set method is taken into consideration and then the same system with 

trapezoidal membership functions will be evaluated using the fuzzy logical gates. The reliability of the 

system is the mixed fuzzy top event as a membership function.  

However, in the vibration engineering practice after the fault tree analysis, interest may also turn to the 

priority of the basic events, counted form the mixed fuzzy top event. Therefore, we have developed a new 

fuzzy fault tree procedure with the following properties: 

Introduction of time-dependent and fuzzificated basic events 

Programmable AND and OR Gates to enable controlling of the system and account for non-linearity of the 

system. 

Application of a Runge-Kutta numerical scheme to ensure the convergence and to enable a parallelization 

of the logical failure tree equation system with time-dependent and fuzzificated basic events. (See Fig.2.) 

Figure 2: Simulink version of the fuzzy fault tree analysis of the Treezzy reference. The basic events are 

fuzzyfied through matrix operations and membership functions. The algorithms for logical gates could be 

also new defined. The top event which could be identified as the reliability of the system is a mixed 

membership function. The criticality of the basic events could be counted from the top event in the context 

of the whole system 

The need to possess appropriate theoretical methods for handling above mentioned limitations with FTA is 

straightforward, and is of increasing importance with increasing system complexity.  

In this work we are engaged with a hand-held vibration experiment and the fuzzyfied review of the concept 

of using fault theory determining the basic event priorities. 

After introducing the basic concepts (Sec.2) we concentrate on the new matrix based embedded online 

method for of the fuzzy basic event priorities (Sec.3.). In the Section 4 we present our first results and finally 

we show the conclusions.  
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2 Basic concepts of hand-held vibration measurement  

2.1 Preparation of the vibration measurement is the design of the measuring 
points  

The various machine faults can only be diagnosed from a specific measuring direction. Measurements 

should preferably be made systematically (X-HOR, Y-VER, Z-AXI) from all directions at each measuring 

point. When making a vibration measurement plan, it is important to consider the approach of the measuring 

point, the dimensions of the machine, the location of the bearings, the quality of the material (magnetic /non-

magnetic), the risk of accident to the hand, etc. An example of this is shown in Figure 6.  

Figure 3: The design of the measuring points [4] 

The selection of measuring points on site is also of great importance. The person measuring the vibration 

decides on the location and direction of the sensor on site. The decision significantly affects the 

measurement result and the accuracy of the diagnosis. The four main aspects of the design of the measuring 

point are shown by the notations in Figure 4. The signal can only cross the material boundary once, and this 

is only possible between the bearing and the housing (1). The minimum distance between the bearing and 

the accelerometer should be (2). The measuring point can only be in the bearing load zone (3) opposite to 

the direction of rotation (4). 

 

Figure 4: The four main aspects of the design of the measuring point [5] 

2 – Good (large distance) 

2- Best 1-Wrong 

1 

3- Load Zone 

4 Direction of Rotation 
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2.2 Mounting options for vibration sensors 

The first issue that arises when installing vibration sensors is whether permanent or temporary fixation is 

required. The mounting of the sensor determines the frequency range of the vibration measurement, so the 

main requirement is rigid mechanical contact between the base of the accelerometer and the surface. The 

stronger the fastening, the higher the maximum measurement frequency. This is vital for high speed 

machines (e. g. jet engine, gas turbine) and gear drives. The possible recording methods used in practice and 

the maximum frequency they can measure are shown in Figure 5.  

Figure 5: The recording methods used in practice and the maximum frequency they can measure [6] 

Mounting the accelerometer with a steel stud (Fig.5: (1)) is the best mounting method because in this way 

the highest resonance frequency can be achieved.  

In places where it is not feasible or desirable to drill and tap fixing holes, an epoxy adhesive stud may 

provide the optimum mounting solution. You can see it Fig. 5 (2 and 3). Such an epoxy adhesive stud can 

be fixed onto the test object with the aid of epoxy or cyan-acrylate adhesive. The frequency response will 

be nearly as good as that obtained using a plain stud. Beeswax can also be used to quickly and conveniently 

install and remove the accelerometer. Unfortunately, beeswax becomes soft at high temperatures, so the 

method is limited to only about 40 °C.  

An easy way to mount the accelerometer is to use a bipolar or flat permanent magnet, See Figure 5: (4) and 

(5), which can be easily and quickly moved from one position to another - especially useful for measuring 

a large number of measuring points in the shortest possible measurement time. The magnet is limited to use 

on clean and smooth ferromagnetic surfaces. The dynamic range is limited due to the limited force of the 

magnet; nevertheless, the method can provide good high frequency performance, especially on flat surfaces. 

In practice, this is the most commonly used method. 

Using a hand-held probe is even easier than a magnet. Due to inadequate contact force, the maximum 

measurement frequency is usually very low. Vibration measurements performed with this method have a 

high uncertainty coefficient and a risk of measurement errors. In most cases, however, it provides sufficient 

information for everyday industrial practice because common mechanical faults can be measured in the low 

frequency range. Hand-held measurements make it possible to measure vibrations even when no other 

recording method is possible. For example, it is forbidden to drill or glue the measuring point of an electric 

motor while the machine is still under warranty. This will not be allowed by the machine owner! 

2.3 Uncertainties of vibration measurement by hand-held probes 

In this section, we summarize the uncertainties that affect the accuracy of the measurement result by using 

hand-held probes. 

6 

4 

2 

1 

5 

3 
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The effect of environmental temperature: All piezoelectric materials are temperature dependent, so any 

change in ambient temperature will cause a change in the measurement result. At low temperatures (-20 °C 

– 0 °C) depolarization can occur, which can cause an error of up to 5-10%. 

Figure 6: Vertical measurement direction error [own photo] 

Horizontal and Vertical measurement direction error: This uncertainty means the deviation from the 

position perpendicular to the surface. See Figure 6. 

Vertical and horizontal deviation from the center line of the axis of rotation: This uncertainty means 

the deviation from the center line of the axis of rotation, see Figure 7: A. 

Figure 7: Horizontal deviation from the center line of the axis of rotation (A) and Measuring force difference 

(B) [own photo] 

Measuring force difference: For Hand-Held vibration measurement we use a special vibration measuring 

tip, which must be pressed to the surface with a force of 10N (1000 gr). Due to human sensory error, a 

deviation of up to 2N (200 gr) can occur with respect to the measuring force. The correct measuring force 

is tested with a gram-accurate balance, as shown in Figure 7:B. 

Override error (Human effects): An override error caused by human error. It is possible that the input 

voltage exceeds the maximum voltage of the A / D converter due to the high force sensor colliding with the 

surface, in which case the converter will overdrive. This can cause an error of up to 25 - 50% because the 

A / D converter falsifies the input signal. A good example of this is when the manual sensor gauge tip slips 

on the heat sink of the electric motor. 

In addition, there are many uncertainties (e.g., bearing distance, FFT windowing technique, FFT average, 

sign transition, etc.) that are discussed in Section 3.2. chapter is summarized in the table. 

B A 
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3 Determining of fuzzy priorities 

3.1 Theory 

Real-time embedded determining basic event priority of a fuzzy fault tree system can be expressed as the 

problem of identifying factorization of the m-dimensional (msize of the membership function vector) X 

vector into a mixing channel (path) Failure Tree A and 1/2*(n*n-n)-dimensional (nnumber of basic 

events)) unknown membership function sources W: 

 X = AW  (1) 

The online embedded algorithm is an iterative optimization to find maximum likelihood estimates of the 

membership function parameters in fuzzy fault tree model, where the model starts form the mixed top event 

membership function vector X.  

The size of the X is 1*m where m is the number of the fuzzy membership function vector 

The size of A the fuzzy fault tree operation vector is 1 * (n2-n)/2 where n is the number of the basic events 

The size of the W matrix is m * (n2-n)/2 see Figure 8: 

 

Figure 8: Matrix notation used.  

The estimation of the matrix W entails statistical and numerical difficulties. A natural statistical approach is 

by maximum likelihood conveniently implemented using the quasi-Newton-optimization.  

Our algorithm is an embedded iterative procedure which increases the log-likelihood of a current estimate 

wλ of w. (λ=1,2,3,…,n). 

Let cki be assistance matrix of the final basic event matrix.  

The application of the algorithm yields the predicted value of the cki given the fuzzy top event vector X, 

under the current estimate wλ of w. 

Afterwards a maximum likelihood estimate of the basic event matrix w using the estimated data ckj from the 

previous step.  

The priority of basic events is derived from the order of the elements of the result matrix w. 
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We define qi and rk as follows 

 𝑞𝑖 = ∑ 𝐴𝑘𝑖𝑎𝑛𝑑 𝑟𝑘
𝑖
𝑘=1 = ∑ 𝐴𝑖𝑘𝑤𝑖

𝜆𝑛
𝑖=𝑘  (2) 

The iterative algorithm              

 𝑐𝑘𝑖 =
𝑤𝑖

𝜆𝑋𝑘𝐴𝑘𝑖

𝑟𝑘
 (3) 

for each i and k and a recursion could be defined  

 𝑤𝑖
𝜆+1 =

1

𝑞𝑖
∑ 𝑐𝑘𝑖

𝑖
𝑘=1           i=1,2,….n (4) 

Combining these yields 

 𝑤𝑖
𝜆+1 =

𝑤𝑖
𝜆

𝑞𝑖
∑

𝑋𝑘𝐴𝑘𝑖

𝑟𝑘

𝑖
𝑘=1  (5) 

This equation for the basic events matrix produces a minimum sequence of solutions for the matrix w. 

The embedded nature of the algorithm is realized via the minimum number of λ and the convergence. 

The flow chart with explanations of the embedded solution can be seen on the Figure 9. 

 

Figure 9: Flow chart of the embedded system. With an embedded iterative algorithm could be the W 

membership function matrix (B) form the top event as a mixed fuzzy membership function (A) 

reconstruction. 

 

3.2 Practical uncertainties as a fuzzy membership function 

The fuzzy distributions created based on the experience of many years are shown in Table 1: for the one 

parameters. The explanations are also given in the table. 
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Table 1: Practical uncertainty parameters, membership functions and explanations 

Nr Parameters Membership function Dimension Determination of uncertainty parameter 

1 Environmetal 

temperature 

 

[°C]  All piezoelectric materials are temperature 

dependent, so any change in ambient 

temperature will cause a change in the 

measurement result. 

2 Measuring 

direction 

horizontal 

 

[°] degree This uncertainty means the deviation from 

the position perpendicular to the surface. See 

Figure 6. 

3 Measuring 

direction 

vertical 

 

[°] degree This uncertainty means the deviation from 

the position perpendicular to the surface. See 

Figure 6. 

4 Distance from 

the centerline 

horizontal 
 

[mm] This uncertainty means the deviation from 

the center line of the axis of rotation, see 

Figure 7: A. 

5 Distance from 

the centerline 

vertical 

 

[mm] This uncertainty means the deviation from 

the center line of the axis of rotation, see 

Figure 7. 

6 Measuring 

force 

 

[gram] For Hand-Held vibration measurement we 

use a special vibration measuring tip, which 

must be pressed to the surface with a force of 

10N (1000 gr). Due to human sensory error, 

a deviation of up to 2N (200 gr) can occur 

with respect to the measuring force. 

7 Wrong 

loading zone 

 

[°] degree This uncertainty shows how many degrees 

are lost relative to the exact direction of the 

load zone. 

8 Distance form 

the bearing 

 

[mm] The exact position of the bearings is reached 

by the person performing the measurement 

with an average error of 5 - 7 mm. This also 

causes uncertainty in the test result. 

9 Sign transition 

at the material 

boundary 

 

[pcs] Due to the fault of the person performing the 

measurement, the signal enters the sensor not 

through one but through two or more 

components. 

10 FFT 

windowing 

technique 

 

[%] Improperly selected Windowing technology 

(Hanning, Hamming, Rectagular) causes an 

average of 16% deviation in either amplitude 

or frequency accuracy. 

11 FFT average 

number 

 

[times] 

(pcs) 

Increasing the averaging number 

significantly increases the duration of the 

vibration measurement, the time until the 

sensor has to be pressed to the surface by 

hand. After a longer period of time (8 to 16 

averaging numbers), the hand of the person 

performing the measurement starts to 

tremble, which falsifies the measurement. 
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Table 1 (Continued): Practical uncertainty parameters, membership functions and explanations 

Nr Parameters Membership function Dimen-sion Determination of uncertainty parameter 

12 Number of the 

FFT spectral 

line 

 

[lines] The (FFT spectrum resolution) effect of 

higher than average (800 - 6400) line 

resolution is similar to the averaging 

number, as the duration of the 

measurement increases several times in 

this case as well. 
13 Sensitivity of 

transducer 

 

[%] Piezoelectric sensors can measure 

amplitude with an accuracy of +/- 5% in the 

linear range. A change in measuring force 

can increase this value by up to +/- 20%. 

14 Override error 

(Human 

effects) 

 

[%] It is possible that the input voltage exceeds 

the maximum voltage of the A / D converter 

due to the high force sensor colliding with 

the surface, in which case the converter will 

overdrive. This can cause an error of up to 

25 - 50% because the A / D converter 

falsifies the input signal. 

 

To construct the fuzzy fault tree, the relationships between the parameters based on the Erdős-Rényi graph 

are shown in Figure 10. 

 

Figure 10: Erdős-Rényi graph of the dependencies between the fuzzy basic events. 
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In the Erdős-Rényi graph, we present the logical relationships between the different priorities. For example, 

temperature (1) has an effect on sensor sensitivity (13). The measurement design parameters (10) (11) (12) 

are interrelated. The measuring force (6) has an effect on sensitivity (13) and human effect (14). An incorrect 

load zone (6) affects the direction of measurement (2), (3), (4) (5) and the accuracy of the bearing location 

(8). The material boundary transition (9) is also related to the distance from the bearing (8). 

The fuzzy fault tree model could be seen  on the Figure.12, and was constructed based on the Erdős-Rényi 

graph (Figure 11). The 14 applied basic events were linked based on practical experience.  

The priorities are shown in tabular form in Table 2. For the same priority values, the order is identical. 

 

Table 2: The priorities of parameters 

Priorities Parameters Priorities in % 

Nr.1. (most important) 14. Override error (Human effects) 41 

Nr.2. 8. Distance from the bearing 17 

Nr.3. 6. Measuring force 9 

Nr.4. 5.Distance from the centerline vertical  9 

Nr.5. 2.Measuring direction horizontal 5 

Nr.5. 1.Environmental temperature  5 

Nr.5. 4.Distance from the centerline horizontal 5 

Nr.5. 3.Measuring direction vertical 5 

Nr.6. 12.Number of the FFT spectral line 2 

Nr.7. 9.Sign transition at the material boundary 1 

Nr.7. 7.Wrong loading zone 1 

Nr.8. 11.FFT windowing technique 0 

Nr.8. 1ö.FFT average number 0 

Nr.8. 13.Sensitivity of transducer 0 

 

In the current phase of the research, a method has been developed for "Hand-Held" measurements of Fuzzy 

FTA error tree analysis. Estimating the impact, prioritization and correlation of the impact of various 

uncertainties is based on our 25 years of industrial vibration expertise. One of the results of our work is that 

we have identified and ranked the factors influencing the “Hand-Held” measurement. In addition, we 

determined the logical relationships between the various uncertainties.  

The result of the study is acceptable from a practical point of view because the human factor (14) does 

indeed have a significant effect on the accuracy of the vibration measurement. The practical benefit of 

defining uncertainty using Fuzzy methods is that uncertainties with a wide range of units of measurement 

are easier to handle and therefore give more accurate results than other methods. The next step of our 

research work is to determine the effect of these uncertainties more precisely, to develop the function 

relationships. 
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Figure 11. Fuzzy fault tree system determining priorities of the hand held vibration experiments.  
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3.3 Conclusions 

In this work we present real-time embedded method for the fuzzy basic event priority based on the fuzzy 

fault tree topology by matrix method presented here from the top event owns advantages 

1. With the embedded algorithm it is possible to taking into account the real (system-determined) basic 

events-membership functions. 

2. It is possible to determine the importance-metric of the fuzzyfied basic events. 

3. The small complexity of the recovery algorithm allows for real-time embedded microcontroller 

applications.  

4. It is possible to monitor the change the basic event membership function online. 
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Abstract 
Stochastic model updating of joints is a common solution for realistic modelling of built-up structures. 

However, detailed large-scale models render the simulations to be computationally expensive. This issue is 

addressed in the following two ways. The first approach involves stochastic decomposition of the functional 

space by machine learning techniques such as Gaussian processes, artificial neural networks, generalized 

radial basis neural networks and support vector machines. The second approach comprises a more physics-

based strategy which involves reducing the internal degrees of freedom of the sub-components using the 

fixed-interface component mode synthesis method. The assembly problem is performed on two beam 

structures connected by a bolted lap joint. Modal testing is performed on nominally identical beam structures 

to account for manufacturing variability. The results obtained have been validated and the good performance 

achieved by the proposed reduced models demonstrates their robustness.    

1 Introduction 

In most engineering applications, the role of joints and fasteners is force transfer between the connecting 

sub-structures through frictional contact interfaces. However, adequate information on the parameters of 

frictional contact interfaces, such as contact stiffness and damping, surface roughness quality, and preload, 

are not often available, thus introducing uncertainty in the system. To address this issue, measurement, 

propagation, quantification and identification of this uncertainty is necessary for accurate dynamic analysis 

of assembled structures [1].    

The uncertainty associated with the contact interfaces in assembled structures can be broadly divided into 

two categories. The first category of uncertainty arises from the deformation of asperities and the consequent 

relaxation of the joint [2]. For example there can be as much variation as ±30% of the expected tension in a 

bolt when using the torque tightening method and bolt tension can drop by more than 40% over a short 

period of exposure to vibration. Cases have also been shown where bolt tension can increase depending 

upon the excitation frequency and vibration level. The second category of uncertainty in joints is due to the 

assembly process and the accumulation of engineering tolerances. 

Variability in contact interface parameters due to the deformation of asperities can be attributed to the 

randomness in the preload and contact surface characteristics such as surface finish (or roughness quality). 

Variability in the dynamic response of assembled structures have been studied by Brake et al. [3]. 

Gangadharan et al. [4] identified the stochastic welded joint model parameters in a car body by employing 

two coupled and uncoupled models. Lopez et al. [5] considered the connection between two substructures 

of a space structure as random springs and investigated the uncertainty in structural responses such as FRFs 

due to the uncertainty in joint parameters. Guo and Zhang [6] identified the uncertainty in joint model 

parameters by using updating approaches. Castelluccio and Brake [7] employed finite-element (FE) 
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simulation to investigate the model input and form uncertainties in threaded fasteners. They characterized 

the source of uncertainty and variability in modelling fasteners as uncertainty in geometry, material, 

mechanics and methodology. 

Stochastic model updating methods can be generally categorized into two groups. These are probabilistic 

and non-probabilistic methods. Non-probabilistic methods include interval updating [8] and fuzzy model 

updating [9], while perturbation methods [10] and Bayesian updating [11] are examples of the probabilistic 

methods. The review paper by Simoen [12] and references therein show that considerable attention has been 

paid to the subject of non-deterministic model updating. Recently there has been great attention on the use 

of Bayesian model updating in the context of stochastic model updating. The choice of likelihood functions 

is often assumed to have a normal distribution while the validity of this assumption cannot be readily 

assessed. 

Stochastic model updating of large-scale structures can easily prove to be computationally expensive both 

in terms of CPU time and computer memory because the analysis may require a significant number of 

iterations [13]. For example, Xia et al. [14] performed model updating for the three-span Balla Balla Bridge 

in Western Australia and took 155 iterations and approximately 420 hours for convergence. Duan et al. [15] 

constructed a fine FE model of the Tsing Ma Suspension Bridge which consists of about 300,000 nodes, 

450,000 elements, and 1.2 million DOFs. About 5 hours were spent to obtain the first 100 eigen solutions 

using a 64-bit Itanium server with eight CPUs of 1.5 GHz each. In such a case, updating the FE model using 

the conventional approach becomes cumbersome, even considering the available computational resources 

of the present times. 

In this context, dynamic sub-structuring (DS) methods have played a critical role in structural dynamics 

[16]. Generally speaking, the reason for successful implementation of DS methods in the field of structural 

dynamics can be attributed to the fact that the first few modes can often adequately capture the overall 

dynamic behavior [17]. One effective way to integrate DS techniques into model updating frameworks is to 

partition the global FE model into independent sub-structural models. The vibration response (i.e. natural 

frequencies, mode shapes, frequency response functions (FRFs), impulse response functions (IRFs), etc.) 

are then assembled to recover the dynamic behavior of the global structure. The obtained vibration response 

can be used for model updating or damage identification by comparing with the experimental counterparts 

of the global structure through a model updating process. This procedure is referred to as the forward DS 

method and can be used to significantly reduce the computational cost. This concept has been used in this 

work and is discussed later in detail.  

In contrast to the DS methods, which are more physics-based model reduction approaches, machine learning 

(ML) techniques can also be used in model updating frameworks. These ML approaches can be viewed as 

statistics-based model reduction tools. The idea is to replace the actual FE model with the ML assisted 

mapping of the system. This can reduce the computational effort of a conventional model updating 

framework by many-folds. Examples of previous works include, the application of Kriging [18] and 

response surface method [19] in interval based stochastic model updating. Recently, DS and an enhanced 

Gaussian process-based model reduction were coupled for stochastic dynamic response analysis of 

assembled systems [20]. State-of-the-art ML techniques have been used here, and are discussed in the 

subsequent sections.  

In this paper stochastic modelling and uncertainty quantification of the contact interface of a bolted lap-joint 

are considered. First, two sets of beam substructures are provided and are combined to build a set of 

nominally identical assembled structures. Experimental modal testing is employed to study the effects of 

preload and surface roughness quality on the variability of modal parameters of the assembled beam 

structures. Then, a stochastic dynamic model capable of regenerating the experimental modal properties is 

constructed by introducing a new stochastic joint model. The Bayesian approach is adopted to identify the 

stochastic joint parameters by employing the stochastic model of the experimental modal properties. A new 

likelihood function is introduced and employed in this paper which does not rely on the assumption of a 

normal distribution for the error function which is a key assumption in stochastic model updating. 

Subsequently, (i) four ML based, (ii) DS based and (iii) ML+DS based reduced models have been integrated 

within the above stochastic model updating framework. The aim is to test the level of accuracy of reduced 
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model based stochastic model updating compared to the full FE model based stochastic model updating 

while requiring less computational effort.  

2 Experimental analysis and mathematical modelling 

2.1 Experimental analysis of bolted structures 

To check the effects of randomness in the contact surface roughness parameters on the variability of the 

dynamic characteristics of assembled structures (in this work only the natural frequencies are studied), 25 

nominally identical bolted beam structures are prepared. The beam structures are identical in dimensions 

and material properties but there is assumed variability between their contact surface parameters such as 

their contact surface profiles. The exact dimensions of the test structures shown in Fig. 1 can be found in 

[21]. The test structures are made from steel, and the exact material properties have been provided later in 

the numerical results. 

 

Figure 1. The test set-up of the assembled structures. 

The joints play a governing role in determining the dynamic behavior of the assembled structures. The 

equivalent stiffness characteristics of the contact interfaces of joints are a function of contact surface 

parameters such as surface roughness and preload [22]. Therefore, small variability in the contact surface 

parameters results in significant effects on the overall dynamic characteristics. In this paper, experimental 

modal testing was employed to investigate the effects of variability in the contact interface parameters on 

the variability of natural frequencies. 

For the experimental analysis, the torque level used in the M8 bolts are 7 Nm, 15 Nm and 23 Nm. To 

minimize the effects of uncertainty in the boundary conditions, free-free boundary conditions were used for 

the assembled beam structures by suspending them using flexible strings. Hammer testing was employed to 

excite the beam and the amplitude of the applied forces was kept low to ensure that the structure behaved 

linearly. Experimental FRFs corresponding to different bolt tightening torque levels are shown in Fig. 2. 

 

Figure 2. The experimental FRFs corresponding to different bolt tightening torque levels 7 Nm (red), 15 

Nm (blue) and 23 Nm (green). 
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2.2 Mathematical modelling 

Modelling an assembled structure containing a joint contact interface is considered by using offset-beam 

and stochastic generic-joint elements. The dynamic modelling discussed in this section will be used to 

identify the joint model parameters by using experimental results in the subsequent sections. The structure 

consists of two beam sub-structures connected through a frictional contact interface provided by a bolted 

lap joint. The structure can be divided into two beam sections and one joint section.  

The beam sections of the structure are modelled using offset Timoshenko beam elements and the resulting 

system matrices from the FE model are reported in [21]. The joint section has also been modelled using the 

FE approach. The joint section can be modelled by using generic joint elements [23]. To consider the 

randomness in the joint contact surfaces described in the previous sections, the joint model parameters may 

be considered as random fields to construct a stochastic joint model. Therefore, in this paper, the joint section 

is modelled by using 2-noded stochastic beam like generic elements [23]. The slip mechanism in the contact 

interface of the joint contributes to the energy dissipation in the structure. It should be noted that due to the 

overlap of the two sub-structures in the joint section, the mass effect of the joint section is twice the mass 

effect of the beam section. The mass, stiffness and damping matrices of the joint section can be found in 

[21]. 

3 Parameter identification 

Identification of the stochastic joint model parameters described in the previous section is considered by 

using experimental natural frequencies and employing the Bayesian identification approach as described in 

this section.  

The natural frequencies of the structure can be related to the joint model parameters by 

 𝐲 = 𝐟(𝛉) (1) 

where 𝛉 is the vector of joint element stiffness parameters, i.e. 𝛉 = [𝑘1, 𝑘2]
𝑇, 𝐲 = [𝜔1, … , 𝜔m]𝑇 is one set 

of measured natural frequencies (or observations) and 𝐟 represents the mathematical model of the un-

damped structure. Our goal is to identify the distribution of the joint element stiffness parameters, i.e. 𝑘1 and 

𝑘2, by using the Bayesian Identification approach provided that a set of �̅� observation data (i.e. natural 

frequencies) is available. 

Based on Bayes’ rule, the following equation governs the posterior probability of the model parameters, 

 𝑝(𝛉|𝐲) =
𝑝(𝐲|𝛉)𝑝(𝜽)

𝑝(𝐲)
≅ 𝑐𝑝(𝐲|𝛉)𝑝(𝜽) (2) 

where 𝑝(𝜽) is the initial (prior) probability which includes any prior information about the joint element 

stiffness parameters and 𝑝(𝐲|𝛉) is the likelihood function which is the probability of having observed 𝐲 

given the joint element stiffness parameters 𝛉. 𝑝(𝐲) is the probability of observed data which is usually 

considered as a constant. Equation (2) describes the joint parameter distribution and the individual 

posteriors, i.e. 𝑝(𝜃𝑝|𝐲), can be obtained by integrating Eq. (2), where 𝜃𝑝 is one of the joint model parameters 

described in 𝛉, i.e. 𝜃𝑝 = 𝑘1 or 𝜃𝑝 = 𝑘2. There is no closed form solution for such a posterior probability 

calculation and usually numerical methods are used to estimate 𝑝(𝜃𝑝|𝐲).  

The likelihood function 𝑝(𝐲|𝛉) in Eq. (2) is obtained in this paper as follows. For a given set of model 

parameters 𝛉, the vector of natural frequencies �̅� is calculated by means of the system model 𝐟. Since a set 

of �̅� observation data is available, i.e. 𝒀 = [𝐲(1)   𝐲(2)    ⋯   𝐲(�̅�)], it is possible to estimate the distribution 

function (or statistical model) of each observed data, i.e. {𝑔𝑖(. ; 𝝌𝑖)|𝝌𝑖 ∈ Χ} , 𝑖 = 1,2,… ,𝑚, using the 

method of maximum likelihood [24]. 𝝌𝑖 denotes the vector of statistical model parameters which is obtained 

by maximizing the likelihood function ℒ(𝝌𝑖, 𝑌
𝑖), 𝑖 = 1,2, … ,𝑚 where 𝑌𝑖 is the ith row of the observed data 

matrix 𝒀. As an example, for a Normal distribution 𝝌𝑖 = [𝜎 𝜇]𝑇 and for a Beta distribution 𝝌𝒊 = [𝑎 𝑏]𝑇. 

The statistical parameter vector 𝝌𝑖 is obtained such that,  
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 �̂�𝑖 ∈ {𝑎𝑟𝑔maxΓ ; 𝝌𝑖 ∈ Χ} (3) 

where Γ can be either the likelihood, log-likelihood or average log-likelihood function. 

Once the estimate of the statistical model for each observed natural frequency is known, the likelihood 

function 𝑝(𝐲|𝛉) in Eq. (2) is calculated as, 

 𝑝(𝐲|𝛉) = ∏ 𝑔𝑖(�̅�𝑖; 𝝌𝑖)
𝑚
𝑖=1  (4) 

The identification of the joint model stiffness parameters are considered in the next sections by using the 

method described in this section. 

4 Machine learning techniques 

Machine learning (ML) techniques [25] have been used here instead of the full FE model within the 

stochastic model updating framework. Hence, ML is used to learn the input (joint stiffness parameters) – 

response (natural frequencies) mapping for the forward problem and used to update the model parameters. 

Since the meta-model is trained offline (outside the model updating framework), it involves no actual FE 

computations within the updating loop, and thus the computational effort is reduced. The ML based 

stochastic model updating framework will be referred to as reduced-order model type-1 (ROM1) from now 

on. Four existing ML techniques have been compared to access their accuracy in the stochastic model 

updating framework. They are briefly described as follows: 

4.1 Gaussian process 

The Gaussian process (GP) is a stochastic process which stipulates probability distributions over functions. 

Originally the GP was developed as a spatial interpolation technique in the field of geostatistics [26]. GP is 

also known as Kriging in several disciplines [27]–[29]. The most general form of GP, which is called 

Universal Kriging, has been used in this study [30]. Universal Kriging can be represented by second-order 

polynomial trend functions and GP as 

 𝐘(𝐱) = ∑ 𝛽𝑗𝐟𝑗(𝐱)
𝑝
𝑗=1 + 𝐙(𝐱) (5) 

where 𝜷 =  {𝛽𝑗, 𝑗 = 1,… , 𝑝} is the vector of unknown coefficients and 𝑭 = {𝒇𝑗, 𝑗 = 1,… , 𝑝} are the 

polynomial basis functions. 𝐙(𝐱) is the GP with zero mean and autocovariance cov[𝐙(𝐱), 𝐙(𝐱′)] =
𝜎2𝐑(𝐱, 𝐱′), where 𝜎2 is the process variance and 𝐑(𝐱, 𝐱′) is the autocorrelation function.  

The parameters 𝜷 and 𝜎2 can be estimated by the maximum likelihood estimate [31]. Now the prediction 

response for a test point requires three conditions to be satisfied, which are linearity in terms of the observed 

data, unbiasedness and minimal variance. The prediction mean and variance by GP can be obtained as 

 𝜇�̂� = 𝒇(𝑥)𝑇�̂� + 𝐫𝑇𝐑−1(𝒚 − 𝐅�̂�) (6) 

where 𝐫 is the autocorrelation between the unknown point x and each point of the observed data set. It is 

possible to derive confidence bounds on the prediction by GP. The variance information is often used as an 

error measure of the epistemic uncertainty of the meta-model due to the sparsity of data [32]. This feature 

has led to the development of adaptive error based sampling schemes to improve the accuracy of the meta-

model [33]. 

4.2 Artificial neural network 

Artificial Neural Networks (ANNs) are considered to be complex predictive models, due to their ability to 

handle multi-dimensional data, non-linearity, adaptive learning capability and generalization [34]. The basic 

framework of a neural network comprises four atomic elements, namely: (i) nodes, (ii) connections/weights, 

(iii) layers, and (iv) activation function. In an ANN, the neurons represent the building blocks. The neurons 
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represent the simplest processing units which return weighted input signals and an output signal using an 

activation function. The neural network reduces the error by optimisation algorithms, such as back-

propagation [35]. The optimal weights of each connection between a set of layers are evaluated during each 

backward pass of a training dataset, which is also used for weight optimisation using the derivatives obtained 

from the input and predicted values of the training data.  

4.3 Generalized regression neural network 

A generalized regression neural network (GRNN) is often used for function approximation [34]. 

It has a radial basis layer and a special linear layer. It is similar to the radial basis network, but 

has a slightly different second layer. The first layer operates just like the radial basis layer and has 

as many neurons as there are input/ target vectors. Each neuron's weighted input is the distance 

between the input vector and its weight vector. Each neuron's net input is the product of its 

weighted input with its bias. All other details regarding the implementation of the GRNN can be 

found in the MATLAB help documentation page.     

4.4 Support vector machine 

A support vector machine (SVM) is a supervised learning algorithm that can be used for binary 

classification or regression [36]. SVMs are popular in applications such as natural language 

processing, speech and image recognition, and computer vision. SVM constructs an optimal 

hyperplane as a decision surface such that the margin of separation between the two classes in the 

data is maximized. Support vectors refer to a small subset of the training observations that are 

used as support for the optimal location of the decision surface. SVMs fall under a class of 

machine learning algorithms called kernel methods and are also referred to as kernel machines 

[37]. Training for an SVM has two phases: 

 Transform predictors (input data) to a high-dimensional feature space. It is sufficient to specify the 

kernel for this step and the data is never explicitly transformed to the feature space. This process is 

commonly known as the kernel trick. 

 Solve a quadratic optimization problem to fit an optimal hyperplane to classify the transformed 

features into two classes. The number of transformed features is determined by the number of 

support vectors. 

Although using an SVM for high-dimensional feature space results in benefits, for instance in modelling 

complex problems, there are drawbacks, brought about by excessive computational requirement and 

overfitting [38]. 

5 Dynamic sub-structuring 

Dynamic sub-structuring (DS) methods have played a significant role in the field of structural dynamics. 

With the sub-structuring methods (as the name suggests), a global structure is divided rationally into smaller 

sub-structures to be analyzed independently [39]. The advantage is not just restricted to computational 

leverage but also identifying the local behavior or parameters more accurately than analyzing the global 

system.  

One popular technique is component mode synthesis (CMS) [40]. In CMS, the models of individual sub-

structures are transformed from physical space to component modal space with the help of pre-selected basis 

functions. The possible choices of these basis functions include normal modes determined by solving a 

component eigenvalue problem and static constraints [41]. The models are then assembled, and the global 
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response of the whole system is evaluated. Additionally, in applications involving line and surface coupling, 

the number of interface DOFs can be reduced. A recent comprehensive review regarding interface reduction 

can be found in [42]. 

In this work, the focus is to identify the joint/interface parameters, therefore fixed-interface CMS has been 

used and thus the interface DOFs are retained. Next, a brief illustration of the fixed-interface CMS method 

on a two-component structure is presented. 

The equation of motion of component α, without considering the effect of damping, is 

 𝐦𝛼�̈�𝛼 + 𝐤𝛼𝐮𝛼 = 𝐟𝛼 (7) 

where 𝐦𝛼 , 𝐤𝛼 , 𝐟𝛼  and 𝐮𝛼 are the mass and stiffness matrices of component α, the force vector and the 

physical DOFs, respectively. In the following the α subscript is dropped for clarity. The physical DOFs, 𝐮, 

can be expressed as a set of internal DOFs, 𝐮𝐼, and a set of interface DOFs, 𝐮𝐵, as, 

 [
𝐦𝐼𝐼 𝐦𝐼𝐵

𝐦𝐵𝐼 𝐦𝐵𝐵
] [

�̈�𝐼

�̈�𝐵
] + [

𝐤𝐼𝐼 𝐤𝐼𝐵

𝐤𝐵𝐼 𝐤𝐵𝐵
] [

𝐮𝐼

𝐮𝐵
] = [

𝐟𝐼
𝐟𝐵

] (8) 

The fixed-interface normal modes of a component are the eigenvectors of the component with the interface 

DOFs fixed. The corresponding eigenvalue problem is then  

 (𝐤𝐼𝐼 − 𝜆𝑗𝐦𝐼𝐼)𝛟𝐼,𝑗 = 𝟎 , 𝑗 = 1,… , 𝑛𝐼 (9) 

Note that the size of the eigenvalue problem in Eq. (7) is same as the cardinality of the internal DOFs 𝑛𝐼. 

The eigenvectors 𝛟𝐼,𝑗 form the columns of the fixed-interface modal matrix. Here, only a subset of the first 

p modes are retained, and thereby the dimension of the component model is reduced. 

In the fixed-interface CMS method, the component modal space consists of the retained fixed-interface 

normal modes and the static constraint modes, and they are combined to yield the component transformation 

matrix 𝐆 as, 

 𝐆 = [
𝛟𝐼𝑝 −𝐤𝐼𝐼

−1𝐤𝐼𝐵

𝟎 𝐈𝐵𝐵
] (10) 

The static constraint modes ensure compatibility of displacements of the components at their interface, 

enhance convergence and yield the exact static solution. The transformation from physical coordinates, u, 

to component modal coordinates, q, is then, 

 𝐮 = [
𝐮𝐼

𝐮𝐵
] = 𝐆𝐪 = [

𝛟𝐼𝑝 −𝐤𝐼𝐼
−1𝐤𝐼𝐵

𝟎 𝐈𝐵𝐵
] [

𝐪𝑝

𝐪𝑐
] (11) 

The internal physical coordinates 𝐮𝐼 are transformed into the fixed-interface modal coordinates 𝐪𝑝. The 

physical interface coordinates 𝐮𝐵 are retained, but are denoted as constraint coordinates 𝐪𝑐. The component 

modal mass and stiffness matrices 𝛈 = 𝐆𝐓𝐦𝐆, 𝛎 = 𝐆𝐓𝐤𝐆 take the form, 

 𝛈 = [
𝐈𝑝𝑝 𝐦𝑝𝑐

𝐦𝑝𝑐
𝑇 𝐦𝑐𝑐

] , 𝛎 = [
𝚪𝑝𝑝 0

0 𝐤𝑐𝑐
] (12) 

where the matrices 𝐦𝑐𝑐 and 𝐤𝑐𝑐 are the constraint mass and stiffness matrices for component α, 𝐦𝑝𝑐 

represents a coupled matrix term and 𝚪𝑝𝑝 is a diagonal matrix of retained fixed-interface modal eigenvalues.  

Thus, the equation of motion for component α can be expressed as 

 𝛈𝛼�̈�𝛼 + 𝛎𝛼𝐪𝛼 = 𝐟𝑞
𝛼 ,           𝐟𝑞

𝛼 = 𝐆𝛼𝑇
𝐟𝛼 (13) 

Next, the assembly of two components (say, α and β) is considered. The continuity of displacements at their 

interface implies 𝐮𝐵
𝛼 = 𝐮𝐵

𝛽
 in the physical space, and is converted into component modal space, such that 

𝐪𝑐
𝛼 = 𝐪𝑐

𝛽
. In order to impose the coupling conditions, the following transformation is applied, 
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 𝐪 =

[
 
 
 
 
𝐪𝑝

𝛼

𝐪𝑐
𝛼

𝐪𝑝
𝛽

𝐪𝑐
𝛽
]
 
 
 
 

= [

𝐈 𝟎 𝟎
𝟎 𝟎 𝐈
𝟎 𝐈 𝟎
𝟎 𝟎 𝐈

] [

𝐪𝑝
𝛼

𝐪𝑝
𝛽

𝐪𝑐

] (14) 

After assembling the component modal matrices, the global mass and stiffness matrices take the form, 

 𝐌 = [

𝐈𝑝𝑝
𝛼 𝟎 𝐦𝑝𝑐

𝛼

𝟎 𝐈𝑝𝑝
𝛽

𝐦𝑝𝑐
𝛽

𝐦𝑝𝑐
𝛼 T 𝐦𝑝𝑐

𝛽 T
𝐌𝑐𝑐

]      𝐊 = [

𝚪𝑝𝑝
𝛼 𝟎 𝟎

𝟎 𝚪𝑝𝑝
𝛽

𝟎

𝟎 𝟎 𝐊𝑐𝑐

] (15) 

 𝐌𝑐𝑐 = 𝐦𝑐𝑐
𝛼 + 𝐦𝑐𝑐

𝛽
,             𝐊𝑐𝑐 = 𝐤𝑐𝑐

𝛼 + 𝐤𝑐𝑐
𝛽

  

Note that the dimension of the global matrices is reduced depending on the number of fixed-interface modes 

retained in the component modal matrices 𝐆𝛼 and 𝐆𝛽. As previously stated, we have employed the fixed-

interface CMS method within the stochastic model updating framework and therefore interface reduction is 

not discussed [42]. The fixed-interface CMS method described in this section, combined with the stochastic 

model updating framework, will be referred to as the reduced order model type-2 (ROM2). 

6 Numerical results 

To identify the distribution of the joint model stiffness parameters, the experimental natural frequencies 

extracted from the FRF in Fig. 2 corresponding to bolt torque = 15 Nm are used. First, an undamped dynamic 

model is constructed for the structure. Timoshenko beam elements, as previously stated, are used to model 

the beam sections of the structure and the joint generic element is used to model the joint section. Overall, 

50 beam elements and 5 joint elements are used. In the FE model, the material properties of the beam 

sections are taken as E = 208 GPa and ρ = 7860 kg/m3. Also, the mass effects of the bolts and nuts, and the 

accelerometers are considered as point masses in the FE model with mb = 0.012 kg and Ib = 3.45 x 10-6 kg m2 

for the bolts and nuts and ma = 0.0075 kg and Ia = 9.84 x 10-8 kg m2 for the accelerometers. 

The Metropolis-Hasting algorithm is used to draw samples from the posterior function defined by Eq. (2) 

and hence to identify the variation of joint element stiffness parameters defined by Eq. (2). In this paper, a 

normal distribution function is considered to govern the initial probability of each joint element stiffness 

parameters. Starting with an initial value for the joint element stiffness parameter vector, new random 

samples are generated by using the initial distribution function defined for each parameter and are accepted 

based on an accept-reject criterion. This procedure is continued until enough samples are generated and 

hence the distribution of joint element stiffness parameters is identified. The mean value for the initial 

probability of each joint element stiffness parameter is estimated by updating a deterministic model using 

mean values of the first five natural frequencies. 

It is worth mentioning that the pressure distribution over the contact interface is non-uniform. Therefore, 

ideally joint elements with different stiffness parameters should be used to model the joint section in the 

deterministic identification. However, increasing the number of unknown parameters could result in a badly 

conditioned problem which introduces difficulties in the identification procedure. Since identification of the 

deterministic model is mainly to estimate for the mean value of the initial probability of each joint element 

stiffness parameter, the assumption of a constant distribution of bolt preload, which allows the modelling of 

the joint section using similar joint elements, is sufficient. 

For the full configuration of the FE model, the first and second sub-structure comprises 60 and 90 DOFs, 

respectively. The DOFs associated with the interface are 18. For ROM2, 12 DOFs are retained from each 

of the sub-structures with the help of fixed-interface CMS. For ROM1, 45 samples are generated by Latin 

hypercube sampling [43] to train each of the ML approaches. Note that all the ML techniques except GRNN 

are employed as single-output models, i.e. a separate model is constructed for each natural frequency. A 

multi-output version of GRNN is implemented here which allows a single model to predict all of the five 

natural frequencies of interest. 
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The frequency response functions (FRFs) of the global system obtained by the reduced model based 

stochastic model updating are shown in Fig. 3. Validation has been performed with the help of the full 

(unreduced) FE based stochastic model updating results. From the results of Fig. 3, it is observed that the 

first few frequencies are well captured by the reduced models with reasonable accuracy, however differences 

are noticeable for the higher frequencies. This is especially important for stochastic model updating where 

predicting the mean of the natural frequencies is critical and affects the results significantly.  

Box plots of the first five natural frequencies of the assembled system with the updated joint stiffness 

parameters are shown in Fig. 4. The mean of all the natural frequencies have been well captured by all the 

ML techniques in most cases as observed from Fig. 4. However, the accuracy obtained by GRNN is not 

satisfactory in a few instances. This may be due to the fact that one single model maps all of the five 

frequencies (i.e. multi-output), unlike the other ML techniques used here. Since GRNN requires less 

computational effort, as a consequence it yields inferior results compared to the other models. ANN achieves 

the best performance, capturing the overall variation in closest proximity to the actual FE based stochastic 

model updating results. The performance of GP is also note-worthy, however, the number of outliers are 

significantly high. The SVM predicts the mean quite well but fails to capture the overall variation.  

Boxplots show the variation of the updated joint stiffness parameters by the ML techniques in Fig. 5. Note 

that in Fig. 5, the first five labels (1-5) represent translational stiffness of the 5 joint elements (left y-axis) 

and the next five labels (6-10) represent rotational stiffness of the 5 joint elements (right y-axis). All of the 

ML techniques except GRNN have approximated the overall variation of the updated joint stiffness 

parameters with satisfactory accuracy.    
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Figure 3. FRF plots of the updated model. For the full FE model, the number of internal DOFs for the 

first and second sub-structures are 60 and 90, respectively and for ROM2, the number of internal DOFs 

retained for the first and second sub-structures are 12 and 12, respectively 
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Figure 4. Natural frequencies of the assembled beam system with the updated joint stiffness parameters. 

 

  

  

USD - UNCERTAINTY MODELLING AND PROPAGATION 3701



 

Figure 5. Variation of the updated joint stiffness parameters. Note that labels 1-5 represent the joint 

translational stiffness (left y-axis) and labels 6-10 represent the rotational stiffness (right y-axis). 

7 Summary and conclusions 

In this work, two reduced-order model based stochastic model updating frameworks are developed. The first 

framework (ROM1) integrates ML techniques instead of the actual FE model and the second (ROM2) 

integrates the fixed-interface CMS method instead of the full FE model, thus, reducing the computational 

cost of a conventional stochastic model updating framework. In addition to the reduction of computational 

effort, the accuracy of the reduced models, in terms of the proximity to the results of the unreduced actual 

FE based stochastic model updating, is also investigated. It is observed that both ROM1 and ROM2 captures 

the first few natural frequencies (from the FRFs) adequately, however, the higher frequencies are not 

approximated well. ANN performs the best, followed by GP, in approximating the overall variation of the 

natural frequencies of the assembled system. The model configuration of GRNN and SVM need more 

parameter tuning for better performance. The study shows that, although the results are good, one needs to 

be very cautious in defining the reduced model configuration (the extent of reduction and/or, adjusting 

model parameters) as the accuracy aspect is pivotal to stochastic model updating frameworks, and 

consequently, a slight deviation in the intermediate optimization iterations can lead to inaccurate updated 

system parameters.    
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Abstract
This contribution presents a highly efficient and effective approach to bound the reliability of linear structures
subjected to combinations of epistemic and aleatory uncertainty. These combinations can take the form of
imprecise probabilities or hybrid uncertainties. Typically, the computation of the bounds on the reliability
involves solving a nested double loop problem, which is intractable without resorting to surrogate modeling
schemes. In this paper, a method is presented to break this double loop by virtue of the operator norm
theorem. Indeed, in case linear models are considered, the paper shows that the computational efficiency of
propagating these uncertainties can be reduced to solving two optimization problems and two calculations of
the structural reliability. A case study involving a finite element model of a six-story building is included to
illustrate the application, efficiency and effectivity of the developed technique.

1 Introduction

Most dynamically loaded systems exhibit some sort of randomness in their structural behaviour during their
functional life, which is for instance caused by several uncontrollable sources of variability in the load-
ing conditions. However, in many practical engineering applications the statistical properties of a large
number of samples of the phenomenon are often found to be constant [1], which motivates the application
of stochastic methods to assess the reliability (i.e., the probability that the structure does not fail given a
stochastic description of the load) of a structure. This is for instance the case while assessing the dynam-
ical reliability of a wind turbine to gust loads or the probability that a building collapses as a result of an
earthquake. In the context of such stochastic dynamical models, these inherently variable loads are often
represented as a time-domain stochastic process, where the time-domain behavior of the load is described by
an auto-correlation function or a power spectral density. However, in practice it is often very challenging to
obtain a crisp stochastic description of the loads incurred by these natural phenomena. This is a result from
(1) the need for sufficient high-quality data to estimate the likelihood that each possible load value within a
prescribed range can be obtained (i.e., a probability density function), as well as (2) the often intricate nature
of the auto-correlation functions or power spectral densities of these loads [2]. The required measurements
in these real-life conditions can furthermore be subjected to missing data [3]. Taking into account the large
influence that these properties have on the computed reliability of the structure or component under consid-
eration, it is reasonable to question to which extent such a computed crisp value for the reliability of the
structure is realistic when only a very limited data set is available to estimate the governing parameters from.
This question is especially valid in case project decisions are based on computed crisp reliability values.

The framework of imprecise probabilistic analysis [4] offers a variety of tools to relax the need for a crisp
probabilistic description of a stochastic quantity, and hence, allows for explicitly taking the (epistemic)
uncertainty an analyst has concerning the parameters of the stochastic process model into account in the
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reliability estimation. Instead of a crisp value for the probability of failure, in this case, bounds are obtained
between which the true crisp probability of failure is believed to lie. This allows for instance to assess the
sensitivity of the computed probability of failure to the level of uncertainty the analyst has on the required
stochastic descriptions. Concerning the estimation of the bounds on the probability of failure, many effi-
cient approaches have been introduced for scalar imprecise probability problems, such as e.g., those based
on Chebyshev polynomial schemes [5], Line Sampling [6, 7], Polynomial Chaos Expansions [8], Interval
Predictor Models [9, 10] or variants of the Sobol-Hoeffding decomposition (a.k.a. HMDR) combined with
Extended Monte Carlo simulation [11]. However, it is as yet unclear how these bounds can be efficiently
obtained when the structure is subjected to a load modelled as a stochastic process with an imprecise auto-
correlation structure without resorting to computationally demanding double-loop approaches as presented
in [12] or [13]. In this context, also HDMR-based schemes have been recently applied [14].

This paper presents an efficient and highly accurate approach for the computation of the bounds on the
failure probability of linear structures with epistemic uncertain properties that are subjected to loads that are
modelled as imprecise stochastic processes. By applying the operator norm theorem and fully exploiting the
linearity of the problem, the proposed method is capable to fully decouple the epistemic uncertainty in the
parameters of the stochastic model from the stochastic process itself, and as such allows determining those
values for the epistemic uncertain parameters that yield the bounds on the probability of failure a priori, as
presented by the authors in the unpublished papers [15] and [16]. It goes beyond the developments in [15]
by also admitting epistemic uncertainty in the definition of the numerical model. This drastically reduces the
computational cost of the computation, as no double loop approach is required. Furthermore, the method is
so efficient that it can be applied without resorting to surrogate modelling schemes. The paper is structured
as follows; Section 2 provides the theoretical background on stochastic dynamic motion simulation; Section
3 discusses the proposed approach for imprecise stochastic load propagation; Section 4 provides a case study
on a six-story building model and Section 5 lists the conclusions of the work.

2 Imprecise probabilistic analysis

2.1 Model definition

The main idea to fully decouple the propagation of epistemic and aleatory uncertainty is based on previous
work of the authors [15], where they showed that operator norm theory can be used to successfully decouple
the epistemic and aleatory uncertainty of the response associated with a crisp structural model subject to
imprecise stochastic loading.

The scope of application of the method is on models whose response can be cast in the following form:

y(θ,ϑ, z) = A(θ)z(ϑ), (1)

with y ∈ Rny the response of the model under consideration (e.g., a mechanical stress or temperature distri-
bution), θ ∈ T ⊆ Rnθ a vector of model parameters (e.g., a constitutive material model or the description of
a boundary condition) belonging to an admissible set T (e.g., non-negative stiffness values or temperatures).
A : Rnz 7→ Rny is herein a linear map that describes the physical behaviour of the continuum that is being
modelled, which is in an engineering context often represented via a finite element or finite difference model.
For example, within the framework of structural mechanics,A corresponds to the inverse of the stiffness ma-
trix. The parameter z is the input to the model (e.g., a distributed load, pressure distribution or thermal flux)
and is parameterized by a vector ϑ ∈ Rnϑ .

In the context of performing non-deterministic analysis, several parameters (θ,ϑ) and inputs (z) of the
structure that is modelled have to be represented by an uncertainty model. This model represents a predefined
description of the inherent variability, vagueness, ambiguity, lack of knowledge or a combination of these
factors into a mathematically rigorous framework that allows for eliciting the uncertainty in the dynamical
response of the structure. Several categories of uncertainty can be defined in this context, based on their
origin as aleatory uncertainty (inherent variation) or/and epistemic uncertainty (lack of knowledge) [17]:
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Type I: Parameters without any uncertainty, modelled as a crisp number

Type II: Parameters containing only epistemic uncertainty, appearing as unknown-but-fixed constants or
variable properties (see e.g., [18])

Type III: Parameters containing only aleatory uncertainty, appearing as random variables with a fully pre-
scribed stochastic description (see e.g., [19])

Type IV: Parameters containing both aleatory and epistemic uncertainties, represented as imprecise proba-
bilities (see e.g., [4]

For the rest of the paper, the subscripts II , III and IV are used to denote which of these three types of
uncertainty models is used to describe a parameter. For notational simplicity, the subscript I is omitted from
the equations. When considering stochastic dynamical models, the displacement over time y(t) of several
nodes of the structure as a result of a stochastic excitation p(t, ξIII) is governed by the dynamical equation:

Mη̈(t) +Cη̇ (t) +Kη (t) = ρp (t, ξIII) , (2)

with t ∈ [0, T ] and η(0, ξ) = η̇(0, ξ) = 0; and where t denotes time, η ∈ RnD , η̇ ∈ RnD and η̈ ∈ RnD
are vectors that represent the displacement, velocity and acceleration; M ∈ RnD×nD , C ∈ RnD×nD , and
K ∈ RnD×nD are the mass, (classical) damping and stiffness matrices. The stochastic Gaussian loading
p(t, ξIII) is coupled to the degrees-of-freedom of the structure by means of vector ρ.

A single response yi(t, ξ) can be calculated by means of the convolution integral:

yi (t, ξIII) =

∫ t

0
hi (t− τ) p (t, ξIII) dτ, (3)

where hi(t) is the unit impulse response function associated to the ith response node, which is defined as:

hi(t) =

nD∑

v=1

γTi φvφ
T
v

φTvMφv

1

ωv,d
e−ζvωvt sin(ωv,dt), (4)

where φv, v = 1, . . . , nD are the eigenvectors associated with the eigenproblem of the undamped equa-
tion of motion; ωv, v = 1, . . . , nD are the natural frequencies of the system; ζv, v = 1, . . . , nD are the
corresponding damping ratios; ωd,v = ωv

√
(1− ζ2v ), v = 1, . . . , nD are the damped frequencies; γi is a

vector that retrieves the degree-of-freedom of interest; and (.)T denotes transpose. Taking into account the
representation of the stochastic loading p (t, ξIII) in terms of its Karhunen-Loève expansion (see e.g., [20])
and time discretization step ∆t, the convolution integral in Eq. (3) can be approximated as a summation,
where the dynamic response of interest evaluated at time tk is:

yi(tk, ξIII) =

k∑

l1=1

∆tεl1hi(tk − tl1)



nKL∑

l2=1

ψl1,l2
√
λl2ξl2


 (5)

= aTi,kξIII , k = 1, . . . , nT , (6)

where ψl1,l2 is the (l1, l2)-th element of matrix Ψ ∈ RnD×nKL which collects the eigenvectors of the discrete
autocorrelation matrix Γpp(τ), with τ a positive time-lag, of p (t, ξIII); λl2 is the lth2 eigenvalue of Γpp; and
ai,k is a vector of dimension nKL × 1 such that:

ai,k =




∑k
l1=1 ∆tεl1hi(tk − tl1)ψl1,1

√
λ1∑k

l1=1 ∆tεl1hi(tk − tl1)ψl1,2
√
λ2

...∑k
l1=1 ∆tεl1hi(tk − tl1)ψl1,nKL

√
λnKL ,


 (7)
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and εl1 is a coefficient depending on the numerical integration scheme used in the evaluation of the convo-
lution integral. For the case where the trapezoidal integration rule is chosen, εl1 = 1/2 if l1 = 1 or l1 = k;
otherwise, εl1 = 1. It is clear that the form of Eq. (5) corresponds to the one presupposed in Eq. (1).

2.2 Crisp failure probability

In a classical reliability engineering context, the analyst is interested in computing the probability of failure
pF of the structure given a predefined type-III uncertainty in its definition or the imposed load condition. To
account for such aleatory uncertainty, the model introduced in Eq. (1) becomes:

yi(θ,ϑ, ξIII) = ai(φIII ,θ,ϑ)ξIII , i = 1, ..., ny (8)

with ai = [ai,1,ai,2, . . . ,ai,nT ],φ ∈ Rdφ and ξ ∈ Rdξ , and whereφIII and ξIII represent type-III uncertain
properties of the structural model and the model input, respectively. These properties are represented by their
respective probability density functions fΦ(φ) and fΞ(ξ). In this case, the probability of failure pF is readily
defined as:

pF =

∫

x∈Rdx
IF (x) fX (x)dx, (9)

with x = [φ, ξ] and where fX (·) is the joint distribution function of fΦ(φ) and fΞ(ξ) in dx = nφ + nξ
dimensions, and IF (·) is an indicator function whose value is equal to one in case of a failure event and zero
otherwise:

IF =

{
1 yi(θ,ϑ,xIII) ≥ yt i = 1, . . . , ny

0 otherwise
(10)

with yt a predefined threshold value, corresponding to a structural failure. It should be noted that the prob-
ability integral in Eq. (9) usually comprises a high number of dimensions, as nx may be in the order of
hundreds or thousands, while the performance function is known point-wise only for specific realizations x
of X . This precludes the application of quadrature schemes for evaluating pF and favor the application of
simulation methods, see e.g. [21]. However, also the application of simulation methods can be computation-
ally costly since repeated evaluations of Eq. (1) are required.

2.3 Imprecise failure probability

The computation of a crisp failure probability requires the exact definition of the probability density functions
fΦ(φ) and fΞ(ξ). However, in many real life situations, the analyst only has partial information about these
quantities. As a result, also type-II and type-IV uncertainties have to be taken into account during the
modelling phase. To account for various sources of uncertainty in the description of the different model
quantities, as described in the introduction, the description of the model that is introduced in Eq. (1) is as
such extended as:

yi(θII ,ϑII , zIV ) = ai(φIII ,θII ,ϑII)ξIII , i = 1, ..., ny (11)

where the index II in θ and ϑ denote that these parameters are subjected to epistemic uncertainty, modelled
for instance as intervals θI = [θ,θ] and ϑI = [ϑ,ϑ] or fuzzy sets. Note that in the notation followed in
this equation, the implicit assumption is made that a type-IV uncertain parameter (e.g., a Normal random
variable prescribed by an interval-valued mean and standard deviation) can be separated into an epistemic
and aleatory part. This assumption is warranted when the distribution can be recast into an affine form
depending on its defining parameters, as is the case for many commonly used density functions, or when the
quantity is prescribed by a random field via the well-known Karhunen-Loève series expansion [20].

Furthermore, since z and A are a function of both a Type II and a Type III valued parameter, they become
Type IV valued by construction. As an example, the case presented in Eq. (11) can correspond to a model of
a structure that is excited by a load which is governed by both a stochastic and an interval component (such
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as e.g., an imprecise stochastic process as described in [13]) where some parameters of the model are also
described by either stochastic parameters, intervals or a combination of both.

In the more general case of models described by Eq. (11), the definition of a crisp probability of failure is no
longer possible. In this case, due to the effect of the type-II uncertain parameters θII and ϑII , pF becomes
a type-II uncertainty as well. In case the type-II uncertainties are modelled as intervals, the two following
optimization problems over the set {θII ;ϑII} have to be jointly considered to bound pF:

pF = min
θII ,ϑII

(pF(θII ,ϑII)) (12)

= min
θII ,ϑII

(∫

x∈Rnx
IF (xIII ,θII) fX (xIII ,ϑII)dx

)
, (13)

to determine the lower bound of the probability of failure, and

pF = max
θII ,ϑII

(pF(θII ,ϑII)) (14)

= max
θII ,ϑII

(∫

x∈Rnx
IF (xIII ,θII) fX (xIII ,ϑII)dz

)
, (15)

to determine the upper bound. During each step of these optimizations, a full computation of pF has to be
performed according to Eq. (9) for each crisp value of θ ∈ θII and ϑ ∈ ϑII . As a side remark, it should
be noted that in case fuzzy sets are applied to represent the type-II uncertainty, a third layer is added to the
double loop, as a fuzzy set is usually decomposed into a set of intervals according to the α-level optimization
method [22].

3 Operator norm theory to propagate Imprecise Probabilistic uncer-
tainty

As is clear from the previous section, the propagation of imprecise probabilities through a numerical model
to infer bounds on the probability of failure usually comprises a high computational cost due to the asso-
ciated double loop problem. This section presents an approach to efficiently and effectively decouple the
aleatory from the epistemic uncertainty, and hence, break the double loop associated with solving Eq. (12)
and Eq. (14) by virtue of operator norm theory.

LetD : Rdv 7→ Rdr be a continuous linear map between two normed vector spaces Rdv and Rdr and ||•||p(i)
be a particular Lp(i) norm on these vector spaces with i ∈ [1,∞), then there exist a number c ∈ R and vector
v ∈ Rdv such that following inequality always holds:

||Dv||p(1)≤ |c|·||v||p(2) . (16)

The linear operator D maps the input vector v to an output vector r, that is r = Dv. Such map has a clear
analogy with Eq. (1), where A maps the model input z to its response y (i.e., the numerical model of the
continuum under consideration). As an example and to clarify this point, substitution of Eq. (5) into Eq. (16)
gives:

||aiξ||p(1)≤ |c|·||ξ||p(2) , (17)

and hence:
||y||p(1)≤ |c|·||ξ||p(2) . (18)

A measure for how much a certain deterministic linear map D increases the length of the uncertain model
input v in the maximum case, is given by the operator norm ||D||p(1),p(2) , which is defined in a deterministic
sense (i.e., for one realization of the uncertain parameters) as:

||D||p(1),p(2) = inf
{
c ≥ 0 : ||Dv||p(1) ≤ |c| · ||v||p(2) ∀v ∈ Rnv

}
. (19)
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The calculation of a particular ||D||p(1),p(2) norm evidently depends on the particular choice of p(1) and p(2).
An overview of different operator norm formulations, given p(1) and p(2), is given in [23].

As indicated in Eq. (12) and Eq. (14), a double loop approach is required when computing the bounds on
the probability of failure of a model that is subjected to combinations of Type-II, Type-III and Type-IV
uncertainty. However, the preceding discussion shows that for linear, continuous models, a measure exists
that represents the magnitude with which a certain model input is amplified towards the output. This notion
allows us to decouple Eq. (12) and Eq. (14). For that purpose, assume that Eq. (11) can be recast as:

yi(θII ,ϑII , zIV ) = ai(θII ,ϑII)ξIII , i = 1, ..., ny (20)

By virtue of the operator norm theorem, decoupling is applied by first determining those realisations θ∗,ϑ∗

of the epistemically uncertain parameters that provide the extrema in terms of the amplification of the input
(which according to Eq. (20), correspond to ξ) to y and hence, pF. These realisations are determined by
looking for those realisations of θ and ϑ that yield an extremum in the operator norm ||D||p(1),p(2) by solving
following optimization problems:

θ
∗
II ,ϑ

∗
II = argmin

θ∈θII ,ϑ∈ϑII
max
i
||ai(θ,ϑ)||p(1),p(2) (21)

and
θ∗II ,ϑ

∗
II = argmax

θ∈θII ,ϑ∈ϑII
max
i
||ai(θ,ϑ)||p(1),p(2) (22)

As such, Eq. (12) and Eq. (14) can be reformulated as:

pF = pF(θ
∗
II ,ϑ

∗
II) (23)

=

∫

ξ∈Rnξ
IF
(
ξIII ,θ

∗
II

)
fΞ
(
ξIII ,ϑ

∗
II

)
dξ, (24)

to determine the lower bound of the probability of failure, and

pF = pF(θ∗II ,ϑ
∗
II) (25)

=

∫

ξ∈Rnξ
IF

(
ξIII ,θ

∗
II

)
fΞ

(
ξIII ,ϑ

∗
II

)
dξ, (26)

to determine the upper bound. As such, the double loop is effectively broken since the propagation of
epistemic and aleatory uncertainty is fully decoupled.

4 Case study: six-story building model

The example to illustrate the effectivity and efficiency of the approach involves the six story reinforced
concrete building model depicted in Figure 1, which is borrowed from [24]. Each floor plan is of square
shape with side length 32 m and story height of 3.6 [m]. All floor slabs possess a thickness of 20 cm and
are supported by a C-shaped shear wall of 20 [cm] thickness and 16 columns of square cross section with
side length 40 [cm]. The Young’s modulus is set equal to 2.3 × 1010 [Pa]. It is assumed that the building
undergoes small displacements and hence, it is modeled as linear elastic. The behavior of the building is
characterized by means of a finite element model that comprises about 9500 shell and beam elements and
more than 50 × 103 degrees-of-freedom. The building is excited by a stochastic ground acceleration along
the y direction. This ground acceleration is generated considering a modulated Clough-Penzien (CP) model
(see [15]), with nominal parameters ϑ = [ωg, ωf , ζg, ζf , S0, c1, c2] = [4π [rad/s], 0.4π [rad/s], 0.7, 0.7, 3 ×
10−4 [m2/s3], 0.14, 0.16]. The total duration of the acceleration is 20 s and the time step discretization is
∆t = 0.01 s. Due to design purposes, it is of interest to control that the interstory drifts along the y direction
do not exceed a threshold level of 2×10−3 times the story height. These interstory drifts are controlled at five
points, between nodes n2-n1, n3-n2, n4-n3, n5-n4 and n6-n5, as illustrated in Figure 1. The probability of
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Table 1: Bounds of the epistemic parameters in the building model

Lower bound Upper bound
ωIg 2.40π [rad/s] 8π [rad/s]
ωIf 0.24π [rad/s] 0.8π[rad/s]
ζIg 0.6 0.85

ζIf 0.6 0.85

SI0 2.25× 10−4 [m2/s3] 3.75× 10−4 [m2/s3]
cI1 0.12 0.16
cI2 0.14 0.18
E 2.07× 10+10 [Pa] 2.53× 10+10 [Pa]

failure, represented by a first excursion probability, is computed using Direction Importance Sampling [25]
with a sample size of 500 deterministic model evaluations. In this case study, 13 epistemically uncertain
parameters are considered on top of this aleatory uncertain load: the 7 parameters corresponding to the
modulated Clough-Penzien autocorrelation spectrum, as well as Young’s modulus of each floor slab of the
building. These values are represented in Table 1.

Figure 1: Example 2 – Isometric view of the building model

The interstory drift values are computed using a convolution approach, which yields a linear map A per
interstory drift as:

ak =




aTk,1
aTk,2

...
aTk,2001


 , (27)

with k = 1, 2, ..., 5. In this case study, p(1) →∞ is selected since failure is described as one of the responses
exceeding a prescribed threshold within a certain time interval, which corresponds to the first-excursion
probability. Regarding p(2), numerical experience as reported in [15] suggest that it should be selected such
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that p(2) = 2, as this can be loosely interpreted as the energy content associated with the external loading. In
this case, the operator norm corresponds to the largest L2 norm of a row of ak. Then, based on this set of 5
linear maps ak and their corresponding operator norms, the following optimization problems are solved to
determine those epistemic parameters that provide the bounds on the probability of failure:

[E∗,ϑ∗] = argmin
E∈EI ,ϑ∈ϑI

max
i

max
l
||ai,l:||2 (28)

to determine those parameters that yield the lower bound and:

[E∗,ϑ∗] = argmax
E∈EI ,ϑ∈ϑI

max
i

max
l
||ai,l:||2 (29)

to determine those parameters that yield the upper bound. Note that the subindex l : indicates that the
l-th row of matrix ai is being considered. These optimization problems are solved using Particle Swarm
Optimization. The corresponding probability of failure values are subsequently computed via Directional
Importance Sampling.

To compare the effectivity and efficiency of the operator norm approach, it is compared to two other methods
to compute the bounds on pF:

• a vertex analysis, where all combinations of the bounds of the parameters in ϑI are combined, leading
to 213 = 8192 computations of the probability of failure and hence, 4096000 deterministic model
evaluations

• Quasi Monte Carlo simulation under the assumption of a uniform distribution between the bounds in
ϑI comprising of a Sobol sequence with 10000 points, leading to 10000 computations of the proba-
bility of failure and hence, 5000000 deterministic model evaluations,

The results of the propagation of the uncertainty through the building model, obtained by performing the
three propagation approaches as discussed above are illustrated in Table 2. In this table, Ã = maxi maxl ai,l:.
From this table, it is clear that the Operator norm optimization is perfectly capable of bounding the proba-
bility of failure on the structure, given the sources of uncertainty, at greatly reduced computational cost in
comparison to the other approaches. In fact, the upper bound of pF is not perfectly captured by the Vertex
method, which can be explained by a possible non-monotonic relationship between the parameters and input
of the model and pF, which is caused interplay between the frequency content of the non-stationary stochastic
base excitation with resonances inside the structure. Since the Vertex method requires such monotonicity, it
underestimates the upper bound. Finally, it is shown that applying Quasi Monte Carlo simulation to replace
the outer loop in this case gives a large under-estimation of the bounds on pF, despite the extremely high
computational cost.

Table 2: Results obtained by (1) applying the Vertex analysis, (2) replacing the outer loop with Quasi Monte
Carlo and (3) optimizing over the operator norm

||Ã||p(1),p(2) pF n0 FE solutions

Vertex analysis
ϑ∗ 0.0012 6.328 · 10−08

4096000
ϑ∗ 0.0025 0.0855

Quasi Monte Carlo
ϑ∗ 0.0013 9.0432 · 10−07

5000000
ϑ∗ 0.0023 0.0481

min||A||p(1),p(2)
ϑ∗ 0.0012 6.59 · 10−08 500+3000
ϑ∗ 0.0025 0.0894 500+2100

These conclusions are furthermore confirmed by Figure 2. This figure shows pF plotted against ||Ã||p(1),p(2) ,
as obtained by performing a Vertex analysis (blue crosses), Quasi Monte Carlo sampling (orange dots) and
the optimization approach (black diamonds). This figure furthermore shows that a reasonably smooth and
monotonically increasing relationship between pF and ||Ã||p(1),p(2) exists.
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Figure 2: Results of the propagation of the uncertainty through the building model, obtained by performing
a Vertex analysis (blue crosses), Quasi Monte Carlo sampling (orange dots) and the optimization approach
(black diamonds).

5 Conclusions

This paper presents a new approach to efficiently and effectively bound the responses and probability of
failure of a dynamically loaded structure that is affected by combinations of epistemic, aleatory and im-
precise probabilistic uncertainty. Whereas such propagation is typically performed following a double-loop
approach, the developments in this paper allow for propagating these sources of uncertainty with a strict
decoupling between aleatory and epistemic uncertainty by virtue of the operator norm theorem. Indeed, the
double loop is effectively replaced by two optimization problems and two computations of the probability of
failure.

The paper shows that, under the specific scope of linear models subjected to epistemic uncertainty to which
an imprecise probabilistic load is applied, a gain in computational efficiency with several orders of mag-
nitude can be obtained. A case studies highlights the effectivity and efficiency of the method, especially
in comparison to naive double-loop approaches. Future work will be focused on extending the method to
(1) more general linear model formulatinos, (2) nonlinear numerical simulation models (e.g., using statistical
linearization or appropriate series expansion methods) and (3) including stochasticity in the numerical model
as well.
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Abstract
For the identification of the most influential input variables in a simulation model, global sensitivity analyses
can be applied. For deterministic simulation models, i.e. models that yield the same outputs when being
evaluated twice with the same set of inputs, sensitivity analyses are widely known. However, some simula-
tion models are non-deterministic (i.e. stochastic) and include uncontrollable variables (also called seed or
stochastic inputs). For stochastic models, each model evaluation leads to at least slightly different results.
As a consequence, total sensitivity indices - measuring the influence of an input including all its interactions
- cannot be calculated exactly, since uncontrollable variables cannot be fixed. So far, approximations are
either based on an averaging approach or quasi total indices are used. Depending on the model and the con-
sidered input, any of the two approaches can yield better results. That is why, here, a method to determine
the preferable approach is proposed.

1 Introduction

Complex simulation models have commonly a high number of inputs variables. All of these inputs feature
some amount of uncertainty, which influences to some extent the model outputs and their uncertainties. In
many situations, it is helpful to identify the most important inputs - i.e. those inputs influencing relevant
model outputs significantly - in order to prioritise relevant inputs (e.g. in optimisations tasks) or to fix/freeze
insignificant inputs (e.g. for probabilistic analyses). The identification of these “important” inputs is usually
done by conducting sensitivity analyses. Derivative-based approaches are applied, if local sensitivities are
of interest. However, they are less relevant for highly non-linear phenomena and for cases, where the entire
input space is of importance. In these situations, global approaches [1, 2] are very popular due to their
potential to cover non-linear and coupling effects. Global sensitivity approaches range from relatively simple
elementary effects [3] to variance-based approaches, e.g. Sobol’ indices [4, 5].
For deterministic simulation models, an output (Y ) only depends on the inputs (X):

Y = f(X). (1)

Hence, if a deterministic model is evaluated twice with the same set of inputs, it yields the same output.
For such models, Sobol’ indices were used in almost all engineering disciplines to determine relevant inputs
[6, 7, 8]. However, real-world problems can also feature stochastic, random aspects, so that repeating an
analysis (e.g. an experiment) several times with the same set of inputs varying results are achieved. This
means that an output does not only depend on the inputs, but also on uncontrollable effects (Xε), i.e. an
stochastic input:

Ys = g(X, Xε). (2)

These uncontrollable effects are problematic for variance-based sensitivity analyses, since the classical com-
putation of Sobol’ indices [9] requires to fix one variable after the other, which is not possible for the un-
controllable variable (Xε). The question is: how relevant is this problem for numerical simulations, since
computer results are deterministic by definition. To answer this question, first, it has to be explained how
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stochastic real-world problems are modeled. In most cases, stochastic simulation models, which model
uncontrollable effects by a so-called seed variable or uncontrollable variable, are applied. In stochastic com-
puter models, this seed variable is represented by a quasi-random number. The seed variable is not set by
the user, but is generated (quasi) randomly in each run by the simulation model itself. Typical examples for
stochastic models are random biochemical reactions [10] or loads due to turbulent wind fields [11]. Surely,
in many cases, the user can replace the random number by a controllable initial seed to fake a deterministic
version of the stochastic simulation model and to apply standard computation techniques for Sobol’ indices.
These quasi stochastic models are not the focus of this work. Here, real stochastic models with an actually
uncontrollable variable are considered. This can be, for example, the case, if the source code of the simu-
lation models is not available and the user cannot set an initial seed or if the seed variable interacts in an
unknown manner with other variables. An example is the dependence of turbulent wind loads of the discreti-
sation of the wind field in the aero-elastic wind turbine simulation code FAST [12]. Another reason for really
uncontrollable variables can be the inclusion of experimental results (e.g. in form of a lookup table) within a
simulation code. Hence, although computer results are deterministic by definition, it is not always possible
to control all inputs within a computer model. That is why alternatives to standard calculation concepts for
Sobol’ indices are relevant for (real) stochastic simulation models.
During the last decade, various approaches to compute Sobol’ indices for stochastic models were proposed.
Mainly four concepts can be differentiated: 1) using the mean value of several simulations with varying
uncontrollable variable [13, 14, 15], 2) using other statistics of several simulations [10, 16], 3) applying joint
meta-models [17, 18, 19], and 4) treating the seed variable as a controllable input [17, 13]. All these concepts
have their advantages and shortcomings. Using mean values leads to a neglect of the uncontrollable variable
and interactions with it. The use of other statistics requires - in most cases - an inapplicable high number of
model evaluations. Joint meta-models are numerically efficient, but are less accurate and yield only upper
and lower limits for total sensitivity indices. Finally, the treatment of the seed variable as a controllable one
enables an accurate determination of main indices, but total indices are only approximated as interactions
with the uncontrollable variable cannot be determined. Since the use of other statistics is only applicable to
simple simulation models and joint meta-models yield only approximations of Sobol’ indices by definition,
in the following the focus is on the other two concepts.
For main sensitivity indices (Si), the use of mean values (i.e. using several (m) repetitions) and the treatment
of uncontrollable variables as controllable (i.e. using all models evaluations for the design space exploration
(n)) were both studied by Mazo [13]. He showed that both concepts lead to the same ranking of sensitivity
indices, but to different values. Moreover, he determined an optimal number of repetitions that is required to
determine the correct ranking.
The determination of total Sobol’ indices (ST,i) for stochastic simulation models is even more challenging,
since neither the use of mean values (called “mean total indices” (SmT,i) in the following) nor treating all
variables as controllable (called “quasi total indices” (SqT,i) in the following [17]) can take interactions of
the uncontrollable variable into account. Although both concepts lead to the same sensitivity ranking, the
absolute values can differ significantly. Depending on the simulation model, sometimes mean total indices
and sometimes quasi total indices are the more accurate approximation. That is why in this work, it is shown
which index leads to better results for which model. It is demonstrated that the performance depends on the
sensitivity of the uncontrollable variable (Sε) and its interaction terms (Siε). The dilemma is that these terms
cannot be determined exactly. Therefore, a meta-model for the dispersion is applied to approximate these in-
dices in order to decide whether mean or quasi total indices are more suitable. Finally, this procedure enables
to define fairly accurate limits for total sensitivity indices of stochastic simulation models that outperform
standard approaches like mean and quasi total indices as well as joint meta-models.
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2 Global sensitivity analysis

2.1 Sobol’ indices

Initially, let Y be the output of a deterministic function f(X) of a d-dimensional set of uniformly distributed
random inputs X , Xi ∼ U(0, 1):

Y = f(X), X = (X1, X2, . . . , Xd). (3)

This function can be decomposed in the form [4]:

Y =
∑

u⊆U
fu(Xu) = f0 +

d∑

i=1

fi(Xi) +
∑

1≤i<j≤d
fij(Xi, Xj) + · · ·+ f1...d(X1, . . . , Xd), (4)

where U = {1, 2, . . . , d} and f0 is a constant. This is called ANOVA decomposition, if
∫
fu(Xu)dXu = E[fu] = 0 (5)

is fulfilled for all u ⊆ U \ ∅. In this case, the functions f0 to f1...d can be written as conditional expectations
as follows:

f0 = E[f ], (6)
fi = E[f |Xi]− f0, (7)
fij = E[f |Xi, Xj ]− fi − fj − f0, (8)
. . .

f1...d = E[f |X1, . . . , Xd]−
∑

w⊂U
fw (9)

or in an integral form as:

f0 =

∫
f(X)dX (10)

fu =

∫
f(X)dXu′ −

∑

w⊂u
fw for u ⊆ U \ ∅, (11)

where u′ is the complement set of u, so that {u∪ u′} = U and {u∩ u′} = ∅. Moreover, it can be shown that
all the functions fu are orthogonal. With the definition of the variance, the use of Eq. 5, and the orthogonality
property, the partial variances Du can be written as:

Du = Var[fu] = E[f2u ] (12)

= E



(∫

f(X)dXu′ −
∑

w⊂u
fw

)2

 (13)

= E

[(∫
f(X)dXu′

)2
]
− E

[∑

w⊂u
f2w

]
(14)

=

∫ (∫
f(X)dXu′

)2

dXu −
∑

w⊂u
Dw. (15)
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See Tang et al. [20] or Hübler [21] for more details. Finally, main and total Sobol’ sensitivity indices are
defined as

Su =
Du

D
and (16)

ST,u =
∑

u⊆v⊆U

Dv

D
, (17)

respectively [4]. Exemplary, some Sobol’ indices for a model function with three inputs are given:

S1 =
D1

D1 +D2 +D3 +D12 +D13 +D23 +D123
and (18)

ST,1 =
D1 +D12 +D13 +D123

D1 +D2 +D3 +D12 +D13 +D23 +D123
. (19)

2.2 Stochastic sensitivity analysis

In this work, stochastic functions are considered. Therefore, let Ys be the output of a stochastic function
g(X, Xε) of a d-dimensional set of uniformly distributed random inputs X , Xi ∼ U(0, 1) and an uncontrol-
lable seed variable Xε:

Ys = g(X, Xε), X = (X1, X2, . . . , Xd). (20)

Ignoring the fact that Xε cannot be controlled for an instance, and therefore, treating it as input d + 1, the
same sensitivity indices can still be defined:

Ss,u∗ =
Du∗

D∗
and (21)

SsT,u∗ =
∑

u∗⊆v∗⊆U∗

Dv∗

D∗
, (22)

with U∗ = {U ∪Xε}, u∗ ⊆ U∗, and D∗ =
∑

v∗⊆U∗ Dv∗ .
However, when taking a closer look at Eqs. 6 to 9 for stochastic models, a problem becomes apparent.
These equations require conditional expectations with respect to all input variables. That poses a problem,
since it is impossible to fix uncontrollable variables at a specific value, so that E[f |Xε] and other conditional
expectations with Xε cannot be calculated. As a consequence, Dε and Dεu are unknown. For all main
sensitivity indices except Ss,ε, these terms are not needed, so that Ss,i ∀ i ∈ U are the same for deterministic
and stochastic simulation models (cf. Eq. 23). Regarding total indices, only SsT,ε can be computed accurately
(cf. Eq. 25), while all other indices can only be approximated (cf. Eq. 24), as demonstrated in the next section.
Again, some exemplary Sobol’ indices for a stochastic model function with two inputs are given:

Ss,1 =
D1

D1 +D2 +Dε +D12 +D1ε +D2ε +D12ε
=
D1

D∗
, (23)

SsT,1 =
D1 +D12 +D1ε +D12ε

D1 +D2 +Dε +D12 +D1ε +D2ε +D12ε
=
D1 +D12 +D1ε +D12ε

D∗
and (24)

SsT,ε =
Dε +D1ε +D2ε +D12ε

D1 +D2 +Dε +D12 +D1ε +D2ε +D12ε
=
D∗ − (D1 +D2 +D12)

D∗
. (25)

2.3 Approximative indices

In the previous section, it was demonstrated that total sensitivity indices for controllable inputs (SsT,u)
cannot be calculated for stochastic simulation models. Two alternative, but only approximative indices were
previously proposed: the mean total index and the quasi total index.
For the mean total index,m simulations with the same set of controllable inputs, but a varying uncontrollable
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variable are conducted. The mean value of these m simulations is taken. This eliminates all uncontrollable
effects. Subsequently, for the mean values, “classical” Sobol’ indices can be calculated. Therefore, mean
total indices are defined as:

SmT,u =
∑

u⊆v⊆U

Dv

D
(26)

or exemplary for the two input stochastic example:

SmT,1 =
D1 +D12

D1 +D2 +D12
. (27)

Comparing Eq. 24 and 27, it becomes apparent that the mean total index is only an approximation of the real
stochastic total index. Depending on the various partial variances, the mean total index can lead to an over-
or underestimation of the real values.
For the quasi total index [17], Xε is treated as a controllable variable. Since it is not possible to determine
SsT,u directly, SsT,uε and SsT,ε are calculated. Here, SsT,uε is the “deterministic” total index of u, i.e. it is
the result of just applying standard calculation procedures for deterministic simulation models on stochastic
ones. The difference of these two is a quasi total index:

SqT,u = SsT,uε − SsT,ε =
∑

u⊆v⊆U

Dv

D∗
. (28)

For the simple two-input example, the quasi total index of the first input is:

SqT,1 =
D1 +Dε +D12 +D1ε +D2ε +D12ε

D1 +D2 +Dε +D12 +D1ε +D2ε +D12ε
− Dε +D1ε +D2ε +D12ε

D1 +D2 +Dε +D12 +D1ε +D2ε +D12ε

(29)

=
D1 +D12

D1 +D2 +Dε +D12 +D1ε +D2ε +D12ε
. (30)

Comparing Eq. 29 with Eq. 24 and 27, some features of the quasi total index are clear. First, it is always
an underestimation of the real stochastic index, i.e. SqT,u ≤ SsT,u. Second, it is always smaller than the
mean total index, SqT,u ≤ SmT,u. Third, the sensitivity ranking based on mean and quasi total indices is
the same, as only the variable-independent denominator differs between these two approaches. And fourth,
the performance of the two approaches, i.e. which index yields the better approximation, depends on the
simulation model.

2.4 Theoretically best approximations

Two approximative Sobol’ indices for stochastic simulation models were presented in the last section. Since
the performance of the two indices depends on the model itself, in this section, the conditions for which each
of the two leads to better results are determined.
Since SqT,u ≤ SsT,u and SqT,u ≤ SmT,u, mean indices yield better estimations, if SmT,u < SsT,u. Hence,
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first, it is shown for which conditions mean indices are smaller than the real stochastic indices:

SmT,u < SsT,u (31)
∑

u⊆v⊆U

Dv

D
<

∑

u∗⊆v∗⊆U∗

Dv∗

D∗
(32)

∑

u⊆v⊆U
DvD

∗ <
∑

u∗⊆v∗⊆U∗
Dv∗D (33)

∑

u⊆v⊆U
Dv


D +

∑

w⊆U
Dwε


 <


 ∑

u⊆v⊆U
Dv +Dvε


D (34)

∑

u⊆v⊆U
Dv

∑

w⊆U
Dwε <

∑

u⊆v⊆U
DvεD (35)

∑

u⊆v⊆U
Dv

∑

r⊆U\u
Drε <

∑

u⊆v⊆U
Dvε

∑

r⊆U\u
Dr. (36)

Although this expression might still look fairly complicated, it becomes clearer, if we consider a real case
with u = 1 and r representing all combinations of other controllable inputs, e.g.

∑
r⊆U\{u∪∅}(Dr) is written

as Dr:

(D1 +D1r)(Dε +Drε) < Dr(D1ε +D1rε). (37)

Hence, a mean total index is smaller than the real stochastic index, and therefore, the better approximation
compared to the quasi total index, if Eq. 37 is fulfilled. Before analysing this criterion in more detail, a
second case is considered. Even if SmT,u > SsT,u, SmT,u can still yield better approximations than SqT,u.
This is the case, if:

SsT,u − SqT,u > SmT,u − SsT,u (38)
∑

u∗⊆v∗⊆U∗

Dv∗

D∗
−

∑

u⊆v⊆U

Dv

D∗
>

∑

u⊆v⊆U

Dv

D
−

∑

u∗⊆v∗⊆U∗

Dv∗

D∗
(39)

∑

u⊆v⊆U
DvεD >

∑

u⊆v⊆U
DvD

∗ −
∑

u∗⊆v∗⊆U∗
Dv∗D (40)

∑

u⊆v⊆U
Dvε


D +

∑

r⊆U\u
Dr


 >

∑

u⊆v⊆U
Dv

∑

r⊆U\u
Drε. (41)

Again, in its simplified form:

(D +Dr)(D1ε +D1rε) > (D1 +D1r)(Dε +Drε). (42)

Since D ≥ 0 per definition, the first criterion (Eq. 37) is always fulfilled, if the second one (Eq. 42) is.
Hence, theoretically, for every simulation model, it is possible to determine which approximation concept is
the better one by evaluating Eq. 42. However, the problem is that all terms including ε cannot be calculated
exactly. Otherwise, it would also be possible to calculate real total indices directly. That is why in the next
section, a methodology to still find the best approximation is developed.

2.5 Concept to find the best approximation

In the previous section, it was shown that it is possible to determine the theoretically best approximation of
total Sobol’ indices for stochastic models using Eq. 42. Although it is not possible to calculate all required
terms of this equation, this criterion is still helpful to estimate which approximation is the better one.
The (controllable) terms D, Dr, D1, and D1r can easily be calculated using standard sampling-based meth-

3724 PROCEEDINGS OF ISMA2020 AND USD2020



ods known from deterministic models. For all other terms - being related to Xε - some insight can be gained
by evaluating a meta-model for the dispersion, as proposed by Marrel et al. [17]. The dispersion is defined
as:

Yd(X) = Var[Y |X]. (43)

In contrast to Marrel et al. [17], we are not interested in the mean component Ym(X) = E[Y |X], but only in
the dispersion. Therefore, no joint meta-model of Ym and Yd is required, but a pure dispersion meta-model.
To build up a dispersion model, N simulations with different random combinations of inputs are conducted
and repeated M times with changing random seeds. For each of the N data points, the variance of the M
repetitions is determined and a meta-model (Y ∗d (X)) is fitted.
In general, each type of meta-model could be used. Here, two different ones are proposed: a multiple linear
regression (MLR) and a Gaussian process regression (GP). GP is proposed due to its good performance [17],
whereas MLR has advantages regarding its information on D1ε, etc. [18].
For MLR, following Iooss and Ribatat [18], a fourth-order polynomial is applied. Non-relevant terms are
excluded using a backwards selection and F-statistics. Then, MLR directly gives information on all inputs
that influence the dispersion. If an input (i) is not included in the MLR, its conditional variances Diε and
Dirε are zero. Moreover, if the MLR is constant, Dε = DT,ε.
For GP yielding the better approximation of Yd, influences of parameters on the dispersion are less obvious.
Hence, a sensitivity analysis for Y ∗d has to be conducted. The resulting Sobol’ indices enable a judgement of
the relevance of each input for the dispersion. For example, a high total sensitivity index of input i compared
to other inputs means that Diε + Dirε > Drε. It has to be kept in mind that sensitivity indices calculated
for Y ∗d do not provide any information on absolute values of conditional variances. Even if SY ∗d ,T,i ≈ 1,
it is possible that Diε + Dirε ≈ 0, if either Y ∗d is nearly constant or the influence of Xε is negligible (i.e.
SsT,ε ≈ 0). In the latter case, the simulation model is nearly deterministic, and therefore, we do not have to
find a best approximation. For the first case, the coefficient of variation of Y ∗d is a good measure:

CV(Y ∗d ) =

√
Var[Y ∗d ]
E[Y ∗d ]

. (44)

If CV(Y ∗d ) ≈ 0, there are no interactions between the uncontrollable input and the controllable ones, i.e.
SsT,ε ≈ Ss,ε and Duε ≈ 0 ∀ ∅ ⊂ u ⊆ U .
Finally, a summary of the steps to determine good approximations for stochastic total sensitivity indices is
given:

1) Check whether stochastic effects are relevant. If SsT,ε ≈ 0, stochastic effects are negligible and all
total indices (SqT,i, SmT,i, and SsT,iε) lead to nearly the same results. Normally SmT,i should not be
used, since the required repetitions reduce the quality of the exploration of the input space [17, 13].
The other two give upper and lower boundaries: SqT,i ≤ SsT,i ≤ SsT,iε.

2) Calculate the coefficient of variation of Y ∗d . If CV(Y ∗d ) ≈ 0, SsT,ε = Ss,ε, and therefore, SqT,i ≈ SsT,i.
Valid boundaries are SqT,i ≤ SsT,i ≤ min(SsT,iε, SmT,i).

3) If CV(Y ∗d ) exceeds approximately 0.2, interaction terms of Xε can be relevant. In this case, the
appearance of Xi in the MLR meta-model for Yd or its total sensitivity (SY ∗d ,T,i) provide relevant
information. If Xi does not appear (or SY ∗d ,T,i << SY ∗d ,T,j ∃ j ∈ U \ i), the quasi total index is a good
approximation SqT,i ≈ SsT,i. The boundaries are SqT,i ≤ SsT,i ≤ min(SsT,iε, SmT,i).

4) Even if criteria 1-3 are not fulfilled, it is still possible that SqT,i yields the better approximation. This
is the case, if SqT,i >> SqT,j ∀ j ∈ U \ i and CV(Y ∗d ) is low (e.g. CV(Y ∗d ) < 0.5), since these
conditions lead to high values for D1, D1r, and Dε. Then, the boundaries are also SqT,i ≤ SsT,i ≤
min(SsT,iε, SmT,i).

5) SmT,i is the better choice, if criteria 3 and 4 are definitely not fulfilled, i.e. SY ∗d ,T,i >> SY ∗d ,T,j ∀ j ∈U \ i and SqT,i << SqT,j ∃ j ∈ U \ i. Then, SmT,i ≤ SsT,i ≤ SsT,iε.
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6) If points 3 and 4 are not clear, we can assume that SqT,i ≤ SsT,i ≤ SmT,i. Probably, SmT,i yields the
theoretically better approximation according to Eq. 42. However, in unclear cases, the usage of SqT,i
is still recommended due to the better exploration of the input space (cf. criterion 1).

7) If mean and quasi total indices are not used consistently for all inputs, which can be reasonable, it
can happen that the sensitivity ranking changes. This is an interesting fact, since both concepts on
their own yield the same ranking (cf. Section 2.3). This change in the ranking is an indicator that
the previously determined ranking was not correct. So, even though the ranking changes, the best
approximative indices should be used.

3 Application to analytical examples

Previously, it was shown that for stochastic simulation models, total sensitivity indices cannot be calculated
precisely, since it is not possible to determine conditional variances depending on the uncontrollable input.
Moreover, it was proven that for each model and input, theoretically, the best approximation can be found.
Guidance on how to find it and on stating upper and lower bounds for total sensitivity indices was given. Now,
several examples are used to illustrate the benefit of the proposed methodology. For real stochastic simulation
models, reference solutions are missing, as stochastic indices cannot be determined. Therefore, analytical,
deterministic functions are used and one parameter is treated as if it was uncontrollable. This enables the
calculation of analytical reference values. First, test functions are analysed. Afterwards, a simple, analytical
structural model is investigated.

3.1 Extended Ishigami function

The first test function is an extended version of the well-known Ishigami function [22]:

f(X1, X2, X3) = sin(X1) + asin(X2)
2 + bX4

3 sin(X1) + cX4
3 sin(X2) + dX3, (45)

where X1 and X2 are treated as controllable variables that are uniformly distributed on the interval [−π, π]
and X3 = Xε is an uncontrollable variable, X3 ∼ U(−π, π). To tune the model, the constants a to d can be
used. For this function, (conditional) variances can be calculated analytical:

D =
1

2
+
bπ4

5
+
b2π8

18
+
a2

8
+
c2π8

18
+
d2π2

3
, (46)

D1 =
bπ4

5
+
b2π8

50
+

1

2
, D2 =

c2π8

50
+
a2

8
, D3 =

d2π2

3
, (47)

D13 =
8b2π8

225
, D23 =

8c2π8

225
, D12 = D123 = 0. (48)

Six different versions of this function are analysed in the following to demonstrate how the proposed guid-
ance can be applied. For each analysis, real, stochastic total indices and mean and quasi total indices are
calculated analytical. To compute a meta-model for the dispersion, Nmeta = 100 and Mmeta = 100 training
data points are used. As stated in Section 2.5, an MLR and a GP meta-model are used.

3.1.1 Low stochastic effects

For the first version, constants are chosen as follows: a = 7, b = 0.01, and c = d = 0. As a result, the last
two terms vanish and the third term - the only one that now includes an uncontrollable effect - is of minor
importance. Starting with criterion 1 of the checklist, SsT,ε is calculated. We get SsT,ε = 0.0049. As a
consequence, criterion 1 suggests that both types of indices lead to nearly the same results. This is confirmed
by the results in Table 1. It is still recommended to apply quasi total indices due to the better coverage
of the inputs space, when not repeating simulations. To illustrate this, exemplary, for n = 1000, m = 1
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and n = 125, m = 8, quasi and mean total indices are calculated with random sampling-based methods:
SqT,1 = 0.1023, SqT,2 = 0.9325, SmT,1 = 0.1102, and SmT,2 = 1.0429. Clearly, for low numbers of
samples (here n×m = 1000), mean total indices are not converged.

Table 1: Total sensitivity indices for model 1: a = 7, b = 0.01, and c = d = 0. Recommended indices are
highlighted.

Index X1 X2 X3 = Xε

SsT,i (analytical) 0.1088 0.8912 0.0049
SsT,iε (“deterministic”) 0.1088 0.8961 0.0049

SqT,i (quasi) 0.1039 0.8912 –
SmT,i (mean) 0.1044 0.8956 –

3.1.2 Low interactions of the uncontrollable variable

For the second version, constants are chosen as follows: a = 7, b = 0.01, c = 0, and d = 1. For this
model, a significant amount of stochastic behaviour can be expected, while the interaction with controllable
variables is negligible. Again, the first step is to compute the total sensitivity index of Xε: SsT,ε = 0.3270.
Hence, we have to continue with criterion 2. Consequently, meta-models are calculated for the dispersion
and the coefficient of variation is computed: CV(Y ∗d ) = 8 × 10−14. This clarifies that interaction terms of
the uncontrollable variable are not relevant, and therefore, quasi total indices give the best approximations
(see Table 2).

Table 2: Total sensitivity indices for model 2: a = 7, b = 0.01, c = 0, and d = 1. Recommended indices are
highlighted.

Index X1 X2 X3 = Xε

SsT,i (analytical) 0.0736 0.6027 0.3270
SsT,iε (“deterministic”) 0.3973 0.9298 0.3270

SqT,i (quasi) 0.0702 0.6027 –
SmT,i (mean) 0.1044 0.8956 –

3.1.3 Interactions with one variable

The constants for model three are the following: a = 7, b = 0.1, c = 0, and d = 1. Hence, it is the
same model as number two, but interactions of Xε with X1 are increased. The first two criteria do not help:
SsT,ε = 0.3889 and CV(Y ∗d ) = 0.3536. That is why the meta-model has to be analysed in more detail
(criterion 3). For the MLR, we get: Y ∗d = 1.5 + 0.34X1 − 0.04X2

1 and Sobol’ indices calculated for GP
are: SY ∗d ,T,1 = 0.9654 and SY ∗d ,T,2 = 0.1068. Obviously, X2 does not appear in the meta-model for the
dispersion. Hence, for X2, quasi total indices should be used. Similarly, this can also be concluded based
on total sensitivity indices SY ∗d ,T,2 << SY ∗d ,T,1. For variable X1, this criterion is not fulfilled, just like the
next one: SqT,1 = 0.2536 < 0.3575 = SqT,2. Therefore, criterion 5 suggests that mean total indices are the
best choice and a lower limit. Table 3 summarises the results and clarifies that the use of different sensitivity
indices for both parameters is actually beneficial. Moreover, this example illustrates point 7. Both, quasi
and mean total indices, rank the variables incorrectly. However, when using different indices, this ranking
changes, correcting the results.

3.1.4 Interactions with two variables

For model four, the constants are adjusted to include interactions of Xε with both controllable variables and
to increase main effects of variable X2: a = 14, b = 0.1, c = 0.1, and d = 2. As before, the first two criteria
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Table 3: Total sensitivity indices for model 3: a = 7, b = 0.1, c = 0, and d = 1. Recommended indices are
highlighted.

Index X1 X2 X3 = Xε

SsT,i (analytical) 0.4505 0.3575 0.3889
SsT,iε (“deterministic”) 0.6425 0.7464 0.3889

SqT,i (quasi) 0.2536 0.3575 –
SmT,i (mean) 0.4150 0.5850 –

do not help: SsT,ε = 0.3930 and CV(Y ∗d ) = 0.3231. Since Y ∗d = f(X1, X2) and SY ∗d ,T,1 = 0.9474 ≈
0.9526 = SY ∗d ,T,2, criterion 3 does not provide useful information as well. Now, quasi total indices of both
controllable variables have to be considered. Since SqT,1 = 0.0858 << 0.5212 = SqT,2, it can be assumed
that a quasi total index yields the better approximation for X2, whereas a mean index for X1 (see Table 4).

Table 4: Total sensitivity indices for model 4: a = 14, b = 0.1, c = 0.1, and d = 2. Recommended indices
are highlighted.

Index X1 X2 X3 = Xε

SsT,i (analytical) 0.1524 0.5878 0.3930
SsT,iε (“deterministic”) 0.4788 0.9142 0.3930

SqT,i (quasi) 0.0858 0.5212 –
SmT,i (mean) 0.1414 0.8586 –

3.1.5 Unclear results

For model five, on purpose, an unclear situation is provoked. The constants a = 14, b = 0.1, c = 0.1, and
d = 1 lead to SsT,ε = 0.2461 and CV(Y ∗d ) = 0.7772. Hence, criteria 1, 2, and 4 are not fulfilled. Moreover,
Y ∗d = f(X1, X2) and SY ∗d ,T,1 = 0.9579 ≈ 0.9505 = SY ∗d ,T,2, so that criterion 3 is not beneficial as well. As
a consequence, number 5 is checked. ForX1, the situation is clear: criteria 3 and 4 are definitively not true, so
that mean indices have to be used and represent the lower limit. For X2, it becomes apparent that criterion 5
is a bit vague. What means “definitively not fulfilled”? Since SqT,1 = 0.1066 < 0.6473 = SqT,2, some parts
of number 4 are met. However, CV(Y ∗d ) = 0.7772 does not satisfy the conditions of point 4. The situation
is unclear, so that criterion 6 is applied. We can assume that SqT,2 ≤ SsT,2 ≤ SmT,2 and both indices yield
similarly good approximations. Still, due to the better exploration of the input space, the usage quasi total
indices is recommended. Table 5 clarifies that - in this case - SqT,2 is the better approximation, which does
not have to be the case when using criterion 6. The reason why the usage of quasi total indices in criterion 6
is still recommended is exemplary shown using results of random sampling-based indices (n = 1000,m = 1
and n = 125, m = 8): SqT,2 = 0.6658 and SmT,2 = 1.0076.

Table 5: Total sensitivity indices for model 5: a = 14, b = 0.1, c = 0.1, and d = 1. Recommended indices
are highlighted.

Index X1 X2 X3 = Xε

SsT,i (analytical) 0.1893 0.7300 0.2461
SsT,iε (“deterministic”) 0.3527 0.8934 0.2461

SqT,i (quasi) 0.1066 0.6473 –
SmT,i (mean) 0.1414 0.8586 –

3.1.6 Comparison with joint meta-model-based results

The final model is used to demonstrate the performance of the proposed approximations compared to joint
meta-model-based estimations. For this purpose, constants are chosen as in Marrel et al. [17]: a = 7,
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b = 0.1, and c = d = 0. For criteria 1 and 2, we compute SsT,ε = 0.2437 and CV(Y ∗d ) = 0.8040.
Therefore, an analysis of the dispersion meta-models is required. Since Y ∗d = f(X1) for the MLR and
SY ∗d ,T,1 = 0.9822 >> 0.3177 = SY ∗d ,T,2 for GP, it can be assumed that SqT,2 ≈ SsT,2. For X1, we continue
with criteria 4 and 5: SqT,1 = 0.3139 < 0.4424 = SqT,2. As a consequence, the mean total index should be
used and SmT,1 ≤ SsT,1 ≤ SsT,1ε (see Table 6).

Table 6: Total sensitivity indices for model 6: a = 7, b = 0.1, and c = d = 0. Recommended indices are
highlighted.

Index X1 X2 X3 = Xε

SsT,i (analytical) 0.5576 0.4424 0.2437
SsT,iε (“deterministic”) 0.5576 0.6861 0.2437

SqT,i (quasi) 0.3139 0.4424 –
SmT,i (mean) 0.4150 0.5850 –

Now, a comparison with the joint meta-model-based results [17] is possible. A comparison is shown in Table
7. Compared to the joint meta-model approach, two advantages are apparent. First, since no meta-model
is used for the computation of the indices, the values are more precise (e.g. SsT,3). Clearly, this advantage
decreases, if Sobol’ indices for the proposed “best approximation” are calculated using random sampling
instead of analytical values. Still, the approximation error due to the meta-modelling can be avoided. Second,
limits for SsT,1 - resulting from the evaluation of quasi and mean total indices - are more narrow. On the
downside, it has to be mentioned that for random sampling-based approaches, the computational effort can
be significantly higher compared the usage of joint meta-models.

Table 7: Upper and lower limits of total sensitivity indices for model 6 (a = 7, b = 0.1, and c = d = 0)
for different computation methods: real analytical values, using a deterministic approach, using the best
approximation method (this paper), and using a joint GP [17].

Method X1 X2 X3 = Xε

Analytical 0.5576 0.4424 0.2437
Deterministic [Ss,i, SsT,iε] [0.3139, 0.5576] [0.4424, 0.6861] 0.2437

Best approximation [0.4150, 0.5576] 0.4424 0.2437
Joint GP ]0.312, 0.545] 0.454 0.233

3.2 Sobol’ function

The second analytical example is the so-called d-dimensional Sobol’ function [23]:

f(X1, . . . , Xd) =

d∏

i=1

|4Xi − 2|+ ai
1 + ai

, (49)

where all Xi are uniformly distributed on the interval [0, 1] and all constants ai ≥ 0. The analytical subset
variances are given as:

Di =
1

3(1 + ai)2
for i ∈ {1, . . . , d}, (50)

D = −1 +
d∏

i=1

(Di + 1), (51)

Du =
∏

j∈u
Dj for u ⊆ {1, . . . , d}. (52)
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Here, a version with d = 5 and a = [1, 2, 5, 10, 20] is analysed. This leads to the analytical total sensitivity
indices summarised in Table 8.

Table 8: Total sensitivity indices for the Sobol’ function for different computation methods: real analytical
values, using a deterministic approach, quasi total indices, and mean total indices. In addition, limits are
given. Recommended indices are highlighted.

Method X1 X2 = Xε X3 X4 X5

Analytical 0.6350 0.2948 0.0757 0.0277 0.0062
Deterministic 0.9071 0.2948 0.3678 0.3167 0.3008

Quasi total 0.6123 – 0.0730 0.0219 0.0060
Mean total 0.8683 – 0.1036 0.0310 0.0085

Limits [0.6123, 0.8683] 0.2948 [0.0730, 0.1036] [0.0219, 0.0310] [0.0060, 0.0085]

The second variable X2 is treated as uncontrollable: X2 = Xε. The proposed concept to determine the
best approximation is applied. Therefore, first, the total Sobol’ index of X2 and the coefficient of variation
of Y ∗d are needed. Since SsT,ε = 0.2948 and CV(Y ∗d ) = 0.6182, criteria 1 and 2 are not fulfilled and we
have to continue with number 3. Due to the highly interactive function, for MLR, it is not straightforward to
determine inputs that do not affect Y ∗d . Actually, all inputs have an influence. However, for most inputs, this
effect can be neglected, as demonstrated by the sensitivity indices computed using GP: SY ∗d ,T,1 = 0.8415,
SY ∗d ,T,3 = 0.1024, SY ∗d ,T,4 = 0.0782, and SY ∗d ,T,5 = 0.0368. As a consequence, criterion 3 suggests to
use quasi total indices for X3 to X5. For X1, the next criterion is evaluated, so that quasi total indices are
calculated: SqT,1 = 0.6123, SqT,3 = 0.0730, SqT,4 = 0.0219, and SqT,5 = 0.0060. The index SqT,1 is
significantly larger than all others. However, since CV(Y ∗d ) is relatively large, the situation is not clear.
Therefore, following criterion 6, it is recommended to use SqT for X1 as well.
In Table 8, all indices are summarised and it becomes clear that the use of quasi total indices for all parameters
is actually the best solution. Moreover, it is possible to state clear limits using quasi and mean total indices
as lower and upper boundaries, respectively.

3.3 Eigenfrequency of a cantilever beam

For the last example, a simple structural engineering example is chosen. An analytical expression for the
first eigenfrequency (f1) of a cantilever beam with length l, cross section areaA, section modulus I , Young’s
modulus E, and density ρ is given as:

f1 =
ω1

2π
≈ 1.8752

2π

√
EI

ρl4A
. (53)

When using a simplified IPE 100 profile [24], as shown in Fig. 1, and assuming l = 6m and ρ = 7850 kg m−3

as constant, the first eigenfrequency is given by

f1 = 1.754× 10−4
√
E(BH3 − (B − tw)(H − 2tf )3)

(2tfB + (H − 2tf )tw))
, (54)

where B, H , tw, and tf are the width, the height, and the thickness of the web and the flange, respectively,
as shown in Fig. 1. Hence, the first eigenfrequency is described by a five-dimensional non-linear but de-
terministic function. All inputs are modelled as random variables uniformly distributed on the following
intervals for E, B, H , tw, and tf , respectively: [2.0, 2.2] × 1011 N m−2, [0.05, 0.06]m, [0.095, 0.105]m,
[4.0, 4.2]× 10−3 m, and [5.6, 5.8]× 10−3 m.

For this function, sensitivity indices can no longer be calculated analytically, but have to be approximated
using sampling-based approaches. Since the computation of indices is the not focus of this work, for de-
tails of the sampling-based approach, it is referred to Jansen [25]. In a first step, a reference solution is
computed for the eigenfrequency function by applying Jansen’s approach with a sufficiently high amount
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Figure 1: Visualisation of the cantilever beam cross section with simplified IPE 100 profile.

of samples (n = 107), so that all Sobol’ indices are fairly converged (see Table 9). In a second step, the
Young’s modulus E is assumed to be uncontrollable, which makes sense for experimental set-ups, where E
cannot be influenced, but the other four inputs are design variables. So, the first eigenfrequency is a func-
tion of four controllable and one uncontrollable variable leading to the challenge of determining the best
approximation for all total sensitivity indices. As before, first, SsT,ε and CV(Y ∗d ) are checked. The value
SsT,ε = 0.1951 clarifies that a relevant amount of uncontrollable uncertainty is included in the model. How-
ever, as CV(Y ∗d ) ≈ 0, SsT,ε = Ss,ε, and therefore, quasi total indices should be used for all inputs. This
decision is underpinned by the results in Table 9.

Table 9: Total sensitivity indices for the eigenfrequency function for different computation methods: refer-
ence values, using a deterministic approach, quasi total indices, and mean total indices. In addition, limits
are given. Recommended indices are highlighted.

Method XB XH Xtw Xtf XE = Xε

Reference 0.0351 0.7671 0.0025 0.0003 0.1951
Deterministic 0.2305 0.9620 0.1979 0.1958 0.1954

Quasi total 0.0351 0.7666 0.0024 0.0003 –
Mean total 0.0431 0.9428 0.0031 0.0004 –

Limits [0.0351, 0.0431] [0.7666, 0.9428] [0.0024, 0.0031] [0.0003, 0.0004] 0.1951

4 Limitations and benefits

The present work discusses the topic of total sensitivity indices for stochastic simulation models. For stochas-
tic models with uncontrollable variables, standard Sobol’ indices cannot be calculated, as uncontrollable
variables cannot be set to fixed values. As a consequence, alternatives are required. In literature, different
indices are used, while the performance of the various approaches was not analysed so far. Here, this work
steps in. For quasi total indices and mean total ones, it is proven that - depending on the simulation model -
one or the other index can yield the better approximation of real stochastic indices. A criterion (cf. Eq. 42)
is defined to decide which index should be used. However, it is clarified that it is not possible to evaluate
this criterion exactly, as some terms of it depend on the uncontrollable variable. Therefore, in a second
step, a procedure is developed and presented, which gives guidance on criteria to be checked to find the best
approximative index. The criteria - discussed in Section 2.5 in detail - are the following:

1) Check whether stochastic effects (SsT,ε) are relevant.

2) Calculate the coefficient of variation of the dispersion meta-model (Y ∗d ) to get information on interac-
tions of Xε with controllable inputs.

3) Analyse influences of all controllable inputs (Xi) on the dispersion Yd.

4) Compute quasi total indices for all Xi and check their relevance.
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5) If one of the previous criteria is fulfilled, use quasi total indices. If all of them are clearly violated,
use mean total indices. If the situation is not clear, quasi total indices are recommended due to their
better convergence for low sample numbers. Non-consistent indices for different variables in one and
the same simulation model can improve the sensitivity ranking.

In a final step, the proposed concept is applied to various analytical test functions and an analytical engineer-
ing model. It is demonstrated that the best approximative index can be found. Moreover, the use of the best
approximation can lead to significantly more accurate sensitivity indices and more precise estimations of the
sensitivity ranking.
As a consequence, the proposed procedure enables an objective determination of the best approximative sen-
sitivity index for each variable in a stochastic simulation model. This yields not only much more accurate
sensitivity indices (errors are reduced by, for example, 36 and 64 percentage points compared to pure quasi
and mean indices respectively, cf. Table 3), but can also correct the sensitivity ranking (cf. Section 3.1.3).
Still, there are some limitations that should be mentioned and lead to further research to be conducted. First,
so far, the investigated examples are all analytical ones. The procedure should be tested for more complex
simulation models as well. However, in this case, two challenges arise. In complex simulation models, the
seed variable might actually not be controllable, which is actually the justification of this work. However,
then, reference solutions can no longer be computed. Moreover, even if the stochastic variable can be fixed
by using a constant random seed (i.e. quasi stochastic model), complex models tend to have high computing
times. For high computing times, it might not be possible to compute stochastic, quasi, and mean total in-
dices within a reasonable time. This brings us to the second limitation of this work. Issues with the number
of required model evaluations were not analysed, since analytical functions are tested. For more complex
models, it would be useful to check whether it is possible to test the proposed criteria in a more efficient way.
A third aspect, which should be investigated in future research in more detail, is the “deterministic” index
(SsT,iε). For the presented examples, it is nearly always outperformed by the mean total index, so that it is
not recommended to use it. However, a theoretical basis for this advice is missing so far.
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Abstract

Interval fields have been introduced to model spatial uncertainty in Finite Element Models when the available
data is insufficient to build representative probabilistic models. However, they are limited to modelling
global non-stationary uncertainty and hence cannot model local non-stationary uncertainty. This is typically
occurring in specific regions of a component or a structure which is produced with,e.g., casting, welding,
drawing. This paper presents a more efficient local interval field approach to model the local uncertainty
under scarce data. The method is based on the concept of explicit interval fields and aims to develop an
alternative approach for the commonly applied inverse distance weighting approach for the generation of the
basis functions. In this paper the method is applied on a two-dimensional spatial uncertainty case with a
specific focus on dynamics. The paper compares the introduced local interval field approach with inverse
distance weighting from a numerical and application point of view.

1 Introduction

Interval analysis is becoming popular when there are only limited or incomplete data of the true model
parameters. In comparison to probabilistic techniques, which require distributions of the uncertain param-
eters, intervals quantify the uncertainty on actual parameter value by an upper and a lower bound. Interval
computation methods quantify then, the best and worst-case behavior of the structure. By definition, in-
tervals are independent, and hence, the joint description of several interval-valued parameters is given by a
hyper-rectangle [1]. To describe spatial uncertainty with interval Finite Element (FE) analysis, independent
intervals are defined on locations in the FE-model (e.g. element centers, element nodes, Gauss points) [2].
The independent intervals neglect all correlation present in the physical quantities under consideration. This
results in over-conservative results and unrealistic interval fields due to spurious gradients in the field realisa-
tions. To obtain less conservative results, Moens et al. [3] proposed a method to represent spatial uncertainty
in FE analyses: interval fields. In this approach, spatial dependency is achieved by limiting the number
of intervals to a smaller set of locations (=control points), and defining the relation between those control
points and all other locations in the FE-model (e.g., element centers, element nodes, Gauss points) with ba-
sis functions [3]. The big advantage of this method is that the dimension of the hyper-rectangle is reduced
from the number of all locations in the FE-model to a limited number of interval scalars. These interval
fields were recently used for several cases such as modeling of dynamic phenomena [4, 5, 6] and the effect
of manufacturing-related uncertainty on the mechanical quality of additive manufactured plastic parts [7].
Another approach to model interval fields is to apply an affine arithmetic representation of the interval un-
certainty in combination with the Karhunen-Loève expansion, as presented by Sofi et al. [8] and Sofi and
Muscolino [9]. Also, other authors formulated an interval field for static plane stress [10] and an interval
field for spatial-time varying uncertainty [11, 12]. Following the explicit interval fields [3], Faes et al. [13]
introduced the use of Inverse Distance Weighting (IDW) functions, where the interval scalars are defined
on predefined locations in the model domain. In this approach, the local bounds of the interval field at an
arbitrary location within the model geometry are computed as a sum of the intervals defined at these control
points, weighted with the inverse of their relative distance to this arbitrary location.
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However, when considering local inhomogeneous uncertainty, all those interval field techniques are very
limited in their ability to model realistic local uncertainty. Local inhomogeneous uncertainty is presented
in parts which are for instance deep-drawn or casted. When deep-drawing, there is e.g. local uncertainty in
the thickness of the part introduced by local micro cracks and voids. For the cased part, local uncertainty is
present inside thicker sections of the part as micro cracks and voids are more likely to be present in those
areas due to cooling effects.

In this paper, the description of explicit interval fields [3] is used to model local inhomogeneous spatial
uncertainty. As in [13], the interval scalars are defined on locations in the model domain (control points) and
the spatial dependency is described with basis functions. The modeling of local inhomogeneous uncertainty
is achieved by defining the basis function such that the dependency is limited to a zone around their control
point. To construct these basis functions, the technique of IDW from Shepard is modified and combined with
a weighting function that satisfies two requirements for local weighting functions.

The paper is structured as follows: section 2 presents interval field FE analysis. This technique is then
extended to model intervals fields with basis functions and a limited set of interval scalars using explicit
interval fields. Next, in section 3 the method of IDW is described. Section 4 proposes a new local interval
field method to model local uncertainty. A structural dynamic academic case study is used to illustrate the
difference between the basis functions of IDW [14] and the local interval fields in section 5. At the end of
this paper, the conclusions are summarized in section 6.

2 Interval Field Finite Element analysis

In current engineering practice, FE analysis is a popular technique used to approximate the solution of a
partial differential equation (PDE). In this work, we consider that FE models are parametric, i.e., they are
represented by a numerical modelM(x), parameterized by a vector x(r) ∈ X ( Rdi with X the admissible
set of input parameters and di ∈ N the number of input parameters. For instance, x(r) contains material
parameters as a function of the spatial coordinate r ∈ Ω ( RdΩ with dΩ ∈ N, dΩ ≤ 4 the number of
dimensions (max. 3 Cartesian dimensions and 1 time dimension).

The model domain Ω is discretised in Ne elements Ωe ⊆ Ω yielding dd degrees of freedom (DOF) and the
PDE is approximated by the solution of a set of algebraic equations.

The modelM(r) provides a vector of model responses y(r) ∈ Y ( Rdo with Y the admissible set of output
parameters and do ∈ N the number of output parameters. This is defined as:

M(x) : yi(r) = mi(x(r)) (1)

with mi : Rdi 7→ R mapping the parametric input space to the individual outputs of the FE analysis and
i = 1, 2, . . . , do, when the output y is generated on element or nodal level r (e.g. displacement, strains).
Note that when the output is defined on a global model level (e.g., eigenfrequencies), the outputs yi are not
dependent on r.

Spatial uncertainty is here introduced in FE analysis with interval fields [15]. An interval scalar xI ∈ IR,
where IR is the domain of closed real-valued intervals, is defined as:

xI = [xmin xmax] = [x x] = {x ∈ R|x ≤ x ≤ x} , (2)

with xmin and xmax bounds of the uncertain parameter x. The midpoint of the interval is defined as:

xµ =
x+ x

2
. (3)

An interval vector xI ∈ IRdi contains di interval scalars which are by definition independent from each
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other. In general, the interval FE analysis [15] has an uncertain interval vector xI ∈ IRdi as input:

xI =





xI1
xI2
...
xIdi





=
{
x ∈ Rdi |xi ∈ xIi

}
. (4)

The solution set yS ∈ Rdo of the interval FE analysis is then formulated as:

yS =
{
y|
(
x ∈ xI

)
(y = m(x))

}
, (5)

with m(x) containing m1, . . . ,mi,mdo the deterministic functions of the FE analysis and y ∈ Rdo . The
solution set yS is commonly approximated by an interval vector yI ∈ IRdo :

yI =





yI1
yI2
...
yIdo




. (6)

The components yIi =
[
y
i
yi

]
of yI are found by optimisation:

y
i

= min
x∈xI

mi(x), (7)

yi = max
x∈xI

mi(x). (8)

With this optimization the interval of each component is found independently, such that the solution set yS

is approximated with a hyper-rectangle.

With explicit interval fields, there are independent intervals scalars αI ∈ IRnb with nb ∈ N, such that the
input space is reduced from IRdi to IRnb , di ≥ nb. From these interval scalars the dependency inside Ω is
modeled with basis functions ψi(r) : Ω 7→ RkFE with i = 1, 2, . . . , nb and kFE the total number of interval
field discretisation points in Ω. An explicit interval field xI(r) : Ω × IRnb 7→ IRkFE is as such build as a
series expansion of nb basis functions, multiplied with interval scalars:

xI(r) =

nb∑

i=1

ψi(r) · αIi . (9)

To propagate the interval field throughM the number of required deterministic model evaluations is impor-
tant, especially when using industrially-sized FE models (up to millions of DOF). To achieve this, the number
of interval scalars di must be limited as the number of deterministic model evaluations scale with 2di when
considering linear monotonic interval analysis. In this perspective, the explicit interval field formulation has
the advantage that the input space is reduced from IRdi to IRnb , di ≥ nb.

3 Interval fields with Inverse Distance Weighting

Section 2 introduced the description of interval FE analysis and explicit interval fields, where the interval
field is built with interval scalars and basis functions. As the basis function determines the spatial dependency
of the field, it is of great importance to select a basis function that represents the physical nature of the field.
In this work, the approach as presented by Faes et al. [16] is used as a starting point. Basis functions are
generated with IDW to describe the spatial dependency from interval scalars that are defined on specific
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locations r in the domain Ω. The IDW basis function ψi(r) is built from weight functions IDWwi(r):

ψi(r) =
IDWwi(r)

nb∑

j=1

IDWwj(r)

, (10)

with r ∈ Ω and IDWwi(r) the weight functions calculated as:

IDWwi(r) =
1

[d (r, rni)]
p , (11)

where d(r, rni) is the Euclidean distance between the locations r ∈ Ω and locations of the control points
rni ∈ Ω. The power p controls the gradient and the continuity of the weight function. As a result of the
distance calculations, the computational cost of generating the weight functions scales withO(kFE×nb), the
total number of interval field discretisation points in the FE model kFE and the control points nb. Here the
weight and basis functions are discretised following the element centers, element nodes or Gauss points of the
FE-model Ω, resulting in computational cost depending on the number of DOF in the FE-model. However,
this computational cost is can be reduced by using sparse grids to reduce the interval field discretisation
points, as presented by the authors [17].

From equation 10 and 11, the inverse distance basis functions are strictly positive on all locations of the
model that do not coincide with control points, are one at the defining control point location rni and are zero
at all other control points (global dependency). The global dependency is achieved through the weighting
functions and through the following properties:

1.
∂ IDWwi

∂d(r, rni)
≤ 0 and when d(r, rni)→∞ :

∂wi

∂d(r, rni)
→ 0,

2.

{
IDWwi(r) ≥ 0 if d(r, rni) 6=∞,
IDWwi(r) = 0 if d(r, rni) =∞,

those properties are only valid when the size of the FE he → 0. As a result, this weighting technique with
global dependency is not capable to describe local dependency, as through the second property, all weight
functions will contribute to non-zero uncertainty levels throughout the entire spatial domain. An idea could
be to truncate the basis functions on a distance from the control points. The disadvantage of truncating is
that it introduces discontinuities in the field. Another idea is to use other weighting functions that are zero
on a finite distance of a control point. In the next section of this paper the use of a local weighting and basis
function is presented.

4 Interval field with local dependency

An explicit interval field has local dependency if it is built from weighting functions wi that satisfy the
following properties:

1.
∂wi

∂d(r, rni)
≤ 0 and when d(r, rni)→ Ri :

∂wi

∂d(r, rni)
→ 0,

2.

{
wi(r) 6= 0 if d(r, rni) < Ri,

wi(r) = 0 if d(r, rni) ≥ Ri,

those properties are only valid when the size of the FE he → 0, withRi the width of the support zone Ωi ⊆ Ω
where i = 1, . . . , dΩ and dΩ ≤ 4 around one control point ni. The first property ensures that the weighting
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function is monotonically decreasing to zero on the edge of the support zone Ωi. Property two introduce the
local description of the weight function, specifying that the weight function is zero starting from a distance
Ri around the control point ni
The local character of the weight function introduces the following computational advantage in comparison
to IDW. The support zone Ωi ∈ Ω where d(r, rni) < Ri → wi(r) 6= 0 is compact K such that it is closed
and bounded. This means that the weight function must only be calculated inside Ωi and not on the full
domain Ω, yielding a drastic gain in computational efficiency as kFE is reduced to a very limited set of
discretisation points.

Further in this paper, the support zone Ωi of one control points ni is defined as K. Weight functions are then
wK(r) : K 7→ RkFE and basis functions are ψK(r) : K 7→ RkFE . Paragraph 4.1 describes the construction
of basis functions for 1D (dΩ = 1) as recently introduced by the authors in [18].

4.1 Local basis functions for 1-dimensional domains

To build local basis functions ψK(r) : K 7→ RkFE from weight functions, equation 10 is changed. In this
equation, the weight functions are normalized to the weight functions of other control points. As there is only
one control point and weight function inside the domainK, the weight functionwK(r) is normalized to itself
and the basis function ψK(r) is a constant function equal to one inside K. This results in a discontinuous
basis function: one inside K and zero outside K. A continuous basis function is achieved by adding two
virtual nodes nK on the edges of each spatial dimension of the domain K. For a one-dimensional problem,
the nodes inside K are located on:

1. the lower bound edge of K: rKn=1 = rni −R,

2. the midpoint of K: rKn=2 = rni ,

3. the upper bound edge of K: rKn=3 = rni +R,

with the first and last virtual node on the edges of K and rni ∈ K the location of the control point ni. On
all those virtual nodes, weighting functions are defined wK

i (r) with i = 1, 2, 3 for 1D. This is visualised
in figure 1, which illustrates the building of one basis function inside K from the weight functions (in this
figure, quartic splines are used see section 5.2). The result is a basis function which is continuous in K and
has a local spatial dependency.

Using those virtual nodes and control point in K equation 10 is changed to:

ψK(rK) = aK
wK
i (rK)

3∑

j=1

wK
j (rK)

, (12)

with rK ∈ K ⊆ Ω and aK is defined as:

aK =

{
1 if rKn = rni

0 if rKn 6= rni ,
(13)

with rKn the locations of the nodes in K and rni the location of the control point ni in Ω. The definition of
aK is such that the basis function of the control point ni is retained from all the basis functions of the nodes
inside K.

The basis function ψK(rK) is then mapped from the domain K to the domain Ω by the locations of, e.g.,
element nodes, element centers or Gauss points using:

ψi(r) =

{
ψK(rK) if Ke = Ωe

0 if Ke 6= Ωe.
(14)
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Figure 1: For a 1D domain, the location of the virtual control points (small black dots) and control point (big
black dot). The corresponding weight functions (quartic spline) and basis function are visualised in blue and
red. R describes the width of the domain K around the control point.

The basis function ψi(r) ∈ Ω is zero outside K such that strict local dependency is obtained. The interval
field is then represented as:

xI(r) = xµ +

nb∑

i=1

ψi(r) · (αIi − xµ), (15)

where xµ is the midpoint of the field. The previous methodology is valid as long as the weight function
satisfies the three properties. As a result, an interval field with local influence is reached.

4.2 Local basis functions for two-dimensional domains

For problems which have dΩ = 2, the construction of a multidimensional weight function is necessary.
This construction is depending on the node structure in K. In this paper the proposed structure is a rectangle.
Computationally a rectangular is the most efficient way, as the locations in FE-models are commonly defined
in a Cartesian coordinate system. The node structure is visualized for dΩ = 2 in figure 2. This rectangle
domain is only valid if the uncertainty under consideration is concentrated inside a rectangle. Otherwise,
different structures have to be defined, where a coordinate transformation is necessary. This, however, is
outside the scope of this paper. With this node structure, the weight function in dΩ = 2 is constructed by a
Kronecker product of six weight function defined where three weight functions are defined on each spatial
dimension, such that the required two-dimensional distance calculation is reduced to two one-dimensional
distance calculations. The location for each node in K is the same as when dΩ = 1. This limits the required
distance measures to two one-dimensional problems. In practice, distance calculations are required between
the coordinates of the control points ni and the FE nodes, element centers or Gauss points. Using a Cartesian
space dΩ = 2, the normalized distances are calculated with equation 7 in each dimension of K:

d̄xi =
d(rxi ,n

K
xi)

Rxi
, (16)

d̄yi =
d(ryi ,n

K
yi)

Ryi
. (17)
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K
K

Figure 2: 2D unit grid of 20 × 20 in blue, where one control point is defined on the midpoint of domain K:
coordinate (0.3; 0.4). The edges of the domain K show the width of the domain in black with dimensions:
Rx, Ry = 0.15. The smaller black nodes are the virtual nodes defined in K on which the weight and basis
functions are defined.

If the weight function is defined by the analyst, they can be calculated for each dimension of K with the
normalised distances. In two dimensions the resulting weight functions arewK

xi ,w
K
yi . By using the Kronecker

product of those six weight functions (three in each dimension), on each node inK, a two dimensional weight
function is obtained:

wK
xyi = wK

xi ⊗wK
yi . (18)

The resulting weight functions inside K are visualized in figure 3. The basis function generated with equa-
tions 12 and 13 for one control point and one interval is visualized in figure 4 and the resulting interval field
is then calculated by using equations 14 and 15.

5 Case study: Interval Field on a 2D plate

In this case-study, the effect of local material uncertainty on the first bending mode of a rectangular plate
clamped at one side is studied. Additionally, the difference between local explicit interval field and explicit
interval field with IDW is shown. For the local explicit interval fields, the weighting functions are defined as
quartic splines as these satisfy the two necessary properties for the definition of a local explicit interval field.

5.1 Problem description

This case study concerns an interval field that is calculated for a 2D FE linear elastic model of a square
plate, which is L = 1 m long and wide. The plate is uniformly discretised with square elements of size
h = 0, 0125 mm, resulting in 6400 elements. The boundary condition is modeled as a Dirichlet boundary
condition with for y = 0 : u = 0 mm. The plate has a uniform thickness of t = 25 mm. Figure 5 visualizes
the plate with its boundary conditions.
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Figure 3: 2D unit grid of 20× 20 in blue, where the weighting functions are defined on K

Figure 4: 2D unit grid of 20× 20 in blue, where the basis function is defined on K
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Figure 5: 2D case: the linear elastic square plate of length L = 1 m is discretised in 6400 square elements of
size h = 0, 0125 mm. Boundary conditions are: fixed displacement for y = 0 : u = 0 mm. The plate has a
uniform thickness of t = 25 mm

The uncertainty is defined as an interval field on the Young’s modulus using two control points. Table 1 gives
the coordinates (xi,yi) of those control points, the interval values EIi and the width Rxi, Ryi of the domain
K around each control point.

Table 1: Uncertainty in 3 control points with location, intervals EIi and width of the local domain K around
each control point i

Control point Location (xi, yi) (m) Intervals EIi (GPa) Width (Rxi, Ryi) (m)
1 (0.2, 0.3) [50, 90] (0.1, 0.15)

2 (0.8, 0.1) [50, 90] (0.2, 0.1)

5.2 Explicit interval field for global or local uncertainty modeling

Explicit interval fields allow to select basis functions that represent the spatial uncertainty of the component
or structure, such that the expert is able to choose between global or local dependency. For global dependency
the basis functions obtained with IDW give a smooth continuous function that is always greater then zero
expect in the control points where its zero. The formulation of an explicit interval field with IDW is given in
section 3. From equation 10 the IDW functions IDWwi ∈ Ω are calculated and the basis functions ψi ∈ Ω
are obtained with equation 11. In addition to the values in table 1 the value of the power factor p of IDW is
chosen as p = 2.

Local dependency is on the other hand achieved by selection of the weighting function, this is limited by the
two properties in section 4. The used weight function in this paper is a quartic spline QwK

i from [19] based
on the Euclidean distance between the location rKn of the nodes nK and the locations rK. This distance is
then normalized with the support width R:

d̄(rKn , r
K) =

d(rKn , r
K)

R
. (19)

At a distance R of the nodes nK the normalized distance equals zero and the functions is monotonically de-
creasing, as visualised in figure 1. This can be verified when the weight functions are analytically expressed
as:

QwK
i (d̄) =

{
1− 6d̄(rKn , r

K)2 + 8d̄(rKn , r
K)3 − 3d̄(rKn , r

K)4 d̄(rKn , r
K) ≤ 1

0 d̄(rKn , r
K) > 1.

(20)

Three local weight functions wK
xi ,w

K
yi (quartic splines) are first calculated for each dimension separately

with equation 19, equation 20 and the values from table 1. From those weight functions, two dimensional
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Figure 6: The first bending mode of a 2D plate with deterministic input field with constant Young’s Modulus
of E = 70GPa

weight functions are calculated with equation 18 and the basis functions ψK with equation 12. The resulting
weight and basis functions inside K are similar to the one visualised in respectively figure 3 and figure 4.
The basis functions are then mapped from the local domain K to the model domain Ω with equation 14.

5.3 First bending mode with local uncertainty on the Young’s modulus

The changes in the first bending mode are characterized when comparing the first bending mode with
MU

1 (x, y) and without MD
1 (x, y) spatial uncertainty for the 2D plate with a local interval field as defined in

5.2. The difference D1(x, y) in percent is then calculated with the following equation:

D1(x, y) = 100% · M
D
1 (x, y)−MU

1 (x, y)

max
x,y∈Ω

(
MD

1 (x, y)
) , (21)

where, the difference between de deterministic MD
1 (x, y) and uncertainty MU

1 (x, y) bending mode is scaled
with the maximum value max

x,y∈Ω

(
MD

1 (x, y)
)

of the deterministic bending mode. Figure 6 visualises the

deterministic first bending mode shape MD
1 (x, y) scaled by its maximum value, for the deterministic input

field with a constant Young’s Modulus of E = 70GPa.

Propagating the spatial uncertainty is limited to the vertex analysis, as for this specific case the interval field
analysis is strictly monotonic. Consequently, the highest difference D1(x, y) on the first bending mode is
obtained when the interval parameters are at a corner of the vertex interval domain. The difference D1(x, y)
is visualized in figure 7 on the right side, along with the corresponding vertex realisations on the left side.
The overall difference is small D1(x, y) < 1% with the highest value at location y = 1. In the regions where
local uncertainty is defined, a relatively small D1(x, y) < 0.2% difference is noticeable, when y increases
away from those regions the difference raises until the maximum when y = L. In all those realizations, the
uncertainty introduces a small torsional change into the first bending mode, which is smaller for the first and
last realisation. For the second and third realisation, the change in Young’s modulus inside the plate is at
maximum value and so the torsional effect for this particular case is also at its maximum value.
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Figure 7: Left the interval field realisations of the input field EI . Right the difference D1(x, y) between the
deterministic first bending mode and the first bending mode corresponding to the interval field realisations
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5.4 Interval field propagation

The explicit interval field realizations are calculated form the basis functions (see subsection 5.2) and equa-
tion 15 with αIi = EIi and xµ = Eµ the midpoint of the field. To quantify the interval of the first three
eigenfrequencies f I1 , f

I
2 , f

I
3 the interval field EI is propagated.

The 2D plate is linear-elastic and so the interval analysis problem is monotonic and especially strictly positive
monotonic for this specific case, as the basis functions are stationary and a higher Young’s modulus will
result in a higher eigenfrequency. As a result, the intervals of the eigenfrequencies f I1 , f

I
2 , f

I
3 are quantified

by solving the FE-model with two realisations of the interval field. Each realisation has different interval
field scalars:

• interval field scalars for the highest eigenfrequencies y:

1. EI1 : E1 = 90 Gpa,

2. EI2 : E2 = 90 Gpa.

• interval field scalars for the lowest eigenfrequencies y:

1. EI1 : E1 = 50 Gpa,

2. EI2 : E2 = 50 Gpa.

The resulting intervals on the first three eigenfrequencies for local explicit interval fields with quartic splines
is:

Qf I1 =
[
f

1
, f1

]
= [20.88, 21.35] (Hz), (22)

Qf I2 =
[
f

2
, f2

]
= [50.73, 51.37] (Hz), (23)

Qf I3 =
[
f

3
, f3

]
= [129.75, 130.87] (Hz), (24)

and for IDW the interval is:

IDW f I1 =
[
f

1
, f1

]
= [17.86, 23.97] (Hz), (25)

IDW f I2 =
[
f

2
, f2

]
= [43.16, 57.90] (Hz), (26)

IDW f I3 =
[
f

3
, f3

]
= [110.17, 147.82] (Hz). (27)

The difference in basis functions used in the local interval field and the global IDW interval field introduces
the change in intervals of the eigenfrequenties. When only local uncertainty is present in the component, the
local uncertainty modeling technique will be clearly less conservative then the global uncertainty modeling
technique.

5.5 Difference in computational cost

The computational cost in interval analysis is most often concentrated in propagating the uncertainty and
less in modelling the field. However, when considering the same interval scalars on the same location for
both techniques and when high dimensional FE-models (> 1M DOF) are used, the computational cost of
modeling the field becomes important. Modelling the field requires commonly a lot of distance measures,
that are required to compute the basis functions. For this case study two basis functions have to be computed.
For IDW the calculation of two weighting functions on the full model domain Ω are required, such that the
total number of distance measures equals:

2

(
L

h

)2

= 2 ·
(

1

0.0125

)2

= 12800 (28)
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With local explicit interval fields in two-dimensions six weighting functions (=three in each dimension) are
defined on a local domain K around there control point. So more weighting function and less distance
measures are required due to the smaller domain. In total, the distance measures for this modeling technique
are:

2

(
2
Rx1

h
+ 2

Ry1

h
+ 2

Rx2

h
+ 2

Ry2

h

)
= 4

0.1

0.0125
+ 4

0.15

0.0125
+ 4

0.2

0.0125
+ 4

0.1

0.0125
= 176 (29)

As a result, the computational cost is reduced from 12800 to 176 when using the local explicit interval field
formulation.

6 Conclusion

This paper presents an approach to generate a local interval field to represent locally spatial uncertain param-
eters in FE models up to 2D. To characterise the local character of the interval field this paper proposes two
requirements, (1) the weight function is w > 0 within a specific region around the control point and w = 0
outside that region, (2) the weight function is a monotonically decreasing function towards the edges of that
region. The use of quartic splines is proposed, as the selection of weighting functions is limited by these
requirements. An academic structural dynamic case study is performed to illustrate the difference between
local dependent interval fields and global dependent interval fields using the IDW technique. With this test
case, it was shown that the local interval fields model the local dependency much better than fields based on
IDW. Another advantage of the local interval fields is that for this case the computational cost (the number
of distance measures) is reduced with a factor of 72 in comparison with global interval fields. In this paper,
two spatial dimensions and non-overlapping dependency regions in the model domain are considered. The
extension to n-dimensions and allowing for overlapping dependency regions requires future research.
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Abstract
In the pioneering work of Kennedy and O’Hagan, a discrepancy function modeled by a Gaussian process
(GP) was introduced to account for the model error that is inherent to every mathematical model. However,
the representation of the discrepancy function by a GP entails difficulties when prior information is missing.
As has recently been demonstrated in the field of multifidelity modeling, recursive Gaussian Processes (rGP)
have the potential to overcome such difficulties as they proved to adequately describe complex non-linear and
space-dependent interrelations between different model hierarchies. In analogy, experimental measurements
can be considered at the top of a model hierarchy with descending fidelity levels, where the actual simulation
model is on the next lower level and a rGP plays the role of a discrepancy function. The goal of this
contribution is to investigate the applicability of rGP to the modeling of the discrepancy function on the
example of a suspension-type structural system and compare it to a conventional GP representation.

1 Introduction

Mathematical Models to describe the relation between input and output are omnipresent in engineering sci-
ence. These models can serve for the design, analysis and optimization of technical systems or to assist in
decision making in the product development process. The ever-increasing virtualization of the product devel-
opment process motivates the need for accurate model predictions. Predictions are made under uncertainty
that derives from different sources [1]. In literature, there exist a plethora of possible classifications of un-
certainty. A common approach is its classification into data and model uncertainty, which was also adopted
by [2, 3]. Data uncertainty concerns system parameters, input and state values, that can be described using
a density function or intervals. Model calibration aims at estimating these parameter values or densities in
order to minimize the difference between numerical system outputs and measurements. Model uncertainty
becomes apparent when the functional relation between model input and output is presumed, unknown, in-
complete or is not regarded. Model uncertainty is ubiquitous in every model as every model is wrong and
exhibits a model error [4]. During the modelling process, sufficient knowledge about the underlying physics
as well as the model parameters and state variables of a system may be missing or the effort to build a more
complex model is too high compared to the expected gain in accuracy. Therefore, assumptions and simplifi-
cations have to be made that determine the form of a model. Consequently, models may differ in complexity
and the underlying physics described by the aid of linear, non-linear as well as empiric or axiomatic func-
tional relations. As a result, a model comprises only parts of the relevant reality and model uncertainty arises
[5, 6].

A framework to describe model as well as data uncertainty has been provided in the pioneering work by
Kennedy and O’Hagan [7]. It is assumed, that measurements y of a system output can be expressed as

yi = η(xi,θ) + δ(xi) + εi, (1)
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where yi ∈ R, (i = 1, . . . , Ny) denotes the i-th of a total of Ny measurements, η is the corresponding simu-
lation model output with inputs xi ∈ Rd and calibration parameters θ like damping coefficients, δ(x) is the
discrepancy function and εi represents zero-mean normally distributed measurement noise for each measure-
ment i. In this paper, the models are assumed to be calibrated, so that θ is omitted and the simulation model
in (1) simplifies to η(xi). The discrepancy function δ(x) can be seen as a measure of model uncertainty and,
as stated in [1], is phenomenological.

In general, the discrepancy function can for example be modelled as a constant or a random variable, such as
in [8, 9]. The original approach [7] models the discrepancy function as a Gaussian process (GP), what is also
done in most referencing works. The original approach [7] has been introduced in a parameter calibration
framework and has been adopted that way in many applications and scenarios. However, the modelling of the
discrepancy function with a GP entails pitfalls and requires caution when its hyperparameters are calibrated
alongside the model parameters θ. Recent research of Bryndiasdottir and O’Hagan has shown in [10] that
for simultaneous calibration of model parameters and discrepancy function, adequate prior information is
substantial. With the discrepancy function being of phenomenological character and modelled by a GP, such
prior information is hard to obtain. The objective of this paper is to introduce and explore an alternative way
to model the discrepancy function.

A promising approach consists of modelling the discrepancy function by a recursive GP (rGP), which is
essentially a hierarchical combination of Gaussian processes. The concept has been used by Perdikaris in
[11] in context of a multifidelity information fusion algorithm that systematically integrates many cheap
low-fidelity model evaluations with a smaller number of high-fidelity model evaluations by the aid of a rGP.
As has been demonstrated, rGP are able to adequately describe complex non-linear and space-dependent
interrelations between different model hierarchies, that can not be captured by a GP, as assumed within the
approach of Kennedy and O’Hagan in [12]. In analogy, experimental measurements can be considered at the
top of a model hierarchy with descending fidelity levels, where the actual simulation model is on the next
lower level and a rGP plays the role of a discrepancy function. The discrepancy function might equally be
required to describe complex non-linear relations, for example of those that were omitted in the simulation
model η(xi).

In this paper, an approach is formulated to express the discrepancy function by a rGP. Remarkably, the rGP
can be trained within its hierarchical scheme, therefore enabling the use of the same techniques to optimize its
hyperparameters as for a conventional GP. The approach is exemplarily applied to the discrepancy function
for four different two degree of freedom (2DOF) models of a modular active spring-damper system. This
example will be used for a qualitative comparison between the GP and the rGP representation, indicating the
potential of rGP as a more adequate representation of the discrepancy function. Note that in this contribution,
the models are assumed to be calibrated and, therefore, we are not concerned about issues related to parameter
calibration.

This paper is organized as follows: The modelling and simulation of the system considered in this paper
are presented in Section 2. Section 3 introduces a new approach for modelling the discrepancy function
using rGP and Section 4 compares the rGP representation to a standard GP representation of the discrepancy
function.

2 System Description

The modular active spring-damper system (German acronym MAFDS) in Figure 1a) is a suspension system
that was designed with similar specifications and requirements as an air plane landing gear, although it is
not a landing gear substitute. It was developed in the collaborative research centre SFB 805 at the Technical
University Darmstadt has been used within several own contributions to investigate data and model uncer-
tainty in a load-bearing structural system, e.g. when predicting the dynamic response due to dynamic drop
tests [13, 14, 15, 16].

Figure 1a) and Figure 1b) depict the MAFDS and its 2DOF model. The upper truss 1 that is fixed on
a frame 6 that can translate along guidance rails 7 in vertical z-direction, the upper part of the spring-
damper system 4 and the guidance links 3 constitute the upper mass mu of the 2DOF model. A variable
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Figure 1: a) MAFDS and selected measured signals, b) 2DOF model and free body diagram of the MAFDS

added mass madd can be added to the frame 6 . The lower truss 2 , including the elastic foot 5 and the
lower part of the spring-damper component 4 and the guidance links 3 are modelled by the lower mass
ml in the 2DOF model. The position of both the upper and lower mass is determined by the coordinates zu
and zl of the 2DOF model, where zr = zu − zl denotes the relative displacement of upper and lower mass.
The equations of motion are given as

(
mu +madd 0

0 ml

)(
z̈u
z̈l

)
+

(
b(żr) −b(żr)
−b(żr) +b(żr)

)(
żu
żl

)
+

(
k(zr) −k(zr)
−k(zr) k(zr) + kef

)(
zu
zl

)

+

(
(mu +madd)g

ml g

)
= 0.

(2)

where k(zr) denotes the stiffness as a function of the relative displacement zr and b(żr) denotes the damping
as a function of the relative velocity żr of the spring-damper-component 4 and kef denotes the stiffness of
the elastic foot 5 . The structure is subject to gravitation g. The detailed derivation of the equations of motion
has been omitted here, for further details see [17, 16]. Dynamic drop tests are carried out similar to landing
gear testing, where the inputs to the system are the drop height h and the additional weight madd that can
be added to the frame. The system inputs are summarized in the input vector x = [h,madd]

>. The system
outputs are the maximum relative compression zr,max, the maximum force in the elastic foot Fef,max and
the maximum force on the spring-damper system Fsd,max during the experimental and simulated drop test.
Regression studies [17] on the stiffness and damping properties of the system yielded p = 1, . . . , 4 model
candidates to describe the dynamic behaviour by combinations of bi-linear and power functions, as already
used in [14, 13]. With regard to the inherent model form uncertainty of the four models, the discrepancy
function for each model and output will be built using GP and rGP, which are subsequently elaborated.

3 Methods for Discrepancy Modeling

This section is concerned with the modeling of the discrepancy function and measurement noise δ(x) + ε
with a special emphasis on kernel design for building up the covariance matrix inherent to GP and rGP. First,
the traditional approach using a GP as put forth by Kennedy and O’Hagan [7] is shown. Subsequently the
new approach for modeling the discrepancy function using rGP is introduced.
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3.1 Gaussian Process Model

GP constitute a popular class of non-parametric models. While in parametric models such as axiomatic mod-
els, the number of parameters is fixed before training, for non-parametric models, the number of parameters
grows with the number of training samples [18]. A GP is the generalization of the normal distribution in the
function space as it describes a distribution over functions. A visual explanation of this can be found in [18]:
Thinking of a function as an infinite long vector with each entry representing a function value f(x) of an
input x, a GP describes a multivariate normal distribution over an arbitrary finite number of these vector en-
tries. Given a set of input valuesX = (x1 . . .xN )

>, a GP representation for the data yields the multivariate
normal distribution δ(X)+ε ∼ N (µ(X),K(X,X)) where µ denotes the mean function andK ∈ RN×N
denotes the covariance matrix. The covariance matrixK is built up element-wise by the squared exponential
(SE) covariance kernel1

c(x,x′) = σ2f exp

(
−1

2
(x− x′)M(x− x′)

)
+ σnδx,x′ (3)

with x,x′ denoting input vectors from the set X and σf and σn denoting signal and noise variance, re-
spectively. In order to enable anisotropic behaviour in relation to the input dimensions of the GP, auto-
matic relevance determination (ARD) is implemented by choosing the matrix M to be a diagonal matrix
diag(`)−2 where ` denotes the vector of length scales. The mean function µ(x) is typically chosen as
a constant β but can be any combination of weighted basis functions β>h(x) or simply be zero to cap-
ture isotropic behaviour. In GP regression analysis, the hyperparameters σf , σn, ` and β are estimated us-
ing either specialized optimization procedures such as Bayesian Optimization or Limited Memory Broy-
den–Fletcher–Goldfarb–Shanno (LBFGS) algorithm or are estimated within a statistical model calibration,
requiring to specify adequate prior distributions for the hyperparameters [10].

Using a squared exponential covariance kernel (3) for modelling the discrepancy function is suitable in case
the underlying function values δ(x) + ε used for training exhibit smooth behaviour. In case of non-smooth
behavior, the covariance kernel (3) is likely unsuitable and should be replaced by a different kernel. In general
it is still difficult to match kernel design with expected discrepancy behaviour due to its phenomenological
character. This motivates a more general approach for representing non-linear discrepancy behaviour, that is
subsequently elaborated.

3.2 Recursive Gaussian Process

Recursive Gaussian Process for Multifidelity Modelling The concept of rGP stems from the works of
Le Gratiet and Garnier [19] that Perdikaris adapted in [11] for use in multifidelity modeling. Multifidelity
methods are currently an active area of research and draw more and more interest in the engineering com-
munity [11]. Analysis of technical systems is often conducted solely with one computationally intensive
high-fidelity model, but often enough also easy to evaluate, but less accurate low-fidelity models can be
derived for the given system. For analysis that require numerous model evaluations, such as optimization,
uncertainty propagation or Bayesian inference, multifidelity methods provide a solution to overcome the ob-
stacle of the associated computational burden. The key concept is to adapt the numerous evaluations of the
low-fidelity model to a small number of high-fidelity model evaluations, thereby speeding up the computation
while precision of the high-fidelity model is retained.

Perdiakaris motivation for the use of rGP originates in the fact, that many multifidelity approaches are based
on linking the different fidelity levels using GP regression in combination with the linear autoregressive
scheme put forth by Kennedy and O’Hagan [12] (not to be confused with the calibration framework men-
tioned above). However, in case a linear smooth correlation between models cannot be established, the
approach adressed in Section 3.1 may be ineffective. These shortcomings were adressed by Perdikaris in
[11] by generalizing the autoregressive multifidelity scheme of Kennedy and O’Hagan and employing a

1To avoid for confusion with stiffness k in (2), the covariance kernel is denoted by c here instead of k as in most GP literature.
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functional composition of two GP priors as link between fidelity levels. The employed rGP prior reflects its
autoregressive structure and its covariance kernel writes as

c = c1(x,x
′) · c2(f∗(x), f∗(x′)) + c3(x,x

′), (4)

where (·)∗ denotes the GP posterior predictions for the model f with lower fidelity. All kernels in (4) are
assumed squared exponential with ARD. We call the GP founded on a covariance kernel that itself depends
on another GP posterior a recursive Gaussian Process (rGP). The kernel design (4) allows for straightforward
maximum likelihood estimation of its hyperparameters [11].

Recursive Gaussian Process for Discrepancy Modelling In this paper, the concepts developed by Perdi-
karis in [11] serves as a launch pad for discrepancy function modeling in the context of the representation
of measurements (1). Here, the discrepancy function δ(x) plays a similar role as in multifidelity modeling,
aiming to bridge different levels of fidelity. While in Perdikaris approach this concerns different models, here
we seek a reinterpretation in a different context. Measurements y of a system can in effect be regarded as
high-fidelity model outputs, as they represent reality. Accordingly, the model η can be seen as a low-fidelity
model. The discrepancy function then plays a comparable role as a GP or rGP in the multifidelity modeling
context. In the following, the assumptions and implementation details to express the discrepancy function as
a rGP are shown at the example of the system presented in Section 2.

A limited number Ny of measurements yi for input values xi as part of the discrete set of measured inputs
χy is assumed, so that the measurement data set writes Dy = {xi, yi}, i = 1 . . . Ny, and a number Nη of
evaluations of the simulation model η for input values xj as part of the discrete set of simulated inputs χη , so
that the simulation data set is Dη = {xj , ηj}, j = 1 . . . Nη. It is assumed, that it is much cheaper to simulate
the model at an input xj than to carry out a measurement for input xi, so that the number of simulation
model evaluations is higher than the number of measurements Nη > Ny. Further, a nested structure assuring
that χy ⊂ χη is assumed, thereby ensuring that for every measurement there is a simulation model output
with the same input values. Figure 2 shows the input sets χη and χy, which are used for the system presented
in Section 2.
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Figure 2: Elements of the discrete input sets χy, χη for measurements and simulations

The procedure to build the discrepancy function is schematically depicted in Figure 3. In steps 1 to 3 in
Figure 3, a GP modelling the simulation model output η and a GP modelling the measurement output y are
constructed. As training data for the two GP serve the data sets Dη and Dy, as depicted in yellow boxes
in Figure 3. Squared exponential (SE) covariance kernels cy(x,x′), cη(x,x′) are adopted for both GP, as
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shown in red boxes. The measurement error is assumed to be zero for the GP modelling the simulation
model and the measurements. Thus, the covariance kernel given in (3) reduces to the first term. Following
this choice, the complexity of the hyperparameter estimation procedure of the overall rGP is less involving.

In steps 4 and 5 in Figure 3, a rGP modelling the discrepancy function δ(x) is trained. The training data
set for the discrepancy Dδ (depicted as yellow box at the top in Figure 3) is obtained from the data set Dy
by subtracting the measurements and the respective simulation model outputs, so that Dδ = {xi, yi − ηi},
i = 1 . . . Ny. In Figure 2 this corresponds to the points xi marked by both a green point and a blue cross. The
structure of the covariance kernel (4) is kept and the rGP covariance kernel (shown as green box in Figure 3)
for modelling the discrepancy function δ(x) then writes as

cδ∗(x,x
′) = c1(x,x

′) · c2
(
δ̂∗(x), δ̂∗(x′)

)
+ c3(x,x

′) + σnδx,x′ , (5)

where the covariance functions c1(x,x′), c3(x,x′) are assumed squared exponential (SE) with ARD such
as (3), but without the term σnδx,x′ . Measurement noise ε is only accounted for once by the last term
in (5). The key lies in the incorporation of information gained from the two GP with covariance kernels
cy(x,x

′), cη(x,x′) trained beforehand. This is achieved by adapting the covariance function c2 to relate the
estimates of the discrepancy between simulation model and measurement as the difference of outputs of the
two respective posterior GP of the preceding step:

c2

(
δ̂∗(x), δ̂∗(x′)

)
= σ2f exp

(
−1

2

(
δ̂∗(x)− δ̂∗(x′)

)
Mδ∗

(
δ̂∗(x)− δ̂∗(x′)

))
, (6)

where δ̂∗(x) = y∗(x)− η∗(x) is the estimate of the discrepancy using the posterior of the measurement GP
and the simulation model GP derived in the first step. Since δ̂∗(x) is a scalar, the matrixMδ∗ = diag(`δ∗)−2

is also a scalar. The rGP is subsequently trained using the data set Dδ with the LBFGS Algorithm.

training discrepancy data Dδ training simulation data Dηtraining measurement data Dy

rGP kernel

cδ∗ (x,x
′)

SE kernel cy(x,x′) SE kernel cη(x,x′)
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Figure 3: Overview over the proposed procedure for rGP kernel set-up

4 Results

In this section, we show a qualitative comparison for the modelling of the discrepancy function δ using a GP
and a rGP. The GP and the rGP representation outlined in Section 3.1 and Section 3.2 were determined for
four model candidates of the system presented in Section 2 and for the three system outputs: the maximum
relative compression zr,max, the maximum force in the elastic foot Fef,max and the maximum force in the
spring-damper system Fsd,max, see Figure 1. In the following, two cases out of the combination of four mod-
els and three outputs are regarded, where the qualitative difference between a GP and a rGP representation
gets especially clear.

Figure 4 and Figure 5 exemplarily show slice plots of the posteriors for the GP and the rGP. The same test
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points distributed in the vicinity of the input points of the data set Dδ were used for generating all graphical
representations. The black crosses mark points of the training data set Dδ and the 95% confidence intervals
are marked with black lines. The positions of the slices were selected so that they coincide with the grid of
the input training data.
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Figure 4: Posterior of a) GP model and b) rGP model for the discrepancy δ for the output zr,max of model
number p = 1 on a slice at madd = 20kg.

Figure 4 shows the posteriors of the discrepancy function δ for the output zr,max of model number p = 1.
The training data points indicate smooth behaviour, so that a GP representation depicted in Figure 4a) seems
adequate here. The rGP representation Figure 4b) seems to be slightly more confident over the prediction
range with regard to the narrower confidence band. The lack of extrapolatory power of the GP representation
becomes evident in Figure 4a), where the confidence band widens up beyond the last data point at h = 6 cm.
This is a typical observation and has already been described in [10] as a shortcoming of a GP representa-
tion for the discrepancy function. In contrast, the rGP representation in Figure 4b) does not show similar
behaviour towards the borders of the training data set.
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Figure 5: Posterior of a) GP model and b) rGP model for the discrepancy function δ for the output Fef,max

of model number p = 4 on a slice at madd = 20kg.
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These findings are supported by the posteriors of the discrepancy function δ for the output Fef,max of model
number p = 4, as shown in Figure 5. The training data set for the discrepancy function is not as smooth as
before, making a GP representation less suitable. In Figure 5a) the prediction by the GP is less confident due
to the wide range of the confidence interval. Its wavy form indicates how the GP representation is relying on
training data to be conditioned on. The lack of extrapolatory power of the GP representation gets even more
evident here with regard to the widening up of the confidence interval beyond h = 6 cm. The narrowing
of the confidence interval can be explained by the conditioning on more exterior data points in the training
set with lower added mass madd than in the displayed slice. In comparison, the rGP representation depicted
in Figure 5b) shows significantly higher confidence in the prediction as indicated by narrow and smooth
confidence bands. In comparison, also the extrapolatory power seems to exhibit more potential compared
to the GP representation in Figure 5a). In the context of more complex data sets it seems that the rGP
can build on its unique kernel design explicitly incorporating both fidelity levels, measurements and model
simulations. By putting into relation predictions of both using the kernel function c2(δ̂∗(x), δ̂∗(x′)) in (5),
the prediction error is somewhat accounted for in the rGP. However, as within every calibration setting,
extrapolation stays problematic. Even though Figure 5b suggests that the rGP representation might be able
to make confident predictions outside the calibration domain, one should take in mind that the training data
set for the simulation Dη exceeds the one for the measurements Dy, that the training data set Dδ is based on.
Therefore, predictions about the simulation η∗(x) will be more confident than of the measurements y∗(x)
so that extrapolation by the rGP might be biased.

5 Conclusion

In this paper, we showed the adaptation of a method relying on a rGP for modelling the discrepancy function.
The application on the example of a structural system showed, that rGP has the potential to overcome the
difficulties in modelling non-smooth behaviour entailed when using conventional GP modelling. The unique
kernel design enables more confident predictions within the calibration domain and, with limitations, in an
extrapolatory regime. Nevertheless, these advantages come at the cost of a higher number of hyperparameters
to optimize. For large datasets this might make the optimization computationally intensive. Moreover the
vulnerability of the hyperparameter optimization to local minima might constitute an issue and could be
addressed within future research using global optimization routines. Ultimately, the rGP approach should
be integrated into a calibration framework as put forth by Kennedy and O’Hagan, what would constitute
interesting areas of research.
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Random matrix eigenvalue problems in structural
dynamics: an iterative approach
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Abstract
Uncertainties need to be taken into account in the dynamic analysis of complex structures. This is because in
some cases uncertainties can have a significant impact on the dynamic response and ignoring it can lead to
unsafe design. For complex systems with uncertainties, the dynamic response is characterised by the eigen-
values and eigenvectors of the underlying generalised matrix eigenvalue problem. This paper aims at devel-
oping computationally efficient methods for random eigenvalue problems arising in the dynamics of damped
multi-degree-of-freedom systems. There are efficient methods available in the literature for obtaining eigen-
values of random dynamical systems. However, the computation of eigenvectors remains challenging due
to the presence of a large number of random variables within a single eigenvector. To address this problem,
we project the random eigenvectors in the basis spanned by the underlying deterministic eigenvectors and
apply a Galerkin formulation to obtain the unknown coefficients. The overall approach is simplified using
an iterative technique. Numerical examples are provided to illustrate the proposed method. Full-scale Monte
Carlo simulations are used to validate the proposed methods.

1 Introduction

Dynamic response of complex structures can be obtained efficiently using the modal analysis [1]. A key step
in the modal analysis is the solution of a generalised eigenvalue problem involving the mass and stiffness
matrix of the system. When uncertainties are taken into account, both the mass and the stiffness matrices
become random matrices. As a consequence, the underlying eigenvalue problem becomes a random eigen-
value problem. The random matrices characterising the mass and stiffness matrices can be obtained using
the stochastic finite element method or the random matrix theory, depending on whether parametric or non-
parametric uncertainties are taken into account. Computational methods for the random eigenvalue problem,
particularly if they are based on a perturbation approach or a Monte Carlo simulation-based approach, are
generally independent of how the random system matrices were obtained. The dimensions of the matri-
ces and the ‘amount’ of uncertainties are the key influencing factors affecting the computational cost and
accuracy of numerical methods for random eigenvalue problems.

The study of probabilistic characterisation of the eigensolutions of random matrix and differential operators
is now an important research topic in the field of stochastic structural mechanics. The paper by [2] and
the book by [3] are useful sources of information on early work in this area of research and also provide
a systematic account of different approaches to random eigenvalue problems. Several review papers, for
example, by [4, 5, 6, 7] summarise earlier works. In one of the earliest work on distributed systems, [8]
have obtained the probability distribution function of the eigenvalues of a string with random properties. In
this paper, we propose an iterative Monte Carlo simulation-based method to obtain statistical samples of the
natural frequencies and mode shapes of random discrete linear systems or discretised continuous systems.
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2 Background of the random eigenvalue problems

The equation of motion of an n-degree-of-freedom linear viscously damped system can be expressed by
coupled differential equations as

M(θ)ü(t) + C(θ)u̇(t) + K(θ)u(t) = f(t) (1)

Here u(t) ∈ Rn is the displacement vector, f(t) ∈ Rn is the forcing vector, M(θ),K(θ),C(θ) ∈ Rn×n are
respectively the random mass, stiffness and the viscous damping matrices. The notation θ denotes the sample
space indicating that these quantities are random in nature. In general M(θ) is a positive definite symmetric
matrix, C(θ) and K(θ) are non-negative definite symmetric matrices. When the system matrices are random,
the precise mathematical conditions which ensure these physical conditions are non-trivial to establish in a
completely general setting. For engineering applications, often practically inspired assumptions are made on
the nature of the randomness. One way such randomness in the system can be comprehensively addressed is
the stochastic finite element method [9]. Employing this approach, without any loss of generality, the three
system matrices can be expressed as a sum of a deterministic part and an random part as

M(θ) = M0 + ∆M(θ), C(θ) = C0 + ∆C(θ), and K(θ) = K0 + ∆K(θ) (2)

The deterministic part, denoted by (•)0, corresponds to the baseline model of the system under investigation.
Conventional finite element method can be used to obtain the deterministic matrices. The random part,
denoted by ∆(•), on the other hand, depends on a number of assumptions made regarding the stochastic
modelling. These include, but are not limited to, a random variable or random field models, correlation
length and the correlation function, probability density functions describing the randomness (e.g, Gaussian,
log-normal. uniform) and the number of random variables and/or random fields. These aspects have been
discussed well in literature and a detailed exposure is beyond the scope of this paper. The aim of this paper is
to develop methods which are independent of the stochastic nature of the random part. Although not a strict
mathematical requirement in this work, the random part of the system matrices are generally small compared
to the deterministic part form a practical engineering standpoint.

The natural frequencies (ωj ∈ R) and the mode shapes (xj ∈ Rn) of the corresponding undamped determin-
istic system can be obtained [1] by solving the matrix eigenvalue problem

K0xj = ω2
jM0xj , ∀ j = 1, 2, . . . , n (3)

The undamped eigenvectors satisfy an orthogonality relationship over the mass and stiffness matrices, that is

xTk M0xj = δkj (4)

and xTk K0xj = ω2
j δkj , ∀ k, j = 1, 2, . . . , n (5)

where δkj is the Kroneker delta function. We construct the modal matrix

X = [x1, x2, . . . , xn] ∈ Rn (6)

The modal matrix can be used to diagonalise system (1) provided the damping matrix C is simultaneously
diagonalisable with M and K. This condition, known as the proportional damping, originally introduced by
Lord Rayleigh [10] in 1877, is still in wide use today. The mathematical condition for proportional damping
can be obtained from the commutitative behaviour of the system matrices [11]. This can be expressed as
CM−1K = KM−1C or equivalently C = Mf(M−1K) as shown in [12]. In this paper we assume that the
condition for proportional damping holds for the stochastic system in equation (1).

Due to the assumption of the proportional damping for the stochastic model, the dynamic response of the
damped system can be expressed in the usual manner using random eigenvalues and eigenvectors of the
corresponding stochastic undamped system. This leads to the random matrix eigenvalue problem

[
−λ2

jM(θ) + K(θ)
]

uj , ∀ j = 1, 2, . . . , n (7)
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The natural frequencies (λj ∈ R) and the mode shapes (uj ∈ Rn) are now respectively random variables
and random vectors. For notational convenience, functional dependence on θ will be omitted. The statistical
characterisation of the eigensolutions is the main focus of this paper.

3 Iterative Approach for the Eigensolutions

For distinct undamped eigenvalues (λ2
l ), xl, ∀ l = 1, . . . , n, form a complete set of vectors. For this reason,

uj can be expanded as a complex linear combination of xl. Thus, an expansion of the form

uj(θ) =
n∑

l=1

α
(j)
l (θ)xl (8)

may be considered. Without any loss of generality, we can assume that α(j)
j = 1 (normalisation) which

leaves us to determine α(j)
l ,∀l 6= j. Substituting the expansion of uj into the random eigenvalue equation

(7), one obtains the approximation error for the j-th mode as

εj =

n∑

l=1

−λ2
jα

(j)
l (M0 + ∆M) xl + α

(j)
l (K0 + ∆K) xl. (9)

We use a Galerkin approach to minimise this error by viewing the expansion (8) as a projection in the basis
functions xl ∈ Rn,∀l = 1, 2, . . . n. Therefore, we make the error orthogonal to the basis functions [13], that
is

εj ⊥ xl or xTk εj = 0 ∀ k = 1, 2, . . . , n (10)

Using the orthogonality property of the deterministic undamped eigenvectors described by (4) and (5) one
obtains

n∑

l=1

α
(j)
l

(
−λ2

j

(
δkl + ∆M ′kl

)
+
(
ω2
Kδkl + ∆K ′kl

))
= 0, ∀k = 1, . . . , n (11)

Here the random parts of the mass and stiffness matrices in the modal coordinate are given by

∆M′ = XT∆MX and ∆K′ = XT∆KX (12)

The j-th equation of (11) obtained by setting k = j can be written as

(
−λ2

j + ω2
j

)
α

(j)
j +

(
−λ2

j∆M
′
jj + ∆K ′jj

)
α

(j)
j +

n∑

l 6=j
α

(j)
l

(
−λ2

j∆M
′
jl + ∆K ′jl

)
= 0 (13)

Recalling that α(j)
j = 1 and ∆M′ and ∆K′ are symmetric matrices, this equation can be expressed as

− λ2
j

(
1 + ∆M ′jj

)
+
(
ω2
j + ∆K ′jj

)
+




n∑

l 6=j
D′ljα

(j)
l




︸ ︷︷ ︸
γj

= 0 (14)

where
D′lj = −λ2

j∆M
′
lj + ∆K ′lj (15)

In the matrix notation
D′(j) = −λ2

j∆M′ + ∆K′ (16)
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We rewrite the term γj as

γj = bTj aj (17)

bj =
{
D′1j , D

′
2j , . . . ,

{j−th term deleted} , . . . , D′nj
}T
∈ R(n−1) (18)

and aj =
{
α

(j)
1 , α

(j)
2 , . . . ,{j−th term deleted} , . . . , α(j)

n

}T
∈ C(n−1) (19)

The vector aj is unknown and can be obtained by excluding the j = k case in Eq. (11). Excluding this case
one has

− λ2
jα

(j)
k +


D′kj + α

(j)
k D′kk +

n∑

l 6=k 6=j
α

(j)
l D′kl


+ ω2

kα
(j)
k = 0,

or
{
−λ2

j

(
1 + ∆M ′kk

)
+ ω2

k + ∆K ′kk
}
α

(j)
k +

n∑

l 6=k 6=j
D′klα

(j)
l = −D′kj , ∀k = 1, . . . , n; 6= j

(20)

Considering all values of k1 = 1, . . . , n; 6= j, these equations can be combined into a matrix form as
[
Pj + Qj

]
aj = −bj (21)

In the above equation, the vectors aj and bj have been defined before. The matrices Pj and Qj are defined
as

Pj = diag
[
−λ2

j

(
1 + ∆M ′11

)
+ ω2

1 + ∆K ′11, . . . ,
{j−th term deleted} ,

. . . ,−λ2
j

(
1 + ∆M ′nn

)
+ ω2

n + ∆K ′nn
]
∈ C(n−1)×(n−1),

(22)

and

Qj =




0 D′12 . . . {j−th term deleted} . . . D′1n

D′21 0
...

...
... D′2n

...
...

... {j−th term deleted} ...
...

...
...

...
...

...
...

D′n1 D′n2 . . . {j−th term deleted} . . . 0



∈ R(n−1)×(n−1). (23)

From equation (21), aj should be obtained by solving the set of linear equations. Because Pj is a diagonal
matrix, one way to do this is by using the Neumann expansion method [14]. Using the Neumann expansion
we have

aj =
[
In−1 + P−1

j Qj

]−1 {
−P−1

j bj
}

=
[
In−1 − Rj + R2

j − R3
j + . . .

]
aj0 (24)

where In−1 is a (n− 1)× (n− 1) identity matrix,

Rj = P−1
j Qj ∈ C(n−1)×(n−1) and aj0 = −P−1

j bj ∈ C(n−1). (25)

Because Pj is a diagonal matrix, its inversion can be carried out analytically and subsequently the closed-
form expressions of of the elements of aj can be obtained. Keeping one term in the series (24), the first-order
expression of the elements of aj can be obtained as

aj ≡
{
α

(j)
k

}
∀k 6=j

=
−D′kj

−λ2
j

(
1 + ∆M ′kk

)
+ ω2

k + ∆K ′kk
=

λ2
j∆M

′
kj −∆K ′kj

−λ2
j

(
1 + ∆M ′kk

)
+ ω2

k + ∆K ′kk
(26)
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The vector aj obtained using this way can be substituted back in the expression of the eigenvalues in (14),
which in turn can be solved for λj as

λj =

√√√√√

(
ω2
j + ∆K ′jj

)
+ bTj aj

(
1 + ∆M ′jj

) (27)

However, the vectors bj and aj are also a function of λj . As a result γj = bTj aj becomes a function of λj
and to reflect this it will be denoted as γj(λj). This forms the basics of the iterative approach as from Eq.
(27) one can write

λ
(r+1)
j =

√√√√√

(
ω2
j + ∆K ′jj

)
+ γj

(
λ

(r)
j

)

(
1 + ∆M ′jj

) , r = 0, 1, 2, . . . (28)

For every iteration step r, the constant γj gets updated based on new values of λj using Eq. (26) or higher
order terms depending on the order of terms retained in the series (24). The iteration can be started with the
first-order perturbation, namely

λ
(0)
j =

√√√√√

(
ω2
j + ∆K ′jj

)

(
1 + ∆M ′jj

) (29)

The iteration can be stopped when the successive values of λj or γj do not change significantly. Once the
final values of α(j)

k ,∀k are obtained, the j-th random mode uj can be obtained from the series (8). The
overall procedure is a simulation based approach. The above procedure needs to be implemented for all
samples when a Monte Carlo simulation framework is used.

4 Summary of the Algorithm

In this section we propose a simple iterative Monte Carlo algorithm to implement the idea developed in the
previous section. We select a tolerance between the difference of the successive values of sj , denoted by εm.
A small value, say εm = 0.001 can be selected for numerical calculations. Considering that the undamped
eigensolutions (ωj and xj) are known, the random eigensolutions (λj and uj) can be obtained forNsamp num-
ber of Monte Carlo samples using the following iterative algorithm:

Solve: K0xj = ω2
jM0xj , ∀ j = 1, 2, . . . , n

X = [x1, x2, . . . , xn] ∈ Rn
for k = 1, 2, . . . Nsamp do

Generate: ∆M′ = XT∆MX and ∆K′ = XT∆KX
for j = 1, 2, . . . n do

Initialize ε = 100, r = 0

Compute: λ(r)
j =

√
(ω2

j +∆K′
jj)

(1+∆M ′
jj)

while ε > εm do
Compute: D′ = −

(
λ

(r)
j

)2
∆M′ + ∆K′

bj =
{
D′1j , D

′
2j , . . . ,

{j−th term deleted} , . . . , D′nj
}T

aj ≡
{
α

(j)
k

}
∀k 6=j

=

(
λ
(r)
j

)2
∆M ′

kj−∆K′
kj

−
(
λ
(r)
j

)2
(1+∆M ′

kk)+ω2
k+∆K′

kk

γj

(
λ

(r)
j

)
= bTj aj

λ
(r+1)
j =

√
(ω2

j +∆K′
jj)+γj

(
λ
(r)
j

)

(1+∆M ′
jj)
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ε = |λ(r+1)
j − λ(r)

j |/|λ
(r)
j |

r = r + 1
end while
uj =

∑n
k=1 α

(j)
k xk

end for
end for

The algorithm is outlined for the first-order expression of α(j)
k given by Eq. (26). However, the extension

to the second or higher-order expressions is straightforward. One simply needs to change the expression of
aj(s

(r)
j ) in this algorithm. If the higher-order terms are used, then less number of steps in the iteration is

needed. Once the complex eigensolutions sj and uj are obtained using this method for all j, the dynamic re-
sponse such as the frequency response function can be obtained following the usual classical modal analysis
approach.

The computational complexity to solve algebraic eigenvalue problems scale cubically with the dimension
[15]. Therefore, an estimation of the order of calculations needed to solve the eigenvalue problem of a
matrix of size n is O(n3) for large n. This is the computational time for an undamped system of dimension
n. Suppose the computational cost for the iteration of each eigensolution pair (λj and uj) is proportional to
CI . The value of CI will be higher if more number of iterations are used. The total cost of the iteration for
one sample would be in the order of nCI . For Nsamp number of samples, this will be NsampnCI . Adding
these two, the order of calculations needed to approximate the eigensolutions with the proposed method is
O(n3 + NsampCIn). For a random system with Nsamp number of samples, the computational time is in
the order O(Nsamp(n)3). It is important to note that the order of computation related to the iteration scale
linearly with n as opposed to cubically in the case of direct method. The idealised computational efficiency
for a very large number of Monte Carlo sample can be obtained as

Nsampn
3

n3 +NsampCIn
=

Nsamp

1 +NsampCI/n2
→ n2

CI
(when Nsamp →∞) (30)

Therefore when n becomes large as expected for practical problems, the proposed method has a clear advan-
tage. Next, we illustrate this new method using a numerical example.

5 Numerical examples

5.1 System model and computational methodology

A three-degree-of-freedom undamped spring-mass system, taken from [16], is shown in Fig. 1. The mass

Fig. 1: The three degree-of-freedom random system.
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and stiffness matrices of the example system are given by

M =



m1 0 0
0 m2 0
0 0 m3


 and K =



k1 + k4 + k6 −k4 −k6

−k4 k4 + k5 + k6 −k5

−k6 −k5 k5 + k3 + k6


 (31)

It is assumed that all mass and stiffness constants are random. The randomness in these parameters are
assumed to be of the following form:

mi = mi (1 + εmyi) , i = 1, 2, 3 (32)

ki = ki (1 + εkyi+3) , i = 1, · · · , 6 (33)

Here y = {y1, · · · , y9}T ∈ R9 is the vector of random variables. It is assumed that all random variables
are Gaussian and uncorrelated with zero mean and unit standard deviation. Therefore, the mean values of
mi and ki are given by mi and ki. The numerical values of the constants are assumed to be mi = 1.0
kg for i = 1, 2, 3; ki = 1.0 N/m for i = 1, · · · , 5 and k6 = 3.0 N/m. The numerical values of the
‘strength parameters’ are assumed to be εm = 0.15 and εk = 0.20. In order to obtain the statistics of the
natural frequencies using the methods developed in this paper, the gradient vector and the Hessian matrix
of the natural frequencies are required. As shown in Appendix A, this in turn requires the derivative of the
system matrices with respect to the entries of y. For most practical problems, which usually involve Finite
Element modeling, these derivatives need to be determined numerically. However, for this simple example
the derivatives can be obtained in closed-form.

We calculate joint moments and joint probability density functions of the natural frequencies of the system.
Attention is restricted up to second-order joint statistics of two natural frequencies. Following four methods
are used to obtain the joint moments and the joint probability density functions:

1. First-order perturbation: For this case the mean and covariance matrix of the natural frequencies are
calculated using the first-order derivatives of the eigenvalues. The resulting statistics is given by

E [λ]j = λj (34)

and Cov (λj , λk) = dTλjdλk (35)

The gradient vector dλj can be obtained from equation (46) using the system derivative matrices. The
derivatives of M(y) and K(y) with respect to elements of y can be obtained from equation (31) together
with equations (32) and (33). For the mass matrix we have

∂M
∂y1

=



m1εm 0 0

0 0 0
0 0 0


 , ∂M

∂y2
=




0 0 0
0 m2εm 0
0 0 0


 , ∂M

∂y3
=




0 0 0
0 0 0
0 0 m3εm


 . (36)

All other ∂M
∂yi

are null matrices. The derivatives of the stiffness matrix are

∂K
∂y4

=



k1εk 0 0

0 0 0
0 0 0


 , ∂K

∂y5
=




0 0 0
0 k2εk 0
0 0 0


 , ∂M

∂y6
=




0 0 0
0 0 0
0 0 k3εk


 ,

∂K
∂y7

=



k4εk −k4εk 0
−k4εk k4εk 0

0 0 0


 , ∂K

∂y8
=




0 0 0
0 k5εk −k5εk
0 −k5εk k5εk


 , ∂M

∂y9
=



k6εk 0 −k6εk

0 0 0
−k6εk 0 k6εk




(37)

and all other ∂K
∂yi

are null matrices. Also note that all of the first-order derivative matrices are inde-
pendent of y. For this reason, all the higher order derivatives of the M(y) and K(y) matrices are null
matrices.
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2. Second-order perturbation: In this case the Hessian matrices Dλj and Dλk are used in calculating the
joint statistics of the natural frequencies. The elements of the Hessian matrices Dλj and Dλk can be
calculated using equation (48). The resulting statistics [16] can be obtained as

E [λ]j = λj +
1

2
Trace

(
Dλj

)
(38)

and Cov (λj , λk) = dTλjdλk +
1

2
Trace

(
DλjDλk

)
(39)

Comparing these results with Eqs. (34) and (35), the contributions of the Hessian matrices can be
regarded as corrections to the first-order perturbation results.

3. Method based on the iterative integral: The samples of the nine independent Gaussian random vari-
ables yi, i = 1, · · · , 9 are generated to obtain the samples of ∆K(θ). The iterative algorithm developed
in the previous section is employed. A total of 15000 samples are used to obtain the statistical moments
and histograms of the pdf of the natural frequencies.

4. Monte Carlo Simulation (MCS): The same samples of the nine independent Gaussian random variables
yi, i = 1, · · · , 9 generate before are used and the natural frequencies are computed directly from
equation (7). The results obtained from MCS are assumed to be the benchmark for the purpose of
comparing the analytical methods.

The results are presented and discussed in the next subsection.

5.2 Numerical results

For the given parameter values the natural frequencies (in rad/s) of the corresponding deterministic system
is given by

λ1 = 1, λ2 = 2, and λ3 = 3 (40)

Figure 2 shows percentage error with respect to Monte Carlo Simulation in the elements of the mean vector
and covariance matrix of the natural frequencies. Since the covariance matrix is a symmetric matrix, only
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Fig. 2: Percentage error with respect to MCS in the mean and covariance matrix of the natural frequencies.

the elements of the upper triangular part is considered for plotting. For the mean values, the first-order per-
turbation method is the least accurate, followed by the second-order perturbation method. The same fact is
also true for the diagonal elements of the covariance matrix (that is the variance of the natural frequencies).
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However, for the off-diagonal terms, the second-order perturbation method appears to be slightly less accu-
rate compared to the first-order perturbation method. For both calculations, the iterative method is clearly
the most accurate among the three analytical methods used in this study.

Now consider the probability density function of the natural frequencies. Because the iterative method is the
most accurate among the three methods discussed here, we will only persue this method in the remaining
discussions. First we focus on the marginal pdf of the natural frequencies. Using the iterative method, the
mean and standard deviation of the natural frequencies are obtained as

µΩ = {0.9972, 2.0194, 3.0539}T (41)

and σΩ = {0.0827, 0.186, 0.3319}T (42)

Gaussian distributions are fitted with these parameters and compared with Monte Carlo Simulation. The
marginal pdf of the natural frequencies obtained from the iterative method and Monte Carlo Simulation are
shown in Fig. 3. Each MCS pdf in Fig. 3 is obtained by normalizing the histogram of the samples so that
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Fig. 3: Probability density function of the natural frequencies.

the area under the curve obtained by joining the middle points of the histogram bins is equal to unity. The
Gaussian distributions calculated from the iterative method fit quite well to the Monte Carlo Simulation. This
result implies that the probability density function of the individual natural frequencies can be approximated
well using a Gaussian distribution with correct set of parameters.

Now we focus on the joint distribution of the natural frequencies. The covariance matrix and the matrix of
correlation coefficients were obtained using the iterative method as

ΣΩ =




0.6838 0.8782 1.2018
0.8782 3.4677 1.5497
1.2018 1.5497 11.0182


× 10−2 (43)

USD - UNCERTAINTY MODELLING AND PROPAGATION 3767



and

ρΩ =




1.0000 0.5703 0.4378
0.5703 1.0000 0.2507
0.4378 0.2507 1.0000


 (44)

This indicates that the natural frequencies are fairly correlated. The correlation between λ1 and λ2 is more
than that between λ1 and λ3. This is expected because from λ1, λ3 is more distant than λ2. However, the
correlation between λ1 and λ3 is more than that between λ2 and λ3 in spite of λ1 being further from λ3

compared to λ2.

In line with the univariate Gaussian distributions shown in Fig. 3, we can obtain bivariate Gaussian distri-
bution for each pair of natural frequencies. Joint probability density function of the natural frequencies

Fig. 4: Fitted joint Gaussian probability density function of the natural frequencies using the iterative method.

obtained from the iterative method and Monte Carlo Simulation are shown in figures 4 and 5. In total three
joint distributions, namely pλ1,λ2 , pλ1,λ3 and pλ2,λ3 are shown in figures 4 and 5. Each analytical joint pdf
in Fig. 4 is obtained by fitting a bivariate Gaussian distribution with the mean vector and covariance matrix
taken from Eqs. (41) and (43) for the corresponding set of natural frequencies. The MCS pdf in Fig. 5 is
obtained by normalizing the two dimensional histogram of the samples so that the volume under the surface
obtained by joining the middle points of the histogram bins is equal to unity. At first it may appear that, like
the marginal pdfs in Fig. 3, the joint pdfs of the natural frequencies are also jointly Gaussian distributed. But
a closer inspection reveals that this is not always the case. Figure 6 compares the contours of the analytical
joint pdf with that obtained from MCS. The adjacent natural frequencies, that is, λ1 and λ2 and λ2 and λ3

are not jointly Gaussian distributed as the contours of the analytical joint pdf is quite different from that ob-
tained using MCS. The joint pdf of λ1 and λ3 is however close to a bivariate Gaussian density function. The
important conclusion that can be drawn from this limited numerical results is that the natural frequencies are
in general not jointly Gaussian distributed although individually they may be. Further research is however
required to investigate the generality of this conclusion.
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Fig. 5: Joint probability density function of the natural frequencies from Monte Carlo Simulation.
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Fig. 6: Contours of the joint probability density function of the natural frequencies.
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6 Conclusions

The statistics of the eigenvalues and eigenvectors of discrete linear dynamic systems with parameter uncer-
tainties have been considered. The random variables are in general considered to be non-Gaussian. The
usual assumption of small randomness employed in most mean-centred-based perturbation analysis is not
employed in this study. A new iterative method has been proposed to obtain eigensolution statistics of a
random system from the undamped eigensolutions. The iterative method effectively ‘post-processes’ the
undamped eigensolutions within the Monte Carlo framework. Therefore, the complete eigenvalue problem
needs to be solved only once for the deterministic system.

The proposed method exploits a mathematical construction where random eigenvalues and eigenvectors are
updated from their previous values in an iterative manner for each sample. A simple algorithm is proposed
to implement this method. The applicability of the proposed method is investigated using a three-degree-
of-freedom system. Improved accuracy has been observed when compared with the first and second-order
perturbation methods. Using the iterative method developed here, it is possible to obtain the eigenvalues,
eigenvectors and consequently the dynamic response of random systems by post-processing of the undamped
eigenvalues and eigenvectors, which in turn can be obtained using a general-purpose finite element software.
Future work is necessary to extend this method to systems with repeated eigenvalues.
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Appendix

A The gradient vector and the hessian matrix of the natural frequen-
cies

The eigenvectors of symmetric linear systems are orthogonal with respect to the mass and stiffness matrices.
We normalize the eigenvectors such that

uTj Muj = 1 (45)

Using this and differentiating equation (7) with respect to yk it can be shown that [17] for any y

∂λj(y)

∂yk
=

uj(y)TGjk(y)uj(y)

2λj(y)
(46)

where Gjk(y) =

[
∂K(y)

∂yk
− λ2

j (y)
∂M(y)

∂yk

]
(47)

Differentiating equation (7) with respect to yk and yl Plaut and Huseyin [18] have shown that, providing the
natural frequencies are distinct

∂2λj(y)

∂yk ∂yl
=


 1

2λj(y)

∂2
(
λ2
j (y)

)

∂yk ∂yl
− 1

λj(y)

∂λj(y)

∂yl

∂λj(y)

∂yk


 (48)

where

∂2
(
λ2
j (y)

)

∂yk ∂yl
= uj(y)T

[
∂2K(y)

∂yk ∂yl
− λ2

j (y)
∂2M(y)

∂yk ∂yl

]
uj(y)

−
(

uj(y)T
∂M(y)

∂yk
uj(y)

)(
uj(y)TGjl(y)uj(y)

)

−
(

uj(y)T
∂M(y)

∂yl
uj(y)

)(
uj(y)TGjk(y)uj(y)

)

+ 2
N∑

r=1

(
ur(y)TGjk(y)uj(y)

)(
ur(y)TGjl(y)uj(y)

)

ω2
j (y)− ω2

r (y)

(49)

Equations (46) and (48) completely define the elements of the gradient vector and Hessian matrix of the
natural frequencies.
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Abstract
In the field of structural engineering analysis, a common requirement is to calculate the modal frequencies of
a structure that has undergone an update, either naturally (such as from material degradation), or due to man-
made influences (by placing point masses along a structure). In addition to this requirement, it is common
to only have access to truncated modal testing results. In this paper, we derive analytical bounds for the first
eigenvalue of a completely unobserved mass matrix for linear elastic systems. Doing so allows engineers to
proceed with modifying linear elastic systems, without requiring direct access to the mass matrix. This is
because it is often difficult to know exactly what negative mass perturbations are allowable, given that the
full mass matrix is an unknown quantity. Ultimately, the analysis in this paper will proceed by assuming
only access to the left and right eigenvectors of the underlying system - which are both possible to obtain via
physical experiments, so that the bounds are not only physically realizable, but also practically realizable.

1 Introduction

The field of structural design modification requires altering the properties of a system, and then observing
the subsequent effects upon the eigenspectrum. The forward problem of structural modification is well-
understood, as it involves observing the eigenvalues which result from a prescribed modification [1, 2]. The
inverse problem however, is less so. In particular, inverse structural modification involves determining the
set of permissible modifications which generate a prescribed eigenspectrum [1, 3]. Generally, inverse design
problems can be approached from the perspective of analytical modeling [3, 4, 5, 6], passive modeling [7],
and or active modeling [8]. Regardless of the chosen method, most work to constrain the mass modifications
as being positive only. This is because positive constraints help ensure that the derived answer is physically
realizable. This is because typically one does not have access to the full mass matrix, meaning that it is
difficult to know the precise extent to which negative mass modifications can be physically made. However,
this means that the total space of achievable configurations is much smaller than what it possibly could be.
In regards to trying to solve this problem, some attempts have been made to understand the lower bounds
on finite element system mass matrices [9], as well as stiffness matrices [10]. Moreover, a lot of work on
bounding the eigenvalues of a modified system based on perturbations has been done Ram & Braun wherein
they find upper and lower bounds for the eigenvalues of a modified structure based on a truncated modal
system [11]. However, all such methods require at least full access to a full mass matrix, which limits the
applicability of such methods to more realistic settings. Ultimately, it will be the purpose of this paper to
demonstrate a method for obtaining a lower bound on the least eigenvalue of the modified mass matrix for
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a linear-elastic system, even if both the original mass and stiffness matrices are completely unobserved. In
order to achieve these bounds, only access to the left, and right eigenvectors of the original system will be
required - which can all be obtained from practical experimentation [12].

2 Problem Set-Up

Consider an n ∈ Z degree of freedom (dof) linear-elastic system as follows:

Mẍ+Kx = 0 (1)

where M ∈ Rn×n is known as the mass matrix, K ∈ Rn×n is known as the stiffness matrix, and x ∈ Rn is
a state vector. If the solutions ofMẍ+Kx = 0 are sinusoidal in nature, then it is equivalent to solving the
following generalized eigenvalue problem:

(K − λiM)vi = 0 (2)

where i = 1, 2, ..., n. For this system, vi ∈ Rn denotes the i-th eigenvector, and λi ∈ R is the i-th eigenvalue.
It is possible to assemble these n eigenvalue equations into a single matrix form, by constructing Λ ∈ Rn×n,
and V ∈ Rn×n, where, Λ = diag(λi)n×n, and V = [v1,v2, ...,vn]. This results in the following system:

KV = MV Λ (3)

in which Λ is known as the spectral matrix, and V is the modal matrix. In this paper it is assumed that the
eigenvectors are mass normalized, meaning, V ᵀMV = I , and V ᵀKV = Λ, where I denotes the identity
matrix. Moreover, the notation: (M ,K) will be used to denote the eigenvalue problem for the mass-stiffness
system implied by matrices M , and K (that is, Equation 3). From this notation, the corresponding system
for: (I,M) is defined as the following:

(M − wiI)φi = 0 (4)

which has i-th eigenvalue wi, and eigenvector φi respectively. This is an important construction for this pa-
per, as we are concerned with bounding the least eigenvalue of an unobserved mass matrix in order to impose
constraints when performing inverse modeling. In terms of inverse design, consider now the application of
some alteration to the (M ,K) system. This may manifest through a design change, a change in material
properties, or even a change in the new operating conditions, and they will be denoted by: ∆M and ∆K.
Applying these to the (M ,K) system, we arrive at the (M + ∆M ,K + ∆K) eigenvalue problem,

(K + ∆K)V ? = (M + ∆M)V ?Λ? (5)

where Λ?,V ? ∈ Rn×n denote the new spectral, and modal matrices for the modified system respectively.
Ultimately, the aim here will be the following:

Aim: Under what conditions is it possible to have negative values enter into ∆M , such that the underlying
(M + ∆M ,K + ∆K) system remains physically realizable?

In order to answer this question, it will be necessary to define: (i) A notion of physical realizability, and
(ii) Conditions under which physical realizability is plausible. In order to make the problem amenable to
practical settings, we will assume no access to theM , andK matrices.

3 Establishing Physical Realizability

In the absence of the M , and K matrices, it is difficult to know what are the allowable negative values
allowed for ∆M . In order to help approach this problem, it is necessary to (i) Establish a notion of physical
realizability, and (ii) Develop bounds based on the prescribed definition of physical realizability. Therefore,
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this section works to provide an intuitive mathematical statement to capture the notion of physical realiz-
ability, based on system kinetic energy (KE). This idea is made clear in Definition 1, and the mathematical
implication of this definition is made clear in Remark 1.

Definition 1. A linear mass-spring system that is claimed as being physically realizable requires at least, to
possess positive KE.

Remark 1. An (M ,K) system has positive KE if the eigenvalues of the (I,M) system are positive. That
is, if wi > 0 for all i = 1, ..., n, then KE [(M ,K)] > 0.

Proof. As shown in Equation 4, the eigenpairs for the mass-only system: (I,M), are (wi,φi), with eigen-
values: wi, and eigenvector: φi. Consider the following diagonalization:

M = Φ−1DΦ,

where Φ = [φ1, . . . ,φn] is the matrix of eigenvector columns and D = diag(w1, . . . , wn). Since {φi}ni=1
forms a basis over Rn, any ẋ ∈ Rn velocity vector can be expressed as ẋ =

∑n
i=1 aiφi, where ai ∈ R are

constants. Now, ∀ẋ ∈ RN , KE [(M ,K)], w.r.t. ẋ can be defined as follows:

KE [(M ,K); ẋ] :=
1

2
〈ẋ,Mẋ〉

=

〈
N∑

i=1

aiφi,

N∑

j=1

ajMφj

〉

(i)
=

N∑

i=1

N∑

j=1

aiaj 〈φi, wφj〉 (6)

(ii)
=

N∑

i=1

wia
2
i

> 0, if wi > 0.

where (i) follows from linearity of the inner product, and (ii) follows from the orthogonality property of
eigenvectors.

Summary: What Remark 1 says, is that if the eigenvalues of M are positive, then the corresponding
(M ,K) system is physically realizable through a KE argument. In other words, if M is positive definite
(denoted: M � 0) then the system is physically realizable. We will use this idea to guide our lower bounds.

4 The Eigenvalue Lower Bound based on the Left Eigenvector

In this section, we will establish a very general lower-bound on the first eigenvalue of an unobserved mass
matrix, based only on the first left, and right eigenvectors of the (M ,K) system. The underlying motivation
to this section will be based on Weyl’s theorem of interlacing eigenvalues as show in Theorem 1.

Theorem 1. [Weyl’s Theorem [13]] LetA,B ∈ Rn×n be Hermitian matrices. Then:

λi(A) + λ1(B) ≤ λi(A+B) ≤ λi(A) + λn(B) (7)

For the context of this paper, we can let A = M , and B = ∆M 1. Now from observing Equation 7,
it can be seen that if i = 1 is selected, then we have: λ1(M) + λ1(∆M) ≤ λ1(M + ∆M). Since
positive KE is desired (Remark 1), it can be seen that we need: λ1(M + ∆M) > 0, in turn requiring that:

1Note that Weyl’s inequality applies for Hermitian systems, and for most cases M and K are indeed Hermitian matrices.
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λ1(∆M) < −λ1(M). This provides the maximal possible constraint for allowing ∆M to have negative
values in the matrix: it needs to be smaller than the magnitude of the least eigenvalue of the mass matrix;
which is a rather intuitive conclusion. The main problem with this conclusion, however, is that we do not have
access to M ! Thus, we need to develop some way to implicitly obtain information from the mass matrix.
This can be achieved with knowledge of the left eigenvectors. In fact it can be shown that gi = Mvi, where
gi, and vi, are the i-th left, and right eigenvectors respectively. This is clarified in Lemma 1.

Lemma 1. [Left-Right Eignevector Relationship] For the (M ,K) system, gi = Mvi, where gi, and vi,
are the i-th left, and right eigenvectors respectively.

Proof. Recall (M ,K) := (Kvi = λiMvi). From this definition, the right-eigenvector system can be
expressed as:

(
M−1K

)
vi = λivi, and the left-eigenvector system can be exressed as: gᵀi

(
M−1K

)
=

λig
ᵀ
i . Assume there exists an A, such that gi = Avi, so that vi, and gi are linearly related. The aim will be

to identify what form ofA is acceptable. Substituting gi = Avi, into the left-eigenvector equation gives:

(Avi)
ᵀ(M−1K) = λi(Avi)

ᵀ

(i)⇐⇒ (M−1K)ᵀAvi = λi(Avi)

⇐⇒ (Kᵀ)(Mᵀ)−1Avi = λi(Avi)

⇐⇒ KM−1Avi = λi(Avi) (8)

where (i) follows from transposing both sides. By observing Equation 8, the only choice of A which will
satisfy the (M ,K) system isA = M .

Since it is known that the left eigenvector can be obtained experimentally [12], we therefore have a means to
implicitly obtain information about the unobserved mass matrix, M in practical settings. This relationship
can be exploited to then form a lower bound on the smallest eigenvalue of the mass matrix (without ever
needing to observe it). This is shown in Theorem 2. However, in order to establish Theorem 2, it is necessary
to establish Remark 2.

Remark 2. For eigenvalue system (I,M), the modified eigenvalue problem of: (I, (M − αI)−1) has
corresponding eigenvalues 1

wi−α , where α ∈ R is a scalar.

Proof. Firstly if: Mφi = wiφi, then M−1φi = 1
wi
φi. Moreover, if Mφi = wiφi, then (M − αI)φi =

(wi − α)φi. From these two observations, the statement of Remark 2 follows (the eigenvalues are inverted,
and translated by α).

We now proceed to the main theorem of this paper, as outlined in Theorem 2.

Theorem 2. [Generalized Eigenvalue Lower Bound] Let eig [(I,M)] := {wi}n1 . Then ∀x ∈ Rn, such that
‖x‖ 6= 0,, and ∀α ∈ R such that |w1 − α| < |w2 − α| we have,

w1 ≥ α−
‖x‖‖g̃ − αṽ‖
〈x, ṽ〉 , (9)

where g̃, and ṽ are the left and right eigenvectors corresponding to min(eig [(M ,K)]).

Proof. Consider,

〈x, ṽ〉
(i)

≤ ‖x‖‖ṽ‖
= ‖x‖‖(M − αI)−1(M − αI)ṽ‖
(ii)

≤ ‖x‖‖(M − αI)−1‖‖(M − αI)ṽ‖.
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where (i) follows from the Cauchy-Schwarz inequality, and (ii) from the notion that induced operator norms
are sub-multiplicative. In particular, the vector norm ‖ · ‖ : Rn → R, is known to induce the following
operator norm,

‖A‖ := sup{‖Ax‖ : ∀x ∈ Rn, ‖x‖ = 1}, (10)

for all such operators A ∈ Rn×n [14]. In addition, the operator norm relates to the spectral radius of the
underlying operator in the following way: ‖A‖ = ρ(A), where ρ(A) := max(|eig [(I,A)] |) is the spectral
radius [14]. Thus,

‖(M − αI)−1‖ := ρ((M − αI)−1)
(i)
= max(|eig

[
(M − αI)−1)

]
|)

(ii)
=

1

min(|w − α|)
(iii)
=

1

|w1 − α|
,

where (i) Follows from definition of the spectral radius, (ii) Is established from Remark 2, and (iii) Holds as
long as |w1 − α| < |w2 − α|. Ultimately, we have found a way to re-write the ‖(M − αI)−1‖ expression.
Therefore we can write,

〈x, ṽ〉 ≤ ‖x‖‖(Mṽ − αṽ)‖
|w1 − α|

⇐⇒ |w1 − α| ≤
‖x‖‖(Mṽ − αṽ)‖

〈x, ṽ〉 , (11)

where it assumed that 〈x, ṽ〉 > 0. Finally, we notice that g̃ = Mṽ (established from Lemma 1), and
expanding the absolute value, we obtain

w1 ≥ α−
‖x‖‖g̃ − αṽ‖
〈x, ṽ〉 .

Summary: We have established a bound on the least eigenvalue (w1) of a completely unobserved mass
matrix, M . This bound varies as a function of the scalar, α, and requires access to only the left and right
system eigenvectors, g̃, and ṽ. However, there is “arbitrary” x left over. The next section will show how to
remove x.

5 Practical Considerations

Since x is arbitrary, it is possible to select it as being parallel to ṽ, so that its presence can be eliminated
from Theorem 2 altogether. This is made clear in Corollary 1, which removes x, whilst studying the case of
w1 ≥ 0 (the central concern of this paper).

Corollary 1. [Appropriate α Range]

α ≥ ‖g̃ − αṽ‖‖ṽ‖ , for w1 ≥ 0. (12)
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Proof. Consider,

α− ‖x‖‖g̃ − αṽ‖〈x, ṽ〉 = α− ‖x‖‖g̃ − αṽ‖
‖x‖‖ṽ‖ cos θx,ṽ

= α− ‖g̃ − αṽ‖
‖ṽ‖ cos θx,ṽ

,

where θx,ṽ denotes the angle between vectors x and ṽ. Since we require w1 ≥ 0, this implies that in turn we
are looking at the case,

α ≥ ‖g̃ − αṽ‖
‖ṽ‖ cos θx,ṽ

.

Since x can be arbitrarily chosen, select x so as to run parallel to ṽ, thereby making cos θx,ṽ = 1. Thus, x
becomes completely removed from this expression, completing the proof.

Therefore we have access to a lower bound as a function of α, using only the left and right eigenvectors.
However notice that unfortunately this definition is implicit, in that α appears on both the left, and right-
hand sides. In order to establish an expression with α only on one side, some assumptions will need to be
made. These will be clarified in Remark 3.

Remark 3. [Simplified α Range] If w1 ≥ 0, and |w1 − α| < |w2 − α|, then,

α ≥ 1

2
ρ(M). (13)

Proof.

‖g̃ − αṽ‖
‖ṽ‖ =

‖(M − αI)ṽ‖
‖ṽ‖

≤ ‖(M − αI)‖‖ṽ‖
‖ṽ‖

= ‖(M − αI)‖
= ρ(M − αI) (14)

where v 6= 0. From the proof thus far we have by implication: α − ‖g̃−αṽ‖‖ṽ‖ ≥ α − ρ(M − αI). From

Corollary 1 it is known that α − ‖g̃−αṽ‖‖ṽ‖ ≥ 0, if w1 ≥ 0, and so by transitivity it is natural to require that
α − ρ(M − αI) ≥ 0. The given condition of |w1 − α| < |w2 − α| means that we can expand as follows:
α− ρ(M − αI) = 2α− ρ(M), which in turn implies that α ≥ 1

2ρ(M), thus completing the proof.

Ultimately, Remark 3 tries to make clear that a reasonable value to choose for α in order to best estimate
the value of an (unobserved) w1 is that of: α = 1

2ρ(M). This is because from Corollary 1 we know that
α − ‖g̃−αṽ‖‖ṽ‖ ≥ 0 in order to ensure that w1 ≥ 0, and the value α = 1

2ρ(M) appears to also satisfy this
condition (Remark 3). However, once again it seems that we have run into a problem! This α value still
requires access to M ! In particular, to the access of ρ(M). Luckily however, ρ(M) (the largest eigenvalue
in this case) is much easier to estimate than least eigenvalue, w1, because matrix reconstruction procedures
tend to be much more strongly driven by the presence of the larger eigenvalues (i.e. the larger singular
values). For example, since we already have the relationship: gi = Mvi (Lemma 1), one could pose an
estimate for M as: M ≈ giv†i , where the dagger symbol denotes the pseudo-inverse. This estimation of
M is much more strongly driven by the larger singular values, and in fact, it can be shown that the largest
singular value of this pseudo-inverse estimate for M , is upper-bounded by the largest singular value for
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the full M . This idea is clarified in Lemma 2. In practice this means as one collects more left and right
eigenvectors, one can obtain increasingly better estimates of α.

Lemma 2. If g = Mv, then σ1(gv†) ≤ σ1(M) := ρ(M), where σ1(M) denotes the largest singular
value ofM .

Proof. Consider that gv† = g(vᵀv)−1vᵀ by definition of the pseudo-inverse. Thus,

‖g(vᵀv)−1vᵀ‖ ≤ ‖g‖ · ‖(vᵀv)−1‖ · ‖vᵀ‖
= ‖Mv‖ · ‖‖v‖−2‖ · ‖vᵀ‖
≤ ‖M‖ · ‖v‖ · ‖v‖−2 · ‖vᵀ‖
= ‖M‖ · ‖v‖2 · ‖(v)‖−2
= ‖M‖

Thus, ‖gv†‖ ≤ ‖M‖. Moreover the induced operator norm of a matrix evaluates to its largest singular value
(the spectral radius in the case of symmetric positive definite matrices) implying that, σ1(gv†) ≤ σ1(M) =
ρ(M) which completes the proof.

Summary: We have established conditions under which the bound of Theorem 2 can be practically used.
These conditions are developed by observing how α behaves around the required region of w1 ≥ 0. It seems
that a good reference forα is to be around 1

2ρ(M), and in turn, ρ(M) can be approximated from knowledge
thatM ≈ gv†.

6 Examples

The aim of this section will be to demonstrate the usage of the developed lower-bounds. Ultimately, it will
be shown that a reasonable value for w1 can be inferred, without ever knowing the full mass matrix. In
particular, consider the following mass and stiffness matrices,

M1 =




15 0 0 0 0
0 21 0 0 0
0 0 24 0 0
0 0 0 27 0
0 0 0 0 30




M2 =




30 0 0 0 0
0 170 0 0 0
0 0 180 0 0
0 0 0 190 0
0 0 0 0 200




K =




k1 −k1 0 0 0
−k1 k1 + k2 −k2 0 0

0 −k2 k2 + k3 −k3 0
0 0 −k3 k3 + k4 −k4
0 0 0 −k4 k5




where ki = 1000i for i = {1, .., 5}. For the ensuing analysis, assume that we do not know these matrices,
and that we only have access to the total (M ,K) system via the left and right eigenvectors only. We will
name the mass systems which are being analyzed as: M1, and M2 respectively. The result of analysing
systemsM1 andM2 are shown in Figures 1a, and 1b respectively.

From Figure 1a it can be seen that the suggested procedure of (i) Using the approximation: M ′ ≈ g1v†12,
and then (ii) Estimating the corresponding α = 1

2ρ(M ′) value seems to coincide very closely to the w1 = 0
point. This is a nice conclusion, but unfortunately it is not a very useful one, as trivially we already expect

2Note that in Figures 1a, and 1b the dagger symbol is replaced by “T”.
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that w1 ≥ 0 for the mass matrices. However, if one uses a more informed version of α = 1
2ρ(M ′) by

constructing theM ′ estimate by means of collecting more left and right eigenvectors, then the lower-bound
on w1 can be shown to increase. Interestingly, it would appear that in the case of system M2 if one has
access to all the eigenvectors then the approximation precisely coincides to the point at which the theory of
the bound begins to collapse. This is the point where |w1 − α| = |w2 − α|, or in other words, where the
value chosen for α is equidistant from w2 and w1. However in system M1, even with information of all
the left and right eigenvectors, the lower-bound seems to undershoot this point. On this point, if one truly
had all information on the left and right eigenvectors then practically speaking, there is no reason to even
use this bound - as in principle the mass matrix could be completely reconstructed. However, this analysis
was performed here to show the behavior of the lower-bound in such an extreme regime. Ultimately, this
lower-bound was analyzed in three distinct regimes. That is, in the presence of: (i) The least information
possible (only v1, and g1 are known), (ii) A moderate amount of information (v1:3, and g1:3), as well as (iii)
Complete information (v1:5, g1:5). Indeed, this bound was derived with the purpose of being used in the
presence of partial information (that is, in points (i) and (ii)), and from the toy problems it would appear that
the case of having access to only v1:3, and g1:3 provides reasonable estimates for the lower-bound on the least
eigenvalue, w1. The value for the lower-bounds turned out to be 6.8 for system M1, and 18.22 for system
M2 in this case. These systems had true unobserved eigenvalues of 15, and 30 respectively.

(a) Analysis for systemM1.

(b) Analysis for systemM2.

Figure 1: Varying α to see which F (α) value is able to best provide a lower-bound estimate for w1 in each
system, where F (α) = α − ‖g̃−αṽ‖‖ṽ‖ . Note that as more information is obtained (that is, more left and right
eigenvectors are obtained), the lower-bound becomes increasingly better. In these figures, the blue dash
represents the part of F (α) which has the condition |w1 − α| < |w2 − α| satisfied.
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7 Conclusion

A general lower-bound (which varies as a function of a scalar, α), was developed for the least eigenvalue
of the mass matrix in linear-elastic systems that have undergone a negative perturbation. This lower-bound
was developed in the absence of knowledge about the mass and stiffness matrices, and only requires to the
first left, and right eigenvectors of the system - which are quantities that can be established from physical
experiments. The range of α values which result in positive mass eigenvalues upon perturbing the system
was also developed. An example of how to use these bounds was shown on two mass-spring systems. A
reasonable value of α arose when considering the spectral radius of an estimated mass matrix. However,
further research should be conducted in studying different ways to obtain optimal α values for even tighter
lower bounds. Moreover, the toy problems studied here clearly indicate that a curvature change is present
in the region of |w2 − α| < |w1 − α|. This implies that further investigations could also be performed to
better anticipate the onset of the second least eigenvalue, w2 (with respect to this ensuing curvature), thereby
leading to a more complete understanding of partially observed mass-spring systems.
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Abstract
Vibration can also be modeled as waves propagating in an elastic waveguide. Phononic crystals are periodic
waveguides that may present Bragg scattering band gaps, frequency bands where waves cannot propagate.
Two-dimensional lattices have important practical applications and can be built using additive manufacturing.
Mechanical property variability must be considered in 3D-printed structures. In this study, we investigate
two-dimensional deterministic and stochastic models of a periodic frame structure. Random mass density
and Young’s modulus are inferred through a Markov chain Monte Carlo (MCMC) algorithm, which proved
to be highly precise in obtaining the Bayesian posterior distribution. We calculate the stochastic response
using this model with the inferred distributions. Using the mean values a deterministic analysis is performed
to verify the existence of full band gaps. It is shown that the proposed structure presents full band gaps that
are robust with respect to the assumed mechanical property variability.

1 Introduction

Vibration can lead to several problems in structural applications [1]. There is a need for designs that ensure
quieter mechanical systems [2]. In addition, the necessity of lightening structures has lead to the development
of novel structures that can efficiently control vibration and noise [3]. Additive manufacturing has made it
possible to obtain a wide variety of lighter complex geometries, while maintaining mechanical rigidity [4].

Two-dimensional waveguides have important applications in machine design, such as plane trusses [5, 1,
6]. Examples include planar frame structures with resonators (the so-called metamaterials) [7], plates with
polynomial decrement of their shape (acoustic black holes) [3, 2], and periodic inclusions of a different
material [8]. Usually, phononic crystals are used in vibration and noise control because they may present
Bragg scattering band gaps, i.e. frequency bands where there is no wave propagation.

The wave propagation approach to structural dynamics usually begins with the local dynamic equilibrium
equations of the waveguide. Transforming from time to the frequency domain, and from spatial to the
wavenumber domain (reciprocal space) [9]. If the waveguide is periodic, but also in the case of a homoge-
neous waveguide (periodic an arbitrary period), the Bloch-Floquet theorem can be used [10, 11] to obtain
the wavenumbers and wave modes (Bloch modes) [12]. Wave-based methods such as the spectral element
method (SEM) [13] are more efficient than the finite element method (FEM) because they need lower com-
putational power, especially at high frequencies [5, 13]. Moreover, wavenumber domain analyses may be a
very important tool in structural dynamics [14], making the interpretation of the forced harmonic responses,
e.g. expressed by the frequency response functions (FRF), easier [15, 12].
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Recent studies report that the variability of the waveguide mechanical properties, obtained through additive
manufacture, significantly influenced the observed response. Therefore, it was necessary to quantify the
related uncertainties [4, 16]. Firstly, statistical methods have been used to estimate and to infer about the sta-
tistical distribution of the model parameters. Then, the inferred distributions are used to obtain the stochastic
response from the deterministic model [17, 18, 4, 19]. It is known that the greater the sample size, the more
accurate and precise the inference procedure. However, using the suitable prior information and Bayesian
statistics, the final result can present improved precision [20]. The Bayesian approach usually yields less
biased estimates and improves precision and accuracy [21, 22, 19].

This work aims at obtaining stochastic models of a two-dimensional lattice made of plane frame elements
with a full band gap for longitudinal and flexural waves. The main objective is to investigate the full band
gaps using Bayesian statistics. It is shown that some of these full band gaps are robust against mechanical
properties variability.

2 Obtaining the dynamic stiffness matrix

Based on the kinetic, and potential energy, the Hamilton’s principle is used to obtain the equations of motion
for the elementary rod and the Euler-Bernoulli beam [23, 24], respectively given by:

∂

∂x

(
EA

∂u

∂x

)
− ρA∂

2u

∂t2
= 0, (1)

∂2

∂x2

(
EI

∂2v

∂x2

)
+ ρA

∂2v

∂t2
= 0, (2)

where the mechanical properties E and ρ are, respectively, the material Young’s modulus and mass density.
The geometric properties A and I are, respectively, the cross-sectional area, and the second moment of area
with respect to the axis perpendicular do the transverse displacement. The quantities u and v are, respectively,
the longitudinal and transverse displacements.

From these equations of motion, it is possible to obtain the dynamic stiffness matrix of an homogeneous
element of length δx, which relates forces and displacements at the boundaries in the frequency domain.
The dynamic stiffness matrix of the elementary rod and Euler-Bernoulli beam can be obtained via the SEM
[25, 4, 26].

3 Obtaining the wavenumber

Another advantage of this methodology is the possibility of analyzing the two- and three-dimensional wave
propagation in waveguides [27] or truss lattices [28]. We will consider in-plane wave propagation using a
cell made of 4 plane frame elements shown in Figure 1. Firstly, four spectral elements can be obtained and
condensed, keeping only the nodes at boundaries. Then, they are assembled at the node q5, and this node is
condensed. Hence,This cell is represented by the nodes q1, q2, q3, q4. These four elements (e1, e2, e3, e4)
are considered equal for a deterministic analysis, and different for the stochastic analysis.
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Figure 1: Proposed structure cell made of four plane frame elements.

The relation between displacements q and dynamic forces F is given by:

D(ω)q = F, (3)

where D(ω) is the dynamic stiffness matrix for a given angular frequency ω.

After using coordinate transformation matrices to transform the element dynamic stiffness matrices from lo-
cal to global coordinates [26], the global dynamic stiffness matrix can be assembled using the direct stiffness
method. After that, dynamic condensation of the internal degrees-of-freedom (DOFs), q5, may be performed
[29], and global condensed matrix Dc(ω) can be written as:

Dc(ω) =




D11 D12 D13 D14

D21 D22 D23 D24

D31 D32 D33 D34

D41 D42 D43 D44


 , (4)

where Dc(ω) relates force and displacement on the wavenumber and frequency domains.

Using the Bloch-Floquet theorem for a given frequency ω, considering λx as the periodicity relation from
q̂5 to q̂2, and λy the periodicity relation from q̂5 to q̂3, it is possible to define the relationship between the
displacements at nodes as defined by Equation (5) [27]. For example, node q4 can be written as λxλ−1y q1,
where λx is a half of the periodicity in the x direction, and λy is a half of the periodicity in the y direction.





q̂1

q̂2

q̂3

q̂4





=




In
λ2x
λxλy
λxλ

−1
y


 q̂1 → q̂ = ΛRq̂1, (5)

where ΛR is the matrix that relates all the other DOFs to q̂1.

Then, we define matrix ΛL, which uses the external forces equilibrium [27]:

F̂1 + F̂2λ
−2
x + F̂3λ

−1
x λ−1y + F̂4λ

−1
x λy = 0, (6)

yielding [27]:

[
In λ−2x λ−1x λ−1y λ−1x λy

]




F̂1

F̂2

F̂3

F̂4





= ΛLF̂ = 0. (7)
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Now, substituting Equation (5) in the term q̂ of Equation (3), and premultiplying both sides by ΛL one
obtains Equation (8),

ΛLDc(ω)ΛRq̂1 = 0, (8)

which can be expanded in a polynomial problem with roots λx, λy:

[(D12)λ
4
xλ

2
y + (D13 + D42)λ

3
xλ

3
y + (D14 + D32)λ

3
xλy+

+ (D11 + D22 + D33 + D44)λ
2
xλ

2
y + (D43)λ

2
xλ

4
y + (D34)λ

2
x+

+ (D31 + D24)λxλy + (D41 + D23)λxλ
3
y + (D21)λ

2
y]q̂1 = 0.

(9)

This eigenproblem can result in modes that there have no physical meaning and the selection of the modes
that have physical meaning (principal ones) can be obtained via adding perturbations to the problem, such as
changing the mesh, when using the finite element method, and keeping the more robust ones [27].

If k is decomposed into kx and ky as projections of k in the xy coordinate system, it is possible to obtain λy
from λx and the angle θ between them:

λx = e
−ikxLx

2 , λy = λ

(
Ly
Lx

tan(θ)
)

x . (10)

Then, if Ly

Lx
tan(θ) is an integer number, the problem is formulated only related to, for example, kx. An

eigenproblem can be established to find λx and, consecutively, λy.

Using this approach, it is possible to obtain the dispersion diagram scanning the first Brillouin zone (FBZ)
represented by the black dashed line in Figure 2 [30]. In addition, as the unit cell (Figure 1) is symmetric
with respect to the axes x and y, it is needed to scan only the IBZ, represented by the red solid line in Figure
2, to check for band gaps in the complete structure [31]. The contour of the IBZ consists of three parts: from
Γ to X, where kx = 0, λx = 1, from X to M, where θ varies from 45◦ to 90◦, and from M to Γ, where
kx = ky. Hence, it is a common procedure to calculate the wavenumber values for some values of θ in
the IBZ (usually 2 or 3) [32, 33, 34, 35]. The values of θ can be defined strategically in order to keep the
polynomial in Equation (9) ordinary, i.e. not fractional.

Figure 2: Representation of the samples made in the line Γ−X in the IBZ for the two-dimensional unit cell.

4 Application of the frame for supporting a rigid body load

In the present study, this methodology is applied in a structure designed to isolate vertical vibration. The
plane frame structure supports a parallelepiped-shaped rigid load. The upper and lower nodes allow move-
ment only in the vertical direction. The excitation is made by equal displacements of the lower nodes. The
payload on the top of this structure can be considered a rigid body. The methodology used to simulate those
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characteristics can be found in [36]. The rigid body at the top of the structure is made of aluminum, and
has a mass m and a mass moment of inertia Izz . The constraint of the DOFs at the top can be defined by
establishing that attached nodes are placed along a line that fits the two nodes at opposite ends. The matrix
T relates the all the nodes (u) at the top of the structure according the external nodes ū [36]:

u = T ū. (11)

Then, using this transformation, T to make the system compatible, we have the new system:

T tD(ω)T ū = T tF . (12)

5 Randomness of the mechanical and geometric properties

Statistical method have been used for uncertainty quantification in many fields, including structural dynam-
ics. The Bayesian statistics is derived from Bayes’ theorem, where it is possible to add prior information
before the experiments are performed, and this information can reduce the uncertainty about the posterior
distributions [20]. In addition, the inferred Bayesian distribution makes it straightforward the inference about
individual observation (prediction).

5.1 Bayesian statistics

Bayesian statistics, analogously to Bayes’ theorem, has its basis on the posterior distribution that can be
obtained using [22]:

π(θ |X) =
π(X | θ)π(θ)

π(X)
, (13)

where, π(θ | X) is the posterior distribution, which is the parameter distribution that carries all the infor-
mation available, π(X | θ) is the likelihood function that has the observed information, π(θ) is the prior
distribution, where the prior information should be added in a form of a probability distribution, and π(X)
is the normalizing constant that makes π(θ | X) integrate to one, and can be obtained, analogously to a
marginal distribution, as

∫∞
−∞ π(X | θ)dθ. This equation assumes that the likelihood function and the prior

distribution are independent [20].

Given a random mechanical property x, where x may be E or ρ, which cannot be negative, it is reasonable
to assume a Gamma distribution:

f(x;α, β) =
βα

Γ(α)
xα−1e−βxI[0,∞), (14)

where Γ is the gamma function, and I[0,∞) is the indicator function used to establish the distribution support.
Assuming that all the observations follow probability density functions (PDFs) that are independent and
identically distributed (IID), the likelihood function is given as the product of those PDFs.

The prior distributions for the stochastic polymeric material parameters (E and ρ) should be built according
to the previous information the researcher has, such as values found in the literature, and should be included
in the form of a probability distribution that carries all the information and only this information [37]. In the
present research, the maximum and minimum values from each considered previous study [4, 38, 39] were
considered. In this way, the Gamma distributions were fitted as the maximum likelihood estimation for each
parameter with those values obtained in the literature review as π(θ) ∼ Gamma(α, β).

For all combinations of prior distribution and likelihood function, a method that uses a Monte Carlo simu-
lation combined with a Markov chain random walk in the parameter space is used to simulate the posterior
distribution [40]. Hence, it needs a large number of simulations [21], generating vectors (chains) that repre-
sent the posterior distribution for each parameter.
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This methodology may use a Metropolis-Hastings algorithm [40], which is a Markov chain Monte Carlo
(MCMC) method that can be used to estimate the posterior distribution from the prior distribution and the
likelihood function [20]. In the present study, we also considered some statistics from the observations, and
an error between the estimated wavenumber using Prony’s method (details will be presented soon in [41])
and the simulated wavenumber values from the model (further details can be found in [42]).

5.2 E, ρ, FRF, and wavenumber simulations

Considering E and ρ sampled from a Gamma distribution, its observed values can be used to define the max-
imum likelihood estimation (αL,E , βL,E , αL,ρ, and βL,ρ), which are the values that maximize the parameters
likelihood functions. Using these estimations, m values of E and ρ can be simulated as observed values of
these parameters.

Prony’s method can be implemented to estimate efficiently the wavenumber from measured FRFs [43]. For
phononic crystals, it is necessary to consider the periodicity as the length of the cell because the estimated
wavenumber is an equivalent wavenumber [41].

After the posterior distribution is found, it carries out all the information about the parameter. Since there may
be a vector that represents each marginal distribution for each parameter, values can be randomly sampled
from this vector. Then, using the model, the response can be obtained. This response will not be a function
anymore, but a stochastic process, where for each value of the independent variable (time, space or frequency,
for instance), it will have a distribution, and the statistical inference can be established. This procedure is
called Monte Carlo method [44].

This methodology is robust, representing asymptotically all the parameter information as it converges to the
used distribution [4]. It is common to use any parameter statistics, for example the mean value, to verify
the convergence of the method [45]. Other methods of representing a stochastic field or process can be
implemented with this method [4]. Further details and different approaches can be found in the literature
[46, 47].

In reality, mechanical properties may vary throughout the structure. There are some methods to approximate
the stochastic process, and one of them is the Karhunen–Loève (KL) expansion [46]. The KL expansion
can represent a continuous stochastic process through a linear combination of orthogonal functions and
uncorrelated random variables [48].

6 Results

6.1 Distributions and stochastic fields

In the present simulation, the mechanical properties E and ρ were assumed to follow Gamma distributions
with parameters αP,L and βP,L:

αE,L = 0.0009375, βE,L = 0.000625, αρ,L = 0.000234, and βρ,L = 0.000195. (15)

Eight samples were taken from each distribution, and they are called in here ‘pseudo-observations’. Using
the proposed MCMC algorithm, with the pseudo-observed values of E and ρ, the prior distributions and
likelihood functions can be defined. The observed FRF values were simulated for each plane frame sample.
The Prony’s method was used to estimate the wavenumber for each case, and this information was used in
the proposed MCMC algorithm to estimate the posterior distribution. The proposed method presented more
precise (lower variability) posteriors than those obtained using the software OpenBUGS. Table 1 presents the
estimation, the 95% credible interval, and the convergence criteria used to test the Markov chain convergence.
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Table 1: Estimation, inference and convergence for E and ρ, for the used MCMC algorithm. |ZG| - absolute
value of the Z test for the Geweke’s stationarity criteria; |ZG| - RL - Factor for the Raftery and Lewis
independence criteria; HW-p - p-value for the Heidelberger and Welch convergence criteria.

Parameter Estimation and credible interval Convergence tests
mean HPD95%,L HPD95%,U |ZG| RL HW-p

E 1.7124 1.3146 2.0956 0.0278 1.0900 0.1590
ρ 1.2459 1.0470 1.4459 0.5219 2.2341 0.8128

The stochastic fields of E and ρ were obtained via the KL expansion [4] using the posterior distribution of E
and ρ, and the convergence diagrams for the Monte Carlo method used in the KL expansion procedure.

Next, we present some deterministic analyses using the mechanical property mean values (Table 1).

6.2 Deterministic model

The two-dimensional cell is composed of four frames presented in Figure 3.

Figure 3: Proposed plane frame cell. Front view (left) and isometric view (right).

This frame has a length of 43.6mm, and a squared basis with dimensions of 5 × 5mm. It also has a cross-
shaped cross-section with an arm length given by the following expression:

h(x) =
0.015

e8.25−700x + 1
, 0 ≤ x ≤ 0.0218, h(0.0218 + x) = h(0.0218− x), (16)

where h(x) is symmetric with respect to x = 21.8mm with maximum value at x = 21.8mm of 15mm.

Figure 4 represents the proposed two-dimensional cell, previously sketched on Figure 1, made of four one-
dimensional frame cells represented by Figure 3.
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Figure 4: Proposed two-dimensional cell. Front view (left) and isometric view (right).

More complex structures can present richer wavenumber diagrams [14]. In addition, coupled systems can
also present dispersion diagrams substantially different from uncoupled systems [14]. Figure 5 represents
the deterministic dispersion diagram for the line from Γ to X on the IBZ.

Figure 5: Two-dimensional wavenumber of the proposed 2D cell for contour segment λy = λx. Magnitude
of the real part (positive values) and minus the magnitude of the imaginary part (negative values). The
principal modes: blue/green and black/red.

Given the complexity of the dispersion diagrams, in order to clearly observe the total band gaps, we propose
the plot of the minimum value of the magnitude of the imaginary part of the normalized wavenumber, i.e.
the minimum of the absolute value (min(| Im(kL) |)) [49]. This can be justified because the imaginary part
of the wavenumber represents the evanescent part, and, if its value is grater than zero, it indicates that there
will be attenuation of the wave while it travels along the structure [50]. In the absence of damping, this can
be considered as an evidence of the existence of a band gap. In practice, there are some frequency ranges
where, although there is no wave attenuation, the computed (min(| Im(kL) |)) can be slightly higher than
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zero due computational and approximation errors. Therefore a minimum δ value is considered to detect a
band gap at a given frequency, i.e. if (min(| Im(kL) |)) > δ. In the present study, we created three patches:
δ = 0.2, δ = 1.1, and δ = 1.35. Those values were defined because they give an attenuation of, respectively
and approximately, at least 20%, 70%, and 75% per cell length.

Figure 6 was obtained by applying the proposed procedure. It is possible to observe that there are three
large complete (all types of waves) and full (for all directions) attenuation bands where δ ≥ 0.2 (9.1-23.1;
28.0-30.1; 34.5-40.3 kHz).

Figure 6: Minimum of the magnitude of the imaginary part of the wavenumber along the contour of the IBZ
for the cell represented in Figure 4 from 0 to 50 kHz. Attenuation of at least approximately 20% (light), 70%
(middle), and 75% (dark) per cell length. δ = 1 is presented at the Figure.

6.2.1 Complete structure - with constraints of base excitation and attached solid payload

In this section, the complete structure shown in Figure 7 is considered. It is made of 16 two-dimensional cells
(with the protruding frame elements at the extreme left and right removed). A solid body made of aluminum
is attached to the top nodes (payload) and it is excited at the base, with the lower nodes equally excited. The
response of the payload is shown in Figure 8. It is possible to observe that, even though it presents some
defect modes (modes that show up inside band gaps due to lack of perfect symmetry and periodicity), there
is strong attenuation within the predicted band gaps, corroborating the results of the wavenumber analysis
(Figure 6).
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Figure 7: Proposed two-dimensional structure.
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Figure 8: FRF obtained for the proposed two-dimensional structure when exciting all the DOFs at the bottom
(base excitation) and measuring at the top (payload response) for the structure (Figure 7). Attenuation of at
least approximately 20% (light), 70% (middle), and 75% (dark) per cell length.

6.3 Stochastic analysis

After obtaining the wavenumber for the cross cell on Figure 4 using the posterior distribution and the KL
expansion for E and ρ, the Monte Carlo method using 1,000 steps with four different plane frames at each
step, it is possible to obtain the stochastic wavenumber. Figure 9 represents the Bayes’ factor (BF) with
values 3 (BF3), 10 (BF10), 30 (BF30), and 100 (BF100) lines from M-Γ at the IBZ.

Figure 9: Stochastic wavenumber (θ ≈ 90◦; λy = λx; one observation on the M-Γ direction) with Bayes’
factor (BF) used to create credible intervals for the cell made of periodic plane frames.

Figure 10 presents the BF100 at the superior limit in the samples from the IBZ respectively at frequency
ranges from 0 to 50 kHz. In practice, the BF gives a ratio, which means that there is 100 times higher chance
of occurring a band gap than of not occurring an attenuation of at least approximately 20% per cell (δ ≥ 0.2,
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light gray), and of at least approximately 70% per cell (δ ≥ 1.1, dark gray). It is possible to observe that
there is a large and very robust attenuation with respect to material property variability from 10 to 20.4 kHz.

Figure 10: Minimum value of the magnitude of the imaginary part for BF100 for the proposed valued of θ
from 0 to 50 kHz for the cell made of periodic plane frames. Attenuation of at least approximately 20% per
cell (light gray), and of at least approximately 70% per cell (dark gray). δ = 1 is presented at the Figure.

7 Final remarks

In the present study, we presented a two-dimensional stochastic spectral model of a plane frame lattice. It
was shown how Bayesian statistics can be used to infer random material property parameters and compute
stochastic responses using the deterministic model and the inferred distributions. For the proposed structure,
it was concluded, via simulations, that such a structure can present full two-dimensional band gaps that are
robust to the proposed material property variability.

The method proposed here to identify the full band gap by plotting the minimum of the absolute value of the
imaginary part of the wavenumber along the IBZ contour can be used for a more complex two-dimensional
cell, where the visual inspection of dispersion diagrams can be awkward, as the real part being zero or π
does not allow to detect band gaps.

The MCMC algorithm used to infer the posterior distribution is more efficient than the traditional ones
because it uses additional information, comparing the wavenumber value from the model and the value
estimated from experimental measurements using Prony’s method. This algorithm may be used in analyses
where there is a need for improving precision for the stochastic response analysis.

Using a similar approach, the three-dimension analysis of such frames using experimental measurements
arises as a direct continuation of the present study, and is currently being carried out by the authors.
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Abstract 
The technology of dual-clutch transmissions (DCT) has already proven to be one of the main assets of 

automotive power transmissions. DCTs may involve multidisc wet clutches because they tend to provide 

smooth engagement behaviour and efficient cooling. However, their operation is associated with power 

losses in their disengaged state (drag torque) due to the viscosity of the ATF. Drag torque is affected by the 

discs clearance, which is susceptible to change due to the random vibrations of the discs induced both from 

their operation as well as from the overall vehicle dynamics. This variation in clearance results into 

variations of the drag torque, mainly in low-speed regimes. In this work, a stochastically varying nominal 

clearance of a simplified, time-dependent clutch model is assumed. The fluid dynamics problem was solved 

via CFD analysis incorporating the VOF model to study the ATF and air phases distributions and interface. 

Conclusions on the effect of non-uniform disc clearance on drag torque are finally drawn and discussed. 

1 Introduction 

The 2015-2030 period for the automotive industry is characterized by the gradual commercialization of new 

energy vehicles (NEVs) to improve the environmental footprint via the reduction of greenhouse gas (GHG) 

and particulate matter (PM) emissions of vehicles driven by internal combustion engines (ICE). However, 

policy, marketing, and infrastructure challenges associated with charging and battery technology (battery 

weight increases PM non-exhaust emissions [1], the charging of the battery and the grid technology are still 

limited [2]), decelerate the growth of NEVs such as plugged-in hybrid electric vehicles (PHEVs) and battery 

electric vehicles (BEVs) industry. Accordingly, automotive manufactures are assembling state-of-the art 

transmission layouts of increased efficiency and reduced weight and volume in order to optimize the fuel 

consumption and emissions of ICEs and to promote the drivability and lightweight design of the vehicle and 

the comfort of the passengers.  

A state-of-the-art transmission layout is the dual clutch transmission (DCT) [3]. DCTs integrate the 

increased mechanical efficiency of manual transmissions (MTs) along with the capability of the power-shift 

module, which was offered initially by planetary automatic transmissions (ATs). Their working principle 

reduces both CO2 emissions and fuel consumption of conventional ICEs powertrains, compared to MTs, 

since the clutch/brake operation offered by the two clutches, holds the engine at an efficient operating point.  

Currently, the research on DCTs is directed in four aspects [4]: i) design and gearbox topology ii) efficiency 

improvement via optimization of mechanical, hydraulic, and electrical components, iii) development of 

noise-vibration-harshness (NVH) technology and iv) suggestion of gear shifting strategies and control 

technology. 

Despite the significant improvements of DCT technology in terms of powertrain efficiency and drivability, 

they still carry the trivial shortcomings of classical gearboxes such as complicated assembly, manufacturing 

difficulties and even increased weight and volume (compared to MTs) as well as control-induced errors. 
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The operation principle of DCTs regarding the automatic preselection of the correct oncoming gear may 

sometimes fail due to driving uncertainties arising in congested urban driving patterns, which are common 

in big cities [5]. The gearshift is accomplished through a ‘clutch-to-clutch’ shifting principle without power 

interruption, meaning that the target gear is preselected and the shift is performed by gradually disengaging 

the working gear and engaging the next one. The twin clutch assembly of DCT gearboxes may consists of 

dry or wet friction clutches, according to the torque demands. Wet clutches are able to transmit higher torque 

to the gearbox in a smooth way due to the fact that they comprise a series of discs (multi friction-surfaces), 

in contrast with their dry friction counterparts which usually facilitate only one friction disc. In addition, 

wet clutches offer significantly more efficient cooling and less wear during their operation due to the 

presence of automatic transmission fluid (ATF) between the discs. However, they are characterized by 

continuous power losses in their disengaged state since the relative speed difference between the two 

rotating sub-systems produces fluid viscous shear stresses (drag torque). Also, the diversification of the ATF 

properties over time due to changes in load, temperature and wear arises uncertainties in the dynamics of 

the system both during the engagement phase and during the disengaged state (drag torque). In order to 

compensate this, model-based and model-free controllers have been developed [6, 7, 8]. 

The further improvement of the wet clutch efficiency implies the reduction of the drag torque produced in 

the disengaged state [9, 10, 11, 12, 13]. Drag torque is inversely proportional to the film thickness and 

proportional to the viscosity of the fluid, surface, effective radius, and speed difference. However, besides 

the direct effect of film thickness on drag torque, there is also a secondary effect which is related with the 

aeration process. Air may enter the domain at increase values of discs clearance, thus the viscosity of the 

mixture is reduced leading to the further decrease of drag torque. Other control parameters for drag torque 

are the ATF inflow rate or the discs net surface which encounters fluid shear stresses. Therefore the research 

for drag torque minimization is either focused on the active control of ATF inflow rate or the design of 

suitable features on the discs surface (grooves) [14] which decrease the shear stresses area. Experimental 

studies have yield a good understanding of drag torque behaviour in the speed regime of the clutch and have 

been used as calibrating tools for CFD and analytical models [15]. For given film thickness, inflow rate and 

grooves geometry, the drag torque-rotating speed relation converges to a linear form until a critical speed 

limit which generates the peak drag torque. After this speed, drag torque decreases immediately since air 

flows into the domain [16, 17, 18].  

However, most of the available analyses in the literature are conducted assuming that the discs maintain 

their axial position during the disengaged state and therefore that the clearance between two consecutive 

discs is constant, permitting the propagation of the single-gap results to the clutch of multiple discs. In fact, 

discs are free to slide onto their splines and the dynamics of the system implement axial, bending and 

torsional vibrations, wobbling and even disc contact at high rotational speeds [19]. Especially for vehicles 

equipped with DCTs operating in city cycles where the frequency of gearshifts is high, the powertrains 

operate under lightly loaded conditions and the vehicle experiences frequent starts and stops, the vibrations 

produced, which cover a wide frequency band (ranging from rattling to powertrain backlash) may excite the 

disengaged clutch and their components. Therefore, the assumption of axially fixed discs sometimes may 

prove incorrect.  

The scope of this work is to investigate the influence of a non-uniform disc clearance inside a multi-disc 

wet clutch on the drag torque taking into account the aeration procedure. Initially, a CFD analysis for the 

clearance between two consecutive discs is conducted where conclusions are drawn about the effect of the 

film thickness on aeration under constant rotating speed and ATF inflow rate. Afterwards, the effect of the 

aeration process on the drag torque is verified by the simulation of a wet clutch consisted of four discs with 

random clearances. Finally, this study proposes a semi-analytical model which uses CFD results in order to 

calculate the mean drag torque of the wet clutch assuming that the clearances between the discs follow the 

beta distribution.  
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2 Modeling 

2.1 Geometry and boundary conditions of the problem 

The examined geometry of the wet clutch model along with the boundary conditions is presented in Fig. 1. 

The first sub-system consists of  the  clutch  input  shaft  engaged  with  the  engine  and  the  male  discs  

(rotating with ω1) while the  second sub-system consists  of  the  housing  and  the  female  discs (rotating 

with ω2). The ATF is inserted inside the discs clearances from the inner radius (Rin) via a positive 

displacement pump (P1, Q) and exerts at the outer radius (Rout) where the pressure equals the ambient. In the 

case of reversed flow at the outlet, it is assumed that only air may be re-enter the domain through the holes 

existing in the housing. The distance between two consecutive discs (i) and (i+1) is (hi) whereas the first 

(i=1) disc is considered fixed axially. It will be assumed that the total inflow (Q) to each gap is constant and 

independent of (hi) even though the actual inflow conditions cannot be a-priori determined in the case that 

(h) varies, since it is reasonable that smaller gaps will accept lesser ATF supply volume compared with 

larger gaps.  

Discs are considered rigid and flat, therefore the adoption of axisymmetric 2D analysis in order to investigate 

the ATF-air interface is accurate, as opposed to the case of grooved discs which indicates a 3D flow field 

and a dissolved air phase in the ATF [20].  

 

Figure 1. Model geometry and boundary conditions 

2.2 Flow modeling 

Τhe modeling of the flow implies the use of a simplified set of Navier Stokes equations with truncation of 

terms with small order of magnitude  in order to derive the pressure and velocity fields [21, 22].  The main 

remarks of this approach is that the fluid pressure is constant across the film thickness while the distribution 

of circumferential velocity is linear. The flow model may be expanded [23] in order to incorporate flow 

coefficients that account for effect of turbulence, especially in high rotating speeds. The inflow of air inside 

the film is usually assumed to start at high rotational speeds where negative pressure is developed due to the 

centrifugal action of the fluid and air is sucked inwards. However, in the case that the clearance is 

sufficiently small, the pressure of the fluid will remain positive and the air cannot insert even at increased 

rotational speeds leading to increase of drag torque as speed is increasing. 

Besides the calculation of the necessary flow parameters (pressure, velocity) the aim of the two-phase flow 

model is to obtain the exact radial position of the air bubble inside the gap as a function of inflow rate (Q), 

film thickness (h) and rotating speed (ω), since the ATF pressure in this region equals the ambient and 

therefore the axial force on the disc is negligible. However, the analytical modeling of the problem which 

has receive many different modifications may only offer approximate conclusions since the truncation of 
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terms in NS equations is valid only in a specific operational envelope of the clutch [21]. For this reason, the 

present study involves a CFD analysis.  

The simplified Navier-Stokes equations take the form [22]: 

 -uθ
2=-

∂P

∂r
+

μ

ρ

∂
2
ur

∂z2
 (1) 

 
∂

2
uθ

∂z2
=0 (2) 
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∂z
=0 (3) 

The boundary conditions are: 

 P(Rout)=Pa=0 (4) 

 uz(r,h)=0 and uz(r,0)=0 (5) 

 ur(r,h)=0 and ur(r,0)=0 (6) 

 uθ(r,h)=ω1r and uθ(r,h)=ω2r (7) 

Eqs. (1-3) may solved in order to express the velocity field as a function of pressure slope and pressure as a 

function of the inflow rate. Using the relation: 2πr ∫ urdz=Q
h

0
 yields: 
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It can be concluded from Εq. (8) that negative pressure will occur when: 
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 (9) 

 

Relation (9) indicates that the inflow of air will occur in high rotational speeds where the pressure due to 

centrifugal action of the fluid becomes dominant (2nd term in Eq. 8) leading to development of negative 

pressure in the ATF film. Also, the influence of small value of film thickness on the absence of aeration is 

explained from Eq. 8 since small values of (h) increase the magnitude of the 1st term.  

3 CFD analysis of the clearance between two consecutive discs 

The investigation of the flow behaviour and the sufficient capture of the two-phase interface and drag torque 

value implies the construction of a CFD model whose geometry is included in Fig. 1 (blue dotted line). The 

CFD simulation was performed in the commercial software ANSYS Fluent. The analysis is considered 2D 

axisymmetric including swirl and the flow is considered turbulent in agreement with [16]. The turbulent 

model used was the k-ε RNG [24]. Both pseudo-transient and transient simulations were performed and it 

was concluded that the dynamic motion of the air-phase inside the ATF film demands a transient analysis 

of sufficiently small time step. In this study a timestep of 0.005 sec was used which was found to be small 

enough to capture the flow behaviour. 
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Navier–Stokes (momentum), continuity and energy equations (Eqs. 13-16) were solved [25]: 

 
∂(ρu)

∂t
+∇∙(ρuu)=-∇P+∇∙[η(∇u+∇uT)]+F (10) 
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The tangential momentum equation for 2D swirling flow may be written as [25]: 
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where (w) is the swirl velocity. SIMPLE algorithm was used for the couple of pressure and velocity, and all 

the spatial and time discretization schemes were set to first order upwind due to the overall difficulty of the 

convergence especially at critical values of (h) where the aerations stars. The residuals of the equations were 

set below 10-3 for all equations. In addition, the value of the ratio |𝑄𝑖𝑛 + 𝑄𝑜𝑢𝑡|/𝑄𝑖𝑛 was used as a 

convergence criterion (outflow is considered to have negative sign). Regarding the computational mesh, a 

constant element size (0.01mm) was used for the axial discretization while 600 divisions were used in radial 

direction. 

For the values of (h) which indicate aeration (h>hcrit), the Volume of Fluid (VOF) multiphase model was 

incorporated in order to track down the interface [16, 17, 20]. In the VOF model the determination of the 

flow phase is based on the value of the volume fraction (a). A value of aair=1 indicates that the gap is filled 

with the primary phase (air) whereas a value of aair=0 indicates that the gap is completely filled with the 

secondary phase (ATF). In the region (0< aair< 1) the interface of air-ATF is tracked. For the values of h 

which do not promote aeration  (h<hcrit), the VOF model was switched off. The governing equations of the 

VOF model are presented below: 

 ρ=αATF ρ
ATF

+αairρair
 (14) 

 μ=αATF μATF+αairμair (15) 

The volume fraction of the secondary phase (ATF) is calculated as: 

 αATF=1-αair (16) 

For the ATF, the viscosity (μ), thermal conductivity (λ), specific heat capacity (cp) and surface tension 

coefficient (σ) are considered temperature dependent and calculated from the equations [20]: 

 
μ=α e

b

T+c [Pa s], T in [℃] 

a=6.27∙10-5Pa s, b=1005.2 ℃, c=124.95 [℃]
 (17) 

 cp=2.607∙10-3 T+1.7563 [
KJ

kg∙K
]  , T in [℃] (18) 

 λ=-1.303∙10-4 T+0.147 [
W

m∙K
] , T in [℃] (19) 

 σ=-8.444∙10-4 T+0.02992 [
N

m
] , T in [℃] (20) 

The constant parameters of the analysis are summarised in Table 1. In order to simplify the analysis, the 

rotating speed of the bottom disc (ω2) is assumed zero. 
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Table 1. Parameters 

Symbol Description Value Unit 

rout Outer radius 71 mm 

rin Inner radius 50 mm 

h Discs clearance 0.1÷0.5 mm 

Q Inflow rate 0.0005 Kg/s 

ω1 top disc speed. 1000 rpm 

ω2 bot. disc speed 0 rpm 

Tin Inflow temperature  30 ℃ 

ρ Density 860 Kg/m3 

θ Contact angle 102.65 degrees 

 

The results of the single gap analysis are presented below. The pressure distribution versus the radius on the 

non-rotating disc which is where the air bubble is formed is presented in Fig. 2 for four different values of 

the discs clearance. It can be observed that the pressure is positive at the minimum value of the clearance 

(h=0.1mm) and therefore the reverse flow of air is permitted. As the clearance increases, the aeration is 

promoted and the formed bubble moves radially, further into the clearance, approaching the inner radius. 

The final radial position of the air bubble depends on the nominal clearance as depicted in Fig. 2. The ATF 

pressure is zero inside the region (r>rcrit) where (rcrit) is the minimum position of the air bubble. 

 

 

Figure 2. Pressure distribution on the stationary disc for different values of the clearance (h). In the left, a 

contour plot (scaled in the axial direction) of the ATF volume fraction is presented for the case of 

(h=0.3mm). Red colour corresponds to ATF while blue colour indicates air. 

Fig. 3 illustrates the radial and swirl velocity distributions with respect to the non-dimensional z coordinate 

for different values of discs clearance. Regarding the radial component of velocity, the parabolic distribution 

is obtained in the single-phase flow while the two-phase flow leads to the recirculation depicting in Fig. 3. 

The swirl component is characterized by the constant ATF velocity near the rotating disc (wall driven flow). 
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Figure 3. Radial (left) and swirl (right) velocity distributions versus the non-dimensional z coordinate 

Fig. 4 presents the steady state solution of the drag-torque coefficient cm=M/ (
1

2
ρv2AL)  for indicative 

values of (h) using the following constants: Α=π(rout
2 -rin

2 ), L=rm=2/3(rout
3 -rin

3 )/(rout
2 -rin

2 ), v=rmω1, ρ =
860 kg/m3. The recovery time of each response is depending on the clearance value. Decreased clearances 

indicate a quicker transition to the steady-state solution compared to the increased ones since in that case 

the air bubble extends further inside the clearance. The variation of small-amplitude observed in the case of 

(h=0.15mm) is deriving from the fact that it is close to the critical clearance value where aeration is starting 

to develop. It can also be concluded that for the parameters of the present study, the drag torque becomes 

zero for approximately (h>0.32 mm) which indicates that the entire surface of the stationary disc is covered 

by air. In order to use the values of cm obtained from the CFD analysis in the statistical model of the next 

section, a Gaussian fitting is conducted (Fig. 4-right).   

 cm(h)=a1e
-(

h-b1
c1

)
2

, a1=-0.06841, b1=0.1179, c1=0.1272 (21) 

 

 

Figure 4. Left: Response of cm where the steady-state solution is depicted for each indicative values of the 

clearance and right: Gaussian fitting of the cm  CFD data 
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4 Statistical modeling of the discs clearance 

The effect of the non-uniform clearance inside a multidisc wet cluch on the aeration process is depicted in 

Fig. 5 where two CFD simulations were conducted for a four-disc clutch configuration. In the left part of 

Fig. 5, the clearance between two consecutive discs is constant and equal to 0.3mm while in the right part, 

the clearances are equal to 0.25mm, 0.3mm and 0.35mm. It can be concluded that the non-uniform 

distribution of discs clearance leads to the different air-phase distrubution inside the film which may cause 

discs axial oscilattions since the pressure integrals on adjacent sides of a disc differ.   

 

                 

 

Figure 5. ATF-air phases distribution for fixed and varying discs clearance. 

The investigation of the non-uniform discs clearance is conducted via a statistical approach, assuming that 

the each clearance is varying according to the beta distribution [26]. The beta distribution is continuous and 

bounded which coincides with the actual limitations of the discs clearances and it also offer great flexibility 

because only two shape parameters are required for its generation. The probability density function of the 

beta distribution is given by the expression: 

 f(h)=
(h-a)p-1(c-h)q-1 

(c-a)p+q-1B(p,q)
 (22) 

where B(p,q) is a normalizing constant. The inputs to PDF of beta distribution are the limits of h (clearance) 

which are equal to 0.1mm and 0.5 mm respectively and the shape factors p, q. The tuning of the shape 

factors may regulate the mean value and the standard deviation of the clearance and consequently the drag 

torque coefficient. Fig. 6 presents the PDF function and random samples for four different pairs of (p, q). 

Approximately 100000 samples were obtained for each PDF case. It can be noticed that when p=q=1 the 

beta distribution is equivalent to uniform distribution while as p, q increase the beta distribution approaches 

the normal until q, p→ ∞ where the Dirac delta function is obtained. The shape of the PDF curve may be 

either symmetric (p=q) or skewed (p≠q), altering the mean value and standard deviation of the clearance. 

For instance, the transition of the PDF curve towards the left boundary of clearance (0.1) indicates an 

increase drag torque mean value. 
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Figure 6. Histogram (100000 samples) and continuous plot of beta distribution PDF. Top left: p=q=1, top 

right: p=q=2, bottom left p=5, q=5, bottom right: p=1, q=5. 

The calculation of the drag torque coefficient is discussed below. The geometry of Fig. 1 is considered and 

the total number of discs are equal to (n). The drag torque is exerted on the stationary discs (n/2). Once the 

adjacent clearances of a stationary disc (i) have been determined, the drag torque coefficient may be 

calculated according to the Eq. 23.  

 cmi = cm(hi−1) + cm(hi) (23) 

where cm(hi) is the drag torque coefficient produced by the (hi) clearance. Assuming that all the clearances 

have the same PDF, the mean value of the cm coefficient for the complete clutch is calculated via Eq. 23, 

where (n) is the number of discs.  

 c̅m=(n-1) ∫ cm(h)f(h)dh
x=b

x=a
→c̅m=(n-1) ∫ a1e

-(
h-b1
c1

)
2

(h-a)p-1(c-h)q-1 

(c-a)p+q-1B(p,q)

h=b

h=a
dh (24) 

The integral of Eq. 24 is calculated for different values of the shape factors and the results are presented in 

Fig. 7. Obrserving Fig. 7, the influence of shape factors (varying from 1 to 10) on the mean value of (cm) 

may be extracted. The assumption of equivalent clearances implies a symmetric PDF (p=q) whose standard 

deviation is decreasing as p, q increase (i.e. Fig. 7 top-right corner p=q=10 where h̅=0.3mm, σ=0.0436mm). 

While p, q move towards the oposite limits of their domains, the mean value of (cm) decreases (p=10, q=1 

h̅=0.463mm, σ=0.032mm) or increases (p=1, q=10, h̅=0.1364mm, σ=0.033mm).  

Consequently, the mean value of drag torque depends only on the shape factors of the beta distribution.  
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Figure 7. Contour plot of the drag torque coefficient (cm) for different values of the beta distribution shape 

factors. The clearance distribution that produces the mean drag torque is presented for two indicative shape 

factor pairs (p=3, q=4), (p=9, q=4). As the clearance distribution moves to the right in the Frequency-

Clearance graph the mean cm decreases. 

5 Conclusions 

In this study the effect of non-uniform discs clearance distribution inside a multi-disc wet friction clutch 

was investigated. The problem implied the solution of the governing flow equations including the aeration 

procedure which was implemented via CFD analysis leading to the derivation of the relation between drag 

torque coefficient and discs clearance. The investigation of the non-uniform distribution of the clearances 

was conducted in a statistical approach according to which all the clearances follow the beta distribution.  It 

was concluded that the mean value of the drag torque is only a function of the beta distribution shape factors 

for given values of inflow to the clutch and rotating speed. Finally, it is proposed that experiments should 

be conducted in order to verify the assumptions of this work and to calibrate the values of the shape-factors 

coefficients. 
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Abstract
A robust design of tuned mass dampers (TMDs) must consider the influence of uncertainties associated with
structural parameters to avoid detuning and malfunctioning. The existing robust equal-peak approach [1]
accounts for uncertainties in stiffness and damping of single degree-of-freedom (SDOF) host structures but
may lead to a high computational cost and sub-optimal design in practical cases where host structures are
represented by a large number of degrees-of-freedom and also exhibit some damping. To overcome these
limitations, a numerical optimisation technique is proposed which has the advantage of a low computational
cost and generalization to any type of model of the host structure, including damping. Additionally, to
account for the fact that the bounds of the uncertainty intervals are never known exactly for real-life condi-
tions, this study employs fuzzy numbers to represent the structural uncertainties. The proposed approach is
illustrated in case of an existing footbridge located in Durbuy (Belgium).

1 Introduction

Tuned mass dampers are vibration absorbing passive devices which have been traditionally used in high-rise
buildings and bridges to control the undesirable vibrations due to external excitations such as winds, earth-
quakes, and other moving loads (vehicles and pedestrians) [2, 3]. The selection of optimum TMD parameters
has been an important question among the research community and several solutions have been developed
over the years for different conditions in terms of excitation and the desired output [4, 5, 6]. However, for
a robust TMD design, optimisation of the TMD parameters must consider the uncertainties associated with:
(i) applied loads (random earthquakes and wind excitations) and (ii) structural properties of the TMD system
and the host structure (stiffness, damping, natural period, etc.) [1, 7, 8, 9]. This study is mainly focused
on accounting for the uncertainties associated with the parameters of the host structure (mainly stiffness and
damping) which are referred hereafter as ‘structural uncertainties’. Recently, Dell’Elce et al. [1] extended
the classical equal-peak approach of Den Hartog [10] to include the effects of structural uncertainties. This
approach is popularly referred to as the ‘robust equal-peak approach’ (REP) and is discussed briefly in the
following section.
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Figure 1: The mass-spring TMD system attached to a SDOF host structure

1.1 Robust equal-peak method [1]

Consider a TMD (mass m2) attached to a SDOF host system (mass m1) as shown in Fig. 1. The parameters
θ1 = (k1, c1) and θ2 = (k2, c2) represent, respectively, the structural parameters (stiffness and damping)
of the host system and the TMD. The classical equal-peak method [10] minimises the H∞ norm of the fre-
quency response function (FRF) of the displacement response of a deterministic SDOF host system subjected
to an external harmonic excitation. This approach does not account for the structural uncertainties and pro-
vides simple analytical expressions for optimal TMD parameters θ2o = (k2o, c2o) (k2o = optimal stiffness,
c2o = optimal damping) as follows:

k2o =
k1η

(1 + η)2
(1)

and,

c2o =

(
η

1 + η

)3/2
√

3m1k1

2
(2)

where, η = m2/m1 = TMD mass-ratio. The robust equal-peak approach extends the classical equal-peak
method by considering the structural uncertainties in the form of intervals with fixed bounds. The REP
method solves the following optimisation problem using the scenario approach [11] which leads to optimal
TMD parameters (θ2o ∈ R+2):

θ2o = arg

[
min
θ2∈R+2

(
max
θ1∈∆

|h1(ω|m1, θ1,m2, θ2)|∞
)]

(3)

where, |h1(ω)|∞ denotes the H∞ norm of the FRF of the displacement response of the SDOF host system
and the function |h1(ω)| is also referred to as ‘receptance function’. The sample space ∆ ∈ R+2 represents
the domain of uncertain structural parameters θ1. For physical understanding, ∆ can be considered as a set
of all possible host structures with different stiffness and damping values within their respective uncertainty
intervals, i.e., [k1,min, k1,max] and [c1,min, c1,max]. A detailed numerical investigation of the above optimisa-
tion problem by Dell’Elce et al. [1] suggests that if only two specific host structures, namely, (i) the one with
least stiffness and least damping (i.e., θ1l = (k1,min, c1,min)) and another one with (ii) maximum stiffness
and least damping (i.e., θ1u = (k1,max, c1,min)) are considered then the optimal TMD parameters lead to
not only equal but also minimum amplitude of the FRF peaks of first and last resonances of the two host
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structures, respectively. Thus, optimal TMD parameters (θ2o) satisfy the following equation:
∣∣∣h1(ω|m1, θ1l,m2, θ2o)

∣∣∣
∞

=
∣∣∣h1(ω|m1, θ1u,m2, θ2o)

∣∣∣
∞

(4)

Dell’Elce et al.[1] have shown that Eq. 4 leads to analytical expressions for optimal TMD parameters when
c1,min = 0. However, this analytical method is based on an equal-peak approach which does not provide an
exact H∞ minimisation of the FRF.

1.2 Limitations

There are a few limitations of the REP method as listed below:

1. The numerical approach to solve the optimisation problem requires a constrained optimisation which
may cause a huge cost of computation when applied to real-life structures represented by multiple-
degrees-of-freedom (MDOF) finite element models.

2. The analytical expressions can reduce the computation time, but are only valid for undamped SDOF
host structures and also suffer from other simplifying assumptions. Hence, it may lead to suboptimal
solutions in case of real-life MDOF structures which are usually damped.

3. This approach considers that the bounds of the uncertainty interval are deterministic and fixed. How-
ever, in large MDOF structures, it is not possible to exactly assign an uncertainty interval. Thus, the
uncertainty intervals on the structural parameters are never known exactly for practical situations and
may also change with time due to varying environmental conditions.

1.3 Current study and paper organisation

This study attempts to address the limitations of the existing REP method by: (i) proposing an efficient
numerical approach which is based on solving an unconstrained optimisation problem applicable to more
general host structures, i.e. structures with more degrees-of-freedom and with damping, and (ii) dealing with
the structural uncertainties through fuzzy representation instead of using interval theory. The paper begins
with the fuzzy representation of the structural uncertainties and then describes the proposed approach in
two main parts: (i) an equivalent SDOF representation of real-life structures represented by finite element
models, and (ii) the optimisation algorithm for the uncertain SDOF system represented by a fuzzy interval.
The proposed approach is discussed then in comparison with the REP method through an example SDOF
system. In the end, the usefulness of the proposed approach is demonstrated by obtaining the robust TMD
parameters in the case of a footbridge located in Durbuy (Belgium).

2 Fuzzy representation of structural uncertainty

There are various probabilistic and non-probabilistic methods to represent the structural uncertainties [12]. In
the previous study [1], the interval approach (with fixed bounds) was used to represent the uncertain structural
parameters. These parameters were assumed to be uniformly distributed in the uncertainty interval and it was
also observed that assuming other non-rectangular distributions leads to only marginal deviations from the
uniform distribution. Thus, the interval approach is indeed a computationally efficient representation of
structural uncertainties. However, due to reasons discussed in the ‘Introduction’, it is not reasonable to fix
the bounds of the uncertainty interval. Therefore, a non-probabilistic approach such as fuzzy analysis can
be used in practical applications [13, 14]. In this approach, the values of the uncertain structural parameters
(θ1) are associated with a degree of membership µ resulting in a fuzzy set representation (θ̃1) as (see Fig.
2):

θ̃1 = {(θ1, µ(θ1))|(θ1 ∈ ∆, µ(θ1) ∈ [0, 1])} (5)
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Figure 2: A typical fuzzy representation of structural uncertainties using a triangular membership function

Various types of membership functions are employable [15], but a triangular function (Fig. 2) is often chosen
because of its simplicity and a direct link with uncertainty. The membership function can be divided into
different α levels to make its practical use. The α-cut set θ̃1α of a fuzzy set θ̃1 can be defined as:

θ̃1α = {(θ1, µ(θ1))|(θ1 ∈ ∆α, 1 ≥ µ(θ1) ≥ α, α ∈ [0, 1])} (6)

This approach, popularly referred to as α-cut strategy, allows describing the uncertain parameters by a worst-
case uncertainty interval ∆α as shown in Fig. 2 and can be written as:

∆α = [{θ1,min + α(θ1,nom − θ1,min)}, {θ1,max − α(θ1,max − θ1,nom)}] (7)

where, θ1,min and θ1,max are the minimum and maximum possible values of θ1, respectively, and θ1,nom

represents the nominal value of θ1. Alternatively, if maximum possible uncertainty is represented in terms
of a certain percentage of the nominal value, say ±υ%, then, the uncertainty corresponding to a certain α
level can be interpreted as ±υ(1 − α)%. Thus, α = 0 and α = 1 correspond to the case with maximum
possible uncertainty and the deterministic case, respectively. Hence, the merit of fuzzy representation lies in
the fact that with a single additional parameter α, one can easily represent all possible uncertainty intervals
between the widest possible interval (α = 0) and the deterministic case (α = 1). It is also worth mentioning
here that different α levels, in some sense, also represent the uncertainties associated with the bounds of the
uncertainty intervals itself.

3 Description of the proposed approach

An efficient numerical strategy is developed to obtain optimal TMD parameters for large structures consisting
of MDOF systems with uncertain stiffness and (non-zero) damping. Since a single TMD reduces the response
only in a narrow band around the frequency to which it is tuned, it would be justified to reduce a large MDOF
system to an equivalent SDOF system around that frequency and to optimise the TMD for that equivalent
SDOF system [16]. The structural uncertainty can also be lumped on the parameters of the equivalent SDOF
system through an appropriate uncertainty propagation technique.
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Figure 3: The primary system with and without a TMD attached to it

3.1 Equivalent SDOF system

Consider the finite element model of an MDOF structure as shown in Fig. 3 consisting of N degrees-of-
freedom and a TMD attached to it at location d. The TMD is attached to the system to damp the jth mode of
vibration while modal damping is considered to be negligible at this stage. The TMD can be replaced by an
equivalent dynamic force fd at the location d and in the direction of motion of the mass of the TMD. Now
the undamped equations of motion for this modified MDOF system can be written as:

M0ẍ+K0x = f (8)

where, M0 and K0 are N ×N mass and stiffness matrices of the system, x is the N × 1 vector of displace-
ments corresponding to the N degrees-of-freedom of the system, and f is N × 1 force vector with all zero
elements except the non-zero value fd corresponding to the degree-of-freedom (DOF) of the node to which
the TMD is attached in the direction of motion of the mass. Since the TMD is to be tuned to the jth mode of
vibration, an equivalent SDOF system can be obtained by assuming that the displacement (at location d) for
the jth mode is governed only by the jth mode shape [17]. The general solution of the equations of motion
can be projected in the modal basis in order to write it as a function of the mode shapes:

x =

N∑

i=1

ψizi (9)

where ψi and zi are, respectively, the mode shape and modal amplitude of the ith mode. Thus, Eq. 8 can be
written in modal coordinates as:

µiz̈i + µiω
2
i zi = ψi(d)fd (10)

where, µi represents modal mass of the ith mode, ωi is natural frequency of the ith mode, and ψi(d) is mode
shape amplitude of the ith mode at the position of the TMD (i.e., at the location d and in the direction of
motion). Under the assumption: x =

∑N
i=1 ψizi ' ψjzj for the jth mode (which is to be damped by the

TMD), the displacement at distance d, i.e. the position of the TMD, is given by:

x(d) = ψj(d)zj (11)
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Substituting Eq. 11 in Eq. 10 leads to:

µj
ψ2
j (d)

ẍ(d) +
µjω

2
j

ψ2
j (d)

x(d) = fd (12)

Thus, an analogy of Eq. 12 with an SDOF equation of motion suggests that: equivalent SDOF mass Meq =
µj

ψ2
j (d)

, and equivalent SDOF stiffness Keq =
µjω

2
j

ψ2
j (d)

. The parameters µj , ψ2
j (d) and ωj can be determined

via eigenvalue analysis of the finite element model of the host structure. However, it may be noted that
this equivalence is reasonable only in the cases where TMD is to be tuned to the lower modes of a lightly
damped host system with far-separated modal frequencies. Since there is no straightforward way to obtain
the equivalent structural damping, an appropriate equivalent SDOF damping (Ceq) can be assigned based
on engineering judgement. A typical and largely used approach is to set Ceq such that the modal damping
coefficient is equal to 1% for lightly damped structures.

3.1.1 Uncertainty propagation

To account for the structural uncertainties in the original structure, an appropriate uncertainty propagation
study would be required to relate the uncertainties associated with the mass and stiffness matrices, in Eq.
8, to the equivalent mass and stiffness (Eq. 12). The different parts of a large structure may be associated
with different levels of structural (area, inertia) and material uncertainties (Young’s modulus, density). This,
generally, happens due to varying environmental conditions (such as temperature) throughout the structure
and different material compositions of different parts of the structure. Therefore, in real-life cases, obtaining
the associated uncertainties with an equivalent SDOF system would not be an easy task. However, if all
elements of the finite element model are assumed to be associated with an equal amount of uncertainty in
terms of mass and stiffness then it is straightforward to show that only modal frequencies, hence Keq, would
be affected by those uncertainties, whereas, the mode shapes, hence the modal mass and Meq, would remain
unaffected. For example, in case of a beam (made up of a homogeneous uniform material), ωj ∝

√
E, where

E is Young’s modulus of the beam. Thus, Keq becomes directly proportional to E and, therefore, all the
uncertainties associated with E would be equally reflected in Keq if E is uniformly uncertain throughout the
beam. The detailed uncertainty propagation analysis is beyond the scope of the present work and would be
dealt in a future study.

3.2 Optimisation strategy

The present study takes the advantage of the two key facts: (i) the REP approach suggests that only two
samples (from the entire uncertainty interval) are required to obtain the optimal solution, and (ii) a gradient-
based unconstrained optimisation technique can be used if a reasonable initial guess of the desired optimal
solution is available. The first fact leads to the following cost function CF :

CF = max
[
|h1(ω|m1, θ1l,m2, θ2)|∞, |h1(ω|m1, θ1u,m2, θ2)|∞

]
(13)

The second fact motivates to find a reasonable estimate of the initial starting point θ2i of the optimal TMD
parameters using the already existing simplified approaches such as: (i) exact [18] or (ii) approximate an-
alytical expressions of the ‘classical equal-peak approach’ [10, 19], or (iii) analytical solution of the ‘ro-
bust equal-peak approach’ [1]. Thus, with the knowledge of the equivalent SDOF system (m1 = Meq,
θ1 = (k1, c1) = (Keq, Ceq)) and associated maximum possible uncertainties (∆), the following step–by–
step procedure of the proposed approach can be adopted to obtain the optimal TMD parameters:
Step 1: Decide the desired TMD mass-ratio (η) and obtain the TMD mass (m2 = η ×m1).
Step 2: Choose the triangular fuzzy membership function associated with θ1 (Fig.2).
Step 3: Select an α level and obtain the corresponding uncertainty interval ∆α from the membership func-
tion.
Step 4: Obtain the two worst-case samples of the ‘robust equal-peak approach’, i.e., θ1l and θ1u using ∆α.
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Step 5: Estimate the initial starting point θ2i of the optimal TMD parameters.
Step 6: Define the cost function CF .
Step 7: Minimise the cost function using a gradient-based local optimisation technique which begins at the
initial point θ2i and leads to the optimal solution (θ2oα). Note that this optimal solution corresponds to the α
level chosen in Step 3.

3.3 Comparison with the robust equal-peak method

Let us consider an equivalent SDOF host structure with the following properties (adopted from [1]): natural
frequency ω1 = 2π × 50 rad/sec, m1 = 10 kg, m2 = 0.50 kg, damping ratio ξ1 = 0.01, the maximum un-
certainty interval of k1 is [0.8m1ω

2
1, 1.2m1ω

2
1] (with m1ω

2
1 as nominal value), and the maximum uncertainty

interval of c1 is [0, 2m1ω1ξ1]. With this input information, the optimal TMD parameters and the maximum
receptance values are obtained using the classical equal-peak approach, the analytical robust equal-peak ap-
proach, and the proposed approach for different α levels and are compared as shown in Fig. 4. In general,
the results of the proposed approach are in close agreement with the analytical REP method as the maximum
difference is of only 4% in the case of optimal damping at α = 0. The small deviations at α = 1 can be
explained due to the fact that the analytical REP and Den Hartog’s classical equal-peak methods do not con-
sider the damping of the SDOF host system in their optimisation process. However, a difference of 4% (at
α = 0) in case of optimal damping can be explained easily if we consider another case with ξ1 = 0 (instead
of ξ1 = 0.01) as shown in Fig. 5. Considering ξ1 = 0 makes the host system undamped and the erroneous
effect of the assumption c1,min = 0 disappears. In this case, at α = 1 (the deterministic case), the proposed
approach converges to the classical equal-peak solution of Den Hartog and there is an exact matching for the
optimal stiffness. Thus, this proves that in the case of optimal damping (Fig. 5), the maximum difference
of 4% at α = 0 is due to another inherent limitation (i.e, an approximate solution to the H∞ minimisation)
of the analytical REP method. Also, a comparison between Figs. 4 and 5 clearly shows that this second
assumption only affects the optimal TMD damping and does not affect, at all, the optimal TMD stiffness. In
addition to this, it can be clearly inferred from Figs. 4(c) and 5(c), that the proposed approach is slightly more
accurate as the maximum receptance values are marginally smaller compared to the analytical REP method
at all α levels. Thus, it can be said that the proposed approach, in this study, provides a computationally
efficient exact solution to the original problem (i.e. Eq. 3) without any simplifying assumptions, unlike the
analytical REP method. The importance of accounting for the structural uncertainty can also be seen from
Figs. 4(c) and 5(c) which indicate that the peak FRF in case of the classical equal-peak approach can be as
high as ∼ 1.5 times compared to the robust solutions.

4 Optimal TMD parameters for a footbridge with structural uncer-
tainty

The main merit of the proposed approach lies in its numerical efficiency and mathematical accuracy, that can
be utilized to obtain the optimal TMD parameters for real-life structures, such as high-rise buildings, bridges,
and footbridges, especially when the structural parameters are also uncertain. To illustrate the approach, a
footbridge (Fig. 6) located in Durbuy (a city in the Luxembourg province in Belgium) is considered. The
relevant engineering plans and documentation related to this footbridge were received from the concerned
design office [20]. These details were then used in creating a finite element model of the footbridge in the
Structural Dynamics Toolbox (SDT) in MATLAB R©. The curved shape of the footbridge corresponds to an
Euler spiral (a curve with a curvature proportional to its length [21]). People can walk or cycle over this 80
meter long bridge with a main span of 46 meters. The main structure which weighs around 67 tons consists
of a rectangular box girder of steel and a 3 m wide deck [22] which is supported by reinforced concrete pier
as shown in Fig. 7. The location of the TMD attached to the footbridge is indicated in Fig. 8.
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(a) (b)

(c)

Figure 4: Comparison of the classical and robust equal-peak approaches with the proposed approach at
various α levels in terms of: (a) optimal TMD stiffness, (b) optimal TMD damping, and (c) maximum
receptance value (or peak displacement FRF), in case of the damped host structure
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(a) (b)

(c)

Figure 5: Comparison of the classical and robust equal-peak approaches with the proposed approach at
various α levels in terms of: (a) optimal TMD stiffness, (b) optimal TMD damping, and (c) maximum
receptance value (or peak displacement FRF), in case of an undamped host structure

Figure 6: Picture of the footbridge and the surroundings [20]
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(a) (b)

Figure 7: Pictures of the (a) intermediate and right bank support and (b) left bank support of the footbridge
[22]

Figure 8: Cut-out of an AutoCAD R© drawing of the footbridge indicating the intermediate support and the
location of the TMD [20]
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Figure 9: The first mode shape of the footbridge along with an indication of the location of the TMD

4.1 Finite element model

Using the information provided by the design office [20], a finite element model of the footbridge is created
in SDT using Bernoulli-Euler beam elements. The model consists of two types of materials: (i) material-1:
S355 steel (Young’s modulus E = 205 GPa, Poisson’s ratio ν = 0.30, density ρ = 7850 kg/m3) and (ii)
material-2: C30/37 concrete reinforced with BE 500 S steel (E = 13.7 GPa, ν = 0.15, ρ = 2500 kg/m3).
The parts of the footbridge superstructure are mainly of steel and the vertical pier is made of reinforced
concrete. The boundary conditions are imposed on node numbers 1–6 as shown in Fig. 9. The nodes can
be divided into two groups: (i) nodes on the superstructure (1–4 and 6), and (ii) the node representing the
connection between the superstructure and the foundation (node 5). In the first group, all the nodes are free
for 3-dimensional rotation. Nodes 1 and 3 are allowed to translate along all the directions except vertical.
However, nodes 2, 4, and 6 are restricted to translate in the vertical direction and the direction transverse to
the footbridge but free to translate along the footbridge. On the other hand, the second group represents the
fixed boundary condition.

4.2 Dynamics of the footbridge and equivalent SDOF system

The finite element model of the footbridge consists of 538 degrees-of-freedom and corresponding mode
shapes and natural frequencies are obtained through SDT. The first modal frequency is 2.03 Hz (ω1 =
2π×2.03 rad/sec) and the corresponding mode shape is shown in Fig. 9. As discussed earlier in this paper, a
large finite element model (like the one considered here) can be approximated by an equivalent SDOF system
for a particular mode of interest. Generally, the pedestrian movement on a footbridge causes vibrations of
about 2 Hz [23]. The first mode (which is close to 2 Hz) is, therefore, considered for vibration control in the
present study. For determination of the mass and stiffness of the equivalent SDOF system, the mode shapes
are normalized such that the modal mass µ1 = 1. The tuned mass damper is placed at the position where
maximum structural deformation is expected in the mode of interest (shown in Fig. 9 for the current case).
From the finite element model in SDT, the maximum value of the normalized mode shape (in the first mode)
is obtained as ψ1(d) = 7.32 × 10−3 and this results in equivalent mass m1 = Meq = 1.87 × 104 kg and
equivalent stiffness k1 = Keq = 3.04× 106 N/m.

4.3 Optimal TMD parameters

To illustrate the proposed approach in case of uncertain structural parameters, Keq is considered here as the
nominal value of stiffness k1 and a variation of ±20% is assumed (similar to [1]). The TMD mass-ratio is
assumed to be 3% (same as in [16]) of the total mass of the footbridge, i.e., 67× 103 kg and this leads to an
equivalent TMD mass-ratio (with respect to Meq) of 10.8%. The uncertainty interval of the damping ratio
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(a) (b)

(c)

Figure 10: Demonstration of the proposed approach at various α levels in terms of: (a) optimal TMD stiff-
ness, (b) optimal TMD damping, and (c) maximum receptance value (or peak displacement FRF), in case of
an equivalent SDOF system corresponding to the footbridge

is assumed to be ξ1 = [0.005, 0.015] (a ±50% variation around 0.01, similar to [24]). Thus, the damping
interval is c1 = [2m1ω1×0.005, 2m1ω1×0.015] with a nominal value of 2m1ω1×0.01. The initial starting
point for the TMD parameters (θ2i = (2.67×105N/m, 8.85×103Ns/m)) is obtained here using the classical
equal-peak approach. After this, the proposed algorithm is adopted to obtain the optimal TMD parameters
for different α levels as shown in Fig. 10. The results are also compared with the classical equal-peak and
analytical REP methods. It can be clearly seen that the proposed approach is more accurate compared to the
analytical REP method as it provides a smaller (by 2.9 to 1.6%) maximum receptance value at all α levels.
In fact, at the highest uncertainty level (α = 0), the analytical REP is off by 4.5% from the optimal damping.
However, the differences are not significant (less than 1%) in case of optimal stiffness. Furthermore, if
structural uncertainties are ignored, as in case of the classical equal-peak approach, the maximum receptance
value can be as high as ∼ 1.4 times compared to the value obtained from proposed approach (Fig. 10(c)).

5 Conclusions

In real-life conditions, the uncertainties associated with the stiffness and damping of host structures are in-
evitable. Since these uncertainties can cause detuning of attached TMD devices, the TMD design should,
therefore, be robust enough to avoid such malfunctioning. Although the current state-of-the-art provides
a numerical robust equal-peak (NREP) approach, it may lead to a huge computational cost in professional
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practice where large structures, such as high-rise buildings and bridges, are involved. Alternatively, an ana-
lytical robust equal-peak (AREP) approach (an analytical approximation to NREP) may potentially reduce
the computation cost but leads to sub-optimal TMD damping due to inherent assumptions such as assum-
ing the host structure to be undamped. Furthermore, the NREP and AREP approaches assign the structural
uncertainty using an uncertainty interval defined by fixed bounds on stiffness and damping. However, in
practical situations, there is no exact way to obtain these bounds. Therefore, to overcome all these limita-
tions of the existing approaches, a new numerical approach is proposed in this study which combines the
concepts of: (i) converting a large finite element model to an equivalent SDOF system (by targeting a cer-
tain mode which needs to be damped), (ii) an unconstrained gradient-based fast optimisation using a simple
solution (such as the classical equal-peak approach of Den Hartog) as an initial starting point, and considers
(iii) a more general representation of the structural uncertainties by employing the fuzzy analysis. The pro-
posed approach is demonstrated by obtaining the optimal TMD parameters for a real-life footbridge example
from the city Durbuy. The comparison of obtained results with AREP shows that, in terms of accuracy and
broader applicability, the proposed approach is a better alternative to NREP (for computational efficiency)
instead of AREP. The promising results of this study motivate to launch a future study to test the efficiency
and applicability of the proposed approach on full-scale finite element models of real-life structures instead
of their equivalent SDOF systems. Additionally, for computational efficiency, the use of model reduction
techniques would also be investigated. The present study is limited to only harmonic excitation, therefore,
a natural extension would be to include other types of excitations, such as white noise, where the effect of
uncertainty on loads would also be combined with the structural uncertainty.
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Abstract
This paper presents an interval field approach to represent the complex interactions between adjacent com-
ponents in car crash simulations. Typically, the design and optimization of individual components is made
on a component-by-component scale under the assumption that these interactions are negligible. Since the
mechanical behavior of these components in a crash situation is highly non-linear, such decoupled design
approach might yield unsatisfactory or even erroneous results. Therefore, it is proposed to represent the
uncertainty that the analyst has on the rigidity and deformation of the adjacent structures of the component
under consideration as an interval field, explicitly acknowledging the range of possible mechanical behav-
iors. The performed case study shows that, by adopting this approach, a more objective and robust design
can be obtained.

1 Introduction

With the growing importance of lowering fuel consumption of passenger vehicles together with rising com-
plexity of development and an increase in safety requirements, car manufacturers turn from traditional test-
based design towards a simulation-driven approach. Reducing vehicle weight is normally in conflict with
increasing the level in passive safety, which is necessary because of the evermore demanding requirements by
regulation or consumer tests. Hence, advanced numerical methods for multi-disciplinary and multi-criteria
optimisation have to be used to identify the appropriate compromises, see e.g. [1]. However, the perfor-
mance of optimal designs is already in standard cases very sensitive to small changes in input parameters,
which normally becomes worse for highly non-linear problems encountered in crashworthiness studies [2].
The robustness, i.e. low sensitivity of responses to input variations, and the reliability (low probability of
constraint violations) have to be considered additionally, which leads to an even higher numerical effort than
just a deterministic optimisation.

Hence, in recent literature a range of methods is proposed that take these uncertain input parameters into
account, e.g., load case and geometrical uncertainties [3, 4], or material uncertainties [5]. In these, variations
of the impact angles, locations and velocities are considered, in some cases combined with the influence
of manufacturing tolerances (variations in thickness, material parameters or geometrical features like radii).
The numerical approaches here are relatively straightforward assuming the independence of the varying input
parameters. Regarding the parameters mentioned above, all are simple to consider in a finite element model
except geometrical changes such as radii. For the latter, shape parametrisations and morphing tools have
been developed [1].

However, application of optimisation with robustness and reliability analyses in an industrial setting is cur-
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rently challenging, and this not only because of the high numerical effort. The main reason is related to the
context of systems engineering and the necessity of hierarchical development because of the high complex-
ity of the product. This means that the different crash types (e.g. front, side and rear impacts) are treated
by different people or even departments and companies. As a consequence, the developer is working on
single components and not on the complete car. Therefore, requirements have to be broken down to the
component level and consequently assessments are done as well on components rather than full vehicles.
The well-known V-model approach and the more recently developed Solution Space methodology [6] enable
this hierarchical development.

The main challenge in this component based approach is that details about the full structure may not be
available, as different departments of even companies are developing individual parts. Assessments of single
components in a decoupled manner are hence necessary. However, following this approach, it is challenging
to include the interdependencies of the different components during a crash. In the Solution Space approach,
the requirements for a single component are established, by the use of corridors of force-deformation curves
for each component. Via these corridors, it is assured that by fulfilling component requirements, the full
vehicle requirements are also respected. This approach can be simplified in some cases such that we define
for each component maximal peak forces, required amount of energy absorption, and necessary crush length.

In the literature, as explained in the next section more in detail, component or substructure simulations are
established mainly via drop tests or comparable configurations. Energy absorption is optimised, peak forces
are limited and mass reduced by studying the impact of a rigid wall on the component structure, which is in
general completely fixed to the ground. It is important to realise here that this component test set-up con-
siders the component totally isolated neglecting the interactions and connections to all other components.
However, from experience, we know that the other components strongly influence the behaviour of the com-
ponent regarded in the design study. Hence, to the opinion of the authors, neglecting the difference between
fixed boundary conditions and coupled boundary conditions to adjacent parts is the dominant uncertainty and
should be considered in a single component optimisation under uncertainties. If this is not done, the iden-
tified optimum may be of questionable value, as non-robustness on component level may lead to a critical
performance issues in the global crash structure of the complete vehicle.

To overcome this, with this work, we aim to introduce for the first time a consideration of the uncertainties in
the boundary conditions in a component-based crash assessment. For this purpose, a new method is proposed,
which represents the influence and the related uncertainty of adjacent structures and the connection hereto
through the recently introduced framework of interval fields.

This paper is structured as follows: Section 2 provides, an overview of the current state-of-the-art practices
for structural crash assessments and Section 3 gives, a detailed description of the proposed implementation
of interval fields at the boundary conditions. The difference between a deterministic boundary conditions
and uncertain boundary conditions is given in Section 4, and in Section 5 conclusions are drawn.

2 State-of-the-art in crashworthiness assessment

2.1 Background in the assessment of crashworthiness

Today, the crashworthiness of vehicles is mainly assessed by physical crash tests defined in regulations, as,
e.g., proposed by the United Nations Economic Commission for Europe (UN-ECE) [7], or consumer tests,
e.g., those of the New Car Assessment Programmes (NCAP) like Euro NCAP [8] or Global NCAP [9]. These
tests represent the relevant accident scenarios while being also sufficiently repeatable to enable controlled
vehicle assessments and ratings. The situation is here relatively complex because the regulations and con-
sumer tests are re-defined and complemented on a regular basis to adapt to changes that originate from the
introduction of automated driving, electric and hydrogen vehicles, and vulnerable road users (pedestrians,
cyclists). Currently, virtual testing based on computer simulations is only accepted for very specific cases,
e.g., head impact for pedestrian safety, and often in a hybrid manner such that physical and virtual test results
are combined. Nevertheless, the development of the vehicles is mainly based on numerical simulations via
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Finite Element Methods (FEM) and the automotive industry tries to reduce the number of physical prototype
testing as much as possible to reduce costs.

Most design criteria for crashworthiness are related to biomechanical measures (accelerations, velocities,
deformations, forces, and moments) registered by Anthropometric Test Devices (ATDs), also known as
dummies. Examples are the Head Injury Criterion (HIC), see the discussion in [10], or the Neck Injury
Criterion (NIC), see [11]. Although the number of relevant quantities today is high, as it remains a topic of
current research resulting in fre changes, see e.g. [12]. In some cases, structural criteria as intrusion into the
safety cage or relative deformation of the door are considered. During the early development process, it is
standard to consider mainly structural criteria, i.e. criteria related to the performance of the car structures, as
detailed geometrical and material data is not available.

(a) Deformation resistance parts (blue) (b) Energy absorbing parts (blue)

Figure 1: Example of a car body showing deformation resistance (left) and energy absorbing parts (right) [13]

Car-body related criteria are addressing either aspects of the safety cage (deformation resistance parts) or
aspects of the crumple zones (energy absorbing parts), illustrated in Figure 1. Design of the former is
relatively straight-forward because high plastic deformations and failure should be avoided and the structural
behaviour is almost linear. For the energy absorbing parts, criteria as specific energy absorption (SEA), which
is the total energy absorption divided by mass, peak force or peak acceleration are commonly used [14,
15, 16]. In addition, the so-called “order-of-deformation” criterion is used in these references to assure a
progressive plastic folding from the impact point towards the safety cage. Peak forces relate as well to this,
i.e., low peak forces are considered to restrict the acceleration and therefore injuries of the occupants, and to
avoid that a component more in the interior buckles before the exterior components.

The crash design of a vehicle structure requires hence to identify the optimal balance between forces, which
vary over time, in the different components and the corresponding deformation lengths of the parts. These
forces should not be too high to avoid high peak forces and should not be too low to assure that the total
kinetic energy is absorbed in the crumple zone area and not in the safety cage. The deformation lengths
should be sufficient to allow crumpling and avoid intrusion into the safety cage. In total, the development
of the car body structure is a highly complex task where all components interact and the required force-
deformation behaviours of the components are completely inter-dependent. The mechanics are adding to
the overall complexity by the high non-linearity (plasticity, failure, contact, buckling, large deformations,
strain- and stress-rate-dependencies). In addition, a high number of different materials have to be modelled
ranging from different steel types and other metals to glass, polymers, foams, composites and biomaterials.
The related computational effort is high, standard simulations take several hours and in some cases even days
although high performance computing (HPC) and parallel computing are exploited in an advanced manner.
Therefore, in crash related literature for the structural design of energy absorbing components, there are two
main approaches (the second having three options), which are listed below and are illustrated in Figure 2.

a) Full vehicle FEM simulations with models as shown exemplary in Figure 2: the complete structure
of the car is modelled and the developer modifies a component (or components) assessing the changes
via a complete repeat of the full set of crash simulations (note that a small change will affect the car
performance in multiple different crash tests).
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b) Component simulations with pre-defined boundary and initial conditions. For this, there are three
options:

b1) The energy absorption of a component is assessed by a crush test where a rigid wall with a
prescribed and constant velocity deforms the component in axial direction. Because this is often
done in a quasi-static manner, dynamic effects like inertia forces and (strain-)rate dependencies
are neglected.

b2) A similar configuration as for b1) is used but under drop test conditions, i.e., a rigid plate or
block with a certain mass and initial velocity is hitting the component. Here, the dynamic effects
are covered more correctly.

b3) An alternative can be realised by using a full vehicle simulation and by registering the deformation-
or velocity-over-time of the FE nodes at the interface between the component and the complete
car structure. Then, the data of the interface nodes is used as constraints in the component simu-
lations.

In all of these approaches a number of limitations and abstractions are made, which are described in more
detail in the subsections below.

Figure 2: Example of full vehicle test (top) and component /sub-structure tests (bottom), after [1]

2.2 Discussion

Full vehicle assessments Here, the performance of a single component is assessed in simulations using a
full-vehicle model. The advantage of this approach is that it takes all surrounding parts and their interaction
with the component are taken into account. However, especially during early stages of the development
process, properties or design details of neighbouring components are not fully known. Typically, the devel-
opment is a concurrent process between multiple designers or even departments / companies, where each de-
signer or department is designing an individual component in parallel with activities of the others. Therefore,
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the full vehicle model at this point may not be available, under construction, or far from the final version.
Having a complete vehicle may mean that some kind of pseudo-accuracy misleads to wrong conclusions
neglecting developments of other components either simultaneously or later in the process.

Additionally, the high computational effort of a full-vehicle simulation makes it quasi infeasible to realise a
high number of modifications especially needed for optimisation and robustness or reliability assessments.
Even in our academic example that lacks the full industrial complexity, illustrated in case a) on Figure 2. A
single simulation of the Honda Accord model with 1.9 million elements [17] took 14 hours on eight Intel(R)
Core i9-7980XE CPUs.

Moreover, as the full car model consists of multiple parts and materials that interact with each other, the
uncertainties about all these parameters should be assessed and quantified. Therefore, detailed investigations
should be conducted concerning the range of these parameters, and the distribution they describe, something
that is very challenging especially in an early design stage. In recent years, robustness studies on full vehicle
models have been realised in, e.g., [2, 4]. However, these are rarely embedded in an industrial development
and more importantly, the uncertainties considered are by far from complete.

Single component assessment In the three versions of a single component assessment described above,
the parts are evaluated in an isolated environment neglecting the influence of possible modifications in the
other components. The advantage of the single component assessment is clearly the computational time,
i.e., a single assessment can be conducted at a fraction of the computational time it would take to run a full
crash model. In addition, validations of these simulations via physical experiments is less complicated as
drop-tower tests or quasi-static tests are widely used for single component testing. The number of scientific
papers on components is very high; see [18, 19] to give only some of the most recent papers. However, the
consideration of uncertainties is rarely undertaken on component level; as an example the reader may refer
to [20].

To summarise, in engineering practice, a full vehicle crashworthiness study is often extremely challenging,
mainly because of the high computational effort, the component- or substructure-based approaches are ques-
tionable because the interactions with other components are neglected. Hence, in this paper, a new approach
is proposed where these interactions are covered by an interval field representation of the uncertainties in a
single component crash assessment. The discussion is based on a full vehicle crash model and an exemplary
component, here a generic crash box, to illustrate the principles, illustrated in Figure 3, where on the left the
FE model of the crashbox is shown and on the right an illustration of the set-up. This generic crashbox can
represent different components in the full structure of the car. The case studied here is a full-width overlap
crash test of a passenger car driving against a rigid barrier at 56 km/h as defined in several consumer and
regulation tests, which is commonly used in scientific studies.

v0

(a) Finite Element Model of the crashbox with a rigid
plane attached to the nodes in the back (red) and impacting
plane right

v0

Fi
xe

d
no
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s

Finite element mesh Impacting moving plane

(b) Illustration of a general crash set-up, with the red
crosses indicating the fixed nodes, and the impacting rigid
plane on the right

Figure 3: Illustration of the crashbox and the general set-up of a crash analysis as used in this paper
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3 Single component assessment under uncertainty

In both of the state-of-the-art approaches a number of assumptions and abstractions are made, and the impact
hereof on the results is often unclear before experiments are conducted. Here, the focus lies on idealising
the boundary conditions in a crash simulation of a single component, which normally is part of a complex
structure. The complex interaction and connection to this adjacent structure is represented by an interval field
that is capable of spatially varying the properties of individual elements. The following paragraphs provide
a description of the interval fields framework.

3.1 Interval field analysis

In this section, a detailed description of interval field analysis is provided, as recently introduced in [21]. In
this paper the following definitions are used: interval parameters are indicated using apex I: xI ; a vector is
indicated as lower-case boldface characters x; matrices are expressed as upper-case boldface characters X,
and interval parameters are represented using the bounds of the interval defined as:

xI = [x;x] = {x ∈ R | x ≤ x ≤ x}, (1)

where x stands for the lower bound and x for the upper bound. In addition, an interval can be represented by
the centre point x̂ = x+x

2 and radius ∆x = x−x
2 of the interval. An interval is considered closed when both

the upper and lower bounds are a member of the interval. The domain of a real-valued interval is denoted as
IR.

Explicit interval fields The definition of an explicit interval field is given in Equation (2), where the field
consists of a superposition of nb ∈ N base functions ψi(r) : Ω 7→ R defined over the geometrical domain
Ω ⊂ Rd, where d is defined as the physical dimension of the problem. These base functions describe the
spatial nature of the non-deterministic parameter, distributed along the coordinate r ∈ Ω. Interval fields scale
these basis functions ψ(r) with independent interval scalars αI

i ∈ IR, which are formally defined as:

xI(r) = x̂(r) +

nb∑

i=1

ψi(r)αI
i , (2)

with x̂(r) ∈ R as the midpoint of the interval field. When Ω is discretized into k finite elements, these base
functions ψi(r) interpolate the independent interval scalars αI

i to dependent intervals for each element in the
domain Ω. Therefore, the input space dimension can be reduced if nb < k.

Interval Field finite elements A numerical model M(x) is parameterized by a parameter vector x ∈
Rk, which contains for instance: constitutive material parameters, inertial moments or clamping stiffness.
Solving the numerical model M(x) corresponds to transforming the parameter vector x through a set of
function operators mi : Rk 7→ Ru to a vector of responses y(r) ∈ Ru, defined as:

M(x) : y(r) = mi(x(r)) i = 1, . . . , u (3)

withmi : Rk 7→ R. The dependence of y on r is only valid for responses at the nodal or element level, which
is not the case for, e.g., resonance frequencies. Moreover, as the interval scalars αI

i remain independent, the
uncertainty is propagated using commonly applied interval techniques. For a recent review on such methods,
the reader is referred to [22].

Interval field propagation The main goal of the interval field finite element method is to find the uncer-
tain solution set of system responses ỹ, which can be described by the smallest conservative hyper-cubic
approximation of the multi-dimensional manifold in Ru. Computing the exact solution is very hard as in
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general this manifold is non-convex. Thus, the exact solution set ỹ is usually approximated by an uncertain
realisation set ỹs defined as:

ỹs =
{
yj |yj = mi(xj(r));xj(r) ∈ xI(r); j = 1, . . . , q

}
. (4)

The set ỹs is typically constructed by q deterministic solutions yj of the numerical model M(xj), where
yj is a vector containing the u deterministic responses of the jth solution. For each of these q solutions,
the interval field realisations xj(r) are generated by sampling the interval field. Here, following a global
optimisation approach these samples are generated by an optimisation algorithm that actively looks for the
bounds in ỹs. This optimisation problem can be explicitly denoted as:

y = min
x∈xI

mi(x) i, . . . , u

y = max
x∈xI

mi(x) i, . . . , u
(5)

where yI
i = [y

i
;yi] is the ith solution interval. When a global minimum or maximum is found trough

optimisation the smallest approximation of the solution set ỹs is identified. However, it should be noted that
the behaviour of the goal function with respect to the uncertain parameters is unpredictable, which makes
the computational effort problem dependent [23]. Hence, as a starting point, extreme input realisation can be
obtained with the transformation method [24], which will provide a first idea about the computational times
and the physical phenomena activated. However, the transformation method provides no guarantee that the
actual bounds of the output are obtained for non-monotonic problems.

Definition of the basis functions Through the definition of the interval field in Equation (1), the basis
functions ψi(r) are used to model the spatial dependence of the intervals xI(ri), defined at locations ri
throughout the domain Ω. In practice, these ri correspond for instance to the element centre points of the FE
model under consideration. Here, the basis functions are defined using Inverse Distance Weighting interpo-
lation (IDW), which was applied in [25]. In this approach, the basis functions are based on a normalisation
of the weight functions wi(r) ∈ Ω, denoted as:

ψi(r) =
wi(r)∑nb
j=1wj(r)

, (6)

with i = 1, . . . , nb. The weight functions wi are inversely proportional with respect to a distance measure
d(•). This distance is measured to all other coordinates in the domain. The weight function is denoted as:

wi(r) =
1

[d(ri, r)]p
, (7)

with the power p ∈ R+ as a non-negative parameter that can be set by the analyst to influence the rate of
decay from the control point ri.

3.2 Boundary conditions described by interval fields

Here, the fixed boundary conditions, as illustrated in Figure 3b, are replaced by an interval field to represent
the uncertain deformation of the adjacent structures and connection hereto. this is accomplished by placing
a number of elements between the component and the rigid plane, which can be the impacting plane, a rigid
plane in the back of the component, or at both places. In this paper, only elements placed between the back
of the component and a fixed rigid wall are considered, as illustrated in Figure 4. Here, these elements are
assigned a stiffness value that is considered to be interval valued. However, since these elements represent
the adjacent structure, they cannot be considered to be fully independent. In fact, it is assumed that the
dependence in the uncertainty of their stiffness depends solely on the location where they are connected to
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the structure. Therefore, their dependence is represented using an interval field. Note, that these elements
can be represented by different models, e.g., discrete springs, beam elements, which are available depending
on the finite element solver that is used. The following paragraphs describe how the interval field is applied
to these springs and how the properties of these springs influence the energy balance of the simulation.

r

v0

Fixed nodes Finite element mesh Impacting moving plane
Element 1

Element 2

element 3

Figure 4: Illustration of the connection elements, with the fixed nodes in red and the rigid impacting plane
on the right

Application of interval fields The interval field is applied to the springs of the crashbox by discretisation
of Equation (1), which determines the stiffness of each spring. However, before the interval field can be
discretised the basis functions ψi(r) should be determined. This is accomplished through the previously
introduced framework of IDW where the basis functions are determined through Equation (6). In this pa-
per, the basis functions are taken as being one-dimensional where the vector r describes the perimeter of
the crashbox, which omits the use of a two-dimensional interval field and reduces the computational time.
Nevertheless, the problem that arises is that the distance measure in Equation (7) can follow two distinct
paths as the vector r contains all points of the perimeter. This is solved by applying Dijkstra shortest path
algorithm [26], which finds the shortest path between ri and r to determine the distance measure. Hence, the
basis functions are fully defined with the power p set at 2. In addition, the interval scalars αI

i are defined as
two times the interval radius ∆x, which is determined by the analysis.

Realisations of the interval field xI can now be obtained by sampling the interval field through discretisation
of the interval scalars αI

i . Two illustrations of realisations of the interval field are given in Figure 5, where
the dashed black lines and red dots illustrate the variation of the normalised spring stiffness towards the fixed
wall nodes in blue. In addition, the control points ri placed at the corners of the crashbox are shown as blue
nodes with a black circle, which are located at ri = [30, 30; 30,−30;−30,−30;−30, 30]. On the left of
Figure 5, a realisation of the interval field is shown where the interval scalar αI

3 at control point r3 is set at
α3, while the other control points are set at αi. And on the right hand side of Figure 5, a different realisation
is shown where the interval scalars α1 and α3 are set at αi. From a physical stand point the realisation of
the left corresponds to impacting a wall under an angle, and on the right an unknown deformation pattern is
represented.

These samples are most commonly obtained through transformation method [24] or an optimisation to find
the bounds on the output quantity following the global optimisation approach, as described by Equation (5).
Although, the transformation method considers extreme input realisations, there is no guarantee on finding
the bounds on the output for a non-monotonic problem, which is in general the case for crash analysis. Hence,
the bounds of the output quantity for crash analysis can only be determined through global optimisation,
which is computational expensive as numerous function calls are made in order to achieve convergence of
the optimisation algorithm.

Energy balance Modelling springs at the back of a component has an effect on the energy balance of a
crash scenario, which is illustrated in Figure 6. In a standard crash scenario, the kinetic energy Ek of the
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(a) Realisation of the interval field with α3 = α3 (b) Realisation of the interval field with α1,3 = α1,3

Figure 5: Different realisations of the interval field with the dashed black lines and red dots illustrating the
variation of the normalised spring stiffness towards the fixed wall nodes in blue

moving vehicle is fully translated into elastic and plastic deformation energy Ed, which is dissipated by the
crashbox. Additionally, the springs at the back of the component store a non-deterministic amount of energy
Es, indicated by a red line. Depending on the properties of the springs, this energy is returned or dissipated.
In the latter case, to ensure that the component accumulated an equal amount of energy in every simulation
the dissipated energy should be added to the simulation at the start. In addition, using numerical simulation
results in a limited amount of energy loss in hourglass modes due to numerical assumptions, which is referred
to as hourglass energy Eh.

Time t

E
ne

rg
y
E Ed

Es

Ek

Eh

Etotal

Figure 6: Energy balance of one simulation where all the kinetic energy Ek is transformed into deformation
energy Ed, and energy in the springs Es; in addition, a little energy is lost in hourglass modes Eh, while the
total energy remains constant

4 Case studies of single component assessment

In this section, an investigation into the difference between fixed and uncertain boundary conditions is con-
ducted, which is achieved by simulation of both these cases. The model that is used is a generic crashbox
under a load case defined on the full overlap crash test. The generic crashbox is represented by a rectangular
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box, which has sides of 60 mm, a total length of 180 mm, and a thickness of 2mm, which is modelled by
2700 four-node shell elements, as illustrated in Figure 3a. Following the load case, the crashbox is impacted
by a rigid moving wall with a mass of 60 kg, with an initial velocity of 56 km/h . Hence, the total kinetic
energy at the start of the simulation is 7300.8 J. In engineering practice, the performance of the crashbox is
assessed using the peak force and the mean force, the goal of optimisation would be to bring the mean force
at a certain threshold with the peak force as close as possible to it.

Peak force The peak force is a measurement of the highest force occurring during the impact simulation.
In all cases, the peak force is measured at the rigid plane located at the back of the springs, indicated as a red
plane in Figure 10. The peak force is measured directly from the output data without using any additional
filtering. Typically, the peak force is measured just after the crashbox and the rigid wall make contact.
In general, high peak forces are avoided by car manufacturers as they impose high forces on the adjacent
structure and eventually the passenger, which is undesired as this leads to more severe injuries.

Mean force The mean force is an average measurement of the force during impact and provides global
information about the performance of a particular design. Here, the mean force is calculated by taking the
internal energy of the crashbox divided by the total deformation. In order to omit zero entries, only the force
and deformation starting from impact until the kinetic energy is zero are considered, neglecting the elastic
spring-back of the crashbox.

4.1 Fixed boundary conditions

The first case is used as a benchmark where the boundary conditions are deterministic, in correspondence
with the illustration in Figure 3b. Here, only one simulation is performed as there are no uncertainties
considered. The results of this simulation are provided by means of a force-displacement graph, as shown
in Figure 7, where the peak force and mean force measurements are indicated by a blue dot and an orange
dashed line, respectively.

The multiple peaks that are seen in Figure 7 are where the force builds up during deformation reaching
a maximum and then decreases again at an increased rate of deformation, correspond with the observed
folding pattern, illustrated in Figure 8. In this figure, the red plane is fixed and the white plane on the right is
impacting the structure, in correspondence with Figure 3b. The folding pattern clearly shows that three folds
are created during the first 12 ms of the crash, which is a local buckling mode starting at the impacting plane.
The computational time for this simulation is approximate 4 minutes on two cores of a Intel(R) Xeon(R)
CPU E5-2695 v3 @ 2.3GHz processor, which is reasonable in comparison to a full vehicle model.

4.2 Interval valued boundary conditions

In this case, the boundary conditions of the crashbox are modelled with elements at the back of the crashbox
with an interval valued stiffness, as illustrated in Figure 4. In this simulation there are 60 of these elements
around the perimeter of the crashbox, which are modelled as generic beam elements. Each of these beam
elements has a translational stiffness kt, which varies spatially for all elements following the realisation of
the interval field. The control points are placed at the corner nodes of the box, as in Figure 5. The interval
of the translational stiffness is assumed to have a midpoint of 200 MPa with a radius of 130 MPa, which
corresponds to a maximum stiffness of the adjacent structure reaching about one-tenth of the modulus of
steel, [(200 + 130)60]10 = 198 GPa.

In this initial investigation a set of extreme input samples is generated through the transformation method,
which has no guarantee of containing the bounds of the output. In Figure 9 three results with extreme input
parameters provided as force-deformation curves (full lines), peak force (dots) and the mean force (dashed
lines), which are shown in a comparison with the benchmark case (red). It is clear from this figure that the
performance of the crash box is largely influenced by these uncertainties as different peak forces are obtained
at different deformations, different crush lengths and different mean forces for each of the simulations runs
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Figure 7: Force-deformation curve with fixed boundary conditions (red); the location of the peak force (blue
dot); and the mean force (orange dashed line)
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Figure 8: Deformation pattern of the crashbox with deterministic boundary conditions at different time steps

are obtained. Moreover, the realisation one (green) shows a high force at a deformation of 38mm, which is
not seen in the other realisations.

The deformation modes of the three realisations of Figure 9 are illustrated in Figure 10. The first realisation,
is taken with all control points at their minimum value, and the deformation pattern is very similar to this
of the reference case where the folds start at the impacting plane, illustrated in Figure 10b. The second
realisation of the interval field, corresponding to the realisation in 5a, shows that the crashbox is deforming
close to a global buckling mode, as the component starts bending in Figure 10d, after which a folding pattern
starts evolving in the middle in Figure 10e. The third realisation of the interval field, corresponding to the
realisation in 5b, shows a completely different deformation pattern where a pinching effect is observed in
Figure 10g, causing the crash box to fold inward in Figure 10h. In addition, Figure 10 shows that for ap-
proximately equal deformation lengths different time steps have to be considered, which indicates that there
is a difference in the kinetic energy that is translated to deformation energy. Hence, the energy balance is
illustrated in Figure 11, where the full line indicates the benchmark case, the dashed line the first realisation,
the dash-dotted line the second realisation and the dotted line the third realisation. This clearly demonstrates
that the time to dissipate the kinetic energy and the maximum absorbed energy varies fot each simulation,

USD – APPLICATIONS 3835



0 20 40 60 80 100 120 140
Deformation (mm)

0

50

100

150

200

250
Fo

rc
e 

(k
N)

Simulation Fpeak Fmean

Realisation 3
Realisation 2
Realisation 1
Fixed BC's

Realisation 3
Realisation 2
Realisation 1
Fixed BC's

Figure 9: Force-deformation curves of three realisations of the transformation method compared with the
benchmark case in red, with peak forces (dots) and mean forces (dashed lines)

which is even more clear through plotting the lines until the maximum energy is absorbed. The main reason
for this is the interaction between the elements and the crashbox, which is particularly outspoken with the
first realisation where at 5 ms the kinetic energy increases as the elements release a large part of the elastic
energy, indicated by the dashed red line. This effect is due to the model that is chosen for the elements, where
a linear model only elastically stores the energy. Therefore, changing the material model to a bi-linear model
would cause an non-deterministic amount of energy to be stored plastically in the elements. This energy is
therefore dissipated by the adjacent structure and diverted from the component, which may be undesired if
this is not taken into account.

5 Conclusions

In this paper, a detailed look is taken at crash performance assessment using component simulation, where
the component is isolated from the structure and typically rigid or fixed boundary conditions are used. In
this manner the complex inter-dependencies of components is neglected, especially considering complex
structures, i.e., the front structure of a vehicle. In addition, due to the highly non-linear mechanics behind
these simulations, optimal designs resulting from various optimisation procedures are often very sensitive
to small changes in input parameters. Hence, a novel method is introduced here that enables to take these
adjacent structures into account by considering these structures as uncertain boundary conditions, through
the framework of interval fields.

It is demonstrated in this paper that the spatial uncertainty about these adjacent structures and the connec-
tion hereto can be taken into account by modelling a set of elements attached to the component, while the
properties of each element are varied spatially through the framework of interval fields. These interval fields
are capable of representing the spatial nature of the quantities of interest based on measurements or expert
knowledge at distinct locations. In a direct comparison between a case with fixed and uncertain boundary
conditions it is shown that the performance is largely influenced, with varying peak forces, mean forces and
crush lengths that are obtained. Moreover, it is clearly shown that the energy dissipation over time is influ-
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Figure 10: Illustration of the different deformation patterns obtained at various simulation runs

enced, and different interactions between the component and the adjacent structure are observed. Further
research will focus on the quantification of interval uncertainty in these models and more comprehensive
models to describe the adjacent structures.
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[19] E. İ. Albak, “Multi-objective crashworthiness optimization of thin-walled multi-cell tubes with different
wall lengths,” International Journal of Crashworthiness, pp. 1–18, 2020.

[20] G. Sun, H. Zhang, R. Wang, X. Lv, and Q. Li, “Multiobjective reliability-based optimization for crash-
worthy structures coupled with metal forming process,” Structural and multidisciplinary optimization,
vol. 56, no. 6, pp. 1571–1587, 2017.

[21] D. Moens, M. De Munck, W. Desmet, and D. Vandepitte, “Numerical dynamic analysis of uncertain
mechanical structures based on interval fields,” in IUTAM Symposium on the Vibration Analysis of
Structures with Uncertainties, A. K. Belyaev and R. S. Langley, Eds. Dordrecht: Springer Netherlands,
2011, pp. 71–83.

[22] M. Faes and D. Moens, “Recent trends in the modeling and quantification of non-probabilistic uncer-
tainty,” Archives of Computational Methods in Engineering, vol. 27, pp. 633–671, 2019.

[23] D. Moens and M. Hanss, “Non-probabilistic finite element analysis for parametric uncertainty treatment
in applied mechanics: Recent advances,” Finite Elements in Analysis & Design, vol. 47, no. 1, pp. 4–16,
2011.

[24] M. Hanss, “The transformation method for the simulation and analysis of systems with uncertain pa-
rameters,” Fuzzy Sets and systems, vol. 130, no. 3, pp. 277–289, 2002.

[25] M. Faes and D. Moens, “On auto- and cross-interdependence in interval field finite element analysis,”
International Journal for Numerical Methods in Engineering, vol. 121, no. 9, pp. 2033–2050, 2020.

[26] E. W. Dijkstra, “A note on two problems in connexion with graphs,” Numerische mathematik, vol. 1,
no. 1, pp. 269–271, 1959.

USD – APPLICATIONS 3839



3840 PROCEEDINGS OF ISMA2020 AND USD2020



Pragmatic uncertainty bounds on modal parameters from
an offshore wind turbine and its supporting structure

J. Kjeld 1,2, A. Brandt 1

1 Department of Technology and Innovation, University of Southern Denmark,
Campusvej 55, 5230 Odense M, Denmark

2 Civil & Structure, Vattenfall Vindkraft A/S,
Merkurvej 5, 6000 Kolding, Denmark

Abstract
The modal parameters of civil structures, such as offshore wind turbines, are often influenced by notable
uncertainties. In the field of structural dynamics, numerous techniques for modal parameter estimation are
available but common for all is the struggle to obtain consistent damping estimates. This paper investigates
the uncertainty of modal parameters obtained from full-scale measurements of the dynamic behavior of an
offshore wind turbine in its operational environment. Pragmatic uncertainty bounds are established in order
to bound the random and bias errors of the total damping in a statistical confidence interval. This interval
represents a lower and a higher boundary for the damping estimates corresponding to each of the natural
modes identified in the field measurements collected from the offshore wind turbine structure. The validity
of this pragmatic principle for establishing uncertainty bounds is evaluated by comparing the experimentally
obtained damping estimates to a simulated model. Attaching a lower and higher boundary allows for a better
understanding of the uncertainties related to the damping estimates obtained through Operational Modal
Analysis.

1 Introduction

In Operational Modal Analysis (OMA) of large civil structures, it is usually possible to identify consistent
modal parameters in terms of natural frequencies and mode shapes but when it comes to damping of the
structure, it appears to be much more difficult to quantify consistent estimates. If we consider an offshore
wind turbine (OWT), the structure is exposed to a number of different operational conditions in terms of
environmental changes, scour depth, the active system of the OWT itself, and many other parameters. The
variations in operational conditions influence the dynamic behavior of the structure and this is potentially the
reason why it is so difficult to obtain stable damping estimates. Some of these challenges are described in
[1] and [2].

The motivation for this paper comes from the experience that it is very difficult to obtain reliable damping
estimates. If we are able to extract a large number of modal parameters for each of the modes we want
to investigate, we expect that a confidence interval can be defined which bounds the errors, including both
random and bias errors. In this paper, the pragmatic uncertainty bounds on experimental data are defined
by investigating the dynamics of an offshore wind turbine and its supporting structure. Modal parameters
are obtained by using the Mulitple-reference Ibrahim Time Domain (MITD). Among other Modal Parameter
Estimation (MPE) methods, the MITD method is presented in [3].

In the fall of 2019, the authors of the current paper investigated the uncertainty bounds on simulated data
which were presented in [4]. The simulated data in [4] is, in fact, based on the very same FE model which
will be used later for comparison. The field measurements investigated in this paper originates from an
offshore wind turbine located at the DanTysk windfarm in the North Sea owned by Vattenfall and Stadtwerke
München. The turbine is a 3.6 MW Siemens tower, 95 meters tall with a rotor diameter of 120 meters.
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Accelerometers have been installed along the inside of the tower structure ranging from the transition piece
(above the water line) to a few meters below the nacelle.

In [5] and [6], numerical methods for calculating the uncertainty on the modal parameters have been pre-
sented with a focus on simulated and measured vibration data.

2 Theory

Multiple-Reference Ibrahim Time Domain (MITD) method
The MITD method is an extension of the Ibrahim time domain (ITD) method presented in [7]. The MITD
method allows for multiple references to be included in the parameter estimation and is applicable for Oper-
ational Modal Analysis (OMA) as it works on free decay measurements and thus correlation functions.

When OMA is carried out, correlation functions replace the impulse response matrix of the system, which is
commonly defined as

[h(t)] = [Ψ][desrtc[L]T (1)

where Ψ is the eigenvector matrix, desrtc is the diagonal pole matrix and L is the modal participation factor
(MPF) matrix.

First step in the MITD method is to repeat Eq. (1) at different times, a total of m times in row direction and
n times in column direction

[Hmn(t)] =




[h(t)] [h(t+ ∆t)] · · · [h(t+ (n− 1)∆t)]

[h(t+ ∆t)] [h(t+ 2∆t)] · · · [h(t+ n∆t)]
...

... · · · ...

[h(t+ (m− 1)∆t)] [h(t+ n∆t)] . . . [h(t+ (m+ n− 2)∆t)]




(2)

This equation is known as the block Hankel matrix (referred to as the Hankel matrix). By using the Hankel
matrix, Eq. (1) can be expanded into

[Hmn(t)] = [Ψ̃]desrtc[L̃]T (3)

The expanded mode shapes are given as

[
Ψ̃
]

=




[Ψ]

[Ψ]desr∆tc
...

[Ψ]desr(n−1)∆tc




(4)

and the extended MPF matrix

[
L̃
]

=
[

[L]T desr∆tc[L]T · · · desr(n−1)∆tc[L]T
]

(5)

It is now possible to rewrite Eq. (3) by post multiplying with the pseudo-inverse of the expanded mode shape
matrix

[
Ψ̃
]

[Ψ̃]+[Hmn(t)] = desrtc[L̃]T (6)
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If a new Hankel matrix is defined, shifted ∆t in time, the diagonal pole matrix becomes desr(t+∆t)c which
can be rewritten to desrtcdesr∆tc. Using Eq. (6) with the time shifted Hankel matrix, we get

[Hmn(t+ ∆t)] = [Ψ̃]desr∆tcΨ̃]+[Hmn(t)] (7)

Defining a system matrix [A] = [Ψ̃]desr∆tcΨ̃]+ results in

[A][Hmn(t)] = [Hmn(t+ ∆t)]. (8)

The system matrix can be calculated as

[A][Hmn(t)] = [Hmn(t+ ∆t)] =⇒ [A][Hmn(t)][Hmn(t)]T = [Hmn(t+ ∆t)][Hmn(t)]T

=⇒ [A1] = [Hmn(t+ ∆t)][Hmn(t)]T ([Hmn(t)][Hmn(t)]T )−1
(9)

From Equation (7) and (9) an eigenvalue problem for each column in
[
Ψ̃
]

can be established which needs to
be solved in order to obtain the modal parameters

[A]
[
Ψ̃
]

=
[
Ψ̃
]
desr∆tc (10)

Here, λr are the eigenvalues and correspond to esr∆t. The poles of the system, sr can now be calculated as
sr = fs ln(λr).

Final step for the MITD method is data compression. In this paper, data is compressed by condensing the
frequency response matrix using the Singular Value Decomposition (SVD). In this condensed matrix, the
information is preserved.

When working with MPE methods, a number of decisions have to be made on how to solve the system
equation for the modal parameter estimation. Some of the decisions are described below.

Low order versus high order method

If the MPE method considered is based on the original FRF or IRF matrix, the MPE method is defined as
a low order method whereas if the MPE method is based on the transposed FRF or IRF matrix, the method
is defined as a high order method as described in [8]. In [4], a low order and high order method were both
included in the OMA but the resulting modal parameters were almost identical. In this paper, only a low
order MPE method is applied namely the MITD method.

Normalization to the lowest or highest coefficient of the matrix polynomials

A study comparing low order and high order normalization was carried out in [9] which, however, gen-
erally showed an insignificant difference in the estimated modal parameters and therefore only high order
normalization is taken into consideration.

Calculating the system matrix with respect to either the original Hankel matrix or the time shifted
Hankel matrix

If we consider Eq. (9), the system matrix [A] can also be calculated using the time shifted Hankel matrix
([Hmn(t+ ∆t)]). If this is the case, [A] will become

[A2] = [Hmn(t+ ∆t)][Hmn(t+ ∆t)]T ([Hmn(t)][Hmn(t+ ∆t)]T )−1 (11)

It turns out, that the resulting modal parameters change slightly depending on which system matrix is used.
According to [10], it is good practice to estimate the modal parameters by considering both cases and average
the extracted modal parameters.
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3 Methodology

For most MPE methods, it is necessary to determine the optimal model order which yields better results
in terms of modal parameters. Here, it is very popular to utilize the so-called stabilization diagram which
visualizes the calculated poles as a function of increasing model order. In order to select poles that represent
the actual natural modes of the system, certain engineering skills and judgment are required. An algorithm
for automated operational modal analysis (AOMA) is presented in [11] that successfully has estimated modal
parameters from different data sets including experimental measurements from a bridge test. The algorithm
utilizes a statistical representation of modal parameters and is complemented by a number of decision rules
based on the modal assurance criterion. The estimated modal parameters are only dependent on a few
specified tolerances which reduce any bias that may have been introduced by the user. A similar approach is
carried out in this paper to estimate the modal parameters of the experimental data obtained from the offshore
wind turbine.

Tab. 1 contains a description of the sensors, an explanation of the experimental data and the environmental,
and operational conditions corresponding to the measured period. The accelerometers measure the structural
vibrations in Volt but for the OMA, the time signal is converted into m/s2 using the calibrated sensitivity
and offset of each sensor.

Table 1: Description of sensors, data and environmental and operational conditions

Description of sensors

Sensor type Measured units

(converted

from Volt)

Frequency range

[Hz]

Accuracy

(DC-100 Hz)

[%]

TRV 3300

Triaxial DC accelerometer
m/s2 DC-500 ±1

Explanation of experimental data

Measurement time

T

[s]

Time increment

∆t

[s]

3600 0.031

Environmental and operational conditions (Mean values over 1 hour)

Wind speed

[m/s]

Yaw angle

(North = 0 deg.)

[Degrees]

Pitch angle

[Degrees]

Rotorspeed

RPM

6.76 59.1 82.4 0.39

In Tab. 2, the position and orientation of the sensors installed on the offshore wind turbine are listed. The
+Z direction refers to the horizontal direction perpendicular to the tower structure whereas the +Y direction
refers to the horizontal direction tangential to the tower structure.

In this paper, a low order method is considered which, in this case, refers to MITD and the coefficient
matrices of the system are normalized to the highest order. Both cases of either using the first Hankel matrix
or the time-shifted Hankel matrix are also taken into account. In order to define a statistical confidence
interval that is representative for the damping of each mode investigated, a larger number of pole estimates
should be available. For the purpose of generating a large number of pole estimates, multiple calculations are
carried out by changing the start value of the correlation functions used in the MPE method ranging from 10
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Table 2: Location and description of sensors

Sensor

number

Direction Channel in

DAQ system

Level

(Ref.: seabed)

Orientation

(North = 0 deg.)

(DOF) [m] [Degrees]

1 +Z 1 131.90 242.82

1 +Y 2 131.90 242.82

2 +Z 3 112.49 237.66

2 +Y 4 112.49 237.66

3 +Z 5 98.62 235.68

3 +Y 6 98.62 235.68

4 +Z 7 81.72 235.64

4 +Y 8 81.72 235.64

5 +Z 9 62.70 234.28

5 +Y 10 62.70 234.28

to 200 number of lines with a step size of 10. Since the correlation function of the noise (typically broadband
noise) dies out fast, the first few time lag values are skipped for the first calculation - in this case, the first 10
were skipped. In addition, for each selection of a segment of the correlation functions, modal parameters are
calculated using both definitions of the system matrices defined by Eq. 9 and Eq. 11.

In Tab. 3, the input parameters for the estimation of modal parameters are given.

Table 3: Input parameters for modal parameter estimation

Fixed input parameters

Time lags

Nlines

Model order

Mlines

Block size

N

MAC tolerance

MACtol

Frequency tolerance

ftol
800 100 8192 0.98 0.01

Variable input parameters

Start lag

Ns

System matrix

(MITD method)

10:10:200 [A2] & [A2]

4 Results and discussion

The auto-correlation functions of the experimental data investigated in this paper are shown in Fig. 1 and
2. Together with the corresponding cross-correlation functions, these are the input for the MITD method
for modal parameter extraction. The highlighted area shows the number of lines that have been applied in
further analysis for all correlation functions.

The results of the automated approach to extract modal parameters based on the stabilization diagram is
shown in Fig. 3 and 4 for the two different system matrix definitions in Eq. 9 and Eq. 11. The histogram in
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Figure 2: Autocorrelation of sensors, z-direction

both of the two figures contain all poles which fulfill the set requirements including the frequency tolerance
and MAC tolerance (Tab. 3). In this analysis, the focus is only to extract the first two symmetrical bending
modes of the offshore wind turbine, and therefore the frequency range was set between 0.2 Hz and 0.4 Hz
which covers the highlighted area. The Mode Indicator Function (MIF) overlay is the average of the Power
Spectral Density (PSD) functions calculated for all channels in the time data and is only applied to visualize
the natural frequencies of the structure. In order to neglect spurious information, a threshold is set for the
minimum number of estimates required in one frequency bin. If a particular frequency bin of the histogram
is below this threshold, the poles within this bin are not considered as one of the structural modes of interest.
This threshold is set as 25 % of the maximum number of estimates in one frequency bin.

The resulting mode shapes of the automated OMA are all within the MAC tolerance of 0.98 and in Fig. 5,
the mode shapes (average of all estimates for each mode) of the first two symmetrical bending modes are
compared to the same modes obtained in the FE model (mode shapes are scaled to the same level) presented
in [4].
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Figure 3: Histogram of pole estimates - System matrix [A1] is applied. Including the histogram ( ),
minimum number of estimates ( ) and the MIF overlay ( )

In Fig. 6, the Z- and Y-coordinates of the two mode shapes are plotted. The angle between the two modes
is close to 90 degrees which means that we have captured the first two closely-spaced symmetrical modes.
We see that the mode shapes are not on a perfectly straight line which is unexpected. The time data have
been compensated by the change in orientation (in the range of approximately 8 degrees) of each sensor as
shown in Tab. 2 so that their local coordinate systems match. This compensation has reduced the unexpected
curvature that is present in the mode shapes but it has not been eliminated, entirely. The remaining curvature
is most likely caused by the fact that the yaw angle of the wind turbine is not parallel to the Z-direction
and thus the sensors need to be horizontally and vertically translated in order to represent the mode shapes
properly (matching local coordinate systems, alone, will not suffice).

The damping estimates of the first two symmetrical modes (fore-aft and side-side) are gathered in histograms
and shown in Fig. 7 and Fig. 8. The red dotted line shows a normal distribution and the dashed line and
dashed-dotted line show the 5 % fractile and 95 % fractile, respectively. It is clear to see, that the damping
estimates are not Gaussian for any of the two modes which is unexpected since many studies on uncertainty
bounds of modal parameters such as [12] assume that the distribution of the estimated modal parameters is
Gaussian. Although the paper [12] relates to Stochastic Subspace Identification (SSI), the MITD method
used in the present paper is almost identical to cov-SSI, and calculates very similar poles. The distribution
of damping estimates for the side-side mode in Fig. 7 is more steep compared to the fore-aft mode and the
distribution is far from Gaussian. The two modes also contains a number of outliers (outside µ± 3 ·σ for the
fore-aft mode and above µ+ 3 ·σ for the side-side mode) that are not shown in two figures. For the side-side
mode, the outliers are spread evenly from µ + 3 · σ and up to more than 10 times the mean value (9.57 %
versus 0.87 %) whereas only a few outliers exist in the fore-aft mode close to µ ± 3 · σ and a single outlier
approximately 4 times higher than the mean value (11.68 % versus 2.89 %).

All results have been gathered in Tab. 4. The Cross-MAC value between the two modes obtained from the
experimental data and the first mode of the FE model are both above 0.98. The cross-MAC between the
two experimentally obtained modes are 0.011 which is a result of the fact that the two modes are almost
orthogonal to each other as shown in Fig. 6. The table also contains the uncertainty bounds of the damping
estimates which are the 90 % confidence interval (5 %-fractile and 95 %-fractile).
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Figure 4: Histogram of pole estimates - System matrix [A2] is applied. Including the histogram ( ),
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Figure 5: Mode shapes of the first two symmetrical bending modes compared to the first bending mode of
the FE-model
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5 Conclusions

This paper presented pragmatic uncertainty bounds on modal parameters from an offshore wind turbine and
its supporting structure in terms of a statistical confidence interval. In the first step, the correlation function
matrix was calculated. In the second step, an automated Operational Modal Analysis was carried out using
the calculated correlation functions as a basis for the Multiple-Reference Ibrahim Time Domain method. A
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Table 4: Results from modal parameter extraction including uncertainty bound

Mode Frequency

[Hz]

Mode

definition

Damping value

5 %-fractile

[%]

Damping value

95 %-fractile

[%]

Number of

estimates

Cross-MAC

(Exp. vs FE)

1 0.303 Fore-aft 2.226 3.479 3364 0.982

2 0.315 Side-side 0.327 1.301 2265 0.983

statistical representation in terms of histograms showed that the distribution of the damping estimates did not
follow a Gaussian distribution. It was also shown that a 90 % confidence interval bounded the damping for
the first bending mode in the fore-aft direction of the offshore wind turbine within a narrow interval whereas
the first bending mode in the side-side direction was more difficult to estimate, and gave a large confidence
interval of damping.
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Abstract
Offshore wind energy has been on forefront of the renewable sources and is expected to show continuous
expansion demanding more efficient design, simulation and production procedures. Aeroelastic codes are
important in the design of a wind turbine; these include the coupling of multi-physics phenomena to which
turbines are exposed. Requirements for simulation accuracy and precision continue to intensify as the test-
ing costs for such big structures are generally prohibitive. This article shows a non-intrusive uncertainty
quantification framework on a turbine aeroelastic model. First, uncertainties are propagated through the
structural model of the wind turbine blade. In a second step, the uncertainties in the blade characterisation
are propagated through the turbine aeroelastic model by simulation of a random pool of rotors generated
from the uncertainty characterisation of the blade. The effects of structural uncertainties from the blades are
investigated and quantified on the turbine ultimate and fatigue equivalent loads.

1 Introduction

The blades of a wind turbine are constructed by combining different composite materials - including glass
and carbon fibre-reinforced polymers with different fibre orientations - and a core material (typically wood
or foam). The blades are required to withstand a diverse range of loads, while maintaining their aerodynamic
profile and have a useful life of 20 years or more. These requirements mean that every aspect of their design,
installation, operation and maintenance must be optimised.

In wind turbines, structural performance can be directly affected by uncertainties, making it harder to specify
resistance and loadings. The conventional design approach has been to adopt characteristic values and safety
factors to compensate for structural variations resulting from the production process. However, probabilistic
analysis permits a more exact quantification of the various uncertainties, and ultimately will facilitate a more
efficient design. Quantifying the confidence and predictive accuracy of model calculations is a necessary
step toward model verification and validation (V&V); this is an enabling methodology for the development
of computational models that can be used to make predictions with quantified confidence [1].

Whereas this paper focuses on defining the effective structural uncertainties on blades and subsequently on
the turbine, variations in mechanical loads of wind turbines can also be investigated with respect to the
uncertainties external to the structure, e.g. variations in the wind field entering the turbine rotor plane,
contributions in that direction can be found in [2], [3], [4].

The goal behind uncertainty quantification (UQ) studies is to understand and/or reduce uncertainties, with
the aim of obtaining an optimal design that is robust under uncertainties [3]. The first step in UQ is to
characterise the uncertainty (i.e. determine its nature), and for that it can be categorised as either epistemic
or aleatory uncertainty.
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Epistemic uncertainty is the scientific uncertainty in the model of the process. It is due to limited data
and(more often limited knowledge. The epistemic uncertainty can be characterised by alternative models:
either as discrete random variables with discrete probability density functions or as continuous variables with
continuous probability density functions.

Aleatory uncertainty is that subject to random variability, which is unpredictable no matter how much infor-
mation there is and should be described by probability. In statistics, aleatory uncertainty is present in almost
all data that are obtained, due to random variability between the members of a population that one samples
from, or to random measurement errors [5].

This paper presents an approach to quantifying the structural uncertainties of the blade and their effect on the
loads of a modern multi megawatt turbine by means of Monte Carlo (MC) simulation. The random behaviour
of the material properties of the two main laminates used on the blades are modelled with coupon testing
data. This characterisation is then propagated through the blade model where the stochastic representation of
the blades is then propagated through the turbine aerodynamic simulation tool. The effects on both ultimate
and fatigue loads are presented at two different wind speeds: rated (wind speed at which the turbine is able
to generate electricity at its maximum/capacity) and cutout (wind speed above which the turbine shuts down
to avoid damage). Fig. 1 shows the structure of the uncertainty quantification framework from stochastic
inputs to outputs.

Figure 1: Wind turbine blade uncertainties sources diagram.

2 Uncertainties characterisation

The characterisation of the uncertain inputs of a UQ problem is of the utmost importance, as it will be
crucial to the correct interpretation of the uncertainty behaviour of the system. Bigoni [6] defines three main
approaches to the probability distribution estimation of inputs:

• Assumption: probability distributions for the parameters are defined based on experience and wisdom.

• Inference: the probability distributions of input parameters are reconstructed using measurements of
the quantity of interest.

• Measurement: measurements of the parameters are carried out, and probability distributions are fitted
to these experiments.

The last approach is always preferred, but it is seldom available. The costs, effort and time necessary to char-
acterise random parameters by experiments are usually too high. The access to Siemens Gamesa Renewable
Energy’s material test database allowed this study to be conducted with experimental data for the estimation
of material properties probability distributions.
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2.1 Material properties characterisation

In this study the random variables (and inputs to the blade model) are the material properties of the two
main types of glass-fibre reinforcements used in the blades: BIAX (Bi-axial laminate) and UD (uni-axial
laminate). Fig. 2B shows the example of evolution a blade composition along its length.

Figure 2: (a) Blade coordinate reference (b) Wind turbine blade layup (c) Material properties reference.

The material stiffness and strength for the glass-fibre laminates (Table 1) are determined from material testing
of actual fibre-resin and core materials that are representative of the production blade laminates and sandwich
configurations. Testing for each material property is carried out for every type of laminate. The main material
properties are considered independent random parameters. The blade coordinate system and the material
properties reference frame are shown in Figs. 2A and 2C, respectively.

Table 1: Laminate main material properties.

Property Description
E11 Modulus of elasticity in direction 1 [Pa]
E22 Modulus of elasticity in direction 2 [Pa]
E33 Modulus of elasticity in direction 3 [Pa]
G12 In-plane shear modulus of elasticity [Pa]
G13 Out-of-plane shear modulus of elasticity [Pa]
G23 Out-of-plane shear modulus of elasticity [Pa]
ρ Laminate density [Kg m3]
t Laminate thickness [m]

The nominal values and coefficient of variation (CoV) (shown in Table 2) were used to fit probability density
functions (pdf) to each of these parameters. Gaussian distributions were defined to represent all variables
because this maximises the differential entropy and minimize assumptions on their stochastic behaviour.

2.2 Blade stochastic structure characterization

The blade model used in this study is based on the formulations of Krenk and Jeppesen [7]; utilising a line
mesh in the calculation of the structural features, the torsion and shear properties of the cross-sections are
formulated within a finite element method (FEM) with the warping function as unknown. The cross section
is divided into straight elements with uniform trapezoidal thickness. Every component is simplified and
lumped into a thin-walled shell structure with the help of so-called superelements. The model also calculates
the sectional mass by summing the contribution of each layer of the laminate. The calculation is repeated for
each cross section throughout the blade (Fig. 2A) along the blade span. The main inputs and outputs of this
model can be listed:

• Inputs
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Table 2: Materials properties experimental CoV.

BIAX
Property CoV % # test Property CoV % # tests
E11 4 15 G12 3 30
E22 4 15 G13 3 5
E33 4 15 G23 3 5
ρ 0.6 27 t 2 27

UD
Property CoV % # test Property CoV % # tests
E11 3 15 G12 3 15
E22 5 15 G13 3 15
E33 5 15 G23 3 15
ρ 0.6 9 t 3 9

– geometry,

– material layup,

– material properties.

• Outputs:
– blade stiffness distribution in flapwise, edgewise and torsional direction,

– blade mass distribution,

– moment of inertia distribution.

The outputs of this model are used to represent the blade structure in the turbine aeroelastic model (discussed
in the next section). Hence, understanding the effect of material properties on the blade structure also enables
the understanding of the effects on turbine loads.

An MC simulation with the material properties as uncertain inputs was implemented to investigate the effect
on blade stiffness and mass distributions. Layup and outer geometries are set to be constant and not altered
by the uncertainties. Below are the steps explaining the process for stochastic simulation of the blade:

• Step 1: Use material properties pdf to build a ensemble of random input parameters.

• Step 2: Run each ensemble on the blade structural model.

• Step 3: Save results to build a characterisation of the materials uncertainty effect on blade structure.

• Step 4: Fit pdfs to blade structural parameters.

• Step 5: Define a stochastic representation of the blade structure.

More details for this procedure and its validation against blade testing can be found in [8]. For a matter of
simplicity, the uncertainty on the blade structural characterisation is presented here only in terms of mass
moment and mean stiffness values.Table 3 describe the pdfs for representative blade structural parameters.

Table 3: Uncertainty levels for blade mean structural parameters.

Parameter Distribution CoV (%)
Mass moment Normal 1.2
Mean flapwise stiffness Normal 2.8
Mean edgewise stiffness Normal 3.5
Mean torsional stiffness Normal 2.7
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3 Aeroelastic turbine simulation

3.1 Introduction

Aeroelasticity studies the interaction between the aerodynamic, inertia and elastic forces to which wind
turbines are subjected. This interaction is illustrated by Collar’s triangle, shown in Fig. 3. Aeroelastic
simulations of wind turbines are an important tool to support the expansion of wind energy and provide
the industry and the certifying institutions with models capable of performing complete simulations of the
behaviour of wind turbines over a wide range of configurations and operational conditions [9]. A minimum
set of these conditions are described in standards of wind turbine simulation in order to guarantee the safety
and reliability of the design.

Figure 3: Collar’s triangle: interaction between aerodynamic, elastic and inertia forces.

To model and simulate wind turbines, several aeroelastic tools and methods are available, which include
aerodynamic and structural components to determine loads and dynamic response of structure [10]. The
turbine simulations of this study were performed using in-house aeroelastic simulation code BHawC which
has been used in Siemens Gamesa Renewable Energy for almost 20 years. The code is being continuously
validated against measurements from prototype turbines. The structural model in BHawC is built around the
co-rotational formulation providing geometric nonlinearity [11]. The substructures for the tower, shaft and
blades are modelled using beam elements which are defined by continuous cross-section properties tabulated
either in a reduced or in a 6-by-6 cross-section format [12].

The simulated load outputs on which the effect of the structural uncertainties of blades is investigated are
presented in Table 4. Details of the aeroelastic simulation setup are listed:

• Standard power production model at rated and cutout wind speeds.

• No yaw error.

• Same seed to the normal turbulence model was used to defined the wind profiles at all wind speeds, this
way the variability caused by the randomness of the wind event will not affect the simulation because
this point one is only interested in the variation caused by the structural uncertainties on the blade.

• 150 simulations per wind speed to guarantee the convergence of the MC simulation.

Table 4: Simulated load outputs.

Component Load Location
Blade Flapwise bending moment Root

Edgewise bending moment Root
Out of plane tip deflection Tip

Tower Fore-aft bending moment Base
Side-Side bending moment Base
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3.2 Methodology

Section 2.2 defined a stochastic representation for the blade structure in relation to the uncertainty of laminate
properties by means of an MC simulation. Next this is used to define random rotor assemblies for the
aeroelastic model, below are the steps for an MC simulation for turbine loads:

• Step 1: Use a stochastic representation of the blade structure to create a random ensemble of 150
blades.

• Step 2: For each individual randomly-generated blade create a homogenous rotor structural represen-
tation (1 rotor = 3 identical blades).

• Step 3: Run standard power production simulation for each rotor (always with the same turbulence
seed)

• Step 4: Save loads:
– Step 4.1: For each rotor, average the blade loads output at every wind speed (meaning that for

each rotor there are 3 independent measurements of blade loads which are then averaged).

– Step 4.2: Calculate fatigue equivalent loads for blade and tower moments,

So =

(∑
i niS

m
i

Neq

)1/m

(1)

where Neq is the equivalent number of cycles to which one is calculating the equivalent load So, m is
the Wöhler slope; m = 10 and m = 5 for blade and tower loads respectively, and Si is the load range.

• Step 5: Results analysis and pdf-fitting

The convergence of this setup can be seen by means of the stability of the fitted pdfs to the blade deflection
results at the rated wind speed, every line on Fig.4 represents the fitted pdf to which 15 more samples were
added at each simulation. Note that after 45 samples there are no significant changes to mean and standard
deviation.

Figure 4: Convergence of MC simulation.

3.3 Results and discussion

For each of the 150 simulations per wind speed, the maximum absolute ultimate loads (blade flap and edge-
wise moment, tower for aft and side side moment) and the maximum blade deflection are extracted. The
analysis for equivalent fatigue loads in blade flap and edgewise moment, tower for aft and side side moment
are also presented.

A density function is then estimated from the 150 data points corresponding to the average of each rotor
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(every three identical blades) at both wind speeds. Table 5 shows the CoVs for ultimate loads and equivalent
fatigue loads at rated and cut out wind speeds.

Table 5: Loads CoV.

Ultimate Equiv. Fatigue
Wind speed Rated Cut out Rated Cut out
Load Location CoV (%) CoV (%) CoV (%) CoV (%)
Blade Flapwise moment Root 0.6 0.4 1.1 0.4
Blade Edgewise moment Root 0.8 1.5 1.1 1.5
Blade Tip deflection Tip 2.9 0.4
Tower Fore-aft moment Base 0.3 1.3 0.9 0.7
Tower Side-side moment Base 1.3 1.5 1.3 0.7

General observations:

– The CoV is lower than 3% in all outputs; this is a strong indication of a linear uncertainty propagation
problem, meaning that the effects of the uncertainties on the laminate properties are limited and stable
for both ultimate and fatigue equivalent loads.

– In flapwise bending moment and blade deflection the CoVs are lower at cut out then at the rated wind
speed. This is likely the result of the blade pitch mechanism, which turns the blade slightly out of
the wind, lowering the loads on the flapwise direction and thus lowering the sensitivity to structural
uncertainties.

– Blade tip deflection at rated wind speed has approximately the same CoV (2.9%) as the blade mean
flapwise stiffness (2.8%), which is in agreement with linear propagation of uncertainties between
stiffness and deflection. This effect is diminished at cut out wind speed (CoV 0.4%), again likely
because of the pitch mechanism.

– Tower loads (both side side and for aft moment) see an increase in CoV at cut out wind speed on
ultimate loads, but a decrease on equivalent fatigue loads.

– Blade edgewise moment sees an increase in CoV at cut out wind speed on both ultimate and equivalent
fatigue loads.

– Overall fatigue loads are more influenced by the structural uncertainties than ultimate loads, but still
limited to 1.5 % CoV on ultimate blade edgewise moment.

Figures 5, 6 and 7 show density fits using a kernel density estimation (KDE) and the histogram for the
outputs at rated and cut out wind speed. Table 6 presents kurtosis and skewness values for each of these
results. Skewness is a measure of the asymmetry of the data around the sample mean. If skewness is
negative, the data has a tail to the left; if positive, the data has a tail to the right [13]. Kurtosis is a measure of
how outlier-prone a distribution is, in other words kurtosis identifies whether the tails of a given distribution
contain extreme values [14]. For the majority, both Kurtosis and Skewness show that the results have a
behaviour very close to a normal distribution but with fewer and less extreme outliers (k ∼ 3). Exceptions
are the ultimate tower side side moment at rated wind speed (k = 7.0) and blade deflection at cut out wind
speed (k = 3.3).
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Table 6: Loads outputs Skewness (S) and Kurtosis (K).

Ultimate Equiv. Fatigue
Wind speed Rated Cut out Rated Cut out

S K S K S K S K
Flapwise moment 0.1 2.5 0.1 2.3 0.0 2.4 0.0 2.5
Edgewise moment 0.0 2.5 -0.2 2.2 0.1 2.5 0.0 2.5
Blade deflection 0.0 2.6 -0.3 3.3
Tower for aft 0.4 2.8 0.3 2.7 0.1 2.1 0.0 2.5
Tower side side 1.0 7.0 -0.4 2.8 0.3 3.0 0.0 2.6

Figure 5: Normalised equivalent fatigue loads at rated wind speed: (a) rated (b) cut out wind speed.

Figure 6: Normalised ultimate loads at rated wind speed: Histogram and pdf.

4 Conclusions

The findings in this article indicate that the structural uncertainties of blades have a limited effect on turbine
loads. This observation is a result of narrow uncertainties in the properties of the laminate used in blade
production. With the exception of the blade deflection at rated wind speed, all load output CoVs are below
1.6%, meaning that the effect of these structural uncertainties might not be significant when compared to the
effect of other uncertainty sources (e.g. wind turbulence, wave behaviour, wake effects, ageing of materials)

3860 PROCEEDINGS OF ISMA2020 AND USD2020



Figure 7: Normalised ultimate loads at cut out wind speed: Histogram and pdf.

which can be expected to show a bigger impact on the turbine loads. Nevertheless it is beneficial to have the
effect of uncertainties in laminate properties formally defined and quantified.

The effect of blade stiffness uncertainty (CoV 2.8%) is directly seen on blade deflection at rated wind speed
(CoV 2.9%). The design standard for wind turbines IEC 61400-1 specifies that blade-to-tower clearance (i.e.
blade deflection) requires ”one of the most important considerations” and that the statistical analysis of the
maximum tip deflection (or the minimum clearance) is mandatory. Thus, the fact that uncertainties on blade
stiffness can be expected on blade deflection as in a linear propagation problem is extremely relevant.

Ultimate load outputs show a normal-like behaviour given that the inputs are normal distributed. Hence,
no extreme value distribution is needed. The tower moment side side is no exception to this; even though it
shows a high kurtosis (k = 7.0) at rated wind speed, it is bounded by a small CoV (1.3%). Fatigue equivalent
loads follow the same trend of normal distribution but with CoV slightly higher than those for ultimate loads.

Stochastic modelling can become an important tool in the design of wind turbines. With the current trend
of increased rotor sizes (and power ratings), optimisation has never been more important, thus developing a
fully understanding of the effect that uncertainties can have on design critic parameters can be a part of the
solution to decrease levelised cost of energy.

Future research should integrate other uncertainties sources in the aeroelastic simulation as aerodynamic
coefficients and damping estimation and expand the analysis to other design load cases.
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Abstract
Population-based structural health monitoring (PBSHM) aims to assess the health condition of individuals
in a population of structures, such that the knowledge obtained from one or more individuals may be used
to infer the condition of others in the population. A key challenge to address in PBSHM is understanding,
quantifying and accounting for the variations in structural response across a population due to benign and
non-benign causes. Nominally identical wind turbines in the same farm may perform in various ways not
only because of the potential difference in health states, but also due to environmental and operational varia-
tions. This paper will introduce a data-based mapping method that aims to build a performance indicator for
all turbines in a farm, taking into account the wind-induced variation. A case study from an operating wind
farm will be given to demonstrate the effectiveness of the proposed method.

1 Introduction

Population-based structural health monitoring (PBSHM) is an emerging branch in the field of data-based
SHM that aims to explore the combined use of data sourced from multiple structures. One of the major
obstables to the industrial implementation of SHM is the lack of sufficient data, in particular, for the classi-
fication of damage. Labelled data are required that correspond to various types of damage for the structure
of interest, which are more likely to be available for low-cost scale models or retired life-sized structures
in a tightly-controlled laboratory environment. For the (online) monitoring of an operating structure, the
collection of such labelled data can be economically unviable to carry out, especially for high-cost struc-
tures such as wind turbines. As a potential solution to this problem, PBSHM introduces the idea of sharing
data/knowledge across multiple structures based on the levels of similarity among them [1, 2, 3, 4, 5, 6].

Intuitively, the process of data sharing and inference is easier across structures that are more similar to each
other. A group of structures that are nominally-identical with respect to geometry, topology, and material
is called a homogeneous population. The data collected from structures in such a population can be shared
directly to construct the same model, since they are assumed to belong to the same distribution. The differ-
ence among the structures is treated as the population variance, which is considered to result from benign
sources. Most realistic populations are not strongly homogeneous, since the structures are inevitably sub-
jected to differenct boundary (e.g. environmental) conditions [1]. However, these boundary/environmental
conditions can be correlated spatially if the structures in a population are co-located. A near perfect example
of such a population is found in a wind turbine farm, where all turbines are of the same type (homogeneous)
and located in the same geographical region (co-located). The spatially varying environmental conditions
across a wind farm have been investigated previously in [6], in which a modelling approach that replicates
the spatial correlation in wind speed is introduced as the model of environmental mapping. In the same work,
it is also demonstrated the potential of such model to be developed into a performance indicator for wind
farms.
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Speaking of the performance indicator for a wind farm, most existing methods are developed on the basis
of power curve monitoring [7, 1, 8]. A power curve represents the correlation between wind speed and a
turbine’s power output, with a shape determined by design and configuration of the turbine. The power curve
method for performance indication is built upon the assumption that, for turbines of the same design and
configuration, the corresponding power curves should be of similar shape, and that a significantly distorted
shape in a power curve implies a performance anomaly. Since the shape of the power curve is, in principle,
invariant with respect to environmental conditions, the population variance ideally arises from manufacturing
tolerances. It leaves the power curve-based performance indicator sensitive to individual turbine control
settings as well as damage, both of which are possible sources of performance anomalies. Realistically, for a
complex nonlinear system like a wind turbine, the environmental conditions have a chance of influencing the
performance or structural response. Instead of treating the environmental variations as part of the population
variance, an opportunity is available to explore the spatial correlation in environment and how taking it into
consideration could benefit the detection of damage or performance anomalies.

The idea of power mapping is formed by extending the scope of the power curve method to fit the framework
of environmental mapping, such that the correlation between wind speed and power can be modelled while
accounting for the effect due to the spatially-varying environmental conditions. The aim of this paper is to
explore the potential of power mapping as a performance indicator for wind farms by, firstly, introducing
what constitutes the method of power mapping and, secondly, applying the method to an operating wind
farm.

2 What is power mapping?

The idea here builds on the environmental mapping presented in [6], which explores the possibility of using
a data-based model to learn the spatial variations in wind speed through interpolating across a population
of co-located structures. Power mapping includes the modelling of the relation between wind speed and
power in addition to the spatial correlation. Here, power serves as a measure of turbine performance, whose
main influencer is the wind speed. The modelling step in power mapping, therefore, aims to capture how
turbine performance is driven by environmental and operational variation (EOV) under normal operational
conditions.

The method of power mapping proposed here is not the first that explores the opportunities of PBSHM in
wind farms by using the connection between wind speed and power. The earlier case studies given in [7, 1, 8]
have demonstrated the use of power curves as a performance indicator for wind turbines across a farm. This
power curve method involves training a model using data that represent the typical “healthy” power curves
in a specific farm, based on which an ideal power curve can be predicted for each turbine and compared
against the measurements. Similarly, the model involved in power mapping is trained on the power curves
from a subset of turbines, and inferences can be made across the entire farm using the trained model. As an
extension to power curve monitoring, the modelling approach in power mapping attempts to account for the
spatial variations in EOV (i.e. wind speed) along with the temporal ones.

One of the fundamental differences between the mapping method and the existing power curve monitoring
is that the former represents a strategy for damage detection that is based on the assessment of spatial corre-
lations, whereas the basis of the power curve method is the evaluation of shapes in power curves. Moreover,
the scope of the mapping method can be extended beyond the detection of performance anomalies by using
a damage-sensitive feature, such as modal frequency, in lieu of power, to enhance sensitivity to structural
changes or condition.

2.1 The model

As a strategy for damage detection, or more specifically, for the detection of performance anomalies, power
mapping is a two-step process, in which the first step involves constructing a data-based model. The model
aims to establish a baseline that represents the normal performance across a wind farm under benign vari-
ations in environmental and/or operational conditions. The baseline then serves as a basis for comparisons
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against power measurements, before a quantitative measure can be assigned to describe the discrepancy
between predictions and measurements.

The model here employs Gaussian process regression (GPR), a probabilistic framework capable of learning
nonlinear relationships. Being a probabilistic model, GPR is able to provide a predictive distribution, from
which information can be extracted for mean predicted values together with their uncertainty bounds. In
the context of power mapping, the uncertainty can be thought of as a representative of the level of ambient
turbulence during the time period of interest. A second advantage of GPR lies in the fact that it is non-
parametric, meaning that the model is learnt directly from the data without the need of a predetermined
functional form. Thus, the predictions from GPR are less prone to bias due to subjective assumptions. A
detailed description on the formulation of GPR models is given in [9].

To construct a GPR model that fits the purpose of power mapping, the functional relations to be learnt should
include (a) the spatial variation in power and (b) the correlation between wind speed and power. The former
requires a connection to be built between spatial coordinates and the corresponding power values, with the
aid of the information from a number of fixed reference locations, which is equivalent to the way a model
is constructed for environmental mapping [6]. What is different from environmental mapping is that the
reference information is no longer the same physical quantity as the target variable. For power mapping,
wind speed is used as the reference (input). It is worth noting that, in this paper, the model is only required
to learn the mentioned functional relations for one observed spatial pattern. In other words, only the wake
effect resulting from a single wind direction is considered. Future work will demonstrate the method for
capturing the varying spatial patterns occurring due to different incoming wind directions.

2.2 Anomaly detection

Comparing to the traditional techniques in outlier analysis, where the training mean and covariance are used
in the definition of a normal structural response, a baseline built on a trained regression model benefits
from its ability to separate between damage- and EOV-induced variations [10]. Consequently, the use of
model prediction errors as an anomaly detector has become a favoured approach for outlier and/or damage
detection. The model prediction errors also need to be compared against some threshold, above which an
anomaly (or outlier) can be identified. In outlier analysis, one of the most commonly set thresholds is ±
three times of the standard deviation of the training data, which can be translated into ± three times of the
predicted standard deviation if using a GPR as the model.

The aforementioned techniques are generally employed for monitoring a single structure, which means that
only the temporal effect of EOVs on structural response is accounted for in an assessment. Therefore, the
model prediction errors usually take the form of a time-varying vector for each structure of interest. On the
contrary, power mapping focusses on the spatial variation in EOVs, requiring an error metric that favours the
comparison between spatial locations. For this reason, a normalised mean squared error (NMSE) is used to
provide a single error value for each turbine location, that summarises the error variations by averaging over
a period of time. The NMSE for each turbine is is calculated as follows [11]:

NMSE =
100

∑
(model prediction errors)2

N σmeasurements
2

(1)

where N stands for the number of data points included in the time period of interest. By normalising the
mean squared error against the variance of a testing data set, this formulation assigns a value of 100% to a
model that is equivalent to the testing mean. Therefore, a threshold of 100% naturally emerges, below which
the predictions are considered acceptable as they have captured some trends from the data.

3 A case study on an operating wind farm

The method of power mapping described above is applied to the data collected from an operating wind farm,
in order to demonstrate the potential of the mapping method as a performance indicator. A brief description
for the relevant data is given in the next section, followed by the analysis of a set of testing results.
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3.1 Data

The case study is based on data collected from an offshore wind farm, Lillgrund, which has been a hotspot
for research regarding wind turbine wake effects, due to its compact spacing between turbines. The data used
are recorded by the Supervisory Control and Data Acquisition (SCADA) system, which provides statistical
summaries for every ten-minute interval. In the analysis that follows, the ten-minute mean values are used.

To construct a GPR model as described previously, wind speed and power data are required for the reference
locations and the entire farm respectively. The reference locations, as illustrated in Figure 1, are chosen to
roughly maximise the minimal distance between any pair of references, in a hope that the references can be
evenly spread across the entire farm so as to prevent extrapolation in space. Both the training and testing
data consist of time periods when the wind comes from a consistent direction (with a tolerance of ± 20◦), so
that the data describe the same spatial pattern in wind speed across the farm. The level of wind speed is also
constrained in-between the cut-in and rated values, where the correlation between wind speed and power is
close to linear (Figure 2).

Figure 1: The layout of Lillgrund wind farm with the
reference turbines indicated.

Figure 2: The typical shape of a power curve, with
the wind speed limits outlined.

3.2 Results

The results included in this section are the prediction errors obtained by testing a trained GPR model on a
set of data unseen by the model. The model is trained on 10 hours’ worth of data that represent the normal
wind farm performance. The testing dataset comprises of another three-hour period of time with the same
wind direction (shown by the arrow in Figure 3), during which time the spatial patterns, dictated by the
wake effects and turbine locations, are expected to be similar to those in the training dataset. Since no actual
damage was incurred during the period when data was collected, some non-operating turbines caused by
certain control actions are treated as examples for the “candidate anomalies” mentioned in the following
analysis.

In Figure 3, the model prediction errors for all turbines are presented according to their geographical loca-
tions. The colour map is designed to highlight the turbines with an error above the threshold (i.e. 100%)
using a different colour range. An initial check is done on the reference turbines – as the values of NMSE
at all ten reference locations are below 5%, it can be deduced that normal power curve relations are obtained
at these locations. Thus, the other predictions made through interpolation would not suffer from bias due
to unrepresentative references. Among the locations to be interpolated, three turbines are highlighted as
“anomalies”, while the rest are assumed to demonstrate discrepancy to an acceptable degree. These candi-
date anomalies may then by interrogated further by inspecting the time history of the discrepancy between
measurements and predictions.
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The two highest errors encountered (turbines 14 and 15), are due to the turbines being powered off for the
majority of the testing time (see Figure 4a as an example of the time-history).

The remaining candidate anomaly, as illustrated in Figure 4b, appears to be in operation but generates more
power than expected. Neither an abnormal nacelle position nor an unexpected power curve is observed at
this location (Turbine 19). Instead, upon careful examination, the underprediction at this turbine is likely
to caused by the powered-off turbines at location 14 and 15. An interesting observation about Turbine 19
is that, for both the training and testing data sets, the turbine orientation is angled slightly away from its
upwind partner (Turbine 20), towards Turbines 14 and 15. The removal of wakes from the powered-off
turbines (present in the training dataset), means that Turbine 19 is able to generate more power, hence the
underprediction from the model.

Figure 3: The map of model prediction errors in NMSE for a testing set.
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(a) A turbine that is powered off. (b) A turbine with unexpectedly high power.

Figure 4: Time histories of the predicted and measured power.

4 Conclusion

This paper has demonstrated the potential for the method of power mapping to be applied as a performance
indicator in an operating wind farm. The key assumption which allows power mapping to be distinguished
from other anomaly/damage detection strategies in PBSHM is that the population-wise normal performance
or response is defined through a spatial correlation between structures. That is to say, if a population demon-
strates a spatial correlation that is different from the normal map, damage or performance anomalies are
assumed to occur at the locations where the spatial maps disagree. Like most of the regression-based strate-
gies for damage detection, power mapping is a two-fold process that involves the construction of a baseline
model accompanied by the setup of an anomaly detector based on model errors. In the specific case study
shown in this paper, the baseline model in power mapping is a GP regression model trained to learn both the
spatial correlation in power as well as the relationship between wind speed and power at reference locations.
With a focus on a single spatial pattern (i.e. a single wind direction), the potential to learn both functional
relations using one model is demonstrated. The model prediction errors are presented in the form of a nor-
malised mean-squared error, based on which an anomaly detector is made. The chosen detector is shown to
recognise obvious changes due to shut off, but importantly, more subtle ones such as an above-normal power
production resulting from the lack of obstacles in the upstream.

The potential improvements on the power mapping method are also two-fold – for model and anomaly
detector respectively. In terms of the way model is constructed, it is planned to extend the scope of the model
into multiple wind directions (or spatial patterns), making it more applicable in an operational point of view.
The anomaly detector demonstrated in this paper, the normalised mean-squared error, has only included the
mean values from the GP predictive distribution. An improvement is possible through an alternative error
metric that uses also the GP predicted variance.
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Abstract 
Because real beams have non-ideal boundary conditions, it is necessary to use advanced models to determine 

the real modal parameters. The model proposes imperfect clamping consisting of an open crack at the end 

of the perfectly fixed beam. We can hence consider a cracked cantilever beam with non-ideal clamping as 

a beam with a perfectly fastened end, but with two cracks: the real one and that added one to simulate the 

imperfect fastening. The relative frequency shift (RFS) due to a crack at the fixed end is the same for all 

modes. For a perfectly clamped beam with a crack, the RFS of at least one vibration mode approaches zero 

when a sequence of more than eight modes is considered. As a consequence, the smallest RFS in the 

sequence fairly indicates the clamping imperfection. We perform experiments on cantilever beams with 

cracks with non-ideal clamped ends and manage to assess the position of the crack and the fixture 

imperfection in all tested scenarios. The procedure is implemented in a Python application. 

1 Introduction 

The boundary conditions play a crucial role when analyzing the modal parameters of beam-like structures 

to assess their integrity. We usually assume that displacements and slopes are restricted, or that no loads act 

at the beam end. Beam ends that fulfill these idealized conditions are referred to in the literature as clamped 

or pinned. Real systems have non-ideal boundary conditions, because slight deviations from the idealized 

boundary conditions may occur. Models that use ideal conditions do not fully reflect reality and, therefore, 

can lead to unsatisfactory description of the structural behavior. However, actual boundary conditions of a 

real structure are usually difficult to determine [1]. Most investigations on structures with non-ideal 

boundary conditions are based on the analysis of the natural frequencies [2-4]. Other works make use of the 

mode shapes to detect the deviation from ideal boundary conditions [5,6].  

The clamped boundary condition, which is in the focus in this study, implicates restricting the displacement 

and the slope at the fixed end. In practice, the clamped end condition is achieved by embedding the beam in 

a rigid compact structure or fixing it between two plates. Misalignments and other differences between the 

effective mounting and the design determine the existence of the non-ideal conditions. Over time, aging of 

the materials, temperature changes, and the occurrence of damages on the support may increase the deviation 

from the ideal state. A proposed model of the non-ideal clamped condition is the combination of ideal 

clamped and ideal pinned boundary conditions [7]. This is achieved by using a torsional spring in the beam 

model, which allows a small slope at the very beam end [8]. A weighting factor can be employed to control 

the deviation from the ideal condition [9]. A more complex model consists of a combination of linear and 

torsional springs [1, 10], in which case the beam can undergo a small transverse or longitudinal 

displacement. 
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Non-ideal boundary conditions increase the complexity when vibration-based damage detection is 

performed. This happens because the natural frequencies contain information about the properties and shape 

of the structure, the boundary conditions, and the defects in the structural members. Therefore, the mixed 

effect of boundary conditions and defects makes it difficult to distinguish with certainty the latter's 

contribution to the dynamic response of the structure [11]. If the beam has a non-ideally clamed end, it 

behaves as a structure with a damage at the fixed end. In consequence, if the structure has damage and a 

non-ideally clamped end, the problem is actually finding multiple damages. In this paper, we approach the 

detection of a crack in a beam with uncertain boundary conditions as a problem of detecting two cracks, one 

of which is certainly at the fixed end.  

2 Theory and methodology 

This section introduces a robust methodology to detect cracks in beams with uncertain boundary conditions. 

To this aim, we use a continuous model to describe the behavior of the beam in the absence and presence of 

damages. The frequency of the intact Euler-Bernoulli beam is:  
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  (1) 

where E is Young’s modulus, A is the cross-sectional area and I is the second moment of inertia, ρ is the 

volumetric mass density, L is the beam length, and i  is the eigenvalue for the ith vibration mode.  

 

Figure 1: The model of the beam with a crack 

Let us consider a transverse crack of depth a that is located at distance x from the left end of the beam (see 

Figure 1). The natural frequency of the damaged beam is deduced as [12]:  

 
2
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 (2) 

where we denote with ( )a  the severity of the damage, and with ( )i x   the normalized value of the 

curvature (or bending mode). The validity of the relation was confirmed in two independent studies, see 

Refs. [13] and [14]. Note that, Eq.(2) can be applied for any ideal boundary conditions and any vibration 

mode by simply choosing the right relation of the curvature. The severity ( )a  is deduced by using an 

energy method [15], and has the expression:  
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In Eq.(3) we denoted U  the deflection of the intact beam subjected to the dead mass, and ( )D a  the 

deflection of the beam with a crack of depth a under the same condition. The severity is always deduced for 

the position where the biggest curvature (or bending moment) acts on the beam. The deflection can be 

measured at any point on the beam, but it is preferable to consider the locations where the biggest deflection 

is achieved. For the cantilever beam, see Figure 2, these two points are the fixed end for the severity, and 

the free end for the deflection. This mathematical relation allows calculating the severity for beams with 

any constant cross-section.  
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Figure 2: Deflection of the intact and damaged beam with a crack 

The deflection of the intact beam under dead mass is calculated in a similar way for any boundary conditions, 

with the mathematical relation:  
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in which κ is a constant that depends on the boundary conditions. Because κ is simplified as in Eq.(3), the 

severity is also independent of the boundary conditions [16].  

One can observe that by involving Eq.(2) we can calculate the frequency of a beam with a given crack only 

with data known beforehand, namely the severity and the curvature of the intact beam. From Eq.(1) and 

Eq.(2), we can easily calculate the frequency drop due to a transverse crack, as: 
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and, eventually, the relative frequency shift is given by: 
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Because (0) 1i   , a crack with depth a  produces the relative frequency shift, i.e.  
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which is the same for all vibration modes. By superposing the effect of the two cracks, from Eq.(2), Eq.(6) 

and Eq.(7), we can deduce the mathematical model for the cracked beam with non-ideal clamping, that is   

 
2
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iD iU if a a x f a a x  
       

 (8) 

Hence, the relative frequency shift becomes 
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 (9) 

In Figure 3a, we exemplify the sequences of eight RFSs calculated for the crack located at a relative distance 

/ 0.15x L , and in Figure 3b the sequence of RFSs derived for the crack located at the fixed end. We can 

benefit from the characteristic of the RFSs result to distinguishing between the effects of the two damages, 

the real one and that simulating the weak clamping. In our previous research [17], we have proved that the 

superposition method can be applied in the case of two damages, which are far enough from one another. 

Therefore, we can be sure that, if the crack at /x L  affects the beam with imperfect clamping, the resulted 
m

iRFS  (see Figure 4a) are the sum of the RFSs produced by the two cracks separately. 
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                                           a)                                                                                    b) 

Figure 3: Relative frequency shifts obtained for: (a) the crack at 0.15; (b) at the fixed end 

From Eq.(9), we calculate the  ,c

iRFS a x
 
for 1...i n  vibration modes for various crack positions x and 

depths a for the case of ideal clamping. The 
m

iRFS  for a damaged beam are obtained in a similar way from 

the measured data. In the case of non-ideal clamping, we find the difference between the measured and 

calculated RFSs, which depends on the damage depth a  that simulates the boundary imperfection as: 

 ( ,0) ( , )m c

i i iDIF a RFS RFS a x   (10) 

This difference is the same for all vibration modes if a or x fit the values for the crack, and is different in all 

other cases. Analyzing Figure 3a, we can conclude that 0iDIF   for ideal clamping, while figure 4a shows 

that 0iDIF   if the clamping is imperfect. In the latter case, the bigger DIFi, the greater the deviation from 

the ideal conditions. However, the crack is found for the parameters a and x which satisfy the following 

condition: 

 1( ,0, , ) ... ( ,0, , ) ... ( ,0, , )i nDIF a a x DIF a a x DIF a a x     (11) 

The differences calculated using Eq.(10) for the real severity of the crack and all positions along the beam 

are plotted in Figure 5. One can observe that, for all vibration modes, the curves intersect in the same point. 

Note that, due to possible measurement errors, the condition in Eq.(11) is not always satisfied, and the 

intersection points will be spread over a small area. Therefore, we calculate the anti-distance between the 

distances DIFi calculated in Eq.(10), with the mathematical relation: 
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   (12) 

where i are the vibration mode number. This means that we calculate the inverse of the distance between 

the differences of all modes, taken two by two. 

 

                                           a)                                                                                    b) 

Figure 4: Relative frequency shifts obtained for the beam with a weak clamping: (a) the crack at 0.15 with 

weak-clamping effect and (b) the crack at 0.15 after extracting the weak-clamping effect 
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Figure 5: Differences between the measured and calculated RFSs for the true damage severity  

The values a and x for which the maximum is found are the crack parameters. Hence, the damage indicator 

DI is expressed as: 

 max ( , )DI ADIF a x  (13) 

Figure 6 shows the ADIF for the estimated depth a of the crack. One can observe that ADIF clearly indicates 

the crack position x/L. A clear peak is obtained for the maxADIF even if the intersection of the DIF curves 

is not a point but a narrow region.   

 

Figure 6: The anti-distances calculated for the true damage severity  

In practice, we start considering an extremely small damage depth amin, for which we calculate 

 ,0, ,c

iRFS a a x  for all positions along the beam. Afterward, we iteratively increase the damage depth by a 

step s, and perform the calculus again. This process is repeated until we achieve the upper imposed limit of 

the depth, which is amax. Eventually, the biggest ADIF found from all scenarios (combinations of different 

x and a) indicates the crack parameters x and a.  

We can check in two ways if the correct crack parameters are found: 

1. Extracting the smallest RFS from the RFSs derived for measured data (see Figures 4a). A sequence as 

that presented in Figure 4b is obtained, which is compared with the calculated RFS for the estimated crack 

parameters (Figure 3a). The similarity indicates that the correct position and depth of the crack is found. 

2. Involving a visual method described in Ref. [18] that consists in plotting the DIF curves for the estimated 

crack depth a. The curves are plotted for all locations and for all considered vibration modes. If the curves 

for all modes intersect in a narrow region, i.e. their ordinates are quite similar for the estimated crack position 

x, the crack parameters are correctly estimated.  
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If the beam has two imperfect clamped ends, the effect at the ends are superposed and the RFSs due to the 

non-ideal conditions of the both ends are again equal for all vibration modes because the modal curvature 

at the second end is also one. In fact, two RFSs produced by non-ideal clamping are added in Eq.(9), which 

consequently becomes  

 
2

0 0( ,0, , , , ) ( ) ( ) ( ) ( )c

i L L iRFS a a L a x a a a x      
 

 (14) 

This means that the damage detection method can be used for beams that have one or two imperfect clamped 

ends.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 7: The steps followed in the damage detection algorithm 
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The algorithm of the proposed damage detection method is presented in Figure 7. It is also transposed in 

PyLOC application [19] written in Python programming language, which permits a fast and accurate damage 

assessment. The toolbar of the application is presented in Figure 8.  

 

Figure 8: The toolbar of the PyLOC application  

The boundary conditions that can be set are Clamped-Free and Clamped-Clamped. If selecting the proper 

support type, a folder in which the signals are saved opens and the desired file is selected. Afterward, the 

thickness of the beam is introduced in the dedicated text field.  

Two types of using PyLOC are possible:  

 the Manual option, requesting to select a Damage Depth - the loop in the algorithm is not activated;   

 the Automatic option, when all steps of the algorithm are followed – no supplementary setting is 

requested;  

If choosing the automatic option, the final result is directly displayed, or, if activating the Dynamic view, 

the result is displayed after each step of the loop. 

The results are saved in an MSWord file by clicking on the Word button. A Help menu is integrated, to 

explain to the user the steps to be followed, and a button to Exit the application is available. 

After running the PyLOC application, the diagrams presented in Figure 9 are displayed. One can observe 

that the curves do not intersect in a single point, which means that the measurements are affected by minor 

errors. The same happens if the beam is not slender enough to be accurately modeled with the Euler-

Bernoulli theory. However, in both cases, the location of the crack is accurately estimated. 

 

Figure 9: The section of PyLOC application presenting the estimated damage location 
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Figure 10: The window with the report containing the relevant information about the damaged beam 

In addition to the two diagrams, a window containing the relevant input data and the achieved results is 

displayed (see Figure 10). The required information are: boundary conditions, natural frequencies in healthy 

and damaged states, beam thickness, damage depth and and damage location.   

3 Experimental validation 

To demonstrate that the method works, we have conducted experiments on a cantilever beam. The 

simulation is made by involving the SolidWorks software. The specimen is a beam made of Plain Carbon 

Steel that has a rectangular cross-section. The geometry and mechanical parameters are listed in Table 1.  

Table 1: Beam geometry and mechanical properties 

Length 

 L [mm] 

Width 

B [mm] 

Thickness 
H [mm] 

Mass density 

 [kg/mm3] 

Young modulus 

E [N/m2] 

Poisson ratio 

   [-] 

1000 20 5 7800 2·1011 0.28 

 

For the damaged state, cracks are generated with the distance w=0.75 mm between the transverse faces and 

with different depths a (see Figure 11). This geometry is used also for the crack that simulates the weak 

clamping, but whose depth is denoted a*. There is no imposed relationship between the depths a* and a. The 

damage scenarios used for exemplification are presented in Table 2. The natural frequencies obtained for 

the intact beam are given in Table 3, while that for the cracked beams with weak clamping in Table 4. The 

damage scenarios cover all possible cases: small deviation from perfect clamping – small crack (SD-SC); 

big deviation from perfect clamping – small crack (BD-SC); small deviation from perfect clamping – big 

crack (SD-BC) and big deviation from perfect clamping – big crack (BD-BC). 

 

Figure 11: The crack geometry 
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Table 2: Damage scenarios and the resulted natural frequencies 

Scenario no. a* [mm] a  [mm] x  [mm] Obs. 

S0 0 0 - Intact beam 

S1 

S2 

0.3 0.5 163 SD-SC 

1.125 0.5 237 BD-SC 

S3 0.3 1.25 237 SD-BC 
S4 1.125 1.25 163 BD-BC 

Table 3: Natural frequencies for the intact beam 

Scenario no. f1U  [Hz] f2 U  [Hz] f3U  [Hz] f4U  [Hz] f5U  [Hz] f6U  [Hz] f7U  [Hz] f8U  [Hz] 

S0 4.1958 26.291 73.604 144.20 238.31 355.88 496.86 661.21 

Table 4: Natural frequencies for the damaged beams with imperfect clamping 

Senario no. f1D  [Hz] f2D  [Hz] f3D  [Hz] f4D  [Hz] f5D  [Hz] f6D  [Hz] f7D  [Hz] f8D  [Hz] 

S1 4.1910 26.277 73.568 144.10 238.11 355.60 496.57 660.91 

S2 4.1816 26.216 73.376 143.74 237.61 354.87 495.33 659.09 

S3 4.1828 26.278 73.460 143.82 238.03 355.67 495.80 659.21 

S4 4.1696 26.208 73.384 143.60 237.13 354.25 495.15 659.38 

 

The results calculated and displayed for the four damaged beams by the PyLOC application are presented 

Figures 12 to 15, and the numerical estimation in Table 5. 

 

Figure 12: The crack position estimated for scenario S1 
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Figure 13: The crack position estimated for scenario S2 

 

Figure 14: The crack position estimated for scenario S3 

Analyzing the results achieved with PyLOC, one can observe that the position is accurately estimated. The 

biggest error found when estimating the crack position is 5 mm, which actually means 0.5% of the beam 

length. This error is achieved when a small crack is present in the clamped beam with big deviation from 

the ideal clamping condition. For all other cases, the error is 2 mm or less. Natural frequency values for a 

large number of scenarios are given in Ref. [19].  
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Figure 15: The crack position estimated for scenario S4 

Table 5: Damage scenarios and the resulted natural frequencies 

Scenario  

no. 
a* [mm] a [mm] x [mm] 

generated estimated generated estimated generated estimated 

S1 0.3 0.3108 0.5 0.6027 163 161 

S2 1.125 1.2173 0.5 0.4706 237 232 

S3 0.3 0.3851 1.125 1.1877 237 237 

S4 1.125 1.1195 1.25 1.2893 163 164 

 

Regarding the estimation of the crack depth, from table 5, one can notice that this is estimated with sufficient 

accuracy. It is remarkable that a crack affecting the cross-section reduction with 10% can be localized even 

if the boundary conditions are non-ideal. 

A laboratory experiment completes the numerical validation. The beam is similar with that considered in 

the simulation. The clamping condition was ensured by fixing the beam in a machine vise. The stand and 

the measurement equipment, as well as the settings used for the estimation of the natural frequency are 

largely described in Ref. [16]. The first measurement is made to determine the natural frequencies of the 

intact beam with best achievable clamping. Afterward, damage with depth 1 mm and width of approx. 0.25 

mm is realized by electroerosion, at 200 mm from the clamped end. The damaged beam is fixed in the vise 

by means of two layers of quasi-rigid rubber, which  confers a supplementary mobility. The thickness of a 

rubber layer is 5 mm. The measured frequencies are presented in Table 6, and the results for the crack 

location obtained with PyLOC are presented in Figure 16. 

Table 6: The natural frequencies for the intact beam, respectively the weakly-clamped beam with damaged  

Beam state f1  [Hz] f2  [Hz] f3  [Hz] f4  [Hz] f5  [Hz] f6  [Hz] f7  [Hz] f8  [Hz] 

intact 3.9853 25.0323 70.0673 136.986 226.912 338.815 471.936 630.013 

damaged 3.9743 25.0318 70.0314 136.798 226.641 338.711 471.921 629.481 

USD – APPLICATIONS 3881



 

Figure 16: The crack position estimated for the laboratory experiment 

It can be seen that the location of the defect at a distance of 198 mm from the fixed end is quite exact. The 

depth of the crack, found to be 1.1066 mm, is slightly overestimated due to the width of the cut which is not 

considered in the mathematical model. The achieved results, however, confirm that the method can be 

successfully applied to real conditions. 

4 Conclusion  

In this paper, we propose a damage detection method that uses the modal curvatures of the intact beam and 

the measured natural frequencies for the intact and damaged beam to assess cracks. The method can be used 

even if the boundary conditions of the beam are not ideal. We have demonstrated that the RFSs due to an 

imperfect clamped end are the same for all out of plane bending modes and use this particularity to assess 

the crack location and depth. These parameters are found by determining the values for which the difference 

between the measured and calculated RFS curves for all modes achieve the same value. 

Experiments performed by simulation and laboratory measurements confirmed the robustness of the damage 

detection method that is based on the proposed mathematical model, the crack position was found with an 

error less than 0.5% and the depth with an error less than 10%.   
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Abstract
The high cycle fatigue life of turbine blades is negatively impacted by high frequency mechanical vibrations
caused during operation. One method to mitigate this risk is to use underplatform dampers to dissipate
energy from the system and reduce the vibration amplitude. Unfortunately, the state of the art models for
such simulations are deterministic, although literature indicates that a large amount of uncertainty exists
in measured contact parameters. This uncertainty in the contact parameters leads to significant variations
in vibration response. This paper quantifies these uncertainties by considering the input parameters to be
stochastic and generating uncertainty bands. A nonlinear solver based on Multi-Harmonic Balance method
is used to propagate these uncertainties, and a surrogate model is implemented to increase the computational
efficiency. Variance based sensitivity analysis is also performed to rank the importance of each uncertain
parameter.

1 Introduction

The aerospace industry demands lighter and more efficient propulsion systems, thus driving the design of
many components to their structural limits. During operation, a turbine blade experiences a combination of
static and dynamic stresses [1]. The static stresses originate from thermal gradients, centrifugal loads and
fluid pressure variation. On the other hand, dynamic stresses originate from mechanical and aero-dynamic
vibration and have a negative impact on the high cycle fatigue (HCF) life [2]. Excessive stresses caused by
significant vibrations can be dealt with by either moving the resonant frequency out of the operating range or
by reducing the amplitude of vibration [3]. Whilst the former is theoretically achievable, it is not practically
viable to avoid all resonant modes due to the wide distribution of such frequencies and hence the latter
method is preferred. Reduced vibration amplitudes are achieved by removing energy from the system by
using friction dampers [4, 5, 6]. These dampers work by exploiting the relative motion between them and the
vibrating blades [7] leading to a local contact transition between stick and slip. In the slip condition, energy
is dissipated at the contact surface, primarily as heat [8]. Optimizing the design of such dampers requires
an accurate modelling approach to simulate the vibration amplitude response to a harmonic excitation. This
also needs to be backed with experimental validation. Unfortunately, advances in validation methods of the
numerical models have not kept up with the advances in the numerical models [9].

To obtain a better understanding of how to model friction dampers, and in particular underplatform dampers,
a variety of studies have been conducted [10, 11]. Initially, simple models using single [12] and two degree
of freedom [13] oscillators coupled with a type of Coulomb friction element (Jenkins Element [4]) were
generated to investigate the dynamic response yielding partially analytic solutions. These systems were
extended further by using complete FE models of the damper and bladed disks [8, 10, 11]. Underlying
assumptions of the relative motion between the blades and damper proved difficult to validate suggesting the
assumptions themselves were incorrect [8]. In order to remove these assumptions, models that calculated the
damper motion directly were created [14, 15, 16]. Calculating damper motion required advanced 3D friction
elements to model the in-plane tangential motion, normal load based separation and nonlinear contact forces
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between the damper and blade. These advanced models are more accurate by better representing the damper-
blade contact domain. The underplatform damper model developed by [9] can be classified as one of these
advanced models.

Figure 1: Underplatform Damper Rig Set-up [9]

In order to validate a greater fidelity underplatform model, Pesaresi et al. [9] have presented a dedicated UPD
test rig based on a double beam configuration, shown in Figure 1. A 3D nonlinear model with an explicit FE
damper design is the baseline of their analysis. The resulting underplatform damper study uses a nonlinear
iterative solver, FORSE, to simulate the amplitude response of the model by calculating it at each excitation
frequency in the studied frequency range. The output is represented by a type of frequency response function
(FRF), accelerance (acceleration per newton (m/s2/N)). The primary purpose of their study was to produce
an accurate and replicable underplatform damper model [9]. The input contact parameters were assumed to
be deterministic based on experimental testing. A deterministic variable is one which has the exact same,
pre-determined value and presents no degree of uncertainty in its realization [17]. Unfortunately, the under-
platform damper contact domain is highly dynamic due to variations in contact parameters over time caused
by fretting wear [8]. As such, uncertainties are present in the amplitude response and frequency when this
deterministic approach is utilised.

The aim of this investigation is to quantify the uncertainties in the output response of an underplatform
damper model by taking the input parameters to be stochastic. The purpose of this procedure is to ac-
count for variations in the input parameters to better understand the design considerations needed for friction
dampers. A further goal is to implement Polynomial Chaos Expansion (PCE), a surrogate modelling tech-
nique, to improve the computational efficiency of the numerical approach. The underplatform damper model
presented by [9] is used as the test case.
Hence, this paper first presents a background into the modelling approach techniques. It is followed by the
presentation of techniques to quantify the uncertainty in the system output are formalised. Finally, the results
are presented and some trends are highlighted.

2 Reference model

A 3D nonlinear model with an explicit FE damper design is used as in this UQ study and is better descrobed
in [9]. The FE models generated for the blades and damper consisted of quadratic hexahedral elements,
made of steel. Each blade consists of 27486 elements and the damper consists of 3620 elements. As shown
in Fig. 1, the sinusoidal excitation force is applied at bottom of a blade and displacements are computed at
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the tip of the blades. The first two bending modes of the blades are studied here: an in-phase motion of the
blades (mode 1) or an out-of-phase motion of the blades (mode 2) as illustrated in Figure 2. In the presence
of the damper, the resonance frequencies are 424.1 Hz and 440.3 Hz respectively at low excitation levels.

(a) (b)

Figure 2: (a) In-phase mode of the blades and (b) out-of-phase mode[9]

3 Modeling approach

A general nonlinear system of equations can be represented as follows:

Mẍ(t) + Cẋ(t) + Kx(t) + Fnl(ẋ(t), x(t)) = Fex(t) (1)

Where M, C, K are the mass, damping and stiffness matrices. Fex is vector of external excitation forces and
Fnl is the vector of nonlinear contact forces.

Time integration is the most rigorous approach to solve these set of equations [18]. However, it is computa-
tionally expensive and excessive when the steady-state response to harmonic excitation is the only study of
interest. Consequently, the multi harmonic balance method (MHBM) [1, 19, 20] has been the most common
approach to solve the nonlinear vibration system due to it being by far the most computationally efficient
method [21]. MHBM solves the problem in the frequency domain due to the differential equations being rep-
resented as linear functions, making the system easier to solve. According to the MHBM, for each DOF in
the system, the response can be expressed as a Fourier series truncated at the nth harmonic, which generates
a system of equations in the frequency domain.

A Newton-Raphson iterative solver is used to calculate the harmonic coefficients while the FRF matrix is
obtained by calculating its exact value at a particular frequency point. A more detailed outline of the solving
method can be found here [9]. The exact implementation of the nonlinear solver depends on the contact
model used to describe the friction damping between the underplatform damper and blade root. The contact
model used for the UPD rig is a 3D Jenkins element [19]. It is composed of two Jenkins element together
with a normal spring. This allows both in-plane frictional forces and normal load based variations to be
captured. The definition of each element is made through several contact parameters: the friction coefficient
µ between the two surfaces, the contact tangential stiffness kt and the normal stiffness kn and a normal
load N0 representing the pre-load. The contact surface is discretised into several contact elements, and each
element has its own contact parameters. This contact model allows for three different contact conditions:
stick, slip and separation.
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4 Uncertainty Sources in Contact Parameters

The primary source of uncertainty is in dynamics simulations of blades with dampers is the variability ob-
served in experimentally measured contact parameters [22, 23, 24, 25]. During slip, the two rubbing surfaces
undergo solid to solid contact which causes the surface roughness and stiffness to change. In addition, the
change in damper geometry could lead to variations in blade coupling, resulting in the natural frequency
to change. All of these factors lead to random variations in the values of the input parameters causing the
amplitude response as well as the resonant frequency to become uncertain. It is important to quantify these
uncertainties in order to account for these variations in the design of friction dampers [26]. Experimental
testing has to be performed to estimate the variation of both the tangential contact stiffness kt and the friction
coefficient µ. In this study, kt and µ were expressed as normally distributed parameters from experimental
data presented in [23]:

• µ~N(0.9,0.052)

• kt~N(60e6, 3e62)

5 Uncertainty propagation

Different strategies exist to propagate uncertainty in numerical models. Monte Carlo Simulations (MCS)
remains the most robust method to do so [27], however convergence is slow and requires a large number
of simulations making the approach unusable in practical applications. To cope with this issue, Polynomial
Chaos Expansion (PCE) can be used to surrogate the dynamic behaviour of the structure. Once built, PCE
models have negligible numerical cost and so can be exploited to perform different types of analysis as
variance based sensitivity analysis [28, 29].

5.1 PCE model

The basis of PCE is outlined here, but detailed literature can be found here [29, 30, 31]. The principal
concept of PCE is the ability to decompose a random process into independent deterministic and stochastic
components. Generally, for a random process A, that is a function of a random variable ξ and deterministic
coefficients x:

A(x, ξ) =
P∑

i=0

Ai(x)Ψi(ξ) (2)

Where Ai(x) is the vector of deterministic coefficients and Ψi is the orthogonal polynomial basis mapping the
coefficients to the random process. The choice of the polynomial basis is determined by the distribution of the
random variable ξ and can be found directly from literature. For computational efficiency, the theoretically
infinite sum of deterministic coefficients is truncated to P terms. The only unknown in Equation 2 is Ai(x).
Both intrusive [32, 33] and non-intrusive (NIPCE) methods [17, 34] exist to solve for these coefficients
but non-intrusive methods achieve this without the modification of the deterministic code that solves the
nonlinear dynamic system. Hence, the non-intrusive regression method is employed here [29]. From a set of
N evaluations of the system, a least-squares problem is solved to get the coefficients Ai(x). In the present
study, a Latin Hypercube Sampling strategy is employed to generate the N input points. The construction of
the PCE models are done with OpenTurns [31].

5.2 Variance based sensitivity analysis

Sobol analysis ranks the importance of the input parameters to the output response by measuring the change
in the output’s variance caused by a change in the input. The basis of the analysis is the ability to decompose
the output variance into a sum of variances [28, 35] by creating linked sets of the input parameters.
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V (output) =
n∑

i=1

Vi +
n∑

i≤j<n

Vij + ...+
n∑

i≤n

Vi...n (3)

In Equation 3, V (output) is the total variance of the output, Vi is the first order contribution of the ith

stochastic parameter, Vij is the second order contribution of interaction effects of the ith and jth parameter
and n is the number of stochastic parameters. The first order sensitivity index for the ith parameter is
calculated from Equation 4:

S1,i =
Vi

V (output)
(4)

The variance decomposition from Equation 3 can be directly related to the PCE decomposition 2[29], and
so the Sobol indices can be directly determined from the PCE coefficients without any additional simula-
tion [31].

6 Results

6.1 Nonlinear Vibration response

As explained previously, the first two bending modes of the structure are considered, which are the in-phase
(mode 1) and out-of-phase (mode 2) motion of the two blades. Figure 3(a,b) shows receptances for different
excitation levels. The mean values of the friction coefficient and the contact stiffness are considered here.
As an illustration, the associated contact conditions at the amplitude peak are given Figure 3(c-f). It can be
seen that for low shaker force amplitudes, both modes are sticking, resulting in low damping. Increasing
the amplitude further, the contact domain begins to undergo nonlinear behaviour. In mode 1 (Figure 3a),
this is shown by the soft behaviour. The soft behaviour is caused due to the contact domain beginning to
separate and this is confirmed by the contact conditions (see Figure 3e). In mode 2 (Figure 3b), the nonlinear
response is shown by the reduction of amplitude and shifting of natural frequency. This indicates that there
is slip between the damper and blade, confirmed by the contact conditions (see Figure 3f).

6.2 Uncertainty Quantification

In this section, the uncertainty associated to the contact parameters is propagated using the PCE method
explained previously. The set of input points used to construct the PCE is generated with a LHS of 100
combinations of contact parameter values. For each of those combinations, the FRFs for both in-phase and
out-of-phase modes were computed at different excitation amplitudes. Results for the 17N excitation loading
are presented in Figure 4.

Since the FRFs are strongly non linear, the PCE meta-model cannot be constructed as a function of the
frequency (in fact, for some frequency values there are more receptance solutions). To avoid this problem,
the deterministic parameter used is the phase [34]. Figures 5a and 5b show how the frequency is mapped
to the phase. It should be noted that the phase decreases cyclically for each mode. Once each FRF is
decomposed into a phase frequency response and a phase amplitude response, two PCE meta-models are
built for each mode and each phase value: one for the amplitude and one for the frequency.

Such PCE meta-modes can be exploited with an almost null numerical cost to generate the statistical distri-
bution of the system response. Uncertainty bands obtained from those meta-models are shown in Figure 6
for the two modes with an excitation amplitude of 17 N. For the receptance, the uncertainty is negligible
at the extreme phase values. Moving closer to the resonant frequency, in the centre of the phase range, the
uncertainty increases, with the largest statistical bands occurring at resonance (φ = −π/2 radians). The
uncertainty in the frequency vector is also negligible at the extreme phase values, while it increases around
resonance, as shown in Figure 6(b). The same trends are present for the second mode, shown in Figures 6(c)
and 6(d).
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(a) Amplitude response in phase peak (b) Amplitude response out of phase peak

(c) Amplitude = 0.096 N, mode 1 (d) Amplitude = 0.096 N, mode 2

(e) Amplitude = 17 N, mode 1 (f) Amplitude = 17 N, mode 2

Figure 3: Forced response and contact conditions for shaker force amplitude sensitivity analysis

(a) Mode 1 - Raw data (b) Mode 2 - Raw data

Figure 4: 100 LHS simulations run through FORSE, µ~N(0.6,0.052) and kt~N(60e6, 3e62)
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(a) Mode 1 with phase equivalent points (b) Mode 1 with frequency equivalent points

Figure 5: Frequency and phase equivalency
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(a) Receptance mode1
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(b) Frequency mode 1
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(c) Receptance mode2
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(d) Frequency mode 2

Figure 6: Uncertainty bands based on PCE model

6.3 Sobol indices

First order Sobol indices were also calculated directly from the PCE model to get insights into the influence
of each contact parameter on the system dynamics. The contact conditions for the damper-blade nodes (as a
percentage) were used in combination with Sobol indices to help explain the behaviour. Results are displayed
in Figure 7.

For the accelerance, it is evident that when the system has no slip, kt fully determines the system response
as the first order Soblol index of kt is equal to 1, while µ has no impact. This can be seen in Figures 7a and
7c. However, upon any percentage of slip, this pattern flips and µ solely determines the system response as
its first order Sobol index becomes equal to 1. This pattern is expected as during slip, the amplitude response
is determined by the amount of damping and the amount of damping is determined by friction. In the stick
case, there is no sliding and so µ is not relevant in determining the output response.

On the contrary, the Sobol indices for the frequency do not have such a clear pattern, as shown by Figures
7b and 7d. In general, for both modes, the tangential stiffness primarily determines the frequency response,
especially in mode 1. This is expected as described in the contact conditions literature [5]. From the nodal
contact condition percentages, it seems that the peaks in slip percentage correspond in peaks with the Sobol
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(a) Receptance mode 1 (b) Frequency mode 1

(c) Receptance mode 2 (d) Frequency mode 2

Figure 7: Sobol indices for accelerance, frequency with contact conditions superimposed

index for µ. Around the ends of each plot, kt determines the output completely. This is expected with the
system being in the stick condition as confirmed by the stick percentage. For the second mode, from a phase
of -1 to 1 radians, the contact conditions do not vary significantly indicating the Sobol indices should follow
a similar pattern. Rather surprisingly, there is a local minimum in the µ index and a local maximum in the
kt index for both modes around resonance, shown in Figures 7b and 7d. The reason for this behaviour was
found by performing a set of simulations with a fixed kt and a varying µ (here not shown). The simulations
showed that for the 0.2 radians case, the frequency remains constant and only the amplitude varies as µ was
changed, which explains these results.

Combining the Sobol analysis with the uncertainty bands, it is evident that uncertainty in accelerance is
present only in the slip region and as the output in this region is determined by variations in µ only, it can
be concluded that variations in µ determine the uncertainty in accelerance. For the frequency, uncertainties
are present throughout. kt primarily determines the amount of uncertainty but local peaks in slip increase
the contribution of µ. The uncertainty in resonant frequency is solely determined by variations in kt with µ
altering the resonance amplitude only.

7 Conclusion

A method to quantify the uncertainties in the nonlinear response of an underplatform damper model has been
successfully developed. The method is based on the generation of PCE meta-models, which make it possible
to have a large sample size thus improving statistical accuracy as well as offering a significant reduction in
computation time.

Uncertainty bands in the frequency response functions (FRFs) were obtained from these meta-models. Also
a Sobol analysis was performed to rank the sensitivity of the FRFs on the different contact parameteres. From
this analysis it was found that, for the accelerance, uncertainties only exist while the system is slipping. In this
region, the extent of uncertainty is determined by variations in µ. Under the stick condition, µ has no impact
and kt should control the accelerance amplitude. On the contrary, in the case of frequency, uncertainties are
determined mainly by variations in kt, although trends are not directly related to the slipping conditions.
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With regards to optimisation of damper design, the proposed uncertainty quantification method is useful
since it provides bands in the output responses. With this information, damper design criteria can be updated
to better inform the design decisions. In addition, the Sobol analysis allows the prioritisation of design
decisions based on their impact on the output. Finally, the implementation of the PCE model makes the
process computationally very efficient allowing wider underplatform damper studies to be performed with
fewer computational resources. In order to have complete confidence in the statistical bands generated, an
experimental validation of the approach will be performed with future work.
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