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Abstract
Nonlinear energy sinks (NESs) are passive vibration absorbers consisting having a nonlinear interface which
connects to a host system. The nonlinearity enables a ‘self-tuning’ property where the NES has a wider
effective frequency bandwidth compared to the conventional linear tuned-mass-dampers (TMD). Typically,
a hardening polynomial stiffness connection is investigated, which has been shown to have a much smaller
effective energy range compared to the TMD.The NES’s efficiency deteriorate depending on vibration levels,
while the TMD’s efficiency is independent of this. At the lower end of the energy range, a minimum level
of vibrations is needed in the host system for the NES to activate. Above this threshold, the NES is efficient.
At the higher end of the energy range, the efficiency of the NES slowly decreases as the vibration levels
increase. Here, a radically different interface is investigated, a periodically extended stiffness characteristic.
This stiffness is periodically hardening and softening. It is shown in this paper that this stiffness results in an
NES with a wider energy bandwidth than the conventional NES for harmonically excitations.

1 Introduction

A nonlinear energy sink (NES) is a passive dynamic vibration absorber that is connected through a nonlinear
interface to a vibrating mechanical system (the host system) [1, 2, 3, 4, 5, 6]. This nonlinear interface is
usually a hardening stiffness, represented by a cubic polynomial. This nonlinear stiffness enables the NES
to tackle a wider frequency range than the typical linear tuned-mass-damper (TMD) [7, 8, 9]. Furthermore,
the NES has the ability to dissipate multiple frequencies under transient loading, from high to low frequency.
This ability is called resonance capture cascade (RCC) [10, 7, 11, 12, 13, 14]. Under harmonically loaded
host system, the NES also acts as a broadband vibration absorber. Contrary to the linear TMD, there is no
creation of a second resonance when adding the NES as vibration absorber. Furthermore, it also has the
ability to capture more than one resonance frequency [7] under harmonic loading. Although the NES has a
larger frequency bandwidth, its performance suffers over a wide energy range. This means that as the vibra-
tion energy in the host system varies because of changing loads magnitudes, the performance deteriorates.
Conversely, the TMD’s efficiency is independent of this. For low energy, a minimum amount of vibration
energy is required to activate the NES, the vibration threshold [6, 12, 15]. At the higher end of the energy
range, the efficiency of the NES slowly decreases as the vibration levels increase.

Researchers have been able to slightly increase the efficient energy range by investigated nonlinear interfaces
that are small variations on the typical hardening polynomial. For instance, by adding a negative linear
component to the harderning stiffness, a bistable NES is obtained [9, 16, 17]. This paper will investigate
the radically different periodically extended stiffness, which is a cubic stiffness periodically extended. It
was shown in a previous work [18] that under transient loading the energy range was increased enormously

4044



m

mna

k c

F (·) cna
FL

x

xna

(a)

−10 −5 0 5 10

−60

−40

−20

0

20

40

60

d

z

F
(z

)

NES stiffness F(z)

Cubic NES
Novel NES

(b)

Figure 1: The primary system with an NES (a) and the connecting stiffness characteristic of conventional
NESs and of the proposed periodically extended NES (b).

compared to the conventional NES. In the current work, the performance of such an NES under harmonic
loading of a linear host system is investigated.

The paper is structured as follows. In the next section, the system dynamics and periodically extended
stiffness are presented in detail. Then, in section 3 the harmonic balancing technique is applied to obtain
a nonlinear frequency response for both the host system and NES vibrations, that depends on the loading
intensity. The stability of each branch in the nonlinear frequency response is also investigated. The results
of section 3 are compared to a Runge-Kutta simulation in section 4 for a chosen host system. Finally,
conclusions and future work are stated.

2 Model Description

The scheme of the single-degree-of-freedom host system with connected NES is presented in Figure 1a where
m, c, and k are the host system’s mass, damping and stiffness and where mna, cna and F (·) are the NES’s
mass, viscous damping and nonlinear spring characteristic. The coordinates x and xna are the displacement
of the host system and of the NES, respectively. Finally, a harmonic load FL with frequency ω is exerted on
the host system. The dynamical equation of the host system and NES is:

mẍ+ cẋ+ kx+ cna(ẋ− ẋna) + knaF (x− xna) = FL cos(ωt)

mnaẍna + cna(ẋna − ẋ) + knaF (xna − x) = 0
(1)

where kna is the proportionality factor of connecting nonlinear stiffness.
The nonlinear connecting stiffness F (z), where z = xna − x, is a periodic extension in R+ of z3 defined in
0 < z < d, and an extension in R− of z3 defined in −d < z < 0 in order to obtain a odd characteristic:

F (z) =





(z + i · d)3 −(i+ 1)d ≤ z < −id with i ∈ N+

z3 −d ≤ z ≤ d

(z − i · d)3 id < z ≤ (i+ 1)d with i ∈ N+

(2)

as such d is the periodicity of the extension. This stiffness is plotted in Figure 1b for d = 3.
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3 Harmonic balancing

The equations in (1) are divided by the primary mass m:

ẍ+ ϵω0ξẋ+ ω2
0x+ ϵẍna = ϵω2

0P cos(ωt)

ϵẍna + ϵω0ξna(ẋna − ẋ) + ϵω2
0γF (xna − x) + ϵω2

0κ(xna − x) = 0
(3)

with
ω2

0 =
k

m
ϵ =

mna

m
ξna =

cna

mnaω0
ξ =

c

ϵmω0
γ =

kna

mnaω2
0

P =
FL

mnaω2
0

(4)

To solve the nonlinear differential equation, the harmonic balance method is adopted, which assumes that
the host system and absorber vibrate only according to the forcing frequency ω. The proposed solutions are:

x = A(t)eiωt +A∗(t)e−iωt, ẋ = iωA(t)eiωt − iωA∗(t)e−iωt

xna = B(t)eiωt +B∗(t)e−iωt, ẋna = iωB(t)eiωt − iωB∗(t)e−iωt
(5)

where A(t), B(t) ∈ C, ∗ stands for complex conjugate. Deriving 2A(t)eiωt = x − i ẋω and 2B(t)ejωt =

xna − i ẋna
ω yields after some steps:

ẍ+ ω2x = i2ωȦeiωt

ẍna + ω2xna = i2ωḂeiωt
(6)

The nonlinear spring F (z) is harmonically balanced (HB) with the first harmonic of its Fourier’s series,
F (z) ≈ f1e

jωt, a procedure explained in [19]:

f1(B,B∗) =
ω

2π

∫ 2π
ω

0
F
(
B(t)eiωt +B∗(t)e−iωt

)
e−iωtdt (7)

For odd functions of F (·) the integral (7) reduces to:

f1(B,B∗) = BG(|B|) (8)

where G(|B|) is a real function [19]. The solution of integral (7) where F (z) is (2) can be found in [18].

Inserting the solutions (5), (6) and (7) into (4), and keeping only the harmonics with ω gives:

2Ȧiω + (ω2
0 − ω2)A+ ϵξiω0ωA+ ϵ

(
2Ȧiω − ω2A+ 2Ḃiω − ω2B

)
= ϵω2

0

P

2
2Ḃiω + ξnaiω0ωB − ω2B + 2Ȧiω + γω2

0BG(|B|) = ω2A
(9)

3.1 Nonlinear Frequency Response

It is now assumed that under harmonic forcing, the amplitudes A and B will eventually reach a steady state.
As such, Ȧ = Ḃ = 0. Then, dividing by ω2

0 and ϵ and by introducing 1 − ω2

ω2
0
= ϵσ, where σ expresses the

proximity of the forcing frequency to the resonance frequency, yields:

σA+ iξ
√
XA−XA−XB =

P

2
iξna

√
XB −XB + γBG(|B|) = XA

(10)

where X = ω2

ω2
0

. Squaring the real and imaginary parts of the second equation of (10) yields:

X2A2 =
(
ξ2naX + (−X + γG(|B|))2

)
B2 (11)
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In the second equation of (10) A is eliminated, then split according to real and imaginary parts and finally
the sum of the squared real and imaginary parts gives:

((
(X − σ) (γG(|B|)−X) +Xξnaξ +X2

)2
+X (ξ (X − γG(|B|)) + ξna (X − σ))2

)
B2 =

(
X

P

2

)2

(12)
Finally, the complex variables are expressed in their polar form, A = a

2e
iα and B = b

2e
iβ in the last two

equations:

X2a2 =
(
ξ2naX + (−X + γG(b))2

)
b2

X2P =
((

(X − σ) (γG(b)−X) +Xξnaξ +X2
)2

+X (ξ (X − γG(b)) + ξna (X − σ))2
)
b2

(13)

Dividing the first by the second equation in (13) expressed the nonlinear frequency response of a under
forcing P :

a2

P 2
=

ξ2naX + (−X + γG(b))2

((X − σ) (γG(b)−X) +Xξnaξ +X2)2 +X (ξ (X − γG(b)) + ξna (X − σ))2
(14)

3.2 Stability

When computing the frequency response, it was assumed A and B reached a steady state. The stability is
now investigated using multiple scales, similar to the analysis shown in [18]:

A(t) = A(τ1, τ2) B(t) = B(τ1, τ2) τ0 = ω0t, τ1 = ϵω0t

d

dt
= ω0

∂

∂τ0
+ ϵω0

∂

∂τ1

(15)

This procedure is applied to (9) and collected according to orders of ϵ:

∂A

∂τ0
= 0

2ω0
∂A

∂τ1
ωi+ ω2

0σA+ ξiω0ωA− ω2A+ 2ω0
∂B

∂τ0
ωi− ω2B = ω0

P

2

2ω0
∂B

∂τ0
ωi+ ξnaiω0ωB − ω2B + γω2

0BG(|B|) = ω2A

(16)

The third equation is divided by ω2
0 and multiplied by i:

2
∂B

∂τ0

√
X = −ξna

√
XB + iXB + iXA− γiBG(|B|) (17)

The linear stability near the equilibrium state B = B̄ +∆B is studied, where B̄ are the steady state values
found from computing the frequency response. The following linear system is obtained:

[
∆̇B

∆̇∗
B

]
=

[
a11 a12
a21 a22

]

︸ ︷︷ ︸
Σ

[
∆B

∆∗
B

]
(18)
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Table 1: Numerical values of host system and NES in numerical example

Coefficient Value
m [kg] 1
c [Ns/m] 0.01
k [N/m] 1
mna [kg] 0.02
cna [Ns/m] 0.005
kna [N/m3] 0.006

d [m] 3

where

a11 = a∗22 = iX − ξna
√
X − iγ

∂(B ·G(B,B∗))
∂B

∣∣∣∣
B=B̄

a12 = a∗21 = −iγ
∂(B ·G(B,B∗))

∂B∗

∣∣∣∣
B=B̄

(19)

The expressions for ∂(B·G(B,B∗))
∂B and ∂(B·G(B,B∗))

∂B∗ were given in [18]. If an eigenvalue of Σ has a positive
real part, then the fixed point B = B̄ is unstable.

4 Numerical example

Numerical values for the system in (1) are found in Table 1. Note that the periodicity of the nonlinear stiffness
is 3. Thus for x− xna < 3, the NES will behave as the conventional NES.

This system will be subjected to a harmonic force with increasing amplitude, P = [1, 2, 3, 4, 8, 12]. The
nonlinear frequency responses of the host system are plotted in Figure 2 and the corresponding NES vibration
amplitude in Figure 3 for a range of ω/ω0 = [0.8, 1.2]. The host system without NES is shown in nonlinear
frequency responses in gray, the stable parts of (14) in black and the unstable parts in red. To verify the
nonlinear frequency response obtained from harmonic balancing, the system (1) is simulated with the ODE45
simulator of MATLAB, which uses a Runge-Kutta (RK) scheme. The frequency range is divided in 200
points. The RMS value of the time series is taken and plotted on Figures 2 and 3 in light blue dotted markers,
per frequency of the applied harmonic force.

4.1 Frequency responses for P = [1, 2]

For P = 1, the host system response is found on Figure 2a and the NES response on Figure 3a. The HB
frequency response with NES is about 60 % lower near resonance than the host system with NES. Peculiar
is the unstable branch near resonance. The result from the RK simulation follow the HB curve quit well,
except for when the HB curve is unstable. The reason for this is because the RK time simulations shows that
the NES performs a quasi-periodic vibration, see Figure 4a, typical for NESs near resonance conditions of
the host system [20].

By doubling the load, the resulting responses in Figures 2b and 3b, the NES is able to reduce vibrations
near resonance by 80 %. Again the RK simulations follows the frequency response nicely expect for the
unstable branches near ω/ω0 = 1. This is again because of the quasi-periodic vibrations of the NES, Figure
4b. A difference compared to the previous curve is that the response of the host system and the NES both
show a detached resonance curve, which the RK simulation did not reach. This detached resonance curve is
undesirable, as it increases the host system’s vibration amplitude. Under certain initial conditions, this curve
could be reached. For now, the amplitudes of the NES, as seen on Figures 3a and 3b is below the periodicity
of stiffness, 3, and as such the NES still behaves as a conventional NES.
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4.2 Frequency responses for P = 3

A difference between the conventional NES and the periodically extended stiffness NES is first seen by
increasing the load P to 3 shown in Figures 2c and 3c . The frequency responses resulting from the con-
ventional NES is shown in yellow. The host system response is quite complex. For the conventional NES,
the detached resonance curve has now attached itself in Figure 2c between ω/ω0 = [0.96, 1] which creates a
peak at 80, only a 20 % vibration reduction. This shows the well known limited energy range of the conven-
tional NES. However, the response with novel NES is different, as the curve between ω/ω0 = [0.96, 1] does
not reach 80, but collapses into itself. The results from the RK simulations show that host system with NES
still has 60 % vibration reduction, thus proving that the novel NES has a larger amplitude range than the
conventional NES. The novel NES does create a detached resonance curve in Figure 2c on the right side of
the resonance, between ω/ω0 = [1, 1.02] . The periodicity of the NES can be seen in the frequency response
of the NES, Figure 3c. Here, only where the NES amplitude is above the periodicity d = 3, do the curves of
the conventional NES and novel NES diverge. The detached resonance curve is also seen here for the novel
NES.

The NES vibrations from the RK simulations do not lay perfectly on the HB curves, between ω/ω0 =
[0.96, 0.99] and [1.01, 1.04], both for the host system and NES vibrations. A RK simulation for ω/ω0 =
0.98 in Figure 5a shows that the response goes above the periodicity of d = 3, shown in yellow dashed.
Then, the NES vibrates with several frequencies, while HB only assumed the forcing frequency. This is
why for ω/ω0 = [0.96, 0.99], the HB curve and RK simulation results diverge. A time simulation for
ω/ω0 = 1.02 has the typical quasi-periodic vibrations as associated with the conventional NES, as the novel
NES vibrations are below d = 3.

4.3 Frequency responses for P = 4

The HB curve on the frequency response of the host system on Figure 2d has now an overal lower level than
for P = 3, Figure 2c, which the RK simulations confirm. The maximum amplitude is 75% lower than the
undamped host system. The conventional NES is only able to reduce to 15%. The detached resonance curve
on the right side of resonance for P = 3 has now attached itself. The response for the NES is found in Figure
3d. As before, there is divergence between conventional NES and novel NES once the amplitude is above
the periodicity d = 3. As for the host system response, the detached resonance curve has now attached itself.
The RK time simulation does not follow the curve of the NES amplitude well, but this is similar to P = 3,
where to the left the NES vibrates with several frequencies, and to the right the vibration is quasi-periodic.
The time series obtained from the RK simulation for ω/ω0 = 0.99 is presented in Figure 6a. The vibrations
of the NES reach above the periodicity, resulting in several frequencies and chaotic response.

4.4 Frequency responses for P = [8, 12]

The load is increased even more. For P = 8, the host system’s amplitude is given in Figure 2e and the
NES amplitude in Figure 3e. The novel NES is still able to reduce half of the vibration amplitude, while
the conventional NES fails mitigating the vibrations. The NES frequency response resembles a tree shape,
Figure 3e. This tree shape was also found in [21] when isolated resonance curves merge. The novel NES
can vibrate with a much higher amplitude than the conventional NES, as such it is able to better damp
the vibrations. The RK simulations and HB match quite well for both the host system and NES. A time
simulation for ω/ω0 = 1 in Figure 6b shows a near harmonic response of the NES, while the NES stiffness
has 3 hardening-softening cycles. For P = 12, Figures 2f, 3f and 6c the results are almost the same as for
P = 8, but with a slight decrease of performance, only reducing 40% peak vibrations, and in increase is
absorber vibration amplitude.
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(a) (b)

(c) (d)

(e) (f)

Figure 2: Nonlinear frequency responses of the host system with NES, obtained from Harmonic balancing.
The excitation varies from P = 1 until P = 12.
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(a) (b)

(c) (d)

(e) (f)

Figure 3: Nonlinear frequency responses relative NES vibration, obtained from Harmonic balancing. The
excitation varies from P = 1 until P = 12.
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(a) (b)

Figure 4: Time series obtained from Runge-Kutta simulation for varying loads and frequency where ω0 = 1,
(a) P = 1 and ω = 1 and (b) P = 2 and ω = 1.

(a) (b)

Figure 5: Non-harmonic time series obtained from Runge-Kutta simulation ω0 = 1, (a) P = 3 and ω = 0.98
and (b) P = 3 and ω = 1.02.
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(a) (b)

(c)

Figure 6: Time series obtained from Runge-Kutta simulation for varying loads and frequency ω0 = 1, (a)
P = 4 and ω = 0.99, (b) P = 8 and ω = 1 and P = 12 and ω = 1.
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5 Conclusion

In this paper the performance of an NES with periodically extended stiffness in reducing harmonically in-
duced vibrations was investigated. By applying harmonic balancing (HB), an analytical expression for the
frequency response and its stability was obtained. The HB method was compared to the time series obtained
from a Runge-Kutta scheme. The results matched quite well except for when the NES vibrated quasi-
periodically or with multiple frequencies, which is not accounted for in the HB method. The frequency
responses of the host system with novel NES was compared to the frequency response with a conventional
NES. It was found that for varying loads, the novel NES is much more robust than the conventional NES.
In future works the performance of the novel NES will be compared to the conventional linear vibration
absorbers. Besides more complex host systems encompassing resonance frequencies will be considered.
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