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Abstract

In this article, the construction of state-space models suitable for dynamic substructuring (DS) applications
is analysed in detail. The procedure derives the state-space model from the Frequency Response Functions
(FRFs) measured on the components involved in the DS application. Moreover, a system identification algo-
rithm is used to estimate the modal parameters from these FRFs. All the steps to properly construct a reliable
state-space model by using the estimated modal parameters are presented and deeply analysed. Furthermore,
the well-known Virtual Point Transformation (VPT) method is extended to the state-space domain. The ap-
proaches here discussed are validated by exploiting a set of FRFs collected from an experimental dynamic
characterization of a mechanical system composed of two cross-shaped structures connected by a rubber
mount. The paper demonstrates that the FRFs of the estimated state-space models very well-match the FRFs
obtained by applying the VPT approach on the measured FRFs.

1 Introduction

During the last decades, dynamic substructuring (DS) has became a popular approach to characterize the
dynamic behaviour of complex components. In literature, a wide variety of DS techniques can be found (see
for example, [1],[2],[3],[4]). In this paper, we will focus our attention on the group of DS techniques tagged
as State-Space Substructuring (SSS).

As the name suggests, the SSS techniques make use of state-space models to describe the dynamic behaviour
of the components involved on the DS application. Thus, to use SSS methods we must start by identifying
those state-space models. When the characterization of the substructures is performed by an experimental
test, the estimation of the state-space models from the experimentally acquired data requires the use of system
identification algorithms. In literature, we may find a wide variety of algorithms, for instance the subspace
state-space algorithms, which are also commonly known as N4SID methods (see [5],[6],[7]), the PolyMAX
method developed in [8] and the Maximum Likelihood Modal Parameter method (ML-MM) (see, [9]). In
this article, to estimate state-space models from experimentally acquired data, the PolyMAX and ML-MM
will be employed. These algorithms estimate modal parameters from a given set of measured FRFs. Then,
by using those estimated modal parameters, state-space models can be constructed as reported in [10]. When
estimating state-space models to be used in SSS applications, besides seeking for an excellent fit between
the FRFs of the state-space models and the measured FRFs, the estimated models must also be physically
consistent (see [3]). In this way, these models must be stable, must obey the second law of Newton and must
be passive. Fortunately, by using PolyMAX and ML-MM algorithms, one makes sure that the estimated
poles are stable (i.e. its real part is either zero or negative) and hence the estimated state-space models
will be also stable. Nevertheless, these methods do not provide any guarantee that the estimated state-space
models will always respect the second Newton’s law nor that the estimated models are passive. In [11], an
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approach to force the estimated state-space models to respect the second Newton’s law was suggested. This
procedure will be used to force the estimated state-space models to obey the second Newton’s law. The
enforcement of passivity on the estimated state-space models lies beyond the scope of the present document.

SSS techniques also demand that the compatibility and equilibrium conditions (see [12]) are satisfied on
the interfaces of the coupled components. Therefore, the estimated state-space models representative of the
components involved on the DS application must present outputs and inputs placed on the interfaces of the
connected substructures. In practice, this requirement can be hard to accomplish, because the interfaces
might be inaccessible thus making the placement of sensors and/or actuators infeasible. To overcome this
issue, it is common to apply the so-called Virtual Point Transformation (VPT) approach (see [13]). By
assuming rigid local behaviour in the frequency band of interest, VPT enables the transformation of the
outputs and inputs of the measured FRFs into the intended locations (i.e. the defined virtual points). In this
way, the FRFs at the intended locations can be calculated. Then, from this set of FRFs the desired state-space
models can be estimated.

The present article aims at providing a detailed description of the construction of state-space models by using
modal parameters estimated from measured FRFs and to extend the VPT approach to the state-space domain.

The construction of state-space models from estimated modal parameters is analyzed in section 2. Then, in
section 3 the VPT technique is extended to the state-space domain. In section 4 the approaches discussed in
this paper are experimentally validated. Finally, in section 5 the conclusions are presented.

2 State-space models estimation

In this section, we will present how to compute a complete state-space model from the measured FRFs of an
experimentally characterized mechanical system. Section 2.1 presents how to construct a state-space model
from the modal parameters of the in-band modes. Then, in section 2.2 is presented how the contribution
of the out-of-band modes can be represented in state-space model form. Afterwards, sections 2.3 and 2.4
present how to force a state-space model to respect the second law of Newton and how to construct the
complete state-space model representative of the mechanical system under study, respectively.

2.1 In-band modes

To estimate the modal parameters from a set of measured FRFs, one must use a system identification method,
for instance the PolyMAX [8] method and the Maximum Likelihood Modal Parameter method (ML-MM)
[9]. From the obtained modal parameters, a modal model representative of the displacement FRFs of the
mechanical system can be established as given by the following equation:

< (‘{%b,r}{lib,r} n {wibyr}*{l"b”“}*> + [LE] + [UR] (D

HG =2 50 e x (jw)?
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where, [H (jw)] € C™*™ is the FRF matrix, which presents n, outputs and n; inputs, n,, is the number
of identified modes, subscript []* denotes the complex conjugate of a matrix, {1} € C"*! is the r
mode shape, {I,} € C'*™ is the 7** modal participation factor, \,. is the r* pole, [LR] € R"™*™ and
[UR] € R™*"™ are the lower and upper residuals matrices, whose function is modelling respectively the
influence of the lower and upper out-of-band modes in the considered frequency band. Finally, subscript ¢b
denotes vectors/matrices associated to the in-band modes.

By following [14], the modal model given by equation (1) can be rewritten as follows:

) = v fion - [ S]] [l L om @
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where, [A] € C"*"m jg a diagonal matrix that contains the system poles, [L] € C™*™ is the modal
participation matrix and [W] € C™*" is the mode shape matrix.

From the well-known expression to calculate the FRFs of a state-space model (see [14]), equation (2) can be
rewritten as follows

[LE]

[H (jw)] = [Cie] (jwlI] — [A]) ™" [Bis) + (jw)? + [UR] 3)
where, matrices [A;3), [B;p] and [Cj) are given in expression (4).
Al = ]l = [ 12] cal = w3l @
ib ib

2.2 Out-of-band modes

The contribution of the out-of-band modes may be significant, therefore the inclusion of the upper and lower
residual matrices is fundamental in order to obtain a complete state-space model representative of the system
under study. In this way, in the following subsections we will analyze how they can be represented in state-
space model form. The procedures that will be here presented were proposed in [10].

2.2.1 Upper residual matrix

To take into account the contribution of the upper residual matrix, residual compensation modes (RCMs) will
be computed from its singular value decomposition (SVD). By performing the SVD of the upper residual
matrix, we obtain:

NUR

[UR] = [Uyrllovr][Vur)" = Z{UUR,T}UUR,r{VUR,T}T )

r=1

where, [Upyr] € R"*™ER and [Viyg| € R"EX™ are the matrices composed by the left and right eigenvectors
of matrix [U R], respectively, whereas [oyr] € R"EX"UE js a diagonal matrix composed by the singular
values of [UR] [15]. Subscript U R denotes vectores/matrices associated to the upper residual matrix, while
NUR = min(ni, no).

By adopting a proportional damping modal model, for which the residue matrices (i.e. [R,|={1;}{l.}) are
pure imaginary [9], the upper residual matrix can be approximated as follows:

UR| ~ [Hyn(io)] = S v/t~ Snr l 6
[UR] = [Hygr(jw)] = ; G + 2o avne + s {ory Hlur,} (6)

where, wy g, and {y g, are the chosen natural frequency and the damping ratio of the " mode of the
computed RCMs, respectively. Vectors {¢y g} and {ly g} are given by expressions (7a) and (7b).

J T
r ! rf — T35 r Vi r 7b
{wUR’r} — WU;\/W{UUR,T} (7a) {UR, } 2\/@{ UR, } (7b)
~ SUR,r

By using equations (7a) and (7b) with equation (6), one can conclude that equations (5) and (6) match at
w = 0 rads—'. To conclude this subsection, we must reflect on the selection of the natural frequencies

and damping ratios of the computed RCMs. For the sake of simplicity, let us assume that all the natural
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frequencies and all the damping ratios of the RCMs are chosen to be equal (which is a common choice).
Hence, for w = 0 rads~! and by using equation (6), we may establish the equality given by equation (8).

Ut (2ijR 1— fIQJR{wUR,r}{lUR,r}>

[UR] = [Hyr(0)] = 5 ®
YUR
By mathematically manipulating equation (8), we arrive to the expression given below.
NURrR
> (2ijR 1- f?]RWUR,r}{MR,r}) = wirg|UR] ©)
r=1

By observing equations (6) and (9) it is straightforward that the higher the frequency wy r and the lower the
damping ratio £y, the more accurate the proportional damping modal model (see equation (6)) will be to
approximate the contribution of the upper residual matrix. Nevertheless, if the constructed state-space model
is intended to be used for time-domain simulations, {yr = 0 must not be selected, because undamped modes
may lead to instabilities as reported in [10]. On the other hand, in general it should be 5 X wie < Wur
(where wynqq 1s the maximum frequency of interest) [10].

From the estimated RCMs, a state-space model representative of the upper residual matrix can be defined as
follows:

{zvr(t)} = [Aurl{zur(t)} + [Bur] {uvr(t)}

(10)
{yur(t)} = [Cur] {zur(t)}
where, the value of its state-space matrices are given below.
A 0 L »
[AuR) = [ 8R AF ] , [Bur]= {LQR} . [Curl =Yur Yz (11)
UR UR

Where, matrix [Ayg] is a diagonal matrix composed by the poles of the RCMs, which are calculated by
following the expression given below.

AUR, ANrp = —EURWUR £ jwury/1 — Efp (12)

2.2.2 Lower residual matrix

To take into account the contribution of the lower residual matrix a proportional damping modal model will
be again employed. However, we are now seeking to approximate the contribution of a frequency dependent
matrix [—%} (see equation (3)), for this reason it is not clear which matrix must be used to compute the
RCMs needed to construct the proportional damping modal model. To better assess this question, let us
consider a generic proportional damping modal model as follows:

LR 2jwLrry/1 — &1 R,
[LR] ~ [HLR(jw)] = Z LA {wLR,T‘}{ZLR,T} (13)

w? — (jw)? + 2jwlrLrrWLRy + W%R,r

where, subscript L R denotes vectors/matrices associated to the lower residual matrix, while np, gz = min(n;, n,).

By observing equation (13), we may conclude that the proportional modal model will represent a good
approximation of the contribution of [—%}, if its numerator is equal to [L R] and if the natural frequencies
of the RCMs present very small values. Let us once again suppose that all the natural frequencies and all
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the damping ratios of the computed RCMs are selected to be equal. By making the referred assumption, for
w = 0 rads™! equation (13) may be rewritten as given below.

doLE <2jWLR 1— ggR{wLR,r}{lLR,r})
[HLr(0)] = o2 (14)
LR

As mentioned, we aim at constructing a modal model, whose numerator is equal to [L R], thus by observing

equation (14) we conclude that [H7,z(0)] must be equal to [ jf' } . Hence, the RCMs must be set up from

LR

the modal parameters estimated through the SVD of [UJLQ—R} . By analysing equations (13) and (14), we may
LR

also conclude that as we select smaller values for wyr and £, more accurate becomes the proportional
damping modal model to replicate the contribution of [_%2%]' As rule of thumb, the value of wyr must be
selected to respect wrp < %wmm (where wyn;y, 1s the minimum frequency of interest), while the value of
&1 r must be selected to be greater than zero if time-domain simulations are intended to be performed with
the estimated state-space model [10]. The computation of the RCMs representative of the lower out-of-band
modes follows the described procedures to compute the RCMs representative of the upper out-of-band ones
(see section 2.2.1). From the estimated RCMs, a state-space model representative of [—%] can be defined
in a similar way as reported for the [U R| matrix (see equations (10), (11) and (12)).

2.3 Imposing the Newton’s second law

One of the criteria that the constructed state-space models must obey in order to be physically consistent
is the Newton’s second law. This physical law states that there exists a direct relation between force and
acceleration, not existing direct relations between force and displacement or velocity. This means that the
feedthrough matrix of displacement and velocity state-space models (state-space models whose output vec-
tors are composed by displacement and velocities, respectively) must be null. This condition is always
fulfilled by the displacement state-space models (since [D] = [0], see equation (2)), while the same does not
necessarily hold for velocity ones. To better demonstrate this fact, let us differentiate expression (3) in order
to obtain a velocity state-space model and its respective FRFs, as follows:

JolH ()] = [Cal[An) GelT] — [Au)) ™ [Ba) + [CallBa) + 2 4 oy (1)

Jw
Observing equation (15), we can identify the state-space matrices of the velocity state-space model:

(A5 = [Aal, [BE'1=[Bal, [CF')=[CallAas], [DF'] = [Cal[Ba (16)

(2

where, superscript vel denotes vectors/matrices associated to a velocity state-space model.

From expressions (15) and (16), one may conclude that, indeed, we do not have any guarantee that [D“l}
will be a null matrix. Besides making the state-space model violate the second law of Newton, the computa-
tion of a state-space model, whose [D"¢] # [0] has negative practical effects. Firstly, it unables the proper
transformation of the state-space models into coupling form (for details see [3]), which disables the compu-
tation of minimal order models when coupling/decoupling state-space models that are not established in the
physical domain (e.g. models identified from experimentally acquired data). Secondly, it promotes a bias
between the accelerance FRF of the modal model and the FRFs of the constructed acceleration state-space
model. To demonstrate the second negative effect, let us differentiate equation (15) in order to obtain an
acceleration state-space model and its respective FRFs, as follows:

(jw)?[H (jw)] = [Cis] [Aan][As] (jwlI] — [Aw]) ™ [Bas] + [Cin][Ass] [ Bin] + jw[Cin] [ Bis) Jr[LR]Jr(J'W)z[?1 1%
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where, we can identify the state-space matrices of the acceleration state-space model as given below.

(A5 = [Aw], [BF™] = [Bal, [CF'] = [CallAnl[An], [DF] = [CallAs][Ba]  (18)

Expressions (17) and (18) clearly demonstrate that the term jw[Cjp][B;p] is not taken in account when con-
structing the acceleration state-space model. Hence, if this term is not null, a bias between the accelerance
FRFs of the modal model and of the state-space model will be observed. Before presenting a solution to
guarantee that [C'r,|[Brun) = [0] (where, subscript full denotes matrices/vectors associated to the com-
plete state-space model) is verified, we must better understand in which situations this product is null and in
which it is not. To perform such reasoning let us develop the product [C;p][B;p] by using the value of both
matrices given in equation (4).

L'L’ * T %
[Cin][Bib] = [Vip W7 [L*.‘Z] = [WapLip + Vi L) (19)

By analyzing equation (19), we understand that if our modal model is constructed by assuming proportional
damping, [Cj)[Bis] = [0]. This statement holds for proportionally damped systems, because the product
[W;5][L;p] would be pure imaginary (see equations (7a) and (7b)). Therefore, the state-space models rep-
resentative of both upper and lower out-of-band modes will verify [Cu g r|[Bur,Lr) = [0], provided that
the computed RCMs are assumed to be under-damped (i.e. {yr and &1 are selected to be smaller than 1).
Note also that, if a modal model is constructed without assuming proportional damping, matrix [Cj)[Bj)
will always be real.

In general, real mechanical systems do not present a proportional damping, hence [Cjp|[Bjs] # [0] is usually
verified. Thus, it is fundamental to figure out a procedure to make sure that [C'¢,y][B ] is null. A possible
solution is the computation of RCMs that are able to include the contribution of [Cj)[B;p] into the complete
velocity state-space model and at same time that impose [C'¢,y][Bfuu] = [0]. However, the inclusion of those
RCMs should be performed directly on the displacement state-space model, because it is simple to calculate
both velocity and acceleration models from it, whereas going from the velocity or acceleration model to the
displacement one involves the inversion of state-space matrices (see expressions (16) and (18)), which may
introduce ill-conditioned matrix inversions.

The modal parameters required to compute the intended RCMs must be obtained from the SVD of [Cj][Bis]
matrix as follows

nce

[Cib[Bis] = [UcsllocslVes)” = > {UcsrYocsr{Vens}" (20)

r=1

where, [Ucpg| € R"™*"CB and [Viop] € R"CB*™ are the matrices composed by the left and right eigen-
vectors of matrix [Cj][Bjp], respectively, whereas [occp] € R"¢B*"CB jg a diagonal matrix composed by
the singular values of [Cj][Bsp] [15]. Subscript C'B denotes vectores/matrices associated to the [Cjp|[Bip)
matrix, while ncp = min(n;, n,).

By following the approach reported in [11] and having in mind that [Cj;][B;3)] is real, the state-space model

of the RCMs used to impose [Cf,1][ B fu] = [0], must be computed as follows.
JweB, _\/UCBJVgB,l UcB10cBa
[Acs] = - [Bes] = : [Conl = :

JWCBnep ~+9CBncg VgB,n(;B UcBnes VICBnce
(2D

Let us assume that the state-space model intended to be constructed presents a single input and output (SISO).
By computing the FRF of the displacement state-space model of the RCM used to impose [C'¢yy] [Bfuu) =
[0], we obtain the expression given bellow.



ECODRIVE ITN - SPECIAL SESSION 1633

T
[Hon(jw) = —2B20BCs @2)

Jw — JjweB
As the contribution of [Cj][B;p] is null for the complete displacement state-space model, we intend that
[Hop(jw)] be as close to null as possible. Thus, it is straightforward that as larger gets wcp more accurate
is the RCM to fulfill the mentioned requirement. However, for both velocity and acceleration state-space
models, the contribution of [Cj3][B;] is not null (see equations (15) and (17)). To better understand how the
computed RCM compensates the contribution of this term into both velocity and acceleration models, it is

sufficient to observe the FRF of the velocity state-space model of the RCM as follows

T
—wepUcpocBVi R

. —UopocsVip (23)

jwlHep(jw)] =

where, the first term on the right side of equations (23) has the function of including the contribution of
[Cip][Bip) into the complete velocity state-space model, while the second term of the same equation imposes
that [C'tu][Bfuu) = [0]. Hence, we may conclude that as larger gets wop more close to [Cyp][Bjp] will be
the value of the first term on the right side of the equation (as intended). Therefore, once again we conclude
that as we select a larger value of wcp to set up the RCM more accurate it will be. Note that, even though
we have analyzed a SISO system to demonstrate that the RCMs are more accurate as wcp is selected to be
greater, the same relation holds for multiple input and multiple output (MIMO) systems.

As final note, we must alert the readers that including undamped RCMs into the complete state-space model
is not recommended, when it is intended to perform time-domain simulations with the estimated state-space
model [10]. For this reason, if time-domain simulations are intended to be performed, it is suggested to
estimate the modal model from the measured FRFs by assuming a proportionally damped model. The com-
putation of such a model is possible, for instance, by following the procedure presented in [9], in this way
we ensure that [Cj][B;s] = [0]. However, for mechanical systems that are not suitable to be modelled by a
proportionally damped modal model, one should be prepared for the possibility of obtaining a lower quality
match between the computed modal model and the set of FRFs, when compared to the quality of the match
if a proportionally damped modal model would not be assumed.

2.4 Construction of the complete state-space model
After calculating the state-space models representative of the in-band modes (see section 2.1), of the upper

and lower out-of-band modes (see sections 2.2.1 and 2.2.2, respectively) and of the RCMs computed from
[Cib][Bip) (see section 2.3) a complete displacement state-space model can be established as follows

{ru(t)} = [Apul {z puar ()} + [Brau] {wruu(t)}

(24)
{yrau®} = [Crun] {2 puu(t)}
where, the value of its state-space matrices are given by the following expression:
T
Aiv, LRUR 0 0 Liy,LrUR Vb, LRUR
[Afun] = 0 Ayrror 0 | [Brad = |Livrror| > [Cral = |Yiarrur| (25
0 0 AC B BC B CC B
where, matrices [Aj, L rUR), [Lib,Lr,ur] and [V, 1r v R] are given below.
Ay O 0 L;,
Aivcrurl =10 Arg 0 |, [Lirrvrl = |Ler|, [Wirrvrl =¥, Yir Yur| (26)

0 0 Aur Lyr
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3 Extending VPT approach to the state-space domain

Let us assume that by experimentally characterizing a mechanical system, whose interfaces were inaccessible
to place sensors and to be properly excited, the following set of FRFs was measured

: {Y(jw)}

where, {Y (jw)} is the set of measured responses/outputs, [H s p(jw)] represents the set of measured FRFs
and {U (jw)} represents the excitation/inputs. Let us now further assume that this mechanical system will
be used in a DS application, hence we are required to obtain its FRFs at the interfaces. To obtain the FRFs
at the intended locations and provided that the component behaves as a rigid body in the frequency band of
interest, we may apply the VPT approach. By using this approach, we must transform the outputs and inputs
of the measured set of FRFs given by equation (27) into the intended locations (i.e. into the defined virtual
points) as follows

{QUw)} = [T][Harp (jw)][Tu] " {M (jw)} (28)
where, {Q(jw)} represents the set of responses/outputs at the virtual points (VPs) location and {M (jw)}

represents the VPs forces, while matrices [T}, and [T},]7 are given below.

[T,] = (R Ry) 'R, (29a) T,)7 = Ry(RTR,)™! (29b)

where, matrices I, and R, must be computed as reported in [13].

Assuming that from [Hj;p(jw)] and by using the procedures presented in 2, a state-space model was iden-
tified, we have:

{&(t)} = [Aup{z(t)} + [Bup] {u(t)}
{y(t)} = [Cup] {=(t)}

by calculating the FRFs of the state-space model given by expression (30) (see [14]), equation (28) can be
rewritten as follows.

(30)

{Q(jw)} = [T,] ([Curpl(jwll] — [Anrp]) ™ [Bup)) [Tu] {M (juw)} G

By observing equation (31), we conclude that from the state-space model given in expression (30), we may
derive a state-space model, whose outputs are the VPs responses and the inputs are the VPs forces. The
state-space matrices of this model can be calculated as given below.

[Avp] = [Aup], [Bve]l = [BupllT]", [Cvp] = [T,][Cup) (32)

It is worth mentioning that one can estimate a state-space model representative of the FRFs placed at the
defined VPs by firstly applying VPT on the measured FRFs and then by estimating the state-space model
representative of the FRFs at the defined VPs. However, if at the end of this process the user notices a mistake,
for instance on the [R,] and/or [R,] matrices, the full procedure will have to be repeated. Conversely, by
following the approach here described, if the user finds an error on the computation of the [R,] and/or [R,],
this mistake can be easily fixed, because a state-space model representative of the measured FRFs is available.
For this reason, one is just required to fix the transformation matrices and recalculate the state-space model
representative of the FRFs at the VPs locations in accordance with equation (31). The mentioned advantage
of the approach here described is substantial, because the estimation of state-space models representative of
experimentally acquired FRFs is usually a time consuming task.
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4 Experimental validation

4.1 Testing campaign

To experimentally validate the approaches here discussed, a structure composed by two steel crosses con-
nected by a rubber mount (from now on denoted as Assembly Steel) was tested (see figure 1).

\\\' /

(a) Front perspective. (b) Side perspective.

Figure 1: Structure composed by two steel crosses connected by a rubber mount.

fiz

Figure 2: Locations of measurement accelerometers (red), hammer impact directions (black arrows) and
virtual point (yellow) [16].

Every SSS method requires the use of state-space models, whose outputs and inputs are placed at the interface
of the structures involved in the DS application. Thus, we seek to obtain a state-space model representative
of the structure under analysis, whose outputs and inputs are placed at the interface of each cross with the
rubber mount. However, the placement of sensors or actuators at those locations is infeasible. For this reason,
the crosses were designed to behave as rigid bodies in the frequency range of interest, which was defined to
be between 20 Hz and 500 Hz.

The roving hammer testing approach was used to experimentally characterize the structure shown in figure
1. Each steel cross was instrumented with three accelerometers (PCB Model TLD356A32), while the model
of the used hammer is PCB 086C03. Hammer hits were provided at sixteen different locations (see figure
2). The cross shapes were designed to guarantee an effective excitation of the rotational DOFs. In this way,
a reliable twelve DOFs characterization of the structure under test was possible (see [17], [18]).

4.2 Identified state-space models

Two different state-space models were computed out of the experimental data collected during the testing
campaign described in section 4.1. The first one was obtained by applying VPT on the measured set of
FRFs, then a state-space model was computed from the obtained FRFs by following the procedures outlined
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in section 2. The second one was obtained by estimating a state-space model representative of the measured
FRFs (see section 2) and applying VPT to transform the outputs and inputs of the estimated state-space
models to the intended locations (from now on this approach will be denoted as VPT-SS). It is important
to mention that to estimate the modal parameters from the FRFs, the Simcenter Testlab® implementation
of the PolyMAX and ML-MM methods was exploited. Furthermore, during the estimation of the modal
parameters it was not assumed a proportional damped model, hence it is expected that [Cj)[Byp] # [0]. To
compute the RCMs, we have initially selected their natural frequencies to be: wyr = 0.1 Hz, wyr = 15000
Hz and wcp = 50000 Hz. However, it was verified that for the state-space model directly estimated from
the FRFs obtained by applying VPT approach on the measured FRFs the contribution of jw[Cj][B;p] to the
acceleration state-space model (see equation (17)) was not properly compensated. Therefore, to compute
this state-space model was selected wop = 500000 Hz. Furthermore, the computed RCMs to compensate
the contribution of the out-of-band modes were selected to be undamped, in order to obtain the best possible
match between the FRFs of the estimated state-space models and the FRFs obtained by applying the VPT
approach on the measured FRFs. The comparison of two FRFs of both estimated state-space models with the
correspondent FRFs obtained by applying VPT on the measured FRFs is provided in figures 3. It is worth
to mention that in the caption of figures 3 and through the rest of the article, the virtual point outputs of the
rightmost cross in figure 1b will be denoted as vy, while the VP outputs of the leftmost cross (see figure 1b)
will be labelled as v2. On the other hand, the VP inputs of the rightmost cross in figure 1b will be tagged as
m1, while the VP outputs of the leftmost cross (see figure 1b) will be denoted as ms.
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Figure 3: Comparison of the FRFs obtained by applying VPT on the measured FRFs (reference FRFs, black)
with the same FRFs of the state-space models obtained directly from the transformed FRFs (red) and by
exploiting VPT-SS approach (yellow).

By observing figures 3, we may conclude that the FRFs of the state-space model obtained by VPT-SS very
well match those obtained by applying VPT approach on the measured FRFs (reference FRFs). The driving
point FRF of the state-space model directly estimated from the FRFs obtained by applying VPT approach
on the measured FRFs very well match the reference FRF (see figure 3b), while the FRF of the same state-
space model presented in figure 3a very well-match the reference FRF only up to 350 Hz. Furthermore,
the number of in-band modes used to set up this state-space model was 82, while 147 modes were used to
set up the model directly estimated from the VP-transformed FRFs. This fact may represent an important
decrease on the computational cost, when performing calculations with the state-space model obtained by
VPT-SS approach instead with the one directly estimated from the FRFs obtained by applying VPT on the
experimentally measured FRFs. It is worth mentioning that the structure under analysis (see figure 1) does
not present so many modes in the frequency band of interest. However, we are seeking for the best possible fit
between the FRFs of the estimated state-space models and the measured FRFs, which lead to the construction
of state-space models by including a large amount of modes.

To demonstrate that the procedures presented in sections 2.2 and 2.3 are also valid to compute damped
RCMs, VPT-SS was again used to estimate the intended state-space model, however this time the RCMs
responsible for compensating the contribution of the out-of-band modes were assumed to present a damping
ratio of 10%. In figure 4 is presented the comparison of two FRFs obtained by applying VPT on the measured
FRFs with the same FRFs of the state-space models obtained by using VPT-SS and by including undamped
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Figure 4: Comparison of the FRFs obtained by applying VPT approach on the measured FRFs (reference
FRFs, black) with the same FRFs of the state-space models estimated by using VPT-SS (red) and by including
undamped RCMs and RCMs presenting a damping ratio of 10% (yellow).

RCMs and RCMs presenting a damping ratio of 10%.

By observing figures 4, it is straightforward to conclude that all the FRFs well match. This validates the
approaches discussed in section 2 to estimate state-space models by including either undamped or damped

RCMs.

5 Conclusion

The approaches discussed in this paper showed to be accurate to compute state-space models from experi-
mentally acquired FRFs. Furthermore, the state-space model computed by VPT-SS showed to outperform
the state-space model estimated directly from the FRFs obtained by applying the VPT approach to transform
the measured FRFs to the intended locations. In fact, it turned out that the model obtained by VPT-SS was
composed by a smaller number of states and their FRFs showed to present a better quality match with the
FRFs obtained by applying VPT on the measured FRFs, specially at higher frequencies. Nevertheless, the
same comparison is recommended to be undertaken with FRFs collected from an experimental modal char-
acterization of different mechanical systems, that in order to better asses the advantage of using VPT-SS.
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