
Investigation of the resonant behavior of point
attachments on beams

B. Sawicki, A. Karlos, P. Paćko
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Abstract
We consider the system of a beam with a scatterer attachment, where the scatterer can be of either of three
types of mass-spring configuration. We explore the vibration response of the beam and the scatterer, aiming
to identify special dynamical and scattering responses, for example a pinned point for the beam, full reflection
or full transmission, and relate them to the dynamic properties of the scatterer, represented by its impedance.
We observe that at the nominal resonance frequency(-ies) of the scatterer, the coupled system presents finite
displacement. To further investigate this effect, the vibration response is compared to that of similar forced
oscillators, but not attached to a beam, and the similarities and differences are illustrated. It is highlighted
that resonances in the forced oscillators do not correspond to resonances in the corresponding systems with
the scatterer on a beam. We also briefly discuss how the presence of the beam determines the absence of true
resonances in lossless systems.

1 Introduction

Multiple scattering systems are frequently employed in metamaterials and acoustical devices for control-
ling and manipulating mechanical energy flow. In these systems, point-like or finite-size resonators and
their dynamic characteristics are tuned and arranged in order to obtain a desired dynamic response of the
structure [1]. Recently, re-configurability and tunability of these systems have been obtained by employing
nonlinear properties of the scatterers [2].

The particular dynamic characteristics of multiple scattering systems depend on the impedance properties
of the scatterers. For instance, a Vibration Neutralizer on a beam driven at its nominal resonant frequency
corresponds to attaching an infinite impedance on the beam, and thus results in the anti-resonance of the
beam-scatterer system, ideally creating a nodal point on the beam [3]. This and other specific vibrational be-
haviors of the attachments, and the related impedance conditions, link directly to the scattering properties of
waves propagating in the substrate structure, that is, the beam. As a consequence, particular impedance val-
ues correspond to particular reflection and transmission coefficients. It is clear from the different impedance
models that the scatterer structure determines its frequency characteristics, and the corresponding reflection
and transmission properties [4]. In particular, certain structural models prohibit specific impedance values
and, therefore, some values for the reflection coefficient, R, and the transmission coefficient, T , cannot be
obtained. This is, for instance, the case for a mass attached to a beam through a spring, when one wants to
obtain full transmission for a non-zero frequency.

The nonlinear properties of vibrating systems induce a number of phenomena that could be potentially used
in multiple-scattering systems for manipulating wave propagation, e.g. amplitude dependency, energy re-
distribution to different frequency bands, bifurcations, chaos and other [5, 6, 7, 8]. These particular ef-
fects are typically associated with high vibration amplitudes and their analysis requires specific, application-
dependent analytical and/or numerical tools. As a consequence, it is important to determine the amplitude
vibration characteristics of the attachments and screen them for high-amplitude response bands or singular
points.
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In this work, we are interested in obtaining special dynamical responses, e.g. a pinned point for the beam,
that can be related to specific impedance properties of the attached scatterer. For this purpose, we consider
the system of an infinite beam with a single lossless point scatterer attached to it and investigate the vibration
response of a number of different types of spring-mass models by relating specific scattering behaviors to
particular values of the reflection and transmission coefficients. We then compare the responses of these
scatterers coupled to a beam with structurally similar discrete-only systems in terms of their dynamic prop-
erties. The aim of this analysis is to discuss similarities and differences and identify frequencies at which
these systems display a high amplitude response, that - if present - would be of importance for exploiting
tunable nonlinear scattering properties.

2 Flexural wave scattering on a beam with a scatterer attached to it

The equation of motion for an Euler-Bernoulli beam with a point attachment located at x = 0, excited by an
incident wave given by aeikx, is written as

d4xw(x)− k4w(x) =
µ

D
w(0)δ(x), (1)

where w0 is the beam displacement, k4 = ω2ρ′/D is the flexural wavenumber, ω is the angular frequency,
D is the bending stiffness, ρ′ is the mass per unit length of the beam, µ is the scatterer impedance, defined
as the ratio of the amplitude of the force acting from the scatterer to the beam at the point of attachment over
the beam displacement amplitude, and δ(x) is the Dirac delta function. The dependence of the displacement
on frequency is omitted from the notation for convenience. The solution of Equation (1) for the beam
displacement is [4]

w = a

(
eikx +

µg(x)

1− µg(0)

)
, (2)

where g(x) = (−eik|x| + ie−k|x|)/(4Dk3). The beam displacement at the point of attachment, w0 = w(0),
is of special interest, and follows from Equation (2) as

w0 =
a

1− µg0
. (3)

In the following we consider three (linear) undamped impedance models - labeled as A, B and C - given by




µA = m1ω
2 − κ1, (4)

µB =

(
1

m1ω2
− 1

κ1

)−1

, (5)

µC = −κ1

(
1

ω̂1 − rκ
(
ω̂−1
2 + 1

) + 1

)
, (6)

where mα is (are) the scatterer mass(es), κα is (are) the scatterer spring stiffness(es), α = 1, 2, ω̂α =
(ω/ωnα)

2 − 1, ωnα =
√

κα/mα, and rκ = κ2/κ1. The formulas for models A and B are taken from [4],
and that for model C is derived in Section 2.3. In the above, µA represents a mass (m1) rigidly attached to a
beam and connected to a rigid constraint via a spring (κ1), µB represents a mass (m1) connected to a beam
through a spring (κ1), and µC represents a two-Degree-of-Freedom (2DOF) scatterer, which comprises a
mass (m1) connected to a beam via a spring (κ1) and a second mass (m2) connected to the first via a second
spring (κ2). Schematics for each of the three impedance models are presented in Figures 1a-c, respectively.

The scattering response of the system with either of the three impedance models can be represented by the
reflection, R, and transmission, T , coefficients, defined, respectively, as the ratio of the farfield reflected and
transmitted beam displacement amplitude over the incident wave amplitude [4]. Limiting values of R and
T include: full transmission, |T | = 1, |R| = 0, where the wave propagates through the substrate structure
and is not altered by the presence of the scatterer, full reflection, |T | = 0, |R| = 1, where the wave cannot
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Figure 1: Schematics of the scatterer impedance models: (a) model A, (b) model B, (c) model C.

propagate through the structure and is reflected back at the point of attachment of the scatterer, and equal
(lossless) energy partition, |T | = |R| =

√
2/2, where half of the incident wave energy is reflected and half

is transmitted through the point of attachment of the scatterer. The reflection and transmission coefficients
for a single scatterer located at x = 0 are given by [9]

R =
iµ

4Dk3 − µ (i− 1)
, T = 1 +R. (7)

From Equations (7) for the reflection and transmission coefficients and (3) for the beam displacement at the
point of attachment, we can see that R = 0 ⇔ T = 1 ⇔ µ = 0 ⇔ w0 = a, and T = 0 ⇔ R = −1 ⇔ µ =
−4Dk3 ⇔ w0 = −ia. Thus in the case of no reflection the incident wave simply passes unaffected through
the attachment, while in the case of no transmission the incident wave is fully reflected with an inverted
phase, and this is induced by a beam vibration of equal magnitude to that of the incident wave but with a
phase difference of −π/2. Either of the impedance values µ = 0 or µ = −4Dk3 results in Im (R) = 0,
while µ = 0 additionally induces Re (R) = 0. Other impedance values which give |R| = 1 or |T | = 1 also
exist, but they are all active (Im (µ) < 0) and thus not considered here. Equal reflection and transmission,
i.e. |T | = |R| =

√
2/2 for a lossless impedance, is obtained for µ = −2Dk3, which gives R = −(1 + i)/2

and T = (1− i)/2.

In the following sections we investigate the specific scattering behaviors described above for the three de-
fined impedance models and discuss the corresponding relation between the reflection and transmission
coefficients, the scatterer impedance and the displacements of the various degrees of freedom in each model,
the latter normalized by the incident wave amplitude. The parameter values used in the following analysis
are D = 1 N m2, ρ′ = 1 kg/m, m1 = m2 = 1 kg, κ1 = κ2 = 1 N/m. The considered quantities are plotted
against the ratio of the frequency to the scatterer’s natural frequency. For some of the special scattering be-
haviors, determining the frequency ratio at which they occur requires the solution of fourth-order equations,
a task which is not pursued here. In these cases, the corresponding frequencies are given indicatively for the
particular parameter values used.

2.1 Model A

We start with the simplest among the considered impedance models, model A, whose impedance is plotted
against the frequency ratio in Figure 2a, along with the moduli of the reflection and transmission coefficients.
The moduli of the normalized displacement and of the reflection and transmission coefficients is plotted in
Figure 2b, and the phases are plotted in Figure 2c. |R| and |T | are plotted in both Figures 2a and 2b for ease
of comparison both with the impedance and with the displacement; the same format of plots is followed for
models B and C. In model A, the scatterer is rigidly attached to the beam and therefore its displacement is
identical to the beam displacement at the point of attachment, given in Equation (3). We consider three points
of special interest along the direction of increasing frequency. The first characteristic point occurs at the limit
of zero frequency, where the impedance has its minimum value, µA = −κ1, the displacement is equal to zero
and the incident energy is equally reflected and transmitted. This frequency corresponds to DC excitation,
where there is no wave propagation, and so is not treated further here. As frequency increases, there is a
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frequency ratio for which the incident wave is fully reflected, which is observed here at ω/ωn ≈ 0.36, and
where the displacement amplitude is equal in magnitude to the incident wave, |w0/a| = 1, but with a relative
phase ∠(w0/a) = −π/2 rad, shown in Figure 2c. A second point of equal energy partition, apart from the
DC case, occurs for µA = −2Dk3, which gives a frequency ratio of ω/ωn ≈ 0.51 for the parameter values
used, where the displacement amplitude is maximum, |w0/a| =

√
2. At the scatterer’s natural frequency,

ω/ωn = 1, the impedance vanishes and the wave is fully transmitted (|T | = 1, |R| = 0, w0 = a). At the
high-frequency limit, ω/ωn → ∞, not visible in the plot, |R| and |T | asymptote to equal energy partition,
and the displacement amplitude tends to zero, similarly to the the case of zero frequency. In the phase
plots of Figure 2c it can be seen that there is a −π rad phase jump in both the reflection and transmission
coefficients when they are equal to zero, which corresponds to a phase inversion after passing through zero
in the complex frequency plane. On the other hand, around the local maxima of these coefficients and of the
displacement there is a smooth increase of the phase, more reminiscent of a damped resonance.

Figure 2: Impedance model A reflection and transmission coefficients, normalized displacement of the beam,
modulus (upper) and phase angles (lower).

Overall, we observe that, although the scatterer is lossless, no singularity of infinite displacement occurs.
For model A, where the mass is rigidly attached to the beam, the scatterer displacement singularity would
induce movement of the whole beam. The investigation of possible displacement singularities becomes more
interesting for models B and C, examined next, where there are additional degrees of freedom in the form
of the scatterer mass(es).

2.2 Model B

We continue our analysis with model B, whose impedance is plotted against the frequency ratio in Fig-
ure 3a, along with the moduli of the reflection and transmission coefficients; the moduli and phases of the
normalized displacement of the beam and the scatterer, as well as of R and T , are plotted in Figures 3b
and 3c, respectively. In model B, the scatterer’s mass m1 is attached to the beam through a spring κ1 and its
displacement is given by [9]

w1 =
κ1

κ1 − ω2m1
w0, (8)

where w0 is given by Equation (3). Similarly to model A, we consider the points of special interest along
increasing frequency ratio. Differently to model A, at the DC limit of zero frequency, ω/ωn → 0, µB = 0,
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Figure 3: Impedance model B reflection, transmission coefficients and displacement of the beam, modulus
(upper) and phase (lower).

which means that the impedance vanishes and the wave is fully transmitted (|T | = 1, |R| = 0, w0 = w1 = a).
As frequency increases and approaches the scatterer’s natural frequency, ωn, the impedance µB tends to
infinity, and at ω = ωn it jumps from +∞ to −∞. The absolutely infinite impedance imposes zero vertical
beam displacement (|w0/a| = 0), that is, the point of attachment on the beam is pinned, whereas the scatterer
has a finite displacement (|w1/a| ≈ 2.8 for the parameter values used). In this case, |R| = |T | =

√
2/2

meaning that the incident energy is equally reflected and transmitted, where the transmitted part is due to
the rotational motion of the beam [3], [10]. A second point of equal energy partition, apart from the DC
case, occurs for µA = −2Dk3, at a frequency ratio of ω/ωn ≈ 1.25 for the parameter values used, where
the displacement of the beam amplitude is maximum, |w0/a| =

√
2. Between the two nontrivial, that is,

excluding the DC, frequencies of equal energy partition, there exists a frequency for which the incident
wave is totally reflected, |R| = 1 and |T | = 0, which is observed here at ω/ωn ≈ 1.12. At a slightly
lower frequency, the displacement of the scatterer becomes maximum (|w1/a| ≈ 3.7), with relative phase,
∠(w1/a) slightly smaller than π/2. At the frequency of full reflection, the displacement of the beam is equal
to the initial displacement of the incident wave (|w0/a| = 1), but with a relative phase ∠(w0/a) = −π/2 rad.
Both characteristic features of the phase plots of model A, that is, the phase jump of −π/2 rad at the points of
zero modulus and the smooth increase of the phase around a smooth peak of the modulus can be observed in
the phase plots of Figure 3c at the respective points of the displacements and of R and T . It should be noted
that contrary to the beam displacement, the mass displacement remains nonzero at all finite frequencies.

Overall, we again observe that although the scatterer is assumed to be lossless, no singularity, or infinite
displacement, occurs, even when the scatterer is excited at its natural frequency. The scatterer’s displacement
curve, shown in Figure 3b, resembles that of a damped resonance and its peak is shifted from the natural
frequency of the scatterer close to the frequency of full reflection phenomenon occurrence. Moreover, the
displacement phase curve, shown in Figure 3c, does not exhibit any phase jumps related to the resonance
but is smooth, as is the corresponding modulus peak. Instead, at the natural frequency of the scatterer, an
antiresonance, that is, no displacement of the substrate structure (beam) is enforced, with a phase jump of
∠(w0/a) = −π/2 rad.
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2.3 Model C

The last scatterer model considered consists in a 2DOF scatterer, comprising two masses, m1 and m2, con-
nected to each other with a stiffness, κ2, with the first mass connected to the beam through a stiffness, κ1, as
shown in Figure 1c, which we call model C. The equations of motion of the masses are written as

− ω2m1w1 = κ1(w0 − w1) + κ2(w2 − w1), (9a)

− ω2m2w2 = κ2(w1 − w2), (9b)

where w0, w1 and w2 are the complex amplitudes of the displacements of the beam, the first mass and the
second mass, respectively. Solving Equations (9) for w1 and w2 with respect to w0 gives

w1 = − w0

ω̂1 − rκ
(
ω̂−1
2 + 1

) , (10a)

w2 = −ω̂−1
2 w1 =

ω̂−1
2 w0

ω̂1 − rκ
(
ω̂−1
2 + 1

) , (10b)

where ω̂α = (ω/ωnα)
2 − 1, ωnα =

√
κα/mα, n = 1, 2, and rκ = κ2/κ1. The scatterer impedance is

defined as the force acting from the scatterer to the beam over the beam displacement amplitude at the point
of attachment, that is, µ = f/w0. In the case of model C, the force is given by f = κ1(w1 − w0), so that
using Equation (10a) gives the impedance as

µC = −κ1

(
1

ω̂1 − rκ
(
ω̂−1
2 + 1

) + 1

)
. (11)

Once w0 is calculated from Equation (3), the displacements of the scatterer masses can be calculated with
Equations (10).

Figure 4: Impedance model C reflection and transmission coefficients, and displacements of the beam and
the masses, modulus (upper) and phase (lower).

The impedance of model C is plotted against the frequency ratio in Figure 4a, along with the moduli of the
reflection and transmission coefficients, and the moduli and phases of the normalized displacement of the
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beam and the two scatterer masses are plotted in Figures 4b and 4c, respectively. It is noted that ωn1 =
ωn2 ≡ ωn for the parameter values used here. It can be noticed that in the case of no damping considered
here, the impedance of model C can take both zero and infinite values, with the zero-crossing occurring
between the two frequencies of absolutely infinite impedance. It can also be noticed that for frequency ratio
ω/ωn ⪅ 1 the plots in Figures 4b and c are analogous to the corresponding plots of model B, presented in
Figures 3b and c. Similarly to model B, at zero frequency the impedance is zero, so that the incident wave
is fully transmitted (|T | = 1, |R| = 0), with the displacements of the beam (w0) and the scatterer (w1, w2)
being equal to the initial amplitude of the incident wave. Again, the next characteristic point occurs when
the impedance |µC | = ∞, here for ω/ωn ≈ 0.6, and corresponds to the |T | = |R| condition, analogously
to the |µB| = ∞ case, with |w0/a| = 0. The condition of equal reflection and transmission again occurs
at ω/ωn ≈ 0.82, where |w0/a| =

√
2 is at a local maximum, while |w1/a| ≈

√
2/2 and |w2/a| ≈ 2.5.

Similarly to the µB curves, the full reflection effect occurs between the two frequencies of |T | = |R| and
corresponds to relative beam displacement |w0/a| = 1 and |w2/a| ≈ 3.2 at local maximum. The frequency
ratio ω/ωn where full reflection occurs, observed here at ω/ωn ≈ 0.73, depends on the material properties
of the beam and the parameters of the scatterers. It is worth noting that neither the maximum normalized
displacement of the lower nor of the upper scatterer mass are related to any of the considered characteristic
points, although they both occur near the frequency of full reflection. Both displacement plots around this
frequency present a peak that resembles a damped resonance.

All of these effects, analogous to model B, occur in the case of model C twice. As presented in Figure 4b,
for the frequency ratio ω/ωn ∈ (1.4, 2), they appear in the same order as in ω/ωn ∈ (0, 1), as the impedance
µC curve is similar in both sets. The significant difference is that the relative amplitude of the first scatterer
is greater than the amplitude of the second, |w1/a| > |w2/a|, whereas in the first set of peaks, at lower
frequencies, the opposite occurs, |w1/a| < |w2/a|.
Another interesting phenomenon occurs at the natural frequency of the scatterers, ω/ωn = 1, where the
impedance µC = −κ and the displacement of the first scatterer |w1/a| = 0. Interestingly, the displacements
of the beam and the second scatterer are equal, |w0/a| = |w2/a|, but with opposite phases (phase difference
of −π rad). Since the values of the stiffness for the two springs considered here are equal, the condition w0 =
−w2 results in opposite spring forces acting on the first mass, m1, which gives the observed antiresonance.

Similarly to the two previously discussed cases, we observe that although the scatterer is lossless, no infinite
displacement occurs for any of its masses, even when the excitation frequency matches the natural frequency.
Instead, the displacement curves, shown in Figure 4c, resemble a damped resonance shape at the two peaks
for both scatterer masses. The impedance model C enforces an antiresonance of the substrate structure
(beam) in two characteristic frequencies. Moreover, the displacement phase curve for mass m2, shown in
Figure 3c, does not exhibit any phase jumps, related to the resonance but is smooth, while the respective
curve for mass m1 does exhibit a phase jump at the point of the antiresonance of its displacement.

3 Comparison of a scatterer on a beam with discrete models

In this section we explore the behavior of the system of a scatterer attached to a beam and the impact of
the scatterer’s presence on propagating waves, and we investigate the relation of the system’s efficiency in
vibration neutralization with the natural frequency of the scatterer. Since we have assumed that the scatterer
is either an SDOF model (for impedance models A and B) or a 2DOF model (for impedance model C), we
look for analogies between the displacement characteristics of the scatterer on a beam and those for similar
forced oscillators that are not attached to a beam.

3.1 Impedance model B vs SDOF

An SDOF system, consisting of a mass and a spring, can be placed on a rigid foundation, as illustrated in
Figure 5a. When forced with a harmonic force of amplitude F0, the equation of motion for the mass is

−ω2mwX + κwX = F0, (12)
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Figure 5: Schematic of a SDOF system excited with (a) an external force, (b) base excitation. (c) Schematic
of a 2DOF system excited with an external force.

where wX is the mass displacement. The solution of Equation (12) is

wX =
1

1− β2

F0

ω2
nm

, (13)

where β = ω/ωn. Clearly, the response at the forcing frequency ω = ωn, where ωn =
√
κ/m, becomes

infinite. An SDOF system can also be excited with harmonic motion of the base, as illustrated in Figure 5b.
In such a case, the governing equation of motion is

−ω2mwX + κ (wX − wX0) = 0, (14)

where wX describes the motion of the mass and wX0 describes the motion of the base. Solving Equation (14)
gives the mass displacement as a function of the ground displacement as

wX =
1

1− β2
wX0. (15)

It can be seen that Equations (13) and (15) are equivalent under the condition wX0 = F0/ω
2
nm, so that

when the SDOF system is excited by base motion it again exhibits a resonance at its natural frequency,
ω = ωn ⇒ β2 = 1, where the mass displacement wX becomes infinite.

The normalized displacement, wX/wX0, of the SDOF oscillator and the normalized displacements of the
scatterer and the beam for impedance model B are plotted in Figure 6a. As mentioned in Section 2.2, the
lossless scatterer has a finite value of the displacement at its peak which can be compared to a damped
resonance curve. In contrast, the displacement of the lossless SDOF oscillator is infinite, when the excitation
frequency matches the natural frequency of the system. Moreover, the presence of the scatterer imposes an
antiresonance for the beam at the natural frequency of the scatterer. From this comparison we can conclude
that attaching a SDOF system on a beam changes the quality of its vibration response. The presence of the
beam results in a finite response for the attached mass, similar to a damped resonance, which implies that the
presence of the beam acts as a lossy element, or equivalently an energy sink, through the waves generated by
the interaction of the incident wave with the scatterer.

3.2 Impedance model C vs 2DOF oscillator

In a 2DOF oscillator, the normalized amplitude of the main mass displacement is given by [11]

wX1

wst
=

p2 − q2

(1− q2) (p2 − q2)− p2q2mr
, (16)
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where wst = F0/κ1, p = ωn1/ωn2 , q = ω/ωn1 , mr = m2/m1, ωn1 =
√
κ1/m1, ωn2 =

√
κ2/m2, and the

normalized amplitude of the second, auxiliary mass system is given by [11]

wX2

wst
=

p2

(1− q2) (p2 − q2)− p2q2mr
. (17)

The relative displacements of both of the masses in the 2DOF system and the relative displacements of the
beam and the two masses in impedance model C are plotted in Figure 6b, where for both systems all masses
and stiffnesses have the same values. It can be seen that for the undamped system of a 2DOF oscillator
there exist two natural frequencies for which both of the masses m1 and m2 are in resonance - their relative
displacements are infinite. Between these infinite peaks occurs an antiresonance, when the forcing frequency
is equal to the natural frequency of an SDOF system consisting of a mass m1 (= m2) and a stiffness κ1
(= κ2). This means that the vertical motion of the main mass m1 is constrained at its natural frequency in
the absence of m2, that is, its displacement amplitude is zero and thus does not vibrate at this frequency.
In contrast, the relative displacement of the mass m2 is never zero (for finite frequency) and is equal to the
excitation displacement (|w2X/wst| = 1) at the frequency where the antiresonance of m1 occurs.

Figure 6: Comparison of (a) the relative displacement of an SDOF forced oscillator with the displacements
of scatterer and beam in model B and (b) the relative displacements of the two masses in a 2DOF forced
oscillator with the displacements of the two scatterer masses and the beam in model C.

On the other hand, it can be seen that for the scatterer of model C attached to a beam, there exist two fre-
quency bands where both of the scatterer’s masses m1 and m2 have a peak of vibration displacement. The
main difference compared to the 2DOF oscillator is that these peak amplitudes are finite. There are three
antiresonance points, two associated with zero displacement of the substrate structure (the beam) and coin-
ciding with the natural frequencies of the isolated 2DOF system (blue solid curve), and one associated with
natural frequency of either of the masses connected to the spring below them in isolation (ωn =

√
κ1/m1),

resulting in zero displacement for the mass m1. Interestingly, the displacement of the mass m2 is never equal
to zero for finite frequency. Similarly to model B, coupling the lossless 2DOF oscillator to a beam results
in finite-amplitude vibration of both of the masses in the oscillator, and also results in antiresonance (zero
displacement) points for both the substrate structure (the beam) and the lower mass (m1). These effects again
illustrate that the presence of the beam changes the quality of the vibration response of the attachment.
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4 Conclusions

In this paper we presented three lossless scatterer models, consisting of mass(es) and stiffness(es), attached
to a beam. The scattering of an incident flexural wave by these point scatterers is described by the reflection
and transmission coefficients, which illustrate the capability of manipulation of the elastic wave propagation.
We analyzed the scattering characteristics, along with the displacements of the discrete degrees of freedom
of each model, in order to look for and describe characteristic points of full reflection (|R| = 1), full trans-
mission (T = 1) or equal energy partition (|R| = |T | =

√
2/2). We found that the frequencies of occurrence

of these characteristic points are in relation with the natural frequencies of the scatterer(s) in each of the
models. Interestingly, we found that even though the scatterers considered are lossless, the displacement am-
plitudes of the vibrating masses have finite values. To investigate this effect further, we looked for analogies
between the displacement characteristics of the masses of model B and model C and similar forced oscilla-
tors, SDOF and 2DOF, respectively, that are not attached to a beam. The results showed that by coupling the
oscillator to a beam we obtain a finite value of the displacement of each of the components of the scatterer,
even at its natural frequency when detached from the beam. This result may be important for systems with
nonlinear scatterers [9], where the absence of true resonances, that is, exhibiting infinite (or, at least, high)
displacement, may be of significance for their analysis and for exploiting their nonlinear properties.
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