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Abstract 
Self-excited vibrations can negatively affect the system performance in various engineering applications. 

To effectively implement suitable countermeasures such as design changes or the installation of dampers, 

the root cause of the self-excitation must be analyzed. In this work, a method to determine the nonlinear 

characteristic of the force in complex contacts with friction is introduced. For this purpose, the influence of 

various nonlinear force components on the stability and system response are discussed and the dynamic 

behavior of the resulting vibrations are shown. An algorithm to analyze the energy input/output into the self-

excited mode using measurement data and a suitable model of the considered structure is presented. By 

relating the resulting energy change to contact and operational parameters such as normal force and contact 

velocity as well as modal parameters such as amplitude, mode shape and natural frequency, the nonlinear 

contact force characteristic is determined. 

1 Introduction 

Vibrations occur in numerous technical applications [1, 2] and can lead to comfort, performance and 

reliability problems [3]. Apart from parameter excitation and external excitation, self-excitation takes an 

important role in systems with contacting surfaces, e.g. in systems with cutting of friction contacts [4]. In 

the case of self-excitation, the dynamic system periodically extracts energy from an energy source through 

a self-generating process. If the energy supplied by the self-excitation is higher than the energy dissipated 

through damping, unstable self-excited oscillations occur. The resulting vibrations correspond to modes of 

the structure. In the literature, mode coupling, regenerative effects, and nonlinear contact force 

characteristics are often described as the root causes of self-excited oscillations [5]. In numerous technical 

applications ranging from brake squeal [4, 6] and curve squealing of trains [7] to chatter vibration in 

machining tools [8] and the bit-rock interaction in drilling systems [9, 10] self-excited vibration occur. 

Methods to characterize and quantify the self-excitation have to be developed in order to reduce critical 

oscillations. Especially in drill string dynamics, the different influences of fluid, cutting and frictional forces 

as well as the changes in the contact properties, e.g. change of the drilled rock, effect the self-excitation and 

thus the dynamic motion of the structure. Furthermore, the observability of the excitation process is severely 

limited. Thus, effective methods to determine the nonlinear contact force characteristics in the bit-rock 

interaction during the drilling process have to be developed.  
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2 Analyzing self-excited vibrations 

The nonlinear contact force characteristic is one of the most common causes of self-excitation in structures 

with cutting or friction contacts. This nonlinear characteristic is a consequence of the superposition of 

various linear and nonlinear forces. The interaction of friction/cutting forces and fluid forces is commonly 

described via  
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and leads to a nonlinear force characteristic (Figure 1, top) similar to the well-known Stribeck curve with 

constant parameters 𝜇𝐻 , 𝜇𝐶 , 𝑏, 𝑣𝑆 , and 𝑆. 

 

 

Figure 1: Normalized nonlinear torque characteristic (top) and corresponding normalized effective damping 

ratio for various modes (bottom) 

The resulting force characteristic curve shows three distinctive ranges depending on the velocity dependency 

of the nonlinear contact forces which can be attributed to the force components in Equation 1. In the first 

range (I), at low speeds, the sticking component of the force dominates the system response. As the speed 

in the contact increases, sliding is getting dominant and the force in the second range (II) decreases until a 

minimum is reached. In the third range (III), the fluid portion of the contact becomes more dominant, and 

thus the force increases with the relative velocity in the contact. Depending on the slope of the torque 

characteristic with respect to the relative velocity in the contact, modes are stable or unstable [9]. This 

stability can be determined via the effective damping  

 𝐷eff,𝑖 =
∑Δ𝐸

2𝜔0,𝑖 ∫ 𝑞̇𝑖
2𝑑𝑡

𝑇

0

=
Δ𝐸𝑖+Δ𝐸sl,𝑖

2𝜋𝜔0,𝑖
2 𝑞̂𝑖

2 = 𝐷𝑖 + 𝐷sl,𝑖, (2) 

which corresponds to the sum of all energy supplied to and dissipated from a mode over a period ∑Δ𝐸 in 

relation to the amplitude 𝑞̂ and the modal parameters (frequency 𝜔0,𝑖, modal damping 𝐷𝑖, mass normalized 

SELF-EXCITED VIBRATIONS 3371



modal amplitude 𝜑𝑖,𝑗 at the excitation point 𝑗 of the considered mode 𝑖). In most cases, the introduced energy 

is determined approximately by linearizing the nonlinear force characteristic at the operating point [11]. The 

resulting linearized damping from the contact can thus be determined via 

 𝐷sl,𝑖 =
𝜑𝑖,j
2 𝐹

𝑑𝜇

𝑑𝑣
(𝑣0)

2𝜔0,𝑖
. (3) 

Assuming only a constant modal damping (structural damping) 𝐷𝑖 in addition to the linearized 

energy/damping resulting from the contact, the combination of Equations 1, 2, and 3 leads to the effective 

damping curves that are equivalent to the nonlinear contact forces characteristic as shown in Figure 1. Figure 

1 shows the influence of different parameters on the resulting effective damping. Furthermore, the effective 

damping gives a direct indication on the stability of the mode under consideration. If the effective damping 

is positive (𝐷eff,𝑖 > 0), more energy is dissipated than added, the mode is stable thus the amplitude would 

decrease. If the effective damping is negative (𝐷eff,𝑖 < 0), more energy is supplied than dissipated, the mode 

is unstable, and the amplitude increases.  

Thus, a direct relationship exists between the force characteristic consisting of various force components, 

the effective damping/stability of the system and the resulting amplitude change of the critical mode. 

3 Identifying the root cause of self-excited vibrations 

To identify and further quantify the root cause of the self-excited vibrations, the self-excitation mechanism 

and the nonlinear contact force characteristic needs to be determined. Most existing methods to characterize 

contact pairs and the resulting self-excitation are based on extensive parameter investigations. One way is 

to determine stability maps by tracking certain operational parameters during operation to identify their 

stability [12]. This testing of arbitrary operational parameters is data and time consuming. Furthermore, the 

root-cause of the self-excitation, the nonlinear contact force characteristic is not detected. To determine the 

nonlinear contact forces, quasi-static tests are usually performed. Here, the average contact force is 

measured with respect to various speeds in order to generate a static force characteristic [13]. However, the 

resulting force characteristic can be different from the root cause of the self-excitation, as this is 

accompanied by both a different time scale (quasi static to natural frequency of the mode) and a variation 

in velocity, which can have a major impact, especially when interacting with fluid forces, due to the velocity 

dependence. To characterize and quantify the root cause of self-excitation and determine suitable stable 

operational parameter sets, a method based on operational data is presented [11]. The nonlinear force 

characteristic is determined by combining the energy input of the self-excited mode in operation using high-

frequency data with the modal information of the excited mode and the instantaneous operational 

parameters. Therefore, it is necessary to determine the energy change and thus the effective damping from 

time domain data. Figure 2 left shows a time section of a simulation of a modal reduced order model [14] 

 q̈𝑖(𝑡) + 2D𝑖ω0,𝑖q̇𝑖(𝑡) + ω0,𝑖
2 q𝑖(𝑡) = φ𝑖,𝑗𝐹𝜇 (𝑣avg + 𝜑𝑖,𝑗𝑞𝑖̇(𝑡)) (4) 

whose mean velocity 𝑣avg and therefore the velocity in contact increases linearly. This linear change in 

velocity causes the nonlinear force characteristic 𝐹𝜇 (𝑣avg + 𝜑𝑖,𝑗𝑞𝑖̇(𝑡)) responsible for the self-excitation 

to be traversed, resulting in information over a wide range of the characteristic curve. Using simple equations 

such as the logarithmic decrement  

 𝐷eff,𝑖 =
ln(

𝑥̂(𝑡)

𝑥̂(𝑡+𝑇)
)

√4𝜋2+ln(
𝑥̂(𝑡)

𝑥̂(𝑡+𝑇)
)
2
 (5) 

or by applying kalman filters [15], the effective damping is determined from the change in amplitude 𝑥(𝑡) 
over one vibration period 𝑇. Figure 2 right shows this effective damping as a function of the velocity in the 
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contact. Here it can be clearly seen that from an angular velocity of 17.5
𝑟𝑎𝑑

𝑠
, the effective damping is greater 

than zero, thus the system is stable. This leads to a decrease of the amplitude of the critical oscillation. 

 

Figure 2: Time domain simulation of a self-excited ROM (left) and corresponding effective damping ratio 

(right) 

From the effective damping 𝐷eff,𝑖 of the considered mode 𝑖, the damping resulting from the self-excitation 

𝐷s,𝑖 can be determined via  

 𝐷s,𝑖 = 𝐷eff,𝑖 − 𝐷𝑖 (6) 

by estimating or determining e.g. experimentally the modal damping 𝐷𝑖. This damping is now directly 

dependent on the modal parameters and the slope of the nonlinear force characteristic. Equation 3 could be 

used to directly determine the slope of the force characteristic with respect to various operational parameters 

(normal force 𝐹, velocity in contact 𝑣). However, since the characteristic curve is nonlinear and this 

procedure requires a significant vibration amplitude, the results from Equation 3 are inaccurate, due to the 

linearization. Therefore, it is necessary to consider the amplitude of the critical vibration. Using  

 Δ𝐸𝑠,𝑖 = ∫  𝐹𝜇(𝑣0 + 𝑣 cos(𝜔0,𝑖𝑡)) 𝑣 cos(𝜔0,𝑖 𝑡) 𝑑𝑡

2𝜋

𝜔0,𝑖

0
, (7) 

the energy supplied or dissipated in the contact is determined, considering the nonlinear hysteresis which 

depends on the velocity amplitude of the critical vibration 𝑣 = 𝜑𝑖,𝑗𝜔0,𝑖𝑞̂. This allows the effective damping 

to be determined dependent on the velocity and amplitude of the vibration (Figure 3). 

 

Figure 3: Normalized effective damping ratio with respect to the speed and amplitude in the contact 
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By substituting Equation 7 in Equation 2, the damping component of the contact force characteristic can be 

determined via 

 𝐷s,𝑖 =
∫ 𝐹𝜇(𝑣0+𝜑𝑖,1𝑞̇𝑖)𝜑𝑖,1𝑞̇𝑖𝑑𝑡
𝑡0+𝑇

𝑡0

2𝜔0,𝑖 ∫ 𝑞̇𝑖
2 𝑑𝑡

𝑡0+𝑇

𝑡0

. (8) 

Buy adjusting Equation 8 with an unknown 𝜇(𝑣) with the determined damping from Equation 6 via the least 

square method, the slope of the contact force characteristic is determined. Using an operating point (e.g. 

average force and speed), a contact force characteristic is obtained which agrees very well, both qualitatively 

and quantitatively, with the characteristic specified in the simulation (Figure 4 left). 

 

Figure 4: Contact force characteristic determined using the presented method and given in the simulation 

(left) and corresponding stability map (right) 

Through this determination of the contact force characteristic from operational data, the stability of the 

critical oscillations can now be determined by e.g. using Equation 3 and specially developed stability maps 

can be generated (Figure 4  right), that take into account amplitude dependent nonlinearities as well as the 

various effects on the associated time scale. 

4 Application to self-excited high-frequency torsional oscillations in 
downhole drilling systems 

Finally, the presented method is applied to self-excited high-frequency torsional oscillations occurring 

during the drilling process in hard and dense formations. The BHA used in the case studies is of 9 1/2-inch 

tool size comprised of a PDC bit, a rotary steerable system, stabilizers, formation evaluation tools, mud 

pulse telemetry tool and a measure-while-drilling (MWD) tool for vibration and load measurement. Figure 

5 shows the simplified BHA geometry and the characteristic stick/slip mode and the critical high-frequency 

torsional drill string modes that occur during the drilling process. 
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Figure 5: Simplified geometry of a BHA (top) and critical BHA modes (bottom) 

Figure 6 top shows a snapshot of measurement data in the time domain recorded by the MWD tool placed 

close to the bit. Figure 6 bottom shows the velocity divided into the low frequency stick/slip and the high 

frequency HFTO component. It is evident that the HFTO amplitude increases during the slip phase due to 

the self-excitation. At some point, the velocity in the slip phase is so high that the fluid forces increase the 

effective damping and thus the unstable HFTO mode becomes stable, causing the amplitude to decrease 

again (cf. [16]). The interaction of HFTO and stick/slip is very suitable for the determination of the torque 

characteristic in the bit-rock interaction, since, as in Figure 2, the change of the low-frequency or average 

velocity characterizes a broader range of the torque characteristic. Due to the repeated change of the angular 

velocity at the bit caused by stick/slip as well as the large number of slip phases, a multitude of data is 

available to determine the torque characteristic responsible for the self-excitation using the presented 

method. As before, the effective damping is determined for different angular velocities in order to determine 

the slope of the torque characteristic using Equation 7. 

 

Figure 6: Angular speed at the Bit (top) and corresponding low and high frequency component (bottom) 
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Figure 7 left shows the normalized effective damping determined from downhole measurement data for 

different slip phases. Figure 7 right shows the corresponding average normalized torque characteristic 

determined from the measurement data. 

  

Figure 7: Normalized effective damping ratio in various slip phases (left) and resulting normalized torque 

characteristic in the bit-rock contact (right) 

This torque characteristic can now be used, similar to [11], to determine the stability maps. By reducing the 

normal force in the contact (weight on bit (WOB)) the slope of the torque characteristic is reduced, thus the 

energy input is reduced. Furthermore, buy reducing the average speed, the maximum possible amplitude of 

the disturbance displacement is reduced [17]. Additionally, increasing the relative velocity in the contact 

can stabilize the system due to the fluid component that is increasing linearly. In addition, the method 

described here enables different dampers to be taken into account directly with regard to their effect cf. [18, 

19] to the effective damping and the stability maps. 

5 Conclusion 

In this paper, a method to describe the root cause of cutting or friction induced vibrations, the nonlinear 

contact force characteristic, is presented. By combining the energy input/output into the self-excited mode 

determined from amplitude changes using measurement data and the modal information of the critical mode, 

the effective damping of the critical mode is determined. It is shown that the effective damping is equivalent 

to the nonlinear contact force characteristic.  

Furthermore, by relating the resulting effective damping to contact and operational parameters such as 

normal force and contact velocity as well as modal parameters such as amplitude, mode shape and natural 

frequency, the nonlinear force characteristic is determined. The nonlinear force characteristic represents the 

nonlinear forces resulting from the contact responsible for the self-excitation and its parameter 

dependencies. With this new information, suitable techniques can be developed to reduce unwanted self-

excited vibrations.  

The presented method was applied to high-frequency torsional vibrations in downhole drill strings to 

evaluate possible actions to reduce the self-excited vibrations. The method presented here can further be 

applied to arbitrary self-excited oscillations where the excitation mechanism can be described by a nonlinear 

force characteristic. 
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