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Abstract
This article describes a new adaptive Kriging method designed to alleviate the limitations of other related
approaches encounter in cases of extremely rare failure events. The main idea is to iteratively reduce both
surrogate modelling error and sampling error. To do so the adaptive Kriging framework is associated with the
multiple adaptive importance sampling scheme where the auxiliary distribution is iteratively built as a near-
optimal Gaussian mixture. The estimator associated with he Gaussian mixture importance sampling is given
as well as a stopping criterion based on both the estimated sampling and modelling error. The performances
are finally illustrated on two benchmark problems.

1 Introduction

The probabilistic framework is the most common to approach uncertainty quantification (UQ) problems for
industrial application. In this framework the uncertain parameters are modelled as random variables de-
fined by a joint distribution aimed at being representative of their actual aleatory uncertainty. For the case
of reliability analysis, the failure event is then defined as a function of a performance metric of the system
studied and formulated in a so-called failure criterion. The framework also assumes a deterministic black-
box relationship called a performance function is available linking the input parameters and the performance
metric (e.g. a physics-based model of the system). The reliability problem lies in the fact that the output
performance is then a random variable with an unknown distribution defined as the image of the input joint
distribution through the performance function. The goal of a reliability analysis is then to quantify the proba-
bility of occurrence of the failure event related to the unknown output distribution. In addition, in most cases
the performance function is not known analytically and its evaluation is costly (experimental or computation
costs). The aim of reliability methods is then to estimate accurately the probability of occurrence of the
failure event using the least amount of calls to the performance function.

The most common methods of solving this type of problems are based on random sampling approaches
where the probability of occurrence of the event is estimated statistically by evaluating its occurrence rate in
a dedicated population. While being quite straightforward, these approaches induce a statistical estimation
error, sometimes called sampling-error and simply due to the limits of inferring a general statistical quantity
from a finite population. The methods use a so-called estimator allowing to approximate the quantify of
interest from the statistical properties of the population, and the variance of this estimator can be used as an
indicator of the sampling error. In the context of reliability analysis the size of the population is of crucial
importance to limit the computation burden. Therefore many sampling methods have been proposed to find
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the best compromise between population size and variance of the estimator. Well know examples include
Monte-Carlo [1], importance sampling [2], subset-simulations [3, 4], line-sampling [5, 6] or directional
sampling [7].

Another approach to reduce the computation burden of reliability analysis called surrogate modelling has
gained increasing popularity in the last few decades. The idea is to replace the physics-based performance
function by an analytical emulator previously calibrated to mimic its behaviour. The advantage is that sur-
rogates are usually orders of magnitude faster to evaluate than the physical model. The failure probability
associated with the surrogate model can then be estimated with regular sampling methods using large pop-
ulations at a limited computation cost. Many mathematical objects have been proposed to build surrogates,
the most famous include response surface approaches [8], support vector machine [9], neural networks [10],
polynomial chaos expansion [11] or Kriging (i.e. Gaussian processes) [12, 13]. The calibration of the sur-
rogate relies on a set of samples called a design of experiment (DoE) for which the actual physical model
has to be evaluated. This is why the calibration represents the main computation burden of the approach.
In addition it induces another error called the modelling error due to the imperfection of the surrogate and
which depends on the quality of its calibration. The goal of surrogate approaches is therefore to find the best
compromise between the extent of the DoE and the modelling error associated with the failure probability.

Among the above-listed surrogate models, Kriging provides a useful feature in the shape of a localised
estimation of its own accuracy. This estimation allowed the development of so-called adaptive-Kriging
approaches where the goal is to attractively build a near-optimal DoE. The general idea stems from the
realization that all areas of the input space do not have the same contribution to the estimation of the failure
probability. Therefore the goal is to refine the calibration of the surrogate in areas of high contribution and
avoid spending computation efforts calibrating areas of low contribution. This process is done iteratively
using a so-called learning function classifying the candidate samples to select the most promising one to be
added to the DoE. This approach was first introduced in the context of global optimization through the EGO
method [14] and further popularized for the reliability analysis with the AK-MCS method [13]. For a more
detailed overview of the adaptive-Kriging (AK) approaches the reader is referred to the work of Moustapha
et al. [15]. This framework allows the algorithm to efficiently reduce the modelling error but when associated
with a sampling method the sampling error then acts as an upper bound of the precision of the method. It is
generally assumed that the sampling error will be negligible compared to the modelling error, but in cases
of rare failure events this assumption can be wrong. Moreover, concluding regarding the validity of this
assumption might only be possible after spending considerable computation efforts calibrating the surrogate
on an ill-fitted population. These limitations motivated the development of a new adaptive Kriging method
aimed at iteratively reducing both the modeling and the sampling error simultaneously and converging toward
the failure probability no matter how rare the failure event.

The paper is organised as follows: section 2 presents the method in details, in section 3 the method is applied
on two benchmark problems and the results are compared with a reference method from in the literature.
The paper finally is concluded in section 4 with a brief summary and discussion.

2 Description of the method

The specificity of the proposed method lies on the way its population is build. As mentioned in the introduc-
tion the challenge with sampling-based reliability methods is to find a good compromise between the size
of the population and the variance of the estimator. With respect to this compromise AK approaches can be
sorted into two categories. The first one includes the vast majority of methods and consists in de-correlating
the reduction of the sampling error with the reduction of the modelling error. The idea is either to run a
preliminary analysis to define a semi-optimal population and then run the AK procedure to optimize the cal-
ibration of the surrogate, or to start by calibrating the surrogate and then generate an appropriate population.
In both cases running the two optimization separately necessarily induce some loss of efficiency since the
optimal population and the optimal DoE are deeply interdependent. These methods include AK-MCS [13],
AK-IS [16], AK-MCMC [17], Meta-AK-IS2 [18]. The second approach is to include the reduction of the
sampling error in the AK procedure, coupled with the reduction of the modelling error. Much fewer methods
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have been proposed within this framework, the most notable being probably the work of Balesdent et al.
combining adaptive Kriging with non-parametric adaptive importance sampling [19].

The method proposed in this paper falls into the second category, combining adaptive Kriging with multiple
importance sampling in a scheme where the optimal auxiliary distribution is approximated by iteratively
building a Gaussian mixture. Its principle is that new Gaussian terms are iteratively added to the mixture
based on a variance reduction criterion, new samples are then drawn from this Gaussian distribution and
added to the overall mixture population. Both the refinement of the DoE and the auxiliary distribution are
based on the Kriging surrogate estimations to keep the computation burden minimal. The method is finally
associated with a stopping criterion considering both the expected modelling and sampling error.

In this section the method is presented in details starting with the multiple importance sampling estimator.
The dedicated learning function allowing the definition of the DoE is discussed in section 2.2 and the sam-
pling strategy allowing the definition of the auxiliary distribution is presented in section 2.3. Finally, in
section 2.4 the stopping criterion is discussed with a flowchart of the method.

2.1 The estimator

In the proposed method the failure probability is ultimately estimated using a dedicated importance sampling
scheme, where the auxiliary distribution is a potentially complex mixture of simple ones. This approach
has been proposed before in various context [20, 21, 22] and will be referred to in this paper as multiple
importance sampling.

Consider X a d-dimensional input random vector defined by the joint distribution f . The performance
function of the system studied g is defined in such a way that a negative value of g indicates a failure. The
failure probability Pf can be expressed analytically as follows:

Pf =

∫

Rd

I(X)f(X)dX (1)

with I a classification function associating a zero to safe samples and ones to failing samples. The prin-
ciple of Monte-Carlo simulation is to approximate this integral numerically from a population SMC =
{X1, ..., XNMC

} of NMC ∈ N∗ independent, identically distributed (i.i.d.) samples drawn from f . The
associated estimator is the following:

PMC =
1

NMC

NMC∑

i=1

I(Xi) (2)

Those well known developments (see e.g. [23]) are a good starting point to illustrate the importance sam-
pling estimator. The idea behind importance sampling is to draw the population of i.i.d. samples from
a different distribution than f and called an auxiliary distribution h. This distribution is chosen from a
variance-reduction point of view and, in broad terms, is aimed at generating more failing samples than an
Monte-Carlo population. Of course drawing the samples form a different distribution induces a bias in the
estimator that has to be compensated for with a dedicated weight factor as follows:

P IS =
1

NIS

NIS∑

i=1

I(Xi)
f(Xi)

h(Xi)
(3)

Before discussing the dedicated multiple importance sampling estimator, it is necessary to clarify the nature
of the population used in this approach and the associated auxiliary distribution. The detailed sampling
strategy is given in section 2.3 but the basic idea is as follows. The algorithm start with a very scarce Monte-
Carlo population of n1 samples. Then at each iteration k, a new Gaussian distribution hk is picked from a
variance-reduction criterion and nk new samples are drawn from it. The overall aggregated population Sk is
therefore composed of k sets of samples drawn from k different Gaussian distributions. It can be shown that
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such a population is equivalent to an i.i.d. population drawn from the mixture distribution of all auxiliary
ones weighted by the proportion of samples drawn from each (see e.g. [21, 24]). The corresponding mixture
distribution can be defined as follows:

wk =
1

Nk

k∑

i=1

nihi (4)

with Nk =
∑k

i=1 ni the size of the overall aggregated population. It can finally be shown that the following
expression represents an unbiased estimator of the failure probability with respect to the previously described
population:

PMIS =
1

Nk

Nk∑

i=1

I(Xi)
f(Xi)

wk(Xi)
(5)

In this expression the classification function I is the one that requires the evaluation of the performance
function, and is thus responsible for most of the computation burden of the analysis.

2.2 The adaptive Kriging scheme and the learning function

Kriging is a type of surrogate model that is based on the calibration of a Gaussian process. Even though a
detailed description of Kriging surrogates would be out of scope for this work a brief overview is proposed
in this section. In simple words, to every input vector X a Kriging surrogate associates a Gaussian random
variable ĝ(X) ∼ N(µ̂(X), σ̂(X)) with µ̂ and σ̂ respectively called the posterior mean and standard deviation
to emphasize the Bayesian nature of Kriging calibration. For more details about Kriging models the reader is
referred to useful dedicated material such as the manuals of Kriging toolboxes [25] or [26]. In the context on
this work the posterior mean µ̂ will simply be considered as the Kriging estimation of the performance and
σ̂ is used as an indicator of the level of confidence associated with this estimation. The function that will be
emulated is the performance function g, its surrogate counterpart being noted ĝ and being equivalent to the
posterior mean. From this function a surrogate counterpart can also be derived for the classification function
called Î . The estimator defined in the previous section can then be estimated using the surrogate instead of
the actual model as follows:

P̂MIS =
1

Nk

Nk∑

i=1

Î(Xi)
f(Xi)

wk(Xi)
(6)

The motivation behind adaptive-Kriging approaches stems from the realization that all samples in the input
sample do not contribute to the estimation of the failure probability in the same way. Therefore an efficient
DoE would focus on refining the calibration of the surrogate on areas of great contribution and avoid losing
computation time refining the calibration of areas of lesser influence. The adaptive-Kriging scheme therefore
aims at taking advantage of the posterior standard deviation to iteratively select the samples of the DoE that
have the highest expected contribution to the modeling error. The role of the so-called learning function is
simply to sort the samples according to their contribution to the modelling error.

The learning function defined in [13] and associated with the AK-MCS method is used as a starting point
for the definition of the ones dedicated to the present work. This learning function is based on the simple
acknowledgement that the only modelling errors that contribute to the MC estimator are the ”misclassifi-
cations” of samples, i.e. when a safe sample is tagged as failing by the surrogate or vise-versa. Since a
failure is associated with a negative value of the performance function, this error is synonym of the surrogate
being mistaken about the sign of the performance of a sample. Given the Gaussian nature of the the Kiging
prediction, a convenient metric to assess the potential error associated with a prediction is the probability of
misclassification U that can be efficiently formulated as follows:
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U(X) = Φ

(−|µ̂(X)|
σ̂(X)

)
(7)

with Φ the standard normal cumulative distribution function. In order to define a dedicated learning function
it is proposed to develop the expected modelling error as follows:

E
(
|∆PMIS |

)
= E

(
|PMIS − P̂MIS |

)
= E

(∣∣∣∣
1

Nk

Nk∑

i=1

f(Xi)

wk(Xi)

(
I(Xi)− Î(Xi)

)∣∣∣∣
)

(8)

Equation (8) unfortunately provides an aggregated metric that does not inform us on the individual contri-
bution of the samples with respect to the overall expected error. It is therefore proposed to focus on the
following upper bound of the expected error which much easier to work with:

E
(
|∆PMIS |

)
≤ 1

Nk

Nk∑

i=1

f(Xi)

wk(Xi)
E
(∣∣I(Xi)− Î(Xi)

∣∣) (9)

It can be shown (e.g. [27]) that E
(∣∣I(Xi) − Î(Xi)

∣∣) is actually equivalent to the function U defined in
equation (7). The upper bound can then be simplified as:

E
(
|∆PMIS |

)
≤ 1

Nk

Nk∑

i=1

f(Xi)

wk(Xi)
Φ

(−|µ̂(Xi)|
σ̂(Xi)

)
(10)

Finally, due mainly to computation limitations, Kriging surrogates have the tendency of underestimating
their precision near well-calibrated areas which can result in the algorithm over-exploiting and not exploring
enough the input space. In order to alleviate this issue a hyper-parameter p is introduced in the shape of
a power factor affected to the posterior standard deviation. This parameters is only used for the learning
functions of the algorithm and it is not considered in the evaluation of the failure probability or the stopping
criteria detailed in section 2.4. The following learning function UMIS is therefore defined as follows:

UMIS
k (Xi) =

f(Xi)

wk(Xi)
Φ

(−|µ̂(Xi)|
σ̂p(Xi)

)
(11)

The above learning function is quite explicitly a generalization of the U function for populations of samples
drawn from a mixture of auxiliary distributions. The term considering the probability of misclassification
is present and weighted by the contribution of the sample to MIS estimator. Considering k iterations of the
algorithm have been performed, the next sample to add to the DoE is called XDoE∗

k+1 and is defined as follows:

XDoE∗
k+1 = arg max

X∈Sk

UMIS
k (X) (12)

2.3 The sampling strategy

As introduced in section 2.1 the sampling strategy deployed in this method can be seen as a type of im-
portance sampling. In this context it is possible to derive an analytical expression of the optimal auxiliary
distribution from the expression of the estimator given in equation (3). Unfortunately this expression de-
pends on the performance function which is unknown analytically, the goal in this section is then to use the
Kriging surrogate to iteratively build a near-optimal auxiliary distribution.

Other methods have been proposed in this direction for example using the non-parametric adaptive impor-
tance sampling method [28, 19]. A difficulty faced by those approaches is that they usually involve distri-
butions that are hard to draw samples from and require the usage of advanced sampling methods such as
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Markov-Chain Monte-Carlo sampling [29], which could cause implementation difficulties on their own. In
this work it is proposed to introduce two simplifications to alleviate those difficulties. First, as introduced in
section 2.1 the optimal distribution is approximated by a Gaussian mixture from which samples can be gen-
erated with classical semi-random number generators. Second, the problem of choosing the Gaussian terms
of the mixture is further simplified by using the framework of the original mean-shift importance sampling.
In other words, the problem is solved in the standard space and all individual Gaussian distribution is given
a unit standard deviation. Therefore finding the next optimal Gaussian term of the mixture simply consists
in finding the coordinates of the optimal mean.

In order to clarify the definition of this optimal mean coordinates, let us consider k iterations of the algorithm
have been computed and develop the expression of the variance of the estimator defined in equation (5):

var
(
PMIS

)
=

1

Nk+1
var

(
I(X)

f(X)

wk+1(X)

)
=

1

Nk+1

(
E

(
I2(X)

f2(X)

w2
k+1(X)

)
− P 2

f

)
(13)

The optimal distribution corresponds to a variance of zero and thus to the following equality holds:

E

(
I2(X)

P 2
f

f2(X)

w2
k+1(X)

)
= 1 (14)

wk+1 = If
Pf

is a solution for of this equation and from the definition of the mixture given in equation (4) the
following expression can be developed:

1

Nk+1

k+1∑

i=1

nihi(X) =
I(X)f(X)

Pf
(15)

It should be noticed that all hi distribution are given at this stage of the algorithm, only the optimal h∗k+1 is
to be determined. Its expression can then be isolated and developed as follows:

h∗k+1(X) =
Nk + nk+1

nk+1

I(X)f(X)

Pf
− Nk

nk+1
wk(X) (16)

Of course this expression depends on the classification function I and the actual failure probability Pf that are
both unknown. The first intuitive simplification is to replace both by their surrogate counterpart respectively
Î and P̂MIS . The problem is then further simplified using the classical mean-shift importance sampling
strategy which consist in choosing h∗k+1 as a Gaussian distribution of unit standard deviation and choosing
its mean coordinates XAux∗

k+1 such that it maximizes equation (16). This strategy can be seen as choosing the
Gaussian distribution such that its mode matches the mode of the optimal auxiliary. The coordinates of the
optimal mean XAux∗

k+1 can then be defined by solving the following optimization problem:

XAux∗
k+1 = arg max

X∈Rd

(
Nk + nk+1

nk+1

Î(X)f(X)

P̂MIS
− Nk

nk+1
wk(X)

)
(17)

The above expression allows us to define for each iteration a near-optimal Gaussian distribution considering
the current calibration of the Kriging model and the current mixture distribution. nk+1 samples are drawn
from this distribution and added to the overall population. The development of a complex strategy to define
an optimal nk+1 is out of scope for this work. Instead it has simply been chosen to add a constant number of
ten thousand samples per dimension and per iteration n = d ∗ 1e4.

2.4 The stopping criterion

The algorithm is aimed at minimizing simultaneously both the modelling and sampling errors. It is therefore
intuitively proposed to define a stopping criterion as the intersection of two criteria focused on each type of
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error. The modelling error criterion is based on the convenient upper bound of the expected total error as
defined in equation 11. A conservative threshold Estop = 4% is then defined such that the modelling error
criterion is satisfied when the following equation is satisfied.

1

Nk

Nk∑

i=1

UMIS
k (Xi) ≤ Estop (18)

The criterion related to the sampling error is based on the development of the variance of the estimator as
defined in equation (13). This variance is then estimated using the surrogate counterparts of the classification
function I and failure probability Pf . In addition the variance is estimated numerically from the available
population Sk to avoid any additional computation burden.

ˆvar(PMIS
k ) =

1

Nk

(
E

X∈Sk

(
I2(X)

f2(X)

w2
k(X)

)
− (P̂MIS)2

)
(19)

Finally the variance is normalized by the current estimate of the failure probability and compared to a thresh-
old coefficient of variation CoVstop = 0.4% such that the criterion is satisfied when:

√
ˆvar(PMIS

k )

P̂MIS
≤ CoVstop (20)

The algorithm finally stops when both criteria are satisfied simultaneously. To conclude the presentation of
the method a simplified flow chart is given in figure 1.

Initial MC

 population
Initial LHS

DoE

Stopping criterion

reached

Calibration

Kriging model
Enrichement 

of the DoE

Enrichement

of the population

Calculation of the 

failure probability

yes

no

Figure 1: Simplified flowchart of the algorithm

3 Applications

In order to illustrate its performances, the proposed approach is applied to two benchmark analytical ex-
amples previously studied with the AK-MCS method [19] and well known for being troublesome to solve.
In addition, it is proposed to observe how the performances scale with the failure probability. Therefore
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each example function is considered with three sets of hyper-parameters inducing increasingly lower failure
probabilities. For those application the Kriging surrogate is considered with a anisotropic Matern 5/2 covari-
ance function. The initial design of experiment consist in a Latin hypercube design, centered on zero and
containing d+ 3 samples. The power parameter p defined in section 2.2 chosen equal to three.

Since the result of the analysis depends on random sampling its performances are stochastic. Each analysis
is therefore performed ten times and the performance metrics are presented in terms of their mean value.
The main metrics considered are the number of calls to the performance function, the covariance of the
estimator and the error compared to a reference value of the failure probability. For comparison the results
are compared with the AK-MCS method in terms of performances and a Monte-Carlo estimation of the
failure probability is used as a reference. The implementation of AK-MCS considers an anisotropic Matern
5/2 covariance function, an initial design of experiment of ten Latin hypercube samples and a Monte-Carlo
population of min

(
500
PMC , 5e6

)
samples. This population is chosen to result in a coefficient of variation of

the estimator around 5%. The covariance of the proposed method is estimated as given in equation 20 and is

estimated both for Monte-Carlo and AK-MCS as C.O.V. =
√

1−PMC

PMCnMC
.

It should be noted that the size of the population for AK-MCS implies a prior knowledge about the order
of magnitude of the failure probability, which is not considered for the application of the proposed method.
Unfortunately the performances of AK-MCS depend on the size of the population, therefore taking a default
(very large) population would result in very high number of calls and very low coefficient of variation. For
the sake of fairness in the comparison the size of the population is therefore chosen such that the sampling
error of AK-MCS is reasonably low (around 5%). However for very small failure probabilities such an
approach would induce prohibitory high computation times and is therefore capped at 5e6 samples.

3.1 A function with four failure modes

The first example is a a well known function with four failure modes, designed to challenge the methods
relying on identifying a design point. This examples is in dimension two with both independent random
inputs x1,2 following a standard normal distribution. The performance function reads as follows:

∀x ∈ R2, g(x1, x2) = min





k1 +
1
10(x1 − x2)

2 − 1√
2
(x1 + x2)

k1 +
1
10(x1 − x2)

2 + 1√
2
(x1 + x2)

x1 − x2 +
k2√
2

−(x1 − x2) +
k2√
2

(21)

with k1 and k2 two parameters that can be chosen by the user. In this application three cases will be con-
sidered with respectively (k1, k2) = {(3.5, 7), (4.5, 9), (5.5, 11)} and corresponding to increasingly smaller
failure probabilities.

The performance of the proposed method are first illustrated on figure 2 with the converged mixture popu-
lation and estimated limit-state for each case. The figure displays in blue (respectfully red) samples that are
expected to be safe (respectfully failing) according to the Kriging surrogate. In addition the samples of the
DoE are displayed with black crosses and the centers of the Gaussian auxiliaries with green circles. It can
be seen that the algorithm successfully explores the input space and locates every major failure mode on all
cases. As a frame of reference the three cases are respectfully associated with failure probabilities of around
e− 3, e− 5 and e− 7.

The performances are further illustrated in figure 3 with the convergence of the estimated failure probability
compared with the one estimated with Monte-Carlo. The figure displays as a blue surface the amplitude of
the estimated failure probabilities over the ten applications of the method. It can be seen that the method
very efficiently and consistently converges toward the correct value, and that the order of magnitude of the
failure probability has little influence on the pace of convergence.

Finally the performances of the method are quantitatively compared with those of the classical AK-MCS
method on table 1. It should be noted that for the third case the failure probability is too low to allow AK-
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MCS for converging with the considered population size, the corresponding results are therefore left blank.
The exhibited performances are very good compared with AK-MCS with two to three times fewer calls to
the performance function, a very small coefficient of variation and very good accuracy (less than 3% error).
The results are very consistent on the three cases considered with a very limited influence of the order of
magnitude of failure probability. It is also noticeable that the modeling error and coefficient of variation are
consistently lower than the threshold value chosen in section 2.4.

(a) k1 = 3.5, k2 = 7 (b) k1 = 4.5, k2 = 9 (c) k1 = 5.5, k2 = 11

Figure 2: Illustration of the converged population and Kriging calibration of the limit state for example 1 on
the three cases a, b and c

(a) k1 = 3.5, k2 = 7 (b) k1 = 4.5, k2 = 9 (c) k1 = 5.5, k2 = 11

Figure 3: Convergence plot of the estimated failure probability compared with the Monte-Carlo reference
for example 1 on the three cases a, b and c

3.2 Response of a non-linear oscillator

The second benchmark example is the response of a non-linear undamped oscillator with a single degree
of freedom as illustrated on figure 4. The problem is in dimension six with all random parameters taken
independent and defined by normal distributions as detailed in table 2. An extra parameter k3 is introduced
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Table 1: Results of the simulations on example 1

method P̂f ∆Pf [%] C.O.V. Ncalls

case1
k1 = 3.5
k2 = 7

MCS 7.58e− 4 − 0.26 2e8
AK-MCS 8.16e− 4 8.02 4.30 150
Proposed method 7.40e− 4 2.99 0.25 49.2

case 2
k1 = 4.5
k2 = 9

MCS 1.08e− 5 − 2.15 2e8
AK-MCS 1.06e− 5 2.44 13.7 124
Proposed method 1.06e− 5 2.67 0.29 54.4

case 3
k1 = 5.5
k2 = 11

MCS 5.95e− 8 − 2.91 2e10
AK-MCS − − − −
Proposed method 5.86e− 8 1.56 0.32 55.4

to artifically adjust the rarity of the failure event. Three cases are considered corresponding to respectively
k3 = {0, 0.5, 1}. The performance function reads as follows:

g(c1, c2,m, r, t1, F1) = k3 + 3r −
∣∣∣∣
2F1

mω2
0

sin

(
ω0t1
2

)∣∣∣∣ (22)

with c1 and c2 the stiffness of the springs, m the mass, F the applied load, Z the position of the mass, r the

maximum elongation before one of the springs yields and ω0 =
√

c1+c2
m .

Figure 4: Illustration of the nonlinear SDOF oscillator and pulse load

Table 2: Parameters of the distributions for example 2

Variable P.D.F Mean Standard deviation
m normal 1 0.05
c1 normal 1 0.1
c2 normal 0.1 0.01
r normal 0.5 0.05
F1 normal 1 0.2
t1 normal 1 0.2

The performances are illustrated on figure 5 with the convergence of the failure probability estimation. The
amplitude of the estimation over the ten performed analysis is displayed with a blue surface. It can be
observed that on all three cases the method efficiently converges toward the correct value with a limited
influence of the order of magnitude of the failure probability.

The results are finally compared quantitatively with those of the reference AK-MCS method on table 3. The
conclusions are similar than the ones drawn from example 1. On the first two cases AK-MCS is performing
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(a) k3 = 0 (b) k3 = 0.5 (c) k3 = 1

Figure 5: Convergence plot of the estimated failure probability compared with the Monte-Carlo reference
for example 2 on the three cases a, b and c

as intended with a good accuracy (around 5% error) coefficient of variation (around 4%) and a reasonable
number of calls to the performance function. On those two cases the proposed approach displays far superior
performances than AK-MCS with a consistently better accuracy, coefficient of variation and about half the
number of calls to the model.

On the last case the capped population of 5e6 samples is not enough for AK-MCS to reach a sufficient
accuracy. Therefore the algorithm terminates prematurely and, even though it only required sixteen calls to
the performance function it reached an error and coefficient of variation of about thirty percent. On the same
example the proposed approached exhibit good performances comparable to the other two cases.

Table 3: Results of the simulations on example 2

method P̂f ∆Pf [%] C.O.V. Ncalls

case1
k3 = 0

MCS 2.86e− 2 − 4.12e− 2 2e8
AK-MCS 2.98e− 2 4.40 4.31 35
Proposed method 2.76e− 2 3.57 0.22 17.7

case 2
k3 = 0.5

MCS 5.24e− 4 − 0.31 2e8
AK-MCS 4.87e− 4 6.40 4.62 41
Proposed method 5.22e− 4 1.36 0.22 24.5

case 3
k3 = 1

MCS 3.27e− 6 − 3.91 2e8
AK-MCS 2.20e− 6 32.7 30.2 16
Proposed method 3.36e− 6 2.61 0.24 31.7

4 Conclusions

A new reliability method has been proposed in the framework of adaptive-Kriging approaches. This method
is aimed at alleviating the limitations of most classical adaptive-Kriging approaches in cases of rare failure
events. To do so the proposed approach seeks to attractively reduce both the modelling and sampling errors
within the active learning scheme. The generation of the random is therefore done adaptively following a
Gaussian mixture distribution, a dedicated learning function and estimator are given as well as a tailored and
comprehensive stopping criterion.

The performances are illustrated on two classical benchmark problems and compared with the classical AK-
MCS method. Each problem is studied through three cases with increasingly lower failure probabilities to
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illustrate how the performances scale with the rarity of the failure event. On both examples and all cases the
proposed approach converged much faster than the reference AK-MCS methods while providing comparable
accuracy. In addition the proposed approach does not require any prior knowledge about the problem studied
while the performances of AK-MCS as shown in the analysis correspond to a best-case scenario where the
population size could be tailored to the problem. The analysis also highlighted how well the performances
scale with the rarity of the failure.

Overall the methods shows very promising results with many advantages such as very few hyper-parameters,
no prior knowledge needed and very good performances even on troublesome problems. However several
limitations still remain such as the poor performances of Kriging models on high dimensions. In addition
there exist opportunities for further improvement especially with the sampling part of the algorithm which
takes many simplifying assumptions. A quite straightforward lead for future work would be to not only look
for the optimum mean of the distribution but also include the standard deviation and the number of samples
drawn for the auxiliary. Adding these two parameters to the optimization would allow for more flexibility in
the definition of the Gaussian mixture which could result in a better approximation of the optimal auxiliary
and a faster convergence.
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[5] G. Schuëller, H. Pradlwarter, and P. Koutsourelakis, “A critical appraisal of reliability estimation
procedures for high dimensions,” Probabilistic Engineering Mechanics, vol. 19, no. 4, pp.
463–474, Oct. 2004, number: 4 Reporter: Probabilistic Engineering Mechanics. [Online]. Available:
https://linkinghub.elsevier.com/retrieve/pii/S026689200400044X

[6] M. de Angelis, E. Patelli, and M. Beer, “Advanced Line Sampling for efficient robust reliability
analysis,” Structural Safety, vol. 52, pp. 170–182, Jan. 2015, reporter: Structural Safety. [Online].
Available: https://linkinghub.elsevier.com/retrieve/pii/S0167473014000927

[7] J. Nie and B. R. Ellingwood, “Directional methods for structural reliability analysis,” Structural
Safety, vol. 22, no. 3, pp. 233–249, Jan. 2000, number: 3 Reporter: Structural Safety. [Online].
Available: https://linkinghub.elsevier.com/retrieve/pii/S016747300000014X

USD – METHODS 4996



[8] Y. Jiang, L. Zhao, M. Beer, E. Patelli, M. Broggi, J. Luo, Y. He, and J. Zhang, “Multiple response
surfaces method with advanced classification of samples for structural failure function fitting,”
Structural Safety, vol. 64, pp. 87–97, Jan. 2017, reporter: Structural Safety. [Online]. Available:
https://linkinghub.elsevier.com/retrieve/pii/S0167473016301230

[9] A. Basudhar and S. Missoum, “Reliability assessment using probabilistic support vector machines,”
International Journal of Reliability and Safety, vol. 7, no. 2, p. 156, 2013. [Online]. Available:
http://www.inderscience.com/link.php?id=56378

[10] J. E. Hurtado and D. A. Alvarez, “Neural-network-based reliability analysis: a comparative study,”
Computer Methods in Applied Mechanics and Engineering, vol. 191, no. 1-2, pp. 113–132, Nov.
2001, number: 1-2 Reporter: Computer Methods in Applied Mechanics and Engineering. [Online].
Available: https://linkinghub.elsevier.com/retrieve/pii/S0045782501002481

[11] B. Sudret, “Global sensitivity analysis using polynomial chaos expansions,” Reliability Engineering
& System Safety, vol. 93, no. 7, pp. 964–979, Jul. 2008. [Online]. Available: https:
//linkinghub.elsevier.com/retrieve/pii/S0951832007001329

[12] G. Matheron, “The Intrinsic Random Functions and Their Applications,” Applied Probability Trust,
vol. 5, no. 3, pp. 439–46 831, Dec. 1973, number: 3 Reporter: Applied Probability Trust.

[13] B. Echard, N. Gayton, and M. Lemaire, “AK-MCS: An active learning reliability method
combining Kriging and Monte Carlo Simulation,” Structural Safety, vol. 33, no. 2, pp.
145–154, Mar. 2011, number: 2 Reporter: Structural Safety. [Online]. Available: https:
//linkinghub.elsevier.com/retrieve/pii/S0167473011000038

[14] D. R. Jones and M. Schonlau, “Efficient Global Optimization of Expensive Black-Box Functions,”
Journal of Global Optimization, vol. 13, pp. 455–492, 1998.

[15] M. Moustapha, S. Marelli, and B. Sudret, “A generalized framework for active learning reliability:
survey and benchmark,” arXiv:2106.01713 [stat], Jun. 2021, arXiv: 2106.01713. [Online]. Available:
http://arxiv.org/abs/2106.01713

[16] B. Echard, N. Gayton, M. Lemaire, and N. Relun, “A combined Importance Sampling and Kriging
reliability method for small failure probabilities with time-demanding numerical models,” Reliability
Engineering & System Safety, vol. 111, pp. 232–240, Mar. 2013, reporter: Reliability Engineering &
System Safety. [Online]. Available: https://linkinghub.elsevier.com/retrieve/pii/S0951832012002086

[17] P. Wei, C. Tang, and Y. Yang, “Structural reliability and reliability sensitivity analysis of extremely rare
failure events by combining sampling and surrogate model methods,” Proceedings of the Institution of
Mechanical Engineers, Part O: Journal of Risk and Reliability, vol. 233, no. 6, pp. 943–957, Dec. 2019,
number: 6 Reporter: Proceedings of the Institution of Mechanical Engineers, Part O: Journal of Risk
and Reliability. [Online]. Available: http://journals.sagepub.com/doi/10.1177/1748006X19844666

[18] F. Cadini, F. Santos, and E. Zio, “An improved adaptive kriging-based importance technique for
sampling multiple failure regions of low probability,” Reliability Engineering & System Safety, vol.
131, pp. 109–117, Nov. 2014, reporter: Reliability Engineering & System Safety. [Online]. Available:
https://linkinghub.elsevier.com/retrieve/pii/S0951832014001537

[19] M. Balesdent, J. Morio, and J. Marzat, “Kriging-based adaptive Importance Sampling algorithms for
rare event estimation,” Structural Safety, vol. 44, pp. 1–10, Sep. 2013, reporter: Structural Safety.
[Online]. Available: https://linkinghub.elsevier.com/retrieve/pii/S0167473013000350

[20] E. Veach and L. J. Guibas, “Optimally combining sampling techniques for Monte Carlo
rendering,” in Proceedings of the 22nd annual conference on Computer graphics and interactive
techniques - SIGGRAPH ’95. Not Known: ACM Press, 1995, pp. 419–428, meeting
Name: the 22nd annual conference Reporter: Proceedings of the 22nd annual conference
on Computer graphics and interactive techniques - SIGGRAPH ’95. [Online]. Available:
http://portal.acm.org/citation.cfm?doid=218380.218498

USD – METHODS 4997



[21] J.-M. Cornuet, J.-M. Marin, A. Mira, and C. P. Robert, “Adaptive Multiple Importance Sampling:
Adaptive multiple importance sampling,” Scandinavian Journal of Statistics, vol. 39, no. 4, pp.
798–812, Dec. 2012, number: 4 Reporter: Scandinavian Journal of Statistics. [Online]. Available:
http://doi.wiley.com/10.1111/j.1467-9469.2011.00756.x

[22] V. Elvira, L. Martino, D. Luengo, and M. F. Bugallo, “Efficient Multiple Importance
Sampling Estimators,” IEEE Signal Processing Letters, vol. 22, no. 10, pp. 1757–1761,
Oct. 2015, number: 10 Reporter: IEEE Signal Processing Letters. [Online]. Available:
http://ieeexplore.ieee.org/document/7105865/

[23] M. Lemaire, Structural-Reliability. John Wiley & Sons, 2013.

[24] M. Sbert, V. Havran, and L. Szirmay-Kalos, “Variance Analysis of Multi-sample and One-
sample Multiple Importance Sampling,” Computer Graphics Forum, vol. 35, no. 7, pp.
451–460, Oct. 2016, number: 7 Reporter: Computer Graphics Forum. [Online]. Available:
http://doi.wiley.com/10.1111/cgf.13042

[25] C. E. Rasmussen and C. K. I. Williams, “Gaussian processes for machine learning,” MIT Press, Cam-
bridge, Mass., Tech. Rep., 2008, version Number: 3. print OCLC: 552376743.

[26] C. Lataniotis, D. Wicaksono, S. Marelli, and B. Sudret, “UQLab user manual – Kriging (Gaussian
process modeling),” Chair of Risk, Safety and Uncertainty Quantification, ETH Zurich, Switzerland,
Tech. Rep., 2022.

[27] J. Wang and Z. Sun, “The stepwise accuracy-improvement strategy based on the Kriging model for
structural reliability analysis,” Strucutral and Multidisciplinary Optimization, p. 18, 2018, reporter:
Strucutral and Multidisciplinary Optimization.

[28] J. Morio, “Non-parametric adaptive importance sampling for the probability estimation of a
launcher impact position,” Reliability Engineering & System Safety, vol. 96, no. 1, pp. 178–183,
Jan. 2011, number: 1 Reporter: Reliability Engineering & System Safety. [Online]. Available:
https://linkinghub.elsevier.com/retrieve/pii/S0951832010001912

[29] H. F. L. Dani Gamerman, Markov Chain Monte Carlo: Stochastic Simulation for Bayesian Inference,
2nd ed., ser. Texts in Statistical Science. Chapman and Hall/CRC, 2006. [Online]. Available:
https://libgen.fun/book/index.php?md5=d06742ab322b1ce8f32cb34dc6a075e6

USD – METHODS 4998


