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Abstract
The use of constrained viscoelastic materials has been regarded as a convenient strategy to reduce noise and
vibrations in many types of industrial applications. The presence of local nonlinearities in the system or the
implementation of a hyper-visco-elastic behaviour law, cannot be appropriately dealt with in the frequency
domain and require the analysis to be performed in the time domain. The purpose of this work is to present
a general framework for the computation of time responses of viscoelastically damped systems, by using
two-step recurrence formulas involving internal variables into a time discretization scheme. Four of the
most common viscoelastic models are under study: the generalized Maxwell model, the Golla-Hughes-
McTavish model, the Anelastic Displacement model and the fractional derivative model. After presenting the
Newmark schemes adapted to each representation of the behaviour law, the proposed approach is applied to
the computation of the time response of structure treated with a constrained viscoelastic layer for validation.

1 Introduction

The use of constrained viscoelastic materials has been regarded as a convenient strategy to reduce noise
and vibrations in many types of industrial applications. The principle involved is that vibratory energy is
dissipated through the viscoelastic layer, due to its material damping properties and as a result of the high
shear deformations undergone by this layer. The mechanical properties of viscoelastic materials, and thus
its damping capabilities, are highly influenced by parameters such as temperature, excitation frequency,
pre-strain, ... The efficiency of the damping treatment is usually defined by the resulting attenuation in
resonance frequency responses at given operational and environmental parameters. Therefore, many of the
modeling approaches which have been developed to account for the frequency- and temperature- dependency
on the mechanical properties of viscoelastic materials are adapted to analysis in the frequency domain [1].
However, some issues require analysis in the time domain. For instance, the presence of local nonlinearities
in the system or the implementation of a hyper-visco-elastic behaviour law cannot be appropriately dealt
with in the frequency domain [2, 3]. While the use of viscoelastic models is quite straightforward in the
frequency domain, some difficulties arise from their application in the time domain. Among the broad
variety of viscoelastic models presented in the literature, the generalized Maxwell model, the Golla-Hughes-
McTavish model, the Anelastic Displacement Field model and the fractional derivative model, which are the
most commonly used, are under study in this work.

In the Golla-Hughes-McTavish model (GHM), the Anelastic Displacement Field model (ADF) and the gen-
eralized Maxwell model (GM), internal variables can be introduced to obtain an augmented coupled matrix
system which is used to compute the time response of the viscoelastically damped structure [1]. With this
strategy, the system matrices are frequency-independent, but the size of the matrix system largely exceeds
the original size of the problem (the increase in the number of degree of freedom to be solved being directly
proportional to the number of series considered for the viscoelastic model). Moreover, in the case of the
generalized Maxwell model and the Anelastic Displacement Field model, the mass matrix of the augmented
matrix system is singular; hence a state-space first-order representation is required to compute the structural
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time response. This procedure doubles the size of the matrix system to solve at each time step, and increases
even further the computational cost of such approaches.

Another strategy is to apply the concept of dissipation variables in conjunction with a time discretization
scheme [4, 5]. It consists in transforming the stress-strain relation into a two-step recurrence formula in-
volving internal variables. In [5], the convolution representation of the behaviour law is approximated by
second-order schemes. This leads to second-order accurate recurrence formulas which allow the computa-
tion of updated internal variables at each time step. The relative efficiency of those formulas is studied in
[6]. The method described in [5] is limited to a particular class of relaxation functions, consisting in “a linear
combination of functions which possess the semi-group property”. Therefore, it is applicable to the gener-
alized Maxwell model and the Anelastic Displacement Field model, whose relaxation functions consist in
a linear combination of exponentials in the time-domain. For the fractional derivative model, the fractional
operators appearing in the constitutive equations can be approximated by Grünwald series to produce the
recurrence formulas updating the internal variables. The efficiency of this method is studied in [4]. To the
author’s knowledge, no recurrence formula exists for the Golla-Hughes-MacTavish model.

The purpose of this work is to present a general framework for the computation of time responses of vis-
coelastically damped systems, by using two-step recurrence formulas involving internal variables in the time
discretization scheme. The recurrence formulas of the four models under study are derived and applied to
the example presented in [4]. In particular, a first order approximation of the convolution representation of
the stress-strain relations is obtained for the Golla-Hughes-MacTavish model. To validate the approach, the
parameters of each viscoelastic model studied are identified so that they fit experimental master curves with
a similar degree of accuracy. The time response of structure treated with a constrained viscoelastic layer is
then computed for each model.

In the first section, the four viscoelastic models under study are presented. The time discretization scheme
with the recurrence formulas for each of those models is described in section 2. The numerical schemes
implemented are applied in the last section to the computation of the time response of a sandwich cantilever
beam subjected to a transverse load.

2 Viscoelastic models

In the context of linear viscoelasticity, the 1D constitutive law which links the stress σ to the strain ε can be
written in its convolution integral form [7]:

σ(t) =

∫ t

−∞
E(t− τ)

dε(τ)

dτ
dτ (1)

where E(t) is the relaxation modulus. If the initial strain is ε(t) = 0 for t > 0, and the modulus is written
as:

E(t) = E(t→ 0)− h(t), (2)

where h(t) is the memory function, the stress-strain relation becomes:

σ(t) = E(t→ 0)ε(t)−
∫ t

−∞
h(t− τ)

dε(τ)

dτ
dτ (3)

Various expressions of the relaxation modulus exist in the literature, each one leading to a specific viscoelas-
tic damping model. The relaxation modulus is commonly defined in the frequency/Laplace domain, since its
expression in the time-domain is not available for some models:

σ(s) = E(s)ε(s) or σ∗(ω) = E∗(ω)ε∗(ω) (4)

where s is the complex frequency variable and ω is the natural pulsation. The mechanical properties of a
viscoelastic material are usually defined through the components of the complex modulus E∗:

E∗(ω) = E′(ω) + iE′′(ω) = E′(ω)(1 + iη(ω)) (5)
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where E′(ω) is called the storage modulus, E′′(ω) is the loss modulus and η(ω) is the loss factor. In this
work, four models are under study: the generalized Maxwell model, the Anelastic Displacement Field model,
the Golla-Hughes-McTavish model and the fractional derivative model.

2.1 Generalised Maxwell model (GM)

The generalised Maxwell model, initially introduced by Weichert [8], consists of N Maxwell rheological
elements in series with a spring representing the relaxed modulus. The Laplace expression of the relaxation
modulus is:

E(s) = E0 +
N∑
k=1

Ek
τks

1 + τks
(6)

where E0 is the relaxed modulus (E0 = E(ω → 0) = E(t → ∞)), Ek are moduli and τk are relaxation
times. The unrelaxed modulus E∞ (E∞ = E(ω → ∞) = E(t → 0)) can be computed as E∞ =

E0 +
N∑
k=1

Ek. For this model, a time-domain expression of the relaxation modulus exists:

E(t) = E0 +
N∑
k=1

Ek exp−t/τk (7)

2.2 Anelastic Displacement model (ADF)

The anelastic displacement field model, developed by Lesieutre and Bianchini [9], consists of a assembly of
N Voigt rheological elements in series with a spring representing the static modulus. The Laplace expression
of the relaxation modulus is:

E(s) = E0

(
1 +

N∑
k=1

∆k
s

s+ Ωk

)
(8)

There is an equivalence between the generalised Maxwell model and the anelastic displacement field model:

Ωk ↔
1

τk
and ∆k ↔

Ek
E0
, (9)

which leads to following expression of the relaxation modulus in the time-domain:

E(t) = E0

(
1 +

N∑
k=1

∆k exp−Ωkt

)
(10)

2.3 Golla-Hughes-McTavish model (GHM)

The Golla-Hughes-MacTavish model [10] is composed of a series of damped mini-oscillators in parallel with
a spring. The expression of the relaxation modulus in the Laplace domain is:

E(s) = E0

(
1 +

N∑
k=1

αk
s2 + 2ζkωks

s2 + 2ζkωks+ ω2
k

)
(11)

where αk are relaxation magnitudes, ωk are the natural pulsation of each mini-oscillators, and ζk are the
damping ratios of each mini-oscillators.

The unrelaxed modulus E∞ can be computed as E∞ = E0

(
1 +

N∑
k=1

αk

)
.
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2.4 Fractional derivative model (FD)

The fractional derivative model, which makes use of fractional operators, was developed by Bagley and
Torvik [11]. The main advantage of this model is that it generally provides a good representation of the
frequency-dependency of the modulus with few parameters. Contrary to the viscoelastic models previously
presented, it does not rely rheological models in series, but is based instead on a specific rheological element:
the spring-pot. The expression of the relaxation modulus in the Laplace domain is:

E(s) =
E0 + E∞ (sτ)α

1 + (sτ)α
(12)

where E0 is the relaxed modulus, E∞ is the unrelaxed modulus, τ is a relaxation time and α is the order of
the fractional derivative operator which appears in the stress-strain relation:

σ + ταDα(σ) = E0ε+ ταE∞Dα(ε) (13)

where Dα is time fractional differential operator.

3 Numerical integration of viscoelasticity

To implement viscoelasticity in the finite element formulation of the system, dissipation variables are intro-
duced so that the strain-stress relation is transformed into a two-step recurrence formula in the Newmark
time discretization scheme. In the next sections, the formulation of the viscoelastic model using internal dis-
sipation variables, the finite element formulation of the viscoelastically damped structure and the modified
Newmark time discretization scheme are described.

3.1 Formulation of the viscoelastic models with internal variables

The internal variables we aim at introducing in the model are associated to the memory function h(t) from
Eq.(3). The internal variables εk are defined as a strain function so that the stress-strain relation becomes:

σ(t) = E∞ε(t)−
N∑
k=1

pkεk(t) (14)

for viscoelastic models with series representation, and:

σ(t) = E∞ε(t)− pε(t) (15)

for the fractional derivative model. The coefficients pk and p are to be identified from the model. This
change of variables implies that Eq.(3) does not explicitly contain a convolution term any more. A recurrence
formula can be obtained after time discretisation for the computation of the internal dissipation variables at
each time step.

3.1.1 Viscoelastic models with a time-domain representation

For viscoelastic models with a time-domain representation, i.e. for the generalised Maxwell model and
the anelastic displacement field model, the internal variables εk can be directly obtained from Eq.(3). For
instance, introducing the time-domain expression of the relaxation modulus for the generalised Maxwell
model in Eq.(1), one gets:

σ(t) =

∫ t

−∞

(
E0 +

N∑
k=1

Ek exp−(t−τ)/τk

)
dε(τ)

dτ
dτ. (16)
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By imposing ε(t) = 0, ∀t ≤ 0 , this relation becomes:

σ(t) = E∞ε−
N∑
k=1

Ek

(
ε(t)−

∫ t

−∞
exp−(t−τ)/τk

dε(τ)

dτ
dτ
)
. (17)

By identification with Eq.(14) the expression of the internal dissipation variables εk is:

εk(t) = ε(t)−
∫ t

−∞
exp−(t−τ)/τk

dε(τ)

dτ
dτ (18)

and pk = Ek. Assuming that
dε(τ)

dτ
is constant on time step interval (τ ∈ [tn, tn+1]), the integral in the

previous equation is evaluated at tn+1 as follows [5]:

εk(tn + 1) = ε(tn+1)− exp

(−∆t

τk

)
εk(tn)− τk

(
1− exp

(−∆t

τk

))
ε̇(tn+1) (19)

where ∆t = tn+1 − tn.

In a similar way, one can show that the expression of the internal dissipation variables for the anelastic
displacement field model is:

εk(t) = ε(t)−
∫ t

−∞
exp−Ωk(t−τ) dε(τ)

dτ
dτ (20)

and pk = E0∆k. With similar assumptions, this relation can be re-written as:

εk(tn + 1) = ε(tn+1)− exp (−Ωk∆t) εk(tn)− 1

Ωk
(1− exp (−Ωk∆t)) ε̇(tn+1) (21)

3.1.2 Viscoelastic models with frequency-domain representation

For viscoelastic models which have only a frequency-domain representation, i.e. for the Golla-Hughes-
McTavish model and the fractional derivative model, the internal variables are εk are identified from Eq.(4).

For the Golla-Hughes-MacTavish model, the constitutive law in the Laplace domain is re-written as:

σ(s) = E∞ε(s)−
N∑
k=1

E0αk
ω2
k

s2 + 2ζkωks+ ω2
k

ε(s) (22)

By identification with Eq.(14) the expression of the internal dissipation variables εk is:

εk =
ω2
k

s2 + 2ζkωks+ ω2
k

ε(s) (23)

and pk = E0αk, which leads to the following relation:

d2εk
dt2

+ 2ζkωk
dεk
dt

+ ω2
kεk = ω2

kεk (24)

By using a backward Euler scheme, this relation takes the following discretised form:

θkεk(tn+1) = ω2
kε(tn+1) +

2εk(tn)− εk(tn−1)

2∆t2
+

2ζkωk
∆t

ε(tn+1). (25)

where θk =
(

1
2∆t + 2ζkωk

∆t + ω2
k

)
.
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Elastic faces
Viscoelastic core

Figure 1: Structure treated with constrained viscoelastic layer.

For the fractional derivative model, the constitutive equation in the Laplace domain can be written as:

σ(s) = E∞ε(s)−
E∞ − E0

1 + (sτ)α
ε(s) (26)

By identification with Eq.(15) the expression of the internal dissipation variable ε is:

ε =
E∞ − E0

E∞(1 + (sτ)α)
(27)

and p = E∞, which leads to the following relation:

ε+ τα
dε
dt

=
E∞ − E0

E∞
ε (28)

To obtain the discretised form of this relation, the Grünwald definition is used to approximate the fractional
operator dα/dtα, as explained in [4]:

dαε(t)
dtα

≈ ∆t−α
Nt∑
j=0

Aj+1ε(t− j∆t) (29)

where Aj+1 represents the Grünwald coefficients given either in terms of the gamma function of by the
recurrence formulae:

Aj+1 =
Γ(j − α)

Γ(−α)Γ(j + 1)
or Aj+1 =

j − α− 1)

j
Aj (30)

and Nt (Nt < N ) is the number of Grünwald coefficient considered in the approximation. Eq.(28) then
becomes:

ε(tn+1) = (1− c)E∞ − E0

E∞
ε(tn+1)− c

Nt∑
j=1

Aj+1ε(tn+1−j) (31)

3.2 Finite element formulation

A structure treated with constrained layer damping (CLD) is generally composed of two media: elastic
faces, denoted by subscript f hereinafter, and a viscoelastic core layer, denoted by subscript c, as shown on
Figure 1. Several strategies can be adopted for the modeling of such sandwich structures, but for the sake
of generality, this section is more focused on the implementation of the viscoelastic model in the discretised
equation of motion than on the finite element discretisation itself. Let assume that the nodal displacements
ue of each element of the mesh are interpolated by a matrix of shape functions N:

ue = Nqe (32)

where qe contains the element degrees of freedom.
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Using this discretisation, the governing equation is written as:(
Me
f +Me

c

)
q̈e(tn+1) +Ke

fq
e(tn+1) +

∫
Ωe

c

Bσ(tn+1)dV = Fe(tn+1) (33)

where the mass matrices of the elastic faces and the core layer,Me
i (i = f, c), can be expressed as a function

of the matrix of shape functions and the densities of both media, ρi (i = f, c):

Me
i =

∫
Ωe

i

NTρiNdV, (34)

the stiffness matrix of the elastic faces is expressed as a function of the gradient matrix operator B and the
elasticity matrix of the elastic media Cf :

Ke
f =

∫
Ωe

f

BCfBdV, (35)

and Fe is the element loading vector.

By using the expression of the stress σ(t) given by Eq.(14) and (15), the term corresponding to the stiffness
matrix of the viscoelastic core layer is re-written as:∫

Ωe
c

Bσ(tn+1) = K
e
cq
e(tn+1) + C

e
cq̇
e(tn+1)− F

e
(tn+1) (36)

where Ke
c is a constant matrix depending on the elasticity matrix of the viscoelastic media evaluated for a

given value of the modulus (assuming a constant Poisson ratio), and F
e is a loading vector which contains all

the terms depending on the internal degrees of freedom qek associated with the internal dissipation variables
εk defined in the previous section.

3.3 Newmark algorithm

A Newmark scheme with β = 1/4 and γ = 1/2 as parameters is considered in this work. This algorithm has
already been applied to compute the time response of viscoelastically damped structures in [4], and provided
good results. The modified Newmark algorithm implemented is given in Algorithm 1. It is based on a two-
step recurrence formulae: the first step is the calculation of the modified load (line 6 in Algorithm 1 ), and
the second one is the calculation of the internal dissipation variables, (line 10 in Algorithm 1 ).

4 Results and analysis

The implementation of each viscoelastic model is tested on the example of a cantilever sandwich beam with
viscoelastic core and symmetrical faces, subjected to a transverse triangular impulse at its free end, presented
in [4] (see Figure 2).

The geometry of the structure is: length L = 200 mm, width b = 10 mm, thickness of top and bottom faces
ha = hb = 1 mm and thickness of the viscoelastic core layer hc = 0.2 mm. A shear coefficient value of
k = 5/6 is considered. The elastic faces are made of aluminum (E = 70.3 103 Pa, ν = 0.3, ρ = 2690
kg/m3) and the viscoelastic core is made of ISD112 at 27oC (ν = 0.495, ρ = 1600 kg/m3). The frequency-
dependency of the Young modulus is modeled by one of the four viscoelastic models investigated in this
work. The parameters of the models have been identified so that the corresponding master curves are similar.
The results of the identification are given in Figure 3. For the models with series representation, 8 series
were considered, which leads to a relative error inferior to 1% between each model.
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Algorithm 1 Modified Newmark algorithm.
1. Enter data (integration parameters, model parameters, assembled matrices)
2. Initialisation of q(0), q̇(0),qk(0) (using Eq.(19), (21), (25) or (31)) and

q̈(0) = (Mf +Mc)
−1
(
F(0)− (Kf +Kc)q(0)

)
3. Evaluation of the matrix S using the expression of Cc and Kc

S = (Mf +Mc) + γ∆tCc + β∆t2(Kf +Kc)

4. for n = 1 to Ndt do
5. Prediction of the displacement and the velocity

qpr(tn+1) = q(tn) + ∆tq̇(tn) + (0.5− β)∆t2q̈(tn)

q̇pr(tn+1) = q̇(tn) + (1− γ)∆tq̈(tn)

6. Calculation of the modified loading Fk(tn+1).
7. Computation of the residual

R(tn+1) = F(tn+1) + F(tn+1)− (Kf + Kc)q
pr(tn+1)

8. Evaluation of the acceleration
q̈(tn+1) = S−1R(tn+1)

9. Correction of the displacement and the velocity

q(tn+1) = qpr(tn+1) + β∆t2q̈(tn+1)

q̇(tn+1) = q̇pr(tn+1) + γ∆tq̈(tn+1)

10. Evaluation of the internal degrees of freedom qk(tn+1) using Eq.(19), (21), (25) or (31)
11. end for

Figure 2: Sandwich beam studied and description of the triangular impulse imposed at the free end of the
beam (from [4]).
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Figure 3: Master curves of ISD112 at 27oC, modelled by four viscoelastic models.

As in [4], the structure is modelled using sandwich finite elements [12]. The time response of the sandwich
beam to the transverse load described in Figure 2 is computed with a time step of 0.25ms for each viscoelastic
model implemented. The results are presented in Figure 4. A good correlation is observed between the four
models, which validates the implementation of the models in the time-domain. However, by having a closer
look at the last oscillation (Figure 5), there are some errors both in amplitude and in period on the time
response, which would need to be further investigated.

5 Conclusion

The goal of this work was to present a general framework for the computation of time responses of vis-
coelastically damped systems, by using two-step recurrence formulas involving internal variables in the
time discretisation scheme. The generalised Maxwell model, the anelastic displacement field model, the
Golla-Hughes-McTavish model and a four-parameter fractional derivative model were implemented within
a modified Newmark scheme to compute the time response of a sandwich beam subjected to a transverse
triangular load. It is shown that by identifying the models’ parameters such that the produced master curves
are almost identical, the tip displacements of the sandwich beam computed with each models are similar.
The evolution of the error in amplitude and in period between the models needs to be investigated further, as
well as the order of convergence of numerical schemes.
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Figure 4: Time response of the sandwich beam to the transverse load for each viscoelastic model imple-
mented.
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Figure 5: Time response of the sandwich beam to the transverse load for each viscoelastic model imple-
mented (zoom on the last oscillation).

556 PROCEEDINGS OF ISMA2016 INCLUDING USD2016



References

[1] C.M.A. Vasques, R.A.S. Moreira, J. Dias Rodrigues, Viscoelastic damping technologies - Part I: model-
ing and finite element implementation, Journal of Advanced Research in Mechanical Engineering, Vol.
1, No. 2, (1997), pp. 76-95.

[2] C. Soize, I.E. Poloskov Time-domain formulation in computational dynamics for linear viscoelastic me-
dia with model uncertainties and stochastic excitation, Computers and Mathematics with Applications,
Vol. 64, (2012), pp. 3594-3612.

[3] M. Kaliske, H. Rothert Formulation and implementation of three-dimensional viscoelasticity at small
and finite strains, Computational Mechanics, Vol. 19, (1997), pp. 228-239.
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