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Abstract
In this work, a recently developed approach for nonlinear modal testing is discussed, which is suited for
systems with nonlinear dissipation. The approach relies on the definition of a nonlinear mode as periodic
motion. The nonlinear mode is described by a set of amplitude-dependent modal properties (i.e. modal
frequency, damping ratio and deflection shape). With the developed approach, these properties are obtained
experimentally. To this end, the specimen is excited to undergo periodic motions, ensuring phase resonance
between excitation and drive-point response using a phase-locked loop controller. In this contribution, we
discuss the nonlinear modal testing approach with regard to its potential and limitations. We show that for
many structures, local phase resonant excitation with respect to the fundamental harmonic is sufficient to
extract accurate modal properties. Furthermore, the influence of higher harmonics in excitation force and
response is discussed and a potential enhancement of the experimental approach is suggested.

1 Introduction

Due to the demand for higher efficiency and light-weight design, for example in turbomachines, nonlinear
vibration phenomena occur, e.g. in slender or jointed structures. To accurately predict such vibrations, mod-
els have to be validated or updated using experimental methods, which are suited for structures influenced by
both conservative and non-conservative nonlinear restoring forces. The large variety of nonlinearities calls
for nonlinear system identification methods that do not assume any prior knowledge of the functional form of
the nonlinearity. For a recent, extensive overview on nonlinear system identification methods, the interested
reader is referred to [1]. One approach is to extend the wide-spread concept of linear modal analysis to non-
linear systems and employ the concept of nonlinear vibration modes, i.e. modes with amplitude-dependent
frequency, damping ratio, deflection shape. In literature, several definitions of a nonlinear mode exist. A
nonlinear mode concept suited for both stiffness and damping nonlinearities is the extended periodic motion
concept (EPMC) [2], which defines a nonlinear mode as a periodic motion of an autonomous system. Such
a single nonlinear mode accurately describes v) around the resonance. ibrations near isolated resonances for
a large range of classes of nonlinearities under near-resonant external forcing or self-excitation.

To experimentally extract amplitude-dependent modal properties, i.e. nonlinear modal testing, several ap-
proaches have been suggested in the last years. The first approach for structures with light, linear damping
was to extend the notion of phase resonance to nonlinear systems and apply force appropriation [3]. After re-
moving the excitation, the free decay is analyzed to extract amplitude-dependent modal frequency and shape.
To avoid distortions when removing the excitation, steady-state force appropriation was later suggested using
a control scheme based on a phase-locked loop (PLL) [4, 5] or control-based continuation [6].

In recent years, we extended this idea and developed an approach for nonlinear modal testing of structures
with nonlinear dissipation [7], which is in accordance with the EPMC. Using a PLL control scheme, periodic
motion is enforced by compensating the dissipated energy over one cycle of vibration through appropriated
external forcing using either shaker-stinger or base excitation. In the subsequent analysis, an amplitude-
dependent modal damping ratio is extracted alongside with amplitude-dependent modal frequency and de-
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flection shape. This approach has been tested for both conservative and non-conservative nonlinearities, e.g.
geometric nonlinearities or local nonlinearities caused by dry friction or multi-physical effects.

In this contribution, we discuss this nonlinear modal testing approach regarding its potential and limitations.
We first summarize the method and provide an overview over the most important findings, which been
published in [2, 7, 8, 9]. We show that for many structures, local phase resonant excitation with respect to
the fundamental harmonic is sufficient to extract accurate modal properties. The accuracy of the method
is discussed in the light of repetition-variability inherent to the test rigs. Moreover, we discuss how higher
harmonics in excitation and response affect the control behavior and the extracted modal properties, and an
enhancement of the experimental approach is suggested.

2 Method

First, the EPMC [2] is briefly summarized. Then, we explain how to employ this concept in an experimental
setting and how to extract modal properties [7].

2.1 The EPMC

The following discussion is limited to nonlinear modes that depart from a specific linear mode with a distinct,
nonzero modal frequency (i.e. modes associated with repeated roots are excluded). Then, a nonlinear mode
is a continuous extension of a linear mode with respect to an amplitude measure such as energy. According to
the EPMC [2], a nonlinear mode is a family of periodic motions of an non-conservative, autonomous system.
The motion of the autonomous system would naturally decay, and, thus, periodic motion must be enforced.
In the EPMC, an artificial, negative, mass-proportional viscous damping term compensates the energy lost
by natural dissipation.

Given the equation of motion
Mẍ(t) + g(x(t), ẋ(t)) = 0 (1)

of a system described by a set of N generalized coordinates x ∈ RN . Here, t denotes time, the overdot
˙(•) denotes the derivative with respect to time. M is the symmetric, positive definite mass matrix, and g

comprises all linear and nonlinear damping and restoring forces. Introducing the artificial, negative viscous
damping term with ξ ∈ R,

Mẍ(t) + g(x(t), ẋ(t))− ξMẋ(t) = 0, (2)

a nonlinear mode is defined as a solution of Eq. (2), i.e. the family of periodic motions

x(t) = x(t+ T ) = Re

{ ∞∑

n=0

x̂neinωt

}
. (3)

Here, x̂n ∈ CN are complex Fourier coefficients, and the fundamental period is T = 2π/ω. It is important to
note that the negative damping term does not exactly cancel dissipation forces but compensates the dissipated
energy over a cycle of oscillation.

Based on Eq. (3), the amplitude-dependent modal properties are defined as follows: The modal frequency
is equal to the fundamental angular frequency ω, and x̂n are the Fourier coefficients of the modal deflection
shape. The modal damping ratio is determined as ζ = ξ

2ω . If the equation of motion is known, Eq. (3) can
be solved numerically for the unknowns ω, x̂n, and ξ (and thus ζ), using e.g. harmonic balance [2].

When the system Eq. (1) is externally excited near a primary resonance, the vibration energy is confined to
the corresponding nonlinear mode. Then, the resonant frequency response closely follows the frequency-
amplitude relation of the nonlinear mode, and the system behaves like a single-degree-of-freedom oscillator.

This definition of a nonlinear mode is consistent with the periodic motion concept for conservative systems
and to the linear case under modal damping. This definition is, therefore, an extension of the periodic motion
concept for nonlinear modes of systems with conservative nonlinearities.
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The modal properties loose their clear meaning if more than one linear mode shape contribute strongly in the
nonlinear mode and, at the same time, damping is not light. In such cases, the modal coupling is distorted
by the artificial term.

2.2 Experimental implementation of EPMC

To implement the EPMC experimentally, the negative viscous damping term can be interpreted as external
forcing,

f(t) = ξMẋ(t) = Re

{ ∞∑

n=0

inωξMx̂neinωt

}
. (4)

Such an external forcing is, however, infeasible in experiments, since the mass distribution would have to be
known, all degrees of freedom would have to be excited, and an infinite number of frequencies would have
to be contained in the excitation. Subsequently, an approximation of this forcing is derived [7]. In this paper,
we limit the discussion to shaker-stinger excitation, but it has been shown that base excitation can also be
utilized [10, 11].

First, the force of Eq. (4) is explicitly written for the direction of the k-th generalized coordinate,

fk(t) = Re

{ ∞∑

n=0

f̂k,neinωt

}
with f̂k,n = inωξ


Mkkx̂k,n +

∑

j 6=k
Mkj x̂j,n


 . (5)

Note that the force obeys the same periodicity T = 2π
ω as the nonlinear mode. For systems with weak inertia

coupling, such as slender structures, i.e. where the mass matrix is diagonal-dominant and |Mkk| � |Mkj |
for all j 6= k holds, the force can be simplified. In such cases, the phase of the n-th force harmonic f̂k,n
applied to coordinate k is mainly determined by the phase of x̂k,n. Thus, it is sufficient to ensure local phase
resonance, i.e. f̂k,n is shifted by π/2 with respect to x̂k,n for all n and k,

f̂k,n ≈ inωξMkkx̂k,n ∝ ix̂k,n ∀n, k (6)

The simplification of local phase resonance also holds for conservative or lightly damped structures that
undergo a phase-synchronous motion, i.e. the phase difference between generalized coordinates k and j is
equal to zero, arg (x̂k,n) = arg (x̂j,n).

Assuming that the fundamental harmonic dominates the nonlinear mode, it is sufficient to ensure local phase
resonance for the fundamental harmonic only in order to excite the nonlinear mode. Recalling further that the
mode dominates close to resonance, already a single-point excitation is sufficient (ensuring at the excitation
location is not a node of the mode). Then, the appropriated excitation force is

f appr(t) = ek




Re
{
f̂k,1e

iωt
}

︸ ︷︷ ︸
controlled

+ Re

{ ∞∑

n=2

f̂k,neinωt

}

︸ ︷︷ ︸
uncontrolled



, (7)

where ek is a unit vector with a non-zero entry at the excitation coordinate only. Note that higher harmonics
f̂k,n of the force with n > 1 are included here, since they are inevitable in practice due to interactions
between structure and excitation mechanism.

Phase resonance between f̂k,1 and x̂k,1 can conveniently be achieved using a PLL controller [12]. A phase
detector using synchronous detection provides accurate estimations of the phase lag, even in the presence of
higher harmonics [5]. A standard PI controller then adapts the excitation frequency until the desired phase
lag is reached. The fundamental harmonic magnitude

∣∣∣f̂k,1
∣∣∣ of the force can be set by the user to achieve the

vibration level of interest. Once the controller has locked, the steady-state periodic motion and the applied
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force is recorded. Subsequently changing the vibration levels stepwise and recording data for each step, the
phase-resonant backbone is tracked for different amplitudes.

2.3 Extraction of modal properties

Once the time signals are collected, the modal frequency ω and the Fourier coefficients of the deflection
shape, {x̂0 , x̂1 , x̂2 , x̂3 , ...}, are extracted directly from the measured signals. To extract the modal damping
ratio, a power balance between excitation and dissipated power is applied [7], which has to hold over one
cycle of vibration. The excitation power is expressed as active excitation power P1, associated with the first
Fourier coefficient of excitation force and drive-point velocity,

P1 =
1

2

∣∣∣f̂k,1
∣∣∣ |iωx̂k,1| cos(θ) (8)

with θ the phase angle between the Fourier coefficients of force f̂k,1 and drive-point velocity iωx̂k,1 [4]. |•|
is the absolute value. Note that θ = 0 holds for exact phase resonance. To account for imperfect control,
where only θ ≈ 0 holds, the term cos(θ) is included in Eq. (8). Then, the modal damping ratio is

ζ =
P1

ω3a2
, (9)

where a ∈ R is the modal amplitude, defined as the scaling factor x̂1 = aφ1 [7] between the first Fourier
coefficient of the mass-normalized deflection shape, φ1 with φ1

HMφ1 = 1, and the unscaled deflection
shape, x̂1. (•)H is the Hermitian transpose. To mass-normalize the deflection shape, the mass matrix Mest
is estimated based on linear mass-normalized mode shapes Φlin obtained with standard linear experimental
modal analysis at low excitation level,

Mest =
(
Φlin

T
)+

(Φlin)+ . (10)

Here, (•)T is the transpose and (•)+ is the pseudoinverse. The pseudoinverse is necessary here, since
generally more sensor rows than modes are contained in Φlin. Then, the modal amplitude is determined as

a2 = x̂1
HMestx̂1. (11)

The accuracy of the extracted modal damping ratio depends on the number of modes contained in Φlin. In
our experience, including more sensor rows than modes leads to more accurate results. By comparing the
modal damping ratio obtained with linear modal analysis at low level and the modal damping ratio extracted
from the backbone data at similar levels ( c.f. Eq. (9)), it can be checked if the mass-normalization step is
performed correctly.

3 Results

In this section, we summarize the most important findings based on our recent experiments.

First, the proposed approach was tested by means of simulated experiments using Matlab / Simulink. The
specimen was a cantilevered seven-element Euler-Bernoulli beam with an elastic dry friction element at the
fourth node in transversal direction. The simulated experiments include the effect of the shaker-stinger-
structure interaction and measurement noise [7]. As reference, the modal properties were computed solving
Eq. (2) numerically with the tool NLvib [13]. Comparing the reference with the simulated experimental
results proves that the modal properties are accurately extracted using the experimental implementation with
a PLL control scheme (see Fig. 1).

The method has then been applied to several experimental specimens with different sources of nonlinearity:

• nonlinearity caused by interactions at a bolted joint: joint resonantor [7] and Brake-Reuß-beam [8]
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Figure 1: Modal frequency and modal damping ratio of a beam with friction nonlinearities. Black lines are
modal properties obtained by solving Eq. (2) and dots represent results obtained with virtual experiments.

• nonlinearity caused by dry friction: a cantilevered beam called RubBeR [9]

• stiffening nonlinearity caused by multiphysics effects: a cantilevered beam with magnets [8]

• geometric nonlinearity caused by bending-stretching coupling: a thin curved beam that is clamped on
both ends [11]

• contact interactions of a technically relevant structure: a turbine blade, which is clamped at its root
[10]

Most specimen were excited with a shaker-stinger mechanism, but the last two listed experiments prove that
the proposed approach is also suited for base excitation.

To validate the experimentally extracted modal properties, frequency responses around the nonlinear mode
were predicted based on the modal single-degree-of-freedom oscillator. To this end,

[−Ω2 + 2iΩω(a)ζ(a) + ω(a)2]aeiθ = φH
1 (a)f̂1,exc (12)

is solved explicitly for the excitation frequency Ω2, given a modal amplitude a and the associated modal
properties. Here, θ is the phase lag between modal excitation force and response, and f̂1,exc is the first Fourier
coefficient of the excitation force. If the predicted frequency response curves correlate well with measured
reference curves, the modal properties are deemed accurate and meaningful. The successful validation for all
specimens emphasizes that the method is suited for a large range of types of nonlinearity, without requiring
any prior knowledge on the nonlinearity. Furthermore, the method is suited for model validation purposes
and can inform model upgrading [10]. The measurement duration of one backbone curve and one frequency
response with controlled force are of similar order. The proposed approach, thus, reduces the measurement
time compared to obtaining frequency response curves for several excitation levels as often done for model
validation purposes. Therefore, the proposed approach reduces the risk of harming a test specimen while
measuring close to resonance.

In the following, the results of two specimens are presented in more detail. Both specimens were excited
around the first bending mode. The vibration motion was measured using accelerometers. First, we discuss
the results of a cantilevered beam with magnets attachted at the beam’s tip [8]. Another set of magnets is
attached to a frame around the beam causing a repellent magnetic force between the magnets at the beam and
at the frame. This force depends on the distance between the magnets, i.e. the vibration amplitude, causing a
stiffening nonlinearity. In Fig. 2a, the modal frequency and modal damping ratio of this specimen is shown.
The frequency is normalized with the linear modal frequency, obtained with linear modal analysis at low
level and the deflection amplitude is normalized with the beam’s length. The frequency increases with the
vibration amplitude as expected. The small changes in damping ratio are most likely due contact interactions
at the clamping interface. Based on these modal properties, the frequency response is predicted (see Fig. 2b).
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Figure 2: (a) Modal frequency and modal damping ratio of the beam with magnets. (b) Predicted frequency
responses based on modal properties (purple solid line) and measured reference curves (black dashed line).
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Figure 3: (a) Modal frequency and modal damping ratio of RubBeR. (b) Predicted frequency responses based
on modal properties (purple solid line) and measured reference curves (black dashed line).

To gather the reference curves, the PLL controller was utilized to control the phase lag between -25◦ and
-150◦. This way, the unstable branch of the frequency response can be measured. A second control loop with
a PI controller was added to ensure a constant excitation force amplitude. The predicted frequency responses
agree very well with the reference curves for all tested levels, proving the accuracy of the modal model.

The second specimen is another cantilevered beam, called RubBeR. Here, the nonlinearity is caused by dry
friction. The friction contact is designed in such a way that the entire dynamic range from full stick to nearly
full slip can be measured [9]. Due to the variability inherent to experiments with dry friction, the backbone
measurements were carried out six times. In Fig. 3a, the averaged modal frequency and damping ratio is
shown. The gray-shaded area indicates the variability spread of the individual experiments. The results of
this specimen prove that the suggested approach is suited for strong damping nonlinearities. Furthermore,
the variability of the extracted modal properties can be quantified. Considering this variability also for
the prediction of the frequency responses (gray shaded area in Fig. 3b), the modal oscillator captures the
dynamics of the system well. Therefore, the identified modal properties are deemed accurate.
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Figure 4: (a) Relative amplitude and (b) phase lag between drive-point acceleration and force for the third
(purple solid) and fifth (orange dashed) higher harmonic.

3.1 Limitation and challenges

As mentioned in Section 2.1, the proposed approach assumes that the nonlinear mode is isolated and domi-
nates around resonance. In Fig. 3b, a second smaller peak in the second highest frequency response is visible
around normalized excitation frequency of 0.83. These dynamics might be caused by a modal interaction [9]
and cannot be explained by a single-degree-of-freedom oscillator. In such cases, the validity of the modal
properties is inherently limited.

One of the assumptions made in the simplified experimental implementation is that it is sufficient to ensure
phase resonance for the fundamental harmonic only. It is well known that higher harmonics in the excitation
force can be caused by interactions between structure and shaker, leading to a multi-frequency excitation.
These higher harmonics in the force are generally not in phase resonance with higher harmonics in the
response. This is demonstrated for the RubBeR specimen in Fig. 4. In the left plot, the amplitudes of the
third and fifth harmonic of the beam’s tip acceleration, normalized with the amplitude of the fundamental
harmonic, are shown. These higher harmonics are not in phase with the corresponding higher harmonic
of the excitation force (see Fig. 4b, where 90◦ would correspond to phase resonance). To improve the
quality of the excitation, significant higher harmonics in the force could be included in the control scheme
for phase resonance. To this end, the phase lag between the higher harmonics is readily available using
the synchronous detection phase detector. Ensuring correct scaling of the excitation amplitudes of those
harmonics, a controlled multi-frequency excitation could be implemented. This would, however, increase the
complexity of the control loop. Therefore, the trade-off between increased experimental effort and improved
accuracy of the exctracted modal properties has to be found for each specimen. Since the results for the
RubBeR specimen are accurate in the light of the inherent variability, we refrained from implementing multi-
frequency excitation.

4 Conclusions

The suggested nonlinear modal testing approach proves to be applicable for a large range of nonlinearities.
If the nonlinear mode of interest is isolated, a single modal oscillator accurately predicts periodic motion
under external forcing (or self-excitation) around the resonance. The approach does not require any prior
knowledge of the type of nonlinearity. The presence of uncontrolled higher harmonics in response and force
can, in principle, deteriorate the excitation of the nonlinear mode. As long as the fundamental harmonic
dominates, however, already a force applied at one location, controlling only the fundamental harmonic, is
sufficient to extract meaningful modal properties.
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